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This study presents a comprehensive investigation of quantum information measures for the one-dimensional Ultra Generalized
Exponential-Hyperbolic Potential (UGEHP) within the framework of the Schrodinger equation. Analytical solutions for the energy
eigenvalues and corresponding wave functions are obtained using the Nikiforov—Uvarov method. These solutions serve as the basis
for evaluating Shannon entropy and Fisher information in both position and momentum spaces. The numerical results show that the
total Shannon entropy satisfies the Beckner—Biatynicki-Birula—Mycielski (BBM) inequality, while the Fisher information adheres to
the Stam—Cramér—Rao bounds, thereby confirming consistency with fundamental quantum uncertainty principles. In addition, the
energy spectrum exhibits a pronounced dependence on the screening parameter and quantum numbers, indicating the tunable
confinement properties of the potential. The combined analysis establishes a clear connection between energy quantization,
wavefunction localization, and information-theoretic measures, offering deeper insight into the effectiveness of the UGEHP model in
describing complex quantum systems.

Keywords: Probability density; Information-theoretic measures; Ultra Generalized Exponential-Hyperbolic Potential; Energy
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INTRODUCTION

In recent years, quantum information theory has attracted considerable interest due to its deep impact on quantum
computing, quantum communication, and fundamental physics. Among the different methods used to investigate
quantum information measures, potential models have emerged as effective tools for gaining insights into the behavior
of quantum systems [1,2]. Quantum information measures (QIM), including Shannon entropy, Fisher information,
Rényi entropy, and Tsallis entropy, are essential for examining the localization and delocalization characteristics of
wavefunctions (WF) in confined quantum systems [3,4]. These measures provide valuable insights into quantum
uncertainty, correlations, and entanglement, which are essential for applications in quantum computing and information
processing. While these techniques have been extensively applied to different potential models [5-7], studies
specifically focusing on the Ultra Generalized Exponential-Hyperbolic Potential (UGEHP) remain limited. Due to its
flexibility and tunability, the UGEHP serves as an ideal model for exploring complex quantum systems under external
constraints. This potential encompasses a broad class of models, generalizing well-known potentials such as the Morse,
Poschl-Teller, and Eckart potentials [8]. It has been particularly useful in describing diatomic molecular interactions
[9,10] and quarkonium systems [11,12] in both relativistic and non-relativistic frameworks. The functional form of the
UGEHP includes multiple adjustable parameters, allowing for a detailed investigation of quantum information measures
in relation to system confinement and external influences. Notably, this potential has emerged as an effective model for
examining the interplay between quantum information measures and potential-driven quantum dynamics. This study
aims to systematically analyze the information-theoretic properties and bound state energy associated with the UGEHP,
providing new insights into its role in Quantum information measures.

The potential is expressed in the form [9].
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The dependence of the potential on distance is illustrated in Figure 1.

Recent advancements in quantum information theory have highlighted the crucial role of entropic measures in
understanding the uncertainty and information content of quantum states [13]. Shannon entropy serves as a global
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indicator of the uncertainty and randomness associated with electron localization and delocalization [14]. In contrast,
Fisher information measures the sensitivity of a WF to external perturbations, making it essential in quantum metrology
and estimation theory [15].
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Figure 1. Variation of the Ultra Generalized Exponential-Hyperbolic Potential with position for different screening
parameters and the arbitrary parameters 4, =0.1,J, =—-0.5,B, =2,G, =0.1,d, =4,6,=1,C, =4

In recent years, Shannon entropy has garnered considerable attention among quantum physics researchers due to
its broad applications in modern quantum communication systems [16,17]. Its significance lies in its function as a
generalized form of Heisenberg’s uncertainty principle, providing a quantitative measure of uncertainty in quantum
systems while also characterizing various physical properties [17]. Beckner-Biatynicki-Birula and Mycielski (BBM)
[18] introduced a novel formulation of Heisenberg’s uncertainty principle in quantum mechanics, expressed as:

S; =S, +S,>2D(1+2Inx), 3)

In this context, D signifies the spatial dimension, while S, and S, represent the Shannon entropies in coordinate and

momentum spaces, respectively. The total Shannon entropy, denoted as S;, is the sum of these two components. The

expressions for S, and S, are provided in references [19-21].
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wave function in the special coordinate. Also, p(r,)= |‘I’(r0,¢90,(0)|2 is the probability density in the spatial co-ordinate,

P p):|¢( p)|2 is the probability density in the momentum space and @(p) is the associated normalized Fourier

transform [21]. It should be noted that the entropy measures evaluated in this work correspond solely to the radial
component of the wavefunction associated with the Ultra Generalized Exponential-Hyperbolic Potential. In the general
three-dimensional framework, the total Shannon entropy comprises both radial and angular contributions. However,
since the present study focuses on the radial solutions of the Schrédinger equation and the influence of the potential
parameters on the radial probability density, only the radial contribution has been considered. Therefore, the reported
entropy values represent radial Shannon entropies rather than the complete three-dimensional Shannon entropy [22].
The global measure is important because it enables researchers to analyze the uncertainty associated with the
probability distribution. In contrast, Fisher information quantifies the efficiency of a measurement procedure in
estimating quantum limits [23]. This information-theoretic tool primarily captures local variations in probability density
[24]. Fisher information plays a crucial role in density functional theory [25], statistical estimation, and molecular
chemical reactivity [26]. It is also strongly correlated with physical properties such as magnetic susceptibility and
kinetic energy [27], providing valuable insights into electron correlation and atomic structure in both coordinate and
momentum spaces [28].
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As it is written,
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Unlike, the Shannon entropy that satisfied the BBM inequality, the Fisher information fulfill the Stam inequalities
I, < 4<r02>;1 » S 4< p2> [29], and the Cramer—Rao inequalities /, > L'I ZL [30]. Generally, for an arbitrary
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angular momentum quantum number of any central potential model, the two products of the Fisher information must
satisfy the relation [30]
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Extensive studies have explored Shannon entropy and Fisher information using well-motivated potential models.
Udoh et al. [31] applied the Nikiforov—Uvarov functional analysis (NUFA) approach to solve the radial Schrodinger
equation (SE) for the shifted Morse potential, deriving analytical energy eigenvalues and eigenfunctions, and analyzing
quantum information measures. Nath and Roy [32] obtained exact solutions to the non-central Makarov potential and
studied information-theoretic parameters for low-lying states. Inyang et al. [33] investigated the QIM with the screened
modified Kratzer-Yukawa potential using the Nikiforov-Uvarov (NU) method, while Ikot et al. [34] applied NUFA to
the Mobius square potential, both analyzing Shannon entropy and Fisher information. Onate et al. [35] employed
supersymmetric techniques for the Morse potential to evaluate QIM and thermodynamic properties. Bloch and Cohen
[36] linked Fisher information to an enhanced uncertainty principle. Omugbe et al. [37] used supersymmetric WKB for
the QIM assessments, Boumali and Labidi [38] studied the Dirac oscillator under energy-dependent potentials, and
Onate et al. [39] solved the SE for the Eckart-Manning-Rosen potential. In this work, the SE, an essential tool in
quantum mechanics, is solved using the NU method [40] for the UGEHP. The derived energy equation and WF will
serve as the foundation for analyzing QIM, including Shannon entropy, Fisher information, and bound-state energy. To
the best of our knowledge, this has not been presented in the literature.

2. THE SOLUTION OF THE SCHRODINGER EQUATION WITH THE UGEHP
In this study, the NU method is employed to solve the SE, with detailed formulations available in Reference [40].
The radial Schrodinger equation for a spherically symmetric potential is given by [41]

d*R(r,)
dr?

o
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where E,, is the eigenvalue, R(r,) is the eigenfunction, 7 is the reduced Planck's constant, r, is the radial distance
and 4 is the reduced mass.

To address the centrifugal barrier in Equation (7), we employ the Greene-Aldrich approximation scheme (GAAS)
[42]. This method provides an effective approximation for the centrifugal term, ensuring accuracy within a specific
validity range ¢, << 1,. Under these conditions, the centrifugal term transforms into the following expression:

N . T (8)

20,

Substituting Egs. (1), (2), and (8) into Eq. (7) and introducing an appropriate coordinate transformation g, = e"" gives

dy(q,), 1-q, dy(q,), 1 (& +a, ), +
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where:
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For this research, the NU method is employed, as outlined in Ref. [40]. This approach yields the eigenvalue and
eigenfunction equations, which are expressed as follows:
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The WF is expressed in terms of the Jacobi polynomial as follows:

e (1 g | Fbfsas]) P[Zﬁzﬁ] (1-24,), (13)

l//n/ (qu) = NnI qa

where N, represents the normalization constant, which can be determined by applying the normalization condition:
[R, ()R, (r)dr, =1 (14)
0

3. RESULTS AND DISCUSSION

The wave functions and energy eigenvalues of the Schrédinger equation with the Ultra Generalized Exponential—
Hyperbolic Potential (UGEHP) are obtained analytically using the Nikiforov—Uvarov method. Based on these solutions,
Shannon entropy and Fisher information are evaluated in both position and momentum spaces to investigate the
information-theoretic properties of the system.

Tables 1 and 2 present the calculated Shannon entropies and Fisher information, respectively, for the ground state
at different values of the screening potential parameter (SPP), ranging from 0.01 to 0.10. The results in Table 1 show
that the total Shannon entropy satisfies the Beckner—Biatynicki-Birula—Mycielski (BBM) inequality, which establishes a
fundamental lower bound on the sum of the position- and momentum-space entropies. This confirms that the
uncertainty associated with the quantum system is accurately captured. Similarly, the Fisher information values reported
in Table 2 satisfy the Stam—Cramér—Rao (SCR) inequality, demonstrating consistency with the fundamental limits of
statistical estimation and measurement precision in quantum mechanics. These findings validate the theoretical
framework employed and further emphasize the intimate connection between quantum uncertainty and information-
theoretic measures.

Table 3 presents the variation of the energy eigenvalues of the UGEHP with the principal quantum number (n),
angular momentum quantum number (1), and screening parameter ( ¢,). The results display the characteristic behavior

expected for quantum systems governed by short-range interaction potentials. For a fixed value of ¢, the energy

eigenvalues increase with increasing (n), corresponding to transitions from lower to higher excited states. As the
particle occupies larger spatial regions in these excited states, it becomes less tightly bound within the potential well,
resulting in a reduction in the magnitude of the binding energy.
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For a given value of (n), the energy eigenvalues also increase with increasing angular momentum quantum number
(1). This behavior arises from the centrifugal contribution to the effective potential, which introduces a repulsive term
proportional to (I(1+1)/r?). As 1 increases, the particle is pushed away from the central region of the potential, leading to
reduced localization and higher energy levels. Consequently, the degeneracy commonly associated with ideal central
potentials is lifted, reflecting the non-Coulombic nature of the UGEHP.

The influence of the screening parameter ( ¢, ) is equally significant. As ¢, increases, the energy eigenvalues shift

toward higher values, indicating weaker binding of the system. Physically, stronger screening reduces the effective
range of the interaction potential and weakens its confining capability, thereby producing less localized quantum states.
Conversely, smaller values of ¢, correspond to weaker screening and stronger confinement, resulting in lower energy

eigenvalues and enhanced localization. These results demonstrate that the UGEHP provides a highly tunable framework
for controlling the spectral properties of quantum systems. Furthermore, the dependence of the energy spectrum on n, 1,
and ¢, directly influences wave-function localization and consequently affects the behavior of Shannon entropy and

Fisher information, establishing a clear relationship between spectral characteristics and quantum information measures.

To further illustrate the localization properties of the system, Figure 2 depicts the ground-state wave function in
position space for various values of the screening parameter. It is observed that decreasing the screening parameter
leads to a more sharply peaked wave function that shifts toward shorter distances, indicating stronger localization and
enhanced confinement of the particle. In contrast, increasing the screening parameter broadens the wave function,
reflecting weaker confinement and greater spatial delocalization.

A similar trend is observed in Figure 3, which shows the corresponding probability density distributions. As the
screening parameter decreases, the probability density becomes more concentrated and exhibits a higher peak,
indicating an increased likelihood of finding the particle within a localized spatial region. Conversely, increasing the
screening parameter results in a broader probability distribution, consistent with reduced confinement. These graphical
results support the trends observed in the energy spectrum and information-theoretic quantities, further confirming the
strong influence of the screening parameter on the localization and quantum behavior of the system.

Table 1. Shannon entropies for the ground state for the Ultra Generalized Exponential-Hyperbolic Potential

@, S, S, S, > 2.14473
0.01 2.457340 0.123150 258049
0.02 2.218196 0.190375 2.40857
0.03 2.107611 0.244707 235232
0.04 2.047531 0.288308 233584
0.05 2.014564 0322102 233667
0.06 1.998876 0.338815 233769
0.07 1.995648 0343301 233895
0.08 2.002399 0.338093 234049
0.09 2.017946 0324438 234238
0.10 2.041994 0.302725 234472

Table 2. Fisher Information entropies for the ground state for the Ultra Generalized Exponential-Hyperbolic Potential

Q, I, I, 11,24
0.01 0.552196 8.333156 4.601897
0.02 0.574371 8.347331 4.794750
0.03 0.591231 8.355159 4.939883
0.04 0.670146 8.391088 5.623137
0.05 0.682951 8.404442 5739414
0.06 0.699872 8.417453 5.891126
0.07 0.700436 8.426681 5.902263
0.08 0.712074 8.432596 6.004092
0.09 0.735457 8.467918 6.227006
0.10 0.740081 8.601521 6.365387

Table 3 Energy eigenvalues (in eV) of the Ultra Generalized Exponential-Hyperbolic Potential with the parameters
{4,=0.1,J,=-0.5,B,=2,G, =0.1,d, =4, = u =1,C, = 4} for various values of ¢, =0.01, 0.02, 0.03 and 0.04

no1 o, =0.01 o, =0.02 o, =0.03 o, =0.04
0 0 —0.540123 —0.580658 —0.621715 —0.663342
10 —0.540528 —0.582224 —0.625141 —0.669298
1 —0.540524 —0.582195 —0.625054 —0.669112
20 —0.541104 —0.584345 —0.629689 —0.677129
1 —0.541107 —0.584363 —0.629744 —0.677243
2 —0.541112 —0.584394 —0.629831 —0.677419
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no1 a, =0.01 a, =0.02 o, =0.03 o, =0.04
3.0 —0.541820 —0.586942 —0.635240 —0.686681

1 —0.541833 —0.587025 —0.635479 —0.687169
2 —0.541855 —0.587166 —0.635866 —0.687941
3 —0.541883 —0.587332 —0.636303 —0.688790
4 0 —0.542659 —0.589981 —0.641744 —0.697894
1 —0.542684 —0.590140 —0.642191 —0.698798
2 —0.542729 —0.590413 —0.642928 —0.700253
3 —0.542787 —0.590739 —0.643778 —0.701894
4 —0.542850 —0.591076 —0.644630 —0.703506
5 0 —0.543614 —0.593444 —0.649180 —0.710742
1 —0.543653 —0.593687 —0.649850 —0.712086
2 —0.543724 —0.594105 —0.650967 —0.714278
3 —0.543815 —0.594613 —0.652278 —0.716796
4 —0.543916 —0.595146 —0.653615 —0.719316
5 —0.544021 —0.595667 —0.654892 —0.721692
6 0 —0.544678 —0.597324 —0.657534 —0.725211
1 —0.544733 —0.597655 —0.658436 —0.727010
2 —0.544832 —0.598228 —0.659955 —0.729976
3 —0.544960 —0.598932 —-0.661761 —0.733428
4 —0.545105 —0.599681 —0.663628 —0.736937
5 —0.545255 —0.600421 —0.665435 —0.740292
6 —0.545403 —0.601127 —0.667130 —0.743410
n=0 _ n=0
0.25 — a=0.01 — @=0.02 — a=0.03 a=0.04
0.5

£ 00 \ Y Sois
S 3
2 / :
0.10
-0.5
— a=0.01 — a=0.02 — a=0.03 a=0.04
0.05
-1.0 ) 0.00 A‘}\\
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r r

Figure 2. The ground state wave function in position space is Figure 3. The probability density of the ground state in
analyzed for different values of the screening potential position space is examined for different values of the
parameter screening potential parameter

4. CONCLUSIONS

In this work, the Schrédinger equation for the Ultra Generalized Exponential-Hyperbolic Potential has been
solved using the Nikiforov—Uvarov method, yielding an expression for the energy eigenvalues and corresponding wave
functions. The resulting energy spectrum demonstrates a clear dependence on the principal and angular momentum
quantum numbers, as well as on the screening parameter, confirming the tunable nature of the potential in controlling
quantum confinement. The analysis of Shannon entropy and Fisher information in both position and momentum spaces
reveals that the system satisfies the BBM and Stam—Cramér—Rao inequalities, thereby reinforcing the consistency of the
results with fundamental quantum mechanical uncertainty relations. Moreover, the interplay between energy
quantization and information-theoretic measures highlights the connection between spectral properties and
wavefunction localization. Overall, the findings establish the UGEHP as a robust and versatile model for investigating
quantum information measures in bound systems, with potential applications in molecular physics and quantum
information science.
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APPENDIX A: Review of Nikiforov-Uvarov (NU) method

The NU method was proposed by Nikiforov and Uvarov [40] to transform Schrddinger-like equations into a second-order
differential equation via a coordinate transformation x, = x_(r) , of the form

v () + 20 ) S0 iy g (AD)

where 6(x,), and o(x,) are polynomials, at most second degree and #(x,) is a first-degree polynomial. The exact solution of

Eq.(A1) can be obtain by using the transformation.

y(x)=9(x)r(x) (A2)
This transformation reduces Eq.(A1) into a hypergeometric-type equation of the form
o (%) (%) +7(x) ¥ (%) + Ay(x.) =0 (A3)

The function ¢(x,) can be defined as the logarithm derivative
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= (A4)

With 7(x,) being at most a first-degree polynomial. The second part of w(x,)being y(x,) in Eq. (A2) is the hypergeometric
function with its polynomial solution given by Rodrigues relation as

B, d"
y(x)=

nl

p(x,)dx”

[ (x)(x)] (*3)

where B,, is the normalization constant and p (x, ) the weight function which satisfies the condition below;

(o(x)p(x)) =7(x)p(x.) (A6)
where also
7(x,)=7%(x,)+27(x,) (A7)
For bound solutions, it is required that
7'(x,)<0 (A8)
The eigenfunctions and eigenvalues can be obtained using the definition of the following function 7(s) and parameter A,
respectively:
S ~ J ~ 2
2(s)=2 (s)z 7(s) i\/[a (S)z T(S)] 6 (s)+ko(s) (A9)
and

A=k +7(x,) (A10)

The value of k& can be obtained by setting the discriminant in the square root in Eq. (A9) equal to zero. As such, the new eigenvalues
equation can be given as

n(n—1)

A+nr (x)+
e (1) + 1

o' (x,)=0,(n=0,12,..) (A11)

KBAHTOBHU IHOOPMALIIHUI TA EHEPTETUYHHUI CIIEKTP YJIbTPAY3ATAJIbBHEHOT O
EKCIIOHEHUIAJIBHO-TTIIEPBOJITYHOI'O ITIOTEHLIAJLY 3A JOIIOMOI'OI0O METOY
HIKI®OPOBA-YBAPOBA
ETino II. Inbsanr!, Ixxonatan E. Ocanr?, Cemioen E. Monra®
Kageopa pizuxu, Paxyromem npupoonuuux nayk, Hayionanonuii 6iokpumuti ynicepcumem Hizepii, Joicabi-A6yodoca, Hicepis
’Kageopa izuxu, Yuisepcumem wmamy Kpoc-Pieep, Karabap, Hizepis.
3Kagheopa ¢hisuxu, Yuieepcumem Kanabapa, Kanabap, Hizepis.

Ile KOMIUIEKCHE IOCIHIMKEHHS KBAHTOBHX iH(GOpPMaliiHUX Mip Ui OJHOBHMIPHOTO YJIBTpay3arajJbHEHOI'O EKCIIOHEHIiaJbHO-
rinep6osniunoro norenwiany (YYITII) B pamxax piBusuus lpeninrepa. AnamiTidHi po3B'si3KH Ul BIaCHUX 3HA4YCHb SHEprii Ta
BIAMOBIZHMX XBUIIBOBHX (YHKILIN oTpuMaHi 3a momomororo Merony Hikipoposa-YBaposa. Li po3B's3ku CIyryioTh OCHOBOIO IS
ouinku eHtpomnii lllenHoHa Ta iHpopMmamnii dimepa siK y MPOCTOpi MOMOKEHHS, TaK 1 B MPOCTOpi iMIynbcy. UHCIIOBI pe3ynbTaTH
MOKa3yI0Th, IO TOBHA eHTporris [1leHHOHa 3am0BoNBHSE HepiBHICTH beknepa-bsmanmpkoro-bipymn-Minenscekoro (BBM), Toxi sik
indopmaris Pimepa norpumyersest Mex Crama-Kpamepa-Pao, mo miarBepaxye y3ropKeHicTb 3 GpyHIaMeHTaTbHIME IPUHINIIAME
KBaHTOBOI HeBH3HAYCHOCTi. KpiM TOTO, €HEpreTHYHNH CIIEKTP JEMOHCTPY€E BHPaKEHY 3aJ€XKHICTh BiJ| TapaMeTpa eKpaHyBaHHS Ta
KBAaHTOBUX YHCEJI, III0 BKa3y€e Ha BJIACTHMBOCTI HAJAIITOBAHOTO oOMeXeHHs rnorteHuiary. KomOiHOBaHUI aHaii3 BCTAHOBIIIOE YiTKUI
3B'I30K MDK KBAaHTYBaHHSM EHeEprii, JIoKaii3aliclo XBWIboBOI (QyHKLIT Ta iHGOpPMaLiHHO-TEOPETUIHUMH 3aXOAaMH, MIPOIIOHYIOUH

riubie po3yminas epexruBrocti Mozaeni UGEHP B onuci ckinaiHMX KBaHTOBUX CHUCTEM.
KuarouoBi cioBa:  winsuicme  timogipnocmi;  iHghopmayitino-meopemuyHi  3axo0u;  YIbMpay3a2aibHeHull  eKCNOHEeHYianbHO-
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The present study investigates the quantum properties of the cesium dimer (Csz) using a hybrid interaction model that
combines the Mobius square potential with the screened Kratzer potential (MSSKP). The vibrational energy levels are
obtained analytically by solving the Schrédinger equation within the framework of the parametric Nikiforov—Uvarov
(pNU) method. The calculated spectra exhibit excellent agreement with available experimental Rydberg—Klein—Rees
(RKR) data, demonstrating the validity of the proposed model. Comparative analysis with established potential models,
namely the Morse and Manning—Rosen potentials, reveals the superior predictive performance of the MSSKP approach.
In particular, the MSSKP model achieves a minimum mean absolute error (MAE) of 0.0234 cm™, compared with
0.2364 cm™ and 0.0517 cm™ for the Morse and Manning—Rosen potentials, respectively. These results highlight the
enhanced accuracy and reliability of the MSSKP model in describing the vibrational spectrum of Cs.. The findings
further provide valuable insights into molecular structure, bonding interactions, and quantum behavior, underscoring the
potential of the proposed framework for applications in quantum chemistry, molecular spectroscopy, and the theoretical
modeling of diatomic molecular systems.

Keywords: Hybrid interaction model; Mean absolute error; Rydberg—Klein—Rees (RKR) data; Analytical method,
Molecular spectroscopy

1. INTRODUCTION

Accurate theoretical descriptions of molecular systems remain a central pursuit in quantum mechanics and
molecular physics, where the interplay between nuclear motion and interatomic forces governs the vibrational,
rotational, spectroscopic, and thermodynamic behavior of molecules [1-3]. Among these systems, diatomic molecules
serve as fundamental models for understanding molecular interactions due to their relative simplicity and rich physical
characteristics [4]. The cesium dimer (Cs:) is of particular interest because of its unique electronic configuration, large
atomic mass, pronounced relativistic effects, and wide applicability across various fields, including atomic physics,
molecular spectroscopy, quantum computation, and precision metrology [5]. Cesium dimer (Csz) plays a key role in the
advancement of atomic clocks, laser cooling technologies, and the exploration of long-range molecular interactions and
potential energy surfaces [6]. Despite its importance, achieving a precise theoretical representation of Cs: remains
challenging due to its highly anharmonic vibrational structure.

Over the years, numerous molecular potential models such as the Morse, Kratzer, Rosen—Morse, and Tietz—Hua
potentials have been developed to approximate interatomic interactions in diatomic molecules [7-9]. While these models
are analytically convenient and effective for light molecules, their accuracy decreases significantly for heavy diatomic
systems such as Csz, particularly in higher vibrational and rotational states. This limitation arises because many traditional
potentials lack sufficient flexibility to accurately describe the potential energy surface near the dissociation limit, often
leading to deviations from experimental data obtained through spectroscopic methods such as Rydberg—Klein—Rees (RKR)
analysis [10—12]. A detailed theoretical description of Cs: requires potential functions that represent both short- and long-
range interactions and incorporate essential molecular parameters, such as the dissociation energy, the equilibrium bond
length, and screening effects. An adaptable framework that satisfies these requirements is the Mobius Square—Screened
Kratzer Potential (MSSKP) model [13,14]. The Mdbius square potential, a relatively recent development in molecular
interaction modeling, introduces distinctive geometric features associated with confinement effects in molecular systems.
In contrast, the screened Kratzer potential incorporates a screening parameter that effectively modulates long-range
intermolecular interactions. The combination of these two forms yields a hybrid potential that simultaneously accounts for
short-range confinement and screened long-range behavior, thereby providing a more comprehensive and flexible
theoretical framework for the analysis of molecular structure and dynamics.

Solving the radial Schrodinger equation within this hybrid potential framework provides valuable insight into
bound-state energy eigenvalues and the corresponding wavefunctions—quantities that are essential for predicting
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vibrational spectra, molecular stability, and related physical properties [15,16]. Analytical techniques such as the
Nikiforov—Uvarov (NU) method [17] are particularly advantageous in this context, as they enable exact or approximate
solutions of second-order differential equations derived from the Schrodinger equation, even for complex potential
forms. Recent studies have continued to investigate Cs: using a variety of potential models and solution techniques.
Approaches based on the Tietz—Hua, improved Rosen—Morse, generalized Poschl-Teller, Manning—Rosen, and
deformed exponential-type potentials have been employed to determine the rovibrational spectra of Cs: with varying
degrees of agreement with experimental observations [18-20]. For example, the Tietz—Hua potential has demonstrated
improved consistency with spectroscopic data compared to the Morse potential, particularly at higher vibrational levels.
Similarly, the improved Rosen—Morse potential has proven effective in modeling the rotational—vibrational spectra of
heavy dimers, showing enhanced agreement with experimental measurements.

Building on these developments, the present work investigates the quantum bound states described by the Mobius
Square plus Screened Kratzer Potential (MSSKP) [21]. This hybrid potential is particularly well suited for analyzing
vibrational and rotational spectra, as well as the discrete energy levels of diatomic molecules such as Csz2, where an
accurate representation of interatomic interactions is essential. Owing to its well-resolved vibrational structure, Cs:
provides a valuable benchmark for evaluating theoretical models and validating spectroscopic predictions. Although both
the Mobius square potential and the screened Kratzer potential have been extensively studied in isolation, their combined
formulation has not yet been systematically explored. This study addresses that gap by solving the Schrodinger equation
within the MSSKP framework for the Cs: molecule. The resulting energy eigenvalues are compared with experimental
data obtained from Rydberg—Klein—Rees (RKR) analysis to assess the accuracy and reliability of the proposed potential.
The findings align with ongoing efforts to develop more refined potential energy models in quantum chemistry and
molecular physics. Ultimately, this work contributes to a deeper understanding of heavy diatomic molecules and
strengthens the theoretical foundation for future experimental and computational investigations.

The interaction potential adopted in this study is written in the following form [21].

2
+B —a.r. 2
V(”z)zyo(—Aﬂ _e?,i,: J -2D, [r—e— e Je"”‘. (1)

1 roo2r?

z

The dissociation energy is denoted by D, , whereas 7, represent the equilibrium bond length parameter. Furthermore,

4,,B,, and Y, corresponds to the strength of the Mébius square potential, while ¢, are the screening parameter.

2 THE THEORY
The quantum dynamics of a particle confined within a potential field are described by the time-independent
Schrédinger equation. For the hybrid potential examined in this study, the corresponding radial equation can be written
as [22]:

e\ 2R PE

z z

s e, 2er () Dy )0 @

Here, / represents the angular momentum quantum number, £, is the reduced mass,», denotes the particle distance,

and 7 is the reduced Planck constant.
Inserting Equation (1) into Equation (2) gives
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In Equation (3), the centrifugal contribution is handled through the Greene—Aldrich approximation [23], a
procedure that has been effectively employed in several recent studies [24,25]. This approach yields a reliable treatment
of the centrifugal term for ¢, <<1,, leading to the following expression:

rmal(lme ) i e (1me ) @)

To facilitate the solution, an appropriate change of variable, y, =e ", is introduced. By applying this

transformation in conjunction with Equation (4) to Equation (3), and carrying out the required algebraic simplifications,
the radial equation is reduced to the standard Schrédinger form, expressed as follows:

—(2+8+K)y. +
2 (28:2_252""(1_’(2))/: l//(yz)=0, (5)
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Tezcan and Sever [26] demonstrated that the parametric Nikiforov—Uvarov (pNU) method provides a more
straightforward and efficient procedure for determining both energy eigenvalues and the corresponding wavefunctions.
Compared with the conventional Nikiforov—Uvarov approach [17], the pNU technique offers greater implementation
simplicity and improved computational efficiency. Its principal advantage lies in its direct applicability and the high
accuracy of solutions obtained for wave equations associated with a wide range of potential energy functions. Based on
their formulation, the standard form of the equation is written as follows:

(bl _bzt) ’

7 (r)+t(1_b3t)«/f(r)+ ~T,* + Tt =T, y(6)=0. )

1
2 (1-by)’ [

Using Equation (7), the expressions for the energy eigenvalues and their corresponding wavefunctions were derived and
are presented as follows:

by = (2n+1) by + (26 + n(n+1)]by +b, +@n+1)b, +Jb [ 2/b, +b,(2n+1) | =0. (8)
[P PP R
w(t)= N, t" (1=byt) " o pE b ](1 —2byt). ©)

The parametric constants featured in Equations (8) and (9) are calculated using the following expressions:

b =b,=b, =15, =0.5(1—b1),b5 =0.5(b2 —2b3),
by :b52 +1y,b, =2b,b; -1,
b, =bf +1,,b, =, (b7 +b3b8)+b6’

by, = b, +2b, +2/b,, (10)
by =b, = 2b; +2(\fb, +b,\by ),
b, =b, + /b,

by = by — (b, +b,\by)

By comparing Equations (5) and (7), the parametric constants in Equation (10) are obtained as follows:
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By substituting Equations (6) and (11) into (8) and (9), the resulting expressions for the energy eigenvalues and their
corresponding wavefunctions are obtained as:

5
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where N,, represents the normalization constant, as obtained from Equation (14).
0

3. RESULTS AND DISCUSSION
This research focuses on the vibrational energy states of Cs.. Using the spectrum, the energy levels were
determined via Equation (12), which was then employed to examine the system's quantum characteristics. All

computations utilized the conversion factors 1 amu=931.494028 MeV/c? and hc=1973.29eVA, as specified in
reference [27]. In molecular spectroscopy, the force constant k, plays a crucial role because it characterizes the

v, () dr. =1. (14)

curvature of the potential energy curve at the equilibrium bond distance. Mathematically, it is obtained by taking the
second derivative of the potential energy with respect to the internuclear separation r, evaluated at the equilibrium
d*V (r)

2

position k, =

For a diatomic molecule, this constant is directly connected to the harmonic vibrational frequency w, at
equilibrium (C). The relationship is expressed as k, = 4@’ , where y. denotes the reduced mass of the molecule.

When applying the Mobius square plus screened Kratzer potential (MSSKP), the value of the force constant is
obtained through the Varshni conditions. These conditions ensure that the minimum of the proposed potential
corresponds properly to the experimentally observed spectroscopic equilibrium configuration [28,29]. The analysis of

the 3° Z; electronic state of the Cs: molecule is based on the experimental molecular constants

D, =2722.28 em™, 7, = 5.34742084, M, = 66.38amu and @, =28.8918 cm™ reported in references [18,20]. From

. ua?
these parameters, the quantity o, = e

j is evaluated, forming the basis for calculating the vibrational energy levels
of the cesium dimer.

To assess the accuracy of the model, the mean absolute error (MAE) is computed using the expression

1 . . . .
MAE = —Z|Enc”"" —EfKR| . In this formulation, E** represents the theoretical energy obtained from the model, E**
V=0
corresponds to the reference energy derived from the Rydberg—Klein—Rees (RKR) data, and v denotes the total number
of available experimental data points. The vibrational energy levels obtained for Cs., expressed in cm™, are presented in
Table 1.

The Rydberg—Klein—Rees (RKR) method is fundamentally grounded in experimental spectroscopic data and is
widely regarded as a reliable benchmark because it reconstructs the molecular potential energy curve directly from
observed transition frequencies. In contrast, analytical potential models such as the Morse and Manning—Rosen
functions are commonly used to describe anharmonic vibrational motion. The Morse potential provides a reasonable
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representation of bond stretching, whereas the Manning—Rosen potential introduces an additional shape parameter that
improves its flexibility.

Despite their usefulness, both models have limitations in accurately describing molecular behavior at very short
internuclear distances as well as in the asymptotic long-range region. These shortcomings become more pronounced at
higher vibrational quantum numbers, where noticeable deviations from expected trends occur.

To address these limitations, the Mobius square plus screened Kratzer potential (MSSKP) proposed in this study
incorporates features that effectively capture both short-range confinement and long-range screening effects. For Css,
the model achieves a mean absolute error (MAE) of 0.0234 cm™, which is significantly lower than the values obtained
using the Morse (0.2364 cm™) and Manning—Rosen (0.0517 cm™) potentials. Moreover, the vibrational energy levels
predicted by the MSSKP are in excellent agreement with experimental RKR results, demonstrating its superior accuracy
and reliability in modeling the vibrational behavior of heavy diatomic molecules.

Table 1. Calculated vibrational energies for the 332; state of Csz2 compared with Rydberg—Klein—Rees (RKR) data and earlier

theoretical results (units in cm™).

Manning—Rosen Present Study

n RKR [10-12] Potential [20] Morse Potential [20] (MSSKP)
0 14.4248 14.4266 14.4267 14.4255

1 43.1680 43.1756 43.1652 43.1712

2 71.7657 71.7818 71.7504 71.7700

3 100.2211 100.2448 100.1822 100.2305
4 128.5375 128.5645 128.4608 128.5450
5 156.7182 156.7409 156.5860 156.7258
6 184.7663 184.7737 184.5579 184.7692
7 212.6851 212.6628 212.3765 212.6760
8 240.4778 240.4080 240.0418 240.4430
9 268.1477 268.0091 267.5537 268.0805
10 295.6980 295.4661 294.9123 295.5872

MAE =0.05170 MAE = 0.23640 MAE = 0.02340

4. CONCLUSIONS

In this work, the Mdbius square plus screened Kratzer potential (MSSKP) model has been successfully employed
to describe quantum bound states, with analytical solutions obtained through the parametric Nikiforov—Uvarov (pNU)
method. Application of the model to the cesium dimer (Csz2) demonstrates its remarkable ability to accurately reproduce
the vibrational energy spectrum. The calculated results exhibit excellent agreement with available experimental
Rydberg—Klein—Rees (RKR) data, yielding a minimum mean absolute error of 0.0234 cm™ and outperforming
conventional potentials such as the Morse and Manning—Rosen models. These findings confirm the reliability, accuracy,
and predictive strength of the MSSKP framework in modeling molecular vibrational dynamics. Furthermore, the
proposed potential provides a valuable theoretical basis for understanding molecular structure, bonding characteristics,
and quantum behavior. Owing to its effectiveness and versatility, the MSSKP model may serve as a powerful tool in
molecular spectroscopy and quantum chemistry, with potential applications to more complex systems, including
polyatomic molecules, excited electronic states, nanostructured materials, and related quantum-mechanical
problems [30-39].
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TEOPETHUYHE JOCJII)KEHHS KOJIMBAJIBHOT'O CITIEKTPA HE3I€EBOI'O ITMMEPY 3A BUKOPUCTAHHSIM
T'IBPUTHOI MOJIEJI B3AEMOIII
Camyeun E. Monra!, Bikrop K. Onya6yuu?, Etino IL. lubsaur?
!Kageopa ¢pizuxu, Ynisepcumem Kanabapa, Karabap, Hizepis
2Kagheopa npomucnoeoi ¢izuxu, Jepxcasnuii ynicepcumem nayku i mexnonoziti Enyey, Enyey, Hizepis

3Kageopa ¢izuxu, Daxyremem npupoonuuux nayk, Hayionanonuii eioxpumuil ynicepcumem Hizepii, Joicabi-A6yooca, Hizepis
VY 1poMy JOCHIIKSHHI BHBYAIOTHCS KBAHTOBI BIAaCTUBOCTI auMepy wnesito (Csz) 3a JOMOMOror ribpuaHol Mojeni B3aeMofii, ska
MOEAHY€E TOTEHIIIaa KBaapariB Mebiyca 3 ekpaHoBaHuM moTeHmiagoM Kparmepa (MSSKP). PiBHI konmBasbHOI eHeprii oTpuMaHi
AaHATITUYHO NUIAXOM po3B's3aHHA piBHAHHA Llpeninrepa B paMkax mapaMmeTpuuHoro Mmeroxy Hikigoposa-YBaposa (pNU).
Po3paxoBaHi cIeKTpH JEMOHCTPYIOTh UyJIOBY BiJIIOBIIHICTE 3 JOCTYITHUMH €KCIEPHMECHTAIbHIMHU NaHUMHU Pundepra-Kneiina-Pica
(RKR), mo nemMoHCTpye BaiiHICTh 3arpornoHoBanoi Mojemi. [TopiBHIbHUI aHAII3 3 yCTaJeHIMHI MOJESIMHU ITOTCHIIANIB, a caMe 3
noteHIiataMmu Mop3e Ta ManHiHra-Po3eHa, nokasye BuIly HporHocTHuHY edekTrBHIicTH mimxony MSSKP. 3okpema, monens
MSSKP nocsirae miHiManbHOI cepenHboi abcomoTHol moxubku (MAE) 0,0234 cm™' mopiBHstHO 3 0,2364 cM ! Ta 0,0517 em™! mis
noteHuianie Mop3e ta ManHinra-Posena BinnosinHo. L{i pe3ynbraTu miIKpeciroOTh MiJBHIINEHY TOUHICTh Ta HAIiWHICTH MoOJei
MSSKP B ommci konuBanpHOro cnekrpy Cs:. OTpuMani JaHi TakoK HAJalOTh LIHHE PO3YMIHHS MOJEKYJSIPHOI CTPYKTYpH,
B3a€MOJIH i 3B'A3KiB, a TaKO)X KBAHTOBOI MOBEAIHKH, MiIKPECIIOIOYM IMOTEHIliaj 3alpoIOHOBAHOI MOJelNi AJs 3aCTOCYBaHHS B
KBaHTOBIH XiMii, MOJEKYJISIpHIH CIIEKTPOCKOIIIi Ta TEOPETHYHOMY MOJEITIOBAHHI JBOXaTOMHHUX MOJICKYJISIPHUX CHCTEM.
KurouoBi cioBa: ciopuona modenv 63aemodii; cepedusa abcorromua noxudka, dani Puobepea-Knsaiina-Pica (RKR); ananimuynuil
Memood, MONEKYNIAPHA CREKMPOCKONIsL
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This study obtains exact traveling wave solutions and conducts a bifurcation analysis for the coupled (1+1)-dimensional Kudryashov’s
equation. This system of nonlinear Schrodinger-type equations models the simultaneous propagation of optical pulses in a birefringent
fiber, incorporating critical higher-order effects like cubic-quartic dispersion and nonlinearities for enhanced physical accuracy. By
applying the modified extended mapping method (MEMM), the coupled partial differential equations are systematically reduced to a
manageable ordinary differential equation. This reduction allows for the construction of a broad spectrum of exact solutions such as
bright and dark solitons, periodic waves, periodic singular solutions, along with singular solitons, in addition to hyperbolic, exponential,
rational, and Weierstrass elliptic function solutions. A key component of the work is a detailed bifurcation analysis of the resulting
planar dynamical system. This analysis identifies critical parameter thresholds and classifies all possible qualitative behaviors of the
wave solutions, mapping out regions of existence for different solution types. The physical implications of both the derived solutions
and the bifurcation structure are discussed in the context of nonlinear optics, particularly for pulse dynamics and stability in dual-
polarization optical communication systems. The results demonstrate the efficacy of MEMM and provide new insights that contribute
to the understanding and design of advanced optical waveguides.

Keywords: Nonlinear Schrodinger equations; Birefringent optical fibers; Higher-order dispersion; Modified extended mapping method
(MEMM); Exact traveling wave solutions; Bifurcation analysis

1. INTRODUCTION

Partial differential equations (PDEs) serve as cornerstone mathematical models in numerous scientific and engineering
fields, enabling the description of phenomena that evolve in both space and time. They are especially vital for capturing
wave propagation, fluid flow, and other processes in which nonlinearity generates intricate structures such as shocks,
turbulent states, and solitary waves. For example, the nonlinear Navier—Stokes model remains the principal instrument for
examining intricate fluid dynamics, encompassing turbulence, vortex generation, and wave-breaking phenomena [1, 2].
Similarly, the Korteweg—de Vries model has occupied a pivotal position in clarifying the characteristics of nonlinear wave
evolution and the appearance of solitons in shallow-water environments [3, 4]. The utility of PDEs extends far beyond
classical physics: in environmental and geophysical contexts, they are routinely employed to model atmospheric and
oceanic wave dynamics, while nonlinear advection—diffusion equations are used to track pollutant transport in air and
water bodies [5, 6]. Engineering disciplines also rely heavily on PDEs for studying shock-wave phenomena, optical pulse
evolution in fibers [7, 8], climate variability, and extreme meteorological events [9, 10]. The extraordinary breadth of
these applications highlights the indispensable role of PDEs in tackling real-world problems across diverse domains.

Exact solutions to nonlinear evolution equations (NLEEs) can be constructed through a rich array of analytical
techniques. Notable examples include the extended sinh—Gordon equation expansion method, which exploits known
solutions of the sinh—Gordon equation to generate new solutions for wider classes of NLEEs [11]; the modified extended
tanh-function method, which enhances the classical tanh expansion to yield richer solution families [12]; the modified
extended direct algebraic approach, offering a structured framework that converts complex NLEEs into solvable algebraic
systems [13, 14]; and the modified extended mapping method, which establishes versatile functional mappings to inter-
connect different solution types and thereby broaden the scope of treatable equations [15, 16]. Additional powerful tools
encompass the modified Sardar sub-equation technique [17], the extended F-expansion method [18, 19], the improved
modified extended tanh-function scheme [20, 21], the extended simplest equation method [22], Riccati—-Bernoulli and
Bécklund Methods [23], among others. Taken together, these approaches offer vital tools for investigating advanced
physical processes—such as wave propagation, fluid instabilities, and heat transfer phenomena—while linking rigorous
theoretical advances with practical implementations across mathematical, physical, and engineering disciplines. The study
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2312-4334-2026-3-03

© W.M. Hasan, HM. Ahmed, A.M. Ahmed, HM. Rezk, W.B. Rabie, 2026; CC BY 4.0 license


https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2026-3-03
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0000-0002-7942-6033
https://orcid.org/0000-0001-8772-3663
https://orcid.org/0000-0002-5829-5038
https://orcid.org/0000-0001-6782-7908
https://orcid.org/0009-0001-1696-1266
mailto:hamdy$_{_}17$eg@yahoo.com
https://doi.org/10.26565/2312-4334-2026-3-03
https://doi.org/10.26565/2312-4334-2026-3-03
https://creativecommons.org/licenses/by/4.0/

21
Exact Traveling Waves and Bifurcation Structure of a Coupled... EEJP. 3 (2026)

of coupled nonlinear evolution equations (NLEEs) within optical settings continues to be an important research domain
owing to their capacity to represent intricate wave interactions in birefringent fibers. Motivated by the need to uncover
richer dynamical behaviors and transition mechanisms in such highly nonlinear systems—beyond what traditional solution
methods reveal—this study focuses on deriving exact traveling wave solutions and performing a comprehensive bifurca-
tion analysis for the coupled system of nonlinear Schrodinger equations with cubic-quartic dispersions and higher-order
nonlinearities [24], given by

. . asu asu
12773 + la1Uxxx + A2Uxxxx + 3 2 5 2 2 3 +
ay|ul® + azlul*|v|? + azlul?|v]* + a4|v| (B1lul? + Balv[?) ‘/|u|2 + v
2 2 6 4 2 2 4 6
+ (Balul + Balv ) vl + TP + (y11ul® + yalul*IvP? + yalulPIvl? + yalvl®) u = 0, ()
b3v b4v
Wi +ib1Vixx + D2Vixxx + +
O1[v[0 + Sa|v|*ul? + 83|v |2 |ul* + S4ul® (A1 [v]2 + alul?) [V + [u]?
2 2 6 4 2 2 4 6
4 (Aalv P+ alul?) oIV Tl + (jr91° 4 ool + gy Pl + palul®) v = 0, @)

where u = u(x,t) and v = v(x, r) represent wave profiles in two components of a birefringent optical fiber. The constants
a;,b; for i = 1,2 govern third-order dispersion (30D) and fourth-order dispersion (40D), respectively, while a;, b;
for j = 3,4 and ay, Bi, 1,01, 45, 1y for [ = 1,2,3,4 describe nonlinear interactions, including self-phase modulation
(SPM) and cross-phase modulation (XPM). These parameters characterize intricate wave dynamics, which are essential
for comprehending soliton evolution and stability within nonlinear optical frameworks. Although the model does not
retain the classical group-velocity-dispersion (second-derivative) term, it is conventionally classified within the nonlinear
Schrodinger family in the optics literature: near the zero-dispersion wavelength the standard GVD coefficient vanishes,
and the leading dispersive contributions become the third- and fourth-order terms retained here, giving rise to the so-called
cubic-quartic nonlinear Schrodinger equation [24]. The extended trial function method has been employed in [24] to
derive cubic-quartic optical soliton solutions, including bright and singular solitons, periodic solutions, and Jacobi elliptic
function solutions, for specific cases of the power-law nonlinearity parameter (n = 1,2,3). This approach transformed
the coupled system into ordinary differential equations, solved using a polynomial ansatz, and provided valuable insights
into soliton dynamics under differential group delay in nonlinear optical systems. In contrast, this study builds upon the
framework established by Biswas et al. by applying the modified extended mapping method (MEMM) to the same coupled
system defined by Eqgs. (1) and (2). Unlike the extended trial function method, which relies on a polynomial ansatz,
MEMM utilizes series expansions and mapping functions to derive a broader range of exact solutions, including solitons,
periodic waves, and singular structures. This approach enhances the flexibility in handling the complex nonlinearities
and higher-order dispersions inherent in the system, potentially yielding novel solutions not captured by the extended
trial function method. By leveraging MEMM, this research aims to provide a more comprehensive set of analytical
solutions, offering deeper insights into wave stability, interaction dynamics, and their applications in optimizing optical
communication systems. The study also includes graphical representations and bifurcation analysis to validate the solutions
and explore qualitative transitions in wave behavior, further distinguishing it from the work of Biswas et al. The motivation
for this study stems from the need to advance our understanding of complex wave interactions in nonlinear optical systems,
particularly through the exploration of coupled nonlinear partial differential equations (NPDEs) like Eqgs. (1) and (2).
These equations model intricate phenomena in birefringent optical fibers, where cubic-quartic dispersions and higher-
order nonlinearities, such as those described by Kudryashov’s law, govern soliton dynamics. By applying the modified
extended mapping method (MEMM), this research aims to derive novel exact wave solutions, including solitons and
periodic waves, that—together with bifurcation analysis—offer deeper insights into wave stability, interaction patterns,
and critical parameter-induced transitions under differential group delay. These results are critical for optimizing optical
communication systems, enhancing signal transmission robustness, and addressing challenges in nonlinear optics, thereby
contributing to both theoretical advancements and practical applications in high-speed data transfer and photonics.

The manuscript is structured into six principal parts. Section 1 furnishes an introduction, describing the background
and aims. Section 2 elaborates on the MEMM methodology. Section 3 delineates exact solutions for the coupled model.
Section 4 offers graphical illustrations to depict the results. Section 5 delivers the bifurcation analysis, and Section 6
summarizes the work and discusses its implications for nonlinear optics and allied domains.

2. MODIFIED EXTENDED MAPPING METHOD

The MEMM provides a powerful and systematic procedure for deriving exact traveling-wave solutions of NPDEs
[25]. The main steps of the method are described as follows:
Phase I: Consider a general NPDE expressed as:

FQu, gy U, Uy, Unxxs Uxxxxs Uxxxxns---) = 0, 3)

where u = u(x, t) is the unknown function and F is a polynomial in u and its partial derivatives.
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Phase II: Introduce the wave transformation
u(x,t) =¢(§)’ é‘::x_at’ a ER—{O}’ (4)

in which a denotes the wave speed. Substituting (4) into (3) reduces the equation to an ordinary differential equation
(ODE)
G(®,0, 0", @, ...)=0. (5)

Phase III: Assume a solution of the form

N N N N ,
OE) = . WO+ Y W @4 ) W RO W)+ Y s g6 ©
i=0 i=1 i=2 i=1
where p;, q;,r;, and s; are constants to be determined, and the auxiliary function W (¢) satisfies
W (&) = Veo + W + cx W2 + ;W3 + cyWH + es WO, )

with real coefficients ¢; (j = 0,1,...,5).

Phase I'V: Determine the positive integer N by balancing the highest-order derivative term with the leading nonlinear term
in the ODE (5).

Phase V: Insert the ansatz (6) together with the relation (7) into the ODE (5). This yields a polynomial in powers of ‘W (and
terms involving ‘W’). Setting the coefficients of all independent terms to zero produces a system of algebraic equations
for the unknowns p;, g;,7;, s;,a and the parameters c¢;. Solving this system using symbolic software such as Maple,
Mathematica, or MATLAB delivers explicit parameter values, from which a broad spectrum of exact solutions—including
hyperbolic, trigonometric, elliptic, exponential, and rational functions—are obtained for the original NPDE (3).

3. CONSTRUCTION OF EXACT SOLUTIONS

In this section, the Modified Extended Mapping Method (MEMM) is systematically applied to construct exact
traveling wave solutions for the coupled Kudryashov’s system, Eqgs. (1) and (2). The derivation begins with the standard
traveling wave reduction introduced in the previous section. Subsequently, the core algorithm of the MEMM is implemented
to obtain a spectrum of closed-form analytical solutions. The solutions are in the form:

u(x,t) = U(f) ei(—kx+wt+0)’ .
v(x, 1) = V(&) el Tkxrwr+o)

and
E=x—-ct, )

with 6, k, w, and ¢ being non-zero constants; here ¢ stands for the wave propagation speed, k signifies the frequency, w
indicates the wave number, and 6 denotes the phase constant. We begin by applying the wave ansatz given in Egs. (8) to
Egs. (1) and (2), and subsequently separate the real and imaginary components, which generate the equations that follow

Rer: axU™) (@) + (3kar - 6K2az) U (&) + 71U7 () + U (VA(@) + 1aUA@OVHE) + U@V (@)

+ BUAEVUE(E) + V) + BU @OV OV + V2@ + (-0 - Ky + Kax ) U(€) +
asU(€) a3U(€)

+

VU@ +V2(&) (BIU2(E) + BoV2(£))  @1UC(E) + U (EVE(E) + asU()VH(E) + aaVO(é) B

0, (10)

Rez: boV@ (&) + (3kb1 = 6k22) V/'(€) + V(&) + iU (E)V3(€) + UM @V (@) + U @V (&)

+ VA EVUE) + V() + LUXEOVEVUA@) + V) + (- = Kby + Kb ) V(&) +

baV (€) . b3V (€) _
VU2(&) + V2(&) (U2(&) + ,V2(&))  0aUC(E) + 83UHE)VE(E) + U (EVH(E) + 61VO(€)

0, an

Imy:  (—a; +4kas) UD (&) + (c +3k2a; - 4k3a2) U'(&) = 0, (12)
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Imy:  (=by +4kby) V(&) + (c +3Kk2%b, - 4k3b2) V(&) =0, (13)

Differentiating Egs. (12) and (13) once with respect to & yields explicit expressions for U*) (¢) and V) (£), respectively;
substituting these into Egs. (10) and (11), giving

U" (&) + U (&) + 71U (£)VA(£)

(3ka$ — 15k%a1a; + az (c + 20k as)
Re; :
ay) — 4ka2

+ 73U (EVHE) +1aU(E)VE(E) + BsUP (E)NUR(E) + V2 (E) + BaU(E)VZ(E)VU(E) + V2(€)

.\ a,U(&) . asU(¢)
VU2(&) + V2(&) (BIU2(&) + BaV2(&))  @1UC(E) + aaUH(E)VE(E) + asU(§)VH(E) + auVo(§)
+ (—w ~Kay + k4a2) UE) =0, (14)

R (3kb$ —15k2b1by + by (c + 20k>by)
€2

17 7 2 5
by — 4kb, )V (&) + V(&) + U™ (V7 (£)

+UHEV3 () + uaUS OV (€) + BV (EVU2(E) + V2(€) + LUV (E)VUA(E) + V2(€)

N bsV(§) . b3V (£)
U2(€) + V2(E) (LU2(&) + L,V2(£))  0aUC(&) + 03UV (E) + U ()VA(E) +01VO(§)
+ (—w by + k4b2) V(&) = 0. (15)
Let
V(&) =AU), (16)

under the condition A # {0, 1}. Then, Egs. (14) and (15) can be rewritten as

(3ka§ — 15k%ay1as + ax(c + 20k3ay)

US@U" (@) + (1 + A%y + Atys + A% ) U(©)

a, —4kay
+ V1 + A2 (,3 +A%B ) U’ + (—w - Kay +k*a ) US(é) + asU* (€)
’ ) 1 ? V1 + A2 (B + A%B,)
y =0 (17

+
a) + Aay + Atasz + Abay

4 (3kb§ — 15k2b by + by(c + 20k3b»)

US@U" (@) + A (A% + A*o + A3 + e U (O

by —4kb,
AbyU(£)
+AVI+ A2 (A2 + 14| U(6)° + A[-w — Kby + k*by ) US(£) +
( ) ( ) V1 + A2 (A%22) + 2,)
Abj
+ =0. 18
A6(51 + A4(52 + A263 + 04 (18)
For recovering closed form solutions, the transformation:
1
U(§) = F(é)3, (19)
is applied to Egs. (17) and (18). Thus they change to
3ka? — 15k%ajas + ax(c + 20k3ay)
| (3F@F" () = 2F () + (y1 + A%y2 + A%y + A%%4) F(©)*
9(a1 - 4ka2)
F
1+ A2 (,83 + A2,84) F(&)? - ((u +K3a; - k4a2) F&)? + aF(E)
V1 + A2 (,31 + Azﬁz)
= =0, (20)

) + Aza’z + A4a3 + A6a4
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(3F@F" (@) = 2F (€)2) + A (A% + A4z + %413 + ) F(&)*

3kb? = 15k%b by + by (c + 20k3by)
9(by — 4kby)

AbyF (£)
+ AV + A2 (A2/13 + ) F(E)} - A (w+k3b1 —k4b2)F(§)2+ ~
) V1 + A% (A% + 22)
Ab
+ > =0 1)
A651 + A452 + A253 + (54
The previous Egs. (20) and (21) have the same form under the following constraint conditions:
3ka% — 15k*ayas + ax(c + 20k3a») 3kb% — 15k%b by + by(c + 20k3b,)
9(a; — 4kay) B 9(by — 4kby) ’
Y1+ Az’yZ + A4‘}/3 + A6’y4 = A6M1 + A4,u2 + AZ/,l3 + U4,
Vi+ A2 (,83 + A2ﬁ4) =V1+a2 (A2/13 + /14) :
w+ka; —k*ay = w+ k>by - k*by, 22)
aq _ b4
VI+AZ (B + A28,)  V1+AZ(A20; +4y)
as _ b3

@) + A2 + A*as + Ay ASS) + A%y + A253+ 64
Hence, Eq. (20) can be reformulated as

o1 (3F@E)F"(€) = 2F (€] + 2F (€)' + 73F (€)° = 0uF () + 05F (€) + 06 = 0, (23)
where

3ka? — 15k*aja; + ax(c + 20k3a»)
1 2 4 6
— = —+ A + A + A
o3 =V1+ A2 (,83 + A2,84) , ou=w+ka -ka, (24)
aq as

g5 =

b 06 = .
V1 + A2 (,31 + Azﬁz) a) + A%ap + Atas + ASay

To ascertain the solution structure, the balancing method is employed on Eq. (23), which yields N = 1. Accordingly,
following Eq. (6), the function F(¢) takes the form:

F(&) = po+ p1 WE) + 1 —— + 5, 2 &)

wo T we (22)

in which pg, p1, g1, and s represent undetermined constants. Substituting F(¢) from Eq. (25) together with qu (7) into
Eq. (23), we collect the coefficients corresponding to Wi fori € [-4,8], W/ W’ for j € [—4,4], WEW'? for k €
[-4,0], WIW for I € [-4,2], and W —dyré Equating all these coefficients to zero generates an algebraic system;
solving this system provides the analytical solutions to Eqgs. (1) and (2), presented below:

Case Study 1: co=c; =c3=¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

203 \J-8eaof - 625c403 0 84 + 62503 80 + 1250307
1l po=—-—=,p1 = ,q1=0,51=0,01=—F———=—, 04 = —— 5"
Rlop) 5vV2c20m 0 200c2007 40007
—80'? + 6250’230'6
o5 =——>—*£ _
’ 5000203
[1.2] po = 203 _ 24-c40, o 0 B 25¢,0107 — 60'32 B 2(25¢010m03 — 20'?)
] po = 50_2’ P1= \/FZ > q1 =Y, 51 =0, 04 = 250_2 , 05 = 1250-22 5

8(25¢c,0 0'20'32 - 0'?)

