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Thermophysical analysis of heat and mass transmission has many potential uses in solar collectors, chemical reactors, medicinal
devices, and sophisticated cooling systems, among other applications. Owing to this incentive, the present work often employs response
surface methodology for heat and mass transfer analysis of a Casson hybrid nanofluid over a permeable stretching sheet with convective
and radiative effects. The control system of the PDEs defining the developed model is transformed into a coupled set of nonlinear
ODE:s by applying appropriate similarity transformations. The shooting method, implemented with MATLAB's BVP4c solver, is used
to numerically integrate these simplified equations. Using tabulated data and graphical representations, the effects of relevant physical
parameters on the distributions of velocity, temperature, and concentration are systematically examined. Additionally, Response
Surface Methodology is used to statistically evaluate key response variables across a broad range of governing parameters, such as the
skin-friction coefficient, heat, and mass-transfer rates. The findings show that increasing the Casson parameter reduces the temperature
profile because the fluid's effective yield stress decreases. Furthermore, due to increased Lorentz forces, a higher magnetic field
considerably reduces fluid velocity. Additionally, it has been observed that an increased solid volume fraction raises the nanofluid's
temperature due to enhanced thermal conductivity. The statistical analysis indicates that the mass-transfer accuracy for the derived
mathematical model in kerosene is 99.85%.

Keywords: Casson Hybrid nanofluid; MHD; Porous stretching sheet; Chemical Reaction; Response Surface Method (RSM)
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INTRODUCTION

A stretching sheet is a theoretical and practical concept in fluid mechanics where a flexible sheet is continuously
stretched in a particular direction, typically in an unbounded fluid medium. Also, stretching sheets are studied to improve
heat transfer efficiency in cooling systems, in energy-efficient coatings, and smart materials. Furthermore, to boost the
heat transfer, the researchers added the nanoparticles to the conventional fluids, such as nanofluid, first coined. The
dispersion of a single type of nanoparticle in a base fluid is often insufficient to attain the enhanced thermal performance
required in advanced heat transfer applications. To overcome this limitation, a mixture of two distinct nanoparticles
suspended in a base fluid referred to as a hnf has been introduced to improve thermophysical properties. The influence of
magnetohydrodynamics (MHD) on nanofluid flow plays a crucial role in controlling fluid motion and heat transfer
behavior, and its significance has been demonstrated across numerous practical engineering and industrial applications.
In this area of research, Crane [1] was the first to present the fundamental two-dimensional boundary layer solution for
flow induced by a stretching surface. Subsequently, Khashi’ie et al. [2] conducted a numerical study on the heat transfer
behavior of an MHD hybrid nanofluid (Al,Os/H20) over a stretching sheet. Shoaib et al. [3] analyzed the influence of
system rotation on magnetized hybrid nanofluid flow past an extending surface, while more recently, Sreedevi et al. [4]
explored the transient magnetohydrodynamic heat and mass transfer characteristics of hybrid nanofluid flow over a
stretching sheet. The impact of thermal radiation on magnetohydrodynamic hybrid nanofluid flow over a stretched wedge
was investigated by Waini et al. [5], underscoring the growing significance of radiative effects in hybrid nanofluid
transport. The behavior of unstable magnetohydrodynamic hybrid nanofluid flow over a stretching surface was examined
by Santhi et al. [6].

The function of velocity slip in both steady and unsteady flow regimes across a stretching sheet. Dinarvand et al. [7]
conducted a detailed study on the flow and thermal characteristics near the stagnation region of a shrinking porous surface.
Haq et al. [8] explored the heat transfer performance of a Newtonian hybrid nanofluid containing Cu and Al-Os
nanoparticles over a stretching sheet. Shah et al. [9] assessed the thermal efficiency of magnetohydrodynamic hybrid
nanofluid flow along a stretching surface. Elattar et al. [10] analyzed the flow behavior of an electrically conducting
hybrid nanofluid over a thin, non-porous stretching sheet. Farooq et al. [11] investigated the coupled influence of surface
permeability, internal heat source or sink, and thermal radiation on magnetohydrodynamic nanofluid flow over an inclined
stretching surface. Non-Newtonian fluids such as Casson fluids are characterized by the presence of a yield stress,
exhibiting solid-like behavior until a critical stress limit is exceeded. These fluids are widely employed to represent
practical materials including blood, printing inks, and food products such as tomato paste. Consequently, considerable
research attention has been devoted to Casson nanofluid flow over stretching surfaces. In this sense, under constant
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boundary layer conditions, Bhattacharyya [12] investigated the velocity and thermal properties of Casson fluid flow
toward a stretching sheet. The effects of slip velocity and viscous dissipation were taken into account when Aly et al. [13]
theoretically and statistically investigated magnetohydrodynamic stagnation point flow of a hybrid nanofluid across a
stretching surface.

Jamaludin et al. [14] studied the magnetohydrodynamic stagnation-point flow of a hybrid nanofluid over a permeable
stretched sheet. Nandi et al. [15] analyzed unsteady magnetohydrodynamic mixed convection stagnation-point flow of a
hybrid nanofluid within a homogeneous porous medium over an exponentially stretching surface. Rashid et al. [16]
studied the flow characteristics of a hybrid nanofluid containing alumina and silver nanoparticles past a stretching sheet.
Khan et al. [17] examined boundary-layer flow and heat transfer behavior of a water-based hybrid nanofluid over a
stretching surface. Ghasemi et al. [18] explored the simultaneous influence of thermal radiation and an applied magnetic
field on nanofluid flow along a stretching sheet. While Zainal et al. [19] examined the continuous flow of an Al1203-
Cu/water hybrid nanofluid under a magnetic influence over stretching and shrinking surfaces, Ali et al. [20] examined the
flow dynamics of a magnetically driven hybrid nanofluid over a stretching sheet. Magnetohydrodynamic nanofluid flow
over a porous stretched surface was investigated by Neethu et al. [21]. The impact of a chemical reaction on the flow
behavior of a Casson nanofluid was investigated by Nadeem et al. [22]. Magnetohydrodynamic Casson nanofluid flow
across a permeable stretching surface was assessed by Qing et al. [23]. Khan et al. [24] examined the behavior of unsteady
mass and heat transfer while accounting for chemical processes. Dahab et al. [25] investigated how Casson nanofluid
flow over a stretched sheet was affected by wall suction and injection. A nonlinear, surface-induced, two-dimensional
Casson hybrid nanofluid flow was investigated by Hameed et al. [26]. Meenakumari et al. [27] investigated the mass and
heat transfer properties of a Casson nanofluid flow over an inclined, permeable stretched sheet.

