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This study presents a comprehensive investigation of quantum information measures for the one-dimensional Ultra Generalized 
Exponential–Hyperbolic Potential (UGEHP) within the framework of the Schrödinger equation. Analytical solutions for the energy 
eigenvalues and corresponding wave functions are obtained using the Nikiforov–Uvarov method. These solutions serve as the basis 
for evaluating Shannon entropy and Fisher information in both position and momentum spaces. The numerical results show that the 
total Shannon entropy satisfies the Beckner–Białynicki-Birula–Mycielski (BBM) inequality, while the Fisher information adheres to 
the Stam–Cramér–Rao bounds, thereby confirming consistency with fundamental quantum uncertainty principles. In addition, the 
energy spectrum exhibits a pronounced dependence on the screening parameter and quantum numbers, indicating the tunable 
confinement properties of the potential. The combined analysis establishes a clear connection between energy quantization, 
wavefunction localization, and information-theoretic measures, offering deeper insight into the effectiveness of the UGEHP model in 
describing complex quantum systems. 
Keywords: Probability density; Information-theoretic measures; Ultra Generalized Exponential–Hyperbolic Potential; Energy 
spectrum; Bound-state solutions 

INTRODUCTION 
In recent years, quantum information theory has attracted considerable interest due to its deep impact on quantum 

computing, quantum communication, and fundamental physics. Among the different methods used to investigate 
quantum information measures, potential models have emerged as effective tools for gaining insights into the behavior 
of quantum systems [1,2]. Quantum information measures (QIM), including Shannon entropy, Fisher information, 
Rényi entropy, and Tsallis entropy, are essential for examining the localization and delocalization characteristics of 
wavefunctions (WF) in confined quantum systems [3,4]. These measures provide valuable insights into quantum 
uncertainty, correlations, and entanglement, which are essential for applications in quantum computing and information 
processing. While these techniques have been extensively applied to different potential models [5-7], studies 
specifically focusing on the Ultra Generalized Exponential–Hyperbolic Potential (UGEHP) remain limited. Due to its 
flexibility and tunability, the UGEHP serves as an ideal model for exploring complex quantum systems under external 
constraints. This potential encompasses a broad class of models, generalizing well-known potentials such as the Morse, 
Pöschl-Teller, and Eckart potentials [8]. It has been particularly useful in describing diatomic molecular interactions 
[9,10] and quarkonium systems [11,12] in both relativistic and non-relativistic frameworks. The functional form of the 
UGEHP includes multiple adjustable parameters, allowing for a detailed investigation of quantum information measures 
in relation to system confinement and external influences. Notably, this potential has emerged as an effective model for 
examining the interplay between quantum information measures and potential-driven quantum dynamics. This study 
aims to systematically analyze the information-theoretic properties and bound state energy associated with the UGEHP, 
providing new insights into its role in Quantum information measures. 

The potential is expressed in the form [9]. 
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The dependence of the potential on distance is illustrated in Figure 1. 
Recent advancements in quantum information theory have highlighted the crucial role of entropic measures in 

understanding the uncertainty and information content of quantum states [13]. Shannon entropy serves as a global 
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indicator of the uncertainty and randomness associated with electron localization and delocalization [14]. In contrast, 
Fisher information measures the sensitivity of a WF to external perturbations, making it essential in quantum metrology 
and estimation theory [15].  

 

Figure 1.  Variation of the Ultra Generalized Exponential–Hyperbolic Potential with position for different screening 
parameters and the arbitrary parameters 0 00 0 0 0 00.1, 0.5, 2, 0.1, 4, 41,A J B G d Cδ == = − = = = =  

In recent years, Shannon entropy has garnered considerable attention among quantum physics researchers due to 
its broad applications in modern quantum communication systems [16,17]. Its significance lies in its function as a 
generalized form of Heisenberg’s uncertainty principle, providing a quantitative measure of uncertainty in quantum 
systems while also characterizing various physical properties [17]. Beckner-Białynicki-Birula and Mycielski (BBM) 
[18] introduced a novel formulation of Heisenberg’s uncertainty principle in quantum mechanics, expressed as: 

 ( )1 2ln
oT r pS S S D π= + ≥ + , (3) 

In this context, D signifies the spatial dimension, while  
or pS and S  represent the Shannon entropies in coordinate and 

momentum spaces, respectively. The total Shannon entropy, denoted as TS , is the sum of these two components. The 
expressions for  

or pS and S  are provided in references [19–21].  
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where 3 2 3 2, ,  sino o o od r r drd d p p dpd and d d dθ θ ϕ= Ω = Ω Ω =  is the solid angle with ( ), ,o or θ ϕΨ being the normalized 

wave function in the special coordinate. Also, ( ) ( ) 2
0, ,o or rρ θ ϕ= Ψ is the probability density in the spatial co-ordinate, 

( ) ( ) 2
p pρ φ= is the probability density in the momentum space and ( )pφ  is the associated normalized Fourier 

transform [21]. It should be noted that the entropy measures evaluated in this work correspond solely to the radial 
component of the wavefunction associated with the Ultra Generalized Exponential–Hyperbolic Potential. In the general 
three-dimensional framework, the total Shannon entropy comprises both radial and angular contributions. However, 
since the present study focuses on the radial solutions of the Schrödinger equation and the influence of the potential 
parameters on the radial probability density, only the radial contribution has been considered. Therefore, the reported 
entropy values represent radial Shannon entropies rather than the complete three-dimensional Shannon entropy [22]. 
The global measure is important because it enables researchers to analyze the uncertainty associated with the 
probability distribution. In contrast, Fisher information quantifies the efficiency of a measurement procedure in 
estimating quantum limits [23]. This information-theoretic tool primarily captures local variations in probability density 
[24]. Fisher information plays a crucial role in density functional theory [25], statistical estimation, and molecular 
chemical reactivity [26]. It is also strongly correlated with physical properties such as magnetic susceptibility and 
kinetic energy [27], providing valuable insights into electron correlation and atomic structure in both coordinate and 
momentum spaces [28]. 
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Unlike, the Shannon entropy that satisfied the BBM inequality, the Fisher information fulfill the Stam inequalities 
2 24 ; 4

or o pI r I p≤ ≤  [29], and the Cramer–Rao inequalities
2 2

9 9;
or p

o
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≥ ≥  [30]. Generally, for an arbitrary 

angular momentum quantum number of any central potential model, the two products of the Fisher information must 
satisfy the relation [30] 
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Extensive studies have explored Shannon entropy and Fisher information using well-motivated potential models. 
Udoh et al. [31] applied the Nikiforov–Uvarov functional analysis (NUFA) approach to solve the radial Schrödinger 
equation (SE) for the shifted Morse potential, deriving analytical energy eigenvalues and eigenfunctions, and analyzing 
quantum information measures. Nath and Roy [32] obtained exact solutions to the non-central Makarov potential and 
studied information-theoretic parameters for low-lying states. Inyang et al. [33] investigated the QIM with the screened 
modified Kratzer-Yukawa potential using the Nikiforov-Uvarov (NU) method, while Ikot et al. [34] applied NUFA to 
the Möbius square potential, both analyzing Shannon entropy and Fisher information. Onate et al. [35] employed 
supersymmetric techniques for the Morse potential to evaluate QIM and thermodynamic properties.  Bloch and Cohen 
[36] linked Fisher information to an enhanced uncertainty principle. Omugbe et al. [37] used supersymmetric WKB for 
the QIM assessments, Boumali and Labidi [38] studied the Dirac oscillator under energy-dependent potentials, and 
Onate et al. [39] solved the SE for the Eckart-Manning-Rosen potential. In this work, the SE, an essential tool in 
quantum mechanics, is solved using the NU method [40] for the UGEHP. The derived energy equation and WF will 
serve as the foundation for analyzing QIM, including Shannon entropy, Fisher information, and bound-state energy. To 
the best of our knowledge, this has not been presented in the literature. 

 
2. THE SOLUTION OF THE SCHRÖDINGER EQUATION WITH THE UGEHP 

In this study, the NU method is employed to solve the SE, with detailed formulations available in Reference [40]. 
The radial Schrödinger equation for a spherically symmetric potential is given by [41] 
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where nlE  is the eigenvalue, ( )oR r  is the eigenfunction,   is the reduced Planck's constant, or is the radial distance 
and μ is the reduced mass.  

To address the centrifugal barrier in Equation (7), we employ the Greene-Aldrich approximation scheme (GAAS) 
[42]. This method provides an effective approximation for the centrifugal term, ensuring accuracy within a specific 
validity range 1,oα << . Under these conditions, the centrifugal term transforms into the following expression: 
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Substituting Eqs. (1), (2), and (8) into Eq. (7) and introducing an appropriate coordinate transformation 2 o or
oq e α−= gives 
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where: 
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For this research, the NU method is employed, as outlined in Ref. [40]. This approach yields the eigenvalue and 
eigenfunction equations, which are expressed as follows: 
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where: 
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The WF is expressed in terms of the Jacobi polynomial as follows: 
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where nlN represents the normalization constant, which can be determined by applying the normalization condition: 
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3. RESULTS AND DISCUSSION 

The wave functions and energy eigenvalues of the Schrödinger equation with the Ultra Generalized Exponential–
Hyperbolic Potential (UGEHP) are obtained analytically using the Nikiforov–Uvarov method. Based on these solutions, 
Shannon entropy and Fisher information are evaluated in both position and momentum spaces to investigate the 
information-theoretic properties of the system. 

Tables 1 and 2 present the calculated Shannon entropies and Fisher information, respectively, for the ground state 
at different values of the screening potential parameter (SPP), ranging from 0.01 to 0.10. The results in Table 1 show 
that the total Shannon entropy satisfies the Beckner–Białynicki-Birula–Mycielski (BBM) inequality, which establishes a 
fundamental lower bound on the sum of the position- and momentum-space entropies. This confirms that the 
uncertainty associated with the quantum system is accurately captured. Similarly, the Fisher information values reported 
in Table 2 satisfy the Stam–Cramér–Rao (SCR) inequality, demonstrating consistency with the fundamental limits of 
statistical estimation and measurement precision in quantum mechanics. These findings validate the theoretical 
framework employed and further emphasize the intimate connection between quantum uncertainty and information-
theoretic measures. 

Table 3 presents the variation of the energy eigenvalues of the UGEHP with the principal quantum number (n), 
angular momentum quantum number (l), and screening parameter ( oα ). The results display the characteristic behavior 
expected for quantum systems governed by short-range interaction potentials. For a fixed value of oα , the energy 
eigenvalues increase with increasing (n), corresponding to transitions from lower to higher excited states. As the 
particle occupies larger spatial regions in these excited states, it becomes less tightly bound within the potential well, 
resulting in a reduction in the magnitude of the binding energy. 
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For a given value of (n), the energy eigenvalues also increase with increasing angular momentum quantum number 
(l). This behavior arises from the centrifugal contribution to the effective potential, which introduces a repulsive term 
proportional to (l(l+1)/r2). As l increases, the particle is pushed away from the central region of the potential, leading to 
reduced localization and higher energy levels. Consequently, the degeneracy commonly associated with ideal central 
potentials is lifted, reflecting the non-Coulombic nature of the UGEHP. 

The influence of the screening parameter ( oα ) is equally significant. As oα  increases, the energy eigenvalues shift 
toward higher values, indicating weaker binding of the system. Physically, stronger screening reduces the effective 
range of the interaction potential and weakens its confining capability, thereby producing less localized quantum states. 
Conversely, smaller values of oα  correspond to weaker screening and stronger confinement, resulting in lower energy 
eigenvalues and enhanced localization. These results demonstrate that the UGEHP provides a highly tunable framework 
for controlling the spectral properties of quantum systems. Furthermore, the dependence of the energy spectrum on n, l, 
and oα  directly influences wave-function localization and consequently affects the behavior of Shannon entropy and 
Fisher information, establishing a clear relationship between spectral characteristics and quantum information measures. 

To further illustrate the localization properties of the system, Figure 2 depicts the ground-state wave function in 
position space for various values of the screening parameter. It is observed that decreasing the screening parameter 
leads to a more sharply peaked wave function that shifts toward shorter distances, indicating stronger localization and 
enhanced confinement of the particle. In contrast, increasing the screening parameter broadens the wave function, 
reflecting weaker confinement and greater spatial delocalization. 

A similar trend is observed in Figure 3, which shows the corresponding probability density distributions. As the 
screening parameter decreases, the probability density becomes more concentrated and exhibits a higher peak, 
indicating an increased likelihood of finding the particle within a localized spatial region. Conversely, increasing the 
screening parameter results in a broader probability distribution, consistent with reduced confinement. These graphical 
results support the trends observed in the energy spectrum and information-theoretic quantities, further confirming the 
strong influence of the screening parameter on the localization and quantum behavior of the system. 
Table 1. Shannon entropies for the ground state for the Ultra Generalized Exponential–Hyperbolic Potential  

oα  
or

S  pS  TS ≥ 2.14473 

0.01 2.457340 0.123150 2.58049 
0.02 2.218196 0.190375 2.40857 
0.03 2.107611 0.244707 2.35232 
0.04 2.047531 0.288308 2.33584 
0.05 2.014564 0.322102 2.33667 
0.06 1.998876 0.338815 2.33769 
0.07 1.995648 0.343301 2.33895 
0.08 2.002399 0.338093 2.34049 
0.09 2.017946 0.324438 2.34238 
0.10 2.041994 0.302725  2.34472 

Table 2. Fisher Information entropies for the ground state for the Ultra Generalized Exponential–Hyperbolic Potential  

oα  
or

I  pI  
or pI I ≥ 4 

0.01 0.552196 8.333156 4.601897 
0.02 0.574371 8.347331 4.794750 
0.03 0.591231 8.355159 4.939883 
0.04 0.670146 8.391088 5.623137 
0.05 0.682951 8.404442 5.739414 
0.06 0.699872 8.417453 5.891126 
0.07 0.700436 8.426681 5.902263 
0.08 0.712074 8.432596 6.004092 
0.09 0.735457 8.467918 6.227006 
0.10 0.740081 8.601521 6.365387 

Table 3 Energy eigenvalues (in eV) of the Ultra Generalized Exponential–Hyperbolic Potential with the parameters 
{ }0 0 0 0 0 00.1, 0.5, 2, 0.1, 4, 1, 4A J B G d Cμ= = − = = = = = = for various values of oα  = 0.01, 0.02, 0.03 and 0.04 

n l oα  = 0.01 oα  = 0.02 oα  = 0.03 oα  = 0.04 
0 0 −0.540123 −0.580658 −0.621715 −0.663342 
1 0 −0.540528 −0.582224 −0.625141 −0.669298 
 1 −0.540524 −0.582195 −0.625054 −0.669112 
2 0 −0.541104 −0.584345 −0.629689 −0.677129 
 1 −0.541107 −0.584363 −0.629744 −0.677243 
 2 −0.541112 −0.584394 −0.629831 −0.677419 
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n l oα  = 0.01 oα  = 0.02 oα  = 0.03 oα  = 0.04 
3 0 −0.541820 −0.586942 −0.635240 −0.686681 
 1 −0.541833 −0.587025 −0.635479 −0.687169 
 2 −0.541855 −0.587166 −0.635866 −0.687941 
 3 −0.541883 −0.587332 −0.636303 −0.688790 
4 0 −0.542659 −0.589981 −0.641744 −0.697894 
 1 −0.542684 −0.590140 −0.642191 −0.698798 
 2 −0.542729 −0.590413 −0.642928 −0.700253 
 3 −0.542787 −0.590739 −0.643778 −0.701894 
 4 −0.542850 −0.591076 −0.644630 −0.703506 
5 0 −0.543614 −0.593444 −0.649180 −0.710742 
 1 −0.543653 −0.593687 −0.649850 −0.712086 
 2 −0.543724 −0.594105 −0.650967 −0.714278 
 3 −0.543815 −0.594613 −0.652278 −0.716796 
 4 −0.543916 −0.595146 −0.653615 −0.719316 
 5 −0.544021 −0.595667 −0.654892 −0.721692 
6 0 −0.544678 −0.597324 −0.657534 −0.725211 
 1 −0.544733 −0.597655 −0.658436 −0.727010 
 2 −0.544832 −0.598228 −0.659955 −0.729976 
 3 −0.544960 −0.598932 −0.661761 −0.733428 
 4 −0.545105 −0.599681 −0.663628 −0.736937 
 5 −0.545255 −0.600421 −0.665435 −0.740292 
 6 −0.545403 −0.601127 −0.667130 −0.743410 

 

  
Figure 2. The ground state wave function in position space is 
analyzed for different values of the screening potential 
parameter 

Figure 3. The probability density of the ground state in 
position space is examined for different values of the 
screening potential parameter 

 
4. CONCLUSIONS 

In this work, the Schrödinger equation for the Ultra Generalized Exponential–Hyperbolic Potential has been 
solved using the Nikiforov–Uvarov method, yielding an expression for the energy eigenvalues and corresponding wave 
functions. The resulting energy spectrum demonstrates a clear dependence on the principal and angular momentum 
quantum numbers, as well as on the screening parameter, confirming the tunable nature of the potential in controlling 
quantum confinement. The analysis of Shannon entropy and Fisher information in both position and momentum spaces 
reveals that the system satisfies the BBM and Stam–Cramér–Rao inequalities, thereby reinforcing the consistency of the 
results with fundamental quantum mechanical uncertainty relations. Moreover, the interplay between energy 
quantization and information-theoretic measures highlights the connection between spectral properties and 
wavefunction localization. Overall, the findings establish the UGEHP as a robust and versatile model for investigating 
quantum information measures in bound systems, with potential applications in molecular physics and quantum 
information science. 
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APPENDIX A: Review of Nikiforov-Uvarov (NU) method 
The NU method was proposed by Nikiforov and Uvarov [40] to transform Schrödinger-like equations into a second-order 

differential equation via a coordinate transformation ( )c cx x r= , of the form 

 ( ) ( )
( ) ( ) ( )

( ) ( )2 0c c
c c

c c

x x
x s x

x x
τ σ

ψ ψ ψ
σ σ

′′ ′+ + =
 

 (A1) 

where ( ) ( ),  and c cx xσ σ  are polynomials, at most second degree and ( )cxτ  is a first-degree polynomial. The exact solution of 
Eq.(A1) can be obtain by using the transformation. 
 ( ) ( ) ( )c c cx x y xψ φ=  (A2) 

This transformation reduces Eq.(A1) into a hypergeometric-type equation of the form 

 ( ) ( ) ( ) ( ) ( ) 0c c c c cx y x x y x y xσ τ λ′′ ′+ + =  (A3) 

The function ( )cxφ  can be defined as the logarithm derivative 
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 ( )
( )

( )
( )

c c

c c

x x
x x

φ π
φ σ
′

=  (A4) 

With ( )cxπ being at most a first-degree polynomial. The second part of ( )cxψ being ( )cy x  in Eq. (A2) is the hypergeometric 
function with its polynomial solution given by Rodrigues relation as 

 ( ) ( ) ( ) ( )
n

nnl
c c cn

c c

B dy x x x
x dx

σ ρ
ρ

 =    (A5) 

where nlB is the normalization constant and ( )cxρ the weight function which satisfies the condition below; 

 ( ) ( )( ) ( ) ( )c c c cx x x xσ ρ τ ρ′ =  (A6) 

where also 
 ( ) ( ) ( )2c c cx x xτ τ π= +  (A7) 

For bound solutions, it is required that 
 / ( ) 0cxτ <  (A8) 

The eigenfunctions and eigenvalues can be obtained using the definition of the following function ( )sπ  and parameter λ, 
respectively: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
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2 2
s s s s

s s k s
σ τ σ τ

π σ σ
′ ′−  − 

= ± − + 
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 
  (A9) 

and 
 ( )ck xλ π− −′= +  (A10) 

The value of k  can be obtained by setting the discriminant in the square root in Eq. (A9) equal to zero. As such, the new eigenvalues 
equation can be given as 

 ( ) ( )' ''( 1) 0,( 0,1,2,...)
2c c

n nn x x nλ τ σ−+ + = =  (A11) 

 
КВАНТОВИЙ ІНФОРМАЦІЙНИЙ ТА ЕНЕРГЕТИЧНИЙ СПЕКТР УЛЬТРАУЗАГАЛЬНЕНОГО 

ЕКСПОНЕНЦІАЛЬНО-ГІПЕРБОЛІЧНОГО ПОТЕНЦІАЛУ ЗА ДОПОМОГОЮ МЕТОДУ 
НІКІФОРОВА-УВАРОВА 

Етідо П. Іньянг1, Джонатан Е. Осанг2, Семюел Е. Мопта3 
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Це комплексне дослідження квантових інформаційних мір для одновимірного ультраузагальненого експоненціально-
гіперболічного потенціалу (УУГГП) в рамках рівняння Шредінгера. Аналітичні розв'язки для власних значень енергії та 
відповідних хвильових функцій отримані за допомогою методу Нікіфорова-Уварова. Ці розв'язки слугують основою для 
оцінки ентропії Шеннона та інформації Фішера як у просторі положення, так і в просторі імпульсу. Числові результати 
показують, що повна ентропія Шеннона задовольняє нерівність Бекнера-Бялиницького-Бірули-Міцельського (BBM), тоді як 
інформація Фішера дотримується меж Стама-Крамера-Рао, що підтверджує узгодженість з фундаментальними принципами 
квантової невизначеності. Крім того, енергетичний спектр демонструє виражену залежність від параметра екранування та 
квантових чисел, що вказує на властивості налаштованого обмеження потенціалу. Комбінований аналіз встановлює чіткий 
зв'язок між квантуванням енергії, локалізацією хвильової функції та інформаційно-теоретичними заходами, пропонуючи 
глибше розуміння ефективності моделі UGEHP в описі складних квантових систем. 
Ключові слова: щільність ймовірності; інформаційно-теоретичні заходи; ультраузагальнений експоненціально-
гіперболічний потенціал; енергетичний спектр; розв'язки зв'язаних станів 
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The present study investigates the quantum properties of the cesium dimer (Cs₂) using a hybrid interaction model that 
combines the Möbius square potential with the screened Kratzer potential (MSSKP). The vibrational energy levels are 
obtained analytically by solving the Schrödinger equation within the framework of the parametric Nikiforov–Uvarov 
(pNU) method. The calculated spectra exhibit excellent agreement with available experimental Rydberg–Klein–Rees 
(RKR) data, demonstrating the validity of the proposed model. Comparative analysis with established potential models, 
namely the Morse and Manning–Rosen potentials, reveals the superior predictive performance of the MSSKP approach. 
In particular, the MSSKP model achieves a minimum mean absolute error (MAE) of 0.0234 cm⁻¹, compared with 
0.2364 cm⁻¹ and 0.0517 cm⁻¹ for the Morse and Manning–Rosen potentials, respectively. These results highlight the 
enhanced accuracy and reliability of the MSSKP model in describing the vibrational spectrum of Cs₂. The findings 
further provide valuable insights into molecular structure, bonding interactions, and quantum behavior, underscoring the 
potential of the proposed framework for applications in quantum chemistry, molecular spectroscopy, and the theoretical 
modeling of diatomic molecular systems. 
Keywords: Hybrid interaction model; Mean absolute error; Rydberg–Klein–Rees (RKR) data; Analytical method, 
Molecular spectroscopy 

1. INTRODUCTION
Accurate theoretical descriptions of molecular systems remain a central pursuit in quantum mechanics and 

molecular physics, where the interplay between nuclear motion and interatomic forces governs the vibrational, 
rotational, spectroscopic, and thermodynamic behavior of molecules [1–3]. Among these systems, diatomic molecules 
serve as fundamental models for understanding molecular interactions due to their relative simplicity and rich physical 
characteristics [4]. The cesium dimer (Cs₂) is of particular interest because of its unique electronic configuration, large 
atomic mass, pronounced relativistic effects, and wide applicability across various fields, including atomic physics, 
molecular spectroscopy, quantum computation, and precision metrology [5]. Cesium dimer (Cs₂) plays a key role in the 
advancement of atomic clocks, laser cooling technologies, and the exploration of long-range molecular interactions and 
potential energy surfaces [6]. Despite its importance, achieving a precise theoretical representation of Cs₂ remains 
challenging due to its highly anharmonic vibrational structure. 

Over the years, numerous molecular potential models such as the Morse, Kratzer, Rosen–Morse, and Tietz–Hua 
potentials have been developed to approximate interatomic interactions in diatomic molecules [7–9]. While these models 
are analytically convenient and effective for light molecules, their accuracy decreases significantly for heavy diatomic 
systems such as Cs₂, particularly in higher vibrational and rotational states. This limitation arises because many traditional 
potentials lack sufficient flexibility to accurately describe the potential energy surface near the dissociation limit, often 
leading to deviations from experimental data obtained through spectroscopic methods such as Rydberg–Klein–Rees (RKR) 
analysis [10–12]. A detailed theoretical description of Cs₂ requires potential functions that represent both short- and long-
range interactions and incorporate essential molecular parameters, such as the dissociation energy, the equilibrium bond 
length, and screening effects. An adaptable framework that satisfies these requirements is the Möbius Square–Screened 
Kratzer Potential (MSSKP) model [13,14]. The Möbius square potential, a relatively recent development in molecular 
interaction modeling, introduces distinctive geometric features associated with confinement effects in molecular systems. 
In contrast, the screened Kratzer potential incorporates a screening parameter that effectively modulates long-range 
intermolecular interactions. The combination of these two forms yields a hybrid potential that simultaneously accounts for 
short-range confinement and screened long-range behavior, thereby providing a more comprehensive and flexible 
theoretical framework for the analysis of molecular structure and dynamics. 

Solving the radial Schrödinger equation within this hybrid potential framework provides valuable insight into 
bound-state energy eigenvalues and the corresponding wavefunctions—quantities that are essential for predicting 
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vibrational spectra, molecular stability, and related physical properties [15,16]. Analytical techniques such as the 
Nikiforov–Uvarov (NU) method [17] are particularly advantageous in this context, as they enable exact or approximate 
solutions of second-order differential equations derived from the Schrödinger equation, even for complex potential 
forms. Recent studies have continued to investigate Cs₂ using a variety of potential models and solution techniques. 
Approaches based on the Tietz–Hua, improved Rosen–Morse, generalized Pöschl–Teller, Manning–Rosen, and 
deformed exponential-type potentials have been employed to determine the rovibrational spectra of Cs₂ with varying 
degrees of agreement with experimental observations [18–20]. For example, the Tietz–Hua potential has demonstrated 
improved consistency with spectroscopic data compared to the Morse potential, particularly at higher vibrational levels. 
Similarly, the improved Rosen–Morse potential has proven effective in modeling the rotational–vibrational spectra of 
heavy dimers, showing enhanced agreement with experimental measurements. 

Building on these developments, the present work investigates the quantum bound states described by the Möbius 
Square plus Screened Kratzer Potential (MSSKP) [21]. This hybrid potential is particularly well suited for analyzing 
vibrational and rotational spectra, as well as the discrete energy levels of diatomic molecules such as Cs₂, where an 
accurate representation of interatomic interactions is essential. Owing to its well-resolved vibrational structure, Cs₂ 
provides a valuable benchmark for evaluating theoretical models and validating spectroscopic predictions. Although both 
the Möbius square potential and the screened Kratzer potential have been extensively studied in isolation, their combined 
formulation has not yet been systematically explored. This study addresses that gap by solving the Schrödinger equation 
within the MSSKP framework for the Cs₂ molecule. The resulting energy eigenvalues are compared with experimental 
data obtained from Rydberg–Klein–Rees (RKR) analysis to assess the accuracy and reliability of the proposed potential. 
The findings align with ongoing efforts to develop more refined potential energy models in quantum chemistry and 
molecular physics. Ultimately, this work contributes to a deeper understanding of heavy diatomic molecules and 
strengthens the theoretical foundation for future experimental and computational investigations. 

The interaction potential adopted in this study is written in the following form [21]. 

 
2 2

0 0
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The dissociation energy is denoted by eD , whereas er  represent the equilibrium bond length parameter. Furthermore, 

0 0 0, ,  and YA B   corresponds to the strength of the Möbius square potential, while zα are the screening parameter. 
 

2 THE THEORY 
The quantum dynamics of a particle confined within a potential field are described by the time-independent 

Schrödinger equation. For the hybrid potential examined in this study, the corresponding radial equation can be written 
as [22]: 
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Here, l  represents the angular momentum quantum number, zμ  is the reduced mass , zr  denotes the particle distance, 
and   is the reduced Planck constant. 
Inserting Equation (1) into Equation (2) gives 
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In Equation (3), the centrifugal contribution is handled through the Greene–Aldrich approximation [23], a 
procedure that has been effectively employed in several recent studies [24,25]. This approach yields a reliable treatment 
of the centrifugal term for 1,zα << , leading to the following expression: 
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To facilitate the solution, an appropriate change of variable, z zr
zy e α−= , is introduced. By applying this 

transformation in conjunction with Equation (4) to Equation (3), and carrying out the required algebraic simplifications, 
the radial equation is reduced to the standard Schrödinger form, expressed as follows: 
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where 
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Tezcan and Sever [26] demonstrated that the parametric Nikiforov–Uvarov (pNU) method provides a more 
straightforward and efficient procedure for determining both energy eigenvalues and the corresponding wavefunctions. 
Compared with the conventional Nikiforov–Uvarov approach [17], the pNU technique offers greater implementation 
simplicity and improved computational efficiency. Its principal advantage lies in its direct applicability and the high 
accuracy of solutions obtained for wave equations associated with a wide range of potential energy functions. Based on 
their formulation, the standard form of the equation is written as follows: 
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Using Equation (7), the expressions for the energy eigenvalues and their corresponding wavefunctions were derived and 
are presented as follows: 
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The parametric constants featured in Equations (8) and (9) are calculated using the following expressions: 
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By comparing Equations (5) and (7), the parametric constants in Equation (10) are obtained as follows: 
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By substituting Equations (6) and (11) into (8) and (9), the resulting expressions for the energy eigenvalues and their 
corresponding wavefunctions are obtained as: 
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and 
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where nlN  represents the normalization constant, as obtained from Equation (14). 
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0

( ) 1nl z zr drψ
∞

= . (14) 

 
3. RESULTS AND DISCUSSION 

This research focuses on the vibrational energy states of Cs₂. Using the spectrum, the energy levels were 
determined via Equation (12), which was then employed to examine the system's quantum characteristics. All 
computations utilized the conversion factors 21  amu = 931.494028 MeV c  and 1973.29 eVÅc = , as specified in 
reference [27]. In molecular spectroscopy, the force constant ek  plays a crucial role because it characterizes the 
curvature of the potential energy curve at the equilibrium bond distance. Mathematically, it is obtained by taking the 
second derivative of the potential energy with respect to the internuclear separation r, evaluated at the equilibrium 

position 
2

2

( )

e

e
r r

d V rk
dr =

= . 

For a diatomic molecule, this constant is directly connected to the harmonic vibrational frequency eω at 
equilibrium (C). The relationship is expressed as 2

e z ek μ ω= , where zμ  denotes the reduced mass of the molecule. 
When applying the Möbius square plus screened Kratzer potential (MSSKP), the value of the force constant is 

obtained through the Varshni conditions. These conditions ensure that the minimum of the proposed potential 
corresponds properly to the experimentally observed spectroscopic equilibrium configuration [28,29]. The analysis of 
the 33

g

+  electronic state of the Cs₂ molecule is based on the experimental molecular constants 
1 12722.28 ,  5.3474208 ,   = and 28.. 8918 86  6 3   e e z eD r amucm A cmμ ω− −= = =  reported in references [18,20]. From 

these parameters, the quantity 
2

2
z e

z
eD

μ ωα
 

=  
 

 is evaluated, forming the basis for calculating the vibrational energy levels 

of the cesium dimer. 
To assess the accuracy of the model, the mean absolute error (MAE) is computed using the expression 

10
.

0

1 Com RKR
n n

n
MAE E E

v =

= − . In this formulation, RKR
nE  represents the theoretical energy obtained from the model, RKR

nE  

corresponds to the reference energy derived from the Rydberg–Klein–Rees (RKR) data, and v denotes the total number 
of available experimental data points. The vibrational energy levels obtained for Cs₂, expressed in cm⁻¹, are presented in 
Table 1. 

The Rydberg–Klein–Rees (RKR) method is fundamentally grounded in experimental spectroscopic data and is 
widely regarded as a reliable benchmark because it reconstructs the molecular potential energy curve directly from 
observed transition frequencies. In contrast, analytical potential models such as the Morse and Manning–Rosen 
functions are commonly used to describe anharmonic vibrational motion. The Morse potential provides a reasonable 
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representation of bond stretching, whereas the Manning–Rosen potential introduces an additional shape parameter that 
improves its flexibility. 

Despite their usefulness, both models have limitations in accurately describing molecular behavior at very short 
internuclear distances as well as in the asymptotic long-range region. These shortcomings become more pronounced at 
higher vibrational quantum numbers, where noticeable deviations from expected trends occur. 

To address these limitations, the Möbius square plus screened Kratzer potential (MSSKP) proposed in this study 
incorporates features that effectively capture both short-range confinement and long-range screening effects. For Cs₂, 
the model achieves a mean absolute error (MAE) of 0.0234 cm⁻¹, which is significantly lower than the values obtained 
using the Morse (0.2364 cm⁻¹) and Manning–Rosen (0.0517 cm⁻¹) potentials. Moreover, the vibrational energy levels 
predicted by the MSSKP are in excellent agreement with experimental RKR results, demonstrating its superior accuracy 
and reliability in modeling the vibrational behavior of heavy diatomic molecules. 

Table 1. Calculated vibrational energies for the 33
g

+  state of Cs₂ compared with Rydberg–Klein–Rees (RKR) data and earlier 

theoretical results (units in cm⁻¹). 

n RKR [10-12] Manning–Rosen 
Potential [20] Morse Potential [20] Present Study 

(MSSKP) 
0 14.4248 14.4266 14.4267 14.4255 
1 43.1680 43.1756 43.1652 43.1712 
2 71.7657 71.7818 71.7504 71.7700 
3 100.2211 100.2448 100.1822 100.2305 
4 128.5375 128.5645 128.4608 128.5450 
5 156.7182 156.7409 156.5860 156.7258 
6 184.7663 184.7737 184.5579 184.7692 
7 212.6851 212.6628 212.3765 212.6760 
8 240.4778 240.4080 240.0418 240.4430 
9 268.1477 268.0091 267.5537 268.0805 
10 295.6980 295.4661 294.9123 295.5872 
  MAE = 0.05170 MAE = 0.23640 MAE = 0.02340 

 
4. CONCLUSIONS 

In this work, the Möbius square plus screened Kratzer potential (MSSKP) model has been successfully employed 
to describe quantum bound states, with analytical solutions obtained through the parametric Nikiforov–Uvarov (pNU) 
method. Application of the model to the cesium dimer (Cs₂) demonstrates its remarkable ability to accurately reproduce 
the vibrational energy spectrum. The calculated results exhibit excellent agreement with available experimental 
Rydberg–Klein–Rees (RKR) data, yielding a minimum mean absolute error of 0.0234 cm⁻¹ and outperforming 
conventional potentials such as the Morse and Manning–Rosen models. These findings confirm the reliability, accuracy, 
and predictive strength of the MSSKP framework in modeling molecular vibrational dynamics. Furthermore, the 
proposed potential provides a valuable theoretical basis for understanding molecular structure, bonding characteristics, 
and quantum behavior. Owing to its effectiveness and versatility, the MSSKP model may serve as a powerful tool in 
molecular spectroscopy and quantum chemistry, with potential applications to more complex systems, including 
polyatomic molecules, excited electronic states, nanostructured materials, and related quantum-mechanical 
problems [30–39]. 
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ТЕОРЕТИЧНЕ ДОСЛІДЖЕННЯ КОЛИВАЛЬНОГО СПЕКТРА ЦЕЗІЄВОГО ДИМЕРУ ЗА ВИКОРИСТАННЯМ 

ГІБРИДНОЇ МОДЕЛІ ВЗАЄМОДІЇ 
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У цьому дослідженні вивчаються квантові властивості димеру цезію (Cs₂) за допомогою гібридної моделі взаємодії, яка 
поєднує потенціал квадратів Мебіуса з екранованим потенціалом Кратцера (MSSKP). Рівні коливальної енергії отримані 
аналітично шляхом розв'язання рівняння Шредінгера в рамках параметричного методу Нікіфорова-Уварова (pNU). 
Розраховані спектри демонструють чудову відповідність з доступними експериментальними даними Ридберга-Клейна-Ріса 
(RKR), що демонструє валідність запропонованої моделі. Порівняльний аналіз з усталеними моделями потенціалів, а саме з 
потенціалами Морзе та Маннінга-Розена, показує вищу прогностичну ефективність підходу MSSKP. Зокрема, модель 
MSSKP досягає мінімальної середньої абсолютної похибки (MAE) 0,0234 см⁻¹ порівняно з 0,2364 см⁻¹ та 0,0517 см⁻¹ для 
потенціалів Морзе та Маннінга-Розена відповідно. Ці результати підкреслюють підвищену точність та надійність моделі 
MSSKP в описі коливального спектру Cs₂. Отримані дані також надають цінне розуміння молекулярної структури, 
взаємодій і зв'язків, а також квантової поведінки, підкреслюючи потенціал запропонованої моделі для застосування в 
квантовій хімії, молекулярній спектроскопії та теоретичному моделюванні двохатомних молекулярних систем. 
Ключові слова: гібридна модель взаємодії; середня абсолютна похибка; дані Ридберга-Кляйна-Ріса (RKR); аналітичний 
метод, молекулярна спектроскопія 
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This study obtains exact traveling wave solutions and conducts a bifurcation analysis for the coupled (1+1)-dimensional Kudryashov’s
equation. This system of nonlinear Schrödinger-type equations models the simultaneous propagation of optical pulses in a birefringent
fiber, incorporating critical higher-order effects like cubic-quartic dispersion and nonlinearities for enhanced physical accuracy. By
applying the modified extended mapping method (MEMM), the coupled partial differential equations are systematically reduced to a
manageable ordinary differential equation. This reduction allows for the construction of a broad spectrum of exact solutions such as
bright and dark solitons, periodic waves, periodic singular solutions, along with singular solitons, in addition to hyperbolic, exponential,
rational, and Weierstrass elliptic function solutions. A key component of the work is a detailed bifurcation analysis of the resulting
planar dynamical system. This analysis identifies critical parameter thresholds and classifies all possible qualitative behaviors of the
wave solutions, mapping out regions of existence for different solution types. The physical implications of both the derived solutions
and the bifurcation structure are discussed in the context of nonlinear optics, particularly for pulse dynamics and stability in dual-
polarization optical communication systems. The results demonstrate the efficacy of MEMM and provide new insights that contribute
to the understanding and design of advanced optical waveguides.

Keywords: Nonlinear Schrödinger equations; Birefringent optical fibers; Higher-order dispersion; Modified extended mapping method
(MEMM); Exact traveling wave solutions; Bifurcation analysis

1. INTRODUCTION
Partial differential equations (PDEs) serve as cornerstone mathematical models in numerous scientific and engineering

fields, enabling the description of phenomena that evolve in both space and time. They are especially vital for capturing
wave propagation, fluid flow, and other processes in which nonlinearity generates intricate structures such as shocks,
turbulent states, and solitary waves. For example, the nonlinear Navier–Stokes model remains the principal instrument for
examining intricate fluid dynamics, encompassing turbulence, vortex generation, and wave-breaking phenomena [1, 2].
Similarly, the Korteweg–de Vries model has occupied a pivotal position in clarifying the characteristics of nonlinear wave
evolution and the appearance of solitons in shallow-water environments [3, 4]. The utility of PDEs extends far beyond
classical physics: in environmental and geophysical contexts, they are routinely employed to model atmospheric and
oceanic wave dynamics, while nonlinear advection–diffusion equations are used to track pollutant transport in air and
water bodies [5, 6]. Engineering disciplines also rely heavily on PDEs for studying shock-wave phenomena, optical pulse
evolution in fibers [7, 8], climate variability, and extreme meteorological events [9, 10]. The extraordinary breadth of
these applications highlights the indispensable role of PDEs in tackling real-world problems across diverse domains.

Exact solutions to nonlinear evolution equations (NLEEs) can be constructed through a rich array of analytical
techniques. Notable examples include the extended sinh–Gordon equation expansion method, which exploits known
solutions of the sinh–Gordon equation to generate new solutions for wider classes of NLEEs [11]; the modified extended
tanh-function method, which enhances the classical tanh expansion to yield richer solution families [12]; the modified
extended direct algebraic approach, offering a structured framework that converts complex NLEEs into solvable algebraic
systems [13, 14]; and the modified extended mapping method, which establishes versatile functional mappings to inter-
connect different solution types and thereby broaden the scope of treatable equations [15, 16]. Additional powerful tools
encompass the modified Sardar sub-equation technique [17], the extended F-expansion method [18, 19], the improved
modified extended tanh-function scheme [20, 21], the extended simplest equation method [22], Riccati–Bernoulli and
Bäcklund Methods [23], among others. Taken together, these approaches offer vital tools for investigating advanced
physical processes—such as wave propagation, fluid instabilities, and heat transfer phenomena—while linking rigorous
theoretical advances with practical implementations across mathematical, physical, and engineering disciplines. The study
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of coupled nonlinear evolution equations (NLEEs) within optical settings continues to be an important research domain
owing to their capacity to represent intricate wave interactions in birefringent fibers. Motivated by the need to uncover
richer dynamical behaviors and transition mechanisms in such highly nonlinear systems—beyond what traditional solution
methods reveal—this study focuses on deriving exact traveling wave solutions and performing a comprehensive bifurca-
tion analysis for the coupled system of nonlinear Schrödinger equations with cubic-quartic dispersions and higher-order
nonlinearities [24], given by

𝑖𝑢𝑡 + 𝑖𝑎1𝑢𝑥𝑥𝑥 + 𝑎2𝑢𝑥𝑥𝑥𝑥 +
𝑎3𝑢

𝛼1 |𝑢 |6 + 𝛼2 |𝑢 |4 |𝑣 |2 + 𝛼3 |𝑢 |2 |𝑣 |4 + 𝛼4 |𝑣 |6
+ 𝑎4𝑢(

𝛽1 |𝑢 |2 + 𝛽2 |𝑣 |2
) √︁

|𝑢 |2 + |𝑣 |2

+
(
𝛽3 |𝑢 |2 + 𝛽4 |𝑣 |2

)
𝑢
√︁
|𝑢 |2 + |𝑣 |2 +

(
𝛾1 |𝑢 |6 + 𝛾2 |𝑢 |4 |𝑣 |2 + 𝛾3 |𝑢 |2 |𝑣 |4 + 𝛾4 |𝑣 |6

)
𝑢 = 0, (1)

𝑖𝑣𝑡 + 𝑖𝑏1𝑣𝑥𝑥𝑥 + 𝑏2𝑣𝑥𝑥𝑥𝑥 +
𝑏3𝑣

𝛿1 |𝑣 |6 + 𝛿2 |𝑣 |4 |𝑢 |2 + 𝛿3 |𝑣 |2 |𝑢 |4 + 𝛿4 |𝑢 |6
+ 𝑏4𝑣(

𝜆1 |𝑣 |2 + 𝜆2 |𝑢 |2
) √︁

|𝑣 |2 + |𝑢 |2

+
(
𝜆3 |𝑣 |2 + 𝜆4 |𝑢 |2

)
𝑣
√︁
|𝑣 |2 + |𝑢 |2 +

(
𝜇1 |𝑣 |6 + 𝜇2 |𝑣 |4 |𝑢 |2 + 𝜇3 |𝑣 |2 |𝑢 |4 + 𝜇4 |𝑢 |6

)
𝑣 = 0, (2)

where 𝑢 = 𝑢(𝑥, 𝑡) and 𝑣 = 𝑣(𝑥, 𝑡) represent wave profiles in two components of a birefringent optical fiber. The constants
𝑎𝑖 , 𝑏𝑖 for 𝑖 = 1, 2 govern third-order dispersion (3OD) and fourth-order dispersion (4OD), respectively, while 𝑎 𝑗 , 𝑏 𝑗

for 𝑗 = 3, 4 and 𝛼𝑙 , 𝛽𝑙 , 𝛾𝑙 , 𝛿𝑙 , 𝜆𝑙 , 𝜇𝑙 for 𝑙 = 1, 2, 3, 4 describe nonlinear interactions, including self-phase modulation
(SPM) and cross-phase modulation (XPM). These parameters characterize intricate wave dynamics, which are essential
for comprehending soliton evolution and stability within nonlinear optical frameworks. Although the model does not
retain the classical group-velocity-dispersion (second-derivative) term, it is conventionally classified within the nonlinear
Schrodinger family in the optics literature: near the zero-dispersion wavelength the standard GVD coefficient vanishes,
and the leading dispersive contributions become the third- and fourth-order terms retained here, giving rise to the so-called
cubic-quartic nonlinear Schrodinger equation [24]. The extended trial function method has been employed in [24] to
derive cubic-quartic optical soliton solutions, including bright and singular solitons, periodic solutions, and Jacobi elliptic
function solutions, for specific cases of the power-law nonlinearity parameter (𝑛 = 1, 2, 3). This approach transformed
the coupled system into ordinary differential equations, solved using a polynomial ansatz, and provided valuable insights
into soliton dynamics under differential group delay in nonlinear optical systems. In contrast, this study builds upon the
framework established by Biswas et al. by applying the modified extended mapping method (MEMM) to the same coupled
system defined by Eqs. (1) and (2). Unlike the extended trial function method, which relies on a polynomial ansatz,
MEMM utilizes series expansions and mapping functions to derive a broader range of exact solutions, including solitons,
periodic waves, and singular structures. This approach enhances the flexibility in handling the complex nonlinearities
and higher-order dispersions inherent in the system, potentially yielding novel solutions not captured by the extended
trial function method. By leveraging MEMM, this research aims to provide a more comprehensive set of analytical
solutions, offering deeper insights into wave stability, interaction dynamics, and their applications in optimizing optical
communication systems. The study also includes graphical representations and bifurcation analysis to validate the solutions
and explore qualitative transitions in wave behavior, further distinguishing it from the work of Biswas et al. The motivation
for this study stems from the need to advance our understanding of complex wave interactions in nonlinear optical systems,
particularly through the exploration of coupled nonlinear partial differential equations (NPDEs) like Eqs. (1) and (2).
These equations model intricate phenomena in birefringent optical fibers, where cubic-quartic dispersions and higher-
order nonlinearities, such as those described by Kudryashov’s law, govern soliton dynamics. By applying the modified
extended mapping method (MEMM), this research aims to derive novel exact wave solutions, including solitons and
periodic waves, that—together with bifurcation analysis—offer deeper insights into wave stability, interaction patterns,
and critical parameter-induced transitions under differential group delay. These results are critical for optimizing optical
communication systems, enhancing signal transmission robustness, and addressing challenges in nonlinear optics, thereby
contributing to both theoretical advancements and practical applications in high-speed data transfer and photonics.

The manuscript is structured into six principal parts. Section 1 furnishes an introduction, describing the background
and aims. Section 2 elaborates on the MEMM methodology. Section 3 delineates exact solutions for the coupled model.
Section 4 offers graphical illustrations to depict the results. Section 5 delivers the bifurcation analysis, and Section 6
summarizes the work and discusses its implications for nonlinear optics and allied domains.

2. MODIFIED EXTENDED MAPPING METHOD
The MEMM provides a powerful and systematic procedure for deriving exact traveling-wave solutions of NPDEs

[25]. The main steps of the method are described as follows:
Phase I: Consider a general NPDE expressed as:

𝐹 (𝑢, 𝑢𝑡 , 𝑢𝑥 , 𝑢𝑥𝑥 , 𝑢𝑥𝑥𝑥 , 𝑢𝑥𝑥𝑥𝑥 , 𝑢𝑥𝑥𝑥𝑥𝑥 , . . . ) = 0, (3)

where 𝑢 = 𝑢(𝑥, 𝑡) is the unknown function and 𝐹 is a polynomial in 𝑢 and its partial derivatives.



22
EEJP. 3 (2026) Wafy M. Hasan, et al.

Phase II: Introduce the wave transformation

𝑢(𝑥, 𝑡) = Φ(𝜉), 𝜉 = 𝑥 − 𝑎𝑡, 𝑎 ∈ R − {0}, (4)

in which 𝑎 denotes the wave speed. Substituting (4) into (3) reduces the equation to an ordinary differential equation
(ODE)

𝐺 (Φ,Φ′,Φ′′,Φ′′′, . . . ) = 0. (5)

Phase III: Assume a solution of the form

Φ(𝜉) =
𝑁∑︁
𝑖=0

𝑝𝑖 W𝑖 (𝜉) +
𝑁∑︁
𝑖=1

𝑞𝑖 W−𝑖 (𝜉) +
𝑁∑︁
𝑖=2

𝑟𝑖 W𝑖−2 (𝜉)W′ (𝜉) +
𝑁∑︁
𝑖=1

𝑠𝑖
W′ (𝜉)
W𝑖 (𝜉) , (6)

where 𝑝𝑖 , 𝑞𝑖 , 𝑟𝑖 , and 𝑠𝑖 are constants to be determined, and the auxiliary function W(𝜉) satisfies

W′ (𝜉) =
√︁
𝑐0 + 𝑐1W + 𝑐2W2 + 𝑐3W3 + 𝑐4W4 + 𝑐5W6, (7)

with real coefficients 𝑐 𝑗 ( 𝑗 = 0, 1, . . . , 5).
Phase IV: Determine the positive integer 𝑁 by balancing the highest-order derivative term with the leading nonlinear term
in the ODE (5).
Phase V: Insert the ansatz (6) together with the relation (7) into the ODE (5). This yields a polynomial in powers ofW (and
terms involving W′). Setting the coefficients of all independent terms to zero produces a system of algebraic equations
for the unknowns 𝑝𝑖 , 𝑞𝑖 , 𝑟𝑖 , 𝑠𝑖 , 𝑎 and the parameters 𝑐 𝑗 . Solving this system using symbolic software such as Maple,
Mathematica, or MATLAB delivers explicit parameter values, from which a broad spectrum of exact solutions—including
hyperbolic, trigonometric, elliptic, exponential, and rational functions—are obtained for the original NPDE (3).

3. CONSTRUCTION OF EXACT SOLUTIONS
In this section, the Modified Extended Mapping Method (MEMM) is systematically applied to construct exact

traveling wave solutions for the coupled Kudryashov’s system, Eqs. (1) and (2). The derivation begins with the standard
traveling wave reduction introduced in the previous section. Subsequently, the core algorithm of the MEMM is implemented
to obtain a spectrum of closed-form analytical solutions. The solutions are in the form:

𝑢(𝑥, 𝑡) = 𝑈 (𝜉) 𝑒𝑖 (−𝑘𝑥+𝜔𝑡+𝜃 ) ,

𝑣(𝑥, 𝑡) = 𝑉 (𝜉) 𝑒𝑖 (−𝑘𝑥+𝜔𝑡+𝜃 ) ,
(8)

and

𝜉 = 𝑥 − 𝑐 𝑡, (9)

with 𝜃, 𝑘 , 𝜔, and 𝑐 being non-zero constants; here 𝑐 stands for the wave propagation speed, 𝑘 signifies the frequency, 𝜔
indicates the wave number, and 𝜃 denotes the phase constant. We begin by applying the wave ansatz given in Eqs. (8) to
Eqs. (1) and (2), and subsequently separate the real and imaginary components, which generate the equations that follow

Re1 : 𝑎2𝑈
(4) (𝜉) +

(
3𝑘𝑎1 − 6𝑘2𝑎2

)
𝑈′′ (𝜉) + 𝛾1𝑈

7 (𝜉) + 𝛾2𝑈
5 (𝜉)𝑉2 (𝜉) + 𝛾3𝑈

3 (𝜉)𝑉4 (𝜉) + 𝛾4𝑈 (𝜉)𝑉6 (𝜉)

+ 𝛽3𝑈
3 (𝜉)

√︁
𝑈2 (𝜉) +𝑉2 (𝜉) + 𝛽4𝑈 (𝜉)𝑉2 (𝜉)

√︁
𝑈2 (𝜉) +𝑉2 (𝜉) +

(
−𝜔 − 𝑘3𝑎1 + 𝑘4𝑎2

)
𝑈 (𝜉) +

𝑎4𝑈 (𝜉)√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

(
𝛽1𝑈2 (𝜉) + 𝛽2𝑉2 (𝜉)

) + 𝑎3𝑈 (𝜉)
𝛼1𝑈6 (𝜉) + 𝛼2𝑈4 (𝜉)𝑉2 (𝜉) + 𝛼3𝑈2 (𝜉)𝑉4 (𝜉) + 𝛼4𝑉6 (𝜉)

= 0, (10)

Re2 : 𝑏2𝑉
(4) (𝜉) +

(
3𝑘𝑏1 − 6𝑘2𝑏2

)
𝑉 ′′ (𝜉) + 𝜇1𝑉

7 (𝜉) + 𝜇2𝑈
2 (𝜉)𝑉5 (𝜉) + 𝜇3𝑈

4 (𝜉)𝑉3 (𝜉) + 𝜇4𝑈
6 (𝜉)𝑉 (𝜉)

+ 𝜆3𝑉
3 (𝜉)

√︁
𝑈2 (𝜉) +𝑉2 (𝜉) + 𝜆4𝑈

2 (𝜉)𝑉 (𝜉)
√︁
𝑈2 (𝜉) +𝑉2 (𝜉) +

(
−𝜔 − 𝑘3𝑏1 + 𝑘4𝑏2

)
𝑉 (𝜉) +

𝑏4𝑉 (𝜉)√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

(
𝜆2𝑈2 (𝜉) + 𝜆1𝑉2 (𝜉)

) + 𝑏3𝑉 (𝜉)
𝛿4𝑈6 (𝜉) + 𝛿3𝑈4 (𝜉)𝑉2 (𝜉) + 𝛿2𝑈2 (𝜉)𝑉4 (𝜉) + 𝛿1𝑉6 (𝜉)

= 0, (11)

Im1 : (−𝑎1 + 4𝑘𝑎2)𝑈 (3) (𝜉) +
(
𝑐 + 3𝑘2𝑎1 − 4𝑘3𝑎2

)
𝑈′ (𝜉) = 0, (12)
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Im2 : (−𝑏1 + 4𝑘𝑏2)𝑉 (3) (𝜉) +
(
𝑐 + 3𝑘2𝑏1 − 4𝑘3𝑏2

)
𝑉 ′ (𝜉) = 0, (13)

Differentiating Eqs. (12) and (13) once with respect to 𝜉 yields explicit expressions for 𝑈 (4) (𝜉) and 𝑉 (4) (𝜉), respectively;
substituting these into Eqs. (10) and (11), giving

Re1 :

(
3𝑘𝑎2

1 − 15𝑘2𝑎1𝑎2 + 𝑎2
(
𝑐 + 20𝑘3𝑎2

)
𝑎1 − 4𝑘𝑎2

)
𝑈′′ (𝜉) + 𝛾1𝑈

7 (𝜉) + 𝛾2𝑈
5 (𝜉)𝑉2 (𝜉)

+ 𝛾3𝑈
3 (𝜉)𝑉4 (𝜉) + 𝛾4𝑈 (𝜉)𝑉6 (𝜉) + 𝛽3𝑈

3 (𝜉)
√︁
𝑈2 (𝜉) +𝑉2 (𝜉) + 𝛽4𝑈 (𝜉)𝑉2 (𝜉)

√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

+ 𝑎4𝑈 (𝜉)√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

(
𝛽1𝑈2 (𝜉) + 𝛽2𝑉2 (𝜉)

) + 𝑎3𝑈 (𝜉)
𝛼1𝑈6 (𝜉) + 𝛼2𝑈4 (𝜉)𝑉2 (𝜉) + 𝛼3𝑈2 (𝜉)𝑉4 (𝜉) + 𝛼4𝑉6 (𝜉)

+
(
−𝜔 − 𝑘3𝑎1 + 𝑘4𝑎2

)
𝑈 (𝜉) = 0, (14)

Re2 :

(
3𝑘𝑏2

1 − 15𝑘2𝑏1𝑏2 + 𝑏2
(
𝑐 + 20𝑘3𝑏2

)
𝑏1 − 4𝑘𝑏2

)
𝑉 ′′ (𝜉) + 𝜇1𝑉

7 (𝜉) + 𝜇2𝑈
2 (𝜉)𝑉5 (𝜉)

+ 𝜇3𝑈
4 (𝜉)𝑉3 (𝜉) + 𝜇4𝑈

6 (𝜉)𝑉 (𝜉) + 𝜆3𝑉
3 (𝜉)

√︁
𝑈2 (𝜉) +𝑉2 (𝜉) + 𝜆4𝑈

2 (𝜉)𝑉 (𝜉)
√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

+ 𝑏4𝑉 (𝜉)√︁
𝑈2 (𝜉) +𝑉2 (𝜉)

(
𝜆2𝑈2 (𝜉) + 𝜆1𝑉2 (𝜉)

) + 𝑏3𝑉 (𝜉)
𝛿4𝑈6 (𝜉) + 𝛿3𝑈4 (𝜉)𝑉2 (𝜉) + 𝛿2𝑈2 (𝜉)𝑉4 (𝜉) + 𝛿1𝑉6 (𝜉)

+
(
−𝜔 − 𝑘3𝑏1 + 𝑘4𝑏2

)
𝑉 (𝜉) = 0. (15)

Let
𝑉 (𝜉) = 𝐴 𝑈 (𝜉), (16)

under the condition 𝐴 ≠ {0, 1}. Then, Eqs. (14) and (15) can be rewritten as(
3𝑘𝑎2

1 − 15𝑘2𝑎1𝑎2 + 𝑎2 (𝑐 + 20𝑘3𝑎2)
𝑎1 − 4𝑘𝑎2

)
𝑈5 (𝜉)𝑈′′ (𝜉) +

(
𝛾1 + 𝐴2𝛾2 + 𝐴4𝛾3 + 𝐴6𝛾4

)
𝑈 (𝜉)12

+
√︁

1 + 𝐴2
(
𝛽3 + 𝐴2𝛽4

)
𝑈 (𝜉)9 +

(
−𝜔 − 𝑘3𝑎1 + 𝑘4𝑎2

)
𝑈6 (𝜉) + 𝑎4𝑈

3 (𝜉)
√

1 + 𝐴2 (
𝛽1 + 𝐴2𝛽2

)
+ 𝑎3

𝛼1 + 𝐴2𝛼2 + 𝐴4𝛼3 + 𝐴6𝛼4
= 0, (17)

𝐴

(
3𝑘𝑏2

1 − 15𝑘2𝑏1𝑏2 + 𝑏2 (𝑐 + 20𝑘3𝑏2)
𝑏1 − 4𝑘𝑏2

)
𝑈5 (𝜉)𝑈′′ (𝜉) + 𝐴

(
𝐴6𝜇1 + 𝐴4𝜇2 + 𝐴2𝜇3 + 𝜇4

)
𝑈 (𝜉)12

+ 𝐴
√︁

1 + 𝐴2
(
𝐴2𝜆3 + 𝜆4

)
𝑈 (𝜉)9 + 𝐴

(
−𝜔 − 𝑘3𝑏1 + 𝑘4𝑏2

)
𝑈6 (𝜉) + 𝐴𝑏4𝑈

3 (𝜉)
√

1 + 𝐴2 (
𝐴2𝜆1 + 𝜆2

)
+ 𝐴𝑏3

𝐴6𝛿1 + 𝐴4𝛿2 + 𝐴2𝛿3 + 𝛿4
= 0. (18)

For recovering closed form solutions, the transformation:

𝑈 (𝜉) = 𝐹 (𝜉) 1
3 , (19)

is applied to Eqs. (17) and (18). Thus they change to(
3𝑘𝑎2

1 − 15𝑘2𝑎1𝑎2 + 𝑎2 (𝑐 + 20𝑘3𝑎2)
9(𝑎1 − 4𝑘𝑎2)

) (
3𝐹 (𝜉)𝐹′′ (𝜉) − 2𝐹′ (𝜉)2

)
+

(
𝛾1 + 𝐴2𝛾2 + 𝐴4𝛾3 + 𝐴6𝛾4

)
𝐹 (𝜉)4

+
√︁

1 + 𝐴2
(
𝛽3 + 𝐴2𝛽4

)
𝐹 (𝜉)3 −

(
𝜔 + 𝑘3𝑎1 − 𝑘4𝑎2

)
𝐹 (𝜉)2 + 𝑎4𝐹 (𝜉)√

1 + 𝐴2 (
𝛽1 + 𝐴2𝛽2

)
+ 𝑎3

𝛼1 + 𝐴2𝛼2 + 𝐴4𝛼3 + 𝐴6𝛼4
= 0, (20)
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𝐴

(
3𝑘𝑏2

1 − 15𝑘2𝑏1𝑏2 + 𝑏2 (𝑐 + 20𝑘3𝑏2)
9(𝑏1 − 4𝑘𝑏2)

) (
3𝐹 (𝜉)𝐹′′ (𝜉) − 2𝐹′ (𝜉)2

)
+ 𝐴

(
𝐴6𝜇1 + 𝐴4𝜇2 + 𝐴2𝜇3 + 𝜇4

)
𝐹 (𝜉)4

+ 𝐴
√︁

1 + 𝐴2
(
𝐴2𝜆3 + 𝜆4

)
𝐹 (𝜉)3 − 𝐴

(
𝜔 + 𝑘3𝑏1 − 𝑘4𝑏2

)
𝐹 (𝜉)2 + 𝐴𝑏4𝐹 (𝜉)√

1 + 𝐴2 (
𝐴2𝜆1 + 𝜆2

)
+ 𝐴𝑏3

𝐴6𝛿1 + 𝐴4𝛿2 + 𝐴2𝛿3 + 𝛿4
= 0. (21)

The previous Eqs. (20) and (21) have the same form under the following constraint conditions:

3𝑘𝑎2
1 − 15𝑘2𝑎1𝑎2 + 𝑎2 (𝑐 + 20𝑘3𝑎2)

9(𝑎1 − 4𝑘𝑎2)
=

3𝑘𝑏2
1 − 15𝑘2𝑏1𝑏2 + 𝑏2 (𝑐 + 20𝑘3𝑏2)

9(𝑏1 − 4𝑘𝑏2)
,

𝛾1 + 𝐴2𝛾2 + 𝐴4𝛾3 + 𝐴6𝛾4 = 𝐴6𝜇1 + 𝐴4𝜇2 + 𝐴2𝜇3 + 𝜇4,√︁
1 + 𝐴2

(
𝛽3 + 𝐴2𝛽4

)
=

√︁
1 + 𝐴2

(
𝐴2𝜆3 + 𝜆4

)
,

𝜔 + 𝑘3𝑎1 − 𝑘4𝑎2 = 𝜔 + 𝑘3𝑏1 − 𝑘4𝑏2,

𝑎4√
1 + 𝐴2 (

𝛽1 + 𝐴2𝛽2
) =

𝑏4√
1 + 𝐴2 (

𝐴2𝜆1 + 𝜆2
) ,

𝑎3

𝛼1 + 𝐴2𝛼2 + 𝐴4𝛼3 + 𝐴6𝛼4
=

𝑏3

𝐴6𝛿1 + 𝐴4𝛿2 + 𝐴2𝛿3 + 𝛿4
.



(22)

Hence, Eq. (20) can be reformulated as

𝜎1

(
3𝐹 (𝜉)𝐹′′ (𝜉) − 2𝐹′ (𝜉)2

)
+ 𝜎2𝐹 (𝜉)4 + 𝜎3𝐹 (𝜉)3 − 𝜎4𝐹 (𝜉)2 + 𝜎5𝐹 (𝜉) + 𝜎6 = 0, (23)

where

𝜎1 =
3𝑘𝑎2

1 − 15𝑘2𝑎1𝑎2 + 𝑎2 (𝑐 + 20𝑘3𝑎2)
9(𝑎1 − 4𝑘𝑎2)

, 𝜎2 = 𝛾1 + 𝐴2𝛾2 + 𝐴4𝛾3 + 𝐴6𝛾4,

𝜎3 =
√︁

1 + 𝐴2
(
𝛽3 + 𝐴2𝛽4

)
, 𝜎4 = 𝜔 + 𝑘3𝑎1 − 𝑘4𝑎2,

𝜎5 =
𝑎4√

1 + 𝐴2 (
𝛽1 + 𝐴2𝛽2

) , 𝜎6 =
𝑎3

𝛼1 + 𝐴2𝛼2 + 𝐴4𝛼3 + 𝐴6𝛼4
.

(24)

To ascertain the solution structure, the balancing method is employed on Eq. (23), which yields 𝑁 = 1. Accordingly,
following Eq. (6), the function 𝐹 (𝜉) takes the form:

𝐹 (𝜉) = 𝑝0 + 𝑝1 W(𝜉) + 𝑞1
1

W(𝜉) + 𝑠1
W′ (𝜉)
W(𝜉) , (25)

in which 𝑝0, 𝑝1, 𝑞1, and 𝑠1 represent undetermined constants. Substituting 𝐹 (𝜉) from Eq. (25) together with Eq. (7) into
Eq. (23), we collect the coefficients corresponding to W𝑖 for 𝑖 ∈ [−4, 8], W 𝑗W′ for 𝑗 ∈ [−4, 4], W𝑘W′2 for 𝑘 ∈
[−4, 0], W𝑙W′3 for 𝑙 ∈ [−4, 2], and W−4W′4. Equating all these coefficients to zero generates an algebraic system;
solving this system provides the analytical solutions to Eqs. (1) and (2), presented below:

Case Study 1: 𝑐0 = 𝑐1 = 𝑐3 = 𝑐5 = 0.
Solving the resulting algebraic system produces two consistent parameter sets.

[1.1] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 =

√︃
−8𝑐4𝜎

4
3 − 625𝑐4𝜎

3
2𝜎6

5
√

2𝑐2𝜎2𝜎3
, 𝑞1 = 0, 𝑠1 = 0, 𝜎1 =

8𝜎4
3 + 625𝜎3

2𝜎6

200𝑐2𝜎2𝜎
2
3

, 𝜎4 =
−8𝜎4

3 + 125𝜎3
2𝜎6

40𝜎2𝜎
2
3

,

𝜎5 =
−8𝜎4

3 + 625𝜎3
2𝜎6

500𝜎2
2𝜎3

.

[1.2] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 =
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 = 0, 𝑠1 = 0, 𝜎4 =

25𝑐2𝜎1𝜎2 − 6𝜎2
3

25𝜎2
, 𝜎5 =

2(25𝑐2𝜎1𝜎2𝜎3 − 2𝜎3
3 )

125𝜎2
2

,

𝜎6 =
8(25𝑐2𝜎1𝜎2𝜎

2
3 − 𝜎4

3 )
625𝜎3

2
.
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From subcase [1.1] the following explicit solutions are obtained:
[1.1.1] If 𝑐2 > 0, 𝑐4 < 0, 𝜎2𝜎3 ≠ 0, and (8𝜎4

3 + 625𝜎3
2𝜎6) > 0, then

𝑢1.1.1 (𝑥, 𝑡) =
1

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 +
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
sech

[√
𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (26)

𝑣1.1.1 (𝑥, 𝑡) =
𝐴

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 +
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
sech

[√
𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (27)

represent bright soliton waveforms.

[1.1.2] If 𝑐2 < 0, 𝑐4 > 0, 𝜎2𝜎3 ≠ 0, and (8𝜎4
3 + 625𝜎3

2𝜎6) > 0, then

𝑢1.1.2 (𝑥, 𝑡) =
1

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 −
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
sec

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (28)

𝑣1.1.2 (𝑥, 𝑡) =
𝐴

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 −
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
sec

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (29)

correspond to singular periodic waveforms.

[1.1.3] If 𝑐2 < 0, 𝑐4 > 0, 𝜎2𝜎3 ≠ 0, and (8𝜎4
3 + 625𝜎3

2𝜎6) > 0, then

𝑢1.1.3 (𝑥, 𝑡) =
1

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 −
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (30)

𝑣1.1.3 (𝑥, 𝑡) =
𝐴

(10𝜎2𝜎3)1/3

(
−4𝜎2

3 −
√︂

2
(
8𝜎4

3 + 625𝜎3
2𝜎6

)
csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (31)

correspond to singular periodic waveforms.

From subcase [1.2] the following explicit solutions are obtained:
[1.2.1] If 𝑐2 > 0, 𝑐4 < 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢1.2.1 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 sech

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (32)

𝑣1.2.1 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 sech

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (33)

represent bright soliton waveforms.

[1.2.2] If 𝑐2 < 0, 𝑐4 > 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢1.2.2 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 sec

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (34)

𝑣1.2.2 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 sec

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (35)

correspond to singular periodic waveforms.

[1.2.3] If 𝑐2 < 0, 𝑐4 > 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢1.2.3 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (36)

𝑣1.2.3 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3 (
5
√
𝑐2𝜎1𝜎2 csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
− 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (37)
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correspond to singular periodic waveforms.

Case Study 2: 𝑐1 = 𝑐3 = 𝑐5 = 0.
Solving the resulting algebraic system produces three consistent parameter sets.

[2.1] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = ±
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 = 0, 𝑠1 = 0, 𝜎4 =

25𝑐2𝜎1𝜎2 − 6𝜎2
3

25𝜎2
, 𝜎5 =

2(25𝑐2𝜎1𝜎2𝜎3 − 2𝜎3
3 )

125𝜎2
2

,

𝜎6 = −
2(25𝑐2𝜎1𝜎2 − 2𝜎2

3 )
2

625𝜎3
2

.

[2.2] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = 0, 𝑞1 = ±
𝑐2
√−𝜎1√
𝑐4𝜎2

, 𝑠1 = 0, 𝜎4 = −
2(25𝑐2𝜎1𝜎2 + 3𝜎2

3 )
25𝜎2

,

𝜎5 = −
4(25𝑐2𝜎1𝜎2𝜎3 + 𝜎3

3 )
125𝜎2

2
, 𝜎6 = −

8(50𝑐2𝜎1𝜎2𝜎
2
3 + 𝜎4

3 )
625𝜎3

2
.

[2.3] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = ±
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 = ±

𝑐2
√−𝜎1√
𝑐4𝜎2

, 𝑠1 = 0, 𝜎4 = −
2(25𝑐2𝜎1𝜎2 + 3𝜎2

3 )
25𝜎2

,

𝜎5 = −
4(25𝑐2𝜎1𝜎2𝜎3 + 𝜎3

3 )
125𝜎2

2
, 𝜎6 = −

8(50𝑐2𝜎1𝜎2𝜎
2
3 + 𝜎4

3 )
625𝜎3

2
.

From subcase [2.1] the following explicit solutions are obtained:

[2.1.1] If 𝑐2 < 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.1.1 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2 tanh

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (38)

𝑣2.1.1 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2 tanh

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (39)

represent dark soliton waveforms.

[2.1.2] If 𝑐2 > 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.1.2 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2 tan

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (40)

𝑣2.1.2 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2 tan

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (41)

correspond to singular periodic waveforms.

