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Õîðîøî èçâåñòíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè n-
êðàòíîé ñâåðòêè âåðîÿòíîñòè íà êîíå÷íîé ãðóïïå G ê ðàâíîìåðíîé (òðè-
âèàëüíîé) âåðîÿòíîñòè íà G ïðè n→∞. Îöåíêå ñêîðîñòè ýòîé ñõîäèìîñòè
ïîñâÿùåíî ìíîãî ðàáîò.
Öåëü ñòàòüè � ïîëó÷åíèå îöåíîê ñêîðîñòè ýòîé ñõîäèìîñòè äëÿ âåðîÿòíî-
ñòåé, ïîñòîÿííûõ íà êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ êîíå÷íûõ ãðóïï.
Êëþ÷åâûå ñëîâà: âåðîÿòíîñòü, êîíå÷íàÿ ãðóïïà, ñõîäèìîñòü.

Âèøíåâåöüêèé Î.Ë., Âèïàäêîâi áëóêàííÿ íà ñêií÷åííèõ ãðóïàõ iç

êëàñîâîþ éìîâiðíiñòþ: àëãåáðà¨÷íèé ïiäõiä. Äîáðå âiäîìi íåîáõiä-
íi i äîñòàòíi óìîâè çáiæíîñòi n-êðàòíî¨ çãîðòêè iìîâiðíîñòi íà ñêií÷åííié
ãðóïi G äî ðiâíîìiðíî¨ (òðèâiàëüíî¨) iìîâiðíîñòi íà G ïðè n → ∞. Îöiíöi
øâèäêîñòi öi¹¨ çáiæíîñòi ïðèñâÿ÷åíî áàãàòî ðîáiò.
Öiëü ñòàòòi � îäåðæàííÿ îöiíîê øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ éìîâiðíî-
ñòåé, ïîñòiéíèõ íà êëàñàõ ñïðÿæåíèõ åëåìåíòiâ ñêií÷åííèõ ãðóï.
Êëþ÷îâi ñëîâà: iìîâiðíiñòü, ñêií÷åííà ãðóïà, çáiæíiñòü.

A. L. Vyshnevetskiy, Random walks on �nite groups with conjugate

class probability: algebraic approach. Under well known conditions an
n-fold convolution of probability on �nite group G converges to the uniform
probability on G (n→∞). A lot of works estimate a rate of that convergence.
The aim of the article is to obtain estimates of the rate for the probabilities
that are constant on classes of conjugate elements of �nite groups.
Keywords: probability, �nite group, convergency.
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Ïóñòü P � âåðîÿòíîñòü íà êîíå÷íîé ãðóïïå G ïîðÿäêà |G|, U(g) =
1

|G|
� ðàâíîìåðíàÿ (òðèâèàëüíàÿ) âåðîÿòíîñòü íà G, P (n) � n-êðàòíàÿ ñâåðòêà
ôóíêöèè P . Õîðîøî èçâåñòíû [1] íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè
êîòîðûõ P (n) → U (n → ∞). Îöåíêå ñêîðîñòè ýòîé ñõîäèìîñòè ïîñâÿùåíî
ìíîãî ðàáîò (ñì., íàïðèìåð, îáçîð [2]).

Öåëü ñòàòüè � ïîëó÷åíèå îöåíîê ñêîðîñòè ñõîäèìîñòè äëÿ êîíå÷íûõ ãðóïï
è âåðîÿòíîñòåé, ïîñòîÿííûõ íà êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ. Ñõîäèìîñòü
â ïðîñòðàíñòâå ôóíêöèé F (g) íà ãðóïïå G ïîíèìàåòñÿ îòíîñèòåëüíî íîðì

‖F‖1 =
∑
g
|F (g)| è ‖F‖ =

(
|G|
∑
g
|F (g)|2

)1/2

(ìû ïèøåì
∑
g

âìåñòî
∑
g∈G

).

Â [1, 2] íîðìà ‖‖1 èìååò êîýôôèöèåíò
1

2
.