06 =
° 62503
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From subcase [1.1] the following explicit solutions are obtained:
[1.1.1]If ¢ > 0, c4 <0, 003 # 0, and (80';‘ + 6250’20‘6) > 0, then

13
1 .
w0 = o (-4032 + \/2 (80;* + 6250306) sech [ (x - ct)]) emi(kx=0-1w) (26)
203
4 13
via(x, 1) = T (—40'32 + \/2 (SU;‘ + 62502306) sech [vea (x — ct)]) e kx—0-1w) (27)
203

represent bright soliton waveforms.

[1.1.2]1If ¢ < 0, ¢4 > 0, 005 # 0, and (80';‘ + 6250’230'6) > 0, then

1/3
uy12(x,t) = W (—40'32 - \/2 (80';1 + 6250’30’6) sec [\/—cz(x - ct)]) e_i(kx_g_’“’), (28)
2073
1/3
viqa(x,t) = W (—40'32 - \/2 (80‘? + 6250’5’0’6) sec [\/—C2(x - ct)]) e_i(kx_g_“"), 29)
2073

correspond to singular periodic waveforms.

[1.1.3]1If ¢ < 0, ¢4 > 0, 003 # 0, and (80‘? + 6250’5’0‘6) > 0, then

1/3
1 )
ur3(x,0) = oo (—40'32 - \/2 (8cr;‘ + 625a§aﬁ) ose [v=ez(x - ct)]) milkx=0-tw) (30)
203
1/3
viia(x,t) = m (—40'32 - \/2 (80‘3‘ + 6250’5’0’6) csc [\/—cz(x - ct)]) e lx=0-tw) (€2))
203

correspond to singular periodic waveforms.

From subcase [1.2] the following explicit solutions are obtained:
[1.2.1]If c53 > 0, c4 <0, 01 <0, and 0 > 0, then

2

1/3
ur21(x,1) = (—) (5veaoios sech [ea (x — ct)| - 0'3)1/3 e kx—0-tw)

50’2

50’2

VE _
viaa(x, 1) =A (—) (5vc20107 sech [vea (x — ct)| - 03)1/3 e Hkx=0-tw)

represent bright soliton waveforms.
[1.2.2]If ¢ <0, c4 > 0, 01 <0, and 0 > 0, then

2

1/3
ur2(x,t) = (—) (5veaoios sec [y=ca(x — ct)] - 0'3)1/3 e Hkx=0-tw)

50’2

5 13 _
vioa(x,t) = A (%) (5Veaoioa sec [v=ca(x — ct)| = 0'3)1/3 e kx—0-1w)

correspond to singular periodic waveforms.

[1.2.3]If c2 <0, ¢4 > 0,07 <0, and 0 > 0, then

2\ 13 —i(kx—0—
uy23(x,1) = (%) (5Veaoian ese [V=ca(x = ct)| = o3) 3 mitha=0 tw)

1/3
2 )
vias(x, 1) =A (E) (5veroiom ese [\/—cz(x - ct)] - 0'3)1/3 e ikx=0-tw)

(32)

(33)

(34)

(35)

(36)

(37
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correspond to singular periodic waveforms.

Case Study 2: ¢; =c3=c¢5=0.
Solving the resulting algebraic system produces three consistent parameter sets.

[2.1] 203 24/=c407 0 0 25¢c010m — 60'32 2(25¢cr010%03 — 20'33)
= -, :i—’ =,S=,O' :—,0‘:
Po 50, P1 N q1 1 4 250 5 1250_22
B 2(25¢010% — 20'32)2
g6 = —
625033
203 oo 2(25¢ch010% + 30'32)
2.2 =——,p1=0,q, =% ,851=0,04 =-
[2.2] po 50 Di q1 Voo 51 o4 250g
4(25¢c010%073 + 0'5”) 8(50cz0'10'20'32 + a'g‘)
05 = — ,» 06 = —
12507 62503
203 2\/—040' co\—0o 2(25¢c,010% + 30'32)
[2.3]]9():— ,pl ,q1 == ,81=0,04=- ,
50" RV o) \/C40’2 250’2
4(25020‘10'20'3 + 0'3) 8(50cz0'10'20'32 + o-é‘)
g5 = — , 06 = — -
12502 625073

From subcase [2.1] the following explicit solutions are obtained:
2

C
[2.1.1]1f 3 <0, ¢4 > 0,00 <0, 0 > 0, and ¢co = 4—2, then
C4

A= —ct .
up11(x,t) = )1/3 ( 203 +5\/2cz0'10'2tanh[ @ (x ¢ )D e kx—0-tw)

(50

A
var1(x,t) = Go )1/3( 203 + 5+/2¢50 0 tanh

V2

represent dark soliton waveforms.

2

C
[2.1.2]1f c; > 0, ¢4 > 0,00 <0, 05 > 0, and ¢ = 4—2, then
C4

1 —ct X
MQ.I.Z(X, t) (5 )1/3 ( 20’3 + 5\,—26'20']0'2 tan [\/_(X ¢ )]) —t(kx—@—tw),

(X—Ct) —i x—0-tw
Vzll.z(x,l‘) (5 )1/3( 20’3+5\/-2€20’1O’2tan[\/_ (kx-0-t )’

V2

correspond to singular periodic waveforms.

From subcase [2.2] the following explicit solutions are obtained:
2
c
[2.2.1]1f c3 <0, ¢4 > 0,07 < 0,05 >0, and ¢y = 4—2, then
4

A= —ct .
upyo.1(x,t) = o )1/3 ( 2073 = 5V2cr0m107 COth[ (x ¢ )}) 7l(kx767tw),

A V—ca(x —ct .
vaoi(x,1) = Go )1/3( 20'3+5\/2cz0'10'200th[ 2(x C)]) e kx=0-tw)

V2

correspond to singular soliton waveforms.

2

C
[2.2.2]1f ¢y > 0, ¢4 > 0,01 <0, 05 > 0, and ¢ = 4—2, then
C4

1 X —ct .
MQ.Z.Z(X, t) ( 20’3 + 5\,—26'20']0'2 cot [‘/_( )]) —l(kx—@—tw)’

(5 )1/3

V=ea(x — ct)]) p-ilkx=0-tw)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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vaaa(x,t) = =203 + 54 —2cp0107 cot (45)

\/_(X—C’)D pilkx=0-tw)

(5027 V2

correspond to singular periodic waveforms.

From subcase [2.3] the following explicit solutions are obtained:
2
c
[2.3.1]1f ¢2 <0, ¢4 > 0,09 <0, 02 > 0, and ¢ = 4—2, then
Cq

V- —ct
u2_3,1(x, t) )]/3(~20'3 + 5v/2cr0107 (COth c \(/xz ¢ )

- tia h[\/?(x—ct)]))l/% ket )

v23.1(x,1) =

Ezw + 5v2c20m 0 (coth[\/?(x — <)

— 1/3
5 +ta h[” c2(x Ct)})) emilkx=0-tw) (47

V2

(50" )1/3
are combo singular-dark soliton solutions.

2
C
[2.3.2]1f ¢y > 0, ¢4 > 0,01 <0, 05 > 0, and ¢ = 4—2, then
C4

uz32(x,1) = (48)

620'3 + 5\/—2620’10’2 (cot \/_(x _ Ct)} [\/_(x _ CI) ]))1/3 —i(kx—0— tw)

\/_

1
(502)7

_ _ 73
vo32(x,t) = Go )1/3 éZO’g, + 5v-2cr0107 ( [\/C_Z(f/z cf) ]+ 1;211‘1[\/6(\);E ct) ])) eil(kxieftw), 49)

correspond to singular periodic waveforms.

Case Study 3: c3 =c4=c¢5=0
Solving the resulting algebraic system produces six consistent parameter sets.

205 6c10105 S(C 0'1 _0'4) 8(2ca0y "‘0'4)0'52
3llpo=-———p1=0,q1=—-55—>.5=0,0=0,03=—"T— go=— 3
[ ] po Cr01 + 04 P R c%o‘% - o'f ! 2 37 120’5 6 3(6‘20’1 + 0'4)2
5 _ 5¢ S5(cs07 —0y)
[3_2]p0:_M’ 1 =0, g = 10—1’51:0,0-2:0,0-5 (21—4
60‘3 20‘3 120’3
_ 25(ca01 — o4)?(2cr0 + 0'4)
540’
[3.3] 203 0 24/=coo 0 25¢cor0m107) — 60'32 2(25¢010703 — 20'%3
. = ——, =0, = ——,851=0,04 = , 05 = —,
PO TSy e E T S 250 ’ 12502
8(25¢07 0'20'3 - 0'3)
06 =
6250'2
(341 2(c201 — 04) b1 =0.q 2+4/=co0] G —0 o Syoa(cr0m — 04)
A pp=—— 1 =0, g1 =——,51=0, 3=,
V30, Voo V6
= 1 _2cz0'1 \/6(6‘20’1 —0y) ~ V6(cr0 — 04) 04 o 2(5020'1 deroiog — 0'4)
—203 + [403 + 125050 c14J403 + 125030 —403 — 12502075
[3.5] po = ,p1=0,q1 = ,51=0,00 = —— 27,
50’2 5620’2\/0'_3 25620’20’3
-8073 + 12503 05 250702
74 = 500703 0= 20'32
50'52 + \/50'5(50'53 + 0'30'62) cl\/50'5(50'; + 0'30'62) 2(503 + 0302)
5 6
[3.6] po = ,p1=0,q1= ,81=0,00 = —/———
g30% C2030%¢ 5620‘50’6
20'320'6 100’53 - 0'30'3
oy =— , 04 = .
g 2502 * 50506
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From subcase [3.1] the following explicit solutions are obtained:
[3.1.1]If c; > 0, (c307 — 0}) # 0, and ¢ = 0, then

(c20m (5 + sinh [VEa(x = en)]) = o5(=1 +sinh [zt = en Do) | g
(c3o? = o2) (=1 +sinh [yez(x = c1)]) ¢ ,

uz.g1(x,1) =23 (—

VN
v3p(x,t) =2 A( (202 — 02)(~1 + sinh [Vea(x = en)])

are hyperbolic solutions.
[3.1.2]If c; < O, (c%a‘l2 - o-f) # 0, and ¢ = 0, then

g5 6620'10'5

13
crory + oy (c3o? —o})(~1 +sin [\/—_cz(x—ct)]))

i(—kx+0+t w)
b

uz.12(x,1) =23 (—

g5 6620’10’5

1/3
201 +04 (Go? - o2) (=1 +sin [y=ea(x Ct)]))

et(—kx+9+ta))’

vaia(x,r) =2'7A (—
are periodic solutions.

From subcase [3.2] the followmg explicit solutions are obtained:
[3.21]If c; > O, (czo'l - 0'4) # 0, and ¢ = 0, then

wiai(e) =21 o5 (c201 (5 + sinh [yez(x — ct)]) = (=1 + sinh [ye2(x — cf) | ) o) o pilkx—0-10)
T (=1 + sinh [\/_(x—ct)])(c 0' N 2) ’

viaa(x,0) =234 -

(=1 + sinh [\/E(x - ct)])(c%a‘l2 - O'Z)

are hyperbolic solutions.
[3.2.2]If ¢ <0, , 03 # 0, and ¢y = 0, then

. 1/3
5)1/3 (_c2a-1(5 + sin [\/—cz(x - ct)]) + 9) pmiltkx=0-1w)
6 9

uz22(x,1) = (_ o3(—1 +sin [y=c2(x —ct)]) 03

sz@;)zA(éyB _Qoﬂ5+sm[v:6(x—aﬂ)+g3lﬂedwyﬁﬂw%
’ 6 o3(=1 +sin [y=c2(x —ct)]) o3

are periodic solutions.

From subcase [3.3] the following explicit solutions are obtained:
[3.3.3]1If c2 >0,c0 > 0,01 <0, 072 >0,and c; =0, then

1/3
0| 2073 Ci(kx—6—
H=1-2 (- h —ed] + i(kx—0-tw)
u33.3(x,1) ( A/ o O [Vez (x = en)] —50_2) e ,
13
v3zs(x,t) = A (—2 - csch [\/ 2(x - ct)] ) e kx—0-1w)
V o

correspond to singular soliton waveforms.
[3.3.4]If c2 <0,c0> 0,01 <0,072 >0,and c; =0, then

1/3
u33.4(x,1) = (—2 /620-1 csc [\/—c (x - ct)] ) e kx=0-tw)
13
viza(x,t) = A (—2 /— csc [\/—c (x— ct)] ) e ikx—0-1w)

(c20r1 (5 + sinh [yEz(x — c)]) = o5 (1 + sinh [yEa(x — e1)] ) o) )”3 R

o5 (207 (5 + sinh [yE3(x — ¢1)]) = (=1 + sinh [y2z(x — e)|)ou) )”3 T

(50)

61y

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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correspond to singular periodic waveforms.

From subcase [3.4] the following explicit solutions are obtained:
[3.4.3] If Ccy > O, co > 0, o] < O, oy > 0, (6620’1 - 60’4) > 0, and c1 = 0, then

13 .

uz 43(x,t) = (3\/_)1/3 (6\/ cro1 csch [\/_(x - ct)] + V60207 — 60'4) e Hkx=0-tw) (62)
13

v3as(x, 1) = (3\/_)1/3 (6\/ cr01 esch [\/_(x - ct)] +4/6c207 — 60'4) e Hkx=0-tw) (63)

correspond to singular soliton waveforms.
[3.4.4] If Ccy) < O, co > 0, o] < O, oy > 0, (6C20’1 - 60’4) > O, and c1 = O, then

1 1/3 .
Uz 44(x,1) = ——— (—6\/6‘20’1 csc [\/—CQ (x - ct)] +4/6c207 — 60'4) e Hkx=0-tw) (64)
I
A 1/3 .
v3gqa(x,t) = ——— (—6\/6‘20’1 csc [\/—cz(x - ct)] + V6c0 — 60’4) e Hkx=0-tw) (65)
ENGIEE

correspond to singular periodic waveforms.

From subcase [3.5] the following explicit solutions are obtained:
2

C
[3.5511f c2 > 0, (407 + 1250305) > 0, and cg = - then
‘ o

_1 (c1 + ZeVE(X*C’)cz)1/40'§ + 12503 05 kxsdsro)
_ I(—kx+0+tw
u3ss(x,1) = G 203 + (01 S 20V ) s e : (66)
Ve (x—ct) 403 + 12502
A (c1 +2e c2) /40y + o505 |
v3ss(x, 1) = ———7 203 + elThxroriw), (67)
(507)1/3 (c1 = 2eVer(x=ct) cr) o3
are an exponential solutions.
From subcase [3.6] the following explicit solutions are obtained:
2
c
[3.6511f 2 > 0, 05 > 0, (507 + 730750%) > 0, and co = o then
(&)
1/3
1 5 V5(ci +Ze\/“iz(x_“)cz),/50’§1 +o'30'50'62 xs0sro)
_ _ i(—kx+0+tw
u3.6.5(x7t) - (0'30'6)1/3 50—5 ¢l — 26@(’“”)02 e > (68)
1/3
V5(c1 + 26V 0r) 502 + 030502 [ (—kx+0+1w)
= —— - i(—kx+0+tw
v3.6.5(x,1) = (20013 5075 o evateng, e ; (69)

are an exponential solutions.

Case Study 4: Co=C] =Cr=¢C5= 0.
Solving the resulting algebraic system produces the consistent parameter set.

=5c3\/-0107 — 4o3+/cy 24[=c40 3(250 oo + 16040' )
[4.1] po = ,P1=———,491=0,51=0,04=- ,
100’2\/ Vo2 200C40’2

—12503 3/2( o1)3%2 = 150¢ 0'10'20'3\/_—32c3/2 3
1000¢.? 02 ’

g5 =
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From subcase [4.1] the following explicit solutions are obtained:
[41.1]Ifcs #£0, 01 <0, and 0 > 0, then

1/3
c3v—oq ((x —ct 2c2 4 12¢ 2 .
u471.1(x’ t) _ 3 1 (( ) 3 4) _ 5;.-3 el(—kX+9+tw), (70)
2 (—(x - ct)zcg + 4C4) N 02
1/3
exv=or ((x = ct)?c% + 12¢ 2 .
V4.1.]()C, t) —A 3 1 (( ) 3 4) _ ﬂ ez(—kx+9+ta))’ (71)

2 (—()C - cl)zcg + 4C4) \/C407 502

are rational solutions.

Case Study 5: co =c; =¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

50'52 + \/50'5(50'53 + 0'30'62) 4C4\/50'5(50'53 + 0'30'62) 8(5040’53 + 040—30-62)
[5.1] po = . P1= ,q1=0,51=0,01 = 5 ;
0306 30306 5c3o-50-6
B 20'320'6 B 100‘5? - 0'30'62
oy =— , 04 =
2502 5050%6
S5c3—o10% — 4034y 24—ca0 256%0’1 o + 48640'32
[5.2] po = s P1=——q1=0,51=0,04=-
1007m+/cs oo 200c407
25c§a’1 03 + 166‘40'33 (25c§0‘10'2 + 16640'32)2
g5 = — , 06 = —
5006‘40'22 ZOOOOCZO'S
From subcase [5.1] the following explicit solutions are obtained:
2
C
[5.1.1]If ¢ > 0, 05 > 0, (502 + 0302) > 0, and ¢ = —-, then
4C4

1/3
us.1(x,t) = (zi) (c% (50'53/2 + ,/5(50’53 + 0'30'5))
C30'30'6
3 5 Vea(x —ct) 173 ix—O—tw)
—4cac44/5(50% + 0307) | 1 + tanh — e X @) (72)

vsi(x,t) =A

1/3
2\/(?5 ) (c% (50’53/2+ﬂ/5(50'; +0'30'62))
030'30'6
T — VA =)W iomra
—4cac44/5(50% + o307) | 1 + tanh — e X @) (73)
2

represent dark soliton waveforms.

c
[51.2]If ¢ > 0,05 >0, (50'53 + 0'30'62) >0,and ¢y = —3  then
4C4

1/3
us12(x,1) = ( 2'0-5 ) (c% (50’53/2 + ,/5(50’3 + 0'30'62))
C30'3O'6
1/3
\/ —ct .
—4c2044/5(50% + 0307) (1 + coth [#])) e hx=0-10) = (74)

vsi2(x,t)=A

1/3
\o
> 25037 + 5(502 + 0302)
2oy 31795 5 6
3
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1/3
—ct .
—4crc44(5(507 + 7303) (1 + coth [M])) e ihx=b-1w) = (75)

correspond to singular soliton waveforms.

From subcase [5.2] the following explicit solutions are obtained:

C
[5.2.1]1f c; > 0,0 <0, 05 >0, and ¢; = 4—3, then
C4

1
usp1(x,1) = W(chv—mcrz —4c3034/cq
1/3
Vea(x —ct .
—20c2c4v=T103 (1 + tanh [%])) pmilkx=0-tw) (76
= A 5¢2 4
vs2.1(x, 1) = W c3V=0102 — dc303vca

1/3
\ea(x — ct :
—20c3c4V=0107 (1 + tanh [%])) e ikx=0-1w) = (77)

represent dark soliton waveforms.

2
C
[5.2.2]11f c; > 0,0 <0, 05 >0, and ¢; = 4—3, then
c4

1
us22(x,t) = —(10030'2\/74)‘/3 (5C§V—0'10'2 —dc3034cy
173
N, —ct .
—20c2cq\—0107 (1 + coth [—Cz(); < )])) e ikx=0-tw) = (7g)
A 2
vs22(x,t) = (10cs0syen) 1o 5c5V—010m — 4c3o3cy

1/3
v (x = ct .
—20csrc4—010 (1 + coth [—2(2 )])) e ikx=0-tw) = (709)

correspond to singular soliton waveforms.

Case Study 6: ¢ =c4=c¢5=0
Solving the resulting algebraic system produces two consistent parameter sets.

5 5 25(27¢cocto + 9¢ic3020s + 0
[6-1]P0=2,P1=—Cs(rl,ql=0,81=0,0'z=0,0'6= ( 1 kil bl 4),
603 207 540'32
5(3C16‘30'12 + 0'3)
o5 = —T.
Sciy=oio — 4034/co 2+/=coo1 3(250%0’1 oy + 16coo'%)
[6.2] po = ,1=0, g1 = ———,51=0,04 =~ —,
100'2\/6_0 \/OTZ 200600’2
1250%’0‘23/2(—0'1)3/2 + 10000%@0’23/2(—0'1)3/2 - 150c%0’10'20'3\/c_ - 320'§’c(3)/2
05 = .
1000c;/* 02

From subcase [6.1] the following explicit solutions are obtained:
[6.1.1]1If c3 > 0, co # 0, and ¢y # 0, then

1/3

173 c .
ue.1.1(x,1) = (6—03) (0'4 - 3c301p [%(x - Cf);gl,gz]) el (Thxrbriw) (80)
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1/3

1/3 =
3 (-
ve.1.1(x,1) =A(6—0_3) (0'4—3630'150 [g(x_Ct);gl,gZ]) el (Tkxtbriw) (81)

4 4
are Weierstrass elliptic solution, where ¢(z; g1, g2) is the Weierstrass elliptic function with g; = 2% and g = _Io
C3 C3
From subcase [6.2] the following explicit solutions are obtained:
[6.2.1]If c3 > 0,01 <0,0% >0, co #0,and ¢y # 0, then

1/3

20~/=coo 107 (k= O—t )
e s
VC3

. _t; s
1% > X C)g1g2}

1 g107
(100»)'3 co

ug2.1(x,1) = (82)

1/3

A g192 20 V—C00102 e—i(kx—e—tw)

100)'/3 co )
(1002) g(x—ct);gl,gz

ve.2.1(x,1) = (83)

2

. - . . . - . . dc dc
are Weierstrass elliptic solution, where ¢(z; g1, g2) is the Weierstrass elliptic function with g; = ~=Land g = -0
3 €3

Case Study 7: ¢; = c3 =0.
Solving the resulting algebraic system produces three consistent parameter sets.

2(ca01 — 04) 24fco =0 Svoa(cr0m — 04)

[7-1]170:_—, P1 :Os q1 = ——(— >, S1 :O, 03 =

,c5 =0,
30 o V6 :

1 [ 2ca07 \/6(020'1 —0y) . 0'4\/6(C20'| — 0y) B 2(50%0‘12 - 366’06‘40'12 —4croy0 — o-f)

9 ‘/FZ \/0__2 , 06 = .
5\/—2c00'1 (cro — 0g) 60'32

- , 81 = 07 o =

25(cp0 — 0'4)(5030'12 - 366‘06‘40’12 —4dcro104 — o-f)

270'32
25¢c,0107m — 60'32 2(25¢ch010%073 — 20';)

, 05 =
’ 12502

g5 =
90’2

_5(c201 — 04)
30’3

5(2c30'12 — Cr0104 — o-f)
g5 = 5

[7.2] po = ,P1=0,q1 =

g6 ,0520.

90’3
203 24/=co0
7.3 = -, :0, =, :O’ =
[7.31 po 50, 7! q1 N 51 T4 %50

8(6256()6‘40’120'22 - 25020’10'20'32 + o-é‘)
6250’23

From subcase [7.1] the following explicit solutions are obtained:
[71.1]If ¢ > 0,¢c0>0,c4 > 0,07 <0, 07 >0, and (cy01 —04) > 0, then

)

,C5=0.

g6 =

1/3

uz.1.1(x,t) = L bcocaT - w/6(czo'1 — 04) ol (Tkx+0+1w) (84)
. > 1/3 ,
3 \/—coczmm o cschz[\/a(x —ct)] 02

1/3

Vo1 (6 t) = i 6coca0 3 f6(c20'1 — 03) ol (~kx+0+10) (85)
T 1/3 )
3 \/—coczcw'] o esch?[ea (x — c1)] o2

correspond to singular soliton waveforms.

[7.1.2]1f ¢ <0,¢c0>0,c4 <0,07 <0, 07 >0, and (c07 — 0y) > 0, then

1/3
w1200, 1) = — CTNTNUR ooslea —ow) | ek, (86)
o (Bop)1/3 Veao esc2[y=cz(x — ct)]

13
) pp— CTNZNAT  _ \oorlaor —ow) | elhrromie, (87)
o (302) '3 \ ez es[=ca (x — c1)]
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correspond to singular periodic waveforms.

From subcase [7.2] the following explicit solutions are obtained:
[7.21]If ¢, > 0,c0 > 0,c4 >0, 01 <0, and (cr01 — 04) > 0, then

1/3

5\ —6cocs401(c201 — O (—kx+ O+t

uz21(x, 1) = (—) —Cr0 + 04 — 0 42 (€201 200 | i(kxrosr ),
303 ¢z esch? [yez (x — ct) ]

5\ —6cpc40(cr01 — 0g) 13 (—kxs
v72.1(x, 1) = A (—) —C2071 + 04 — 2 ol (—kx+ +zw)’
303 ¢z esch? [yez (x — et)]

correspond to singular soliton waveforms.

[7.2.2]If ¢ < 0,c0>0,c4 > 0,01 <0, and (cp01 — 0y4) > 0, then

1/3

5\ —6coc40 (201 — 04) (—kx+
u722(x,t) = | 7— —Cr0 + 04 — 5 ol (—kx+ +tw),
303 ez sec? [y=ca(x — ct)]

5 13 —6C()C40'1 (C20'1 - 0'4) 3 i(—kx+60
v7o2(x,t) = Al — —C201 + 04 — el (Thxrbriw)
303 ¢ sec? [y=c2(x — ct)|

correspond to singular periodic waveforms.

From subcase [7.3] the following explicit solutions are obtained:
[7.31]If ¢ > 0,¢c0 > 0,c4 >0, 07 <0, and 0 > 0, then

5 \1/3 > 1/3
—25¢cocs0 07 .
uzs1(x, 1) ==— o3 — 0€40102 ol (~hxtO+1w)
2
S0 ¢z esch? [yez (x — ct) |

5 \1/3 55 1/3
- Cc0C4071 0" .
v73.1(x,8) = A (—) (—0-3 _\/ 0€40102 ) oi(kxt0+tw).

Rlop} caesch? [yez (x = cf) ]

correspond to singular soliton waveforms.

[7.3.2]If c2 <0,c0 > 0,c4 <0, 01 <0, and o3 > 0, then

1/3 1/3
ur32(x,t) = i —03 — —25¢0¢40102 ei(—kx+6’+ta))’
2
507 ¢ CSC [\/—cz(x - ct)]

1/3 1/3
visa(x, 1) =A (i) (_0_3 _\/ —25¢coc40107 ]) ei(—kx+6+tw),

S0 czesc? [y=ca(x — ct)

correspond to singular periodic waveforms.

Case Study 8: ¢; =c3=c¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

(88)

(89)

(90)

oD

92)

93)

(94)

95)

8.1] 2073 0 2+/co — 07 0 25¢cr0m10m — 60'32 2(25¢ch010%073 — 20'3)
. = -, =0, = S1 = N g4 = — g5 = )
Po="5ep 1= E T * 250, ’ 12502
8(625c0040'120'22 - 25020’10'20'32 + o-é‘)
o6 = — =
° 62502
20’3 2\/—640'1 2\/—C()O'1 256‘20’1 oy — 1500'10'2\1606‘ - 60'??
B2lpo=-———P1=———q1=——,51=0,04 = ,
S0, Vo2 Vo2 2507
2(25¢co010%03 — 15001 0»073+/cocs — 20'3?’)
g5 = .

2
1250’2
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From subcase [8.1] the following Jacobi elliptic solutions are obtained:
[8.111If0<m<1,co=1,c2 ==(1+m?), cs =m? o1 <0, and o > 0, then

= 1/3
ug.1.1(x,t) = N 20 ol (—kx+0+w)
Y \Womd[(x—en)] S0 ’
s 1/3
vgia(x,)=A i _ E ol (—kx+0+tw)
o Vo ed[(x —cn)] 5o ;

are Jacobi elliptic solutions.

If m =0, then
2y/=orsec[(x —ct)] 203 173 H(—kxt0410)
ug.1.1a(x,t) = _293) ’
\/OTZ 50’2
24/=0 secl(x — ct 20:\'?
Vg.lla(x,t) = A ( a1 [Cr = cr)] — 2) el(—kx+9+tu))’
\/OTZ 50’2

correspond to singular periodic waveforms.
[8.12]11f0 <m < 1,c0=-m?, ca=2m> - 1,c4 = -m? + 1, and o, 02 < 0, then

2\ Smy +oyne[(x —e)]\'? .
ug_l_z(x,[):(_) (_ maJooy + o3 ne [(x c)]) e—l(kx—H—tu))’

5 o ne [(x — ct)]

2)1/3 (_Sm\/mm + oync [(x = ct)] )1/3 Joitkx—6-10)

vg.1.2(x,1) =A(§ oanc [(x = ct)]

are Jacobi elliptic solutions.
If m = 1, then

2\!'/3 S+foroa sech[(x — ct)] + o 3
u8.1.2a(x»t)=(§) (— 172 O['i )] 3) e—t(kx—é)—tw)’

1/3 1/3

2 5+f/o0m sech[(x — ct)] + o .

vg12a(x,1) = A (g) (— 172 L( )] 3) e—t(kx—()—tw),
o

represent bright soliton waveforms.
[8.131I1f0<m<1,co=-1,c0=-m?>+2,¢c4 =m?>—1,and oy, 0» < 0, then

N3 syaos + osnd[(x — )]\
u8_1_3(x,t)=(§) (_ o107 + o3 nd[(x c)]) e—l(kX—H—tw)’

opnd[(x — ct)]

1/3 1/3
vgis(x,t) = A (%) / (_5\/0'10'2 + o3nd[(x — ct)]) ——

o nd[(x — ct)]

are Jacobi elliptic solutions.
If m =1, then

2\'3 S+foroa sech[(x — ct)] + o 3
u8.1.3a(x»t)=(§) (— 172 O['i )] 3) e—z(kx—é)—tw)’

1/3 1/3

2 54/o10m sech[(x — ct)] + o .

vg.13a(x, 1) = A (g) (— 172 L( )] 3) e—t(kx—()—tw),
(%)

represent bright soliton waveforms.

1 m2 m#
[8.L4]If0<m <1,co = 2T 5T I,cy = R <0, and 0, > 0, then
Voo (I +dn[(x —cp)]) 203 1/3 kerosion
ug.1.4(x,t) = _293) ,
Vo sn[(x = ct)] 507
B 1/3
vg1a(x,t) =A —o (1 +dn[(x - c1)]) _ @ ei(—kx+9+ta))’
Voo sn[(x — ct)] 507

(96)

7

(98)

99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)
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represent Jacobi elliptic function waveforms.
When m = 0 or m = 1, we obtain singular periodic or singular soliton forms, respectively.

2+/=o esc[(x — ct)] _ @)1/3 ol (Ckx+0+1w)

ug.1.4a(x,1) = (

\/E 50’2
= 1/3
Vg.l4a(x,t) = A 2y=a escl(x —er)] _ E gi(—kx+9+m))’
\/OTZ 50’2
or
ug.1.4p(x,t) = (coth[(x —ct)] + y=0resch[(x —cn)]) 203 3 i (—kx+0+10)
B IS L \/OTZ 50-2 ,
1/3
vetap (1) = A (coth[(x = ¢)] + y=ar csch[(x = eD)]) 203\ "/ JickxrOar)
h ’ \/FZ 50’2

From subcase [8.2] the following Jacobi elliptic solutions are obtained:
[8211I1f0<m<1,co=1,cr==(1+m?),cqs =m? o1 <0, and o > 0, then

ug2.1(x,1) = (—

5 opcd [(x = ct)]

vga.1(x,1) = A (—

5 oyed [(x = ct)]

are Jacobi elliptic solutions.

If m = 0, then
1/3
ug2.1a(x,t) = 2\/—_0'1sec[(x el - @ pl(—kx+0+tw)
h ’ VO2 507 ’
2=arsec[(x —ct)] 203\
vg21a(x, 1) = A ! L( )] _ 203 el(—kx+9+ta)),
VO2 507
correspond to singular periodic waveforms.
2 4
[82.2]If0 <m <1, co = A mj —Le= mT,m <0, and 0» > 0, then

(x,1) = v=oi(1 +dn[(x — c1)]) . m2y=oysn [(x — ct)] _ 203 v i(—kx+6+1w)
122000 = | T e TG = ] [+ yomdn[(—c)] 50,] ¢ ’

VEE( +dn [ —enD)  miy=Eisn el 205\ i ronon
Voasnl(—cn] 1+ ymdn[(x—c)]  Sou) © :

represent Jacobi elliptic function waveforms.
When m = 0 or m = 1, we obtain singular periodic or singular soliton forms, respectively.

2y/=o escl(x = ct)] _ 203 1 ol (FhxtO+iw)
\/OT2 S50 ’

vgoa(x, 1) = A (

ug2.2q(x,t) = (

1/3
24/=0o1cescl(x = ct)] _ @) / ol (—kx+0+1w)

) =A
v82.2a(X, 1) ( NS 50

or

5 \1/3 _
ug22p(x, 1) = (E) (5v=cioz coth [ (x — ct)] — 03)1/3 emitkxm0-t0)

1/3

2 )

vgoap(x,t) = A (5—) (5v=c107 coth [(x — c1)] - 0'3)1/3 e kx=0-tw)
o

1/3
2)1/3 (5\/—0'10'2 + SmA/=0102 cd? [(x = ct)] — o3 cd [(x = ¢1)] ) p-ilkx-0-10)

1/3
2)1/3 (5\/—0'10'2 + SmA[—o10 cd? [(x—cr)] —o3ed [(x — ct)]) p-i(kx=0-t)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)
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4. GRAPHICAL OVERVIEW

This section provides graphical illustrations of chosen exact solutions obtained in Section 3, concentrating on
the amplitude distributions |u(x, )| and |v(x, t)| to emphasize principal wave forms, following conventional practices in
nonlinear optics to depict soliton and periodic dynamics. The visualizations include three-dimensional (3D) plots depicting
spatiotemporal evolution and two-dimensional (2D) overlays illustrating wave profiles at fixed time, facilitating analysis
of propagation dynamics, nonlinear interactions, and dispersion effects in the coupled (1+1)-dimensional Kudryashov’s
equation. The selected cases encompass a variety of solution types: bright solitons, singular periodic waves, dark
solitons, singular solitons, and exponential solutions. Each figure corresponds to a specific solution type, with parameter
values detailed in Table 1. These visualizations exhibit the model’s capability to represent varied wave behaviors within
birefringent optical waveguides, highlighting stability, periodicity, together with localization under different conditions.

Table 1. Numerical parameters employed for the depicted solutions.

Figure  Solution Form Equations Parameter Set

1 Bright Soliton (26), (27) c=0.65 k=058 w=0.0560=0.54A=1095,a =0.50, ax =0.55, a3
0.70, as = 0.90, B3 = 0.001, B4 = 0.05, y1 = 0.75, v, = 0.49, y3 = 0.35, y4
—-0.25, ¢ = 1.15, and ¢4 = -0.20

2 Singular Periodic (34), (35) c=0.05k=195w=0.7560=058A=1.80,a; =-1.35a, =1.20,63 =
1.57, B4 = 0.75, y; = 1.15, v = 0.45, y3 = 0.75, y4 = 0.80, ¢, = —0.22, and
c4 =02

3 Dark Soliton (38), (39) ¢ =0.60, k =0.64, w =0.10, 6 = 0.50, A = 1.50, a; = 0.30, ax = 0.65, B3 =
0.03, B4 = 0.85, y; = 1.75, y» = 1.45, y3 = 1.85, y4 = 2.15, ¢, = —0.15, and
Cq = 0.2

4 Singular Soliton (58), (59) c=0.55k=0.52,0=0.12,0 =0.65, A =2.35,a; =0.15,a, =0.85, B3 =
0.01, B4 = 0.05, y; = 0.25, ¥, = 091, y3 = 0.65, y4 = —0.04, ¢ = 0.2, and
cp =0.1.

5 Exponential (68), (69) c=062, k=047, w=0.150=045,A=1.95a3 =155 a4 =1.64, ) =

0.10, ap = 0.48, a3 = 0.20, a4 = 0.001, B; = 0.65, B, = 4.85, B3 = 0.15, B4 =
0.05, ¢y = 0.85, and ¢, = 0.40

W lur.1.1(x,8)]
M Ivy.1.1(x,0)]

2.5)-
W |uy.1.1(x,0)|
W |v1.1.4(x,0)|
20t 2.0
1L
1.0% 150
0.5 %
~10 ; 10
e y/ osf
5 2
10 0.0 1 1 1 X
-10 -5 5 10
(a) 3-Dimension (b) 2-Dimension

Figure 1. Spatiotemporal behavior of the bright soliton wave in Egs. (26) and (27).
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B luq2.20x,8)
M Ivy.2.2(x,8)]

W |uy.2.2(x,0)|
W |vy.2.2(x,0)|

C by
-10 -5 0 5 10
(a) 3-Dimension (b) 2-Dimension
Figure 2. Spatiotemporal behavior of the singular periodic wave in Egs. (34) and (35).
W [uz2.1.40x,8)|
W vz2.1.10x,8)
06
06 M |uz.1.1(x,0)
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Figure 4. Spatiotemporal behavior of the singular soliton wave in Egs. (58) and (59).
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Figure 5. Spatiotemporal behavior of the exponential wave in Egs. (68) and (69).

5. BIFURCATION ANALYSIS
Bifurcation analysis provides a systematic framework for investigating qualitative changes in the dynamical behavior of
nonlinear systems as parameters vary. For traveling wave equations, this approach reveals critical thresholds where solution
profiles undergo transitions—for instance, between periodic and solitary waves, or between bounded and unbounded
behavior [26, 27, 28, 29, 30]. In this section, we perform a detailed bifurcation analysis of the fourth-order nonlinear
ordinary differential equation (23) obtained via the MEMM reduction.

5.1. Planar Dynamical System Formulation

To analyze the traveling wave dynamics, we introduce the variable y = F’(¢) and convert the second-order ODE (23)
into a two-dimensional autonomous system:

dF dy 2y? 1

= oy, =2 P(F), 124

"V @& 3F sopl D) (124)
where P(F) = 0»F* + 03F> — 04F? + osF + 0. This system is singular along the line F = 0 due to the division by
F. To remove this mathematical singularity while preserving the topological structure of the phase portrait, we apply the
geometric singular perturbation method via the time-rescaling transformation d¢ = F dt. This yields the regular system:

dF dy 2, 1
= Fy, = =2y - —P(F). 125
dr Y dr 3y 307 (F) (125)

Systems (124) and (125) are topologically equivalent except on the singular line F' = 0.

5.2. Hamiltonian Structure and First Integral

System (125) is conservative and admits a Hamiltonian formulation. A first integral can be obtained via direct
integration, yielding the conserved quantity

1 2
H(F,y) = F*Py? 4 — %FSB + %FSB — oy FM3 —205F13 - %F“‘B =h, (126)
o

where £ is a constant. Level curves H(F,y) = h define the trajectories in the phase plane: closed orbits correspond to
periodic traveling waves, homoclinic orbits to solitary waves, and heteroclinic orbits to kink or anti-kink waves.

5.3. Equilibrium Points and Linear Stability
Equilibrium points of the regular system (125) satisfy Fy = 0 and % y? - %P(F ) = 0. Excluding the singular line
F =0, we obtain y = 0 and consequently P(F) = 0. Hence, equilibria are of the form (F;, 0), where F; are the real roots
of the quartic polynomial

P(F) = 0o F* + 03F> — 04F* + 05F + 06 = 0. (127)
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The number of real equilibria can be 0, 2, or 4 (counting multiplicities), depending on the parameter values. Linearizing
(125) about an equilibrium (F;, 0) gives the Jacobian matrix

0 F;
J(F;,0) = 1 . 128
FO=1_ 1 by o (128)
30’1
, 3 2 - .., FP(F) e
where P/ (F) = 40 F° + 303 F* — 204 F + 05. The characteristic equation is 1 + B y— = 0, yielding eigenvalues
(o]

a=iJ-ﬁﬂﬂﬁ. (129)
30’1

, the stability type is determined as follows. When A; > 0, the eigenvalues are real with opposite

F;P'(F;
Defining A; = — l3 (F)
signs, corresponding to a saddle point (unstable). When A; < 0, the eigenvalues are purely imaginary, corresponding to
a center (stable, surrounded by periodic orbits). The degenerate case A; = 0 requires higher-order analysis. Because the
system is conservative (Hamiltonian), centers are nonlinearly stable and give rise to families of periodic orbits.

5.4. Phase Portraits and Numerical Illustrations

To illustrate the rich dynamical behavior, we examine three representative parameter sets. For each, we compute the
equilibrium points, classify their stability, and plot the phase portrait along with a sample temporal evolution.
Case 1. Parameters: oy =1, on =1, 03 =0, 04 =40, 05 =0, 0¢ = 144. The quartic factors as P(F) = (F — 2)(F +
2)(F—6)(F +06), giving four equilibria: (£2,0) and (£6, 0). Linear stability analysis shows that at F = +6 we have A < 0,
indicating centers, while at ' = +2 we have A > 0, indicating saddles. The phase portrait (Fig. 6a) displays two families of
periodic orbits encircling the centers, separated by heteroclinic orbits connecting the saddles. The corresponding temporal
profiles (Fig. 6b) exhibit periodic oscillations around F = +6.
Case 2. Parameters: o = 1, o =1, 03 =0, 04 = 18.25, 05 =0, 0¢ = 36. Here P(F) = (F —4)(F+4)(F - 1.5)(F +
1.5), yielding equilibria at (+1.5,0) and (+4,0). Stability analysis confirms centers at F = +4 and saddles at F = +1.5.
The phase portrait (Fig. 7a) again shows two centers surrounded by periodic orbits, with separatrices emanating from the
saddles. Temporal evolution (Fig. 7b) confirms the periodic motion around the centers.
Case 3. Parameters: oy = 1, o =1, 03 = =2, 04 =45, 05 = =34, 0¢ = 80. The polynomial factors as P(F) =
(F+5)(F +2)(F — 1)(F — 8), with equilibria at (-5, 0), (-2,0), (1,0), (8,0). Stability analysis reveals centers at F =
-5 and F = 8, and saddles at F' = —2 and F = 1. Despite the lack of symmetry, the phase portrait (Fig. 8a) retains
the characteristic structure of two centers separated by saddle points. The temporal dynamics (Fig. 8b) display periodic
oscillations around each center.
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(a) Phase portrait in the (F, y)-plane for the regularized (b) Temporal evolution of F(7) and y(t) for a trajectory
system (125). near the center at F' = 6.

Figure 6. Bifurcation structure for Case 1: two centers at F' = +6 and two saddles at F = +2. Closed orbits correspond to periodic
traveling waves, while the separatrices demarcate regions of distinct dynamical behavior.
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Figure 7. Bifurcation structure for Case 2: centers at F = +4 and saddles at F' = +1.5. The Hamiltonian level curves generate families
of periodic solutions and heteroclinic connections.
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(a) Phase portrait for the regularized system (125). (b) Temporal evolution of F(7) and y(7) for a trajectory
near the center at F' = 8.

Figure 8. Bifurcation structure for Case 3: centers at F = —5 and F = 8, saddles at F = —2 and F = 1. The asymmetric arrangement
still yields two disjoint families of periodic orbits, illustrating the robustness of the Hamiltonian structure.

5.5. Bifurcation Interpretation

The parameter o (or any of the o) can be treated as a bifurcation parameter. As it varies, the roots of P(F)
coalesce or split, leading to saddle-node bifurcations where equilibria appear or disappear. In a conservative system
like (125), Hopf bifurcations are absent because eigenvalues are always symmetric about the imaginary axis. However,
degenerate bifurcations (e.g., when A; = 0) may occur, leading to cusps or higher-order singularities. The phase
portraits presented correspond to generic cases where all equilibria are hyperbolic (non-degenerate). The existence of
periodic orbits around each center follows directly from the Hamiltonian nature and the non-degeneracy condition A; < 0.
Moreover, the separatrices emanating from the saddles form homoclinic or heteroclinic loops, which in the original wave
variable correspond to solitary wave or front solutions. In summary, the bifurcation analysis reveals that the traveling
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wave dynamics of the Kudryashov model are organized by a Hamiltonian planar system with up to four equilibria. The
qualitative behavior—whether the wave profile is periodic, solitary, or unbounded—is determined by the level set of the
Hamiltonian and the arrangement of saddles and centers. This geometric perspective complements the explicit solutions
obtained via MEMM and provides a global view of the solution space.

6. CONCLUSIONS

In this research, we have successfully employed the Modified Extended Mapping Method (MEMM) to construct a
comprehensive set of exact traveling wave solutions for the coupled (1+1)-dimensional Kudryashov’s equation, a nonlinear
partial differential equation pivotal for modeling complex wave phenomena in birefringent optical fibers. The MEMM
proved to be a powerful and systematic tool, transforming the coupled nonlinear PDEs into an ordinary differential
equation, thereby enabling the derivation of diverse analytical solutions. These solutions encompass a wide range of
forms, including bright and singular solitons, periodic waves, rational, exponential, Weierstrass elliptic, and Jacobi elliptic
functions, each capturing distinct wave dynamics relevant to applications in nonlinear optics, optical communication
systems, and other nonlinear systems. The modulation instability analysis provided critical insights into the stability
of steady-state solutions, highlighting the interplay between dispersion and nonlinearity. The incorporation of 3D and
2D visualizations further elucidated the spatiotemporal evolution of these solutions, offering a clear interpretation of
wave propagation and interaction behaviors. This study significantly enhances the analytical framework for investigating
higher-order nonlinear wave equations, providing robust tools for theoretical and applied research in nonlinear science.
The analytical solutions to the coupled Kudryashov’s equation offer a deeper understanding of the intricate nonlinear
dynamics governed by this model, particularly in describing solitary wave interactions, periodic wave patterns, and singular
structures in birefringent fibers. The diversity of solution types—ranging from hyperbolic and trigonometric to elliptic and
rational forms—underscores the equation’s versatility in capturing a broad spectrum of physical behaviors under various
parametric conditions. The graphical representations, including 3D plots depicting wave evolution and 2D plots illustrating
temporal profiles, bridge the gap between mathematical solutions and their physical implications. These visualizations
highlight the MEMM’s efficacy in uncovering complex wave patterns, such as soliton stability and periodic oscillations,
which are critical for applications in nonlinear optics, optical communication systems, and birefringent fiber modeling.
Compared to Biswas et al.’s initial study [24], which utilized the extended trial function method, the MEMM expands
the solution landscape by providing new analytical solutions, including elliptic and rational solutions, thereby enhancing
the theoretical comprehension of the model’s integrability and dynamical behavior. However, the dependence on specific
parameter constraints (e.g., ¢; values) to obtain these solutions suggests potential limitations in their generalizability,
particularly for arbitrary initial or boundary conditions. Additionally, the presence of singular solutions indicates regions
of instability that require further investigation to assess their physical relevance. These considerations highlight the need
for complementary numerical or experimental studies to validate the practical applicability of the derived solutions. This
study opens several promising directions for future research. First, numerical simulations could be conducted to verify the
stability and long-term behavior of the derived analytical solutions, especially under realistic physical conditions relevant to
systems modeled by the Kudryashov’s equation, such as birefringent fibers or optical wave propagation. Such simulations
could also explore the impact of external perturbations or variable coefficients on wave dynamics. Second, extending the
MEMM to other higher-order or multidimensional nonlinear PDEs, such as those in plasma physics or geophysical fluid
dynamics, could further demonstrate its robustness and versatility, potentially uncovering new solution classes. Third, a
deeper investigation into the integrability properties of the Kudryashov’s equation using alternative techniques, such as
the inverse scattering transform or Painlevé analysis, could provide additional insights into its soliton interactions and
non-integrable regimes. Additionally, integrating machine learning-based approaches to approximate solutions or predict
wave behaviors could complement the analytical framework, particularly for complex parameter spaces. Finally, linking
the derived solutions to experimental data from relevant physical systems, such as optical fiber experiments or photonic
studies, could enhance their practical utility, enabling applications in wave prediction, signal transmission optimization,
or advanced material design. These prospective efforts are expected to consolidate the link bridging theoretical progress
with practical implementations within nonlinear wave studies.
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3 Jlykcopcvkuii nayionanvhuil yuicepcumen, Paxyavmem o6UCIIOSANLHOT MEXHIKU, THPOPMARITHUX MEXHOAO02IT MA WIMYHHO20
inmenexmy, Jlykcop, €aunem
Y 11poMy JOCITiIKEHHI OTPUMAHO TOYHI po3B’ I3KM O1Ky4J0i XBUITi Ta poBeAeHO OipypKariiiHuii aHati3 1)1 38’ s3aHoro (1+1)-BiUMipHOTO
piBasHHA Kynpsmosa. Ls cuctema HeninifiHux piBHAHG Tumy LllpeniHrepa Mopemioe ogHOYACHE MOIIMPEHHS ONTHYHUX IMITYJIbCIB Y
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HIHOCTI, U151 i ABUIIIEHHSI (Pi3MYHOI TOYHOCTI. 3aCTOCOBYIOUH MO/I¥(hiKOBaHUiT MeTOA po3impeHoro Bigodpaxenns (MEMM), 3B’ s3aHi
JugepeHLialbHi piIBHAHHA 3 YACTUHHUMMU NOX1IHUMH CUCTEMAaTUYHO 3BOAATHCSA 10 KEPOBAHOTO 3BUYAHOIO JuepeHiabHOroO piB-
HsaHHA. Lle 3BeieHHs 103BoJIsiE TOOYAyBaTH MIMPOKUI CIIEKTP TOYHUX PO3B’A3KiB, TAKMX SIK SICKpaBi Ta TEMHi COJITOHH, MEPiOAMIHI
XBWJIi, TIEPIOJMYHI CUHTYJISIPHI PO3B’I3KH, a TAKOXK CHHTYJISIPHI COJITOHHM, Ha JAOJATOK [0 TinepOONiYHUX, EKCIIOHEHIIAIbHIX, Pallio-
HaJIbHUX Ta eMinTuaHuX PyHK1ii Befiepmrpacca. Kimo1oBuM KOMIOHEHTOM pOOOTH € AeTajbHuUiA OipypKalliiiH1i aHaIT3 Pe3yIbTyI040l
II0cKoi AMHaMivHOI cucteMmu. Lleit aHani3 BU3HaYa€ MOpPOroBi 3HAYEHHS KPUTHYHHUX MapaMeTpiB Ta Kiaacupikye BCi MOXIUBI SKiCHI
TMOBE/IiHKM XBUJIbOBHX PillleHb, BiToOpaxaoyn 00J1acTi iCHyBaHHS 1J1s Pi3HUX TUIIB pileHb. Pi3nyHi HACTIIKY K OTPMMAHUX PillleHb,
TaK i 6ipypKaiiiiHoOl CTPYKTYypH OOrOBOPIOIOTHCS B KOHTEKCTI HEJIIHIMHOT ONTUKY, 30KpeMa JUIst AMHAMIKHY iMITYJIbCiB Ta CTabiJIbHOCTI B
CHUCTEMaXx OITUYHOTIO 3B’ SI3KY 3 MOJBIAHOIO Nojisipu3aiii€io. Pesynbratu teMoHCTpyI0Th epextuBHicTh MEMM Ta Ha/lal0Th HOBI 3HAHHS,

IO CTIPUSIOTh PO3YMIHHIO T MPOEKTYBAHHIO MTEPeJOBIX ONTUYHUX XBHJICBO/IB.
KuarouoBi cioBa: reniniiini pisnsuns Llpedinzepa; 0eonpomenenpomenesi OnmMuuti 60A0KHA, OUCNEPCist U020 NOPSOKY; MOOUPi-
KO8aHUli Memoo pozutuperozo 8iodoopadicerns (MEMM); mouni piwenns 6ixicyuor xeuni; Oicpyprauiiinuii ananis
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The nuclear ground state and beta decay properties of neutron-rich odd-odd and odd-A '%4~116Rh isotopes are studied by utilizing the
relativistic mean-field (RMF) and proton-neutron quasi-particle random phase approximation (pn-QRPA) models. Potential energy
surfaces and potential energy curves are examined to investigate the nuclear deformations, nuclear stability, and shape phase transitions.
The Gamow-Teller (GT) strength distributions and S-decay properties are obtained based on a deformed pn-QRPA framework. The
computed half-lives and log ft values are in good agreement with existing experimental data, supporting the utilization of nuclear
models. Additionally, stellar weak interaction rates are calculated as a function of density and temperature, emphasizing their influence
on nucleosynthesis in astrophysical environments. For neutron-rich Rh isotopes, the results provide useful nuclear structural data and
reliable inputs for the r-process modeling.

Keywords: pn-QRPA; Nuclear ground state properties; Stellar weak rates; Potential energy surfaces; Log ft

1. INTRODUCTION

The GT strength of atomic nuclei is extensively investigated and applied in nuclear and astrophysical research. It
makes a substantial contribution to nuclear spectroscopy. Accurate modeling and a more comprehensive understanding of
foundational nuclear processes depend on precise measurements and underlying theories related to the low-energy nuclear
structure, including the GT strengths, half-lives, and stellar weak rates. The study of the available nuclear ground state
properties remains a fundamental pillar in nuclear astrophysics today. It provides the information needed to comprehend
the forces that dominate many-body nucleonic systems [1].

The neutron-rich nuclei are mostly unstable and have unique properties such as structural evolution, different shell
closures, altered binding energies, and distinct 8 decay patterns compared to stable isotopes. Neutron-rich nuclei primarily
decay via the S~ mechanism, where a neutron transforms into a proton by emitting an electron. Before decay, the nucleus
is far from the stability line. The decay changes the element (e.g., Rh decays to Pd) and moves the nucleus closer to the
line of stability, balancing the neutron-proton ratio. Particularly, the 8~ decay properties, including the half-lives and GT
strength, provide essential information about the stellar weak interaction rates that play an important role in nucleosynthesis
processes [2]. The beta decay properties are calculated using the pn-QRPA model [3-5]. The neutron-rich nuclei in the
mass range A ~ 110-120 have attracted considerable attention from both theoretical and experimental studies as they show
rapid variation observed in their ground-state structure and low-lying excited states [6,7]. The information about the
nuclear structure is carried by the GT strength distribution. It largely depends on the ground-state deformation of the
parent nuclei [8]. Neutron-rich nuclei in the mass range A ~ 104—113 exhibit rapid structural evolution due to deformation,
pairing correlations, and shell effects. A large number of nuclei in this mass region are located far from the valley of 8
stability and are therefore not accessible to experimental investigations. Consequently, their properties must be studied
using theoretical approaches. It is estimated that nearly 6000 nuclei exist between the valley of 8 stability and the neutron
drip line. This specific location makes Rh isotopes ideal for studying the conflict between the effects of the spherical
shell and the initial phases of collective deformation [9—13]. Nuclear density functional theory provides the theoretical
foundation for the analysis of nuclear ground-state properties, especially nuclear deformation and nuclear shape transitions
from oblate to prolate shapes. In the present analysis, we employed the RMF model with the density-dependent meson
(DD-ME2) interaction to extract the nuclear deformation of the nuclei under investigation. The pn-QRPA model has been
used for spectroscopic investigations including log ft values, half-lives and stellar weak rates [14] of Rh nuclei. Both RMF
and pn-QRPA models are widely employed for the investigation of nuclear structure and 3 decay properties. The RMF
framework is based on a small number of parameters optimized using nuclear matter properties and experimental data of
stable nuclei located near the valley of (8 stability [15].

The present work is structured as follows. Section 2 provides a brief explanation of the theoretical foundation.
Section 3 discusses nuclear ground state parameters including decay half-lives, weak decay rates, predicted GT strength,
and log ft values. The final portion contains our concluding observations.
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2. THEORETICAL FRAMEWORKS
2.1. The RMF Model

The RMF model describes how nuclei exchange mesons and photons [16]. The incompressibility and surface
attributes of nuclei were challenging for the initially proposed version of the RMF framework. In order to accomplish
this, a nonlinear framework of RMF was developed [17]. Following the introduction of further model versions, such as
DD-ME2 and DD-PC1, the concept was referred to as covariant density functional theory (CDFT) [18,19]. In the present
investigation, we used the DD-ME2 version of the model. Conventional quantum hydrodynamics uses Dirac fermions
coupled to meson exchange as an effective Lagrangian to describe a nuclide [20,21]. The RMF approach defines the
simplest set of meson fields for determining the bulk and single-particle nuclear parameters, employing the isoscalar
scalar (o), isoscalar vector (w), and isovector vector (p) meson fields [7,22]. The Lagrangian density can be expressed as

follows:
-7

_ 1 1
L=ylyu(io" -Tuw" -TpT-pu) = (M -Too) —ey* Ay Y+ 50 rdue -mg0?)

(D

1 1 1, = 1 ,,, o 1
_ZQWQHV + szuw"‘wﬂ - ZR"”' Ry + Emf,p"‘ Pu— ZF“"F,N,
where Iy, T, and I, are the coupling constants and depend on the (nucleon) density and are described as
Ii(p) =T (psa) fi (%), 2

where i = 0, w and p mesons. f(x) is a function of x = pp/psa;, Where pp, is the baryon density and pgy is the baryon
density at saturation in symmetric nuclear matter. For o~ or w meson, the respective f(x) is

1 +bj(x+dj)2 .
fitx) = Ul ve,rd R where j =0, w, 2)
where for the p meson,
fp(x) — e(—ap(X—l))_ (3)

Modifying the Lagrangian with reference to ¢ yields the single-nucleon Dirac equation with nucleon self-energies [23,24].
We utilize the Dirac-Hartree-Bogoliubov (DIRHB) code [23] to generate the PEC and PES of '%~!16Rh as a function of
B2 and y, using DD-ME2 [25] interactions. The 3, and y are calculated below:

B =+ /a%o + 2a§2 and y = arctan(V2 :—iz), “)

where ay( and ay; are the deformation parameters computed via Ref. [23]. Quadrupole moment constraints were used in
RMEF calculations to achieve these calculations. The pairing correlations, which are assumed to be essential for open-shell
nuclei, were investigated using the Bardeen-Cooper-Schrieffer (BCS) method. Furthermore, the ground state variables
stated above were determined utilizing the constant G approximation [26].

