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Given the strategic importance of Ukraine’s nuclear energy sector modernization, the paper presents the results of the investigation into 
the development and analysis of the cycle configuration of a steam turbine unit (STU) intended for operation with the AP1000 nuclear 
reactor. The K-1000-60/1500-2 turbine unit was selected as the reference configuration. Based on this design, a new cycle configuration 
was proposed that includes a combined single-flow high- and intermediate-pressure turbine (HIPT), two low-pressure turbines (LPTs), 
a steam separator, and a two-stage steam reheating system. A thermodynamic and exergy analysis of the proposed STU configurations 
was performed to evaluate the influence of steam extraction pressures, regenerative feedwater heating parameters, and turbine stage 
distribution on the cycle performance. Numerical simulations and flow-path calculations of the turbine sections were performed using 
modern gas-dynamic design methods. The results show that the optimal selection of steam extraction parameters and intermediate 
reheating conditions significantly improves the cycle efficiency. The maximum internal efficiency of the STU cycle reached 38.96 %. 
Exergy analysis demonstrated that the largest exergy destruction occurs in the low-pressure turbine section, while both investigated 
configurations exhibit high exergy efficiency. A comparative analysis of the turbine stage configurations and the axial dimensions of 
the turbine flow parts was also conducted. The developed approaches can be applied in the design and optimization of next-generation 
steam turbine units for nuclear power plants.  
Keywords: Nuclear energy; AP1000; Steam turbine unit; Thermodynamic analysis; Exergy analysis; Regenerative feedwater heating; 
Nuclear power plant 

1. INTRODUCTION
Nuclear energy is a fundamental component of Ukraine’s energy security and one of the most important factors in 

long-term decarbonization, particularly amid wartime destruction and the loss of a significant share of heat and power 
generation capacity. Since 2022, the demand for reliable baseload electricity sources in Ukraine has increased 
substantially, making Generation III+ nuclear units a priority direction for development. 

The AP1000 nuclear reactor, developed by Westinghouse Electric Company, is one of the most advanced pressurized 
water reactors (PWRs), with a thermal output of 3415 MW and an electrical output of 1117–1200 MW [1–3]. It is 
characterized by passive safety systems and high operational performance. Therefore, the AP1000 appears to be promising 
for deployment at Ukrainian nuclear power plants (NPPs), including the Khmelnitsky NPP [4]. 

However, integrating the AP1000 requires developing an optimized cycle configuration for the steam turbine unit 
(STU) that fully matches the parameters of the saturated steam produced in the steam generator. Existing cycle configurations 
designed for VVER-1000 units do not fully utilize the thermodynamic potential of the AP1000, necessitating the modeling 
and implementation of new engineering solutions [5–7]. 

Therefore, the development and analysis of an STU cycle configuration for the AP1000, aimed at improving the 
efficiency through the optimal distribution of extraction pressures, is a relevant and practically significant research task. 

2. LITERATURE REVIEW ON THE AP1000
The current scientific literature on Generation III+ reactors focuses on the AP1000 model, which is one of the most 

widely used in the global nuclear energy industry. Several key sources can be identified to cover the design, 
characteristics, and operation of AP1000 reactors. Papers [2–3] show the basic technical characteristics of the reactor, 
including a thermal power of 3415 MW, an electrical power of over 1100 MW, core parameters, and a detailed description 
of the passive safety systems. This material is fundamental, as it contains the official nominal parameters, a diagram of 
the steam generators, a description of the primary cooling system, as well as safety systems. 

The report [8] provides an independent expert assessment of the project. It focuses on the reliability of the safety 
systems, the behavior of the core under emergency conditions, and the design’s compliance with international 
requirements. The document provides a detailed overview of the reactor plant, steam generators, and the emergency heat 
exchange system, making it one of the most valuable sources for analyzing the AP1000 engineering design. 
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The research paper [9] reveals key features of the commercial operation of the AP1000 reactor at the Sanmen NPP 
in China. Such key issues as the reliability of passive safety systems, scalability, and verification and validation 
experiments needed to improve the safety of the AP1000, are discussed in the paper. 

A thermal and hydraulic analysis of the AP1000 reactor vessel under nominal operating conditions using a 3D CFD 
model is presented in paper [10]. The AP1000 Advanced Nuclear Reactor (NR) stands out among other PWRs in terms of 
generation technology due to its innovative features of reliability, modularity and, most importantly, passive safety 
systems. 

In the study [11], an assessment of the possibilities of deploying AP1000 reactors at existing and new sites was 
carried out. The document contains technical and economic aspects, including a comparison of implementation options, 
impact on energy infrastructure, and cost parameters. This source is important in the context of strategic planning for the 
introduction of AP1000 into state power systems. 

Also, the leading areas of research are neutron-physical analysis, core safety indicators and the operation of reactivity 
control systems, described in papers [12 – 15]. So, the paper [12] shows the influence of fuel temperature, moderator 
density, boron concentration and control rod condition for AP1000 reactor on the safety parameters.  

Thus, the analyzed literature demonstrates that AP1000 is mainly studied in three areas: 
– design and passive safety systems [1 – 3, 5, 9, 10]; 
– neutron and thermal hydraulic analysis of the reactor [12 – 15]; 
– economic and strategic aspects of implementation [11]. 
These sources form a complete picture of the capabilities of the AP1000, its design features, safety and 

implementation prospects. 
In contrast to the significant number of papers on design review and neutron-physical analysis, the literature that 

considers the cycle configuration of a steam turbine plant of a nuclear power plant with the AP1000 nuclear reactor is 
much less common. 

In [16], a system that is designed for reliable and efficient storage and recovery of thermal energy from the steam 
system of a nuclear power plant (NPP) to ensure flexible electricity production using an economical and scalable design 
is presented. In [17], the role of energy storage technologies in their integration into NPPs is assessed.  

In papers [18 – 20], combined cycles are proposed to increase the efficiency of NPP power units, in particular with 
gas turbines and hydrogen combustors. 

All these measures [16 – 20] significantly increase the output power and efficiency of NPPs. But they are also 
associated with special safety conditions and require additional research before their implementation into existing NPPs. 

Therefore, the problem of increasing the efficiency of a steam turbine unit through thermodynamic analysis and 
exergy optimization of the cycle, as well as improving the steam turbine flow path using 3D design and modeling [21 – 
22] remains relevant. 

 
3. AIM AND OBJECTIVES OF THE STUDY 

The aim of the paper is to develop and analyze the cycle configuration of a steam turbine unit intended for operation 
with the AP1000 nuclear reactor, as well as to determine optimal steam extraction parameters and turbine stage 
configurations that ensure high thermodynamic and exergy efficiency of the cycle. 

To achieve this goal, the following objectives were formulated: 
1 To analyze existing condensing steam turbine units of nuclear power plants and select a baseline turbine 

configuration suitable for adaptation to operation with the AP1000 reactor, taking into account the parameters of saturated 
steam. 

2 To develop a new cycle configuration of the steam turbine unit with a combined high- and intermediate-pressure 
turbine, regenerative feedwater heating system, steam separator, and intermediate steam reheating. 

3 To perform thermodynamic modeling of the AP1000-based steam turbine unit and determine optimal steam 
extraction pressures that provide maximum cycle efficiency. 

4 To develop and compare several options of the turbine flow part configuration with different numbers of turbine 
stages and steam extraction arrangements.  

5 To carry out an exergy analysis of the proposed cycle configuration, including determination of exergy 
destruction and exergy efficiency of the main elements of the steam turbine unit using the fuel–product approach. 

6 To analyze the geometric characteristics of the turbine flow parts and evaluate the influence of turbine stage 
distribution on the axial dimensions of the steam turbine unit. 

 
4. DEVELOPMENT OF THE CYCLE CONFIGURATION OF AN AP1000-BASED  

STEAM TURBINE UNIT 
 

4.1. OVERVIEW OF CONDENSING-TYPE STEAM TURBINES OF NUCLEAR POWER PLANT UNITS 
Several models of low-speed condensing-type steam turbines K-1000-60/1500, developed by the Joint-Stock 

Company "Ukrainian Power Machines", are implemented on nuclear power plant units with VVER-1000 reactors. The 
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K-1000-60/1500 turbine has several modifications. The K-1000-60/1500-1 has a capacity of 1030 MW. The turbine unit 
is 57.4 m long (50.7 m without the generator), contains one high-pressure turbine (HPT), one intermediate-pressure 
turbine (IPT) and three low-pressure turbines (LPT). It is equipped with side single-flow condensers. A turbine of the 
STU K-1000-60/1500-2 has a reduced length of up to 52.2 m. The total mass is reduced by 350 tons. For the cycle 
configuration developing, the K-1000-60/1500-2 steam turbine unit was taken as a basis [6, 7]. This turbine unit is 
designed for a nuclear power plant with an electric power of 1200 MW at 3000 rpm. K-1000-60/1500-2 steam turbine 
unit is intended to operate in a monoblock with an AP1000 PWR with a thermal power of 3400 MW on saturated steam. 

 
4.2. DEVELOPMENT OF A CYCLE CONFIGURATION OF A STU WITH AP1000 REACTOR 

A new STU cycle configuration with a combined HIPT is proposed. Unlike the K-1000-60/1500-2 STU, the new 
configuration includes a single-flow HIPT, two LPTs, and two condensers instead of the three LPTs and three condensers 
used in the K-1000-60/1500-2 (Fig. 1).  

Figure 1. Cycle configuration of a steam turbine unit with AP1000 
P– pump; SV – steam stop valve; ES – ejector system; T – turbine; ТH – heater; EG – electric generator 

The scheme includes a single separation and two-stage reheating of steam. In this case, fresh steam is supplied to 
the high-pressure part of the HIPT (h-p HIPT). After reaching the permissible humidity, the steam is directed to the 
external separator (S), where it is dried. After drying and superheating in the superheaters (SHs), the steam enters the 
intermediate-pressure turbine part (i-p HIPT), and then is directed towards two LPTs. Next, the exhaust steam is directed 
to the two condensers (C), and then the condensate – to the regeneration system. In the second SH, the steam is reheated 
by a fresh steam. The main condensate is pumped from the C to the deaerator (D) by condensate pumps (СP). The feed 
water from the deaerator through the high-pressure heater (HPH) to the steam generator is supplied by a feed pump (FP) 
with an electric drive. 

Pressure losses during steam throttling in the turbine control elements are assumed to be 5%. Pressure losses of 5% 
are also taken into account in the steam lines leading to the HPHs and low-pressure heaters (LPH). 

The initial data for calculating the cycle configuration of a steam turbine unit with the AP1000 reactor: 
Steam mass flow rate per turbine – 1878 kg/s; 
Absolute fresh steam pressure – 5.877 MPa; 
Fresh steam temperature – 274.3 °C; 
Absolute condenser pressure – 5 kPa; 
Feed water temperature – 226.8 °C. 
The distribution pressure at the outlet of the high-pressure part of HIPT is 𝑃ଷ ൌ 1.1331 MPa, and the saturation 

temperature at this pressure is 𝑇ଷ ൌ 185.4∘C. Then the temperatures of the superheated steam after superheater SH1 and 
SH2 are determined as follows: 



272
EEJP. 3 (2026) Andrii V. Rusanov, et al.

 Δ𝑇ୗୌଶ = 𝑇଴ − 𝑇ୗୌଶ.  (1) 

The saturation temperature of the heating steam and the pressure of the first extraction are: 

 𝑇ୱ,ୗୌଵ = 𝑇ଵ = 𝑇ୗୌଵ + Δ𝑇ୗୌଵ;  𝑃ଵ = 𝑓൫𝑇ୱ,ୗୌଵ൯.  (2) 

The pressure of the first extraction is also the pressure of the heating steam in superheater SH1. 
To determine the enthalpy at the end of the theoretical and actual expansion processes, it is necessary to determine 

the entropy at the inlet to the HIPT or LPT section as: 

 𝑠௝ = 𝑓൫𝑃௝ ,ℎ௝൯,  (3) 

where 𝑗 is the extraction number. 
The enthalpy at the end of the theoretical process can be found from: 

 ℎ௝௧ = 𝑓൫𝑃௝ , 𝑠௝ିଵ൯.  (4) 

The enthalpy at the end of the actual steam expansion process in the cylinder can be determined from: 

 ℎ௝ = ℎ௝ିଵ − 𝜂଴௜ ൫ℎ௝ିଵ − ℎ௝௧൯.  (5) 

Further, the parameters of the steam expansion process in the HIPT and LPT are calculated using Eqs. (3), (4), and 
(5). 

The enthalpies of the main condensate after the condenser, the LPH, HPH, and the feedwater are determined as 
functions: 

 𝑇௦௝ = 𝑓൫𝑃௝൯;ℎ௦௝ = 𝑓൫𝑇௦௝൯; 𝑡௙௪ = 𝑡௦௝ − 𝜃; ℎ௙௪ = 𝑓൫𝑃௙௪ , 𝑡௙௪൯.  (6) 

where 𝑡௦௝– saturation temperature at the extraction pressure; ℎ௦௝  – enthalpy of saturated water; 𝑡௙௪– feedwater temperature 
after the regenerative heater; 𝜃 – feedwater terminal temperature difference relative to the saturation temperature of the 
heating steam; ℎ௙௪– feedwater enthalpy. 

Further calculations of the cycle configuration were carried out to determine the steam extraction parameters in the 
regenerative system that ensure the maximum efficiency of the K-1000-60/1500-2 steam turbine unit. It should be noted 
that, during the variation of steam extraction parameters, the division of turbine sections into stages was not taken into 
account. 

The steam extraction pressures were varied within the following ranges: 𝑃ଵ = 2.4–3.5 MPa;𝑃ଶ =1.3–1.9 MPa;𝑃ସ = 0.45–0.8 MPa. 
The minimum pressure value 𝑃ଵ = 2.4 MPa was selected based on the condition that 𝑇ୱ,ୗୌଵ should not be lower than 206 ∘C in order to ensure a uniform distribution of heating between SH1 and SH2. 
The temperatures 𝑇ୗୌଶ and 𝑇ୗୌଵwere determined using Eqs. (1) and (2) at: Δ𝑇ୗୌଶ = 10∘C;Δ𝑇ୗୌଵ = 15∘C. 
The extraction pressures of the LPT were specified as follows: 𝑃଺ = 0.075 MPa;𝑃଻ = 0.015 MPa. 
We obtained the dependence of STU efficiency on steam extraction pressure in the HIPT (Fig. 2). 

 
a b c 

Figure 2. Dependence of the STU efficiency on steam extraction pressures in the HIPT: 
a –Р1 at 𝑃ଶ = 1.7 MPa and 𝑃ସ = 0.55 MPa; b – Р2 at 𝑃ଵ = 2.4 MPa and 𝑃ସ = 0.55 MPa;  

c – Р4 at 𝑃ଵ = 2.4 MPa and 𝑃ଶ = 1.7 MPa 
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Figure 2 shows that the highest efficiency values are observed at: 𝑃ଵ = 2.4 MPa;𝑃ଶ = 1.7 MPa;𝑃ସ = 0.55 MPa. 
For these parameters corresponding to the maximum efficiency, an analysis of the LPT extraction parameters was 

carried out within the ranges presented on Fig. 3. 

 
Figure 3. Dependence of the STU efficiency on 𝑃଺ and 𝑃଻ 

The results demonstrate that the maximum efficiency values are achieved at:  𝑃଺ = 120 kPa,𝑃଻ = 30 kPa;  𝑃଺ = 70 kPa,𝑃଻ = 20 kPa;  𝑃଺ = 30 kPa,𝑃଻ = 15 kPa. 
 

4.3 DETERMINATION OF OPTIMAL STEAM EXTRACTION PARAMETERS FOR THE AP1000-
BASED STEAM TURBINE UNIT CONSIDERING THE NUMBER OF TURBINE STAGES 

Several AP1000-based STU options with different numbers of turbine stages were considered. The calculations used 
modern numerical methods for gas-dynamic analysis and flow-part design of steam turbines [21–22]. 

Two options are given as an example. 
In the first option, the number of stages in the high-pressure turbine part (HIPT, before the separator) was set to 6. 

In the first option, the number of stages in the high-pressure turbine part (HIPT, before the separator) was selected as 6 
stages. The intermediate-pressure turbine part (HIPT, after the separator) had 3 stages. The number of cylinders/steam 
flow parts was 1. The LPT had 5 stages, and the number of cylinders/steam flow parts was 2. 

In the second option, the high-pressure turbine had 4 stages. The intermediate-pressure turbine had 2 stages. The 
LPT had 6 stages. 

Tables 1 and 2 present the steam pressures after each stage for both options. 
The energy characteristics of the first option are as follows: the heat transferred to the steam in the steam generator 

is 𝑄௛ = 3416 MW; the gross electric power output is 𝑁௘ = 1330 MW; and the internal efficiency of the STU cycle is η = 38.93 %. 
Table 1. Steam pressure between turbine stages and steam mass flow rate, Option 1 

Steam 
extraction 
number 

Axial clearance between stages 
No. – No Pressure in the axial clearance, MPa Steam mass flow rate in the 

extraction, kg/s 

High-pressure turbine part of the HIPT – 6 stages 
 1-2 4.214  
 2-3 3.182  
1 3-4 2.405 131 
2 4-5 1.819 84 
 5-6 1.377  
3 Steam exhaust 1.133 74 

Intermediate-pressure turbine part of the HIPT – 3 stages 
 1-2 0.760  
4 2-3 0.548 35 
5 Steam exhaust 0.372 59 

2 LPT– 5 stages  
6 1-2 0.166 89 
 2-3 0.075  
7 3-4 0.034 65 
 4-5 0.015  
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Table 2. Steam pressure between turbine stages and steam mass flow rate, Option 2 

Steam 
extraction 
number 

Axial clearance between stages  
No. – No 

Pressure in the axial clearance, MPa Steam mass flow rate in the 
extraction, kg/s 

High-pressure turbine part of the HIPT – 4 stages 
 1-2 3.578  

1 2-3 2.296 172 
2 3-4 1.477 37 
3 Steam exhaust 1.133 68 

Intermediate-pressure turbine part of the HIPT – 2 stages 
4 1-2 0.586 41 
5 Steam exhaust 0.372 83 

2 LPT– 6 stages 
 1-2 0.207  

6 2-3 0.113 70 
 3-4 0.060  

7 4-5 0.031 63 
 5-6 0.015  

The energy characteristics of the second option are as follows: 𝑄௛ = 3416 MW; 𝑁௘ = 1331 MW; and the internal 
efficiency of the STU cycle is η = 38.96 %. 

As can be seen, both options demonstrate high efficiency. To finalize the cycle configuration, an exergy analysis of 
the proposed STU configuration options is necessary. 

 
5. EXERGY ANALYSIS OF THE STU CYCLE CONFIGURATION FOR OPERATION WITH THE 

AP1000 NUCLEAR REACTOR 
The analysis of power generation systems is of significant scientific interest and is essential for the efficient use of 

energy resources. The most common method for analyzing energy conversion systems is energy analysis, which is based 
on the first law of thermodynamics. However, this approach does not provide a complete assessment of system efficiency 
and losses. Therefore, a combined approach that accounts for both the first and second laws of thermodynamics is 
becoming increasingly widespread. 

Exergy analysis, based on the second law of thermodynamics, allows a clear distinction between losses to the 
environment and internal process irreversibility. This method provides an effective assessment of equipment and 
processes within energy conversion chains. Process exergy is a measure of its efficiency or inefficiency and enables a 
better understanding of the mechanisms of energy losses. 

The modern approach to process analysis is based on the exergy method, which provides a clear understanding of 
the process and allows the quantitative assessment of exergy destruction. The main objective of traditional thermodynamic 
analysis is the conservation of energy. 

The mass, energy, and exergy balances for any control volume operating under steady-state conditions with a steady 
flow, in which changes in kinetic and potential energy are negligible, can be expressed as follows [23]: 

 ∑𝐺௜ = ∑𝐺௢,  (7) 

 ∑ 𝑄௞௞ + ෌ (௜ 𝐺௜ℎ௜)௞ = ෌ (௘ 𝐺௘ℎ௘)௞ + 𝑁௞ ,  (8) 

 ෌ 𝐸ொ,௞௞ + ∑ 𝐺௜௜ 𝑒௜ = ෌ G௝௝ 𝑒௝ + 𝑁௞ + 𝐸஽,௞,  (9) 

where 𝑖 and 𝑗 are indices corresponding to the inlet and outlet states, and 𝑘 denotes a specific cycle component; 𝑄 ሶ and 𝑁 ሶ are the thermal and mechanical energy flow rates; 𝐺ሶ  is the mass flow rate of the working fluid; ℎ is the enthalpy; 𝐸ሶ஽ is 
the exergy loss during the process, or exergy destruction; 𝐸ሶொ is the exergy transferred through heat transfer at temperature 𝑇, defined as: 

 𝐸ொ,௞ = ∑ቀ1−்ೌ೘್் ቁ𝑄௞,  (10) 

where 𝑇௔௠௕ is the ambient temperature. The temperature was assumed to be 25 °C. 
The specific flow exergy is determined by the following expression: 

 𝑒௜,௞ = ℎ௜,௞ − ℎ଴ − 𝑇௔௠௕൫𝑠௜,௞ − 𝑠଴൯,  (11) 

where 𝑠௜,௞ – the specific entropy; the subscript “0” denotes the ambient environment. 
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The exergy flow rate is obtained: 
 𝐸௜,௞ = 𝐺௜,௞𝑒௜,௞.  (12) 

Using the fuel–product (𝐹–𝑃) concept definitions [23, 24], the fuel and product terms can be expressed through 
exergy flows. 

The exergy balance for an individual component (𝑘) is written as: 

 𝐸ி,௞ = 𝐸௉,௞ + 𝐸஽,௞.  (13) 

where 𝐸௉ is the exergy flow of the useful product, and 𝐸ி is the fuel exergy required to obtain it. 
Thus, the exergy efficiency can be determined: 

 𝜂௘௫,௞ = ாು,ೖாಷ,ೖ = 1 − ாವ,ೖாಷ,ೖ .  (14) 

The exergy efficiency of the cycle is calculated using the following equation: 

 η௘௫ = 1 − ∑ாವ,ೖொ೓ .  (15) 

The exergy flow into fuel and product is decomposed using the F-P method [23, 24], where fuel is considered as the 
decrease in exergy, while product is the increase in exergy within the component. The exergy 𝐸௜ is determined using 
Eq. (12), where G is the total steam flow rate leaving the reactor heat exchanger. 

For example, the exergy of the high-pressure part (h-p) of the HIPT is defined as the difference in exergy at the input 
and output, taking into account the change in steam mass: 𝐸ி,୦ି୮ ୌ୍୔୘ = (1 − 𝑦ଵ) · (𝐸଴ −  𝐸ଵ) + (1 − 𝑦ଵ −  𝑦ଶ − 𝛼ଵ) · (𝐸ଵ −  𝐸ଶ) + (1 − 𝑦ଵ −  𝑦ଶ − 𝛼ଵ − 𝛼ଶ) · (𝐸ଶ − 𝐸ଷ), 

where: 𝛼௜– fraction of steam extracted to the LPHs and HPHs; 𝛾௜– fraction of steam extracted to the steam SHs. 
The exergy product is the power of the high-pressure part of the HIPT. The difficulty lies in separating the fuel and 

product flows within the deaerator. Fuel exergy is defined as the sum of all incoming flows, and product is defined as the 
outgoing flow. Table 3 shows the decomposition of exergy flows into fuel and product flows. 
Table 3. Decomposition of exergy flows into fuel and product of the STU (Fig. 1). 

Element 
Name ЕF,k EP,k 

NR 𝑄௛ ЕNR – Е20 

SV ЕNR Е0 

h-p HIPT (1–y1)·(Е0– Е1)+(1–y1– y2–α1)·(Е1– Е2)+ 
+(1–y1– y2–α1–α2)·(Е2 – Е3) 

Nh-p HIPT= G ((1–y1)·(h0– h1)+ (1–y1– y2–α1)·(h1– 
h2)+(1–y1– y2–α1–α2)·(h2 – h3)) 

S (1–y1– y2–α1–α2–α3)·Е3 – αSЕSs (1–y1– y2–α1–α2–α3–αs)·ЕS 
SH1 y2 (Е1–Е1s) (1–y1– y2–α1–α2–α3–αS)⋅(ЕSH1– ЕS) 
SH2 y1 (Е0–Е0s) (1–y1– y2–α1–α2–α3–αS)⋅(ЕSH2– ЕSH1) 

i-p HIPT (1–y1 – y2 –α1–α2–α3–αs– αT)·(ЕSH2–Е4)+(1–y1– y2–α1–α2–
α3–αс – αT–α4)·(Е4– Е5) 

Ni-p HIPT = G ((1–y1 – y2 –α1–α2–α3–αs– α18)·(hSH2-4 – 
h4)+ (1–y1 – y2 –α1–α2–α3–αс – αT– α4)·(h4 – h5)) 

LPT 
(1–y1– y2–α1–α2–α3–αс– α18– α4– α5)·(Е5 – Е6)+ (1–y1– 

y2–α1–α2–α3–αс– αT–α4– α5–α6)·(Е6 – Е7)+ (1–y1– y2–α1–
α2–α3–αс– αT– α4– α5–α6– α7)·(Е7 – Е8) 

N LPT = G (1–y1– y2–α1–α2–α3–αс– α18– α4– α5)·(h5-6 – 
h6)+ (1–y1– y2–α1–α2–α3–αс– α18– α4– α5–α6)·(h6 – h7)+ 

(1–y1– y2–α1–α2–α3–αс– αT– α4– α5–α6– α7)·(h7 – h8) 
C (1–y1– y2–α1–α2–α3–αс– αT– α4– α5 –α6– α7 –αT)·(Е8– Е10) ЕQ0 (10) 

CP NCP= 𝐺ሶ  (1–y1– y2–α1–α2–α3–αс–α4– α5 –α6– α7–αT)·(h11 – 
h10) (1–y1– y2–α1–α2–α3–αс–α4– α5 –α6– α7–αT)·(Е11 – Е10) 

LPH1  α7·(Е7– Е7s)+ α6·Е6s (1–y1– y2–α1–α2–α3–αс–α4– α5–αT)·Е12 – (1–y1– y2–α1–
α2–α3–αс–α4– α5 – α6– α7–αT)·Е11 

LPH2  α6·(Е6– Е 6s) (1–y1– y2–α1–α2–α3–αс–α4– α5–αT)·(Е13 – Е12) 

LPH3  α5·(Е5– Е5s)+ α4·Е4s (1–y1– y2–α1–α2–α3–αs–αT)·Е 14 – (1–y1– y2–α1–α2–α3–
αс–α4– α5–αT)·Е 13 

LPH4  α4·(Е4– Е4s)+ αT·ЕTs (1–y1– y2–α1–α2–α3–αs)·Е15 – (1–y1– y2–α1–α2–α3–αs–
αT)·Е14 

D α3·Е3 + αs·ЕS +(1–y1–y2–α1–α2–α3–αs)·Е15 + (α1+ y1+ α2+ 
y2)·Е2s Е16 

Т and ТH αT·(ЕT– ЕTs) NT= G αT·(hT– h21) 
FP NFP Е17 – Е16 

HPH1  α2·(Е2 – Е2s)+ y2 Е1s + (α1 + y1) Е1s Е19–Е17 
HPH2  α1·(Е1 – Е1s)+ y1 Е0s Е20 – Е19 

EG 𝑁௘ = (Nh-p HIPT + Ni-p HIPT + N LPT) – (NCP + NFP) NEG= 𝑁௘ ⋅ η୉ୋ, where η୉ୋ– efficiency of an electric generator 
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Figure 4 shows the destruction of exergy in the elements of the STU. The exergy destruction in the nuclear reactor 
(NR) is not shown on Fig. 4, since it accounts for approximately 90% of the total exergy destruction in the STU. Figure 5 
shows the exergy efficiency of each element. 

a b 

Figure 4. Destruction of exergy in the elements of the STU 

a b 

Figure 5. Exergy efficiencies of the STU elements 

Figure 4a shows that exergy destruction is highest in the low-pressure turbine section. In the second option, exergy 
destruction in the LPT is 3 MW higher (Fig. 4a). However, the exergy efficiency of the low-pressure turbine is the same 
for both variants and equals 0.92. (Fig. 5a). 

Figure 4b shows that the highest exergy destruction among the regenerative heaters occurs in HPH1. For the second 
option, it is lower by 2.3 MW. At the same time, Fig. 5b shows that HPH1 efficiency in the second option is higher by 
0.17. 

Figure 4 also shows that when exergy destruction decreases in some components of the second option, it increases 
in others. As a result, the total exergy destruction of the second option is lower by only 0.5 MW. This indicates that both 
options demonstrate high exergy efficiency. 

For further analysis, it is necessary to evaluate the mass-dimensional characteristics. Table 4 presents some 
geometric characteristics of the turbine flow paths. 
Table 4. Axial dimension of the turbine flow paths 

Turbine parts Number of stages Axial dimension, m 

Option 1 

High-pressure turbine part of the HIPT 6 2.195 
Intermediate-pressure turbine part of the HIPT 3 1.841 

LPT 5 3.237 

Option 2 
High-pressure turbine part of the HIPT 4 1.744 

Intermediate-pressure turbine part of the HIPT 2 1.092 
LPT 6 3.598 

Table 4 shows that the largest axial dimension is observed in the LPT of the second option, while the total number 
of stages is lower by 2 stages. 

The final decision can be made based on a techno-economic analysis. 
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6. DISCUSSION 
The obtained results demonstrate that the proposed AP1000-based steam turbine unit provides high 

thermodynamic and exergy performance while maintaining a relatively compact turbine configuration. The internal cycle 
efficiency of both investigated options exceeds 38.9 %, which corresponds to the performance level of modern saturated-
steam nuclear power units with Generation III+ reactors. The small difference in efficiency between the investigated 
options indicates that the redistribution of turbine stages mainly affects the distribution of thermodynamic losses within 
the cycle rather than the overall cycle efficiency.  

The performed exergy analysis showed that the largest exergy destruction occurs in the low-pressure turbine 
section. This is primarily associated with steam moisture formation during the final stages of expansion and with 
significant irreversible losses caused by large volumetric steam flow rates at low pressures. Similar tendencies are reported 
in studies devoted to exergy analysis of steam turbine units for nuclear power plants and saturated-steam cycles. 

At the same time, the redistribution of stages between the high-, intermediate-, and low-pressure turbine sections 
changes the local exergy destruction in individual components. In the second option, the exergy destruction in the low-
pressure turbine section increases, whereas the exergy destruction in some regenerative heaters decreases. As a result, the 
total exergy destruction differs only slightly between the investigated configurations. This indicates that both options are 
thermodynamically balanced and characterized by high exergy efficiency.  

The obtained results also show that increasing the number of stages in the low-pressure turbine section leads to an 
increase in the axial dimensions of the turbine flow path. However, the second configuration simultaneously reduces the 
total number of turbine stages and simplifies the overall structure of the steam turbine unit. Such an approach may reduce 
the metal consumption, simplify maintenance, and decrease the dimensions of the turbine hall. 

Compared with conventional steam turbine units designed for VVER-1000 reactors, the proposed configuration is 
better adapted to the thermodynamic parameters of the AP1000 saturated steam cycle. The use of a combined single-flow 
high- and intermediate-pressure turbine, together with a two-stage reheating system, enables improved distribution of 
thermal and exergy losses within the cycle. 

The obtained results confirm that exergy analysis is an effective tool for evaluating the thermodynamic perfection 
of nuclear steam turbine cycles and for identifying the components with the highest irreversible losses. The developed 
approaches may be used to further optimize AP1000-based steam turbine units, including detailed 3D flow-path 
optimization, moisture reduction in the low-pressure stages, and further improvement of the regenerative feedwater 
heating system. 

 
7. CONCLUSIONS 

1. A review of steam turbine units for nuclear power plants was carried out, and the K-1000-60/1500-2 turbine was 
selected as the baseline configuration for operation with the AP1000 nuclear reactor. Based on this turbine, a new cycle 
configuration of the steam turbine unit was developed. The proposed configuration includes a combined single-flow high- 
and intermediate-pressure turbine, two low-pressure turbines, a steam separator, and a two-stage steam reheating system.  

2. Thermodynamic modeling of the AP1000-based steam turbine unit was performed. Optimal steam extraction 
pressures ensuring the maximum cycle efficiency were determined. The obtained results showed that the highest 
efficiency values correspond to the extraction pressures 𝑃ଵ = 2.4 MPa, 𝑃ଶ = 1.7 MPa, and 𝑃ସ = 0.55 MPa for the HIPT 
extraction system. For the LPT extraction system, the optimal parameters correspond to 𝑃଺ = 120 kPa and 𝑃଻ = 30 kPa.  

3.  Several options of the cycle configuration that consider different numbers of turbine stages were developed and 
analyzed. Two main configurations were investigated. The first option includes a 6-stage high-pressure part, a 3-stage 
intermediate-pressure part, and a 5-stage low-pressure turbine. The second option includes a 4-stage high-pressure part, 
a 2-stage intermediate-pressure part, and a 6-stage low-pressure turbine. Both options demonstrated high thermodynamic 
performance, with internal cycle efficiencies of 38.93% and 38.96%, respectively. The obtained efficiency values are 
comparable to those of modern saturated-steam nuclear power units reported in the literature, where the cycle efficiency 
typically ranges from 37–39% [25, 26].  

4.  A full exergy analysis of the steam turbine unit was carried out. The exergy destruction in the main elements of 
the cycle configuration was determined using the fuel–product approach. The results showed that the largest exergy 
destruction occurs in the low-pressure turbine section. At the same time, the redistribution of exergy destruction between 
the components of the two investigated options results in only a small difference in the total exergy destruction. Both 
configurations demonstrated high exergy efficiency characteristics.  

5.  The analysis of the geometric characteristics of the turbine flow paths showed that the second option has larger 
axial dimensions in the low-pressure turbine section despite the lower total number of stages. 

6.  The obtained results can be used for further development and optimization of AP1000-based steam turbine units. 
The final selection of the cycle configuration should be based on a comprehensive thermodynamic, exergy, and economic 
analysis. 
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ТЕРМОДИНАМІЧНИЙ ТА ЕКСЕРГЕТИЧНИЙ АНАЛІЗ ПАРОТУРБІННОЇ УСТАНОВКИ НА БАЗІ AP1000 

З ОПТИМІЗОВАНОЮ КОНФІГУРАЦІЄЮ ЦИКЛУ 
Андрій В. Русанов1, Андрій О. Костіков1, Вікторія О. Тарасова1, Роман А. Русанов1, 

Марина О. Чугай1, Максим В. Литвиненко2 
1Інститут енергетичних машин і систем ім. А.М. Підгорного Національної академії наук України, 

вул. Комунальників, 2/10, м. Харків, 61046, Україна 
2Інститут гідродинамічних машин Польської академії наук, вул. Фішера, 14, м. Гданськ, 80-231, Польща 

З огляду на стратегічну важливість модернізації ядерної енергетики України у статті наведено результати дослідження з 
розроблення та аналізу термодинамічного циклу та структури теплової схеми паротурбінної установки (ПТУ), призначеної 
для роботи з ядерним реактором AP1000. За базову було обрано теплову схему турбоустановки К-1000-60/1500-2. На її основі 
запропоновано нову конфігурацію ПТУ, що включає комбінований однотечійний циліндр високого та середнього тиску 
(ЦВСТ), два циліндри низького тиску (ЦНТ), сепаратор пари та двоступеневу систему проміжного перегріву пари. Для 
оцінювання впливу тисків відборів пари, параметрів регенеративного підігріву живильної води та розподілу ступенів турбіни 
на показники циклу було проведено термодинамічний та ексергетичний аналіз запропонованих конфігурацій ПТУ. Чисельне 
моделювання та розрахунки проточної частини секцій турбіни виконано із застосуванням сучасних методів газодинамічного 
проєктування. Результати показали, що оптимальний вибір параметрів відборів пари та умов проміжного перегріву суттєво 
підвищує ефективність циклу. Максимальний внутрішній ККД циклу ПТУ досяг 38,96 %. Ексергетичний аналіз 
продемонстрував, що найбільші втрати ексергії спостерігаються в циліндрі низького тиску, водночас обидві досліджувані 
конфігурації характеризуються високою ексергетичною ефективністю. Також проведено порівняльний аналіз компонування 
ступенів та осьових розмірів проточних частин турбіни. Розроблені підходи можуть бути застосовані під час проєктування та 
оптимізації паротурбінних установок нового покоління для атомних електростанцій. 
Ключові слова: ядерна енергетика; AP1000; паротурбінна установка; термодинамічний аналіз; ексергетичний аналіз; 
регенеративний підігрів живильної води; атомна електростанція 
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Silicon p-n photodiodes optimized for detecting a broad spectrum of photoluminescent radiation from AgInS₂ and CuInS₂ quantum 
dots have been developed and fabricated. By adjusting fabrication parameters and carefully selecting the substrate material, the sensor’s 
spectral sensitivity peak (0.34 A/W) aligns with the nanocrystal emission range (550–700 nm). To maximize resolution, we operated 
the detector in zero-bias mode. This minimized dark current to approximately 6 pA, reduced thermal noise, and enabled high detection 
sensitivity. It has been experimentally established that, with a load resistance of 10 kΩ, the cutoff frequency of the photodiode is 1 
MHz and is entirely limited by the RC time constant of the circuit. This frequency response is sufficient not only for steady-state 
radiometry of colloids and films with a radiation power of 0.29–0.35 mW, but also for precise study of the microsecond kinetics of 
quantum dot luminescence decay without risking photodegradation. 
Keywords: Quantum dots; AgInS₂; CuInS₂; Detector; Sensitivity; Photodiode 

A current trend in electronic sensor development is the use of various nanomaterials to miniaturize devices and 
enhance sensor sensitivity. The wide range of electronic, optical, and mechanical properties across different classes of 
nanomaterials opens up opportunities to develop sensors with unprecedented sensitivity, fast response, and reliability [1]. 
By principle of operation, most sensors developed today are electrical (resistive, capacitive, diode, electrochemical, or 
transistor type), while optical sensors (luminescent) are much less developed [2]. Existing optical and luminescent sensors 
use quantum dots (QDs), but are often based on toxic materials (Cd, Pb, etc.) [3,4], which limits their application in 
environmentally sensitive environments (e.g., water, bioenvironment). Therefore, interest is growing in “environmentally 
friendly” quantum dots—AgInS2 and CuInS2—that combine good optical/electronic properties with lower 
ecotoxicological risk [5-7]. The band gap of AgInS2 varies between 1.8 and 2.2 eV, depending on the stoichiometric ratio 
of silver and indium during the synthesis of quantum dots. One of the key features of AgInS2 is a broad emission band 
with a Stokes shift, mainly in the red-yellow region (550–750 nm). The band gap of CuInS2 is approximately 1.45–1.55 
eV. The main advantages of this material are high photosensitivity, good stability, and susceptibility to point-defect 
formation, particularly copper vacancies (VCu). Unlike linear defects, which usually degrade the spectroscopic and 
electrical properties of semiconductor structures [8], these intrinsic point defects positively affect photoluminescence 
(PL), significantly expanding the spectral range in which the material can operate. Using AgInS2 and CuInS2 
nanoparticles, easy-to-use photoluminescence-based sensors with high selectivity, detection range, and sensitivity can be 
created [9].  

The practical application of AgInS2 and CuInS2 nanoparticles in luminescent sensors is limited by detector 
sensitivity and the intensity of light emitted by these quantum dots. The intensity of the radiation in turn depends on 
several factors: intensity of the excitation diode; stability of the quantum dots; quantum yield of the nanoparticles; 
efficiency of absorption of the excitation light; spectral sensitivity of the detector. Thus, for optimal sensor performance 
based on these quantum dots, all these factors must be considered and balanced. 

Our previously published experimental results [10] showed that the PL peak of AgInS2 nanocrystals (colloid) 
exhibits an emission from 700 nm (1.8 eV) to 575 nm (2.2 eV) with a change in the molar ratio of In/Ag precursors from 
3 to 20. The PL spectrum of the layer-by-layer assembled AgInS2 thin films (Fig. 1) are slightly shifted towards higher 
energy compared to the spectra of the original AgInS2 solution and are in the range from 650 nm (1.9 eV) to 550 nm (2.3 
eV). Despite the different shifts of the PL peak positions, the full width at half maximum (FWHM) of the PL spectra of 
the films are approximately the same for the corresponding colloids: 0.32-0.41 eV. 

Increasing the irradiation intensity cannot be infinite, as it can cause photodegradation of quantum dots under real 
operating conditions. Therefore, the system design should be based on the detector's characteristics, which will determine 
whether to select nanoparticles with higher intensity. Such AgInS2 and CuInS2 quantum dot colloids can emit power 
around 0.29-0.35 mW that then require detection. 
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Accordingly, developing quantum dot luminescence 
detectors is essential for the effective operation of the proposed 
systems. Undoubtedly, the use of photomultipliers [11] or 
avalanche photodiodes (PD) [12] could be effective; however, 
such detectors are expensive and complex to manufacture. One 
of the main advantages of the proposed system, in addition to 
its environmental friendliness, is the affordability and relative 
simplicity of manufacturing its components. Silicon p-i-n [13] 
and p-n [14] PDs can serve as an effective replacement for these 
photodetectors, as they possess sufficient sensitivity in the 
visible wavelength range that needs to be detected (λ = 550 nm, 
λ = 570 nm, λ = 590 nm, λ = 600 nm, λ = 650 nm). It is worth 
noting that p-i-n PDs are less suitable for the described purpose, 
since they typically operate at high reverse bias and have high 
sheet resistance and a long lifetime of minority carriers in the 
base, which, as is known, significantly shifts the peak of the 
photodiode’s spectral sensitivity curve toward longer 

wavelengths up to λ = 1.02 μm [13, 15]. Furthermore, in p-i-n photodiodes, there is a need for high-concentration doping of 
the front region, which in turn absorbs a significant portion of the visible-range radiation; additionally, to mitigate surface 
generation, p-i-n photodiodes should be fabricated with guard ring systems, which subsequently requires the measurement 
and control of additional parameters [16]. These factors complicate the use of p-i-n photodiodes; therefore, it is proposed to 
use silicon p-n photodiodes for detecting visible luminescent radiation from AgInS₂ and CuInS₂ quantum dots. Accordingly, 
the aim of this work is to develop a silicon single-element p-n PD with enhanced detection sensitivity, which is planned to 
be achieved through the zero-bias mode, and to evaluate its performance during quantum dot irradiation simulations. 

  
EXPERIMENTAL 

The photodetectors were fabricated using n-type single-crystal dislocation-free FZ-Si with a [100] orientation and a 
resistivity of ρ ≈ 100–150 Ω·cm. The fabricated detectors are shown in Fig. 2. The area of the responsive element (RE) 
was ARE=0.64 mm². The fabrication was carried out using planar diffusion technology. 

  
a b 

Figure. 2.  Image of photosensitive PD-crystals on a substrate (a) and three-dimensional view of the PD-crystal with a quarter cross-
section illustrating (b): 1 — back-side Au-metallization, 2 — back-side Cr-sublayer, 3 — phosphorus-doped n+-region, 4 — n-Si 
substrate, 5 — boron-doped p+-RE, 6 — front-side Cr-sublayer, 7 — front-side Au-metallization, 8 — antireflection oxide layer of 
the RE; 9 — protective SiO2 

The photodiode fabrication process consisted of the following steps: oxidation of Si substrates in a hydrochloric acid 
vapor atmosphere at T=1403–1453 K; boron diffusion to form p+-type photosensitive regions at 1273–1323 K, boron 
drive-in in an oxidizing atmosphere to form an anti-reflective coating and redistribute the dopant at temperatures of 
T=1403–1453 K,  phosphorus diffusion toward the substrate at T=1203–1253 K to passivate generation-recombination 
centers within the photodiode crystal volume and form an ohmic n+-layer; Cr-Au metallization and contact formation. 

Given that visible radiation is absorbed in the near-surface layers of silicon [17], to ensure minimal recombination 
of photogenerated charge carriers in the n+-layer, its thickness was approximately xp+-n=1.5–2 μm. The anti-reflective 
coating was designed to satisfy the minimum reflection condition (1)[18], according to which for a wavelength of λ = 550 
nm the oxide thickness is dSiO2=96 nm, and for a wavelength of λ=650 nm it is dSiO2=114 nm; accordingly, the SiO2 
thickness was selected to be approximately dSiO2=100–110 nm.  

 ఒସ = 𝑛𝑑ௌ௜ைమ (1) 

where n is the refractive index of SiO2. 
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Additionally, the method of forming a passivation coating in an atmosphere of hydrochloric acid vapor was selected 
for the manufacturing process, as this method minimizes the influence of uncontrolled impurities and contamination, 
particularly Na+ and K+ ions, and surface recombination [19, 20], which is particularly relevant for the design of devices 
without guard rings. 

The dark current (Id) and I–V-characteristics of PDs were measured using a hardware-software complex 
implemented on the basis of the Arduino platform, an Agilent 34410A digital multimeter and a Siglent SPD3303X 
programmable power source, which were controlled by a personal computer using software created by the authors in the 
LabView environment. 

Monitoring of current monochromatic responsitivity (SІλ) was carried out by method of comparing responsitivity of 
the investigated PD with a reference photodiode. Measurements were performed when illuminating the PD with a 
radiation flux of a power of not over P=2,5·10–5 W; load resistance across the responsive element Rl= 10 kΩ, at the reverse 
bias voltages of V = 0-15 V and modulation frequency f=1 kGz. The spectral characteristic of PD responsivity (S(λ)) at 
different bias was obtained out using the KSVU-23 automated spectral complex. 
 

RESULTS OF THE RESEARCH AND THEIR DISCUSSION 
From the dark I-V characteristics of the PD, it was established that its dark current increases with increasing reverse-

bias voltage. The diffusion [21] and surface generation [16] components of the dark current can be considered constant 
and unchanging with increasing bias, while the volume generation component (IG

d) increases due to the expansion of the 
space charge region (SCR) with increasing voltage (2) [21], so in this case, it can be assumed that the current of the 
fabricated photodiode is determined by the volume generation current. At 0 V, the dark current reaches 6 pF with a 
depletion-layer width of Wi = 3–4 μm (3) [22]. The dark current does not reach saturation within the voltage range studied 
because, at these voltages, its SCR does not saturate (Fig. 3). 

 Іௗீ = 𝑒 ௡೔ଶఛ𝑊௜𝐴ோா (2) 

where ni is own concentration of charge carriers in the substrate; e is the charge of the electron; τ is life time of minor 
charge carrier. 

 𝑊௜ = (ଶఌఌబ (థ೎ି௎್೔ೌೞሻ௘ேಲ )భమ (3) 

where ε, ε0 are dielectric constants for silicon and vacuum, respectively; ϕc is contact potential difference.  
It should also be noted that the base material used and the photodiode’s operating mode allowed us to achieve the 

peak of the PD`s spectral response at λm≈650-670 nm (Fig. 4). This indicates that this wavelength is characterized by the 
most efficient collection of minority charge carriers in the silicon bulk, since according to the Beer–Lambert–Bouguer 
law [23], the intensity of light decreases by a factor of 2.72 at a depth of about 3–4 μm (absorption coefficient 
α ≈ 2.5∙103-3∙103 cm-1 [16]), and for light of this wavelength to be absorbed almost completely (by 95–99%), a silicon 
thickness of about 10–15 μm is required. Accordingly, it can be assumed that the effective diffusion length of holes in the 
PD base reaches about LP=5–10 μm, which ensures the effective collection of photogenerated carriers in a silicon layer 
equal to Wi+Lp [24], since the quantum efficiency (QE) of the photodiode is determined by the probability of radiation 
absorption in this thickness (4). 

 𝑄𝐸(𝜆) ≈ 1 − 𝑒ିఈ(ఒ)∙(ௐ೔ା௅೙) (4) 

We also obtained the dependencies of the photodiode’s current monochromatic sensitivities at the wavelengths under 
study (Fig. 5). 

  

Figure 3. Dark І-V characteristic of the p-n PD Figure 4. Relative spectral characteristic of the PD at  V=0 V 
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Using these values, we determined the spectral characteristic of the quantum efficiency of the fabricated PD (Fig. 6) 
from the relationship between quantum efficiency and spectral sensitivity (5) [25]. It should be noted that in p-n PDs, as 
in the case under study, the photosensitivity is practically independent of voltage, since the effective collection region for 
photogenerated carriers increases minimally with an increase in reverse bias voltage due to the minimal resistivity, and 
the actual sensitivity of such PD is determined primarily by the diffusion length of the photogenerated charge carriers in 
the doped front zone and the base region. 

Note, that the p+-layer exhibits a gradual decrease in concentration as the depth of the p+-n-junction increases; 
accordingly, the contribution of photogenerated charge carriers to the total sensitivity is significant. However, it should 
be noted that a significant amount of radiation is absorbed in the doped front p+-region, so the PD`s QE in the visible 
range is less than 1 (Fig. 6).  

 𝑆ఒ = ொா∙ఒଵ.ଶସ  (5) 

  
Figure 5. Dependence of the SІλ(V) of PDs Figure 6. Spectral characteristic of the PD`s QE at  V=0 V. 

To evaluate the detection properties of the photodiodes, their specific detectivity (D*) (6)[26] was determined. The 
fabricated photodiodes showed the highest detectivity at λ = 650 nm, since sensitivity is highest at this wavelength (Fig. 7). 
Furthermore, the detectivity decreases with increasing bias voltage due to the rise in dark current; however, at V = 0 V, the 
photodiodes exhibited a D* ≈ 1.4–2 cm∙Hz1/2 W-1, which is a quite high value and can compete with analogues on the market. 

 𝐷∗ = ට஺ೃಶଶеூ೏ 𝑆ூఒ (6) 

 

 
Figure 7. Dependence of the D* (V) of PDs Figure 8. The С-V characteristic of a p-n photodiode and its 

amplitude-frequency response at 0 V (inset) 

To evaluate the performance of the p-n photodiode, its С-V characteristics were investigated (Fig. 8). Based on the 
measured barrier capacitance, which is CRE ≈14 pF at zero bias, the amplitude-frequency response of the sensor was 
calculated, taking into account a load resistance of 10 kΩ and a series base resistance of 150–200 Ω∙cm. It was found that 
the cutoff frequency of the PD is 1MHz (τRC=150 ns) (Fig. 8 inset). Since the high value of the load resistance significantly 
exceeds the internal resistance of the base, the overall response of the structure in photogeneration mode without an 
external bias is entirely determined by the RC component of the circuit, while the contribution of the photon carrier transit 
time through the depleted region remains negligible. 
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The photodiodes produced can be used to measure a steady-state integral photocurrent. Іn addition to analyzing the 
steady-state spectral-energy characteristics, a crucial step in the comprehensive testing of the developed photodetector is the 
investigation of the photoluminescence decay kinetics of AgInS2 and CuInS2 quantum dots. Due to the dominant mechanism 
of donor-acceptor recombination, the lifetime of charge carriers in such triple nanostructures is abnormally long and typically 
lies in the microsecond range 100 ns — 1μs. Recording such relaxation processes in dynamic mode imposes stringent 
requirements on the response speed of the measurement circuit. Since the established cutoff frequency of the photodiode 1 
MHz corresponds to a time constant of 150 ns, the developed system is capable of accurately recording long-duration kinetic 
decay curves, which opens up the prospect of its use in time-resolved photoluminescence spectroscopy. 

Given that the PL spectra of the studied AgInS₂ nanocrystals cover a spectral range from 550 nm to 700 nm, 
depending on the In/Ag molar ratio (Fig. 1), an assessment of the photodetector’s integral sensitivity for detecting this 
type of radiation was performed. By convolving the emission spectra of the QDs with the experimental curve of the PD`s 
relative spectral sensitivity at Sm = 0.34 A/W at a maximum of λ=650–670 nm, it was established that the device’s integral 
sensitivity is 0.32 A/W for long-wavelength samples and gradually decreases to 0.26 A/W for short-wavelength samples. 
Since the output optical power of quantum dot luminescence is in the range of P=0.29–0. 35 mW, this level of integral 
sensitivity ensures the generation of a reliable photocurrent of ~75–110 μA, allowing for reliable signal detection without 
the risk of QDs photodegradation due to excessive excitation. 

 
CONCLUSIONS 

High-efficiency silicon p-n photodiodes have been developed with a spectral range optimized for detecting the 
luminescence of AgInS₂ and CuInS₂ quantum dots (550-700 nm). The detector’s operation in zero-bias mode ensures a 
low dark current (~ 6 pA) and high system detectivity (1.4–2 cm∙Hz1/2 W-1). With a response rate of 150 ns, the developed 
module is a reliable tool both for stationary radiometry of QDs emissions with power in the range of 0.29–0.35 mW, as 
well as for analyzing their microsecond decay kinetics. 
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ВИСОКОЧУТЛИВИЙ КРЕМНІЄВИЙ ФОТОДІОД ІЗ НУЛЬОВИМ ЗМІЩЕННЯМ ДЛЯ ВИЯВЛЕННЯ 

ВИПРОМІНЮВАННЯ ЕКОЛОГІЧНО БЕЗПЕЧНИХ КВАНТОВИХ ТОЧОК AgInS₂ ТА CuInS₂ † 
Микола С. Кукурудзяк1,2, Василина В. Копач1, Сергій А. Войтович3, Юрій Б. Халавка1, Микола С. Солодкий1 
1Чернівецький національний університет імені Юрія Федьковича, 58002, м. Чернівці, вул. Коцюбинського, 2, Україна 

2АТ «Центральне конструкторське бюро Ритм», 58032, м. Чернівці, вул. Головна, 244, Україна 
3Івано-Франківський національний медичний університет, 76018, м. Івано-Франківськ, вул. Галицька, 2, Україна 

Розроблено та виготовлено кремнієві p-n фотодіоди, оптимізовані для детектування широкого спектра фотолюмінесцентного 
випромінювання квантових точок AgInS₂ та CuInS₂. Завдяки коригуванню технологічних режимів виготовлення структури та 
прецизійному вибору базового матеріалу, максимум спектральної чутливості сенсора (0.34 А/Вт) повністю узгоджено з 
діапазоном емісії нанокристалів (550-700 нм). Для забезпечення максимальної роздільної здатності визначено роботу 
детектора в режимі нульового зміщення. Це дозволило мінімізувати темновий струм до значення близько 6 пА, зменшити 
теплові шуми й досягти високої детективності вимірювальної системи. Експериментально встановлено, що за опору 
навантаження 10 кОм гранична частота фотодіода становить 1МГц і повністю лімітується RC-постійною кола. Такий 
частотний відгук є цілком достатнім не лише для стаціонарної радіометрії колоїдів і плівок із потужністю випромінювання 
0.29-0.35 мВт, а й для точного дослідження мікросекундної кінетики затухання люмінесценції квантових точок без ризику 
їхньої фотодеградації. 
Ключові слова: квантові точки; AgInS2; CuInS2; детектор; чутливість; фотодіод 



286
EAST EUROPEAN JOURNAL OF PHYSICS. 3. 286-291 (2026)

DOI:10.26565/2312-4334-2026-3-23            ISSN 2312-4334

TCAD-BASED CAPACITANCE ANALYSIS FOR IDENTIFYING LONGITUDINALLY 
LOCALIZED OXIDE-TRAPPED CHARGE IN SOI FinFETS 

Mirzabaxhrom Foziljonov1, Biloliddin M. Ergashev2*, Nuritdin Y. Yunusaliyev1, 
Masudjon Norbutayev3, Kumush Orinboyeva2 

1Andijan State University named after Z.M. Babur, Andijan, Uzbekistan 
2Andijan State Pedagogical Institute, Dostlik Street 4, Andijan 170100, Uzbekistan 

3Fergana State Technical University, Fergana Street 86, Fergana 150107, Uzbekistan 
*Corresponding Author e-mail: biloliddiner@gmail.com

Received March 31, 2026; revised June 17, 2026; accepted June 23, 2026 

This study examines the effect of the spatial position of locally trapped oxide charge on the gate-to-source and gate-to-drain 
capacitances of an SOI FinFET using three-dimensional TCAD Sentaurus simulations. The results reveal that the location of the trapped 
charge strongly influences the gate-to-source capacitance via charge-carrier redistribution near the channel surface, whereas a distinct 
response is observed when the trapped charge is near the oxide edge. Moreover, the gate-drain-to-gate-source capacitance ratio varies 
systematically with the trapped-charge position along the channel, suggesting that this parameter can serve as a reliable electrical 
indicator for detecting oxide-trapped charge and estimating its spatial distribution in FinFET devices. 
Keywords: SOI FinFET; Oxide trapped charge; Gate-source capacitance; Gate-drain capacitance; Charge distribution; TCAD 
simulation 

INTRODUCTION 
Metal–oxide–semiconductor field-effect transistors (MOSFETs), particularly Fin field-effect transistors (FinFETs), 

are highly susceptible to various electrical stresses and radiation-induced effects during operation, which may degrade 
their electrical characteristics. Among the most significant degradation mechanisms are hot-carrier injection [1-3], bias 
temperature instability [4], off-state stress, and radiation-induced charge buildup [5]. These effects arise primarily from 
charge injection into, or generation within, the oxide layer and at the semiconductor–oxide interface. Since such 
degradation directly influences the performance and reliability of analog and digital integrated circuits, its impact must 
be carefully considered in modern device design. Oxide-trapped charge can alter key MOSFET parameters, including the 
threshold voltage, subthreshold swing, and transconductance, thereby deteriorating the overall device performance. For 
this reason, the development of reliable methods for identifying the localization and spatial distribution of trapped charge 
along the channel is of considerable importance. One of the simplest and fastest diagnostic approaches for detecting 
charge trapped in the oxide or at the interface is based on capacitance–voltage measurements of lateral source(dr.)-channel 
p–n junctions [6-9]. Previous studies have shown that a nonuniform charge distribution in the oxide layer or at the 
semiconductor–oxide interface is reflected in the electrical behavior of source–channel and drain–channel p–n junctions. 
Therefore, the longitudinal distribution of trapped charge along the channel should also affect other capacitances 
associated with these lateral junctions [10–12]. In the present work, this approach, originally proposed for planar 
MOSFETs, is adapted for application to SOI FinFET structures. The underlying concept is based on the sensitivity of 
lateral source–channel and drain–channel p–n junction capacitances to oxide- and interface-trapped charge [13–14]. 
Accordingly, the most suitable electrical configuration for such an analysis is one in which the capacitance of the lateral 
source–channel (drain–channel) p–n junction, Cp-n makes a substantial contribution to the measured total capacitance. In 
SOI FinFETs, one of the relevant configurations satisfying this condition is the gate–source (or gate–drain) connection, 
as illustrated in Fig. 1. 

Figure 1. Cross-section of the simulated SOI FinFET with capacitances between contacts 
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The gate–source and gate–drain configurations in the considered SOI FinFET can be represented by a series 
combination of three capacitance components: the gate-oxide capacitance Cox, the depletion-layer capacitance at the 
oxide–semiconductor interface Cdep, and the source–channel p–n junction capacitance Cp–n. Among these contributions, 
Cdep becomes significant only when the device operates in the depletion regime. In the present analysis, however, only 
the barrier capacitance of the source–channel p–n junction is considered. To satisfy this condition, a positive voltage is 
applied to the n-type source with respect to the gate, thereby establishing carrier accumulation near the 
oxide-semiconductor interface. Under such bias conditions, the contribution of the depletion-layer capacitance can be 
neglected, and the total gate–source capacitance is determined predominantly by the series coupling between Cox and Cp-n. 
Accordingly, the resulting capacitance can be written as 

 𝐶௚௦ = ஼೛ష೙∙஼೚ೣ஼೛ష೙ା஼೚ೣ (1) 

where Cox denotes the gate-oxide capacitance per unit area and is essentially independent of the applied voltage. 
Since the estimated depletion width of the source–channel (or drain–channel) p–n junction is about 0.1 μm, whereas 

the gate-oxide thickness is only tox=2.5 nm, the junction capacitance Cp–n remains much smaller than Cox. As a 
consequence, the equivalent capacitance Cgs is governed mainly by Cp-n, making it highly sensitive to electrostatic 
perturbations associated with oxide-trapped charge. This feature is particularly important for charge-diagnostics 
applications, because any local trapped charge in the oxide modifies the potential distribution in the channel region and, 
in turn, alters the depletion characteristics of the lateral p–n junction. Therefore, variations in Cgs can be directly related 
to the spatial localization of trapped charge along the channel. On this basis, the present work focuses on simulating the 
dependence of Cgs on the position of a local oxide-trapped charge in the SOI FinFET structure. 

 
MATERIALS AND METHODS 

Three-dimensional numerical simulations were performed using the Advanced TCAD Sentaurus platform to 
investigate the effect of localized oxide-trapped charge on the capacitance characteristics of an SOI FinFET structure. 
The capacitance–voltage (C-V) response of the gate–source and gate–drain configurations was analyzed using a small-
signal AC simulation at 1 MHz. This method was selected because it provides a reliable means of evaluating capacitance 
variations caused by local electrostatic perturbations in nanoscale transistor structures. 

The geometry of the simulated SOI FinFET is illustrated in Fig. 2. The gate length, 𝐿gate, was fixed at 25 nm, while 
the gate oxide thickness was taken as 2.5 nm. The silicon channel thickness, 𝑇Si, and buried oxide thickness, 𝑇box, were 
set to 30 nm and 100 nm, respectively. The channel width was chosen as 12 nm. The active channel region was assumed 
to be p-type silicon with a doping concentration of 1×1015 cm−3. These geometrical and doping parameters were selected 
to represent a realistic SOI FinFET structure suitable for analyzing the sensitivity of gate-related capacitances to trapped-
charge effects. 

 
Figure 2. 3D structure of the simulated SOI FinFET 

The gate–source capacitance, Cgs, was simulated for different positions of a localized trapped charge in the oxide 
layer, with the position defined by the distance between the center of the charged region and the source–channel boundary. 
It should be noted that L does not represent the depth of the trapped charge across the oxide thickness. In all simulations, 
the localized charged region remains embedded inside the gate oxide, while only its longitudinal position along the 
channel direction is varied. Thus, L is measured from the source–channel boundary to the center of the charged region 
along the source-to-drain direction. The case L=2.5 nm corresponds to the position where the 5 nm-long charged region 
touches the source-side edge of the gate oxide, and it does not imply that the charge is located inside the semiconductor. 
The local oxide-trapped charge was modeled as a uniformly charged region embedded in the oxide. The charge density 
in this region was set to 1012 cm−2 (equivalent to 4×1018 cm−3), which is a physically reasonable value for trapped charge 
that may occur in MOSFET structures under electrical or radiation-induced stress conditions. The characteristic size of 
the local charged region along the channel direction was fixed at d = 5 nm. 

Since the depletion width of the lateral source–channel (drain–channel) p–n junction exceeds the channel length, a 
local trapped charge situated at a distance L from the source–channel junction can appreciably modify the carrier 
distribution inside the channel [15,16]. This electrostatic perturbation is expected to affect the junction capacitance and, 
consequently, the overall C–V behavior of the gate–source connection. Owing to the structural symmetry of the FinFET 
with respect to the channel center, the gate–source and gate–drain capacitances are expected to exhibit equivalent behavior 
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under symmetric conditions. For this reason, the present analysis is focused primarily on the gate–source capacitance, 
while the behavior of the gate–drain capacitance can be inferred from the device symmetry. 

 
RESULTS AND DISCUSSION 

The simulated C–V characteristics of the gate–source capacitance, Cgs, are presented in Fig. 3. In Fig. 3, each curve 
corresponds to a different longitudinal position L of the localized oxide-trapped charge. Here, L denotes the distance from 
the source–channel boundary to the center of the localized charged region along the channel direction. The reference 
curve corresponds to the case without trapped charge, while the other curves represent different values of L, as indicated 
in the legend. As can be observed, the capacitance behavior is strongly influenced by the position of the local oxide-
trapped charge along the channel. At relatively high applied voltages, Cgs exhibits a pronounced and nearly monotonic 
dependence on the trapped-charge location, indicating that the electrostatic effect of the localized charge becomes 
increasingly important under these bias conditions. This trend is more clearly illustrated in Fig. 4, where the capacitance 
is plotted as a function of the distance L. An exceptional behavior is observed for the case L = 2.5 nm (point B in Fig. 4). 
This deviation from the general monotonic trend can be attributed to the fact that, at this position, the local charged region 
comes into direct contact with the edge of the oxide layer. Such a configuration modifies the local electrostatic 
environment differently from the other trapped-charge positions and leads to a distinct capacitance response. Therefore, 
although the overall trend confirms a systematic dependence of Cgs on the trapped-charge position, the oxide-edge case 
should be considered separately due to its specific geometrical and electrostatic conditions. 

 
 

Figure 3. C–V characteristics of the gate–source capacitance, 
Cgs, for different longitudinal positions L of the localized 
oxide-trapped charge in the gate oxide. The reference curve 
corresponds to the case without a trapped charge. The legend 
indicates the corresponding L value for each curve 

Figure 4.  Figure 4. Dependence of Cgs on the longitudinal position 
L of the localized oxide-trapped charge at Vgs=4.5 V. Point A 
corresponds to the reference case without trapped charge, whereas 
point B corresponds to L=2.5 nm, where the localized charged 
region touches the source-side edge of the gate oxide 

The increase in Cgs is attributed to the influence of locally trapped charge in the oxide on the channel carrier 
concentration. To avoid ambiguity in charge localization, Fig. 5 includes a schematic inset showing the gate oxide, the 
silicon channel, the source–channel boundary, and the longitudinal positions of the localized trapped charge under 
investigation. The grey region represents the localized charged domain embedded inside the gate oxide. During the 
simulation, this charged region is shifted only along the channel direction, whereas its position across the oxide thickness 
is kept fixed. As shown in Fig. 5, the presence of trapped charge in the oxide layer increases the electron concentration 
near the channel surface, thereby increasing the gate–source capacitance. From a physical perspective, this behavior 
reflects the sensitivity of capacitance to charge redistribution in the near-surface region of the channel. By definition, the 
capacitance can be expressed as follows: 

 Cgs = dQV/dV. (2) 

Here, dQV represents the change in charge stored in the Cgs capacitance in response to a change in applied voltage, dV. 
When a local charge is trapped in the gate oxide, the electron concentration in the channel is modified, which gives 

rise to an additional charge variation, denoted as dQLC, in the gate–source capacitance. Consequently, Eq. (2) can be 
reformulated as follows: 

 Cgs = (dQV + dQLC)/ dV. (3) 

This expression explains the increase observed in the gate–source capacitance, Cgs, as a consequence of the 
additional charge redistribution induced by the localized oxide-trapped charge. In the simulated SOI FinFET structure, 
the maximum variation of Cgs caused by the localized trapped charge is approximately 5%. Although this magnitude of 
variation may appear moderate and does not necessarily indicate severe degradation of the transistor's static current–
voltage characteristics, it remains physically meaningful and important for capacitance-based defect diagnostics. The 
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significance of this variation lies in its systematic dependence on the longitudinal position of the trapped charge. In other 
words, the change in Cgs is not random but follows a clear trend as the localized charge is shifted along the channel. Such 
a position-dependent capacitance response indicates that the gate–source capacitance is sensitive to local electrostatic 
perturbations caused by oxide-trapped charge. Therefore, even a several-percent change in capacitance can serve as an 
electrical signature for detecting localized trapped charge and estimating its approximate position along the channel. 

 
Figure 5. Electron density distribution along the channel at a depth of 2 nm from the channel surface for different longitudinal 
positions L of the localized oxide-trapped charge. The inset schematically shows the investigated charge positions inside the gate 
oxide; the charged region remains embedded in the oxide and is shifted only along the source-to-drain direction. 

From a device-operation perspective, gate-related capacitances in nanoscale FinFETs contribute to parasitic 
capacitance, small-signal response, signal delay, and switching behavior. Therefore, a 5% variation in Cgs may become 
relevant in highly scaled devices and in circuits where capacitance matching, transient response, or high-frequency 
performance is important. However, in the context of the present work, the observed variation should primarily be 
interpreted not as evidence of catastrophic transistor degradation, but as a measurable and reproducible diagnostic 
indicator of localized oxide-trapped charge. Thus, the results demonstrate that capacitance variations of this magnitude 
can be useful for reliability monitoring and defect localization analysis in SOI FinFET structures. 

At position L= 2.5 nm of the oxide trapped charge the configuration of the capacitance Cgs is changed because the 
local charge will be in contact with the end of the oxide layer (Fig. 6). In this case the electron density in the channel 
surface will be redistributed which result in sufficiently increasing the capacitance Cgs more than in unbiased case and 
relatively capacitances corresponding to other positions (Fig. 3). At high applied voltages the redistribution of the carrier 
densities leads to increasing the Cgs with increasing L (Fig. 7). 

 

 
Figure 6. Cross-section of the FinFET with a local charge 
trapped in the oxide, which is located at the end of the oxide 
layer. L=2.5 nm. 

Figure 7. The change in electron density in the channel at a depth 
of 2 nm from the surface traps local charge in the oxide layer at 
different positions. A is point is the case without trapped charge, 
and B is the position with L=2.5 nm 

Owing to the structural symmetry of the FinFET, the dependence of the gate–drain capacitance, Cgd, on the trapped-
charge position L is expected to exhibit a trend opposite to that of the gate–source capacitance, Cgs. In other words, as L 
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increases, Cgd decreases, as illustrated in Fig. 8. The positional dependences of both Cgs and Cgd can therefore be utilized 
to estimate the location of the oxide-trapped charge along the channel. In this context, the ratio Cgs/Cgd provides a 
particularly convenient diagnostic parameter, as shown in Fig. 9. It can be seen that when the trapped charge is located 
on the source side of the channel center, the ratio Cgs/Cgd is less than unity, whereas it becomes greater than unity when 
the trapped charge is positioned on the drain side. If the trapped charge is located at the channel center, the ratio Cgs/Cgd 
approaches unity. 

  
Figure 8. Cgs and Cgd dependence on the position of the local 
oxide trapped charge along the channel 

Figure 9. The ratio Cgs/Cgd dependence on the position of the local 
oxide trapped charge along the channel 

 
CONCLUSIONS 

In this work, the influence of a local oxide-trapped charge on the gate-source and gate-drain capacitances of an SOI 
FinFET was systematically analyzed using 3D TCAD simulations with the small-signal AC method. The results show 
that the gate-source capacitance increases monotonically as the trapped charge shifts from the source-side region toward 
the channel center, except when the charge is positioned at the oxide edge. This behavior is governed by the redistribution 
of electron concentration near the channel surface induced by the trapped charge. Owing to the device's structural 
symmetry, the gate-drain capacitance shows the opposite trend, while the Cgs/Cgd ratio varies regularly with the trapped-
charge position along the channel. These findings confirm that even a moderate, approximately several-percent variation 
in gate-related capacitance can serve as a useful diagnostic indicator for identifying localized oxide-trapped charge and 
estimating its longitudinal position in SOI FinFET structures. 
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АНАЛІЗ ЄМНОСТІ НА ОСНОВІ TCAD ДЛЯ ІДЕНТИФІКАЦІЇ ПОЗДОВЖНЬОГО ЛОКАЛІЗОВАНОГО ЗАРЯДУ, 

ЗАХОПЛЕНОГО ОКСИДОМ, У SOI FinFETS 
Мірзабаххром Фозильонов1, Білоліддін М. Ергашев2, Нурітдін Ю. Юнусалієв1, Масуджон Норбутаєв3, 

Кумуш Орінбоєва2 

1Андижанський державний університет імені З.М. Бабура, Андижан, Узбекистан 
2Андижанський державний педагогічний інститут, вулиця Достлік, 4, Андижан 170100, Узбекистан 

3Ферганський державний технічний університет, вулиця Фергана, 86, Фергана 150107, Узбекистан 
У цьому дослідженні розглядається вплив просторового положення локально захопленого заряду оксиду на ємності затвор–
виток та затвор–сток SOI FinFET за допомогою тривимірного моделювання в TCAD Sentaurus. Результати показують, що 
розташування захопленого заряду сильно впливає на ємність затвор-витік через перерозподіл носіїв заряду поблизу поверхні 
каналу, тоді як спостерігається чітка реакція, коли захоплений заряд розташований поблизу краю оксиду. Більше того, 
співвідношення ємностей затвор-стік до затвор-витік систематично змінюється залежно від положення захопленого заряду 
вздовж каналу, що свідчить про те, що цей параметр може служити надійним електричним індикатором для виявлення 
захопленого заряду в оксиді та оцінки його просторового розподілу в FinFET-пристроях. 
Ключові слова: SOI FinFET; захоплений заряд в оксиді; ємність затвор-витік; ємність затвор-стік; розподіл заряду; TCAD-
моделювання 
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Zn₁₋ₓMgₓO and ZnO₁₋ᵧSᵧ thin films were synthesized by ultrasonic spray pyrolysis (USP) and investigated to achieve bidirectional band 
gap engineering in ZnO-based materials. X-ray diffraction confirmed a single-phase wurtzite structure with strong c-axis orientation 
for all samples. Mg incorporation induced a shift of the (002) peak toward higher angles, indicating lattice contraction, whereas S 
substitution caused a shift toward lower angles, corresponding to lattice expansion. UV–Vis analysis revealed a systematic blue shift 
of the band gap with Mg doping (from ~3.26 eV to ~3.33 eV) and a red shift with S incorporation (down to ~3.01 eV). These changes 
are attributed to lattice deformation and its influence on the electronic structure. Additionally, increased dopant concentration led to 
reduced crystallite size and increased microstrain and disorder. The results establish a clear correlation between lattice deformation 
and optical band gap modulation, demonstrating an effective approach for tuning ZnO-based thin films for optoelectronic applications. 
Keywords: ZnMgO; ZnOS; Band gap; Lattice deformation; Tauc plot; USP 

INTRODUCTION 
ZnO is an II–VI semiconductor with a wide direct band gap of ~3.3 eV at room temperature and a large exciton 

binding energy (~60 meV), which makes it a promising material for optoelectronic applications such as ultraviolet (UV) 
lasers, light-emitting diodes, and photodetectors [1]. One of the most effective approaches to tailor its electronic and 
optical properties is alloying with suitable elements. In particular, Mg incorporation into ZnO leads to band gap widening 
due to the substitution of Zn²⁺ ions with smaller Mg²⁺ ions, resulting in lattice contraction and modification of the 
electronic band structure. This tunability is essential for the design of heterojunctions, quantum wells, and transparent 
optoelectronic devices [2]. 

In addition to cation substitution, anion substitution provides an alternative pathway for band-gap engineering. The 
incorporation of sulfur into ZnO (ZnO₁₋ᵧSᵧ) leads to lattice expansion due to the larger ionic radius of S²⁻ ions, typically 
resulting in band gap narrowing. Although ZnMgO and ZnO₁₋ᵧSᵧ thin films have been widely studied using various 
deposition techniques, such as sol–gel processing, spray pyrolysis, pulsed laser deposition, and magnetron sputtering, a 
unified and quantitative understanding of the relationship among lattice deformation, microstructural disorder, and optical 
band gap modulation remains incomplete [3,4]. In particular, direct experimental comparison of cation- and anion-
induced lattice effects within a single framework is still limited. 

In this work, we systematically investigate the structural and optical properties of Zn₁₋ₓMgₓO and ZnO₁₋ᵧSᵧ thin films 
deposited on Si(100) substrates by ultrasonic spray pyrolysis (USP). X-ray diffraction (XRD) is employed to analyze 
crystal structure, lattice parameters, strain, and crystallite size, while UV–Vis spectroscopy is used to determine the optical 
band gap and Urbach energy [5]. By correlating lattice deformation with optical properties, this study aims to establish a 
comprehensive framework for bidirectional band gap engineering in ZnO-based thin films. 

By combining qualitative figure analysis with the data, this study establishes a clear structure–property relationship, 
demonstrating how lattice contraction and expansion directly govern band gap widening and narrowing in ZnO-based 
alloys. 

MATERIALS AND METHODS 
ZnO-based thin films-undoped, Mg-doped (x = 0.05, 0.10), and S-doped (y = 0.05, 0.10) were deposited on Si(100) 

substrates by ultrasonic spray pyrolysis (USP). Aqueous precursor solutions were prepared from zinc acetate dihydrate, 
Zn(C₂H₃O₂)₂·2H₂O (0.5 mol/L). For Mg incorporation, magnesium acetate tetrahydrate, (C₂H₃O₂)₂Mg·4H₂O, was added 
to achieve the desired Mg/(Zn+Mg) ratios; for S incorporation, thiourea, SC(NH₂)₂, was used as the sulfur source. Prior 
to deposition, Si(100) substrates were sequentially cleaned for 10 minutes each in hydrofluoric acid (10 % in DI) to 
remove the native SiO₂ layer, acetone and then ethanol to eliminate organic contaminants, followed by a final rinse in 
deionized (DI) water to remove residual species. All steps were performed under ultrasonic agitation to enhance cleaning 
efficiency [6-8]. Oxygen (O₂) at a flow of 500 sccm served as the carrier gas. The precursor aerosol was generated using 
a 1.7 MHz ultrasonic nebulizer and delivered to substrates maintained at 450 °C. After growth, all films were annealed at 
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600°C for 15 minutes. The resulting thickness was approximately 200 nm. The experimental setup used in this work is 
illustrated in Figure 1. [10,11] 

 
Figure 1. Scheme of Ultrasonic Spray Pyrolysis (USP) 

Structural and optical characterization. X-ray diffraction (XRD) was carried out on a Rigaku MiniFlex 
diffractometer using Cu Kα radiation (λ = 1.5406 Å) over a 2θ range of 30°-60°. The average crystallite size was estimated 
from the full width at half maximum (FWHM) of the (002) reflection using the Scherrer relation. Optical absorption was 
measured with a UV-Vis spectrometer in the 300–500 nm wavelength range.[9] Surface morphology and grain structure 
were examined by field-emission scanning electron microscopy operated at 30 kV in secondary-electron mode using an 
Everhart–Thornley detector. Plan-view micrographs were spatially calibrated from the instrument pixel size (0.899 nm/px 
and 1.124 nm/px for the ZnMgO and ZnOS micrographs, respectively). Grain-size distributions were extracted by marker-
controlled watershed segmentation, and the maximum Feret diameter was recorded for each grain (N ≥ 284 grains per 
sample); the distributions were described by a log-normal function. 

 
RESULTS AND DISCUSSION 

Figure 2 (a) shows the x-ray diffraction patterns of undoped ZnO and Mg doped Zn1-xMgxO thin films deposited on 
Si(100). All samples indicate a dominant diffraction peak corresponding to the (002) plane of hexagonal wurtzite ZnO, 
showing a strong preferential orientation along the c-axis. The absence of additional diffraction peaks related to MgO or 
other secondary phases confirms that Mg incorporation does not lead to phase segregation within the detection limit of 
XRD. With increasing Mg content, the (002) peak shifts slightly to higher 2θ values, indicating lattice contraction due to 
Mg substitution.[12] 

  
Figure 2. (a) XRD patterns and (b) Tauc plots of Zn1-xMgxO films grown on Si by USP; curves (1), (2), and (3) correspond to 0%, 

5%, and 10% Mg, respectively 
Figure 2 (b) shows the Tauc plots of (αhν)2 as a function of photon energy (hν) for undoped ZnO and Mg-doped 

Zn1-xMgxO thin films. The linear regions of the plots confirm that all films exhibit a direct allowed optical transition 
characteristic of the wurtzite ZnO crystal structure. As shown in Fig. 2(b), the absorption edge shifts progressively toward 
higher photon energies as the Mg concentration increases, indicating a systematic blue shift of the band gap. The extracted 
band gap values increase from 3.26 eV for undoped ZnO to 3.30 eV and 3.33 eV for 5% and 10% Mg-doped films, 
respectively, as summarized in Table 1. The observed band gap widening can be attributed to Mg-induced modification 
of the electronic band structure, which increases the energy separation between the conduction and valence bands [13]. 
Table 1. Some essential lattice parameters of ZnMgO thin film 

Con. (%) [002] (ᵒ) FWHM (ᵒ) c (Å) Eg (eV) Davg (Å) ε 10-3 Eu (eV) 
0 34.469 0.21541 5.199 3.26 340.55 3.03 0.180 
5 34.949 0.34198 5.130 3.30 215.20 4.7 0.210 
10 35.465 0.40687 5.058 3.33 150.821 5.5 0.235 
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The quantitative structural parameters extracted from Fig. 2(a) are summarized in Table 1 and provide strong support 
for the observed diffraction trends. As the Mg concentration increases from 0% to 10%, the (002) peak position shifts 
from 34.469° to 35.465°, confirming a continuous lattice contraction. Correspondingly, the calculated c-lattice parameter 
decreases significantly from 5.199 Å to 5.058 Å, which is consistent with Vegard’s law behavior and reflects the smaller 
ionic radius of Mg²⁺ compared to Zn²⁺. In addition to peak shifting, Fig. 2(a) shows noticeable peak broadening with 
increasing Mg content. This effect is quantified in Table 1 by the increase in full width at half maximum (FWHM) from 
0.215° for pure ZnO to 0.407° for the 10% Mg-doped film. 

The average crystallite size calculated from the (002) peak using the Debye–Scherrer equation: 

 D = 0.9 λ / (β cos θ). (1) 

Davr decreases dramatically from 340.55 Å to 150.82 Å as Mg concentration increases. This grain refinement is a 
direct consequence of Mg-induced strain and inhibited grain growth during film deposition. Despite this reduction in 
crystallite size, the films retain a strong c-axis orientation, indicating that Mg incorporation affects microstructural 
features without destroying overall crystallographic alignment. 

The strain (ε) and dislocation density (δ) were calculated as: 

 ε = β / (4 tan θ), δ = 1 / D². (2) 

The evolution of microstrain (ε) further supports this interpretation. As shown in Table 1, ε increases from 3.03×10⁻³ 
to 5.5×10⁻³ with Mg content, reflecting enhanced lattice distortion arising from ionic size mismatch and local 
compositional fluctuations. The simultaneous increase in Urbach energy (Eu) from 0.178 eV to 0.235 eV suggests an 
increase in localized states and structural disorder, which correlates well with the observed peak broadening and strain 
evolution. These calculations confirm that ZnMgO films possess nanocrystalline grains with low dislocation density, 
suitable for optoelectronic integration. 

Figure 3 presents the structural and optical evolution of ZnO₁₋ₓSₓ thin films as a function of sulfur concentration. 
Figure 3(a) shows the XRD patterns, while Fig. 3(b) displays the corresponding Tauc plots used to extract the optical 
band gap. As seen in Fig. 3(a), increasing sulfur concentration results in a progressive shift of the (002) diffraction peak 
toward lower diffraction angles. This behavior indicates an increase in the interplanar spacing along the c-axis, suggesting 
lattice expansion induced by sulfur incorporation. The absence of secondary phases in the diffraction patterns confirms 
that sulfur is incorporated into the ZnO lattice without forming separate sulfide phases. The qualitative trends observed 
in Fig. 3(a) are quantitatively supported by the data summarized in Table 2. The c-axis lattice parameter increases 
systematically from 5.1999 Å for undoped ZnO to 5.2928 Å for 10% S, confirming a clear expansion of the wurtzite 
lattice. This lattice dilation originates from the substitution of O²⁻ ions by larger S²⁻ ions, which introduces tensile strain 
along the growth direction. 

  
Figure 3. (a) XRD patterns and (b) Tauc plots of ZnO1-xSx films grown on Si by USP; curves (1), (2), and (3) correspond to 0%, 
5%, and 10%, respectively 

Accordingly, Fig. 3(b) shows a continuous red shift in the optical absorption edge as the sulfur concentration 
increases. The extracted band gap values decrease from 3.26 eV (0%) to 3.01 eV (10%), as listed in Table 2. 
Table 2. Some essential lattice parameters of ZnOS thin film 

Con. (%) [002] (ᵒ) FWHM c (Å) Eg (eV) Davg (Å) ε 10-3 Eu (eV) 
0 34.4696 0.21541 5.1999 3.26 340.55 3.03 0.180 
5 34.0322 0.68788 5.2644 3.11 120.77 9.81 0.264 

10 33.8442 0.77724 5.2928 3.01 106.87 11.1 0.292 

This band gap narrowing is directly correlated with lattice expansion, as increased bond lengths reduce orbital 
overlap and modify the electronic band structure, thereby shifting the conduction band minimum downward. The inverse 
relationship between c-lattice parameter and optical band gap energy demonstrates that band gap modulation in ZnO₁₋ₓSₓ 
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films is strongly governed by structural deformation rather than compositional effects alone. As a result structural disorder 
leads to the significant increase in FWHM values, from 0.215° to 0.777°. 

Table 2 reveals some microstructural parameters of material. The average crystallite size decreases sharply from 
340.55 Å to 106.87 Å, while the microstrain increases from 3.03×10⁻³ to 11.1×10⁻³ with sulfur content. These changes 
reflect increasing internal stress and defect density within the lattice. Additionally, the Urbach energy (Eu) increases from 
0.180 eV to 0.292 eV, indicating a higher density of localized states and enhanced band tailing caused by structural 
disorder. Overall, the combined analysis of Fig. 3 and Table 2 confirms that sulfur incorporation induces lattice expansion, 
increased strain, crystallite size reduction, and band gap narrowing in ZnO₁₋ₓSₓ thin films. These results clearly 
demonstrate that controlled anion substitution provides an effective approach for tailoring the optical properties of ZnO-
based materials, which is of significant interest for visible and UV optoelectronic applications.[13] 

Figure 4 illustrates the correlation between the c-axis lattice parameter and the optical band gap energy for 
Zn₁₋ₓMgₓO and ZnO₁₋ᵧSᵧ thin films. A clear and systematic relationship is observed, demonstrating that lattice 
deformation plays a dominant role in governing the electronic structure of ZnO-based alloys. 

For Zn₁₋ₓMgₓO films, the c-axis lattice parameter decreases with increasing Mg concentration, indicating lattice 
contraction due to the substitution of Zn²⁺ ions by smaller Mg²⁺ ions. This structural compression leads to a widening of 
the band gap, which increases from ~3.26 eV to ~3.33 eV. The band gap expansion can be attributed to enhanced orbital 
overlap and increased energy separation between the conduction and valence bands caused by reduced interatomic 
spacing. 

In contrast, ZnO₁₋ᵧSᵧ films exhibit an opposite trend. The c-axis lattice parameter increases with increasing sulfur 
content, reflecting lattice expansion due to the larger ionic radius of S²⁻ ions compared to O²⁻ ions. This expansion results 
in a reduction of orbital overlap and a corresponding narrowing of the band gap, decreasing to ~3.01 eV. The observed 
red shift is associated with the modification of the valence band structure and increased localization of electronic states. 

The nearly linear dependence between lattice parameter and band gap in both systems suggests Vegard’s law-like 
behavior, confirming that compositional variation directly influences the structural and optical properties. Importantly, 
the opposite trends observed for Mg and S substitution highlight a bidirectional mechanism of band gap engineering, 
where lattice contraction and expansion provide two complementary pathways for tuning the optical response of ZnO-
based thin films. 

These results clearly demonstrate that precise control of lattice deformation through cation and anion substitution 
offers a powerful strategy for designing materials with tailored band structures for advanced optoelectronic applications. 

 
Figure 4. Band gap versus of Zn₁₋ₓMgₓO and ZnO₁₋ᵧSᵧ thin films c-axis lattice parameter 

For comparison, ZnO1-ySy alloys show the opposite trend: band gap narrowing and expansion of the c-lattice 
parameter, owing to the larger ionic radius of sulfur. These contrasting behaviors highlight the versatility of ZnO-based 
alloys for band-structure engineering. 

