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In this paper the stability of the non-uniformly rotating cylindrical plasma in the axial uniform magnetic field with the vertical
temperature gradient is investigated. In the approximation of geometrical optics a dispersion equation for small axisymmetric
perturbations is obtained with the effects of viscosity, ohmic and heat conductive dissipation taken into account. The stability criteria
for azimuthal plasma flows are obtained in the presence of the vertical temperature gradient and the constant magnetic field. The
Rayleigh-Benard problem for stationary convection in the non-uniformly rotating layer of the electrically conducting fluid in the
axial uniform magnetic field is considered. In the linear theory of stationary convection the critical value of the Rayleigh number

Ra_ subject to the profile of the inhomogeneous rotation (Rossby number Ro ) is obtained. It is shown that the negative values of
the Rossby number Ro <0 have a destabilizing effect, since the critical Rayleigh number Ra, becomes smaller, than in the case of

the uniform rotation Ro =0, or of the rotation with positive Rossby numbers Ro > 0. To describe the nonlinear convective
phenomena the local Cartesian coordinate system was used, where the inhomogeneous rotation of the fluid layer was represented as

the rotation with a constant angular velocity Qo and azimuthal shear UO (x) with linear dependence on the coordinate x . As a result

of applying the method of perturbation theory for the small parameter of supercriticality of the stationary Rayleigh number a
nonlinear Ginzburg-Landau equation was obtaned. This equation describes the evolution of the finite amplitude of perturbations by
utilizing the solution of the Ginzburg-Landau equation. It is shown that the weakly nonlinear convection based on the equations of
the six-mode (6D) Lorentz model transforms into the identical Ginzburg-Landau equation. By utilizing the solution of the Ginzburg-
Landau equation, we determined the dynamics of unsteady heat transfer for various profiles of the angular velocity of the rotation of
electrically conductive fluid.

KEY WORDS: magnetorotational instability, Rayleigh-Benard convection, nonlinear theory, Ginzburg-Landau equation

HECTIAKOCTI B CEPEJIOBHIII, AKE HEOJJHOPITHO OBEPTAETHCSI 3 TEMIIEPATYPHOIO
CTPATUHDIKALIECIO ¥ 30BHIITHBOMY OJJHOPITHOMY MATHITHOMY ITOJII
Muxaiino . Konn!, Anatoaiii B. Typ®, Bomonuvup B. SInoBcbKmiil?
Unemumym monoxpucmanie, Hayionanvna Axademia Hayx Yrpainu
np. Hayxu 60, 61001 Xapxis, Yxpaina
2Xapkiscoxuti nayionanbruil ynisepcumem iveni B.H. Kapasuna
matioan Ceoboou, 4, 61022, Xapxie, Yrpaina
3Universite Toulouse [UPS], CNRS, Institute of Research for Astrophysics and Planetology

9 avenue du Colonel Roche, BP 44346, 31028 Toulouse Cedex 4, France
JocnimkyeTbes CTIHKICTh HWTIHAPUYHOI TUIA3MH, OI0 HEOTHOPITHO 00epTaeThcA B aKCialbHOMY OJHOPIJHOMY MArHiTHOMY TIOJI 3
BEPTHKAIGHUM TPaJiCHTOM TeMIlepaTypd. Y HaOMMKEHHI TeOMETPHYHO! ONTHUKM OTPHMAHO AUCIIEPCIHHE PIBHAHHSA UL MAalllX
OCECHMETPUYHIX 30ypeHb 3 ypaxyBaHHSAM e(EKTIB B'I3KOCTi, OMIYHOI Ta TEIUIONPOBIIHOI AucHIAIi. 3HAWICHO KpHUTEpii CTIHKOCTI
a3MMYTaJIbHUX TEYill IUIa3MH NMPU HASBHOCTI BEPTHKAIBLHOIO I'paJicHTa TEMIIEpaTypH i MOCTIHHOro MarHiTHOro mois. PosrmsHyTto
3anaqy Penes-Benapa 1 cranioHapHOi KOHBEKILT B IIapi €IEKTPOIPOBIIHOT PIANHH, 1[0 HEOTHOPITHO 00EPTAETHCS B aKCiaIbHOMY
MarHiTHOMy momi. Y miHiifHil Teopii cTarioHapHOT KOHBEKIil OTpMMaHO KPHTHYHE 3HAa4eHHsS uncia Penes Ra, B 3almexHOCTI Bif
npodino HeomHopigHoro obepranus (ducna Poc6i Ro). Tokaszano, mo HeratusHi 3HaueHHs uucna Poc6i Ro <0 wamaioth
Aectalinizytounii edekr, ocKinbkd KputudyHe 4uciao Peness Ra, crae MeHmuM, Hix y pasi ogHopigHoro obepranus Ro =0 a6o

obepTanHs 3 Mo3UTUBHUMH yuciamu Pocoi Ro > 0. Jlns onucy HeniHIMHUX KOHBEKTUBHHX SIBHII BHKOPHCTOBYBAJIACS JIOKAIbHA
JIEKapTOBa CHCTEMa KOOPAMHAT, B SKiii HEOXHOPiIHE OOCpTaHHS APy PiAMHU MPEICTABISETHCSA y BUIIIAAI 00epTaHHS 3 MOCTIHHOIO

KyToBOIO MmBHAKiCTIO (), i asumyramsruM mupoMm U,(x), mpodils MIBUAKOCTI SKOTO € JOKAIbHO JNiHiHHWUM. B pesynsrari

3aCTOCYBaHHS METOAY Teopii 30ypeHb 3a MajliM MapaMeTpOM HaJKPUTHYHOCTI CTalioHapHOTO 4mcia Penes oTpuMaHO HelniHiiHEe
piBastHHA THIY 'iH30ypra-Jlanaay, 1mo omrcye eBoJIONio KiHIeBOI aMIIiTy a1 30ypeHs. [TokazaHo, o po3risHyTa ciaboHeiHitHa

© Kopp M., Tur A., Yanovsky V., 2019
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KOHBEKIIisI HA OCHOBI PiBHSIHB HIecTH-MOJ0BOI (6D) momeni JlopeHIa mepeTBOPIOETECS B ieHTHYHE piBHAHHS ['1H30ypra-Jlanmay.
BukopucroBytoun pitteHnst piBusHHs ['iH30ypra-Jlangay, My BH3HAUWIM JUHAMIKY HECTAL[iOHAPHOTO MEPEHOCY Terula Ul Pi3HHX
podisiB KyTOBOT MBUIKOCTI 00EPTaHHS EJIEKTPOTIPOBIAHOT PITUHH.

KJIFOYOBI CJIOBA: marniTooOepTanbHa HECTiHKiCTh, KOHBEKLis Penes-benapa, crnaboHemniniliHa Teopis, piBHAHHS [1H30ypra-
Jlannay

HEYCTOMYUBOCTH B HEOJHOPOHO BPAIIIATOIIENCSA CPEJAE C TEMIEPATYPHON CTPATU®UKAITAEN
BO BHEHTHEM OJJTHOPO/JTHOM MAT'HUTHOM I10JIE
Muxaua H. Konn'!, Anaroanii B. Typ?, Biagumup B. SInosckmii'?
' Uncemumym monoxpucmannos, Hayuonanonas Axademus Hayx Yipaunot
np. Hayxu 60, 61001 Xapvkos, Yxpauna
2Xaporoeckuil Hayuonansuwlii ynueepcumem umenu B.H. Kapasuna
ni. Ceo600wi, 4, 61022, Xapvros, Yxpauna
3Universite Toulouse [UPS], CNRS, Institute of Research for Astrophysics and Planetology

9 avenue du Colonel Roche, BP 44346, 31028 Toulouse Cedex 4, France
HUccnenyercs yCTOHYMBOCT HEOJHOPOAHO Bpalaolieiicss IMINHIPHYECKON IUIa3Mbl B aKCHAJILHOM OJHOPOJIHOM MarHUTHOM II0JIE€ C
BEPTHKAIBHBIM I'PaJUEHTOM TeMIlepaTypbl. B mpuONImkeHnH reoMeTpruueckod ONTHKU MONyYeHO NHUCIIEPCHOHHOE YpaBHEHUWE IUIS
MaJIbIX OCECHMMETPUYHBIX BO3MYLICHHUH C y4eToM 3((EKTOB BS3KOCTH, OMHYECKOW M TEIUIONPOBOJHOW muccunauuu. HaiineHs
KPUTEPHU yCTOHYMBOCTH a3MMYTaJbHBIX TEUCHWl IUIa3Mbl NIPY HAJIWYHK BEPTHKAIBHOTO IPaJAMEHTa TEMIIEPATyphbl U HOCTOSHHOIO
marHuTHOro nons. Paccmorpena 3anmaua Panes-benapa nnst craunoHapHONW KOHBEKIMM B HEOJHOPOIHO BpalllAIOIIEMCs ClOe
3JIEKTPONPOBOSAIIEH KUIAKOCTH B aKCHAJIBHOM OJHOPOAHOM MAarHUTHOM moJie. B nuHeNWHOW Teopuu CTallMOHApHOW KOHBEKLHU

TOJY4EHO KPUTHYECKOe 3HaueHue yucia Paness Ra, B 3aBHCHMOCTH OT IpoQHIIs HEOJHOPOAHOTrO BpalieHus (duciaa Poccou Ro).
IMoka3zaHo, 4TO OTpULATENbHbIEe 3HaYeHus drcia Poccou Ro <0 oxassBaroT necTabuIm3upyonmii 3pdexr, Tak Kak KPUTHIECKOE
ancio Pames Ra, CTaHOBHUTCSA MeHbIIE, 4eM B CIydae OIHOPOAHOro BpameHus Ro =0 wim BpalieHHs C IOIOXHTEIbHBIMH

yucinamu Poccou Ro > 0. I[.]'IS{ OIMCAaHUS HEIMHEHHBIX KOHBEKTHUBHBIX SIBJICHUH HCIIOIb30Bajach JIOKaJIbHAS JCKapToBad CUCTEMA
KoopJauHaTt, B KOTOpOﬁ HCOJHOPOAHOE BpalllCHUE CJIOA XKXKUIAKOCTH NPEACTABSIETCA B BUAEC BpallCHUSA C TOCTOSTHHOM yl".]'IOBOfI

CKOpOCTBIO L)) M a3UMyTalbHBIM LIHPOM Uo(x), npouIb CKOPOCTH KOTOPOTO JIOKAJIBHO JIMHEEH. B pesynbrare mpuMeHeHHs
MeToJa TEOpUH BO3MYLIEHHH II0 MaJoMy IapaMeTpy HaAKPHUTHYHOCTH CTAIlMOHApHOTO 4YHCia Pames. moiydeHO HenMHeHHoe
ypaBHeHne Tumna [uH30ypra-JlaHmay, ONHMCHIBAIOIEEe OHBOJIIOIMIO KOHEYHOW AaMIUIUTYIbl Bo3MylueHuit. Iloka3aHo, uto
paccmaTpuBaeMasi ciabOHENMHEHas KOHBEKIMsS Ha OCHOBE ypaBHEHWil IIecTH-MomoBoii Mopenu Jlopenua mpeoOpasyercst B
uaeHTHYHOe ypaBHeHue [ mH30ypra-Jlanmay. Vcmomesyst pemienue ypaBHenust ['mH3Oypra-Jlanmay, Mbl ompenenian JHHAMHKY
HECTAlMOHAPHOTO MEPEHOCa TEIIa YIS Pa3IMYHbBIX IpoduIeH YIIoBoil CKOPOCTH BPAIEHHUS HIIEKTPOIPOBOASILEH KUIKOCTH.
K/JIIOUEBBIE CJIOBA: wMarHuTOBpamaTelbHas HEyCTOHYMBOCTb, KOHBEKIMS Panmes-benapa, crmaGoHennHeliHas Teopws,
ypaBreHune ['mu30ypra-Jlangay

Fluid flow caused by a temperature gradient in the gravitational field, known as the phenomenon of free
convection [1-3], plays an important role both in natural phenomena and in engineering and industrial applications. For
several decades, free convection in liquid layers or the Rayleigh-Benard convection has been theoretically and
experimentally investigated. Of particular interest are the problems related to the effect of rotation and magnetic field
on the Rayleigh-Benard convection, for example, because of their applications to the theory of vortex and magnetic
dynamo [4-6]. Convection, in which the axis of rotation of a medium and that of the uniform magnetic field coincide
with the direction of the gravity vector, was well studied in [1-2]. The case when the directions of the axes of rotation
and that of magnetic field are perpendicular to each other, and perpendicular to the direction of the gravity vector, is
also of interest for solving some astrophysical problems. Such a formulation of the problem corresponds to the
convection in the fluid layers located in the equatorial region of a rotating object, where the azimuthal magnetic field
plays a significant role. The linear theory of such convection was first formulated in [7-8]. The linear theory of rotating
magnetic convection for an arbitrary deviation of the axes of rotation and that of the magnetic field from the vertical
axis (field of gravity) was developed in [9]. The studies listed above constitute a linear theory that provides information
on the convection onset. It is obvious that linear models do not provide information on the final amplitude of
convection. This amplitude occurs when interaction between several perturbation modes takes place. Therefore, it is
important to realize the physical mechanism of nonlinear effects and to quantify the heat and mass transfer in terms of
finite amplitudes. Up to date, there is no rigorous nonlinear model that can be solved analytically. Currently, to
construct a nonlinear theory of convection, the perturbation method developed in [10] is widely used. This work shows
that the initial heat transfer by convection depends linearly on the Rayleigh number, and then, at higher Rayleigh
numbers, the heat transfer is slightly different from the linear case. The authors of [10] called this process weakly
nonlinear, where the nonlinearity depended on the linear case. The weakly nonlinear theory of convection was further
developed with regard to modulation of the parameters that control the convection process, what is very important for
solving many technological problems. Different types of modulation, such as rotation [11-14], gravity [15-17],
temperature [18-20] and magnetic field [21-22], were studied for stationary weakly nonlinear convection in various
media: porous media, nanofluids, and so on. In these papers [11-22] the effect of modulation of the parameters
(rotation, gravity, temperature, magnetic field) on the heat and mass transfer in convective media was determined.
Despite the enormous amount of works on the Rayleigh-Benard convection, there is still a certain gap in the study of the
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influence of inhomogeneous (or differential) rotation on convective processes. The interest to these studies is primarily
caused by various astrophysical problems. It is known that the majority of various space objects consisting of dense
gases or liquid (Jupiter, Saturn, Sun, etc.) rotate non-uniformly, i.e. different parts of the object rotate around a common
axis of rotation with different angular velocities. Differential rotation is also observed in galaxies, accretion disks, and
extended rings of planets. Besides, such large-scale vortex structures as typhoons, cyclones and anticyclones, etc. also
rotate non-uniformly.

The stability of the inhomogeneous rotation of the ideally conducting medium in the magnetic field was first
considered in [23-24]. These works also show that a weak axial magnetic field destabilizes the azimuthal differential

rotation of plasma, and when the condition dQ*/dR < 0 is satisfied, a magneto-rotational instability (MRI) or standard

MRI (SMRI) in the non-dissipative plasma occurs. Since this condition is also satisfied for Keplerian flows {2 ~ R_w,
the MRI is the most likely source of turbulence in the accretion disks. The MRI discovery stimulated numerous
theoretical studies. The first theoretical studies that dealt with the problem of accretion flows were carried out in the
approximation of a non-dissipative plasma with the radial thermal stratification [25] and the magnetization of the heat
fluxes [26] taken into account. In [27] the stability of the differentially rotating plasma in the axial magnetic field was
studied with simultaneous consideration of both dissipative effects (viscosity and Ohmic dissipation) and thermal radial
stratification of plasma. MRI in a spiral magnetic field, i.e. with nontrivial topology was studied in [28-29]. While
studying the MRI, the differential rotation of the medium is simulated by the Couette flow between two cylinders
rotating at different angular velocities (Fig. 1a), which is convenient for carrying out laboratory experiments [30].

R E 5 A
0z
LT - -
T
\\h_/——/ Qom R] } 47 .
Q e >
in d J gc
== =
SN— =
Roul ------- /
a) 0)

Fig.1. a) geometry of the problem for standard MRI: two concentric cylinders with radii R, = R, and R , = R, rotating with
velocities , =€, and Q
a layer of the electrically conductive fluid in the rotating magneto-convection.

=Q,. B, - axial magnetic field directed vertically upwards; b) Convective Busse dynamo model for

out

In [31] various models of thermal convection in rapidly rotating fluids penetrated by strong magnetic fields are
discussed. A special attention is paid to the probability, that the magnetic field can be supported by the dynamo action,
but not by the electric currents applied externally. In [31] an overview of two dynamo models is given. This is the
Childress-Soward flat layer model [32] and the annulus model by Busse [33]. The Childress-Soward model operates in
the convective flat layers of fluid located in moderate and subpolar latitudes (Fig. 2a) of the space object.

For the terrestrial dynamo, the Busse model operates in the equatorial layers, where the azimuth magnetic field
plays a significant role. The electrically conductive fluid rotates in the annular region located between the solid core and
the Earth crust. The theory of this process was developed in [33—35], where the model of rotating cylinders was used.

According to this theory [35] the outer cylinder rotates at a constant angular velocity €2, , while the inner one remains
stationary €2, =0 (Fig. 1b). Convective flows (Benard cells) occur in the fluid layer between the cylinders due to the

cylinders 7, , > 1, . The difference in the heights of the

temperature difference between the inner 7, and outer 7, out

out
inner /1, and outer 4, cylinders leads to a similar effect of the Coriolis force on ﬂ -plane.

These models do not completely solve the problems of geodynamo, for example, the problem of magnetic field
inversions. Unlike the Childress-Soward and Busse models, the stability of a non-uniformly rotating layer of the

electrically conducting fluid in the axial magnetic field, in which the lower surface of the layer (7 d) is hotter than the

upper one (Tu) (Rayleigh-Benard problem): T, > T , was studied in [36] (Fig. 2b). In [36] a chaotic regime based on

the nonlinear dynamics equations of a six-dimensional phase space was studied. The analysis of these equations
revealed the existence of a complex chaotic structure — a strange attractor. Besides, a convection mode was determined,
in which some chaotic change in direction (inversion) and amplitude of the perturbed magnetic field occurs, with the the
medium inhomogeneous rotation taken into account.
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Z h
Gl B, AB, 118
0z
4

a) 0)

Fig.2. a) A layer (thickness h) of the electrically conductive fluid of the astrophysical object that rotates at a non-uniform velocity

Q(R) in the axial magnetic field Eo (analogous to the Childress-Soward dynamo model); b) geometric description of the

convective dynamo simulated by Couette-Taylor flow in a thin layer of the electrically conducting fluid.

The aim of this work is to study local instabilities in rotating flows in the presence of a constant vertical magnetic
field and the temperature gradient in the field of gravity, as well as the development of a linear and weakly nonlinear
theory of the stationary convection in a non-uniformly rotating layer of the electrically conductive fluid in the axial
uniform magnetic field.

The results obtained in this work can be applied to various astrophysical and geophysical problems, which
consider magnetic convection in rotating layers of the Earth interior, the Sun, hot galactic clusters, accretion disks and
other objects.

LOCAL INSTABILITIES IN A MAGNETIZED ROTATING FLOW WITH
WEAK TEMPERATURE STRATIFICATION
Basic equations of small perturbations evolution
Let us consider the flow dynamics of a non-uniformly rotating conductive fluid (plasma) in a constant

gravitational g and magnetic B, fields with a constant vertical temperature gradient VTO = const = —Ae, where

A >0 is a constant gradient, e is a unit vector directed vertically upwards along Z axis. The stationary flow of the
non-homogeneously rotating fluid will be simulated by the Couette-Taylor flow, located between two rotating cylinders

with the angular velocity of rotation L2(R) :

Qsz2 _QIRIZ + (€2, _Qz)RfRz2
R -R'  RR;-R)

Q(R)=

where R, =R, ,R, =R
cylinders, respectively.
To describe the motion of a viscous incompressible electrically conducting fluid we use the equations of magnetic

hydrodynamics in the Boussinesq approximation [1-2]:

o> $2 =€, ,Q, =€ - radius and angular velocity of rotation of the inner and outer

- 2

a—v+(vV)v = —iV(P+B—)+ ! (BV)B+ég T + W% (1)
ot X 87" 4np,

%—f+ (VV)B—(BV)y =nV’B )

aa—€+(\7V)T = V'T 3)

divB=0, divv=0 ()
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where [ is the coefficient of thermal expansion, 0, = const is the density of the medium, V is the coefficient of

kinematic viscosity, 7] = c*/4ro is the coefficient of magnetic viscosity, O is the coefficient of electrical
conductivity, } is the coefficient of the medium thermal conductivity.
We assume that the uniform (constant) magnetic field Eo is directed along the axis OZ . The field will be further

called axial in the cylindrical coordinate system (R, @, z) . The direction of the magnetic field coincides with the axis
of rotation of the fluid Q || OZ , which rotates in the azimuthal direction with velocity vy = RQ(R)€, . The stationary
state of the system satisfies the following equations:

2
QZR:L%’ L%:_&B]’O, a1, 7;0 =0. 5
P, AR~ p, dz dz

Equation (5) shows that the centrifugal equilibrium is established in the radial direction, and the hydrostatic one —
in the vertical direction.

Our main task is to consider the problem of the stability of small perturbations of physical quantities (, b ,p,0)
against a background of the stationary state (5). By representing all the quantities in equations (1)-(4) as the sum of the
stationary and perturbed parts V=V, +u ,E = Eo +b, P=p,+p, T=T,+6, we obtain the evolution

equations for small perturbations in the linear approximation:

o, - W+ M, +v,-V BV ez B p+Bo‘b
4mp, u v 4
~B,-V o, —nV> =M, +,-V 0 bl=—| 0 |, (6)
4@ 0 0. — V47,V le] Pl o
where indication M, for the matrix of the non-uniform rotation is entered [28]:
0 -Q 0
dQ
M,=1Q+R— 0 0.
dR
0 0 O
Perturbed fields i, l; also satisfy the solenoid condition:
divb =0, divii=0. (7)

As long as the medium is stratified by temperature and rotates with an inhomogeneous angular velocity, a justification
for the applicability of the limit of geometric optics on the bases of the asymptotic WKB (Wentzel - Kramers —

Brillouin) method [37] should be provided.

Asymptotic WKB method and geometric optics approximation
Let us consider the limit of the medium weak stratification when the spatial scale of the medium heterogeneity

T, dz

(L>A) an approximation of geometrical optics is performed, and therefore all the perturbed quantities in equations

-1
1 dT, , . 2 .
L=|——"| far exceeds the typical perturbation scale (wavelength) A = m: L>/ . In the short-wave limit

(6-7) can be represented by the dependence of the form: exp(ilgf + t), where k is the wave vector, ¥ is the

amplification (or attenuation) factor of the disturbances [38].
According to [28-29] we present a more rigorous justification of the short-wave approximation using the
asymptotic WKB method. For this purpose we represent the solutions of the linearized system of equations (6) in the

form of an asymptotic series in the small parameter € (0 <& < 1):
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i 0 ety £ (1)
b — /Pnye b (x,0)+ eb™ (x,0)+-- ©
p pO(x,t)+ep (x,6)+---
0 09 (x,1)+6M (x,t)+---

where X =(R,@,z) are the cylindrical coordinates recorded in vector form; ®(x,?) is a scalar function, called the

phase (or eikonal) of the perturbed quantities oscillations; (=) , 5 (=) , 6" , p(") (n=0,1,...) are the amplitudes of
disturbances. The dissipative processes, when using the asymptotic expansion (8), have an effect in the second order of
£ smallness [28-29], ic. V=€V, =€1T, y =€ . For convenience, we introduce the indication for the
derivative along the fluid flow lines:

D 0
_=
Dt ot

7,-V.

Substituting decompositions (8) into the system of equations (6), we obtain the system of local differential

equations for £ 'and €° orders:

Solenoid conditions (7) take the form:

b VO =0, V-5 +ib" -V =0

DO (B,VE)
Dt 4rp, 7O
—(B,-V®) Do 0 |-|p®@ ve
Dt 9 Po
0 Do
Dt
Do (BVE)
Dt 4rp, 7O
:i-| =(B, - V®) Do o |-|p® +1V_d>
Dt (1) pO
0
) Do
Dt
04 304 5O
V4
+
Po
i Vo=0, V-i?+iu" Vo =0,

B .50
© 4 Bo b

P 4
0
0
B,-b"
M 4 2o
P 4

)

(10)

)

Next, multiplying equations (9) alternately by V® , u® , b and applying equations (11) we obtain the following

relations:

Po

(VD) -(p“” N 1

4

DD

—b" Vo =0,

(, .z;«»)j:o, -~

DP g0 ve o,
¢
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bo 050 _ (B, V@) Do 9 .5

BO .50 =, DD o) o _ (B, VO i =0, 2~ =0,
Dt 47p, Dt Dt
DO oz (ByV®) ro) o _ 0, DD o) o —(B, - V®)i® -5 =0, DD yo po g,
Dt 4rp, Dt Dt

Due to the fact that VO # 0, i@ #0, O % 0, 62 #0 we obtain:

p© :_ﬁ(go.gwg, %zo, B, V®=0. (12)

According to (12) the system of equations (10) becomes much simpler.

B V) - ; B .50
(£+V(Vd>) +M ] o BV ~—0 b0 —Egpe? = _Vo pV +—B° b
Dt 47p, yor 4r

(%H?(VCI)Y —MQJE“” (B, V)i = (13)

D
= (VD) |00 —4-6-7® =0
(Dt X( )j e-u

The second relation in (12) is the Hamilton-Jacobi equation with the initial condition: ®(x,0) =® (x). Acting on

this equation by operator V we obtain the eikonal equation:
VD +V (¥, -Vd)=0

or

oV +e¢,

t

Q(R) e Q(R)

——+ =0
oR 0¢ ORJ¢ R a¢ 0z0¢

[ag oD PR J ) I’P PR
2

the initial condition for this equation is: V®(x,0) = V® (x). It is known that the phase gradient V® is by
definition a wave vector:

k=VO®=eik,+ek,+ek,,
then for the components of vector k£ we obtain the following equations:

oQ ok, ok
k,= ky,+Q(R)R ky=—Q(R ko k. =-Q(R)R—2.
d kg (a (R) Aa (R) ¢8 (R) o (14)

From these equations it follows that for the axisymmetric perturbations (& 6 aq)/Ra¢ = () the wave vectors

ky and k_ do not depend on time, i.e. they can be considered constant. Besides, it is known (see, for example, [37])
that geometric optics is approximated locally, where the amplitude and direction of the wave remain almost unchanged

at the distance of the order of the wavelength A , hence the wave vector k (or phase gradient V® ) can be considered

constant: |k |= const . Since the approximation of geometrical optics is well satisfied for the axisymmetric

perturbations, the perturbations Tha , b p© 9(0) in equations (13) can be represented as plane waves:

U
=0 _
b g exp(yt +ik,R+ik z). (15)

P
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After substituting (15) into the system of equations (13) we obtain the system of equations for the amplitudes of the
perturbations U , H ,0,P:

_i(kB)H, _iky 5

(y+w)U, —ZQ% (16)
47p, Po
i(kB,)H,
(r+0)U,+2Q(+Ro)U, =—— (17)
4mp,
(kB)H, ik, -
(r+au, -8 Kby o po )
47p, Po
(7+@)H, = i(kB,)U, (19)
T 0Q
(}/4‘(()’7)1‘1(/j :l(kBO)U¢+Ra—RHR (20)
(y+@)H, = i(kB,)U, 1)
(7+CUZ)®=AUZ (22)
kUp+kU. =k,Hy+k H =0 (23)
| o 5_ . B HY T
In equations (16)-(23) the indications for the total pressure P = P+ 4 , viscous @, =V | k|”, ohmic
T
@, =1 k P and heat conductive ®,=x| k |? dissipation frequency (| k [*= k; +k’) are introduced, Ro is the
R 0Q
hydrodynamic Rossby number, characterizing the heterogeneity of the medium rotation: Ro = E?)_R .

Using the method of elimination of variables, the system of equations (16)-(23) is reduced to the equations for

Up U, U

D \2 2
7+a)v+—(kB°) UR—2Q]£—Z2U¢+g,B—fikaRUZ =0 (24)
4mp,(y+ @,) |k | k[ (r+o,)
D \2 D \2
20(1+ Roy+ — B 921y, o v B U,=0 25)
D \2 2
2Qkik§ U,+| 7+, + (kB,) - J%rﬂAkR U.=0 (26)
|k | dmpy(y+@,) k[ (y+w,)

So, the task to provide the stability of a rotating magnetized flow with temperature stratification leads to the
problem of finding the eigenvalues of ¥ from the system of equations (24)-(26).

Analysis of the dispersion equation
The condition for solving the system of equations (24)-(26) is that its determinant equals zero, then we obtain the
dispersion equation:

[((r+o)rro)+@ | (o) r+o)y+o)+ @ (r+o)-N(1-Erto) |+
FNIEA-EVy+ o) [ (r+ @) + (7 - 4Q) |+ £ [ (r + 0) + B (7 - 427

<7+ o)+ o)y +0,)+d(y+0)-N(1-E)y+0,)|=0 @7
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k’B;
Here @, is Alfven frequency, a)j = kzz Ci ==z0 N 4= gPA is Vaysel-Brent frequency, dependent on the
0

kZ
k|

Equation (27) after simple algebraic transformations splits into two dispersion equations of the following form:

temperature gradient, kX = 2Q+/1+ Ro is epicyclic frequency, & =

(y+o,)y+a)+0,=0 (28)
o )(r+o)y+a)+ @) +E(r+0,) + @) -4QE 0 - (29)
—N(1-EYy+a)ly+ )y +a,)+a]=0

The dispersion equation (28) describes the attenuation of Alfven waves in plasma with viscous and ohmic
dissipation. In this equation, the influence of rotation and temperature stratification on the perturbation increment is not
observed, therefore, we begin to analyze the dispersion equation (29). In some extreme cases, this equation gives the
results, which are known by this time.

1). Let us consider the purely hydrodynamic limit, when the medium is homogeneous by temperature (4 =10),
non-dissipative, and rotates at the angular velocity €2 =C(R) (Couette flow) in the absence of the magnetic field,
then from equation (29) we get:

Y+ =0 (30)

From the above it follows that the necessary and sufficient condition for the stability of the rotating shear flow

(Rayleigh criterion, see, for example, the review in [39]) is the reality of the epicyclic frequency K° >0 or the

realization of the inequality Ro > —1. For the flow with the Rossby profile Ro =—1, the axisymmetric perturbations
in this extreme case are neutrally stable ¥ = 0.

2). Taking into account the stratification by temperature (4 # 0)and Vv = y =1 = 0, from equation (29) we get:

Y +&x-NI=L=0 (1)

In this case, the temperature stratification can either stabilize (N3 <0) or destabilize (N >0) the stable
Couette flow ( >0 ), depending on the direction of the temperature gradient.
3). Within the limits of the ideal magnetic hydrodynamics (V=) =1n7=0) with 4=0, Eo #0, Q=0 ,

Chandrasekar [23] and Velikhov [24] have shown that the magnetic field destabilizes the Couette flow. Indeed, from
equation (29) for this case we have:

(V' +@) + &K (V' + @) - 4Q°¢ @, = 0 (32)

or

2,2 4
7Z+a)j+§2 :J_r\/54 +4Q° 8w, (33)

From the above it follows that at moderate amplitudes of the magnetic field @, <2, the cumulative effect

determined by the magnetic field is destabilizing, i.e. the development of instability currents at K> > 0is assumed to be
possible. This effect is the cause of the standard MRI.
4). With the temperature stratification taken into account, the equation (32) will take the form:

(P + @) +(E - N (1-E)P + @) - 4QEw =0 (34)

For the radially temperature-stratified plasma, when replacing —Nj(l—f 2) by & ’N?

r

1 dp, d
(N ’= ——ﬂ—[ln &J , I is the adiabatic exponent), this equation was derived in [25] and actively studied
0
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5). With only the rotation and the magnetic field in a homogeneous ( A = 0) dissipative medium taken into account,
the equation (29) is transformed into the dispersion equation of the following form:

(r+@)r+@)+ @) +E(r+ @) + @) - 4w, =0 (39)

This equation was studied in detail in [41-43], and its generalization, with the radial thermal stratification of the
medium taken into account, was presented in [27].
6). In the absence of the rotation and the magnetic field, in the case of a nonconductive medium, from equation (29)
we obtain the dispersion equation:

Y +y(e,+o)+o0,-N;(1-5)=0 (36)
14

When utilizing the dimensionless variables ¥ — — ¥, kyh — k, k.h — 7m in equation (36), we obtain the
h

Rayleigh equation describing free convection in the liquid layer with thickness /. Its solution has the form, given
in [2]:

Rak?

_ (1+Pr)
Pr(k* + 7°n*)’

! 2Pr

(Pr—1)

37
2Pr @7

2
(K’ +r’n*)+ ( j (k> +7°n*)* +

where 7 is an integral number characterizing the scale vertically. The magnitude of the instability increment %,

AL 14
gh. , Prandtl Pr=— and the wave number
|74 X

K =~ k*+7’n’ . The condition for the stability of small perturbations lies in the positiveness of the radicand, which

depends on the dimensionless numbers of Rayleigh Ra =

corresponds to the Rayleigh numbers Ra > 0.
In contrast to [27], the dispersion equation (29), which we derived, takes into account the thermal dissipation

(terms with w,) and vertical stratification (terms with /N ;) by temperature in the field of gravitation. Let us analyze

the stability by writing down the dispersion equation (29) in the form of the fifth degree polynomial relative to ¥ :

P(y) = a0y5 +al;/4 + a2}/3 +a37/2 +a,y+a,=0, (39)

where the coefficients a,,a,,a,,a,,a,,a; have the appropriate form:
a, =1,
a,=2(w,+0,)+ a0,
a, = (0, +w,)’ + 20, + 0,0,) +45*Q*(1+ Ro) - N3 (1- &) +20,(0, + @),
_ o 2032 2 w,
a;, =2(0, + o), + 0,0,) +8£°Q°(1 +Ro) @, +®,/2)+ 0, (0, + )" +20,(0,+ 0,0,) -
-N;(1-Qw, +w,), (39)
a, = (0, + 0,0,)" —4E°Q* @, + 45°Q% (1+ Ro)(@, + @) +8E°Q* (1+ Ro)w,m, + 20,070, —
2 2N 2 2
-N,(1-& N, +20,0, + @),
— 2 202,72 202 2 2 2
a;=0,(w, + 0,0,) +4&°Q'w; +4E°Q*Ro(w, + @) - N;(1- &) 0,0, + w,,).
The dispersion equation (39) is the equation of the fifth degree relative to ¥, so the analytical determination of its
roots in general case is not possible. However, the conclusion about stability of the perturbations described by equation
(39) with real coefficients can be made without solving it, but only by analyzing its coefficients using the Routh-

Hurwitz or Lienar-Shipar criteria [44]. In the latter criterum the number of determinant inequalities is approximately
half as much as in that of Routh-Hurwitz, therefore its application is advisable. The Liénard-Chipart criterion for the

perturbations asymptotic stability, described by the algebraic equation (38), is as follows. For P(¥) polynomial to
have all roots with negative real parts, it is necessary and sufficient that:
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a) all the coefficients of P(}) polynomial were positive: @, >0, n=0...5;

b) the inequalities for the Hurwitz determinants were satisfied: A, >0, A ;>0 .., where A, denoted

the Hurwitz determinant of 7 order:

Cll a3 aS
a, a4, da,
A, =10 a a
0 a, a
am

By using the algorithm of Leenard-Shepard we obtain necessary and sufficient conditions for stability of the non-
uniformly rotating plasma with the constant temperature gradient:

a,>0, n=0...5, A,>0, A,>0 (40)

Here, the determinants A, and A, are correspondingly equal:
a, a,

A, = =a,a, —a,,

a a, as 0

1 a, a

_ _ 2
A= 0 =a{a;,(aa, —a,)—aja, +2aas} - agia)(aa, —a;) +as} (41)
a d; 4

0 1 a a
Substituting the values of coefficients a, from (39), into the conditions of (40) we find the following
inequalities:
(a,>0) = 2(@,+@,)+®, >0, this inequality is performed automatically;

k2
2)(a,>0)= (@, + ) + 20, + 0,0,) +4£°Q* (1+ Ro) + 20, (0, + ®,) > N ‘ 1€R|2
This inequality shows that viscous, ohmic and thermal conductivity dissipation naturally lead to stabilization of the
plasma flows stability. The stabilizing factors are also: the uniform magnetic field (Alfven effect), non-uniform rotation

(if the profile of the angular velocity of rotation is close to Q(R)~ R (&°>0) and the temperature gradient

at A <0 . In the limits of the nondissipative and homogeneous electrically conducting fluid in the uniform magnetic
field this inequality transforms into the well-known Velikhov stability criterion [24]:

&K

2
), + )

0;
3) inequality a; > 0:

2w, + )@, + ©,m,) +8E°Q*(1+ Ro)( @, + ®,/2) +
2

+0, (0, +a),7)2 +2a);[(a)f1 +0,0,)> N? | /?]2 Qo,+a,)

does not contain any new conditions for stabilization of disturbances;
4) inequality a, > 0:
(& +0,0,) +20,0.0,+4EQ* Row, +
2

k
+4&5°Q°(1+ Ro)(@), +2w,0,) > N | kR|2 (@, +20,0,+ @})

5)as>0, or
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1-Ro | Ro, ki @0, + 0,0, >0, Ro __(@i+00) +45Qq)
Ro, Ro, K (@ +ad)w, 40°8 (0 + @)

The parameter Ro,, in inequality (42) corresponds to the critical value of the Rossby number Ro for the standard MRI

(42)

(SMRI), which was obtained in [29]. The dimensionless parameters: Ro, = N /21/492 = Ra/TaPr is the thermal

number of Rossby, the numbers: Ra = gBAL'/vy — of Rayleigh, Ta = 4Q>L}/v> — of Taylor on the typical scale
of stratification L , Pr =W/} is the Prandtl number.

Now we turn to the stability conditions b) consisting of inequalities with Hurwitz determinants (40). For the

determinant A, >0 we get:
2

2w+ @) +8w,0, (0, + @, + 0,) + 30, (@] + @) +20,(0, + @,) 2w,0,

w, +, o, +w,

In this inequality a new destabilizing term (the second fraction) has appeared, which has a significant impact,

provided that the Prandtl number Pr<1 is small. Under the condition Pr=1 and Pr>>1 the perturbations

stabilization by the magnetic field in a dissipative medium takes place. After substituting the values of coefficients a,

kZ
> gﬂAk—‘; (43)

into the expression for the Hurwitz determinant A, , we obtain the last of the stability conditions: A, > 0. We do not
give the explicit form of inequality A, >0 because of the cumbersome form of the included expressions. However,

note that the stability criterion A, > 0 contains the previous stability criterion (43).

RAYLEIGH-BENARD PROBLEM FOR A THIN LAYER OF THE INHOMOGENEOUSLY ROTATING
MAGNETIC PLASMA
Formulation of the problem and basic equations
The system of equations (6) obtained in the previous section will be used to describe convective phenomena in the

thin layer of the inhomogeneously rotating conducting medium (plasma) with thickness & << (R, —R. ). The

out
temperature of the lower part of the layer is denoted by 7,, and the upper one — by 7, while 7, > T, is the heating
from the bottom (Fig. 3).
Z 4

p.

! T R. R

d in out

=
vg

Fig. 3. The geometry of the problem for the inhomogeneously rotating magnetoconvection. The electrically conductive fluid fills the

layer between two rotating cylinders with angular velocities Qin and € respectively. The bottom surface of the layer has the

out >

temperature 7| 4 » and the top one - T;‘ - T e Tu .

Such a formulation of the problem generalizes the classical Rayleigh-Benard problem for free convection. For this
problem the typical scale of the medium inhomogeneity in the horizontal plane is larger than in the vertical direction

L;>L, . Therefore, we will be able to apply the local WKB method for the disturbances depending on the horizontal
coordinates (R,@). We expand all the quantities into the Taylor series in the vicinity of the fixed points (R,,d,),

leaving the terms of the zero order in the local coordinates R=R- R, , 9=@—@,. As a result, we obtain the

system of differential equations (6) with constant coefficients. In this case the following relations will be taken into
account:
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2
Q,=QR,), V' 5D’ + a~2 +ii+izi~2, p=2 :
OR R, OR R, 0P dz

), el )% (o)
b)), be) R:0¢\b,| R2\b,
2 0 (u 1 (u
VZ u :VZ u¢ - v R _ ¢ )
[ LJL [1% +R§ 0p\by) Ry \ b,

Like in the previous section, our studies will be restricted to the axisymmetric perturbations 0/ a¢ =(. Then all the

perturbations in the system of equations (6) can be represented in the form of plane waves.

i) (U(2)
l; = g((;) exp(yt +ikR) (44)

p) (P(2)

then, in the short-wave approximation k>>RL, neglecting the terms LA —, we obtain
0 o Ry

(D* - y-#*)U, +~TaU,, + Pr Pm™ Ha’ DH,, — ikP = 0 (45)
(D*-y-k*)U,~Ta(1+ Ro)U, + Pr Pm™ Ha’ DH,, = 0 (46)
(D* —y—k*)U, +PrPm 'Ha’DH, + Ra®—DP =0 (47)
(D* = Pmy—k*)H, +Pr™ PmDU, =0 (48)
(D? = Pmy—k*)H, + Pt PmDU,, +~TaPmRoH , =0 49)
(D* = Pmy—k*)H,+Pr” PmDU_ =0 (50)
(D*-Pry-k*)O+U. =0, (51)
DU, +ikU, =0, DH_+ikH, =0, (52)

The system of equations (45)-(52) is written down in a dimensionless form, in which the dimensionless values retain the
form of dimensional ones:

2072, (U U U, )= ph™ (U U, U, (Hy Hy H,) = By (H o H,, H),

0 O(4h)", P - 15( L ] ‘= t(iz),i—/’—zi
PV, h*) ot v ot
In equations (45)-(52) the following dimensionless parameters are introduced Pr =V/}y is the Prandtl number,
Pm =V/7 is the Prandtl magnetic number, the numbers: Ta = 4Q,°h*/V? is of Taylor, Ha = B/ \J4mp,vn is
of Hartmann, Ra = g,BAh4/ VY is of Rayleigh on the scale /. Then, instead of the Hartman number Ha we will use
the Chandrasekhar number Q = Ha*. Using the equation of the solenoidal character of fields (52), we exclude
pressure P from equations (45) and (46):
DO  ikTa

'Bz_k2+52_k2' ?

(53)
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In order to reduce the number of variables, we introduce indications for Zz-component of the vortex -
&= (rotU), =ikU,, of the current - { = (rotH), = ikH , and for z-component of the velocity -W =U . With

the new indications taken into account equations (45)-(52) will take the form:

(D* —k*)(D* — k> — )W + O(D* —k*)DH_ —~\TaD{ = k*Ra®© (54)
(D> = k> = )¢ +Ta(1+ Ro)DW + ODE =0 (55)

(D* — Pmy—k*)H_+Pr™ PmDW =0 (56)

(D* — Pmy—k*)é+Pr™ PmD{ —JTaPmRoDH, =0 (57)
(D*-Pry—k>)O+W =0, (58)

where O = Pr Pm™'Q. We complete equations (54)-(58) with the following boundary conditions:

for "free" (free-free boundaries) surfaces at z=10,1:
W=0=DH_=0,D’'W=D{=£=0 (59)
and for “rigid” (rigid-rigid boundaries) surfaces at z=10,1 :
W=0=H_=0,DW=¢,=DE=0 (60)

Equations (54)-(58) with boundary conditions of (59)-(60) describe the linear (for small perturbations) convection in the
thin layer of the non-uniformly rotating magnetized fluid.