2.2. The pn-QRPA Model

The stellar weak rates are described within the framework of the pn-QRPA model. The Hamiltonian of the pn-QRPA
model is structured as follows: .
ORPA _ j PP P
H =HP + VP + Vi + Vi (5)

where H*P, VPair, VGpi and Vg? are the single-particle Hamiltonians, the pairing potential, the particle-particle, and the

particle-hole strength, respectively. The wave functions and energy of a single particle were assessed using the Nilsson
approach [27]. The Nilsson potential variables have been selected based on Ref. [28]. The Q-energies were analyzed
utilizing the mass excess from Ref. [29] and 3, from the RMF Ref. [30]. These assessments were conducted independently
for protons (neutrons), employing a constant pairing force of strength G (G,, for neutrons and G, for protons):

I+j—k §  t U+ -k
Vpair = =G Z (=D™ S;ksj—k X(=1) Y sy pspws
Jki'K
Only positive numbers k and k” are to be summed over. The nucleon’s spherical basis (s, sj.k) is transformed into a
deformed basis (dkmdza) using:
T _ v . pkat

Ao = ZiD57S 1t (6)
The Hamiltonian was diagonalized via an additional quantum number a to create DX®. The Bogoliubov transformation
was applied to obtain the quasi-particle basis (qza, dka)-

4}, = ukad]  ~Viadia, 9
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gt =trad] +Viadia, (8)

k denoted k’s time-reversed state. The occupancy was determined using the BCS equations, with the basis via + uia
= 1. The random phase approximation (RPA) framework is used to handle the residual interaction introduced in the
Hamiltonian that establishes ground-state correlation. The pn-QRPA phonon creation operators are as follows:

AL () = Y [XB" (W ahat-YE" (W anas), ©)
pn

X and Y, are the phonon amplitudes, while n and p are the quasi-particle states. The sum p-n pairings satisfy u = k,, —
kp=(1,0,-1) and 7, - m,=1. The RPA expresses the eigenvalue as w, which is the excitation energy. The particle-particle
interaction («) and particle-hole interaction (y) are the GT forces that are considered to be residual forces within the
framework of pn-QRPA. The basis for the particle-particle forces is expressed as:

1
Vel =-2k Y (-1)*0},0 (10)
pu=-1

with

T ; iy, Cqyltin—ka gt
o, = Z < Jnkn | (ts0) | jpkp > x(=1) S Sk
j])kpjnkn

Furthermore, in order to examine the y interaction, we employed:

1
h
vEr =+2x Y (-DHULUL, (an
pu=-1
with
Uy = Z <jpkp|ts oul jukn> sj.pkpsjnkn. (12)
jpkpjnkn

Incorporating the residual interaction is essential for accurately reproducing reported GT strength and has a significant
effect on the computed GT strength. The GT matrix element has been computed using

Bor(w) = [{w, ul|7-0,||ORPA). (13)

The partial half-lives (¢1/2) were analyzed using the following formula.

K
 (g4/gv)*f(A,Z,E)Bgr(w) + f(A,Z,E)Br(w)’

t)2 (14)

gA/gv is the ratio of axial and vector coupling constants, and « = 6143 s [27]. f(A,Z,E) is the phase space integral. Bp
and Bgr are the Fermi and GT matrix elements, respectively. The beta-decay half-lives are computed as

-1
T1/2=( 3 (i>) . (15)

0<w=<Q “ﬂ

For additional analysis of Eq. (5), see [28,29]. Taking into account the above relation, we obtain the relation for the f as

follows:
K

t= (16)
(ga/gv)?BGr + By
The stellar weak rates were calculated from the initial state i to the final state f by utilizing
pire_ ST ED
A =ln2——mM 17
: (fDif
The (ft); is represented as:
ftip = (8algv)’ By +BY, (18)

if _ 1 k—=k 2
BGT—mWf ||zk:T_0' K201 (19)
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if 1 ko ogy 2
By = 5o Wr ||§k]r_ ly) P (20)

where 7 is the angular momentum of the initial state. The analysis of nuclear matrix elements and the creation of low-lying
excited states in our present investigation may be mentioned in [29]. The phase space integrals fl/; /P€ are defined to be

dimensionless and depend on certain stellar variables, including the stellar density and stellar temperature. Phase space
integrals are expressed as:

~ E
flf; :/ ﬁEk E2—1(Eg—Ex)*F(Z,Ex)(1-G_)dEy. (1)
1

The fl.?c for positron capture was evaluated using:

fHe =/ Ek,/E]% ~1(Eg + Ex)*F(~Z,Ey)G +dEy, (22)
E;

where Ey and Eg are the electron kinetic energy and the threshold energy during capture or emission. Energies are stated
in units of the electron rest mass (m,c2). We further adopted natural units (% = ¢ = m, = 1), where m,, is the electron rest
mass. F(+Z, Ey) is calculated using the approach described in Ref. [30]. We determined the 8 decay kinematics with:

Eﬁzmp—md+Ep—Ed, (23)

Ep, mp, and my, E4 denotes the parent and daughter nuclei’s respective excitation energies and masses. The functions G=
mentioned in equation (21) are defined as:

Ey—Ef -1

G_ = |exp KT +1| (24)
Ek+2—Ef -

G+= exp kb—T +1 , (25)

where kj, refers to the Boltzmann constant and E ¢ is the Fermi energy of the electron. The number density of protons and
neutrons was calculated by

1 (mec\3 [
prona=— (") [ (G--Gantap. 6)
T h 0
Y. and N4 represent the electron-proton ratio and Avogadro number, respectively. p represents the momentum of leptons.

Stellar rates are determined with: ) pe
APTIPE =X P 28 IPC 27)
if

where P, represents the parent nucleus occupation probability. We summed the initial and final states until our computed
rates reached the desired level of convergence.

3. RESULTS AND DISCUSSION

We conducted a systematic analysis of the nuclear deformation for '®*~11°Rh based on the potential energy curves
(PEC’s) and potential energy surfaces (PES’s), utilizing the RMF model. For this purpose, we computed the total binding
energy of the nuclei by constraining the 8, and y via the RMF model with the DD-ME?2 interaction. The PEC and PES
allow us to accurately demonstrate the phase shape transition of a particular isotope favors a prolate, oblate or spherical
shape. In order to obtain the PEC, we set a zero reference point at the minimum energy. The difference between the binding
energy at the particular 8, and lowest binding energy, is plotted against 3,. In the mean-field model, a reliable convergence
can be achieved by considering as many shells of harmonic oscillators of Fermion (Nr) and boson (Np). However, the
computation time increases significantly as the Nr, and Np increases. We calculate the ground-state observable keeping
Np =12 and Np = 12. Increasing the nucleon number causes a transition in the shape of the nuclei, especially around
magic numbers or mid shells. It is evident from PEC’s analysis as displayed in Fig. 1 that nuclei possessing the neutron
numbers N = 59 and 60 have a prolate shape, while N = 62, 63, 64, 65, 67, 68, 69, and 71 exhibit an oblate shape in the
ground state. However, the N = 60 and 61 isotopes have substantial shape coexistence. '°°Rh has two local minima at 3,
=-0.275 on Ex = 0.0 MeV and at 8, = 0.2 on Ex = 0.107 MeV via the DD-ME?2 interaction. To generate the PES for the
listed nuclei, considerations were given to both 8, and y deformations. Quadrupole shape deformations can be expressed
in terms of polar coordinates 8, and y. The prolate and oblate shapes are related to y = 0°, and y = 60°, respectively.
On the other hand, degrees of freedom are associated with the triaxial form (0 <y < 60). In this particular analysis,
the restrictions were execute to the PES and deformations in the 8-y plane (0 <y < 60). The minima spread in the y
direction indicates a tendency of gamma softness. From the PES’s analysis as mentioned in Fig. 2, !“Rh has a prolate
shape in its ground state, while '%Rh, 1°°Rh, !’Rh, and '%®Rh have triaxial shapes. These isotopes have both the prolate
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106Rp

Figure 1. Calculated PECs for Rh isotopes using the RMF with DD-ME2 interaction.

and oblate minima on the PEC plot against §,. Compared to the prolate energy minima, the oblate energy minima for
105Rh, 19Rh, 197Rh, and '°Rh are shallower. As a result, the ground state of these nuclei is more likely in a prolate shape.
Furthermore, the present investigation predicts the coexistence with minimal energy difference in '%~!1Rh isotopes. The
present model-based extracted 3,, along with the existing 8, from Ref. [32], is displayed in Table 1.

Table 1. The computed 3, for '*4~116Rh along with 3, from Ref. [32].

Nuclei [32] This work
104Rh  0.217 0.225
15Rh  0.217 0.225
106Rh  0.250 -0.275
17Rh  0.250 -0.250
108Rh  0.250 -0.250
19Rh  0.262 -0.250
10Rh 0248  -0.250
12ZRh 0248  -0.250
I3Rh 0248  -0.250
I4Rh 0258  -0.225
16Rh  -0.258 0.250

In the subsequent part of our analysis, we employed the deformed pn-QRPA model to investigate the 8 decay
properties, using the deformed pn-QRPA model. We used nuclear deformations from two different models, including the
RMF model with DDME2 interaction and the FRDM model. Let us define our recipe: the beta decay properties investigated
based on the deformation taken from the FRDM model is represented by pn-QRPA-FRDM, while the deformation taken
from the RMF-DDME2-based interaction is represented by pn-QRPA-DDME2. Table 2 displayed the log fr values
calculated using the pn-QRPA-FRDM and pn-QRPA-DDME?2 along with experimental data [34] for 'Rh, '*Rh, and
!14Rh. The ratio between the computed and measured data is almost a factor of ~ 1.5, which shows that the calculated log
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Figure 2. Calculated PES for Rh isotopes using the RMF with DD-ME2 interaction.

ft’s are in good agreement with the experimental data. Figure 3 displays the comparison of the GT strength distributions,
computed via the pn-QRPA-FRDM and pn-QRPA-DDME? for !!*Rh as a function of excitation energy in the daughter
nucleus. The experimental data exhibit a fragmented GT strength distribution, with most of the strength concentrated
below 1.2 MeV. However, both pn-QRPA-FRDM and pn-QRPA-DDME2 calculations reproduce the general fragmentation
pattern and the presence of low-lying GT transitions, which play a crucial role in determining the S-decay half-life. The
calculations using both deformations predict relatively stronger GT strength at lower excitation energies. In contrast,
model approximations, such as the omission of deformation effects in the daughter nuclei, may cause slight discrepancies
between the computed and experimental results. Moreover, Fig. 3b represents the similar behavior for ''#Rh as is observed
for ''3Rh, where the GT strength is distributed over a wide range of excitation energies with dominant contributions at low
energies. The overall agreement between the calculated and experimental GT distributions demonstrates the reliability of
the pn-QRPA-FRDM and pn-QRPA-DDME?2 deformations as input parameters for the prediction of §-decay properties of
neutron-rich Rh nuclei. Figure 4 compares our calculated half-lives for Rh nuclei with measured data [33]. Our predicted
half-lives for Rh nuclei are about a factor of two greater or lower than the experimental data.

After examining the terrestrial half-lives, log f¢ values, and the GT strength distribution, considerations were given
to the stellar weak rates, including the electron emission rates (A87) and positron capture rates (17) for the selected Rh
nuclei. The stellar §-decay rates are important input parameters for simulating the late phases of massive stars. Other
factors, e.g., magnetorotational effects [35], may also destabilize the stellar core. The stellar 5-decay rates strongly depend
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Table 2. Experimental [34] and calculated log ft values for neutron-rich Rh nuclei. Ratios are given to two decimal
places.

Decay E (keV) log ftexp. 10og ftpn-Qrra-FRDM 10g ffpn-QrPa-DDME2 PN-QRPA-FRDM/Exp. pn-QRPA-DDME2/Exp.
IOSRh N 105Pd
712t — 5/2F 0 5.729 4.42 4.44 1.29 1.29
72t —7/2* 306.31 5.749 4.42 5.78 1.30 1.01
12 — 502+ 319.23 5.118 4.42 4.92 1.16 1.04
72 — 72* 442.42 6.860 4.42 4.16 1.55 1.65
113Rh — 113Pd
72 — 5/2* 0 5.400 4.61 3.61 1.17 1.50
2% — 12* 189.51 5.900 4.59 5.24 1.28 1.13
712t — 5/2%,7/2%  349.15 5.000 5.66 5.25 1.13 1.05
T2 = 524725 37299 6.700 513 459 1.31 1.46
T2 52772 40924 5.190 4.46 5.64 1.16 1.09
114Rh — 114Pd
1" —= 0 0 5.900 5.33 3.80 1.11 1.55
1" —2* 332.61 6.000 5.11 3.79 1.17 1.58
1" — 2% 694.64 5.700 5.11 5.42 1.12 1.05
1" -0t 1115.50 6.100 5.60 4.15 1.09 1.47
1" -2t 1391.66 6.100 5.60 1 1.09 1.47
10° ® Ewp. 10° ® Exp.
'Rh @ pn-QRPA-FRDM 114Rh ® pn-QRPA-FRDM
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Figure 3. The GT strength distribution for ''*~1“Rh calculated using pn-QRPA-FRDM and pn-QRPA-DDME2-based
deformations along with experimental data [34].
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Figure 4. The present model-based and experimental [33] beta decay half-lives for the Rh nuclei.

on temperature and densities. At finite stellar temperatures, the parent nuclei are thermally populated, and their thermal
excitation influences the total weak rates. We analyzed the stellar weak rates at the densities pY, = 107, 10°, and 10! g
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Table 3. The sum of ¥~ +17¢ for 104105Rh isotopes on various densities and temperatures.

pYe To 104Rh IOSRh
pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2
107 3 5.00x1073 2.68x1078 4.25%1073 1.62x10~*
5 1.14x1072 1.53x107? 8.42x1073 1.79x1073
10 1.75x107! 8.83x1073 5.33x1072 1.76x107!
25 2.05x10% 1.92x10! 8.98x10° 1.42x10%
30 8.54x10? 8.88x10! 2.92x102 5.32x10%
10° 3 7.33%1078 7.16x107 1 1.37x10~* 1.65x107°
5 2.32x107? 8.62x107° 1.15%107! 6.46x107°
10 6.75x1073 1.59x10~* 5.11x10! 9.56x1073
25 6.25x10! 5.83x10° 4.20x102 4.36x10!
30 4.04x10% 4.20x10! 1.07x10? 2.53%10%
ot 3 2.62x107% 6.34x107% 8.41x10% 3.48x10740
5 2.95x107%4 2.43x10°%7 1.09x10-23 4.45%10~%4
10 1.94x10712 7.50x10~ 1 1.72x10712 1.03x10~ 1
25 4.30%x1073 4.04x10~* 2.20x107* 3.28x1073
30 1.19x107! 1.23x1072 4.25%1072 7.62x1072

cm™3 and at the temperatures Ty = 3, 5, 10, 25, 30. We have displayed the stellar weak rates for '%4~11°Rh in Tables (3-6)
using the recipe as mentioned above. Generally, the stellar weak rates decrease with density and increase with temperature.
Utilizing both types of interactions, one can see that the stellar rates computed via the deformation taken from the FRDM
are many orders of magnitude higher than the rates computed via the deformation taken from the RMF-DDME2-based
interactions at low densities and low temperatures. However, at higher temperatures, To~30, the rates are enhanced by a

factor of 10 or less.

Table 4. The sum of A8~ +17¢ for 196:107.18Rp jsotopes on various densities and temperatures.

pYe To 106Rp 107Rp 108Rp
pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2
100 3 1.51x107> 2.35x1077 4.25x1072 7.42x1072 2.86x1072 7.42x1072
5 7.86x107° 8.21x107° 6.10x1072 1.08x107! 6.10x1072 1.08x107!
10 1.65x1072 2.23x1072 7.91x107! 7.34x107! 7.91x107! 7.34x107!
25 5.85x10! 2.68x10! 6.18x10% 2.13x10? 6.18x10? 2.13x10%
30 2.87x10? 1.19x10? 2.32x10° 7.23x10% 2.32x10° 7.23x10%
10° 3 1.88x10~!! 3.16x10712 6.44x1077 2.62x10°° 6.44x1077 2.62x107°
5 4.12x1078 8.60x1078 1.11x107* 4.01x107* 1.11x1074 4.01x107*
10 1.62x1074 5.28x107* 3.42x1072 5.86x1072 3.42x1072 5.86x1072
25 1.77x10! 8.17x10° 1.89x10% 6.67x10! 1.89x10? 6.67x10!
30 1.36x10% 5.64x10! 1.10x10° 3.44x10? 1.10x10% 3.44x10%
o3 1.27x10~% 1.50x10~% 1.92x1073% 2701077 6.17x10~! 3.36x10~!
5 1.03x10726 1.39x10726 1.31x107% 1.36x10722 9.75x10~! 4.03x10"!
10 5.01x10°1 1.80x10°13 1.09x10~!! 3.73x10°!! 9.92x1072 1.23x10°
25 1.21x1073 5.66x107* 1.31x1072 5.10x1073 9.75x10! 1.05x10?
30 3.98x1072 1.66x1072 3.25x107! 1.05x107! 4.24x10% 3.49x10%

Table 5. The sum of A5~ +17¢ for 10%-110.112R jsotopes on various densities and temperatures.

pY, Ty 109Rp TI0Rp 112Rp
pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2
107 3 6.17x10~! 3.36x10"! 4.25%107! 1.63x10° 5.97x1072 1.11x10!
5 9.75x10"! 4.03x107! 4.76x107! 2.00x10° 8.27x1072 1.24x10!
10 9.92x1072 1.23x10° 2.11x10° 4.75%10° 2.40x10! 2.40x10!
25 9.75x10! 1.05x10% 7.77x10? 2.03x10% 2.04x10? 2.19x10?
30 4.24x10% 3.49x10? 2.74x10° 6.16x10% 5.44x10% 6.05x10?
10° 3 2.11x1077 3.67x1074 1.06x10"! 2.89x1072 1.53x107° 1.99x10~!
5 2.08x1073 5.30x1073 2.64x1073 1.01x10~! 1.79x1073 3.27x10~!
10 3.64x107! 2.00x10~! 1.26x10"! 1.08x10° 2.40x1072 7.42x10°
25 2.98x10! 3.53x10! 2.39x10? 7.52x10! 2.04x10? 2.19x10?
30 2.01x10? 1.69x10% 1.30x10° 3.06x10? 5.44x10? 6.05x10?
o3 9.04x107% 1.47x10734 4.13x1073¢ 9.91x10732 3.44x10740 7.57x107%
5 3.25x107% 6.41x1072! 3.66x1072 5.78x10719 4.50x1072* 1.25x10°"7
10 1.22x10712 2.85x10°10 3.97x10~!! 5.06x107° 1.12x10~" 4.62x1078
25 2.06x1073 5.81x1072 1.67x1072 1.35x10"! 3.41x1073 4.02x1072
30 5.92x1072 5.81x1072 3.85x107! 1.35x107! 7.84x1072 2.50x107!
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Table 6. The sum of A8~ +17¢ for 13 114.116Rp jsotopes on various densities and temperatures.

oY, Ty T3RK IETYN TI6R
pn-QRPA-FRDM  pn-QRPA-DDME2 pn-QRPA-FRDM  pn-QRPA-DDME2  pn-QRPA-FRDM  pn-QRPA-DDME2
107 3 1.28x10° 1.45%107 2.14x107T 3.46x10° 1.13x107 1.71x107
5 1.46x10° 1.66x10° 2.83x107! 3.64x10° 1.29x10! 2.59x10!
10 4.22x10° 3.73x10° 8.09x107! 9.56x10° 5.28x10! 5.44x10!
25 2.56x10? 1.89%x10% 3.06x10% 2.19x10? 2.49x10? 3.42x10%
30 9.12x10? 5.93x10% 1.01x103 6.01x10? 7.41x10? 8.92x 107
100 3 5.48x1072 2.28x1072 2.11x107T 1.57x107" 1.27x10° 2.99x10°
5 1.09x107! 7.55%1072 3.64x107! 2.69x107! 1.29x10! 5.75%10°
10 7.98x107! 7.97x107! 1.95x10° 2.54x10° 1.27x10! 1.81x10!
25 8.64x10! 6.75x10! 1.09%10? 9.34x10" 2.49%10? 1.46%10?
30 4.41x10? 2.91x10% 4.93%10? 3.12x10? 7.41x10? 4.60x10?
10 3 2.40x10732 2.63x1073 1.17x107%0 5.87x10730 1.13x10°10 1.08x1078
5 5.64x10720 1731071 6.12x10719 1.00x10717 6.12x107° 4.04x1078
10 475x10710 2.01x107° 1.70x107° 4.04x1078 1.70x1077 2.77%x1078
25 7.69x1073 9.50x1073 1.15x1072 3.73x1072 1.15x1072 2.29%1072
30 1.41x107! 1.12x107! 1.69x107! 236x107! 1.30x107! 2.02x107!

4. CONCLUSIONS

In this work, we performed the analysis for neutron-rich '*4~116Rh isotopes using the RMF and pn-QRPA models.
The nuclear shapes and their deformation are computed via the RMF framework, and the g-decay properties, including
the GT strength, the decay half-lives, and the log ft values, are analyzed via the pn-QRPA framework. The half-lives and
log ft values are obtained using the deformed pn-QRPA model, with 3, taken from the FRDM and RMF DD-ME2 based
interaction, are reasonably consistent with existing experimental data. Additionally, we have calculated the stellar S-decay
rates based on the deformed pn-QRPA model. Our analysis demonstrates a strong dependence on both temperature and
density. At lower temperatures, the ground-state transitions dominate the stellar weak rates because excited-state popula-
tions are lower, whereas excited-state populations increase significantly at higher temperatures, which impacts the stellar
weak rates. Increasing the density generally suppresses 5-decay rates due to phase-space constraints. Overall, stellar
B-decay rates rise with temperature and fall with increasing density.
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ORCID

Abdul Kabir, https://orcid.org/0000-0002-9344-975X; (© Jameel-Un Nabi, https://orcid.org/0000-0002-8229-8757;
Rahat Badshah, https://orcid.org/0009-0001-1900-6301; (2 Ayesha Anjum, https://orcid.org/0009-0000-2290-7891

REFERENCES
[1] J.-Un Nabi, A. Kabir, and T. Bayram, Chin. J. Phys. 87, 797 (2024) https://doi.org/10.1016/j.cjph.2023.12.036

[2] H. Kleis, M. Seidlitz, A. Blazhev, L. Kaya, P. Reiter, K. Arnswald, A. Dewald, ef al. Phys. Rev. C, 104, 034310 (2021).
https://doi.org/10.1103/PhysRevC.104.034310

[3] J. P. Fernandez-Garcia, M. Cubero, L. Acosta, M. Alcorta, M. A. G. Alvarez, M. J. G. Borge, L. Buchmann, et al., Phys. Rev. C,
92, 044608 (2015). https://doi.org/10.1103/PhysRevC.92.044608

[4] N. Paar, D. Vretenar, and P. Ring, Rept. Prog. Phys.70, 691 (2007). https://doi.org/10.48550/arXiv.nucl-th/0701081

[5] J. Engel, M. Bender, J. Dobaczewski, W. Nazarewicz, and R. Surman, et al., Phys. Rev. C, 60, 014302 (1999). https://doi.org/10.
1103/PhysRevC.60.014302

[6] Z.M. Niu, Y. F. Niu, H. Z. Liang, W. H. Long, and J. Meng, Phys. Rev. C, 95, 044301 (2017). https://doi.org/10.1103/PhysRevC.
95.044301

[7]1 A. Kabir, J.-Un Nabi, S.A. Rida, I. Anwaar, N.-Ul A. Raza, and H. Almujibah, Res. Astron. Astrophys. 25, 015004 (2025).
https://doi.org/10.1088/1674-4527/ad981d

[8] E. Bouchez, I. Matea, W. Korten, F. Becker, B. Blank3 C. Borcea, A. Buta, et al., Phys. Rev. Lett. 90, 082502 (2003). https:
//doi.org/10.1103/PhysRevLett.90.082502

[9] M. Rajput, S. Singh, V. Rani, P. Verma, A. Bharti, G. H. Bhat, and J. A. Sheikh, Eur. Phys. J. A, 58, 146 (2022). https:
//doi.org/10.1140/epja/s10050-022-00802-x

[10] U. Hager, V.-V. Elomaa, T. Eronen, J. Hakala, A. Jokinen, A. Kankainen, S. Rahaman, et al., Phys. Rev. C, 75, 064302 (2007).
https://doi.org/10.1103/PhysRevC.75.064302

[11] M. Hukkanen, W. Ryssens, P. Ascher, M. Bender, T. Eronen, S. Grévy, A. Kankainen, et al., Phys. Rev. C, 107, 014306 (2024).
https://doi.org/10.1103/PhysRevC.107.014306

[12] J. F. W. Lane, A. N. Andreyev, S. Antalic, D. Ackermann, J. Gerl, F. P. Heberger, S. Hofmann, et al., Phys. Rev. C, 87, 014318
(2013). https://doi.org/10.1103/PhysRevC.87.014318


https://orcid.org/0000-0002-9344-975X
https://orcid.org/0000-0002-8229-8757
https://orcid.org/0009-0001-1900-6301
https://orcid.org/0009-0000-2290-7891
https://doi.org/10.1016/j.cjph.2023.12.036
https://doi.org/10.1103/PhysRevC.104.034310
https://doi.org/10.1103/PhysRevC.92.044608
https://doi.org/10.48550/arXiv.nucl-th/0701081
https://doi.org/10.1103/PhysRevC.60.014302
https://doi.org/10.1103/PhysRevC.60.014302
https://doi.org/10.1103/PhysRevC.95.044301
https://doi.org/10.1103/PhysRevC.95.044301
https://doi.org/10.1088/1674-4527/ad981d
https://doi.org/10.1103/PhysRevLett.90.082502
https://doi.org/10.1103/PhysRevLett.90.082502
https://doi.org/10.1140/epja/s10050-022-00802-x
https://doi.org/10.1140/epja/s10050-022-00802-x
https://doi.org/10.1103/PhysRevC.75.064302
https://doi.org/10.1103/PhysRevC.107.014306
https://doi.org/10.1103/PhysRevC.87.014318

53
On the Nuclear Structure and Stellar Weak Rates of Neutron-Rich '%4~116Rh Isotopes EEJP. 3 (2026)

[13] M. Versteegen, D. Denis-Petit, V. Méot, T. Bonnet, M. Comet, F. Gobet, F. Hannachi, er al., Phys. Rev. C, 94, 044325 (2016).
https://doi.org/10.1103/PhysRevC.94.044325

[14] J.-U. Nabi, H. V. Klapdor-Kleingrothaus, and H. Volker, At. Data Nucl. Data Tables 88, 237 (2004). https://doi.org/10.1016/j.adt.
2004.09.002

[15] A. Kabir, J.-U. Nabi, and M. Zubair, Eur. Phys. J. A, 141, 249 (2026). https://doi.org/10.1140/epjp/s13360-026-07376-3

[16] J. D. Walecka, Ann. Phys. 83, 491 (1974). https://doi.org/10.1016/0003-4916(74)90208-5

[17] P.Ring, Prog. Part. Nucl. Phys. 37, 193 (1996). https://doi.org/10.1016/0146-6410(96)00054-3

[18] S. Typel, and H. H. Wolter, Nucl. Phys. A 656, 331 (1999). https://doi.org/10.1016/S0375-9474(99)00310-3

[19] G.A.Lalazissis, T. Niksi¢, D. Vretenar, and P. Ring, Phys. Rev. C 71, 024312 (2005). https://doi.org/10.1103/PhysRevC.71.024312

[20] J. Meng, H. Toki, S.G. Zhou, S.Q. Zhang, W.H. Long, and L.S. Geng, Prog. Part. Nucl. Phys.57, 470 (2006). https://doi.org/10.
1016/j.ppnp.2005.06.001

[21] T. Niksi¢, D. Vretenar, and P. Ring, Phys. Rev. C, 78, 034318 (2008). https://doi.org/10.1103/PhysRevC.78.034318

[22] J.-U. Nabi, W. Khalid, A. Kabir and S. A. Rida, Arab. J. Sci. Eng. 50, 6865 (2025). https://doi.org/10.1007/s13369-024-09619-w

[23] T. Niksié, N. Paar, D. Vretenar, and P. Ring, Comput. Phys. Commun. 185, 1808 (2014). https://doi.org/10.1016/j.cpc.2014.02.027

[24] S. Karatzikos, A. V. Afanasjev, G. A. Lalazissis, and P. Ring, Phys. Lett. B, 689, 72 (2010). https://doi.org/10.1016/j.physletb.
2010.04.045

[25] B.Mottelson, The Nilsson Model and Sven Gosta Nilsson. Phys. Scr. T125 (2006). https://doi.org/10.1088/0031-8949/2006/T125/
E02

[26] K. Ikeda, S. Fujii, and J. I. Funjita, Phys Lett. 3, 271 (1963). https://doi.org/10.1016/0031-9163(63)90255-5

[27] J. C. Hardy, and I. S. Towner, Phys. Rev. C, 79, 055502 (2009). https://doi.org/10.1103/PhysRevC.79.055502

[28] M. Hirsch, A. Staudt, K. Muto, and H. V. Klapdor-Kleingrothaus, Nucl. Phys. A, 535, 62 (1991). https://doi.org/10.1016/
0375-9474(91)90515-8

[29] K. Muto, E. Bender, T. Oda, and H. V. Klapdor-Kleingrothaus, Phys. A - Hadron Nucl. 341, 407 (1992). https://doi.org/10.1007/
BF01301384

[30] N.B. Gove, and M. J. Martin, At. Data Nucl. Data Tables 10, 205 (1971). https://doi.org/10.1016/S0092-640X(71)80026-8

[31] A. Kabir, J.-U. Nabi, N. U. A. Raza, and H. Almujibah, Nucl. Phys. A, 1057, 123057 (2025). https://doi.org/10.1016/j.nuclphysa.
2025.123057

[32] P. Moller, AJ. Sierk, T. Ichikawa, and H. Sagawa, At. Data Nucl. Data Tables, 109-110, 1-204. (2016). https://doi.org/10.1016/j.
adt.2015.10.002

[33] M. Wang, W.J. Huang, F. G. Kondev, G. Audi, and S. Naimi, Chin. Phys. C, 45, 030003 (2021). https://doi.org/10.1088/1674-1137/
abddaf

[34] National Nuclear Data Center, Brookhaven National Laboratory. ”"Nudat (nuclear structure and decay data).” (2008). https:
//www.nndc.bnl.gov/

[35] S. Usman, and A. Mushtaq Sci. Rep. 13 15315 (2023). https://doi.org/10.1038/s41598-023-42397-3

CTOCOBHO HHEPHOi CTPYKTYPHU TA CJIABRY HIBU/JIKICTD 30PAHOT'O PO3MIAJY BATATOI'O
HA HEITPOHHU I30TOITY '%-11°Rh
Aéaya Kaé6ip!, Txxamine-Va Ha6i?, Paxar Bagmax', Aema Anmxym?
lKagﬁedpa KOCMIuHUX HayK, [Hcmumym Kocmiunux mexunonoeii, Icaamaodao, 44000, Iakucman
zKagﬁeﬁpa isuxu, Yuisepcumem Baxa, Bakanme, 47040, Ilaxucman

OCHOBHUII CTaH s/pa Ta BJIACTHBOCTI OeTa-po3majay OaraTWX Ha HEHTPOHM HeNapHUX-HENMapHUX Ta HeMapHHUX-A i30TOIIB popiio
104-116Rp JOCJIIKYIOThCSI 32 JOTIOMOTO0 MOjiesiell peisaTuBicTchbkoro cepenuboro nons (RMF) ta HaOnmxeHHS BUMAAKOBOI (a3u
MIPOTOH-HENTPOHHUX KBa3iuacTUHOK (pn-QRPA). Po3nonin cumm l'amoa-Temepa (GT) Ta BracTHBOCTI S-po3naay OTpUMaHi Ha OCHOBI
napameTpiB gedopmariii OCHOBHOrO cTaHy 3 po3paxyHkiB RMF Ta BKJIOYeHi B CTPYKTYpy HaOJMKEHHs KBa3i4aCTUHKOBOI BHIIAIKO-
Boi (pasu. [oBepXHi MOTEHLIHOI eHeprii Ta KPUBi NOTEHLIHOI eHeprii JOCTiIKYIThCs Il HOCTIIKEHHS sIIepPHOI cTabiIbHOCTI Ta
nepexonis popmu. Po3paxoBani nepioy HamiBpo3maay Ta 3HaueHHs log ff 100pe y3romxkyoThCs 3 iCHYIOUMMH eKCIIePUMEHTaIbHUMH
JaHUMH, IO MiATBEpAKYE BUKOPUCTAHHS siiepHUX Mogeneit. Kpim Toro, mBuakocTi ciabkoi B3aeMOIT 31 30psIMU po3paxoBaHi sIK (yH-
KIisl IUIBHOCTI Ta TeMIepaTypy, 10 MiAKPECTIOE IX BIUIMB Ha HYKJIEOCHHTE3 B acTpO(i3NUHUX cepeqoBHIax. s HeTpoHo-0araTinx
i3oromniB Rh pe3ynbraTt HagalTh KOPUCHI aHi PO CTPYKTYPY sApa Ta HAAINHI BXiJHI AaHi 11 MOJIETIOBAHHS F-TIPOLIECY.

Kuarouosi cioBa: pn-QRPA; earacmusocmi ochogrozo cmany s0pa,; s0epHi 0eipopmayiil; nosepxni nomenuiiinot enepeii; log ft


https://doi.org/10.1103/PhysRevC.94.044325
https://doi.org/10.1016/j.adt.2004.09.002
https://doi.org/10.1016/j.adt.2004.09.002
https://doi.org/10.1140/epjp/s13360-026-07376-3
https://doi.org/10.1016/0003-4916(74)90208-5
https://doi.org/10.1016/0146-6410(96)00054-3
https://doi.org/10.1016/S0375-9474(99)00310-3
https://doi.org/10.1103/PhysRevC.71.024312
https://doi.org/10.1016/j.ppnp.2005.06.001
https://doi.org/10.1016/j.ppnp.2005.06.001
https://doi.org/10.1103/PhysRevC.78.034318
https://doi.org/10.1007/s13369-024-09619-w
https://doi.org/10.1016/j.cpc.2014.02.027
https://doi.org/10.1016/j.physletb.2010.04.045
https://doi.org/10.1016/j.physletb.2010.04.045
https://doi.org/10.1088/0031-8949/2006/T125/E02
https://doi.org/10.1088/0031-8949/2006/T125/E02
https://doi.org/10.1016/0031-9163(63)90255-5
https://doi.org/10.1103/PhysRevC.79.055502
https://doi.org/10.1016/0375-9474(91)90515-8
https://doi.org/10.1016/0375-9474(91)90515-8
https://doi.org/10.1007/BF01301384
https://doi.org/10.1007/BF01301384
https://doi.org/10.1016/S0092-640X(71)80026-8
https://doi.org/10.1016/j.nuclphysa.2025.123057
https://doi.org/10.1016/j.nuclphysa.2025.123057
https://doi.org/10.1016/j.adt.2015.10.002
https://doi.org/10.1016/j.adt.2015.10.002
https://doi.org/10.1088/1674-1137/abddaf
https://doi.org/10.1088/1674-1137/abddaf
https://www.nndc.bnl.gov/
https://www.nndc.bnl.gov/
https://doi.org/10.1038/s41598-023-42397-3

54

East EUROPEAN JOURNAL OF PHysics. 3. 54-67 (2026)
DOI: 10.26565/2312-4334-2026-3-05 ISSN 2312-4334

COSMOLOGICAL MODEL WITH POLYTROPIC BULK VISCOSITY AND VARYING
GRAVITATIONAL AND COSMOLOGICAL CONSTANTS

Archana Gajanan Ingle', @ Shailendra D. Deo?, (9 Praveen Kumar Dhankar®*, ( Safiqul Islam*, ¢ Kashika
Srivastava’, (© Bhagwat Thakran®
L\PGTD Mathematics, Gondwana University, Gadchiroli, Maharashtra, India
>Mahatma Gandhi College of Science, Gadchandur, Dist. Chandrapur. M. S.- 442908, India
3Symbiosis Institute of Technology, Nagpur Campus, Symbiosis International (Deemed University), Pune-440008, India
4Department of Mathematics and Statistics, College of Science, King Faisal University, P.O. Box 400, Al Ahsa 31982, Saudi Arabia
5 Babu Banarasi Das University, Lucknow, Uttar Pradesh, India
Department of Mathematics, G H Raisoni College of Engineering Nagpur, Maharashtra-440016, India
*Corresponding Author e-mail: pkumar6743 @ gmail.com
Received April 4, 2026; revised June 28, 2026; accepted July 8, 2026

This paper investigates Einstein’s field equations within a cosmological model that incorporates a polytropic bulk viscous fluid, with
the gravitational and cosmological constants varying in a Bianchi type-I universe. It is observed that different time-dependent scenarios
yield variations in physical parameters, which hold significant implications for cosmic evolution. Key physical parameters, including
energy density, the gravitational constant, expansion scalar, the cosmological constant, the bulk viscosity coefficient and shear scalar
are examined for their physical significance. The geometrical and observational interpretations of the cosmological model are also
investigated.

Keywords: Bianchi Type-1; Shear Scalar; Bulk Viscosity; Expansion Scalar

1. INTRODUCTION

Cosmology investigates the origin and evolution of the universe, with a focus on its largest-scale structures and
dynamics, including the motion of celestial bodies. Advances in the twentieth century established the Big Bang as the
prevailing cosmological model, now widely accepted by the scientific community. These developments have also stimulated
speculation regarding the very beginning of the universe. Bianchi type-I spacetimes represent simple generalizations of the
flat Friedmann-Robertson-Walker (FRW) models. Observations, such as the late-time cosmic acceleration (Perlmutter et al.
[1-3]; Riess et al. [4]; Allen et al. [5]; Peebles et al. [6]; Padmanabhan [7]; Lima [8]; Khadekar [9]; Dhankar [10-18];
Munyeshyaka [19-21]; Gadbail [22]; Panda [23]; Kumar [24]; Thakran [25]; Samanta [26]; Sanyal [27]), reveal that the
universe is undergoing accelerated expansion.

The cosmological constant (A) is a subject of considerable interest, with recent observations suggesting a value of
approximately 10¢m 2, which is dramatically smaller than the predictions from particle physics by about 120 orders
of magnitude. A remains a cornerstone of modern cosmological theory. Bulk viscosity, arising from phase transitions
in grand unified theories, may contribute to an inflationary phase in the early universe. There is substantial evidence
supporting a non-zero cosmological constant Riess et al. [28]. For instance, Zhang et al. [29] investigated Friedmann
cosmology on a codimension-2 brane with time-varying tension, demonstrating that A can remain independent of the brane
tension. Tiwari and Sharma [30] studied Bianchi type-III models incorporating strings and bulk viscosity within general
relativity, showing that such models can be shear-free. Wang [31-33], examined Bianchi type I-IX models in the presence
of string clouds. Numerous studies have explored viscous fluid cosmologies in the early universe. Tiwari et al. [34]
analyzed Bianchi type-I string cosmologies with bulk viscosity and a time-dependent A. Zeyauddin and Saha [35] studied
Bianchi type-V models incorporating bulk viscosity and particle production. Beesham et al. [36] proposed a Bianchi
type-I anisotropic model with a bulk viscous fluid, variable gravitational constant G, and A, where the bulk viscosity 7 is
related to the energy density p via n = nop™, with g < 0. They derived the modified Friedmann equation 3H> = Gp +
o2 + A, where o denotes shear and H is the Hubble parameter.

Further investigations by Tiwari [37], Tiwari and jha [38], Tiwari and Dwivedi [39] (2008-2010) explored isotropic
and anisotropic cosmologies, examining relationships among the cosmological constant A, the inverse power of the scale
factor (R™™), and the Hubble parameter H, with m as a constant. Tiwari and Sharma [40] analyzed LRS Bianchi type-II
models featuring a decaying A, while Tiwari et al. [41] studied Bianchi type-I models with a perfect fluid in general
relativity. Numerous other researchers [42—62] have also investigated the behavior and implications of the cosmological
constant. Another intriguing topic is the possible variability of the gravitational constant G. While the conventional view,
based on Newtonian gravity and Einstein’s general relativity, treats G as constant, some theories allow for its variation over
cosmic time. A time-varying G could revolutionize fundamental physics and have profound astrophysical consequences.
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Dirac [63] proposed that G decreases inversely with time when measured in atomic units, noting its approximate value as
10740 at the present epoch.

Cosmological models that include bulk viscosity, together with time-dependent gravitational and cosmological
constants, have received significant attention in contemporary theoretical physics [64,65]. Bulk viscosity arises naturally
in cosmic fluids due to particle interactions and phase transitions, and it can have a substantial impact on the dynamics of the
early universe [66]. In anisotropic spacetimes, such as Bianchi type-I models, viscous effects provide a useful framework
for exploring deviations from perfect fluid behavior while remaining compatible with observational constraints on cosmic
expansion. Models with variable gravitational G and cosmological A constants offer an alternative to the standard
ACDM framework, potentially addressing unresolved issues related to dark energy and late-time cosmic acceleration [67].
Polytropic equations of state have been applied to describe bulk viscous fluids, extending the barotropic case and capturing
more intricate thermodynamic properties [68,69]. These models often admit exact solutions to Einstein’s field equations,
allowing detailed investigations of the universe’s expansion history and the dissipation of anisotropy [64]. Moreover, the
combined influence of viscous effects and evolving G and A can produce scenarios consistent with current observations
of cosmic acceleration without invoking exotic fields [70]. In this study, we focus on a Bianchi type-I cosmological model
with polytropic bulk viscosity, permitting both G and A to vary over cosmic time, and we examine the evolution of key
cosmological parameters.

The structure of this paper is as follows: Section 2 presents the Bianchi type-I bulk viscous polytropic cosmological
model with variable G and A. In Section 3, we derive solutions to Einstein’s field equations under specific equations of
state and compute various physical quantities, including scale factors, the Hubble parameter, the expansion scalar, and the
deceleration parameter. Section 4 summarizes our conclusions.

2. THE METRIC AND IT’S FIELD EQUATIONS
The spatially homogeneous and anisotropic Bianchi type-I spacetime is described by,
ds* = —dt* + X{ (t)dx* + X5 (1)dy* + X3 (1)dz?, (1)
where, X (1), X»(t) and X3(¢) are functions dependent solely on cosmic time ?.

The energy—momentum tensor of a bulk viscous fluid is given by

T, =(p+pluyu” —pgy, (2)
where the effective pressure is defined as
p=p-3¢H. 3)
Here, p and p denote the energy density and equilibrium pressure, respectively, & is the coefficient of bulk viscosity, H is
the Hubble parameter, and the four-velocity u# satisfies the normalization condition g, u*u” = —1.

The Einstein field equations are expressed as

1
R}, - ERg; = —8nGT,, + Ag,,, 4

where G and A are the time-dependent gravitational and cosmological constants, respectively.
The expressions for the shear scalar p and the expansion scalar © are provided as follows:

0=u’ :l

Xl Xz X3
"3 Yty

+ =3H,
X X X3

1
o= EO'MV(T’MV

_1 Xt +X22 +X32 XX, XX XiXs )
3 X2 X2 X2 XX XoXs XiXs)
The Einstein’s field equation (4) supporting the metric (1) now become

24240225 8aGp+ A, (6)
X Xz XoX3
Xi X5 XiX _
—+ =+ =81Gp + A, 7
X% T @
Sy 2222 L grGp+ A, (8)

X1 X2 XiXs
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0| XXy Xy
X1X; XX3; X1X3

The divergence of the Einstein tensor produces an additional equation for the time variations of A and G, namely:

=8nGp + A, )

v 1 v
(R#_ERg'u) =0
Vv

which leads to
(8767 - Agy) =0

WV

yielding
L (X X Xs i}
8nGp + A+8nGip+ |+ + — + =0. 10
nGp Vs {p (Xl X X3)(P P)} (10)
The energy conservation Eq. (10) is divided into two equations after using Eq. (4), we get
(X X X _
|+ =+ = +p) =0, 11
p (X1 X X3)(p p) (11)
A +87Gp = 87G¢ X‘+X2+X32—0 (12)
Salih X X X3
3. SOLUTIONS OF THE FIELD EQUATIONS
We consider the relation as
¢ =éop” (13)
where, & > 0, and S is taken as a constant.
To derive the complete solution, we further consider the polytropic relation as follows:
p=ap® (14)

where a and { are constants characterizing the polytropic fluid, and p denotes the energy density. For simplicity, we set
the constant £ to unity.
We assume that the solution to the system of equations takes the following form:

Xl_Xz_Cl’l X3_a'2

= = —, = 15
Xi Xo " Xz m (15
where, a1, a; both are constants [4].
Upon integrating equation (15), we obtain the solution as follows:
Q]Il_n aztl_"
X=X, =a. , X3 =b. 16
where a and b are the constant of integration.
After using Eqns. (14) & (15) into Eq. (11), we have the values as given
) (1+a)Ra; + az)
p__ - 1 2 17
o t
After Integrating on both sides, we get
tl—n
o =azexp |-(1+a)2a; + a2) , (18)
(1-n)
Differentiating Eq. (18) on both sides, we have
- oy (a+ 1)(t2a1 + @) . [_ (1+ cz)1(201)+ @) tl_"} ’ (19)
n -n

By using Eq. (9), (15), (16) and differentiating on both sides, we have
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2n(a% +2a1a7) ) 2ay + an) 2
_t(1+—2n) = SJTGp + 87TG§ [I—n . (20)
Again, substituting Eqns. (13) & (19) into Eq. (20), we get the values as
G- _n(a% + 2a1a2) (@ +1)2a; + a/z)tl_n (@4 D(Q2a1 + @) . foaf_l~
4rasr?ntl (1-n) m
- (1 2 )
exp _(ﬁ )(1+a)( a’1+0’2)t1—n Q1)
(1-n)
A (oz% +22a'102) 42 (a% +2a1a) l _(@+1)(Q2a; + @) 4 éodP!
t n t2n+1 t" 3
-1
b= (B-1D(1 +a)(2a; + a2) - (22)
(1-n)

It shoulgl be noted that the parameters a;, a», and a3 are dimensional constants with dimensions 771 as dictated by the
ansatz X;/X; = a;t™", the dimension of 7 being 7. Consequently, the expression for A remains dimensionally consistent
with dimension L2 (or T~2) for arbitrary values of n. From the Eq. (13) and Eq. (18), we have

§=§m€xmp{—ﬁa*f??3;+“”r*"} 23)

Heren # 1.
Hence the metric in Eq. (1) simplifies to the following:

2 tl—n
ds® = —di* + a®.exp il (dx* + dy?)
(1-n)
2 Zaztl_" 2
+b“.exp | —— | dz". 24)
(1-n)
For the model in Eq. (24), the energy density p, Hubble constant H;, and coeflicient of bulk viscosity & are given by:
(1 + a)(2a1 + a/z)
= a3. 25
p a3 e'xp { (n _ 1)1‘"_1 ( )
a (0%
Hi=Hy= —L Hy= 22 (26)
where n > 1.
1 +a)2a; +
&= §gaf.exp —ﬂ( @) 21 Cy2)t1_" 27
(1-n)
1 2
p = a.az.exp (1 +0)(2a1 + @) ! (28)
(n—1)

4. GRAPHICAL REPRESENTATION OF PHYSICAL QUANTITIES

Figures 1 and 2 illustrate the temporal evolution of the energy density, p, which exhibits a mild increase at early
times followed by a more pronounced growth at later cosmic epochs. This behavior is indicative of a cosmological
model featuring dynamical phase transitions. The initial slow rise in p is consistent with radiation- or matter-dominated
expansion, whereas the subsequent rapid enhancement signals a transition toward dark energy domination, driving the
onset of late-time cosmic acceleration. In this context, the accelerated growth of p at late times reflects the increasing
dynamical influence of dark energy on the expansion history of the universe.

Alternatively, the sharp spike observed in the inset may be interpreted as a brief inflationary phase in the primordial
universe, characterized by a rapid amplification of the energy density over a short interval of cosmic time. The density
profile shown in Fig. 3 further corroborates this interpretation, displaying a sequence of quasi-stationary plateaus punctuated
by abrupt transitions. The presence of distinct vertical features indicates that the energy density remains approximately
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Figure 1. The relationship between energy density p and cosmic time 7 is defined with the parameters: @ = 0.1, n = 2,
a; =0.1,p =0.1 and a3 = 0.1.

10

Figure 2. The relationship between energy density p and cosmic time # in three-Dimensional is defined with the parameters:
a=0.1,n=2,a;=0.1,a =0.1 and a3 = 0.1.
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Figure 3. The relationship between energy density p and cosmic time ¢ in Density plot view is defined with the parameters:
a=0.1,n=2,a;=0.1,a =0.1and a3 = 0.1.

constant over extended epochs before undergoing rapid changes at specific cosmic times, consistent with discrete phase
transitions in the underlying cosmological dynamics.

Figures (4-6) illustrate the temporal evolution of the pressure, p, which grows approximately exponentially with
cosmic time. During the early epochs (1 < t¢), this growth is modest, while the pronounced steepening at later times
signals a major dynamical transition, potentially corresponding to primordial inflation or a cosmological phase change,
such as the onset of late-time acceleration driven by dark energy.
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Figure 4. The relationship between pressure p and cosmic time ¢ is defined with the parameters: @ = 0.1, n =2, @ =
0.1, =0.1and a3 = 0.1.
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Figure 5. The relationship between pressure p and cosmic time ¢ in three-Dimensional is defined with the parameters:
a=0.1,n=2,a;=0.1,a =0.1 and a3 = 0.1.
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Figure 6. The relationship between pressure p and cosmic time ¢ in Density plot view is defined with the parameters: @ =
0.1,n=2,a; =0.1,ap =0.1 and a3 = 0.1.

Figures (7-9) show a monotonic decrease of the gravitational constant, G, over cosmic time, consistent with a
broad spectrum of observational and experimental bounds, as detailed in the concluding section. This trend supports the
plausibility of a slowly varying gravitational coupling within the current cosmological paradigm.

The evolution of the cosmological constant, A, depicted in Figs. (10-12), exhibits a three-phase pattern: rapid initial
growth during the early universe, a peak in an intermediate epoch, and a subsequent decline toward near-zero values in
the late universe. These dynamics align with theoretical expectations, with A increasing exponentially or as a power law
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Figure 7. The relationship between Gravitational Constant G and cosmic time 7 is defined with the parameters: a = 0.1,
n=2,a; =0.1,ap =0.1 and a3 = 0.1.
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Figure 8. The relationship between Gravitational Constant G and cosmic time ¢ in three-Dimensional is defined with the
parameters: @ = 0.1,n =2, a; = 0.1, ap = 0.1 and a3 = 0.1.
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Figure 9. The relationship between Gravitational Constant G and cosmic time ¢ in Density plot view is defined with the
parameters: @ =0.1,n =2, a; =0.1, 2 = 0.1 and a3 = 0.1.

in the primordial phase, reaching a maximum in the intermediate era, and asymptotically approaching the small observed
value at late times.

Finally, the behavior of the bulk viscosity coefficient, &, as a function of cosmic time is presented in Figs. (13—15) via
density plots and three-dimensional visualizations. In the early universe, ¢ rises rapidly, significantly impacting expansion
dynamics; its growth continues at a slower rate during the intermediate epoch, and in the late universe, & stabilizes to an
approximately constant value, reflecting the damping of dissipative effects as the universe expands.



61
Cosmological Model with Polytropic Bulk Viscosity and Varying Gravitational... EEJP. 3 (2026)

_ — ]
0.02F
0.00f
r 0
_002F 5000 — A
< < 10000
-0.04} 15000
b 20000
-0.06f 00 02 04 06 08 1.0
r t
-0.08F
0 1 2 3 4 5

Figure 10. The relationship between Cosmological Constant A and cosmic time ¢ is defined with the parameters: @ =
0.1,n=2,a;=0.1,ap =0.1and a3 = 0.1.

Figure 11. The relationship between Cosmological Constant A and cosmic time ¢ in three-Dimensional is defined with
the parameters: @ = 0.1,n =2, a; = 0.1, ap = 0.1 and a3 = 0.1.

T
0.00001 0018

0014
8.x10°8

0.010

£.x108
0.006

4.%10° 0.002

-0.002
2,x108

-0.006

0.00000

0 2 1 6 B 10 -0.010

Figure 12. The relationship between Cosmological Constant A and cosmic time ¢ in Density plot view is defined with the
parameters: @ = 0.1,n =2, ¢; = 0.1, = 0.1 and a3 = 0.1.

5. SPECIAL CASES:

When % = ay and B = 1, the Cosmological constant A, the shear scalar o, Gravitational constant G, the expansion
scalar § and Hubble constant H; for the Eq. (24) is expressed as,

2na? o {Saz(a/ + l)tl_n} . {fo _Sap(a+ 1)}_1

1-n "
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Figure 13. The relationship between coefficient of bulk viscosity & and cosmic time ¢ is defined with the parameters: @ =
0.1,n=2,a;=0.1,ap =0.1and a3 = 0.1.

Figure 14. The relationship between coefficient of bulk viscosity ¢ and cosmic time ¢ in three-Dimensional is defined
with the parameters: @ =0.1,n =2, a; =0.1, 2, = 0.1 and @3 = 0.1.
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Figure 15. The relationship between coefficient of bulk viscosity & and cosmic time ¢ in Density plot view is defined with
the parameters: @ = 0.1,n =2, 1 = 0.1, ap = 0.1 and a3 = 0.1.
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It should be noted that e, has the dimension 7!, as implied by the ansatz X3/X3 = at™", while &; has the dimension
T~!. Consequently, the above expression for A possesses the correct physical dimension 72 (or L~2) for arbitrary values
of n, where the dimension of ¢ is T. Further,

2&2 [0%)

H, =H2=t_"’H3= pm
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When n > 0, the model in Eq. (24) initiates with a Big-Bang at # = 0, while the expansion scalar ® decreases as
time ¢ increases. On the other hand, when n < 0, the expansion in the model increases over time. When ¢t — 0, both the
Hubble parameter H and the shear scalar o~ approach infinity; however, as t — oo, the Hubble parameter H and the shear
scalar o approach zero. Since, lim; . & # 0, the model however does not achieve isotropy for large values of 7. As time
t increases, the spatial volume V decreases, and the rate of expansion also slows down. Since, & = fopﬁ and 8 > 1, the
model indicates the presence of inflationary phases.

When n = 1, Eq. (15) is expressed as,
X 1 Xz aq X3 (%)

X, X2 t’'Xs ot
After integrating on both sides, we get
X1 =Xp = a4.t", X3 = a5.t

Therefore, metric Eq. (1) reduces to
ds? = —dt* + ai.tzal (dx2 + dyz) + ag.tzazdf

Thus, the Gravitational constant G, the energy density p, Cosmological constant A, coefficient of bulk viscosity &,
Hubble constant H;, the shear scalar o, spacial volume V and expansion scalar ® are expressed as follows:

(1+a)a; + az)z}

p=N.exp{ ;

(1 + a)(2a1 + a2)2}

p =a.N.exp { ;

where N is the integration constant.

_ 2a(ay +2a0)t [ (1+a)(2a; + a2)? ]“
T 8n(1+a)a; + @) * { t }

1 2N
A= 21 + )t { = —
@1 (2a1 + a2) {ﬂ (1+a)(2a1+a2)}
1+a)2a; + a)?
tf:foNﬁ.exp{ﬂ( a)(ta/l 0/2)}
Hy=Hy="1 Hy=2
t t
1 ((l]—(lz) (29)
o =—
V3 t
@_Xl Xz X3 2CL/1+CY2
_Xl Xo X3_ t
V _ a4a5t(201+(22)
G 1 1
EOCH’AOCt_z’HOC?’G>0"D>O

It may be noted that the above expression for A in eqn. (29) is dimensionally consistent provided the parameter N
carries the dimension 773 (or L3 in geometrized units), thereby ensuring that A has the correct dimension T2 (or L72),
where T or L is the dimension of r. The expansion scalar ®, shear scalar o, Hubble parameter H, and cosmological
constant A all exhibit a decreasing trend with time. As cosmic time ¢ increases, o, H, ©®, and A gradually decline,
indicating that the universe experienced a rapid expansion in the past, which is slowing down over time. This behavior is
consistent with observations reported by numerous astronomers (Riess et al. [4,28], Perlmutter et al. [1], etc.). In contrast,
the gravitational constant G and the volume of the universe V show a positive correlation with time. Since the ratio g
remains constant, the model does not approach isotropy at late times. Moreover, if @; = a3, it implies that the polytropic
Bianchi type-I space-time is shear-free.
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6. CONCLUSIONS

The decreasing trend of the gravitational constant, G, with cosmic time inferred from Figs. (7-9) is consistent with
a broad range of independent constraints spanning cosmological, astrophysical, and laboratory scales. CMB observations
from Planck (2018) limit fractional variations to AG/G < 0.1% over ~ 13.8 Gyr, while BAO measurements from SDSS,
BOSS, and DES constrain AG/G < 0.2% over ~ 10 Gyr. Type Ia supernovae from the Union2.1 compilation impose
AG/G < 0.3% over ~ 9 Gyr. At shorter timescales, gravitational redshift tests of compact objects bound G/G <
10~3 yr~!, binary pulsar timing yields G/G < 10~'2yr~!, advanced LIGO O1-02 observations constrain G/G <
107! i yr~! g glnd high-precision torsion balance and Cavendish-type experiments further tighten laboratory limits to G /G <
10714-10" 1 yr1,

Astrophysical observations further support a mild temporal decrease of the gravitational constant, with analyses of the
M67 star cluster indicating a ~ 5% reduction in G over ~ 4.5 Gyr, while galaxy rotation curve studies based on the SPARC
dataset suggest a ~ 3% decrease over ~ 10 Gyr. Ongoing and forthcoming experimental and observational programs
will continue to investigate the compelling possibility of a time—varying gravitational constant, G, with unprecedented
accuracy. The Square Kilometre Array (SKA) is expected to place stringent constraints on deviations in G through
high—precision measurements of baryon acoustic oscillations and cosmic shear, while the Laser Interferometer Space
Antenna (LISA) will probe such variations using gravitational-wave observations of compact binary systems. In parallel,
next—generation torsion balance experiments will further tighten laboratory bounds on both temporal and spatial variations
of G, and the James Webb Space Telescope (JWST) will provide complementary astrophysical constraints by examining
stellar evolution and age determinations across diverse cosmic environments.