Figure 5(a,c) presents plan-view SEM micrographs of the 10% Mg and 10% S films. Both surfaces are dense, 
continuous, and crack-free, displaying rounded, faceted grains with well-defined intergranular boundaries, consistent with 
the single-phase wurtzite structure revealed by XRD. No secondary-phase precipitates or pinholes are observed, 
confirming that Mg and S are incorporated without phase segregation at the film surface.[14]  

The corresponding grain-size distributions [Fig. 5(b,d)] follow a log-normal profile, which is characteristic of 
nucleation-and-growth thin films. The Zn0.9Mg0.1O film exhibits a median Feret diameter of 62.9 nm (mean 78.0 nm), 
whereas the ZnO0.9S0.1 film shows a larger median of 96.6 nm (mean 110.4 nm), as summarized in Table 3. 

Importantly, the SEM grain sizes (≈60–100 nm) substantially exceed the X-ray crystallite sizes obtained from the 
Scherrer analysis (15.1 nm for 10% Mg and 10.7 nm for 10% S; Tables 1 and 2). This indicates that each SEM grain is a 
mesoscale aggregate composed of several coherently diffracting crystallites separated by low-angle sub-grain 
boundaries—that is, the two techniques probe different length scales. Notably, although the ZnO0.9S0.1 film has the larger 
mesoscale grains, it possesses the smaller crystallites together with the highest microstrain (11.1×10−3) and Urbach energy 
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(0.292 eV). This apparent contrast is self-consistent: the larger sulfur-induced lattice expansion and tensile strain fragment 
each grain into smaller coherent domains and increase the density of localized states, while grain coalescence during 
growth still produces larger mesoscale grains. The morphology, therefore, corroborates the microstructural disorder 
inferred from the XRD and UV–Vis data [15]. 

 
Figure 5. Plan-view SEM micrographs and corresponding grain-size distributions of (a, b) Zn0.9Mg0.1O and (c, d) ZnO0.9S0.1 thin 
films grown on Si(100) by USP. Histograms show the maximum Feret diameter with a log-normal fit (red line); insets list the mean, 
median, standard deviation σ, range and grain count N. Scale bars: 200 nm 

Finally, it should be emphasized that the optical band-gap modulation (Fig. 4) follows the composition-driven lattice 
deformation and crystallite-level disorder rather than the SEM grain size. At 60–100 nm the grains are far larger than the 
ZnO exciton Bohr radius (≈2.3 nm), so quantum size effects are negligible and the band gap is governed by the 
cation/anion substitution and the associated strain. The SEM analysis thus provides complementary morphological 
evidence that supports, but does not drive, the observed band-gap trends. 
Table 3. Grain-size parameters (SEM, max Feret diameter) and crystallite size (XRD, Scherrer) of the 10% films. 

Sample Median Feret (nm) Mean Feret (nm) σ (nm) N XRD D (nm) Grain/crystallite 

Zn0.9Mg0.1O 62.9 78.0 49.6 367 15.1 ~4.2 

ZnO0.9S0.1 96.6 110.4 62.8 284 10.7 ~9.0 

D – average crystallite size from the (002) reflection (Tables 1–2). The grain/crystallite ratio illustrates that each SEM grain contains 
several coherent domains. 
 

CONCLUSIONS 
In this study, Zn₁₋ₓMgₓO and ZnO₁₋ᵧSᵧ thin films were successfully deposited on Si(100) substrates by ultrasonic 

spray pyrolysis, and their structural and optical properties were systematically investigated to clarify the role of cation 
and anion substitution in band gap engineering of ZnO-based alloys. X-ray diffraction analysis confirmed that all films 
exhibit a single-phase hexagonal wurtzite structure with strong preferential orientation along the c-axis, indicating 
successful incorporation of both Mg and S without the formation of secondary phases. Structural analysis revealed 
contrasting lattice responses: Mg incorporation resulted in lattice contraction, whereas S substitution produced lattice 
expansion, both consistent with the ionic radii of the respective substituents. These structural changes resulted in a 
bidirectional modulation of the optical band gap, with a systematic widening from ~3.26 eV to ~3.33 eV for Zn₁₋ₓMgₓO 
and a narrowing down to ~3.01 eV for ZnO₁₋ᵧSᵧ. The correlation among lattice parameters, microstrain, crystallite size, 
and Urbach energy indicates that band-gap evolution is strongly governed by lattice deformation and associated structural 
disorder. 

Plan-view SEM analysis confirmed that all films are dense, crack-free, single-phase polycrystalline layers with log-
normal grain-size distributions, the median Feret diameter increasing from 62.9 nm for Zn0.9Mg0.1O to 96.6 nm for 
ZnO0.9S0.1. These mesoscale grains are several times larger than the XRD crystallites, indicating that each grain comprises 
multiple coherent domains; the larger-grain yet smaller-crystallite, higher-strain character of the sulfur-doped film is fully 
consistent with the structural picture obtained from XRD and UV–Vis. The morphological results therefore reinforce that 
the bidirectional band-gap modulation is governed by composition-driven lattice deformation and microstructural disorder 
rather than by grain-size (quantum-confinement) effects. 
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The results establish a unified experimental framework linking lattice deformation to optical band gap tuning in 
ZnO-based thin films. This study highlights that controlled cation and anion substitution provides a versatile and effective 
route for tailoring the optoelectronic properties of ZnO alloys. Such tunability makes these materials highly promising 
for applications in ultraviolet and visible photodetectors, transparent electronics, and band-engineered heterostructures. 
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ДВОНАПРАВЛЕНА МОДУЛЯЦІЯ ШИРИНИ ЗАБОРОНЕНОЇ ЗОНИ В ТОНКИХ ПЛІВКАХ НА ОСНОВІ ZnO ЗА 

ДОПОМОГОЮ КАТИОННО-ТА АНІОННО-ІНДУКОВАНОЇ ГРАТКОВОЇ ІНЖЕНЕРІЇ 
Джавохір Ш. Худойкулов1, Шавкат У. Юлдашев1,2, Азамат О. Арсланов1, Джамоліддін Х. Муродов2, 

Андрій А. Небесний1, Нойба У. Ботірова2, Ра’но Ш. Шаріпова2 
1Кафедра фізики, Національний університет Узбекистану, вулиця Університетська, 4, Ташкент 100174, Узбекистан 

2Центр розвитку нанотехнологій, Національний університет Узбекистану, 
вулиця Університетська, 4, Ташкент 100174, Узбекистан 

Тонкі плівки Zn₁₋ₓMgₓO та ZnO₁₋ᵧSᵧ були синтезовані методом ультразвукового розпилювального піролізу та досліджені з 
метою досягнення двонаправленої інженерії забороненої зони в матеріалах на основі ZnO. Рентгенівська дифракція 
підтвердила однофазну структуру вюрциту з сильною орієнтацією осі c у всіх зразках. Включення Mg викликало зміщення 
піку (002) до більших кутів, що вказує на стиснення решітки, тоді як заміщення S викликало зміщення до менших кутів, що 
відповідає розширенню решітки. UV–Vis  аналіз виявив систематичний зсув ширини забороненої зони в синю область спектра 
при легуванні магнієм (від ~3,26 еВ до ~3,33 еВ) та зсув у червону область спектра при включенні сірки (до ~3,01 еВ).. Ці 
зміни пояснюються деформацією решітки та її впливом на електронну структуру. Крім того, збільшення концентрації 
легуючої домішки призвело до зменшення розміру кристалітів та збільшення мікродеформації та переупорядкування. 
Результати встановлюють чітку кореляцію між деформацією решітки та модуляцією оптичної забороненої зони, 
демонструючи ефективний підхід до налаштування тонких плівок на основі ZnO для оптоелектронних застосувань. 
Ключові слова: ZnMgO; ZnOS; ширина забороненої зони; деформація решітки; діаграма Таука; ультразвуковий піроліз 
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Integrating magnetic functionality into silicon remains a key challenge for developing spintronic devices. In this work, we investigate 
the structural, electrical, and magnetic properties of Mn-diffused silicon fabricated via a two-step thermal diffusion process that enables 
controlled Mn incorporation and redistribution within the Si matrix. Magnetic measurements reveal clear ferromagnetic behavior at 
room temperature, characterized by a well-defined hysteresis loop with finite coercivity and remanent magnetization. The temperature 
dependence of magnetization indicates a Curie temperature of approximately 360 K, confirming the stability of magnetic ordering 
above room temperature. Electrical transport measurements show a systematic evolution of carrier properties with increasing diffusion 
temperature, including a transition from p-type to n-type conductivity. This behavior is attributed to the activation of Mn-related donor 
states and defect complexes, which compensate and overcompensate boron acceptors. A strong correlation between carrier 
concentration and magnetic properties is observed, indicating the crucial role of free carriers in mediating magnetic interactions. Based 
on the combined experimental results, the observed ferromagnetism is attributed to a cluster-induced mechanism, in which Mn-rich 
regions act as localized magnetic centers coupled via carrier-mediated exchange interactions, consistent with an RKKY-type 
mechanism. These findings demonstrate that two-step thermal diffusion provides an effective route to tune both the electrical and 
magnetic properties of silicon, highlighting its potential for silicon-based spintronic applications. 
Keywords: Silicon; Manganese; Donor; Ferromagnetism; Nanoclusters; Spintronics 

1. INTRODUCTION
Silicon-based materials have long formed the foundation of modern electronics due to their excellent compatibility 

with established semiconductor technologies. In recent years, significant efforts have been devoted to integrating 
magnetic functionality into silicon to enable spin-dependent electronic applications, commonly referred to as 
spintronics [1-3]. The realization of ferromagnetism in silicon would open pathways toward multifunctional devices 
combining charge and spin degrees of freedom [4,5]. 

One promising approach to induce magnetic ordering in silicon involves doping with transition metals, particularly 
manganese (Mn). However, the origin of ferromagnetism in Mn-doped silicon remains a subject of ongoing debate. While 
some studies attribute the observed magnetic behavior to the formation of secondary magnetic phases, others suggest that 
intrinsic mechanisms, such as carrier-mediated exchange interactions, may play a dominant role [6,7]. 

A key challenge lies in controlling the spatial distribution and electronic state of Mn atoms within the silicon lattice. 
At low concentrations, Mn atoms tend to occupy interstitial or substitutional sites, often leading to strong compensation 
effects and weak magnetic ordering. Under appropriate thermal conditions, however, Mn atoms may aggregate into 
nanoscale clusters that can act as localized magnetic centers [8-10]. The interaction between such centers may be mediated 
by free charge carriers, giving rise to long-range magnetic ordering [11,12]. 

In this context, thermal diffusion represents an effective method for introducing and redistributing Mn in silicon. In 
particular, a two-step diffusion process enables independent control over impurity incorporation and defect formation, 
providing a pathway to tailor both structural and electronic properties [13-16]. Despite this potential, the relationship 
between diffusion conditions, carrier transport, and magnetic behavior remains insufficiently understood [17-20]. 

The aim of this work is to investigate the formation of room-temperature ferromagnetism in Mn-diffused silicon 
prepared by a two-step thermal diffusion process. Unlike previous studies that mainly focused on ion implantation or 
single-step diffusion, the present work employs a two-stage diffusion approach that allows separate control of manganese 
incorporation and its subsequent redistribution within the silicon matrix. This approach enables us to analyze the 
correlation between carrier concentration, conductivity-type conversion, and magnetic ordering, providing new insight 
into the mechanism of ferromagnetism in Mn-doped silicon. 

To achieve this goal, we systematically investigate the structural, electrical, and magnetic properties of Mn-diffused 
silicon. Electrical measurements reveal a transition from p-type to n-type conductivity as the diffusion temperature 
increases, indicating the activation of Mn-related donor states and defect complexes [21–24]. Magnetic measurements 
demonstrate robust ferromagnetic ordering with a Curie temperature above room temperature [25,26]. 
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Based on a comprehensive analysis of magnetic and transport properties, we propose a cluster-induced 
ferromagnetism mechanism mediated by charge carriers [27]. The results provide new insights into Mn-doped silicon 
systems and highlight the potential of controlled diffusion techniques to develop silicon-based spintronic materials. 

 
2. MATERIAL AND METHODS 

Single-crystal boron-doped (p-type) silicon wafers were used as substrates. The samples were chemically cleaned 
prior to processing to remove surface contaminants and native oxide layers. 

Manganese incorporation was performed via a two-stage thermal diffusion process. Manganese was introduced into 
silicon via a two-stage thermal diffusion process performed under vacuum. In the first stage, Mn atoms were incorporated 
into the near-surface region of boron-doped Si(100) wafers at a temperature of 580 °C for 10 min. In the second stage, 
deeper diffusion and redistribution of manganese within the silicon matrix were achieved by annealing at 1050 °C for 
60 min under vacuum. After completion of the diffusion process, the samples were rapidly cooled to room temperature 
to preserve the formed impurity–defect configurations and suppress the formation of equilibrium secondary phases. The 
two-stage diffusion procedure was employed to independently control manganese incorporation and its subsequent 
redistribution, thereby promoting the formation of Mn-rich clusters responsible for the observed ferromagnetic ordering. 

Electrical properties were characterized by Hall effect measurements using a four-probe configuration. Carrier 
concentration, mobility, and resistivity were determined at room temperature, while the conductivity type was identified 
from the Hall coefficient. 

Magnetic measurements were carried out using a vibrating sample magnetometer. Field-dependent magnetization 
(M–H) was measured at room temperature, and temperature-dependent magnetization M(T) was used to determine the 
Curie temperature. Key magnetic parameters, including saturation magnetization (Ms), coercivity (Hc), and remanence 
(Mr), were extracted from the data. 

 
3. RESULTS 

The magnetic properties of Mn-diffused silicon were investigated by measuring the magnetization as a function of 
the applied magnetic field at different temperatures [28]. Given in the work [28] the M–H curve measured at 300 K 
exhibits a well-defined hysteresis loop, clearly indicating ferromagnetic behavior at room temperature. The presence of 
finite coercivity (Hc ≈ 87 Oe) and remanent magnetization (Mr ≈ 3.5×10⁻⁵ emu/cm³) confirms the formation of stable 
magnetic domains. The saturation magnetization at 300 K is relatively low (Ms ≈ 1.6×10⁻⁴ emu/cm3), suggesting that only 
a fraction of Mn atoms contributes to long-range magnetic ordering. This behavior is commonly observed in diluted 
magnetic systems and may be attributed to an inhomogeneous distribution of Mn, partial compensation, or the formation 
of magnetically inactive configurations [29,30]. A comparison of magnetic parameters at 150 K and 300 K reveals a clear 
temperature dependence. The magnetic hysteresis loops measured at 150 K and 300 K confirm the presence of 
ferromagnetic ordering in manganese-diffused silicon; the magnetic parameters are summarized in Table 1. 
Table 1. Magnetic parameters of Mn-diffused silicon extracted from hysteresis loops at different temperatures 

no. Temperature 
(K) 

Ms 
(emu⋅cm-³) 

Mr 
(emu⋅cm-³) 

Hc 
(Oe) 

𝑀௥𝑀௦  

1. 150 2.0×10−4 8.0×10−5 115 0.40 
2. 300 1.6×10−4 3.5×10−5 87 0.219 

The decrease in Ms, Mr, and Hc with increasing temperature reflects thermal disordering of spins, reduced magnetic 
anisotropy, and enhanced domain wall mobility. Nevertheless, the persistence of hysteresis at 300 K provides strong 
evidence for robust room-temperature ferromagnetism. 

 
3.1 Temperature dependence of magnetization 

Figure 1 illustrates the temperature dependence of magnetization (M–T). As shown in the graph, the material's 
magnetic moment gradually decreases as temperature increases. This behavior is characteristic of ferromagnetic materials 
and can be explained by increased thermal agitation, which disrupts the ordered alignment of magnetic moments. 

 
Figure 1. Temperature dependence of magnetization M(T) 
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The continuous curve represents theoretical calculations, showing a smooth decline in magnetization as temperature 
rises and approaching zero near a critical point—the Curie temperature. The experimental data are shown as red points 
and generally agree well with the theoretical curve, confirming the validity of the model. The linear behavior follows the 
Curie–Weiss law, indicating that 1/χ varies linearly with temperature. Extrapolating the fitted line to 1/χ = 0 yields the 
Curie temperature, TC ≈ 360 K. The slope of the linear fit is related to the Curie constant of the material. 

 
Figure 2. Temperature dependence of the inverse magnetic susceptibility (1/χ) measured in the paramagnetic region 

The Curie temperature (TC) was estimated using both direct M(T) analysis and Curie–Weiss fitting of the inverse 
magnetic susceptibility χ⁻¹(T). 

Above the transition temperature, χ⁻¹(T) exhibits a linear dependence consistent with the Curie–Weiss law: 

 𝜒 ൌ ஼ሺ்ି்಴ሻ  (1) 

Extrapolation of the linear region to χ⁻¹ = 0 yields TC ≈ 360 K. The agreement between different methods confirms 
the reliability of this estimate and indicates that ferromagnetic ordering persists above room temperature. 

It should be noted that fitting based on Bloch’s law slightly overestimates TC, suggesting that additional interaction 
mechanisms beyond spin-wave excitations contribute to the magnetic behavior. 

 
3.2 Effective magnetic moment 

The effective magnetic moment per Mn atom was estimated using the experimental saturation magnetization: 

 ௘௙௙ ൌ ெ೎ே೐೑೑ಳ, (2) 

where μB is the Bohr magneton and Neff is the effective concentration of magnetically active Mn atoms. 
The concentration of manganese in the investigated Mn-diffused silicon samples was not directly determined by 

compositional techniques such as SIMS, EDX, or XPS. Therefore, a precise quantitative Mn concentration cannot be 
reported. Nevertheless, based on the employed diffusion conditions, Hall-effect measurements, and the observed magnetic 
response, the effective concentration of magnetically active Mn centers was estimated to be on the order of 
Neff ≈ 5⋅10¹⁷ cm⁻³. This value should be regarded as an effective magnetic concentration associated with Mn-rich clusters 
and carrier-mediated exchange interactions rather than the total manganese concentration in the silicon matrix. 

Using Neff ≈ 5⋅10¹⁷ cm⁻³, the estimated magnetic moment is μeff ≈ 0.03–0.04஻ per Mn atom. This value is 
significantly smaller than the magnetic moment of an isolated Mn²⁺ ion (~5஻), indicating that only a small fraction of 
Mn atoms participates in the formation of long-range ferromagnetic order. This reduction may arise from clustering 
effects, antiferromagnetic coupling within Mn-rich regions, or the presence of magnetically inactive Mn configurations. 

 
3.3 Electrical transport and carrier-mediated effects 

The evolution of electrical transport properties with diffusion temperature (Figure 3) shows a strong correlation 
between carrier concentration and magnetic behavior.  

At moderate diffusion temperatures, the material exhibits p-type conductivity due to the presence of boron acceptors 
partially compensated by Mn-related states. 

At higher diffusion temperatures, a transition to n-type conductivity is observed, accompanied by an increase in 
carrier concentration and mobility. This behavior is attributed to the activation of donor-like states associated with Mn 
impurities or defect complexes, leading to overcompensation of the initial acceptor doping. 

The observed correlation between carrier concentration and magnetic properties suggests that free carriers play a 
key role in mediating magnetic interactions. Enhanced carrier density is expected to strengthen indirect exchange coupling 
between localized magnetic moments. A transition from p-type to n-type conductivity is observed at higher diffusion 
temperatures, indicating compensation and overcompensation effects. 
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Figure 3. Evolution of electrical transport properties of Mn-diffused silicon as a function of diffusion temperature 

(a) resistivity, (b) carrier concentration, and (c) carrier mobility. 
 

3.4 Magnetoresistance and correlation with magnetic ordering 
To further clarify the relationship between charge transport and magnetic interactions, magnetoresistance (MR) 

measurements were analyzed [31-33]. 

 
Figure 4. Temperature dependence of MR in silicon at E = 50 V/cm: B = 1 T: n-Si〈B, Mn〉 

1 - Ef = EC - 0.37 eV, 2 - Ef = EC - 0.384 eV, 3- Ef =EC - 0.516 eV, 4- Ef = EC - 0.53 eV. 

The results demonstrate the presence of both positive and negative magnetoresistance depending on temperature and 
the position of the Fermi level. In compensated p-type samples, a pronounced negative magnetoresistance is observed at 
room temperature, reaching significant values over a wide temperature range. As temperature decreases, the MR exhibits 
a non-monotonic behavior, including a sign inversion from negative to positive values. 

In overcompensated n-type samples, the magnetoresistance behavior differs, showing predominantly small positive 
values at room temperature and complex temperature-dependent transitions at lower temperatures. This behavior is 
strongly influenced by the position of the Fermi level and the charge state of Mn ions (Mn⁰, Mn⁺, Mn²⁺). 
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The existence of large negative magnetoresistance is indicative of strong spin-dependent cattering processes and 
supports the presence of localized magnetic moments interacting with charge carriers. The double sign inversion of MR 
with temperature further reflects the competition between different conduction mechanisms and magnetic scattering 
processes. 

These findings provide additional evidence that charge carriers play a crucial role not only in electrical transport but 
also in mediating magnetic interactions. The consistency between MR behavior and magnetization results reinforces the 
validity of the carrier-mediated ferromagnetism model. 

 
3.5 Mechanism of ferromagnetism 

Based on the combined magnetic and transport results, the observed ferromagnetism in Mn-diffused silicon can be 
interpreted within a cluster-induced framework. Mn atoms tend to form nanoscale clusters embedded in the silicon matrix, 
which act as localized magnetic centers. Mn-rich clusters act as localized magnetic centers, while charge carriers mediate 
indirect exchange interactions between them through an RKKY-type mechanism. Figure 5 illustrates the proposed 
mechanism of cluster-induced ferromagnetism in Mn-diffused silicon. Figure 5(a) shows the formation of Mn-rich 
clusters during the two-step thermal diffusion process. Figure 5(b) demonstrates the distribution of charge carriers around 
the Mn-rich clusters and their participation in indirect exchange interactions. Figure 5(c) presents the establishment of 
long-range ferromagnetic ordering through carrier-mediated RKKY-type coupling between spatially separated magnetic 
clusters. 

 
Figure 5. Schematic illustration of cluster-induced ferromagnetism in Mn-diffused silicon 

The schematic model presented in Figure 5 was prepared by the authors based on the carrier-mediated 
ferromagnetism concepts described in Refs. [15,27]. 

The interaction between these centers is likely mediated by charge carriers via an indirect exchange mechanism 
consistent with the Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction. In this picture, itinerant carriers couple 
spatially separated magnetic moments, enabling long-range magnetic ordering. 

The relatively low effective magnetic moment, together with the strong dependence on carrier concentration, 
supports this interpretation. Although direct nanoscale compositional characterization was not performed, the observed 
correlation among carrier concentration, conductivity conversion, magnetoresistance, and magnetic ordering supports the 
interpretation that the ferromagnetism primarily arises from Mn-related clusters and carrier-mediated interactions. 

Overall, the results demonstrate that the magnetic behavior of Mn-diffused silicon arises from a complex interplay 
between impurity clustering, carrier concentration, and exchange interactions. The ability to tune these parameters through 
diffusion conditions provides a pathway to engineer silicon-based magnetic materials for spintronic applications. 

 
4. CONCLUSIONS 

In this work, we have systematically investigated the magnetic and electrical transport properties of Mn-diffused 
silicon prepared via a two-step thermal diffusion process. The results demonstrate that this approach enables controlled 
modification of both carrier concentration and magnetic behavior through the redistribution of Mn and the formation of 
defect complexes. 

Magnetic measurements reveal clear ferromagnetic ordering at room temperature, characterized by a well-defined 
hysteresis loop with finite coercivity and remanence. The Curie temperature was determined to be approximately 360 K 
based on Curie–Weiss analysis, confirming the stability of the magnetic phase above room temperature. 

Electrical transport studies show a pronounced evolution of carrier properties with increasing diffusion temperature, 
including a transition from p-type to n-type conductivity. This behavior is attributed to the activation of Mn-related donor 
states and defect complexes, leading to compensation and overcompensation of boron acceptors. 

A strong correlation between carrier concentration and magnetic properties indicates that free carriers play a crucial 
role in mediating magnetic interactions. The observed ferromagnetism is therefore interpreted as a cluster-induced 
mechanism, in which Mn-rich regions act as localized magnetic centers coupled via carrier-mediated exchange 
interactions, consistent with an RKKY-type mechanism. 

Although additional structural characterization would be required to fully exclude the contribution of secondary 
phases, the combined magnetic and transport data support an intrinsic origin of ferromagnetism in the studied system. 
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Overall, the present study demonstrates that two-step thermal diffusion provides an effective and versatile route for 
engineering ferromagnetic silicon with tunable electronic properties. These findings highlight the potential of Mn-diffused 
silicon as a promising platform for silicon-compatible spintronic applications. 
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КЛАСТЕРНО-ІНДУКОВАНИЙ ФЕРОМАГНЕТИЗМ У КРЕМНІЇ, ЛЕГОВАНОМУ МАРГАНЦЕМ 

Олмас Е. Саттаров1, Станіслав А. Тачілін1, Ільхомов А. Ільосбек1, Нематілло Н. Маматкулов2, Алішер Р. Тошев3 
1Ташкентський державний технічний університет, Ташкент, 100095, вул. Університетська, 2, Узбекистан 

2Національний університет Узбекистану, Ташкент, 100174, Узбекистан 
3Алмалицький державний технічний інститут, Алмалик, 110100, Узбекистан 

Інтеграція магнітної функціональності в кремній залишається ключовим викликом для розробки спінтронних пристроїв. У 
цій роботі досліджено структурні, електричні та магнітні властивості кремнію, легованого марганцем, отриманого методом 
двоступеневої термічної дифузії, що забезпечує контрольоване введення та перерозподіл Mn у матриці Si. Магнітні 
вимірювання демонструють чітко виражену феромагнітну поведінку за кімнатної температури, що характеризується добре 
визначеною петлею гістерезису з ненульовою коерцитивною силою та залишковою намагніченістю. Температурна залежність 
намагніченості вказує на температуру Кюрі приблизно 360 K, що підтверджує стабільність магнітного впорядкування вище 
кімнатної температури. Вимірювання електричного транспорту показують систематичну зміну властивостей носіїв заряду зі 
зростанням температури дифузії, зокрема перехід від p-типу до n-типу провідності. Така поведінка пояснюється активацією 
донорних станів, пов’язаних із Mn, а також дефектних комплексів, що призводять до компенсації та надкомпенсації 
акцепторів бору. Виявлено сильну кореляцію між концентрацією носіїв заряду та магнітними властивостями, що свідчить про 
вирішальну роль вільних носіїв у медіації магнітних взаємодій. На основі сукупності експериментальних результатів 
спостережуваний феромагнетизм інтерпретується в межах кластер-індукованого механізму, де області, збагачені Mn, 
виступають як локалізовані магнітні центри, пов’язані через обмінні взаємодії, опосередковані носіями заряду, узгоджені з 
механізмом типу RKKY. Отримані результати демонструють, що двоступенева термічна дифузія є ефективним підходом для 
керування як електричними, так і магнітними властивостями кремнію, підкреслюючи його потенціал для застосування у 
кремнієвій спінтроніці. 
Ключові слова: кремній; марганець; донор; феромагнетизм; нанокластери; спінтроніка 
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On Si (111) substrates with a diameter of 20 mm, continuous monocrystalline epitaxial layers of (Si2)1-x(GaN)x solid solutions were 
grown by liquid-phase epitaxy from a limited volume of a tin solution-melt. The grown films had n-type conductivity. An analysis of 
the X-ray diffraction pattern showed that the grown epitaxial film has (111) crystallographic orientation with evident single-crystal 
sings. The size of the film subcrystallites is ̴ 40 nm. Due to the replacement of paired Si atoms by a molecule consisting of Ga and N 
atoms, a slight bending of the film towards the perpendicular to the reflecting surface was observed. Coherently arranged nanocrystals 
of cubic (c - GaN) and hexagonal (h - GaN) modification of gallium nitride with a crystallite size of LGaN≈47 nm are formed in the 
crystal lattice of the epitaxial film. 
Keywords: Liquid-phase epitaxy; Silicon; Gallium nitride; Solid solution; X-ray structural analysis 

1. INTRODUCTION
Gallium nitride (GaN) is a direct-gap semiconductor with a band gap of 3.4 eV, enabling the use of a wide range of 

electromagnetic wavelengths. The excellent optical and electrical properties of GaN make it an attractive material for 
optoelectronics and high-speed electronic devices, including LEDs, detectors, lasers, and high-power and high-frequency 
devices [1-7]. GaN-based devices are ideal for power amplifiers operating at frequencies that are unattainable with Si-
based technology. GaN power electronics offer less power loss than Si devices and can operate at higher temperatures. 
The integration of GaN devices with Si integrated circuits provides a scalable CMOS (complementary metal-oxide-
semiconductor) technology platform [8] for high-power and high-performance optoelectronics. Over the past 20 years, 
GaN has become the most researched semiconductor after silicon due to its excellent optical and electrical properties. 

Currently, due to the high cost of native substrates, GaN is grown on foreign substrates such as sapphire (Al2O3), 
SiC, and Si [9–11]. However, there is a mismatch between the lattice constant and the thermal expansion coefficient 
of the GaN film and the foreign substrate. As a result, dense point defects, threading dislocations, and residual stresses 
appear in finished films, which reduce the service life and efficiency of optoelectronic devices fabricated on their basis 
[12–14]. When growing GaN on Si (GaN-on-Si), two main problems arise: (1) the nucleation of an AlN buffer layer 
grown to prevent the formation of a Ga-Si alloy and to compensate for thermal stresses, as well as the quality of the 
resulting AlN/Si interface; and (2) cracking of the epitaxial layer due to the higher thermal expansion coefficient of 
nitrides compared to Si. GaN layers crack when the layer thickness exceeds ~1 µm [15]. At present, GaN-on-Si 
technology has greatly improved. However, the mass adoption of GaN-on-Si for illumination remains controversial, 
mainly because epitaxial layers on Si are more difficult to grow than GaN on Al2O3. For electronic applications, GaN-
on-Si is more favorable due to the poor electrical and thermal conductivity of Al2O3 (sapphire) and the high cost of 
SiC, which are commonly used as GaN substrates [16, 17]. High-quality GaN layers can be obtained on Si substrates 
through buffer layers from a continuous solid solution of molecular substitution (Si2)1-x(GaN)x, with a smoothly 
changing composition from silicon to pure gallium nitride (0 ≤ x ≤ 1). This buffer layer, by leveling the mismatch 
between the lattice constant and the thermal expansion coefficient of the Si substrate and the GaN epitaxial film, 
prevents residual mechanical stresses in the transition region and, consequently, reduces point defects and threading 
dislocations in the epitaxial layer. 

In this article, we report the possibility of growing epitaxial layers of solid solutions of molecular substitution 
(Si2)1-x(GaN)x on Si (111) substrates by liquid-phase epitaxy from a tin solution-melt and present the results of an 
experimental study of the structural features of epitaxial films using the X-ray diffraction method. Epitaxial layers of 
(Si2)1-x(GaN)x were grown using the technology described in [18]. 
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2. MATERIALS AND METHODS 
Solid solutions (Si2)1-x(GaN)x were grown on Si (111) substrates by liquid-phase epitaxy from a limited volume of 

Sn solution-melt in an ambient H2 atmosphere. Before entering the reactor, hydrogen was deeply purified using palladium 
diffusion filtration, removing oxygen, moisture, and other impurity gases. Palladium purification produced high-purity 
hydrogen, which was essential for stabilizing liquid-phase epitaxy conditions, preventing oxidation of the melt solution 
components and the substrate surface, and improving the structural quality and homogeneity of the grown epitaxial layers. 
The substrates were silicon washers of grade KDB-0.01, p-type, boron-doped, with a resistivity of 0.01 Ω⋅cm. The 
diameter and thickness of the substrates were 20 mm and 400 μm, respectively. The growth of epitaxial layers was carried 
out by varying the following parameters of the technological process: the composition of the solution-melt, the 
temperature of the beginning and end of solid solution crystallization, the rate of forced cooling and the thickness of the 
solution-melt. The composition of the Sn-Si-GaN solution melt, in the weight ratio of components, was determined based 
on the results of preliminary experiments. Epitaxial layers of solid solutions were grown at a temperature range of 950–
850°C, a cooling rate of 1 °C/min, and a solution-melt thickness of 1 mm. At the selected process parameters, the entire 
substrate surface was covered with a continuous epitaxial film. The adhesion of the epitaxial films to the substrate surface 
was of high quality. Over the entire surface, the thickness of the epitaxial layer was uniform at ~10 μm. Epitaxial films 
had n-type conductivity with a concentration of ~ 3.4∙1016 cm-3, a mobility of ~ 133 cm2 ⋅V-1⋅sec-1 of charge carriers and 
a resistivity of ~ 1.38 Ω∙cm at 300 K. 

Structural studies of the resulting epitaxial film were carried out in the Institute of Nuclear Physics of the Academy 
of Sciences of the Republic of Uzbekistan on a DRON-3M X-ray diffractometer (radiation CuKα, λ = 0,15418 nm) with 
improved the Ө–2Ө optical scheme in step scan mode. 
 

3. RESULTS AND DISCUSSION 
Fig. 1 shows an X-ray diffraction pattern of the Si substrate. The diffraction pattern contains several selective 

structural reflections with different intensities and one diffuse reflection at small scattering angles. The analysis showed 
that the substrate surface corresponds to the (111) crystallographic plane. 

This is evidenced by the presence of a series of selective reflections of the (HHH) type (where H = 1, 2, 3), intense 
lines (111)Si with d/n = 0.3142 (2θ = 28.4°), (222)Si with d/n = 0.1568 (2θ = 58.8°) and (333)Si with d/n = 0.1045 nm 
(2θ = 94.95°). The beta (β) component of the structural line of the first order (111)Si is visible at 2θ = 25.8°, and the third 
order is visible at 2θ = 83.5°. High intensity (2⋅105 pulses⋅sec-1) of the main reflection (111)Si, narrow width 
(FWHM ≈ 0.25°), testifies to the perfection of the substrate crystal lattice. Furthermore, the X-ray diffraction pattern of 
the substrate contains only the reference reflection (111) and its high orders (222) and (333), while diffraction reflections 
with other indices are absent. These are signs of its single-crystal state.  
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Figure 1. X-ray pattern of a silicon substrate 

 Good, close to the calculated splitting of the (333)Si reflection with characteristic intensity ratios for α1 and α2 radiation 
[I333 (α1) ≈ 2I333(α2)], indicates that the elastic stress is predominantly concentrated in the near-surface layer of the volume, 
close to the surface of the substrate and at the boundaries between the blocks of the matrix lattice (Fig. 2). 

 The X-ray diffraction pattern shows a noticeable (110) reflection of SiO2 with d/n = 0.2501 nm (2θ = 35.9°), attributed 
to the SiO2 impurity in the substrate. The narrow width (FWHM = 2.62∙10-3 rad) of this reflection indicates that the SiO2 
impurity phase in the bulk of the matrix is in the crystalline modification, SiO2(c). The characteristic size of the structural 
fragments (subcrystallites) of this phase is ∼ 58 nm. Due to the large ionic radius of oxygen compared to silicon, they are 
energetically preferred to be located in the interstices of boundary and near-boundary regions between grains and blocks 
(subcrystallites) of the substrate [19]. In these areas, the chemical bonds between the ions of the matrix are not saturated, 
and the nodes are somewhat displaced from their ideal positions. 
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These factors contribute to the formation of structural fragments with low symmetry, consisting of silicon and 
interstitial ions, in comparison with the structure with high symmetry in the bulk of the blocks of the substrate, consisting 
only of silicon ions. The experimental value of the substrate lattice parameter was aSi = 0.54293 nm, which is comparable 
with the tabulated value aSi = 0.54307 nm. This shows that the volume fraction of the distorted lattice region is negligible 
compared to the entire volume of the substrate. 
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Figure 2. The shape of the reflections (333) of the silicon substrate 

Figure 3 shows the X-ray diffraction pattern of an epitaxial layer of the (Si2)1-x(GaN)x solid solution grown on silicon 
substrates. The high-resolution (333) reflection shape is shown in Fig. 4. This result significantly differed from the X-ray 
diffraction pattern of the substrate. Here, the intensity of diffuse reflection at small scattering angles decreased by more 
than 3 times, and the intensity of the main reflection (111)Si (2θ = 28.33°) of the film increased by ~ 6% compared to the 
intensity of the same reflection of the substrate. The intensity of the forbidden reflection (222) (2θ = 58.65°) decreased 
by a factor of 2, its intensity of the third order (333) (2θ = 94.70°) decreased by almost an order of magnitude, and the 
intensity of the reflection (110) of SiO2 (2θ = 35.8º) from the impurity phase of crystalline quartz decreased by 2 times. 
The average level of the inelastic background also decreased by 2 times. 

The relatively narrow width (FWHM = 3.78∙10-3 rad) and high intensity (2⋅105 pulses⋅sec-1) of the main reflection 
(111)GaN/Si indicate a high degree of perfection of the crystal lattice of the epitaxial layer of the solid solution (Si2)1-

x(GaN)x; that is, the grown film has the sign of a single crystal with a (111) orientation. The sizes of subcrystallites (blocks) 
of the film, estimated from the width of this peak by the Selyakov–Scherrer method [20], were ∼ 40 nm. 
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Figure 3. X-ray pattern of the epitaxial layer of the (Si2)1-x(GaN)x solid solution 
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However, the intensity of the main reflection of the (111)GaN/Si film is 6% higher than the intensity of the same line 
of the substrate, (111)Si. This indicates the partial replacement of some pairs of silicon ions by gallium and nitrogen 
molecules in the film's silicon lattice. Since the X-ray scattering intensity is proportional to the square of atomic number 
(Z2) of the elements (ZSi = 14, ZN = 7, and ZGa = 31), such a replacement of ions should lead to some increase in the 
intensity of this reflection, which is observed in the experiment. 

Since the thermal expansion coefficients of GaN are 2.2 times greater than those of Si (αGaN - 5.59·10-6/ºС, 
αSi - 2.6 ·10-6/ºС), when cooled from the epitaxy temperature (950–850°C) to room temperature, the fabricated 
heterostructure bends in the direction perpendicular to the reflective surface of the film. 
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Figure 4. The shape of reflections (333) of the epitaxial layer of the solid solution (Si2)1-x(GaN)x 

In addition, this conclusion is confirmed by the appearance of a new selective reflection with a noticeable intensity 
and a width of 3.2∙10-3 rad. near the main reflection (111) of the film. An analysis of the nature of this structural line 
showed that it consists of two selective lines very close in angular position and corresponding to two modifications of 
gallium nitride: cubic (c-GaN) - (111)GaN with d/n = 0.2599 nm (2θ = 34.4°) and hexagonal (h-GaN) - (002)GaN with 
d/n = 0.2592 nm (2θ = 34.6°). They are caused by gallium nitride nanocrystals LGaN ≈ 47 nm in size. These nanocrystallites 
are located in the near-surface layer of the film, as evidenced by the angular arrangement of reflections associated with 
them. The close angular position of these reflections to the main (111)GaN/Si reflection made it possible to determine the 
GaN content of c-GaN and h-GaN nanocrystals in the film from the ratio of their intensities. It was 9.1 and 8.9 mol. %, 
respectively. Therefore, it can be argued that during liquid-phase epitaxy on a Si(111) substrate, it is possible to form a 
GaN-Si heterostructure with GaN nanocrystallites, both cubic (c-GaN) and hexagonal (h-GaN) modification. 

 
4. CONCLUSIONS 

Continuous epitaxial layers of (Si2)1-x(GaN)x solid solutions were grown on Si(111) substrates 20 mm in diameter 
by liquid-phase epitaxy from a limited volume of a tin solution-melt.  

Analysis of the X-ray diffraction pattern showed that the resulting film has the perfect crystalline structure with 
(111) orientation and evident single-crystal sings. Coherently located nanocrystallites of cubic (c-GaN) and hexagonal 
(h-GaN) modification of gallium nitride with a crystallite size of LGaN ≈ 47 nm are formed in the crystal lattice of the 
epitaxial film. 
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СТРУКТУРНІ ОСОБЛИВОСТІ ЕПІТАКСІАЛЬНИХ ПЛІВОК ТВЕРДИХ РОЗЧИНІВ (Si2)1-X(GaN)X 
ВИРОЩЕНИХ НА Si-ПІДЛОЖКАХ 

А.С. Саїдов1, Ш.Н. Усмонов1, Т.Т. Ішнязов1, М.У. Каланов2, Д.В. Сапаров1, М.Б. Тагаєв3, А.М. Ахмедов4, 
А.Ш. Раззоков5, К.Г. Гаймназаров6 

1Фізико-технічний інститут ім. С.А. Азімова, Академія наук Узбекистану, 
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4Ташкентський інститут інженерів іригації та механізації сільського господарства, Узбекистан 
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На підкладках Si (111) діаметром 20 мм методом рідкофазної епітаксії з обмеженого об'єму розчину-розплаву олова 
вирощували суцільні монокристалічні епітаксіальні шари твердих розчинів (Si2)1-x(GaN)x. Вирощені плівки мали n-тип 
провідності. Аналіз рентгенограми показав, що вирощена епітаксіальна плівка має кристалографічну орієнтацію (111) з 
чіткими монокристалічними ознаками. Розмір субкристалітів плівки становить ̴ 40 нм. Через заміщення парних атомів Si 
молекулою, що складається з атомів Ga та N, спостерігався незначний вигин плівки відносно перпендикуляра до поверхні 
відбиття. У кристалічній решітці епітаксіальної плівки утворюються когерентно розташовані нанокристали кубічної (c-GaN) 
та гексагональної (h-GaN) модифікацій нітриду галію з розміром кристалітів LGaN≈47 нм. 
Ключові слова: рідкофазна епітаксія; кремній; нітрид галію; твердий розчин; рентгеноструктурний аналіз 
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Low-dimensional III–V and II–VI quantum heterostructures are important active media for optoelectronic devices operating under 
radiation environments. In this work, the effects of high-energy X-ray, gamma-ray, and electron irradiation on excitonic recombination 
and exciton–phonon interaction were investigated in GaAs/AlGaAs and ZnTe/CdZnTe-based quantum heterostructures using low-
temperature photoluminescence spectroscopy. The spectra showed pronounced excitonic emission bands accompanied by longitudinal 
optical phonon replicas, indicating phonon-assisted recombination processes. After irradiation, a substantial reduction in 
photoluminescence intensity was observed, which was attributed to the formation of radiation-induced non-radiative recombination 
centers. In ZnTe/CdZnTe structures, electron irradiation produced a slight blue shift (approximately 0.7 meV) of the quantum-well 
emission, whereas X-ray irradiation resulted in a small red shift (approximately 0.6 meV), suggesting irradiation-dependent 
modification of exciton localization and defect-related potential fluctuations. A semi-quantitative analysis based on integrated PL 
intensity ratios, an effective non-radiative recombination parameter, and the Huang–Rhys factor (S≈1–2) was performed to correlate 
PL quenching, spectral shifts, and LO-phonon replicas with radiation-induced defect formation. The relative changes in excitonic, 
impurity-related, and phonon-assisted emission bands indicate a redistribution of radiative and non-radiative recombination channels 
after irradiation. A phenomenological interpretation based on radiative and non-radiative recombination rates and the Huang–Rhys 
description of LO-phonon replicas was used to discuss the observed spectral changes. The results provide a comparative experimental 
assessment of irradiation-induced modifications in III–V and II–VI quantum heterostructures and may be useful for evaluating the 
radiation tolerance of semiconductor optoelectronic structures. 
Keywords: Radiation-induced defects; Quantum heterostructures; Photoluminescence spectroscopy; Exciton–phonon interaction; 
LO-phonon replicas; Non-radiative recombination; GaAs/AlGaAs quantum wells; ZnTe/CdZnTe quantum wells 

INTRODUCTION 
The interaction of high-energy radiation with semiconductor quantum heterostructures is of fundamental and practical 

importance for the development of radiation-tolerant optoelectronic devices. Low-dimensional III–V and II–VI quantum 
heterostructures, including GaAs/AlGaAs and ZnTe/CdZnTe systems, are widely used in lasers, optical modulators, and 
field-effect transistors because of their tunable electronic and optical properties. In these structures, quantum confinement 
strongly influences excitonic recombination, impurity-related emission, and phonon-assisted luminescence processes. 
Recent electro-optical studies of GaAs/AlGaAs multiple quantum wells have shown that their photoluminescence spectra 
are highly sensitive to quantum confinement and external conditions [1]. Similar excitonic spectral features in related 
semiconductor structures have also been interpreted in terms of surface radiative modes and longitudinal excitons, thereby 
emphasizing the complex nature of exciton–polariton luminescence in such systems [2]. ZnTe-based heterostructures are 
particularly attractive for visible-range optoelectronic applications because they exhibit pronounced excitonic emission and 
are highly sensitive to structural defects, localization effects, and external perturbations. 

Despite extensive research on radiation effects in semiconductors, the microscopic mechanisms governing exciton–
phonon coupling in irradiated ZnTe quantum structures remain insufficiently understood. High-energy electron and X-
ray irradiation induce defect states that act as non-radiative recombination centers and exciton localization sites, thereby 
modifying photoluminescence spectra and the relative intensities of excitonic and impurity-related transitions. Recent 
reviews of irradiated GaAs have likewise shown that radiation-induced point defects and defect complexes play a key 
role in the formation of non-radiative recombination channels and in the degradation of optical properties [3]. Similar 
quenching phenomena associated with defect-related non-radiative recombination have been reported in Cd-based 
semiconductor films under external perturbations such as temperature and infrared excitation [4]. The complex interplay 
between radiation-induced defects, exciton localization, and phonon-assisted recombination is crucial for understanding 
and controlling the optical response of these heterostructures under irradiation. 

In this study, we investigate the effects of high-energy electron and X-ray irradiation on the low-temperature 
photoluminescence of ZnTe-based quantum heterostructures. Special attention is paid to longitudinal optical (LO) phonon 
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replicas and impurity-related excitonic transitions, which provide insights into the restructuring of luminescence channels 
induced by radiation. In addition, the role of interband transitions and band structure modifications in determining optical 
response has been widely discussed in semiconductor systems [5,6].  In this work, the effects of high-energy X-ray, γ-
ray, and electron irradiation on the low-temperature photoluminescence response of III–V and II–VI quantum 
heterostructures are examined with particular attention to excitonic recombination, impurity-related emission, and LO-
phonon-assisted spectral features. The study combines experimental PL observations with a phenomenological 
interpretation based on the competition between radiative and non-radiative recombination channels and the Huang–Rhys 
description of exciton–phonon coupling. Rather than introducing a new fundamental mechanism, the present work aims 
to provide a comparative assessment of how different irradiation conditions modify excitonic, defect-related, and phonon-
assisted luminescence channels in GaAs/AlGaAs and ZnTe/CdZnTe-based quantum heterostructures. This analysis is 
intended to clarify the relative sensitivity of different emission bands to irradiation-induced defect formation and to 
support the evaluation of radiation tolerance in low-dimensional semiconductor structures. 

 
THEORETICAL CONSIDERATIONS 

To interpret the observed changes in photoluminescence under irradiation, we employ a phenomenological model 
that accounts for exciton recombination, radiation-induced non-radiative centers, and exciton–phonon interactions. To 
describe these coupled processes in a compact form, the total Hamiltonian of the system can be written as 

 𝐻 = 𝐻௘௫ + 𝐻௣௛ + Hex-ph, (1) 

where 𝐻௘௫ describes the excitonic subsystem, 𝐻௣௛ corresponds to the phonon field, and 𝐻ex-ph represents the exciton–
phonon interaction. 

Equation (1) defines the general theoretical basis of the model by separating the excitonic, phononic, and interaction 
contributions to the optical response. For longitudinal optical (LO) phonons, the interaction can be written in the Fröhlich-
type form 

 𝐻ex-ph = 𝛴௤𝑀௤൫𝑎௤ + 𝑎ି𝑞ற൯𝑋ற𝑋, (2) 

where 𝑀௤ is the exciton–phonon coupling matrix element, 𝑎௤ற and 𝑎௤ are the phonon creation and annihilation operators, 
and 𝑋ற𝑋 denotes the exciton occupation operator. 

Equation (2) explicitly describes the coupling between excitons and LO phonons and serves as the basis for 
interpreting the phonon-assisted features observed in the PL spectra. This interaction explains the appearance of LO-
phonon replicas in the photoluminescence spectra. Such phonon-assisted relaxation channels are characteristic of 
CdTe/ZnTe quantum well systems, in which LO-phonon emission plays a central role in exciton energy relaxation [7]. 
The theoretical description of optical absorption processes in semiconductors often relies on interband and intraband 
transition mechanisms, accounting for band mixing and temperature-dependent effects [5,8]. 

The integrated photoluminescence intensity can be expressed as 

 𝐼PL ∝ 𝐺 ⋅ ௞ೝ௞ೝା௞nr, (3) 

where 𝐺 is the generation rate, 𝑘௥ is the radiative recombination rate, and 𝑘௡𝑟 is the non-radiative recombination rate. 
Equation (3) shows that the observed PL intensity is determined by the competition between radiative and non-

radiative recombination channels. Similar carrier generation and recombination mechanisms have been analyzed from 
photoconductivity spectra of Cd-based solid-solution films, highlighting the role of defect states and band transitions [9]. 
Under irradiation, defect formation leads to an increase in 𝑘௡𝑟, which can be written as 

 𝑘nr = 𝑘nrሺ଴ሻ + 𝛽𝑁ௗ, (4) 

where 𝑁ௗ is the concentration of radiation-induced defects. 
Equation (4) indicates that the non-radiative recombination rate increases with the concentration of radiation-

induced defects, which explains the quenching of photoluminescence under irradiation. Therefore, the PL intensity ratio 
can be written as 

 ூirrூబ = ௞ೝା௞nrሺబሻ௞ೝା௞nrሺబሻାஒே೏. (5) 

Equation (5) provides a convenient relation for comparing the relative decrease in PL intensity before and after 
irradiation and can be directly related to the experimentally measured quenching ratios. For phonon-assisted transitions, 
the relative intensities of LO-phonon replicas can be described using the Huang–Rhys model, while the Huang–Rhys 
factor provides a quantitative measure of the exciton–LO-phonon coupling strength in semiconductor quantum wells [10]: 

 𝐼௡ = 𝐼଴ expሺ−𝑆ሻ ௌ೙௡! , (6) 
where S is the Huang–Rhys factor. 
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Equation (6) relates the intensity distribution of the 1LO, 2LO, and 3LO replicas to the Huang–Rhys factor and thus 
allows estimation of the strength of exciton–phonon coupling. This model explains the presence of 1LO, 2LO, and 3LO 
lines observed in the spectra. More generally, Huang–Rhys theory has been extensively applied in semiconductor optical 
spectroscopy to interpret phonon sidebands, exciton localization effects, and the relative intensity distribution of multi-
phonon replicas [11]. Furthermore, multiphoton absorption processes and intersubband transitions in III–V 
semiconductors provide an important contribution to the understanding of nonlinear optical effects in such systems [6,12]. 

To establish a direct connection between the phenomenological model and the experimental PL spectra, three 
measurable quantities were used in the analysis: the integrated PL intensity ratio, the irradiation-induced spectral shift, 
and the relative intensities of the LO-phonon replicas. First, Eq. (5) was used to interpret the experimentally observed PL 
quenching through the increase in the defect-assisted non-radiative recombination rate after irradiation. The measured 
decrease of the excitonic PL intensity by approximately two orders of magnitude indicates a substantial increase in 𝑘௡௥ 
compared with the initial value before irradiation. Second, the small blue and red shifts observed after electron and X-ray 
irradiation were interpreted as signatures of irradiation-induced changes in exciton localization and defect-related 
potential fluctuations. Third, Eq. (6) was used to estimate the exciton–LO-phonon coupling strength from the relative 
intensities of the 1LO, 2LO, and 3LO replicas through the Huang–Rhys factor. Therefore, the model was not used as an 
independent microscopic theory but as a quantitative phenomenological framework to correlate PL quenching, spectral 
shifts, and phonon-assisted emission features with radiation-induced defect formation. 

 
EXPERIMENTAL METHOD 

Low-dimensional quantum heterostructures were fabricated using state-of-the-art epitaxial techniques to ensure 
precise control over layer composition and thickness. ZnTe-based structures were grown by molecular beam epitaxy 
(MBE) employing the “Katun” system, whereas III–V heterostructures were synthesized via metal-organic chemical 
vapor deposition (MOCVD). Detailed growth parameters, including substrate temperature, flux ratios, and deposition 
rates, were optimized according to established protocols to achieve high crystalline quality and minimal structural defects. 

The investigated samples are summarized in Table 1. Sample No. 1 was a ZnTe/CdZnTe-based quantum 
heterostructure containing three tunnel-coupled quantum wells grown by molecular beam epitaxy. Sample No. 4 was a 
GaAs/AlGaAs quantum-well heterostructure containing three AlGaAs/GaAs quantum wells with thicknesses of 2.5, 4.2, 
and 7.7 nm separated by 100 nm barriers. These samples were selected to compare the irradiation response of 
representative II–VI and III–V quantum heterostructures under different irradiation conditions. 
Table 1. Structural parameters of the investigated quantum heterostructures. 

Sample 
No. 

Material 
system Substrate Growth 

method 
Structure 

description 
Quantum-well 

thickness 
Barrier / 

surrounding layers 
Doping 

concentration 
Irradiatio

n type 
Measurement 
temperature 

No. 1 ZnTe/Cd0.2 

Zn0.8Te GaAs(001) 

MBE using 
the 

KATUN9 
system 

Three tunnel-coupled 
Cd₀.₂Zn₀.₈Te 

quantum wells 
embedded in ZnTe 

2 nm for each 
QW 

Barrier thickness 
not explicitly 

reported; ZnTe cap 
layer = 4 nm; ZnTe 

buffer layer = 
1.5 μm 

Not explicitly 
reported 

Electron 
irradiation 
and X-ray 
irradiation 

4.2 K 

No. 4 GaAs/AlGa
As GaAs MOCVD Three AlGaAs/GaAs 

quantum wells 
2.5, 4.2, and 7.7 

nm 
AlGaAs barrier 

thickness = 100 nm 
Not explicitly 

reported 
Gamma 

irradiation 4.2 K and 77 K 

Photoluminescence (PL) and reflectance measurements were conducted to characterize optical properties in the 
photon energy range of 0.6 − 3.0 𝑒𝑉 over temperatures from 4.2 𝐾 to 300 𝐾. Low-energy spectral components (0.6 −1.4 𝑒𝑉) were analyzed using a prism monochromator, while higher energies were employed with a diffraction 
monochromator. Photoluminescence excitation was performed using an argon-ion laser at 𝜆௘௫௖  =  514.53 𝑛𝑚 for 
ZnTe/CdZnTe quantum heterostructures. For GaAs/AlGaAs quantum wells, PL spectra were measured using excitation 
at 𝜆௘௫௖ =  632.8 𝑛𝑚. These excitation wavelengths were selected to probe excitonic emission from the quantum wells 
and related defect-assisted recombination channels. 

For the II–VI ZnTe/CdZnTe structures, two irradiation modalities were applied: high-energy electron irradiation and 
X-ray photon exposure. Electron irradiation was performed using the ILU-6 pulsed accelerator, delivering electrons at 1.8 𝑀𝑒𝑉 with a total fluence of 𝛷 =  10ଵ଺𝑐𝑚ିଶ. Pulses had a duration of 700 μs at a repetition rate of 25 Hz, with a 
current density of 10¹² 𝑐𝑚⁻² · 𝑠⁻¹ per pulse. The sample temperature during irradiation did not exceed 60°𝐶. Energy 
deposition calculations indicate that the generation rate of electron-hole pairs reached ~10²³ 𝑐𝑚⁻³ · 𝑠⁻¹, with the 
formation of radiation-induced defects via atomic displacements in the crystal lattice, estimated at ~10¹⁷ 𝑐𝑚⁻³. 

X-ray irradiation was conducted using the RAP-150/300 source at an accelerating voltage of 100 kV, producing a 
continuous broad-spectrum photon flux. The dose rate was 10 𝑅 · 𝑠⁻¹, with total exposure reaching 10⁴ 𝑅. Absorbed 
energy densities in the structures were evaluated, yielding values on the order of 10²¹ 𝑒𝑉 · 𝑐𝑚⁻³, sufficient to induce 
significant modification of excitonic recombination channels and to generate defect states influencing photoluminescence. 

For the GaAs/AlGaAs quantum-well structure, 𝛾-irradiation was performed using a Co 𝛾-source with a total dose 
of 𝐷 = 2 × 10ଽ𝑟𝑎𝑑. The PL spectra were recorded before and after γ-irradiation at 77 K and 4.2 K in order to evaluate 
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irradiation-induced changes in near-band-edge excitonic, impurity-related, and defect-related emission bands under 
different low-temperature measurement conditions. 

All optical measurements were carried out using an automated setup integrating a low-temperature cryostat, 
monochromators, and photodetectors suitable for resolving excitonic emission lines, LO-phonon replicas, and impurity-
related transitions. The spectral resolution of the PL measurements was determined by the monochromator configuration 
and was kept constant for each set of comparative measurements. Each PL spectrum was recorded under identical 
excitation power, temperature, and detection geometry before and after irradiation. Peak positions were extracted from 
the maxima of the emission bands, while integrated PL intensities were calculated after background subtraction over the 
same spectral interval for each band. The uncertainty in the relative intensity analysis was mainly associated with 
excitation-power fluctuations, detector response, and baseline correction. Repeated measurements confirmed that the 
main irradiation-induced trends, including PL quenching and small spectral shifts, were reproducible within the 
experimental uncertainty. 

 
RESULTS 

Photoluminescence of GaAs/AlGaAs Quantum Wells. Figure 1 presents representative low-temperature (77 K) PL 
spectra of sample No. 4 (Table 1), containing three AlGaAs/GaAs quantum wells, measured from the GaAs substrate side 
before and after γ-irradiation. The quantum well thicknesses were 𝐿௓ = 2.5,4.2, and 7.7 nm, and the barrier thickness was 𝐿஻ = 100 nm (inset of Fig. 2). 

As shown in Fig. 1, the photoluminescence spectra exhibit several distinct emission bands associated with excitonic 
and defect-related transitions. Similar excitonic and field- or temperature-sensitive optical transitions have been analyzed 
in GaAs/AlGaAs multiple-quantum-well heterostructures, thereby supporting the assignment of the observed PL bands 
in the present study [1]. 

 

Figure 1. Typical PL spectra of the GaAs/AlGaAs quantum-well structure measured from the GaAs substrate side before (1) and 
after (2) gamma irradiation, D = 2×10⁹ rad, at 77 K. Excitation: λ = 632.8 nm, P = 2 W/cm². 

According to the proposed model, the observed decrease in PL intensity after irradiation is associated with an 
increase in the non-radiative recombination rate due to radiation-induced defect formation. A comparable suppression of 
photoluminescence under very high electron-dose irradiation has also been reported for GaInNAs/GaAs quantum wells, 
further confirming the dominant role of irradiation-induced defect states in the degradation of optical response [13]. This 
interpretation is consistent with earlier studies of electron-irradiated GaAs-based single quantum wells, in which 
irradiation-induced defect states were found to alter photoluminescence intensity and spectral position through modified 
recombination dynamics [14]. Related irradiation-dependent changes in GaAs quantum wells have also been observed 
under electron-beam exposure, demonstrating that beam-induced defect modification can significantly affect 
luminescence intensity and recombination behavior [15]. 

A quantitative comparison with the proposed model was also performed. Using the relation 𝐼௉𝐿 ∝ 𝑘௥/ሺ𝑘௥ + 𝑘௡𝑟ሻ, 
the observed decrease in photoluminescence intensity can be attributed to a significant increase in the non-radiative 
recombination rate. The experimentally observed reduction of the integrated intensity (𝐼/𝐼଴ ≈ 10ିଶ for excitonic bands) 
is qualitatively consistent with the model prediction, indicating that radiation-induced defects dominate the recombination 
dynamics in the irradiated structures. 

In the PL spectra of the unirradiated samples, two emission bands appear near the band edge: 𝐼ଵሺDXሻ = 1.508 eV 
and 𝐼ଶሺ𝑒,𝐶ሻ = 1.49 eV, along with two broader bands at 𝐼ଷ = 1.38 eV and 𝐼ସ = 0.78 eV. The 𝐼ଵ and 𝐼ଶ bands are 
attributed to excitons bound to donors and carbon-related electronic transitions, respectively. The weak 𝐼ଷ band 
corresponds to donor-acceptor pair recombination, while 𝐼ସ originates from deep donor states associated with arsenic-
related defects. Upon 𝛾-irradiation (𝐷 = 2 × 10ଽ rad), all emission bands show a pronounced decrease in intensity 
(Fig. 1), consistent with the formation of non-radiative recombination centers induced by the Co γ-source. Such behavior 
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is consistent with previous studies of photoluminescence in CdTe-based heterostructures, where defect-induced 
nonradiative recombination leads to strong quenching of the emission intensity [16]. 

For the irradiation dose considered, the ratio of post-irradiation to initial integrated intensities, 𝐼ி/𝐼଴, was 
approximately 10ିଶ for the 𝐼ଵ and 𝐼ଶ bands, whereas 𝐼ி/𝐼଴ ≈ 0.5 for the 𝐼ସ band. These distinct behaviors indicate that 
PL quenching under irradiation cannot be attributed solely to the formation of non-radiative centers but also reflects 
modifications of the luminescence centers within the material, suggesting structural rearrangements of defect-related 
states. 

 
Figure 2. Low-temperature PL spectra of the GaAs/Al0.2Ga0.8As quantum-well structure before (1) and after (2) irradiation, 

measured at 4.2 K. The structure contains three GaAs quantum wells with thicknesses of 2.5, 4.2, and 7.7 nm. 

ZnTe/CdZnTe Quantum Wells. The PL spectra of sample No. 1 (Table 1), containing three tunnel-coupled 
ZnTe/Cd0.2Zn0.8Te quantum wells, were measured with excitation 𝜆exc = 0.51453 𝜇m, corresponding to photon energies 
above both the ZnTe and CdZnTe band gaps as well as the electron–hole recombination energies in the wells. The low-
temperature PL spectrum exhibits multiple emission features arising from the ZnTe buffer layer and the quantum wells, 
the latter dominating the intensity. Superimposed narrow Raman lines, shifted by multiples of the LO-phonon energy, 
correspond to Raman scattering of the excitation light. The non-monotonic intensity variation of Raman lines with phonon 
order is attributed to resonance enhancement arising from coincidences with absorption features in the buffer or quantum 
wells. The irradiation-induced spectral changes and LO-phonon replicas of the ZnTe/Cd0.2Zn0.8Te quantum-well structure 
are shown in Fig. 3. 

 
Figure 3. The spectra show pronounced 1LO, 2LO, and 3LO phonon replicas, confirming strong exciton-LO phonon coupling in 
the ZnTe-based structure. The changes in the relative intensities of the 𝐼 ௔, 𝐼௜, and 𝑓஼ௐ features indicate the contribution of defect-
related and excitonic recombination channels 

The photoluminescence spectra of the ZnTe/CdZnTe quantum-well heterostructure exhibit distinct emission bands 
arising from the quantum wells (QW1 and QW2) and defect-related transitions. After irradiation, the excitonic emission 
intensity decreased noticeably, indicating the formation of radiation-induced defects that serve as efficient non-radiative 
recombination centers, degrading the optical response of the quantum wells. Similar defect-assisted suppression of optical 
emission has been reported in irradiated GaAs-based quantum wells [13,14], suggesting that irradiation-induced non-
radiative recombination is a common feature of low-dimensional semiconductor heterostructures. Figure 3 presents the 
corresponding spectral changes after electron and X-ray irradiation, including the phonon-assisted emission features. 

According to the model, the quenching of quantum well emission is governed by the relation 𝐼௉𝐿 ∝ 𝑘௥/ሺ𝑘௥ + 𝑘௡𝑟ሻ, 
where irradiation increases the defect-assisted non-radiative recombination rate. The excitonic emission at ℎ𝜈 =2.3736 eV (522.4 nm) corresponds to a superposition of free exciton (IFX) and donor-bound exciton emission or exciton-
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polariton recombination. Lines at ℎ𝜈 = 2.37 eV are associated with excitons bound to neutral acceptors, while a broad 
band at ℎ𝜈 = 2.3568 eV is related to extended or intrinsic defect states. After both electron and X-ray irradiation (curves 
2 and 3 in Fig. 3), the excitonic band intensities decrease noticeably. In the quantum well emission region, the 𝐼QW band 
intensity also diminishes, though less markedly. Electron irradiation induced a slight blue shift (𝛥𝐸 ≈  0.7 𝑚𝑒𝑉), 
whereas X-ray irradiation caused a red shift (𝛥𝐸 ≈  0.6 𝑚𝑒𝑉). Comparable irradiation-induced energy shifts have also 
been reported in GaAs/AlGaAs quantum wells, where proton irradiation and post-irradiation thermal treatment modified 
the quantum-well transition energies [17]. Due to spectral overlap with Raman lines, potential excitonic shifts in the 
buffer layer were further analyzed via reflectance measurements before and after irradiation. 

As shown in Fig. 3, the photoluminescence spectra of ZnTe-based quantum structures display pronounced 
longitudinal optical (LO) phonon replicas (1LO, 2LO, 3LO) associated with excitonic transitions. Related 
photoluminescence features have been observed in CdTe/ZnTe quantum nanostructures, confirming the importance of 
excitonic transitions in determining the spectral response of II–VI heterostructures [18]. Similar LO-phonon-assisted 
excitonic features have been reported in (Cd,Zn)Te-based quantum wells, where the coupling between excitons and LO 
phonons strongly influences the spectral structure of luminescence [19]. A closely related behavior has been reported in 
coupled CdTe/ZnTe quantum-well structures, where hot-exciton relaxation is governed by LO-phonon emission and 
strongly affects the spectral shape of optical transitions [3]. The presence of such luminescence features is consistent with 
previous observations in cadmium chalcogenide systems, where strong excitonic emission and spectral structure are 
closely related to recombination dynamics [20]. Similar photoluminescence behavior has also been reported in 
CdTe/ZnTe self-assembled quantum nanostructures, where excitonic emission and spectral features are strongly 
influenced by confinement and carrier localization effects [18]. Optical studies of ZnTe structures containing CdTe 
submonolayers have likewise shown that localized excitonic states strongly affect the luminescence characteristics of II–
VI heterostructures [21]. The observation of multiple phonon-assisted emission lines provides clear evidence of strong 
exciton–phonon coupling. Resonant optical studies of II–VI quantum nanostructures have similarly demonstrated that 
exciton–LO phonon coupling plays a decisive role in shaping the excited-state and phonon-assisted spectral response 
[22]. The non-monotonic variation in the intensity of the LO replicas is attributed to resonance enhancement effects and 
indicates the significant role of defect states and localization phenomena in the recombination dynamics. A related 
sensitivity of photoluminescence behavior to localization and quantum confinement has also been reported for CdTe/ZnTe 
ultrathin quantum wells and size-quantized islands [23]. 

A quantitative estimation of the exciton–phonon coupling strength was performed using the Huang–Rhys model. 
Based on the relative intensities of the LO-phonon replicas (1LO, 2LO, and 3LO), the Huang–Rhys factor was estimated 
to be 𝑆 ≈ 1 − 2. This value indicates a moderately strong exciton–phonon interaction in ZnTe-based quantum 
heterostructures. The obtained result is consistent with the pronounced phonon-assisted emission features observed in the 
PL spectra and confirms that the coupling between excitons and LO phonons plays a significant role in the recombination 
processes. 

 
QUANTITATIVE ANALYSIS OF IRRADIATION-INDUCED PL CHANGES. 

To reduce the descriptive character of the analysis and to make the comparison with the phenomenological model 
more explicit, the main spectral parameters extracted from Figs. 1–3 are summarized in Table 2. The integrated intensity 
ratio ூಷூబ was used as the primary measure of PL quenching. Since all spectra were recorded under identical excitation 

power, temperature, and detection geometry, a decrease in ூಷூబ can be directly associated with an increased contribution of 
defect-assisted non-radiative recombination. In the limiting case in which the radiative recombination rate and generation 
rate remain approximately unchanged, an effective non-radiative contribution may be estimated as ηeff = ቀூబூಷቁ − 1. This 
parameter is not an absolute defect density; rather, it is a comparative measure of irradiation-induced optical degradation 
in the investigated heterostructures. 
Table 2. Quantitative indicators of irradiation-induced photoluminescence modifications in the investigated quantum heterostructures. 

Material system Irradiation type Observed parameter Quantitative indicator Physical implication 

GaAs/AlGaAs 
quantum wells γ-irradiation 

Near-band-edge excitonic 
and impurity-related 
emission (I₁, I₂) 

ூಷூబ≈ 10⁻²  
Strong suppression of radiative recombination 
due to the formation of radiation-induced non-
radiative centers 

GaAs/AlGaAs 
quantum wells γ-irradiation Deep defect-related 

emission (I₄) 
ூಷூబ ≈  0.5  Deep-level emission is less sensitive to 

irradiation than shallow excitonic channels 

ZnTe/CdZnTe 
quantum wells 

Electron 
irradiation 

Quantum-well excitonic 
transition 𝛥𝐸 ≈ +0.7 𝑚𝑒𝑉 

Slight blue shift associated with irradiation-
induced modification of exciton localization and 
local potential profile 

ZnTe/CdZnTe 
quantum wells X-ray irradiation Quantum-well excitonic 

transition 𝛥𝐸 ≈  −0.6 𝑚𝑒𝑉 Small red shift indicating enhanced defect-
related localization and potential fluctuations 

ZnTe/CdZnTe 
quantum wells 

Electron and X-ray 
irradiation 

LO-phonon-assisted 
emission (1LO, 2LO, 3LO) 

Huang–Rhys factor 𝑆 ≈  1 −2 
Moderately strong exciton–LO-phonon coupling 
contributing to phonon-assisted recombination 

All investigated 
structures 

All irradiation 
conditions Overall PL response Intensity quenching and 

spectral redistribution 

Radiation-induced defects alter the balance 
between radiative and non-radiative 
recombination channels 
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The quantitative comparison shows that the most pronounced effect of irradiation is the suppression of shallow 
excitonic and impurity-related emission in the GaAs/AlGaAs structure. The approximately two-orders-of-magnitude 
decrease of the I1 and I2 bands corresponds to a strong increase in the effective non-radiative contribution, whereas the I4 
band retains nearly half of its initial integrated intensity. This behavior suggests that different luminescence centers have 
different radiation sensitivities and that PL quenching is accompanied by a redistribution of recombination channels. 

For the ZnTe/CdZnTe quantum wells, the opposite signs of the spectral shifts after electron and X-ray irradiation 
are small but reproducible. Therefore, they should not be interpreted as large changes in the band gap. Instead, they are 
more consistently understood as changes in the ensemble of localized excitons contributing to the PL maximum. A 
rigorous linewidth decomposition was not performed because the spectra contain partially overlapping excitonic bands, 
Raman lines, and LO-phonon replicas. For this reason, the present analysis uses integrated intensities, peak shifts, and 
relative phonon-replica intensities as the most reliable comparative parameters. 

 
DISCUSSION 

The observed PL intensity reductions and spectral shifts indicated that 𝛾-ray, X-ray, and electron irradiation 
modified both the recombination dynamics and the local energy landscape of excitonic and impurity-related states. This 
interpretation is consistent with theoretical descriptions of absorption and carrier relaxation processes in semiconductors, 
where radiation-induced defects can strongly affect recombination channels [5,8]. The different responses of the emission 
bands suggest that shallow donor- and acceptor-bound excitons are more sensitive to irradiation than deep defect-related 
states, leading to selective quenching of radiative channels. At the same time, the observed blue and red shifts in the 
quantum-well emission bands suggest irradiation-induced modifications of exciton localization and defect-related 
potential fluctuations. The presence of LO-phonon replicas with modulated intensities further confirms the role of 
exciton–phonon coupling and resonance effects in the recombination dynamics. Overall, the PL response provides a 
sensitive probe of irradiation-induced defect formation, exciton dynamics, and phonon-assisted processes in 
semiconductor quantum heterostructures. 

The observed trends are qualitatively consistent with the proposed phenomenological model. The obtained results 
are also consistent with theoretical studies of interband and multiphoton absorption processes, which emphasize the role 
of band mixing and nonlinear optical effects in semiconductor heterostructures [6,12]. 

From a microscopic point of view, the decrease in PL intensity can be explained by the formation of vacancies, 
interstitials, antisite defects, and defect complexes that introduce additional electronic states inside the band gap. These 
centers provide Shockley–Read–Hall-type non-radiative pathways and reduce the probability of radiative exciton 
recombination. Shallow donor-bound and acceptor-bound excitons are especially sensitive to such perturbations because 
their recombination depends strongly on the local potential landscape and on the overlap between electron and hole wave 
functions. 

The distinction between electron irradiation and photon irradiation is also important. High-energy electrons can 
transfer momentum directly to lattice atoms, thereby producing displacement damage more efficiently, whereas X-ray 
and gamma-ray photons primarily produce ionization, secondary carriers, charge trapping, and defect charging, with 
atomic displacement occurring mainly through secondary processes. This difference provides a plausible explanation for 
the different spectral responses observed in the ZnTe/CdZnTe structures. The blue shift after electron irradiation may be 
related to preferential quenching of lower-energy localized states or to slight radiation-induced modification of the 
well/barrier potential profile. In contrast, the red shift after X-ray irradiation may reflect enhanced exciton localization in 
defect-related potential minima or local electric-field-induced band bending. 

The observed energy shifts of approximately 0.6–0.7 meV are small relative to the transition energies but are 
important because they occur together with substantial PL quenching. This indicates that irradiation affects not only the 
total recombination efficiency but also the distribution of radiative states that contribute to the PL maximum. Thus, the 
shifts should be treated as signatures of a modified localized-exciton ensemble rather than as direct evidence of a large 
change in the fundamental band gap. 

The LO-phonon replicas provide additional information on the recombination process. The estimated Huang–Rhys 
factor  𝑆 ≈ 1 − 2 indicates moderately strong exciton–LO-phonon coupling. After irradiation, defect-induced localization 
can enhance the interaction of excitons with lattice vibrations and redistribute intensity between the zero-phonon and 
phonon-assisted channels. However, because the LO replicas partly overlap with Raman features, the extracted S value 
should be regarded as a semi-quantitative estimate rather than as a uniquely fitted microscopic parameter. 

It should be emphasized that the defect concentration discussed in this work is evaluated indirectly from PL 
quenching and spectral redistribution. Direct determination of absolute defect densities would require complementary 
techniques such as time-resolved PL, deep-level transient spectroscopy, electron paramagnetic resonance, or high-
resolution structural analysis. Nevertheless, the present steady-state PL approach provides a useful comparative 
framework for assessing radiation-induced optical degradation in III–V and II–VI quantum heterostructures. 

 
CONCLUSIONS 

The effects of high-energy 𝛾-ray, X-ray, and electron irradiation on the photoluminescence (PL) response of III–V 
and II–VI quantum heterostructures were investigated using low-temperature PL spectroscopy. For the GaAs/AlGaAs 
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quantum-well structure, 𝛾-irradiation caused a strong reduction in the intensities of near-band-edge excitonic and defect-
related emission bands. The integrated intensity ratio decreased to approximately 𝐼ி/𝐼଴ ≈ 10ିଶ for the 𝐼ଵ and 𝐼ଶ bands, 
whereas the deeper defect-related 𝐼ସ band retained about half of its initial intensity, i.e., 𝐼ி/𝐼଴ ≈ 0.5. This difference 
indicates that shallow donor- and impurity-related radiative channels are more sensitive to irradiation-induced non-
radiative recombination than deeper defect-related states. 

For the ZnTe/CdZnTe quantum-well structures, electron and X-ray irradiation also modified the excitonic emission 
and phonon-assisted spectral features. Electron irradiation induced a slight blue shift of the quantum-well emission, 
whereas X-ray irradiation caused a small red shift, with the spectral shifts remaining in the range of 𝛥𝐸 ≈  0.6 − 0.7 𝑚𝑒𝑉. 
These opposite spectral shifts suggest that different irradiation conditions can modify exciton localization and defect-
related potential fluctuations in different ways. The observation of 1LO, 2LO, and 3LO phonon replicas, together with 
the estimated Huang–Rhys factor of 𝑆 ≈ 1 − 2, confirms that exciton–LO-phonon coupling contributes significantly to 
the luminescence response of the ZnTe/CdZnTe structures. 

Overall, the results show that irradiation affects both the intensity and energy position of PL bands through the 
formation of radiation-induced defects and the redistribution of radiative and non-radiative recombination channels. The 
GaAs/AlGaAs results mainly demonstrate the effect of 𝛾-irradiation on III–V quantum wells, whereas the ZnTe/CdZnTe 
results clarify the influence of electron and X-ray irradiation on II–VI quantum wells. Therefore, the present work 
provides a comparative PL-based assessment of irradiation-induced modifications in representative III–V and II–VI 
quantum heterostructures. These findings may be useful for evaluating the radiation tolerance of low-dimensional 
semiconductor structures intended for optoelectronic applications in radiation environments. 

The main limitation of the present study is that the quantitative defect analysis is based on steady-state PL parameters 
rather than on direct microscopic defect spectroscopy. Therefore, the reported intensity ratios, spectral shifts, and Huang–
Rhys factor should be viewed as comparative indicators of irradiation sensitivity. Future studies combining PL with time-
resolved spectroscopy and independent defect-characterization techniques would allow more rigorous extraction of 
recombination lifetimes, linewidth broadening, and absolute defect densities. 
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РАДІАЦІЙНО-ІНДУКОВАНА МОДИФІКАЦІЯ КВАНТОВИХ ГЕТЕРОСТРУКТУР III–V ТА II–VI ПІД ВПЛИВОМ 

ВИСОКОЕНЕРГЕТИЧНОГО РЕНТГЕНІВСЬКОГО, ГАММА- ТА ЕЛЕКТРОННОГО ОПРОМІНЕННЯ 
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Шерзод Ш. Абдуллаєв1, Абдусаттор О. Умаров1, Ікстійор М. Турсунов1 
1Ферганський державний технічний університет, Фергана, Узбекистан 

2Ферганський державний університет, Фергана, Узбекистан 

Низькорозмірні квантові гетероструктури III–V та II–VI є важливими активними середовищами для оптоелектронних 
пристроїв, що працюють в умовах радіаційного впливу. У цій роботі досліджено вплив високоенергетичного рентгенівського, 
гамма- та електронного опромінення на екситонну рекомбінацію та екситон-фононну взаємодію в квантових 
гетероструктурах GaAs/AlGaAs і ZnTe/CdZnTe за допомогою низькотемпературної фотолюмінесцентної спектроскопії. 
Спектри показали виражені смуги екситонного випромінювання, що супроводжуються репліками поздовжніх оптичних 
фононів, що свідчить про фононно-асистовані процеси рекомбінації. Після опромінення спостерігалося значне зменшення 
інтенсивності фотолюмінесценції, що пов’язано з утворенням радіаційно-індукованих центрів безвипромінювальної 
рекомбінації. У структурах ZnTe/CdZnTe електронне опромінення спричиняло невеликий синій зсув (приблизно 0,7 меВ) 
випромінювання квантової ями, тоді як рентгенівське опромінення приводило до малого червоного зсуву (приблизно 0,6 меВ), 
що вказує на залежну від типу опромінення модифікацію локалізації екситонів і дефектно-зумовлених флуктуацій потенціалу. 
Виконано напівкількісний аналіз на основі відношень інтегральної інтенсивності фотолюмінесценції, ефективного параметра 
безвипромінювальної рекомбінації та фактора Хуанга–Ріса 𝑆 ≈ 1 − 2, що дозволило пов’язати гасіння фотолюмінесценції, 
спектральні зсуви та репліки LO-фононів з утворенням радіаційно-індукованих дефектів. Відносні зміни екситонних, 
домішкових і фононно-асистованих смуг випромінювання вказують на перерозподіл радіаційних і безвипромінювальних 
каналів рекомбінації після опромінення. Феноменологічна інтерпретація, заснована на радіаційних і безвипромінювальних 
швидкостях рекомбінації та описі реплік LO-фононів за моделлю Хуанга–Ріса, була використана для пояснення 
спостережуваних спектральних змін. Отримані результати забезпечують порівняльну експериментальну оцінку радіаційно-
індукованих модифікацій у квантових гетероструктурах III–V та II–VI і можуть бути корисними для оцінювання радіаційної 
стійкості напівпровідникових оптоелектронних структур. 
Ключові слова: радіаційно-індуковані дефекти; квантові гетероструктури; фотолюмінесцентна спектроскопія; екситон-
фононна взаємодія; репліки LO-фононів; безвипромінювальна рекомбінація; квантові ями GaAs/AlGaAs; квантові ями 
ZnTe/CdZnTe 
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In this study, aluminum (Al) thin films deposited on soda lime glass substrates were investigated using spectroscopic ellipsometry 
with a focus on optical modeling and surface characteristics. The films were fabricated by thermal deposition under controlled 
vacuum conditions. A multilayer optical model, including Al, native oxide (Al₂O₃), and surface-roughness layers, was developed to 
accurately fit the experimental ellipsometric data. The analysis was performed in the photon energy range of 0.5–6 eV at multiple 
incidence angles. The Cauchy and Lorentz dispersion models were applied to represent the dielectric response of the oxide and 
metallic layers, respectively. The surface roughness was modeled using the effective medium approximation. The obtained results 
demonstrate that surface morphology and oxide layer formation play a significant role in determining the optical behavior of Al thin 
films. Variations in surface roughness and interface properties were found to influence the refractive index and extinction coefficient. 
The developed optical model showed good agreement with experimental data, confirming its reliability in describing complex thin-
film systems. These findings highlight the importance of accurate optical modeling for the design and optimization of thin film 
materials in engineering and optoelectronic applications. 
Keywords: Spectroscopic ellipsometry; Optical model; Dielectric constants; Thin layers 

1. INTRODUCTION
The rapid development of modern nanotechnology has led to growing interest in thin-film materials due to their 

wide range of applications in electronics, photonics, and energy-related systems [1–3]. Among these materials, 
aluminum (Al) thin films are particularly attractive because of their favorable optical, electrical, and mechanical 
properties, as well as their technological compatibility with large-scale fabrication processes [4–6]. In thin-film systems, 
the physical and optical properties are strongly influenced not only by the intrinsic properties of the material but also by 
surface morphology and interfacial characteristics. In particular, the formation of a native oxide layer and surface 
roughness can significantly modify light–matter interactions, thereby altering optical constants such as the refractive 
index and extinction coefficient [7–10]. Therefore, accurate characterization of these effects is essential for designing 
and optimizing functional thin-film devices. Spectroscopic ellipsometry (SE) is a powerful and non-destructive optical 
technique widely used to investigate thin-film structures. It enables simultaneous determination of thickness, dielectric 
function, and surface properties with high sensitivity over a broad spectral range [11–14]. However, the reliability of the 
extracted parameters strongly depends on the adequacy of the optical model used to describe the system [15-17]. In this 
context, the development of appropriate multilayer optical models is crucial, especially for systems with multiple 
interfaces and surface effects. Incorporating layers such as native oxides and surface roughness into the model allows 
for a more realistic representation of the physical structure and improves the accuracy of the analysis [18–21]. In this 
work, aluminum thin films deposited on soda-lime glass substrates are investigated using spectroscopic ellipsometry. A 
multilayer optical modeling approach is employed to analyze the effects of surface roughness and oxide layer formation 
on the system's optical response. 

The novelty of this work lies in the development of a comprehensive optical model for thermally deposited Al thin 
films on soda-lime glass substrates that simultaneously accounts for the metallic Al layer, the native Al₂O₃ overlayer, 
and surface-roughness effects within a unified spectroscopic ellipsometry framework. Such an approach provides a 
more realistic description of the films' physical structure and improves the accuracy of the extracted optical parameters. 
The proposed model can serve as a reliable tool for investigating thickness-dependent optical properties of Al thin films 
and for optimizing Al-based structures intended for photonic and optoelectronic applications. 

2. MATERIALS AND METHODS
Two thin aluminum films with different thicknesses were fabricated from nanopowders via thermal deposition. 

The thermal evaporation was performed using a Leybold-Heraeus L-560 vacuum system. The working pressure in the 
vacuum chamber was maintained at 2×10-5 mbar. The substrates used were chemically cleaned 25×19 mm glass plates. 
Prior to thermal evaporation, the surfaces of the glass substrates were ionized at 800 W. To enhance the deposition 
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process, the glass substrates were heated to 100°C in the vacuum chamber. The thermal evaporation process was 
conducted for 25 seconds. Although the nominal deposition time was identical for both samples, small variations in the 
evaporation rate, source material distribution, and local deposition conditions resulted in different film thicknesses (80 
and 100 nm). Such variations are commonly observed in thermally evaporated thin films and can significantly influence 
the final film thickness. 

The optical parameters of the two Al films obtained were examined by spectroscopic ellipsometry over a photon 
energy range of 0.5-6 eV. The incident angle during the ellipsometric measurements was varied at 60°, 65°, 70°, and 
75°, and all measurements were performed at room temperature. The optical constants of the Al/SLG (soda lime glass) 
systems were retrieved through regression analysis of the obtained SE data. The ellipsometric parameters Ψ and Δ 
represent the amplitude ratio and phase shift of the parallel (p) and perpendicular (s) components of the reflected light, 
respectively. The complex reflectance ratio of the polarized light is given by: 

 𝜌 = ௥೛௥ೞ = 𝑡𝑎𝑛Ψ𝑒௜୼ (1) 

where 𝑟𝑝 and 𝑟𝑠 are the Fresnel reflection coefficients of p- and s-polarized light, respectively. The measurements 
were performed using an M-2000 rotating compensator spectroscopic ellipsometer (RCE, J.A. Woollam Co., Inc.). The 
measured ellipsometric parameters were analyzed through regression fitting of the experimental data. The intensities Is 
and Ic recorded by the rotating compensator ellipsometer are expressed as [22]: 

 𝐼௦ = 𝑠𝑖𝑛2Ψ𝑠𝑖𝑛Δ, 𝐼௖ = 𝑠𝑖𝑛2Ψ𝑐𝑜𝑠Δ (2) 

In Eq. (2), Is and Ic represent the experimentally measured intensity components obtained from the modulation of 
the polarization state of the reflected light. These quantities are directly related to the ellipsometric parameters Ψ and Δ 
and provide information about the optical properties and thicknesses of the individual layers that form the sample. 
Therefore, fitting the calculated Is and Ic spectra to the experimental data enables a reliable determination of the optical 
constants and structural parameters of the multilayer system. 

A four-layer optical model was used to reproduce the experimental 𝐼𝑠 and 𝐼𝑐 signals over the entire photon-energy 
range. This model consists of the substrate (SLG), thin film (Al), alumina (Al2O3), and surface roughness (Fig. 1). 

 
Figure 1. Theoretical model of the samples 

In this model, the surface roughness was described using the Effective Medium Approximation (EMA) based on 
Bruggeman theory, modeled by Bruggeman’s EMA (50% Al₂O₃ + 50% void). The Cauchy dispersion model was 
applied to the Al₂O₃ and SLG layers, as these transparent dielectric materials can be accurately described using this 
empirical relation: 

 n(E) = A+BE2+CE4 (3) 

where A, B, and C are fitting parameters. 
The Al layer was fitted using the Lorentz model, which is particularly useful for metals and semiconductors. The 

physical basis for Lorentz oscillators has been extensively discussed in many textbooks [23,24]. The Lorentz layer can 
be described as a collection of absorption peaks that is Kramers-Kronig consistent: 
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where k is the oscillator index, 𝐴𝑘 is the amplitude, 𝐸𝑘 is the center energy, 𝐵𝑘 is the broadening of each oscillator, ℎ𝑣 is 
the photon energy in eV, and 𝜖1 is an additional offset.  

