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To the generalization of the Newton-Kantorovich theorem
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Constructive conditions for solvability are obtained, as well as an iterative
scheme for finding solutions of the nonlinear equation that generalize the
well-known Newton-Kantorovich theorem. The case of a nonlinear equation
whose dimension does not coincide with the dimension of the unknown has
been researched.
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YyitkoC. M. IIpo y3arampuenusi Tteopemu Hpiorona-KauropoBu4a.
OTrprMaHO KOHCTPYKTHBHI yMOBH PO3B’SI3HOCTI, & TAKOX ITepaliiiHy cxemy,
JUIST 3HAXOJ>KEHHSI PO3B’S3KIB HENIHIffHOrO pIiBHAHHS, $Ki y3arajbHIOIOTH
Biomy Teopemy Hpiorona-Kantoposuya. JlocmiizKeHO BUIIAJIOK HETIHIAHOTO
PIBHSIHHSI, PO3MIPHICTB SIKOTO, He 30ira€ThCs 3 PO3MIPHICTIO HEBiIOMOI.
Karuosi caosa: meron Heiorona-KanToposuaa; itepariiina cxema; HesiHiitHe
DIBHSIHHST; [ICEB/I000epHEHA MaTPUIIH.

Yyiiko C. M. K o0606miesnto teopembr Hbrorona-Kanroposuua. Ilo-
JIyI€Hbl KOHCTPYKTHUBHBIE YCJIOBHS Pa3PENIMMOCTH, & TaKXKe HTePAIMOHHAs
cxXeMa, TpUMEHWMAasl I HAXOXKICHWS PEeIIeHni HeJIUHEHHOro ypPaBHEHUS,
obobrrarormme m3BecTHyo Teopemy Hbioroma-Kantoposuwa. WcciemoBam
cllydait HEIUHEHHOrOo YpaBHEHUs, Pa3MEpPHOCTH KOTOPOTO, HE COBIAIAET C
Pa3MEPHOCTHIO HEU3BECTHOM.

Karouesvie caosa: wmeron Hbiorona-KanTopoBuda; wuTepalMoHHAsT —CXeMa;
HeJIMHEHOoe ypaBHEHNe; IICEBI000paTHAs MATPHUIIA.
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1. Formulation of the problem

We investigate the problem of finding the solution z € R”™ of the nonlinear
equation

p(z) = 0. (1)
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We assume that the function
o(z): R" - R™ m#n

is twice continuously differentiable with respect to z in some domain 2 C R™. To
construct an iteration scheme {zx}, that converges to the solution Z € R", we use
the Newton method [1, 2, 3].

Interest in the use of the Newton method is associated with its effective
application in solving nonlinear equations, as well as in the theory of nonlinear
oscillations [1, 2, 3, 4], including in the theory of non-linear Noetherian boundary
value problems [5, 6, 7, §|.

2. The main result

Suppose an approximation z; is found that is sufficiently close to an exact
solution Z of the equation (1). We expand the function ¢(z) in a neighborhood of
the exact solution

¢@w:ﬂn»+¢@b@(z—%)+R@m5_%x (2)

where )
R(&ky 2 — z1) := /0 (1—s)d®0(&k; 2 — 21) ds.

Here & is a point lying between the points Z and zx. In a small neighborhood of
the exact solution we have the approximate equality

o(2) + ¢ (2k) (5 - Zk) ~ 0,

therefore, in order to find the next approximation of z;y1 to the exact solution,
it is natural to put

o)+ ¢/() (01 ) =0, @)

whence under the condition
PJ]: = O, Jk = (p/(Zk> S Rmxn (4)

we find

Zip1 = 2k — I p(zk). (5)
Here Py : R™ — N(J;) is an orthogonal projector of the matrix J; € R™*™
and J,j is the pseudoinverse Moore-Penrose matrix |5, 9]. Note that condition

(4) is equivalent to the requirement of completeness of the rank matrix Jj and
is possible only in case m < n. We show that the iteration scheme (5) converges
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to the exact solution Z. Suppose that in the neighborhood of the exact solution 2
there are inequalities

and note that it follows from the equalities (2) and (3) that

i

< oi(k), Hd2<ﬂ(§k 2 — 21)

