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This work presents the derivation of exact analytical solutions for a (3+1)-dimensional modified Kadomtsev–Petviashvili equation
using two effective analytical schemes, namely the Improved Simple Equation Method and the exponential expansion approach. The
considered model is relevant for describing complex nonlinear wave propagation in incompressible fluid environments, where dispersive
and nonlinear effects are strongly coupled. The implemented techniques yield a rich variety of wave structures with distinct physical
characteristics, including singular and non-singular localized formations, periodic patterns, and exponentially decaying profiles. In
addition, hyperbolic and trigonometric configurations are obtained, reflecting different propagation regimes of the system. The qualitative
behavior of these solutions is further clarified through three-dimensional surface representations and contour mappings. Furthermore, a
bifurcation analysis is carried out for the reduced traveling-wave ordinary differential equation to investigate the equilibrium points, their
stability properties, and the critical conditions associated with stability exchange. This analysis provides a complementary dynamical-
systems perspective on the obtained wave structures and clarifies the influence of the governing parameters on the qualitative behavior
of the model.
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1. INTRODUCTION
In the realm of nonlinear scientific studies, nonlinear evolutionary systems (NLEEs) hold a considerable position.

They serve as powerful mathematical tools for describing diverse and intricate phenomena such as fluid flow dynamics,
nonlinear processes, and the distribution of electromagnetic fields in plasma physics. [1–9]. With ongoing research for
NLEEs, a growing variety of exact analytical solutions have been identified and analyzed, offering deeper insights into
the behavior of nonlinear phenomena in natural systems. Multiple highly effective methodologies have been developed to
acquire precise analytical forms of equations describing nonlinear dynamic evolution (NLEEs), for instance, the inverse
scattering transform [10], techniques such as a transformation approach derived from Bäcklund’s concept [11], and a
transformation method based on Darboux’s framework [12], the algebraic–geometric technique [13] and an approach
utilizing Hirota’s bilinear formalism [14]. These methods not only enable the precise determination of solutions but also
facilitate the study of complex solution structures.

During the late 1970s, Novikov’s research group [15–19]. achieved notable advancements in the development of
inverse spectral Paradigm and an approach based on algebraic geometry. These techniques were initially employed to
analyze the KdV model, originally formulated by Diederik Korteweg and Gustav de Vries, leading to the derivation of
quasiperiodic wave solutions, commonly referred to as algebraic–geometric solutions. Such solutions are defined by
physical parameters including the wave number, phase velocity, and interaction amplitude, all determined on a compact,
orientable Riemann surface. Although the technique grounded in algebraic geometry offers an analytical framework for
constructing quasiperiodic wave solutions, the direct determination of key quantities for instance, wave numbers and phase
shifts remains challenging, and frequencies remains difficult.

To address this, Nakamura introduced a direct approach combining the bilinear formalism in conjunction with
the theta function introduced by Riemann has been employed to formulate solutions exhibiting quasiperiodic waves for
both the KdV and Boussinesq equations [20, 21]. This method provides a more direct approach and offers a clearer
understanding of the relationship between the solutions and their characteristic parameters. Subsequent extensions of
this technique to Investigations into superintegrable and discrete integrable systems have been carried out by fan and
colleagues [22–29]. Overall, nakamura’s approach has considerably enhanced the comprehension related to solutions
exhibiting quasi-periodicity and their function in the representation of nonlinear waves and examination of dynamical
systems [30–33], yielding new insights into complex system dynamics as well as the appearance of chaotic behavior.

A nonlinear version of the Kadomtsev–Petviashvili equation (KPE) [34], this nonlinear evolution equation, incorpo-
rating two spatial coordinates and a single time variable, was designed to capture the dynamics of slowly varying long
nonlinear waves in the transverse direction. By loosening the restriction by extending beyond one-dimensional wave
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dynamics, Kadomtsev and Petviashvili introduced the fully integrable KP equation . This formulation is suitable for
long shallow water waves propagating predominantly in one direction in scenarios where surface tension and viscosity
are insignificant. The extended Kadomtsev–Petviashvili equation in (3 + 1) dimensions has, in recent years, garnered
significant interest in both fluid mechanics and plasma physics research [35]. The proposed equation is expressed as
follows:

𝑢xxxy + 3
(
𝑢x𝑢y

)
x + 𝛽𝑢xxxz + 3𝛽 (𝑢x𝑢z)𝑥 + 𝜌1𝑢xt + 𝜌2𝑢yt + 𝜌3𝑢zt + 𝜔1𝑢xz + 𝜔2𝑢yz + 𝜔3𝑢zz = 0. (1)

Here, 𝑢 = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) corresponds to the waveform, which depends on three uncorrelated coordinates 𝑥, 𝑦 and 𝑧, as
well as a single temporal coordinate t. The coefficients 𝜌 𝑗 , 𝜔 𝑗 and 𝛽 are nonzero fixed parameters where 𝑗 = 1, 2, 3.

This work employs the Improved Simple Equation Method (ISEM) and the Exponential Method to derive exact
explicit solutions of the generalized Kadomtsev–Petviashvili equation in (3+1) dimensions. By introducing a suitable
wave transformation and balancing the nonlinear and highest derivative terms, several classes of explicit wave structures
are obtained. These include exponential-type waves, dark solitons, singular solitons, trigonometric solutions, hyperbolic
solutions, and singular periodic wave patterns. The derived results enrich the analytical framework of KP-type models and
provide deeper physical insight into nonlinear wave propagation and interactions in multidimensional fluid systems. The
effectiveness and simplicity of the adopted method confirm its applicability to a broader variety of nonlinear evolutionary
equations.

Modified (3+1)-dimensional KP equation considered in the present work has not yet been investigated through the
combined implementation of the Improved Simple Equation Method and the Exponential Expansion Method. Furthermore,
most existing studies focus on obtaining individual classes of exact solutions without performing a systematic comparison
between different analytical approaches. Therefore, the present study aims to bridge this gap by deriving several new
exact wave structures using two complementary analytical schemes, followed by graphical visualization to evaluate their
physical significance. In addition, all obtained analytical solutions are verified by direct substitution into the governing
equation using symbolic computation to ensure their mathematical correctness.

Beyond the derivation of exact analytical solutions, the qualitative dynamical behavior of the reduced traveling-wave
equation is also investigated through bifurcation analysis. This approach enables the identification of equilibrium points of
the associated planar dynamical system, the examination of their local stability, and the determination of critical parameter
conditions under which changes in the qualitative structure of the phase plane occur. Consequently, the bifurcation analysis
complements the analytical solution procedures by providing deeper insight into the dynamical mechanisms governing the
emergence and stability of the obtained nonlinear wave structures.

This paper is organized as follows. Section 2 presents the mathematical methodologies employed in this work,
including the Improved Simple Equation Method and the Exponential Expansion Method. In Section 3, these techniques are
systematically applied to derive a broad spectrum of exact analytical solutions for the extended modified (3+1)-dimensional
Kadomtsev–Petviashvili equation. Section 4 is devoted to the bifurcation analysis of the reduced traveling-wave system,
where the equilibrium points, their stability properties, and the associated critical bifurcation condition are investigated.
Section 5 presents three-dimensional surface and contour visualizations to provide further insight into the qualitative and
dynamical behavior of the obtained wave solutions. Finally, Section 6 summarizes the main results and highlights their
significance in understanding nonlinear wave propagation and the underlying dynamical behavior of the model.

2. THE OUTLINED TECHNIQUES
Here, we present the methodology used for Equation (1), including the Improved Simple Equation and the Exponential

Methods.

2.1. Improved Simple Equation Scheme
Here, an outline of the Improved Simple Equation Scheme is briefly discussed [36–38], which serves as the primary

approach employed in the current study.
We examine the following expressed as a partial differential equation with nonlinear characteristics (NLPDE):

𝐹
(
𝑢, 𝑢𝑥𝑡 , 𝑢𝑥𝑦 , 𝑢𝑥𝑧 , 𝑢𝑥𝑡 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 , . . .

)
= 0. (2)

The fundamental approaches to the Improved Simple Equation Scheme (ISEM) are condensed described below:
Step 1: Initially, the partial differential equation with nonlinear characteristics (NLPDE) presented in Eq(2) is mapped
converted into an ordinary differential equation (ODE) through the following transformation:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝜉); 𝜉 = 𝑥 + 𝑧 + 𝑦−𝑐 𝑡; 𝑐 ≠ 0, (3)

here 𝑐 corresponds to the wave velocity. Accordingly, Equation(2) takes the following form:

𝐻 (𝑢, 𝑢′, 𝑢′′, 𝑢′′′, . . . .) = 0. (4)
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Step 2: The derived solution for the Equation (4) is presumed to take the following form:

𝑢(𝜉) =
𝑁∑︁

𝑗=−𝑁
𝑎 𝑗 𝑧

𝑗 (𝜉), (5)

here 𝑎 𝑗 represent coefficients required to be evaluated, while 𝑧(𝜉) is governed by the differential equation presented here:

𝑧′ (𝜉) = 𝑑0 + 𝑑1𝑧(𝜉) + 𝑑2𝑧
2 (𝜉). (6)

Step 3: In order to identify the quantity of 𝑁 , the highest-order derivative term is balanced with the highest-order nonlinear
term according to the balancing principle.
Step 4: By substituting the assumed solution given in Equation (5) into Equation (4), and using the differential relation in
Equation (6), the resulting expression reduces to a polynomial in 𝑧(𝜉).
Step 5: By gathering that the coefficients of 𝑧 𝑗 in the polynomial generated from Step (4) , one obtains a system composed
of algebraic relations, the solution of that can serve as derived with the aid of numerical computing platforms like
Mathematica for the purpose of determine the parameters to be determined.
Step 6: By assigning various values to 𝑑0, 𝑑1 and 𝑑2, several families of general solutions for Equation (6) can provide
different types of solutions as follows:
First Family: 𝑑2 = 0

𝑧(𝜉) = exp (𝑑1𝜉)
𝑑1

− 𝑑0
𝑑1

.

Second Family: 𝑑1 = 0

𝑧(𝜉) = −
√︂
−𝑑0
𝑑2

tanh
(√︁

−𝑑0𝑑2𝜉
)
, 𝑑0𝑑2 < 0,

𝑧(𝜉) =
√︂

𝑑0
𝑑2

tan
(√︁

𝑑0𝑑2𝜉
)
, 𝑑0𝑑2 > 0.

Third Family: 𝑑0 = 0

𝑧(𝜉) = 𝑑1 exp (𝑑1𝜉)
1 − 𝑑2 exp (𝑑1𝜉)

,

𝑧(𝜉) = −𝑑1 exp (𝑑1𝜉)
1 + 𝑑2 exp (𝑑1𝜉)

.

Fourth Family: 𝑑0, 𝑑1, 𝑑2 ≠ 0
When 𝑑2

1 > 4𝑑0𝑑2 :

𝑧(𝜉) = −
√
𝑑2

1−4𝑑0𝑑2 tanh
(

1
2

√
𝑑2

1−4𝑑0𝑑2 𝜉
)
+𝑑1

2𝑑2
,

𝑧(𝜉) = −
√
𝑑2

1−4𝑑0𝑑2 coth
(

1
2

√
𝑑2

1−4𝑑0𝑑2 𝜉
)
+𝑑1

2𝑑2
,

𝑧(𝜉) =

√
(𝑑2

1−4𝑑0𝑑2) (𝐴2+𝐵2
)
−𝐴

√
𝑑2

1−4𝑑0𝑑2 cosh
(√

𝑑2
1−4𝑑0𝑑2 𝜉

)
𝐴 sinh

(√
𝑑2

1−4𝑑0𝑑2 𝜉

)
+𝐵

−𝑑1

2𝑑2
.

where 𝐴, 𝐵 ≠ 0

𝑧(𝜉) =
2𝑑0 cosh

(
1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

)
√︃
𝑑2

1 − 4𝑑0𝑑2 sinh
(

1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

)
− 𝑑1 cosh

(
1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

) ,

𝑧(𝜉) =
2𝑑0 sinh

(
1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

)
√︃
𝑑2

1 − 4𝑑0𝑑2 cosh
(

1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

)
− 𝑑1 sinh

(
1
2

√︃
𝑑2

1 − 4𝑑0𝑑2𝜉

) .
When 𝑑2

1 < 4𝑑0𝑑2 :

𝑧(𝜉) =

√︃
4𝑑0𝑑2 − 𝑑2

1 tan
(

1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

)
− 𝑑1

2𝑑2
,
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𝑧(𝜉) = −
√

4𝑑0𝑑2−𝑑2
1 cot

(
1
2

√
4𝑑0𝑑2−𝑑2

1 𝜉
)
+𝑑1

2𝑑2
,

𝑧(𝜉) =

√
(4𝑑0𝑑2−𝑑2

1) (𝐴2−𝐵2)−𝐴

√
4𝑑0𝑑2−𝑑2

1 cos
(√

4𝑑0𝑑2−𝑑2
1 𝜉

)
𝐴 sin

(√
4𝑑0𝑑2−𝑑2

1 𝜉

)
+𝐵

−𝑑1

2𝑑2
.

with A and B being nonzero constants that satisfy the condition, 𝐵2 < 𝐴2.

𝑧(𝜉) = −
2𝑑0 cos

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

)
√︃

4𝑑0𝑑2 − 𝑑2
1 sin

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

)
+ 𝑑1 cos

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

) ,

𝑧(𝜉) =
2𝑑0 sin

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

)
√︃

4𝑑0𝑑2 − 𝑑2
1 cos

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

)
− 𝑑1 sin

(
1
2

√︃
4𝑑0𝑑2 − 𝑑2

1𝜉

) .
By inserting the evaluated constants 𝑐 and 𝑎 𝑗 as well as the general solutions of Equation (6) into the assumed form

of Equation (5), an ensemble of exact solutions for the differential equation is obtained.

2.2. Exponential Scheme
This section provides a concise overview of the newly developed Exponential Expansion scheme. The nonlinear

evolution equation (NLEE) under consideration is given by:

𝐹
(
𝑢, 𝑢𝑥𝑡 , 𝑢𝑥𝑦 , 𝑢𝑥𝑧 , 𝑢𝑥𝑡 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 , . . .

)
= 0. (7)

where 𝐹 denotes a function depending on 𝑢, 𝑢𝑥𝑡 , 𝑢𝑥𝑦 , 𝑢𝑥𝑧 , 𝑢𝑥𝑡 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 and the subscripts indicate partial derivatives of
u(x,t) with respect to the variables x and t.

Assume that u(x,t) = u(𝜉), 𝜉 = 𝑥 − 𝑐 𝑡, where 𝑐 represents the wave propagation speed. Under this transformation,
Eq. (7) reduces to a nonlinear ordinary differential equation (ODE) for u=u(𝜉):

𝑈 (𝑢, 𝑢′, 𝑢′′, 𝑢′′′, ....) (8)

where U depends on 𝑢, 𝑢′, 𝑢′′, 𝑢′′′, .... and the prime symbol denotes ordinary differentiation with respect to 𝜉. We assume
that the traveling wave solution of Eq. (8) can be represented in the following form:

𝑁∑︁
𝑖=0

𝑎𝑖 (exp(−𝑧(𝜉)))𝑖 , 𝑎𝑛 ≠ 0. (9)

where the coefficients 𝐴𝑖 (0 ≤ 𝑖 ≤ 𝑁) are unknown constants to be determined and 𝑧 = 𝑧(𝜉) satisfies the following three
auxulary equations every one gives its own system a nonlinear ordinary differential equation of first order:

𝑧′ (𝜉) = 𝜇 𝑒𝑥𝑝(𝑧(𝜉)) + 𝑒𝑥𝑝(−𝑧(𝜉)) + 𝜆 (10)

where 𝜆 𝑎𝑛𝑑 𝜇 represent constants with arbitrary values.
The positive integer parameter 𝑁 is obtained by equating the highest-order derivative terms having the highest-order

nonlinear contributions appearing in Eq. (8). Substituting Eq. (9) into Eq. (8), together with Eq. (10) when necessary,
leads to a system of algebraic equations for the unknown parameters 𝐴𝑖 (0 ≤ 𝑖 ≤ 𝑁), 𝜆 𝑎𝑛𝑑 𝜇. By employing symbolic
computation software, such as Mathematica, this algebraic system can be solved to obtain the corresponding values of
𝐴𝑖 , 𝜆 𝑎𝑛𝑑 𝜇 It is worth mentioning that Eq. (10) admits five distinct classes of general solutions. [39–41]:

𝑧(𝜉) = ln


−
√︁
𝜆2 − 4𝜇 tanh

(√︁
𝜆2 − 4𝜇 (𝜉 +𝑉0)

)
− 𝜆

2𝜇

 , 𝜇 ≠ 0, 𝜆2 − 4𝜇 > 0.

𝑧(𝜉) = ln


√︁
−𝜆2 + 4𝜇 tanh

(√︁
−𝜆2 + 4𝜇 (𝜉 +𝑉0)

)
− 𝜆

2𝜇

 , 𝜇 ≠ 0, 𝜆2 − 4𝜇 < 0.
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𝑧(𝜉) = − ln
[

𝜆

exp (𝜆 (𝜉 +𝑉0)) − 1

]
, 𝜇 = 0, 𝜆 ≠ 0, 𝜆2 − 4𝜇 > 0.

𝑧(𝜉) = ln
(
−2 (𝜆 (𝜉 +𝑉0) + 2)

𝜆2 (𝜉 +𝑉0)

)
, 𝜇 = 0, 𝜆 ≠ 0.

𝑧(𝜉) = ln [𝜉 +𝑉0] , 𝜇 = 0, 𝜆 = 0.

here 𝑉0 represents the integration constant. Thus, multiple explicit solutions of the nonlinear evolution equation (7) can
be obtained. Again, let us assume that Eq. (8) admits a solution expressed as in Eq. (9), where 𝑧 = 𝑧(𝜉) fulfills a separate
first-order nonlinear ordinary differential equation:

𝑧′ (𝜉) = −𝜆 exp(𝑧(𝜉)) − 𝜇 exp(−𝑧(𝜉)), 𝜇, 𝜆 ∈ R. (11)

By substituting Eq.(9) into Eq.(8) and applying Eq.(11), by performing this procedure repeatedly, we derive a system of
algebraic equations for 𝐴𝑖 (0 ≤ 𝑖 ≤ 𝑁),as well as 𝜆 𝑎𝑛𝑑 𝜇. Using symbolic computation tools such as Mathematica, this
system can be solved to determine the values of 𝐴𝑖 (0 ≤ 𝑖 ≤ 𝑁), 𝜆 𝑎𝑛𝑑 𝜇. It is noteworthy that Eq. (11) admits the general
solutions given below:

𝑧(𝜉) = − ln

(√︄
𝜆

𝜇
tan

(√︁
𝜆𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

))
, 𝜆𝜇 > 0.

𝑧(𝜉) = − ln

(
−

√︄
𝜆

𝜇
cot

(√︁
𝜆𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

))
, 𝜆𝜇 > 0.

𝑧(𝜉) = − ln

(√︄
−𝜆

𝜇
tanh

(√︁
−𝜆𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

))
, 𝜆𝜇 < 0.

𝑧(𝜉) = ln

(√︄
−𝜆

𝜇
coth

(√︁
−𝜆𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

))
, 𝜆𝜇 < 0.

𝑧(𝜉) = − ln
(
− 1
𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

)
, 𝜇 > 0, 𝜆 = 0.

where 𝑉0 is the integrating constant. Finally, we obtain the new multiple explicit solutions of NLEE EQ(7).

3. DERIVATION OF EXACT SOLUTIONS
This part aims to clarify the application of the mathematical methods previously presented to the equation under

investigation, along with a detailed discussion of the results obtained from each method. The findings demonstrate the
effectiveness of these methods in obtaining exact solutions that contribute to a deeper understanding of the physical and
mathematical properties of the equation.

3.1. Improved Simple Equation scheme
In the subsequent portion, the Improved Simple equation-based method is utilized to formulate closed-form solutions

of the KPE.
Initially, through an appropriate transformation, the nonlinear evolution (PDE) (1) is reformulated as (ODE) through the
wave transformation defined in Equation (3). Consequently, Equation (1) takes the following form:

(−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3 + 6(1 + 𝛽)𝑢′) 𝑢′′ + (1 + 𝛽)𝑢′′′′ = 0, (12)

Performing a single integration of Equation (12) gives:

(−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3) 𝑢′ + 3(1 + 𝛽) (𝑢′)2 + (1 + 𝛽)𝑢′′′ = 0, (13)
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the analytical solution of Equation (13) is capable of being represented as given below:
For employing the proposed technique, it is first crucial for specifying the integer 𝑁 must first be identified. The value of
𝑁 = 1. This value is obtained by equating the principal derivative term 𝑢′′′ paired with the nonlinear contribution (𝑢′)2

in Equation (13), leading to the conclusion that the solution corresponding to Equation (1) takes as illustrated below:

𝑢(𝜉) = 𝑎0 + 𝑎1𝑧(𝜉) +
𝑏1
𝑧(𝜉) . (14)

Substituting Equations (14) and (6) into Equation (13) yields:

𝑧4
(
6𝑎1 (𝛽 + 1)𝑏1𝑑2 + 𝑎1𝑐𝜌1 + 𝑎1𝑐𝜌2 + 𝑎1𝑐𝜌3 − 3𝑎2

1 (𝛽 + 1)𝑑0

)
+𝑧4

(
𝑎1 (−𝛽 − 1)𝑑2

1 − 2𝑎1 (𝛽 + 1)𝑑0𝑑2 − 𝑎1𝜔1 − 𝑎1𝜔2 − 𝑎1𝜔3

)
+𝑧2

(
6𝑎1 (𝛽 + 1)𝑏1𝑑0 + 𝑏1

(
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3

)
− 3(𝛽 + 1)𝑏2

1𝑑2 + 2(𝛽 + 1)𝑏1𝑑0𝑑2

)
+

6𝑎1 (𝛽 + 1)𝑏1𝑑1𝑧
3 + 𝑧6

(
−3𝑎2

1 (𝛽 + 1)𝑑2 − 6𝑎1𝛽𝑑
2
2 − 6𝑎1𝑑

2
2

)
+ 𝑧5

(
−3𝑎2

1 (𝛽 + 1)𝑑1 − 6𝑎1 (𝛽 + 1)𝑑1𝑑2

)
+

6(𝛽 + 1)𝑏1𝑑
2
0 − 3(𝛽 + 1)𝑏2

1𝑑0 + 𝑧

(
6(𝛽 + 1)𝑏1𝑑0𝑑1 − 3(𝛽 + 1)𝑏2

1𝑑1

)
= 0. (15)

Through comparing the coefficients of 𝑧 𝑗 taken as zero produces a collection of algebraic relations, which are
subsequently solved using Mathematica.
The solutions obtained are summarized below:
Family 1: When 𝑑2 = 0, we have

𝑎1 = 0; 𝑑0 =
𝑏1
2

; 𝑑1 =

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
.

Consequently, the subsequent dark-type soliton solution is computed:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2𝑏1

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

2 exp
(
(−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
− 𝑏1

,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

< 0 𝛽 ≠ −1. (16)

Family 2:When 𝑑1 = 0, the results can be expressed as follows:

SET I:

𝑎1 = 0; 𝑑0 =
𝑏1
2

; 𝑑2 =
−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3

4𝛽𝑑0 + 4𝑑0
.

SET II:

𝑑2 = −𝑎1
2

; 𝑏1 = 0; 𝑑0 =
−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3

4𝛽𝑑2 + 4𝑑2
.

SET III:

𝑎1 = −2𝑑2; 𝑑0 =
𝑏1
2

; 𝑑2 =
−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3

16𝛽𝑑0 + 16𝑑0
.

Based on Set I, the following solutions, singular periodic solution, is derived:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +

√
2𝑏1 cot ©­«

(−𝑐𝑡+𝑥+𝑦+𝑧)
√︂

𝑏1 (−𝑐𝜌1−𝑐𝜌2−𝑐𝜌3+𝜔1+𝜔2+𝜔3 )
2𝛽𝑏1+2𝑏1√

2
ª®¬√︃

𝑏1 (2𝛽𝑏1+2𝑏1 )
−𝑐𝜌1−𝑐𝜌2−𝑐𝜌3+𝜔1+𝜔2+𝜔3

, 𝛽 ≠ −1,
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𝑏1 (−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3)
2𝛽𝑏1 + 2𝑏1

> 0. (17)

In accordance with Set II, singular periodic structures is determined as presented below:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
√

2𝑎1

√︂
−−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3

𝑎1 (−2𝑎1𝛽 − 2𝑎1)
∗

tan
©­­«
(−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− 𝑎1 (−𝑐𝜌1−𝑐𝜌2−𝑐𝜌3+𝜔1+𝜔2+𝜔3 )

−2𝑎1𝛽−2𝑎1√
2

ª®®¬ ,
𝑎1 (−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝜔1 + 𝜔2 + 𝜔3)

−2𝑎1𝛽 − 2𝑎1
< 0, 𝛽 ≠ −1. (18)

Referring to Set III, the corresponding singular periodic solution is presented below:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0+

𝑏1

(
cot

(
1
4 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
− tan

(
1
4 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

))
2
√︂

(𝛽+1)𝑏2
1

−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (19)

Family 3: When 𝑑0 = 0, we have

𝑑2 = −𝑎1
2

; 𝑏1 = 0; 𝑑1 =

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
.

Consequently, the following exponential-type solutions are derived:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2𝑎1

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1 exp
(
(−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
𝑎1 exp

(
(−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
+ 2

,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

< 0, 𝛽 ≠ −1. (20)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2𝑎1

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1 exp
(
(−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
𝑎1 exp

(
(−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
− 2

,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

< 0, 𝛽 ≠ −1. (21)

Fourth Family: When 𝑑0, 𝑑1, 𝑑2 ≠ 0, we have

SET I:

𝑎1 = 0; 𝑑0 =
𝑏1
2

; 𝑑2 =
−𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 𝛽𝑑2

1 + 𝑑2
1 + 𝜔1 + 𝜔2 + 𝜔3

4(𝛽 + 1)𝑑0
.
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SET II

𝑎1 = −2𝑑2; 𝑏1 = 0; 𝑑2 =
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝛽𝑑2

1 − 𝑑2
1 − 𝜔1 − 𝜔2 − 𝜔3

−4𝛽𝑑0 − 4𝑑0
.

Utilizing Set I, the following solutions are constructed: 𝛽 ≠ −1.

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0−
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3

(𝛽 + 1)
(√︃

− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3
𝛽+1 tanh

(
1
2 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
+ 𝑑1

) ,
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
< 0, 𝛽 ≠ −1. (22)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0−
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3

(𝛽 + 1)
(√︃

− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3
𝛽+1 coth

(
1
2 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

√︃
− −𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
+ 𝑑1

) ,
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
< 0, 𝛽 ≠ −1. (23)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0+(
𝐴 sinh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)
+ 𝐵

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(√︃

𝑀
(
𝐴2 + 𝐵2) − 𝑑1

(
𝐴 sinh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)
+ 𝐵

)
− 𝐴

√
𝑀 cosh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)) ,
𝑀 = −−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝑀 > 0, 𝛽 ≠ −1. (24)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 − 𝑑1

+

√︄
−−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
tanh

(
1
2
(−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︄
−−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1

)
,

−−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (25)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 − 𝑑1

+

√︄
−−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
coth

(
1
2
(−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︄
−−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1

)
,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

< 0, 𝛽 ≠ −1. (26)

The solutions in Equations (22), (23) and(26) correspond to singular solitons, Eq.(25) correspond to dark soliton solution,
Eq(24) is obtained hyperbolic solution.

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3

(𝛽 + 1)
(
𝑑1 −

√︃
−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1 tan
(

1
2 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︃
−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)) ,
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
> 0, 𝛽 ≠ −1. (27)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3

(𝛽 + 1)
(√︃

−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3
𝛽+1 cot

(
1
2 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︃
−𝑐 (𝜌1+𝜌2+𝜌3 )+𝜔1+𝜔2+𝜔3

𝛽+1

)
+ 𝑑1

) ,
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−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (28)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0+(
𝐴 sin

(√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
+ 𝐵

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(√︃

𝐹
(
𝐴2 − 𝐵2) − 𝑑1

(
𝐴 sin

(√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
+ 𝐵

)
− 𝐴

√
𝐹 cos

(√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)) ,
𝐹 =

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

, 𝛽 ≠ −1. (29)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 + 𝑑1

+

√︄
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
tan

(
1
2
(−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︄
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1

)
,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (30)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 − 𝑑1

+

√︄
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
cot

(
1
2
(−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

√︄
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1

)
,

−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (31)

Equations (27), (28), (30) and (31) generate singular periodic wave structures, Eq.(29) trigonometric solution is obtained.
In accordance with Set II, the explicit solutions are constructed in the manner described below:

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0+

−
√︃
𝑀

(
𝐴2 + 𝐵2) + 𝑑1

(
𝐴 sinh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
+ 𝐵

)
+ 𝐴

√
𝑀 cosh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
𝐴 sinh

(√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
+ 𝐵

,

𝑀 = −−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3
𝛽 + 1

, 𝑀 > 0, 𝛽 ≠ −1. (32)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
cosh

(
1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(√

𝑀 sinh
(

1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)
− 𝑑1 cosh

(
1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)) ,
𝑀 = −−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝑀 > 0, 𝛽 ≠ −1. (33)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
sinh

(
1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(√

𝑀 cosh
(

1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
− 𝑑1 sinh

(
1
2
√
𝑀 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)) ,
𝑀 = −−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝑀 > 0, 𝛽 ≠ −1. (34)

Equations (32), (33), and (34) describe hyperbolic solutions.

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0+

−
√︃
𝐹

(
𝐴2 − 𝐵2) + 𝐴𝑑1 sin

(√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)
+ 𝐴

√
𝐹 cos

(√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)

)
+ 𝐵𝑑1

𝐴 sin
(√

𝐹 (−𝑐𝑡 + 𝑥 + 𝑦 + 𝑧)
)
+ 𝐵

,
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𝐹 =
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝐹 > 0, 𝛽 ≠ −1. (35)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
cos

(
1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(
𝑑1 cos

(
1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
+
√
𝐹 sin

(
1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)) ,

𝐹 =
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝐹 > 0, 𝛽 ≠ −1. (36)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
sin

(
1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

) (
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + (𝛽 + 1)𝑑2

1 + 𝜔1 + 𝜔2 + 𝜔3
)

(𝛽 + 1)
(√

𝐹 cos
(

1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)
− 𝑑1 sin

(
1
2
√
𝐹 (−𝑐𝑡 + 𝑥 + 𝑧 + 𝑦)

)) ,

𝐹 =
−𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3

𝛽 + 1
, 𝐹 > 0, 𝛽 ≠ −1. (37)

Eqs(35), (36) and (37)are trigonometric solutions.

3.2. Calculation of exponential Scheme
This section presents the application of the proposed exponential expansion method to find the more general and

exact traveling wave solutions to the ODE at Eq. (13). Upon Inserting Eqs. (9) and (10) into Eq. (13) results in the
following first system:

−3𝑎1𝛽 − 3𝑎1 + 6𝛽 + 6 = 0,
−6𝑎1𝛽𝜆 − 6𝑎1𝜆 + 12𝛽𝜆 + 12𝜆 = 0,
−3𝑎1𝛽𝜆

2 − 6𝑎1𝛽𝜇 − 3𝑎1𝜆
2 − 6𝑎1𝜇 + 7𝛽𝜆2 + 8𝛽𝜇 − 𝑐𝜌1 − 𝑐𝜌2 − 𝑐𝜌3 + 7𝜆2 + 8𝜇 + 𝜔1 + 𝜔2 + 𝜔3 = 0,

−6𝑎1𝛽𝜆𝜇 − 6𝑎1𝜆𝜇 + 𝛽𝜆3 + 8𝛽𝜆𝜇 − 𝑐𝜆𝜌1 − 𝑐𝜆𝜌2 − 𝑐𝜆𝜌3 + 𝜆3 + 8𝜆𝜇 + 𝜆𝜔1 + 𝜆𝜔2 + 𝜆𝜔3 = 0,
−3𝑎1𝛽𝜇

2 − 3𝑎1𝜇
2 + 𝛽𝜆2𝜇 + 2𝛽𝜇2 − 𝑐𝜇𝜌1 − 𝑐𝜇𝜌2 − 𝑐𝜇𝜌3 + 𝜆2𝜇 + 2𝜇2 + 𝜇𝜔1 + 𝜇𝜔2 + 𝜇𝜔3 = 0.

By solving the system the results can be raised;
Set I:

𝑎1 = 2;𝜆 =

√︄
4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
.

Set II:

𝑎1 = 2;𝜆 = 0; 𝜇 =
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

−4𝛽 − 4

First case
Based on Set I, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
4𝜇

−
√︁
𝐺 − 4𝜇 tanh

(
0.5

√︁
𝐺 − 4𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

)
−
√
𝐺

, 𝐺 − 4𝜇 > 0,

𝐺 =
4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
> 0, 𝛽 ≠ −1. (38)

Based on Set II, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
2 (𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3) coth

(√︃
− 𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3

−4𝛽−4 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)
)

(−4𝛽 − 4)
√︃
− 𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3

−4𝛽−4

,

𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3
−4𝛽 − 4

< 0, 𝛽 ≠ −1. (39)

Second case
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Based on Set I, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
4𝜇√︁

4𝜇 − 𝐺 tan
(
0.5

√︁
4𝜇 − 𝐺 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

)
−
√
𝐺

, 4𝜇 − 𝐺 > 0,

𝐺 =
4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
> 0, 𝛽 ≠ −1. (41)

Based on Set II, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎1
√
𝜇 cot

(√
𝜇 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

)
+ 𝑎0, 𝜇 > 0. (42)

Based on Set III, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2 (𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3) cot

(
1.

√︃
𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3

−4𝛽−4 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)
)

(−4𝛽 − 4)
√︃

𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3
−4𝛽−4

,

𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3
−4𝛽 − 4

> 0, 𝛽 ≠ −1. (43)

Third case
Set I:

𝑎1 = 2;𝜆 =

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
.

Based on Set I, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2
√︃

𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3
𝛽+1

exp
(√︃

𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3
𝛽+1 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

)
− 1

,

𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (44)

fourth case
Set I:

𝑎1 = 2;𝜆 =

√︄
4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1

Set II:

𝜇 = 0; 𝛽 = −1;𝜔3 = 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2.

Set III:

𝑎1 = 2;𝜆 =

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
; 𝜇 = 0.

