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Constructive conditions for solvability are obtained, as well as an iterative
scheme for finding solutions of the nonlinear equation that generalize the
well-known Newton-Kantorovich theorem. The case of a nonlinear equation
whose dimension does not coincide with the dimension of the unknown has
been researched.
Keywords: Newton-Kantorovich method; iterative scheme; nonlinear equation;
pseudoinverse matrices.

ЧуйкоС. М. Про узагальнення теореми Ньютона-Канторовича.
Отримано конструктивнi умови розв’язностi, а також iтерацiйну схему,
для знаходження розв’язкiв нелiнiйного рiвняння, якi узагальнюють
вiдому теорему Ньютона-Канторовича. Дослiджено випадок нелiнiйного
рiвняння, розмiрнiсть якого, не збiгається з розмiрнiстю невiдомої.
Ключовi слова: метод Ньютона-Канторовича; iтерацiйна схема; нелiнiйне
рiвняння; псевдообернена матриця.

ЧуйкоС. М. К обобщению теоремы Ньютона-Канторовича. По-
лучены конструктивные условия разрешимости, а также итерационная
схема, применимая для нахождения решений нелинейного уравнения,
обобщающие известную теорему Ньютона-Канторовича. Исследован
случай нелинейного уравнения, размерность которого, не совпадает с
размерностью неизвестной.
Ключевые слова: метод Ньютона-Канторовича; итерационная схема;
нелинейное уравнение; псевдообратная матрица.
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1. Formulation of the problem

We investigate the problem of finding the solution z ∈ Rn of the nonlinear
equation

ϕ(z) = 0. (1)
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We assume that the function

ϕ(z) : Rn → Rm, m 6= n

is twice continuously differentiable with respect to z in some domain Ω ⊆ Rn. To
construct an iteration scheme {zk}, that converges to the solution z̃ ∈ Rn, we use
the Newton method [1, 2, 3].

Interest in the use of the Newton method is associated with its effective
application in solving nonlinear equations, as well as in the theory of nonlinear
oscillations [1, 2, 3, 4], including in the theory of non-linear Noetherian boundary
value problems [5, 6, 7, 8].

2. The main result

Suppose an approximation zk is found that is sufficiently close to an exact
solution z̃ of the equation (1). We expand the function ϕ(z) in a neighborhood of
the exact solution

ϕ(z̃) = ϕ(zk) + ϕ′(zk, ε)

(
z̃ − zk

)
+R(ξk, z̃ − zk), (2)

where

R(ξk, z̃ − zk) :=

∫ 1

0
(1− s) d2ϕ(ξk ; z̃ − zk) ds.

Here ξk is a point lying between the points z̃ and zk. In a small neighborhood of
the exact solution we have the approximate equality

ϕ(zk) + ϕ′(zk)

(
z̃ − zk

)
≈ 0,

therefore, in order to find the next approximation of zk+1 to the exact solution,
it is natural to put

ϕ(zk) + ϕ′(zk)

(
zk+1 − zk

)
= 0, (3)

whence under the condition

PJ∗
k

= 0, Jk := ϕ′(zk) ∈ Rm×n (4)

we find
zk+1 = zk − J+

k ϕ(zk). (5)

Here PJ∗
k

: Rm → N(J∗k ) is an orthogonal projector of the matrix J∗k ∈ Rn×m

and J+
k is the pseudoinverse Moore-Penrose matrix [5, 9]. Note that condition

(4) is equivalent to the requirement of completeness of the rank matrix Jk and
is possible only in case m ≤ n. We show that the iteration scheme (5) converges
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to the exact solution z̃. Suppose that in the neighborhood of the exact solution z̃
there are inequalities∣∣∣∣∣∣∣∣J+

k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2ϕ(ξk ; z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z̃ − zk||2

and note that it follows from the equalities (2) and (3) that

ϕ′(zk, ε)

(
z̃ − zk

)
= −R(ξk, z̃ − zk),

so
||z̃ − zk+1|| ≤

∣∣∣∣∣∣∣∣J+
k

∣∣∣∣∣∣∣∣ · ∣∣∣∣∣∣∣∣R(ξk, z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ1(k)σ2(k)

2
· ||z̃ − zk||2.

Let there be a constant

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

In this case, there is an estimate

|z̃ − zk+1| ≤ θ · |z̃ − zk|2,

which holds that if the iteration scheme (5) converges to the exact solution z̃ of
the equation (1), then this convergence is quadratic. Let us find the condition for
the convergence of the iteration scheme (5) to the exact solution z̃ of the equation
(1). To do this, we make estimates

|z̃ − z1| ≤ θ · |z̃ − z0|2,

|z̃ − z2| ≤ θ · |z̃ − z1|2 ≤ θ1+2 · |z̃ − z0|2
2
,

|z̃ − z3| ≤ θ · |z̃ − z2|2 ≤ θ1+2+22 · |z̃ − z0|2
3
,

..................................................................... ,

|z̃ − zk| ≤ θ · |z̃ − zk−1|2 ≤ θ1+2+22+ ... +2k−1 · |z̃ − z0|2
k
,

.................................................................................. .