\stmww—%W

¢' (2, €) <5 - Zk) = —R(&, 2 — z1),

SO

. - o1(k)oa(k B
I = seaall < || ]| |Rtgss 2 - )| < 220 gz
Let there be a constant
k k
0 — sup {<><>}
keN 2

In this case, there is an estimate
s < 9 . ‘~ . |2
|Z — 211 zZ— 2|7,

which holds that if the iteration scheme (5) converges to the exact solution Z of
the equation (1), then this convergence is quadratic. Let us find the condition for
the convergence of the iteration scheme (5) to the exact solution Z of the equation
(1). To do this, we make estimates

|§—Zl‘ S 9 |§—ZQ|2,
17— 29| <015 — 22 <02 |5 — 5|7,
< 01+2+22 E

~ ~ 3
\z—zglgﬁ‘\z—zgp —zo\Q,

So there’s an inequality [3]

2k:
ke 1
w—msd%“w—m*Zw(”ﬁ—m>’

indicating the convergence of the iterative process (5) to an exact solution Z of
the equation (1) under condition

0|z — 2| <1 (6)
In practice, the last inequality can be replaced by the following one:

9~|Zk—2’0|<1.
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Theorem 0.1 Suppose that for the equation (1) the following conditions are
satisfied:

1. A non-linear vector-function f(z) : R™ — R™, twice continuously
differentiable with respect to z in some region Q& C R™, in a neighborhood of
the point zg has a root z*.

2. In the neighborhood of the zeroth approximation zg € Q C R™ there are
inequalities

8. The folowing constant exists

0 := sup {W}.

keEN 2

J,:' dzgo(fk 12— 2k)

Sal(’f)»'

’s oa(k) - 117 — ]l (7)

Then, under conditions (4) and (6), to find the solution z* of equation (1) the
iteration scheme (5) is applicable, and the rate of convergence of the sequence
{zk} to the solution z* of equation (1) is quadratic.

Example 0.1 The iterative scheme (5) is approzimate for finding the solution
of the non-linear equation (1), where the vector-function is as follows:

(u) = x + siny 4 cos z . v
P = y+sinz +cosx /)’ T z

This vector-function ¢(u) : R3 — R? is defined in any open domain D C R3
and is twice continuously differentiable with respect to z in the neighborhood
QO C D cC R3. We set

up == ( —0,45 —0,45 —0,45 ),

wherein
rank [go’(uo)] =2,

besides

up ~ (—0,455 961 —0,457 894 —0,455 547 )",

and
rank [¢'(u1)] =2,

Then

| [cp/(ul)]+ = 01(1) ~ 2,09 903, ||d®p(u1)|| :=o2(1)~ 0,897 838.
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In this case, the weakened condition (6)

Doo(1
O1 - [Jur — oo ~ 0,00743 856 < 1, 6y := "1()2‘72() ~ 0,942 293

is satisfied. Since the condition (6) is satisfied for the first step of the iteration
scheme (5), we find

—0,455 968 239 769 595
ug ~ | —0,457 889 951 795 185
—0,455 537 594 550 856

Then
rank [cp’(ug)] =2,

besides

In this case, the weakened condition (6)

[ ()] || =01(2) = 2,099, ||dp(us)|| = 02(2) ~ 0,897 835.

o0

oo

05 - ||U2 — uOHoo ~ 0,00743 453 < 1,

is satisfied, where

2) o (2
0y = "1()2‘72() ~ 0,00743 453.

For the second step of the iteration scheme (5) the discrepancy of the obtained
approximation
llo(uz)|los ~ 3,69 679 x 10~

is sufficiently big, so we find

0,455 968 239 730 150
ug ~ | 0,457 889 951 789 936
0,455 537 594 568 580

Then
rank [¢(u3)] =2,

besides

In this case, the weakened condition (6)

[ ()] || = o01(3) = 2,099, ||d*p(uz)|| = 02(3) ~ 0,897 835.

o0

[e.9]

03 - HU3 — UOHoo ~ 0,00743 453 <« 1
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is satisfied, where

%::Uﬂa;ﬂw;uQQQQm.
For the third step of the iteration scheme (5) the discrepancy of the obtained

approximation is
[lp(us)lloo ~ 0,

so it’s natural to confine with this approximation.