Based on Set I, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
(4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3) (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

(𝛽 + 1)
(√︃

4𝛽𝜇+𝑐𝜌1+𝑐𝜌2+𝑐𝜌3+4𝜇−𝜔1−𝜔2−𝜔3
𝛽+1 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧) + 2

) ,

4𝛽𝜇 + 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 + 4𝜇 − 𝜔1 − 𝜔2 − 𝜔3
𝛽 + 1

> 0, 𝛽 ≠ −1. (45)

Based on Set II, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
𝑎1𝜆

2 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)
2 (𝜆 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧) + 2) . (46)
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Based on Set III, we obtained;

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
(𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3) (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

(𝛽 + 1)
(√︃

𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3
𝛽+1 (−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧) + 2

) ,
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝛽 + 1
> 0, 𝛽 ≠ −1. (47)

Upon substituting Eq (9), Eq (12) into Eq(8) the following system is obtained;
3𝑎1𝛽𝜇

2 + 3𝑎1𝜇
2 + 6𝛽𝜇3 + 6𝜇3 = 0,

3𝑎1𝛽𝜆
2 + 3𝑎1𝜆

2 + 2𝛽𝜆2𝜇 − 𝑐𝜆𝜌1 − 𝑐𝜆𝜌2 − 𝑐𝜆𝜌3 + 2𝜆2𝜇 + 𝜆𝜔1 + 𝜆𝜔2 + 𝜆𝜔3 = 0,
6𝑎1𝛽𝜆𝜇 + 6𝑎1𝜆𝜇 + 8𝛽𝜆𝜇2 − 𝑐𝜇𝜌1 − 𝑐𝜇𝜌2 − 𝑐𝜇𝜌3 + 8𝜆𝜇2 + 𝜇𝜔1 + 𝜇𝜔2 + 𝜇𝜔3 = 0.

By solving the system the result can be raised;
set I

𝜇 = −𝑎1
2

;𝜆 =
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

2𝑎1𝛽 + 2𝑎1
.

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
√

2𝑎1

√︂
−𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)
∗

tan
©­­«
√︃
− 𝑎1 (𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3 )

2𝑎1𝛽+2𝑎1
(−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

√
2

ª®®¬ , −
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)
> 0, 𝛽 ≠ −1.

(48)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 −
√

2𝑎1

√︂
−𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)

cot
©­­«
√︃
− 𝑎1 (𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3 )

2𝑎1𝛽+2𝑎1
(−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)

√
2

ª®®¬ ,
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)
< 0, 𝛽 ≠ −1.

(49)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
√

2𝑎1

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)

tanh
©­­«
√︃

𝑎1 (𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3 )
2𝑎1𝛽+2𝑎1

(−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)
√

2

ª®®¬ ,
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)
> 0, 𝛽 ≠ −1.

(50)

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
√

2𝑎1

√︂
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)

coth
©­­«
√︃

𝑎1 (𝑐𝜌1+𝑐𝜌2+𝑐𝜌3−𝜔1−𝜔2−𝜔3 )
2𝑎1𝛽+2𝑎1

(−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧)
√

2

ª®®¬ ,
𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2 − 𝜔3

𝑎1 (2𝑎1𝛽 + 2𝑎1)
> 0, 𝛽 ≠ −1.

(51)

Set II When 𝜆 = 0, 𝜇 > 0

𝜇 = −𝑎1
2

;𝜔3 = 𝑐𝜌1 + 𝑐𝜌2 + 𝑐𝜌3 − 𝜔1 − 𝜔2.

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑎0 +
2

−𝑐𝑡 +𝑉0 + 𝑥 + 𝑦 + 𝑧
. (52)
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4. BIFURCATION ANALYSIS
In this section, the bifurcation analysis is applied to the reduced ordinary differential equation obtained from the

traveling-wave transformation of the modified (3 + 1)-dimensional KP equation, [42–46] given by

𝐴𝑢′ + 3𝐵(𝑢′)2 + 𝐵𝑢′′′ = 0, (53)

where
𝐴 = −𝑐(𝜌1 + 𝜌2 + 𝜌3) + 𝜔1 + 𝜔2 + 𝜔3, 𝐵 = 1 + 𝛽.

Thus, the above third-order nonlinear ODE is the equation considered in the present bifurcation analysis. By introducing
the transformation

𝑣 = 𝑢′,

Eq. (53) is reduced to
𝑣′′ = 𝑀𝑣 − 3𝑣2,

where
𝑀 =

𝑐(𝜌1 + 𝜌2 + 𝜌3) − (𝜔1 + 𝜔2 + 𝜔3)
1 + 𝛽

.

This reduced ODE is then used to construct the corresponding planar dynamical system and investigate the bifurcation
behavior of its equilibrium points. Introducing

𝑤 = 𝑣′,

gives the planar dynamical system {
𝑣′ = 𝑤,

𝑤′ = 𝑀𝑣 − 3𝑣2.

The equilibrium points are obtained from 𝑤 = 0 and 𝑀𝑣 − 3𝑣2 = 0:

𝐸1 = (0, 0), 𝐸2 =

(
𝑀

3
, 0

)
.

The Jacobian matrix is
𝐽 (𝑣, 𝑤) =

(
0 1

𝑀 − 6𝑣 0

)
.

At 𝐸1 = (0, 0),
𝜆2 = 𝑀.

Hence 
𝑀 > 0 : 𝐸1 is a saddle (unstable),
𝑀 < 0 : 𝐸1 is a center (neutrally stable),
𝑀 = 0 : the linearization is degenerate.

At 𝐸2 = (𝑀/3, 0),
𝜆2 = −𝑀.

Therefore 
𝑀 < 0 : 𝐸2 is a saddle (unstable),
𝑀 > 0 : 𝐸2 is a center (neutrally stable),
𝑀 = 0 : 𝐸1 = 𝐸2 = (0, 0).

Thus, the two equilibrium branches intersect at the critical condition

𝑀 = 0,

that is,
𝑐(𝜌1 + 𝜌2 + 𝜌3) = 𝜔1 + 𝜔2 + 𝜔3.

For 𝜌1 + 𝜌2 + 𝜌3 ≠ 0, the corresponding critical wave speed is

𝑐 =
𝜔1 + 𝜔2 + 𝜔3
𝜌1 + 𝜌2 + 𝜌3

.

When 𝑀 changes sign through zero, the equilibrium points coalesce and exchange their local stability types: the origin
changes between center and saddle, while the second equilibrium does the opposite. Therefore, the reduced traveling-wave
system exhibits a stability-exchange bifurcation at 𝑀 = 0.
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5. GRAPHICAL DEPICTION OF THE SOLUTIONS
Graphical depictions of various solutions are presented in this section to demonstrate their characteristics. The 3D

and contour visualizations of the dark-type soliton solution derived from Equation (16) are presented in Figure (1) with
𝑐 = 1.5, 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 = 𝛽 = 𝑎0 = −2, 𝑑1 = −1, 𝑦 = 2, 𝑧 = 0.5. The singular periodic wave solution
of Equation (17) is demonstrated through its 3D and contour profiles in Figure (2) with 𝑐 = 𝑏1 = −0.5, 𝜌1 = 𝜌2 = 𝜌3 =

𝜔1 = 𝜔2 = 𝜔3 = 𝛽 = 𝑎0 = −2, 𝑦 = 𝑧 = 0.75. The dark wave solution of Equation (25), obtained for particular parameter
settings, is displayed through 3D and contour plots in Figure (3) with 𝑐 = 2, 𝑑1 = 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 = 𝛽 =

𝑎0 = −2, 𝑦 = 𝑧 = 0. Figure (4) presents three-dimensional and contour visualizations of the soliton exhibiting singular
behavior solution associated with Equation (26) with 𝑑1 = 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 = 𝑎0 = −2, 𝛽 = 2, 𝑦 =

1, 𝑐 = 𝑧 = 0.Figure (5): Presents the 3D and contour plot of the singular periodic solution corresponding to Equation
(48) with 𝑐 = −0.03, 𝛽 = 𝑎0 = 𝑎1 = 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 = 𝑉0 = 𝑦 = 𝑧 = −2. Figure (6) Presents the 3D of the
singular soliton corresponding to Equation (51), with 𝑐 = −0.1, 𝛽 = 𝑦 = 2, 𝑎0 = 𝑎1 = 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 =

𝑉0 = 𝑧 = −2. Figure (7): Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (50)
with 𝑐 = −0.8, 𝛽 = 0.885, 𝑎0 = 𝑎1 = 𝜌1 = 𝜌2 = 𝜌3 = 𝜔1 = 𝜔2 = 𝜔3 = 𝑉0 = −2, 𝑦 = 𝑧 = 0. Figure (8): Phase portraits
of the reduced KP system around the equilibrium point (0, 0), showing its transition between a saddle for 𝑀 > 0 and a
center for 𝑀 < 0. Figure (9): Phase portraits of the reduced KP system around the equilibrium point (𝑀/3, 0), showing
its transition between a saddle for 𝑀 > 0 and a center for 𝑀 < 0.
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Figure 1. Provides the 3D and contour visualizations illustrating the dark-type soliton solution related to Equation (16)
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Figure 2. Provides the 3D and contour visualizations illustrating the periodic structures exhibiting singular behavior wave
solution related to Equation (17)
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Figure 3. Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (25)
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Figure 4. Depicts the 3D and contour views of the soliton exhibiting singular behavior solution associated with Equation
(26)
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Figure 5. Presents the 3D and contour plot of the singular periodic solution corresponding to Equation (48)
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Figure 6. Presents the 3D and contour plot of the singular soliton corresponding to Equation (51)
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Figure 7. Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (50)

Figure 8. Phase portraits of the reduced KP system around the equilibrium point (0, 0), showing its transition between a
saddle for 𝑀 > 0 and a center for 𝑀 < 0
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Figure 9. Phase portraits of the reduced KP system around the equilibrium point (𝑀/3, 0), showing its transition between
a saddle for 𝑀 > 0 and a center for 𝑀 < 0

CONCLUSIONS
In the present work, the (3+1)-dimensional generalized Kadomtsev–Petviashvili equation, which characterizes wave

spread in incompressible fluids, is analytically investigated using the Improved Simple Equation Method (ISEM) and Expo-
nential Method These methods are employed to construct several classes of exact wave solutions, including exponential-type
solutions, dark-type soliton solutions, exhibiting singular solution, singular periodic patterns, as well as hyperbolic forms.
Furthermore, three-dimensional representations along with contour plots are provided to visualize and analyze the dynamic
and physical characteristics of the obtained solutions. Moreover, the bifurcation analysis of the reduced traveling-wave
system provides a dynamical interpretation of the obtained nonlinear wave structures. The equilibrium points and their
stability properties are examined, revealing a critical condition at which the equilibrium branches coalesce and exchange
their stability characteristics. This bifurcation behavior clarifies how variations in the governing parameters influence
the qualitative dynamics of the modified (3+1)-dimensional KP equation. Therefore, the combination of exact analytical
solution methods and bifurcation analysis offers a more comprehensive understanding of both the explicit wave structures
and their underlying dynamical behavior.
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БАГАТОФОРМНI ОДИНОКI ХВИЛЬОВI СТРУКТУРИ ТА БIФУРКАЦIЙНИЙ АНАЛIЗ
РОЗШИРЕНОГОМОДИФIКОВАНОГО (3+1)-ВИМIРНОГО РIВНЯННЯ КАДОМЦЕВА-ПЕТВIАШВIЛI

ЗА ДОПОМОГОЮ ГIБРИДНИХ АНАЛIТИЧНИХ ПIДХОДIВ
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У цiй роботi представлено виведення точних аналiтичних розв’язкiв для (3+1)-вимiрного модифiкованого рiвняння Кадомцева-
Петвiашвiлi рiвняння з використанням двох ефективних аналiтичних схем, а саме: покращеного методу простих рiвнянь та
пiдходу експоненцiального розкладання. Розглянута модель є актуальною для опису поширення складних нелiнiйних хвиль у
нестисливих рiдинних середовищах, де дисперсiйнi та нелiнiйнi ефекти сильно пов’язанi. Застосованi методи дають багату рi-
зноманiтнiсть хвильових структур з рiзними фiзичними характеристиками, включаючи сингулярнi та несингулярнi локалiзованi
утворення, перiодичнi структури та експоненцiально спадаючi профiлi. Крiм того, отриманi гiперболiчнi та тригонометричнi
конфiгурацiї, що вiдображають рiзнi режими поширення системи. Якiсна поведiнка цих рiшень додатково уточнюється за
допомогою тривимiрних поверхневих представлень та контурних вiдображень. Крiм того, проведено бiфуркацiйний аналiз для
редукованого звичайного диференцiального рiвняння бiжучої хвилi для дослiдження точок рiвноваги, їх властивостей стiйко-
стi та критичних умов, пов’язаних з обмiном стiйкiстю. Цей аналiз забезпечує додаткову перспективу динамiчних систем на
отриманi хвильовi структури та уточнює вплив керiвних параметрiв на якiсну поведiнку моделi.
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https://doi.org/10.1016/j.cjph.2024.03.034
https://doi.org/10.1016/j.cjph.2024.03.034
https://www.mathnet.ru/eng/dan35739
https://doi.org/10.1016/j.amc.2019.124757
https://doi.org/10.1016/j.ijleo.2022.170334
https://doi.org/10.1016/j.ijleo.2022.169789
https://doi.org/10.1016/j.rinp.2023.106210
https://doi.org/10.11648/j.ijtam.20251101.14
https://doi.org/10.21608/SVUIJBS.2025.322864.1006
https://doi.org/10.3390/math11092023
https://doi.org/10.1007/s44198-022-00055-8
https://doi.org/10.1007/s11082-023-04848-z
https://doi.org/10.1007/s11082-023-04848-z
https://doi.org/10.1007/s10483-020-2683-7
https://doi.org/10.1365/s13291-021-00241-5
https://doi.org/10.3934/math.2025211


198
East European Journal of Physics. 3. 198–211 (2026)

DOI: 10.26565/2312-4334-2026-3-16 ISSN 2312-4334

ACCELERATING FIVE-DIMENSIONAL BIANCHI TYPE-I COSMOLOGY
IN SAEZ–BALLESTER THEORY WITH HYPERBOLIC EXPANSION

Jagat Daimary1, Rajshekhar Roy Baruah2*

1Department of Mathematics, Gyanpeeth Degree College, Nikashi, Baksa, Assam - 781372, India
2Department of Mathematical Sciences, Bodoland University, Kokrajhar, Assam - 783370, India

∗Corresponding Author e-mail: rsroybaruah55@gmail.com
Received June 6, 2026; revised August 20, 2026; accepted August 25, 2026

We present a five-dimensional anisotropic Bianchi type-I cosmological model in Saez–Ballester scalar–tensor theory employing the
hyperbolic expansion law 𝑎(𝑡) = sinh𝛼 (𝛽𝑡). Exact solutions of the field equations are derived and their cosmological behavior
is examined. The model evolves from an initial singular state to a late-time accelerated phase, with anisotropy diminishing and
isotropization achieved asymptotically. The deceleration parameter approaches (𝑞 = −1), while (𝜔𝑑𝑒 ≈ −1.308) indicates phantom
dark-energy behavior. The null, weak, and dominant energy conditions remain satisfied, whereas the strong energy condition is violated,
supporting the observed cosmic acceleration. Furthermore, the statefinder and Om diagnostics reveal that the model asymptotically
approaches the ΛCDM scenario.
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1. INTRODUCTION
The discovery of the late-time accelerated expansion of the Universe through observations of type Ia supernovae rev-

olutionized modern cosmology and established the existence of an exotic cosmic component known as dark energy [1, 2].
Subsequent observations of the cosmic microwave background radiation, baryon acoustic oscillations, and large-scale
structure surveys have further confirmed this accelerating scenario and constrained the cosmological parameters with re-
markable precision [3]. Within the framework of the standard cosmological model, the accelerated expansion is attributed
to the cosmological constant Λ. Although the ΛCDM model successfully explains a wide range of observational data,
it suffers from the well-known fine-tuning and coincidence problems, thereby motivating the exploration of alternative
descriptions of dark energy and gravity [4, 5].

In recent years, modified theories of gravity have emerged as promising candidates for explaining the accelerated
expansion of the Universe without introducing an ad hoc cosmological constant. Extensive investigations have been car-
ried out in 𝑓 (𝑅) gravity, scalar–tensor theories, teleparallel gravity, and other geometrically modified frameworks [6–10].
These theories provide richer gravitational dynamics and often admit cosmological solutions capable of describing both
the early inflationary epoch and the present accelerated phase. Among the various alternatives to Einstein’s theory, scalar–
tensor theories occupy a central position because scalar fields naturally arise in higher-dimensional theories, supergravity,
and string-inspired models. One particularly interesting scalar–tensor formulation is the Saez–Ballester theory proposed
by Saez and Ballester [11]. This theory introduces a dimensionless scalar field coupled to gravity through a non-standard
kinetic term and has been employed to study several cosmological scenarios. Owing to its mathematical simplicity and
physical richness, the theory has attracted considerable attention in investigations of anisotropic universes, exact cosmo-
logical solutions, and dark-energy dynamics [12–15].

Anisotropic cosmological models play an important role in understanding the early stages of cosmic evolution.
Although present observations indicate that the Universe is highly isotropic on large scales, it is plausible that anisotropies
existed during the primordial epoch. The study of anisotropic space-times therefore provides valuable insight into the
isotropization process and the dynamical behaviour of the Universe at early times [16–18]. In this context, Bianchi
cosmological models have proved particularly useful because they represent homogeneous but anisotropic generaliza-
tions of the Friedmann–Lemaı̂tre–Robertson–Walker geometry. Among them, the Bianchi type-I model is the simplest
anisotropic cosmological model and has been extensively employed in the study of dark energy, scalar fields, and modified
gravity theories [19,20]. Another important development in modern cosmology is the investigation of higher-dimensional
space-times. The concept of extra dimensions originated from the pioneering works of Kaluza and Klein [21, 22] and
subsequently became an important ingredient of unified field theories. Higher-dimensional cosmological models naturally
arise in string theory, supergravity, and braneworld scenarios, providing a broader framework for investigating gravitational
interactions and the large-scale dynamics of the Universe [23,24]. In such models, the additional dimension can introduce
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extra geometric degrees of freedom and modify the effective four-dimensional gravitational dynamics obtained after di-
mensional reduction. Depending on the underlying higher-dimensional framework, these effects may manifest themselves
through modifications of the effective energy density and pressure, the evolution of the scale factors, the gravitational
coupling, or additional scalar-field-like degrees of freedom [25,26]. Consequently, extra-dimensional models can provide
alternative mechanisms for influencing the expansion history of the Universe and the evolution of primordial anisotropies.
Recent investigations of higher-dimensional and braneworld cosmologies have demonstrated that their parameters can be
constrained using cosmological observations, including Hubble-rate measurements, Type Ia supernovae, baryon acoustic
oscillations, Big Bang nucleosynthesis, and the growth of large-scale structure [27, 28].

The physical verification of extra-dimensional effects, however, remains challenging because the additional dimen-
sion may be compactified at a scale beyond the direct reach of current experiments or may interact only weakly with
ordinary matter. Nevertheless, possible signatures of extra dimensions can be investigated indirectly through precision
tests of gravity and cosmological observations. In particular, laboratory experiments searching for deviations from New-
ton’s inverse-square law at submillimetre scales provide constraints on possible compact extra dimensions and other
short-range gravitational modifications [29]. Cosmological observations can provide complementary constraints, since
extra-dimensional scenarios may modify the expansion history or introduce additional effective components that leave
signatures in the cosmic microwave background, baryon acoustic oscillations, Type Ia supernovae, Big Bang nucleosyn-
thesis, and the growth of cosmic structure [27, 30]. Such observations can therefore be used to place constraints on
extra-dimensional scenarios, although the resulting signatures are generally model-dependent and may be degenerate with
those arising from dark energy or other modified-gravity mechanisms. In this context, five-dimensional cosmological
models provide a relatively tractable framework for studying the possible dynamical consequences of an additional di-
mension while retaining sufficient mathematical simplicity for obtaining and analyzing exact cosmological solutions. A
five-dimensional Bianchi type-I space-time is particularly useful for examining the interplay between anisotropic expan-
sion, higher-dimensional geometry, and scalar-field dynamics.

To obtain exact solutions of the nonlinear gravitational field equations, it is often necessary to impose physically
motivated constraints on the cosmic dynamics. One useful approach is the adoption of specific expansion laws capable
of describing realistic cosmological evolution. Hyperbolic expansion laws have received significant attention because
they naturally describe a transition from an early decelerating phase to a late-time accelerating epoch. Such behaviour is
consistent with observational evidence and has been successfully employed in a variety of cosmological investigations [31].
Furthermore, these expansion laws often lead to exact analytical solutions, enabling a detailed examination of the evolution
of physical and geometrical parameters.

Motivated by the above considerations, we investigate a five-dimensional anisotropic Bianchi type-I cosmological
model in the framework of Saez–Ballester scalar–tensor theory by adopting the hyperbolic expansion law 𝑎(𝑡) = sinh𝛼 (𝛽𝑡),
where 𝛼 and 𝛽 are positive constants. Exact solutions of the field equations are obtained and the resulting cosmological
behaviour is analyzed through the evolution of the Hubble parameter, expansion scalar, shear scalar, anisotropy parameter,
energy density, pressure, and equation-of-state parameter. The physical viability of the model is further examined through
the energy conditions, while statefinder and Om diagnostics are employed to characterize the dark-energy dynamics and
assess the asymptotic behaviour of the model relative to the standard ΛCDM cosmology.

The paper is organized as follows. In Section 2, the field equations of the Saez–Ballester theory for a five-
dimensional Bianchi type-I space-time are presented. Exact solutions are obtained in Section 3. The physical properties
and cosmological implications of the model are discussed in subsequent sections. Finally, the main conclusions are
summarized in the last section.

2. SAEZ–BALLESTER THEORY AND FIELD EQUATIONS
We consider the five-dimensional anisotropic Bianchi type-I space-time described by the line element

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2 (𝑑𝑥2 + 𝑑𝑦2) + 𝐵2𝑑𝑧2 + 𝐶2𝑑𝜓2, (1)

where the metric potentials 𝐴(𝑡), 𝐵(𝑡), and𝐶 (𝑡) depend only on the cosmic time 𝑡. The coordinates (𝑥, 𝑦, 𝑧) represent
the ordinary spatial dimensions, while 𝜓 denotes the additional spatial dimension. The model is spatially homogeneous
but anisotropic and reduces to the spatially flat Friedmann–Robertson–Walker (FRW) universe in the isotropic limit 𝐴 =

𝐵 = 𝐶.
The gravitational dynamics are governed by the Saez–Ballester scalar–tensor theory, whose action is given by

𝑆 =

∫ √−𝑔
[
𝑅 − 𝜔𝜙𝑚𝑔𝑖 𝑗𝜙,𝑖𝜙, 𝑗 + 𝐿𝑚

]
𝑑5𝑥, (2)

where 𝑅 is the Ricci scalar, 𝜙 is a dimensionless scalar field, 𝜔 and 𝑚 are coupling constants, and 𝐿𝑚 denotes the
matter Lagrangian density. Throughout this work, geometrized units are adopted such that 8𝜋𝐺 = 𝑐 = 1.
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Variation of the action (2) with respect to the metric tensor 𝑔𝑖 𝑗 yields the gravitational field equations

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 − 𝜔𝜙𝑚

(
𝜙,𝑖𝜙, 𝑗 −

1
2
𝑔𝑖 𝑗𝜙,𝑘𝜙

,𝑘

)
= −𝑇𝑖 𝑗 , (3)

where 𝑇𝑖 𝑗 is the energy–momentum tensor of the cosmic fluid.
Similarly, variation of the action with respect to the scalar field 𝜙 gives the scalar field equation

2𝜙𝑚𝜙
,𝑖
;𝑖 + 𝑚𝜙𝑚−1𝜙,𝑘𝜙

,𝑘 = 0 (4)

The matter content of the Universe is assumed to be a perfect fluid whose energy–momentum tensor is

𝑇𝑖 𝑗 = (𝜌 + 𝑝)𝑢𝑖𝑢 𝑗 + 𝑝𝑔𝑖 𝑗 , (5)

where 𝜌 and 𝑝 denote the energy density and isotropic pressure, respectively, and the five-velocity vector satisfies
𝑢𝑖𝑢𝑖 = −1.

The covariant conservation law 𝑇
𝑖 𝑗

; 𝑗 = 0 leads to the continuity equation

¤𝜌 + (𝜌 + 𝑝)
(
2
¤𝐴
𝐴
+

¤𝐵
𝐵
+

¤𝐶
𝐶

)
= 0 (6)

To characterize the expansion dynamics of the anisotropic universe, we define the average scale factor as

𝑎 = (𝐴2𝐵𝐶)1/4, (7)

so that the spatial volume becomes

𝑉 = 𝑎4 = 𝐴2𝐵𝐶. (8)

The mean Hubble parameter is

𝐻 =
¤𝑎
𝑎
=

1
4

(
2
¤𝐴
𝐴
+

¤𝐵
𝐵
+

¤𝐶
𝐶

)
(9)

The directional Hubble parameters along the principal axes are defined by

𝐻1 =
¤𝐴
𝐴
, 𝐻2 =

¤𝐵
𝐵
, 𝐻3 =

¤𝐶
𝐶

(10)

The deceleration parameter is given by

𝑞 = −𝑎 ¥𝑎
¤𝑎2 (11)

which characterizes the acceleration or deceleration of the cosmic expansion.
Substituting the metric (1) into the field equations (3) and using the perfect-fluid energy–momentum tensor (5), we

obtain the independent gravitational field equations

¥𝐴
𝐴
+

¥𝐵
𝐵
+

¥𝐶
𝐶

+
¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐴 ¤𝐶
𝐴𝐶

+
¤𝐵 ¤𝐶
𝐵𝐶

= −𝑝 + 𝜔

2
𝜙𝑚 ¤𝜙2, (12)

2
¥𝐴
𝐴
+

¤𝐴2

𝐴2 +
¥𝐶
𝐶

+ 2
¤𝐴 ¤𝐶
𝐴𝐶

= −𝑝 + 𝜔

2
𝜙𝑚 ¤𝜙2, (13)

2
¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴2

𝐴2 + 2
¤𝐴 ¤𝐵
𝐴𝐵

= −𝑝 + 𝜔

2
𝜙𝑚 ¤𝜙2, (14)

¤𝐴2

𝐴2 + 2
¤𝐴 ¤𝐵
𝐴𝐵

+ 2
¤𝐴 ¤𝐶
𝐴𝐶

+
¤𝐵 ¤𝐶
𝐵𝐶

= 𝜌 − 𝜔

2
𝜙𝑚 ¤𝜙2, (15)

while the scalar field equation reduces to

¥𝜙 + ¤𝜙
(
2
¤𝐴
𝐴
+

¤𝐵
𝐵
+

¤𝐶
𝐶

)
+ 𝑚

2
¤𝜙2

𝜙
= 0 (16)
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3. EXACT COSMOLOGICAL SOLUTIONS
The field equations (12)–(16) constitute a highly nonlinear system involving the metric potentials 𝐴, 𝐵, and 𝐶, the

scalar field 𝜙, the energy density 𝜌, and the pressure 𝑝. Since the number of unknown functions exceeds the number of
independent equations, an additional physically motivated condition is required to obtain exact solutions.

We adopt the hyperbolic expansion law

𝑎(𝑡) = sinh𝛼 (𝛽𝑡), 𝛼 > 0, 𝛽 > 0, (17)

where 𝛼 and 𝛽 are positive constants.
Using equation (8), the corresponding spatial volume is

𝑉 = 𝐴2𝐵𝐶 = 𝑎4 = sinh4𝛼 (𝛽𝑡) (18)

The Hubble parameter corresponding to the hyperbolic law becomes

𝐻 =
¤𝑎
𝑎
= 𝛼𝛽 coth(𝛽𝑡) (19)

and the deceleration parameter is

𝑞 = −1 + 1
𝛼

sech2 (𝛽𝑡) (20)

Equation (20) shows that the model evolves from an initially decelerating phase to a late-time accelerating epoch. In
particular, lim

𝑡→∞
𝑞 = −1, which corresponds to a de Sitter-type accelerated expansion.

Subtracting equation (12) from equations equation (13), (14) and integrating the resulting differential equations twice,
we obtain

𝐴2

𝐵
= 𝑙1 exp

(
𝑐1

∫
𝑎−4𝑑𝑡

)
, (21)

𝐴2

𝐶
= 𝑙2 exp

(
𝑐2

∫
𝑎−4𝑑𝑡

)
, (22)

and
𝐵

𝐶
= 𝑙3 exp

(
𝑐3

∫
𝑎−4𝑑𝑡

)
, (23)

where 𝑙1, 𝑙2, 𝑙3, 𝑐1, 𝑐2, and 𝑐3 are integration constants.
Combining the above relations with the volume condition, the metric potentials can be written as

𝐴 = 𝑥1𝑎
2
3 exp

(
𝑑1

∫
𝑎−4𝑑𝑡

)
= 𝑥1 sinh

2𝛼
3 (𝛽𝑡) exp

[
𝑑1

∫
sinh−4𝛼 (𝛽𝑡)𝑑𝑡

]
, (24)

𝐵 = 𝑥2𝑎
4
3 exp

(
𝑑2

∫
𝑎−4𝑑𝑡

)
= 𝑥2 sinh

4𝛼
3 (𝛽𝑡) exp

[
𝑑2

∫
sinh−4𝛼 (𝛽𝑡)𝑑𝑡

]
, (25)

𝐶 = 𝑥3𝑎
4
3 exp

(
𝑑3

∫
𝑎−4𝑑𝑡

)
= 𝑥3 sinh

4𝛼
3 (𝛽𝑡) exp

[
𝑑3

∫
sinh−4𝛼 (𝛽𝑡)𝑑𝑡

]
(26)

where

𝑥1 = (𝑙1𝑙2)1/6, 𝑥2 =

(
𝑙3
𝑙1

)1/3
, 𝑥3 = (𝑙2𝑙3)−1/3, (27)

and

𝑑1 =
𝑐1 + 𝑐2

6
, 𝑑2 =

𝑐3 − 𝑐1
3

, 𝑑3 = −𝑐2 + 𝑐3
3

. (28)

These constants satisfy the consistency conditions

𝑥2
1𝑥2𝑥3 = 1, 𝑑1 + 𝑑2 + 𝑑3 = 0 (29)

From equation (16) we get,

𝜙(𝑡) =
[
ℎ(𝑚 + 2)

2

∫
𝑎−4𝑑𝑡

] 2
𝑚+2

=

[
ℎ(𝑚 + 2)

2

∫
sinh−4𝛼 (𝛽𝑡) 𝑑𝑡

] 2
𝑚+2

(30)
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4. PHYSICAL AND KINEMATICAL PROPERTIES OF THE MODEL
Using the exact solutions obtained in the previous section, we now investigate the kinematical evolution and physical

characteristics of the cosmological model.
The mean Hubble parameter corresponding to the hyperbolic expansion law is

𝐻 = 𝛼𝛽 coth(𝛽𝑡). (31)

The expansion scalar is given by

𝜃 = 4𝐻 = 4𝛼𝛽 coth(𝛽𝑡) (32)

The directional Hubble parameters along the principal directions are obtained from the metric potentials as

𝐻𝑥 = 𝐻𝑦 =
¤𝐴
𝐴

=
2𝛼𝛽

3
coth(𝛽𝑡) + 𝑑1 sinh−4𝛼 (𝛽𝑡), (33)

𝐻𝑧 =
¤𝐵
𝐵

=
4𝛼𝛽

3
coth(𝛽𝑡) + 𝑑2 sinh−4𝛼 (𝛽𝑡), (34)

𝐻𝜓 =
¤𝐶
𝐶

=
4𝛼𝛽

3
coth(𝛽𝑡) + 𝑑3 sinh−4𝛼 (𝛽𝑡), (35)

The shear scalar and mean anisotropy parameter is given by

𝜎2 =
2
9
𝛼2𝛽2 coth2 (𝛽𝑡) + 1

2

(
2𝑑2

1 + 𝑑2
2 + 𝑑2

3

)
sinh−8𝛼 (𝛽𝑡) (36)

Δ =
2𝑑2

1 + 𝑑2
2 + 𝑑2

3

4𝛼2𝛽2 coth2 (𝛽𝑡)
sinh−8𝛼 (𝛽𝑡). (37)

Since lim
𝑡→∞

sinh−8𝛼 (𝛽𝑡) = 0, it follows that lim
𝑡→∞

Δ = 0, and consequently lim
𝑡→∞

𝜎

𝜃
= 0. Therefore, the anisotropy

gradually decreases with cosmic time and the universe approaches isotropy at late times.
The deceleration parameter corresponding to the hyperbolic expansion law is

𝑞 = −1 + 1
𝛼

sech2 (𝛽𝑡) (38)

At the initial epoch, 𝑞(0) = −1 + 1
𝛼
, while at late times lim

𝑡→∞
𝑞 = −1. Hence, the model describes a universe evolving

from an early decelerating phase to a late-time accelerated expansion phase approaching the de Sitter regime.
Furthermore, the average scale factor satisfies 𝑎 = sinh𝛼 (𝛽𝑡), which implies 𝑎 → 0 as 𝑡 → 0, and 𝑎 →

∞ as 𝑡 → ∞. Therefore, the obtained cosmological model represents an expanding universe beginning with a Big-
Bang-type singularity and evolving towards an accelerating and isotropic state at late times.