The coupled effects of a Casson hybrid nanofluid moving over a permeable stretching surface, while accounting for
magnetic field effects, internal heat generation, viscosity dissipation, and chemical reactions, have not yet been described,
according to a careful review of previous research. The present work investigates the influence of governing parameters
on the flow of a thermally magnetized Casson hybrid nanofluid over a porous stretching sheet, while incorporating the
effects of viscous dissipation and chemical reactions to address the identified research gap. The hybrid nanofluid is
formulated by dispersing alumina (Al,O3) and cobalt (Co) nanoparticles into a kerosene—water base fluid. Because of its
improved thermal conductivity, magnetic responsiveness, and reactive-transport properties, this combination has garnered
increasing attention and is appropriate for advanced engineering and industrial heat and mass-transfer applications. Al,O3
and Co nanoparticles combined with a water hybrid nanofluid base fluid are used in biomedical cooling systems,
microchannel heat sinks for quick heat dissipation, and to enhance solar energy absorption and thermal transfer,
particularly in the presence of varying sun intensities. Al,O3 and Co nanoparticles are combined with kerosene as the base
fluid. Al,Os3 enhances thermal stability, while Co could assist with combustion that is magnetically appropriate. This
mixed nanofluid can be applied to cloaking or cooling jackets to lessen infrared signatures. The BVP4c package's shooting
technique produced the solution. The RSM is also used to analyze mass transfer, shear stress, and heat rate.

MATHEMATICAL FORMULATION
The present study considers a two-dimensional, steady, incompressible flow of an Al,Os—cobalt hybrid nanofluid
over a porous stretching surface, as illustrated schematically in Figure 1. The composition of the hybrid nanofluid, formed
by dispersing two different types of nanoparticles into the base fluids water and kerosene, is summarized in Table 1.

b s Porosity
@ 4,0,
y,v G Cobalt | HNF/kerosene+water
® 2 Y
{} > g Concentration boundary layer

S oA OXD

Thermal boundary layer

Figure 1. Geometry of the problem

The velocity components in the Cartesian coordinate system are denoted by u and v along the x- and y-directions,
respectively. The stretching velocity of the sheet is prescribed as u,, = ax , while a uniform transverse magnetic field of
strength B, is applied. The surface temperature and ambient fluid temperature are represented by 7,7 respectively,
whereas the surface and ambient concentrations are denoted by C,,C., . To describe the flow behavior, the rheological

constitutive relation for an isotropic, incompressible Casson fluid is employed and is expressed as follows.
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where u,, represents the fluid's plastic dynamic viscosity, p, represents the fluid's yield stress, 7 = ¢,e; is the product

Ve, T<T,,

of the deformation component's rate with itself, and 7, indicates a crucial value of this product using the fluid model as

a basis. In this instance, the Casson parameter is [ = 1,27, / D, - Furthermore, it provides the formula for the kinematic

viscosity of the Casson fluids, which is v = ’U—D(l +%) .
P

Table 1. Nanofluid and hybrid nanofluid thermophysical characteristics (Tanuja et al. [29])

Properties Nanofluid Hybrid nanofluid
. . 1 7y
Viscosity (u M =—""—"% My =———————=
( ) f (1_¢1)2.5 hnf (1_@)2,5(1_¢2)2,5
Density (p) Py =0=0)p, + 805 Py =(1_¢2)((1_¢])pf +stl)+¢zpsz
Kinematic viscosity (v) v, = Aoy Uy = ad 4
Py " P

(pc,),, =A=8)1-)(pc,),
+4,(pc,), 1=0)+a(pc,)

Thermal conductivity (s—Dx; + &5, —(s =D (&, —K5,) c (s =Dx,, + K5, — (s =Dy (K, — Ks)
=K. = I
(%) T R R G - ) ML DK+, +0,(K, — Ky)

Electrical conductivity P {(S -Do, +o5 - (s-Dg(o, - 0'31)} — [(S -1o, + 0y, —-(s-1¢, (0, — asz)}
of — Y f hnf = Fnf

Heat capacity (pcp) (PC,, )"f =( —@)(PC,; )f +é (Pcp )S]

(o) (5_1)0/' +0g +¢1(O_/ -0y) (S_l)o-nf + 0y, +¢2(O-nf - 0y,)
Th 1 i
coutficiont ( £) By =(=0)B, +65, By =(1=0)(1=0)B, +05;,)+ 8,85,
The governing flow equations are stated as follows (Chandra and Ramasekhar, [28])
du + il =0 1)
ox dy
Ju ou :u/mf [ 1 jazu O-hnf 2 :u/mf
U—+v_—= I+ — =5 +8(B.), (C=C)+g(B),,y (T —T.)———Byu————u 2
dx  dy Py By’ " o hnf ok Py
kT U 04, O pan M
oT oT (pcl’ )hnf ayZ (pcp )h'zf' ay (pcp )hnf' ’ k (/)Cp )hnf (3)
U—+v—=
dx d ’
i +M(]+l](a_uj +L(T_Tw)
(pc » )hn/‘ B)\ oy (pcp )/mf'
ua—c+va—cz—kl(0—cm)+Da—C “
ox dy oy’
By Rosseland approach, the thermal radiation is considered as follows:
40°T: OT*
4 =—— 5 ; (%)
3k oy