From subcase [2.2] the following explicit solutions are obtained:

[2.2.1] If 𝑐2 < 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.2.1 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2 coth

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (42)

𝑣2.2.1 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2 coth

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (43)

correspond to singular soliton waveforms.

[2.2.2] If 𝑐2 > 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.2.2 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2 cot

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (44)
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𝑣2.2.2 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2 cot

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] )1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (45)

correspond to singular periodic waveforms.

From subcase [2.3] the following explicit solutions are obtained:

[2.3.1] If 𝑐2 < 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.3.1 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2

(
coth

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

]
+ tanh

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (46)

𝑣2.3.1 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
2𝑐2𝜎1𝜎2

(
coth

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

]
+ tanh

[√−𝑐2 (𝑥 − 𝑐𝑡)
√

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (47)

are combo singular-dark soliton solutions.

[2.3.2] If 𝑐2 > 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐0 =
𝑐2

2
4𝑐4

, then

𝑢2.3.2 (𝑥, 𝑡) =
1

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2

(
cot

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

]
+ tan

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (48)

𝑣2.3.2 (𝑥, 𝑡) =
𝐴

(5𝜎2)1/3

(
−2𝜎3 ± 5

√︁
−2𝑐2𝜎1𝜎2

(
cot

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

]
+ tan

[√
𝑐2 (𝑥 − 𝑐𝑡)

√
2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (49)

correspond to singular periodic waveforms.

Case Study 3: 𝑐3 = 𝑐4 = 𝑐5 = 0
Solving the resulting algebraic system produces six consistent parameter sets.

[3.1] 𝑝0 = − 2𝜎5
𝑐2𝜎1 + 𝜎4

, 𝑝1 = 0, 𝑞1 = − 6𝑐1𝜎1𝜎5

𝑐2
2𝜎

2
1 − 𝜎2

4
, 𝑠1 = 0, 𝜎2 = 0, 𝜎3 =

5(𝑐2
2𝜎

2
1 − 𝜎2

4 )
12𝜎5

, 𝜎6 =
8(2𝑐2𝜎1 + 𝜎4)𝜎2

5
3(𝑐2𝜎1 + 𝜎4)2 .

[3.2] 𝑝0 = −5(𝑐2𝜎1 − 𝜎4)
6𝜎3

, 𝑝1 = 0, 𝑞1 = −5𝑐1𝜎1
2𝜎3

, 𝑠1 = 0, 𝜎2 = 0, 𝜎5 =
5(𝑐2

2𝜎
2
1 − 𝜎2

4 )
12𝜎3

,

𝜎6 =
25(𝑐2𝜎1 − 𝜎4)2 (2𝑐2𝜎1 + 𝜎4)

54𝜎2
3

.

[3.3] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = 0, 𝑞1 =
2√−𝑐0𝜎1√

𝜎2
, 𝑠1 = 0, 𝜎4 =

25𝑐2𝜎1𝜎2 − 6𝜎2
3

25𝜎2
, 𝜎5 =

2(25𝑐2𝜎1𝜎2𝜎3 − 2𝜎3
3 )

125𝜎2
2

,

𝜎6 =
8(25𝑐2𝜎1𝜎2𝜎

2
3 − 𝜎4

3 )
625𝜎3

2
.

[3.4] 𝑝0 =

√︁
2(𝑐2𝜎1 − 𝜎4)√

3𝜎2
, 𝑝1 = 0, 𝑞1 =

2√−𝑐0𝜎1√
𝜎2

, 𝑠1 = 0, 𝜎3 = −
5
√︁
𝜎2 (𝑐2𝜎1 − 𝜎4)√

6
,

𝜎5 =
1
9

(
−

2𝑐2𝜎1
√︁

6(𝑐2𝜎1 − 𝜎4)√
𝜎2

−
√︁

6(𝑐2𝜎1 − 𝜎4)𝜎4√
𝜎2

)
, 𝜎6 =

2(5𝑐2
2𝜎

2
1 − 4𝑐2𝜎1𝜎4 − 𝜎2

4 )
9𝜎2

.

[3.5] 𝑝0 =
−2𝜎3 +

√︃
4𝜎3

3 + 125𝜎2
2𝜎5

5𝜎2
, 𝑝1 = 0, 𝑞1 =

𝑐1

√︃
4𝜎3

3 + 125𝜎2
2𝜎5

5𝑐2𝜎2
√
𝜎3

, 𝑠1 = 0, 𝜎1 =
−4𝜎3

3 − 125𝜎2
2𝜎5

25𝑐2𝜎2𝜎3
,

𝜎4 =
−8𝜎3

3 + 125𝜎2
2𝜎5

50𝜎2𝜎3
, 𝜎6 = −

25𝜎2𝜎
2
5

2𝜎2
3

.

[3.6] 𝑝0 =
5𝜎2

5 +
√︃

5𝜎5 (5𝜎3
5 + 𝜎3𝜎

2
6 )

𝜎3𝜎6
, 𝑝1 = 0, 𝑞1 =

𝑐1

√︃
5𝜎5 (5𝜎3

5 + 𝜎3𝜎
2
6 )

𝑐2𝜎3𝜎6
, 𝑠1 = 0, 𝜎1 =

2(5𝜎3
5 + 𝜎3𝜎

2
6 )

5𝑐2𝜎5𝜎6
,

𝜎2 = −
2𝜎2

3𝜎6

25𝜎2
5
, 𝜎4 =

10𝜎3
5 − 𝜎3𝜎

2
6

5𝜎5𝜎6
.
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From subcase [3.1] the following explicit solutions are obtained:
[3.1.1] If 𝑐2 > 0, (𝑐2

2𝜎
2
1 − 𝜎2

4 ) ≠ 0, and 𝑐0 = 0, then

𝑢3.1.1 (𝑥, 𝑡) = 21/3

(
−

(
𝑐2𝜎1 (5 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) − 𝜎5 (−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
)𝜎4

)
(𝑐2

2𝜎
2
1 − 𝜎2

4 ) (−1 + sinh
[√

𝑐2 (𝑥 − 𝑐𝑡)
]
)

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (50)

𝑣3.1.1 (𝑥, 𝑡) = 21/3𝐴

(
−

(
𝑐2𝜎1 (5 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) − 𝜎5 (−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
)𝜎4

)
(𝑐2

2𝜎
2
1 − 𝜎2

4 ) (−1 + sinh
[√

𝑐2 (𝑥 − 𝑐𝑡)
]
)

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (51)

are hyperbolic solutions.
[3.1.2] If 𝑐2 < 0, (𝑐2

2𝜎
2
1 − 𝜎2

4 ) ≠ 0, and 𝑐0 = 0, then

𝑢3.1.2 (𝑥, 𝑡) = 21/3

(
− 𝜎5
𝑐2𝜎1 + 𝜎4

− 6𝑐2𝜎1𝜎5

(𝑐2
2𝜎

2
1 − 𝜎2

4 ) (−1 + sin
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
)

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (52)

𝑣3.1.2 (𝑥, 𝑡) = 21/3𝐴

(
− 𝜎5
𝑐2𝜎1 + 𝜎4

− 6𝑐2𝜎1𝜎5

(𝑐2
2𝜎

2
1 − 𝜎2

4 ) (−1 + sin
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
)

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (53)

are periodic solutions.

From subcase [3.2] the following explicit solutions are obtained:
[3.2.1] If 𝑐2 > 0, (𝑐2

2𝜎
2
1 − 𝜎2

4 ) ≠ 0, and 𝑐0 = 0, then

𝑢3.2.1 (𝑥, 𝑡) = 21/3

(
−
𝜎5

(
𝑐2𝜎1 (5 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) − (−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
)𝜎4

)
(−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) (𝑐2

2𝜎
2
1 − 𝜎2

4 )

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (54)

𝑣3.2.1 (𝑥, 𝑡) = 21/3𝐴

(
−
𝜎5

(
𝑐2𝜎1 (5 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) − (−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
)𝜎4

)
(−1 + sinh

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
) (𝑐2

2𝜎
2
1 − 𝜎2

4 )

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (55)

are hyperbolic solutions.
[3.2.2] If 𝑐2 < 0, , 𝜎3 ≠ 0, and 𝑐0 = 0, then

𝑢3.2.2 (𝑥, 𝑡) =
(

5
6

)1/3
(
−
𝑐2𝜎1 (5 + sin

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
)

𝜎3 (−1 + sin
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
)
+ 𝜎4
𝜎3

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (56)

𝑣3.2.2 (𝑥, 𝑡) = 𝐴

(
5
6

)1/3
(
−
𝑐2𝜎1 (5 + sin

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
)

𝜎3 (−1 + sin
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
)
+ 𝜎4
𝜎3

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (57)

are periodic solutions.

From subcase [3.3] the following explicit solutions are obtained:
[3.3.3] If 𝑐2 > 0, 𝑐0 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐1 = 0, then

𝑢3.3.3 (𝑥, 𝑡) =
(
−2

√︂
−𝑐2𝜎1

𝜎2
csch

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
+ 2𝜎3

5𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (58)

𝑣3.3.3 (𝑥, 𝑡) = 𝐴

(
−2

√︂
−𝑐2𝜎1

𝜎2
csch

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
+ 2𝜎3

5𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (59)

correspond to singular soliton waveforms.
[3.3.4] If 𝑐2 < 0, 𝑐0 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐1 = 0, then

𝑢3.3.4 (𝑥, 𝑡) =
(
−2

√︂
𝑐2𝜎1
𝜎2

csc
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
+ 2𝜎3

5𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (60)

𝑣3.3.4 (𝑥, 𝑡) = 𝐴

(
−2

√︂
𝑐2𝜎1
𝜎2

csc
[√−𝑐2 (𝑥 − 𝑐𝑡)

]
+ 2𝜎3

5𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (61)
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correspond to singular periodic waveforms.

From subcase [3.4] the following explicit solutions are obtained:
[3.4.3] If 𝑐2 > 0, 𝑐0 > 0, 𝜎1 < 0, 𝜎2 > 0, (6𝑐2𝜎1 − 6𝜎4) > 0, and 𝑐1 = 0, then

𝑢3.4.3 (𝑥, 𝑡) =
1

(3√𝜎2)1/3

(
6
√−𝑐2𝜎1 csch

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
+

√︁
6𝑐2𝜎1 − 6𝜎4

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (62)

𝑣3.4.3 (𝑥, 𝑡) =
𝐴

(3√𝜎2)1/3

(
6
√−𝑐2𝜎1 csch

[√
𝑐2 (𝑥 − 𝑐𝑡)

]
+

√︁
6𝑐2𝜎1 − 6𝜎4

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (63)

correspond to singular soliton waveforms.
[3.4.4] If 𝑐2 < 0, 𝑐0 > 0, 𝜎1 < 0, 𝜎2 > 0, (6𝑐2𝜎1 − 6𝜎4) > 0, and 𝑐1 = 0, then

𝑢3.4.4 (𝑥, 𝑡) =
1

(3√𝜎2)1/3

(
−6

√
𝑐2𝜎1 csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
+

√︁
6𝑐2𝜎1 − 6𝜎4

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (64)

𝑣3.4.4 (𝑥, 𝑡) =
𝐴

(3√𝜎2)1/3

(
−6

√
𝑐2𝜎1 csc

[√−𝑐2 (𝑥 − 𝑐𝑡)
]
+

√︁
6𝑐2𝜎1 − 6𝜎4

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (65)

correspond to singular periodic waveforms.

From subcase [3.5] the following explicit solutions are obtained:

[3.5.5] If 𝑐2 > 0, (4𝜎3
3 + 125𝜎2

2𝜎5) > 0, and 𝑐0 =
𝑐2

1
4𝑐2

, then

𝑢3.5.5 (𝑥, 𝑡) =
−1

(5𝜎2)1/3

©­­«2𝜎3 +
(𝑐1 + 2𝑒

√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√︃
4𝜎3

3 + 125𝜎2
2𝜎5

(𝑐1 − 2𝑒
√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√
𝜎3

ª®®¬ 𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (66)

𝑣3.5.5 (𝑥, 𝑡) =
−𝐴

(5𝜎2)1/3

©­­«2𝜎3 +
(𝑐1 + 2𝑒

√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√︃
4𝜎3

3 + 125𝜎2
2𝜎5

(𝑐1 − 2𝑒
√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√
𝜎3

ª®®¬ 𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (67)

are an exponential solutions.

From subcase [3.6] the following explicit solutions are obtained:

[3.6.5] If 𝑐2 > 0, 𝜎5 > 0, (5𝜎4
5 + 𝜎3𝜎5𝜎

2
6 ) > 0, and 𝑐0 =

𝑐2
1

4𝑐2
, then

𝑢3.6.5 (𝑥, 𝑡) =
1

(𝜎3𝜎6)1/3

©­­«5𝜎2
5 −

√
5(𝑐1 + 2𝑒

√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√︃
5𝜎4

5 + 𝜎3𝜎5𝜎
2
6

𝑐1 − 2𝑒
√
𝑐2 (𝑥−𝑐𝑡 )𝑐2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (68)

𝑣3.6.5 (𝑥, 𝑡) =
𝐴

(𝜎3𝜎6)1/3

©­­«5𝜎2
5 −

√
5(𝑐1 + 2𝑒

√
𝑐2 (𝑥−𝑐𝑡 )𝑐2)

√︃
5𝜎4

5 + 𝜎3𝜎5𝜎
2
6

𝑐1 − 2𝑒
√
𝑐2 (𝑥−𝑐𝑡 )𝑐2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (69)

are an exponential solutions.

Case Study 4: 𝑐0 = 𝑐1 = 𝑐2 = 𝑐5 = 0.
Solving the resulting algebraic system produces the consistent parameter set.

[4.1] 𝑝0 =
−5𝑐3

√−𝜎1𝜎2 − 4𝜎3
√
𝑐4

10𝜎2
√
𝑐4

, 𝑝1 = −
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 = 0, 𝑠1 = 0, 𝜎4 = −

3(25𝑐2
3𝜎1𝜎2 + 16𝑐4𝜎

2
3 )

200𝑐4𝜎2
,

𝜎5 =
−125𝑐3

3𝜎
3/2
2 (−𝜎1)3/2 − 150𝑐2

3𝜎1𝜎2𝜎3
√
𝑐4 − 32𝑐3/2

4 𝜎3
3

1000𝑐3/2
4 𝜎2

2

.
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From subcase [4.1] the following explicit solutions are obtained:
[4.1.1] If 𝑐4 ≠ 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢4.1.1 (𝑥, 𝑡) =
©­­«
𝑐3
√−𝜎1

(
(𝑥 − 𝑐𝑡)2𝑐2

3 + 12𝑐4
)

2
(
−(𝑥 − 𝑐𝑡)2𝑐2

3 + 4𝑐4

) √
𝑐4𝜎2

− 2𝜎3
5𝜎2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (70)

𝑣4.1.1 (𝑥, 𝑡) = 𝐴
©­­«
𝑐3
√−𝜎1

(
(𝑥 − 𝑐𝑡)2𝑐2

3 + 12𝑐4
)

2
(
−(𝑥 − 𝑐𝑡)2𝑐2

3 + 4𝑐4

) √
𝑐4𝜎2

− 2𝜎3
5𝜎2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (71)

are rational solutions.

Case Study 5: 𝑐0 = 𝑐1 = 𝑐5 = 0.
Solving the resulting algebraic system produces two consistent parameter sets.

[5.1] 𝑝0 =
5𝜎2

5 +
√︃

5𝜎5 (5𝜎3
5 + 𝜎3𝜎

2
6 )

𝜎3𝜎6
, 𝑝1 =

4𝑐4

√︃
5𝜎5 (5𝜎3

5 + 𝜎3𝜎
2
6 )

𝑐3𝜎3𝜎6
, 𝑞1 = 0, 𝑠1 = 0, 𝜎1 =

8(5𝑐4𝜎
3
5 + 𝑐4𝜎3𝜎

2
6 )

5𝑐2
3𝜎5𝜎6

,

𝜎2 = −
2𝜎2

3𝜎6

25𝜎2
5
, 𝜎4 =

10𝜎3
5 − 𝜎3𝜎

2
6

5𝜎5𝜎6
.

[5.2] 𝑝0 =
5𝑐3

√−𝜎1𝜎2 − 4𝜎3
√
𝑐4

10𝜎2
√
𝑐4

, 𝑝1 =
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 = 0, 𝑠1 = 0, 𝜎4 = −

25𝑐2
3𝜎1𝜎2 + 48𝑐4𝜎

2
3

200𝑐4𝜎2
,

𝜎5 = −
25𝑐2

3𝜎1𝜎2𝜎3 + 16𝑐4𝜎
3
3

500𝑐4𝜎
2
2

, 𝜎6 = −
(25𝑐2

3𝜎1𝜎2 + 16𝑐4𝜎
2
3 )

2

20000𝑐2
4𝜎

3
2

.

From subcase [5.1] the following explicit solutions are obtained:

[5.1.1] If 𝑐2 > 0, 𝜎5 > 0, (5𝜎3
5 + 𝜎3𝜎

2
6 ) > 0, and 𝑐2 =

𝑐2
3

4𝑐4
, then

𝑢5.1.1 (𝑥, 𝑡) =
( √

𝜎5

𝑐2
3𝜎3𝜎6

)1/3 (
𝑐2

3

(
5𝜎3/2

5 +
√︃

5(5𝜎3
5 + 𝜎3𝜎

2
6 )

)
−4𝑐2𝑐4

√︃
5(5𝜎3

5 + 𝜎3𝜎
2
6 )

(
1 + tanh

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (72)

𝑣5.1.1 (𝑥, 𝑡) = 𝐴

( √
𝜎5

𝑐2
3𝜎3𝜎6

)1/3 (
𝑐2

3

(
5𝜎3/2

5 +
√︃

5(5𝜎3
5 + 𝜎3𝜎

2
6 )

)
−4𝑐2𝑐4

√︃
5(5𝜎3

5 + 𝜎3𝜎
2
6 )

(
1 + tanh

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (73)

represent dark soliton waveforms.

[5.1.2] If 𝑐2 > 0, 𝜎5 > 0, (5𝜎3
5 + 𝜎3𝜎

2
6 ) > 0, and 𝑐2 =

𝑐2
3

4𝑐4
, then

𝑢5.1.2 (𝑥, 𝑡) =
( √

𝜎5

𝑐2
3𝜎3𝜎6

)1/3 (
𝑐2

3

(
5𝜎3/2

5 +
√︃

5(5𝜎3
5 + 𝜎3𝜎

2
6 )

)
−4𝑐2𝑐4

√︃
5(5𝜎3

5 + 𝜎3𝜎
2
6 )

(
1 + coth

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (74)

𝑣5.1.2 (𝑥, 𝑡) = 𝐴

( √
𝜎5

𝑐2
3𝜎3𝜎6

)1/3 (
𝑐2

3

(
5𝜎3/2

5 +
√︃

5(5𝜎3
5 + 𝜎3𝜎

2
6 )

)
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−4𝑐2𝑐4

√︃
5(5𝜎3

5 + 𝜎3𝜎
2
6 )

(
1 + coth

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (75)

correspond to singular soliton waveforms.

From subcase [5.2] the following explicit solutions are obtained:

[5.2.1] If 𝑐2 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐2 =
𝑐2

3
4𝑐4

, then

𝑢5.2.1 (𝑥, 𝑡) =
1

(10𝑐3𝜎2
√
𝑐4)1/3

(
5𝑐2

3
√−𝜎1𝜎2 − 4𝑐3𝜎3

√
𝑐4

−20𝑐2𝑐4
√−𝜎1𝜎2

(
1 + tanh

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (76)

𝑣5.2.1 (𝑥, 𝑡) =
𝐴

(10𝑐3𝜎2
√
𝑐4)1/3

(
5𝑐2

3
√−𝜎1𝜎2 − 4𝑐3𝜎3

√
𝑐4

−20𝑐2𝑐4
√−𝜎1𝜎2

(
1 + tanh

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (77)

represent dark soliton waveforms.

[5.2.2] If 𝑐2 > 0, 𝜎1 < 0, 𝜎2 > 0, and 𝑐2 =
𝑐2

3
4𝑐4

, then

𝑢5.2.2 (𝑥, 𝑡) =
1

(10𝑐3𝜎2
√
𝑐4)1/3

(
5𝑐2

3
√−𝜎1𝜎2 − 4𝑐3𝜎3

√
𝑐4

−20𝑐2𝑐4
√−𝜎1𝜎2

(
1 + coth

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (78)

𝑣5.2.2 (𝑥, 𝑡) =
𝐴

(10𝑐3𝜎2
√
𝑐4)1/3

(
5𝑐2

3
√−𝜎1𝜎2 − 4𝑐3𝜎3

√
𝑐4

−20𝑐2𝑐4
√−𝜎1𝜎2

(
1 + coth

[√
𝑐2 (𝑥 − 𝑐𝑡)

2

] ))1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (79)

correspond to singular soliton waveforms.

Case Study 6: 𝑐2 = 𝑐4 = 𝑐5 = 0
Solving the resulting algebraic system produces two consistent parameter sets.

[6.1] 𝑝0 =
5𝜎4
6𝜎3

, 𝑝1 = −5𝑐3𝜎1
2𝜎3

, 𝑞1 = 0, 𝑠1 = 0, 𝜎2 = 0, 𝜎6 =
25(27𝑐0𝑐

2
3𝜎

3
1 + 9𝑐1𝑐3𝜎

2
1𝜎4 + 𝜎3

4 )
54𝜎2

3
,

𝜎5 = −
5(3𝑐1𝑐3𝜎

2
1 + 𝜎2

4 )
12𝜎3

.

[6.2] 𝑝0 =
5𝑐1

√−𝜎1𝜎2 − 4𝜎3
√
𝑐0

10𝜎2
√
𝑐0

, 𝑝1 = 0, 𝑞1 =
2√−𝑐0𝜎1√

𝜎2
, 𝑠1 = 0, 𝜎4 = −

3(25𝑐2
1𝜎1𝜎2 + 16𝑐0𝜎

2
3 )

200𝑐0𝜎2
,

𝜎5 =
125𝑐3

1𝜎
3/2
2 (−𝜎1)3/2 + 1000𝑐2

0𝑐3𝜎
3/2
2 (−𝜎1)3/2 − 150𝑐2

1𝜎1𝜎2𝜎3
√
𝑐0 − 32𝜎3

3 𝑐
3/2
0

1000𝑐3/2
0 𝜎2

2

.

From subcase [6.1] the following explicit solutions are obtained:
[6.1.1] If 𝑐3 > 0, 𝑐0 ≠ 0, and 𝑐1 ≠ 0, then

𝑢6.1.1 (𝑥, 𝑡) =
(

5
6𝜎3

)1/3 (
𝜎4 − 3𝑐3𝜎1℘

[√
𝑐3

2
(𝑥 − 𝑐𝑡); 𝑔1, 𝑔2

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (80)
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𝑣6.1.1 (𝑥, 𝑡) = 𝐴

(
5

6𝜎3

)1/3 (
𝜎4 − 3𝑐3𝜎1℘

[√
𝑐3

2
(𝑥 − 𝑐𝑡); 𝑔1, 𝑔2

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (81)

are Weierstrass elliptic solution, where ℘(𝑧; 𝑔1, 𝑔2) is the Weierstrass elliptic function with 𝑔1 = −4𝑐1
𝑐3

and 𝑔2 = −4𝑐0
𝑐3

.

From subcase [6.2] the following explicit solutions are obtained:
[6.2.1] If 𝑐3 > 0, 𝜎1 < 0, 𝜎2 > 0, 𝑐0 ≠ 0, and 𝑐1 ≠ 0, then

𝑢6.2.1 (𝑥, 𝑡) =
1

(10𝜎2)1/3

©­­­­«
5𝑐1

√︂
−𝜎1𝜎2

𝑐0
− 4𝜎3 +

20√−𝑐0𝜎1𝜎2

℘

[√
𝑐3

2
(𝑥 − 𝑐𝑡); 𝑔1, 𝑔2

] ª®®®®¬
1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (82)

𝑣6.2.1 (𝑥, 𝑡) =
𝐴

(10𝜎2)1/3

©­­­­«
5𝑐1

√︂
−𝜎1𝜎2

𝑐0
− 4𝜎3 +

20√−𝑐0𝜎1𝜎2

℘

[√
𝑐3

2
(𝑥 − 𝑐𝑡); 𝑔1, 𝑔2

] ª®®®®¬
1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (83)

are Weierstrass elliptic solution, where ℘(𝑧; 𝑔1, 𝑔2) is the Weierstrass elliptic function with 𝑔1 = −4𝑐1
𝑐3

and 𝑔2 = −4𝑐0
𝑐3

.

Case Study 7: 𝑐1 = 𝑐3 = 0.
Solving the resulting algebraic system produces three consistent parameter sets.

[7.1] 𝑝0 = −
√︁

2(𝑐2𝜎1 − 𝜎4)√
3𝜎2

, 𝑝1 = 0, 𝑞1 = −
2√𝑐0 − 𝜎1√

𝜎2
, 𝑠1 = 0, 𝜎3 =

5
√︁
𝜎2 (𝑐2𝜎1 − 𝜎4)√

6
, 𝑐5 = 0,

𝜎5 =
1
9

(
2𝑐2𝜎1

√︁
6(𝑐2𝜎1 − 𝜎4)√
𝜎2

+
𝜎4

√︁
6(𝑐2𝜎1 − 𝜎4)√

𝜎2

)
, 𝜎6 =

2(5𝑐2
2𝜎

2
1 − 36𝑐0𝑐4𝜎

2
1 − 4𝑐2𝜎1𝜎4 − 𝜎2

4 )
9𝜎2

.

[7.2] 𝑝0 = −5(𝑐2𝜎1 − 𝜎4)
3𝜎3

, 𝑝1 = 0, 𝑞1 = −
5
√︁
−2𝑐0𝜎1 (𝑐2𝜎1 − 𝜎4)√

2𝜎3
, 𝑠1 = 0, 𝜎2 =

6𝜎2
3

25(𝑐2𝜎1 − 𝜎4)
,

𝜎5 =
5(2𝑐2

2𝜎
2
1 − 𝑐2𝜎1𝜎4 − 𝜎2

4 )
9𝜎3

, 𝜎6 =
25(𝑐2𝜎1 − 𝜎4) (5𝑐2

2𝜎
2
1 − 36𝑐0𝑐4𝜎

2
1 − 4𝑐2𝜎1𝜎4 − 𝜎2

4 )
27𝜎2

3
, 𝑐5 = 0.

[7.3] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = 0, 𝑞1 = −
2√−𝑐0𝜎1√

𝜎2
, 𝑠1 = 0, 𝜎4 =

25𝑐2𝜎1𝜎2 − 6𝜎2
3

25𝜎2
, 𝜎5 =

2(25𝑐2𝜎1𝜎2𝜎3 − 2𝜎3
3 )

125𝜎2
2

,

𝜎6 = −
8(625𝑐0𝑐4𝜎

2
1𝜎

2
2 − 25𝑐2𝜎1𝜎2𝜎

2
3 + 𝜎4

3 )
625𝜎3

2
, 𝑐5 = 0.

From subcase [7.1] the following explicit solutions are obtained:
[7.1.1] If 𝑐2 > 0, 𝑐0 > 0, 𝑐4 > 0, 𝜎1 < 0, 𝜎2 > 0, and (𝑐2𝜎1 − 𝜎4) > 0, then

𝑢7.1.1 (𝑥, 𝑡) =
1

31/3

©­­«
6𝑐0𝑐4𝜎1√︃

−𝑐0𝑐2𝑐4𝜎1𝜎2 csch2 [√𝑐2 (𝑥 − 𝑐𝑡)]
−

√︄
6(𝑐2𝜎1 − 𝜎4)

𝜎2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (84)

𝑣7.1.1 (𝑥, 𝑡) =
𝐴

31/3

©­­«
6𝑐0𝑐4𝜎1√︃

−𝑐0𝑐2𝑐4𝜎1𝜎2 csch2 [√𝑐2 (𝑥 − 𝑐𝑡)]
−

√︄
6(𝑐2𝜎1 − 𝜎4)

𝜎2

ª®®¬
1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (85)

correspond to singular soliton waveforms.

[7.1.2] If 𝑐2 < 0, 𝑐0 > 0, 𝑐4 < 0, 𝜎1 < 0, 𝜎2 > 0, and (𝑐2𝜎1 − 𝜎4) > 0, then

𝑢7.1.2 (𝑥, 𝑡) =
1

(3𝜎2)1/3

(
6𝜎1

√−𝑐0𝑐4𝜎2√︁
𝑐2𝜎1 csc2 [√−𝑐2 (𝑥 − 𝑐𝑡)]

−
√︁

6𝜎2 (𝑐2𝜎1 − 𝜎4)
)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (86)

𝑣7.1.2 (𝑥, 𝑡) =
𝐴

(3𝜎2)1/3

(
6𝜎1

√−𝑐0𝑐4𝜎2√︁
𝑐2𝜎1 csc2 [√−𝑐2 (𝑥 − 𝑐𝑡)]

−
√︁

6𝜎2 (𝑐2𝜎1 − 𝜎4)
)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (87)
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correspond to singular periodic waveforms.

From subcase [7.2] the following explicit solutions are obtained:
[7.2.1] If 𝑐2 > 0, 𝑐0 > 0, 𝑐4 > 0, 𝜎1 < 0, and (𝑐2𝜎1 − 𝜎4) > 0, then

𝑢7.2.1 (𝑥, 𝑡) =
(

5
3𝜎3

)1/3
(
−𝑐2𝜎1 + 𝜎4 −

√︄
−6𝑐0𝑐4𝜎1 (𝑐2𝜎1 − 𝜎4)
𝑐2 csch2 [√

𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (88)

𝑣7.2.1 (𝑥, 𝑡) = 𝐴

(
5

3𝜎3

)1/3
(
−𝑐2𝜎1 + 𝜎4 −

√︄
−6𝑐0𝑐4𝜎1 (𝑐2𝜎1 − 𝜎4)
𝑐2 csch2 [√

𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (89)

correspond to singular soliton waveforms.

[7.2.2] If 𝑐2 < 0, 𝑐0 > 0, 𝑐4 > 0, 𝜎1 < 0, and (𝑐2𝜎1 − 𝜎4) > 0, then

𝑢7.2.2 (𝑥, 𝑡) =
(

5
3𝜎3

)1/3
(
−𝑐2𝜎1 + 𝜎4 −

√︄
−6𝑐0𝑐4𝜎1 (𝑐2𝜎1 − 𝜎4)
𝑐2 sec2

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (90)

𝑣7.2.2 (𝑥, 𝑡) = 𝐴

(
5

3𝜎3

)1/3
(
−𝑐2𝜎1 + 𝜎4 −

√︄
−6𝑐0𝑐4𝜎1 (𝑐2𝜎1 − 𝜎4)
𝑐2 sec2

[√−𝑐2 (𝑥 − 𝑐𝑡)
] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (91)

correspond to singular periodic waveforms.

From subcase [7.3] the following explicit solutions are obtained:
[7.3.1] If 𝑐2 > 0, 𝑐0 > 0, 𝑐4 > 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢7.3.1 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3
(
−𝜎3 −

√︄
−25𝑐0𝑐4𝜎1𝜎2

𝑐2 csch2 [√
𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (92)

𝑣7.3.1 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3
(
−𝜎3 −

√︄
−25𝑐0𝑐4𝜎1𝜎2

𝑐2 csch2 [√
𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (93)

correspond to singular soliton waveforms.

[7.3.2] If 𝑐2 < 0, 𝑐0 > 0, 𝑐4 < 0, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢7.3.2 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3
(
−𝜎3 −

√︄
−25𝑐0𝑐4𝜎1𝜎2

𝑐2 csc2
[√−𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (94)

𝑣7.3.2 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3
(
−𝜎3 −

√︄
−25𝑐0𝑐4𝜎1𝜎2

𝑐2 csc2
[√−𝑐2 (𝑥 − 𝑐𝑡)

] )1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (95)

correspond to singular periodic waveforms.

Case Study 8: 𝑐1 = 𝑐3 = 𝑐5 = 0.
Solving the resulting algebraic system produces two consistent parameter sets.

[8.1] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 = 0, 𝑞1 =
2√𝑐0 − 𝜎1√

𝜎2
, 𝑠1 = 0, 𝜎4 =

25𝑐2𝜎1𝜎2 − 6𝜎2
3

25𝜎2
, 𝜎5 =

2(25𝑐2𝜎1𝜎2𝜎3 − 2𝜎3
3 )

125𝜎2
2

,

𝜎6 = −
8(625𝑐0𝑐4𝜎

2
1𝜎

2
2 − 25𝑐2𝜎1𝜎2𝜎

2
3 + 𝜎4

3 )
625𝜎3

2
.

[8.2] 𝑝0 = −2𝜎3
5𝜎2

, 𝑝1 =
2√−𝑐4𝜎1√

𝜎2
, 𝑞1 =

2√−𝑐0𝜎1√
𝜎2

, 𝑠1 = 0, 𝜎4 =
25𝑐2𝜎1𝜎2 − 150𝜎1𝜎2

√
𝑐0𝑐4 − 6𝜎2

3
25𝜎2

,

𝜎5 =
2(25𝑐2𝜎1𝜎2𝜎3 − 150𝜎1𝜎2𝜎3

√
𝑐0𝑐4 − 2𝜎3

3 )
125𝜎2

2
.
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From subcase [8.1] the following Jacobi elliptic solutions are obtained:
[8.1.1] If 0 ≤ 𝑚 ≤ 1, 𝑐0 = 1, 𝑐2 = −(1 + 𝑚2), 𝑐4 = 𝑚2, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢8.1.1 (𝑥, 𝑡) =
( 2√−𝜎1√

𝜎2 cd[(𝑥 − 𝑐𝑡)] −
2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (96)

𝑣8.1.1 (𝑥, 𝑡) = 𝐴

( 2√−𝜎1√
𝜎2 cd[(𝑥 − 𝑐𝑡)] −

2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (97)

are Jacobi elliptic solutions.
If 𝑚 = 0, then

𝑢8.1.1𝑎 (𝑥, 𝑡) =
(2√−𝜎1 sec[(𝑥 − 𝑐𝑡)]

√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (98)

𝑣8.1.1𝑎 (𝑥, 𝑡) = 𝐴

(2√−𝜎1 sec[(𝑥 − 𝑐𝑡)]
√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (99)

correspond to singular periodic waveforms.
[8.1.2] If 0 ≤ 𝑚 ≤ 1, 𝑐0 = −𝑚2, 𝑐2 = 2𝑚2 − 1, 𝑐4 = −𝑚2 + 1, and 𝜎1, 𝜎2 < 0, then

𝑢8.1.2 (𝑥, 𝑡) =
(

2
5

)1/3 (
−

5𝑚√
𝜎1𝜎2 + 𝜎3 nc [(𝑥 − 𝑐𝑡)]
𝜎2 nc [(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (100)

𝑣8.1.2 (𝑥, 𝑡) = 𝐴

(
2
5

)1/3 (
−

5𝑚√
𝜎1𝜎2 + 𝜎3 nc [(𝑥 − 𝑐𝑡)]
𝜎2 nc [(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (101)

are Jacobi elliptic solutions.
If 𝑚 = 1, then

𝑢8.1.2𝑎 (𝑥, 𝑡) =
(

2
5

)1/3 (
−

5√𝜎1𝜎2 sech[(𝑥 − 𝑐𝑡)] + 𝜎3

𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (102)

𝑣8.1.2𝑎 (𝑥, 𝑡) = 𝐴

(
2
5

)1/3 (
−

5√𝜎1𝜎2 sech[(𝑥 − 𝑐𝑡)] + 𝜎3

𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (103)

represent bright soliton waveforms.
[8.1.3] If 0 ≤ 𝑚 ≤ 1, 𝑐0 = −1, 𝑐2 = −𝑚2 + 2, 𝑐4 = 𝑚2 − 1, and 𝜎1, 𝜎2 < 0, then

𝑢8.1.3 (𝑥, 𝑡) =
(

2
5

)1/3 (
−

5√𝜎1𝜎2 + 𝜎3 nd[(𝑥 − 𝑐𝑡)]
𝜎2 nd[(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (104)

𝑣8.1.3 (𝑥, 𝑡) = 𝐴

(
2
5

)1/3 (
−

5√𝜎1𝜎2 + 𝜎3 nd[(𝑥 − 𝑐𝑡)]
𝜎2 nd[(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (105)

are Jacobi elliptic solutions.
If 𝑚 = 1, then

𝑢8.1.3𝑎 (𝑥, 𝑡) =
(

2
5

)1/3 (
−

5√𝜎1𝜎2 sech[(𝑥 − 𝑐𝑡)] + 𝜎3

𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (106)

𝑣8.1.3𝑎 (𝑥, 𝑡) = 𝐴

(
2
5

)1/3 (
−

5√𝜎1𝜎2 sech[(𝑥 − 𝑐𝑡)] + 𝜎3

𝜎2

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (107)

represent bright soliton waveforms.

[8.1.4] If 0 ≤ 𝑚 ≤ 1, 𝑐0 =
1
4

, 𝑐2 =
𝑚2

2
− 1, 𝑐4 =

𝑚4

4
, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢8.1.4 (𝑥, 𝑡) =
(√−𝜎1 (1 + dn[(𝑥 − 𝑐𝑡)])

√
𝜎2 sn[(𝑥 − 𝑐𝑡)] − 2𝜎3

5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (108)

𝑣8.1.4 (𝑥, 𝑡) = 𝐴

(√−𝜎1 (1 + dn[(𝑥 − 𝑐𝑡)])
√
𝜎2 sn[(𝑥 − 𝑐𝑡)] − 2𝜎3

5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (109)
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represent Jacobi elliptic function waveforms.
When 𝑚 = 0 or 𝑚 = 1, we obtain singular periodic or singular soliton forms, respectively.

𝑢8.1.4𝑎 (𝑥, 𝑡) =
(2√−𝜎1 csc[(𝑥 − 𝑐𝑡)]

√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (110)

𝑣8.1.4𝑎 (𝑥, 𝑡) = 𝐴

(2√−𝜎1 csc[(𝑥 − 𝑐𝑡)]
√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (111)

or

𝑢8.1.4𝑏 (𝑥, 𝑡) =
( (coth[(𝑥 − 𝑐𝑡)] + √−𝜎1 csch[(𝑥 − 𝑐𝑡)])

√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (112)

𝑣8.1.4𝑏 (𝑥, 𝑡) = 𝐴

( (coth[(𝑥 − 𝑐𝑡)] + √−𝜎1 csch[(𝑥 − 𝑐𝑡)])
√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) . (113)

From subcase [8.2] the following Jacobi elliptic solutions are obtained:
[8.2.1] If 0 ≤ 𝑚 ≤ 1, 𝑐0 = 1, 𝑐2 = −(1 + 𝑚2), 𝑐4 = 𝑚2, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢8.2.1 (𝑥, 𝑡) =
(

2
5

)1/3
(

5√−𝜎1𝜎2 + 5𝑚√−𝜎1𝜎2 cd2 [(𝑥 − 𝑐𝑡)] − 𝜎3 cd [(𝑥 − 𝑐𝑡)]
𝜎2 cd [(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (114)

𝑣8.2.1 (𝑥, 𝑡) = 𝐴

(
2
5

)1/3
(

5√−𝜎1𝜎2 + 5𝑚√−𝜎1𝜎2 cd2 [(𝑥 − 𝑐𝑡)] − 𝜎3 cd [(𝑥 − 𝑐𝑡)]
𝜎2 cd [(𝑥 − 𝑐𝑡)]

)1/3

𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (115)

are Jacobi elliptic solutions.
If 𝑚 = 0, then

𝑢8.2.1𝑎 (𝑥, 𝑡) =
(2√−𝜎1 sec[(𝑥 − 𝑐𝑡)]

√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (116)

𝑣8.2.1𝑎 (𝑥, 𝑡) = 𝐴

(2√−𝜎1 sec[(𝑥 − 𝑐𝑡)]
√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (117)

correspond to singular periodic waveforms.

[8.2.2] If 0 ≤ 𝑚 ≤ 1, 𝑐0 =
1
4

, 𝑐2 =
𝑚2

2
− 1, 𝑐4 =

𝑚4

4
, 𝜎1 < 0, and 𝜎2 > 0, then

𝑢8.2.2 (𝑥, 𝑡) =
(√−𝜎1 (1 + dn [(𝑥 − 𝑐𝑡)])

√
𝜎2 sn [(𝑥 − 𝑐𝑡)] +

𝑚2√−𝜎1 sn [(𝑥 − 𝑐𝑡)]
1 + √

𝜎2 dn [(𝑥 − 𝑐𝑡)] − 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (118)

𝑣8.2.2 (𝑥, 𝑡) = 𝐴

(√−𝜎1 (1 + dn [(𝑥 − 𝑐𝑡)])
√
𝜎2 sn [(𝑥 − 𝑐𝑡)] +

𝑚2√−𝜎1 sn [(𝑥 − 𝑐𝑡)]
1 + √

𝜎2 dn [(𝑥 − 𝑐𝑡)] − 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (119)

represent Jacobi elliptic function waveforms.
When 𝑚 = 0 or 𝑚 = 1, we obtain singular periodic or singular soliton forms, respectively.

𝑢8.2.2𝑎 (𝑥, 𝑡) =
(2√−𝜎1 csc[(𝑥 − 𝑐𝑡)]

√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (120)

𝑣8.2.2𝑎 (𝑥, 𝑡) = 𝐴

(2√−𝜎1 csc[(𝑥 − 𝑐𝑡)]
√
𝜎2

− 2𝜎3
5𝜎2

)1/3

𝑒𝑖 (−𝑘𝑥+𝜃+𝑡𝜔) , (121)

or

𝑢8.2.2𝑏 (𝑥, 𝑡) =
(

2
5𝜎2

)1/3 (
5
√−𝜎1𝜎2 coth [(𝑥 − 𝑐𝑡)] − 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) , (122)

𝑣8.2.2𝑏 (𝑥, 𝑡) = 𝐴

(
2

5𝜎2

)1/3 (
5
√−𝜎1𝜎2 coth [(𝑥 − 𝑐𝑡)] − 𝜎3

)1/3
𝑒−𝑖 (𝑘𝑥−𝜃−𝑡𝜔) . (123)



36
EEJP. 3 (2026) Wafy M. Hasan, et al.

4. GRAPHICAL OVERVIEW

This section provides graphical illustrations of chosen exact solutions obtained in Section 3, concentrating on
the amplitude distributions |𝑢(𝑥, 𝑡) | and |𝑣(𝑥, 𝑡) | to emphasize principal wave forms, following conventional practices in
nonlinear optics to depict soliton and periodic dynamics. The visualizations include three-dimensional (3D) plots depicting
spatiotemporal evolution and two-dimensional (2D) overlays illustrating wave profiles at fixed time, facilitating analysis
of propagation dynamics, nonlinear interactions, and dispersion effects in the coupled (1+1)-dimensional Kudryashov’s
equation. The selected cases encompass a variety of solution types: bright solitons, singular periodic waves, dark
solitons, singular solitons, and exponential solutions. Each figure corresponds to a specific solution type, with parameter
values detailed in Table 1. These visualizations exhibit the model’s capability to represent varied wave behaviors within
birefringent optical waveguides, highlighting stability, periodicity, together with localization under different conditions.

Table 1. Numerical parameters employed for the depicted solutions.

Figure Solution Form Equations Parameter Set

1 Bright Soliton (26), (27) 𝑐 = 0.65, 𝑘 = 0.58, 𝜔 = 0.05, 𝜃 = 0.54, 𝐴 = 1.95, 𝛼1 = 0.50, 𝛼2 = 0.55, 𝛼3 =

0.70, 𝛼4 = 0.90, 𝛽3 = 0.001, 𝛽4 = 0.05, 𝛾1 = 0.75, 𝛾2 = 0.49, 𝛾3 = 0.35, 𝛾4 =

−0.25, 𝑐2 = 1.15, and 𝑐4 = −0.20

2 Singular Periodic (34), (35) 𝑐 = 0.05, 𝑘 = 1.95, 𝜔 = 0.75, 𝜃 = 0.58, 𝐴 = 1.80, 𝑎1 = −1.35, 𝑎2 = 1.20, 𝛽3 =

1.57, 𝛽4 = 0.75, 𝛾1 = 1.15, 𝛾2 = 0.45, 𝛾3 = 0.75, 𝛾4 = 0.80, 𝑐2 = −0.22, and
𝑐4 = 0.2

3 Dark Soliton (38), (39) 𝑐 = 0.60, 𝑘 = 0.64, 𝜔 = 0.10, 𝜃 = 0.50, 𝐴 = 1.50, 𝑎1 = 0.30, 𝑎2 = 0.65, 𝛽3 =

0.03, 𝛽4 = 0.85, 𝛾1 = 1.75, 𝛾2 = 1.45, 𝛾3 = 1.85, 𝛾4 = 2.15, 𝑐2 = −0.15, and
𝑐4 = 0.2

4 Singular Soliton (58), (59) 𝑐 = 0.55, 𝑘 = 0.52, 𝜔 = 0.12, 𝜃 = 0.65, 𝐴 = 2.35, 𝑎1 = 0.15, 𝑎2 = 0.85, 𝛽3 =

0.01, 𝛽4 = 0.05, 𝛾1 = 0.25, 𝛾2 = 0.91, 𝛾3 = 0.65, 𝛾4 = −0.04, 𝑐0 = 0.2, and
𝑐2 = 0.1.

5 Exponential (68), (69) 𝑐 = 0.62, 𝑘 = 0.47, 𝜔 = 0.15, 𝜃 = 0.45, 𝐴 = 1.95, 𝑎3 = 1.55, 𝑎4 = 1.64, 𝛼1 =

0.10, 𝛼2 = 0.48, 𝛼3 = 0.20, 𝛼4 = 0.001, 𝛽1 = 0.65, 𝛽2 = 4.85, 𝛽3 = 0.15, 𝛽4 =

0.05, 𝑐1 = 0.85, and 𝑐2 = 0.40
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Figure 1. Spatiotemporal behavior of the bright soliton wave in Eqs. (26) and (27).
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Figure 2. Spatiotemporal behavior of the singular periodic wave in Eqs. (34) and (35).
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Figure 3. Spatiotemporal behavior of the dark soliton wave in Eqs. (38) and (39).
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Figure 4. Spatiotemporal behavior of the singular soliton wave in Eqs. (58) and (59).
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Figure 5. Spatiotemporal behavior of the exponential wave in Eqs. (68) and (69).

5. BIFURCATION ANALYSIS
Bifurcation analysis provides a systematic framework for investigating qualitative changes in the dynamical behavior of

nonlinear systems as parameters vary. For traveling wave equations, this approach reveals critical thresholds where solution
profiles undergo transitions—for instance, between periodic and solitary waves, or between bounded and unbounded
behavior [26, 27, 28, 29, 30]. In this section, we perform a detailed bifurcation analysis of the fourth-order nonlinear
ordinary differential equation (23) obtained via the MEMM reduction.

5.1. Planar Dynamical System Formulation
To analyze the traveling wave dynamics, we introduce the variable 𝑦 = 𝐹′ (𝜉) and convert the second-order ODE (23)

into a two-dimensional autonomous system:

𝑑𝐹

𝑑𝜉
= 𝑦,

𝑑𝑦

𝑑𝜉
=

2
3
𝑦2

𝐹
− 1

3𝜎1𝐹
𝑃(𝐹), (124)

where 𝑃(𝐹) = 𝜎2𝐹
4 + 𝜎3𝐹

3 − 𝜎4𝐹
2 + 𝜎5𝐹 + 𝜎6. This system is singular along the line 𝐹 = 0 due to the division by

𝐹. To remove this mathematical singularity while preserving the topological structure of the phase portrait, we apply the
geometric singular perturbation method via the time-rescaling transformation 𝑑𝜉 = 𝐹 𝑑𝜏. This yields the regular system:

𝑑𝐹

𝑑𝜏
= 𝐹𝑦,

𝑑𝑦

𝑑𝜏
=

2
3
𝑦2 − 1

3𝜎1
𝑃(𝐹). (125)

Systems (124) and (125) are topologically equivalent except on the singular line 𝐹 = 0.

5.2. Hamiltonian Structure and First Integral
System (125) is conservative and admits a Hamiltonian formulation. A first integral can be obtained via direct

integration, yielding the conserved quantity

𝐻 (𝐹, 𝑦) = 𝐹−4/3𝑦2 + 1
𝜎1

(
𝜎2
4
𝐹8/3 + 2𝜎3

5
𝐹5/3 − 𝜎4𝐹

2/3 − 2𝜎5𝐹
−1/3 − 𝜎6

2
𝐹−4/3

)
= ℎ, (126)

where ℎ is a constant. Level curves 𝐻 (𝐹, 𝑦) = ℎ define the trajectories in the phase plane: closed orbits correspond to
periodic traveling waves, homoclinic orbits to solitary waves, and heteroclinic orbits to kink or anti-kink waves.

5.3. Equilibrium Points and Linear Stability
Equilibrium points of the regular system (125) satisfy 𝐹𝑦 = 0 and 2

3 𝑦
2 − 1

3𝜎1
𝑃(𝐹) = 0. Excluding the singular line

𝐹 = 0, we obtain 𝑦 = 0 and consequently 𝑃(𝐹) = 0. Hence, equilibria are of the form (𝐹𝑖 , 0), where 𝐹𝑖 are the real roots
of the quartic polynomial

𝑃(𝐹) = 𝜎2𝐹
4 + 𝜎3𝐹

3 − 𝜎4𝐹
2 + 𝜎5𝐹 + 𝜎6 = 0. (127)
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The number of real equilibria can be 0, 2, or 4 (counting multiplicities), depending on the parameter values. Linearizing
(125) about an equilibrium (𝐹𝑖 , 0) gives the Jacobian matrix

𝐽 (𝐹𝑖 , 0) =


0 𝐹𝑖

− 1
3𝜎1

𝑃′ (𝐹𝑖) 0

 , (128)

where 𝑃′ (𝐹) = 4𝜎2𝐹
3 + 3𝜎3𝐹

2 − 2𝜎4𝐹 + 𝜎5. The characteristic equation is 𝜆2 + 𝐹𝑖𝑃
′ (𝐹𝑖)

3𝜎1
= 0, yielding eigenvalues

𝜆 = ±

√︄
− 𝐹𝑖𝑃

′ (𝐹𝑖)
3𝜎1

. (129)

Defining Δ𝑖 = −𝐹𝑖𝑃
′ (𝐹𝑖)

3𝜎1
, the stability type is determined as follows. When Δ𝑖 > 0, the eigenvalues are real with opposite

signs, corresponding to a saddle point (unstable). When Δ𝑖 < 0, the eigenvalues are purely imaginary, corresponding to
a center (stable, surrounded by periodic orbits). The degenerate case Δ𝑖 = 0 requires higher-order analysis. Because the
system is conservative (Hamiltonian), centers are nonlinearly stable and give rise to families of periodic orbits.

5.4. Phase Portraits and Numerical Illustrations
To illustrate the rich dynamical behavior, we examine three representative parameter sets. For each, we compute the

equilibrium points, classify their stability, and plot the phase portrait along with a sample temporal evolution.
Case 1. Parameters: 𝜎1 = 1, 𝜎2 = 1, 𝜎3 = 0, 𝜎4 = 40, 𝜎5 = 0, 𝜎6 = 144. The quartic factors as 𝑃(𝐹) = (𝐹 − 2) (𝐹 +
2) (𝐹−6) (𝐹+6), giving four equilibria: (±2, 0) and (±6, 0). Linear stability analysis shows that at 𝐹 = ±6 we have Δ < 0,
indicating centers, while at 𝐹 = ±2 we have Δ > 0, indicating saddles. The phase portrait (Fig. 6a) displays two families of
periodic orbits encircling the centers, separated by heteroclinic orbits connecting the saddles. The corresponding temporal
profiles (Fig. 6b) exhibit periodic oscillations around 𝐹 = ±6.
Case 2. Parameters: 𝜎1 = 1, 𝜎2 = 1, 𝜎3 = 0, 𝜎4 = 18.25, 𝜎5 = 0, 𝜎6 = 36. Here 𝑃(𝐹) = (𝐹 − 4) (𝐹 + 4) (𝐹 − 1.5) (𝐹 +
1.5), yielding equilibria at (±1.5, 0) and (±4, 0). Stability analysis confirms centers at 𝐹 = ±4 and saddles at 𝐹 = ±1.5.
The phase portrait (Fig. 7a) again shows two centers surrounded by periodic orbits, with separatrices emanating from the
saddles. Temporal evolution (Fig. 7b) confirms the periodic motion around the centers.
Case 3. Parameters: 𝜎1 = 1, 𝜎2 = 1, 𝜎3 = −2, 𝜎4 = 45, 𝜎5 = −34, 𝜎6 = 80. The polynomial factors as 𝑃(𝐹) =

(𝐹 + 5) (𝐹 + 2) (𝐹 − 1) (𝐹 − 8), with equilibria at (−5, 0), (−2, 0), (1, 0), (8, 0). Stability analysis reveals centers at 𝐹 =

−5 and 𝐹 = 8, and saddles at 𝐹 = −2 and 𝐹 = 1. Despite the lack of symmetry, the phase portrait (Fig. 8a) retains
the characteristic structure of two centers separated by saddle points. The temporal dynamics (Fig. 8b) display periodic
oscillations around each center.

-6 -4 -2 0 2 4 6

-10

-5

0

5

10

F

y

(a) Phase portrait in the (𝐹, 𝑦)-plane for the regularized
system (125).

1 2 3 4 5 6
τ

-5

5

F

F₀=-5.90

F₀=-2.60

F₀=-1.90

F₀= 2.10

F₀= 3.30

F₀= 6.80

1 2 3 4 5 6
τ

-15

-10

-5

5

10

15

y

y₀= 0.20

y₀= 0.05

y₀= 0.10

y₀=-0.05

y₀= 0.15

y₀=-0.10

(b) Temporal evolution of 𝐹 (𝜏) and 𝑦(𝜏) for a trajectory
near the center at 𝐹 = 6.

Figure 6. Bifurcation structure for Case 1: two centers at 𝐹 = ±6 and two saddles at 𝐹 = ±2. Closed orbits correspond to periodic
traveling waves, while the separatrices demarcate regions of distinct dynamical behavior.
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(a) Phase portrait for the regularized system (125).
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(b) Temporal evolution of 𝐹 (𝜏) and 𝑦(𝜏) for a periodic
orbit around 𝐹 = 4.

Figure 7. Bifurcation structure for Case 2: centers at 𝐹 = ±4 and saddles at 𝐹 = ±1.5. The Hamiltonian level curves generate families
of periodic solutions and heteroclinic connections.
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(a) Phase portrait for the regularized system (125).
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(b) Temporal evolution of 𝐹 (𝜏) and 𝑦(𝜏) for a trajectory
near the center at 𝐹 = 8.

Figure 8. Bifurcation structure for Case 3: centers at 𝐹 = −5 and 𝐹 = 8, saddles at 𝐹 = −2 and 𝐹 = 1. The asymmetric arrangement
still yields two disjoint families of periodic orbits, illustrating the robustness of the Hamiltonian structure.

5.5. Bifurcation Interpretation
The parameter 𝜎6 (or any of the 𝜎𝑖) can be treated as a bifurcation parameter. As it varies, the roots of 𝑃(𝐹)

coalesce or split, leading to saddle-node bifurcations where equilibria appear or disappear. In a conservative system
like (125), Hopf bifurcations are absent because eigenvalues are always symmetric about the imaginary axis. However,
degenerate bifurcations (e.g., when Δ𝑖 = 0) may occur, leading to cusps or higher-order singularities. The phase
portraits presented correspond to generic cases where all equilibria are hyperbolic (non-degenerate). The existence of
periodic orbits around each center follows directly from the Hamiltonian nature and the non-degeneracy condition Δ𝑖 < 0.
Moreover, the separatrices emanating from the saddles form homoclinic or heteroclinic loops, which in the original wave
variable correspond to solitary wave or front solutions. In summary, the bifurcation analysis reveals that the traveling
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wave dynamics of the Kudryashov model are organized by a Hamiltonian planar system with up to four equilibria. The
qualitative behavior—whether the wave profile is periodic, solitary, or unbounded—is determined by the level set of the
Hamiltonian and the arrangement of saddles and centers. This geometric perspective complements the explicit solutions
obtained via MEMM and provides a global view of the solution space.

6. CONCLUSIONS
In this research, we have successfully employed the Modified Extended Mapping Method (MEMM) to construct a

comprehensive set of exact traveling wave solutions for the coupled (1+1)-dimensional Kudryashov’s equation, a nonlinear
partial differential equation pivotal for modeling complex wave phenomena in birefringent optical fibers. The MEMM
proved to be a powerful and systematic tool, transforming the coupled nonlinear PDEs into an ordinary differential
equation, thereby enabling the derivation of diverse analytical solutions. These solutions encompass a wide range of
forms, including bright and singular solitons, periodic waves, rational, exponential, Weierstrass elliptic, and Jacobi elliptic
functions, each capturing distinct wave dynamics relevant to applications in nonlinear optics, optical communication
systems, and other nonlinear systems. The modulation instability analysis provided critical insights into the stability
of steady-state solutions, highlighting the interplay between dispersion and nonlinearity. The incorporation of 3D and
2D visualizations further elucidated the spatiotemporal evolution of these solutions, offering a clear interpretation of
wave propagation and interaction behaviors. This study significantly enhances the analytical framework for investigating
higher-order nonlinear wave equations, providing robust tools for theoretical and applied research in nonlinear science.
The analytical solutions to the coupled Kudryashov’s equation offer a deeper understanding of the intricate nonlinear
dynamics governed by this model, particularly in describing solitary wave interactions, periodic wave patterns, and singular
structures in birefringent fibers. The diversity of solution types—ranging from hyperbolic and trigonometric to elliptic and
rational forms—underscores the equation’s versatility in capturing a broad spectrum of physical behaviors under various
parametric conditions. The graphical representations, including 3D plots depicting wave evolution and 2D plots illustrating
temporal profiles, bridge the gap between mathematical solutions and their physical implications. These visualizations
highlight the MEMM’s efficacy in uncovering complex wave patterns, such as soliton stability and periodic oscillations,
which are critical for applications in nonlinear optics, optical communication systems, and birefringent fiber modeling.
Compared to Biswas et al.’s initial study [24], which utilized the extended trial function method, the MEMM expands
the solution landscape by providing new analytical solutions, including elliptic and rational solutions, thereby enhancing
the theoretical comprehension of the model’s integrability and dynamical behavior. However, the dependence on specific
parameter constraints (e.g., 𝑐𝑖 values) to obtain these solutions suggests potential limitations in their generalizability,
particularly for arbitrary initial or boundary conditions. Additionally, the presence of singular solutions indicates regions
of instability that require further investigation to assess their physical relevance. These considerations highlight the need
for complementary numerical or experimental studies to validate the practical applicability of the derived solutions. This
study opens several promising directions for future research. First, numerical simulations could be conducted to verify the
stability and long-term behavior of the derived analytical solutions, especially under realistic physical conditions relevant to
systems modeled by the Kudryashov’s equation, such as birefringent fibers or optical wave propagation. Such simulations
could also explore the impact of external perturbations or variable coefficients on wave dynamics. Second, extending the
MEMM to other higher-order or multidimensional nonlinear PDEs, such as those in plasma physics or geophysical fluid
dynamics, could further demonstrate its robustness and versatility, potentially uncovering new solution classes. Third, a
deeper investigation into the integrability properties of the Kudryashov’s equation using alternative techniques, such as
the inverse scattering transform or Painlevé analysis, could provide additional insights into its soliton interactions and
non-integrable regimes. Additionally, integrating machine learning-based approaches to approximate solutions or predict
wave behaviors could complement the analytical framework, particularly for complex parameter spaces. Finally, linking
the derived solutions to experimental data from relevant physical systems, such as optical fiber experiments or photonic
studies, could enhance their practical utility, enabling applications in wave prediction, signal transmission optimization,
or advanced material design. These prospective efforts are expected to consolidate the link bridging theoretical progress
with practical implementations within nonlinear wave studies.
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ШРЕДIНГЕРА ТИПУ КУДРЯШОВА ЗА ДОПОМОГОЮМОДИФIКОВАНОГОМЕТОДУ
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Уцьому дослiдженнi отримано точнi розв’язки бiжучої хвилi та проведено бiфуркацiйний аналiз для зв’язаного (1+1)-вимiрного
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The nuclear ground state and beta decay properties of neutron-rich odd-odd and odd-𝐴 104−116Rh isotopes are studied by utilizing the
relativistic mean-field (RMF) and proton-neutron quasi-particle random phase approximation (pn-QRPA) models. Potential energy
surfaces and potential energy curves are examined to investigate the nuclear deformations, nuclear stability, and shape phase transitions.
The Gamow-Teller (GT) strength distributions and 𝛽-decay properties are obtained based on a deformed pn-QRPA framework. The
computed half-lives and log ft values are in good agreement with existing experimental data, supporting the utilization of nuclear
models. Additionally, stellar weak interaction rates are calculated as a function of density and temperature, emphasizing their influence
on nucleosynthesis in astrophysical environments. For neutron-rich Rh isotopes, the results provide useful nuclear structural data and
reliable inputs for the 𝑟-process modeling.
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1. INTRODUCTION
The GT strength of atomic nuclei is extensively investigated and applied in nuclear and astrophysical research. It

makes a substantial contribution to nuclear spectroscopy. Accurate modeling and a more comprehensive understanding of
foundational nuclear processes depend on precise measurements and underlying theories related to the low-energy nuclear
structure, including the GT strengths, half-lives, and stellar weak rates. The study of the available nuclear ground state
properties remains a fundamental pillar in nuclear astrophysics today. It provides the information needed to comprehend
the forces that dominate many-body nucleonic systems [1].

The neutron-rich nuclei are mostly unstable and have unique properties such as structural evolution, different shell
closures, altered binding energies, and distinct 𝛽 decay patterns compared to stable isotopes. Neutron-rich nuclei primarily
decay via the 𝛽− mechanism, where a neutron transforms into a proton by emitting an electron. Before decay, the nucleus
is far from the stability line. The decay changes the element (e.g., Rh decays to Pd) and moves the nucleus closer to the
line of stability, balancing the neutron-proton ratio. Particularly, the 𝛽− decay properties, including the half-lives and GT
strength, provide essential information about the stellar weak interaction rates that play an important role in nucleosynthesis
processes [2]. The beta decay properties are calculated using the pn-QRPA model [3–5]. The neutron-rich nuclei in the
mass range 𝐴 ∼ 110-120 have attracted considerable attention from both theoretical and experimental studies as they show
rapid variation observed in their ground-state structure and low-lying excited states [6, 7]. The information about the
nuclear structure is carried by the GT strength distribution. It largely depends on the ground-state deformation of the
parent nuclei [8]. Neutron-rich nuclei in the mass range 𝐴 ∼ 104–113 exhibit rapid structural evolution due to deformation,
pairing correlations, and shell effects. A large number of nuclei in this mass region are located far from the valley of 𝛽
stability and are therefore not accessible to experimental investigations. Consequently, their properties must be studied
using theoretical approaches. It is estimated that nearly 6000 nuclei exist between the valley of 𝛽 stability and the neutron
drip line. This specific location makes Rh isotopes ideal for studying the conflict between the effects of the spherical
shell and the initial phases of collective deformation [9–13]. Nuclear density functional theory provides the theoretical
foundation for the analysis of nuclear ground-state properties, especially nuclear deformation and nuclear shape transitions
from oblate to prolate shapes. In the present analysis, we employed the RMF model with the density-dependent meson
(DD-ME2) interaction to extract the nuclear deformation of the nuclei under investigation. The pn-QRPA model has been
used for spectroscopic investigations including log ft values, half-lives and stellar weak rates [14] of Rh nuclei. Both RMF
and pn-QRPA models are widely employed for the investigation of nuclear structure and 𝛽 decay properties. The RMF
framework is based on a small number of parameters optimized using nuclear matter properties and experimental data of
stable nuclei located near the valley of 𝛽 stability [15].

The present work is structured as follows. Section 2 provides a brief explanation of the theoretical foundation.
Section 3 discusses nuclear ground state parameters including decay half-lives, weak decay rates, predicted GT strength,
and log ft values. The final portion contains our concluding observations.
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2. THEORETICAL FRAMEWORKS
2.1. The RMF Model

The RMF model describes how nuclei exchange mesons and photons [16]. The incompressibility and surface
attributes of nuclei were challenging for the initially proposed version of the RMF framework. In order to accomplish
this, a nonlinear framework of RMF was developed [17]. Following the introduction of further model versions, such as
DD-ME2 and DD-PC1, the concept was referred to as covariant density functional theory (CDFT) [18,19]. In the present
investigation, we used the DD-ME2 version of the model. Conventional quantum hydrodynamics uses Dirac fermions
coupled to meson exchange as an effective Lagrangian to describe a nuclide [20, 21]. The RMF approach defines the
simplest set of meson fields for determining the bulk and single-particle nuclear parameters, employing the isoscalar
scalar (𝜎), isoscalar vector (𝜔), and isovector vector (𝜌) meson fields [7,22]. The Lagrangian density can be expressed as
follows:

𝐿 = 𝜓̄ [𝛾𝜇 (𝑖𝜕𝜇 −Γ𝜔𝜔
𝜇 −Γ𝜌 ®𝜏 · ®𝜌𝜇) − (𝑀 −Γ𝜎𝜎) − 𝑒𝛾𝜇𝐴𝜇

1− 𝜏3
2

]𝜓+ 1
2
(𝜕𝜇𝜎𝜕𝜇𝜎−𝑚2

𝜎𝜎
2)

−1
4
Ω𝜇𝜈Ω𝜇𝜈 +

1
2
𝑚2

𝜔𝜔
𝜇𝜔𝜇 −

1
4
®𝑅𝜇𝜈 · ®𝑅𝜇𝜈 +

1
2
𝑚2

𝜌 ®𝜌𝜇 · ®𝜌𝜇 −
1
4
𝐹𝜇𝜈𝐹𝜇𝜈 ,

(1)

where Γ𝜎 , Γ𝜔 , and Γ𝜌 are the coupling constants and depend on the (nucleon) density and are described as

Γ𝑖 (𝜌) = Γ𝑖 (𝜌sat) 𝑓𝑖 (𝑥), (2)

where 𝑖 = 𝜎, 𝜔 and 𝜌 mesons. 𝑓 (𝑥) is a function of 𝑥 = 𝜌𝑏/𝜌sat, where 𝜌𝑏 is the baryon density and 𝜌sat is the baryon
density at saturation in symmetric nuclear matter. For 𝜎 or 𝜔 meson, the respective 𝑓 (𝑥) is

𝑓 𝑗 (𝑥) = 𝑎 𝑗

1+ 𝑏 𝑗 (𝑥+ 𝑑 𝑗 )2

1+ 𝑐 𝑗 (𝑥+ 𝑑 𝑗 )2 , where 𝑗 = 𝜎,𝜔, (2)

where for the 𝜌 meson,
𝑓𝜌 (𝑥) = 𝑒 (−𝑎𝜌 (𝑥−1) ) . (3)

Modifying the Lagrangian with reference to 𝜓̄ yields the single-nucleon Dirac equation with nucleon self-energies [23,24].
We utilize the Dirac-Hartree-Bogoliubov (DIRHB) code [23] to generate the PEC and PES of 104−116Rh as a function of
𝛽2 and 𝛾, using DD-ME2 [25] interactions. The 𝛽2 and 𝛾 are calculated below:

𝛽2 =
√︃
𝑎2

20 +2𝑎2
22 and 𝛾 = arctan(

√
2

a22
a20

), (4)

where 𝑎20 and 𝑎22 are the deformation parameters computed via Ref. [23]. Quadrupole moment constraints were used in
RMF calculations to achieve these calculations. The pairing correlations, which are assumed to be essential for open-shell
nuclei, were investigated using the Bardeen-Cooper-Schrieffer (BCS) method. Furthermore, the ground state variables
stated above were determined utilizing the constant G approximation [26].

2.2. The pn-QRPA Model
The stellar weak rates are described within the framework of the pn-QRPA model. The Hamiltonian of the pn-QRPA

model is structured as follows:
𝐻𝑄𝑅𝑃𝐴 = 𝐻𝑠𝑝 +𝑉 𝑝𝑎𝑖𝑟 +𝑉 𝑝𝑝

𝐺𝑇
+𝑉 𝑝ℎ

𝐺𝑇
(5)

where 𝐻𝑠𝑝 , 𝑉pair, 𝑉 𝑝𝑝

𝐺𝑇
and 𝑉

𝑝ℎ

𝐺𝑇
are the single-particle Hamiltonians, the pairing potential, the particle-particle, and the

particle-hole strength, respectively. The wave functions and energy of a single particle were assessed using the Nilsson
approach [27]. The Nilsson potential variables have been selected based on Ref. [28]. The 𝑄-energies were analyzed
utilizing the mass excess from Ref. [29] and 𝛽2 from the RMF Ref. [30]. These assessments were conducted independently
for protons (neutrons), employing a constant pairing force of strength G (𝐺𝑛 for neutrons and 𝐺 𝑝 for protons):

𝑉𝑝𝑎𝑖𝑟 = −𝐺
∑︁
𝑗𝑘 𝑗

′
𝑘
′
(−1)𝑙+ 𝑗−𝑘𝑠†

𝑗𝑘
𝑠
†
𝑗−𝑘 × (−1)𝑙

′+ 𝑗
′−𝑘′ 𝑠 𝑗′−𝑘′ 𝑠 𝑗′ 𝑘′ ,

Only positive numbers 𝑘 and 𝑘 ′ are to be summed over. The nucleon’s spherical basis (s 𝑗𝑘 , s†
𝑗𝑘

) is transformed into a
deformed basis (d𝑘𝛼,d†𝑘𝛼) using:

d†
𝑘𝛼

= Σ 𝑗𝐷
𝑘𝛼
𝑗 s†

𝑗𝑘
, (6)

The Hamiltonian was diagonalized via an additional quantum number 𝛼 to create 𝐷𝑘𝛼. The Bogoliubov transformation
was applied to obtain the quasi-particle basis (𝑞†

𝑘𝛼
, 𝑞𝑘𝛼).