From equation (15) we get,

𝜌(𝑡) = 52
9
𝛼2𝛽2 coth2 (𝛽𝑡) +

(
𝑑2

1 + 2𝑑1𝑑2 + 2𝑑1𝑑3 + 𝑑2𝑑3 +
𝜔ℎ2

2

)
sinh−8𝛼 (𝛽𝑡) (39)

Using equation (12) we obtain

𝑝(𝑡) =
(

10
3
𝛼𝛽2 − 68

9
𝛼2𝛽2

)
coth2 (𝛽𝑡) − 10

3
𝛼𝛽2 − 4

3
𝛼𝛽𝑑1 coth(𝛽𝑡) sinh−4𝛼 (𝛽𝑡)

+
[
𝜔ℎ2

2
−
(
𝑑2

1 + 𝑑1𝑑3 + 𝑑2
3

)]
sinh−8𝛼 (𝛽𝑡)

(40)

The equation of state parameter is defined as

𝜔𝑑𝑒 (𝑡) =
𝑝(𝑡)
𝜌(𝑡) . (41)

Therefore,
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𝜔𝑑𝑒 (𝑡) =

(
10
3 𝛼𝛽2 − 68

9 𝛼2𝛽2
)

coth2 (𝛽𝑡) − 10
3 𝛼𝛽2 − 4

3𝛼𝛽𝑑1 coth(𝛽𝑡) sinh−4𝛼 (𝛽𝑡)

52
9 𝛼2𝛽2 coth2 (𝛽𝑡) +

(
𝑑2

1 + 2𝑑1𝑑2 + 2𝑑1𝑑3 + 𝑑2𝑑3 + 𝜔ℎ2

2

)
sinh−8𝛼 (𝛽𝑡)

+

[
𝜔ℎ2

2 −
(
𝑑2

1 + 𝑑1𝑑3 + 𝑑2
3
) ]

sinh−8𝛼 (𝛽𝑡)

52
9 𝛼2𝛽2 coth2 (𝛽𝑡) +

(
𝑑2

1 + 2𝑑1𝑑2 + 2𝑑1𝑑3 + 𝑑2𝑑3 + 𝜔ℎ2

2

)
sinh−8𝛼 (𝛽𝑡)

(42)

At late cosmic times (𝑡 → ∞), the hyperbolic functions satisfy coth(𝛽𝑡) → 1, while the terms sinh−4𝛼 (𝛽𝑡) and
sinh−8𝛼 (𝛽𝑡) vanish exponentially for 𝛼 > 0. Consequently,

lim
𝑡→∞

𝜔𝑑𝑒 (𝑡) = −17
13

≈ −1.308. (43)

Since 𝜔𝑑𝑒 < −1, the effective dark-energy fluid enters the phantom regime at late times. This result indicates
that the universe undergoes a phase of accelerated expansion stronger than that produced by a cosmological constant
(𝜔 = −1). Furthermore, the exponential decay of the anisotropic and scalar-field terms implies that their influence be-
comes negligible in the asymptotic future, leading to a dark-energy dominated cosmological evolution. Therefore, within
the framework of the Saez–Ballester scalar–tensor theory, the present model predicts that the Universe evolves toward
a stable phantom-like accelerated phase, with the late-time dynamics governed primarily by the effective dark-energy sector.

Figure 1. H vs t Figure 2. 𝜃 vs t

Figure 3. 𝜎2 vs t Figure 4. Δ vs t

For the purpose of numerical analysis and graphical illustration, we choose the parameter values 𝛼 = 1.0, 𝛽 =

1.0, 𝑑1 = 0.001, 𝑑2 = −0.0005, 𝑑3 = −0.0005, 𝜔 = 5.0, ℎ = 1.0, subject to the condition 𝑑1 + 𝑑2 + 𝑑3 = 0.
This set of parameters yields a physically acceptable cosmological model and is used throughout the paper to examine its
evolutionary characteristics.

Figures 1–8 collectively demonstrate the evolutionary characteristics of the proposed five-dimensional anisotropic
cosmological model from the early universe to the late-time accelerated epoch. The Hubble parameter 𝐻 and the
expansion scalar 𝜃 begin with very large values near the initial singularity and decrease with cosmic time, indicating a
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Figure 5. 𝑞 vs t Figure 6. 𝜌 vs t

Figure 7. 𝑝 vs t Figure 8. 𝜔𝑑𝑒 vs t

rapidly expanding early universe that gradually evolves toward a stable de Sitter-like expansion phase. Simultaneously, the
shear scalar 𝜎2 and the mean anisotropy parameter Δ decrease monotonically and tend to zero at late times, demonstrating
that the initial anisotropy of the universe gradually disappears and the model approaches isotropy in agreement with
present cosmological observations. The deceleration parameter 𝑞 evolves toward the value −1, confirming the existence
of a late-time accelerated expansion phase. The energy density 𝜌 remains positive throughout the cosmic evolution
while decreasing from a very large initial value due to the continuous expansion of the universe. The pressure 𝑝 attains
negative values during the evolution, generating the repulsive gravitational effect required to drive cosmic acceleration.
Furthermore, the equation-of-state parameter 𝜔𝑑𝑒 approaches a value below −1, specifically 𝜔𝑑𝑒 ≈ −1.308, indicating that
the effective dark-energy component enters the phantom regime at late times. Overall, the figures reveal that the universe
evolves from an initially dense, rapidly expanding, and anisotropic state toward an isotropic, dark-energy-dominated,
phantom-like accelerated phase, thereby providing a physically consistent description of the observed late-time cosmic
acceleration.

5. ENERGY CONDITIONS
The energy conditions provide important criteria for examining the physical viability of cosmological models and

the nature of the cosmic fluid driving the expansion of the Universe.

5.1. Null Energy Condition
The NEC requires

𝜌 + 𝑝 ≥ 0. (44)

Using the above expressions, one obtains

𝜌 + 𝑝 =

(
10
3
𝛼𝛽2 − 16

9
𝛼2𝛽2

)
coth2 (𝛽𝑡) − 10

3
𝛼𝛽2

− 4
3
𝛼𝛽𝑑1 coth(𝛽𝑡) sinh−4𝛼 (𝛽𝑡)

+
(
𝑑1𝑑2 + 𝑑1𝑑3 + 𝑑2𝑑3 − 𝑑2

3 + 𝜔ℎ2
)

sinh−8𝛼 (𝛽𝑡)

(45)

At late times (𝑡 → ∞),
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lim
𝑡→∞

(𝜌 + 𝑝) = 2
9
𝛼𝛽2 (15 − 8𝛼). (46)

Hence, the NEC remains valid asymptotically for 𝛼 ≤ 15/8.

5.2. Weak Energy Condition
The WEC requires

𝜌 ≥ 0, 𝜌 + 𝑝 ≥ 0 (47)

Since the leading term in the energy density is positive,

𝜌(𝑡) = 52
9
𝛼2𝛽2 coth2 (𝛽𝑡) + O

(
sinh−8𝛼 (𝛽𝑡)

)
, (48)

the condition 𝜌 ≥ 0 is satisfied for suitable choices of the model parameters. Therefore, the validity of the WEC is
determined by the sign of 𝜌 + 𝑝 and coincides with the NEC at late times.

5.3. Strong Energy Condition
The SEC requires

𝜌 + 3𝑝 ≥ 0. (49)

For the present model,

𝜌 + 3𝑝 =

(
10𝛼𝛽2 − 152

9
𝛼2𝛽2

)
coth2 (𝛽𝑡) − 10𝛼𝛽2

− 4𝛼𝛽𝑑1 coth(𝛽𝑡) sinh−4𝛼 (𝛽𝑡)

+
(
−𝑑2

1 + 2𝑑1𝑑2 − 𝑑1𝑑3 + 𝑑2𝑑3 − 3𝑑2
3 + 2𝜔ℎ2

)
sinh−8𝛼 (𝛽𝑡).

(50)

As 𝑡 → ∞,

lim
𝑡→∞

(𝜌 + 3𝑝) = −2
9
𝛼𝛽2 (31 + 76𝛼) (51)

Since 𝛼 > 0, it follows that

𝜌 + 3𝑝 < 0 (52)

Therefore, the SEC is violated during the late-time evolution of the Universe. Such a violation is a characteristic
feature of accelerating cosmological models and supports the observed cosmic acceleration.

5.4. Dominant Energy Condition
The DEC requires

𝜌 ≥ 0, 𝜌 − 𝑝 ≥ 0 (53)

The quantity 𝜌 − 𝑝 becomes

𝜌 − 𝑝 =

(
40
3
𝛼2𝛽2 − 10

3
𝛼𝛽2

)
coth2 (𝛽𝑡) + 10

3
𝛼𝛽2

+ 4
3
𝛼𝛽𝑑1 coth(𝛽𝑡) sinh−4𝛼 (𝛽𝑡)

+
(
2𝑑2

1 + 2𝑑1𝑑2 + 3𝑑1𝑑3 + 𝑑2𝑑3 + 𝑑2
3

)
sinh−8𝛼 (𝛽𝑡)

(54)

In the asymptotic limit,

lim
𝑡→∞

(𝜌 − 𝑝) = 40
3
𝛼2𝛽2 > 0 (55)

Thus, the DEC remains satisfied at late times.
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Figure 9. Variation of the energy density 𝜌, the null energy condition (NEC) (𝜌 + 𝑝), the strong energy condition (SEC)
(𝜌 + 3𝑝), and the dominant energy condition (DEC) (𝜌 − 𝑝) with cosmic time 𝑡.

The above analysis shows that the energy density remains positive throughout the cosmic evolution for admissible
values of the model parameters. The NEC and WEC can be satisfied depending on the value of 𝛼, whereas the SEC
is violated in the late-time epoch. The violation of the SEC indicates the presence of a repulsive gravitational effect
responsible for the accelerated expansion of the Universe. Furthermore, the DEC remains valid asymptotically, ensuring
that the energy flux propagates within the causal structure of spacetime. These results support the physical viability of
the present cosmological model and are consistent with the phantom-like behavior of the effective dark-energy component
obtained from the equation-of-state parameter.

Figure 9 illustrates the evolution of the energy density 𝜌, the Null Energy Condition (NEC) (𝜌 + 𝑝), the Strong
Energy Condition (SEC) (𝜌 + 3𝑝), and the Dominant Energy Condition (DEC) (𝜌 − 𝑝) as functions of cosmic time. The
figure shows that the energy density remains positive throughout the cosmic evolution, indicating the physical viability of
the model and the presence of a positive effective energy content in the universe. The quantity (𝜌 + 𝑝) remains positive
during the evolution, implying that the NEC is satisfied and consequently the Weak Energy Condition (WEC) is also
fulfilled. In contrast, (𝜌 + 3𝑝) becomes negative and remains below zero at late times, demonstrating the violation of the
SEC. Such a violation is a characteristic signature of accelerated expansion, since it corresponds to the emergence of a
repulsive gravitational effect capable of overcoming the attractive nature of ordinary matter. Furthermore, the quantity
(𝜌 − 𝑝) remains positive throughout the evolution, confirming the validity of the DEC and ensuring that the energy flux
propagates causally within spacetime. Consequently, Figure 9 shows that the present model satisfies the NEC, WEC, and
DEC, while exhibiting a violation of the SEC at late times, a feature commonly associated with an accelerating universe.
This behavior is consistent with the phantom-like dark-energy nature of the model and provides strong evidence that the
observed cosmic acceleration is driven by an effective repulsive dark-energy component.

6. STATEFINDER DIAGNOSTIC
The statefinder parameters {𝑟, 𝑠} are defined as

𝑟 =
𝑎

𝑎𝐻3 , 𝑠 =
𝑟 − 1

3
(
𝑞 − 1

2

) . (56)

Using

𝑟 = 1 + 3
¤𝐻

𝐻2 +
¥𝐻

𝐻3 , (57)

we obtain

𝑟 = 1 +
(

2
𝛼2 − 3

𝛼

)
sech2 (𝛽𝑡). (58)

𝑠 =

(
2
𝛼
− 3

)
sech2 (𝛽𝑡)

3
[
sech2 (𝛽𝑡) − 3𝛼

2
] . (59)

At late times,

lim
𝑡→∞

sech2 (𝛽𝑡) = 0, (60)

and consequently,
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lim
𝑡→∞

𝑟 = 1, lim
𝑡→∞

𝑠 = 0. (61)

Therefore,

(𝑟, 𝑠) → (1, 0), (62)

which corresponds to the ΛCDM fixed point. Hence, the present model asymptotically approaches the standard
cosmological constant dominated universe at late times.

Figure 10. 𝑟 vs 𝑡 Figure 11. 𝑠 vs 𝑡

Figure 12. Statefinder trajectory in the (𝑠, 𝑟) plane

The evolution of the statefinder parameters is illustrated in Figs. 10–12. Figure 10 shows that the parameter 𝑟

increases with cosmic time and asymptotically approaches the ΛCDM value 𝑟 = 1. Similarly, Fig. 11 demonstrates that
the parameter 𝑠 gradually tends to zero as the universe evolves. The convergence of 𝑟 and 𝑠 to their respective ΛCDM
values indicates that the present model evolves toward a cosmological-constant-dominated phase at late times.

Furthermore, the trajectory in the (𝑠, 𝑟) plane, shown in Fig. 12, approaches the fixed point (0, 1) corresponding to the
standard ΛCDM model. This behavior confirms that although the model may exhibit deviations from the ΛCDM scenario
during the early stages of evolution, it gradually converges to the standard cosmological picture in the asymptotic future.
Therefore, the statefinder diagnostic reveals that the proposed model successfully describes the late-time accelerated
expansion of the universe and ultimately approaches a de Sitter-like phase.

7. OM DIAGNOSTIC ANALYSIS
The Om diagnostic is a useful geometrical tool for distinguishing different dark energy models and is defined as

𝑂𝑚(𝑧) = 𝐸2 (𝑧) − 1
(1 + 𝑧)3 − 1

, (63)
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where

𝐸 (𝑧) = 𝐻 (𝑧)
𝐻0

. (64)

Using the scale factor

𝑎 = sinh𝛼 (𝛽𝑡) = 1
1 + 𝑧

, (65)

we obtain

sinh(𝛽𝑡) = (1 + 𝑧)−1/𝛼 . (66)
Since

𝐻 = 𝛼𝛽 coth(𝛽𝑡), (67)
and

coth2 (𝛽𝑡) = 1 + sinh−2 (𝛽𝑡), (68)
it follows that

𝐻 (𝑧) = 𝛼𝛽
√︁

1 + (1 + 𝑧)2/𝛼 . (69)
At the present epoch (𝑧 = 0),

𝐻0 = 𝐻 (0) = 𝛼𝛽
√

2. (70)
Therefore,

𝐸 (𝑧) = 𝐻 (𝑧)
𝐻0

=

√︁
1 + (1 + 𝑧)2/𝛼

√
2

, (71)

which gives

𝐸2 (𝑧) = 1 + (1 + 𝑧)2/𝛼

2
. (72)

Substituting into the definition of the Om diagnostic, we obtain

𝑂𝑚(𝑧) =
1
2
[
(1 + 𝑧)2/𝛼 − 1

]
(1 + 𝑧)3 − 1

, (73)

or equivalently,

𝑂𝑚(𝑧) = (1 + 𝑧)2/𝛼 − 1
2
[
(1 + 𝑧)3 − 1

] . (74)

The behaviour of 𝑂𝑚(𝑧) provides information about the underlying dark energy dynamics. In the ΛCDM model,
𝑂𝑚(𝑧) remains constant and is equal to the present matter density parameter Ω𝑚0. Any deviation from constancy indicates
departure from the standard cosmological constant scenario.

For the present model,

lim
𝑧→−1

𝑂𝑚(𝑧) = −1
−2

=
1
2
, (75)

showing that the Om parameter approaches a constant value at late times. This behaviour indicates that the model
asymptotically evolves towards a de Sitter-like accelerated phase. Nevertheless, since 𝑂𝑚(𝑧) remains redshift dependent
during the cosmic evolution, the model generally differs from the standard ΛCDM cosmology except in the asymptotic
future limit.

The evolution of the 𝑂𝑚(𝑧) parameter is shown in Fig. 13. The parameter decreases monotonically with increasing
redshift, indicating that it is not constant throughout the cosmic evolution. Since a constant 𝑂𝑚 is a characteristic feature
of the ΛCDM model, the observed redshift dependence signifies a departure from the standard cosmological constant
scenario and reflects the dynamical nature of dark energy in the present model. As the universe evolves, 𝑂𝑚(𝑧) tends
toward the asymptotic value 0.5, suggesting that the model approaches a stable de Sitter-like accelerated phase at late
times.
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Figure 13. Evolution of the Om diagnostic parameter 𝑂𝑚(𝑧) as a function of redshift 𝑧 for 𝛼 = 1.0.

8. CONCLUSIONS
In the present work, we have constructed and analyzed an exact five-dimensional Bianchi type-I cosmological model

in the framework of Saez–Ballester scalar–tensor theory by adopting the hyperbolic expansion law 𝑎(𝑡) = sinh𝛼 (𝛽𝑡).
This choice enables the complete integration of the field equations and provides a realistic cosmological scenario capable
of describing the observed accelerated expansion of the universe. The obtained solution corresponds to an expanding
universe that begins with a Big-Bang-type singularity, where the spatial volume vanishes while the expansion rate becomes
extremely large. The Hubble parameter and expansion scalar decrease monotonically with cosmic time and approach finite
values at late times, indicating a smooth transition toward a stable accelerated epoch. The deceleration parameter evolves
toward (𝑞 = −1), showing that the model naturally approaches a de Sitter-like expansion phase. The anisotropic nature of
the early universe is reflected through the nonvanishing shear scalar and anisotropy parameter. However, both quantities
decay with cosmic time and asymptotically vanish, demonstrating that the universe evolves toward isotropy. This behaviour
is consistent with current astronomical observations, which indicate a highly isotropic universe on large scales.

The physical properties of the cosmic fluid reveal that the energy density remains positive throughout the evolution,
while the pressure becomes negative and generates the repulsive gravitational effect required for acceleration. The effective
equation-of-state parameter evolves into the phantom region and asymptotically approaches (𝜔𝑑𝑒 ≈ −1.308), indicating
that the late-time dynamics are dominated by a phantom-like dark-energy component. Consequently, the model predicts
an accelerated expansion stronger than that produced by a cosmological constant. The analysis of the energy conditions
further supports the physical viability of the model. The null energy condition, weak energy condition, and dominant
energy condition remain satisfied for admissible parameter values, whereas the strong energy condition is violated during
the late-time evolution. Such a violation is a characteristic feature of accelerating cosmologies and confirms the existence
of an effective repulsive gravitational mechanism.

To further characterize the model, statefinder and Om diagnostics were employed. The statefinder parameters
converge to the fixed point {𝑟, 𝑠} = (1, 0), showing that the model asymptotically approaches the standard (Λ)CDM
cosmology. The Om diagnostic remains redshift dependent during the cosmic evolution, indicating deviations from
the standard cosmological-constant scenario, although it tends to a constant value in the asymptotic future. These
diagnostics demonstrate that the model can successfully reproduce the observed late-time acceleration while retaining
distinctive dynamical features. Therefore, the proposed five-dimensional Saez–Ballester cosmological model provides a
mathematically consistent and physically viable description of the universe, successfully explaining the transition from an
initially anisotropic state to an isotropic, phantom-dark-energy-dominated accelerated phase.
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ПРИСКОРЕННЯ П’ЯТИВИМIРНОЇ КОСМОЛОГIЇ Б’ЯНКI ТИПУ I В ТЕОРIЇ САЕЗА-БАЛЛЕСТЕРА
З ГIПЕРБОЛIЧНИМ РОЗШИРЕННЯМ
Джагат Даймарi1, Раджшехар Рой Баруах2

1Кафедра математики, Коледж Г’янпiт Степен, Нiкашi, Бакса, Ассам - 781372, Iндiя
2Кафедра математичних наук, Унiверситет Бодоленда, Кокрайхар, Ассам - 783370, Iндiя

Ми представляємо п’ятивимiрну анiзотропну космологiчну модель Б’янкi типу I в скалярно-тензорнiй теорiї Саез-Баллестера,
що використовує закон гiперболiчного розкладання 𝑎(𝑡) = sinh𝛼 (𝛽𝑡). Отримано точнi розв’язки рiвнянь поля та дослiджено їх
космологiчну поведiнку. Модель еволюцiонує вiд початкового сингулярного стану до пiзньої прискореної фази, зi зменшенням
анiзотропiї та асимптотично досягнутою iзотропiзацiєю. Параметр уповiльнення наближається до (𝑞 = −1), тодi як (𝜔𝑑𝑒 ≈
−1.308) вказує на фантомну поведiнку темної енергiї. Умови нульової, слабкої та домiнуючої енергiї залишаються виконаними,
тодi як умова сильної енергiї порушується, що пiдтверджує спостережуване космiчне прискорення. Крiм того, метод визначення
стану та дiагностика Om показують, що модель асимптотично наближається до сценарiю ΛCDM.
Ключовi слова:теорiя Саеза-Баллестера; Всесвiт Бiанкi I типу; космологiя вищих вимiрiв; гiперболiчний закон розширення;
темна енергiя; космiчне прискорення
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Variable-coefficient higher-order nonlinear evolution equations constitute an important class of mathematical models for the description
of nonlinear dispersive wave propagation in inhomogeneous media, including shallow water flows, plasmas, optical systems and elastic
structures. This paper develops a unified analytical framework for a broad family of such equations incorporating nonlinear convection,
third-order dispersion, fifth-order dispersion, BBM-type mixed dispersion and nonlinear dispersive modulation. Admissible equivalence
transformations are first constructed and used to reduce the general class, under non-vanishing fifth-order dispersion, to a canonical
normalized form. The normalization yields a simplified group-classification problem by establishing an explicit compatibility condition
for the temporal component of every admitted Lie point symmetry. Complete Lie symmetry classifications are obtained for the kernel,
power-law, exponential and constant-coefficient subclasses, followed by the construction of optimal systems and similarity reductions.
Conservation laws are derived from the conservative structure of the governing equation, including a universal mass invariant and a
regularized energy conservation law for an important canonical subclass. Furthermore, an exact bright-soliton solution is derived for the
constant-coefficient equation, rigorously verified by direct substitution, and employed to validate numerical simulations. The proposed
framework unifies equivalence transformations, Lie symmetry analysis, conservation laws, similarity reductions and soliton dynamics
within a single parameterized setting, providing a systematic methodology for the analytical investigation of higher-order nonlinear
dispersive wave equations.
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1. INTRODUCTION
Nonlinear evolution equations occupy a central position in modern mathematical physics because they provide

fundamental models for the propagation, interaction and modulation of nonlinear waves in fluids, plasmas, nonlinear
optics, elastic media, Bose–Einstein condensates and other dispersive systems. The interaction between nonlinear effects
and dispersion gives rise to a rich variety of coherent structures, including solitary waves, compactons, dispersive shock
waves and solitons, whose mathematical analysis has stimulated the development of numerous analytical techniques over
the past five decades. Classical models such as the Korteweg–de Vries (KdV), modified KdV, Benjamin–Bona–Mahony
(BBM) and Kawahara equations have consequently become canonical nonlinear evolution equations for investigating
nonlinear wave propagation and have served as testing grounds for symmetry analysis, inverse scattering, perturbation
theory and exact solution methods [1–4, 6–13].

Although constant-coefficient models have provided valuable theoretical insight, many realistic physical systems
evolve in non-homogeneous environments where material properties, external forcing, bottom topography or background
media vary in space or time. Examples include shallow-water flows over variable bathymetry, nonlinear optical pulse
propagation in inhomogeneous fibres, plasma waves in slowly varying magnetic fields and elastic media with variable
constitutive parameters. Such phenomena naturally lead to variable-coefficient nonlinear evolution equations whose
analytical behaviour is considerably richer than that of their constant-coefficient counterparts. The presence of variable
coefficients often modifies the admissible symmetry structure, influences the existence of conservation laws and affects
the qualitative behaviour of travelling-wave solutions. Consequently, the systematic investigation of variable-coefficient
nonlinear evolution equations has become an active area of research in mathematical physics [23, 26, 29].

Among the most powerful analytical tools available for the investigation of nonlinear differential equations is the Lie
group method. Since the pioneering work of Sophus Lie and its subsequent mathematical development by Ovsiannikov,
Bluman, Kumei and Olver, Lie symmetry analysis has provided a unified methodology for identifying continuous symmetry
groups, constructing invariant solutions, reducing partial differential equations to ordinary differential equations and
classifying differential equations according to their admitted symmetry algebras [1–4]. Equally important are admissible
equivalence transformations, which identify analytically equivalent members within parameterized classes of differential
equations and frequently reduce complicated classification problems to substantially simpler canonical forms. The
combination of equivalence transformations and Lie symmetry analysis has therefore become an indispensable framework
for complete group classifications.
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Conservation laws constitute another fundamental component of the mathematical analysis of nonlinear evolution
equations because they describe physically meaningful invariant quantities such as mass, momentum and energy while
simultaneously providing analytical and numerical consistency checks. The classical variational approach introduced
by Noether remains one of the cornerstones of conservation-law theory, whereas more recent developments involving
multiplier methods, nonlinear self-adjointness and symbolic computation have considerably extended the applicability of
conservation-law analysis to non-variational systems [5, 16, 19, 25, 27]. In parallel, the construction of exact travelling-
wave solutions and soliton families continues to play a central role in understanding nonlinear dispersive phenomena.
Techniques based on Hirota’s direct method, inverse scattering, Lie reductions and ansatz methods have produced a wide
spectrum of exact solutions for nonlinear evolution equations, thereby providing benchmark solutions for both theoretical
investigations and numerical algorithms [6, 7].

Recent years have witnessed renewed interest in combining symmetry analysis, conservation laws and exact solutions
for increasingly sophisticated nonlinear evolution equations. Significant progress has been reported for generalized KdV
equations, Kawahara–KP systems, Boussinesq-type equations, variable-coefficient KdV equations, KdV–Burgers models,
Hirota-type equations and fractional nonlinear evolution equations through the application of Lie symmetries, optimal
systems, nonlinear self-adjointness, conservation-law multipliers and exact solution techniques [9–15, 17–22, 24, 28, 29].
Nevertheless, much of the existing literature remains equation-specific. In many studies a single nonlinear evolution
equation is selected and analysed independently, with symmetry classification, conservation laws and exact coherent
structures derived separately for that individual model. Comparatively less attention has been devoted to the development
of unified analytical frameworks capable of treating broad parameterized classes of higher-order variable-coefficient
nonlinear evolution equations while simultaneously integrating equivalence transformations, complete Lie classifications,
optimal systems, conservation laws and verified solitary-wave solutions.

Motivated by these observations, the present work develops a unified analytical framework for the class

E(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑝, 𝑞) : 𝑢𝑡 + 𝛼(𝑡)𝑢𝑝𝑢𝑥 + 𝛽(𝑡)𝑢𝑥𝑥𝑥 + 𝛾(𝑡)𝑢𝑥𝑥𝑥𝑥𝑥
+ 𝛿(𝑡)𝑢𝑥𝑥𝑡 + 𝜂(𝑡) (𝑢𝑞𝑢𝑥𝑥)𝑥 = 0, (1)

where 𝑝, 𝑞 > 0 and the coefficient functions are assumed to be sufficiently smooth. The objective is not to introduce a new
nonlinear evolution equation, since the class contains several well-known models as special cases, but rather to develop a
systematic analytical framework that unifies admissible equivalence transformations, canonical normalization, complete
Lie symmetry classification, optimal systems, conservation laws, similarity reductions and exact soliton solutions within
a single parameterized setting.

The principal contributions of this work may be summarized as follows. First, admissible equivalence transformations
are derived and employed to normalize the fifth-order dispersive coefficient, thereby reducing the general class to a canonical
form. Second, a complete Lie symmetry classification of the canonical class is established, including the kernel algebra
together with the principal symmetry extensions corresponding to the power-law, exponential and constant-coefficient
subclasses. Third, optimal systems of one-dimensional subalgebras and associated similarity reductions are constructed.
Fourth, conservation laws are derived from the conservative structure of the governing equation, including a universal
mass conservation law and a regularized energy conservation law for an important canonical subclass. Fifth, an exact
bright-soliton solution of the constant-coefficient canonical equation is obtained, rigorously verified and employed for
numerical validation. Collectively, these results provide a unified methodology for the analytical investigation of higher-
order variable-coefficient nonlinear evolution equations and establish explicit connections between symmetry analysis,
conservation laws and nonlinear wave dynamics.

The remainder of the paper is organized as follows. Section 2 introduces the governing class and its structural
properties. Section 3 derives the admissible equivalence transformations and canonical normalization. Section 4 discusses
reductions to several classical models. Section 5 presents the complete Lie symmetry classification, while Section 6
develops optimal systems and similarity reductions. Conservation laws and nonlinear self-adjointness are investigated in
Section 7. Exact bright-soliton solutions and numerical validation are presented in Sections 8 and 9, respectively. The
principal findings are discussed in Section 10, followed by concluding remarks in Section 11.

2. A CLASS OF VARIABLE-COEFFICIENT HIGHER-ORDER NONLINEAR EVOLUTION EQUATIONS
We consider the parameterized class of nonlinear evolution equations

E(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑝, 𝑞) : 𝑢𝑡 + 𝛼(𝑡)𝑢𝑝𝑢𝑥 + 𝛽(𝑡)𝑢𝑥𝑥𝑥 + 𝛾(𝑡)𝑢𝑥𝑥𝑥𝑥𝑥 + 𝛿(𝑡)𝑢𝑥𝑥𝑡 + 𝜂(𝑡) (𝑢𝑞𝑢𝑥𝑥)𝑥 = 0, (2)

defined either on the real line R under sufficiently rapid decay conditions or on a periodic spatial domain. Here 𝑢 = 𝑢(𝑥, 𝑡)
denotes the wave profile, while the coefficient functions

𝛼(𝑡), 𝛽(𝑡), 𝛾(𝑡), 𝛿(𝑡), 𝜂(𝑡)

are assumed to be continuously differentiable on a time interval 𝐼 ⊂ R.
Equation (2) provides a unified framework encompassing several important classes of nonlinear dispersive wave

equations arising in mathematical physics. The nonlinear convective term 𝛼(𝑡)𝑢𝑝𝑢𝑥 generalizes the nonlinear transport
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mechanism encountered in generalized KdV-type equations, whereas 𝛽(𝑡)𝑢𝑥𝑥𝑥 represents the classical third-order disper-
sive correction responsible for balancing nonlinear steepening and generating solitary-wave propagation. The fifth-order
dispersive contribution 𝛾(𝑡)𝑢𝑥𝑥𝑥𝑥𝑥 extends the model to the Kawahara regime, where higher-order dispersion becomes
significant in weakly dispersive media. The mixed derivative 𝛿(𝑡)𝑢𝑥𝑥𝑡 introduces BBM-type regularization, improving
the dispersive properties of the equation and modifying the linear dispersion relation. Finally, the nonlinear dispersive
term 𝜂(𝑡) (𝑢𝑞𝑢𝑥𝑥)𝑥 models amplitude-dependent dispersion and provides additional nonlinear coupling between wave
amplitude and curvature.

Writing the nonlinear dispersive contribution in conservative form is advantageous for both analytical and structural
reasons. Indeed,

(𝑢𝑞𝑢𝑥𝑥)𝑥 = 𝑢𝑞𝑢𝑥𝑥𝑥 + 𝑞𝑢𝑞−1𝑢𝑥𝑢𝑥𝑥 , (3)

showing explicitly that the model combines higher-order linear dispersion with nonlinear dispersive interactions. The
conservative representation also simplifies the derivation of conservation laws and facilitates the application of multiplier
methods and nonlinear self-adjointness.

Equation (2) itself possesses a natural conservation form. Introducing the flux

F =
𝛼(𝑡)
𝑝 + 1

𝑢𝑝+1 + 𝛽(𝑡)𝑢𝑥𝑥 + 𝛾(𝑡)𝑢𝑥𝑥𝑥𝑥 + 𝛿(𝑡)𝑢𝑥𝑡 + 𝜂(𝑡)𝑢𝑞𝑢𝑥𝑥 , (4)

the governing equation may be written compactly as

𝐷𝑡𝑢 + 𝐷𝑥F = 0, (5)

where 𝐷𝑡 and 𝐷𝑥 denote the total derivative operators with respect to 𝑡 and 𝑥, respectively. Consequently, under periodic
boundary conditions or sufficiently rapid spatial decay,

𝑑

𝑑𝑡

∫
Ω

𝑢(𝑥, 𝑡) 𝑑𝑥 = 0,

so that the total mass constitutes a universal conserved quantity for every member of the class. This intrinsic conservative
structure provides the foundation for the conservation-law analysis carried out later in the paper.

Throughout this work we assume

𝛼, 𝛽, 𝛾, 𝛿, 𝜂 ∈ 𝐶1 (𝐼), 𝑝, 𝑞 > 0, (6)

which guarantees the regularity required for the symmetry analysis and the admissible equivalence transformations
developed in subsequent sections. Particular attention is devoted to the case

𝛾(𝑡) ≠ 0,

since the presence of a non-vanishing fifth-order dispersive coefficient characterizes the genuinely higher-order regime and
gives rise to the richest admissible symmetry structure. Lower-order reductions obtained by setting selected coefficients
equal to zero are discussed separately in Section 4, where connections with several classical nonlinear evolution equations
are established.

3. EQUIVALENCE TRANSFORMATIONS AND CANONICAL NORMALIZATION
A fundamental step in the group classification of parameterized classes of differential equations is the determination

of their admissible equivalence transformations. Such transformations preserve the differential structure of the governing
equations while modifying the coefficient functions, thereby identifying analytically equivalent members of the class.
Their principal advantage is that they reduce the number of essentially distinct equations that must be considered during
the subsequent symmetry classification.

To determine the equivalence group of the class (2), we consider invertible point transformations of the form

𝑡 = 𝑇 (𝑡), 𝑥 = 𝜆𝑥 + 𝜇, 𝑢̃ = 𝜅𝑢, (7)

where
𝑇𝑡𝜆𝜅 ≠ 0, (8)

and 𝜆, 𝜇, 𝜅 are constants.
The restriction to constant spatial translations and amplitude scalings is not merely a simplifying assumption.

Allowing 𝜆, 𝜇 or 𝜅 to depend explicitly on time introduces additional first-order or zeroth-order differential terms through
the chain rule, destroying the differential structure of the class. Consequently, transformations of the form (7) constitute
the maximal admissible point transformations preserving (2).
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Application of the chain rule yields

𝑢𝑡 = 𝜅−1𝑇𝑡 𝑢̃𝑡 , 𝑢𝑥 = 𝜅−1𝜆𝑢̃ 𝑥̃ , (9)

together with
𝑢𝑥𝑥𝑥 = 𝜅−1𝜆3𝑢̃ 𝑥̃ 𝑥̃ 𝑥̃ , 𝑢𝑥𝑥𝑥𝑥𝑥 = 𝜅−1𝜆5𝑢̃ 𝑥̃5 , 𝑢𝑥𝑥𝑡 = 𝜅−1𝜆2𝑇𝑡 𝑢̃ 𝑥̃ 𝑥̃𝑡 . (10)

Substituting these expressions into (2) and dividing by the coefficient of 𝑢̃𝑡 preserves the differential structure of the
equation while transforming the coefficient functions according to

𝛼̃(𝑡) = 𝜆

𝑇𝑡
𝜅−𝑝𝛼(𝑡), 𝛽(𝑡) = 𝜆3

𝑇𝑡
𝛽(𝑡), (11)

𝛾̃(𝑡) = 𝜆5

𝑇𝑡
𝛾(𝑡), 𝛿(𝑡) = 𝜆2𝛿(𝑡), (12)

𝜂(𝑡) = 𝜆3

𝑇𝑡
𝜅−𝑞𝜂(𝑡), (13)

whereas the nonlinear exponents 𝑝 and 𝑞 remain invariant under the equivalence group.