From the Taylor's series extension of approximately and 7*about 7 eliminating higher order terms, the following
equation is obtained and considered for the study:

T =4T°T -3T" 6)

Putting Eq. (6) in Eq. (3), we get
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Ky 82_T_[16O'*T: aZ_TJ 1 Oy B2
or  ar | (e ' L 3K 9 J(pe,)uy (P o
U—+v—=
2
ax 8y /uhy!f uz + /uhnf [l+l](a_uj + Q1 (T—T )
k (pcp)hnf (pcp)hnf B ay (pcp)hnf -
The relevant boundary restrictions are:
v, =arv=0.2C=92(c, ). XL - (7, _7).a5.y >0
dy D y k, ®)
r=1,C=C,,u—0T—->T,C—>C_as,y—>c
The similarity transformations are defined as:
T-T c-C a
u=axf (n),v=/av, , 0(n) = =, = =y |— 9
of (). v = Jav, f(7), 6(1) T T o1 c —C. n=y Y (€
Eqgs. (2) to (7) are transformed to dimensional ODEs by using Eq. (9).
1 2 Gr Gm 1
I+—=|f"-(f") +ff"+ K| — |0+K,| — |[¢— (KM +KK) f'=0 10
e R T e T e e RV (10
K K
LK 3R T 0"+ £6'+ 0 0+2(K5M+K1K)(f')2 el ZLEe(f") =0 (11)
PriK, 3 K, Prk, K, B)K,
1
9" f9'-Krg=0, (12)
Sc
where
C, ) i k. . o i X
Klzluhry" K2=phnf’ K3=(p p)hf’ K, = hnf’ K, hn/, K, (ﬁt)hnj, K, (ﬂc)hn/ (13)
/uf pf (pcp )f kf O-/ (IBt )f (ﬁc )f
The reduced boundary conditions are described as:
J(0)=0, /'(0)=1, 8'(0) =-B,(1-6(0)), ¢'(0) = =B,,(1-¢(0)), at, 1= 0} (14)
J(22)=0, 8(e2) =0, §(o2) =0, at, 17 =00
Table 2. Thermophysical properties of water and Kerosene, 4/,0;and Co hybrid nanofluid (Divya et. al. [30])
Property Kerosene Water ALO, Cobalt
Density p(kgm™) 783 997.1 3970 8900
Specific heat C, (Jkg"K™) 2090 4179 765 420
Heat conductivity k, (Wm 'K ™) 0.145 0.613 40 100
Electrical conductivity o(Qm)” 21x107° 0.05 1x10°1 1.602x107
Thermal expansion coefficient (K ™") 9.9x10% 2110 0.00000850 1310
Pr (Prandtl number) 21 6.8
Dimensionless parameters
o, B; : T3 2,2 v v v, v
M= ‘/0’ Pr:ﬂ/(Cp)/, Rd=4O;T°°, o= ax , K:_f*’ Q:Qlf,SC:_f, lezi _f’
Pra ky kk, (¢,), (T, -T.) ak ky k;Va
v, T, —T.)x’ )NC, -C)x* 2
B, = n ’_/, Kr:£, Gr= 2B X ./2 =) , Gm = (b f2 ) , Re=*_
D\ a a v, v, v,
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Derived quantities
The skin friction coefficient (Cf), Nusselt number (Nu) and Sherwood number (Sk4) transferred in their
dimensional form are written as
T

cf =t (15)
pfuw
. ou
Where, shear stress 7, is 7, = 4, —
dy o
Xq
Ny=—"—— 16
k,(T,-T.,) (16)
. oT
Where, the heat flux ¢, is g, =k, —|
v,
xq
Sh=—F""-"—-— 17
DB (Cw - CN ) ( )
Where, mass flux ¢, is g, =—D, E;—C
Vyzo

The non-dimensional form of equations (15-17) is converted to
Re2C, = Cf =K, £(0)
Re” Nu, = Nu=—K,0'(0) (18)
Re’2 Sh, = Sh=—¢'(0)

where, Re, is the local Reynold number.

Modify the guess
for mnitial condition

. Check boundary
If residuals > error o it oo et
tolerance o

Figure 2. Flow chat for BVP4C

Final
solution
Numerical Technique

The nonlinear ODEs (10-12), subject to the boundary conditions (14), are solved using MATLAB's built-in function
of the BVP4C package. This solver for boundary value problems is based on the shooting technique. Due to the highly
nonlinear nature of this modified non-dimensional coupled system of equations, finding an accurate solution can be
challenging. For equations (10-12), we utilize numerical methods. Introducing new variables into ordinary differential
equations (10-12) transforms the highly nonlinear third- and second-order coupled system into a first-order system. Let's
proceed with this process by defining the new variables as

f=f. 1=, f"=fQ3), 0=f(4), 0'=f(5).0=f(6), ¢'= f(]} (19)
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The first-order ODEs system is now obtained by substituting these variables into equations (10-12).
(Manjunatha et al. [31])

f(2)
S3)
2 Gr Gm 1
) (f@) -fDfB)-K, (Rezjf(4)+1<7 (Rezjf(6)—K2(K5M+K1K)f(2)
e (“lj
J /3 B
an f@)|=|f05) (20)
S 0 Ec > 1)K, >
7(6) —f(l)f(5)+PrK3 f(4)—z(K5M+K1K)(f(2)) —(HﬁjK}Ec(fG))
£ 1 (K, 4R 1
Prl K, 3 K,
Y]
Se(=f(e(7)+ Krf (6))
RESULTS AND DISCUSSION

The reduced ordinary differential equations from (10-12) ate solved numerically using shooting package through
BVP4C package. The numerical results were compared with previous findings and showed good agreement. This section
analyzes the impact of relevant parameters using graphs, as illustrated in Figures 3-22. The non-dimensional parameter
values chosen for numerical calculations are M =1,Gr=2,Gm=4,8=14,Rd=0.1,Ec=0.1,0=0.1,Re =4,
Kr=1.8,5¢=0.6,K =1.2,Pr =21 (kerosene) and Pr = 6.8 (water), and they remain fixed during the present simulation.