STATIONARY CONVECTION FOR FREE BOUNDARIES
Chandrasekhar variation principle

Let us consider the stationary convection mode, i.e. when the system is in a neutral state = 0. In this case, the

problem of the eigenvalues of equations (54)-(58) lies in finding the critical Rayleigh numbers Ra that satisfy the
following equation:

[(132 — i) ((D* = k*)* =0D*) + Ta(1+ Ro)(D* —k*)* D* - TaRoPmQﬁ“}W = (61)
=—k’Ra((D*-k*)’ —QD*)W

with boundary conditions: W = DPW =0 (p=2,4,6,8,10) at z=0.1. According to these boundary conditions, the

even derivatives of the function W at the surface boundaries z =0 and z =1 should become zero.
We formulate the problem of finding the eigenvalues (the Rayleigh number Ra ) of equation (61) using the

Chandrasekhar variational principle. For this, from the system of equations (54)-(58), provided that = 0, we exclude

the perturbations for the components of the vortex f and current g“ . As aresult we get:

L(D* = k*Y*W +QL(D* —k*)DH_ —~NTaDL{ = k*RaL® (62)
L¢ =—Ta(1+ Ro)(D* —=k*)DW —\[TaQ Pr RoD*H (63)
(D’ —k*)H_+Pr™ PmDW =0 (64)

(D> -k*)O+W =0, (65)

where the operator is L = (D* —k*)* —OD>.
We multiply the equation (62) from the left by # and integrate it by z :

1 1 1
jWZ(132 — kY Wdz+0 IWZ(D2 —k*)DH_dz + Ta(1+ Ro) jW(b2 —k)D*Wdz + (66)
0 0 0
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1 1
+TaQPrRo[WDH. dz = k’Ra [WLOdz
0

With equations (64) and (65) taken into account, equation (66) takes the form:
1 2 1
j W (L +Ta(1+ Ro)(D* —k*)D* ) Wdz + IP;LTaQRoj[(DZzLIZ)2 —k*H_D*H dz =
0 m 0
1
= _k*Ra j (D* - k*)OLOdz (67)
0

In equation (67) we carry out partial integration for several times using the boundary conditions of (59). As a
result, we obtain' the expression for Ra , as the ratio of positive definite integrals:

2
Ra=—| 1 +Ta(1+Ro)- I, + *TaQRo 1, | (68)
I Pm

4

where indications for integrals /,,,, > 0 are introduced:

I = j [(D*W)? +6k*(D*W)* +4k*(D*W)* + 4k (DW ) + k*W*1dz +
+20 j [(DW)? +2k*(D*W)* + k*(DW)*1dz + O* j (D*W)*dz,

L= [[(D'W) +k>(DW Yz, I, = [[(D*H.) +k*(DH.)1dz

1
I, = [[(D'©) +3k*(D°0)’ +3k* (DO’ +k°©’ + Qj[(D 0’ +k*(DO) dz.
0

Now we will consider the variation of the Rayleigh number ORa subject to the variations OW , OH s 00 . In the

first order of the variations smallness we get:

1 Pr?
ORa = 3 {é]l +Ta(1+ Ro)-dl, +ﬁTaQR0-&3}—

—| I, +Ta(1+ Ro)- 1, +P—2TaQR 1, d, = (69)
Pm kzlf

{5[ +Ta(l+ Ro)-dl, +P—TaQR0 O, —k’Ra - 67}
k] Pm

Next, we find variations of the integrals d/, , , -

1 1
51, = 2jZZW W dz, 51, = 2]132([)2 — kKW - SW dz,
0 0
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1 1
S1,=2[D*(D* ~k*)H, - 8H.dz, 51, = -2[(D* - k*)LO- 3dz,
0 0

and then we substitute them into equation (69). Using equations (64)-(65) and boundary conditions of (59), we obtain
the final expression for ORa :

2
ORa = X 70
a k214 (70)
l R2 N7 22 12\2 A2 4 P oWdz
X (D" =k )L'W +Ta(1+ Ro) D™ —k”) " D'W —TaRoPmQODW + k" RalLW |- ————
0 (D*—k?)

From the above it follows that ORa = 0 for any arbitrary variation OW # 0 , if
(D> —k*)*W + Ta(1+ Ro)(D* — k*)> D*W — TaRoPmQD*W = —k*RaL W,

i.e. equation (60) is satisfied. Then the function W, by which Ra is expressed (see equation (68)), is a solution for the
problem of the characteristic values of equation (60).

Exact solutions to the problem of characteristic values
We choose a function W , that satisfies the free boundary conditions of (59), in the following form:

W=Wysinnm (n=1,23..), (71)

where W, = const is the disturbances amplitude of z - velocity component.

By restricting to the single-mode approximation (# =1), while substituting (71) into (76), we obtain the
expression for the critical value of the Rayleigh number Ra, of stationary convection:

_ (T’ +k*) N (7t + k)0 N (P + k) Ta N *TaRo((7* + k)’ + °OPm)
¢ k? K k(2> +k°) +7°0) K (7> +k°) +7°0)

In the new variables

Ra (72)

K’ 0 Ta Ra,
xz?, Ql:?’ TIZF’ R1:?,

introduced by Chandrasekhar [1], equation (72) takes the form:

_(1+0)((1+x)*+0) +(1+x)’(1+ Ro)T, + RoPmQT,

R 73
| (1) +0) ™
The function R,(x) takes extreme values for the corresponding x, which satisfy the following equation:
1+x)' —(x* -1 RoPmQ,T,((1+ x)(1+3x)+
2x3+3x2_1:QI+Tl(1+RO)'( x) (X )Ql+ o le 1(( X)( 3X) Ql) (74)

(1+x)°+0)’ (1+x)°+0)’

Figure 4 shows diagrams of the dependence of the stationary Rayleigh number R, , determined by equation (73),

on the wave numbers X = k°/7r” for the fixed parameters of the magnetic field O, and of the rotation 7. Curves

1,2,3 in Fig. 4 correspond to the case of the uniform (or solid-state) rotation Ro =0, and they completely agree with
the results of Chandrasekhar [1].
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Fig. 4. Dependence of the Rayleigh number R, on the wave numbers x = k*/m* for the Rossby numbers Ro = 0 with constant
parameters: curve 1 — O, =40, T, =10°; curve 2~ Q, =100, 7, =10°; curve 3— 0, =200, 7, =10°.

The diagrams in Figures 5 and 6 show the dependence of the Rayleigh number Ra, on 7tk , and are plotted for
different Rossby numbers Ro . The diagram in Fig. 5 corresponds to the parameters Ta =500, O =100 . Here we can

see that with an increase in the positive profile of the Rossby number R0 , the minimum value of the critical Rayleigh
number also increases, i.e. the threshold of the instability development rises. On the other hand, for the negative rotation

profiles: of Keplerian (Ro =—3/4) and of Rayleigh (Ro =—1), we observe a decrease in the critical Rayleigh
number, i.e. a lower threshold of the instability development, as compared to the case of the uniform (Ro =0) and
non-uniform (Ro = 2) rotation. The diagrams in Fig. 6a,b are plotted respectively for Taylor numbers Ta = 10* and

Ta =10’ . From these diagrams it follows that with the rotation increase (Taylor number 7@ ) with a negative Rossby
profile (Ro < 0), no extreme values of the Rayleigh number are observed.
Now let us find out how the inhomogeneous rotation affects the process of stationary convection by calculating the

derivative dR,/dRo :

dR, _ T((1+x)*+Q,Pm)
dRo  x(1+x)’+Q,))

fx)=

Ra
C

8000

6000

4000

2000

0.0

Fig. 5. Dependence of the Rayleigh number Ra, on 7i/k for different Rossby numbers Ro with constant parameters: Q =100 ,

Ta =500. The Prandtl magnetic number is assumed to be equal to one: Pm =1.

The function graph f(x) is shown in Fig. 7. It shows that with the increase in the Taylor number 7; (from 5000 to
10°) at the fixed value of the magnetic field 0, =100, the rate of variation of the value dR,/dRo increases towards

small x (long-wave disturbances ~ k'), which is true for positive values of the Rossby number Ro > 0.
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Ra, Ra,
20000 120000
100000
15000
80000 P o
Ro=0
N Ro=-3/4
10000 60000 S do
40000
5000
20000
o0 ' ' ‘ ' 2 m/k 0.0 0.2 0.4 0.6 0.8 /k
a) 6)

Fig. 6. Dependence of Rayleigh number Ra, on 7'k for different Rossby numbers Ro with constant parameters: a) Q =100,
Ta=10* b) 0=100, Ta =10’. The magnetic Prandtl number is assumed to be equal to one: Pm =1 .

dR, r

dRo | T =100000

H L _T'=50000
4000} ; T N e s s L

T
\
1
L)

3000} i
2000

1000

Fig. 7. The diagram of the dR,/dRo variation rate dependence on the wave numbers x = k*/7z” for different values of the Taylor

number 7, with constant parameters O, =100 and Pm=1.

Fig. 8 shows graphs of variations in the Rayleigh number R, from the value Ro in the interval [-1, 2]. These grahs

show that the rotation with a negative angular velocity profile Ro < 0 has a destabilizing effect on the development of
stationary convection.

A N I x=3 : X=3 e
180 gl Te % Xi—1) 6000 Rz Z4
________ x=7 x=7 yd
—  X=9 e —_X=9 e
L et 5000 pd
————————— P BT
40  __be=—" P
o - e 4000
wf™ s LT
o i T e 3000
100 -
-7 g 2000
80
1000
P g
-1.0 -05 0.0 05 1.0 15 -1.0 -05
a) Ro ¢

Fig. 8. Dependence of the Rayleigh number R1 on the Rossby number RO for various wave numbers X = ki 7 with constant

parameters: a) Q1 =50, T1 =100, szl;b) Ql =100, T1 =1000, Pm=1.

Without considering the thermal processes, i.e. when there is no preheating Ra =0, from equation (72) we

obtain the threshold value of the hydrodynamic Rossby number Ro for the standard MRI (SMRI) taking into account
dissipative processes (see, for example, [29]):



22
EEJP 12019 M. Kopp, A. Tur, V. Yanovsky

a*(a*+7n*Ha’ ) +*a*Ta 2

Ro, = > R p— , a=k+rm
m'Ta(a” + 7 Ha” Pm)
, . , 7’ Ha’ @, rm'Ha’Pm @, Ta 4Q° 7’ )
When turning to the dimensional variables R R 2 — s TT T T 5 y f
a 0,0, a @ a @, " a
we find the expression for Ro,. [29]:
2 2 202
o _ (@i +0,0) +45'Q'g)
cr 2 g2 2
4Q°E (', + @;,)

Therefore, in the extreme case, when Ra = 0, a magneto-rotational instability arises in the inhomogeneously rotating
layer of the electrically conducting fluid in the continuous magnetic field.
Then, using solution (71) from equations (56) and (58) we define the expression for the perturbations of the

magnetic field /7_ and temperature © through amplitude W :

P .
ZZ%J/VOCOMZ, ®=%-sm7zz (75)
Pr(z”+k7) T +k

These solutions satisfy the free boundary conditions of (59). Then we find the expressions for the components of
the vortex é: and current f from equations (55) and (57), which, when using (56), take the form:

(D* = k*)¢ =~JTa(1+ Ro)Pr Pm™ (D* —k*)H_+ODE =0 (76)
(D* —k*)E +Pr PmD{ —~TaPmRoDH . =0 77)

Acting on equation (76) by operator D? —kz, and on equation (77) by operator Q[) , and then subtracting one

equation from the other, we’ll find the equation for the current g“ :
[(D*=K*Y =QD* |¢ —Ta(1+ Ro) Pr Pm™(D* —k*Y' H, +NTaQPrRoD’H. =0 (78)
Substituting the solution for /_ from equation (75) into this equation we get:

_ aNTa(1+ Ro)(x* +k°)’ + m’\TaQPmRo
(7> + 1) (7> + k) + 7°0)

4

W, cosmz (79)

Now we proceed to the definition of the equation for the vortex component f from equations (76)-(77). For this, we act

on equation (76) by operator Pr™' Pm , and on equation (77) by operator D> —k* , then subtracting one equation from
the other, we find the equation for é: :

[(D*=k?)’ =QD* | +/Ta (1+ Ro(1- Pm))(D* —k*)DH. =0 (80)
Similarly, for this equation too, using the solution for /_ from (75), we obtain:

7°NTa(1+ Ro(1— Pm))Pm
((7[2 +k°) + 7Z'2Q)Pr

63:_

W, sinmz (81)

The obtained expressions (79) and (81), respectively, for the components of the vortex and of the current, satisfy
the boundary conditions of (59).

Topological characteristics of stationary solutions
Note, that the stationary solutions obtained above for the hydrodynamic (W,§ ) and magnetic (H_, ; ) fields

have a non-trivial topology. The average hydrodynamic helicity H e vrotvdV has the meaning of a measure of
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“knotting” of the velocity field V and, similarly, the current helicity H_ = Iérotéd V' is defined as a measure of

“knotting” of the magnetic field force lines B [45]. We calculated the helicity of H < and H_ for the deterministic

fields (of the velocity and magnetic field) of stationary roll convection with averaging over the whole layer
volume (V). As the calculations show, the current helicity H_ has an opposite sign relative to the hydrodynamic

helicity Hg , and as a result, stabilizes the operation of the dynamo [46] due to generation of the hydrodynamic helicity

by rotating the electrically conductive fluid.

The hydrodynamic helicity plays an important role in & -effect onset, due to which large-scale magnetic and
vortex fields are generated (see, for example, [6]). In the theory of turbulent dynamo [45] the mean helicity of the
velocity field is the result of averaging over the ensemble of realizations of a random field in the given volume of fluid.
Helicity naturally arises in the turbulence of a rotating body. The physical mechanism of the helicity origin is described
in [47] by the example of the the Sun convective zone. In the northern hemisphere of the convective zone, the rising
substance will expand and rotate under the action of Coriolis forces, resulting in a left-handed spiral movement. The
sinking substance is compressed, and under the action of Coriolis forces is forced to rotate in the opposite direction, also
making a left-handed spiral movement. It is obvious, that in the southern hemisphere the right-handed spiral movements
will prevail. The uncompensated right-handed and left-handed movements lead to non-zero helicity. In other words, the
properties of the turbulent velocity field are non-invariable with respect to the parity transformation, i.e. transition from

the right coordinate system (X, y,z) to the left one (—x,—y,—z) (reflective non-invariance of the field Vv ). The

O -coefficient estimate values for the conditions of the Sun convective zone range from a few cm/s to 10* cm/s, what
means a greater degree of uncertainty when transferring the results of the calculations for the dynamo models to the real
solar conditions [48-49]. However, as the astronomical observations show [50], the Sun convective zone has an evident
orderliness, i.e. a developed cellular structure of different scale. In [49] a numerical simulation of cell-like flows, which
are similar to the really observed ones, were carried out, what allowed calculating directly the velocity field average
helicity. The helicity was averaged in [49] over the volume, and not over the ensemble of realizations, as long as the
velocity field in such a formulation of the problem is deterministic. The analysis of the helicity of such quasi-ordered
convective flows can reduce the spread in the estimate values, which are used in the theory of the medium fields
dynamo.

Thus, the results of the calculation of the average hydrodynamic and magnetic helicity of stationary fields give all
grounds for the development of the theory of convective dynamo in a non-uniformly rotating conducting medium with
the external magnetic field.

WEAKLY NONLINEAR STAGE OF STATIONARY CONVECTION
To describe the nonlinear convective phenomena in the inhomogeneously rotating layer of the electrically

conducting fluid, it is convenient to turn from the cylindrical coordinate system (R,,z)to the local Cartesian
(X,Y,Z)one. If we consider a fixed region of the fluid layer with a radius R,and angular velocity of

rotation ) = C(R,), then the coordinates X = R — R correspond to the radial direction, ¥ = R (¢ —¢,)- to
azimuthal, and Z = z - to vertical (see Fig. 9).

VAYON
B, X]y

T h —/ U

u QO
Y L O
Y N

U, T
d P —

ol

, & . v

Fig. 9. a) Cartesian approximation of the problem for a non-uniformly rotating magnetic convection, inhomogeneous rotation in the

local Cartesian coordinate system consisting of rotation with constant angular velocity Qo and shearing velocity U, 0 || OY ;
b) Scheme of the shear flow in rotating flows, the flow being approximated in the local Cartesian coordinate system as a linear shift
with velocity U 0 (X)), with the value of the flow being limited by coordinates X € [0, L]and Z € [0, /], and by coordinate

Y being unlimited.
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In this case, the fluid layer inhomogeneous rotation can be represented locally as the rotation with the constant

angular velocity Qo and azimuthal shear [51], whose velocity profile is locally linear (70 Z—qQOXéy, where
q=—-dInQ/dInR is the dimensionless shear parameter, determined from the profile of the angular velocity of

rotation Q(R) = Q (R/R,)™?. The shear parameter ¢is bound up with the hydrodynamic Rossby number
R 0Q

o= 20 3R by the relation ¢ =—2Ro. Note, that the accretion disks with a shear parameter ¢ = 3/2

(Ro =—-3/4) correspond to the Keplerian disk, ¢ =2 (Ro =—1) corresponds to the disk with a constant angular

momentum or the Rayleigh rotation profile. The case of¢ =1 (Ro =—1/2) corresponds to the system with a flat

rotation curve, and that of ¢ =0 (Ro =0)- to the homogeneous (or solid- state) rotation with a constant angular
velocity.

The equations for the perturbations of the velocity © = (u,V,w) of the magnetic field b= (1,v,W) and the

temperature & in the local Cartesian coordinate system take the following form:

oii ou 1 e
——qQ,X — B,V)b +(bV)b )+ g B0 +W*ii
o AN 4ﬁpo(<o) (bV)b )+ g f0¢ + Wil
ob a” o5
a——qQ X =——(B,V)ii - (bV)U +@@V)b = (bV)ii =1V’b (82)
%f qQ Xg—9+(uV)T +uV)8= Vo
divii =0, divb =0
b* , bB,
here the pressure p includes the perturbed magnetic pressure p, = 2 Ar
T

Like in the previous sections, we will consider the dynamics of axisymmetric perturbations, when all the perturbed
quantities in equations (82) will depend only on two variables (X, Z). In this case it is convenient to represent the

vector fields i and b by scalar stream functions ¥ and @

d 0 .0 . 0d
yo OV Ly L 99 o 0p
0Z oX oZ oX
For convenience, in equations (82) we turn to the dimensionless variables, which we mark with an asterisk.
2

(X, Z)=h(x", =) t= " = 0" 6= hB,F, v =%v*, 5=B7, 0= 46’
1%

and performing some simple mathematical operations, we obtain a system of nonlinear equations for the
inhomogeneously rotating magnetoconvection [36]:

9_ sz/jvzgﬁ VTa w_ Pr Pm-‘inzgz) Ra 96 _ PrPm™'Q-J(¢,V’@)—Pr™"- J(v,Vy)

ot 0z 0z ox

J 2 Iy a0V -1 ~ -1

—-=V* v—~Ta(1+ Ro)——-PrPm  Q—= PrPm Q- -J(¢,v)—Pr - J(w,v)

ot 0z 0z

9 Pm1V2j¢ —-Pr! W__ Pr' J (v, 9)) (83)
ot 0z

9 pm “Vz) 24 RoTa 22 = P (U () - (1. F)

ot 0z 0z

d w2 Loy -1
—=Pr V' |§-Pr —=-Pr J(v,0
(81 r j r . r J(v,0)
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In equations (83) the asterisk is omitted. In the absence of the thermal phenomena, the system of equations (83) was
used to study the nonlinear saturation mechanism of the standard MRI [52]. The system of equations (83) is
complemented by the following boundary conditions:

w=vy=0. -0 =0, 9L-0, 9=0 npu z-=0,
dz z
W=V =0, d—izo, 5=0, d—fzo, =0 mpu z=1. (84)

Further, we apply the system of equations (83) and boundary conditions of (84) to study the weakly nonlinear
convection mode.

Equation of finite amplitude for the stationary convection
The weakly nonlinear theory of convective instability describes the evolution of perturbations of not too high, but
finite amplitude. The small amplitude of convective cells is superimposed on the main flow. If this amplitude is of the

0(81) order, then the interaction of cells with one another leads to the second harmonic and to nonlinearity of the
order O(£), and then to nonlinearity O(£”), etc. Here the nonlinear terms in equations (83) are considered as a
perturbed response for the linear convection problem. In this case the Rayleigh parameter Ra , which controlls the
convection is close to critical Ra,, i.e. to steady state of convection. The influence of the unstable modes is small, and

therefore our task is to obtain equations describing the interaction of these modes. The general scheme for formulation
of the weakly nonlinear theory is as follows. Since the small parameter of our problem is the relative deviation of the

Rayleigh number Ra from the critical value Ra,. :

E :—C<<1’
Ra,

then all the perturbed values ¥ in the equations of the type LV =-N (V'|V') are represented as a series in the
perturbation theory:
VoeV+er®+ey®+ ..

where N(V'| V') are the nonlinear terms.
The equations for the perturbations in various orders of £ take the form:

e Loy —o,
82 :Z(O)V(Z) - _N(V(l) | V(l))

83 . Z(O)V(3) _ _Z(Z)V(O) _ N(V(l) | V(z)) _ N(V(Z) |V(l))

The condition for solving this chain of nonlinear equations is known as Fredholm’s alternative (see, for example, [53])

<V*,R.H.> =0 85)

Here V' is a non-trivial solution of the linear self-adjoint problem Lvt= 0, where Lisa self-adjoint operator,
which is determined from the following relation:

<V*,EV> = <ZTVT,V>, (86)

where <,> is the inner product, which here has the following definition:

| 27k,

(f.g)= [ f-gdxd,

z=0 x=0

R.H. are right sides of the perturbed equations with nonlinear terms. We apply these general principles of solving
nonlinear equations to our problem. For simplicity we will take into account the nonlinear terms in (83) only in the heat
balance equation. As will be shown below (see Appendix), this approximation is equivalent to the application of the
Galerkin approximation of the minimal order (118) to equations (83). We represent all the variables in equations (83) as
an asymptotic expansion:
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Ra=Ra,+&Ra, +&*Ra, +...
Y=Y, +EY, +EW, +...
V=6, +EV, +EV, +... (87)
P=EG+EG+ED +...
V=€V +EV, +ET, +...
0=¢£60,+£6,+£6,+...
We assume that the amplitudes of the perturbed quantities depend only on the slow time 7 = et. Substituting the

expansion of (87) into the system of equations (83), we solve it for different orders of £ . In the lowest order, we get the
equation:

LM, =0, (88)

where M, =| ¢, |, L is the matrix operator of the form:

i
L 91 i
—V* Jia 2L —pmpr inz 0 —Ra, 9
0z 0z ox
—JTa(1+ Ro)i —V? 0 —Pm™' Pr Qi 0
0z 0z
- ~Pr™ 9 0 —Pm™'V? 0 0
L= 0z
—1 a \/_ a —-1y72
0 —pr = RoNTa— —Pm~V 0
0z 0z
—Pr! i 0 0 0 —Pr'V?
X

The solutions of the system of equations (88) with the boundary conditions of (84) have, respectively, the form:

: : A7)k . A(T)7Pm .
v, = A(t)sink xsinnz, 6, = (Tz) “cosk.xsinmz, ¢ = wsmkcx COS Tz,
a a” Pr
. A(0)x’NTa(l+ Ro(1— Pm))Pm . :
v, =— (D)7 VTa( 7 Og m)) msmkcxsmzzz,
Pr(a” +7°Q)
A(t)zTa (1+Ro)a’ +°0PmRo .
v, = (T)”Z a ( O)Z fQ m Osmkcxcosm, a =k +7. (89)
a a +r°Q

The amplitude A(7) is still unknown. The critical value of the Rayleigh number Ra,_for the stationary

magnetoconvection in a non-uniformly rotating electrically conducting medium is found from the first equation of the
system (88) and has the form of formula (72) obtained in the linear theory:

Ra — (7> +k2) N (m* +k)HQ 7 (m*+k})’Ta w*TaRo((7” + k)’ + °QPm)
‘ k! k! k(7 + k2 +7°Q) (7 +kD)+7°Q)
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For the second order of £, we have the following equation:

LM,=N,, (90)
_‘//2 | _N21 |
V2 N,,
where M, =| @, |, N, =| Ny |3 Ny =Np=Ny=N, =0,
v, Ny,
L o, i _st i
st — _Pr—l|:al//1 ael _% an j|.
ox dz Jdx Oz
Using solutions of (89) and boundary conditions of (84), we find solutions to equations (90):
A(DK] . g
v,=0, 6,= —L)zcsmﬁﬂz), ¢ =0, v,=0,v,=0. 91
a

To analyze the intensity of the heat transfer, a horizontally-averaged heat flux is introduced at the boundary of the layer
of electrically conducting fluid (Nusselt number):

27k,

k. J~ (aﬁzjdx
- _27[ L\ 0z | Ko,
NM(T) =1+c T = =1 +4—2A (T) (92)
k (9T, a
¢ I — ldx
2r 5 \ oz
L dz=0

The heat flow intensity (of Nusselt number) will be analyzed after the expression for the amplitude A(7) is obtained.
For the third order of € we find:

LM, =N, , (93)
_‘//3_ _NSI—
" N d 26 A(7) k2 A(7)
where M, =| @, |,N;=| Ny; |; Ny, =——V21//1+Ra2—1= a’ —Ra,——; sink_xsin 7z,
_ ot ox ot a
Vs Ny,
L6, | Nss |
4 2
N, = oy ﬂ'«/zTa (1 +R0)cj +7§ OPmRo JA(7) sink xcos
0T a a +rnQ 0T
N, = 9% __ 7z'2Pm 94(@) sink_xcosmz
or a Pr 01
~ 2 _
N, = 9V, _ 2 NTa(1+ Ro(1-Pm))Pm 0A(7) sink xsin 7z,

or Pr(a’ +7°0) T
N, :_%_Prl[ava 96, 96, oy, oy, 06, 94, 8%}:

ot Ox dz Ox 0z Ox dz OJx Oz
-173
= —k—gwcos k. xsinmz+ Pr Zk" A’(T)cosk xsin 7z cos 27z.
a~ dt 4a
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The solvability condition (an alternative of Fredholm) for the equations of the third order 0(6‘3) is found from
equation (85):

1 Zﬂ/kE
[ [ [Pvl R, +RaPO-R,+QP*Pm™ PV - R+, - Ry, |dxdz=0, (94)
z=0 x=0

where indcations are introduced

~ 0’
P=(1+Ro)V* —QPmRoa7,R31 =N,,R,=N,,R,=N,,
J I’N
R,=-V'N,+ QPrgVZNM ++TaQPmPrRo 2233 :
The expressions for I,U;r , 6’;, @T, vr are determined from the solution of the linear self-adjoint problem L'M IT =0:
) . . . A0k, . . A(D)wPm .
v = A(T)sink xsinzz, 6! =—-———“coskxsinz, ¢ =-—-——sinkxcoszz,
a a” Pr
A()aNTa (1+Ro)a* +7°QPmRo .
v =— (T)ﬂ; a (+Ro)a +m OPmRo sink,x cos 7zz.

a a*+7°0

The matrix M| has the form M, = (] ,60],¢,v))" and L' is a self-adjoint matrix operator:

—v* Racﬁi Pm™' Pr Qﬁi v JrapZ
ox 0z 0z
Racﬁi —Ra_PV* 0 0
ox
L'=| pm'pr Qﬁai Vv’ 0 —QPrPmPV* 0 ()
Z
2
Ny 0 0 vioL v
0z 0z

When performing integration in (94), we obtain a nonlinear equation for the amplitude A(7), which refers to the
Ginzburg-Landau equation or the Bernoulli differential equation with constant coefficients:

A a—A—A2A+ A4,4=0 (96)
or

Here the constant coefficients A] ,5 have the form:

_ & KRa,_2°QPm_mTa((1+Ro)a" +°QPm(RoPm=1))  z*TaRoQPm’

A =—+—-—= - > (97
"'pr 4 a’ Pr (a* +71*0)* Pr a*(a* +m*0Q)Pr e
4= kfRa2 _ kfRac
&P’ 7 satpr

The equation of the form (96) was obtained in many papers, where the weakly nonlinear mode of stationary
convection was studied (see, for example, [14-20]). In contrast to these works, in our result (96) the non-uniform
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rotation (Ro # 0) of the electrically conducting fluid was taken into account. The analytical solution of equation (96)

with a known initial condition Ao = A(0) can be obtained using the Lagrange method (variations of the constant):

A() = A %)
A4 , A 274
D 1-a2 % |exp| -T2
(o ool 25

Assuming the initial amplitude to be equal to 4, =0.7 and Ra, = Ra,_, by using the solution of (98), we can

determine the variation in the heat transfer (of Nusselt number Nu ) with time 7 . The diagram of dependency Nu(7) is
presented in Fig. 10. The diagram clearly shows the establishment of the final value Nu(7) due to the relationship
between the number Nu(7) and the amplitude A(7) (see equation (92)). The excess of number Nu over the unit is
caused by the convection occurrence. Fig. 10 shows that in the course of time the heat transfer intensity proceeds most
smoothly for the case of the non-uniform rotation with a negative profile (Ro < 0). Fig. 11 presents the diagram of the
Nusselt number Nu versus the Rossby number Ro . Here we see (curves 1-4) that the heat transfer intensity increases
in the direction of positive Rossby numbers ( Ro > 0).

Nu

3.0

25

2.0
Ro=2
———————— Ro=0
18 — — — — Ro=-3/4
................... Ro=-1
1.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 T

Fig. 10. The dependence of the Nusselt number N on time 7 for different values of Rossby numbers R0 with constant
parameters: O, =80, T, = 10°, R,=9500, Pm=1, Pr=10.

Nu 4
ot
EN e L —
25 .
2 T
20—
b ST R T B v
1 .....................................................
1.0
1.0 -05 0.0 0.5 1.0 15 Ro

Fig. 11. Dependence of the Nusselt number Nt on the Rossby numbers R0 with constant parameters: Q1 =80, Tl = 105 ,
Rl =9500, Pm=1, Pr=10;1,2,3,4 curves correspond to times 7 = 0.1,0.3,0.5,1.
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CONCLUSION
Applying the Lyenard-Shepard algorithm, we obtained the stability criteria for the inhomogeneously rotating
plasma in the axially uniform magnetic field with a vertical temperature gradient under the condition of weak
stratification. This problem was also investigated for thin rotating layers of the magnetized fluid with different
temperatures on the layer surfaces (the Rayleigh-Benard convection).
A linear and weakly nonlinear theory of stationary convection in the non-uniformly rotating electrically
conducting fluid in the axial magnetic field was developed. In the linear approximation, or in the first order in the small

parameter of supercriticality of the Rayleigh number &€ = \/ (Ra—Ra, )/Rac , we obtained an expression for the
critical Rayleigh number Ra_ , which in the limit of the uniform rotation Ro =0 coincides with the known results of

Chandrasekhar [1]. In the absence of the temperature gradient (Ra =0) we obtaine the known criterion for MRI

occurrence [29]. The case of the negative profile of the inhomogeneous rotation Ro < 0 leads to some decrease in the
instability threshold, and thus has a destabilizing effect on the instability development. And on the contrary, the positive
rotation profiles Ro > 0 increase the critical value of the Rayleigh number, thus making a stabilizing effect on the
convection development. In the third order of £, we obtained the nonlinear Ginzburg-Landau equation, describing the

evolution of the perturbation amplitude A(7) . The analysis of this equation solution has shown, that the flow intensity

increases with the medium rotation at the positive Rossby numbers Ro > 0 . In addition, it is shown that the weakly
nonlinear convection, based on the equations of the six-mode (6.D) Lorentz model from [36], is transformed into the

identical Ginzburg-Landau equation.

In conclusion, we note, that the helicity properties of the stationary fields (vortex and magnetic) create
preconditions for the development of the theory of convective dynamo in the rotating conducting medium with the
external magnetic field and shear flow.

APPENDIX

DERIVATION OF GINZBURG-LANDAU EQUATION FROM 6D-LAURENTZ EQUATIONS
In [36] the nonlinear system of equations (83) was solved by the Galerkin method utilizing the minimal order

expansion in X and z - directions for the values ¥, @, v, ¥ and 6
w(x,z,t) = A(t)sin(kx)sin(zz),
v = E(t)sin(kx)cos(mz),
#(x,z,t) = B(t)sin(kx)cos(mz), (99)
v = F(t)sin(kx)sin(rzz),
O(x, y,t) = C(t)cos(kx)sin(mz) + D(t)sin(27z),

where k = 27th/L is the dimensionless wave number, L is the typical layer length in the horizontal direction, and A4 ,

B, C,D, E, F arethe amplitudes of the perturbations. As a result of expansion of (99) substitution into equations
(83), with the properties of the functions orthogonality taken into account, we obtain the Lorentz equations for the six-
dimensional (6D) phase space [36]:

X=-X+RY-TV-HU

V=-V+HW+~Ta(1+ Ro)X

U=-Pm'U+Pr'Xx

W =—Pm™W — Pr’'V + RoNTaU (100)
Y=Pr'(-Y +X - X2)

Z=Pr'(—yZ + XY)

where a dot above denotes the time differentiation 7 = a’¢. For convenience, the following indications are introduced
into (100):
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k*Ra 7\ Ta > OPr 47’
R= 6 2 T= 6 T i o VT3
a a a Pm a

and amplitudes A, B, C, D, E, F were rescaled in the form:

. KE(®) _kB(D) 7k
X(t)= \/7 7 U( N I (t) = 71_\/517(1),
7C(t)

Y(7) = ,Z(T) = -nD(0).

V2

Following the method of [54], we represent all the perturbed values in equations (100) as an expansion into a
series in the small supercriticality parameter of € :

X=X, +&X,+X,+..., X=[X,V,UW,Y,Z]" (101)
R=R,+€&R, +...

The amplitudes of the perturbed quantities depend only on the slow time 7 = £%f . For the first order of &, after
substituting expansion (101) into (100), we obtain a linear system of equations:

LX,=0,X, =[X,,V,,U,W,,Y,Z]", (102)
where L matrix has the form:
-1 =T -H 0 R, 0
JTa(1+Ro) -1 0 H 0 0
Pr' 0 —Pm™ 0 0 0
L= 0 —Pr' RoNTa -Pm™ 0 0
~Pr! 0 0 0 P 0
0 0 0 0 0 —yPr

The solutions of equations (102) have, respectively the form:

\JTa((1+ Ro) Pr+ HRoPm® ) m _~NTaPm(1+Ro(1-Pm))
Pr+ HPm Ao K Pr+ HPm

Tr

X,,X,,0| (103)

X, =] X,
For the second order of €, we have the following equation:
_ Tr _ Tr
Xz o [9{21,9322,9?23,9’{24,9{25,9’(26] =Xz B [X2=IGJU2:VV;:)2922] > (104)
where the nonlinear terms have, respectively, the form:
— — — _ _ -1 _ p.-l
R, =0,%,=0,%,=0,%R,, =0,R,, =—Pr' X,Z, K, =Pr' X,¥.
The solutions of equations (104) have the form:

Tr

JTa((1+ Ro) Pr+ HRoPm®) v Pm JTaPm(1+ Ro(1- Pm))

1
X, =|X,, —X,,— X, X,,—X; (105)
Pr+ HPm Pr Pr+ HPm V4
Next we turn to the equations of the third order of £ :
X, = [ERM,9{32,%33,%34,%35,9{36]T",X3 =[X,,73,U;5, W3>Y3>Z3]Tra (106)

where the nonlinear terms have, respectively, the form:
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0X v, oU. W,
R, =——+RY, R, :_a_f_lamn a~1 Ry, a_f-l’
9{35 = —Prfl()(lz2 +X221),5R36 = —%+Prl(XlY2 +X,Y).

The condition of solvability (Fredholm alternative) of the nonlinear equations (106) in the third order of €, according
to the definition in (91), has the following form:
5
T
ZAijl B
J=

(107)

where

A, =TIPr" (ai—R Y,
o7

j,HZ\/Ta (1+RO+HRO

Pm?*
pPr )
0Z

o, al+P—1(XY +X,1),

A,, =TIR, 5 MR, Pr (X, Z, + X,Z,),Ay; = —

A
T

I
T

I A=
ot
The elements of the matrix XlT =[)(;r ,YlT,ZlT,U;r ,VlT ]Tr are the solutions of the linear self-adjoint problem

L'X]

— THRoPm*\Ta Pr™ aal{ .
T

A, =—HITI ~TPr' —L—THPmPr™

= 0, where the self-adjoint matrix L' is determined as:

[ TP —RIIPT 0 HTIPr™ TP ]
—-RJIIPr"  RJIIPr" 0 0 0
e 0 0 —yPr 0 0
HTIPr™! 0 0 —-Pm'TIH 0
TTIPr™' 0 0 0 ~(1+ HPmPr )T Pr™'

From equation (107) we get a non-linear equation for amplitude A(7), here the equation completely coincides

with the Ginzburg-Landau equation (96):
04

A a——AzA +A4,4° =0 (108)
Here the type of coefficients 1611’2’3 completely coincides with expressions (97). When deriving equation (108), we
. N o - 9d _19
utilised the relationship of the rescaled derivative over the slow time: 7 : ? = _28_
T a T

Thus, applying the asymptotic expansion of the perturbation theory to the (6) Lorentz equations (100), we

obtained the Ginzburg-Landau equation, which is identical to equation (96) obtained in the weakly non-linear theory for
the finite amplitude.
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The theory that explains the strong interactions of the elementary particles, as part of the standard model, it is the so-called Quantum
Chromodynamics (QCD) theory. In regimes of low energy this theory it is formulated and solved in a lattice with four dimensions
using numerical simulations. This method it is called the lattice QCD theory. Quark propagator it the most important element that is
calculated because it contains the physical information of lattice QCD. Computing quark propagator of chiral fermions in lattice
means that we should invert the chiral Dirac operator, which has high complexity. In the standard inversion algorithms of the Krylov
subspace methods, that are used in these kinds of simulations, the time of inversion is scaled with the inverse of the quark mass. In
lattice QCD simulations with chiral fermions, this phenomenon it is knowing as the critical slowing-down problem. The purpose of
this work is to show that the preconditioned GMRESR algorithm, developed in our previous work, solves this problem. The
preconditioned GMRESR algorithm it is developed in U(1) group symmetry using QCDLAB 1.0 package, as good “environment”
for testing new algorithms. In this paper we study the escalation of the time of inversion with the quark mass for this algorithm. It
turned out that it is a fast inversion algorithm for lattice QCD simulations with chiral fermions, that “soothes” the critical slowing-
down of standard algorithms. The results are compared with SHUMR algorithm that is optimal algorithm used in these kinds of
simulations. The calculations are made for 100 statistically independent configurations on 64 x 64 lattice gauge U(1) field for three
coupling constant and for some quark masses. The results showed that for the preconditioned GMRESR algorithm the coefficient k,
related to the critical slowing down phenomena, it is approximately — 0.3 compared to the inverse proportional standard law (k = —1)
that it is scaled SHUMR algorithm, even for dense lattices. These results make more stable and confirm the efficiency of our
algorithm as an algorithm that avoid the critical slowing down phenomenon in lattice QCD simulations. In our future studies we have
to develop the preconditioned GMRESR algorithm in four dimensions, in SU (3) lattice gauge theory.

KEYWORDS: algorithms, chiral, critical-slowing, fermions, lattice, QCD

AJITOPUTMMH XIPAJTBHUX ®EPMIOHIB ¥V PEIIITYACTINA KX]T
Dafina Xhako!, Rudina Zegqirllari?
'Kagheopa izuunoi inocenepii, paxyiomem mamemamuunoi inoicenepii ma Qizuunozo mamunodyoyeans,
THonimexniunuit ynisepcumem Tipanu, Tipana, Anbania
’Kagedpa ¢izuxu, Daxyrsmem npupoonuyux nayx, Ynicepcumem Tipanu, Tipana, Anbania

Teopis, sika MOSCHIOE CHJIBHI B3a€MOJIi{ eIEeMEHTapHUX YaCTHHOK, SIK YaCTHHA CTAaHJapTHOI MOJIENI, Ile TaK 3BaHa TeOpist KBAaHTOBOI
xpomoauHamiku (KX). V pexumax manoi eHeprii 1t Teopist (OPMYITIOETBCS 1 BHPILNIYEThCS Y YOTHPHOX-BUMIPHIN pemniTmi 3a
JIOIIOMOTOI0 YHcesIbHOro MozemoBanHs. Lleit Meron HasuBaeThes pemituacta KX/I-teopis. KBapk npomnaratop € HalBaXkJIMBIiLINM
00YHUCITIOBANEHEM €JIEMEHTOM, OCKUIBKHU BiH MIiCTHTH (i3nuHy iHpopMmanito nmpo KX/ pemritky. O04nciieHHs Iponaratopy KBapKiB
xipaJpHUX (PEpPMIOHIB B PElIiTIIi O3HAYAE, 10 MM [IOBUHHI iHBEpTYyBaTH XipanbHuil oneparop Jlipaka, skl Ma€ BUCOKY CKJIaIHICTb.
VY cTaHapTHUX alropuTMax iHBepcii Merogamu KpuioBa, siki BAKOPUCTOBYIOTBCS B IIMX MOJENAX, Yac iHBepcii MaciTabyeTbes 3
oOepHEHOI0 Macoro KBapkiB. Y pemitdacToMy KXJ[-mozmenroBaHHI 3 XipaJbHUMH ()epMiOHAMH L€ SBHUILIE BiIOME SK KPUTHYHA
mpobieMa yroBiTbHEHH. MeToro 1aHoi poOOTH € ToKa3aTH, o po3pobieHuii Hamu nonependiin anroputm GMRESR Bupimye 1o
npo6seMy. 3anpononosanuii anroputM GMRESR pospo6nennii y rpynosiii cumerpii U (1) 3a mronomoroto makera QCDLAB 1.0, six
XOpOIIOTO «CePEeJOBUINA» Ul TeCTyBaHHS HOBHX alTOPUTMIB. Y Iiif poOOTi mOCHimKyeThcs 301IbIICHHS Yacy iHBepcii Bix Macu
KBapKiB ISl LIbOTO aJITOPUTMY. BusiBrItOoCs, 110 11e MIBUAKKIT anroput™ iHBepcil s pemwityactux KX/ MozpentoBans 3 XipalnbHUMHU
(depMioHaMH, IO «3aCHOKOIOE» KPUTHYHE YINOBUIBHEHHS CTaHAAPTHHUX ITOPUTMIB. Pe3ynbTaTn HMOpPIBHIOIOTBCS 3 aITOPUTMOM
SHUMR, sikuii € ONTUMAJIBHUM aJITOPUTMOM, III0 BUKOPUCTOBY€EThCA B IIUX BUJAX MOAeNoBaHHs. Po3paxyHku npoBoasatees a1 100
CTaTHCTUYHO HE3aJeKHUX KOHQirypawiit Ha 64x64 peuritounoMy kanibpoBounomy moii U(1l) mist TppOX KOHCTAHT 3B'SI3KY 1 AJIs
IesKHX Mac KBapkiB. OTpuMaHi pe3yibTaTH MOKa3aiy, mo s nonepeansoro anroputmy GMRESR koedinient k, mos's3anuii 3
KPUTUYHUMH SBHUIIAMH YIOBIIBHEHHS, CTAHOBUTH MPHOIN3HO — 0,3 TOPiBHSAHO 31 3BOPOTHUM MPONOPLUIHHAM CTaHAAPTHUM 3aKOHOM
(k=-1), mo BiH e macmraboBanuM anropurmoM SHUMR, HaBiTe s minbHMX pemritok. Lli pesymbraté poOisTs Oinbr
CTaOITbHIMHU 1 MiATBEPMXKYIOTH €(EKTUBHICTh HAIIOTO ANTOPHUTMY SK TAaKOro, IO MO3BOJISIE YHHKHYTH KPUTHYHOTO SIBUINA
ynoBinpHeHHS B pemritdactux KXJ[-monmemoBaHHSX. Y Hammx MaiHOyTHIX ITOCITI/DKEHHSX MU PO3BHHEMO IONEPEHIH anrophUT™M
GMRESR y wotnpbox BuMipax, [uis penriryacroi kanioposounoi teopii SU(3).

KJIFOUYOBI CJIOBA: airoputmH, XipajbHICTh, KpUTHYHI CIIOBUTEHEHHS, GepmionH, perritku, KX/

Quantum Chromodynamics (QCD) is the quantum theory of strong interactions of particles like quarks and gluons.
It studies the physics of strong interactions for different regimes of energy, from low to high regimes. At high energies
since asymptotic freedom of quarks it is displayed [1], we can make perturbative calculations of QCD. At low energies
it is displayed the quark confinement [1] where the coupling between quarks it is very strong. At these regimes we can
make only non-perturbative calculations. One of the most powerful methods at this point it is the lattice regularization
of gauge theories. It was proposed by Wilson in 1974 [2] as a lattice gauge theory that is formulated on a lattice with
© Xhako D., Zeqirllari R., 2019
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four dimensions, in space and time, where fields of quarks are positioned at lattice sites and the gluon fields are
positioned on the links connecting neighboring sites. Lattice QCD with chiral fermions is very important in
development of the QCD theory. Thus, we have to formulate QCD with chiral fermions on the lattice; for this purpose,
exist two main formulations: the domain wall fermions [3, 4] and the overlap fermions [5, 6], which are closely
related [7]. Specifically, the truncated overlap of domain wall fermions [8], as it is showed in [9] at any lattice spacing,
it is equivalent to overlap fermions in four dimensions. To take physical information from these theories we have to
calculate quark propagators, which are combined to takes meson, nucleon and other elementary particle propagators.
So, the basic major computing problem in lattice QCD simulations with chiral fermions is the calculation of quark
propagator.

MATERIALS AND METHODS
Since we have to simulate the lattice QCD theory with chiral fermions we can use the chiral Dirac operator that is
in fact the Neuberger operator or the so-called overlap operator [10]. The calculation of the overlap quark propagator
means that we have to solve large linear systems of the type:

D-x=b. )

In Eq. (1) operator De C™" is a sparse and large matrix operator representing the overlap Dirac operator on a
four-dimensional space-time lattice, xe C"is the quark propagator and he C" the source of quark. Due to high
complexity of this operator, generally, this problem requires very intensive computations and high computing power.