𝑞
†
𝑘𝛼

= 𝑢𝑘𝛼𝑑
†
𝑘𝛼

− 𝑣𝑘𝛼𝑑 𝑘̄ 𝛼, (7)
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𝑞
†
𝑘̄ 𝛼

= 𝑢𝑘𝛼𝑑
†
𝑘̄ 𝛼

+ 𝑣𝑘𝛼𝑑𝑘𝛼, (8)

𝑘̄ denoted 𝑘’s time-reversed state. The occupancy was determined using the BCS equations, with the basis 𝑣2
𝑘𝛼

+ 𝑢2
𝑘𝛼

= 1. The random phase approximation (RPA) framework is used to handle the residual interaction introduced in the
Hamiltonian that establishes ground-state correlation. The pn-QRPA phonon creation operators are as follows:

𝐴†
𝜔 (𝜇) =

∑︁
𝑝𝑛

[𝑋 𝑝𝑛
𝜔 (𝜇)𝑞†𝑝𝑞†𝑛 −𝑌

𝑝𝑛
𝜔 (𝜇)𝑞𝑛𝑞𝑝], (9)

X𝜔 and Y𝜔 are the phonon amplitudes, while 𝑛 and 𝑝 are the quasi-particle states. The sum 𝑝-𝑛 pairings satisfy 𝜇 = 𝑘𝑛−
𝑘 𝑝=(1, 0, -1) and 𝜋𝑛 · 𝜋𝑝=1. The RPA expresses the eigenvalue as 𝜔, which is the excitation energy. The particle-particle
interaction (𝜅) and particle-hole interaction (𝜒) are the GT forces that are considered to be residual forces within the
framework of pn-QRPA. The basis for the particle-particle forces is expressed as:

𝑉
𝑝𝑝

𝐺𝑇
= −2𝜅

1∑︁
𝜇=−1

(−1)𝜇𝑂†
𝜇𝑂−𝜇, (10)

with

𝑂†
𝜇 =

∑︁
𝑗𝑝𝑘𝑝 𝑗𝑛𝑘𝑛

< 𝑗𝑛𝑘𝑛 | (𝑡±𝜎𝜇)† | 𝑗𝑝𝑘 𝑝 > ×(−1)𝑙𝑛+ 𝑗𝑛−𝑘𝑛 𝑠†
𝑗𝑝𝑘𝑝

𝑠
†
𝑗𝑛−𝑘𝑛 .

Furthermore, in order to examine the 𝜒 interaction, we employed:

𝑉
𝑝ℎ

𝐺𝑇
= +2𝜒

1∑︁
𝜇=−1

(−1)𝜇𝑈𝜇𝑈
†
−𝜇, (11)

with
𝑈𝜇 =

∑︁
𝑗𝑝𝑘𝑝 𝑗𝑛𝑘𝑛

< 𝑗𝑝𝑘 𝑝 | 𝑡± 𝜎𝜇 | 𝑗𝑛𝑘𝑛 > 𝑠
†
𝑗𝑝𝑘𝑝

𝑠 𝑗𝑛𝑘𝑛 . (12)

Incorporating the residual interaction is essential for accurately reproducing reported GT strength and has a significant
effect on the computed GT strength. The GT matrix element has been computed using

𝐵𝐺𝑇 (𝜔) = |⟨𝜔, 𝜇 | |𝜏−𝜎𝜇 | |𝑄𝑅𝑃𝐴⟩|2. (13)

The partial half-lives (𝑡1/2) were analyzed using the following formula.

𝑡1/2 =
𝜅

(𝑔𝐴/𝑔𝑉 )2 𝑓 (𝐴, 𝑍, 𝐸)𝐵𝐺𝑇 (𝜔) + 𝑓 (𝐴, 𝑍, 𝐸)𝐵𝐹 (𝜔)
, (14)

𝑔𝐴/𝑔𝑉 is the ratio of axial and vector coupling constants, and 𝜅 = 6143 𝑠 [27]. 𝑓 (𝐴, 𝑍, 𝐸) is the phase space integral. 𝐵𝐹

and 𝐵𝐺𝑇 are the Fermi and GT matrix elements, respectively. The beta-decay half-lives are computed as

𝑇1/2 =

( ∑︁
0≤𝜔≤𝑄

( 1
𝑡1/2

)
)−1

. (15)

For additional analysis of Eq. (5), see [28, 29]. Taking into account the above relation, we obtain the relation for the ft as
follows:

𝑓 𝑡 =
𝜅

(𝑔𝐴/𝑔𝑉 )2𝐵𝐺𝑇 +𝐵 𝑓

(16)

The stellar weak rates were calculated from the initial state 𝑖 to the final state 𝑓 by utilizing

𝜆
𝛽−/𝑃𝐶
𝑖 𝑓

= ln2
𝑓
𝛽−/𝑃𝐶
𝑖 𝑓

(𝜌,𝑇, 𝐸 𝑓 )
( 𝑓 𝑡)𝑖 𝑓

. (17)

The ( 𝑓 𝑡)𝑖 𝑓 is represented as:
𝑓 𝑡𝑖 𝑓 = (𝑔𝐴/𝑔𝑉 )2𝐵

𝑖 𝑓

𝐺𝑇
+𝐵

𝑖 𝑓

𝐹
, (18)

𝐵
𝑖 𝑓

𝐺𝑇
=

1
2J +1

⟨𝜓 𝑓 ∥
∑︁
𝑘

𝜏𝑘−
−→𝜎 𝑘 ∥ 𝜓𝑖⟩|2, (19)
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𝐵
𝑖 𝑓

𝐹
=

1
2J +1

⟨𝜓 𝑓 ∥
∑︁
𝑘

𝜏𝑘− ∥ 𝜓𝑖⟩|2. (20)

where J is the angular momentum of the initial state. The analysis of nuclear matrix elements and the creation of low-lying
excited states in our present investigation may be mentioned in [29]. The phase space integrals 𝑓

𝛽−/𝑃𝐶
𝑖 𝑓

are defined to be
dimensionless and depend on certain stellar variables, including the stellar density and stellar temperature. Phase space
integrals are expressed as:

𝑓
𝛽−

𝑖 𝑓
=

∫ 𝐸𝛽

1
𝐸𝑘

√︃
𝐸2
𝑘
−1(𝐸𝛽 −𝐸𝑘)2𝐹 (𝑍,𝐸𝑘) (1−𝐺−)𝑑𝐸𝑘 . (21)

The 𝑓 𝑃𝐶
𝑖 𝑓

for positron capture was evaluated using:

𝑓 𝑃𝐶𝑖 𝑓 =

∫ ∞

𝐸𝑙

𝐸𝑘

√︃
𝐸2
𝑘
−1(𝐸𝛽 +𝐸𝑘)2𝐹 (−𝑍,𝐸𝑘)𝐺+𝑑𝐸𝑘 , (22)

where 𝐸𝑘 and 𝐸𝛽 are the electron kinetic energy and the threshold energy during capture or emission. Energies are stated
in units of the electron rest mass (𝑚𝑒𝑐

2). We further adopted natural units (ℏ = 𝑐 = 𝑚𝑒 = 1), where 𝑚𝑒 is the electron rest
mass. 𝐹 (+𝑍, 𝐸𝑘) is calculated using the approach described in Ref. [30]. We determined the 𝛽 decay kinematics with:

𝐸𝛽 = 𝑚𝑝 −𝑚𝑑 +𝐸𝑝 −𝐸𝑑 , (23)

𝐸𝑝 , 𝑚𝑝 and 𝑚𝑑 , 𝐸𝑑 denotes the parent and daughter nuclei’s respective excitation energies and masses. The functions 𝐺∓
mentioned in equation (21) are defined as:

𝐺− =

[
exp

(
𝐸𝑘 −𝐸 𝑓

𝑘𝑏𝑇

)
+1

]−1
, (24)

𝐺+ =

[
exp

(
𝐸𝑘 +2−𝐸 𝑓

𝑘𝑏𝑇

)
+1

]−1
, (25)

where 𝑘𝑏 refers to the Boltzmann constant and 𝐸 𝑓 is the Fermi energy of the electron. The number density of protons and
neutrons was calculated by

𝜌𝑌𝑒𝑁𝐴 =
1
𝜋2

(𝑚𝑒𝑐

ℎ

)3 ∫ ∞

0
(𝐺− −𝐺+)𝑝2𝑑𝑝, (26)

𝑌𝑒 and 𝑁𝐴 represent the electron-proton ratio and Avogadro number, respectively. 𝑝 represents the momentum of leptons.
Stellar rates are determined with:

𝜆𝛽−/𝑃𝐶 =
∑︁
𝑖 𝑓

𝑃𝑚𝜆
𝛽−/𝑃𝐶
𝑖 𝑓

, (27)

where 𝑃𝑚 represents the parent nucleus occupation probability. We summed the initial and final states until our computed
rates reached the desired level of convergence.

3. RESULTS AND DISCUSSION
We conducted a systematic analysis of the nuclear deformation for 104−116Rh based on the potential energy curves

(PEC’s) and potential energy surfaces (PES’s), utilizing the RMF model. For this purpose, we computed the total binding
energy of the nuclei by constraining the 𝛽2 and 𝛾 via the RMF model with the DD-ME2 interaction. The PEC and PES
allow us to accurately demonstrate the phase shape transition of a particular isotope favors a prolate, oblate or spherical
shape. In order to obtain the PEC, we set a zero reference point at the minimum energy. The difference between the binding
energy at the particular 𝛽2 and lowest binding energy, is plotted against 𝛽2. In the mean-field model, a reliable convergence
can be achieved by considering as many shells of harmonic oscillators of Fermion (𝑁𝐹) and boson (𝑁𝐵). However, the
computation time increases significantly as the 𝑁𝐹 , and 𝑁𝐵 increases. We calculate the ground-state observable keeping
𝑁𝐹 = 12 and 𝑁𝐵 = 12. Increasing the nucleon number causes a transition in the shape of the nuclei, especially around
magic numbers or mid shells. It is evident from PEC’s analysis as displayed in Fig. 1 that nuclei possessing the neutron
numbers 𝑁 = 59 and 60 have a prolate shape, while 𝑁 = 62, 63, 64, 65, 67, 68, 69, and 71 exhibit an oblate shape in the
ground state. However, the 𝑁 = 60 and 61 isotopes have substantial shape coexistence. 106Rh has two local minima at 𝛽2
= -0.275 on 𝐸𝑥 = 0.0 MeV and at 𝛽2 = 0.2 on 𝐸𝑥 = 0.107 MeV via the DD-ME2 interaction. To generate the PES for the
listed nuclei, considerations were given to both 𝛽2 and 𝛾 deformations. Quadrupole shape deformations can be expressed
in terms of polar coordinates 𝛽2 and 𝛾. The prolate and oblate shapes are related to 𝛾 = 0◦, and 𝛾 = 60◦, respectively.
On the other hand, degrees of freedom are associated with the triaxial form (0 ≤ 𝛾 ≤ 60). In this particular analysis,
the restrictions were execute to the PES and deformations in the 𝛽2-𝛾 plane (0 ≤ 𝛾 ≤ 60). The minima spread in the 𝛾

direction indicates a tendency of gamma softness. From the PES’s analysis as mentioned in Fig. 2, 104Rh has a prolate
shape in its ground state, while 105Rh, 106Rh, 107Rh, and 108Rh have triaxial shapes. These isotopes have both the prolate
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Figure 1. Calculated PECs for Rh isotopes using the RMF with DD-ME2 interaction.

and oblate minima on the PEC plot against 𝛽2. Compared to the prolate energy minima, the oblate energy minima for
105Rh, 106Rh, 107Rh, and 108Rh are shallower. As a result, the ground state of these nuclei is more likely in a prolate shape.
Furthermore, the present investigation predicts the coexistence with minimal energy difference in 104−116Rh isotopes. The
present model-based extracted 𝛽2, along with the existing 𝛽2 from Ref. [32], is displayed in Table 1.

Table 1. The computed 𝛽2 for 104−116Rh along with 𝛽2 from Ref. [32].

Nuclei [32] This work
104Rh 0.217 0.225
105Rh 0.217 0.225
106Rh 0.250 -0.275
107Rh 0.250 -0.250
108Rh 0.250 -0.250
109Rh 0.262 -0.250
110Rh -0.248 -0.250
112Rh -0.248 -0.250
113Rh -0.248 -0.250
114Rh -0.258 -0.225
116Rh -0.258 0.250

In the subsequent part of our analysis, we employed the deformed pn-QRPA model to investigate the 𝛽 decay
properties, using the deformed pn-QRPA model. We used nuclear deformations from two different models, including the
RMF model with DDME2 interaction and the FRDM model. Let us define our recipe: the beta decay properties investigated
based on the deformation taken from the FRDM model is represented by pn-QRPA-FRDM, while the deformation taken
from the RMF-DDME2-based interaction is represented by pn-QRPA-DDME2. Table 2 displayed the log 𝑓 𝑡 values
calculated using the pn-QRPA-FRDM and pn-QRPA-DDME2 along with experimental data [34] for 105Rh, 113Rh, and
114Rh. The ratio between the computed and measured data is almost a factor of ≈ 1.5, which shows that the calculated log
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Figure 2. Calculated PES for Rh isotopes using the RMF with DD-ME2 interaction.

𝑓 𝑡’s are in good agreement with the experimental data. Figure 3 displays the comparison of the GT strength distributions,
computed via the pn-QRPA-FRDM and pn-QRPA-DDME2 for 113Rh as a function of excitation energy in the daughter
nucleus. The experimental data exhibit a fragmented GT strength distribution, with most of the strength concentrated
below 1.2 MeV. However, both pn-QRPA-FRDM and pn-QRPA-DDME2 calculations reproduce the general fragmentation
pattern and the presence of low-lying GT transitions, which play a crucial role in determining the 𝛽-decay half-life. The
calculations using both deformations predict relatively stronger GT strength at lower excitation energies. In contrast,
model approximations, such as the omission of deformation effects in the daughter nuclei, may cause slight discrepancies
between the computed and experimental results. Moreover, Fig. 3b represents the similar behavior for 114Rh as is observed
for 113Rh, where the GT strength is distributed over a wide range of excitation energies with dominant contributions at low
energies. The overall agreement between the calculated and experimental GT distributions demonstrates the reliability of
the pn-QRPA-FRDM and pn-QRPA-DDME2 deformations as input parameters for the prediction of 𝛽-decay properties of
neutron-rich Rh nuclei. Figure 4 compares our calculated half-lives for Rh nuclei with measured data [33]. Our predicted
half-lives for Rh nuclei are about a factor of two greater or lower than the experimental data.

After examining the terrestrial half-lives, log 𝑓 𝑡 values, and the GT strength distribution, considerations were given
to the stellar weak rates, including the electron emission rates (𝜆𝛽− ) and positron capture rates (𝜆𝑝𝑐) for the selected Rh
nuclei. The stellar 𝛽-decay rates are important input parameters for simulating the late phases of massive stars. Other
factors, e.g., magnetorotational effects [35], may also destabilize the stellar core. The stellar 𝛽-decay rates strongly depend
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Table 2. Experimental [34] and calculated log 𝑓 𝑡 values for neutron-rich Rh nuclei. Ratios are given to two decimal
places.

Decay E (keV) log 𝑓 𝑡Exp. log 𝑓 𝑡pn−QRPA−FRDM log 𝑓 𝑡pn−QRPA−DDME2 pn-QRPA-FRDM/Exp. pn-QRPA-DDME2/Exp.
105Rh → 105Pd

7/2+ → 5/2+ 0 5.729 4.42 4.44 1.29 1.29
7/2+ → 7/2+ 306.31 5.749 4.42 5.78 1.30 1.01
7/2+ → 5/2+ 319.23 5.118 4.42 4.92 1.16 1.04
7/2+ → 7/2+ 442.42 6.860 4.42 4.16 1.55 1.65

113Rh → 113Pd
7/2+ → 5/2+ 0 5.400 4.61 3.61 1.17 1.50
7/2+ → 7/2+ 189.51 5.900 4.59 5.24 1.28 1.13
7/2+ → 5/2+,7/2+ 349.15 5.000 5.66 5.25 1.13 1.05
7/2+ → 5/2+,7/2+ 372.99 6.700 5.13 4.59 1.31 1.46
7/2+ → 5/2+,7/2+ 409.24 5.190 4.46 5.64 1.16 1.09

114Rh → 114Pd
1+ → 0+ 0 5.900 5.33 3.80 1.11 1.55
1+ → 2+ 332.61 6.000 5.11 3.79 1.17 1.58
1+ → 2+ 694.64 5.700 5.11 5.42 1.12 1.05
1+ → 0+ 1115.50 6.100 5.60 4.15 1.09 1.47
1+ → 2+ 1391.66 6.100 5.60 4.15 1.09 1.47
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Figure 3. The GT strength distribution for 113−114Rh calculated using pn-QRPA-FRDM and pn-QRPA-DDME2-based
deformations along with experimental data [34].
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Figure 4. The present model-based and experimental [33] beta decay half-lives for the Rh nuclei.

on temperature and densities. At finite stellar temperatures, the parent nuclei are thermally populated, and their thermal
excitation influences the total weak rates. We analyzed the stellar weak rates at the densities 𝜌𝑌𝑒 = 107, 109, and 1011 g
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Table 3. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 104,105Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
104Rh 105Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 5.00×10−3 2.68×10−8 4.25×10−3 1.62×10−4

5 1.14×10−2 1.53×10−5 8.42×10−3 1.79×10−3

10 1.75×10−1 8.83×10−3 5.33×10−2 1.76×10−1

25 2.05×102 1.92×101 8.98×100 1.42×102

30 8.54×102 8.88×101 2.92×102 5.32×102

109 3 7.33×10−8 7.16×10−14 1.37×10−4 1.65×10−9

5 2.32×10−5 8.62×10−9 1.15×10−1 6.46×10−6

10 6.75×10−3 1.59×10−4 5.11×101 9.56×10−3

25 6.25×101 5.83×100 4.20×102 4.36×101

30 4.04×102 4.20×101 1.07×102 2.53×102

1011 3 2.62×10−39 6.34×10−45 8.41×1023 3.48×10−40

5 2.95×10−24 2.43×10−27 1.09×10−23 4.45×10−24

10 1.94×10−12 7.50×10−14 1.72×10−12 1.03×10−11

25 4.30×10−3 4.04×10−4 2.20×10−4 3.28×10−3

30 1.19×10−1 1.23×10−2 4.25×10−2 7.62×10−2

cm−3 and at the temperatures 𝑇9 = 3, 5, 10, 25, 30. We have displayed the stellar weak rates for 104−116Rh in Tables (3-6)
using the recipe as mentioned above. Generally, the stellar weak rates decrease with density and increase with temperature.
Utilizing both types of interactions, one can see that the stellar rates computed via the deformation taken from the FRDM
are many orders of magnitude higher than the rates computed via the deformation taken from the RMF-DDME2-based
interactions at low densities and low temperatures. However, at higher temperatures, T9≈30, the rates are enhanced by a
factor of 10 or less.

Table 4. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 106,107,108Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
106Rh 107Rh 108Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 1.51×10−5 2.35×10−7 4.25×10−2 7.42×10−2 2.86×10−2 7.42×10−2

5 7.86×10−5 8.21×10−5 6.10×10−2 1.08×10−1 6.10×10−2 1.08×10−1

10 1.65×10−2 2.23×10−2 7.91×10−1 7.34×10−1 7.91×10−1 7.34×10−1

25 5.85×101 2.68×101 6.18×102 2.13×102 6.18×102 2.13×102

30 2.87×102 1.19×102 2.32×103 7.23×102 2.32×103 7.23×102

109 3 1.88×10−11 3.16×10−12 6.44×10−7 2.62×10−6 6.44×10−7 2.62×10−6

5 4.12×10−8 8.60×10−8 1.11×10−4 4.01×10−4 1.11×10−4 4.01×10−4

10 1.62×10−4 5.28×10−4 3.42×10−2 5.86×10−2 3.42×10−2 5.86×10−2

25 1.77×101 8.17×100 1.89×102 6.67×101 1.89×102 6.67×101

30 1.36×102 5.64×101 1.10×103 3.44×102 1.10×103 3.44×102

1011 3 1.27×10−42 1.50×10−43 1.92×10−38 2.70×10−37 6.17×10−1 3.36×10−1

5 1.03×10−26 1.39×10−26 1.31×10−23 1.36×10−22 9.75×10−1 4.03×10−1

10 5.01×10−14 1.80×10−13 1.09×10−11 3.73×10−11 9.92×10−2 1.23×100

25 1.21×10−3 5.66×10−4 1.31×10−2 5.10×10−3 9.75×101 1.05×102

30 3.98×10−2 1.66×10−2 3.25×10−1 1.05×10−1 4.24×102 3.49×102

Table 5. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 109,110,112Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
109Rh 110Rh 112Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 6.17×10−1 3.36×10−1 4.25×10−1 1.63×100 5.97×10−2 1.11×101

5 9.75×10−1 4.03×10−1 4.76×10−1 2.00×100 8.27×10−2 1.24×101

10 9.92×10−2 1.23×100 2.11×100 4.75×100 2.40×101 2.40×101

25 9.75×101 1.05×102 7.77×102 2.03×102 2.04×102 2.19×102

30 4.24×102 3.49×102 2.74×103 6.16×102 5.44×102 6.05×102

109 3 2.11×10−7 3.67×10−4 1.06×10−1 2.89×10−2 1.53×10−9 1.99×10−1

5 2.08×10−5 5.30×10−3 2.64×10−3 1.01×10−1 1.79×10−3 3.27×10−1

10 3.64×10−1 2.00×10−1 1.26×10−1 1.08×100 2.40×10−2 7.42×100

25 2.98×101 3.53×101 2.39×102 7.52×101 2.04×102 2.19×102

30 2.01×102 1.69×102 1.30×103 3.06×102 5.44×102 6.05×102

1011 3 9.04×10−39 1.47×10−34 4.13×10−36 9.91×10−32 3.44×10−40 7.57×10−30

5 3.25×10−24 6.41×10−21 3.66×10−22 5.78×10−19 4.50×10−24 1.25×10−17

10 1.22×10−12 2.85×10−10 3.97×10−11 5.06×10−9 1.12×10−11 4.62×10−8

25 2.06×10−3 5.81×10−2 1.67×10−2 1.35×10−1 3.41×10−3 4.02×10−2

30 5.92×10−2 5.81×10−2 3.85×10−1 1.35×10−1 7.84×10−2 2.50×10−1
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Table 6. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 113,114,116Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
113Rh 114Rh 116Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 1.28×100 1.45×100 2.14×10−1 3.46×100 1.13×101 1.71×101

5 1.46×100 1.66×100 2.83×10−1 3.64×100 1.29×101 2.59×101

10 4.22×100 3.73×100 8.09×10−1 9.56×100 5.28×101 5.44×101

25 2.56×102 1.89×102 3.06×102 2.19×102 2.49×102 3.42×102

30 9.12×102 5.93×102 1.01×103 6.01×102 7.41×102 8.92×102

109 3 5.48×10−2 2.28×10−2 2.11×10−1 1.57×10−1 1.27×100 2.99×100

5 1.09×10−1 7.55×10−2 3.64×10−1 2.69×10−1 1.29×101 5.75×100

10 7.98×10−1 7.97×10−1 1.95×100 2.54×100 1.27×101 1.81×101

25 8.64×101 6.75×101 1.09×102 9.34×101 2.49×102 1.46×102

30 4.41×102 2.91×102 4.93×102 3.12×102 7.41×102 4.60×102

1011 3 2.40×10−32 2.63×10−32 1.17×10−30 5.87×10−30 1.13×10−10 1.08×10−8

5 5.64×10−20 1.73×10−19 6.12×10−19 1.00×10−17 6.12×10−9 4.04×10−8

10 4.75×10−10 2.01×10−9 1.70×10−9 4.04×10−8 1.70×10−7 2.77×10−8

25 7.69×10−3 9.50×10−3 1.15×10−2 3.73×10−2 1.15×10−2 2.29×10−2

30 1.41×10−1 1.12×10−1 1.69×10−1 2.36×10−1 1.30×10−1 2.02×10−1

4. CONCLUSIONS
In this work, we performed the analysis for neutron-rich 104−116Rh isotopes using the RMF and pn-QRPA models.

The nuclear shapes and their deformation are computed via the RMF framework, and the 𝛽-decay properties, including
the GT strength, the decay half-lives, and the log ft values, are analyzed via the pn-QRPA framework. The half-lives and
log ft values are obtained using the deformed pn-QRPA model, with 𝛽2 taken from the FRDM and RMF DD-ME2 based
interaction, are reasonably consistent with existing experimental data. Additionally, we have calculated the stellar 𝛽-decay
rates based on the deformed pn-QRPA model. Our analysis demonstrates a strong dependence on both temperature and
density. At lower temperatures, the ground-state transitions dominate the stellar weak rates because excited-state popula-
tions are lower, whereas excited-state populations increase significantly at higher temperatures, which impacts the stellar
weak rates. Increasing the density generally suppresses 𝛽-decay rates due to phase-space constraints. Overall, stellar
𝛽-decay rates rise with temperature and fall with increasing density.
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[32] P. Möller, A.J. Sierk, T. Ichikawa, and H. Sagawa, At. Data Nucl. Data Tables, 109–110, 1–204. (2016). https://doi.org/10.1016/j.

adt.2015.10.002
[33] M. Wang, W. J. Huang, F. G. Kondev, G. Audi, and S. Naimi, Chin. Phys. C, 45, 030003 (2021). https://doi.org/10.1088/1674-1137/

abddaf
[34] National Nuclear Data Center, Brookhaven National Laboratory. ”Nudat (nuclear structure and decay data).” (2008). https:

//www.nndc.bnl.gov/
[35] S. Usman, and A. Mushtaq Sci. Rep. 13 15315 (2023). https://doi.org/10.1038/s41598-023-42397-3

СТОСОВНО ЯДЕРНОЇ СТРУКТУРИ ТА СЛАБКУШВИДКIСТЬ ЗОРЯНОГО РОЗПАДУ БАГАТОГО
НА НЕЙТРОНИ IЗОТОПУ 104−116Rh

Абдул Кабiр1, Джамiль-Ун Набi2, Рахат Бадшах1, Аєша Анджум2
1Кафедра космiчних наук, Iнститут космiчних технологiй, Iсламабад, 44000, Пакистан

2Кафедра фiзики, Унiверситет Ваха, Ваканте, 47040, Пакистан
Основний стан ядра та властивостi бета-розпаду багатих на нейтрони непарних-непарних та непарних-𝐴 iзотопiв родiю
104−116Rh дослiджуються за допомогою моделей релятивiстського середнього поля (RMF) та наближення випадкової фази
протон-нейтронних квазiчастинок (pn-QRPA). Розподiл сили Гамова-Теллера (GT) та властивостi 𝛽-розпаду отриманi на основi
параметрiв деформацiї основного стану з розрахункiв RMF та включенi в структуру наближення квазiчастинкової випадко-
вої фази. Поверхнi потенцiйної енергiї та кривi потенцiйної енергiї дослiджуються для дослiдження ядерної стабiльностi та
переходiв форми. Розрахованi перiоди напiврозпаду та значення log ft добре узгоджуються з iснуючими експериментальними
даними, що пiдтверджує використання ядерних моделей. Крiм того, швидкостi слабкої взаємодiї зi зорями розрахованi як фун-
кцiя щiльностi та температури, що пiдкреслює їх вплив на нуклеосинтез в астрофiзичних середовищах. Для нейтроно-багатих
iзотопiв Rh результати надають кориснi данi про структуру ядра та надiйнi вхiднi данi для моделювання 𝑟-процесу.
Ключовi слова: pn-QRPA; властивостi основного стану ядра; ядернi деформацiї; поверхнi потенцiйної енергiї; log ft
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This paper investigates Einstein’s field equations within a cosmological model that incorporates a polytropic bulk viscous fluid, with
the gravitational and cosmological constants varying in a Bianchi type-I universe. It is observed that different time-dependent scenarios
yield variations in physical parameters, which hold significant implications for cosmic evolution. Key physical parameters, including
energy density, the gravitational constant, expansion scalar, the cosmological constant, the bulk viscosity coefficient and shear scalar
are examined for their physical significance. The geometrical and observational interpretations of the cosmological model are also
investigated.

Keywords: Bianchi Type-I; Shear Scalar; Bulk Viscosity; Expansion Scalar

1. INTRODUCTION
Cosmology investigates the origin and evolution of the universe, with a focus on its largest-scale structures and

dynamics, including the motion of celestial bodies. Advances in the twentieth century established the Big Bang as the
prevailing cosmological model, now widely accepted by the scientific community. These developments have also stimulated
speculation regarding the very beginning of the universe. Bianchi type-I spacetimes represent simple generalizations of the
flat Friedmann-Robertson-Walker (FRW) models. Observations, such as the late-time cosmic acceleration (Perlmutter et al.
[1–3]; Riess et al. [4]; Allen et al. [5]; Peebles et al. [6]; Padmanabhan [7]; Lima [8]; Khadekar [9]; Dhankar [10–18];
Munyeshyaka [19–21]; Gadbail [22]; Panda [23]; Kumar [24]; Thakran [25]; Samanta [26]; Sanyal [27]), reveal that the
universe is undergoing accelerated expansion.

The cosmological constant (Λ) is a subject of considerable interest, with recent observations suggesting a value of
approximately 10–55𝑐𝑚–2, which is dramatically smaller than the predictions from particle physics by about 120 orders
of magnitude. Λ remains a cornerstone of modern cosmological theory. Bulk viscosity, arising from phase transitions
in grand unified theories, may contribute to an inflationary phase in the early universe. There is substantial evidence
supporting a non-zero cosmological constant Riess et al. [28]. For instance, Zhang et al. [29] investigated Friedmann
cosmology on a codimension-2 brane with time-varying tension, demonstrating that Λ can remain independent of the brane
tension. Tiwari and Sharma [30] studied Bianchi type-III models incorporating strings and bulk viscosity within general
relativity, showing that such models can be shear-free. Wang [31–33], examined Bianchi type I–IX models in the presence
of string clouds. Numerous studies have explored viscous fluid cosmologies in the early universe. Tiwari et al. [34]
analyzed Bianchi type-I string cosmologies with bulk viscosity and a time-dependent Λ. Zeyauddin and Saha [35] studied
Bianchi type-V models incorporating bulk viscosity and particle production. Beesham et al. [36] proposed a Bianchi
type-I anisotropic model with a bulk viscous fluid, variable gravitational constant 𝐺, and Λ, where the bulk viscosity 𝜂 is
related to the energy density 𝜌 via 𝜂 = 𝜂0𝜌

𝑛, with 𝜂0 ≤ 0. They derived the modified Friedmann equation 3𝐻2 = 𝐺𝜌 +
𝜎2 + Λ, where 𝜎 denotes shear and 𝐻 is the Hubble parameter.

Further investigations by Tiwari [37], Tiwari and jha [38], Tiwari and Dwivedi [39] (2008–2010) explored isotropic
and anisotropic cosmologies, examining relationships among the cosmological constant Λ, the inverse power of the scale
factor (𝑅−𝑚), and the Hubble parameter 𝐻, with 𝑚 as a constant. Tiwari and Sharma [40] analyzed LRS Bianchi type-II
models featuring a decaying Λ, while Tiwari et al. [41] studied Bianchi type-I models with a perfect fluid in general
relativity. Numerous other researchers [42–62] have also investigated the behavior and implications of the cosmological
constant. Another intriguing topic is the possible variability of the gravitational constant 𝐺. While the conventional view,
based on Newtonian gravity and Einstein’s general relativity, treats 𝐺 as constant, some theories allow for its variation over
cosmic time. A time-varying 𝐺 could revolutionize fundamental physics and have profound astrophysical consequences.
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Dirac [63] proposed that 𝐺 decreases inversely with time when measured in atomic units, noting its approximate value as
10−40 at the present epoch.

Cosmological models that include bulk viscosity, together with time-dependent gravitational and cosmological
constants, have received significant attention in contemporary theoretical physics [64, 65]. Bulk viscosity arises naturally
in cosmic fluids due to particle interactions and phase transitions, and it can have a substantial impact on the dynamics of the
early universe [66]. In anisotropic spacetimes, such as Bianchi type-I models, viscous effects provide a useful framework
for exploring deviations from perfect fluid behavior while remaining compatible with observational constraints on cosmic
expansion. Models with variable gravitational 𝐺 and cosmological Λ constants offer an alternative to the standard
ΛCDM framework, potentially addressing unresolved issues related to dark energy and late-time cosmic acceleration [67].
Polytropic equations of state have been applied to describe bulk viscous fluids, extending the barotropic case and capturing
more intricate thermodynamic properties [68, 69]. These models often admit exact solutions to Einstein’s field equations,
allowing detailed investigations of the universe’s expansion history and the dissipation of anisotropy [64]. Moreover, the
combined influence of viscous effects and evolving 𝐺 and Λ can produce scenarios consistent with current observations
of cosmic acceleration without invoking exotic fields [70]. In this study, we focus on a Bianchi type-I cosmological model
with polytropic bulk viscosity, permitting both 𝐺 and Λ to vary over cosmic time, and we examine the evolution of key
cosmological parameters.

The structure of this paper is as follows: Section 2 presents the Bianchi type-I bulk viscous polytropic cosmological
model with variable 𝐺 and Λ. In Section 3, we derive solutions to Einstein’s field equations under specific equations of
state and compute various physical quantities, including scale factors, the Hubble parameter, the expansion scalar, and the
deceleration parameter. Section 4 summarizes our conclusions.

2. THE METRIC AND IT’S FIELD EQUATIONS
The spatially homogeneous and anisotropic Bianchi type-I spacetime is described by,

𝑑𝑠2 = −𝑑𝑡2 + 𝑋2
1 (𝑡)𝑑𝑥

2 + 𝑋2
2 (𝑡)𝑑𝑦

2 + 𝑋2
3 (𝑡)𝑑𝑧

2, (1)

where, 𝑋1 (𝑡), 𝑋2 (𝑡) and 𝑋3 (𝑡) are functions dependent solely on cosmic time 𝑡.
The energy–momentum tensor of a bulk viscous fluid is given by

𝑇 𝜈
𝜇 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝 𝑔𝜈𝜇, (2)

where the effective pressure is defined as
𝑝 = 𝑝 − 3𝜉𝐻. (3)

Here, 𝜌 and 𝑝 denote the energy density and equilibrium pressure, respectively, 𝜉 is the coefficient of bulk viscosity, 𝐻 is
the Hubble parameter, and the four-velocity 𝑢𝜇 satisfies the normalization condition 𝑔𝜇𝜈𝑢

𝜇𝑢𝜈 = −1.
The Einstein field equations are expressed as

𝑅𝜈
𝜇 − 1

2
𝑅𝑔𝜈𝜇 = −8𝜋𝐺𝑇 𝜈

𝜇 + Λ𝑔𝜈𝜇, (4)

where 𝐺 and Λ are the time-dependent gravitational and cosmological constants, respectively.
The expressions for the shear scalar 𝜌 and the expansion scalar Θ are provided as follows:

Θ = 𝑢𝜈;𝜇 =
1
3

(
¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
= 3𝐻,

𝜎2 =
1
2
𝜎𝜇𝜈𝜎

𝜇𝜈

=
1
3

( ¤𝑋2
1

𝑋2
1
+

¤𝑋2
2

𝑋2
2
+

¤𝑋2
3

𝑋2
3
−

¤𝑋1 ¤𝑋2
𝑋1𝑋2

−
¤𝑋2 ¤𝑋3
𝑋2𝑋3

−
¤𝑋1 ¤𝑋3
𝑋1𝑋3

)
. (5)

The Einstein’s field equation (4) supporting the metric (1) now become

¥𝑋2
𝑋2

+
¥𝑋3
𝑋3

+
¤𝑋2 ¤𝑋3
𝑋2𝑋3

= −8𝜋𝐺𝑝 + Λ, (6)

¥𝑋1
𝑋1

+
¥𝑋3
𝑋3

+
¤𝑋1 ¤𝑋3
𝑋1𝑋3

= −8𝜋𝐺𝑝 + Λ, (7)

¥𝑋1
𝑋1

+
¥𝑋2
𝑋2

+
¤𝑋1 ¤𝑋2
𝑋1𝑋2

= −8𝜋𝐺𝑝 + Λ, (8)
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¤𝑋1 ¤𝑋2
𝑋1𝑋2

+
¤𝑋2 ¤𝑋3
𝑋2𝑋3

+
¤𝑋1 ¤𝑋3
𝑋1𝑋3

= 8𝜋𝐺𝜌 + Λ, (9)

The divergence of the Einstein tensor produces an additional equation for the time variations of Λ and 𝐺, namely:(
𝑅𝜈
𝜇 − 1

2
𝑅𝑔𝜈𝜇

)
;𝜈
= 0

which leads to (
8𝜋𝐺𝑇 𝜈

𝜇 − Λ𝑔𝜈𝜇

)
;𝜈
= 0

yielding

8𝜋 ¤𝐺𝜌 + ¤Λ + 8𝜋𝐺
{
¤𝜌 +

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
(𝜌 + 𝑝)

}
= 0. (10)

The energy conservation Eq. (10) is divided into two equations after using Eq. (4), we get

¤𝜌 +
( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
(𝜌 + 𝑝) = 0, (11)

¤Λ + 8𝜋 ¤𝐺𝜌 = 8𝜋𝐺𝜉

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)2

= 0. (12)

3. SOLUTIONS OF THE FIELD EQUATIONS
We consider the relation as

𝜉 = 𝜉0𝜌
𝛽 (13)

where, 𝜉0 > 0, and 𝛽 is taken as a constant.
To derive the complete solution, we further consider the polytropic relation as follows:

𝑝 = 𝛼𝜌𝜁 (14)

where 𝛼 and 𝜁 are constants characterizing the polytropic fluid, and 𝜌 denotes the energy density. For simplicity, we set
the constant 𝜁 to unity.

We assume that the solution to the system of equations takes the following form:

¤𝑋1
𝑋1

=
¤𝑋2
𝑋2

=
𝛼1
𝑡𝑛

,
¤𝑋3
𝑋3

=
𝛼2
𝑡𝑛

(15)

where, 𝛼1, 𝛼2 both are constants [4].
Upon integrating equation (15), we obtain the solution as follows:

𝑋1 = 𝑋2 = 𝑎.𝑒𝑥𝑝

[
𝛼1𝑡

1−𝑛

(1 − 𝑛)

]
, 𝑋3 = 𝑏.𝑒𝑥𝑝

[
𝛼2𝑡

1−𝑛

(1 − 𝑛)

]
. (16)

where 𝑎 and 𝑏 are the constant of integration.
After using Eqns. (14) & (15) into Eq. (11), we have the values as given

¤𝜌
𝜌
= − (1 + 𝛼) (2𝛼1 + 𝛼2)

𝑡𝑛
(17)

After Integrating on both sides, we get

𝜌 = 𝛼3𝑒𝑥𝑝

[
−(1 + 𝛼) (2𝛼1 + 𝛼2)

𝑡1−𝑛

(1 − 𝑛)

]
, (18)

Differentiating Eq. (18) on both sides, we have

¤𝜌 = −𝛼3
(𝛼 + 1) (2𝛼1 + 𝛼2)

𝑡𝑛
𝑒𝑥𝑝

[
− (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
]
, (19)

By using Eq. (9), (15), (16) and differentiating on both sides, we have
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−
2𝑛(𝛼2

1 + 2𝛼1𝛼2)
𝑡 (1+2𝑛) = 8𝜋𝐺 ¤𝜌 + 8𝜋𝐺𝜉

[
(2𝛼1 + 𝛼2)

𝑡𝑛

]2
, (20)

Again, substituting Eqns. (13) & (19) into Eq. (20), we get the values as

𝐺 = −
𝑛(𝛼2

1 + 2𝛼1𝛼2)
4𝜋𝛼3𝑡2𝑛+1 .𝑒𝑥𝑝

{
(𝛼 + 1) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} [

− (𝛼 + 1) (2𝛼1 + 𝛼2)
𝑡𝑛

+ 𝜉0𝛼
𝛽−1
3 .

𝑒𝑥𝑝

{
− (𝛽 − 1) (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} ]−1

(21)

Λ =
(𝛼2

1 + 2𝛼1𝛼2)
𝑡2𝑛

+ 2𝑛
(𝛼2

1 + 2𝛼1𝛼2)
𝑡2𝑛+1

[
− (𝛼 + 1) (2𝛼1 + 𝛼2)

𝑡𝑛
+ 𝜉0𝛼

𝛽−1
3

.𝑒𝑥𝑝

{
− (𝛽 − 1) (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} ]−1

(22)

It should be noted that the parameters 𝛼1, 𝛼2, and 𝛼3 are dimensional constants with dimensions 𝑇 𝑛−1, as dictated by the
ansatz ¤𝑋𝑖/𝑋𝑖 = 𝛼𝑖𝑡

−𝑛, the dimension of 𝑡 being 𝑇 . Consequently, the expression for Λ remains dimensionally consistent
with dimension 𝐿−2 (or 𝑇−2 ) for arbitrary values of 𝑛. From the Eq. (13) and Eq. (18), we have

𝜉 = 𝜉0𝛼
𝛽

3 .𝑒𝑥𝑝

{
− 𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
}

(23)

Here 𝑛 ≠ 1.
Hence the metric in Eq. (1) simplifies to the following:

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2.𝑒𝑥𝑝

(
2𝛼1𝑡

1−𝑛

(1 − 𝑛)

)
(𝑑𝑥2 + 𝑑𝑦2)

+𝑏2.𝑒𝑥𝑝

(
2𝛼2𝑡

1−𝑛

(1 − 𝑛)

)
𝑑𝑧2. (24)

For the model in Eq. (24), the energy density 𝜌, Hubble constant 𝐻𝑖 , and coefficient of bulk viscosity 𝜉 are given by:

𝜌 = 𝛼3.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)

(𝑛 − 1)𝑡𝑛−1

}
(25)

𝐻1 = 𝐻2 =
𝛼1
𝑡𝑛

, 𝐻3 =
𝛼2
𝑡𝑛

(26)

where 𝑛 > 1.

𝜉 = 𝜉0𝛼
𝛽

3 .𝑒𝑥𝑝

{
− 𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
}

(27)

𝑝 = 𝛼.𝛼3.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)

(𝑛 − 1) 𝑡𝑛−1
}

(28)

4. GRAPHICAL REPRESENTATION OF PHYSICAL QUANTITIES
Figures 1 and 2 illustrate the temporal evolution of the energy density, 𝜌, which exhibits a mild increase at early

times followed by a more pronounced growth at later cosmic epochs. This behavior is indicative of a cosmological
model featuring dynamical phase transitions. The initial slow rise in 𝜌 is consistent with radiation- or matter-dominated
expansion, whereas the subsequent rapid enhancement signals a transition toward dark energy domination, driving the
onset of late-time cosmic acceleration. In this context, the accelerated growth of 𝜌 at late times reflects the increasing
dynamical influence of dark energy on the expansion history of the universe.

Alternatively, the sharp spike observed in the inset may be interpreted as a brief inflationary phase in the primordial
universe, characterized by a rapid amplification of the energy density over a short interval of cosmic time. The density
profile shown in Fig. 3 further corroborates this interpretation, displaying a sequence of quasi-stationary plateaus punctuated
by abrupt transitions. The presence of distinct vertical features indicates that the energy density remains approximately
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Figure 1. The relationship between energy density 𝜌 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1, 𝑛 = 2,
𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 2. The relationship between energy density 𝜌 and cosmic time 𝑡 in three-Dimensional is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 3. The relationship between energy density 𝜌 and cosmic time 𝑡 in Density plot view is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

constant over extended epochs before undergoing rapid changes at specific cosmic times, consistent with discrete phase
transitions in the underlying cosmological dynamics.

Figures (4–6) illustrate the temporal evolution of the pressure, 𝑝, which grows approximately exponentially with
cosmic time. During the early epochs (𝑡 ≪ 𝑡0), this growth is modest, while the pronounced steepening at later times
signals a major dynamical transition, potentially corresponding to primordial inflation or a cosmological phase change,
such as the onset of late-time acceleration driven by dark energy.
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Figure 4. The relationship between pressure 𝑝 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 =

0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 5. The relationship between pressure 𝑝 and cosmic time 𝑡 in three-Dimensional is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 6. The relationship between pressure 𝑝 and cosmic time 𝑡 in Density plot view is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figures (7–9) show a monotonic decrease of the gravitational constant, 𝐺, over cosmic time, consistent with a
broad spectrum of observational and experimental bounds, as detailed in the concluding section. This trend supports the
plausibility of a slowly varying gravitational coupling within the current cosmological paradigm.

The evolution of the cosmological constant, Λ, depicted in Figs. (10–12), exhibits a three-phase pattern: rapid initial
growth during the early universe, a peak in an intermediate epoch, and a subsequent decline toward near-zero values in
the late universe. These dynamics align with theoretical expectations, with Λ increasing exponentially or as a power law
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Figure 7. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1,
𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 8. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 in three-Dimensional is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 9. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 in Density plot view is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

in the primordial phase, reaching a maximum in the intermediate era, and asymptotically approaching the small observed
value at late times.

Finally, the behavior of the bulk viscosity coefficient, 𝜉, as a function of cosmic time is presented in Figs. (13–15) via
density plots and three-dimensional visualizations. In the early universe, 𝜉 rises rapidly, significantly impacting expansion
dynamics; its growth continues at a slower rate during the intermediate epoch, and in the late universe, 𝜉 stabilizes to an
approximately constant value, reflecting the damping of dissipative effects as the universe expands.
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Figure 10. The relationship between Cosmological Constant Λ and cosmic time 𝑡 is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 11. The relationship between Cosmological Constant Λ and cosmic time 𝑡 in three-Dimensional is defined with
the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 12. The relationship between Cosmological Constant Λ and cosmic time 𝑡 in Density plot view is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

5. SPECIAL CASES:

When 𝛼1
2 = 𝛼2 and 𝛽 = 1, the Cosmological constant Λ, the shear scalar 𝜎, Gravitational constant 𝐺, the expansion

scalar 𝜃 and Hubble constant 𝐻𝑖 for the Eq. (24) is expressed as,

𝐺 = −
2𝑛𝛼2

2
𝜋𝛼3𝑡2𝑛+1 .𝑒𝑥𝑝

{
5𝛼2 (𝛼 + 1)

1 − 𝑛
𝑡1−𝑛

}
.

{
𝜉0 −

5𝛼2 (𝛼 + 1)
𝑡𝑛

}−1
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Figure 13. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 14. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 in three-Dimensional is defined
with the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 15. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 in Density plot view is defined with
the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Λ =
8𝛼2

2
𝑡2𝑛

+
16𝑛𝛼2

2
𝑡2𝑛+1

{
−5𝛼2 (𝛼 + 1)

𝑡𝑛
+ 𝜉0

}−1

It should be noted that 𝛼2 has the dimension 𝑇 𝑛−1, as implied by the ansatz ¤𝑋3/𝑋3 = 𝛼2𝑡
−𝑛, while 𝜉0 has the dimension

𝑇−1. Consequently, the above expression for Λ possesses the correct physical dimension 𝑇−2 (or 𝐿−2) for arbitrary values
of 𝑛, where the dimension of 𝑡 is 𝑇 . Further,

𝐻1 = 𝐻2 =
2𝛼2
𝑡𝑛

, 𝐻3 =
𝛼2
𝑡𝑛
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Θ =

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
=

2𝛼1 + 𝛼2
𝑡𝑛

¤𝐺
𝐺

∝ 𝐻,Λ ∝ 1
𝑡2
, 𝐻 ∝ 1

𝑡
, 𝐺 > 0, 𝜌 > 0

.
When 𝑛 > 0, the model in Eq. (24) initiates with a Big-Bang at 𝑡 = 0, while the expansion scalar Θ decreases as

time 𝑡 increases. On the other hand, when 𝑛 < 0, the expansion in the model increases over time. When 𝑡 → 0, both the
Hubble parameter 𝐻 and the shear scalar 𝜎 approach infinity; however, as 𝑡 → ∞, the Hubble parameter 𝐻 and the shear
scalar 𝜎 approach zero. Since, lim𝑡→∞

𝜎
Θ
≠ 0, the model however does not achieve isotropy for large values of 𝑡. As time

𝑡 increases, the spatial volume 𝑉 decreases, and the rate of expansion also slows down. Since, 𝜉 = 𝜉0𝜌
𝛽 and 𝛽 > 1, the

model indicates the presence of inflationary phases.
When 𝑛 = 1, Eq. (15) is expressed as,

¤𝑋1
𝑋1

=
¤𝑋2
𝑋2

=
𝛼1
𝑡
,
¤𝑋3
𝑋3

=
𝛼2
𝑡

After integrating on both sides, we get
𝑋1 = 𝑋2 = 𝛼4.𝑡

𝛼1 , 𝑋3 = 𝛼5.𝑡
𝛼2

Therefore, metric Eq. (1) reduces to

𝑑𝑠2 = −𝑑𝑡2 + 𝛼2
4 .𝑡

2𝛼1 (𝑑𝑥2 + 𝑑𝑦2) + 𝛼2
5 .𝑡

2𝛼2𝑑𝑧2

Thus, the Gravitational constant 𝐺, the energy density 𝜌, Cosmological constant Λ, coefficient of bulk viscosity 𝜉,
Hubble constant 𝐻𝑖 , the shear scalar 𝜎, spacial volume 𝑉 and expansion scalar Θ are expressed as follows:

𝜌 = 𝑁.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
𝑝 = 𝛼.𝑁.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
where 𝑁 is the integration constant.

𝐺 =
2𝛼1 (𝛼1 + 2𝛼2)𝑡

8𝜋(1 + 𝛼) (2𝛼1 + 𝛼2)

[
𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}]−1

Λ = 𝛼1 (2𝛼1 + 𝛼2)𝑡.
{

1
𝑡3

− 2𝑁
(1 + 𝛼) (2𝛼1 + 𝛼2)

}
𝜉 = 𝜉0𝑁

𝛽 .𝑒𝑥𝑝

{
𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
𝐻1 = 𝐻2 =

𝛼1
𝑡
, 𝐻3 =

𝛼2
𝑡

𝜎 =
1
√

3

(𝛼1 − 𝛼2
𝑡

)
(29)

Θ =
¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

=
2𝛼1 + 𝛼2

𝑡

𝑉 = 𝛼4𝛼5𝑡
(2𝛼1+𝛼2 )

¤𝐺
𝐺

∝ 𝐻,Λ ∝ 1
𝑡2
, 𝐻 ∝ 1

𝑡
, 𝐺 > 0, 𝜌 > 0.

It may be noted that the above expression for Λ in eqn. (29) is dimensionally consistent provided the parameter 𝑁
carries the dimension 𝑇−3 (or 𝐿−3 in geometrized units), thereby ensuring that Λ has the correct dimension 𝑇−2 (or 𝐿−2),
where 𝑇 or 𝐿 is the dimension of 𝑡. The expansion scalar Θ, shear scalar 𝜎, Hubble parameter 𝐻, and cosmological
constant Λ all exhibit a decreasing trend with time. As cosmic time 𝑡 increases, 𝜎, 𝐻, Θ, and Λ gradually decline,
indicating that the universe experienced a rapid expansion in the past, which is slowing down over time. This behavior is
consistent with observations reported by numerous astronomers (Riess et al. [4,28], Perlmutter et al. [1], etc.). In contrast,
the gravitational constant 𝐺 and the volume of the universe 𝑉 show a positive correlation with time. Since the ratio 𝜎

Θ

remains constant, the model does not approach isotropy at late times. Moreover, if 𝛼1 = 𝛼2, it implies that the polytropic
Bianchi type-I space-time is shear-free.
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6. CONCLUSIONS
The decreasing trend of the gravitational constant, 𝐺, with cosmic time inferred from Figs. (7–9) is consistent with

a broad range of independent constraints spanning cosmological, astrophysical, and laboratory scales. CMB observations
from Planck (2018) limit fractional variations to Δ𝐺/𝐺 < 0.1% over ∼ 13.8 Gyr, while BAO measurements from SDSS,
BOSS, and DES constrain Δ𝐺/𝐺 < 0.2% over ∼ 10 Gyr. Type Ia supernovae from the Union2.1 compilation impose
Δ𝐺/𝐺 < 0.3% over ∼ 9 Gyr. At shorter timescales, gravitational redshift tests of compact objects bound ¤𝐺/𝐺 <

10−13 yr−1, binary pulsar timing yields ¤𝐺/𝐺 < 10−12 yr−1, advanced LIGO O1–O2 observations constrain ¤𝐺/𝐺 <

10−15 yr−1, and high-precision torsion balance and Cavendish-type experiments further tighten laboratory limits to ¤𝐺/𝐺 <

10−14–10−15 yr−1.
Astrophysical observations further support a mild temporal decrease of the gravitational constant, with analyses of the

M67 star cluster indicating a ∼ 5% reduction in 𝐺 over ∼ 4.5 Gyr, while galaxy rotation curve studies based on the SPARC
dataset suggest a ∼ 3% decrease over ∼ 10 Gyr. Ongoing and forthcoming experimental and observational programs
will continue to investigate the compelling possibility of a time–varying gravitational constant, 𝐺, with unprecedented
accuracy. The Square Kilometre Array (SKA) is expected to place stringent constraints on deviations in 𝐺 through
high–precision measurements of baryon acoustic oscillations and cosmic shear, while the Laser Interferometer Space
Antenna (LISA) will probe such variations using gravitational–wave observations of compact binary systems. In parallel,
next–generation torsion balance experiments will further tighten laboratory bounds on both temporal and spatial variations
of 𝐺, and the James Webb Space Telescope (JWST) will provide complementary astrophysical constraints by examining
stellar evolution and age determinations across diverse cosmic environments.

In this paper, we derived solutions to Einstein’s general relativity equations for a Bianchi type-I spacetime with a
polytropic bulk viscous fluid. We observed that as time approaches 𝑡 → 0, the spatial volume 𝑉 → ∞, indicating that
the universe begins with zero volume and expands infinitely in both the distant past and future. The influence of bulk
viscosity on cosmic evolution, particularly in its early stages, appears to be significant. Additionally, when 𝑡 → 0, the
energy density 𝜌, cosmological constant Λ, expansion scalar Θ, shear scalar 𝜎, coefficient of bulk viscosity 𝜉 all tend to
infinity. Conversely, as 𝑡 → ∞, these quantities approach zero.

Since 𝜎
Θ

remains constant, the model does not approach isotropy for large values of 𝑡. The spatial volume 𝑉

increases with time if 𝛼2 > 0, and since 𝜉 = 𝜉0𝜌
𝛽 , 𝛽 > 0, the model leads to an inflationary solution. The gravitational

constant 𝐺 increases with the universe’s age, suggesting that gravity was weaker in the past and has been strengthening
over time, consistent with previous results from Abdussattar and others (Vishwakarma [52], chow [45], Levitt [47]). The
cosmological constant followsΛ ∝ 1

𝑡2 , aligning with models from Kalligas et al. [46], Berman et al. [42], Berman et al. [42],
Bertolami [43, 44] Singh [49], Tiwari [50, 51], is physically consistent with current observations indicating a small Λ in
the present universe. Ultimately, the solutions developed in this work offer a coherent theoretical framework for analyzing
the evolution of a Bianchi type-I universe with a polytropic bulk viscous fluid and time-varying 𝐺 and Λ. They clarify
the combined roles of bulk viscosity, anisotropy, and dynamical fundamental constants, while remaining consistent
with observational constraints and providing meaningful insights into cosmic evolution. Further comprehensive analysis
demonstrate that different time-dependent scenarios produce significant variations in key physical parameters, impacting
the universe’s dynamical evolution. The geometrical structure and observational implications of the model are further
explored, offering insights into its consistency with cosmological data and theoretical predictions.
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We investigate the dynamics of an anisotropic Bianchi type VI0 cosmological model within the framework of 𝑓 (𝑅, 𝐿𝑚) gravity by
adopting a curvature–matter coupled form 𝑓 (𝑅, 𝐿𝑚) = 𝑅

2 + 𝐿𝛼
𝑚. A hybrid expansion law 𝑎(𝑡) = 𝑒𝛽𝑡 𝑡𝛾 is employed to describe the

cosmic evolution, allowing a smooth transition from an early decelerated phase to a late-time accelerated expansion. The parameter
𝛼 = 0.4 is chosen to ensure stable and physically viable behavior of the model. The analysis shows that the scale factor and spatial
volume increase monotonically with cosmic time, indicating a continuously expanding universe. The deceleration parameter exhibits a
transition from positive to negative values and approaches the de Sitter limit at late times. The equation of state parameter evolves from
a matter-dominated regime toward the quintessence region and asymptotically approaches 𝜔 = −1. The energy density remains positive
and decreases with time, while the pressure stays negative throughout the evolution, supporting accelerated expansion. Furthermore,
the statefinder diagnostics in the {𝑟, 𝑠} and {𝑟, 𝑞} planes demonstrate that the model deviates from standard cosmology at intermediate
epochs and converges to the ΛCDM fixed points at late times. These results indicate that the proposed model provides a consistent and
viable description of dark energy-driven cosmic evolution.

Keywords: 𝑓 (𝑅, 𝐿𝑚) gravity; Bianchi type VI0 universe; Hybrid expansion law; Anisotropic cosmology; Statefinder Diagnostics;
Cosmic acceleration

1. INTRODUCTION
Modern cosmology has undergone a significant transformation following compelling observational evidence indicating that the

universe is currently undergoing a phase of late-time accelerated expansion. This phenomenon was first established through observations
of Type Ia supernovae (SNe Ia) [1, 2], and was subsequently supported by measurements of the cosmic microwave background (CMB)
radiation [3], large-scale structure (LSS) surveys [4], and high-precision observations from the Planck mission [5]. Within the
framework of standard cosmology, the ΛCDM model provides the simplest explanation for this acceleration through the inclusion of
the cosmological constant Λ. Despite its remarkable observational success, this model suffers from well-known theoretical issues,
particularly the fine-tuning and cosmic coincidence problems [6–8]. These limitations have motivated the development of alternative
theoretical approaches beyond general relativity. Among these, modified theories of gravity have emerged as promising alternatives.
In particular, extensions such as 𝑓 (𝑅) gravity and related frameworks have been extensively studied [9–11]. A further generalization
is provided by the 𝑓 (𝑅, 𝐿𝑚) theory of gravity, in which the gravitational action depends on both the Ricci scalar 𝑅 and the matter
Lagrangian density 𝐿𝑚 [12]. This formulation introduces a non-minimal coupling between matter and geometry, leading to modified
field equations and non-conservation of the energy-momentum tensor [13, 14]. Recent investigations have explored the cosmological
implications of this theory in various contexts, including anisotropic models and hybrid expansion behavior [15–17]. Although the
Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) metric successfully describes a homogeneous and isotropic universe, it does not
account for possible anisotropies that may have existed during the early stages of cosmic evolution. In this context, Bianchi-type
cosmological models provide a natural generalization by allowing directional dependence in expansion rates. The pioneering works
of Ellis and MacCallum [18], along with Collins [19], established the importance of anisotropic cosmologies. several studies have
demonstrated that such models can effectively describe more realistic cosmic scenarios and their dynamical evolution [20, 21]. To
describe a realistic cosmic history that includes both early-time deceleration and late-time acceleration, the hybrid expansion law (HEL),
given by 𝑎(𝑡) = 𝑒𝛽𝑡 𝑡𝛾 , has been widely employed due to its ability to unify both phases of cosmic evolution [22]. In addition, the
statefinder diagnostic pair {𝑟, 𝑠} introduced by Sahni et al. [23] provides an effective tool for distinguishing different dark energy models
and for comparing them with the standard ΛCDM scenario. In particular, Bianchi type VI0 cosmological models within modified
gravity frameworks have been investigated in several studies, including those addressing anisotropic dynamics and exact solutions [24].
The formulation and field equations adopted in the present work are closely related to recent developments in this direction [25]. More
recently, considerable attention has been devoted to examining the cosmological viability and broader implications of 𝑓 (𝑅, 𝐿𝑚) gravity.
Singh et al. [26] investigated a constrained cosmological scenario within this framework and demonstrated its potential for describing
the observed accelerated expansion. The applicability of matter–geometry coupling to early-universe phenomena was further explored
by Jaybhaye et al. [27] in the context of cosmological baryogenesis. Shukla et al. [28] analyzed FLRW dynamics by incorporating an
equation-of-state parametrization, while Solanki et al. [29] extended the scope of 𝑓 (𝑅, 𝐿𝑚) gravity to wormhole configurations. A more
comprehensive examination of the cosmological background and perturbative evolution was presented by Sahlu et al. [30], providing
useful constraints on the model parameters and its observational behavior. Beyond conventional late-time cosmology, bouncing scenarios

Cite as: V. R. Patil, A. S. Panurkar, P. A. Bolke, East Eur. J. Phys. 3, 68 (2026), https://doi.org/10.26565/2312-4334-2026-3-06
© V. R. Patil, A. S. Panurkar, P. A. Bolke, 2026; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2026-3-06
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0000-0002-0442-3962
https://orcid.org/0009-0009-0445-912X
https://orcid.org/0000-0002-1212-5260
mailto:asspan007@gmail.com
https://doi.org/10.26565/2312-4334-2026-3-06
https://creativecommons.org/licenses/by/4.0/


Anisotropic Cosmic Evolution and Statefinder Diagnostics of a Bianchi Type VI0 Universe...
69

EEJP. 3 (2026)

and their dynamical stability have also been investigated within this theory [31]. Recent studies have further applied matter–geometry
coupling to string cosmological models [32], illustrating the versatility of the 𝑓 (𝑅, 𝐿𝑚) framework in describing different matter sources
and cosmic geometries. The growing emphasis on observational consistency is evident in recent analyses of late-time cosmic dynamics
using contemporary datasets [33], as well as Bayesian investigations aimed at assessing the ability of 𝑓 (𝑅, 𝐿𝑚) models to alleviate the
Hubble tension [34]. Navarro-Coyd’an et al. [35] showed that matter–geometry coupling can support an accelerating late-time Universe
and de Sitter-like evolution without adding a separate vacuum contribution. Goswami and Pradhan [36] assessed the consistency of
this gravity framework with current cosmological observations and obtained bounds on the model parameters. Recent studies have
further explored the cosmological relevance of 𝑓 (𝑅, 𝐿𝑚) gravity by investigating its implications for anisotropic cosmological models,
matter–geometry coupling, and the evolution of different matter sources under modified gravitational dynamics [37]. Collectively, these
developments indicate that 𝑓 (𝑅, 𝐿𝑚) gravity provides a flexible theoretical setting for studying early- and late-time cosmic evolution,
non-standard matter configurations, anisotropic effects, and observational departures from the standard ΛCDM paradigm.

Motivated by these developments, the present work investigates a Bianchi type VI0 cosmological model within the framework
of 𝑓 (𝑅, 𝐿𝑚) gravity by employing a hybrid expansion law. The physical behavior of the model is analyzed through key cosmological
parameters, including the deceleration parameter, equation of state parameter, and statefinder diagnostics. The results are examined to
assess the consistency of the model with current observational data and the standard cosmological paradigm.

1.1. 𝑓 (𝑅, 𝐿𝑚) Field Equations
The gravitational dynamics in 𝑓 (𝑅, 𝐿𝑚) gravity are described by a generalized action in which the Ricci scalar 𝑅 and the matter

Lagrangian density 𝐿𝑚 are treated as independent variables. The action is given by

𝑆 =

∫
𝑓 (𝑅, 𝐿𝑚)

√−𝑔 𝑑4𝑥. (1)

where 𝑔 denotes the determinant of the metric tensor.
In the present work, we consider the specific functional form

𝑓 (𝑅, 𝐿𝑚) =
𝑅

2
+ 𝐿𝛼

𝑚, (2)

where 𝛼 is a constant parameter that characterizes the strength of the matter–geometry coupling. The corresponding partial derivatives
of the function are

𝑓𝑅 =
𝜕 𝑓

𝜕𝑅
=

1
2
, 𝑓𝐿𝑚 =

𝜕 𝑓

𝜕𝐿𝑚

= 𝛼𝐿𝛼−1
𝑚 . (3)

By varying the action with respect to the metric tensor, the field equations in 𝑓 (𝑅, 𝐿𝑚) gravity are obtained as [12, 14]

𝑓𝑅𝑅𝑖 𝑗 −
1
2
( 𝑓 − 𝑓𝐿𝑚𝐿𝑚)𝑔𝑖 𝑗 + (𝑔𝑖 𝑗□ − ∇𝑖∇ 𝑗 ) 𝑓𝑅 =

1
2
𝑓𝐿𝑚𝑇𝑖 𝑗 , (4)

where □ = ∇𝑘∇𝑘 is the d’Alembert operator and ∇𝑖 denotes the covariant derivative.
In 𝑓 (𝑅, 𝐿𝑚) gravity, the choice of matter Lagrangian density for a perfect fluid is not unique. Common choices such as 𝐿𝑚 =

−𝑝 and 𝐿𝑚 = 𝜌 have been widely discussed in the literature [12–14]. In this work, we adopt the physically motivated choice 𝐿𝑚 = 𝜌,
which yields

𝑓𝐿𝑚 = 𝛼𝜌𝛼−1. (5)
Since 𝑓𝑅 = 1

2 is constant, the derivative term vanishes identically, i.e.,

(𝑔𝑖 𝑗□ − ∇𝑖∇ 𝑗 ) 𝑓𝑅 = 0.

Substituting the above results into the field equations, we obtain

1
2
𝑅𝑖 𝑗 −

1
2

(
𝑅

2
+ (1 − 𝛼)𝜌𝛼

)
𝑔𝑖 𝑗 =

1
2
𝛼𝜌𝛼−1𝑇𝑖 𝑗 . (6)

Multiplying throughout by 2 and simplifying, the modified field equations reduce to

𝑅𝑖 𝑗 −
1
2
𝑅𝑔𝑖 𝑗 = 𝛼𝜌𝛼−1𝑇𝑖 𝑗 − (𝛼 − 1)𝜌𝛼𝑔𝑖 𝑗 . (7)

This equation represents a modified form of Einstein’s field equations in which the effective gravitational coupling becomes
matter-dependent through the factor 𝛼𝜌𝛼−1, and an additional term proportional to 𝜌𝛼 emerges, which can be interpreted as an effective
cosmological contribution arising from matter–geometry coupling.

2. GEOMETRICAL SETUP AND FIELD EQUATIONS
We consider a spatially homogeneous but anisotropic Bianchi type VI0 space-time, represented by the metric

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2 (𝑡) 𝑑𝑥2 + 𝐵2 (𝑡)𝑒−2𝑥 𝑑𝑦2 + 𝐶2 (𝑡)𝑒2𝑥 𝑑𝑧2, (8)

where 𝐴(𝑡), 𝐵(𝑡), and 𝐶 (𝑡) denote the directional scale factors corresponding to the three spatial directions.
In order to analyze the geometrical structure of the model and derive the corresponding gravitational field equations, it is necessary

to evaluate the curvature quantities associated with the metric. In particular, the Ricci tensor 𝑅𝑖 𝑗 , which characterizes the curvature of
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space-time, is obtained through contraction of the Riemann curvature tensor. It can be expressed in terms of the Christoffel symbols
Γ𝑘
𝑖 𝑗

as follows:
𝑅𝑖 𝑗 = 𝜕 𝑗Γ

𝑘
𝑖𝑘 − 𝜕𝑘Γ

𝑘
𝑖 𝑗 + Γ𝑘

𝑖𝑙Γ
𝑙
𝑗𝑘 − Γ𝑘

𝑖 𝑗Γ
𝑙
𝑘𝑙 . (9)

The Ricci scalar, which provides a measure of the curvature of space-time, is defined as the contraction of the Ricci tensor with the
metric tensor, and is given by

𝑅 = 𝑔𝑖 𝑗𝑅𝑖 𝑗 . (10)
For the considered Bianchi type VI0 metric, this expression reduces to

𝑅 = −2
( ¥𝐴
𝐴
+

¥𝐵
𝐵
+

¥𝐶
𝐶

)
− 2

( ¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐵 ¤𝐶
𝐵𝐶

+
¤𝐴 ¤𝐶
𝐴𝐶

)
+ 2

𝐴2 . (11)

We assume that the matter content of the universe is described by a perfect fluid in a space-time characterized by the metric signature
(−,+,+,+). The corresponding energy–momentum tensor is given by

𝑇𝑖 𝑗 = (𝜌 + 𝑝)𝑢𝑖𝑢 𝑗 + 𝑝𝑔𝑖 𝑗 , (12)

where 𝜌 and 𝑝 denote the energy density and isotropic pressure of the fluid, respectively, and 𝑢𝑖 represents the four-velocity vector. The
four-velocity satisfies the normalization condition

𝑢𝑖𝑢𝑖 = −1. (13)
For a comoving observer, the fluid remains at rest in the chosen coordinate system, and hence the four-velocity is expressed as

𝑢𝑖 = (1, 0, 0, 0). (14)

Using this form of the four-velocity along with the metric components, the non-zero components of the energy–momentum tensor
are obtained as

𝑇00 = 𝜌, 𝑇11 = 𝑝𝐴2, 𝑇22 = 𝑝𝐵2𝑒−2𝑥 , 𝑇33 = 𝑝𝐶2𝑒2𝑥 . (15)

3. FIELD EQUATIONS FOR BIANCHI TYPE VI0 SPACE-TIME
By substituting the metric functions corresponding to the Bianchi type VI0 space-time into the modified field equations of

𝑓 (𝑅, 𝐿𝑚) gravity, we obtain a set of coupled non-linear differential equations that govern the dynamical evolution of the model. The
independent field equations can be written as follows:

¥𝐵
𝐵
+

¥𝐶
𝐶

+
¤𝐵 ¤𝐶
𝐵𝐶

+ 1
𝐴2 = 𝛼𝜌𝛼−1𝑝 − (𝛼 − 1)𝜌𝛼, (16)

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴 ¤𝐶
𝐴𝐶

− 1
𝐴2 = 𝛼𝜌𝛼−1𝑝 − (𝛼 − 1)𝜌𝛼, (17)

¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

− 1
𝐴2 = 𝛼𝜌𝛼−1𝑝 − (𝛼 − 1)𝜌𝛼, (18)

¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐵 ¤𝐶
𝐵𝐶

+
¤𝐴 ¤𝐶
𝐴𝐶

− 1
𝐴2 = (1 − 2𝛼)𝜌𝛼, (19)

¤𝐵
𝐵
−

¤𝐶
𝐶

= 0, (20)

Equation (20) establishes a first-order differential relation between the metric functions 𝐵 and 𝐶. This relation can be expressed in the
form

𝑑

𝑑𝑡
(ln 𝐵 − ln𝐶) = 0, (21)

which indicates that the difference ln 𝐵 − ln𝐶 remains invariant with respect to cosmic time.
Integrating Eq. (21), we obtain

ln 𝐵 − ln𝐶 = ln 𝑘, (22)
where 𝑘 is a constant of integration. This relation can be rewritten as

𝐵

𝐶
= 𝑘. (23)

Since the constant 𝑘 can be absorbed through an appropriate rescaling of the spatial coordinates, it is convenient to choose 𝑘 = 1
without affecting the generality of the solution. Consequently, Eq. (23) reduces to

𝐵 = 𝐶. (24)

This result imposes a constraint on the metric potentials, effectively reducing the number of independent scale factors. As a
consequence, the system of field equations becomes simpler and more manageable for further analysis. By applying the condition 𝐵 =

𝐶 obtained in Eq. (24), the system of field equations (16)–(19) simplifies considerably. The resulting set of independent differential
equations can be expressed as
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2
¥𝐵
𝐵
+
( ¤𝐵
𝐵

)2

+ 1
𝐴2 = 𝛼𝜌𝛼−1𝑝 − (𝛼 − 1)𝜌𝛼, (25)

¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

− 1
𝐴2 = 𝛼𝜌𝛼−1𝑝 − (𝛼 − 1)𝜌𝛼, (26)

2
¤𝐴 ¤𝐵
𝐴𝐵

+
( ¤𝐵
𝐵

)2

− 1
𝐴2 = (1 − 2𝛼)𝜌𝛼 . (27)

4. HYBRID SCALE FACTOR AND PHYSICAL PARAMETERS
To close the system of field equations, we assume that the ratio of the shear scalar 𝜎 to the expansion scalar 𝜃 remains constant,

i.e.,
𝜎

𝜃
= constant. (28)

This condition leads to a linear relation among the directional Hubble parameters and, upon integration, yields

𝐴 = 𝐵𝑚, (29)

where 𝑚 is a constant characterizing the anisotropy of the model. Using the relation 𝐵 = 𝐶 (Eq. (24)), we obtain

𝐴 = 𝐵𝑚 = 𝐶𝑚. (30)

The average scale factor 𝑎 is defined through the relation

𝑎3 = 𝐴𝐵𝐶, (31)

which corresponds to the spatial volume. Substituting Eq. (30), we get

𝑎3 = 𝐵𝑚+2, (32)

leading to
𝐵 = 𝐶 = 𝑎

3
𝑚+2 , 𝐴 = 𝑎

3𝑚
𝑚+2 . (33)

To describe the cosmic evolution, we employ a hybrid expansion law characterized by the scale factor

𝑎(𝑡) = 𝑒𝛽𝑡 𝑡𝛾 , (34)

where 𝛽 and 𝛾 are positive constants. This form allows a smooth transition from an early decelerating phase to a late-time accelerated
expansion. Differentiating Eq. (34) with respect to cosmic time 𝑡, the first derivative of the scale factor is obtained as

¤𝑎 = 𝑒𝛽𝑡 𝑡𝛾
(
𝛽 + 𝛾

𝑡

)
, (35)

The second derivative takes the form
¥𝑎 = 𝑒𝛽𝑡 𝑡𝛾

[(
𝛽 + 𝛾

𝑡

)2
− 𝛾

𝑡2

]
, (36)

and the third derivative is given by

𝑎 = 𝑒𝛽𝑡 𝑡𝛾
[(
𝛽 + 𝛾

𝑡

)3
− 3𝛾

𝑡2

(
𝛽 + 𝛾

𝑡

)
+ 2𝛾

𝑡3

]
. (37)

The Hubble parameter, which characterizes the rate of expansion of the universe, is defined as

𝐻 =
¤𝑎
𝑎
. (38)

Substituting the expression for ¤𝑎 from Eq. (35) into Eq. (38), we obtain

𝐻 = 𝛽 + 𝛾

𝑡
. (39)

The spatial volume of the anisotropic universe is given by
𝑉 = 𝑎3, (40)

which represents the total volume expansion of the cosmological model. Using the hybrid scale factor defined in Eq. (34), the volume
can be expressed as

𝑉 = 𝑒3𝛽𝑡 𝑡3𝛾 . (41)
The expansion scalar 𝜃 describes the rate of volume expansion of the universe and is related to the Hubble parameter by

𝜃 = 3𝐻. (42)
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Substituting the expression for 𝐻 from Eq. (39), we obtain

𝜃 = 3
(
𝛽 + 𝛾

𝑡

)
. (43)

The deceleration parameter 𝑞 provides information about the acceleration or deceleration behavior of the universe and is defined
as

𝑞 = −1 −
¤𝐻

𝐻2 . (44)

Differentiating Eq. (39) with respect to cosmic time 𝑡, we obtain

¤𝐻 = − 𝛾

𝑡2
. (45)

Substituting Eqs. (39) and (45) into Eq. (44), the deceleration parameter is expressed as

𝑞 = −1 + 𝛾

(𝛽𝑡 + 𝛾)2 . (46)

From Eq. (46), it follows that at early cosmic times (small 𝑡), the second term dominates, leading to 𝑞 > 0, which corresponds
to a decelerating phase. In contrast, for sufficiently large values of 𝑡, the parameter approaches 𝑞 → −1, indicating a transition to an
accelerated expansion phase consistent with late-time cosmological observations. By utilizing the reduced field equations (25)–(27)
together with the hybrid scale factor defined in Eq. (34), the expression for the energy density of the cosmic fluid is obtained as

𝜌(𝑡) = 1
1 − 2𝛼


9(2𝑚 + 1)
(𝑚 + 2)2

(
𝛽 + 𝛾

𝑡

)2
− 1(

𝑒𝛽𝑡 𝑡𝛾
) 6𝑚
𝑚+2


1
𝛼

(47)

with the restriction 𝛼 ≠ 1
2 to avoid singular behavior.