The f'(n7) and 6(77) distributions are influenced by magnetic field parameters, as seen in Figure 3 and 4. The f'(77)
is influenced by the » , which lowers velocity in both water and kerosene by producing a Lorentz force that opposes the
fluid motion as shown in Figure 3. As the M upsurges, the fluid flow slows down due to the resistive force that effect on
fluid velocity. Kerosene increases viscosity causes this effect to be more apparent, as it amplifies the viscous force with
the magnetic field and damping effects. Figure 4 illustrates that the & impacts the temperature profile (6(77)) for kerosene

and water. Heat buildup and a rise in €(77) result from this decrease in velocity, which limits convective heat transport.
Its higher viscosity helps with the impact, which is evident in water because it enhances flow in damping.

1 ‘ : : : : 1
R\
0.9 Water 4 09 \\\ = Water
===—=_ Kerosene (P —_—— Ke
08l ] 08l \‘\‘ erosene | |
W
0.7+ 07r W
005 A\
06 06F
004 _ ‘.‘\
Zos Sos \
0.03 < ‘\'\‘ M=1,2,3
A)
04t 002 04 \‘\\\
03t 001 03t W\
02t 02f A
N
= N\
01 M=1.2.3 01} \«\
o ‘ ‘ 0 : —
0 1 2 3 4 5 6 0 0.5 1 1.5 2
n Ul
Figure 3. Influence of magnetic field parameter on f'(77) Figure 4. Influence of magnetic field parameter on (77)

The impact of the on the (1) and f'(77) is depicted in Figures 5 and 6. The f'(77) declines as kK increases. As a

result, Figure 5 shows that using water as the base fluid causes the velocity boundary layer to decay more rapidly, whereas
using kerosene yields a thicker velocity boundary layer. The impact of the porosity parameter on the €(77) for the base

fluids is shown in Figure 6. This figure shows that, when water is used as the base fluid, increasing the porosity parameter
K increases the thermal boundary-layer thickness.

Based on Figure 7, the Casson parameter (/) upsurges the flow resistance due to yield stress, which lowers the

f'(m) in both water and kerosene. This effect is more significant for kerosene than water because of its higher viscosity
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and apparent non-Newtonian behavior. The Casson parameter influences the temperature profile £(77), which controls

the fluid's yield stress as depicted in Figure 8. When Casson parameter decreases the heat transfer is enhanced then the
temperature profile for both kerosene and water as a base fluid increase. This effect is evident because water has less
viscosity and better thermal conductivity.

1 T T T T 1

09H Water i 0.9 — Water
—==—= Kerosene ===—=" Kerosene
08F i 08} _
0.7 r B 0.7 i
oer | i K=02,1.2,2.2 ]
~ = |
§ 05F 4 Sos
04r - 04F i
03r g 0.3 Ff i
02r — 02 1
01F 1 01F -
0 . ‘ o 0 . ;
0 1 2 3 4 5 0 05 1 1.5 2
n 7
Figure 5. Influence of porosity parameter on f'(77) Figure 6. Influence of porosity parameter on 6(;)

The effect of the thermal Grashof number (Gr)is shown in Figure 9. The Gr signifies the proportion of buoyant

force to viscous force on velocity. For both kerosene and water, as increase in Gr and f'(77) increases. Generally, a rise
in thermal Grashof causes a surge in buoyancy forces, which raises velocity. In Figure 10, the least value of the solutal
Grashof number (Gm = 2) has the least effect on the primary flow of water based Casson hybrid nanofluid as compared
to kerosene based Casson hybrid nanofluid and gradually rises for a higher value of Gm . These phenomena occurred due
to the fact that the buoyancy force driven by solutal differences leads to increases in fluid flow.

1 - ‘ : ‘ 1 .
09 [ — \Nater |7 09 " wT —  Water
— == Kerosene . 0.44 "o === Kerosene
08 - osr Y n 1
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07 g 07 W ni 1
‘{\ 0.4 |‘|‘ |\
06l 0.36 1 06} Y 038 wo 1
= 0.35 = "‘\ 0.2 0.3 0.4 0.5
Sosp - Sosf N 1
0.34 .
04t o E 04r 3=0.8,1.4,2 ,
; 3
03 03 .
o " “\‘
02 b 02r Q:’ g
ENY
01r 1 0.1F N 1
=
0 . ‘ n o ‘ :
0 1 2 3 4 5 0 05 1 15 2
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Figure 7. Influence of the Casson parameter on the f'(77) Figure 8. Influence of Casson parameter on 6(77)
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Figure 9. Influence of thermal Grashof number on f'(77) Figure 10. Influence of mass Grashof number on the f'(77)
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Figure 11 shows how the Reynolds number impacts the velocity distribution. For the non-Newtonian fluid (Casson
fluid), this figure demonstrates that increasing the Reynolds number causes a drop in velocity over a stretching sheet in
both water and kerosene. Figure 12 shows that the radiation parameter ( Rd ) impacts 8(77) .

1 \ \ \ \ 1

T T T 1

09 aer 09+ — \Water Bl

=== Kerosene
0.8 7 0.8

———— Kerosene | |

0.7

E 05 q = 0.5 4
= s Rd=0.1,04,0.7
0.22
04f s 1 04 :
03f E 03 i
02} b 02F 1
01t 1 01t -
ol . . ) 0 ‘ ‘ |
0 1 2 3 4 5 0 05 1 15 2
n n
Figure 11. Influence of Reynolds number on f'(77) Figure 12. Influence of radiation parameter on 6(77)

For a more significant value of Rd the viscosity of the boundary layer declines as the 6(77) increases. For the
Co + Al,O, /watertkerosene hybrid nanofluid, Rd addresses thermal conduction heat transfer, radiation parameters from

a physical point, and its relative immersion of Rd . Thus, warmth is added to the regime for values of the Rd, which
enhances (1), and Rd enhances the thermal diffusivity of nanofluids. Here, we analyze heat transport in the presence
of radiation and talk about forced flow over a stretching sheet. Radiation enhances the effect of heat conductivity. Heat
transport is linearly enhanced by radiation.