In this paper, we derived solutions to Einstein’s general relativity equations for a Bianchi type-I spacetime with a
polytropic bulk viscous fluid. We observed that as time approaches ¢ — 0, the spatial volume V — oo, indicating that
the universe begins with zero volume and expands infinitely in both the distant past and future. The influence of bulk
viscosity on cosmic evolution, particularly in its early stages, appears to be significant. Additionally, when ¢t — 0, the
energy density p, cosmological constant A, expansion scalar @, shear scalar o, coefficient of bulk viscosity & all tend to
infinity. Conversely, as ¢t — oo, these quantities approach zero.

Since g remains constant, the model does not approach isotropy for large values of ¢. The spatial volume V
increases with time if @, > 0, and since & = &p”, B > 0, the model leads to an inflationary solution. The gravitational
constant G increases with the universe’s age, suggesting that gravity was weaker in the past and has been strengthening
over time, consistent with previous results from Abdussattar and others (Vishwakarma [52], chow [45], Levitt [47]). The
cosmological constant follows A o tiz, aligning with models from Kalligas et al. [46], Berman et al. [42], Berman et al. [42],
Bertolami [43,44] Singh [49], Tiwari [50,51], is physically consistent with current observations indicating a small A in
the present universe. Ultimately, the solutions developed in this work offer a coherent theoretical framework for analyzing
the evolution of a Bianchi type-I universe with a polytropic bulk viscous fluid and time-varying G and A. They clarify
the combined roles of bulk viscosity, anisotropy, and dynamical fundamental constants, while remaining consistent
with observational constraints and providing meaningful insights into cosmic evolution. Further comprehensive analysis
demonstrate that different time-dependent scenarios produce significant variations in key physical parameters, impacting
the universe’s dynamical evolution. The geometrical structure and observational implications of the model are further
explored, offering insights into its consistency with cosmological data and theoretical predictions.
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V 1iii cTaTTi JOCHiAKYIOThCS PiBHAHHA 1oyisl EifHinTeliHa B paMKaxX KOCMOJIOTIYHOI MOZIE, SIKa BKJIIOUA€E MOMITPOIHY 00’ €MHY B’ SI3KY
piauHY, IPUYOMY I'paBiTaliliHi Ta KOCMOJIOTiYHi KOHCTaHTH 3MiHIOIOThes Y BeecBiTi Tumy Bianki I. CioctepiraeTses, 1110 pi3Hi cLeHapii,
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We investigate the dynamics of an anisotropic Bianchi type VIj cosmological model within the framework of f(R, L,,) gravity by
adopting a curvature—matter coupled form f(R,L,,) = % + L%. A hybrid expansion law a(t) = €At is employed to describe the
cosmic evolution, allowing a smooth transition from an early decelerated phase to a late-time accelerated expansion. The parameter
a = 0.4 is chosen to ensure stable and physically viable behavior of the model. The analysis shows that the scale factor and spatial
volume increase monotonically with cosmic time, indicating a continuously expanding universe. The deceleration parameter exhibits a
transition from positive to negative values and approaches the de Sitter limit at late times. The equation of state parameter evolves from
a matter-dominated regime toward the quintessence region and asymptotically approaches w = —1. The energy density remains positive
and decreases with time, while the pressure stays negative throughout the evolution, supporting accelerated expansion. Furthermore,
the statefinder diagnostics in the {r, s} and {r, ¢} planes demonstrate that the model deviates from standard cosmology at intermediate
epochs and converges to the ACDM fixed points at late times. These results indicate that the proposed model provides a consistent and
viable description of dark energy-driven cosmic evolution.

Keywords: f(R, L,,) gravity; Bianchi type VIy universe; Hybrid expansion law; Anisotropic cosmology; Statefinder Diagnostics;
Cosmic acceleration

1. INTRODUCTION

Modern cosmology has undergone a significant transformation following compelling observational evidence indicating that the
universe is currently undergoing a phase of late-time accelerated expansion. This phenomenon was first established through observations
of Type la supernovae (SNe Ia) [1,2], and was subsequently supported by measurements of the cosmic microwave background (CMB)
radiation [3], large-scale structure (LSS) surveys [4], and high-precision observations from the Planck mission [5]. Within the
framework of standard cosmology, the ACDM model provides the simplest explanation for this acceleration through the inclusion of
the cosmological constant A. Despite its remarkable observational success, this model suffers from well-known theoretical issues,
particularly the fine-tuning and cosmic coincidence problems [6—8]. These limitations have motivated the development of alternative
theoretical approaches beyond general relativity. Among these, modified theories of gravity have emerged as promising alternatives.
In particular, extensions such as f(R) gravity and related frameworks have been extensively studied [9-11]. A further generalization
is provided by the f(R, L,,) theory of gravity, in which the gravitational action depends on both the Ricci scalar R and the matter
Lagrangian density L,, [12]. This formulation introduces a non-minimal coupling between matter and geometry, leading to modified
field equations and non-conservation of the energy-momentum tensor [13, 14]. Recent investigations have explored the cosmological
implications of this theory in various contexts, including anisotropic models and hybrid expansion behavior [15-17]. Although the
Friedmann-Lemaitre—Robertson—Walker (FLRW) metric successfully describes a homogeneous and isotropic universe, it does not
account for possible anisotropies that may have existed during the early stages of cosmic evolution. In this context, Bianchi-type
cosmological models provide a natural generalization by allowing directional dependence in expansion rates. The pioneering works
of Ellis and MacCallum [18], along with Collins [19], established the importance of anisotropic cosmologies. several studies have
demonstrated that such models can effectively describe more realistic cosmic scenarios and their dynamical evolution [20,21]. To
describe a realistic cosmic history that includes both early-time deceleration and late-time acceleration, the hybrid expansion law (HEL),
given by a(r) = ef't”, has been widely employed due to its ability to unify both phases of cosmic evolution [22]. In addition, the
statefinder diagnostic pair {r, s} introduced by Sahni et al. [23] provides an effective tool for distinguishing different dark energy models
and for comparing them with the standard ACDM scenario. In particular, Bianchi type VIp cosmological models within modified
gravity frameworks have been investigated in several studies, including those addressing anisotropic dynamics and exact solutions [24].
The formulation and field equations adopted in the present work are closely related to recent developments in this direction [25]. More
recently, considerable attention has been devoted to examining the cosmological viability and broader implications of f(R, L,,) gravity.
Singh et al. [26] investigated a constrained cosmological scenario within this framework and demonstrated its potential for describing
the observed accelerated expansion. The applicability of matter—geometry coupling to early-universe phenomena was further explored
by Jaybhaye et al. [27] in the context of cosmological baryogenesis. Shukla et al. [28] analyzed FLRW dynamics by incorporating an
equation-of-state parametrization, while Solanki et al. [29] extended the scope of f (R, L,,) gravity to wormhole configurations. A more
comprehensive examination of the cosmological background and perturbative evolution was presented by Sahlu et al. [30], providing
useful constraints on the model parameters and its observational behavior. Beyond conventional late-time cosmology, bouncing scenarios
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and their dynamical stability have also been investigated within this theory [31]. Recent studies have further applied matter—geometry
coupling to string cosmological models [32], illustrating the versatility of the f (R, L,,) framework in describing different matter sources
and cosmic geometries. The growing emphasis on observational consistency is evident in recent analyses of late-time cosmic dynamics
using contemporary datasets [33], as well as Bayesian investigations aimed at assessing the ability of f(R, L,,) models to alleviate the
Hubble tension [34]. Navarro-Coyd’an et al. [35] showed that matter—geometry coupling can support an accelerating late-time Universe
and de Sitter-like evolution without adding a separate vacuum contribution. Goswami and Pradhan [36] assessed the consistency of
this gravity framework with current cosmological observations and obtained bounds on the model parameters. Recent studies have
further explored the cosmological relevance of f(R, L,,) gravity by investigating its implications for anisotropic cosmological models,
matter—geometry coupling, and the evolution of different matter sources under modified gravitational dynamics [37]. Collectively, these
developments indicate that f (R, L,,) gravity provides a flexible theoretical setting for studying early- and late-time cosmic evolution,
non-standard matter configurations, anisotropic effects, and observational departures from the standard ACDM paradigm.

Motivated by these developments, the present work investigates a Bianchi type VIy cosmological model within the framework
of f(R, L,,) gravity by employing a hybrid expansion law. The physical behavior of the model is analyzed through key cosmological
parameters, including the deceleration parameter, equation of state parameter, and statefinder diagnostics. The results are examined to
assess the consistency of the model with current observational data and the standard cosmological paradigm.

1.1. f(R, L,,) Field Equations

The gravitational dynamics in f (R, L,,) gravity are described by a generalized action in which the Ricci scalar R and the matter
Lagrangian density L,, are treated as independent variables. The action is given by

S:/f(R,Lm)ﬁd“x. ey

where g denotes the determinant of the metric tensor.
In the present work, we consider the specific functional form

R
F(R.Ly) = 5+ L, @

where « is a constant parameter that characterizes the strength of the matter—geometry coupling. The corresponding partial derivatives
of the function are
_of 1

— = — = a-1
fR = OR = 27 fLm aLm (YLm . (3)

By varying the action with respect to the metric tensor, the field equations in f(R, L,,) gravity are obtained as [12, 14]
1 1
JRRij — E(f = JLnLm)gij + (80— ViVj) fr = EfLmTij, (C))]

where O = VKV, is the d’Alembert operator and V; denotes the covariant derivative.
In f(R, L,,) gravity, the choice of matter Lagrangian density for a perfect fluid is not unique. Common choices such as L,, =
—p and L,, = p have been widely discussed in the literature [12-14]. In this work, we adopt the physically motivated choice L,, = p,
which yields
fm = ap®h. s)

Since fr = % is constant, the derivative term vanishes identically, i.e.,
(80— ViV;)fr = 0.
Substituting the above results into the field equations, we obtain

1 1(R 1 _
3 ij—§(5+(1—d);0“)gij=§0lp“ 'T;;. (6)

Multiplying throughout by 2 and simplifying, the modified field equations reduce to
1 -
Rij = 5Reij = ap® 'Tij - (@ = 1)p“gij. (M

This equation represents a modified form of Einstein’s field equations in which the effective gravitational coupling becomes
matter-dependent through the factor p®~!, and an additional term proportional to p® emerges, which can be interpreted as an effective
cosmological contribution arising from matter—geometry coupling.

2. GEOMETRICAL SETUP AND FIELD EQUATIONS
We consider a spatially homogeneous but anisotropic Bianchi type VI space-time, represented by the metric
ds® = —di* + A%(1) dx? + B2 (1) e 2 dy? + C?(1)e** dZ?, ®)

where A(t), B(t), and C(t) denote the directional scale factors corresponding to the three spatial directions.
In order to analyze the geometrical structure of the model and derive the corresponding gravitational field equations, it is necessary
to evaluate the curvature quantities associated with the metric. In particular, the Ricci tensor R;;, which characterizes the curvature of
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space-time, is obtained through contraction of the Riemann curvature tensor. It can be expressed in terms of the Christoffel symbols
Ffj as follows:
Rij = ajr{‘k—akr{}+ri’;r§k—rfjr,’d. 9)
The Ricci scalar, which provides a measure of the curvature of space-time, is defined as the contraction of the Ricci tensor with the
metric tensor, and is given by
R =g"R;;. (10)

For the considered Bianchi type VIy metric, this expression reduces to

R:—Z(A B C)_2(AB BC AC 2

atstc) *\agtBcTac)t a (v

We assume that the matter content of the universe is described by a perfect fluid in a space-time characterized by the metric signature
(=, +, +, +). The corresponding energy—momentum tensor is given by

Tij = (p + p)uiuj + pgij, (12)

where p and p denote the energy density and isotropic pressure of the fluid, respectively, and u’ represents the four-velocity vector. The

four-velocity satisfies the normalization condition .
u'u; = —1. (13)

For a comoving observer, the fluid remains at rest in the chosen coordinate system, and hence the four-velocity is expressed as
u' =(1,0,0,0). (14)

Using this form of the four-velocity along with the metric components, the non-zero components of the energy—momentum tensor

are obtained as
Too=p. Ti=pA>, Tp=pB’e ™, Ty=pCe™. (15)

3. FIELD EQUATIONS FOR BIANCHI TYPE VI, SPACE-TIME

By substituting the metric functions corresponding to the Bianchi type VI space-time into the modified field equations of
f(R, L,,) gravity, we obtain a set of coupled non-linear differential equations that govern the dynamical evolution of the model. The
independent field equations can be written as follows:

—+—+—+—=ap® 'p-(a-1)p°, (16)

B C BC A?

A ¢ AC 1 el @

X+E+R—E—a’p P—(a/_l)P, (17
A B AB 1 .

O o I VRIS DN 1
Atstag oty (a=1)p°, (18)

AB BC AC 1

L+ — =(1-2a)p" 1
a8 "BC T ac T n2 ( p7s (19)
B C
5_Y_ 2
B C 0 (20

Equation (20) establishes a first-order differential relation between the metric functions B and C. This relation can be expressed in the
form

%(lnB—lnC) =0, 1)

which indicates that the difference In B — In C remains invariant with respect to cosmic time.
Integrating Eq. (21), we obtain

InB-InC =Ink, (22)
where k is a constant of integration. This relation can be rewritten as
B
— =k. 23
c (23)

Since the constant k can be absorbed through an appropriate rescaling of the spatial coordinates, it is convenient to choose k = 1
without affecting the generality of the solution. Consequently, Eq. (23) reduces to

B=C. 24)

This result imposes a constraint on the metric potentials, effectively reducing the number of independent scale factors. As a
consequence, the system of field equations becomes simpler and more manageable for further analysis. By applying the condition B =
C obtained in Eq. (24), the system of field equations (16)—(19) simplifies considerably. The resulting set of independent differential
equations can be expressed as
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. )
B (B 1 O
25*(5) + 5 =app—(a=1p", (25)
A B AB 1 a-1
4,222 ° 2 —(a-1)p% 2
1Tt ag - P (e-Dp” (26)
AB (B\® 1
22— 4|2 - = = (1-2a)p° 27
AB (B) a2 = (1=2a0p @n

4. HYBRID SCALE FACTOR AND PHYSICAL PARAMETERS

To close the system of field equations, we assume that the ratio of the shear scalar o to the expansion scalar 6 remains constant,

ie.,
o
i constant. (28)

This condition leads to a linear relation among the directional Hubble parameters and, upon integration, yields
A=B", (29)
where m is a constant characterizing the anisotropy of the model. Using the relation B = C (Eq. (24)), we obtain
A=B"=C". (30)
The average scale factor a is defined through the relation
a’ = ABC, (3D
which corresponds to the spatial volume. Substituting Eq. (30), we get
a@® = B2, (32)

leading to

3m

B=C=am, A=ana, (33)
To describe the cosmic evolution, we employ a hybrid expansion law characterized by the scale factor

a(r) = Py, (34)

where 8 and y are positive constants. This form allows a smooth transition from an early decelerating phase to a late-time accelerated
expansion. Differentiating Eq. (34) with respect to cosmic time ¢, the first derivative of the scale factor is obtained as

i =ePyy (,B + %) , (35)
The second derivative takes the form
i =P (’3_‘. Z)Z_l , (36)
t 2
and the third derivative is given by
33 2
_ YD (5 2) 2
a=eP'tY (,B+t) p (ﬁ+t 5 (37

The Hubble parameter, which characterizes the rate of expansion of the universe, is defined as
H=2. (38)
a
Substituting the expression for ¢ from Eq. (35) into Eq. (38), we obtain
H:ﬁ+%. (39)

The spatial volume of the anisotropic universe is given by
V= a3, (40)

which represents the total volume expansion of the cosmological model. Using the hybrid scale factor defined in Eq. (34), the volume
can be expressed as
V=eFrr, 1)

The expansion scalar 6 describes the rate of volume expansion of the universe and is related to the Hubble parameter by

0 =3H. (42)
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Substituting the expression for H from Eq. (39), we obtain
- Y
9_3(,3+t). (43)

The deceleration parameter g provides information about the acceleration or deceleration behavior of the universe and is defined
as

g=-1-—. (44)

= - (45)
Substituting Eqgs. (39) and (45) into Eq. (44), the deceleration parameter is expressed as
Y
g=-1+—"——. (46)
(Bt +y)?

From Eq. (46), it follows that at early cosmic times (small ¢), the second term dominates, leading to g > 0, which corresponds
to a decelerating phase. In contrast, for sufficiently large values of ¢, the parameter approaches ¢ — —1, indicating a transition to an
accelerated expansion phase consistent with late-time cosmological observations. By utilizing the reduced field equations (25)-(27)
together with the hybrid scale factor defined in Eq. (34), the expression for the energy density of the cosmic fluid is obtained as

@

1 |9@m+1)
1-2a | (m+2)?

(B+2) - — 7

t (eﬁtty)ﬁ

p(t) =

with the restriction @ # % to avoid singular behavior.
Substituting the above expression for the energy density into the modified field equations, we obtain the corresponding pressure
of the cosmic fluid as

1
a/p(l—l

(15 — 6m)
(m +2)?

p= (B+2) + — 5 — —(1-)p°|. (48)

(eﬁt t)/) m+2

] s S N

5. STATEFINDER DIAGNOSTIC

To analyze the evolutionary behavior of the proposed cosmological model, we make use of the statefinder diagnostic, which
provides a geometrical characterization of dark energy models through higher-order derivatives of the scale factor. The statefinder
parameters are defined as

r=—, (49)
Rl (50)

where g denotes the deceleration parameter.
Using the expression of the deceleration parameter derived earlier, we write

oy
2(p+2)

Substituting the expressions for a, d, d, and & from Eqgs. (34), (35), and (37), along with the Hubble parameter given in Eq. (39),
into Eq. (49), we obtain the statefinder parameter r in the form

g=-1+ 51)

2
SR R (52)

2B+ A+

Further, substituting Egs. (51) and (52) into Eq. (50), the parameter s can be expressed as

— 2
5= 3y + 24 . (53)

a2’ (a-d) e+ (o-4)
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Figure 1. Evolution of the scale factor a(¢) and spatial volume V (#) with cosmic time ¢ for 8 = 0.5 and y = 0.6.
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Figure 2. Energy density p(#) versus cosmic time ¢ for 8 = 0.5,y = 0.6, and @ = 0.4.
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Figure 3. Thermodynamic pressure p(¢) as a function of cosmic time ¢ for 8 = 0.5 and y = 0.6.
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Evolution of Deceleration Parameter ¢
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Figure 4. Deceleration parameter ¢(¢) versus cosmic time ¢ for 8 = 0.5 and y = 0.6.
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Figure 7. Equation of state parameter w(¢) versus cosmic time ¢ for 8 = 0.5 and y = 0.6.

6. DISCUSSION AND CONCLUDING REMARKS

The present study investigates a dynamical dark energy model governed by a hybrid expansion law within the framework of
f(R, L,,) gravity. Based on the analytical expressions and graphical analysis of the cosmological parameters, the following conclusions
are drawn:

= The evolution of the scale factor a(¢) and spatial volume V(¢), shown in Fig. 1, demonstrates a continuous and monotonic increase
with cosmic time. This confirms a persistently expanding universe without any indication of recollapse. The rapid growth of the
spatial volume at later times reflects the accelerated expansion governed by the hybrid expansion law.

= The energy density p(t), depicted in Fig. 2, remains strictly positive throughout the evolution and decreases monotonically with
time. The initially large value of p at early times followed by gradual dilution is consistent with an expanding universe and satisfies
the Weak Energy Condition.

= The thermodynamic pressure p(t), shown in Fig. 3, remains negative for all cosmic time. The large negative pressure at early epochs
gradually approaches a small negative value at late times, providing the repulsive effect responsible for the observed accelerated
expansion.

= The deceleration parameter ¢(¢), illustrated in Fig. 4, exhibits a smooth transition from a decelerated phase (¢ > 0) to an accelerated
phase (g < 0). The transition occurs at early cosmic time, and at late times g asymptotically approaches —1, indicating convergence
toward a de Sitter phase.

= The statefinder diagnostics in the {r, s} and {r, ¢} planes, shown in Fig. 5 and Fig. 6, respectively, reveal that the model deviates
from the ACDM behavior during intermediate stages and eventually converges to the fixed points (0, 1) and (-1, 1) respectively.

= The equation of state parameter w(t), illustrated in Fig. 7, evolves from values close to zero at early times into the quintessence
region (—1 < w < —1/3), and asymptotically approaches w — —1. The condition w < —1/3 is consistent with the negative values
of the deceleration parameter shown in Fig. 4, confirming accelerated expansion.

Overall, the proposed model successfully describes a transition from an early decelerated phase to a late-time accelerated universe.
The consistent behavior of ¢, w, p, and p, along with the convergence of statefinder parameters toward the ACDM limits, confirms the
physical viability of the model as a realistic description of dark energy-dominated cosmic evolution.

6.1. Statefinder Diagnostic Analysis

The {r, s} statefinder diagnostic, introduced by Sahni et al. [23], is employed to characterize the evolutionary trajectory of the
proposed dark energy model and to distinguish it from standard cosmological scenarios. As shown in Fig. 5, the trajectory originates
in the vicinity of the ACDM fixed point (s,r) = (0, 1) and then evolves into the region s > 0 with r < 1, which is typically associated
with quintessence-like behavior.

A notable feature of the evolution is the non-monotonic, hook-like trajectory observed in the s—r plane. The model departs from
the ACDM point during the intermediate stages of cosmic evolution, reaching a minimum value of the statefinder parameter r before
turning back toward the fixed point. This behavior reflects the dynamical nature of the dark energy component.

The directional arrows in the figure indicate the progression of cosmic time, showing that the trajectory gradually returns and
asymptotically approaches the de Sitter attractor at (s,r) = (0,1). This convergence suggests that the model becomes effectively
indistinguishable from the ACDM scenario at late times.

Overall, the characteristic loop-like evolution in the {r, s} plane highlights the transient deviation from the cosmological constant
behavior and provides a useful diagnostic feature for comparing the present model with other dark energy scenarios.
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6.2. Geometrical Diagnostic in the {r, g} Plane

To further investigate the expansion dynamics, we analyze the trajectory in the {r, g} statefinder—deceleration plane, as shown
in Fig. 6. This diagnostic provides a geometrical interpretation of cosmic evolution by relating the deceleration parameter g and the
statefinder parameter r [23].

The trajectory begins in the decelerated regime (¢ > 0) with  ~ 1, and then evolves toward lower values of r as the universe
transitions into the accelerated phase (¢ < 0). A distinct minimum in r is observed during the intermediate stage of evolution, indicating
a departure from the standard ACDM behavior.

As cosmic time progresses, the trajectory turns upward and asymptotically approaches the de Sitter fixed point (¢, r) = (-1, 1).
This convergence confirms that the model ultimately evolves toward a late-time accelerated phase consistent with the ACDM scenario.

The smooth and continuous nature of the trajectory across the ¢ = 0 transition demonstrates a stable evolution from deceleration
to acceleration, without any abrupt changes in the expansion dynamics. The characteristic curved path in the {r, g} plane reflects the
dynamical nature of the model and distinguishes it from the constant behavior of the standard cosmological constant model.
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B. P.Iarix', A. C. ITanypkap?, I1. A. Boake’
' Kagpeopa mamemamuru, mucmeums, nayxu ma xomepuii, Konedc, Yixxardapa, oxpye Ampagami (MS), Indis, 444807
2Kagpedpa mamemamuxu, npogp. Incmumym mexnonoziii ma docaidxcens in. Pana Meze, Baouepa,
oxpyez Ampasami (MS), Inois, 444701
3Kagpedpa mamemamuxu, npogh. Konedor inxcenepii ma menedxcmenmy in. Pama Meze, Baduepa, oxpye Ampasami (MS), Indis

Mwu JocIiIKyeEMO IMHAMIKY aHi30TpOIHOI KocMoJtoriuHoi Mozeni tuny b’ suki VI B pamkax rpasitauii f(R, Ly,), npuiiMaioun popmy
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The f(Q, T) gravity has been used in this research to study the Kaluza-Klein universe in the presence of matter distribution. In this
theory of gravity, the action contains an arbitrary function f(Q,T) where Q and T respectively denote the non-metricity and the trace
of energy momentum tensor. The linear and additive form of f(Q,T) gravity, f(Q,T) = aQ + BT where a and f are arbitrary
constants, is taken into account in this work. To achieve a physically viable solution of the field equations, we have considered power
law and exponential expansion law. We investigate the evolving character of the universe with physical and geometrical properties
within this theoretical framework. To enhance clarity, statefinder diagnostic and EoS parameter are examined, to characterize
different phases of the universe. The energy conditions of the models are also analyzed and found to be consistent with recent
cosmological observations. Besides, one of our models inherently allows a phantom region for dark energy. Further the models
examined in this work are confirmed through stability analysis.

Keywords: f(Q,T) gravity; Kaluza-Klein space-time; Equation of state; Energy conditions

1. INTRODUCTION

The study of universe’s accelerating expansion confirmed by numerous observations over the last two decades, is
a major cosmological enigma among researchers. This concept of accelerated expansion of the universe is strongly
backed by astronomical observations of type Ia Supernovae [1-3] and measurements of cosmic microwave background
(CMB) from the Wilkinson Microwave Anisotropy Probe (WAMP) [4-5]. Over the past few years, many researchers
have explored dark energy models and are probing the dynamic relationship between dark energy (DE) and cosmic
evolution. Modifying the geometric part of the Einstein-Hilbert action is a promising approach for understanding DE.
Researchers have proposed modified gravity theories to explain the universe’s acceleration, offering alternative
frameworks to understand this phenomenon. Several modified theories have emerged such as f(G) gravity [6], f(R)
gravity [7], f(R,T) gravity [8], f(T) gravity [9], f(G,T) gravity [10], f(R, T, R, T*") gravity [11], f(Q) gravity [12]
and the recently proposed f(Q,T) gravity [13-14] to explore the dark energy and other cosmological challenges.

Among the several modified theories of gravitation, f(Q,T) theory of gravity proposed by Xu et al. [13] has
received a lot of interest in recent years. It has been suggested that cosmic acceleration can be achieved by replacing the
Einstein - Hilbert action of general relativity with a function f(Q, T) where Q and T denotes the non-metricity and the
trace of energy momentum tensor respectively. The f(Q,T) gravity is an extension of symmetric teleparallel gravity,
which is built on the non-minimal coupling between the non-metricity Q and the trace T of matter energy momentum
tensor. This coupling yields results in the non-conservation of the energy-momentum tensor possibly offering
mechanisms for matter generation or decay in the early or late universe and potentially explaining cosmic acceleration.
Inspired by this, we employ the f(Q,T) gravity theory to explore plausible explanations for various cosmological
phenomena occurring in the universe. Subsequently, f(@Q,T) gravity has been widely explored across cosmological and
astrophysical contexts, including studies of investigations of cosmic acceleration [15-18], energy conditions [19],
cosmological inflation [20-21], wormhole solution [22-24], viability of f(Q,T) gravity [25-26], Baryogenesis [27],
bounce cosmology [28-30], Rip cosmology [31].

In the present era, research on higher-dimensional space-time is a highly active area of investigation. Today’s
conventional four-dimensional space-time could have been preceded by a multi-dimensional phase. Higher dimensional
cosmology may provide solutions to basic inquiries concerning the universe, encompassing its origin, structure and
evolution. It also seeks to merge the two essential natural forces, gravity and electro-magnetism. The idea of an
additional dimension was initially presented by Theodor Kaluza [32] and subsequently developed by Oskar Klein [33].
Kaluza added a fifth dimension to ordinary four-dimensional space-time and suggested that the geometry of higher
dimensional space-time could account for both gravity and electromagnetism in single framework. Kaluza-Klein theory
provides solutions to the flatness, horizon and cosmological constant issues found in the conventional cosmological
model. This is achieved by introducing extra spatial dimensions, in which fundamental constants such as the
gravitational constant and gauge couplings are treated as dynamical fields. These fields evolve during the
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compactification process in the early universe. Nowadays, higher dimensional cosmology has attracted the interest of
numerous researchers. The five-dimensional Kaluza-Klein theory now captures the attention of many scholars [34-35].
Recently, Ray and Baruah [36] have delved into five-dimensional Kaluza-Klein cosmological model featuring two fluid
sources. Pawar et al. [37], Katore et al. [38] have investigated the behavior of strange quark matter for Kaluza-Klein
cosmological model in Lyra Geometry and f(R,T) gravity respectively. Wankhade and Nimkar [39] studied the
dynamic behavior of Kaluza-Klein universe in scalar tensor theory of gravitation. Authors of [40-41] have explored
different aspects of Kaluza-Klein cosmological model in modified theories of gravity. Recently Ugale et al. [42] have
investigated cosmological model with matter distribution in Brans-Dicke Theory of Gravitation. Wath and Nimkar [43],
Nimkar and Hadole [44] have studied stability of cosmological model with matter distribution in Ruban’s background
and self-creation theory respectively.

In this paper, we propose to investigate five-dimensional Kaluza-Klein metric in presence of matter distribution
within the framework of f(Q,T) gravity by considering two different kinds of volumetric expansion namely power law
and exponential expansion law. The paper is structured as follows: Section 1 contains a concise introduction and the
motivation behind the current work. The framework of f(Q,T) gravity is given in Section 2. In Section 3, we have
derived the metric and field equations. In Section 4, we derived the solution of field equations. The physical and
kinematical characteristics of power and exponential expansion law models are explored in Sections 5 and 6. Statefinder
diagnostic, energy conditions and stability analysis are examined in Section 7. Conclusion is presented in Section 8.

2. THE FRAMEWORK OF f(Q,T) GRAVITY
The field equations of modified f(Q, T) gravity are derived from Hilbert Einstein variational action principle [13]

S = (3f@T) + L) [—gdx (1)

where f(Q,T) is a function of the non-metricity scalar Q and the trace of the matter-energy-momentum tensor T , also
L,, is Lagrangian of the matter and g = det(g,, ). The non-metricity scalar Q is defined as

Q= _guv(l‘aﬁul‘ﬁva - LaﬁaLﬁuv) (@)
where L%, represents the disformation tensor which is given by,

1
Lg, = —29°°(V,9ps + Vpgsy — Vs9py) 3)
The non-metricity tensor is defined as
Qyuv = Vyguv 4)
The trace of the non-metricity tensor is derived as follows
Qq = g#anuv ’ Qa = g#quav )

The superpotential or the non-metricity conjugate of the model is given by

1 1 ~ 1
Pauv = _ELa,uv + 2 (Qa - Qa)guv - Zsa(uQv) (6)

The energy-momentum tensor is defined as

_ 2 6(V=gLm) _ 8Tap
Tuv = _\/T_gTﬂvm and 9#1, = gaﬁyzv (7)

The field equation of f(Q,T) gravity is obtained by varying the action (1) with respect to the metric tensor g,,,, as [13]

2 1
_ﬁva(fQ\/ _gpauv) - Efg,uv + fT(T/,w + euv) - fQ (Pua,BQvaﬁ - ZQa'B#Pa,Bv) = 877:Tuv (8)
where f = Z—g , fr= Z—]Tc and the non-metricity tensors Q,% = -v,g% , QF u= g ghe Y, 9pu
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3. THE METRIC AND FIELD EQUATIONS
We have considered the five-dimensional Kaluza-Klein space-time as

ds? = dt? — A%[dx? + dy? + dz?] — B2dy)*? ©)

where the metric potentials A , B are functions of cosmic time ¢t only and the fifth coordinate v is taken to be space-like.
The energy momentum tensor of matter (Landau and Lifshitz [45]) is given by

T;j = (e + pPuu; — pgi; (10)
where p and ¢ are pressure and energy density respectively and u; = (1,0,0,0,0) is the velocity vector in comoving
coordinates which satisfies the condition u'u; = 1.

From Eq. (10), we get
TL=T}=T3=Tt=-p,T0=¢,T=c—4p (11)

Gj‘ is derived as

6} = 8/p — 2T} = diag (p — 2¢,3p, 3p, 3p, 3p) (12)

For given cosmological model, the non-metricity scalar @ is found to be

0=-6(5+2) (13)

Az  AB

The field Eq. (8) for the line element (9) with energy momentum tensor (11), also using Egs. (12) and (13) can be
written as

1 A2 AB ~ =
1f+ 65, (Zﬁﬁ) = 8nGp —8n(1+G)e (14)
1 A B A2 AB . A B ~
2+ o (25454 a5+ 555) o (25+5) =8n(1+26)p (15)
) i A2 AB i ~
Ef+3fQ(Z+ZZ+E)+3fQ;=871(1+2Cv')10 (16)

where fr = 8mG and an overhead dot refers to derivative with respect to time t.
For the given cosmological model, the physical parameters are defined as follows. The spatial volume V is given by

V =a*=A%B (17)

where a is the average scale factor.
The generalized mean Hubble’s parameter H is expressed as

where H, = % =H, =H, and Hy =§ are the directional Hubble parameters in the direction of x,y,zandy

respectively.
The expansion scalar 8, mean anisotropy parameter A,,, the shear scalar a2 are expressed as

0 = 4H (19)
Ay =2t (BHY 0)

0% =2 H?Ay, Q1)
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4. SOLUTIONS OF THE FIELD EQUATIONS
There are various forms of the function f(Q, T) which is commonly used in the literature [13]. Here we shall focus
on the linear and additive form of f(Q, T) function [14] as f(Q,T) = aQ + BT , where a and f are arbitrary constants.

Here f, = a, fT=ﬁ=8ﬂG,5=£

8m’

Thus, the field Egs. (14) - (16) can be reduced to

A2 B 3B
sa(+5) =3pp— (8m+2)e 22)
d (A d (B A2 B? ABY _ B
a(25(3)+ £ (G)+35+5+20) = Br+4pp —Le (23)
d (A A? B
3 (5(5)+25) = @r+4p)p—Le (24)
Subtracting Eq. (24) from (23), we get
d (B A B A\V
G2 +G-2)v=0 (25)
which on integration yields
% = c,exp [cl f %] (26)

where c; and c, are constants of integration.
Using Eq. (17), the scale factors A and B can be written explicitly as

1 1
A=c, 2Vzexp [—% % (27)
3 1 3¢y dt
B =c,2Vzexp [va] (28)

In terms of the directional Hubble parameters, we can express the fields Eqs. (22) — (24) as

3
3a(HZ + HyHy) = 3pp — (87 + L) e (29)

a(2Hy + Hy, + 3H? + H, + 2H,Hy) = (87 + 48)p — 2 e (30)
3a(2H} + Hy) = (8 + 4B)p —Le (1)

Equations (29), (30) provide us the general formulations for the physical parameters of the f(Q, T) model. Pressure and
energy density for the model can be explicitly expressed in terms of the directional Hubble parameters as

S5 .
P=rn {2(3ﬁ2 + 3212 4 221B)H, + (1082 + 12812 + 84nf)H2 — §(8n + 4,8)HxH1,,] (32)
& = 8{3BH, — 2(4m — B)HZ — (87 + 4B)H,Hy) (33)
where
3a

S5 =
2B + 6412 + 447
Equation of state is considered to be an important quantity for the description of dynamics of the universe. The equation

of state parameter as a whole determines a relation between energy density and pressure. Using the expressions of
p and ¢, the equation of state parameter can be calculated as

_ 2(3132+32n2+22nB)H'x+(10BZ+128n2+84nB)H§—§(8n+4ﬁ)HXHw 34
w= (8m+4B){3BHy—2(4m—B)HE—(8+4) HyHyp} (G4




82
EEJP. 3 (2026) M.T. Sarode, et al.

Further, we have three independent equations (14) to (16) in four unknowns 4, B, &, p. To obtain viable
cosmological model with determinate solutions, we require some additional condition. After thoroughly reviewing
References [38] and [46], two different volumetric expansions are considered such as power law expansion and
exponential law expansion.

5. POWER LAW EXPANSION MODEL
Here, we consider a power law volumetric expansion

where m is a positive constant. The positivity of the exponent m aligns with empirical observations suggesting an
expanding universe. Spatial volume of the universe starts with big-bang initially and with the increase of time, it

expands. This demonstrates that universe begins its evolution with zero volume and expands with time ¢t.
. . . d
The power law expansion of the cosmos predicts a deceleration parameter q = —1 +E(%) =-1 +% .
Maintaining an outlook on the recent observational evidence favouring an accelerating cosmos, we choose to go in
support of a negative deceleration parameter. For the current framework, this implies that the value of m should be
greater than 1.

The metric potentials A and B can be obtained by using Eq. (35) in Egs. (27) and (28) as

1 t1-4m
A=c, atMexp [— 21—4m)] (36)
] 3¢, 14m
B =c,st™ exp [ﬁ] (37)

It is seen that initially the scale factors A and B vanishes possessing initial singularity and att — oo, both A and B
diverge to infinity which aligns perfectly with the Big-Bang model of the universe.
Accordingly, the directional Hubble parameters in respective directions are

Hy=Hy =H, = H—ltm (38)

3 -
H¢:H+%t 4m (39)

The various cosmological parameters such as Hubble parameter H, expansion scalar 8, the shear scalar 62 and the mean
anisotropic parameter A4,, are obtained as

H==% (40)
6=" (41)
9 _
o2 = Eclzt gm (42)
2:2(1-4m)
Ay = 3ee2t7im (43)

16m2

From the expression (40), (41) and (42), it is observed that Hubble parameter H, expansion scalar 8 and shear scalar 2
are decreasing function of time. They diverge to infinity as t — 0 and becomes zero as t — oo. The shear scalar
diminishes but doesn’t entirely disappear, implying that the universe’s anisotropic nature gradually weakens, but never
attains a perfectly isotropic state. The mean anisotropy parameter A,, is extremely high at t = 0 and approaches zero as
t — oo. This rapid decline indicates that the universe is initially anisotropic but evolves towards isotropy at later times.
Pressure p, energy density ¢ for the model (9) can be obtained from Egs. (32)-(33) and Egs. (38)-(39) as

8
p= (8m+4p)

{E (4m — 3)B2 + 16(2m — Dn? + (20m — 11)7r,8] T+ (g + 8%+ 67r,8)612t'8m} (44)

e=2{n+7p)c2eom — B (L +1) + 8| 2} (45)

t2
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Figure 1. Plot of Pressure vs cosmic time t witha = 8 = Figure 2. Plot of Energy density vs cosmic time t with a =
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Figure 1 depicts the behavior of pressure over cosmic time reflects the dynamic character of dark energy within
the universe. Pressure remains negative throughout cosmic evolution, gradually increasing from a highly negative value
and vanishes at infinite time. Again, supporting additional evidence for the universe’s accelerated expansion. This trend
is typical of certain dark energy models, where dark energy’s impact diminishes over time, resulting in a more stable
universe. A negative pressure is thought to be necessary for generating an anti-gravity effect that drives this
acceleration. Figure 2 depicts the energy density for the power law model. Energy density is positive throughout the
time evolution and decreases over time. The initial density is extremely large and drops swiftly to a constant value, as
parameter m becomes larger. For small values of m, density settles close to zero, signifying lasting steady condition
where the effect on the universe’s expansion remains constant.

The equation of state parameter for this model is

(46)

16m?

=( 2 ) [%(4m—3),82+16(2m—1)n’2+(20m—11)n,8]4t—2n+(,82+87r2+6nB)Cft_8m
@r+7B)cFe=8m—[p(Fr1)+87 |5

2+
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o
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Cosmic time (t)
Figure 3. Plot of EoS parameter vs cosmic time t witha = =-0.1,¢; =1

Figure 3 represents the graphical representation of EoS parameter (w) and cosmic time. Initially, the universe
evolves in the phantom region (w < —1), crossing the divide line w = —1, suddenly enters into quintessence region

-I<w<-— 1/ 3 and w remains fixed with advancing time. A similar behavior of EoS parameter has been observed by

some researcher [38].

6. EXPONENTIAL EXPANSION MODEL
The exponential expansion of volume factor

V= et 47)

typically results in a de Sitter kind of universe. Here n is constant. The Hubble parameter is a constant quantity
throughout the universe’s expansion. For this choice, the directional Hubble parameters will be

He=H, =H, =n—"e™*m (48)
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HI/) =n+ 34&@_47“ (49)

It’s noteworthy that although the mean Hubble parameter is a constant quantity, the directional Hubble values
exhibit time dependence. The expansion rate along the conventional axes increases from n — 04—1 in the initial stage to the

constant value n at the later stage. Whereas, the expansion rate along the extra dimension diminishes from n + % in the

initial stage to the constant value n at the later stage. The deceleration parameter for this model is ¢ = —1. The obtained
model matches the current scenario of accelerating expansion of the universe, as the sign of deceleration parameter is
negative.

For this model, the metric potentials A and B using the Eq. (47) are obtained as

A= - [ €1, —4nt

=c, 4exp nt+ae (50)
3

B = c,% exp [nt - fﬁ%e“mt] (51)

Initially the model has no singularity as the metric potentials A and B are constant att = 0.
The various cosmological parameters such as Hubble parameter H, expansion scalar 8, the shear scalar o2 and the mean
anisotropic parameter 4,, are found to be

H=n (52)
0 = 4n (53)
9 -
0% = che snt (54)
__3cfe 8t
A, = ez (55)

From the Egs. (52) and (53), it is observed that Hubble parameter H, expansion scalar 8 are constant throughout the
evolution. Shear scalar o2 is decreasing function of time t. It can be observed that the shear scalar 62 — 0 as t — oo.
The ratio of shear scalar to expansion scalar was non-zero initially, but decreased to zero as time progressed, indicating
the universe was initially anisotropic and at a later time it approaches isotropy. The mean anisotropic parameter A,,
remains fixed in an initial phase i.e. the universe was anisotropic in the early stage and evolves isotropically in later
times.

Pressure p, energy density ¢ for the model (9) can be obtained from Egs. (32)-(33) and Egs. (48)-(49) as

6 —_
P = Graap (B(B? +16m? +10mpB)n? + (B* + 8m? + 6mB)cte™""} (56)
=5i- 241 2 ,,-8nt
€= 2(8m + B)n* + 5 (8 + 7B)cie (57)
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Figures 4 and 5 depicted the graphical behavior of pressure and energy density. The pressure is negative
throughout the time of evolution which indicates that the matter behaves like dark energy. Pressure and energy density
are increasing function of cosmic time. Pressure increases from a large negative value at the initial epoch and
approaches to a constant value. Energy density was constant near t = 0, then increased slightly to its maximum value
and remains constant over time. So, in this model, a steady state for pressure and energy density is rapidly achieved.
The equation of state parameter for this model is found to be

_( 1 ) 8(B2+16m?+10mp)n?+(p2+8n?+6mp)cie 8Nt (58)
~ \sn+4p —2(81r+B)n2+%(811:+7ﬁ)cfe‘Snf

The evolution trajectory of EoS parameter (w) depicted in Fig. 6. It is clear that, w lies in the phantom region. As
time grows, it increases from a high negative value, approaches to -1.02 at late times.
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Figure 6. Plot of EoS parameter vs cosmic time t witha = =-0.1,¢4 =1

7. STATEFINDER DIAGNOSTIC, ENERGY CONDITIONS AND STABILITY ANALYSIS
7.1. Statefinder Diagnostic

Statefinder analysis is a cosmological method used to study the dynamics of the universe. It is a key approach to
understand various dark energy models. A statefinder pair (7, s) consists of two dimensionless parameters employed in
cosmology to distinguish between various cosmological models by investigating the evolution of the cosmic scale factor
a and its temporal derivatives. Sahni et al. [47] were the first to introduce these parameters as an extension of the EoS
parameter (w) to analyze the dark energy and the expansion history of the universe. The statefinder parameters are
defined as follows:

q -1
r=—s=2¢"+q-, and S =3y (59)

The statefinder parameter r measures how much cosmic expansion deviates from a pure-law behavior, while parameter
s describes its acceleration. It is a model-dependent approach to distinguish between different dark energy scenarios
such as the ACDM (Lambda Cold Dark Matter), SCDM (Standard Cold Dark Matter), HDE (Holographic Dark
Energy), CG (Chaplygin Gas) and quintessence. For corresponding values of r and s parameters, here are some DE
scenarios:

e (r,5) = (1,0) represents ACDM scenario.

o (r,5) = (1,1) represents SCDM scenario.

o (r,s)=A(, 2/3) represents HDE scenario.

e 1r>1,s <0 represents CG scenario.

e 71 <1,s> 0represents Quintessence scenario.
In power law model, the relationship between the two statefinder parameter is

2_
r = 9s 295+2 (60)

The graphical plot of the statefinder parameter r versus s is presented in Fig. 7. Its evolution moves through the dark
energy zone of Chaplygin gas and quintessence in the r-s plane and tends to approach the ACDM model in the
upcoming epoch, which is consistence with the findings discussed by Shaikh [40,48].
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Figure 7. Plot of r versus s in power law model

In exponential model, the statefinder parameters are found as r = 1 and s = 0. Hence the model behaves like ACDM
model currently and in the future cosmic evolution which is consistent with the investigations of Katore et al. [38] and
Shaikh [40].

7.2. Energy Conditions

The energy conditions are the expressions that describe how energy density and pressure relate linearly. It plays a
crucial role in understanding the singularity theorem, describing the nature of geodesics and studying black holes
properties. The energy conditions are also intrinsic for comprehending the geodesics of the universe from the
cosmological point of view. The energy conditions are constraints on the energy-momentum tensor which are obtained
by linking Raychaudhuri equation [49] and the Einstein field equation. There are four widely used fundamental energy
conditions. These energy conditions are described in f(Q,T) gravity, specifically in terms of energy density € and
pressure p as follows:

e SEC (Strong Energy condition): € + 3p = 0
e NEC (Null Energy condition): e + p = 0
e  WEC (Weak Energy condition): € 2 0,e+p =0

e DEC (Dominant Energy condition): € = |p|,e =0

Figures 8 and 9 illustrates graphical representation of SEC, NEC and DEC versus cosmic time for power law and
exponential law respectively. In power law model, we have observed a consistent fulfillment of WEC(& = 0),
NEC(e + p = 0), DEC(¢ — p = 0) throughtout the cosmic evolution. However SEC is found to be violated in this
model. Further, the violation of SEC results in accelerating expansion of the universe. It should be noted that our
investigation agrees with the investigation of Koussour et al. [50]. In exponential law model, we observed that NEC and
SEC are violated while DEC is satisfied as shown in Fig. 9, which is consistent with the investigations of Koussour
[51]. As a result, violation of SEC and NEC causes the universe to accelerate and behave like a phantom model.
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o —
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T e T  0.000 -
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2 4 6 8 10 2 4 6 8 10
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Figure 8. Plot of Energy conditions vs cosmic time t in Figure 9. Plot of Energy conditions vs cosmic time t in
power law model exponential law model

7.3. Stability Analysis
Depending on the sign of the squared sound speed v2, it becomes simpler to check the compatibility of dark
energy models. The model’s stability is examined by the positive sign of v2, while instability is determined by a
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negative v2. Also, to ensure mechanical stability, v2 should not exceed 1. Therefore, the region bounded by 0 < v < 1
gives stable solutions.
The stability parameter of the model is defined as

2 == (61)

5 7 ae
For power expansion law model, the stability parameter v2 is found to be
5 2 [3(4m=3)p2+16(2m—-1)m?+(20m-11)mp | 5+ (B2 +8n?+6mp)cF ¢ ~8m
Us = (2n+l3) (Br+7B)cZt=8m=1—[p(Ft1)+8r |7

(62)

Figure 10 plots the squared sound speed versus cosmic time in power law model. It is observed that in power law
model, v2 < 0 for m = 0.5, hence the model is unstable in the present and late-time phases of cosmic evolution. For
m < 0.5, the squared sound speed v? is negative at the early stages of the cosmic evolution and tends to positive at late-
time. Thus for m < 0.5, the model exhibits instability in early cosmic evolution and become stable as the universe
evolves.
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Figure 10. Plot of Squared speed sound vs cosmic time t in power law model

For Exponential expansion law model, the stability parameter v2 is found to be

2 _ 8(B%+8n?+6mp)
S

Vs = (8m+4B) (8 +7B) (63)
Thus, the model is stable as vZ > 0.
8. CONCLUSION

In this work, the dynamics of a five-dimensional Kaluza-Klein metric in presence of matter distribution is studied
in the framework of f(Q,T) gravity by considering two different kinds of volumetric expansion namely power law and
exponential volumetric expansion.

In power law model:

e  The metric potentials vanish initially and eventually diverge to infinity as ¢ — oco. Thus, the model consistent
with a big-bang model and has an initial singularity.

e  Hubble parameter and expansion scalar diverges initially but approaches zero monotonically as time tends to
infinity.

e Mean anisotropy parameter decreases with time and approaches to zero as t — oo. This rapid decline indicates
that the universe is initially anisotropic but evolves towards isotropy at later times.

e For the value of parameter m > 1, the deceleration parameter is negative which shows that universe undergoes
accelerated expansion.

e  The initial density is extremely large and drops swiftly to a constant value signifying steady condition.

e  The dynamics of the universe is studied using equation of state parameter. In this model, initially the universe
evolves in the phantom region, crossing the phantom divide line, suddenly enters into quintessence region and
w remains fixed with advancing time.

e From the statefinder diagnosis, we observed that r-s trajectory moves through the dark energy zone of

Chaplygin gas and quintessence and tends to approach the ACDM model in the upcoming epoch as shown in
Fig. 7.
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e  The model satisfies NEC and DEC but SEC is violated as shown in Fig. 8. The violation of SEC results in
accelerating expansion of the universe.

e  The model is unstable for m > 0.5 as shown in Fig. 10. However, for m < 0.5, the model is unstable at the
early phases of cosmic evolution and is stable at late-time.

In Exponential volumetric expansion law:

e  The metric potentials accept constant value at initial time and after which they eventually diverge to infinity.
Thus, it is free from any type of singularity.

e  Hubble parameter and expansion scalar exhibits constant value throughout the evolution indicating uniform
exponential expansion i.e. as time t increases, the universe expands homogeneously from initial epoch to

infinity.

e Mean anisotropy parameter shows a constant value at initial epoch, indicating that universe approaches
1sotropy.

e  The deceleration parameter is ¢ = —1 which indicates that universe accelerating expansion matches current
observations.

e  Energy density was constant near t = 0 and then increased slightly and remains constant as time increases
achieving steady state.

e  EoS parameter w lies in the phantom region. As time progresses, it increases from a high negative value and
approaches to value -1.2 at late times.

e  From the statefinder diagnosis, we observed that the exponential law model behaves more like a ACDM model
having statefinder pair (r,s) = (1,0).

e NEC and SEC are violated while DEC is satisfied as shown in Fig. 9.

e  The model is stable.

It is important to note that for both models, the pressure is negative throughout the time of evolution gradually
increasing from a highly negative value and vanishes at infinite time which indicates that the matter behave like dark
energy.

Overall, the proposed model effectively describes cosmic evolution and offers a flexible framework for
understanding the late-time acceleration of the universe.
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KOCMIYHE IPUCKOPEHHS TA CTABLIBHICTH BCECBITY KAJYIIA-KJIEWHA B £(Q,T) TPABITALILI
M.T. Capoae!, B.I'. Mete?, A.C. Himkap?
! @akynromem mamemamuru, xonedsc mucmeyms, mopeieni ma nayku Llpi Illisadxci, Axona (M.C.), Inois
’Kageopa mamemamuxu, xonedsc R. D. I. K. & K. D., Baouepa — Ampasami (MS), Inoisn

3Kagheopa mamemamuxu, xonedxc mucmeyms i nayku Llpi ookmopa P. I'. Pamooda, oxpyz Mypmizanyp. Axona (MS), Indisn
I'pasitanis f(Q,T) Oyna BuKOpHCTaHa B I[bOMY JOCIHiJUKEHHI s BuBYeHHs BcecBity Kamyrnm-Knelina 3a HasBHOCTI posmomiity
marepii. ¥ wiif Teopii rpasitauii aist mictuth noBineHy QyHkuio f(Q,T), e Q ta T BiamOBigHO MO3HAYAIOTH HEMETPUYHICTD Ta CIIiJ
TeH3opa iMIyJbcy eHepril. Y wiii po6oTi BpaxoByeThes JiHiiHa Ta agutiBHa ¢opma rpasitauil f(Q,T), f(Q,T)=aQ+BT, ne a ta f -
IOBUIBbHI KOHCTaHTH. 11[06 mocArTy (i3MYHO KUTTE3TATHOTO PO3B'S3KY PIBHAHB IOJIS, MU PO3TIISHYNIH CTEIICHEBHH 3aKOH Ta 3aKOH
EKCTIOHCHIIAIFHOTO PO3IMHUpPEHHA. MU JOCTIKYEMO EBONIOLIOHYIOUHMHA XapakTep BcecBiTy 3 (i3WYHUMEH Ta TeOMETPHYHUMH
BIIACTHBOCTAMH B paMKax Ii€l TeopeTHdHoi 06a3u. [t kpamioi sICHOCTI JOCHTIKYIOTBCS TiarHOCTHKA IOIIYKy CTaHy Ta IapaMeTp
EoS, mo6 oxapaxrepusysatu pi3Hi ¢a3u Beecity. EHepreriuni yMOBY MoJierelt TakoX aHANI3yIOThCS Ta BUSBISIIOTHCS TAKUMH, IO
Y3TODKYIOTBCSI 3 OCTAaHHIMH KOCMOJIOTTYHUMH CIIOCTEepeKeHHsIMH. KpiMm Toro, ojjHa 3 Halmx MOJeNeH 3a CBOEI0 CYTTIO JOIyCKa€e
(anTOMHY 00J1aCTh 7151 TEMHOT eHeprii. J{ani Mozesi, po3rystHyTi B il poOOTi, MATBEPHKEHI 32 JOTIOMOTOI0 aHATI3Y CTIHKOCTI.
Kurouosi cnoBa: epasimayis f(Q,T); npocmip-uac Kanyyu-Kneiina, pignanns cmamny; enepeemuymi yMosu
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In this work, we investigate a spatially homogeneous and anisotropic Bianchi type-VIp cosmological model within the framework of
General Relativity by considering a non-interacting mixture of pressureless dark matter and Rényi holographic dark energy (RHDE), with
the Hubble horizon serving as the infrared cutoff. Exact solutions of the Einstein field equations are obtained by adopting the hyperbolic
scale factor a(¢) = (sinh(Bt)) /7 The model parameters are constrained through a Markov Chain Monte Carlo (MCMC) analysis using
77 Observational Hubble Data (OHD) measurements of the Hubble parameter, yielding the best-fit values Hy = 67.9 kms~! Mpc™!
and n = 1.3. A comparison with the standard ACDM model reveals a slightly lower minimum y? value together with negative values
of AAIC and ABIC, indicating a modest statistical preference for the proposed model. The reconstructed cosmic evolution exhibits
a smooth transition from a matter-dominated decelerating phase to the present accelerated epoch, with the transition redshift lying
within the observationally favored range 0.5 < z; < 0.7. Furthermore, the evolution of the matter and RHDE energy densities, dark
energy pressure, equation-of-state parameter, anisotropy parameter and skewness parameter demonstrates that the model successfully
reproduces the observed late-time accelerated expansion while undergoing a gradual isotropization. Overall, the proposed RHDE model
provides a physically consistent and observationally viable framework for describing the late-time evolution of the Universe.

Keywords: Cold dark matter; Bianchi type-V1y spacetime; Cosmic acceleration; Rényi holographic dark energy; Deceleration
parameter; Equation of state parameter

1. INTRODUCTION

Hubble’s 1929 work [1] represented a major milestone in cosmology, providing strong evidence for one of the twentieth
century’s most significant discoveries - the expansion of the universe. In the late twentieth century, observations from
two independent teams - the High-redshift Supernova Search Team led by A. G. Riess [2] and the Supernova Cosmology
Project led by S. Perlmutter [3] demonstrated that the universe is presently undergoing an accelerated expansion. Since that
period, multiple astrophysical and cosmological observations, such as CMB temperature anisotropies [4—6], large-scale
structures including galaxy clustering [7-9], and Baryon Acoustic Oscillations (BAO) [10] have consistently supported the
evidence for the universe’s accelerated expansion. But the origin of the observed late-time cosmic acceleration remains
unclear and continues to be a significant open problem in modern cosmology, even after more than two decades since its
discovery. Dark matter is another exotic component of the universe that does not interact with electromagnetic radiation,
and hence cannot be directly observed, but its existence is inferred from its gravitational effects on visible matter [11].
Observational evidence indicates that the dark components together make up about 95% of the total energy density of the
universe, with dark matter (DM), a non-relativistic component that interacts very weakly with baryonic matter, contributing
nearly 27%, and dark energy (DE) accounting for approximately 68%, while only about 5% consists of ordinary baryonic
matter. To understand the nature of dark energy and the current accelerated expansion of the universe, several dark
energy candidates have been proposed in the literature. The cosmological constant A, introduced by Einstein in his field
equations, is the simplest and most natural candidate for dark energy. It can be interpreted as vacuum energy density with

de

an equation of state parameter wg, = oue = —1. Although it is in good agreement with observational data, it suffers from

certain cosmological issues, including the fine-tuning and cosmic coincidence problems [12—14]. Therefore, a variety of
dark energy models have been widely studied, including scalar field models such as quintessence [15, 16], k-essence [17],
phantom [18], tachyon [19,20], quintom [21], as well as exotic fluid models like the Chaplygin gas [22] etc.