Ïóñòü CG � ãðóïïîâàÿ àëãåáðà ãðóïïû G íàä ïîëåì C êîìïëåêñíûõ ÷è-
ñåë. Ñîïîñòàâèì âåðîÿòíîñòè P (g) ýëåìåíò p =

∑
g
P (g)g àëãåáðû CG; ýòîò

ýëåìåíò ìû îáîçíà÷àåì òîé æå (íî ìàëîé) áóêâîé, ÷òî è ïîðîäèâøàÿ åãî
ôóíêöèÿ, è íàçûâàåì âåðîÿòíîñòüþ íà CG. Ñâåðòêå

(P ∗Q)(h) =
∑
g

P (g)Q(g−1h), h ∈ G

ôóíêöèé P è Q ñîîòâåòñòâóåò ïðîèçâåäåíèå pq âåðîÿòíîñòåé íà CG.
Ïóñòü L(G) � ïðîñòðàíñòâî ôóíêöèé íàä ïîëåì C íà ãðóïïå G, ïîñòî-

ÿííûõ íà åå êëàññàõ ñîïðÿæåííûõ ýëåìåíòîâ (êëàññîâûå èëè öåíòðàëüíûå
ôóíêöèè). Â äàëüíåéøåì, åñëè íå îãîâîðåíî ïðîòèâíîå, âñå âåðîÿòíîñòè ÿâëÿ-
þòñÿ êëàññîâûìè. Íà àáåëåâîé ãðóïïå âñå âåðîÿòíîñòè ÿâëÿþòñÿ êëàññîâûìè.
Â ïðîñòðàíñòâå L(G) îïðåäåëåíî ñêàëÿðíîå ïðîèçâåäåíèå: åñëè F1, F2 ∈ L(G),
òî

(F1, F2) =
1

|G|
∑
g

F1(g)F 2(g), (1)

ãäå ÷åðòà îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Ìíîæåñòâî Irr(G) íåïðèâîäè-
ìûõ êîìïëåêñíûõ õàðàêòåðîâ ãðóïïû G îáðàçóåò îðòîíîðìèðîâàííûé áà-
çèñ â L(G) îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ (1). Ïîýòîìó âåðîÿòíîñòü
P ∈ L(G) ðàçëàãàåòñÿ ïî áàçèñó Irr(G) = {1G , χ1 , . . . , χk}, ïðè÷åì ââèäó∑

g

P (g) = 1 (2)

êîýôôèöèåíò ïðè ãëàâíîì õàðàêòåðå 1G ðàâåí 1
|G| :

p =
1

|G|
1G +m1χ1 + . . .+mkχk (3)

Ïîëîæèì dj = degχj , b = max
j
|bj |, ãäå

bj =
|G|mj

dj
(j = 1, . . . , k). (4)
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Ëåììà 1 b ≤ 1

Äîêàçàòåëüñòâî. Òàê êàê |χj(g)| ≤ dj , òî èç (3)

|mj | = |(P, χj)| ≤
1

|G|
∑
g

|P (g)χj(g)| =

=
1

|G|
∑
g

P (g)|χj(g)| ≤
1

|G|
∑
g

P (g)|χj(g)| ≤
1

|G|
∑
g

P (g)dj =
dj
|G|

.

Ïîýòîìó èç (4) |bj | ≤ 1 è, ñëåäîâàòåëüíî, b ≤ 1.
Ïóñòü supp(P ) = {g ∈ G, P (g) 6= 0} � íîñèòåëü âåðîÿòíîñòè P . Îöåíêó

ëåììû 1 ìîæíî óñèëèòü äëÿ âåðîÿòíîñòåé, ó êîòîðûõ íîñèòåëü supp(P ) = G.

Òåîðåìà 1 b ≤ 1−min
g
P (g).

Äîêàçàòåëüñòâî. Ïîëîæèì l = min
g
P (g), l0 = (1− l)−1.

Ôóíêöèÿ P1 = l0(P−lU) ÿâëÿåòñÿ âåðîÿòíîñòüþ íà G. Äëÿ ëþáîãî íåãëàâíîãî
õàðàêòåðà χj ∈ Irr(G) èìååì

mj(P1) = (P1, χj) = l0(P − lU, χj) = l0(P, χj) = l0mj ,

ãäå mj(P1) � êîýôôèöèåíòû ðàçëîæåíèÿ (3) äëÿ P1 (j = 1, . . . , k). Ïîýòîìó
bj(P1) = l0bj(P ) è

b(P1) = l0b(P ). (5)

Òàê êàê b(P1) ≤ 1 (ëåììà 1), òî b(P ) ≤ l−10 = 1− l.
Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî ÷èñëà bj çàíóìåðîâàíû òàê, ÷òî

b = |b1| = . . . = |bt| è |bj | < b ïðè j > t. Ïóñòü D =

(
t∑

j=1
d2j

)1/2

.