According to Figure 13, the constant heat source parameter (Q) produces heat in the hybrid nanofluid. By increasing

the O, the 6(17) of the system upsurges in both kerosene and water. As Q rises, the fluid's temperature increases, water
heats up more quickly due to its lower specific heat capacity. Kerosene shows a slower rate of temperature increase
because of its greater specific heat capacity. The higher heat produces a more prominent thermal boundary layer in both
fluids, resulting in a significant temperature difference near the wall. Figure 14 represents the effects of Eckert number
on 6(n7). When the number of Eckert increases, the viscous dissipation increases, which changes the kinetic energy into
thermal energy. The process increases the fluid temperature in water-based and kerosene-based hybrid nanofluids. The
temperature at the boundary layer increases as Ec rises due to the conversion of greater velocity-related to energy into
heat. Water heat reduces viscosity, making it possible for the temperature to rise more quickly, making the effect more
apparent. Kerosene's greater viscosity causes £(77) to rise while reducing the temperature increase.

Bal) —= T T 1.2 T T T
0.88 \“ — \\ater
1 \“ — Water b -~ —==— Kerosene
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0.8 1
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02r i 0.2
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Figure 13. Influence of heat source parameter on 6(77) Figure 14. Influence of the Eckert number on 8(7)

The effect of Sc on ¢(77) is depicted in Figure 15. A rise in the Sc leads to slower mass diffusion, which causes a

more uniform concentration distribution. The impact of kerosene base fluid is greater due to the higher viscosity. An
increased Schmidt number results in a more steady and less noticeable concentration gradient in both fluids. As shown in

Figure 16, the chemical reaction parameter (Kr) suppresses the concentration profile ¢(77) in both water and kerosene by

enhancing solute absorption. The concentration of the fluid declines significantly as K increases due to increase in reaction
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rates. Although each fluid's concentration diminishes at varying rates due to its unique transport properties, this phenomenon
occurs in both fluids. An elevated Kr yields a more uniform and reduced concentration distribution in both cases.
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Figure 15. Influence of Schmidt number on ¢(7) Figure 16. Influence of chemical reaction parameter on ¢(7)

Response Surface Methodology
The RSM is a valuable technique for creating empirical relationships between a wide range of relevant
characteristics. It allows one to look at the input elements with the least and most significant influence on the outputs.
RSM aims to maximise replies; this study ascertains how selected input parameters, specifically M , £, and Gm , affect

Cf, O, Ec,and Rd affect Nu, and Kr, Sc affect Sh. Table 3-5 displays the three levels and a specified range of input
parameter adjustments. (Manaswini et al. [32])

Table 3: The effects of various parameter values

Parameter Symbol Level
-1 1
1SM<3 Wi 1 2 3
08<p<2 w2 0.8 1.4
4<Gm<12 W3 4 8 12
Table 4: The effects of various parameter values
Parameter Symbol Level
-1 0 1
0.1<0<03 W1 0.1 0.2 0.3
0.1<Ec<02 w2 0.1 0.15 0.2
0.1<Rd <0.7 W3 0.1 0.4 0.7
Table 5: The effects of various parameter values
Parameter Symbol Level
-1 0 1
02<Kr<1.8 Wi 0.2 1 1.8
0.6 < Sc <2.6 W2 0.6 1.6 2.6

In the subsequent stage, a numerical framework comprising 20 simulation runs is developed using the selected input
parameters to evaluate the ¢f, and Nu as reported in Tables 6 and 7. Additionally, 13 numerical runs are conducted for
the chosen parameters, and the corresponding S/ results are presented in Table 8. A second-order polynomial model is
employed to represent the relationship between the input variables and the responses. This approach effectively captures
the interaction effects among the governing parameters.

Table 6. A CCD-based investigative approach

Code values Real values Response
Run

Wi W2 W3 M B Gm Cf / Kerosene Cf /| water
1 1 -1 -1 3 0.8 4 1.469513 1.5254
2 0 0 0 2 1.4 8 1.441879 1.502736
3 1 0 0 3 1.4 8 1.613828 1.668639
4 0 0 0 2 1.4 8 1.441879 1.502736
5 -1 1 1 1 2 12 1.256014 1.331229
6 0 1 0 2 2 8 1.533192 1.590474
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Code values Real values Response
Run

w1 w2 w3 M B Gm Cf / Kerosene Cf /| water
7 0 0 -1 2 1.4 4 1.503529 1.556749
8 1 1 1 3 2 12 1.654406 1.713686
9 1 1 -1 3 2 4 1.783811 1.828922
10 0 0 1 2 1.4 12 1.380485 1.448841
11 0 0 0 2 1.4 8 1.441879 1.502736
12 0 -1 0 2 0.8 8 1.275628 1.345393
13 0 0 0 2 1.4 8 1.441879 1.502736
14 1 -1 1 3 0.8 12 1.374032 1.441922
15 0 0 0 2 1.4 8 1.441879 1.502736
16 -1 -1 -1 1 0.8 4 1.168365 1.24209
17 -1 0 0 1 1.4 8 1.441879 1.32327
18 0 0 0 2 1.4 8 1.441879 1.502736
19 -1 1 -1 1 2 4 1.39995 1.456847
20 -1 -1 1 1 0.8 12 1.06423 1.152761