For the solution of large linear systems as expressed in (1), there are standard tested methods. The optimal
methods for chiral fermions are those from the Krylov subspace methods [11] such as: GMRES (Generalized Minimal
Residual) [11], CGNE (Conjugate Gradient on Normal Equation) [11], SHUMR (Shifted Unitary Minimal
Residual) [11]. These algorithms considerably slowed down for light quarks and in some cases don’t converges. The
inversion time in the Krylov’s inversion algorithms [12] escalate in a disproportionate proportion with the quark mass.
This phenomenon it is called the critical slowdown of simulation algorithms in lattice QCD with chiral fermions. For
this reason we use simulations of lattice gauge theory with U(1) symmetry or the simulations of the Quantum
Electrodynamics (QED), in a lattice with two dimensions, space and time lattice. The QED it is a good “environment”
for testing new algorithms of QCD. In [13] we have developed a faster inversion algorithm used for chiral fermions,
called the preconditioned GMRESR (Generalized Minimal Residual - Recursive) algorithm. The feature of our
preconditioned part is that we used the relation between the overlap operator and the truncated overlap operator with
finite extra dimension. For implementation of the preconditioned GMRESR algorithm, we have used a software called
QCDLAB [14, 15] which is a package designed for lattice QCD simulations and new algorithms. Specifically, we used
the QCDLAB 1.0 version (a free-shared package that can be downloaded from QCDLAB project homepage [16]) [14],
which has the lattice Schwinger model because this model owns similar characteristic and algorithms with lattice QCD.
The idea of the preconditioned part in a lattice QCD algorithm it is developed also in [17]. With our algorithm in lattice
with two dimension, we gain a factor of 2 if we compare our results with [17] for the same quark mass tested. Also,
with this algorithm we have calculated the propagator of the domain wall fermions, and we have used the truncated
overlap of domain wall fermions, in this case in 2+1 dimensions. Our new algorithm gives a significant contribution to
the lattice QCD algorithms and it is a new code that it is added to the QCDLAB 1.0 package, in U(1) gauge field
background. A typical test of the inversion algorithms is to study the convergence history of these algorithms,
specifically the residual norm convergence. This test shows the graphical results of the residual norm of the algorithm
with the number of the Dirac operator multiplications. Such kind of study for the preconditioned GMRESR algorithm
we have done in [18].

In this paper, we bring another important study on the efficiency and speed of an algorithm in the numerical
simulations of the lattice QCD with chiral fermions. It is the escalation of the algorithm with the quark mass. In the
standard inversion algorithms of the Krylov subspace methods, the time ¢ of inversion of chiral Dirac operator is scaled
with the inverse of the quark mass m, (in lattice unit)

t~(m,), @)

where k£ =—1 and this phenomenon is known as the critical slowing down. An inversion algorithm will be optimal one
if the coefficient £ = 0, so totally independent from quark mass. Equation (2) in logarithmic scale will take the form:

log? ~ klogm,. 3)

To study this phenomenon in our case we have calculated for the preconditioned GMRESR algorithm and for the
SHUMR algorithm the time of inversion of overlap operator (in seconds) for different quark masses. Simulations for
this work were performed at the Polytechnic University of Tirana -grid cluster. The cluster consists of 6 node cluster for
computing problems. Each node is an HP ProLiant DL.320 Server with dual-core Intel Xeon 3040, 1.86GHz, 2GB RAM
+ 80GB HDD and two Gigabit Ethernet cards. Total number of cores is 12.
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RESULTS
We have performed numerical calculations for 100 gauge field configurations in U(1) lattice gauge theory which
are statistically independent. The coupling constant of the gauge field background has been tested for three values
B=1.0, B = 1.1, p = 1.2 as sufficient values to finalize the obtained results, in 64 x 64 lattice volume. Using the three
values of coupling constant, simulations were performed for heavy to light quarks at the range of values m, = [0.5,

0.45,0.4,0.35,0.3,0.25, 0.2, 0.15, 0.1, 0.05, 0.01], in lattice units, for each of them. We have done identical numerical
calculations for both algorithms, the preconditioned GMRESR and the SHUMR. The numerical results of simulations
are presented in Table 1, Table 2 and Table 3 for three tested values of the coupling constant, respectively B = 1.0,
p=1.1,p=1.2.

Table 1.
Inversion time of chiral operator for coupling constant p = 1.0 in lattice 64° .
Quark Mass (in Algorithms Inversion Time (in
Lattice Unit) Seconds)
0.5 SHUMR 110.47
GMRESR 43.120
0.45 SHUMR 120.42
GMRESR 42.800
0.4 SHUMR 142.83
GMRESR 42.830
0.35 SHUMR 184.15
GMRESR 43.080
0.3 SHUMR 208.04
GMRESR 45.230
0.25 SHUMR 256.73
GMRESR 46.840
0.20 SHUMR 369.05
GMRESR 47.030
0.15 SHUMR 689.95
GMRESR 50.180
0.1 SHUMR 1024.19
GMRESR 61.230
0.05 SHUMR 2843.24
GMRESR 90.910
0.001 SHUMR 13863.2
GMRESR 117.213
Table 2.
Inversion time of chiral operator for coupling constant = 1.1 in lattice 64°.
Quark Mass (in Algorithms Inversion Time (in
Lattice Unit) Seconds)
0.5 SHUMR 102.20
GMRESR 40.430
0.45 SHUMR 116.78
GMRESR 41.630
0.4 SHUMR 137.23
GMRESR 42.130
0.35 SHUMR 154.25
GMRESR 42.660
0.3 SHUMR 198.64
GMRESR 43.930
0.25 SHUMR 216.03
GMRESR 44.100
0.20 SHUMR 289.11
GMRESR 45.130
0.15 SHUMR 410.17
GMRESR 50.760
0.1 SHUMR 919.65
GMRESR 61.530
0.05 SHUMR 2746.23
GMRESR 76.110
0.001 SHUMR 118705.1

GMRESR 97.930
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Table 3.
Inversion time of chiral operator for coupling constant = 1.2 in lattice 64°.
Quark Mass (in Algorithms Inversion Time
Lattice Unit) (in Seconds)
0.5 SHUMR 96.340
GMRESR 37.190
0.45 SHUMR 103.780
GMRESR 40.630
0.4 SHUMR 127.280
GMRESR 41.240
0.35 SHUMR 134.250
GMRESR 42.660
0.3 SHUMR 168.640
GMRESR 43.030
0.25 SHUMR 198.030
GMRESR 44.100
0.20 SHUMR 259.110
GMRESR 45.130
0.15 SHUMR 330.170
GMRESR 49.760
0.1 SHUMR 824.190
GMRESR 60.530
0.05 SHUMR 1446.24
GMRESR 76.110
0.001 SHUMR 9904.27
GMRESR 91.930

In graphical form according (2) the results are showed in Figure 1, Figure 2 and Figure 3.
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Fig. 1. The graphic of inversion time (in seconds) of the overlap
chiral operator from the quark mass on the logarithmic scale
using the preconditioned GMRESR and SHUMR algorithms, in
64 x 64 lattice with U (1) gauge field and B = 1.0. The linear fit
of our data for the preconditioned GMRESR algorithm gives k =
-0.32 and for SHUMR, k = -1.28.
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Fig. 2. The graphic of inversion time (in seconds) of the overlap
chiral operator from the quark mass on the logarithmic scale
using the preconditioned GMRESR and SHUMR algorithms, in
64 x 64 lattice with U (1) gauge field and = 1.1. The linear fit
of our data for the preconditioned GMRESR algorithm gives k =
-0.28 and for SHUMR, k =-1.27.
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Fig. 3. The graphic of inversion time (in seconds) of the overlap chiral operator from the quark mass on the logarithmic scale using
the preconditioned GMRESR and SHUMR algorithms, in 64x64 lattice with U (1) gauge field and = 1.2. The linear fit of our data
for the preconditioned GMRESR algorithm gives k = -0.24 and for SHUMR, k = -1.20.

Figure 1, Figure 2 and Figure 2 represents the graphics of inversion time (in seconds) of the overlap chiral operator
from the quark mass for both algorithms. The graphics are on logarithmic scale in order to find the coefficient k. As we
have explained above, we have used the preconditioned GMRESR and SHUMR algorithms, in 64 x 64 lattice with U
(1) gauge field.

DISCUSSIONS
In Figure 1 the preconditioned GMRESR algorithm escalate with the quark mass as (mq )_0'32 and the SHUMR as

(mq )71'28. So, the coefficient £ for SHUMR algorithm is 4 times greater than for the preconditioned GMRESR
algorithm for coupling constant 3 = 1.0. In Figure 2 the preconditioned GMRESR algorithm escalate with the quark
mass as (mq )70'28 and the SHUMR as (mq )71‘27 . So, the coefficient £ for SHUMR algorithm is 4.5 times greater than for
the preconditioned GMRESR algorithm for coupling constant B = 1.1. In Figure 3 the preconditioned GMRESR
algorithm escalate with the quark mass as (mq )_0'24 and the SHUMR as (mq )_1'20 . So, the coefficient & for SHUMR

algorithm is 5 times greater than for the preconditioned GMRESR algorithm for coupling constant = 1.2. So finally,
the inversion time of chiral operator from the quark mass, in lattice QCD simulations, using the preconditioned
GMRESR algorithm, doesn’t escalate with the invers of quark mass as SHUMR algorithm. So, it “soothes” the critical
slowing down of standard algorithms used in chiral simulations of lattice QCD.
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PRODUCTION OF cc—AND bb—-QUARK PAIRS IN pp COLLISIONS
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Taras Horbatiuk!, ““ Volodymyr Kotlyar!-?*,

Mykola Maslov?, “’ Anton Safronov’
!Kharkiv V.N. Karazin National University
Sq. Svobody 4, Kharkiv, 61022, Ukraine
’National Science Center “Kharkiv Institute of Physics and Technology”
1, Akademichna Str., Kharkiv, 61108, Ukraine
*E-mail: kotlyarv@kipt.kharkov.ua
Received December 29, 2018; revised February 4, 2019; accepted February 14, 2019

Production of charm and beauty quark—antiquark pairs in proton—proton collisions is simulated with the codes generated in the
framework of MadGraph5 aMC@NLO. The tree—level partonic processes are taken into account in first three orders of the
perturbative quantum chromodynamics. The considered hard processes have two, three, and four partons in the final states. These
final states contain one or two heavy quark—antiquark pairs. The calculations are performed with parton distribution functions (PDF)
obtained with neural network methods by NNPDF collaboration. Influence of the multiple partonic interactions (MPI), initial- and
final-state showers on the cross sections (CSs) is studied consistently taking advantage of Pythia 8 event generator. The CSs are
computed in central and forward rapidity regions under conditions of the ALICE and LHCb experiments at the Large Hadron
Collider at CERN. The studied transverse momentum interval of the heavy quarks spreads up to 30 GeV/c. The CSs calculated at the
leading order (LO) with Pythia 8, in the tree approximation with MadGraph5, and within Fixed Order plus Next-to—Leading
Logarithms (FONLL) approach agree with each other within bands of the uncertainties inherent to underlying theory and methods.
Inclusion of next-to—leading order (NLO) and N?LO partonic processes into calculations in addition to LO ones results in growth of
the CSs. This increase reduces to some extent discrepancies with the CSs measured by ALICE and LHCb. Variations of the CSs due
to renormalization— and factorization-scale dependence are much larger than the increase of the CSs in NLO and N2LO, than the
uncertainties springing in the NNPDF model, and then the accuracy achieved in the ALICE and LHCb cross section measurements.
Effects of the MPI, the space— and time-like partonic showers on the heavy quark CSs are found to be not very essential.
KEYWORDS: charm and bottom quark, LHC, ALICE, LHCb, MadGraph5 aMC@NLO, Pythia 8

HAPOJKEHHS cCc — TA bb— KBAPKOBHUX ITAP B pp 3ITKHEHHSX
IPA EHEPT'ISIX EKCIIEPUMEHTIB HA BEJTMUKOMY AJIPOHHOMY KOJIAMJIEPI
T.M. Fop6atiok !, B.B. Kotasp'?, M.I. Macios?, A.C. Cadponos!
[ Xapkisecvkuii nayionansnuti ynieepcumem im. B.H. Kapasina, na. Ceob6o0u, 4, m. Xapxie, 61022, Ykpaina
’Hayionanenuii nayxosuti yenmp “Xapkiecokuii (izuxo-mexuiunuti incmumym”
eyn. Akaoemiuna, 1, Xapxis, 61108, Ykpaina

Hapo/pkeHHs1 3a4apoBaHHX i G0TTOM KBapK—aHTHKBAPKOBUX Map B MPOTOH—ITIPOTOHHMX 3iTKHEHHSX MOJETIOETHCS 3a JIOMOMOTOI0
KOMIT'IOTEepHHX TMporpaM, mo Oyino crerepoBano 3a pomnomoroio MadGraphS aMC@NLO. J[lepeBuHHI MapTOHHI TPOLECH
BPAaXOBYIOTECS B MEPIINX TPHOX IOPsIKaxX Teopil 30ypeHb y KBaHTOBIH XpoMOIWHaMII. Po3risHyTi skopcTKi mpoliecH MaroTh 1Ba,
TPY Ta YOTHPH NMAPTOHM B KiHIEBHUX craHaxX. L{i KiHIIEeBI CTaHM MICTATH OAHY abo J(Bi Mapy BaXKKMX KBapK-aHTHUKBApKiB. Po3paxyHkn
BUKOHYIOTBCS 3 PYHKIISIMU pO3HOALTY MAapTOHIB, OTpuMaHuX Koabopaniero NNPDF 3 BUKOpHCTaHHSAM METO/IB HEHPOHHUX MEpPEiK.
Brumme 6araropa3oBHX MapTOHHUX B3a€MOJiH, 37IMB B IOYaTKOBOMY Ta KiHIIEBOMY CTaHax Ha iHTerpanbHi nepepizu (IIT) BuBuaernes
y3TO/DKEHO 3 BHUKOPHCTaHHsIM reHepartopa moniii Pythia 8. IIT oOunciioroTeCcst B LEHTpanbHIA 007acTi GMCTPOT Ta MiJ MaMMHU
KyTaMmHu eMmicii Baxxkux kBapkiB 3a ymoBamu excriepumedTiB ALICE ta LHCb na Benukomy aaponnomy komnaiiaepi LIEPH. Peakuii
JOCITI/DKEHO MPH TONEePevHHX IMITyJIbcaX BaKKHX KBapkiB 70 30 I'3B /c. IT1, mio Gymno po3paxoBaHo B Jigupyrouomy nopsaky (JIIT) 3
Pythia 8, B nepesurHOMy HabmmwkenHi 3 MadGraphS, a Takoxx Ha ocHOBi FONLL-Tiaxomy, y3romKyroTsCs M CO00I0 B Mekax
CMyT' HEBH3HAYECHOCTEH BIIACTHBHX TEOpii Ta METOJaM, 10 BUKOPHCTOBYIOTHCS. BKIIIOUCHHS Y PO3paxyHKH MAapTOHHHX IPOLECIB B
HACTYIHOMY 3a Iiaupyrounm nopsyky (HJIIT) i H2JII wa nonarok mo JII npuBoauts o 3pocranns IT1. Ie 36inblueHns 3MeHInye
HEY3TOJDKEHICTh 3 mepepizamu, mo Oymo orpumano ALICE ta LHCb. Bapiamii ITI, mos's3ani 31 mxagamMu HepeHOpPMYBaHHS Ta
(akTopusallii, 3Ha4HO NEPEBULIYIOTh oTpuMane 36inbmenns 11 8 HIIIT ta H2JIII, nesusnauenocti mogeni NNPDF, i TounicTsh
BUMIpiB niepepi3is, ki 6yno Bukonano ALICE Ta LHCb. baraTopa3oBi mapToHHi B3aeMO1i1, IPOCTOPOBO- Ta Yaco-MOAi0HI MapTOHHI
37IMBHU HE 3MiHIOIOTH CyTTEBO II1.

KJIFOUYOBI CJIOBA: 3auaposati i 6orrom kBapku, LHC, ALICE, LHCb, MadGraph5_aMC@NLO, Pythia 8

POXJIEHUE cCc — U1 bb—- KBAPKOBUX ITAP B pp CTOJIKHOBEHUSIX
IPA EHEPTUSAX EKCOIEPUMEHTOB HA BOJBIIIOM AJIPOHHOM KOJLJIAW/IEPE
T.M. I'op6ariok !, B.B. Korasip'?, H.H. Macuios?, A.C. Cagponos!
' Xaporosckuii nayuonanvwlii ynusepcumem umenu B.H. Kapasuna, ni. Ceo600wt 4, Xapokos, 61022, Yrpauna
’Hayuonansuvii Hayunviii Ilenmp «Xaporkosckuti (puzuko-mexnuueckuti uHCmumymy
yan. Akademuueckas, 1, Xapvros, 61108, YVkpauna
Poxnenne oyapoBaHHBIX M OOTTOM KBAapK-aHTHKBAaPKOBBIX Map B MPOTOH—MPOTOHHBIX CTOIKHOBEHHUSX MOJIEIUPYETCS C MOMOILBIO
KOMITBIOTEPHBIX MPOrpamMM, KOTopble ObutH momydensl ¢ momomibio MadGraph5 aMC@NLO. [IpeBecHble MapTOHHBIE MPOLECCHI
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YUHUTBIBAIOTCS B EPBBIX TPEX MOPAIKAX TEOPHH BO3MYIIEHHH KBAHTOBOI XpOMOANHAMHKHU. PaccMaTprBaroTCst AeECTKHE MPOLECCHI C
JBYMsI, TPEMS M YEThIPbMs TAPTOHAMH B KOHEUHBIX COCTOSHHAX. DTH KOHEUHBIE COCTOSHUS COJEP)KAT OJHY MU JIBE Maphl TSHKEITBIX
KBapK-aHTUKBApKOB. PacyeTsl BBIMONHSIOTCS ¢ (YHKUMSIMU PaclpelesieHus MapTOHOB, MOJydeHHbIMH Koyutabopaieii NNPDF c
KCIONB30BAHUEM METONOB HEHPOHHBIX CeTel. BiMAHUME MHOTOKpaTHBIX NApPTOHHBIX B3aUMOJAEHCTBUH, JIUBHEH B HAYaJbHOM HU
KOHEYHOM COCTOSHHSAX Ha uHTerpansHble cedeHus (MC) wmsydaercs coriacoBaHHO ¢ reHepatopoMm coObituii Pythia 8. HMC
BEIYHCIIIIOTCS. B IEHTPAIBHOH 00JIACTH OBICTPOT M IO MAJIBIMH YIJIAMH SMHCCHHU TSDKENBIX KBapKOB B YCIIOBHSIX DKCIEPHMEHTOB
ALICE u LHCb na bonpmom angponnom komiaiinepe LIEPH. Peakumm ucciemyloTcs mpu MONEPEYHBIX HMITYJIbCaX TSDKEIBIX
kBapkoB 110 30 [3B/c. UC, paccunrannbie B munupyromem nopsake (JIIT) ¢ Pythia 8, B apeBecHoM npubmmkennn ¢ MadGraphS5, a
taoke Ha ocHoBe FONLL-noaxona, cornacyroTes Mex/y co0oi B Ipejerax Mojioc HeoNnpeaeIeHHOCTEH, MPUCYIUX UCTIOIb3YEeMbIM
TEOPMH M MeTonaM. BKIIOYEHHE B pacueThl NapTOHHBIX IIPOLIECCOB B CIEAYIOWEM 3a JuaupyromuM nopsaake (HJIT) u H2JIII B
nononHenue k JIII npusoaut k pocty MC. D10 yBennueHne yMeHbIIaeT PaccOrIacoBaHUE C CEUEHUSMH, KOTOPbIE OBUIN MOITYYEHBI
ALICE u LHCb. Bapmamuum WC, cBs3aHHBIE €O IIKalaMH IIEPEHOPMHPOBKA U (DaKTOPH3AaLUH, 3HAYUTENHFHO IPEBBIIIAIOT
nosnydennoe ysemuuenne MC B HJIIIT u H2JIII, meonpenenennoctd monean NNPDF, a Takike TOYHOCTh H3MEPEHHMI CEdEHMId,
xoropsle Obumm BbmosHeHs! ALICE um LHCb. Msmenenns WMC mnpm yuére MHOTOKpAaTHBIX ITapTOHHBIX B3aHMOIEHCTBU,
IIPOCTPAHCTBEHHO ¥ BPEMEHH—TI0JOOHBIX ITAPTOHHBIX JIMBHEH HE SBIAIOTCS CYIIECTBEHHBIMI.

KJIFOYEBBIE CJIOBA: ouyaposannbie u 6ortom kBapku, LHC, ALICE, LHCb, MadGraph5 aMC@NLO, Pythia 8

Open charm and beauty production is a subject of intensive experimental and theoretical researches. The heavy
quarks, D— and B-mesons, baryons that contain c— or »—quarks are detected in the LHC experiments ALICE, ATLAS,
CMS, and LHCDb. The integral and differential CSs of the processes are obtained making available excellent testing
grounds for calculations within perturbative quantum chromodynamics (pQCD) and for QCD-motivated
phenomenological models that incorporate non—perturbative effects. Provided that the reaction mechanisms are under
strict control, heavy flavor production can be also a tool to investigate gluon distribution properties in protons and
nuclei. Various frameworks and event generators (EGs), e.g. FONLL approach [1,2], MadGraphS aMC @ NLO [3],
Pythia 8 [4], POWHEG-BOX [5], HERWIG [6], Sherpa [7], along with the PDF model, e.g. NNPDF [8], are employed
for interpretation of the data.

An objective of this paper is to simulate processes of heavy quark production at the LHC energies under
conditions of ALICE [9] and LHCb [10,11] experiments. ALICE measurements in central rapidity region [y| < 0.5
compliment the LHCb studies at pseudorapidities 2 < 1 < 5. Area of relatively small transverse momenta p;y <
20 ...30 GeV/c can be explored by both detectors. We aim to carry out calculations of the cross section for charmed
and bottom quark production at LO, NLO and at N?LO within the tree approximation of pQCD and to demonstrate how
corrections beyond LO affect the CSs. MadGraph5 aMC @ NLO and Pythia 8 are to be used with this end. Results of
calculations are to be compared with the experimental data and theoretical uncertainties are to be discussed.

SIMULATION OF HEAVY QUARK PRODUCTION BEYOND LEADING ORDER
OF PERTURBATIVE QUANTUM CHROMODYNAMICS
Heavy quark anti—quark pairs are created in hard partonic processes, e.g. g + g —» Q + Q, where Q is charmed or
bottom quark. Codes for modeling these processes in proton—proton scattering are generated with MadGraph5 aMC @
NLO [3] in the tree approximation. Calculations are performed for groups of processes

p+p—-0Q+ Q, )]
p+p—=Q+Q, Q+ Q+ jet, ()
p+p->0Q+Q, Q+ Q+ jet, Q+ Q +2jet, 2(Q+ Q), 3)

that have from two up to four partons in the final sates. In (1) ... (3) p and jet denote gluon or one of the quarks u, d, s
for O=c and u, d, s, ¢ for OQ=b. Particles p and jet can be respective anti—quarks. In model employed in the simulations
charmed and bottom quarks in the final states are massive. In protons and in jets quarks u, d, s, ¢ have zero masses. LO
Born, NLO, and N2LO gluon scattering that results in hb —pair creation at the tree level is illustrated in Fig. 1.
Processes initiated by two gluons together with quark—gluon scattering determine sensitivity of the observables to gluon
distribution in colliding hadrons.

2

Fig. 1. Gluon interaction that results in final states with two, three, and four particles.
The diagrams are generated by MadGraph

Partonic events obtained with the MadGraph codes are showered then with Pythia 8 [4] and MPI are simulated
also with this EG. NNPDF parton distribution functions [8] are used in the computations.
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CROSS SECTIONS OF cC — AND bb — PRODUCTION

Integral cross sections (CS) are calculated with MadGraph5 aMC @ NLO [3] in junction with Pythia 8 [4] at LO,
NLO, and N?LO at tree level and with Pythia 8 at LO. Computed CSs are compared with results obtained within
FONLL approach [1,2].

As seen from Fig. 2, where CSs integrated over all rapidity range are shown, inclusion of processes with three and
four partons in the final states in addition to ones with single QQ-pair does not affect the CSs values essentially in
comparison with the uncertainties of the CSs that originate from variation of the renormalization and factorization
scales. In calculation with MadGraph and Pythia these uncertainties are determined for scale factors from %2 up to 2 that

change independently for renormalization and factorization scales. CSs obtained with MadGraph and Pythia, Pythia,
and FONLL differ insignificantly.

(v) FONLL R (v) FONLL
() Pythia 8.230 R S (&) Pythia 8.230
(e m ¢) MadGraph 2.6.4 (e m ¢) MadGraph 2.6.4
- | =
10° 10" 200 400 600 800 1000 1200
g, mb g, ub

Fig. 2. The CSs of charmed (left) and bottom (right) quark anti—quark pair production in pp collisions at s> =13 TeV.
CSs calculated with MadGraph for groups of partonic processes (1), (2), and (3) are shown by e, m, and ¢, respectively

In simulations with MadGraph we chose minimal value of jet transverse momenta pr e min = 10 GeV/c that is set to
be equal to the minimal distance in the momentum space between the partons in accepted events. Solid curves in Fig. 3
demonstrate that the integral CS changes very slowly when pr je min €xceeds value ~10 GeV/c. Further decrease of the
CS from momenta pr jer min = 20 up to 60 GeV/c is 2.4%. In the present calculations at s'? = 13 TeV, the integral CSs
are obtained for the transverse momenta of the heavy quarks pr¢ min and prp min = 0. Swift decline of the CS with growth
of pr ¢ min 18 illustrated by the dashed curve in fig. 3. This decrease of the CS is followed by reduction of the scale
uncertainties as shown in Fig. 4. Thus, positive uncertainty falls from 348% at prc min = 0 down to 127% at pr¢ min =
5 GeV/c and then to 88.6% at prcmin = 20 GeV/e.

10*
10°
L. 10%
o \\\ 10? ‘\\\“‘-.
E10? £
5 e 5 T~
e 10" Tl
107" e ~
5 10 15 20 5 10 15 20
Ptmin, GeVic PTmin; GeViC

Fig. 3. The integral CSs for production of cc—quarks (left) and bb—quarks (right) at s'2 =13 TeV.
The CSs o(pr jet min, pr 0 min = 0) and o(pr jee mn = 10 GeV/e, pr o min) at N’LO are shown by solid and dashed curves,
dots — CSs at LO of pQCD. Heavy quark Q is charmed or bottom one

The CSs of charmed and bottom quark production in central rapidity region |y| < 0.5 are compared in Fig. 5 with
the ALICE data. The experimental values of the heavy quark differential CS at y=0, shown in Fig. 5, have been
extracted in [9] from the ALICE data on dielectron production. Within approach [9] simulation with EGs is employed.
Results [9] obtained with PYTHIA and POWHEG [5] are indicated by up A and down = triangles.

The CSs of heavy quark production in the forward rapidity region are shown in Fig. 6 together with the LHCb
data. As can be seen from Fig. 5 and Fig. 6 results of calculations for bottom quarks do not contradict to the results of
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ALICE and LHCb measurements. Experimental data for charmed quark CSs lie within the scale variations of the

calculations.
350-

300-

100

5 10 15
PT1 cmins GeVic

140
120-

100

60, %

80

P16 miny GeVic

Fig. 4 Scale uncertainties of the cc—quarks (left) and bb—quarks (right) production CSs as functions of pr g min, where Q is for c— and
b—quarks. Solid and dashed curves are for positive and negative CS variations

ALICE data, Pythia (V) —— T (v) ALICE data, Pythia
ALICE data, POWHEG (a) F—a— [ S— (A) ALICE data, POWHEG
FONLL (+) (4) FONLL
i |
Pythia 8.230 at LO (m) (w) Pythia 8.230 at LO
; = | e
MadGraph 2.6.4 at N?LO (e) (®) MadGraph 2.6.4 at N°LO
107" 10° 50 100 150 200

do(y=0)/dy, mb

do(y=0)/dy, ub

Fig. 5. The differential CSs of c¢ (left) and bb (right) production at zero rapidity in pp scattering at s'2 = 13 TeV.

The ALICE data A and

are taken from [9]

LHCD data (A) S

FONLL (4) | |

Pythia 8.230 at LO (m)

MadGraph 2.6.4 at N’LO (e)

A (A)LHCD data
L (#) FONLL
(m) Pythia 8.230 at LO

(®) MadGraph 2.6.4 at N°LO

107" 10°
g, mb

50 100 150 200 250 300
g, b

Fig. 6. The integral CSs for charmed (left) and bottom (right) quark anti—quark pair production
in the forward rapidity region in pp scattering at s'> = 13 TeV. The LHCb data A are from [10,11]

The differential CSs of bottom quark production as function of pseudorapidity # that are obtained with
MadGraph 5 and Pythia 8 at the tree level at N?LO are compared in Fig. 7 with the LHCb data. Note that being
dependent on total energy s” and interval of integration over the transverse momenta, the relative size of scale
uncertainties for #—distributions in Fig. 7 keeps constant regardless of the values # takes.
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As seen from Fig. 7, the experimental CS #—dependences have maxima. At s” = 13 TeV this feature of the CS is
more distinct then in the data at 7 TeV. The calculations do not reproduce this behavior of CS do/dy. The reasons for
this discrepancy may be caused by use of the tree approximation or by choice of some cut-off in the phase space that are
not in full correspondence with the measurement procedure and the data analysis.

100

doldn, ub

2.0 25 3.0 35 4.0 45 5.0 20 25 30 35 40 45 5.0
n n

Fig. 7. The differential CSs for bb—pair production in pp scattering at s/2 = 7 (left) and 13 TeV (right).

Calculations with MadGraph 5 and Pythia 8 are shown by squares 0, the scale uncertainties — by the band. The LHCb data e are
from [11]

Figs. 5-7, in which the results of simulations are compared with the LHC data, demonstrate that for all
measurements the experimental uncertainties are smaller as compared with theoretical ones.

CONCLUSIONS

Charmed and bottom quark production in proton—proton scattering is simulated at s¥> = 7 and 13 TeV.
Calculations are performed at the tree level of pQCD with the codes for hard partonic processes, generated by
MadGraph5 aMC @ NLO [3]. First three order of QCD perturbation theory are taken into account. Space— and time—
like partonic showers, multiparton interactions are included into the modeling with the help of Pythia 8 [4] event
generator.

The integral cross sections of ¢ and b quark anti—quark pair production are calculated both in the central and
forward rapidity regions under conditions of ALICE [9] and LHCb [10,11] experiments. The pseudorapidity
dependence of the differential cross section for hh—pair production is also computed in the LHCb kinematic area. NLO
and N2LO contributions increase the integral cross sections and results obtained with MadGraph5 aMC@NLO in
junction with Pythia 8 at N?LO are in agreement with the ALICE and LHCb data within the band of uncertainties due
to renormalization and factorization scale variations. At the same time, the bb differential cross sections at 7 and
13 TeV as functions of pseudorapidity differ in form from ones measured by the LHCb.

Calculations show that the influence of NLO and N?LO terms on the integral cross sections reduces with growth of
jet minimal transverse momenta and at pr jet min ~ 10 GeV/c becomes inessential. In the present simulation, the value of
Prjet min €quals the minimal distance in phase space between the partons in final states of hard processes. Thus, selection
of events with well-separated jets together with elimination of events with soft jets can be used to suppress the
contributions springing beyond LO in pQCD, to simplify the relevant reaction mechanisms, and to enhance sensitivity
of the observables to the parton distributions functions, in particular to gluon ones.

Changes in the computed cross sections under scale variations turn out to be much larger than experimental
uncertainties. Rapid exponential decrease of the cross sections with increase of minimal transverse momenta pr g min 0f
the heavy quark, Q = ¢ or b, is followed by reduction of the scale uncertainty size. It appears to be significant in the
case of charmed quarks. Region of prc min = 5 GeV/c, where strip width of these uncertainties narrows, proves to be
suitable for verification of the pQCD methods and of QCD-based models, employed in the simulations.

No substantial effect of partonic showers and multiparton interactions on the integral cross sections under
considered kinematic cut-offs is found. Influence of these mechanisms on differential observables needs further
studying.
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The paper studies the dynamic description of uniaxial and biaxial ferrimagnetics with spin s =1/2 in alternative external field. The

nonlinear dynamic equations with sources are obtained, on basis on which low-frequency asymptotics of two-time Green functions in
the uniaxial and biaxial cases of the ferrimagnet are obtained. Energy models are constructed that are specific functions of Casimir
invariants of the algebra of Poisson brackets for magnetic degrees of freedom. On their basis, the question of the stable magnetic
states has been solved for the considered systems. These equations were linearized, an explicit form of the collective excitations
spectra was found, and their character was analyzed. The article studies the uniaxial case of a ferrimagnet, as well as biaxial cases of
an antiferromagnet, easy-axis and easy-plane ferrimagnets. It is shown that for a uniaxial antiferromagnet the spectrum of magnetic
excitations has a Goldstone character. For biaxial ferrimagnetic materials, it was found that the spectrum has either a quadratic
character or a more complex dependence on the wave vector. It is shown that in the uniaxial case of an antiferromagnet the Green

function of the type GSM (£,0),G, , (k,0) and G, (0,w) have regular asymptotic behavior, and the Green function of type

allp

k,0)~l/ k* and G. (O,a))~1/a), Gnm (0,a))~1/a)2 have a pole feature in the wave vector and frequency. Biaxial

Gn,lrl/; ( Salg
ferrimagnetic states have another type of the features of low-frequency asymptotics of the Green's functions. In the case of a

ferrimagnet, the ‘“easy-axis” of the asymptotic behavior of the Green functions Gxasﬁ(O,a)),G (0,0),G,, (0,0),

Salg nghg
G, , (k0),G., (k0),G

SaSp Salp ( nehg (

Green functions Gwﬂ (0, a)), G (0, a)), G (k,O), G

nghg Sohg nghg

k,O) have a pole character. For the case of the “easy-plane” type ferrimagnet, the asymptotics of the

(k,O) have a pole character, and the Green function G‘\M (k,®) contains

both the pole component and the regular part. A comparative analysis of the low-frequency asymptotics of Green functions shows
that the nature of magnetic anisotropy significantly effects the structure of low-frequency asymptotics for uniaxial and biaxial cases
of ferrimagnet. Separately, we note the non-Bogolyubov character of the Green function asymptotics for ferrimagnet with biaxial

anisotropy G, , (k,0)~ k"

KEY WORDS: spin, ferromagnetic, spectra of collective excitations, Green’s functions

CIEKTPU KOJUVIEKTUBHHUX 3BYI)KEHb TA HU3bKOUYACTOTHI ACUMIITOTIKA ®YHKIIIIA IPIHA
B OJHOBICHHUX TA JBOBICHUX ®EPIMATHETHKAX
A.B. I'nymenko, M.IO. KoBasieBcbkuii, B.T. MaukeBuu
Hayionanvuuii naykosuil yenmp « XapKiecvokuil Qisuxo-mexHiunuil iHCmumymy»
8yn. Axaoemiuna, 1, m Xapxie, 61108, Yrpaina
VY po6oTi J]aHO ONMMC AMHAMIKM OJHOBICHMX i JBOBICHHMX ()epiMarHeTHMKiB 3i criHOM s=1/2 B 30BHINIHLOMY 3MiHHOMY TOJi.

OTpuMaHO HENiHIKHI OUHAMIYHI PIBHSHHS 3 JDKEpETaMH, Ha OCHOBI SIKMX OOYMCIICHI HM3bKOYACTOTHI ACHMITOTHUKU JIBOYACOBHX
¢yukniit I'pina gepumarneTnka B OZHOBICHOMY 1 JIBOBiCHOMY BHmajkax. [loOymoBaHo Mozeni eHeprii, sIKi € IIeBHUMH (YHKIIIMH
inBapianTiB Kasumupa anredpu nyxox IlyaccoHa Juis MarHiTHUX cTymneHiB cBoGoan. Ha iX OCHOBI BHMSICHEHO NMUTaHHS NPO CTIHKi
MarHiTHI CTaHM TaKMX MarHiTHUX cucrteM. IIpoBeneHa JiHeapu3allis 3a3HAYEHUX PIBHSAHb, 3HAWACHWH SBHUI BUIVIAN CIIEKTpiB
KOJIEKTUBHUX 30y/DKEHB 1 IIpoaHaTi30BaHO X XapakTep. Y CTaTTi BUBUCHI OJHOBICHMH BHIANOK (hepHMarHeTHKa, a TAKOX JBOBICHI
BUMAAKKA aHTU(epoMarHeTHka, (epiMarHeTHKIiB THITy «Ierka BiChb» 1 «JIerka momuHay. Iloka3aHo, mO MId OJHOBICHOTO
aHTH(epoMarHeTuka CreKTp MarHiTHUX 30y/PKeHb Ma€ TOJIACTOYHIBChKHIA Xapaktep. [y 1BoBicCHUX (epiMarHeTHKIB 3'SCOBaHO, 10
CIEKTp Ma€ a00 KBaapaTHYHHUN XapakTep, abo OLTBII CKIAJHY 3aJeXKHICTh BiJ XBUIHOBOTO BekTopa. [lokasaHo, 0 B OJHOBICHOMY

(k,0),G,, (k,0) Ta G, (0,0) wmatoTs perynspHuii XxapakTtep

Salp SaSp

BUMNAAKY aHTH(pepomarHetuka ¢yukuii ['pina tuny G,

SaSp

acuMnToTHK, a pynkuii Ipiva tuny G, (k,0)~ 1/k* ta G 0,0)~1/ @ MAaKoTh MOMIOCHY OCOOMHBICTD 110
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(0,0)~w, G

e (
XBHJIBOBOMY BEKTOPY Ta 4acToTi. /IBOBIiCHI (hepiMarHiTHI CTaHW MalOTh OCOOIMBOCTI HU3bKOYACTOTHUX acCMMNTOTHK (yHKuii ['pina

iHmoro Tumy. Y pa3i ¢epUMarHeTHKa «JeTKa BICh» AaCHMNTOTHKHM QyHKOiii I'pina Gs,,s/, (O,a)),G (O,a)),G O,a)),

Salp ”:z”/i(
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G, , (k,®) micTuts 5K NMOMOCHY CKIaNOBY, TaK i peryispHy 4vacTuty. IIpoBeneHH MOPIBHSUIBHHI aHANi3 HU3BKOYACTOTHUX

SaSg
acuMnToTHK (yHKUi#H ['piHa moka3dye ICTOTHHI BIUIMB XapakTepy MAarHiTHOI aHi30Tpomii Ha CTPYKTYpy HH3bKOYACTOTHHX
ACHMITOTHK JUIS OJHOBICHOTO 1 JBOBICHOTO BHWIAJKIB (epuMarHernka. OkpemMo Big3HaYMMO, HEOOTOMIOOIBCHKUIA XapakTep

(k,0) ~1/k* .
KJIIOUYOBI CJIOBA: cniH, (epiMarHeTyK, CIIEKTpH KOJIEKTHBHUX 30y KeHb, QyHKuii ['pina

acumnroTuku ¢yHkuii I'pina peprumarseTika 3 1BOBICHOIO aHizoTpomieo G,

ngng

CHEKTPBI KOJUIEKTUBHBIX BO3BYKJIEHUI 1 HU3KOYACTOTHBIE ACUMITOTAKA ®YHKIIUIA TPUHA
B OJHOOCHBIX 1 IBYXOCHBIX ®PEPPUMATIHETUKAX
A.B. I'mymienxo, M.IO. KoBanesckuii, B.T. MaukeBunu
Hayuonanvholii Hayuubvlil yenmp «XapbKoscKkuil (puzuKo-mexHuuecKuti uHCmumym»y»
ya. Akademuueckas, 1, e. Xapvkos, 61108, Yxpauna
B pabote naHo omycaHyue JUHAMUKY OJJHOOCHBIX U IBYXOCHBIX (DeppHUMArHETHKOB CO CIIMHOM S=1/2 BO BHEIIHEM NIEPEMEHHOM
none. IlomyueHsl HenuHElHBIE NUHAMUYECKHE ypPABHEHUS C MCTOYHHMKAMH, HA OCHOBE KOTOPBHIX BBIYHCICHBI HHU3KOYACTOTHBIE
ACHMIITOTHKM JBYXBpPEeMEHHBIX (yHKnuid ['puHa ¢deppumarnernka B OJHOOCHOM H JBYXOCHOM ciydasx. IlocTpoens! momenu
SHEPIHH, KOTOPHIE SIBIIIOTCS ONpPEAENICHHBIMH (QyHKIMIMHU MHBapuaHTOB Kasummupa anre6psr ckoOok Ilyaccona jurss MarHUTHBIX
creneHeid cBoOoapl. Ha MX OCHOBE BBISCHEH BONPOC 00 YCTOWYMBBIX MAarHMTHBIX COCTOSIHUSIX M3YyYaeMBIX MAarHUTHBIX CHCTEM.
[IpoBenena nuHeapu3ays yKa3aHHBIX YpaBHEHHH, HAWCH SBHBIN BUJ CIIEKTPOB KOJJIEKTUBHBIX BO30OYXKACHUN U MPOAHATU3UPOBAH
HUX XapakTep. B craThe HM3ydeHBI OJHOOCHBIN CIydail (eppuMarHeTHKa, a TaKKe ABYXOCHBIC CIydaW aHTH(EeppOMarHeTHKa,
(epprMarHeTHKOB THIIA <JIETKas OCh» M «JIerKasl IUIOCKOCTBY». [loka3aHO, YTO IJIsI OZHOOCHOTO aHTH(EppOMarHeTHKa CIEKTp
MarHUTHBIX BO30YXXICHHUI MMeEeT TOJIICTOYHOBCKHH Xapaktep. {1 IBYXOCHBIX (heppHMarHeTHKOB BBISCHEHO, YTO CIEKTP HMeEeT
00 KBaJpaTHIHBII XapakTep, 100 6oiee CIOKHYIO 3aBUCHMOCTh OT BOJITHOBOTO BekTopa. Iloka3aHO, 9TO B OZHOOCHOM CiTydae

antudeppomarneruka ¢ynkipn ['puHa Tuma G»W (k,O),G (k,O) u G . (0,) nuMeroT perynspHblii XapakTep aCHMITOTHK, a

Solg SaSp

dynkunn Ipuna tuna G, (k,0)~1/k* u G, (0,w)~lw, G

2
o (0,0) ~1/@" nMerT moMoCHYI0 0COGEHHOCTD IO BOIHOBOMY
al'p
BEKTOpY U yacToTe. JIByXocHbIE (heppUMArHUTHBIE COCTOSHUS MMEIOT OCOGEHHOCTH HU3KOYACTOTHBIX aCHMITOTHK byHKImi ['puna

Jpyroro Tumna. B ciydae (eppuMarHeTvka «jierkas ocb» acuMOTOTHKA (yHkuuid [puna G, (O,w),G (O,a)),G (0,(0),

SaSp Sallg nang
G , (k0),G , (k,0),G

SaSp Salg ngng

acuMnToTHKU (QyHKuuii I'puna GS‘M (O,w),G (O,a)),G (k,O),G

nghg Selp nglg

(k,0) mumetor nomochoii xapaxrep. Jis ciyuas (eppuMarHeTMKa THIA (IETKas [LUIOCKOCTB»
(k,0) wmmeror momocHoii xapaktep, a (ymnkums ['puna

G, , (k,w) comepXuT Kak NONIOCHYK COCTABISIOILYK), TAdK W PETyJSPHYH0 4YacTb. IIpOBEJCHHDBI CpPaBHUTENBHBIA aHamn3

SaS/,
HHU3KOYAaCTOTHBIX ACHUMIITOTUK q)yHKL[I/Iﬁ FpHHa MOKa3bIBaCT CYHICCTBECHHOC BJIMSIHUE XapaKTepa MarHUTHOU AHU30TpONIMHU Ha
CTPYKTYPY HHM3KOYAaCTOTHBIX aCUMITOTUK JIdI OAHOOCHOTO W JABYXOCHOT'O CJIydacB Q)eppI/IMaFHeTI/IKa. OTI[eJ'II)HO OTMECTHUM,

o o < 4
HeOorono00BCKUil XapakTep aCUMITOTUKH (GyHKIMH ['piHa eppuMarHeTrka ¢ AByX0oCHOH aHu3oTponuei G, ” (k,0)~1/k".

KJIFOYEBBIE CJIOBA: ciuH, hepprMarHeTuk, CIeKTphbl KOJUIEKTUBHBIX BO30YxneHui, pyHkmmu ['puHa

An effective method for studying magnetic systems is the Green function method. For a wide range of problems of
statistical mechanics two-time Green functions [1-4] are used, whose knowledge allows one to investigate both the
equilibrium state and the peculiarities of non-equilibrium processes, if deviations from equilibrium are small. When
finding the Green's functions for condensed states, various approximate methods are used. These include the
quasiparticle approximation, the random phase method, expansion in a small parameter and approximation with the
uncontrolled nature of the approximation [2—4]. The calculation of the Green's functions in the low-frequency region is
closely related to the behavior of the physical system at large times and possibly in two ways. One of them is the
“memory” function method [S]. Another approach is the “sources” method, which was developed for superfluid media
and degenerate magnetic systems with spin s=1/2 [6-9]. These methods were used to study the features of the two-time
Green functions of isotropic superfluid and magnetic states, or with uniaxial magnetic anisotropy of equilibrium states.

In this paper we consider the influence of magnetic anisotropy on the collective behavior of uniaxial and biaxial
ferrimagnetics. The aim of the research is to clarify the relationship of these factors with the spectra of collective
excitations and the explicit form of the Green functions of these magnetics in the hydrodynamic limit, when the wave
vector and frequency tend to zero. These data are useful in the study of the magnetic structure of these condensed media
using cold neutrons.