Substituting the above expression for the energy density into the modified field equations, we obtain the corresponding pressure
of the cosmic fluid as

𝑝 =
1

𝛼𝜌𝛼−1

[
(15 − 6𝑚)
(𝑚 + 2)2

(
𝛽 + 𝛾

𝑡

)2
+ 6
𝑚 + 2

(
𝛾(𝛾 − 1)

𝑡2
+ 2𝛽𝛾

𝑡
+ 𝛽2

)
+ 1(

𝑒𝛽𝑡 𝑡𝛾
) 6𝑚
𝑚+2

− (1 − 𝛼)𝜌𝛼

]
. (48)

5. STATEFINDER DIAGNOSTIC
To analyze the evolutionary behavior of the proposed cosmological model, we make use of the statefinder diagnostic, which

provides a geometrical characterization of dark energy models through higher-order derivatives of the scale factor. The statefinder
parameters are defined as

𝑟 =
𝑎

𝑎𝐻3 , (49)

𝑠 =
𝑟 − 1

3
(
𝑞 − 1

2

) , (50)

where 𝑞 denotes the deceleration parameter.
Using the expression of the deceleration parameter derived earlier, we write

𝑞 = −1 + 𝛾

𝑡2
(
𝛽 + 𝛾

𝑡

)2 . (51)

Substituting the expressions for 𝑎, ¤𝑎, ¥𝑎, and 𝑎 from Eqs. (34), (35), and (37), along with the Hubble parameter given in Eq. (39),
into Eq. (49), we obtain the statefinder parameter 𝑟 in the form

𝑟 = 1 − 3𝛾
𝑡2

(
𝛽 + 𝛾

𝑡

)2 + 2𝛾
𝑡3

(
𝛽 + 𝛾

𝑡

)3 . (52)

Further, substituting Eqs. (51) and (52) into Eq. (50), the parameter 𝑠 can be expressed as

𝑠 =
−3𝛾

3𝑡2
(
𝛽 + 𝛾

𝑡

)2
(
𝑞 − 1

2

) + 2𝛾

3𝑡3
(
𝛽 + 𝛾

𝑡

)3
(
𝑞 − 1

2

) . (53)
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Figure 1. Evolution of the scale factor 𝑎(𝑡) and spatial volume 𝑉 (𝑡) with cosmic time 𝑡 for 𝛽 = 0.5 and 𝛾 = 0.6.

Figure 2. Energy density 𝜌(𝑡) versus cosmic time 𝑡 for 𝛽 = 0.5, 𝛾 = 0.6, and 𝛼 = 0.4.

Figure 3. Thermodynamic pressure 𝑝(𝑡) as a function of cosmic time 𝑡 for 𝛽 = 0.5 and 𝛾 = 0.6.
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Figure 4. Deceleration parameter 𝑞(𝑡) versus cosmic time 𝑡 for 𝛽 = 0.5 and 𝛾 = 0.6.

Figure 5. Statefinder trajectory in the (𝑠, 𝑟) plane for 𝛽 = 0.5 and 𝛾 = 0.6.

Figure 6. Statefinder trajectory in the (𝑞, 𝑟) plane for 𝛽 = 0.5 and 𝛾 = 0.6.
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Figure 7. Equation of state parameter 𝜔(𝑡) versus cosmic time 𝑡 for 𝛽 = 0.5 and 𝛾 = 0.6.

6. DISCUSSION AND CONCLUDING REMARKS
The present study investigates a dynamical dark energy model governed by a hybrid expansion law within the framework of

𝑓 (𝑅, 𝐿𝑚) gravity. Based on the analytical expressions and graphical analysis of the cosmological parameters, the following conclusions
are drawn:

■ The evolution of the scale factor 𝑎(𝑡) and spatial volume 𝑉 (𝑡), shown in Fig. 1, demonstrates a continuous and monotonic increase
with cosmic time. This confirms a persistently expanding universe without any indication of recollapse. The rapid growth of the
spatial volume at later times reflects the accelerated expansion governed by the hybrid expansion law.

■ The energy density 𝜌(𝑡), depicted in Fig. 2, remains strictly positive throughout the evolution and decreases monotonically with
time. The initially large value of 𝜌 at early times followed by gradual dilution is consistent with an expanding universe and satisfies
the Weak Energy Condition.

■ The thermodynamic pressure 𝑝(𝑡), shown in Fig. 3, remains negative for all cosmic time. The large negative pressure at early epochs
gradually approaches a small negative value at late times, providing the repulsive effect responsible for the observed accelerated
expansion.

■ The deceleration parameter 𝑞(𝑡), illustrated in Fig. 4, exhibits a smooth transition from a decelerated phase (𝑞 > 0) to an accelerated
phase (𝑞 < 0). The transition occurs at early cosmic time, and at late times 𝑞 asymptotically approaches −1, indicating convergence
toward a de Sitter phase.

■ The statefinder diagnostics in the {𝑟, 𝑠} and {𝑟, 𝑞} planes, shown in Fig. 5 and Fig. 6, respectively, reveal that the model deviates
from the ΛCDM behavior during intermediate stages and eventually converges to the fixed points (0, 1) and (−1, 1) respectively.

■ The equation of state parameter 𝜔(𝑡), illustrated in Fig. 7, evolves from values close to zero at early times into the quintessence
region (−1 < 𝜔 < −1/3), and asymptotically approaches 𝜔 → −1. The condition 𝜔 < −1/3 is consistent with the negative values
of the deceleration parameter shown in Fig. 4, confirming accelerated expansion.

Overall, the proposed model successfully describes a transition from an early decelerated phase to a late-time accelerated universe.
The consistent behavior of 𝑞, 𝜔, 𝜌, and 𝑝, along with the convergence of statefinder parameters toward the ΛCDM limits, confirms the
physical viability of the model as a realistic description of dark energy-dominated cosmic evolution.

6.1. Statefinder Diagnostic Analysis
The {𝑟, 𝑠} statefinder diagnostic, introduced by Sahni et al. [23], is employed to characterize the evolutionary trajectory of the

proposed dark energy model and to distinguish it from standard cosmological scenarios. As shown in Fig. 5, the trajectory originates
in the vicinity of the ΛCDM fixed point (𝑠, 𝑟) = (0, 1) and then evolves into the region 𝑠 > 0 with 𝑟 < 1, which is typically associated
with quintessence-like behavior.

A notable feature of the evolution is the non-monotonic, hook-like trajectory observed in the 𝑠–𝑟 plane. The model departs from
the ΛCDM point during the intermediate stages of cosmic evolution, reaching a minimum value of the statefinder parameter 𝑟 before
turning back toward the fixed point. This behavior reflects the dynamical nature of the dark energy component.

The directional arrows in the figure indicate the progression of cosmic time, showing that the trajectory gradually returns and
asymptotically approaches the de Sitter attractor at (𝑠, 𝑟) = (0, 1). This convergence suggests that the model becomes effectively
indistinguishable from the ΛCDM scenario at late times.

Overall, the characteristic loop-like evolution in the {𝑟, 𝑠} plane highlights the transient deviation from the cosmological constant
behavior and provides a useful diagnostic feature for comparing the present model with other dark energy scenarios.
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6.2. Geometrical Diagnostic in the {𝑟, 𝑞} Plane
To further investigate the expansion dynamics, we analyze the trajectory in the {𝑟, 𝑞} statefinder–deceleration plane, as shown

in Fig. 6. This diagnostic provides a geometrical interpretation of cosmic evolution by relating the deceleration parameter 𝑞 and the
statefinder parameter 𝑟 [23].

The trajectory begins in the decelerated regime (𝑞 > 0) with 𝑟 ≈ 1, and then evolves toward lower values of 𝑟 as the universe
transitions into the accelerated phase (𝑞 < 0). A distinct minimum in 𝑟 is observed during the intermediate stage of evolution, indicating
a departure from the standard ΛCDM behavior.

As cosmic time progresses, the trajectory turns upward and asymptotically approaches the de Sitter fixed point (𝑞, 𝑟) = (−1, 1).
This convergence confirms that the model ultimately evolves toward a late-time accelerated phase consistent with the ΛCDM scenario.

The smooth and continuous nature of the trajectory across the 𝑞 = 0 transition demonstrates a stable evolution from deceleration
to acceleration, without any abrupt changes in the expansion dynamics. The characteristic curved path in the {𝑟, 𝑞} plane reflects the
dynamical nature of the model and distinguishes it from the constant behavior of the standard cosmological constant model.
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[22] Ö. Akarsu, S. Kumar, R. Myrzakulov, M. Sami, and L. Xu, “Cosmology with hybrid expansion law: Scalar field reconstruction
of cosmic history and observational constraints,” J. Cosmol. Astropart. Phys. 2014(01), 022 (2014). https://doi.org/10.1088/
1475-7516/2014/01/022

[23] V. Sahni, T. D. Saini, A. A. Starobinsky, AND U. Alam, “Statefinder: A new geometrical diagnostic of dark energy,” JETP Lett.
77, 201-206 (2003). https://doi.org/10.1134/1.1574831

[24] K. Pawar, and A. K. Dabre, “Perfect fluid coupled string universe in 𝑓 (𝑅,𝑇) gravity,” J. Sci. Res. 15, 695-704 (2023). https:
//doi.org/10.3329/jsr.v15i3.64173

[25] S. P. Hatkar, D. P. Tadas, and S. D. Katore, “Domain wall Bianchi type VI0 universe in 𝑓 (𝑅,𝑇) gravity,” Astrophysics 67, 537–555
(2024). https://doi.org/10.1007/s10511-025-09850-9

[26] J. K. Singh, Shaily, R. Myrzakulov, and H. Balhara, “A constrained cosmological model in 𝑓 (𝑅, 𝐿𝑚) gravity,” New Astron. 104,
102070 (2023). https://doi.org/10.1016/j.newast.2023.102070

[27] L. V. Jaybhaye, S. Bhattacharjee, and P. K. Sahoo, “Baryogenesis in 𝑓 (𝑅, 𝐿𝑚) gravity,” Phys. Dark Universe, 40, 101223 (2023).
https://doi.org/10.1016/j.dark.2023.101223
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АНIЗОТРОПНА КОСМIЧНА ЕВОЛЮЦIЯ ТА ДIАГНОСТИКА СТАНУ ВСЕСВIТУ ТИПУ Б’ЯНКI VI0
З ГIБРИДНИММАСШТАБНИМ ФАКТОРОМ У 𝑓 (𝑅, 𝐿𝑚) ГРАВIТАЦIЇ

В. Р. Патiл1, А. С. Пануркар2, П. А. Болке3
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Ми дослiджуємо динамiку анiзотропної космологiчної моделi типу Б’янкi VI0 в рамках гравiтацiї 𝑓 (𝑅, 𝐿𝑚), приймаючи форму
зв’язку кривизни та матерiї 𝑓 (𝑅, 𝐿𝑚) = 𝑅

2 + 𝐿𝛼
𝑚. Для опису космiчної еволюцiї використовується гiбридний закон розширення

𝑎(𝑡) = 𝑒𝛽𝑡 𝑡𝛾 , що дозволяє плавний перехiд вiд ранньої уповiльненої фази до прискореного розширення наприкiнцi часу. Пара-
метр 𝛼 = 0.4 вибрано для забезпечення стабiльної та фiзично життєздатної поведiнки моделi. Аналiз показує, що масштабний
коефiцiєнт та просторовий об’єм монотонно зростають з космiчним часом, що вказує на безперервно розширюваний Всесвiт.
Параметр уповiльнення демонструє перехiд вiд позитивних до негативних значень та наближається до межi де Сiттера на пiзнiх
етапах часу. Параметр рiвняння стану еволюцiонує вiд режиму домiнування матерiї до областi квiнтесенцiї та асимптотично
наближається до 𝜔 = −1. Густина енергiї залишається позитивною та зменшується з часом, тодi як тиск залишається негатив-
ним протягом усiєї еволюцiї, що пiдтверджує прискорене розширення. Крiм того, дiагностика стану в площинах {𝑟, 𝑠} та {𝑟, 𝑞}
демонструє, що модель вiдхиляється вiд стандартної космологiї в промiжнi епохи та сходиться до фiксованих точок ΛCDM
на пiзнiх етапах часу. Цi результати вказують на те, що запропонована модель забезпечує послiдовний та життєздатний опис
космiчної еволюцiї, керованої темною енергiєю.
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The 𝑓(𝑄,𝑇) gravity has been used in this research to study the Kaluza-Klein universe in the presence of matter distribution. In this 
theory of gravity, the action contains an arbitrary function 𝑓(𝑄,𝑇) where 𝑄 and 𝑇 respectively denote the non-metricity and the trace 
of energy momentum tensor. The linear and additive form of 𝑓(𝑄,𝑇) gravity, 𝑓(𝑄,𝑇) = 𝛼𝑄 + 𝛽𝑇  where 𝛼  and 𝛽  are arbitrary 
constants, is taken into account in this work. To achieve a physically viable solution of the field equations, we have considered power 
law and exponential expansion law. We investigate the evolving character of the universe with physical and geometrical properties 
within this theoretical framework. To enhance clarity, statefinder diagnostic and EoS parameter are examined, to characterize 
different phases of the universe. The energy conditions of the models are also analyzed and found to be consistent with recent 
cosmological observations. Besides, one of our models inherently allows a phantom region for dark energy. Further the models 
examined in this work are confirmed through stability analysis.  
Keywords: 𝑓(𝑄,𝑇) gravity; Kaluza-Klein space-time; Equation of state; Energy conditions 

1. INTRODUCTION
The study of universe’s accelerating expansion confirmed by numerous observations over the last two decades, is 

a major cosmological enigma among researchers. This concept of accelerated expansion of the universe is strongly 
backed by astronomical observations of type Ia Supernovae [1-3] and measurements of cosmic microwave background 
(CMB) from the Wilkinson Microwave Anisotropy Probe (WAMP) [4-5]. Over the past few years, many researchers 
have explored dark energy models and are probing the dynamic relationship between dark energy (DE) and cosmic 
evolution. Modifying the geometric part of the Einstein-Hilbert action is a promising approach for understanding DE. 
Researchers have proposed modified gravity theories to explain the universe’s acceleration, offering alternative 
frameworks to understand this phenomenon. Several modified theories have emerged such as 𝑓(𝐺) gravity [6], 𝑓(𝑅) 
gravity [7], 𝑓(𝑅,𝑇) gravity [8], 𝑓(𝑇) gravity [9], 𝑓(𝐺,𝑇) gravity [10], 𝑓(𝑅,𝑇,𝑅ఓఔ𝑇ఓఔ) gravity [11], 𝑓(𝑄) gravity [12] 
and the recently proposed 𝑓(𝑄,𝑇) gravity [13-14] to explore the dark energy and other cosmological challenges. 

Among the several modified theories of gravitation, 𝑓(𝑄,𝑇) theory of gravity proposed by Xu et al. [13] has 
received a lot of interest in recent years. It has been suggested that cosmic acceleration can be achieved by replacing the 
Einstein - Hilbert action of general relativity with a function 𝑓(𝑄,𝑇) where 𝑄 and 𝑇 denotes the non-metricity and the 
trace of energy momentum tensor respectively. The 𝑓(𝑄,𝑇) gravity is an extension of symmetric teleparallel gravity, 
which is built on the non-minimal coupling between the non-metricity 𝑄 and the trace 𝑇 of matter energy momentum 
tensor. This coupling yields results in the non-conservation of the energy-momentum tensor possibly offering 
mechanisms for matter generation or decay in the early or late universe and potentially explaining cosmic acceleration. 
Inspired by this, we employ the 𝑓(𝑄,𝑇) gravity theory to explore plausible explanations for various cosmological 
phenomena occurring in the universe. Subsequently, 𝑓(𝑄,𝑇) gravity has been widely explored across cosmological and 
astrophysical contexts, including studies of investigations of cosmic acceleration [15-18], energy conditions [19], 
cosmological inflation [20-21], wormhole solution [22-24], viability of 𝑓(𝑄,𝑇) gravity [25-26], Baryogenesis [27], 
bounce cosmology [28-30], Rip cosmology [31].  

In the present era, research on higher-dimensional space-time is a highly active area of investigation. Today’s 
conventional four-dimensional space-time could have been preceded by a multi-dimensional phase. Higher dimensional 
cosmology may provide solutions to basic inquiries concerning the universe, encompassing its origin, structure and 
evolution. It also seeks to merge the two essential natural forces, gravity and electro-magnetism. The idea of an 
additional dimension was initially presented by Theodor Kaluza [32] and subsequently developed by Oskar Klein [33]. 
Kaluza added a fifth dimension to ordinary four-dimensional space-time and suggested that the geometry of higher 
dimensional space-time could account for both gravity and electromagnetism in single framework. Kaluza-Klein theory 
provides solutions to the flatness, horizon and cosmological constant issues found in the conventional cosmological 
model. This is achieved by introducing extra spatial dimensions, in which fundamental constants such as the 
gravitational constant and gauge couplings are treated as dynamical fields. These fields evolve during the 
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compactification process in the early universe. Nowadays, higher dimensional cosmology has attracted the interest of 
numerous researchers. The five-dimensional Kaluza-Klein theory now captures the attention of many scholars [34-35]. 
Recently, Ray and Baruah [36] have delved into five-dimensional Kaluza-Klein cosmological model featuring two fluid 
sources. Pawar et al. [37], Katore et al. [38] have investigated the behavior of strange quark matter for Kaluza-Klein 
cosmological model in Lyra Geometry and 𝑓(𝑅,𝑇)  gravity respectively. Wankhade and Nimkar [39] studied the 
dynamic behavior of Kaluza-Klein universe in scalar tensor theory of gravitation. Authors of [40-41] have explored 
different aspects of Kaluza-Klein cosmological model in modified theories of gravity. Recently Ugale et al. [42] have 
investigated cosmological model with matter distribution in Brans-Dicke Theory of Gravitation. Wath and Nimkar [43], 
Nimkar and Hadole [44] have studied stability of cosmological model with matter distribution in Ruban’s background 
and self-creation theory respectively. 

In this paper, we propose to investigate five-dimensional Kaluza-Klein metric in presence of matter distribution 
within the framework of 𝑓(𝑄,𝑇) gravity by considering two different kinds of volumetric expansion namely power law 
and exponential expansion law. The paper is structured as follows: Section 1 contains a concise introduction and the 
motivation behind the current work. The framework of 𝑓(𝑄,𝑇) gravity is given in Section 2. In Section 3, we have 
derived the metric and field equations. In Section 4, we derived the solution of field equations. The physical and 
kinematical characteristics of power and exponential expansion law models are explored in Sections 5 and 6. Statefinder 
diagnostic, energy conditions and stability analysis are examined in Section 7. Conclusion is presented in Section 8. 
 

2.  THE FRAMEWORK OF 𝒇(𝑸,𝑻) GRAVITY 
The field equations of modified 𝑓(𝑄,𝑇) gravity are derived from Hilbert Einstein variational action principle [13] 
 

 𝑆 = ׬ ቀ ଵଵ଺గ 𝑓(𝑄,𝑇) + 𝐿௠ቁඥ−𝑔𝑑ସ𝑥 (1) 

 
where 𝑓(𝑄,𝑇) is a function of the non-metricity scalar 𝑄 and the trace of the matter-energy-momentum tensor 𝑇 , also 𝐿௠ is Lagrangian of the matter and 𝑔 = det(𝑔ఓఔ). The non-metricity scalar 𝑄 is defined as 
 
 𝑄 =  −𝑔ఓఔ൫𝐿ఈఉఓ𝐿ఉఔఈ − 𝐿ఈఉఈ𝐿ఉఓఔ൯ (2) 
 
where  𝐿ఈఉఊ represents the disformation tensor which is given by, 
 
 𝐿ఈఉఊ =  −ଵଶ 𝑔ఈఋ൫∇ఊ𝑔ఉఋ + ∇ఉ𝑔ఋఊ − ∇ఋ𝑔ఉఊ൯ (3) 
 
The non-metricity tensor is defined as  
 
 𝑄ఊఓఔ = ∇ఊ𝑔ఓఔ (4) 
 
The trace of the non-metricity tensor is derived as follows 
 
 𝑄ఈ = 𝑔ఓఔ𝑄ఈఓఔ ,𝑄෨ఈ =  𝑔ఓఔ𝑄ఓఈఔ (5) 
 
The superpotential or the non-metricity conjugate of the model is given by 
 
 𝑃ఈఓఔ = −ଵଶ 𝐿ఈఓఔ + ଵସ ൫𝑄ఈ − 𝑄෨ఈ൯𝑔ఓఔ − ଵସ δ   (ఓ஑ 𝑄ఔ) (6) 
 
The energy-momentum tensor is defined as 
 
 𝑇ఓఔ = − ଶ√ି௚ ఋ(√ି௚௅೘)ఋ௚ഋഌ       and    𝜃ఓఔ = 𝑔ఈఉ ఋ்ഀഁఋ௚ഋഌ  (7) 
 
The field equation of  𝑓(𝑄,𝑇) gravity is obtained by varying the action (1) with respect to the metric tensor 𝑔ఓఔ as [13] 
 

 − ଶ√ି௚ ∇ఈ൫𝑓ொඥ−𝑔𝑃ఈఓఔ൯ − ଵଶ 𝑓𝑔ఓఔ + 𝑓 ൫𝑇ఓఔ + 𝜃ఓఔ൯ − 𝑓ொ ቀ𝑃ఓఈఉ𝑄ఔఈఉ − 2𝑄ఈఉఓ𝑃ఈఉఔቁ = 8𝜋𝑇ఓఔ (8) 

 
where  𝑓ொ = డ௙డொ   , 𝑓 = డ௙డ்  and the non-metricity tensors  𝑄ఔఈఉ = −𝛻ఔ𝑔ఈఉ   ,   𝑄ఈఉఓ = 𝑔ఈఊ𝑔ఉఘ𝛻ఊ𝑔ఘఓ 
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3. THE METRIC AND FIELD EQUATIONS 
We have considered the five-dimensional Kaluza-Klein space-time as 

 
 𝑑𝑠ଶ = 𝑑𝑡ଶ − 𝐴ଶሾ𝑑𝑥ଶ + 𝑑𝑦ଶ + 𝑑𝑧ଶሿ − 𝐵ଶ𝑑𝜓ଶ  (9) 
 
where the metric potentials 𝐴 ,𝐵 are functions of cosmic time 𝑡 only and the fifth coordinate 𝜓 is taken to be space-like. 
The energy momentum tensor of matter (Landau and Lifshitz [45]) is given by 
 
 𝑇௜௝ = (𝜀 + 𝑝)𝑢௜𝑢௝ − 𝑝𝑔௜௝ (10) 
 
where 𝑝 and 𝜀 are pressure and energy density respectively and 𝑢௜ = (1, 0, 0, 0, 0) is the velocity vector in comoving 
coordinates which satisfies the condition 𝑢௜𝑢௜ = 1. 
From Eq. (10), we get  
 
 𝑇ଵଵ = 𝑇ଶଶ = 𝑇ଷଷ = 𝑇ସସ = −𝑝  , 𝑇଴଴ = 𝜀 , 𝑇 =  𝜀 − 4𝑝  (11) 
 𝜃௝௜  is derived as 
 
 𝜃௝௜ = 𝛿௝௜𝑝 − 2𝑇௝௜ = diag (𝑝 − 2𝜀, 3𝑝, 3𝑝, 3𝑝, 3𝑝) (12) 
 
For given cosmological model, the non-metricity scalar 𝑄 is found to be 
 
 𝑄 = −6 ቀ஺ሶమ஺మ + ஺ሶ஻ሶ஺஻ቁ  (13) 
 
The field Eq. (8) for the line element (9) with energy momentum tensor (11), also using Eqs. (12) and (13) can be 
written as 
  
 ଵଶ 𝑓 + 6𝑓ொ ቀ஺ሶమ஺మ + ஺ሶ஻ሶ஺஻ቁ = 8𝜋𝐺෨𝑝 − 8𝜋൫1 + 𝐺෨൯𝜀  (14) 

 

 ଵଶ 𝑓 + 𝑓ொ ቀ2 ஺ሷ஺ + ஻ሷ஻ + 4 ஺ሶమ஺మ + 5 ஺ሶ஻ሶ஺஻ቁ + 𝑓ொሶ ቀ2 ஺ሶ஺ + ஻ሶ஻ቁ = 8𝜋൫1 + 2𝐺෨൯𝑝       (15) 

 
 ଵଶ 𝑓 + 3𝑓ொ ቀ஺ሷ஺ + 2 ஺ሶమ஺మ + ஺ሶ஻ሶ஺஻ቁ + 3𝑓ொሶ ஺ሶ஺ = 8𝜋(1 + 2𝐺෨)𝑝 (16) 
 
where  𝑓 = 8𝜋𝐺෨ and an overhead dot refers to derivative with respect to time 𝑡. 
For the given cosmological model, the physical parameters are defined as follows. The spatial volume 𝑉 is given by 
 
 𝑉 = 𝑎ସ = 𝐴ଷ𝐵  (17) 
 
where 𝑎 is the average scale factor. 
The generalized mean Hubble’s parameter 𝐻 is expressed as 
 
 𝐻 = ଵସ ൫𝐻௫ + 𝐻௬ + 𝐻௭ + 𝐻ట൯ = ଵସ ൫3𝐻௫ + 𝐻ట൯  (18) 
 
where 𝐻௫ = ஺ሶ஺ = 𝐻௬ = 𝐻௭ and  𝐻ట = ஻ሶ஻  are the directional Hubble parameters in the direction of  𝑥,𝑦, 𝑧 and 𝜓 
respectively. 
The expansion scalar 𝜃, mean anisotropy parameter 𝐴௠, the shear scalar 𝜎ଶ are expressed as 
 
 𝜃 = 4𝐻  (19) 
 

 𝐴௠ = ଵସ∑ ቀு೔ିுு ቁଶସ௜ୀଵ   (20) 

 
 𝜎ଶ = ଷଶ𝐻ଶ𝐴௠  (21) 
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4. SOLUTIONS OF THE FIELD EQUATIONS 
There are various forms of the function 𝑓(𝑄,𝑇) which is commonly used in the literature [13]. Here we shall focus 

on the linear and additive form of 𝑓(𝑄,𝑇) function [14] as 𝑓(𝑄,𝑇) = 𝛼𝑄 + 𝛽𝑇 , where 𝛼 and 𝛽 are arbitrary constants.  
Here  𝑓ொ = 𝛼, 𝑓 = 𝛽 = 8𝜋𝐺෨ ,𝐺෨ = ఉ଼గ . 
Thus, the field Eqs. (14) - (16) can be reduced to 
 
 3𝛼 ቀ஺ሶమ஺మ + ஺ሶ஻ሶ஺஻ቁ = 3𝛽𝑝 − ቀ8𝜋 + ଷఉଶ ቁ 𝜀  (22) 
 
 𝛼 ቀ2 ௗௗ௧ ቀ஺ሶ஺ቁ + ௗௗ௧ ቀ஻ሶ஻ቁ + 3 ஺ሶమ஺మ + ஻ሶ మ஻మ + 2 ஺ሶ஻ሶ஺஻ቁ = (8𝜋 + 4𝛽)𝑝 − ఉଶ 𝜀  (23) 
 
 3𝛼 ቀ ௗௗ௧ ቀ஺ሶ஺ቁ + 2 ஺ሶమ஺మቁ = (8𝜋 + 4𝛽)𝑝 − ఉଶ 𝜀  (24) 
 
Subtracting Eq. (24) from (23), we get  
 
 ௗௗ௧ ቀ஻ሶ஻ − ஺ሶ஺ቁ + ቀ஻ሶ஻ − ஺ሶ஺ቁ ௏ሶ௏ = 0 (25) 
 
which on integration yields 
 
 ஻஺ = 𝑐ଶ𝑒𝑥𝑝 ቂ𝑐ଵ ׬ ௗ௧௏ ቃ   (26) 
 
where 𝑐ଵ and 𝑐ଶ are constants of integration. 
Using Eq. (17), the scale factors 𝐴 and 𝐵 can be written explicitly as 
 
 𝐴 = 𝑐ଶିభర 𝑉భర 𝑒𝑥𝑝 ቂ− ௖భସ ׬ ௗ௧௏ ቃ (27) 

 
 𝐵 = 𝑐ଶయర 𝑉భర 𝑒𝑥𝑝 ቂଷ௖భସ ׬ ௗ௧௏ ቃ (28) 
 
In terms of the directional Hubble parameters, we can express the fields Eqs. (22) – (24) as 
 
 3𝛼൫𝐻௫ଶ + 𝐻௫𝐻ట൯ = 3𝛽𝑝 − ቀ8𝜋 + ଷఉଶ ቁ 𝜀  (29) 

 
 𝛼൫2𝐻௫ሶ + 𝐻టሶ + 3𝐻௫ଶ + 𝐻టଶ + 2𝐻௫𝐻ట൯ = (8𝜋 + 4𝛽)𝑝 − ఉଶ 𝜀          (30) 

 
 3𝛼൫2𝐻௫ଶ + 𝐻௫ሶ ൯ = (8𝜋 + 4𝛽)𝑝 − ఉଶ 𝜀       (31) 
 
Equations (29), (30) provide us the general formulations for the physical parameters of the 𝑓(𝑄,𝑇) model. Pressure and 
energy density for the model can be explicitly expressed in terms of the directional Hubble parameters as   
 
 𝑝 = ఋ(଼గାସఉ) ቄ2(3𝛽ଶ + 32𝜋ଶ + 22𝜋𝛽)𝐻௫ሶ + (10𝛽ଶ + 128𝜋ଶ + 84𝜋𝛽)𝐻௫ଶ − ఉଶ (8𝜋 + 4𝛽)𝐻௫𝐻టቅ (32) 

 
 𝜀 = 𝛿൛3𝛽𝐻௫ሶ − 2(4𝜋 − 𝛽)𝐻௫ଶ − (8𝜋 + 4𝛽)𝐻௫𝐻టൟ  (33) 

 
where 𝛿 = 3𝛼ଽଶ 𝛽ଶ + 64𝜋ଶ + 44𝜋𝛽 

Equation of state is considered to be an important quantity for the description of dynamics of the universe. The equation 
of state parameter as a whole determines a relation between energy density and pressure. Using the expressions of 𝑝 and 𝜀 , the equation of state parameter can be calculated as  
 

 𝜔 = ଶ൫ଷఉమାଷଶగమାଶଶగఉ൯ுሶೣ ା൫ଵ଴ఉమାଵଶ଼గమା଼ସగఉ൯ுమೣିమഁ(଼గାସఉ)ுೣுഗ(଼గାସఉ)൛ଷఉுሶೣ ିଶ(ସగିఉ)ுమೣି(଼గାସఉ)ுೣுഗൟ  (34) 
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Further, we have three independent equations (14) to (16) in four unknowns 𝐴,𝐵, 𝜀,𝑝.  To obtain viable 
cosmological model with determinate solutions, we require some additional condition. After thoroughly reviewing 
References [38] and [46], two different volumetric expansions are considered such as power law expansion and 
exponential law expansion. 
 

5. POWER LAW EXPANSION MODEL 
Here, we consider a power law volumetric expansion  
 
 𝑉 = 𝑡ସ௠  (35) 
 
where 𝑚 is a positive constant. The positivity of the exponent 𝑚 aligns with empirical observations suggesting an 
expanding universe. Spatial volume of the universe starts with big-bang initially and with the increase of time, it 
expands. This demonstrates that universe begins its evolution with zero volume and expands with time 𝑡.  

The power law expansion of the cosmos predicts a deceleration parameter 𝑞 = −1 + ௗௗ௧ ቀଵுቁ = −1 + ଵ௠  . 
Maintaining an outlook on the recent observational evidence favouring an accelerating cosmos, we choose to go in 
support of a negative deceleration parameter. For the current framework, this implies that the value of 𝑚 should be 
greater than 1.  
The metric potentials 𝐴 and 𝐵 can be obtained by using Eq. (35) in Eqs. (27) and (28) as  
 

 𝐴 = 𝑐ଶିభర 𝑡௠ 𝑒𝑥𝑝 ቂ− ௖భ௧భషర೘ସ(ଵିସ௠)ቃ  (36) 

 
 𝐵 = 𝑐ଶయర 𝑡௠ 𝑒𝑥𝑝 ቂଷ௖భ௧భషర೘ସ(ଵିସ௠) ቃ  (37) 
 
It is seen that initially the scale factors 𝐴 and 𝐵 vanishes possessing initial singularity and at 𝑡 → ∞ , both 𝐴 and 𝐵 
diverge to infinity which aligns perfectly with the Big-Bang model of the universe. 
Accordingly, the directional Hubble parameters in respective directions are 
 
 𝐻௫ = 𝐻௬ = 𝐻௭ = 𝐻 − ௖భସ 𝑡ିସ௠ (38) 

 
 𝐻ట = 𝐻 + ଷ௖భସ 𝑡ିସ௠ (39) 
 
The various cosmological parameters such as Hubble parameter 𝐻, expansion scalar 𝜃, the shear scalar 𝜎ଶ and the mean 
anisotropic parameter 𝐴௠ are obtained as  
 
 𝐻 = ௠௧   (40) 

 
 𝜃 = ସ௠௧   (41) 

 
 𝜎ଶ = ଽଷଶ 𝑐ଵଶ𝑡ି଼௠ (42) 

 
 𝐴௠ = ଷ௖భమ௧మ(భషర೘)ଵ଺௠మ  (43) 

 
From the expression (40), (41) and (42), it is observed that Hubble parameter 𝐻, expansion scalar 𝜃 and shear scalar 𝜎ଶ 
are decreasing function of time. They diverge to infinity as 𝑡 → 0 and becomes zero as 𝑡 → ∞. The shear scalar 
diminishes but doesn’t entirely disappear, implying that the universe’s anisotropic nature gradually weakens, but never 
attains a perfectly isotropic state. The mean anisotropy parameter 𝐴௠ is extremely high at 𝑡 = 0 and approaches zero as 𝑡 → ∞. This rapid decline indicates that the universe is initially anisotropic but evolves towards isotropy at later times. 
Pressure 𝑝, energy density 𝜀 for the model (9) can be obtained from Eqs. (32)-(33) and Eqs. (38)-(39) as 
 

 𝑝 = ఋ(଼గାସఉ) ቄቂଵଶ (4𝑚 − 3)𝛽ଶ + 16(2𝑚 − 1)𝜋ଶ + (20𝑚 − 11)𝜋𝛽ቃ ସ௠௧మ + (𝛽ଶ + 8𝜋ଶ + 6𝜋𝛽)𝑐ଵଶ𝑡ି଼௠ቅ (44) 

 
 𝜀 = ఋ଼ ቄ(8𝜋 + 7𝛽)𝑐ଵଶ𝑡ି଼௠ − ቂ𝛽 ቀ ଷଶ௠ + 1ቁ + 8𝜋ቃ ଵ଺௠మ௧మ ቅ (45) 
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Figure 1.  Plot of Pressure vs cosmic time 𝒕 with 𝜶 = 𝜷 =−𝟎.𝟏, 𝒄𝟏 = 𝟏   

Figure 2. Plot of Energy density vs cosmic time 𝒕 with 𝜶 =𝜷 = −𝟎.𝟏, 𝒄𝟏 = 𝟏 

Figure 1 depicts the behavior of pressure over cosmic time reflects the dynamic character of dark energy within 
the universe. Pressure remains negative throughout cosmic evolution, gradually increasing from a highly negative value 
and vanishes at infinite time. Again, supporting additional evidence for the universe’s accelerated expansion. This trend 
is typical of certain dark energy models, where dark energy’s impact diminishes over time, resulting in a more stable 
universe. A negative pressure is thought to be necessary for generating an anti-gravity effect that drives this 
acceleration. Figure 2 depicts the energy density for the power law model. Energy density is positive throughout the 
time evolution and decreases over time. The initial density is extremely large and drops swiftly to a constant value, as 
parameter 𝑚 becomes larger. For small values of 𝑚, density settles close to zero, signifying lasting steady condition 
where the effect on the universe’s expansion remains constant. 
The equation of state parameter for this model is  
 

 𝜔 = ቀ ଶଶగାఉቁ ቊቂభమ(ସ௠ିଷ)ఉమାଵ଺(ଶ௠ିଵ)గమା(ଶ଴௠ିଵଵ)గఉቃర೘೟మ ା൫ఉమା଼గమା଺గఉ൯௖భమ௧షఴ೘(଼గା଻ఉ)௖భమ௧షఴ೘ିቂఉቀ యమ೘ାଵቁା଼గቃభల೘మ೟మ ቋ         (46) 

 

 

Figure 3.  Plot of EoS parameter vs cosmic time 𝒕 with 𝜶 = 𝜷 = −𝟎.𝟏, 𝒄𝟏 = 𝟏 

Figure 3 represents the graphical representation of EoS parameter (𝜔) and cosmic time. Initially, the universe 
evolves in the phantom region (𝜔 ൏ −1), crossing the divide line 𝜔 = −1, suddenly enters into quintessence region           −1 ൏ 𝜔 ൏ − 1 3ൗ  and 𝜔 remains fixed with advancing time. A similar behavior of EoS parameter has been observed by 
some researcher [38].  

 
6. EXPONENTIAL EXPANSION MODEL 

The exponential expansion of volume factor 
 
 𝑉 = 𝑒ସ௡௧ (47) 
 
typically results in a de Sitter kind of universe. Here 𝑛 is constant. The Hubble parameter is a constant quantity 
throughout the universe’s expansion. For this choice, the directional Hubble parameters will be   
 
 𝐻௫ = 𝐻௬ = 𝐻௭ = 𝑛 − ௖భସ 𝑒ିସ௡௧ (48) 
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 𝐻ట = 𝑛 + ଷ௖భସ 𝑒ିସ௡௧ (49) 
 

It’s noteworthy that although the mean Hubble parameter is a constant quantity, the directional Hubble values 
exhibit time dependence. The expansion rate along the conventional axes increases from 𝑛 − ௖భସ  in the initial stage to the 
constant value 𝑛 at the later stage. Whereas, the expansion rate along the extra dimension diminishes from 𝑛 + ଷ௖భସ  in the 
initial stage to the constant value 𝑛 at the later stage. The deceleration parameter for this model is 𝑞 = −1. The obtained 
model matches the current scenario of accelerating expansion of the universe, as the sign of deceleration parameter is 
negative. 
For this model, the metric potentials 𝐴 and 𝐵 using the Eq. (47) are obtained as  
 
 𝐴 = 𝑐ଶିభర 𝑒𝑥𝑝 ቂ𝑛𝑡 + ௖భଵ଺௡ 𝑒ିସ௡௧ቃ (50) 

 
 𝐵 = 𝑐ଶయర 𝑒𝑥𝑝 ቂ𝑛𝑡 − ଷ௖భଵ଺௡ 𝑒ିସ௡௧ቃ (51) 

 
Initially the model has no singularity as the metric potentials 𝐴 and 𝐵 are constant at 𝑡 = 0. 
The various cosmological parameters such as Hubble parameter 𝐻, expansion scalar 𝜃, the shear scalar 𝜎ଶ and the mean 
anisotropic parameter 𝐴௠ are found to be   
 
 𝐻 = 𝑛 (52) 
 
 𝜃 = 4𝑛 (53) 
 
 𝜎ଶ = ଽଷଶ 𝑐ଵଶ𝑒ି଼௡௧ (54) 
 
 𝐴௠  = ଷ௖భమ௘షఴ೙೟ଵ଺௡మ  (55) 

 
From the Eqs. (52) and (53), it is observed that Hubble parameter 𝐻, expansion scalar 𝜃 are constant throughout the 
evolution. Shear scalar 𝜎ଶ is decreasing function of time 𝑡. It can be observed that the shear scalar 𝜎ଶ → 0 as 𝑡 → ∞. 
The ratio of shear scalar to expansion scalar was non-zero initially, but decreased to zero as time progressed, indicating 
the universe was initially anisotropic and at a later time it approaches isotropy. The mean anisotropic parameter 𝐴௠ 
remains fixed in an initial phase i.e. the universe was anisotropic in the early stage and evolves isotropically in later 
times.  
Pressure 𝑝, energy density 𝜀 for the model (9) can be obtained from Eqs. (32)-(33) and Eqs. (48)-(49) as 
  
 𝑝 = ఋ(଼గାସఉ) ሼ8(𝛽ଶ + 16𝜋ଶ + 10𝜋𝛽)𝑛ଶ + (𝛽ଶ + 8𝜋ଶ + 6𝜋𝛽)𝑐ଵଶ𝑒ି଼௡௧ሽ     (56) 
 
 𝜀 = 𝛿 ቄ−2(8𝜋 + 𝛽)𝑛ଶ + ଵ଼ (8𝜋 + 7𝛽)𝑐ଵଶ𝑒ି଼௡௧ቅ (57) 
 

  
Figure 4.  Plot of Pressure vs cosmic time 𝒕  with 𝜶 = 𝜷 =                       −𝟎.𝟏, 𝒄𝟏 = 𝟏 

Figure 5.  Plot of Energy density vs cosmic time 𝒕 with 𝜶 =                      𝜷 = −𝟎.𝟏, 𝒄𝟏 = 𝟏 
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Figures 4 and 5 depicted the graphical behavior of pressure and energy density. The pressure is negative 
throughout the time of evolution which indicates that the matter behaves like dark energy. Pressure and energy density 
are increasing function of cosmic time. Pressure increases from a large negative value at the initial epoch and 
approaches to a constant value. Energy density was constant near 𝑡 = 0, then increased slightly to its maximum value 
and remains constant over time. So, in this model, a steady state for pressure and energy density is rapidly achieved. 
The equation of state parameter for this model is found to be 
 

 𝜔 = ቀ ଵ଼గାସఉቁ ቊ଼൫ఉమାଵ଺గమାଵ଴గఉ൯௡మା൫ఉమା଼గమା଺గఉ൯௖భమ௘షఴ೙೟ିଶ(଼గାఉ)௡మାభఴ(଼గା଻ఉ)௖భమ௘షఴ೙೟ ቋ (58) 

 
The evolution trajectory of EoS parameter (𝜔) depicted in Fig. 6. It is clear that, 𝜔 lies in the phantom region. As 

time grows, it increases from a high negative value, approaches to -1.02 at late times. 

 
Figure 6.  Plot of EoS parameter vs cosmic time 𝒕 with 𝜶 = 𝜷 = −𝟎.𝟏, 𝒄𝟏 = 𝟏 

 
7.  STATEFINDER DIAGNOSTIC, ENERGY CONDITIONS AND STABILITY ANALYSIS 

7.1.  Statefinder Diagnostic 
Statefinder analysis is a cosmological method used to study the dynamics of the universe. It is a key approach to 

understand various dark energy models. A statefinder pair (𝑟, 𝑠) consists of two dimensionless parameters employed in 
cosmology to distinguish between various cosmological models by investigating the evolution of the cosmic scale factor 𝑎 and its temporal derivatives. Sahni et al. [47] were the first to introduce these parameters as an extension of the EoS 
parameter (𝜔) to analyze the dark energy and the expansion history of the universe. The statefinder parameters are 
defined as follows: 
 
 𝑟 = ௔⃛௔ுయ = 2𝑞ଶ + 𝑞 − ௤ሶு      and   𝑠 = (௥ିଵ)ଷ൫௤ିଵ ଶൗ ൯    (59) 

 
The statefinder parameter 𝑟 measures how much cosmic expansion deviates from a pure-law behavior, while parameter 𝑠 describes its acceleration. It is a model-dependent approach to distinguish between different dark energy scenarios 
such as the ˄CDM (Lambda Cold Dark Matter), SCDM (Standard Cold Dark Matter), HDE (Holographic Dark 
Energy), CG (Chaplygin Gas) and quintessence. For corresponding values of 𝑟 and 𝑠 parameters, here are some DE 
scenarios: 

• (𝑟, 𝑠) = (1, 0) represents ˄CDM scenario. 
• (𝑟, 𝑠) = (1, 1) represents SCDM scenario. 
• (𝑟, 𝑠) = (1, 2 3ൗ ) represents HDE scenario. 
• 𝑟 ൐ 1 , 𝑠 ൏ 0 represents CG scenario. 
• 𝑟 ൏ 1 , 𝑠 ൐ 0 represents Quintessence scenario. 

In power law model, the relationship between the two statefinder parameter is  
 
 𝑟 = ଽ௦మିଽ௦ାଶଶ  (60) 
 
The graphical plot of the statefinder parameter 𝑟 versus 𝑠 is presented in Fig. 7. Its evolution moves through the dark 
energy zone of Chaplygin gas and quintessence in the 𝑟-𝑠  plane and tends to approach the ˄CDM model in the 
upcoming epoch, which is consistence with the findings discussed by Shaikh [40,48]. 
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Figure 7.  Plot of 𝒓 versus 𝒔 in power law model 

In exponential model, the statefinder parameters are found as 𝑟 = 1 and 𝑠 = 0. Hence the model behaves like ˄CDM 
model currently and in the future cosmic evolution which is consistent with the investigations of Katore et al. [38] and 
Shaikh [40]. 
 

7.2. Energy Conditions 
The energy conditions are the expressions that describe how energy density and pressure relate linearly. It plays a 

crucial role in understanding the singularity theorem, describing the nature of geodesics and studying black holes 
properties. The energy conditions are also intrinsic for comprehending the geodesics of the universe from the 
cosmological point of view. The energy conditions are constraints on the energy-momentum tensor which are obtained 
by linking Raychaudhuri equation [49] and the Einstein field equation. There are four widely used fundamental energy 
conditions. These energy conditions are described in 𝑓(𝑄,𝑇) gravity, specifically in terms of energy density 𝜀 and 
pressure 𝑝 as follows: 

• SEC (Strong Energy condition): 𝜀 + 3𝑝 ≥ 0 

• NEC (Null Energy condition): 𝜀 + 𝑝 ≥ 0 

• WEC (Weak Energy condition): 𝜀 ≥ 0 , 𝜀 + 𝑝 ≥ 0 

• DEC (Dominant Energy condition): 𝜀 ≥ |𝑝| , 𝜀 ≥ 0 
Figures 8 and 9 illustrates graphical representation of SEC, NEC and DEC versus cosmic time for power law and 

exponential law respectively. In power law model, we have observed a consistent fulfillment of WEC( 𝜀 ≥ 0),  
NEC(𝜀 + 𝑝 ≥ 0), DEC(𝜀 − 𝑝 ≥ 0) throughtout the cosmic evolution. However SEC is found to be violated in this 
model. Further, the violation of SEC results in accelerating expansion of the universe. It should be noted that our 
investigation agrees with the investigation of Koussour et al. [50]. In exponential law model, we observed that NEC and 
SEC are violated while DEC is satisfied as shown in Fig. 9, which is consistent with the investigations of Koussour 
[51]. As a result, violation of SEC and NEC causes the universe to accelerate and behave like a phantom model. 

  
Figure 8.  Plot of Energy conditions vs cosmic time 𝒕  in 
power law model 

Figure 9. Plot of Energy conditions vs cosmic time 𝒕  in 
exponential law model 

 
7.3. Stability Analysis 

Depending on the sign of the squared sound speed 𝜐௦ଶ, it becomes simpler to check the compatibility of dark 
energy models. The model’s stability is examined by the positive sign of 𝜐௦ଶ , while instability is determined by a 



87
Cosmic Acceleration and Stability of Kaluza-Klein Universe in f(Q,T) Gravity   EEJP. 3 (2026)

negative 𝜐௦ଶ. Also, to ensure mechanical stability, 𝜐௦ଶ should not exceed 1. Therefore, the region bounded by 0 ൏ 𝜐௦ଶ ൏ 1 
gives stable solutions.  
The stability parameter of the model is defined as  
 
 𝜐௦ଶ = ௗ௣ௗఌ  (61) 
 
For power expansion law model, the stability parameter 𝜐௦ଶ is found to be 
 

 𝜐௦ଶ = ቀ ଶଶగାఉቁ ቊቂభమ(ସ௠ିଷ)ఉమାଵ଺(ଶ௠ିଵ)గమା(ଶ଴௠ିଵଵ)గఉቃ భ೟యା൫ఉమା଼గమା଺గఉ൯௖భమ௧షఴ೘షభ(଼గା଻ఉ)௖భమ௧షఴ೘షభିቂఉቀ యమ೘ାଵቁା଼గቃర೘೟య ቋ    (62) 

 
Figure 10 plots the squared sound speed versus cosmic time in power law model. It is observed that in power law 

model, 𝜐௦ଶ ൏ 0 for 𝑚 ≥ 0.5, hence the model is unstable in the present and late-time phases of cosmic evolution. For 𝑚 ൏ 0.5 , the squared sound speed 𝜐௦ଶ is negative at the early stages of the cosmic evolution and tends to positive at late-
time. Thus for 𝑚 ൏ 0.5 , the model exhibits instability in early cosmic evolution and become stable as the universe 
evolves. 

 

Figure 10.  Plot of Squared speed sound vs cosmic time 𝒕 in power law model 

For Exponential expansion law model, the stability parameter 𝜐௦ଶ is found to be 
 
 𝜐௦ଶ = ଼൫ఉమା଼గమା଺గఉ൯(଼గାସఉ)(଼గା଻ఉ) (63) 
 
Thus, the model is stable as 𝜐௦ଶ ൐ 0. 
 

8. CONCLUSION 
In this work, the dynamics of a five-dimensional Kaluza-Klein metric in presence of matter distribution is studied 

in the framework of 𝑓(𝑄,𝑇) gravity by considering two different kinds of volumetric expansion namely power law and 
exponential volumetric expansion. 
In power law model: 

• The metric potentials vanish initially and eventually diverge to infinity as 𝑡 ⟶ ∞. Thus, the model consistent 
with a big-bang model and has an initial singularity. 

• Hubble parameter and expansion scalar diverges initially but approaches zero monotonically as time tends to 
infinity. 

• Mean anisotropy parameter decreases with time and approaches to zero as 𝑡 ⟶ ∞. This rapid decline indicates 
that the universe is initially anisotropic but evolves towards isotropy at later times. 

• For the value of parameter 𝑚 ൐ 1, the deceleration parameter is negative which shows that universe undergoes 
accelerated expansion. 

• The initial density is extremely large and drops swiftly to a constant value signifying steady condition. 
• The dynamics of the universe is studied using equation of state parameter. In this model, initially the universe 

evolves in the phantom region, crossing the phantom divide line, suddenly enters into quintessence region and 𝜔 remains fixed with advancing time. 
• From the statefinder diagnosis, we observed that 𝑟 -𝑠  trajectory moves through the dark energy zone of 

Chaplygin gas and quintessence and tends to approach the ˄CDM model in the upcoming epoch as shown in 
Fig. 7.  
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• The model satisfies NEC and DEC but SEC is violated as shown in Fig. 8. The violation of SEC results in 
accelerating expansion of the universe. 

• The model is unstable for 𝑚 ≥ 0.5 as shown in Fig. 10. However, for 𝑚 < 0.5,  the model is unstable at the 
early phases of cosmic evolution and is stable at late-time. 

In Exponential volumetric expansion law: 
• The metric potentials accept constant value at initial time and after which they eventually diverge to infinity. 

Thus, it is free from any type of singularity. 
• Hubble parameter and expansion scalar exhibits constant value throughout the evolution indicating uniform 

exponential expansion i.e. as time 𝑡 increases, the universe expands homogeneously from initial epoch to 
infinity. 

• Mean anisotropy parameter shows a constant value at initial epoch, indicating that universe approaches 
isotropy. 

• The deceleration parameter is 𝑞 = −1 which indicates that universe accelerating expansion matches current 
observations. 

• Energy density was constant near 𝑡 = 0 and then increased slightly and remains constant as time increases 
achieving steady state. 

• EoS parameter 𝜔 lies in the phantom region. As time progresses, it increases from a high negative value and 
approaches to value -1.2 at late times. 

• From the statefinder diagnosis, we observed that the exponential law model behaves more like a ˄CDM model 
having statefinder pair (𝑟, 𝑠) = (1,0).  

• NEC and SEC are violated while DEC is satisfied as shown in Fig. 9. 
• The model is stable. 
It is important to note that for both models, the pressure is negative throughout the time of evolution gradually 

increasing from a highly negative value and vanishes at infinite time which indicates that the matter behave like dark 
energy.  

Overall, the proposed model effectively describes cosmic evolution and offers a flexible framework for 
understanding the late-time acceleration of the universe. 
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КОСМІЧНЕ ПРИСКОРЕННЯ ТА СТАБІЛЬНІСТЬ ВСЕСВІТУ КАЛУЦИ-КЛЕЙНА В f(Q,T) ГРАВІТАЦІЇ 
М.Т. Сароде1, В.Г. Мете2, А.С. Німкар3 

1Факультет математики, коледж мистецтв, торгівлі та науки Шрі Шіваджі, Акола (М.С.), Індія 
2Кафедра математики, коледж R. D. I. K. & K. D., Баднера – Амраваті (MS), Індія 

3Кафедра математики, коледж мистецтв і науки Шрі доктора Р. Г. Ратода, округ Муртізапур. Акола (MS), Індія 
Гравітація f(Q,T) була використана в цьому дослідженні для вивчення Всесвіту Калуци-Клейна за наявності розподілу 
матерії. У цій теорії гравітації дія містить довільну функцію f(Q,T), де Q та T відповідно позначають неметричність та слід 
тензора імпульсу енергії. У цій роботі враховується лінійна та адитивна форма гравітації f(Q,T), f(Q,T)=αQ+βT, де α та β - 
довільні константи. Щоб досягти фізично життєздатного розв'язку рівнянь поля, ми розглянули степеневий закон та закон 
експоненціального розширення. Ми досліджуємо еволюціонуючий характер Всесвіту з фізичними та геометричними 
властивостями в рамках цієї теоретичної бази. Для кращої ясності досліджуються діагностика пошуку стану та параметр 
EoS, щоб охарактеризувати різні фази Всесвіту. Енергетичні умови моделей також аналізуються та виявляються такими, що 
узгоджуються з останніми космологічними спостереженнями. Крім того, одна з наших моделей за своєю суттю допускає 
фантомну область для темної енергії. Далі моделі, розглянуті в цій роботі, підтверджені за допомогою аналізу стійкості. 
Ключові слова: гравітація f(Q,T); простір-час Калуци-Клейна; рівняння стану; енергетичні умови 
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In this work, we investigate a spatially homogeneous and anisotropic Bianchi type-VI0 cosmological model within the framework of
General Relativity by considering a non-interacting mixture of pressureless dark matter and Rényi holographic dark energy (RHDE), with
the Hubble horizon serving as the infrared cutoff. Exact solutions of the Einstein field equations are obtained by adopting the hyperbolic
scale factor 𝑎(𝑡) = (sinh(𝛽𝑡))1/𝑛. The model parameters are constrained through a Markov Chain Monte Carlo (MCMC) analysis using
77 Observational Hubble Data (OHD) measurements of the Hubble parameter, yielding the best-fit values 𝐻0 = 67.9 km s−1 Mpc−1

and 𝑛 = 1.3. A comparison with the standard ΛCDM model reveals a slightly lower minimum 𝜒2 value together with negative values
of ΔAIC and ΔBIC, indicating a modest statistical preference for the proposed model. The reconstructed cosmic evolution exhibits
a smooth transition from a matter-dominated decelerating phase to the present accelerated epoch, with the transition redshift lying
within the observationally favored range 0.5 ≲ 𝑧𝑡 ≲ 0.7. Furthermore, the evolution of the matter and RHDE energy densities, dark
energy pressure, equation-of-state parameter, anisotropy parameter and skewness parameter demonstrates that the model successfully
reproduces the observed late-time accelerated expansion while undergoing a gradual isotropization. Overall, the proposed RHDE model
provides a physically consistent and observationally viable framework for describing the late-time evolution of the Universe.

Keywords: Cold dark matter; Bianchi type-𝑉𝐼0 spacetime; Cosmic acceleration; Rényi holographic dark energy; Deceleration
parameter; Equation of state parameter

1. INTRODUCTION
Hubble’s 1929 work [1] represented a major milestone in cosmology, providing strong evidence for one of the twentieth

century’s most significant discoveries - the expansion of the universe. In the late twentieth century, observations from
two independent teams - the High-redshift Supernova Search Team led by A. G. Riess [2] and the Supernova Cosmology
Project led by S. Perlmutter [3] demonstrated that the universe is presently undergoing an accelerated expansion. Since that
period, multiple astrophysical and cosmological observations, such as CMB temperature anisotropies [4–6], large-scale
structures including galaxy clustering [7–9], and Baryon Acoustic Oscillations (BAO) [10] have consistently supported the
evidence for the universe’s accelerated expansion. But the origin of the observed late-time cosmic acceleration remains
unclear and continues to be a significant open problem in modern cosmology, even after more than two decades since its
discovery. Dark matter is another exotic component of the universe that does not interact with electromagnetic radiation,
and hence cannot be directly observed, but its existence is inferred from its gravitational effects on visible matter [11].
Observational evidence indicates that the dark components together make up about 95% of the total energy density of the
universe, with dark matter (DM), a non-relativistic component that interacts very weakly with baryonic matter, contributing
nearly 27%, and dark energy (DE) accounting for approximately 68%, while only about 5% consists of ordinary baryonic
matter. To understand the nature of dark energy and the current accelerated expansion of the universe, several dark
energy candidates have been proposed in the literature. The cosmological constant Λ, introduced by Einstein in his field
equations, is the simplest and most natural candidate for dark energy. It can be interpreted as vacuum energy density with
an equation of state parameter 𝜔𝑑𝑒 = 𝑝𝑑𝑒

𝜌𝑑𝑒
= −1. Although it is in good agreement with observational data, it suffers from

certain cosmological issues, including the fine-tuning and cosmic coincidence problems [12–14]. Therefore, a variety of
dark energy models have been widely studied, including scalar field models such as quintessence [15,16], k-essence [17],
phantom [18], tachyon [19, 20], quintom [21], as well as exotic fluid models like the Chaplygin gas [22] etc.

In recent years, the holographic dark energy (HDE) model has gained significant interest as an alternative approach
to describe the evolution of the universe. It is based on the holographic principle from quantum gravity, connecting dark
energy with fundamental aspects of quantum physics. The development of this model is strongly influenced by Bekenstein’s
work on black hole thermodynamics [23]. Again, Hawking [24] demonstrated that the surface area of a black hole cannot
decrease over time. According to this result, in a system of multiple black holes, the area of each black hole remains
non-decreasing, and when two black holes combine, the final area is at least equal to the total area of the original ones [25].
This property closely resembles the behavior of entropy in thermodynamics. Bekenstein proposed that the entropy of a
black hole is proportional to the area of its event horizon and can be expressed as 𝑆𝐵𝐻 = 𝐴

4𝜋 , where 𝐴 denotes the area
of the horizon [23]. Later, G.t’Hooft [26] introduced the holographic principle within the context of black hole physics,
based on the relationship between entropy and the surface area of the black hole. Fischler and Susskind [27] subsequently
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91

EEJP. 3 (2026)

generalized this idea to a cosmological context. The principle suggests that the entropy of a system is governed by its
surface area rather than its volume. In this framework, the ultraviolet (UV) cutoff at short distances is linked to the infrared
(IR) cutoff at large distances through limits set by black hole formation. Additionally, if the total energy within a region
exceeds the mass of a black hole of the same size, gravitational collapse may occur. Extending this idea to the entire
universe, one can interpret it as a system whose vacuum energy has a holographic origin, thereby giving rise to a dynamical
model of holographic dark energy. Based on the holographic principle, Cohen et al. [28] established a connection between
the system entropy 𝑆, the infrared (IR) cutoff 𝐿, and the ultraviolet (UV) cutoff Λ, given by 𝐿3Λ4 ≤ 𝐿𝑀2

𝑝 , where 𝑀𝑝 =

(8𝜋𝐺)−1/2 is the reduced Planck mass. By considering the largest possible IR cutoff 𝐿 and using the relation 𝜌de ≈ Λ4, the
holographic dark energy density can be written as 𝜌de = 3𝑐2𝑀2

𝑝𝐿
−2 , where 𝑐 is a dimensionless constant [29]. Several

other suitable choices for the IR cutoff have also been proposed in the literature, including the Hubble horizon 𝐻−1, event
horizon, particle horizon, the universe’s conformal age, the Ricci scalar radius, and the Granda-Oliveros cutoff. However,
each of these choices can lead to new cosmological challenges. Li [29] proposed a holographic dark energy model in 2004,
observing that cosmic acceleration could not be explained using either the particle horizon or the Hubble horizon. The
future event horizon, however, can provide a viable explanation but a significant drawback of this model is its dependence
on the universe’s future evolution, making it challenging to precisely determine the universe’s age [30]. To address this
limitation, alternative infrared (IR) cutoffs have been proposed to describe the universe’s current and future evolution.
Granda and Oliveros [31, 32] introduced a new IR cutoff that depends on both the square of the Hubble parameter and its
time derivative. This approach leads to the New Holographic Dark Energy (NHDE) model, with the energy density given
by 𝜌de = 3𝑐2𝑀2

𝑝

(
𝛼𝐻2 + 𝛽 ¤𝐻

)
,where 𝛼 and 𝛽 are constants. Gao et al. [33] developed an alternative holographic dark

energy model, known as the Holographic Ricci Dark Energy (HRDE) model, in which the future event horizon is replaced
by the inverse of the Ricci scalar, 𝐿 ≈ 𝑅−1/2. Consequently, the energy density becomes proportional to the Ricci scalar 𝑅.

In recent years, different entropy frameworks have been proposed and applied to study various cosmological scenarios.
In 2018, the Tsallis holographic dark energy (THDE) model was introduced [34], employing the Tsallis generalized entropy
𝑆𝛿 = 𝛾𝐴

𝛿 where 𝛿 is a non-additive parameter, 𝐴 denotes the area of the event horizon, and 𝛾 is a constant [35]. Barrow [36]
proposed a new approach to black hole entropy that incorporates quantum gravity effects, and Saridakis [37] constructed
the Barrow Holographic Dark Energy (BHDE) model by using Barrow entropy in place of the standard Bekenstein-
Hawking entropy. Recent studies indicate that the Bekenstein entropy 𝑆 = 𝐴

4 can be interpreted as a special case of Tsallis
entropy [38–44], which leads to a convenient expression for Rényi entropy [45] given by 𝑆 = 1

𝛿
ln

(
𝛿
4 𝐴 + 1

)
. By applying

this relation together with the assumption 𝜌de𝑑𝑉 ∝ 𝑇𝑑𝑆 [46], the energy density of Rényi holographic dark energy (RHDE)
is obtained as 𝜌de = 3𝑐2𝐻2

8𝜋
(
1+ 𝜋𝛿

𝐻2

) , where 𝑐2 is a numerical constant. Jahromi et al. [47] proposed a new holographic dark

energy model, known as Sharma–Mittal HDE, by incorporating Sharma–Mittal entropy [48] within the framework of the
holographic principle, where the Hubble horizon is taken as the IR cutoff. Their analysis shows that the model exhibits
behavior in good agreement with observational results. Kaniadakis introduced another form of entropy, which represents
a one-parameter generalization of the classical entropy, expressed as 𝑆𝐾 = 1

𝐾
sinh(𝐾𝑆𝐵𝐻 ), where 𝐾 is a dimensionless

parameter [49]. The usual Bekenstein-Hawking entropy is recovered in the limit 𝐾 → 0. Using this entropy framework
along with the holographic dark energy concept, a new model called Kaniadakis Holographic Dark Energy (KHDE) has
been proposed in the literature [50, 51].

The RHDE model has been investigated using different choices of infrared (IR) cutoffs [52, 53]. Prasanthi and
Aditya [53] constructed anisotropic and spatially homogeneous Bianchi type-VI0 Rényi holographic dark energy (RHDE)
models by taking both the Hubble horizon and the Granda-Oliveros horizon as infrared (IR) cutoffs. Their analysis shows
that the squared speed of sound indicates stability for the RHDE model with the Hubble horizon, whereas it exhibits
instability when the Granda-Oliveros horizon is used. Younas et al. [54] examined the cosmological implications, such
as stability and the equation of state (EoS) parameter, of Rényi entropy-based holographic dark energy models within the
framework of Chern–Simons gravity. Maity and Debnath [55] studied Rényi holographic dark energy in a 𝐷-dimensional
fractal universe by exploring its cosmological implications. T. Chinnappalanaidu et al. [56] studied the dynamical
behavior of a homogeneous and anisotropic Kantowski-Sachs universe filled with Rényi holographic dark energy, using a
generalized scalar-tensor theory as the gravitational framework. Iqbal and Jawad [57] studied the cosmological parameters
of the RHDE model by considering the Hubble horizon as the infrared (IR) cutoff within the DGP brane-world framework,
and found that the model exhibits unstable behavior. Jawad et al. [58] examined the RHDE model in the framework of loop
quantum cosmology by considering the Hubble horizon as the infrared (IR) cutoff. The RHDE model has been examined
by several researchers in different frameworks to study the universe’s present expansion and its associated characteristics.

Almost all these studies in the literature focus on anisotropic and homogeneous universe models because although the
present universe appears to be homogeneous and isotropic on large scales and is well described by the Friedmann-Lemaı̂tre-
Robertson-Walker framework, there is no definitive observational evidence that completely excludes the possibility of
anisotropy. It is possible that anisotropies were present in the early universe, as suggested by the observations of
anisotropies in the Cosmic Microwave Background (CMB). Spatially homogeneous and anisotropic Bianchi models are
widely studied to improve our understanding of the dynamics of the evolving universe. These models provide some of the
simplest descriptions of anisotropic backgrounds and play an important role in explaining the large-scale behavior of the
universe. The FLRW cosmological model, which is homogeneous and isotropic, can be considered as a particular case of
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the Bianchi type I universe. As a result, spatially homogeneous and anisotropic Bianchi cosmological models have been
widely studied in various contexts. Motivated by the above discussion, our aim is to examine a Rényi holographic dark
energy model in a Bianchi type VI0 universe within the framework of General Relativity.

The structure of the paper is as follows: In Section 2, we consider a spatially homogeneous and anisotropic Bianchi
type VI0 universe consisting of pressureless cold dark matter and non-interacting Rényi holographic dark energy. In this
section, the Hubble horizon 𝐿 = 𝐻−1 is chosen as the infrared (IR) cutoff, and the corresponding Einstein field equations
are derived. Section 3 presents exact solutions of the field equations obtained by considering a hyperbolic form of the
scale factor. Section 4 focuses on the physical and kinematical aspects of the model through the study of the evolution of
key cosmological parameters. Section 5 summarizes the main conclusions of this work.