Table 7. A CCD-based investigative approac

Run Code values Real values Response

W1 W2 W3 Ec 0 Rd Nu /Kerosene Nu /Water
1 1 1 -1 0.2 0.3 0.1 1.902361 1.379571
2 0 -1 0 0.15 0.1 0.4 0.813153 1.383466
3 0 0 1 0.15 0.2 0.7 1.284033 1.383972
4 0 0 0 0.15 0.2 0.4 0.849009 1.383268
5 0 0 0 0.15 0.2 0.4 0.849009 1.383268
6 0 1 0 0.15 0.3 0.4 0.885069 1.383066
7 -1 1 1 0.1 0.3 0.7 1.902361 1.386893
8 0 0 0 0.15 0.2 0.4 0.849009 1.383268
9 0 0 0 0.15 0.2 0.4 0.849009 1.383268
10 0 0 -1 0.15 0.2 0.1 0.416939 1.382287
11 -1 -1 -1 0.1 0.1 0.1 1.063311 1.384939
12 1 -1 -1 0.2 0.1 0.1 1.834498 1.38002
13 -1 -1 1 0.1 0.1 0.7 0.907105 1.387217
14 0 0 0 0.15 0.2 0.4 0.849009 1.383268
15 1 -1 1 0.2 0.1 0.7 3.383973 1.381126
16 1 0 0 0.2 0.2 0.4 2.66211 1.380437
17 1 1 -1 0.2 0.3 0.1 1.882659 1.379571
18 -1 0 0 0.1 0.2 0.4 0.969722 1.3861
19 -1 1 -1 0.1 0.3 0.1 1.013761 1.384609
20 0 0 0 0.15 0.2 0.4 0.849009 1.383268

Table 8. A CCD-based investigative approach
Run
Code values Real values Response
Wil w2 Kr Sc Sh /Kerosene Sh /Water

1 -1 -1 0.2 0.6 0.689451 1.502736

2 1 0 1.8 1.6 1.871837 1.530168

3 1 1 1.8 2.6 2.397922 1.540488

4 0 0 1 1.6 1.489013 1.522568

5 0 1 1 2.6 1.909637 1.532369

6 1 -1 1.8 0.6 1.156877 1.513357

7 0 0 1 1.6 1.489013 1.522568

8 0 0 1 1.6 1.489013 1.522568

9 -1 1 0.2 2.6 1.248423 1.51955

10 -1 0 0.2 1.6 0.983639 1.511771

11 0 0 1 1.6 1.489013 1.522568

12 0 0 1 1.6 1.489013 1.522568

13 0 -1 1 0.6 0.943398 1.508495

The created model's practical applications and consequences are validated through the use of Analysis of Variance
(ANOVA). For all derived quantities, Table 9-11 indicates that the parameter is significant if the p value is less than 0.05.

Conversely, it is not significant otherwise. The interactions M?*, 8°, M 3, M Gm,and [3Gm for kerosene, along with

Gm®, M Gm, for water, are considered non-significant. The R’ values are 96.67% kerosene and 99.98% water for Cf .
Conversely, Q°, Rd*, Q Ec for kerosene and Q°, Ec’>, Q Rd for water are non-significant. The R’ values are 98.96%
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kerosene and 100.00% water for Nu . The R* values are 99.85% kerosene and 99.72% water for Sk , and the relationship
with input values ( K7, Sc ) demonstrates the model's accuracy.

Table 9. ANOVA of Cf for kerosene and water

D Adj SS Adj MS F-Value P-Value Coeff
Source F
case-1 case-2 case-1 case-2 case-1 case-2 case-1 case-2 case-1 case-2
Model 9 0.474391 | 0.466478 | 0.052710 | 0.051831 32.28 5864.55 0.000 0.000
Linear 3 0.443209 | 0.454167 | 0.147736 | 0.151389 90.46 17129.32 0.000 0.000 1.4556 1.50268
M 1 0.244970 | 0.279683 | 0.244970 | 0.279683 150.0 31645.48 0.000 0.000 0.1565 0.167237
B 1 0.162717 | 0.147281 | 0.162717 | 0.147281 99.64 16664.47 0.000 0.000 0.1276 0.121359
Gm 1 0.035522 | 0.027203 | 0.035522 | 0.027203 21.75 3078.01 0.001 0.000 -0.0596 -0.052157
Square 3 0.026768 | 0.007556 | 0.008923 | 0.002519 5.46 285.00 0.017 0.000
M2 1 0.007354 | 0.000121 | 0.007354 | 0.000121 4.50 13.71 0.060 0.004 0.0517 -0.00664
,82 1 0.014150 | 0.003303 | 0.014150 | 0.003303 8.66 373.76 0.015 0.000 -0.0717 -0.03466
G’ 1 0.003204 | 0.000000 | 0.003204 | 0.000000 1.96 0.01 0.192 0.912 -0.0341 0.00020
2-Way . 3 0.004415 | 0.004755 | 0.001472 | 0.001585 0.90 179.34 0.474 0.000
Interaction
(M)(B) 1 0.003668 | 0.004143 | 0.003668 | 0.004143 2.25 468.80 0.165 0.000 0.0214 0.02276
(M )(Gm) 1 0.000067 | 0.000033 | 0.000067 | 0.000033 0.04 3.73 0.843 0.082 0.0029 0.00203
(B)Y(Gm) |1 | 0.000679 | 0.000579 | 0.000679 | 0.000579 | 0.42 65.49 0.533 | 0.000 -0.0092 -0.00851
Error 10 | 0.016331 | 0.000088 | 0.001633 | 0.000009
Lack-of-Fit | 5
0.016331 | 0.000088 | 0.003266 | 0.000018
Pure Error 5 0.000000 | 0.000000 | 0.000000 | 0.000000
Total 19 | 0.490722 | 0.466567
Model Summary
S R-sq R-sq(adj) R-sq(pred)
Case-1 Case-2 Case-1 Case-2 Case-1 Case-2 Case-1 Case-2
0.0404119 0.002972 96.67% 99.98% 93.68% 99.96% 76.98% 99.84%
Cf =E,+EM+ Ezﬁ"' E.Gm+ E11M2 + E22ﬂ2 + Esssz +E, (M)(B)+ E(M)(Gm)+E,, (B)(Gm) (21)
Cf | Kerosene =1.4556+0.1565M +0.1276 8 —0.0596Gm —0.0717 3° (22)
1.50268+0.167237M +0.1213593—-0.052157Gm
Cf / water = ) 5 (23)
—0.00664M 7 —0.03466 3> ++0.02276(M )(8) — 0.0085 1( B)(Gm)
Cf | Kerosene = 0.0517M* —0.0341Gm’ +0.0214(M )(8) + 0.0029(M )(Gnr) — 0.0092( B)(Gm) o
Cf | Water = 0.00020Gm” +0.00203(M )(Gm)
Table 10. ANOVA of Nu for Kerosene and Water
Source DF Adj SS Adj MS F-Value P-Value Coeff
case-1 case-2 case-1 case-2 case-1 case-2 case-1 | case-2 case-1 case-2
Model 10.2410 0.000093 1.13788 0.000010 95.47 30461.68 0.000 | 0.000
Linear 3 5.1592 0.000086 1.71972 0.000029 144.29 84657.48 0.000 | 0.000 0.8209 1.38327
0 1 0.2319 0.000057 0.23192 0.000057 19.46 168346.27 0.001 0.000 0.1782 | -0.002797
Ec 1 4.6835 0.000000 4.68350 0.000000 392.97 855.21 0.000 | 0.000 0.8007 | -0.000199
Rd 1.8982 0.000005 1.89818 0.000005 159.27 14169.19 0.000 | 0.000 0.5277 0.000840
Square 3 5.3207 0.000000 1.77358 0.000000 148.81 82.73 0.000 | 0.000
Q2 1 0.0134 0.000000 0.01337 0.000000 1.12 0.00 0.314 | 0.992 0.0704 | -0.000000
Ec? 1 2.8980 0.000000 2.89798 0.000000 243.16 0.05 0.000 | 0.821 1.0373 -0.000003
Rd* 1 0.0139 0.000000 0.01390 0.000000 1.17 153.56 0.306 | 0.000 0.0718 -0.000139
2-Way . 3 1.0014 0.000001 0.33380 0.000000 28.01 537.03 0.000 | 0.000
Interaction
(Q)(Ec) 1 0.0028 0.000000 0.00282 0.000000 0.24 20.53 0.637 | 0.001 | -0.0227 | -0.000036
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Source DF Adj SS Adj MS F-Value P-Value Coeff
case-1 case-2 case-1 case-2 case-1 case-2 case-1 | case-2 case-1 case-2