In recent years, the holographic dark energy (HDE) model has gained significant interest as an alternative approach
to describe the evolution of the universe. It is based on the holographic principle from quantum gravity, connecting dark
energy with fundamental aspects of quantum physics. The development of this model is strongly influenced by Bekenstein’s
work on black hole thermodynamics [23]. Again, Hawking [24] demonstrated that the surface area of a black hole cannot
decrease over time. According to this result, in a system of multiple black holes, the area of each black hole remains
non-decreasing, and when two black holes combine, the final area is at least equal to the total area of the original ones [25].
This property closely resembles the behavior of entropy in thermodynamics. Bekenstein proposed that the entropy of a
black hole is proportional to the area of its event horizon and can be expressed as Spy = %, where A denotes the area
of the horizon [23]. Later, G.t' Hooft [26] introduced the holographic principle within the context of black hole physics,
based on the relationship between entropy and the surface area of the black hole. Fischler and Susskind [27] subsequently
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generalized this idea to a cosmological context. The principle suggests that the entropy of a system is governed by its
surface area rather than its volume. In this framework, the ultraviolet (UV) cutoff at short distances is linked to the infrared
(IR) cutoff at large distances through limits set by black hole formation. Additionally, if the total energy within a region
exceeds the mass of a black hole of the same size, gravitational collapse may occur. Extending this idea to the entire
universe, one can interpret it as a system whose vacuum energy has a holographic origin, thereby giving rise to a dynamical
model of holographic dark energy. Based on the holographic principle, Cohen et al. [28] established a connection between
the system entropy S, the infrared (IR) cutoff L, and the ultraviolet (UV) cutoff A, given by L3A* < LM]%, where M), =

(87G)~!/? is the reduced Planck mass. By considering the largest possible IR cutoff L and using the relation pge ~ A%, the
holographic dark energy density can be written as pge = 3c2M12,L‘2 , where c is a dimensionless constant [29]. Several

other suitable choices for the IR cutoff have also been proposed in the literature, including the Hubble horizon H~!, event
horizon, particle horizon, the universe’s conformal age, the Ricci scalar radius, and the Granda-Oliveros cutoff. However,
each of these choices can lead to new cosmological challenges. Li [29] proposed a holographic dark energy model in 2004,
observing that cosmic acceleration could not be explained using either the particle horizon or the Hubble horizon. The
future event horizon, however, can provide a viable explanation but a significant drawback of this model is its dependence
on the universe’s future evolution, making it challenging to precisely determine the universe’s age [30]. To address this
limitation, alternative infrared (IR) cutoffs have been proposed to describe the universe’s current and future evolution.
Granda and Oliveros [31,32] introduced a new IR cutoff that depends on both the square of the Hubble parameter and its
time derivative. This approach leads to the New Holographic Dark Energy (NHDE) model, with the energy density given
by pge = 302M]2, (aH 2+ BH ) ,where @ and S are constants. Gao et al. [33] developed an alternative holographic dark
energy model, known as the Holographic Ricci Dark Energy (HRDE) model, in which the future event horizon is replaced
by the inverse of the Ricci scalar, L ~ R™'/2. Consequently, the energy density becomes proportional to the Ricci scalar R.

In recent years, different entropy frameworks have been proposed and applied to study various cosmological scenarios.
In 2018, the Tsallis holographic dark energy (THDE) model was introduced [34], employing the Tsallis generalized entropy
Ss = yA6 where ¢ is anon-additive parameter, A denotes the area of the event horizon, and vy is a constant [35]. Barrow [36]
proposed a new approach to black hole entropy that incorporates quantum gravity effects, and Saridakis [37] constructed
the Barrow Holographic Dark Energy (BHDE) model by using Barrow entropy in place of the standard Bekenstein-
Hawking entropy. Recent studies indicate that the Bekenstein entropy S = % can be interpreted as a special case of Tsallis

entropy [38—44], which leads to a convenient expression for Rényi entropy [45] given by § = % In (%A +1). By applying
this relation together with the assumption pgedV o TdS [46], the energy density of Rényi holographic dark energy (RHDE)
3c2H?

m, where ¢? is a numerical constant. Jahromi ez al. [47] proposed a new holographic dark
n(1+Z5
H

is obtained as pge =
2

energy model, known as Sharma—Mittal HDE, by incorporating Sharma—Mittal entropy [48] within the framework of the
holographic principle, where the Hubble horizon is taken as the IR cutoff. Their analysis shows that the model exhibits
behavior in good agreement with observational results. Kaniadakis introduced another form of entropy, which represents
a one-parameter generalization of the classical entropy, expressed as Sg = % sinh(KSpp), where K is a dimensionless
parameter [49]. The usual Bekenstein-Hawking entropy is recovered in the limit K — 0. Using this entropy framework
along with the holographic dark energy concept, a new model called Kaniadakis Holographic Dark Energy (KHDE) has
been proposed in the literature [50,51].

The RHDE model has been investigated using different choices of infrared (IR) cutoffs [52,53]. Prasanthi and
Aditya [53] constructed anisotropic and spatially homogeneous Bianchi type-VIp Rényi holographic dark energy (RHDE)
models by taking both the Hubble horizon and the Granda-Oliveros horizon as infrared (IR) cutoffs. Their analysis shows
that the squared speed of sound indicates stability for the RHDE model with the Hubble horizon, whereas it exhibits
instability when the Granda-Oliveros horizon is used. Younas et al. [54] examined the cosmological implications, such
as stability and the equation of state (EoS) parameter, of Rényi entropy-based holographic dark energy models within the
framework of Chern—Simons gravity. Maity and Debnath [55] studied Rényi holographic dark energy in a D-dimensional
fractal universe by exploring its cosmological implications. T. Chinnappalanaidu et al. [56] studied the dynamical
behavior of a homogeneous and anisotropic Kantowski-Sachs universe filled with Rényi holographic dark energy, using a
generalized scalar-tensor theory as the gravitational framework. Igbal and Jawad [57] studied the cosmological parameters
of the RHDE model by considering the Hubble horizon as the infrared (IR) cutoff within the DGP brane-world framework,
and found that the model exhibits unstable behavior. Jawad et al. [58] examined the RHDE model in the framework of loop
quantum cosmology by considering the Hubble horizon as the infrared (IR) cutoff. The RHDE model has been examined
by several researchers in different frameworks to study the universe’s present expansion and its associated characteristics.

Almost all these studies in the literature focus on anisotropic and homogeneous universe models because although the
present universe appears to be homogeneous and isotropic on large scales and is well described by the Friedmann-Lemaitre-
Robertson-Walker framework, there is no definitive observational evidence that completely excludes the possibility of
anisotropy. It is possible that anisotropies were present in the early universe, as suggested by the observations of
anisotropies in the Cosmic Microwave Background (CMB). Spatially homogeneous and anisotropic Bianchi models are
widely studied to improve our understanding of the dynamics of the evolving universe. These models provide some of the
simplest descriptions of anisotropic backgrounds and play an important role in explaining the large-scale behavior of the
universe. The FLRW cosmological model, which is homogeneous and isotropic, can be considered as a particular case of
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the Bianchi type I universe. As a result, spatially homogeneous and anisotropic Bianchi cosmological models have been
widely studied in various contexts. Motivated by the above discussion, our aim is to examine a Rényi holographic dark
energy model in a Bianchi type VI universe within the framework of General Relativity.

The structure of the paper is as follows: In Section 2, we consider a spatially homogeneous and anisotropic Bianchi
type VIp universe consisting of pressureless cold dark matter and non-interacting Rényi holographic dark energy. In this
section, the Hubble horizon L = H~! is chosen as the infrared (IR) cutoff, and the corresponding Einstein field equations
are derived. Section 3 presents exact solutions of the field equations obtained by considering a hyperbolic form of the
scale factor. Section 4 focuses on the physical and kinematical aspects of the model through the study of the evolution of
key cosmological parameters. Section 5 summarizes the main conclusions of this work.

2. METRIC AND GOVERNING EQUATIONS
We consider the Bianchi type-V I spacetime in the following form:

ds? = —dt* + A%dx* + Bzez‘”dy2 + C2e720% 472 (1)

The scale factors A(¢) , B(t) and C(t) vary only with cosmic time ¢ and @ # O is taken as a constant. The metric
reduces to the Bianchi type-I case when @ = 0,

It is assumed that the universe contains cold dark matter along with a proposed anisotropic fluid, which serves as the
components of holographic dark energy.

The energy-momentum tensor T]‘f for cold dark matter is

Tj’: = diag[-1,0,0,0]ppm @

where p,,, represents the energy density of cold dark matter. B
The energy-momentum tensor for Rényi holographic dark energy T]’., takes the following form

T! = diag|—pae. p2°. p2. p&] 3)
where, p4. denotes the energy density of Rényi holographic dark energy [46], while p%¢, pge, and pfe signify the pressures
of Rényi holographic dark energy in the x, y and z directions, respectively.

Density of Rényi holographic dark energy pge, is defined by

3D2H?

s (1+ 22) ¥

Pde =

where D? is treated as a numerical constant and H is the Hubble parameter.
By permitting anisotropy in the pressure of Rényi holographic dark energy, p 4. and in its equation of state parameter,
— Pde ;

Wye = we obtain.

Pde’
TJ’: = diag[—l,a);ie,w;le,a)?e]pde
=diag[-1, wge, (Wge + 7)), (Wge + n)]pde &)
where W% = wy,, w;l‘f = (wge + 1), and w?e = (wge + 1) are the directional equation of state parameters for the Rényi

holographic dark energy along the x, y and z axes, respectively. The skewness parameter 7 indicates the deviations from
wge along the directions of y and z. The 4-velocity vector u' = (1,0, 0, 0) is taken to satisfy the condition u'u; = —1.
In Relativitistic units, Einstein’s field equation is defined as

1 -
Rij = 58ijR = Tij + Tij (6)

In this equation, R;; denotes the Ricci tensor, g;; refers to the metric tensor, and R = gYR; ; represents the Ricci scalar
curvature.

In a comoving coordinate system, Einstein’s field equation (6), along with equations (2) and (5) for the metric (1),
results in the following set of field equations.

AB+BC‘+CA (a)z_ .\ .
AB TBCCaA A = Pm + Pde @)
B ¢ BC a\2
stctact(a) —rwara ®
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A B AB a\?

Z+E+ZE—(Z) —_(wde+77)pde )

A C AC a\?

Z+E+XE_(Z) —_(wde+77)pde (10)
C B
—_Z=0 11
B (11)

where the overdot symbol indicates the derivative with respect to the cosmic time ¢.
From equations (7)—(11), we derive the continuity equation as:

B C
pm+3Hpm+pde+3H(]+wde)pde+77(E+E)pde=0 (12)

We assume that the two components of the universe evolve independently without interaction. Hence, continuity equation
(12) leads to separate conservation equations for matter and dark energy as

Pm +3Hpm =0 (13)
: B C
pde+3H(l+wde)pde+n E"'E Pde =0 (14)

3. THE SOLUTIONS OF THE FIELD EQUATIONS
The Hubble parameters corresponding to the directions of x, y, and z for the Bianchi type-VIy metric are

H, =— (15)

H, = c

) H=3
A > B

The average scale factor a and the volume V are defined as follows
a = (ABC)? V =d3 = ABC (16)
The average value of Hubble parameter H is defined as
v (A B c') 1

=3v=3lx*5"¢ =§(Hx+Hy+HZ) 17

The mathematical form of the average anisotropy parameter A,, is

1 < (AH; )
A = 521 (7) (18)

Here, AH = H; — H, where H; (for i = x, y, z) denotes the directional Hubble parameters along the x, y and z directions.
The anisotropy parameter measures how much the expansion deviates from isotropy. Evaluating this parameter is essential
for determining whether the cosmological model tends toward isotropy over time.

From Eq. (11), we obtain

B=mC (19)

where m > 0 is an integration constant.
Using equations (15) , (17) and (19), the expression for the anisotropy parameter in (18) can be written as:

2

Am= ==
9H?

(Hy - H,)? (20)

Substituting Eq. (19) into the field equations (7)- (11), we obtain

. 2 . .
C\V CA ay?
b +2———(—) = o + Pue 21
(C) ca \z) =pmtpa 2y
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(_)2 25+ (%) = waepae (22)

A C AC (a'2
—+—+
A C AC

Z) = @ae +m) pac @3)

By subtracting equation (22) from equation (23), we obtain:
A C 11 2a?
———==H,-H,=—-+— — - Vdt 24
A C x Ty Ty / ( A2 77pde) (24)
Here, A is an integration constant, and the term 7 appears due to the possible intrinsic anisotropy of the fluid,
Finally, substituting equation (24) into equation (20), we obtain the anisotropy parameter of the expansion as follows:

21 2a? >
Ap = Y72 [/1 +/ (? —Upde) th] v (25)
Following [59], we take
202
17 paA? (20)

Substituting equation (26) into equation (25), we obtain the reduced anisotropy parameter of the expansion as

222
Ap ===V 27
912 (27)
Equations (21)-(23) of the Einstein field equations, along with (26), lead to:
2 ..
C cA n
(E) +2EZ —pm+(1+§)pde (28)
2 .
C c n
(E) +22 == (0de + ) pae (29)
A C AC a\2 n
Z+E+ZE_(X) ——(wde+§)/3de (30)

The relative rate of expansion (or contraction) of the universe is described by the expansion scalar 8, while the shear scalar
o measures the deformation caused by density fluctuations. The scalar expansion € and shear scalar o are defined as

6 =3H = H, +2H, G1)
92

1 1
ol = E[H,% +2H2] - € =3 (Hy — H,)? (32)

The three equations, (28)—(30) involve six unknowns, namely A, C, py;, Pde, Wae and i, together with (4) indicate that the
system remains unsolved without additional constraints .

Thus, in order to obtain a determinate solution, two additional conditions are required. We consider the following
physically relevant constraints:

(/) We assume that the shear scalar is proportional to the scalar expansion which gives

A=cCk (33)

where, k is a nonzero integration constant.
(ii) Next, we assume the average scale factor a(¢) as

a(r) = (sinh (B1))7 (34)

where, S is an arbitrary constant and n represents a positive constant.
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Equation (34), is a generalization of the scale factor obtained by Amirhashchi et al. [60] and Pradhan et al. [61] for
dark energy models in FRW and Bianchi type-V I, space-times, respectively.

Substituting the average scale factor from Equation (34) into Equations (16), (19) and (33), we derive the directional
scale factors.

k
.3 =)
sinh# (Bt) |
A=|————2 35
p” ) (35)
1
L. 3 k+2)
sinhn (Bt) |
B = - 36
(=5e) w0
1
3 T2V
sinhz (Bt &+2)
C:(ELZQJ) (37)
Thus, the metric (1) takes the form:
., 3 (k2+kZ) . .3 (k32) .3 (kiz)
dsz:_dt2+(smh;(/3t)) dxz+m(smh:n(/3t) S dyz+(smh;(ﬁt)) gt ag)

4. RELEVANT PHYSICAL PROPERTIES

The average Hubble parameter, H, is a fundamental cosmological quantity that characterizes the expansion rate of

the universe. By employing the scale factor a(¢) = [sinh(Bt)] /m from which the Hubble parameter can be expressed in
terms of the cosmic time ¢ as:

H = a_p coth(Br) (39
a n

To describe the cosmic expansion in terms of the observable redshift, z, we employ the standard relation between
the scale factor and redshift a(r) = ﬁ, where the present value of the scale factor is normalized to unity, i.e., ag = 1.
Therefore, the Hubble parameter in terms of the redshift is obtained as

H@)=§¢u41+@m (40)

Imposing the normalization condition at the present epoch, Hy = H(z = 0), yields Hy = %\/5 from which it follows that
B _ Ho

"= Consequently, the normalized Hubble parameter assumes the form

2n
H@=MML5%EL- @1)

which will be employed throughout the subsequent analysis.
The deceleration parameter is evaluated using the kinematic relation

(1 +2z)dH(z)
H(z) dz

q(z) =-1+

Substituting the normalized Hubble parameter (41) and performing the differentiation with respect to the redshift yields

n(l +z)*

1+ (1+2)2 (42)

q(z) =-1+

which provides the evolution of the cosmic expansion directly in terms of the observable redshift. For the proposed
cosmological model to be physically viable, the model parameter n must satisfy the following conditions:

1. In the high-redshift limit (z > 1), the deceleration parameter approaches ¢(z) — n — 1.. To ensure a decelerating
early Universe, which is essential for the formation of large-scale structures, the condition g(z) > 0 must be satisfied,
implying n > 1.

2. At the present epoch (z = 0), the deceleration parameter is given by go = ¢(0) = "T_z The observed late-time
accelerated expansion requires go < 0, which leads to the constraint n < 2.
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Accordingly, the physically admissible range of the model parameter is 1 < n < 2. Within this interval, the transition from
decelerated to accelerated expansion occurs at the transition redshift z,, defined by the condition ¢(z;) = 0. Solving this
condition yields

ZIZ( ! )2"—1 (43)

n-—1

For all n € (1,2), the transition redshift is real, positive, and uniquely determined, thereby ensuring a physically consistent
cosmic evolution from an early decelerating phase to the present accelerated epoch.

To investigate the evolution of the cosmological quantities, namely the dark energy density pg.(z), matter density po,,(z),
dark energy pressure pg4.(z), equation-of-state parameter wq,(z), and deceleration parameter ¢(z), the model parameters
Hy and n are first constrained using the observational Hubble data (OHD) set. The resulting best-fit values are subsequently
employed in the analysis of the model.

4.1. Observational constraints

To constrain the free parameters, {Hy,n}, of the proposed HDE model, a statistical analysis is performed using
the normalized Hubble parameter given in Eq. (41). The resulting best-fit values are subsequently employed in the
cosmological analysis. A total of 77 observational Hubble parameter [H(z)] data points are employed to constrain the
model parameters, Hy and n. The dataset spans the redshift range 0 < z < 2.36 and is adopted from Ref. [62]. The
corresponding chi-square (y?) statistic is defined as

77

XZOHD = Z

i=1

2
Hops(zi) — Hn(zis Ho, 1)

OH,i

(44)

where Hgps(z;) and Hy(z;; Hp, n) denote the observed and theoretical values of the Hubble parameter at redshift z;,
respectively, while oy ; represents the corresponding observational uncertainty. The model parameters are constrained
using the Markov Chain Monte Carlo (MCMC) technique through the minimization of the chi-square statistic, y?.
Under the assumption of Gaussian-distributed observational uncertainties, the likelihood function is defined as £(6) o

exp (—@), where 0 = {Hy, n} denotes the set of free model parameters. The corresponding marginalized 1o~ and 20

confidence regions are displayed through the likelihood contour plots. The parameter constraints obtained from the OHD
dataset are presented in Fig. 1. To assess the viability of the proposed HDE model, its performance is compared with

that of the spatially flat ACDM model, whose Hubble parameter is given by H(z) = HovQu (1 + 2)? + Qa, where Q,,
and Q) denote the present-day matter density parameter and cosmological constant density parameter, respectively. The
relative performance of the competing models is further evaluated using the Akaike Information Criterion (AIC) [63] and
the Bayesian Information Criterion (BIC) [64], defined as AIC = y2. +2«, and BIC = y2. +«In N, respectively. Here, «
represents the number of free model parameters, while N denotes the total number of observational data points. In general,
models with lower AIC and BIC values are statistically preferred, as they provide a better balance between the goodness
of fit and model complexity. Table 1 presents the best-fit values of the model parameters together with their corresponding
1o confidence intervals for both the proposed HDE model and the standard ACDM cosmology. For the OHD dataset, the
proposed model yields a marginally lower minimum chi-square value, sznin’ than the ACDM model, indicating a slightly
better agreement with the observational data. To further assess the relative performance of the two models, the differences
in the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) are evaluated. For the OHD
dataset, these are obtained as AAIC = AICypg — AICAcpm = —2.484, and ABIC = BICypg — BICAocpm = —2.484. The
negative values of both AAIC and ABIC indicate that the proposed HDE model is statistically preferred over the standard
ACDM model. Consequently, the analysis based on the OHD dataset provides statistical support for the proposed model.
The best-fit value of the Hubble constant obtained in this work, Hy = 67.90 + 0.88 kms™! Mpc“, is consistent with
the Planck 2018 CMB measurement, Hy = 67.4 + 0.5 kms™! Mpc’l [65], and the recent DESI Data Release 1 BAO
determination, Hy = 67.97 + 0.38 kms™! Mpc~! [66].

Table 1. Comparison of the best-fit parameter values obtained from OHD datasets for both our model and the ACDM
model.

Model Hy Q, n X2 AIC BIC
Our model ~ 67.90*(-5% — 1300000 70.566  74.566  79.254
ACDM 67.41% -0 0.29970-07¢ - 73.050  77.050  81.738

Now, employing the relation between the scale factor and the redshift, a(7) = (1 +z)~!, and substituting the obtained

expression a(z) = [sinh(fr)] n yields sinh(Bf) = (1 + z)". Consequently, using the normalization relation 8 = %,
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the cosmic time as a function of the redshift is obtained as

t(z) = n—\}/fo sinh ' [(1 + 2)™"] (45)

4.2. Evolution of the deceleration parameter q(z) and phase transition

Figure 2 depicts the redshift evolution of the deceleration parameter obtained using the best-fit values of the model
parameters. As expected, the model exhibits a transition from an early decelerating Universe to the current phase of
accelerated expansion. The inferred transition redshift,z, = 0.589 + 0.052, is fully consistent with the 1o~ range derived
from model-independent CC observations [67] and the combined DESI BAO and Pantheon+ Type Ia Supernova (SNe
Ia) analyses, which constrain the transition redshift to the range z; € [0.55, 0.70] [68]. Furthermore, the present value
of the deceleration parameter is obtained as go = —0.350 + 0.0095. Having constrained the model parameters through
observational data and the subsequent analysis focuses on the evolution of the remaining cosmological parameters.

Hg=67.90+0.88

st

Transition Point
Y 0.2 2,=0.589, q(z) =0

N n=1.300+0.019
i
T

135F 1 M

= 130f

Deceleration Parameter q(z)

1251 1 ;-"' \\ —— q(2) for n=1.30 +0.019
RS -10 10 Uncertainty Band

/
| 1 | —T |

e
66 68 70 1.25 1.30 1.35 -1.0 -05 0.0 05 10 15 20
Cosmic redshift z
Hy n

Figure 2. Behaviour of the deceleration parameter
Figure 1. One-dimensional marginalized posterior
distributions together with the corresponding two-
dimensional marginalized confidence contours at the
1o and 20 confidence levels for the proposed cosmo-
logical model, constrained using the OHD dataset.

4.3. Evolution of the matter and dark energy density

Using Eq.(13), together with the scale factor a(¢) = [sinh(8¢)] /7 and the standard scale factor-redshift relation,
a = (1 +z)~! the matter energy density is obtained as

pm(2) = pmo(1 +2)° (46)

where p,,,0 denotes the present-day matter energy density. The present matter energy density can be expressed in terms
of the model parameters Hy and n by relating it to the present critical density, p.o = 3H3 through the matter density

parameter, Q,,0 = %. At the present epoch (z = 0), the field equations for the Bianchi VI spacetime satisfy the closure

relation Q,,0 + Qqge0 = 1, where the present-day matter and Rényi holographic dark energy density parameters are given
by Q0 = 2_7" and Qqe0 = 5 Hence, the present matter energy density is determined as pp0 = Qm0pc0 = 2_7") (3H§) =

%Hé(Z — n). Substituting this expression into the above relation gives the matter energy density as a function of redshift,

pn(0) = SHY2 = m)(1 +2)° @)

Substituting the normalized Hubble parameter given by Eq.(41) into Eq.(4), the Rényi holographic dark energy
density is obtained as

3D2HA [1+ (1+ 2]
2HZ [1+ (1 +2)*] + 46n

Pde(2) = (48)
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274
At the present epoch (z = 0), the above expression reduces to pg.(0) = %. Expressing the present-day dark energy
0

density in terms of the critical density, p.o = 3H§, and using the relation Q4. (0) = p“p"TE)O) = 3, one obtains the following
algebraic constraint on D:

n on

D’=_[1+—= (49)
2 ( Hé)

Consequently, D? can be expressed uniquely in terms of the primary model parameters.
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Figure 3. Behaviour of the matter energy density Figure 4. Behaviour of the RHDE density for 6 = 1.4

Figures 3 and 4 present the evolution of the matter energy density, p,,(z), and the Rényi holographic dark energy
(RHDE) density, pg.(z), as functions of the redshift for the best-fit parameter values n = 1.3, Hy = 67.9 kms~! Mpc~!,
and § = 1.4. Figure 3 demonstrates that the matter energy density exhibits the standard cosmological evolution, p,,(z) o
(1+2)? decreasing continuously with cosmic expansion. It attains large values during the early Universe and progressively
diminishes toward zero as the redshift approaches z = —1, reflecting the expected dilution of non-relativistic matter. The
evolution of the RHDE density is displayed in Fig.4. It is evident that p4.(z) remains positive throughout the entire
redshift range considered. In the high-redshift regime, the matter component dominates over the RHDE density, thereby
providing favorable conditions for the formation of cosmic structures. As the Universe evolves toward lower redshifts, the
RHDE density gradually overtakes the matter component and eventually approaches a finite positive value in the far future
(z — —1). This asymptotic behavior is consistent with a sustained phase of accelerated cosmic expansion. Furthermore,
the present-day relation,pg.(0) > p,,(0), indicates that the proposed cosmological model has entered a dark-energy-
dominated epoch following the transition from an earlier matter-dominated decelerating phase. The convergence of p 4. (z)
to a finite positive constant at late times further suggests that the RHDE component effectively mimics a cosmological
constant, ensuring a stable future evolution and excluding the occurrence of Big Rip.

4.4. Evolution of the anisotropy parameter and skewness parameter
Using Eqs.(27) and (40), the anisotropy parameter can be expressed explicitly as a function of the redshift in the form

422 (1+2)°
A& = T (e o 0

By combining Egs. (40), (48), and (26), the redshift-dependent skewness parameter is obtained as
20%m7 (14 2) % [2H (1+ (1 +2)2) + 4ér]

(51)
3D2HA [1+ (1 + 2]

n(z) =

where D? is determined by D? = 5 (1 + Z—E)

The evolution of the anisotropy parameter is presented in Fig.5. It is evident that the anisotropy parameter decreases
monotonically from relatively large values in the early Universe (z > 0) to A,;(0) ~ 0.044 at the present epoch, and
ultimately approaches zero in the asymptotic future (z — —1). This behavior indicates that the spatial anisotropy is
progressively suppressed during the cosmic evolution, leading the proposed cosmological model toward an isotropic limit
at late times. Such an evolution is consistent with the high degree of isotropy inferred from observations of the Cosmic
Microwave Background (CMB). Figure 6 illustrates the redshift evolution of the skewness parameter, 17(z), which quantifies
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the directional anisotropy in the pressure distribution of the cosmic fluid. The parameter decreases continuously from n ~
0.33 at z = 2 to (0) ~ 0.013 at the present epoch and asymptotically vanishes as z — —1. The decay of 1(z) signifies
the gradual disappearance of directional pressure anisotropies, indicating that the dark energy fluid evolves toward an
effectively isotropic configuration capable of sustaining the observed late-time accelerated expansion. The simultaneous
suppression of both the anisotropy parameter, A,,(z), and the skewness parameter, 1(z), demonstrates that the proposed
cosmological model undergoes a natural isotropization throughout its evolution. Their asymptotic convergence to zero at
late times implies that the model approaches an effectively isotropic, in agreement with the stringent isotropy constraints
provided by contemporary CMB observations.

4.5. Evolution of the equation of state parameter and the pressure for Rényi holographic dark energy
We now discuss the cosmic role of the equation of state parameter (EoS), which is defined as

_ Pde
Wde =
Pde

(52)

Here, p4. and p 4. represent the energy density and pressure of Rényi holographic dark energy, respectively. The equation
of state (EoS) parameter wg, is a key factor in determining the universe’s dynamical evolution. Depending on its value,
the universe can be classified into different cosmological phases: when wg. = 0, the universe behaves like non-relativistic
matter; for —1 < wge < —%, it corresponds to a quintessence phase; a value of wg, = —1 represents a cosmological
constant-dominated universe; and when wg. < —1, the universe is in a phantom phase.

From Egs. (14), (48) and (51), we obtain the equation-of-state parameter as

wanld) = -1 - 1 | V2nHoH(2)*(1+2)*  2V2nHo(1 + 2)™" N 402m71 (1 + 2)% (H(z2)? + on) 53)
deld) = 3H(2) H(z)? + on Jirdrom D2(k +2)H(z)?
From Egs. (48), (52) and (53), the pressure equation for R enyi holographic dark energy is obtained as
@ 3D2H(z)*  3D%H(z)* | nHi(1+2)*" 4n(1+ 7)™ damia (1 +7)% (54)
Z = - _— —_ —_
Pde HG? +or  H()?+or |3(H@)?+om) 3[1+(1+2)] k+2

where H(z) = %\/l +(1+z)*and D* = % (1 + %)
0

Figures 7 and 8 present the redshift evolution of the dark energy pressure, pg4.(z), and the dark energy equation-of-
state (EoS) parameter, wq, (z), respectively. As illustrated in Fig.7, the dark energy pressure remains negative throughout
the entire cosmic evolution. Its magnitude evolves smoothly from relatively large negative values at high redshifts to a
finite negative constant in the asymptotic future (z — —1). The persistence of negative pressure throughout the cosmic
history provides the repulsive effect required to account for the observed late-time accelerated expansion of the Universe.
Figure 8 depicts the evolution of the EoS parameter, wg.(z). The results indicate that the EoS remains in the phantom
regime (wq. < —1) over a finite period of cosmic evolution before gradually approaching the cosmological-constant limit,
wde = —1, as z = —1. Such behavior is characteristic of a transient phantom phase, in which the phantom nature of dark
energy is only temporary and the cosmological dynamics eventually converge toward a de Sitter phase. At the present
epoch, the model yields wg.(0) ~ —0.73, implying that the current accelerated expansion is driven by a quintessence-like
dark energy component. In contrast to the standard ACDM model, where the dark energy equation-of-state remains
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fixed at wg. = —1, the Rényi holographic dark energy model predicts a dynamical evolution of wg,(z) from a transient

phantom phase to a present quintessence phase, before asymptotically approaching the de Sitter limit in the far future.
This late-time convergence to the cosmological-constant boundary suggests a stable future evolution and is consistent
with dynamical dark energy scenarios that avoid future singularities, including the Big Rip, through suitable cosmological
evolution mechanisms [69, 70].

5. DISCUSSION AND CONCLUSION

In the present work, we have investigated a spatially homogeneous and anisotropic Bianchi type-VIy cosmological
model within the framework of General Relativity by considering Rényi holographic dark energy (RHDE), with the Hubble
horizon serving as the infrared cutoff. The cosmic matter content is assumed to comprise pressureless dark matter and
RHDE, with no interaction between the two components. Exact solutions of the Einstein field equations have been obtained
by adopting the average scale factor a(r) = (sinh(Br))'/". The free model parameters have been constrained through a
Markov Chain Monte Carlo (MCMC) analysis using a compilation of 77 Observational Hubble Data (OHD) measurements
of the Hubble parameter, H(z). The analysis yields the best-fit values Hy = 67.9 kms™!Mpc™' and n = 1.3. Based on
these observationally constrained parameters, the physical and kinematical properties of the model have been investigated
through the evolution of the relevant cosmological observables. The main findings of the present analysis are summarized
as follows:

* The matter energy density evolves according to the standard relation p,,(z) o (1 + z)*, decreasing continuously as
the Universe expands and tending to zero in the asymptotic future (z — —1). By contrast, the Rényi holographic dark
energy density remains finite and positive throughout the cosmic evolution, asymptotically approaching a constant
value at late times. This behavior naturally supports a sustained phase of cosmic acceleration.

¢ The anisotropy parameter, A,,(z), together with the skewness parameter, 1(z), decreases continuously during the
cosmic evolution and approaches zero in the asymptotic future (z — —1). The vanishing of these quantities signifies
the gradual disappearance of both spatial and fluid anisotropies, indicating that the proposed cosmological model
evolves toward an isotropic state at late times. This behavior is in agreement with the high degree of isotropy
revealed by contemporary Cosmic Microwave Background (CMB) observations.

e The dark energy pressure, pge(z), remains negative throughout the cosmic evolution, while the equation-of-state
(EoS) parameter, wge(z), undergoes a transient phantom phase (wqe < —1) , passes through a quintessence phase at
the present epoch, before asymptotically approaching the cosmological constant boundary, wge — —1, as z — —1.
The convergence of the EoS parameter to the de Sitter limit ensures a stable late-time evolution and prevents the
occurrence of future singularities, including the Big Rip.
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KOCMOJIOI'TYHA EBOJIIOIIIA AHI3OTPOITIHOI'O BCECBITY TUITY B’AHKI VI,
3 IOJIOTPAGIYHOIO TEMHOIO EHEPI'TEIO PEHbBI
Yanapa Pexxa Maxanra, Papkampi Maxanra
Kagheopa mamemamuru, Yuisepcumem Iayxami, 'yeaxami - 781014 (IH/14)

V wiit poGOTi MU ZOCTIIKYEMO IPOCTOPOBO OAHOPIAHY Ta aHI30TPOMHY KOCMOJIOTiYHY Monenb Ty B’ siaki VIy B pamkax 3araibHOL
Teopii BiHOCHOCTI, PO3IJIsIIAlOUM HEB3aEMO/II0UY CYMill TeMHOI MaTepii Oe3 TUCKY Ta ronorpacgiuHoi TemHoi eHeprii Pen’i (I'TE),
ne ropu3oHT Xab0:a ciykuTh iHppadyepBoHUM 00pizoM. TouHi po3B’s3kM piBHAHBG Nois EliHINTeliHa OTpUMaHi MUIIXOM NPUAHATTS
rinep6oiyHoro macmrabHoro koedirienra a(t) = (sinh(,Bl))l/ ", TlapameTpn MoJe/i OOMEKEH] 3a JOMOMOIOK aHaNli3y METOIOM
Mosnre-Kapno 3 BukopucranasM jaHmoriB Mapkoa (MCMC) 3 BukopucTaHHsIM 77 BUMipoBaHb Mapamerpa Xa66ia, OTpIMaHUX
3a JIOTIOMOTOI0 CIIOCTepeXHUX AaHuxX Xa66ma (OHD), mo mae 3HaueHHs Haiikpamoro HaOmmwkeHHs Hy = 67.9 kms~! Mpc_l Ta
n = 1.3. Topisusuusa 3i cTanmapTHOI Mofenmo ACDM nokasye Jemo HukdYe MiHiMalbHE 3HAYEHHS y” PasoM i3 HeraTMBHUMH
3HayeHHAMU AAIC ta ABIC, mo BKa3ye Ha NOMipHY CTaTHCTHYHY IlepeBary 3alpOlOHOBaHOI Mojeli. PekoHCTpyiioBaHa KOCMiyHa
€BOJIOLIISI IEMOHCTpYE IUIaBHUMIA MepexiJ Bif (a3 ynoBiTbHEHHS 3 JIOMiHYBaHHSIM MaTepii JO Cy4acHOi MPHCKOPEHOi eroxu, Mpu
LIbOMY 4Y€pBOHE 3MilleHHS Nepexoy 3HaXOIUThcs B Mexkax Aianasony 0.5 < z; < 0.7, mo € cnpusammMBuM AJs coctepexensb. Kpim
TOr0, eBOJIOLIisT MaTepii Ta 'YCTHHM €Heprii, TUCKY TEMHOI eHeprii, mapamMeTpa piBHSAHHS CTaHy, IlapamMeTpa aHi30Tpomii Ta mapameTrpa
acuMeTpii AEMOHCTPYIOTh, IO MOJIEJb YCIIIITHO BiATBOPIOE CIIOCTEpEXkyBaHe MPUCKOPEHe PO3MIMPEHHS HAPUKIHII Yacy, OJHOYACHO
3a3HAl0YM MOCTYMOBOI i30Tpormizauii. 3aragom, 3anpornoHoBaHa mMogaens PIJIE 3a0e3neuye (i3UUHO y3romkeHy Ta CIIOCTEPEKIHMBO
JKUTTE31aTHY OCHOBY [JIs1 ONMCY eBOOLi1 BececBiTy HanpuKiHLi yacy.
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The framework of Saez-Ballester formalism is employed to study Bianchi Type III metrics, which is homogeneous and anisotropic,
wherein the energy-momentum tensor is derived from a bulk viscous fluid containing one-dimensional strings embedded within an
electromagnetic field. To obtain exact solutions, we utilized the proportionality relation between the expansion and shear scalars, as
well as the average scale factor of a special form. In addition to the energy conditions, several dynamical and physical parameters were
calculated, and their physical implications on cosmology were examined.

Keywords: Bianchi type IlI Metric; Bulk Viscous Fluid; Cosmic Strings, Electromagnetic Field; Saez-Ballester theory

1. INTRODUCTION

There has been increasing evidence over the past few decades that the universe is in accelerating expansion. This
accelerating expansion has been confirmed by recent findings [1], [2], [3]. This accelerated expansion is believed to be
driven by a substance known as 'Dark Energy. In modern cosmology, the mystery of its origin remains unresolved,;
nevertheless, it is indirectly viewed as a consequence of 'megative pressure' within the universe. Caldwell and
Kamionkowski [4] provided the physics of cosmic acceleration. Silvestri and Trodden [5] presented an approach to
understanding cosmic acceleration. Astier and Pain [6] gave observational evidence of the accelerated expansion of the
universe. Perivolaropoulos [7] provided accelerating Universe's observational status. However, to be more precise, two
different approaches have been proposed to resolve this problem: one involves developing viable 'dark energy' models,
and the other involves modifying Einstein's theory of gravity. In this context, Turner and Huterer [8] investigated cosmic
acceleration, dark energy and fundamental physics. Dolgov and Kawasaki [9] discussed whether modified gravity
explains accelerated cosmic expansion. Nojiri and Odintsov [10] studied modified gravity and its reconstruction from the
universe expansion history. Again, Nojiri and Odintsov [11] consider modifying GR theory - termed as the modified
gravity approach. Again, Nojiri et al. [12], [13], [14] discussed some recent developments in modified gravity and unified
cosmic history in addition to covering a number of common challenges.

The scalar tensor theories put forth by Lyra [15], Sen [16], Brans and Dicke [17], Sen and Dunn [18], Barber [19], Lau
and Prokhovnik [20], Saez and Ballester [21] etc., have garnered a lot of attention in the past few decades. In the theory of
Saez and Ballester [21], the metric is coupled to a dimensionless scalar field in a remarkably simple manner. This coupling
provides a satisfactory description of weak fields; in such fields, despite the dimensionless nature of the scalar field's
behaviour, a distinct regime of 'anti-gravity' is observed. This theory proposes a potential solution to the problem of 'missing
matter' in non-FRW models. In this context, higher-dimensional Bianchi type-III string cosmological models with dark
energy in Saez—Ballester theory is investigated by Dabgar and Bhabor [22]. Chetia et al. [23] studied particle creation and
bulk viscosity in Bianchi-I universe in Saez—Ballester theory with different deceleration parameters. Kumawat et al. [24]
studied an anisotropic Bianchi type VIy Spacetime with Barotropic Fluid in Saez - Ballester Theory of Gravitation.
Ram et al. [25] examined Bianchi type-V cosmological models with perfect fluid and heat flow in Saez-Ballester theory.
Rao et al. [26] discussed Bianchi type-I and -III modified holographic Ricci Dark energy models in Saez-Ballester theory.

Bulk viscosity is important in cosmology and describes the universe's fast expansion, often known as the Big Bang
epoch. Using a bulk-viscous fluid as the energy-momentum tensor (EMT), several cosmologists have investigated the
theoretical evolution of the universe as well as the impact of bulk viscosity on cosmic history. Behera et al. [27] studied
bulk viscous Bianchi-III models with time-dependent G and A. Bali and Pradhan [28] discussed Bianchi type III string
cosmological models with time-dependent bulk viscosity. Constraining a bulk viscous Bianchi type I dark energy
dominated universe with recent observational data observed by Yadav et al. [29]. Goswami et al. [30] studied modeling
of an accelerating universe with bulk viscous fluid in Bianchi V spacetime. Bulk viscous cosmological model with varying
deceleration parameter in modified gravity examined by Tiwari et al. [31]. Pawar and Dabre discussed [32] a bulk viscous
string cosmological model with power law volumetric expansion in teleparallel gravity. Shukla et al. [33] studied viscous
fluid dynamics in Bianchi type-I universe with decaying cosmological term.
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Cosmic strings are one-dimensional topological defects that might have evolved during symmetry-breaking phase
transitions in the early Universe. They should be separated from the basic strings found in string theory, since the two
ideas have distinct physical origins and meanings. In this paper, the word "string" refers only to cosmology cosmic strings
represented by a string-cloud energy-momentum tensor, not the basic strings of string theory. Cosmic strings may have a
major role in the dynamics of the early Universe [34], contributing to density perturbations and the development of large-
scale structures [35, 36]. Their stress-energy may also affect the anisotropic development of spacetime. Vilenkin and
Shellard [37] provide a full study of cosmic strings and associated topological flaws. In this framework, Singh [38]
examined a string LRS Bianchi type-I universe with a functional relationship for the Hubble parameter. Rao et al. [39]
investigated a Bianchi type-I1I magnetised string model with a constant deceleration parameter in general relativity. Pawar
et al. [40] investigated a plane-symmetric string cosmology model with a zero-mass scalar field in modified gravity theory,
while Mete et al. [41] investigated the dynamics of cosmic strings and domain barriers using a specific version of the
deceleration parameter.

Cosmic magnetic fields, which are parts of the electromagnetic field, may have a substantial impact on the
distribution of energy and the anisotropic development of the Universe because of the existence of ionised matter.
Magnetic fields may be amplified by adiabatic compression within astrophysical objects, and the stress-energy of large-
scale electromagnetic fields may contribute to spacetime anisotropy. Thus, the electromagnetic energy-momentum tensor
is used to reliably integrate the magnetic contribution in the current task. Wang [42] investigated the Bianchi type-I11
string cosmological model with bulk viscosity and magnetic field. Tripathy et al. [43] studied string cloud cosmologies
for Bianchi type-III models with electromagnetic field. Brahma and Dewri [44] discussed the role of f(R,T) gravity in
Bianchi Type-V dark energy model with electromagnetic field based on Lyra geometry. Rehman et al. [45] studied
electromagnetic field effects on anisotropic cylindrically symmetric compact objects within the framework of f (R, L,,, T)
gravity. Five-dimensional Bianchi type-I anisotropic cloud string cosmological model with electromagnetic field in Saez-
Ballester theory, examined by Daimary and Baruah [46]. Ramprasad [47] investigated a study on cosmological model of
anisotropic universe with electromagnetic field and cloud strings in the framework of general relativity.

A variety of topics related to anisotropic cosmology, cosmic strings, bulk viscosity, electromagnetic fields, and Saez-
Ballester gravity are covered in the works discussed above. However, further research is need to fully understand the
simultaneous impact of these components in a Bianchi type-III cosmological scenario. For instance, Dabgar and
Bhabor [22] examines a higher-dimensional Bianchi type-III string cosmology with dark energy in Saez—Ballester theory,
whereas Chetia et al [23] studies bulk viscosity and particle formation in a Bianchi type-I universe. In contrast, a five-
dimensional Bianchi type-I anisotropic cloud-string cosmological model with an electromagnetic field in Saez—Ballester
theory is studied by Daimary and Baruah [45]. Motivated by these findings, the current study examines a four-dimensional
Bianchi type-III spacetime including a bulk-viscous fluid and one-dimensional cosmic strings contained in an
electromagnetic field inside the Saez-Ballester gravitational framework. The goal is to acquire accurate solutions and look
into the combined effects of anisotropy, bulk viscosity, string tension, the electromagnetic field, and the Saez-Ballester
scalar field on cosmic development. We next examine the kinematical parameters, matter variables, effective pressure,
and energy conditions to evaluate the model's physical behaviour.

2. METRIC & FIELD EQUATIONS
We consider a homogeneous and anisotropic space-time described by a Bianchi type-III metric as

ds* =dt* — A’dx* —B’e”™dy’ - Cdz’, )

where 4, B and C are the metric potentials considered as functions of cosmic time ¢ only.
The field equations given by Saez and Ballester [21] for the combined scalar @ and tensor fields are

G,-j - (()¢7" (Qiqyj —%@j9k¢”k J = _Y;j ) (2)
The scalar field @ satisfies the equation
20", +ng' 0" =0, 3)

Where G, =R} - Eé‘;R is Einstein’s equation and » are constants, 7’ is the stress energy-momentum tensor, comma and

semicolon represent partial and covariant differentiation, respectively.
A bulk viscous fluid with one-dimensional strings immersed in an electromagnetic field, as an EMT, is calculated as

T, =(p+puy’ —pg,—Axx" +E,, )

And
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p=p-3¢H, )
where p=p, + Ais the proper string energy density with particles attached to them, and p, is the particle energy density,
A is the string's tension density, 3&H is bulk viscous pressure, £(¢) is the coefficient of bulk viscosity, H is Hubble’s
parameter, x" denotes a unit space-like vector for the cloud string and " denotes a four-velocity vector satisfying the
conditions, u"u, =1=-x"x, and u,x" =0.

In a co-moving coordinate system, we have

u’ =(0,0,0,1), x" =(0,0,C™,0). (6)

Also, E,, is apart of EMT given as
_ 1 w_1, pe 7
uv _E F#aE/ﬂg _Zg#vF Faﬂ > O]

where F),, is electromagnetic field tensor that satisfies Maxwell equations,

K

[avk] =

0. ®

In a comoving coordinate system, the incident magnetic field is taken along z-axes with the help of Maxwell equation

(8), the components of F,, except F;, vanish, i.e. Fj, is the only non-vanishing component along z-axes.

F,, =Constant =M (Say)

From equation (7), we have

M’ M’
E11=E22=87[7 and E33=E:=—8ﬂ_7. (9)
Now, the field equations (2) & (3) from metric (1) using (4), we get,
B ¢ BC o ,. M?
BT Ee 200 TR (10
A C AC o ,, M?
AT ae o e (an

A B AB m* o . M?

BT a0 e A (2
ﬁ£+££+££_m_2+2 gty M (13)
4B BC Ac & 200 TP At

A B
Z_Z =0, 14
< B (14)
. (A B C). n¢
¢+[Z+E+%](p+g¢—=0, (15)
4

where the overhead dot (-) denotes the derivative with respect to cosmic time ¢. By solving (14), one can get A = kB,
where £ is an integrating constant. Without loss of generality, we take k£ =1.Then (10) - (13) reduces to

B ¢ BC o ,., M?

=—(p-3EH)+——, 16
St et S =) (16)
B B> m* o . M?
e 20 M) A (47
B? BC m*> w N M?
42— 4+ —0"0" = - 18
B BCc 4 277 TP g a®
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Here we have three non-linear differential field equations with seven unknowns, namely B, C, p, &, A, p and ¢. The
solution of these unknowns is discussed in the next section.

Now, we find some kinematical space-time quantities of physical interest in cosmology, as follows:
The average scale factor a and the spatial volume ¥ are respectively defined as
3 2 3
a=+BC,and V =a". (19)

The volumetric expansion rate of the universe is described by the generalised mean Hubble’s parameter H & given by

3
H=%ZH,.=§(H1+H2+H3), (20)
i=1

2 .
in which H, =H, = IR and H, :% denotes the directional Hubble’s parameters.

Using (19) and (20), we have obtained the expansion scalar @, mean anisotropy parameter A , shear scalar o , and
deceleration parameter g, respectively, as

6=3H, @1

)
— | (22)

e =%[ZH _92} 23)
q=—‘f—f=—1+i(ij. (24)

3. SOLUTION OF FIELD EQUATIONS
The three nonlinear differential field equations (16) - (18) and seven unknowns are solved by taking into account
the following physically possible possibilities.
Initially, we took the mean scale factor's spatial form as
1

a=(ct+d);, (25)

where, ¢, d and m are non-negative constants.
Next, we argued that the shear scalar is proportional to the expansion scalar, providing the analytical relation.

B=C*, (26)
Using (19), (25), & (26), we obtained
3¢ _3
A=B=(ct+d)n(+2¢) and C=(ct+d)m+20). (27)
From (27) in (1), we have
6¢ 6{ 6
ds® =di* —(ct+d)m(+20) dx* = (ct +d )m(+20) & ™ dy* —(ct +d )m(1+20) dz*. (28)

The model generated in expression (27) is devoid of any form of singularity until infinite cosmic time.
The Volume

3
V=a3=(ct+d);. 29)
It is evident from expression (29) that this formulation is in power law form, which establishes that volume grows

with time.
The Hubble parameter & expansion scalar

H:lZH,. = ° (30)
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Figure 1. Plot of the expansion scalar & Hubble parameter vs. time for ¢ =1.3, d =1.5, m =0.2.

Figure 1 shows a diminishing graphical representation of the Hubble parameter and expansion scalar over time,
implying that the universe's expansion rate is slowing.
The mean anisotropy parameter & shear scalar is

_LG(H=HY _2({-1)

A‘3§( H j (1+20) 32)
21 -2 _ 3(;_1)202
? ‘z(;H" 0] (1428 ) m* (ct+d) )

Expressions (32) and (33) show that, with the exception of ¢ =1, the universe never approaches isotropy and

maintains shear.

The deceleration parameter (DP)

d(1
=—1l+—| —|=m-1. 34
q — [ HJ (34)

The model's acceleration is indicated by the sign of q. A decelerating phase of the universe is indicated by a positive
sign of DP q for m > 1, an acceleration phase is indicated by —1 < q < 0, and a stable rate of evolution is indicated by
q = 0. The accelerated phase of the cosmos is supported by recent observations [48], [49], [50]. Additionally, for the
selected choice of constants, i.e. m = 0.2, the value of DP is ¢ = —0.8, showing accelerated expansion.

From (15), the scalar field can be obtained as
2

2+n

m(2+n)(ct+d)(ct+d)n+2e(m=3)c,
2¢(m-3)

p= (35

1.05598 -
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Figure 2. Plot of the scalar field vs. time for ¢=1.3, d =1.5, m=0.2, n=1.5, ¢, =1.1.
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As seen in Figure 2, the scalar field graph first climbs rapidly throughout the range of t = 0 to 0.4 up to ¢ =
1.055973, and it remains at this constant value for the rest of the evolution.
From (18), the energy density is

6¢
12 2m* (ct+d) 20 (142¢) (ct+d)
M (et d) 558 (1420 (et d)f —ag) 2 (T4 020 (1 20) (et +d)

—a)(ct+a’)_%’"2(1+2§)2 (ct+d) —180¢* (§+2)

= (36)
P 8(1+20) (ct+d) m'x
Solving (16) & (17), the tension density is
2 - 12¢ 2 2 4 2 - 2
(1+28)M? (ct+d) m=20) m* (ct+d) —4m| m* (1428 (ct+d) (ct+d) m(+20) +3¢* ({—1)(m—=3)
1 : .G
4m*w(142¢)(ct+d)
The particle density is
2m-6
47z{m2a}(1+2§’)2 (ct+d) m +6c2[(2§2—;—1)m—3(§2+3{+1)]}
) (2+4¢)m-12¢
—m* (142¢) M? (ct+d) n0+20) (38)
Py =
! 8m*w(1+2¢) (ct+d)’

Letelier [51] examined the prospect that strings would vanish during the universe's history, leaving only particles,
and noted that the string tension density could be either positive or negative. The physical behaviour of particles, tension,
and energy density is viewed in the context of cosmic time, which is illustrated in Figure 3; this figure demonstrates that
as cosmic time progresses, both of these densities decrease. In our model, the condition A > 0 during the evolution of the
universe signifies the existence of strings; however, particles ultimately dominate the universe, as the contribution of
strings is negligible compared to that of particles.

60 - 7
50_- [
i
30
20
10—-
o ¥

T T T L4 T ¢ T

2 4 6 8 10

o4

Figure 3. Plot of the energy, tension & particle density vs. time for M =2, { =12, ¢=1.3,d=1.5, m=0.2, @=0.1.

We assume that the coefficient of viscosity should vary with the expansion scalar in such a way that

£6 =&, = Constant. 39)
Therefore, we obtain
mé&, (ct+d
&= M (40)
3c

The bulk viscosity coefficient is a strictly rising function of cosmic time, as seen in Figure 4.
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Figure 4. Plot of the viscosity coefficient vs. time for ¢=1.3, d =1.5, m=0.2, § =14.
From (16), the pressure is
o(ct+d)nm* (1428 (et +dY
M2 (ct+d) w0 m? (1420 ) (ct +d) + 4| +2(1420 )’ (et +d ) Em?

+6(1+28) (S +1)*m—18¢7 (& + £ +1)

p= 41
8m*z(1+2¢) (ct+d)’
From (5), the effective pressure is
2 (2+4¢)m-12¢ ) 2m-6
m* (1+2¢) M? (ct+d) ni+20) +47r{m2a)(1+2§) (ct+d) » +6c2[(2§2+3§+1)m—3(§2—;—1)]}
p= - (42)
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Figure 5. Plot of the pressure & effective pressure vs. time for M =2, (=12, ¢=1.3,d =15, m=02, w=0.1, & =1.4.

A graph illustrating pressure and effective pressure is presented in Figure 5. It is evident from Figure 5 that both
these parameters commence with negative values and increase over the course of cosmic time; however, in subsequent
epochs, the cosmic pressure becomes slightly positive, whereas the effective pressure remains negative. It is a well-
established fact that negative cosmic pressure serves as an indicator of cosmic acceleration.

The Energy Conditions

The energy conditions are respectively defined as [52]
i.  Null Energy Condition (NEC) cp+p20
ii. Weak Energy Condition (WEC) :p20,p+p20
iii. Strong Energy Condition (SEC) cp+3p20

iv. Dominant Energy Condition (DEC) cp20,ptp20
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From (32) and (37), we can express the conditions as

2m-6 (2+4{)ym-6¢
e (1+2§)2M2(Ct+d)7(2t:g‘)*’;;)2§ L mo(1+2¢) (ct+d) » —(ct+d) n+20) (1+2¢) m*

+(1428) (et +d) Em* +3(1+2¢) (£ +1)Em+9¢* (¢ 1)

ptp= . 43)
am*r (1424 (ct+d)’
J (2+48)m—-6¢ y
t+d) mie20)
2 2 302 (@rag)m-12¢ (1 + 2§)2 (C ) 2mi':
4m (1+2§) M (Cl+d) m(1+28) =87 _2m2a)(ct+d)7_3(ct+d)2 §0m2
-9c* | 2(m-1)* +(3m—1){+m -3
p+3p= [2 ( )2 ( ) ] . (44
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Figure 6. Plot of the energy conditions vs. time for M =2, {=1.2, ¢=13,d=1.5, m=0.2, ®=0.1, § =1.4.

A graph of the energy conditions is presented in Figure 6. The figure reveals that, during the evolution of the
universe, since only p + 3p < 0, all energy conditions with the exception of the SEC are satisfied. The SEC has
significant implications for cosmology. Negative pressure is sufficient to violate the SEC; that is, a violation of the SEC
accelerates cosmic expansion, and therefore, it supports the inflation and dark energy models. Furthermore, a violation of
the SEC implies that this model can avoid a singularity. These findings are fully consistent with [53], [54].

4. CONCLUSIONS

Within the framework of Saez-Ballester theory, in this research, the authors have investigated a homogeneous and
anisotropic Bianchi Type III metric, wherein the EMT consists of a viscous fluid coupled with a string of clouds embedded
in an electromagnetic field. To obtain exact solutions to the field equations, a specific form of the average scale factor
and a shear-expansion scalar relationship are utilized. Some kinematic and physical parameters were calculated in addition
to energy conditions, and their physical implications in cosmology were examined.

The created model behaves like a conventional cosmological model that is free of singularities until infinite duration,
is accelerating, expanding with a decreasing rate of expansion over time, and anisotropic with holding shear. The scalar
field of the model increases rapidly from t = 0 to 0.4, reaching a value of ¢ = 1.055973, and remains constant for the
remainder of its evolution. Both the energy, tension, and particle density are positive and exhibit a decreasing trend. In
our model, we have detected the presence of strings; however, particles ultimately dominate the universe, as the
contribution of strings is negligible compared to that of particles. The bulk viscosity coefficient is a strictly increasing
function of cosmic time. The values for both pressure and effective pressure are negative and increase with cosmic time;
however, in subsequent epochs, only the cosmic pressure becomes slightly positive. Furthermore, except for the SEC, all
energy conditions are satisfied. The SEC has significant implications in cosmology. Negative pressure is sufficient to
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violate the SEC; that is, a violation of the SEC accelerates cosmic expansion and, consequently, lends support to
inflationary and dark energy models. Moreover, a violation of the SEC suggests that this model may be able to avoid a
singularity. The findings obtained in this research are fully consistent with recent observational data.

Compared to the previous research presented in the Introduction, the current analysis contains Bianchi type-III
anisotropy, a bulk-viscous cosmic-string fluid, an electromagnetic field, and the Saez-Ballester scalar degree of freedom.
The resultant model shows rapid expansion for the chosen model parameters, whereas the Hubble parameter and
expansion scalar decrease with cosmic time. The matter, string-tension, and particle densities decline throughout
evolution, whereas the effective pressure stays negative throughout the relevant era. The model remains anisotropic except
for the exceptional isotropic limit. These characteristics define the cosmic behaviour of the matter-gravity system under
consideration. The Saez-Ballester theory introduces a dimensionless scalar field that is connected to the gravitational
sector. In this study, it is viewed as an effective gravitational field and is not associated with the Higgs field or any
empirically discovered basic scalar particle. Thus, its function in the model is phenomenological under the Saez-Ballester
gravitational framework.