2. METRIC AND GOVERNING EQUATIONS
We consider the Bianchi type-𝑉𝐼0 spacetime in the following form:

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2𝑑𝑥2 + 𝐵2𝑒2𝛼𝑥𝑑𝑦2 + 𝐶2𝑒−2𝛼𝑥𝑑𝑧2 (1)

The scale factors 𝐴(𝑡) , 𝐵(𝑡) and 𝐶 (𝑡) vary only with cosmic time 𝑡 and 𝛼 ≠ 0 is taken as a constant. The metric
reduces to the Bianchi type-I case when 𝛼 = 0,

It is assumed that the universe contains cold dark matter along with a proposed anisotropic fluid, which serves as the
components of holographic dark energy.

The energy-momentum tensor 𝑇 𝑖
𝑗

for cold dark matter is

𝑇 𝑖𝑗 = 𝑑𝑖𝑎𝑔[−1, 0, 0, 0]𝜌𝑚 (2)

where 𝜌𝑚 represents the energy density of cold dark matter.
The energy-momentum tensor for Rényi holographic dark energy 𝑇 𝑖

𝑗
, takes the following form

𝑇 𝑖𝑗 = 𝑑𝑖𝑎𝑔[−𝜌𝑑𝑒, 𝑝𝑑𝑒𝑥 , 𝑝𝑑𝑒𝑦 , 𝑝𝑑𝑒𝑧 ] (3)

where, 𝜌𝑑𝑒 denotes the energy density of Rényi holographic dark energy [46], while 𝑝𝑑𝑒𝑥 , 𝑝𝑑𝑒𝑦 , and 𝑝𝑑𝑒𝑧 signify the pressures
of Rényi holographic dark energy in the 𝑥, 𝑦 and 𝑧 directions, respectively.

Density of Rényi holographic dark energy 𝜌𝑑𝑒, is defined by

𝜌𝑑𝑒 =
3𝐷2𝐻2

8𝜋
(
1 + 𝛿𝜋

𝐻2

) (4)

where 𝐷2 is treated as a numerical constant and 𝐻 is the Hubble parameter.
By permitting anisotropy in the pressure of Rényi holographic dark energy, 𝑝𝑑𝑒 and in its equation of state parameter,

𝜔𝑑𝑒 =
𝑝𝑑𝑒
𝜌𝑑𝑒

, we obtain.

𝑇 𝑖𝑗 = 𝑑𝑖𝑎𝑔[−1, 𝜔𝑑𝑒𝑥 , 𝜔𝑑𝑒𝑦 , 𝜔𝑑𝑒𝑧 ]𝜌𝑑𝑒
= 𝑑𝑖𝑎𝑔[−1, 𝜔𝑑𝑒, (𝜔𝑑𝑒 + 𝜂) , (𝜔𝑑𝑒 + 𝜂)]𝜌𝑑𝑒 (5)

where 𝜔𝑑𝑒𝑥 = 𝜔𝑑𝑒, 𝜔𝑑𝑒𝑦 = (𝜔𝑑𝑒 + 𝜂), and 𝜔𝑑𝑒𝑧 = (𝜔𝑑𝑒 + 𝜂) are the directional equation of state parameters for the Rényi
holographic dark energy along the 𝑥, 𝑦 and 𝑧 axes, respectively. The skewness parameter 𝜂 indicates the deviations from
𝜔𝑑𝑒 along the directions of 𝑦 and 𝑧. The 4-velocity vector 𝑢𝑖 = (1, 0, 0, 0) is taken to satisfy the condition 𝑢𝑖𝑢𝑖 = −1.

In Relativitistic units, Einstein’s field equation is defined as

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 = 𝑇𝑖 𝑗 + 𝑇𝑖 𝑗 (6)

In this equation, 𝑅𝑖 𝑗 denotes the Ricci tensor, 𝑔𝑖 𝑗 refers to the metric tensor, and 𝑅 = 𝑔𝑖 𝑗𝑅𝑖 𝑗 represents the Ricci scalar
curvature.

In a comoving coordinate system, Einstein’s field equation (6), along with equations (2) and (5) for the metric (1),
results in the following set of field equations.

¤𝐴
𝐴

¤𝐵
𝐵
+

¤𝐵
𝐵

¤𝐶
𝐶

+
¤𝐶
𝐶

¤𝐴
𝐴
−

( 𝛼
𝐴

)2
= 𝜌𝑚 + 𝜌𝑑𝑒 (7)

¥𝐵
𝐵
+

¥𝐶
𝐶

+
¤𝐵
𝐵

¤𝐶
𝐶

+
( 𝛼
𝐴

)2
= −𝜔𝑑𝑒𝜌𝑑𝑒 (8)
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¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴
𝐴

¤𝐵
𝐵
−

( 𝛼
𝐴

)2
= − (𝜔𝑑𝑒 + 𝜂) 𝜌𝑑𝑒 (9)

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴
𝐴

¤𝐶
𝐶

−
( 𝛼
𝐴

)2
= − (𝜔𝑑𝑒 + 𝜂) 𝜌𝑑𝑒 (10)

¤𝐶
𝐶

−
¤𝐵
𝐵

= 0 (11)

where the overdot symbol indicates the derivative with respect to the cosmic time 𝑡.
From equations (7)–(11), we derive the continuity equation as:

¤𝜌𝑚 + 3𝐻𝜌𝑚 + ¤𝜌𝑑𝑒 + 3𝐻 (1 + 𝜔𝑑𝑒) 𝜌𝑑𝑒 + 𝜂
( ¤𝐵
𝐵
+

¤𝐶
𝐶

)
𝜌𝑑𝑒 = 0 (12)

We assume that the two components of the universe evolve independently without interaction. Hence, continuity equation
(12) leads to separate conservation equations for matter and dark energy as

¤𝜌𝑚 + 3𝐻𝜌𝑚 = 0 (13)

¤𝜌𝑑𝑒 + 3𝐻 (1 + 𝜔𝑑𝑒) 𝜌𝑑𝑒 + 𝜂
( ¤𝐵
𝐵
+

¤𝐶
𝐶

)
𝜌𝑑𝑒 = 0 (14)

3. THE SOLUTIONS OF THE FIELD EQUATIONS
The Hubble parameters corresponding to the directions of 𝑥, 𝑦, and 𝑧 for the Bianchi type-VI0 metric are

𝐻𝑥 =
¤𝐴
𝐴
, 𝐻𝑦 =

¤𝐵
𝐵
, 𝐻𝑧 =

¤𝐶
𝐶

(15)

The average scale factor 𝑎 and the volume 𝑉 are defined as follows

𝑎 = (𝐴𝐵𝐶)
1
3 𝑉 = 𝑎3 = 𝐴𝐵𝐶 (16)

The average value of Hubble parameter 𝐻 is defined as

𝐻 =
1
3
¤𝑉
𝑉

=
1
3

( ¤𝐴
𝐴
+

¤𝐵
𝐵
+

¤𝐶
𝐶

)
=

1
3

(
𝐻𝑥 + 𝐻𝑦 + 𝐻𝑧

)
(17)

The mathematical form of the average anisotropy parameter 𝐴𝑚 is

𝐴𝑚 =
1
3

3∑︁
𝑖=1

(
Δ𝐻𝑖

𝐻

)2
(18)

Here, Δ𝐻 = 𝐻𝑖 − 𝐻, where 𝐻𝑖 (for 𝑖 = 𝑥, 𝑦, 𝑧) denotes the directional Hubble parameters along the 𝑥, 𝑦 and 𝑧 directions.
The anisotropy parameter measures how much the expansion deviates from isotropy. Evaluating this parameter is essential
for determining whether the cosmological model tends toward isotropy over time.

From Eq. (11), we obtain

𝐵 = 𝑚𝐶 (19)

where 𝑚 > 0 is an integration constant.
Using equations (15) , (17) and (19), the expression for the anisotropy parameter in (18) can be written as:

𝐴𝑚 =
2

9𝐻2 (𝐻𝑥 − 𝐻𝑧)2 (20)

Substituting Eq. (19) into the field equations (7)- (11), we obtain( ¤𝐶
𝐶

)2

+ 2
¤𝐶
𝐶

¤𝐴
𝐴
−

( 𝛼
𝐴

)2
= 𝜌𝑚 + 𝜌𝑑𝑒 (21)
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( ¤𝐶
𝐶

)2

+ 2
¥𝐶
𝐶

+
( 𝛼
𝐴

)2
= −𝜔𝑑𝑒𝜌𝑑𝑒 (22)

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴
𝐴

¤𝐶
𝐶

−
( 𝛼
𝐴

)2
= − (𝜔𝑑𝑒 + 𝜂) 𝜌𝑑𝑒 (23)

By subtracting equation (22) from equation (23), we obtain:

¤𝐴
𝐴
−

¤𝐶
𝐶

= 𝐻𝑥 − 𝐻𝑧 =
𝜆

𝑉
+ 1
𝑉

∫ (
2𝛼2

𝐴2 − 𝜂𝜌𝑑𝑒
)
𝑉𝑑𝑡 (24)

Here, 𝜆 is an integration constant, and the term 𝜂 appears due to the possible intrinsic anisotropy of the fluid,
Finally, substituting equation (24) into equation (20), we obtain the anisotropy parameter of the expansion as follows:

𝐴𝑚 =
2
9

1
𝐻2

[
𝜆 +

∫ (
2𝛼2

𝐴2 − 𝜂𝜌𝑑𝑒
)
𝑉𝑑𝑡

]2

𝑉−2 (25)

Following [59], we take

𝜂 =
2𝛼2

𝜌𝑑𝑒𝐴
2 (26)

Substituting equation (26) into equation (25), we obtain the reduced anisotropy parameter of the expansion as

𝐴𝑚 =
2
9
𝜆2

𝐻2𝑉
−2 (27)

Equations (21)-(23) of the Einstein field equations, along with (26), lead to:( ¤𝐶
𝐶

)2

+ 2
¤𝐶
𝐶

¤𝐴
𝐴

= 𝜌𝑚 +
(
1 + 𝜂

2

)
𝜌𝑑𝑒 (28)

( ¤𝐶
𝐶

)2

+ 2
¥𝐶
𝐶

= −
(
𝜔𝑑𝑒 +

𝜂

2

)
𝜌𝑑𝑒 (29)

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴
𝐴

¤𝐶
𝐶

−
( 𝛼
𝐴

)2
= −

(
𝜔𝑑𝑒 +

𝜂

2

)
𝜌𝑑𝑒 (30)

The relative rate of expansion (or contraction) of the universe is described by the expansion scalar 𝜃, while the shear scalar
𝜎 measures the deformation caused by density fluctuations. The scalar expansion 𝜃 and shear scalar 𝜎 are defined as

𝜃 = 3𝐻 = 𝐻𝑥 + 2𝐻𝑧 (31)

𝜎2 =
1
2
[𝐻2

𝑥 + 2𝐻2
𝑧 ] −

𝜃2

6
=

1
3
(𝐻𝑥 − 𝐻𝑧)2 (32)

The three equations, (28)–(30) involve six unknowns, namely 𝐴,𝐶, 𝜌𝑚, 𝜌𝑑𝑒, 𝜔𝑑𝑒 and 𝜂, together with (4) indicate that the
system remains unsolved without additional constraints .

Thus, in order to obtain a determinate solution, two additional conditions are required. We consider the following
physically relevant constraints:

(𝑖) We assume that the shear scalar is proportional to the scalar expansion which gives

𝐴 = 𝐶𝑘 (33)

where, 𝑘 is a nonzero integration constant.
(𝑖𝑖) Next, we assume the average scale factor 𝑎(𝑡) as

𝑎(𝑡) = (sinh (𝛽𝑡))
1
𝑛 (34)

where, 𝛽 is an arbitrary constant and 𝑛 represents a positive constant.



Cosmological Evolution of an Anisotropic Bianchi Type-VI0 Universe with Rényi Holographic...
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Equation (34), is a generalization of the scale factor obtained by Amirhashchi et al. [60] and Pradhan et al. [61] for
dark energy models in FRW and Bianchi type-𝑉𝐼0 space-times, respectively.

Substituting the average scale factor from Equation (34) into Equations (16), (19) and (33), we derive the directional
scale factors.

𝐴 =

(
sinh

3
𝑛 (𝛽𝑡)
𝑚

) 𝑘
(𝑘+2)

(35)

𝐵 = 𝑚

(
sinh

3
𝑛 (𝛽𝑡)
𝑚

) 1
(𝑘+2)

(36)

𝐶 =

(
sinh

3
𝑛 (𝛽𝑡)
𝑚

) 1
(𝑘+2)

(37)

Thus, the metric (1) takes the form:

𝑑𝑠2 = −𝑑𝑡2 +
(

sinh
3
𝑛 (𝛽𝑡)
𝑚

) 2𝑘
(𝑘+2)

𝑑𝑥2 + 𝑚
(

sinh
3
𝑛 (𝛽𝑡)
𝑚

) 2
(𝑘+2)

𝑒2𝛼𝑥𝑑𝑦2 +
(

sinh
3
𝑛 (𝛽𝑡)
𝑚

) 2
(𝑘+2)

𝑒−2𝛼𝑥𝑑𝑧2 (38)

4. RELEVANT PHYSICAL PROPERTIES
The average Hubble parameter, 𝐻, is a fundamental cosmological quantity that characterizes the expansion rate of

the universe. By employing the scale factor 𝑎(𝑡) = [sinh(𝛽𝑡)]1/𝑛 , from which the Hubble parameter can be expressed in
terms of the cosmic time 𝑡 as:

𝐻 =
¤𝑎
𝑎
=
𝛽

𝑛
coth(𝛽𝑡) (39)

To describe the cosmic expansion in terms of the observable redshift, 𝑧, we employ the standard relation between
the scale factor and redshift 𝑎(𝑡) = 1

1+𝑧 , where the present value of the scale factor is normalized to unity, i.e., 𝑎0 = 1.
Therefore, the Hubble parameter in terms of the redshift is obtained as

𝐻 (𝑧) = 𝛽

𝑛

√︁
1 + (1 + 𝑧)2𝑛 (40)

Imposing the normalization condition at the present epoch, 𝐻0 ≡ 𝐻 (𝑧 = 0), yields 𝐻0 =
𝛽

𝑛

√
2 from which it follows that

𝛽

𝑛
=
𝐻0√

2
. Consequently, the normalized Hubble parameter assumes the form

𝐻 (𝑧) = 𝐻0

√︂
1 + (1 + 𝑧)2𝑛

2
(41)

which will be employed throughout the subsequent analysis.
The deceleration parameter is evaluated using the kinematic relation

𝑞(𝑧) = −1 + (1 + 𝑧)
𝐻 (𝑧)

𝑑𝐻 (𝑧)
𝑑𝑧

Substituting the normalized Hubble parameter (41) and performing the differentiation with respect to the redshift yields

𝑞(𝑧) = −1 + 𝑛(1 + 𝑧)2𝑛

1 + (1 + 𝑧)2𝑛 (42)

which provides the evolution of the cosmic expansion directly in terms of the observable redshift. For the proposed
cosmological model to be physically viable, the model parameter 𝑛 must satisfy the following conditions:
1. In the high-redshift limit (𝑧 ≫ 1), the deceleration parameter approaches 𝑞(𝑧) → 𝑛 − 1.. To ensure a decelerating

early Universe, which is essential for the formation of large-scale structures, the condition 𝑞(𝑧) > 0 must be satisfied,
implying 𝑛 > 1.

2. At the present epoch (𝑧 = 0), the deceleration parameter is given by 𝑞0 ≡ 𝑞(0) = 𝑛−2
2 . The observed late-time

accelerated expansion requires 𝑞0 < 0, which leads to the constraint 𝑛 < 2.
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Accordingly, the physically admissible range of the model parameter is 1 < 𝑛 < 2. Within this interval, the transition from
decelerated to accelerated expansion occurs at the transition redshift 𝑧𝑡 , defined by the condition 𝑞(𝑧𝑡 ) = 0. Solving this
condition yields

𝑧𝑡 =

(
1

𝑛 − 1

) 1
2𝑛

− 1 (43)

For all 𝑛 ∈ (1, 2), the transition redshift is real, positive, and uniquely determined, thereby ensuring a physically consistent
cosmic evolution from an early decelerating phase to the present accelerated epoch.
To investigate the evolution of the cosmological quantities, namely the dark energy density 𝜌𝑑𝑒 (𝑧), matter density 𝜌𝑚 (𝑧),
dark energy pressure 𝑝𝑑𝑒 (𝑧), equation-of-state parameter 𝜔𝑑𝑒 (𝑧), and deceleration parameter 𝑞(𝑧), the model parameters
𝐻0 and 𝑛 are first constrained using the observational Hubble data (OHD) set. The resulting best-fit values are subsequently
employed in the analysis of the model.

4.1. Observational constraints
To constrain the free parameters, {𝐻0, 𝑛}, of the proposed HDE model, a statistical analysis is performed using

the normalized Hubble parameter given in Eq. (41). The resulting best-fit values are subsequently employed in the
cosmological analysis. A total of 77 observational Hubble parameter [𝐻 (𝑧)] data points are employed to constrain the
model parameters, 𝐻0 and 𝑛. The dataset spans the redshift range 0 ≤ 𝑧 ≤ 2.36 and is adopted from Ref. [62]. The
corresponding chi-square (𝜒2) statistic is defined as

𝜒2
𝑂𝐻𝐷 =

77∑︁
𝑖=1

[
𝐻obs (𝑧𝑖) − 𝐻th (𝑧𝑖;𝐻0, 𝑛)

𝜎𝐻,𝑖

]2
(44)

where 𝐻obs (𝑧𝑖) and 𝐻th (𝑧𝑖;𝐻0, 𝑛) denote the observed and theoretical values of the Hubble parameter at redshift 𝑧𝑖 ,
respectively, while 𝜎𝐻,𝑖 represents the corresponding observational uncertainty. The model parameters are constrained
using the Markov Chain Monte Carlo (MCMC) technique through the minimization of the chi-square statistic, 𝜒2.
Under the assumption of Gaussian-distributed observational uncertainties, the likelihood function is defined as L(𝜽) ∝
exp

(
− 𝜒

2 (𝜽 )
2

)
, where 𝜽 = {𝐻0, 𝑛} denotes the set of free model parameters. The corresponding marginalized 1𝜎 and 2𝜎

confidence regions are displayed through the likelihood contour plots. The parameter constraints obtained from the OHD
dataset are presented in Fig. 1. To assess the viability of the proposed HDE model, its performance is compared with
that of the spatially flat ΛCDM model, whose Hubble parameter is given by 𝐻 (𝑧) = 𝐻0

√︁
Ω𝑚 (1 + 𝑧)3 +ΩΛ, where Ω𝑚

and ΩΛ denote the present-day matter density parameter and cosmological constant density parameter, respectively. The
relative performance of the competing models is further evaluated using the Akaike Information Criterion (AIC) [63] and
the Bayesian Information Criterion (BIC) [64], defined as AIC = 𝜒2

min +2𝜅, and BIC = 𝜒2
min + 𝜅 ln 𝑁 , respectively. Here, 𝜅

represents the number of free model parameters, while 𝑁 denotes the total number of observational data points. In general,
models with lower AIC and BIC values are statistically preferred, as they provide a better balance between the goodness
of fit and model complexity. Table 1 presents the best-fit values of the model parameters together with their corresponding
1𝜎 confidence intervals for both the proposed HDE model and the standard ΛCDM cosmology. For the OHD dataset, the
proposed model yields a marginally lower minimum chi-square value, 𝜒2

min, than the ΛCDM model, indicating a slightly
better agreement with the observational data. To further assess the relative performance of the two models, the differences
in the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC) are evaluated. For the OHD
dataset, these are obtained as ΔAIC = AICHDE − AICΛCDM = −2.484, and ΔBIC = BICHDE − BICΛCDM = −2.484. The
negative values of both ΔAIC and ΔBIC indicate that the proposed HDE model is statistically preferred over the standard
ΛCDM model. Consequently, the analysis based on the OHD dataset provides statistical support for the proposed model.
The best-fit value of the Hubble constant obtained in this work, 𝐻0 = 67.90 ± 0.88 km s−1 Mpc−1, is consistent with
the Planck 2018 CMB measurement, 𝐻0 = 67.4 ± 0.5 km s−1 Mpc−1 [65], and the recent DESI Data Release 1 BAO
determination, 𝐻0 = 67.97 ± 0.38 km s−1 Mpc−1 [66].

Table 1. Comparison of the best-fit parameter values obtained from OHD datasets for both our model and the ΛCDM
model.

Model 𝐻0 Ω𝑚 𝑛 𝜒2
min AIC BIC

Our model 67.90+0.88
−0.88 – 1.30+0.019

−0.019 70.566 74.566 79.254
ΛCDM 67.41+1.14

−1.16 0.299+0.016
−0.015 – 73.050 77.050 81.738

Now, employing the relation between the scale factor and the redshift, 𝑎(𝑡) = (1+ 𝑧)−1, and substituting the obtained
expression 𝑎(𝑡) = [sinh(𝛽𝑡)]1/𝑛 , yields sinh(𝛽𝑡) = (1 + 𝑧)−𝑛. Consequently, using the normalization relation 𝛽 =

𝑛𝐻0√
2
,
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the cosmic time as a function of the redshift is obtained as

𝑡 (𝑧) =
√

2
𝑛𝐻0

sinh−1 [(1 + 𝑧)−𝑛] (45)

4.2. Evolution of the deceleration parameter q(z) and phase transition
Figure 2 depicts the redshift evolution of the deceleration parameter obtained using the best-fit values of the model

parameters. As expected, the model exhibits a transition from an early decelerating Universe to the current phase of
accelerated expansion. The inferred transition redshift,𝑧𝑡 = 0.589 ± 0.052, is fully consistent with the 1𝜎 range derived
from model-independent CC observations [67] and the combined DESI BAO and Pantheon+ Type Ia Supernova (SNe
Ia) analyses, which constrain the transition redshift to the range 𝑧𝑡 ∈ [0.55, 0.70] [68]. Furthermore, the present value
of the deceleration parameter is obtained as 𝑞0 = −0.350 ± 0.0095. Having constrained the model parameters through
observational data and the subsequent analysis focuses on the evolution of the remaining cosmological parameters.

Figure 1. One-dimensional marginalized posterior
distributions together with the corresponding two-
dimensional marginalized confidence contours at the
1𝜎 and 2𝜎 confidence levels for the proposed cosmo-
logical model, constrained using the OHD dataset.

Figure 2. Behaviour of the deceleration parameter

4.3. Evolution of the matter and dark energy density
Using Eq.(13), together with the scale factor 𝑎(𝑡) = [sinh(𝛽𝑡)]1/𝑛 , and the standard scale factor-redshift relation,

𝑎 = (1 + 𝑧)−1 the matter energy density is obtained as

𝜌𝑚 (𝑧) = 𝜌𝑚0 (1 + 𝑧)3 (46)

where 𝜌𝑚0 denotes the present-day matter energy density. The present matter energy density can be expressed in terms
of the model parameters 𝐻0 and 𝑛 by relating it to the present critical density, 𝜌𝑐0 = 3𝐻2

0 through the matter density
parameter, Ω𝑚0 =

𝜌𝑚0
𝜌𝑐0
. At the present epoch (𝑧 = 0), the field equations for the Bianchi VI0 spacetime satisfy the closure

relation Ω𝑚0 + Ωde0 = 1, where the present-day matter and Rényi holographic dark energy density parameters are given
by Ω𝑚0 = 2−𝑛

2 and Ωde0 = 𝑛
2 Hence, the present matter energy density is determined as 𝜌𝑚0 = Ω𝑚0𝜌𝑐0 =

(
2−𝑛

2

)
(3𝐻2

0) =
3
2𝐻

2
0 (2 − 𝑛). Substituting this expression into the above relation gives the matter energy density as a function of redshift,

𝜌𝑚 (𝑧) =
3
2
𝐻2

0 (2 − 𝑛) (1 + 𝑧)3 (47)

Substituting the normalized Hubble parameter given by Eq.(41) into Eq.(4), the Rényi holographic dark energy
density is obtained as

𝜌𝑑𝑒 (𝑧) =
3𝐷2𝐻4

0
[
1 + (1 + 𝑧)2𝑛]2

2𝐻2
0
[
1 + (1 + 𝑧)2𝑛

]
+ 4𝛿𝜋

(48)
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At the present epoch (𝑧 = 0), the above expression reduces to 𝜌𝑑𝑒 (0) =
3𝐷2𝐻4

0
𝐻2

0+𝛿𝜋
. Expressing the present-day dark energy

density in terms of the critical density, 𝜌𝑐0 = 3𝐻2
0 , and using the relation Ω𝑑𝑒 (0) = 𝜌𝑑𝑒 (0)

𝜌𝑐0
= 𝑛

2 , one obtains the following
algebraic constraint on 𝐷:

𝐷2 =
𝑛

2

(
1 + 𝛿𝜋

𝐻2
0

)
(49)

Consequently, 𝐷2 can be expressed uniquely in terms of the primary model parameters.

Figure 3. Behaviour of the matter energy density Figure 4. Behaviour of the RHDE density for 𝛿 = 1.4

Figures 3 and 4 present the evolution of the matter energy density, 𝜌𝑚 (𝑧), and the Rényi holographic dark energy
(RHDE) density, 𝜌𝑑𝑒 (𝑧), as functions of the redshift for the best-fit parameter values 𝑛 = 1.3, 𝐻0 = 67.9 km s−1 Mpc−1,
and 𝛿 = 1.4. Figure 3 demonstrates that the matter energy density exhibits the standard cosmological evolution, 𝜌𝑚 (𝑧) ∝
(1+ 𝑧)3 decreasing continuously with cosmic expansion. It attains large values during the early Universe and progressively
diminishes toward zero as the redshift approaches 𝑧 = −1, reflecting the expected dilution of non-relativistic matter. The
evolution of the RHDE density is displayed in Fig.4. It is evident that 𝜌𝑑𝑒 (𝑧) remains positive throughout the entire
redshift range considered. In the high-redshift regime, the matter component dominates over the RHDE density, thereby
providing favorable conditions for the formation of cosmic structures. As the Universe evolves toward lower redshifts, the
RHDE density gradually overtakes the matter component and eventually approaches a finite positive value in the far future
(𝑧 → −1). This asymptotic behavior is consistent with a sustained phase of accelerated cosmic expansion. Furthermore,
the present-day relation,𝜌𝑑𝑒 (0) > 𝜌𝑚 (0), indicates that the proposed cosmological model has entered a dark-energy-
dominated epoch following the transition from an earlier matter-dominated decelerating phase. The convergence of 𝜌𝑑𝑒 (𝑧)
to a finite positive constant at late times further suggests that the RHDE component effectively mimics a cosmological
constant, ensuring a stable future evolution and excluding the occurrence of Big Rip.

4.4. Evolution of the anisotropy parameter and skewness parameter
Using Eqs.(27) and (40), the anisotropy parameter can be expressed explicitly as a function of the redshift in the form

𝐴𝑚 (𝑧) =
4𝜆2

9𝐻2
0

(1 + 𝑧)6

1 + (1 + 𝑧)2𝑛 (50)

By combining Eqs. (40), (48), and (26), the redshift-dependent skewness parameter is obtained as

𝜂(𝑧) =
2𝛼2𝑚

2𝑘
𝑘+2 (1 + 𝑧) 6𝑘

𝑘+2
[
2𝐻2

0
(
1 + (1 + 𝑧)2𝑛) + 4𝛿𝜋

]
3𝐷2𝐻4

0
[
1 + (1 + 𝑧)2𝑛

]2 (51)

where 𝐷2 is determined by 𝐷2 = 𝑛
2

(
1 + 𝛿𝜋

𝐻2
0

)
The evolution of the anisotropy parameter is presented in Fig.5. It is evident that the anisotropy parameter decreases

monotonically from relatively large values in the early Universe (𝑧 > 0) to 𝐴𝑚 (0) ≈ 0.044 at the present epoch, and
ultimately approaches zero in the asymptotic future (𝑧 → −1). This behavior indicates that the spatial anisotropy is
progressively suppressed during the cosmic evolution, leading the proposed cosmological model toward an isotropic limit
at late times. Such an evolution is consistent with the high degree of isotropy inferred from observations of the Cosmic
Microwave Background (CMB). Figure 6 illustrates the redshift evolution of the skewness parameter, 𝜂(𝑧), which quantifies
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Figure 5. Behaviour of the anisotropy parameter for
𝜆 = 30

Figure 6. Behaviour of the skewness parameter for 𝛼 =

3, 𝑚 = 3, 𝑘 = 10 and 𝛿 = 1.4

the directional anisotropy in the pressure distribution of the cosmic fluid. The parameter decreases continuously from 𝜂 ≈
0.33 at 𝑧 = 2 to 𝜂(0) ≈ 0.013 at the present epoch and asymptotically vanishes as 𝑧 → −1. The decay of 𝜂(𝑧) signifies
the gradual disappearance of directional pressure anisotropies, indicating that the dark energy fluid evolves toward an
effectively isotropic configuration capable of sustaining the observed late-time accelerated expansion. The simultaneous
suppression of both the anisotropy parameter, 𝐴𝑚 (𝑧), and the skewness parameter, 𝜂(𝑧), demonstrates that the proposed
cosmological model undergoes a natural isotropization throughout its evolution. Their asymptotic convergence to zero at
late times implies that the model approaches an effectively isotropic, in agreement with the stringent isotropy constraints
provided by contemporary CMB observations.

4.5. Evolution of the equation of state parameter and the pressure for Rényi holographic dark energy
We now discuss the cosmic role of the equation of state parameter (EoS), which is defined as

𝜔𝑑𝑒 =
𝑝𝑑𝑒

𝜌𝑑𝑒
(52)

Here, 𝜌𝑑𝑒 and 𝑝𝑑𝑒 represent the energy density and pressure of Rényi holographic dark energy, respectively. The equation
of state (EoS) parameter 𝜔𝑑𝑒 is a key factor in determining the universe’s dynamical evolution. Depending on its value,
the universe can be classified into different cosmological phases: when 𝜔𝑑𝑒 = 0, the universe behaves like non-relativistic
matter; for −1 < 𝜔𝑑𝑒 < − 1

3 , it corresponds to a quintessence phase; a value of 𝜔𝑑𝑒 = −1 represents a cosmological
constant-dominated universe; and when 𝜔𝑑𝑒 < −1, the universe is in a phantom phase.
From Eqs. (14), (48) and (51), we obtain the equation-of-state parameter as

𝜔de (𝑧) = −1 − 1
3𝐻 (𝑧)

[√
2𝑛𝐻0𝐻 (𝑧)2 (1 + 𝑧)4𝑛

𝐻 (𝑧)2 + 𝛿𝜋
− 2

√
2𝑛𝐻0 (1 + 𝑧)2𝑛√︁
1 + (1 + 𝑧)2𝑛

+
4𝛼2𝑚

2𝑘
𝑘+2 (1 + 𝑧) 6𝑘

𝑘+2
(
𝐻 (𝑧)2 + 𝛿𝜋

)
𝐷2 (𝑘 + 2)𝐻 (𝑧)3

]
(53)

From Eqs. (48), (52) and (53), the pressure equation for R enyi holographic dark energy is obtained as

𝑝de (𝑧) = − 3𝐷2𝐻 (𝑧)4

𝐻 (𝑧)2 + 𝛿𝜋
− 3𝐷2𝐻 (𝑧)4

𝐻 (𝑧)2 + 𝛿𝜋

[
𝑛𝐻2

0 (1 + 𝑧)2𝑛

3
(
𝐻 (𝑧)2 + 𝛿𝜋

) − 4𝑛(1 + 𝑧)2𝑛

3
[
1 + (1 + 𝑧)2𝑛

] ] − 4𝛼 𝑚 2𝑘
𝑘+2 (1 + 𝑧) 6𝑘

𝑘+2

𝑘 + 2
(54)

where 𝐻 (𝑧) = 𝐻0√
2

√︁
1 + (1 + 𝑧)2𝑛 and 𝐷2 = 𝑛

2

(
1 + 𝛿𝜋

𝐻2
0

)
Figures 7 and 8 present the redshift evolution of the dark energy pressure, 𝑝𝑑𝑒 (𝑧), and the dark energy equation-of-

state (EoS) parameter, 𝜔𝑑𝑒 (𝑧), respectively. As illustrated in Fig.7, the dark energy pressure remains negative throughout
the entire cosmic evolution. Its magnitude evolves smoothly from relatively large negative values at high redshifts to a
finite negative constant in the asymptotic future (𝑧 → −1). The persistence of negative pressure throughout the cosmic
history provides the repulsive effect required to account for the observed late-time accelerated expansion of the Universe.
Figure 8 depicts the evolution of the EoS parameter, 𝜔𝑑𝑒 (𝑧). The results indicate that the EoS remains in the phantom
regime (𝜔𝑑𝑒 < −1) over a finite period of cosmic evolution before gradually approaching the cosmological-constant limit,
𝜔𝑑𝑒 = −1, as 𝑧 → −1. Such behavior is characteristic of a transient phantom phase, in which the phantom nature of dark
energy is only temporary and the cosmological dynamics eventually converge toward a de Sitter phase. At the present
epoch, the model yields 𝜔de (0) ≈ −0.73, implying that the current accelerated expansion is driven by a quintessence-like
dark energy component. In contrast to the standard ΛCDM model, where the dark energy equation-of-state remains
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Figure 7. Behaviour of the dark energy pressure for
𝛼 = 3, 𝑚 = 3, 𝑘 = 10 and 𝛿 = 1.4

Figure 8. Behaviour of the EoS parameter for 𝛼 = 3,
𝑚 = 3, 𝑘 = 10 and 𝛿 = 1.4

fixed at 𝜔𝑑𝑒 = −1, the Rényi holographic dark energy model predicts a dynamical evolution of 𝜔𝑑𝑒 (𝑧) from a transient
phantom phase to a present quintessence phase, before asymptotically approaching the de Sitter limit in the far future.
This late-time convergence to the cosmological-constant boundary suggests a stable future evolution and is consistent
with dynamical dark energy scenarios that avoid future singularities, including the Big Rip, through suitable cosmological
evolution mechanisms [69, 70].

5. DISCUSSION AND CONCLUSION
In the present work, we have investigated a spatially homogeneous and anisotropic Bianchi type-VI0 cosmological

model within the framework of General Relativity by considering Rényi holographic dark energy (RHDE), with the Hubble
horizon serving as the infrared cutoff. The cosmic matter content is assumed to comprise pressureless dark matter and
RHDE, with no interaction between the two components. Exact solutions of the Einstein field equations have been obtained
by adopting the average scale factor 𝑎(𝑡) = (sinh(𝛽𝑡))1/𝑛 . The free model parameters have been constrained through a
Markov Chain Monte Carlo (MCMC) analysis using a compilation of 77 Observational Hubble Data (OHD) measurements
of the Hubble parameter, 𝐻 (𝑧). The analysis yields the best-fit values 𝐻0 = 67.9 km s−1 Mpc−1 and 𝑛 = 1.3. Based on
these observationally constrained parameters, the physical and kinematical properties of the model have been investigated
through the evolution of the relevant cosmological observables. The main findings of the present analysis are summarized
as follows:

• The matter energy density evolves according to the standard relation 𝜌𝑚 (𝑧) ∝ (1 + 𝑧)3, decreasing continuously as
the Universe expands and tending to zero in the asymptotic future (𝑧 → −1). By contrast, the Rényi holographic dark
energy density remains finite and positive throughout the cosmic evolution, asymptotically approaching a constant
value at late times. This behavior naturally supports a sustained phase of cosmic acceleration.

• The anisotropy parameter, 𝐴𝑚 (𝑧), together with the skewness parameter, 𝜂(𝑧), decreases continuously during the
cosmic evolution and approaches zero in the asymptotic future (𝑧 → −1). The vanishing of these quantities signifies
the gradual disappearance of both spatial and fluid anisotropies, indicating that the proposed cosmological model
evolves toward an isotropic state at late times. This behavior is in agreement with the high degree of isotropy
revealed by contemporary Cosmic Microwave Background (CMB) observations.

• The dark energy pressure, 𝑝de (𝑧), remains negative throughout the cosmic evolution, while the equation-of-state
(EoS) parameter, 𝜔de (𝑧), undergoes a transient phantom phase (𝜔de < −1) , passes through a quintessence phase at
the present epoch, before asymptotically approaching the cosmological constant boundary, 𝜔de → −1, as 𝑧 → −1.
The convergence of the EoS parameter to the de Sitter limit ensures a stable late-time evolution and prevents the
occurrence of future singularities, including the Big Rip.
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КОСМОЛОГIЧНА ЕВОЛЮЦIЯ АНIЗОТРОПНОГО ВСЕСВIТУ ТИПУ Б’ЯНКI VI0
З ГОЛОГРАФIЧНОЮ ТЕМНОЮ ЕНЕРГIЄЮ РЕНЬЇ

Чандра Рекха Маханта, Раджашрi Маханта
Кафедра математики, Унiверситет Гаухатi, Гувахатi - 781014 (IНДIЯ)

У цiй роботi ми дослiджуємо просторово однорiдну та анiзотропну космологiчну модель типу Б’янкi VI0 в рамках загальної
теорiї вiдносностi, розглядаючи невзаємодiючу сумiш темної матерiї без тиску та голографiчної темної енергiї Рен’ї (ГТЕ),
де горизонт Хаббла служить iнфрачервоним обрiзом. Точнi розв’язки рiвнянь поля Ейнштейна отриманi шляхом прийняття
гiперболiчного масштабного коефiцiєнта 𝑎(𝑡) = (sinh(𝛽𝑡))1/𝑛. Параметри моделi обмеженi за допомогою аналiзу методом
Монте-Карло з використанням ланцюгiв Маркова (MCMC) з використанням 77 вимiрювань параметра Хаббла, отриманих
за допомогою спостережних даних Хаббла (OHD), що дає значення найкращого наближення 𝐻0 = 67.9 km s−1 Mpc−1 та
𝑛 = 1.3. Порiвняння зi стандартною моделлю ΛCDM показує дещо нижче мiнiмальне значення 𝜒2 разом iз негативними
значеннями ΔAIC та ΔBIC, що вказує на помiрну статистичну перевагу запропонованої моделi. Реконструйована космiчна
еволюцiя демонструє плавний перехiд вiд фази уповiльнення з домiнуванням матерiї до сучасної прискореної епохи, при
цьому червоне змiщення переходу знаходиться в межах дiапазону 0.5 ≲ 𝑧𝑡 ≲ 0.7, що є сприятливим для спостережень. Крiм
того, еволюцiя матерiї та густини енергiї, тиску темної енергiї, параметра рiвняння стану, параметра анiзотропiї та параметра
асиметрiї демонструють, що модель успiшно вiдтворює спостережуване прискорене розширення наприкiнцi часу, одночасно
зазнаючи поступової iзотропiзацiї. Загалом, запропонована модель РДДЕ забезпечує фiзично узгоджену та спостережливо
життєздатну основу для опису еволюцiї Всесвiту наприкiнцi часу.
Ключовi слова: холодна темна матерiя; простiр-час типу Б’янкi 𝑉𝐼0; космiчне прискорення; голографiчна темна енергiя
Реньї; параметр уповiльнення; параметр рiвняння стану
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The framework of Saez-Ballester formalism is employed to study Bianchi Type III metrics, which is homogeneous and anisotropic, 
wherein the energy-momentum tensor is derived from a bulk viscous fluid containing one-dimensional strings embedded within an 
electromagnetic field. To obtain exact solutions, we utilized the proportionality relation between the expansion and shear scalars, as 
well as the average scale factor of a special form. In addition to the energy conditions, several dynamical and physical parameters were 
calculated, and their physical implications on cosmology were examined. 
Keywords: Bianchi type III Metric; Bulk Viscous Fluid; Cosmic Strings; Electromagnetic Field; Saez-Ballester theory 

1. INTRODUCTION
There has been increasing evidence over the past few decades that the universe is in accelerating expansion. This 

accelerating expansion has been confirmed by recent findings [1], [2], [3]. This accelerated expansion is believed to be 
driven by a substance known as 'Dark Energy. In modern cosmology, the mystery of its origin remains unresolved; 
nevertheless, it is indirectly viewed as a consequence of 'negative pressure' within the universe. Caldwell and 
Kamionkowski [4] provided the physics of cosmic acceleration. Silvestri and Trodden [5] presented an approach to 
understanding cosmic acceleration. Astier and Pain [6] gave observational evidence of the accelerated expansion of the 
universe. Perivolaropoulos [7] provided accelerating Universe's observational status. However, to be more precise, two 
different approaches have been proposed to resolve this problem: one involves developing viable 'dark energy' models, 
and the other involves modifying Einstein's theory of gravity. In this context, Turner and Huterer [8] investigated cosmic 
acceleration, dark energy and fundamental physics. Dolgov and Kawasaki [9] discussed whether modified gravity 
explains accelerated cosmic expansion. Nojiri and Odintsov [10] studied modified gravity and its reconstruction from the 
universe expansion history. Again, Nojiri and Odintsov [11] consider modifying GR theory - termed as the modified 
gravity approach. Again, Nojiri et al. [12], [13], [14] discussed some recent developments in modified gravity and unified 
cosmic history in addition to covering a number of common challenges.  

The scalar tensor theories put forth by Lyra [15], Sen [16], Brans and Dicke [17], Sen and Dunn [18], Barber [19], Lau 
and Prokhovnik [20], Saez and Ballester [21] etc., have garnered a lot of attention in the past few decades. In the theory of 
Saez and Ballester [21], the metric is coupled to a dimensionless scalar field in a remarkably simple manner. This coupling 
provides a satisfactory description of weak fields; in such fields, despite the dimensionless nature of the scalar field's 
behaviour, a distinct regime of 'anti-gravity' is observed. This theory proposes a potential solution to the problem of 'missing 
matter' in non-FRW models. In this context, higher-dimensional Bianchi type-III string cosmological models with dark 
energy in Saez–Ballester theory is investigated by Dabgar and Bhabor [22]. Chetia et al. [23] studied particle creation and 
bulk viscosity in Bianchi-I universe in Saez–Ballester theory with different deceleration parameters. Kumawat et al. [24] 
studied an anisotropic Bianchi type VI0 Spacetime with Barotropic Fluid in Sáez - Ballester Theory of Gravitation. 
Ram et al. [25] examined Bianchi type-V cosmological models with perfect fluid and heat flow in Saez-Ballester theory. 
Rao et al. [26] discussed Bianchi type-I and -III modified holographic Ricci Dark energy models in Saez-Ballester theory. 

Bulk viscosity is important in cosmology and describes the universe's fast expansion, often known as the Big Bang 
epoch. Using a bulk-viscous fluid as the energy-momentum tensor (EMT), several cosmologists have investigated the 
theoretical evolution of the universe as well as the impact of bulk viscosity on cosmic history. Behera et al. [27] studied 
bulk viscous Bianchi-III models with time-dependent G and Λ. Bali and Pradhan [28] discussed Bianchi type III string 
cosmological models with time-dependent bulk viscosity. Constraining a bulk viscous Bianchi type I dark energy 
dominated universe with recent observational data observed by Yadav et al. [29]. Goswami et al. [30] studied modeling 
of an accelerating universe with bulk viscous fluid in Bianchi V spacetime. Bulk viscous cosmological model with varying 
deceleration parameter in modified gravity examined by Tiwari et al. [31].  Pawar and Dabre discussed [32] a bulk viscous 
string cosmological model with power law volumetric expansion in teleparallel gravity. Shukla et al. [33] studied viscous 
fluid dynamics in Bianchi type-I universe with decaying cosmological term.  
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Cosmic strings are one-dimensional topological defects that might have evolved during symmetry-breaking phase 
transitions in the early Universe. They should be separated from the basic strings found in string theory, since the two 
ideas have distinct physical origins and meanings. In this paper, the word "string" refers only to cosmology cosmic strings 
represented by a string-cloud energy-momentum tensor, not the basic strings of string theory. Cosmic strings may have a 
major role in the dynamics of the early Universe [34], contributing to density perturbations and the development of large-
scale structures [35, 36]. Their stress-energy may also affect the anisotropic development of spacetime. Vilenkin and 
Shellard [37] provide a full study of cosmic strings and associated topological flaws. In this framework, Singh [38] 
examined a string LRS Bianchi type-I universe with a functional relationship for the Hubble parameter. Rao et al. [39] 
investigated a Bianchi type-III magnetised string model with a constant deceleration parameter in general relativity. Pawar 
et al. [40] investigated a plane-symmetric string cosmology model with a zero-mass scalar field in modified gravity theory, 
while Mete et al. [41] investigated the dynamics of cosmic strings and domain barriers using a specific version of the 
deceleration parameter. 

Cosmic magnetic fields, which are parts of the electromagnetic field, may have a substantial impact on the 
distribution of energy and the anisotropic development of the Universe because of the existence of ionised matter. 
Magnetic fields may be amplified by adiabatic compression within astrophysical objects, and the stress-energy of large-
scale electromagnetic fields may contribute to spacetime anisotropy. Thus, the electromagnetic energy-momentum tensor 
is used to reliably integrate the magnetic contribution in the current task. Wang [42] investigated the Bianchi type-III 
string cosmological model with bulk viscosity and magnetic field. Tripathy et al. [43] studied string cloud cosmologies 
for Bianchi type-III models with electromagnetic field. Brahma and Dewri [44] discussed the role of 𝑓(𝑅,𝑇) gravity in 
Bianchi Type-V dark energy model with electromagnetic field based on Lyra geometry. Rehman et al. [45] studied 
electromagnetic field effects on anisotropic cylindrically symmetric compact objects within the framework of 𝑓(𝑅, 𝐿௠,𝑇) 
gravity. Five-dimensional Bianchi type-I anisotropic cloud string cosmological model with electromagnetic field in Sáez-
Ballester theory, examined by Daimary and Baruah [46]. Ramprasad [47] investigated a study on cosmological model of 
anisotropic universe with electromagnetic field and cloud strings in the framework of general relativity. 

A variety of topics related to anisotropic cosmology, cosmic strings, bulk viscosity, electromagnetic fields, and Saez-
Ballester gravity are covered in the works discussed above. However, further research is need to fully understand the 
simultaneous impact of these components in a Bianchi type-III cosmological scenario. For instance, Dabgar and 
Bhabor [22] examines a higher-dimensional Bianchi type-III string cosmology with dark energy in Saez–Ballester theory, 
whereas Chetia et al [23] studies bulk viscosity and particle formation in a Bianchi type-I universe. In contrast, a five-
dimensional Bianchi type-I anisotropic cloud-string cosmological model with an electromagnetic field in Saez–Ballester 
theory is studied by Daimary and Baruah [45]. Motivated by these findings, the current study examines a four-dimensional 
Bianchi type-III spacetime including a bulk-viscous fluid and one-dimensional cosmic strings contained in an 
electromagnetic field inside the Saez-Ballester gravitational framework. The goal is to acquire accurate solutions and look 
into the combined effects of anisotropy, bulk viscosity, string tension, the electromagnetic field, and the Saez-Ballester 
scalar field on cosmic development. We next examine the kinematical parameters, matter variables, effective pressure, 
and energy conditions to evaluate the model's physical behaviour. 
 

2. METRIC & FIELD EQUATIONS 
We consider a homogeneous and anisotropic space-time described by a Bianchi type-III metric as  

 2 2 2 2 2 2 2 2 2 ,mxds dt A dx B e dy C dz−= − − −  (1) 

where A, B and C are the metric potentials considered as functions of cosmic time t only. 
The field equations given by Saez and Ballester [21] for the combined scalar ω  and tensor fields are 

 , ,
, ,

1
2

j n j j k j
i i i k iG Tωϕ ϕ ϕ δ ϕ ϕ − − = − 

 
, (2) 

The scalar field ϕ  satisfies the equation 

 1 ,
 ; ,2 0n i n k

i knϕ ϕ ϕ ϕ ϕ−+ = , (3) 

Where 1
2

i i i
j j jG R Rδ= −  is Einstein’s equation and n are constants, j

iT  is the stress energy-momentum tensor, comma and 

semicolon represent partial and covariant differentiation, respectively. 
A bulk viscous fluid with one-dimensional strings immersed in an electromagnetic field, as an EMT, is calculated as 

 ( ) ,T p u u pg x x Eν ν ν ν ν
μ μ μ μ μρ λ= + − − +  (4) 

And 
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 3 ,p p Hξ= −  (5) 

where pρ ρ λ= + is the proper string energy density with particles attached to them, and pρ  is the particle energy density, 
λ  is the string's tension density, 3 Hξ is bulk viscous pressure, ( )tξ  is the coefficient of bulk viscosity, H is Hubble’s 
parameter, xν denotes a unit space-like vector for the cloud string and uν  denotes a four-velocity vector satisfying the 
conditions, 1u u x xν ν

ν ν= = −  and 0u xν
ν = . 

In a co-moving coordinate system, we have 

 ( ) ( )10,0,0,1 ,   0,0, ,0 .u x Cν ν −= =  (6) 

Also, Eμν  is a part of EMT given as 

 1 1
4 4

E F F g g F Fαβ αβ
μν μα νβ μν αβπ

 = −  
, (7) 

where Fμν  is electromagnetic field tensor that satisfies Maxwell equations,  

 [ ], 0kFμν = . (8) 

In a comoving coordinate system, the incident magnetic field is taken along z-axes with the help of Maxwell equation 
(8),  the components of Fμν  except 12F  vanish, i.e. 12F  is the only non-vanishing component along z-axes. 

( )12 Constant  SayF M= =  

From equation (7), we have  

 
2 2

1 2 3 4
1 2 3 44 4  and  

8 8
M ME E E E

A Aπ π
= = = = − . (9) 

Now, the field equations (2) & (3) from metric (1) using (4), we get, 

 ( )
2

2
43 ,

2 8
nB C B C Mp H

B C B C A
ω ϕ ϕ ξ

π
+ + − = − − +
  

  (10) 

 ( )
2

2
43 ,

2 8
nA C A C Mp H

A C A C A
ω ϕ ϕ ξ

π
+ + − = − − +

   
  (11) 

 ( )
2 2

2
2 43 ,

2 8
nA B A B m Mp H

A B A B A A
ω ϕ ϕ ξ λ

π
+ + − − = − − + −

  
  (12) 

 
2 2

2
2 4 ,

2 8
nA B B C A C m M

A B B C A C A A
ω ϕ ϕ ρ

π
+ + − + = −

    
  (13) 

 0,A B
A B

− =
 

 (14) 

 
2

0,
2

A B C n
A B C

ϕϕ ϕ
ϕ

 
+ + + + = 
 

     (15) 

where the overhead dot ( ⋅ ) denotes the derivative with respect to cosmic time t. By solving (14), one can get A kB= , 
where k  is an integrating constant. Without loss of generality, we take 1.k = Then (10) - (13) reduces to 

 ( )
2

2
43 ,

2 8
nB C B C Mp H

B C B C B
ω ϕ ϕ ξ

π
+ + − = − − +
  

  (16) 
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2 2 2

2
2 2 42 3 ,

2 8
nB B m Mp H

B B A B
ω ϕ ϕ ξ λ

π
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 
  (17) 
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Here we have three non-linear differential field equations with seven unknowns, namely ,  ,  ,  ,  ,   and .B C p ξ λ ρ ϕ  The 
solution of these unknowns is discussed in the next section.  

Now, we find some kinematical space-time quantities of physical interest in cosmology, as follows:  

The average scale factor a  and the spatial volume V are respectively defined as 

 3 2 3,  and .a B C V a= =  (19) 

The volumetric expansion rate of the universe is described by the generalised mean Hubble’s parameter H & given by 

 ( )
3

1 2 3
1

1 1 ,
3 3i

i
H H H H H

=

= = + +  (20) 

in which 1 2
BH H
B

= =


, and 3
CH
C

=


 denotes the directional Hubble’s parameters. 

Using (19) and (20), we have obtained the expansion scalar θ , mean anisotropy parameter Δ , shear scalarσ , and 
deceleration parameter q, respectively, as 

 3 ,Hθ =  (21) 

 
23

1

1 ,
3

i

i

H H
H=

− Δ =  
 

  (22) 

 
3

2 2 2

1

1 ,
2 i

i
Hσ θ

=

 = − 
 
  (23) 

 2

11 .aa dq
dt Ha
 = − = − +  
 




 (24) 

 
3. SOLUTION OF FIELD EQUATIONS 

The three nonlinear differential field equations (16) - (18) and seven unknowns are solved by taking into account 
the following physically possible possibilities. 
Initially, we took the mean scale factor's spatial form as 

 ( )
1
ma ct d= + , (25) 

where, ,  c d  and m  are non-negative constants. 
Next, we argued that the shear scalar is proportional to the expansion scalar, providing the analytical relation. 

 ,B C ζ=  (26) 

Using (19), (25), & (26), we obtained 

 ( ) ( ) ( ) ( )
3 3
1 2 1 2  and  .m mB ct d C cA t d

ζ
ζ ζ+ += + += =  (27) 

From (27) in (1), we have 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2
6 6 6
1 2 1 2 1 22 2.xm mm md cs dt dx e dd y dct ct d t d z

ζ ζ
ζ ζ ζ−+ + += − −+ + +−  (28) 

The model generated in expression (27) is devoid of any form of singularity until infinite cosmic time. 
The Volume 

 ( )
3

3 .mctV a d= +=  (29) 

It is evident from expression (29) that this formulation is in power law form, which establishes that volume grows 
with time. 
The Hubble parameter & expansion scalar 
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( )

3 .3 cH
m ct d

θ
+

= =  (31) 

 
Figure 1. Plot of the expansion scalar & Hubble parameter vs. time for 1.3,  1.5,  0.2.c d m= = =  

Figure 1 shows a diminishing graphical representation of the Hubble parameter and expansion scalar over time, 
implying that the universe's expansion rate is slowing. 

The mean anisotropy parameter & shear scalar is 
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Expressions (32) and (33) show that, with the exception of 1ς = , the universe never approaches isotropy and 
maintains shear. 

The deceleration parameter (DP) 

 11 1.dq m
dt H
 = − + = − 
 

 (34) 

The model's acceleration is indicated by the sign of 𝑞. A decelerating phase of the universe is indicated by a positive 
sign of DP 𝑞 for 𝑚 > 1, an acceleration phase is indicated by −1 ≤ 𝑞 < 0, and a stable rate of evolution is indicated by 𝑞 = 0. The accelerated phase of the cosmos is supported by recent observations [48], [49], [50]. Additionally, for the 
selected choice of constants, i.e. 𝑚 = 0.2, the value of DP is 𝑞 = −0.8, showing accelerated expansion. 

From (15), the scalar field can be obtained as 

 ( )( )( ) ( )
( )

2
3 2

1 .
2 2 3

2 3

n
mm n ct d ct d c m c

c m
ϕ

+− + + + + − =  − 
 

 (35) 

 
Figure 2. Plot of the scalar field vs. time for  11.3,  1.5,  0.2,  1.5,  1.1.c d m n c= = = = =  
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As seen in Figure 2, the scalar field graph first climbs rapidly throughout the range of 𝑡 = 0 to 0.4 up to 𝜑 =1.055973, and it remains at this constant value for the rest of the evolution. 
From (18), the energy density is 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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Solving (16) & (17), the tension density is 

 
( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

( )( )

12 62 22 2 4 21 2 1 2

22

1 2 4 1 2 3 1 3
.

4 1 2

m mM ct d m ct d m ct d ct d c m

m ct d

ζ ζ
ζ ζζ π ζ ζ

λ
π ζ

− −
+ +

 + + + − + + + + − −  =
+ +

 (37) 

The particle density is 
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 (38) 

Letelier [51] examined the prospect that strings would vanish during the universe's history, leaving only particles, 
and noted that the string tension density could be either positive or negative. The physical behaviour of particles, tension, 
and energy density is viewed in the context of cosmic time, which is illustrated in Figure 3; this figure demonstrates that 
as cosmic time progresses, both of these densities decrease. In our model, the condition λ > 0 during the evolution of the 
universe signifies the existence of strings; however, particles ultimately dominate the universe, as the contribution of 
strings is negligible compared to that of particles. 

 
Figure 3. Plot of the energy, tension & particle density vs. time for  2,  1.2,  1.3,  1.5,  0.2,  0.1.M c d mζ ω= = = = = =  

We assume that the coefficient of viscosity should vary with the expansion scalar in such a way that 

 0 Constant.ξθ ξ= =  (39) 

Therefore, we obtain 

 ( )0 .
3

m ct d
c

ξ
ξ

+
=  (40) 

The bulk viscosity coefficient is a strictly rising function of cosmic time, as seen in Figure 4.  
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Figure 4. Plot of the viscosity coefficient vs. time for  01.3,  1.5,  0.2,  1.4.c d m ξ= = = =  

From (16), the pressure is 
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From (5), the effective pressure is 
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Figure 5. Plot of the pressure & effective pressure vs. time for 02,  1.2,  1.3,  1.5,  0.2,  0.1,  1.4.M c d mζ ω ξ= = = = = = =  

A graph illustrating pressure and effective pressure is presented in Figure 5. It is evident from Figure 5 that both 
these parameters commence with negative values and increase over the course of cosmic time; however, in subsequent 
epochs, the cosmic pressure becomes slightly positive, whereas the effective pressure remains negative. It is a well-
established fact that negative cosmic pressure serves as an indicator of cosmic acceleration. 

The Energy Conditions 
The energy conditions are respectively defined as [52] 

i. Null Energy Condition (NEC) : 0pρ + ≥  
ii. Weak Energy Condition (WEC)         : 0,  0pρ ρ≥ + ≥  
iii. Strong Energy Condition (SEC)         : 3 0pρ + ≥  
iv. Dominant Energy Condition (DEC) : 0,  0pρ ρ≥ ± ≥  
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From (32) and (37), we can express the conditions as 
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Figure 6. Plot of the energy conditions vs. time for 02,  1.2,  1.3,  1.5,  0.2,  0.1,  1.4.M c d mζ ω ξ= = = = = = =  

A graph of the energy conditions is presented in Figure 6. The figure reveals that, during the evolution of the 
universe, since only 𝜌 + 3𝑝 < 0, all energy conditions with the exception of the SEC are satisfied. The SEC has 
significant implications for cosmology. Negative pressure is sufficient to violate the SEC; that is, a violation of the SEC 
accelerates cosmic expansion, and therefore, it supports the inflation and dark energy models. Furthermore, a violation of 
the SEC implies that this model can avoid a singularity. These findings are fully consistent with [53], [54]. 
 

4. CONCLUSIONS 
Within the framework of Saez-Ballester theory, in this research, the authors have investigated a homogeneous and 

anisotropic Bianchi Type III metric, wherein the EMT consists of a viscous fluid coupled with a string of clouds embedded 
in an electromagnetic field. To obtain exact solutions to the field equations, a specific form of the average scale factor 
and a shear-expansion scalar relationship are utilized. Some kinematic and physical parameters were calculated in addition 
to energy conditions, and their physical implications in cosmology were examined. 

The created model behaves like a conventional cosmological model that is free of singularities until infinite duration, 
is accelerating, expanding with a decreasing rate of expansion over time, and anisotropic with holding shear. The scalar 
field of the model increases rapidly from 𝑡 = 0 to 0.4, reaching a value of 𝜑 = 1.055973, and remains constant for the 
remainder of its evolution. Both the energy, tension, and particle density are positive and exhibit a decreasing trend. In 
our model, we have detected the presence of strings; however, particles ultimately dominate the universe, as the 
contribution of strings is negligible compared to that of particles. The bulk viscosity coefficient is a strictly increasing 
function of cosmic time. The values for both pressure and effective pressure are negative and increase with cosmic time; 
however, in subsequent epochs, only the cosmic pressure becomes slightly positive. Furthermore, except for the SEC, all 
energy conditions are satisfied. The SEC has significant implications in cosmology. Negative pressure is sufficient to 
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violate the SEC; that is, a violation of the SEC accelerates cosmic expansion and, consequently, lends support to 
inflationary and dark energy models. Moreover, a violation of the SEC suggests that this model may be able to avoid a 
singularity. The findings obtained in this research are fully consistent with recent observational data. 

Compared to the previous research presented in the Introduction, the current analysis contains Bianchi type-III 
anisotropy, a bulk-viscous cosmic-string fluid, an electromagnetic field, and the Saez-Ballester scalar degree of freedom. 
The resultant model shows rapid expansion for the chosen model parameters, whereas the Hubble parameter and 
expansion scalar decrease with cosmic time. The matter, string-tension, and particle densities decline throughout 
evolution, whereas the effective pressure stays negative throughout the relevant era. The model remains anisotropic except 
for the exceptional isotropic limit. These characteristics define the cosmic behaviour of the matter-gravity system under 
consideration. The Saez-Ballester theory introduces a dimensionless scalar field that is connected to the gravitational 
sector. In this study, it is viewed as an effective gravitational field and is not associated with the Higgs field or any 
empirically discovered basic scalar particle. Thus, its function in the model is phenomenological under the Saez-Ballester 
gravitational framework. 

Future research might expand on the current work by investigating the model's dynamical stability, cosmic 
disturbances, other forms of the bulk-viscosity coefficient, and the impact of various electromagnetic-field configurations. 
It would also be interesting to restrict the free model parameters using empirical datasets and look into the approach to 
the isotropic limit at late cosmic periods. 
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КОСМОЛОГІЧНА МОДЕЛЬ В'ЯЗКИХ СТРУН З ЕЛЕКТРОМАГНІТНИМ ПОЛЕМ 

У ТЕОРІЇ САЕЗА-БАЛЛЕСТЕРА 
Мохіні Р. Угале, Сагар А. Бхакте 
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Для вивчення метрик Б'янкі III типу, які є однорідними та анізотропними, де тензор енергії-імпульсу виводиться з об'ємної 
в'язкої рідини, що містить одновимірні струни, вбудовані в електромагнітне поле. Для отримання точних розв'язків ми 
використовували співвідношення пропорційності між скалярами розширення та зсуву, а також середній масштабний 
коефіцієнт спеціальної форми. Окрім енергетичних умов, було розраховано кілька динамічних та фізичних параметрів, а також 
досліджено їхній фізичний вплив на космологію. 
Ключові слова: метрика Біанкі III типу; об'ємна в'язка рідина; космічні струни; електромагнітне поле; Теорія Саеза-
Баллестера 
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• A viscous holographic Ricci dark energy (VHRDE) model is investigated within the framework of Brans–Dicke (BD) gravity.
• Bulk viscosity generates effective negative pressure, while the BD scalar field dynamically regulates the gravitational coupling.
• A natural transition from an early matter-dominated decelerated phase to a late-time dark-energy-dominated accelerated expansion

is obtained.
• The model extends beyond ΛCDM, exhibiting a dynamically evolving equation of state that can approach or cross the phantom

divide 𝜔 < −1
• Anisotropy and shear decay with cosmic time, leading to late-time isotropization consistent with observational (CMB) constraints.

We investigate a viscous holographic Ricci dark energy (VHRDE) model in Bianchi type (BT) - VI𝑜 spacetime within Brans–Dicke
(BD) gravity, incorporating a pressure-less matter component. Assuming a relationship between metric potentials and a parameterised
bulk viscosity coefficient, exact solutions of the BD field equations are found. The combined effects of anisotropy, Ricci holographic
cutoff, and bulk viscosity yield a dynamical framework that can describe multiple phases of cosmic evolution. We examine the
progression of significant measurements, including the scalar field, energy densities, bulk viscosity, viscous pressure, equation of state
(EoS), expansion variables, and the deceleration parameter, revealing a transition from a decelerated, matter-dominated epoch to an
accelerated, dark-energy-dominated phase. Bulk viscosity generates effective negative pressure driving acceleration, while the BD
scalar field modulates gravitational coupling. Comparison with previous studies confirms that this model provides a viable mechanism
for cosmic acceleration without requiring a cosmological constant.

Keywords: Bianchi type- VI𝑜 metric; Holographic Ricci dark energy (HRDE); Bulk Viscosity; Brans-Dicke theory

1. INTRODUCTION
The accelerated expansion of the Universe, revealed through observations of SN Ia, CMB anisotropies, and large-scale

structure surveys, stands as one of the most profound and unresolved challenges in modern cosmology. This phenomenon
is generally attributed to an unknown component characterised by a negative pressure, known as dark energy (DE),
which currently predominates the cosmic energy amount. Our current understanding suggests that dark energy constitutes
approximately 73% of the universe, with dark matter comprising 23% and baryonic matter making up 4%, while radiation
contributes negligibly at the present epoch [1–5].Two essential methodologies have been established to better understand
this late-time acceleration. The first introduces new dynamical energy components, such as quintessence, phantom fields,
k-essence, tachyon models, and Chaplygin gas. The second modification extends Einstein’s general relativity, leading to
alternative gravitational frameworks, such as scalar–tensor (ST) theories and 𝑓 (𝑅) or 𝑓 (𝑅,𝑇) gravities [6–12]. Among
the many DE candidates, the holographic dark energy (HDE) model [13] is particularly compelling, as it emerges naturally
from the holographic principle, which relates the degrees of freedom of a physical system to the area of its boundary
surface [14, 15]. The holographic framework was initially developed by Cohen et al., who related the vacuum energy
density (ED) to the Hubble scale (𝐿 ≃ 𝐻−1), while Li proposed the HDE density as 𝜌𝑑 = 3𝐶2𝑀2

pl𝐿
−2. Gao et al.,

modified this formulation by adopting the Ricci scalar cutoff (𝐿 ≃ 𝑅− 1
2 ), leading to the RDE model, while Granda and

Oliveros [14–19] introduced a generalized form involving both 𝐻2 and ¤𝐻. Chen and Jing [20] further extended it to the
modified HRDE model, expressed as

𝜌𝑑 =
3

8𝜋𝐺

(
𝜀0𝐻

2 + 𝜂 ¤𝐻 + 𝜁
¥𝐻
𝐻

)
(1)

These models, and their extensions, have been widely studied and shown to describe key features of cosmic acceleration
[21–24]. Parallel to these developments, bulk viscosity has been proposed as a natural mechanism for generating effective
negative pressure. In the early Universe, neutrino interactions led matter to behave like a viscous fluid, decreasing viscosity
as expansion progressed. Bulk viscosity arises when a system departs from local thermodynamic equilibrium and has been
shown to drive both early inflation and late-time acceleration without a cosmological constant [25–28]. Recent works have
applied viscosity to holographic models in anisotropic spacetimes, highlighting its role as a viable candidate for DE [29].
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Scalar–tensor theories, particularly BD gravity, provide a natural framework for extending general relativity. In BD theory,
the gravitational constant is replaced by a dynamical scalar field 𝜙, which couples to geometry through the dimensionless
parameter 𝜔. The BD field equations can be written as

𝐺𝜇𝜗 = − 8𝜋
𝜙

𝑇𝜇𝜗 − 𝜔

𝜙2

(
𝜙,𝜇𝜙,𝜗 − 1

2
𝑔𝜇𝜗𝜙,𝑘𝜙

,𝑘

)
− 1

𝜙

(
𝜙;𝜇𝜗 − 𝑔𝜇𝜗□𝜙

)
(2)

and
□𝜙 =

8𝜋
3 + 2𝜔

𝑇 (3)

together with the conservation law
𝑇
𝜇𝜗

;𝜗 = 0 (4)

This framework has been successfully applied to both isotropic and anisotropic cosmologies, offering flexibility in explain-
ing dynamical features of cosmic evolution [30–35]. Motivated by these considerations, the present work investigates a
VHRDE model in a BT–VI𝑜 anisotropic spacetime within BD gravity, incorporating a pressureless matter component. The
combined effects of anisotropy, Ricci holographic cutoff, and bulk viscosity generate a rich dynamical system capable of
reproducing different cosmic phases. Exact solutions of the BD field equations are obtained by assuming a relation among
metric potentials and a parameterized bulk viscosity coefficient. The time evolution of key cosmological parameters is
analyzed to examine the roles of viscous effects and anisotropies in shaping cosmic dynamics. The structure of the paper
is as follows: Section 2 formulates the governing field equations, Section 3 develops the exact analytical solutions, Section
4 provides a detailed analysis of the physical characteristics of the model, and Section 5 synthesizes the principal findings
and implications.

2. METRIC AND FIELD EQUATIONS
We consider a spatially homogeneous BT - VI𝑜 metric form.

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2
1 𝑑𝑥

2 − 𝐴2
2𝑒

−2𝑥 𝑑𝑦2 − 𝐴2
3𝑒

2𝑥 𝑑𝑧2 (5)

Where 𝐴1, 𝐴2, and 𝐴3 are functions of ‘t’ only. The HRDE energy-momentum tensor with bulk viscosity is

𝑇𝜇𝜗 = 𝑇𝑚
𝜇𝜗 + 𝑇𝑑

𝜇𝜗

Where 𝑇𝑚
𝜇𝜗

and 𝑇𝑑
𝜇𝜗

are the energy-momentum tensor for matter and the HRDE, respectively. They are

𝑇𝑑
𝜇𝜗 = (𝜌𝑑 + 𝑝𝑑) 𝑢𝜇𝑢𝜗 − 𝑝𝑑 𝑔𝜇𝜗 (6)

and
𝑇𝑚
𝜇𝜗 = 𝜌𝑚 𝑢𝜇𝑢𝜗 (7)

Where 𝜌𝑚 and 𝜌𝑑 are the matter and the holographic Ricci dark energy densities, respectively, and 𝑝 means the viscous
HDE pressure.
In the co-moving frame of reference, we will get

𝑇1
1 = 𝑇2

2 = 𝑇3
3 = −𝑝𝑑 , 𝑇4

4 = 𝜌𝑚 + 𝜌𝑑 (8)

Where 𝜌𝑚, 𝜌𝑑 and 𝑝𝑑 are all functions of time ‘t’ only.
The pressure of VHRDE is governed by the corresponding relation. 𝑝𝑑 = 𝑝𝑑 − 3𝜖𝐻. In the late-time evolution of
the Universe, the inclusion of bulk viscosity in the DE sector facilitates a rapid phantom-like expansion. Throughout
this analysis, dark matter is treated as a pressureless component, while the effective pressure of VHRDE is consistently
modelled as the combined contribution of the HRDE pressure and the bulk viscous term.
The BD field equations (2), using metric (5) and supported by equations (6)-(8) are given by:

¥𝐴2
𝐴2

+
¥𝐴3
𝐴3

+
¤𝐴2 ¤𝐴3
𝐴2𝐴3

+ 𝜔

2
¤𝜙2

𝜙2 +
¥𝜙
𝜙
+

¤𝐴2 ¤𝜙
𝐴2𝜙

+
¤𝐴3 ¤𝜙
𝐴3𝜙

+ 1
𝐴2

1
= −8𝜋𝜙−1𝑝𝑑 (9)

¥𝐴1
𝐴1

+
¥𝐴3
𝐴3

+
¤𝐴1 ¤𝐴3
𝐴1𝐴3

+ 𝜔

2
¤𝜙2

𝜙2 +
¥𝜙
𝜙
+

¤𝐴1 ¤𝜙
𝐴1𝜙

+
¤𝐴3 ¤𝜙
𝐴3𝜙

− 1
𝐴2

1
= −8𝜋𝜙−1𝑝𝑑 (10)

¥𝐴1
𝐴1

+
¥𝐴2
𝐴2

+
¤𝐴1 ¤𝐴2
𝐴1𝐴2

+ 𝜔

2
¤𝜙2

𝜙2 +
¥𝜙
𝜙
+

¤𝐴1 ¤𝜙
𝐴1𝜙

+
¤𝐴2 ¤𝜙
𝐴2𝜙

− 1
𝐴2

1
= −8𝜋𝜙−1𝑝𝑑 (11)
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¤𝐴1 ¤𝐴2
𝐴1𝐴2

+
¤𝐴2 ¤𝐴3
𝐴2𝐴3

+
¤𝐴1 ¤𝐴3
𝐴1𝐴3

− 𝜔

2
¤𝜙2

𝜙2 +
¤𝜙
𝜙

( ¤𝐴1
𝐴1

+
¤𝐴2
𝐴2

+
¤𝐴3
𝐴3

)
− 1

𝐴2
1
= −8𝜋𝜙−1 (𝜌𝑚 + 𝜌𝑑) (12)

1
𝐴2

1

( ¤𝐴2
𝐴2

−
¤𝐴3
𝐴3

)
= 0 (13)

¥𝜙 + ¤𝜙
( ¤𝐴1
𝐴1

+
¤𝐴2
𝐴2

+
¤𝐴3
𝐴3

)
=

8𝜋
3 + 2𝜔

(𝜌𝑚 + 𝜌𝑑 − 3𝑝𝑑) (14)

¥𝐴1
𝐴1

−
¥𝐴2
𝐴2

+
¤𝐴2
𝐴2

( ¤𝐴1
𝐴1

−
¤𝐴2
𝐴2

)
+

¤𝜙
𝜙

( ¤𝐴1
𝐴1

−
¤𝐴2
𝐴2

)
− 2

𝐴2
1
= 0 (15)

3. VHRDE COSMOLOGICAL MODELS

From equation (13), we get 𝐴2 = 𝑐1𝐴3,by taking 𝑐1 = 1 without loss of generality, we have

𝐴2 = 𝐴3 (16)

The field equations (9)–(15) constitute a set of independent, nonlinear relations involving seven unknown functions of
cosmic time t: 𝐴1, 𝐴2, 𝐴3, 𝜌𝑚, 𝜌𝑑 , 𝑝𝑑 , & 𝜙.The following physically motivated conditions are imposed to ensure a well-
determined solution.