Theorem 3.1. The class E(𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑝, 𝑞) is invariant under the equivalence transformations (7), with the coefficient
functions transforming according to (11)–(13). Furthermore, if 𝛾(𝑡) ≠ 0, every member of the class is equivalent to one
satisfying

𝛾̃ = 1.

Proof. The transformation formulas follow directly from repeated application of the chain rule. Substituting the trans-
formed derivatives into (2) and comparing the coefficients of the independent differential monomials

𝑢𝑝𝑢𝑥 , 𝑢𝑥𝑥𝑥 , 𝑢𝑥𝑥𝑥𝑥𝑥 , 𝑢𝑥𝑥𝑡 , (𝑢𝑞𝑢𝑥𝑥)𝑥

immediately yields (11)–(13). When 𝛾(𝑡) ≠ 0, choosing

𝑇𝑡 = 𝜆5𝛾(𝑡)

gives

𝛾̃ =
𝜆5

𝑇𝑡
𝛾(𝑡) = 1,

thereby reducing every equation in the class to a canonical representative. □

The preceding theorem demonstrates that the fifth-order dispersive coefficient does not represent an essential func-
tional degree of freedom. Consequently, without loss of generality, the subsequent Lie symmetry analysis may be
performed for the canonical normalized class

𝑢𝑡 + 𝛼(𝑡)𝑢𝑝𝑢𝑥 + 𝛽(𝑡)𝑢𝑥𝑥𝑥 + 𝑢𝑥𝑥𝑥𝑥𝑥 + 𝛿(𝑡)𝑢𝑥𝑥𝑡 + 𝜂(𝑡) (𝑢𝑞𝑢𝑥𝑥)𝑥 = 0, (14)

which is analytically equivalent to every member of the original class with 𝛾(𝑡) ≠ 0.

4. REDUCTION TO CLASSICAL MODELS
An important feature of the class (2) is that it unifies several well-established nonlinear evolution equations within a

single parameterized framework. Consequently, the analytical results developed in the subsequent sections simultaneously
apply to a broad family of nonlinear dispersive wave models rather than to a single equation. The reductions presented
below also illustrate the modelling flexibility of the proposed class and clarify the physical significance of the various
coefficient functions.

Different choices of the coefficient functions recover several classical nonlinear evolution equations that have been
extensively investigated in mathematical physics. In particular, setting

𝛾 = 𝛿 = 𝜂 = 0

reduces (2) to the variable-coefficient generalized Korteweg–de Vries (KdV) equation

𝑢𝑡 + 𝛼(𝑡)𝑢𝑝𝑢𝑥 + 𝛽(𝑡)𝑢𝑥𝑥𝑥 = 0.

For the special choice 𝑝 = 1 together with constant coefficients, this further reduces to the classical KdV equation, whereas
𝑝 = 2 yields a variable-coefficient modified KdV (mKdV)-type equation.
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Table 1. Representative reductions of the general variable-coefficient class to well-known nonlinear evolution equations.

Reduced model Parameter restrictions Governing equation

Generalized KdV 𝛾 = 𝛿 = 𝜂 = 0 𝑢𝑡 + 𝛼𝑢𝑝𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 = 0
Modified KdV 𝑝 = 2, 𝛾 = 𝛿 = 𝜂 = 0 𝑢𝑡 + 𝛼𝑢2𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 = 0
Generalized Kawahara 𝛿 = 𝜂 = 0 𝑢𝑡 + 𝛼𝑢𝑝𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 + 𝛾𝑢𝑥𝑥𝑥𝑥𝑥 = 0
Generalized BBM 𝛾 = 𝜂 = 0 𝑢𝑡 + 𝛼𝑢𝑝𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 + 𝛿𝑢𝑥𝑥𝑡 = 0
Canonical fifth-order class 𝛾 = 1 Equation (14)

If
𝛿 = 𝜂 = 0, 𝛾 ≠ 0,

the governing equation becomes a generalized Kawahara-type model containing both third- and fifth-order dispersive
effects. On the other hand, imposing

𝛾 = 𝜂 = 0
produces a BBM-type regularized equation in which the mixed derivative 𝑢𝑥𝑥𝑡 modifies the dispersive behaviour while
preserving the nonlinear convective mechanism.

Finally, by means of the equivalence transformations established in Section 3, every equation satisfying 𝛾(𝑡) ≠ 0 may
be transformed to the canonical normalized form (14). Consequently, the complete Lie symmetry classification derived
in the subsequent sections applies to an entire equivalence class of fifth-order variable-coefficient nonlinear evolution
equations rather than to a single representative equation.

The principal reductions of the general class are summarized in Table 1.

5. COMPLETE LIE SYMMETRY CLASSIFICATION
The canonical normalized equation derived in the previous section is now classified with respect to its admitted Lie

point symmetries. Since the fifth-order dispersive coefficient has been normalized through the admissible equivalence
transformations, the resulting determining equations are considerably simpler than those for the original variable-coefficient
class. Consequently, the complete group-classification problem may be carried out without loss of generality on the
canonical representative (14).

Following the classical Lie group approach [1–4], we consider the general infinitesimal generator

𝑋 = 𝜉 (𝑥, 𝑡, 𝑢)𝜕𝑥 + 𝜏(𝑥, 𝑡, 𝑢)𝜕𝑡 + 𝜙(𝑥, 𝑡, 𝑢)𝜕𝑢. (15)

According to the infinitesimal invariance criterion, the fifth prolongation of 𝑋 must satisfy

pr(5)𝑋 (Δ)
���
Δ=0

= 0, (16)

where Δ denotes the left-hand side of the canonical equation (14).
Expanding the fifth prolongation and splitting with respect to the linearly independent differential monomials yields

the determining equations. The first set immediately gives

𝜏 = 𝜏(𝑡), 𝜉 = 𝜆𝑥 + 𝜉0, 𝜙 = 𝜌𝑢, (17)

where 𝜆, 𝜉0 and 𝜌 are constants.
A noteworthy consequence of the canonical normalization is that the fifth-order dispersive term immediately imposes

the compatibility condition
𝑑𝜏

𝑑𝑡
= 5𝜆, (18)

which integrates to
𝜏(𝑡) = 5𝜆𝑡 + 𝜏0, (19)

where 𝜏0 is an arbitrary constant.
The remaining determining equations reduce to

𝜏
𝛼′

𝛼
+ 𝑝𝜌 + 4𝜆 = 0, (20)

𝜏
𝛽′

𝛽
+ 2𝜆 = 0, (21)

𝜏
𝛿′

𝛿
− 2𝜆 = 0, (22)

𝜏
𝜂′

𝜂
+ 𝑞𝜌 + 2𝜆 = 0. (23)
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Theorem 5.1. Every Lie point symmetry generator admitted by the canonical class (14) is of the form

𝑋 = (𝜆𝑥 + 𝜉0)𝜕𝑥 + (5𝜆𝑡 + 𝜏0)𝜕𝑡 + 𝜌𝑢𝜕𝑢, (24)

where the constants 𝜆, 𝜏0, 𝜉0 and 𝜌 satisfy the determining equations (20)–(23). For arbitrary coefficient functions, the
kernel Lie algebra is

𝔤∩ = ⟨𝜕𝑥⟩. (25)

Proof. The determining equations obtained from the infinitesimal invariance criterion (16) immediately imply the in-
finitesimal structure (17). The normalization of the fifth-order dispersive coefficient yields the compatibility condition
(18), from which (19) follows directly. Substituting these expressions into the remaining determining equations produces
(20)–(23). For arbitrary coefficient functions these equations admit only the translational symmetry 𝜕𝑥 , establishing the
kernel algebra. Additional symmetry extensions arise only for particular functional forms of the coefficient functions,
which are classified below. □

Remark 5.2. The compatibility condition (18) is a direct consequence of the canonical normalization performed in
Section 3. Without eliminating the arbitrary fifth-order coefficient through admissible equivalence transformations, the
determining equations would retain an additional functional degree of freedom, making the complete group-classification
problem substantially more complicated. Canonical normalization is therefore an essential analytical step rather than
merely a technical simplification.

The first nontrivial symmetry extension arises when the coefficient functions possess power-law dependence,

𝛼 = 𝛼0𝑡
𝑎1 , 𝛽 = 𝛽0𝑡

𝑎2 , 𝛿 = 𝛿0𝑡
𝑎3 , 𝜂 = 𝜂0𝑡

𝑎4 , (26)

where 𝛼0, 𝛽0, 𝛿0 and 𝜂0 are nonzero constants. Choosing

𝜏 = 𝑡

gives

𝜆 =
1
5
,

and hence the additional symmetry generator

𝑋𝑃 = 𝑡𝜕𝑡 +
1
5
𝑥𝜕𝑥 + 𝜌𝑢𝜕𝑢. (27)

The determining equations then require

𝑎1 = −𝑝𝜌 − 4
5
, 𝑎2 = −2

5
, 𝑎3 =

2
5
, 𝑎4 = −𝑞𝜌 − 2

5
. (28)

A second symmetry extension is obtained for exponential coefficient functions. Choosing

𝜏 = 1

forces
𝜆 = 0

through the compatibility condition (18), yielding

𝑋𝐸 = 𝜕𝑡 + 𝜌𝑢𝜕𝑢. (29)

The admissible coefficient functions are

𝛼 = 𝛼0𝑒
−𝑝𝜌𝑡 , 𝛽 = 𝛽0, 𝛿 = 𝛿0, 𝜂 = 𝜂0𝑒

−𝑞𝜌𝑡 . (30)

Finally, if all coefficient functions are constant, the determining equations admit the two-dimensional translation
algebra

𝔤𝐶 = ⟨𝜕𝑥 , 𝜕𝑡 ⟩. (31)

The resulting hierarchy of symmetry extensions is summarized in Figure 1.
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Arbitrary coefficients ⟨∂x⟩

Power-law coefficients ⟨∂x,XP⟩

Exponential coefficients ⟨∂x,XE⟩

Constant coefficients ⟨∂x, ∂t⟩

Coefficient subclass Admitted algebra

Figure 1. Hierarchy of Lie symmetry extensions admitted by the canonical variable-coefficient class.

6. OPTIMAL SYSTEMS AND SIMILARITY REDUCTIONS
Having determined the complete Lie symmetry classification of the canonical class, we now construct optimal

systems of one-dimensional subalgebras and derive the corresponding similarity reductions. These reductions transform
the governing partial differential equation into ordinary differential equations, thereby providing the foundation for the
analytical construction of invariant solutions and travelling-wave structures.

For the power-law subclass, the admitted Lie algebra is

𝔤𝑃 = ⟨𝑋1, 𝑋𝑃⟩,

where
𝑋1 = 𝜕𝑥 , 𝑋𝑃 = 𝑡𝜕𝑡 +

1
5
𝑥𝜕𝑥 + 𝜌𝑢𝜕𝑢.

Since
[𝑋1, 𝑋𝑃] =

1
5
𝑋1, (32)

the adjoint representation shows that every one-dimensional subalgebra is equivalent to one generated by either

⟨𝑋1⟩ or ⟨𝑋𝑃⟩.

These therefore constitute an optimal system of one-dimensional subalgebras.
The reduction associated with the translational symmetry 𝑋1 is immediate. The invariants satisfy

𝑢 = 𝑈 (𝑡),

and substitution into (14) gives
𝑈′ (𝑡) = 0,

showing that the only invariant solutions generated by 𝑋1 are spatially homogeneous steady states.
The nontrivial reduction is obtained from the scaling generator 𝑋𝑃 . The characteristic equations

𝑑𝑡

𝑡
=

𝑑𝑥

𝑥/5
=

𝑑𝑢

𝜌𝑢
(33)

yield the similarity variables
𝑧 = 𝑥𝑡−1/5, 𝑢 = 𝑡𝜌𝑈 (𝑧). (34)

Substitution into the canonical equation produces the reduced fifth-order ordinary differential equation

𝜌𝑈 − 1
5
𝑧𝑈′ + 𝛼0𝑈

𝑝𝑈′ + 𝛽0𝑈
′′′ +𝑈 (5)
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+ 𝛿0

[(
𝜌 − 2

5

)
𝑈′′ − 1

5
𝑧𝑈′′′

]
+ 𝜂0 (𝑈𝑞𝑈′′)′ = 0, (35)

which governs the self-similar solutions admitted by the power-law subclass.
For the exponential subclass, the admitted symmetry generator is

𝑋𝐸 = 𝜕𝑡 + 𝜌𝑢𝜕𝑢.

Its invariants are
𝑧 = 𝑥, 𝑢 = 𝑒𝜌𝑡𝑈 (𝑧), (36)

leading to the autonomous reduced equation

𝜌𝑈 + 𝛼0𝑈
𝑝𝑈′ + 𝛽0𝑈

′′′ +𝑈 (5) + 𝛿0𝜌𝑈
′′ + 𝜂0 (𝑈𝑞𝑈′′)′ = 0. (37)

Finally, for the constant-coefficient canonical equation, translational invariance in both space and time naturally
suggests the travelling-wave ansatz

𝑧 = 𝑥 − 𝑣𝑡, 𝑢(𝑥, 𝑡) = 𝑈 (𝑧),

where 𝑣 denotes the wave speed. After one integration under localized boundary conditions, the governing equation
reduces to

𝑈 (4) + (𝛽 − 𝛿𝑣 + 𝜂𝑈𝑞)𝑈′′ − 𝑣𝑈 + 𝛼

𝑝 + 1
𝑈 𝑝+1 = 0, (38)

which serves as the principal equation for the construction of solitary-wave solutions in Section 8.
The three reductions obtained above illustrate the different classes of invariant solutions admitted by the canonical

equation. In particular, the travelling-wave reduction (38) provides the analytical framework for the bright-soliton
solutions derived subsequently, while the self-similar reductions characterize scale-invariant and exponentially evolving
wave structures.

7. CONSERVATION LAWS AND NONLINEAR SELF-ADJOINTNESS
Conservation laws constitute one of the fundamental structural properties of nonlinear evolution equations. Besides

expressing physically meaningful invariant quantities, they provide valuable analytical information concerning the quali-
tative behaviour of solutions and furnish useful consistency checks for numerical simulations. Owing to its conservative
formulation, the canonical equation naturally admits a hierarchy of conservation laws, the most fundamental of which are
derived below.

The canonical equation may be written in divergence form as

𝐷𝑡𝑢 + 𝐷𝑥F = 0, (39)

where
F =

𝛼(𝑡)
𝑝 + 1

𝑢𝑝+1 + 𝛽(𝑡)𝑢𝑥𝑥 + 𝑢𝑥𝑥𝑥𝑥 + 𝛿(𝑡)𝑢𝑥𝑡 + 𝜂(𝑡)𝑢𝑞𝑢𝑥𝑥 . (40)

Consequently,

𝐶𝑡
1 = 𝑢, 𝐶𝑥

1 = F , (41)

defines the universal mass conservation law for every member of the canonical class.

Proposition 7.1. Under periodic boundary conditions or sufficiently rapid spatial decay, the total mass

𝑀 (𝑡) =
∫
Ω

𝑢(𝑥, 𝑡) 𝑑𝑥 (42)

is conserved; that is,
𝑑𝑀

𝑑𝑡
= 0. (43)

Proof. Integrating the divergence equation (39) over the spatial domain and applying either periodicity or decay at infinity
eliminates the boundary flux, yielding

𝑑

𝑑𝑡

∫
Ω

𝑢(𝑥, 𝑡) 𝑑𝑥 = 0.

□
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The existence of this conservation law follows directly from the divergence structure of the governing equation and
is independent of the particular choice of coefficient functions.

A second conservation law is obtained by multiplying the canonical equation by 𝑢. After straightforward integration
by parts one obtains

𝐷𝑡𝐶
𝑡
2 + 𝐷𝑥𝐶

𝑥
2 = −𝛿′ (𝑡)

2
𝑢2
𝑥 + 𝜂(𝑡) (𝑞 + 1)𝑢𝑞𝑢𝑥𝑢𝑥𝑥 , (44)

where

𝐶𝑡
2 =

1
2
𝑢2 − 𝛿(𝑡)

2
𝑢2
𝑥 , (45)

and

𝐶𝑥
2 =

𝛼(𝑡)
𝑝 + 2

𝑢𝑝+2 + 𝛽(𝑡)
(
𝑢𝑢𝑥𝑥 −

1
2
𝑢2
𝑥

)
+ 𝑢𝑢𝑥𝑥𝑥𝑥 − 𝑢𝑥𝑢𝑥𝑥𝑥 +

1
2
𝑢2
𝑥𝑥 + 𝛿(𝑡)𝑢𝑢𝑥𝑡 + 𝜂(𝑡)𝑢𝑞+1𝑢𝑥𝑥 . (46)

Unlike the mass conservation law, the corresponding energy balance contains source terms generated by the temporal
variation of the BBM coefficient and by the nonlinear dispersive contribution. Consequently, a genuine energy conservation
law exists only for suitable subclasses of the canonical equation.

Proposition 7.2. If
𝛿(𝑡) = 𝛿0, 𝜂(𝑡) = 0,

then the functional

𝐸 (𝑡) =
∫
Ω

(
1
2
𝑢2 − 𝛿0

2
𝑢2
𝑥

)
𝑑𝑥 (47)

is conserved.

Proof. Under the assumptions 𝛿′ (𝑡) = 0 and 𝜂(𝑡) = 0, the right-hand side of (44) vanishes identically. Integration over
the spatial domain therefore gives

𝑑𝐸

𝑑𝑡
= 0,

establishing conservation of the regularized energy. □

The preceding result shows that the BBM-type regularization preserves an energy invariant provided its coefficient
remains constant, whereas temporal variations of the regularization parameter or nonlinear dispersive modulation generate
additional source terms in the energy balance.

Finally, we briefly examine nonlinear self-adjointness. For the constant-coefficient conservative subclass, consider
the formal Lagrangian

L = 𝑣Δ, (48)

where Δ denotes the left-hand side of the canonical equation. Since

Δ = 𝐷𝑡𝑢 + 𝐷𝑥F

is itself a total divergence, the adjoint equation coincides with the original equation under the substitution

𝑣 = 1.

Hence the conservative subclass is formally nonlinearly self-adjoint in the sense of Ibragimov. This property provides an
alternative route to the construction of conservation laws and further confirms the intrinsic conservative structure of the
governing equation.

Remark 7.3. The universal mass conservation law, the regularized energy balance and the nonlinear self-adjointness
established above complement the Lie symmetry classification obtained in the previous sections. Together they provide
the structural foundation for the exact travelling-wave solutions and numerical validation presented subsequently.
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8. EXACT TRAVELLING-WAVE AND SOLITON DYNAMICS
The travelling-wave reduction derived in Section 6 provides a natural framework for constructing localized coherent

structures of the constant-coefficient canonical equation. In this section we restrict attention to the physically important
case

𝑝 = 𝑞 = 1,

for which the travelling-wave equation (38) becomes

𝑈 (4) + (𝛽 − 𝛿𝑣 + 𝜂𝑈)𝑈′′ − 𝑣𝑈 + 𝛼

2
𝑈2 = 0. (49)

Motivated by the classical solitary-wave solutions of KdV-type equations, we seek localized solutions of the form

𝑈 (𝑧) = 𝐴 sech2 (𝑘𝑧), (50)

where 𝐴 > 0 denotes the wave amplitude and 𝑘 > 0 is the inverse width of the pulse.
Substituting the ansatz (50) into (49), evaluating the derivatives explicitly and collecting the linearly independent

powers of sech(𝑘𝑧) gives the algebraic compatibility conditions

16𝑘4 + 4(𝛽 − 𝛿𝑣)𝑘2 − 𝑣 = 0, (51)

−120𝑘4 − 6(𝛽 − 𝛿𝑣)𝑘2 + 𝛼𝐴

2
+ 4𝜂𝐴𝑘2 = 0, (52)

120𝑘4 − 6𝜂𝐴𝑘2 = 0. (53)

The third equation immediately determines the wave amplitude,

𝐴 =
20𝑘2

𝜂
, (54)

provided 𝜂 ≠ 0.
Similarly, solving (51) for the wave speed gives

𝑣 =
16𝑘4 + 4𝛽𝑘2

1 + 4𝛿𝑘2 , (55)

while substitution of (54) and (55) into (52) produces the remaining compatibility condition

−40𝑘2 + 10𝛼
𝜂

− 6(𝛽 − 𝛿𝑣) = 0. (56)

Theorem 8.1. Suppose the parameters satisfy the compatibility condition (56) with 𝜂 ≠ 0. Then the constant-coefficient
canonical equation admits the exact travelling-wave solution

𝑢(𝑥, 𝑡) = 20𝑘2

𝜂
sech2 (𝑘 (𝑥 − 𝑣𝑡)

)
, (57)

where the wave speed is given by (55).

Proof. The result follows directly from the substitution of the ansatz (50) into (49). Equations (51)–(53) are obtained by
equating the coefficients of the independent powers of sech(𝑘𝑧). Solving these algebraic equations yields (54), (55) and
(56), which guarantee that the profile (57) satisfies the travelling-wave equation identically. □

The solution (57) represents a bright solitary wave whose amplitude is proportional to 𝑘2/𝜂, while its propagation
speed depends on the combined effects of the third-order dispersion, the BBM-type regularization and the fifth-order
dispersive balance. Consequently, both the dispersive coefficients and the nonlinear dispersive modulation influence the
shape and velocity of the solitary wave.

Remark 8.2. The bright-soliton solution derived above serves two complementary purposes. First, it provides an explicit
invariant solution generated by the travelling-wave reduction obtained in Section 6. Second, it furnishes an exact
benchmark for assessing the accuracy of the numerical simulations presented in the following section, thereby linking the
analytical and computational components of the paper.
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9. NUMERICAL VALIDATION
The exact bright-soliton solution obtained in the previous section provides an ideal benchmark for assessing the

accuracy of the proposed analytical framework. In particular, the numerical experiments are designed to verify three
principal theoretical predictions: the preservation of the solitary-wave profile during propagation, the dependence of the
wave dynamics on the dispersive parameters, and the conservation of the total mass.

For numerical illustration, we consider the compatible parameter set

𝑘 =
1
2
, 𝛽 = 1, 𝛿 = −0.1, 𝜂 = 1, 𝛼 =

26
15

, (58)

which satisfies the compatibility conditions derived in Section 8. The corresponding analytical solution has amplitude and
wave speed

𝐴 = 5, 𝑣 =
20
9
, (59)

and therefore takes the explicit form

𝑢(𝑥, 𝑡) = 5 sech2
[
1
2

(
𝑥 − 20

9
𝑡

)]
. (60)

The total mass associated with the analytical solution is

𝑀 (𝑡) =
∫ ∞

−∞
𝑢(𝑥, 𝑡) 𝑑𝑥 =

2𝐴
𝑘

= 20, (61)

which provides an exact invariant against which the numerical computations may be compared.
The governing equation is solved numerically using a Fourier pseudo-spectral discretization in space combined

with time integration on a sufficiently large periodic computational domain so that boundary effects remain negligible
throughout the simulation. Spatial derivatives are evaluated spectrally, while the mixed dispersive term is treated through
the Fourier multiplier

1 − 𝛿𝜅2,

which remains strictly positive for 𝛿 < 0. The spectral approximation therefore preserves the high-order accuracy required
for the fifth-order dispersive dynamics while avoiding spurious boundary reflections.

Figure 2 summarizes the overall analytical and computational procedure adopted throughout the paper. Starting
from the general variable-coefficient model, admissible equivalence transformations reduce the governing equation to
a canonical form, after which Lie symmetry analysis, optimal systems and conservation laws provide the analytical
foundation for the construction of exact travelling-wave solutions. The final stage consists of numerical validation against
the analytical soliton.

General PDE class

Equivalence transformations

Canonical normalization

Lie symmetry classification

Optimal systems

Conservation laws

Exact solitons

Numerical validation

Unified analytical framework

Figure 2. Overall workflow of the unified analytical framework, illustrating the progression from the general variable-
coefficient model through equivalence transformations, Lie symmetry classification, conservation laws and similarity
reductions to exact solutions and numerical validation.
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Figure 3. Propagation of the verified bright-soliton solution at representative times. The numerical solution remains in
excellent agreement with the analytical profile, confirming the stability of the travelling-wave solution.
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Effect of BBM-type regularization at fixed time t=4

δ=−0.2, v=2.50
δ=−0.1, v=2.22

δ=0, v=2.00
δ=0.2, v=1.67

Figure 4. Influence of the BBM-type regularization coefficient 𝛿 on the propagation of the solitary wave. Increasing the
regularization modifies the wave speed while preserving the localized structure.

Figure 3 illustrates the propagation of the exact bright soliton at several representative times. The numerical and
analytical profiles remain indistinguishable throughout the computation, demonstrating that the solitary wave propagates
without appreciable distortion and confirming the correctness of the travelling-wave solution derived in Section 8.

The influence of the BBM-type regularization parameter is illustrated in Figure 4. Increasing the magnitude of 𝛿
primarily affects the propagation speed through the velocity relation (55) while preserving the localized structure of the
solitary wave. This behaviour is fully consistent with the analytical travelling-wave analysis.

Figure 5 illustrates the influence of the nonlinear dispersive coefficient 𝜂. As predicted by the analytical expression
(54), the parameter 𝜂 directly controls the wave amplitude through

𝐴 =
20𝑘2

𝜂
,

showing that stronger nonlinear dispersive modulation reduces the amplitude of the localized wave while preserving its
characteristic sech2 profile.

Finally, Figure 6 presents the numerical evolution of the conserved mass. Throughout the computation the numerical



224
EEJP. 3 (2026) Suares Clovis Oukouomi Noutchie

−5 0 5 10 15
x

0

2

4

6

8

10

u(
x,
t)
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Figure 5. Influence of the nonlinear dispersive coefficient 𝜂 on the bright-soliton amplitude. The numerical behaviour
agrees with the analytical relation 𝐴 = 20𝑘2/𝜂.
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Figure 6. Numerical verification of the universal mass conservation law. The computed mass remains constant throughout
the simulation and agrees with the exact analytical value 𝑀 = 20.

value remains essentially constant and coincides with the exact analytical value

𝑀 = 20,

thereby confirming the universal mass conservation law established in Section 7 and demonstrating the consistency of the
numerical implementation.

10. DISCUSSION
The present work develops a unified analytical framework for a broad class of variable-coefficient higher-order

nonlinear evolution equations incorporating nonlinear convection, third-order dispersion, fifth-order dispersion, BBM-
type mixed dispersion and nonlinear dispersive modulation. Rather than proposing an entirely new nonlinear evolution
equation, the principal contribution lies in demonstrating that several classical dispersive wave models may be treated
within a common mathematical framework through the combined use of admissible equivalence transformations, Lie
symmetry analysis, conservation laws, similarity reductions and exact travelling-wave solutions.

A central result of the paper is the determination of the admissible equivalence group together with the canonical
normalization of the fifth-order dispersive coefficient. This normalization substantially simplifies the complete group-
classification problem by removing one arbitrary functional degree of freedom while preserving the analytical equivalence
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of the original class. In particular, the compatibility condition

𝑑𝜏

𝑑𝑡
= 5𝜆

emerges naturally from the normalized fifth-order term and governs the admissible temporal component of every Lie point
symmetry. Consequently, the kernel algebra together with the power-law, exponential and constant-coefficient symmetry
extensions are obtained in a systematic and unified manner.

The conservation-law analysis further illustrates the structural richness of the proposed class. The divergence form
of the governing equation guarantees the existence of a universal mass conservation law independently of the particular
coefficient functions. By contrast, the regularized energy balance reveals that temporal variations of the BBM-type
regularization coefficient and nonlinear dispersive modulation introduce additional source terms that generally prevent
energy conservation. This distinction has a natural physical interpretation: while the total wave mass remains invariant,
nonlinear dispersive effects may redistribute energy between amplitude and curvature modes, thereby modifying the
evolution of localized structures.

The exact bright-soliton solution derived for the constant-coefficient canonical equation demonstrates the effectiveness
of the symmetry-based reduction procedure. The analytical expressions obtained for the wave amplitude and propagation
speed explicitly reveal the roles played by the higher-order dispersive parameters. In particular, the BBM-type regularization
parameter 𝛿 modifies the wave velocity through the denominator

1 + 4𝛿𝑘2,

whereas the nonlinear dispersive coefficient 𝜂 controls the soliton amplitude through the inverse proportionality

𝐴 =
20𝑘2

𝜂
.

These analytical predictions are fully consistent with the numerical experiments, which confirm stable propagation of the
localized wave, the predicted parameter dependence and the preservation of the universal mass invariant.

From a broader perspective, the proposed framework illustrates the effectiveness of combining equivalence transfor-
mations with Lie symmetry analysis for the investigation of parameterized families of nonlinear evolution equations. Much
of the existing literature focuses on individual equations or narrowly defined subclasses, whereas the present approach
establishes a unified methodology capable of simultaneously treating several important higher-order dispersive models.
The resulting symmetry classifications, conservation laws and travelling-wave reductions therefore extend a number of
existing analytical results within a single coherent framework.

The present study nevertheless has certain limitations. The exact travelling-wave analysis has been restricted to
bright solitary waves associated with the constant-coefficient canonical equation, while the conservation-law analysis has
focused primarily on mass and regularized energy invariants. Furthermore, only classical Lie point symmetries have
been considered. These restrictions were adopted deliberately in order to establish a complete and rigorous analytical
foundation before addressing more sophisticated integrability structures.

11. CONCLUSIONS
This paper has developed a unified analytical framework for a broad class of variable-coefficient higher-order nonlinear

evolution equations incorporating nonlinear convection, third-order dispersion, fifth-order dispersion, BBM-type mixed
dispersion and nonlinear dispersive modulation. Rather than focusing on a single nonlinear evolution equation, the
proposed framework provides a systematic methodology for analysing an entire family of higher-order dispersive wave
models within a common mathematical setting.

The analysis began with the derivation of the admissible equivalence group, which was subsequently employed
to normalize the fifth-order dispersive coefficient and reduce the general class to a canonical representative. This
normalization proved to be a key analytical step, substantially simplifying the complete group-classification problem while
preserving the equivalence structure of the original class. The canonical equation was then subjected to a complete Lie
symmetry classification, yielding the kernel algebra together with the principal symmetry extensions associated with the
power-law, exponential and constant-coefficient subclasses. Optimal systems of one-dimensional subalgebras and the
corresponding similarity reductions were constructed, providing systematic reductions of the governing partial differential
equation to ordinary differential equations.

The conservative structure of the canonical equation was further exploited to derive universal mass conservation
together with a regularized energy conservation law for an important conservative subclass. The analysis also demonstrated
the nonlinear self-adjointness of the constant-coefficient conservative model, thereby providing an alternative structural
interpretation of the derived conservation laws.

A principal outcome of the paper is the construction of an exact bright-soliton solution for the constant-coefficient
canonical equation. Explicit analytical expressions for the wave amplitude and propagation speed were obtained, revealing
the influence of the higher-order dispersive mechanisms on solitary-wave dynamics. The analytical solution was rigorously
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verified through direct substitution and subsequently employed as a benchmark for numerical simulations. The numerical
experiments confirmed stable soliton propagation, the predicted dependence of the wave profile on the dispersive parameters
and the preservation of the universal mass invariant, thereby providing strong agreement between the analytical and
computational results.

Collectively, the results demonstrate that admissible equivalence transformations, Lie symmetry analysis, conser-
vation laws, similarity reductions and exact travelling-wave solutions may be integrated into a single coherent analytical
framework for higher-order variable-coefficient nonlinear evolution equations. The methodology developed here is suf-
ficiently general to encompass several classical dispersive wave models while simultaneously providing new structural
insights into their symmetry properties and conservation mechanisms.

Several natural extensions of the present work remain open. These include the investigation of generalized and
nonlocal symmetries, higher-order conservation laws, Hamiltonian and bi-Hamiltonian structures, recursion operators,
Darboux and Bäcklund transformations, integrable reductions, multi-soliton interactions and the stability of coherent
structures. Such developments would further deepen the mathematical understanding of higher-order nonlinear evolution
equations and broaden the range of physical applications accessible through the unified framework established in this
paper.
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ЄДИНЕНА КЛАСИФIКАЦIЯ СИМЕТРIЇ, ЗАКОНИ ЗБЕРЕЖЕННЯ ТА ДИНАМIКА СОЛIТОНIВ ДЛЯ
КЛАСУ НЕЛIНIЙНИХ ЕВОЛЮЦIЙНИХ РIВНЯНЬ ВИЩОГО ПОРЯДКУ ЗI ЗМIННИМ

КОЕФIЦIЄНТОМ
Суарес Кловiс Оукуомi Ноучi

Школа математичних та статистичних наук, Пiвнiчно-Захiдний унiверситет, кампус Вандербейлпарк, Вандербейлпарк,
Пiвденна Африка

Нелiнiйнi еволюцiйнi рiвняння вищого порядку зi змiнним коефiцiєнтом становлять важливий клас математичних моделей
для опису поширення нелiнiйних дисперсiйних хвиль у неоднорiдних середовищах, включаючи потоки мiлководдя, плазму,
оптичнi системи та пружнi структури. У цiй статтi розроблено єдину аналiтичну основу для широкого сiмейства таких рiвнянь,
що включають нелiнiйну конвекцiю, дисперсiю третього порядку, дисперсiю п’ятого порядку, змiшану дисперсiю типу BBM
та нелiнiйну дисперсiйну модуляцiю. Спочатку побудовано допустимi перетворення еквiвалентностi та використано їх для
зведення загального класу за умови ненульової дисперсiї п’ятого порядку до канонiчної нормалiзованої форми. Нормалiзацiя
призводить до спрощеної задачi групової класифiкацiї шляхом встановлення явної умови сумiсностi для часової складової
кожної допустимої симетрiї точки Лi. Отримано повнi класифiкацiї симетрiї Лi для пiдкласiв ядра, степеневого закону, експо-
ненцiального закону та закону з постiйним коефiцiєнтом, пiсля чого побудовано оптимальнi системи та редукцiї подiбностi.
Закони збереження виведенi з консервативної структури рiвняння, що визначає, включаючи унiверсальний iнварiант маси та
регуляризований закон збереження енергiї для важливого канонiчного пiдкласу. Крiм того, отримано точний розв’язок яскра-
вого солiтона для рiвняння з постiйним коефiцiєнтом, який ретельно перевiрено прямою пiдстановкою та використано для
перевiрки числових симуляцiй. Запропонована структура об’єднує перетворення еквiвалентностi, аналiз симетрiї Лi, закони
збереження, редукцiї подiбностi та динамiку солiтонiв в межах однiєї параметризованої системи, забезпечуючи систематичну
методологiю для аналiтичного дослiдження нелiнiйних дисперсiйних хвильових рiвнянь вищого порядку.
Ключовi слова: аналiз симетрiї Лi; перетворення еквiвалентностi; нелiнiйнi еволюцiйнi рiвняння зi змiнним коефiцiєнтом;
закони збереження; дисперсiйнi хвилi вищого порядку; дисперсiя п’ятого порядку; редукцiї подiбностi; динамiка солiтонiв
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A development of a structurally complex particle concept to the case of general interaction potentials between its components is
proposed. A structurally complex particle is defined by the restricted problem of N+1 bodies of different masses, which is reduced
to the N body problem. Based on the Lagrangian description, a Hamiltonian formalism is formulated and the resulting first integrals
of motion are discussed. The absence of equipartition among the degrees of freedom is demonstrated. Using the virial theorem, it is
proved that the energy of internal degrees of freedom does not exceed a certain fraction of the initial energy, depending on the ratio
of the masses of internal particles to the mass of the shell. An exactly integrable case of a one-dimensional particle with two internal
degrees of freedom is considered. The oscillation frequencies of such a structurally complex particle are determined by their masses
and the mass of the shell. The energy distribution over them is not uniform. Universal relations are obtained for the distribution of the
kinetic and potential energies of internal particles, which are independent of the choice of initial conditions. These relations provide
more detailed information about the energy distribution than the virial relations.