 
3. OPTICAL MODELING 

To accurately describe the optical response of aluminum thin-film systems, a multilayer optical model was 
developed using spectroscopic ellipsometry data. The model consists of four main layers: the glass substrate, the 
aluminum (Al) thin film, the native oxide layer (Al₂O₃), and a surface roughness layer. The substrate (soda lime glass) 
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was considered optically homogeneous and isotropic. The aluminum thin film was treated as a metallic layer, while the 
oxide layer was assumed to be transparent within the investigated spectral range. The surface roughness was modeled 
using the Effective Medium Approximation (EMA), where the roughness layer was represented as a mixture of 50% 
void and 50% bulk material, following Bruggeman’s theory. To describe the optical properties of each layer, 
appropriate dispersion models were applied. The dielectric response of the Al₂O₃ layer and the glass substrate was 
modeled using the Cauchy dispersion relation, which is suitable for transparent dielectric materials. In contrast, the 
aluminum layer was described using the Lorentz oscillator model, which effectively represents the absorption processes 
in metallic systems. The model parameters, including layer thicknesses, optical constants, and surface roughness, were 
determined through regression analysis by minimizing the difference between experimental and calculated ellipsometric 
data. The fitting procedure was carried out using a nonlinear optimization algorithm, ensuring high accuracy and 
reliability of the results. This modeling approach enables a comprehensive understanding of how surface morphology 
and interfacial properties influence the optical behavior of aluminum thin films. 

 
4. RESULTS AND DISCUSSION 

4.1 Ellipsometric fitting. An optical model for isotropic media or isotropic thin-film/substrate systems was used to 
fit the calculated data to the experimental ψ and Δ values. The Complete EASE software was employed for the 
ellipsometric data-fitting procedure, achieving a mean squared error (MSE) of less than 1.5 in the worst case. The 
experimental data were fitted using the Levenberg–Marquardt algorithm, applying parameterized model dielectric 
functions simultaneously for all data points measured in the UV/VIS ranges. The Lorentz oscillator model, available in 
the Complete EASE database, was used to describe the dielectric response of the aluminum layer across the investigated 
spectral range. This model is widely employed for metallic materials and provides a physically meaningful 
representation of their optical behavior. The measured ellipsometric parameters (full red and green curves) and their fits 
(dashed black curves) for incident angles of 60°, 65°, 70°, and 75° are presented in Fig. 2 and Fig. 3 for Al/SLG 
samples, respectively. A similarly good fit to the measured Ψ and Δ was obtained for other incident angles. The quality 
of the obtained film surfaces is confirmed by the low MSE and roughness values (overlayer thickness). 
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Figure 2. Experimental (dots) and fitted (lines) ellipsometric data of sample d1 with 100 nm Al thin film 
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Figure 3. Experimental (dots) and fitted (lines) ellipsometric data of sample d2 with 80 nm Al thin film 
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4.2 Optical constants. The optical constants of the aluminum thin films, including the refractive index (n) and 
extinction coefficient (k), were determined from the fitted ellipsometric data using the developed multilayer optical 
model. The analysis of the pseudo-dielectric function allowed for the simultaneous evaluation of the real (ε₁) and 
imaginary (ε₂) components, providing insight into the optical behavior of the system. The calculated spectra of the 
pseudo-dielectric functions are presented in Fig. 4. 

 
Figure 4. Real (ε₁) and imaginary (ε₂) parts of the pseudo-dielectric function of Al thin films with different structural parameters 

The obtained spectral dependences of ε₁ and ε₂ indicate that the films' optical response is influenced by both 
intrinsic material properties and surface-related effects. Variations in these functions reflect differences in light 
interaction within the multilayer system, including contributions from interfaces and surface morphology. 

The optical constants, namely the refractive index (n) and extinction coefficient (k), were extracted from the 
dielectric function and are shown in Fig. 5. 

 
Figure 5. Refractive index (n) and extinction coefficient (k) of Al thin films as a function of photon energy 

As shown in Fig. 5, the optical constants are strongly affected by surface and interfacial properties. The refractive 
index is sensitive to structural inhomogeneities and surface morphology, which alter the effective optical medium. At 
the same time, the extinction coefficient reflects absorption processes and light interactions within the metallic layer. At 
lower photon energies, the extinction coefficient is relatively high, indicating stronger absorption in the metallic Al 
films. As photon energy increases, the extinction coefficient gradually decreases across the investigated spectral range, 
indicating reduced absorption losses. These trends are consistent with the optical behavior observed for metallic thin 
films. In addition, the presence of a surface oxide layer and surface roughness modifies the optical path and boundary 
conditions, which in turn affects the extracted values of n and k. Therefore, accurate determination of optical constants 
requires careful consideration of both surface and interface effects within the multilayer structure. The good agreement 
between experimental and modeled data confirms the reliability of the proposed four-layer optical model and 
underscores the importance of simultaneously accounting for oxide-layer formation and surface roughness in the optical 
characterization of aluminum thin films. 

The observed spectral behavior of the optical constants is mainly governed by the free-electron response of 
aluminum and by the influence of the oxide layer and surface morphology. The obtained optical constants are in 
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reasonable agreement with the well-established optical data reported for aluminum by Palik [25], Rakic et al. [26], and 
Aspnes[24]. Minor differences may be attributed to variations in film thickness, deposition conditions, native oxide 
formation, and surface roughness. This agreement confirms the physical reliability of the proposed optical model and 
the extracted dielectric parameters. Consequently, accurate optical modeling is required to separate intrinsic material 
properties from interface-related effects. 

4.3 Surface and Oxide Effects. The surface morphology and the presence of a native oxide layer (Al₂O₃) play a 
crucial role in determining the optical behavior of aluminum thin films. Surface roughness introduces additional light 
scattering at the air/film interface, thereby affecting the system's effective optical response. As the roughness increases, 
the effective refractive index becomes a weighted average between the material and voids, leading to modifications in 
both the refractive index (n) and extinction coefficient (k). The surface roughness was described using the Effective 
Medium Approximation (EMA), where the roughness layer was modeled as a mixture of Al₂O₃ and voids. This 
assumption was adopted because the roughness layer represents the non-ideal surface of the native oxide layer exposed 
to air. Such an approach provides a physically realistic description of the film surface and improves the accuracy of the 
ellipsometric analysis. This approach provides a realistic representation of non-ideal surfaces and improves the accuracy 
of the ellipsometric fitting. In addition to roughness effects, the formation of a native aluminum oxide (Al₂O₃) layer 
significantly influences the optical response. The oxide layer acts as a dielectric interface between the metallic 
aluminum and the surrounding medium. Due to its transparency in the studied spectral range, it modifies the phase and 
amplitude of reflected light, thereby affecting the extracted ellipsometric parameters. Furthermore, even a thin oxide 
layer can alter the interference conditions within the multilayer system by changing the optical path length. As a result, 
noticeable variations in the optical constants (n and k) can occur, making the inclusion of the oxide layer essential for 
accurate optical modeling. The surface roughness values for the samples, as presented in Table 1, show noticeable 
differences, likely attributable to variations in deposition conditions and material interactions during film formation. 
Table 1. Structural parameters of Al thin films 

Samples Roughness (nm) Al2O3 (nm) Al (nm) 
Al 1 
Al 2 

11.04 ± 0.2 
6.55 ± 0.4 

13.33 ± 0.5 
13.09 ± 0.7 

100 
80 

Factors such as substrate preparation, cleaning procedures, and deposition parameters (including temperature and 
pressure) may significantly influence the resulting surface morphology. In particular, interfacial processes occurring 
between the aluminum layer and the oxide phase (Al₂O₃) can affect the nucleation and growth mechanisms, leading to 
differences in surface uniformity. On the other hand, the thickness of the Al₂O₃ layer remains nearly constant for both 
samples, indicating a relatively stable oxidation process. Minor variations in oxide thickness are likely related to small 
differences in film composition and local deposition conditions, although these variations do not significantly alter the 
overall structure. 

Overall, both surface roughness and oxide layer formation must be taken into account to achieve reliable 
determination of optical constants and to better understand light–matter interaction in aluminum thin film systems. The 
present study demonstrates that neglecting either the native oxide layer or surface roughness may lead to noticeable 
deviations in the extracted optical parameters. Therefore, the proposed four-layer model provides a more realistic 
representation of Al thin films and can be effectively applied to investigate thickness-dependent optical behavior in 
similar metal–dielectric systems. Although a direct comparison with simpler optical models was beyond the scope of 
the present study, the inclusion of both the native oxide layer and surface roughness resulted in excellent agreement 
between the experimental and calculated ellipsometric spectra. These results indicate that both contributions are 
important for an accurate description of the optical response of the investigated Al thin films. 

 
CONCLUSIONS 

A comprehensive optical model of thermally deposited Al thin films on soda-lime glass substrates was developed 
using spectroscopic ellipsometry. By simultaneously considering the metallic Al layer, the native Al₂O₃ oxide layer, 
and surface roughness, the proposed four-layer model accurately described the experimental data and enabled reliable 
determination of optical constants and structural parameters. The results demonstrate that oxide formation and surface 
morphology significantly influence the optical response of the films. The developed modeling approach offers an 
effective framework for studying thickness-dependent optical properties of aluminum thin films and may be useful for 
the design and optimization of Al-based photonic, plasmonic, and optoelectronic devices. One limitation of the present 
study is that the structural parameters were obtained solely from spectroscopic ellipsometry modeling without 
independent verification by complementary characterization techniques such as AFM, SEM, or profilometry. Future 
investigations combining spectroscopic ellipsometry with additional surface characterization methods would provide 
further validation of the extracted structural parameters and improve the robustness of the optical model. 
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МОДЕЛЮВАННЯ ОПТИЧНИХ ТА ПОВЕРХНЕВИХ ВЛАСТИВОСТЕЙ ТОНКИХ АЛЮМІНІЄВИХ ПЛІВОК ЗА 

ДОПОМОГОЮ СПЕКТРОСКОПІЧНОЇ ЕЛІПСОМЕТРІЇ 
Х.Н. Ахмадова1,2,3, С.Г. Джабаров1, М.А. Мусаєв3, І.Ф. Юсібова1, Ш.Н. Алієва1,3 

1Інститут фізики, Міністерство науки та освіти Азербайджанської Республіки, Баку, AZ-1143, Азербайджан 
2Азербайджанський університет архітектури та будівництва, Баку, AZ-1073, Азербайджан 

3Азербайджанський державний університет нафти та промисловості, Баку, AZ1010 Азербайджан 
У цьому дослідженні тонкі плівки алюмінію (Al), нанесені на підкладки з натрієво-кальційного скла, досліджувалися за 
допомогою спектроскопічної еліпсометрії з акцентом на оптичне моделювання та характеристики поверхні. Плівки були 
виготовлені методом термічного осадження в контрольованих умовах вакууму. Для точного узгодження з 
експериментальними еліпсометричними даними було розроблено багатошарову оптичну модель, що включає Al, природний 
оксид (Al₂O₃) та шари шорсткості поверхні. Аналіз проводився в діапазоні енергії фотонів 0,5–6 еВ під різними кутами 
падіння. Для представлення діелектричної реакції оксидного та металевого шарів відповідно були застосовані моделі 
дисперсії Коші та Лоренца. Шорсткість поверхні моделювалася за допомогою наближення ефективного середовища. 
Отримані результати демонструють, що морфологія поверхні та формування оксидного шару відіграють значну роль у 
визначенні оптичної поведінки тонких плівок Al. Було виявлено, що варіації шорсткості поверхні та властивостей 
інтерфейсу впливають на показник заломлення та коефіцієнт згасання. Розроблена оптична модель показала хорошу 
відповідність експериментальним даним, що підтверджує її надійність для опису складних тонкоплівкових систем. Ці 
результати підкреслюють важливість точного оптичного моделювання для проєктування та оптимізації тонкоплівкових 
матеріалів в інженерних і оптоелектронних застосуваннях. 
Ключові слова: спектроскопічна еліпсометрія; оптична модель; діелектричні константи; тонкі шари 
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Bulk metallic glasses (BMGs) are a type of solid material with amorphous atomic structures that exhibit favorable mechanical, thermal, 
and functional properties. This study presents the attributes of the glass, examining first-principles details of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk 
metallic glass structure, its elastic properties, thermodynamics, and electronic–optical performance. Density functional theory 
calculations were performed for a comparison with the amorphous atomic configuration and energy–volume relation through a third-
order Birch–Murnaghan equation of state. The very high bulk modulus of approximately 159 GPa and >6 pressure derivatives 
demonstrated uniformity, resistance, and strong pressure strengthening. All three elastic moduli, Poisson’s ratio, and Pugh’s criterion 
are constantly demonstrating ductile mechanical response dependent on shear transformation zone–mediated plasticity. The results of 
the thermophysical examination show stable anharmonic lattice behavior, a Debye temperature of approximately 395 K, and favorable 
thermal expansion, indicating good predictability of the thermomechanical response. Electronic studies revealed a very metallic phase 
with low pseudogap around the Fermi level—mainly the hybridization between transition metal d-states and phosphorus p-states into 
a stable, amorphous phase. Optical spectra that contain a wide band, excellent reflectivity at low photon energies, and an isotropic 
optical response are typical of metallic glasses. In conclusion, these results prove Pd₃₉Ni₁₀Cu₃₀P₂₁ as a highly mechanically stable 
material for progress in various mechanical, optical, and energy applications in a lightweight frame. 
Keywords: Bulk metallic glass; Density functional theory; Equation of state; Mechanical and thermophysical properties; Electronic 
structure; Optical shielding materials 

INTRODUCTION 
Over the years, bulk metallic glasses received extensive scientific and technological interest owing to their unique 

atomic structures and property mixes that are not achievable in traditional crystalline alloys [1]. In contrast to crystalline 
metals, which possess long-range periodicity and dislocation-mediated plasticity, BMGs exhibit disordered atomic 
arrangements with pronounced short- and medium-range order [2]. Structural disorder, which suppresses crystallization 
and dislocation motion, leads to ultrahigh strength, large elastic limits, excellent corrosion resistance, and unique 
electronic and optical responses [3].  

Among the BMG systems, Pd-based alloys are most popular due to their excellent glass-forming capability, thermal 
stability, and ductility, and represent a model system for understanding the structure–property relationships of metallic 
glasses [4]. The Pd₃₉Ni₁₀Cu₃₀P₂₁ alloy is a conventional Pd-based bulk metallic glass characterized by high atomic density, 
powerful heteroatomic bonding, and a wide supercooled liquid region [5]. It is important that phosphorus is included to 
stabilize the amorphous structure, as it provides chemical short-range order through energetically favorable Pd–P and Cu–
P bonds that frustrate long-range crystalline ordering [6-7].  

These characteristics not only maximize glass-forming capability but also influence mechanical deformation 
processes controlled by localized atomic reorganization (shear transformation zones), rather than lattice imperfections [8-
9]. Despite extensive experimental experience with Pd-based BMG, a single first-principles description that links atomic-
scale structure to mechanical, thermodynamic, electronic, and optical behavior is scarce [10-11]. 

Specifically, the joint influence of dense random packing, polyhedral short-range order, and electronic hybridization 
on pressure resistance, ductility, thermal response, and optical loss is relevant to predictive materials design [12]. Density 
functional theory provides a robust framework for addressing these questions by enabling atomistic modeling of 
amorphous structures and the quantitative assessment of intrinsic properties. In this work, a comprehensive ab initio 
characterization of Pd₃₉Ni₁₀Cu₃₀P₂₁ in bulk metallic glass form is executed. Structural stability is checked through energy–
volume analysis and equation-of-state fitting, elastic constants and moduli are calculated to evaluate mechanical stiffness 
and ductility [13-15].  

Lattice behavior and thermal reliability are characterized by thermophysical properties, such as the Debye 
temperature, Grüneisen parameter, and thermal expansion [16-17]. Moreover, the electronic density of states, dielectric 
response, optical conductivity, and related spectra are investigated to deduce metallic optical behavior and a broadband 
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energy-dissipation mechanism. The aims of the study are to correlate atomic-scale structure with macroscopic properties 
to acquire a comprehensive physical understanding of Pd₃₉Ni₁₀Cu₃₀P₂₁ and to demonstrate its potential for high-
performance multifunctional applications [18-20]. 

In this study, the first principles framework has been used to investigate the intrinsic structure–property relationships 
of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass through the atomic and electronic scales. In contrast, periodicity in crystalline 
materials characterizes mechanical and optical behavior, but the multifunctional properties of metallic glasses are 
determined by dense random packing, chemical short-range order, and disorder-broadened electronic states. The current 
endeavor seeks to address this issue by linking amorphous atomic topology to elastic response, thermodynamic stability, 
electronic structure, and broadband optical shielding in a unified density functional theory (DFT) scheme.  

The focus is on the application of pressure resistance, shear-transformation-zone-mediated ductility, and electronic 
hybridization together in isotropic optical absorption, reflectivity at low photon energies, and efficiency of 
electromagnetic energy dissipation. On the basis of this integrated investigation, Pd₃₉Ni₁₀Cu₃₀P₂₁ is shown to be a 
mechanically robust and optically effective material, ready for next-generation structural, photothermal, and 
electromagnetic shielding applications. 
 

COMPUTATIONAL METHODOLOGY 
All first-principles calculations were carried out within the framework of Density Functional Theory (DFT), where 

the interacting many-electron problem is mapped onto an equivalent system of non-interacting electrons moving in an 
effective potential. According to the Kohn–Sham formalism, the total ground-state energy of the system is expressed as 
[21-22]:  

 [ ] [ ] [ ] [ ] [ ]( )tot s ext H xcE r T E E Eρ ρ ρ ρ ρ= + + + , (1) 

where sT is the kinetic energy of non-interacting electrons, extE  is the electron–ion interaction energy, HE  is the Hartree 
electrostatic energy, and xcE  is the exchange–correlation functional accounting for many-body effects beyond classical 
electrostatics. 

The exchange–correlation energy was treated using the generalized gradient approximation (GGA) in the Perdew–
Burke–Ernzerhof (PBE) formulation, which provides an improved description of metallic bonding and pressure-
dependent properties compared to the local density approximation [23]. 

Since bulk metallic glasses lack long-range translational symmetry, sampling in the Brillouin zone must be balanced 
against the need to capture the electronic structure and the computational cost. For this purpose, the Brillouin zone was 
sampled according to the Monkhorst–Pack scheme to produce a uniform grid of k-points in reciprocal space by relation. 
As the long-range translational symmetry in metallic glasses is nonexistent, the sampling for the Brillouin zone needs to 
be considered for a high degree of precision to acquire the full electronic structure and computation time. We used the 
Monkhorst–Pack scheme for Brillouin zone sampling in this study. This approach is aimed at ensuring a consistent grid 
of k-points in reciprocal space, with a particular mathematical relation, to achieve maximum precision and computational 
efficiency [24-25].  
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where 𝑁௜ is the number of divisions along the reciprocal lattice vector ib


, and 𝑛௜ = 1,2, … ,𝑁௜. 
This approach ensures systematic and symmetry-consistent sampling of reciprocal space. In the case of the large 

amorphous supercell used in this work, the electronic states are very localized in real space and reflect little dispersion in 
reciprocal space. As a result, Γ-point (1×1×1 Monkhorst–Pack) sampling was used, already proven adequate for metallic 
glass systems with larger unit cells. Convergence analysis showed that the total energy, density of states near the Fermi 
level and optical response functions of the data from increasing k-point density were little changed, providing evidence 
for the accuracy of Γ-point sampling in the current amorphous arrangement [26-27].  

This approach reduces computational expense while keeping the computed electronic, elastic, and optical features 
accurate. Furthermore, Γ-point sampling is especially suitable for the evaluation of isotropic optical properties because it 
can refrain from leading to an artificial directional bias in sparse but anisotropic k-point grids. Therefore, the application 
of the Monkhorst–Pack k-space strategy provides a physically appropriate description of the disorder-broadened 
electronic structure and hence the broadband optical shielding performance of Pd₃₉Ni₁₀Cu₃₀P₂₁ [28-29]. 

Construction and Optimization of the Amorphous Structure: 
The amorphous atomic configuration of Pd₃₉Ni₁₀Cu₃₀P₂₁ was generated using a large periodic supercell with randomly 
distributed atoms respecting the experimental stoichiometry. Structural relaxation was performed using a conjugate-
gradient algorithm until the Hellmann–Feynman forces on each atom were less than 10ିଷ eV Å

ିଵ
and the total energy 

convergence reached 10ି଺ eV [30] 
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Because bulk metallic glasses lack translational symmetry, Γ-point sampling of the Brillouin zone was adopted, which is 
sufficient for large amorphous supercells. The plane-wave kinetic-energy cutoff was chosen to ensure full convergence 
of total energy, stress tensor, and elastic response [31]. 

Energy–Volume Relation and Equation of State: 
To evaluate structural stability under compression, total energies were calculated for a series of uniformly 

compressed and expanded volumes around equilibrium. The resulting energy–volume data were fitted using the third-
order Birch–Murnaghan equation of state (EOS) [32-33]: 
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where 𝐸଴ is the equilibrium energy, 𝑉଴ the equilibrium volume, 𝐵଴ the bulk modulus, and 𝐵଴ᇱ  its pressure derivative. 
The corresponding pressure–volume relation is obtained as [34-35] 

 
( )7 5 2

'3 3 300

0 0 0

3 43( ) 1 1
2 4

KK V V VP V
V V V

− − −    −        = − − −                    

 (4) 

This EOS provides direct access to pressure-dependent structural and thermodynamic quantities and serves as the basis 
for subsequent thermal analysis. 

Elastic Constants and Mechanical Moduli: 
The elastic stiffness constants 𝐶௜௝ were obtained using the stress–strain method, in which small finite deformations were 
applied to the optimized structure and the resulting stress response was computed. For an isotropic amorphous solid, the 
bulk modulus 𝐵 and shear modulus 𝐺 were derived as [36-37] 
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The Young’s modulus 𝐸and Poisson’s ratio 𝜈were then obtained from 
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The ductile or brittle nature of the metallic glass was assessed using Pugh’s ratio: 

  ductile behavior  1.75B
G

>   (8) 

Thermophysical Properties: 
The sound velocities were calculated from the elastic moduli and density 𝜌 as [38-39] 
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The average sound velocity is [38-39] 

 
1/3

3 3
1 2 1
3m

t l

v
v v

−
  

= +  
   

 (10) 

Using the Debye approximation, the Debye temperature was computed as [38-39]: 
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where 𝑛 is the number of atoms per unit cell, 𝑉the molar volume, ℎPlanck’s constant, and 𝑘஻Boltzmann’s constant. 
The Grüneisen parameter 𝛾, describing lattice anharmonicity, was estimated as [38-39]: 

 3

V

BV
C

αγ =  (12) 

where 𝛼 is the volumetric thermal expansion coefficient and 𝐶௏the constant-volume heat capacity. 

Electronic Structure Calculations: 
The electronic band structure and density of states (DOS) were calculated from the converged Kohn–Sham eigenvalues. 
The total DOS is defined as [40]: 

 ,
.

( ) ( )n k
n k

D E E Eδ= −  (13) 

Partial densities of states (PDOS) were obtained by projecting the Kohn–Sham wavefunctions onto atomic orbitals, 
allowing identification of orbital-resolved contributions and chemical hybridization effects. 

Optical Properties: 
The frequency-dependent complex dielectric function was calculated as [41-42] 

 1 2( ) ( ) ( )iε ω ε ω ε ω= +  (14) 

The imaginary part was obtained from interband transitions: 
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The real part was obtained using the Kramers–Kronig relation [43]. From the dielectric function, the refractive index 𝑛ሺ𝜔ሻand extinction coefficient 𝑘(𝜔) were calculated as [41-42]: 
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Reflectivity and absorption coefficient were obtained as [41-42]: 
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The optical conductivity is given by [41-42]: 
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and the electron energy loss function as [41-42]: 
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RESULTS AND DISCUSSION 

Structural Properties 
Structural image of Pd₃₉Ni₁₀Cu₃₀P₂₁: 

Figure 1 shows an atomistic view of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass, demonstrating how multiple atomic 
species can be densely packed in the absence of long-range crystalline order. The unstructured, yet densely packed atomic 
arrangement is core to the outstanding mechanical and functional properties of metallic glasses. Indeed, these atoms fit 
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together in complementary sizes and chemical affinities, so space fills well, while crystallization is frustrated, such that 
alloys of this nature can be quenched into a glassy state as bulk objects.  
 

 
Figure 1. The atomic packing model of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

From an applied viewpoint, such atomic packing accounts for the high strength and hardness of Pd-based metallic 
glasses. Since there is no periodic lattice, the usual dislocation motions associated with plastic deformation in crystals are 
inhibited. Instead, deformation results from atomic reorganizations involving relatively small groups of atoms. The yield 
strengths are thus very close to theoretical limits, thus attracting such glasses towards high-load structural components, 
precision springs, and wear-resistant micro-mechanical parts. Metalloid atoms, such as phosphorus, are found to stabilize 
amorphous structures, thereby improving functional performance. The chemistry of phosphorus also enhances chemical 
short-range order, due to energetically favorable local environments around adjacent metal atoms that improve thermal 
stability and reduce corrosion.  

Biomedical implants, chemical sensors, and other components operate in harsh environments; therefore, they are 
investigated in aggressive environments where mechanical strength and chemical stability are essential. The well-studied 
local structures evident in the figure also support the good elastic and damping behavior of metallic glasses. At the atomic 
scale, the distribution of free volume means that, under low stress, atomic reorganization can occur in real time, resulting 
in high elastic limits and superior energy absorption. Such features could be more useful in vibration-damping devices, 
precision actuators, and sporting goods that need to be resilient and fatigue-resistant.  

Pd-based metallic glasses exhibit notable electronic and catalytic properties due to their dense, nonperiodic atomic 
lattice. This lack of long-range order is responsible for many electronic states and active sites being spread across the 
material. By itself, this may increase catalytic function compared to crystalline equivalents. This leads to such amorphous 
alloy materials as potential candidates for hydrogen-related applications, electrocatalysis, and advanced functional 
coatings [44]. 

Energy-Volume Curve: 

 
Figure 2. Energy–volume curve obtained from density functional theory calculations with a third-order Birch–Murnaghan 

equation-of-state fit 

Total energy as a function of normalized volume (V/V₀) obtained from first principles (see Figure 2) was given with 
a third-order Birch–Murnaghan equation-of-state fit. The energy is connected to the minimum energy E₀, and this number 
can be employed to determine state equilibrium. There is a clear minimum at V/V₀ ≈ 1.0, where the energy difference is 
close to zero, which represents the equilibrium volume of the system, reflecting mechanical stability for working at 
ambient conditions. On the other hand, energy increases upon compressing and expanding; it increased markedly but 
asymmetrically. 
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After compression, the energy rises dramatically to ~ +0.0038 eV at V/V₀ ≈ 0.92, and slightly less for expansion, 
to ~ +0.0027 eV at V/V₀ ≈ 1.08. The quantitative difference indicates that, under compression, the material resists 
volumetric decrease in strength more than volumetric increase, and that the energy–volume distribution around V₀ shows 
positive curvature. The corresponding solid curve reflects the third-order Birch–Murnaghan fit, and it fits the discrete 
DFT data points very nicely across the range of the volumes tested (0.90 ≤ V/V₀ ≤ 1.10), with deviations far below 10⁻⁴ 
eV. Hence, based on this fit, a bulk modulus B₀ = 158.7 GPa, and pressure derivative B₀′ = 6.21 is obtained. B₀ represents 
moderate-high uniform compressive resistance: it is stiffer than soft perovskites or molecular solids, but not as 
incompressible as ultra-hard covalent materials. The value of B₀′ is high, signaling that the material becomes highly 
compressive and consequently harder with pressure. 

These numbers are directly relevant to the application. The high bulk modulus and significant pressure stiffening 
suggest that the materials should be appropriate for applications for mechanical robustness under moderate to at least high 
pressures, such as pressure-resistant electronic and optical components, protective film, or to be modeled using non-
ambient means. Furthermore, the consistent single minimum and absence of any oddities in the energy volume curve 
indicate the mechanical stability of the structure across the strain range of investigation, hence supporting the application 
of the Birch–Murnaghan equation of state in the prediction of pressure-dependent elastic, structural, and thermodynamic 
properties. Finally, the compressional behavior, mechanical stability, and utility of the material are all fully investigated 
quantitatively and fully illustrated in figure 2 by means of first-principles calculations [45]. 

Table 1. Comparison of DFT-predicted and experimental [46-48] structural and mechanical parameters of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk 
metallic glass, highlighting its amorphous nature, polyhedral short- and medium-range order, strong heteroatomic bonding, high 
resistance to compression, and ductile mechanical behavior governed by shear transformation zone–mediated deformation 

Parameter DFT value Experimental value [46-48] Unit / Description 

Alloy composition Pd₃₉Ni₁₀Cu₃₀P₂₁ Pd₃₉Ni₁₀Cu₃₀P₂₁ Bulk metallic glass 
Structural state Amorphous Amorphous No long-range order 
Dominant local order Pd-, Cu-centered polyhedra Pd-, Cu-centered clusters Icosahedral-like motifs 
Chemical short-range order Pd–P, Cu–P Pd–P, Cu–P Strong heteroatomic bonding 
Medium-range order Polyhedral network Polyhedral network Cluster connectivity 
Elastic constant (C11) 238.6 241.3 GPa 
Elastic constant (C12) 118.9 121.6 GPa 
Elastic constant (C44) 72.4 74.2 GPa 
Bulk modulus (B0) 158.7 159.1 GPa 
Pressure derivative (B0') 6.21 6.28 Dimensionless 
Shear modulus (G) 72.1 74 GPa 
Young’s modulus (E) 188.4 193.6 GPa 
Poisson’s ratio (\nu) 0.31 0.3 Dimensionless 
Pugh’s ratio (B/G) 2.2 2.15 Ductility indicator 
Vickers hardness (Hv) 6.6 6.8 GPa 
Mechanical nature Ductile Ductile (B/G > 1.75) 
Packing characteristic Dense random packing Dense random packing High glass stability 
Deformation mechanism STZ-dominated STZ-dominated Shear transformation zones 

Table 1 shows the comparison between DFT-predicted and experimental estimated structures and mechanical 
properties of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass (BMG). The very close agreement between theory and empirical 
work for all of these parameters effectively justifies the computational procedure and its relevance to the real amorphous 
alloy, since the real model remains the same. From a structural viewpoint, both DFT and experimental results validate the 
amorphous substance of Pd₃₉Ni₁₀Cu₃₀P₂₁ due to the lack of long-range periodic pattern. This structure is dominantly 
governed by Pd– and Cu-centered polyhedral motifs referred to as icosahedral-like groups.  

These motifs predominate the short-range order (SRO) and are interconnected via a polyhedral medium-range order 
(MRO) network, demonstrated in both datasets. The significant agreement found for the strong chemical short-range 
ordering of Pd–P and Cu–P is a manifestation of such strong heteroatomic bonding which inhibits crystallization and 
contributes toward enhanced glass-forming properties and thermal properties. The DFT elastic constants of C₁₁ = 238.6 
GPa, C₁₂ = 118.9 GPa, C₄₄ = 72.4 GPa are found to be very similar (241.3, 121.6, 74.2 GPa respectively) with less than 
~2 % deviations from the experimental ones. This consistency establishes that the isotropic elastic behaviour of the 
amorphous atomic network is characteristic of metallic glasses.  
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The high C₁₁ indicates good resistance to uniaxial contraction, and the moderate C₄₄ value indicates the shear 
compliance is sufficiently high, which is necessary for the plastic deformation characteristics of glasses. The bulk modulus 
obtained by DFT, B₀ = 158.7 GPa, was similar to the experimental value of 159.1 GPa, providing the greatest resistance 
to volume compression. This also provides quantitative confirmation that the mechanical rigidity of Pd₃₉Ni₁₀Cu₃₀P₂₁ is 
comparable to that of a physically rigid high-pressure metallic glass. In addition, the pressure derivative of the bulk 
modulus (B₀ ′ = 6.21 from DFT and 6.28 experimentally) shows significant pressure stiffening—the material becomes 
more resistant to compression as pressure increases. 

Such an aspect is found to be the case with amorphous metals that they are intimately associated with the short-
range repulsion of metals. Shear modulus (G = 72.1 GPa DFT; 74 GPa) and Young's modulus (E = 188.4 GPa DFT; 193.6 
GPa) are also medium in stiffness and deformability terms. Poisson’s ~0.30–0.31 ratio is also near to ductile metallic 
glasses, that would imply a higher atomic packing efficiency and structural high shear, the pliant and not brittle (the more 
brittle) shear side, due to microstructure of material – kind driven rather than brittle splintering to the brittle sluices side 
of metals. The ductility of Pd₃₉Ni₁₀Cu₃₀P₂₁ is quantitatively indicated by the calculation and experimental data for Pugh's 
ratio of 2.2 and 2.15, respectively, which is far higher than the 1.75 critical value for ductile vs brittle behavior. The 
obtained Vickers hardness 6.6 GPa is indeed very close to the experimental value 6.8 GPa, indicating moderate hardness 
and good plastic deformability, which is the ideal compromise for all metallic glass types. 

Most recent theoretical and experimental work reveals that shear transformation zone (STZ)-mediated plastic flow 
is the predominant deformation mechanism in ductile bulk metallic glasses. The dense random packing, which is 
interconnected by polyhedral structures, helps in the initiation of STZs to propagate well without the material failure upon 
plastic strain. Results and their utility: Considering the combination of the structure and mechanical parameters—high 
bulk modulus (~159 GPa), large pressure derivative of the material (B₀′ ≈ 6.2), high B/G ratio (>2.1), moderate hardness 
(~6.7 GPa), and ductile deformation from STZs—Pd₃₉Ni₁₀Cu₃₀P₂₁ is suitable for loadbearing and pressure resistance, 
leading instance being precision mechanical components, micro-electromechanical systems (MEMS), biomedical 
devices, and protective coatings. In addition, its excellent compression resistance, continuous ductility, and long-term 
glass durability could open the door to high-pressure processes and long-term structural applications that balance strength 
and damage resistance [49]. 

Thermal Properties: 
Table 2. Thermophysical and elastic properties of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass obtained from DFT calculations, highlighting its 
dense atomic packing, high elastic stiffness, strong anharmonic lattice behavior, and stable thermal response relevant to thermo-
mechanical and high-performance applications 

Property (symbol) Optimized Values by DFT Unit 
Average molar mass (M) 72.94 g·mol⁻¹ 
Molar volume (Vm) 7.97 (=7.97×10⁻⁶) cm³·mol⁻¹ (m³·mol⁻¹) 
Bulk modulus (B0) 158.7 GPa 
Shear modulus (G) 72.1 GPa 
Density (ρ) 9.152 g·cm⁻³ 
Transverse velocity (vt) 2.81 km·s⁻¹ 
Longitudinal velocity (vl) 5.28 km·s⁻¹ 
Mean sound velocity (vm) 3.14 km·s⁻¹ 
Grüneisen parameter (γ) 2.97 – 
Debye temperature (θd) ≈ 395 K 
Heat capacity at 300 K (CV) 22.91 J·mol⁻¹·K⁻¹ 
Volumetric thermal expansion at 300 K (α) 5.38×10⁻⁵ K⁻¹ 

Thermophysical and elastic characteristics are shown in Table 2 for the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass, 
calculated using first-principles methods, and allow a quantitative evaluation of the aggregated atomic packing, elastic 
stiffness, lattice behavior, and thermal stability. The high atomic density of this alloy, as shown by the calculated average 
molar mass of 72.94 g·mol⁻¹ and its very low molar volume of 7.97 cm³·mol⁻¹, is directly related to the limited space 
available within the molar configuration of the alloy. Such a low molar volume is consistent with Pd-based bulk metallic 
glasses and indicates effective atomic packing with strong Pd–P and Cu–P heteroatomic bonding, thereby reducing free 
volume and enhancing the glass's stability. 

These are also reflected in elastic moduli values — compact, stiff atomic network. B₀ = 158.7 GPa, further 
establishing that hydrostatic resistance is considerable, and it is also found by close proximity of metallic glasses and 
confirmed as experimental values in the range of 150–170 GPa. On the other hand, shear modulus (G = 72.1 GPa) has 
considerable resistance to the shear deformation, but plastic flow remains able to occur along localized shear 
transformation zones. B₀ is high and G moderate, suggesting a mechanically stable but ductile glassy structure; an 
important characteristic, necessary to have reliable load-bearing ability. 

However, a density of 9.152 g·cm⁻³ reveals a strong predominance of heavy Pd and Cu atoms and corroborates dense 
random packing. Such a high density directly impacts the elastic wave propagation characteristics. Transverse sound 
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velocity (vₜ = 2.81 km·s⁻¹) and longitudinal sound velocity (vₗ = 5.28 km·s⁻¹) are compatible with the known 
experimentally observed value of metallic Pd-based glasses, in which vₗ often lies between 5–5.5 km·s⁻¹. 

The resulting mean sound velocity (vₘ = 3.14 km·s⁻¹) is considered an important parameter to study lattice dynamics 
and Debye temperature. From the obtained sound velocities, the Debye temperature (θᴅ ≈ 395 K) is determined, showing 
the comparatively solid interatomic coupling and the suppression of the low-frequency vibrational modes. This value is 
greater than for most Zr-based metallic glasses (300 to 350 K), hence indicating better bonding and improved vibrational 
stability. A high Debye temperature also indicates high thermal softening resistance and low phonon scattering even at 
intermediate temperatures. The Grüneisen parameter (γ = 2.97) is important for studying lattice anharmonicity. This value 
is much larger than that of harmonic crystalline metals (γ ≈ 1–2), which implies strong anharmonic vibrations in the 
lattice. This kind of anharmonicity is characteristic of amorphous systems and is essential in regulating thermal expansion 
and thermal transport.  

The larger γ value indicates that the material experiences different vibrational modes according to the volume 
changes, which agrees with the high-pressure derivative of the bulk modulus previously reported. Thermal response 
variables also provide a favorable conclusion about the stability of Pd₃₉Ni₁₀Cu₃₀P₂₁ under operating conditions. The 
constant-volume heat capacity (Cᵥ ≈ 22.91 J·mol⁻¹·K⁻¹) at 300 K is close to the classical Dulong–Petit limit (≈ 3R ≈ 24.9 
J·mol⁻¹·K⁻¹), which is sufficient to indicate that most vibration modes perform thermal activation at room temperature. 
The performance seems to indicate a fairly constant and expected heat storage capacity, which is a desired property for 
storing the materials in a thermal manner. The volumetric thermal expansion coefficient at 300 K (α ≈ 5.38 × 10⁻⁵ K⁻¹) is 
moderate and in this average range for metallic glasses. Such relatively low thermal expansion and strong elastic stiffness 
have good dimensional stability with respect to temperature stress. This balance decreases thermally induced stresses, 
especially in finite or multilayer devices. 

By having a high bulk modulus (158.7 GPa), high density (9.15 g·cm⁻³), and a moderate shear modulus (72.1 GPa), 
Pd₃₉Ni₁₀Cu₃₀P₂₁ is a good choice as a thermo-mechanical load-bearing material for precision mechanical devices and 
structural segments with joint pressure and temperature. The Debye temperature (~395 K), coupled with the near-Dulong–
Petit heat capacity, indicates stable lattice vibrations and dependable thermal behavior at room temperature (and above); 
thus, its application to higher-performance scenarios is reasonable since thermal variations are inevitable. The prominent 
Grüneisen parameter (γ ≈ 2.97) and stable thermal expansion (α ≈ 5.38 × 10⁻⁵ K⁻¹) confirm this, confirming that the 
anharmonicity is strong, with little to no thermal instability. 

Thus, the alloy is particularly appealing for MEMS instruments, precision tools, and biomedical devices in which 
dimensional stability and thermal fatigue resistance are of paramount importance. The high atomic packing as well as 
high sound velocities also indicate advantageous acoustic and vibrational damping properties, which can be extended to 
vibration-resistant and damping materials. The thermophysical and elastic properties (Table 2) have shown the fact that 
bulk metallic glass, with Pd₃₉Ni₁₀Cu₃₀P₂₁, exhibits a solid combination of mechanical rigidity, thermal stability, and 
anharmonic lattice behavior and is a promising candidate suitable for high-performance, advanced structural and thermo-
mechanical engineering applications, completely in line with the previously described experimental studies in 
literature [50]. 

 
Optical Properties 

Refractive index 𝒏(𝝎): 

 
Figure 3: Photon-energy-dependent refractive index of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

Figure 3 shows the variation of the refractive index (n) of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass with increasing 
photon energy (ranging between 0–10 eV). The reflection from the curve shows very large dispersion at lower photon 
energies until it gradually attenuates and eventually saturates at higher energies. In nature, the tendency of such systems, 
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characterized by free-electron and interband transition effects, is seen in metallic and metallic glass systems. In the low-
energy (near-zero photon energy) region, the refractive index rises to a really high value, at almost n ≈ 6.5–6.7, which is 
indicative of quite strong electronic polarizability of the alloy. This high refractive index can be attributed to the high 
amount of delocalized d-electrons associated with the Pd, Cu, and Ni atoms, as well as to the atomic packing density of 
the glassy structure.  

In optically dense metallic systems, such a high static refractive index is characteristic and denotes strong coupling 
of incident electromagnetic waves to the electronic cloud. At higher photon energies, the refractive index drops at a great 
speed. At about 1 eV, the refractive index decreases to approximately 2.3–2.5, again to ~1.8 n approximately 2 eV. This 
large normal dispersion in the low-energy region is caused by the development of interband electronic transitions and the 
limited performance of bound electrons in tracking high-frequency oscillations of the incident electromagnetic field. The 
steep gradients in this region are due to the substantial optical dispersion, which is dependent on changes in electronic 
structure. At an energy intermediate of about 3–5 eV, the refractive index diminishes slowly from approximately n ≈ 1.5 
to n ≈ 1.35, indicative of far weaker dispersion relative to the low-energy regime.  

This may indicate that more than half of the low-energy electronic transitions are used, and that the better photons 
have weaker interactions with the electronic states. At higher photon energies above 7 eV, the n ≈ 1.2 value of the refractive 
index is more or less constant, which denotes optical transparency behavior where the dielectric response, in its true sense, 
is weakly energy dependent. The very high refractive index at low photon energies, and its natural stepwise decrease, 
prove the metallic character and amorphous electronic structure of Pd₃₉Ni₁₀Cu₃₀P₂₁. Furthermore, it shows no clear band 
lines or peaks, which is consistent with the glassy structure of the alloy and with the lack of long-range order and band-
edge features. 

The high refractive index (n ≈ 6.5 at low photon energy) makes Pd₃₉Ni₁₀Cu₃₀P₂₁ well-suited for optical shielding, 
reflective coatings, and plasmonic applications where electromagnetic radiation is encountered at high intensities. The 
high dispersion in the 0–2 eV range indicates practical applications in infrared and near-visible optical modulators, 
sensors, and tunable photonic devices. The gradual appearance of less optical losses coupled with a more predictable 
optical response at high-energy (in the range n ≈ 1.2–1.4) energies (> 5 eV) results in a progressive stabilization of 
refractive index, which is helpful for high-energy optical components and protective layers that are exposed to ultraviolet 
light. 

Moreover, the smooth dispersion pattern and the lack of abrupt optical transitions make this bulk metallic glass a 
good choice for broadband optical and optoelectronic applications that require a stable refractive response across a 
broad energy range. Therefore, the refractive index trend shown in Figure 3, with high low-energy values and controlled 
dispersion, suggests that Pd₃₉Ni₁₀Cu₃₀P₂₁ is suitable for advanced optical coatings and components, plasmonic devices, 
electromagnetic shielding, and multifunctional structural-optical components, along with its remarkable mechanical and 
thermal properties, as introduced in the following sections [51]. 
Extinction coefficient 𝒌(𝝎): 

 
Figure 4. Photon-energy-dependent extinction coefficient of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

Figure 4 reflects the change of extinction coefficient (k) of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass with the change 
of photon energy between 0 and 10 eV. The extinction coefficient is the imaginary part of the complex refractive index 
and is directly related to the material's optical absorption and energy dissipation. High k values at low photon energies 
are evident in the curve, followed by a gradual decrease with increasing photon energy, consistent with a metallic and 
amorphous alloy system.  

In the low-photon-energy region, near zero energy, the extinction coefficient is approximately k ≈ 11.5–11.8, 
indicating that low-energy electromagnetic radiation is absorbed exceptionally strongly. The high absorption is due to 
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strong free-electron (intraband) transitions arising from the high density of delocalized d-electrons from Pd, Cu, and Ni 
atoms. These large k values support the metallic nature of Pd₃₉Ni₁₀Cu₃₀P₂₁ and are consistent with efficient conversion of 
the incident electromagnetic energy to electronic excitations and to thermal energy.  

At higher photon energies, the extinction coefficient decreases markedly. At about 2 eV, k decreases to approximately 
k ≈ 8 and even less at 4 eV to approximately k ≈ 5.5–6.0. A sharp reduction of this kind indicates lower free-electron 
absorption and a shift toward interband transitions; that is, a few states have been absorbed at high energies. The smooth, 
peak-free signal reduction implies the absence of electronic band edges, which would never form, reflecting the less solid 
nature of the alloy due to its amorphous structure. 

However, extinction is lower for photons of 5–7 eV (ca. k ≈ 4.5-3.6), indicating reduced optical losses. Since higher-
energy photons near 10 eV nearly match the value k ≈ 2.8–3.0, this shows a lower absorption signal and a more transparent 
light response in the ultraviolet region. This gradual saturation response indicates the optical steady state that persists in 
the presence of large energy changes. This smooth dispersion and the monotonic decrease in the extinction coefficient 
similarly suggest that the electronic density of states in common metallic glass is uniform, with no sharp interband 
absorption features as evidence. Due to the disorderly atomic arrangement, electronic transitions are smeared, leading to 
a much broader optical absorption spectrum. 

Such a high extinction coefficient at very low photon energies (k ≈ 11.5) confirms that, for electromagnetic and 
infrared absorption applications, Pd₃₉Ni₁₀Cu₃₀P₂₁ could be advantageous for optical shielding, EMI protection, and energy-
dissipating coatings. In addition, the enormous visible- and near-infrared absorption can be exploited for photothermal 
devices and thermal absorbers needing to convert the light to heat efficiently in visible, near-infrared, and infrared spectral 
regions. The extinction coefficient is lower with photon energy until k ≈ 3 in the ultraviolet region, signaling controlled 
optical losses and retention in absorption form. The material has thereby long remained attractive for broadband optical 
coatings and protective layers needing to be absorbed consistently over a wide spectral range. Due to its high mechanical 
strength, ductility, and thermal stability, the optical absorption behavior shown in Figure 4 indicates the potential utility 
of Pd₃₉Ni₁₀Cu₃₀P₂₁ in multifunctional structural–optical components, particularly where the mechanical robustness and 
the high electromagnetic energy dissipation need to be balanced [52]. 

Reflectivity 𝑹(𝝎): 

 
Figure 5. Photon-energy-dependent reflectivity of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

The variation of reflectivity (R) for Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass as a function of photon energy in the range 
of 0–10 eV is shown in pictorial form in Figure 5. The high reflectivity (R) is continuous throughout the full energy range, 
and is distinctive to metallic and metallic glass systems with high levels of free charge carriers. At photon energies up to 
a very low limit, the reflectivity is already quite large, with a value of around R ≈ 0.86, which implies that nearly 86% of 
the irradiated surface is reflected. As the energy of the photon increases, the reflectivity increases very slightly to 
eventually a maximum of around R ≈ 0.89–0.90 from 1.5–2 eV, which corresponds to the near-infrared to visible region.  

This sharp peak in reflectivity is a result of vigorous free-electron (Drude-type) response and collective oscillations 
of conduction electrons, which readily reflect incident electromagnetic waves, and since the alloy has no long-range 
periodicity (which smoothens optical transitions), no sharp peaks or oscillations can be observed. At around 2 eV, 
reflectivity drops gradually with increasing photon energy. At 5 eV, the reflectivity decreases to approximately R ≈ 0.80, 
and, at 8 eV, decreases to about R ≈ 0.70. This decrease is related to greater optical absorption of photon energy through 
interband electronic transitions, which results in a higher percentage of the photon energy absorbed by the material instead 
of being reflected. The gradual and continuous reduction reflects large electronic states in the bulk metallic glasses. 

 Near the high energy end of the spectrum (10 eV), the reflection becomes lower at approximately R ≈ 0.63–0.65—
even though these values still are quite high. This phenomenon indicates that Pd₃₉Ni₁₀Cu₃₀P₂₁ still has excellent reflective 
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properties, and also a very specific absorption, similar to the extinction coefficient and refractive index trends, even in 
the ultraviolet wavelength. In summary, the high reflectivity in the low energy aspect range, together with reduction at 
higher photon energies, confirms the metallic optical response and electronic disorder of Pd₃₉Ni₁₀Cu₃₀P₂₁. From a field 
standpoint, high reflectivity values at constant infrared–visible (R ≈ 0.86–0.90) are of interest, and bulk metallic glass is 
attractive for high-reflection coatings, optical mirrors and electromagnetic shielding layers, and moderate reflectivity 
value at ultraviolet region (R ≈ 0.63) supports its use of broadband protective and thermal management coatings that are 
required for both reflection and absorption [53]. 
Absorption coefficient 𝜶(𝝎): 

 
Figure 6. Photon-energy-dependent absorption coefficient of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

Figure 6 indicates that the optical absorption coefficient (α) of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass increases 
monotonically with photon energy between 0 and 10 eV. For metallic and amorphous systems, both free-carrier absorption 
and interband electronic transitions lead to optical losses, so the absorption coefficient increases monotonically with 
increasing photon energy. At lower photon energies near 0 eV, the absorption coefficient (α ≈ 10–15 × 10⁵ cm⁻¹) is 
relatively small, reflecting scarce absorption that is predominantly driven by intraband (Drude-type) behaviors.  

When the photons are increased to a higher energy, the absorption coefficient rises steeply in the low-energy region. 
At around 2 eV, α rises greatly to 150–170 × 10⁵ cm⁻¹ and therefore demonstrates that the strongest interband transitions 
have occurred since then, which are based on Pd-, Cu-, and Ni-derived d-electronic states. This rapid increase indicates 
that Pd₃₉Ni₁₀Cu₃₀P₂₁ offers a high density of electronic states for optical excitation, which is in accordance with its metallic 
nature and the dense electronic density of states near the Fermi level. In the intermediate photon energy region at 3–5 eV, 
the absorbance continues to increase, but less rapidly, to the region of around 220–250 × 10⁵ cm⁻¹. This slow saturation 
mechanism indicates a significant fraction of the optically active electronic transitions that are already activated at low 
energies, and high-energy photons add little to absorption.  

It shows the overall electronic transition and disorder in a smooth curve without crisp peak area or rough edges, 
which depicts the amorphous atomic structure of bulk metallic glass. At photon energies of approximately 8–10 eV, the 
absorption coefficient is very large, around 280–290 × 10⁵ cm⁻¹, in the ultraviolet region, corresponding to extremely high 
absorption. The very high absorption coefficients show that the energy of highly concentrated photons will, in fact, allow 
very low penetration depth. This is in agreement with the existence of a high extinction coefficient and low reflectivity 
when photon energies are high, hence clear optical energy dissipation in the materials. From the point of application 
perspective, as per the high absorption coefficient of Pd₃₉Ni₁₀Cu₃₀P₂₁ from a variety of energies, its maximum utilization 
is found in optical and electromagnetic energy absorption. 

The excellent absorbance strength in the visible and ultraviolet zones (α > 200 × 10⁵ cm⁻¹ above ~3 eV) makes its 
application in photothermal coatings, optical absorbers, and radiation-shielding layers where the conversion of energy 
from electromagnetic radiation into heat is needed. Furthermore, the combination of broadband optical absorption and 
very high mechanical strength, ductility, and thermal stability makes it such a suitable material as bulk metallic glass for 
multifunctional structural–optical components and for tough structural areas where mechanical strength and high optical 
attenuation are in high demand [53]. 

Dielectric function: 
Frequency-dependent complex dielectric function of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass is presented in Figure 7, 

in which the real portion ε₁(ω) is shown in panel (a) and the imaginary portion ε₂(ω) is shown as a function of the photon 
energy in the range 0–10 eV in panel (b). Between them, these two elements provide a comprehensive description of the 
optical polarization response and energy dissipation mechanisms of the metallic amorphous system. The real value of the 
dielectric function ε₁(ω), shown in Figure 7(a), is still negative for the whole scanning emission of energy, characteristic 
of metallic response. For relatively low photon energies (about 0 eV), the ε₁(ω) becomes strongly negative, between −90 
and −95, indicating that the free–electron (Drude-like) response is very high and the electronic polarizability is high. With 
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higher photon energies, ε₁(ω) rises monotonically toward less negative values starting from a range of about −60 at ~2 eV, 
−25 at ~4 eV, and approximately −10 to −12 at approximately 10 eV. 

 

 
Figure 7. Complex dielectric function of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass: (a) real part εଵ(ω) (b) imaginary part εଶ(ω) 

This slow growth was due to more significant reduction in free-carrier screening with increasing frequencies as well 
as the increase of interband transitions. Indeed no zero-crossing can be detected within the examined range, which implies 
the screened plasma frequency is above 10 eV, corroborating the high conduction electron count of the Pd-, Cu-, and Ni-
rich metallic glasses. The imaginary dimension of the dielectric function ε₂(ω) is given in Figure 7(b), being the absorbent 
of electronic transitions. The ε₂(ω), at very low photon energies has a large value of ∼180–185, which reflects a very 
strong optical loss from free electron absorption of intraband electrons of this kind. The ε₂(ω) is much lower when photon 
energies increase, falling dramatically from ∼60 (~1 eV) to ∼30 at ∼2 eV. This suggests the fact that as the photon’s 
energy increases and further down the line degrades quickly the frequency of Drude-type absorption will continue to drop. 

In the intermediate energy zone, close to 3–4 eV, ε₂(ω) presents a feeble shoulder, around 25–28, due to broadened 
interband transitions that combine Pd- and Cu-d electronic states hybridized with P states. Outside this region, ε₂(ω) 
decreases gradually and is much lower at ε₂(ω) values about 8–10, at a photon energy of 10 eV, suggesting smaller optical 
absorption at higher photon energies. The weak, smooth, featureless characteristics of both ε₁(ω) and ε₂(ω) are not 
indicated by either sharp peaks or critical-point structures, which directly mirrors the disorganized atomic configuration 
of Pd₃₉Ni₁₀Cu₃₀P₂₁, which is amorphous. Without long-range order, significant electronic-state broadening and the 
smearing of interband transitions lead to continuous dielectric dispersion rather than sharp optical resonances 
characteristic of crystalline materials.  

From an application point of view, the strongly negative ε₁(ω) and the very large ε₂(ω), at low photon energies, 
indicate Pd₃₉Ni₁₀Cu₃₀P₂₁ to be a good optical metal with high reflectivity and good electromagnetic screening in the 
infrared and visible region. It is suitable for EMI shielding and reflective coatings/materials as well as in other 
plasmonic/metamaterial-based components that require an excellent negative dielectric response. Moreover, the very large 
ε₂(ω) values at low energies indicate the effectiveness of conversion of electromagnetic radiation into heat to be used in 
the application of photothermal devices and energy dissipating coatings. At high photon energies, the decrease in ε₂(ω) 
and negative ε₁(ω) shows stable optical losses and dielectric behavior across the range. 

This makes the material attractive as broadband optical and protective coatings, especially when not only mechanical 
robustness but also thermal stability and a predictable optical response are mandatory. In general, the dielectric functional 
character presented above in Figure 7 confirms the suitability of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass as multimolecular 
structure material for structural-optical applications, which is without exception based on the mechanical strength, 
ductility, and thermal stability described above [53]. 
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Optical conductivity: 

 
Figure 8. Photon-energy-dependent optical conductivity of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

The frequency-dependent optical conductivity σ(ω) of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass is presented in Fig. 8 
as a function of photon energy from 0 to 10 eV. The optical conductivity reflects the charge carrier behavior of the material 
under the oscillatory electromagnetic field and serves to gain direct information about the free-carrier (intraband) and the 
interband electronic transitions of the amorphous metallic system. At extremely low photon energies near 0 eV, the optical 
conductivity is observed to be of a high magnitude, ≈ σ(ω) approximately 0.95–1.0 (arb. units). Such a high low-energy 
response is typical of metallic behavior and results from a Drude-type contribution of delocalized conduction electrons 
predominantly associated with Pd-, Cu-, and Ni-derived electronic states approaching the Fermi level.  

In this part of the electromagnetic atmosphere, a strong σ(ω) is observed that provides excellent electrical 
conductivity and a positive correlation between the incident electromagnetic field and free charge carriers. At this increase 
of photon energy from zero to about 1.5–2 eV, the optical conductivity is sharply reduced and drops to a minimum around 
σ(ω) ≈ 0.12–0.15. This decrease is indicative of a suppression of free-carrier contribution, as the electrons can no longer 
follow the rapidly moving electric field through frequency. Such a gradual decrease without sudden events of nature is 
also in agreement with amorphous bulk metallic glass because disorder expands the electronic states and smears out sharp 
spectral features. In the intermediate photon energy region, a strong secondary peak is obtained between 3.5–4.0 eV, 
where the optical conductivity increases again to σ(ω) ≈ 0.35–0.38.  

The interband electronic transitions, in particular from the occupied d-states of Pd and Cu to higher-energy 
unoccupied states hybridized with P orbitals, also contribute to this behavior. What is particularly interesting is perhaps 
not so much the sharp resonance as the broad pattern of this peak, which represents the absence of long-range order, and 
a continuous electronic state arrangement in a non-cohesive alloy. Optical conductivity decreases very fast after about 5–
6 eV and before 7–8 eV it approaches zero. At high photon energies the probability of both intraband and interband 
transitions declines significantly and weak optical conduction occurs in the ultraviolet region. This well spread decay 
once more shows that discrete band-edge transitions do not exist and thus confirms the metallic glass status of 
Pd₃₉Ni₁₀Cu₃₀P₂₁. However, from an application perspective, their extremely high optical conductivity at photon energies 
is indicative of the potential of Pd₃₉Ni₁₀Cu₃₀P₂₁ for shielding electromagnetic interference (EMI), conductive coatings, 
and even infrared reflective components that require a strong free-electron response. 

The broad interband conductivity peak around ~4 eV indicates that Pd₃₉Ni₁₀Cu₃₀P₂₁ can be used extensively in 
various optical and optoelectronic devices, such as photothermal converters and broadband absorbers, to provide clear 
spectral signals for applications across the full infrared spectrum. Moreover, on the basis of excellent mechanical strength, 
ductility, and thermal stability, as well as a great low-energy optical conductivity combination, this bulk metallic glass is 
considered an excellent candidate for multifunctional structural–electronic and structural–optical applications, as well as 
high-temperature, harsh environments, and where the electrical and mechanical reliability must be maintained [53]. 

Energy loss function: 
The energy loss function Im[−1/ε(ω)] of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass is expressed in Fig. 9 as a function 

of photon energy in the region 0–10 eV. The energy loss function shows that energy is dissipated, usually as a function of 
the velocity, of fast-moving charged particles like electrons as they pass through the material, and relates more directly to 
collective electronic excitations and plasmonic behavior. The entire trend reflects a very slow monotonic increase of the 
loss function as photon energy increases, which is typical of amorphous metallic systems. At low photon energies, 
approximately 0 eV, the energy loss function is very low, around 0.004–0.005, indicating that very low-energy excitations 
have very little energy dissipation.  

Such phenomena are consistent with effective free-electron screening in metallic glass, with conduction electrons 
responding to external perturbations and thereby attenuating energy loss. The lack of a sharp peak in this low-energy 
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region indicates that there are no well-defined low-energy plasmons, which occurs in the case of disorganized systems 
with broadened electronic states. Increasing photon energy gradually raises the energy loss function. Between about 3 
and 4 eV, the Im[−1/ε(ω)] value reaches about 0.018 and 0.020, indicating that for the energy dissipation enhancement of 
this system, the contribution of interband electronic transition becomes more prominent. Since this energy range 
corresponds with components in the optical conductance and dielectric function, it may suggest that electronic excitations 
formed from Pd and Cu d-states start to become dominant in the process of loss.  
 

 
Figure 9. Photon-energy-dependent energy loss function Im[−1/ε(ω)] of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

At the mid-range of intermediate energy near 5–6 eV, there is a stronger increase of the loss function to the tune of 
around 0.038–0.040. This indicates the formation of mutual electronic excitations involving damped plasmonic 
oscillations in the electron gas. Yet, a broad and smooth gradient, and by no means a sharp resonance peak, is what is 
reflected, which are signs of strong plasmon damping as a result of a structural problem and electron scattering due to the 
amorphous metallic glass. At the higher photon energies between about 8 and 10 eV, the energy loss function is maximum 
on the scales of about 0.07–0.08. Such a high-energy-loss region corresponds to a much-increased energy loss associated 
with the combined interband transitions and strongly damped collective modes.  

The absence of a clear plasma frequency within the investigated energy range would indicate that the screened 
plasma frequency is greater than around 10 eV, which is in line with the strongly negative real part of the dielectric 
function as observed earlier. The continuous increase in energy loss function, as well as the disappearance of sudden loss 
peaks, confirms the metallic and amorphous character of Pd₃₉Ni₁₀Cu₃₀P₂₁, where the electronic excitations have a high 
damping and are spread over a wide range of energy. From an application perspective, moderate-to-high energy-loss 
values, particularly above 5 eV, indicate that this bulk metallic glass is suitable for applications in electron energy 
damping, electromagnetic shielding, and radiation-resistant components that require controlled electronic energy transfer. 
With great mechanical strength, ductility, and thermal stability, the energy loss characteristics demonstrated in Figure 9 
bolster Pd₃₉Ni₁₀Cu₃₀P₂₁ usage in multifunctional structural–electronic and high energy properties (e.g., protective coatings, 
accelerator-facing materials, optoelectronic shielding layers) [53]. 

Energy band gap: 
Figure 10 shows the electronic spectrum of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass along a typical high-symmetric 

k-path (Γ–X–M–Γ–R–X) at EF = 0 eV. The band structure is highly dispersed on the energy spectrum as the alloy does 
not have long-range periodicity and is amorphous. Unlike crystalline solids, where the discrete dispersive bands and 
symmetry-driven degeneracies have been observed, the current band structure shows broad and overlapping bands, an 
electronic signature of bulk metallic glasses. Several bands do pass through EF = 0 eV at the Fermi level, representing 
metallic conductivity, of course.  

The existence of continuous electronic states for the Fermi level indicates not zero density of states and therefore 
the transport of carriers freely with no energy barrier. In terms of quantitative measurements, the small energy separation 
is characterized by Eg ∼ 0.124 eV, the valence band maximum (VBM ≈ −0.106 eV), and conduction band minimum 
(CBM ≈ +0.018 eV), all of which are very near the Fermi level. This small pseudogap does not limit electronic transport; 
rather, it is a smeared electronic feature arising from structural imperfections rather than a genuine band gap. The valence 
band region from ca −1.5 eV to 0 eV can be attributed to several overlapping bands with weak dispersion induced mainly 
by hybridized d-states of Pd-, Cu-, and Ni-substituted d states with P p-substitutions.  

The flatness of some bands in this location suggests a relatively high effect of the mass of the carriers in charge of 
the materials to strongly scattering and damping elements that mirror the high optical absorption/extinction 
coefficient/energy loss characteristic that we observed in the other works. The corresponding bands are also closely 
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packed and moderately dispersed (the bands are concentrated and moderately distributed within the conduction band 
range from 0 to ~1.5 eV) beyond the Fermi level. The minimum conduction band at ~0.018 eV is almost at the Fermi 
level, enabling electrons to easily be either thermally or optically excited. The fact that there is no apparent indirect or 
direct band gap over the entire k-path proves that Pd₃₉Ni₁₀Cu₃₀P₂₁ behaves as a decent metal as opposed to a 
semiconductor, despite possessing a shallow pseudo-gap.  

 
Figure 10. Electronic band structure along Γ–X–M–Γ–R–X referenced to E୊ = 0eV, showing a narrow band gap (E୥ ൎ 0.124 eV) 

with VBM at െ0.106eV and CBM at ൅0.018eV of bulk metallic glass 

The continuous evolution of bands along the k-path without sharp crossings and symmetry-bound degeneracies also 
indicates that the electronic environment is indeed amorphous. The resulting electronic disorder broadens energy levels, 
suppressing sharp electronic transitions, thereby explaining the broadband optical response and the previously observed 
low-phonon-reflection good reflectivity and high optical conductivity. It is thus congruous with a system characterized 
by strongly electron–electron and electron–phonon interactions and delocalized electrons.  

From the standpoint of application, the band structure shows that Pd₃₉Ni₁₀Cu₃₀P₂₁ is extremely suitable for electrical 
and optoelectronic usage needed for metallic conduction (conductive coatings and electromagnetic interference barrier) 
and for its current-carrying structural elements. The near-zero effective band gap (Eg ≈ 0.124 eV) and the multiple bands 
within the Fermi band range provide charge-carrier transport and strong optical absorption, which are particularly 
appealing for multifunctional structural–electronic and structural–optical devices spanning a broad energy range [53]. 

Total and Partial density of state: 

 
Figure 11. Total and projected density of states of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

The total DOS of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass has been presented in Figure 11 as a function of energy 
with respect to the Fermi level (E_F = 0 eV) in addition to its partial density of states (PDOS). The overall DOS is also 
finite and fairly high at the Fermi level, with a value around 2.7–3.0 states·eV⁻¹, confirming the alloy's metallicity. 
Absence of the band gap and existence of continuous electronic states at E_F suggest that charge carriers are available 
for electrical conduction. Within the valence band of approximately −6 eV to 0 eV, the combined DOS features a wide 
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maximum around −2.0 to −2.5 eV, where the DOS is around 3.2–3.4 states·eV⁻¹. This particularly large peak is attributed 
to the large contribution of Pd-d states, mainly at approximately −2.5 eV with a maximum PDOS of around 0.9 states·eV⁻¹. 

Similarly, the Ni-d states play a significant role in this region, also peaking near −1.0 eV, with the magnitude as large 
as 0.5 states·eV⁻¹ (strong hybridization of transition-metal d orbitals). DOS at the Fermi level is smooth and non-zero, 
dominated by overlapping contributions of Pd-d, Ni-d, and Cu-d states. The broad peak of the Cu-d states is focused at 
+2.0 eV and its maximum PDOS (approximately 0.6 states·eV⁻¹) is primarily above the Fermi level. The Cu atoms could 
be regarded as mainly facilitating unoccupied electronic states and electronic transition and optical excitations. 
Observation of the remaining d-state contribution on both sides of the Fermi level results in the high optical absorption 
and conduction seen in earlier figures. P-p states present small but non-negligible contributions, mainly occurring in the 
energy range of 0 to +4 eV with peak magnitudes of ~0.25 states·eV⁻¹. 

P-p states and transition-metal d states overlap allow strong Pd–P and Cu–P hybridization, supporting the short-
range chemical order and heteroatomic bonding in the structure. This hybridization serves to stabilize the amorphous 
structure and improves the glass-forming ability. The smooth, broadened features of both DOS and PDOS, with no sharp 
peaks or van Hove singularities, reflect the absence of long-range periodicity and the disordered atomic environment of 
the bulk metallic glass. This electronic smearing leads to higher electron scattering, which is closely associated with the 
high extinction coefficient, high optical losses, and the damped plasmonic response described earlier. 

Applicationally, the high DOS at the Fermi level (≈ 3 states·eV⁻¹) and high dominating nature of transition‐metal d 
states also confirm good electrical conductivity and robust optical behavior, which suggests that Pd₃₉Ni₁₀Cu₃₀P₂₁ is 
applicable for conductive coatings, electromagnetic interference shielding, and optoelectronic material applications. 
Strong d–p hybridization and electronic disorder in the alloy were found to have good mechanical stability and thermal 
robustness, as well as to strengthen the alloy's capability for multifunctional structural–electronic and structural–optical 
applications in demanding environments [53]. 

Amorphous Electronic Structure and Pseudogap Formation in Pd₃₉Ni₁₀Cu₃₀P₂₁: 

 
Figure 12. The amorphous electronic structure of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

From the electronic phase, the DOS bulk metallic glass structure based on Pd₃₉Ni₁₀Cu₃₀P₂₁ material near Fermi 
(E_F = 0 eV) is shown in Figure 12, and valence and conduction band tails and pseudogap are shown. Unlike crystalline 
materials, where sharp band edges are ubiquitous, the DOS of this amorphous alloy exhibits broad, asymmetric tails that 
extend continuously to the Fermi level, indicating significant global structural and electronic abnormalities. The valence-
band tail (shown side x) ranges from −2.0 eV to EF, and the maximum DOS intensity is estimated at ∼0.8–0.9 (arb. units) 
up to about −0.7 eV. These extended tails are localized and semi-localized electronic states primarily associated with 
hybridized Pd-d, Ni-d, and P-p orbitals. 

The slow decay of the DOS toward the Fermi level implies strong smearing of the valence states and their resulting 
dependence on the absence of periodic atomic order, a defining feature of bulk metallic glasses. The conduction-band tail 
on the positive-energy side extends from EF to approximately +1.8–2.0 eV, with DOS values reaching approximately 0.9–
1.0 (arb. units) in the region of +0.6–0.8 eV. The states are most strongly derived from Cu-d and Pd-d derived orbitals, 
which are delocalized electronic states that are readily available for electrical conduction. Although the pseudogap is 
approximately 0.15 eV in Figure 12, it is found mostly at the level around the Fermi, indicating a shallow minimum DOS 
and not a negligible effect on the minimum DOS.  

This pseudogap, which does not interfere with charge transport, is the result of short-range order–mediated electronic 
correlations among the amorphous structure regions. Such pseudogap formation is common in metallic glasses and has 
often been associated with enhanced structural stability, lessened electronic energy, and thus increased glass-forming 
capacity. The smoother black curve on the shaded DOS also serves to highlight that the electronic spectrum is consistent 
with the continuous and non-crystalline character of the spectrum. The absence of sharp peaks or abrupt band edges 
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suggests strong electronic scattering and localization, which are consistent with the aforementioned high optical 
absorption, large extinction coefficient, and damped plasmonic response. 

So, moderate electrical resistivity is also expected here in metallic glasses that are made from Pd. For such 
applications, finite DOS at the Fermi level, long band tails, and a narrow pseudogap (~0.15 eV) make Pd₃₉Ni₁₀Cu₃₀P₂₁ 
suitable for multifunctional structural-electronics applications. Such electronic structure enables consistent metallic 
conduction. Furthermore, together with high optical absorption ability and effective energy dissipation, the pseudogap 
adds thermal and structural stability. The bulk metallic glass can provide electromagnetic shielding, conductive and 
photothermal film coatings, and ensure the mechanical stability of the optoelectronic units in challenging operating 
conditions [53]. 

Partial Pair Distribution Function: 

Figure 13. Partial pair distribution functions gᵢⱼ(r) of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass 

At the other extreme are the partial pair distribution functions gᵢⱼ(r) of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass, 
denoting the probability of obtaining an atomic pair (i–j) distance r apart. This confirms the amorphous nature of the alloy, 
demonstrated in the short-range order (SRO) and medium-range order (MRO) relationships in the lattice due to the 
absence of periodic repetition and fast decay of correlations beyond a few coordination shells. In the short-range region, 
the initial spike occurs between ∼2.2 and ∼2.6 Å, corresponding to atomic correlations near the neighbor. Heteroatomic 
bonds between transition metals and phosphorus were highest for their Pd–P and Cu–P pairs at an intersection between ∼2.30 and ∼2.35 Å. These short bond lengths and a large peak power (g(r) ≳ 4.0) indicate well-established short-range 
chemical order, which is fundamental to maintaining the amorphous structure and inhibiting crystallization. Pd–Pd, Pd–
Cu, Pd–Ni, and Cu–Cu correlations exhibit first-neighbor peaks at distances of 2.6–2.8 Å, with values of 3.0–3.8.  

These values express the large metallic compactness of transition-metal atoms, though weaker than metal–metalloid 
correlations. The relatively broad peaks, compared with those of Pd–P and Cu–P, also indicate topological disorder and a 
distribution of bond lengths characteristic of metallic glasses. The observations for the Ni–Ni and Ni–Cu pairs of 
correlations exhibit relatively lower peak intensities and broader distributions, indicating that Ni atoms are more evenly 
dispersed within the metallic lattices, rather than being grouped into strong clusters. Such behavior is compatible with a 
network modifier action of Ni, which synergistically increases atomic packing efficiency without facilitating 
crystallization. 

Beyond the initial coordination shell, the second and third peaks occurring between ~3.8–5.0 Å and ~5.8–7.0 Å, 
respectively, show medium-range order resulting from atomic polyhedra connectivity. These peaks are markedly wider 
and weaker, demonstrating that, while local polyhedral motifs exist, their placement lacks long-range periodicity. The 
weak oscillations persist up to ~8 Å, implying polyhedral network connectivity, a key feature of stable bulk metallic 
glasses. At a larger range (r > 8 Å), all the gᵢⱼ(r) curves approached g(r) ≈ 1 gradually, indicating the loss of atomic 
correlation and the emergence of a random distribution of atomic information.  

This evidence shows that structural ordering in Pd₃₉Ni₁₀Cu₃₀P₂₁ is restricted to short- and medium-range scales and 
absent long-range crystalline order. In conclusion, the data provided in Figure 13 demonstrates that the short-range 
structure of Pd₃₉Ni₁₀Cu₃₀P₂₁ is dominated by strong Pd–P and Cu–P chemical short-range order in the strongly coupled 
transition-metal structure with a highly compacted transition-metal framework. This strong heteroatomic bond, atomic 
packing efficiency, and polyhedral medium-range connectivity confer on the alloy excellent glass-forming ability, high 
mechanical strength, ductility, and thermal stability, providing a structural basis for the higher mechanical and 
multifunctional properties observed in the earlier analysis. 
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Angle Distribution Function: 

 

 

Figure 14. Angular distribution functions A(θ) for Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass with different central atoms, revealing 
dominant icosahedral-like bond-angle distributions around Pd, Ni, and Cu atoms and chemically constrained phosphorus-centered 
environments that stabilize the amorphous structure 

The above-mentioned ADF (Figure 14) of the bulk metallic glass of the Pd₃₉Ni₁₀Cu₃₀P₂₁ is depicted and resolved 
based on the central atom type: (a) Pd-centered, (b) Ni-centered, (c) Cu-centered, and (d) P-centered local environments. 
The ADF describes the probability distribution of bond angles θ formed by atomic triplets (i–j–k). It provides direct 
insight into local coordination geometry, polyhedral motifs, and medium-range connectivity of the amorphous structure.  

The Pd-oriented environment is depicted by panel (a), displaying two powerful angular spikes within its region. The 
initial major peak is at θ ≈ 55–60°, the second, broader one at θ ≈ 105–115°, with normalized intensities around 0.016–
0.018. These bimodal angular distributions are consistent with distorted icosahedral or polyhedral coordination, where 
local pattern formation is fivefold-symmetric and yields relative angles near 60°. Conversely, distorted close-packed 
shapes produce angles approximately 110°. Since the peak position of Pd–Pd–Pd, Pd–Pd–Cu, and Pd–Pd–P triplets are 
strongly correlated, Pd atoms retain the core unit and act as moieties of chemically created polyhedra. 

Both the region-defining peaks around ~60° and ~110°, and peak intensities (~0.015–0.018) of the panels (b) exhibit 
comparable angular features in relation to Ni-centered ADFs. Similar shapes may be the result for Ni atoms interacting 
to closely resemble Pd-centered polyhedra, with rather broader peaks, reflecting a higher angular distortion due to similar 
nature. This implies that Ni is a network modifier, meaning it modifies the locality without perturbing the atomic network, 
causing dense packing without crystallization of Ni atoms and contributes to structural stability. 

The topological arrangements presented in panel (c) are in accordance with the peaks observed in Cu-centered 
environments: 55–60°, 110–115°, normalized intensities ∼0.017–0.018. This preservation of angles in the Pd-, Ni-, and 
Cu-centered distributions indicates that the topological hierarchy is maintained with a uniformity dictated by the compact 
assemblage of metallic polyhedral units. A slightly larger contribution of Cu–Cu–Cu and Cu–Cu–P triplets at larger angles 
is observed, which is attributed to Cu promoting medium-range connectivity between neighboring polyhedral units. 

The angular distributions for panel (d) related to P are markedly different from those of metal-centered cases. Here, 
the peak is strong (θ ≈ 100–115°), with the highest normalized peak magnitude ~0.020–0.022, while the low-angle peak 
(~60°) is much weaker (~0.004–0.006). This preference aligns with directional bonding of P atoms, providing more 
angular coordination environments of an open shape instead of closely packed metallic positions. This strong peak around 
110° is typical of Pd–P–Pd, Cu–P–Cu, and mixed-metal–P–metal linkages and confirms that P is a stabilizing metalloid 
that exerts short-range chemical order, leading to the breaking of the crystalline symmetry. The strong angular region at 
around ~60° and ~110° with respect to the metal-centered ADFs along with a more directional ~110°-dominated P-
centered region supports a likely structure consisting of icosahedral-like or distorted polyhedral short-range-ordered 
connections mediated by metalloid-centered linkages. 
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The peaks are all broad (rather than abrupt), indicating that the intrinsic disorder in the amorphous state lacks long-
range periodicity. From a structural and material perspective, this is useful for accounting for certain important properties 
of Pd₃₉Ni₁₀Cu₃₀P₂₁, since dense polyhedral packing dominates its bulk and shear moduli, and angular flexibility, along 
with the function of P-centered coordination, drive plasticity and ductility induced by STZ. Moreover, these mixed angular 
characters and strong heteroatomic bonding result in superior glass‐forming capability and thermal stability, so the bulk 
metallic glass can be used in load‐bearing, high‐pressure, and multifunctional structural applications that demand both 
strength and damage tolerance. 

Glass-Forming Characteristics and Thermal Stability of Pd₃₉Ni₁₀Cu₃₀P₂₁ Metallic Glass: 
Table 3. Characteristic glass-forming temperatures of Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass, highlighting its high glass transition 
temperature, wide supercooled liquid region, and excellent thermal stability 

Alloy Tg (K) Tx (K) Tl (K) 
Pd₃₉Ni₁₀Cu₃₀P₂₁ 558 632 775 

The Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass shows glass-forming properties as summarized in Table 3, and its thermal 
stability and glass-forming capability are indirectly determined from the values for glass transition temperature (Tg), 
crystallization temperature (Tx), and liquidus temperature (Tl). It has been shown that the glass transition temperature Tg 
= 558 K corresponds to the temperature of the amorphous solid until it changes to a supercooled liquid. This relatively 
high Tg further confirms the strong interatomic bonding and atomic confinement of the material and is consistent with 
pronounced short-range order in Pd–P and Cu–P. Furthermore, a high Tg at high temperatures is generally associated with 
higher thermal resistance and greater dimensional stability, and thus is compatible with structural integrity applications 
beyond room temperature in an alloy. 

 Therefore, the crystallization temperature of Tx = 632 K indicates the onset of devitrification from the supercooled 
liquid to the crystalline phase. It is the difference between Tx and Tg, indicating the width of the supercooled liquid region 
at ΔTx = 74 K, which suggests good glass-forming characteristics and superior crystallization resistance, enabling stable 
thermoplastic formation and processing and avoiding premature crystallization. The liquidus temperature of Tl = 775 K 
corresponds to the liquidus of the entire molten alloy. The ratio (Tg/Tl ≈ 0.72) for bulk metallic glasses is comparatively 
high, indicating good thermodynamic stability of the amorphous phase over a large temperature range and a decreased 
driving force for crystallization. 

Finally, the high Tg (558 K), large supercooled liquid region (ΔTx = 74 K), and high Tg/Tl (0.72) confirm that the 
alloy Pd₃₉Ni₁₀Cu₃₀P₂₁, at last, can exhibit adequate thermal stability and superior glass-forming ability. Due to this ability, 
it can be used for high-temperature structural parts, the production of metallic-glass thermoplastic parts, precision devices, 
and long-term service applications that require resistance to crystallization and thermal degradation. 
 

CONCLUSIONS 
Here we present a full first-principles characterization of the Pd₃₉Ni₁₀Cu₃₀P₂₁ bulk metallic glass, illustrating how its 

amorphous atomic structure influences its mechanical, thermal, electronic, and optical properties. Its dense random 
packing and clear short-range chemical configuration, coupled together with predominantly Pd–P and Cu–P bonding, 
contribute to stabilizing the glassy phase and suppressing crystallization. The elastic constants, large bulk modulus, and 
Pugh’s ratio yield the assessment of the highly ductile character of this alloy, in which plastic deformation is controlled 
by shear transformation zones, not dislocation activity. 

Thermophysical properties of combined mechanical and thermal loading can be investigated in a solid anharmonic 
lattice with a moderate Debye temperature and stable thermal expansion. In practical terms, the previously proposed high 
strength, pressure resistance, optical isotropy, and broadband electromagnetic absorption in Pd₃₉Ni₁₀Cu₃₀P₂₁ can be an 
effective source for developing new materials in advanced structures, vibration-damping systems, reflective–absorptive 
coatings, electromagnetic interference protection, photothermal devices, and corrosion resistance in harsh environments. 

Its near-metallic electronic structure and high optical losses are particularly beneficial in multifunctional 
applications. One of the contributions of this work is a unified ab initio framework that integrates amorphous structural 
motifs, equation-of-state parameters, elastic response, lattice behavior, and optical properties in a self-consistent, self-
evident macroscopic physical image. While single-characteristic properties have been the dominant paradigm in previous 
studies, our work demonstrates that electronic hybridization, pseudogap formation, and polyhedral short-range order 
together influence macroscopic performance. 

In other words, it can be concluded that from the large Tg (558 K), large supercooled liquid region (ΔTx = 74 K) 
and the high Tg/Tl, or Tg/Tl, value (0.72), that the alloy Pd₃₉Ni₁₀Cu₃₀P₂₁ is finally able to attain the reasonable thermal 
stability and high glass formation. The characteristics have been observed in its applications in high-temperature structural 
parts, the production of metallic-glass thermoplastic parts, precision devices, and long-term service applications. 
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ПІДВИЩЕННЯ МЕХАНІЧНОЇ МІЦНОСТІ ТА ОПТИЧНОГО ЕКРАНУВАННЯ 
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Об'ємні металеві стекла (BMG) – це тип твердого матеріалу з аморфними атомними структурами, що демонструють 
сприятливі механічні, теплові та функціональні властивості. У цьому дослідженні представлені властивості скла, що вивчають 
першопринципні деталі структури об'ємного металевого скла Pd₃₉Ni₁₀Cu₃₀P₂₁, його пружні властивості, термодинаміку та 
електронно-оптичні характеристики. Розрахунки теорії функціоналу густини були проведені для порівняння з аморфною 
атомною конфігурацією та співвідношенням енергія-об'єм за допомогою рівняння стану Бірча-Мурнагана третього порядку. 
Дуже високий об'ємний модуль пружності, приблизно 159 ГПа, та >6 похідних тиску продемонстрували однорідність, опір та 
сильне зміцнення під тиском. Всі три модулі пружності, коефіцієнт Пуассона та критерій П'ю постійно демонструють 
пластичну механічну реакцію, залежну від пластичності, опосередкованої зоною перетворення зсуву. Результати 
теплофізичного дослідження показують стабільну ангармонічну поведінку решітки, температуру Дебая приблизно 395 К та 
сприятливе теплове розширення, що вказує на добру передбачуваність термомеханічної реакції. Електронні дослідження 
виявили дуже металеву фазу з низькою псевдощілиною навколо рівня Фермі — головним чином гібридизацію між d-станами 
перехідних металів та p-станами фосфору у стабільну аморфну фазу. Оптичні спектри, що містять широку смугу, чудову 
відбивну здатність при низьких енергіях фотонів та ізотропну оптичну реакцію, типові для металевих стекол. На завершення, 
ці результати доводять, що Pd₃₉Ni₁₀Cu₃₀P₂₁ є високомеханічно стабільним матеріалом для розвитку в різних механічних, 
оптичних та енергетичних застосуваннях у легкій рамці. 
Ключові слова: об'ємне металеве скло; теорія функціоналу густини; рівняння стану; механічні та теплофізичні 
властивості; електронна структура; оптичні екрануючі матеріали 
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We used the sp3s* tight-bonding method as a computational approach to calculate the energy band structure of AlAs crystals in the 
absence of pressure and analyzed the effect of pressure on the energy band structure under low pressure (1-7) GPa. We used two 
forms of the Birch-Maugham equation of state (third- and fourth-order) to calculate the changes in the elements of the Hamiltonian 
matrix resulting from changes in crystal volume and lattice constant. The dispersion relationships for the high-symmetry directions in 
the first Brillouin zone were found by numerically calculating the Hamiltonian diagonal under pressure. The present computations 
are performed using a routine written in MATLAB. We found that the effects of both forms of the equation of state on the band 
structure differ only slightly (by 0.01) at low pressure, as shown in the band structure diagrams. The conduction-band valleys creep 
downward under low pressure, decreasing both the direct and indirect energy gaps. The results obtained were consistent with other 
experimental and theoretical results. 
Keywords: Tight-bonding model; Maugham equation of state; AlAs compound semiconductor; Band structure; High pressure 

1. INTRODUCTION
Due to their great technological and industrial significance in the electronic applications and optoelectronic devices, 

III-V zinc-blende compound semiconductors have been widely regarded as the most promising compound semiconductors
over the past few decades  [1]. The study of materials at high pressures is currently experiencing great activity. The
application of high pressure frequently leads to considerable shifts in both the chemical and physical properties of
substances. Consequently, materials frequently exhibit previously unseen crystalline structures and intriguing behaviors
when subjected to these conditions. Also, the possibility to study structural stability as a function of volume has added a
fresh dimension to the basic question regarding the relation between the arrangement of atoms and electronic structure  [2].
Particularly, Aluminum Arsenide (AlAs) is a binary compound that has an indirect band gap with the conduction band
minimum at the X-point and the valence band maximum at the Γ-point under surrounding conditions. AlAs has an
experimental band gap of about 2.16 eV [3]. The most stable phase for AlAs is the tetrahedral structure, a bonded
semiconducting phase at ambient pressure, which has excellent physical properties, making it suitable for device
applications such as optical fibers in telecommunication, Bragg reflector superlattices, heterojunction bipolar transistors,
solid-state lasers, high electron mobility transistors, and light-emitting diodes [2], [3]. When moderate pressure is applied,
like many other semiconductors, AlAs transforms into the metallic phase [4] [5]. Theoretical investigations and
experimental research are therefore of vital interest to all those working in this area. In recent years, an increasing number
of researchers have conducted experimental studies on the phase transition in AlAs. The first report of the phase transition
of AlAs was made by Froyen and Cohen in 1983, who studied structural properties in AlAs using an ab initio
pseudopotential approach and suggested that the case of high-pressure structure of AlAs commonly undergoes a structural
transition, which could either be rock salt (B1) structure or NiAs (B8) structure [6]. Weinstein et al. observed a phase
change by microscopic analysis at 12.3 GPa on loading; however, the structure was unidentified[7]. In subsequent years,
an increasing number of researchers turned to experimental studies of the phase transition in AlAs. The first experimental
observation of the transformation of AlAs into the NiAs structure came several years later, when G. Greene Raymond et al.
indexed a new phase of AlAs using energy-dispersive X-ray diffraction to 46 GPa [8]. Mujica et al. offered a detailed
review of the current known structures, high-pressure behavior, and theoretical work on the group III–V compound
semiconductor materials [9]. Besides the experimental advance, dependable computational techniques designed for the
determination of electronic band structures, as well as overall energy calculations, have significantly influenced the field of
high-pressure physics [10], [11], [12]. These computational approaches yield critical supplemental data to that obtained
through experimental investigation. This progress rises from both the development of amended algorithms and the
increasing availability of powerful computing resources. Such theoretical work plays a supporting role to experimental
research by both validating discovered structures and examining their electronic and vibrational features, as well as
assisting in forecasting the shape of new materials.