The theorem just proved generalizes the corresponding results |2, 3, 4, 6, 7, 8|
to the case of matrix Ji irreversibility and can be used in the theory of non-
linear Noetherian boundary-value problems [5, 6, 7, 8], in the theory of stability
of motion [10, 11|, in the theory of matrix boundary-value problems [12]|, and
also in the theory of matrix linear differential-algebraic boundary value problem
[13, 14, 15, 16].

Acknowledgement. The work is done with the financial support of the State
Fund for Fundamental Research. Number of state registration is 0115U003182.

REFERENCES
1. Bogolyubov N.N., Mitropolsky J.A., Samoilenko A.M. The method of
accelerated convergence in nonlinear mechanics. — Kiev: Scientific thought,

1969. — 248 pp.

2. Kantorovich L.V.; Akilov G.P. Functional analysis. — Moscow: Nauka. — 1977.
— 744 pp.

3. Dennis J. Schnabel R. Numerical methods of unconditional optimization and
solving nonlinear equations. — Moscow: Mir. — 1988. — 440 pp.

4. Polyak B.T. The Newton method and its role in optimization and
computational mathematics // Trudy ICA RAN. — 2006. — 28. — P. 48 — 66.

5. Boichuk A.A., Samoilenko A.M. Generalized inverse operators and Fredholm
boundary-value problems (2-th edition). — Berlin; Boston: De Gruyter, 2016.
— 298 pp.

6. Chuiko S.M., Boichuk I.A. An autonomous Noetherian boundary value
problem in the critical case // Nonlinear Oscillations (N.Y.) — 12. — 2009.
Ne3, P. 405 — 416.

7. Chuiko S.M., Boichuk I.A., Pirus O.E. On the approximate solution of an
autonomous boundary-value problem the Newton - Kantorovich method //
Journal of Mathematical Sciences — 2013. — 189, Ne 5. — P. 867 — 881.



68 S. M. Chuiko

8. Chuiko S.M., Pirus O.E. On the approximate solution of autonomous
boundary-value problems by the Newton method // Journal of Mathematical
Sciences — 2013. — 191, Ne 3. — P. 449 — 464.

9. Gantmakher F.R. Matrix theory. — Moscow: Nauka. — 1988. — 552 pp.

10. Korobov V.I. Bebiya M.O. Stabilization of one class of nonlinear systems //
Avtomat. i Telemekh. — 2017. — Nel. — P. 3 — 18.

11. Bebiya M.O. Stabilization of systems with power nonlinearity // Visnyk
of V.N.Karazin Kharkiv National University. Ser. Mathematics, Applied
Mathematics and Mechanics. — 2014, Ne1120. — Issue 69. — P. 75 — 84.

12. Chuiko S. Weakly nonlinear boundary value problem for a matrix differential
equation // Miskolc Mathematical Notes. — 2016. — 17, Ne1. — P. 139 — 150.

13. Campbell S.L.. Singular Systems of differential equations. — San Francisco —
London — Melbourne: Pitman Advanced Publishing Program. — 1980. — 178 p.

14. ChuikoS.M. The Green’s operator of a generalized matrix linear differential-
algebraic boundary value problem // Siberian Mathematical Journal. — 2015.
—b56, Ned, — P. 752 — 760.

15. ChuikoS.M. A generalized matrix differential-algebraic equation // Journal
of Mathematical Sciences (N.Y.). — 2015. — 210, Ne1. - P. 9 — 21.

16. ChuikoS.M. To the issue of a generalization of the matrix differential-
algebraic boundary-value problem // Journal of Mathematical Sciences. —
2017. — 227, Nel. — P. 16 — 32.

Article history: Received: 30 August 2017; Final form: 18 November 2017,
Accepted: 21 November 2017.