Keywords: Structurally complex particle; Internal degrees of freedom; Equations of motion; Virial relations

1. INTRODUCTION
Small particles are often thought of as structureless point particles. This is one of the abstractions widely used

in physics. It would seem that such a representation remains fairly reliable if one studies particle properties on scales
significantly exceeding its size. In fact, in many cases this is not true. The presence of internal degrees of freedom
manifests itself even on observation scales significantly exceeding the particle size. For example, when a structurally
complex particle is reflected from a perfectly elastic barrier, a ”violation” of the energy conservation law occurs for a
supposedly point particle. The reason for this is related to the possibility of transferring the energy of internal degrees of
freedom to a translation motion of a structurally complex particle, which can lead to an increase in the particle’s velocity
after reflection [1]. Naturally, if the internal degrees of freedom are taken into account, the conservation laws for energy
and momentum are satisfied in this case. Moreover, in a number of cases, the properties of particles that depend on their
internal structure and size are of interest. Such particles can no longer be considered as point ones, and their structure, i.e.
internal degrees of freedom can affect virtually all relevant processes m and lead to unusual behavior. Of particular interest
are particles with a small number of internal degrees of freedom, when partucle‘s properties depend essentially on this
number. Such cases are interesting because thermodynamic laws are not applicable there. It should be emphasized that
systems with a finite number of internal degrees of freedom demonstrate both pecularities of dynamic behavior [1,3], and
clear manifestations of statistical anomalies [2]. Nanopeapods [5–8] and rotaxanes [9, 10] (see Fig.1) can be cited as real
objects that fully correspond to one-dimensional structurally complex particles. In principle, the nature of such objects
has a deeper meaning. If we consider a small particle of a medium, it typically contains quasiparticles of certain types.
It’s easy to see that the motion of quasiparticles in such a particle is accompanied by their reflection from the boundary of
the medium. This leads to the transfer of momentum and energy to the particle itself and its surface, which corresponds
to the model of a structurally complex particle. This provides a more general example of structurally complex particles.

Another type of an object with internal degrees of freedom was proposed quite a long time ago [15] and led to one
of the popular models of polymer physics. Such a complex particle consists of beads connected in series by harmonic
interaction in a chain. In the model, the beads experience strong friction and inertial forces in this case are insignificant.
Examples of the implementation of this simple model in polymer physics are quite numerous [11–13]. The main method
used for such systems consists in the use of Langevin equations (see, for example, [14]).

Another popular model of polymer molecules corresponds to a chain of rigid links connected by hinges [16]. The
mechanical response of an individual polymer chain can be obtained by measuring the end-to-end length as a function
of the applied force. Idealized models of individual chains, such as the freely jointed chain model, allow one to quantify
these physical phenomena. It is important to note that experiments on stretching individual molecules of arbitrary length
required the study of the statistical mechanics of small systems. In these cases, the thermodynamic limit is not satisfied;
different macroscopic boundary conditions, corresponding to different ensembles of statistical mechanics, yield different
force-displacement curves. A more comprehensive approach to approximating the mechanical response of individual
chains with free joints required taking into account link extensions [17]. Among these models, exactly solvable ones
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have been discovered that correspond to special cases of harmonic bond potentials [18, 19]. In a certain sense, this is the
opposite case to the structurally complex particles under consideration. Inertnal forces play a primary role in the behavior
of structurally complex particles.

Nanodevices inevitably require internal degrees of freedom to function, which enable the device to perform certain
actions. Examples of such nanodevices are currently quite numerous (see, for example, [20–23]) and are closely linked
to the rapidly developing field of active particle physics [24]. Therefore, the development of the theory of structurally
complex particles holds promise for the creation of new nanodevices.

Most results for particles with internal degrees of freedom have been obtained within the framework of the generalized
billiard formalism [1]. This formalism considres perfectly elastic collisions between any components of a structurally
complex particle. A model of a structurally complex particle can be represented as a shell of mass 𝑀 within which
𝑁 particles of different masses and possibly sizes move. In a certain sense, this reduces to the restricted problem of
𝑁 + 1-bodies. The billiard formalism is useful for describing kinematic and dynamic properties of structurally complex
particles with a small number of internal degrees of freedom. As the number of degrees of freedom increases, their
properties of such particles can be studied using computer simulation. However, in some cases, such an idealization may
not be realized. Therefore, this paper proposes a more general formalism that will allow us to consider the general case
of potential interactions between the components of a structurally complex particle. In the proposed simple model of a
particle with internal degrees of freedom, the interaction potential of the particles with the shell and with each other can
be chosen in any suitable form. The most general kinematic and dynamic properties of such a particle are studied. It is
shown that this problem of 𝑁 + 1 bodies can be reduced to the problem of 𝑁 bodies or to the behavior of only internal
particles. The behavior of a structurally complex particle or shell is determined by the sum of the displacements of its
internal particles. Lagrangian and Hamiltonian equations of motion for internal particles are derived, and the emergence
of additional conservation laws is demonstrated. An analysis of the general equations of motion reveals the absence of
equipartition among internal degrees of freedom for different particle masses. Using a modification of virial relations,
it is shown that the energy of internal degrees of freedom cannot exceed a certain fraction of the initial energy, which
depends on the ratio of the masses of the internal particles to the mass of the shell. These results indicate the emergence
of unusual statistical properties of internal particles in their statistical description. As an example, a simple integrable
case of a shell with two internal particles is considered. Exact solutions were obtained and universal patterns of energy
distribution among individual components of a structurally complex particle were established.

2. DYNAMICS OF PARTICLES WITH INTERNAL DEGREES OF FREEDOM
Let us consider the Lagrangian description of a particle with 𝑁 internal degrees of freedom. The model of such a

system consists of a spherical shell with mass M with internal particles of various masses 𝑚𝛼. We will number internal
particles with Greek indices 𝛼 = 1, ..., 𝑁 . Let the internal particles interact with the shell and with each other. The potential
energy of the interaction of the internal degrees of freedom with the shell is denoted by 𝑈, and between themselves by 𝑉 .
Let us denote the shell center position as ®𝑅, and the coordinates of the internal particles as ®𝑥𝛼. Latin indices are reserved
for the numbering of vector coordinates. Then the Lagrangian of such a system takes the form

L =
𝑀

¤®𝑅2

2
+

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑥2
𝛼

2
−

𝑁∑︁
𝛼=1

𝑈 ( ®𝑅 − ®𝑥𝛼) −
𝑁∑︁
𝛼,𝛽

𝑉 (®𝑥𝛼 − ®𝑥𝛽) (1)

Here vector ®𝑅 plays the role composite particle’s coordinate, i.e. the position of the spherical shell center, while ¤®𝑅 is the
composite particle’s velocity. The role of the potential energy of the interaction of the internal degrees of freedom with
each other, 𝑉 (®𝑥𝛼 − ®𝑥𝛽) , actually boils down to the appearance of chaos and the redistribution of energy between them. In
a certain sense, the role of this interaction is not very significant. The same processes are carried out due to the interaction
of internal particles with the shell. The choice of potential energy 𝑉 can be dictated by the physics of the system and the
simplicity of the calculation. Let’s dwell on the potential energy 𝑈 ( ®𝑅 − ®𝑥𝛼) of the interaction of internal particles with the
shell. The simplest choice of such a potential corresponds to local interactions or absolutely elastic collisions of internal
particles and the shell. Such a potential is determined by an unlimited barrier of circular shape, 𝑈 ( ®𝑅 − ®𝑥𝛼) = 𝑈0𝛿(𝑅2

0 −
| ®𝑅 − ®𝑥𝛼 |2) , where 𝑅0 the radius of the spherical shell or the size of the particle. In fact, such a potential corresponds to a
cylindrical potential well (see Fig.2). In general, the potential can be more complicated, but preserving its symmetry, we
will preserve its dependence on coordinates | ®𝑅 − ®𝑥𝛼 |2. The transition to coordinates ®𝑄 =

√
𝑀 ®𝑅, ®𝑦𝛼 =

√
𝑚𝛼®𝑥𝛼 transforms

the Lagrangian (1) into the form

L =

¤®𝑄2

2
+

𝑁∑︁
𝛼=1

¤®𝑦2
𝛼

2
−𝑈

(
®𝑄

√
𝑀

− ®𝑦1√
𝑚1

, ...,
®𝑄

√
𝑀

− ®𝑦𝑀√
𝑚𝑁

)
−

−
𝑁∑︁
𝛼,𝛽

𝑉

(
®𝑦𝛼√
𝑚𝛼

−
®𝑦𝛽

√
𝑚𝛽

)
(2)
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Figure 1. Type of one-dimensional particle with internal degrees of freedom. On the right, there is shown the equivalent
model in the form of a chemical compound with topological bonds — rotaxanes.

Where 𝑈
( ®𝑄√

𝑀
− ®𝑦1√

𝑚1
, ...,

®𝑄√
𝑀

− ®𝑦𝑀√
𝑚𝑁

)
=

∑𝑁
𝛼=1 𝑈 ( ®𝑄√

𝑀
− ®𝑦𝛼√

𝑚𝛼
).

It is easy see that, via introducing 3(𝑁 + 1)-dimensional configurational space, this Lagrangian can be considered as
the Lagrangian of one particle of unit mass moving in a potential well in 3(𝑁 + 1)-dimensional space. In a certain sense,
it can be considered as a generalization of the billiard formalism for the case of arbitrary interaction potentials.

Returning to the Lagrangian (1) we note that the limit 𝑀 → ∞ corresponds to a classical gas of a finite number of
particles in a spherical vessel. Even this classical case demonstrates unusual statistical properties [2], which differ from the
known ones associated with Boltzmann distributions. Of course, the potential𝑈 ( ®𝑅− ®𝑥𝛼) may also have other dependences
on the coordinates in general case. The Lagrangian (1) completely determines the general dynamics of a particle with
internal degrees of freedom. The equations of motion of all 𝑁 + 1 components of the particle arise as Lagrange equations
from the variational principle of the least action.

Naturally, the total energy, angular momentum, and total momentum of such a closed system are preserved. Taking
into account the conservation of momentum, it is convenient to switch to a frame of reference associated with the center
of mass.

𝑀 ®𝑅 +
𝑁∑︁
𝛼=1

𝑚𝛼®𝑥𝛼 = 0 (3)

In this reference system, the position of the particle is determined by the internal degrees of freedom coordinates as

®𝑅 = −
∑𝑁

𝛼 𝑚𝛼®𝑥𝛼
𝑀

(4)

Let’s move on to the new coordinates of the internal particles, which correspond to their positions relative to the center of
the shell

®𝑞𝛼 = ®𝑅 − ®𝑥𝛼 (5)
In the new coordinates, the position of the particle is determined as

®𝑅 =

∑𝑁
𝛼 𝑚𝛼 ®𝑞𝛼

𝑀𝑠

(6)

Where 𝑀𝑠 = 𝑀 +∑𝑁
𝛼 𝑚𝛼 is the total mass of the particle. In a certain sense, the shell’s position is determined by the sum

of the ”trajectories” of the internal degrees of freedom at each moment of time. The statistical properties of this sum differ
from the statistical properties of the trajectories of a Brownian particle due to the shell’s constraints on the quantities that
make up the sum. Using this relation, we exclude the collective coordinate ®𝑅 from the Lagrangian (1) and obtain

L =
1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼 − 1

2𝑀𝑠

(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2

−

−
𝑁∑︁
𝛼=1

𝑈 ( ®𝑞𝛼) −
𝑁∑︁
𝛼,𝛽

𝑉 ( ®𝑞𝛼 − ®𝑞𝛽) (7)

First of all, it is important to note that now a complete description of a particle with internal degrees of freedom is achieved
by a system of a smaller number of objects of different masses. In other words, the problem of 𝑁 + 1 bodies is reduced
to the problem of 𝑁 bodies. The shell coordinate is determined according to the equation (6). The explicit form of the
equations of motion can be obtained from the variational principle as Lagrange’s equations

𝑑

𝑑𝑡

𝜕L
𝜕 ¤𝑞𝛼𝑖

− 𝜕L
𝜕𝑞𝛼𝑖

= 0 (8)

Using Lagrangian (7), we obtain a system of equations of motion for internal degrees of freedom

𝑚𝛼 ¥𝑞𝛼𝑖 −
𝑚𝛼

𝑀𝑠

𝑁∑︁
𝛽

𝑚𝛽 ¥𝑞𝛽𝑖 = −𝜕𝑈 ( ®𝑞𝛼)
𝜕𝑞𝛼𝑖

−
∑︁
𝛽

𝜕𝑉 ( ®𝑞𝛼 − ®𝑞𝛽)
𝜕𝑞𝛼𝑖

(9)
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Figure 2. The form of a cylindrical potential well in two dimensional case; in three dimensional case, the cylinder’s base
is sphere 𝑆3.

This system of equations fully describes the dynamic properties of a particle with internal degrees of freedom. It is easy
to notice some differences from the usual equations of particles in a potential well. Already from these equations it is
possible to understand the presence of two limiting cases in the system: 𝑚𝛼

𝑀
≫ 1 and 𝑚𝛼

𝑀
≪ 1. In the second limiting

case, the system is close to the system of a finite number of particles in a potential well. In fact, the value of the second
contribution in the left part of Eq.(9) is a measure of difference from this canonical physical case. Each of the Eq. (9)
includes accelerations of all internal particles. They can be reduced to Newton’s equations, via solving this linear equation
system (9) with respect to accelerations

𝑚𝛼
¥®𝑞𝛼𝑖 = ®𝐹𝛼 + 𝑚𝛼

𝑀

𝑁∑︁
𝛽=1

®𝐹𝛽 (10)

Here we use the notation ®𝐹𝛼 = − 𝜕𝑈 ( ®𝑞𝛼 )
𝜕 ®𝑞𝛼

− ∑𝑁
𝛽=1

𝜕𝑉 ( ®𝑞𝛼− ®𝑞𝛽 )
𝜕 ®𝑞𝛼𝑖

to reduce the cumbersomeness of notation. In this form, the
dynamic equations correspond to the motion of interacting particles in a more complex potential well. It is important to note
that the position of this potential well is independent of time. Returning to the behavior of a structurally complex particle,
we note that relation (6) resembles the formation of a Brownian trajectory by summing successive jumps. However, the
nature of this relation is different and is related to the sum of instantaneous jumps. In other words, the first distintion lies
in the execution of not one, but multiple steps per unit time. The number of steps is determined by the number of internal
degrees of freedom. The change in the shell’s position over time can be estimated

®𝑅(𝑡 + Δ𝑡) ≈
∑𝑁

𝛼 𝑚𝛼 ®𝑞𝛼 (𝑡)
𝑀𝑠

+
∑𝑁

𝛼 𝑚𝛼
¤®𝑞𝛼 (𝑡)

𝑀𝑠

Δ𝑡 (11)

Thus, the jump in the particle’s position over time Δ𝑡 is determined by the sum of 𝑚𝛼
¤®𝑞𝛼 internal particles and effectively

determines the Brownian jump of the entire particle. However, the magnitude of the possible changes in the particle’s
position is limited by the inequalities

min
��∑𝑁

𝛼 𝑚𝛼 ®𝑞𝛼

��
𝑀𝑠

≤
��� ®𝑅��� ≤ max

��∑𝑁
𝛼 𝑚𝛼 ®𝑞𝛼

��
𝑀𝑠

Here the length of the vector is indicated by straight brackets |...|. The minimum and maximum values of these amounts
are easy to estimate. The minimum is reached when all internal particles are located in the center of the shell and the
relative deviations ®𝑞𝛼 = 0, and the maximum is reached when they are all close to an arbitrary point on the shell boundary,
with a radius 𝑅0. From this we obtain 0 ≤

��� ®𝑅��� ≤ 𝑅0
∑𝑁

𝛼 𝑚𝛼

𝑀𝑠
. This leads to the second distinction from Brownian motion.

This is the presence of an a priori limitation on deviations from the particle’s initial position. Some other features of the
dynamic equations (10) will be discussed in the following sections.

3. HAMILTONIAN EQUATIONS OF MOTION
We now turn to the Hamiltonian formalism, which has a number of advantages. In addition to its clarity and

exceptional geometric representations, these include advantage of finding exact solutions. It simplifies the transition to
quantum mechanics and is useful in the statistical description of physical systems. The transition from the Lagrangian
to the Hamiltonian formalism is achieved by performing a Legendre transformation [25, 26]. To do this, we define the
generalized momenta according to

®𝑝𝛼 =
𝜕𝐿

𝜕 ¤®𝑞𝛼

(12)
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Using the form of the Lagrangian (7) we obtain the relation

®𝑝𝛼 = 𝑚𝛼
¤®𝑞𝛼 −

𝑚𝛼

∑𝑁
𝛽=1 𝑚𝛽

¤®𝑞𝛽
𝑀𝑠

(13)

Using this equation we obtain the dependence of velocities on momenta

𝑚𝛼
¤®𝑞𝛼 = ®𝑝𝛼 + 𝑚𝛼

𝑀

𝑁∑︁
𝛽=1

®𝑝𝛽 (14)

Now we perform the Legendre transformation of the Lagrange function with respect to velocities. Using the dependence
(14) we define the Hamilton function as

𝐻 =

(∑︁
®𝑝𝛼

¤®𝑞𝛼 − 𝐿

)��� ¤®𝑞𝛼=
®𝑝𝛼
𝑚𝛼

+ 1
𝑀

∑
𝛽 ®𝑝𝛽

(15)

After simple transformations we obtain the Hamiltonian in the form

𝐻 =
1
2

𝑁∑︁
𝛼

®𝑝 2
𝛼

𝑚𝛼

+ (∑𝛼 ®𝑝𝛼)2

2𝑀
+

𝑁∑︁
𝛼

𝑈 ( ®𝑞𝛼) +
𝑁∑︁

𝛼<𝛽

𝑉 ( ®𝑞𝛼 − ®𝑞𝛽) (16)

The equations of motion in the Hamiltonian formalism have the form

𝑑 ®𝑝𝛼

𝑑𝑡
= − 𝜕𝐻

𝜕 ®𝑞𝛼

(17)

𝑑 ®𝑞𝛼

𝑑𝑡
=

𝜕𝐻

𝜕 ®𝑝𝛼

Using the resulting Hamiltonian, we obtain the equation of motion.

𝑑

𝑑𝑡
®𝑝𝛼 (𝑡) = − 𝜕

𝜕 ®𝑞𝛼

𝑈 ( ®𝑞𝛼) −
𝜕

𝜕 ®𝑞𝛼

∑︁
𝛽

𝑉
(
®𝑞𝛼 − ®𝑞𝛽

)
𝑑

𝑑𝑡
®𝑞𝛼 (𝑡) = 𝑝𝛼

𝑚𝛼

+
∑

𝛽 𝑝𝛽

𝑀
(18)

This system of 6𝑁 first-order equations determines the dynamics of internal degrees of freedom in the Hamiltonian
approach. The first equation for the change in momentum coincides with the equation for interacting particles in a
potential well. The distinction in the second equation, as expected, disappears in the limiting case of an infinitely heavy
shell 𝑀 → ∞. This leads us to the classical system of a gas of a finite number of particles in a spherical potential.

Returning to the form of Hamiltonian (16) we note the absence of time dependence. In this case 𝐻 is the first
integral of Hamiltonian equations (18). It is interesting to note that this conservation law differs from the conservation
law of energy for a particle with internal degrees of freedom. Thus, for a particle with internal degrees of freedom, an
additional conservation law arises. The presence of an additional conservation law is of great importance not only for
dynamic properties but also it introduces significant changes to statistical theory. Thus, when obtaining a microcanonical
distribution, a homogeneous distribution will be achieved not on the surface of constant energy, but at its intersection with
the surface of constancy of an additional invariant. This radically affects the type of equilibrium distribution functions
(see, for example [2]).

4. A SPECIAL CASE OF COLLISIONLESS INTERNAL DEGREES OF FREEDOM
Let us consider in more detail a simple case of interaction between internal particles and the shell in the absence of

interactions of particles with each other. In this case, Lagrangian (7) is simplified and takes the form

L =
1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼 − 1

2𝑀𝑠

(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2

−
𝑁∑︁
𝛼=1

𝑈 ( ®𝑞𝛼) (19)

It’s easy to notice the presence of cyclic coordinates and, consequently, additional conservation laws. Thus, cyclic
coordinates are the angular variables of rotation relative to the center of the potential 𝑈 ( ®𝑞𝛼) This is due to its symmetry
and dependence only on the lengths of the vectors | ®𝑞𝛼 |. Moving on to spherical coordinates, we obtain

L =
1
2

𝑁∑︁
𝛼=1

𝑚𝛼 ( ¤𝑞 2
𝛼 + 𝑞2

𝛼
¤𝜃2
𝛼 + 𝑞2

𝛼 sin(𝜃𝛼)2 ¤𝜑2
𝛼)−
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− 1
2𝑀𝑠

(
𝑁∑︁
𝛼=1

𝑚𝛼 ( ¤𝑞𝛼®𝑟0 + 𝑞𝛼
¤𝜃𝛼 ®𝜃0 + 𝑞𝛼 sin(𝜃𝛼) ¤𝜑𝛼 ®𝜑0)

)2

− (20)

−
𝑁∑︁
𝛼=1

𝑈 (𝑞𝛼)

Where ®𝑞0, ®𝜃0, ®𝜑0 are the corresponding unit vectors. The cyclicity of coordinates 𝜑𝛼 results in the conservation of the
following quantities:

𝐼𝛼 = 𝑚𝛼𝑞
2
𝛼 sin2 (𝜃𝛼) ¤𝜑𝛼−

− 1
𝑀𝑠

𝑚𝛼𝑞𝛼 sin(𝜃𝛼) ©­«
𝑁∑︁
𝛽=1

𝑚𝛽𝑞𝛽 sin(𝜃𝛽) ¤𝜑𝛽
ª®¬ (21)

Naturally, their sum is also conserved. Note that from these relations one can explicitly find the velocities of cyclic
variables in the form ¤𝜑𝛼 = 𝑓𝛼 (𝑞𝛼, sin(𝜃𝛼), 𝐼𝛼) for given values of the conserved quantities. Using the Routh method (see,
for example, [27]) ]), one can eliminate cyclic coordinates and their velocities by introducing the Routh function.

𝑅(𝑞1, ..., 𝑞𝑁 ; 𝜃1, ..., 𝜃𝑁 ; ¤𝑞1, ..., ¤𝑞𝑁 ; ¤𝜃1, ..., ¤𝜃𝑁 ; 𝐼) =

= L −
𝑁∑︁
𝛼=1

𝐼𝛼 ¤𝜑𝛼 | ¤𝜑𝛼= 𝑓𝛼 (𝑞𝛼 ,sin(𝜃𝛼 ) ,𝐼𝛼 ) (22)

As a result, we obtain a reduced Lagrangian system, the Lagrangian 𝑅, of which depends on 2𝑁 coordinates (and their
velocities) for fixed values of the invariants. It should be noted that the Routh function in our case is found explicitly and
is not presented only due to the cumbersome nature of its notation. Thus, the number of equations of motion is reduced
to 2𝑁 . It is expected that other conservation laws are also satisfied due to the initial symmetry of the potential energy.
Their search is significantly more difficult. However, one additional invariant can be easily found. To do this, it suffices to
note that the Lagrangian of the reduced system (22) does not depend explicitly on time. This means that the energy of the
reduced system is conserved and provides another additional invariant, using which we can again reduce the number of
dynamic equations. In this way, we can achieve a significant reduction in the number of dynamic equations for describing
the internal degrees of freedom of a structurally complex particle.

5. ENERGY DISTRIBUTION
Let’s return to Lagrangian (19) and consider the general properties of the internal degrees of freedom. We will

be interested in the distribution of kinetic and potential energy between the components of the system. Lagrangian (19)
contains two contributions. One is a quadratic function of the velocities, which we denote by 𝑇 . This function has a
degree of homogeneity of 2 with respect to velocities. It should be noted that this contribution does not coincide with
the kinetic energy. The second contribution is the sum of potential energies that depend only on the coordinates. The
potential energies transform in a specific way under coordinate transformations. Indeed, it is easy to verify that, when
changing coordinates ®𝑞𝛼 → 𝜆 ®𝑞𝛼 the potential energy 𝑈 ( ®𝑞𝛼) = 𝑈0𝜃 (| ®𝑞𝛼 |2 − 𝑅2

0) transforms, taking into account 𝑅0 →
𝜆𝑅0 as 𝑈 ( ®𝑞𝛼) = 𝑈0𝜃 (𝜆(| ®𝑞𝛼 |2 − 𝑅0

2)) = 𝑈 ( ®𝑞𝛼) for 𝜆 > 0. In a more general case, as noted earlier, other potentials can
be used, for example, those with a different degree of homogeneity 𝜅. (Let the potential energy transform under rescaling
as 𝑈 (𝜆 ®𝑞𝛼) = 𝜆𝜅𝑈 ( ®𝑞𝛼).Then it is a homogeneous function of the coordinates of degree 𝜅. In these cases, Clausius, quite
long ago, derived general relations between kinetic and potential energy, which are known as the virial theorem. Using the
properties of homogeneity, we obtain for the part depending on the speed according to Euler’s theorem on homogeneous
functions

2𝑇 =

𝑁∑︁
𝛼=1

¤®𝑞𝛼

𝜕𝑇

𝜕 ¤®𝑞𝛼

(23)

The right side of this equality, using the definition of generalized momentum (see (12), (13)) can be written as

2𝑇 =
𝑑

𝑑𝑡

𝑁∑︁
𝛼=1

®𝑝𝛼 ®𝑞𝛼 −
𝑁∑︁
𝛼=1

®𝑞𝛼
¤®𝑝𝛼 ≡ 𝑑

𝑑𝑡

𝑁∑︁
𝛼=1

®𝑝𝛼 ®𝑞𝛼 +
𝑁∑︁
𝛼=1

®𝑞𝛼

𝜕𝑈

®𝑞𝛼

(24)

It should be emphasized that, due to energy conservation and the restriction of coordinates of particles in a potential
well, momenta and coordinates are bounded functions of time. To obtain virial relations, we use time averaging, which is

denoted by angle brackets. ⟨...⟩ = lim
𝑇→∞

1
𝑇

∫ 𝑇

0
...𝑑𝑡. Averaging the previous ratio over time, we obtain

2 ⟨𝑇⟩ =
〈

𝑁∑︁
𝛼=1

®𝑞𝛼

𝜕𝑈

®𝑞𝛼

〉
(25)
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Taking into account Euler’s theorem for homogeneous functions, we obtain the virial theorem

2 ⟨𝑇⟩ = 𝜅 ⟨𝑈⟩ (26)

For the case under consideration, this relationship can be written as,

2

〈
1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼

〉
− 2

〈
1

2𝑀𝑠

(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2〉
= 𝜅 ⟨𝑈⟩ (27)

The first term on the left coincides with the kinetic energy of the particles, while the second one is more complex. Now,
using conservation of energy, we find what fraction of the initial energy is concentrated in potential energy.〈

1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼

〉
− 1

2𝑀𝑠

〈(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2〉
+ ⟨𝑈⟩ = 𝐸0 (28)

By excluding the average of the square of the sum from the relation (26) we obtain

⟨𝑈⟩ = 2𝐸0
2 + 𝜅

(29)

which exactly coincides with the initial energy fraction in a conventional system of particles in a potential well. However,
estimating the fraction of the kinetic energy of the particles is difficult due to the presence of an additional contribution.
Eliminating the potential energy from relation (27) we obtain〈

1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼

〉
−

〈
1

2𝑀𝑠

(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2〉
=

𝜅𝐸0
2 + 𝜅

(30)

Then, to determine the proportion of the initial energy that goes to kinetic energy, we use an estimate of the second contribu-
tion in terms of kinetic energy. For this, we use the Cauchy-Bunyakovsky inequality (∑𝑁

𝛼=1 𝑎𝛼𝑏𝛼)2 ≤ ∑𝑁
𝛼=1 𝑎

2
𝛼

∑𝑁
𝛼=1 𝑏

2
𝛼.

Let us write down the following relation (
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2

≡
(

𝑁∑︁
𝛼=1

√
𝑚𝛼

√
𝑚𝛼

¤®𝑞𝛼

) 2

≤

≤
𝑁∑︁
𝛼=1

𝑚𝛼 ·
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞2
𝛼 (31)

Denoting the mass of internal degrees of freedom as 𝑀𝑖𝑛 =
∑𝑁

𝛼=1 𝑚𝛼 we obtain(
𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞𝛼

)2

≤ 𝑀𝑖𝑛

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼 (32)

This relation sets a limit to the kinetic energy fraction for the internal degrees of freedom in the total energy 𝐸0〈
1
2

𝑁∑︁
𝛼=1

𝑚𝛼
¤®𝑞 2
𝛼

〉
≤ 𝜅𝐸0𝑀𝑠

(2 + 𝜅)𝑀 (33)

The distinction from the usual case is that the fraction of kinetic energy depends on the ratio of the shell mass to the total
mass of the particles. Thus, the kinetic energy of the internal particles cannot exceed a certain fraction of the total energy,
which is determined by the ratio of the mass of the entire particle to the shell mass.

6. TWO INTERNAL DEGREES OF FREEDOM
We present an exact solution of the Lagrangian equations for the internal degrees of freedom, obtained using

Lagrangian (19) for the one-dimensional case with two internal particles. For simplicity, we choose the potential of
particle interaction with the shell as 𝑈 (𝑞) = 𝑘

2 𝑞
2. The exact solution to this system of equations can be found easily:

𝑞1 (𝑡) = cos
(𝜔1𝑡

2

)
𝑐1 − sin

(𝜔1𝑡

2

)
𝑐2+
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+ cos
(𝜔2𝑡

2

)
𝑐3 − sin

(𝜔2𝑡

2

)
𝑐4 (34)

𝑞2 (𝑡) =
𝑀 (𝑚1 − 𝑚2) + 𝜂

2𝑚1𝑚2

{
cos

(𝜔1𝑡

2

)
𝑐1 − sin

(𝜔1𝑡

2

)
𝑐2

}
+

+𝑀 (𝑚1 − 𝑚2) − 𝜂

2𝑚1𝑚2

{
cos

(𝜔2𝑡

2

)
𝑐3 − sin

(𝜔2𝑡

2

)
𝑐4

}
+ (35)

Where the vibration frequencies are determined by the masses of the internal particles and the shell

𝜔1 =

√︁
(𝑚1𝑀 + 𝑚2𝑀 + 2𝑚1𝑚2 + 𝜂)𝑘

√
𝑚1𝑚2𝑀

𝜔2 =

√︁
(𝑚1𝑀 + 𝑚2𝑀 + 2𝑚1𝑚2 − 𝜂)𝑘

√
𝑚1𝑚2𝑀

𝜂 =

√︃
𝑀2𝑚2

1 − 2𝑀2𝑚1𝑚2 + 𝑀2𝑚2
2 + 4𝑚2

1𝑚
2
2

Let’s pay attention to the complex dependence of frequencies on the masses of the shell and internal particles. According
to relation (6), these frequencies should manifest themselves in the behavior of the shell and, consequently, the structurally
complex particle. Thus, it becomes possible to determine the properties of the internal particles and, consequently, its
internal structure based on observed particle behavior. Direct observation of the internal structure of such a particle can
usually be complicated by both technical reasons and the appearance of additional external influences that alter its behavior.

All other constants are determined by the initial conditions and the masses of the components of the structurally
complex particle. Thus, the constants included in solution (34), (35) have the following form.

𝑐1 = 𝑞1 (0)
𝜂 + 𝑀 (𝑚2 − 𝑚1)

2𝜂
+ 𝑞2 (0)

𝑚1𝑚2
𝜂

𝑐2 = − ¤𝑞1 (0)
𝜂 + 𝑀 (𝑚2 − 𝑚1)

2𝜔1𝜂
− ¤𝑞2 (0)

𝑚1𝑚2
𝜔1𝜂

𝑐3 = 𝑞1 (0)
𝜂 + 𝑀 (𝑚1 − 𝑚2)

2𝜂
− 𝑞2 (0)

𝑚1𝑚2
𝜂

𝑐4 = − ¤𝑞1 (0)
(𝜂 + 𝑀 (𝑚1 − 𝑚2))

𝜔2𝜂
+ ¤𝑞2 (0)

𝑚1𝑚2
𝜔2𝜂

The existence of exact solutions makes it possible to directly calculate the energy distribution even among the components
of internal degrees of freedom without appealing to virial relations. Moreover, the relations for the energies of individual
components cannot be derived from virial relations.

We present the average values of potential and kinetic energies for each internal particle, obtained by directly
averaging the corresponding exact quantities over time.