(EC)(Rd) |1 0.2080 0.000000 | 0.20801 | 0.000000 17.45 1349.18 0.002 | 0.000 | 0.2029 | -0.000301
(O)(Rd) 1 0.6846 0.000000 | 0.68459 | 0.000000 57.44 0.65 0.000 | 0.439 | 03681 | -0.000007
Error 10 0.1192 0.000000 0.01192 0.000000
Lack-of-Fit | 4 0.1190 0.000000 0.02975 0.000000 919.61 0.000
Pure Error 6 0.0002 0.000000 0.00003 0.000000
Total 19 10.3601 0.000093
Model Summary
S R-sq R-sq(adj) R-sq(pred)
Case-1 Case-2 Case-1 Case-2 Case-1 Case-2 Case-1 Case-2
0.109171 0.0000184 98.85% 100.00% 97.81% 99.99% 76.07% 99.95%

Nu=E,+EQ+E,Ec+ERd+E Q" +E,Ec’ +E Rd’ + E,(Q)(Ec)+ E,,(Q)(Rd)+ E,,(Ec) (Rd) (25)

0.8209+0.17820Q +0.8007 Ec +0.5277Rd
Nu / Kerosene = R (26)
+1.0373Ec” +0.2029(0)(Rd) + 0.368 1(Ec)(Rd)
1.38327-0.002797Q —0.000199 Ec + 0.000840Rd
Nu /Water = R 27)
—0.000139Rd’ —0.0000036(Q)(Ec) — 0.000301(Ec)(Rd)
Nu / kerosene = 0.07040° +0.07018Rd* —0.0227(Q)(Ec) 28)
Nu | Water =—0.000000> — 0.000139Ec> —0.000007(Q)(Rd)
Table 11. ANOVA of si for kerosene and water
Adj SS Adj MS F-Value P-Value Coeff
Source DF
case-1 case-2 case-1 case-2 case-1 case-2 case-1 case-2 case-1 case-2
Model 5 2.46769 0.001237 0.49354 0.000247 | 953.11 492.65 0.000 0.000
Linear 2 2.32130 0.001183 1.16065 0.000591 | 22414 | 1176.99 | 0.000 0.000 1.48792 1.52254
Kr 1 1.04594 0.000416 1.04594 0.000416 | 2019.9 | 827.99 0.000 0.000 0.41752 0.008326
Sc 1 1.27536 0.000767 1.27536 0.000767 | 2462.9 | 1526.00 | 0.000 0.000 0.46104 0.011303
Square 2 0.03008 0.000028 0.01504 0.000014 29.04 28.15 0.000 0.000
K 1 0.00912 0.000006 0.00912 0.000006 17.60 12.41 0.004 0.010 -0.0574 -0.001502
Se? 1 0.00951 0.000011 0.00951 0.000011 18.36 22.88 0.004 0.002 -0.0587 -0.002040
2-Way . 1 0.11631 0.000027 0.11631 0.000027 | 224.61 52.97 0.000 0.000
Interaction
(Kr)(Sc) 1 0.11631 0.000027 0.11631 0.000027 | 224.61 52.97 0.000 0.000 0.1705 0.002579
Error 7 0.00362 0.000004 0.00052 0.000001
Lack-of-Fit 3 0.00362 0.000004 0.00121 0.000001
Pure Error 4 0.00000 0.000000 0.00000 0.000000
Total 12 247131 0.001241
Model Summary
S R-sq R-sq(adj) R-sq(pred)
Case-1 Case-2 Case-1 Case-2 Case-1 Case-2 Case-1 Case-2
0.0227556 0.0007088 99.85% 99.72% 99.75% 99.51% 98.51% 97.12%
Sh=E,+EKr+E,Sc+E, Kr’ + E,,Sc* + E,,(Kr)(Sc) (29)
1.48792+0.41752Kr +0.46104Sc —0.0574K+*
Sh /kerosene = s (30)
—0.0587 Sc* +0.1705(Kr)(Sc)
1.52254 +0.008326Kr +0.011303Sc —0.001502K7>
Sh [water = 5 31
—0.002040S¢” +0.002579(Kr)(Sc)

Table 12. Comparative table for the current study's different Prandtl numbers.