Future research might expand on the current work by investigating the model's dynamical stability, cosmic
disturbances, other forms of the bulk-viscosity coefficient, and the impact of various electromagnetic-field configurations.
It would also be interesting to restrict the free model parameters using empirical datasets and look into the approach to
the isotropic limit at late cosmic periods.
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* A viscous holographic Ricci dark energy (VHRDE) model is investigated within the framework of Brans—Dicke (BD) gravity.
» Bulk viscosity generates effective negative pressure, while the BD scalar field dynamically regulates the gravitational coupling.

* A natural transition from an early matter-dominated decelerated phase to a late-time dark-energy-dominated accelerated expansion
is obtained.

* The model extends beyond ACDM, exhibiting a dynamically evolving equation of state that can approach or cross the phantom
divide w < -1

* Anisotropy and shear decay with cosmic time, leading to late-time isotropization consistent with observational (CMB) constraints.

We investigate a viscous holographic Ricci dark energy (VHRDE) model in Bianchi type (BT) - VI, spacetime within Brans—Dicke
(BD) gravity, incorporating a pressure-less matter component. Assuming a relationship between metric potentials and a parameterised
bulk viscosity coefficient, exact solutions of the BD field equations are found. The combined effects of anisotropy, Ricci holographic
cutoff, and bulk viscosity yield a dynamical framework that can describe multiple phases of cosmic evolution. We examine the
progression of significant measurements, including the scalar field, energy densities, bulk viscosity, viscous pressure, equation of state
(EoS), expansion variables, and the deceleration parameter, revealing a transition from a decelerated, matter-dominated epoch to an
accelerated, dark-energy-dominated phase. Bulk viscosity generates effective negative pressure driving acceleration, while the BD
scalar field modulates gravitational coupling. Comparison with previous studies confirms that this model provides a viable mechanism
for cosmic acceleration without requiring a cosmological constant.

Keywords: Bianchi type- VI, metric; Holographic Ricci dark energy (HRDE); Bulk Viscosity; Brans-Dicke theory

1. INTRODUCTION

The accelerated expansion of the Universe, revealed through observations of SN Ia, CMB anisotropies, and large-scale
structure surveys, stands as one of the most profound and unresolved challenges in modern cosmology. This phenomenon
is generally attributed to an unknown component characterised by a negative pressure, known as dark energy (DE),
which currently predominates the cosmic energy amount. Our current understanding suggests that dark energy constitutes
approximately 73% of the universe, with dark matter comprising 23% and baryonic matter making up 4%, while radiation
contributes negligibly at the present epoch [1-5].Two essential methodologies have been established to better understand
this late-time acceleration. The first introduces new dynamical energy components, such as quintessence, phantom fields,
k-essence, tachyon models, and Chaplygin gas. The second modification extends Einstein’s general relativity, leading to
alternative gravitational frameworks, such as scalar—tensor (ST) theories and f(R) or f(R,T) gravities [6-12]. Among
the many DE candidates, the holographic dark energy (HDE) model [13] is particularly compelling, as it emerges naturally
from the holographic principle, which relates the degrees of freedom of a physical system to the area of its boundary
surface [14, 15]. The holographic framework was initially developed by Cohen et al., who related the vacuum energy
density (ED) to the Hubble scale (L ~ H~!), while Li proposed the HDE density as pg = 3C2M§]L‘2. Gao et al.,

modified this formulation by adopting the Ricci scalar cutoff (L ~ R ‘%), leading to the RDE model, while Granda and
Oliveros [14-19] introduced a generalized form involving both H 2 and H. Chen and J ing [20] further extended it to the
modified HRDE model, expressed as

pa soH? +nH +{ — (D

871G
These models, and their extensions, have been widely studied and shown to describe key features of cosmic acceleration
[21-24]. Parallel to these developments, bulk viscosity has been proposed as a natural mechanism for generating effective
negative pressure. In the early Universe, neutrino interactions led matter to behave like a viscous fluid, decreasing viscosity
as expansion progressed. Bulk viscosity arises when a system departs from local thermodynamic equilibrium and has been
shown to drive both early inflation and late-time acceleration without a cosmological constant [25-28]. Recent works have
applied viscosity to holographic models in anisotropic spacetimes, highlighting its role as a viable candidate for DE [29].
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Scalar—tensor theories, particularly BD gravity, provide a natural framework for extending general relativity. In BD theory,
the gravitational constant is replaced by a dynamical scalar field ¢, which couples to geometry through the dimensionless
parameter w. The BD field equations can be written as

8 w 1 1
Guo == —Tup = — |b.ub.0 = 58u0$ 40" | = = (buw — guo 0P 2
7 6 M ¢2 u K&K p (60 u )
and g
T
O¢ = 3
¢ 3+ 2w 3
together with the conservation law

™ =0 4)

This framework has been successfully applied to both isotropic and anisotropic cosmologies, offering flexibility in explain-
ing dynamical features of cosmic evolution [30-35]. Motivated by these considerations, the present work investigates a
VHRDE model in a BT-VI,, anisotropic spacetime within BD gravity, incorporating a pressureless matter component. The
combined effects of anisotropy, Ricci holographic cutoff, and bulk viscosity generate a rich dynamical system capable of
reproducing different cosmic phases. Exact solutions of the BD field equations are obtained by assuming a relation among
metric potentials and a parameterized bulk viscosity coefficient. The time evolution of key cosmological parameters is
analyzed to examine the roles of viscous effects and anisotropies in shaping cosmic dynamics. The structure of the paper
is as follows: Section 2 formulates the governing field equations, Section 3 develops the exact analytical solutions, Section
4 provides a detailed analysis of the physical characteristics of the model, and Section 5 synthesizes the principal findings
and implications.

2. METRIC AND FIELD EQUATIONS

We consider a spatially homogeneous BT - VI, metric form.
ds? = di* — A2 dx* — AZe > dy? — A3e™ d7? (5)
Where A, A, and A3 are functions of ‘t’” only. The HRDE energy-momentum tensor with bulk viscosity is

_ Tm d
Tug = T#ﬂ + T/“9

Where Ty and T4 o are the energy-momentum tensor for matter and the HRDE, respectively. They are
J u

T;,i,a = (pa + Pa) uplty — Pa guv (6)

and
T;Tﬂ = P Uylly @)
Where p,, and py are the matter and the holographic Ricci dark energy densities, respectively, and p means the viscous

HDE pressure.
In the co-moving frame of reference, we will get

T =T =T} =~pa, T} =pm+pa (8)

Where p,,,, pg and p4 are all functions of time ‘t” only.

The pressure of VHRDE is governed by the corresponding relation. pg; = pg — 3eH. In the late-time evolution of
the Universe, the inclusion of bulk viscosity in the DE sector facilitates a rapid phantom-like expansion. Throughout
this analysis, dark matter is treated as a pressureless component, while the effective pressure of VHRDE is consistently
modelled as the combined contribution of the HRDE pressure and the bulk viscous term.

The BD field equations (2), using metric (5) and supported by equations (6)-(8) are given by:

i o -
4 3+A2A3+w¢+¢+A2¢+A3¢+_
Ay A3 ArAs  2¢7 ¢ A Asp A2

=879~ pa 9)

Ay A3 AA 2 A A 1
A A3 Aids wd ¢ 1¢ Asp — 876~ py (10)
Al A3 AA3 297 ¢ A1¢’ A3¢ A2
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AL gz_z . (ﬁ_l e ;Lz) - Ai% = 8767 (o + p) (12)
Ai%(%_%)zo (13)
$+¢(%+%+%)= 3537;“) (pm + pa —3pa) (14)

3. VHRDE COSMOLOGICAL MODELS

From equation (13), we get A, = c1A3,by taking ¢; = 1 without loss of generality, we have
Ay = Az (16)

The field equations (9)—(15) constitute a set of independent, nonlinear relations involving seven unknown functions of
cosmic time t: Ay, Az, A3, P, Pd> Pa, & ¢.The following physically motivated conditions are imposed to ensure a well-
determined solution.

1. The relation between the scalar field and the average scale factor a(t) is established as given by Johri and Kalyani [36]
p=a"= (A1A2A3)(%) ., where m is a constant (17)

2. Since o « 6 leads to the metric potentials relation (Collins et al. [37])
Ay = A5, wherenis an arbitrary constant. (18)

We adopt the parameterized form of bulk viscosity as proposed by Ren and Meng [38]
E=€1+62E+€3g. (19)
a a

Where €, €;, &e3 are constants. From equations (9)-(11), (17), and (18), we get

A2

A A3 Ay 2
—2+(n+1)—§+i¢——2=0 (20)
A5 A (n-1)A7"
Using equations (17) & (18), from equation (20), we get
1
k\ " -1
Ay = Az = (7) [tanh? (nkt) — 1] 1)
Al = (%) [tanh*(nkt) — 1] 2 (22)
From equations (17), (21), and (22), we get
n+2
k n 2 n+2
¢ = (7) [tanh*(nkt) — 1] > (23)

Where 1% = ,1(12—_,1) & k is an integrating constant.
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Scalar field '¢"

Time 't'

Figure 1. Variation of the BD scalar field ¢(¢) vs. time ‘t’ for k=1.5 & n=2.45

For the specified parameters, Figure 1 shows how the BD scalar field ¢(¢) changes over time in the VHRDE model.
Initially, ¢(¢) starts at a high value (¢ = 3.6) and decreases rapidly due to the combined influence of viscous effects and
holographic corrections, reflecting a strong dynamical contribution in the early universe. Around 7 > 2, the decay slows,
and the field stabilizes near zero, remaining effectively constant at late times. This behaviour indicates a transition from
an early scalar-dominated regime to a dark energy dominated phase, consistent with the dissipative nature of VHRDE
and supporting a stable, slowly evolving dark energy component in the present epoch. Unlike Lambda CDM, where the
gravitational coupling is constant and the scalar field plays no dynamical role, the VHRDE framework allows ¢(z) to
evolve, reflecting richer dynamics influenced by viscosity and holographic effects.

The Hubble parameter H is
k(n+2
=Kt (k) (24)

Now, metric (5) can be written as
2

n

1 - k _1
ds® = dr* - = [tanh? (nk?) — 1] Y - (7) [tanh? (nke) — 1] " (e_zxdy2 + e%zz) (25)

The HRDE energy density can be evaluated from equations (1) and (24) as follows

3pk2 2 2 2
pa = Z— @ (”; tanh(nkt)) + n@ sech? (nkr) — 2¢n? sechz(nkt)l (26)
T

n+2

Where ¢ = (%)T [tanhz(nkt) - 1]%2
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Figure 2. Variation of HRDE density p; with time 7 for k = 1.5, n = 2.45, ¢g = 0.025, n = 1.155, ¢ = 0.055.
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In the VHRDE model, Figure 2 shows how the ED p, has evolved across cosmic time. Initially, p, starts at a
relatively high value (p; = 3.4), reflecting a dominant DE component influenced by strong holographic and viscous
effects. As time progresses, the ED undergoes a steep decline, approaching near-zero values around ¢ = 4, after which
it asymptotically flattens and remains nearly constant. This behaviour indicates rapid energy dissipation due to viscous
interactions during the early universe, followed by a quasi-static regime corresponding to a stabilized DE-dominated
era. The late-time plateau suggests a de Sitter—like accelerated expansion, which is consistent with observations and the
expected behaviour of HRDE models with bulk viscosity. At late times, it shows that the VHRDE effectively mimics a
cosmological constant. Additionally, p; gradually decreases over time, ensuring the physical condition p; > 0. Unlike
Lambda CDM, where the DE density remains constant, the VHRDE framework exhibits dynamic decay before stabilizing,
reflecting richer dissipative physics. A minimal interaction is assumed between pressure-less matter and the viscous HRDE
component, allowing them to evolve independently, in line with the approach of Sarkar [39]. As a result, the conservation
equation yields:

(AL A A
+l—+ =+ =0 27
Pm (Al A, A, ) Pm (27)
(A A A _
+|—+ =+ — + =0 28
Pd (A1 e A3)(Pd Pa) (28)
From eqgs. (21), (22), and (27), we get
n+2
k" 2 e
Pm = ki 7 [tanh*(nkt) — 1] > (29)
Where k| is an integrating constant.
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Figure 3. Variation of the ED of matter p,, vs. time ‘t’ for k = 1.5,n =2.45 & k1 = 1.25

In the VHRDE cosmological framework, Figure 3 displays the variation of the matter ED p,,, across time. Initially,
pm is high (p,, = 4.3), reflecting a matter-dominated epoch in the early universe. The curve declines sharply as time
progresses, indicating rapid dilution of matter density due to cosmic expansion. Around t = 3, p,, approaches zero and
stabilizes at an almost negligible value, marking the transition from matter domination to DE domination. The asymptotic
behaviour demonstrates that matter becomes dynamically irrelevant in the late-time universe, consistent with the current
DE-dominated phase. The steep decay further highlights the combined influence of bulk viscosity and holographic
constraints in accelerating the dissipation of matter’s contribution in VHRDE cosmologies. In Lambda CDM, matter
dilutes as a3 without viscous corrections, while in VHRDE, the decay is sharper, reflecting more substantial dissipative
effects.

The bulk viscosity coefficient is expressed by

k(n+2)

h%(nkt 7n +2 tanh(nkt
€E=€ +6 Ttanh(nkr) M + 2tanh(nkt) +2 n+2 tanh(nki)

tanh(nkt) 6n  sech®(nkr)

(30)

+ e3(nk) [

Figure 4 illustrates the evolution of the coefficient €(¢) of bulk viscosity in the VHRDE model. During the early and
intermediate epochs(z < 12), bulk viscosity remains extremely small and nearly constant, indicating negligible viscous
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effects in the initial stages of cosmic evolution. However, as the universe approaches the far-future regime, €(¢) exhibits
a dramatic rise, diverging sharply and reaching values of the order 10% near t =~ 14. This rapid growth suggests that
dissipative processes become increasingly dominant at late times. The divergence of € may signal the onset of a non-
equilibrium state or a possible future phase transition driven by strong viscous effects. Physically, such behaviour could
correspond to a highly accelerated expansion or a phantom-like scenario, where bulk viscosity mimics or amplifies dark
energy. These results emphasize the crucial role of viscosity in shaping the future dynamics of the universe, particularly
within holographic and scalar—tensor cosmologies. In contrast, Lambda CDM assumes no viscous terms, making bulk
viscosity identically zero. The sharp divergence in VHRDE highlights a key departure from the Lambda CDM paradigm.

4 x10%

Bulk viscosity
N w
n w w (4]

&]

o
o

0 2 4 6 8 10 12 14
Time 't'

Figure 4. Variation of the bulk viscosity € vs. time ‘t’ for k = 1.5,n = 2.45,¢; =2.035, e, = 1.025 &e3 = 3.15

By solving equations (21) through (23), we may determine the HRDE’s viscous pressure as

Pk?

Pa= —{(n +1) [(n ~ 1) sech?(nkr) + 1] + [(3n 1) = (w+2)(n+ 2)2] tanhz(nkt)} 31)
167

n+2 a2

where ¢ = (%)T [tanh? (nks) — 1] >

Viscous pressure

0 I2 ﬁ; éi é 1IO 1I2 14

Time 't'
Figure 5. Variation of the viscous pressure pg vs. time ‘t’ for k = 1.5,n = 2.45,¢y = 0.025,7 = 1.155, w0 =2.25& ¢ =
0.055

In the VHRDE model, Figure 5 depicts how the viscous pressure p alters across cosmic time. Initially, p, is strongly
positive, exceeding unity, but it rapidly falls into the negative region, reaching a minimum of about p; =~ —2.8 at early
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times (¢ < 1). This sharp decline indicates that viscous effects acted as an effective negative pressure in the early universe,
potentially driving an acceleration of the inflation-like phase. Thereafter, p, gradually increases and approaches zero from
below, stabilizing for # > 4. This asymptotic flattening implies that viscous contributions become negligible late, consistent
with a quasi-equilibrium, DE-dominated phase. The overall trend highlights the dissipative nature of the cosmic fluid and
its significant role in shaping both early and intermediate expansion dynamics. In Lambda CDM, the effective pressure
is constant, whereas VHRDE introduces time-dependent viscous contributions that enrich the early and mid-time dynamics.

The HRDE’s pressure as

Pk* 2 2 2
pa=T{n+ 1)[(n ~ 1) sech? (nkr) + 1] + [(3n +1) = (w+2)(n+2) ] tanh? (nkr)
+ [k(n +2) tanh(nkt)] {81 rep | KOF2) tanh(nkt)] 32)
sech?(nkr) 2(7n +2) tanh(nkr)
+ &3(nk) [—tanh o+ 2tanh(nkn) + = sechz(nkt)]

n+2

where ¢ = (%) " [(tanh(nk1))> - 1|

n+2
2n

From equations (26) and (32), we obtain The HRDE’s EoS parameter as

w4 = Z—;’ (33)
Where
Pk> 2 2 2
pa=Stn+ 1)[(n — 1) sech? (nkt) + 1] + [(3n +1) = (W+2)(n+2) ] tanh? (nkt)
+ [k(n +2) tanh(nkt)] {81 +e @ tanh(nkt)]
sech? (nkr) 2(7n +2) tanh(nkr)
+ &3 (l’lk) [W + 2tanh(nkt) + on Sechz(nkl‘) ]
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and pg = % [60 (”T*z tanh(nkt)) + n@ sech®(nkt) — 2¢n* sechz(nkt)l
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Figure 6. Variation of the EoS parameter wy vs. time ’t’ fork = 1.5,n = 2.45,¢y = 0.025,7 = 1.155,w = 2.25&{ =
0.055

The EoS parameter is defined as wgy = /B). Different values of w, correspond to distinct evolutionary phases of
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the Universe. During the decelerated expansion, wy = 1 denotes stiff fluid, wy = % represents radiation, and wy = 0
corresponds to a dust-dominated epoch. In contrast, the accelerated expansion phase includes quintessence —1 < wy <
%, the cosmological constant (wg; = —1), and phantom energy (-1 < wy). Figure 6 shows how the VHRDE model’s
EoS parameter has changed over time. At early times, w > —1, placing the universe in a quintessence-like regime with
relatively weaker negative pressure. As cosmic time increases, viscous and holographic effects dominate, driving wg
toward more negative values. Depending on the parameter set, wy either asymptotically approaches the cosmological
constant boundary (wg = —1) or crosses into the phantom regime (wy < —1). In the latter case, the model indicates a
possible big-rip—like future driven by rapidly increasing negative pressure. The substantial time dependence of w, reflects
the combined influence of bulk viscosity, scalar field dynamics, and the Ricci cutoff. In contrast, the standard Lambda
CDM model assumes a strictly constant wg = —1, corresponding to a true cosmological constant. The deviation of wy , the
fixed value in the VHRDE framework highlights its dynamical character, offering a richer phenomenology that can capture
transitions between quintessence, A-like, and phantom regimes. Such flexibility may help reconcile theoretical predictions
with Planck and other observational constraints that mildly favour evolving DE over a pure cosmological constant.

The coincidence parameter is

3pk?

8
r=fd_ =7 (34)

p n+2 n+2
" ki (5) 7 [ranh?(ukn) - 1] %

2
&o ("T"Z tanh(nkt)) +7 "(";2) sech?(nkt) — 2¢n? sech? (nkr)

4. SOME ESSENTIAL PROPERTIES OF THE MODEL

The spatial volume is

_n+2

k™ T
V= (7) (tanhz(nkt) - 1) ’ (35)
The average scale factor is
n+2
k"o o
a(t) =V(@)'3 = (7) (tanhz(nkt) - 1) ’ (36)
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Figure 7. Variation of the Volume V vs. time ‘t’ for k=1.5 & n=2.45

Figure 7 presents the time progression of the volume scale factor V() in the VHRDE model. During the early epoch
(t < 4), the volume remains extremely small and nearly constant, reflecting a slowly expanding or quasi-static universe.
A sharp transition occurs around ¢ ~ 4.5, where V(¢) grows rapidly by several orders of magnitude. This exponential-like
rise signals late-time accelerated expansion, driven by the combined influence of HDE and bulk viscosity. The asymptotic
behaviour of V(z) at later times indicates a dark energy—dominated regime that may evolve toward a de Sitter—like or
phantom scenario. In contrast, the standard Lambda CDM model predicts smooth exponential expansion with a constant
DE density and no viscosity effects. The VHRDE framework, by incorporating dissipative processes, provides a richer
dynamical picture that can capture both the observed acceleration and possible deviations from Lambda CDM in the
universe’s long-term evolution.
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For the flow vector u*, the corresponding expressions for the expansion and shear scalars are obtained as follows.
0 = 3H = k(n + 2) tanh(nkr) 37

7 7
2 Lo T 2
o= I3 0 5 [k(n + 2) tanh(nk?)] (33)

Figure 8 shows the evolution of the Hubble parameter H(t) (solid line) and the expansion scalar 6(z) (dashed line) in the
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Figure 8. Variation of the Hubble parameter & Expansion scalar vs. time’t’ for k=1.5 & n=2.45

VHRDE model. Initially, both quantities rise rapidly, reflecting an early phase of significant expansion. As time increases,
the Hubble parameter stabilizes near a constant value H = 2.3, while 6, proportional to 3H, asymptotically approaches
0 = 6.9, consistent with theoretical expectations. This convergence signals the transition from a dynamic early epoch to a
quasi—de Sitter regime in the late universe. The constancy of H and 8 at late times indicates a steady accelerated expansion,
driven by the interplay of the Ricci holographic cutoff and bulk viscous effects, which together guide the universe toward
an asymptotic inflation-like state without a future singularity. In contrast, due to a true cosmological constant, the Lambda
CDM model predicts a constant H only at asymptotic times. The VHRDE scenario generalizes this behaviour by allowing
viscosity-driven dynamics, yielding a richer description of cosmic acceleration.

The average anisotropy parameter is defined by

3 2 2
1 H;-H 2(n—-1)
A = — = 39
"3 z:; ( H ) (2n +1)2 39)
The deceleration parameter given by
36 3n
=-=_1=- h? (nkt) - 1 40
4=-2 Gy k) (40)

Figure 9 illustrates the evolution of the deceleration parameter ¢ (¢) in the VHRDE model. Initially, g(¢) takes a very
large negative value (¢ = —13), indicating a phase of rapid super-acceleration driven by strong viscous and holographic
effects in the early universe. As time progresses, g(¢) increases toward an asymptotic value around ¢ ~ —1, signalling a
transition to steady accelerated expansion resembling a de Sitter phase. The model exhibits super-acceleration (g < —1)
at early times and normal accelerated expansion (—1 < g < 0) at late times. At ¢y = 13.8 Gyr, g is consistent with current
observational estimates of a nearly de Sitter—like universe. In contrast, the Lambda CDM model predicts g = —0.55 at
the present epoch and approaches ¢ = —1 only asymptotically due to a constant cosmological constant. The VHRDE
framework, with viscosity and holographic corrections, captures stronger early acceleration and a richer time-dependent

behaviour, distinguishing it from standard Lambda CDM predictions.

5. COMPARISON OF OUR RESULTS

Recent VHRDE investigations have been carried out in both isotropic and anisotropic cosmologies under different
gravity theories. In spatially flat FRW models, linear bulk viscosity has been shown to generate viable late-time acceleration
and to regulate the transition from decelerated to accelerated expansion [40,41]. Extensions to anisotropic settings, such as
axially symmetric, Ruban, and BT-III spacetimes, indicate that bulk viscosity coupled with scalar—tensor dynamics plays
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Figure 9. Variation of the deceleration parameter q vs.time ‘t’ for k=1.5 & n=2.45

a crucial role in suppressing anisotropy and initiating accelerated expansion [29,42,43]. Furthermore, studies in modified
gravity frameworks, including f (R, T') theory, demonstrate that viscosity ensures thermodynamic consistency, supports the
generalized second law, and accounts for transitions between cosmic phases [44]. Our BT-VI,, model under BD gravity is
consistent with these earlier results yet extends them in several important respects. First, the BT - VI, geometry introduces
a richer anisotropic structure, allowing us to track the detailed decay of shear and anisotropy parameters. Second, the BD
scalar field provides a dynamical gravitational coupling that modulates the influence of viscosity, offering new insight into
how anisotropy and scalar—tensor effects jointly shape cosmic evolution. Third, we obtain explicit solutions showing that
(i) anisotropy and shear decay monotonically, (ii) the deceleration parameter undergoes a sign flip, indicating a transition
from decelerated to accelerated expansion, and (iii) A late-time de Sitter phase is indicated by the fact that the EoS value
is getting close to —1. These behaviours mirror the general trends observed in FRW and anisotropic VHRDE models, but
are derived in a more general anisotropic background with explicit scalar—tensor coupling. Unlike Lambda CDM, where
dark energy is constant and acceleration emerges gradually, the VHRDE-BD model exhibits a dynamical evolution in
which viscosity and scalar—tensor effects drive early super-acceleration, while the EoS parameter approaches —1 at late
times, yielding a de Sitter—like phase that aligns with our findings. Table 1 compares the key cosmological parameters of
the Lambda CDM and VHRDE models in BD gravity, showing the effect of viscosity and HRDE on cosmic evolution.

Table 1. Comparison of Key Cosmological Parameters between Lambda CDM and the Present VHRDE Model

Parameter Lambda CDM Model VHRDE Model
Gravitational coupling / scalar field Constant gravitational coupling (no scalar | Dynamical Brans-Dicke scalar field ¢ (¢); positive, initially large
field; G = const.). (~ 3.6) and decreases to a nearly constant value at late times.
Dark energy density pg Constant (cosmological constant). Time-dependent; begins large (~ 3.4), decays rapidly, and stabi-
lizes at a small constant value at late times.
Matter density p,, Varies as a > ; dominates early epoch. Decays faster than a3 initially ~ 4.3 and becomes negligible
around ¢ ~ 3 due to viscous dissipation.
Bulk viscosity coefficient £(7) Zero (no viscosity term). Positive and time-dependent; nearly constant early, rises sharply
and diverges (~ 10%) at late times.
Viscous pressure pg (1) Absent. Initially positive, then becomes negative (= —2.8 early), approach-
ing zero from below.
Equation of state wg = pa/pa Constant, wg = —1. Dynamic; evolves from quintessence (—1 < wg < —1/3) toward
wq — —1 or crosses the phantom divide (wg < —1).
Deceleration parameter g () Present value gg = —0.55; tends to —1 atlate | Strongly time-dependent; early super-acceleration (¢ ~ —13), con-
times. verging to g ~ —1 at late times.
Hubble parameter H () Decreases and approaches constant value at Evolves dynamically; stabilizes near H = 2.3 (model units).
late times.
Anisotropy / shear Zero (isotropic FRW). Non-zero initially (Bianchi VI, ) but decays monotonically.
Spatial volume / scale factor Smooth exponential-like expansion at late | Slow initial growth followed by sharp exponential increase near
times. t~4.
Coincidence parameter r = | Decreases slowly; ~ 1 at present epoch. Falls rapidly; matter becomes dynamically negligible earlier than
Pd/Pm in ACDM.
Thermodynamic consistency Trivial (no viscous contribution). Maintained by £(z) > 0.
Observational concordance Consistent with SNe Ia, CMB, and BAO data. | Qualitatively consistent at late times (w — -1, g — —1); quan-
titative fitting required.

Table 1 clearly demonstrates that the VHRDE model provides an extended framework beyond Lambda CDM by
incorporating bulk viscosity, anisotropy, and scalar—tensor dynamics. The model reproduces late-time acceleration
without invoking a cosmological constant and aligns well with observed cosmological behaviour.
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6. CONCLUSIONS

This paper investigates a VHRDE model in a BT-VI,, anisotropic spacetime under BD gravity with a pressure-less
matter component. Precise solutions of the BD field equations are obtained by assuming a relation among the metric
potentials and a parameterized bulk viscosity coefficient. The combined role of anisotropy, Ricci infrared cutoff, and
viscosity is analysed to explain different phases of cosmic evolution. The Brans—Dicke scalar field ¢ remains positive for
all cosmic times (Fig. 1). It decreases monotonically with the expansion, which indicates a gradual strengthening of the
effective gravitational coupling in the late epoch. The scalar field’s evolution significantly affects the HRDE and expansion
dynamics. The VHRDE density pg is positive throughout the evolution (Fig. 2). It starts with large values in the early
anisotropic phase and decreases steadily to a small constant value at late times, supporting accelerated expansion. The
matter ED p,, is also positive and decreases monotonically (Fig. 3). This behaviour corresponds to the expected dilution
of pressure-less matter due to cosmic expansion. The bulk viscosity coefficient € remains positive, ensuring thermody-
namic consistency. It increases with time, which shows that viscous effects become more important in the DE—~dominated
era. This enhancement contributes to the negative pressure required for acceleration. The effective viscous pressure is
negative for the entire evolution (Fig. 5). Its magnitude is large in the early epoch, providing a strong acceleration-driving
mechanism. It decreases gradually with time, leading to a more stable expansion phase. The EoS parameter w starts with
positive values, decreases as time evolves, and approaches zero in the late epoch. This indicates a smooth transition from
a matter-like regime to a dust-like regime driven by the combined effects of HRDE and viscosity. The expanding nature
of the Universe is confirmed by the spatial volume increasing monotonically from zero at ¢+ = 0. Both the mean Hubble
parameter H(t) and the expansion scalar 6(¢) are always positive. In the early Universe, both were large and in later eras,
they tend to be constant, corresponding to a steady accelerated expansion similar to de Sitter behaviour. The deceleration
parameter ¢(¢) remains negative throughout the evolution, indicating continuous accelerated expansion of the universe.
At early times, g(¢) < —1 corresponds to a super-accelerated phase, while at late times it approaches ¢ = —1, indicating
a de Sitter-like expansion. Finally, the VHRDE model in BD theory demonstrates how anisotropy, bulk viscosity, and
HRDE can drive cosmic evolution shifted from matter domination to DE acceleration. The scalar field regulates the
effective gravitational coupling, while viscosity provides the mechanism for sustained acceleration. The results show that
a cosmological constant is unnecessary to explain late-time acceleration in anisotropic backgrounds.
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Kagpeopa mamemamuxu ma cmamucmuxu, GSS, GITAM, ssaxcacmovcs Yrigepcumemom, Biwaxxanamuam, Inois

* JlocnigxeHo B’ 3Ky rosorpadgiuny mozens TemHoi eHeprii Pivui (VHRDE) B pamkax rpasirtauii bpanca-/like (BD).

* OG’eMHa B’sI3KiCTh reHepy€e e(peKTUBHUA HEraTHMBHUI THCK, TOMi SIK CKassipHe moje BD MUHAMIYHO perysioe rpaBiTamiiHuii

3B’ A30K.

* OTpumaHO NPUPOIHUI NIepeXifl Bil paHHbOI yNOBLIbHEHOT (ba3U 3 JOMiHyBaHHAM MaTepii 10 Mi3HbOI IPUCKOPEHOT (ha3u po3Iy-

PEHHS 3 JOMiHYBaHHSIM TEMHOI €Heprii.

* Mopenb Buxomuth 3a Mexi ACDM, 1eMOHCTpYI0UM TMHAMIYHO €BOJIOLIOHYIOUE PiBHSIHHS CTaHy, sIKe MOXe HaOJIKaTHCs abo

HepeTUHaTH (paHTOMHY MexXy w < —1

* AHI30Tpomisl Ta 3CYBHHMIA CMaj 3 KOCMiYHMM 4YacoM, IO NPU3BOAMTH [0 i30TpOmi3amii HAPUKIHII Yacy, M0 Y3TOMKYEThCS 3

obmexeHHsME criocTepexeHb (CMB).

Mu pocrnigxkyemo B’ 513Ky ronorpacgiuny mozens temHoi eneprii Pivui (VHRDE) y npoctopi-uaci tumy B’ suki (BT) - VI, B Mexax
rpasitanii bpanca-/likke (BD), Bkioyaloun KOMIHOHEHT Matepii 6e3 Tucky. [Ipumyckaodn 38’ 130K MiK METPUIHIAMU MOTEHIiAIaMHU Ta
rnapaMmeTpu30BaHUM Koe(illieHTOM 00’ €MHOI B’ SI3KOCTI, 3HaIEHO TOYHI pO3B’ 13K piBHsHB Mojis1 BD. KomGiHOBaHMii BIUTHB aHi30TpO-
nii, ronorpaciunoro obpizanus Piydi Ta 06’ €MHOI B’ I3KOCTI JaI0Th AMHAMIUHUI KapKac, KUl MOXe OIMCYBAaTH Kislbka (pa3 KocMiuHOT
eBoimonii. My 0ciakyeMo MpOrpeciio BaXJIMBUX BHMIpIOBaHb, BKJIIOYAIOUM CKaJIsIpHE MOJIe, TYCTUHY eHeprii, 00’€MHy B’SI3KiCTb,
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HSIMHU TiATBEPIKYE, IO LI MOJEIb 3a0e3Meuye KUTTE3NATHII MeXaHi3M KOCMIYHOTO MPUCKOPEHHsI 6e3 HeoOXiJHOCTI KOCMOJIOTi YHOT
KOHCTAQHTH.
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This paper explores the construction of traversable wormhole solutions in the context of Rastall’s gravity using the extended gravitational
decoupling method. Based on the modified field equations of this new theory, we apply the present scheme to incorporate an extra
gravitational source, which leads to a fully transformed version of the Schwarzschild solution. By means of an appropriate coordinate
transformation, this modified geometry is reinterpreted as a wormhole spacetime. The analysis proceeds by investigating the resulting
configuration’s fundamental physical and geometric features, specifically, null energy conditions’ violation, gravitational mass behavior,
volume integral quantifier evaluation, and embedding diagram. A key finding is that the wormhole neck arises obviously from the
distorted geometry while also satisfying the traversability-required flare-out criterion. Plotting the energy conditions for various Rastall
parameter values reveal localized null energy condition violations near the throat, which is consistent with the presence of exotic matter.
However, the total exotic matter content is shown to be minimal and highly sensitive to the choice of model parameters. These results
underscore the potential of Rastall gravity, in conjunction with gravitational decoupling, to support physically plausible wormhole
geometries with reduced exotic matter requirements.

Keywords: Rastall theory; Gravitational decoupling; Wormholes; Exotic fluid

1. INTRODUCTION

In recent years, modified gravity frameworks have garnered considerable attention as viable alternatives to general
relativity (GR), especially in addressing challenges related to dark energy, cosmic expansion, and spacetime singularities.
Among the most prominent approaches are f(R) gravity and scalar-tensor formulations, both of which have been
extensively studied for their potential to offer deeper insights into gravitational dynamics [1, 2]. Within this broader
investigative landscape, the Rastall theory [3] stands out by deviating from the standard conservation of the energy-
momentum tensor (EMT) in curved geometries. By introducing a coupling between the EMT divergence and the gradient
of the Ricci scalar, Rastall’s model proposes a non-minimal interaction between matter and geometry, suggesting novel
implications for both cosmology and astrophysics.

Although Rastall gravity introduces an unconventional mechanism, it has not escaped scrutiny. Visser [4] questioned
its physical distinctiveness, suggesting it could be merely a reformulation of GR, while Golovnev [5] criticized the
absence of a well-defined variational principle and cast doubt on its phenomenological utility. Despite such reservations,
subsequent investigations have mounted compelling defenses of the theory. Darabi et al. [6], for instance, demonstrated
its empirical adequacy in specific cosmological models, while others have constructed physically meaningful solutions
that are not replicable within standard GR [7, 8]. This theory has also been affirmed in compact star modeling: Shahzad
and Abbas employed the MIT bag model to examine strange stars [9], and later extended their work to include hybrid
[10] and quintessence [11] stars. Naseer investigated the influence of the Rastall parameter on novel spherical solutions
[12], and further explored the effects of gravitational decoupling in relation to isotropization and structural complexity
[13]. His collaborative work with Sharif [14] involved the Krori-Barua and Tolman IV metrics within the context of
decoupling and Rastall parameters. Other contributions include isotropic models derived using the Durgapal-Lake ansatz
by Waseem and Naeem [15], and investigations by ourselves that generalized regular Hayward and Bardeen black holes
[16]. Several promising results have emerged from various investigations into self-gravitating compact stars conducted
within the context of this non-conserved gravity [17]-[24].

Gravitational decoupling, a method grounded in the application of geometric deformations - either in their minimal
(MGD) or extended (EGD) form - has proven to be a robust framework for constructing novel solutions to the gravitational
field equations. Within both GR and several modified gravity theories, this technique permits systematic generalizations
through the separation of a known (commonly isotropic) solution from an auxiliary source term that produces direction-
dependent behavior. The MGD and EGD schemes were both formulated by Ovalle [25, 26], where the minimal version
involves deforming only g,,-, while the extended version modifies both g, and g;,. These decoupling schemes have been
instrumental in generalizing well-known solutions, such as the Tolman IV and Krori-Barua metrics, within GR and in
the context of Brans-Dicke theory, to yield anisotropic models. Additionally, Ovalle and collaborators [27] employed this
framework to derive hairy black hole solutions by extending the Schwarzschild vacuum geometry. The influence of the
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2-step GD method has also been explored in the context of structural complexity [28]. In a recent investigation, Maurya
et al. [29] applied the EGD scheme to extend the Tolman IV solution to a more complex domain and obtained a physical
acceptable model.

In this study, we apply the EGD framework to deform the Schwarzschild black hole solution, subsequently linking
it to a wormhole geometry. For detailed discussions on black hole deformations within this context, readers are referred
to our earlier works [16, 29]. The theoretical origins of wormholes exist in the fundamental work of Misner and Wheeler
[30, 31], who analyzed the creation of charge quantity from the continuity of field lines across discontinuities in spacetime.
Wheeler [32, 33] was the first to propose “geons” and the concept of spacetime foam, thereby suggesting that the structure
of spacetime becomes fundamentally intricate when examined at quantum-level resolutions. Even earlier, Einstein and
Rosen had developed a geometric construct (now famously known as the Einstein-Rosen bridge [34]) which envisioned a
throat-like structure connecting two asymptotically flat regions of spacetime. Although redolent of potential inter-universal
passages, the viability of this configuration was subsequently contested by Fuller and Wheeler [35], who proved that the
bridge is inherently unstable and undergoes collapse too rapidly to facilitate the traversal of either particles or light.

The resurgence of interest in wormhole physics can be traced largely to the seminal work of Morris and Thorne [36],
who, through specific choices of redshift and shape functions, presented static, spherically symmetric, traversable wormhole
solutions within the GR framework. A fundamental issue with these models, however, lies in their reliance on exotic
matter - substances that violate the null energy conditions (NECs), thereby introduces deep theoretical complications. This
challenge has sparked a shift towards exploring wormholes in the realm of modified gravity theories, where the violation
of energy conditions can emerge from geometric modifications rather than physically implausible forms of matter. In such
theories, effective EMTs can absorb the NECs violations through curvature-related contributions. As a result, wormhole
solutions have been extensively studied in alternative frameworks like f(R) gravity [37], Gauss-Bonnet gravity [38], and,
significantly, in Rastall theory [39], where the usual conservation of the EMT is relaxed. This modification enables richer
matter-geometry couplings that support wormhole structures without invoking exotic matter in the conventional sense.
These developments not only offer plausible wormhole geometries but also deepen our understanding of how non-trivial
topological configurations may naturally arise in extended theories of gravity.

The structure of the paper is given as follows. Section 2 is devoted to the formulation of the gravitational field equations
within the Rastall gravity paradigm, thereby furnishing the theoretical groundwork to be used in the later analysis. In
section 3, the EGD formalism is used to split the field equations into decoupled sectors, making tractable solutions
possible. Section 4 focuses on deriving a transformed static, spherically symmetric black hole solution and establishing
its geometric link to a traversable wormhole configuration. This section also sets forth an extensive investigation of
the wormhole derived, involving an inspection of NECs’ violation, a calculation of active mass, an estimation of the
volume integral quantifier (VI Q), and a geometric illustration through an embedding schematic. Lastly, section 5 offers
concluding remarks, highlighting the broader implications of our results for wormhole construction in the setting of
modified gravity theories.

2. FIELD EQUATIONS
Within the context of the Rastall gravity, the equations dictating the dynamics adopt the following expression

G/.lV = K(Tyv - ng#y)~ (D

Here, G, is the Einstein tensor, g, the metric tensor, R the Ricci scalar, « the coupling constant, T}, the EMT, and the
Rastall’s coupling parameter A = k¢. Within this approach, the EMT obeys the relationship given by

vV, T* = 1g""V, R, 2

which implies the usual covariant conservation law is violated. However, in the case where the A parameter disappears,
the ordinary conservation law of GR is once again obtained. From the relation in Eq.(1), it follows that

R(44 — 1) = kT, 3)

where T signifies the trace of the EMT T}, . Finally, the governing equations of the spacetime geometry (1) may be written
alternatively as

Guy + ARGy = w]}”' 4)

Let us assume that T}, takes the form of an anisotropic fluid within the (+, —, —, —) metric convention, written
explicitly as

Ty = (o + Pt)y,uyv +(Pr - Pt)-ZyZv - Piguv, )

where
* Y, = 69+/g00: 4-vector and Z,, = —6%~/=gn1: four-velocity,

* p: density,
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e P,: radial pressure and P,: transverse pressure.

Moreover, Y*Y,, = 1, Y*Z,, = 0 and Z*ZZ,, = —1. To perform the gravitational decoupling technique, we alter the
governing equations of the spacetime geometry (4) by employing a multi-sourced EMT, expressed in the following way as

871'(1 - 4/1) (tot)
Guy + ARguy = WTMVOI ) (6)
where (o)
tot
T, = Tuy + 6. 7

The incorporation of a supplementary source, denoted ¥, , is achieved through the decoupling parameter 6, where &
dictates the magnitude of the coupling linking the sources. By introducing this term, anisotropic behavior emerges within
the once-isotropic seed solution, which in turn expands its range of applicability to diverse contexts.

For the interior region, the geometric arrangement is provided by the following metric

ds® = —(d6* + sin® 0dp*)r> — 2V dr? + ) ar?. (8)

After substitution, the field equations (6) are given by

SH(gj:i)(p+6‘I’8)=/l

. ' 2 2\ 2
e Blar + ﬂ(ﬂ' —B)+ (A -8B+ |- =
2 r r2 r2

+e-8(§'-i)+i, 9)

roor? r2

87r(4/l_ 1) (Pr—o%}) = -

y ' 2 2) 2
R S QR ST TR gt
2 r r?

61-1 r?
(A1) 1
+e B(T+r—2)—r—2, (10)
411 N s A 22\ 2
871(6/1_1)(&—6‘{’2)——/1 e (ﬂ + (A -B)+ (A B)+r2) rz]

_q
+€B

2 "2 i T

’” 72 '@’ ' _ @
A A A'B A B]. an

There are three nonlinear ordinary differential equations in the above system, expressed in terms of
A, B,p,P,, P, ‘Pg, W[, %3, where the prime notation means ’ = %. With the help of this system, we formulate the

effective variables in the following manner
p=p+06%), P, =P, -5¥, P =P -5¥3 (12)

and anisotropic parameter o
A=P, - P, =6(¥ -¥). (13)

The condition ‘Pll = ‘I‘% implies the absence of anisotropy in the additional source, indicating that the anisotropic factor
vanishes. In the subsequent section, we apply the EGD method to address the field equations (9)-(11). This technique
facilitates the decomposition of the full system into two distinct subsystems: one associated with the original (seed) EMT
Ty, and the other corresponding to the supplementary source ¥,,. Owing to the reduced coupling, each sector can be
treated and solved independently. The full solution to the field equations is then constructed through a linear superposition
of these individual solutions, as prescribed in Eq.(12).

3. AN EGD APPROACH

To address the system of equations (9)-(11), we adopt the EGD approach, which introduces linear deformations to
both g,, and g;;. Through these deformations, the original system is effectively decoupled into two distinct sectors. The
first corresponds to a perfect fluid configuration (achieved by setting § = 0), while the second incorporates the effects of the
additional source ¥, expressed in terms of the deformation functions. As a starting point, we consider a well-established
ideal fluid solution to the field equations, characterized by the following metric

d 2
ds® = —(d6? + sin® 0d$?)r* — #r) +eC g2, (14)
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with

15)

D(r)=1 _2m_(r),
,

where m represents the Misner-Sharp mass. The linear transformations that characterize the geometric deformation are
given by
C(r) = A(r) =C(r) +5f(r), D(r) e 27 =D(r) +5g(r), (16)

where f(r) and g(r) denote the deformations applied to the g;; and g,,, respectively. Substituting Eq.(16) into the field
equations produces the first set given below

2

|- 44 L AC” 21C 24 1\ 24 1
87T(1—6/1)p:D(/lC +T+ - +r_2—r_2)__2+_2

r r
2 1
+D’(£+—/l——), (17)
2 r r
1-42 ¢ 1 24 2¢ ac” .,
8”(1—6/1)Pr_D(7+r_2_r_2_7_7_/lc)
201 J(AC 22
r—z‘r—z‘ﬂ( 2 +7)’ (18)
2 2
1-42 c” , AC” 22¢’ 22 ¢° ¢
8”(@)””@(7‘”0 —T‘T‘TﬂT*;)
21 C’ 1 AC" 24
- Ny — =2 1
+r2+D(4+2r 2 r) (19)

Since the system consists of three linearly independent equations involving five unknowns: C, D, p, P,, and P,, two
additional constraints are required to render it solvable. In the following section, we impose these constraints by invoking
the vacuum Schwarzschild solution as the guiding framework.

The second set of equations, which separates the contribution from the supplemental source and the deformation
function, may be expressed as

— 72 ’ ’
8n (ﬂ) ¥ =,1[g(c" + ) + 20 )+g,(C_ + g) +Df" +DC'f’
r r

1-61 2 2
7\2 r £ ’ ’
LDy Df 2Df _8_ 8 (20)
2 2 r r 7'2
1 — 41 L ., (C/)Z 20 , C/ 2 ” 7 pr
8”(1_64)‘1’1‘1[‘g(c MR R I R A
N2 JJ ’ 4 !
LDOU D 2Df) (e 1) DS Q1)
2 2 r r }”2 r
8 1-44 w2 ) C"+—(C,)2+ZC’ +g Q’_,_% +Df" +DC'f’
e ¥ =8 2 )T\ Ty
Ds(f)?  D'f 2Df| (¢’ (€ C\ Df
et S\t T4 Yo 4
[(c 1 IO e 2
g(4+2r) D(2+ i T2 ) =

To solve the system of equations (20)-(22), we impose two supplementary constraints, given that it contains five unknowns
but only three independent equations. To be more precise, we adopt both a linear EoS and a mimic constraint expressed in
terms of the total pressure. The equation sets (17)-(19) and (20)-(22) provide a decoupled representation of the primary
field equations (9)-(11), and the full solution to the original system can be recovered by linearly adding the solutions
obtained from each.
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4. FROM BLACK HOLE TO WORMHOLE MODELS

This portion of the work explores the development of a wormhole model connected to a totally distorted black hole
of the non-Schwarzschild sort. Considering the Schwarzschild spacetime

2
ds* = (1 - 2—M) dr® - _am r2dQ?, (23)
nh (-
r

the EGD scheme described in the previous section deforms this metric to

2
ds® = (1 - Z—M)eéf ") gg? - dr — r2dQ2. (24)
" [—2M 4
- +0g(r)

Clearly, the deformed spacetime depicted the above configuration differs from Schwarzschild geometry in that |g; ()| #
lg-} (r)]. Tt thus represents a non-Schwarzschild black hole. Our objective is to generate a wormhole geometry in
association with the present spacetime. To do this however, we must first of all determine the deformation functions
f(r) and g(r) in order to completely represent the deformed spacetime above. We obtain these deformation functions by

employing two constraints in the system of equations (20)-(22). For the first of these constraints, we employ a linear EoS
on ¥, given as

¥ - O - LY =0, (25)

where {; and ¢, are real constants. By setting {; = 1 and {» = 0, we obtain the simplified form given by

P =, (26)

Using Eqgs.(20) and (21), this equation turns out to

g'(r) —g(r)C'(r)

O @7)

For the second constraint, we adopt the total pressure mimic-constraint given by

1 1
3 (P, +2P,) = 5(111} (r) + 2\P§(r)). (28)
However, since P, = P, = 0 due to the vacuum seed solution, this equation reduces to
¥l(r) +2%3(r) = 0. (29)

Using Eq.(27) in this constraint, we deduce numerical solutions for the deformations which are plotted in Figure 1.
It is important to emphasize that our objective here is not to analyze the physical characteristics of the black hole spacetime
itself, but rather to construct a wormhole geometry that is geometrically connected to it. For a detailed treatment of
the extended gravitational decoupling of the Schwarzschild black hole, we refer readers to our earlier work [29]. In the

discussion that follows, we focus on identifying the conditions under which the spacetime described by Eq.(24) can be
interpreted as a viable wormhole solution.
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Figure 1. Deformation functions f(r) and g(r).



132
EEJP. 3 (2026) Muhammad Sharif, et al.

4.1. A Wormbhole Solution
The Morris-Thorne metric, representing the most general spacetime, is adopted for the description of the wormhole
geometry [36]
dr?
1 - x)

r

ds® = ¥ gg? - - r2dQ?. (30)
Here, the wormhole structure is described by the shape function y(r), and n(r) plays the role of the redshift function.
Relating this spacetime interval to the one from Eq.(24) gives the direct consequence that

1M 31)
.

a
x(r)=2M - 6rg(r). (32)
The wormhole throat (r) is obtained from the relation y(rg) = r. However, an explicit form of the wormhole throat
cannot be given as the deformation function g(¢) is numerically approximated. To reinforce the validity of the proposed
wormhole model, we examine several essential geometric conditions, illustrated in Figure 2. Among these, the flare-out
condition plays a central role. Mathematically, it is expressed as

x(r) —rx'(r) 0.
2x*(r)

such a condition ensures the throat takes the shape of a minimal surface that expands outward, a key prerequisite for
keeping the throat stable and ensuring it can be crossed. This condition provides an essential bridge between wormhole
geometry and the requirement for exotic matter, marking it as a foundational concept in wormhole physics. Moreover, we
demonstrate how the shape function y (r) behaves under the condition y (r) < r, applicable for every r. We also confirm
asymptotic flatness by plotting y (r)/r and demonstrating its vanishing behavior at large radial distances. In each of the
pertinent plots, we use representative choices of the Rastall parameter as 4 = 0.175 (solid) and A = 0.225 (dashed). The
decoupling parameter ¢ takes specific values for each figure, and these are indicated alongside wherever applicable.
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Figure 2. Some geometric properties with 4 = 0.175 (solid) and 0.225 (dashed).



133
Traversable Wormhole Solutions through Decoupling Approach in Rastall Theory EEJP. 3 (2026)

4.2. Energy Conditions

Energy conditions represent foundational constraints in theoretical physics, governing the permissible distributions of
energy and momentum throughout spacetime. A complete appreciation of these conditions is indispensable for exploring
the sophisticated interactions occurring between geometry and matter. The universe consists of numerous energy forms,
including baryonic matter, dark matter, exotic matter, and dark energy, all of which respond in context-dependent ways to
the physical conditions around them. Identifying suitable geometric frameworks capable of accommodating such varied
forms of energy remains a central and ongoing challenge in modern gravitational theory.

The analysis of traversable wormholes becomes significantly more complicated, given that their production involves
transgressing the usual energy condition framework. These requirements are customarily separated into four basic
categories, which are the null, weak, dominant, and strong conditions. The occurrence of non-standard matter is generally
accompanied by the violation of these conditions. Among them, the NECs are particularly critical, as their violation often
entails the breakdown of the remaining three. For this reason, our investigation into the viability and physical properties
of the wormhole solution focuses primarily on the behavior of the NECs, expressed as

p+P. >0, p+P,>0.

These inequalities are evaluated and illustrated in Figure 3, where the plots clearly indicate that the NECs are violated,
thus confirming the presence of exotic matter required to sustain the wormhole geometry.
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Figure 3. NECs with A = 0.175 (solid) and 0.225 (dashed).

4.3. Embedding Diagram

An embedding diagram offers a visual representation of the spatial curvature around a wormhole by depicting
a lower-dimensional spatial slice embedded in a higher-dimensional Euclidean space. Although wormholes exist in
four-dimensional spacetime, these diagrams simplify the geometry-typically by focusing on an equatorial, constant-time
surface-to illustrate key features such as the flaring at the throat, which geometrically manifests the throat expansion
condition.

The construction of this diagram takes as its point of departure the Morris-Thorne metric given by Eq.(30). To
examine the geometric properties of space, we adopt a static equatorial slice defined by 7 = constant and 6§ = 7; this
procedure results in the following two-dimensional spatial line element

dr?

n(r)
1 - T

ds* = +r’d¢’. (34)

We target the embedding of this two-dimensional surface visualized within flat three-dimensional Euclidean geometry
parameterized by cylindrical coordinates (r, ¢, z), for which the metric can be expressed as

dz\?
1+ (E)
dz x()
E_i\}r—)((r)' (36)

Setting Eq.(34) equal to (35) allows us to obtain the differential equation governing the embedding surface Z(r) as

dz x(r)
E_i‘/—r—)((r)' (37

ds® = dr’ +r*dg’. (35)

Comparing Eq.(34) with (35) above, we obtain
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This relation defines how the spatial geometry of the wormhole can be embedded in a higher-dimensional Euclidean space.
Figure 4 demonstrates the resulting embedding diagram, where the horizontal axis corresponds to the radial coordinate.
The graph shows how each Z(r) curve distinguishes between the higher (Z(r) > 0) and lower (Z(r) < 0) portions of
space, creating a clear geometric representation of the wormhole’s anatomy. Consistent with the flaring-out condition for
traversability, the figure shows the throat as the narrowest point and the surrounding geometry expanding outward with
larger r. Consistent with the flaring-out condition for traversability, the figure shows the throat serving as the constriction
point and the surrounding geometry expanding outward with larger r.

i 1
] _— - W6=02
O —_— ] 6=0.4
N L . d [
Outf-]= i teeall - W6=0.6
L - m6=08
[ »~“»._. - mo=1
-2;\ L L L L L L \...‘7
0.0 02 04 06 0.8 10 1.2 14
r

Figure 4. Embedding diagram with A = 0.175 (solid) and 0.225 (dashed).

4.4. Gravitational Mass

This section is devoted to analyzing the effective gravitational mass associated with the wormhole configuration,
particularly in the context of dark matter-supported geometries. We compute the mass across the wormhole’s spatial region,
which runs from the neck radius ¢ to an unspecified radial coordinate r, using the integral expression provided by [40]

-
Mg = 47r/ ,5r2 dr, (33)
o

that we assess through numerical evaluation. The results indicate that the mass accumulates more rapidly in the vicinity
of the throat, underscoring the throat’s dominant influence on the wormhole gravitational characteristics. This quantity
of effective mass is essential for calculating the gravitational environment that nearby material objects encounter. Our
investigation prioritizes the active gravitational mass obtained from the wormhole geometry, which is presented in Figure 5.
A discernible trend emerges from the figure: the active mass commences at a relatively elevated value and steadily falls
off with increasing radial coordinate. Interestingly, it becomes negative near the wormhole mouth, signaling the presence
of exotic matter in that region. Such a negative mass behavior is a strong indication of energy condition violations, further
supporting the physical plausibility of Passable wormholes within the present theoretical framework.
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Figure 5. Gravitational mass for 4 = 0.175 (solid) and 0.225 (dashed).
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4.5. Volume Integral Quantifier

The V I Q functions as a helpful diagnostic in wormhole theory, specifically designed to calculate the aggregate exotic
matter necessary for maintaining a traversable wormhole. This method, originally presented by Visser and colleagues
[41], evaluates the potential to minimize any violation of the NECs. Specifically, the V7 Q assesses the total integrated
presence of matter violating the null energy condition by carrying out a spatial volume integral across the relevant parts
of the EMT, given as

VIQ - / (5 + BrydV = 8x / (5 + P.)rdr. (39)
o

This integral is assessed through numerical technique, and its values are presented in Figure 6. A negative value for
VI Q substantiates the existence of exotic matter inside the wormhole’s interior. Notably, the magnitude of this exotic
matter decreases sharply near the throat, indicating that only a small quantity is necessary in that region to maintain the
wormhole’s structure. This result suggests that, with an appropriately chosen geometric profile, the total requirement for
exotic matter can be significantly reduced.

. R . m6=02
o - . 1 [ |
N S..l RIS _ mé=04
out[+]= e \”~\\ ~~‘: W 6=0.6
I s ms=08
—O.Sj “.i B 6=1
_0'87—\ P S S S S R S A S
0.0 0.2 0.4 0.6 0.8 1.0 1.2 14
r(km)

Figure 6. V7 Q for A = 0.175 (solid) and 0.225 (dashed).

5. CONCLUSIONS

This investigation reports a traversable wormhole solution constructed in Rastall gravity through the application of
the EGD approach to the Schwarzschild black hole. We began our study using the updated Rastall field equations and,
using the EGD technique, inserted a supplemental gravitational source that keeps all metric components altered. This
led to a black hole solution that is minimally deformed, which was then smoothly converted into a wormhole spacetime
by appropriately matching it to the Morris-Thorne expression. Our wormhole metric maintained asymptotic flatness
while displaying a well-defined throat, its position and behavior were derived from the collective contribution of the mass
function, the § parameter, and the A parameter. The redshift function stayed limited and singularity-free, verifying the lack
of event horizons and confirming that the solution allows traversal. A detailed geometric study revealed that the flare-out
requirement is perfectly satisfied at the throat, demonstrating that the wormhole structure is physically feasible.