Òåîðåìà 2 Dbn ≤ ‖P (n) − U‖ ≤ Dbn + an
(
|G| − 1−D2

)1/2
, ãäå 0 ≤ a < b,

a è b íå çàâèñÿò îò n.

Äîêàçàòåëüñòâî. Ïóñòü p, u � âåðîÿòíîñòè íà àëãåáðå CG, ñîîòâåòñòâóþùèå

âåðîÿòíîñòÿì P,U. Åñëè ej =
dj
|G|

∑
g

χj(g)g (j = 1, . . . , k), òî èç (3) è (4)

ñëåäóåò

p = 1
|G|
∑
g
1G g +m1

∑
g
χ1(g)g + . . .+mk

∑
g
χk(g)g = u+

k∑
j=1

|G|mj

dj
ej =

= u+
k∑

j=1
bjej .
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Òàê êàê u, e1, . . . , ek � îðòîãîíàëüíûå èäåìïîòåíòû öåíòðà àëãåáðû CG,

òî pn = u+
k∑

j=1
bnj ej ,

pn − u =
k∑

j=1

bnj ej =
k∑

j=1

bnj
∑
g

dj
|G|

χj(g) g =
∑
g

 k∑
j=1

djb
n
j

|G|
χj(g)

 g,

èëè, âîçâðàùàÿñü ê ôóíêöèÿì íà ãðóïïå G,

pn − U =
k∑

j=1

djb
n
j

|G|
χj .

Òàê êàê ‖χj‖2 = |G|
∑
g
|χj(g)|2 = |G|2, òî ôóíêöèè χj

|G|
(j = 1, . . . , k) îáðàçó-

þò îðòîíîðìèðîâàííîå ìíîæåñòâî îòíîñèòåëüíî íîðìû ‖ · ‖. Ïîýòîìó

‖P (n) − U‖2 =
k∑

j=1

|b2nj |d2j = b2nD2 +
∑
j>t

|b2nj |d2j ≤ b2nD2 + a2n
∑
j>t

d2j ,

ãäå a = max
j>t
|bj |, 0 ≤ a < b.

Òàê êàê 0 ≤
∑
j>t

d2j =

(
k∑

j=1
d2j −D2

)
=
(
|G| − 1−D2

)
, òî

D2b2n ≤ ‖P (n) − U‖2 ≤ D2b2n + a2n
(
|G| − 1−D2

)
,

îòêóäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ñëåäñòâèå 1.

1) P (n)−−→n→∞U ïî ëþáîé íîðìå òîãäà è òîëüêî òîãäà, êîãäà b < 1.
2) Äëÿ äîñòàòî÷íî áîëüøèõ n ñóùåñòâóåò ÷èñëî a0 ∈ [0; 1), íå çàâèñÿùåå îò
n, òàêîå ÷òî

Dbn ≤ ‖P (n) − U‖ ≤ (D + an0 ) b
n (6)

è

|G|−
1
2Dbn ≤ ‖P (n) − U‖1 ≤ (D + an0 ) b

n (7)

Äîêàçàòåëüñòâî.
1) Â êîíå÷íîìåðíîì ïðîñòðàíñòâå ëþáàÿ íîðìà ýêâèâàëåíòíà íîðìå ‖ · ‖.
2) Â äîêàçàòåëüñòâå íóæäàåòñÿ òîëüêî (7). Åñëè èçm ≥ 2 âåùåñòâåííûõ ÷èñåë
a1 . . . am õîòÿ áû äâà íå ðàâíû íóëþ, òî â ñèëó íåðàâåíñòâ ìåæäó ñðåäíèìè

m∑
i=1

a2i <

(
m∑
i=1

|ai|

)2

≤ m
m∑
i=1

a2i . (8)
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Ââèäó (2) çíà÷åíèÿ äâóõ âåðîÿòíîñòåé íà G íå ìîãóò îòëè÷àòüñÿ ðîâíî íà
îäíîì ýëåìåíòå. Ïîýòîìó ïðè m = |G| â êà÷åñòâå a1, . . . , am ìîæíî âçÿòü
çíà÷åíèÿ ôóíêöèè

(
P (n) − U

)
g, g ∈ G. Èçâëåêàÿ â (8) êâàäðàòíûé êîðåíü,

ïîëó÷èì

|G|−
1
2 ‖P (n) − U‖ < ‖P (n) − U‖1 ≤ ‖P (n) − U‖.