The study of the dynamics of ferrimagnetic materials is based on the Hamiltonian formalism, which is widely used
when considering various physical systems at the “hydrodynamic” stage of evolution [10] to describe slow
nonequilibrium processes. In the following sections degenerate equilibrium states of ferrimagnetic materials with
uniaxial and biaxial anisotropy are discussed. Nonlinear equations of the dynamics of the studied magnetic systems in
an external alternating field are obtained. The spectra of collective excitations are found and low-frequency asymptotics
of the two-time Green functions are obtained. The similarities and differences of such asymptotics, depending on the
nature of the anisotropy of the physical system, are discussed.
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DYNAMICS OF UNIAXIAL AND BIAXIAL FERRIMAGNETICS IN ALTERNATIVE EXTERNAL FIELD
Consider multi-sublattice magnetics with spin s=1/2 in the case of uniaxial and biaxial SO(3) symmetry breaking
of the equilibrium state. Normal equilibrium states of such magnetics are described by the Gibbs statistical operator
WY)=exp(Q(Y)-LA-1,S,).

Here Q(Y) is the thermodynamic potential, which is a function of the thermodynamic forces Y,associated with

additive integrals of motion. In the case of degenerate equilibrium states of magnets with one sublattice the Gibbs
statistical operator has the form

W(.£ (m)) =exp(Q(Y) - Y,/ ~Y,8, - Y F; (m))

where, according to the concept of quasi-averages, the source 13"1(m) breaking symmetry is a functional of the spin

density operator
F = J.demaﬁa (x).

Here m,is the axis of spontaneous magnetic anisotropy. In the case of several magnetic sublattices, along with the
sourcel':"l , there is another possibility of breaking the magnetic symmetry, which is determined by the source of the

form

ﬁz = J‘d3xnaﬁa(x) )

where Aa(x) is the order parameter operator. In the limit ¥, — 0 the equilibrium state v?/(ﬁl (m)) describes uniaxial
symmetry breaking of the equilibrium state. In a magnetic with several sublattices, with Y, =0, the Gibbs statistical

operator specifies the biaxial nature of the violation of the magnetic symmetry of the equilibrium state.
Two-time lagging Green functions are determined by the equality [1]:

Gy (% 1:X,1") = =6 (1=1') Spiv| a(x.),5(X.1') |

Here, the local operators in the Heisenberg representation &(X,t)zeiﬁ’&(x)e”ﬁt, l;(x,t)zeiﬁ’lg(x)e’iﬁ’ and the

Hamiltonian are definite functionals of the Bose operators of creation and annihilation. As we will see later, the
structure of the spontaneous magnetic anisotropy of the Gibbs statistical operator will significantly affect the form of

the low-frequency asymptotics of the Green functions. The linear response of a local physical quantity da, (x,t) to a

weak external disturbance is
da, (x,t) = f dt'J.d3x5d_',’(x', G, (x=x,1=t).

Here 5§(x,t) is the potential of the interaction of the magnetic system with the external field. In the Fourier
representation this ratio is written as

da; (k,w)=G,, (k,w) 6 (k,m). (1)

In the study of low-frequency asymptotics of Green's functions we do not use the formalism of quantum mechanics. To
solve this problem it is sufficient for us to obtain the equations of the dynamics of the magnetics under study in the
hydrodynamic limit. The linearized version of these equations connects the deviation of the local physical quantity du
and the potential of the external field 6 and thus allows us to find the asymptotics of the two-time Green functions in

the low-frequency wr, <<1 and small wave vectors k/ <<1 range. Here 7, is the time of randomization (the time of

establishing the local equilibrium of the magnetic system) and [ are the characteristic spatial scales of change in
physical quantities. The full Hamiltonian of the magnetic system in the presence of an external field is of the form

H(t)=H+V(t). Here H = J.d3xe(x,¢)(x',t )) is the Hamiltonian of the magnetic system, which includes strong
exchange interactions. Here (o(x',t) is a set of dynamic variables describing the magnetic system under study. The

energy of interaction of the magnetic system with the external field V' (¢) is

V() =Id3x5§(x,1)b(x,t),
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where b(x,t) is the local physical quantity. We believe that the change in the external field is rather slow, so that the
characteristic frequency of its change is small compared to 7, ' In this case, the physical system manages to adapt to

the instantaneous values of the field. In the time domain ¢ >> 7, the dependence on time of magnitude b(x,7) is
b(x,t)—)b(x,(p(x',t)) .

1>>7,

For the physical systems studied in this work, the magnetic degrees of freedom (p(x',t) are the spin vector s, and

the antiferromagnetism vector n, , whose Poisson brackets are well known [11]:
{sa(x),sﬂ (x')}:§(x—x’)£aﬁ7s},(x), )
{Sa(x)’nﬁ(xv)} =5(X—X')€aﬁ7n7(x) . 3)

Here S(x) is the Dirac delta function. The algebra of the Poisson brackets (2) has a Casimir invariant s’ . Extended

algebra (2), (3) contains two Casimir invariants: s,n, and ni. Below, in terms of these invariants, a model of the

exchange interaction of a ferrimagnet will be constructed. Formulas (2), (3) allow us to establish the dynamics of
uniaxial and biaxial ferrimagnetics:

. . de de
Sy =_VkSak +775a, n, =gaﬂy {BT—Vk aV—SJS}/'FT]na. (4)
B k°p

Here s, is the spin flux density, which has the form:

When obtaining the spin flux density we took into account the SO(3) symmetry of the strong exchange interaction:
{Sa H }: 0. Sources due to the external field are determined by the formulas:

ob

—n,.
%
0s 4

;Tbs i, J N, ={n,.V}=Ee,,

5
o, ®

n.v” = {Sa > V} = 5’5‘05/?7[

In the used method of “sources” not always external variable fields can be given an obvious physical meaning. The role
of a fictitious external field is to remove the local physical quantity of interest from the state of statistical equilibrium.
By virtue of the definition of two-time Green's functions, these external fields are not included in the final expressions
of the Green's functions.

Consider the equilibrium state of ferrimagnetic materials. The density of the exchange energy has SO(3) symmetry
and depends on two vector quantities: the spin density and the antiferromagnetic order parameter

e(s,n)=¢,(s,n)+e,(s,n,Vs,Vn).

The model of the homogeneous part of this energy e, is chosen in the following form [12]:
e (0.0,)=—Ap} 12— C@; 12+ B! 14+ D@} | 4+ E@}p; /2. 6)

Energy density arguments ¢,,¢, are related to the Casimir invariants by equalities

o =(sn) =5}, ¢, =s"—(sn) =s].

As two independent arguments of the homogeneous energy density e, =e¢, (SH,S l) it is convenient to choose the values

of the transverse and longitudinal components of the spin with respect to the anisotropy axis n[13], which are
determined by the equalities s, =n,s, +m,s, ,s,n, =s, nm=0,m=s, /s, . Conditionsofextremumandstability

aﬁ =0 % =0
a,|, 9,

Q)
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d’e d’e, d’e Pe, )
>0, 0 >0, L. 2 0| >0
ds;  Os ds, 0s,

allow us to find the corresponding values of the magnetic degrees of freedom in equilibrium.
The heterogencous density of the exchange energy will be represented in the form of two quadratic forms:

e, =J 5 (s.m)(Vs,)(Vsy)/2+K,5(s.,m)(Vn, ) (Vg )/2 .

n

Due to the transformational properties of spin vectors and antiferromagnetism and exchange energy density
relative to time reversal transformations

Is, 7" =-s,, TA,T" =-A,, TeT" =e,,
for tensor exchange integrals Jand K the relations are valid the relations
Jaﬂ(s,n)=Jaﬂ(—s,—n), Kaﬂ(s,n)=Kaﬂ(—s,—n).

From the symmetry conditions
{Bf’en}zven > {Li’en}:‘giklxkvlen’ {Sa,en}zo,

corresponding to the properties of translational invariance, as well as spatial and spin isotropy, we arrive at the
following type of inhomogeneous exchange energy of a ferrimagnet:

e,=JVVs, ) /12490, Vs, ) 12+ KV (Vn, ) /2. (8)
For positive definiteness of a non-uniform exchange energy, the constants of this exchange must be greater than zero:

JV>0,0% >0,k >0. Using further the form of energy (8), we obtain the linearized equations of dynamics

ob ob
&, ==, (TOAG 5"+ (10, )" +K(1)A&zﬂn2)+§8aﬁ{@s2 +%n3}

, de ob de
o, = gaﬂyng[{iJ ~JUAG ; + .»;EJ +&,, ﬁ&zy. )

Further, based on them, we obtain the spectra of magnetic excitations and calculate the low-frequency asymptotics of
the Green functions of a ferrimagnetic with uniaxial and biaxial anisotropy.

SPECTRA OF COLLECTIVE EXCITATIONS AND LOW-FREQUENCY ASYMPTOTICS OF GREEN’S
FUNCTIONS IN UNIAXAIL FERRIMAGNETICS

Consider magnetic states with uniaxial anisotropy, where in equilibrium sg =0. Equations (9) in this case are
simplified and have the form:

_ ) db
&a = _gaﬁyng{K ! A&’lﬂ +§gzzﬂy g],
B

. ob
i,y = E,pnl| A5 —JVAG  +E | (10)
s
For ferrimagnetics the deviation of a local quantity a from an equilibrium state is of the form
da da
a=—0&,,+—on,.
os, * om, °

a a

From the linearized equations (10), we obtain Fourier-images of the deviation of the spin vector and the
antiferromagnetism vector s, on, from equilibrium states:
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1 ob ob
My =— i Eopyt 7{’4‘% +&—— ﬁ] gDaﬂ{Bﬂﬂ s +Cy, %]’

where matrices 1§, é,f) are determined by formulas
B, =kkY55,0),  C, =-icey,n!, D, (k,0)= 08, — AK k55, (")

Using the written formulas, we obtain expressions for the low-frequency asymptotics of the two-time Green's functions
of antiferromagnetics with uniaxial anisotropy:

sz(l)5;ﬂ (no )

Gs,,Sp (ka 0)) = A(k, a)) s
6. (k)= " )
e Ak,o)’ T Ak, )

.The expressions given above coincide with
0
the previously obtained Green's functions of [14]. The above formulas demonstrate a rather simple asymptotic structure
of Green functions in uniaxial antiferromagnets. In particular, the relations are true

. d
Here are the notation A(k,@)=a@* —k’k*, k> =KY4>0 and 4= Zaig
s

O, (n° 5\’
Gs,,s/, (k,O) = _#’ Gs,,n/, (k,O) = 07 Gn,,np (k,O) =- kfli(l)) 4

. 0 A 1 0
G, 0.0)=0, G, (00)=-"2" g (O,w)=w-
a"p ) a"p 0]

SaSp
SPECTRA OF COLLECTIVE EXCITATIONS AND LOW-FREQUENCY ASYMPTOTICS OF GREEN’S
FUNCTIONS BIAXIAL FERRIMAGNETICS
We now consider the equilibrium states that are characterized by biaxial magnetic anisotropy with the axes n
and m . The conditions of extremum and stability (7) for the energy density model (6) lead to equilibrium states:

2 aZ

1) antiferromagnetic: s; =0,s, =0. The state is stable if O = 0 ez" =-4>0, —620 =—C>0;
Silo Si

2) ferrimagnetic of easy axis type: s, = C/D,s, =0. The state is stable if O =—-4+ EsH2 >0,C>0;

3) ferrimagnetic of easy plane type:s;, =0,s, =A/B. The state is stable if Q=-A+3Bs] >0,

2
T _ vk >0,
s

The state of a ferrimagnet with magnetic degrees of freedom in equilibrium s, # 0,5, #0 we do not consider in

the article. The linearized equations of the dynamics of a magnetic system in an external field, valid near the above
three biaxial equilibrium states, in the Fourier representation have the form:

ia)&azkzeaﬁy{sLm J® n & nﬁ+J 59 +K! &ﬁnf,}-i-df iy is2+a_bn2 ,
s, ong
iwdn, =1ang{ —s)n, }+ OLe .5, aab ny.

Here mxn =1. Next, acting in a similar way, we obtain the expression of the two-time asymptotic behavior of the
Green function in terms of the basis Green functions:

da
os

ob  da ob  da ob  da ob
G\ vﬂ( ’a))7+87Gnmnﬂ (k’w)7+7wanﬂ (k’w)i-‘riGnn,sﬂ (k’w)ai (ll)

G (ko) = P o a o a
s 5 ng  Os, g on, s

0(

The general structure of the low-frequency asymptotics of the Green's functions can be represented as
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G (k,a)):D;;(k,a))A;ﬁ(k,a)),

SasSp

G, ., (ko)=-i0lim.D,)(k,®)B,,/w,

Ny hp

G, ., (ko)=D, (k,w)B,. (12)

Sqalg

The notation is entered here:

D, (k,0) = i3, + kzng(s)lgnf, - sz(l)EaMsg - isz(l)ngmgi /o,

. 2
lsz(l) L (.0 K (SI?) K70 070 0 0
Ay, (K, 0) = P 5,87(11 )+ 7 Myly + €4S, > By, =Epph,y .

Let us analyze the Green's functions for the above three states of magnetism and find the explicit dependence of
these functions on the wave vector and frequency. For the case of 1) antiferromagnet with biaxial anisotropy, the
following form of the basis Green functions is obtained:

kZK(l)

— 2ol 0 2 070
Gx”,sﬁ (k,a))_w(a) 5aﬂ(ll )—k K'Zlalﬂ),
2700 . PSR
G,y (60) =2 G (o) =" S G ). (13)
“’” Ak, @) v o Ako)o "

Here A(k,a))za)2 —k’x” .The magnetic system in this state is characterized by the Goldstone spectrum @ = kk .
Comparing these formulas with the Green's functions of a uniaxial antiferromagnet, we see that the asymptotics of the
Green's functions G, , (0,0),G, , (0,®) coincide. Asymptotics G, , (£,0),G,, (0,@) coincide qualitatively, but they
have different anisotropy patterns. The asymptotics of the Green function of an antiferromagnetic with biaxial

anisotropy G, ,, (k,0) can be represented as G, ,, (k,0) =G (k,0)+ G (k,0) . The regular part coincides with the

SaSp SaSp

. . . 0 .1 .
Green function of a uniaxial antiferromagnet. The pole part has the form GE: vj) (k,0)= hm—sz(l)lf,lg. There is also no

w0

coincidence of the asymptotic behavior of the Green function G, , (k,0). For a uniaxial antiferromagnet, this value

Sehg

. .. . R |
vanishes, and for a biaxial case it has a pole character G, , (k,0)=—il,m; lim—.
o -0 )

The case 2) ferrimagnetic of easy axis type: condition det D=0 leads to the excitation spectrum &’ = k’x+k*x”,
here k; =J (l)s‘?. If the exchange integrals of the interaction differ significantly in magnitude, then in the limit of a)
K" >> 7" we obtain a linear spectrum @=k« . In the other limiting case b) K" << J"we arrive at a quadratic
spectrum @ = kZKH . In case a) the Green's basic functions coincide with the formulas of an antiferromagnet with biaxial

anisotropy. In case b) these functions are:
KK05(n")  ice,,n)

Gs N (k’a))_ oy >
- A(ko) A (ko)
o1’
G, ., (kw)=5G , (ko), G, ., (ko)= —Wﬂw) :
i UKs

Here A (k, a)) =w - k4KH2 . Let us give particular cases of the form of the asymptotics of the Green functions:

oL, (n’ . 0
GS n (k’o)__ uﬂz( ) s Gs n (0,07):_% El
n’ﬂ kx o w
o o
G”u’”/!( ’0) - k4](2ﬂ ’ Gna,fz/i (0,&)) = a)zﬁ .

We see that the asymptotics of the basis Green's function G, (k,0) with respect to the wave vector has a non-

aslp
Bogolyubov character. Note that such a stronger feature of the asymptotic behavior of the Green function Gnmnﬂ (k,O)

does not contradict the inequality G, - 1/k* [7]. This theorem sets a restriction on the asymptotic behavior of

Green's functions from below fork — 0.
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For the case 3) ferrimagnetic of the easy plane type the basis Green functions are found, in which to simplify the
calculations we neglected the exchange integral J ).

G (k,a))szKLngm;Hw[Amgl; - Ly )],

St A (ko) (ko) A (ko
0
Gn ) (k’w):@’
" Ak, )
2. 0¢l 0 14 1. 070 _ 0 0
6. (haymrct[ i L) Kl [E KO osten)) "
o Ak,o) A, (ko) A, (ko) A (ko)o

Here Ak,0)=a’ -k’x*, A (k,0)=&’ —k'x}, x, =J (')sﬂ. Such a magnetic state has two spectra of collective

excitations w=kk and w=k’k, . We write out a particular form of the asymptotics of the basis Green's functions

using (14):
0. 0 e 0
Gv n (k’o):_niﬂ b Gv n (O,a)):_l aﬁyn}/ >
e kx| s w
o0 oL is'e . m’
— a’p _Zap _ L%aB
Grrmrr/; (k’o) - _sz(l) > Gn,,,nﬁ (0,0)) - wz > Gsd,sﬂ (k’ a)) - a)7 : *

From (14) it also follows that the asymptotic behavior of the Green function lim G, (k, ) can be represented as two
w—0 7
terms limG, (k, )= Gﬁ’efz (k,0)+ Gf””fz (k,@—0). The first of these is regular at@w— 0, and the second term
w— @ @ @
contains a pole feature in frequency:
K(l)lglg ) SE(?,;; (m°) K(l)mgmf,

G(reg) k,a) — _
S5 ( ) kzki kZKL /8 >

iK (1)n2[§

") (k,@—0)=—
K|

SasSp

In the limit s} — 0 the asymptotics of the basis Green's functions (14) coincide with formulas (13) for the

antiferromagnetic equilibrium state. A similar limit sﬁ) — 0 does not lead to expression (14) to formulas of a biaxial

antiferromagnet, since, in obtaining these formulas, we completely neglected the influence of the exchange
integral K W

CONCLUSIONS
The article considers the problem of the influence of a weak alternating field on the evolution of uniaxial and
biaxial ferrimagnets and nonlinear dynamic equations that take into account the properties of the SO(3) symmetry of
exchange interactions. On the basis of these equations, the “hydrodynamic” asymptotics of the two-time Green
functions are calculated in explicit form with respect to the wave vector and frequency. The presented research results
demonstrate the importance of the specific anisotropy of the magnetic system in the description of the collective
properties of the studied magnets. An analysis of the asymptotic behavior of the Green function of the type

G, (k,0)~1/k" in a ferrimagnet with biaxial anisotropy shows that such features can arise in other magnetic states for

which the contribution of the zero approximation in gradients to the linearized equation of the order parameter is absent.
These words also allow you to know the spectra of the collective magnetic waves, the character of the magnetic
anisotropic characteristics of the Grain that give you the ability to design the neutron neutron processes in the
magnitudes of the neutrons in magnetics.
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Big amount of works deals with solution of differential equations, associated with electron motion in electromagnetic field, using
methods of classical electrodynamics. Solution of equation of an electron motion in TEM wave field is interesting task because this
equation is mathematical model of big number of wave processes, which are used for researches of different physical processes. The
proposed work dedicated to finding the solution for the equation of an electron motion in TEM wave field in laboratory system of
coordinates using the theory of almost periodic functions. The work demonstrates that the projections of electron velocity on
coordinate axis conform to the wave equation, and, consequently, could be expanded into generalized Fourier series at any value of
the wave and electron parameters. In the present work, the formulas received before for electron velocity projection on coordinate
axis, are transformed to a well-behaved form, and are broken down into non-perfect generalized Fourier series. Non-perfect Fourier
series for projections of electron velocity on coordinate axis are found by means of plotting of complex series, which are called in the
theory of almost periodic functions as “closure of set”. For approximate computation of electron velocity it is possible to restrict
oneself to finite number of series harmonics. Application of method of electron velocity components transformation into generalized
Fourier series made it possible to find in electron velocity components series terms, which do not depend on time and are equal to
average magnitudes of the respective values. Electron velocity components present functions of initial magnitudes of electron
velocity components, of generalized phase magnitude and of the wave parameters. Initial magnitudes are not preset at random, but
calculated from the equations, the type of which is specified in the work. Electron trajectory in coordinate space is calculated by
integrating of the respective expressions for velocity projections on coordinate axis. For demonstration purpose the work deals with
the example of electron dynamics in wave polarization plane with consideration of only permanent addends and first harmonics of
Fourier series for electron velocity projections on coordinate axis. An approximate solution of the equations of electron dynamics in
the plane of polarization of the wave is given. Solution for the equation of electron motion in TEM wave field in the laboratory
coordinate system using the theory of almost periodic functions made it possible to solve the problem of dynamics of relativistic
electron in the field of progressing TEM wave. It made it possible to demonstrate the availability of time-independent summands in
the value of the speed of the electron, which moves in TEM wave. A very important circumstance is also the fact, that the theory
makes it possible to investigate electron dynamics depending on the original wave intensity.

KEYWORDS: wave equation, generalized Fourier series, TEM wave.

JUHAMIKA EJIEKTPOHY B ITIOJII TEM XBHJIT
TO.M. T'purop’es!, A.JO. 3enincekuii!, T.B. Manuxina?, B.O. IlInarina’
! Hayionanvnuii naykoeuii yenmp Xapkiecokuti hisuxo-mexuivnuil incmumym
eyn. Akademiuna, 1, 61108, Xapxie, Ykpaina
2Xapriscoxutl nayionansnuii ynieepcumem imeni B.H. Kapasina
matioan Ceoboou, 4, 61022, Xapxie, Yrpaina
Po3p’s3anHI0 OudeEpeHIifHNX pIBHAHb pPyXy €JNEKTpOHA B €JICKTPOMArHITHOMY MOJNI METOJaMH KIACHYHOI eNEeKTPOAMHAMIKA
MIPHUCBSYEHO BENUKY KiTBbKICTh poOiT. PO3B’A3aHHS piBHAHHS pyXy eleKTpoHy y mosii TEM XBuili € BayKIMBOIO HAYKOBOIO 33JaU€H0 Y
3B’SI3Ky 3 THM, IO [I¢ PIBHSHHS € MAaTeMaTHYHOIO MOJIEIUII0 BEJIMKOI KiBKOCTI XBHJIBOBHX IPOIECIB, KOTPiI BUHUKAIOTH IiJ 9ac
JOCIIUKEHb PI3HOMaHITHHX (i3uuHMX sBUIN. [IpomoHOBaHa poboTa NpUCBSYEHA OTPUMAHHIO PO3B’SI3aHHIO DIBHSAHHS PYyXy
enexrpona y nosi TEM xBuiii B nabopaTopHii cMcTeMi KOOPIMHAT, i3 BUKOPUCTAHHSAM Teopii maibke mepionuynux QyHkuiin. B
po6oTi moka3aHo, II0 MPOEKILIT IBUIKOCTI €IEKTPOHA Ha Bici KOOPAWHAT BiJIIOBIJAIOTh XBHJIBOBOMY DIBHSHHIO, i OT)KE, MOXYTh
OyTn po3wiazieHi B y3arajbHeHi paau Pyp’e mpu Oyap-SKMX 3HAUCHHSIX MapaMeTpiB XBWII €lIeKTpoHa. Y poOOTi BHpasn s
MPOEKIiH MIBUAKOCTI €JIEKTPOHY Ha Bici KOOPAMHAT MPUBEICHI J0 BUIJILY, 3pYYHOMY JUIsl aHAJi3y, i PO3KIANAIOTECS y peajbHi
y3araibHeHi psau @Dyp’e. Peanphi psam Dyp’e 1 mpoekuiil MIBHAKOCTI €ISKTPOHY Ha Bici KOOPIMHAT OOYHCIIOIOTHCS 3a
JIOTIOMOTOI0 TOOYZOBM KOMIUICKCHHX PSIIiB, IO HA3UBAIOTHCS Y TEOpii Maibke MepioJNIHIX QYHKIIH “3aMKHEHHSM MHOXKHUHHK . st
HAOJIKEHOTO OOYUCIICHHS [IBUIKOCTI €JIEKTPOHAa MOKHA OOMEXHTHCS KIiHIIEBUM YHCIOM TapMOHIK psmy. 3aCTOCYBAaHHS METOIY
PO3KJIa/jaHHsl KOMIIOHEHT IIBHUAKOCTI IEKTPOHA B y3arajbHeHi psau Pyp'e 1ano MOKIMBICTh BUSBHTH y KOMIIOHEHTaX IIBHAKOCTI
SJISKTPOHA WICHU psy, SKi He 3ajJeXaTh BiJ Yacy, IO JOPIBHIOIOTH CepeiHIM 3HAYEeHHSM BiNOBITHMX BennunH. KommoHeHTH
LIBUAKOCTI €JIEKTpOHa € (YHKIISIMH Yacy, IOYaTKOBUX 3HAUCHb KOMIIOHEHT IIBHJKOCTiI €JEKTPOHA, ITOYaTKOBOTO 3HAUCHHS
y3arajgbpHeHoi (a3u, i mapamerpiB XxBuwii. IlouaTkoBi 3Ha4YeHHs KOMIOHEHT IIBUJIKOCTI €JIEKTPOHA HE 3aJaloThCsl JIOBLIBHO, a
00YHUCIIOIOThCS 3 PIBHSIHD, BU] IKUX HABOJHUTHCS Y JaHill poboTi. TpaekTopis eIeKTpoHa B KOOPANHATHOMY IPOCTOPi 00UUCITIOETHCS
iHTETPYBaHHIM BiJMOBIJHUX BHpA3iB ISl MPOCKIiH MIBUAKOCTI Ha Bici KoopAauHAT. B po0oTi po3risHyTO MpPHUKIAN JUHAMIKA
CJIEKTPOHA Y IUIOIIMHI TOJSpH3alii XBWII 3 ypaxyBaHHSIM TUIbKH IOCTIHHHX OJAaHKIB 1 MEpHIMX TapMOHIK psamiB Dyp’e mns
MIPOEKIIii MIBUAKOCTI eIEeKTPOHA Ha Bici koopanHaT. HaBeneHne HaOmmkeHe po3B’sA3aHHS PIBHSIHb AWHAMIKH €JIEKTPOHA Y TUIOLIMHI
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MoJIsIpU3alii XBHJII, 0 HAJaJI0 MOXKIMBICT OTPUMATH (GOPMYITH IIBHIKOCTI €IEKTPOHA Y BUMVIAAL sIBHUX QYHKIIN yacy. OTpumani
¢dbopMyIH MOXYyTh OYTH BHKOPHCTaHi Uil JOCHIMKEHHsS AWHaMiku ejektpoHa y momi TEM xBuiai sk Mainoi, Tak i BeIMKOL
IHTEHCHBHOCTI.

KJIFOYOBI CJIOBA: xBuns0Be piBHSAHHSA, y3aranbHeHi psan @yp’e, TEM xBums

JAUHAMUKA SJIEKTPOHA B IIOJIE TEM BOJIHBI
I0.H. I'puropees !, A.JO. 3enunckuii', T.B. Maabixuna?, B.O. Illnaruna’
!Hayuonanvuwtii nayunviil yenmp XapoKo6ckutl (usuko-mexnudeckuti uHCmunym
yar. Akademuueckas, 1, 61108, Xapvkos, Yrpauna
2Xapvrosckuil nayuonanviwiil yuueepcumem umeny B.H. Kapasuna
matioan Ceo600w1, 4, 61022, Xapvkos, Ykpauna

Pemennio muddepeHnranbHbIX ypaBHEHHH [BIKEHHS JICKTPOHA B DJICKTPOMArHUTHOM [OJI€ METOJaMH  KIACCHYECKON
JNEKTPOJANHAMUKHN TIOCBSIICHO OONbIIoe dYHuciao pador. Pemenne ypaBHeHHs ABWKEHUS diekTpoHa B mone TEM BomHBI
MPEJCTABIACT WHTEPEC B CBSA3U C TEM, YTO ITO YPAaBHCHHUE SBISICTCS MATEMATHYECKOW MOJEIBIO OOJBIIOTO YHCIA BOJHOBBIX
MPOIIECCOB, KOTOPHIE BCTPEYAIOTCS TPH HCCICJIOBAHHM PAa3UYHBIX (u3mdeckux sBieHud. [Ipemnmaracmas pa0oTa IOCBSIICHA
MOJMYYCHUIO PCIICHUS yPaBHEHUS JIBWXKCHUS JJiekTpoHa B moje TEM BoaHbl B J1abopaTOpHOM CHUCTEME KOOPIHHAT C
HCTIOJIb30BAHUEM TEOPHUH TOUTH Mepuonyeckux (yHkmuii. B paboTe Mmoka3aHo, YTO MPOCKIHWH CKOPOCTH JJICKTPOHA HAa OCH
KOOpPAMHAT yIOBJIETBOPSIOT BOJIHOBOMY ypPaBHEHHIO, H, CIIEAOBATEIbHO, MOTYT OBITH pa3iioxkeHbI B 00001EHHbBIC psiibl Dypbe mpu
TO0BIX 3HAYEHMSAX MMApaMeTPOB BOJHBI M AIEKTPOHA. B naHHO# paboTe BBIpaXKSHUs IS MPOEKIHH CKOPOCTH JJICKTPOHA HA OCH
KOOpAMHAT MPUBEICHBI K BUAY, YIOOHOMY [UIsl aHAIH3a, M PACKIIAIBIBAIOTCS B peaibHble 0600méHHbIe psibl Dypbe. PeanbHbie psiapt
®dypbe TSI OPOSKIUI CKOPOCTH DJIEKTPOHA HAa OCH KOOPAMHAT HAXOITCS C IMOMOIIBIO MOCTPOCHHUS KOMILIEKCHBIX PSIIOB,
HA3bIBaEMbIX B TEOPHH MOYTHU TEPHOANICCKUX (YHKIHUHA “3aMbIKaHHEM MHOXecTBa”. J{Jsl MpHOIMKEHHOTO BBIYMCICHUS CKOPOCTH
JJIEKTPOHA MOXXHO OTPAaHHYHMTHCS KOHCYHBIM YHCIIOM TapMOHHUK psina. [IpuMeHeHHe MeToja pa3jioKEHHS KOMIIOHEHT CKOPOCTH
3JIEKTpOHA B 00001IEHHBIC paasl Pyphe Aaj0 BO3ZMOKHOCTE OOHAPYKUTh B KOMIIOHCHTaX CKOPOCTH 3JICKTPOHA WICHBI pPsla, HE
3aBUCSINNE OT BPEMCHHU, PABHBIC CPCITHUM 3HAYCHHSIM COOTBETCTBYIOIIMX BEIWYMH. KOMIOHEHTHI CKOPOCTH 3JICKTPOHA SIBISIOTCS
(GYHKUMSAMUA BPEMEHH, Ha4yajbHbIX 3HAYCHUH KOMIIOHEHT CKOPOCTH JJICKTPOHA, HAYaJbHOIO 3Ha4YeHHs 0000uméHHOH (a3bl, u
napaMeTpoB BoJIHBL. HauasjbHple 3Ha4YeHHS KOMIIOHEHT CKOPOCTH JJISKTPOHA HE 3a/Iaf0TCsl MPOM3BOJBHO, @ BBIUHUCISIOTCS M3
YpaBHEHHH, BUI KOTOPBIX MPHUBOIAMUTCS B HaHHO# pabore. TpaekTopus 3JIeKTpOHA B KOOPAMHATHOM IMPOCTPAHCTBE BBIYHCIISIETCS
HHTErPUPOBAHHEM COOTBETCTBYIOIIMX BBIPAXKEHHH UIs MPOCKIUA CKOPOCTH HA OCH KoopawHat. st wutoctpanuu B pabore
paccMOTpeH MpUMep THHAMUKH 3JICKTPOHA B IUIOCKOCTH TOJISIPH3ALUH BOJHEI C YY4ETOM TOJNBKO MOCTOSHHBIX CIaraeMbIX M TEPBBIX
TrapMOHHK psioB Oypbe ISk MPOCKIUI CKOPOCTH AIICKTPOHA Ha OCH KoopauHat. [IpuBeneHo MpUOIIKCHHOE pElICHHE YPaBHECHHUN
JUHAMHKH DJICKTPOHA B IJIOCKOCTH MOJISIPU3AIMM BOJIHBL PellicHWEe ypaBHEHUS JBIKCHHS dJiekTpoHa B moje TEM BoiHBI B
11a00paToOpHON CHCTEME KOOPAWHAT C HCIOJH30BAHHEM TEOPHUH TOYTH MEPHOAMYCCKUX (DYHKIMH Hajd0 BO3MOXKHOCTH MOJYYHTH
(GOpMyJIBI CKOPOCTH 3JIEKTpOHA B BHAE SBHBIX (yHKUuMH BpeMeHH. [lonydeHHbie (OpPMyJbI MOTYT OBITH HCIIOJIB30BAHBI IS
HCCIIEIOBAHUS TMHAMUKH JIeKTpoHa B 1tojie TEM BOJIHBI Kak Majioi, Tak U OOJIBIION HHTEHCUBHOCTH.

KJ/IFOYEBBIE CJIOBA: BonHOBOE ypaBHeHHE, 0000mEHHbIe paasl Pypre, TEM BonHa.

Big amount of works deals with solution of differential equations, associated with electron motion in
electromagnetic field, using methods of classical electrodynamics.

Solution of equation of an electron motion in TEM wave field is interesting task because this equation is
mathematical model of big number of wave processes, which are used for researches of different physical processes.
For example, mechanical fluctuations in elastic strings, fluctuations in radio engineering devices, quartz crystal and etc.
Thereby tasks, which can be described by wave equation and also solution of equation of an electron motion in TEM
wave field, are actual.

The goal of this work is solving the equation of electron motion in the field of TEM wave using the theory of
almost periodic functions in order to obtain exact formulas for electron coordinates and velocities in the form of explicit
functions of time.

The usage of almost periodic functions theory gives an opportunity to get precise formulas of electron coordinates
and velocity in a form of explicit functions of time. The received formulas are suitable for analysis of electron dynamics
in the fields of both low and high field intensity.

In the work [1] the formulas are given for electron velocity projections on coordinate axis in TEM wave field,
which are the functions of the wave generalized phase, and were received as a result of integration of dynamics
differential equation. In the present work, the formulas received before for electron velocity projection on coordinate
axis, are transformed to a well-behaved form, and are broken down into non-perfect generalized Fourier series. Non-
perfect Fourier series for projections of electron velocity on coordinate axis are found by means of plotting of complex
series, which are called in the theory of almost periodic functions as “closure of set” [2].

Application of method of electron velocity components transformation into generalized Fourier series made it
possible to find in electron velocity components series terms, which do not depend on time and are equal to average
magnitudes of the respective values.

Electron velocity components present functions of initial magnitudes of electron velocity components, of
generalized phase magnitude and of the wave parameters. Initial magnitudes are not preset at random, but calculated
from the equations, the type of which is specified in the work.

Electron trajectory in coordinate space is calculated by integrating of the respective expressions for velocity
projections on coordinate axes.



57
Dynamics of Electron in TEM Wave Field EEJP 12019

INTEGRATING OF DIFFERENTIAL EQUATION OF ELECTRON MOTION IN WAVE FIELD
Differential equation of electron motion [3] in electromagnetic field has the following form

d mo - er. -
dt{ _l_vﬁz]:eE+C[v><M] (M
dr

where m is electron mass and e is electron charge, ¢ is the velocity of light, ¢ is time, 7 = e
t

F=ix+hkz+ Jy, F is electron radius-vector, E, 17 — electric and magnetic field vector, respectively, A= v,
C

Let us present electric component of the field in the following form

E = Ecos{Zm/[f—x(t)]+é} (2)

c

where v is frequency, J is phase of the wave at 7, =0 and x(¢,)=0, f, is initial time, E, is projection of the wave
electric component: E, =0,E, =0 . We will assume, that progressive wave normal has the direction, which coincides

with the direction of x axis. Vector of magnetic field has the following form

it =[iE] 3
Having projected (1) on coordinate axes, we will get:
li(Wﬂz )=W(1—,3Y,)Ecos{27rv(t—)c(t)j+5} “
cdt c
li(Wﬁﬂ)=W,thEcos[Ziz'v(t—&t)}rﬂ (5)
cdt c
1 d
L4 wp.)=0 ©
. 1 dx 1dy 1dz
where Wis electron energy, 8 =~—, B =——, B =——
&Y A, cdt’ ™" cdt z cdt

Each of the equations (4-6) could be integrated one time. When taking integral of equation (4) the formula for

energy change was used:
aw _ Wd—ZECOS|:2ﬂ'V[t—ﬂj+§:|
dt dt c

Integrating (4-6), and solving the received expressions with respect to 8, 8.,, B,,, we will get:

_1+F*+d’-B
N+ F dt + B )
2BF
b e s ®
_ 2aB
YN+ Fr+d> + B ©)
where
a= ﬂyz(to) (10)
1_:th(t0)
Fe sin|:2m/(t—x(t)J+é}+C ()
me (27v c
c=talt) _WE Sm{m(zﬂ_ﬂjw} (12)
\/l—ﬂ(to)2 mc(Zm/) c

-8, _ 1-8.,()
B= xt — xt \“0 (13)
=B \1-8@1)
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One can see from (13), that value B is motion integral. To integrate equations (7-9), let us introduce generalized
phase:

s=1-20 (14)
C
Differentiating (13) with respect to ¢ and, introducing the following symbols:
lde _p ldz_p 1dy_
cds cds 'Bz‘"c ds P>
we will get:
__B __B __B 15
STy R EY e} o
Inserting (14) in (7-9) and, solving the received expressions with respect to B, 8., 8, , as well as using (10-13),
we get:
B, (@)
Bo=A, =" (16)
’ ) 1 - ﬁ.xt (t(])
B = psin[2zvs+ 0]+ A, 17)
2
B. = —% cos[2(27tvs +8)]+ pA._ sin[27vs + 8]+ A, (18)
where
poE_ (19)
mc(2nv)B
A =Bl) _Gnavs, +6] (20)
1- ﬂxt (lo )
A = M+l p’ cos[2(2nvs, +8)]— pA._ sin[27zvs, + 5] (21)
1 - let (t() ) 4
Integrating (16-18), we get
ly(s) =As+b, 22)
B .
lz(s) =y (s)+ A s+b, (23)
c
lx(s) =@(s)+A s+b, (24)
C
where
w.(s) = ——L—cos[27vs + ] (25)
2rv
@As) ___P sin 2(2zvs+6) |- P, sin[27vs +0] (26)
8(2v) (27v)
1
b, = - V()= A,s, @7
1 14
b, =—z(s))+——cos[2zVs, + 0] A s, (28)
c 2nv

2

_1 p . PA, . 3
b = . x(s,) +—8(27W) sin[2(27vs, +0)] +—(2m/) sin[27zvs, + 8] —A.s, (29)
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EXPANDING OF THE PROJECTIONS OF ELECTRON VELOCITY ON COORDINATE AXES INTO
GENERALIZED FOURIER SERIES
From formulas (7-9) it follows, that S ,[.,p, are the functions of generalized phase s. That is why in

compliance with [4], 8,5, B, satisfy wave equation.

In accordance with [5] the functions, satisfying wave equation, are almost periodic ones and consequently they can
be expanded into generalized Fourier series.
In compliance with [2] let us present /3, in terms of series:

n=co

n=-1
B, =c + Z c, e + z c, e (30)

n=-—co n=1

where

. 1 ¢t,+T
c. = lim [F J ,thdt} (31)

T —eo

In (31) let us shift from integrating with respect to ¢ to integrating with respect to S.
Differentiating (13) with respect to ¢, we get:

ds
£ _1- 32
—=1-8, (32)

Inserting 3, in (32) from (7), we will get:

ds
dt:ZBZ (1+F2+a2+82) (33)
Inserting d¢ in (31), we will get:
. I pso+s 1 y )
c, = ;131[5.[ Ve (1+F* +a* - B* )ds (34)
Inserting F" from (11) in (34), we will get:
2
cY=L2 1+H—+C2+az—B2 (35)
° 2B 2
where
__VE (36)
mc(2mv)

¢, —is mean value of f, , which is calculated at Q= 0. It corresponds to n = 0.

Harmonic amplitude is determined by expression:

) 1 to+T o
¢, = lim [? [ £.e dt} (37)
In (37) let us pass from £ to § .
B e N
c, = ;I_II‘IO{EJ‘SO E(l-’-F +a -8B )e ds (38)

Instead of Xs) and using (24), we insert expression
c
1
—x(s)=@(s)+A s+b, 39)
c

Without breaking generality essentially, we will here after assume d=0.
Let us expand element of integration for c,.
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—iQ,b, 1: 178 ds 22 . 2, 2 2
¢ = ¥ lim| — 2@+H’mlpmmpahtmmmwﬂ+6'+a—B) x
=5 ) 2B (40)
Xe—iﬂn (A +1)s % e*fQM(S)
We will preset frequency €2, in the following way:
2nvn
Q = (n=..3,2,1,-1,-2-3) 41
A +1
Value € ) will be reported in terms:
e M) = cos[Q 0 (s)]-isin[Q,0(s)],
and
¢, =c, —ic,, where
c¢ = e P lim I—XTS ds (1 + H sin’[2zvs]+2HCsin[2zvs]+ C> +a® — Bz) x
" so=ls | 2B? (42)
xe P cos[Q,e(s)]
1% ds 2
¢ = ;ﬂ{s j o (1+H' sin2[2m/s]+2HCsin[27er]+C2+a2—Bz)}( 43)

xe ™" sin[Q, ¢(s)]

Non-perfect generalized Fourier series for electron velocity projections on coordinate axis are found by means of
plotting of complex series, which in the theory of almost periodic functions are called “closure of set” [2].
Having designated

n=co n=—co n=co n=—oo
c i2navnt c _i2zxvnt | _ c, s _i2nvnt s _i2mvnt | __ s
(z c,e + Z c,e )—F ; ( E c,e + E c.e j—F (44)
n=1

n=-1 n=1 n=-1

and, using the above formulas, S, could be reported in terms of:

2
ﬁ’,,=2—;(1+H7+c2+a2—32j+1?f—i1«“ (45)
. 1 H* 2, 2 2 AT A 46
’B“'ZZBZ I+ +C+a’ =B +(F°) +i(F*) (46)

B, — complex function, /3, is a complex conjugate of function A,
(B.+8.) :Z;Z[l+h:+c2 +a’ —BZJ+((F‘ +(F )*)—iF’ +i(FA')*) (47)

Function gr = g + g is a valid (attached) solution.

Let us expand valid solution of 3, (attached):

ﬂ;: = ﬂxl +ﬂxl °
Let us expand
i2zvnt i2zvn(t-b,)
¢ —iQb. 1+A, __ ¢ 1+A, .
cre e =cye ;

let us designate ¢ =g, +ir,and ¢* =&, +in, ; it is possible to demonstrate that, ¢°, =g, —ir and ¢’, =& —in, , then:
Fe=(F)and F* =(F) (48)

and then in compliance with (46)

xt

2 n=co
h= %(1 + H7+ C*+a’ —sz+22 (g, cos[Q,(t—b)]—r,sin[Q, (t-b,)]) (49)
n=1
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We will specify formulas for calculation of ¢, ,r, . And for this purpose use formula (42)

s>=|'§ ) 2B’

.1 17¢% ds 2 : 2 2 2
q, +ir, = lim {— I (1+H sin“[2zvs]+2HCsin[2zvs]+C" +a” — B ) X (50)

xe ™ cos[Q,(s)]

It is possible to expand cos[€, ¢(s)] into infinite series at any values of its argument. From here it follows, that by
means of formula (49) longitudinal electron velocity projection could be calculated with any degree of precision.

Using the formulas specified above, we can present real attached solution for £, in a form of series:

xt

n=s 2zvn(t—b.) [ 2zvn@-b)
=2c +2 Iniad et S A Il S 2 51
R R ekt 51
Here comes the attached solution for £, :
< 2zvn(t—b,) . | 2zvn(t-b,)
=2c +2 cos| ——— = |- R sin| ———= 52
N e B e o
where
. - % }E{{[ % IS ) ds}% (53)
. T 1 A ds —i2zvas <~ (Qn¢(s))2” 4
Qn + an = LI_I;I;Ic |:§J.x“ ZBZ 2BF(S)2 (1 + ; W]} (5 )
Analogically, the attached solution is done for S, .
& 2rvn(t—b,) .| 2zwvn(t-b,)
ﬁyt = 2va +2;(§” COS|:T:|—77’1 SIH{T:D (55)
¢ = (56)
£ +in, = lim 1 j s _ds 2Bae ™™ 1+Z"Z°°—(Q”¢(S))2n (57)
n T T ssel s 2B? =l (2n)!