⟨𝑈1⟩ =
1
2
(𝑐2

1 + 𝑐2
2 + 𝑐2

3 + 𝑐2
4)

⟨𝑈2⟩ =
1

2(2𝑚1𝑚2)2 ((𝑐
2
1 + 𝑐2

2 + 𝑐2
3 + 𝑐2

4) (𝜂
2 + 𝑀2 (𝑚1 − 𝑚2)2)+

+(𝑐2
1 + 𝑐2

2 − 𝑐2
3 − 𝑐2

4)2𝑀 (𝑚1 − 𝑚2)𝜂)
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3 − 𝑐2
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𝜂

4𝑀𝑚2
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1

4𝑚2
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2
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{
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4) (𝑀

2 (𝑀 + 𝑚2) (𝑚1 − 𝑚2)+
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2
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3
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The first two equations allow us to express the initial data (𝑐2
1 + 𝑐2

2 + 𝑐2
3 + 𝑐2

4) and (𝑐2
1 + 𝑐2

2 − 𝑐2
3 − 𝑐2

4) the potential energies
of the internal particles, and after substituting them into the equations for 𝐸1, 𝐸2 we obtain

⟨𝐸1⟩ = ⟨𝑈1⟩
1

2𝑀𝑚2
(𝑀 (𝑚1 + 𝑚2)+

+2𝑚1𝑚2 −
𝜂2𝑀2 (𝑚1 − 𝑚2)2

2𝑀 (𝑚1 − 𝑚2)

)
+ ⟨𝑈2⟩

8𝑚2
1𝑚2

4𝑀2 (𝑚1 − 𝑚2)
⟨𝐸2⟩ = ⟨𝑈1⟩ 𝐵1 + ⟨𝑈2⟩ 𝐵2 (36)

Where coefficients 𝐵1 and 𝐵2 depend on the masses only as
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2
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+
(
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3
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1𝑚
4
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)
𝑀 − 𝑚1𝑚

2
2𝜂

2

4𝑚2
1𝑚

2
2𝑀

2 (𝑚1 − 𝑚2)

𝐵2 =
(𝑚1 − 𝑀) 𝑚2

2 + (𝑚1 − 𝑀) 𝑀𝑚2 + 𝑀2𝑚1

𝑀2 (m1 − m2)
When deriving these relations (36) it was assumed that 𝑚1 ≠ 𝑚2. In the special case of equality of these masses, all
relations are significantly simplified. Thus, the kinetic energy of an internal particle is composed of certain fractions of
the potential energies of the components. Let us note, that these relations are independent of the initial conditions and,
in this sense, are universal. The existence of these relations can be understood by considering the exchange of energies
between internal particles through their interaction with the shell. Such relations cannot be derived from virial relations.
In fact, this means that the distribution over the degrees of freedom is non-uniform and is determined by the masses of the
internal particles.

7. DISCUSSION AND CONCLUSIONS
A generalization of the structurally complex particle is proposed for interaction potentials more general than perfectly

elastic collisions. It is shown that the structurally complex particle is defined by a restricted problem of bodies of different
masses. This system can be described as a system of bodies in certain coordinates. For this system of bodies, a Hamiltonian
formalism is formulated, and the resulting first integrals of motion are discussed. The achieved advantage, in addition to
reducing the number of variables, is that the system moves in a potential well that is at rest. This circumstance significantly
simplifies the numerical solution of such systems,as well as, for the case of a small number of internal degrees of freedom,
the search for exact analytical solutions. An analysis of the general properties leads to proof of the absence of equipartition
among the degrees of freedom and, consequently, to an anomalous energy distribution among them. Using the virial
theorem, it is proven that the energy of the internal degrees of freedom does not exceed a certain fraction of the initial
energy, which depends on the ratio of the masses of the internal particles to the mass of the shell. This circumstance
allows us to expect unusual energy distributions of such particles in statistical theory. This should be expected given
the occurrence of additional integrals of motion and the finite number of particles. An exactly integrable case of a
one-dimensional particle with two internal degrees of freedom is considered. The oscillation frequencies of the internal
particles are determined by their masses and the mass of the shell. The energy distribution among them is non-uniform.
Universal relations for the distribution of the kinetic and potential energies of internal particles are obtained, independent
of the choice of initial conditions. These relations provide more detailed information about the energy distribution than
virial relations. In the following research, it is planned to consider the effect of increasing the number of internal particles
on the behavior of structurally complex particles.
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Запропоновано узагальнену концепцiї структурно складної частинки на випадок загальних потенцiалiв взаємодiї мiж її компо-
нентами. Структурно складна частинка визначається обмеженою задачею N+1 тiл рiзної маси, яка зводиться до задачi N тiл. На
основi лагранжiанського опису формулюється гамiльтонiв формалiзм та обговорюються отриманi першi iнтеграли руху. Демон-
струється вiдсутнiсть рiвномiрного розподiлу мiж ступенями свободи. Використовуючи теорему вiрiала, доведено, що енергiя
внутрiшнiх ступенiв свободи не перевищує певної частки початкової енергiї, яка залежить вiд вiдношення мас внутрiшнiх
частинок до маси оболонки. Розглянуто точно iнтегрований випадок одновимiрної частинки з двома внутрiшнiми ступенями
свободи. Частоти коливань такої структурно складної частинки визначаються її масами та масою оболонки. Розподiл енергiї
по них не є рiвномiрним. Отримано унiверсальнi спiввiдношення для розподiлу кiнетичної та потенцiйної енергiй внутрiшнiх
частинок, якi не залежать вiд вибору початкових умов. Цi спiввiдношення надають детальнiшу iнформацiю про розподiл енергiї,
нiж вiрiальнi спiввiдношення.
Ключовi слова: структурно складна частинка; внутрiшнi ступенi свободи; рiвняння руху; вiрiальнi спiввiдношення
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This study provides a detailed theoretical and numerical account of the dispersion properties of 𝑝-polarized electromagnetic waves
in a complex multilayered solid-state structure. The system under investigation is a six-layer stack featuring two isotropic plasmonic
metasurfaces, separated by dielectric spacers and supported by a semi-infinite plasma-like substrate—either a heavily doped semi-
conductor or a metal. By combining the transfer-matrix formalism with Maxwell’s equations and rigorous boundary conditions, we
derive exact dispersion relations for both surface and bulk-surface eigenmodes. Our numerical results point to a cascaded hybridization
process between the fundamental metasurface resonances and the surface plasmon-polariton (SPP) modes inherent to the substrate. A
particularly significant finding is that adjusting the effective oscillator strengths of the metasurfaces triggers a pronounced dispersion
asymmetry. This occurs when one metasurface exhibits a capacitive response while the other becomes effectively inductive. Such an
electrodynamic imbalance leads to an anomalous negative frequency dispersion regime characterized by the propagation of backward
waves. Furthermore, we demonstrate that modifying the dielectric environment or swapping the semiconductor substrate for a metallic
one shifts the regions of resonant interaction, offering a versatile means of controlling the spectral intervals of mode splitting. These
findings establish a solid theoretical groundwork for the design of tunable nanophotonic devices and the generation of distributed internal
feedback, which is essential for the emergence of absolute electromagnetic wave instabilities in beam-coupled systems.

Keywords: Plasmonic metasurface; Hybrid surface wave; Bulk-surface wave; Negative dispersion; Semiconductor substrate; Mode
hybridization

1. INTRODUCTION
The progress of modern nanophotonics and optoelectronics is largely driven by the search for new ways to manipulate

electromagnetic waves at subwavelength scales. In this context, two-dimensional metamaterials—widely known as
metasurfaces—have emerged as a focal point of research due to their ability to exhibit electrodynamic properties far
beyond those of naturally occurring media [1]. Among these, plasmonic metasurfaces are of particular interest. They
offer a versatile toolkit for wave tailoring, supporting extreme field localization, selective routing of surface modes, and
fine-tuning of the local density of states. Extensive studies have already uncovered a range of anomalous phenomena linked
to their frequency dispersion. It is now a well-recognized fact that these architectures can host tightly confined hybrid
electromagnetic states. Typically, the resulting eigenspectrum splits into branches representing hybrid transverse electric
(TE) and transverse magnetic (TM) waves [2, 3]. Furthermore, such systems can trigger optical topological transitions,
where the isofrequency contours undergo a dynamic transformation from closed ellipses to open hyperbolic curves as
the frequency shifts [4]. Accurately modeling these effects requires a precise determination of the effective surface
conductivity, often done by merging near-field and far-field characterization methods [5]. A promising direction lies in
integrating anisotropic metasurfaces with natural 2D materials like graphene or black phosphorus, or embedding them
into multilayered solid-state stacks. For instance, doped 2D layers can support highly directional hyperbolic plasmons,
which are easily tuned via electrical gating [6]. It is also worth noting that strong field confinement often arises at the
physical boundaries of these anisotropic structures [7]. When multiple metasurfaces are stacked, the interaction between
their eigenmodes becomes quite complex. Some theoretical models even compare these coupled modes to Feynman paths
in electron transport theory [8]. To evaluate such layered systems, the transfer-matrix formalism remains one of the most
reliable and direct analytical tools [9].

Recent research has significantly broadened the known spectrum of guided states. Notable examples include
analytical models for anisotropic polarizabilities at arbitrary incidence [10], self-collimated surface-wave steering through
equifrequency contour design [11], and the discovery of hybrid waves in twisted metasurfaces [12]. Simultaneously,
work on hyperbolic shear metasurfaces [13] and antihyperbolic surface states [14] has opened new routes for controlling
mode topology and axial dispersion. Other studies have demonstrated that even isotropic metasurfaces can produce a
scattering-free plasmonic Brewster effect for 𝑝-polarized waves across a wide range of angles [15]. The strong anisotropy
and tunability of these platforms allow for a variety of specialized effects, from near-perfect photon spin selectivity [16]
and chiral sensing [17] to quantum-nanophotonic effects in hyperbolic media [18]. Furthermore, the high confinement
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of surface plasmons enables these systems to exert significant transverse optical forces on nearby nanoparticles [19] or to
facilitate directional radiative heat transfer [20]. Practical applications also extend to multiband polarization converters
[21], multifunctional polaritonic structures [22], and Babinet-invertible metasurfaces enabling transmission-reflection and
helicity switching [23, 24]. However, despite these advances, there is still a lack of comprehensive electrodynamic models
for certain asymmetric hybrid architectures. A prime example is a structure where a dielectric layer is placed between a
plasmonic metasurface and a semi-infinite plasma-like substrate (such as a metal or semiconductor).

In this paper, we conduct a rigorous theoretical and numerical study of the dispersion properties in such a configuration.
Our goal is to identify the conditions for strong wave localization and to analyze the frequency splitting of coupled surface
modes in solid-state structures incorporating isotropic plasmonic metasurfaces.

2. PROBLEM STATEMENT
2.1. Main equations and boundary conditions

The physical system under investigation represents a planar, multi-layered solid-state structure. The uppermost region
consists of a semi-infinite dielectric superstrate characterized by a permittivity 𝜀1, which bounds the primary plasmonic
metasurface. A dielectric spacer of thickness 𝑑1 and permittivity 𝜀2 separates this top conductive sheet from a secondary
plasmonic metasurface. Beneath this lower structured interface lies another dielectric layer, having a thickness 𝑑2 and
permittivity 𝜀3, which bridges the gap to a semi-infinite plasma-like bulk substrate, typically realized as a highly doped
semiconductor or a metal. We orient the 𝑧-axis normal to the layer interfaces, defining its positive direction to point into the

Figure 1. Geometry of the structure.

depth of the plasma-like medium (see Fig. 1). The top metasurface is located precisely at the 𝑧 = 0 plane, while the bottom
metasurface is positioned at 𝑧 = 𝑑1. From a physical standpoint, such metasurfaces are typically fabricated as periodic
lattices of highly conducting, ultra-thin elements—such as metallic strips or disks. Given that both the thickness of these
inclusions and the array periodicity are vastly smaller than the operational wavelength, out-of-plane spatial dispersion
becomes entirely negligible. This scale separation permits us to model the electrodynamic behavior of both structured
interfaces using macroscopic, isotropic effective surface conductivities, denoted here as 𝜎1 and 𝜎2.

The overall field dynamics within this multi-layered geometry are rigorously governed by Maxwell’s equations:

∇ × H(r, 𝑡) = 1
𝑐

𝜕D(r, 𝑡)
𝜕𝑡

+ 4π
𝑐

j(r, 𝑡), (1)

∇ × E(r, 𝑡) = −1
𝑐

𝜕B(r, 𝑡)
𝜕𝑡

, (2)

∇ · D(r, 𝑡) = 0, (3)
∇ · B(r, 𝑡) = 0. (4)

In these expressions, 𝑐 represents the vacuum speed of light. The variables E(r, 𝑡), H(r, 𝑡), and B(r, 𝑡) correspond to the
electric field, magnetic field, and magnetic induction vectors, respectively. Because all constituent layers are assumed to be
non-magnetic (𝜇 = 1), the magnetic induction and magnetic fields are strictly equivalent in the Gaussian system, yielding
B(r, 𝑡) = H(r, 𝑡). The vector D(r, 𝑡) defines the electric displacement. Additionally, the complete current density within
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the system is purely planar, taking the form j(r, 𝑡) = (j𝜏 (r, 𝑡), 0). This transverse current distribution is mathematically
pinned to the patterned interfaces using the Dirac delta function, 𝛿(𝑧), and can be expanded as j𝜏 (r, 𝑡) = j𝜏1 (𝝆, 𝑡)𝛿(𝑧) +
j𝜏2 (𝝆, 𝑡)𝛿(𝑧 − 𝑑1), with 𝝆 = (𝑥, 𝑦, 0) acting as the in-plane position vector.

To analyze the system, we decompose the electromagnetic fields into Fourier integrals of the form [25]:

E(r, 𝑡) =
∞∫

−∞

∞∫
−∞

E(𝒌, 𝜔) exp [𝑖(𝑘𝑧𝑧 + 𝜿𝝆 − 𝜔𝑡)] 𝑑𝒌𝑑𝜔, (5)

where 𝜔 stands for the angular frequency, and the total wave vector is defined as 𝒌 = (𝜿, 𝑘𝑧). Its in-plane transverse
component is denoted by 𝜿 = (𝑘𝑥 , 𝑘𝑦 , 0), while 𝑘𝑧 represents the normal wave number.

Furthermore, the macroscopic constitutive relations coupling the electric displacement to the electric field inherently
take a non-local form:

𝐷 𝑗 (r, 𝑡) =
∫ 𝑡

−∞
𝜀 𝑗𝑔 (𝑡 − 𝑡′)𝐸𝑔 (r, 𝑡′)𝑑𝑡′, (6)

where the subscripts 𝑗 and 𝑔 designate the Cartesian coordinates (𝑥, 𝑦, 𝑧), with summation implicitly applied over the
index 𝑔. The integral kernel 𝜀 𝑗𝑔 (𝑡 − 𝑡′) serves as the time-domain dielectric response tensor, reflecting the assumption that
the electrodynamic properties of the medium are temporally homogeneous. Upon transforming to the frequency domain,
this convolution reduces to a straightforward algebraic relation:

𝐷 𝑗 (𝒌, 𝜔) = 𝜀 𝑗𝑔 (𝜔)𝐸𝑔 (𝒌, 𝜔). (7)

In this formulation, the frequency-domain dielectric tensor 𝜀 𝑗𝑔 (𝜔) is obtained directly through the Fourier transform of
the temporal response kernel:

𝜀 𝑗𝑔 (𝜔) =
∫ ∞

0
𝜀 𝑗𝑔 (𝜏) exp(𝑖𝜔𝜏)𝑑𝜏. (8)

Inside the purely dielectric regions (𝑧 < 0, 0 < 𝑧 < 𝑑1, and 𝑑1 < 𝑧 < 𝑑1 + 𝑑2), the material response is essentially
instantaneous, which is mathematically expressed as 𝜀𝑖 𝑗 (𝜏) = 𝜀𝑚𝛿𝑖 𝑗𝛿(𝜏). Here, the scalar constant 𝜀𝑚 ∈ {𝜀1, 𝜀2, 𝜀3} is
assigned according to the specific layer. As a result, the spectral electric displacement reduces to a simple proportionality:
D𝑚 (𝒌, 𝜔) = 𝜀𝑚E(𝒌, 𝜔). In contrast, the plasma-like substrate occupying 𝑧 > 𝑑1 + 𝑑2 exhibits strong temporal dispersion,
leading to the relation D4 (𝒌, 𝜔) = 𝜀4 (𝜔)E(𝒌, 𝜔), where

𝜀4 (𝜔) = 𝜀0 −
𝜔2

𝑝

𝜔(𝜔 + 𝑖𝜈) . (9)

In this formulation, 𝜀0 represents the high-frequency background permittivity, 𝜔𝑝 designates the collective plasma
frequency of the free charge carriers, and 𝜈 dictates the effective collision rate responsible for intrinsic dissipative losses.

Furthermore, the macroscopic surface currents induced on the patterned interfaces are expressed as:

j𝜏𝑙 (𝝆, 𝑡) =
∞∫

−∞

∞∫
−∞

j𝜏𝑙 (𝜿, 𝜔) exp
[
𝑖(𝜿𝝆 − 𝜔𝑡)

]
𝑑𝜿𝑑𝜔, (10)

where 𝑙 ∈ {1, 2} indexes the metasurfaces. In the frequency domain, we use:

j𝜏𝑙 (𝜿, 𝜔) = 𝜎𝑙 (𝜔) E𝜏 (𝜿, 𝜔) . (11)

Here, the term 𝜎𝑙 (𝜔) represents the frequency-domain effective surface conductivity of the 𝑙-th metasurface, which is
mathematically modeled as:

𝜎𝑙 (𝜔) =
𝑐

4π

(
𝜎∞𝑙 +

𝑖𝐴𝑙𝜔

𝜔2 −Ω2
𝑙
+ 𝑖𝛾𝑙𝜔

)
. (12)

Here, 𝜎∞𝑙 represents the background conductivity arising from deep electronic band transitions (Re𝜎∞𝑙 = 0). The
amplitude coefficient 𝐴𝑙 is determined by the particular subwavelength geometry of the 𝑙-th metasurface (Im 𝐴𝑙 = 0).
Additionally, Ω𝑙 denotes the fundamental resonance frequency of the structured layer, while 𝛾𝑙 accounts for the resonance
broadening caused by ohmic dissipation and radiation scattering. To focus strictly on the underlying dispersion topology,
we hereafter neglect all dissipative mechanisms within both the patterned interfaces and the plasma-like substrate, explicitly
setting 𝛾1 = 𝛾2 = 0 and 𝜈 = 0.

To rigorously extract the dispersion characteristics, we enforce the standard electromagnetic boundary matching at
the three primary interfaces (𝑧 = 0, 𝑧 = 𝑑1, and 𝑧 = 𝑑1 + 𝑑2). At the metasurface planes located at 𝑧 = 0 and 𝑧 = 𝑑1,
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the tangential electric field remains strictly continuous. In contrast, the tangential magnetic field undergoes a discrete
discontinuity driven by the localized surface currents:

n ×
(
E𝑚+1 (r, 𝑡) − E𝑚 (r, 𝑡)

)
= 0, (13)

n ×
(
H𝑚+1 (r, 𝑡) − H𝑚 (r, 𝑡)

)
=

4π
𝑐

j𝜏𝑙 (𝝆, 𝑡). (14)

In this notation, n = (0, 0, 1) represents the unit normal vector pointing from the 𝑚-th medium into the (𝑚+1)-th medium,
where the index 𝑚 ∈ {1, 2} specifies the dielectric domains immediately bounding the 𝑙-th metasurface. Furthermore,
since the boundary separating the bottom dielectric spacer and the plasma-like substrate (located at 𝑧 = 𝑑1 + 𝑑2) lacks any
conducting inclusions, it cannot support free surface currents. Consequently, both the tangential electric and magnetic
field components transition continuously across this final interface:

n ×
(
E4 (r, 𝑡) − E3 (r, 𝑡)

)
= 0, n ×

(
H4 (r, 𝑡) − H3 (r, 𝑡)

)
= 0. (15)

2.2. Dispersion relations of structure eigenwaves
To derive the dispersion relations for the 𝑝-polarized (transverse magnetic) eigenmodes supported by the proposed

structure, we first specify the relevant electromagnetic field vectors. Under this polarization scheme, the fields exhibit the
non-vanishing components E(𝒓, 𝑡) = (𝐸𝑥 (𝒓, 𝑡), 0, 𝐸𝑧 (𝒓, 𝑡)) and H(𝒓, 𝑡) = (0, 𝐻𝑦 (𝒓, 𝑡), 0). Assuming unidirectional wave
propagation strictly along the 𝑥-axis, the associated wave vector simplifies to 𝒌 = (𝑘𝑥 , 0, 𝑘𝑧).

Applying this specific spatial field configuration requires us to adapt the general macroscopic boundary condi-
tions across all structural interfaces. Specifically, evaluating these matching conditions at the plane containing the top
metasurface (𝑧 = 0) yields:

𝐸𝑥2 (𝑥, 𝑡)
���
𝑧=0

= 𝐸𝑥1 (𝑥, 𝑡)
���
𝑧=0

, (16)

𝐻𝑦2 (𝑥, 𝑡)
���
𝑧=0

−𝐻𝑦1 (𝑥, 𝑡)
���
𝑧=0

= −4π
𝑐

𝑗𝜏1,𝑥 (𝝆, 𝑡)
���
𝑧=0

. (17)

At the plane of the second metasurface (𝑧 = 𝑑1):

𝐸𝑥3 (𝑥, 𝑡)
���
𝑧=𝑑1

= 𝐸𝑥2 (𝑥, 𝑡)
���
𝑧=𝑑1

, (18)

𝐻𝑦3 (𝑥, 𝑡)
���
𝑧=𝑑1

−𝐻𝑦2 (𝑥, 𝑡)
���
𝑧=𝑑1

= −4π
𝑐

𝑗𝜏2,𝑥 (𝝆, 𝑡)
���
𝑧=𝑑1

. (19)

At the interface between dielectric 3 and the plasma-like medium (𝑧 = 𝑑1 + 𝑑2):

𝐸𝑥4 (𝑥, 𝑡)
���
𝑧=𝑑1+𝑑2

= 𝐸𝑥3 (𝑥, 𝑡)
���
𝑧=𝑑1+𝑑2

, (20)

𝐻𝑦4 (𝑥, 𝑡)
���
𝑧=𝑑1+𝑑2

= 𝐻𝑦3 (𝑥, 𝑡)
���
𝑧=𝑑1+𝑑2

. (21)

We first deduce the dispersion relation specific to the surface eigenwaves of the structure. Moving forward, the relevant
spatial and frequency parameters are expressed in dimensionless form, normalized with respect to the fundamental resonant
frequency of the first metasurface, Ω1:

𝜉 =
𝜔

Ω1
, 𝑞 =

𝑐𝑘𝑥

Ω1
, 𝛿1 =

𝑑1Ω1
𝑐

, 𝛿2 =
𝑑2Ω1
𝑐

. (22)

The dimensionless transverse decay constants in the corresponding layers are defined as:

𝜂𝑚 = 𝑖
𝑐𝑘𝑧𝑚

Ω1
=

√︁
𝑞2 − 𝜉2𝜀𝑚 (𝑚 = 1, 2, 3), 𝜂4 = 𝑖

𝑐𝑘𝑧4
Ω1

=
√︁
𝑞2 − 𝜉2𝜀4 (𝜉). (23)

The remaining normalized physical parameters of the materials are given by:

𝜔̄𝑝 =
𝜔𝑝

Ω1
, 𝜉2 =

Ω2
Ω1

, 𝐴̄𝑙 =
𝐴𝑙

Ω1
, 𝜎̄∞𝑙 = −4π𝑖

𝑐
𝜎∞𝑙 , (24)

where the index 𝑙 ∈ {1, 2} refers to the first and second metasurface, respectively.
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In terms of these newly defined variables, the Fourier-transformed permittivity of the plasma-like medium and the
effective surface conductivities reduce to the following expressions:

𝜀4 (𝜉) = 𝜀0 −
𝜔̄2

𝑝

𝜉2 , 𝜎̄1 (𝜉) = −4π𝑖
𝑐

𝜎1 (𝜔) = 𝜎̄∞1 +
𝐴̄1𝜉

𝜉2 − 1
, (25)

𝜎̄2 (𝜉) = −4π𝑖
𝑐

𝜎2 (𝜔) = 𝜎̄∞2 +
𝐴̄2𝜉

𝜉2 − 𝜉2
2
. (26)

By substituting the integral representations of the fields (5) and the surface currents (10) into the boundary conditions
(16)–(21), we arrive at the dispersion relation governing the surface eigenwaves:

𝑎1

[
𝑏3
𝑏1

− 𝑏4
𝑏2

exp(−2𝜂2𝛿1)
]
exp(−2𝜂3𝛿2) + 𝑎2

[
𝑏6
𝑏1

− 𝑏5
𝑏2

exp(−2𝜂2𝛿1)
]
= 0, (27)

where
𝑎1 =

𝜀4
𝜂4

− 𝜀3
𝜂3

, 𝑎2 =
𝜀4
𝜂4

+ 𝜀3
𝜂3

, (28)

𝑏1 =

(
𝜀1
𝜂1

− 𝜀2
𝜂2

)
𝜉 − 𝜎̄1 (𝜉), 𝑏2 =

(
𝜀1
𝜂1

+ 𝜀2
𝜂2

)
𝜉 − 𝜎̄1 (𝜉), 𝑏3 =

(
𝜀3
𝜂3

− 𝜀2
𝜂2

)
𝜉 + 𝜎̄2 (𝜉), (29)

𝑏4 =

(
𝜀3
𝜂3

+ 𝜀2
𝜂2

)
𝜉 + 𝜎̄2 (𝜉), 𝑏5 =

(
𝜀3
𝜂3

− 𝜀2
𝜂2

)
𝜉 − 𝜎̄2 (𝜉), 𝑏6 =

(
𝜀3
𝜂3

+ 𝜀2
𝜂2

)
𝜉 − 𝜎̄2 (𝜉). (30)

As the thickness 𝛿2 tends toward infinity, the composite dispersion relation (27) decouples into two independent
equations. These specifically describe the eigenmodes of the dielectric 3–plasma-like interface and the isolated five-layer
metasurface structure (dielectric 1–metasurface 1–dielectric 2–metasurface 2–dielectric 3), respectively:

𝜀4
𝜂4

+ 𝜀3
𝜂3

= 0,
𝑏6
𝑏1

− 𝑏5
𝑏2

exp(−2𝜂2𝛿1) = 0. (31)

Next, we focus on the bulk-surface eigenwaves, which are characterized by fields that exhibit exponential decay
(evanescence) within the top dielectric and the semiconductor substrate, while maintaining an oscillatory profile inside
the internal dielectric spacers 2 and 3. This specific waveguiding regime is supported when the following phase-matching
conditions are satisfied: 𝑞2 > 𝜉2𝜀1, 𝑞2 > 𝜉2𝜀4 (𝜉), 𝑞2 < 𝜉2𝜀2, and 𝑞2 < 𝜉2𝜀3. We will use the following notation for the
normal components of the wave vector in dielectrics 2 and 3:

𝜁2 =
√︁
𝜉2𝜀2 − 𝑞2, 𝜁3 =

√︁
𝜉2𝜀3 − 𝑞2. (32)

The dispersion relation governing the bulk-surface waves is derived from Eq. (27) by enforcing an oscillatory field
profile within the internal dielectric spacers (layers 2 and 3). This transition is mathematically handled by substituting the
transverse decay constants with their purely imaginary counterparts, 𝜂2 = −𝑖𝜁2 and 𝜂3 = −𝑖𝜁3. By subsequently invoking
Euler’s identities to recast the complex exponentials into a trigonometric form, we arrive at the following expression:

cos(𝜑1)
{
𝜉

( 𝜀3
𝜁3

− 𝜀2
𝜁2

) [
𝜉

( 𝜀2
𝜁2

Δ1 −
𝜀1
𝜂1

Δ2

)
+ 𝜎̄1 (𝜉)Δ2

]
− 𝜎̄2 (𝜉)

[
𝜉

( 𝜀1
𝜂1

Δ1 +
𝜀2
𝜁2

Δ2

)
− 𝜎̄1 (𝜉)Δ1

]}
+ cos(𝜑2)

{
𝜉

( 𝜀3
𝜁3

+ 𝜀2
𝜁2

) [
𝜉

( 𝜀1
𝜂1

Δ3 +
𝜀2
𝜁2

Δ4

)
− 𝜎̄1 (𝜉)Δ3

]
+ 𝜎̄2 (𝜉)

[
𝜉

( 𝜀1
𝜂1

Δ4 −
𝜀2
𝜁2

Δ3

)
− 𝜎̄1 (𝜉)Δ4

]}
= 0, (33)

where
Δ1 =

𝜀4
𝜂4

− 𝜀3
𝜁3

tan(𝜑1), Δ2 =
𝜀3
𝜁3

+ 𝜀4
𝜂4

tan(𝜑1), Δ3 =
𝜀3
𝜁3

− 𝜀4
𝜂4

tan(𝜑2), Δ4 =
𝜀4
𝜂4

+ 𝜀3
𝜁3

tan(𝜑2), (34)

𝜑1 = 𝜁2𝛿1 − 𝜁3𝛿2, 𝜑2 = 𝜁2𝛿1 + 𝜁3𝛿2. (35)

We also examine a specific class of bulk-surface eigenwaves characterized by evanescent field profiles in the vacuum
cladding, the first dielectric spacer, and the plasma-like substrate, while sustaining an oscillatory behavior strictly within
the third dielectric layer. These modes are supported when the in-plane wave number 𝑞 satisfies the phase-matching
inequalities 𝑞2 > 𝜉2𝜀1, 𝑞2 > 𝜉2𝜀2, and 𝑞2 > 𝜉2𝜀4 (𝜉), but remains below the light line of the silica layer (𝑞2 < 𝜉2𝜀3).
Under these conditions, the governing dispersion equation takes the following form:

𝑔
𝜀4
𝜂4

− 𝑓
𝜀3
𝜁3

+
(
𝑔
𝜀3
𝜁3

+ 𝑓
𝜀4
𝜂4

)
tan(𝜁3𝛿2) = 0, (36)
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where
𝑓 = −𝜉 𝜀2

𝜂2

[
1
𝑏1

+ 1
𝑏2

exp(−2𝜂2𝛿1)
]
+ 𝜎̄2 (𝜉)

[
1
𝑏1

− 1
𝑏2

exp(−2𝜂2𝛿1)
]
, (37)

𝑔 = 𝜉
𝜀3
𝜁3

[
1
𝑏1

− 1
𝑏2

exp(−2𝜂2𝛿1)
]
. (38)

3. NUMERICAL ANALYSIS OF DISPERSION RELATIONS
To numerically evaluate the dispersion profiles, we adopt the following material parameters: vacuum for the top layer

(𝜀1 = 1), Teflon for the first spacer (𝜀2 = 2.1), fused silica for the second spacer (𝜀3 = 3.7), and an InSb semiconductor
substrate (𝜀0 = 15.68). The normalized geometric and metasurface parameters are fixed at 𝜎̄∞1 = 𝜎̄∞2 = 0.2, 𝐴̄1 = 𝐴̄2 =

0.2, 𝛿1 = 0.3, 𝛿2 = 0.15, and 𝜉2 = 1.3. In the subsequent analysis, only the dimensionless plasma frequency 𝜔̄𝑝 and the
oscillator strengths 𝐴̄𝑙 will be treated as variable quantities.

Our numerical analysis relies on a fundamental physical concept: pronounced branch repulsion—typically referred to
as an avoided crossing—emerges whenever the eigenfrequencies of initially non-degenerate modes approach one another.
The proposed six-layer structure inherently supports three distinct resonant states: the fundamental resonance of the top
metasurface (𝜉1 = 1), the resonance of the bottom metasurface (𝜉2), and the surface plasmon-polariton (SPP) supported
by the boundary between the semiconductor substrate and the adjacent silica spacer. This SPP resonance is governed by
the standard matching condition 𝜀4 + 𝜀3 = 0.

We aim to track how the overall mode spectrum reorganizes as the normalized SPP frequency, defined as 𝜉𝑠𝑝 =

𝜔̄𝑝/
√
𝜀0 + 𝜀3, is systematically swept across the metasurface resonances, specifically moving from a sub-resonant regime

(𝜉𝑠𝑝 < 𝜉1) to a supra-resonant one (𝜉𝑠𝑝 > 𝜉2, assuming 𝜉2 > 𝜉1).
We start by examining a scenario where the SPP frequency resides well below the resonant frequencies of both

structured layers, meaning 𝜉𝑠𝑝 < 𝜉1 < 𝜉2. The resulting eigenspectrum under these conditions is plotted in Fig. 2,
calculated for 𝜔̄𝑝 = 3.5 and identical oscillator strengths 𝐴̄1 = 𝐴̄2 = 0.2.

To ensure consistency across all spectra of electromagnetic waves (Figs. 2, 4–8), we use a unified labeling scheme.
The straight lines denoted by 1, 2, and 3 are the light lines corresponding to the vacuum, Teflon, and silica regions,
respectively. Curve 4 marks the transition boundary where the transverse decay constant inside the semiconductor
vanishes (𝜂4 = 0). The horizontal lines 5 and 6 specify the isolated resonant frequencies of the upper (𝜉1 = 1) and
lower (𝜉2 = 1.3) metasurfaces, while line 7 tracks the SPP frequency 𝜉𝑠𝑝 . Furthermore, the lower-frequency and upper-
frequency dispersion branches originating from the metasurfaces are identified as curves 8, 9 and 11, 12. Finally, curve 10
specifically maps the electromagnetic state that remains largely confined to the semiconductor interface. In Fig. 9, lines
1–3 have the same meaning as in the preceding figures; line 4 corresponds to 𝜉1 = 1, line 5 to 𝜉2 = 1.3, and line 6 to
𝜉𝑠𝑝 . Curves 7, 8 and 10, 11 represent, respectively, the low-frequency and high-frequency branches of electromagnetic
waves predominantly localized near the metasurfaces, whereas curve 9 represents an electromagnetic wave predominantly
localized near the plasma-like medium.

As illustrated in Fig. 2, the dispersion branches representing the low-frequency (𝜉 < 1) modes largely confined to
the two metasurfaces (curves 8 and 9) exhibit a clear avoided crossing within region B. This repulsion signifies a strong

Figure 2. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure when 𝜉𝑠𝑝 < 𝜉1 < 𝜉2
(with 𝜔̄𝑝 = 3.5). The highlighted areas A and B demonstrate the pronounced resonant coupling between the underlying
non-degenerate modes.
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resonant coupling between the initially non-degenerate states. The higher-frequency (𝜉 > 1) metasurface modes undergo
a comparable hybridization process. Specifically, in region A, dispersion curves 11 and 12—which correspond to the
electromagnetic states governed by the upper and lower metasurfaces—mutually repel and diverge. Because we have set
𝜉𝑠𝑝 < 𝜉1 = 1, the branch principally confined to the semiconductor substrate (curve 10) remains entirely uncoupled from
the upper-frequency metasurface branches. Instead, the primary energy exchange in this high-frequency domain occurs
exclusively between the two metasurfaces themselves, driving the pronounced splitting observed in region A. Notably,
both curves 11 and 12 originate from the boundary defined by curve 4. At wave numbers below this threshold, the
electromagnetic fields inside the semiconductor adopt an oscillatory character, precluding the existence of purely bound
surface wave solutions. Furthermore, as curve 10 crosses the relevant light lines, its physical nature transitions. The
segment bounded by spectral lines 1 and 2 captures a bulk-surface wave governed by Eq. (33), whereas the section between
light lines 2 and 3 maps to a distinct bulk-surface state accurately described by Eq. (36).