1. The relation between the scalar field and the average scale factor a(t) is established as given by Johri and Kalyani [36]

𝜙 = 𝑎𝑚 = (𝐴1𝐴2𝐴3) (
𝑚
3 ) , where 𝑚 is a constant (17)

2. Since 𝜎 ∝ 𝜃 leads to the metric potentials relation (Collins et al. [37])

𝐴1 = 𝐴𝑛
2 , where 𝑛 is an arbitrary constant. (18)

We adopt the parameterized form of bulk viscosity as proposed by Ren and Meng [38]

𝜖 = 𝜖1 + 𝜖2
¤𝑎
𝑎
+ 𝜖3

¥𝑎
¤𝑎 (19)

Where 𝜖1, 𝜖2,&𝜖3 are constants. From equations (9)-(11), (17), and (18), we get

¥𝐴2
𝐴2

+ (𝑛 + 1)
¤𝐴2

2

𝐴2
2
+

¤𝐴2 ¤𝜙
𝐴2𝜙

− 2
(𝑛 − 1) 𝐴2𝑛

2
= 0 (20)

Using equations (17) & (18), from equation (20), we get

𝐴2 = 𝐴3 =

(
𝑘

𝑙

)− 1
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
]− 1

2𝑛 (21)

𝐴1 =

(
𝑙

𝑘

) [
tanh2 (𝑛𝑘𝑡) − 1

]− 1
2 (22)

From equations (17), (21), and (22), we get

𝜙 =

(
𝑘

𝑙

) 𝑛+2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
] 𝑛+2

2𝑛 (23)

Where 𝑙2 = 2
𝑛(1−𝑛) & 𝑘 is an integrating constant.
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Figure 1. Variation of the BD scalar field 𝜙(𝑡) vs. time ‘t’ for k=1.5 & n=2.45

For the specified parameters, Figure 1 shows how the BD scalar field 𝜙(𝑡) changes over time in the VHRDE model.
Initially, 𝜙(𝑡) starts at a high value (𝜙 ≈ 3.6) and decreases rapidly due to the combined influence of viscous effects and
holographic corrections, reflecting a strong dynamical contribution in the early universe. Around 𝑡 ≳ 2, the decay slows,
and the field stabilizes near zero, remaining effectively constant at late times. This behaviour indicates a transition from
an early scalar-dominated regime to a dark energy dominated phase, consistent with the dissipative nature of VHRDE
and supporting a stable, slowly evolving dark energy component in the present epoch. Unlike Lambda CDM, where the
gravitational coupling is constant and the scalar field plays no dynamical role, the VHRDE framework allows 𝜙(𝑡) to
evolve, reflecting richer dynamics influenced by viscosity and holographic effects.

The Hubble parameter H is

𝐻 =
𝑘 (𝑛 + 2)

3
tanh(𝑛𝑘𝑡) (24)

Now, metric (5) can be written as

𝑑𝑠2 = 𝑑𝑡2 − 1
𝑘2

[
tanh2 (𝑛𝑘𝑡) − 1

]−1
𝑑𝑥2 −

(
𝑘

𝑙

)− 2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
]− 1

𝑛

(
𝑒−2𝑥𝑑𝑦2 + 𝑒2𝑥𝑑𝑧2

)
(25)

The HRDE energy density can be evaluated from equations (1) and (24) as follows

𝜌𝑑 =
3𝜙𝑘2

8𝜋

[
𝜖0

(
𝑛 + 2

3
tanh(𝑛𝑘𝑡)

)2
+ 𝜂

𝑛(𝑛 + 2)
3

sech2 (𝑛𝑘𝑡) − 2𝜁𝑛2 sech2 (𝑛𝑘𝑡)
]

(26)

Where 𝜙 =

(
𝑘
𝑙

) 𝑛+2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
] 𝑛+2

2𝑛

Figure 2. Variation of HRDE density 𝜌𝑑 with time 𝑡 for 𝑘 = 1.5, 𝑛 = 2.45, 𝜖0 = 0.025, 𝜂 = 1.155, 𝜁 = 0.055.
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In the VHRDE model, Figure 2 shows how the ED 𝜌𝑑 has evolved across cosmic time. Initially, 𝜌𝑑 starts at a
relatively high value (𝜌𝑑 ≈ 3.4), reflecting a dominant DE component influenced by strong holographic and viscous
effects. As time progresses, the ED undergoes a steep decline, approaching near-zero values around 𝑡 ≈ 4, after which
it asymptotically flattens and remains nearly constant. This behaviour indicates rapid energy dissipation due to viscous
interactions during the early universe, followed by a quasi-static regime corresponding to a stabilized DE-dominated
era. The late-time plateau suggests a de Sitter–like accelerated expansion, which is consistent with observations and the
expected behaviour of HRDE models with bulk viscosity. At late times, it shows that the VHRDE effectively mimics a
cosmological constant. Additionally, 𝜌𝑑 gradually decreases over time, ensuring the physical condition 𝜌𝑑 ⩾ 0. Unlike
Lambda CDM, where the DE density remains constant, the VHRDE framework exhibits dynamic decay before stabilizing,
reflecting richer dissipative physics. A minimal interaction is assumed between pressure-less matter and the viscous HRDE
component, allowing them to evolve independently, in line with the approach of Sarkar [39]. As a result, the conservation
equation yields:

¤𝜌𝑚 +
( ¤𝐴1
𝐴1

+
¤𝐴2
𝐴2

+
¤𝐴3
𝐴3

)
𝜌𝑚 = 0 (27)

¤𝜌𝑑 +
( ¤𝐴1
𝐴1

+
¤𝐴2
𝐴2

+
¤𝐴3
𝐴3

)
(𝜌𝑑 + 𝑝𝑑) = 0 (28)

From eqs. (21), (22), and (27), we get

𝜌𝑚 = 𝑘1

(
𝑘

𝑙

) 𝑛+2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
] 𝑛+2

2𝑛 (29)

Where 𝑘1 is an integrating constant.

Figure 3. Variation of the ED of matter 𝜌𝑚 vs. time ‘t’ for 𝑘 = 1.5, 𝑛 = 2.45 & 𝑘1 = 1.25

In the VHRDE cosmological framework, Figure 3 displays the variation of the matter ED 𝜌𝑚 across time. Initially,
𝜌𝑚 is high (𝜌𝑚 ≈ 4.3), reflecting a matter-dominated epoch in the early universe. The curve declines sharply as time
progresses, indicating rapid dilution of matter density due to cosmic expansion. Around 𝑡 ≈ 3, 𝜌𝑚 approaches zero and
stabilizes at an almost negligible value, marking the transition from matter domination to DE domination. The asymptotic
behaviour demonstrates that matter becomes dynamically irrelevant in the late-time universe, consistent with the current
DE-dominated phase. The steep decay further highlights the combined influence of bulk viscosity and holographic
constraints in accelerating the dissipation of matter’s contribution in VHRDE cosmologies. In Lambda CDM, matter
dilutes as 𝑎−3 without viscous corrections, while in VHRDE, the decay is sharper, reflecting more substantial dissipative
effects.
The bulk viscosity coefficient is expressed by

𝜖 = 𝜖1 + 𝜖2

[
𝑘 (𝑛 + 2)

3
tanh(𝑛𝑘𝑡)

]
+ 𝜖3 (𝑛𝑘)

[
sech2 (𝑛𝑘𝑡)
tanh(𝑛𝑘𝑡) + 2 tanh(𝑛𝑘𝑡) + 2

7𝑛 + 2
6𝑛

tanh(𝑛𝑘𝑡)
sech2 (𝑛𝑘𝑡)

]
(30)

Figure 4 illustrates the evolution of the coefficient 𝜖 (𝑡) of bulk viscosity in the VHRDE model. During the early and
intermediate epochs(𝑡 ≲ 12), bulk viscosity remains extremely small and nearly constant, indicating negligible viscous
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effects in the initial stages of cosmic evolution. However, as the universe approaches the far-future regime, 𝜖 (𝑡) exhibits
a dramatic rise, diverging sharply and reaching values of the order 1045 near 𝑡 ≈ 14. This rapid growth suggests that
dissipative processes become increasingly dominant at late times. The divergence of 𝜖 may signal the onset of a non-
equilibrium state or a possible future phase transition driven by strong viscous effects. Physically, such behaviour could
correspond to a highly accelerated expansion or a phantom-like scenario, where bulk viscosity mimics or amplifies dark
energy. These results emphasize the crucial role of viscosity in shaping the future dynamics of the universe, particularly
within holographic and scalar–tensor cosmologies. In contrast, Lambda CDM assumes no viscous terms, making bulk
viscosity identically zero. The sharp divergence in VHRDE highlights a key departure from the Lambda CDM paradigm.

Figure 4. Variation of the bulk viscosity 𝜖 vs. time ‘t’ for 𝑘 = 1.5, 𝑛 = 2.45, 𝜖1 = 2.035, 𝜖2 = 1.025 &𝜖3 = 3.15

By solving equations (21) through (23), we may determine the HRDE’s viscous pressure as

𝑝𝑑 =
𝜙𝑘2

16𝜋

{
(𝑛 + 1)

[
(𝑛 − 1) sech2 (𝑛𝑘𝑡) + 1

]
+
[
(3𝑛 + 1) − (𝜔 + 2) (𝑛 + 2)2

]
tanh2 (𝑛𝑘𝑡)

}
(31)

where 𝜙 =

(
𝑘
𝑙

) 𝑛+2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
] 𝑛+2

2𝑛

Figure 5. Variation of the viscous pressure 𝑝𝑑 vs. time ‘t’ for 𝑘 = 1.5, 𝑛 = 2.45, 𝜖0 = 0.025, 𝜂 = 1.155, 𝜔 = 2.25 & 𝜁 =

0.055

In the VHRDE model, Figure 5 depicts how the viscous pressure 𝑝𝑑 alters across cosmic time. Initially, 𝑝𝑑 is strongly
positive, exceeding unity, but it rapidly falls into the negative region, reaching a minimum of about 𝑝𝑑 ≈ −2.8 at early
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times (𝑡 ≲ 1). This sharp decline indicates that viscous effects acted as an effective negative pressure in the early universe,
potentially driving an acceleration of the inflation-like phase. Thereafter, 𝑝𝑑 gradually increases and approaches zero from
below, stabilizing for 𝑡 > 4. This asymptotic flattening implies that viscous contributions become negligible late, consistent
with a quasi-equilibrium, DE-dominated phase. The overall trend highlights the dissipative nature of the cosmic fluid and
its significant role in shaping both early and intermediate expansion dynamics. In Lambda CDM, the effective pressure
is constant, whereas VHRDE introduces time-dependent viscous contributions that enrich the early and mid-time dynamics.

The HRDE’s pressure as

𝑝𝑑 =
𝜙𝑘2

16𝜋

{
(𝑛 + 1)

[
(𝑛 − 1) sech2 (𝑛𝑘𝑡) + 1

]
+
[
(3𝑛 + 1) − (𝜔 + 2) (𝑛 + 2)2

]
tanh2 (𝑛𝑘𝑡)

}
+
[
𝑘 (𝑛 + 2) tanh(𝑛𝑘𝑡)

] {
𝜀1 + 𝜀2

[
𝑘 (𝑛 + 2)

3
tanh(𝑛𝑘𝑡)

]
+ 𝜀3 (𝑛𝑘)

[ sech2 (𝑛𝑘𝑡)
tanh(𝑛𝑘𝑡) + 2 tanh(𝑛𝑘𝑡) + 2(7𝑛 + 2)

6𝑛
tanh(𝑛𝑘𝑡)
sech2 (𝑛𝑘𝑡)

]}
(32)

where 𝜙 =

(
𝑘
𝑙

) 𝑛+2
𝑛 [

(tanh(𝑛𝑘𝑡))2 − 1
] 𝑛+2

2𝑛

From equations (26) and (32), we obtain The HRDE’s EoS parameter as

𝜔𝑑 =
𝑝𝑑

𝜌𝑑
(33)

Where

𝑝𝑑 =
𝜙𝑘2

16𝜋

{
(𝑛 + 1)

[
(𝑛 − 1) sech2 (𝑛𝑘𝑡) + 1

]
+
[
(3𝑛 + 1) − (𝜔 + 2) (𝑛 + 2)2

]
tanh2 (𝑛𝑘𝑡)

}
+
[
𝑘 (𝑛 + 2) tanh(𝑛𝑘𝑡)

] {
𝜀1 + 𝜀2

[
𝑘 (𝑛 + 2)

3
tanh(𝑛𝑘𝑡)

]
+ 𝜀3 (𝑛𝑘)

[ sech2 (𝑛𝑘𝑡)
tanh(𝑛𝑘𝑡) + 2 tanh(𝑛𝑘𝑡) + 2(7𝑛 + 2)

6𝑛
tanh(𝑛𝑘𝑡)
sech2 (𝑛𝑘𝑡)

]}
and 𝜌𝑑 =

3𝜙𝑘2

8𝜋

[
𝜖0

(
𝑛+2

3 tanh(𝑛𝑘𝑡)
)2

+ 𝜂
𝑛(𝑛+2)

3 sech2 (𝑛𝑘𝑡) − 2𝜁𝑛2 sech2 (𝑛𝑘𝑡)
]

Figure 6. Variation of the EoS parameter 𝜔𝑑 vs. time ’t’ for𝑘 = 1.5, 𝑛 = 2.45, 𝜖0 = 0.025, 𝜂 = 1.155, 𝜔 = 2.25 & 𝜁 =

0.055

The EoS parameter is defined as 𝜔𝑑 =
𝑝

𝜌
. Different values of 𝜔𝑑 correspond to distinct evolutionary phases of
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the Universe. During the decelerated expansion, 𝜔𝑑 = 1 denotes stiff fluid, 𝜔𝑑 = 1
3 represents radiation, and 𝜔𝑑 = 0

corresponds to a dust-dominated epoch. In contrast, the accelerated expansion phase includes quintessence −1 < 𝜔𝑑 <
1
3 , the cosmological constant (𝜔𝑑 = −1), and phantom energy (−1 < 𝜔𝑑). Figure 6 shows how the VHRDE model’s
EoS parameter has changed over time. At early times, 𝜔 > −1, placing the universe in a quintessence-like regime with
relatively weaker negative pressure. As cosmic time increases, viscous and holographic effects dominate, driving 𝜔𝑑

toward more negative values. Depending on the parameter set, 𝜔𝑑 either asymptotically approaches the cosmological
constant boundary (𝜔𝑑 = −1) or crosses into the phantom regime (𝜔𝑑 < −1). In the latter case, the model indicates a
possible big-rip–like future driven by rapidly increasing negative pressure. The substantial time dependence of 𝜔𝑑 reflects
the combined influence of bulk viscosity, scalar field dynamics, and the Ricci cutoff. In contrast, the standard Lambda
CDM model assumes a strictly constant 𝜔𝑑 = −1, corresponding to a true cosmological constant. The deviation of 𝜔𝑑 , the
fixed value in the VHRDE framework highlights its dynamical character, offering a richer phenomenology that can capture
transitions between quintessence, Λ-like, and phantom regimes. Such flexibility may help reconcile theoretical predictions
with Planck and other observational constraints that mildly favour evolving DE over a pure cosmological constant.

The coincidence parameter is

𝑟 =
𝜌𝑑

𝜌𝑚
=

3𝜙𝑘2

8𝜋

[
𝜉0

(
𝑛+2

3 tanh(𝑛𝑘𝑡)
)2

+ 𝜂
𝑛(𝑛+2)

3 sech2 (𝑛𝑘𝑡) − 2𝜁𝑛2 sech2 (𝑛𝑘𝑡)
]

𝑘1

(
𝑘
𝑙

) 𝑛+2
𝑛 [

tanh2 (𝑛𝑘𝑡) − 1
] 𝑛+2

2𝑛

(34)

4. SOME ESSENTIAL PROPERTIES OF THE MODEL
The spatial volume is

𝑉 =

(
𝑘

𝑙

)− 𝑛+2
𝑛 (

tanh2 (𝑛𝑘𝑡) − 1
)− 𝑛+2

2𝑛 (35)

The average scale factor is

𝑎(𝑡) = 𝑉 (𝑡)1/3 =

(
𝑘

𝑙

)− 𝑛+2
3𝑛 (

tanh2 (𝑛𝑘𝑡) − 1
)− 𝑛+2

6𝑛 (36)

Figure 7. Variation of the Volume V vs. time ‘t’ for k=1.5 & n=2.45

Figure 7 presents the time progression of the volume scale factor 𝑉 (𝑡) in the VHRDE model. During the early epoch
(𝑡 ≲ 4), the volume remains extremely small and nearly constant, reflecting a slowly expanding or quasi-static universe.
A sharp transition occurs around 𝑡 ≈ 4.5, where 𝑉 (𝑡) grows rapidly by several orders of magnitude. This exponential-like
rise signals late-time accelerated expansion, driven by the combined influence of HDE and bulk viscosity. The asymptotic
behaviour of 𝑉 (𝑡) at later times indicates a dark energy–dominated regime that may evolve toward a de Sitter–like or
phantom scenario. In contrast, the standard Lambda CDM model predicts smooth exponential expansion with a constant
DE density and no viscosity effects. The VHRDE framework, by incorporating dissipative processes, provides a richer
dynamical picture that can capture both the observed acceleration and possible deviations from Lambda CDM in the
universe’s long-term evolution.
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For the flow vector 𝑢𝜇, the corresponding expressions for the expansion and shear scalars are obtained as follows.

𝜃 = 3𝐻 = 𝑘 (𝑛 + 2) tanh(𝑛𝑘𝑡) (37)

𝜎2 =
7

18
𝜃2 =

7
18

[𝑘 (𝑛 + 2) tanh(𝑛𝑘𝑡)]2 (38)

Figure 8 shows the evolution of the Hubble parameter 𝐻 (𝑡) (solid line) and the expansion scalar 𝜃 (𝑡) (dashed line) in the

Figure 8. Variation of the Hubble parameter & Expansion scalar vs. time’t’ for k=1.5 & n=2.45

VHRDE model. Initially, both quantities rise rapidly, reflecting an early phase of significant expansion. As time increases,
the Hubble parameter stabilizes near a constant value 𝐻 ≈ 2.3, while 𝜃, proportional to 3𝐻, asymptotically approaches
𝜃 ≈ 6.9, consistent with theoretical expectations. This convergence signals the transition from a dynamic early epoch to a
quasi–de Sitter regime in the late universe. The constancy of 𝐻 and 𝜃 at late times indicates a steady accelerated expansion,
driven by the interplay of the Ricci holographic cutoff and bulk viscous effects, which together guide the universe toward
an asymptotic inflation-like state without a future singularity. In contrast, due to a true cosmological constant, the Lambda
CDM model predicts a constant 𝐻 only at asymptotic times. The VHRDE scenario generalizes this behaviour by allowing
viscosity-driven dynamics, yielding a richer description of cosmic acceleration.
The average anisotropy parameter is defined by

𝐴𝑚 =
1
3

3∑︁
𝑖=1

(
𝐻𝑖 − 𝐻

𝐻

)2
=

2 (𝑛 − 1)2

(2𝑛 + 1)2 (39)

The deceleration parameter given by

𝑞 = −3 ¤𝜃
𝜃2 − 1 = − 3𝑛

(𝑛 + 2) csch2 (𝑛𝑘𝑡) − 1 (40)

Figure 9 illustrates the evolution of the deceleration parameter 𝑞(𝑡) in the VHRDE model. Initially, 𝑞(𝑡) takes a very
large negative value (𝑞 ≈ −13), indicating a phase of rapid super-acceleration driven by strong viscous and holographic
effects in the early universe. As time progresses, 𝑞(𝑡) increases toward an asymptotic value around 𝑞 ≈ −1, signalling a
transition to steady accelerated expansion resembling a de Sitter phase. The model exhibits super-acceleration (𝑞 < −1)
at early times and normal accelerated expansion (−1 ≤ 𝑞 < 0) at late times. At 𝑡0 = 13.8 Gyr, 𝑞 is consistent with current
observational estimates of a nearly de Sitter–like universe. In contrast, the Lambda CDM model predicts 𝑞 ≈ −0.55 at
the present epoch and approaches 𝑞 = −1 only asymptotically due to a constant cosmological constant. The VHRDE
framework, with viscosity and holographic corrections, captures stronger early acceleration and a richer time-dependent
behaviour, distinguishing it from standard Lambda CDM predictions.

5. COMPARISON OF OUR RESULTS
Recent VHRDE investigations have been carried out in both isotropic and anisotropic cosmologies under different

gravity theories. In spatially flat FRW models, linear bulk viscosity has been shown to generate viable late-time acceleration
and to regulate the transition from decelerated to accelerated expansion [40,41]. Extensions to anisotropic settings, such as
axially symmetric, Ruban, and BT–III spacetimes, indicate that bulk viscosity coupled with scalar–tensor dynamics plays
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Figure 9. Variation of the deceleration parameter q vs.time ‘t’ for k=1.5 & n=2.45

a crucial role in suppressing anisotropy and initiating accelerated expansion [29,42,43]. Furthermore, studies in modified
gravity frameworks, including 𝑓 (𝑅,𝑇) theory, demonstrate that viscosity ensures thermodynamic consistency, supports the
generalized second law, and accounts for transitions between cosmic phases [44]. Our BT–VI𝑜 model under BD gravity is
consistent with these earlier results yet extends them in several important respects. First, the BT - VI𝑜 geometry introduces
a richer anisotropic structure, allowing us to track the detailed decay of shear and anisotropy parameters. Second, the BD
scalar field provides a dynamical gravitational coupling that modulates the influence of viscosity, offering new insight into
how anisotropy and scalar–tensor effects jointly shape cosmic evolution. Third, we obtain explicit solutions showing that
(i) anisotropy and shear decay monotonically, (ii) the deceleration parameter undergoes a sign flip, indicating a transition
from decelerated to accelerated expansion, and (iii) A late-time de Sitter phase is indicated by the fact that the EoS value
is getting close to −1. These behaviours mirror the general trends observed in FRW and anisotropic VHRDE models, but
are derived in a more general anisotropic background with explicit scalar–tensor coupling. Unlike Lambda CDM, where
dark energy is constant and acceleration emerges gradually, the VHRDE–BD model exhibits a dynamical evolution in
which viscosity and scalar–tensor effects drive early super-acceleration, while the EoS parameter approaches −1 at late
times, yielding a de Sitter–like phase that aligns with our findings. Table 1 compares the key cosmological parameters of
the Lambda CDM and VHRDE models in BD gravity, showing the effect of viscosity and HRDE on cosmic evolution.

Table 1. Comparison of Key Cosmological Parameters between Lambda CDM and the Present VHRDE Model

Parameter Lambda CDM Model VHRDE Model
Gravitational coupling / scalar field Constant gravitational coupling (no scalar

field; 𝐺 = const.).
Dynamical Brans–Dicke scalar field 𝜙 (𝑡 ) ; positive, initially large
(≈ 3.6) and decreases to a nearly constant value at late times.

Dark energy density 𝜌𝑑 Constant (cosmological constant). Time-dependent; begins large (≈ 3.4), decays rapidly, and stabi-
lizes at a small constant value at late times.

Matter density 𝜌𝑚 Varies as 𝑎−3; dominates early epoch. Decays faster than 𝑎−3; initially ≈ 4.3 and becomes negligible
around 𝑡 ≈ 3 due to viscous dissipation.

Bulk viscosity coefficient 𝜀 (𝑡 ) Zero (no viscosity term). Positive and time-dependent; nearly constant early, rises sharply
and diverges (∼ 1045) at late times.

Viscous pressure 𝑝̄𝑑 (𝑡 ) Absent. Initially positive, then becomes negative (≈ −2.8 early), approach-
ing zero from below.

Equation of state 𝑤𝑑 = 𝑝𝑑/𝜌𝑑 Constant, 𝑤𝑑 = −1. Dynamic; evolves from quintessence (−1 < 𝑤𝑑 < −1/3) toward
𝑤𝑑 → −1 or crosses the phantom divide (𝑤𝑑 < −1).

Deceleration parameter 𝑞 (𝑡 ) Present value 𝑞0 ≈ −0.55; tends to −1 at late
times.

Strongly time-dependent; early super-acceleration (𝑞 ≈ −13), con-
verging to 𝑞 ≈ −1 at late times.

Hubble parameter 𝐻 (𝑡 ) Decreases and approaches constant value at
late times.

Evolves dynamically; stabilizes near 𝐻 ≈ 2.3 (model units).

Anisotropy / shear Zero (isotropic FRW). Non-zero initially (Bianchi VI𝑜) but decays monotonically.
Spatial volume / scale factor Smooth exponential-like expansion at late

times.
Slow initial growth followed by sharp exponential increase near
𝑡 ≈ 4.

Coincidence parameter 𝑟 =

𝜌𝑑/𝜌𝑚
Decreases slowly; ≈ 1 at present epoch. Falls rapidly; matter becomes dynamically negligible earlier than

in ΛCDM.
Thermodynamic consistency Trivial (no viscous contribution). Maintained by 𝜀 (𝑡 ) > 0.
Observational concordance Consistent with SNe Ia, CMB, and BAO data. Qualitatively consistent at late times (𝑤 → −1, 𝑞 → −1); quan-

titative fitting required.

Table 1 clearly demonstrates that the VHRDE model provides an extended framework beyond Lambda CDM by
incorporating bulk viscosity, anisotropy, and scalar–tensor dynamics. The model reproduces late-time acceleration
without invoking a cosmological constant and aligns well with observed cosmological behaviour.
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6. CONCLUSIONS
This paper investigates a VHRDE model in a BT–VI𝑜 anisotropic spacetime under BD gravity with a pressure-less

matter component. Precise solutions of the BD field equations are obtained by assuming a relation among the metric
potentials and a parameterized bulk viscosity coefficient. The combined role of anisotropy, Ricci infrared cutoff, and
viscosity is analysed to explain different phases of cosmic evolution. The Brans–Dicke scalar field 𝜙 remains positive for
all cosmic times (Fig. 1). It decreases monotonically with the expansion, which indicates a gradual strengthening of the
effective gravitational coupling in the late epoch. The scalar field’s evolution significantly affects the HRDE and expansion
dynamics. The VHRDE density 𝜌𝑑 is positive throughout the evolution (Fig. 2). It starts with large values in the early
anisotropic phase and decreases steadily to a small constant value at late times, supporting accelerated expansion. The
matter ED 𝜌𝑚 is also positive and decreases monotonically (Fig. 3). This behaviour corresponds to the expected dilution
of pressure-less matter due to cosmic expansion. The bulk viscosity coefficient 𝜖 remains positive, ensuring thermody-
namic consistency. It increases with time, which shows that viscous effects become more important in the DE–dominated
era. This enhancement contributes to the negative pressure required for acceleration. The effective viscous pressure is
negative for the entire evolution (Fig. 5). Its magnitude is large in the early epoch, providing a strong acceleration-driving
mechanism. It decreases gradually with time, leading to a more stable expansion phase. The EoS parameter 𝜔𝑑 starts with
positive values, decreases as time evolves, and approaches zero in the late epoch. This indicates a smooth transition from
a matter-like regime to a dust-like regime driven by the combined effects of HRDE and viscosity. The expanding nature
of the Universe is confirmed by the spatial volume increasing monotonically from zero at 𝑡 = 0. Both the mean Hubble
parameter 𝐻 (𝑡) and the expansion scalar 𝜃 (𝑡) are always positive. In the early Universe, both were large and in later eras,
they tend to be constant, corresponding to a steady accelerated expansion similar to de Sitter behaviour. The deceleration
parameter 𝑞(𝑡) remains negative throughout the evolution, indicating continuous accelerated expansion of the universe.
At early times, 𝑞(𝑡) < −1 corresponds to a super-accelerated phase, while at late times it approaches 𝑞 = −1, indicating
a de Sitter-like expansion. Finally, the VHRDE model in BD theory demonstrates how anisotropy, bulk viscosity, and
HRDE can drive cosmic evolution shifted from matter domination to DE acceleration. The scalar field regulates the
effective gravitational coupling, while viscosity provides the mechanism for sustained acceleration. The results show that
a cosmological constant is unnecessary to explain late-time acceleration in anisotropic backgrounds.
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ДОСЛIДЖЕННЯ КОСМОЛОГIЧНОЇ МОДЕЛI В’ЯЗКОЇ ГОЛОГРАФIЧНОЇ КОСМОЛОГIЧНОЇ
МОДЕЛI ТЕМНОЇ ЕНЕРГIЇ РIЧЧI ТИПУ БIАНКI В ТЕОРIЇ ГРАВIТАЦIЇ БРАНСА-ДIКЕ

К.П.С. Сур’янараяна, К.В.С. Сiрiша, Р. Сатiбабу
Кафедра математики та статистики, GSS, GITAM, вважається Унiверситетом, Вiшакхапатнам, Iндiя

• Дослiджено в’язку голографiчну модель темної енергiї Рiччi (VHRDE) в рамках гравiтацiї Бранса-Дiке (BD).
• Об’ємна в’язкiсть генерує ефективний негативний тиск, тодi як скалярне поле BD динамiчно регулює гравiтацiйний
зв’язок.

• Отримано природний перехiд вiд ранньої уповiльненої фази з домiнуванням матерiї до пiзньої прискореної фази розши-
рення з домiнуванням темної енергiї.

• Модель виходить за межi ΛCDM, демонструючи динамiчно еволюцiонуюче рiвняння стану, яке може наближатися або
перетинати фантомну межу 𝜔 < −1

• Анiзотропiя та зсувний спад з космiчним часом, що призводить до iзотропiзацiї наприкiнцi часу, що узгоджується з
обмеженнями спостережень (CMB).

Ми дослiджуємо в’язку голографiчну модель темної енергiї Рiччi (VHRDE) у просторi-часi типу Б’янкi (BT) - VI𝑜 в межах
гравiтацiї Бранса-Дiкке (BD), включаючи компонент матерiї без тиску. Припускаючи зв’язок мiж метричними потенцiалами та
параметризованим коефiцiєнтом об’ємної в’язкостi, знайдено точнi розв’язки рiвнянь поля BD. Комбiнований вплив анiзотро-
пiї, голографiчного обрiзання Рiччi та об’ємної в’язкостi дають динамiчний каркас, який може описувати кiлька фаз космiчної
еволюцiї. Ми дослiджуємо прогресiю важливих вимiрювань, включаючи скалярне поле, густину енергiї, об’ємну в’язкiсть,
в’язкий тиск, рiвняння стану (EoS), змiннi розширення та параметр уповiльнення, виявляючи перехiд вiд уповiльненої епохи,
де домiнує матерiя, до прискореної фази, де домiнує темна енергiя. Об’ємна в’язкiсть генерує ефективний негативний тиск,
що зумовлює прискорення, тодi як скалярне поле BD модулює гравiтацiйний зв’язок. Порiвняння з попереднiми дослiджен-
нями пiдтверджує, що ця модель забезпечує життєздатний механiзм космiчного прискорення без необхiдностi космологiчної
константи.

Keywords: метрика типу Б’янкi - VI𝑜; голографiчна темна енергiя Рiччi (HRDE); об’ємна в’язкiсть; теорiя Бранса-Дiкке
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This paper explores the construction of traversable wormhole solutions in the context of Rastall’s gravity using the extended gravitational
decoupling method. Based on the modified field equations of this new theory, we apply the present scheme to incorporate an extra
gravitational source, which leads to a fully transformed version of the Schwarzschild solution. By means of an appropriate coordinate
transformation, this modified geometry is reinterpreted as a wormhole spacetime. The analysis proceeds by investigating the resulting
configuration’s fundamental physical and geometric features, specifically, null energy conditions’ violation, gravitational mass behavior,
volume integral quantifier evaluation, and embedding diagram. A key finding is that the wormhole neck arises obviously from the
distorted geometry while also satisfying the traversability-required flare-out criterion. Plotting the energy conditions for various Rastall
parameter values reveal localized null energy condition violations near the throat, which is consistent with the presence of exotic matter.
However, the total exotic matter content is shown to be minimal and highly sensitive to the choice of model parameters. These results
underscore the potential of Rastall gravity, in conjunction with gravitational decoupling, to support physically plausible wormhole
geometries with reduced exotic matter requirements.

Keywords: Rastall theory; Gravitational decoupling; Wormholes; Exotic fluid

1. INTRODUCTION
In recent years, modified gravity frameworks have garnered considerable attention as viable alternatives to general

relativity (GR), especially in addressing challenges related to dark energy, cosmic expansion, and spacetime singularities.
Among the most prominent approaches are 𝑓 (R) gravity and scalar-tensor formulations, both of which have been
extensively studied for their potential to offer deeper insights into gravitational dynamics [1, 2]. Within this broader
investigative landscape, the Rastall theory [3] stands out by deviating from the standard conservation of the energy-
momentum tensor (EMT) in curved geometries. By introducing a coupling between the EMT divergence and the gradient
of the Ricci scalar, Rastall’s model proposes a non-minimal interaction between matter and geometry, suggesting novel
implications for both cosmology and astrophysics.

Although Rastall gravity introduces an unconventional mechanism, it has not escaped scrutiny. Visser [4] questioned
its physical distinctiveness, suggesting it could be merely a reformulation of GR, while Golovnev [5] criticized the
absence of a well-defined variational principle and cast doubt on its phenomenological utility. Despite such reservations,
subsequent investigations have mounted compelling defenses of the theory. Darabi et al. [6], for instance, demonstrated
its empirical adequacy in specific cosmological models, while others have constructed physically meaningful solutions
that are not replicable within standard GR [7, 8]. This theory has also been affirmed in compact star modeling: Shahzad
and Abbas employed the MIT bag model to examine strange stars [9], and later extended their work to include hybrid
[10] and quintessence [11] stars. Naseer investigated the influence of the Rastall parameter on novel spherical solutions
[12], and further explored the effects of gravitational decoupling in relation to isotropization and structural complexity
[13]. His collaborative work with Sharif [14] involved the Krori-Barua and Tolman IV metrics within the context of
decoupling and Rastall parameters. Other contributions include isotropic models derived using the Durgapal-Lake ansatz
by Waseem and Naeem [15], and investigations by ourselves that generalized regular Hayward and Bardeen black holes
[16]. Several promising results have emerged from various investigations into self-gravitating compact stars conducted
within the context of this non-conserved gravity [17]-[24].

Gravitational decoupling, a method grounded in the application of geometric deformations - either in their minimal
(MGD) or extended (EGD) form - has proven to be a robust framework for constructing novel solutions to the gravitational
field equations. Within both GR and several modified gravity theories, this technique permits systematic generalizations
through the separation of a known (commonly isotropic) solution from an auxiliary source term that produces direction-
dependent behavior. The MGD and EGD schemes were both formulated by Ovalle [25, 26], where the minimal version
involves deforming only 𝑔𝑟𝑟 , while the extended version modifies both 𝑔𝑟𝑟 and 𝑔𝑡𝑡 . These decoupling schemes have been
instrumental in generalizing well-known solutions, such as the Tolman IV and Krori-Barua metrics, within GR and in
the context of Brans-Dicke theory, to yield anisotropic models. Additionally, Ovalle and collaborators [27] employed this
framework to derive hairy black hole solutions by extending the Schwarzschild vacuum geometry. The influence of the
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2-step GD method has also been explored in the context of structural complexity [28]. In a recent investigation, Maurya
et al. [29] applied the EGD scheme to extend the Tolman IV solution to a more complex domain and obtained a physical
acceptable model.

In this study, we apply the EGD framework to deform the Schwarzschild black hole solution, subsequently linking
it to a wormhole geometry. For detailed discussions on black hole deformations within this context, readers are referred
to our earlier works [16, 29]. The theoretical origins of wormholes exist in the fundamental work of Misner and Wheeler
[30, 31], who analyzed the creation of charge quantity from the continuity of field lines across discontinuities in spacetime.
Wheeler [32, 33] was the first to propose “geons” and the concept of spacetime foam, thereby suggesting that the structure
of spacetime becomes fundamentally intricate when examined at quantum-level resolutions. Even earlier, Einstein and
Rosen had developed a geometric construct (now famously known as the Einstein-Rosen bridge [34]) which envisioned a
throat-like structure connecting two asymptotically flat regions of spacetime. Although redolent of potential inter-universal
passages, the viability of this configuration was subsequently contested by Fuller and Wheeler [35], who proved that the
bridge is inherently unstable and undergoes collapse too rapidly to facilitate the traversal of either particles or light.

The resurgence of interest in wormhole physics can be traced largely to the seminal work of Morris and Thorne [36],
who, through specific choices of redshift and shape functions, presented static, spherically symmetric, traversable wormhole
solutions within the GR framework. A fundamental issue with these models, however, lies in their reliance on exotic
matter - substances that violate the null energy conditions (NECs), thereby introduces deep theoretical complications. This
challenge has sparked a shift towards exploring wormholes in the realm of modified gravity theories, where the violation
of energy conditions can emerge from geometric modifications rather than physically implausible forms of matter. In such
theories, effective EMTs can absorb the NECs violations through curvature-related contributions. As a result, wormhole
solutions have been extensively studied in alternative frameworks like 𝑓 (R) gravity [37], Gauss-Bonnet gravity [38], and,
significantly, in Rastall theory [39], where the usual conservation of the EMT is relaxed. This modification enables richer
matter-geometry couplings that support wormhole structures without invoking exotic matter in the conventional sense.
These developments not only offer plausible wormhole geometries but also deepen our understanding of how non-trivial
topological configurations may naturally arise in extended theories of gravity.

The structure of the paper is given as follows. Section 2 is devoted to the formulation of the gravitational field equations
within the Rastall gravity paradigm, thereby furnishing the theoretical groundwork to be used in the later analysis. In
section 3, the EGD formalism is used to split the field equations into decoupled sectors, making tractable solutions
possible. Section 4 focuses on deriving a transformed static, spherically symmetric black hole solution and establishing
its geometric link to a traversable wormhole configuration. This section also sets forth an extensive investigation of
the wormhole derived, involving an inspection of NECs’ violation, a calculation of active mass, an estimation of the
volume integral quantifier (VIQ), and a geometric illustration through an embedding schematic. Lastly, section 5 offers
concluding remarks, highlighting the broader implications of our results for wormhole construction in the setting of
modified gravity theories.

2. FIELD EQUATIONS
Within the context of the Rastall gravity, the equations dictating the dynamics adopt the following expression

𝐺𝜇𝜈 = 𝜅(𝑇𝜇𝜈 − 𝜉R𝑔𝜇𝜈). (1)

Here, 𝐺𝜇𝜈 is the Einstein tensor, 𝑔𝜇𝜈 the metric tensor, R the Ricci scalar, 𝜅 the coupling constant, 𝑇𝜇𝜈 the EMT, and the
Rastall’s coupling parameter 𝜆 = 𝜅𝜉. Within this approach, the EMT obeys the relationship given by

∇𝜈𝑇
𝜇𝜈 = 𝜆𝑔𝜇𝜈∇𝜈R, (2)

which implies the usual covariant conservation law is violated. However, in the case where the 𝜆 parameter disappears,
the ordinary conservation law of GR is once again obtained. From the relation in Eq.(1), it follows that

R(4𝜆 − 1) = 𝜅𝑇, (3)

where 𝑇 signifies the trace of the EMT 𝑇𝜇𝜈 . Finally, the governing equations of the spacetime geometry (1) may be written
alternatively as

𝐺𝜇𝜈 + 𝜆R𝑔𝜇𝜈 =
8𝜋(1 − 4𝜆)

1 − 6𝜆
𝑇𝜇𝜈 . (4)

Let us assume that 𝑇𝜇𝜈 takes the form of an anisotropic fluid within the (+,−,−,−) metric convention, written
explicitly as

𝑇𝜇𝜈 = (𝜌 + 𝑃𝑡 )Y𝜇Y𝜈 + (𝑃𝑟 − 𝑃𝑡 )Z𝜇Z𝜈 − 𝑃𝑡𝑔𝜇𝜈 , (5)

where

• Y𝜇 = 𝛿0
𝜇

√
𝑔00: 4-vector and Z𝜇 = −𝛿0

𝜇

√−𝑔11: four-velocity,

• 𝜌: density,
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• 𝑃𝑟 : radial pressure and 𝑃𝑡 : transverse pressure.

Moreover, Y𝜇Y𝜇 = 1, Y𝜇Z𝜇 = 0 and Z𝜇Z𝜇 = −1. To perform the gravitational decoupling technique, we alter the
governing equations of the spacetime geometry (4) by employing a multi-sourced EMT, expressed in the following way as

𝐺𝜇𝜈 + 𝜆R𝑔𝜇𝜈 =
8𝜋(1 − 4𝜆)

1 − 6𝜆
𝑇
(𝑡𝑜𝑡 )
𝜇𝜈 , (6)

where
𝑇
(𝑡𝑜𝑡 )
𝜇𝜈 = 𝑇𝜇𝜈 + 𝛿Ψ𝜇𝜈 . (7)

The incorporation of a supplementary source, denoted Ψ𝜇𝜈 , is achieved through the decoupling parameter 𝛿, where 𝛿

dictates the magnitude of the coupling linking the sources. By introducing this term, anisotropic behavior emerges within
the once-isotropic seed solution, which in turn expands its range of applicability to diverse contexts.

For the interior region, the geometric arrangement is provided by the following metric

𝑑𝑠2 = −(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)𝑟2 − 𝑒B(𝑟 )𝑑𝑟2 + 𝑒A(𝑟 )𝑑𝑡2. (8)

After substitution, the field equations (6) are given by

8𝜋
(

4𝜆 − 1
6𝜆 − 1

) (
𝜌 + 𝛿Ψ0

0

)
= 𝜆

[
𝑒−B

(
A′′ + A′

2
(A′ − B′) + 2

𝑟
(A′ − B′) + 2

𝑟2

)
− 2
𝑟2

]
+ 𝑒−B

(
B′

𝑟
− 1
𝑟2

)
+ 1
𝑟2 , (9)

8𝜋
(

4𝜆 − 1
6𝜆 − 1

) (
𝑃𝑟 − 𝛿Ψ1

1

)
= −𝜆

[
𝑒−B

(
A′′ + A′

2
(A′ − B′) + 2

𝑟
(A′ − B′) + 2

𝑟2

)
− 2
𝑟2

]
+ 𝑒−B

(
A′

𝑟
+ 1
𝑟2

)
− 1
𝑟2 , (10)

8𝜋
(

4𝜆 − 1
6𝜆 − 1

) (
𝑃𝑡 − 𝛿Ψ2

2

)
= −𝜆

[
𝑒−B

(
A′′ + A′

2
(A′ − B′) + 2

𝑟
(A′ − B′) + 2

𝑟2

)
− 2
𝑟2

]
+ 𝑒−B

[
A′′

2
+ A′2

4
− A′B′

4
+ A′ − B′

2𝑟

]
. (11)

There are three nonlinear ordinary differential equations in the above system, expressed in terms of
A,B, 𝜌, 𝑃𝑟 , 𝑃𝑡 ,Ψ

0
0 ,Ψ

1
1 ,Ψ

2
2 , where the prime notation means ′ = 𝑑

𝑑𝑟
. With the help of this system, we formulate the

effective variables in the following manner

𝜌̃ = 𝜌 + 𝛿Ψ0
0 , 𝑃̃𝑟 = 𝑃𝑟 − 𝛿Ψ1

1 , 𝑃̃𝑡 = 𝑃𝑡 − 𝛿Ψ2
2 , (12)

and anisotropic parameter
Δ̃ = 𝑃̃𝑡 − 𝑃̃𝑟 = 𝛿(Ψ1

1 − Ψ2
2). (13)

The condition Ψ1
1 = Ψ2

2 implies the absence of anisotropy in the additional source, indicating that the anisotropic factor
vanishes. In the subsequent section, we apply the EGD method to address the field equations (9)-(11). This technique
facilitates the decomposition of the full system into two distinct subsystems: one associated with the original (seed) EMT
𝑇𝜇𝜈 , and the other corresponding to the supplementary source Ψ𝜇𝜈 . Owing to the reduced coupling, each sector can be
treated and solved independently. The full solution to the field equations is then constructed through a linear superposition
of these individual solutions, as prescribed in Eq.(12).

3. AN EGD APPROACH
To address the system of equations (9)-(11), we adopt the EGD approach, which introduces linear deformations to

both 𝑔𝑟𝑟 and 𝑔𝑡𝑡 . Through these deformations, the original system is effectively decoupled into two distinct sectors. The
first corresponds to a perfect fluid configuration (achieved by setting 𝛿 = 0), while the second incorporates the effects of the
additional source Ψ𝜇𝜈 , expressed in terms of the deformation functions. As a starting point, we consider a well-established
ideal fluid solution to the field equations, characterized by the following metric

𝑑𝑠2 = −(𝑑𝜃2 + sin2 𝜃𝑑𝜙2)𝑟2 − 𝑑𝑟2

D(𝑟) + 𝑒C(𝑟 )𝑑𝑡2, (14)
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with
D(𝑟) = 1 − 2𝑚(𝑟)

𝑟
, (15)

where 𝑚 represents the Misner-Sharp mass. The linear transformations that characterize the geometric deformation are
given by

C(𝑟) ↦→ A(𝑟) = C(𝑟) + 𝛿 𝑓 (𝑟), D(𝑟) ↦→ 𝑒−B(𝑟 ) = D(𝑟) + 𝛿𝑔(𝑟), (16)

where 𝑓 (𝑟) and 𝑔(𝑟) denote the deformations applied to the 𝑔𝑡𝑡 and 𝑔𝑟𝑟 , respectively. Substituting Eq.(16) into the field
equations produces the first set given below

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
𝜌 = D

(
𝜆C′′ + 𝜆C′2

2
+ 2𝜆C′

𝑟
+ 2𝜆

𝑟2 − 1
𝑟2

)
− 2𝜆

𝑟2 + 1
𝑟2

+ D′
(
𝜆C′

2
+ 2𝜆

𝑟
− 1
𝑟

)
, (17)

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
𝑃𝑟 = D

(
C′

𝑟
+ 1
𝑟2 − 2𝜆

𝑟2 − 2𝜆C′

𝑟
− 𝜆C′2

2
− 𝜆C′′

)
+ 2𝜆

𝑟2 − 1
𝑟2 − D′

(
𝜆C′

2
+ 2𝜆

𝑟

)
, (18)

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
𝑃𝑡 = D

(
C′′

2
− 𝜆C′′ − 𝜆C′2

2
− 2𝜆C′

𝑟
− 2𝜆

𝑟2 + C′2

4
+ C′

2𝑟

)
+ 2𝜆

𝑟2 + D′
(
C′

4
+ 1

2𝑟
− 𝜆C′

2
− 2𝜆

𝑟

)
. (19)

Since the system consists of three linearly independent equations involving five unknowns: C,D, 𝜌, 𝑃𝑟 , and 𝑃𝑡 , two
additional constraints are required to render it solvable. In the following section, we impose these constraints by invoking
the vacuum Schwarzschild solution as the guiding framework.

The second set of equations, which separates the contribution from the supplemental source and the deformation
function, may be expressed as

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
Ψ0

0 = 𝜆

[
𝑔

(
C′′ + (C′)2

2
+ 2C′

𝑟

)
+ 𝑔′

(
C′

2
+ 2
𝑟

)
+ D 𝑓 ′′ + DC′ 𝑓 ′

+ D𝛿( 𝑓 ′)2

2
+ D′ 𝑓 ′

2
+ 2D 𝑓 ′

𝑟

]
− 𝑔′

𝑟
− 𝑔

𝑟2 , (20)

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
Ψ1

1 = 𝜆

[
𝑔

(
C′′ + (C′)2

2
+ 2C′

𝑟

)
+ 𝑔′

(
C′

2
+ 2
𝑟

)
+ D 𝑓 ′′ + DC′ 𝑓 ′

+ D𝛿( 𝑓 ′)2

2
+ D′ 𝑓 ′

2
+ 2D 𝑓 ′

𝑟

]
− 𝑔

(
C′

𝑟
+ 1
𝑟2

)
− D 𝑓 ′

𝑟
, (21)

8𝜋
(

1 − 4𝜆
1 − 6𝜆

)
Ψ2

2 = 𝜆

[
𝑔

(
C′′ + (C′)2

2
+ 2C′

𝑟

)
+ 𝑔′

(
C′

2
+ 2
𝑟

)
+ D 𝑓 ′′ + DC′ 𝑓 ′

+ D𝛿( 𝑓 ′)2

2
+ D′ 𝑓 ′

2
+ 2D 𝑓 ′

𝑟

]
− 𝑔

(
C′′

2
+ (C′)2

4
+ C′

2𝑟

)
− D′ 𝑓 ′

4

− 𝑔′
(
C′

4
+ 1

2𝑟

)
− D

(
𝑓 ′′

2
+ 𝛿( 𝑓 ′)2

4
+ D′ 𝑓 ′

2
+ 𝑓 ′

2𝑟

)
. (22)

To solve the system of equations (20)-(22), we impose two supplementary constraints, given that it contains five unknowns
but only three independent equations. To be more precise, we adopt both a linear EoS and a mimic constraint expressed in
terms of the total pressure. The equation sets (17)-(19) and (20)-(22) provide a decoupled representation of the primary
field equations (9)-(11), and the full solution to the original system can be recovered by linearly adding the solutions
obtained from each.
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4. FROM BLACK HOLE TO WORMHOLE MODELS
This portion of the work explores the development of a wormhole model connected to a totally distorted black hole

of the non-Schwarzschild sort. Considering the Schwarzschild spacetime

𝑑𝑠2 =

(
1 − 2𝑀

𝑟

)
𝑑𝑡2 − 𝑑𝑟2(

1 − 2𝑀
𝑟

) − 𝑟2𝑑Ω2, (23)

the EGD scheme described in the previous section deforms this metric to

𝑑𝑠2 =

(
1 − 2𝑀

𝑟

)
𝑒𝛿 𝑓 (𝑟 )𝑑𝑡2 − 𝑑𝑟2(

1 − 2𝑀
𝑟

+ 𝛿𝑔(𝑟)
) − 𝑟2𝑑Ω2. (24)

Clearly, the deformed spacetime depicted the above configuration differs from Schwarzschild geometry in that |𝑔𝑡𝑡 (𝑟) | ≠
|𝑔−1

𝑟𝑟 (𝑟) |. It thus represents a non-Schwarzschild black hole. Our objective is to generate a wormhole geometry in
association with the present spacetime. To do this however, we must first of all determine the deformation functions
𝑓 (𝑟) and 𝑔(𝑟) in order to completely represent the deformed spacetime above. We obtain these deformation functions by
employing two constraints in the system of equations (20)-(22). For the first of these constraints, we employ a linear EoS
on Ψ𝜇𝜈 given as

Ψ0
0 − 𝜁1Ψ

1
1 − 𝜁2Ψ

2
2 = 0, (25)

where 𝜁1 and 𝜁2 are real constants. By setting 𝜁1 = 1 and 𝜁2 = 0, we obtain the simplified form given by

Ψ0
0 = Ψ1

1 . (26)

Using Eqs.(20) and (21), this equation turns out to

𝑓 ′ (𝑟) = 𝑔′ (𝑟) − 𝑔(𝑟)C′ (𝑟)
D(𝑟) . (27)

For the second constraint, we adopt the total pressure mimic-constraint given by

1
3
(𝑃𝑟 + 2𝑃𝑡 ) =

1
3

(
Ψ1

1 (𝑟) + 2Ψ2
2 (𝑟)

)
. (28)

However, since 𝑃𝑟 = 𝑃𝑡 = 0 due to the vacuum seed solution, this equation reduces to

Ψ1
1 (𝑟) + 2Ψ2

2 (𝑟) = 0. (29)

Using Eq.(27) in this constraint, we deduce numerical solutions for the deformations which are plotted in Figure 1.
It is important to emphasize that our objective here is not to analyze the physical characteristics of the black hole spacetime
itself, but rather to construct a wormhole geometry that is geometrically connected to it. For a detailed treatment of
the extended gravitational decoupling of the Schwarzschild black hole, we refer readers to our earlier work [29]. In the
discussion that follows, we focus on identifying the conditions under which the spacetime described by Eq.(24) can be
interpreted as a viable wormhole solution.
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Figure 1. Deformation functions 𝑓 (𝑟) and 𝑔(𝑟).
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4.1. A Wormhole Solution
The Morris-Thorne metric, representing the most general spacetime, is adopted for the description of the wormhole

geometry [36]

𝑑𝑠2 = 𝑒2𝜂 (𝑟 )𝑑𝑡2 − 𝑑𝑟2

1 − 𝜒 (𝑟 )
𝑟

− 𝑟2𝑑Ω2. (30)

Here, the wormhole structure is described by the shape function 𝜒(𝑟), and 𝜂(𝑟) plays the role of the redshift function.
Relating this spacetime interval to the one from Eq.(24) gives the direct consequence that

𝜂(𝑟) = 1
2

(
𝛿 𝑓 (𝑟) + ln

����1 − 2𝑀
𝑟

����) , (31)

and
𝜒(𝑟) = 2𝑀 − 𝛿𝑟𝑔(𝑟). (32)

The wormhole throat (𝑟0) is obtained from the relation 𝜒(𝑟0) = 𝑟 . However, an explicit form of the wormhole throat
cannot be given as the deformation function 𝑔(𝑡) is numerically approximated. To reinforce the validity of the proposed
wormhole model, we examine several essential geometric conditions, illustrated in Figure 2. Among these, the flare-out
condition plays a central role. Mathematically, it is expressed as

𝜒(𝑟) − 𝑟 𝜒′ (𝑟)
2𝜒2 (𝑟)

> 0, (33)

such a condition ensures the throat takes the shape of a minimal surface that expands outward, a key prerequisite for
keeping the throat stable and ensuring it can be crossed. This condition provides an essential bridge between wormhole
geometry and the requirement for exotic matter, marking it as a foundational concept in wormhole physics. Moreover, we
demonstrate how the shape function 𝜒(𝑟) behaves under the condition 𝜒(𝑟) < 𝑟, applicable for every 𝑟. We also confirm
asymptotic flatness by plotting 𝜒(𝑟)/𝑟 and demonstrating its vanishing behavior at large radial distances. In each of the
pertinent plots, we use representative choices of the Rastall parameter as 𝜆 = 0.175 (solid) and 𝜆 = 0.225 (dashed). The
decoupling parameter 𝛿 takes specific values for each figure, and these are indicated alongside wherever applicable.
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Figure 2. Some geometric properties with 𝜆 = 0.175 (solid) and 0.225 (dashed).
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4.2. Energy Conditions
Energy conditions represent foundational constraints in theoretical physics, governing the permissible distributions of

energy and momentum throughout spacetime. A complete appreciation of these conditions is indispensable for exploring
the sophisticated interactions occurring between geometry and matter. The universe consists of numerous energy forms,
including baryonic matter, dark matter, exotic matter, and dark energy, all of which respond in context-dependent ways to
the physical conditions around them. Identifying suitable geometric frameworks capable of accommodating such varied
forms of energy remains a central and ongoing challenge in modern gravitational theory.

The analysis of traversable wormholes becomes significantly more complicated, given that their production involves
transgressing the usual energy condition framework. These requirements are customarily separated into four basic
categories, which are the null, weak, dominant, and strong conditions. The occurrence of non-standard matter is generally
accompanied by the violation of these conditions. Among them, the NECs are particularly critical, as their violation often
entails the breakdown of the remaining three. For this reason, our investigation into the viability and physical properties
of the wormhole solution focuses primarily on the behavior of the NECs, expressed as

𝜌̃ + 𝑃̃𝑟 ≥ 0, 𝜌̃ + 𝑃̃𝑡 ≥ 0.

These inequalities are evaluated and illustrated in Figure 3, where the plots clearly indicate that the NECs are violated,
thus confirming the presence of exotic matter required to sustain the wormhole geometry.
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Figure 3. NECs with 𝜆 = 0.175 (solid) and 0.225 (dashed).

4.3. Embedding Diagram
An embedding diagram offers a visual representation of the spatial curvature around a wormhole by depicting

a lower-dimensional spatial slice embedded in a higher-dimensional Euclidean space. Although wormholes exist in
four-dimensional spacetime, these diagrams simplify the geometry-typically by focusing on an equatorial, constant-time
surface-to illustrate key features such as the flaring at the throat, which geometrically manifests the throat expansion
condition.

The construction of this diagram takes as its point of departure the Morris-Thorne metric given by Eq.(30). To
examine the geometric properties of space, we adopt a static equatorial slice defined by 𝑡 = constant and 𝜃 = 𝜋

2 ; this
procedure results in the following two-dimensional spatial line element

𝑑𝑠2 =
𝑑𝑟2

1 − 𝜂 (𝑟 )
𝑟

+ 𝑟2𝑑𝜙2. (34)

We target the embedding of this two-dimensional surface visualized within flat three-dimensional Euclidean geometry
parameterized by cylindrical coordinates (𝑟, 𝜙, 𝑧), for which the metric can be expressed as

𝑑𝑠2 =

[
1 +

(
𝑑𝑍

𝑑𝑟

)2
]
𝑑𝑟2 + 𝑟2𝑑𝜙2. (35)

Comparing Eq.(34) with (35) above, we obtain

𝑑𝑍

𝑑𝑟
= ±

√︄
𝜒(𝑟)

𝑟 − 𝜒(𝑟) . (36)

Setting Eq.(34) equal to (35) allows us to obtain the differential equation governing the embedding surface 𝑍 (𝑟) as

𝑑𝑍

𝑑𝑟
= ±

√︄
𝜒(𝑟)

𝑟 − 𝜒(𝑟) . (37)
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This relation defines how the spatial geometry of the wormhole can be embedded in a higher-dimensional Euclidean space.
Figure 4 demonstrates the resulting embedding diagram, where the horizontal axis corresponds to the radial coordinate.
The graph shows how each 𝑍 (𝑟) curve distinguishes between the higher (𝑍 (𝑟) > 0) and lower (𝑍 (𝑟) < 0) portions of
space, creating a clear geometric representation of the wormhole’s anatomy. Consistent with the flaring-out condition for
traversability, the figure shows the throat as the narrowest point and the surrounding geometry expanding outward with
larger 𝑟 . Consistent with the flaring-out condition for traversability, the figure shows the throat serving as the constriction
point and the surrounding geometry expanding outward with larger 𝑟.
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Figure 4. Embedding diagram with 𝜆 = 0.175 (solid) and 0.225 (dashed).

4.4. Gravitational Mass
This section is devoted to analyzing the effective gravitational mass associated with the wormhole configuration,

particularly in the context of dark matter-supported geometries. We compute the mass across the wormhole’s spatial region,
which runs from the neck radius 𝑟0 to an unspecified radial coordinate 𝑟 , using the integral expression provided by [40]

𝑀𝐺 = 4𝜋
∫ 𝑟

𝑟0

𝜌̃ 𝑟2 𝑑𝑟, (38)

that we assess through numerical evaluation. The results indicate that the mass accumulates more rapidly in the vicinity
of the throat, underscoring the throat’s dominant influence on the wormhole gravitational characteristics. This quantity
of effective mass is essential for calculating the gravitational environment that nearby material objects encounter. Our
investigation prioritizes the active gravitational mass obtained from the wormhole geometry, which is presented in Figure 5.
A discernible trend emerges from the figure: the active mass commences at a relatively elevated value and steadily falls
off with increasing radial coordinate. Interestingly, it becomes negative near the wormhole mouth, signaling the presence
of exotic matter in that region. Such a negative mass behavior is a strong indication of energy condition violations, further
supporting the physical plausibility of Passable wormholes within the present theoretical framework.
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Figure 5. Gravitational mass for 𝜆 = 0.175 (solid) and 0.225 (dashed).
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4.5. Volume Integral Quantifier
TheVIQ functions as a helpful diagnostic in wormhole theory, specifically designed to calculate the aggregate exotic

matter necessary for maintaining a traversable wormhole. This method, originally presented by Visser and colleagues
[41], evaluates the potential to minimize any violation of the NECs. Specifically, the VIQ assesses the total integrated
presence of matter violating the null energy condition by carrying out a spatial volume integral across the relevant parts
of the EMT, given as

VIQ =

∫
( 𝜌̃ + 𝑃̃𝑟)𝑑𝑉 = 8𝜋

∫ ∞

𝑟0

( 𝜌̃ + 𝑃̃𝑟 )𝑟2𝑑𝑟. (39)

This integral is assessed through numerical technique, and its values are presented in Figure 6. A negative value for
VIQ substantiates the existence of exotic matter inside the wormhole’s interior. Notably, the magnitude of this exotic
matter decreases sharply near the throat, indicating that only a small quantity is necessary in that region to maintain the
wormhole’s structure. This result suggests that, with an appropriately chosen geometric profile, the total requirement for
exotic matter can be significantly reduced.
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Figure 6. VIQ for 𝜆 = 0.175 (solid) and 0.225 (dashed).

5. CONCLUSIONS
This investigation reports a traversable wormhole solution constructed in Rastall gravity through the application of

the EGD approach to the Schwarzschild black hole. We began our study using the updated Rastall field equations and,
using the EGD technique, inserted a supplemental gravitational source that keeps all metric components altered. This
led to a black hole solution that is minimally deformed, which was then smoothly converted into a wormhole spacetime
by appropriately matching it to the Morris-Thorne expression. Our wormhole metric maintained asymptotic flatness
while displaying a well-defined throat, its position and behavior were derived from the collective contribution of the mass
function, the 𝛿 parameter, and the 𝜆 parameter. The redshift function stayed limited and singularity-free, verifying the lack
of event horizons and confirming that the solution allows traversal. A detailed geometric study revealed that the flare-out
requirement is perfectly satisfied at the throat, demonstrating that the wormhole structure is physically feasible.

To substantiate the viability of the model, we have conducted a comprehensive investigation of several physical and
geometric indicators. We investigated the NECs using the effective EMT and discovered that they were violated close to
the neck across all parameter configurations, indicating the manifestation of exotic material. Nonetheless, the violation is
localized in space and becomes progressively smaller at larger values of 𝑟. We clearly visualized the wormhole structure
and its two asymptotically flat regions through the geometric representation provided by the embedding diagram. We have
furthermore investigated the gravitational mass, which demonstrates a diminishing trend and attains negativity in the throat
region, an additional fingerprint of exotic matter. Additionally, we have evaluated the VIQ to estimate the total amount of
NECs-violating matter. Our numerical outcomes suggest that the exotic matter necessarily can be kept quite small when
the Rastall and decoupling parameters are chosen appropriately. Overall, our analysis demonstrates that Rastall gravity,
when supplemented via the EGD technique, gives an appealing avenue for generating physically plausible wormholes,
thereby decreasing the theoretical obstacles that have hampered their acceptance. Future investigations may explore ex-
tensions to dynamical or rotating wormhole geometries, as well as stability analysis under linear or nonlinear perturbations.
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РIШЕННЯ ДЛЯ ПРОХОДНИХ ЧЕРВОТОЧКОВИХ РIШЕНЬ ЗА ДОПОМОГОЮПIДХОДУ РОЗДIЛУ
В ТЕОРIЇ РАСТАЛЛА

МухаммадШарiф1,2,Малiк Саллах1, Тайяб Насiр1
1Кафедра математики та статистики, Лахорський унiверситет, 1-KM Defence Road Lahore-54000, Пакистан

2Дослiдницький центр Джадара, Унiверситет Джадара, Iрбiд 21110, Йорданiя
Уцiй статтi дослiджується побудова рiшень прохiдних червоточин у контекстi гравiтацiї Расталла з використанням розширеного
методу гравiтацiйного розв’язання. На основi модифiкованих польових рiвнянь цiєї нової теорiї ми застосовуємо цю схему
для включення додаткового гравiтацiйного джерела, що призводить до повнiстю перетвореної версiї рiшенняШварцшильда. За
допомогою вiдповiдного перетворення координат ця модифiкована геометрiя переосмислюється як простiр-час червоточини.
Аналiз продовжується дослiдженням фундаментальних фiзичних та геометричних характеристик результуючої конфiгурацiї,
зокрема, порушення умов нульової енергiї, поведiнки гравiтацiйної маси, оцiнки квантора об’ємного iнтеграла та дiаграми
вбудовування. Ключовим висновком є те, що шийка червоточини очевидно виникає внаслiдок спотвореної геометрiї, водночас
задовольняючи критерiй розширення, необхiдний для прохiдностi. Побудова графiкiв енергетичних умов для рiзних значень
параметрiв Расталла виявляє локалiзованi порушення умов нульової енергiї поблизу шийки, що узгоджується з наявнiстю
екзотичної матерiї. Однак, показано, що загальний вмiст екзотичної матерiї є мiнiмальним та дуже чутливим до вибору
параметрiв моделi. Цi результати пiдкреслюють потенцiал гравiтацiї Расталла, у поєднаннi з гравiтацiйним роз’єднанням, для
пiдтримки фiзично правдоподiбних геометрiй червоточин зi зменшеними вимогами до екзотичної матерiї.
Ключовi слова: теорiя Расталла; гравiтацiйне роз’єднання; червоточини; екзотична рiдина



138
East European Journal of Physics. 3. 138–145 (2026)

DOI: 10.26565/2312-4334-2026-3-12 ISSN 2312-4334

FINITE-SIZE SCALING OF THERMAL SUSCEPTIBILITY AND SPECIFIC HEAT
DENSITY NEAR THE QCD DECONFINEMENT PHASE TRANSITION

B. Moussaoui1,2, A. Ait El Djoudi1*, H. Mouloudj1,3, M. A. Lakehal1,4

1Particle and Statistical Physics Laboratory, Ecole Normale Supérieure-Kouba, Vieux-Kouba, B.P.92, 16050 Algiers, Algeria
2Theoretical Physics Laboratory, Faculty of Physics, USTHB Bab-Ezzouar, El Alia, BP 32, 16111 Algiers, Algeria

3Hassiba Benbouali University, Chlef, Algeria
4M’hamed Bougara University, Boumerdes, Algeria

∗Corresponding Author e-mail: amal.aiteldjoudi@g.ens-kouba.dz
Received June 25, 2026; accepted August 17, 2026

The properties of the thermally driven deconfinement phase transition (DPT) from a hadronic gas (HG) to a color-singlet quark-gluon
plasma (QGP) containing gluons and massless up and down quarks, at a nonzero quark chemical potential 𝜇, are investigated by
considering the volumetric coexistence of the hadronic gas and the QGP in a finite-size system. Finite-size effects are analyzed for the
thermally driven DPT at different 𝜇 values. The critical exponents are determined using a numerical finite-size scaling (FSS) analysis,
by fitting the results as a function of the system size. The effective transition temperature (𝑇c) exhibits a shift toward higher values as
the system size decreases, indicating a critical behavior in the region of the thermally driven DPT from a HG to the QGP. Crucially,
all three scaling critical exponents are found to be independent of the quark chemical potential 𝜇, establishing the universality of the
finite-size scaling structure with respect to 𝜇.

Keywords: Thermally driven deconfinement phase transition (DPT); Color-singlet; Quark chemical potential; Finite-size scaling
(FSS) analysis; Transition temperature

1. INTRODUCTION
Understanding the phase transition between hadronic gas (HG) phase and the quark-gluon plasma (QGP) phase

represents one of the most fundamental phenomena in contemporary high-energy and nuclear physics, and continues to be
the subject of intense theoretical and experimental investigation [1, 2]. Quarks and gluons, the fundamental components
of hadrons, interact via the strong interaction governed by Quantum Chromodynamics (QCD), the theory of the strong
force. Their behavior is studied in heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) [1]. The Deconfinement phase transition (DPT) describes the transition from the HG phase to the QGP
near effective transition temperature of 150-175MeV for three quark flavors [3], a result that finds consistent support from
recent high-precision lattice QCD simulations conducted at both vanishing and finite chemical potential [4, 5].

While most QCD studies assume infinite systems, the QGP formed in experiments is finite, with volumes ranging
from 50 fm3 to 250 fm3 [6, 7]. This fundamental discrepancy between infinite volume theoretical frameworks and the
genuinely finite nature of the physical system motivates a rigorous and systematic investigation of finite-size effects on
the DPT. Recent model-based studies have confirmed that a reduction in system volume leads to significant modifications
of key thermodynamic response functions, including the pressure, energy density, specific heat, speed of sound, and
conserved-charge susceptibilities, and that the QCD crossover transition is generally observed to become progressively
smoother as the system size decreases [8]. Finite-size effects strongly influence the position of the effective transition point
and other thermodynamic quantities in the phase coexistence model (PCM) [9–11]. Recent lattice QCD analyses have
further demonstrated that the volume and quark chemical potential dependence of the deconfinement crossover differs
completely from that of the chiral transition [12], underscoring the necessity of a careful and dedicated finite-size analysis
for the deconfinement sector specifically. Furthermore, the recent application of finite-size scaling (FSS) methodology
to experimental net-proton cumulant data from RHIC has yielded the first experimental evidence for a QCD critical
point within a range consistent with theoretical predictions [13], imparting further importance to comprehensive FSS
investigations.