The position of electron in coordinate space could be calculated by means of the formulas, received as a result of
integrating of (51), (52), (55).

lx=zcxz+z"§°QL(qn sin[Q, (1—b,)]+7, cos[, (1~ b,)]) » (58)
c n=1 n
lz = 2czt+2§QL(qn sin[Q,(t—=b,)]+R, cos[Qn(t—bX)]) , (59)
c n=1 n
ly = 2c},t+2r§é(§n sin[Q, (1= b)1]+7, cos[Q, (1 -b,)]) - (60)
c n=l1 n

For further transformations and calculations let us introduce the following designations: 2zv(t—b,);
t=t,+7; ®=22vr+D; 2nVs, =g,
The expression for @, could be transformed into the following form:

2
D, = (1+Ax)g0 —H—Zsin[ZgO]—EAZ sin[go]—5(1+Ax)+2ﬂ
8B B c

(x(to)—x(so))' (61)

It is possible to demonstrate that x(¢,)—x(s,) =0.
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To calculate the values S.(¢,), S.(¢,), x(¢,) , to it is necessary in equations (51), (52) to set value t=#.
We will get three equations:

= 2nvnd 2nvnd
2¢ +2 cos 0 7 sin L 1-B(t)=0 62
x nz_;[qn 1_’_/\)C n 1+AY j ﬂx( 0) ( )
~ 2nvnd 2rvn®d
2¢.4+2 cos———2—R sin 0 1-B(t)=0 63
C, ;[Qn 1+Ax n 1+Ax j ﬂz( o) ( )
1 =1 2nvn® 2nvn®
—x(t,)=2ct,+2» —| g sin % +7 cos 0 64
¢ ( 0) x"0 ; Q” [qn 1+AX n 1+At J ( )

The following equation should be added to equations (62) — (64):

g, =2nv (to —M) (65)

c

First we find S.(¢,), B.(¢,) , which satisfy equations (62), (63).
Then, using equations (64) and (65) we find:

x(,) _ 272vY +2¢,g, (66)
c 2rv(1-2c,)
g, t2mvY ©7)
* 2zv(1-2¢,)
where
Y= 2§L g, sin 2myn®, +7, cos 27y, (68)
~Q 1+A, 1+A,

Left parts of equations (61), (62) depend on g,, B.(%,), B.(¢,), H.

Thus, S.(¢,)and f.(¢,) should be the solutions of equations (62) and (63).

From the formulas specified above it follows that the sums of the series terms, which are included in the formulas,
are proportional to the common factors of different degrees of value (%J At magnitude of value [%) «1 during the

approximate calculations it is possible to restrict oneself to not a big number of Fourier series components. At the
1

\jl_ﬂ(to)z

be considered small at high value of external wave intensity. From the above it follows, that smallness of parameter

values of f(#,) of the order of 1 value B could be of the order of . And that is why parameter (ﬁj could
B

(ﬁj could be used in a very wide range of the wave and electron parameters.
B

APPROXIMATE SOLUTION OF THE EQUATIONS OF ELECTRON DYNAMICS IN WAVE
POLARIZATION PLANE
For investigation of electron dynamics in polarization plane we should set the value of constant a equal to zero
(a=0), and to make the formulas simpler, we will set & =0.

We will specify the equations for calculation of S, f.,, received with consideration only of the first harmonic
(n=I) and average values (cx, ¢y under the following conditions: in expansion of cos¢, only two terms

2
(cos Q= 1—%] were kept, and in expansion of sing only one term (sing, = @, ) was kept.

2¢, +2| g, cos 2, —r,sin ! -X =0 (69)
I+A +A,

X
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) D
2¢.+2| Q,cos—2——R sin—2—-Z [=0 70
: (Q‘ 1+A, | 1+A, ] (70

where

X = fcosb

Z = Bsind

_ cAH
CRNETYS
CH CH’ 3CH’A?

n= + +
' 2B 512B°(1+A,)* 16B*(1+A,)

1 CHA,
Ql o T3 a3 A 2
B\ 32B°(1+A))

1( H H® 3HPA?
e 4 7t 2
B 2 S512B*(1+A.) 16B°(1+A)

Left parts of equations (69) and (70) are the functions S and 6.

Approximate solutions of the equations were found by breaking down equations (69), (70) into series with respect
to f and a, assuming H < 1; f<«1; a<1, where 8= 7— a. Under the condition that 8 = 7— a or 6 = a, distribution

of B and o was investigated, depending on the wave and electron parameters, in the direction opposite to the direction

of the wave propagation.

B o

05 04

o4 02

03 5 10 5 2 A &
-02

02
-04

« U U U

; — 8o
1 2 3 4 5 6
Figure 1. Dependence of initial electron velocity on initial Figure 2. Dependence of electron velocity vector angle to wave reverse
generalized phase value direction from generalized phase initial value

Figure 1 presents the dependences of B on the value of g, at the initial time moment ¢#,, and which pertain to

the case of electron moving in the direction opposite to the direction of wave propagation.
On Figure 2 one can see the beginning of two-electron beams formation, deflected from direction € =7z . One

beam is moving towards (7 — ), and the other one is moving in the direction (7 + ). Appearance of the two beams

depends on the value of different intervals of g,, where the electrons were located at the initial moment of time.

CONCLUSION

Application of the theory of almost periodic functions made it possible to solve the problem of dynamics of
relativistic electron in the field of progressing TEM wave. It made it possible to demonstrate the availability of time-
independent summands in the value of the speed of the electron, which moves in TEM wave. In progressing wave the
availability of the electrons moving at high speed in the direction opposite to the direction of the wave propagation was
detected. Within the framework of quantum electrodynamics this effect is explained by dispersion of electrons and
photons. A very important circumstance is also the fact, that the theory makes it possible to investigate electron
dynamics depending on the original wave intensity.
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MODULATION INSTABILITY IN TWO COMPONENT BOSE-EINSTEIN CONDENSATE
WITH DISSIPATION
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In this paper, we consider the effect of dissipation on the stability of relatively small perturbations of a binary mixture of a Bose —
Einstein condensate. Using the introduction of a dissipative function, the Gross-Pitaevskii equations for a two-component system are
obtained taking into account dissipation. The influence of dissipative processes on the development of modulation instability in a
spatially homogeneous two-component Bose-Einstein condensate is investigated. In contrast to the one-component Bose-Einstein
condensate, where modulation instability occurs only with a negative interaction constant, in a two-component Bose-Einstein
condensate the conditions for the occurrence of modulation instability significantly depend on the signs and magnitudes of the
constant interactions between particles. The paper considers cases when the signs of constant interaction of particles of the same kind
are the same and when they are opposite. In the first case, for the occurrence of instability, a certain condition must be satisfied for
the magnitudes of the interaction constant, and in the second case, the instability region arises independently of the magnitudes of
the interaction constant. In the approximation linear in the dissipation coefficient, the dependences of the values of the growth
increment of oscillations and the wave number, at which the increment reaches the maximum value, are obtained, on the dissipative
coefficient. It is shown that in this approximation the region of wave numbers at which instability occurs, and the value of the
maximum growth increment does not change when taking into account dissipation. The effect of dissipation on these characteristics
should be manifested when taking into account corrections that are quadratic in terms of the dissipation coefficient. In the region of
wave numbers, where the system remains stable, the damping decrements of oscillations are calculated and it is shown that in this
case, in the long-wavelength limit, the oscillation frequency linearly depends on the wave vector, as in the case of single-component
condensate.

KEY WORDS: Bose Einstein two-component condensate, Gross-Pitaevskii equations, modulation instability

MOAYJISALINHA HECTIMKICTD ¥ JBOKOMIIOHEHTHOMY BO3E-EMHIITEMHIBCbBKOMY KOHJAEHCATI 3
JUCHITALIEIO
A.IL. IBamun, O./I. Mapinenko
Hayionanvuuii naykosuti yenmp “Xaprigcokuil ¢izuxo-mexuiunuii incmumym”’
61108, m. Xapxis, gyn. Akademiuna, 1

B namniif poboTi po3risiaeThes BIUIMB AUCHIIANIT HA CTIHKICTh BiTHOCHO MaiHX 30yIKeHb GiHApHOI cyMimTi 603e-eHHIITeHHIBCEKOTO
KOHJIHCATy. 3a JJOIOMOTI'O0 BBEICHHS MUCHUIATHBHOI (QyHKUIT oTpuMaHi piBHSHHS ['poca — ITuTaeBCHKOro AJIsl JBOKOMIIOHEHTHOT
CHCTEMH 3 ypaxyBaHHsIM aucunanii. J[oCmiIpKeHO BIUIMB AWCHIATHUBHUX IIPOLECIB HAa PO3BHTOK MOJIYJIALIIHOI HECTIHKOCTI Y
IIPOCTOPOBO-OJIHOPITHOMY JIBOKOMIIOHEHTHOMY 003e-eHHINTEeHHIBCbKOMY KoHAeHcaTi. Ha BiaMiHy Bill OZHOKOMIIOHEHTHOTrO 003e-
CHHINTEHHIBCHKOTO KOHJCHCATYy, J€ MOMAYJIAIiHA HECTIHKICTh BUHHMKAE TIIBKM TPU B €MHIH KOHCTaHTI B3a€MOJii, B
JIBOKOMITOHEHTHOMY 003e-€HHIITeHHIBCbKOMY KOHJEHCATi YMOBHM BHHHKHEHHS MOAYJISIIHHOT HECTIHKOCTI CYTTEBO 3aleXaTb BiJ
3HAKIB 1 BEIMYMH NMOCTIHHUX B3aeMOJIiT MiJK YacTHHKaMHU. B poGOTi po3MIsTHyTi BUIAKH, KOJH 3HAKU IMOCTIHHUX B3a€MOJIIT YaCTHHOK
OJTHOTO COPTY OJIHAKOBI i KOJIM NMPOTHIEXHI. B mepmomy Bumajaky Juiss BUHHKHEHHS HECTIHKOCTI MOBHHHA BHKOHYBATHChH IIEBHA
YMOBa Ha CHIBBIJHOIIEHHS MK BEJINUMHAMH ITOCTIHHUX B3a€MO/ii, a B APYroMy BHIAIKY 00JacTh HECTIHKOCTI BUHUKAE HE3AJISKHO
BiJl BENMYMHM TOCTIHHUX B3aemojii. B miHifiHOMY 1O KoedillieHTy aucHumanii HaOIVKEHHI 3HaiiieHi 3aJe)KHOCTI BEIWYHH
IHKpeMeHTa HapOCTaHHs KOJMBAaHb 1 XBHJIBOBOTO YHCIA, NIPH SIKOMY IHKPEMEHT JOCATa€ MaKCHMAJIbHOTO 3HAUCHHS, BiJ BEJIMYHHH
JICUTIATUBHOTO KoedimieHTta. [lokazaHo, 110 B I[bOMY HAOJIIKCHHI 00JIaCTh XBWIIOBHX YHCEN, NMPH SIKUX BUHHUKAE HECTIHMKICT, 1
BEJIMYMHA MaKCHMAaJBHOTO IHKpEMEHTa HAapOCTaHHS IpH YypaxyBaHHI IUcHNanii He 3MiHIOEThcs. BrmB mucumanii Ha 1mi
XapaKTepUCTHKU ITOBUHEH MPOSIBIIATHCS IIPH YpaxyBaHHI KBaJIpaTHYHUX 10 Koe(ilieHTy Aucunanii nonpaBok. B 061acTi XBIIILOBIX
YHCeNl, e CHCTeMa 3aJIMIIAETHCS CTiHKOI0, OOYHMCIeH] JeKpeMEHTH 3aTyXaHHS KOJHMBAaHb i MOKa3aHO, IO B I[bOMY BHIAJKY, B
JIOBTOXBHJIEOBOMY HAOJMKEHHI, 9aCTOTa KOJIMBAHb JIHIHHO 3aJIeKHUTh BiJl XBHIILOBOTO BEKTOPA, SIK 1 B pa3i OAHOKOMIOHEHTHOTO
KOHJICHCATY.

KJIFOYOBI CJIOBA: 603¢ - eHHIITEHHIBCHKi ABOKOMIIOHEHTHUI KOHJIEHCAT, piBHAHHA [ poca - IluraeBchkoro, MoayIsmiitaa
HECTIHKicTh

MOAYJSIUOHHAS HEYCTOMYUBOCTH B JIBYXKOMIIOHEHTHOM
BO3E-SMHIITEMHOBCKOM KOHIEHCATE C JUCCHAIIUEN
A.IL. Upamun, E.JI. Mapunenko
Hayuonanohutii nayunlil yenmp ““Xapoko6ckuti puzuxo-mexnuyeckuil uncmumym’”’
61108, 2. Xapvkos, yn. Akademuueckas, 1

B HacTosmmeit pabote paccMaTpuBaeTCs BIUSHHUE AUCCHIAIMH HA YCTOHYHMBOCTH OTHOCHUTEIBHO MAJbIX BO3MYIICHHHA OMHApHOU
cMecH 003e-dHHINTEHHOBCKOrO KoHAeHcaTa. C TOMOIIBI0 BBEACHUS TUCCHUIIATUBHON (YHKIMU TONydYeHbl ypaBHeHHs ['pocca-
[MuTaeBckoro /i JIBYXKOMIIOHEHTHON CHCTEMBI ¢ y4€TOM muccumnanuu. VccrieoBaHO BIUSHHUE JUCCHIIATHBHBIX MPOIECCOB Ha

© Ivashin A., Marinenko E., 2019
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pa3BUTHE MOAYJSIIMOHHOW HEYyCTOMYMBOCTH B IMPOCTPAHCTBEHHO-OJHOPOAHOM JIBYXKOMIIOHEHTHOM 003e-2WHIITEHHOBCKOM
KOoHJeHcaTe. B oTiMune OT OZHOKOMIIOHEHTHOrO 003e-dUHIITEHfHOBCKOrO KOHJEHCAaTa, A€ MOAYJSIIHOHHAS HEYCTOHYMBOCTH
BO3HHUKAET TOJBKO MPU OTPHLATENBHOH KOHCTAaHTE B3aMMOACHCTBHS, B JBYXKOMIIOHCHTHOM 003e-dHHIITEHHOBCKOM KOHICHCATE
YCJIOBHS BO3HUKHOBEHHS MOJIYJSILIMOHHOW HEYCTOHYMBOCTH CYIIECTBEHHO 3aBHCST OT 3HAKOB M BEIMYUH MOCTOSHHBIX
B3aHMOJICHCTBUS MEXAy YacTHIaMu. B paboTe paccMOTpeHbI ciiydad, KOrJa 3HAKH MOCTOSHHBIX B3aUMOJCUCTBHUS YaCTHL] OTHOTO
copTa OOWHAKOBBI M KOraa l'[pOTI/IBOI'IOJ'IO)KHbI. B l'[epBOM cnyl{ae JUIsT BOBHUKHOBCHUS HeyCTOﬁqHBOCTM JOJDKHO BBIIIOJIHATHCSA
OﬂpeﬂeHéHHOC yCJ'lOBI/IC Ha BCJIHWYHUHBI IMOCTOSHHBIX B3al/lMOlleI‘;ICTBl/I$[, a BO BTOpOM cnyqae O6.]'laCTb HeyCTOﬁqHBOCTM BO3HHUKACT
HE3aBUCHMO OT BEJIMYHH IOCTOSHHBIX B3aMMOJCHCTBHS. B yuHeitHOM mo xoddduIMeHTy auccunanuy NpUOIMKEHUN IOJTYYeHBI
3aBUCUMOCTU BCJIIMYHUH l/IHerMeHTa HapaCTaHHfl KOJ'IeGaHPIi’I U BOJHOBOI'oO 4Ymucia, le/l KOTOpOM HHerMeHT JOCTUTracT
MaKCHMAJIBHOTO 3HAYEHHs, OT BEJIWYMHBI AUCCHIIATHBHOTO Kod(dduimenta. I[loka3aHo, 4To B 3TOM NPHOIMKECHUH 00J1aCTh
BOJIHOBBIX YHCECII, l'lpI/I KOTOprX BO3HHUKACT HeyCTOi’I'-lHBOCTb, U BCIIMYMHA MAKCHUMAJIbBHOTO I/IHerMCHTa HapaCTaHl/Iﬂ l'lpl/l y‘[éTe
JAUCCHUIIAllU HE MCHSICTCH. BJ'[I/ISIHPIG JUCCUIIallMU HA OTHU Xapa](Tepl/ICTl/lKl/I JOJDKHO l'lpOHBJ'[SlT])CH l'[pl/l yqéTe KBaﬂpaTM'—leIX 10
K03(D(DHUIMEHTY JUCCHUITALUMK TTOMPABOK. B 00JacTH BOSHOBBIX YHCEN, TJC CHCTEMa OCTAETCS YCTOHUMBOM, BBIYUCIICHBI JCKPEMEHTHI
3aTyXaHus KojeOaHWN W MOKa3aHO, YTO B 9TOM CJydYae, B JJIMHHOBOJIHOBOM Ipelelie, YacToTa KOJeOaHHH JTUHEHHO 3aBHCUT OT
BOJTHOBOTO BEKTOPA, KaK U B ClIyyae OJJHOKOMITIOHCHTHOT'O KOHJICHCATA.

KJIIIOUEBBIE CJIOBA: 003e-3HHINTEHHOBCKIIA BYXKOMIIOHEHTHBIM KOHAEHcAT, ypaBHeHus I pocca-IluraeBckoro,
MOAYJISIIUOHHAsA HEYCTONYMBOCTh

ATtomapHblii  003e-ditHIITeiHOBCKMH  KoHgeHcar (BOK) 9To mepcnekTuBHBIA  OOBEKT sl U3yUEHUs
MOJYJIAIIMOHHOH HeycroiunBoctn (MH), npuBoasmiell kK GopMUPOBaHHIO B OJHOPOAHON cpejie JOMEHHBIX CTPYKTYD,
TEMHBIX U CBETJIBIX COJMTOHOB, KBAHTOBBIX BUXPEH NPH CTPEMIICHHH CHCTEMBI K paBHOBecuio [1-3]. MongynsuuonHnas
HEYCTOMUYMBOCTE 3TO OOIIee SBIECHHE Ui HEIMHEHHBIX YPaBHCHMH, B KOTOPHIX cClla0bleé MPOCTPAaHCTBEHHBIC
BO3MYIICHHS B OIPENEICHHOM [Hala3oHe BOJH PACTYT SKCIOHEHIMAJIBHO B IIEMOYKY JIOKAJIM30BAaHHBIX BOJH B
pe3yJbTaTe B3auMOJCHCTBUS HEMUHEHHOCTH U aucniepcuu [4,5].

B BOK mHTEpec K MOAYISIMOHHON HEYyCTOHYNBOCTH OBUT BBI3BAH SKCIEPUMEHTAIBEHBIM HAOIIOICHNEM JTHHAMHUKHA
KOJITarica M TeHepanneil Henodku comuToHoB [5,6]. B omnoxomnonenTHOM BOK ¢ oTpHunaTensHON KOHCTAHTOU CBSI3H
SKCIEPUMEHTAIbHO HAOMIONANNCh MHOXKECTBEHHBIE YepeAyIoIIMecs MJONTOXKHUBYIIME JOoMeHel [7]. MHuorue
TeopeTHYecKre paboThl OBUIH MOCBSIIEHBI H3YYSHUIO (OPMUPOBaHKS CTPYKTYp, BbI3BaHHBIX MH [8,9].

JByxxomnonenTHele BOK mnpexacraBnsior coboii Oonee Ooraryro cucremy ans mzydenuss MH, u cymiecTBeHHO
OTJIMYAIOTCS OT OJJHOKOMITOHEHTHOTO ciydas, rie MH BO3HHKAeT TOJIBKO IPH OTPHLIATEIBHON KOHCTAHTE CBSI3H MEXKIY
yacTUIlaMu KoHJeHcata. BmepBeie MH B aByxkommnonenTHeix BOK obOcyxnamace B pabote [10]. IlepBbie
9KCIIEPUMEHTANIbHBIE PAOOTHI IIPOBOIMINCE B CHCTEMaX IOJI0KUTEIbHOW KOHCTAHTOH MEXaTOMHOTO B3aHMMOJICHCTBHS.
B Teopernueckux paborax [11-14], B pamkax ypaBHenus I'pocca-Iluraesckoro (I'TI), wm3ydeHsl ycioBHs
BO3HHKHOBeHUsI MH mpu pasnuyHbIX HA0Opax MmapaMeTpoB, XapaKTEPU3YIONINX IByXKOMIOHEHTHBIH KOHAEH CAT. bpinn
PacCMOTPEHBI CIy4aH, Kak C IMOJOXKUTENbHBIMU, TaK U C OTPULIATENBHBIME MEKaTOMHBIMH B3aUMOAEHCTBUSIMU BHYTPHU
KOMIIOHEHT U MEX/1y KOMIIOHEHTaMH.

Vpasuenue I'TI, xopomo omnuceBatomee (usnueckue nporeccsl B BOK mpu HyseBoil temmeparype, Tak e
XOPOILO ONMCBIBAET MPOLECCH B ATUX cucTeMax BIIOTh 10 0.5 7, . OgHako y4eT OUCCHIIAIMU B TAKUX CUCTEMAax, Kak

MPaBUJIO, HE TPOMU3BOAMWICS, T.K. MNPEANONarajgoch, 4TO IPU HU3KUX TeMIepaTypax [IMHAMHUKA IOJHOCTBIO
OIpEeNENIeTCsl YaCTHLAMU, HaXOASIUMHUCA B KoHAeHcaTe. Ho npu OTAMYHOMN OT HyJIsl TEMIEpaType yiKe MPUCYTCTBYIOT
MIPOLECCHl C JUCCUMALMEH SHEPIUH, OOYCIIOBIECHHBIC B3aMMOJAEHCTBHEM KOHAEHCATHBIX YAaCTHUI] C YaCTHLAMH BHE
KoHJeHcara. K ToMy ke, HaJIKOH/IEHCATHBIE YacTHIIBI 00pa3yIoTCsl HE TOJIBKO 3a CYET TeMIepaTrypHbIX A3QQeKkToB, HO U
13-32 UCTOIICHUS KOH/IEHCaTa, 00YCIOBIEHHOTO MEXYaCTHYHBIM B3anMojieiicTBieM. [1ockoabpKy 0ObIYHOE ypaBHEHHE
I'Tl He ommchIBaeT OUCCHUMATHBHBIE IPOIECCH, HEOOXOAMMO JMOO MOAU(UIMPOBATH €ro, JMOO paccMaTpUBaTh
COBMECTHO IMHAMHMYECKUE YPaBHEHHs U1 KOHIEHCATa U HaJKOHIEHCAaTHBIX KBasuuacThl. IIpu BeiBoze ypaBHeHui I'TI
MBIl OyzneMm cienoBaTh pabore [15]. Llenplo maHHO# cTaTbu SIBIsIETCS y4yeT BKJaga IUCCUIALMH B HEIMHEHHYIO
JMHAMHKY KOHJIEHCATa, a IMEHHO, HaXOK/IeHHe MaKCHUMalIbHOTO HHKpeMeHTa konebanuiit MH n onpeznenenue oGnactu
BOJIHOBBIX BEKTOpOB, Ipu KoTopbix MH cymectByer. Ilpun nmomydenun ypaBHeHus 'l mMbl BBOOUM B HCXOIHBIN
JarpamkuaH IUCCHNATHBHYIO (yHKIuio. Jlamee aHanm3mpyeM JAWHAMUKY BOJIHOBBIX TIPOIECCOB MW YCIIOBHSA
BO3HUKHOBeHHs MH ¢ yuerom guccunmatuBHbIX IpoueccoB. B cratee cucrema ypaBHenuit I'Tl s
nByxkomnoHeHTHoro BOK, mpexacraBneHa B ruapoauHamMuueckoM Buje. B [15] 3To mo3Bonmino jyuiie MpoOsiCHUTH
CMBICTT BBEIEHHOTO JIMcCUNATUBHOrO kKoddduunenta . IlonydeH crexTp Bo30yKAECHHH NIPU HANWYMK AUCCHIIALMU B

CHUCTEME M IIOKa3aHO, KaK OH 3aBHCUT OT 3HAKOB KOHCTAHT CBS3UM. B 4YacTHOCTH, MpH MNOJIOKHUTEIBHOM 3HAYEHHU
TIOCTOSTHHBIX B3aUMOJICHCTBHS B KaXKJOH KOMIIOHEHTE, MOTYT CYILECTBOBATh KaK 3aTyXaroLIne KoJaeOaHus, TAK 1 BO3HUKATb
MOJYJIAIMOHHAs HeycToiunBocTh. Koraa B 0/JHOM M3 KOMIIOHEHT MOCTOSHHAS B3aUMOJICHCTBHS OTpHUIIATENbHA, a B IPyToi
— TIOJIOKUTENBHA, YCIIOBHS s pa3sutust MH, npuBeneHHbIe B [16], mepecTatoT OBITh HEOOXOIUMMBIMU. B 000uX cirydasx
MBI HaXOJAUM MAKCHMAJIbHBIM HHKPEMEHT U ONPEIENIIeM TPAHULBI HEYCTOMYUBOCTH B IPOCTPAHCTBE BOITHOBBIX YUCEIL.
B nmepBoMm pa3zzene paboTsl moiydeHa cuctema ypaBHeHuid ['pocca-IIntaeBckoro ma neyxkommoHentHoro BOK ¢
yueToM auccunanuu. Bo BTopoM pasnene ypaBHenus [Tl mpeacraBneHbl B THApOJMHAMHYECKOH (opme U, B
TIPEATONIOKEHUH MaJIOCTH BO30YXKA€HHH M C1aboil JuccHNalyy, MOJy4YeHO AWCIEPCHOHHOE ypaBHeHHe. B Tperbem
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pazZiene WCCIef0BaHbl PEIICHHs AMCIIEPCHOHHOTO ypPaBHEHHS WM OIPEeTIeHbI JEKPEMEHTHI 3aTyXaHWs, 00yCIOBICHHBIC
HaJIM4MEM JVCCUNIALK B cUCTeMe. B ueTBepTOM pasiene [aH aHajau3 MOITy4YeHHOTO CIIEKTpa IpH ycioBuu pa3sutust MH,
PaccMOTpEHBI Cllydau, KOT/1a HOJIOKUTENbHBI 00€ KOHCTaHThI B3aUMOZCIHCTBUS, B IIEPBOH U BTOPOI KOMIIOHEHTE, a TaKxKe,
KOT/la BO BTOPOi KOMIIOHEHTE KOHCTAaHTa B3aMOJCHCTBHUS OTpULaTenbHa. HaiiieH MakcHMalbHBI HHKPEMEHT KoJleOaHHH,
omnpeseeHsl TpaHuipl odmacth MH m HaliieHbl COOTBETCTBYIOIIME TpaHUYHBIC BOJHOBBIC BEKTOpa. B 3akimroueHnn
MIPEICTaBICHbI BEIBOBL.

MOJYYEHUE JMHAMMUYECKHUX YPABHEHUM JIJIsSI ABYXKOMIIOHEHTHOM CUCTEMBI
C YYETOM JUCCHITAITNA
JuccunaTuBHbIE MpoIecchl B ABYXKOMIOHEHTHOM BOK, cocrosimeM u3 wacTull AByX COPTOB aTOMOB C MaccaMu
m,,m, W INIOTHOCTSIMHU n,,7, MOXHO y4ecTb (D€HOMEHOJOIMYECKU B paMKax JlarpaHikeBa (opMaau3Ma C HOMOILbIO

BBeJ/IeHHs AuccunartuBHOi Qynkuuu [15]. B aTom cityyae ypaBHenue Diinepa-Jlarpanxka Oyner uMeTh BUj

d N A o OA _ 9D O
dioy, dy,  oVy, Iy,

311eCh IIIOTHOCTH (pyHKIMH Jlarpamka A umeer Bum:
By . « n 2 2| 1 2 2
DN A AT ke M AR LAU RN A NI 7N A )
k mk 2 ik

TZle MHACKCHI i,k =1,2 Mcnoap3yloTes 34ech Ul 0003HaUYCHNST KOMIIOHEHT KOH/ICHCATa.
KBazgparnuHast o cKkOpocTH 1uccunatuBHast QyHKIMss D MOKeT ObITh 3anucana B Buje [15]

D:h;%k‘/}f‘/}k' 3)

rjIe ¥, - Ge3pazMepHble TUCCUTIATUBHbIE KOS(Q(UIMEHTRI, IPUYEM ¥, = ¥}, -

B  KOMIUIEKCHBIX ~(YHKUMSX MOXHO BBUICTMTH MOAyIM f; W  (asbl ¢, 3alMcaB HUX B BHIE
v, (r.t) = f,(r,t)exp|ig, (r.t)]. Tora miorHoct uncna wactuu 7, (r,t) u ckopoctn v, (r,t) Kaxaoil KOMIIOHEHTHI

BBIPAKAIOTCS Yepe3 MOAYJIb U (hazy
) h
n,(r,t)= f7(r.1), v, (r,t)z;V(p,.(r,t). (4)
B npocTpaHCTBEHHO-OMHOPOJHOM COCTOSHMM XMMHYECKHE IIOTEHLMANbl [f, [, CBA3aHbl C PABHOBECHBIMU
IJIOTHOCTSIMH [16]
Iul =gln10+g12n20’ ll'lZ =g2n20+g21n10' (5)

VYpasraenue (1) mis bo3e-DUHIITEHHOBCKOTO KOHEHCAaTa MPUBOIUT K ypaBHeHHUs ['pocca - IluraeBckoro mis
MaKPOCKOITMYECKUX BOIHOBBIX QyHKumii ¥, (r,7), ¥, (r,7) [16]

2

o . h 2 2
ihy, (l‘,t)—h}/]l/ll(r,t)=— Ay, (l‘,t)+gll//] (l‘,l‘)|l//1(r,t)| +g121//|(l‘,t)|l//2 (l‘,t)| _lull/ll(r9t)9

2m,
(6)

2
2 2
. A, (x.8)+ gy, (1.0 w, (r.0)| + g (1.0 v, (r.0)[ = g, (r.1).

2

o . h
iy, (r,0) =y, (1) ==

B ypaBHeHusx (6) B3aMMOJEHCTBHE MEXIy KOMIIOHEHTaMH KOHJEHCATa OCYIIECTBISIETCSI IOCPEACTBOM HX
o 2
IUIOTHOCTEH |l//k(r,t)| . Mbl nonoxunu ¥, =0, HCKIIOYMB, TaKUM O0Opa3oM, B3aMMHOE BIMSHHE KOMIIOHEHT

KOHJACHCATa 4Y€pe3 JUCCUITIalIUI0 U CYIIECTBCHHO YIIPOCTHB B ﬂaﬂbHCﬁmeM peuicHuce HOHy‘IeHHOﬁ CHUCTCMBbI ypaBHeHHf/'I.
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Beigennm B ypaBHEHHAX (6) peallbHyF0 M MHHMYIO YacTH, COBEPLIMB B HUX IPEIBAPUTENBHO IEPEXO] OT
Gynxmmii w, k pynxkmuam  f, u @, . Torna cuctema ypaBHEHHH (6) TPUMET BHT

f+nfy = 2m)f — £,V o)) = (U B 1+ g hi 1)+ B fiug

Lo+ 1oty = (0 2m)AF, = £V @) ) = (U NG [/ + @ oS+ (U D) fot )
nf, =y fiy = (0 1 2m)QVEV @ + fA)

hfy —hy, foy == 1 2m) VLV @, + [,A9,)

MBbI nony4nnu cucTeMy ypaBHEHUH JUIs YETHIPEX HEU3BECTHBIX BEMMUMH f, f,, @,, ¢, , KOTOpAs 3aBUCHUT OT
JEBATH TapaMETPOB: OT MacC ABYX KOMIIOHEHT KOHJAEHcaTa ny W m,, TPEX KOHCTaHT cBisu g, £,, &),, ABYX

XUMHYECKUX MOTEHIMANOB A, M [, W JABYX K0d(G(HUIMEHTOB auccumamuud ), u J,. B omHOKOMIOHEHTHOM

KOHJIGHCATE YHCJIO MapaMeTpOB paBHO YeThIpeM. Takum o0pa3oM, HeTWHEWHas IWHAMHKA B JBYXKOMIIOHEHTHOM
cilyyae onpenensercs OOJbIIMM YHUCIOM MapamMeTpoB. OTO NPUBOAMUT K OoJblieMy pa3HOOOpasuio (HU3UUECKHX
SIBIICHUH B IBYXKOMIIOHEHTHBIX cucTeMax ¢ BOK no cpaBHeHHIO ¢ 0THOKOMIOHEHTHBIMH CUCTEMaMH.

TUJIPOJUHAMUYECKAS ®OPMA YPABHEHU I'POCCA-IIUTAEBCKOI'O U IIOJTYYEHHUE
JUCIHEPCUOHHOI'O YPABHEHUSI
B cooTBercTBuE ¢ (4) cuctemy ypaBHEHHH (7) MOXXHO TIepencaTh B BUIE

Vi, +V(V-(nv))=2ynmv, /h

Vi, +V(V-(n,v,))=29,n,m,v, / h (8)
myv, +(hy, / 2n))Vi, =-Vi,

m,V, +(hy, / (2n,))Vi, ==V {,

tae f, =gn +gnn, —(h /1 2m)An, /\n, 1 f, =g,n, +g,n —(h* /2m,)A\n, / \Jn, - XUMHYECKHE MOTCHLMAIBI IS
NepBOM U BTOPOM KOMIIOHEHTHI KOHIEHCATa COOTBETCTBEHHO C Y4Y€TOM KBaHTOBOro naBieHus. llpu mepexoxme k

THAPOINHAMUIECKOMY BHLy yPABHEHHIA MBI IPEHEOPErIH KBaAPATHIHBIMH WICHAMH, NporopiHonanbHemve (V,)”.

B monydeHHoO# cucTeMe THIPOAMHAMHYECKMX YpaBHEHHH it aByxkomnoHeHTHoro BOK (8), mepspie nBa
YPaBHEHUS] TMPEJCTABISAIOT cOo00W MOAUGDHUIMPOBAHHBIE YPABHEHUSI HEMPEPBIBHOCTH Ml KAXKIOW KOMIIOHEHTBI
KOHJ/ICHCaTa COOTBETCTBEHHO, a JBa OCTABIINXCS, 3TO YPaBHEHHU Diiiepa ¢ y9eTOM JUCCHTIAIHH.

Tonoxum B (8) n,=n,+dn, u v,=v, +JV,, rae IIOTHOCTH #, W CKOPOCTH V, COOTBETCTBYIOT OCHOBHOMY

COCTOAHHUIO KOHACHCATa, a §nl. n 5VI. - MaJIbI€ BO3MYLICHHWSA OCHOBHOTO COCTOSHHUSA KOHJICHCATa, 3aBUCAIIUE OT

BPEMEHM U TPOCTPAHCTBEHHOH KOOPAWHATHL On, =0n,(r,t), Ov,=0v,(r,t). Cunras, 4T0 HCXONHO KOHICHCATHI
TIOKOSATCS, BEIMUMHY V,, TOJaraeM paBHOI HYIIIO, a BEIMUMHY OV, Oy/eM IucaTh B BUJE V, , TIOMHS, YTO OHA OJJHOTO

IOpsi/IKa MAJIOCTH ¢ On, . JInHeapu3ys cuctemy (8) momyunm

Von +V(V-(n,v)=2yn,mv,/h
Vén, +V(V - (nyv,)) =2¢,n,ym, v, / i

. . " 9
mlvl +(h7/1 /(2”10))V§n1 = _Vé;[ll ( )
my¥, +(hy, [ (2n,))V 6h, ==V i1,
rac 5/[21 = g15n1 +g125n2 —(hz /(4m1n10))A5n1 u 5/,72 = gzé‘nz +g125”1 _(hZ /(4m2n20))A§n2 ]
Bynem uckath pelieHne CUCTeMBbl ypaBHeHuil (9) B Buze
on, v ~e @k (10)

B sTOM ciyuae cuctema ypaBHEHUI OTHOCHTEIHHO ony, n,, v, ,v, mproOpeTaeT BHUI
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@kdn, +(2n,gm, | 1) (ihawy, —&')v, =0
@kSn, +(2n,,m, | i’ )ihwy, —€))v, =0

’ 11
(ik/2n,))(2gn,, + & —ihwy,)On, +ikg,,0n, —iwmv, =0 (1
ikg,,0n, +(ik / 2n,,)(2g,ny, + € —ih@y,)0n, —iwm,v, =0
rae & =(hk) / (2m,).
[TpupaBHuUBas AeTepMUHAHT cUCTEMEI (1 1) HYITIO TOTyYHM AUCTIEPCHOHHOE ypaBHEHUE
(how)" +2i(hw)’ {n(n,g, +510) +7,(ny8, +g§)} - (haw)’ {512 + 822 f+ (12)

+2i(ha)){2n10n20g122 (810}/2 + 827/1 ) - 7/1‘922 (g]nlo +£lo) - ?/2812 (g2n20 + 8;))} + {8]2822 - 4”]0’IZZOg.IZZ‘C"IO‘(;‘S}> = 0

3nech BBeeHO 0603HaUeHHE & = (28,1, + &, )€, . MBI IONy4HIIN ypaBHEHHE YETBEPTOTO TOPSIKA OTHOCHTEIBHO

@ c KOMIUIEKCHBIMU Kod(duiueHTaMu mpu JIMHEHHOM M KyOudyeckoMm dwieHe. PemieHue 3Toro ypaBHeHUs Oyaem
HCKAaTbh, HCIIOJIB3YS MaJIOCTh TUCCHIIATUBHBIX KOI(Q(UIIMEHTOB ¥, 7, -

PEHIEHUME JTUCIHHEPCUOHHOI'O YPABHEHUS
[Iepenumem ypaBHenue (12) B Buze

Xt rad +bxt+ex+d =0, (13)

rae x =hw, a kodpuueHTs a,b,c,d UMEIT BUI

a =2i{y,(n,g, +€10) +7,(ny 8, +€S)}
b:_(glz +522)
€ =2i{2mon, g0 (€7, + E1) ~ 1E (& + ) = 1,6 (82115 + )}

2.2 2 0.0
d=€¢& —4nny g€ &,

(14)

W3 Buma xosdduimento (14) ciaemyer, YTO 3HAK MEKKOMIIOHCHTHOTO B3aUMOJICHCTBUS HE BIHUSCT CICKTP
kosiebannii B aByxkomroHneHTHoM BOK. Bynem mckate pemrenue ypaBHenus (13) B smHeHHOM 1o Kod(QHIEHTY
IUCCHTIAIINKA Y TPHOMMKEHNWH (Kak Toka3aHo B [15], s aTOMapHBIX KOHAEHCATOB C IUIOTHOCTHIO YHICTA YACTHIL

n, =10" cM™ nuccunarusneii kospduiment ¥ =107"). Tlockonbky Kod(pQUIMEHTE @ W ¢ JUHEHHBI IO ¥, U ¥,

WIIEM pelIeHNe B BUIE
x=x,+yA+7,B, (15)
IZe X, - pellleHHe AUCIEePCUOHHOro ypaBHeHus (11) B oTcyTcTBUE qUcCHIIAlUU

X3 +bx; +d =0,

(16)
a Au B MCKOMBIE KOHCTAHTHL, (X, = ha), ).
Pemrenus B OTCyTCTBHE AMCCUIIALMN H3BECTHEI [ 16] U IMEIOT BUA
e +el e-eY
12 _ €] 2 1 2 2 ,0,0
(hay) = 5 + 2 +4n,0n,081,€, &, - (17)

B OTCYTCTBHUC AHCCHUIIAIIMM B ABYXKOMIIOHCHTHOM KOHJACHCATEC HMCIOTCA IBE€ BCTBU KojeOaHui (()J u C()O_,

KOTOPBIC COOTBETCTBYIOT pa3HBIM 3HaKaM mepen KopHeM. [Ipu OTCYTCTBUHM B3aMMOJCHCTBHS MEXKIY KOHICHCATAMHU
(g, =0),u3(17) cnenyer
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(ha) ) =€ =Qgn, +&)e’ u (ha}) =€ =2gn, +&)E . (18)

DTO XOPOIIIO U3BECTHBIA PE3YIbTaT, MOTydeHHBII Boroimo0oBbIM i1 OJHOKOMITOHEHTHOTO KOH/IeHcaTa [16].
B cnyuae nelCTBUTENBHBIX YacToOT, (i’“za)oi )* >0, Ipy COOTHOIIEHUH MapaMeTPOB g.g,>( glz)2 B (17), cucrema Oynet

yCTOiiuMBa, U B Hell OyIyT CyLIECTBOBAThH JIBE BETBU KOJEOAHMH C YAaCTOTAMH ), . AHAIIN3 YCTOWYUBOCTH CHCTEMBI
OTHOCHTENIBHO MAJIBIX BO3MYIIEHHH B CIIydae, KOT/Ja COOTHOILIEHHE MEKIy Mapamerpamu g,g, < (g,,)’, NPHBOJMT,
cornacHo (17), Kk HaTM4YUI0 MOYJISIIMOHHOM HEYCTOWYHBOCTH, (ha)oi)2 <0[17].

Vurem Hamuuue auccunanuu B cucreme. IlopcrtaBnsas BblpakeHue x =Xx,+ % A+y,B B ypaBHenue (13) u

NpHpaBHUBAs HYIO KO3(QGUUMEHTE IpH ¥, U ¥, HaiineMm koadduimeHtsl 4 u B

. 0 2 2,0 2 0
_L(nl()gl +& ) (@) +2nn,,8,E, —& (1,8, + &)

A = 2 2 2
2 2(ha,)” —(& +&) (19)
B= i (12085 +E)M@,)" +2n,,1,,8 € — € (1,8, +€7)
2 2(he,)’ — (& +€)
B pesynbrare nonyunm perienne ypasHeHus (13) B TMHEHHOM 10 mapaMeTpaM J,, ¥, NpUOIKEeHNH
. 0 +y 2 2 .0 2 0
ho') = (hat _m(”llogl +e ) hawy), +2myny8nE — € (Mg +£ )_
( @ )_( a)O) +\2 2 2
2 2(hay ) —(& +&) 20)
i (108, + E)N@,).” +2m1,0 81,6 — €] (1,8, + &)
2 20hay ) — (g + &)

rae ha, u he, cooTBeTCTBYeT 1-0M, 1 2-0if BeTBU KoneGanuii u3 (17).
B ciyuae neficTBUTENbHBIX YacToT, T.¢. pu (A )’ >0, cucTema ycToiuMBa, U B Heil CylIECTBYIOT JIBE BETBH

3aTyXalolMX BO BpEMEHH Konebanuii ¢ yacrotamu @ = @), —il*, rne I =T} +T5

0 +\2 2,0 2 0
+ =L(n10gl +e )y )" +2n,n,,8,,6 —& (1,8, +€/)

'oon 2hay) (€] +€) o
= e (18, + gg )(hw(;!)z + znlonzoglzzglo - 812 (18, + gg)
* 2n 2(ha)’ — (& +€2)
—I't _—i(ayt-kr)

Perrenust ypaBuenus (13) 6yayT umeTs BUI On, V~e ‘e

BO3HUKHOBEHMUE MH B BOK I1PU PA3HbBIX 3HAKAX
MOCTOSIHHBIX B3AUMOJIEMCTBHASA KOMIIOHEHT
B npanpHeiileM, HONOXKHUM Ul NPOCTOTHl aHanusza m, =m, =m,), =¥, =y . Torga Beipaxenus (17), (20)

CYIIECTBEHHO YIPOIIAIOTCS U MPUHUMAIOT KOMITAKTHBIN BUJT

L (hapy

0

har = hap —ifl* | T =2—7;1(80 ). (22)

rIe

4 2
(hw6)2 =&(& +ng +nyg,* \/(nlogl +158, ) +4n,,n,y, (g122 -28)). (23)
3anuieM 5TH BeIpakeHHs B OespasmepHoM Buze. Jlist storo B (22) BBemem oGosHauenus E* =(hw*)/(n,g,),
Ef=(hayt)/ (n,g), x=(nyg,)/ (n,g) u k* =h*k*/(2mn,,g,). B uTore moyquM BHIpaXeHHE TS 3aBHCHMOCTH
6e3pazMepHoil sHeprun Kosebanuit £ oT 6e3pa3MepHOro BOJTHOBOTO BEKTOpa k

+ + a7t Tt Y 72 (Eoi)z
E*=E, —inl™, I =—"—(k" +—— 24
o i 2h( 2 ) (24)
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rae
(Eg)' = k(6 +(1+ )£+ 2)* +47m,). (25)

Ml Takke BBenu o6o3Hauenue 7, = g5, / (g,g,)—1.
Hccrnenyem BOIpOC O MOAYJSAIMOHHOW HEYCTOMYMBOCTH B CHCTeMe. B mpeHeOpekeHHH TUCCHIAIen
MOy ISIMOHHAs HEYCTOWYMBOCTL BO3HUKAET, KOT/Ia Bhpaxkenue (25) mis (E; )* oTpUIATENbHO

(R +(1+ )21+ g) +4x1,)<0. (26)

HJ'IH Cllydyas, Korja IOCTOSIHHBIC B33.I/IMOI[CI71CTBPIH MCXKIAY 4YaCTUllaMUM B KOMIIOHCHTaX KOHJACHCATa

NONOKATENbHEL, g, >0, g, >0, 370 Bo3MOkHO Tonbko mis (E,)° (BTopoil BeTBH KonebGaHmil - @ ), Tak Kak
BBIpakeHue 1 (E; )* ( mepBas BeTBb KoJIeOaHMii - @, ) Beerna nonoxutensHo (MH otcyteryer). Bropast BeTBb @)y

CTaHOBHTCS OTpHUIATENBHOM Ipu 77, >0 (g7, — 2,2, > 0) , 115 BOJHOBBIX BEKTOPOB k* < lgél [12]

ky =N+ ) +4xm -1+ 7). 27)

3nech k,, - 3TO rpaHUYHOE 3HAUCHHUE BOJIHOBOTO BEKTOpaA, KOrJa B cucteMe npucyrcrsyer MH.