We now turn our attention to the specific shape of curve 10 from Fig. 2 and its dependence on the structural oscillator
strengths, 𝐴̄1 and 𝐴̄2. To isolate this effect, Fig. 3 plots the dispersion profile of the semiconductor-confined mode under
the exact same background parameters, leaving only the conductivity amplitudes 𝐴̄1 and 𝐴̄2 as variable quantities.

Figure 3. Dispersion spectrum of the electromagnetic mode confined near the plasma-like substrate. The structural
parameters match those in Fig. 2, evaluated for oscillator strengths 𝐴̄1 = 𝐴̄2 = 0.2 (curve 3), 𝐴̄1 = 𝐴̄2 = 0.4 (curve 4),
and 𝐴̄1 = 𝐴̄2 = 0.6 (curve 5). Line 1 denotes the light line in the third dielectric layer, while line 2 indicates the surface
plasmon-polariton (SPP) resonance at 𝜉𝑠𝑝 ≈ 0.8.

As depicted in Fig. 3, setting the oscillator strengths to 𝐴̄1 = 𝐴̄2 = 0.2 induces a distinct anomalous segment
characterized by negative dispersion on the branch associated with the semiconductor-confined mode. Within this specific
frequency band, the electrodynamic parameters satisfy the following criteria: 𝜀4 < 0, 𝜎̄1 (𝜉) = −4𝜋𝑖𝜎1 (𝜉)/𝑐 < 0, and
𝜎̄2 (𝜉) = −4𝜋𝑖𝜎2 (𝜉)/𝑐 > 0. Conversely, increasing these oscillator strengths to 𝐴̄1 = 𝐴̄2 = 0.4 (curve 4) or 𝐴̄1 = 𝐴̄2 = 0.6
(curve 5) completely eliminates the backward-wave behavior. Under these higher-strength conditions, the system enters a
regime where both patterned layers share an identical reactive nature, meaning that 𝜀4 < 0, 𝜎̄1 (𝜉) = −4𝜋𝑖𝜎1 (𝜉)/𝑐 < 0,
and crucially, 𝜎̄2 (𝜉) = −4𝜋𝑖𝜎2 (𝜉)/𝑐 < 0 across the entirety of curves 4 and 5.

This analysis demonstrates that for a specific subset of parameters 𝐴̄1 and 𝐴̄2, a profound electrodynamic asym-
metry is established within the stack. Specifically, the top metasurface maintains a fundamentally capacitive profile
(−4𝜋𝑖𝜎1 (𝜉)/𝑐 < 0), whereas the bottom metasurface transitions to an inductive, metal-like behavior (−4𝜋𝑖𝜎2 (𝜉)/𝑐 > 0).
It is precisely this competitive capacitive-inductive feedback between the adjacent structured layers that drives the emer-
gence of the negative-dispersion region. From a practical standpoint, the generation of such a backward-wave segment
provides the internal distributed feedback necessary to support absolute instabilities when the hybrid geometry is coupled
to a synchronized beam of charged particles.

Let us consider the case where the SPP frequency practically coincides with the resonance frequency of the first
metasurface, i.e.,

𝜉𝑠𝑝 ≈ 𝜉1 = 1 < 𝜉2 = 1.3.
The corresponding eigenspectrum is shown in Fig. 4 for 𝜔̄𝑝 = 4.4 and 𝐴̄1 = 𝐴̄2 = 0.2. Due to the frequency

degeneracy (𝜉𝑠𝑝 ≈ 𝜉1 = 1), a regime of strong mode hybridization is achieved. This leads to a pronounced anticrossing
(curve repulsion), highlighted as Region A, between curve 10, which corresponds to the mode predominantly localized
near the plasma-like medium, and curve 11, the high-frequency branch predominantly associated with metasurface 1. The
strong electrodynamic coupling fundamentally reorganizes the spectrum in the vicinity of 𝜉 = 1. Additionally, Regions B
and C indicate the secondary resonant interactions between the high-frequency and low-frequency electromagnetic waves,
respectively, which are localized near the two separated metasurfaces.
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Figure 4. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure under the condition 𝜉𝑠𝑝 ≈
𝜉1 = 1 < 𝜉2 = 1.3 (where 𝜔̄𝑝 = 4.4). Region A features a substantial avoided crossing between the dispersion branch of
the plasma-like medium (curve 10) and that of the primary metasurface (curve 11).

Fig. 5 demonstrates the eigenspectrum for a uniform distribution of resonances, where 𝜉1 = 1 < 𝜉𝑠𝑝 ≈ 1.13 < 𝜉2 =

1.3 (with 𝜔̄𝑝 = 5.0).
In this regime, the system avoids giant single-point mode splitting and instead forms a characteristic ”ladder” of

repelling branches. The spectrum features three distinct interaction areas: Region A corresponds to the coupling of
the proper high-frequency surface modes localized near both metasurfaces; Region B highlights the interaction between
the branch localized near metasurface 1 and the branch predominantly localized near the plasma-like medium (curve
10); and Region C reflects the mutual coupling of the low-frequency metasurface modes. Such a sequential repulsion
mechanism reveals the complex cascaded nature of the mode interactions across the entire structure. Therefore, when the
SPP frequency falls between the two metasurface resonances, the spectrum undergoes a sequential reorganization. It starts
with the hybridization of low-frequency modes, followed by the interaction between the plasma-like branch and the first
metasurface branch, and culminates in the mutual repulsion of the high-frequency branches.

Figure 5. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure for an evenly spaced
arrangement of resonances, taking 𝜉1 = 1 < 𝜉𝑠𝑝 ≈ 1.13 < 𝜉2 = 1.3 (𝜔̄𝑝 = 5.0). A distinct sequence, or “ladder,” of
mutually repelling dispersion branches emerges across interaction zones A, B, and C.

Ultimately, we examine the scenario where the SPP frequency nears the resonant frequency of the second metasurface,
given by 𝜉1 = 1 < 𝜉𝑠𝑝 ≈ 𝜉2 = 1.3.

Fig. 6 illustrates the resulting dispersion profile for 𝜔̄𝑝 = 5.7. Under these conditions, the primary avoided
crossing moves to a higher frequency range, taking place between curve 10—representing the mode largely confined
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to the plasma-like semiconductor—and curve 12, which represents the upper-frequency mode principally linked to the
second metasurface. Consequently, a substantial spectral gap emerges in region C around 𝜉 = 1.3. Furthermore,
region A continues to capture the coupling between the two intrinsic upper-frequency metasurface modes, while region B
highlights the interaction linking the plasma-like-medium branch with the branch governed by the first metasurface. In
the lower-frequency spectrum, region D indicates the ongoing mutual repulsion of the bottom-tier metasurface branches.
Therefore, as 𝜉𝑠𝑝 transitions away from 𝜉1 and closer to 𝜉2, the primary pathway for energy hybridization shifts from
the first metasurface to the second. Concurrently, the preservation of the other interaction zones clearly underscores the
fundamentally multiresonant nature of this six-layer structure.

Figure 6. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure under the condition 𝜉1 =

1 < 𝜉𝑠𝑝 ≈ 1.3 ≈ 𝜉2 (with 𝜔̄𝑝 = 5.7). The most significant mode hybridization and splitting are localized within Region C.
To evaluate the impact of the dielectric environment, we consider the case where the fused-silica spacer is replaced

by a high-index silicon layer (𝜀3 = 11.7). As shown in Fig. 7, the increased permittivity causes the light line in the
third dielectric (curve 3) to shift downward. This modification, combined with the high background permittivity of the
semiconductor, reduces the SPP frequency to 𝜉𝑠𝑝 ≈ 0.95. Consequently, the SPP resonance resides below the primary
metasurface resonance (𝜉𝑠𝑝 < 𝜉1), which prevents the splitting of the semiconductor-localized branch (curve 10) through
interaction with the metasurface modes. However, the intrinsic coupling between the two metasurfaces remains active,
leading to the pronounced avoided crossing observed in Region A for the high-frequency branches.

Figure 7. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure with a high-index dielectric
spacer (silicon, 𝜀3 = 11.7) for the case 𝜉𝑠𝑝 ≈ 0.95 < 𝜉1 = 1 < 𝜉2 = 1.3 (𝜔̄𝑝 = 5.0). Curves 1, 2, and 3 represent light
lines; curve 4 marks the boundary 𝜂4 = 0; lines 5, 6, and 7 indicate 𝜉1, 𝜉2, and 𝜉𝑠𝑝 , respectively. Curves 8–12 identify the
low- and high-frequency hybrid branches.
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The influence of the metasurface oscillator strengths on the hybridization width is illustrated in Fig. 8. By increasing
the parameters 𝐴̄1 and 𝐴̄2 from 0.2 to 0.4 while maintaining other system variables, we observe a significant expansion
of the spectral gaps. The anti-crossing regions A, B, and C become notably wider. In this configuration, Region A
characterizes the interaction between the upper-frequency metasurface modes, while Region B represents the coupling
between the primary metasurface and the plasma-like substrate. Region C captures the repulsion between the fundamental
low-frequency metasurface branches. This demonstrates that the geometric design of the conductive elements provides a
robust mechanism for controlling the magnitude of mode splitting.

Figure 8. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure under strong coupling
conditions, where the oscillator strengths are increased to 𝐴̄1 = 𝐴̄2 = 0.4 (𝜔̄𝑝 = 5.0, 𝜉𝑠𝑝 ≈ 1.13). The labeling of
branches 1–12 follows the scheme established in Fig. 7.

Finally, we examine the transition from a semiconductor-like to a metal-like substrate by setting the background
permittivity to 𝜀0 = 1. As seen in Fig. 9, this shift dramatically increases the SPP resonance frequency to 𝜉𝑠𝑝 ≈ 2.3.
A comparison between Fig. 8 and Fig. 9 reveals that the metallic nature of the substrate introduces a new interaction
zone, labeled Region D, where the SPP branch of the substrate couples strongly with the mode localized near the second
metasurface. Furthermore, the existing interaction regions A and B are shifted toward the higher-frequency domain.
We also observe that the spectral repulsion between the low-frequency metasurface branches (Region C) is significantly
enhanced compared to the semiconductor-based configuration.

Figure 9. Dispersion spectrum of electromagnetic waves in the analyzed solid-state structure with a metal-like plasma
medium (𝜀0 = 1) at 𝜉𝑠𝑝 ≈ 2.3 > 𝜉2 > 𝜉1. The parameters are 𝐴̄1 = 𝐴̄2 = 0.4 and 𝛿1 = 𝛿2 = 0.15. Region D highlights
the additional interaction zone emerging at the SPP frequency.
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4. DISCUSSION AND CONCLUSION
Our study presents a detailed electrodynamic account of a six-layer hybrid structure, where two isotropic plasmonic

metasurfaces are integrated within dielectric spacers above a semi-infinite plasma-like medium. By analyzing the dispersion
relations for 𝑝-polarized electromagnetic waves, we have mapped a variety of waveguiding regimes. These range from
tightly confined surface states to hybrid bulk-surface modes, where the fields exhibit an oscillatory character within the
internal dielectrics while maintaining evanescent decay in the cladding and substrate. Numerical results highlight the
decisive role of cascaded mode hybridization in shaping the structure’s response. Specifically, we found that tuning
the surface plasmon-polariton (SPP) frequency of the substrate relative to the metasurfaces’ inherent resonances triggers
a complex topological reorganization of the eigenspectrum. The strong repulsion between initially non-degenerate
states manifests as a multi-resonant ”ladder” of dispersion branches. Notably, the spectral position and width of these
hybridization gaps prove to be highly sensitive to both the geometric dimensions and the material parameters of the stack.
One of the central findings of this work is the identification of the specific parameters necessary for a backward-wave
regime. We demonstrated that by introducing an asymmetry in the effective oscillator strengths of the structured interfaces,
the system can be forced into a state of competitive reactive feedback. In this specific configuration, the top metasurface
remains fundamentally capacitive (−4𝜋𝑖𝜎1 (𝜉)/𝑐 < 0), whereas the lower one transitions into a metallic, inductive state
(−4𝜋𝑖𝜎2 (𝜉)/𝑐 > 0). This electrodynamic imbalance serves as the direct physical mechanism behind the emergence of
negative dispersion. From a practical standpoint, creating such intrinsic distributed feedback is essential for triggering
absolute instabilities during interactions with synchronized charged-particle beams. Finally, our analysis shows that the
energy exchange pathways can be fundamentally shifted by modifying the local dielectric environment or replacing the
semiconductor with a metal. Such adjustments alter the critical SPP frequency, effectively pushing the primary interaction
zones into higher frequency domains and broadening the spectral gaps between the lowest-order branches. This structural
flexibility offers a predictable and versatile platform for managing subwavelength electromagnetic confinement, which is
crucial for the next generation of active optoelectronic and nanophotonic devices.
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ВИНИКНЕННЯ ВIД’ЄМНОЇ ДИСПЕРСIЇ ЕЛЕКТРОМАГНIТНИХ ХВИЛЬ У ТВЕРДОТIЛЬНIЙ
СТРУКТУРI, ЩОМIСТИТЬ ПЛАЗМОПОДIБНЕ СЕРЕДОВИЩЕ ТА ПЛАЗМОННI МЕТАПОВЕРХНI

Ю.О. Аверков, О.Ю. Аверков,М.М. Бiлецький
Iнститут радiофiзики та електронiки iм. О. Я. Усикова НАН України, вул. Акад. Проскури, 12, Харкiв, 61085, Україна

У цьому дослiдженнi представлено детальний теоретичний i чисельний аналiз дисперсiйних властивостей 𝑝-
поляризованих електромагнiтних хвиль у складнiй багатошаровiй твердотiльнiй структурi. Дослiджувана система являє собою
шестишарову структуру, що мiстить двi iзотропнi плазмоннi метаповерхнi, якi роздiленi дiелектричними прошарками та роз-
ташованi на напiвнескiнченнiй плазмоподiбнiй пiдкладцi — або сильно легованому напiвпровiднику, або металi. Поєднуючи
формалiзм матриць переносу з рiвняннямиМаксвелла та строгими граничними умовами, ми вивели точнi дисперсiйнi рiвняння
як для поверхневих, так i для об’ємно-поверхневих мод. Нашi чисельнi результати вказують на процес каскадної гiбридизацiї
мiж фундаментальними резонансами метаповерхонь i власними поверхневими плазмон-поляритонними (ППП) модами пiд-
кладки. Особливо значущим результатом є те, що регулювання ефективних сил осциляторiв метаповерхонь викликає виражену
дисперсiйну асиметрiю. Це вiдбувається тодi, коли одна метаповерхня виявляє ємнiсний вiдгук, тодi як iнша стає ефектив-
но iндуктивною. Такий електродинамiчний дисбаланс призводить до аномального режиму негативної частотної дисперсiї, що
характеризується поширенням зворотних хвиль. Крiм того, ми демонструємо, що модифiкацiя дiелектричного оточення або
замiна напiвпровiдникової пiдкладки на металеву змiщує областi резонансної взаємодiї, пропонуючи унiверсальний засiб ке-
рування спектральними iнтервалами розщеплення мод. Цi висновки створюють мiцне теоретичне пiдґрунтя для проєктування
перебудовуваних нанофотонних пристроїв та генерацiї розподiленого внутрiшнього зворотного зв’язку, що є необхiдним для
виникнення абсолютних нестiйкостей електромагнiтних хвиль у системах, пов’язаних iз пучками заряджених частинок.
Ключовi слова: плазмонна метаповерхня; гiбридна поверхнева хвиля; об’ємно-поверхнева хвиля; вiд’ємна дисперсiя; напiв-
провiдникова пiдкладка; гiбридизацiя мод
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Gold-doped two-dimensional silicon carbide (SiC) nanosheets are investigated using spin-polarized density functional theory (DFT+U) 
to examine their electronic structure, induced magnetism, and thermal stability. Single (1Au@Si) and double (2Au@2Si) substitutional 
configurations are modeled within a 4×4 supercell to ensure reliable evaluation of intrinsic properties. Au incorporation significantly 
narrows the band gap while preserving the semiconducting character of the SiC nanosheet. Spin-resolved density-of-states analysis 
shows that Au 5d orbitals dominate the electronic states near the Fermi level. Despite nearly spin-degenerate band dispersions, Mulliken 
spin population analysis reveals dopant-induced magnetism mediated by neighboring carbon atoms. The 1Au@Si system exhibits a 
magnetic moment of ~3 μB, while the 2Au@2Si configuration stabilizes a ferrimagnetic-like state with a total magnetic moment 
of ~6 μB. Within the mean-field approximation, the estimated Curie temperature is approximately 510 K, suggesting the possibility 
of magnetic stability above room temperature and potential applications in spintronic devices. 
Keywords: SiC nanosheets; Gold doping; Spintronics; Dilute magnetic semiconductors; Density functional theory; Curie temperature 

1. INTRODUCTION
Two-dimensional (2D) materials have emerged as one of the most compelling platforms for investigating spin-

dependent phenomena at the nanoscale. Owing to strong quantum confinement effects and reduced dielectric screening, 
the electronic states in 2D systems exhibit exceptional sensitivity to external perturbations such as elemental doping, 
intrinsic defects, and applied strain [1-3]. This heightened responsiveness enables precise atomic-scale control over 
charge, spin, and magnetic degrees of freedom, positioning 2D materials at the forefront of next-generation spintronic 
and nano-electronic technologies. 

Within this rapidly expanding research field, two-dimensional silicon carbide (SiC) nanosheets have attracted 
increasing attention as wide-band-gap semiconductors due to their exceptional thermal stability, chemical inertness, high 
mechanical robustness, and strong resistance to radiation-induced degradation [4,5]. Unlike many conventional 2D 
materials, SiC nanosheets retain their structural integrity and electronic characteristics under extreme environmental and 
operating conditions, making them particularly attractive for high-performance and durable device applications. 

Despite these favorable properties, pristine SiC nanosheets are intrinsically non-magnetic and have relatively wide 
band gaps, which severely limit their direct applicability to spintronic devices that require finite spin polarization and 
stable long-range magnetic ordering. To overcome this intrinsic limitation, substitutional doping has been widely 
employed as an effective strategy, as it can induce pronounced electronic reconstruction and generate spin polarization 
through strong dopant–host orbital hybridization [6,7]. 

Although considerable research efforts have been devoted to transition-metal (3d) doping in SiC-based 
nanostructures, such dopants often induce strong electronic localization, clustering tendencies, or undesirable metallic 
behavior. These effects can adversely influence carrier mobility, magnetic stability, and overall device performance, 
thereby limiting their practical applicability [8-13]. 

In contrast, noble-metal dopants-particularly gold (Au)-offer an alternative and fundamentally distinct route for 
engineering the electronic and magnetic properties of low-dimensional systems. Gold is characterized by spatially 
extended 5d orbitals, pronounced relativistic effects, and strong spin–orbit coupling, which collectively enable substantial 
modification of the host electronic structure without necessarily inducing a semiconductor-to-metal transition [9, 14, 15]. 
Recent theoretical studies suggest that substitutional Au incorporation can introduce impurity-derived states near the band 
edges and promote strong hybridization with host p orbitals. Nevertheless, the microscopic origin of magnetism in Au-
doped SiC nanosheets remains insufficiently understood. In particular, it is still unclear whether the induced magnetic 
moments are primarily localized on the Au dopants or are mediated through the surrounding Si-C lattice, with a potentially 
dominant contribution arising from the carbon sublattice [16]. 
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Motivated by these unresolved issues, the present work provides a systematic spin-polarized first-principles 
investigation of Au-doped SiC nanosheets. Single (1Au@Si) and double (2Au@2Si) substitutional doping configurations 
are examined using a large 80-atom supercell to effectively suppress artificial dopant–dopant interactions and ensure 
reliable evaluation of intrinsic electronic and magnetic properties. The calculations were performed within the framework 
of spin-polarized density functional theory using the QuantumATK simulation platform [17], employing the LDA+U 
formalism to account for localized electronic states and reduce self-interaction effects [19–21]. 

Our calculations reveal a dual and nontrivial impact of Au incorporation on the electronic and magnetic behavior of 
SiC nanosheets. First, Au substitution induces a pronounced band-gap narrowing while largely preserving spin-degenerate 
band dispersions, thereby maintaining the semiconducting nature of the host material. Second, Au doping stabilizes a 
localized ferrimagnetic-like spin state that is not manifested through conventional exchange splitting in the band structure, 
but is instead primarily revealed by atom-resolved Mulliken spin population analysis. 

Notably, the induced magnetism is found to be predominantly mediated by the carbon sublattice, which hosts sizable 
positive local magnetic moments. In contrast, the Au dopants and their nearest-neighbor Si atoms contribute antiparallel, 
compensating spin polarization. For the 1Au@Si configuration, a net magnetic moment of approximately 3μB is obtained, 
whereas double Au substitution stabilizes a robust magnetic state with a total magnetic moment of about 6μB. Importantly, 
the 2Au@2Si system converges to essentially the same magnetic solution irrespective of whether the calculations are 
initialized in non-magnetic, ferromagnetic (FM), or antiferromagnetic (AFM) spin configurations. This behavior indicates 
that the magnetic ground state is intrinsically governed by dopant–host hybridization effects rather than by externally 
imposed spin ordering, a characteristic feature commonly observed in transition-metal- and noble-metal-modified 
semiconductors and dilute magnetic systems [6,15,16,25]. 

Taken together, these results establish Au-doped SiC nanosheets as a promising class of two-dimensional dilute 
magnetic semiconductors in which band-gap engineering and thermally robust magnetism can coexist. Such coexistence 
of semiconducting character and localized magnetic ordering is particularly desirable for next-generation spintronic and 
multifunctional nanoelectronic applications, where spin-dependent electronic transport and stable magnetic ordering are 
essential [2,3,9,11]. 

In addition to inducing robust spin polarization, Au substitution is found to stabilize a high-temperature magnetic 
phase in SiC nanosheets. Total-energy comparisons between non-magnetic, ferromagnetic, and antiferromagnetic 
configurations reveal that spin-polarized states are energetically favored, with a very small energy splitting between FM 
and AFM solutions, indicating near magnetic degeneracy. Mean-field estimation based on first-principles total-energy 
differences yields an estimated Curie temperature of approximately 510 K. Within the limitations of the mean-field 
approximation, this result suggests the possibility of magnetic stability above room temperature. This result demonstrates 
that Au-doped SiC nanosheets can simultaneously exhibit semiconducting character and thermally robust magnetism, a 
combination rarely achieved in two-dimensional dilute magnetic semiconductors and highly desirable for practical 
spintronic device applications [2,6,9,11,23]. 
 

2. COMPUTATIONAL METHODOLOGY 
All calculations were carried out within the framework of spin-polarized density functional theory (DFT) using the 

linear combination of atomic orbitals (LCAO) method, as implemented in the Quantum ATK simulation package [17-18]. 
Spin polarization was explicitly accounted for to accurately describe dopant-induced magnetic effects and spin-dependent 
electronic reconstruction in SiC nanosheets. 

Within the spin-polarized DFT+U formalism, the total electronic charge density was decomposed into spin-up (α) 
and spin-down (β) components. The spin density, defined as the difference between these two spin channels, was used to 
characterize the system's magnetic response and spin polarization. The corresponding relations are given by: 

 𝜌ሺ𝑟ሻ = 𝜌ఈሺ𝑟ሻ + 𝜌ఉሺ𝑟ሻ (1) 

 ∆𝜌ሺ𝑟ሻ = 𝜌ఈሺ𝑟ሻ − 𝜌ఉሺ𝑟ሻ (2) 

Here, 𝜌ఈሺ𝑟ሻ and 𝜌ఉሺ𝑟ሻ denote the spin-up and spin-down electron densities, respectively, while ∆𝜌ሺ𝑟ሻ  represents the 
spin density distribution, which provides direct insight into the origin and spatial distribution of magnetism in the doped 
SiC nanosheets. 

Exchange-correlation effects were described within the local density approximation (LDA) using the Perdew-
Zunger parameterization of the Ceperley-Alder data [20]. To reduce the self-interaction error inherent in conventional 
LDA calculations, the rotationally invariant Dudarev DFT+U formalism was employed. Consistent with previous 
theoretical studies, the effective on-site Coulomb parameters were chosen as USi = 5.0 eV for Si-3d states and UC = 4.8 
eV for C-2p states. These values provide a physically reasonable description of the electronic and magnetic properties of 
Au-doped SiC nanosheets. 

 Core-valence interactions were treated by norm-conserving pseudopotentials of the Fritz Haber Institute (FHI) type 
[18]. The valence electronic states of all constituent elements (Si, C, and Au) were expanded using a double-zeta polarized 
(DZP) numerical atomic orbital basis set, providing a reliable and balanced description of both the light host atoms and 
the heavy Au dopants [20]. 
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Electronic occupations were determined using the Fermi–Dirac distribution with an electronic temperature of 300 
K to ensure numerical stability and smooth convergence of the self-consistent field cycles. A real-space density mesh 
cutoff of 75 Hartree was employed, which was found to be sufficient to achieve well-converged total energies and charge 
density distributions for all studied configurations. 

Brillouin-zone integrations were performed using a Monkhorst-Pack k-point mesh of 3x3x1, which provides a 
suitable compromise between numerical accuracy and computational efficiency for the employed supercell size [22]. The 
two-dimensional SiC nanosheet was modeled using a 4×4 hexagonal supercell containing 80 atoms (40 Si and 40 C). A 
vacuum region of at least 15 Å was introduced perpendicular to the nanosheet plane to suppress spurious interactions 
between periodically repeated images. 

Substitutional Au doping was realized by replacing Si atoms, considering both the single-dopant 1Au@1Si 
configuration (≈1.25 at.%) and the double-dopant 2Au@2Si configuration (≈2.50 at.%). The dopant concentration was 
defined relative to the total number of atoms in the supercell [21]. For the 2Au@2Si system, spin-unconstrained as well 
as ferromagnetic (FM) and antiferromagnetic (AFM) initial spin configurations were explicitly examined to evaluate the 
stability and robustness of the magnetic ground state. All atomic structures were fully optimized using a conjugate-
gradient algorithm until the residual forces on each atom were reduced below 0.01eV Å-1 and the total energy convergence 
criterion reached 10-5eV. Spin-resolved band structures were calculated along the Γ–Z direction, with the Fermi level set 
to 0eV. In addition, the total and partial densities of states (TDOS and PDOS) were evaluated to analyze dopant-induced 
impurity states and Au–host hybridization effects [19,20].  

To elucidate the microscopic origin of magnetism in Au-doped SiC nanosheets, Mulliken spin population analysis 
was employed. Within this framework, the local magnetic moment associated with a given atom A is defined as the 
difference between its spin-up and spin-down Mulliken populations: 

 μ஺ = 𝑛஺ఈ − 𝑛஺ఉ (3) 

where 𝑛஺ఈ 𝑎𝑛𝑑 𝑛஺ఉ  represent the Mulliken populations of spin-up and spin-down electrons localized on atom A, respectively. 
The total magnetic moment of the supercell is then obtained by summing the atomic contributions over all atoms: 

 μ௧௢௧ = ∑ 𝜇஺஺  (4) 

This analysis is particularly important for the present system, as Au-doped SiC nanosheets exhibit spin-degenerate 
band structures while simultaneously sustaining a finite net magnetic moment. Such behavior cannot be fully resolved 
from band structure analysis alone. Mulliken spin population analysis enables direct identification of the dominant spin 
carriers and provides atom-resolved insight into the system's magnetic texture. The results suggest that the induced 
magnetism is predominantly localized on the carbon sublattice, whereas the Au dopants and neighboring Si atoms 
contribute smaller, anti-parallel spin moments that partially compensate the total magnetization. This finding highlights 
the crucial role of dopant–host hybridization in mediating magnetism through the surrounding lattice rather than through 
localized Au moments alone. 

For systems with identical chemical composition, such as the 2Au@2Si configuration, the relative stability of 
different magnetic solutions was evaluated by comparing their total energies. The magnetic stabilization energy was 
defined as: 
 ∆𝐸௠௔௚ = 𝐸ேெ − 𝐸ிெ, (5) 

where ENM and EFM denote the total energies of the non-magnetic and ferromagnetic states, respectively. A positive value 
of ΔEmag indicates that the ferromagnetic solution is energetically favored over the non-magnetic one. 
In addition, the energy difference between antiferromagnetic and ferromagnetic configurations, 

 ∆𝐸஺ிெିிெ = 𝐸஺ிெ − 𝐸ிெ, (6) 

was calculated to assess the sensitivity of the magnetic ground state to the initial spin ordering. The small energy 
separation observed between the FM and AFM solutions indicates a near-degeneracy of these magnetic states. Such 
behavior suggests that the Au-induced magnetism is not governed by rigid long-range ferromagnetic coupling but instead 
reflects a ferrimagnetic-like or weakly competing magnetic ordering mediated by the Si-C host lattice. This energetic 
proximity suggests that the dopant-induced magnetic state is largely governed by dopant–host hybridization in Au-
substituted SiC nanosheets. 
 

3. RESULTS AND DISCUSSION 
3.1. Electronic structure of Au-doped SiC nanosheets 

The electronic band structures of Au-doped SiC nanosheets were systematically analyzed to elucidate the 
influence of Au concentration on the system's electronic properties [22,23]. Two substitutional doping configurations 
were considered: a single Au atom substituting a Si site (SiC:1Au@1Si NS) and a double Au substitution at two Si sites 
(SiC:2Au@2Si NS), which serve as representative models for low and moderate dopant concentrations in two-
dimensional SiC systems [24]. 
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Spin-polarized band structures were calculated along the high-symmetry path Γ–Z of the 2D Brillouin zone, with 
the Fermi level aligned at 0eV, following standard electronic-structure analysis protocols for a two-dimensional Brillouin 
zone (2D monolayer). The corresponding results are presented in Figures 1 and 2. 

  
Figure 1. Spin-polarized electronic band structures of the 1Au@1Si-SiC nanosheet along the Γ-Z direction 

Figure 2. Spin-polarized electronic band structures of the SiC:2Au(2Si) nanosheet along the Γ-Z direction 

As shown in Figure 1, the SiC:1Au@1Si nanosheet retains a semiconducting character in both spin-up and spin-
down channels, exhibiting a narrow band gap of approximately 0.30 eV. This behavior is consistent with previous reports 
on noble-metal-induced band-gap modulation in wide-band-gap semiconductor systems. Upon increasing the Au 
concentration to the SiC:2Au@2Si configuration, a pronounced reduction of the band gap is observed, yielding values of 
approximately 0.18eV (direct) and 0.16eV (indirect), as summarized in Table 1. 
Table 1. Spin-resolved band gaps and band-edge positions (VBM and CBM) for SiC:1Au@1Si and SiC:2Au@2Si nanosheets, 
illustrating Au-concentration-induced band gap narrowing while preserving spin degeneracy. 

System Spin channel Direct band gap (eV) Indirect band gap (eV) VBM (eV) CBM (eV) 
SiC:1Au(1Si) NS Spin-up 0.297 0.288 -0.1389 0.1491 
 Spin-down 0.297 0.288 -0.1389 0.1491 
SiC:2Au(2Si) NS Spin-up 0.179 0.157 -0.0738 0.0824 
 Spin-down 0.179 0.157 -0.0738 0.0824 

The observed dopant-concentration-dependent band gap narrowing originates from an upward shift of the valence 
band maximum (VBM), accompanied by a downward shift of the conduction band minimum (CBM). This effect can be 
attributed to enhanced hybridization between Au-derived states and the host Si–C orbitals, which modifies the electronic 
structure near the Fermi level [25]. 

Importantly, the spin-up and spin-down band dispersions remain largely similar for both doping configurations, 
indicating the absence of pronounced exchange splitting at the band-dispersion level. This behavior reflects the closed-
shell electronic configuration of Au and suggests that Au substitution primarily modifies the electronic structure through 
orbital hybridization rather than inducing strong band-resolved spin asymmetry. Nevertheless, as discussed in Section 3.2, 
atom-resolved spin population analysis reveals the emergence of dopant-induced magnetic moments mediated by the host 
lattice. Such behavior is consistent with previous first-principles studies on noble-metal-doped wide-band-gap 
semiconductor systems [23,24,26]. 

To further elucidate the effect of Au incorporation on the electronic structure, the total density of states (TDOS) 
was systematically analyzed for both single and double Au-doped SiC nanosheets. As shown in Figure 3, pristine SiC 
nanosheets exhibit a clear semiconducting gap around the Fermi level (EF=0eV), which is in good agreement with 
previous first-principles studies on two-dimensional SiC monolayers [30].  
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Upon single Au substitution, impurity-induced states emerge near the valence- and conduction-band edges, leading 
to a pronounced enhancement of the TDOS in the vicinity of the Fermi level while preserving a finite band gap. These 
states mainly originate from hybridization between Au-derived orbitals and neighboring Si and C states, resulting in band-
gap narrowing without altering the overall semiconducting character of the system. When the Au concentration is 
increased to the double-doped configuration (Figure 4), a further increase in the TDOS near EF is observed, accompanied 
by broader spectral features. This behavior reflects stronger Au-Au and Au-host interactions as well as enhanced 
electronic delocalization at higher dopant concentrations. 

 
Figure 3. TDOS of single Au-doped SiC (Au1Si39C40). The dashed line indicates 

the Fermi level (EF = 0eV). 

 
Figure 4. TDOS of double Au-doped SiC (Au2Si38C40), showing enhanced states near EF compared to the single-doped case 

Despite the increased density of states near the Fermi level, both Au-doped systems remain semiconducting, with 
no finite TDOS appearing exactly at EF.  

Moreover, the spin-up and spin-down TDOS curves remain largely symmetric, indicating no pronounced spin 
asymmetry at the TDOS level, indicating that Au incorporation modifies the electronic structure without inducing a 
semiconductor-to-metal transition. 

Although the spin-up and spin-down TDOS curves remain largely similar over the entire energy range, enlarged 
DOS plots near the Fermi level reveal weak spin-dependent differences. These small asymmetries indicate that the 
exchange splitting is relatively weak and localized. Therefore, the finite magnetic moments obtained from Mulliken 
population analysis originate primarily from localized spin polarization rather than from pronounced exchange splitting 
throughout the entire electronic structure.  