So there’s an inequality [3]

|z̃ − zk| ≤ θ
2k−1
2−1 · |z̃ − z0|2

k
=

1

θ
·

(
θ · |z̃ − z0|

)2k

,

indicating the convergence of the iterative process (5) to an exact solution z̃ of
the equation (1) under condition

θ · |z̃ − z0| < 1. (6)

In practice, the last inequality can be replaced by the following one:

θ · |zk − z0| < 1.
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Theorem 0.1 Suppose that for the equation (1) the following conditions are
satisfied:

1. A non-linear vector-function f(z) : Rn → Rm, twice continuously
differentiable with respect to z in some region Ω ⊆ Rn, in a neighborhood of
the point z0 has a root z∗.

2. In the neighborhood of the zeroth approximation z0 ∈ Ω ⊆ Rn there are
inequalities∣∣∣∣∣∣∣∣J+

k

∣∣∣∣∣∣∣∣ ≤ σ1(k),

∣∣∣∣∣∣∣∣d2ϕ(ξk ; z̃ − zk)

∣∣∣∣∣∣∣∣ ≤ σ2(k) · ||z̃ − zk||. (7)

3. The folowing constant exists

θ := sup
k∈N

{
σ1(k)σ2(k)

2

}
.

Then, under conditions (4) and (6), to find the solution z∗ of equation (1) the
iteration scheme (5) is applicable, and the rate of convergence of the sequence
{zk} to the solution z∗ of equation (1) is quadratic.

Example 0.1 The iterative scheme (5) is approximate for finding the solution
of the non-linear equation (1), where the vector-function is as follows:

ϕ(u) :=

(
x+ sin y + cos z
y + sin z + cosx

)
, u :=

 x
y
z

 .

This vector-function ϕ(u) : R3 → R2 is defined in any open domain D ⊂ R3

and is twice continuously differentiable with respect to z in the neighborhood
Ω ⊆ D ⊂ R3. We set

u0 :=
(
−0, 45 −0, 45 −0, 45

)
,

wherein
rank

[
ϕ′(u0)

]
= 2,

besides
u1 ≈

(
−0, 455 961 −0, 457 894 −0, 455 547

)∗
,

and
rank

[
ϕ′(u1)

]
= 2,

Then∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u1)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(1) ≈ 2, 09 903,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u1)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(1) ≈ 0, 897 838.
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In this case, the weakened condition (6)

θ1 · ||u1 − u0||∞ ≈ 0, 00743 856� 1, θ1 :=
σ1(1)σ2(1)

2
≈ 0, 942 293

is satisfied. Since the condition (6) is satisfied for the first step of the iteration
scheme (5), we find

u2 ≈

 −0, 455 968 239 769 595
−0, 457 889 951 795 185
−0, 455 537 594 550 856

 .

Then
rank

[
ϕ′(u2)

]
= 2,

besides∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u2)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(2) ≈ 2, 099,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u2)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(2) ≈ 0, 897 835.

In this case, the weakened condition (6)

θ2 · ||u2 − u0||∞ ≈ 0, 00743 453� 1,

is satisfied, where

θ2 :=
σ1(2)σ2(2)

2
≈ 0, 00743 453.

For the second step of the iteration scheme (5) the discrepancy of the obtained
approximation

||ϕ(u2)||∞ ≈ 3, 69 679× 10−11

is sufficiently big, so we find

u3 ≈

 0, 455 968 239 730 150
0, 457 889 951 789 936
0, 455 537 594 568 580

 .

Then
rank

[
ϕ′(u3)

]
= 2,

besides∣∣∣∣∣
∣∣∣∣∣ [ϕ′(u3)]+

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ1(3) ≈ 2, 099,

∣∣∣∣∣
∣∣∣∣∣d2ϕ(u3)

∣∣∣∣∣
∣∣∣∣∣
∞

:= σ2(3) ≈ 0, 897 835.

In this case, the weakened condition (6)

θ3 · ||u3 − u0||∞ ≈ 0, 00743 453� 1



Вiсник Харкiвського нацiонального унiверситету iм. В.Н. Каразiна, 85 (2017) 67

is satisfied, where

θ3 :=
σ1(3)σ2(3)

2
≈ 0, 942 278.

For the third step of the iteration scheme (5) the discrepancy of the obtained
approximation is

||ϕ(u3)||∞ ≈ 0,

so it’s natural to confine with this approximation.

The theorem just proved generalizes the corresponding results [2, 3, 4, 6, 7, 8]
to the case of matrix Jk irreversibility and can be used in the theory of non-
linear Noetherian boundary-value problems [5, 6, 7, 8], in the theory of stability
of motion [10, 11], in the theory of matrix boundary-value problems [12], and
also in the theory of matrix linear differential-algebraic boundary value problem
[13, 14, 15, 16].
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