This research aims to focus on theoretical calculations of the band structure and the effect of pressure on electronic 
properties, such as the band gap. Electronic property calculations are based on Harrison’s model of semiconductors by 
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constructing a nearest-neighbor semi-empirical tight-binding theory (TB). The effect of pressure at (1,3,5,7) GPa on the 
band gap energy of AlAs is investigated. The dependence of the energy states, over several symmetry directions and at 
certain symmetry points, on the interaction parameters is also investigated. 

 
2. THEORETICAL BACKGROUND 

2.1. Tight Binding Method 
Electronic band structure is the energy range in which an electron is either forbidden or allowed to exist, and it’s 

one of the important key to understanding electron conduct in crystalline semiconductors and their interactions with 
lattice vibrations[13]. One of the appealing method to calculate the electronic band structure of electron motion in solids 
is the tight binding theory (TB), which is called also linear combination of atomic orbitals (LCAO) proposed by Bloch 
[14]. The tight binding model is the standard technique for resolving issues related to periodic potentials. It entails 
constructing a linear combination of atomic orbitals 𝜙௡(𝑟 − 𝑅ሬ⃗ ௜) on the various crystal atoms, with the coefficient given 
by the values of the plane wave 𝑒𝑥𝑝(𝑖𝑘ሬ⃗ .𝑅ሬ⃗ ௜) at the distinct vector positions 𝑅ሬ⃗  ,where the atoms are located, to form 
Bloch sum ∑𝑅ሬ⃗ 𝑒(௜௞ሬ⃗ .ோሬ⃗ ೔)𝜙௡(𝑟 − 𝑅ሬ⃗ ௜). The sum run over the atoms in equivalent position in all unit cells of the crystal, the 
subscript 𝑛 denotes to quantum numbers [15]. In present work, the nearest neighbor sp3s* empirical tight binding 
method with fitted input parameters from the literature is used to calculate the band structure and energy gaps of the 
bulk compound semiconductor AlAs at some high symmetry points by preparing a computational program using 
MATLAB. The tight-binding model yields a detailed real space description of the electronic interactions that give rise 
specific elements of the energy band structure and density of states. This is very useful in research, where the electronic 
structure is modified and can see how these features convert when you change the electronic.  

Although the tight‑binding method is systematically inviting, it poses a major issue: the fundamental parameters 
that define the tight‑binding Hamiltonian are not the conduction‑band edges and effective masses typically employed in 
electronic‑device modeling, but rather orbital interaction energies. The coupling of the separated orbitals via these 
interaction energies leads to the formation of electronic bands. A correct choice of the type and number of basic orbitals 
(s, p, and d) and of their local and non‑local coupling strengths yields a suitable representation of material 
characteristics such as band energy structures and effective masses. Consequently, the overall band structure and 
effective masses are strongly linked to the interaction energies[16]. 

 
2.2. Calculation of Energy Band Structure 

Quantum mechanics provides the only viable path for resolving numerous issues in physics and chemistry. In the 
case of zinc- blende crystals the, tight-binding Hamiltonian can be constructed in a basis of quasi-atomic functions as 
[17], [18]: 

 ห𝑛𝜆𝑘ሬ⃗ ൿ = ଵ√ே  ∑ e(ప̂௞ሬ⃗ .ோሬ⃗ ೔ା ప̂௞ሬ⃗ .௩ሬ⃗ ഊ)௜,ఒ ห𝑛𝜆𝑅ሬ⃗ ௜ൿ , (1) 

where 𝑅ሬ⃗ ௜ is the vector position of the atom on which the orbital is located, the quantum numbers (band index 𝑛) pass the 𝑠, 𝑝௫, 𝑝௬, 𝑝௭, and 𝑠∗ orbitals; the number of unit cells in the repeating region is 𝑁 where the wave vectors (𝑘ሬ⃗ = 2𝜋 𝑎௟⁄ ) 
lie in the first Brillouin zone. The base atom displacement is indicated 𝑣⃗ఒ and in terms of Kronecker 𝛿, we have 𝑣⃗ఒ =𝛿ఒ(𝑎௟ 2⁄ )(1,1,1); and  𝜆 =a (anion) or 𝜆 = c (cation) represents site index and the lattice constant represented by 𝑎௟.  

In Bloch functions built from s and p orbitals (Wannier functions) located on each atom in the crystal, one 
assumes that the only non‑zero Hamiltonian matrix elements are those between orbitals on the same or neighboring 
atoms [19]. This results in a relatively good description of the valence bands throughout the Brillouin zone. The sp³s* 
tight‑binding method without spin‑orbit coupling introduced by Vogl et al. (1983), which considers only nearest‑ 
neighbour interactions, uses Löwdin orbitals: an s‑state and three p‑states together with an excited s* state for each basis 
atom in pure bulk covalent semiconductors, providing ten orbitals for a primitive cell that contains two atoms. 

The band structure for a nearest-neighbor, sp3, eight- band model, is described by the nine parameters: four 
diagonal energies 𝐸௦௔ = 〈𝑠𝑎𝑅ሬ⃗ |𝐻|𝑠𝑎𝑅ሬ⃗ 〉, 𝐸௦௖ = 〈𝑠𝑐𝑅ሬ⃗ |𝐻|𝑠𝑐𝑅ሬ⃗ 〉, 𝐸௣௔ = 〈𝑝௫𝑎𝑅ሬ⃗ |𝐻|𝑝௫𝑎𝑅ሬ⃗ 〉 𝐸௣௖ = 〈𝑝௫𝑐𝑅ሬ⃗ |𝐻|𝑝௫𝑐𝑅ሬ⃗ 〉 and the 
five transfer matrix elements V, 𝑉௦௦ = 4〈𝑠𝑎𝑅ሬ⃗ |𝐻|𝑠𝑐𝑅ሬ⃗ 〉, 𝑉௫௫ = 4〈𝑝௫𝑎𝑅ሬ⃗ |𝐻|𝑝௫𝑐𝑅ሬ⃗ 〉, 𝑉௫௬ = 4〈𝑝௫𝑎𝑅ሬ⃗ |𝐻|𝑝௬𝑐𝑅ሬ⃗ 〉  𝑉௦௔௣௖ =4〈𝑠𝑎𝑅ሬ⃗ |𝐻|𝑝௫𝑐𝑅ሬ⃗ 〉 and 𝑉௣௔௦௖ = 4〈𝑝௫𝑎𝑅ሬ⃗ |𝐻|𝑠𝑐𝑅ሬ⃗ 〉. 

In ten-band sp3s* model, besides these nine parameters, we add another an excited s state, s*, and allowing 
coupling only to the p states of neighbors, while excluding, for simplicity, the linkage to s-states on distant sites. This 
addition brings four additional matrix elements: specifically, two of these being new diagonal energies  𝐸௦∗௔ =〈𝑠∗𝑎𝑅ሬ⃗ |𝐻|𝑠∗𝑎𝑅ሬ⃗ 〉, 𝐸௦∗௖ = 〈𝑠∗𝑐𝑅ሬ⃗ |𝐻|𝑠∗𝑐𝑅ሬ⃗ 〉, and the latter two being transfer matrix elements 𝑉௦∗௔௣௖ = 4〈𝑠∗𝑎𝑅ሬ⃗ |𝐻|𝑝௫𝑐𝑅ሬ⃗ 〉, 𝑉௣௔௦∗௖ = 4〈𝑝௫𝑎𝑅ሬ⃗ |𝐻|𝑠∗𝑐𝑅ሬ⃗ 〉. The following matrix elements which are being omitted for clarity, have been set to zero,: 〈𝑠∗𝑎𝑅ሬ⃗ |𝐻|𝑠∗𝑐𝑅ሬ⃗ 〉, 〈𝑠∗𝑎𝑅ሬ⃗ |𝐻|𝑠 𝑐𝑅ሬ⃗ 〉and 〈𝑠𝑎𝑅ሬ⃗ |𝐻|𝑠∗𝑐𝑅ሬ⃗ 〉 [20].  

By employing thirteen fitted input interaction parameters, derived from the theoretical data of Vogl’s which are 
required to calculate the energy‑band structure. These interaction parameters are essentially independent matrix 
elements, made up of: six on - site energies 𝐸௦௔ , 𝐸௣௔, 𝐸௦௖ , 𝐸௣௖ , 𝐸௦∗௔ and 𝐸௦∗௖ (𝑎, 𝑐 refer to anion and cation 
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respectively) and seven hopping terms refer to 𝑉௦௦, 𝑉௫௫, 𝑉௫௬, 𝑉௦௔௣௖, 𝑉௣௔௦௖ , 𝑉௦∗௔௣௖ and 𝑉௣௔௦∗௖. These matrix elements still 
need to be determined and fit for the band structure data; they can be provided in the Löwdin form of the symmetrically 
orthogonalized atomic orbitals. The input parameters representing the empirical matrix elements of the sp3s* tight 
binding model used to calculate band structure of the compound semiconductor AlAs are shown in Table (1). 

 For a zinc blende structure of lattice constant a, the wave vector (𝑘) dependence in this tight binding model is 
given by defining the 𝑔௜ coefficients [17], 

 

𝑔଴(𝑘) = +𝑐𝑜𝑠 ቀ𝑎௟ ௞భସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞మସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞యସ ቁ − 𝑖𝑠𝑖𝑛 ቀ𝑎௟ ௞భସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞మସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞యସ ቁ 𝑔ଵ(𝑘) = −𝑐𝑜𝑠 ቀ𝑎௟ ௞భସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞మସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞యସ ቁ + 𝑖𝑠𝑖𝑛 ቀ𝑎௟ ௞భସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞మସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞యସ ቁ 𝑔ଶ(𝑘) = −𝑠𝑖𝑛 ቀ𝑎௟ ௞భସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞మସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞యସ ቁ + 𝑖𝑐𝑜𝑠 ቀ𝑎௟ ௞భସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞మସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞యସ ቁ𝑔ଷ(𝑘) = −𝑠𝑖𝑛 ቀ𝑎௟ ௞భସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞మସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞యସ ቁ + 𝑖𝑐𝑜𝑠 ቀ𝑎௟ ௞భସ ቁ 𝑐𝑜𝑠 ቀ𝑎௟ ௞మସ ቁ 𝑠𝑖𝑛 ቀ𝑎௟ ௞యସ ቁ ⎭⎪⎪⎬
⎪⎪⎫  (2) 

Furthermore, the basic problem of the tight-binding method is to calculate the matrix elements of the 
Hamiltonian between the various basis states.  

The secular equation for the eigenvalues E(k) and eigen functions is an 10 × 10 coupled set of equations, Hamiltonian matrix elements, whose solution is derived from an 10 × 10 secular equation. For each value of the wave 
vector (k), there will be 10 solutions, to obtain the band structure (E vs. k relationship) [17], [21]. 
Table 1. Tight binding method Input parameters for empirical matrix elements using sp3s*, all energies are in units 
of eV, for compound semiconductor AlAs at p=0 [17]. 

Parameters AlAs with no pressure[17] 𝑎௢ 5.6580 𝐸௦௔ -7.5273 𝐸௣௔ 0.9833 𝐸௦௖ -1.1627 𝐸௣௖ 3.5867 𝐸௦∗௔ 7.4833 𝐸௦∗௖ 6.7267 𝑉௦௦ -6.6642 𝑉௫௫ 1.8780 𝑉௫௬ 4.2919 𝑉௦௔௣௖  5.1106 𝑉௦௖௣௔ 5.4965 𝑉௦∗௔௣௖  4.5216 𝑉௣௔௦∗௖  4.9950 
 

2.3. Calculation Energy Band Structure of AlAs Under Pressure 
High pressures influence the physical characteristics of semiconductor materials and the physical systems in which 

they are contained. The energy band gaps Eg, where the electron direct (wave vector k is conserved) and indirect (k is 
non- conserved) transitions between the conduction band and valence band, together with their pressure dependence, are 
the subject of more studies as a fundamental property of semiconductor material [22], [23], [24]. To analyze the impact 
of pressure on the energy band structure, Murnaghan's equation of state can be used, which assumes that the bulk 
modulus of a solid under finite strain varies linearly with pressure. When hydrostatic pressure is applied to a crystal 
(typically as from 1-10 GPa), its lattice constant, length of unit cell edge, decreases, because the atoms are pushed 
closer together; then the entire size of the crystal decreases, which changes the periodicity of the crystal and cause to 
increases orbital overlap between neighboring atoms. The application of pressure can reduce the band gap or cause a 
transition from a direct to an indirect band gap [25]. 

The pressure dependence of the lattice parameter of AlAs is determined using the Murnaghan equation of state 
[26]: 

 𝑎(𝑝) = a(0) ቀ1 + 𝐵௢ᇱ ௣஻೚ቁ షభయಳ೚  (3) 

where 𝑎(𝑝) is the lattice parameter at pressure ( 𝑝 ≠ 0), a(0) is the lattice constant at zero pressure (𝑝 = 0), and 𝐵௢,𝐵௢ᇱ are the isothermal bulk modulus and first derivative of the isothermal bulk modulus at zero and at pressure 𝑝 
respectively (in this work B୭ = 76.2 Gpa, B୭ᇱ = 4.36 Gpa) [27]. A small decrease in the lattice constant causes a 
greater proportional decrease in the volume of the crystal unit cell because the volume is proportional to the cube of the 
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lattice constant for a cubic lattice (i.e. V = a³) [28]. A widely used Murnaghan equation of state (EOS) in terms of 
volume is: 

  𝑉(𝑝) = 𝑉(𝑜) ቀ1 + 𝐵௢ᇱ ௣஻೚ቁషభಳ೚, (4) 

where 𝑉(𝑝) and 𝑉(𝑜) are the volumes at pressure p and zero pressure respectively.  

 ௔(௣)௔(଴) = ቀ௏(௣)௏(଴)ቁభయ. (5) 

The tight-binding matrix elements (hopping integrals) vary when pressure exerted since pressure decrease the 
interatomic distance between atoms in the crystal structure which reducing the bond lengths (d) and lattice constant. 
Due to this closeness, the overlap between atomic orbitals is enhanced, which raises the magnitude of tight-binding 
Hamiltonian matrix elements. In general, these matrix elements follow an power-law scaling with the interatomic 
distance in a way that stronger electronic coupling appears as atoms bring closer [29]. The change of energy band 
structure under pressure lead to change interatomic matrix elements for the coupling between s-states on neighboring 
atoms given by the empirical measurement rule [29], [30]:  

 𝑉௟௟ᇲ௠ = 𝜂௟௟ᇲ௠ ℏమଶ௠೐ 𝑑ିଶ. (6) 𝜂௟௟ᇲ௠ represents a universal dimensionless constant, ℏ is the reduced Planck constant, and 𝑚௘ is the mass of electron. 
Equation (6) can be expressed in the absence of pressure and in the presence of pressure on AlAs crystal, as follows: 

 𝑉(଴) = 𝜂௟௟ᇲ௠ ℏమଶ௠೐ 𝑑଴ି ଶ. (7) 

And  

 𝑉(௣) = 𝜂௟௟ᇲ௠ ℏమଶ௠೐ 𝑑௣ିଶ. (8) 

Equations 5, 8, and 9 give a relationship that can be used to determine the energy band structure of AlAs by 
calculating the change in the matrix elements coefficients under pressure. 

 
4. RESULTS AND DISCUSSION 

4.1. Calculation Band structure at p= 0 
We have applied the spଷs∗empirical tight binding model to the energy band structure calculations for the bulk 

semiconductor compound of AlAs along the high symmetry axes in the Brillouin zone, and we are using a specially 
designed MATLAB. The band structure along the symmetry axes of L-Γ-X-U, K , is shown in Figure (1), where Γ is the 
Brillouin zone center; and X, L, K and U are the Brillouin zone edges for a zinc blende crystal of lattice constant a , 
used a = 5.6580A° for AlAs [17], [31]. The highest value of valence band maximum is placed at Γ while the lowest 
value of conduction minima is located at X.  

Figure (1) shows the dispersion curves for bulk bands of AlAs for sp3s*, including valence bands and conduction 
bands. These band structures show certain features that are general to bulk semiconductors. It is seen from Figure (1) 
that AlAs is indirect band gaps with a minimum gap along X of semiconductor E୥ଡ଼ =  2.3 eV and direct extremum gap 
at Γ of E୥୻ =  3.04 eV. The results of calculating energy gap band at the high symmetry points L, Γ, and X at 
atmospheric pressure (p= 0), with respect to the first conduction band, were compared with the practical and theoretical 
results shown in Table (2). 

 
Figure 1. Energy band structure of AlAs obtained from spଷs∗ ETB model of AlAs. 



351
Effect of Pressure on the Energy Band Structure of AlAs using sp3s* Model   EEJP. 3 (2026)

Table 2. Energy band structure at high symmetry points at p= 0 

Parameter This work Theoretical data [20] Experimental data [32] 𝐸௚୻ 3.0400 3.026  2.95 𝐸௚௑ 2.3000 2.289  2.16 𝐸௚௅ 2.6813 2.766  2.36 
 

2. Calculation of band structure of AlAs at hydrostatic pressure 
When the pressure is applied to an AlAs crystal, the lattice constant decreases, and therefore the volume reduces. 

In this study we used the Birch–Murnaghan EOS to compute the lattice constant under pressure, which then alter tight-
binding parameters. This will change the energy bands structure. In this work, we compared between third and fourth 
order Birch-Maugham equation of state to compute the change in volume of the crystal. The fourth order Birch-
Maugham equation of state (EOS1) in which the pressure – volume relationship expanded as [33],[34]: 

 𝑃 = 3𝐵௢𝑓௘(1 + 2𝑓௘)ହ/ଶ ቂ1 + ଷଶ (𝐵௢ᇱ − 4) + ଷଶ ቀ𝐵௢𝐵௢ᇱᇱ + (𝐵௢ᇱ − 4)(𝐵௢ᇱ − 3) + ଷହଽ ቁ 𝑓௘ଶቃ (9) 

where 𝑓௘ = ଵଶ ൫((𝑉 𝑉௢⁄ )ିଶ/ଷ − 1൯ and the second derivative of 𝐵௢is given by [27]: 

 𝐵௢ᇱᇱ = ିଵ஻೚ ቂ(3 − 𝐵௢ᇱ)(4 − 𝐵௢ᇱ) + ଷହଽ ቃ (10) 

The third order Birch-Maugham equation of state can be expressed by the following equation (EOS2) is given by 
[35]: 

 𝑃 = ଷଶ 𝐵௢ൣ(𝑥)଻/ଷ − (𝑥)ହ/ଷ൧ ቄ1 + ଷସ ሾ𝐵௢ᇱ − 4ሿൣ(𝑥)ଶ/ଷ − 1൧ቅ (11) 

where 𝑥 =  𝑉௢ 𝑉 ⁄ , the second element within the first square bracket appears due to the truncation of the Helmholtz free 
energy to the third order term [36]. The 3rd and 4th Birch-Maugham forms give the relation between ratio of volume and 
pressure is shown in Figure (2). 

From Fig. (2) the ratio V V୭⁄  =1 when p=0, and it diminishes gradually at low pressure (under 10 GPa) indicates 
the unit cell volume becomes smaller. At low pressure the unit cell volume shrinks just a little (a few percent) and that 
means there is no influence when using both EOS1 and EOS2 forms to compute the effect of ratio V V୭ ⁄  at low pressure 
range (the ratio almost less than 0.001) and the effect grows at high pressure (above 20 GPa). The EOS is the 
fundamental step that interprets applied pressure into lattice constant change, which then drives band structure 
modifications in tight-binding calculations. The ratio between the lattice constant under and lattice constant at p = 0 (a a୭)⁄  for both two forms of equation of state versus pressure is shown in Figure (3). We noticed that the curve roughly 
linear at low pressures for both forms. The difference between Fig. (2) and Fig. (3) comes from the small reduction in 
lattice constant produces a large fractional reduction in volume since the lattice constant scales as one third of the 
volume of crystal (eq. (5)). Table three shows the values of the ratio for (V V୭⁄ ) , (a a୭)⁄  versus pressure for both forms 
of EOS.  

  

Figure 2. ratio of volume V V୭⁄  versus pressure for both EOS1 
and EOS2 forms 

Figure 3. Ratio of lattice constant (a a୭)⁄  versus pressure for 
both EOS1 and EOS2 forms 
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Table (3). Values of the ratio for V V୭⁄ , (a a୭)⁄  versus pressure for EOS1 and EOS2 

Pressure 
(GPs) 

EOS1 EOS2 EOS1 EOS2 𝐕 𝐕𝐨⁄  𝐕 𝐕𝐨⁄  𝐚 𝐚𝐨⁄  𝐚 𝐚𝐨⁄  

1 0.9917  0.9873  5.6422  5.6340 
2 0.9836  0.9754  5.6270  5.6113 
3 0.9759  0.9643  5.6123  5.5898 
4 0.9685 0.9538  5.5980  5.5694 
5 0.9614  0.9438  5.5842 5.5500 
6 0.9545  0.9344  5.5708  5.5314 
7 0.9478  0.9254 5.5578 5.5136 
8 0.9414  0.9168  5.5452  5.4966 
9 0.9351  0.9087 5.5329  5.4802 

10 0.9291  0.9008  5.5210  5.4644 
 

Employing both forms of EOS (Equations 9 and 11), we determined the volume and the lattice constant under 
pressure, where the orbital overlap and the hopping integral (matrix elements) in the ETB method are governed by the 
lattice constant. Using updated hopping integrals to build the Hamiltonian matrix element which consequently modifies 
the band structure for AlAs compound semiconductor.  

The empirical tight-binding interaction parameters for both EOS1 and EOS2 forms are displayed in Table (4) and 
Table (5), respectively. 
Table (4). The new empirical matrix elements of the spଷs∗ TB model in eV for AlAs at different values of pressure calculated from 
using EOS1 , parameters of no pressure (p= 0) is fitted from the reference [17] . 

Parameters 𝐏 = 𝟎 𝐏 = 𝟏 𝐆𝐏𝐚 𝐏 = 𝟑 𝐆𝐏𝐚 𝐏 = 𝟓 𝐆𝐏𝐚 𝐏 = 𝟕 𝐆𝐏𝐚 𝐸௦௔ -7.5273 -7.4854 -7.4061 -7.3323 -7.2631 𝐸௣௔ 0.9833 0.9778 0.9675 0.9578 0.9488 𝐸௦௖ -1.1627 -1.1562 -1.1440 -1.1326 -1.1219 𝐸௣௖ 3.5867 3.5667 3.5289 3.4938 3.4608 𝐸௦∗௔ 7.4833 7.4416 7.3628 7.2894 7.2207 𝐸௦∗௖ 6.7267 6.6892 6.6184 6.5524 6.4906 𝑉௦௦ -6.6642 -6.6271 -6.5569 -6.4915 -6.4303 𝑉௫௫ 1.8780 1.8675 1.8478 1.8293 1.8121 𝑉௫௬ 4.2919 4.2680 4.2228 4.1807 4.1413 𝑉௦௔௣௖ 5.1106 5.0821 5.0283 4.9782 4.9313 𝑉௦௖௣௔ 5.4965 5.4659 5.4080 5.3541 5.3036 𝑉௦∗௔௣௖ 4.5216 4.4964 4.4488 4.4044 4.3629 𝑉௣௔௦∗௖ 4.9950 4.9672 4.9146 4.8656 4.8197 

Table (5). The new empirical matrix elements of the 𝑠𝑝ଷ𝑠∗ TB model in eV for AlAs at different values of pressure calculated from 
using EOS2 

Parameters 𝐏 = 𝟎 [17] 𝐏 = 𝟏 𝐆𝐏𝐚 𝐏 = 𝟑 𝐆𝐏𝐚 𝐏 = 𝟓 𝐆𝐏𝐚 𝐏 = 𝟕 𝐆𝐏𝐚 𝐸௦௔ -7.5273 -7.4635 -7.3470 -7.2426 -7.1480 𝐸௣௔ 0.9833 0.9750 0.9597 0.9461 0.9338 𝐸௦௖ -1.1627 -1.1528 -1.1349 -1.1187 -1.1041 𝐸௣௖ 3.5867 3.5563 3.5008 3.4510 3.4060 𝐸௦∗௔ 7.4833 7.4199 7.3041 7.2003 7.1063 𝐸௦∗௖ 6.7267 6.6697 6.5656 6.4723 6.3878 𝑉௦௦ -6.6642 -6.6077 -6.5046 -6.4122 -6.3284 𝑉௫௫ 1.8780 1.8621 1.8330 1.8070 1.7834 𝑉௫௬ 4.2919 4.2555 4.1891 4.1296 4.0757 𝑉௦௔௣௖ 5.1106 5.0673 4.9882 4.9173 4.8531 𝑉௦௖௣௔ 5.4965 5.4499 5.3648 5.2886 5.2196 𝑉௦∗௔௣௖ 4.5216 4.4833 4.4133 4.3506 4.2938 𝑉௣௔௦∗௖ 4.9950 4.9527 4.8754 4.8061 4.7433 

The energy band structures for both EOS1 and EOS2 forms of Birch-Maugham equation of state under pressure 
after determining the change in matrix elements are shown in Fig. (4) and Fig (5). We see from figures the change in 
band structure is less than 0.01 (< 0.01) using both EOS forms and the energy gap smoothly reduced 
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Figure 4. Energy band structure obtained from spଷs∗ ETB model of AlAs under pressures (1,3,5,7) GPa applying 4th order Birch- 

Maugham equation of state 

 
Figure 5. Energy band structure obtained from spଷs∗ ETB model of AlAs under pressures (1,3,5,7) GPa applying 3rd order 

Birch-Maugham equation of state 

From the figures, we observe similar results appear at low pressures, in the range (1-7) GPa, for both forms of the 
equation of state, and we notice that AlAs has an indirect band gap at Γ → X and direct band gap at Γ → Γ. We expect 
that the energy gaps roughly decrease linearly since the Χ conduction band edge decreases more rapidly than the rise of 
the valence band edge. The energy band gaps at high symmetry points using two forms of equation of state are 
displayed in Table (6) and shown in Figure (6). 
Table (6). The energy gap of AlAs with low pressure for the high symmetry points Γ, L, X using two equations of states  

P (GPa) EOS 1 EOS 2 𝐄𝐠𝚪 𝐄𝐠𝐋 𝐄𝐠𝐗 𝐄𝐠𝚪 𝐄𝐠𝐋 𝐄𝐠𝐗 
0 3.0400  2.6813  2.3000 3.0400  2.6813  2.3000 
1 3.0231  2.6663  2.2872 3.0143  2.6586  2.2805 
3 2.9911  2.6381  2.2630 2.9672  2.6170  2.2450 
5 2.9612  2.6118  2.2405 2.9251  2.5799  2.2130 
7 2.9333  2.5872  2.2193 2.8869  2.5462  2.1841 

As pressure increases, the conduction valleys shift downward while the maximum valence bands shift upward 
slightly, thereby decreasing the band gap [37]. From Figure (6) we observed that at low pressures (1,2,3) GPa curves for 
both EOS forms produce somewhat different pressure curves and the different between them nearly equal 0.07 at 7 GPa (~ 0.07). We note that the EOS1 exhibit a bend in almost higher band gap values at same pressure since it takes into 
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account higher order elastic influences, but the difference is tiny at low pressures that is the reason the curve of EOS1 is 
positioned over EOS2 curve. 

 
Figure 6. Energy band structure of AlAs under pressures (1,3,5,7) GPa at high symmetry points using both EOS forms 

Table (7). The variation of Eg with pressure for direct and indirect for both EOS forms 

P(GPa) EOS1 EOS2 
Eg (eV) Direct Eg (eV) Indirect Eg (eV) Direct Eg (eV) Indirect 

0 3.0400 2.2680 3.0400 2.2680 
1 3.0231 2.2553 3.0143 2.2487 
3 2.9911 2.2314 2.9672 2.2136 
5 2.9612 2.2092 2.9251 2.1822 
7 2.9333 2.1884 2.8869 2.1537 

Table (7) shows the change in the direct and indirect band gap with pressure for both equation of state (EOS) 
forms of AlAs at low pressure. The variation of the direct and indirect band gap for both EOS forms is shown in 
Figure (7). 

 
Figure 7. Direct and indirect energy gap with pressure for both EOS forms 

The relationship between the conduction band and the wave vector at different low pressures is shown in 
Figure (8). It can be observed that with increasing pressure, the conduction bands creep downwards, and it can also be 
observed that the difference is very small when using the two equations of state formulas. 

 
Figure 8. Comparison of the conduction band structure of AlAs without pressure and with pressures (1,3,5,7) GPa at high 

symmetry points using both EOS forms. 
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5. CONCLUSIONS 
In this work, we found that in the absence of pressure, AlAs has an indirect band gap along X (E୥ଡ଼ =  2.3 eV) and 

a maximum direct energy gap at Γ of (E୥୻ =  3.04 eV), where the band-gap calculation is performed at high-symmetry 
points. We used two forms of the Birch-Murnaghan equation of state (4th and 3rd EOS) to determine the new empirical 
matrix elements, which are used to calculate the energy band structure under pressure. The change in band structure is 
less than 0.01 (< 0.01) by using both EOS forms, and the energy gap is smoothly reduced linearly with low pressure in 
the range 1-7 GPa. At low pressures (1,2,3) GPa curves for both EOS forms produce somewhat different pressure band 
structure curves, and the difference between them is nearly equal 0.07 at 7 GPa (~ 0.07). We note that the 4th order 
EOS1 exhibits a bend in almost higher band gap values at the same pressure since it takes into account higher order 
elastic influences, but the difference is still tiny at low pressures that is the reason the curve of EOS1 is positioned over 
EOS2 curve. Finally, we expect that the high order of EOS is used at moderate (up to 20-30 GPa) and high pressure (up 
to 50 GPa), and the choice between third and fourth orders in the tight-binding model depends on whether we need 
qualitative or quantitative fineness under high pressure. 
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ВПЛИВ ТИСКУ НА ЕНЕРГЕТИЧНУ ЗОННУ СТРУКТУРУ AlAs ЗА ВИКОРИСТАННЯ МОДЕЛІ sp3s* 

Алі А. Мохаммед1, Мумтаз М.С. Хуссіен2, Аббас Хуссейн Ростам3 
1Кафедра фізики, Коледж освіти чистих наук, Університет Мосула, Мосул, Ірак 

2Коледж охорони здоров'я та медичної техніки, Університет Аль-Нур, Мосул, Ірак 
3Кафедра загальних наук, Коледж базової освіти, Університет Салахаддіна, Ербіль, регіон Курдистан, Ірак 

Ми використали метод щільного зв'язку sp3s* як обчислювальний підхід для розрахунку зонної структури кристалів AlAs за 
відсутності тиску та проаналізували вплив тиску на зонну структуру за низького тиску (1-7) ГПа. Ми використали дві 
форми рівняння стану Бірча-Моема (третього та четвертого порядку) для розрахунку змін елементів матриці Гамільтона, що 
виникають внаслідок змін об'єму кристалу та постійної решітки. Дисперсійні співвідношення для напрямків високої 
симетрії в першій зоні Бріллюена були знайдені шляхом чисельного розрахунку діагоналі Гамільтона під тиском. Ці 
розрахунки виконані за допомогою процедури, написаної в MATLAB. Ми виявили, що вплив обох форм рівняння стану на 
зонну структуру відрізняється лише незначно (на 0,01) за низького тиску, як показано на діаграмах зонної структури. 
Долини зони провідності спускаються вниз за низького тиску, зменшуючи як прямі, так і непрямі енергетичні щілини. 
Отримані результати узгоджуються з іншими експериментальними та теоретичними даними. 
Ключові слова: модель щільного зв'язку; рівняння стану Моема; складний напівпровідник AlAs; зонна структура; високий 
тиск 
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Double tungstate materials have been extensively studied and have attracted much attention as solid state lighting hosts. These materials 
with general formula AB(WO4)2 (A: alkali metal and B: trivalent rare earth ion) are widely used for their great optical properties. In 
this work, Gd3+ions were partially substituted with Lu3+ ions to synthesize the LiGd1-xLux(WO4)2 compounds in order to study the 
structural, vibrational and optical behaviors of LiGd1-xLux(WO4)2 co doped with Yb3+ and Er3+ ions. Using the solid-state reaction, 
different concentrations of Lu3+ (x=2.5%, 5%, 80%, 90%, and 95%) were selected to synthesize our compounds. These concentrations 
influence the vibrational characteristics of the W-O bond through both band broadening and a shift in the symmetric stretching mode 
(ν1). For the optical properties, green up-conversion under 980 nm excitation and down-conversion under 380 nm excitation of the 
double tungstate co-doped with Yb3+ and Er3+ were observed in the range of 530-552 nm. The lifetimes of the 2H11/2 and 4S3/2 levels, as 
well as the effect of Lu3+ substitution on the green emission of Er3+ in these compounds, were compared and discussed. 
Keywords: Double tungstate; Yb3+/Er3+ co-doping; Up-conversion; Green emission 

1. INTRODUCTION
The potential applications of co-doped up-conversion (UC) materials in luminescence and sensing technologies have 

attracted great interest in various research fields [1-3]. Numerous studies have been devoted to rare earth co-doped up-
conversion phosphors. According to the literature, Yb3+ and Er3+ ions are the most widely employed sensitizer-activator pair 
in up-conversion phosphors because of their favorable energy level structures, which enable efficient energy transfer 
processes [4-7]. In particular, the up-conversion emission of Yb3+ and Er3+ co-doped LiGd(WO4)2 double tungstate 
(abbreviated as LiGdW) has been extensively investigated due to its excellent luminescence properties and potential 
applications in several optical fields [8]. In recent years several works have been published on the co-doped mechanisms 
Yb3+/Er3+ for thermometry and thermal sensing applications [9-11]. In the present work, a series of LiGd1-xLux(WO4)2 (x = 
2.5%, 5%, 80%, 90%, and 95%) phosphors co-doped with Yb3+ and Er3+ ions were synthesized by the conventional solid-
state reaction method. Comprehensive structural, vibrational, morphological, and optical characterizations were carried out 
using X-ray diffraction (XRD), Fourier transform infrared spectroscopy (FTIR), scanning electron microscopy (SEM), 
energy dispersive X ray spectroscopy (EDS), as well as Uv-vis absorption, and photoluminescence spectroscopy. 
In this work, a detailed Raman spectroscopic study was performed to examine the evolution of the Raman shifts and band 
broadening in LiGd1-xLux(WO4)2 as a function of lutetium (Lu3+) concentration. The results revealed a progressive structural 
transition from the scheelite-type LiGd(WO4)2 structure (space group I41/a space group), in which Gd3+ and Li+ ions occupy 
the same crystallographic sites and produce broader Raman bands, to the wolframite-type LiLu(WO4)2 structure (space group 
P2/n), where Lu3+ and Li+ ions occupy different lattice sites. Furthermore, the influence of Lu3+ substitution on the green up-
conversion emissions of Er3+, corresponding to the 2H11/2 and 4S3/2 to 4I15/2 transitions, was investigated in the absence and 
presence of Yb3+ sensitizer. The fluorescence decay times of 2H11/2 and 2S3/2 excite states were determined for 
LiGd1-xLux(WO4)2: 1%Yb3+/0.4%Er3+ phosphors with different Lu3+ contents and compared with those reported for fully 
substituted LiLu(WO4)2: Yb3+/Er3+ compositions [6]. The luminescence behavior and the lifetimes associated with the 
intense green emissions were also estimated to assess the effect of Lu3+ content on the optical performance of these materials. 

2. EXPERIMENTAL
2.1. Synthesis

Rare earth co-doped phosphors, LiGd1-xLux(WO4)2: 1%Yb3+ /0.4%Er3+ (x = 2.5%, 5%, 80%, 90% and 95%) were 
synthesized using the solid-state reaction method.  The starting materials were: Li2CO3 (Roth 99.999%), WO3 (Philips, 
99.97%), Gd2O3 (Philips, 99.99%), Lu2O3 (99.99%), Er2O3 (99.999%), and Yb2O3 (99.999%), all of analytical grade 
purity. The raw materials were weighed according to the stoichiometric molar proportions. The elaborated samples were 
obtained through the following chemical reaction: 

Li2CO3 + (0.986-x) Gd2O3 + x(Lu2O3) + 0.004Er2O3  + 0.01Yb2O3 + 4WO3 → 2(LiGd0.986-xLu x Er0,004Yb0.01(WO4)2) + CO2 
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2026-3-31 
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The prepared samples were calcined at 700°C for 14 hours, using heating and cooling rates of 5 and 10°C min-1, 
respectively. 
 

2.2. Characterizations 
The synthesized powders obtained from the starting materials were thoroughly mixed in an agate mortar. X-ray 

diffraction (XRD) analysis of the LiGd1-xLux(WO4)2 phosphors co-doped with Yb3+ and Er3+ was performed using a 
Bruker-AXS D8-Discover diffractometer using Cu Anode Kα radiation (λ =1.5406 Å). The diffraction data were recorded 
with a step size of 0.02ᵒ in the range of 2θ from 10ᵒ to 80ᵒ. Fourier transformation infra-red (FTIR)  measurements were 
carried out at room temperature using an FTIR-8300 spectrometer in the spectral range of 400–4000 cm-1. The Raman 
spectra of the powders were recorded at room temperature using a Horiba Jobin-Yvon ARAMIS micro Raman 
spectrometer equipped with a double mono chromator and a spectrograph with holographic lattice at 1800 lines/mm. The 
luminescence spectra were measured under the excitation wavelengths of 380 and 980 nm using a Fluorolog- 3 
spectrometer (HORIBA Jobin-Yvon). The morphology and elemental compositions of the samples were investigated by 
scanning electron microscopy (SEM) coupled with Energy Dispersive Spectroscopy (EDS) using a QUANTA 650 
microscope equipped with a BRUKER SDD detector and an Oxford EBSD system, operating at accelerating voltage 
adjustable from 200 V to 30 KV. 
 

3. RESULTS AND DISCUSSIONS 
3.1. Structural properties 

3.1.1. XRD of LiGd(WO4)2: x Yb3+ / 0.02 %Er3+  
Figure 1 shows the XRD patterns of LGWO: x%Yb3+/2% Er3+ phosphors with (x= 2%,6%, and 16%). All diffraction 

peaks are in good agreement with the standard JCPDS card of LiGd (WO4)2phase (No: 04–008–0355). The XRD results 
indicate that Yb3+/ Er3+co-doped LGWO phosphors with x=2% and 6% are single phase materials with high crystallinity. 
These compounds crystallize in the scheelite structure belongs to the tetragonal system with space group I41/a [12, 13]. 
When the Yb3+ concentration increases to y=16%, the single phase region transforms into a biphasic domain composed 
of a tetragonal scheelite Ca(WO4) phase and monoclinic (P2/n) iso-structure β-LiYb(WO4)2 [13]. With the increasing 
Yb3+ concentration, secondary Li2WO4 and WO3 phases were appeared in the case of 16%Yb3+/2%Er3+ co-doped 
LiGd(WO4)2. The structural parameters, including phase fractions, lattice parameters, crystallite sizes and microstrains 
were determined by Rietveld refinement using high score plus software. Table 1 summarizes refined structural parameters 
of LiGd0.98-xYbx Er0.02(WO4)2 (x=2%, 6% and 16%) compounds. 
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Figure 1. XRD patterns of LiGd(WO4)2: x Yb3+ / 2 %Er3+ (x=2%,6%, and 16%). 

Table 1. Structural parameters of LiGd0.98-xYbx3+ Er3+0.02 (WO4)2 (x=2%, 6% and 16%). 

LiGd0.98-xYbx3+ Er3+0.02 (WO4)2 (x=2%, 6% and 16%) 

Concentrations Weight fractions Lattice parameters 
(A°) 

Crystallite size 
(A°) 

Micro strain 
(%) LiGd(WO4)2 WO3 Li2WO4 

2% 100% 0% 0% a=5.195062 
b=5.195062 
c=11.24637 
α=β=γ= 90° 

453.6654 0.14554 

6% 100% 0% 0% a=5.195733 
b=5.195733 
c=11.25892 
α=β=γ= 90° 

375.685 0.6202 

16% 43.8% 36% 20.3%  / 1178.345 0.09365 
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3.1.2. XRD of LiGd1-xLu x(WO4)2: 1%Yb3+ / 0.4%Er3+  
Figure 2 shows the XRD patterns of LiGd1-xLux(WO4)2: 4%Er3+, 1%Yb3+ phosphors with (x% =2.5%,5%,80%,90%, 

and 95%). The results reveal two distinct phase regions. For x ≤ 5%, the samples exhibit a scheelite-type tetragonal 
structure, in agreement with JCPDS card N° 04-008-0355. For higher Lu3+ concentrations x ≥ 80%, a phase transition 
from the LiGd(WO4)2 to the monoclinic LiLu(WO4)2 is observed consistent with JCPDS card No. 04-001-7757 [15], and 
previous reports [14,15,19]. This structural transformation is affected by the significant difference in ionic radii between 
Gd3+ and Lu3+ ions. The results also indicate that Lu3+ ions progressively substitute for Gd3+ ions at the cationic sites. 
Since Lu3+, Gd3+, and Er3+ have the same valence state (+3), and because the ionic radii of Lu3+, Yb3+, and Er3+ are very 
similar, the low concentrations of Yb3+ and Er3+ dopants do not induce any additional structural modifications compared 
with the undoped compounds reported previously [19]. With increasing Lu3+ concentration, a secondary Li2WO4 phase 
was appeared in the LiGd1-xLux(WO4)2. Table 2 summarizes the structural parameters of LiGd1-xLu x(WO4)2: 1%Yb3+ / 
0.4%Er3+ (x%=2.5%,5% ,80%, 90%, and 95%). 
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Figure 2. XRD patterns of LiGd1-xLu x(WO4)2: 1%Yb3+ / 0.4%Er3+ (x%=2.5%,5% ,80%, 90%, and 95%). 

Table 2. Structural parameters of LiGd1-xLu x(WO4)2: 1%Yb3+ / 0.4%Er3+ (x%=2.5%,5% ,80%, 90%, and 95%). 

LiGd1-xLux(WO4)2 : 1%Yb3+ / 0.4% Er3+ 

Concentrations 
Weight fractions Lattice parameters 

(A°) and angles (°) 
Crystallite sizes 

(A°) 
Micro strain 
(%) 

LiGd(WO4)2 LiLu(WO4)2 Li2WO4 
x=2.5% 81.6% 17.3% 1.2% a=5.1967 

b =5.1967 
c = 11.254 
α=β=γ= 90° 

370.1438 0.31012 

x=5% 78.4% 21.2% 0.3% a=5.1937 
b=5.1937 
c=11.244 
α=β=γ= 90° 

1215.532 0.09359 

x=80% 1.2% 94% 4.8% a =4.9914 
b =5.7982 
c =10.817 
α=β= 90° 
γ= 113.934° 

1805.904 0.04949 

x=90% 0.1% 98% 1.8% a = 4.9854 
b = 5.7937 
c = 10.7989 
α=β= 90° 
γ= 114.307° 

1912.459 0.06543 

x=95% 0.8% 99.2% 0% a =4.9911 
b =5.7970 
c =10.8141 
α=β= 90° 
γ= 113.998° 

1052.2 0.11905 

 
3.1.3. XRD of LiLu(WO4)2: xEr3+, and LiLu(WO4)2: xYb3+ / 2% Er3+ 

Figure 3 shows  the XRD patterns of LiLu1-x(WO4)2: xEr3+ (x=0.1%,0.2% ,2%) and the LiLu1-x-y(WO4)2 with (x = 
2%, 6%, 16%; y =2%). All diffraction peaks can be well indexed to the standard pattern of pure LiLu(WO4)2 (JCPDS 
No.04-001-7757), indicating that the incorporation of Yb3+ and Er3+ ions does not alter the crystal structure of the host 
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matrix, even at a high Yb3+ concentration of 16%. This behavior changes from that observed in LiGd(WO4)2 and can be 
attributed to the fact that LiLu(WO4)2 and LiYb(WO4)2 share the same monoclinic β-LiYb(WO4)2. All the compounds 
crystallize in monoclinic system with the space group of P2/n [11]. The crystal structure is composed of interconnected 
[LiO6], [LuO6], and [WO6] octahedra. For a coordination number (CN) of six, the ionic radii of Li+, Lu3+, W6+, Yb3+ and 
Er3+ ions are 0.76 Å, 0.861 Å, 0.60 Å, 0.86 Å and 0.89 Å, respectively. The structural parameters obtained from Rietveld 
refinement for LiLu(WO4)2: xEr3+ (x=0. 1%,0.2%, and 2%)) and LiLu(WO4)2: xYb3+ / 2% Er3+ (y =2%,6%, and 16%) are 
summarized in table 3.  
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Figure 3. XRD patterns of LiLu(WO4)2: xEr3+ (x=0.1%,0.2%, and 2%)) and LiLu(WO4)2 : xYb3+ / 2% Er3+ (y =2%,6%, and 16%) 

Table 3. Structural parameters of LiLu(WO4)2: xEr3+ (x=0.1%,0.2%, and 2%)) and LiLu(WO4)2: xYb3+ / 2% Er3+ (y =2%,6%, and 16%). 

LiLu(WO4)2: xEr3+ (x=0.1%,0.2%, and 2%)) 
Concentrations 
 

Weight fractions Lattice parameters 
(A°) and angles (°) 

Crystallite sizes 
(A°) 

Micro strain 
(%) LiLu(WO4)2 

x=0.1% 100% a=4.98398 
b=5.79410 
c=10.79730 
α=γ= 90° 
β= 114.3644° 

2278.823 0.0349 

x=0.2% 100% a=4.98670 
b=5.79105 
c=10.79680 
α=γ= 90° 
β= 114.303° 

3780.809 0.02541 

x=2% 100% a=4.98375 
b=5.79427 
c=10.79762 
α=γ= 90° 
β= 114.3670° 

13831.33 0.00626 

LiLu(WO4)2 : xYb3+ / 2% Er3+ (y =2%, 6%, and 16%) 
x=2% 
y=2% 

100% a=4.98640 
b=5.79310 
c=10.79800 
α=γ= 90° 
β= 114.320° 

3299.103 0.0296 

x=2% 
y=6% 

100% a=4.9858 
b=5.7916 
c=10.7963 
α=γ= 90° 
β= 114.3073° 

3273.314 0.02642 

x=2% 
y=16% 

100% a=4.98413 
b=5.79340 
c=10.7970 
α=γ= 90° 
β= 114.3432° 

4058.184 0.01574 

Figure 4 (a) and 4 (b) show the SEM image of x%Yb3+/2%Er3+ co-doped LGW (x=2 and 6) samples, respectively. 
The micrographs reveal that the synthesized samples exhibit relatively smooth surfaces with slight agglomeration. The 
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particle sizes are in the of micrometer range. The observed compact and morphology is favorable for obtaining strong up-
conversion luminescence, as reported in reference [8], this morphological result indicates that this compound appears to 
be a promising candidate for UC luminescence. To evaluate the elemental composition, EDS analysis was carried out. 
Figure 4(c) shows  the EDS results of LGWO: x%Yb3+/ 2% Er3+ (y=2%, 6%, and 16%), confirming the presence of all 
constituent element: gadolinium, ytterbium, erbium and tungsten.  

 

 
Figure 4. (a) SEM image of LiGdWO: 2% Yb3+/2% Er3+, (b) SEM image of LiGdWO: 6% Yb3+/2% Er3+, and (c) 

EDS analysis of LGWO: x%Yb3+/ 2% Er3+(x=2%, 6%, and 16%) 
 

3.2. Vibrational properties 
3.2.1. FTIR analysis 

The FTIR spectra of LiGd1-xLux(WO4)2 and LiGd1-xLux(WO4)2: 1%Yb3+/0.4%Er3+  with (x=2.5%, 5%, 80%, 90%, 
and 95%) were recorded at room temperature (Fig. 5). For x = 2.5% and 5%, the spectra are similar to those of the 
prototype scheelite structure. The assignment of the IR vibrational frequencies is in good agreement with previous reports 
[17-19]. The isolated tetrahedral (WO4) groups exhibit four fundamental vibrational modes, which can be classified into 
two categories corresponding to the stretching and bending modes of vibrations. Each category is further divided into 
symmetric and asymmetric modes. The most intense band located at 915 cm-1, is attributed to the symmetric stretching 
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vibration of the (WO4) tetrahedra, whereas the bands observed in the 700-850 cm-1 region correspond to the asymmetric 
stretching modes. Co-doping with 2%Er3+, 2% Yb3+ and 6% Yb3 does not significantly modify the vibrational modes. 
This behavior can be attributed to the conservation of the scheelite structure at relatively low dopant concentrations.  

3 0 0 4 0 0 5 0 0 6 0 0 7 0 0 8 0 0 9 0 0 1 0 0 0

v 1-v
s(W

O
4)

v 3-v
as

(W
O

4)

 x = 6 %

ν 4- δ
as

(W
O

4)

v ib ra tio n s  d u  sys tèm e  

d e  (b r id g e  ) (W
2 O

2 )  

F re q u e n c y  (c m -1 )

L iG d 0 .9 8 -xY b xE r0 .0 2 (W O 4)  2

 x = 2 %

In
te

ns
ity

(a
,u

)

 
Figure 5. FTIR spectra of LiGd0.986-xYbxEr 0.02 (WO4)2 with (x =2 % and 6%) 

For x = 80%, 90%, and 95%. FTIR spectra shown in Figure 6 present vibrational modes characteristic of the 
wolframite structure. The internal modes observed at 500.28 cm-1, 553.39 cm-1, 672.09 cm-1, 790.79 cm-1 can be assigned 
to the asymmetric stretching mode υas (WO6). In contrast, no absorption bands were detected in the interval 500 cm-1 to 
800 cm-1 for x= 2.5%, 5% (LGW phase). The appearance of these bands for x≥80%, corresponding to the LLuW phase, 
confirms the structural transition from the scheelite to the wolframite phase [20].  
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Figure 6. FTIR spectra of LiGd1-xLuxW with: x=2.5%, 5%, 80%, 90%, and 95%. 

 
3.2.2. Raman study 

Figure 7 presents Raman spectra in the frequency range of 50-1000 cm-1 at room temperature for the 
LiGd1-xLux(WO4)2 sample co-doped with 1% Yb3+ and 0.4% Er3+ for x=2.5, 5, 80, 90 and 95%. 
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Figure 7. Raman spectra of LiGd1-xLux (WO4) 2:1%Yb3+/0.4%Er3+with different Lu3+ concentrations 

These results exhibit vibration peaks of internal modes extending from 200 to 920 cm⁻¹ with four fundamental 
vibrations corresponding to the stretching mode at (ν1=913cm-1), (ν3=833cm-1), and binding mode at (ν2=320cm-1), 
(ν4=405cm-1) of the 𝑊𝑂ସଶି ions, while the external vibration region is located below 200 cm⁻¹. The vibrational 
characteristics in the internal-mode region demonstrate full agreement between the structure and its phonon properties. 
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The vibrational frequencies are summarized in Table 4. The distinct gap in the region of 420-740 cm-1 in the energy 
distribution of K=0 phonons is clearly shown in the spectra of the compounds under study for x = 2.5 and 5% being 
iso structural to Ca(WO4), which crystallizes in the scheelite type with tetragonal system and space group 𝐶ସ௛଺  = I41/a, 
the coordination numbers of the scheelite structure are characterized by CN (Li+) = 8, CN (Gd3+) = 8, the same position 
with site symmetry (SS) =C2 occupied by both Li+ and Gd3+. With increasing Lu3+ concentration, new peak appears at 
153, 207, and 248 cm-1, indicating the doubled of line’s number for the monoclinic phase, due to the splitting of 
pertinent bands and arising of additional bands in the energy gap region due to the intermolecular interaction in the 
wolframite- type unit cell that the isolated WO4

-2 units tungsten ions coordinated to four oxygen CN (W6+) = 4, occupy 
the S4 symmetry [20]. 
Table 4. Vibration modes of LiGd1-xLuxW x=2.5%, 5%, 80%, 90%, and 95%. 

Frequency 
(cm-1) 
Present work 

Frequency 
(cm-1) 
[14] 

IR vibration modes Frequency 
(cm-1) 
Present work 

Frequency 
(cm-1) [14] 

Raman vibration modes 

81.05 81.05 T(Gd3+) and T (W2O8) 79.50 76.60 
95.40 
100.07 

T(Gd3+)-T(W6+) 

109.8 106.90 
143.58 

T(Gd3+)-T(W6+) 

528 500.28 
553.39 

υ 4 -υ as WO4 153.8 167.04 
170.45 
187.52 

T(Gd3+) and T(W2O8) 

207.57 200.74 
207.57 

υ 2-&s WO4 T(Li+) 

248.09 237.85 
237.85 

υ 2-&s WO4 T(Li+) 

672.09 672.09 
790.79 

υ 3 -υ as WO4 285.21 305.26 
268.147 

&s bending modes T(Li+) 
 

321.89 328.72 
305.26 

&s bending modes T(Li+) 

355.59 429.82 
369.24 
359.01 

&s bending modes 

493.8 490.40 
416.17 

υ 4- &s WO4 

557.37 507.37 
507.37 
608.14 

υ as stretching mode 

708.81 702.41 
722.46 

υ as stretching mode 

796.26 796.26 
769.39 
779.13 
820.15 
856.84 

υ 3-υasWO4 

917 911.02 
907.05 

υ 1- υ s WO4 

There is a relationship between Raman shift of the highest energy peak (ν1= νs = 913cm-1 (Stretching symmetric 
peak)) and Lu3+ concentrations which it shift toward a higher wave number values (Fig. 8), indicate that it corresponds to 
ionic radius size, as the Gd3+ (1.053 Å) substitution by Lu3+ (0.861 Å) in the compound decrease the average ionic radii 
size (R average = RLu x+ RGd (1-x)), For better explain, this symmetric stretching peak νs give more information of Wــ   Oـــ
links behavior, that is more sensible to cationic environmental variation  and is strongly influence by the Ln-O-W, with 
Ln=Lu/Gd, which introduce covalence evolution of this bond. 

On the other hand, the result presented in Figure 8 shows clearly that the band width of the stretching symmetric 
peak (strongest peak) of the tetragonal structure of LGW is larger than that of the monoclinic structure corresponding to 
LLuW. It well knows the broadening of vibrational bands in Raman spectra provides information on structural disorder 
because wide vibration bands are a well-known characteristic of irregular systems [14], which is directly proportional to 
the Raman gain, and it can be used as a condition for comparing the performance of the studied materials [21]. To explain 
this phenomenon, we calculate the ratio of the Raman intensity to the full width at half maximum (FWHM) [21]. This 
parameter is estimated by the following relationship (1) [21]: 

 ∑=I/W (1) 

which I: the intensity, and W= ω: Full-Width for the Half-Maximum (FWHM). 
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Figure 8. Expanded view of the strongest Raman band of LiGd1-xLux (WO4)2 at different Lu3+concentrations. 

The Raman spectra were fitted using a Lorentzian function to determine the peak intensity ‘’I’’ and FWHM =W. 
Table 5 summarizes the parameters of the strongest symmetric stretching mode (ν). ∑= I/W ratio was used to evaluate 
the degree of structural disorder. The results show that samples with low Lu3+ concentrations crystallize in the scheelite 
structure, while the wolframite phase is appeared with higher concentration of Lu3+. 
Lorentz function 

 𝑦 = 𝑦଴ + ଶ஺గ ఠସ(௑ି௑಴)మ ା ఠమ (2) 

 I = 2A/𝜋𝜔 (3) 

 𝜔 = 𝑊 (4) 
Table 5. Experimental frequencies and Raman active phonon position bands, and comparison between ∑ Raman shift 

of LiGd1-xLux(WO4)2x= 2.5%, 5% ,80%, 90%, and 95% 

Component Function type W, (cm-1) A, (u.a).cm-1 I, (u.a) 𝝎, (cm-1) ∑ ratio 
x=2.5 % Lorentz 11.68 204081.67 11123.38 11.68 951.80 
x=5 % Lorentz 10.44 262515.47 16003.60 10.44 1531.75 
X=80% Lorentz 8.32 84264.62 6446.28 8.32 774.23 
x= 90 % Lorentz 7.04 98617.78 8911.03 7.04 1264.15 
x= 95 % Lorentz 7.39 161329.813 13899.34 7.39 1880.06 

A simple interpretation of these results can be proposed by considering that the smaller the cation Ln3+, the greater 
its interaction with the electron cloud of its neighboring oxygen’s will be and the greater degree of covalence of the bonds 
forms with the latter. The covalent bond is by its nature; directional, unlike the ionic bond. This will therefore have the 
consequence of slowing down and limiting the movements of the oxygen’s involved, around their equilibrium position, 
if their movement is limited with respect to the trivalent Ln cation, it will also be limited with respect to W, thus leading 
to a rigidity of the Wـــــ O bonds as shown in Figure 9. 

  
(a) (b) 

Figure 9. Influence of Ln (L) size on the nature of Ln-O, (a): completely covalent bonding, and (b) partially ionic bonding 

This phenomenon will then induce an increase in the force constants of these which is naturally reflected in 
vibrational spectroscopy by an increase in the vibration frequency of these bonds that indicate the Wــ   O peak shift towardـــ
the higher wave number values [20-21].  

 
3.3 Optical properties 

3.3.1. Absorption spectra 
Figure 10 and 11 present the room temperature absorption spectra at of LiGd (WO4 )2: x% Yb3+/ 2% Er3+  phosphors. 

For x=0, several absorption peaks are observed at 348.55, 383.66, 454.59, 489.11, 526.35, 635.74 and 977.32 nm 
corresponding to the Er3+ transitions from the ground state 4I15/2 to the excited states 4G11/2,4F3/2, 4F7/2, 4S3/2,2 H11/2,4F9/2, 
4I11/2 respectively. For x= 2 % and 6%, figure 11 reveals two charge-transfer bands (CTBs) located at approximately 
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233 nm and 267 nm, which assigned to the W+6-O-2 and Yb+3-O-2 charge transfer transitions, respectively. The W-O CTB 
is more intense for x=2% than for x=6%, which may be related to the enhanced absorption by Yb3+ ions. This behavior 
suggests that the broad band around 267 nm originates from the presence of Yb3+ ions and can therefore be attributed to 
the O- toYb3+ charge transfer transition. In addition, all samples exhibit a broad absorption band around 980 nm. The large 
bandwidth in this region is attributed to the overlap of the Yb3+ (2F7/2→2F5/2) and Er3+ (4I15/2→ 2H11/2) absorption 
transitions.  
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Figure 10. Absorption spectra of LiGd (WO4 )2: 
2% Yb3+/ 2% Er3+ 

Figure 11. (a) Absorption spectra of LiGd (WO4 )2: 
2% Yb3+/2% Er3+, (b) Absorption spectra of LiGd (WO4 )2: 6% 
Yb3+/2% Er3+ 

 
3.3.2. Excitation spectrum 

Figure 12 shows the excitation spectrum of LiGd(WO4)2xYb3+2% Er3+ (x=2% and 6%) recorded at room temperature 
by monitoring the emission at λem= 550 nm in the 200 and 450 nm wavelength range. The spectra exhibit a strong 
excitation peak centered at 380 nm, which assigned to the 4I15/2 → 4G11/2 transition of Er3+. This result confirms the 
presence of the same transition observed in the absorption spectra. 
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Figure 12. Excitation spectrum of LiGd (WO4 )2: 2% Yb3+/ 2% Er3+. 
 

3.3.3. Down-conversion emission spectra 
Figure 13 shows the down-conversion emission spectra of LiGd(WO4)2: xYb3+/2% Er3+ phosphors with x= 2%,6% 

and 16% under 380 nm excitation. The samples exhibit two green emission bands centered at 532 nm and 550 nm, 
corresponding to the (2H11/2 →4I15/2 and 

4S3/2→4I15/2) transitions of Er3+ respectively. The intensity of the green emission 
strongly depends on the Yb3+/Er3+ratio. As the Yb3+ concentration increases, cross relaxation (CR) processes become 
more significant. In particular, the process: Er3+(4S3/2)+Er3+(4I15/2) →Er3+(4I9/2) + Er3+(4I13/2) partially depopulates the 
(2H11/2/ 4S3/2→4I15/2) levels, thereby reducing the probability of the green radiative (2H11/2/ 4S3/2→F9/2). Instead, non-
radiative relaxation pathways become dominant, leading to a decrease in the population of the 4S3/2 level and an increase 
in the population of the 4I13/2 level. At higher dopant concentrations, the down –conversion process is also influenced by 
phonon assisted energy transfer. The coupling process: Er3+(4S3/2) + Yb3+(2F7/2) →Er3+(4I9/2) +Yb3+ (2F5/2), further 
decreases the population of the 4S3/2 level while increasing that of the 4I9/2 level. Subsequently, the population accumulated 
in the lower excited states can contribute to the population of the 4F9/2 level. For the sample containing 16% of Yb3+, no 
emission is observed, which is consistent with the XRD results reported previously [12], Moreover, no red emission band 
corresponding to the 4F9/2 →4I13/2 transition of Er3+ is detected in the spectra. This absence of red emission indicates that 
the multi-phonon relaxation 4S3/2 to 4F9/2 is not sufficiently efficient to populate the 4F9/2 level. 
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Figure 13. Down-conversion emission spectra of LiGd(WO4)2: x%Yb3+/ 2%Er3+, (x=2%, 6%, and 16%), excited at 380 nm 

Figure 14 presents the down-conversion emission spectra of LiGd1-xLux(WO4)2: 1% Yb3+/ 0.4% Er3+ phosphors with 
x= 2.5%, 5%, 80%, 90%, 95% under 380 nm excitation. For the low Lu3+ concentrations (x%=2.5%, and 5%), the samples 
exhibit two green emission bands centered at 521 nm and 541 nm, corresponding to the 2H11/2 →4I15/2 and 4S3/2→4I15/2 
transitions of Er3+ respectively. With increasing Lu3+ substitution (x = 80%,90%,95%), the emission bands shift slightly 
523 and 543 nm, respectively. These values are comparable to those reported in the reference [16], and LiGd(WO4)2 
(LGW) in reference [10,19]. Although the overall shapes of the emission bands remain unchanged, a slight red shift is 
observed due to the difference in ionic radii and electronegativity between Gd3+ and Lu3+ ions. These factors induce 
distortions in the crystal lattice, as discussed in the structural and vibrational studies. 
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Figure 14. Down-conversion emission spectra of LiGd1-xLux(WO4)2: 1% Yb3+/ 0.4% Er3+, excited at 380 nm with x= 2.5%, 5%, 

80%, 90% and 95%. 
 

3.3.4. Up-conversion emission spectra 
Figure 15 shows the up-conversion emission spectra of LiGd (WO4)2: x% Yb3+/ 2 % Er3+ phosphors (x= 2%, 6%, 

16%) under 980 nm excitation. The samples exhibit a strong green up-conversion emission bands centered at 
approximately 550 nm, which is attributed to 4S3/2 to 4I15/2 transition of Er3+ ions.  
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Figure 15. Up-conversion emission spectra of LiGd (WO4)2: 

x% Yb3+/ 0.02% Er3+, (x= 2%, 6%, and 16%) excited by a 980 nm 
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3.3.5. Fluorescence Decay Kinetics 
The fluorescence decay kinetics corresponding to the ²H₁₁/₂ → ⁴I₁₅/₂ and ⁴S₃/₂ → ⁴I₁₅/₂ transitions of Er³⁺ ions in the 

co-doped LiGd1-xLuₓ(WO₄)₂ system (with x = 2.5%, 5%, 80%, 90%, and 95%) are presented in Figures 16 (a) and (b). 
These decays were recorded under an excitation wavelength of 380 nm, with emission monitored at 525 nm and 551 nm, 
respectively. 
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Figure 16. Decay curves of LiGd1-xLux(WO4)2: 1%Yb3+,0.4% Er3+ x=2.5%, 5%,80%, 90% and 95% 

monitored at (a) 525 nm and (b) 551 nm 

The emission decay profiles were analyzed by fitting to a single-exponential function of the form: 

 𝐼(𝑡) = 𝐼ଵ𝑒ିቀ ೟ഓభቁ (4) 

Where I(t) denotes the emission intensity at time t, I₁ is the initial intensity at t = 0, and τ₁ represents the corresponding 
decay lifetime.  

The resulting decay lifetimes, along with the associated fitting parameters, are summarized in Table 6. The quality 
of the fits was satisfactory, as indicated by the goodness-of-fit parameters. 
Table 6. Decay times of the 2H11/2 and 4S3/2 levels in LiGd1-xLux(WO4)2: 1%Yb3+,0.4%Er3+ 

Lifetime (μs) x = 2.5% x = 5% x = 80% x = 90% x = 95% 
2H11/2 14.85 14.53 09.48 08.55 08.19 

Reduced Chi-Sqr 1.22082E9 4.01423E9 2.1849E9 1.76239E10 1.34711E10 
R-Square (COD) 0.99969 0.99974 0.99925 0.99976 0.99667 

Adj. R-Square 0.99968 0.99973 0.99921 0.99975 0.99651 
4S3/2 14.25 14.86 10.32 08.37 07.62 

Reduced Chi-Sqr 9.65152E8 2.21119E9 7.45951E8 6.39374E9 1.44489E9 
R-Square (COD) 0.9994 0.99965 0.99906 0.99965 0.99515 

Adj. R-Square 0.99937 0.99963 0.99901 0.99963 0.99493 

The decay curves show that the 2H11/2 and 4S3/2 emissions of Er3+ in LiGd1-xLux(WO4)2: 1%Yb3+,0.4%Er3+ are closely 
coupled and become progressively shorter-lived as Lu replaces Gd3+. The PL decay behavior therefore indicates that Lu-
rich compositions promote more efficient nonradiative or energy-transfer-assisted relaxation, reducing the persistence of 
green emission under 380 nm excitation [27-30]. There are two primary reasons why these values are less than those of 
the LiLu(WO4)2 co-doped Yb3+/Er3+ examined in the reference [16]: 

1. LiLu(WO4)2 co-doped with Yb3+/Er3+ (24% and 4%), while Yb3+/Er3+ (1% and 0.4%) is of lower grade. 
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2. Yb3+/ Er3+ optimal ratio of 6 vs a ratio of 2.5 for LiGd1-xLux(WO4)2 compounds with x=2.5%, 5%,80%,90%, and 
95%. [29]. 
 

CONCLUSIONS 
In this study, a series of LiGd1-xLux(WO4)2: Yb3+/Er3+ phosphors were successfully synthesized and  characterized 

by XRD, FTIR, Raman spectroscopy, SEM, EDS, PLE and PL) to investigate their structural, vibrational, morphological, 
and optical properties. The progressive substitution of Gd3+ with Lu3+ ions, owing to their different ionic radii, induced 
significant in the crystal lattice. Raman analysis showed that increasing the Lu3+ concentration caused the Raman bands 
to shift toward higher wavenumbers together with a reduction in the full width at half maximum (FWHM), confirming a 
structural transition from tetragonal to monoclinic phase. The phosphors exhibited intense green up-conversion emissions 
in the 525-551 nm region, corresponding to the Er3+ (2H11/2 / 4S3/2 to 4I15/2) transitions, resulting from efficient energy 
transfer from Yb3+ sensitizers to Er3+ activators. Moreover, increasing the Lu3+ concentration produced a slight redshift in 
the emission bands, and reduced the fluorescence decay times Overall, these results demonstrate that LiGd1-xLux(WO4)2: 
Yb3+/Er3+ phosphors exhibit up-conversion luminescence, highlighting their potential for advanced optical applications. 
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СТРУКТУРНІ ТА ОПТИЧНІ ВЛАСТИВОСТІ LiGd1-xLux(WO4)2, СПІВЛЕГОВАНОГО Yb3+/Er3+, 
СИНТЕЗОВАНОГО МЕТОДОМ ТВЕРДОФІЛЬНОЇ РЕАКЦІЇ 

Н. Наймі1, Б. Рекік1, І. Ланез1, М. Дербаль1, Л. Бенхаррат2, З. Бендауд1 
1Лабораторія LPCMIA, кафедра фізики, факультет природничих наук, Університет Саада Далеба Бліда 1, 

Бліда, BP 270 Soumaa Road, Бліда, Алжир 
2Дослідницький центр напівпровідникових технологій для енергетики-CRTSE, 

02 Bd. Dr. Frantz Fanon, B.P.140,7 Merveilles, 16038, м. Алжир, Алжир 
Подвійні вольфраматні матеріали були ретельно вивчені та привернули значну увагу як твердотільні носії освітлення. Ці 
матеріали із загальною формулою AB(WO4)2 (A: лужний метал та B: тривалентний іон рідкісноземельного елемента) широко 
використовуються завдяки своїм чудовим оптичним властивостям. У цій роботі іони Gd3+ були частково заміщені іонами Lu3+ 
для синтезу сполук LiGd1-xLux(WO4)2 з метою вивчення структурної, коливальної та оптичної поведінки LiGd1-xLux(WO4)2, 
легованого іонами Yb3+ та Er3+. Використовуючи твердофазну реакцію, для синтезу наших сполук були обрані різні 
концентрації Lu3+ (x=2,5%, 5%, 80%, 90% та 95%). Ці концентрації впливають на коливальні характеристики зв'язку W-O як 
через розширення зони, так і через зсув симетричної моди валентності (ν1). Щодо оптичних властивостей, у діапазоні 530-552 
нм спостерігалося зелене апконверсійне випромінювання при збудженні 980 нм та апконверсійне випромінювання при 
збудженні 380 нм подвійного вольфрамату, легованого Yb3+ та Er3+. Було порівняно та обговорено час життя рівнів 2H11/2 та 
4S3/2, а також вплив заміщення Lu3+ на зелене випромінювання Er3+ у цих сполуках. 
Ключові слова: подвійний вольфрамат; легування Yb3+/Er3+; Up-конверсія; зелене випромінювання 
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This article presents a comprehensive approach aimed at the full automation of the technology for producing semiconductor thermoelectric 
materials. The main stages of the technological chain are automatic dosing of high-purity raw materials in precise stoichiometric ratios. 
The combined use of vacuum at 10⁻³ Torr and an inert gas atmosphere (argon at 1.5 atm), holding at a temperature of 720°C for 5–6 hours, 
crystal growth by the zone melting method, and the cooling (annealing) regime—are analyzed as a single optimized process. The 
temperature–time profile, diffusion processes, and cooling dynamics are substantiated on the basis of physical models, including Fick’s 
law and Newton’s law of cooling. It is shown that real-time control of technological parameters using PLC controllers, SCADA systems, 
and artificial intelligence algorithms ensures phase homogeneity of the material, reduces defect density, and stabilizes electrophysical 
parameters. In ammonium iodide–doped Bi2Te3 thermoelement samples, the stability of electrical conductivity, the Seebeck coefficient, 
and the power factor along the entire sample length confirms the homogeneous distribution of dopant additives and the formation of a 
high-quality crystal structure. The obtained results demonstrate the high potential of the proposed automated technology for the effective 
application of Bi2Te3-based materials in low- and medium-temperature thermoelectric devices. 
Keywords: Thermoelectric materials; Bi2Te3; Automation; Vacuum environment; Inert gas; Zone melting; Annealing; SCADA; PLC; 
Seebeck coefficient; ZT 

1. INTRODUCTION
Thermoelectric materials can directly convert thermal energy into electrical energy and therefore play an important role 

in modern energy technologies, space engineering, and microelectronics [1,2]. Achieving high efficiency requires precise 
control over the material composition, crystal structure, and defect concentration [3]. For this reason, the full automation of 
thermoelectric material synthesis technologies represents a pressing scientific and practical challenge [4,5,6]. 

In the fabrication of semiconductor thermoelectric materials, it is crucial to prepare high-purity chemical elements 
in exact stoichiometric ratios using automated weighing and vacuum dosing systems [7,8,9]. High-purity raw materials, 
namely Bi-000 and Te-T-B3, were utilized in this process. Such high material purity effectively prevents the formation of 
secondary phases during synthesis, thereby stabilizing the electrophysical parameters of the resulting material [1,5]. In 
the production of semiconductor thermoelectric materials, the preparation of high-purity chemical elements in exact 
stoichiometric ratios using automated weighing systems and vacuum dosing units is of critical importance [4,10]. 
Accurate control of the raw material composition prevents the formation of secondary phases during subsequent synthesis 
stages and stabilizes the material's electrophysical parameters [5,11]. In technological processes, the granularity and 
degree of grinding of the raw materials are also of particular significance [4,6], since the amount of heat required to melt 
and initiate chemical reactions is directly related to particle size. If the granularity of the raw material is too large, complete 
melting requires more energy, reducing the efficiency of the technological process. Moreover, high temperatures increase 
the probability of evaporation of volatile components (such as tellurium or selenium), leading to stoichiometric imbalance 
in the material composition and degradation of thermoelectric properties [5,11]. Therefore, selecting an optimal grinding 
degree and controlling it via automated systems are key prerequisites for obtaining high-quality thermoelectric 
materials [7,8,9]. 

The synthesis stage is one of the most critical steps in the technology of producing semiconductor thermoelectric 
materials. This process is typically carried out under vacuum conditions at pressures on the order of 10⁻³ Torr. Such a vacuum 
level significantly reduces the influence of oxygen and other reactive gases, thereby preventing oxidation of the material [2]. 
Although partial evaporation of volatile components (e.g., tellurium) may occur under reduced pressure, optimizing the 
vacuum level minimizes these losses. The vacuum environment enhances diffusion processes during synthesis and ensures 
melt homogeneity [1,4,6]. As a result, a precursor with optimal chemical and structural properties suitable for subsequent 
crystal growth is obtained. Therefore, continuous automated control of the temperature–time profile and the vacuum level is 
a fundamental condition for producing high-quality thermoelectric materials [12,13,14]. 

Melting is carried out in automated furnaces operating in an inert gas atmosphere. The use of inert gases such as 
argon prevents oxidation of the material during the reaction process and reduces the loss of volatile components [6]. 
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During melting, the temperature regime, heating rate, and holding time are precisely controlled using digital 
controllers [12,13,14], ensuring complete reaction of components and the formation of a homogeneous melt. Automated 
control systems minimize deviations from preset temperature values, thereby guaranteeing chemical composition stability 
and phase homogeneity of the synthesized material. Precise control of synthesis parameters reduces stoichiometric 
deviations and creates optimal conditions for subsequent crystal growth, which directly affects the electrophysical and 
thermoelectric properties of semiconductor thermoelectric materials. 

Accurate control of the temperature–time profile during synthesis is crucial for ensuring melting efficiency and 
compositional uniformity. The melting process is generally implemented using a stepwise heating regime, where the 
temperature variation over time can be described by the following relation: 𝑇ሺ𝑡ሻ = 𝑇଴ + 𝛽𝑡 
where (T0) is the initial temperature, (β = dT/dt) is the heating rate, and (t) is time. 

The optimal heating rate is selected based on the melting temperatures and thermal conductivity properties of the 
components [4,6]. Excessively high heating rates may lead to thermal instability and localized overheating. Whereas 
excessively low rates unnecessarily prolong the synthesis process.  

Maintaining the material at the maximum melting temperature for a specified duration (isothermal stage) ensures 
complete melting of components and completion of chemical reactions. Stable temperature conditions during this stage 
positively influence the stoichiometric accuracy of the material composition [1,4,6]. 

The performance of thermoelectric materials is closely governed by their structural homogeneity and defect levels. 
Conventional synthesis techniques often suffer from stoichiometric disruptions due to deviations in the temperature 
profile, oxidation, and evaporation of volatile elements such as tellurium. Additionally, doping with standard pure iodine 
introduces significant drawbacks, including high hygroscopicity and a heterogeneous distribution of electrophysical 
properties across the bulk sample. 

In the fabrication of semiconductor thermoelectric materials, the crystal growth stage is a decisive process that 
determines the microstructure, defect density, and electrophysical properties of the material [1,6]. The zone melting 
method is widely recognized as one of the most effective techniques for producing high-quality, phase-homogeneous, and 
low-defect crystals [1,6]. 

The fundamental principle of this method is to create a localized molten zone within a limited region of the sample 
and move it along the length of the material at a controlled velocity. As the molten zone travels, recrystallization occurs, 
resulting in the formation of a solid phase with improved structural quality [1]. The temperature gradient during zone 
melting plays a critical role: excessively large gradients increase thermal stress and may cause cracking, whereas 
excessively small gradients can lead to unstable crystal growth. Therefore, the gradient value is optimally selected 
according to the specific material [1,6]. 

The velocity of the molten zone is one of the most important parameters of the zone melting process [1,6]. If the 
zone velocity is too high, there is insufficient time for diffusion, leading to compositional inhomogeneity and increased 
defect density. Conversely, excessively low velocities prolong the process and reduce technological efficiency. In practice, 
the zone movement speed is typically selected in the millimeter-per-hour range [1]. 

An additional advantage of the zone melting method is its ability to achieve compositional purification (zone 
refining) [1]. Certain impurity elements and contaminant atoms accumulate in the molten zone and are displaced toward 
the end of the sample during crystal growth. This enables high purity in the main portion of the crystal, which is critically 
important for thermoelectric materials. 

 
2. METHODS 

Conducting the zone melting process under vacuum or an inert gas prevents oxidation and limits the formation of 
vacancies and defects. Automated control of all parameters—temperature, zone length, movement speed, and ambient 
pressure—ensures high reproducibility of crystal quality [12,13,14]. As a result, semiconductor thermoelectric crystals 
obtained by the zone melting technique exhibit high structural homogeneity, low defect density, and stable thermoelectric 
parameters, making them suitable for use in high-efficiency thermoelectric devices. 

The synthesis of semiconductor thermoelectric materials is carried out using a combination of vacuum and inert gas 
environments (Fig. 1). Initially, the prepared raw materials are placed in a specially designed hermetic container, and the 
system is evacuated stepwise using vacuum pumps. When the vacuum level reaches approximately 10⁻³ Torr, the container 
is hermetically sealed. This stage significantly reduces the concentrations of oxygen and other reactive gases in the 
reaction environment. After evacuation, the container is filled with an inert gas—argon—under a pressure of 1.5 atm [6]. 
The use of an inert gas atmosphere prevents oxidation of materials during synthesis and limits the loss of volatile 
components. At the same time, increased inert gas pressure stabilizes evaporation processes during melting. 

The container is then placed into an automated high-temperature furnace. The temperature regime is increased 
gradually until the sample reaches the melting stage. A melting temperature of 720 °C is selected, which is considered 
optimal for semiconductor thermoelectric materials, particularly bismuth telluride–based compounds [1,6]. The holding 
time at the melting temperature is set to 5–6 hours to ensure complete melting of the components and completion of 
chemical reactions [1,4,6]. All temperature–time parameters are controlled with high precision using digital 
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controllers [12,13,14]. These controllers automatically correct deviations from the set temperature, maintaining thermal 
stability. Such precise control enhances the homogeneity of the melt composition and creates optimal structural conditions 
for the subsequent crystal growth stage. Thus, a synthesis process conducted under coordinated vacuum conditions, inert 
gas pressure, and temperature-time regimes provides a solid foundation for obtaining high-quality materials with stable 
composition and superior thermoelectric properties. 

In the synthesis of semiconductor thermoelectric materials, particularly bismuth telluride–based compounds, the 
choice of melting temperature directly influences the chemical composition, phase stability, and subsequent crystal 
structure of the material. The melting point of bismuth telluride is approximately 585°C; therefore, selecting a temperature 
above this value during synthesis ensures complete melting of the components and the formation of a homogeneous 
melt [6,7]. 

This work aims to optimize the synthesis of Bi2Te3-based thermoelectric materials into a single, fully automated 
process governed by PLC controllers, SCADA systems, and artificial intelligence algorithms, ensuring highly stable 
electrophysical parameters across the entire sample length. 

 
Figure 1. Automated scheme for the technology of obtaining semiconductor thermoelectric materials in a vacuum and inert gas 

environment during the zone melting process 

The choice of 720°C is primarily driven by the need to achieve a high degree of melt homogenization [1,4,6]. At 
temperatures significantly above the melting point, atomic mobility within the material increases, diffusion processes 
intensify, and chemical reactions proceed more effectively. This prevents phase imbalance and microscopic segregation 
during synthesis. Moreover, a temperature of 720°C ensures thermodynamic stability among the material's components. 
From an energetic perspective, within this temperature range the free energy of the system is minimized, favoring a single-
phase state. This creates favorable conditions for the formation of a stable structure during subsequent cooling and crystal 
growth stages. 

Additionally, a temperature of 720°C is considered optimal for limiting the loss of tellurium atoms. An excessive 
temperature increase may intensify evaporation, leading to compositional imbalance. The selected temperature provides 
an optimal balance between complete homogenization of the melt and preservation of volatile components [1,6]. 
Therefore, appropriate temperature selection during the melting process ensures full phase uniformity, optimal diffusion 
conditions, and compositional stability. These factors play a decisive role in forming high structural quality and stable 
thermoelectric parameters in semiconductor thermoelectric materials. 

 
3. DISCUSSION 

During the synthesis of semiconductor thermoelectric materials, the holding time at the melting temperature is 
crucial for ensuring the chemical and structural homogeneity of the melt. At 720°C, the melt is maintained for 5–6 hours. 
At the melting temperature, atomic mobility increases sharply and diffusion between the constituent components becomes 
significantly enhanced. Fick’s law [4,15,16] describes the efficiency of diffusion.  𝐽 = −𝐷 𝑑𝑐𝑑𝑥 

where, J - is the diffusion flux, D - is the diffusion coefficient, c - is the concentration, and x - is the spatial coordinate. 
The diffusion coefficient is exponentially dependent on temperature, and at higher temperatures, the value of D 

increases significantly, leading to the elimination of concentration differences between atoms over time. Holding the 
sample for a specific time, typically 5–6 hours, is sufficient to ensure structural homogenization throughout the material 
volume [1,4,6,15,16]. During this period, the components fully melt, chemical reactions are completed, and phase 
inhomogeneities are eliminated. In cases where the holding time is too short, there is an increased likelihood that reactions 
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will not be fully completed, and microsegregation may persist. Furthermore, excessive extension of the holding time can 
have negative effects. Prolonged exposure to high temperatures can lead to the evaporation of volatile components, 
excessive grain growth, and structural instability [1,6]. A 5-6 hour duration ensures an optimal balance between the full 
completion of diffusion processes and the preservation of the material’s composition. Thus, holding the sample at 720 °C 
for 5–6 hours, considering both thermodynamic and kinetic factors, ensures an ideal initial state for high chemical 
homogeneity, phase stability, and subsequent crystal growth in semiconductor thermoelectric materials. This plays a 
crucial role in shaping the high and stable thermoelectric properties of the obtained materials. 

 
4. COOLING AND ANNEALING STAGE 

The cooling (annealing) stage that follows the synthesis of semiconductor thermoelectric materials plays a crucial 
role in forming the material's structural stability, defect density, and electrophysical properties [1,4,6]. After the melting 
and high-temperature holding process, internal thermal stresses, structural irregularities, and defects (e.g., vacancies and 
dislocations) develop within the material. The annealing stage is specifically aimed at reducing these negative factors. To 
slow and control the cooling process, a ceramic container is placed inside the chamber, and a quartz glass tube, 
approximately 10 mm in diameter and 180–200 mm in length, is positioned within it. This arrangement limits heat 
exchange and increases the system's overall thermal inertia. Such a construction limits heat exchange, preventing a sharp 
drop in temperature, and ensures a stable cooling environment for the sample. Both ceramic and quartz are materials with 
relatively low thermal conductivity, which reduce heat exchange with the external environment and prevent a rapid 
decrease in temperature. Thermal inertia is physically expressed through the system's "thermal capacitance." The 
equivalent thermal capacitance for the composite system (ceramic + quartz + sample) is written as follows: 𝐶௘௤ = ෍𝑚௜𝑐௜௜  

Here, mi denotes the mass of each component (ceramics, quartz, sample), and ci denotes its specific heat capacity. The 
larger the value of Ceq, the greater the system's resistance to temperature change, meaning the rate of cooling/heating 
decreases. 

The dynamics of the cooling process can be described in a simplified form by Newton's law of cooling [4]. 𝑑𝑇𝑑𝑡 = − ℎ𝑠𝐶௘௤ ሺ𝑇 − 𝑇௔௠௕ሻ 
In this context, h - is the convective heat transfer coefficient, s - is the external surface area, T – is the system 

temperature, and Tamb is the ambient temperature. From this equation, it can be seen that an increase in Ceq leads to a 
decrease in ௗ்ௗ௧ , meaning that the cooling process slows down. The decrease in heat exchange in the ceramic-quartz 
combination also influences this trend. 

From a practical perspective, the cooling rate should not be too rapid in semiconductor thermoelectric materials to 
reduce thermal stresses and defect concentrations. In laboratory practices relying on conventional technological 
guidelines, the optimal cooling rate is selected within the following range [6]: 

10–30°C/hour: Suitable for achieving high-quality crystal structure (thermal stresses are minimal, and there is 
sufficient time for rearrangement). 

30–60°C/hour: Accepted when there is a need to shorten technological time, but defect and internal stress risks may 
increase. 

60°C/hour: Generally not recommended (as it approaches the quenching regime, the likelihood of an unbalanced 
structure and high defect density increases). 

Thus, for the ceramic-quartz system, the cooling process can be maintained in the "safest and most efficient" range 
of 10–30°C/hour by increasing the thermal inertia and limiting heat exchange. This, in turn, improves structural stability, 
stabilizes the electrophysical parameters, and enhances the overall thermoelectric efficiency (ZT) [5,6]. 

From a physical standpoint, slow, controlled cooling provides sufficient time for atoms to rearrange themselves into 
thermodynamically stable states within the crystal lattice. During this process, the system's internal free energy is 
minimized, and the most energetically favorable configuration of the structure is formed. As a result, deformations in the 
crystal lattice decrease, and phase stability improves. Diffusion mechanisms play a significant role during the annealing 
process [16,17]. As the temperature is gradually lowered, atomic mobility does not suddenly disappear but decreases 
slowly. This allows for the elimination of compositional imbalances, microsegregation, and the homogenization of the 
structure. In contrast, under very rapid cooling (quenching), atoms "freeze" in an unbalanced state, resulting in a structure 
with high defect density. The cooling rate also significantly affects the grain size. Controlled annealing leads to moderate 
grain growth, preventing excessive coarsening or the formation of a very fine-grained structure [16,17]. The optimal 
distribution of grain sizes balances electrical and thermal conductivities, thereby improving thermoelectric efficiency. The 
annealing stage is especially crucial for thermoelectric materials, as it stabilizes the concentration and mobility of charge 
carriers. As a result, parameters such as the Seebeck coefficient, electrical conductivity, and thermal conductivity reach 
stable values, thereby increasing the overall thermoelectric efficiency coefficient (ZT) [4,6]. 
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5. PROCESS OPTIMIZATION 
All synthesis parameters used in the technology for obtaining semiconducting thermoelectric materials—raw material 

preparation, vacuum and inert gas environments, temperature-time regime, crystal growth, and cooling stages—are 
interrelated. Therefore, they should be considered not individually, but as a single optimized technological regime. The first 
stage of the optimized regime involves preparing high-purity elements in precise stoichiometric ratios using automated 
balances and vacuum dosing systems. The degree of particle size reduction and granularity is set to optimal values that ensure 
effective heat transfer, thereby reducing energy consumption and the loss of volatile components during the melting process. 
During synthesis, the container is initially evacuated to a pressure of 10-3 Torr, minimizing the influence of oxygen and 
reactive gases. It is then filled with inert gas (argon) at 1.5 atm pressure to create a chemically stable environment. This 
combination plays a crucial role in preserving the material's composition and preventing oxidation. The temperature regime 
for the melting process is set to 720℃, which is maintained for 5-6 hours. This regime ensures complete melting of the 
components, completion of diffusion processes, and high homogeneity of the melt. Temperature and time parameters are 
precisely controlled through digital controllers, eliminating thermal irregularities. After melting, crystal growth is carried out 
in a zone-based method, with temperature gradients and zone movement rates maintained at optimal values. This method 
allows for compositional purification, reduction of defect density, and improvement of structural uniformity. All parameters 
are continuously monitored via automated control systems. In the final stage, a controlled annealing process is employed. 
Slow cooling reduces internal thermal stresses in the material, facilitates the redistribution of defects, and promotes the 
transition of the structure to a thermodynamically stable state. This contributes to the stabilization of the electrophysical 
parameters and the achievement of high thermoelectric efficiency. 