The present paper extends the FSS analysis of the thermally driven DPT in finite volume (𝑉), first conducted at
vanishing chemical potential in Ref. [10], to the case of nonzero quark chemical potential within the color-singlet partition
function framework. While Ref. [10] established the FSS exponents at 𝜇 = 0, the explicit dependence of the FSS structure
on 𝜇, in particular whether the critical exponents remain universal as 𝜇 is varied, has not previously been demonstrated
for the thermally driven transition. This constitutes the principal new contribution of the present work. We systematically
demonstrate, for the first time, that the FSS critical exponents governing the transition width, and the temperature shift are
all independent of 𝜇, thereby establishing the universality of the finite-size scaling laws with respect to the quark chemical
potential.
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This paper is organized as follows. In Sec. 2, we describe the mixed HG-QGP in finite volume system within
the MIT bag model, using the PCM, and we derive the exact total color-singlet partition function (CS-PF) at nonzero
quark chemical potential 𝜇 using the group theoretical projection method [14, 15]. In Sec. 3, we introduce the key
thermodynamic response functions: the order parameter, the thermal susceptibility, and the specific heat density. We also
present a detailed discussion of the numerical results characterizing the finite-size behavior of these quantities at 𝜇 = 0
and 𝜇 = 100 MeV. Section 4 is devoted to the numerical FSS analysis and the determination of the critical exponents.
Section 5 summarizes the principal conclusions of our study.

2. THE MIXED HG-QGP EQUATION OF STATE AT NON-VANISHING CHEMICAL POTENTIAL
To describe the QCD-DPT in a finite system, we use the PCM [11]. This model assumes a mixed system consisting

of HG and QGP phases coexisting within a total volume 𝑉 . The HG phase occupies a fractional volume 𝑉𝐻𝐺 = ℎ𝑉 and
the QGP phase occupies the complementary volume 𝑉𝑄𝐺𝑃 = (1 − ℎ)𝑉 , where the fraction ℎ ∈ [0, 1] parametrizes the
partitioning of the volume between the two phases. The PCM is employed here within the MIT bag model, using massless
up and down quarks and treating the two phases as non-interacting. There is evidence suggesting that the effects of quark
masses on the transition point in the 𝑇 − 𝜇 plane at lower densities are indeed small [16], and the model is well-established
for qualitative finite-size analyses and captures the essential thermodynamics of the DPT. Using the PCM, the mean value
of a physical quantity <𝐴(𝑇, 𝜇,𝑉)> of the mixed system can be written as [11]:

⟨𝐴(𝑇, 𝜇,𝑉)⟩ =
∫ 1

0 𝐴(ℎ, 𝑇, 𝜇,𝑉) 𝑍 (ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ∫ 1
0 𝑍 (ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ

(1)

where 𝐴(ℎ, 𝑇, 𝜇,𝑉) is the total thermodynamic quantity in the state ℎ, and 𝑍 (ℎ, 𝑇, 𝜇,𝑉) is the total partition function of
the system with the requirement of color-singletness accounted for using the group theoretical projection method [14,15].
Under the assumption of a non-zero quark chemical potential and considering non-interacting phases, 𝑍 (ℎ, 𝑇, 𝜇,𝑉),
calculated in our previous work [16] for a HG of massless pions and a QGP containing massless up and down quarks, can
be written as:

𝑍 (ℎ, 𝑇, 𝜇,𝑉) = 4
9𝜋2 exp

(
𝜋2

30
𝑉𝑇3

) ∫ 𝜋

−𝜋

∫ 𝜋

−𝜋

𝑑𝜙 𝑑𝜓 𝑀 (𝜙, 𝜓) exp [(1 − ℎ)𝑅(𝑇, 𝜇,𝑉 ; 𝜙, 𝜓)] , (2)

where 𝑀 (𝜙, 𝜓) represents the Haar measure for the 𝑆𝑈 (3) group integration:

𝑀 (𝜙, 𝜓) =
[
sin

(
1
2

(
𝜓 + 𝜙

2

))
sin

(
𝜙

2

)
sin

(
1
2

(
𝜓 − 𝜙

2

))]2
, (3)

and
𝑅(𝑇, 𝜇,𝑉 ; 𝜙, 𝜓) = 𝑉𝑇3

(
𝑔(𝜙, 𝜓, 𝜇/𝑇) − 𝜋2

30
− 𝐵

𝑇4

)
, (4)

where 𝑔(𝜙, 𝜓, 𝜇/𝑇) = 𝑔0 (𝜙, 𝜓) + 𝑔1 (𝜙, 𝜓, 𝜇/𝑇), with 𝑔0 (𝜙, 𝜓) given by:

𝑔0 (𝜙, 𝜓) =
𝜋2

12

(
21
30

𝑑𝑄 + 16
15

𝑑𝐺

)
+ 𝜋2

12
𝑑𝑄

2

∑︁
𝑞=𝑟 ,𝑏,𝑔


[(
𝜃𝑞

𝜋

)2
− 1

]2

− 1


− 𝜋2

12
𝑑𝐺

2

4∑︁
𝐺=1

[(
𝜃𝐺 − 𝜋

𝜋

)2
− 1

]2

,

(5)

where 𝑑𝑄 and 𝑑𝐺 are the degeneracy factors of quarks and gluons respectively. The angles 𝜃𝑞 (for 𝑞 = 𝑟, 𝑔, 𝑏) are given
by:

𝜃𝑟 =
𝜙

2
+ 𝜓

3
, 𝜃𝑔 = −𝜙

2
+ 𝜓

3
, 𝜃𝑏 =

−2𝜓
3

, (6)

and 𝜃𝐺 (for 𝐺 = 1, . . . , 4) are expressed as follows:

𝜃1 = 𝜃𝑟 − 𝜃𝑔, 𝜃2 = 𝜃𝑔 − 𝜃𝑏, 𝜃3 = 𝜃𝑏 − 𝜃𝑟 , 𝜃4 = 0, (7)

and the function 𝑔1 (𝜙, 𝜓, 𝜇/𝑇) is given by:

𝑔1 (𝜙, 𝜓, 𝜇/𝑇) =
(
1 − 𝜙2

2𝜋2 − 2𝜓2

3𝜋2

) ( 𝜇
𝑇

)2
+ 1

2𝜋2

( 𝜇
𝑇

)4
. (8)
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3. FINITE-SIZE EFFECTS ON THE THERMALLY DRIVEN DPT: THERMAL SUSCEPTIBILITY AND
SPECIFIC HEAT DENSITY

The main quantities of interest in this study are the thermal susceptibility and the specific heat density. First, we
derive the order parameter <ℎ(𝑇, 𝜇,𝑉)>, represented by the mean value of the HG volume fraction, which may be written
as:

⟨ℎ(𝑇, 𝜇,𝑉)⟩ =
∫ 1

0 ℎ(𝑇, 𝜇,𝑉) 𝑍 (ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ∫ 1
0 𝑍 (ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ

(9)

The thermal susceptibility is defined as the first derivative of the order parameter<ℎ(𝑇, 𝜇,𝑉)>, with respect to temperature:

𝜒𝑇 (𝑇, 𝜇,𝑉) =
𝜕⟨ℎ(𝑇, 𝜇,𝑉)⟩

𝜕𝑇

����
𝜇,𝑉

(10)

The specific heat density 𝑐𝑇 (𝑇, 𝜇,𝑉) is calculated from the derivative of the energy density <𝜖 (𝑇, 𝜇,𝑉)> with respect to
temperature as:

𝑐𝑇 (𝑇, 𝜇,𝑉) =
𝜕⟨𝜀(𝑇, 𝜇,𝑉)⟩

𝜕𝑇

����
𝜇,𝑉

(11)

⟨𝜀(𝑇, 𝜇,𝑉)⟩ = 𝑇2

𝑉
⟨
(
𝜕 ln 𝑍 (ℎ, 𝑇, 𝜇,𝑉)

𝜕𝑇

)
𝜇,𝑉

⟩ + 𝜇𝑇

𝑉
⟨
(
𝜕 ln 𝑍 (ℎ, 𝑇, 𝜇,𝑉)

𝜕𝜇

)
𝑇,𝑉

⟩ (12)

Figures 1 and 2 show the behavior of the order parameter <ℎ> (left panel) and the thermal susceptibility 𝜒𝑇 (right
panel) as functions of temperature, calculated at 𝜇 = 0 and 𝜇 = 100𝑀𝑒𝑉 , respectively for several system volumes with
𝐵1/4 = 200𝑀𝑒𝑉 . In both cases, the DPT exhibits characteristic finite-size rounding: at small volumes, thermal fluctuations
strongly smear the transition, resulting in smooth, rounded changes in <h>, while for large volumes the order parameter
develops a nearly sharp step-like discontinuity at the transition temperature characteristic of a first-order transition, known
to occur at the thermodynamic limit [17].

The magnitude of the thermal susceptibility peaks, |𝜒𝑚𝑎𝑥
𝑇

(𝑉) |, increases systematically with system size, and the
position of each peak defines the volume-dependent effective transition temperature 𝑇

Fixed 𝜇
𝑐 (𝑉). As the system size

decreases, the thermal width 𝛿𝑇𝑐 (𝑉) of the transition region broadens and shifts to higher temperatures, reflecting the
reduction of QGP degrees of freedom imposed by color-singletness [11, 14, 15]. The shifting of 𝑇Fixed 𝜇

𝑐 (𝑉) to higher
values at smaller volumes is a direct consequence of the fact that in finite systems the QGP color-singlet state requires
additional thermal energy to be formed compared to the infinite-volume case.

In the thermodynamic limit, the true transition temperatures are found to be 𝑇
(𝜇=0)
𝑐 (∞) = 143.928𝑀𝑒𝑉 and

𝑇
(𝜇=100𝑀𝑒𝑉 )
𝑐 (∞) = 139.229𝑀𝑒𝑉 , consistent with theoretical estimates obtained from recent lattice QCD simulations

[18, 19]. A nonzero chemical potential shifts the entire transition region to lower temperatures without altering the
qualitative finite-size structure.

Figure 1. Variations of the order parameter ⟨ℎ⟩ (left panel) and the thermal susceptibility 𝜒𝑇 (right panel) as a function
of the temperature at 𝜇 = 0𝑀𝑒𝑉 , for various volume selections with 𝐵1/4 = 200𝑀𝑒𝑉 .
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Figure 2. Variations of the order parameter ⟨ℎ⟩ (left panel) and the thermal susceptibility 𝜒𝑇 (right panel) as a function
of the temperature at 𝜇 = 100𝑀𝑒𝑉 , for various volume selections with 𝐵1/4 = 200𝑀𝑒𝑉 .

Figure 3 shows the specific heat density 𝑐𝑇 as a function of temperature at 𝜇 = 0 (left panel) and 𝜇 = 100 MeV (right
panel), for several volume selections. The specific heat density exhibits well-defined peaks whose maxima 𝑐max

𝑇
increase

sharply with increasing volume, while their widths 𝛿𝑇𝑐 (𝑉) decrease, in agreement with the expectation that the transition
sharpens in larger systems [20]. The localization of the maximum 𝑐max

𝑇
at temperature 𝑇𝑐 (𝑉) provides an independent

determination of the effective transition temperature, consistent with the location of the thermal susceptibility peak. A
similar volume dependence of the specific heat density has been reported in Refs. [8,21]. Importantly, the quark chemical
potential 𝜇 does not alter the qualitative behavior of either 𝜒𝑇 or 𝑐𝑇 as functions of volume: it merely shifts the entire
temperature transition 𝛿𝑇𝑐 (𝑉) to a lower temperature, while leaving the finite-size scaling structure unchanged. This
observation motivates the systematic FSS analysis presented in the next section.

Figure 3. Plots of the specific heat density 𝑐𝑇 as a function of temperature, (left panel) at 𝜇 = 0, and (right panel) 𝜇 =

100𝑀𝑒𝑉 , for several volume selections with 𝐵1/4 = 200𝑀𝑒𝑉 .

4. FINITE-SIZE SCALING ANALYSIS: CRITICAL EXPONENTS FOR THE THERMAL DPT

In the thermodynamic limit, several thermodynamic quantities associated with the thermally driven DPT diverge or
become discontinuous at the critical temperature. In a finite system of volume 𝑉 , these singularities are rounded over a
finite temperature transition region 𝛿𝑇𝑐 (𝑉), around an effective transition temperature 𝑇𝑐 (𝑉), which is shifted relative to
the true transition temperature 𝑇𝑐 (∞). The resulting shift is: 𝜏𝑇 (𝑉) = 𝑇𝑐 (𝑉) − 𝑇𝑐 (∞). The FSS theory for a first-order
phase transition [22–25] predicts characteristic power-law dependences on the system volume. The critical exponents
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characterizing their power-law evolution with the volume are [10]:
𝑐max
𝑇 (Fixed 𝜇,𝑉) ∼ 𝑉 𝛼𝑇 ,

𝛿𝑇𝑐 (Fixed 𝜇,𝑉) = 𝑇2 (𝑉) − 𝑇1 (𝑉) ∼ 𝑉−𝜃𝑇 ,

𝜏𝑇 (Fixed 𝜇,𝑉) = 𝑇𝑐 (𝑉) − 𝑇𝑐 (∞) ∼ 𝑉−𝜆𝑇 .

(13)

For a first-order phase transition at fixed quark chemical potential, the scaling critical exponents are expected to be
equal to unity: 𝛼𝑇 = 𝜃𝑇 = 𝜆𝑇 = 1.

Figure 4 shows the peak maxima 𝑐𝑚𝑎𝑥
𝑇

of the specific heat density as functions of the volume, at 𝜇 = 0 (left panel)
and 𝜇 = 100𝑀𝑒𝑉 (right panel), with 𝐵1/4 = 200𝑀𝑒𝑉 . A power-law fit of the form 𝑐max

𝑇
(Fixed 𝜇,𝑉) ∼ 𝑉 𝛼𝑇 yields: 𝛼𝑇 =

1.012 ± 0.004 (𝜇 = 0), 𝛼𝑇 = 1.017 ± 0.006 (𝜇 = 100𝑀𝑒𝑉).

The scaling of the specific heat density peak maximum with volume (exponent 𝛼𝑇 ≈ 1) is the hallmark signature of a
first-order phase transition [10]. The slight deviation from unity is within the systematic numerical uncertainty of the fitting
procedure. It is noteworthy that the exponent values at 𝜇 = 0 and 𝜇 = 100𝑀𝑒𝑉 are statistically indistinguishable within
the quoted uncertainties, providing the first evidence that the FSS of the specific heat density maximum is insensitive to
the quark chemical potential.

Figure 5 displays the width of the transition temperature region 𝛿𝑇𝑐 (Fixed 𝜇,𝑉), as a function of the inverse volume
1/𝑉 , at 𝜇 = 0 (left panel) and 𝜇 = 100𝑀𝑒𝑉 (right panel). This allows the determination of the value of the critical
exponent 𝜃𝑇 defined in the scaling: 𝛿𝑇𝑐 (Fixed 𝜇,𝑉) ∼ 𝑉−𝜃𝑇 , and we find the numerical result: 𝜃𝑇 = 1.010 ± 0.001 (𝜇 =

0), 𝜃𝑇 = 1.007 ± 0.001 (𝜇 = 100𝑀𝑒𝑉). These values confirm, with high numerical precision, the expected linear scaling
of the transition width with 1/𝑉 for a first-order phase transition. Again, the critical exponents at 𝜇 = 0 and 𝜇 = 100𝑀𝑒𝑉

are statistically consistent, reinforcing the independence of the FSS structure from the quark chemical potential.
Figure 6 shows the shift of the effective transition temperature 𝜏𝑇 (Fixed 𝜇,𝑉), extracted from the position of the

thermal susceptibility peak, as a function of 1/𝑉 . A power-law fit to the form 𝜏𝑇 (Fixed 𝜇,𝑉) = 𝑉−𝜆𝑇 , gives the numerical
result of the shift scaling exponent: 𝜆𝑇 = 0.859 ± 0.003 (𝜇 = 0), 𝜆𝑇 = 0.860 ± 0.003 (𝜇 = 100𝑀𝑒𝑉). According to [10],
such a value 𝜆𝑇 ≠ 1 suggests the contribution of additional terms with higher powers of𝑉−1, such that the parametrization
should be with the laws: 𝐴1𝑉

−𝜆 + 𝐴2𝑉
−2 or 𝐴1𝑉

−𝜆 + 𝐴2𝑉
−2 + 𝐴3𝑉

−3, where 𝐴1, 𝐴2, 𝐴3, expected to be independent of
the quark chemical potential.

Taken together, the results of the FSS analysis show that the scaling exponents 𝛼𝑇 and 𝜃𝑇 are equal to unity
within numerical precision, while 𝜆𝑇 deviates slightly from unity due to subleading corrections. All three exponents
are independent of the quark chemical potential 𝜇, and are collectively consistent with a first-order phase transition. We
conclude that the thermally driven DPT, in the presence of a nonzero quark chemical potential, obeys the same FSS scaling
laws as those obtained at 𝜇 = 0 [10], and that the critical exponents are universal with respect to 𝜇. This conclusion
parallels the analogous finding for the density driven DPT reported in Ref. [16], where the scaling exponents were found
to be independent of the fixed temperature at which the density-driven transition is studied.

Figure 4. Plot of the peak maxima of the specific heat density 𝑐max
𝑇

with volume, as a function of volume, at 𝜇 = 0 (left
panel) and 𝜇 = 100𝑀𝑒𝑉 (right panel), with 𝐵1/4 = 200𝑀𝑒𝑉 .
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Figure 5. Plot of the width of the temperature transition region 𝛿𝑇 (𝑉), as a function of inverse volume, at 𝜇 = 0 (left
panel) and 𝜇 = 100𝑀𝑒𝑉 (right panel), with 𝐵1/4 = 200𝑀𝑒𝑉 .

Figure 6. Plot of the shift of the effective transition temperature 𝜏𝑇 (𝑉) from the thermal susceptibility, as a function of
inverse volume, at 𝜇 = 0 (left panel) and 𝜇 = 100𝑀𝑒𝑉 (right panel), with 𝐵1/4 = 200𝑀𝑒𝑉 .

5. CONCLUSIONS
In the present work, we have investigated the finite-size effects on the thermally driven deconfinement phase transition

(DPT) from a hadronic gas (HG) consisting of massless pions to a color-singlet quark-gluon plasma (QGP) containing
gluons and massless up and down quarks. Using the exact color-singlet partition function (CS-PF) within the phase
coexistence model (PCM), we have computed the key thermodynamic response functions such as the order parameter <h>,
the susceptibility 𝜒𝑇 , and the specific heat density 𝑐𝑇 as functions of temperature, at fixed quark chemical potential 𝜇, and
varying volume 𝑉 .

In small volumes, a smooth crossover is observed due to strong thermodynamic fluctuations, while in the thermo-
dynamic limit a sharp discontinuity in the order parameter ⟨ℎ⟩ appears at the true transition temperature 𝑇𝑐 (Fixed 𝜇,∞),
signaling a first-order DPT. A systematic variation of the effective transition temperature 𝑇𝑐 (𝑉) with system size is ob-
served, which diminishes for larger volumes and converges to 𝑇𝑐 (Fixed 𝜇,∞) in the thermodynamic limit. The quark
chemical potential does not affect the width 𝛿𝑇𝑐 (Fixed 𝜇,𝑉) of the transition region; it only shifts the true transition
temperature 𝑇𝑐 (Fixed 𝜇,∞) to lower values. A similar volume dependence has been reported in Refs. [8, 21].

A numerical FSS analysis of the behavior of the maxima of the rounded peaks of the specific heat density 𝑐max
𝑇

, the
width of the temperature transition region 𝛿𝑇𝑐 (𝑉), and the shift of the effective transition temperature 𝜏𝑇 (𝑉), yields the
scaling critical exponents 𝛼𝑇 , 𝜃𝑇 , 𝜆𝑇 . All three exponents converge to unity when subleading corrections are properly
accounted for, confirming that the thermally driven DPT is of first order.

The principal new finding of this work is that all three FSS critical exponents are independent of the quark chemical
potential 𝜇. Based on our results and those of Refs. [10,16], we conclude that the thermally driven DPT obeys a universal
finite-size scaling law governed by the system volume, with critical exponents characteristic of a first-order transition
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and independent of 𝜇, identical to those found for the density-driven DPT [16]. This universality of the FSS structure
with respect to the thermodynamic control parameters (𝜇 and 𝑇) represents a robust property of the color singlet QCD
deconfinement transition in the PCM framework.
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СКIНЧЕННО-РОЗМIРНЕ МАСШТАБУВАННЯ ТЕПЛОВОЇ СПРИЙНЯТЛИВОСТI ТА ПИТОМОЇ
ТЕПЛОЄМНОСТI ПОБЛИЗУ КХД ФАЗОВОГО ПЕРЕХОДУ З ДЕКОНФАЙНМЕНТОМ

Б. Мусауї1,2, А. Айт Ель Джудi1, H. Мулудж1,3,М. А. Лейкхал1,4
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4Унiверситет Мхамеда Бугари, Бумердес, Алжир

Властивостi термiчно керованого фазового переходу деконфайнменту (DPT) вiд адронного газу (HG) до кольорової синглетної
кварк-глюонної плазми (QGP), що мiстить глюони та безмасовi верхнi та нижнi кварки, при ненульовому хiмiчному потенцiалi
кварка 𝜇, дослiджуються з урахуванням об’ємного спiвiснування адронного газу та QGP у системi скiнченних розмiрiв. Ефекти
скiнченних розмiрiв аналiзуються для термiчно керованого DPT при рiзних значеннях 𝜇. Критичнi показники визначаються за
допомогою числового аналiзу масштабування скiнченних розмiрiв (FSS) шляхом апроксимацiї результатiв як функцiї розмiру
системи. Ефективна температура переходу (𝑇c) демонструє зсув до вищих значень зi зменшенням розмiру системи, що вказує
на критичну поведiнку в областi термiчно керованого DPT вiд високорозмiрної форми до QGP. Важливо, що всi три критичнi
показники масштабування виявляються незалежними вiд хiмiчного потенцiалу кваркiв 𝜇, що встановлює унiверсальнiсть
структури масштабування скiнченних розмiрiв вiдносно 𝜇.
Ключовi слова: термiчно керований фазовий перехiд деконфайнменту (DPT); кольоровий синглет; хiмiчний потенцiал
кваркiв; аналiз масштабування скiнченних розмiрiв (FSS); температура переходу
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In this work, we calculate the partition function of the Quark-Gluon plasma (QGP) projected on the SU(3) color-singlet representation,
using the projection method, within a density of states for quarks and gluons given by the Multiple Reflexion Expansion (MRE)
approximation. We examine the impact of incorporating the area and curvature terms, in addition to the volume term in the density
of states, on the behavior of several physical quantities characterizing the deconfining phase transition from a hadronic gas phase of
massive pions, to a Quark-Gluon plasma (QGP) phase made up of gluons, massless up and down quarks, and massive strange quarks
along with their antiquarks, within the Bag model and a phenomenological phase coexistence model.By means of a finite-size scaling
analysis, we investigate the behavior of some scaling exponents relevant to the occurring deconfining phase transition in a finite volume,
especially that of the scaling exponent relative to the shift of the effective transition temperature, by considering contributions of the
curvature term only, the area term only in the density of states additionally to the volume term, then the contribution of all three terms,
by analyzing the value of the shift critical exponent 𝜆 compared to that obtained previously using the volume term only in the quarks
and gluons density of states.

Keywords: Deconfining phase transition; Quark-Gluon Plasma; Color-singletness; Projection method; Finite-size scaling analysis

1. INTRODUCTION
Under ordinary conditions of temperature and/or density, quarks and gluons, which make up protons, neutrons and

all hadrons [1, 2], are bound together by the strong interaction, which is described by Quantum Chromodynamics (QCD)
(For a recent review see for example [3, 4]). This means that quarks and gluons are confined within hadrons. However, at
high temperatures and/or densities, the strong interactions become negligible, and hadronic matter undergoes a transition
to a deconfined phase, where quarks and gluons are no longer confined and move freely in a hot and dense state [5, 6].
This new state of nuclear matter is called the Quark-Gluon Plasma (QGP) [7, 8]. The color confinement suggests that this
QGP phase may exist in a color-singlet state [9–11]. It is thought that the QGP exists in the cores of neutron stars, also
known as dense stars [12, 13], where the density is so high. It also dominated the universe in the first 10−5 seconds after
the Big Bang when the temperature was extremely high [14, 15]. However, as the temperature rapidly decreased, these
particles began to combine and form hadrons. To study the QGP phase, a ”little bang” is recreated in laboratories by
conducting ultra-relativistic heavy-ion collisions at high energy in accelerators [16, 17]. This was first proposed in 1983
by J. D. Bjorken, who gave an initial description of the evolution of the QGP [18].

This work is a continuation of the previous studies of one of us [19–21], where we examined the thermally driven
deconfinement phase transition (DPT) in a finite size, at zero chemical potential (𝜇 = 0), and of [22] where we examined
the density driven deconfinement phase transition (DPT) at fixed temperature, from a hadronic gas (HG) phase to the
QGP phase projected on the color-singlet SU(3) representation using the projection method [23, 24]. Therein, only the
contribution of the volume term was considered in the quarks and gluons density of states, and the behavior of several
physical quantities has been studied near the transition. Then, by means of a finite-size scaling analysis [25–27], we
investigated the universal quantities called critical exponents, considered as indicators of the order of the occurring phase
transition [28–30]. Our goal is to improve the value of the shift scaling exponent, which was found in our previous
work [19] considerably deviating from the expected value 1, known to characterize a first-order phase transition, and which
was obtained for the three other scaling exponents characterizing the width of the transition region as well as the heights
of the peaks of both thermal susceptibility and specific heat density. This will be achieved by considering more realistic
conditions in the studied system, treating the pions in the hadronic phase as massive particles and including the massive
strange quarks in addition to the massless up and down quarks and the gluons in the QGP phase. Also, we consider the area
and curvature contributions, in addition to the volume contribution, in the quarks and gluons density of states determined
by the Multiple Reflection Expansion (MRE) approximation [31, 32], commonly called the asymptotic expansion of the
density of states, used in the projection method for the calculation of the color-singlet QGP partition function.

We describe the thermally driven QCD deconfinement phase transition at zero chemical potential using the MIT bag
model [7, 33], which states that at low density and/or temperature the real vacuum exerts an external pressure, called the

Cite as: H. Sahi, A.A. El Djoudi, A. Cheddad, East Eur. J. Phys. 3, 146 (2026), https://doi.org/10.26565/2312-4334-2026-3-13
© H. Sahi, A.A. El Djoudi, A. Cheddad, 2026; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2026-3-13
https://portal.issn.org/resource/ISSN/2312-4334
https://orcid.org/0009-0006-1847-9680
https://orcid.org/0009-0005-7773-0401
https://orcid.org/0009-0008-8868-3139
mailto:amal.aiteldjoudi@g.ens-kouba.dz
https://doi.org/10.26565/2312-4334-2026-3-13
https://creativecommons.org/licenses/by/4.0/


Finite-size Scaling Analysis for the QCD Deconfining Phase Transition to a Color-Singlet...
147

EEJP. 3 (2026)

bag constant 𝐵, on the QCD perturbative vacuum of the hadron bag, keeping the quarks and gluons confined inside the
bag, for further details see [34, 35]. We also assume the coexistence of the HG and QGP phases in a finite volume, using
a phenomenological model proposed in [36]. Initially, we investigate the behavior of several thermodynamic quantities,
such as the order parameter and its first and second derivatives with respect to temperature, for different volumes at
zero chemical potential (𝜇 = 0). We aim to study how the area and curvature terms affect the temperature at which the
phase transition occurs, and also the scaling critical exponent that describes the variations of the shift of this transition
temperature with the system volume. We compare the obtained results with those of our previous works [19, 20], where
only the volume term was included in the density of states, and with those obtained in [21] with the contribution of the
volume and curvature terms in the quarks and gluons density of states.

2. PARTITION FUNCTIONS OF THE HADRONIC GAS AND THE COLOR-SINGLET QGP PHASES
Let us recall that as in our previous works [19–21], we consider a mixed system of HG and QGP phases in a finite

total volume: 𝑉 = 𝑉HG + 𝑉QGP. In this system, the hadronic phase occupies a volume 𝑉HG with a fraction ℎ of the total
system volume, such that𝑉HG = ℎ𝑉 . The parameter ℎ represents the quantitative characterization of the macroscopic state
of the system, and the QGP phase occupies a volume 𝑉QGP, such that 𝑉QGP = (1 − ℎ)𝑉 , where ℎ = 1 corresponds to the
system being entirely in the hadronic phase, and ℎ = 0 corresponds to the system being entirely in the QGP phase. In such
a phenomenological model used in [36], the probability density to find the system in the state ℎ is given by:

𝑝(ℎ, 𝑇, 𝜇,𝑉) = 𝑍 (ℎ, 𝑇, 𝜇,𝑉)∫ 1
0 𝑍 (ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ

(1)

and the mean value of any thermodynamic quantity 𝐴(𝑇, 𝜇,𝑉) of the system can then be written in the following form:

⟨𝐴(𝑇, 𝜇,𝑉)⟩ =
∫ 1

0
𝐴(ℎ, 𝑇, 𝜇,𝑉) 𝑝(ℎ, 𝑇, 𝜇,𝑉) 𝑑ℎ (2)

where 𝐴(ℎ, 𝑇, 𝜇,𝑉) is the thermodynamic quantity in the state ℎ, given in the case of an intensive quantity by:

𝐴(ℎ, 𝑇, 𝜇,𝑉) = ℎ𝐴HG (𝑇, 𝜇, ℎ𝑉) + (1 − ℎ)𝐴QGP (𝑇, 𝜇, (1 − ℎ)𝑉) (3)

with 𝐴HG and 𝐴QGP the thermodynamic quantities relative to the individual HG and QGP phases respectively; 𝑍 (ℎ, 𝑇, 𝜇,𝑉)
is the total partition function of the mixed HG-QGP system:

𝑍 (ℎ, 𝑇, 𝜇,𝑉) = 𝑍QGP (ℎ, 𝑇, 𝜇,𝑉) 𝑍HG (ℎ, 𝑇, 𝜇,𝑉) 𝑍vac (ℎ, 𝑇, 𝜇,𝑉) (4)

where 𝑍QGP (ℎ, 𝑇, 𝜇,𝑉) and 𝑍HG (ℎ, 𝑇, 𝜇,𝑉) are the partition functions of the QGP and HG phases respectively, and
𝑍vac (ℎ, 𝑇, 𝜇,𝑉) reads for the real vacuum pressure 𝐵 as mentioned above:

𝑍vac = exp
(
−
𝐵𝑉QGP

𝑇

)
(5)

For the calculation of 𝑍HG (ℎ, 𝑇, 𝜇,𝑉), we consider a hadronic gas consisting of massive pions (𝑚𝜋 = 138 MeV), and we
obtain:

𝑍HG = exp
©­­«
𝑑𝜋𝑉HG

2𝜋2𝑇

∫ ∞

0

𝑘4 𝑑𝑘√︁
𝑘2 + 𝑚2

𝜋

(
𝑒𝛽
√

𝑘2+𝑚2
𝜋 − 1

) ª®®¬ (6)

where 𝑘 is the momentum, 𝑑𝜋 the pion degeneracy factor, and 𝛽 = 1/𝑇 .
To calculate 𝑍QGP (ℎ, 𝑇, 𝜇,𝑉) projected on the color-singlet SU(3) representation, we implement the color-singletness

constraint into the quantum statistical description of the QGP phase, using the group theoretical projection method
formulated by Redlich and Turko [22, 23], and for this we consider a QGP phase consisting of gluons, massless up and
down quarks and massive strange quarks with their antiquarks, and we assume non-interaction between these particles.
Such a partition function of a color-singlet QGP, in a volume 𝑉 , at temperature 𝑇 and chemical potential 𝜇, can be written
as in [37, 38]:

𝑍QGP (𝑇,𝑉, 𝜇) =
4

9𝜋2

∫ +𝜋

−𝜋

∫ +𝜋

−𝜋

𝑑𝜙 𝑑𝜓 𝑀 (𝜙, 𝜓) 𝑍̃QGP (𝑇,𝑉, 𝜇, 𝜙, 𝜓) (7)

where 𝑀 (𝜙, 𝜓) is the weight function or the Haar measure, given by:

𝑀 (𝜙, 𝜓) =
(
sin

(
1
2

(
𝜓 + 𝜙

2

))
sin

(
𝜙

2

)
sin

(
1
2

(
𝜓 − 𝜙

2

)))2
(8)
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and 𝑍̃QGP the generating function, given for a system of quarks, antiquarks and gluons, at a temperature 𝑇 and chemical
potential 𝜇 in a volume 𝑉 by:

𝑍̃QGP (𝑇,𝑉, 𝜇, 𝜙, 𝜓) = 𝑍̃quark (𝑇,𝑉, 𝜇, 𝜙, 𝜓) 𝑍̃gluon (𝑇,𝑉, 𝜇, 𝜙, 𝜓) (9)

where 𝑍̃quark and 𝑍̃gluon are the generating functions corresponding to the quarks-antiquarks and gluons respectively,
expressed as:

ln 𝑍̃quark =
∑︁

𝑞=𝑟 ,𝑏,𝑔

∑︁
𝛼

{
ln

[
1 + 𝑒−𝛽 (

√
𝑘2+𝑚2

𝑞−𝜇)+𝑖 𝜃𝑞
]
+ ln

[
1 + 𝑒−𝛽 (

√
𝑘2+𝑚2

𝑞+𝜇)−𝑖 𝜃𝑞
] }

(10)

ln 𝑍̃gluon =

4∑︁
𝐺=1

∑︁
𝛼

{
ln

[
1 + 𝑒−𝛽𝑘+𝑖 𝜃𝐺

]−1 + ln
[
1 + 𝑒−𝛽𝑘−𝑖 𝜃𝐺

]−1
}

(11)

𝑚𝑞 being the quark mass. From [37], the explicit expressions of the angles 𝜃𝑞 (𝑞 = 𝑟, 𝑏, 𝑔) and 𝜃𝐺 (𝐺 = 1, . . . , 4) in
SU(3) are respectively:

𝜃𝑟 =
𝜙

2
+ 𝜓

3
, 𝜃𝑔 = −𝜙

2
+ 𝜓

3
, 𝜃𝑏 = −2𝜓

3
(12)

𝜃1 = 𝜃𝑟 − 𝜃𝑔, 𝜃2 = 𝜃𝑔 − 𝜃𝑏, 𝜃3 = 𝜃𝑏 − 𝜃𝑟 , 𝜃4 = 0 (13)
In the continuum approximation for single-particle energy levels, the summation

∑
𝛼 can be replaced by an integral using

a density of states, expressed for quarks-antiquarks and gluons respectively as:

ln 𝑍̃quark =
∑︁

𝑞=𝑟 ,𝑏,𝑔

𝑑𝑄

∫ ∞

0

{
ln

[
1 + 𝑒−𝛽 (

√
𝑘2+𝑚2

𝑞−𝜇)+𝑖 𝜃𝑞
]
+ ln

[
1 + 𝑒−𝛽 (

√
𝑘2+𝑚2

𝑞+𝜇)−𝑖 𝜃𝑞
] }

𝜌𝑄 (𝑘,𝑉) 𝑑𝑘 (14)

ln 𝑍̃gluon =

4∑︁
𝐺=1

𝑑𝐺

∫ ∞

0

{
ln

[
1 + 𝑒−𝛽𝑘+𝑖 𝜃𝐺

]−1 + ln
[
1 + 𝑒−𝛽𝑘−𝑖 𝜃𝐺

]−1
}
𝜌𝐺 (𝑘,𝑉) 𝑑𝑘 (15)

𝑑𝑄 and 𝑑𝐺 are the spin-isospin degeneracy factors for quarks-antiquarks and gluons respectively; 𝜌𝑄 (𝑘,𝑉), 𝜌𝐺 (𝑘,𝑉)
are the density of states for quarks and gluons respectively, with a spherical volume 𝑉QGP = 4

3𝜋𝑅
3 described by the bag

model [32, 38], 𝑅 being the radius of the bag [14]. In the following, we shall use the density of states 𝜌𝑖 (𝑖 = 𝑄,𝐺) given
by the Multiple Reflection Expansion (MRE) approximation proposed by Balian and Bloch [27], and used for example
in [39], expressed by the sum of a volume term, an area term and a curvature term on the form:

𝜌𝑖 (𝑘,𝑉) =
𝑉QGP𝑘

2

2𝜋2 + 𝑓𝐴,𝑖4𝜋𝑅2𝑘 + 𝑓𝐶,𝑖8𝜋𝑅 + · · · , 𝑖 = 𝑄,𝐺 (16)

where 𝑓𝐴,𝑖 and 𝑓𝐶,𝑖 are the area and curvature coefficients respectively [41–44], given by:

𝑓𝐴,𝑄 = − 1
8𝜋

(
1 − 1

2𝜋
arctan

𝑘

𝑚

)
→ 𝑓𝐴,𝑄 = 0 when 𝑚 = 0 (17)

𝑓𝐶,𝑄 =
1

12𝜋2

[
1 − 3𝑘

2𝑚

(
𝜋

2
− arctan

𝑘

𝑚

)]
→ 𝑓𝐶,𝑄 = − 1

24𝜋2 when 𝑚 = 0 (18)

𝑓𝐴,𝐺 = 0, 𝑓𝐶,𝐺 = − 1
6𝜋2 (19)

After proper calculations and simplifications, we find:

𝑍QGP (𝑇,𝑉, 𝜇 = 0) = 4
9𝜋2

∫ +𝜋

−𝜋

∫ +𝜋

−𝜋

𝑑𝜙 𝑑𝜓 𝑀 (𝜙, 𝜓) 𝑒𝑔1+𝑔2+𝑔3 (20)

where 𝑔1, 𝑔2, 𝑔3 result respectively from the contributions of the volume, area and curvature terms in the quarks and gluons
density of states, and they are given by:

𝑔1 = 𝑑𝑄𝑉QGP
∑︁

𝑞=𝑟 ,𝑏,𝑔

{
𝜋2

6
𝑇3

[
7

30
−

(
𝜃𝑞

𝜋

)2
+ 1

2

(
𝜃𝑞

𝜋

)4
]

+ (𝑚𝑆𝑇)3/2
√

2 𝜋3/2

(
1 −

𝜃2
𝑞

2!
+
𝜃4
𝑞

4!

)
𝑒−𝑚𝑆/𝑇

}
+ 𝑑𝐺𝑉QGP𝑇

3
4∑︁

𝐺=1

𝜋2

12

[
− 7

30
+

(
𝜃𝐺 − 𝜋

𝜋

)2
− 1

2

(
𝜃𝐺 − 𝜋

𝜋

)4
] (21)
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𝑔2 = 𝑑𝑄

(
3𝑉QGP

4𝜋

)2/3
(√︂

2𝑚𝑆

𝜋
𝑇3/2 − 𝑚𝑆𝑇

) ∑︁
𝑞=𝑟 ,𝑏,𝑔

(
1 −

𝜃2
𝑞

2!
+
𝜃4
𝑞
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Let us note that we have used some approximations in the calculation of the PF of the massive strange quarks [39].

3. BEHAVIOR OF THE ORDER PARAMETER AND ITS FIRST AND SECOND DERIVATIVES WITHIN
DIFFERENT CONTRIBUTIONS IN THE DENSITY OF STATES

In a first step, we will study the variations of the mean value of the order parameter with temperature 𝑇 for different
system sizes𝑉 , as in the previous work of one of us [19], but now by adding the area and curvature terms in the quarks and
gluons density of states, then studying the effect of these terms on the variations of the order parameter, which is nothing
but the mean value of the hadronic volume fraction ⟨ℎ(𝑇,𝑉)⟩, then on the transition temperature at finite volume 𝑇𝑐 (𝑉)
deduced from ⟨ℎ(𝑇,𝑉)⟩. We find the following expression of the order parameter:

⟨ℎ(𝑇,𝑉)⟩ =
∫ 1

0 ℎ 𝑑ℎ
∫ +𝜋
−𝜋

∫ +𝜋
−𝜋

𝑑𝜙 𝑑𝜓 𝑀 (𝜙, 𝜓) 𝑒𝑋1∫ 1
0 𝑑ℎ

∫ +𝜋
−𝜋

∫ +𝜋
−𝜋

𝑑𝜙 𝑑𝜓 𝑀 (𝜙, 𝜓) 𝑒𝑋1
(24)

where
𝑋1 = − (1 − ℎ)𝑉𝐵

𝑇
+ 𝑔1 + 𝑔2 + 𝑔3 +

ℎ𝑉𝑑𝜋

2𝜋2𝑇
𝐼1 (25)

and

𝐼1 =

∫ ∞

0

𝑘4 𝑑𝑘√︁
𝑘2 + 𝑚2

𝜋

(
𝑒𝛽
√

𝑘2+𝑚2
𝜋 − 1

) (26)

The order parameter is calculated using a suitable numerical integration method, and the integrals are evaluated at
different values of the system volume 𝑉 , over a temperature interval around the transition temperature. The variations of
the order parameter as a function of temperature for different volumes are shown in Figure 1, with a bag constant value
𝐵1/4 = 225 MeV, at zero chemical potential (𝜇 = 0), considering different contributions to the quarks and gluons density
of states: the volume term only, volume and area terms, volume and curvature terms, and volume, area and curvature
terms.

From the various curves on Figure 1, it can clearly be observed that for large system volumes, there is a sharp
jump of ⟨ℎ(𝑇,𝑉)⟩ from the value 1 in the HG phase to zero in the QGP phase, at a temperature approaching the true
transition temperature, noted 𝑇𝑐 (∞), and found to have the value 𝑇𝑐 (∞) = 158.522 MeV, for 𝐵1/4 = 225 MeV. This
jump, mathematically described by the Heaviside function, reflects the existence of a latent heat during the transition,
signifying that the transition is of first order. For small system volumes, this discontinuity becomes smoothed and rounded
off, around an effective transition temperature, noted 𝑇𝑐 (𝑉), which can be defined as the temperature at which the order
parameter reaches the value ⟨ℎ⟩ = 0.5 [36], indicating that the HG and QGP phases contribute equally to the system. This
effective transition temperature in a finite volume is shifted to temperatures higher than 𝑇𝑐 (∞). This shift is due to the
color-singletness condition, which reduces the effective number of internal degrees of freedom as the volume decreases,
causing the system to reach the necessary pressure for the phase transition at higher temperatures in smaller volumes [37].

It can also be noted from Figure 1 that the general shape of the order parameter ⟨ℎ(𝑇,𝑉)⟩ is similar in all four cases,
with a difference in the effective transition temperature at which the transition occurs, since it is well expected that the
transition temperature at a fixed volume varies with the contributions to the quarks and gluons density of states. The
obtained results show that it takes its highest value when all three terms are included (volume, area, and curvature) and its
lowest value when only the volume term is included, with:

𝑇
(Vol)
𝑐 (𝑉) < 𝑇

(Vol+Area)
𝑐 (𝑉) < 𝑇

(Vol+Curv)
𝑐 (𝑉) < 𝑇

(Vol+Area+Curv)
𝑐 (𝑉). (27)

Table 1 illustrates the effective transition temperature 𝑇𝑐 (𝑉) for different volumes, for all considered contributions to the
density of states.
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Figure 1. Variations of the order parameter ⟨ℎ(𝑇,𝑉)⟩ as a function of temperature 𝑇 , for different volumes, at 𝜇 = 0 and
𝐵1/4 = 225 MeV, with the four contributions in the density of states.

Table 1. Values of the effective transition temperature 𝑇𝑐 (𝑉) for various volumes, with different terms contributing to the
density of states.

System 𝑇
(Vol)
𝑐 (𝑉) 𝑇

(Vol+Area)
𝑐 (𝑉) 𝑇

(Vol+Curv)
𝑐 (𝑉) 𝑇

(Vol+Area+Curv)
𝑐 (𝑉)

Volume (fm3) (MeV) (MeV) (MeV) (MeV)
200 160.338 160.654 163.434 163.747
300 159.746 160.021 162.111 162.387
500 159.255 159.489 160.961 161.196
800 158.984 159.186 160.253 160.455

1000 158.897 159.085 159.999 160.188
2000 158.737 158.888 159.442 159.593
3000 158.690 158.821 159.228 159.360
4000 158.666 158.785 159.111 159.230
5000 158.652 158.763 159.035 159.146
6000 158.642 158.747 158.982 159.087
8000 158.631 158.725 158.911 159.006

10000 158.624 158.712 158.865 158.954

From the above analysis, it follows that the first thermal derivative of the order parameter, known as the thermal
susceptibility 𝜒(𝑇,𝑉), reaches its minimum value at the effective transition temperature 𝑇𝑐 (𝑉), corresponding to the value
⟨ℎ⟩ = 0.5 of the order parameter, and subsequently to a vanishing second derivative ⟨ℎ(𝑇,𝑉)⟩′′ of the order parameter
with respect to temperature.

Consequently, one can also investigate the influence of various contributions by analyzing the first and second
derivatives of the order parameter with respect to temperature 𝑇 , defined as follows:

𝜒(𝑇,𝑉) = 𝜕⟨ℎ(𝑇,𝑉)⟩
𝜕𝑇

(28)
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⟨ℎ(𝑇,𝑉)⟩′′ = 𝜕2⟨ℎ(𝑇,𝑉)⟩
𝜕𝑇2 =

𝜕𝜒(𝑇,𝑉)
𝜕𝑇

(29)

Our results for the variations of the thermal susceptibility are illustrated in Figure 2. It is noted that the behavior
of the susceptibility 𝜒(𝑇,𝑉) as a function of temperature 𝑇 at a fixed system volume 𝑉 , is similar for the four cases of
the quarks and gluons density of states: with the contributions of the volume term only, volume and area terms, volume
and curvature terms, and all three terms. The key difference is the shift of the curves to higher temperatures when the
area term is included, and the temperature further increases when the curvature term is added, reaching the highest values
when all terms are included. For example, at 𝑉 = 200 fm3, the transition temperature is 𝑇 (Vol)

𝑐 = 160.865 MeV with the
volume term only, and it increases to 𝑇

(Vol+Area)
𝑐 = 161.215 MeV, while with the volume and curvature terms it attains

𝑇
(Vol+Curv)
𝑐 = 164.652 MeV, and it reaches its highest value 𝑇

(Vol+Area+Curv)
𝑐 = 164.997 MeV with the volume, area and

curvature terms contribution.
From Figure 2, we observe that in all four cases, the singularity of the Dirac delta function in 𝜒(𝑇,𝑉), which occurs

at the thermodynamic limit, spreads out into a finite peak acquiring a finite width 𝛿𝑇 (𝑉) in small volumes. This spreading
corresponds to the rounding of the order parameter and is due to the finite probability of presence for the QGP phase below
the transition temperature 𝑇𝑐 (𝑉) and of the HG phase above 𝑇𝑐 (𝑉), induced by significant thermodynamic fluctuations.
This result is expected since the finite discontinuity of the order parameter, described by the Heaviside function, becomes
a delta function 𝛿 at the level of the first derivative, i.e., in the susceptibility [19].

Figure 2. Variations of the susceptibility 𝜒(𝑇,𝑉) versus temperature, for different system volumes, at 𝜇 = 0 and 𝐵1/4 =

225 MeV, with the four contributions in the density of states.

To better understand the width 𝛿𝑇 (𝑉) of the region over which the transition is rounded off, we plot the second
derivative of the order parameter ⟨ℎ(𝑇,𝑉)⟩′′ as a function of temperature 𝑇 for different system sizes in Figure 3, across
all contributions. The second derivative is zero at the transition temperature 𝑇𝑐 (𝑉). The width of the transition region
𝛿𝑇 (𝑉) is defined as the difference between the temperatures 𝑇1 (𝑉) and 𝑇2 (𝑉) at which the second derivative reaches its
minimum and maximum respectively [19], i.e., 𝛿𝑇 (𝑉) = 𝑇2 (𝑉) − 𝑇1 (𝑉).

For further clarity, Figure 4 illustrates the order parameter ⟨ℎ(𝑇,𝑉)⟩ (black solid line), its first thermal derivative
𝜒(𝑇,𝑉) (red dashed line), and its second thermal derivative ⟨ℎ(𝑇,𝑉)⟩′′ (blue dotted line) versus temperature for 𝑉 =

200 fm3, considering the volume term only in the quarks and gluons density of states. According to Figures 2, 3 and 4, the
shift of the transition temperature 𝜏𝑇 (𝑉) defined as 𝜏𝑇 (𝑉) = 𝑇𝑐 (𝑉) −𝑇𝑐 (∞) decreases with increasing volume 𝑉 , as noted
in previous works [19–21]. The same behavior holds for the width of the transition region 𝛿𝑇 (𝑉), while the height of the
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susceptibility peak |𝜒𝑇 |max (𝑉) increases with increasing volume 𝑉 . This is because the fluctuations driving the transition
are weaker in larger systems.

Figure 3. Variations of the second derivative of the order parameter ⟨ℎ(𝑇,𝑉)⟩′′ versus temperature, for different system
sizes, at 𝜇 = 0 and 𝐵1/4 = 225 MeV, with the four contributions in the density of states.

Figure 4. Plot of the order parameter ⟨ℎ(𝑇,𝑉)⟩ (black solid line), its first thermal derivative 𝜒(𝑇,𝑉) (red dashed line),
and its second thermal derivative ⟨ℎ(𝑇,𝑉)⟩′′ (blue dotted line) versus temperature for a volume 𝑉 = 200 fm3, with the
contribution of the volume term only in the density of states.
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4. EFFECT OF THE CURVATURE AND THE AREA TERMS ON THE CRITICAL EXPONENTS FOR THE
THERMAL DECONFINEMENT PHASE TRANSITION

It is well known in the theory of phase transitions that characteristic quantities such as the shift of the effective
transition temperature 𝑇𝑐 (𝑉) relative to the true transition temperature 𝑇𝑐 (∞), the width of the transition region 𝛿𝑇 (𝑉) and
the susceptibility maxima |𝜒𝑇 |max (𝑉) follow scaling behaviors, expressed as power laws of the volume 𝑉 , characterized
by critical scaling exponents. The power laws for a first-order phase transition are given by:

𝜏𝑇 (𝑉) = 𝑇𝑐 (𝑉) − 𝑇𝑐 (∞) ∼ 𝑉−𝜆,
𝛿𝑇 (𝑉) ∼ 𝑉−𝜃 ,

|𝜒𝑇 |max (𝑉) ∼ 𝑉𝛾 .

(30)

where 𝜆, 𝜃 and 𝛾 are the scaling exponents, which are expected to be equal to unity for a first-order phase transition, as
shown in finite-size scaling (FSS) theory [45–47].

In this part of the work, we study the behavior of these three quantities with varying volume 𝑉 , by incorporating
the contribution of curvature and area terms in the density of states, additionally to the volume term, which has been
previously considered alone in [19]. A finite-size scaling analysis, using a numerical parametrization of the data with the
power-law forms defined in Eq. (30), yields very interesting results, which we illustrate in the following and compare with
previous findings from [19].

4.1. The shift scaling exponent
In the aim of exploring the impact of the terms contributing to the density of states on the shift scaling exponent 𝜆,

associated with the shift of the transition temperature, we first determine the effective transition temperature 𝑇𝑐 (𝑉) in a
finite volume, and calculate its deviation from 𝑇𝑐 (∞), to obtain the shift: 𝜏𝑇 (𝑉) = 𝑇𝑐 (𝑉) − 𝑇𝑐 (∞). Table 2 shows the
values of the shift of the transition temperature at various volumes, for the four cases of contributions in the quarks and
gluons density of states.

Table 2. Values of the shift of the transition temperature for different terms contributing to the density of states.

System 𝜏
(Vol)
𝑇

(𝑉) 𝜏
(Vol+Area)
𝑇

(𝑉) 𝜏
(Vol+Curv)
𝑇

(𝑉) 𝜏
(Vol+Area+Curv)
𝑇

(𝑉)
Volume (fm3) (MeV) (MeV) (MeV) (MeV)

200 1.816 2.132 4.912 5.225
300 1.223 1.500 3.589 3.865
500 0.732 0.966 2.439 2.673
1000 0.375 0.562 1.477 1.666
3000 0.167 0.307 0.706 0.837
5000 0.129 0.240 0.513 0.624
6000 0.120 0.224 0.460 0.564
8000 0.108 0.203 0.389 0.484
9000 0.104 0.196 0.364 0.455

10000 0.102 0.189 0.343 0.431

As mentioned earlier, the shift of the effective transition temperature 𝜏𝑇 (𝑉), relative to the true transition temperature
𝑇𝑐 (∞), is expected to behave as a power of the system volume, according to Eq. (30), where the shift scaling exponent 𝜆
is expected to be equal to one. The obtained data for the shift 𝜏𝑇 (𝑉) are plotted in Figure 5, and the values of the shift
scaling exponent 𝜆 for the four contributions are summarized in Table 3.

Table 3. Values of the shift scaling exponent for the four cases of contributing terms to the density of states.

Shift scaling exponent 𝜆1 𝜆2 𝜆3 𝜆4
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv

Values 0.960 ± 0.018 0.788 ± 0.022 0.734 ± 0.007 0.692 ± 0.008

At first glance, we notice that for the volume term contribution only in the density of states, we obtain a shift scaling
exponent: 𝜆1 (Vol) = 0.960±0.018, which is approximately equal to 1. When comparing this value to that of our previous
work [19], in which: 𝜆 = 0.876 ± 0.041 with the volume contribution only, our findings turn out to be an improvement.
It can also be noted that with the addition of the area and curvature terms, the value of the shift exponent decreases
consistently to 𝜆4 (Vol + Area + Curv) = 0.692 ± 0.008. Initially, we assumed that adding the area and curvature terms
would refine the result for the shift scaling exponent 𝜆, making it more accurate or insightful. However, after completing
the calculations, we found oppositely that incorporating these terms actually decreased the 𝜆 value.
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Figure 5. Variations of the shift of the transition temperature 𝜏𝑇 (𝑉) with inversed volume, for the four contributions in
the density of states.

This outcome could be attributed to several factors, such as the increasing complexity of the calculation or inherent
limitations of the model. This discrepancy is partly due to the mass of the particles involved. Let us recall that our previous
work [19] considered only massless up and down quarks in the QGP phase, and massless pions in the hadronic gas phase,
while in the present work, we introduced a third massive quark (the strange quark) in the QGP phase and accounted for
the mass of the pions in the HG phase.

We also observed that the shift scaling exponent has different values when the fit of the data of the shift of the transition
temperature is carried out in the interval of small volumes or that of large ones. This is illustrated in Figure 6, which
shows the shift of the transition temperature as a function of inverse volume, both for (a) small and (b) large volumes,
when considering the volume term only in the density of states. The obtained result of the shift exponent 𝜆1 (Vol) =

0.997 ± 0.005, with a fit in the small-volumes interval, suggests that our model matches better in small volumes, where
the color-singletness condition applies, and where there are fewer numerical difficulties. When the fit is carried out in
the interval of large volumes, the obtained value of the shift exponent 𝜆′1 (Vol) = 0.620 ± 0.030, is rather far from the
value 1 expected for a first-order phase transition. To fully understand the influence of the area and curvature terms on
the overall behavior of the critical exponents, we investigate the width of the transition region 𝛿𝑇 (𝑉) and the height of the
susceptibility peak |𝜒𝑇 |max (𝑉) within the contribution of these terms in the density of states and we illustrate our findings
in the following.

4.2. The smearing scaling exponent
Figure 7 shows the width of the transition region 𝛿𝑇 (𝑉) as a function of inverse volume, for the four cases of

contributing terms in the quarks and gluons density of states.
A numerical parametrization with the power-law form 𝛿𝑇 (𝑉) ∼ 𝑉−𝜃 , gives the values of the smearing critical

exponent shown in Table 4.

Table 4. Values of the smearing scaling exponent for the four cases of contributing terms to the density of states.

Smearing scaling exponent 𝜃1 𝜃2 𝜃3 𝜃4
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv

Values 1.038 ± 0.006 1.033 ± 0.005 0.993 ± 0.004 0.992 ± 0.002
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Figure 6. Variations of the shift of the transition temperature 𝜏𝑇 (𝑉) with inversed volume, for (a) small and (b) large
volumes, with the contribution of the volume term only in the density of states.

Figure 7. Variations of the width 𝛿𝑇 (𝑉) of the temperature region over which the transition is smeared out, with inversed
volume, for the four contributions in the density of states.
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4.3. The susceptibility scaling exponent
Figure 8 shows the variations of the height of the susceptibility peak |𝜒𝑇 |max (𝑉), with varying volume 𝑉 , for the four

cases of contributing terms in the quarks and gluons density of states.

Figure 8. Variations of the susceptibility maxima |𝜒𝑇 |max (𝑉) versus volume, for the four contributions in the density of
states.

A numerical parametrization with the power-law form |𝜒𝑇 |max (𝑉) ∼ 𝑉𝛾 , gives the values of the susceptibility critical
exponent shown in Table 5.

Table 5. Values of the susceptibility scaling exponent for the four cases of contributing terms to the density of states.

Susceptibility scaling exponent 𝛾1 𝛾2 𝛾3 𝛾4
Contributions Vol Vol+Area Vol+Curv Vol+Area+Curv

Values 1.003 ± 0.001 0.986 ± 0.002 0.983 ± 0.004 0.982 ± 0.003

We notice from Table 4 and Table 5 that the values of the smearing scaling exponent 𝜃 and the susceptibility
scaling exponent 𝛾 are equal to 1 when considering only the volume term contribution: 𝜃1 (Vol) = 1.038 ± 0.006 and
𝛾1 (Vol) = 1.003 ± 0.001. However, with the addition of area and curvature terms, both values decrease slightly to
𝜃4 (Vol + Area + Curv) = 0.992± 0.002, and 𝛾4 (Vol + Area + Curv) = 0.982± 0.003. This confirms that adding the area
and curvature terms reduces the values of all critical exponents, including 𝜃 and 𝛾, as well as 𝜆.

5. CONCLUSIONS
In the present work, we studied the thermal DPT in a finite volume, at zero chemical potential 𝜇 = 0 and with 𝐵1/4 =

225 MeV for the bag constant, based on the equations of state of a hadronic gas phase consisting of massive pions and of
a color-singlet QGP phase containing gluons, massless up and down quarks and massive strange quarks along with their
antiquarks. The primary aim was to investigate the influence of the area and curvature contributions to the density of states
used in the calculation of the QGP equation of state on physical quantities characterizing the DPT occurring in a finite
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volume, and specifically the scaling exponent relative to the shift of the transition temperature, and then compare these
findings with previous results from [19], obtained therein with the volume term contribution only in the density of states
and reporting 𝜆 = 0.876 ± 0.041.

Initially, we hypothesized that adding the area and curvature terms would improve the accuracy or significance of the
shift scaling exponent 𝜆 deviating from the value 1, expected for a first-order phase transition. However, after completing
our analysis, the obtained results revealed that including these terms actually led to a decrease in the value of the shift
critical exponent 𝜆. This could be attributed to various factors, such as the increasing complexity of the calculation or
limitations in the model. To verify this, we determined the width of the transition region 𝛿𝑇 (𝑉) and the maximum of the
susceptibility peak |𝜒𝑇 |max (𝑉) from the calculations incorporating the curvature and area terms into the quarks and gluons
density of states. We found that the smearing scaling exponent 𝜃 and the susceptibility scaling exponent 𝛾 both equal
unity, with the contribution of the volume term only to the density of states, but their values decreased when the area and
curvature terms were added to the quarks and gluons density of states.

Our current result for the shift scaling exponent, 𝜆1 = 0.960± 0.018, is an improvement over the previous result, 𝜆 =

0.876 ± 0.041 [19], for the volume term contribution only in the density of states. This improvement in our results can be
partially explained by the mass of the particles involved, since previous studies assumed that the QGP phase contained only
massless up and down quarks, while the hadronic gas phase contained massless pions. In contrast, this work introduced a
third quark to the QGP phase, namely the massive strange quark, and accounted for the pion mass in the HG phase. Finally,
we observed that the value of the shift critical exponent changes when the parametrization 𝜏𝑇 (𝑉) ∼ 𝑉−𝜆 is performed on
an interval of small volumes or large volumes. For small volumes, we recovered the expected value and found 𝜆1 (Vol) =
0.997 ± 0.005, whereas for large volumes, the obtained value is 𝜆′1 (Vol) = 0.620 ± 0.030. This suggests that our model
matches better for small volumes, where there are fewer numerical difficulties and where the ”color-singletness” condition
applies, since it is well known that the finite-size corrections between a color-unprojected QGP and a color-projected one
disappear as the size and/or temperature of the system increase, because the color projection no longer plays any role in
this limit [9]. This obtained result for the shift scaling exponent agrees very well with those of finite-size scaling (FSS)
theory, which expects the characteristic scaling exponents to be equal to unity for a first-order phase transition [45–47].
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У цiй роботi ми обчислюємо функцiю розподiлу кварк-глюонної плазми (QGP), спроектованої на кольорове синглетне представ-
лення SU(3), використовуючи метод проекцiї, в межах густини станiв для кваркiв та глюонiв, заданої наближенням множинного
вiдбиття (MRE). Ми дослiджуємо вплив включення членiв площi та кривизни, на додаток до члена об’єму в густину станiв, на
поведiнку кiлькох фiзичних величин, що характеризують деконфiнуючий фазовий перехiд вiд адронної газової фази масивних
пiонiв до фази кварк-глюонної плазми (КГП), що складається з глюонiв, безмасових верхнiх та нижнiх кваркiв, масивних див-
них кваркiв разом з їхнiми антикварками, в рамках моделi Бега та феноменологiчної моделi спiвiснування фаз. За допомогою
аналiзу масштабування скiнченних розмiрiв ми дослiджуємо поведiнку деяких показникiв масштабування, що стосуються де-
конфiнуючого фазового переходу, що вiдбувається в скiнченному об’ємi, особливо показника масштабування вiдносно зсуву
ефективної температури переходу, розглядаючи внески лише члена кривизни, лише члена площi в густину станiв, крiм члена
об’єму, а потiм внесок усiх трьох членiв, аналiзуючи значення критичного показника зсуву 𝜆 порiвняно з тим, що було отримано
ранiше з використанням лише члена об’єму в густинi станiв кваркiв та глюонiв.
Ключовi слова: деконфiнуючий фазовий перехiд; кварк-глюонна плазма; синглетнiсть кольору; проекцiйний метод; аналiз
масштабування скiнченних розмiрiв
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This work examines a generalized concatenation model for birefringent optical fibers and obtains new exact soliton solutions. Using Lie
symmetry analysis, the coupled evolution equations are transformed through suitable similarity variables into a manageable system of
ordinary differential equations. The resulting reduced system is then treated with the Kumar–Malik method to derive multiple classes
of explicit solutions written in Jacobi elliptic, bright soliton, dark soliton, and trigonometric solutions. With appropriate parameter
restrictions, these classes simplify to the familiar bright, dark, and periodic soliton waves. To illustrate the physical behavior of
the derived structures, representative plots are presented that highlight their propagation features and qualitative stability. Overall,
combining symmetry reduction with the Kumar–Malik scheme expands the catalogue of analytical solutions for the concatenation
model and deepens understanding of nonlinear pulse dynamics in birefringent media.

Keywords: Concatenation framework; Lie group symmetry analysis; Kumar–Malik technique; Optical soliton waves; Birefringent fiber
media; Jacobi elliptic function solutions

1. INTRODUCTION
Nonlinear pulse propagation in optical fibers remains a cornerstone of modern nonlinear optics and mathematical

physics, particularly in parameter regimes where dispersion, birefringence, and nonlinearity cooperate to generate per-
sistent coherent structures such as solitons, breathers, and rogue waves. With the advent of ultrashort-pulse sources and
broadband transmission, higher-order dispersive and nonlinear effects become non-negligible, which naturally motivates
the analysis of generalized Schrödinger-type evolution equations and their solution families.

At the modeling level, the nonlinear Schrödinger equation (NLSE) provides a canonical framework for describing
envelope dynamics in weakly nonlinear dispersive media, and continues to be refined and applied in diverse optical
settings [3, 4]. Beyond the standard NLSE, integrable higher-order extensions have been intensively studied because they
preserve analytical tractability while capturing additional physical mechanisms. In this direction, Ankiewicz and Akhme-
diev presented a higher-order integrable evolution equation together with its soliton solutions, illustrating how higher-order
corrections alter waveform characteristics without destroying integrability [1]. Closely related extended NLSE models
that include higher-order odd and even terms were further shown to admit extreme localized events, including rogue-wave
solutions [2]. Moreover, the integrable quintic nonlinear Schrödinger hierarchy enriches the nonlinear landscape through
quintic contributions: soliton solutions were constructed in [9], while breather-to-soliton conversions and breather inter-
actions were investigated in [10, 11]. Collectively, these developments emphasize that higher-order and quintic terms are
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not merely small perturbations; rather, they can substantially broaden the admissible classes of localized structures and
transition scenarios.

Another important strand of research concerns unified descriptions that connect several prominent Schrödinger-type
equations within a single formalism. In particular, concatenation-type models provide a coupled framework that can incor-
porate higher-order dispersion and nonlinear corrections systematically, while linking to celebrated integrable equations
such as the NLSE [3, 4], the Lakshmanan–Porsezian–Daniel (LPD) equation [5, 6], and the Sasa–Satsuma equation (SSE)
[7, 8]. Recent studies have also highlighted the relevance of concatenation settings for realistic birefringent configurations
by incorporating differential group delay and constructing corresponding optical soliton solutions [12, 13]. Despite the
growing literature, explicit closed-form solutions remain of continuing value: they provide benchmarks for numerical al-
gorithms, enable parametric studies of waveform switching (e.g., bright versus dark profiles), and clarify how higher-order
coefficients shape pulse evolution.

Motivated by these considerations, the present work investigates the coupled concatenation system (Eqs. (1)–(2)) for
the complex envelopes 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡), which represent two orthogonally polarized field components. By exploiting Lie
symmetries, we determine appropriate invariants that transform the governing PDE system into an equivalent ODE system.
The reduced equations are then solved exactly using the Kumar–Malik technique. The resulting waveforms are expressed
in Jacobi elliptic, hyperbolic, and trigonometric forms and, under suitable parameter constraints, yield bright-, dark-, and
periodic-soliton profiles. Finally, representative plots are provided to illustrate characteristic propagation features and to
demonstrate the influence of key physical and model parameters.

1.1. Governing Model
In this study, we consider the following coupled concatenation model [12, 13]:

𝑖𝑞𝑡 + 𝑎1𝑞𝑥𝑥 +
(
𝑏1 |𝑞 |2 + 𝑐1 |𝑟 |2

)
𝑞 + 𝑐11

[
𝜎11𝑞𝑥𝑥𝑥𝑥 + {𝛼1 (𝑞𝑥)2 +𝔴1 (𝑟𝑥)2}𝑞∗

+ (𝛾1 |𝑞𝑥 |2 + 𝜆1 |𝑟𝑥 |2)𝑞 + (𝛿1 |𝑞 |2 + 𝜁1 |𝑟 |2)𝑞𝑥𝑥 + (𝜇1𝑞
2 + 𝜌1𝑟

2)𝑞∗𝑥𝑥
+ ( 𝑓1 |𝑞 |4 + 𝑔1 |𝑞 |2 |𝑟 |2 + ℎ1 |𝑟 |4)𝑞

]
+ 𝑖𝑐21

[
𝜎71𝑞𝑥𝑥𝑥 + (𝜂1 |𝑞 |2 + 𝜃1 |𝑟 |2)𝑞𝑥

+ (𝜀1𝑞
2 + 𝜏1𝑟

2)𝑞∗𝑥
]
= 0,

(1)

𝑖𝑟𝑡 + 𝑎2𝑟𝑥𝑥 +
(
𝑏2 |𝑟 |2 + 𝑐2 |𝑞 |2

)
𝑟 + 𝑐12

[
𝜎12𝑟𝑥𝑥𝑥𝑥 + {𝛼2 (𝑟𝑥)2 +𝔴2 (𝑞𝑥)2}𝑟∗

+ (𝛾2 |𝑟𝑥 |2 + 𝜆2 |𝑞𝑥 |2)𝑟 + (𝛿2 |𝑟 |2 + 𝜁2 |𝑞 |2)𝑟𝑥𝑥 + (𝜇2𝑟
2 + 𝜌2𝑞

2)𝑟∗𝑥𝑥
+ ( 𝑓2 |𝑟 |4 + 𝑔2 |𝑟 |2 |𝑞 |2 + ℎ2 |𝑞 |4)𝑟

]
+ 𝑖𝑐22

[
𝜎72𝑟𝑥𝑥𝑥 + (𝜂2 |𝑟 |2 + 𝜃2 |𝑞 |2)𝑟𝑥

+ (𝜀2𝑟
2 + 𝜏2𝑞

2)𝑟∗𝑥
]
= 0.

(2)

In this system, 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) represent the complex slowly varying envelopes associated with two mutually
orthogonal polarization modes. The coefficients 𝑎1 and 𝑎2 characterize the group-velocity dispersion, while 𝑏 𝑗 and 𝑐 𝑗

( 𝑗 = 1, 2) measure self-phase modulation and cross-phase modulation, respectively. The set of parameters 𝜎, 𝛼, 𝔴, 𝛾,
𝜆, 𝛿, 𝜁 , 𝜇, 𝜌, 𝑓 , 𝑔, and ℎ models higher-order mechanisms such as nonlinear dispersion, self-frequency shifting, and
fourth-order corrections. Hence, the coupled system captures the dynamics of birefringent optical pulses influenced by
cubic–quartic nonlinearities together with third- and fourth-order dispersion.

In this study, we employ Lie symmetry analysis for the concatenation model (1)–(2). The admitted symmetries
provide suitable similarity transformations that reduce the coupled PDE system to a tractable set of ordinary differen-
tial equations. The reduced system is then treated analytically via the Kumar–Malik method, leading to several new
classes of exact solutions in Jacobi elliptic, hyperbolic, and trigonometric forms. For appropriate choices of the governing
parameters, these solution families recover the familiar bright-, dark-, and periodic-soliton profiles reported in the literature.

Graphical illustrations are presented to highlight the propagation features of the derived solutions and to explore
the impact of the physical parameters on soliton amplitude, width, and robustness. These findings broaden the available
catalogue of analytical solutions for the concatenation model and offer further insight into nonlinear pulse evolution in
birefringent optical fibers.
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The remainder of this paper is organized as follows. In Section 2, we perform the Lie symmetry analysis of the
model and determine the associated infinitesimal generators. Section 3 is devoted to the similarity reductions that convert
the governing PDE system into a reduced set of ODEs. In Section 4, the Kumar–Malik method is implemented to obtain
exact analytical soliton solutions. Section 5 presents representative plots and discusses their physical implications. Finally,
Section 6 summarizes the main findings and outlines possible directions for future work.