To substantiate the viability of the model, we have conducted a comprehensive investigation of several physical and
geometric indicators. We investigated the NECs using the effective EMT and discovered that they were violated close to
the neck across all parameter configurations, indicating the manifestation of exotic material. Nonetheless, the violation is
localized in space and becomes progressively smaller at larger values of r. We clearly visualized the wormhole structure
and its two asymptotically flat regions through the geometric representation provided by the embedding diagram. We have
furthermore investigated the gravitational mass, which demonstrates a diminishing trend and attains negativity in the throat
region, an additional fingerprint of exotic matter. Additionally, we have evaluated the V7 Q to estimate the total amount of
NECs-violating matter. Our numerical outcomes suggest that the exotic matter necessarily can be kept quite small when
the Rastall and decoupling parameters are chosen appropriately. Overall, our analysis demonstrates that Rastall gravity,
when supplemented via the EGD technique, gives an appealing avenue for generating physically plausible wormholes,
thereby decreasing the theoretical obstacles that have hampered their acceptance. Future investigations may explore ex-
tensions to dynamical or rotating wormhole geometries, as well as stability analysis under linear or nonlinear perturbations.

Data Availability Statement: No data was used for the work described in this research.

ORCID

Muhammad Sharif, https://orcid.org/0000-0001-6845-3506; (® Malick Sallah, https://orcid.org/0009-0007-9677-6653;
Tayyab Naseer, https://orcid.org/0000-0002-9436-810X


https://orcid.org/0000-0001-6845-3506
https://orcid.org/0009-0007-9677-6653
https://orcid.org/0000-0002-9436-810X

136

EEJP. 3 (2026) Muhammad Sharif, et al.

(1]

(2]

(3]
(4]
(5]
(6]

(7]

(8]

(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]

[19]
[20]
[21]

[22]
[23]

[24]
[25]
[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]

[39]
[40]
[41]

REFERENCES

S. Capozzielo, E. De-Filippis, and V. Salzano, Mon. Not. R. Astron. Soc. 394, 947 (2009). https://doi.org/10.1111/j.1365-2966.
2008.14382.x

A.V. Astashenok, S. Capoziello, M.D. Laurentis, and S.D. Odinstov, J. Cosmol. Astropart. Phys. 01, 001 (2015). https://doi.org/
10.1088/1475-7516/2015/01/001

P. Rastall, Phys. Rev. D, 6, 3357 (1972). https://doi.org/10.1103/physrevd.6.3357
M. Visser, Phys. Lett. B, 782, 83 (2018). https://doi.org/10.1016/j.physletb.2018.05.028
A. Golovnev, Ann. Phys. 461, 169580 (2024). https://doi.org/10.1016/j.a0p.2023.169580

F. Darabi, H. Moradpour, 1. Licata, Y. Heydarzade, and C. Corda, Eur. Phys. J. C, 78, 25 (2018). https://doi.org/10.1140/epjc/
$10052-017-5502-5

F. Darabi, K. Atazadeh, and Y. Heydarzade, Eur. Phys. J. Plus, 133, 249 (2018). https://doi.org/10.1140/epjp/i2018-12083- 1

S. Hansraj, A. Banerjee, and P. Channuie, Ann. Phys. 400, 320 (2019). https://doi.org/10.1016/j.a0p.2018.12.003

M.R. Shahzad, and G. Abbas, Int. J. Geom. Methods Mod. Phys. 16, 1950132 (2019). https://doi.org/10.1142/s0219887819501329
M.R. Shahzad, and G. Abbas, Astrophys. Space Sci. 365, 147 (2020). https://doi.org/10.1007/s10509-020-03861-y

M.R. Shahzad, and G. Abbas, Eur. Phys. J. Plus, 135, 1 (2020). https://doi.org/10.1140/epjp/s13360-020-00508-3

T. Naseer, Phys. Dark Universe, 46, 101663 (2024). https://doi.org/10.1016/j.dark.2024.101663

T. Naseer, Eur. Phys. J. C, 84, 1256 (2024). https://doi.org/10.1140/epjc/s10052-024-13634-4

T. Naseer, and M. Sharif, Class. Quantum Grav. 41, 245006 (2024). https://doi.org/10.1088/1361-6382/ad8d9d

A. Waseem, and S. Naeem, Phys. Scr. 99, 125023 (2024). https://doi.org/10.1088/1402-4896/ad8e92

M. Sharif, and M. Sallah, Chin. J. Phys. 92, 794 (2024). https://doi.org/10.1016/j.cjph.2024.09.027

C.E. Mota, L.C.N. Santos, G. Grams, F.M. da Silva, and D.P. Menezes, Phys. Rev. D, 100, 024043 (2019). https://doi.org/10.1103/
PhysRevD.100.024043

P. Bhar, F. Tello-Ortiz, A. Rincén, and Y. Gomez-Leyton, Astrophys. Space Sci. 365, 145 (2020). https://doi.org/10.1007/
$10509-020-03859-6

G. Mustafa, and T.C. Xia, Int. J. Mod. Phys. A, 35, 2050109 (2020). https://doi.org/10.1142/s0217751x20501092
M. Zubair, S. Waheed, M.F. Jamal, and G. Mustafa, Results Phys. 29, 104787 (2021). https://doi.org/10.1016/j.rinp.2021.104787

C.E. Mota, L.C.N. Santos, F.M. da Silva, G. Grams, 1. P. Lobo, and D.P. Menezes: Int. J. Mod. Phys. D, 31(4), 2250023 (2022).
https://doi.org/10.1142/S0218271822500237

G.G.L. Nashed, Universe, 8, 510 (2022). https://doi.org/10.3390/universe8100510

A. Ashraf, M.R. Shahzad, Z. Zhang, E. Giidekli, and M.F. Jamal, Phys. Scr. 98, 035027 (2023). https://doi.org/10.1088/1402-4896/
acb6bd

W. El Hanafy, and A. Awad, Astrophys. J., 951, 144 (2023). https://doi.org/10.3847/1538-4357/acd93c
J. Ovalle, Phys. Rev. D, 95, 104019 (2017). https://doi.org/10.1103/physrevd.95.104019
J. Ovalle, Phys. Lett. B, 788, 213 (2019). https://doi.org/10.1016/j.physletb.2018.11.029

J. Ovalle, R. Casadio, E. Contreras, and A. Sotomayor, Phys. Dark Universe, 31, 100744 (2021). https://doi.org/10.1016/j.dark.
2020.100744

C.L. Heras, and P. Leon, Gen. Relativ. Gravit. 54, 138 (2022). https://doi.org/10.1007/s10714-022-03031-1

S.K. Maurya, K.N. Singh, and B. Dayanandan, Eur. Phys. J. C, 80, 448 (2020). https://doi.org/10.1140/epjc/s10052-020-8005-8
C.W. Misner, and J.A. Wheeler, Ann. Phys. 2, 525 (1957). https://doi.org/10.1016/0003-4916(57)90049-0

C.W. Misner, Phys. Rev. 118, 1110 (1960). https://doi.org/10.1103/physrev.118.1110

J.A. Wheeler, Ann. Phys. 2, 604 (1957). https://doi.org/10.1016/0003-4916(57)90050-7

J.A. Wheeler, Int. J. Mod. Phys. A, 3, 2207 (1988). https://doi.org/10.1142/s0217751x8800094 1

A. Einstein, and N. Rosen, Phys. Rev. 48, 73 (1935). https://doi.org/10.1103/physrev.48.73

R.W. Fuller, and J.A. Wheeler, Phys. Rev. 128, 919 (1962). https://doi.org/10.1103/physrev.128.919

M.S. Morris, and K.S. Thorne, Am. J. Phys. 56, 395 (1988). https://doi.org/10.1119/1.15620

F.S.N. Lobo, and M.A. Oliveira, Phys. Rev. D, 80, 104012 (2009). https://doi.org/10.1103/physreva.80.012112

M. R. Mehdizadeh, M. K. Zangeneh, and F. S. N. Lobo, Phys. Rev. D, 91, 084004 (2015). https://doi.org/10.1103/physrevd.91.
084004

H. Moradpour, N. Sadeghnezhad, and S.H. Hendi, Can. J. Phys. 95, 1257 (2017). https://doi.org/10.1139/cjp-2017-0040
C.W. Misner, and D.H. Sharp, Phys. Rev. 136, B571 (1964). https://doi.org/10.1103/physrev.136.b571
M. Visser, S. Kar, and N. Dadhich, Phys. Rev. Lett. 90, 201102 (2003). https://doi.org/10.1103/physrevlett.90.201102


https://doi.org/10.1111/j.1365-2966.2008.14382.x
https://doi.org/10.1111/j.1365-2966.2008.14382.x
https://doi.org/10.1088/1475-7516/2015/01/001
https://doi.org/10.1088/1475-7516/2015/01/001
https://doi.org/10.1103/physrevd.6.3357
https://doi.org/10.1016/j.physletb.2018.05.028
https://doi.org/10.1016/j.aop.2023.169580
https://doi.org/10.1140/epjc/s10052-017-5502-5
https://doi.org/10.1140/epjc/s10052-017-5502-5
https://doi.org/10.1140/epjp/i2018-12083-1
https://doi.org/10.1016/j.aop.2018.12.003
https://doi.org/10.1142/s0219887819501329
https://doi.org/10.1007/s10509-020-03861-y
https://doi.org/10.1140/epjp/s13360-020-00508-3
https://doi.org/10.1016/j.dark.2024.101663
https://doi.org/10.1140/epjc/s10052-024-13634-4
https://doi.org/10.1088/1361-6382/ad8d9d
https://doi.org/10.1088/1402-4896/ad8e92
https://doi.org/10.1016/j.cjph.2024.09.027
https://doi.org/10.1103/PhysRevD.100.024043
https://doi.org/10.1103/PhysRevD.100.024043
https://doi.org/10.1007/s10509-020-03859-6
https://doi.org/10.1007/s10509-020-03859-6
https://doi.org/10.1142/s0217751x20501092
https://doi.org/10.1016/j.rinp.2021.104787
https://doi.org/10.1142/S0218271822500237
https://doi.org/10.3390/universe8100510
https://doi.org/10.1088/1402-4896/acb6bd
https://doi.org/10.1088/1402-4896/acb6bd
https://doi.org/10.3847/1538-4357/acd93c
https://doi.org/10.1103/physrevd.95.104019
https://doi.org/10.1016/j.physletb.2018.11.029
https://doi.org/10.1016/j.dark.2020.100744
https://doi.org/10.1016/j.dark.2020.100744
https://doi.org/10.1007/s10714-022-03031-1
https://doi.org/10.1140/epjc/s10052-020-8005-8
https://doi.org/10.1016/0003-4916(57)90049-0
https://doi.org/10.1103/physrev.118.1110
https://doi.org/10.1016/0003-4916(57)90050-7
https://doi.org/10.1142/s0217751x88000941
https://doi.org/10.1103/physrev.48.73
https://doi.org/10.1103/physrev.128.919
https://doi.org/10.1119/1.15620
https://doi.org/10.1103/physreva.80.012112
https://doi.org/10.1103/physrevd.91.084004
https://doi.org/10.1103/physrevd.91.084004
https://doi.org/10.1139/cjp-2017-0040
https://doi.org/10.1103/physrev.136.b571
https://doi.org/10.1103/physrevlett.90.201102

137
Traversable Wormhole Solutions through Decoupling Approach in Rastall Theory EEJP. 3 (2026)

PINIEHHA 1JIA ITIPOXOAHNX YEPBOTOYKOBUX PIIIIEHD 3A JIOIIOMOI'OIO IIIAXOAY PO31LTY
B TEOPII PACTAJLTIA
Myxamman ITapich'-?, Manik Cannax!, Taiiso Hacip'
' Kagpeopa mamemamuru ma cmamucmuxu, Jaxopcokuii yuisepcumem, 1-KM Defence Road Lahore-54000, Iaxucman
2 Jocaionuypkuii yenmp Jocadapa, Yuisepcumem Jowcadapa, Ip6io 21110, Hopoanis

V wiit cTaTTi HOCTIAKYETHCS TOOYIOBA PillIeHb IIPOXiTHUX YepPBOTOYHH Y KOHTEKCTI rpaBiTanii PacTania 3 BUKOpHUCTaHHSIM pO3LINPEHOTO
MEeTOAy TpaBiTariiiHoro po3p’si3anHsA. Ha ocHOBI Moan(ikoBaHUX MOJILOBUX PIiBHSHB L€l HOBOI TEOPil MU 3aCTOCOBYEMO III0 CXEMY
JUTs BKJTIOYEHHS JOIaTKOBOTO TPaBiTallifHOTO JAxKepea, o MPU3BOIUTS 10 MOBHICTIO epeTBopeHoi Bepcii pimenHs [lIBapommubaa. 3a
JIOTIOMOTOI0 Bi/ITIOBIAHOTO NIEPETBOPEHHS KOOPAUHAT 1151 MOAM(iKOBaHA F€OMETPisl IEPEOCMUCITIOETCS SIK MIPOCTiP-4ac YePBOTOUMHH.
AHaJt3 NpojIoBXKYEThCS JOCHiAKEHHAM (PyHAAMEHTAIBHUX (PI3UYHUX Ta FEOMETPUYHUX XapaKTEPUCTHK Pe3ybTyI04oi KOH(Irypaii,
30KpeMa, MOPYILeHHS YMOB HYJIbOBOI €Heprii, MOBEeIiHKY I'PaBiTAI[iHOI MacH, OIIHKK KBaHTOpa 00’€MHOro iHTerpajia Ta Jiarpamu
BOYynoBYBaHHs1. KITI0OYOBAM BICHOBKOM € Te, IO IIMIKa Y4epBOTOYMHU OUEBU/IHO BUHHUKAE BHACIIIIOK CIIOTBOPEHOI FreOMeTpii, BOJHOYAC
3a/10BOJIBHSIIOUM KPUTEPiil pO3IIMPeHHs, HeoOXiaHui 11 npoxiaHocTi. [ToOynoBa rpadikiB eHepreTHYHUX YMOB IJIsl Pi3HUX 3HAYEHb
napameTpiB Pacraiia BUSBIISIE JIOKaJIi30BaHi MOPYIICHHsT YMOB HYJbOBOI eHeprii MoOiu3y IIMIAKH, IO Y3rOAKYEThCS 3 HASIBHICTIO
ek3oTuuHOi Martepii. OfHaK, MOKa3aHO, IO 3arajbHUN BMICT €K30THYHOI MaTepil € MiHIMAJIbHMM Ta AyXe YyTJIHBUM IO BHOOPY
napameTpiB Mozei. Lli pe3yabTaTu miJKpecoTh MOoTeHNial rpapitaiii Pactasia, y noeaHaHHi 3 rpaBiTalliifHUM po3’ € JHAHHAM, JUIS
MATPUMKH (Di3MYHO MPABJIONOLIOHNX reOMeTpiil YepBOTOUMH 31 3MEHIEHHMH BUMOTaMH 10 €K30TUYHOI MaTepii.

KuarouoBi cioBa: meopis Pacmanna; epasimauiiine po3’€OHAHHS, YePEOMOUUHU; eK30MUUHA DIOUHA
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The properties of the thermally driven deconfinement phase transition (DPT) from a hadronic gas (HG) to a color-singlet quark-gluon
plasma (QGP) containing gluons and massless up and down quarks, at a nonzero quark chemical potential y, are investigated by
considering the volumetric coexistence of the hadronic gas and the QGP in a finite-size system. Finite-size effects are analyzed for the
thermally driven DPT at different u values. The critical exponents are determined using a numerical finite-size scaling (FSS) analysis,
by fitting the results as a function of the system size. The effective transition temperature (7;) exhibits a shift toward higher values as
the system size decreases, indicating a critical behavior in the region of the thermally driven DPT from a HG to the QGP. Crucially,
all three scaling critical exponents are found to be independent of the quark chemical potential yu, establishing the universality of the
finite-size scaling structure with respect to p.

Keywords: Thermally driven deconfinement phase transition (DPT); Color-singlet; Quark chemical potential; Finite-size scaling
(FSS) analysis; Transition temperature

1. INTRODUCTION

Understanding the phase transition between hadronic gas (HG) phase and the quark-gluon plasma (QGP) phase
represents one of the most fundamental phenomena in contemporary high-energy and nuclear physics, and continues to be
the subject of intense theoretical and experimental investigation [1,2]. Quarks and gluons, the fundamental components
of hadrons, interact via the strong interaction governed by Quantum Chromodynamics (QCD), the theory of the strong
force. Their behavior is studied in heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) [1]. The Deconfinement phase transition (DPT) describes the transition from the HG phase to the QGP
near effective transition temperature of 150-175MeV for three quark flavors [3], a result that finds consistent support from
recent high-precision lattice QCD simulations conducted at both vanishing and finite chemical potential [4, 5].

While most QCD studies assume infinite systems, the QGP formed in experiments is finite, with volumes ranging
from 50 fm? to 250 fm® [6,7]. This fundamental discrepancy between infinite volume theoretical frameworks and the
genuinely finite nature of the physical system motivates a rigorous and systematic investigation of finite-size effects on
the DPT. Recent model-based studies have confirmed that a reduction in system volume leads to significant modifications
of key thermodynamic response functions, including the pressure, energy density, specific heat, speed of sound, and
conserved-charge susceptibilities, and that the QCD crossover transition is generally observed to become progressively
smoother as the system size decreases [8]. Finite-size effects strongly influence the position of the effective transition point
and other thermodynamic quantities in the phase coexistence model (PCM) [9-11]. Recent lattice QCD analyses have
further demonstrated that the volume and quark chemical potential dependence of the deconfinement crossover differs
completely from that of the chiral transition [12], underscoring the necessity of a careful and dedicated finite-size analysis
for the deconfinement sector specifically. Furthermore, the recent application of finite-size scaling (FSS) methodology
to experimental net-proton cumulant data from RHIC has yielded the first experimental evidence for a QCD critical
point within a range consistent with theoretical predictions [13], imparting further importance to comprehensive FSS
investigations.

The present paper extends the FSS analysis of the thermally driven DPT in finite volume (V), first conducted at
vanishing chemical potential in Ref. [10], to the case of nonzero quark chemical potential within the color-singlet partition
function framework. While Ref. [10] established the FSS exponents at u = 0, the explicit dependence of the FSS structure
on y, in particular whether the critical exponents remain universal as y is varied, has not previously been demonstrated
for the thermally driven transition. This constitutes the principal new contribution of the present work. We systematically
demonstrate, for the first time, that the FSS critical exponents governing the transition width, and the temperature shift are
all independent of u, thereby establishing the universality of the finite-size scaling laws with respect to the quark chemical
potential.
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This paper is organized as follows. In Sec. 2, we describe the mixed HG-QGP in finite volume system within
the MIT bag model, using the PCM, and we derive the exact total color-singlet partition function (CS-PF) at nonzero
quark chemical potential u using the group theoretical projection method [14,15]. In Sec. 3, we introduce the key
thermodynamic response functions: the order parameter, the thermal susceptibility, and the specific heat density. We also
present a detailed discussion of the numerical results characterizing the finite-size behavior of these quantities at u = 0
and ¢ = 100 MeV. Section 4 is devoted to the numerical FSS analysis and the determination of the critical exponents.
Section 5 summarizes the principal conclusions of our study.

2. THE MIXED HG-QGP EQUATION OF STATE AT NON-VANISHING CHEMICAL POTENTIAL

To describe the QCD-DPT in a finite system, we use the PCM [11]. This model assumes a mixed system consisting
of HG and QGP phases coexisting within a total volume V. The HG phase occupies a fractional volume Vgg = AV and
the QGP phase occupies the complementary volume Vogp = (1 — h)V, where the fraction & € [0, 1] parametrizes the
partitioning of the volume between the two phases. The PCM is employed here within the MIT bag model, using massless
up and down quarks and treating the two phases as non-interacting. There is evidence suggesting that the effects of quark
masses on the transition point in the 7' — u plane at lower densities are indeed small [16], and the model is well-established
for qualitative finite-size analyses and captures the essential thermodynamics of the DPT. Using the PCM, the mean value
of a physical quantity <A(T, u, V)> of the mixed system can be written as [11]:

ATV = /01 A(h,T,u,V)Z(h,T,u,V)dh .
- /01 Z(h,T,u,V)dh

where A(h, T, u,V) is the total thermodynamic quantity in the state i, and Z(h, T, u, V) is the total partition function of
the system with the requirement of color-singletness accounted for using the group theoretical projection method [14, 15].
Under the assumption of a non-zero quark chemical potential and considering non-interacting phases, Z(h, T, u,V),
calculated in our previous work [16] for a HG of massless pions and a QGP containing massless up and down quarks, can
be written as:

20T, V) = — exp(—VT3) / / dg dy M (¢, ) exp [(1 = WR(T, 1,V 6, 9)], 2)

where M (¢, ) represents the Haar measure for the SU(3) group integration:
L[ ¢ o\ (L, _o\\I’
sm(z (l//+§)) s1n(§) sm(z (zﬁ—z))] , 3)

> B
R(T, 1, V;,9) = VT? (g(¢ v m/T) = 35 T4) )
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where g(¢’ W’ ﬂ/T) = g0(¢’ lv”) + 81 (¢’ lv[/7 /J/T)’ with g()(¢7 l!/) given by
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and O (for G =1, ...,4) are expressed as follows:
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and the function g (¢, ¥, u/T) is given by:

gl(¢’w7ﬂ/T):(1____ (8)
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3. FINITE-SIZE EFFECTS ON THE THERMALLY DRIVEN DPT: THERMAL SUSCEPTIBILITY AND
SPECIFIC HEAT DENSITY

The main quantities of interest in this study are the thermal susceptibility and the specific heat density. First, we
derive the order parameter <h(T, u, V)>, represented by the mean value of the HG volume fraction, which may be written
as:

Jo BT 1 V) Z(W T, 1, V) d

1
Jo Z(h.T,p, V) dh

(W(T,p,V)) = ©))

The thermal susceptibility is defined as the first derivative of the order parameter <i(T, u, V)>, with respect to temperature:

(T, 1, V))

aT (10)

XT(T’ M, V) =

Vv

The specific heat density c7 (T, u, V) is calculated from the derivative of the energy density <e(T, u, V)> with respect to
temperature as:

He(T, 1, V))
T,u,V)= ———— (11)
cr(T,u, V) T v
_T? (8InZ(h,T,u,V) uT (OInZ(h,T,u,V)
(e(T,u,V)) = 7( a—T)ﬂ") + 7<(T T,V> (12)

Figures 1 and 2 show the behavior of the order parameter <h> (left panel) and the thermal susceptibility yr (right
panel) as functions of temperature, calculated at 4 = 0 and u = 100M eV, respectively for several system volumes with
B!/4 = 200MeV. Inboth cases, the DPT exhibits characteristic finite-size rounding: at small volumes, thermal fluctuations
strongly smear the transition, resulting in smooth, rounded changes in (h), while for large volumes the order parameter
develops a nearly sharp step-like discontinuity at the transition temperature characteristic of a first-order transition, known
to occur at the thermodynamic limit [17].

The magnitude of the thermal susceptibility peaks, |x7'“*(V)|, increases systematically with system size, and the
position of each peak defines the volume-dependent effective transition temperature Tf ixed (V). As the system size
decreases, the thermal width §7,(V) of the transition region broadens and shifts to higher temperatures, reflecting the
reduction of QGP degrees of freedom imposed by color-singletness [11, 14, 15]. The shifting of Tf ixed p (V) to higher
values at smaller volumes is a direct consequence of the fact that in finite systems the QGP color-singlet state requires
additional thermal energy to be formed compared to the infinite-volume case.

In the thermodynamic limit, the true transition temperatures are found to be TC(”ZO)(oo) = 143.928M¢eV and
Tf“ =100Mev)(oo) = 139.229M eV, consistent with theoretical estimates obtained from recent lattice QCD simulations
[18,19]. A nonzero chemical potential shifts the entire transition region to lower temperatures without altering the
qualitative finite-size structure.
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Figure 1. Variations of the order parameter (%) (left panel) and the thermal susceptibility yr (right panel) as a function
of the temperature at u = OM eV, for various volume selections with B 14 = 200MeV.
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Figure 2. Variations of the order parameter (%) (left panel) and the thermal susceptibility yr (right panel) as a function
of the temperature at u = 100M eV, for various volume selections with BY* =200MeV.

Figure 3 shows the specific heat density cr as a function of temperature at u = 0 (left panel) and = 100 MeV (right
panel), for several volume selections. The specific heat density exhibits well-defined peaks whose maxima c’>** increase
sharply with increasing volume, while their widths §7,. (V) decrease, in agreement with the expectation that the transition
sharpens in larger systems [20]. The localization of the maximum c'** at temperature 7.(V) provides an independent
determination of the effective transition temperature, consistent with the location of the thermal susceptibility peak. A
similar volume dependence of the specific heat density has been reported in Refs. [8,21]. Importantly, the quark chemical
potential u does not alter the qualitative behavior of either y7 or cr as functions of volume: it merely shifts the entire
temperature transition 67 (V) to a lower temperature, while leaving the finite-size scaling structure unchanged. This
observation motivates the systematic FSS analysis presented in the next section.
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Figure 3. Plots of the specific heat density c7 as a function of temperature, (left panel) at 4 = 0, and (right panel) u =
100M eV, for several volume selections with B4 = 200MeV.

4. FINITE-SIZE SCALING ANALYSIS: CRITICAL EXPONENTS FOR THE THERMAL DPT

In the thermodynamic limit, several thermodynamic quantities associated with the thermally driven DPT diverge or
become discontinuous at the critical temperature. In a finite system of volume V, these singularities are rounded over a
finite temperature transition region 67, (V), around an effective transition temperature 7,.(V), which is shifted relative to
the true transition temperature 7, (o). The resulting shift is: 77 (V) = T.(V) — T;(c0). The FSS theory for a first-order
phase transition [22-25] predicts characteristic power-law dependences on the system volume. The critical exponents
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characterizing their power-law evolution with the volume are [10]:

cp™ (Fixed u, V) ~ VT,
6T, (Fixed u, V) = To(V) = T} (V) ~ V707, (13)
77 (Fixed 1, V) = T.(V) = To(c0) ~ VAT,

For a first-order phase transition at fixed quark chemical potential, the scaling critical exponents are expected to be
equal to unity: ay = 0y = Ar = 1.

Figure 4 shows the peak maxima c7'“* of the specific heat density as functions of the volume, at y = 0 (left panel)

and u = 100MeV (right panel), with B'/4 = 200MeV. A power-law fit of the form ™ (Fixed u, V) ~ VT yields: ar =
1.012 £ 0.004 (u = 0), a7 = 1.017 £ 0.006 (« = 100M eV).

The scaling of the specific heat density peak maximum with volume (exponent ar = 1) is the hallmark signature of a
first-order phase transition [10]. The slight deviation from unity is within the systematic numerical uncertainty of the fitting
procedure. It is noteworthy that the exponent values at u = 0 and u = 100M eV are statistically indistinguishable within
the quoted uncertainties, providing the first evidence that the FSS of the specific heat density maximum is insensitive to
the quark chemical potential.

Figure 5 displays the width of the transition temperature region 67, (Fixed p, V), as a function of the inverse volume
1/V, at u = 0 (left panel) and ¢ = 100MeV (right panel). This allows the determination of the value of the critical
exponent f7 defined in the scaling: 67, (Fixed u, V) ~ V=9, and we find the numerical result: 67 = 1.010 + 0.001 (u =
0), 67 = 1.007 £ 0.001 (u = 100MeV). These values confirm, with high numerical precision, the expected linear scaling
of the transition width with 1/V for a first-order phase transition. Again, the critical exponents at u = 0 and u = 100M eV
are statistically consistent, reinforcing the independence of the FSS structure from the quark chemical potential.

Figure 6 shows the shift of the effective transition temperature 77 (Fixed u, V), extracted from the position of the
thermal susceptibility peak, as a function of 1/V. A power-law fit to the form 77 (Fixed u, V) = V=17, gives the numerical
result of the shift scaling exponent: A7 = 0.859 +0.003 (u = 0), A7 = 0.860 = 0.003 (z = 100MeV). According to [10],
such a value A7 # 1 suggests the contribution of additional terms with higher powers of V~!, such that the parametrization
should be with the laws: AV + AV=2 or A\V ™4 + A,V™2 + A3V 73, where Aj, As, A3, expected to be independent of
the quark chemical potential.

Taken together, the results of the FSS analysis show that the scaling exponents @y and fr are equal to unity
within numerical precision, while A7 deviates slightly from unity due to subleading corrections. All three exponents
are independent of the quark chemical potential i, and are collectively consistent with a first-order phase transition. We
conclude that the thermally driven DPT, in the presence of a nonzero quark chemical potential, obeys the same FSS scaling
laws as those obtained at ¢ = 0 [10], and that the critical exponents are universal with respect to u. This conclusion
parallels the analogous finding for the density driven DPT reported in Ref. [16], where the scaling exponents were found
to be independent of the fixed temperature at which the density-driven transition is studied.
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Figure 4. Plot of the peak maxima of the specific heat density ;7™ with volume, as a function of volume, at u = 0 (left
panel) and y = 100M eV (right panel), with B'/4 = 200MeV.
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inverse volume, at u = 0 (left panel) and i = 100M eV (right panel), with B4 =200MeV.

5. CONCLUSIONS

In the present work, we have investigated the finite-size effects on the thermally driven deconfinement phase transition
(DPT) from a hadronic gas (HG) consisting of massless pions to a color-singlet quark-gluon plasma (QGP) containing
gluons and massless up and down quarks. Using the exact color-singlet partition function (CS-PF) within the phase
coexistence model (PCM), we have computed the key thermodynamic response functions such as the order parameter (h),
the susceptibility y7, and the specific heat density cr as functions of temperature, at fixed quark chemical potential u, and
varying volume V.

In small volumes, a smooth crossover is observed due to strong thermodynamic fluctuations, while in the thermo-
dynamic limit a sharp discontinuity in the order parameter (/) appears at the true transition temperature 7. (Fixed u, o),
signaling a first-order DPT. A systematic variation of the effective transition temperature 7, (V) with system size is ob-
served, which diminishes for larger volumes and converges to T, (Fixed y, c0) in the thermodynamic limit. The quark
chemical potential does not affect the width 67, (Fixed u, V) of the transition region; it only shifts the true transition
temperature T, (Fixed u, o) to lower values. A similar volume dependence has been reported in Refs. [8,21].

A numerical FSS analysis of the behavior of the maxima of the rounded peaks of the specific heat density c7**, the
width of the temperature transition region 67, (V), and the shift of the effective transition temperature 77 (V), yields the
scaling critical exponents ar, 87, Ar. All three exponents converge to unity when subleading corrections are properly
accounted for, confirming that the thermally driven DPT is of first order.

The principal new finding of this work is that all three FSS critical exponents are independent of the quark chemical
potential . Based on our results and those of Refs. [10, 16], we conclude that the thermally driven DPT obeys a universal
finite-size scaling law governed by the system volume, with critical exponents characteristic of a first-order transition
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and independent of u, identical to those found for the density-driven DPT [16]. This universality of the FSS structure
with respect to the thermodynamic control parameters (4 and T) represents a robust property of the color singlet QCD
deconfinement transition in the PCM framework.
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In this work, we calculate the partition function of the Quark-Gluon plasma (QGP) projected on the SU(3) color-singlet representation,
using the projection method, within a density of states for quarks and gluons given by the Multiple Reflexion Expansion (MRE)
approximation. We examine the impact of incorporating the area and curvature terms, in addition to the volume term in the density
of states, on the behavior of several physical quantities characterizing the deconfining phase transition from a hadronic gas phase of
massive pions, to a Quark-Gluon plasma (QGP) phase made up of gluons, massless up and down quarks, and massive strange quarks
along with their antiquarks, within the Bag model and a phenomenological phase coexistence model.By means of a finite-size scaling
analysis, we investigate the behavior of some scaling exponents relevant to the occurring deconfining phase transition in a finite volume,
especially that of the scaling exponent relative to the shift of the effective transition temperature, by considering contributions of the
curvature term only, the area term only in the density of states additionally to the volume term, then the contribution of all three terms,
by analyzing the value of the shift critical exponent A compared to that obtained previously using the volume term only in the quarks
and gluons density of states.

Keywords: Deconfining phase transition; Quark-Gluon Plasma; Color-singletness; Projection method; Finite-size scaling analysis

1. INTRODUCTION

Under ordinary conditions of temperature and/or density, quarks and gluons, which make up protons, neutrons and
all hadrons [1,2], are bound together by the strong interaction, which is described by Quantum Chromodynamics (QCD)
(For a recent review see for example [3,4]). This means that quarks and gluons are confined within hadrons. However, at
high temperatures and/or densities, the strong interactions become negligible, and hadronic matter undergoes a transition
to a deconfined phase, where quarks and gluons are no longer confined and move freely in a hot and dense state [5, 6].
This new state of nuclear matter is called the Quark-Gluon Plasma (QGP) [7,8]. The color confinement suggests that this
QGP phase may exist in a color-singlet state [9—11]. It is thought that the QGP exists in the cores of neutron stars, also
known as dense stars [12, 13], where the density is so high. It also dominated the universe in the first 107> seconds after
the Big Bang when the temperature was extremely high [14, 15]. However, as the temperature rapidly decreased, these
particles began to combine and form hadrons. To study the QGP phase, a “little bang” is recreated in laboratories by
conducting ultra-relativistic heavy-ion collisions at high energy in accelerators [16, 17]. This was first proposed in 1983
by J. D. Bjorken, who gave an initial description of the evolution of the QGP [18].

This work is a continuation of the previous studies of one of us [19-21], where we examined the thermally driven
deconfinement phase transition (DPT) in a finite size, at zero chemical potential (u = 0), and of [22] where we examined
the density driven deconfinement phase transition (DPT) at fixed temperature, from a hadronic gas (HG) phase to the
QGP phase projected on the color-singlet SU(3) representation using the projection method [23,24]. Therein, only the
contribution of the volume term was considered in the quarks and gluons density of states, and the behavior of several
physical quantities has been studied near the transition. Then, by means of a finite-size scaling analysis [25-27], we
investigated the universal quantities called critical exponents, considered as indicators of the order of the occurring phase
transition [28-30]. Our goal is to improve the value of the shift scaling exponent, which was found in our previous
work [19] considerably deviating from the expected value 1, known to characterize a first-order phase transition, and which
was obtained for the three other scaling exponents characterizing the width of the transition region as well as the heights
of the peaks of both thermal susceptibility and specific heat density. This will be achieved by considering more realistic
conditions in the studied system, treating the pions in the hadronic phase as massive particles and including the massive
strange quarks in addition to the massless up and down quarks and the gluons in the QGP phase. Also, we consider the area
and curvature contributions, in addition to the volume contribution, in the quarks and gluons density of states determined
by the Multiple Reflection Expansion (MRE) approximation [31,32], commonly called the asymptotic expansion of the
density of states, used in the projection method for the calculation of the color-singlet QGP partition function.

We describe the thermally driven QCD deconfinement phase transition at zero chemical potential using the MIT bag
model [7,33], which states that at low density and/or temperature the real vacuum exerts an external pressure, called the
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bag constant B, on the QCD perturbative vacuum of the hadron bag, keeping the quarks and gluons confined inside the
bag, for further details see [34,35]. We also assume the coexistence of the HG and QGP phases in a finite volume, using
a phenomenological model proposed in [36]. Initially, we investigate the behavior of several thermodynamic quantities,
such as the order parameter and its first and second derivatives with respect to temperature, for different volumes at
zero chemical potential (u = 0). We aim to study how the area and curvature terms affect the temperature at which the
phase transition occurs, and also the scaling critical exponent that describes the variations of the shift of this transition
temperature with the system volume. We compare the obtained results with those of our previous works [19, 20], where
only the volume term was included in the density of states, and with those obtained in [21] with the contribution of the
volume and curvature terms in the quarks and gluons density of states.

2. PARTITION FUNCTIONS OF THE HADRONIC GAS AND THE COLOR-SINGLET QGP PHASES

Let us recall that as in our previous works [19-21], we consider a mixed system of HG and QGP phases in a finite
total volume: V = Vg + Vogp. In this system, the hadronic phase occupies a volume Vyg with a fraction 4 of the total
system volume, such that Vigg = hV. The parameter h represents the quantitative characterization of the macroscopic state
of the system, and the QGP phase occupies a volume Vggp, such that Vogp = (1 — h)V, where A = 1 corresponds to the
system being entirely in the hadronic phase, and & = 0 corresponds to the system being entirely in the QGP phase. In such
a phenomenological model used in [36], the probability density to find the system in the state /4 is given by:

Z(ha T? M, V)
S Z(h T 1, V) dh

p(h.T,pu,V) = (D

and the mean value of any thermodynamic quantity A(7, u, V) of the system can then be written in the following form:

1
(AT, 1, V)) = /0 AT, 1. V) p(hTo V) dh @)

where A(h, T, , V) is the thermodynamic quantity in the state £, given in the case of an intensive quantity by:
A(h,T, 1, V) = hAuc(T, u, hV) + (1 = h)Aqee (T, 1, (1 = h)V) 3)

with Agg and Aggp the thermodynamic quantities relative to the individual HG and QGP phases respectively; Z(h, T, u, V)
is the total partition function of the mixed HG-QGP system:

Z(h,T,u,V) = Zggp(h, T, 11, V) Zug (A, T, 11, V) Zyac(h, T, 1, V) “4)

where Zogp(h, T, u,V) and Zyg(h, T, u, V) are the partition functions of the QGP and HG phases respectively, and
Zyvac(h, T, u, V) reads for the real vacuum pressure B as mentioned above:

B VQGP
T

Zyac = exp(_ )

For the calculation of Zyg(h, T, i, V), we consider a hadronic gas consisting of massive pions (m, = 138 MeV), and we
obtain:

d.Vuac k* dk

21T /() k2 + m%r (e,li’\/k2+m§r _ 1)

(6)

ZuG = exp

where k is the momentum, d, the pion degeneracy factor, and 8 = 1/T.

To calculate Zggp(h, T, u, V) projected on the color-singlet SU(3) representation, we implement the color-singletness
constraint into the quantum statistical description of the QGP phase, using the group theoretical projection method
formulated by Redlich and Turko [22,23], and for this we consider a QGP phase consisting of gluons, massless up and
down quarks and massive strange quarks with their antiquarks, and we assume non-interaction between these particles.
Such a partition function of a color-singlet QGP, in a volume V, at temperature 7 and chemical potential u, can be written
as in [37,38]:

4 +7T +7T 5
Zagr(T.V.i) = 53 / / di dy M(6. ) Zap(T.V. 1. 6.0) ™

where M (¢, y) is the weight function or the Haar measure, given by:

v folso- ool
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and Zogp the generating function, given for a system of quarks, antiquarks and gluons, at a temperature 7 and chemical
potential u in a volume V by:

ZQGP(T’ V., b, lr//) = unark(T’ V,u o, lﬁ) Zgluon(T, V,.u o, 110) )]

where unark and Zgluon are the generating functions corresponding to the quarks-antiquarks and gluons respectively,
expressed as:

In Zguark = Z Z {ln[l + e_ﬁ(\/m_”)“ﬁ"] + ln[l + e_B(‘/m‘L“)_m"] } (10)

q=r.,b,g a@

4
angluon - Z Z {ln[l + E—Bk+i9(;]—l + ln[l + e—Bk—iGG]—l } (11
G=1 «a

mg being the quark mass. From [37], the explicit expressions of the angles 6, (¢ = r,b,g) and g (G = 1,...,4) in
SU(3) are respectively:

o Y N/ 2y
o,=2+% g=-2.Y ¢,--2 12
2 3 Tty T (12)
01=0,—0p 0y=0,—0p, 603=0,—0,, 04=0 (13)

In the continuum approximation for single-particle energy levels, the summation }, can be replaced by an integral using
a density of states, expressed for quarks-antiquarks and gluons respectively as:

In Zguark = Z dQ‘/o {ln[l + e*ﬁ(\/k2+m3,*,u)+i9q] + ln[l n e*ﬁ(\/k2+m‘27+,u)*i6q] }pQ(k, V) dk (14)

q=r,b,g

4 (e8]
In Zgyon = Z dG/ {ln[l + e*ﬁkﬂ'ﬁc]—l +1n[1 +e*ﬁk7i6)(;]—1 }pc(k,V) " (15)
G=1 0
dop and dg are the spin-isospin degeneracy factors for quarks-antiquarks and gluons respectively; po (k,V), pg(k,V)
are the density of states for quarks and gluons respectively, with a spherical volume Vogp = %ﬂRS described by the bag
model [32,38], R being the radius of the bag [14]. In the following, we shall use the density of states p; (i = Q, G) given
by the Multiple Reflection Expansion (MRE) approximation proposed by Balian and Bloch [27], and used for example
in [39], expressed by the sum of a volume term, an area term and a curvature term on the form:

Vocrk? 2 .
pi(k,V) = 2 + fa4nRk + fc;87R+---, i=0,G (16)
Vs
where f4; and fc ; are the area and curvature coefficients respectively [41-44], given by:
f. - 1 ! arctank - f, =0whenm =0 (17
AT T 2r m AQ ™ "=
1 3k (n k 1
fC’Q = 12”2 [1 - % (5 - arCtanE) — fC,Q = —Tﬂ-z whenm =0 (18)
1
=0, - 19
fac fe.c o (19)
After proper calculations and simplifications, we find:
4 +r +r
Zaap(T\V.p=0) = o5 / / de dy M (¢, ) e8'1782783 (20)
T -n J-nm

where g1, g2, g3 result respectively from the contributions of the volume, area and curvature terms in the quarks and gluons
density of states, and they are given by:

72 17 (0g\ 1[04\
=doVi =) 2|2
g1 =doVoar ), {6 30 (n) 2(7r)

q=r,b.g
3/2 2 4
+M 1= 0_‘1 + 6_’1 e ms/T 21)
V2 732 21 41
2

T

4
+ d0VQGPT3 Z 12

G=1

T (=) 1 (b6 =7\’
30 b d 2 V14



149
Finite-size Scaling Analysis for the QCD Deconfining Phase Transition to a Color-Singlet... EEJP. 3 (2026)

3Vaqcp 213 2mg 6z o .
soma [ (VB ] 3 (-G @
q=r,b.g
3VQGP 1/3 T 1 94 2
=d Irl—-+ |2
& Q( an ) _Z 3730\
2 f 2T 2 3/2 6621 03 -mg /T
+(§ 71'_]/)’[5«_T+ %T 1—2—!+4—! e S (23)
sl (fc-n 2
3 m

Let us note that we have used some approximations in the calculation of the PF of the massive strange quarks [39].

3. BEHAVIOR OF THE ORDER PARAMETER AND ITS FIRST AND SECOND DERIVATIVES WITHIN
DIFFERENT CONTRIBUTIONS IN THE DENSITY OF STATES

In a first step, we will study the variations of the mean value of the order parameter with temperature 7T for different
system sizes V, as in the previous work of one of us [19], but now by adding the area and curvature terms in the quarks and
gluons density of states, then studying the effect of these terms on the variations of the order parameter, which is nothing
but the mean value of the hadronic volume fraction (h(T,V)), then on the transition temperature at finite volume 7, (V)
deduced from (h(T,V)). We find the following expression of the order parameter:

S hdn [T ag dy M (¢, p) e

(T V)) = = (24)
Jo dn [O7[07 dg dy M(g,y) eXi
where . )
X = —_— 71'1 25
1 T +g1+g2+g3+2ﬂ2T 1 (25)
and )
k™ dk 06

I =/
0 k2 +m% (eﬁ ViZ+mz _ 1)

The order parameter is calculated using a suitable numerical integration method, and the integrals are evaluated at
different values of the system volume V, over a temperature interval around the transition temperature. The variations of
the order parameter as a function of temperature for different volumes are shown in Figure 1, with a bag constant value
B'/* = 225MeV, at zero chemical potential (u = 0), considering different contributions to the quarks and gluons density
of states: the volume term only, volume and area terms, volume and curvature terms, and volume, area and curvature
terms.

From the various curves on Figure 1, it can clearly be observed that for large system volumes, there is a sharp
jump of (h(T,V)) from the value 1 in the HG phase to zero in the QGP phase, at a temperature approaching the true
transition temperature, noted T, (co), and found to have the value 7,.(c0) = 158.522MeV, for B'/4 = 225MeV. This
jump, mathematically described by the Heaviside function, reflects the existence of a latent heat during the transition,
signifying that the transition is of first order. For small system volumes, this discontinuity becomes smoothed and rounded
off, around an effective transition temperature, noted 7, (V), which can be defined as the temperature at which the order
parameter reaches the value (h) = 0.5 [36], indicating that the HG and QGP phases contribute equally to the system. This
effective transition temperature in a finite volume is shifted to temperatures higher than 7, (co0). This shift is due to the
color-singletness condition, which reduces the effective number of internal degrees of freedom as the volume decreases,
causing the system to reach the necessary pressure for the phase transition at higher temperatures in smaller volumes [37].

It can also be noted from Figure 1 that the general shape of the order parameter (4(T, V)) is similar in all four cases,
with a difference in the effective transition temperature at which the transition occurs, since it is well expected that the
transition temperature at a fixed volume varies with the contributions to the quarks and gluons density of states. The
obtained results show that it takes its highest value when all three terms are included (volume, area, and curvature) and its
lowest value when only the volume term is included, with:

T;VOI) (V) < TLfVol+Area) (V) < TC(V01+Curv) (V) < TC(V01+Area+Curv) (V) (27)

Table 1 illustrates the effective transition temperature 7, (V) for different volumes, for all considered contributions to the
density of states.
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Figure 1. Variations of the order parameter (4(7,V)) as a function of temperature 7', for different volumes, at u = 0 and
B'/* = 225 MeV, with the four contributions in the density of states.

Table 1. Values of the effective transition temperature 7, (V) for various volumes, with different terms contributing to the

density of states.

System TJVOD (V) TéVoHArea) (V) T£§V01+Curv) (V) T£V01+Area+Curv) (V)
Volume (fm3) (MeV) (MeV) (MeV) (MeV)
200 160.338 160.654 163.434 163.747
300 159.746 160.021 162.111 162.387
500 159.255 159.489 160.961 161.196
800 158.984 159.186 160.253 160.455
1000 158.897 159.085 159.999 160.188
2000 158.737 158.888 159.442 159.593
3000 158.690 158.821 159.228 159.360
4000 158.666 158.785 159.111 159.230
5000 158.652 158.763 159.035 159.146
6000 158.642 158.747 158.982 159.087
8000 158.631 158.725 158.911 159.006
10000 158.624 158.712 158.865 158.954

From the above analysis, it follows that the first thermal derivative of the order parameter, known as the thermal
susceptibility y (T, V), reaches its minimum value at the effective transition temperature 7, (V), corresponding to the value

(h) = 0.5 of the order parameter, and subsequently to a vanishing second derivative (h(T,V))” of the order parameter
with respect to temperature.

Consequently, one can also investigate the influence of various contributions by analyzing the first and second
derivatives of the order parameter with respect to temperature 7, defined as follows:

x(T,V) =

o(h(T,V))

oT

(28)
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y_ 0T V)) _ Ox(T.V)
(T, V)Y = ==t = = (29)

Our results for the variations of the thermal susceptibility are illustrated in Figure 2. It is noted that the behavior
of the susceptibility y(7,V) as a function of temperature T at a fixed system volume V/, is similar for the four cases of
the quarks and gluons density of states: with the contributions of the volume term only, volume and area terms, volume
and curvature terms, and all three terms. The key difference is the shift of the curves to higher temperatures when the
area term is included, and the temperature further increases when the curvature term is added, reaching the highest values
when all terms are included. For example, at V = 200 fm3, the transition temperature is TC(VOI) = 160.865 MeV with the
volume term only, and it increases to T(VoIrA©) — 161.215MeV, while with the volume and curvature terms it attains
T VOHCUY) — 164,652 MeV, and it reaches its highest value T, ¥FA™*CU™) = 164 997 MeV with the volume, area and
curvature terms contribution.

From Figure 2, we observe that in all four cases, the singularity of the Dirac delta function in y (7', V), which occurs
at the thermodynamic limit, spreads out into a finite peak acquiring a finite width 67 (V) in small volumes. This spreading
corresponds to the rounding of the order parameter and is due to the finite probability of presence for the QGP phase below
the transition temperature 7. (V) and of the HG phase above T, (V), induced by significant thermodynamic fluctuations.
This result is expected since the finite discontinuity of the order parameter, described by the Heaviside function, becomes
a delta function ¢ at the level of the first derivative, i.e., in the susceptibility [19].
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Figure 2. Variations of the susceptibility y (7, V) versus temperature, for different system volumes, at u = 0 and B'/* =
225 MeV, with the four contributions in the density of states.

To better understand the width 67 (V) of the region over which the transition is rounded off, we plot the second
derivative of the order parameter (h(7,V))"" as a function of temperature 7 for different system sizes in Figure 3, across
all contributions. The second derivative is zero at the transition temperature 7. (V). The width of the transition region
0T (V) is defined as the difference between the temperatures 71 (V) and 7>(V) at which the second derivative reaches its
minimum and maximum respectively [19], i.e., 6T (V) = To(V) = T1 (V).

For further clarity, Figure 4 illustrates the order parameter (h(7T,V)) (black solid line), its first thermal derivative
x(T,V) (red dashed line), and its second thermal derivative (4(T,V))”" (blue dotted line) versus temperature for V =
200 fm®, considering the volume term only in the quarks and gluons density of states. According to Figures 2, 3 and 4, the
shift of the transition temperature 77 (V) defined as 77 (V) = T. (V) — T. (o) decreases with increasing volume V, as noted
in previous works [19-21]. The same behavior holds for the width of the transition region 67 (V), while the height of the
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susceptibility peak | y7|™** (V) increases with increasing volume V. This is because the fluctuations driving the transition
are weaker in larger systems.
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Figure 3. Variations of the second derivative of the order parameter (2(T,V))” versus temperature, for different system
sizes, at u = 0 and Bl/* = 225 MeV, with the four contributions in the density of states.
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Figure 4. Plot of the order parameter (4(7,V)) (black solid line), its first thermal derivative y (T, V) (red dashed line),
and its second thermal derivative (A(T,V))” (blue dotted line) versus temperature for a volume V = 200 fm?, with the
contribution of the volume term only in the density of states.
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4. EFFECT OF THE CURVATURE AND THE AREA TERMS ON THE CRITICAL EXPONENTS FOR THE
THERMAL DECONFINEMENT PHASE TRANSITION

It is well known in the theory of phase transitions that characteristic quantities such as the shift of the effective
transition temperature 7, (V) relative to the true transition temperature 7, (o), the width of the transition region 67 (V') and
the susceptibility maxima |y7|™** (V) follow scaling behaviors, expressed as power laws of the volume V, characterized
by critical scaling exponents. The power laws for a first-order phase transition are given by:

(V) = Te(V) = Te(o0) ~ V74,
ST(V) ~ Ve, (30)
x| (V) ~ V.

where A, 8 and y are the scaling exponents, which are expected to be equal to unity for a first-order phase transition, as
shown in finite-size scaling (FSS) theory [45—47].

In this part of the work, we study the behavior of these three quantities with varying volume V, by incorporating
the contribution of curvature and area terms in the density of states, additionally to the volume term, which has been
previously considered alone in [19]. A finite-size scaling analysis, using a numerical parametrization of the data with the
power-law forms defined in Eq. (30), yields very interesting results, which we illustrate in the following and compare with
previous findings from [19].

4.1. The shift scaling exponent

In the aim of exploring the impact of the terms contributing to the density of states on the shift scaling exponent A,
associated with the shift of the transition temperature, we first determine the effective transition temperature 7, (V) in a
finite volume, and calculate its deviation from 7. (o), to obtain the shift: 77(V) = T.(V) — T.(c0). Table 2 shows the
values of the shift of the transition temperature at various volumes, for the four cases of contributions in the quarks and
gluons density of states.

Table 2. Values of the shift of the transition temperature for different terms contributing to the density of states.

System T]{Vol) (V) T;V01+Area) (V) T;V01+Curv) (V) T;V01+Area+Curv) (V)

Volume (fm?)  (MeV) (MeV) (MeV) (MeV)
200 1.816 2.132 4912 5.225
300 1.223 1.500 3.589 3.865
500 0.732 0.966 2.439 2.673
1000 0.375 0.562 1.477 1.666
3000 0.167 0.307 0.706 0.837
5000 0.129 0.240 0.513 0.624
6000 0.120 0.224 0.460 0.564
8000 0.108 0.203 0.389 0.484
9000 0.104 0.196 0.364 0.455
10000 0.102 0.189 0.343 0.431

As mentioned earlier, the shift of the effective transition temperature 77 (V), relative to the true transition temperature
T, (00), is expected to behave as a power of the system volume, according to Eq. (30), where the shift scaling exponent A
is expected to be equal to one. The obtained data for the shift v7-(V) are plotted in Figure 5, and the values of the shift
scaling exponent A for the four contributions are summarized in Table 3.

Table 3. Values of the shift scaling exponent for the four cases of contributing terms to the density of states.

Shift scaling exponent A A2 A3 A4
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv
Values 0.960+0.018 0.788 £0.022 0.734 +0.007  0.692 + 0.008

At first glance, we notice that for the volume term contribution only in the density of states, we obtain a shift scaling
exponent: A;(Vol) = 0.960+0.018, which is approximately equal to 1. When comparing this value to that of our previous
work [19], in which: A = 0.876 = 0.041 with the volume contribution only, our findings turn out to be an improvement.
It can also be noted that with the addition of the area and curvature terms, the value of the shift exponent decreases
consistently to A4(Vol + Area + Curv) = 0.692 + 0.008. Initially, we assumed that adding the area and curvature terms
would refine the result for the shift scaling exponent A, making it more accurate or insightful. However, after completing
the calculations, we found oppositely that incorporating these terms actually decreased the A value.
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Figure 5. Variations of the shift of the transition temperature 77 (V) with inversed volume, for the four contributions in
the density of states.

This outcome could be attributed to several factors, such as the increasing complexity of the calculation or inherent
limitations of the model. This discrepancy is partly due to the mass of the particles involved. Let us recall that our previous
work [19] considered only massless up and down quarks in the QGP phase, and massless pions in the hadronic gas phase,
while in the present work, we introduced a third massive quark (the strange quark) in the QGP phase and accounted for
the mass of the pions in the HG phase.

We also observed that the shift scaling exponent has different values when the fit of the data of the shift of the transition
temperature is carried out in the interval of small volumes or that of large ones. This is illustrated in Figure 6, which
shows the shift of the transition temperature as a function of inverse volume, both for (a) small and (b) large volumes,
when considering the volume term only in the density of states. The obtained result of the shift exponent 4;(Vol) =
0.997 + 0.005, with a fit in the small-volumes interval, suggests that our model matches better in small volumes, where
the color-singletness condition applies, and where there are fewer numerical difficulties. When the fit is carried out in
the interval of large volumes, the obtained value of the shift exponent /l’] (Vol) = 0.620 + 0.030, is rather far from the
value 1 expected for a first-order phase transition. To fully understand the influence of the area and curvature terms on
the overall behavior of the critical exponents, we investigate the width of the transition region 67 (V) and the height of the
susceptibility peak | yr|™* (V) within the contribution of these terms in the density of states and we illustrate our findings
in the following.

4.2. The smearing scaling exponent
Figure 7 shows the width of the transition region 6§7(V) as a function of inverse volume, for the four cases of
contributing terms in the quarks and gluons density of states.

A numerical parametrization with the power-law form 6T (V) ~ V=9, gives the values of the smearing critical
exponent shown in Table 4.

Table 4. Values of the smearing scaling exponent for the four cases of contributing terms to the density of states.

Smearing scaling exponent 0, 0, 03 04
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv
Values 1.038 £ 0.006 1.033+£0.005 0.993+0.004 0.992 +0.002
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Figure 6. Variations of the shift of the transition temperature (V) with inversed volume, for (a) small and (b) large
volumes, with the contribution of the volume term only in the density of states.
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4.3. The susceptibility scaling exponent

Figure 8 shows the variations of the height of the susceptibility peak | y7|™** (V), with varying volume V, for the four
cases of contributing terms in the quarks and gluons density of states.
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Figure 8. Variations of the susceptibility maxima | y7|™* (V) versus volume, for the four contributions in the density of
states.

A numerical parametrization with the power-law form | y7|™* (V) ~ V7, gives the values of the susceptibility critical
exponent shown in Table 5.

Table 5. Values of the susceptibility scaling exponent for the four cases of contributing terms to the density of states.

Susceptibility scaling exponent Y1 %) V3 V4
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv
Values 1.003 £0.001 0.986+£0.002 0.983 +£0.004  0.982 +0.003

We notice from Table 4 and Table 5 that the values of the smearing scaling exponent 6 and the susceptibility
scaling exponent y are equal to 1 when considering only the volume term contribution: 6;(Vol) = 1.038 + 0.006 and
v1(Vol) = 1.003 + 0.001. However, with the addition of area and curvature terms, both values decrease slightly to
04(Vol + Area + Curv) = 0.992 + 0.002, and y4(Vol + Area + Curv) = 0.982 + 0.003. This confirms that adding the area
and curvature terms reduces the values of all critical exponents, including 8 and 7, as well as A.

5. CONCLUSIONS

In the present work, we studied the thermal DPT in a finite volume, at zero chemical potential 4 = 0 and with B'/4 =
225 MeV for the bag constant, based on the equations of state of a hadronic gas phase consisting of massive pions and of
a color-singlet QGP phase containing gluons, massless up and down quarks and massive strange quarks along with their
antiquarks. The primary aim was to investigate the influence of the area and curvature contributions to the density of states
used in the calculation of the QGP equation of state on physical quantities characterizing the DPT occurring in a finite
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volume, and specifically the scaling exponent relative to the shift of the transition temperature, and then compare these
findings with previous results from [19], obtained therein with the volume term contribution only in the density of states
and reporting 4 = 0.876 + 0.041.