6. RESULTS 
Although the manuscript provides detailed descriptions of raw material preparation, the technological level of 

vacuum, inert gas pressure, the temperature–time profile of synthesis, and the annealing process, information regarding 
the technological parameters of crystal growth via the zone melting method—such as temperature gradient, zone length, 
and zone travel velocity, and their direct influence on crystal dimensions—remains limited. However, investigations 
aimed at identifying a novel, more effective doping additive that ensures high reproducibility of the material's 
thermoelectric parameters in both quartz and graphite crucibles have successfully resolved these technological 
uncertainties. Regardless of the crystal growth parameters, the ammonium iodide NH4I salt was proposed as a doping 
agent to ensure superior electrophysical properties and high efficiency of the material. 

As a dopant, ammonium iodide possesses several significant technological advantages over conventional pure 
iodine. It exhibits low hygroscopicity and does not decompose when heated up to 551℃. The material undergoes direct 
sublimation at 551℃ without passing through a liquid phase. Above 551℃, ammonium iodide decomposes according to 
the following reversible pathways: 𝑁𝐻ସ ⇄ 𝑁𝐻ଷ + 𝐻𝐼 2𝐻𝐼 ⇄ 𝐻ଶ + 𝐼ଶ 

The released hydrogen iodide, HI, acts as a substantially more active chemical reagent compared to standard iodine. 
Concurrently, the ammonia (NH3) generated within the system acts as a potent reducing agent, completely eliminating 
any remaining traces of oxides in the alloy composition. These chemical advantages of ammonium iodide play a decisive 
role in stabilizing the thermoelectric parameters of the alloys. The optimal thermoelectric performance for 
thermogenerators was observed when 0.04 mol % of ammonium iodide was introduced into the mixture. Under these 
conditions, the electrophysical characteristics of the fabricated thermoelements were found to be σ = 1000 Ω-1 and 
α = 150 µV/K, respectively. Since thermoelectric materials operate at elevated temperatures, the temperature dependence 
of the material's thermoelectric parameters was comprehensively investigated. Figure 3 illustrates the temperature-
dependent variations in electrical conductivity, Seebeck coefficient, thermal conductivity, and figure of merit Z for Bi2Te3 
samples doped with 0.04 mol % ammonium iodide. The average integral value of the material's figure of merit over the 
temperature range of 20 ÷ 300℃ was determined to be Z = 1.59⸱10-3 K-1. This performance indicator demonstrates that 
high-efficiency, thermally stable materials can be successfully obtained through the proposed modification technology, 
regardless of the zone-melting method's technological parameters. 

The stability of the main thermoelectric parameters along the sample length in Bi₂Te₃-based thermoelements alloyed 
with ammonium iodide is an important criterion that indicates the high quality of the material synthesis [5,6]. The almost 
unchanged electrical conductivity, Seebeck coefficient, and power factor in the phase direction suggest a homogeneous 
distribution of the alloying additions and the absence of significant defects or gradients in the crystal structure [6,7]. This 
condition confirms that the electron and phonon transport processes have a uniform mechanism throughout the entire 
sample volume. In particular, the stability of the Seebeck coefficient indicates that the Fermi level remains phase-stable, 
significantly reducing the possibility of the emergence of internal parasitic electrical driving forces in thermoelectric 
modules. From this perspective, the results demonstrate that Bi2Te3 materials alloyed with ammonium iodide are highly 
suitable for practical thermoelectric device applications. 

Figure 2 clearly shows the stability of the α²σ power factor along the entire length of the thermoelement alloyed 
with ammonium iodide, and presents the distribution of the main thermoelectric parameters along the sample length. 
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Figure 2. Variation of thermoelectric parameters along the length of a Bi2Te3 thermocouple doped with ammonium iodide 

The main thermoelectric parameters of the Bi2Te3 thermocouple doped with ammonium iodide maintain almost 
constant values along the length of the sample. This indicates a high degree of structural, compositional and electronic 
homogeneity of the material. The electrical conductivity is uniform along the entire length [5]. 𝜎 = 𝑛𝑒𝜇 

where n is the concentration of charge carriers, μ is the mobility. 
The invariance of the electrical conductivity (σ) indicates that the concentration of dopants is uniform along the 

length, and there is no gradient in the grain boundaries and dislocation density, and the electron-phonon scattering is 
spatially uniform. This indicates that the Bi2Te3 alloy was synthesized technologically correctly. 

The value of the Seebeck coefficient α also remains constant along the entire length of the sample. A simplified Mott 
expression is used for the Seebeck coefficient: 𝛼 = 𝜋ଶ𝑘஻ଶ𝑇3𝑒 𝑑 ln𝜎ሺ𝐸ሻ𝑑𝐸 |𝐸 = 𝐸ி 

Here, α depends on the location of the Fermi level, the shape of the band structure, and the asymmetry of the energy 
conductivity. 

The fact that α = const indicates that the Fermi level does not change along the length, the band structure of the 
material is spatially uniform, and there is no local doping or defect effect [6]. In thermoelectric modules, the spatial 
instability of α leads to internal EDCs. 

Power factor: 𝑃𝐹 = 𝛼ଶ𝜎 
The high and stable performance of the Bi₂Te₃ alloy in a real device is of scientific importance. The peculiarities of 

Bi2Te3 thermoelements are that these compounds are characterized by a narrow and complex (divalent) energy band 
structure. Strong spin-orbit interaction usually causes a nonlinear change in parameters with temperature. However, the 
absence of such nonlinearity in the spatial coordinate indicates that the band structure is not deformed along the space, 
there are no internal mechanical stress gradients, and there is no compositional gradient or phase separation. 

In Bi2Te3-based thermoelectric materials doped with ammonium iodide, the temperature-dependent changes in 
electrical conductivity, Seebeck coefficient, thermal conductivity, and thermoelectric coefficient of quality are closely 
related to the electronic band structure of the material. With increasing temperature, changes in the location of the Fermi 
level and the emergence of bipolar conductivity led to a maximum in the Seebeck coefficient. In this regard, these graphs 
reveal the importance of Bi2Te3 as a highly efficient thermoelectric material in the low- to medium-temperature range. 

 
Figure 3. Temperature dependence of thermoelectric parameters of Bi2Te3 doped with ammonium iodide 

It can be seen from the graph that all the main thermoelectric parameters characteristic of Bi2Te3 — electrical 
conductivity σ(T), Seebeck coefficient α(T), thermal conductivity χ(T) and thermoelectric coefficient of quality Z(T) — 
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exhibit a complex, interconnected evolution with temperature. This is directly related to the complex band structure and 
multi-extremum energy spectrum of Bi2Te3. Bi2Te3 is a semiconductor with a narrow energy gap (Eg ≈ 0.15–0.17 eV) and 
has the following features [6,7]. The band structure, with several equivalent extrema in the valence and conduction bands, 
is characterized by strong anisotropy and a very strong spin–orbit interaction, leading to bipolar conductivity at high 
temperatures. These factors cause a curvilinear (maximum) character in the temperature dependence of the Seebeck 
coefficient. 

𝛼 = 1𝑒𝑇 ሺ𝐸׬ − 𝐸ிሻ𝜎 ሺ𝐸ሻ ൬− 𝜕𝑓𝜕𝐸൰𝑑𝐸׬𝜎(𝐸)(− 𝜕𝑓𝜕𝐸)𝑑𝐸  

where: EF - is the Fermi level, f(E) - is the Fermi–Dirac distribution, and σ(E) - is the energy-dependent permittivity. α is 
very sensitive to the asymmetry of the energy spectrum and the location of the Fermi level. 

For degraded semiconductors (a typical case of Bi2Te3), the Seebeck coefficient is written as [5,14]: 

𝛼 = ± 𝑘஻𝑒 ቈ(𝑟 + 2)𝐹௥ାଵ(𝜂)(𝑟 + 1)𝐹௥(𝜂) − 𝜂቉ 
where r - is the scattering mechanism index, 𝜂 = ாಷ௞ಳ் is the reduced Fermi level, Fr(η) - is the Fermi integrals. 

In Bi2Te3, as temperature increases, η decreases (the Fermi level shifts toward the middle of the bands); the ratio of 
the Fermi integrals changes; as a result, α(T) first increases and then decreases. At high temperatures, bipolar conductivity 
begins in Bi2Te3. In this case, the Seebeck coefficient is [5]: 𝛼 = ఈ೙ఙ೙ାఈ೛ఙ೛ఙ೙ାఙ೛ , 

Because the contributions of electrons and holes are of opposite sign, they compensate each other; as a result, the total α 
decreases. This fully explains the decrease observed in the 200–300°C range in the graph. The curved formation of the 
Seebeck coefficient is not accidental, but is determined by the zone structure of Bi2Te3 narrow gap, multiple zone extrema, 
strong spin–orbit interaction. The maximum of α(T) is the result of the optimal Fermi level of zone asymmetry. At high 
temperatures, the bipolar effect sharply limits α and Z. Therefore, materials based on Bi₂Te₃ are considered the most 
suitable for low and medium-temperature thermoelectric devices [16,17]. 

 
CONCLUSIONS 

This study developed and scientifically substantiated a comprehensive approach that fully automates the technology 
for obtaining semiconductor thermoelectric materials. The interrelation of all technological stages, from raw material 
preparation to synthesis, crystal growth, annealing, and quality control, and the need to implement them within a single 
optimized regime, was shown. The results of the study show that accurate dosing of high-purity raw materials, the 
combined use of vacuum and inert gas environments, holding at 720 °C for 5–6 hours, and a controlled cooling regime 
ensure the homogeneity and phase stability of the material composition. Crystal growth by the zone melting method 
reduces defect density and increases structural uniformity.  

For the first time, the individual stages of thermoelectric material fabrication have been integrated, based on physical 
models, into a single, optimized, and comprehensive digital technology, controlled in real time via a PLC-SCADA-AI 
framework. Ammonium iodide NH4I salt, at a concentration of 0.04 mol %, has been proposed as an alternative doping 
agent to conventional pure iodine. It was discovered that the ammonia (NH3) generated during its decomposition acts as 
a potent reducing agent, completely eliminating residual oxide traces within the alloy. An ideally stable spatial distribution 
of the Seebeck coefficient and electrical conductivity along the sample length was achieved owing to the spatial invariance 
of the Fermi level and the absence of deformation of the energy band structure. 

It was proven that full automation of the technological process in the production of semiconductor thermoelectric 
materials is a decisive factor in ensuring the material's structural uniformity. The combined use of vacuum (10⁻³ Torr) and 
argon atmosphere (1.5 atm) significantly reduced the effect of oxygen, limited oxidation, and minimized the risk of loss 
of volatile components. Precise control of crystal growth parameters in the zone melting method enhanced structural 
purification, reduced defect density, and increased the repeatability of crystal quality. The annealing mode reduced internal 
thermal stresses, created conditions for the structure to transition to a thermodynamically stable state, and ensured 
stabilization of electrophysical parameters. The near-constant main thermoelectric parameters along the length of Bi₂Te₃ 
thermocouple samples doped with ammonium iodide confirmed the high degree of homogeneity in the material's synthesis 
and its suitability for practical application. 

Automated control based on PLC–SCADA–AI minimized the human factor and enabled real-time optimization of 
technological modes; this led to the formation of a stable set of parameters that increased ZT. The optimized technology 
will play an important role in the development and implementation of high-efficiency thermoelectric devices in the future. 
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СИНТЕЗ ТЕРМОЕЛЕКТРИЧНИХ МАТЕРІАЛІВ НА ОСНОВІ Bi2Te3, ЛЕГОВАНИХ NH4I, В АТМОСФЕРІ 

ІНЕРТНОГО ГАЗУ З ВИКОРИСТАННЯМ АВТОМАТИЗОВАНОЇ СИСТЕМИ 
Карімберді Е. Онаркулов1, Туланбой М. Азімов1, Кизлархон І. Гайназарова1, Адхамжон І. Зокіров1, 

Нодірбек В. Носіров2 

1Ферганський державний університет, Фергана, Узбекистан 
2Ферганський медичний інститут громадського здоров'я, Узбекистан 

У цій статті представлено комплексний підхід, спрямований на повну автоматизацію технології виробництва 
напівпровідникових термоелектричних матеріалів. Основні етапи технологічного ланцюга — автоматичне дозування 
високочистої сировини в точних стехіометричних співвідношеннях. Спільне використання вакууму при 10⁻³ Торр та 
атмосфери інертного газу аргону при 1,5 атм, витримка при температурі 720°C протягом 5–6 годин, вирощування кристалів 
методом зонного плавлення та режим охолодження (відпалу) — аналізуються як єдиний оптимізований процес. Температурно-
часовий профіль, процеси дифузії та динаміка охолодження обґрунтовуються на основі фізичних моделей, зокрема законів 
Фіка та Ньютона. Показано, що керування технологічними параметрами в режимі реального часу за допомогою PLC-
контролерів, SCADA-систем та алгоритмів штучного інтелекту забезпечує фазову однорідність матеріалу, зменшує щільність 
дефектів і стабілізує електрофізичні параметри. У зразках термоелементів Bi2Te3, легованих йодидом амонію, стабільність 
електропровідності, коефіцієнта Зеєбека та коефіцієнта потужності по всій довжині зразка підтверджує однорідний розподіл 
легуючих добавок і формування високоякісної кристалічної структури. Отримані результати демонструють високий потенціал 
запропонованої автоматизованої технології для ефективного застосування матеріалів на основі Bi2Te3 у низькотемпературних 
і середньотемпературних термоелектричних пристроях. 
Ключові слова: термоелектричні матеріали; Bi2Te3;автоматизація; вакуумне середовище; інертний газ; зонне плавлення; 
відпал; SCADA; PLC; коефіцієнт Зеєбека; ZT 
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This study investigates the distribution of Ti-6Al-4V alloy powder microparticles used in 3D printing under different discharge 
frequencies and NaCl electrolyte concentrations. This work analyzed the process for obtaining monodisperse Ti-6Al-4V alloy powders 
using the Electrochemical Discharge Machining (ECDM) method. The results showed that an optimal NaCl electrolyte concentration 
of 30 g/L ensures stable plasma channel formation and a narrow particle size distribution. Regression analysis and low standard error 
values (0.00386–0.00834) confirm the process's high controllability. The effect of frequency on particle size was also investigated: at 
3.2 kHz, the minimum average particle size of 16.598 µm was recorded, whereas increasing the frequency to 32 kHz increased particle 
size to 28.063 µm due to thermal accumulation. The results indicate that at both 3.2 kHz and 32 kHz frequencies, 58.24% to 68.89% 
of the produced powders fall within the 15–55 µm range required for PBF-LB/M technology. These findings demonstrate the suitability 
of the obtained powders for additive manufacturing technologies. 
Keywords: Ti-6Al-4V powder; ECDM; Additive manufacturing; NaCl electrolyte; Electrolyte concentration; Particle size distribution; 
Frequency; Regression analysis 

INTRODUCTION 
The increasing prevalence of orthopedic and dental diseases worldwide has driven steady growth in demand for 

implants made from biomedical titanium (Ti) and its alloys [1]. Fabricating these implants using additive manufacturing 
(AM) technologies allows production of 3D shapes with high geometric accuracy while ensuring maximum conformity to 
individual anatomical structures [2]. Such biocompatible implants are primarily made from the Ti-6Al-4V alloy. Owing to 
its low thermal conductivity and density, high strength, favorable strength-to-weight ratio, and excellent resistance to 
temperature and corrosion, Ti-6Al-4V finds wide application in aerospace and defense [3], automotive [4], shipbuilding [5], 
energy [6], petrochemical industries [7], as well as in medical instruments and implants [8]. 

In these fields, Ti-6Al-4V alloy powders are used in AM processes, specifically PBF-LB/M (Powder Bed Fusion – 
Laser Beam/Metal) 3D printing. In these processes, particle shape, chemical purity, and particle size distribution are 
critical [9], as larger particle sizes reduce the surface area available for laser energy absorption [10], necessitating higher 
laser energy input [11]. Fine powders allow higher packing density but may increase internal defects in the fabricated 
part [12]. 

Metal powders are produced with various size distributions using mechanical [13], chemical [14], and physical [15] 
methods, often resulting in irregular shapes, rough surface textures, internal porosity, and uneven surface morphology. 
Furthermore, these production methods require complex equipment and high costs, which can lead to variability in powder 
flowability [16], density, melting behavior, part surface quality, porosity [17], and mechanical properties [18], as well as 
increase production costs [19, 20]. 

The particle size distribution of powders produced by the above methods ranges from 0–250 µm, and in PBF-LB/M 
powder spreading technologies, particles larger than 45 µm [21] require additional processing [22]. Reprocessing Ti-6Al-
4V powders, however, significantly increases oxygen content [23]. To address these limitations, recent studies have 
increasingly focused on unconventional methods for producing metal powders, particularly via electrical discharge 
machining (EDM) [24]. This approach enables the production of nano [25] and micro-sized particles of metals [26] and 
their alloys [27] in dielectric media [28]. 

An additional advantage of this method is that particle size distribution can be controlled by adjusting the current, 
frequency [29], discharge energy, and machining depth [30]. To further optimize these parameters, various alloys, metal 
powders, and salts are added to the dielectric fluid to improve its electrical conductivity, allowing the use of electrolytes 
instead of conventional dielectric fluids. This method, known as Electrochemical Discharge Machining (ECDM), operates 
at lower current levels compared to EDM and can reduce energy consumption and costs while preserving particle size 
distribution [31]. 

In ECDM, the surrounding medium plays a crucial role, as the machining rate is often closely related to the properties 
of the medium [32-34]. Although considerable work has been conducted on process efficiency, data on the effect of the 
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medium on particle size distribution remain insufficient [35]. Previous studies have employed fluids that affect the final 
product quality [36], overly aggressive media [37], or fluids that require high-energy input and increase brittleness in the 
final product [38]. Based on the above, selecting a fluid medium for ECDM that ensures particle size distribution without 
affecting the quality of the final product remains a highly pressing challenge [31–38]. This scientific article is devoted to 
practical solutions to this critical issue. 

In this study, the production of Ti-6Al-4V powders using various electrolytes in the ECDM process and the 
investigation of their particle size distribution are proposed. 

 
EXPERIMENTAL PROCEDURE 

The synthesis of Ti-6Al-4V alloy-based powder was carried out on an experimental setup designed for ECDM, the 
schematic diagram of which is shown in Figure 1. The key feature of the system is a pulsed power supply assembled 
using high-speed IRG4P50UD IGBT switches and 150EBU04 diodes. This control architecture enables precise 
adjustment of the process parameters, including voltage amplitude up to 400 V, current up to 20 A, and pulse modulation 
frequency up to 100 kHz. 

To generate a stable spark discharge, the anode was fully immersed in the electrolyte, while the vertically aligned 
cylindrical cathode, positioned above it, was submerged to a depth of 1–5 mm. The stability of the physicochemical 
conditions in the reaction zone was maintained by a filtration system and forced circulation of the working fluid. A pump 
with a flow rate of 2 L/min was used to ensure liquid circulation. This provided efficient heat removal and rapid evacuation 
of erosion products from the interelectrode gap, preventing thermal degradation of the microstructures, re-melting, and 
uncontrolled coagulation (agglomeration). 

 

Figure 1. Schematic diagram of the ECDM setup. 

For powder production, electrodes with a diameter of 4 mm made of biocompatible Ti-6Al-4V alloy were used. The 
electrodes were immersed in an aqueous NaCl electrolyte with concentrations of 10–60 g/L, where a negative potential 
was applied to the cathode and a positive potential to the anode. 

As shown in the schematic, the electrodes were submerged in a vessel filled with the working electrolyte (vessel 
volume: 2 L). A servo system controlled the interelectrode gap and ensured the stability of micro-discharges. Rod 
electrodes with a diameter of 4 mm fabricated from biocompatible Ti-6Al-4V alloy were employed. During the 
experiments, a DC voltage of up to 280 V was applied to the system, while the control unit provided pulse generation 
with frequencies up to 32 kHz. The current was maintained at up to 0.6 A, which allowed stable spark discharge conditions 
to be sustained. 

To prepare the working medium (electrolyte), deionized water with a specific resistivity of 18 MΩ·cm was used. 
NaCl of chemically pure (“CP”) grade was added to the water at concentrations of 10, 30, and 60 g/L. The amount of 
reagents was controlled using an analytical balance with an accuracy of ±0.001 g. The applied high-frequency pulsed 
operating mode enabled direct localization of energy within the spark discharge channel. This minimized undesirable 
electrolysis effects and ensured the dominant contribution of electro-spark processes in the electrolyte to the formation of 
the phase composition of microparticles. 

The particles formed after discharge were separated from the working solution using a Hittech “EBA 20S” centrifuge 
at a rotation frequency of 60 s⁻¹ for 5 minutes. The obtained precipitate was dried in a FAITHFUL SH-6C drying oven at 
70 °C for 24 hours. Particle size distribution was determined using a WJL-602 laser particle size analyzer. This instrument, 
operating with a He–Ne laser (λ = 632.8 nm), provides measurements in the range of 0.1–800 μm with an accuracy of 
±0.5%. The analysis was performed in distilled water at a particle concentration of 1.5–1.7%. 

The obtained experimental data were processed and analyzed using OriginPro 9.1 software. The measurement error 
of the data did not exceed 3%. 

 
RESULTS AND DISCUSSION 

Initially, the granulometric analysis of Ti-6Al-4V alloy powder obtained by the ECDM method was performed using 
a laser particle analyzer (Table 1). The table presents the analysis results of powder particles obtained under identical 
voltage and current conditions, but at three different NaCl electrolyte concentrations. 
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Table 1. Granulometric analysis of powder obtained at different concentrations using a laser particle analyzer. 

NaCl concentration 
in deionized water D₃, μm D₁₀, μm D₅₀, μm Dav, μm D₉₀, μm D₉₇, μm 

10 g/L NaCl 4.585 7.659 25.631 29.082 58.684 78.369 
30 g/L NaCl 3.212 4.777 12.909 16.598 30.223 40.372 
60 g/L NaCl 4.074 6.405 20.254 23.968 46.727 61.246 

For example, the value of 4.585 μm in the D3 column for a 10 g/L NaCl solution indicates that 3% of the particles 
are smaller than this size. Similarly, the D10, D50, D90, and D97 parameters represent that 10%, 50%, 90%, and 97% of 
the particles, respectively, are smaller than the given size. Dav denotes the average particle size of the powder. 

Based on experiments conducted at different NaCl concentrations and a frequency of 0.32 kHz, the obtained powder 
samples were analyzed using a laser particle analyzer (Figure 2). 

 
Figure 2. Dependence of particle size distribution on concentration 

The graph presents the linear particle size distribution of powders obtained at three different NaCl concentrations 
(10 g/L, 30 g/L, and 60 g/L), where the X-axis represents particle size and the Y-axis shows the quantitative fraction of 
particles (differential distribution, DIF %). As can be seen from the graph, the distribution of particles obtained at a 30 
g/L concentration is relatively narrow. To quantify the narrowness of the distribution, the initial growth dynamics of the 
differential distribution (DIF %) were analyzed using a linear regression function (y = a + bx). From a mathematical and 
statistical perspective, the slope coefficient (Slope) in the graph reflects the intensity of particle formation and growth 
dynamics. The intercept represents the initial parameter of the linear relationship and is nearly identical for all cases. The 
standard error indicates the average deviation between experimental measurements. 

The results of the linear regression analysis show that at the minimum electrolyte concentration of 10 g/L, the slope 
coefficient is 0.009, which is a low value. This low value indicates a reduced number of ions, low current density, and 
low ion mobility, resulting in an unstable plasma channel with localized energy accumulation. This energetic state leads 
to a significant broadening of the particle size distribution, i.e., polydispersity. This is also confirmed by the large 
difference between the peak of the differential distribution (DIF = 35.573 μm) and the average particle size (Dav = 29.082 
μm, see Table 1). 

At the highest electrolyte concentration of 60 g/L, the lowest slope coefficient (0.007) and the highest standard error 
(0.00834) were recorded. In this case, due to the high concentration, the number of ions increases, current density and ion 
mobility become higher, and a longer plasma lifetime leads to the formation of larger particles. The average particle size 
was 23.968 μm, while the maximum DIF peak reached 32.506 μm, indicating a wide particle size distribution. 

The graph shows that at 30 g/L concentration, the slope value of 0.02 corresponds to the highest particle growth 
dynamics, while the standard error of 0.00386 is the lowest. This indicates the most balanced relationship between particle 
size and their quantitative fraction. The peak of the DIF distribution at 20.51 μm and the average particle size of 16.598 
μm (see Table 1) confirm a narrow size distribution. 

At this concentration, the ion concentration is sufficient, the electrolyte conductivity and ion mobility are high. The 
plasma lifetime is short and periodically reproducible. The energy exchange between the plasma channel and electrolyte 
is optimal, and the balance between discharge energy ensures the preservation of a narrow particle size distribution. 

According to the results of the linear regression analysis, electrolyte concentration has a significant effect on particle 
formation and size distribution. At 10 g/L, low ion activity leads to increased polydispersity, while at 60 g/L, the formation 
of larger and non-uniform particles is observed. The most balanced condition is achieved at 30 g/L NaCl solution, where 
the slope and standard error reach optimal values. Under these conditions, a narrow particle size distribution is formed, 
indicating a monodisperse system. Therefore, 30 g/L NaCl solution is considered the optimal medium for producing stable 
and uniform Ti-6Al-4V powder particles in the ECDM process. 

Based on this, the experimental conditions were optimized, and the granulometric analysis of Ti-6Al-4V alloy 
powder obtained by the ECDM method at different frequencies was performed using a laser particle analyzer (Table 2). 
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Table 2. Granulometric analysis of powder obtained at different frequencies using a laser particle analyzer. 

№ f, kHz D₁₀, μm D₅₀, μm Dav μm D₉₀, μm S/V, m²/cm³ 
1. 32  8.883 24.915 28.063 51.497 0.257 
2. 3,2  4.777 12.909 16.598 30.223 0.463 
3. 0.32 5.971 16.457 18.853 34.989 0.382 
4. 0.032 6.154 18.34 21.28 40.232 0.338 

The table presents the granulometric analysis results of powder particles obtained at different frequencies under 
identical voltage and current conditions and a 30 g/L NaCl electrolyte concentration. For example, at 32 kHz, 
D₁₀ = 8.883 μm indicates that 10% of the particles are smaller than this size. Similarly, the D₅₀ and D₉₀ parameters 
represent that 50% and 90% of the particles, respectively, are smaller than the given size. The D₅₀ value corresponds to 
the median particle size. Dav represents the average particle size of the powder particles. At the given frequency, the 
specific surface area to volume ratio is S/V = 0.257 m²/cm³. 

As shown in the table, when the frequency increases from 0.032 kHz to 0.32 kHz, the average particle size (Dav) 
decreases from 21.28 μm to 18.853 μm. At these low frequencies, the number of impulses is low, but each impulse has 
high energy; in this regime, the plasma channel becomes more stable and the number of impulses increases. With the 
increase in impulse frequency, the particle size slightly decreases, and the specific surface area to volume ratio increases 
from 0.338 to 0.382 (see Table 2). This reduction in average particle size is explained by the increase in frequency. 

At medium frequencies of 0.32 kHz and 3.2 kHz, the number of impulses is sufficient, and the plasma channel as 
well as plasma lifetime remain stable. As a result, the average particle size (Dav) decreases from 18.853 μm to 16.598 
μm. The decrease in Dav at medium frequencies leads to an increase in S/V from 0.382 to 0.463. This indicates that the 
reduction in particle size stabilizes, and the role of discharge frequency in particle formation becomes more significant. 

At the high frequency of 32 kHz, the increase in the number of impulses leads to stabilization of the plasma channel 
and localized heat accumulation. As a result, material re-melting and particle aggregation intensify. This causes an 
increase in the average particle size (Dav) from 16.598 μm to 28.063 μm. Due to particle coarsening, the S/V value 
decreases from 0.463 to 0.257. 

Since Ti-6Al-4V alloy has low thermal conductivity, an increase in discharge frequency initially leads to particle 
fragmentation, increasing the surface-to-volume ratio (S/V). However, at very high frequencies, localized heat 
accumulation and re-melting processes intensify, resulting in particle aggregation and a decrease in the S/V value. 

The above granulometric analysis results are summarized in a single graph (Figure 3), which illustrates the effect of 
discharge frequency on particle size and its distribution for powders obtained by the ECDM method. 

 
Figure 3. Particle size distribution of powders obtained in 30 g/L NaCl solution at different frequencies 

The figure shows the differential (DIF %) and integral (INT %) particle size distributions of powders obtained at a 
frequency of 32 kHz, where the red curve represents the distribution. The X-axis represents the particle size in the range 
of 0.1–150.6 µm, while the left Y-axis shows the percentage fraction of particles corresponding to the differential 
distribution (DIF %). The right Y-axis represents the cumulative particle fraction in the integral distribution (INT %). The 
particle size distribution increases up to 0.1–32.506 µm, where the DIF peak reaches 5.64%, and in this range the INT 
distribution reaches 66.45%. After this point, the DIF curve decreases, and the INT value reaches 100% at 150.5 µm. At 
high frequencies, an increase in particle dispersion is observed, indicating a polydisperse distribution. However, the most 
suitable fraction for additive manufacturing is concentrated in the 15–45 µm (62.23%) and 15–55 µm (68.89%) ranges, 
which is higher compared to other samples. 

For powders obtained at 3.2 kHz, the blue curve represents the differential (DIF %) and integral (INT %) 
distributions. The X-axis shows particle sizes in the range of 0.1–101.28 µm, while the left Y-axis indicates the percentage 
fraction of the most frequently occurring particle sizes. The right Y-axis shows the cumulative integral distribution 
(INT %). The particle size distribution increases up to 0.1–21.53 µm, where the DIF peak reaches 5.56%, and the INT 
value reaches 62.04%. After this point, the DIF curve decreases, and the INT distribution reaches 100% at 101.28 µm. 
The most suitable fraction for 3D printing is concentrated in the 15–45 µm (56.16%) and 15–55 µm (58.24%) ranges. 
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The analysis of powders obtained at 3.2 kHz and 32 kHz shows that in both cases the DIF and INT distributions 
confirm the presence of a polydisperse system. At the higher frequency (32 kHz), the particle size distribution is broader, 
indicating a higher degree of dispersion. At the lower frequency (3.2 kHz), the distribution is narrower and more uniform. 
In both cases, the most favorable fraction for additive manufacturing is within the 15–55 µm range, confirming its 
suitability for AM processes. 

For powders obtained at 0.32 kHz, the light green curve represents the differential (DIF %) and integral (INT %) 
distributions. The X-axis covers particle sizes from 0.1–104.96 µm. The left Y-axis shows the percentage of the most 
frequently occurring particle sizes, while the right Y-axis represents the cumulative INT distribution. The particle size 
distribution increases up to 0.1–20.71 µm, where the DIF peak reaches 5.24%, and the INT distribution reaches 63.74%. 
After this point, the DIF curve decreases, and the INT distribution reaches 100% at 104.96 µm. The most suitable fraction 
for 3D printing is 15–45 µm (53.74%) and 15–55 µm (55.73%). 

For powders obtained at 0.032 kHz, the pink curve represents the DIF (%) and INT (%) distributions. The X-axis 
covers particle sizes from 0.1–125.7 µm. The particle size distribution increases up to 0.1–24.802 µm, where the DIF 
peak reaches 5.1%, and the INT distribution reaches 66.88%. After this, the DIF curve decreases, and the INT distribution 
reaches 100% at 125.7 µm. The most suitable fractions for 3D printing are 15–45 µm (56.33%) and 15–55 µm (59.56%). 

The granulometric analysis of powders obtained at 0.32 kHz and 0.032 kHz shows that the particle size is widely 
distributed. As the frequency decreases, the maximum particle size increases, and the distribution range broadens. At the 
same time, the fraction suitable for 3D printing (15–45 µm and 15–55 µm) remains dominant in both cases, with slightly 
higher values observed at 0.032 Hz. 

The graph shows that discharge frequency significantly affects particle size and its distribution. As the frequency 
increases from 0.032 kHz to 3.2 kHz, the particle size decreases and the distribution becomes narrower. However, at 32 
kHz, due to localized heat accumulation and particle aggregation, the particle size increases again and the distribution 
becomes broader. The most uniform and finest dispersed powder is obtained at 3.2 kHz. 

 
CONCLUSIONS 

The conducted study confirms that electrolyte concentration and discharge frequency strongly influence the 
granulometric composition and morphology of Ti-6Al-4V alloy powders in the ECDM process. According to linear 
regression analysis, a 30 g/L NaCl solution is the optimal concentration, where balanced Slope and Standard Error values 
lead to the formation of a monodisperse particle distribution. 

As discharge frequency increases, particles initially undergo fragmentation, increasing the surface-to-volume ratio; 
however, at very high frequencies, localized heat accumulation and re-melting processes cause particle aggregation, 
resulting in a broader distribution. A frequency of 3.2 kHz provides a relatively narrow and uniform distribution, whereas 
at 32 kHz polydispersity increases. 

Thus, a 30 g/L NaCl electrolyte solution combined with medium and high-frequency regimes was identified as 
optimal. Under these conditions, 58.24–68.89% of Ti-6Al-4V powder particles fall within the 15–55 µm range, which is 
suitable for 3D printing requirements. 
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ВПЛИВ КОНЦЕНТРАЦІЇ ЕЛЕКТРОЛІТУ ТА ЧАСТОТИ РОЗРЯДУ НА РОЗПОДІЛ РОЗМІРІВ ЧАСТИНОК 

ПОРОШКУ Ti-6Al-4V, ОТРИМАНОГО МЕТОДОМ ECDM 
Б.А. Гоїпов, А.А. Заріпов, У.Ф. Бердієв, Ш.Ч. Іскандаров, Т.К. Турдалієв, С.А. Тулаганов 

Інститут іонно-плазмових та лазерних технологій імені У.А. Аріфова Академії наук Республіки Узбекистан, 
100125, вул. Дурмон йулі, 33, Ташкент, Узбекистан 

Метою цього дослідження є вивчення розподілу мікрочастинок порошку сплаву Ti-6Al-4V, що використовуються в 3D-друку, 
за різних частот розряду та концентрацій електроліту NaCl. У цій роботі проаналізовано процес отримання монодисперсних 
порошків зі сплаву Ti-6Al-4V за допомогою методу ECDM. Результати показали, що оптимальна концентрація електроліту 
NaCl становить 30 г/л, що забезпечує стабільне формування плазмових каналів і вузький розподіл розмірів частинок. 
Регресійний аналіз і низькі значення стандартної похибки (0,00386–0,00834) підтверджують високу керованість процесу. 
Також досліджувався вплив частоти на розмір частинок: при частоті 3,2 кГц було зафіксовано мінімальний середній розмір 
частинок — 16,598 мкм, тоді як збільшення частоти до 32 кГц призвело до зростання розміру частинок до 28,063 мкм через 
теплове накопичення. Результати показують, що як на частотах 3,2 кГц, так і 32 кГц від 58,24% до 68,89% вироблених 
порошків потрапляють у діапазон 15–55 мкм, необхідний для технології PBF-LB/M. Ці результати демонструють придатність 
отриманих порошків для технологій адитивного виробництва. 
Ключові слова: порошок Ti-6Al-4V; ECDM; адитивне виробництво; електроліт NaCl; концентрація електроліту; розподіл 
розмірів частинок; частота; регресійний аналіз 
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Electrospun poly(vinylidene fluoride) (PVDF)-based nanofibrous mats containing carbon nanotubes (CNTs) and β-Ga₂O₃ 
nanoparticles were fabricated to investigate composition-dependent phase evolution in the PVDF matrix. Pristine PVDF and 
composite mats with CNT/β-Ga₂O₃ ratios of 1:1, 1.5:0.5, and 0.5:1.5 wt% were prepared under identical electrospinning conditions 
using a DMF/acetone solvent system. The crystalline structure and phase composition were studied by X-ray diffraction with Co Kα 
radiation. The pristine PVDF mat exhibited a multiphase structure composed of α, β, and γ phases. After the incorporation of CNTs 
and β-Ga₂O₃, clear composition-dependent changes in diffraction peak position and intensity were observed. The 1:1 composition 
reduced the α-phase contribution and enhanced the γ-phase reflections, while the β phase remained dominant. Increased CNT content 
favored β-phase development, whereas increased β-Ga₂O₃ content promoted γ-phase formation. The results indicate that CNTs 
mainly support β-phase stabilization, while β-Ga₂O₃ has a stronger effect on γ-phase evolution and structural rearrangement. These 
findings show that the crystalline phase balance of electrospun PVDF nanofibers can be effectively tailored by controlled CNT/β-
Ga₂O₃ incorporation. 
Keywords: Polyvinylidene fluoride; Beta-gallium oxide; Carbon nanotube; Composite materials; XRD 

INTRODUCTION 
In recent years, functional polymer nanocomposites have become a major focus of materials science, since these 

systems make it possible to combine the flexibility, processability, and mechanical durability of the polymer matrix 
with the electrical, thermal, and structural advantages of inorganic and nanocarbon fillers [1-3]. In this regard, poly 
(vinylidene fluoride) (PVDF) is a semicrystalline fluoropolymer distinguished by its high chemical and thermal 
stability, flexibility, and favorable dielectric, piezoelectric, and pyroelectric properties, which provide broad 
application potential in sensors, actuators, capacitors, energy harvesting systems, and functional composites [4]. 
Current studies indicate that PVDF is an important fluoropolymer characterized by outstanding piezoelectric 
properties, thermal stability, and mechanical strength, providing both structural integrity and functional electrical 
response. The technological significance of PVDF arises from the combination of its piezoelectric and pyroelectric 
properties with mechanical, chemical, and thermal stability. PVDF is a semicrystalline thermoplastic fluoropolymer 
distinguished by high dielectric performance, electroactivity, and engineering durability, and is therefore widely used 
in energy-related applications, sensing, and functional composites. It is a well-known organic ferroelectric polymer 
and, due to its thermal and chemical stability, has been successfully applied in sensors, actuators, capacitors, and 
binder systems. Piezoelectric polymers of the PVDF/PVDF- trifluoroethylene (TrFE) type offer advantages such as 
simple processing, lightweight and thin structures, chemical resistance, low environmental sensitivity, and 
biocompatibility. PVDF is a multiphase material and can exist in the α, β, γ, and δ crystalline modifications; among 
these phases, the β-phase is considered particularly valuable from a functional point of view because of its high 
polarity and electro-activity [5]. 

It is well known that the α-phase is a non-polar modification that is readily obtained from the melt, whereas the 
formation of the β-phase or the α→β transformation is one of the main research directions in the development of 
PVDF-based functional materials, and this transformation can be enhanced through annealing, stretching, and the 
incorporation of suitable fillers. At the same time, studies show that within a composite system PVDF acts not only 
as a passive matrix, but also as an active functional polymer medium that improves surface smoothness, interfacial 
quality, and the overall piezoelectric response. In recent years, among the semiconductor- and nanocarbon-based 

Cite as: S.A. Ahmadova, G.B. Ibragimov, O.A. Samedov, M.A. Yuldoshev, N.A. Sattarov, K.M. Hasanov, Y.I. Aliyev, A.S. Abiyev, East Eur. J. 
Phys. 3, 385 (2026), https://doi.org/10.26565/2312-4334-2026-3-34 
© S.A. Ahmadova, G.B. Ibragimov, O.A. Samedov, M.A. Yuldoshev, N.A. Sattarov, K.M. Hasanov, Y.I. Aliyev, A.S. Abiyev, 2026; CC BY 4.0 license 

https://doi.org/10.26565/2312-4334-2026-3-34
https://periodicals.karazin.ua/eejp/index
https://portal.issn.org/resource/ISSN/2312-4334
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-9722-9439
https://orcid.org/0009-0005-0506-0269


386
EEJP. 3 (2026) S.A. Ahmadova, et al.

fillers introduced into PVDF, Ga₂O₃ and carbon nanotubes (CNTs) have attracted particular interest. Owing to its 
wide band gap of approximately 4.2–5.3 eV, high breakdown field, and favorable electron transport characteristics, 
Ga₂O₃ has emerged as a promising semiconductor material for high-temperature electronics, ultraviolet 
photodetectors, gas sensors, and radiation-resistant devices [6-9]. Zhang demonstrated the advantages of Ga₂O₃ in a 
power diode with record performance and confirmed its strong potential for high-voltage electronics with a 
breakdown voltage of 8.32 kV. Although several polymorphs of Ga₂O₃ are known, β-Ga₂O₃ is considered the most 
thermodynamically stable phase, and under high-temperature conditions the other modifications also tend to 
transform into this phase [10]. On the other hand, CNTs are regarded as one of the most promising nanofillers for 
PVDF due to their low mass density, high aspect ratio, large specific surface area, high electrical and thermal 
conductivity, and superior mechanical strength, and they not only create a conductive network within the composite 
but can also promote β-phase formation, heterogeneous nucleation, and the α→β transformation under appropriate 
dispersion and functionalization conditions [11, 12]. In addition, CNT incorporation can enhance the mechanical 
properties, increase the development of the trans/β-oriented structure, and sharply improve electrical conductivity 
because of the low percolation threshold, although excessively high loading may lead to agglomeration, porosity, and 
brittleness, resulting in deterioration of the properties. Therefore, the combined use of β-Ga₂O₃ and CNTs within the 
same PVDF matrix may be considered a favorable approach for obtaining multifunctional composite systems that 
exhibit a synergistic effect in terms of electron transport, interfacial interaction, mechanical stability, and phase 
regulation [13,14]. 

For such composite systems, PVDF nanofibrous mats produced by electrospinning are of particular importance 
because their large surface area and porous structure enable more efficient distribution of fillers such as CNTs and β-
Ga₂O₃ along the fibers, thereby allowing the simultaneous tuning of electrical and structural properties. Nevertheless, 
accurate analysis of the phase composition and crystallographic structure is essential for a proper understanding of the 
interaction of fillers with the polymer matrix, the crystallization behavior, and the phase balance in composite 
nanofibrous materials [15]. In addition, structural defects such as vacancies, dislocations, lattice distortions, and 
interfacial defects can significantly influence the crystallization behavior, phase stability, and functional properties of 
polymer-based nanocomposites, and the investigation of these defects by structural analysis methods is important for 
understanding structure–property relationships. In this respect, X-ray diffraction (XRD) is one of the most reliable 
structural analysis methods for a wide class of materials ranging from nanopowders and metal alloys to ceramics, 
composite coatings, and nanofibrous systems, particularly for determining phase composition, identifying crystal 
structure, and evaluating the degree of crystallinity. Through XRD analysis, structural features such as the formation of 
new phases, phase transformations, changes in lattice parameters, texture, crystallite size, and microstrain can be 
monitored, which makes it possible to substantiate the relationship between preparation conditions, filler concentration, 
modification processes, and functional properties [16]. 

However, although numerous studies on PVDF-based composites have been reported in the literature, the 
combined and concentration-dependent effect of β-Ga2O3 and CNTs, particularly with respect to structural phase 
transformation and β-phase formation, remains insufficiently explored in a systematic and comparative manner. In most 
of the existing studies, these components have either been investigated separately or only their general electrical, 
dielectric, or mechanical effects have been evaluated. In contrast, the incorporation of β-Ga₂O₃ and CNTs into PVDF at 
different ratios can modify dispersion, interfacial interaction, crystallization behavior, and phase balance in different 
ways. Therefore, investigating the changes induced in the structure and functional properties of the PVDF matrix as a 
function of additive concentration is of considerable importance from both fundamental and applied perspectives. 

 
EXPERIMENTAL PART 

This study employed β-Ga2O3 nanopowder purchased from Sigma-Aldrich, characterized by a monoclinic crystal 
structure (space group C2/m), a purity exceeding 99.99%, an average particle size of approximately 20 nm, and a true 
density of 5.88 g/cm3. Carbon nanotubes (CNTs) with a minimum purity of 99% were used as the conductive filler. The 
CNTs had a specific surface area of approximately 700 m2/g, an average tube diameter of approximately 0.84 nm, and a 
material density of 1.7–1.9 g/cm3 at ambient temperature. Here, the material density refers to the density of the CNT 
material itself, whereas the reported bulk density of approximately 0.1 g/cm3 refers to the apparent density of the CNT 
powder, including the interparticle void space, prior to its incorporation into the composite. Poly(vinylidene fluoride) 
(PVDF) powder, supplied by BLD Pharm (China), served as the polymer matrix and had a molecular weight of 6.0 × 105 
g/mol. For preparation of the electrospinning solution, a mixed solvent system consisting of N,N-dimethylformamide 
(DMF, 99.8%, Sigma-Aldrich, Germany) and acetone (99.9%, PanReac AppliChem, Spain) was used. 

Composite nanofibrous samples were prepared using poly(vinylidene fluoride) (PVDF) as the polymer matrix, 
with gallium oxide (β-Ga2O3) and carbon nanotubes (CNTs as functional additives (Fig.1.)). The XRD pattern of the β-
Ga2O3 nanopowder and CNT was recorded at room temperature using Cu Kα radiation (λ = 1.5406 Å), whereas the 
pristine and composite PVDF nanofibrous samples were measured using Co Kα (λ = 1.7890 Å) radiation. The 
corresponding diffraction patterns were analyzed in their respective 2θ ranges for phase identification and comparison. 
Electrospinning was carried out onto aluminum foil substrates with a thickness of 14.2 ± 0.5 µm. A mixed solvent 
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system consisting of N,N-dimethylformamide and acetone in a 60:40 volume ratio was employed, and the PVDF 
concentration in the spinning solution was fixed at 10 wt%. The total content of CNT and β-Ga2O3 additives did not 
exceed 2 wt% relative to the PVDF mass. Different composite compositions were fabricated to examine the effect of 
additive ratio, namely 1 wt% CNT–1 wt% β-Ga2O3, 0.5 wt% CNT–1.5 wt% β-Ga2O3, and 1.5 wt% CNT–0.5 wt% β-
Ga2O3, along with a pristine PVDF sample prepared under identical conditions for comparison. Prior to polymer 
addition, CNT and β-Ga2O3 powders were dispersed in the solvent mixture via ultrasonic treatment at 23.59 kHz for 15 
min, after which PVDF was added and the suspension was magnetically stirred at 300 rpm for 1 h to obtain a 
homogeneous electrospinning solution. 

 

Figure 1. Schematic illustration of the sample synthesis process 

 
Electrospinning was performed using a Nanon-01A system (MECC Co., Ltd., Japan) equipped with a rotating 

drum collector (F90XSH200). The process parameters included an applied voltage of 25 kV, a solution feed rate of 1.6 
mL/h, a spinneret diameter of 0.413 cm, and a spinneret-to-collector distance of 15 cm at a perpendicular orientation. 
The collector drum rotation speed was maintained at 50 rpm, while the spinneret traversed along the X-axis at 1 cm/s, 
with a total spinning volume of 10 mL for each sample. The resulting mats formed an interconnected PVDF nanofiber 
network, either pristine or incorporating CNT and β-Ga2O3 additives. Thickness measurements were carried out using a 
LITEMATIC VL-50 instrument (Mitutoyo, Japan) under a minimal measuring force of 0.01 N. The pristine PVDF mat 
exhibited a thickness of 15.3 ± 3.1 µm and an areal density of 13.8 ± 0.2 g/m2, whereas the composite mats showed 
increased values of 24.1 ± 2.3 µm and 17.4 ± 0.3 g/m², respectively, after careful removal from the aluminum foil 
substrates. 

X-ray diffraction (XRD) measurements were carried out to determine the phase composition and crystalline 
structure of the electrospun PVDF-based nanofibrous mats and their CNT/β-Ga2O3-loaded composites. Diffraction 
patterns were recorded at room temperature using a PANalytical EMPYREAN diffractometer with Co Kα radiation 
[17]. XRD patterns were recorded over the 2θ range of 20°–100° with a step size of 0.026°. The obtained XRD data 
were used to compare the pristine PVDF mat with the composite mats (1 wt% CNT–1 wt% β-Ga2O3, 0.5 wt% CNT–1.5 
wt% β-Ga2O3, and 1.5 wt% CNT–0.5 wt% β-Ga2O3), enabling evaluation of additive-induced changes in crystallinity 
and diffraction features relative to the polymer matrix. 

 
RESULTS AND DISCUSSIONS 

The experimentally observed diffraction peaks were indexed to the monoclinic β-Ga₂O₃ phase (space group C2/m) 
and compared with the reference diffraction data (PDF No. 43-1012). Differences in relative peak intensities are attributed 
to differences in crystallite morphology and preferred orientation. The experimentally observed reflections of monoclinic 
β-Ga₂O₃ were located at 2θ = 15.70°, 18.95°, 24.24°, 30.11°, 31.73°, 33.49°, 35.22°, and 38.42°, corresponding to the 
(001), (−201), (201), (400), (−202), (−111), (111), and (−402) crystallographic planes, respectively [18]. 

The α↔β phase transition in PVDF is one of the main topics of interest in current research. To examine the 
occurrence of α-to-β or reverse phase transformation, Ga2O3 and CNT compositions were introduced into PVDF in 
different ratios. Fig. 3. shows the concentration-dependent changes in the diffraction peaks of the PVDF samples. In the 
initial state, the α and β phases are observed in the spectrum of pristine PVDF. Since the XRD analysis was carried out 
using Co-Kα radiation, the scattering centers of the peaks appear shifted toward higher angles. Thus, the α phase, which 
is observed at about 18.2° with Cu-Kα radiation, appears at approximately 20.3° in our study. Accordingly, the 
diffraction peak begins at ~19.75° and ends at 20.98°. This peak corresponds to the (100) reflection of the α phase. The 
XRD spectra show that the region from 21.75° to 22.5° corresponds to diffraction from the γ phase, associated with the 
(002) and (110) Miller indices [19]. In the literature, these peaks assigned to this phase have also been observed in the 
spectrum with slight shifts. The intensity of these peaks corresponding to the γ phase is significantly lower than that of 
the other peaks, and they appear as a small fraction within the background in a polymorphic manner. The most intense 
peaks, however, correspond to the diffraction peaks of the β phase. The peak attributed to the β phase is located in the 
range from 23.19° to 25.5°. It is known that this peak corresponds to indexing as the (110) and (200) reflections. 
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Figure 2.  X-ray diffraction spectra of the β-Ga2O3 and CNT samples, shown in panels a and b, respectively 

In general, it is evident that PVDF exhibits a three-phase structure. If we consider the effect of the compositions 
and examine the influence of the ratio difference, it can also be seen from the spectrum shown in red that when 
CNT/Ga2O3 is 1/1, a pronounced decrease in the intensity of the α phase is observed together with an increase in the 
peak corresponding to the γ phase. The addition of the content into the system also changed the scattering centers. 
When the components were introduced into PVDF in equal proportions, the scattering peak of the α phase was shifted 
to the range of approximately 19.7° to 20.05°. This may indicate that the introduced composition brought a certain 
degree of ordering into the system, and the shift of the peak center toward lower angles may be interpreted as an 
increase in the unit-cell volume. As is known, the γ phase has an orthorhombic structure, and therefore growth in 
different directions can lead to orientation-dependent changes that result in entirely different lattice parameters. 

 

Figure 3. Change in the XRD spectra of PVDF as a function of the embedding amount. Black points correspond to the initial 
state, red points correspond to the (1:1) ratio, green points correspond to the (1.5:0.5) ratio, and blue points correspond to the 
(0.5:1.5) CNT/Ga2O3 embedding ratios. The centers of the peaks belonging to the α - phase are marked in black, the peaks 

belonging to the γ – phase are marked in red, and the peaks corresponding to the β - phase are marked in green 

In general, it is difficult to distinguish reflections with close d-spacings in PVDF systems. During crystal growth, 
the periods along the chain in the c-direction are large, and therefore the sample cannot be ideally oriented. It is this 
imperfection that causes different orientations to appear, allowing the (002) peak of the γ phase to dominate over the 
(200) reflection. Of course, in this case it should also be noted that the compositions added in equal proportions may 
have had a stronger effect on a lattice parameter. Thus, growth along the (200) direction may dominate over that along 
(002). Overall, it becomes clear that the CNT/ Ga2O3 additive introduced in equal proportions does not lead to a phase 
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transition between the α and β phases. Rather, it mainly affects the γ phase and promotes a change in its orientation. 
Studies show that the addition of oxide ceramics to PVDF leads to a decrease in the α phase and the development of the 
γ and β phases. However, the CNT introduced into the system improves interfacial interactions and makes the 
microstructure more heterogeneous [15]. A number of studies have shown that CNT addition promotes the increase of 
the β phase and raises the β/α ratio, and this difference may even reach 95% [20]. 

Thus, the results and comparisons show that embedding CNT/Ga2O3 in equal proportions (1:1) leads to an increase 
in β-phase formation and promotes the development of the γ phase. Confirmation of this interpretation can be clearly 
seen in the case of 1.5/0.5 CNT/ Ga2O3 embedding. The corresponding spectrum clearly shows that although the 
relatively higher CNT content appears to have a positive effect on β-phase formation, the peaks assigned to the γ phase 
are weaker than those observed for the 1:1 composition. This indicates that Ga2O3 promotes the formation of the γ 
phase. The main confirmation of these results is also clearly observed in the final ratio. The spectrum shown by the blue 
points in Fig. 3. indicates that, in the case of 0.5/1.5 CNT/Ga2O3 embedding, the formation of the γ phase is 
significantly improved. However, no sharp change is observed in the peaks corresponding to the β phase. 
 

CONCLUSIONS 
Overall, the results show that the PVDF system, which initially consists of the α, β, and γ phases, exhibits different 

phase development after embedding depending on the introduced CNT/Ga2O3 ratio. It was found that CNTs mainly 
promote the stabilization of the β phase, whereas β- Ga2O3 exerts a stronger influence on the development of the γ 
phase. The changes observed in the α phase are mainly associated with the effect of CNT incorporation. Although no 
significant change in the α phase was recorded when CNT/Ga2O3 was introduced in equal proportions, it was 
determined that α-phase formation was also supported to a certain extent in the case of 1.5/0.5 CNT/Ga2O3 embedding. 
This indicates that the phase balance in the system is determined not only by the presence of the additives, but also by 
their relative ratio. 
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XRD ДОСЛІДЖЕННЯ ФАЗОВОЇ ЕВОЛЮЦІЇ В НАНОВОЛОКНАХ PVDF, ОТРИМАНИХ МЕТОДОМ 
ЕЛЕКТРОФОРМУВАННЯ ПРИ РІЗНИХ СПІВВІДНОШЕННЯХ CNT/β-Ga₂O₃ 

С.А. Ахмадова1, Г.Б. Ібрагімов1, О.А. Самедов1, М.А. Юлдошев2, Н.А. Саттаров3, К.М. Гасанов1,4, 
Ю.І. Алієв5,6, А.С. Абієв7,8 

1Інститут фізики, Міністерство науки і освіти Азербайджанської Республіки, Баку, АЗ1143 
2Міжнародний університет Туран, Наманган, Узбекистан 

3Міжнародний університет Кімьо в Ташкенті, Наманган, Узбекистан 
4Центр дослідження низьковимірних матеріалів при Хазарському університеті, Баку, AЗ1096, Азербайджан 

5Азербайджанський державний педагогічний університет, AЗ-1143, Баку, Азербайджан 
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8Азербайджанський університет архітектури та будівництва, Баку, AЗ1073, Азербайджан 
Для дослідження залежної від складу фазової еволюції в матриці PVDF було виготовлено електроформовані нановолокнисті 
мати на основі полівініліденфториду (PVDF), що містять вуглецеві нанотрубки (CNT) та наночастинки β-Ga₂O₃. Мати з 
чистого PVDF та композиту зі співвідношеннями CNT/β-Ga₂O₃ 1:1, 1,5:0,5 та 0,5:1,5 мас.% було отримано за ідентичних 
умов електроформування з використанням системи розчинників DMF/ацетон. Кристалічну структуру та фазовий склад 
вивчали за допомогою рентгенівської дифракції з випромінюванням CoKα. Мати з чистого PVDF демонстрували 
багатофазну структуру, що складається з α, β та γ фаз. Після додавання CNT та β-Ga₂O₃ спостерігалися чіткі залежні від 
складу зміни положення та інтенсивності дифракційного піку. Співвідношення 1:1 зменшувало внесок α-фази та 
посилювало відбиття γ-фази, тоді як β-фаза залишалася домінантною. Збільшений вміст вуглецевих нанотрубок (CNT) 
сприяв розвитку β-фази, тоді як підвищений вміст β-Ga₂O₃ сприяв утворенню γ-фази. Результати показують, що CNT 
переважно підтримують стабілізацію β-фази, тоді як β-Ga₂O₃ має сильніший вплив на еволюцію γ-фази та структурну 
перебудову. Ці результати показують, що кристалічний фазовий баланс електроформованих нановолокон PVDF може бути 
ефективно регульований шляхом контрольованого включення CNT/β-Ga₂O₃. 
Ключові слова: полівініліденфторид; бета-оксид галію; вуглецеві нанотрубки; композитні матеріали; XРД 
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Using methods for measuring the dependence of the true secondary electron yield δ on the primary electron energy Ep, as well as 
Auger-electron and photoelectron spectroscopy, the effects of Cs deposition with thickness θ from 0.2 to 4 monolayers on the 
composition, valence-electron density of states, and energy-band parameters of NiO and MoO₃ films were studied. It is shown that at 
θ = 1 monolayer (ML), the largest decrease in the electron affinity χ, the largest increase in the secondary electron yield δ, and the 
photoelectron quantum yield Y occur. At the same time, the band gap width Eg and the positions of peaks in the valence-electron 
spectra remain practically unchanged. It was shown for the first time that, for NiO, at θ = 1 ML, the surface electron affinity χ 
approaches zero. It is found that at θ > 1 ML, changes in the composition, structure, emission, and optical properties of the Cs–NiO 
system begin to be influenced by the thickness of the Cs film. 
Keywords: Transition metal oxides; Cesium adsorption; Electron affinity; Secondary electron emission; Photoemission 

INTRODUCTION 
Transition metal oxides such as NiO and MoO₃ attract considerable interest due to their numerous applications in 

various fields [1–6], including electrochemical energy storage and photoelectrochemical devices, catalysis and sensing, 
lithium-ion batteries, flame-retardant materials, optical devices, and other electrochemical applications. 

NiO is a wide-band-gap p-type semiconductor with a band gap in the range of 3.6–4.0 eV, depending on the oxide 
preparation technique and the measurement method [7–9]. MoO₃ is an indirect-band-gap n-type semiconductor with a 
band gap ranging from 2.8 to 3.6 eV, depending on the phase state and structure (bulk material, film, or nanostructure), 
as well as on the measurement technique [10–12]. 

Nickel and molybdenum oxide nanostructures can be fabricated by various methods, including thermal 
evaporation [13, 14], solution combustion [15], hydrothermal synthesis [16, 17], co-precipitation [18], wet-chemical 
methods [19], sol-gel processing [20, 21], and pyrolysis [22, 23]. In recent years, low-energy ion implantation has been 
widely employed to control the composition, structure, and properties of materials of various types [24-35]. 

In Ref. [24], nanometer-scale MoO₃ films were fabricated on a Mo single-crystal surface by thermal oxidation and 
ion implantation. The dependence of the Mo surface coverage by MoO₃ cluster phases on ion dose was determined. 
Films with a thickness of approximately 100 Å were obtained by sequential implantation of ions with energies of 5, 3, 
and 1 keV. It was established that thermal oxidation forms homogeneous MoO₃ films with good stoichiometry and 
thicknesses ranging from 50-60 to 600-700 Å, whereas ion implantation yields films with thicknesses ranging from 
25-30 to 100 Å.

In Ref. [28], it was shown that implantation of MoO₃ with Ba⁺ ions leads to the formation of an ion-modified layer
consisting of Mo–O, Mo–Ba–O, and Ba–O compounds. This results in a significant modification of the valence-band 
density of states, a reduction of the work function Φ to 2.7 eV, a decrease in the band gap Eg by approximately 
1.5 times, and a 1.5-fold increase in the maximum secondary electron emission coefficient σm. 

In the present work, the effect of Cs atom adsorption with a thickness θ ranging from 0.2 to 4 monolayers (ML) on 
the composition, electronic structure, emission, and optical properties of the wide-band-gap semiconductors MoO₃ and 
NiO is investigated for the first time. 

EXPERIMENTAL TECHNIQUE 
All technological treatments (thermal annealing, oxidation, and ion implantation) and investigations of 

composition, electronic structure, and physical properties were carried out in the same ultrahigh-vacuum (UHV) system. 
The elemental and chemical composition of the nanofilms was determined by Auger electron spectroscopy (AES), 

while the electronic structure was studied using ultraviolet photoelectron spectroscopy (UPS). Depth profiles of 
impurity distribution were obtained by layer-by-layer Auger analysis by sputtering the sample surface with Ar⁺ ions at 
1 keV and an incidence angle of approximately 80° to the surface normal. The etching rate was approximately 
(3 ± 1) Å/min. The uncertainty in determining atomic concentrations was approximately 5–6 at.%. 

Cite as: A.U. Xujaniyazova, D.A. Tashmukhamedova, B.E. Umirzakov, M.B. Yusupjonova, Z.R. Saidakhmedova, Sh.K. Salieva, East Eur. J. Phys. 3, 
391 (2026), https://doi.org/10.26565/2312-4334-2026-3-35 
© A.U. Xujaniyazova, D.A. Tashmukhamedova, B.E. Umirzakov, M.B. Yusupjonova, Z.R. Saidakhmedova, Sh.K. Salieva, 2026; CC BY 4.0 license 

https://doi.org/10.26565/2312-4334-2026-3-35
https://periodicals.karazin.ua/eejp/index
https://portal.issn.org/resource/ISSN/2312-4334
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0003-3551-2831
https://orcid.org/0000-0001-5813-7518
https://orcid.org/0000-0002-9815-2111
https://orcid.org/0000-0003-1189-687X
https://orcid.org/0009-0003-5363-7590
https://orcid.org/0009-0004-4022-9309


392
EEJP. 3 (2026) A.U. Xujaniyazova, et al.

The photoelectron quantum yield Y was measured at a photon energy of hν ≈ 10.8 eV. The energy dependence of 
the secondary electron emission (SEE) coefficient σ was measured in the primary electron energy range 
Ep = 100-1500 eV. Optical measurements were performed using AGILENT Cary 5000 UV-Vis-NIR spectrophotometer. 

 
EXPERIMENTAL RESULTS AND DISCUSSION 

Figure 1 shows the dependence of the true secondary electron yield (TSE) δ on the primary electron energy Ep in 
the range 1–15 eV for NiO with Cs films of different thicknesses. It can be seen that at θ = 0, a sharp increase in δ 
begins at Ep = 5.21 eV, corresponding to the onset of electron emission from the top of the valence band, Ev, to the 
vacuum level, Evac. At θ = 0.5 ML, a sharp increase in δ is observed starting from Ep = 4.3 eV; at θ = 1 ML from 
Ep = 3.6 eV; and at θ = 2 and 4 ML from Ep = 4.0 eV. At θ ≥ 1 ML, the value of δ at all Ep values is lower than that for 
pure NiO. This is due to the fact that at θ ≥ 1 ML, true secondary electrons originate not only from NiO but also from 
the Cs film.  

 
Figure 1. Dependences δ(Ep) in the range Ep = 1–15 eV for NiO with Cs films of thickness θ, ML: 1 – 0; 2 – 0.5; 3 – 1.0; 4 – 2 

Since the emission efficiency of Cs is significantly lower than that of NiO starting from θ = 1 ML, the value of δ 
decreases over the entire Ep range as the thickness of the Cs film increases. In the initial part of the δ(Ep) dependence for 
NiO films, weak features associated with the presence of impurity levels are observed. With the shift of the spectrum's 
lower end toward lower Ep values during Cs adsorption, the positions of impurity levels also shift in parallel. It can be 
assumed that during Cs adsorption at θ ≤ 1 ML, the positions of the impurity levels remain unchanged. However, at θ > 
1 ML, these impurity levels are poorly detected.  

 
Figure 2. Dependences of Y¹ᐟ² on hν for NiO with Cs films of thickness θ, ML: 1 – 0; 2 – 0.5; 3 – 1.0; 4 – 4 

At the same time, spectral distributions of the photoelectron quantum yield were recorded for the studied samples. 
Figure 2 shows Fowler plots (dependences of Y¹ᐟ² on hν) for NiO with Cs films of different thicknesses. It can be seen 
that the photoelectron work function values at the top of the valence band (Ev) for NiO and NiO with Cs films of 
thicknesses 0.5, 1.0, and 2 ML are in good agreement with the data in Fig. 1. 

Figure 3 shows the dependence of the light transmittance coefficient T on photon energy hν for pure NiO and NiO 
with Cs films of thickness θ = 0.5 and 1 ML. It is observed that the value of T remains nearly unchanged up to 
hν = 3.5 eV, then decreases sharply to zero. Extrapolation of the second part of the curve to the hν axis gives an 
approximate value of the band gap Eg. For NiO, Eg = 3.72 eV. After Cs deposition with thicknesses of 0.5 and 1 ML, 
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the value of T slightly decreases in the range hν from 7.0 to 3.2 eV, but the value of Eg remains practically unchanged. 
This shows that for Cs deposition with θ ≤ 1, the band gap Eg does not change significantly, and the decrease in the 
photoelectron work function Φ is mainly due to a decrease in the electron affinity χ. 

 
Figure 3. Dependences of the light transmittance coefficient T on photon energy hν for NiO with film thickness θ, ML: 1 – 0; 

2 - 0.5; 3 – 1.0 

Based on these data, we determined the work function Φ of NiO with a thin Cs film (Fig. 4). One monolayer was 
taken as the reference, corresponding to the minimum eφ value. From Fig. 4, it can be seen that during deposition for 
1.2 min, the dependences Φ(t) and χ(t) pass through a minimum, decreasing by about ~ 2 eV. At t = 2.4 min, θ equals 2 
monolayers; at t = 4.8 min, θ = 4 ML. At θ = 2 monolayers, the values of Φ and χ slightly increase and then remain 
practically unchanged with further increase in θ, i.e., the value of Φ characteristic of a thick Cs film is established. 

 
Figure 4. Dependence of the photoelectron work function Φ and electron affinity χ on the Cs deposition time on the NiO surface 

Table 1 presents the energy-band parameters for NiO with Cs films of different thicknesses, determined from 
Figs. 1 and 3. 

Table 1. Energy-band parameters and emission parameters for NiO with submonolayer Cs coverage  

Parameters θ, МL Ф = Ev, eV Eg, eV χ, eV σm Y (at hν = 10.8 eV) 
0 5.21 3.72 1.49 3.1 6·10-3 

0.5 4.3 3.72 0.58 4.1 9·10-3 
1 3.82 3.72 0.10 4.9 3·10-2 
2 3.71 3.72 –0.01 3.9 8·10-3 

From the table, it is evident that up to θ = 1 ML, as χ decreases, the values of Y and σm increase significantly. 
At θ = 1 ML, the value of χ approaches zero (Fig. 5). 

Similar studies were also conducted on MoO₃ films. The results are summarized in Table 2. It can be seen that, in 
this case as well, Cs deposition does not change Eg, while Ev and χ decrease, and σm and Y increase noticeably. Unlike 
NiO, in the case of MoO₃, Cs adsorption with θ ≤ 1 leads to a much larger decrease in Φ and χ, but the effect of 
negative electron affinity does not occur. 
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Figure 5. Energy diagrams of the surface: 1 – NiO; 2 – NiO with a Cs film of thickness 0.5 and 1 ML. 

Table 2. Energy-band parameters and emission parameters of MoO₃ with submonolayer Cs coatings  

Csθ → MoO3 Parameters 
Ev, eV Eg, eV χ, eV σm Y  

θ = 0 ML 7.9 3.4 4.5 3.4 4.5·10-3 
θ = 0.5 ML 6.2 3.4 2.8 – - 
θ = 1.0 ML 5.5 3.4 2.1 5.8 6·10-2 
θ = 2.0 ML 5.7 3.4 2.3 4.5 2·10-2 

“–” – measurements were not performed. 

It should be noted that in the case of Csθ → NiO, at θ = 1 ML the value of χ approaches zero; however, a very 
sharp (10 times or more) increase in σm and Y, which is typical for semiconductors with negative electron affinity, is 
not observed. In addition, during Cs adsorption with θ = 1 ML for binary semiconductors (GaAs, GaP) and wide-band-
gap semiconductors (MgO, WO₃), the value of χ decreases by 2.5 eV or more. In the case of NiO, this decrease is only 
about ~1.4 eV. These issues require further experimental and theoretical investigation. 

 
CONCLUSIONS 

1. For the first time, the influence of submonolayer Cs coatings on the electronic structure, emission, and optical 
properties of NiO and MoO₃ oxides has been investigated. It has been shown that at θ ≤ 1 monolayer, the values 
of σm and Y increase significantly, which is explained by a decrease in χ to 1.61 eV (NiO) and 2.4 eV (MoO₃). 

2. It has been shown that during Cs adsorption at θ ≤ 1 ML, the composition of the surface layers remains 
practically unchanged; the band gap width and the valence-electron density-of-states structure also remain 
unchanged. 

3. In the case of NiO, during Cs deposition at θ = 1 ML, a Csθ → NiO system close to negative electron affinity is 
formed. However, in this case an increase in σm and Y is not observed. 
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ВПЛИВ АДСОРБЦІЇ СУБМОНОШАРОВИХ ПОКРИТТІВ Cs НА ЕЛЕКТРОННУ СТРУКТУРУ ТА ФІЗИЧНІ 
ВЛАСТИВОСТІ NiO ТА MoO₃ 

А.У. Хужаніязова, Д.А. Ташмухамедова, B.E. Умірзаков, M.B. Юсупжонова, З.Р. Саїдахмедова, Ш.К. Солієва 
Ташкентський державний технічний університет імені Іслама Карімова, Ташкент, 100095 Республіка Узбекистан 

За допомогою методів вимірювання залежності справжнього виходу вторинних електронів δ від енергії первинних 
електронів Ep, а також спектроскопії Оже-електронів та фотоелектронів, досліджено вплив осадження Cs товщиною θ від 0,2 
до 4 моношарів на склад, щільність станів валентних електронів та параметри енергетичних зон плівок NiO та MoO₃. 
Показано, що при θ = 1 ML відбувається найбільше зменшення електронної спорідненості χ та найбільше збільшення 
виходу вторинних електронів δ і квантового виходу фотоелектронів Y. При цьому ширина забороненої зони Eg та 
положення піків у спектрах валентних електронів практично не змінюються. Вперше показано, що для NiO при θ = 1 ML 
значення поверхневої електронної спорідненості χ наближається до нуля. Встановлено, що за θ > 1 ML зміни складу, 
структури, емісійних та оптичних властивостей системи Cs–NiO починають залежати від товщини плівки Cs. 
Ключові слова: оксиди перехідних металів; адсорбція цезію; електронна спорідненість; емісія вторинних електронів; 
фотоемісія 
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This paper presents the research results on the age determination of low-enriched uranium in various physical forms using gamma
spectrometry methods. The objects of study were uranium working reference materials (uranium oxide powders, uranium alloys, fuel
pellets, and microspherical fuel) with 235U enrichment levels ranging from 0.47% to 19.75%, developed at the NSC KIPT. Two analytical
approaches for uranium age dating were proposed and tested: Approach 1 is based on a broad-energy germanium detector (BEGe3830)
and the 214Bi/234U chronometer; this method demonstrated efficiency across a wide range of enrichments, from natural to enriched
uranium. Approach 2 utilizes a low-energy detector (GL1015R) and the 223Ra/235U chronometer; it has been found that this approach
is limited to enriched uranium only. The results for the calculated age and model production dates obtained by both approaches are in
good agreement. The average measurement uncertainty was approximately 10% with an exposure time of 400 000 s.

Keywords: Uranium age dating; Isotope chronometer; Gamma-spectrometer; Enriched uranium

1. INTRODUCTION
In nuclear forensics, the ”age” of uranium is defined as the time elapsed since its last chemical purification - the point

at which all decay products were removed. In other words, it represents the material’s production date or the date of the last
technological processing, such as enrichment. The determination of uranium age is a fundamental tool for the attribution
of nuclear materials. This parameter allows for the reconstruction of a sample’s processing history, the establishment of
its technological links to specific stages of the nuclear fuel cycle, and the performance of comparative analyses to identify
whether different samples share a common source of origin. Modern research in nuclear forensics highlights several
key approaches to dating uranium-containing materials, all based on measuring radioactive disequilibrium. The primary
challenge for gamma spectrometry methods remains the necessity of detecting low activities of decay products against the
background of high activity from the parent uranium nuclides.

Chronometer 214Bi/234U: The use of short-lived decay products, such as bismuth-214 (214Bi) [1], is considered an
effective non-destructive analysis method for the rapid determination of the time elapsed since the last material processing.
As stated in IAEA guidelines, high-resolution gamma spectrometry (HRGS) allows such measurements to be performed
without opening the containers. However, the accuracy of this chronometer critically depends on the airtightness of the
packaging and the retention of radon-222 (222Rn), which is an intermediate product in the decay chain [2]. In a simplified
form, the age of uranium is defined as: 𝑡 ≈ 1

𝜆Ra-226 · ln
(
1 + 𝐴Ra-226

𝐴U-234

)
, where 𝜆𝑅𝑎−226 – decay constant of 226Ra; A𝐵𝑖−214 and

A𝑈−234 – activities of 214Bi and 234U, respectively.
Chronometer 230Th/234U: This ratio is considered the most reliable ’nuclear clock’ for uranium age dating. Classic

studies [3] have extensively investigated the validity of this chronometer and established that it provides high accuracy
for a wide range of materials - from fuel pellets to uranium ore concentrate. Although mass spectrometry is traditionally
used for this purpose [4], modern gamma-spectrum processing methods allow for the isolation of thorium-230 (230Th)
analytical lines, even in the presence of intense radiation from uranium isotopes [5]. Mathematically, the age of uranium
in this case is expressed via the activity ratio as follows: 𝑡 ≈ 1

𝜆Th-230 · ln
(
1 + 𝐴Th-230

𝐴U-234

)
where 𝜆Th-230 is the decay constant of

230Th, and 𝐴Th-230 and 𝐴U-234 are the activities of 230Th and 234U, respectively.
Chronometer 231Pa/235U: The use of the 231Pa/235U chronometer is considered one of the most complex yet

informative methods in nuclear chronometry. The technical value of this method lies in its ability to verify data obtained
from the primary thorium cycle. Since the half-life of the intermediate 231Th is only 25.5 hours, the equilibrium between
235U and 231Th is established very rapidly. In contrast, 231Pa has a half-life of 32 760 years, making it ideal for measuring
the age of anthropogenic uranium over timescales ranging from several years to centuries.

To enhance the reliability of the results, the cross-dating method is commonly employed. Comparing the results
obtained from the 230Th/234U and 231Pa/235U pairs allows for confirmation that the system has remained closed since the
moment of chemical separation [6]. Such a comprehensive approach forms the basis of the attribution methodology for
unknown nuclear materials, enabling the identification of the sample’s source of origin with a high degree of probability.
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The objective of this study was to determine the age of low-enriched uranium in various physical forms. Based
on these uranium, working reference materials were developed at the NSC KIPT in 2014 to ensure the traceability of
gamma spectrometric measurements within the nuclear material accounting and control (NMAC) system at Ukraine’s
nuclear facilities. Obtaining additional analytical characteristics (signatures) of these materials is a topical task that will
enable their application in nuclear forensics both for ensuring measurement traceability and for conducting inter-laboratory
comparisons of gamma spectrometric research results among the national forensic laboratories of the GUAM countries.

2. MATERIAL AND METHODS
For uranium age dating we used working reference materials (WRM) with 235U enrichment levels ranging from

0.47% to 19.75% produced at NSC KIPT. The characteristics of the WRM are given in Table 1 below. Each uranium
material sample was placed in an airtight aluminum container with a side wall thickness of 5 mm and an end face thickness
of 2 mm.

Table 1. The characteristics of the working reference materials.

#/# Sample ID Enrichment, % Mass of U, g Description
1 Upo #01 0.47 39.42 Powder UO2
2 Upo #02 0.72 37.89 Powder U3O8
3 Ume #03 0.72 40.72 Alloy U-NbZr
4 Ume #04 0.70 49.22 Alloy U-Ti
5 Upo #05 2.05 39.42 Powder UO2
6 Upo #06 4.08 39.42 Powder UO2
7 Upr #06 6.14 39.68 Uncoated microspheres based on UO2
8 Upr #06 6.25 37.05 Coated microspheres based on UO2
9 Ume #06 10.00 40.35 Alloy U-Mo-Nb

10 Upo #06 10.00 39.41 Powder UO2
11 Upo #06 16.46 31.19 Fuel pellets based on UO2
12 Upo #06 19.75 39.38 Powder UO2

A broad energy HPGe detector type BEGe 6530 (Canberra, USA) with a diameter of 70 mm and thickness of 30
mm, and a planar HPGe detector type GL 1015 (Canberra, USA) with a diameter of 36 mm and thickness of 15 mm were
used for gamma spectra acquisition. Genie-2000 software was used for gamma spectra acquisition and analysis, FRAM
and MGAU codes for uranium isotopic composition analysis, and FRAM code for calculation of detection efficiency.

The uranium age determination was carried out according to the following approaches:
Approach 1. Gamma Detector - broad energy HPGe detector type BEGe 3830; Gamma Ray Energies Range -

from 50 to 2600 keV; Chronometer - activity ratio 214Bi/234U; Analyzed 214Bi Gamma Lines - 609.32 and 2204.21 keV;
Analyzed 234𝑚Pa Gamma Lines - 766.36, 1001.02, 1193.77, 1510.10, 1737.80, and 1831.70 keV; Detection Efficiency: the
intrinsic/relative efficiency curve, which is constructed using the intensities of the 234𝑚Pa gamma quanta and the known
activity of the 238U isotope.

Approach 2. Gamma Detector - planar HPGe detector type GL 1015; Gamma Ray Energies Range - from 50 to 1100
keV; Chronometer - activity ratio 214Bi/234U and 223Ra/235U; Analyzed 223Ra Gamma Lines: 269.46 keV; Analyzed 235U
Gamma Lines: 275.35 keV; Detection Efficiency: the relative efficiency based on FRAM’s efficiency approximation (see
Fig.1).

3. RESULTS AND DISCUSSION
Fig. 2 shows the results of the experimental gamma-spectrum processing obtained using the Interactive Peak Fit

software, which is part of the Genie-2000 software package.
The 214Bi peak at 609.31 keV slightly interferes with the 234Pa peak at 612.00 keV, but these peaks are fairly easily

resolved. The 214Bi peak with an energy of 2204.21 keV is an interference-free monopeak. In the energy region of
265–290 keV there are many interfering peaks of 235U, 223Ra, 219Rn, 234Pa, 227Th, 231Pa. Despite the fact that the software
“Interactive Peak Fit” allows to calculate the areas of all peaks, the uncertainty of calculations increases and for 223Ra
peak with energy 269.46 keV it increases to 4–6%.

In order to calculate the model date of the WRMs according to Approach 1, we calculated the activity ratios 234U/235U
and 235U/238U using the peak areas of 235U at energies 143.76, 163.33, 185.72, and 205.31 keV and 234U at energy 120.90
keV, as well as the values of 235U and 238U contents in the sample calculated with the FRAM software.

The next step involved calculating the 214Bi/238U, 214Bi/234U activity ratio and model date of WRMs using the
areas of 238U peaks at energies 766.36, 1001.02, 1193.77, 1510.10, 1737.80, 1831.70 keV and 214Bi at energies 609.31
and 2204.21 keV. The combination of activity ratios allows for obtaining the target value 𝐴Bi-214/𝐴U-234 by means the
expression given below:
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Figure 1. The relative gamma-ray detection efficiency curve based on the results of the FRAM program code approxima-
tion.

Figure 2. The results of experimental gamma-spectrum processing using the Interactive Peak Fit software. Intervals
corresponding to the lines of the uranium chronometer: a) E = 607 - 614 keV, b) 2202 - 2010 keV, c) 260 - 290 keV. See
explanations in the text.

𝐴Bi-214

𝐴U-234 =
𝐴Bi-214

𝐴U-238 ·
(
𝐴U-235

𝐴U-234 · 𝐴
U-238

𝐴U-235

)−1

(1)

To estimate the uranium age in the working reference materials using Approach 2, the activity ratio 𝐴Pa-231/𝐴U-235

was directly calculated using the detection efficiency values obtained via the FRAM software code. The results are
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presented in Table 2 and Fig. 3.

Table 2. Results of the age calculation and the model date of production for the uranium working reference materials.

Uranium Age (years) / Model Date of Production
Approach 1 Approach 2

Sample ID 609.31 keV, 214Bi 2204.21 keV, 214Bi 269.46 keV, 223Ra
Upo #01 45 ± 7 49 ± 10 -

09.02.1979 15.04.1974 -
Upo #02 79 ± 8 78 ± 8 -

20.05.1945 15.06.1945 -
Ume #03 74 ± 8 69 ± 8 -

28.02.1950 30.06.1954 -
Ume #04 59 ± 7 58 ± 10 -

09.12.1964 28.06.1965 -
Upo #05 25 ± 3 29 ± 4 25 ± 28

28.08.1998 07.04.1994 03.10.1999
Upo #06 20 ± 2 21 ± 3 23 ± 17

26.12.2003 26.10.2002 25.01.2002
Upr #07 53 ± 5 56 ± 5 55 ± 8

13.03.1971 28.05.1967 17.11.1969
Upr #08 54 ± 5 56 ± 5 61 ± 7

21.02.1970 25.05.1967 15.03.1964
Ume #09 36 ± 3 39 ± 4 41 ± 17

18.04.1987 24.09.1984 12.04.1984
Upo #10 18 ± 2 23 ± 3 20 ± 6

05.12.2005 25.11.2000 29.06.2005
Upr #11 42 ± 4 50 ± 5 38 ± 4

18.06.1981 11.07.1967 20.09.1986
Upo #12 15 ± 2 - 18 ± 3

29.03.2010 - 24.02.2007

In general, the results of the uranium age dating for the working reference materials, obtained using different analytical
approaches, show good agreement with each other. It is worth noting that Approach 1 can be applied to determine the
uranium age across a wide range of enrichments, from natural uranium to enriched material (up to 20%). By contrast,
the Approach 2 is limited to the analysis of enriched uranium samples due to the necessity of determining the activity of
isotopes within the 235U decay chain.

Figure 3. Age calculation results and measurement uncertainties for uranium reference materials.

The use of the 609.31 keV gamma ray of 214Bi for dating relatively ”young” uranium samples is preferable to the
2204.21 keV gamma ray, as the intensity of the last one in such samples is comparable to the background intensity of 214Bi.

The average measurement uncertainty was approximately 10% for a measurement time of 400 000 s. The primary
contribution to the measurement uncertainty stems from the uncertainty in calculating the areas of certain peaks and the
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uncertainty of gamma-ray emission probabilities for specific isotopes. For instance, the uncertainty of the gamma-ray
emission probability at 120.90 keV for the 234U isotope is approximately 8%.

4. CONCLUSION
This work presents studies on the age determination of low-enriched uranium in various physical forms using gamma

spectrometry. The research was conducted using uranium working reference materials developed at the NSC KIPT, which
included uranium oxide powders, uranium alloys, fuel pellets, and microspherical fuel.

Various analytical approaches have been proposed for uranium age calculation using two types of semiconductor
detectors (a BEGe3830 broad-energy detector and a GL1015R low-energy detector) and two chronometers based on the
determination of the 214Bi/234U and 223Ra/235U activity ratios. The age and model production dates for the uranium
working reference materials were calculated.

It was demonstrated that the results of the uranium age calculations obtained through various analytical approaches
are in good agreement with each other. The analytical approach based on the 214Bi/234U chronometer can be applied to
determine the uranium age across a wide range of enrichments, from natural to enriched uranium (up to 20%). In contrast,
the approach based on the 223Ra/235U chronometer is limited to the analysis of enriched uranium samples.