Ïîýòîìó (7) ñëåäóåò èç (6).

Ââèäó íåðàâåíñòâ (6) è (7) ÷èñëî b èãðàåò âàæíóþ ðîëü â îöåíêå ñêîðîñòè
ñõîäèìîñòè P (n) ê U . Ïðèâåäåì îöåíêè äëÿ âåëè÷èíû b.

Òåîðåìà 3

(
‖P‖2 − 1

|G| − 1

)1
2
≤ b ≤

(
‖P‖2 − 1

)1
2

D
.

Äîêàçàòåëüñòâî. Âîçüìåì ñêàëÿðíûé êâàäðàò ðàâåíñòâà (3) îòíîñèòåëüíî ñêà-
ëÿðíîãî ïðîèçâåäåíèÿ (1):

1

|G|
∑
g

P 2(g) =
1

|G|2
+

k∑
j=1

m2
j .

Óìíîæàÿ íà |G|2 è èñïîëüçóÿ (4), ïîëó÷àåì ‖P‖2 − 1 =
k∑

j=1
b2jd

2
j . Òàê êàê

b2
t∑

j=1

d2j ≤
k∑

j=1

b2jd
2
j ≤ b2

k∑
j=1

d2j = b2(|G| − 1),

è D2 =
k∑

j=1
d2j , òî b

2D2 ≤ ‖P‖2 − 1 ≤ b2(|G| − 1). Ïîýòîìó ‖P‖2 − 1 > 0 è

‖P‖2 − 1

|G| − 1
≤ b2 ≤ ‖P‖

2 − 1

D2
, ÷òî çàâåðøàåò äîêàçàòåëüñòâî.

Ìîæíî îöåíèòü b ñíèçó ñ ïîìîùüþ ÷èñëà s = |supp(P)|.

Ñëåäñòâèå 2.

b ≥
(
1

s
− 1

|G|

)1
2

(9)

. Äîêàçàòåëüñòâî. Òàê êàê s−1 ≥ |G|−1, òî èç (2) è (8) ïîëó÷àåì, ÷òî
‖P‖2|G|−1 ≥ s−1. Ïîýòîìó

‖P‖2 − 1

|G| − 1
≥ ‖P‖

2 − 1

|G|
≥ 1

s
− 1

|G|
.
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Çàìå÷àíèÿ.

1. Â ñèëó (9) âåðîÿòíîñòè ñ ìàëûì íîñèòåëåì íå ìîãóò áûñòðî ñõîäèòüñÿ ê U .
2. Ñ ïîìîùüþ (9) ìîæíî ïîëó÷èòü íåòðèâèàëüíóþ îöåíêó äëÿ b äàæå ïðè
s = |G|. Äëÿ ýòîãî íóæíî ïðèìåíèòü (9) ê âåðîÿòíîñòè P1 (ñì. äîêàçàòåëü-
ñòâî òåîðåìû 1), ó êîòîðîé supp(P) 6= G .

Ñëåäñòâèå 3. Åñëè âåðîÿòíîñòü P ðàâíîìåðíî ðàñïðåäåëåíà íà íîð-

ìàëüíîì s-ýëåìåíòíîì ìíîæåñòâå, òî
|G|s−1 − 1

|G| − 1
≤ b2 ≤ |G|s

−1 − 1

D2
.

Äîêàçàòåëüñòâî. Äëÿ ðàâíîìåðíîãî ðàñïðåäåëåíèÿ P (g) = s−1 (g ∈ suppP),
ïîýòîìó

‖P‖2 = |G|
∑
g

P 2(g) = |G|s · s−2 = |G|s−1.
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