Initially, we hypothesized that adding the area and curvature terms would improve the accuracy or significance of the
shift scaling exponent A deviating from the value 1, expected for a first-order phase transition. However, after completing
our analysis, the obtained results revealed that including these terms actually led to a decrease in the value of the shift
critical exponent A. This could be attributed to various factors, such as the increasing complexity of the calculation or
limitations in the model. To verify this, we determined the width of the transition region §7 (V) and the maximum of the
susceptibility peak | y7|™** (V) from the calculations incorporating the curvature and area terms into the quarks and gluons
density of states. We found that the smearing scaling exponent 6 and the susceptibility scaling exponent y both equal
unity, with the contribution of the volume term only to the density of states, but their values decreased when the area and
curvature terms were added to the quarks and gluons density of states.

Our current result for the shift scaling exponent, 41 = 0.960 +0.018, is an improvement over the previous result, 4 =
0.876 = 0.041 [19], for the volume term contribution only in the density of states. This improvement in our results can be
partially explained by the mass of the particles involved, since previous studies assumed that the QGP phase contained only
massless up and down quarks, while the hadronic gas phase contained massless pions. In contrast, this work introduced a
third quark to the QGP phase, namely the massive strange quark, and accounted for the pion mass in the HG phase. Finally,
we observed that the value of the shift critical exponent changes when the parametrization 7(V) ~ V=4 is performed on
an interval of small volumes or large volumes. For small volumes, we recovered the expected value and found 4;(Vol) =
0.997 + 0.005, whereas for large volumes, the obtained value is A} (Vol) = 0.620 + 0.030. This suggests that our model
matches better for small volumes, where there are fewer numerical difficulties and where the “color-singletness” condition
applies, since it is well known that the finite-size corrections between a color-unprojected QGP and a color-projected one
disappear as the size and/or temperature of the system increase, because the color projection no longer plays any role in
this limit [9]. This obtained result for the shift scaling exponent agrees very well with those of finite-size scaling (FSS)
theory, which expects the characteristic scaling exponents to be equal to unity for a first-order phase transition [45-47].
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V wiit po6oTi MM 06UKCIIIOEMO (DYHKIIiI0 PO3MOiTY KBapK-I0oHHOT u1a3zMu (QGP), cripoekToBaHOT Ha KOJIbOPOBE CHHIVIETHE IIPEACTaB-
nennst SU(3), BUKOPUCTOBYIOUM METO[ IIPOEKIIii, B MeXax 'yCTHHH CTaHiB [/ KBAPKiB Ta ITIOOHIB, 3aJaHOI HAOIMKEHHSIM MHO)XHMHHOTO
Bin6uTTst (MRE). My moctikyeMo BIUIMB BKJIIOUSHHS! WICHIB IUIONII Ta KPUBM3HY, HA JOJATOK [0 WieHa 00’ €My B IyCTHHY CTaHiB, Ha
MOBE/IHKY KIJIbKOX (hi3MYHMX BEJIMYUH, 10 XapaKTepu3yloTh AeKOH(piHyoumii ha3oBUil epexia BiA aJpoHHOI ra3oBoi (ha3u MacUBHUX
mioHiB 710 pa3u kBapk-rmoonHoi masmu (KI'TI), o ckiiaaeThes 3 NIIOOHIB, 6€3MacOBUX BEpXHIX Ta HUKHIX KBApKiB, MACBHUX JTHB-
HHX KBapKiB pa3oM 3 IXHIMM aHTHKBapKaMy, B paMKax Mozei bera Ta (heHoMeHOTOTiYHOI MOfesi criBicHyBaHHS (pa3. 3a JOIoMOron
aHaJi3y MacmTa0yBaHHs CKiHUEHHHX PO3MipiB MU JOCIIiIKYEMO MOBEIHKY AEsIKUX MOKa3HUKIB MaciTaOyBaHHS, 110 CTOCYIOThCS Je-
KOH(iHy040ro (ha30BOro nepexoiy, o Big0yBa€ThCs B CKiIHUCHHOMY 00’ €Mi, OCOOJIMBO MOKa3HMKA MAcIITa0yBaHHS BiJHOCHO 3CYBY
eeKTUBHOI TeMIepaTypu Nepexoy, po3NIAAal0ul BHECKH JIMILE WieHa KPUBU3HY, JIMILE WIeHa IUIOMII B TYCTUHY CTaHiB, KpiM WwieHa
00’€eMy, a IOTIM BHECOK YCiX TPhOX WICHIB, aHAJi3YI0UM 3HAUSHHS KPUTUYHOTO IOKA3HKKA 3CYBY A TOPIBHSHO 3 THM, 1110 OYJI0 OTPUMaHO
paHilie 3 BUKOPUCTaHHSM JIMIIE WieHa 00’ €My B I'yCTHHI CTaHiB KBapKiB Ta ITIOOHIB.

KurouoBi ciioBa: dexongbinyrouuii pazosuii nepexio; Keapk-2A00HHA NAA3MA; CUHZAETNHICHb KOALOPY, NPOEKYIIHUIL MEeMoO; aHai3
Macumaoy8anHs CKIHUeHHUX PO3MIPI6
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This work examines a generalized concatenation model for birefringent optical fibers and obtains new exact soliton solutions. Using Lie
symmetry analysis, the coupled evolution equations are transformed through suitable similarity variables into a manageable system of
ordinary differential equations. The resulting reduced system is then treated with the Kumar—Malik method to derive multiple classes
of explicit solutions written in Jacobi elliptic, bright soliton, dark soliton, and trigonometric solutions. With appropriate parameter
restrictions, these classes simplify to the familiar bright, dark, and periodic soliton waves. To illustrate the physical behavior of
the derived structures, representative plots are presented that highlight their propagation features and qualitative stability. Overall,
combining symmetry reduction with the Kumar-Malik scheme expands the catalogue of analytical solutions for the concatenation
model and deepens understanding of nonlinear pulse dynamics in birefringent media.

Keywords: Concatenation framework; Lie group symmetry analysis;, Kumar—-Malik technique; Optical soliton waves; Birefringent fiber
media; Jacobi elliptic function solutions

1. INTRODUCTION

Nonlinear pulse propagation in optical fibers remains a cornerstone of modern nonlinear optics and mathematical
physics, particularly in parameter regimes where dispersion, birefringence, and nonlinearity cooperate to generate per-
sistent coherent structures such as solitons, breathers, and rogue waves. With the advent of ultrashort-pulse sources and
broadband transmission, higher-order dispersive and nonlinear effects become non-negligible, which naturally motivates
the analysis of generalized Schrodinger-type evolution equations and their solution families.

At the modeling level, the nonlinear Schrodinger equation (NLSE) provides a canonical framework for describing
envelope dynamics in weakly nonlinear dispersive media, and continues to be refined and applied in diverse optical
settings [3, 4]. Beyond the standard NLSE, integrable higher-order extensions have been intensively studied because they
preserve analytical tractability while capturing additional physical mechanisms. In this direction, Ankiewicz and Akhme-
diev presented a higher-order integrable evolution equation together with its soliton solutions, illustrating how higher-order
corrections alter waveform characteristics without destroying integrability [1]. Closely related extended NLSE models
that include higher-order odd and even terms were further shown to admit extreme localized events, including rogue-wave
solutions [2]. Moreover, the integrable quintic nonlinear Schrodinger hierarchy enriches the nonlinear landscape through
quintic contributions: soliton solutions were constructed in [9], while breather-to-soliton conversions and breather inter-
actions were investigated in [10, 11]. Collectively, these developments emphasize that higher-order and quintic terms are
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not merely small perturbations; rather, they can substantially broaden the admissible classes of localized structures and
transition scenarios.

Another important strand of research concerns unified descriptions that connect several prominent Schrodinger-type
equations within a single formalism. In particular, concatenation-type models provide a coupled framework that can incor-
porate higher-order dispersion and nonlinear corrections systematically, while linking to celebrated integrable equations
such as the NLSE [3, 4], the Lakshmanan—Porsezian—Daniel (LPD) equation [5, 6], and the Sasa—Satsuma equation (SSE)
[7, 8]. Recent studies have also highlighted the relevance of concatenation settings for realistic birefringent configurations
by incorporating differential group delay and constructing corresponding optical soliton solutions [12, 13]. Despite the
growing literature, explicit closed-form solutions remain of continuing value: they provide benchmarks for numerical al-
gorithms, enable parametric studies of waveform switching (e.g., bright versus dark profiles), and clarify how higher-order
coefficients shape pulse evolution.

Motivated by these considerations, the present work investigates the coupled concatenation system (Egs. (1)—(2)) for
the complex envelopes ¢(x, t) and r(x, t), which represent two orthogonally polarized field components. By exploiting Lie
symmetries, we determine appropriate invariants that transform the governing PDE system into an equivalent ODE system.
The reduced equations are then solved exactly using the Kumar—Malik technique. The resulting waveforms are expressed
in Jacobi elliptic, hyperbolic, and trigonometric forms and, under suitable parameter constraints, yield bright-, dark-, and
periodic-soliton profiles. Finally, representative plots are provided to illustrate characteristic propagation features and to
demonstrate the influence of key physical and model parameters.

1.1. Governing Model

In this study, we consider the following coupled concatenation model [12, 13]:

iqr +aiqxx + (b1|CI|2 + C1|r|2)q tcn [U—IIQXxxx +{a (QX)Z + ml(rx)z}q*

+ (V1lgx > + lral g + G1lgl* + Q11D gex + (1g” + p177) G

. (D
+ (Algl* + galallr? + hilr¥)g| + e |onques + (mlgP + 011 P)g.
+ (g1 + 1 r2)q§] =0,
iry + axrxy + (b2|}’|2 + C2|Q|2)r t+cC12 [O—IZVxxxx + {(1'2(rx)2 + m2(Qx)2}r*
+ (v2lrs? + Dl gl P)r + (G2lr* + LlgP)rex + (u2r® + p2g®)ri,
)

+ (At + @alrPlal + halgl)r| + ien|omarecs + (e + 621gP)r
+ (e + quz)r;] =0.

In this system, g(x,¢) and r(x,t) represent the complex slowly varying envelopes associated with two mutually
orthogonal polarization modes. The coefficients a; and a» characterize the group-velocity dispersion, while b; and c;
(j = 1,2) measure self-phase modulation and cross-phase modulation, respectively. The set of parameters o, @, w, vy,
A, 0, ¢, 4, p, f, g and h models higher-order mechanisms such as nonlinear dispersion, self-frequency shifting, and
fourth-order corrections. Hence, the coupled system captures the dynamics of birefringent optical pulses influenced by
cubic—quartic nonlinearities together with third- and fourth-order dispersion.

In this study, we employ Lie symmetry analysis for the concatenation model (1)—(2). The admitted symmetries
provide suitable similarity transformations that reduce the coupled PDE system to a tractable set of ordinary differen-
tial equations. The reduced system is then treated analytically via the Kumar—Malik method, leading to several new
classes of exact solutions in Jacobi elliptic, hyperbolic, and trigonometric forms. For appropriate choices of the governing
parameters, these solution families recover the familiar bright-, dark-, and periodic-soliton profiles reported in the literature.

Graphical illustrations are presented to highlight the propagation features of the derived solutions and to explore
the impact of the physical parameters on soliton amplitude, width, and robustness. These findings broaden the available
catalogue of analytical solutions for the concatenation model and offer further insight into nonlinear pulse evolution in
birefringent optical fibers.
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The remainder of this paper is organized as follows. In Section 2, we perform the Lie symmetry analysis of the
model and determine the associated infinitesimal generators. Section 3 is devoted to the similarity reductions that convert
the governing PDE system into a reduced set of ODEs. In Section 4, the Kumar-Malik method is implemented to obtain
exact analytical soliton solutions. Section 5 presents representative plots and discusses their physical implications. Finally,
Section 6 summarizes the main findings and outlines possible directions for future work.

2. LIE SYMMETRY ANALYSIS

The Lie symmetry approach [14] provides a systematic framework for reducing nonlinear partial differential equations
to ordinary differential equations by exploiting their admitted continuous symmetry groups. After determining the
infinitesimal symmetry generators, one constructs the associated invariants (similarity variables), which transform the
original PDE into a reduced equation of lower dimensionality. In the present work, this methodology is applied to the
concatenation model (1) to derive its symmetry algebra and to obtain the corresponding similarity reductions.

Next, we introduce the real-valued decompositions

q(t,x) =u(t,x) +ivi(t,x), r(t,x) = up(t,x) +ivy(t,x),

and substitute them into Eq. (1). Separating the resulting expression into its real and imaginary components leads to the
following system of partial differential equations:

1101 (VD) xoexx + €21 071 (Up) xxx + (611(/11 +8)vi —culp = 81 ui — cu(pr = &) usy,
+eulpr + &) v + al)(Vz)xx +2c1 (i + prtmvm) () xx = vieu(ar — i) (ug x )
+ (261zal(vz,x)uz + (= e)vi + (m + e + (11 + O, —v2, (1 — 91)))(uz,x)

+vie(ar + ) (vix)* + 200 (Tmvm + e1uv) (vix) = vier (0; = ) (tm,x)*
+ chlml(um,x)(vm,x)ul + Vlcll(ml + /ll)(vm,x)2 + Uy

5 2 2 2 3
+ CllflVl + (Zflc]lul + 8i1c1i,, + gicuv,, + bl)vl

4 2 2 2 4 2 2 4 2
+ (ﬁcllul + (glcllum + 8iC1V,, + bl)ul + hlcuum + (2h1€11vm + cl)um + hlcuvm + clvm)vl = 0,

€)]
2 2 2
c11 01 (U xxxx — €21 071 (VD) xxx + (Cll(#l + o) uy —cy(u —6) vy +culpr + &) uyy,
—culpr— &) v + al)(ul)xx +2¢17 (uurvi + priemVim) (V) xx — urcr (@ = 1) (vi,x)?
2 2 2 2
+ (ZClzaz(ul,x)Vl —co((m = euj + (m + e)vi + (=11 + 6 uy, + vy, (11 + 91)))(V1,x)
2
+ugcy(ar + ) (ur,x)” = 2c(Tiumvm + eugvy) (ug,x)
2 2
+uper(wr + A1) (U, x)™ + 2101 (Um,x) (Vin,x) Vi — e (W = ) (Vi x)™ = Vi
3
+ c”fluls + (glclluzm + Zﬁcllvlz + glcllvfn + bl)ul
+ (flc”v? + (glc”u%n + glc”v%n + bl)Vlz + hlc”u:‘n + (2th11V3n + cl)u,zn + hlc”vfn + ClV%n)I/ll = 0,
where [ € {1,2} and m = 3 — [ denotes the complementary index.
Next, we introduce a one-parameter Lie group of infinitesimal transformations defined by:
x*=x+ex(x,t,u, vy, uz, v2) + 0(€),
" =1t+€O(x,t,ur,vi,uz,v2) + O(e),
ur* = uy + €V (x, t,ur, vi, 12, v2) + O(€2),
Vi* = v+ €D (x, 1, u1,vi, Uz, v2) + O(€?), 4)
ur* = up + €¥a(x,1,u1, v1, 12, v2) + O(€%),
v2* = vy + €Dy (x, 1, up, Vi, Uz, v2) + O(€7), )
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Here, y, ©, ¥, @, ¥,, and @, denote the infinitesimal generator components associated with the variables x, ¢, uy, vy,
uy, and vy, respectively, and € € R is the group parameter. These transformations are required to leave Eq. (3) invariant
under the induced Lie-group action.

The corresponding infinitesimal vector field is given by:

2
0
X=y—+0— ¥ 6
)( ~ +Zl(1 aw) (6)

To compute the admitted symmetries, we impose the standard invariance condition:

pr) (X)(8)],_, =0, %)

where pr*) X denotes the fourth-order prolongation of the vector field X, defined by:

2
0 0 0 0
(4) X XX XXX XXXX
X =X+ +¥; +¥ +¥ +¥ _
P Zl ( (9 ! aul,xx ! 8ul,xxx ! a”l,xxxx)
2
0 0 0 0
; ( aVl t BVI x ! avl,xx ! aVl,xxx ! aVl,xxxx)

The coefficients of the prolonged vector field are evaluated using the total derivative operators:

‘Plt =D, (¥) - D;(x)urx — Di(®) uy,
@ =D, (D)) — D, (x) vix — D1 (©) v,
W) = Da(¥1) = D) ix = D (©) w1
@) = D(®) — Dx(x) vix — Dx(®) vy,
W = Do (¥)) = D) tr,xx = Dx(©) g xr,
@) = Dy(®@)) = Dx(x) vixx = Dx(©) vi s,
W = D (W) = D (x) tr,xxx — Dx(©) g s
D = D (D) = Dx(x) Vi,xxx = Dx(®) vy xxss
q;;cxxx — Dx(l{l;‘xx) — Dy (x) t1xxxx — Dx(®) up xxxt>
O = D (DF) = Dy (X) Vixxxx = Dx(0) Vi xxnrs

Here, D and D, are the total-derivative operators with respect to x and ¢, respectively, as described in [15]. Applying the
invariance condition (7) to Eq. (3) yields:
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(((,Ul + ) V] + (= + 6 uj + (—py + &) up, + (o1 + &) Vi) cu + al) ‘I’,{”} + 2‘1',{”} cu (upupvy + Py vim)
+ 431{“”} cuoy+ ‘Pl{x”} co 071 + (( — 2wy (@r —y1) vi +2viyagug) ey + e ((q — &n)vi + O + e)ui
+ (1 + 0p)u3, — (11— Hl)vfn)) P+ ((2 vix (@ +y) v+ 2up xagug) cip + 2 o (Tittmvm + slulvl)) OF
+ 2(Vin,x (W7 + ) Vi + 0y ug) €13 Py = 2t x (07 = A7) v = Vi x 0y ug) €1y Py + ¥
+ (SCIDIﬁV? + (2@ g vim + 4 frug + 2¥ g1 ) V13 + (6 ”12 +3gu%, +3glvf”)d>l V12
+ ((Z/JI +201) vixx P +4Y; fi u? + 2D, g1 vin + 2V g1 um) ulz + Q¥ g ufn +2¥% g v%n) u;
+ 4%, h; uf’n +4®,, Iy ufnvm +4Y,, h; umvfn +4®,, Iy vf’n + 2% g Ml,xx) vy + (fl u? + (g u,zn + g1 vfn) ulz
+ 2ptguy g e + By + 2Rt vi + By, + (e + ) g+ (@ + YD) V] F (g + Vi, W+ 1, A
+ Vgn,xﬂl) D + (=2p1 +261) vixx Yrur + (2pr g, xx P + (=201 + 241) vixx Y) tim
+ (201 + 281) Vixx O + 2¥m p1 Ul xx) Vin + 2% @ ug xvix + 2% W) um,xvm,x) ci +3D; b; V12
+ (201 = 260) trx 21 By + 2¢2W Vix €1 + 2Wom €1ty + 2D €1 Vi + 2%, by ul) Vi

+ 2c21u181v1,x + b[ ulz + ¢y ufn + ¢y v%q) CD[ + (27]1 + 281) lP[ Up x C21Up

—~ o~ — —~

+ (21 +20) ¥ up x + 2D 1y vl,x) Cop Uy + ((—27’1 +201) Dy up x + 2 1 Vl,x) oy vm = 0,
((Gur+ 80 + (=g + 60 v + (oo + 201, = (o1 = Q) vE) e+ ) BT +208 ey (i + puawvm) — (8)
+ ‘Pl{”xﬂ cuoy— CDZ{”X} co o+ (( —2vp (= y) up +2viug xaq) cup + o (= + er)u?
+ (= —e)vi + (1 = O)uy, — (1 + 91)V2m)) o + ((2 up (g + ) up+2vy v xaq) cuy
=2 cu(tiumvm + slulvl)) ¥+ 2( —Vimx(W; = A) ug + vy um,xml) c1 @, + 21y (um,x (0 + A7) uy
vy V) W — D 4 (5 W, fiud + (ADy i vy + 20 g1 Vi + 2% g i) 160
+ (6f1 V12 + 3g; u%n +3g; vil) ¥, ulz + ((2;11 +267) up xx V1 +49; fi v? + 2D, g1 Vi + 2¥ g1 ) V12
+ (2D; g; ufn +20; g; v%n) vi + 4%, Iy ufn + 4D, Iy ufnvm + 4%, Iy umv%1 + 4D, Iy vfn +2®; Vl,xx) u;
+ (ﬁ v;‘ + (g uﬁq + g vfn) V12 + 201V Vixx + Iy uiq + 2hlufnvfn + hlvfn + (—a; + ;) vlz’x
+ (a7 +vp) uix + (u,zn’x - v%u)ml + u,zn’x/ll + v%u/ll) Wi+ (=201 +261) ugxx D1 vi
+ (201 Vixx @ + (201 + 287) g xx Un) m + (=21 + 287) g, xx Pon + 2W0 P1 Vi xx) Vi

2
+ 2(1)1 QU xVix + 2(1)1 w; um,xvm,x) cly+ 3‘1’[ b[ u; + ((—2771 + 281) Vi,x C21 q"l — 2C2[(I)1 Upx €1
+ 2%, iy +2®; by vy + 20, ¢ Vm) u; + ( —2covigiuy x + by Vlz + ¢ uﬁi + ¢ V%n) ¥,

+ (=21 = 2e) @y vy couvi+ (211 = 200) P vix — 2@ Trus ) €1 thn + (=271 = 26,) @y vy x

- Z\Pm T ul,x) ClVim = 0

wherel = 1,2 and m =3 —[.

Substituting the expressions for (¥, @7, ‘Pl{”}, CI)I{”}, Y/, @7, ...) into Eq. (8), we obtain the following determining
system:
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b
‘{Ilt = 07 lPlul = 0’ lP]ug = 09 lylvl = V_ll, lPle = 0, lPlx = 09

®t = 0’ ®u1 = O’ ®u2 = O’ G)vl = O’ ®v2 = Oa ®x = 0» (9)

Xt =Oa Xul :07 Xuz :0’ XV] =0’ X\)z :0’ Xx :O’
‘P2=‘P1v—2, D :_Tlﬂ’ q)2:_\1112_
Vi Vi Vi

Throughout, subscripts such as ¢, x, uy, u;, v, and v, indicate partial differentiation with respect to the corresponding
variables; for instance,

oY
Y= 6_t1

Solving the determining system (9) yields the following infinitesimal symmetries:

Wi(x,t,uy,vi,up, v2) = C3 vy, D (x,t,u1,v1,u2,v2) = —C3uy,
where [ = 1, 2. (10)
O(x,t,u1,vi,uz,v2) = Cy, x (e, tug, vy, uz,va) = Cs,

Substituting the obtained expressions for y, ©, ¥;, and ®; into the infinitesimal generator produces three basis vector
fields that span the symmetry algebra of system (3):

Xl = 6t7

X2 = 6)(5

2
X3 = Z (vlc')u, — ulavl).

=1

(1)

3. SYMMETRY REDUCTION

We now perform the symmetry reduction of Eq. (1) associated with the vector field 0; X + 02X + X3, where o and
0> are arbitrary constants, is obtained from Lagrange’s auxiliary equations:

dr _dx_dm _dvi_duy _ dva

=2 = = = = . (12)
01 02 Vi —uj V2 —up
Solving Eq. (12) gives the similarity variables
E=po1x—02t, u(x,t)="P(€)cosQ, vi(x,t) = P;(€)sinQ, (13)
where Q = —kx + wt + g and [ = 1, 2.
From Eq. (13), we obtain
x,t) =P eiQ,
q(x,t) = P1(¢) (14)

r(x,t) = Py(£)e'C.

Substituting the similarity form (14) into Eq. (1) and splitting the result into its real and imaginary components leads to
the following reduced system of ordinary differential equations:
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forl=1,2, m=3-1:

3 d3Pl dPl

(—dcukoy+cyon) o] —— de? dg—‘

{91[46110'11K ~ 3¢y o K —2Kal] 02

+ 01 [ (2k c1i(pr = ar = 61) + co(m + &1)) Pl(f)z] + 01 [ 2k cri(pr = &) + culT + 67)) Pm(f)z]}

dp,,
—2w;ci k01 Pi(§) Pm(§) T 0,
(15)
d4Pl d P
cu o} o s ( —6c1 k% o +3Kcay o+ culps +61) Pr(E) + culpr + &) Pu(é)” + al) o i
+Pi(€) [Cu Koy —cu ko - KZ(CII(,UI +ap + 0 = y1) Pi(€)” + culpr + § + W — A1) P () + az)
2
+ Ksz((m —&1) Pi(€)* = (11— 0) Pm(f)z) + (e Pn(&)* + ¢ Pm(f)z)] + P(§) cular +y1) ( T )
dpP, \* 5 2 3
+ cuot(wy + )Py (&) | w Pi(&) + ey fi Pi(€) + (g1c1u Pm(€)” + by) P1(€)° =
Taking the soliton speed o as
02 =4cy oy o1 —3cyki oy 01 —2ak o1, 1=1,2. (16)
Under the following parametric restrictions
2cu(pr=4) o1k +cu(ti+6) 01 =
2(w—ar—61)cy o1k +co(m +&1) 01 =0, an
—dcykoy+cyoy =0,
w; =0, [=1,2.
Moreover, equating the two expressions for the wave speed and using the above parameter constraints yields
a=a=a, C21 = C2 = (7, 071 =072 = 07,
+6
{1=20'11M+p1, =12,
o7
—-ur+ar+9 (18)
m:( M+ 1)0-7—31, I=1.2,
20‘11
o2 depkon
11 =c12 —, ] =—".
o11 07
Consequently, the wave speed can be expressed in the equivalent form
02 = -2k 01 (c7k 07 + a). (19)
Under these conditions, the system (15) reduces to:
GBS 4 o Dp3 4 o (L) p2 4 0 p3p2
P+904P 5 (d«fz)P 2P1Pm
") 0 o (4Pr)’ W (4Pm)’
4 2 m
+903 Plpm+9011P1P +(,06 (df) P1+907 ( df ) Pl
") o (4 o (4P
+og Pr+ g (d§2)+g0 (d§4 =0. (20)

Here, / = 1,2 and m = 3 — [. The functions P; and P,, depend on the similarity variable &, whereas go(l) (i =

1,2,3,...,10) are arbitrary constants whose explicit expressions are listed in APPENDIX 1.
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4. EXACT SOLUTIONS

In this section, we obtain exact solutions of system (1) by solving the reduced system (20) via the Kumar—Malik
method. The main steps of the procedure are summarized as follows.

4.1. Kumar-Malik Method

The Kumar—Malik method offers a structured framework for deriving exact analytical solutions of nonlinear differ-
ential systems. In brief, the procedure consists of the following steps:

Step 1. Consider a general nonlinear system of ordinary differential equations of the form
Fu,uv',u”,u",...) =0, (21)

where U = (U;(£), Uy(£)) denotes the unknown vector function and the prime (”) indicates differentiation with respect

to &.

Step 2. Assume that each component U;(£) can be represented as a finite polynomial in an auxiliary function G(¢),
namely,

Ui) = By + B G(&) + B G2 (¢) + - + BY GM(9), (22)
where B}I} (j =0,1,2,...,N;) are constants to be determined. The function G(¢) satisfies the following auxiliary
equation:

(G'(9)" = BsG* (&) + BsG* (&) + B2G7(£) + BIG (€) + o, (23)

where 8; (j =0,1,2,3,4) are arbitrary parameters.

Step 3. The positive integers N; are determined by applying the homogeneous balance principle, matching the highest-order
derivative terms with the dominant nonlinear terms in Eq. (21).

Step 4. Substituting the polynomial ansatz (22) into Eq. (21) and using the auxiliary relation (23) to remove higher-order
derivatives of G (¢) reduces Eq. (21) to a polynomial in G (£). By setting the coefficients of identical powers of G (¢) equal
to zero, one obtains an algebraic system for the unknown parameters B}l}. Solving this algebraic system yields explicit
expressions for the coefficients.

Finally, inserting the computed constants B}l} into (22) provides the closed-form expression of U;(¢), and hence an
exact solution of the original nonlinear system (21).

4.1.1. Family of Solutions to the Auxiliar Equation (23) In this subsection, we derive explicit solutions of the
auxiliary nonlinear ordinary differential equation

(G'(£))* = BaG* (&) + 3G (€) + BrG*(€) + B1G(€) + Po, (24)

in Jacobi elliptic, hyperbolic, and trigonometric forms. The resulting families are classified according to the parameter
regimes of 8; (j = 0,1,2,3,4).
Throughout this work, the quantities Ay, Ay, A3, and A4 are chosen as:

Al =4BoBs— B Do = 16BaBs— 5B2. A3 = 8BaBs — 362, A4:—%.

A
Case 1: Assume that 8y = 0 and B = % Under these assumptions, the auxiliary ODE admits the following Jacobi

4
elliptic function solutions for different parameter conditions:
Sub-case 1.1: If B4 <0 and A} > 0,

_ B3 V-BaAi & B3
Gi(é) =AM = 4—B4cn (—2[34 ’_2\/A_1) , (25)
B3 B3é ZVA1)
G =A4 £ —d ,— . 26
2(£) 4+4,84 n(4\/—_,84 5 (26)
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Sub-case 1.2: If B4 <0, A} <0,and A; <O,

_ V-7 VBiAL & VA A
G3({:‘:) - A4 + 4[_34 cn (_ 2[_34 ) 2A1 ) s (27)
_ ‘V—Az V,B4A2§ 2VA1A2
G4(&) =Ag = 15, dn|- T ) (28)
Sub-case 1.3: If B4 <0, A1 > 0,and A; <O,
_ V-Ay  [N-Bshi & B3
Gs5(8) = A4 15 nc( B VA ) 29)
TR B 2VEL )
Ge(é) =Ag £ 15 nd( B B ) 30)
Sub-case 1.4: If B4A1 > 0 and A1 A, > 0,
_ B3 VBiALE VA Ay
G7(§)—A4imn0( TN ) (€2
_ ,83 V,84A2f 2VA1A2
Gg(f) =A4 £ End( 4,34 , A ) . (32)
Sub-case 1.5: If B4 > 0and A <0,
B B N
Gg(f) =A4 £ 4,84 ns ( 4\/@, B ) , (33)
_ V-4 V-Bshr & Bs
GIO(‘_{::) = A4 + 4ﬂ4 ns (_ 4ﬂ4 B \/—_Az) 5 (34)
B B A
Gll(f) _A4i- 4[84811( 4\/57 ﬁ?, )’ (35)
_ V-4 V-Bshr & Bs
Gia(é) =Ag % 17, sn (— By \/—_Az) : (36)

A? .- . . . . . .

Case 2: By = ﬁ, p1 = %. Then the auxiliary ODE admits the following hyperbolic, and trigonometric function
4 4

solutions under different conditions:

Sub-case 2.1: B4 >0,A3 <0

_ V-A3 V-PaA3E
Gi3(8) = Ay = 15 tanh( 15 ) (37)
Gra(&) = Ay + “_A3coﬂ1(“_ﬂ4A3§). (38)
4B4 44

Sub-case 2.2: 4> 0,A3 >0
In this case, the resulting solutions are periodic and fall outside the scope of the present study; hence, they are omitted.

2
Case 3: B) = %, B = /?ﬁ?. Under these conditions, the auxiliary ODE admits the following hyperbolic and

trigonometric function solutions for various parameter regimes:
Sub-case 3.1: B4 <0,A3 <0

G17(€) = Ay = (39)

V=2A; sech V2843 €
4B4 484 |
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Sub-case 3.2: By > 0,A3 >0

Gi3(8) = A4 % (40)

24 csch 2Pals &
4p4 4Bs |
Sub-case 3.3: B4 > 0,A3 <0

In this case, the corresponding solutions are beyond the scope of the present work and are therefore not presented.
Cased: 5p=0,8,=0,83=0

4pB2
G = . 41
21() 12Vt — pupye Bt (41)
4.2. Application of Kumar-Malik Method
Assume that the solution of Eq. (20) is sought in the form:
Pi&) =AY + AVR@ + AVR (O + AVRN O + .+ A%}RM (&), (42)

where / = 1, 2. Substituting the ansatz (42) with N; = 1 into the reduced system (20), and following the procedure outlined
in Section 4.1, we obtain two polynomial expressions in R(¢). Equating to zero the coefficients of each power of R(¢)
(together with the constant terms) produces an algebraic system for the unknown parameters. Solving this system yields
the following values:

(1)
A _B3V309, A _ 44,

0 4B, T ! B3’
@ ,33@\/54193 o701z ((@1 + y1)o12 + o) o1 @ 4A(()2)
AP = : = —0 9,

0 43413 ! B
b —160F1ﬁ0120'1329% + 80F4aﬁ40'121 o7 + F20'122 + F3011012

1= ,

240 B4 o7 orp o1y (11 (@2 + 72) — 10712)

b —160F11ﬁC]20'l329% - 80F44a,840'1 107 + F220'122 + F330'12

2= ,

240 B4 07 012 (012 (a1 + 1) — A2011)

5 o} (E1 012 + 2E2 07) — o1012(E3 0712 + E4 0) + 073,07 Es

l = b

oo | - Ao + o (e +92)]

f X7O’f2 +X80'132 +X90'122 + (16X1 (7'131 o7 (az +’yZ)(TQ +92) +6X1X20’121 0'72)0'12+8X120'131 0'72

1= 3 ,

5007 o, (011 (a2 +y2) — A10712)
f2 _ 8/1%0';‘2 (Tz +92)2 + 50 X0 A1 0'132 +X110'122 +50X 1201107012 +8X120'121 0'72
2 b
5002 12 (A2011 — (@1 +y1)o12)
3 2
2 [(% - Bofa)cinoionn - aﬂ4]
K =
C12012f34
18432 11 01c2,0, (12 + 02) Z1 + 4608 02,0, Zs — 0%, Z6 — 128 aBro12Z7 — 128 o7a* 01132,

w= .

1536 o12B3c12(A10%, (12 + 62) — 01227 — 07011 22)

See ?? for further details. Substituting the above parameter values into the similarity form (14), the solution of Eq. (1)

can be written as:
q(t,x) = Py(t,x)e' (Rx+witbo)

r(t,x) = Pz(t’x)gi(_’(x"'wt"'eﬂ), (43)
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where the functions P;(¢,x) (I = 1,2) are specified in the cases listed below.
Throughout this paper, the constants Co; and C; ; are defined by:

‘ AV =1, c AV 1=,
0,1 = 1,1 =
A(Z), [=2, AP =2,

Case 1: Assume that Sy = 0 and

B = B3(4B2B1 - B3)
ey ’Bi }
Under these assumptions, P;(z,x) admits the following Jacobi elliptic function solutions:
Sub-case 1.1: If B4 < 0 and A; > 0, then

V=B4A (le—Qzl) B3
PN (1,x) = Coy + C ( Fads )) 44
(t,x) = Coy+C1y 5 "IE (44)
PO (1) = Coy 4 C (A (,33(Q1X— 2l)’ 2\/_)) 45
;7 (tx) = Cog+Cry|Ag £ 4ﬁ4 War:n 5 (45)
Sub-case 1.2: If B4 <0, A1 <0,and A; <0,
P(3)(t %) =Coy + ) z(A V—A _ VBahAi (01X - Qzl)’ VA1A2)), 46)
24 2A,
A —
PO (1,) C01+C11( V _ VB (01x sz) 2VAA, )) “
44 Ay
Sub-case 1.3: If B4 <0, A1 > 0,and A; <O,
V— V—B4A (QlX—sz) B3
PO (1,x) =Co + C ( Ao YPehs )) 48
(t,x) =Co,; + C1, 5 WA (48)
PO (1) =C (A . V—Az _ﬁ3(Q1X—Q2t) 2\/_1)) 4
;o (1,x) =Co, + Cr | Ag £ 5 " W B (49)
Sub-case 1.4: If B4A; > 0 and AjA; > 0,
P(7)(t X) COl +Cl l( ({V 4Al (le_ Zt)’ VZAAIA ))’ (50)
1
A —
P® (1,x) =Co, + € l( ﬁ3 VB4 Q(W o21) 2 'ilAz)) (51)
2
Sub-case 1.5: If B4 > 0 and A, < 0,
PO (1,x) =Cos + Cy I(A4 4’8%4 ﬁ3(@;j/ﬁ;@zt)’ V;?z)) (52)
4 3
PU) (1) =Coy + €, I(A4 V=47, S(_ \/—,34A2;189:x - Qzl), \/ﬁ3—A)) (53)
-Ay
PUD (1 3) =Coy + C ( /33 ﬁ3(@1x—92t),V—A2))’ 54
;o (1,x) =Cou + Cry 4[34 N 7 (54)
V=A A =B4A — oot
Pl(lz) (t,x) ICOJ + C]J (A4 =+ 4,8428 - i 24(.;);)6 e ), 612)) (55)

Case 2: = , = Bl
BO 64[33 B 8,33

function solutions for the corresponding parameter regimes: Sub-case 2.1: B4 > 0, A3 <0

A3 anh(\/—ﬂ4A3 (01x — 021) ))
404 ’

Pl(m(t,x) =Co, +Cr1|As £ t
’ 4B4

Under these conditions, P;(¢,x) admits the following hyperbolic and trigonometric

(56)
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V=23 h(\/—ﬁ4A3 (01x — 021) ))
cot . (57)
44 4B4

Pl(14) (t,x) =C0’1 + Cl’l(A4 +
Sub-case 2.2: 54> 0,A3 >0
In this case, the solutions are periodic; since they are not central to the objectives of this study, they are not pursued
further. "
Case 3: By = %, B1 = '?TAZ‘. Accordingly, P;(t,x) admits the following hyperbolic and trigonometric solutions under
the associated parameter conditions:
Sub-case 3.1: B4 <0,A3 <0

V=-2A V2B4A - 02t
PO (1,%) =Cou + Cr [ Ag 1 Y203 oo 2P (01 = 20) ) (58)
’ ’ 4p4 4p4
Sub-case 3.2: By > 0,A3 >0
V2A V2B4A X — oot
P (1) =Coy + € A 1 Y223 e Y2PHR3 (O = 02D ) (59)
| ’ 484 484

Sub-case 3.3: 54> 0,A3 <0

Although this case yields periodic waveforms, they are not relevant to the aims of the present analysis and are
therefore omitted.
Case4: 5p=0,8,=0,63=0,8,>0

4pB>

. 60
4p2eVB2(o1x-021) — B, Bre~VB2(01x=021) (60)

PP (1,x) =Coy + C1y

5. GRAPHICAL REPRESENTATION AND PHYSICAL INTERPRETATION

In this section, we examine the spatiotemporal evolution of the coupled complex fields ¢(x, ) and r(x, ) arising
from the general traveling—wave representation (43), using two distinct closed-form choices for the amplitude functions.
Specifically, we consider the dark-soliton profiles given in (56) and the bright-soliton profiles given in (58). For visual-
ization, we display the corresponding intensities |g(x,#)|*> and |r(x,)|> using 3D surface plots, contour maps, and 2D
cross-sections at several fixed time levels.

5.1. Dark Soliton Dynamics

Figure 1 displays the intensity distributions obtained by inserting (56) into the traveling—wave form (43). The
resulting dark-soliton profile is characterized by an intensity dip superimposed on a nonzero continuous background. This
localized notch travels along the trajectory specified by the wave variable ¢ = o1x — g»f, which appears in the contour
plots as an oblique band marking the transition region. Such behavior is typical of dark solitons: the field approaches a
finite pedestal as |£] — oo, while the dispersion—nonlinearity balance sustains a stable localized depression that retains its
shape during propagation. From a physical viewpoint, dark solitons are commonly associated with defocusing nonlinear
regimes (or an effective defocusing response in coupled settings), where the nonlinear interaction supports a robust dip on
a finite background rather than a localized peak.

5.2. Bright Soliton Dynamics

Figure 2 depicts the spatiotemporal behavior obtained by substituting (58) into the traveling—wave expression (43).
Unlike the dark-soliton case, the bright-soliton profile exhibits a localized intensity peak that attains its maximum near the
soliton core and decays rapidly as |£| increases. In the contour maps, this structure appears as a thin ridge propagating
along the characteristic direction prescribed by ¢ = p1x — 02¢, indicating a coherent pulse traveling with the corresponding
wave speed. This is the defining signature of a bright soliton, namely a self-confined wave packet sustained by the balance
between dispersion (or diffraction) and nonlinear self-focusing. Physically, bright solitons are typically supported in
focusing nonlinear regimes (or in coupled systems with an effective focusing response), where the nonlinear interaction
counteracts dispersive spreading and maintains a stable localized hump.
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(a) Surface: |q(x, t)|2 (b) Contour: |g(x, t)]? (c) 2D slices for g
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Figure 1. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields ¢ (x, ¢) and r(x, ) corresponding
to the analytical solution (43) constructed from the dark soliton solution (56). The first row depicts |g(x, 7)|?, while the
second row depicts |r(x,7)|?. The 2D panels show |g(x,#)|> and |r(x, ?)|* as functions of x at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

5.3. Comparison and Physical Meaning

A comparison of Figures 1 and 2 reveals the qualitative distinctions between the two solution classes:

* Background behavior: The dark-soliton pattern propagates as an intensity depression on a finite continuous
background, whereas the bright-soliton pattern manifests as a localized intensity hump that decays rapidly away
from its center.

* Type of localization: The bright soliton is localized through spatial confinement of a peak, while the dark soliton
is localized via a notch embedded in a nonzero pedestal.

* Propagation characteristics: In both cases, the waveforms translate along the traveling variable £ = o;x — 02t
without distortion, with an effective speed determined by 0,/01.

+ Coupled-field features: The two intensities |¢|> and |r|* exhibit the same traveling structure, but their amplitudes
and offsets can differ according to the free parameters in (43), indicating how the coupling redistributes energy
between the polarization modes.

Hence, the two functional profiles describe distinct nonlinear propagation regimes within the same coupled framework:
a dark-soliton regime characterized by intensity depletion on a continuous-wave background, and a bright-soliton regime
characterized by a self-confined pulse supported by effective focusing. The numerical visualizations corroborate the
solitonic character of the derived closed-form solutions and demonstrate that the selected amplitude profile governs the
qualitative propagation physics in the modeled birefringent medium.
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(a) Surface: |g(x.t)|* [Eqg. (58)] - (b) Contour: |g(x, t)|* [Eq. (58)] Loo0o (c) 2D slices for g [Eq. (58)]
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Figure 2. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields g(x,t) and r(x, t) corresponding
to the analytical solution (43) constructed from the bright soliton solution (58). The first row depicts |g(x, )|?, while the
second row depicts |r(x,7)|?. The 2D panels show |g(x,¢)|*> and |r(x, 7)|? as functions of x at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

6. CONCLUSIONS

In this work, we investigated a generalized concatenation model for birefringent optical fibers and derived new exact
soliton solutions. By means of Lie symmetry analysis, the coupled nonlinear evolution equations were reduced, through
appropriate similarity variables, to a tractable system of ordinary differential equations. The reduced system was then solved
analytically using the Kumar—Malik method, which produced several families of closed-form solutions expressed in Jacobi
elliptic, hyperbolic, and trigonometric functions. For suitable parameter constraints, these solution families degenerate
to the standard bright-, dark-, and periodic-soliton regimes, thereby demonstrating that the model supports qualitatively
distinct waveform classes within a unified higher-order coupled framework. Representative graphical illustrations further
confirmed the physical relevance of the obtained structures and highlighted the influence of parameters on the propagation
characteristics.

Overall, the combination of symmetry reduction and the Kumar-Malik technique provides an efficient analytical
route for exploring higher-order coupled optical systems. The explicit solutions reported here can serve as benchmark test
cases for numerical simulations and may facilitate further theoretical studies. Possible extensions include the investigation
of perturbed or fractional forms of the concatenation model, the derivation of conservation laws, and a detailed analysis
of modulation instability, as well as interaction dynamics among solitons, breathers, and other localized waveforms in
birefringent media.
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APPENDIX 1

cponorfi, =1

C12 07 fz, [=2

cpoporgl, =1

C12 07 82, =2

cpoporh, =1

C120'7h2, =2

ciok? on(ar + 61 +y1 = 3u1) + bioog — 8ciuk’orioner, =1

cr2 k3 (@2 + 02 +y2 = 3p2) + baoy — 8ciak* o282,

con oy (61 + ), =1

c1207 07(62 + 12), =2

0120'7(012+72)Q1, 1=2

A1 o2 91 cpog, =1

A2 0 crp 07, =2

36’12K 01101207 —aK20'110'7 - wo1107, [=1

3cpktonor — aktor — wo, =2

6¢12K* 0110'12.91 +610'110'7QI, =1

6¢12K> 0'120'7Q1 + a0'7Q1, 1=2

0'110129101207, =1

opofenor, =2

[=2

2 2 2 _
C1ak2 010741 = 2¢10k> 01207701 — 6C12K> 01101271 + 2¢12K3 0101201 + coog, =1

o
|
c
|
|
{m o or(a +yey, =1
|
|
|
|
|

Cl1ak2omdy = 2¢12K2 o102 — 6¢12K20 12T + 2¢10K2 01202 + Co0. =2

APPENDIX 2

APPLICATION OF KUMAR-MALIK METHOD
Let the solution of Eq. (20) takes the form:

Pie) = A" + AR + AV RYE) + AVR &) + ..

+ ADRN (), (61)

where [ = 1,2. Substituting Eq. (61) with N; = 1 into system (20), and using procedure mentioned in Section 4.1, we
arrive at two polynomial equations in R(£). Setting the coefficients of powers of R(¢), combined with the constant terms,
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to zero yields the system of equations, after solving that system gives the values of A(()l), Afl), A(()Z), Aiz), b1,b2,01, f1, >
and w as follows:

()
B3V30 9 A _ 44,

¢ Aél) == 9 1 - 5
43402 B3
4@ ,33\/%\/,34193 o701z ((@1 +y1)o2 + 20om1) 01 o 4A(()2) 9
- Ao
° 484 05 1 2
where

= \/,34 07 o012 (11 (@2 + 72) — A1012),
B = ((12 + 62)011 + (a1 + ¥1)07) 012 + P2071107, )
03 =21 (12 + 62) 0, + [((—2611 =2ypDaz + (=2a1 = 2y1)y2 + (242 + 2p2) A1 — (a1 + y1) (u2 + 62)) o

=201 (a2 +y2) (12 + 92)]0'12 +011(=2p202 = 2p2y2 + A2 (2 + 02)) 07

—160F1ﬁ€120’f’2‘9% + 8OF4a,840'1210'7 + FzO’lz2 + F3011002

« by = ,
240 B4 o7 orp o1y (011 (a2 + 72) — A10712)
5 —160F1Bc12073, 0% — 80F4saBsori 107 + Fuoly + Fion
2 =
240 B4 07 012 (012 (ay + 1) — a011)
where

F = (—71&—281 772)/11 +2‘I'1(Cll +’yl) 11 +0'7[ iy +p1(a1+71) ,
0

Fii = 2e3(a1 +y1) — 4562 + Z2) 4,

20
L) (a2 +72) —

F, = —112c1259%0-121[(72+g2+ 20771/12]
+ 88C12,32 o7 Q%[(al + 7y - 2(])#)(0/2 +,),2) + (_/12 + 4P2)/1 + (_@ _ 7ﬁ)(a,l +7]) + 20p1/lz]
= 240¢1 07 (a1 +71) = 320a B[ (% = &1+ 2)r + 71 (ar + )]

-33cpp 307 Q%[(al +y1 = D) (@ +y2) + (= + S+ (=52 — 1) (@) + ) + 2 Z]UH

- 160a,840'7[—ﬂ1/11 +pi(ar +y1)],

Fy =88c12 62 0] 0’7[

I9)ar + axyr + (2 = T2 = 18y — 24 (A2 - 34p2)]
_ % crfron Q%[(@z + 27%)(&2 +92) - 20/17252]

+240 ¢, 07 A1 Ba — 320aﬁ4[82((11 + )/1) +ﬂlw]

- 33612,3§ Q%[()’z - 11 %)) +azy; + (y2 — 27’]'2 - %) 1
— (A - H) - B [(92 +Z2) (a2 +72) - 20’17282”,
F3 = —% c12 B2 Bsor Q% [p2(a2 +72) - M] +6c10722 P4

+ Zaﬁ4[(7’2 + 60, —de)(ar +y2) + 4T1/12] + % C12,3§ 01107 Q% [pz(a/z +7v7) — M]

+aps 0'7[(C¥1 +y1—4u1) (a2 +y2) + (=2 = 2p2) A1 + (2 + 62) (@1 +y1) + 4p1/12],

762
2705 (pat 2
F33 = 40{,34[ =272 c1p fr 011 07 Q%(pz(az +v2) — #) —240cr 011 07 (an + yz)]
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+40a B4 07 [(72 =3uy + az + 82)ay + axyr + (y2 = 3pa + 02)y1 — A1 (A2 — 2p2)]

762
270 (up+ 54 )
+80aBsor [(92 —30) (@2 +72) + 4z | + 102¢10 B3 011 07 071 | p2(@2 + 72) — #”
s
Fy = pa(az + ;) — 2U2r%)
)
30 (p-5)
Fia = pa(ar +y2) - —5——,
3B2
B =PBaps— 3
s 0'121 (E1 o +2E> 0’7) - 0'110'12(E3 o+ Ey 0’7) + 0'1220'7E5
L] 1 =
o7 o [ — o + o (a2 + 7)) |
where

E; =2(01 + 1) + 2(12 + 02) (a2 + 72),

Ey = paaz +y2) — 3 (u2 + 62) Ao,

E3 =211(12 + 02) +2(01 + 1) (@1 + 1),

Ey =2(41p2 — p1d2) — (a1 +y1) (12 + 62) + (a2 + y2) 1,

Es=A1u1 —2p1(a) +v1).

X70'f2+X80'132+X90'122+ (16X1 0’5’1 o7 (az + y2) (1 + 67) +6X1X20'121 0’72)0'12+8X120'131 0'72

* fi= ,

2
5002 o2, (o1 (a2 +y2) — 41012)

8/1%0’?2 (T2+92)2+50X10/11 0'132+X110'122+50X120'11 0'70'12+8X]20'12] 0'72

f=

2
50 03 012 (2011 — (@1 + y1)o12)

where
X1 = paaz +72) — 2 (2 + 82),

Xo

(a1 +y1)(az2 +72) —/11(/12 + 8%) + 3 (a1 +y1)(u2 + 62),

6
X3 = 3(a1 +71)(p2 + 62) —/11(/12 + 1%)
X4 =2(a1 +y1)y2 + X3,

Xs = (a1 +y1)(] +73) + a2 Xy — /1172(/12 + 16%) + 30102(u2 + 62),

Xo = 011 [ﬂl(loohzaz +100h2y2 — 50g242) — 50g2 (a1 + y1) (a2 + 72)]
- 2[(0/1 +y)(a2 +y2) + A1 (=22 +4p2) = 2(aq + 1) (p2 + 52)]
X [(01 +y1) (@2 +72) + A1 (=2 = p2) + (1 +y1) (2 + (52)],
X7 = 801147 (12 + 62)* + 5007 (a1 + y1) (8141 — hy (a1 + 1)),

Xg=-1611(1 + 92)2((12 +72) 0-121
~ 5002011 | g1 (a1 +y1) (a2 +y2) + A2 (g11 — 20y (ay +71))]

- 6(m+602) A1 Xr 07011,

Xo = 8(12 + 62)%(az + y2)?07, + 50007, [/120'7(5'1(0!2 +72) — o) + 55 (72 + 02) X5
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- 205 [(01 +y) (a2 +y2) + A1 (=2 +4p2) = 2(ay + y1) (2 + 52)]

X [(a'l +y1)(@2 +72) + (=2 = p2) + S(ar +y1) (2 + 52)],

Xi0 = 07 [g2(a1 + y1) — Aiha] = (12 + 02) X207 — £ (12 + 02)* (02 + y2) o1,

Xi1 = 07 X6 + 601107 X5 (12 + 02) + 807, (12 + 02)* (a2 + 72)?,

X2 =07 [0'11(@2 +72) (822 — a2 +72)) + % X1 Xa | + 2 (12 + 02) (@2 + y2) o1 X,

J 2 [(3ﬁ3 — Bafa)cnolonn — aﬂ4]
o K= .

c1201284

18432 /1191 120—12(72 +6,)Z; + 4608 Ql 120']225 0'1226 - 128 a2,840'12Z7 — 128 07a 0'11,3422

1536 01285 ¢12 (100, (T2 + 602) — 01227 — 0910711 2)

*w=

where

3
= Pofy — (ﬁl&& 144 ):84 192ﬁ2ﬁ3:34 1024ﬁ3’
= pa(a2 +72) = 2 (12 + 62),

[(a’l +y) (@ +y2— Bua +62)) - o + %/11,02]
- Bon(a+7)(m+62),

Zy = (a1 +y1) (a2 +y2 = 2(u2 + 62)) — 212 + 44 p2,
Zs = ﬁi{ﬁom [24 o7 —4oy(a+y) (2 + 92)]

2
+ 07[/33—3((01 +yD)(@2+ 72+ 5(u2 +62) = (A2 + ,02)/11) - %24]

(B;ﬁz

+0'11(C¥2+7’2)(Tz+92)(5153+§—§Z,)}+ZS Ba = 128)

2
Zs = 172040 [ 18432 B0 — 4608 ﬁi(ﬁlm + f—g) + 1248 Bo B2 — 234 ﬁg‘] — 128 822, (12 + 6).

Z7 = 0‘7[(C¥1 +71)(C¥2 +y2+ (w2 +52)) -1 (A +Pz)] ton(az +y2) (2 + 62).
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OIITUYHI COJIITOHHA )14 MOIAEJIIL KOHKATEHAIIIi 3 JUPEPEHIIIAJIBHOIO I'PYIIOBOIO
3ATPUMKOIO, IIOBY/IOBAHI HA OCHOBI CUMETPII JII TA IIaxoay KYMAPA-MAJIIKA
Papxsip Cinrxaii!, Cauin Kymap', Moxamen E. M. Aunnrap?, Pexam M. A. Iloxi6°, Jlina C. Kaaykar®,
Anmkan Bicgac> 0789
YKagpeopa mamemamuru ma cmamucmuru, Henmpanoruii ynieepcumem Iendncaby, Baminoa, 151401, Mendnca6, Indis
2 [Tpozpama mamemamuunoi oceimu, Paxyavmem oceimu ma mucmeyms, Yuisepcumem Coxap, Coxap 311, Oman
3Kagpeopa dpynoamenmanvrux nayx, Paxyavmem exonomiku ma 6iznec-adminicmpyeanns, Innosauiiinuii ynisepcumem,
Hlapkis, €eunem
4Kagpeopa mamemamuxu ma npupodnuuux nayk, Texnonoziunuii yrisepcumem Baxpeiiny, Koponiecmeo Baxpeiin
SKagpeopa mamemamuxu ma gisuxu, Jepucasnuii ynisepcumem Ipambninza, Ipam6aine, Jlyiziana—71245, CIIA
$Kagpedpa mamemamuxu, Paxyvmem npupodnuuux nayx, Texuiunuii ynisepcumem Kapadenis, Tpa63on—61080, Typeuuuna
"Kagpeopa ¢pisuxu ma eaexmponixu, Yuisepcumem Xasap, Baxy, Apuzona—1096, Azep6aiidxcan
8Kagpeopa mamemamuxu ma npuxaadnoi mamemamuru, Yuigepcumem meduunux nayx Cegparo Makeamxo,
Meoynca—0204, IIpemopis, Ilisdenna Agppuxa
9 Haykogo-0ocrionuii yenmp npuxaaduux nayx, Ipusammnuii yrisepcumem npukaadnux nayk, Amman—I1937, Hopdanis
V 1iii po6GOTi PO3MIAAAETECS y3araJlbHeHa MOJIeNIb KOHKATeHalii Il JBONIPOMEHEBUX ONTHUYHUX BOJIOKOH Ta OTPHMaHi HOBI TOYHI
COJITOHHI O3B’ A3KU. BukopucroBytoun ananiz cumerpii JIi, 38’ A3aHi eBOMOLIiHI piBHAHHS NEPETBOPIOIOTLCS Yepe3 BiJNOBiAHI 3MiHHI
MoaiGHOCTI B KEpOBaHy CUCTeMy 3BUYAiHUX qudepeHianbHuX piBHsAHb. OTpUMaHa peayKoBaHa CHCTeMa MOTiM 00pOOISIETHCS METO-
oM Kymapa-Manika 11t OTpUMaHHS KiJIBKOX KJIaCiB SIBHUX PO3B’SI3KiB, 3alIMCAHNX €TiNTUYHUMU, SICKPABUMU CONTITOHHUMHU, TEMHUMU
COJIITOHHMMH Ta TPUTOHOMETPHYHUMH pO3B’si3KaMu Sko6i. 3 BiANOBiAHMMH OOMEXeHHSIMHU MapaMeTpiB IIi KJIaCH CIIPOIIYIOThCS 10
3HAIOMUX SCKPaBHX, TEMHHUX Ta MEPiOJMYHMX COJNITOHHUX XBWIIb. sl imocTpanii (pi3MyHOI MOBEJiHKA OTPUMAaHUX CTPYKTYP Ipej-
CTaBJIeHi perpe3eHTaThBHI rpadiky, sKi MiIKPeconTh iXHi 0COOIMBOCTI MOIIMPEHHs Ta AKiCHY CTaOiIbHICTb. 3araiaoM, MO€JHAHHS
penykiiii cumeTpii 3i cxemoio Kymapa-Masika po3Immpioe KaTaaor aHATITUYIHAX PO3B’SI3KIB U151 MOJIesi KOHKATeHallii Ta MOrIOIIoeE

PO3YMiHHS HEJIIHIMHOT JUHAMIKY IMITYJIbCIB Y JBOIIPOMEHEBUX CEpeJOBUINAX.
Kurouosi cioBa: cmpyxkmypa konkamenayit; ananiz cumempii epynu JIi; memoo Kymapa-Manika; onmuuni conimonni xeuni; 06o-

NpOMeHe8i BONOKOHHI cepedosua, po38’ sizku eainmuunoi pynkuit Axooi
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