MOHyHﬂHI/IOHHaﬂ HeycTOﬁqHBOCTB npu HaAJIWYUU JUCCHUIIAIIMM  OIPEACIEICTCA HEPABECHCTBOM (E7 )2 <0 u,
COOTBETCTBCHHO, 'PAHUYHBIC 3HAYCHU BOJTHOBBIX BEKTOPOB HAXOAATCA U3 YPABHCHUA
R )
E =E -2+ )=0, (28)
0 2 kz

rie 3HaueHus E, OepyTcs u3 ypaBHeHus (25). B utore nosmydaem, 4to B JMHEHHOM NPUOIMKEHUH II0 IapaMeTpy 7,

TpaHUYHOC 3HAYUCHUC kb’l I CYHICCTBOBAHUS MH ocraercs Takum K€, KaKk U B OTCYTCTBUEC OUCCUIIAIUU (27)

3anuiieM ero, BO3BpaIlasch K pa3MEpHbIM BeauuuHaM [12]

k;l =(@2m/ h2)|:\/(n10g1 + n20g2)2 +4n,,n,, (g122 -g,g,)—(n,g + nzogz):| . (29)

Ortpurnarensroe 3nauenue (E,)° (i (7@,)’) TOBOPUT O TOM, 4TO H4acTOTA ), - YACTO MHUMAs BEJMUHHA, U €€
MOXKHO IpeJCTaBUTh Kak @), =iG,, rae G, , abcoIIoTHAs BeIUYMHA &), , IPEACTABIIAET OO0 NHKPEMEHT KoIeOaHUI.

BBenem 0003HaueHNs [JIs1 HHKPEMEHTOB B OTCYTCTBHE JUCCHNIALUK &), = iG,, , U IpU HAJIMYMYU JUccHnanud @ = iG,,
B CITydae, KOTJa KOHCTaHThI B3aUMOAEHCTBUS TOJIOKHUTEIbHBI. COOTBETCTBYIOIINE UM Oe3pa3MepHbIE BEIMIMHBI Oy IyT

G,, =hG,, /(n,g) u G =hG,/(n,g ). B ciyuyae, korga KOHCTaHTHI B3aUMOAEHCTBUSA B KOMIIOHEHTaX KOHJEHCATa

UMEIOT pa3Hble 3HaKu OyZeM MCIOIb30BaTh 0003HaueHus G,,, G,,, G, COOTBETCTBEHHO (cM. manee). 3 (25) cnenyer,
YTO B OTCYTCTBUE JUCCHUIAINN

Gy =R A+ ) +agm, - —(1+ ). (30)

W nnsa senmuuunsl G, , cornacHo (28)

G, =G‘m—l’(1€2+@)=o. (1)

2 k
Bripaxenue (31) onpenenser, B TUHSHHOM IPUOIIDKESHIH 110 TUCCUTIATHBHOMY KOS (GUIMEHTY ¥, 3aBHCHMOCTh
MHKDEMEHTa KOJIeOaHHii 0T BOIHOBOrO BEKTOpa B auanasone 0 <k’ < Igjl . Takum 00pa3om, BIMSHHUE TUCCUIAINH HA
MH B paccMaTpuBacMOM cllydae yIUTHIBAaeTCS BTOPBIM ciaraembM B (31), (y/ 2)(2/€2 +(1+ )=+ x)Y +4xn), B

KOTOPOM IapaMeTpbl } W 7], UTPaAIOT ONpPEEIAIONIYI0 Poiib. Bo3Bpammasch kK pa3MepHBIM BENUYHHAM HOITYyYUM

G =G, _2_7;(250 +(n8, +n2g2)—\/(n10g1 +n,8, )? + 4n,ny, g 8,1, ) » (32)
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rne G,, cnenyert u3 (30)

Gy, = (l/h)\/go(\/(nlogl "'nzogz)2 + 4,508,851 — (18 +11308,) = &) - (33)

Omnpenenum Moay KonebaHWM, npu Kortopod uHKpemeHT MH Oyner makcumanbHbIM. OHa onpenesnseTcs
yCIOBHEM

AE ) /=0, (34)

rne E- ompenensercs: popmynoii (28). CooTBETCTBYIONIEE 3HAUCHIE BOJIHOBOTO BEKTOPA PAaBHO

ke = (1 WU+ )" + 4 = (14 ) (A= 7). (35)

TakuM 00pa3oM, 3HaUeHHE BOJHOBOTO BEKTOPA, COOTBETCTBYIOIIEIO MaKCHMalbHOMY MHKPEMEHTY KoyleOaHWH
YMEHBIIAETCS YK€ B IMHEHHOM NPHONMKEHHA 10 JUCCUIIATHBHOMY ITapameTpy ¥ . [lpu HaxoXIeHHH MaKCHMAaJIbHOTO

3HAa4YCHHUsT WHKpEeMEeHTa KoieOaHuid, Mbl OymeM moxarath B (35) =0, MOCKONBKY y4eT ¥ B 3TOM BBIPAKCHHH
NPUBOANT K KBaJAPATHYHBIM IIONPaBKaM IO 3TOMY MapaMeTpy B WHKPEMEHTe KoJeOaHWi, YTO BBIXOAUT 33 PaMKH

HPHUHATOrO NPHOMIDKEHH. MaKcuManbHbIH HHKPEMEHT OyieM HaxoAuTh U3 BelpaxeHus (31) ang G, . IPH BOJHOBOM

max

2
max

G = G / (mo8)) = J(l%)im WA+ +4xm, - ()2 — 1+ 1) = (k)% - (36)

W, cooTBeTCTBEHHO, UHKPEMEHT G, . PaBeH

Bextope k* = (k,)

G = k)2 1 2m . (37)

max

3nmecs, cormacuo (35) (mpu ¥y =0)

(kl)?nax = (m / n’ )(\/(nlogl +ny,8, )2 +4n10n20g1g2771 _(nl()gl +ny,8, )) . (38)

HaiinenHoe MakcuMmanbHOE 3HA4YCHHE MHKpeMeHTa (37) 3TO M3BECTHBIA Pe3yJIbTaT, MOJYUYCHHBIN MPU ONMHUCAHHUU
MOAYJISIMUOHHOM HeycTouuBOCTH B BOK ¢ MOM0KUTENBHBIMU KOHCTAHTAMU CBSI3U B KaXKJ10i1 kommoHeHTe [17].

Hccnenyem, B KakuxX Ipenenax BOJIHOBBIX BeKTOpoB cymectByeT MH, B cimywae, korna g, >0, g, <0, T.e. korzna

TIOCTOSTHHAS B3aMMOJICHCTBHSI BO BTOPOH KOMIIOHEHTe oTpHLaTeibHa. [lepenuiiem BeipaxkeHue (25) B BuIe

(Ey)" =k (B + (1= [z == 2" + 4|2, . (39)
v | =nlg|/ng, n,=1+g /(g2
3neck mapametp 77, > 0. U3 (39) Buano, uto (E;)* >0 mns molbix 3Havenuii napametpa y . Takum oGpaszom, MH B

3TOM cilydae OTCyTCTBYeT. [l BTOpoil BeTBM KonebGanmii ¢ yacTotamu @Jy BO3MOxHO kak (E;)’ >0, Tak u

(E;)? <0. Jlnst 3Ha4eHUii BOTHOBBIX BEKTOPOB k° <k,

k=2 -1+ (2| -1 + 4|, (40)

BBITTOJIHACTCA HEPABECHCTBO (E(;)z <0 us CHUCTEME, B OTCYTCTBHUEC AHCCUTIALINU, 6yﬂeT CYLIECTBOBATH HGYCTOﬁQHBOCTL

C MHKpeMeHTOM Kosebanmii G, , cremyiommm u3 Beipaxerns 11st Gy, (G, = hGy, / (n,g,))

G :\/k( (17-1) +4[z|n, +|;(|—1—1€2) @

3aMeTuM, 4YTO B OTJIMYME OT CIIydasi, KOr/la BHYTPU KOMIIOHEHT KOHJIEHCATa IIOCTOSIHHBIE B3aUMOJEHCTBUS MEXKAY
YaCTHIIAMH TIOJNIOKHUTENbHBl M i pasButiss MH HeoOGXOAMMO BHITIONHEHHE YCIOBUA g — g, >0, 31€Ch, A

BO3HUKHOBCHUA MH, Ha COOTHONLICHHUC MCXKAY BCIMYHMHAMH g,

g2|7g12 HC HaKJIaJbIBACTCA HUKAKHUX YCJIOBI/Iﬁ

(em.[12]). Tlpu HamuuumM [UcCCUNaNMK TPAHWYHOE 3HAUCHHWE BOJIHOBOTO BeKTopa [yl cymiectBoBanuss MH
ornpezensiercs: ypaBHeHUAMH (24) u (39) u, B TMHEHHOM 10 ¥ NpuOIIKeHnH, ocTaeTcs npexuHnM (40). B pasmepHbix

CANMHHUIIax

ktzfz =(@2m/ hz)[\/(nmgl Iy |g2|)2 +4n10n20(g122 +g |g2 |) = (8 =y |g2|):| . (42)
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AHanorn4yHo nepBOMy Cilydard0 ¢ KOHCTaHTaMHu B3aumojeicTtsus g, >0, g, >0, BblpaxkeHHe i1 UHKPEMEHTa
KoynebaHuii B NpUCYTCTBHM auccunaiuu mpu g, >0,g, <0 u BomHOBBIX Bektopax 0<k’ <k,, onpenensercs
dopmynoii (28), Ho 3HaueHus E; Haxoasatcs u3 (39). B pesynbrare noayuaem

5 A Y 2 (E_)z
GZ—GOZ—E(k + ];2

)=0. (43)
Takum o6pazom, BausHMe juccunamud Ha MH B 3ToM ciyyae OyleT ONpEAENAThCS — CIAaraeMbIM
(7/ 2)(2l€2+(1—| 1)1 ;(|)2+4| ;(|772j ¢ mapamerpamn |y| u 77,. IlpuBeieM BEIpaKCHME ANS MHKPEMEHTA

kosiebanuit G, , BO3BpAIasiCh K pa3MEPHBIM BEJIMUNHAM

G, =G, _%(25‘0 +(”10g1 -n |g2|)_\/(”1og1 - |g2|)2 +4n,n,8, |gz|772 j > (44)

rie uHKpeMeHT G, cornacHo (41)

Gy, = (l/h)\/go (\/(nlogl - |g2|)2 +4n,ny g, |g2|772 +(”20 |g2|_n10g1)_€oj . (45)

Moel KOEOaHMMA, IPU KOTOPBIX TOCTUTACTCS MAKCHMAIBHOE 3HAUYCHHE WHKPEMEHTA, TIPH PA3IHYHBIX 3HAUYCHHUIX
rnapaMeTpoB | ;{| u 7,, onpenenstorcss ycioBueM (34). CoOTBETCTBYIOLIME BOJHOBBIE BEKTOpPa M HHKPEMEHTHI

OMPECACIIAIOTCA BRIPAXKCHUAMU

)i =1/ 22| =1+ (] =D +4|x|m,) - (46)

Ey =) () + (=)~ 2) + 41207, - (47)

AHaJ0ru4HO CIy4aro C NOJIOXKUTEIIBHBIMU KOHCTAaHTAMHU CBA3U MOJYYUM 1A ciy4dasd g, > 0 , &, < 0

G2max = \/(]’{'2 )i‘lax ( (1 - |/’{|)2 + 4|X| 772 - (122)2max - (1 - |Z|)) = (EZ)lz'nax ° (48)
Wnu, nepexoas kK pa3MEpHBIM eIMHULIAM
GZmax = h(kZ)rznax /2m > (49)
(k2)2max = (m / h2 )(\/(nlog] Ny |g2|)2 + 4”10”20g1 |g2|772 _(nlogl Ty |g2 |)) . (50)
3aMeTHM, YTO IIPH HAXOKAEHUU MAKCUMAJIbHBIX HHKpEMeHTOB G, . U G, ., B PACCMaTpUBAEMBIX HAMHU CIIy4asx
A(E,)’ Y - (B
aT"Z:Z(kz—k;ax):szr o (51)

Otciofia Cieayer, ato aeKpeMeHT KomeGammit 1~ = (y/2h)(k* +(E, )’ / k), oGycioBIeHH I aucCHTammeii, B

TOYHOCTH PaBEH HYJIO B TOYKE MAaKCHMAJIbHOTO MHKPEMEHTa MOIYIALMOHHOM HEYCTOHYMBOCTH. TakmM oOpazom,
JHCCHUINAIMs, UMEIOIIAsACs B CHCTEME U MPUBOJIIAs K 3aTyXaHUIO BO30YKAEHUH yCTONYMBBIX BETBEH KonebaHUiA, B
ciydae pa3Butusi MH, He mpuBOIUT Jake K YaCTHYHOMY TOJAABJICHHIO caMOW OBICTPO pacTymied MOJbI KoJieOaHHH,

OCTaBJIsAA 3HAYEHUE YaCTOTBI )y JUISL BOJHOBBIX BEKTOPOB k;a HCU3MCHHBIM

X

E =[(E) iy =k, . =K. (52)

(@) =0 (33)

PaccMoTpyM ATTMHHOBOJIHOBOE NPHOJIMXEHHE, KOTAAa HCIoNb30BaHue ypaBHeHUs 11 HambOonee 00OCHOBaHHO.
[ockonbky A>> &, &=h/+/2mng - nnuna xorepentHoctu B BOK, 10 k° << 1B mannoM npubmmxenun. Ilepeiinem k
pa3MepHBIM NIEpEMEHHBIM M BBINUILEM, cOTacHo (22), (23) cniekTp KonebdaHuii B INIMHHOBOJIHOBOM 001acTH

N 2
w = k\/(l/zm)(n]gl +n2gzi\/(n1g1 +nzg2) +4n]n2(g122 -28) -

iy - - (54)
_Z_h(nlgl +n2g2i\/(n]g] +n2g2) +4nn, (g, - £8,))

Win, BBOAS CKOPOCTH 3ByKa B KOMIOHEHTaX, C, =./gn,/m u C, =./g,n,, / m
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. lciecr [(cr+c?Y iym| 2+ [(C+c2Y
o =ky[7 i\/[ o +cfcf(gfz/<g1gz>—1>—y7 ] e I e e AR (55)

Orcrona CJIEAYET, YTO 3aBUCUMOCTH YaCTOTBI KoJIeOaHHUH OT BOJIHOBOTO BEKTOpa UMECT Ka4YC€CTBEHHO TaKoOH Xe

BHJI, KaK U JUIsl OJIHOKOMIIOHEHTHOTO KoHaeHcata npu A >>¢&, E=h/ \/2mng , C= \/ gn/m

@=kC—iymC*/h . (56)

BbIBO/1bI

B onxHoxkommonenTHOM BOK MonymamuoHHas HEyCTOWYHMBOCTH CYIIECTBYET TOJIBKO TOT/A, KOTJa NMOCTOSHHAsS
BSaHMO}IeﬁCTBHﬂ MCXKIY 4YacThUaMH OTpUllaTC/IbHA. BHyTpI/IKOMHOHeHTHOC 1 MCXKKOMIIOHCHTHOC B3aHMOI[eﬁCTBPIe
YacTUIl B IByXKOMIIOHEHTHOM 003€-KOH/AEHCATe IPUBOIUT K HETPUBUANBHOMY YCJIOBUIO HA IIapaMeTpPhl CUCTEMBI IS
BozHuKHOBeHHs: MH. Bo3snukHoBeHne MH B nByxkomnoneHTHOM BOK 3aBHCHT yke Kak OT 3HaKa, TaK M OT BETUIUHBI
MIOCTOSTHHBIX B3aUMOJEICTBUSI MEXIy dvacTUIamMu. B ciydae, korja B KOMIIOHEHTaX KOHJEHCATa IOCTOSHHBIE
MEKYaCTUYHOTO  B3aWMOJEHCTBHUS TIOJIOKUTENbHBI, BO3HUKHOBeHHe MH ompenesnsiercst nBymsi Oe3pa3MepHBIMU
napamerpamu: ¥ =(n,g,)/(ng,) u 1,=g.,/(gg,)—1. lpudem, COOTHOUIEHHE MEKILY BEIMUMHAMH g,,&,,)
TaKOBO, YTO 3HAK 7], JOJDKEH ObITh IOJIOXKUTENbHBIM. Kornma B IepBOi KOMIIOHEHTE KOHCTAaHTA CBS3U MEXIY

YyacTUIIAMM TOJIOKUTENIbHA, a BO BTOPOI — OTpHUIaTeNIbHA, CUTYaIlUsl MeHseTcs. B 3ToM ciydae /Ui BOZHUKHOBEHHUS
MH Ha cooTHOLIEHUE MEKIY BEITUUHMHAMU g1,| 2,

,g,, HE HAKIIA[[bIBACTCS] HUKAKUX YCJIOBHH.
B paborte, B nuHEHHOM NPHOIMKEHUH 10 IUICCHIIATHBHOMY IapaMeTpy Y, HalIeHBl WHKPEMEHT KoIeOaHWd u

3HAaYCHHE BOJHOBOTO BEKTOPA, COOTBETCTBYIOMIETO MAaKCHMAIIbHOMY HHKPEMEHTY Konebanuit. [Ipu 3ToM mokaszaHo, 94To
TpaHUIBl O0JACTH BOJIHOBBIX BEKTOpPOB, IpHU KOTOpPHIX cymecTByer MH, ocrtaroTcs TakumMu e Kak U B
Oe3ucCUaTUBHOM ciydae. [loka3aHo, YTO JJisi 3HAYCHHS BOJHOBOTO BEKTOpPAa, COOTBETCTBYIOIIETO MAaKCHUMYyMY
WHKpPEMEHTa KoJieOaHWi, BKIAJ AWCCUIALNNU B JIMHCHHOM MPHONIMKCHUH paBEH HYIIO W HEOOXOIUMO YUHTHIBATH
clefyromiee, KBaapaTHIHOE PUOIIDKEHIE 0 KOXPPHUINEHTY TUCCHUTIAIINH U yYeTa 3TOTO BKJIaja.

IIpu otcytctBUM MH, mist ycTOWYHMBBIX KOJeOaHHMH ONpeAeNeHbl JeKpeMeHTH 3aTyxanus. [loka3zaHo, 4To B 3TOM
cllydae B JJITMHHOBOJHOBOM IIpe/iesie Y4acToTa KOJICOAHWH JTMHEHHO 3aBHCHUT OT BOJHOBOTO BEKTOpA, KaK W B CIIydac
OJHOKOMIIOHEHTHOTO KOHZCH CATA.
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SURFACE-KINETICS-LIMITED OSTWALD RIPENING OF SPHERICAL
PRECIPITATES AT GRAIN BOUNDARIES
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Ostwald ripening of sufficiently large (usually macroscopic) precipitates is the late stage of the diffusion decomposition of a
supersaturated solid solution, occurring through the formation of fluctuations and subsequent growth of centers (nuclei) of a new
phase. The paper describes a theoretical study of the Ostwald ripening of spherical precipitates of a newly formed phase at the grain
boundary of finite thickness with the diffusion of impurity atoms from the grain interior to the grain boundary considered. The
precipitate growth is assumed to be limited by the kinetics of impurity atom imbedding into the precipitate rather than by the
impurity atom diffusion inside the grain boundary. The speed of diffusion growth of spherical precipitate located on the grain
boundary is found. A system of equations which describes surface-kinetics-limited growth of Oswald ripening of spherical
precipitates on the grain boundary is formulated. This system consists of the equation of growth rate of the precipitate, the kinetic
equation for the precipitates size distribution function which is normalized by the precipitates density, and the equation of the balance
of matter in the system (the law of conservation of matter). The law of conservation of matter takes into account the atoms of
impurities which are in solid solutions of the grain boundary and the body of the grain as well as in the precipitates which is the
specifics of our problem. The asymptotic time dependences are found for the average and critical precipitate radius, supersaturation
of solid solution of impurity atoms in the grain boundary, precipitate size distribution function, precipitate density, and for the factor
of grain boundary filling with precipitates (the area covered by the precipitates per unit area of the grain boundary) and the total
number of impurity atoms in precipitates. The factor of grain boundary filling with precipitates is a characteristic of the two-
dimensional Ostwald ripening problem. A discussion of the limits of validity of obtained results is given.

KEY WORDS: precipitates, Ostwald ripening, grain boundaries, diffusion, surface kinetics.

BU3PIBAHHSA OCTBAJIBJIA COEPUYHUX BUALJIEHB HA MIK3EPEHHIA MEXI, AKE JIIMITYEThCS
MOBEPXHEBOIO KIHETUKOIO
0.B. Kopomnos, P.B. Cxopoxon
Incmumym npuknaonoi gizuxu HAH Yxpainu,
syn. [lemponasniecoka, 58, m. Cymu 40000, Yrpaina

BuspiBanns OcTBanbjia JOCTaTHBO BEIMKMX (3BMYaHO MAaKpOCKOIIYHMX) BHIUICHP — I OCTaHHS, TaK 3BaHa Ii3HS CTais
qu(y3iiHOTO po3Mamy MepecHveHoro TBEPJOro PO3vMHy, IO BinOyBaeThCA HUIIXOM (UIYKTYaI[iHHOrO yTBOPEHHS i HACTYITHOTO
pocty ueHTpiB (3apoxkiB) HoBOI ¢asu. TeopeTnuHO po3risHyTO BH3piBaHHsA OcTBayibaa chepuvHHX BUIUICHb HOBOI (asw,
PO3TaLIOBAaHUX Ha MDXK3EPEHHIN MEXi CKIHYEHHOT TOBIIMHY, 3 ypaxyBaHHIM AU(Y3iHHUX HOTOKIB aTOMIB JOMIIIKY 3 TIIHOWHM 3epHA
IO MDK3EPEHHOI MeXi. 3HalAeHO MBHAKICTE AUQY3IHHOTO pocTy chEepuIHOro BUAUICHHS HOBOI (ha3d, PO3TAlIOBAaHOTO Ha
MiX3epeHHIN Mexi. BBaxaeTbcs, 0 picT BUALIEHB JIIMITYETHCS TIOBEPXHEBOIO KIHETUKOIO BOYJOBH aTOMIB JOMIIIKH B BUAUICHHS, a
He 1uQy3i€ero aTOMIB JOMIIIKK B Mik3epeHHiH Mexi. ChopMynbOoBaHO CHCTEMY pIBHSHB, IO omucye Bu3piBaHHsA OcTBasbIa
cepnUHNX BHIUICHb, PO3TANIOBAHMX HA MDK3EPEHHIM MeXi, pICT SKHX JIMITY€ThCS IMOBEpXHEBOIO KiHeTmkoro. Ll cucrema
CKJIQJIA€ThCs 13 PIBHAHHS IMIBUIKOCTI POCTY OKPEMOIO BHJIICHHS, KIHETHYHOTO PIBHSHHS U1 QyHKIIT po3noAiny BHIIJIEHb HOBOT
(a3u 3a po3mipamMu, HOPMOBAHOI Ha I'YCTUHY BHIJICHb Ta PIBHSIHHS OalaHCy PEYOBHHU B CHCTEMI (3aKOHY 30epexeHHs PEeYOBHHH).
B 3akoHi 30epeXeHHS peYOBHHHU YPAaXOBYIOTHCS ATOMH JIOMIILIKH, SIKi 3HAXOIATHCS K B TBEPIUX PO3UMHAX MDK3EPEHHOI Mexi 1 Tina
3epHa, TaK i B BUIUICHHIX HOBOI (ha3u, 1o € crenndikoro AaHoi 3aaadvi. 3HAHICHO aCHMOTOTHYHI YacOBi 3aJI©KHOCTI CEPEAHBOTrO i
KPUTHYHOTO PajiyCiB BUIUICHHS, TEPECHUYCHHS TBEPIOTO PO3YMHY ATOMIB AOMIIIKM B MDK3EpEHHIH MexXi, QyHKHII po3moairy
BHIIJICHb 3a pO3MipaMH, TYCTHHU BHIUIEHB, Koe]illi€HTa 3aIIOBHEHHS MDXK3EpECHHOI MEeXi BUAUICHHAMH (TUIONII, 0 TOKPHBAETHCS
BH/IUJICHHSMH Ha OJIMHUII IUIOMII MDXK3EPEHHOI MEXXi) Ta MOBHOI'O YHCIIA aTOMIB JOMIIIKK y BuAUICHHAX. KoedillieHT 3ar10BHEHHS
MDK3EpPEeHHOI MeXi BUAUICHHSMH € XapaKTepHCTHKOIO, CHEeNU(IYHOI0 Ui JBOBUMIpHHX 3agad Bu3piBaHHA OcTBanpia.
OOroBOPIOIOTECS TPAHHUILI 3aCTOCYBaHHS IIPOBEJICHOIO PO3IIISTY.

KJIFOUOBI CJIOBA: Buninenns HoBoi (a3u, BuspiBanHs OcTBaNbaa, MeXi 3epeH, 1udys3is, MoBepXHeBa KiHETHKa.

CO3PEBAHME OCTBAJIbJIA COEPUYECKHX BBIIEJEHUI HA MEXK3EPEHHOM I'PAHMIIE,
JIUIMUTHPYEMOE MOBEPXHOCTHOM KMHETHKOM
A.B. Kopomnos, P.B. Ckopoxox
Hucmumym npuxnaonoii pusuxu HAH Yxpaunovl
ya. Ilemponasnosckas, 58, 2. Cymer 40000, Yrpauna
Co3zpeBanne OcTBaNIBA JOCTATOYHO OOJIBIINX (OOBIYHO MaKPOCKOIMYECKHX ) BBIICIICHUH - 9TO MOCIIEHSS, TaK Ha3bIBaeMast IT03IHSIS
cragus 1UQdy3nOHHOTO pacnaza MepechleHHOr0 TBEPIOT0 PacTBOPa, MPOUCXOSIIEro myTeM (IIyKTyalHOHHOTO 00pa3oBaHUS U
MOCIIEAYIOEr0 POCTa LEHTPOB (3apoxbliiieil) HOBoi (asbl. Teoperudyecku paccMoOTpeHo co3peBanue OcTBanblia chepudecKux
BBIJICJICHHH HOBOH (ha3bl, PacIIOJIOKEHHBIX Ha MEX3EpPEHHOW IpaHMIle KOHEYHOH TONIIMHBL, C y4eToM JU(Qy3HOHHBIX ITOTOKOB
aTOMOB IIPUMECH U3 ITyOHHBI 3epHa K MeX3epeHHoH rpanuue. Halinena ckopocts 1uddy3HoHHOro pocta chepuieckoro BbIACICHHS
HOBOI (ba3bl, pacIoOIOKEHHOIO Ha MEX3epeHHOW rpaHuue. CuuTaercs, YTO POCT BBIACICHHUH JIUMHUTHPYETCS MOBEPXHOCTHOU

© Koropov O., Skorokhod R., 2019
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KUHETHUKOH BCTpAaMBaHMS aTOMOB IIPUMECH B BblieNieHHE, a He aud@ysueil aToMoOB IpuMecH B MEX3EPEHHOH TpaHHIE.
CdopmyupoBaHa cucTeMa ypaBHEHHH, omnuchiBaromas cospeBanue OcTBanbia cHEpUUYECKHMX BBIACJICHHH, PACIOJIOKECHHBIX Ha
MEK3EPEHHOH TpaHuIe, POCT KOTOPBIX JIMMUTUPYETCS TOBEPXHOCTHOW KMHETHKOH. DTa CHCTEMa COCTOUT U3 YPaBHEHUSI CKOPOCTH
pOCTa OTAENBHOTO BBHIAETICHHS, KHHETHIECKOTO YpaBHEHHS A (yHKIMM pacrpereneHus BhIICICHHH HOBOH (as3bl MO pa3Mepam,
HOPMHUPOBAHHOH Ha IUIOTHOCTH BBIZEICHHI N ypaBHEHHMs OajaHCa BEMIECTBA B CHCTEME (3aKOHA COXPAHEHHs BemecTBa). B 3akone
COXPaHCHUS BEIIECTBA YUUTBIBAIOTCS aTOMBI IIPUMECH, KOTOpPBIE HAXOIATCA KaK B TBEPIBIX PACTBOPAX MEK3EPEHHOU I'paHUIbI U
Telna 3epHa, TaK ¥ B BEIJETICHHUIX HOBOH (ha3bl, UTO sBIseTCS creruduKoi nanHoi 3amaun. HalineHpl acHMITOTHYECKHE BpEMEHHBIE
3aBUCUMOCTHU CPEIHET0 U KPUTUUECKOI'O PAJNyCOB BBIAEICHUS, IEPECHIEHHs TBEPAOIr0 pacTBOpa aTOMOB IIPUMECH B MEXK3EpEHHON
rpanune, GpyHKIUH pacrpe/eieHns BhIACICHHH 110 pa3MepaM, IUNIOTHOCTH BbIIETCHHH, Kod(dHUIMeHTa 3a0MHEHUs] MEX3ePeHHOM
TPaHUIB] BBIAENEHUSMH (TIIIOIIAIH, TIOKPBIBAEMOI BBIACNECHUSIMU Ha €AMHUIIE MO MEX3EpPEHHON IPaHUIIbI) U MOJHOTO YHCIa
aTOMOB TIpUMECH B BblAeNeHUAX. KodGUIMEHT 3amonHeHnsT MEX3epEHHON I'PaHUIIBI BBIACICHUAMH SBISETCS XapaKTEPHCTHUKOIM,
cneruduueckoil I AByMEpHBIX 3amad co3peBaHus OctBanmpma. OOCyXIOalOTCA TPEAensl IPHIMEHUMOCTH HPOBEICHHOTO
PpaccMOTpeHHs.

KJIIOYEBBIE CJIOBA: Beinenenust HOBoH (a3bl, co3peBanne OCTBaNIbAA, TPAHULBI 3epeH, TUG(Y3Hs, TOBEPXHOCTHAS KHHETHKA.

JudysiitHuit po3naj nepecn4eHoro TBEPAOro PO3UHHY, IO BIIOYBAa€ThCS HUISIXOM (IYKTYalliHOTO YyTBOPEHHS i
HACTYITHOTO POCTY IIEHTPIB HOBOI (ha3u (3apo/IKiB) BKIIIOUAE TPH OCHOBHI CTaiii: 1. IHTEHCHBHE YTBOPEHHS 3apOJIKiB 3
po3MipaMH OUIBIIMMHM KPUTHYHOTO B YMOBAaX ITOCTIHHOTO JIOCTATHBO BEJIMKOTO IIEPECHUUCHHS, 2. PICT BiOKPEMIICHUX
(i30:1pOBaHMX) LEHTPIB, TOOTO iX HesanexxHWi pict, 3. Bu3piBaHHs OctBanpaa (BO) abo koanecuenuiss OcTBanbaa
JIOCTaTHBO BEJIMKHX (3BUYAaHO MaKpOCKOMIYHMX) BUIUIEHB [1-5]. OcTaHHs, Tak 3BaHa mi3Hs cranis [2], Oyna Biakpura
OctBanpaom B 1900 p. [6] 1 mossirae B pocTi OUTBII KPYyNMHUX BUIUICHB 33 PaXyHOK 3MEHIICHHS B PO3Mipi i HOBHOMY
PO3YMHEHHI JApiOHHMX, MPH I[LOMY CEpeIHid pO3Mip BUILIEHHS MOHOTOHHO 3pOCTa€ K (YHKIIS 4acy ¢, a T'yCTHHA
BUIIJICHb MOHOTOHHO criaiae. Ha craznii BO cymapHa Mixkda3Ha 1moBepxHeBa €HEpris CHCTEMH MaTpHILs-BHIUICHHS
HOBOI (ba3u Ha MPOTI3i Yacy 3MeHIyeThes [2, 4-6].

OCHOBHM TNOCTIIIOBHOT 1 BHYTpIIIHBO HecynepedHoi teopii BO Oynm 3aknaneni B npausx Jlipmuns 1 Ciso3oBa [7]
ta Baruepa [8]. KirouoBum MomeHTOM mpaits [7, 8] ABIS€THCS BBEACHHS A0 PO3IIISLY CAMOINOTOIKEHOTO CEPEIHBOTO
TIOJIS TYCTHHU aTOMIB JIOMIIITKH, 3yMOBJICHOT'O BCIM aHCaMOJIEM BHIIUICHB, 3 SIKOTO, BIaCHE KaXKy4H, 1 BIIOYBa€ThCA picT
BHJILIEHb HOBOI (hazu.

B ocnoBomonoxHMX mpaipix 3 Teopii BO [7, 8] posrmsganucs chepuyni BuaiIeHHS HOBOI a3y B imeanbHid (He
MICTHTh Je(eKTH) KPHCTANIYHIM MaTpHIli, A€ MIBUIKICTH MAaCOIEPEHOCY BHU3HAYAEThCI a00 Mudy3iero depe3z 00’eM
MaTpulli-kpucTtana [7], abo KiHETHKOIO mepexoxy i1 BOyIOBH aTOMIB Ha MeXi MaTpUII-BHIAUICHHS HOBOi (hazu
(ToBepxHEBOIO KiHETHKOO) [8].

B nogansinomy posrisaanuch 0arato siki nutanas Teopii BO: BO nBox- i 6araToKOMIIOHEHTHHUX BUIIICHb HOBOT
¢asu [2, 9], BO octpiBueBux CTpYKTYp Ha noBepxHi TBepaoro Tina [10-15], BO kpucraniB B piakux pozunHax [16], BO
LIEHTPIB KpHcTaii3auii B KiHeTHIi Kpucrtanizanii posromnis [17], BO y 6iHapHiil cuctemi 3 BEIMKOI0 00’ €MHOIO YaCTKOIO
HOBOi (pasu MpM HASBHOCTI IIYMIB KOHIEHTpalii Ta ¢pakropa [166ca-Tommcona [18], BO y Ginapwiii cuctemi mpu
B3aeMHOI qudys3il 3 ypaxyBaHHSIM HepiBHOBaKHHMX BakaHcii [19], BO B rerepocTpykTypax 3 KBaHTOBUMH TOYKaMH B
yYMOBax 3MilIaHoro tumy audysii [15, 20] 1 psx iHmmx nutans [2-5, 21-32].

Ha BigMiHy BiX ieajbHOTO KpUCTana, B peajJbHOMY (MICTHTH Pi3Hi JAe(eKTH) KPUCTal KiHETHKA MaKpoIe(eKTiB
Ha ctanii BO moke Bu3Hauatucst audysieo mo aucnokanidHuM Tpyokam [33-36], abo mudysiero mo Mexam 3epeH
(MDX3epeHHNM MeaM) TOJIKpUcTamiB [2, 4, 5, 37-40].

BaxumBy ponp mpomecw IUQY3IHHOTO poO3Maiy BiOIrpaloTh B MaTepiallo3sHABCTBI (BKIIIOUAIOYH pafialliifHe
MaTepialo3HaBCTBO), SBISIFOYMCH OJHIEIO 3 IPUYMH CTApiHHA MeTaleBux cromis [1, 2, 4, 5, 41].

Meroto nanoi pobotu € Teopernynuii ananiz BO coepuunux BumiieHb HOBOI (a3u, pO3TAlIOBaHUX Ha
Mi3epeHHil Mexki CKiHueHHOI ToBIMHN O [42-44] 3 ypaxyBaHHAM Mu(y3idHNX TTOTOKIB aTOMIB JOMIIIKA 3 TITHOWHH
3epHa JI0 MDK3epPEeHHOI Mexi. BBaxkaeThesl, 1110 picT BHIUICHD JIMITYETHCS TIOBEPXHEBOIO KIHETHKOIO BOYJOBU aTOMIB
JOMIIIKKM B BH[UICHHS, a He JUQY3i€l0 aToMiB AOMILNIKK B Mik3epeHHiil Mexi. KpiMm Toro, Ha BiaMiHy BiJ mpaib
[45-47], B3arani Kaxy4H, He epe10a4acThCs, M0 pajalyc BUAUICHh R Manuii B MOPIBHSHHI 3 XapaKTEpHUM MaciiTaboM
JOBXUHU 3a1adi Ly .

IMBUAKICTh JU®Y3IHHOIO POCTY CO®EPUYHOI'O BUJALIEHHS HOBOI ®A3H,
PO3TAIIIOBAHOI'O HA MIDK3EPEHHII MEXI
PiBusiHHS 1udpy3il aTOMIB JOMIIIKK B MDXK3EPEHHIH MeXi, 110 PO3IIISAAETHCS K OIHOPIAHUI 130TPOIHUMA Inap
TOBIMUHOIO O [42-44], HaBKOJO BUIiNCHHS HOBOI (asd 3 ypaxyBaHHSIM AUQY3IHHUX MOTOKIB aTOMIB IOMIIIKH 3
TIIMOWHY 3epHA 10 MDXK3EpEHHOI MeXi 3aIHIIeMo y BUTIsi [48, 49]

2 P
LyAng —ng +ng =0. (1)
Tyr ny — o0’eMHa rycTHHa aTOMIB JOMINIKM B MDK3epeHHill Mexi (IBOBMMIpHa I'yCTUHA aTOMIB JOMILIKH

ng =ngd), ny, — TYCTHHA aTOMIB JOMIIIKM B MiX3epeHHIH Mexi Biggamik Bix BuaiieHHs HoBol ¢asu, L, —

XapaKkTepHUil MaclITad JOBXKUHU 3a/1a4i, BBeJCHUI y npaisx [48, 49].
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Byzsemo posrsigati cepuuHe BuiineHHs HoBoi dasu 3 pamiycom R=R(z) (R>>J), siKe IEPETHHAETHCS

MIXK3EPEHHOKO MEXKero (AHB. pucC. 1) i BBaxaeMo, 110 po3Mip 3epHa d 3HAYHO NEPeBHILYE pajiyc Buninenns (d >> R).

[ I
N B N
oE=m G ==

Puc. 1. CxemaTuune 300paxkeHHst c(hepHUHOTO BUALICHHS HOBOI a3y, pO3TAIIOBAHOIO Ha MDK3EPEHHIH MeXi CKIHUCHHOT TOBILHHU

0. B — mixsepenna Mexa, V' — Tino sepua (xapakrepuuii posmip d ), D), — xoediuient nudysii atomis nomimku B Tii 3epHa,
N, — rycTuHa aroMiB pomiwku B Tini sepua, I, — nudysiiinuit norik aromis gomilmky B Tini 3epHa. 3MICT OCTaHHIX I03HAYEHb

MOSICHIOETHCS B TEKCTI.

I'pannuni ymoBu 1o piBHsHHS (1) Oepemo takumu [11, 14, 45-49]:

i =Py ["B (R)_nBR]’ ng

r=

on
—£ . N . )

? or

Tyr Dy — xoediuieHT Mix3epeHHOI qudy3ii, ToO6TO 00’eMHuH KoedilieHT audy3ii aTOMIB IOMILIKM B MIK3EpEHHIN

Mexi (lapi TOBUIMHOKW O ), [, — MOBEpXHEBUH KiHETHYHHN KOe(iLli€HT, XapaKTepU3yHOUMi MIBHAKICTH MEPEXOLy

aTOMIB JIOMIIIKMA 3 MDK3EPSHHOI MeXi J0 BHIIICHHS HOBOi ()a3u, r — BIACTaHb BiJ IIEHTpA BUUICHHS B IUIOIIUHI
MDK3EpeHHOT MeXi, Mg, — TEPMOJMHAMIYHO PIBHOBaYKHE 3HAUCHHS I'YCTHHH aTOMIB IOMIIIKH B MDK3EPEHHIH Mexi

1100113y MOBEPXHi MiXK3epeHHa Mexa-BUILIeHHs (7 = R) .

J1st BEMUUMHY 71, Ma€ MiCLle TepMOAUHAMIYHA GopMyia
ngr =ng. exp(2T,/R), (3)

€ Ny, — 3HAYCHHS Ny, TMOOIM3Y IUIOCKOI MOBEPXHI Mik3epeHHa MexXa-BuIileHH (R — o), I'y =0, 0/kT, 05 —

muToMa MiK(as3Ha eHepris MOBEpXHiI MiK3epeHHA MeXa-BUAUICHHS, (@ — 00’€M, [0 MPHUITAAa€ HA OJUH aTOM JAOMIIIKH
y BUIIUICHHI, kK — cTtana bonenmana, 7 — Temmeparypa.

Jis TonMaNbIIoro BIAMITAMO, IO TEPMOAWHAMIYHO PIBHOBAXHHWU Tiepenaj TYCTHHH AarOMIB JOMIIIKHA B
MDXK3epeHHil Mexi moOIn3y BUALICHHS pajiyca R Takuii:

Angy =11y — gy = iy, [exp(El"B/R*)—exp(21"B/R)] )

Tyt R* — xkpuTuuHuii pajiyc BUAiIeHHs (BUJIEHHS 3 pagiycoM R > R 3pocrae, a 3 pagiycoM R < R* 3MeHIIyeThcs B
po3mipi),

R=—2s (5)

B ln(ﬁ/ngm )

Po3B’s130k piBHAHHS (1), sIKE 327]0BOJIBHSE TPAHUYHUM YMOBaM (2), Ma€ BUTIISA

— -1
nB(r)an—Ko(r/LB)[FO(R/LB)] Angp, (6)
Jie BBE/ICHO TTO3HAYECHHS

Fy(R/Ly) =Ko (R/Lg)+(Dy/BsLs) K\ (R/Lg), N

K, (K,)— dyHkuis MakoHanb1a Hy1b0BOro (Iepiioro) mopsiaky [50].
IBunkicTh Andy3iHHOrO pOCTy BUALIEHHS HporopuiliHa angy3iiHOMY ITOTOKY aTOMIB JIOMIIIKH B MDK3E€pEeHHIN
mexi Iy =—DgVn, Ha noepxHi Mik3epeHHa MeKa-BUAUICHHs (7 = R) i 3HAXOMUTHCS Tak:

dR _ Dy dng (1)

8
dt 2R dr ®)

r=R
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SIBHUMI BUpa3 [Ist LIBUAKOCTI pocty dR/dt Bummusac 3 hopmyi (6), (8) i Mae BurIs

dR Dyws K, (R/Ly)

dt  2RL, F,(R/Ly)

Anyy. ©)

Slkmo picT BuninenHs niMityethes audysiero aromis gomimxn ((Dy/ByLs) K, (R/Ly) << Ky (R/Ly)) , T0

K, (R/L
d_R=DBa)5 1( / B)AnBR~ (10)
di  2RL, K,(R/L,)

SIKIo K PpICT BHIUICHHS JIIMITYETHCS TOBEPXHEBOIO KIHETUKOIO BOYZOBM AaTOMIB AOMILIKH Y BHUIIICHHS
((Dg/BsLy) K, (R/Ly)>> Ky(R/Ly)), 0

R _ pr0

dt 2R

PO3rIsHEMO Temep iHWI TpaHWYHI BUIIQJKM 3arajbHOrO BUpasy WBHAKOCTI pocty dR/dt (9). Jns BuuineHHs

Angy. (11)

JIOCTAaTHBO BEIHKOro paniyca (R >> Ly ) 3 Gopmyin (9) oxepKumo

D,
d_R = B—MAnBR , (12)
dt  2RL,
ae
— D L
DB = BﬁB B (13)
Dy + ByLy

e(peKTHBHHUN (3 ypaXxyBaHHSIM IOBEPXHEBOI KiHETHKH BOYIOBH) KOe(IIlieHT OuQy3ii aTOMIB JOMIIIKA B MiK3EpEHHiI
mexi. JUist BunineHHs Manoro pagiyca (R << L) Maemo

dR _ Dywd Angp (14)
dt 2R RK,(R/Ly)+Dy/By
BigmiTumo, mo y BUnagky R << L,
2
Ko (R/Ly)==[In(R/2L,)+7]+0[ (R/2L, ) In(R/2L,) ), (15)
ne y=0.5772... crana Eiinepa.
B ymoBax Manmx nepecudeHb TBEpPIOTO PO3YHHY aTOMIB JOMIIIIKH B MiXK3epEeHHIH MexXi
—
AB(I)EHB()—an<<1 (16)
ng.,
¢dopmyna (11) npuiimae BUTIISIA
dR _ BT 1. 06 %_l i (17)
dt R R* R
2r
AR _ Pynse@S( ) 25 ) (18)
dt 2R R
Bupasu (17), (18) nependauaroTs BUKOPUCTaHHS y BUNAAKy MalIUX IepecudeHsb Gopmyi (auB. (4), (5))
1 1
Ang, =20 pn, | ———|, 19
BR B'*Be (R* R) ( )
2r
2= Ay <<l. (20)
3 BBEJICHHSIM [T03HAUCHHS
B = fpng. 00, 21

ocrarouynuii Bupas (18) 1yist WBUAKOCTI pOCTy BUAUIEHHS dR/df 3anuumieTbes y BUTISL

drR B 2
E:E(AB _ RBJ. @2)
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B miif poboti Oynemo po3risimaTa aHcaMOIb CHEPUIHAX BUALICHD, PO3TANIOBAHUX Ha MDK3EpEHHIH MEXi, picT
SKUX JIIMITYETBCSI NTOBEPXHEBOIO KiHETHKOIO BOYIOBH aTOMIB HOMIIIKM Yy BHAUIEHHS 3a YMOBHM MaluX IepecH4eHb

TBEPZOr0 PO3UMHY aTOMIB HOMILIKH B Mik3epeHHiil Mexi (A, <<1). B 1poMy BANagKy WBHAKICTH POCTY BUILICHHS
dR/dt mae Burmsn (18), (22).