2. LIE SYMMETRY ANALYSIS
The Lie symmetry approach [14] provides a systematic framework for reducing nonlinear partial differential equations

to ordinary differential equations by exploiting their admitted continuous symmetry groups. After determining the
infinitesimal symmetry generators, one constructs the associated invariants (similarity variables), which transform the
original PDE into a reduced equation of lower dimensionality. In the present work, this methodology is applied to the
concatenation model (1) to derive its symmetry algebra and to obtain the corresponding similarity reductions.

Next, we introduce the real-valued decompositions

𝑞(𝑡, 𝑥) = 𝑢1 (𝑡, 𝑥) + 𝑖 𝑣1 (𝑡, 𝑥), 𝑟 (𝑡, 𝑥) = 𝑢2 (𝑡, 𝑥) + 𝑖 𝑣2 (𝑡, 𝑥),

and substitute them into Eq. (1). Separating the resulting expression into its real and imaginary components leads to the
following system of partial differential equations:

𝑐1𝑙 𝜎1𝑙 (𝑣𝑙)𝑥𝑥𝑥𝑥 + 𝑐2𝑙 𝜎7𝑙 (𝑢𝑙)𝑥𝑥𝑥 +
(
𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 − 𝑐1𝑙 (𝜇𝑙 − 𝛿𝑙) 𝑢2
𝑙 − 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝑢2

𝑚

+ 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑣2
𝑚 + 𝑎𝑙

)
(𝑣𝑙)𝑥𝑥 + 2𝑐1𝑙

(
𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚

)
(𝑢𝑙)𝑥𝑥 − 𝑣𝑙𝑐1𝑙 (𝛼𝑙 − 𝛾𝑙) (𝑢𝑙,𝑥)2

+
(
2𝑐1𝑙𝛼𝑙 (𝑣𝑙,𝑥)𝑢𝑙 + 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑣2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑢2
𝑙 + (𝜏𝑙 + 𝜃𝑙)𝑢2

𝑚 − 𝑣2
𝑚 (𝜏𝑙 − 𝜃𝑙)

) )
(𝑢𝑙,𝑥)

+ 𝑣𝑙𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙) (𝑣𝑙,𝑥)2 + 2𝑐2𝑙
(
𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙

)
(𝑣𝑙,𝑥) − 𝑣𝑙𝑐1𝑙 (𝔴𝑙 − 𝜆𝑙) (𝑢𝑚,𝑥)2

+ 2𝑐1𝑙𝔴𝑙 (𝑢𝑚,𝑥) (𝑣𝑚,𝑥)𝑢𝑙 + 𝑣𝑙𝑐1𝑙 (𝔴𝑙 + 𝜆𝑙) (𝑣𝑚,𝑥)2 + 𝑢𝑙,𝑡

+ 𝑐1𝑙 𝑓𝑙𝑣
5
𝑙 +

(
2 𝑓𝑙𝑐1𝑙𝑢

2
𝑙 + 𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙

)
𝑣3
𝑙

+
(
𝑓𝑙𝑐1𝑙𝑢

4
𝑙 + (𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙)𝑢2

𝑙 + ℎ𝑙𝑐1𝑙𝑢
4
𝑚 + (2ℎ𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑐𝑙)𝑢2

𝑚 + ℎ𝑙𝑐1𝑙𝑣
4
𝑚 + 𝑐𝑙𝑣

2
𝑚

)
𝑣𝑙 = 0,

𝑐1𝑙 𝜎1𝑙 (𝑢𝑙)𝑥𝑥𝑥𝑥 − 𝑐2𝑙 𝜎7𝑙 (𝑣𝑙)𝑥𝑥𝑥 +
(
𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑢2

𝑙 − 𝑐1𝑙 (𝜇𝑙 − 𝛿𝑙) 𝑣2
𝑙 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑢2

𝑚

− 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝑣2
𝑚 + 𝑎𝑙

)
(𝑢𝑙)𝑥𝑥 + 2𝑐1𝑙

(
𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚

)
(𝑣𝑙)𝑥𝑥 − 𝑢𝑙𝑐1𝑙 (𝛼𝑙 − 𝛾𝑙) (𝑣𝑙,𝑥)2

+
(
2𝑐1𝑙𝛼𝑙 (𝑢𝑙,𝑥)𝑣𝑙 − 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑢2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑣2
𝑙 + (−𝜏𝑙 + 𝜃𝑙)𝑢2

𝑚 + 𝑣2
𝑚 (𝜏𝑙 + 𝜃𝑙)

) )
(𝑣𝑙,𝑥)

+ 𝑢𝑙𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙) (𝑢𝑙,𝑥)2 − 2𝑐2𝑙
(
𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙

)
(𝑢𝑙,𝑥)

+ 𝑢𝑙𝑐1𝑙 (𝔴𝑙 + 𝜆𝑙) (𝑢𝑚,𝑥)2 + 2𝑐1𝑙𝔴𝑙 (𝑢𝑚,𝑥) (𝑣𝑚,𝑥)𝑣𝑙 − 𝑢𝑙𝑐1𝑙 (𝔴𝑙 − 𝜆𝑙) (𝑣𝑚,𝑥)2 − 𝑣𝑙,𝑡

+ 𝑐1𝑙 𝑓𝑙𝑢
5
𝑙 +

(
𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 2 𝑓𝑙𝑐1𝑙𝑣

2
𝑙 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙

)
𝑢3
𝑙

+
(
𝑓𝑙𝑐1𝑙𝑣

4
𝑙 + (𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙)𝑣2

𝑙 + ℎ𝑙𝑐1𝑙𝑢
4
𝑚 + (2ℎ𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑐𝑙)𝑢2

𝑚 + ℎ𝑙𝑐1𝑙𝑣
4
𝑚 + 𝑐𝑙𝑣

2
𝑚

)
𝑢𝑙 = 0,

(3)

where 𝑙 ∈ {1, 2} and 𝑚 = 3 − 𝑙 denotes the complementary index.
Next, we introduce a one-parameter Lie group of infinitesimal transformations defined by:

𝑥∗ = 𝑥 + 𝜖 𝜒(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),
𝑡∗ = 𝑡 + 𝜖Θ(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑢1
∗ = 𝑢1 + 𝜖Ψ1 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑣1
∗ = 𝑣1 + 𝜖Φ1 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2), (4)

𝑢2
∗ = 𝑢2 + 𝜖Ψ2 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑣2
∗ = 𝑣2 + 𝜖Φ2 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2), (5)
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Here, 𝜒, Θ, Ψ1, Φ1, Ψ2, and Φ2 denote the infinitesimal generator components associated with the variables 𝑥, 𝑡, 𝑢1, 𝑣1,
𝑢2, and 𝑣2, respectively, and 𝜖 ∈ R is the group parameter. These transformations are required to leave Eq. (3) invariant
under the induced Lie-group action.

The corresponding infinitesimal vector field is given by:

𝑋 = 𝜒
𝜕

𝜕𝑥
+ Θ

𝜕

𝜕𝑡
+

2∑︁
𝑙=1

(
Ψ𝑙

𝜕

𝜕𝑢𝑙
+Φ𝑙

𝜕

𝜕𝑣𝑙

)
. (6)

To compute the admitted symmetries, we impose the standard invariance condition:

pr(4) (𝑋) (Δ)
��
Δ=0 = 0, (7)

where pr(4)𝑋 denotes the fourth-order prolongation of the vector field 𝑋 , defined by:

pr(4)𝑋 =𝑋 +
2∑︁
𝑙=1

(
Ψ𝑡
𝑙

𝜕

𝜕𝑢𝑙,𝑡
+ Ψ𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥
+ Ψ𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥
+ Ψ𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥𝑥
+ Ψ𝑥𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥𝑥𝑥

)
+

2∑︁
𝑙=1

(
Φ𝑡

𝑙

𝜕

𝜕𝑣𝑙,𝑡
+Φ𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥
+Φ𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥
+Φ𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥𝑥
+Φ𝑥𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥𝑥𝑥

)
.

The coefficients of the prolonged vector field are evaluated using the total derivative operators:

Ψ𝑡
𝑙 = 𝐷𝑡 (Ψ𝑙) − 𝐷𝑡 (𝜒) 𝑢𝑙,𝑥 − 𝐷𝑡 (Θ) 𝑢𝑙,𝑡 ,

Φ𝑡
𝑙 = 𝐷𝑡 (Φ𝑙) − 𝐷𝑡 (𝜒) 𝑣𝑙,𝑥 − 𝐷𝑡 (Θ) 𝑣𝑙,𝑡 ,

Ψ𝑥
𝑙 = 𝐷𝑥 (Ψ𝑙) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑡 ,

Φ𝑥
𝑙 = 𝐷𝑥 (Φ𝑙) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑡 ,

Ψ𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑡 ,
Φ𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑡 ,

Ψ𝑥𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑥𝑡 ,
Φ𝑥𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑥𝑡 ,

Ψ𝑥𝑥𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥𝑥𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑥𝑥𝑡 ,
Φ𝑥𝑥𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥𝑥𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑥𝑥𝑡 ,

Here, 𝐷𝑥 and 𝐷𝑡 are the total-derivative operators with respect to 𝑥 and 𝑡, respectively, as described in [15]. Applying the
invariance condition (7) to Eq. (3) yields:
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( (
(𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 + (−𝜇𝑙 + 𝛿𝑙) 𝑢2
𝑙 + (−𝜌𝑙 + 𝜁𝑙) 𝑢2

𝑚 + (𝜌𝑙 + 𝜁𝑙) 𝑣2
𝑚

)
𝑐1𝑙 + 𝑎𝑙

)
Φ

{𝑥𝑥}
𝑙

+ 2Ψ{𝑥𝑥}
𝑙

𝑐1𝑙 (𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚)

+Φ
{𝑥𝑥𝑥𝑥}
𝑙

𝑐1𝑙 𝜎1𝑙 + Ψ
{𝑥𝑥𝑥}
𝑙

𝑐2𝑙 𝜎7𝑙 +
( (
− 2 𝑢𝑙,𝑥 (𝛼𝑙 − 𝛾𝑙) 𝑣𝑙 + 2 𝑣𝑙,𝑥𝛼𝑙 𝑢𝑙

)
𝑐1𝑙 + 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑣2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑢2
𝑙

+ (𝜏𝑙 + 𝜃𝑙)𝑢2
𝑚 − (𝜏𝑙 − 𝜃𝑙)𝑣2

𝑚

) )
Ψ𝑥
𝑙 +

( (
2 𝑣𝑙,𝑥 (𝛼𝑙 + 𝛾𝑙) 𝑣𝑙 + 2 𝑢𝑙,𝑥𝛼𝑙 𝑢𝑙

)
𝑐1𝑙 + 2 𝑐2𝑙 (𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙)

)
Φ𝑥

𝑙

+ 2
(
𝑣𝑚,𝑥 (𝔴𝑙 + 𝜆𝑙) 𝑣𝑙 + 𝑢𝑚,𝑥𝔴𝑙 𝑢𝑙

)
𝑐1𝑙 Φ

𝑥
𝑚 − 2

(
𝑢𝑚,𝑥 (𝔴𝑙 − 𝜆𝑙) 𝑣𝑙 − 𝑣𝑚,𝑥𝔴𝑙 𝑢𝑙

)
𝑐1𝑙 Ψ

𝑥
𝑚 + Ψ𝑡

𝑙

+
(
5Φ𝑙 𝑓𝑙 𝑣

4
𝑙 +

(
2Φ𝑚 𝑔𝑙 𝑣𝑚 + 4Ψ𝑙 𝑓𝑙 𝑢𝑙 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚

)
𝑣3
𝑙 +

(
6 𝑓𝑙 𝑢2

𝑙 + 3𝑔𝑙 𝑢2
𝑚 + 3𝑔𝑙 𝑣2

𝑚

)
Φ𝑙 𝑣

2
𝑙

+
(
(2𝜇𝑙 + 2𝛿𝑙) 𝑣𝑙,𝑥𝑥 Φ𝑙 + 4Ψ𝑙 𝑓𝑙 𝑢

3
𝑙 + (2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚) 𝑢2

𝑙 + (2Ψ𝑙 𝑔𝑙 𝑢
2
𝑚 + 2Ψ𝑙 𝑔𝑙 𝑣

2
𝑚) 𝑢𝑙

+ 4Ψ𝑚 ℎ𝑙 𝑢
3
𝑚 + 4Φ𝑚 ℎ𝑙 𝑢

2
𝑚𝑣𝑚 + 4Ψ𝑚 ℎ𝑙 𝑢𝑚𝑣

2
𝑚 + 4Φ𝑚 ℎ𝑙 𝑣

3
𝑚 + 2Ψ𝑙 𝜇𝑙 𝑢𝑙,𝑥𝑥

)
𝑣𝑙 +

(
𝑓𝑙 𝑢

4
𝑙 + (𝑔𝑙 𝑢2

𝑚 + 𝑔𝑙 𝑣
2
𝑚) 𝑢2

𝑙

+ 2𝜇𝑙𝑢𝑙 𝑢𝑙,𝑥𝑥 + ℎ𝑙 𝑢
4
𝑚 + 2ℎ𝑙𝑢2

𝑚𝑣
2
𝑚 + ℎ𝑙𝑣

4
𝑚 + (−𝛼𝑙 + 𝛾𝑙) 𝑢2

𝑙,𝑥 + (𝛼𝑙 + 𝛾𝑙) 𝑣2
𝑙,𝑥 + (−𝑢2

𝑚,𝑥 + 𝑣2
𝑚,𝑥)𝔴𝑙 + 𝑢2

𝑚,𝑥𝜆𝑙

+ 𝑣2
𝑚,𝑥𝜆𝑙

)
Φ𝑙 + (−2𝜇𝑙 + 2𝛿𝑙) 𝑣𝑙,𝑥𝑥 Ψ𝑙 𝑢𝑙 + (2𝜌𝑙 𝑢𝑙,𝑥𝑥 Φ𝑚 + (−2𝜌𝑙 + 2𝜁𝑙) 𝑣𝑙,𝑥𝑥 Ψ𝑚) 𝑢𝑚

+
(
(2𝜌𝑙 + 2𝜁𝑙) 𝑣𝑙,𝑥𝑥 Φ𝑚 + 2Ψ𝑚 𝜌𝑙 𝑢𝑙,𝑥𝑥

)
𝑣𝑚 + 2Ψ𝑙 𝛼𝑙 𝑢𝑙,𝑥𝑣𝑙,𝑥 + 2Ψ𝑙 𝔴𝑙 𝑢𝑚,𝑥𝑣𝑚,𝑥

)
𝑐1𝑙 + 3Φ𝑙 𝑏𝑙 𝑣

2
𝑙

+
(
(2𝜂𝑙 − 2𝜀𝑙) 𝑢𝑙,𝑥 𝑐2𝑙 Φ𝑙 + 2𝑐2𝑙Ψ𝑙 𝑣𝑙,𝑥 𝜀𝑙 + 2Ψ𝑚 𝑐𝑙 𝑢𝑚 + 2Φ𝑚 𝑐𝑙 𝑣𝑚 + 2Ψ𝑙 𝑏𝑙 𝑢𝑙

)
𝑣𝑙

+
(
2𝑐2𝑙𝑢𝑙𝜀𝑙𝑣𝑙,𝑥 + 𝑏𝑙 𝑢

2
𝑙 + 𝑐𝑙 𝑢

2
𝑚 + 𝑐𝑙 𝑣

2
𝑚

)
Φ𝑙 + (2𝜂𝑙 + 2𝜀𝑙) Ψ𝑙 𝑢𝑙,𝑥 𝑐2𝑙 𝑢𝑙

+
(
(2𝜏𝑙 + 2𝜃𝑙)Ψ𝑚 𝑢𝑙,𝑥 + 2Φ𝑚 𝜏𝑙 𝑣𝑙,𝑥

)
𝑐2𝑙 𝑢𝑚 +

(
(−2𝜏𝑙 + 2𝜃𝑙)Φ𝑚 𝑢𝑙,𝑥 + 2Ψ𝑚 𝜏𝑙 𝑣𝑙,𝑥

)
𝑐2𝑙 𝑣𝑚 = 0,( (

(𝜇𝑙 + 𝛿𝑙) 𝑢2
𝑙 + (−𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 + (𝜌𝑙 + 𝜁𝑙) 𝑢2
𝑚 − (𝜌𝑙 − 𝜁𝑙) 𝑣2

𝑚

)
𝑐1𝑙 + 𝑎𝑙

)
Ψ

{𝑥𝑥}
𝑙

+ 2Φ{𝑥𝑥}
𝑙

𝑐1𝑙 (𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚)

+ Ψ
{𝑥𝑥𝑥𝑥}
𝑙

𝑐1𝑙 𝜎1𝑙 −Φ
{𝑥𝑥𝑥}
𝑙

𝑐2𝑙 𝜎7𝑙 +
( (
− 2 𝑣𝑙,𝑥 (𝛼𝑙 − 𝛾𝑙) 𝑢𝑙 + 2 𝑣𝑙 𝑢𝑙,𝑥𝛼𝑙

)
𝑐1𝑙 + 𝑐2𝑙

(
(−𝜂𝑙 + 𝜀𝑙)𝑢2

𝑙

+ (−𝜂𝑙 − 𝜀𝑙)𝑣2
𝑙 + (𝜏𝑙 − 𝜃𝑙)𝑢2

𝑚 − (𝜏𝑙 + 𝜃𝑙)𝑣2
𝑚

) )
Φ𝑥

𝑙 +
( (

2 𝑢𝑙,𝑥 (𝛼𝑙 + 𝛾𝑙) 𝑢𝑙 + 2 𝑣𝑙 𝑣𝑙,𝑥𝛼𝑙

)
𝑐1𝑙

− 2 𝑐2𝑙 (𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙)
)
Ψ𝑥
𝑙 + 2

(
− 𝑣𝑚,𝑥 (𝔴𝑙 − 𝜆𝑙) 𝑢𝑙 + 𝑣𝑙 𝑢𝑚,𝑥𝔴𝑙

)
𝑐1𝑙 Φ

𝑥
𝑚 + 2 𝑐1𝑙

(
𝑢𝑚,𝑥 (𝔴𝑙 + 𝜆𝑙) 𝑢𝑙

+ 𝑣𝑙 𝑣𝑚,𝑥𝔴𝑙

)
Ψ𝑥

𝑚 −Φ𝑡
𝑙 +

(
5Ψ𝑙 𝑓𝑙 𝑢

4
𝑙 +

(
4Φ𝑙 𝑓𝑙 𝑣𝑙 + 2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚

)
𝑢3
𝑙

+
(
6 𝑓𝑙 𝑣2

𝑙 + 3𝑔𝑙 𝑢2
𝑚 + 3𝑔𝑙 𝑣2

𝑚

)
Ψ𝑙 𝑢

2
𝑙 +

(
(2𝜇𝑙 + 2𝛿𝑙) 𝑢𝑙,𝑥𝑥 Ψ𝑙 + 4Φ𝑙 𝑓𝑙 𝑣

3
𝑙 + (2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚) 𝑣2

𝑙

+ (2Φ𝑙 𝑔𝑙 𝑢
2
𝑚 + 2Φ𝑙 𝑔𝑙 𝑣

2
𝑚) 𝑣𝑙 + 4Ψ𝑚 ℎ𝑙 𝑢

3
𝑚 + 4Φ𝑚 ℎ𝑙 𝑢

2
𝑚𝑣𝑚 + 4Ψ𝑚 ℎ𝑙 𝑢𝑚𝑣

2
𝑚 + 4Φ𝑚 ℎ𝑙 𝑣

3
𝑚 + 2Φ𝑙 𝜇𝑙 𝑣𝑙,𝑥𝑥

)
𝑢𝑙

+
(
𝑓𝑙 𝑣

4
𝑙 + (𝑔𝑙 𝑢2

𝑚 + 𝑔𝑙 𝑣
2
𝑚) 𝑣2

𝑙 + 2𝜇𝑙𝑣𝑙 𝑣𝑙,𝑥𝑥 + ℎ𝑙 𝑢
4
𝑚 + 2ℎ𝑙𝑢2

𝑚𝑣
2
𝑚 + ℎ𝑙𝑣

4
𝑚 + (−𝛼𝑙 + 𝛾𝑙) 𝑣2

𝑙,𝑥

+ (𝛼𝑙 + 𝛾𝑙) 𝑢2
𝑙,𝑥 + (𝑢2

𝑚,𝑥 − 𝑣2
𝑚,𝑥)𝔴𝑙 + 𝑢2

𝑚,𝑥𝜆𝑙 + 𝑣2
𝑚,𝑥𝜆𝑙

)
Ψ𝑙 + (−2𝜇𝑙 + 2𝛿𝑙) 𝑢𝑙,𝑥𝑥 Φ𝑙 𝑣𝑙

+ (2𝜌𝑙 𝑣𝑙,𝑥𝑥 Φ𝑚 + (2𝜌𝑙 + 2𝜁𝑙) 𝑢𝑙,𝑥𝑥 Ψ𝑚) 𝑢𝑚 +
(
(−2𝜌𝑙 + 2𝜁𝑙) 𝑢𝑙,𝑥𝑥 Φ𝑚 + 2Ψ𝑚 𝜌𝑙 𝑣𝑙,𝑥𝑥

)
𝑣𝑚

+ 2Φ𝑙 𝛼𝑙 𝑢𝑙,𝑥𝑣𝑙,𝑥 + 2Φ𝑙 𝔴𝑙 𝑢𝑚,𝑥𝑣𝑚,𝑥

)
𝑐1𝑙 + 3Ψ𝑙 𝑏𝑙 𝑢

2
𝑙 +

(
(−2𝜂𝑙 + 2𝜀𝑙) 𝑣𝑙,𝑥 𝑐2𝑙 Ψ𝑙 − 2𝑐2𝑙Φ𝑙 𝑢𝑙,𝑥 𝜀𝑙

+ 2Ψ𝑚 𝑐𝑙 𝑢𝑚 + 2Φ𝑙 𝑏𝑙 𝑣𝑙 + 2Φ𝑚 𝑐𝑙 𝑣𝑚

)
𝑢𝑙 +

(
− 2𝑐2𝑙𝑣𝑙𝜀𝑙𝑢𝑙,𝑥 + 𝑏𝑙 𝑣

2
𝑙 + 𝑐𝑙 𝑢

2
𝑚 + 𝑐𝑙 𝑣

2
𝑚

)
Ψ𝑙

+ (−2𝜂𝑙 − 2𝜀𝑙)Φ𝑙 𝑣𝑙,𝑥 𝑐2𝑙 𝑣𝑙 +
(
(2𝜏𝑙 − 2𝜃𝑙)Ψ𝑚 𝑣𝑙,𝑥 − 2Φ𝑚 𝜏𝑙 𝑢𝑙,𝑥

)
𝑐2𝑙 𝑢𝑚 +

(
(−2𝜏𝑙 − 2𝜃𝑙)Φ𝑚 𝑣𝑙,𝑥

− 2Ψ𝑚 𝜏𝑙 𝑢𝑙,𝑥
)
𝑐2𝑙 𝑣𝑚 = 0

(8)

where 𝑙 = 1, 2 and 𝑚 = 3 − 𝑙.

Substituting the expressions for (Ψ𝑥
𝑙
,Φ𝑥

𝑙
,Ψ

{𝑥𝑥}
𝑙

,Φ
{𝑥𝑥}
𝑙

,Ψ𝑡
𝑙
,Φ𝑡

𝑙
, . . .) into Eq. (8), we obtain the following determining

system:
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Ψ1𝑡 = 0, Ψ1𝑢1 = 0, Ψ1𝑢2 = 0, Ψ1𝑣1 =
Ψ1
𝑣1

, Ψ1𝑣2 = 0, Ψ1𝑥 = 0,

Θ𝑡 = 0, Θ𝑢1 = 0, Θ𝑢2 = 0, Θ𝑣1 = 0, Θ𝑣2 = 0, Θ𝑥 = 0,

𝜒𝑡 = 0, 𝜒𝑢1 = 0, 𝜒𝑢2 = 0, 𝜒𝑣1 = 0, 𝜒𝑣2 = 0, 𝜒𝑥 = 0,

Ψ2 = Ψ1
𝑣2
𝑣1

, Φ1 = −Ψ1
𝑢1
𝑣1

, Φ2 = −Ψ1
𝑢2
𝑣1

.

(9)

Throughout, subscripts such as 𝑡, 𝑥, 𝑢1, 𝑢2, 𝑣1, and 𝑣2 indicate partial differentiation with respect to the corresponding
variables; for instance,

Ψ1𝑡 =
𝜕Ψ1
𝜕𝑡

.

Solving the determining system (9) yields the following infinitesimal symmetries:

Ψ𝑙 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶3 𝑣𝑙 , Φ𝑙 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = −𝐶3 𝑢𝑙 ,

Θ(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶1, 𝜒(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶2,
where 𝑙 = 1, 2. (10)

Substituting the obtained expressions for 𝜒, Θ, Ψ𝑙 , and Φ𝑙 into the infinitesimal generator produces three basis vector
fields that span the symmetry algebra of system (3):

𝑋1 = 𝜕𝑡 ,

𝑋2 = 𝜕𝑥 ,

𝑋3 =

2∑︁
𝑙=1

(
𝑣𝑙𝜕𝑢𝑙 − 𝑢𝑙𝜕𝑣𝑙

)
.

(11)

3. SYMMETRY REDUCTION

We now perform the symmetry reduction of Eq. (1) associated with the vector field 𝜚1𝑋1 + 𝜚2𝑋2 + 𝑋3, where 𝜚1 and
𝜚2 are arbitrary constants, is obtained from Lagrange’s auxiliary equations:

𝑑𝑡

𝜚1
=

𝑑𝑥

𝜚2
=

𝑑𝑢1
𝑣1

=
𝑑𝑣1
−𝑢1

=
𝑑𝑢2
𝑣2

=
𝑑𝑣2
−𝑢2

. (12)

Solving Eq. (12) gives the similarity variables

𝜉 = 𝜚1𝑥 − 𝜚2𝑡, 𝑢𝑙 (𝑥, 𝑡) = 𝑃𝑙 (𝜉) cos𝑄, 𝑣𝑙 (𝑥, 𝑡) = 𝑃𝑙 (𝜉) sin𝑄, (13)

where 𝑄 = −𝜅𝑥 + 𝜔𝑡 + 𝜃0 and 𝑙 = 1, 2.
From Eq. (13), we obtain

𝑞(𝑥, 𝑡) = 𝑃1 (𝜉)𝑒𝑖𝑄,
𝑟 (𝑥, 𝑡) = 𝑃2 (𝜉)𝑒𝑖𝑄 .

(14)

Substituting the similarity form (14) into Eq. (1) and splitting the result into its real and imaginary components leads to
the following reduced system of ordinary differential equations:
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for 𝑙 = 1, 2, 𝑚 = 3 − 𝑙 :(
− 4 𝑐1𝑙 𝜅 𝜎1𝑙 + 𝑐2𝑙 𝜎7𝑙

)
𝜚3

1
𝑑3𝑃𝑙

𝑑𝜉3 + 𝑑𝑃𝑙

𝑑𝜉

{
𝜚1

[
4 𝑐1𝑙 𝜎1𝑙 𝜅

3 − 3 𝑐2𝑙 𝜎7𝑙 𝜅
2 − 2 𝜅 𝑎𝑙

]
− 𝜚2

+ 𝜚1

[ (
2𝜅 𝑐1𝑙 (𝜇𝑙 − 𝛼𝑙 − 𝛿𝑙) + 𝑐2𝑙 (𝜂𝑙 + 𝜀𝑙)

)
𝑃𝑙 (𝜉)2

]
+ 𝜚1

[ (
2𝜅 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) + 𝑐2𝑙 (𝜏𝑙 + 𝜃𝑙)

)
𝑃𝑚 (𝜉)2

]}
− 2𝔴𝑙 𝑐1𝑙 𝜅 𝜚1 𝑃𝑙 (𝜉) 𝑃𝑚 (𝜉)

𝑑𝑃𝑚

𝑑𝜉
= 0,

𝑐1𝑙 𝜚
4
1 𝜎1𝑙

𝑑4𝑃𝑙

𝑑𝜉4 +
(
− 6 𝑐1𝑙 𝜅

2 𝜎1𝑙 + 3 𝜅 𝑐2𝑙 𝜎7𝑙 + 𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑃𝑙 (𝜉)2 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑃𝑚 (𝜉)2 + 𝑎𝑙

)
𝜚2

1
𝑑2𝑃𝑙

𝑑𝜉2

+ 𝑃𝑙 (𝜉)
[
𝑐1𝑙 𝜅

4 𝜎1𝑙 − 𝑐2𝑙 𝜅
3 𝜎7𝑙 − 𝜅2

(
𝑐1𝑙 (𝜇𝑙 + 𝛼𝑙 + 𝛿𝑙 − 𝛾𝑙) 𝑃𝑙 (𝜉)2 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙 +𝔴𝑙 − 𝜆𝑙) 𝑃𝑚 (𝜉)2 + 𝑎𝑙

)
+ 𝜅 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙) 𝑃𝑙 (𝜉)2 − (𝜏𝑙 − 𝜃𝑙) 𝑃𝑚 (𝜉)2

)
+

(
ℎ𝑙 𝑐1𝑙 𝑃𝑚 (𝜉)4 + 𝑐𝑙 𝑃𝑚 (𝜉)2) ] + 𝑃𝑙 (𝜉) 𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙)

(
𝑑𝑃𝑙

𝑑𝜉

)2
𝜚2

1

+ 𝑐1𝑙 𝜚
2
1 (𝔴𝑙 + 𝜆𝑙)𝑃𝑙 (𝜉)

(
𝑑𝑃𝑚

𝑑𝜉

)2
− 𝜔 𝑃𝑙 (𝜉) + 𝑐1𝑙 𝑓𝑙 𝑃𝑙 (𝜉)5 +

(
𝑔𝑙 𝑐1𝑙 𝑃𝑚 (𝜉)2 + 𝑏𝑙

)
𝑃𝑙 (𝜉)3 = 0.

(15)

Taking the soliton speed 𝜚2 as

𝜚2 = 4 𝑐1𝑙 𝜅
3 𝜎1𝑙 𝜚1 − 3 𝑐2𝑙 𝜅

2 𝜎7𝑙 𝜚1 − 2 𝑎𝑙 𝜅 𝜚1, 𝑙 = 1, 2. (16)

Under the following parametric restrictions

2 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝜚1 𝜅 + 𝑐2𝑙 (𝜏𝑙 + 𝜃𝑙) 𝜚1 = 0,

2 (𝜇𝑙 − 𝛼𝑙 − 𝛿𝑙) 𝑐1𝑙 𝜚1 𝜅 + 𝑐2𝑙 (𝜂𝑙 + 𝜀𝑙) 𝜚1 = 0,

− 4 𝑐1𝑙 𝜅 𝜎1𝑙 + 𝑐2𝑙 𝜎7𝑙 = 0,

𝔴𝑙 = 0, 𝑙 = 1, 2.

(17)

Moreover, equating the two expressions for the wave speed and using the above parameter constraints yields

𝑎1 = 𝑎2 = 𝑎, 𝑐21 = 𝑐22 = 𝑐7, 𝜎71 = 𝜎72 = 𝜎7,

𝜁𝑙 = 2𝜎1𝑙
(𝜏𝑙 + 𝜃𝑙)

𝜎7
+ 𝜌𝑙 , 𝑙 = 1, 2,

𝜂𝑙 =
(−𝜇𝑙 + 𝛼𝑙 + 𝛿𝑙) 𝜎7

2𝜎1𝑙
− 𝜀𝑙 , 𝑙 = 1, 2,

𝑐11 = 𝑐12
𝜎12
𝜎11

, 𝑐7 =
4 𝑐12 𝜅 𝜎12

𝜎7
.

(18)

Consequently, the wave speed can be expressed in the equivalent form

𝜚2 = −2 𝜅 𝜚1
(
𝑐7 𝜅 𝜎7 + 𝑎

)
. (19)

Under these conditions, the system (15) reduces to:

𝜑
(𝑙)
1 𝑃5

𝑙 + 𝜑
(𝑙)
4 𝑃3

𝑙 + 𝜑
(𝑙)
5

(
𝑑2𝑃𝑙

𝑑𝜉2

)
𝑃2
𝑙 + 𝜑

(𝑙)
2 𝑃3

𝑙 𝑃
2
𝑚

+ 𝜑
(𝑙)
3 𝑃𝑙𝑃

4
𝑚 + 𝜑

(𝑙)
11 𝑃𝑙𝑃

2
𝑚 + 𝜑

(𝑙)
6

(
𝑑𝑃𝑙

𝑑𝜉

)2
𝑃𝑙 + 𝜑

(𝑙)
7

(
𝑑𝑃𝑚

𝑑𝜉

)2
𝑃𝑙

+ 𝜑
(𝑙)
8 𝑃𝑙 + 𝜑

(𝑙)
9

(
𝑑2𝑃𝑙

𝑑𝜉2

)
+ 𝜑

(𝑙)
10

(
𝑑4𝑃𝑙

𝑑𝜉4

)
= 0. (20)

Here, 𝑙 = 1, 2 and 𝑚 = 3 − 𝑙. The functions 𝑃𝑙 and 𝑃𝑚 depend on the similarity variable 𝜉, whereas 𝜑
(𝑙)
𝑖

(𝑖 =
1, 2, 3, . . . , 10) are arbitrary constants whose explicit expressions are listed in APPENDIX 1.
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4. EXACT SOLUTIONS
In this section, we obtain exact solutions of system (1) by solving the reduced system (20) via the Kumar–Malik

method. The main steps of the procedure are summarized as follows.

4.1. Kumar-Malik Method
The Kumar–Malik method offers a structured framework for deriving exact analytical solutions of nonlinear differ-

ential systems. In brief, the procedure consists of the following steps:

Step 1. Consider a general nonlinear system of ordinary differential equations of the form

F (𝑈,𝑈′,𝑈′′,𝑈′′′, . . .) = 0, (21)

where 𝑈 = (𝑈1 (𝜉), 𝑈2 (𝜉)) denotes the unknown vector function and the prime ( ′ ) indicates differentiation with respect
to 𝜉.

Step 2. Assume that each component 𝑈𝑙 (𝜉) can be represented as a finite polynomial in an auxiliary function 𝐺 (𝜉),
namely,

𝑈𝑙 (𝜉) = 𝐵
{𝑙}
0 + 𝐵

{𝑙}
1 𝐺 (𝜉) + 𝐵

{𝑙}
2 𝐺2 (𝜉) + · · · + 𝐵

{𝑙}
𝑁𝑙

𝐺𝑁𝑙 (𝜉), (22)

where 𝐵
{𝑙}
𝑗

( 𝑗 = 0, 1, 2, . . . , 𝑁𝑙) are constants to be determined. The function 𝐺 (𝜉) satisfies the following auxiliary
equation: (

𝐺′ (𝜉)
)2

= 𝛽4𝐺
4 (𝜉) + 𝛽3𝐺

3 (𝜉) + 𝛽2𝐺
2 (𝜉) + 𝛽1𝐺 (𝜉) + 𝛽0, (23)

where 𝛽 𝑗 ( 𝑗 = 0, 1, 2, 3, 4) are arbitrary parameters.

Step 3. The positive integers 𝑁𝑙 are determined by applying the homogeneous balance principle, matching the highest-order
derivative terms with the dominant nonlinear terms in Eq. (21).

Step 4. Substituting the polynomial ansatz (22) into Eq. (21) and using the auxiliary relation (23) to remove higher-order
derivatives of 𝐺 (𝜉) reduces Eq. (21) to a polynomial in 𝐺 (𝜉). By setting the coefficients of identical powers of 𝐺 (𝜉) equal
to zero, one obtains an algebraic system for the unknown parameters 𝐵

{𝑙}
𝑗

. Solving this algebraic system yields explicit
expressions for the coefficients.

Finally, inserting the computed constants 𝐵{𝑙}
𝑗

into (22) provides the closed-form expression of 𝑈𝑙 (𝜉), and hence an
exact solution of the original nonlinear system (21).

4.1.1. Family of Solutions to the Auxiliar Equation (23) In this subsection, we derive explicit solutions of the
auxiliary nonlinear ordinary differential equation

(𝐺′ (𝜉))2
= 𝛽4𝐺

4 (𝜉) + 𝛽3𝐺
3 (𝜉) + 𝛽2𝐺

2 (𝜉) + 𝛽1𝐺 (𝜉) + 𝛽0, (24)

in Jacobi elliptic, hyperbolic, and trigonometric forms. The resulting families are classified according to the parameter
regimes of 𝛽 𝑗 ( 𝑗 = 0, 1, 2, 3, 4).
Throughout this work, the quantities Δ1, Δ2, Δ3, and Δ4 are chosen as:

Δ1 = 4𝛽2𝛽4 − 𝛽2
3, Δ2 = 16𝛽2𝛽4 − 5𝛽2

3, Δ3 = 8𝛽2𝛽4 − 3𝛽2
3, Δ4 = − 𝛽3

4𝛽4
.

Case 1: Assume that 𝛽0 = 0 and 𝛽1 =
𝛽3Δ1

8𝛽2
4

. Under these assumptions, the auxiliary ODE admits the following Jacobi

elliptic function solutions for different parameter conditions:
Sub-case 1.1: If 𝛽4 < 0 and Δ1 > 0,

𝐺1 (𝜉) = Δ4 ±
𝛽3

4𝛽4
cn

(√︁
−𝛽4Δ1 𝜉

2𝛽4
,

𝛽3

2
√
Δ1

)
, (25)

𝐺2 (𝜉) = Δ4 ±
𝛽3

4𝛽4
dn

(
𝛽3𝜉

4
√
−𝛽4

,
2
√
Δ1

𝛽3

)
. (26)
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Sub-case 1.2: If 𝛽4 < 0, Δ1 < 0, and Δ2 < 0,

𝐺3 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

cn

(
−
√︁
𝛽4Δ1 𝜉

2𝛽4
,

√
Δ1Δ2
2Δ1

)
, (27)

𝐺4 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

dn

(
−
√︁
𝛽4Δ2 𝜉

4𝛽4
,

2
√
Δ1Δ2
Δ2

)
. (28)

Sub-case 1.3: If 𝛽4 < 0, Δ1 > 0, and Δ2 < 0,

𝐺5 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

nc

(√︁
−𝛽4Δ1 𝜉

2𝛽4
,

𝛽3

2
√
Δ1

)
, (29)

𝐺6 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

nd
(
− 𝛽3𝜉

4
√
−𝛽4

,
2
√
Δ1

𝛽3

)
. (30)

Sub-case 1.4: If 𝛽4Δ1 > 0 and Δ1Δ2 > 0,

𝐺7 (𝜉) = Δ4 ±
𝛽3

4𝛽4
nc

(√︁
𝛽4Δ1 𝜉

2𝛽4
,

√
Δ1Δ2
2Δ1

)
, (31)

𝐺8 (𝜉) = Δ4 ±
𝛽3

4𝛽4
nd

(√︁
𝛽4Δ2 𝜉

4𝛽4
,

2
√
Δ1Δ2
Δ2

)
. (32)

Sub-case 1.5: If 𝛽4 > 0 and Δ2 < 0,

𝐺9 (𝜉) = Δ4 ±
𝛽3

4𝛽4
ns

(
− 𝛽3𝜉

4
√
𝛽4

,

√
−Δ2
𝛽3

)
, (33)

𝐺10 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

ns

(
−
√︁
−𝛽4Δ2 𝜉

4𝛽4
,

𝛽3√
−Δ2

)
, (34)

𝐺11 (𝜉) = Δ4 ±
𝛽3

4𝛽4
sn

(
− 𝛽3𝜉

4
√
𝛽4

,

√
−Δ2
𝛽3

)
, (35)

𝐺12 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

sn

(
−
√︁
−𝛽4Δ2 𝜉

4𝛽4
,

𝛽3√
−Δ2

)
. (36)

Case 2: 𝛽0 =
Δ2

1
64𝛽3

4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Then the auxiliary ODE admits the following hyperbolic, and trigonometric function

solutions under different conditions:

Sub-case 2.1: 𝛽4 > 0, Δ3 < 0

𝐺13 (𝜉) = Δ4 ±
√
−Δ3
4𝛽4

tanh

(√︁
−𝛽4Δ3 𝜉

4𝛽4

)
, (37)

𝐺14 (𝜉) = Δ4 ±
√
−Δ3
4𝛽4

coth

(√︁
−𝛽4Δ3 𝜉

4𝛽4

)
. (38)

Sub-case 2.2: 𝛽4 > 0, Δ3 > 0
In this case, the resulting solutions are periodic and fall outside the scope of the present study; hence, they are omitted.

Case 3: 𝛽0 =
𝛽2

3Δ2

256𝛽3
4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Under these conditions, the auxiliary ODE admits the following hyperbolic and

trigonometric function solutions for various parameter regimes:
Sub-case 3.1: 𝛽4 < 0, Δ3 < 0

𝐺17 (𝜉) = Δ4 ±
√
−2Δ3
4𝛽4

sech

(√︁
2𝛽4Δ3 𝜉

4𝛽4

)
. (39)
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Sub-case 3.2: 𝛽4 > 0, Δ3 > 0

𝐺18 (𝜉) = Δ4 ±
√

2Δ3
4𝛽4

csch

(√︁
2𝛽4Δ3 𝜉

4𝛽4

)
. (40)

Sub-case 3.3: 𝛽4 > 0, Δ3 < 0
In this case, the corresponding solutions are beyond the scope of the present work and are therefore not presented.

Case 4: 𝛽0 = 0, 𝛽1 = 0, 𝛽3 = 0

𝐺21 (𝜉) =
4𝜌𝛽2

4𝜌2e
√
𝛽2 𝜉 − 𝛽4𝛽2e−

√
𝛽2 𝜉

. (41)

4.2. Application of Kumar-Malik Method
Assume that the solution of Eq. (20) is sought in the form:

𝑃𝑙 (𝜉) = 𝐴
(𝑙)
0 + 𝐴

(𝑙)
1 𝑅(𝜉) + 𝐴

(𝑙)
2 𝑅2 (𝜉) + 𝐴

(𝑙)
3 𝑅3 (𝜉) + ... + 𝐴

(𝑙)
𝑁𝑙
𝑅𝑁𝑙 (𝜉), (42)

where 𝑙 = 1, 2. Substituting the ansatz (42) with 𝑁𝑙 = 1 into the reduced system (20), and following the procedure outlined
in Section 4.1, we obtain two polynomial expressions in 𝑅(𝜉). Equating to zero the coefficients of each power of 𝑅(𝜉)
(together with the constant terms) produces an algebraic system for the unknown parameters. Solving this system yields
the following values:

𝐴
(1)
0 = − 𝛽3

√
30 𝜗1

4𝛽4 𝜗2
, 𝐴

(1)
1 =

4𝐴(1)
0
𝛽3

,

𝐴
(2)
0 = −

𝛽3
√

30
√︃
𝛽4𝜗3 𝜎7𝜎12

(
(𝛼1 + 𝛾1)𝜎12 + 𝜆2𝜎11

)
𝜚1

4𝛽4 𝜗3
, 𝐴

(2)
1 =

4𝐴(2)
0
𝛽3

𝜗3,

𝑏1 =
−160𝐹1𝛽𝑐12𝜎

3
12𝜚

2
1 + 80𝐹4𝑎𝛽4𝜎

2
11𝜎7 + 𝐹2𝜎

2
12 + 𝐹3𝜎11𝜎12

240 𝛽4 𝜎7 𝜎12 𝜎11
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

) ,

𝑏2 =
−160𝐹11𝛽𝑐12𝜎

3
12𝜚

2
1 − 80𝐹44𝑎𝛽4𝜎11𝜎7 + 𝐹22𝜎

2
12 + 𝐹33𝜎12

240 𝛽4 𝜎7 𝜎12
(
𝜎12 (𝛼1 + 𝛾1) − 𝜆2𝜎11

) ,

𝛿1 =
𝜎2

11
(
𝐸1 𝜎12 + 2𝐸2 𝜎7

)
− 𝜎11𝜎12

(
𝐸3 𝜎12 + 𝐸4 𝜎7

)
+ 𝜎2

12𝜎7𝐸5

𝜎7 𝜎12
[
− 𝜆1𝜎12 + 𝜎11 (𝛼2 + 𝛾2)

] ,

𝑓1 =

𝑋7 𝜎
4
12 + 𝑋8 𝜎

3
12 + 𝑋9 𝜎

2
12 +

(
16 𝑋1 𝜎

3
11 𝜎7 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2) + 6 𝑋1𝑋2 𝜎

2
11 𝜎

2
7

)
𝜎12 + 8 𝑋2

1 𝜎3
11 𝜎

2
7

50𝜎2
7 𝜎2

12
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

)2 ,

𝑓2 =
8𝜆2

1 𝜎
4
12 (𝜏2 + 𝜃2)2 + 50 𝑋10 𝜆1 𝜎

3
12 + 𝑋11 𝜎

2
12 + 50 𝑋12 𝜎11 𝜎7 𝜎12 + 8 𝑋2

1 𝜎2
11 𝜎

2
7

50𝜎2
7 𝜎12

(
𝜆2𝜎11 − (𝛼1 + 𝛾1)𝜎12

)2 ,

𝜅 =

√√√
2
[ ( 3𝛽2

3
8 − 𝛽2𝛽4

)
𝑐12𝜚

2
1𝜎12 − 𝑎𝛽4

]
𝑐12𝜎12𝛽4

𝜔 =
18432𝜆1𝜚

4
1𝑐

2
12𝜎

4
12 (𝜏2 + 𝜃2)𝑍1 + 4608 𝜚4

1𝑐
2
12𝜎

3
12𝑍5 − 𝜎2

12𝑍6 − 128 𝑎2𝛽2
4𝜎12𝑍7 − 128𝜎7𝑎

2𝜎11𝛽
2
4𝑍2

1536𝜎12𝛽
2
4𝑐12

(
𝜆1𝜎

2
12 (𝜏2 + 𝜃2) − 𝜎12𝑍7 − 𝜎7𝜎11𝑍2

) .

See ?? for further details. Substituting the above parameter values into the similarity form (14), the solution of Eq. (1)
can be written as:

𝑞(𝑡, 𝑥) = 𝑃1 (𝑡, 𝑥)𝑒𝑖 (−𝜅𝑥+𝜔𝑡+𝜃0 ) ,

𝑟 (𝑡, 𝑥) = 𝑃2 (𝑡, 𝑥)𝑒𝑖 (−𝜅𝑥+𝜔𝑡+𝜃0 ) ,
(43)
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where the functions 𝑃𝑙 (𝑡, 𝑥) (𝑙 = 1, 2) are specified in the cases listed below.
Throughout this paper, the constants 𝐶0,𝑙 and 𝐶1,𝑙 are defined by:

𝐶0,𝑙 =

{
𝐴
(1)
0 , 𝑙 = 1,

𝐴
(2)
0 , 𝑙 = 2,

𝐶1,𝑙 =

{
𝐴
(1)
1 , 𝑙 = 1,

𝐴
(2)
1 , 𝑙 = 2.

Case 1: Assume that 𝛽0 = 0 and

𝛽1 =
𝛽3

(
4𝛽2𝛽4 − 𝛽2

3
)

8𝛽2
4

.

Under these assumptions, 𝑃𝑙 (𝑡, 𝑥) admits the following Jacobi elliptic function solutions:
Sub-case 1.1: If 𝛽4 < 0 and Δ1 > 0, then

𝑃
(1)
𝑙

(𝑡, 𝑥) = 𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

cn
(√︁−𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

𝛽3

2
√
Δ1

))
, (44)

𝑃
(2)
𝑙

(𝑡, 𝑥) = 𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

dn
(
𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
−𝛽4

,
2
√
Δ1

𝛽3

))
. (45)

Sub-case 1.2: If 𝛽4 < 0, Δ1 < 0, and Δ2 < 0,

𝑃
(3)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

cn
(
−

√︁
𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

√
Δ1Δ2
2Δ1

))
, (46)

𝑃
(4)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

dn
(
−

√︁
𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

2
√
Δ1Δ2
Δ2

))
. (47)

Sub-case 1.3: If 𝛽4 < 0, Δ1 > 0, and Δ2 < 0,

𝑃
(5)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

nc
(√︁−𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

𝛽3

2
√
Δ1

))
, (48)

𝑃
(6)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

nd
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
−𝛽4

,
2
√
Δ1

𝛽3

))
. (49)

Sub-case 1.4: If 𝛽4Δ1 > 0 and Δ1Δ2 > 0,

𝑃
(7)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

nc
(√︁

𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)
2𝛽4

,

√
Δ1Δ2
2Δ1

))
, (50)

𝑃
(8)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

nd
(√︁

𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)
4𝛽4

,
2
√
Δ1Δ2
Δ2

))
. (51)

Sub-case 1.5: If 𝛽4 > 0 and Δ2 < 0,

𝑃
(9)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

ns
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
𝛽4

,

√
−Δ2
𝛽3

))
, (52)

𝑃
(10)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

ns
(
−

√︁
−𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

𝛽3√
−Δ2

))
, (53)

𝑃
(11)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

sn
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
𝛽4

,

√
−Δ2
𝛽3

))
, (54)

𝑃
(12)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

sn
(
−

√︁
−𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

𝛽3√
−Δ2

))
. (55)

Case 2: 𝛽0 =
Δ2

1
64𝛽3

4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Under these conditions, 𝑃𝑙 (𝑡, 𝑥) admits the following hyperbolic and trigonometric

function solutions for the corresponding parameter regimes: Sub-case 2.1: 𝛽4 > 0, Δ3 < 0

𝑃
(13)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ3
4𝛽4

tanh
(√︁−𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
, (56)
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𝑃
(14)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ3
4𝛽4

coth
(√︁−𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
. (57)

Sub-case 2.2: 𝛽4 > 0, Δ3 > 0
In this case, the solutions are periodic; since they are not central to the objectives of this study, they are not pursued

further.
Case 3: 𝛽0 =

𝛽2
3Δ2

256𝛽3
4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Accordingly, 𝑃𝑙 (𝑡, 𝑥) admits the following hyperbolic and trigonometric solutions under

the associated parameter conditions:
Sub-case 3.1: 𝛽4 < 0, Δ3 < 0

𝑃
(17)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−2Δ3
4𝛽4

sech
(√︁2𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
. (58)

Sub-case 3.2: 𝛽4 > 0, Δ3 > 0

𝑃
(18)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
2Δ3

4𝛽4
csch

(√︁2𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)
4𝛽4

))
. (59)

Sub-case 3.3: 𝛽4 > 0, Δ3 < 0
Although this case yields periodic waveforms, they are not relevant to the aims of the present analysis and are

therefore omitted.
Case 4: 𝛽0 = 0, 𝛽1 = 0, 𝛽3 = 0, 𝛽2 > 0

𝑃
(21)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
4𝜌𝛽2

4𝜌2e
√
𝛽2 ( 𝜚1𝑥− 𝜚2𝑡 ) − 𝛽4𝛽2e−

√
𝛽2 ( 𝜚1𝑥− 𝜚2𝑡 )

)
. (60)

5. GRAPHICAL REPRESENTATION AND PHYSICAL INTERPRETATION
In this section, we examine the spatiotemporal evolution of the coupled complex fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) arising

from the general traveling–wave representation (43), using two distinct closed-form choices for the amplitude functions.
Specifically, we consider the dark-soliton profiles given in (56) and the bright-soliton profiles given in (58). For visual-
ization, we display the corresponding intensities |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 using 3D surface plots, contour maps, and 2D
cross-sections at several fixed time levels.

5.1. Dark Soliton Dynamics
Figure 1 displays the intensity distributions obtained by inserting (56) into the traveling–wave form (43). The

resulting dark-soliton profile is characterized by an intensity dip superimposed on a nonzero continuous background. This
localized notch travels along the trajectory specified by the wave variable 𝜉 = 𝜚1𝑥 − 𝜚2𝑡, which appears in the contour
plots as an oblique band marking the transition region. Such behavior is typical of dark solitons: the field approaches a
finite pedestal as |𝜉 | → ∞, while the dispersion–nonlinearity balance sustains a stable localized depression that retains its
shape during propagation. From a physical viewpoint, dark solitons are commonly associated with defocusing nonlinear
regimes (or an effective defocusing response in coupled settings), where the nonlinear interaction supports a robust dip on
a finite background rather than a localized peak.

5.2. Bright Soliton Dynamics
Figure 2 depicts the spatiotemporal behavior obtained by substituting (58) into the traveling–wave expression (43).

Unlike the dark-soliton case, the bright-soliton profile exhibits a localized intensity peak that attains its maximum near the
soliton core and decays rapidly as |𝜉 | increases. In the contour maps, this structure appears as a thin ridge propagating
along the characteristic direction prescribed by 𝜉 = 𝜚1𝑥− 𝜚2𝑡, indicating a coherent pulse traveling with the corresponding
wave speed. This is the defining signature of a bright soliton, namely a self-confined wave packet sustained by the balance
between dispersion (or diffraction) and nonlinear self-focusing. Physically, bright solitons are typically supported in
focusing nonlinear regimes (or in coupled systems with an effective focusing response), where the nonlinear interaction
counteracts dispersive spreading and maintains a stable localized hump.
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Figure 1. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) corresponding
to the analytical solution (43) constructed from the dark soliton solution (56). The first row depicts |𝑞(𝑥, 𝑡) |2, while the
second row depicts |𝑟 (𝑥, 𝑡) |2. The 2D panels show |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 as functions of 𝑥 at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

5.3. Comparison and Physical Meaning

A comparison of Figures 1 and 2 reveals the qualitative distinctions between the two solution classes:

• Background behavior: The dark-soliton pattern propagates as an intensity depression on a finite continuous
background, whereas the bright-soliton pattern manifests as a localized intensity hump that decays rapidly away
from its center.

• Type of localization: The bright soliton is localized through spatial confinement of a peak, while the dark soliton
is localized via a notch embedded in a nonzero pedestal.

• Propagation characteristics: In both cases, the waveforms translate along the traveling variable 𝜉 = 𝜚1𝑥 − 𝜚2𝑡

without distortion, with an effective speed determined by 𝜚2/𝜚1.

• Coupled-field features: The two intensities |𝑞 |2 and |𝑟 |2 exhibit the same traveling structure, but their amplitudes
and offsets can differ according to the free parameters in (43), indicating how the coupling redistributes energy
between the polarization modes.

Hence, the two functional profiles describe distinct nonlinear propagation regimes within the same coupled framework:
a dark-soliton regime characterized by intensity depletion on a continuous-wave background, and a bright-soliton regime
characterized by a self-confined pulse supported by effective focusing. The numerical visualizations corroborate the
solitonic character of the derived closed-form solutions and demonstrate that the selected amplitude profile governs the
qualitative propagation physics in the modeled birefringent medium.
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Figure 2. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) corresponding
to the analytical solution (43) constructed from the bright soliton solution (58). The first row depicts |𝑞(𝑥, 𝑡) |2, while the
second row depicts |𝑟 (𝑥, 𝑡) |2. The 2D panels show |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 as functions of 𝑥 at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

6. CONCLUSIONS

In this work, we investigated a generalized concatenation model for birefringent optical fibers and derived new exact
soliton solutions. By means of Lie symmetry analysis, the coupled nonlinear evolution equations were reduced, through
appropriate similarity variables, to a tractable system of ordinary differential equations. The reduced system was then solved
analytically using the Kumar–Malik method, which produced several families of closed-form solutions expressed in Jacobi
elliptic, hyperbolic, and trigonometric functions. For suitable parameter constraints, these solution families degenerate
to the standard bright-, dark-, and periodic-soliton regimes, thereby demonstrating that the model supports qualitatively
distinct waveform classes within a unified higher-order coupled framework. Representative graphical illustrations further
confirmed the physical relevance of the obtained structures and highlighted the influence of parameters on the propagation
characteristics.

Overall, the combination of symmetry reduction and the Kumar–Malik technique provides an efficient analytical
route for exploring higher-order coupled optical systems. The explicit solutions reported here can serve as benchmark test
cases for numerical simulations and may facilitate further theoretical studies. Possible extensions include the investigation
of perturbed or fractional forms of the concatenation model, the derivation of conservation laws, and a detailed analysis
of modulation instability, as well as interaction dynamics among solitons, breathers, and other localized waveforms in
birefringent media.
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APPENDIX 1

𝜑
(𝑙)
1 =

{
𝑐12 𝜎12 𝜎7 𝑓1, 𝑙 = 1
𝑐12 𝜎7 𝑓2, 𝑙 = 2

𝜑
(𝑙)
2 =

{
𝑐12 𝜎12 𝜎7 𝑔1, 𝑙 = 1
𝑐12 𝜎7 𝑔2, 𝑙 = 2

𝜑
(𝑙)
3 =

{
𝑐12 𝜎12 𝜎7 ℎ1, 𝑙 = 1
𝑐12 𝜎7 ℎ2, 𝑙 = 2

𝜑
(𝑙)
4 =

{
𝑐12 𝜅

2 𝜎12 (𝛼1 + 𝛿1 + 𝛾1 − 3𝜇1) + 𝑏1𝜎11𝜎7 − 8𝑐12𝜅
2𝜎11𝜎12𝜀1, 𝑙 = 1

𝑐12 𝜅
2 (𝛼2 + 𝛿2 + 𝛾2 − 3𝜇2) + 𝑏2𝜎7 − 8𝑐12𝜅

2𝜎12𝜀2, 𝑙 = 2

𝜑
(𝑙)
5 =

{
𝑐12 𝜎12 𝜎7 𝜚

2
1 (𝛿1 + 𝜇1), 𝑙 = 1

𝑐12 𝜎7 𝜚
2
1 (𝛿2 + 𝜇2), 𝑙 = 2

𝜑
(𝑙)
6 =

{
𝑐12 𝜎12 𝜎7 (𝛼1 + 𝛾1)𝜚2

1, 𝑙 = 1
𝑐12 𝜎7 (𝛼2 + 𝛾2)𝜚2

1, 𝑙 = 2

𝜑
(𝑙)
7 =

{
𝜆1 𝜎12 𝜚

2
1 𝑐12 𝜎7, 𝑙 = 1

𝜆2 𝜚
2
1 𝑐12 𝜎7, 𝑙 = 2

𝜑
(𝑙)
8 =

{
−3𝑐12𝜅

4𝜎11𝜎12𝜎7 − 𝑎𝜅2𝜎11𝜎7 − 𝜔𝜎11𝜎7, 𝑙 = 1
−3𝑐12𝜅

4𝜎12𝜎7 − 𝑎𝜅2𝜎7 − 𝜔𝜎7, 𝑙 = 2

𝜑
(𝑙)
9 =

{
6𝑐12𝜅

2𝜎11𝜎12𝜚
2
1 + 𝑎𝜎11𝜎7𝜚

2
1, 𝑙 = 1

6𝑐12𝜅
2𝜎12𝜎7𝜚

2
1 + 𝑎𝜎7𝜚

2
1, 𝑙 = 2

𝜑
(𝑙)
10 =

{
𝜎11𝜎12𝜚

4
1𝑐12𝜎7, 𝑙 = 1

𝜎12𝜚
4
1𝑐12𝜎7, 𝑙 = 2

𝜑
(𝑙)
11 =

{
𝑐12𝜅

2𝜎12𝜎7𝜆1 − 2𝑐12𝜅
2𝜎12𝜎7𝜌1 − 6𝑐12𝜅

2𝜎11𝜎12𝜏1 + 2𝑐12𝜅
2𝜎11𝜎12𝜃1 + 𝑐1𝜎11𝜎7, 𝑙 = 1

𝑐12𝜅
2𝜎7𝜆2 − 2𝑐12𝜅

2𝜎7𝜌2 − 6𝑐12𝜅
2𝜎12𝜏2 + 2𝑐12𝜅

2𝜎12𝜃2 + 𝑐2𝜎7. 𝑙 = 2

APPENDIX 2
APPLICATION OF KUMAR-MALIK METHOD

Let the solution of Eq. (20) takes the form:

𝑃𝑙 (𝜉) = 𝐴
(𝑙)
0 + 𝐴

(𝑙)
1 𝑅(𝜉) + 𝐴

(𝑙)
2 𝑅2 (𝜉) + 𝐴

(𝑙)
3 𝑅3 (𝜉) + ... + 𝐴

(𝑙)
𝑁𝑙
𝑅𝑁𝑙 (𝜉), (61)

where 𝑙 = 1, 2. Substituting Eq. (61) with 𝑁𝑙 = 1 into system (20), and using procedure mentioned in Section 4.1, we
arrive at two polynomial equations in 𝑅(𝜉). Setting the coefficients of powers of 𝑅(𝜉), combined with the constant terms,
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to zero yields the system of equations, after solving that system gives the values of 𝐴(1)
0 , 𝐴

(1)
1 , 𝐴

(2)
0 , 𝐴

(2)
1 , 𝑏1, 𝑏2, 𝛿1, 𝑓1, 𝑓2

and 𝜔 as follows:

• 𝐴
(1)
0 = − 𝛽3

√
30 𝜗1

4𝛽4 𝜗2
, 𝐴

(1)
1 =

4𝐴(1)
0
𝛽3

,

𝐴
(2)
0 = −

𝛽3
√

30
√︃
𝛽4𝜗3 𝜎7𝜎12

(
(𝛼1 + 𝛾1)𝜎12 + 𝜆2𝜎11

)
𝜚1

4𝛽4 𝜗3
, 𝐴

(2)
1 =

4𝐴(2)
0 𝜗3

𝛽3

where

𝜗1 =

√︃
𝛽4 𝜚

2
1 𝜎7𝜎12

(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

)
,

𝜗2 =
(
(𝜏2 + 𝜃2)𝜎11 + (𝛼1 + 𝛾1)𝜎7

)
𝜎12 + 𝜌2𝜎11𝜎7,

𝜗3 = 2𝜆1 (𝜏2 + 𝜃2)𝜎2
12 +

[
((−2𝛼1 − 2𝛾1)𝛼2 + (−2𝛼1 − 2𝛾1)𝛾2 + (2𝜆2 + 2𝜌2)𝜆1 − (𝛼1 + 𝛾1) (𝜇2 + 𝛿2))𝜎7

− 2𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2)
]
𝜎12 + 𝜎11 (−2𝜌2𝛼2 − 2𝜌2𝛾2 + 𝜆2 (𝜇2 + 𝛿2))𝜎7.

(62)

• 𝑏1 =
−160𝐹1𝛽𝑐12𝜎

3
12𝜚

2
1 + 80𝐹4𝑎𝛽4𝜎

2
11𝜎7 + 𝐹2𝜎

2
12 + 𝐹3𝜎11𝜎12

240 𝛽4 𝜎7 𝜎12 𝜎11
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

) ,

𝑏2 =
−160𝐹11𝛽𝑐12𝜎

3
12𝜚

2
1 − 80𝐹44𝑎𝛽4𝜎11𝜎7 + 𝐹22𝜎

2
12 + 𝐹33𝜎12

240 𝛽4 𝜎7 𝜎12
(
𝜎12 (𝛼1 + 𝛾1) − 𝜆2𝜎11

)
where

𝐹1 =

[ (
− 7𝜃2

10 − 2𝜀1 − 7𝜏2
10

)
𝜆1 + 2𝜏1 (𝛼1 + 𝛾1)

]
𝜎11 + 𝜎7

[
− 𝜇1𝜆1 + 𝜌1 (𝛼1 + 𝛾1)

]
,

𝐹11 = 2𝜀2 (𝛼1 + 𝛾1) − 7
10 (𝜃2 + 27𝜏2

7 )𝜆1,

𝐹2 = −112 𝑐12 𝛽 𝜚2
1 𝜎

2
11

[
(𝜏2 + 𝜃2 + 20𝜀1

7 ) (𝛼2 + 𝛾2) − 20𝜏1𝜆2
7

]
+ 88 𝑐12 𝛽2 𝜎7 𝜚

2
1

[
(𝛼1 + 𝛾1 − 20𝜇1

11 ) (𝛼2 + 𝛾2) + (−𝜆2 + 14𝜌2
11 )𝜆1 + (− 7𝛿2

11 − 7𝜇2
11 ) (𝛼1 + 𝛾1) + 20𝜌1𝜆2

11

]
− 240 𝑐1 𝜎7 (𝛼1 + 𝛾1) − 320 𝑎 𝛽4

[ ( 𝜃2
4 − 𝜀1 + 𝜏2

4
)
𝜆1 + 𝜏1 (𝛼1 + 𝛾1)

]
− 33 𝑐12 𝛽

2
3 𝜎7 𝜚

2
1

[
(𝛼1 + 𝛾1 − 20𝜇1

11 ) (𝛼2 + 𝛾2) + (−𝜆2 + 14𝜌2
11 )𝜆1 + (− 7𝛿2

11 − 7𝜇2
11 ) (𝛼1 + 𝛾1) + 20𝜌1𝜆2

11

]
𝜎11

− 160 𝑎 𝛽4 𝜎7
[
− 𝜇1𝜆1 + 𝜌1 (𝛼1 + 𝛾1)

]
,

𝐹22 = 88 𝑐12 𝛽2 𝜚
2
1 𝜎7

[
(𝛾2 − 27𝜇2

11 + 𝛼2 − 7𝛿2
11 )𝛼1 + 𝛼2𝛾1 + (𝛾2 − 27𝜇2

11 − 7𝛿2
11 )𝛾1 − 𝜆1 (𝜆2 − 34𝜌2

11 )
]

− 14
11 𝑐12 𝛽2 𝜎11 𝜚

2
1

[
(𝜃2 + 27𝜏2

7 ) (𝛼2 + 𝛾2) − 20𝜆2𝜀2
7

]
+ 240 𝑐2 𝜎7 𝜆1 𝛽4 − 320 𝑎 𝛽4

[
𝜀2 (𝛼1 + 𝛾1) + 𝜆1

(𝜃2−3𝜏2 )
4

]
− 33 𝑐12 𝛽

2
3 𝜚2

1

[
(𝛾2 − 27𝜇2

11 + 𝛼2 − 7𝛿2
11 )𝛼1 + 𝛼2𝛾1 + (𝛾2 − 27𝜇2

11 − 7𝛿2
11 )𝛾1

− 𝜆1 (𝜆2 − 34𝜌2
11 ) − 14𝜎11

11

[
(𝜃2 + 27𝜏2

7 ) (𝛼2 + 𝛾2) − 20𝜆2𝜀2
7

] ]
,

𝐹3 = − 14
5 𝑐12 𝛽2 𝛽4 𝜎7 𝜚

2
1
[
𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )

2
]
+ 6 𝑐1 𝜎7 𝜆2 𝛽4

+ 2 𝑎 𝛽4

[
(𝜏2 + 𝜃2 − 4𝜀1) (𝛼2 + 𝛾2) + 4𝜏1𝜆2

]
+ 21

20 𝑐12 𝛽
2
3 𝜎11 𝜎7 𝜚

2
1
[
𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )

2
]

+ 𝑎 𝛽4 𝜎7

[
(𝛼1 + 𝛾1 − 4𝜇1) (𝛼2 + 𝛾2) + (−𝜆2 − 2𝜌2)𝜆1 + (𝜇2 + 𝛿2) (𝛼1 + 𝛾1) + 4𝜌1𝜆2

]
,

𝐹33 = 40
{
𝛽4

[
− 272 𝑐12 𝛽2 𝜎11 𝜎7 𝜚

2
1

(
𝜌2 (𝛼2 + 𝛾2) −

27𝜆2 (𝜇2+
7𝛿2
27 )

34

)
− 240 𝑐2 𝜎11 𝜎7 (𝛼2 + 𝛾2)

]
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+ 40 𝑎 𝛽4 𝜎7

[
(𝛾2 − 3𝜇2 + 𝛼2 + 𝛿2)𝛼1 + 𝛼2𝛾1 + (𝛾2 − 3𝜇2 + 𝛿2)𝛾1 − 𝜆1 (𝜆2 − 2𝜌2)

]
+ 80 𝑎 𝛽4 𝜎11

[
(𝜃2 − 3𝜏2) (𝛼2 + 𝛾2) + 4𝜆2𝜀2

]
+ 102 𝑐12 𝛽

2
3 𝜎11 𝜎7 𝜚

2
1

[
𝜌2 (𝛼2 + 𝛾2) −

27𝜆2 (𝜇2+
7𝛿2
27 )

34

]}
,

𝐹4 = 𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )
2 ,

𝐹44 = 𝜌2 (𝛼2 + 𝛾2) −
3𝜆2 (𝜇2−

𝛿2
3 )

2 ,

𝛽 = 𝛽2𝛽4 −
3𝛽2

3
8 .

• 𝛿1 =
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(
𝐸1 𝜎12 + 2𝐸2 𝜎7

)
− 𝜎11𝜎12

(
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)
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12𝜎7𝐸5

𝜎7 𝜎12
[
− 𝜆1𝜎12 + 𝜎11 (𝛼2 + 𝛾2)

] .

where
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𝐸5 = 𝜆1𝜇1 − 2𝜌1 (𝛼1 + 𝛾1).

• 𝑓1 =

𝑋7 𝜎
4
12 + 𝑋8 𝜎

3
12 + 𝑋9 𝜎

2
12 +

(
16 𝑋1 𝜎

3
11 𝜎7 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2) + 6 𝑋1𝑋2 𝜎

2
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2
7

)
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2
7
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ОПТИЧНI СОЛIТОНИ ДЛЯМОДЕЛI КОНКАТЕНАЦIЇ З ДИФЕРЕНЦIАЛЬНОЮ ГРУПОВОЮ
ЗАТРИМКОЮ, ПОБУДОВАНI НА ОСНОВI СИМЕТРIЇ ЛI ТА ПIДХОДУ КУМАРА-МАЛIКА
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У цiй роботi розглядається узагальнена модель конкатенацiї для двопроменевих оптичних волокон та отриманi новi точнi
солiтоннi розв’язки. Використовуючи аналiз симетрiї Лi, зв’язанi еволюцiйнi рiвняння перетворюються через вiдповiднi змiннi
подiбностi в керовану систему звичайних диференцiальних рiвнянь. Отримана редукована система потiм обробляється мето-
дом Кумара-Малiка для отримання кiлькох класiв явних розв’язкiв, записаних елiптичними, яскравими солiтонними, темними
солiтонними та тригонометричними розв’язками Якобi. З вiдповiдними обмеженнями параметрiв цi класи спрощуються до
знайомих яскравих, темних та перiодичних солiтонних хвиль. Для iлюстрацiї фiзичної поведiнки отриманих структур пред-
ставленi репрезентативнi графiки, якi пiдкреслюють їхнi особливостi поширення та якiсну стабiльнiсть. Загалом, поєднання
редукцiї симетрiї зi схемою Кумара-Малiка розширює каталог аналiтичних розв’язкiв для моделi конкатенацiї та поглиблює
розумiння нелiнiйної динамiки iмпульсiв у двопроменевих середовищах.
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