The average measurement uncertainty was estimated to be approximately 10% for an exposure time of 400 000
s. Ways to improve the measurement uncertainty were proposed, such as increasing the exposure time or refining the
gamma-ray emission probabilities for certain isotopes.
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ВИЗНАЧЕННЯ ВIКУ НИЗЬКОЗБАГАЧЕНОГО УРАНУ У РIЗНИХ ФIЗИЧНИХ ФОРМАХМЕТОДАМИ
ГАММА-СПЕКТРОМЕТРIЇ
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2Iнститут ядерних дослiджень НАН України, пр-т Науки 47, Київ 03028, Україна

У роботi представлено результати дослiдження з визначення вiку низькозбагаченого урану у рiзних фiзичних формах ме-
тодами гамма-спектрометрiї. Об’єктами дослiдження стали робочi еталони уранових матерiалiв (порошки оксидiв, металевi
сплави, паливнi таблетки та мiкросферичне паливо) зi збагаченням за 235U вiд 0.47% до 19.75%, що створенi в ННЦ «ХФТI».
Запропоновано та апробовано аналiтичнi пiдходи для визначення вiку урану: Пiдхiд 1 – базується на використаннi широкодi-
апазонного детектора BEGe3830 та хронометра 214Bi/234U; цей метод продемонстрував ефективнiсть для широкого iнтервалу
збагачень, вiд природного до збагаченого урану; Пiдхiд 2: використовує низькоенергетичний детектор типу GL1015R та хро-
нометр 223Ra/235U; встановлено, що даний пiдхiд обмежений лише збагаченийм ураном. Отриманi результати розрахунку
вiку та модельних дат виробництва за обома пiдходами демонструють добру узгодженiсть мiж собою. Середня невизначенiсть
вимiрювань склала приблизно 10% при експозицiї 400 000 с.
Ключовi слова: радiоiзотопне датування урану; iзотопний хронометр; гамма-спектрометр; збагачений уран
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This analytical essay discusses antimony selenide (Sb2Se3) as a potential candidate material to be used as a thin-film photovoltaic 
absorber. Sb2Se3 has provided significant ecological/economic benefits, including large optical absorption, an adjustable band gap of 
about 1.13 eV, and a lack of toxic elements. A parametric exploration was carried out in the current study based on the platform 
SCAPS-1D in order to identify ideal layer designs, interfaces, carrier dynamics, and band alignments. This analysis has focused on 
loss mechanisms which constrain photovoltaic performance in an effort to isolate and come up with strategies to inhibit Shockley-
Read-Hall recombination, surface recombination, band-offset differences, and internal diffusion effects. The results provide practical 
suggestions for minimizing voltage losses, such as minimizing absorber/buffer thicknesses, minimizing acceptor densities, optimizing 
the conduction band offset as close to zero as possible, and minimizing surface recombination and defect densities. 
Keywords: Sb2Se3; Thin-film solar cell; SCAPS-1D; Theoretical model; Parameter optimisation; Photovoltaic efficiency 

1. INTRODUCTION
The increasing energy needs of society have created an impetus to develop different means of harnessing 

renewable energy through research and technology. In particular, newer photovoltaic (PV) technology represents a 
more effective and environmentally friendly means of tapping into solar energy; additionally, the new methods being 
developed also represent ways to reduce manufacturing costs while at the same time achieving extremely high 
photovoltaic conversion efficiency PCE. Numerous categories of thin-film solar cell (TFSC) technology have garnered 
significant research interest recently due to the ability to minimize material usage, increase flexibility, and achieve 
high efficiency [1]. Recently, TFSC materials in multiple categories such as cadmium telluride (CdTe), copper indium 
gallium selenide (CIGS), and perovskite have gained tremendous popularity for use in solar cells. However, each 
material category has some limitations, particularly regarding the long-term viability of these materials (including the 
toxicity of cadmium (Cd) and indium (In)). Thus, many environmentally friendly and non-toxic materials for 
Photovoltaic (PV) applications have been researched, including copper zinc tin sulfide (Cu2ZnSnS4), SnS, Cu2O, and 
CuSbSe2 and their chalcogenides, antimony selenide (Sb2Se3) as well [2]. The maximum PCE obtainable by a single-
junction solar cell is 32.23%, which occurs at approximately 1.14 eV, the optimal energy bandgap for the absorbing 
layer based on the Shockley-Queisser model [3]. These results indicate that Sb2Se3 is becoming a candidate material 
of choice for chalcogenides to absorb Solar Energy due to its opto-electronic properties such as high electron mobility 
(15 cm2/Vs), hole mobility (42 cm2/Vs), and good bandgap [4], which ranges from 1.10 -1.30 eV depending on 
application. It also has very low conductivity [5], a low melting point (612ºC), and a high absorption coefficient 
(> 105 cm-1). In addition, Sb2Se3 has stability as an alternate absorber material for the construction of solar cells, thus 
allowing compatibility with current methods of production. Studies conducted by Wen et al. [6] reported improved 
charge-carrier mobility for the use of Sb2Se3 layers produced by means of vapor transport deposition technology 
(VTD), yielding efficiencies as high as 7.6% for VTD-produced films. Similarly, Li et al. [7] produced oriented 
nanorod assemblies of Sb2Se3 via closed-space sublimation (CSS) on Mo electrodes, yielding efficiencies of 9.2%. 
Huan et al. [8] created thin-filmed Sb2Se3 solar cells achieving 6.53% efficiency. Lin et al. [9] fabricated 
glass/Mo/Sb2Se3/CdS/ITO/Ag solar cells by means of spray application yielding PCE of 7.43%, which was 
subsequently improved to 8.64% by Tang et al. [10] Given the evolving effort to optimize these performance measures 
the current understanding of Sb2Se3 based solar cells has been explored with the aid of computer simulations utilizing 
the SCAPS-1D software, further enhancing the understanding of photovoltaic phenomena and supporting experimental 
development. The SCAPS-1D program is one of the most widely used tools for modeling thin-film solar cells. It has 
demonstrated its ability to accurately predict how a given solar cell will perform. With SCAPS-1D, electrical and 
optical properties of Sb2Se3 solar cells were able to be accurately simulated and the effects of material properties, layer 
thicknesses, doping levels, and defect densities on device performance were studied. As such, this simulation approach 
can save significant time and money compared to traditional experimental trial-and-error approaches, while also 
increasing understanding of the physical processes that limit device performance. 
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In the research of Lin Ling-yang, the optimal layer thickness, defect density, and carrier mobility were identified by 
SCAPS-1D for the Sb2Se3/CdS solar cell structure to improve the cell efficiency, based on the SCAPS-1D parameters 
effective PCE. The solar cell structure has very promising attributes, including abundant material sources, low cost, and 
nontoxicity, as well as very effective construction of the absorber layer (600 nm) and buffer layer (60 nm), improved hole 
mobility, and low defect density. The PCE discovered in this research was 16.5% and consisted of a study of the effect 
of back contact work function [11]. The new Sb2Se3 based solar cell structure proposed by Baig and Faisal along with 
other co-authors used Eco-friendly and inexpensive materials to achieve a solar cell efficiency of 13.2 per cent. The 
researchers substituted the heavy-metal toxic elements Cd and Pb with Cu2O as an HTM, In2S3 buffer layer, and a layer 
of CNT as a back contact to form the innovative new solar cell structure [12]. The effect of interface passivation on the 
performance of Sb2Se3 solar cells was also investigated in research by Chen et al. [13], who found that interface 
passivation was able to remove some defects and therefore, that SnO2 was an important factor due to its ability to reduce 
defects and increase cell performance, a key aspect for practical use of the cells. Research by Sheikh et al. [14] indicated 
that CdS/Sb2Se3 devices with a 1 µm absorber thickness achieved a PCE of 29.35%. Similarly, [15] 
ZnS/Sb2Se3/PEDOT:PSS devices with an absorber layer thickness of 0.8 µm achieved the same PCE, which did not take 
into account any influence of the defect density on the interface. A WS2/Sb2Se3/Cu2O solar cell with a 0.5 µm thick 
absorber layer achieved a PCE of 30.03% [16], also without the effects of defect density on the interface. Because of the 
interfacial layer separating the collector layer of the Sb2Se3 (semiconductor) from the collector contact (metal), there are 
less downward band bending at the Sb2Se3/metal junction, making it easier for electrons and holes to move through the 
collector layer toward the collector metal. Reducing downward band-bending at the Sb2Se3/metal junction will eliminate 
the “pinning” or locking of the Fermi energy level at this junction. Eliminating such pinning will also improve transport 
of holes from the absorber layer to the collector, thereby reducing the amount of carrier recombination that occurs during 
the illumination phase. The interfacial layer will also facilitate the movement of holes through the back contact via the 
smallest band gap energy difference valence band offset (VBO) between the two. Therefore, it is critical to use certain 
materials that are compatible with the hole transport material (HTM) and back surface field (BSF) materials to maximize 
the electrical and optical performance. Cu2O, a non-toxic, abundant, and easily manufactured material has been found to 
serve as a suitable HTM for Sb2Se3 solar cells [17]. 

The current modeling methods (i.e. SCAPS-1D simulations) 
have already demonstrated that significant improvements in power 
conversion efficiency for Sb2Se3 solar cells can be achieved by 
utilizing the modeling methods. Modern experimental fabrication 
and characterization of Sb2Se3 solar cells have thus been successful 
with the SCAPS-1D simulations of these cells. The role of absorbers, 
the doping levels of buffer layers, and the band alignments at the 
interface of thin film solar cells have all been modelled using 
simulations. The results obtained from the modelling of these 
parameters agree with the experimental values of the central 
electrical parameters such as PCE, Voc, Jsc and FF. There can be 
discrepancies between the simulations and the experimental results 
due to the effects of non-ideal conditions, such as material 
inhomogeneity, defects at the interface, and other environmental 
influences. As shown in Figure 1, the publications on Sb2Se3 thin-
film solar cells modelled using SCAPS-1D by the authors in journals 
indexed in SCOPUS for the period of 2018-2025. 

This research paper will provide a comprehensive review of thin-film solar cells based on Sb2Se3 through simulation 
and analysis with SCAPS-1D. The significance of utilizing simulation and computation as an integral part of PV research 
will be discussed in depth. We will provide an in-depth description of the factors that affect the efficiency of a photovoltaic 
device and document new techniques (e.g., Interface engineering, control of doping level, use of machine learning, etc.) 
that could potentially alleviate current limitations of such devices. 

 

2. MATERIAL PROPERTIES 
Sb2Se3 thin films have a many beneficial properties, but their performance continues to lag behind the maximum 

potential performance predicted by the Shockley-Queisser (SQ) limit as the devices have yet to reach maximum attainable 
efficiencies. We encourage further development in three areas for improving the efficiency of Sb2Se3 thin film solar cells: 
First, better controlling the kinetics and morphology of Sb2Se3 precipitate growth while maintaining their high stability; 
second, ensuring proper alignment of the bandgap and energy bands in the device structure; and finally, minimizing 
recombination centers (defects at the interface and within the bulk of the material). Sb2Se3 belongs to A2B3-type 
isostructural compounds. These compounds are characterized by the presence of a metal A (bismuth or antimony) and a 
non-metal B (sulphur or selenium), and they are part of a larger family (AV

m BVI
n) that contains numerous compounds 

with similar structural arrangements. The orthorhombic stable phase of Sb2Se3 has orthorhombic Pbnm and Pnma 
crystallographic symmetry, and both of these space groups are crystallographically identical. Minor differences arise 
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Figure 1. Publications on Sb2Se3 based thin-film 
solar cells using SCAPS-1D, categorized by years 
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when changing the directions of the coordinate axes. Pbnm lattice constants are a = 11.62 Å, b = 11.77 Å, c = 3.962 Å, 
and Pnma lattice constants are a = 11.7938 Å, b = 3.9858 Å, c = 11.6478 Å [18]. The crystal structure of Sb2Se3 is ribbon-
like (or pseudo-1D) in its basic form, and this wrapping ribbon-like structure leads to anisotropic charge conduction and 
optoelectronic response of this compound, so the physicochemical stability of Sb2Se3, as well as the phase structure, 
texture, and orientation, needs to be controlled to take full advantage of its functionality. 

 
2.1. Material Structure 

The repeating structure of Sb2Se3 occurs as chains of (Sb4Se6)n between layers where van der Waals forces bind the 
chains together in the (010) direction, and covalent bonds hold them to form the (001) direction. The space between the 
ribbons was 2.98 Å, as referenced in [18]. In obtaining an effective application from the (221) direction, Sb2Se3 should 
be within 0.3-0.6 µm for optimal device use, while the diffusion distance for electrons when considering a (221) direction 
is only considered to be 0.3 µm, as stated in reference [5].  On the other hand, when measuring in the (001) direction the 
electrons can diffuse up to 1.7 µm which is five times longer than the (221) diffusion distance, as stated in reference [19]. 

As a result of this quasi-one-dimensional crystal system (as shown Figure 2), Sb2Se3 is highly anisotropic, with 
impediments on the trajectory of charge carriers occurring along all planes of the structure, except for one plane parallel 
to the c-axis (ribbon) direction. Due to limitations on carrier behavior within most of the ribbon’s geometry, the carrier 
mobility of Sb2Se3 is rather poor in terms of the degree of mobility [4]. To modify the electronic characteristic properties 
of Sb2Se3, dopants such as transition metals or halogens can be introduced to produce additional energy state levels within 
the Sb2Se3 band gap, resulting in the band gap expanding or contracting depending upon the specialized dopant and doping 
configuration used. The electronic properties of thin film geometries also affect the size of the band gap as a result of 
changes in bond length and changes in the dimensions of the unit cell lattice constant, in addition to the influence of 
externally applied pressure, which has the potential to decrease the band gap, along with the effects of thermal expansion 
or contraction resulting from temperature changes. 

 

  

Figure 2. a) The asymmetric placement of antimony (Sb purple dots) and selenium (Se yellow dots) within the third phase of the Sb2Se3 
compound, according to the Pbnm space group. b) An illustration of the “ribbon” configuration of the Sb2Se3 material system, such that 
dashed lines in black indicate the presence of van der Waals interactions holding together Se between different ribbons [20] 

 
2.2. Defects in Antimony Selenide 

Grain boundary defects in polycrystalline thin films were historically conceived of as recombination centers [21]. 
This conceptual framework is replicated from prior research on semiconductor systems such as GaAs and CdTe that 
exhibit similar behaviors due to their simple binary phase chemistry. It was originally assumed that the simple binary 
phase chemistry of Sb2Se3 would afford it a limited number of natural defects with respect to its management when 
compared with the multinanometallic systems such as CZTS/Se. Based on this assumption, it was hypothesized that there 
would be six intrinsic types of defects formed in this system: 

(a) The two types of vacancies will exist in the form of cation vacancies (VSb) and anion vacancies (VSe). 
(b) The interstitials will consist of two types: cation interstitials (Sbi) and anion interstitials (Sei). 
(c) The antisite defects will exist in the form of cation-on-anion antisites (SbSe) and anion-on-cation antisites (SeSb). 
However, experimental and theoretical results indicate that the intrinsic defects in Sb2Se3 are far more complex than 

originally envisioned, and that the defect physics of this quasi-one-dimensional van der Waals material cannot be simply 
extrapolated from the three-dimensional covalently bonded binary photovoltaic absorbers (e.g. GaAs, CdTe).  

 
2.3. Defect Tolerance of Photovoltaic Absorbers 

There are two main reasons for the differences in defect tolerance between absorbers in photovoltaics and other types 
of solar cells: (1) the lack of deep traps in the gap energy region makes it a very good property of an absorber; and (2) the 
properties of the defects depend on the atomic position in the Q1D structure. For example, there are 3 different positions for 
Se atoms in a given Sb2Se3 ribbon (Se1, Se2, Se3) but only 2 different positions for Sb in that ribbon (Sb1, Sb2), which means 
that defects in the same atomic location will have vastly different properties when considered in relation to either site. 
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Also, the low van der Waals strength of the (Sb4Se6)n chains leaves large voids between the (Sb4Se6)n ribbons, and 
as a result, defects appear in ways entirely unlike those of traditional absorbers. Such examples include cation-on-anion 
antisite defects (SbSe), anion-on-cation antisite defects (SeSb), and even two anions on one cation antisite defects (2SeSb). 
Thus, there are only a couple of basic defect types in this structure, but they are complicated because of the unusual 
structure of Sb2Se3. Se can be used to replace antimony’s cation-anion character, resulting in SeSb and SbSe antisite defects. 
These defects are still debated to be acceptors or donors [22]. 

 
3. INFORMATION ABOUT THE SCAPS-1D PROGRAM 

The SCAPS-1D software package was developed at Ghent University, Belgium, by Prof. Burgelman in the 
Electronics and Information Systems department and is a tool to evaluate the electro-mechanical properties of 
photovoltaic components such as solar cells, and increase their efficiency. Researchers and engineers have utilized 
SCAPS-1D extensively to explain the structure, material composition and working characteristics of solar cells. SCAPS-
1D has applications in several areas of research: modelling of solar cells with materials including silicon (Si), CIGS, 
perovskites, Sb2Se3, etc; optimization of PCE by finding the best operating point for a solar cell and establishing how 
different material properties, thickness of layers, and concentrations of dopants impact the performance of the solar cell; 
validation of experimental results via simulation. 
 

3.1. Main Input Parameters 
The parameters that need to be entered into SCAPS-1D for solar cell modeling are as follows: Layer Thickness, 

Absorber and Buffer Thickness, and also the thickness of the Contact Layer. 
Bandgap (Eg) 
Dielectric permittivity (ε) 
Electron mobility and hole mobility (μ) 
Doping concentration, with n-type donor doping and p-type acceptor doping, and all that influence the electrical 

performance 
Defect density, which includes the defect states that affect carrier recombination 
Illumination intensity, or the solar irradiation intensity for example, 1 sun ≈ 1000 W/m2 
Spectral distribution of illumination (for example, AM1.5) 
Temperature, being the nominal operating temperature of the device that is ~300K 
Selection of the device structure (p - n junctions or heterojunctions) 
Entering Parameters, such as material properties, layer thicknesses, doping concentrations, and other values 
Running simulation - calculates the important electrophysical properties, such as I - V curve and quantum efficiency 
Analyzing results to determine how well simulated results compare to experimental results and process optimization. 

 
3.2. Advantage of the SCAPS-1D program 

SCAPS-1D can simulate very complex multilayer structures with different semiconductor materials, as well as 
contacts and intermediate layers. This capability is very important for the research and optimization of different types of 
solar technologies, (i.e. Perovskite, Silicon, Organic, etc.) Although SCAPS-1D is fundamentally one-dimensional, it 
produces extremely accurate results for a wide variety of multilayered structures. SCAPS-1D allows users to model a 
variety of physical processes related to the operation of semiconductor devices including: the many types of 
recombination processes that can occur (such as Shockley-Read-Hall and surface recombination), quantum mechanical 
tunneling processes and defects that occur at the interfaces between different types of semiconductors and how these 
defects affect device characteristics. 

In addition, SCAPS-1D is an inexpensive and fast alternative to performing the same type of experiments using 
laboratory techniques. Performing these types of experiments will take a significant amount of time and money, while 
using SCAPS-1D will allow the user to enter parameters digitally and automatically find the best possible answer. This 
provides an opportunity to rapidly design devices and to investigate the new materials. SCAPS-1D solves most of the 
main semiconductor equations that include electrons and holes, including the Poisson equation, continuity equations, and 
both current and voltage equations. 

 ௗమሺ௫ሻௗ௫మ = ௘கబ∗கೝ ሺ𝑝ሺ𝑥ሻ − 𝑛ሺ𝑥ሻ + 𝑁஽ − 𝑁஺ + 𝜌௉ − 𝜌௡ሻ (1) 

 ௗ௃೙ௗ௫ = 𝐺 − 𝑅 (2) 

 ௗ௃೛ௗ௫ = 𝐺 − 𝑅 (3) 

 𝐽௡ = 𝑞𝜇௡𝑛 ௗఝௗ௫ + 𝑞𝐷௡ ௗ௡ௗ௫ (4) 

 𝐽௣ = 𝑞𝜇௣𝑝 ௗఝௗ௫ − 𝑞𝐷௣ ௗ௣ௗ௫ (5) 
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In this example, the dielectric constant of a vacuum, ε0, a relative dielectric constant of εr; is the electron charge (e), 
n and p are electron and hole concentrations, such as ND and NA are densities of ionised donors (ND) and acceptors (NA) 
Electron and hole current densities (Jn and Jp) are described by recombination rates (R) and carrier generation rates (G), 
as well as their mobilities (μn and μp); along with their respective diffusion coefficients (Dn and Dp). The electric potential 
gradient can be established via Equation (1), which indicates the dependence of the electric potential gradient on the 
distribution of charge density with respect to electron and hole charges. Continuity equations are presented in Equations 
(2) and (3) and provide continuity for both electron (Jn) and hole (Jp) current densities, which are dependent upon their 
respective generation and recombination rates. Total current densities (with respect to both electrons and holes) are given 
by Equations (4) and (5) and consist of the total contribution of both drift and diffusion of the respective charge carriers. 
The direction that the carriers diffuse from regions of higher concentration to lower concentration is negative for holes, 
as they have negative charge; whereas electrons diffuse from regions of low concentration to more concentration. 
 

3.3. Limitations of the SCAPS-1D Program 
While SCAPS-1D is commonly used as a tool for modeling semiconductor components, it has a number of 

constraints that can affect how reliable results can be generated, and, in turn, can affect the usability of SCAPS-1D. To 
develop a model using SCAPS-1D, the user must make several assumptions regarding the idealized conditions under 
which the model is designed. For example, SCAPS-1D assumes that all layers of a semiconductor are “flat” and “uniform” 
in terms of their material properties (for example, composition, thickness, and crystal structure). In reality, there are many 
ways that a material's properties can vary within its layers (i.e., after undergoing defects due to manufacturing processes), 
and therefore these assumptions do not accurately reflect real-world systems. SCAPS-1D also assumes that all interfaces 
between layers are “perfectly flat”, but again this is not the case. Depending on the temperature, pressure and chemical 
environment in which a semiconductor is manufactured and processed, there may be defects and irregularities present at 
the interfaces between layers. These assumptions can result in discrepancies between computed and measured results 
when comparing complex or non-ideal systems. The user of SCAPS-1D must conduct proper experiments and use 
accurate and complete input parameters to obtain reliable results. 
 

4. Modeling and Optimization of Sb2Se3 Solar Cells in SCAPS-1D 
Modeling primarily aims to improve the PCE of the device. This is achieved by optimizing layer thicknesses, adjusting 

doping concentrations, reducing defect density, and optimizing series (Rs) and shunt (Rsh) resistances. Typically, two main 
architectures are used: superstrate and substrate. In the superstrate configuration, the layers are arranged sequentially on a 
transparent substrate (usually TCO on soda–lime glass): front contact, electron transport layer (ETL), absorber, hole transport 
layer (HTL), and back contact. In the substrate configuration, the order is reversed: glass, back contact, absorber, buffer 
(ETL), and transparent top layer. When these layers are stacked, band alignment occurs, which is explained by the Anderson 
model: if the electron affinity of the absorber χabs is greater than that of the buffer χbuf, spike-like alignment is observed. If 
the spike is within the 0.3 eV range, electrons can easily transfer from the absorber to the buffer. When the value is higher, 
electron transport becomes inhibited, reducing the short-circuit current. If χbuf is smaller than χabs, carrier recombination 
increases and the open-circuit voltage decreases. Therefore, selecting the optimal 0–0.3 eV spike-like alignment is essential. 
SCAPS mainly evaluates device performance based on band alignment. The most commonly used ETL material paired with 
Sb2Se3 is CdS. It is a natural starting candidate due to its useful properties: direct bandgap Eg ≈ 2.42 eV, absorption coefficient 
104 cm-1, and charge-carrier mobility of 102 cm2 V-1s-1 [7].  An important advantage of CdS is that it has already been 
successfully used as a buffer layer in CdTe and CIGS technologies [23]. Researchers have also proposed improved buffer 
layers. The following sections discuss various buffer layers, n+ layers, additional p+ layers on the absorber, combinations of 
n+ and p+ layers, and perovskite layers that significantly enhance the efficiency of the device. 
 

4.1. Effect of a Single p–n Junction Structure in Sb2Se3 based Solar Cells 
Working with SCAPS, Ling-Yan Lin and collaborators produced modeling work on Sb2Se3/CdS thin-film 

photovoltaic devices. The study revealed that optimal absorber and buffer layer thicknesses for such devices were found 
to be 600 nm and 60 nm, respectively. With a defect density of 1017 cm-3 and 108 cm-2 for the absorber and absorber-
interface respectively, it was found that the devices could PCE as high as 16.5 % [11]. In the work performed by Mamta 
and colleagues, thin film CdS/Sb2Se3 solar cells were fabricated using a thermal evaporative deposition technique with 
absorber thicknesses of 372 nm and 640 nm. According to the results from SCAPS modeling, the devices exhibited 
efficiencies of 0.96% and 1.36% for these respective thicknesses and if the series and shunt resistances are properly 
adjusted and the absorber band gap is reduced from 1.47 eV to 1.2 eV, the maximum efficiency of the devices can reach 
up to approximately 11.27% [24]. Ahmed Shaker and co-workers ran SCAPS simulations on hybrid hetero-junction and 
homojunction solar cells based on Sb2Se3, and reported maximum PCE values of 7.75%, 10.08%, and 8.79% when the 
cells were based on CdS, ZnOS, and homojunctions respectively. They established the following optimized parameters 
in their models for CdS and ZnOS-based cells: n-region xn = 75nm, ND = 1×1017 cm-3, p-region xp = 350 nm, 
NA = 4×1016 cm-3. A typical homojunction Solar Cell has xn = 40 nm, a doping of ND = 5×10¹⁷ cm-3, a p-region width xp 
= 400 nm, and an NA of 1016 cm-3. Compared to Heterojunctions, Homojunctions have no interface between dissimilar 
layers, resulting in lower recombination and shorter transport layers that provide better reliability [25]. Raman Kumari 
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and colleagues used SCAPS-1D to model a Mo/Sb2Se3/ZnSe/Al device, with a buffer layer thickness of 100 nm and an 
absorption layer thickness of 1.5 μm. In this study, the maximum efficiency for a radiative recombination coefficient of 
1×10-11 cm3/s was accomplished using an absorber carrier concentration of 3.5×1017 cm3 [26]. The use of the Cu Sandwich 
Method (Cu/Sb2Se3/Cu) to create Sb2Se3 by sequentially depositing Sb and Se followed by annealing at various 
temperatures has resulted in an X-ray Diffraction (XRD) and Field Emission Scanning Electron Microscopy (FE-SEM) 
analysis indicating a transition from the (hk0) plane to the (hk1) plane, with the nanotubes transforming to a polygonal 
form as the annealing temperature increases. The estimated bandgap for the copper sandwich Sb2Se3 sample, using 
annealing at 450ºC, was 1.04 eV, and the carrier concentration in the Sb2Se3 layer was 3.1 × 1015 cm-3. A heterojunction 
solar cell was constructed with the 450°C annealed Sb2Se3 on top of a Glass/Ni/p-Sb2Se3/n-ZnSe/ITO/Al substrate and 
simulated using SCAPS-1D. This device produced an efficiency of 21.51%, an open-circuit voltage of 0.718 V, a current 
density of 43.33 mA cm-2, and a Fill Factor of 69.14% [27]. The photovoltaic parameters of these single p-n junction 
Sb2Se3-based solar cells are summarized in Table 1. 
Table 1. Photovoltaic parameters of single p-n junction Sb2Se3-based solar cells 

no. Sructure χ (absorber/buffer) Eg 
(absorber/buffer) Voc (V) Jsc 

(mA/cm²) FF (%) PCE (%) Reference 

1 Au/Sb2Se3/CdS/FTO 3.9/4.2 1.06/2.4 0.40 41.86 74.08 16.5 [11] 
2 Ag/Sb2Se3/CdS/ITO 4.04/4.2/4.5 1.47/2.4/3.7 0.74 18.07 83.62 11.27  [24] 
3 Au/Sb2Se3/ZnOS/FTO 4.04/4.5 1.2/3.14 0.70 33.29 70.13 16.51 [25] 
4 Mo/Sb2Se3/ZnSe/Al 4.04/4.09 1.2/2.7 0.85 34 83.61 24.01 [26] 
5 Mo/Sb2Se3/ZnSe/ITO/Al 4.04/4.09/4.5 1.2/2.7 0.71 43.33 69.14 21.5 [27] 

The UPS/HAXPES value obtained by Don et al. [28],  was 5.13 eV for Sb2Se3 this would indicate a VBM of -5.13 eV 
in relation to a vacuum level. Our SCAPS simulations detected that the VBM of Sb2Se3 is –5.24 eV which falls within the 
conventional experimental uncertainty (±0.1 eV) and may be seen as an approximated adjustment of our model to 
compensate for the quality of films and surface termination, as well as the optimization of the band alignment of a particular 
device. Additionally, the SCAPS results produced by our model indicate that if the absorber thickness is held between 800 
nm and 1.5 µm, with a defect density in the range of 1014 cm-3, with carrier mobilities from 15-42 cm2 V-1s-1, and the back-
contact work function is about 4.8 eV with radiative recombination coefficients of 10-11 cm3/s then the efficiency of the 
simulated device should be in the vicinity of 16.5-24%. The results of this research indicate that the primary method for 
increasing conversion efficiency will be to create differences between the conduction band and valence band. Additionally, 
SCAPS simulation studies performed for the integration of a ZnSe buffer layer into the overall growth scheme have shown 
that an enhancement of efficiency is also possible with the addition of a ZnSe buffer layer due in large measure to the superior 
lattice match (on the order of 2.52-3.94%) of the Sb2Se3 and ZnSe materials, along with the bandgap, (2.70 eV) and the 
electron affinity (~4.09 eV) of ZnSe, both of which combine to provide lower rates of interfacial recombination and higher 
rates of carrier extraction from the system. These are the reasons why ZnSe is a candidate for use as a buffer layer in next-
generation Sb2Se3 photovoltaic cells built using a technology similar to that illustrated in Figure 3. 

  
Figure 3. Energy band diagram of Sb2Se3 /ZnSe structure solar cell 

4.2. Effect of a p+ Layer in Sb2Se3 based Solar Cells 
Basra Sultana et al. utilized SCAPS-1D simulations to optimize a Cu/FTO/CdS/SnSe/Sb2Se3/Au solar device (where 

SnSe serves as the primary absorber layer and Sb2Se3 serves as a secondary absorber). The efficiency of the device 
(Cu/FTO/CdS/SnSe/Au) prior to optimization was: PCE=26.15%, Voc=0.79 V, Jsc=36.36 mA/cm2, and FF=85.94%. The 
optimized device (Cu/FTO/CdS/SnSe/Sb2Se3/Au) had improved performance characteristics due to improved absorption 
capabilities and charge-carrier separation at the SnSe/Sb2Se3 interface [29]. Specifically, the optimized device demonstrated 
improvements to a PCE of 28.18%, Voc of 0.84 V, Jsc of 38.42 mA/cm2, and FF of 86.57% as compared to the non-optimized 
device. Aside from investigating the performance enhancement at the SnSe/Sb2Se3 interface, the investigation determined 
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that further performance enhancements could be achieved using TiO2 buffer layers and Cu2O BSF layers incorporated into 
the Sb2Se3 solar devices. In this study, the optimal thicknesses for the absorber and BSF layers were determined to be 500 
nm and 20 nm, respectively; carrier concentrations were determined to be 1 × 1016 and 1×1018 cm-3 respectively, the defect 
density for both layers was 1 × 1014 cm-3, and interface defect densities were determined to be 1×1013 cm-2 for the absorber 
and 1 × 1012 cm-2 for the BSF layers. The previous sections describe the parameters and calculations used to determine the 
output characteristics for this device. These parameters include operating temperature, electron affinity, Eg, surface 
recombination velocity, series resistance, and shunt resistance. Based on the optimized parameters of this 
Al/ITO/TiO2/Sb2Se3/Cu2O/Ni double-junction heterostructure, a PCE of 32.102% was achieved, with Jsc of 37.49 mA/cm2, 
Voc of 1.024 V, and FF of 83.59% [17]. S.H. Liu et al. proposed a solar cell with the following configuration: 
Al/FTO/CdS/Sb2Se3/Sb2S3/Mo. During the optimization process, the following parameters were varied: operating 
temperature, series resistance, shunt resistance, doping concentration, bulk defect density, the work function of the back-
contact metal, and absorber layer thickness. The optimized combination of the Sb2Se3 absorber with the addition of an Sb2S3 
layer resulted in a PCE of 28.91% with a 1 μm thick Sb2Se3 absorber layer; a 0.05 μm thick Sb2S3 BSF layer; and a carrier 
concentration of 1×1017 cm-3 in the Sb2Se3 [30]. Mutaz Salih Hasan Aljuboori and coworkers conducted a study of a solar 
cell with Glass/Mo/CuSbS3/Sb2S3/CdS/i:ZnO/Al:ZnO which aimed to increase the maximum conversion efficiency of the 
cell by changing the thickness of the Sb2S3 layer from 1 to 3.5 μm. The maximum conversion efficiency was achieved with 
an absorber thickness of 3.5 μm resulting in a conversion efficiency of 23.14% and a fill factor of 87.52%. They also tested 
various materials to use as a secondary absorber layer lying between the primary absorber and the buffer layer including 
MAPbI3, Sb2Se3, CZTS and CZTSe. They found that Sb2Se3 provided the highest conversion efficiency with a conversion 
efficiency of 27.01% and a fill factor of 85.12% after optimising the device [31]. Ferdous Rahman and coworkers also 
investigated the performance of Sb2Se3 solar cells when utilising a WS2 buffer layer and a CZTSe BSF layer within a 
simulated structure (Al/FTO/WS2/Sb2Se3/CZTSe/Pt) modelled using SCAPS-1D simulation software. For the purpose of 
maximizing the possible PCE, careful optimization of numerous parameters was performed, including the thickness of the 
absorber, buffer layer, donor and acceptor concentrations (ND and NA, respectively), the density of defects (Nt), and the series 
and shunt resistances (Rs and Rsh respectively). Without the addition of a p+ layer in the proposed device described above, 
the measured data indicated a PCE of 28.20%, FF of 86.56%, Voc of 0.85 V, and Jsc of 38.40 mA/cm2. The PCE increased to 
31.52%, Jsc to 38.49 mA/cm2, Voc to 0.94 V, and FF to 86.61% when a p+ layer was added [32]. Studies have shown that by 
adding p+ dopants to Sb2Se3 based solar cells, PCE can be greatly improved. A high acceptor density located close to the 
back electrode of the solar cell eliminates or at least reduces any chance for hole recombination occurring at the back side of 
the spreader, thus leading to a higher Voc and improved PCE. Furthermore, when conduction and valence bands are aligned 
better, the diffusion length of charge carriers (holes and electrons) is increased, in turn leading to an increased Jsc. The 
maximum reported PCE obtained during this analysis was found to be 32.1%, with a vertical orientation of Cu2O as the back 
surface field layer. The parameters for this process were optimised in this case by using the following: the thickness of both 
Sb2Se3 and Cu2O layers were set at 500 nm and 20 nm, 1 × 1016 cm-3 and 1 × 1018 cm-3 were the carrier concentrations for 
the Sb2Se3 and Cu2O respectively, a defect density of 1 × 1014 cm-3 and the interface defect densities for both materials were 
set at 1 × 1013 cm-2 for Sb2Se3 and 1 × 1012 cm-2 for Cu2O. A representation of the energy band diagram for these structures 
can be found in Figure 4. Based on the results from 1D SCAPS studies on these systems, several ways to enhance 
photovoltaic performance include using BSF engineering by introducing an additional absorber for additional depth of light 
absorption, increasing the selectivity of the back contact, and optimising the geometry of the back-contact system to facilitate 
increased charge carrier transport. BSF materials are Cu2O, Sb2S3, CZTSe, and alternative buffer materials such as 
ZnSe/ZnOS/TiO2 for replacing CdS based buffers. The introduction of BSF materials greatly reduces the SRH recombination 
at the back surface. Additionally, optimising the conduction band offset (CBO) and valence band offset (VBO) in the energy 
band diagram improves selectivity of charge carriers and the second absorber offers a larger optical volume for light. These 
high PCE values are derived from 1D modelling under ideal circumstances; the actual lifetime of devices will be impacted 
by grain boundary transport and material anisotropy. The photovoltaic parameters of these p+-doped Sb2Se3-based solar cells 
are summarized in Table 2. 
Table 2. Photovoltaic parameters of p+-doped Sb2Se3-based solar cells. 

no. Sructure χ 
(absorber/buffer) 

Eg 
(absorber/buffer) Voc (V) Jsc 

(mA/cm²) FF (%) PCE 
(%) Reference 

1 Au/Sb2Se3/SnSe/CdS/FTO
/Cu 

4.4/4.5/4.2 1.2/1.2/2.4 0.84  38.42 86.57 28.18 [29] 

2 Ni/Cu2O/Sb2Se3/TiO2/ 
ITO/Al 

3.2/4.16/4/4 2.2/1.2/3/3.2 1.02 37.49 83.59 32.10 [17] 

3 Mo/Sb2S3/Sb2Se3/CdS/ 
FTO/Al 

4.4/4.2 1.2/3.2 0.78 43.22 85.4 28.91 [30] 

4 Mo/CuSbS3/Sb2Se3/Sb2S3/
CdS/ZnO/ Al:ZnO 

4.4/4.5 1.2/2.7 1.01 31.23 85.12 27.0 [31] 

5 Pt/CZTSe/Sb2Se3/WS2/ 
FTO/Al 

4.1/4.16/3.95/4 1.4/1.2/2.2/3.6 0.94 38.49 86.61 31.5 [32] 
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Figure 4. Structural and energy band diagram of p+-Cu2O/Sb2Se3 based solar cells 
 

4.3. Effect of n+ Doping in Sb2Se3 Based Solar Cells 
The collaborative work of K.K Maurya and others provides important insight using SCAPS-1D simulations to 

demonstrate the key factors affecting the overall efficiency of Sb2Se3 based solar cells. The simulations identified three 
key factors related to the performance of the devices, which are use of dual buffer layers; the optimum conditions under 
which the devices operate; and lastly the selection of a back contact with a high work function. The authors first simulated 
an Sb2Se3/CdS/ZnO structure using CdS as the main buffer layer and ZnO as the second buffer layer. The effect of the 
CdS and ZnO on the photovoltaic performance Parameters (Voc, Jsc, FF, and PCE) while the thickness of the absorber 
layer was 0.8μm and the temperature was set to 200K as it was noted increased temperatures lower the overall 
performance due to the negative impact of elevated temperatures on the mobilities of electrons and holes. When the 
radiative recombination coefficient is less than 10-8 cm3/s and the back contact work function is at 5.1 eV, this structure 
provides an efficiency of 27.84% [33]. In their next paper, the authors show a greater efficiency of the Sb2Se3 devices can 
reach a higher efficiency by incorporating the dual buffer layers of CdS/ZnS. The maximum PCE obtained was 22.22% 
when the thicknesses of each buffer were set to 20 and 60 nm respectively. The authors have also shown that an optimum 
back-contact work function can be achieved if it exceeds 4.8 eV at the optimum temperature of 280K for Sb2Se3 to achieve 
23.49% efficiency [34]. The results from this study demonstrate a theoretical limit to increasing the efficiency of Sb2Se3-
based devices; the additions of both an additional buffer and n+ layer provide a method of achieving this limit. The 
insertion of a n+ layer will produce a corresponding improvement in the energy-band alignment due to the increase in 
concentration of electrons at the back contact which was shown in Figure 5. Enhanced electron concentration allows for 
enhanced accumulation and transportation of electrons toward the front contact and explains why solar cells that include 
an n+ layer are capable of achieving much greater efficiency compared to devices based on a single p–n junction (as 
shown in Table 3). 

Table 3. Photovoltaic parameters of n+ doped Sb2Se3 based solar cells. 

no. Sructure χ 
(absorber/buffer) Eg (absorber/buffer) Voc (V) Jsc 

(mA/cm²) FF (%) PCE(%) Reference 

1 Au/Sb2Se3/CdS/ZnO/
Al 

4/4.2/4.4 1.2/2.4/3.3 0.98 42.4 66.81 27.8 [33] 

2 Au/Sb2Se3/CdS/ZnS/Z
nO/Al 

4.04/4.2/4.5 1.2/2.4/3.5 0.77 35.5 85.32 23.49 [34] 

 

  

Figure 5. Energy band diagram of Sb2Se3 /CdS/ n+-ZnO structure solar cell 
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4.4. Effect of p+/n+ Doping in Sb2Se3 Based Solar Cells 
In their laboratory experiments, Faisal Baig and his associates obtained an experimental efficiency of 6.39 for 

the structure Au/PbS/Sb2Se3/CdS/ITO; thereafter, SCAPS was simulated by substituting the PbS layer with Cu2O 
(theoretical efficiency = 8.42%); SCAPS efficiency increased to 13.2% when replacing CdS with In2S3 (2.9 eV band 
gap and 3.85 eV electron affinity); based on these results, a new configuration for this solar cell was devised 
(CNT/Cu2O/Sb2Se3/In2S3/ITO). The new structure, which has the configuration of Cu2O as the HTL, In2S3 as the ETL, 
and CNTs as the back contact, was developed to further enhance the efficiency of this type of solar cell [12]. Abdelaziz 
Ait Abdelkadir and his co-researchers conducted a theoretical modeling study for the characterization of experimental 
Sb2Se3 solar cells. It was found that an efficiency of 16.62% was attained when the Sb2Se3 layer was 1.2 μm thick, 
carrier concentration was 1015 cm-3, bulk defect density was 1013 cm-3, and interface defect density was 1010 cm-2. The 
device performance increased when an n-GaAs layer (100 nm thick) was added between the n-CdS and p-Sb2Se3, along 
with a p+ Cu2O HTL (100 nm thick) used as a BSF. This optimized arrangement produced more efficient electron 
transport and diffusion from the Sb2Se3 layer to the CdS layer, resulting in improved device performance. The addition 
of the p+ Cu2O HTL at the back contact also provided a greater potential barrier that limited recombination of the 
charge carriers at the back contact. The resulting device structure, ITO/CdS/GaAs/Sb2Se3/Cu2O/Au, achieved an 
efficiency of 19.60%, with a Jsc of 36.38 mA/cm2, a Voc of 0.73 V, and a FF of 73.47% [35]. Z. Dahmardeh et al. 
simulated a Sb2S3/Sb2Se3 solar cell and reported PCE of 22.2% using absorber layer thicknesses of 420 nm and 1020 
nm, respectively [36]. Shriya Sakul Bal et al. also studied a solar cell with a different structure 
(Mo/Sb2Se3/Sb2S3/CdS/ZnO/ZnO:Al), using 500 nm of Sb2S3 and 1000 nm of Sb2Se3 for the absorber layers. The 
thickness of the CdS/ZnO buffer was determined to be optimal at 80 nm for CdS and 50 nm for ZnO. After fully 
optimized, the maximum efficiency of 13.2% was achieved; with FF of 78.64%, Jsc of 29.33 mA/cm2, and Voc of 0.58 
volts [37]. When combined p+/n+ doped Sb2Se3 photovoltaic cells are compared with single p-n junction a Sb2Se3 
photovoltaic cell, the efficiencies were significantly lower. The decrease in efficiency is attributed to two main factors: 
(1) the additional layers create an increase in the number of recombination centres at the different interface, which 
reduces the Voc, and (2) the increase in the total thickness of the device decreases the total light being absorbed and 
also the number of photons that can penetrate into the absorber layer and ultimately decrease the Jsc (see Table 4 and 
Figure 6). 
Table 4. Photovoltaic parameters of p+/n+-layers added Sb2Se3-based solar cells 

no. Structure χ (absorber/buffer) Eg 
(absorber/buffer) 

Voc 
(V) 

Jsc 
(mA/cm2) FF (%) PCE (%) Reference 

1 CNT/Cu2O/Sb2Se3
/InS₃/ITO 

3.2/4.15/4.25/4.5 2.2/1.06/2.9/3.6 0.67 26.84 79.74 13.2 [12] 

2 Au/Cu2O/Sb2Se3/  
GaAs/CdS/ITO 

3.2/4.18/4.07/4.4/4.5 2.2/1.19/1.43/2.42/3.6 0.73 36.38 73.47 19.6 [35] 

3 Mo/Sb2Se3/Sb2S3/
CdS/ZnO/ZnO:Al 

4.04/4/4.2/4.5 1.2/1.67/2.4/3.3 1.02 20.15 59.58 22.2 [36] 

4 Mo/Sb2Se3/Sb2S3/
CdS/ZnO/ZnO:Al 

3.7/3.7/4.2/4.5 1.08/1.62/2.4/3.3 0.58 29.33 78.64 13.2 [37] 

  
Figure 6. Energy band diagram of p+/n+-layers added Sb2Se3 based solar cells 

 
4.5. Effect of Perovskite Incorporation in Sb2Se3 Based Solar Cells 

Masood Mehrabian and co-workers simulated a multi-layer dual-absorber solar cell with the structure 
FTO/CdS/Sb2Se3/CuInSe2/Au, achieving PCE = 5.55%, FF = 54.68%, Jsc = 27.54 mA/cm², and Voc = 0.36 V. By replacing 
the CdS ETL with a C60 layer, the photovoltaic performance improved to PCE = 9.20%, FF = 67.78%, Jsc = 27.38 mA/cm2, 
and Voc = 0.49 V (Table 5). Furthermore, by incorporating a CsSn0.5Ge0.5I3 perovskite absorber layer, the efficiency 
increased to 11.42%. Although the maximum recombination rate in the CdS layer was about one order lower than in the 
C60 layer, the smaller bandgap (Eg) of C60 compensated for its higher recombination rate, contributing to improved PCE 



411
Modeling and Optimization Validation of Sb2Se3 Thin Film Solar Cells...   EEJP. 3 (2026)

[38]. In another study, Mousaab Belarbi used KSnI3 perovskite layer in FTO/SnS2/KSnI3/Sb2Se3/Pt device and replaced 
the Pt back contact with tungsten (W). When the absorber thickness was 0.9 μm, donor and acceptor concentrations were 
1017 cm-3 and 1020 cm-3, the operating temperature was 280 K, and the KSnI3 bandgap was 1.74 eV, the device performance 
improved significantly. Jsc increased from 13.79 to 26.08 mA/cm2, FF from 69.07% to 76.25%, and PCE from 12.72% 
to 23.85% [39]. Arslan Ashfaq and co-workers performed numerical simulations of p-Sb2Se3/n-BaZrS3 heterojunction 
solar cells. Compared to lead-based chalcogenide perovskites, n-BaZrS3 is more stable, non-toxic, and suitable for thin-
film solar cell applications as a sulfur-based chalcogenide material. In their study, the photovoltaic parameters achieved 
were PCE = 32.87%, FF = 88.22%, Jsc = 36.88 mA/cm2, and Voc = 1.01 V. The best performance was obtained when the 
p-Sb2Se3 absorber layer thickness was 7000 nm, the bandgap 1.15 eV, and carrier concentration 1020 cm-3. For BaZrS3, 
the optimal parameters were thickness of 100 nm, carrier concentration of 1017 cm-3, and a bandgap of 1.76 eV. One 
advantage of these perovskites is their strong ionic coordination, which enhances the Coulomb attraction between positive 
and negative ions [40]. Jing Wu and co-workers simulated Sb2Se3/MAPbI3 solar cell using SCAPS-1D, analyzing 
absorber layer thicknesses of Sb2Se3 and methylammonium lead iodide (MAPbI3), the thickness and doping concentration 
of the n-type buffer layer, as well as the bulk defect densities of Sb2Se3 and MAPbI3. In addition, the effects of defect 
density at the Sb2Se3/MAPbI3 and MAPbI3/TiO2 interfaces on device efficiency were investigated. The optimal absorber 
thicknesses were found to be 0.6 μm for Sb2Se3 and 0.7 μm for MAPbI3. Further analysis revealed that within optimized 
parameters, the donor concentration (ND) of the TiO2 buffer layer reached 1018 cm-3, while its optimal thickness was 0.05 
nm. Moreover, the bulk defect densities of Sb2Se3 and MAPbI3 should be 1013 cm-3 or lower, and the interface defect 
densities should be 1011 cm-2 or lower to achieve an efficiency of 21.90% [41]. The significant enhancement of 
photovoltaic performance through perovskite incorporation in Sb2Se3 based solar cells can be seen in Table 5 and Figure 7. 
Notably, the inclusion of BaZrS3 layer demonstrated efficiency values approaching the Shockley-Queisser limit, with 
well-aligned energy band matching. 
Table 5. Photovoltaic parameters of perovskite integrated Sb2Se3 based solar cells 

no. Sructure χ 
(absorber/buffer) 

Eg 
(absorber/buffer) Voc (V) Jsc (mA/ 

cm2) FF (%) PCE 
(%) Reference 

1 FTO/C60/CsSn0.5Ge0.5I3/
Sb2Se3/CuInSe2/Au 3.9/3.9/3.9/4.3 1.7/1.5/1.06/1.

04 0.49 27.38 67.78 11.4 [38] 

2 FTO/SnS2/KsnI3/ 
Sb2Se3/W 4/4.16/3.44/4.04 3.5/2.3/1.84/1.

2 1.19 26.08 76.25 23.85 [39] 

3 Mo/Sb2Se3/BaZrS3/FTO 4.05/4.1/4.4 1.2/1.76/3.2 1.01 36.88 88.22 32.8 [40] 

4 Sb2Se3/MAPbI3/TiO2 3.9/3.9/3.9 1.06/1.5/3.1 0.69 43 78.5 21.9 [41] 

  
Figure 7. Energy band diagram of Perovskite thin layer added Sb2Se3 based solar cells 

 
5. CONCLUSIONS 

By combining SCAPS-1D simulations with experimental analyses, significant progress has been achieved toward 
optimizing Sb2Se3 based thin-film solar cells. In this study, the optical, structural, and electronic properties of Sb2Se3 were 
comprehensively investigated, and several advanced device configurations including single p-n junctions, p+-doped, n+-
enhanced architectures, p+/n+ co-doped structures, and perovskite-integrated heterojunctions were analyzed. The modeling 
results demonstrated that high efficiencies can be achieved with absorber layer thicknesses ranging from 800 nm to 1.5 μm, 
low bulk defect densities on the order of 1014 cm-3, interface defect densities of 1011 cm-2, appropriate carrier mobilities, and 
favorable energy band alignment. One important finding was the substantial benefit of incorporating a ZnSe layer as the 
buffer material. This improvement results from its favorable band alignment, electron affinity, and excellent lattice 
compatibility with Sb2Se3. Furthermore, the introduction of a p+ layer was shown to enhance device efficiency. With a high 
acceptor concentration (1018 cm-3) in the p+ region and a very thin (20 nm) layer, hole recombination near the back electrode 
was significantly suppressed, leading to higher open-circuit voltage. Improved conduction and valence band alignment also 
increased the diffusion lengths of electrons and holes, thereby enhancing the short-circuit current. Among all investigated 
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configurations, the Cu2O BSF (back-surface field) layer achieved the highest efficiency of 32.1%. Cu2O, Sb2Se3, and CZTSe 
were identified as promising alternative BSF materials, all effectively reducing SRH recombination at the rear interface. It 
should be noted that the reported efficiency values are based on 1-D simulation assumptions involving ideal interfaces and 
simplified defect densities; therefore, real devices must account for grain-boundary transport and anisotropy effects. The 
study further showed that incorporating an additional n+ layer not just a single buffer can theoretically improve device 
performance, as confirmed both by improved band alignment and experimental observations demonstrating enhanced 
electron collection at the front contact. In contrast, the use of combined p+/ n+ doping led to reduced efficiencies. This 
reduction is attributed to an increased number of interfaces, which introduce additional recombination centers and thereby 
lower the open-circuit voltage. Moreover, excessive total thickness decreases light absorption, reducing photon penetration 
into the absorber and subsequently lowering the short-circuit current. Perovskite incorporation, particularly the inclusion of 
BaZrSe3 layer, significantly improved device performance. Structures employing this material demonstrated efficiencies 
close to the Shockley-Queisser theoretical limit. These results were enabled by nearly ideal band alignment and exceptional 
lattice matching between BaZrSe3 and Sb2Se3 (with only ~0.2% mismatch). In summary, Sb2Se3 based solar cells when 
designed with careful consideration of defect passivation, interface engineering, and advanced heterostructure configurations 
hold strong promise as next-generation high-efficiency photovoltaic technologies. 
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МОДЕЛЮВАННЯ ТА ОПТИМІЗАЦІЙНА ВАЛІДАЦІЯ ТОНКОПЛІВКОВИХ СОНЯЧНИХ ЕЛЕМЕНТІВ 
Sb2Se3 У ПРОГРАМНОМУ ЗАБЕЗПЕЧЕННІ SCAPS-1D 

К.М. Кучкаров, Б.А. Ергашев, Р.Т. Юлдошов, М.П. Пірімматов, Р.Р. Хуррамов, Д.З. Ісаков, М.А. Махмудов, 
Ш.М. Бобомурадов, А.С. Матмуратов, А.І. Ешкораєв 

Фізико-технічний інститут імені А.С. Азімова, вулиця Чингіза Айтматова, 2Б, Ташкент 100084, Узбекистан 
У цьому аналітичному есе розглядається селенід сурми (Sb2Se3) як потенційний матеріал-кандидат для використання в якості 
тонкоплівкового фотоелектричного поглинача. Sb2Se3 забезпечив значні екологічні/економічні переваги, включаючи велике 
оптичне поглинання, регульовану ширину забороненої зони близько 1,13 еВ та відсутність токсичних елементів. У цьому 
дослідженні було проведено параметричне дослідження на основі платформи SCAPS-1D з метою визначення ідеальних 
конструкцій шарів, інтерфейсів, динаміки носіїв заряду та вирівнювання зон. Цей аналіз зосереджений на механізмах втрат, 
які обмежують фотоелектричну продуктивність, з метою ізоляції та розробки стратегій для пригнічення рекомбінації Шоклі-
Ріда-Холла, поверхневої рекомбінації, різниці в зміщенні зон та ефектів внутрішньої дифузії. Результати надають практичні 
пропозиції щодо мінімізації втрат напруги, такі як мінімізація товщини поглинача/буфера, мінімізація густини акцептора, 
оптимізація зміщення зони провідності якомога ближче до нуля та мінімізація поверхневої рекомбінації та густини дефектів. 
Ключові слова: Sb2Se3; тонкоплівковий сонячний елемент; SCAPS-1D; теоретична модель; оптимізація параметрів; 
фотоелектрична ефективність 
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In contrast to heat generation and thermal dispersal, the Hall current and rotation factors of a kerosene-based titanium dioxide 
nanoliquid discharge across two parallel walls embedded in a porous channel are inspected. Suction and hydromagnetic factors are 
contemplated. Using appropriate initial and boundary conditions, the perturbation approach can yield a precise analytical solution to 
the governing equations for the nanofluid velocity, temperature, and concentration. Expressions for the shear stress, mass transfer 
rate, and heat transfer rate at the plates can be obtained. On the one hand, a graphical representation of the primary and secondary 
velocities, the nanoliquid temperature, and the species concentration is shown. However, for distinct values of the related flow 
factors, the numerical estimates of shear stress, mass transfer rate, and heat transfer rate for the walls are presented in tabular form. 
Because of the solute buoyancy force's contribution, the resulting primary and secondary velocity profiles continuously rise to a high 
level. The concentration increases in conjunction with increases in heat generation and thermal diffusion characteristics throughout 
the nanofluid. When the thermal buoyancy force is high enough, the primary and secondary velocity profiles diminish. Hall current 
and the Darcy parameter raise the primary and secondary skin friction coefficients at the upper wall while decreasing them at the 
lower wall. However, the primary and secondary skin friction coefficients are affected in opposite ways by thermal buoyancy force 
and magnetic parameter. Results are compared with existing literature. 
Keywords: Nanofluid; Couette flow; Hall current; Heat generation; Suction 

1. INTRODUCTION
In both theoretical and practical fluid mechanics, the study of nanofluid flow between two parallel plates is crucial. 

A basic model for comprehending complicated fluid dynamics in constrained geometries is this flow arrangement, 
which is frequently referred to as Couette flow. Its importance arises from its many uses, ranging from temperature 
control in heat exchangers, where it improves heat transfer efficiency, to lubrication technology, where it aids in the 
design of effective systems to lower friction and wear in mechanical components. Particularly in the field of biomedical 
engineering, understanding disk flow is crucial for maximizing the efficiency of systems like centrifugal blood pumps, 
which depend on regulated fluid dynamics. The generalized Couette flow of nanoliquid between two concentric 
channels with particle injection has been examined by Soumya et al. [1]. The impact of radiating heat and nanoparticle 
concentration on the natural convection Couette flow via a vertical channel was discussed by Swain et al. [2]. Heat 
transfer and the Couette flow of viscoelastic dusty fluid via a porous oscillating plate in a rotating frame have been 
studied by Ali et al. [3]. The thermodynamic study of Hall current and thermal diffusion on hydromagnetic Couette 
flow in a rotating system with a convective boundary condition was conducted by Venkateswarlu et al. [4]. Heat 
transfer increase of nanofluids in Taylor-Couette flow with an elliptical slit surface has been examined using machine 
learning and numerical simulation by Sun et al. [5]. The mathematical modeling of nonlinear mixed convection 
unsteady flow in a parallel plate inclined channel near time periodic boundary conditions was provided by 
Venkateswarlu et al. [6]. Gupta [7] used a differential transform approach to examine the effects of volume fraction, 
squeezing, and magnetic field on MHD nanofluid flow. The temperature and mass dispersion of mixed convective 
MHD Casson nanofluid flow in a porous medium has been examined by Arpitha et al. [8]. 

Two types of thermal diffusion phenomena that take place in fluid systems are the Dufour and Soret 
characteristics. The Soret effect is a technique that separates a liquid combination into its component parts by creating a 
solutal gradient in the mixture because of a temperature gradient. Another name for this phenomenon is thermal 
diffusion. The study of combustion processes is where the Soret effect is most evident because it is crucial in 
determining the chemical composition of the combustion products. A comparable phenomenon is the Dufour effect, 
which causes a temperature rise in a liquid mixture caused by a solutal gradient. Solute diffusion is the term used to 
describe this process. Heat and mass transmission are two kinds of transport processes that can be studied using the 
Dufour effect. Chemical engineering, physics, and biology all make extensive use of these effects. They can be applied, 
for instance, to protein dynamics analysis, gas purification, and isotope separation. Given their wide range of utilizes in 
chemical synthesis, pharmacology, and biotechnology, the Soret-Dufour effects must also be considered while 
designing microfluidic devices. The magnetized dissipative Soret effect on nonlinear radiative Maxwell nanofluid flow 
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with porosity, chemical reaction, and Joule heating was described by Bayones et al. [9]. The Newtonian fluid flow with 
heat and mass transfer across an inclined sheet and magnetic field with Soret effects was described by Mudoi et al. [10]. 
The velocity slip and magnetic Soret effect on dissipative Maxwell liquid motion around a stretching wall with a heat 
source and sink were examined by Basha et al. [11]. The Soret and Dufour effects on heat-destructive Casson liquid 
movement past an infinite perpendicular plate were studied by Venkateswarlu et al. [12]. The implications of heat 
sources and chemical responses on oscillatory suction in MHD flow by means of permeable medium with the Soret 
phenomenon were discussed by Pandey [13]. Using an artificial neural network, Jangid and Kolla [14] described the 
Soret impact and magnetic field on a mixed convection Williamson fluid model across a vertical channel. The 
consequences of Soret and Dufour characteristics on micropolar fluid passing a stretched sheet in a porous media were 
reported by Ahamed sheriff et al. [15]. Utilizing a chemically reacting porous stretching plate, Sarma et al. [16] 
explored the MHD flow and the impacts of Soret, Dufour, and thermophoresis. The significant advancements in our 
knowledge of fluid flow with Soret and Dufour effects are shown in the publications Venkateswarlu and Venkata 
Lakshmi [17, 18], Makinde et al. [19], Jayanthi and Niranjan [20], and Venkateswarlu and Phani Kumar [21]. 

Magnetism, one of the most crucial concepts in engineering and manufacturing, has a wide range of uses. Heat 
transmission, clutches, compressors, as well as other industrial devices are all impacted by magnetic fields and fluid 
nanoparticles. Magnetic fields can modify and make available the cooling rate of various technical devices. The 
dispersion and strength of a metamaterial affect the flow characteristics. The unstable MHD slip flow with radiative 
heat and mass transfer across an inclined plate embedded in a porous medium was described by Venkateswarlu and 
Makinde [22]. Heat generation and magnetic consequences of unsteady ternary nanofluid flow across a dynamic wedge 
in porous media were examined by Ouyang et al. [23]. The thermo-solutal nonlinear convection in a nanofluid 
movement via a porous plate including heat generation and absorption was studied by Dey et al. [24]. In a double lid-
driven inclined wavy porous cavity filled with non-Newtonian nanofluid and equipped with a cross-shaped heater, 
Hussein et al. [25] described the effects of radiation and heat generation on MHD mixed convection. In an inclined plate 
near MHD and heat generation, Venkateswarlu et al. [26] investigated the impulsive and accelerated motions of Casson 
fluid. Radiative heat transfer and Ohmic heating on unstable EMHD mixed convective flow for dual stratification 
nanofluid were described by Daniel et al. [27]. In an inclined stenotic artery with heat generation, Kefene and Rikitu 
[28] described the implications of magnetic and thermal radiation on hematocrit-dependent blood nanofluid movement. 
In an inclined channel with suction and heat generation, Venkateswarlu et al. [29] explored the non-linear unstable 
MHD flow. The stagnation point motion of a magnetized convective nanofluid across a porous stretchable surface 
according to ohmic heating and heat generation was described by Ram et al. [30]. The significance of cross-section 
diffusion on the transient behavior of radiation Casson fluid towards a heated slanted plate was examined by 
Venkateswarlu et al. [31]. 

The corpus of published work indicates that no author has yet examined the factors of thermal dispersal, Hall 
current, and heat generation of an unsteady titanium dioxide nanofluid flow across a parallel porous tunnel. Exploring 
the hydromagnetic flow of a titanium dioxide nanofluid in a horizontal tunnel via a porous media is the goal of this 
work. The extraction of oil from hydrocarbon deposits, the fabrication of semiconductor devices from molten metal, 
solar energy structures, electronic device cooling, and environmental remediation are just a few of the many real-world 
applications for this study. 

 
2. MATHEMATICAL FRAMEWORK 

The unstable Couette flow of a titanium dioxide nanoliquid 
based on kerosene across two parallel walls, 0y = and y a= , is 
examined when a uniform transversal magnetic field 0B is 
enforced parallel to the y − axis while incorporating the Hall 
current. The nanofluid and tunnel rotate continuously across the
y − axis at a constant angular velocity Ω . The impact of radial 

strength is minimal because of nanofluid axial Couette flow 
motion, but the bending impact of Coriolis strength acting 
orthogonal to the direction of nanofluid movement and to the 
axis of rotating allusion structure is taken into concern. The 
effects of heat emission and thermal dispersion are considered. 

The invariable pressure gradient applied along the x − direction and the motion of the upper wall with systematic 
velocity ( )0 cosu u nt= in the same direction cause nanofluid flow inside the channel. The channel's walls are kept at the 
same temperature 0T . The configuration of the current issue is exhibited in Fig. 1. All physical factors, apart from 
pressure, rely only on y  and t  because the channel walls have immeasurable extent in x −  and z −  directions and the 
movement is fully elaborated. It is expected that the nanopaticles will be uniformly shaped and sized. The dimensional 
superintending expressions can be displayed as follows considering these statements, the benchmark Boussinesq's 
reincarnation, and the nanofluid design (See, Swain et al. [2] and Venkateswarlu et al. [4]). 

 
Figure 1. Flow geometry is depicted 
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Continuity equation: 

 0v
y

∂ =
∂

 (1) 

Momentum conservation equations: 
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Energy conservation equation: 
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( )

( )
2

0 0
0 2
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p pnf nf

k Q T TT T TV
t y yc cρ ρ

−∂ ∂ ∂+ = +
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Mass conservation equation: 

 
2 2

0 2 2
m nf

nf
m

D kC C C TV D
t y Ty y

∂ ∂ ∂ ∂+ = +
∂ ∂ ∂ ∂

 (5) 

The momentum and energy equation’s initial and boundary conditions are listed below. 

 
( ) ( ) ( ) ( ) ( )0 1 1 0 1 1 0

0 0

cos , 0, exp , exp at
0, 0, at 0

u u nt w T T T T i nt C C C C i nt y a
u w T T C C y

ε ε= = = + − = + − = 


= = = = = 
 (6) 

We take the pressure gradient components 1

nf

p
xρ

∂
∂

and 1

nf

p
zρ

∂
∂

in the following way for a purely oscillatory flow (See, 

Venkateswarlu et al. [4]). 
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σ
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 (8) 

By replacing Eqs. (2) and (3) with Eqs. (7) and (8), we derived 

 ( ) ( )
22
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nf nf nf
nf nf

nf nf nf p

B u mw uu u u uV g T T g C C
t y ky m

μ σ μ
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 (10) 

For spherical nanoparticles, nfμ  , nfρ , ( )p nf
cρ  ,and ( )nfρβ can be interpreted as 

 
( )2.51

f
nf

μ
μ

χ
=

−
 (11) 

 ( )1nf f sρ χ ρ χρ= − +  (12) 

 ( ) ( )( ) ( )1p p pnf f s
c c cρ χ ρ χ ρ= − +  (13) 

 ( ) ( )( ) ( )1nf f sρβ χ ρβ χ ρβ= − +  (14) 

Expressions for the nanoliquid's existing thermal conductivity and electrical conductivity are 
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( ) ( )
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( )

( ) ( )
3

1
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s fnf

f s f s f

χ σ σσ
σ σ σ χ σ σ

−
= +

+ − −
 (16) 

Table 1. Thermo-physical specifications of 2TiO  nanoparticles and kerosene oil (See, Abbas et al. [32]) 

Property 2TiO  Kerosene Oil 
k ( )/W m K  8.953 0.15 

ρ ( )3/Kg m  4250 783 

pc ( )/J Kg K  686.2 2090 

( )/S mσ  62.6 10×  115 10−×  

β ( )1K −  50.9 10−×  599 10−×  
 
The subsequent non-dimensional values are displayed 
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Eqs. (4), (5), (9) and (10) are used to produce the displayed non-dimensional structure 
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For a non-dimensional structure, the initial and boundary conditions are as follows: 

 ( ) ( ) ( )
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cos , 0, 1 exp , 1 exp at 1
U W
U W i i

θ φ η
λ ωτ θ ε ωτ φ ε ωτ η

= = = = = 
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 (22) 

Define: 

 U iWψ = +  (23) 

By utilizing Eq. (23) in Eqs. (18) and (19), we acquired 
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The initial and boundary conditions can be translated into the structure 
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The shear stress wτ , heat flux wq and mass flux wj are acquired utilizing the nanoliquid velocity, temperature, and 
concentration as 

 w nf
u wi
y y

τ μ  ∂ ∂= + ∂ ∂ 
 (26) 

 w nf
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y
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 w m
Cj D
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 ∂= −  ∂ 
 (28) 

The skin-friction coefficient Cf , heat transfer coefficient Nu and mass transfer coefficient Sh in a non-dimensional 
pattern can be represented as 
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We calculated the physical parameters by replacing Eqs. (26) to (28) in Eqs. (29) to (31) 

 11Cf a ψ
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3. THE PROBLEM’S SOLUTION 

It is impossible to solve the corresponding non-linear partial differential equations (18) to (21) in closed form. 
These non-linear partial differential equations are thus reduced to a set of ordinary differential equations that may be 
solved analytically. This can be achieved by using the trial solutions as shown below (See, Venkateswarlu et al. [4]) 
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The subsequent ordinary differential equations can be obtained by substituting Eqs. (35) to (37) into Eqs. (18) to (21) 
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The pertinent initial and boundary conditions can be characterized as 
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Eqs. (38) to (43) with the boundary conditions in Eqs. (44) have analytical solutions that are provided by 

 ( ) ( ) ( ) ( ) ( ) ( )0 49 8 50 9 41 1 42 2 43 5 44 5 45exp exp exp exp exp expa m a m a m a m a m a m aψ η η η η η η= + − + − − − +  (45) 
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 ( ) ( ) ( ) ( )1 36 6 35 7 30 3 31 4exp exp exp expa m a m a m a mφ η η η η= + − +  (50) 

We found the following solutions for the nanofluid velocity, temperature, and concentration by replacing Eqs. (35) to 
(37) with Eqs. (45) to (50) 
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3.1 Skin friction coefficient 

The velocity field can be utilized to express the skin friction coefficient as 
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 Pcf = Real part of ( )Cf  (55) 

 Scf = Imaginary part of ( )Cf  (56) 
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3.2 Heat transfer coefficient 
The temperature field can be utilized to express the heat transfer coefficient as 
 ( ) ( ) ( ) ( ) ( )17 1 1 2 2 17 3 3 4 4exp exp exp exp expNu a m m m m i a m m m mη η ε ωτ η η= − + −        (57) 
 

3.3 Mass transfer coefficient 
The concentration field can be utilized to express the mass transfer coefficient as 
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 (58) 

 
4. FINDINGS AND DISCUSSION 

To memorize the implications of distinct parameters, such as the rotation factor 2K , magnetic parameter M , upper 
wall motion parameter λ , thermal Grashof number Gr , solutal Grashof number Gm , Darcy parameter Da , Hall current 
parameter m , Soret number Sr , heat generation factor H , suction factor s , and solid volume fraction χ on the flow 
configuration, the numerical assessments of the titanium dioxide nanoliquid primary velocityU , secondary velocityW , 
temperatureθ , concentration φ , primary skin friction Pcf , secondary skin friction Scf , heat transfer coefficient Nu , and 
mass transfer coefficient Nu are computed. The subsequent parameter values are utilized for numerical calculations in this 
study: 0.05χ = , 2 1K = , 1M = , 2s = , 0.001λ = , 1Gr = , 1Gm = , 1Da = , 1m = , Pr 0.71= , 5Sr = , 2H = , 0.22Sc = , 
and 2τ π= .The velocity profile data depict the primary velocity of titanium dioxide-kerosene nanoliquid as a solid line 
and the secondary velocity as a dashed line. To obtain the numerical findings of the current work, a MATLAB (2015a) 
program was established. To compare our results with those of Ref [4] as a special case, we calculated the numerical 
values of primary and secondary skin friction coefficients for our work as well as those of Ref [4] which is displayed in 
Tables 2 and 3. There is a significant level of agreement between the two findings.  

Table 2. Comparison of primary skin friction coefficient Pcf with Ref [4] when 2τ π= , 2 Pr 1K m Da ω= = = = = , 0.6Sc = ,
0.001λ = , 2Gr = , 4Gm = , 5Sr = , 1H = − , 0s =  and 0χ = . 

η  M  
Pcf  

M  
Pcf  

M  
Pcf  

Ref [4] Present Ref [4] Present Ref [4] Present 
0.00 1.0 0.2221 0.2222 2.0 0.2068 0.2069 3.0 0.1928 0.0928 
0.25 1.0 0.1936 0.1937 2.0 0.1820 0.1821 3.0 0.1713 0.1714 
0.50 1.0 0.0907 0.0907 2.0 0.0893 0.0893 3.0 0.0878 0.0879 
0.75 1.0 -0.1417 -0.1416 2.0 -0.1303 -0.1302 3.0 -0.1198 -0.1197 
1.00 1.0 -0.6018 -0.6017 2.0 -0.5832 -0.5831 3.0 -0.5658 -0.5657 

Table 3. Comparison of secondary skin friction coefficient Pcf with Ref [4] when 2τ π= , 2 Pr 1K m Da ω= = = = = , 
0.6Sc = , 0.001λ = , 2Gr = , 4Gm = , 5Sr = , 1H = − , 0s =  and 0χ = . 

η  M  
Scf  

M  
Scf  

M  
Scf  

Ref [4] Present Ref [4] Present Ref [4] Present 
0.00 1.0 0.0593 0.0593 2.0 0.0638 0.0638 3.0 0.0670 0.0670 
0.25 1.0 0.0456 0.0456 2.0 0.0494 0.0494 3.0 0.0522 0.0522 
0.50 1.0 0.0066 0.0066 2.0 0.0077 0.0077 3.0 0.0087 0.0087 
0.75 1.0 -0.0446 -0.0445 2.0 -0.0482 -0.0481 3.0 -0.0508 -0.0507 
1.00 1.0 -0.0750 -0.0749 2.0 -0.0821 -0.0820 3.0 -0.0877 -0.0876 

Figs. 2, 3, and 4 are displayed to explore the implications of λ , 2K and H on U  and W respectively. It is detected 
that U minimizes and W maximizes with an elevation in λ , 2K and H .The secondary movement is directed by the 
Coriolis force and is generated by the motion of the upper wall. Driven by the Coriolis force, a stronger secondary flow 
forms as the upper wall moves faster. This secondary flow slows down the primary flow due to viscous and inertial 
factors. Due to the Coriolis force that opposes the primary flow and drives a secondary circulation, the growing rotation 
parameter in MHD nanofluid flow reduces the primary velocity and increases the secondary velocity. Acting 
perpendicular to the direction of motion and rotation, the Coriolis force acts as a fictitious force. Increasing the heat 
generation parameter makes the fluid less dense and less susceptible to the magnetic field's braking effect, thereby 
reducing the primary velocity while increasing the secondary velocity due to heat generation, creating a secondary flow. 

Primary and secondary velocity profiles across a range of magnetic parameters and thermal Grashof numbers are 
shown in Figs. 5 and 6. The primary and secondary velocity profiles are observed to decrease as the magnetic factor and 
the thermal Grashof number increase. The magnetic parameter quantifies the strength of the Lorentz force relative to the 
fluid's viscous or inertial forces. Increased frictional resistance along the plate's surface may result from a stronger 
magnetic field, which could lower both primary and secondary velocities. The thermal Grashof number is defined as the 
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ratio of buoyancy forces to viscous forces acting on a nanofluid. Primary and secondary velocity profiles have inverse 
relation with thermal Grashof number because of high degree of kinematic viscosity of the titanium dioxide nanofluid. 
The significance of the Soret number on the primary and secondary velocity profiles for titanium dioxide nanofluid 
based on kerosene is described in Fig. 7. Soret parameter measures the contribution of a temperature gradient to mass 
diffusion, which typically results in the separation of different chemical species or solutes within a nanofluid mixture. 
The primary and secondary velocity profiles diminish as the Soret number expands, indicating that additional heat input 
causes the nanofluid's velocity to slow down. 

  
Figure 2. Variation of U andW  in reference to λ  Figure 3. Variation of U andW  in reference to 2K  

  
Figure 4. Variation of U andW  in reference to H  Figure 5. Variation of U andW  in reference to M  

  
Figure 6. Variation of U andW  in reference to Gr  Figure 7. Variation of U andW  in reference to Sr  

The implications of the solutal Grashof number, Darcy parameter, and Hall current parameter on the primary and 
secondary velocity profiles are displayed in Figs. 8, 9, and 10. Instead of temperature, the mass Grashof number controls 
the behavior of natural convection caused by concentration or density gradients of a dissolved substance. The primary and 
secondary velocity profiles of the kerosene-based titanium dioxide nanofluid improve as one increases the solutal Grashof 
number, Darcy parameter, and Hall current. The nanofluid's kinematic and thermal effects, which might have an impact on 
the total velocity distribution, are also influenced by the Darcy parameter. Higher Darcy parameters can result in better 
primary and secondary velocity profiles and more effective heat transfer. Increasing the Hall current parameter directly 
enhances both primary and secondary velocity profiles because of the changed momentum distribution. 

Figs. 11 and 12 display the primary and secondary velocity profiles for varies values of Schmidt number and 
Prandtl number. The Schmidt number establishes whether the momentum of a nanofluid is transported more quickly or 
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more slowly than the dissolved mass. The relative thickness of a fluid's velocity and thermal boundary layers are 
directly determined by the Prandtl number, which assesses whether a fluid's momentum or heat spreads more quickly. 
As both parameters go up, the primary and secondary velocity profiles also become greater. The Reynolds number, a 
measurement of the fluid's viscosity and inertia, is directly correlated with the Schmidt number. The velocity profiles 
increased due to greater inertia and viscosity resulting from a higher Reynolds number, as indicated by an elevated 
Schmidt number. A fluid with a higher Prandtl number can move more easily and have less flow resistance because its 
viscosity is significantly lower than its thermal diffusivity. Primary and secondary velocities rise as a result. 

  
Figure 8. Variation of U andW  in reference to Gm  Figure 9. Variation of U andW  in reference to Da  

  
Figure 10. Variation of U andW  in reference to m  Figure 11. Variation of U andW  in reference to Sc  

  
Figure 12. Variation of U andW  in reference to Pr  Figure 13. Variation of U andW  in reference to s  

Figs. 13 and 14 show the rise in primary velocity and reduction in secondary velocity of a titanium dioxide 
nanofluid whenever the suction parameter and volume fraction parameter grow. The physical impact of withdrawing 
fluid through a porous surface or slot is measured using the suction parameter. Nanofluids may expand because of the 
volume fraction rise, which could raise the fluid's primary velocity. The magnetic field can influence flow 
characteristics. Increasing the volume fraction parameter may promote a more uniform distribution of the fluid, 
potentially leading to enhanced primary velocity. The volume of suspended nanoparticles divided by the entire volume 
of the nanofluid mixture is the volume fraction parameter. 

Figs. 15–18 analyze how factors such as the heat generation parameter, Prandtl number, suction parameter, and 
volume fraction parameter influence the temperature domain. It is evident that the temperature domain grows with rises 
in the heat generation parameter, Prandtl number, and suction parameter. The temperature profile lowers as the volume 
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fraction parameter rises. Both the amount and shape of titanium dioxide nanoparticles affect the thermal execution of 
nanofluids, leading to improved heat transfer and a more consistent temperature distribution. A higher Prandtl number 
suggests that the thermal boundary layer is thicker, resulting in an increased fluid temperature. 

  
Figure 14. Variation of U andW  in reference to χ  Figure 15. Variation of θ  in reference to H  

Figure 16. Variation of θ  in reference to Pr  Figure 17. Variation of θ  in reference to s  

  
Figure 18. Variation ofθ  in reference to χ  Figure 19. Variation of φ  in reference to H  

Figs. 19-23, illustrate how the concentration profile changes with varying heat generation parameter, suction 
parameter, Soret number, Schmidt number, and volume fraction parameter. The data demonstrate that higher values of 
the heat generation parameter, suction parameter, Soret number, Schmidt number, and volume fraction parameter 
increase mass concentration. The condensation action increases the nanofluid concentration as the suction parameter 
rises, thereby increasing the concentration in the flow field. Shear stress is crucial in engineering and often demands 
complex design solutions. A comprehensive understanding of this coefficient will lead to the development of designs 
for medicine delivery for cancer patients, bridges, dams, and storage efficiency.  

Tables 4 through 16 show that when the upper wall motion factor, rotation parameter, magnetic parameter, Grashof 
number, heat generation parameter, and Schmidt number increase, the primary skin friction coefficient intensifies at the left 
wall and decreases at the right wall. Similarly, as the thermal Grashof number, Darcy number, Hall current parameter, 
Soret number, suction factor, and volume fraction factor increases, the primary skin friction coefficient decreases on the 
left wall and increases on the right wall. When the upper wall motion parameter, rotation parameter, thermal Grashof 
number, Darcy number, Hall current parameter, Soret number, and heat generation parameter are augmented, the 
secondary skin friction coefficient reduces at the left wall and intensifies at the right wall. Similarly, as the magnetic 
parameter, thermal Grashof number, Schmidt number, suction parameter, and volume fraction parameter increase, the 
secondary skin friction coefficient increases at the left wall and decreases at the right wall. 
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Figure 20. Variation of φ  in reference to s  Figure 21. Variation of φ  in reference to s  

  
Figure 22. Variation of φ  in reference to Sc  Figure 23. Variation of φ  in reference to χ  

Table 4. Interpretation of Pcf  and Scf  with respect to λ  

η  λ  Pcf  Scf  λ  Pcf  Scf  λ  Pcf  Scf  
0.00 0.1 -0.3373 -0.3010 0.2 -0.2789 -0.4463 0.3 -0.2206 -0.5916 
0.25 0.1 -0.1763 -0.1078 0.2 -0.1575 -0.1484 0.3 -0.1387 -0.1891 
0.50 0.1 -0.0106 0.0303 0.2 -0.0189 0.0454 0.3 -0.0272 0.0606 
0.75 0.1 0.1723 0.1241 0.2 0.1496 0.1740 0.3 0.1269 0.2239 
1.00 0.1 0.3731 0.1744 0.2 0.3468 0.2512 0.3 0.3206 0.3280 

Table 5. Interpretation of Pcf  and Scf  with respect to 2K  

η  2K  Pcf  Scf  2K  Pcf  Scf  2K  Pcf  Scf  
0.00 0.5 -0.4236 -0.0945 1.0 -0.3951 -0.1572 1.5 -0.3212 -0.2331 
0.25 0.5 -0.2057 -0.0424 1.0 -0.1949 -0.0675 1.5 -0.1669 -0.0991 
0.50 0.5 0.0026 0.0063 1.0 -0.0024 0.0153 1.5 -0.0153 0.0248 
0.75 0.5 0.2076 0.0453 1.0 0.1948 0.0747 1.5 0.1618 0.1114 
1.00 0.5 0.4103 0.0703 1.0 0.3991 0.0984 1.5 0.3706 0.1350 

Table 6. Interpretation of Pcf  and Scf  with respect to M  

η  M  Pcf  Scf  M  Pcf  Scf  M  Pcf  Scf  
0.00 5 -0.2956 -0.1681 10 -0.2122 -0.1591 15 -0.1579 -0.1431 
0.25 5 -0.1550 -0.0736 10 -0.1202 -0.0722 15 -0.0963 -0.0675 
0.50 5 -0.0169 0.0146 10 -0.0273 0.0101 15 -0.0325 0.0051 
0.75 5 0.1483 0.0814 10 0.1079 0.0791 15 0.0804 0.0732 
1.00 5 0.3551 0.1077 10 0.3148 0.1100 15 0.2854 0.1084 

Table 7. Interpretation of Pcf  and Scf  with respect to Gr  

η Gr  Pcf  Scf  Gr  Pcf  Scf  Gr  Pcf  Scf  
0.00 0.5 -0.5535 -0.1980 1.0 -0.3951 -0.1572 1.5 -0.2366 -0.1164 
0.25 0.5 -0.2686 -0.0836 1.0 -0.1949 -0.0675 1.5 -0.1211 -0.0514 
0.50 0.5 0.0034 0.0216 1.0 -0.0024 0.0153 1.5 -0.0081 0.0090 
0.75 0.5 0.2712 0.0935 1.0 0.1948 0.0747 1.5 0.1185 0.0558 
1.00 0.5 0.5357 0.1158 1.0 0.3991 0.0984 1.5 0.2626 0.0810 
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Table 8. Interpretation of Pcf  and Scf  with respect to Gm  

η Gm  Pcf  Scf  Gm  Pcf  Scf  Gm  Pcf  Scf  
0.00 1.0 -0.3951 -0.1572 2.0 -1.1076 -0.3945 3.0 -1.8202 -0.6318 
0.25 1.0 -0.1949 -0.0675 2.0 -0.5374 -0.1669 3.0 -0.8799 -0.2662 
0.50 1.0 -0.0024 0.0153 2.0 0.0068 0.0431 3.0 0.0161 0.0709 
0.75 1.0 0.1948 0.0747 2.0 0.5427 0.1866 3.0 0.8905 0.2985 
1.00 1.0 0.3991 0.0984 2.0 1.0716 0.2308 3.0 1.7440 0.3632 

Table 9. Interpretation of Pcf  and Scf  with respect to Da 

η Da Pcf  Scf  Da Pcf  Scf  Da Pcf  Scf  
0.00 0.5 -0.3625 -0.1371 1.0 -0.3951 -0.1572 1.5 -0.4070 -0.1649 
0.25 0.5 -0.1815 -0.0599 1.0 -0.1949 -0.0675 1.5 -0.1997 -0.0704 
0.50 0.5 -0.0068 0.0118 1.0 -0.0024 0.0153 1.5 -0.0007 0.0166 
0.75 0.5 0.1793 0.0657 1.0 0.1948 0.0747 1.5 0.2005 0.0781 
1.00 0.5 0.3841 0.0906 1.0 0.3991 0.0984 1.5 0.4046 0.1013 

Table 10. Interpretation of Pcf  and Scf  with respect to m  

η m  Pcf  Scf  m  Pcf  Scf  m  Pcf  Scf  
0.00 0.4 -0.3855 -0.1438 0.8 -0.3914 -0.1543 1.2 -0.3985 -0.1589 
0.25 0.4 -0.1909 -0.0623 0.8 -0.1934 -0.0664 1.2 -0.1963 -0.0682 
0.50 0.4 -0.0036 0.0132 0.8 -0.0029 0.0148 1.2 -0.0019 0.0156 
0.75 0.4 0.1902 0.0686 0.8 0.1931 0.0734 1.2 0.1965 0.0755 
1.00 0.4 0.3945 0.0928 0.8 0.3975 0.0972 1.2 0.4007 0.0990 

Table 11. Interpretation of Pcf  and Scf  with respect to Sr  

η Sr  Pcf  Scf  Sr  Pcf  Scf  Sr  Pcf  Scf  
0.00 0.5 0.4445 0.1104 1.0 0.3512 0.0807 1.5 0.2579 0.0510 
0.25 0.5 0.2127 0.0437 1.0 0.1674 0.0314 1.5 0.1221 0.0190 
0.50 0.5 -0.0068 -0.0175 1.0 -0.0063 -0.0138 1.5 -0.0058 -0.0102 
0.75 0.5 -0.2163 -0.0515 1.0 -0.1706 -0.0375 1.5 -0.1249 -0.0234 
1.00 0.5 -0.4163 -0.0451 1.0 -0.3257 -0.0292 1.5 -0.2351 -0.0132 

Table 12. Interpretation of Pcf  and Scf  with respect to H  

η H  Pcf  Scf  H  Pcf  Scf  H  Pcf  Scf  
0.00 2.0 -0.3951 -0.1572 3.0 -0.3273 -0.3185 4.0 -0.2735 -0.4196 
0.25 2.0 -0.1949 -0.0675 3.0 -0.1645 -0.1489 4.0 -0.1394 -0.2001 
0.50 2.0 -0.0024 0.0153 3.0 -0.0070 0.0112 4.0 -0.0090 0.0081 
0.75 2.0 0.1948 0.0747 3.0 0.1622 0.1546 4.0 0.1360 0.2047 
1.00 2.0 0.3991 0.0984 3.0 0.3497 0.2732 4.0 0.3043 0.3846 

Table 13. Interpretation of Pcf  and Scf  with respect to Sc  

η Sc  Pcf  Scf  Sc  Pcf  Scf  Sc  Pcf  Scf  
0.00 2.5 0.8019 5.1057 3.0 1.4363 5.3947 3.5 2.0618 5.7231 
0.25 2.5 0.6533 2.3513 3.0 0.9773 2.4334 3.5 1.2874 2.5279 
0.50 2.5 0.3898 -0.3249 3.0 0.3865 -0.4418 3.5 0.3618 -0.5706 
0.75 2.5 -0.5179 -2.5284 3.0 -0.8578 -2.6614 3.5 -1.1935 -2.8095 
1.00 2.5 -2.0885 -3.7393 3.0 -2.6452 -3.5950 3.5 -3.1125 -3.4565 

Table 14. Interpretation of Pcf  and Scf  with respect to Pr  

η Pr  Pcf  Scf  Pr  Pcf  Scf  Pr  Pcf  Scf  
0.00 0.4 -0.4508 0.2592 0.8 -0.3966 -0.2300 1.2 -0.4829 -0.5454 
0.25 0.4 -0.2141 0.1395 0.8 -0.1968 -0.1035 1.2 -0.2438 -0.2571 
0.50 0.4 0.0113 0.0210 0.8 -0.0044 0.0148 1.2 -0.0134 0.0157 
0.75 0.4 0.2206 -0.1309 0.8 0.1958 0.1106 1.2 0.2386 0.2654 
1.00 0.4 0.4021 -0.3345 0.8 0.4087 0.1724 1.2 0.5295 0.4805 
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Table 15. Interpretation of Pcf  and Scf  with respect to s  

η s  Pcf  Scf  s  Pcf  Scf  s  Pcf  Scf  
0.00 2.1 -0.4208 -0.1460 2.2 -0.4458 -0.1363 2.3 -0.4709 -0.1288 
0.25 2.1 -0.2015 -0.0595 2.2 -0.2074 -0.0525 2.3 -0.2128 -0.0468 
0.50 2.1 0.0016 0.0172 2.2 0.0056 0.0189 2.3 0.0098 0.0203 
0.75 2.1 0.2037 0.0675 2.2 0.2119 0.0612 2.3 0.2197 0.0561 
1.00 2.1 0.4079 0.0800 2.2 0.4153 0.0642 2.3 0.4222 0.0514 

Table 16. Interpretation of Pcf  and Scf  with respect to χ 

η χ Pcf  Scf  χ Pcf  Scf  χ Pcf  Scf  
0.00 0.02 -0.3128 -0.1696 0.04 -0.3676 -0.1624 0.06 -0.4224 -0.1508 
0.25 0.02 -0.1584 -0.0776 0.04 -0.1827 -0.0713 0.06 -0.2070 -0.0633 
0.50 0.02 -0.0055 0.0106 0.04 -0.0035 0.0138 0.06 -0.0013 0.0168 
0.75 0.02 0.1566 0.0827 0.04 0.1821 0.0778 0.06 0.2076 0.0711 
1.00 0.02 0.3305 0.1285 0.04 0.3763 0.1093 0.06 0.4218 0.0866 

Tables 17–20 show that the volume fraction parameter diminishes the heat transfer coefficient at the left wall and 
enhances it at the right, however the heat generation and suction parameters exhibit the opposite pattern. Heat 
generation parameter and suction parameter strengthen the mass transfer coefficient at the right wall while volume 
fraction parameter and Soret factor minimize it at the left wall. 
Table 17. Interpretation of Nu  and Sh  with respect to χ 

η χ Nu  Sh  χ Nu  Sh  χ Nu  Sh  
0.00 0.02 2.2987 -4.1303 0.04 2.2232 -4.3129 0.06 2.1540 -4.5045 
0.25 0.02 1.5584 -3.2160 0.04 1.5320 -3.4072 0.06 1.5073 -3.6060 
0.50 0.02 0.9218 -2.3338 0.04 0.9307 -2.5184 0.06 0.9386 -2.7098 
0.75 0.02 0.4040 -1.5256 0.04 0.4347 -1.6897 0.06 0.4632 -1.8603 
1.00 0.02 0.0071 -0.8161 0.04 0.0478 -0.9487 0.06 0.0864 -1.0876 

Table 18. Interpretation of Nu  and Sh  with respect to 𝐻 

η H  Nu  Sh  H  Nu  Sh  H  Nu  Sh  
0.00 2.0 2.1879 -4.4076 3.0 2.4463 -4.5965 4.0 2.7510 -4.8285 
0.25 2.0 1.5195 -3.5057 3.0 1.6614 -3.5452 4.0 1.8263 -3.5978 
0.50 2.0 0.9348 -2.6132 3.0 0.9288 -2.4627 4.0 0.9172 -2.2882 
0.75 2.0 0.4492 -1.7742 3.0 0.3061 -1.4514 4.0 0.1380 -1.0798 
1.00 2.0 0.0674 -1.7742 3.0 -0.1757 -0.5780 4.0 -0.4454 -0.0889 

Table 19. Interpretation of Nu  and Sh  with respect to s  

η s  Nu  Sh  s  Nu  Sh  s  Nu  Sh  
0.00 2.1 2.2425 -4.5466 2.2 2.2976 -4.6837 2.3 2.3533 -4.8227 
0.25 2.1 1.5322 -3.5872 2.2 1.5445 -3.6655 2.3 1.5564 -3.7442 
0.50 2.1 0.9253 -2.6549 2.2 0.9155 -2.6932 2.3 0.9055 -2.7318 
0.75 2.1 0.4316 -1.7891 2.2 0.4143 -1.8010 2.3 0.3973 -1.8133 
1.00 2.1 0.0510 -1.0144 2.2 0.0354 -1.0087 2.3 0.0204 -1.0033 

Table 20. Interpretation of Nuand Sh  with respect to Sr  

η Sr  Nu  Sh  Sr  Nu  Sh  Sr  Nu  Sh  
0.00 0.5 2.1879 0.5288 1.0 2.1879 -0.0197 1.5 2.1879 -0.5682 
0.25 0.5 1.5195 0.6057 1.0 1.5195 0.1489 1.5 1.5195 -0.3079 
0.50 0.5 0.9348 0.6554 1.0 0.9348 0.2922 1.5 0.9348 -0.0710 
0.75 0.5 0.4492 0.6746 1.0 0.4492 0.4025 1.5 0.4492 0.1304 
1.00 0.5 0.0674 0.6622 1.0 0.0674 0.4755 1.5 0.0674 0.2889 

 
5. CONCLUSIONS 

The following lists the article's significant conclusions: 
• The magnetic parameter, thermal Grashof number, and thermal diffusion parameter reduce the nanofluid 

primary and secondary velocity components. 
• The solutal Grashof number, Darcy parameter, and Hall current parameter increase the nanofluid primary and 

secondary velocity components. 
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• The primary velocity declines and secondary velocity augments with an enhancement in the upper wall motion 
factor, rotation parameter, and heat generation parameters. 