CUCTEMA PIBHSIHb, 1110 OITUCY€ BO COPEPUYHUX BUAIVIEHDb, PO3TAIIOBAHUX HA
MIXK3EPEHHINA MEXI, PICT SIKHX JIMITYETHCSI IOBEPXHEBOIO KIHETUKOIO
B  nopmamemomy  OynemMo — KOpHCTyBaTHCS — O€3pO3MIpHMMH — BeNMYHMHAM:  DPajAiycoM  BHAUICHHS

P=R/R; =A, R/2T, i wacom ¢'=t/t,, ne R, =R (t)‘ , — TOYaTKOBWH KpHTHUHMII pajiyc BHiNCHHS,
=

Apo =4, (t)|t_0 — TOYATKOBE TIEPECHUCHHS aTOMIB JIOMIIIIKH B Mi3epeHHiil Mexi, £, = R /BT, — Xapaktephuii yac

3anaui. Tofi, OIycKauy TPUX TIpH ¢, PiBHAHHSA (22) 3aIIMIIEMO Y BUIIISI

2dp _ P
= -1, 23
P dr x(t) (23)

ae
x(1)= R (1)/Ry = Ao /A (1) 24)

6e3po3MipHHUIT KPUTHYHUHA pajiiyc BUALICHHS, SKHil iuisirae Bu3HadeHH:o, x(0)=1.
BBeneMo (yHKIiIO po3nofiny BuineHb HOBOI (asu 3a posmipamu f(p,f), HOpPMOBAHY HA T'yCTHHY BHJUICHB

(4MCI0 BULICHD HA OXMHMLI IUTOILi Mix3epeHHoi Mexi) N (7) , To6To
N()=]1(p.t)dp; (25)
0

f(p,t) i N(t) e mykannmu yskuismu. ®yHkuis posnoxiny f(p,¢) 3aJ0BONbHSE KiHETHYHOMY PIBHSHHIO
(piBHSIHHIO HETMEPEepPBHOCTI B IpocTopi posmipis) [1, 2, 7, 8]

o (pt) 9 d_p}_
ot +ap{f(p’t) ar )0 )

3 331aHOIO [IOYATKOBOK (yHKLie posnoxiny f, (p)= f( ,o,t)|l:O 1 piBHSHHIO OaJlaHCYy PEYOBHHHU B CHCTEMi (3aKOHY

30epeKeHHS PEUOBUHU )
n305+nV0d+—R*3Ip fo(p)dp =a(t)5+”t/( )5+—R*3Ip f(p:t)dp, 27

ne nBOEnB(t)L:O, n, (f)— rycruHa aToMiB IOMIlIKM B TIMOMHI 3epHa, nVOEnV(t)L:O, d — xapakTepHHUi

MOTIEPeYHH po3Mip 3epHa. BiaMiTHMO, 1110 B 3aKOHI 30€epexeHHs] pedoBUHU (27) YpaxoBYIOThCS aTOMH JOMIILIKH, SIKi
3HAXOSTHCS K B TBEPIMX PO3UMHAX MIK3EPEHHOI MEXI 1 Tijla 3epHa, Tak 1 B BUAUICHHIX HOBOI (as3u. Sk i paniire [48,
49], Oynemo BBaXkaTH, L0 BiIAAJIK BiJ BUALICHHS HOBOI (a3u iCHye TepMOAMHAMi4HA piBHOBara MK aToMamu
JIOMIILIKH, 1110 3HAXOJAThCS B TiJIi 3epHA O] MXK3EPEHHOT MEXI 1 aTOMaMH JOMILIKH B caMiii Mixk3epeHHii mexi. Toxi

E = CE, nyo =Cng, (28)

(popmymna (10) mpami [49]). 3 ypaxyBaHHsAM cmiBBigHOIIEHD (28) 3ak0oH 30epekeHHsS pedoBMHM (27) 3anmumieMo y
BUTJIISAIL

0=y + A" [P 1y (P)dp =2y (t)+2"[ P°f (p.t)dp. (29)
0 0
ne
%3
oo ARy (30)
3ng.0(5+Cd)
a00 X y BUTIISI
Ag(t >
5 )+/1jp3f(p,t)dp=1. @31)

o 0
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Tyt

47Ry’

= /1_ S T (32)
O 3ny Qw(5+Cd)
CTajia, XapaKTepu3yrua Jany cucremy. 3 ypaxyBanusam (Gopmyiu (24) maemo
Ao T 3
+A[p’ f(p,t)dp=1. (33)
0 (1) Ip'f(p.0)

3ajaua nossArae B 3HaXOKEHHI aCUMITOTUYHOTO (IPU ¢ — oo ) po3B’s3Ky piBHsHB (23), (26) 1 (33) npu 3ananiii
nouarkoBii ¢yHkuii posmoxiny f( p,t)L:O = fo(p) . Hassaui piBnsnzs omucytors BO cdeprudHux BuiineHb HOBOI
(hazu, po3TamoBaHNX Ha MK3EPEHHIH MeXi, PIiCT SIKUX JiMITy€ThCS IOBEPXHEBOIO KIHETHKOIO.

ACHUMIITOTHKHU 3MIH KPUTHUYHOTI'O PAIYCA BUAIVIEHHS 1 HEPECUYEHHS TBEPJ1OT'O

PO3UHMHY ATOMIB JJOMIIIKHA B MIK3EPEHHII MEXI HA CTAIII BO
ITepeiinemo no 0€3po3MIpHHUX 3MIHHUX U , T :

R R P P
Uu=— = Ap(t)=——=—"A, (1), 34
® (0 2, T, 34
R (1)) A )
r=lnx’=In J =1n( B0 ] , (35)
Ry Ay (1)
X (7)=expr. (36)
B 3MminHuX u, 7 piBHsHHA (23) npuiimMae BUTIST
2 du _ 1 3
u E—g[ﬂ(u—l)—u ] (37)
dt  3dt
= T)= =—>0, 38
u=u(7) x*dx  dx’ 9

b 1 (X3 (R . _ .
SIko yepes u(w,7) MO3HAYUTH PO3B 30K piBHsHH (37) IPH 3aaHiil 109aTKOBIH YMOBI u ..o =W lypaxysaru,

0
mwo p(w,7)=x(7)u(w,7) (zus. (34)), z’|t=0 =0, x|r=O =1 (mumB. (35), (36)), TO MOBHE YHCIO ATOMIB JOMIIIKH B

BUUICHHSX BCIX PO3MIpIB HA OJMHUII IUIONI MiXK3epEHHOT MEXKI
4w 3%
N(t)= 3 R[] (pit)dp (39)
0

Moxke GyTH IIPE/ICTaBICHO Yepe3 [oYaTKoBy GyHKUi0 posnoainy f, (w) y Bursiai

arr . =
Ni(2) =R’ (7) | w’(w.7) fo (w)dw. (40)
30 n(7)
Tyr w,(7) — pose’ssox pimstars u(w,(7),7)=0, TO6TO HIKHS IPaHMI TEPBICHAX DaliyCiB BHIUICHB, He

PO3YMHEHHX 1O MOMEHTY 4acy 7 . 3 ypaxyBaHHsIM ¢opmynu (39) 3ammmemo 3akoH 30epexeHHs pedoBuHH (33) y
BUTIALI

Ago +L”j31v,.(r)=1 (41)
0x(7) 47K,

a60, 0CTaTOYHO, MOCUIIAIOYUCH Ha popmyiH (36) 1 (40)

1—%exp(—‘[/3) = A(exp7) | u* (w.7) [ (w)dw. 2)
wy(7)

B piBnsinnsx (37) i (42) HeBinomoro dyHKIiero sBusieThest 1 (T) = dt/ x*dx 1 BOHM MOBHHHI GyTH BUKOPHCTAHI s
il BU3HAYeHHs1, TOOTO KiHELb KiHI[eM JUIsl BU3HAYCHHS] KPUTHYHOTO pajiyca BuineHHs x () i mepecudenns Ay ().

Amnani3 piBassb (37) 1 (42), npoBeaeHNH B mparix [2, 7], CBIAUHTS, IO IS TOCTaTHHO BEIMKHUX 3HAUCHb Yacy 7

1(7) =y (1-3/477), Uy =27/4 (43)
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1 BIIIOBIAHO

91 4(Inz)’

x° (t)zit[l+ 3 } (44)

IToBepTarO4ich 10 POSMIPHUX 3MIiHHHX (KPHTHYHOrO paniycy BumineHHs R'(¢) i posmipHoro wacy t), 3

bhopmymu (44) omepKUMO

R” =ngrBt 1+ & 5 (45)

4 In(BT4¢/R;’) |

3 opmyu (43), (45) BuIHO, 1110 OCHOBHE HAOIIKEHHs [ (T) =/, 1 BiXNOBiAHO

4 4
R = E%FBt =5 BT gy w6t (46)
CIIPABEIJIUBE 38 YMOBHU 3/ 47* << 1, ToGTO,
2

[m(%rBt /R )J >> 1. (47)

[MepecuueHHst TBEPIOrO PO3YMHY aTOMIB JIOMIIIKYA B MDK3EPEHHINH MeXi aCUMITOTHYHO (TIpH ¢ — oo ) MOBOJIUTH

cebe HACTYITHUM YHHOM
82" o (1sr2 )7L
AB(t):( Bj t :(—BJ r. (48)

B Beng. 00
3asHa4mnMo, 110 3 popmyir (35) i (46) BUILIHBAE sIBHA 3aIeXKHICTh 7 =7 (1)
48T 45,
2(1)=31n| 2BLs | 31| 2oL a5 | (49)
9R, 9R,

ACUMIITOTUKH ®YHKIIi PO3NOALTY BUILUIEHB HOBOI ®A3U 3A PO3MIPAMH I T'YCTUHHU
BUJLIEHL HA CTAJII BO

OyHKIis PO3NOALLY BHLICHs HOBOI (pa3u 3a po3mipamu (B 3MiHHUX u, T) ¢(u,7) aCUMITOTHYHO (IPH T —> o)

¢(u,7)=Aexp(—7)P(u), (50)
pi (]
4o u* exp| —=1/(1-2u/3
P(u)z;T(u+:)[7/3(/3(/2—u;]‘/)3]’ ue[0:3/2), (5

P(u)=0, ue[3/2;+<>o). (52)
P(u)du € WMOBIPHICTIO 7Sl BUAUICHHS MaTH PO3Mip MiX u# Ta u+du . BiaMiTuMO, 10 OIUTBHICTh HIMOBIPHOCTI

P(u) Buny (51), (52) 6yna oneprxana B mpaui Jlimms i Ciibozosa [7]. Ipadik dyrkuii P(u) npeacrasnenuii puc. 2

(xpuBa 1).
Crama A B popmyui (50) BU3HAUAETHCS 3aKOHOM 30€pE)KEHHS PEUYOBHHHU B CUCTEMI 1 TIOPIBHIOE
—\ -1
A= (zu) , (53)
ae
— 3
w'= [ u’P(u)du =1.1296. (54)
0

I'yctuna BuaiieHs HOBOT (a3u 3rinHo 3 popmynamu (25), (50) mpu T — co HacTyIHA

N =[f(p.t)dp=](u,7)du=Aexp(~7). (55)
0 0
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3 ypaxyBaHasaM ¢opmyd (35) i (46) 3 pesynprary (55) BUIUIHBaE

3
R, 9 AR}
NO=A % @) "a " 56

" (R(’)J 4 BT yny oot (56)

B Bupasi (56), sk Buxoauts 3 popmy (32) i (53),
R} 3n, . 00(5+Cd
AR =10 3y Qe (8 +Cd) (57)
A’ 4mi’
TOOTO aCHMIITOTHYHO (1IpH ¢ —> o ) N (¢) He 3amexuts Bixg R, .
Ockinbkn cepenne 3Hauenns u = R/R" E(t) =uR" (¢), ne R= E(t) — cepeaHiil pajiyc BUJIIEHHS HOBOT (pa3H.
Sk cBiguats mparii [2, 7],
_ 32
u= [ uP(u)du=1 (58)
0
3 minbHOCTIO HMOBipHOCTI P(u) Buay (51), (52). Toai acHMITOTHYHO (IpH £ —> o0 )
R(t)=R (1), (59)

TOOTO,cepe/iHii pajilyc BUALICHHS 30iTa€ThCs 3 KPUTUUHHM.

2.5 T . ’

Puc. 2. [esxi GpyHKmit P(u) , onepxkani B Teopii BO: 1 — npans Jlipmmrt i Capo3oBa [7] Ta nqana pobora, 2 — npans Baraepa
[8], 3 — npaus [39, 40].

OyHKIIS PO3NOALTY BUIICHb HOBOI (ha3y 3a po3MipaMH B 3MIHHUX R , ¢ TIpH ¢ — co HACTYIHA!

]—"(R,t)zN(t)P[ R J:/y(t)P{_R J (60)

R(e) \R'(1)) R(t) \R(1)
Sk i B npaui [7], acumnroTrysa (7 — eo) moBeminka GyHKUii posmoiny BHgineHs 3a posmipamu F (R,f) He
3alIeKUTh BiJl By 1o4aTkoBoi (yHKuii posmoxiny i (R). Lle 3ayBakeHHs, MPUPOIHO, BIIHOCHTBCS 1 A0 (yHKIT

pO3I0iiTy, 3aIMCAHOKO B {HIINX 3MiHHNX, Hanpukinax ¢(u,7) (dopmymu (50)-(54)), f(p.t).

ACUMIITOTUKU KOE®IIIEHTA 3AIIOBHEHHS MIK3EPEHHOI MEXKI BUJALIEHHAMMU 1
ITOBHOI'O YUCJIA ATOMIB JOMIIIKH Y BUAIVIEHHAX HA CTAAII BO

Sk i B npawsix [12-14, 39], BBeseMo koedillieHT 3aOBHEHHS MiX3ePEHHOT Mexki BUAiIeHHsMH HOBOT dasu Z (7).
Came Z () — ue mwiola, o MOKPUBAETHCS BUAUICHHSIMH Ha OJMHML IUIOLL MIK3EPEHHOT MeXi:
Z(t)=x|R*F(R,t)dR=rR;’ [ P’ f (p.t)dp. (61)
0 0

3 ypaxysaumsim dopmyi (34), (50) i (55) Z(¢) npu ¢ — eo 3amumemMo y BN
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L, 232 ) -
Z()=x|[R(1)] [ wo(u7)du=n[R ()] N(e)u, (62)
0
ae
— 32
u* = [ u*P(u)du=1.0463. (63)

0

Ockinbku N (t)= A[RS/R* (Z)J3 (nuB. (56)), MaeMo

Y R*3_2
z ( t) = ”*—0“_ (64)
R (1)
[pwitmaroun 1o yBaru hopmym (46) i (57), ocTaTOYHO OJEPKUMO

3V 2R u?
Z(t):(Ej P
u

[ToBHE 4WmMCIO aTOMIB MOMIMIKA B BUAUICHHAX YCIX PO3MipiB HAa OJUHMIN IUTONII MDK3EPEHHOI MEexi Ni(t)

(BT ,0) " (65)

(popmyia (39)) pu ¢ —> oo Take:
Az 332 Ar

N () =2 [R(1)] [ wo(ut)du="[R ()] N (1), (66)
3w 0 3w

ne u_3 Hanaetbes popmyiioro (54). 3 ypaxysauusam dopmy (56) i (57)

N = 4Ry’
Y ¥7))

[Tepexonaemocs, 1110 caMe TaKHil )K€ aCHMITOTUYHHI pe3y bTaT (67) BUILIMBAE i 3 3aKOHY 30€pEKEHHS PEUOBHHH.

=1, 0(6+Cd). (67)

JlificHo, oCKinbkH x(7)—>e0 HpH T -—>co, 3 3aKOHy 30epexeHHs pedoBHHH B Qopmi (41) omepxumo

N, (7)— 4zR)’ [3A® mpu 7 —eo. 3 iHIOro GOKY, 3aKOH 36ePeKEHHs PedoBHHH Y (opMi (29) 3 BUKOPHCTAHHAM
¢dopmyn (30) i (39) MOXKHA IPEACTABUTH Y BHTIISII:
N, (t)

0= A+ ()4

ny. (6+Cd) Ny (6+Cd)’ (68)

ne Ny, ENi(t)L:o' Ockinbkn Ay (1) — 0 mpu ¢ — oo, i3 cniBBinHomenHs (68) Maemo N, (1) — n, Q(J+Cd) npu

t — oo, IO, IPUPOJIHO, 30Ira€ThCs 3 pe3ynbraToM (67).
Takum grHOM, 3aKOH 30epexeHHs pedoBuHU (29), (41) mae Takumii e came aCHMITOTHYHHN BUpa3 AJIS IIOBHOTO
quCcIa aTOMIB JOMIlIKK B BuaiteHHsX N, (¢), sk i npu Gesnocepennbomy obuncierti N, (¢) 3 HaiineHow QyHKuiero

1

posnoziny ¢(u,7) (dopmyia (66)).
Sk i B mpaui [7], mpencraBiieHi BUILle aCUMITOTHYHI BUpa3y nepen0adaoTh BUKOHAHHS HEPIBHOCTI

7 =(Inx) =9[m(%ﬂ >>1 (69)

0

(muB. TakoX HepiBHICTE (47), cnennivHy s JaHOT poOOTH).
Binznaunmo e, mo oxepikani Buiie (GOpMYyIH 3 JSIKMMHU 3MIHAMHU MOXYTh OyTH BUKOPUCTAHHMHU 1 JJISI OTIHCY
mporiecy BO chepnyHUX BHIIIEHH JOCTATHBO BEIMKOTO pajaiyca (R >> LB) JUIS JOBUIBHOTO 3Ha4YeHHA D, / B . B

OCTaHHBOMY BHINIAJIKy WIBUIKICTH POCTy BUIiNeHHs dR/dt mae Burmsn (12). ®opmyna (12) hopManbHO 0fepKyeThCS 3
¢dopmyiu (11) nuisixom 3aminu B (11) B, Ha D_B/ L, , a nBa apyrux piBHAHHA KiHeTuku BO, came piBHsHHA (26) 1 (33)

3anumaoThes B cuuti. Toxi i Bei ofep)kaHi aCHMITOTHYHI BUpPa3W 3QIHMINAIOTHCS B CHUIL MICTs 3aMiHM [3; Ha D_B/ L, B
bopmyinax (45) — (49), (56), (65).

BHUCHOBKHU
TakuM YHHOM, TEOpEeTHYHO pO3MIAHYTO mporec BO chepuuHux BuaijaeHb HOBOI (a3H, pO3TAlIOBAaHHX Ha
MiK3epeHHI MeXi CKIHYeHHOI TOBUIMHA J 3 ypaxXyBaHHAM Au(y3iHHUX MOTOKIB aTOMIB AOMILIKA 3 TJIHOWUHHU 3epHA
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xapakTepHoro posmipy d (d >>R>>J) no mixsepenHoi mexi. Ilepenbadaerses, o picT BUALICHb TIMITYEThCS

MMOBEPXHEBOI0 KiHETUKOIO BOYZIOBH aTOMIB JAOMILIKH B BUJIUICHHS, 1[0 ONHCYEThCS ()eHOMEHOJIOTIYHUM HOBEPXHEBUM
KiHeTHYHUM KoedinientoM [, abo xoediumientom B, nos’s3anum 3 S, dopmysnoro (21). ITokasaHo, mo Takui pict

Mae micie npu BukoHaHHI HepiBHOCTI (Dy/ByL, ) K| (R/Ly)>> Ky (R/Ly). YV 1poMy BUMAJKy B NPHUITYIICHH] MalnxX
TepecHyeHb TBEPOro PO3YMHY aTOMIB JOMIIIKH B Mik3epeHHiil Mexi Ay (7) <<1 (HepiBHicTs (16)) WBHAKICTH pocTy

okpemoro BupinenHs: mae Burisia (17), (18), (22). Sx i B npawsix [2, 7, 39, 40], npu posrisiii aHcaMOIIl0 BUALICHB
BBa)KAETHCS, L0 PICT BUILUICHD BiZIOYBAETHCS 3 CAMOY3TOPKEHOTO CEPEIHBOTO MOJIS aTOMIB JOMIIIKH, 1110 BU3HAYAETHCS
BCIM aHcaMOJIeM BU/IIJIEHD.

3HalifeHi acHMITOTHYHI (IIPU 7 — o0 ) 4aCOBI 3aJIEKHOCTI KPUTHIHOTO pajiyca Buainerss R™(¢) (bopmymn (44)-
(47)), mepecHdYeHHs TBEpAOrO PO3YMHY ATOMIB NOMIIIKH B MiX3epeHHiil Mexi Ay (¢)(dopmyma (48)), rycrunu
suninens N (7) dopmyna (56)), dyHkuii posnoniny Buminens 3a posmipamu ¢(u,7) (dopmymn (50)-(54)), F(R,1)

(popmyma (60)), koedimieHTa 3aII0BHEHHSI MDK3epeHHOT MexXi BuaiieHHsIMH Z (dopmyia (65)), MOBHOTO YuCIa aTOMIB
JOMIIIKY B BUAUICHHSIX Ha OJMHHUIL IUTOMII Mix3epeHHoI Mexi N, (popmyia (67)).

IToxazano, mo sk i B mpami Jlipmmus i Crneo3oBa [7], aCHMITOTHYHO (t - oo) CepenHiii pajiyc BHUILICHB
JOPIiBHIOE KPUTUYHOMY paiiycy (E(t) =R (t)) , @ aCHMIITOTHYHA TOBeIiHKa (QyHKIIi po3MOAiTy BUAITIEHb HOBOI (ha3u

3a posmipamn F (R,¢) He 3aNe)KuTb Bijl BUITIsAY Mo4aTkoBoi ¢yHKuii posnoginy JF; (R). Crucno oGroBopeni rpaHuii

3aCTOCYBaHHS MPOBEICHOT0 Po3rysiny (nuB. HepiBHOCTI (47), (69)).
[TokazaHo, 1m0 oxepxaHi B poOOTI (GopMyiIM 3 HEBENMKHUMHU 3MiHaMu mnpuaaTHi i onucy BO chepuunux

BUIUIEHh IOCTAaTHHO BEJIHUKOD i IUISL TOBLIBHOTO BiOHOIIEHHS . M€ BCl OTpUMaHi
11e OCTaTHBO BEIHMKOIo pamiyca (R >> L, 0 Oro BimHOIIE Dy/B; . Came Bci o aHl

ACHMITOTHYHI PO3B’SI3KH 3aJIMIIAIOTHCS B CUIL TICTIs 3aMiHK [ Ha Ds / L, B dopmynax (45)-(49), (56), (65).
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Amiia TanbmmHa
K 100-nemuemy wobuneio HAH Yxpaunvr & 90-20006wune ocnosanus HHL] « XOTH»

...B XapbkoBe Gblta co3/1aHa MOIIHAS IIKOJIA COBPEMEHHOMN TEOPETUUECKOM (PH3UKH.
Axademux B. E. Ilamon, npezudenm HAH Yxpaunvl

UHCTUTYT TEOPETHYECKOMN ®U3UKN UMEHHU A. 1. AXUE3EPA
IIpooonxcenue. Hauano ¢ Ne4 (2018)

Anexcanop Unvuu Axuesep
MHe B XH3HH IOBE3JIO JIBAXKIBI:
nepBbIi pa3 — ¢ yuuteneM Jlannay,
a BTOpOH — C y4eHHKaMHU.
Axaodemux A.U. Axueszep

C nmeneMm Anekcanzapa Mnprua Axmesepa CBS3aHO AaJIbHEHIIIEe CTAHOBJICHHWE U Pa3BUTHE XapPbKOBCKOM IIKOJIBI
TEOPETHYECKON (PI3UKH.

Anexcanap Wnbunu, nocne nepeesga JIJI. Jlannay B MoOCKBy, cTan €ro IpeeMHHUKOM Ha IIOCTY PYKOBOIMTENS
teopetuueckoro otaena YDOTHU. ITo Bocnomunanusm Jlacino Tuccsl, ”HOCTpaHHOTO COTpyIHUKa TeopoTnaena Jlanaay,
«Axuesep npowen cyposoe ucnvimanue, noxkazaguiee, 4mo, K020a HACMAaHem 8pems, OH CMOJ4Cem Cams NPeemMHUKOM
Jlanoay ... Ha ceil pas Jlanoay yckoiw3Hyn om ceoux xapbkosckux epazos. Ho eco epazu ewje nepespynnupyiomes, u
Jlanoay 6yoem apecmosan 6 anpene 1938 2. Ho 6 Mockee y nezo ecmb moeyuuii u omsadichvii opye Kanuya, komopwiti
0c80000um e2o 6 credyougem 200y. Ilamo craguvix 1em, nposedennvix Jlanoay 6 Xapvkoge, 3aKOHUUIUCS ...

Axuezep cman cmapuium meopemuxkom Y®OTH... Onu coxpanan mpaouyuu Jlanday kaxk 6 ommuouwieHuu
Kauecmea, maxK u WUPOMbl RPUTIOICCHULL 60 6cex oOracmax meopemuueckou gusuku. /Jlanoay, ouesuono, um
2opouncay [1,¢.316-317].

Anekcannp Mnbna Axwmesep ObUT OSCCMEHHBIM DPYKOBOJHTENEM OT/ENA TEOPETHYECKOH (DM3UKM B TECUCHHUE
momyBeka — ¢ 1938 mo 1988 rox. O6paTumMcs kK HEAaBHO OMyOIMKOBAaHHBIM MEMYyapHBIM 3aMeTKaM akajgeMuka Bukropa
I'puropeeBnua bapwsxrapa, omHOro W3 mepBBHIX yueHHKOB A.U. Axmesepa, ma0bl HE JOIMYCTHTHP HETOYHOCTEH B
MIEPCOHAIBHOM COCTABE TOTAAIIHUX TEOPOTIEIIOB:

«B meopeomoene A.H. Axuesepa (no ezo, pazymeemcs, ombopy) y Hac cobpanace oueHb XOopowias KOMAAHUA:
kpome mensi C.B. [lenemmunckuil, [1.H. @omun (6ce mvl ¢ 00HO20 Kypca, a cetiuac cHO8a 6 00HOU “Komnanuu” — ujieHvl
HAH Ykpaunwt), K.H. Cmenanos, /I.B. Boakxos, B.®@. Anexcun (onu ¢ Kypca, Ha 200 cmapuie Hauiezo).

JI.B. Bonxkog (cmaswuii akademukom HAH Yipaunol u 6e3 6csikozo npeygenuuenus bloaiouumcs meopemurKom 6
obnacmu usuku snemenmapHelx wacmuy) u B.D. Anexcun, x coocanenuro, yce Ywinu 8 JVHWIUL U3 MUPOS, 4
K.H. Cmenanog — unen-xoppecnondenm HAH Ykpaunol.

B coceonem omoene U.M. Jlugpwiuya (uzeecmnoco écem xax Hnvmex) makce pabomanu 8blnyCKHUKU S0EPHO20
omoenenus — B.U. I'epacumenko, B.B. Auopees, E.B. Huonuwn, B. B. Cné306 (npagda, nociednuil nepeuwtén myoa u3s
Jlenunepadckoeo nonumexnuieckozo uncmumyma)» [2, c.12].

Ha ceroguammuunii neHs, NpuHMMAas BO BHUMAaHHE CeKpemHble HIOAHCHLL™ TOTO BPEMEHH, IPEICTABIACTCS
BO3MO’KHBIM JIMIIb OETJI0 04epTUTH HayuHoe Hacnenue A. M. Axuesepa u ero HayqHOH IIKOJIBI:

1941-1947 ec2. — mpenckazaHue «XOJOAHBIX» HEHTPOHOB, MHOHEPCKUE PabOTHI MO PACCESHUIO MEIICHHBIX
HelTpoHoB kpuctamiamu (coBMmecTHo ¢ 1. 5. [Tomepandaykom);

1946 2. — pa3paboTKa KOHIICHIIMU B3aUMOJCHCTBYIOIINX MEXIy co00i M ¢ (pOHOHAMH MarHOHOB, HAa OCHOBE
KOTOPOI BIIOCJIE/ICTBUY pa3BHUTa 00I1asi TEOPHS PENaKCalMOHHBIX IPOLECCOB B MArHETHKAX;

1947 2. — npeacka3aHo sIBIEHHE MIEKTPOHHOI0 LIUKJIOTPOHHOI0 pe3oHaHca (coBmecTHO ¢ JI. O. [lapramanukom);

1948 2. — pa3BuTa TEOPUS PE3OHAHCHBIX SJIEPHBIX PEAKLUH;

1948 2. — chopMynHpoBaHO  YCIIOBHE  DBOJIOIMOHHOCTH W pa3pabOTaH  KpPUTEPHH  yCTOWYMBOCTH
MarHUTOTHIPOIMHAMIYEeCKHX BOJH (coBMecTHO ¢ I. 5. JTtobapckum u P. B. ITonoBunEIM);

1949 2. — npescka3aHo SBICHUE MTyYKOBOH HEYCTOWYMBOCTH ITa3Mbl (coBMecTHO ¢ . b. DaitnGeprom);

1949 2. — moctpoena Teopus AUHPAKIIMOHHOTO paccessHUs OBICTPHIX 3apSKEHHBIX YaCTHII SAPAM,

1955 2. — mpenckaszad 3¢ pexT TuPPaKIINOHHOTO paCcIIeIICHHs AeUTPOHA M IOCTPOSHA €T0 TeopHs (COBMECTHO C
A.T. Curenko);

*[o BocnmoMuHaHusAM akagemuka B. @. 3enenckoro, nupexropa XPTHU B 1981-1997 rr., «¢ cepequnsl 60-x ro0B HAYAJI Pe3KO
pacTM BKJIaJ HMHCTHTYTa B OOOPOHHbIE OTPAC/IM: SIIEPHYI0, PAKETHYIO, KOCMHYeCKYW M 1p. KadyecTBeHHO H3MEHWICA U
XapakTep 000pPOHHBIX paboT.

Ecnu paHblile HHCTUTYT NIPUBJIEKAJICS TOJNBKO K PELISHHIO 3a1ad, HalpaBleHHbIX Ha obecniedenue [Iporpammer KypuaTtosa, To
Telephb OH y)Ke HauMHAeT paboTaTh B TECHOM KOHTAaKTe C [ JIaBHBIMH KOHCTPYKTOpaMH ¥ IPOU3BOACTBEHHUKAMU HaJ| pa3paboTKOH,
M3TOTOBJICHHEM Y UCTIBITAHHEM HOBBIX 00pa31I0B BOCHHON TEXHUKH.

Kak pe3yabTaT 3TOro — pe3ko nNoBLICHJICS YPOBEHb CEKPETHOCTH PafoT H, COOTBETCTBEHHO, YPOBEHb PeKMMHBIX TPeOoBaHMUIt
NPU UX BbIOJTHeHUM» [3, ¢.501].
© Tanshyna A., 2019
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1956 2. — OTKpBITHE SBJICHUS MAarHUTOAKYCTHYECKOro pe3oHaHca (coBmectHO ¢ B.T. Bapeaxtapom™* wu
C. B. [lenerMuHCKHIM);
1957 2. — pa3paboTaHa TeopHs MOTJOIIEHHS yIbTpa3Byka B Metamiax (comectHo ¢ M. U. KaranoBeiM u

I'. 4. JlroGapckum);

1957 2. — WccnenoBaHO paccesHUE 2JIEKTPOMArHUTHBIX BOJH B IDIa3Me Ha (PIyKTyalMsX dJIEKTPOHOB M MOHOB
(coBmectHo ¢ A. I'. Cutenko u U. I'. IIpoxomnoii);

1959 2. — mocTpoeHa Teopusi KHHETHUECKUX, PENaKCalMOHHBIX M BBICOKOYACTOTHBIX IPOLECCOB B
beppommanekTpukax (coBmectHO ¢ B. I'. Bapesixtapom u C. B. [lemeTMuHCKHM);

1962-1963 2. — BBINONHEH IUKJI pabOT MO SBICHUSAM IepeHoca B IutasMme (coBMecTHO ¢ B. ®. AnexcuHbIM,
B. T'. bapesaxrapom u C. B. IlenermMunCcKIM);

1963 2. — pa3BuTa TEOpHUs palUalMOHHBIX IOIMNPABOK K PSIIy KBAaHTOBOXJIEKTPO- TMHAMUYECKUX MPOLIECCOB MPHU
BBICOKHX SHeprusix (coBMmecTHO ¢ P. B. [TomoBuHEIM);

1964 2. — BHIMIONHEH IHMKI Pa0OT MO 3JEKTPOJWHAMUKE AJPOHOB, B YaCTHOCTH, CHOPMYIHPOBAHO IIPABHIO
SKBUAUCTAHTHOCTH I Pa3IUYHbIX 3JIEKTPOMArHUTHBIX XapaKTEPUCTHK aApPOHOB, MOJIEIb KBAPKOB pacIpOCTpaHEHa Ha
AJIEKTPOMArHUTHBIE TIPOIECCHl ¢ ydacTueM aapoHoB (coBmecTHO ¢ M.IL. Pekano); 1974-1982 ce. — BBIIONHEH IHKI
paboT Mo TeopHH MPOIECCOB M3MyUCHHS KaHAIMPOBAHHBIX AJIEKTPOHOB M TO3UTPOHOB B KPHUCTAJUIaX (COBMECTHO C
B.®. Bongsmueeim** u H.®. Illyneroii);

1975-1995 ce. — pa3BuTa TEOpPHS KBAHTOBODJIEKTPOAMHAMHYECKHUX TPOIECCOB TPU BBICOKMX DHEPIHSIX B
kpucrayuiax (copmectHo ¢ H. ®. llynproit).

JlononHsieT TpHBEACHHYIO BbIle WH()OpPMALUIO W COXpaHUBIIEecs J0 Hamux aHed B HaydHom apxuse
[Ipesnanyma HanuonanpHoW akageMuu HayK YKpawHBI JKCIIEPTHOE 3akitoueHue 1o BbiOopam A. M. Axuesepa B
unenbl-koppecniongenTsl AH YCCP, 3a nmoanuceio akagemuka H. H. boromiro6osa:

«lIpogheccop A. H. Axuesep sensemcsi 6bi0QIOWUMCIL COBEMCKUM (DUBUKOM-MEOPEMUKOM, GHECUIUM BbLOAIOWUIICS BKIAO 6
paseumiue HayKu. On si6is5emest 00HUM U3 Hauboiee aKMmueHo pa60mai0mux 6 obracmu meopemutteCKoﬁ dm;m;cu COBEMCKUX YUECHbIX.

Hm evinonneno oxono cma pabom, NOCEAUWEHHBIX PA3TUYHBIM NPOOAEMAM A0ePHOU U3UKU, KBAHMOBOU INeKMPOOUHAMUKYU U
meopuu  yckopumenell 3apAdCEeHHbIX yacmuy. Pad mpyouvix u ocmpoymHuIX uccredosanuil, O0aswux QyHoameHmanvHvle
Pe3yIbmamol, 6HeCIU CYUWeCmEeH bl 6KI1a0 8 pazpabomKy dmux npodaem u cOenanu e2o uMs U3eCmHbIM U AGMOPUNEMHbIM CPeoU
yuenvix Cogemckozo Coroza u 3a pybexncom.

Ipogheccop A. U. Axuesep sensemcsi 00HUM U3 JIYHUUX COBEMCKUX (DUIUKOG-MEOPEMUK08, pabomarowux ¢ obnacmu usuku
amomHo20 A0pa U KAHMOBOU dIeKmpoouramuxy. Emy npunaonescam nepeokiacchvie pabomul no paccesnuro y-KeaHmos sopami,
no OUpPAKYUoOHHOMY pAcCesHuio s0epHblX dacmuy. MM ycmanoeiena 803MOJICHOCMb HOB020 SGIeHUs — OUDPAKYUOHHO2O
pacujennenuss 0etimoHo8 A0pamiu.

A. U. Axuesep asngemcs asmopom NUOHEPCKUX pabom No pAcCesHuio HelumpoHO8 6 KPUCMALIAX, Komopvle npuobpenu
ocobenHo 60ﬂbmy}0 BAJICHOCMb 8 C6A3U C 60NPOCOM O 3ameonenuu Hezimponoe. bonvuwoe 3nauenue umena e2o nepeas pab'oma no
onpeoeneHuUio KpUmuyeckKux pasmepos peakmopa ¢ y4enmom 3amedieHus HelimpoHO8.

Ocobenno nyscno ommemums pabomwl npogeccopa A. H. Axuezepa u e2o0 wkonvi no meopuu JUHEUHbIX YCKOpumenet
3apsicenHbx yacmuy*** u meopuu naazmor****

*U3 BocmomuHaHui akagemuka B. I'. bappsaxTapa:
«A. W. Axueszepom Oblna co3maHa “komanzaa”: Axuesep — bappsaxrtap — Ilemermunckuii, koTopas mpopaboTana B ApyxkOe, COIJIaCHH U C

obuienpu3HaHHbIME ycriexamu 16 siet (1956-1972). 5 He 3Har0 APYroii Takoi CTONb KBaIM()UIMPOBAHHOW KOMaHIbI, KOTOpas TaK COTJIACOBAaHHO U
TaK MPOJIODKUTENILHO paboTana Obl BMECTE.

3 MHOKECTBa Pe3yJIbTaTOB, MOJyYEHHBIX HAMUA COBMECTHO, OTMEYY CIIEAYIOIINE: TEOPHs MarHUTO-aKyCTHYECKOTO PE30HAHCA B MarHETHKax
(Ounnom ma omkpvimue ¢ npuopumemom om 1956 2o0a, I'ocydapcmeennas npemusi Yxpaunvr 1987 200a); Teopuss OOMEHHOHN penakcanuu |
pejlakcalui MarHUTHOTO MOMEHTa B ()eppOMarHeTHKax; KBAHTOBAs TEOPHUS TEPMOIalbBaHOMATHUTHBIX SBJICHUI B METAJIaX M MOJIYNPOBOAHUKAX
MIPU HU3KUX TEMIIEPATypax; HOCTPOCHUE ONEPATOPOB MOBEPXHOCTHBIX AJEKTPUUYECKOr0 TOKA U TEIJIOBOTO IOTOKA; TEOPHS PEJIAKCALUH Pa3psHKEHHOI
IUIa3MBl B YJIBTPACHIBHBIX MArHUTHBIX IIOJISIX; TEOPHsS IYYKOBON HEYCTOMYMBOCTH B MAarHETHKAaX; TEOPHs BBHICOKOYACTOTHOW BOCIPHHMYHBOCTH
(eppoarINEKTPHKOB.

OTHM K€ KOJUICKTUBOM HamucaHa MoHorpadus “CrnmHoBble BOJHB” (B 1967 romy u3naHHas Ha pPyccKOM si3bike, a B 1968 romy — Ha
aHTTIHICKOM), KOTOpast BOT yxe 43 roja, IpakTHIecKH He ycTapeBas, MIMPOKO HCIONB3YeTCs H MUTUPYETCsl B HAy4IHOIH nureparype. Obmmee ducio
CCBUIOK Ha ATy KHHTY 3a MPOLICAIINE TObl COCTaBIsIET MHOTHE coTHU (Oonee 800)» [2, c.15-16].

**U3 razetHot 3ametku B. ®@. boazpiesa “IlIkona akagemuka Axuesepa’:
«B 1971 romy Anekcanap Miapnd Axuesep B COaBTOPCTBE C KOJUIEIaMH 10 OTAECNY BBITYCTHJI MEPBYIO PadOTy, MOCBAIICHHYIO (U3HKe

B3aUMO/ICHCTBHS SJIEKTPUUECKH 3aPSHDKEHHBIX YaCTHUI] B KPUCTAILIAX.

B TO BpeMs B HAy4YHOM MHpPE CUHTAJIOCh, YTO 3Ta TeMaTHKa IpaKTUIecku ucuepnana ceds. Ho Anekcanap Mipnd BMecTe ¢ y4eHHKaMH HalIel
Jpyrue, OPUIMHAJbHBIC IMOJCTYIBI K pPEIICHUI0 mpoliieMbl. M BrOCHENCTBHM 3Ta PadoTa MHUUMHPOBAJA BO MHOIHMX JIaopaTOpHsiX MHpa
MpPOBe/IeHHeE 101 HOBBIM YIJIOM 3peHHs YIUIyOJIEHHBIX HCCIIeI0BAHMIA [0, Ka3a10Ch Obl, GeCrepClIeKTHBHOM TeMe.

A B camom XDTU nake ObUI CO3IAaH CIEUHMANBHBIA OTIEN, KOTOPBI BO3IJaBiseT yueHHK Axuesepa Huxomait ®&noposuy lynsra. U no
PE3YJIbTATUBHOCTH HCCIICAOBAHMN OT/AEN 3TOT 3aMETHO 00oIIe] Bce 3apyOe)Hble HaydHbIe J1abopaTopuu Takoro e npoduisy [«BeuepHnit
XapbkoB» oT 25 utoHs 1996 r.].

""" W3 Bocnomunanuii npodeccopa I'. S. Jliobapckoro: «JTa Tema, “crylieHHas cBepXy”, Oblia 0OBEKTOM MPUCTATLHOTO BHUMAHHUS JUPEKTOPA
nHctutyta Knpumna Jimurpresnda CunensHuKoBa. B paboTy ObLIN BTSIHYTEI 002 TEOpOTAENa, U pabOTHI XBATHIIO HA BCEX...

HukTO M3 HAC 10 ATOr0 YCKOPHUTEISIMU HE 3aHUMAJICSI, U IIEPBOE, YTO MbI [IOCTAPAIUCH CAETIATh, — 3TO “0TeOPHH3NUUTH” YCKOpHUTENb. [ 0BOpS
IPOIIe, MBI IIOCTAPAINCH OTHICKATh BCE Mallble IapaMeTphl 3aJadd ¥ MAKCHMAaJbHO HCIOIb30BaTh UX MAaJIOCTh. JTO ObLIA HJes HAIIUX CTaplINX
toBapuieid AU u UM. TpyaHyto 3aady pacuéra 3JeKTPOMarHHTHOTO HOJISI B3sUT Ha ce0sl IOIOIHUTEeNbHO SIkoB bopucosnu daitnbepr.

MBI 4acTo JOKJIa/bIBAIN AUPEKTOPY, KAaK MPOJBUraeTcs Hamra padoTa. OH BCeraa CIyliall yBaKHTENIbHO, KaK Obl X&Kellask OJA4ePKHYTh, YTO MBI
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A. U. Axuesep ssnaemca oonum uz eedywux ¢ CCCP pabommnukoe 6 obracmu niasmvi, HOIVHUBUIUM BeCbMA BANCHLIE
Dpe3yIbmamal, Kacaoujuecs No8e0eHUs Ny4Ko8 ObiCMpbiX YaCmuy 6 naiasme U ux YCmouuueocmu, a maxkice no HeluHeuHvlM 60IHAM 8
nnasme. Hccneoosanus A. U. Axuesepa no oughgysuu u paccesnuio HeumpoHo8 u OUGPAKYUOHHOMY DPACCESSHUIO YacCmuy
3a6epUIUIOCH U30AHUEM WUPOKO U3BECMHOU MOHocpaduu no meopuu Aopa, yoocmoenuou AH CCCP npemuu umenu
JI. . Manoeavuwimanma.

A. U. Axueszep oonum u3z nepevix ¢ Corwsze cman 3aHUMAMbC 6ONPOCOM KEAHMOBOU INEKMPOOUHAMUKY, 6 YACHHOCHU eMy
npuHaonedcam nepevle pabomul O HENUHEUHOU INEKMPOOUHAMUKE.

E20 kHuca no keammoeoil >1eKmpoOUHAMUKe NPUSHAEMCs Jyyulell 6 MUpoeol umepamype No 3mou 6ajcHeuwie O
meopemuueckot Qusuku obdnracmu. bonvwoe 3nauenue umeem uccredosamue A. H. Axuezepa no xeanmosgoi meopuu
@eppomazrnemuzma u no Meopu KUHEMUYeCKUX NPOYeccos 8 Memaniax u OUINeKmpuKax.

A. U. Axuezep ¢ ceoeii pabome mecnetiuum o06pazom céa3an ¢ IKCNEPUMEHMANbHLIMU UCCICO06AHUAMU ¥, 6eOYUUMUCA 6
@TU AH YCCP u Opyeux nayynwix yupexcoenusx. Bcé smo noxasvieaem, HACKOIbKO WUPOK OUANA30H NpoOIeMamuky pabom
A. U. Axuesepa, komopblie Omaudaiomcs akmyaibHOCHbIO U 21YO0KUM NPOHUKHOBEHUEM 8 (PUSUHECKYIO CYUWHOCb NPOYECCOB.... ».

Henb3s He BOCXUTHTHCS U MykecTBOM AJjiekcanapa Unbnua Axuesepa, ¢ KOTOPBIM OH MPHUHSUT HETIOMPAaBUMBIN
ynap cyap0bl — MoJIHYO notepto 3peHus B 1995 rony. (ITo stomy noBony Anexcanap Mienu kak-to ckazan: «Huxonai
Huxonaesuy bozono6oe yuun mens, umo sicarogamuvcsi Ha boza u na cyov6y nenvssiy.)

Ero nmous 30 BOT Kak oOmHCHIBaeT Te roabl: «Eeo moze ocmasancsi monodvim. Omya HeBO3MONCHO Oblio
npeocmagums HeMOWHbIM CIAPUKOM. YUeHUKU U cCOMPYOHUKU NPUE3HCATU HeCKOIbKO pa3s 8 Hedento. Ho smozo emy
ovL10 Mano. Hogvle myiciu u udeu nOAGIAIUCD Y He20 Obicmpee, Yem peanu308bl8anucy, cmapvle. B makux ciyyasx nana
NPOCUTL MEHsL 3aNUCAMb 2]1ABHOe, 8 YMe NPOOeNbl8Al CJIONHCHbIE MAmeMamuiecKue blKIaoKuU. ..