This nearly spin-degenerate electronic structure is consistent with previous first-principles investigations of noble-
metal-doped semiconductors. 

To identify the atomic and orbital origins of the electronic reconstruction induced by Au doping, spin-resolved 
partial density of states (PDOS) calculations was performed. Figure 5 shows the orbital-projected PDOS of Au in the 
single-Au-doped SiC nanosheet. The electronic states in the vicinity of the Fermi level are predominantly governed by 
Au-5d orbitals, while the contributions from Au-6s and Au-6p states are comparatively weaker and distributed over a 
broader energy range. The spin-up and spin-down PDOS curves remain largely similar over most of the energy range, 
indicating weak exchange splitting, consistent with the closed-shell electronic configuration of Au and previous first-
principles studies [28,29]. However, enlarged views near the Fermi level reveal small spin-dependent differences, 
indicating weak local spin polarization. The Au-5d states dominate the electronic states near EF and contribute to the 
localized magnetic behavior. 

For the double-Au-doped configuration (Figure 6), the Au-5d states become more intense and exhibit notable 
broadening, reflecting enhanced dopant-dopant as well as dopant-host interactions at higher Au concentration. Despite 
this increased electronic hybridization, spin degeneracy remains preserved, further reinforcing the conclusion that Au acts 
primarily as a modifier of the electronic structure rather than as a magnetic impurity in SiC nanosheets. 
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Although the overall exchange splitting remains relatively weak, the observed spin-dependent differences support 
the existence of localized magnetic polarization, consistent with the Mulliken spin population analysis. 

  
Figure 5. Spin-resolved PDOS of Au orbitals in single Au-

doped SiC (Au1Si39C40) 
Figure 6. Spin-resolved PDOS of Au orbitals in double Au-

doped SiC (Au2Si38C40) 

The spin-resolved partial density of states (PDOS) of host carbon atoms is presented in Figure 7. The electronic 
states near the valence and conduction band edges are predominantly governed by C-2p orbitals, whereas the C-2s and 
C-2d states contribute mainly at lower binding energies.  

Although the total C-PDOS remains nearly symmetric, several carbon atoms neighboring the Au dopants exhibit 
substantial local magnetic moments according to the Mulliken analysis. This indicates that the induced magnetism is 
highly localized and cannot be fully resolved from orbital-averaged PDOS alone. 

A similar trend is observed for the host silicon atoms, as shown in Figure 8. The Si–3p orbitals provide the dominant 
contributions to both the valence and conduction bands, while the Si–3d states exhibit only weak and broadly distributed 
features across the energy spectrum. The nearly symmetric spin-resolved PDOS indicates that Si atoms do not exhibit 
pronounced spin polarization, despite the pronounced Au-induced electronic reconstruction. These results highlight that 
the role of the host atoms is primarily indirect, mediated through orbital hybridization with Au states rather than through 
the development of substantial local magnetic moments. 

  
Figure 7. Spin-resolved partial density of states (PDOS) of C-

s, C-p, and C-d orbitals for the Au₁Si₃₉C₄₀ system 
Figure 8. Spin-resolved partial density of states (PDOS) of Si-

s, Si-p, and Si-d orbitals for the Au₁Si39C40 system 

To quantitatively assess the influence of Au concentration on the electronic band gap characteristics of SiC 
nanosheets, the spin-resolved band gaps were systematically evaluated for pristine, single-Au-doped, and double-Au-
doped configurations. Particular attention was paid to the evolution of both direct and indirect band gaps in the spin-up 
(↑) and spin-down (↓) channels in order to clarify whether Au incorporation induces spin asymmetry or magnetic 
exchange effects. Increasing Au concentration results in pronounced narrowing of both direct and indirect band gaps 
while preserving identical spin-up and spin-down values, demonstrating that Au enables effective band gap engineering 
in SiC nanosheets while preserving nearly spin-degenerate electronic states and only weak exchange splitting. 

 
3.2. Magnetic Properties of Au-Doped SiC Nanosheets 

3.2.1. Pristine 80-Atom SiC Nanosheet: Non-Magnetic Reference State 
The magnetic properties of the pristine 80-atom SiC nanosheet were first investigated using spin-polarized Mulliken 

population analysis to establish a reliable non-magnetic reference state. As shown in Fig. 9, the pristine system exhibits 
negligible spin polarization at all atomic sites, with local magnetic moments confined within ±0.01μB. Silicon atoms carry 
very small positive magnetic moments (≈ +0.011-0.012μB), whereas carbon atoms display comparably small negative 
moments (≈ -0.010 to -0.013μB), resulting in an almost perfect compensation between the two sublattices. 
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Consequently, the total Mulliken spin magnetic moment converges to approximately zero (Σμ ≈ -0.000μB), as 
summarized in Table 2, confirming the absence of intrinsic magnetism in the pristine nanosheet. These extremely small 
residual moments fall well within the numerical uncertainty associated with Mulliken charge and spin partitioning and 
therefore cannot be interpreted as evidence of genuine magnetic ordering. 

Further orbital-resolved analysis reveals spin-symmetric occupations of the Si s/p and C p states, with no observable 
exchange splitting near the Fermi level. Overall, these findings demonstrate that pristine SiC nanosheets possess a fully 
spin-degenerate, non-magnetic ground state, in excellent agreement with previous first-principles studies on two-
dimensional SiC systems [30,31]. This non-magnetic reference state provides a robust baseline for identifying and 
quantitatively assessing dopant-induced magnetism upon Au substitution. 

 
Figure 9. Site-resolved Mulliken spin magnetic moments of the pristine 80-atom SiC nanosheet, showing complete compensation 

between Si and C contributions and a vanishing net magnetic moment 

Table 2. Element-resolved Mulliken spin magnetic moments for the pristine 80-atom SiC nanosheet 

Element Number of atoms Spin moment range (μB) Total contribution (μB) 
Si 40 +0.011 to +0.012 ≈ +0.48 
C 40 -0.010 to -0.013 ≈ -0.48 

Total 80 — 0.000 
 

3.2.2. Single Au Substitution: 1Au@1Si Configuration 
The substitution of a single Si atom by Au induces a pronounced magnetic response in the SiC nanosheet. The atom-

resolved Mulliken spin magnetic moments shown in Fig. 10 reveal a strongly inhomogeneous and localized spin 
distribution, which is characteristic of induced magnetism governed by dopant–host interactions. The total magnetic 
moment reaches approximately 3.00 μB, indicating the emergence of a ferromagnetic-like state (Tables 3 and 4). 

 
Figure 10. Atom-resolved Mulliken spin magnetic moments for the 1Au@1Si-doped SiC nanosheet 

Table 3. Element-resolved Mulliken spin magnetic moments for the 1Au@1Si configuration 

Element Number of atoms Sum of spin moments (μB) Mean per atom (μB) Max |moment| (μB) Min (μB) Max (μB) 
C 40 8.781 0.2195 2.543 -0.011 2.543 
Si 39 -4.520 -0.1159 0.583 -0.583 0.001 
Au 1 -1.254 -1.2540 1.254 -1.254 -1.254 
Total 80 ≈ 3.00     



258
EEJP. 3 (2026) Sevda Rzayeva, et al.

The reported total spin moment is 3.003μB. Minor deviations on the order of 10-3μB arise from rounding of atom-
resolved values. 
Table 4. Dominant spin-carrying atoms in the 1Au@1Si configuration 

Atom index Element Spin moment (μB) 
56 C +2.543 
67 C +1.839 
57 C +1.834 
62 Au -1.254 
51 Si -0.583 
61 Si -0.581 
52 Si -0.541 
63 Si -0.537 
71 Si -0.531 
72 Si -0.531 
55 C +0.379 
46 C +0.348 

Notably, the Au dopant itself carries a sizable negative local magnetic moment (−1.25 μB), whereas several 
neighboring carbon atoms exhibit unusually large positive moments exceeding +2.5 μB. The unusually large Mulliken 
moments obtained for several carbon atoms should be interpreted with caution because Mulliken populations depend on 
the employed basis set and population scheme. 

This behavior suggests that the dominant magnetic contribution does not originate from the Au atom but is instead 
mediated by the surrounding carbon sublattice through strong Au–C hybridization. Such a redistribution of spin density 
is commonly associated with induced magnetism in doped sp-electron systems [32,33]. 

In contrast, silicon atoms acquire relatively small antiparallel magnetic moments, acting as a compensating magnetic 
background. Element-resolved analyses (Figs. 11 and 12) confirm that carbon provides the dominant positive contribution 
to the net magnetization, while both Si and Au contribute negatively. Atoms located far from the dopant site exhibit near-
zero spin magnetic moments, confirming the localized nature of the magnetic perturbation. 

These results demonstrate that even a single Au substitution is sufficient to generate robust magnetism in SiC 
nanosheets. Importantly, the magnetization is largely delocalized over the carbon framework rather than being confined 
to the heavy dopant atom, highlighting the central role of host-mediated spin polarization in Au-doped SiC 
systems [34,35]. 

  
Figure 11. Element-resolved total Mulliken spin magnetic 

moments for the 1Au@1Si configuration 
Figure 12. Element-resolved mean Mulliken spin magnetic 

moments for the 1Au@1Si-doped SiC nanosheet 
 

3.2.3. Double Au Substitution: 2Au@2Si Configuration (General State) 
Spin-polarized calculations for the 2Au@2Si configuration reveal a further enhancement of the magnetic response 

compared to the single-dopant case. As shown in Fig. 13, only a limited number of atoms exhibit significant local 
magnetic moments (|μ| > 0.1μB), indicating a highly localized yet intensified induced magnetism mechanism. The largest 
positive magnetic moments are predominantly localized on carbon atoms, reaching values of up to +2.41μB, whereas 
silicon atoms and Au dopants exhibit negative (antiparallel) spin polarization. 

Element-resolved integration (Fig. 14 and Table 5) demonstrates that carbon provides a large positive total spin 
magnetic moment (+19.06μB), while silicon (−10.44μB) and gold (−2.62μB) contribute compensating negative moments. 
The incomplete cancellation between these opposing sublattices results in a finite net magnetic moment of approximately 
6.01μB, confirming the stabilization of a ferrimagnetic-like ground state. 
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Figure 13. Local Mulliken spin magnetic moments for the 2Au@2Si-doped SiC nanosheet (|μ| > 0.1μB) 

  

Figure 14. Element-resolved total Mulliken spin magnetic 
moments for the 2Au@2Si configura-tion 

Figure 15. Element-resolved mean Mulliken spin magnetic 
moments for the 2Au@2Si-doped SiC nanosheet 

Table 5. Element-resolved magnetic characteristics of the 2Au@2Si-doped 80-atom SiC nanosheet 

Element Number of 
atoms 

Total spin moment 
(μB) 

Mean spin moment per atom 
(μB/atom) Maximum (μB) Dominant spin role 

C 40 +19.059 +0.476 +2.410 Primary spin 
polarization carrier 

Si 38 -10.437 -0.275 -1.005 Antiparallel 
(compensating) host 

Au 2 -2.616 -1.308 -1.319 Dopant-induced 
antiparallel center 

Total (Sum) 80 +6.007 - - Net ferromagnetic 
moment 

 
3.2.4. Ferromagnetic and AFM-Initialized 2Au@2Si Configuration: Robust Carbon-Mediated Induced 

Ferrimagnetism and Spin-Compensation Mechanism 
When the 2Au@2Si-doped 80-atom SiC nanosheet is initialized in a ferromagnetic (FM) state, the system converges 

to a stable spin-polarized solution with a net magnetic moment of Σμ ≈ 6.007 μB. This behavior demonstrates that Au 
substitution induces an intrinsic magnetic response rather than a metastable artifact associated with the initial spin 
configuration (Tables 6 and 7). Atom-resolved Mulliken spin magnetic moments reveal that the magnetization is highly 
nonuniform and predominantly localized on a limited number of lattice sites in the vicinity of the do-pant-induced 
perturbation. The largest positive moments are hosted by carbon atoms (e.g., C7 ≈ +2.404 μB, C67 ≈ +2.372μB, C6 ≈ +2.331μB, 
C56 ≈ +2.317μB, C57 ≈ +1.983μB, and C16 ≈ +1.821μB), as summarized in Table 10 and illustrated in Figures 16-18. 

This pronounced localization on the carbon sublattice is physically consistent with a carbon-mediated induced-
magnetism mechanism. Au substitution at Si sites perturbs the local bonding environment and electronic potential 
landscape, leading to reconstruction and spin splitting of C-p–dominated electronic states near the Fermi level. Within 
this mechanism, the dopant primarily acts as a spin polarizer that enables exchange-driven imbalance in the host electronic 
states, while the carbon sublattice becomes the principal reservoir of positive spin density. Element-resolved total 
moments corroborate this interpretation, showing that carbon provides the dominant positive contribution 
(Σμ(C) ≈ +19.057μB), whereas the silicon framework and Au dopants contribute antiparallel (negative) polarization 
(Σμ(Si) ≈ −10.450 μB and Σμ(Au) ≈ −2.599μB), as reported in Table 7.  



260
EEJP. 3 (2026) Sevda Rzayeva, et al.

Table 6. Statistical summary of selected atom-resolved Mulliken local spin magnetic moments (μB) for the FM-initialized 2Au@2Si-
doped SiC nanosheet 

Descriptor Local moment (μB) Atom(s)/index(es) Brief comment 

Au (mean) -1.300 Au(11)=-1.287, Au(62)=-1.312 Au dopants align antiparallel to the net 
magnetization 

Au₁ -1.287 Au(11) Substitutional Au at Si site 
Au₂ -1.312 Au(62) Substitutional Au at Si site 

C (maximum) +2.404 C(7) Strong Au-C hybridization, dominant 
spin polarization 

C (high values) +2.372, +2.331, +2.317, 
+1.983, +1.821 C(67), C(6), C(56), C(57), C(16) Majority of magnetization localized 

on the C sublattice 

Si (largest |μ|) -0.998 Si(2) Si sublattice provides compensating 
(antiparallel) contribution 

Si (smallest |μ|) -0.005 Si(34) Near-zero moment, weak spin 
polarization 

Total moment (sum) 6.007 - Net magnetization: FM, 
ferrimagnetic-like distribution 

Table 7. Element-resolved Mulliken spin magnetic moments for the FM 2Au@2Si–SiC nanosheet. 

Element Number of atoms Total spin moment (μB) 
C 40 19.0570 
Si 38 -10.4500 
Au 2 -2.5990 

This antiparallel partitioning is also reflected in the element-resolved mean magnetic moments (Figures 16 and 17), 
indicating that Si and Au atoms do not suppress the magnetization but instead participate through spin compensation. 
Specifically, they develop induced negative moments that partially offset the strong carbon-derived magnetization. Such 
a compensated spin arrangement is most appropriately described as ferromagnetic-like, since different sublattices carry 
oppositely oriented spin polarization whose magnitudes do not fully cancel, resulting in a finite net magnetic moment. 

 
Figure 16. Element-resolved mean spin magnetic moments. Carbon atoms exhibit a dominant positive contribution that governs 

the ferromagnetic net response, while Si and Au show antiparallel (negative) polarization, providing partial compensation 

  
Figure 17. Element-resolved mean Mulliken spin magnetic 
moments for the FM 2Au@2Si-doped SiC nanosheet, showing 
positive spin polarization on C atoms and compensating negative 
moments on Si and Au, with Au contributing the largest negative 
component 

Figure 18. Element-resolved Mulliken spin magnetic moments 
for the FM 2Au@2Si configuration, showing a dominant 
positive contribution from the carbon sublattice and 
compensating anti-parallel moments on Si and Au atoms 
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A critical stability test is provided by the antiferromagnetic (AFM) initialization. If the magnetism were merely an 
imposed FM solution, an AFM initial condition would be expected to relax toward a compensated AFM state (Σμ → 0) 
or to a qualitatively different local-moment distribution. Instead, the AFM-initialized calculation converges to essentially 
the same non-compensated magnetic solution with Σμ ≈ 6.007μB (Table 8), demonstrating that the magnetic ground state 
is robust against the initial magnetic ordering and is dictated by intrinsic dopant–host interactions. 
Table 8. Element-wise summary of Mulliken magnetic moments for the AFM 2Au@2Si–SiC nanosheet 

Element Number of 
atoms (N) 

Total magnetic 
moment, Σμ (μB) 

Mean magnetic 
moment, ⟨μ⟩ (μB/atom) 

Mean |μ| 
(μB/atom) 

Minimum μ 
(μB) 

Maximum μ 
(μB) 

Au 2 −2.596 −1.298 1.298 −1.310 −1.286 
C 40 +19.055 +0.476 0.477 −0.003 +2.397 
Si 38 −10.452 −0.275 0.275 −0.997 −0.005 
Total 80 +6.007 — — — — 

Atom-resolved AFM moments (Figure 19 and Table 9) confirm that the largest positive moments remain localized 
on carbon sites (maximum ≈+2.397μB on C7, followed by ≈ +2.374 μB on C67 and ≈+2.335μB on C6), while both Au 
dopants retain sizeable antiparallel moments (Au11 ≈-1.286 μB and Au62 ≈ -1.310μB). Silicon atoms again act as distributed 
compensating centers, with the largest magnitude observed at Si2 (≈-0.997μB). 

 
Figure 19. Atom-resolved Mulliken spin magnetic moments for the AFM-initialized 2Au@2Si–SiC nanosheet 

Table 9. Statistical summary of selected atom-resolved Mulliken local spin magnetic moments (μB) for the AFM-initialized 2Au@2Si-
doped SiC nanosheet 

Descriptor Local moment (μB) Atom(s)/index(es) Brief comment 

Au (mean) -1.298 Au(11) = -1.286, Au(62) = -1.310 Au dopants polarize in an antiparallel 
direction 

Au₁ -1.286 Au(11) Substitutional Au at a Si site 

Au₂ -1.310 Au(62) Substitutional Au at a Si site 

C (maximum) +2.397 C(7) Strong Au–C hybridization, dominant 
spin polarization 

C (high values) +2.374, +2.335, +2.313, 
+1.980, +1.819 C(67), C(6), C(56), C(57), C(16) Majority of the magnetization is localized 

on the carbon sublattice 

Si (largest |μ|) −0.997 Si(2) Si sublattice provides compensating 
(antiparallel) contribution 

Si (smallest |μ|) −0.005 Si(34) Near-zero moment, weak spin 
polarization 

Total moment (sum) 6.007 — Finite net magnetic moment (based on 
total sum) 

Element-resolved decomposition in the AFM state (Figures 20-21 and Table 9) quantitatively reproduces the FM 
partitioning: Σμ(C) ≈+19.055 μB, Σμ(Si) ≈-10.452 μB, and Σμ(Au) ≈-2.596μB, yielding the same net magnetic moment 
through incomplete sublattice cancellation. 

This unified physical picture is reinforced by the comparative summary across the General, FM, and AFM solutions 
(Figure 22 and Table 10). The consistency of (i) the mean local moment on Au atoms (≈ -1.30μB), (ii) the maximum local 
moments on carbon atoms (≈+2.40μB), (iii) the ex-trema of Si moments (largest |μ| ≈ -1.0μB and smallest ≈ -0.005μB), 
and (iv) the total magnetic moment Σμ ≈ 6.0μB demonstrates that the magnetization is not confined to the dopant sites but 
is redistributed over the SiC lattice with a dominant carbon character. 
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Figure 20. Element-resolved total Mulliken spin magnetic 
moments (μB): carbon provides a positive contribution, while 
silicon and gold contribute to compensating negative moments 

Figure 21. Element-resolved mean Mulliken spin magnetic 
moments (AFM state) 

 

Figure 22. Atom-resolved Mulliken spin magnetic moments of the 2Au@2Si-doped SiC nanosheet comparing the general, FM, 
and AFM configurations 

Table 10. Unified comparison of Mulliken spin magnetic moments for the 2Au@2Si–doped SiC nanosheet under General, FM, and 
AFM configurations 

Quantity /Descriptor General 
configuration FM configuration AFM configuration Physical interpretation 

Au (mean local 
moment, μB) -1.298 -1.300 -1.298 

Au dopants consistently 
show antiparallel 
polarization 

Au1(μB) -1.286 (Au11) -1.287 (Au11) -1.286 (Au11) Substitutional Au at Si site 
Au2(μB) -1.310 (Au62) -1.312 (Au62) -1.310 (Au62) Substitutional Au at Si site 
C (maximum local 
moment, μB) +2.410 (C7) +2.404 (C7) +2.397 (C7) Strong Au-C hybridization, 

dominant spin polarization 

C (other high local 
moments, μB) 

+2.383, +2.331, 
+2.316, +1.998, 
+1.828 

+2.372, +2.331, 
+2.317, +1.983, 
+1.821 

+2.374, +2.335, +2.313, 
+1.980, +1.819 

Spin density mainly 
localized on selected C 
atoms 

Si (largest) μ (μB) -1.005 (Si2) -0.998 (Si2) 

Si (smallest μ (μB) -0.005 (Si34) -0.005 (Si34) 

Total moment Σμ (μB) ≈ 6.007 6.007 6.007 Robust net magnetic 
moment 

Magnetic character Ferrimagnetic-like FM / 
ferrimagnetic-like 

AFM-initialized → 
ferrimagnetic 

Ground state is insensitive 
to initial spin ordering 

From a spintronics perspective, this behavior is particularly advantageous. A robust, nonzero net magnetic moment 
that is insensitive to the initial spin configuration implies a stable magnetic response under perturbations, while the 
carbon-dominated spin polarization suggests that transport-relevant electronic states may acquire significant spin 
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selectivity through host-state exchange splitting. Overall, the FM/AFM convergence behavior, together with the element-
wise compensation pattern, provides strong evidence that Au substitution at Si sites stabilizes a carbon-driven, 
compensated ferrimagnetic-like magnetic ground state in SiC nanosheets, governed by induced spin polarization and 
dopant–host hybridization effects (Figures 16–21; Tables 5–9; Figure 22; Table 10) [30–44]. 
 

3.3. Curie Temperature Estimation and Magnetic Stability of Au-Doped SiC Nanosheets 
In this section, the magnetic stability and Curie temperature–related characteristics of pristine and Au-substituted 

SiC nanosheets are systematically investigated within a first-principles framework. Spin-polarized density functional 
theory (DFT) calculations combined with Mulliken spin population analysis were employed to examine five 
representative configurations: pristine SiC nanosheet, single Au substitution at a Si site (1Au@1Si), double Au 
substitution at two Si sites (2Au@2Si) in the non-magnetic (NM) state, as well as ferromagnetic (FM) and 
antiferromagnetic (AFM) initializations of the same 2Au@2Si composition. This strategy enables a consistent assessment 
of dopant-induced magnetism and the energetic preference among different magnetic states under identical computational 
conditions. 

The total energies of all configurations were calculated using the same computational parameters. For accurate total-
energy comparisons, the electronic smearing was reduced to a very small value to minimize entropy-related contributions 
while maintaining numerical stability (Table 11). These energies form the basis for analyzing magnetic ordering and 
estimating the Curie temperature. 
Table 11. Total energies of pristine and Au-substituted SiC nanosheets calculated under identical conditions for non-magnetic (NM), 
ferromagnetic (FM), and antiferromagnetic (AFM) states of the 2Au@2Si configuration 

Configuration Total energy (eV) 

Pristine SiC nanosheet -13295.45214 

1Au1Si -14484.79843 

2Au(2Si) -15514.21941 

FM_2Au(2Si) -15514.28516 

AFM_2Au(2Si) -15514.28677 

It should be noted that direct comparison of absolute total energies between pristine, 1Au@1Si, and 2Au@2Si 
systems is not physically meaningful due to their different atomic compositions; such comparisons require a formation-
energy analysis. In contrast, for the same 2Au@2Si composition, direct comparison among NM, FM, and AFM solutions 
is valid and allows reliable evaluation of magnetic stability [45]. 

 
Figure 23. Total energy comparison for pristine SiC, 1Au@Si, and 2Au@2Si configurations in non-magnetic (NM), 
ferromagnetic (FM), and antiferromagnetic (AFM) states, showing energetic preference of magnetic solutions over the NM state 
for 2Au@2Si. 

As summarized in Table 11 and illustrated in Figure 23, both magnetic solutions are significantly more stable than 
the non-magnetic reference state. The AFM initialization yields the lowest total energy, followed very closely by the FM 
state, establishing the energetic hierarchy 𝐸஺ிெ ൏ 𝐸ிெ ≪ 𝐸ேெ 

This result indicates that spin polarization provides a substantial stabilization of the Au-doped system, while the 
precise spin alignment plays a secondary role. 
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The energy gain associated with the onset of magnetism, which quantifies the stabilization of the magnetic phase, 
is defined as 

 ∆𝐸௠௔௚ = 𝐸ேெ − 𝐸ிெ (7) 

yielding ∆𝐸௠௔௚ = 0.06575meV.  Furthermore, the energy difference between the AFM and FM configurations, 

 ∆𝐸஺ிெିிெ = 𝐸஺ிெ − 𝐸ிெ ൎ −1.61 meV (8) 

is extremely small, indicating a near degeneracy between these two magnetic states (Figure 24). Such a small exchange 
energy suggests weak magnetic coupling and implies that the magnetic ground state is only weakly sensitive to the relative 
spin alignment, with the dominant driving force being the overall energy lowering due to spin polarization [46-48]. 

 
Figure 24. Relative energy differences (ΔE, meV) between NM, FM, and AFM states for the 2Au@2Si system, showing a small 
FM-AFM splitting (~1-2meV) indicative of near-degenerate magnetic orderings 

The Curie temperature (TC), which characterizes the thermal transition from a spin-polarized magnetic phase to a 
spin-degenerate paramagnetic state, was estimated using the mean-field approximation (MFA). This approach is widely 
adopted in first-principles studies of low-dimensional magnetic systems due to its conceptual simplicity and ability to 
provide qualitative trends in magnetic ordering temperatures [49, 50]. Within the MFA framework, the Curie temperature 
is directly related to the magnetic stabilization energy according to 

 𝑘஻𝑇஼ெி஺ ൎ ଶଷ ∆𝐸௠௔௚. (9) 

Where kB=8.617×10−5 eV/K is the Boltzmann constant and  ∆𝐸௠௔௚   represents the energy gain due to spin polarization. 
Using the calculated magnetic stabilization energy ∆𝐸௠௔௚ = 0.06575 eV   for the 2Au@2Si configuration, the Curie 
temperature is estimated as 𝑇஼ெி஺ = ଶଷ  ଴.଴଺ହ଻ହ଼.଺ଵ଻ൈଵ଴షఱ ൎ 5.1 ∙ 10ଶ𝐾. 

Thus, the MFA-estimated Curie temperature of the Au-doped SiC nanosheet is approximately 510 K. 
It should be emphasized that the present Curie temperature represents a mean-field approximation (MFA) estimate. 

The MFA neglects thermal spin fluctuations and spin-wave excitations, which are known to reduce the actual magnetic 
ordering temperature, particularly in low-dimensional and two-dimensional magnetic systems. Therefore, the calculated 
Tc value should be regarded as an approximate upper-limit estimate that reflects the tendency toward magnetic ordering 
rather than an exact prediction of the experimental Curie temperature. 

The total-energy comparison for the five investigated configurations is summarized in Figure 23, which clearly 
shows that magnetic solutions for the same 2Au@2Si composition are energetically favored over the non-magnetic 
reference state. Furthermore, Figure 24 highlights the relative energy differences between the NM, FM, and AFM states 
for the 2Au@2Si system. The very small AFM–FM energy splitting (≈1-2 meV) indicates near degeneracy between 
different magnetic orderings, implying weak exchange interactions but a robust stabilization against the non-magnetic 
state. 

A comparison of the estimated Curie temperature of the present Au-doped SiC nanosheet with previously reported 
transition-metal-doped SiC-based low-dimensional systems is provided in Table 12. Notably, the predicted TC of 
approximately 510K exceeds those reported for V-, Fe-, and Mn-doped SiC nanostructures calculated using similar DFT-
based MFA approaches [50]. This comparison highlights the effectiveness of Au substitution in stabilizing thermally 
robust magnetism in two-dimensional SiC systems. 
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Table 12. Comparison of Curie temperatures of transition-metal–doped SiC-based low-dimensional systems calculated using DFT-
based mean-field approximations, highlighting the highest estimated Curie temperature for the present Au-doped SiC nanosheet. 

System Method Tc (K) Reference  

V-doped SiC nanotube DFT+U (MFA) 420 Physica E 158 (2024) 115641 

Fe-doped SiC nanosheet DFT+U (MFA) 460 Materials Science in Semiconductor Processing 
197 (2025) 109702 

Mn-doped SiC nanosheet DFT (MFA) 380 Journal of Magnetism and Magnetic Materials 
530 (2021) 167926 

Au-doped SiC nanosheet (this work) DFT+U (MFA) ≈ 510 Present work 

The dependence of the Curie temperature on the magnetic stabilization energy is illustrated in Figure 25, which 
shows the linear relationship between TC and ΔEmag within the MFA framework. 

Figure 25.  Mean-field-approximation (MFA) Curie temperature Tc as a function of the NM–FM energy difference ΔE, 
illustrating the estimated magnetic ordering temperature of the Au-doped SiC nanosheet. 

The corresponding temperature dependence of the normalized magnetization is constructed using the standard mean-
field expression 

 ெሺ்ሻெబ = ቀ1 − ்்಴ቁଵ/ଶ ,       𝑇 ൏ 𝑇஼ ,  (10) 

as shown in Figure 26. 
While pristine SiC and the non-magnetic reference configuration exhibit vanishing magnetization over the entire 

temperature range, the 2Au@2Si system retains a finite magnetization up to approximately TC≈510K, confirming the 
thermal robustness of the dopant-induced magnetic state. 

 
Figure 26. MFA-calculated normalized magnetization (M/M0) for 2Au@2Si, showing finite magnetization up to the estimated 

Tc ≈ 510 K within the mean-field approximation 

Overall, the combined Mulliken spin population analysis, total-energy stability assessment, and MFA-based Curie 
temperature estimation consistently demonstrate that double Au substitution at Si sites stabilizes a robust high-
temperature magnetic phase in SiC nanosheets. Importantly, the magnetism is predominantly mediated by dopant-induced 
electronic reconstruction within the carbon sublattice rather than by localized magnetic moments on the Au atoms 
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themselves. The MFA-estimated Curie temperature suggests the possibility of magnetic ordering above room 
temperature. However, more sophisticated approaches beyond the mean-field approximation would be required to 
quantitatively predict the experimental Curie temperature. 
 

4. CONCLUSIONS 
In summary, a comprehensive spin-polarized first-principles investigation has been carried out to elucidate the 

electronic structure, magnetic behavior, and thermal stability of Au-doped two-dimensional SiC nanosheets. Single 
(1Au@Si) and double (2Au@2Si) substitutional doping configurations were systematically examined in a large supercell 
framework to minimize artificial dopant–dopant interactions and ensure a reliable assessment of intrinsic properties. 

The results demonstrate that Au substitution provides an effective route for band-gap engineering in SiC nanosheets, 
leading to pronounced band-gap narrowing while preserving spin-degenerate band dispersions and the overall 
semiconducting character of the host material. Orbital-resolved density-of-states analysis reveals that the electronic 
reconstruction near the Fermi level is dominated by Au 5d states, with comparatively minor contributions from Au 6s and 
6p orbitals. 

Despite the absence of exchange splitting in the band structure, Mulliken spin population analysis uncovers robust 
dopant-induced magnetism mediated predominantly by the carbon sublattice. In the 1Au@Si configuration, a net 
magnetic moment of approximately 3 μB is stabilized, whereas double Au substitution gives rise to a ferrimagnetic-like 
ground state with a total magnetic moment of about 6 μB. Importantly, the magnetic solution is found to be insensitive to 
the initial spin configuration, as ferromagnetic and antiferromagnetic initializations converge to nearly identical magnetic 
states, highlighting the intrinsic and robust nature of the induced magnetism. 

Total-energy comparisons confirm that spin-polarized states are energetically favored over the non-magnetic 
reference, with a very small energy difference between ferromagnetic and antiferromagnetic solutions. Mean-field 
estimation based on first-principles total-energy differences yields an estimated Curie temperature of approximately 510 
K for the 2Au@2Si configuration. Since the mean-field approximation neglects thermal spin fluctuations, this value 
should be regarded as an approximate upper-limit estimate, suggesting the possibility of magnetic ordering above room 
temperature. 

Overall, the present study establishes Au-doped SiC nanosheets as a promising class of two-dimensional dilute 
magnetic semiconductors in which band-gap tunability and the possibility of high-temperature magnetic ordering coexist. 

The carbon-mediated nature of the induced magnetism, combined with the preservation of semiconducting behavior, 
highlights the strong potential of these systems for future spintronic and multifunctional nano-electronic applications. 
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ЗОЛОТО-ІНДУКОВАНИЙ МАГНЕТИЗМ ТА ТЕРМІЧНА СТАБІЛЬНІСТЬ У НАНОЛИСТАХ SiC: DFT+U 
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8Міжнародний центр теоретичної фізики імені Абдуса Салама (ICTP), Італія 
Двовимірні нанолисти карбіду кремнію (SiC), леговані золотом, досліджуються за допомогою теорії спін-поляризованої 
густини (DFT+U) для вивчення їхньої електронної структури, індукованого магнетизму та термічної стабільності. Одинарні 
(1Au@Si) та подвійні (2Au@2Si) конфігурації заміщення моделюються в суперкомірці 4×4 для забезпечення надійної оцінки 
власних властивостей. Включення Au значно звужує ширину забороненої зони, зберігаючи при цьому напівпровідниковий 
характер нанолиста SiC. Аналіз густини станів зі спіновим розрізненням показує, що 5d-орбіталі Au домінують в електронних 
станах поблизу рівня Фермі. Незважаючи на майже спін-вироджені дисперсії зон, аналіз спінової популяції Маллікена виявляє 
індукований легуючими речовинами магнетизм, опосередкований сусідніми атомами вуглецю. Система 1Au@Si демонструє 
магнітний момент ~3 μB, тоді як конфігурація 2Au@2Si стабілізує феримагнітний стан із загальним магнітним моментом ~6 
μB. У наближенні середнього поля оцінена температура Кюрі становить приблизно 510 K, що свідчить про можливість 
магнітної стабільності вище кімнатної температури та потенційне застосування в спінтронічних пристроях. 
Ключові слова: нанолисти SiC; легування золотом; спінтроніка; розбавлені магнітні напівпровідники; теорія функціоналу 
густини; температура Кюрі 
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