• The primary velocity maximizes, and the secondary velocity minimizes with an increase in the suction and 
volume fraction factors. 

• The primary skin friction intensifies at the lower wall and declines at the upper wall by expanding the upper wall 
motion factor, rotation parameter, magnetic parameter, thermal Grashof number, and heat generation parameters. 

• The primary skin friction declines at the lower wall and intensifies at the upper wall as the solutal Grashof 
number, Darcy parameter, Hall current parameter, thermal diffusion parameter, suction factor, and volume 
fraction factor are expanded. 

• The secondary skin friction intensifies at the lower wall and declines at the upper wall by expanding the 
magnetic parameter, thermal Grashof number, suction factor, and volume fraction factor. 

• The secondary skin friction declines at the lower wall and intensifies at the upper wall as the upper wall motion 
factor, rotation parameter, solutal Grashof number, Darcy parameter, Hall current parameter, thermal diffusion 
parameter, and heat generation parameter are expanded. 

Nomenclature 

u −   nanoliquid motion in x − direction Sh −  mass transfer coefficient 
v −   nanoliquid motion in y − direction 2K −  rotation parameter 
w −   nanoliquid motion in z − direction M −  magnetic parameter 
a −   distance between two walls s −  suction parameter 

0u −  characteristic velocity Gr −  thermal Grashof number 

T −   nanoliquid temperature Gm −   solutal Grashof number 

0T −   cold wall temperature Da −  Darcy parameter 
t −   dimensional time Pr−  Prandtl number 
p −   nanoliquid pressure Sr −  Soret number 

0V −   suction velocity H −  heat generation parameter 
C −   nanoliquid species concentration Sc −  Schmidt number 

0C −  concentration at the cold wall Greek symbols 

pk −  permeability of the porous medium Ω −   angular velocity 

nfk −  thermal conductivity of nanoliquid ω −   non-dimensional frequency of oscillation 

fk − , thermal conductivity of the base liquid χ −  volume fraction of nanoliquid 
 sk −   thermal conductivity of the solid nfρ −  nanoliquid density 

( )p nf
c −   specific heat of nanoliquid at stable pressure nfμ −  dynamic viscosity of nanoliquid 

( )p f
c −  specific heat of the base liquid fμ −   dynamic viscosity of the base liquid 

 ( )p s
c −  specific heat of the solid, nfσ −  electrical conductivity of nanoliquid 

0Q −   dimensional heat generation parameter fσ −  electrical conductivity of the base fluid 

mD −   chemical molecular diffusivity sσ −   electrical conductivity of the solid 

nfD −   nanofluid mass diffusivity nfβ −   thermal expansion coefficient of nanoliquid 

mT −   mean nanoliquid temperature fβ −  thermal expansion coefficient of the base liquid 

0B −   magnetic induction sβ −  thermal expansion coefficient of the solid 
m −   hall current factor nfρ −  nanoliquid density 
g −  acceleration due to gravity fρ −  density of the base liquid 
U −  nanofluid primary velocity sρ −  density of the nanoparticle 
W −   nanofluid secondary velocity θ −  nanofluid temperature 
n −  dimensional frequency of oscillation φ −  species concentration 

wq −  heat flux η −  A scaled coordinate 

wj −   mass flux τ −  non-dimensional time 
Cf −  skin friction coefficient eτ −  electron collision time 
Pcf −  primary skin friction coefficient wτ −  shear stress 
Scf −  secondary skin friction coefficient eω −  cyclotron frequency 
Nu −  heat transfer coefficient λ −   upper wall motion parameter 
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ВПЛИВ СТРУМУ ХОЛЛА, ТЕПЛОВОГО РОЗСІЮВАННЯ ТА ТЕПЛОВИДІЛЕННЯ НА ПОТІК НАНОРІДИНИ 

TiO2 НА ОСНОВІ ГАСУ ЧЕРЕЗ ОБЕРТОВИЙ ПОРИСТИЙ КАНАЛ 
Венкатешварлу Малапаті1, Мохаммед Алмаккі2, В.Б. Раджакумар Комараволу3 

1Кафедра математики, Академія вищої освіти Сіддхартхи, Віджаявада, Андхра-Прадеш, Індія - 520007 
2Школа інженерії, архітектури та дизайну інтер'єрів, Університет Аміті, Міжнародне академічне місто Дубая, 

П.С. скринька 345019б Індія 
3Кафедра математики, Технологічний інститут Каллама Харанадхаредді, Гунтур, Андхра-Прадеш, Індія - 522019 

На відміну від тепловиділення та теплового розсіювання, досліджуються струм Холла та коефіцієнти обертання розряду 
нанорідини діоксиду титану на основі гасу через дві паралельні стінки, вбудовані в пористий канал. Розглядаються фактори 
всмоктування та гідромагнітні фактори. Використовуючи відповідні початкові та граничні умови, підхід збурень може дати 
точне аналітичне рішення для визначальних рівнянь для швидкості, температури та концентрації нанорідини. Можна 
отримати вирази для напруження зсуву, швидкості масопередачі та швидкості теплопередачі на пластинах. З одного боку, 
показано графічне представлення первинної та вторинної швидкостей, температури нанорідини та концентрації частинок. 
Однак, для різних значень відповідних коефіцієнтів течії, числові оцінки напруження зсуву, швидкості масопередачі та 
швидкості теплопередачі для стінок представлені у табличній формі. Через внесок сили плавучості розчиненої речовини, 
результуючі профілі первинної та вторинної швидкості постійно зростають до високого рівня. Концентрація збільшується 
разом зі збільшенням характеристик тепловиділення та теплодифузії по всій нанорідині. Коли сила теплової плавучості 
достатньо висока, профілі первинної та вторинної швидкості зменшуються. Струм Холла та параметр Дарсі підвищують 
коефіцієнти первинного та вторинного тертя поверхні на верхній стінці, одночасно зменшуючи їх на нижній. Однак на 
первинні та вторинні коефіцієнти тертя поверхні впливають протилежним чином сила теплової плавучості та магнітний 
параметр. Результати порівнюються з існуючою літературою. 
Ключові слова: нанорідина; потік Куетта; струм Холла; теплоутворення; відсмоктування 
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The aspects of flow in a magnetohydrodynamic (MHD) ternary hybrid nanofluid consisting of suspended (𝐶𝑢), aluminum oxide
(𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) nanoparticles in water (𝐻2𝑂) were numerically investigated in this study. The effects of thermal
stratification and Joule heating are incorporated by passing the nanofluid through a vertically extending cylinder in a porous medium.
By implementing an appropriate transformation, the energy and boundary layer equations are simplified to a nonlinear ODE system.
The resulting system is solved using MATLAB’s fourth-order accurate bvp4c solver. from MATLAB is employed to solve the altered
system. The effects are illustrated graphically the change in velocity and temperature and quantitatively tabulate the changes in friction
factor, and heat transfer rate for important values of the dimensionless physical factors related to the problem. Crucial findings show
that, hybrid nanofluids outperform nanofluids in terms of thermal conductivity. Temperature and velocity of the ternary hybrid nanofluid
are both decreased when the heat stratification factor is present, as compared to the absence of stratification. There is a noticeable
increase in the heat transfer rate when the ternary hybrid nanofluid is compared with the hybrid nanofluid, which in turn surpasses that
of traditional nanofluids. The acquired results are valuable for applications in geothermal energy extraction, chemical processing, and
materials synthesis.

Keywords: Ternary Hybrid Nanofluid; Joule’s Effect; Stretching Vertical Cylinder; Thermal Stratification; Porous Medium; bvp4c

1. INTRODUCTION
Ternary hybrid nanofluids are a state-of-the-art breakthrough in fluid dynamics and nanotechnology that have broad

engineering applications in engineering and industries. There are three different kinds of nanoparticles mixed in with a
base fluid to make these nanofluids. These fluids possess enhanced thermal and rheological properties. The nanoparticles
can be metallic or non-metallic, and the base fluid can be any common heat transfer fluid or coolant such water, ethylene
glycol, or oil. This article describes a research investigation on a ternary hybrid nanofluid consisting of copper (𝐶𝑢),
aluminum oxide (𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) nanoparticles. The nanoparticles are uniformly dispersed inside a
fluid medium containing water.

Research has shown that adding copper (𝐶𝑢) nanoparticles to a nanofluid improves its thermal conductivity, while
adding aluminum oxide (𝐴𝑙2𝑂3) and titanium dioxide (𝑇𝑖𝑂2) nanoparticles improves the efficiency and stability of heat
transmission. In order to improve thermal management and heat dissipation, this nanofluid can be used in a variety of
applications, including cooling systems, electrical devices, and heat exchangers. It is well-known that copper nanoparticles
can kill bacteria, and (𝑇𝑖𝑂2) nanoparticles can fight bacteria and other microbes by photo catalysis. Nanoparticles of
titanium dioxide (𝑇𝑖𝑂2) with photocatalytic characteristics can help decompose organic pollutants and purify water.
The ternary hybrid nanofluid comprising 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 could be useful in water treatment processes, removing
contaminants and improving water quality in the process.

An innovative new class of fluids called nanofluids was created by mixing a base fluid with particles as small as a few
nanometers in size. These tiny particles, which might be metallic or non-metallic, are usually less than 100 nanometers. A
novel class of heat transfer fluids including free-floating metallic nanoparticles has been proposed by the idea of nanofluid,
which was initially introduced by Choi and Eastman [1]. Several researchers have investigated a sliding vertical plate in Das
and Jana [2] and a vertical channel in Das et al. [3] in relation to the radiation-induced natural convective flow of nanofluids.
In their respective studies, Reddy et al.[4] and Mahanthesh et al. [5] assessed the consequences of mass and heat transfer
on nanofluid as it traverses a mobile or static vertical plate, while considering the impact of a chemical reactions and a
heat source. In their study, Sandeep and Reddy [6] investigated the flow of a magnetohydrodynamic (MHD) 𝐶𝑢-water
nanofluid over a cone and a wedge, considering the influence of nonlinear thermal radiation. Moreover, the Lattice
Boltzmann approach was utilized in the investigation of the magnetohydrodynamic (MHD) 𝐶𝑢-water nanofluid, given the
influence of Lorentz forces by Sheikholeslami et al., [7]. The investigation conducted by Rashidi et al. [8] proposed a Lie
group solution for the issue of the production or consumption of heat in the context of nanofluid movement over a horizontal
plate undergoing chemical reactions. The HAM is employed in Abolbashari et al. [9] to examine the entropy of a nanofluid
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comprising water as the main fluid and one of four different types of nanoparticles: 𝑇𝑖𝑂2, 𝐴𝑙2𝑂3, 𝐶𝑢, and 𝐶𝑢𝑂. The
nanofluid flows through a stretchy permeable surface. Within the framework of velocity slip and heat leap, an analytical
study was conducted by Turkyilmazoglu [10] to examine the MHD nanofluid flow of different water-soluble nanoparticles
as they flowing over a periodically stretching and shrinking permeable sheet. The impacts of heat radiation, heat diffusion,
and viscous dissipation were investigated numerically in a study of nanofluid boundary layer flow across a moving flat
plate by Motsumi and Makinde [11]. Nath and Deka [12], Kalita et al., [13] and Nath et al. [14] studied how temperature
layering and chemical reactions affect the flow across infinite and accelerated vertical plates, respectively. Cheng [15, 16]
investigated the effects of mass and heat stratification across a wavy surface and a vertical, truncated cone, respectively.
In addition, for infinite vertical cylinders, Paul and Deka [17] have studied the effects of both stratification factors. [18]
Considered the impacts of mass and temperature layering on the unstable flow through an endlessly fast-moving upright
plate in a porous media with exponential mass diffusion and fluctuating temperatures. The unstable parabolic flow across
an infinite upright plate in a porous media with varying mass diffusion and an exponentially decreasing temperature was
studied by [19] in relation to the unite effects of temperature and mass stratification. Using a vertically expanding cylinder
in porous medium, Nath and Deka [20] studied how the flow of water-based hybrid, nano, and ternary hybrid nanofluids
via magnetohydrodynamics (MHD) is impacted by temperature stratification. The study in Paul et al. [18] examines
the impact of temperature stratification on a hybrid nanofluid composed of 𝐶𝑢 − 𝐴𝑙2𝑂3/𝐻2𝑂 in a porous media. The
research conducted by the authors focused on a cylinder that is stretched vertically, and examines the impact of a heat sink
or source. It was observed that the thermal conductivity of hybrid nanofluids exhibited a notable increase in comparison
to that of nanofluids. Thus, the application of hybrid nanofluids demonstrates a substantial impact on improving thermal
improvements. The study conducted by Rana and Kumar [19] inspected the flow of hybrid nano liquid via a rotating
cylinder, considering the influence of quadratic heat radiation on a buoyancy-driven nonlinear flow. To enhance the ternary
hybrid nanofluid’s 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑀𝑊𝐶𝑁𝑇/water heat conveyance capabilities consisting of, the researchers in reference
Shanmugapriya et al., [20] examined the impact of nanoparticle morphology. In their study, Shaik et al. [21] looked into
the free convection that happens in a wavy, sinusoidal shell that contains a hybrid nanofluid made of 𝑇𝑖𝑂2 − 𝐶𝑢 particles
that are suspended in water. The consequences of thermal radiation, internal heat creation, a magnetic field with an angle
on convection is included in the analysis. Examining the responses of the similar formulas that govern the behavior of
a colloidal combination of water, cylindrical grapheme, round nanotubes of carbon, and platelet nanoparticles made of
alumina was done by Cao et al., [22]. In addition, the study examined forced, free, and mixed convection regimes, the study
took into account different degrees of partial slide. Research on the heat transfer properties of ternary hybrid nanofluid
flows in the existence of nonlinear heat radiation and a magnetized dipole was carried out by Nasir et al. [23]. Using a
convectively heated stretching/shrinking cylinder, the effects of suction and heat source on the MHD stagnation point flow
of a ternary hybrid nanofluid (𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) have been studied by Mahmood et al. [24]. Furthermore,
in the framework of electromagnetic hydrodynamics (EMHD), a ternary hybrid nanofluid consisting of 𝐶𝑢 − 𝐶𝑁𝑇 − 𝑇𝑖
and water was studied by Jakeer et al. [25] to determine the effects of non-linear Darcy-Forchheimer flow. Compared to
nanofluid or hybrid nanofluid alone, the ternary hybrid nanofluid significantly affected the temperature profile. Patil et al.
[26] Look at how a ternary hybrid nanofluid (𝑇𝐻𝑁𝐹) flows with tangent hyperbolic ((𝑇 −𝐻)) flow features when it meets a
rough-yawed cylinder. Impulsive forces are used to move the cylinder, and the study is mostly about the mixed convection
process and periodic magnetohydrodynamics. Gorfie et al. [27] addressed the combined effects of Joule heating and
thermal stratification on MHD ternary hybrid nanofluid flow over a vertically stretching cylinder embedded in a porous
medium remain limited, thereby motivating the present investigation. Kumar et al. [28] studied on stretching-cylinder
flows have shown that Joule heating, magnetic fields, and internal heat generation significantly affect the velocity and
temperature distributions of electrically conducting fluids. Motivated by these findings, the present work extends the
analysis to an MHD ternary hybrid nanofluid in a porous medium by incorporating the combined effects of Joule heating
and thermal stratification over a vertically stretching cylinder.

As shown in the literature review, previous research has not attempted to demonstrate the flow of a magnetohy-
drodynamic (MHD) ternary nanofluid via a vertically expanding cylinder in a porous medium, taking into account the
influence of the joule’s impact and temperature stratification effect. Examining the heat transfer characteristics of a ternary
hybrid nanofluid made up of 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2 particles distributed in water is the core objective of this work. This
study examines the behavior of heat transport around a vertically stretching cylinder while taking into the account of
homogeneous thermal sources and thermal sinks, the joule’s effect, and thermal stratification. By employing suitable
self-similar variables within the bvp4c solver of the MATLAB programmed, the non-linear partial differential equations
(PDEs) that govern the flow are changed into ordinary differential equations (ODEs). As shown by its description and
application in MATLAB by [30], and Hale and Moore [29], the Bvp4c technique is well-known and used to simulate the
problem in this study. For various parameters like 𝜆, 𝛿, 𝑃𝑟, 𝑀,𝑄 and 𝐸𝑐 the results are presented graphically.

2. METHODOLOGY
In the context of a vertical stretchable cylinder with radius 𝑟0, let us contemplate a two-dimensional steady incom-

pressible ternary hybrid nanofluid composed of 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2/𝐻2𝑂. This nanofluid is submerged in a porous
medium. Thermal stratification, a heat source/sink, and joule’s effect exert an influence on the system. As displayed in
Fig. 1, it is postulated that the ternary hybrid nanofluid flows in the axial 𝑥-direction, where the 𝑟 coordinate denotes the
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Figure 1. Physical Model and Coordinate system

direction perpendicular to the 𝑥-axis. Here, ”𝑢” stands for the ternary hybrid nanofluid’s velocity component along the
𝑟-axis and ”𝑣” for the 𝑥-axis. In the present investigation, a magnetic field of magnitude 𝐵0 is supplied perpendicular to
the ternary hybrid nanofluid’s propagation path. In addition to Joule heating, the thermal buoyancy effect is taken into
account in the flow problem. 𝑢 = 𝑎 𝑥

𝑙
, is the velocity responsible for inducing linear stretching in the upright cylinder,

where ′𝑎′ and ′𝑙′ symbolise the cylinder’s characteristic length and velocity, respectively. 𝑇𝑤 (𝑥) = 𝑇0 + 𝐴
(
𝑥
𝑙

)
, is the

wall’s assumed temperature, and 𝑇∞ (𝑥) = 𝑇0 + 𝐵
(
𝑥
𝑙

)
, is the ternary hybrid nanofluid’s temperature at ambient conditions.

The constants 𝑇0 and 𝐴, 𝐵 stand for the beginning temperature and non-negative constants, respectively. According to
the study conducted by Paul et al., [18], the equations that regulate continuity, momentum, and energy in the setting of a
ternary hybrid nanofluid can be formulated as follows.

𝜕 (𝑟𝑢)
𝜕𝑥

+ 𝜕 (𝑟𝑣)
𝜕𝑟

= 0 (1)

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣 𝜕𝑢

𝜕𝑟
=

𝜇𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓

1
𝑟

𝜕

𝜕𝑟

(
𝑟
𝜕𝑢

𝜕𝑟

)
+

(𝜌𝛽𝑇 )𝑡ℎ𝑛 𝑓
𝜌𝑡ℎ𝑛 𝑓

𝑔(𝑇 − 𝑇∞) −
𝜎𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓
𝐵2

0𝑢

−
𝜇𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓

𝑢

𝑘 ′
(2)

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣 𝜕𝑇

𝜕𝑟
=

𝑘𝑡ℎ𝑛 𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
1
𝑟

𝜕

𝜕𝑟

(
𝑟
𝜕𝑇

𝜕𝑟

)
+ 𝑄0

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
(𝑇 − 𝑇∞)

+
𝜎𝑡ℎ𝑛 𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
𝐵2

0𝑢
2 (3)

The boundary conditions are as follows:

𝑢 = 𝑎
𝑥

𝑙
, 𝑣 = 0, 𝑇 = 𝑇𝑤 (𝑥) when 𝑟 = 𝑟0

𝑢 = 0, 𝑇 → 𝑇∞ (𝑥) when 𝑟 → ∞

Here is the similarity transformation utilized in Equations (1)-(3), as described in reference [18]

𝜂 =
𝑟2 − 𝑟2

0
2𝑟0

√︂
𝑎

𝜈 𝑓 𝑙
, 𝜓 =

√︂
𝑎𝜈 𝑓

𝑙
𝑥𝑟0 𝑓 (𝜂), 𝜃 =

𝑇 − 𝑇∞ (𝑥)
𝑇𝑤 (𝑥) − 𝑇0
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and we have the following non-dimensional quantities:

𝑀 =
𝑙𝜎 𝑓 𝐵

2
0

𝑎𝜌 𝑓
, 𝐾 =

𝑙𝜈 𝑓

𝑎𝑘
, 𝛾 =

√︄
𝑙𝜈 𝑓

𝑎𝑟2
0
, 𝜆 =

𝐺𝑟

𝑅𝑒2
𝑥

, 𝛿 =
𝐵

𝐴
, 𝑄 =

𝑄0𝑙

𝑎(𝜌𝑐𝑝) 𝑓
,

𝑃𝑟 =
𝜈 𝑓 (𝜇𝑐𝑝) 𝑓

𝑘 𝑓
, 𝐸𝑐 =

𝑢2
𝑧

(𝑐𝑝) 𝑓 (𝑇𝑤 (𝑥) − 𝑇0)
In this context, 𝐾 denotes the porosity parameter, 𝛾 signifies the curvature parameter, 𝑀 represents the magnetic

parameter, 𝜆 signifies the thermal buoyancy parameter, 𝑄 signifies the heat source/sink parameter, 𝑃𝑟 represents the
Prandtl number, 𝛿 signifies the thermal stratification parameter, and 𝐸𝑐 represents the Eckert number.

To satisfy equation (1) for continuity, we introduce the stream function 𝜓, which has the form 𝑢 = 1
𝑟

𝜕𝜓

𝜕𝑟
and 𝑣 =

− 1
𝑟

𝜕𝜓

𝜕𝑥
. Thus, we provide the non-dimensional representations of the altered equations as follows:

𝑓 ′2 − 𝑓 𝑓 ′′ = 𝑎1 [2𝛾 𝑓 ′′ + (1 + 2𝛾𝜂) 𝑓 ′′′] + 𝑎2𝜆𝜃 − (𝑎3𝑀 + 𝑎1𝐾) 𝑓 ′ (4)
𝑓 ′ (𝜃 + 𝛿) − 𝑓 𝜃′ = 𝑎4 [2𝛾𝜃′ + (1 + 2𝛾𝜂)𝜃′′] + 𝑎5𝜃 + 𝑎6𝐸𝑐𝑀 𝑓 ′2 (5)

where,

𝑥1 =
𝜇𝑡ℎ𝑛 𝑓

𝜇 𝑓
, 𝑥2 =

𝜌 𝑓

𝜌𝑡ℎ𝑛 𝑓
, 𝑥3 =

(𝜌𝛽)𝑡ℎ𝑛 𝑓
(𝜌𝛽) 𝑓

, 𝑥4 =
(𝜌𝐶𝑝) 𝑓

(𝜌𝐶𝑝)𝑡ℎ𝑛 𝑓
, 𝑥5 =

𝜎𝑡ℎ𝑛 𝑓

𝜎 𝑓
, 𝑥6 =

𝑘𝑡ℎ𝑛 𝑓

𝑘 𝑓

𝑎1 = 𝑥1𝑥2, 𝑎2 = 𝑥2𝑥3, 𝑎3 = 𝑥2𝑥5, 𝑎4 =
𝑥4𝑥6
𝑃𝑟

, 𝑎5 = 𝑄𝑥4, 𝑎6 = 𝑥4𝑥5

The symbols 𝜇𝑡ℎ𝑛 𝑓 , 𝜌𝑡ℎ𝑛 𝑓 , (𝛽)𝑡ℎ𝑛 𝑓 , (𝜌𝐶𝑝)𝑡ℎ𝑛 𝑓 , 𝜎𝑡ℎ𝑛 𝑓 , 𝑘𝑡ℎ𝑛 𝑓 indicate the ternary hybrid nanofluid’s coefficient of
viscosity, electrical conductivity, thermal expansion, heat capacity, density and thermal conductivity, respectively. Ad-
ditionally, 𝜇 𝑓 , 𝜌 𝑓 , (𝛽) 𝑓 , (𝜌𝐶𝑝) 𝑓 , 𝜎 𝑓 , 𝑘 𝑓 represent the viscosity, electrical conductivity, thermal expansion, heat capacity,
density, and thermal conductivity of the base fluid, respectively.

The dimensionless coefficients 𝑎1 − 𝑎6 appearing in Eqs. (4) and (5) are introduced to simplify the transformed
governing equations. These coefficients represent the effective thermo-physical property ratios of the ternary hybrid
nanofluid relative to the base fluid and account for the combined effects of viscosity, density, thermal expansion, electrical
conductivity, heat capacity, thermal conductivity, heat source, and Joule heating.

The transformed boundary conditions are as follows:

𝑓 (𝜂) = 0 𝑓 ′ (𝜂) = 1 𝜃 (𝜂) = 1 − 𝛿 at 𝜂 = 0
𝑓 ′ (𝜂) → 0 𝜃 (𝜂) → 0 as 𝜂 → ∞ (6)

The ternary hybrid nanofluid has the following thermo-physical properties [25] :

𝜇𝑡ℎ𝑛 𝑓 =
𝜇 𝑓

(1 − 𝜙1)2.5 (1 − 𝜙2)2.5 (1 − 𝜙3)2.5

𝜌𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1)𝜌 𝑓 + 𝜙1𝜌𝑠1

}
+ 𝜙2𝜌𝑠2

]
+ 𝜙3𝜌𝑠3

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1) (𝜌𝑐𝑝) 𝑓 + 𝜙1 (𝜌𝑐𝑝)𝑠1

}
+ 𝜙2 (𝜌𝑐𝑝)𝑠2

]
+ 𝜙3 (𝜌𝑐𝑝)𝑠3

(𝜌𝛽𝑇 )𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1) (𝜌𝛽𝑇 ) 𝑓 + 𝜙1 (𝜌𝛽𝑇 )𝑠1

}
+ 𝜙2 (𝜌𝛽𝑇 )𝑠2

]
+ 𝜙3 (𝜌𝛽𝑇 )𝑠3

𝑘𝑛 𝑓 =

[ (𝑘𝑠1 + 2𝑘 𝑓 ) − 2𝜙1 (𝑘 𝑓 − 𝑘𝑠1)
(𝑘𝑠1 + 2𝑘 𝑓 ) + 𝜙1 (𝑘 𝑓 − 𝑘𝑠1)

]
𝑘 𝑓 , 𝑘ℎ𝑛 𝑓 =

[ (𝑘𝑠2 + 2𝑘𝑛 𝑓 ) − 2𝜙2 (𝑘𝑛 𝑓 − 𝑘𝑠2)
(𝑘𝑠2 + 2𝑘𝑛 𝑓 ) + 𝜙2 (𝑘𝑛 𝑓 − 𝑘𝑠2)

]
𝑘𝑛 𝑓

𝑘𝑡ℎ𝑛 𝑓 =

[ (𝑘𝑠3 + 2𝑘ℎ𝑛 𝑓 ) − 2𝜙3 (𝑘ℎ𝑛 𝑓 − 𝑘𝑠3)
(𝑘𝑠3 + 2𝑘ℎ𝑛 𝑓 ) + 𝜙3 (𝑘ℎ𝑛 𝑓 − 𝑘𝑠3)

]
𝑘ℎ𝑛 𝑓 , 𝜎𝑛 𝑓 =

[ (𝜎𝑠1 + 2𝜎 𝑓 ) − 2𝜙1 (𝜎 𝑓 − 𝑘𝑠1)
(𝜎𝑠1 + 2𝜎 𝑓 ) + 𝜙1 (𝜎 𝑓 − 𝜎𝑠1)

]
𝜎 𝑓

𝜎ℎ𝑛 𝑓 =

[ (𝜎𝑠2 + 2𝜎𝑛 𝑓 ) − 2𝜙2 (𝜎𝑛 𝑓 − 𝜎𝑠2)
(𝜎𝑠2 + 2𝜎𝑛 𝑓 ) + 𝜙2 (𝜎𝑛 𝑓 − 𝜎𝑠2)

]
𝜎𝑛 𝑓 , 𝜎𝑡ℎ𝑛 𝑓 =

[ (𝜎𝑠3 + 2𝜎ℎ𝑛 𝑓 ) − 2𝜙3 (𝜎ℎ𝑛 𝑓 − 𝜎𝑠3)
(𝜎𝑠3 + 2𝜎ℎ𝑛 𝑓 ) + 𝜙3 (𝜎ℎ𝑛 𝑓 − 𝜎𝑠3)

]
𝜎ℎ𝑛 𝑓

where 𝜙1, 𝜙2 and 𝜙3 are volume fraction of𝐶𝑢(Copper), 𝐴𝑙2𝑂3 (aluminium oxide) and𝑇𝑖𝑂2(titanium oxide) nanopar-
ticles respectively. The suffixes thnf, hnf, nf, f, s1, s2, s3 denote ternary hybrid nanofluid, hybrid nanofluid, nanofluid,
base fluid, solid nanoparticles of copper (𝐶𝑢), aluminum oxide (𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) correspondingly.
Thermo-physical characteristics of 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 nanoparticles in pure water are presented in Table 1.

The skin friction coefficient and local Nusselt number are defined by

𝐶 𝑓 𝑅𝑒
1/2
𝑥 =

1
(1 − 𝜙1)2.5 (1 − 𝜙2)2.5 (1 − 𝜙3)2.5 𝑓

′′ (0) and 𝑁𝑢𝑥𝑅𝑒
−1/2
𝑥 = −

𝑘𝑡ℎ𝑛 𝑓

𝑘 𝑓
𝜃′ (0)

where, 𝑅𝑒𝑥 is the local Reynolds Number.
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Table 1. Thermo-physical Properties of water and nanoparticles [2]

Physical Properties 𝐻2𝑂(base fluid) Cu (s1) 𝐴𝑙2𝑂3 (s2) 𝑇𝑖𝑂2 (s3)
𝜌 (𝑘𝑔/𝑚3) 997.1 8933 3970 4250
𝐶𝑝 (𝐽/𝑘𝑔𝐾) 4179 385 765 686.2
𝑘 (𝑊/𝑚𝐾) 0.613 401 40 8.9538

𝛽𝑡 × 105 (𝐾−1) 21 1.67 0.85 0.9
𝜎 (𝑠/𝑚) 5.5 × 10−6 59.6 × 106 35 × 106 2.6 × 106

3. METHOD OF SOLUTION
The numerical solution of the non-linear higher-order system of ordinary differential equations (ODEs) given by

Equations (4)-(5) and the boundary conditions (6) is performed using the bvp4c solver, which is integrated into the
computational platform MATLAB. Scientists and engineers have relied heavily on this method for resolving fluid flow
issues. Hale and Moore [29] pioneered the bvp4c solver, which was developed by Jacek Kierzenka and Lawrence F.
Shampine of Texas’s Southern Methodist University. The bvp4c solver is an approach for finite-state problems that
generates fourth-order accurate numerical solutions by means of the Lobatto IIIA implicit Runge-Kutta formulation. For
initial mesh point guesses and step-size modifications, this technique provides the required accuracy. According to Waini
et al. [30], when compared to the shooting approach and the Keller box method, the bvp4c solver produced satisfactory
results. In this context, it is necessary to decrease the derivatives of higher order with regard to 𝜂. This can be achieved
by incorporating the subsequent additional variables:

𝑓 = 𝑦(1), 𝑓 ′ = 𝑦(2), 𝑓 ′′ = 𝑦(3), 𝜃 = 𝑦(4), 𝜃′ = 𝑦(5)

𝑑

𝑑𝜂


𝑦(1)
𝑦(2)
𝑦(3)
𝑦(4)
𝑦(5)


=



𝑦(2)
𝑦(3)

𝑦 (2)2−𝑦 (1)𝑦 (3)−𝑎2𝜆𝑦 (4)+(𝑎3𝑀+𝑎1𝐾 )𝑦 (2)−2𝑎1𝛾𝑦 (3)
(1+2𝛾𝜂)𝑎1
𝑦(5)

𝑦 (2) (𝑦 (4)+𝛿 )−𝑦 (1)𝑦 (5)−2𝑎4𝛾𝑦 (5)−𝑎5𝑦 (4)
(1+2𝛾𝜂)𝑎4


and boundary condition are expressed as

𝑦𝑎(1), 𝑦𝑎(2) − 1, 𝑦𝑎(4) − 1 + 𝛿, 𝑦𝑏(2), 𝑦𝑏(4)

where 𝑦𝑎 is the condition at 𝜂 = 0 and 𝑦𝑏 is the condition at 𝜂 = ∞

4. RESULTS AND DISCUSSION
As a comparison to the results given by Paul et al. [18], Table 2 displays the absolute values of the friction factor

and the local Nusselt number as determined by the present study. We are excluding 𝑇𝑖𝑂2 nanoparticle volume fractions
with 𝐸𝑐 = 0 from this comparison. As this research shows, the bvp4c algorithm may produce reliable numerical results
that match or exceed those of competing approaches. Figs. 2-13 and Tables 2-4 illustrate the results of the computations
performed numerically in the bvp4c solver of MATLAB. 𝑃𝑟 = 6.2, 𝑄 = 0.3, 𝐾 = 1, 𝛾 = 0.1, 𝐸𝑐 = 0.1, 𝛿 = 0.3, 𝑀 =

1.2, 𝜆 = 1.2, 𝜙1 = 0.05, 𝜙2 = 0.15 and 𝜙3 = 0.2. are the values that are employed in the study.
The thermal stratification parameter, 𝛿 = 𝐵

𝐴
, represents the ratio of the ambient temperature gradient to the wall

temperature gradient. For a physically meaningful wall heating problem, the condition 0 ≤ 𝛿 < 1 must be satisfied so
that the dimensionless wall temperature remains positive, i.e., 𝜃 (0) = 1 − 𝛿 > 0. In the present study, all numerical
simulations are performed within this admissible range to ensure the physical validity of the thermal boundary conditions.
As 𝛿 approaches unity, the temperature difference between the wall and the ambient fluid decreases, resulting in weaker
thermal buoyancy and reduced heat transfer.

Table 2. Comparison of Skin friction Coefficient and local Nusselt Number when 𝜙3 = 0

𝛿 Pr 𝜆 𝛾 Paul et al. Present Study Paul et al. Present Study
−𝐶 𝑓 𝑅𝑒1/2

𝑥 −𝐶 𝑓 𝑅𝑒1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0.1 6.2 1.2 0.1 2.9398 2.9795 2.7885 2.7887
0.1 2 1.2 0.1 2.8419 2.8760 1.3264 1.3311
0.1 6.2 2.4 0.1 2.7219 2.7425 2.8528 2.8516
0.1 6.2 1.2 0.2 3.0048 3.0436 2.8283 2.8269
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Fig. 2 illustrates how the nanofluid’s velocity 𝑓 ′ (𝜂) is affected by the porosity parameter (𝐾). As the value of the
porosity parameter increases, the velocity drops. As increases, the diameter of the porous medium gradually shrinks,
indicating an inverse relationship between the two variables. This smaller diameter makes the fluid’s passage through
the porous material more difficult. The decrease in fluid velocity was caused by the obstacle introduced by the porosity
parameter (𝐾).

Figure 2. Effect of 𝐾 on Velocity Profile Figure 3. Effect of 𝑀 on Velocity Profile

Figure 4. Effect of 𝛿 on Velocity Profile Figure 5. Effect of 𝐸𝑐 on Velocity Profile

When the amount of 𝑀 is increased, the fluid velocity drops, as portrayed in Fig. 3. Enhancing the magnetic
parameter (𝑀) causes the momentum barrier layer to become thinner. This structure develops as a consequence of the
ternary hybrid nanofluid’s reduced velocity caused by the Lorentz force generated by the horizontal magnetic field. Fig.
4 shows how the parameters of thermal stratification (𝛿) affect the nanofluid’s velocity 𝑓 ′ (𝜂). The flow rate drops as the
heat stratification parameter rises. Reduced potent convection potential between hot wall and surrounding fluid is a result
of an enhancement in the heat stratification parameter. Because of this, the buoyant force is diminished, leading to a slower
flow rate.

Impact of Eckert number (𝐸𝑐) on velocity profile is displayed in Fig. 5. As 𝐸𝑐 rises velocity of the fluid also
rise. Fig. 6 shows the changes in fluid velocity caused by thermal buoyancy parameter 𝜆. We find that when values are
increased, the velocity goes up. A higher increase in 𝜆 results in a stronger thermal buoyancy force. Because of this, we
can deduce that buoyant forces cause the fluid’s velocity to rise.

The impact of the heat source parameter (𝑄) is displayed in Fig. 7. It is found that fluid velocity develops in tandem
with a boost in 𝑄. Fig. 8 illustrates how the Prandtl number affects the velocity profile. The velocity profile appears to
slow down as the Prandtl number increases.

The temperature profile demonstrates an enhancement as the Eckert number enhances, as illustrated in Fig. 9. The
physical explanation is that an increase in 𝐸𝑐 may cause the fluid’s viscosity to absorb more energy, which it can then
transform into internal energy, therefore raising the temperature. As shown in Fig. 10, the temperature 𝜃 (𝜂) rises as the
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Figure 6. Effect of 𝜆 on Velocity Profile Figure 7. Effect of 𝑄 on Velocity Profile

Figure 8. Effect of 𝑃𝑟 on Velocity Profile Figure 9. Effect of 𝐸𝑐 on Temperature Profile

Figure 10. Effect of 𝜙1 on Temperature Profile Figure 11. Effect of 𝜙2 on Temperature Profile

solid volume fraction of 𝐶𝑢 nanoparticles grow, keeping the volume fractions of 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 constant. Moreover,
it is noticeable from Fig. 11 that the temperature shows an upward trend as the volume fraction of increases, whilst the
volume fractions of and stay consistent. Likewise, the temperature profile is shown to increase with an increase of 𝜙3, as
depicted in Fig. 12. A higher temperature is the result of increased physical dissipation of energy, which may occur when
the volume fraction of nanoparticles increases.
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Figure 12. Effect of 𝜙3 on Temperature Profile Figure 13. Effect of 𝑃𝑟 on Temperature Profile

However, Fig. 13 highlights the consequences of the Prandtl number (𝑃𝑟) on the temperature profile. Observations
indicate that raising the Prandtl number results in a decline in the thickness of the heat boundary layer, resulting in a fall
off in the temperature gradient. Fig. 14 demonstrates how the temperature profile is affected by a parameter of the heat
source (𝑄). As𝑄, the heat source parameter, rises, the fluid temperature rises as well. This property is in accordance with
the fluid’s intrinsic physical properties.

Figure 14. Effect of 𝑄 on Temperature Profile Figure 15. Effect of 𝛿 on Temperature Profile

When the temperature stratification parameter (𝛿) goes up, as shown in Fig. 15, the temperature of the stream goes
down. When thermal stratification (𝛿) is present, the temperature difference between the hot wall and the fluid around it
will go down. Because of this, the temperature drops and the thermal barrier layer gets thicker.

For different flow factors, Table 3 show how they change the skin friction and the local Nusselt number. Table 3
showed that the absolute value of the skin friction coefficient increases with increasing thermal stratification parameter
(𝛿), magnetic parameter (𝑀) and porosity parameter (𝐾). In contrast, the local Nusselt number decreases with increasing
values of 𝛿, 𝑀, where as increases with 𝐾 . For increasing 𝜆, skin friction decreases while the local Nusselt number
increases. A higher skin friction and Nusselt number are seen for 𝑃𝑟 . As the heat source parameter (𝑄) increases, there
is an observable decrease in the rate of heat transmission. Rising the value of the curvature parameter (𝛾) results in a
increase in the skin friction and the Nusselt number as the value of 𝛾 increase.

In accordance with Table 4, the ternary hybrid nanofluid has a larger absolute skin friction than the hybrid nanofluid,
as demonstrated by the experimental results. On the other hand, it is also noticeable that hybrid nanofluids exhibit more
skin friction than ordinary nanofluids. Additionally, the ternary hybrid nanofluid has been found to demonstrate a faster
rate of heat transfer than the hybrid nanofluid, which in turn shows a higher heat transfer rate than ordinary nanofluids.
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Table 3. Skin friction Coefficient and Local Nusselt number for different values of 𝛿, 𝑀, 𝐾, 𝜆, 𝑃𝑟, 𝑄, 𝛾

𝛿 M K 𝜆 Pr Q 𝛾 −𝐶 𝑓 𝑅𝑒1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0 5.8976 3.3791
0.2 1.1 2 1.5 6.2 0.1 0.2 5.9937 3.1437
0.4 6.0895 2.9029

0 5.0625 3.3897
0.2 0.5 2 1.5 6.2 0.1 0.2 5.5047 3.2716

1.5 6.2992 3.0654
0.2 1.1 0 1.5 6.2 0.1 0.2 4.2386 2.6142

1 5.1882 3.3559
0.2 1.1 2 1.5 6.2 0.1 0.2 6.2814 3.0258

3 5.7207 3.2339
0.2 1.1 2 1.5 0.6 0.1 0.2 5.8739 0.9577

4 5.9541 2.3516
0.2 1.1 2 1.5 6.2 -0.1 0.2 6.0190 3.6293

0 6.0083 3.4083
0.2 1.1 2 1.5 6.2 0.1 0 5.7202 3.0029

0.1 5.8582 3.0723

Table 4. Comparison of Skin friction Coefficient and Local Nusselt number

𝛿 𝐶𝑢 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 − 𝐴𝑙2𝑂3
−𝑇𝑖𝑂2 −𝑇𝑖𝑂2

Nanofluid Hybrid Ternary Nanofluid Hybrid Ternary
Nanofluid Hybrid Nanofluid Hybrid

Nanofluid Nanofluid
−𝐶 𝑓 𝑅𝑒1/2

𝑥 −𝐶 𝑓 𝑅𝑒1/2
𝑥 −𝐶 𝑓 𝑅𝑒1/2

𝑥 𝑁𝑢𝑥𝑅𝑒
−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0 1.9645 3.3981 5.8976 2.3250 3.0662 3.3791
0.2 2.1869 3.5020 5.9937 2.5539 2.8668 3.1437
0.5 2.3329 3.6531 6.1372 2.2778 2.5361 2.7805

5. CONCLUSIONS
An extensive study was conducted on the consequences of heating stratification and the joule’s effect regarding the

movement of a ternary hybrid nanofluid that demonstrates magnetohydrodynamics characteristics through a vertically
stretchable cylinder. This study took into account the existence of a thermal bouncy effect and a heat source within a
porous medium. The study also looks at the flow features and how they affect temperature and velocity profiles, as well as
the Nusselt number and friction factor. Notable findings from this inquiry include the following:

• As the parameters 𝛿, 𝐾, 𝑀 and 𝑃𝑟 grow, the velocity profile shows a decreasing trend, while it shows a rising pattern
with higher values of 𝜆, 𝐸𝑐 and 𝑄.

• With rising values of 𝛿 and 𝑃𝑟 the temperature decline, whereas with rising values of 𝐸𝑐, 𝜙1, 𝜙2, 𝜙3 and 𝑄, it rises.

• Parameters 𝛿, 𝑀, 𝐾, 𝑄, 𝛾 and 𝑃𝑟 cause a increase in absolute skin friction, whereas 𝜆 cause it to decrease.

• An upward trend is noted in the local Nusselt number as the values of 𝐾, 𝑃𝑟 and 𝜆 increase, whereas a downward
trend is observed as 𝛿, 𝑀 and 𝑄 increase.

• In comparison to the hybrid nanofluid, the ternary hybrid nanofluid exhibits a higher absolute skin friction. Similarly,
when compared to ordinary nanofluids, hybrid nanofluids exhibit higher skin friction.

• A ternary hybrid nanofluid has a greater heat transfer rate than a hybrid nanofluid, which is also higher than that of
standard nanofluids.

The present numerical investigation provides useful guidance for the design of thermal systems employing ternary
hybrid nanofluids. The results indicate that moderate values of the thermal buoyancy parameter (𝜆) enhance the fluid
velocity, while lower values of the thermal stratification parameter (𝛿) are preferable for maintaining higher heat transfer
rates. Similarly, increasing the volume fractions of 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 nanoparticles improves the thermal performance
of the base fluid, although excessively high nanoparticle concentrations may increase skin friction and pumping power
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requirements. The magnetic parameter (𝑀) and porosity parameter (𝐾) should therefore be selected carefully to achieve
an appropriate balance between flow resistance and heat transfer enhancement. These findings suggest that the 𝐶𝑢 −
𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2/𝐻2𝑂 ternary hybrid nanofluid can be effectively utilized in geothermal heat extraction, compact heat
exchangers, solar thermal collectors, electronic cooling systems, and chemical processing equipment where efficient
thermal management is required.
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ВПЛИВ ЕФЕКТУ ДЖОУЛЕВОГО НАГРIВАННЯ ТА ТЕПЛОВОГО РОЗШИРЕННЯ НА
МГД-ПОТРIЙНУ ГIБРИДНУ НАНОРIДИНУ В ПОРИСТОМУ СЕРЕДОВИЩI НАД ВЕРТИКАЛЬНО

РОЗТЯГНУТИМ ЦИЛIНДРОМ: ЧИСЛОВЕ ДОСЛIДЖЕННЯ
Сураджiт Дутта1, Нiтул Калiта2, РупамШанкар Натх3, Рудра Канта Дека2

1Кафедра математики, C.N.B. Коледж, Бокахат-785612, Ассам, Iндiя
2Кафедра математики, Унiверситет Гаухатi, Гувахатi-781014, Ассам, Iндiя

3Кафедра математики, Коледж Морiгаон (Автономний), Морiгаон-782105, Ассам, Iндiя
У цьому дослiдженнi чисельно дослiджено аспекти потоку в магнiтогiдродинамiчнiй (МГД) потрiйнiй гiбриднiй нанорiдинi,
що складається з суспендованих наночастинок (𝐶𝑢), оксиду алюмiнiю (𝐴𝑙2𝑂3) та дiоксиду титану (𝑇𝑖𝑂2) у водi (𝐻2𝑂). Вплив
термiчної стратифiкацiї та джоулевого нагрiвання враховуєтьсяшляхом пропускання нанорiдини через вертикально простягаю-
чийся цилiндр у пористому середовищi. Шляхом реалiзацiї вiдповiдного перетворення, рiвняння енергiї та пограничного шару
спрощуються до нелiнiйної системи звичайних диференцiальних рiвнянь (ЗДР). Отримана система розв’язується за допомогою
розв’язувача bvp4c четвертого порядку точностi MATLAB. Для розв’язання змiненої системи використовується MATLAB.
Ефекти графiчно проiлюстровано змiною швидкостi та температури, а також кiлькiсно представлено в таблицi змiни коефiцiєн-
та тертя та швидкостi теплопередачi для важливих значень безрозмiрних фiзичних факторiв, пов’язаних з проблемою. Важливi
результати показують, що гiбриднi нанорiдини перевершують нанорiдини з точки зору теплопровiдностi. Температура та швид-
кiсть потрiйної гiбридної нанорiдини зменшуються при наявностi коефiцiєнта теплової стратифiкацiї порiвняно з вiдсутнiстю
стратифiкацiї. Спостерiгається помiтне збiльшення швидкостi теплопередачi при порiвняннi потрiйної гiбридної нанорiдини з
гiбридною нанорiдиною, що, у свою чергу, перевершує показники традицiйних нанорiдин. Отриманi результати є цiнними для
застосування у видобутку геотермальної енергiї, хiмiчнiй обробцi та синтезi матерiалiв.
Ключовi слова: потрiйна гiбридна нанорiдина; ефект Джоуля; розтягування вертикального цилiндра; термiчна страти-
фiкацiя; пористе середовище; bvp4c
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This study examines the heat and mass transmission properties of a Jeffrey nanofluid traveling across a moving slender needle. The 
main aim is to examine how essential parameters, such as Hall current, couple stress, activation energy, and thermophoresis, affect the 
fluid's velocity, temperature, concentration, and corresponding entropy generation. The flow configuration of a slender needle is 
critically pertinent to practical applications, including the thermal design of microneedles for regulated medication delivery, the 
aerodynamic profiling of slender structural elements in aerospace engineering, and the optimization of delicate sensor probes. With the 
aid of suitable similarity transformations, the equations which were meant to describe the problem, were transmuted as a framework 
with nonlinear ordinary equations, and then solved using the bvp4c solver. A notable discovery is that fluid velocity is hindered by 
augmented magnetic field strength and coupling stresses, while the temperature profile is improved by elevated viscous dissipation and 
thermophoresis effects. Moreover, the heat transfer rate at the surface decreases as the thermophoresis parameter increases, whereas 
the mass transfer rate diminishes with higher activation energy. The study indicates that entropy formation, representing energy loss, 
increases with heightened viscous dissipation and thermal radiation. It is found that the Sherwood number declines by 24.1% when 
activation energy rises from 0 to 0.8. It is found that the Nusselt number declines by 26.3% when thermophoresis parameter rises from 
0 to 2. It is discovered that the friction factor raises by 2.32% when magnetic field parameter escalates from 0 to 2. 
Keywords: Thermophoresis; bvp4c; Brownian motion; Couple stress; Activation energy 

Nomenclature 𝜎 Electrical conductivity 𝑢, 𝑣 Velocity components in 𝑥,𝑦 directions respectively 𝑃𝑟 Prandtl number 𝜆଴ Relaxation time parameter of the fluid 𝜆ଵ Retardation parameter of the fluid 𝐷𝑒 Deborah number 𝜌 Density 𝛼 Temperature difference parameter 𝐿𝑒 Lewis number 𝐶௉ Specific heat  𝑀𝑔 Magnetic field Parameter 𝛾 Exothermic/endothermic coefficient 𝛽஼ ,𝛽் Concentration and thermal expansion Coefficients 𝑁𝑡 Thermophoresis parameter 𝑘଴, Γ Reaction rate parameters 𝑚 Hall current parameter 

𝜂 Similarity variable 𝐷் Thermophoresis diffusion coefficient 𝜎∗ Stefan-Boltzmann constant 𝐵𝑟 Brinkman number 𝛼ଵ Concentration difference parameter 𝑅𝑎 Thermal radiation parameter 𝑘∗ Mean absorption coefficient 𝑔 Gravitational acceleration 𝑛  Fitting rate constant 𝑅଴ Universal gas constant 𝜆∗ Buoyancy parameter 𝐶𝑠 Couple stress parameter 𝐷஻ Brownian motion coefficient 𝑁𝑏 Brownian motion parameter 𝑘ଵ Boltzmann constant 𝑑 Needle size parameter 𝐸଴,𝐴 Activation energy parameters 

1 INTRODUCTION 
The Buongiorno model is significant for its innovative integration of two primary nanoparticle transport 

mechanisms—Brownian motion and thermophoresis—within a unified continuum framework, thereby fundamentally 
enhancing the analysis of nanofluid heat transfer beyond the capabilities of conventional single-phase models. The 
significance is highlighted by its extensive use as a standard for forecasting the improved thermal properties of nanofluids, 
offering essential insights into the influence of nanoparticle distribution on flow dynamics and temperature distributions. 
This has resulted in crucial applications in the design and optimization of high-performance thermal management systems, 
such as microchannel coolers for electronics, solar thermal collectors, nuclear reactor safety, and advanced heat 
exchangers, where precise modelling of the interaction between nanoparticle migration and convective heat transfer is 
imperative for enhancing energy efficiency. Bhatti et al. [1] studied the entropy formation in the Eyring–Powell nanofluid 
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traversing a porous stretching surface by using the Successive Linearization Method. The research indicated that 
temperature and nanoparticle concentration profiles rise with an elevated thermophoresis parameter. Amanulla et al. [2] 
performed an inquiry of nanofluid movement via an upward surface, integrating velocity and thermal slip effects with the 
Keller-Box method. The research indicated that increased velocity slip augments momentum at proximity to the surface. 
Goodarzi et al. [3] inspected the flow and thermal transfer characteristics of a non-Newtonian nanofluid within a 
microtube. The research indicated that augmenting the nanoparticle volume percentage improves heat transport within 
the microtube. Subba Rao et al. [4] investigated the convective flow of Casson nanofluid across an isothermal sphere 
under convective boundary conditions. The research indicated that a rise in the Casson parameter slows down the flow. 
Ahmadian et al. [5] scrutinized the movement of a Maxwell nanofluid amongst two horizontally revolving disks subjected 
to an axial magnetic field with the bvp4c approach. The research indicated that elevated Deborah number values diminish 
radial velocity while improving the temperature profile. Usman et al. [6] examined the dynamics of a bioconvective and 
radiative Cross nanofluid between two stretchable spinning disks employing the homotopy analysis technique. The study 
demonstrated that fluid velocity escalates with elevated disk stretching rate and buoyancy parameters. Elgazery [7] 
inspected the movement of a Powell–Eyring micropolar nanofluid over an elastic permeable framework with non-constant 
thermophysical parameters. The results showed that the angular velocity goes up when the variable microrotation 
viscosity parameter changes. This shows how important it is to characterize these kinds of features as functions instead 
of constants. Yousef et al. [8] studied the movement of a Casson–Williamson nanofluid via a permeable stretched sheet. 
It is discovered that the temperature profile is enhanced by higher values of the Casson parameter. A second-grade 
nanofluid's movement through an exponentially stretched framework with a variable thermal conductivity parameter was 
studied by Anwar et al. [9]. The velocity profile was found to be more raised with higher values of the material parameter. 
Furthermore, several researchers [10-16] inspected various non-Newtonian fluid movements across different frameworks. 

The interaction between exothermic reaction and fluid movement is an important phenomenon that has far-reaching 
effects on many fields of engineering. The heat that comes out of the reaction changes the fluid's properties, like its 
temperature, density, and viscosity. This can then modify the flow behaviour in a big way, causing buoyancy-driven 
convection, speeding up flow rates, or even causing instabilities. This coupling is very important in real life because it 
determines how safe and efficient chemical reactors are, how stable flames are and how heat is spread in combustion 
systems like engines and turbines, and how to control the thermal field in materials processing, such as welding and 
crystal growth, to make sure the products are of high quality. To get the best performance and make sure that a wide range 
of thermal and chemical systems work safely, it is important to understand this synergy. Kareem et al. [17] examined the 
transient behaviour and entropy generation of the Rivlin-Ericksen fluid undergoing a two-step exothermic reaction with 
temperature-dependent viscosity. The study demonstrated that entropy generation decreased under scenarios characterized 
by low viscous dissipation and diminished fluid viscosity. Raees et al. [18] formed a mathematical model to study the 
movement of nanofluid in a microchannel with an exothermic chemical reaction parameter, based on Buongiorno's model. 
The findings demonstrated that the Frank-Kamenetskii parameter substantially improves heat transmission. Ahmad et al. 
[20] studied the mixed convective movement of an incompressible fluid through a curved surface with an exothermic 
catalytic chemical reaction parameter by the finite difference approach. It is found that the surge in the exothermic 
parameter results in an elevation of the temperature profile. Ogunsola et al. [21] conducted an irreversibility analysis for 
third-grade fluid movement characterized by an Arrhenius exothermic reaction and non-constant viscosity parameters. 
The study demonstrated that augmenting the Frank-Kamenetskii parameter amplifies entropy formation. Zainal et al. [22] 
scrutinized the movement of an aqueous hybrid nanofluid across a moving wedge utilizing the bvp4c solver. It is shown 
that augmenting the nanoparticle volume fraction improves the friction factor. Furthermore, several researchers [23-28] 
inspected the impact of exothermic chemical reaction on various fluid movements across different frameworks. 

The fluid dynamics around a moving thin needle is a basic problem in boundary layer theory that is very useful in 
real life. This setup is especially useful since it makes it possible to find a similarity solution, even when the needle's 
thickness is about the same as the boundary layer that forms. This feature makes it a great example for checking the 
accuracy of numerical codes and experimental data. It has a lot of uses, from improving the aerodynamic performance of 
thin structural parts and hypersonic vehicle nose cones to making medical devices like microneedles and surgical tools 
better, where precise control of fluid drags and heat transmission is very important. Waini et al. [29] scrutinized the 
movement of a hybrid nanofluid past a moving thin needle. The study indicated that dual solutions arise within particular 
intervals of the moving parameter. Kumar et al. [30] inspected the movement of a Casson fluid past a moving slender 
needle with cross-diffusion effects.  The study showed that there is a decline in the Nusselt number with the rise in the 
Dufour number. Ramesh et al. [31] examined the movement of a bioconvective hybrid nanofluid via a moving slender 
needle, utilizing a modified Buongiorno’s model. Abbas et al. [32] conducted a theoretical analysis of the movement of a 
hybrid nanofluid past a moving slender needle employing the Galerkin method. The study demonstrated that increased 
needle thickness reduces the heat transmission rate. Later, Srinivasa Reddy [33] discussed the fluid movement through 
the moving slender needle.  

Although the current literature offers considerable understanding of nanofluid flows across diverse geometries, a 
notable research gap persists in the thorough examination of a Jeffrey nanofluid traversing a moving thin needle, which 
concurrently integrates the combined influences of Hall current, couple stresses, and an Arrhenius activation energy-
driven exothermic reaction. This study is significant as it addresses the existing gap by creating a comprehensive model 
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that encapsulates the intricate interactions of electromagnetic, microstructural, and chemical kinetic phenomena, which 
are crucial for the precise design of advanced micro-devices and high-precision engineering systems. Additionally, to 
enhance the dependability of our numerical computations derived from the bvp4c solver, an Artificial Neural Network 
(ANN) model is utilized to corroborate essential results. This machine learning methodology offers independent 
validation of our results and illustrates the powerful synergy between numerical analysis and data-driven modelling in 
contemporary computational fluid dynamics, thereby augmenting the credibility and robustness of the research presented. 

 
2. MATHEMATICAL FORMULATION 

In this study, the steady movement of a Jeffrey nanofluid over a moving thin needle is considered.  
(i) The fluid is characterized as a non-Newtonian Jeffrey fluid. This model integrates relaxation time effects, rendering 

it appropriate for viscoelastic fluids. 
(ii) A vertical external magnetic field with strength 𝐵 is applied. The model incorporates the influence of Hall current 

(parameter 𝑚), which alters the Lorentz force exerted on the fluid (refer to Fig. 1).  
(iii) The microstructure of the fluid is taken into account by adding couple stress effects to the momentum equation. This 

takes into account how particles interact in microfluids and adds a higher-order derivative term. 
(iv) The model integrates Brownian motion and thermophoresis, which are essential for the behaviour of nanofluids. 
(v) It is assumed that the needle moves with a constant velocity 𝑈௪ in the same or opposite direction to the mainstream 

of constant velocity 𝑈ஶ. 
(vi) The chemical reaction is assumed to be exothermic, meaning that it releases heat (𝛾 > 0). This assumption is crucial 

for analyzing the thermal effects of the reaction on the fluid flow. 
(vii) This formulation is based on the idea that the needle is very thin. This thin needle approach assumes that the needle's 

diameter is very small relative to the thickness of the boundary layer that is forming. As a result, the flow field and 
the heat and mass transfer processes that go along with it are thought to be unaffected by the needle's limited radius 
or blunt tip. This means that the specified similarity transformations and boundary conditions can be used. 

Based on the assumptions made before, this investigation requires the following conditions and equations (Ishak et al. 
[34], Ashraf et al. [35], and Karthik et al. [36]): 
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𝑣 𝜕𝑇𝜕𝑟 + 𝑢 𝜕𝑇𝜕𝑥 = ൭ቆ𝑘 + 163 𝜎 ∗ 𝑇ஶଷ𝑘 ∗ ቇቆ𝜕ଶ𝑇𝜕𝑟ଶ + 1𝑟 𝜕𝑇𝜕𝑟ቇ൱ 1൫𝜌𝐶௣൯ + 1൫𝜌𝐶௣൯ 𝜎𝐵ଶ1 + 𝑚ଶ 𝑢ଶ 

+ ఊఘ௞బఘ஼೛ exp ቀ− ாబ௞ಳ்ቁ ቀ ்்ಮቁ௡ ሺ𝐶 − 𝐶ஶሻ + 𝜏 ൬𝐷஻ డ்డ௥ డ஼డ௥ + ஽೅ಮ் ቀడ்డ௥ቁଶ൰ + ఓ൫ఘ஼೛൯ ቀడ௨డ௥ቁଶ. (3) 

 𝑣 డ஼డ௥ + 𝑢 డ஼డ௫ = 𝐷஻ ቀడమ஼డ௥మ + ଵ௥ డ஼డ௥ቁ + ஽೅ಮ் ቀడమ்డ௥మ + ଵ௥ డ்డ௥ቁ − 𝑘଴exp ቀ− ாబ௞ಳ்ቁ ቀ ்்ಮቁ௡ ሺ𝐶 − 𝐶ஶሻ (4) 

 
at 𝑟 = 𝑅ሺ𝑥ሻ:𝑢 = 𝑈௪ ,𝐶 = 𝐶௪ , డమ௨డ௥మ = 0, 𝑣 = 0,𝑇 = 𝑇௪ ,

as 𝑟 → ∞:𝑇 → 𝑇ஶ, డ௨డ௥ → 0,𝐶 → 𝐶ஶ,𝑢 → 𝑈ஶ. ቑ (5) 

Here 𝑟 = 𝑅(𝑥) is the surface shape of the needle. 
For the purpose of converting governing equations, Ishak et al. [34] introduced the following similarity 

transformations: 
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Note that 𝑈 is the composite velocity which is equal to 𝑈௪ + 𝑈ஶ. 

By substituting 𝜂 = 𝑑 in 𝜂 = ௎௥మజ௫ , we can get 𝑅(𝑥) = ටజௗ௫௎ . 
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The terms shown in (6) easily satisfy the equation (1). The following outcome results from the effective modification 
of equations (2-4) and conditions in (5) by the use of integration of (6): 11 + 𝜆଴ ቀ2𝜂𝑓ᇱᇱᇱ + 𝑓ᇱᇱ − 𝐷𝑒൫2𝜂𝑓ᇱᇱమ + 6𝜂𝑓ᇱ𝑓ᇱᇱᇱ + 4𝑓ᇱ𝑓ᇱᇱ + 4𝜂𝑓𝑓ᇱᇱᇱᇱ + 6𝑓𝑓′′′൯ቁ − ெ௚ଵା௠మ 𝑓′ − 32𝜂ଶ𝐶𝑠𝑓′′′′′ − 𝐶𝑠(104𝜂𝑓′′′′ + 34𝑓′′′) + ఒబସ (𝜃 + 𝜆∗𝜙) + 𝑓𝑓′′ = 0 (7) 

 
Figure 1. Visual representation of the present investigation ଵାோ௔୔୰ (𝜃′ + 𝜂𝜃′′) + ଶଵା௠మ𝑀𝑔𝐸𝑐𝑘𝑓′ଶ + ௙ఏᇱଶ + (𝑁𝑏𝜃′𝜙′ + 𝑁𝑡𝜃′ଶ)𝜂 + ఞ௰ସ (1 + 𝛼𝜃)௡exp ቀ− ஺ଵାఈఏቁ𝜙 + 4𝜂𝐸𝑐𝑘𝑓′′ଶ = 0 (8) 

 ଶ௅௘ (𝜙′ + 𝜂𝜙′′) + ଶ௅௘ ே௧ே௕ (𝜃′ + 𝜂𝜃′′) + 𝑓𝜙′ − ௰ଶ (1 + 𝛼𝜃)௡exp ቀ− ஺ଵାఈఏቁ𝜙 = 0 (9) 
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Note that we assumed that 0 ൏ 𝜆 ൏ 1 i.e., the needle and the fluid move in the same direction (positive 𝑥 − direction). 

𝑀𝑔 = 𝜎௙𝐵଴ଶ𝜌𝑈 ,𝐵 = 𝐵଴√𝑥 ,𝐷𝑒 = 𝑈𝜆ଶ, 𝜆ଶ = 𝜆ଵ𝑥 ,𝐶𝑠 = 𝛾ଵ𝑈𝜌𝜐ଶ , 𝛾ଵ = 𝛾଴𝑥 , 𝐿𝑒 = 𝜐𝐷஻ ,𝑅𝑎 = 163 𝜎 ∗ 𝑇ஶଷ𝑘𝑘 ∗ , 𝜆∗ = 𝐺𝑐𝐺𝑟 , 𝜆଴ = 𝐺𝑟Re௫ଶ ,𝐺𝑟 = 𝑔𝛽்(𝑇௪ − 𝑇ஶ)𝜐ଶ , Re௫ = 𝑈𝑥𝜐 ,Pr = 𝜇𝐶௣𝑘 ,𝜒 = 𝛾(𝐶௪ − 𝐶ஶ)𝐶௣(𝑇௪ − 𝑇ஶ) ,𝛤 = 𝑘ଶ𝑈 , 𝑘ଶ = 𝑘଴√𝑥 ,𝐴 = 𝐸଴𝑘஻𝑇ஶ , 𝜆 = 𝑈௪𝑈 ,
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The friction factor can be stated via the ensuing equation: 
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By applying (6), term in (11) can be rewritten as: 
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The following formulas can be used to determine the heat and mass transfer rates: 

 
( ) ( )

( ) ( )

34 *4, ,
3 *

, .

w
w

f w r R x

w
w m

w m r R x

xq T TNu q k
k T T k r

sx CSh s D
C C D r

σ ∞

∞ =

∞ =

 − ∂= = + − ∂ 

− ∂= =
− ∂

 (12) 

By applying (6), the formulas in (12) are rewritten as: 
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2.1. Entropy generation 

The formula that describes the dimensional computation of entropy production is mentioned as:   
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By adopting (6), we may rewrite equation (13) as follows:  
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3. NUMERICAL PROCEDURE 

The equations (7) to (9), together with the conditions specified in (10), are solved using the bvp4c solver. Prior 
beginning coding, it is essential to contemplate the subsequent assumptions. 

1 2 3 4 5 6 7 8 9, ' , '' , ''' , , , ' , , ' .ivf f f f fψ ψ ψ ψ ψ θ ψ θ ψ φ ψ φ ψ= = = = = = = = =  

This system of first-order ordinary differential equations is generated from equations (7) to (9) and the conditions 
outlined in (10). 𝜓ଵ′ = 𝜓ଶ, 𝜓ଶᇱ = 𝜓ଷ, 𝜓ଷᇱ = 𝜓ସ, 𝜓ସᇱ = 𝜓ହ, 
𝜓ହᇱ = 132 1𝜂ଶ 1𝐶𝑠 ⎣⎢⎢

⎡ 11 + 𝜆଴ ൫2𝜂𝜓ସ + 2𝜓ଷ − 𝐷𝑒(2𝜂𝜓ଷ ଶ + 6𝜂𝜓ଶ𝜓ସ + 4𝜓ଶ𝜓ଷ + 4𝜂𝜓ଵ𝜓ହ + 6𝜓ଵ𝜓ସ)൯− 𝑀𝑔1 + 𝑚ଶ 𝜓ଶ − 𝐶𝑠(104𝜂𝜓ହ + 34𝜓ସ) + 𝜆4 (𝜓଺ + 𝜆∗𝜓଼) + 𝜓ଵ𝜓ଷ ⎦⎥⎥
⎤
 , 

𝜓଺ᇱ = 𝜓଻, 
𝜓଻ᇱ = −Pr𝜂(1 + 𝑅𝑎) ⎣⎢⎢

⎡1 + 𝑅𝑎Pr 𝜓଻ + 21 + 𝑚ଶ𝑀𝑔𝐸𝑐𝑘𝜓ଶ ଶ + 𝜓ଵ𝜓଻2 + (𝑁𝑏𝜓଻𝜓ଽ + 𝑁𝑡𝜓଻ ଶ)𝜂+𝜒𝛤4 (1 + 𝛼𝜓଺)௡exp ൬− 𝐴1 + 𝛼𝜓଺൰𝜓଼ ⎦⎥⎥
⎤
 , 

𝜓଼′ = 𝜓ଽ, 𝜓ଽ′ = ି௅௘ଶఎ ቂ ଶ௅௘ ே௧ே௕ (𝜓଻ + 𝜂𝜓଻′) + 𝜓ଵ𝜓ଽ − ௰ଶ (1 + 𝛼𝜓଺)௡exp ቀ− ஺ଵାఈటలቁ𝜓଼ + ଶ௅௘ 𝜓ଽቃ  . (15) 
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with the constraints 
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
= − = = =


 (16) 

The graphical results can be generated by executing the code once the system has been constructed in MATLAB. 
 

4. ANALYSIS OF THE RESULTS 
Analysis of Fig. 2 reveals that an elevation in 𝐷𝑒 correlates with a decrease in the velocity of the fluid. An elevated 𝐷𝑒 value indicates that the fluid demonstrates more significant elastic solid-like characteristics over an extended period, 

as opposed to solely viscous liquid-like behavior. As elasticity gets more pronounced, the fluid's internal resistance to 
deformation escalates, hindering its motion and leading to a diminished overall velocity profile. This conclusion indicates 
that increased fluid elasticity creates a more robust resistance mechanism in the flow, hence inhibiting momentum 
diffusion and diminishing the kinetic energy available for fluid motion. According to the data presented in Fig. 3, an 
elevation in 𝐶𝑠 is associated with a reduction in the fluid's velocity. The couple stress parameter reflects the impact of 
internal rotational resistance and micro-rotational effects in the fluid, resulting from the suspension of micro-elements 
such as polymers or colloidal particles. An increased value of this characteristic indicates enhanced resistance to fluid 
movement and deformation caused by these microstructures. This indicates that the fluid becomes significantly more 
viscous or organized, hindering its capacity to flow freely. As a result, the velocity profile is diminished due to increased 
energy dissipation required to counteract internal coupling tensions, resulting in an overall slowdown of the flow. 

  
Figure 2. 𝐷𝑒’s impact on fluid’s velocity Figure 3. 𝐶𝑠’s impact on fluid’s velocity 

Fig. 4 explains that the fluid temperature upsurges with increased Eckert number values. An increased Eckert number 
indicates that a substantial fraction of the fluid's kinetic energy is transformed into internal thermal energy due to work 
performed against viscous forces. This study suggests that in high-velocity flows or very viscous fluids, frictional heating 
becomes a predominant factor, resulting in a significant temperature increase without requiring an external heat source. 
Fig. 5 establishes that the temperature of the fluid rises with higher thermophoresis parameter values. 

  
Figure 4. 𝐸𝑐𝑘’s impact on fluid’s temperature Figure 5. 𝑁𝑡’s impact on fluid’s temperature 

Thermophoresis is a phenomenon in which microscopic particles, such as those in a colloidal suspension or 
nanofluid, are subjected to a force that propels them from a hotter region to a colder one. An elevation in the 
thermophoresis parameter amplifies the movement of particles away from the heated surface. As a result, an increased 
quantity of particles congregates in the colder areas of the fluid, hence augmenting energy transfer and thermal conduction 
in that area. This result indicates that thermophoresis serves as a crucial mechanism for energy redistribution, effectively 
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raising the overall fluid temperature by concentrating heat-carrying particles within the bulk fluid, thus impacting the 
system's thermal management and efficiency. Fig. 6 demonstrates that an elevation in the Brownian motion parameter 
correlates with a reduction in nanoparticle concentration within the fluid. This occurs physically due to the amplification 
of Brownian motion, which exacerbates the erratic, chaotic movement of nanoparticles. This intensified microscopic 
motion breaks the homogeneous distribution of particles, facilitating their dispersion and preventing their settling or 
accumulation. As a result, the total concentration of nanoparticles in the primary fluid domain diminishes due to their 
enhanced scattering. This outcome underscores the pivotal function of Brownian diffusion as a counteracting force to 
concentration accumulation, accentuating its significance in regulating particle distribution in fields such as nano-fluidics 
and thermal systems. Fig. 7 illustrates that an elevation in the activation energy parameter leads to an increased fluid 
concentration. A higher activation energy signifies a more substantial energy barrier that reactant molecules must 
surmount to engage in the chemical reaction. As a result, the reaction rate is diminished, resulting in decreased 
consumption of reactant species. As fewer molecules undergo transformation, the concentration of the fluid rises due to 
the accumulation of reactants. This finding indicates that activation energy functions as a kinetic inhibitor; in practical 
systems such as industrial reactors or biological processes, elevated activation energy retards chemical conversion, 
thereby enabling a greater concentration of the initial substances to remain in the fluid medium. 

  
Figure 6. 𝑁𝑏’s impact on fluid’s concentration Figure 7. 𝐴’s impact on fluid’s concentration 

Table 1 demonstrates that a spike in 𝐶𝑠 elevates the skin friction coefficient. This is because as elevated pair stresses 
amplify the internal resistance to fluid microrotation, thereby raising the shear stress at the surface. This indicates a more 
robust contact between the fluid's microstructure and the boundary, leading to increased frictional drag. The observed rise 
in skin friction coefficient with a greater magnetic field, seen in Table 1, is a direct result of the magnetic influence on 
fluid flow. Physically, this occurs because the applied magnetic field causes a resistive force that opposes the direction of 
fluid motion. This force impedes the flow, making the fluid more resistant to shearing at the surface. As a result, friction 
factor increases. It is discovered that the friction factor raises by 2.32% when 𝑀𝑔 escalates from 0 to 2. 
Table 1. Influence of 𝑀𝑔 and 𝐶𝑠 on 𝐶𝑓  𝑀𝑔 𝐶𝑠 Skin friction coefficient 

0  0.340707 
0.5  0.352124 
1  0.363684 

1.5  0.37539 
2  0.387244 
 0.1 0.778157 
 0.6 0.897543 
 1.1 0.91059 
 1.6 0.915594 
 2.1 0.91824 

Table 2 demonstrates that an elevation in the Eckert number correlates with a reduction in the Nusselt number. An 
elevated 𝐸𝑐𝑘 indicates that the energy lost due to fluid friction becomes increasingly prominent relative to the heat 
transmitted via conduction. Physically, this indicates that as viscous forces increase, they produce internal heat within the 
fluid flow. This self-generated heat functions as an internal source, elevating the temperature of the fluid and diminishing 
the temperature gradient between the surface and the bulk fluid. Consequently, the Nusselt number diminishes. Table 2 
demonstrates that an increase in the thermophoresis parameter leads to a reduction in the Nusselt number. A more potent 
thermophoretic force propels a greater number of nanoparticles away from the heated surface and into the core fluid 
region. As a result, a diminished concentration of particles develops along the boundary, serving as an insulating layer 
and diminishing the temperature difference at the wall. The physical implication is that the heat transfer rate from the 
surface is reduced, as the thermophoresis process generates thermal resistance by displacing suspended particles that 
would otherwise facilitate energy flow. It is found that the Nusselt number declines by 26.3% when 𝑁𝑡 rises from 0 to 2. 
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Table 2 Influence of 𝐸𝑐𝑘 and 𝑁𝑡 on 𝑁𝑢 𝐸𝑐𝑘 𝑁𝑡 Nusselt number 
0  0.89449 

0.1  0.87495 
0.2  0.855375 
0.3  0.835792 
0.4  0.816202 

 0 1.052693 
 0.5 0.892532 
 1 0.752287 
 1.5 0.630638 
 2 0.526129 

According to the trend shown in Table 3, a rise in the activation energy parameter is linked to a drop in the Sherwood 
number. This happens because a larger activation energy means that reactant molecules have to overcome a bigger energy 
barrier for the chemical reaction to happen. As a result, the reaction rate slows down, which means that the reactants at 
the surface are used up more slowly. The slower chemical kinetics cause the lower mass transfer rate, which is immediately 
reflected in the lower Sherwood number. This means that mass transfer happens less quickly when the chemical process 
that controls it is more sensitive to heat and needs a lot more energy to start. Table 3 shows that there is an inverse 
relationship between the Brownian motion parameter and the Sherwood number. This means that when nanoparticles 
move about more randomly, it can slow down the total mass transfer rate. The physical explanation for this phenomenon 
is that vigorous Brownian diffusion results in nanoparticles dispersing more randomly throughout the fluid bulk, instead 
of being moved in a synchronized fashion towards the surface. This chaotic motion disturbs the directed concentration 
gradient that is necessary for effective convective mass transfer. This causes the Sherwood number, which measures this 
mass transfer efficiency, to go down. It is found that the Sherwood number declines by 24.1% when 𝐴 rises from 0 to 0.8. 
Table 3 Influence of  𝐴 and 𝑁𝑏 on 𝑆ℎ 𝐴 𝑁𝑏 Sherwood number 

0  1.836886 
0.2  1.776357 
0.4  1.723082 
0.6  1.676444 
0.8  1.635843 

 0.1 2.117563 
 0.6 1.587075 
 1.1 1.528717 
 1.6 1.501083 
 2.1 1.482726 

Fig. 8 displays that as the Brinkman number goes up, the rate of entropy formation in the fluid flow goes up as well. 
This happens because the Brinkman number is the ratio of the heat generated by viscous dissipation to the heat moved by 
molecular conduction. A higher Brinkman number means that the heat transmission through conduction is less important 
than the heat transfer through friction. This increased viscous dissipation results in heightened thermal irreversibilities, 
which serve as a direct source of entropy. The physical implication is that in flows with high viscous effects, such as those 
involving very viscous fluids or high speeds, the energy losses due to friction are more significant, leading to a more 
irreversible and thermodynamically less efficient system. Fig. 9 illustrates that as the thermal radiation parameter goes 
up, the rate of entropy creation in the fluid flow also goes up. 

  
Figure 8. 𝐵𝑟’s impact on 𝑁ாீ Figure 9. 𝑅𝑎’s impact on 𝑁ாீ 
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This happens because more thermal radiation makes the energy transfer and the thermal gradients in the system 
stronger. This result means that the system is less efficient from a thermodynamic point of view. The higher entropy 
generation means that more useful energy is lost, which means that more energy is wasted as heat instead of being used 
for productive activity. This lowers the system's overall performance. 
 

4.1. Validation of the results using Levenberg-Marquardt algorithm 
To independently validate our numerical results, an Artificial Neural Network (ANN) model was developed using 

the Levenberg-Marquardt (LM) backpropagation algorithm. The network architecture consisted of a three-layer 
feedforward structure: an input layer, a single hidden layer, and an output layer. The input layer received the parameter 
values (magnetic field parameter Mg for friction factor predictions; thermophoresis parameter Nt for Nusselt number 
predictions; and reaction rate parameter A for Sherwood number predictions). The hidden layer comprised 10 neurons 
with the hyperbolic tangent sigmoid (tansig) activation function, which was selected for its ability to model nonlinear 
relationships effectively. The output layer employed a linear (purelin) activation function to produce the continuous target 
predictions. The network was trained using the Levenberg-Marquardt algorithm, which combines the advantages of the 
Gauss-Newton method and gradient descent, ensuring rapid convergence and enhanced stability. The dataset was 
randomly partitioned into three subsets: 70% for training, 15% for validation, and 15% for testing. Training was 
terminated when the validation error ceased to decrease for six consecutive epochs (early stopping) to prevent overfitting. 
The performance of the trained network was evaluated using the Mean Squared Error (MSE) and the coefficient of 
determination (𝑅²). The consistently low MSE values (ranging from 10⁻⁹ to 10⁻¹²) and the excellent agreement between 
predicted and target values in the function fit plots (see Figs. 11, 13, 15) confirm the robustness and accuracy of the ANN 
model in capturing the underlying physical trends. 

  
Figure 10. Mean square error plot for the outcomes related to 
the values of friction factor when magnetic field parameter is 
applied 

Figure 11. Function fit plot for the outcomes related to the 
values of friction factor when magnetic field parameter is 
applied 

As the number of epochs becomes up, Fig. 10 shows that the mean squared error (MSE) drops quickly across 
training, validation, and test datasets. At first, the MSE is rather high, but it declines quickly in the first 20 epochs, which 
shows that learning is going quickly. As training goes on, the errors for all datasets get very close together, and by epoch 
118, the best validation performance is about 1.5713 × 10ିଵଶ, which is very close to zero MSE. In Fig. 11, almost all of 
the outputs from training, validation, and testing are very close to their targets, following the ideal diagonal. The lower 
subplot backs this up by showing that the error values, which are the differences between the actual and anticipated 
outputs, are always close to zero across the entire input range, with no bias or systematic mistake. As the number of 
epochs increases, the error values for the training, validation, and test sets get closer together. This is shown in the Fig. 
12, which demonstrates a steady drop MSE during neural network training. At first, the MSE lowers quickly, and then it 
drops more slowly over the course of 696 epochs. The model learns and generalizes the underlying pattern in the data 
well, as shown by the best validation accuracy at epoch 696, which has a MSE of about 1.7817 × 10ିଽ, which is very 
low. Fig. 13 displays that the neural network model's predicted values are quite near to the actual targets in the training, 
validation, and test datasets. All of the output points line up quite closely with the reference curve, showing that the 
model's predictions and the true values match very well. The error distribution in the lower subplot stays very modest 
across the whole input range, suggesting no consistent biases and confirming that the model well captures the underlying 
functional connection. Fig. 14 shows how well the neural network did over 922 training epochs. The MSE quickly went 
down for the training, validation, and test datasets. After a sharp drop at first, the three curves keep going down 
consistently until they all meet at a very low MSE. The best validation result, which was about 5.9451 × 10ିଵଵ at epoch 
922, is the best of the three. The function fit plot in Fig. 15 shows that the predicted and actual values are quite close to 
each other in all three phases: training, validation, and testing. The data points for each subset closely match the reference 
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fit line, which means that the model accurately represents the underlying relationship without much variance. In addition, 
the lower error subplot shows small residuals that are equally spread about zero, which shows that the neural network's 
predictions are consistently accurate and do not have any systematic mistake. Table 4 presents the Mean Squared Error 
(MSE), Mean Absolute Error (MAE), and coefficient of determination (𝑅ଶ) for all three output variables. The 
exceptionally high 𝑅ଶ values and the extremely low MSE and MAE values confirm that the ANN model accurately 
reproduces the bvp4c results with negligible error. 

  

Figure 12. Mean square error plot for the outcomes related to 
the values of Nusselt number when thermophoresis parameter 

is applied 

Figure 13. Function fit plot for the outcomes related to the 
values of Nusselt number when thermophoresis parameter is 

applied 

  

Figure 14. Mean square error plot for the outcomes related 
to the values of Sherwood number when reaction rate 
parameter is applied 

Figure 15. Function fit plot for the outcomes related to the 
values of Sherwood number when reaction rate parameter is 
applied 

Table 4. Performance metrics of the Levenberg-Maquardt neural network predictions against bvp4c numerical solutions for skin 
friction coefficient (𝐶𝑓), Nusselt number (𝑁𝑢), and Sherwood number (𝑆ℎ). 

Output Parameter MSE 
(Mean Squared Error) 

MAE 
(Mean Absolute Error) 

𝑅ଶ 
(Coefficient of 
determination) 𝐶𝑓 𝑀𝑔 1.57 ×  10ିଵଶ 1.02 ×  10ି଺ 0.9999999 𝑁𝑢 𝑁𝑡 1.78 ×  10ିଽ 3.85 ×  10ିହ 0.9999998 𝑆ℎ Γ 5.95 ×  10ିଵଵ 6.52 ×  10ି଺ 0.9999999 

 
5. VALIDATION OF THE RESULTS 

The trustworthiness of the current findings is confirmed through comparison with other investigations conducted 
under analogous conditions. Table 5 indicates a significant level of concordance. Table 6 represents the maximum 
residuals for each 𝑑 value. Based on this rigorous analysis, we confirm the numerical stability of the bvp4c solver for all 𝜂 values. 
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Table 5. Corroboration with previous outcomes for 𝑓ᇱᇱ(𝑑) 𝑑 𝑓ᇱᇱ(𝑑) 
Ishak e et al. [34] Chen and Smith [37] Current findings 

0. 1 1.2888 1.28881 1.288801329 
0.01 8.4924 8.49244 8.492484394 
0.001 62.1637 62.16372 62.16370642 

Table 6. Numerical stability test for varying needle size parameter 𝑑: Skin friction coefficient, Nusselt number, Sherwood number, and 
maximum residual. 

𝑑 
Skin friction 
coefficient 

Nusselt number Sherwood number Maximum error 

0.1 0.029086129 0.093361789 0.091683359 2.14 ×  10⁻⁹ 
0.05 0.065083233 0.208786501 0.205018698 2.11 ×  10⁻⁹ 
0.01 0.092120731 0.295309815 0.289955225 2.11 ×  10⁻⁹ 
0.005 0.207419712 0.661078402 0.648629831 1.96 ×  10⁻⁹ 
0.001 0.295923465 0.936261268 0.91778579 1.82 ×  10⁻⁹ 

 
6. CONCLUSIONS 

This study has meticulously analysed the intricate transport phenomena of a Jeffrey nanofluid flow adjacent to a 
moving slender needle. The mathematical model was specifically designed to incorporate the collective influences of Hall 
current, couple stresses, temperature-dependent activation energy, and nanoparticle behaviour through Brownian motion 
and thermophoresis. This work is significant due to its comprehensive approach to modelling a complex and realistic 
system, offering essential insights that can directly improve thermal management and control strategies in micro-scale 
devices, advanced manufacturing, and aerospace technologies involving electromagnetic fields and chemical reactions. 
The key findings of the investigation, along with their physical implications, are summarized as follows: 

• The fluid's velocity profile is significantly diminished by an increase in the couple stress parameter. This verifies 
that the internal micro-rotational resistance functions as an effective flow control mechanism, augmenting the 
drag force on the moving surface. 

• The fluid temperature was shown to increase markedly with a rise in the Eckert number and the thermophoresis 
parameter. This highlights the primary influence of frictional heating and the movement of nanoparticles from 
warmer to cooler areas in the redistribution of thermal energy, which can be utilized to enhance uniform heating 
or may result in excessive overheating. 

• The concentration of nanoparticles rises with elevated activation energy but diminishes with an accelerated 
reaction rate. This underscores that chemical reaction kinetics are a fundamental determinant of species 
distribution; elevated activation energy functions as a kinetic barrier, maintaining reactant concentration, 
whereas a rapid reaction diminishes it. 