Ho 6wvisano, ymo npoxoouna nedens, a Hukmo He npuesxcan (unu Lllynvea yexan 8 KOManoupoexy, uiu npuexa
KMo-Huby0b ¢ 00KIA00M, UU KMO-MOo u3 “‘pebsam’” 3a601e1 u NOIMOMY He YCnen no020mosumuscs). B makue momenmoi
AU ¢ epycmoio 206opun: “Ecnu 6v1 y MeHs Oblau 2na3a, MHe HUKMO He Obl1 Obl Hydcen. H Ovl 6cé coenan cam” ...

Ilo smoprukam u uemeepeam obvluno npuesdicanu pabomamo Cepeeii Braoumuposuu ¢ “pebsmamu”...

Huxkonaii ®edoposuu Illynwea npuesxcan no cybbomam unu eockpecenvsim... C Hurxonaem @edoposunem
pabomanu 0bvuHo 00120. Kpome nayku obcyaxcoanu paznuunvie uncmumymckue npooaemui» [1, c. 268-270].

Henp3sa He BcmoMHMTH W cienyromue cioBa Ajekcanapa Wnbuua — kpuk ero nywmu: «f4 2omoe omoamsb éce
op2amnbl uyecme, JiuUlb ovl 6E€PHYI0CH KO MHe 3penue xoms Obl 0OHUM 271A30M ).

Ko BceMy 3TOMy cTOHUT 3aMeTUTh W TO, YTO BOJIHOBasna AJjiekcaHapa Mnbuua He TONBKO HayKa: OH MCKpEHHE
TIEPEXKHUBAJ 32 CYAB0Y CTPaHBI M IIOOMMOTO MHCTUTYTA. [0 CHX TOp MaMATHBI €ro CJI0Ba, CKa3aHHBIC MM B KoHIE 1994
roja: «/Ancmumym, Komopomy s omoan ulecmvoecsim jem HCUsHu, gaxmuuecku pazeanuics. [Hywa donum, Ho Kyoa
demwvca! Cnasa bozy, umo ecmv ewé HeCKOIbKO SHMY3UACIO8, C KOMOPLIMU MONICHO YMO-MO 0elamyb, d UHAYE HYHCHO
ovbL10 6bL Hanodcums na cebs pykuy [1, c.101].

U Bce xe Amnekcanap Wipnda He mamam ayxoMm, He MpenaBayics oTdasHuio. ONTUMH3M B COUYETaHHU C
HPABCTBEHHBIM HAUaJIOM — XapaKTepHas YyepTa U ero Hay4YHOH IIKOJIBI.

(U3MKU-TEOPETHKH, a OH “npocTo” Gu3uk. K Hemy Bcersia MOXKHO ObLIO 3alTH 3arpocTo. Mbl 3THM, KOHEYHO, HE 3110yNOTPeOIIsIIn.

B xabunere y Kupnmna JImurpueBuda o6a HauadbHHKA TEOPOTAESIOB CTApaINCh MOKAa3aTh HAC C JIydIleil CTOPOHBI, OHH Opalll CIOBO TOJBKO
UL TOrO, 4TOOBI NPUHTH Ha NOMOWIb JOKJIANUMKy. Bmpouem, Mbl m He BocmpuHuMamn AW m UM kak HavansHukoB. OHHM ObUIM JUI1 Hac
JIo6poxenaTenbHBIMU Myapenamu. O6a oHH 001afany OXHOI HopaXaBIlel Hac CIOCOOHOCTHIO. Eciii He 3HATh TeophHU3UKY JOCTATOYHO IIyOOKO, TO
JIETKO MOJYYUTh aOCYp/HBIN pe3yibrar. B Takux ciy4asx u Anexkcannp Mnbud, u Minbs MuxailioBud ¢ JIETKOCTBIO BBIBOJHIM HAC U3 3aTPYAHEHUID
[1,c.212-213].

wohk

U3 BocnomuHanuii unena-koppecnonnaenta K. H. CrenmanoBa: «C 1956 roja B MHCTHTYT CTalld PETYJISAPHO IOCTYIATh 3aKPBITHIE OTYETHI
JINTTAHa, xoTOpbIE IOKJIAIBIBAIIICE HA CEMUHApax, mpoxoauBmux B kabunere K. /. CHHEIbHUKOBA. ..

K yuacrtuio B pemenuu npo6iaemsl YTC Obuin IpUBIEYEHEl M MHOTHE COTpyIHUKH Teopotaena AW: S. b. ®aitubepr u H. I1. CenuBanos, a
TaKKe MOJIO/IbIC HAay4HbIe coTpyqHUKU B. @. Anekcun, P. B. [Tonosun, H. A. Xwxusk, B. U. Kypuiko, Bai NoKOpHbId ciayra u Jip. ..

AU He oOpaman BHHMaHHS HA TO, YTO BOT ceifyac, B JaHHBI MOMEHT, TePMOSII HeJb3sl ceJaTh, OH CMOTpeJ, YTO HOBOI0 MO:KHO
YBH/IETH B IIa3Me ¢ TepMOsiAepHbIMHU napameTpamm» [1, c. 289-290].

k.

U3 cratbu akagemuka M. B. Kypuaroa «Pa3uTue aroMHON GU3MKH Ha YKpauHe»:

«B sHBape HBIHEIIHEro T0/a s, KaK B CTapoe BpeMsl, IIPOBEII B 3TOM HHCTUTYTE HECKOJIBKO JHEH, JOCTaBUBIINX MHE MHOTO PaJIOCTH. ..

B HacTosee BpeMs B 00JIACTH MCCIIEIOBAHMS SIIEPHBIX PEaKIUH HPH SHEPIUsX CTAIKUBAIOIIMXCS YaCTHI OT OJHOIO JO CTa MHJUIMOHOB
3JIEKTPOHOBOJBT YKpauHa, Onarozmapsi padoram ®Pusmko-TexHHUeckoro MHCTUTYTa Akaaemun Hayk YCCP B XapbkoBe u MHctutyTa Qusuku
AH YCCP B Kuese, BbIIITa Ha IEpBO€ MECTO B PsIAy OpaTCKUX PeciryOIHK Hamell BeTuKoi PoquHEL. ..

B Hacrosimee BpeMsi B XapbKOBCKOM (PM3MKO-TEXHMYECKOM HMHCTHTYTe HAa4yaThl PadoThl HAJ IJIaBHOW NMpoO0JeMoii coBpeMeHHOIl
HAayKH — Ipo0JieMoii ymnpaBjeHHsI TepPMOSIIePHBIMH peaKUMsIMH. YCIENIHOe pEIIeHHe 5TOH 3aJaud OTKPOeT IIOMCTHHE HEBUJAHHbIC
MIePCHEKTHUBBL.

B XapbkoBCKOM (DM3UKO-TEXHHYECKOM HHCTUTYTE PaOOTHI IO YIPABISEMBIM TEPMOSIICPHBIM PEaKIUSIM MO OOIINM HayYHBIM PYKOBOICTBOM
K. JI. CuHenbHUKOBa Ha4YaThl BCETo MOJITOPa-/iBa roaa Ha3zaa. Ho 3a 3To KOpoTkoe BpeMsi BBINOJHEHBI BaXKHBIE TEOPETUYECKHE U HKCIIEPUMEHTAJIbHbIE
HCCIICJOBaHUS CBOMCTB HOHW30BaHHOM 1a3Mbl» [["azera «IIpaBma» ot 7 depanst 1960 ronal.

29 aBrycra 1982 rona «IIpaBaay» panoprosaia:

«HoBBIi mAar Ha NMYTH K CO3JaHMIO YNPaBJsIeMOr0 TEPMOsSIAEPHOI0 CHHTe3a clejaju y4yeHble XapbkoBa. B ®usuko-rexHuueckoMm
uHcTUTyTe AKagemun Hayk YCCP Havama nelicTBOBAaTH OAHA M3 KPYNHeEIHININX B MHpe CTe/LIADATOPHBIX YCTAHOBOK — “Ypazan-3”. lllupokas
rporpamMMa HcClIeIoBaHUN NpeJyCMaTpUBAET M3yUEHUE 3aKOHOMEPHOCTEH MOBEAEHHs IUIA3Mbl, HArpeTOi 1O HECKOJBKHUX JECATKOB MUIIMOHOB
rpagycos... IlepBeiil cTemnaparop aToro Tuma Obul co3/1aH B HameM MHCTUTYTe B 1970 rogy. C Tex mop B paMKaX OOILECOIO3HON TepMosaepHOi
porpamMMsl B XapbKOBe CKOHCTPYHUPOBAHO HECKOIBKO IMOJOOHBIX CHCTEM.

Y4eHBIX IPUBIEKAET UX CHOCOOHOCTH padoTaTh B MOCTOSHHOM PEXHME, HE0OX0IUMOM Ul (PyHKIMOHUPOBaHMS OYyAyIINX MPOMBINUIEHHBIX
PEaKTOPOBY.
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Hucmumym meopemuueckoii pusuxu umenu A. H. Axuesepa

Ecnu y MeHs ecTb cepbe3Has 3aciyra nepej CTpaHoi,

KOTOpas IpuHOCUjia U 6yg!eT NPUHOCUTD IJIOABI —
TO 9Ta 3acCiiyra oJHa: 3TO TO, YTO i KYJIbTUBHUPOBaJ

TeopeTnieckylo ¢usuky B Xaprkose u TeM cambiM B CCCP.
Axademux U. B. Obpeumos,
oupexmop-opzanuzamop YOTH

31 saBaps 1996 roma — mata ocHoBaHHS MHcTHTyTa Teopermueckoit ¢msuku mmeHn A. WM. Axumesepa HHI]
«XDPTU» HAH Ykpaunsl.

Axanemux A. . Axuesep B CBOMX MEMYapHBIX BOCTIOMHHAHUSAX OOBEKTUBHO OCBETWJI — IPH HCUEPIIBIBAIOLICH
TIOJTHOTE U CACP)KaHHOM KPaTKOCTH — LEHTPAJIbHBIE COOBITHSA M 3HAKOBBIE JIMIA €ro mpeasicTopuu: «llocne omwvezoda
Jlanoay uz Xapvkosa meopemuueckum OmMoenom pyKogooOul asmop Imux CMpoK, Nocie 60UHbl U3 He2o 6blOeNUNCs
opyeou omoen, komopwim pykogooun M. M. Jlupuiuy.

Cetivac 6visuwum meopomoenom Jlanoay pyxosooum axademuk C. B. [lenemmunckuti, a ¢ Hayuonanvrom
HayuHom yeumpe “‘XapbkoGckuil (pusuxo-mexHuyeckull uncmumym’”’, max menepv Hasvisaemcs ovisuwiuil YOTHU, ecmo
PA0 meopemudeckux omoenos, u 6ce OHu 00beOUHeHbl 6 eOuHbll Mncmumym meopemuueckoi u3uku, Oupekmopom
Komopoeo ecmb mou yuenux npogeccop H. @. Illyrveay [4, ¢.1025].

CranoBnenne e IHCTHTYTa TeopeTHYecKOW (HM3MKM TPHIUIOCH Ha MEPHOA TIOOANBHBIX COIMAIBHBIX
karakinm3MoB. Pacmag CCCP... IllokoBas wH(mamus... HenonstHas npuBatm3amms... Pacrymas Ge3paboruia...
VY npydatomee GUHAHCHPOBAHNE HAYKH. ..

HexkoTopsle, ycTaB 0T 0€34€HEXbs, BOOOIIE yIUIN M3 HAYKU, a JPYTHe — U3-3a «CTECHEHHBIX OOCTOSATEIBCTBY —
BBIHY’K/ACHBI OBIIIM HCKATh JIydIledl ToiaM B 4yXuX Kpasx. Jla u Oe3yZepKHbBI OTTOK 3a I'paHHMIly HEPBOKIACCHBIX
YUEHBIX BEChbMa CEPhE3HO BBIXOIOCTHI OTEYECTBEHHBIE HAYYHbIE IICHTPBI.

Henp3st yMom4ate ¥ 0 TOM, YTO TOTJIa MHOTHE OKa3ajHCh Ha TpaHU (U3MYECKOro BbDKMBaHMA. M naneko He
KaXIbl MOT' IIO3BOJIUThL cebe OTCYTCTBHE... oropoaa’ , nbO NOKYIKA eBa JIU He BceX NPOAYKTOB MMTAHHUS ObLIa
HACTOSIICH MPOOIEMOIA.

OjHaKO WHCTUTYT BBICTOSUI M CyMeJ COXPaHHTh CBOM YHHMKAJbHBIH HaydHBIH IMOTEHIMAN, MO0 OCTalNCh
OINITHMUCTHI — T€, KTO JEWCTBUTEIHHO ObII yBJI€YeH HayKoW. 1 Hafo oT/iaTh TOJDKHOE MX HEHCTOIIMMOMY 3HTY3Ha3My,
3aBUAHOMY TEPIIEHHIO U MPEAAHHOCTH HAYyKeE.

HeiHe >xe mpencraBiseTcs BO3MOXHBIM PEKOHCTPYHPOBAaThH OCOOCHHOCTH IE€pHoja cTaHoBieHHWs WHcTuTyTa
TEOPETHYECKOH (DM3UKH W3 nepebix ycm — UCTOPHUYECKHX 3aMETOK TUPEKTOPa-OpraHM3aTopa MHCTUTYTA aKaJeMHKa
Hukonas ®énoposuua Hlynsru (o MaTepuanamM ero MeMOpHANbHOM cTaTtbu 00 akagemuke /1. B. Bomkoge):

«B mauane 90-x romos, mocie pasBasa CCCP, B MHCTUTYyTe HACTYNIUIM TPYIHBIC BpEMEHA B CBS3U C PE3KUM
COKpaImieHHeM (HHAHCHPOBAHUSA W HEONPENeNIEHHOCTRIO C IMPHHAMISKHOCTBIO HMHCTHTYTA. mutpuii BacuineBmu
OYEHb MEePeXHBal 3a To, uTo npoucxoauio B obiBiieM CCCP, B Ykpaune u B XOTH...

PykxoBoactBo XDTU npennpuHUMano OTYasTHHBIE IMONBITKH C TEM, YTOOBI M3MEHUTH CHTYalHIO K Jydniemy. B
1993 roay Beimen Yxka3 IIpesunenta Ykpaunsl o npucsoennn X®PTU craryca HarpoHanpHOro HayyHOTrO LIEHTpa C
00pa3oBaHNEM BHYTPH HETO ISTH HayYHO-HMCCIIEIOBATEILCKMX MHCTUTYTOB. Hanboisee moaxo/smer opranusanueii, B
KoTopyto aoibkeH Obu1 mepeiith XDOTU, Obuta Akagemust Hayk YKpawHbl. Takod mepexoj, OJHAKO, IO Pa3HbIM
MIPUYMHAM HE TIOJTyYaCsl.

[Monpaznenenns X®OTU, B KOTOPHIX 3HAYUTENBHYIO 4YacTh pabOT COCTaBISIM NPHUKIAJHBIC HCCIICAOBAaHUS,
JIOBOJILHO OBICTpO OBUIM IpeoOpa3oBaHBl B WHCTUTYTHL. DTO MHCTUTYT (HM3MKM TBEpAOTO Tela W PaIHAIlIOHHOTO
MatepuanoBefeHusi, MHCTUTYT ¢pu3nkn mua3Mbl 1 IHCTUTYT ITa3MEHHON 3JIEKTPOHUKH M HOBBIX METOJIOB YCKOPCHUSI.

CrnoxHee oOKazamach CHUTyaunusl C sACpIIMKaMH M TeopeTukamu. lloppasneneHnsi, B KOTOPBIX BEIUCH ITH
HCCIIEIOBAaHNS, OKa3allCh B HaWOOJiee TSDKEJIOM IIOJ0KEHHWH, TaK KaK OCHOBHAs 4acThb MX padOT MPOBOAMIACH B
obnactu GpyHIaMEHTaNbHOH Gu3nky. [lomoIHNTENbHOE (PMHAHCHPOBAHHUE HA BBINOJHEHHE TAKUX MCCIEIOBAHHH OBLIO
MPAKTHYECKH HEBO3MOXXHO HAWTH. DTO MPHUBEJIO K BOSHUKHOBEHUIO TeHACHINN K TOMY, 9T00HI ecn He Bech XDPTU, To
XOTs OBI 4acTh ero nepenuia B AKaJeMHIO HayK Y KPauHbI.

Jmutpuit BacunbeBny BonmkoB k 3TOoMy BpemeHu Obul yxe akagemukomM HAH  VYkpaunsl. Ilostomy
HEY/IMBUTENBHO, 4TO psia Beayux saepupkoB XMOTU, kotopsle pajenu 3a Takoil nepexo] B AKajeMHI0, 00paTHINCh

ok

Tpumera Bpemenu: corpyaunkam XDOTU Takke ObUTH BBIIETCHBI ONU3IEKAIIHE K HHCTUTYTY YYaCTOUYKU 3EMJIH I10]] OTOPOJIBL.
U3 Bociomunanuii 3ou CrioibHEK, louepy akagemuka A. M. Axuesepa:
«Hauanace nepectpoiika. Bckope pacrnancst Coro3.
Ha nayky BbLIe/sUIOCH Z€HEr BCE MEHbIIE M MEHbILNE. 3apIUiaTy BBILIAYHBAIN HEPEryJsIpHO, ¢ OONBLIIMM Oro3gaHueM. MHOrue HaydHbIe
PabOTHUKH OKA3aJIMCh B KATACTPO(PUIECKOM IMOJOKEHUH.
Bripydain oropoa. Bee — ot 1abopaHTOB 10 TOKTOPOB HayK — caxcany KapTomky. Kaxuplii ctapaics rae-To kak-to noazapaborars. [Tana ouens
nepexxuBai. [lepexxuBai 3a CBOMX COTPYJHUKOB, IEPEXUBAI 32 JIIOOUMbIH UHCTUTYT. ..
AU ObUIO TOPBKO, TSHKEIO W 00MIHO M3-3a pacmana Coro3a, M3-3a HUILEHCKOTO COCTOSIHUSI HAayKH, M3-3a Jerpamauuu odmectsa. OH ObLI
MaTPUOTOM M BCErJa JIFOOMII CBOKO CTPaHy — BCIO CTpaHy, a He Kakyro-HUOy b €€ pecryOnuky. MHoraa on roopuit: “Kak st MOT JOXKHTB J10 3TOr0?”»
[1, c. 266].
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Kk Imurpuro BacmibeBudy ¢ mpemyioxkeHneM, 9TOOBI OH CTall B IEHTpe 3TUX coObITHA. JMuTpuii BacunpeBnud, X0oTs 1
IIOXO OHMMAJI OPraHU3aIMOHHYI0 CTOPOHY BOIIPOCA, aKTUBHO MOJKITIOYHIICS K OCYIIECTBICHHUIO 3TO naeun. Peds nuia
00 oOpazoBanuy MHCTUTYTa BBICOKHMX 3HEPrui npu AkaJeMHud HayK YKpauHbl Ha 0a3e OTIelieHui siiepHOi (pU3uKU 1
teoporaenos XDOTH.

Y MeHs e 110 TOMY MOBOJly, HECMOTpsI Ha OOLIYIO MOJIEPKKY HJleH, Obuta ocobas nmo3unus. OHa 3aKi04anach,
KaKk MHE Ka3aJioch, B MpPaKTUYEeCKON e€ HeocymecTBUMOCTH. CBs3aHo 310 ¢ TeM, uro XDTU wumeer obmrue
KOMMYHHUKAIIMOHHBIC CETH, CIUHYIO DHEPrOCHCTEMY M JpyrHe oOmme CTpyKTypbl. [109TOMy M3 HEro HEBO3MOXKHO
BBIJICNIUTH KAaKylO-TO CTPYKTYpY, UMEIOLIYI0 KpPYIHBEIE 0a30BbIe YCTAaHOBKH, TaKHe Kak yckopurenb. Jla m Axagemun
HayK 3TO OBIJIO HE OYEHB-TO HY)KHO, TaK KaK OHa B TO BPeMsl HAXOAWIACH AJIEKO HE B JIyYIIEM IOJIOKEHUH. AKaJIEMHUN
Hy)keH Obi1 Bech XDPTU kak menoe ¢ tem, 9to0bl moakimounts XOTU k pernreHuto 3a1ad, MO3BOJSIOMINX VITyUIIHTh
IOJIOKEHHE /1N ¥ B AKaJIEMHH.

UYro KacaeTcsi TEOPETUKOB, TO TyBCTBOBAIOCH, YTO JAJIEKO HE BCE U3 HUX COTJIACHIIMCH OBl Ha TaKOW IEPEXOH, TaK
KaK TeMaTHKa TEOPOTAEJIOB Oblia ropasfo 0osee MIMPOKOH, yeM (H3HKa BHICOKMX 3Hepruil. IlosTomy s oTkasancs ot
YYacTHs B pean3alni 3TOW UeH, cuuTas e€ OecrepCcrieKTUBHON, 0 9éM mpsaMo ckasan Jmurputo BacunseBudy.

Curyanus BCKope pa3pemmniack. JJaHHbIH BOIPOC OBLT MOMHAT Ha YICHOM COBETE OTHAEICHUS sSAepHoi ¢pu3uku. B
pe3ybpTaTe TaifHOTO TOJIOCOBAHMS OOIBIIMHCTBO BEAYIIIMX COTPYTHIKOB OTCIICHHS, OJTHAKO, HJICI0 HE MOAEPIKaIH.

Jmutpuit BacunbeBuu OblT OYEHB pa3/locafioBaH CIIyYUBIIUMCS, B OCOOEHHOCTH TEM, YTO UACI0 HE MOJAEPKAIH
Jla’ke HEKOTOpBIE U3 TEX COTPYIHHUKOB, KOTOPbIE MEPBOHAYANBHO Npocuin mutpust BacuibeBuda 06 3ToM (HecMOTps
Ha TO, YTO I0JIOCOBAaHUE ObLIO TAMHBIM, PE3yJIbTAThHI B CIOXKUBIIEHCS CUTyallud JIOTHYECKHU “TIPOCYUTHIBAIIICE ).

Mexny Tem, curyarms B XPTU npopomkanach ocTaBaThCsl OUeHb CI0XHOW. Be€ ocTpee craHoBmiICcS Bonpoc 00
00pa3oBaHNM WHCTUTYTOB TEOPETUUECKOM U sjepHoil ¢usuku. [Ipeamnonaraiock, 4To 00pa3oBaHHe ITUX MHCTUTYTOB
W3MEHUT CUTYalHI0 K JIydlleMy B CBA3M C CO3JaHMEM HOBOIl OpraHM3allMOHHOM CTPYKTYpHl M BO3MOXKHOCTBIO
OT/AEIBHOTO (PUHAHCUPOBAHMS.

C BechbMa HEOXKHMJAHHBIM U1l MEHS MpeaioxkeHneM oopatuicsa Anekcannp Unbena Axuesep. OH NpeuIoxKuiI MHE
3aHATHCS opranu3anueil MHcTuTyTa TeopeTnuecKkoil (GPU3MKHN U BO3TIIABUTH ITOT HHCTHUTYT.

EcrecTBeHHO, mpenBapuTenbHO OH 00Cyami 3TOT Bompoc ¢ JImurpuem BacmiseBmuem BonkoBeiM m Cepreem
BrnagumupoBudem llemeTMuHCKHM, chenaB UM aHAJIOTWYHOE mnpemnoxenue. Jmutpuii BacuimseBmu u Cepreit
BnamuMmupoBuy, 07JHaKO, OTKA3aJIHMCh, COCIABIINCH Ha HE3JJOPOBBE M HA TO, YTO JAHHBIA BOMPOC HEOOXOAMMO pemaTh
CTpaTern4ecKy, TaK KaK IPOIECC CTAHOBJICHHSI TAKOTO MHCTUTYTA JOJDKEH 3aHATH OOJIBIION MPOMEXYTOK BPEMEHH.

Cornacuthcs ke MHE Ha Takoe IpeAsIoKeHHe ObUI0 He 04YEeHB-TO MPOCTO IO MHOTUM npuunHaMm. Ilpexne Bcero,
6onee 10 meT s HAXOMWIJICA OPTaHM3ALMOHHO BHE TEOPOTIENIOB, XOTA XOPOIIO 3HAJN, YTO TaM mpoucxomut. [loaromy
OBLIO HETOHSTHO, KaK BOCIIPUMETCS B TEOPOT/esaXx MOE BO3BpalleHue. bbulo Taxke HEsICHO M TO, KaK BOCIIPUMETCS
YXOJ] U3 SKCIIEPUMEHTAILHOTO OT/IeJIa, IOCKOJIBKY Y SIIEPIIMKOB ITPOMCXOANIN TAKHE JKe COOBITHS, KaK M y TEOPETUKOB
C CO3JJaHHEM MHCTUTYTA.

B u psig npyrux, Oonbinei yacThio OOBEKTHBHBIX NMPHYHMH Ui COMHEHHH B TOM, YTO Y MEHSI MOXET YTO-TO
nosryuuTbea. A umenHo: nocie passana CCCP B HHII “X®TH” Bo3HMKIA CIIOKHAsI CUTyalusi, CBsI3aHHAas C KpaiiHe
HEOCTaTOYHBIM (MHAHCHpOBaHWEM HaydHbIX pabor. IlpakTuyeckn mNpeKpaTWwiINCh HCCIEAOBaHUS Ha KPYIHBIX
(pU3MUECKUX YCTaHOBKAX, TaKMX KaK BCEMHPHO M3BECTHBIH YCKOpHTENb 3JeKTpoHOB Ha 2000 MerasjneKTpoOHBOJIBT, B
pe3yibTaTe 4ero “noTpeOHOCTH” SKCIEPHUMEHTATOPOB B CBSI3HM C TEOPETHKAMH PE3KO YMEHBIINIIACH.

bnbnmoTeka WHCTUTYTa NPaKTHYECKH IIEpecTana IoJydaTh HAy4dHYIO JIUTEpaTypy, OCOOCHHO HHOCTPaHHBIE
KypHaIBl. 3UMOH B paboumX MOMEMICHUSAX JaXXe B BEPXHEHW ONEKIEe HEBO3MOXKHO OBLIO paboTaTh. 3HAUUTEIHHO
CHM3MIIACh aKTHBHOCTh HAYYHBIX CEMHUHAPOB.

3apniara crana OYeHb HHU3KOW, MHOT/IA OHA HE INPEBBINIAJa W ISITH JONIapoB B MecAl. M maxe mpu Takoi
3apIuiate Hay4dHble COTPYAHUKH JOJDKHBI ObUIM YXOJUTh B HEOIUIauMBaeMble oTmycka. [Ipekparuics npuéM Ha padboTy
MOJIOJIBIX CIEIIHATHCTOB.

Oco0eHHO TpyAHO OBLIO, ECTECTBEHHO, TEOPETHKAM, TaK KaK OHHU HE MUMENM BO3MOXHOCTH JOTMOJHUTEIHHOTO
3apaboTka. Bc€ 3To nmpuBeno kK ToMy, 4TO HEKOTOpBIE COTPYAHUKH YIIUTH U3 WHCTUTYTA, a IPyTUe — BOOOIIEe BEIEX AN 32
npenensl YkpauHbsl. Ho Xyke Bcero ObUIO TO, YTO PE3KO YCIIOKHWINCH OTHOIICHHS MEXIY JTI0IbMH. [loaTOMy Hy>KHBI
OBLTH SKCTPEHHBIE MEPBI II0 COXPaHEHUIO BHICOKOKBAMN(UINPOBAHHBIX HAYYHBIX KaJIpPOB.

B atoii cutyanmu 6e3 TBepaoit mosuiun u monnep ki A. M. Axuesepa, [. B. Bonkosa u C. B. Ilenetmunckoro y
MeHs1 Obl HUUero He nosy4uiioch. Ho u aToro 6buto emé Hegocratouno. Heobxomuma Oblia, pexie BCero, MoAIepKKa
KOJUIEKTUBA TEOPETUKOB. JMuTpuil BacuibeBrud 3T0 XOpOILO IOHUMAIL.

[TosToMy 1o ero MHUIMATHBE B Havaje Jekaops 1995 rona Obl10 cOOpaHO COBEIAHKE Psa BEAYIIMX TEOPETUKOB
C 11eN1bI0 00CYANTH Bonpoc 00 opranu3annu MHCTHTYTa TeopeTnyeckoit gpusnku. [IpucyTcTBOBaIM Ha TOM COBEIIAHMH,
HacKoJbKO s oMHI0, /. B. Bonkos, C. B. [lenermunckuii, E. B. Unomun, B. ®. Anekcun, A. C. bakaii, B. B. Cné3oB,
B. ®@. boaneiues, A. A. fuenko, P. B. [lonoBun. [Ipurnacun tyna Amutpuii BacunseBuu u menst. Bén ato coBemanue
cam /[. B. Bonkos.

Bce yyacTHHKH coBeIaHus cpasy e IMOJIepKallk U0 O co3nanun MHcTUTyTa TeopeTHdeckoi Gpu3nku. 3aTeM
HOvmutpmii BacunpeBmu m3noxmn mpemiokeHue A. V. Axmesepa 0 ToM, YTOOBI S 3aHSUICS OpPTaHU3ALMOHHBIMU
BOIIPOCAMH CO3/IaHHS MHCTUTYTa U BO3TJIABHII 3aTEM €TO0.
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OO0cyxaeHne 3TOT0 BOMpoca OBUIO JIIMHHBIM M HEMpocThIM. Cpa3y e ObUIM BBICKa3aHBI MHEHHUS O TOM, 4YTO
JieNaTh 3TOTO HE CTOUT, NTOCKOJBbKY TAKOW WHCTUTYT, YYUTBIBAas €r0 UCTOPHIO, JOJDKEH BO3IJIABUTH “‘KaK MUHHUMYM
WieH AKaJeMHM HayK YKpawHbl, © YTO 3TOT BONPOC HEOOXOAMMO paccMaTpHBaTh C y4&TOM BOMPOCA O CO3AaHUU
Wucruryra sinepHoit ¢pusuku. [Tosromy Bcé BHUManue 0bu10 cocpenorodeno Ha /1. B. Bonkose u C. B. [lenetMuHCKOM.

Jmutpuii BacunweBny u Cepreit BmagumupoBuy, OJHAKO, OTKa3alHWCh, apryMEHTHPYsl CBOI IO3HUIIUIO
OTMEUYEHHBIMH BBIIIE COOOpaXkeHUsIMU. J[pyrux npemioxeHuid He Obuto. 3artem [IMutpuii BacuibeBHY mpeyioxKui
M3JI0KUTH MOE BHIEHHUE Bollpoca 00 oOpazoBanun MHCTHTYTa TEOpETHUECKOH (DU3UKH.

OcHOBHas 4aCTb MOUX IPEAIOKEHHU 3aKiIroyanack B cieayoomeM. [Ipexae Bcero, He00X0IMMO OBIJIO CHATH, WIN
XOTsI OBl OCIa0HMTh NPOTHBOPEYUS, HAKONHMBIIMECS MEXAY TEOPETHKaMH, M CAeNaTh Ooyiee MOOMIBHBIMH OTJIEIBI
WHCTUTYTA.

Jist 3TOrO TIpemarasiock CAeNaTh CTPYKTYPY HHCTHTYTa OJM3KOH K CTPYKType aKaJeMHYeCKHX HWHCTHUTYTOB,
IIPEAOCTAaBMB BO3MOXKHOCTH ITPE0Opa30BaHMs JAEBATH TEOPETHYECKUX J1a00paToOpuil B TEOPOTAEIHl HOBOTO WHCTUTYTA!
TIPY YCIIOBHUH BBITIOJTHEHHS TPEOOBAHMH AKaJEMHH HayK K TAKHM OTAEIaM — B Ka)XKJJOM OT/IeJIe TOJDKHO OBITh HE MEHee
10 yenoBek, MATh U3 KOTOPBIX JOJKHBI OBITh JOKTOPAaMH WIIM KaHAWAATAMU HAyK.

Kpome Toro, mpenmaranock Ha MEpHOA 00pa30BaHUsI MHCTUTYTA PAa3pelINTh MEPEXOA COTPYIHHKOB M3 OJHOU
abopaToOpuu B JIPYTYIO C COXPAaHEHHEM CTaBKU. TeM camMbIM KaXKIbli COTPYAHHK WHCTHUTYTa MPUHUMAJ PEIICHUE
CaMOCTOSITENIBHO — THe eMy paboTarh (A7 TEOPETHKOB, YUMTHIBAas CrelM(UKY UX pabOThl, 3TO BO3MOXKHO OBIIO
CZeNaTh).

Jmutpuii BacuibeBHY 3TH TIpEIUIOKEHHS MOIJEpKal C OOJNBLIMM DHTY3Ma3MOM, BHIS B HHUX DJIEMEHTHI
3apoxkaaroniericst neMokparuu. [loanepikano ux 1 OOJNBIINHCTBO TPUCYTCTBYIOIINX.

VIMEHHO 5TH TIPEIUIOKEHHsI U IyTH UX peanu3aunud Mbl obcyxnanmu ¢ JImutpuem BacunbeBuuem npu BeTpeue,
KOTOpas cocTosIach nNepBoro siHBaps 1996 roxa.

Jmutpuit BacunbeBuu oueHp XOTel, YTOOBI K TEOPETHKAM BEpHYJNCS IyX IOABbEMA M J0OpOIKEIaTeIbHOCTH,
KoTOpbIH 06T B 50-70-¢ ro/p1, YTOOBI AKTUBU3UPOBAINCH CEMUHAPHI, TOSBUIICS TIPUTOK MOJIOJEKH, YTOOBI TEOPETHKH,
Kak U B OBUIBIE BpeMeHa, coOupaiuch B HehopMabHOW 00CTaHOBKE MO mpa3mgHukaM. [lstoro saBaps 1996 roma,
coxaienuro, Jmurpus BacunseBnua He craio.

B HacTosee BpeMsi MOXHO CKa3aTb CIEAYIOIIEE: B 3HAUYUTEIbHOM CTENEHU BCE TO, O YEM Mbl TOBOPUIM C
Jdmutpuem BacunbeBrndeM, BOIDIOTHIIOCH B JKU3HB. JleBsATh Teopermueckux jabopartopuit XOTU npeobpazoBaiuces B
IIeCTh TEOPOTIENIOB MIHCTUTYTa TeOpeTHIecKOH (pr3uKm.

[MpakTryecku cpasy ke ObLIO CHSATO HANpsHKEHHE B OTHOIICHHSAX MEXKAY COTPYAHHKAMH, TaK KaK KayKAbIi
NpPUHKUMAJI PEIICHHE O TOM, B KAKOM OT/IeNie eMy paboTaTh, TOJIBKO 3a ce0sl. AKTHBU3UPOBAINCH HAYYHbIE CEMHHAPBIL.

C uenbto Oonee ONM3KOrO O3HAKOMJICHUSI CTYJIEHTOB C TeM, 4YeM 3aHuMaioTcs ydéHele B UHcruTyTe
TEOPEeTHYECKOH (U3MKH, Ha (PU3MKO-TEXHHYECKOM (aKyspTeTe XapbKOBCKOTO HAIMOHAJIBHOTO YHHBEpCHUTETa ObLI
opranu3oBaH obmedusnueckuii cemunap “IIpoGiiemMbl cOBpeMeHHON (H3UKH”.

WHCTUTYT Havyanm HaMoJHATHCS MOJIOJABIMU rojocaMu. Bcé waie cOTpyAHUKM WHCTUTYTa CTald COOMpaThcs B
HeOpMaIbHOI 0OCTAaHOBKE MPAKTHUECKH BCEM KOJJIGKTUBOM, YTOOBI 0OCYIWTH BaxkHeimne coOwTHs. [ymaro, 4to
BceMy sTomy JIMutpuii BacunseBud ObLT OBI pam» [5, c. 53-58].

Tpooonsicenue credyem

CIIMCOK JIMTEPATYPBI

A.1. Akhiezer, Ouepku u socnomunanus [Essays and Memories], (Kharkov, Fakt, 2003), p. 430. (in Russian)

V.G. Barjahtar, Mos mpaexmopusa [My trajectory], (Kyiv, Naukova Dumka, 2010), p. 80. (in Russian)

3. B.G. Lazarev, JKusuv 6 nayxe. H36pannvie mpyowl u 6ocnomunanus [Life in Science. Selected Works and Memories], (Kharkov,
NSC KIPT, 2004), p. 702. (in Russian)

4.  O.I. Akhiezer, Ukrainian Journal of Physics, 43(9), 1021-1025 (1998). (in Ukrainian)

5. S.V. Peletminsky, editor, Ynen-xoppecnonoenm HAH Yipaunvr Huxonau @edoposuu Llynvea. K 60-remuio co ous poscoenus
[Corresponding Member of the National Academy of Sciences of Ukraine Nikolay Fedorovich Shulga. To the 60th anniversary
of the birth], (Kharkov, Kvant, 2007), p. 64. (in Russian)

o =



PACS: here you must specify PACS codes
INSTRUCTIONS FOR PREPARING MANUSCRIPT IN EAST EUROPEAN JOURNAL OF PHYSICS

IN.N. Author, 2N.N. Co-author(s)
! Affiliation of first author
2 Affiliation of second author (if different from first Authors)
! E-mail: corresponding _authors@mail.com, 'ORCID ID
’E-mail: next_authors@mail.com, *ORCID ID
Received January 4, 2019

Each paper must begin with an abstract. The abstract should be typed in the same manner as the body text (see below). Please note that these Instructions are
typed just like the manuscripts should be. The abstract must have at least 1800 phonetic symbols, supplying general information about the achievements, and
objectives of the paper, experimental technique, methods applied, significant results and conclusions. Page layout: the text should be printed on the paper A4
format, at least 5 pages, with margins of: Top - 3, Bottom, Left and Right - 2 cm. The abstract should be presented in English (only for foreign authors),
Ukraine and Russian.

KEYWORDS: there, must, be, at least, 5 keywords

This is introduction section. This paper contains instructions for preparing the manuscripts. The text should be prepared in .doc format (using MS Word).

INSTRUCTIONS
The text should be typed as follows:
« title: Times New Roman, 12 pt, ALL CAPS, bold, 1 spacing, centred;
« authors: name, initials and family names; Times New Roman, 12 pt, bold, 1 spacing, centred,
« affiliation(s): Times New Roman, 9 pt, italic, 1 spacing, centred;
« abstract: Times New Roman, 9 pt, 1 spacing, justified;
* body text: Times New Roman, 10 pt, 1 spacing, justified; paragraphs in sections should be indented right (tabulated) for 0.75 cm;
« section titles: Times New Roman, 10 pt, bold, 1 spacing, centred, without numbering, one line should be left, blank above section title;
* subsection titles: Times New Roman, 10 pt, bold, 1 spacing, centred, without numbering in accordance to the section (see below), one line should be left
blank above subsection title;
« figure captions: width of the figure should be 85 or 170 mm, figures should be numbered (Fig. 1) and titled below figures using sentence format, Times New
Roman, 9 pt, 1 spacing, centred (if one line) or justified (if more than one line); one line should be left blank below figure captions;
« table captions: width of the table should be 85 or 170 mm, tables should be numbered (Table 1.) and titled above tables using sentence format, Times New
Roman, 10 pt, 1 spacing, centred (if one line) or justified (if more than one line), tables should be formatted with a single-line box around the outside border
and single ruling lines between rows and columns; one line should be left blank below tables;
* equations: place equations centred, numbered in Arabic (1), flush right, equations should be specially prepared in MathType; one line should be left blank
below and above equation.

Additional instructions
Numerated figures and tables should be embedded in your text and placed after they are cited. Only black and white drawings and sharp photographs are
acceptable. Letters in the figures should be 3 mm high. The figures should be presented in one of the following graphic formats: jpg, gif, pcx, bmp, tif.

REFERENCES
Cite references in AIP style (https://guides.lib.monash.edu/citing-referencing/aip). Numbering in the order of referring in the text, e.g. [1], [2-5], etc.
References should be listed in numerical order of citation in the text at the end of the paper (justified), Times New Roman, 9 pt, 1 spacing.

Journal Articles

[1]. T. Mikolajick, C. Dehm, W. Hartner, I. Kasko, M. J. Kastner, N. Nagel, M. Moert, and C. Mazure, Microelectron. Reliab. 41, 947 (2001).
[2]. S. Bushkova, B.K. Ostafiychuk and O.V. Copaiev, Physics and Chemistry of Solid State. 15(1), 182-185 (2014). (in Ukrainian)

[3]. M. Yoshimura, E. Nakai, K. Tomioka, and T. Fukui, Appl. Phys. Lett. 103, 243111 (2013), doi: 10.7567/APEX.6.052301.

E-print resourses with collaboration research
[4]. Aaboud et al. (ATLAS Collaboration), Eur. Phys. J. C, 77, 531 (2017).

[5]. OR: M. Aaboud et al. (ATLAS Collaboration), Eur. Phys. J. C, 77, 531 (2017), doi: 10.1140/epjc/s10052-017-5061-9
[6]. Sjostrand et al., Comput. Phys. Commun. 191, 159-177 (2015), e-print arXiv:1410.3012.

[7]. Amin et al. e-print arXiv:1006.3075 (2010).

[8]. Boudreau, C. Escobar, J. Mueller, K. Sapp, and J. Su, (2013), e-print arXiv:1304.5639.

Books

[9]. S. Inoue and K.R. Spring, Video Microscopy: The fundamentals, 2nd ed. (Plenum, New York, 1997), pp. 19-24.

[10]. I. Gonsky, T.P. Maksymchuk and M.I. Kalinsky, bioximis Jlroounu [Biochemistry of Man], (Ukrmedknyga, Ternopil, 2002), p. 16. (in Ukrainian)

[11]. V.V. Mal’tsev, Memannozpaghus npomsiunenuvix ysemuulx memainos u cniasos [Metallography of industrial nonferrous metals and alloys], (Moscow,
Metallurgiya, 1970), p. 364. (in Russian)

[12]. M. Garkusha, Ocnosu @isuxu Hanienposionuxie [Fundamentals of Semiconductor Physics] (Vysshaja shkola, Moscow, 1982), in: http://gagago.ru/g20-
osnovi-fiziki-napivprovidnikiv-pidruchnik-dlya-tehniku.html.

Book Chapters

[13]. M. Gonzalez-Leal, P. Krecmer, J. Prokop and S.R. Elliot, in: Photo-Induced Metastability in Amorphous Semiconductors, edited by A.V. Kolobov
(Wiley-VCH, Weinheim, 2003), pp. 338-340.

[14]. A. Kochelap and S.I. Pekar, in: Teopus Cnonmannoii u Cmumyauposannou Xemunomunecyenyuu I'azoe [Theory of Spontaneous and Stimulated Gas
Chemiluminescence] (Naukova dumka, Kyiv, 1986), pp. 16-29. (in Russian)

Conference or symposium proceedings

[15]. C. Yaakov and R.Huque, in: Second International Telecommunications Energy Symposium Proceedings, edited by E. Yow (IEEE, New York, 1996),
pp. 17-27.

[16]. V. Nikolsky, A.K. Sandler and M.S. Stetsenko, in: Ademomamura-2004: Mamepianu 11 Mixcnapoonoi Konghepenyii no Aemomamuunomy Ynpaeninnio
[Automation-2004: Materials of the 11th International Conference on Automated Management] (NUHT, Kyiv, 2004), pp. 46-48. (in Ukrainian)

Patent
[17]. .M. Vikulin, V.I. Irha and M.1. Panfilov, Patent Ukraine No. 26020 (27 August 2007). (in Ukrainian)

Special Notes
1. Use International System of Units (SI system). 2. It is undesirable to use acronyms in the titles. Please define the acronym on its first use in the paper.
3. Refer to isotopes as '“C, *H, “Co, etc.



HayKOBe BHAAaHHA

CXIIHO-€BPOIIEMCHKHUHU PIZUYHHU JKYPHAA
Homep 1, 2019

EAST EUROPEAN JOURNAL OF PHYSICS
No 1, 2019

36ipHUK HayKOBUX IIpallb
AHTAIMCHKOIO, YKPAiHCHKOIO, POCIMCHKOK MOBaMHU

KopekTop — KoBaaenko T.O.
Texuiunuii penakrop — lipauk C.A.
Komm’rorepHe BepcranHda — [ipHuk C.A.

[Tignucano go apyky 29.04.2019. ®opmat 60x84 /8. Ilamnip odpceTHUH.
[pyk pusorpadiqHui.
YMm. apyk. apk. 5,5. O0a.-BUA. apk. 5,6
Tupax 70 np. 3am. No Ilina goroBipHa

61022, XapkiB, maigan CBobonu, 4
XapkiBChbKHUM HalllOHaABPHUM yHiBepcuteT iMeHi B.H. Kapasina
BunaBHHUIITBO

HagpykoBaHo XapKiBChKUM HallilOHaABHUM yHiBepcuteT imeHi B.H. Kapasina
61022, XapkiB, matiman CBoboau, 4, Tea. +380-057-705-24-32
CBimoirBo cyb’ekta BumaBHu4oi cripaBu K Ne 3367 Big 13.01.09