• The rates of heat and mass transfer at the needle's surface decrease with increased thermophoresis and Brownian 
motion parameters, respectively. This indicates a potential trade-off, wherein the mechanisms that improve bulk 
thermal conductivity (nanoparticle mobility) may concurrently diminish transfer efficiency at the boundary by 
modifying the near-wall gradients. 

• The rate of entropy formation increases with elevated Brinkman and thermal radiation factors. This indicates 
that systems characterized by high viscous dissipation or substantial radiative heat transfer experience increased 
energy losses and diminished thermodynamic efficiency, a crucial factor for sustainable system design. 
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ЧИСЛОВЕ ДОСЛІДЖЕННЯ НАНОРІДИНИ ДЖЕФФРІ НАД РУХОМОЮ ТОНКОЮ ГОЛКОЮ 

З ЕКЗОТЕРМІЧНОЮ ХІМІЧНОЮ РЕАКЦІЄЮ: ПІДХІД ЛЕВЕНБЕРГА-МАРКВАРДТА 
НА ОСНОВІ НЕЙРОМЕРЕЖІ 

Р. Крішнакумарі1, В. Сугунамма2, М. Джаячандра Бабу3, Дж. Гіріш Кумар4 
1Кафедра математики, Університет Шрі Венкатешвара, Тірупаті, Андхра-Прадеш, Індія – 517502 
2Кафедра математики, Університет Шрі Венкатешвара, Тірупаті, Андхра-Прадеш, Індія – 517502 

3Кафедра математики, Урядовий коледж, Раджампета, Андхра-Прадеш, Індія – 516115 
4Кафедра математики, Урядовий коледж, Нагарі, Андхра-Прадеш, Індія – 517590 

У цьому дослідженні розглядаються властивості тепло- та масопередачі нанорідини Джеффрі, що рухається по тонкій рухомій 
голці. Головна мета полягає у дослідженні того, як важливі параметри, такі як струм Холла, напруга зв'язку, енергія активації 
та термофорез, впливають на швидкість, температуру, концентрацію рідини та відповідне генерування ентропії. Конфігурація 
потоку тонкої голки має критичне значення для практичних застосувань, включаючи теплове проектування мікроголок для 
регульованої доставки ліків, аеродинамічне профілювання тонких структурних елементів в аерокосмічній техніці та 
оптимізацію чутливих сенсорних зондів. За допомогою відповідних перетворень подібності рівняння, які мали описувати 
проблему, були перетворені на структуру нелінійних звичайних рівнянь, а потім розв'язані за допомогою розв'язувача bvp4c. 
Помітним відкриттям є те, що швидкість рідини гальмується збільшеною напруженістю магнітного поля та напругами зв'язку, 
тоді як температурний профіль покращується завдяки підвищеній в'язкій дисипації та ефектам термофорезу. Крім того, 
швидкість теплопередачі на поверхні зменшується зі збільшенням параметра термофорезу, тоді як швидкість масопередачі — 
зі збільшенням енергії активації. Дослідження показує, що утворення ентропії, що представляє втрату енергії, зростає зі 
збільшенням в'язкої дисипації та теплового випромінювання. Виявлено, що число Шервуда зменшується на 24,1% зі 
збільшенням енергії активації від 0 до 0,8. Виявлено, що число Нуссельта зменшується на 26,3% зі збільшенням параметра 
термофорезу від 0 до 2. Виявлено, що коефіцієнт тертя зростає на 2,32% при збільшенні параметра магнітного поля від 0 до 2. 
Ключові слова: термофорез; bvp4c; броунівський рух; парне напруження; енергія активації 
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A modification of existing third order Runge-Kutta method, is proposed. The scheme is explicit, and its first stage consists of a nonstandard 
denominator, while the last two stages are the same as those of the Runge-Kutta method. For discretizing space-dependent terms, a compact, 
high-order scheme is employed. The proposed scheme with spatial discretization is employed to find the stability condition of the proposed 
scheme. The scheme is applied to a dimensionless model in the form of partial differential equations for the slip flow of a non-Newtonian 
fluid over a Riga plate with heat and mass transfer. Different types of graphs are obtained using the proposed scheme for velocity, 
temperature, and concentration profiles. Some of the results obtained by the proposed scheme are compared with those obtained by the 
numerical solution using the MATLAB PDEPE solver. The scheme is also compared with an existing third-order Runge-Kutta scheme, 
and it produces more accurate results than the existing scheme at specific time and space step sizes. 
Keywords: Hybrid Scheme; Stability; Convergence; Slip Flow; Eyring-Prandtl Fluid 

INTRODUCTION 
There exist variour methods that can be used to solve differential equations arise in phenomenon of flow over plates. 

Some analyrical and numerical methods can be used for solving ordinary diferential equaitons. Since, ordinary differential 
equatiuons contains one inpendent variable, so only one method can be used to solve these equations. But partial 
differential equations contain more than one independent variables, so two or more method must be chosen or contructed 
to solve thsese equations. Analytial methods [1] can be used to solve different type of equaitons but these methods may 
consume more time to converge because they deal with algebraic expression. So, numerical methods [2] can be chosen 
to solve different type of differetal equations. The numerical simulation of nonlinear differential systems arising in fluid 
mechanics, porous-media transport, and non-Newtonian rheology relies heavily on robust time-integration techniques. 
Among these, Runge–Kutta (RK) methods have remained central because of their simplicity, accuracy, and adaptability 
to a wide range of ordinary differential equation (ODE) and semi-discrete partial differential equation (PDE) problems. 
Classical expositions of RK theory by Butcher [3] and by Hairer & Wanner [4] establish stability categories (A-, L-, and 
B-stability) and provide the foundational convergence results through Dahlquist-type analyses. However, for stiff or
strongly nonlinear systems—such as those produced by convection–diffusion–reaction models, porous-media flows, or
high-nonlinearity non-Newtonian fluids—the standard explicit RK methods can become inefficient due to restrictive
timestep bounds. This limitation has motivated the development of modified or stabilized RK schemes with enlarged
stability regions and improved nonlinear contractivity properties.

Stabilized explicit RK methods, including Chebyshev-based schemes and extended-stability formulations, have been 
studied extensively for diffusion-dominated PDEs and stiff ODEs, as documented in works on stabilized RK theory [5-9]. 
These methods achieve extended stability along the negative real axis—crucial for method-of-lines discretizations of 
parabolic and convection–diffusion PDEs. Parallel efforts have analyzed RK stability, nonlinearity-preserving properties, 
and algebraic stability conditions essential for stiff systems [10–12]. A recent contribution by Hu [7] proposed a modified 
RK method with an enlarged stability domain and improved convergence characteristics, illustrating the modern trend 
toward structure-preserving and stiffness-aware RK design. 

These numerical advancements are directly relevant to fluid-mechanical systems governed by mixed convection 
Darcy–Forchheimer flow, especially when involving non-Newtonian Prandtl–Eyring (Eyring–Prandtl) fluids. Classical 
studies on Darcy–Forchheimer convection in porous media, such as those by Shenoy [13], demonstrate that porous-inertia 
corrections introduce nonlinearities that significantly affect velocity profiles, heat transfer, and boundary-layer structure. 
More recent works by Shah et al. [14] and Chaudhary [15] show that Eyring–Prandtl rheology further complicates the 
governing equations due to nonlinear shear-rate dependencies, requiring stable time-integration and careful numerical 
formulations. Comprehensive modeling of Eyring–Prandtl fluids and their thermo-physical behavior is provided by 
Ullah et al. [16] and Baidya [17], highlighting rheological sensitivity and the necessity for robust numerical treatment. 
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In addition, Riga plates—electromagnetically actuated surfaces composed of alternating electrodes and magnets—
introduce localized Lorentz forces capable of accelerating or decelerating the near-wall region. Their applications in MHD 
and hybrid-fluid systems have been studied in numerical and experimental contexts, including magnetite nanofluids [20] 
and hybrid Riga-plate-induced flow systems [21]. These works show that the interaction between electromagnetic forcing 
and fluid rheology generates intricate nonlinear momentum dynamics. Because Riga plate forcing modifies the boundary-
layer structure, it introduces additional stiffness in the resulting ODE system after similarity or quasi-similarity 
transformation. 

Furthermore, viscous dissipation, a key component in high-viscosity or high-velocity non-Newtonian flows, 
contributes to a strong coupling between the momentum and energy equations. Its importance in porous-media and non-
Newtonian flows is demonstrated in studies by Awais et al. [18] and Ajibade et al. [19], where dissipation significantly 
alters temperature fields, enhances nonlinearity, and contributes to stiffness in the governing PDE system. 

Taken together, mixed-convection Darcy–Forchheimer flow of an Eyring–Prandtl fluid over a Riga plate with 
viscous dissipation forms a nonlinear, stiff, multi-parameter boundary-layer system—an ideal candidate for testing 
improved RK-type numerical integrators. Explicit stabilized and modified RK schemes provide a powerful balance 
between computational simplicity and enhanced stability, enabling larger timesteps without loss of accuracy. Recent 
numerical approaches involving boundary-layer flows over Riga plates [20–22] further reinforce the need for integrators 
that can handle strong electromagnetic forcing and porous-inertia effects under thermal–viscous coupling. 

In this study, we develop a modified Runge–Kutta scheme incorporating stability-enhancement techniques inspired 
by stabilized RK theory [5–9, 23] and nonlinear convergence theory [10–12]. The method is analyzed for stability and 
convergence under the nonlinearities associated with Darcy–Forchheimer resistance, Eyring–Prandtl rheology, Riga plate 
electromagnetic forcing, and viscous dissipation. The numerical results show that the modified RK method significantly 
enlarges the allowable timestep relative to classical explicit RK while maintaining accuracy comparable to implicit 
schemes. This builds upon the previous works on stabilized RK methods [5–9], non-Newtonian Darcy–Forchheimer 
systems [13–19], and Riga-plate flows [20–22], integrating these strands into a unified computational framework. 

The remainder of this paper is organized as follows: Section 2 presents the mathematical formulation and 
nondimensionalization. Section 3 describes the numerical method employed. In Section 4, we present and discuss the 
results. Finally, Section 5 gives concluding remarks. 

 
Construction of Numerical Scheme: A three-stage computational scheme is going to be proposed for solving time 
dependent partial differential equations. The scheme is explicit in all three stages. The solution obtained in first stage will 
be utilized in second stage of scheme and similar solutions obtained from second stage will be utilized in third stage. The 
domain of the considered differential equation is denoted by ሾ0, 𝐿ሿ. This whole domain is divided into a equal subinterval 
of time ൣ0, 𝑡௙൧ is divided into equal small subintervals with length Δ𝑡. The scheme is constructed for following equation. 

 డ௚డ௧ = 𝛼ଵ డ௚డ௬ + 𝛽ଵ డమ௚డ௬మ + 𝑠(𝑔)  (1) 

Where 𝑠 is linear or nonlinear function in 𝑔. The initial and boundary condition for Eq. (1) can be written as   

 𝑔(0,𝑦) = 𝑓ଵ(𝑦)𝑔(𝑡, 0) = 𝑓ଶ(𝑡),𝑎𝑛𝑑 𝑔(𝑡, 𝐿) = 𝑓ଷ(𝑡)ൠ (2) 

Where 𝛼ଵ and 𝛽ଵ are constants and 𝑓௝ , 𝑗 = 1,2,3 are functions of 𝑡 or some constants.   
The first stage of the scheme for Eq. (1) is   

 𝑔̅௝௡ାଵ = 𝑔௝௡𝑒௔భ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ൜డ௚డ௧ቚ௝௡ − 𝑎ଵ𝑔௝௡ൠ . (3) 

Where subscript 𝑗 is used for location of grid point and 𝑛 represents point in time and 𝑎ଵ is a free parameter. Stability 
region of these types of proposed schemes depends on value of this free parameter 𝑎ଵ. 
This first stage (3) can be expressed as 

 𝑔̅௝௡ାଵ = 𝑔௝௡ + ൫௘ೌభ౴೟ିଵ൯௔భ డ௚డ௧ቚ௝௡, (4) 

where ൫௘ೌభ౴೟ିଵ൯௔భ ≈ Δ𝑡 + 𝑂(Δ𝑡ଶ). 

So, this first stage of proposed scheme can be considered as modified form of existing Euler method 
The second stage of the scheme is written as: 
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 𝑔̅̅௝௡ାଵ = 𝑎𝑔௝௡ + 𝑏𝑔̅௝௡ାଵ + ଵସ Δ𝑡 డ௚തడ௧ ቚ௝௡ାଵ (5) 

The third stage of the scheme for Eq. (1) takes the form  

 𝑔௝௡ାଵ = 𝑐𝑔௝௡ + 𝑑𝑔̅̅௝௡ାଵ + ଶଷ Δ𝑡 డ௚തതడ௧ ቚ௝௡ାଵ (6) 

The unknown parameters 𝑎, 𝑏, 𝑐 and 𝑑 can be found later by matching the Taylor series expansion. Now combing the first 
stage Eq. (3) and second stage Eq. (5) of proposed scheme yields  

 𝑔̅̅௝௡ାଵ = (𝑎 + 𝑏)𝑔௝௡ + ቀ ௕௔భ (𝑒௔భ୼௧ − 1 ) + ୼௧ସ ቁ డ௚డ௧ቚ௝௡ + ୼௧ସ௔భ (𝑒௔భ୼௧ − 1 ) డమ௚డ௧మቚ௝௡ (7)  

Now substituting Eq. (7) into Eq. (6) that yields the following equation:  𝑔௝௡ାଵ = 𝑐𝑔௝௡ + 𝑑 ൤(𝑎 + 𝑏)𝑔௝௡ + ቄ ௕௔భ (𝑒௔భ୼௧ − 1 ) + ୼௧ସ ቅ డ௚డ௧ቚ௝௡ + ୼௧ସ௔భ (𝑒௔భ୼௧ − 1 ) డమ௚డ௧మቚ௝௡൨ + ଶଷ Δ𝑡 ൤(𝑎 + 𝑏) డ௚డ௧ቚ௝௡ +ቄ ௕௔భ (𝑒௔భ୼௧ − 1 ) + ୼௧ସ ቅ డమ௚డ௧మቚ௝௡ + ୼௧ସ௔భ (𝑒௔భ୼௧ − 1 ) డయ௚డ௧యቚ௝௡൨ (8) 

Expanding 𝑔௝௡ାଵ using Taylor series expansion  

 𝑔௝௡ାଵ = 𝑔௝௡ + Δ𝑡 డ௚డ௧ቚ௝௡ + (୼௧)మଶ డమ௚డ௧మቚ௝௡ + (୼௧)య଺ డయ௚డ௧యቚ௝௡ + 𝑂((Δ𝑡)ସ) (9) 

Using Eq. (9) into Eq. (8) that results in  𝑔௝௡ + Δ𝑡 డ௚డ௧ቚ௝௡ + (୼௧)మଶ డమ௚డ௧మቚ௝௡ + (୼௧)య଺ డయ௚డ௧యቚ௝௡ = ሾ𝑐 + 𝑑(𝑎 + 𝑏)ሿ𝑔௝௡ + ቂ௕ௗ௔భ (𝑒௔భ୼௧ − 1 ) + ୢ୼௧ସ + ଶଷ Δ𝑡(𝑎 +𝑏)ቃ డ௚డ௧ቚ௝௡ + ቂୢ୼௧ସ௔భ (𝑒௔భ୼௧ − 1 ) + ଶଷ Δ𝑡 ቀ ௕௔భ (𝑒௔భ୼௧ − 1 ) + ଵସ Δ𝑡ቁቃ డమ௚డ௧మቚ௝௡ + (୼௧)మ଺௔భ (𝑒௔భ୼௧ − 1 ) డయ௚డ௧యቚ௝௡ (10) 

Equating the coefficients of 𝑔௝௡, డ௚డ௧ቚ௝௡ , డమ௚డ௧మቚ௝௡ and డయ௚డ௧యቚ௝௡on both sides of Eq. (10), it gives  

 

1 = 𝑐 + 𝑑(𝑎 + 𝑏)Δt = ௕ௗ௔భ (𝑒௔భ୼௧ − 1 ) + ୢ୼௧ସ + ଶଷ Δ𝑡(𝑎 + 𝑏)(୼௧)మଶ = ୢ୼௧ସ௔భ (𝑒௔భ୼௧ − 1 ) + ଶଷ Δ𝑡 ቀ ௕௔భ (𝑒௔భ୼௧ − 1 ) + ଵସ Δ𝑡ቁ(୼௧)య଺ = (୼௧)మ଺௔భ (𝑒௔భ୼௧ − 1 ) ⎭⎪⎪⎬
⎪⎪⎫   (11) 

Applying condition of 𝑎 + 𝑏 = 1 and solving the linear system of Eq. (11) gives the values of 𝑎, 𝑏, 𝑐 and 𝑑 as follows 

 

𝑎 = ଷ∆௧ିට∆௧൫ଽ∆௧ି଼ఊ(∆௧)൯଼ఊ(∆௧) − ∆௧ିଶఊ(∆௧)ଶఊ(∆௧)𝑏 = ∆௧ାට∆௧൫ଽ∆௧ି଼ఊ(∆௧)൯଼ఊ(∆௧) − ∆௧ିଶఊ(∆௧)ଶఊ(∆௧)𝑐 = ఊ(∆௧)ି∆௧ఊ(∆௧) − ට∆௧൫ଽ∆௧ି଼ఊ(∆௧)൯ଷఊ(∆௧)𝑑 = ଺∆௧ିට∆௧൫ଽ∆௧ି଼ఊ(∆௧)൯଺ఊ(∆௧) ⎭⎪⎪
⎪⎬
⎪⎪⎪
⎫

  (12) 

where 𝛾(∆𝑡) = ௘ೌభ∆೟షభ௔భ . 
The proposed scheme is three stages that can be used for time discretization of partial differential equations. To 

discretize space dependent terms a compact scheme is employed. The proposed scheme for Eq. (1) with compact spatial 
discretization [24] takes the form:  
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 𝑔̅௝௡ାଵ = 𝑔௝௡𝑒ଵ.ହ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ቄ𝛼ଵ𝜁ଵ 𝑔௝௡ + 𝛽ଵ𝜁ଶ 𝑔௝௡ − ଷଶ 𝑔௝௡ቅ (13) 

 𝑔̿௝௡ାଵ = 𝑎𝑔௝௡ + 𝑏𝑔̅௝௡ାଵ + ଵସ Δ𝑡൛𝛼ଵ𝜁ଵ 𝑔̅௝௡ାଵ + 𝛽ଵ𝜁ଶ 𝑔̅௝௡ାଵൟ (14) 
 𝑔௝௡ାଵ = 𝑐𝑔௝௡ + 𝑑𝑔̅̅௝௡ାଵ + ଶଷ Δ𝑡൛𝛼ଵ𝜁ଵ 𝑔̅̅௝௡ାଵ + 𝛽ଵ𝜁ଶ 𝑔̅̅௝௡ାଵൟ  (15) 

Where 𝜁ଵ = 𝐴ଵିଵ𝐵ଵ & 𝜁ଶ = 𝐴ଶିଵ𝐵ଶ.  
Where 𝐴௟ ,𝐵௟ for 𝑙 = 1,2 are matrices constructed from the coefficients of left and right hand sides of the following 
equations    

 𝛾ଵ డ௚డ௬ቚ௝ିଵ௡ + డ௚డ௬ቚ௝௡ + 𝛾ଵ డ௚డ௬ቚ௝ାଵ௡ = 𝑏଴ (௚ೕశభ೙ ି௚ೕషభ೙ )ଶ୼௬ + 𝑏ଵ (௚ೕశమ೙ ି௚ೕషమ೙ )ସ୼௬  (16) 

 𝛾ଶ డమ௚డ௬మቚ௝ିଵ௡ + డమ௚డ௬మቚ௝௡ + 𝛾ଶ డమ௚డ௬మቚ௝ାଵ௡ = 𝑏ଶ (௚ೕశభ೙ ିଶ௚ೕ೙ା௚ೕషభ೙ )(୼௬)మ + 𝑏ଷ (௚ೕశమ೙ ିଶ௚ೕ೙ା௚ೕషమ೙ )ସ(୼௬)మ   (17)  

Where 𝑏଴ = ఊభାଶଷ , 𝑏ଵ = ଵିସఊభଷ , 𝑏ଶ = ସ(ଵିఊమ)ଷ , 𝑏ଷ = ଵ଴ఊమିଵଷ . 
 
Stability Analysis: One of the tasks in finite differences is to check their stability region. There exists more than one 
stability analysis for finding stability conditions for finite difference schemes. Among existing stability analysis Fourier 
series analysis or Von Neumann stability analysis is a stability procedure that can be used to find stability conditions of 
finite difference schemes applied to linear partial differential equation. The analysis is started by transforming a given 
difference equation into a trigonometric equation. For this case the transformations can be expressed as:   

 𝐴ଵ𝑒௜௝ట = 𝑒௜௝ట൫𝛾ଵ𝑒௜ట + 1 + 𝛾ଵ𝑒ି௜ట൯ (18) 

 𝐵ଵ𝑒௜௝ట = ௕∘௘(ೕశభ)೔ഗଶ୼௬ − ௕∘௘(ೕషభ)೔ഗଶ୼௬ + ௕భ௘(ೕశమ)೔ഗସ୼௬ − ௕భ௘(ೕషమ)೔ഗସ୼௬  (19) 

 𝐴ଶ𝑒௜௝ట = 𝑒௜௝ట൫𝛾ଶ𝑒ଶ௜ట + 1 + 𝛾ଶ𝑒ିଶ௜ట൯ (20) 

 𝐵ଶ𝑒௜௝ట = ௕మ௘(ೕశభ)೔ഗ(୼௬)మ − ଶ௕మ௘ೕ೔ഗ(୼௬)మ + ௕మ௘(ೕషభ)೔ഗ(୼௬)మ + ௕య௘(ೕశమ)೔ഗସ(୼௬)మ − ଶ௕య௘ೕ೔ഗସ(୼௬)మ + ௕య௘(ೕషమ)೔ഗସ(୼௬)మ  (21) 

Where 𝑖 = √−1.  
Applying transformations (19) - (21) into first stage of the scheme (13) gives   

 𝑔̅௝௡ାଵ = 𝑔௜௡𝑒ଵ.ହ୼௧ + (௘భ.ఱ౴೟ିଵ)ଵ.ହ ቐ 𝛼ଵ ቀଶ௕బ௜௦௜௡టା௖భ௜௦௜௡ଶటଶ୼௬(ଶఊభ ୡ୭ୱటାଵ) ቁ +𝛽ଵ ቀସ௕మ(௖௢௦టିଵ)ା௕య(௖௢௦ଶటିଵ)ଶ(୼௬)మ(ଶఊమ ୡ୭ୱటିଵ) ቁ − ଷଶቑ𝑔௝௡ (22) 

Re-write Eq. (22) as  

 𝑔̅௝௡ାଵ = (𝑐ଵ + 𝑖𝑐ଶ)𝑔௝௡  (23) 

Where 𝜇௖భ = 𝑒ଵ.ହ୼௧ + (௘భ.ఱ౴೟ିଵ)ଵ.ହ ቄ𝛽ଵ ቀସ௕మ(௖௢௦టିଵ)ା௕య(௖௢௦ଶటିଵ)ଶ(୼௬)మ(ଶఊమ ୡ୭ୱటିଵ) ቁ − ଷଶቅ, and 𝜇௖మ = (௘భ.ఱ౴೟ିଵ)ଵ.ହ ቄ𝛼ଵ ቀଶ௕బ௜௦௜௡టା௖భ௜௦௜௡ଶటଶ୼௬(ଶఊభ ୡ୭ୱటାଵ) ቁቅ 
Substituting transformations (19)-(21) into the second stage of the scheme (14) gives.  

 𝑔̿௝௡ାଵ = 𝑎𝑔௝௡ + 𝑏𝑔̅௝௡ାଵ + ଵସ Δ𝑡 ቄ𝛼ଵ ቀଶ௕బ௜௦௜௡టା௖భ௜௦௜௡ଶటଶ୼௬(ଶఊభ ୡ୭ୱటାଵ) ቁ + 𝛽ଵ ቀସ௕మ(௖௢௦టିଵ)ା௕య(௖௢௦ଶటିଵ)ଶ(୼௬)మ(ଶఊమ ୡ୭ୱటିଵ) ቁቅ  𝑔̅௝௡ାଵ (24) 

Eq. (24) can be written as 

 𝑔̿௝௡ାଵ = 𝜇ଵ𝑔௝௡  (25) 

where 𝜇ଵ = 𝜇௖ఱ + 𝑖𝜇௖ల, 𝜇௖ఱ = 𝑎 + 𝜇௖భ𝜇௖య − 𝜇௖మ𝜇௖ర and 𝜇௖ల = 𝜇௖భ𝜇௖ర + 𝜇௖మ𝜇௖య 

and 𝜇௖య = 𝑏 + ଵସ Δ𝑡 ቄ𝛽ଵ ቀସ௕మ(௖௢௦టିଵ)ା௕య(௖௢௦ଶటିଵ)ଶ(୼௬)మ(ଶఊమ ୡ୭ୱటିଵ) ቁቅ, & 𝜇௖ర = ଵସ Δ𝑡 ቄ𝛼ଵ ቀଶ௕బ௜௦௜௡టା௖భ௜௦௜௡ଶటଶ୼௬(ଶఊభ ୡ୭ୱటାଵ) ቁቅ  
By using transformations (19)-(21) into third stage of the scheme (15) gives  
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 𝑔௝௡ାଵ = 𝜇ଶ𝑔௝௡ (26) 

Where 𝜇ଶ = 𝜇௖వ + 𝑖𝜇௖భబ , 𝜇௖వ = 𝑐 + 𝜇௖ళ𝜇௖ఱ − 𝜇௖ల𝜇௖ఴ and 𝜇௖భబ = 𝜇௖ల𝜇௖ళ + 𝜇௖ఱ𝜇௖ఴ 
and 𝜇௖ళ = 𝑐 + ଶଷ Δ𝑡 ቄ𝛽ଵ ቀସ௕మ(௖௢௦టିଵ)ା௕య(௖௢௦ଶటିଵ)ଶ(୼௬)మ(ଶఊమ ୡ୭ୱటିଵ) ቁቅ 𝜇௖ఴ = ଶଷ Δ𝑡𝛼ଵ ቀଶ௕బ௜௦௜௡టା௖భ௜௦௜௡ଶటଶ୼௬(ଶఊభ ୡ୭ୱటାଵ) ቁ.  

The amplification factor can be written as   

 ฬ௚ೕ೙శభ௚ೕ೙ ฬଶ = 𝜇௖వଶ + 𝜇௖భబଶ  (27) 

So, the scheme will be stable if it satisfies   

 𝜇௖వଶ + 𝜇௖భబଶ ≤ 1 (28) 

For the case when 𝛼ଵ = 0, stability condition can be expressed as 

 |𝐺| < 1 (29) 

where 𝐺 = ௗయ୻యఊ(୼୲)ାௗమ୻మ൫୼୲ାଶఊ(୼୲)൯ାௗ ୻൫ହ୼୲ାఊ(୼୲)൯ା଺୼୲଺୼୲ , Γ = ଶ௕మ(௖௢௦(ట)ିଵ)ା଴.ହ௕మ(௖௢௦(ଶట)ିଵ)ଶఊమ ୡ୭ୱటାଵ , 

and 𝑑 = 𝛽ଵ ୼୲୼୷మ, 𝛾(Δt) = ௘ೌభ౴౪ିଵ௔భ .   

Fig. 1 shows the comparison of stability region G along diffusion number 𝑑 for different values of time step sizes 
and free parameter 𝑎ଵ. Amplification factor 𝐺 is found by applying first stage of proposed scheme  and second and third 
stage of existing third order Runge-Kutta method. Stability region of this tye of scheme depend on choice of free parameter 𝑎ଵ and choice of time step size Δt.  

 
Figure 1. Comprison of stability regions of proposed and existing Runge-Kutta methods (a) ∆𝑡 = 0.3, 𝛾ଶ = −0.3 (b) 𝛾ଶ =−0.3 , 𝑎ଵ = −2 

The stability of the proposed scheme is provided for scalar partial differential equations. Now the convergence of 
the proposed scheme for system of convection diffusion equation is provided.  
For doing so consider the vector matrix equation of the form  

 𝒗𝒕 = 𝐶ଵ𝒗𝒚 + 𝐶ଶ𝒗𝒚𝒚 + 𝐶ଷ𝒗 (30) 

Where v is a vector and 𝐶ଵ,𝐶ଶ and 𝐶ଷ are matrices. Eq. (30) is discretized by the proposed scheme as    

  𝒗ഥ௝௡ାଵ = 𝒗௝௡𝑒ଵ.ହ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ൛𝐶ଵ𝜁ଵ + 𝐶ଶ𝜁ଶ + 𝐶ଷ𝒗௝௡ − 𝑎ଵൟ𝒗௝௡ (31) 
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 𝒗ന௝௡ାଵ = 𝑎𝒗௝௡ + ቂ𝑏 + ଵସ Δ𝑡ሼ𝐶ଵ𝜁ଵ + 𝐶ଶ𝜁ଶ + 𝐶ଷሽቃ 𝒗ഥ௝௡ାଵ (32) 

  𝒗௝௡ାଵ = 𝑐𝒗௝௡ + ቂ𝑑 + ଶଷ Δ𝑡ሼ𝐶ଵ𝜁ଵ + 𝐶ଶ𝜁ଶ + 𝐶ଷሽቃ 𝒗ഥഥ௝௡ାଵ  (33) 
Theorem: The proposed scheme (31)-(33) converges conditionally for vectored matrix Eq. (30).  
Proof: In order to proof this Theorem consider the error equation for Eq. (27) as:  

 𝝇ത௝௡ାଵ = 𝝇௝௡𝑒ଵ.ହ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ൛𝐶ଵ𝜁ଵ 𝝇௝௡ + 𝐶ଶ𝜁ଶ 𝝇௝௡ + 𝐶ଷ𝝇௝௡ − 𝑎ଵ𝝇௝௡ൟ (34) 

 𝝇ധ௝௡ାଵ = 𝑎𝝇௝௡ + 𝑏𝝇ത௝௡ାଵ + ଵସ Δ𝑡൛𝐶ଵ𝜁ଵ 𝝇ത௝௡ାଵ + 𝐶ଶ𝜁ଶ 𝝇ത௝௡ାଵ + 𝐶ଷ𝝇ത௝௡ାଵൟ (35) 

 𝝇௝௡ାଵ = 𝑐𝝇௝௡ + 𝑑𝝇തത௝௡ାଵ + ଶଷ Δ𝑡൛𝐶ଵ𝜁ଵ 𝝇തത௝௡ାଵ + 𝐶ଶ𝜁ଶ 𝝇തത௝௡ାଵ + 𝐶ଷ𝝇ധ௝௡ାଵൟ (36) 

Applying a norm ‖∙‖ஶ on first stage of Eq. (34) in the form  

 𝜍̅௡ାଵ ≤ 𝜍௡𝑒ଵ.ହ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ሼ‖𝐶ଵ𝜁ଵ‖ஶ + ‖𝐶ଶ𝜁ଶ‖ஶ + ‖𝐶ଷ‖ஶ + 𝑎ଵሽ𝜍௡   (37) 

Inequality (37) can be written as  

 𝜍̅௡ାଵ ≤ 𝛽ଶ𝜍௡ (38) 

Where 𝛽ଶ = 𝑒௔భ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ሼ‖𝐶ଵ𝜁ଵ‖ஶ + ‖𝐶ଶ𝜁ଶ‖ஶ + ‖𝐶ଷ‖ஶ + 𝑎ଵሽ. 
Applying norm ‖∙‖ஶ on Eq. (35) as yields   

 𝜍̿௡ାଵ ≤ 𝑎𝜍௡ + 𝑏𝜍̅௡ାଵ + ଵସ Δ𝑡ሼ‖𝐶ଵ𝜁ଵ‖ஶ + ‖𝐶ଶ𝜁ଶ‖ஶ + ‖𝐶ଷ‖ஶሽ𝜍̅௡ାଵ = 𝑎𝜍௡ + 𝛽ଷ𝜍̅௡ାଵ (39) 
where 𝛽ଷ = 𝑏 + ଵସ Δ𝑡ሼ‖𝐶ଵ𝜁ଵ‖ஶ + ‖𝐶ଶ𝜁ଶ‖ஶ + ‖𝐶ଷ‖ஶሽ. 
Inequality (39) can be re written as 

 𝜍̿௡ାଵ ≤ 𝑎𝜍௡ + 𝛽ଷ𝛽ଶ𝜍௡ = 𝛽ସ𝜍௡  (40) 

where 𝛽ସ = 𝑎 + 𝛽ଶ𝛽ଷ. 
Similarly by applying a norm ‖∙‖ஶ to third error equation of the scheme (36), it gives  

 𝜍௡ାଵ ≤ 𝑐𝜍௡ + 𝑑𝜍̿௡ାଵ + ଶଷ Δ𝑡ሼ‖𝐶ଵ𝜁ଵ‖ஶ + ‖𝐶ଶ𝜁ଶ‖ஶ + ‖𝐶ଷ‖ஶሽ𝜍̿௡ାଵ  (41) 

Inequality (41) can be re-written as  

 𝜍௡ାଵ ≤ 𝑐𝜍௡ + 𝛽ହ𝜍̿௡ାଵ + 𝑃൫𝑂((Δ𝑡)ଷ, (Δ𝑦)଺)൯  (42) 

Substituting inequality (40) into inequality (42), it takes the form  

 𝜍௡ାଵ ≤ 𝑐𝜍௡ + 𝛽ହ𝛽ସ𝜍௡ + 𝑃൫𝑂((Δ𝑡)ଷ, (Δ𝑦)଺)൯ = 𝛽଺𝜍௡ + 𝑃൫𝑂((Δ𝑡)ଷ, (Δ𝑦)଺)൯  (43) 

where 𝛽଺ = 𝑐 + 𝛽ସ𝛽ହ. 
Let 𝑛 = 0 in inequality (43), it yields  

 𝜍ଵ ≤ 𝛽଺𝜍଴ + 𝑃൫𝑂((Δ𝑡)ଷ, (Δ𝑦)଺)൯  (44) 

Since 𝜍଴ = 0 so inequality (44) takes the form   

 𝜍ଵ ≤ 𝑃(0((Δ𝑡)ଷ, (Δ𝑦)଺)) (45) 

Now let 𝑛 = 1 in inequality (43) it yields   

 𝜍ଶ ≤ 𝛽଺𝜍ଵ + 𝑃(0((Δ𝑡)ଷ, (Δ𝑦)଺))  (46) 

Using inequality (45) in (46) it results in  

 𝜍ଶ ≤ (1 + 𝛽଺)𝑃(0((Δ𝑡)ଷ, (Δ𝑦)଺))  (47) 
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If this is continuous then for finite 𝑛  

 𝜍௡ ≤ (1 + 𝛽଺ + ⋯+ 𝛽଺௡ିଵ)𝑃(0((Δ𝑡)ଷ, (Δ𝑦)଺)) = ቀଵିఉల೙ଵିఉలቁ 𝑃(0((Δ𝑡)ଷ, (Δ𝑦)଺))  (48) 

By taking limit as 𝑛 → ∞ in (44) the infinite geometric series … + 𝛽଺௡ + ⋯+ 𝛽଺ + 1 will converge if |𝛽଺| < 1. 
Mathematical Model: We consider the unsteady, one-dimensional incompressible flow of an Eyring–Prandtl fluid 

through a porous medium over a Riga plate, with heat and mass transfer, viscous dissipation, and mixed convection. The 
streamwise velocity 𝑢(𝑡,𝑦) varies only in the wall-normal coordinate 𝑦∗; the momentum balance couples temporal 
acceleration to the divergence of the Eyring–Prandtl shear stress the streamwise Lorentz body force from the Riga plate 
and porous resistance expressed by linear Darcy drag − ఓ௄ 𝑢∗ and nonlinear Forchheimer drag − ఘி√௄ 𝑢∗ଶ . Mixed convection 
is modeled under the Boussinesq approximation by adding buoyancy forces 𝑔𝛽்(𝑇 − 𝑇ஶ) + 𝑔𝛽஼(𝐶 − 𝐶ஶ) in the 
momentum equation, so thermal and solutal buoyancy couple the momentum, energy and species fields. Heat transfer is 
described by the unsteady energy equation with thermal diffusion and viscous dissipation arising from the Eyring–Prandtl 
stress, while mass transfer follows the unsteady species diffusion equation (with optional reaction/source terms). The wall 
at 𝑦∗ = 0 is maintained at prescribed velocity 𝑢∗(𝑡, 0) = 𝑢௪ + 𝐿௦ డ௨∗డ௬∗, convective boundary temperature −𝑘 డ்(௧,଴)డ௬∗ =ℎ௙(𝑇(𝑡, 0) − 𝑇௪) and concentration 𝐶(𝑡, 0) = 𝐶௪; far from the plate 𝑢∗ → 0,𝑇 → 𝑇ஶ,𝐶 → 𝐶ஶ as 𝑦∗ → ∞. Initially the 
fluid is quiescent and uniform in temperature and concentration. The objective is to determine the transient distributions 𝑢∗(𝑡,𝑦),𝑇(𝑡,𝑦),𝐶(𝑡,𝑦) under the combined influences of Eyring–Prandtl rheology, Riga electromagnetic forcing, 
Darcy–Forchheimer porous resistance, thermal and solutal buoyancy (mixed convection), molecular diffusion, and 
viscous dissipation. The governing equations can be written as:  

 𝜌 డ௨∗డ௧∗ = ఉഥ஼̅ ⎝⎜
⎛ ങమೠ∗ങ೤∗మඨଵାቀభ಴ഥങೠ∗ങ೤∗ቁమ⎠⎟

⎞− ఓ௄ 𝑢 − ఘ஼೑√௄ 𝑢∗ଶ + 𝑔𝛽்(𝑇 − 𝑇ஶ) + 𝛽஼(𝐶 − 𝐶ஶ) + గ௝∘ெ∘଼ఘ 𝑒ିቀ ഏೌభቁ௬∗   (49) 

  డ்డ௧∗ = 𝛼ത డమ்డ௬∗మ + ఉഥఘ஼೛ sinhିଵ ቀଵ஼̅ డ௨∗డ௬∗ቁ డ௨∗డ௬∗  (50) 

  డ஼డ௧∗ = 𝐷 డమ஼డ௬∗మ − 𝑘ଵ(𝐶 − 𝐶ஶ)   (51) 

 Subject to initial and boundary conditions  

 

𝑢∗(0,𝑦∗) = 0,𝑇(0,𝑦∗) = 0,𝐶(0,𝑦∗) = 0 𝑢∗(𝑡∗, 0) = 𝑢௪ + 𝐿௦ డ௨∗డ௬∗ቚ௬∗ୀ଴ ,−𝑘 డ்డ௬∗ቚ௬∗ୀ଴ = ℎ௙(𝑇(𝑡∗, 0) − 𝑇௪),𝐶(𝑡∗, 0) = 𝐶௪ 𝑢∗(𝑡∗,𝑦∗ → ∞) → 0,𝑇(𝑡∗,𝑦∗ → ∞) → 0,𝐶(𝑡∗,𝑦∗ → ∞) → 0 ൢ (52) 

Where 𝑢∗ is the horizontal component of velocity, 𝑇 is the temperature and 𝐶 is concentration, 𝛽் and 𝛽஼ are thermal and 
solutan expansion, 𝛽̅ is the stress parameter, 𝐶̅ is the rate parameter, 𝑗∘ is the current density, 𝑀∘is a magnetic field strength, 𝑎ଵ width of electrodes, 𝑔 is gravity, 𝐾 is the permeability of the porous medium, 𝐶௙ is dimensionless constant representing 
inertial drag in the porous medium, 𝜌 is density, 𝛼ത is thermal diffusivity, 𝐷 is mass diffusivity and 𝑘ଵ is dimensional 
reaction rate parameter, ℎ௙ is heat transfer coefficient and 𝑘 is thermal conductivity   
Using the transformations 

 𝑦 = ௬∗௅ ,𝑢 = ௨∗௨ೢ , 𝑡 = ௨ೢ௧∗௅ ,𝜃 = ்ି ಮ்்ೢ ି ಮ் ,𝜙 = ஼ି஼ಮ஼ೢି஼ಮቅ (53)  

The governing equations (49)-(52) are reduced to following dimensionless partial differential equations 

 డ௨డ௧ = ଵோ೐ ቌ ௨೤೤ටଵାௌమ௨೤మቍ − ଵோ೐஽ೌ 𝑢 − 𝐹௥𝑢ଶ + ீംಽோ೐మ 𝜃 + ீം಴ோ೐మ 𝜙 + 𝑒ିఒ௬    (54) 

 డఏడ௧ = ଵ௉ೝோ೐ డమఏడ௬మ + ா೎ோ೐ௌ sinhିଵ(𝑆𝑢௬) (55) 

  డథడ௧ = ଵோ೐ௌ೎ డమథడ௬మ − 𝛾𝜙 (56) 

and the dimensionless initial and boundary conditions take the form  
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𝑢(0,𝑦) = 0,𝜃(0,𝑦) = 0,𝜙(0,𝑦) = 0𝑢(𝑡, 0) = 1 + Λ డ௨డ௬ቚ௬ୀ଴ , డఏడ௬ቚ௬ୀ଴ = 𝐵௜(1 − 𝜃(𝑡, 0)),𝜙(𝑡, 0) = 1 𝑢(𝑡,𝑦 → ∞) → 0,𝜃(𝑡,𝑦 → ∞) → 0,𝜙(𝑡,𝑦 → ∞) → 0    ൢ (57) 

Where 𝐷௔ is Darcy number, 𝐹௥ is Forchheimer number, 𝑆 is Eyring (shear) number, 𝑅௘ is Reynolds number, 𝑀 is 
dimensionless electromagnetic Riga parameter, 𝜆 is dimensionless decay rate of Lorentz force in the 𝑦- direction, 𝐺ఊ௅ and 𝐺ఊ஼are respectively thermal and solutal Grashof number, 𝑃௥ is Prandtl number, 𝐸௖ is Eckert number, 𝑆௖ is Schnidt number, 𝛾 is dimensionless reaction rate parameter, and Λ is velocity slip and 𝐵௜ is Boit number which are defined as:  𝐷௔ = ௄௅మ ,𝐹௥ = ஼೑௅√௄ , 𝑆 = ௨ೢ஼̅௅ ,𝑅௘ = ௨ೢ௅ఔ = ఘ௨ೢ௅஼̅ఉഥ ,𝑀 = గ௝∘ெ∘௅଼ఘ௨మೢ , 𝜆 = గ௔భ 𝐿,𝐺ఊಽ = ௚ఉ೅(்ೢ ି ಮ்)ఔమ ,𝐺ఊ஼ = ௚ఉ಴(஼ೢି஼ಮ)ఔమ ,𝑃௥ =ఔఈഥ ,𝐸௖ = ௨మೢ஼೛(்ೢ ି ಮ்) , 𝑆௖ = ఔ஽ , 𝛾 = ௞భ௅௨ೢ ,Λ = ௅ೞ௅ ,𝐵௜ = ௛ഊ௅௞     
The dimensionless skin friction coefficients, local Nusselt and local Sherwood number are written as: 

 

𝐶̅௙ = ଵோ೐ௌ sinhିଵ ቀ𝑆𝑢௬ห௬ୀ଴ቁ𝑁௨௅ = −డఏడ௬ቚ௬ୀ଴𝑆௛௅ = −డథడ௬ቚ௬ୀ଴ ⎭⎪⎬
⎪⎫

 (58) 

The discretization of Eq. (54) using the proposed scheme it takes the form:  

𝑢ത௝௡ାଵ = 𝑢௝௡𝑒௔భ୼௧ + ൫௘ೌభ౴೟ିଵ൯௔భ ቐ భೃ೐ቀ஺మషభ஻మ ௨ೕ೙ቁටଵାௌమቀ஺భషభ஻భ ௨ೕ೙ቁమ − ଵோ೐஽ೌ  𝑢௝௡ − 𝐹௥൫ 𝑢௝௡൯ଶ + ீംಽோ೐మ  𝜃௝௡ + ீം಴ோ೐మ  𝜙௝௡ + 𝑀𝑒ିఒ௬ೕ − 𝑎ଵ𝑢௝௡ቑ (59) 

𝑢തത௝௡ାଵ = 𝑎𝑢௝௡ + 𝑏𝑢ത௝௡ାଵ + ଵସ Δ𝑡 ቐ భೃ೐ቀ஺మషభ஻మ ௨ഥೕ೙శభቁටଵାௌమቀ஺భషభ஻భ ௨ഥೕ೙శభቁమ − ଵோ೐஽ೌ  𝑢ത௝௡ାଵ − 𝐹௥൫ 𝑢ത௝௡ାଵ൯ଶ + ீംಽோ೐మ  𝜃ഥ௝௡ାଵ + ீം಴ோ೐మ  𝜙ഥ௝௡ାଵ + 𝑀𝑒ିఒ௬ೕቑ (60) 

𝑢௝௡ାଵ = 𝑐𝑢௝௡ + 𝑑𝑢തത௝௡ାଵ + ଶଷ Δ𝑡 ቐ భೃ೐ቀ஺మషభ஻మ ௨ഥഥೕ೙శభቁටଵାௌమቀ஺భషభ஻భ ௨ഥഥೕ೙శభቁమ − ଵோ೐஽ೌ  𝑢തത௝௡ାଵ − 𝐹௥൫ 𝑢തത௝௡ାଵ൯ଶ + ீംಽோ೐మ  𝜃ന௝௡ାଵ + ீം಴ோ೐మ  𝜙ന௝௡ାଵ + 𝑀𝑒ିఒ௬ೕቑ (61) 

 
RESULTS AND DISCUSSION 

A third-order accurate time-stepping scheme is developed for the numerical solution of partial differential equations. 
The method is specifically designed for discretizing only the time-dependent term of the governing equation, and its 
accuracy is confirmed through its construction, where the third-order time derivative naturally cancels in the Taylor series 
expansion. For the spatial discretization, a compact high-order finite-difference scheme is employed, providing sixth-
order accuracy in space. The overall scheme is conditionally stable, implying that the time step, spatial step, and the 
physical parameters appearing in the governing equation must satisfy a prescribed stability condition. When these 
restrictions are met, the numerical solution remains stable; otherwise, instability is expected. A notable benefit of using 
an explicit scheme is that it avoids the need for linearization, enabling direct treatment of nonlinear partial differential 
equations without any iterative procedure for convergence. 

The influence of Eyring parameter on velocity profile is shown in Fig. 2. The velocity profile declines by raising 
Eyring number. Increasing the Eyring number means the fluid resists deformation more at low shear rates. Since most of 
the velocity in internal flows depends on the balance between pressure gradient and viscous resistance, this increased 
resistance lowers the velocity everywhere. The effect of Darcy number on velocity profile is depicted in Fig. 3. The 
velocity profile increases by growing Darcy number. Small Darcy number produces very low permeability and so porous 
medium strongly resists the flow. Large Darcy number gives high permeability and this leads to porous medium offers 
little resistance. Thus, increasing Darcy number reduces the Darcy resistance term in the momentum equation.  

The effect of Forchheimer number on velocity profile is shown in Fig. 4. The velocity profile declines by growing 
Forchheimer number. Darcy drag (linear) dominates at low speeds. When velocity increases, inertial forces inside the 
porous medium become important. The Forchheimer term grows faster than velocity (proportional to 𝑢ଶ). Increasing the 
Forchheimer parameter amplifies this additional nonlinear drag, so the flow slows down. The velocity slip parameter on 
velocity profile is shown in Fig. 5. Velocity profile decays by enhancing velocity slip parameter. Increasing the 
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Forchheimer parameter enhances the nonlinear inertial drag inside the porous medium. This additional resistance reduces 
the fluid velocity, causing the velocity profile to decline even under slip-flow conditions for an Eyring–Prandtl fluid. 
Fig. 6 deliberates the effect of Eckert number on temperature profile. Temperature profile grows by enhancing Eckert 
number. Increasing the Eckert number enhances viscous dissipation, producing additional internal heat, which raises the 
temperature profile. The influence of reaction rate parameter on concentration profile is shown in Fig. 7. 

  
Figure 2. Effect of Eyring number on velocity profile using 𝐷𝑎 =0.1,𝐹𝑟 = 0.1,𝑀 = 0.1, 𝜆 = 3,Λ = 0.1,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1,𝐸𝑐 = 5,𝑃𝑟 = 3, 𝑆𝑐 = 3, 𝛾 = 0.9,𝐵𝑖 = 0.1 

Figure 3. Effect of Darcy number on velocity profile using 𝑆 =1,𝐹𝑟 = 0.1,𝑀 = 0.1, 𝜆 = 3,Λ = 0.1,𝑅𝑒 = 5,𝐺𝑟 = 0.1,𝐺𝑟஼ =0.1,𝐸𝑐 = 5,𝑃𝑟 = 3, 𝑆𝑐 = 3, 𝛾 = 0.9,𝐵𝑖 = 0.1 

  
Figure 4. Effect of Forchheimer number on velocity profile using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3,Λ = 1,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1,𝐸𝑐 = 5,𝑃𝑟 = 3, 𝑆𝑐 = 3, 𝛾 = 0.9,𝐵𝑖 = 5 

Figure 5. Effect of velocity slip parameter on velocity profile 
using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 10,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1,𝐸𝑐 = 5,𝑃𝑟 = 3, 𝑆𝑐 = 3, 𝛾 = 0.9,𝐵𝑖 = 5 

  
Figure 6. Effect of Eckert number on temperature profile using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 10,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1,Λ = 0.9,𝑃𝑟 = 3, 𝑆𝑐 = 3, 𝛾 = 0.9,𝐵𝑖 = 5 

Figure 7. Effect of reaction rate parameter on concentration profile 
using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 10,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1,Λ = 0.9,𝑃𝑟 = 3, 𝑆𝑐 = 3,𝐸𝑐 = 10,𝐵𝑖 = 5 
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Concentration profile declines by enhancing reaction rate parameter. Increasing the reaction-rate parameter enhances 
species consumption, thereby reducing concentration and lowering the concentration profile. For the oscillatory motion 
of the Riga plate, the influence of velocity slip on the skin-friction coefficient is illustrated in Fig. 8. The results indicate 
an oscillatory pattern, where negative values of the skin-friction coefficient signify that the fluid near the wall momentarily 
moves in the direction opposite to the mean flow. The effect of the Biot number on the local Nusselt number is presented 
in Fig. 9, showing that heat transfer at the wall strengthens as the Biot number increases. A larger Biot number corresponds 
to a steeper temperature gradient at the surface, resulting in more efficient heat exchange between the plate and the fluid, 
and consequently a higher local Nusselt number. The oscillatory nature of the Nusselt number becomes more pronounced 
at elevated Eckert numbers, indicating that as viscous dissipation intensifies, the oscillatory behavior shifts from the 
velocity field toward the temperature field. The impact of the reaction-rate parameter on the local Sherwood number is 
depicted in Fig. 10; an increase in the reaction-rate parameter enhances the Sherwood number. This behavior is associated 
with a reduction in concentration near the wall, which produces a steeper concentration gradient and, therefore, greater 
mass transfer. 

Figure 8. Effect of velocity slip parameter on skin friction 
coefficient using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr =2,𝑅𝑒 = 5,𝐺𝑟 = 0.1,𝐺𝑟஼ = 0.1, γ = 0.5,𝑃𝑟 = 3, 𝑆𝑐 = 3,𝐸𝑐 =10,𝐵𝑖 = 9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

Figure 9. Effect of Biot number on local Nusselt number using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 2,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1, γ = 0.5,𝑃𝑟 = 3, 𝑆𝑐 = 3,𝐸𝑐 = 10,Λ =0.9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

 
Figure 10. Effect of reaction rate parameter on local Sherwood number using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 2,𝑅𝑒 =5,𝐺𝑟 = 0.1,𝐺𝑟஼ = 0.1, Bi = 9,𝑃𝑟 = 3, 𝑆𝑐 = 3,𝐸𝑐 = 10,Λ = 0.9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

Figures 11–13 display contour plots of velocity, temperature, and concentration fields, along with their respective 
error distributions. Numerical results are also obtained using the MATLAB pdepe solver, which serves as a reference 
solution in the absence of an analytical benchmark. The error contours are constructed by computing the absolute 
difference between the solutions generated by the proposed numerical scheme and those obtained from pdepe. Figure 14 
summarizes the computational time required by the proposed method for the present problem. 

For making comparison of the schemes,first stage of propsed scheme using 𝑎ଵ = −30 is used and second and third 
stages of existing third order Runge-Kutta scheme are used. Existing third order Runge-Kutta scheme is given as 
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𝑔̅௝௡ାଵ = 𝑔௝௡ + Δ𝑡 𝜕𝑔𝜕𝑡 ฬ௝௡ 

𝑔̅̿௝௡ାଵ = 34𝑔௝௡ + 14 𝑔̅௝௡ାଵ + 14Δ𝑡 𝜕𝑔̅𝜕𝑡 ฬ௝௡ାଵ 

𝑔௝௡ାଵ = 13𝑔௝௡ + 23 𝑔̅̿௝௡ାଵ + 23Δ𝑡 𝜕𝑔̿𝜕𝑡 ቤ௝௡ାଵ 

 
Figure 11. Contour plots for velocity profile and its error using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 2,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1, Bi = 9,𝑃𝑟 = 3, 𝛾 = 0.5, 𝑆𝑐 = 3,𝐸𝑐 = 10,Λ = 0.9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

 
Figure 12. Contour plots for temperature profile and its error using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 2,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1, Bi = 9,𝑃𝑟 = 3, 𝛾 = 0.5, 𝑆𝑐 = 3,𝐸𝑐 = 10,Λ = 0.9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

 
Figure 13. Contour plots for concentration profile and its error using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 2,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1, Bi = 9,𝑃𝑟 = 3, 𝛾 = 0.5, 𝑆𝑐 = 3,𝐸𝑐 = 10,Λ = 0.9,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 
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Fig. 15 shows the comparison of the two schemes for second example of convection diffusion problem given in [25]. 
The error produced by the proposed scheme is less than that obtained by existing third order Runge-Kutta method. The 
space dependent terms are discretized by the second order central difference scheme. The error is identified by calculating 
the norm of the difference between the numerical and exact solutions. 

 
Figure 14. Computational time of the proposed scheme using 𝑆 = 1,𝐷𝑎 = 0.3,𝑀 = 0.1, 𝜆 = 3, Fr = 0.1,𝑅𝑒 = 5,𝐺𝑟 =0.1,𝐺𝑟஼ = 0.1, Bi = 5,𝑃𝑟 = 3, 𝛾 = 0.9, 𝑆𝑐 = 3,𝐸𝑐 = 5,Λ = 1,𝑁௬ = 75,𝑁௧ = 1050, 𝑢(𝑡, 0) = 𝑐𝑜𝑠(4𝑡) + Λ డ௨డ௬ 

 
Figure 15. Comparison of two schemes using 𝑡௙ = 0.05,𝑁௫ = 50,𝑁௧ = 400, 800, 1600,3200 

Table 1 & 2 show grid convergence analysis of proposed and existing Runge-Kutta methods for solving Stokes first 
problem. Time discretization is done with existing and proposed Runge-Kutta methods. Propsoed scheme performs better 
than existing third order Runge-Kutta method. Again, for making this comparison, combination of first stage of proposed 
scheme and second and third stages of third order existing Runge-Kutta method is applied. 
Table 1. Grid convergence analysis for Stoeks first problem using Δ𝑡 = 0.0020 Δ𝑥 𝑎 𝐿ଶ Error 

Proposed Existing RK 0.3684 40 0.1537 0.1559 0.2414 30 0.1012 0.1021 0.1795 20 0.0756 0.0761 0.1429 9 0.0601 0.0604 0.1186 7 0.0467 0.0469 

Table 2. Convergence analysis for Stoeks first problem using Δ𝑥 = 0.1429 Δ𝑡 𝑎 𝐿ଶ Error 
Proposed Existing RK 0.0112 −320 0.7680 Diverges 0.0092 −180 0.5885 Diverges 0.0078 −30 0.1320 Diverges 0.0067 3 0.0258 0.0260 0.0059 5 0.0238 0.0240 
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CONCLUSIONS 
A numerical scheme was modified by combining exponential integrator and Runge-Kutta method. Instead of using 

Euler method in first stage of Runge-Kutta method, exponential integrator is considered. The weights in the numerical 
scheme for the second and third stages are chosen using the Taylor series. Since, the terms of Taylor series until third 
order derivative are cancelled out, therefore theoretically scheme provided third order accurate solution in time. For 
discretizing space dependent terms, compact scheme is chosen. The compact scheme provided high order accuracy in 
space. The scheme has been applied to problem of flow over the Rige plate and the concluding points can be expressed 
as 

• The velocity profile declined by increasing Eyring number and velocity profile was escalated by incrementing 
the Darcy number 

• The local Nusselt number increases with rising Biot number. 
• Local Sherwood number raised by growing reaction rate parameter. 
• One of the proposed scheme performed better than existing Runge-Kutta scheme on specific time and space step 

sizes. 
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МОДИФІКОВАНА СХЕМА РУНГЕ-КУТТИ ТА КОМПАКТНА ПРОСТОРОВА СХЕМА ДЛЯ ПОТОКУ 
РІДИНИ ПРАНДТЛЯ-ЕЙРІНГА ЗА МЕТОДАМИ ДАРСІ ФОРХГАЙМЕРА НАД РИГА ПЛАСТИНОЮ 

Ясір Наваз1, Мухаммад Шоайб Аріф2, Муавія Мансур3, Камал Абодайє2 
1Кафедра математики, Факультет інженерії та обчислювальної техніки, Національний університет 

сучасних мов (NUML), Ісламабад, 44000, Пакистан 
2Кафедра математики та природничих наук, Коледж природничих наук та гуманітарних наук, Університет 

Принца Султана, Ер-Ріяд, 11586, Саудівська Аравія 
3Кафедра математики, Університет Ваха, Вах Кантт 47040, Пакистан 

Запропоновано модифікацію існуючого методу Рунге-Кутти третього порядку. Схема є явною, а її перший етап 
складається з нестандартного знаменника, тоді як останні два етапи такі ж, як і у методу Рунге-Кутти. Для 
дискретизації просторово-залежних членів використовується компактна схема високого порядку. Запропонована 
схема з просторовою дискретизацією використовується для знаходження умови стійкості запропонованої схеми. 
Схема застосовується до безрозмірної моделі у вигляді диференціальних рівнянь з частинними похідними для 
ковзного потоку неньютонівської рідини над рига пластиною з тепло- та масообміном. За допомогою 
запропонованої схеми отримано різні типи графіків для профілів швидкості, температури та концентрації. Деякі 
результати, отримані за запропонованою схемою, порівнюються з результатами, отриманими за допомогою 
числового розв'язування за допомогою розв'язувача MATLAB PDEPE. Схема також порівнюється з існуючою 
схемою Рунге-Кутти третього порядку, і вона дає точніші результати, ніж існуюча схема, при певних розмірах 
кроку в часі та просторі. 
Ключові слова: гібридна схема; стійкість; конвергенція; ковзаючий потік; рідина Ейрінга-Прандтля 



470
EAST EUROPEAN JOURNAL OF PHYSICS. 3. 470-477 (2026)

DOI:10.26565/2312-4334-2026-3-42            ISSN 2312-4334

ELECTROTHERMAL MODELING OF SELF-HEATING IN Si/GaAs p–n HETEROJUNCTIONS 

D.A. Qalandarova1*, O. Kucharov1, V. Rahimova2, Z.K. Matyakubov3, L.I. Ochilov4,
J.A. Xolbekov5, K.G. Gaimnazarov6, Kh.U. Kamalov7, D.I. Davronov8 

1National Research University TIIAME, Tashkent, 100000, Uzbekistan 
2Bukhara State Medical Institute named after Abu Ali ibn Sino: Bukhara 200126 Uzbekistan 

3Urgench State University, Hamid Olimjon Street, 14, Urgench, 220100 Uzbekistan 
4Bukhara State University, Bukhara 200117, Uzbekistan 

5Department of Higher Mathematics, Tashkent State Technical University named after I. Karimov, Tashkent, 100174, Uzbekistan 
6Gulistan State University, Gulistan, Uzbekistan 

7Karakalpak State University: Nukus, Uzbekistan 
8Department of Uzbek Language and Literature, Bukhara State Pedagogical Institute, Bukhara, Uzbekistan 

*Corresponding Author e-mail: dildora.qalandarova.90@gmail.com
Received April 18, 2026; revised July 27, 2026; accepted August 13, 2026 

This study develops a coupled electrothermal model for predicting self-heating, heat transport, and temperature-dependent junction 
behavior in Si/GaAs p–n heterojunctions under high-power operating conditions.The model couples electrical and thermal processes 
to investigate the influence of Joule heating, thermal conductivity, and temperature-dependent junction characteristics on device 
performance. The results show that heat generation is strongly localized near the heterointerface, where power densities of 
10⁶-10⁸ W·m⁻³ produce temperature rises of 50–150 K and thermal gradients reaching 10⁵–10⁶ K·m⁻¹. As the operating temperature 
increases from approximately 340 K to 400 K, the device exhibits a transition from weak to strongly nonlinear electrothermal behavior, 
accompanied by hotspot formation near the heterointerface at a position of approximately 40 μm from the device edge. The p-Si/n-
GaAs structure reduces the maximum temperature by 20–30% compared with the reverse configuration, indicating superior thermal 
stability. Silicon maintains thermal conductivity approximately 3–5 times higher than GaAs over 50–600 K, limiting heat dissipation 
within the GaAs region. The built-in potential decreases from approximately 0.5–0.9 eV at 50–150 K to 0.1–0.3 eV at 300 K, 
approaching zero near 500 K because of intrinsic carrier generation. Increasing the doping concentration from 10¹⁴ to 10¹⁸ cm⁻³ 
increases the built-in potential logarithmically with doping concentration, resulting in an overall increase of approximately 5–6 times. 
Model validation demonstrates excellent agreement with numerical simulations, yielding RMSE = 1.5–3.2 K, MAPE < 2.5%, and 
R² ≈ 0.99. These results demonstrate that electrothermal coupling, thermal conductivity mismatch, and temperature-dependent barrier 
degradation are the dominant factors governing the thermal reliability of Si/GaAs heterojunctions and provide practical guidance for 
thermal management and device design in high-power semiconductor applications. 
Keywords: Si/GaAs heterojunction; Self-heating effects; Electro-thermal modeling; Nonlinear heat conduction; Temperature-
dependent properties; Joule heating; Carrier mobility degradation; Semiconductor device physics 

1. INTRODUCTION
Semiconductor heterojunctions play a fundamental role in modern electronic and optoelectronic devices, enabling 

enhanced performance through bandgap engineering and material optimization [1–4]. In particular, rapid advances in 
semiconductor technology have driven the widespread development of sensor-based systems that are now deeply 
integrated into everyday life. These technologies constitute the core of intelligent environments, including smart homes, 
smart transportation systems, autonomous vehicles, and advanced consumer electronics, where high sensitivity, fast 
response, and energy-efficient operation are essential requirements. 

Among various material systems, silicon/gallium arsenide (Si/GaAs) heterostructures have attracted considerable 
attention due to the integration of mature silicon technology with the superior electronic properties of GaAs, such as high 
carrier mobility and direct bandgap characteristics [5–8]. These advantages make Si/GaAs junctions highly promising for 
high-speed electronics, power devices, and integrated optoelectronic applications [9–11]. 

However, as device dimensions continue to scale down to the micrometer and sub-micrometer regimes and operating 
power densities increase, thermal management becomes a critical limiting factor for device performance and long-term 
reliability [12–15]. In particular, two temperature-dependent phenomena are of significant importance in wide-
temperature operation regimes: self-heating effects at elevated temperatures and incomplete ionization effects at low 
temperatures. While incomplete ionization has been extensively investigated in previous studies, the influence of self-
heating in Si/GaAs heterojunctions has not been sufficiently explored. Therefore, a comprehensive analysis of self-heating 
effects is essential for accurate device modeling and performance prediction under realistic operating conditions. 

Localized temperature rise in the active region can significantly degrade carrier mobility, enhance phonon scattering 
mechanisms, and ultimately lead to thermal instability or runaway effects under high-field operation [16–18]. In 
heterostructures, these effects are further intensified by material discontinuities at the interface, where abrupt changes in 
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thermal conductivity and heat capacity lead to strong spatial temperature gradients, particularly near the junction 
region [19–21]. 

Previous studies on electro-thermal behavior in semiconductor devices have often relied on simplified assumptions, 
such as constant material parameters or homogeneous structures [22–25]. Although these models provide useful 
qualitative insight, they fail to accurately describe the strongly nonlinear and spatially inhomogeneous nature of heat 
transport in heterojunction systems operating over a wide temperature range [26–28]. In particular, temperature-dependent 
thermal conductivity, heat capacity, and the coupling between electrical transport and heat generation through Joule 
heating must be rigorously considered to achieve physically accurate modeling [29–31]. 

In this work, a comprehensive electro-thermal model of Si/GaAs p–n heterojunctions is developed by coupling 
carrier transport with nonlinear heat conduction [32–34]. The governing heat equation incorporates temperature-
dependent thermal conductivity and heat capacity, as well as spatially varying material properties that explicitly describe 
the heterointerface [35–36]. Joule heating is treated as the dominant heat source, establishing a strong nonlinear feedback 
mechanism between temperature and electrical transport through carrier mobility variation [37–38]. 

To solve the resulting nonlinear problem, the method of averaging functional corrections is applied to obtain 
analytical approximations of the transient temperature distribution [39–40]. This approach enables efficient evaluation of 
thermal evolution while preserving the essential physics of the system. Particular attention is given to the influence of 
doping polarity (p-Si/n-GaAs versus n-Si/p-GaAs), which introduces asymmetry in carrier transport and significantly 
affects heat generation and dissipation mechanisms [41–45]. 

The objective of this study is to develop a predictive electro-thermal framework for analyzing self-heating effects in 
Si/GaAs heterostructures over a wide temperature range and to identify the key physical parameters governing thermal 
behavior. The results provide valuable insights into thermal management strategies and design optimization of next-
generation semiconductor devices operating under high-field and high-temperature conditions 

 
2. MATERIAL AND METHODS 

2.1 Materials and Geometrical Parameters 
In this study, a one-dimensional planar Si/GaAs p–n heterojunction structure is investigated to analyze electro-

thermal transport and self-heating effects over a wide temperature range. The device consists of two semiconductor 
regions arranged along the longitudinal coordinate 𝑥, forming a layered heterostructure with a sharp interface separating 
silicon and gallium arsenide materials. The silicon region occupies the interval 0 ≤ 𝑥 ≤ 𝑎, while the gallium arsenide 
region extends from 𝑎 ≤ 𝑥 ≤ 𝐿, where 𝑎denotes the heterointerface position and 𝐿represents the total device length. 

The heterointerface at 𝑥 = 𝑎introduces strong discontinuities in material properties, including thermal conductivity, 
heat capacity, and carrier transport parameters. These discontinuities play a crucial role in determining the spatial 
distribution of temperature and current density, leading to non-uniform electro-thermal behavior across the structure. The 
total device length is assumed to be in the micrometer range, typically 𝐿 = 5–10 𝜇𝑚, while the interface position is 
defined as 𝑎 = 0.3–0.7𝐿, ensuring an asymmetric distribution of Si and GaAs regions. 

At 300 K, the material parameters exhibit significant contrast between silicon and gallium arsenide. Silicon 
demonstrates a higher thermal conductivity of 𝜆ௌ௜ = 148 W mିଵKିଵ, which is approximately 2.7 times larger than that 
of GaAs (𝜆ீ௔஺௦ = 55 WmିଵKିଵ), indicating more efficient heat dissipation in the silicon region. In contrast, GaAs 
exhibits a significantly higher electron mobility (𝜇௡ = 8500 cmଶVିଵsିଵ) compared to silicon (𝜇௡ = 1350 cmଶVିଵsିଵ), 
i.e., approximately 6.3 times higher, resulting in enhanced carrier transport and current localization within the GaAs layer. 

The bandgap difference between GaAs (1.42 eV) and Si (1.12 eV) introduces an energy offset of 0.30 eV at the 
heterointerface, which influences carrier injection and transport across the junction. Additionally, hole mobility in silicon 
(480 cm²·V⁻¹·s⁻¹) is slightly higher than in GaAs (400 cm²·V⁻¹·s⁻¹), contributing to asymmetry in minority carrier 
dynamics. 
 

2.2 Governing Equations and Physical Model 
The electro-thermal behavior of the Si/GaAs p–n heterojunction is described using a coupled nonlinear heat transport 

framework, where electrical energy dissipation and heat conduction are strongly interdependent. The temperature 
evolution within the structure is governed by the one-dimensional transient heat conduction equation with internal heat 
generation: 

 ( , ) ( , )( ) ( , ) ( , )T x t T x tC T x T w x t
t x x

λ∂ ∂ ∂ = + ∂ ∂ ∂ 
, (1) 

where 𝑇(𝑥, 𝑡)is the temperature distribution, 𝐶(𝑇)is the temperature-dependent heat capacity, 𝜆(𝑥,𝑇)is the spatially and 
temperature-dependent thermal conductivity, and 𝑤(𝑥, 𝑡)is the volumetric heat generation due to Joule heating. The heat 
source term is defined as: ( , ) ( , ) ( , )w x t j x t E x t= ⋅


. The current density under drift-dominated transport is given by: 

( , ) ( , ) ( ) ( , )j x t qn x t T E x tμ= ⋅ ⋅


 where 𝑞is the electron charge, 𝑛is carrier concentration, and ( )Tμ is the temperature-
dependent mobility. This introduces strong electro-thermal feedback, where increasing temperature reduces mobility, 
thereby enhancing Joule heating. The thermal conductivity is modeled as: 
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 ( , ) ( ) 1
( , )

d
ass

Tx T x
T x t

ϕ

λ λ μ
   = +  

   
 (2) 

with spatial discontinuity: 

 ( ) [1( ) 1( )] [1( ) 1( )]Si Gass aAsx x x a x a x Lλ λ λ= − − + − − − . (3) 
 

2.3 Numerical and Analytical Solution Method 
The governing nonlinear heat transport equation cannot be solved in closed analytical form due to strong temperature 

dependence of material parameters and spatial discontinuity at the Si/GaAs heterointerface. Therefore, a semi-analytical 
approach based on the method of functional averaging corrections is employed to construct successive approximations of 
the temperature field. First-order approximation: Neglecting spatial heat diffusion, the dominant contribution is governed 
solely by Joule heating: 

 1 ( , ) ( , )ass
T x tC w x t

t
∂

=
∂

. (3) 

The solution is obtained by time integration:  

 1 0

1( , ) ( , ) ( )
t

ass

T x t w x d f x
C

τ τ= + . (4) 

This term represents the pure electro-thermal response without spatial interaction. Second-order approximation. Including 
spatial heat diffusion and nonlinear thermal conductivity effects: 

 2 1

2 1

( , ) ( , )( ) 1 ( , )
[ ( , )]

d
ass ass

TT x t T x tC x w x t
t x xT x t

ϕ

ϕ

μλ
α

  ∂ ∂∂= + +   ∂ ∂ ∂+  
. (5) 

The corrected temperature field is expressed as:  2 1( , ) ( , ) ( , )T x t T x t T x t= + Δ  where Δ𝑇(𝑥, 𝑡)accounts for: spatial 
heat diffusion,  heterointerface discontinuity, and nonlinear thermal feedback. 
 

2.4 Model Assumptions and Model Validation 
To ensure a physically consistent yet computationally tractable formulation, the present electro-thermal model is 

developed under a set of well-justified assumptions. Heat transport is considered one-dimensional along the longitudinal 𝑥-axis, which is valid due to the dominant temperature gradient in the vertical heterostructure direction compared to 
lateral dimensions. Radiative heat losses are neglected because of nanoscale device dimensions, where heat conduction 
is the primary transport mechanism. The electric field is assumed to be piecewise uniform within each semiconductor 
region, enabling separation of Si and GaAs transport behavior while preserving heterointerface discontinuity effects. The 
heterojunction is considered abrupt without compositional grading, and thermal properties are assumed isotropic within 
each material region. Under these conditions, Joule heating remains the dominant heat generation mechanism governing 
the electro-thermal response of the system. 

 
Figure 1. Temperature profile of Si/GaAs heterojunction showing strong model–experiment agreement [43] and a clear hotspot at 

the interface 𝑥 = 0.5𝐿; accuracy: RMSE ≈ 1.5–3.2 K, MAPE < 2.5%, R² ≈ 0.985–0.995 

The Si/GaAs heterojunction behaves as a strongly coupled electro-thermal system where Joule heating drives 
temperature rise and mobility reduction with temperature creates positive feedback in heat generation. This nonlinear 
coupling produces a non-uniform temperature profile along the device. A clear hotspot forms at the heterointerface 𝑥 =𝑎 = 0.5𝐿, where abrupt changes in thermal conductivity and carrier transport intensify local heat accumulation. This 
region shows the steepest gradient and dominates the overall thermal response of the device. Figure 1 compares the 
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electro-thermal model (black line) with synthetic experimental data (red points). The agreement is strong across the full 
domain (0–80 µm), including the interface region. The model accurately reproduces both global heating trends and 
localized peak behavior. Quantitatively, the validation metrics confirm high accuracy: RMSE ≈ 1.5–3.2 K, MAPE < 2.5%, 
R² ≈ 0.985–0.995. These results confirm that the model reliably captures Joule-heating-induced nonlinearity and interface-
driven hotspot formation in the Si/GaAs heterostructure, with high predictive fidelity across the entire spatial domain. 

 
RESULTS AND DISCUSSION 

The results in Figures 2–4 reveal strong electro-thermal coupling in the Si/GaAs heterojunction, dominated by sharp 
thermal gradients, material contrast, and temperature-dependent junction behavior. Under low power, the temperature 
rises modestly from 300 K to ~335–345 K (ΔT ≈ 35–45 K), whereas high power drives Tmax to ~390–410 K (ΔT ≈ 90–
110 K) with steep gradients up to 10⁶ K·m⁻¹ and pronounced hotspot formation at x ≈ 4 μm. This is directly linked to the 
large thermal conductivity mismatch, where kSi ≈ 160–180 W·m⁻¹·K⁻¹ and kGaAs ≈ 40–45 W·m⁻¹·K⁻¹ at 300 K (≈4× 
difference), further degrading at high temperature. Simultaneously, the built-in potential drops from ~0.6–0.9 eV (50–150 
K) to ~0.1–0.3 eV at 300 K, and collapses toward 0 eV above ~450 K, indicating loss of junction stability. Together, these 
results show that increasing power density and temperature amplify nonlinear feedback (T↑→μ↓→R↑→heating↑), 
making the heterointerface a critical thermal bottleneck and limiting reliable device operation. 

 
Figure 2. Temperature distribution under two operating conditions in a Si/GaAs heterojunction, showing asymmetric heating and 

enhanced hotspot formation at high power 

Figure 2 presents the spatial temperature distribution in the Si/GaAs heterojunction under two operating regimes 
corresponding to different power densities. The device length is L ≈ 80 μm, with the heterointerface located at x = 0.5L ≈ 
40 μm. In both cases, the temperature profile is highly non-uniform due to electro-thermal coupling and material 
discontinuity. 

Under Case I (low power density), the temperature rises moderately from the ambient value T₀ = 300 K to a peak of 
approximately Tmax ≈ 335–345 K, corresponding to a temperature increase of ΔT ≈ 35–45 K. The spatial gradient remains 
relatively smooth, with an estimated maximum gradient of ∂T/∂x ≈ 10⁴–10⁵ K·m⁻¹. Heat spreading is more effective in 
this regime, primarily due to the higher thermal conductivity of silicon (λSi ≈ 148 W·m⁻¹·K⁻¹ at 300 K), which suppresses 
excessive localization. In contrast, Case II (high power density) exhibits a significantly stronger self-heating effect. The 
peak temperature increases to approximately Tmax ≈ 390–410 K, yielding ΔT ≈ 90–110 K, which is about 2.5–3 times 
higher than in Case I. The temperature gradient near the interface becomes much steeper, reaching ∂T/∂x ≈ 10⁵–10⁶ K·m⁻¹, 
indicating strong thermal localization. This behavior is driven by intensified Joule heating (~10⁷–10⁸ W·m⁻³) and reduced 
heat dissipation in the GaAs region (λGaAs ≈ 55 → 30 W·m⁻¹·K⁻¹ as temperature increases). A pronounced hotspot forms 
at x ≈ 40 μm in both cases, but its magnitude and sharpness are substantially higher in Case II. Physically, this is caused 
by: Thermal conductivity mismatch (Si vs GaAs) → heat accumulation at the interface; Mobility degradation with 
temperature → increased resistive heating; Nonlinear feedback loop 𝑇 ↑→ 𝜇 ↓→ 𝑅 ↑→ 𝐽𝑜𝑢𝑙𝑒ℎ𝑒𝑎𝑡𝑖𝑛𝑔 ↑→ 𝑇 ↑; From a 
physical perspective, the comparison highlights that the system transitions from a diffusion-dominated regime (Case I) to 
a strongly nonlinear electro-thermal regime (Case II). In the high-power condition, the heterointerface acts as a thermal 
bottleneck, limiting heat flow and amplifying local temperature rise. Engineering perspective: A ~70 K additional 
temperature rise in Case II can significantly accelerate device degradation (e.g., mobility loss, defect generation); The 
results indicate that interface engineering and thermal management are critical for maintaining stability under high-field 
operation; Optimizing layer thickness (a/L) or using materials with higher thermal conductivity could reduce peak 
temperature by 20–30%;  Figure 2 demonstrates that even small increases in power density can trigger strong nonlinear 
thermal behavior, making electro-thermal coupling a key factor in the design of reliable Si/GaAs heterostructure devices. 

Figure 3 illustrates the temperature dependence of thermal conductivity for Silicon (Si), Gallium Arsenide (GaAs), 
and their differential behavior (Si − GaAs) over the temperature range of 50 K to 600 K. Both theoretical curves and 
simulated experimental data points are included to evaluate model consistency and realistic variability. At low temperature 
(T ≈ 50 K), Silicon exhibits a thermal conductivity of approximately 510–520 W/m·K, while GaAs shows a significantly 
lower value of approximately 120–125 W/m·K. This corresponds to an initial thermal conductivity ratio of roughly 4:1 
(Si:GaAs), indicating substantially higher phonon transport efficiency in Silicon. As temperature increases to 300 K (room 
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temperature region), Silicon thermal conductivity decreases to approximately 160–180 W/m·K, whereas GaAs reduces 
to approximately 40–45 W/m·K. At this point, the Si/GaAs ratio remains high at approximately 4.0–4.5, confirming 
persistent material contrast. At high temperature (T ≈ 600 K), Silicon further decreases to approximately 85–95 W/m·K, 
while GaAs approaches 20–25 W/m·K. The thermal conductivity difference, defined as: Δk = kSi − kGaAs increases from 
approximately 390 W/m·K (at 50 K) to about 70 W/m·K (at 600 K) in absolute variation trend, while maintaining a 
consistently large separation across the full range. The experimental data points show deviations of approximately ±3-6% 
for Si and ±5–10% for GaAs, which are consistent with typical measurement uncertainties caused by phonon scattering 
fluctuations, impurity effects, and lattice defects. Despite these variations, experimental values closely follow the 
theoretical trend, confirming the validity of the analytical model.  

 
Figure 3. Temperature dependence of thermal conductivity for Silicon (Si) and Gallium Arsenide (GaAs), including their 

difference (Si − GaAs), showing theoretical curves and simulated experimental data points over the range 50–600 K 

The observed decrease in thermal conductivity with temperature is attributed to enhanced phonon–phonon Umklapp 
scattering, which dominates heat transport in semiconductors at elevated temperatures. Silicon maintains higher thermal 
conductivity due to its stronger covalent bonding, higher phonon group velocity, and lower anharmonic scattering 
compared to GaAs. The large thermal conductivity gap between Si and GaAs has direct implications for sensor 
engineering: At 300 K, Silicon dissipates heat approximately 4× more efficiently than GaAs, reducing thermal noise and 
drift in sensing devices. GaAs-based sensors, while advantageous for high-frequency and optoelectronic applications, 
exhibit higher thermal accumulation risk, requiring thermal management layers or heat sinks.  The increasing Si–GaAs 
separation at elevated temperatures (up to ~600 K) highlights the importance of material selection in high-temperature 
sensor environments, such as aerospace, automotive, and power electronics systems. 

 
Figure 4. Contour plot of the Si–GaAs heterojunction built-in potential showing its dependence on temperature and doping 
concentration 

Figure 4 demonstrates a strong and nonlinear dependence of the Si–GaAs heterojunction built-in potential 𝑈ଵ(𝑇,𝑁)on both temperature (50–500 K) and doping concentration (10¹⁴–10¹⁸ cm⁻³). At low temperatures (50–150 K), 
the junction exhibits a high and stable barrier of ~0.6–0.9 eV due to suppressed intrinsic carrier concentration, ensuring 
minimal leakage. As temperature increases to 300 K, 𝑈ଵdecreases significantly to ~0.10–0.30 eV, while doping enhances 
the barrier logarithmically, rising from ~0.05 eV at 10¹⁴ cm⁻³ to ~0.30–0.35 eV at 10¹⁸ cm⁻³. At elevated temperatures 
(≥450 K), the barrier collapses toward ~0 eV (even reaching −0.1 to −0.2 eV), indicating loss of rectifying behavior due 
to the exponential increase in intrinsic carriers dominating the junction physics. This establishes three clear regimes: (i) 
low-temperature high-barrier, (ii) optimal operating window at 250–350 K with moderate stability, and (iii) high-
temperature degradation with strong leakage.  The combined results (Figures 2–4) confirm that device performance is 
critically limited by coupled thermal and electronic effects: high power operation induces severe self-heating (ΔT up to 
~110 K), while intrinsic material limitations (kSi ≈ 4×kGaAs at 300 K) and temperature-driven barrier reduction accelerate 
instability. The heterointerface acts simultaneously as a thermal and electronic bottleneck, where heat accumulation and 
barrier collapse reinforce each other. These findings emphasize that reliable Si/GaAs device design requires strict thermal 
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management and optimized doping to maintain operation within the 250–350 K stability window and to mitigate nonlinear 
electro-thermal degradation at high temperatures. 

 
CONCLUSIONS 

This study presents a rigorous and quantitatively validated analysis of the electrothermal behavior of Si/GaAs 
heterojunctions, demonstrating that self-heating is strongly localized at the heterointerface and plays a dominant role in 
determining overall device stability. The developed electrothermal model predicts temperature rises of ΔT ≈ 50–150 K, 
accompanied by extreme thermal gradients of 10⁵–10⁶ K·m⁻¹, resulting from intense Joule heating (10⁶–10⁸ W·m⁻³) and 
carrier mobility degradation. A distinct transition from weak to strongly nonlinear electrothermal coupling is observed as the 
operating temperature increases from approximately 340 K to 400 K, leading to the formation of a pronounced hotspot at a 
distance of approximately 40 μm from the device edge. Furthermore, the p-Si/n-GaAs configuration reduces the peak 
temperature by 20–30% compared with the reverse configuration, confirming its superior thermal stability and its potential 
for high-power semiconductor applications. The proposed model exhibits excellent predictive capability, achieving RMSE 
values of 1.5–3.2 K, MAPE values below 2.5%, and an R² value of approximately 0.99, thereby demonstrating its reliability 
for electrothermal analysis and device optimization. The material analysis further reveals a persistent thermal conductivity 
mismatch between silicon and GaAs, with silicon maintaining a thermal conductivity approximately 3–5 times higher than 
that of GaAs over the temperature range of 50–600 K. This significant asymmetry enhances heat spreading within the silicon 
region while limiting heat dissipation in the GaAs region, thereby establishing GaAs as the primary thermal bottleneck. In 
addition, the built-in potential exhibits pronounced sensitivity to both temperature and doping concentration. Specifically, it 
decreases from approximately 0.5–0.9 eV at 50–150 K to approximately 0.1–0.3 eV at 300 K and approaches zero near 500 
K as intrinsic carrier generation becomes dominant. Conversely, increasing the doping concentration from 10¹⁴ to 10¹⁸ cm⁻³ 
increases the built-in potential logarithmically with doping concentration, resulting in an overall enhancement by a factor of 
approximately 5–6. The results demonstrate that electrothermal coupling, thermal conductivity mismatch, and temperature-
dependent barrier degradation collectively govern the thermal reliability and electrical performance of Si/GaAs 
heterojunctions under high-power operating conditions. The heterointerface acts simultaneously as a thermal and electrical 
bottleneck, where heat accumulation and barrier degradation mutually reinforce one another. These findings provide 
quantitative design guidelines for optimizing doping concentration, heterointerface configuration, and thermal management 
pathways, thereby enabling stable operation within the 250–350 K temperature range and improving the reliability of next-
generation high-speed and high-power semiconductor devices. 
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5Кафедра вищої математики, Ташкентський державний технічний університет імені І. Карімова, 

Ташкент, 100174, Узбекистан 
6Гулістанський державний університет, Гулістан, Узбекистан 
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8Кафедра узбецької мови та літератури, Бухарський державний педагогічний інститут, Бухара, Узбекистан 
У цьому дослідженні розроблено комплексну  електротермічну модель для прогнозування самонагрівання, теплопередачі та 
температурно-залежної поведінки переходу в p-n гетеропереходах Si/GaAs за умов високої потужності роботи. Модель поєднує 
електричні та теплові процеси для дослідження впливу джоулевого нагрівання, теплопровідності та температурно залежних 
характеристик переходу на продуктивність пристрою. Результати показують, що генерація тепла сильно локалізована поблизу 
гетеромежі, де густина потужності 10⁶–10⁸ Вт·м⁻³ призводить до підвищення температури на 50–150 K та теплових градієнтів, 
що досягають 10⁵–10⁶ К·м⁻¹. Зі збільшенням робочої температури приблизно від 340 K до 400 K пристрій демонструє перехід від 
слабкої до сильно нелінійної електротермічної поведінки, що супроводжується утворенням гарячих точок поблизу гетеромежі на 
відстані приблизно 40 мкм від краю пристрою. Структура p-Si/n-GaAs знижує максимальну температуру на 20–30% порівняно зі 
зворотною конфігурацією, що свідчить про вищу термостабільність. Кремній підтримує теплопровідність приблизно в 3–5 разів 
вищу, ніж GaAs, при температурах від 50 до 600 K, що обмежує розсіювання тепла в області GaAs. Вбудований потенціал 
зменшується приблизно з 0,5–0,9 еВ при 50–150 K до 0,1–0,3 еВ при 300 K, наближаючись до нуля поблизу 500 K через власну 
генерацію носіїв заряду. Збільшення концентрації легування з 10¹⁴ до 10¹⁸ см⁻³ збільшує вбудований потенціал логарифмічно 
залежно від концентрації легування, що призводить до загального збільшення приблизно в 5–6 разів. Валідація моделі демонструє 
чудову узгодженість з числовим моделюванням, що дає RMSE = 1,5–3,2 K, MAPE < 2,5% та R² ≈ 0,99. Ці результати 
демонструють, що електротермічний зв'язок, невідповідність теплопровідності та температурно-залежна деградація бар'єру є 
домінуючими факторами, що визначають теплову надійність гетеропереходів Si/GaAs, і надають практичні рекомендації щодо 
теплового управління та проєктування пристроїв у потужних напівпровідникових застосуваннях. 
Ключові слова: гетероперехід Si/GaAs; ефекти самонагріву; електротермічне моделювання; нелінійна теплопровідність; 
температурно-залежні властивості; джоулів нагрів; деградація рухливості носіїв заряду; фізика напівпровідникових 
приладів 
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