Pr Present Study Ali et al. [21].
0.7 0.45601 0.4560
2.0 0.91332 0.9133

The Shooting method with the bVp4c package is used to solve the non-dimensional equations. Published study
validates the current numerical finding for various Prandtl numbers. As the table illustrates, the numerical results are in
good accord with the published study.
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Figures 17-22 display and provide reference to the residual charts. The mean possibility plots of the residuals indicate
exceptional conditions. The observed and fitted values show a significant correlation, as evidenced by the residual
diagrams. Kerosene and water as base fluids have the most considerable residuals for the Cf, Nu and Sh.

Residual Plots for Cf/kerosene
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Figure 17. The skin friction coefficient residual plots for the kerosene as a base fluid

Residual Plots for Cf/water
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Figure 18. The skin friction coefficient residual plots for water as a base fluid.
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Figure 19. The Nusselt number residual plots for the kerosene as a base fluid.
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Residual Plots for Nu/water

Normal Probability Plot Versus Fits
9 000004
° .
90 >
R 0.00002 R
& ® .
g 3 [ L .
v 50 2 0.00000 - #--mm g T v
o s
. 4
° .
10 -0.00002
. .
1 -0.00004
000004  -0.00002 000000 000002 000004 1380 1382 1384 1386 1388
Residual Fitted Value
Histogram Versus Order
000004
12
5 000002
g9 E
g he]
Fl 2 0.00000
g 6 g
[ <
3 -0.00002
0 -0.00004

o & & &
& & &
o o
o o

N v >
R & & é,er
o o ° o

° &
<
[N N

Residual

2 4 6 8 10 12 14 6
Observation Order

18 20

Figure 20. The Nusselt number residual plots for the water as a base fluid.

Residual Plots for Sh/kerosene
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Figure 21. The Sherwood number residual plots for the kerosene as a base fluid
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Figure 22. The Sherwood number residual plots for water as a base fluid
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The constructed regression models for each response are represented by Equations (21), (25), and (29) in Response
Surface Methodology (RSM). Equations (23) and (24) reflect the skin friction regression model, Equations (26) and (27)
the Nusselt number model, and Equations (30) and (31) the Sherwood number model. When a word has a statistically
significant impact on the answer and its p-value is less than 0.05, it is deemed significant. On the other hand, if a term's
p-value is higher than 0.05, it is considered inconsequential and may be the result of random fluctuation. According to
the study, several variables in Equations (24) and (28), which represent the skin friction and the Nusselt number, are
deemed inconsequential since their p-values are more than 0.05. All factors in the Sherwood number regression model,
however, are statistically significant because all p-values are less than 0.05.

Grid Convergence Analysis

To assess the numerical accuracy of this approach, a mesh sensitivity analysis was performed. Figure 23(a) and (b)
show the results, with supporting data in Tables 13a and 13b for water- and kerosene-based fluids. The computational
domain was divided using different grid sizes, and the skin-friction coefficient, Nusselt number, and Sherwood number
were calculated. Increasing the number of grid points has very little effect on the calculated values. Changes in Cf, Nu,
and Sh are almost unnoticeable once the grid size reaches a moderate level, indicating that making the grid even finer
does not change the results. The small differences between grids are confined to the higher decimal places, indicating
strong numerical consistency. The graphs in Figure 23(a) and (b) support this finding, as all profiles look almost
unchanged with finer grids. This shows that the chosen numerical method yields stable, reliable results for both base
fluids. Therefore, a grid size of N = 100 is sufficient to capture the main physics of the problem while keeping the
calculations efficient.
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Figure 23. Grid convergence of Cf, Nu, and Sh for (a) water and (b) kerosene base fluids

Table 13a. Grid convergence results for water-based fluid.

N cf Nu Sh
50 -1.05421 0.59247 0.66336
100 -1.05421 0.59247 0.66336
200 -1.05421 0.59247 0.66336
400 -1.05421 0.59247 0.66336

Table 13b. Grid convergence results for kerosene base fluid.

N cf Nu Sh

50 -1.05421 0.59247 0.66336

100 -1.05421 0.59247 0.66336

200 -1.05421 0.59247 0.66336

400 -1.05421 0.59247 0.66336
CONCLUSIONS

This study delves into the numerical analysis of the interaction between hybrid flow ( 47,0, + Co /kerosene+water)

over a two-dimensional stretching in an imposed magnetic field with the non-Newtonian fluid. This research holds great
consequences in hybrid nanofluids, such as kerosene and water, as base fluids. This investigation yields the following
noteworthy findings:

e  Arise in the M parameter reduces the corresponding f '(77) due to the resistance force.

e The Casson fluid parameter decelerates the velocity of the HNF very fast in water compared to kerosene as a base
fluid over a stretching sheet.
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The thermal Grashof number (Gr) enhances the f '(77) of the fluid in kerosene.

The heat source and Eckert number escalate water's thermal boundary layer thickness as a base fluid due to the hybrid
nano fluid thermal conductivity.

In the A/,0, + Co /water boosts the radiation parameter, speeds up heat transfer by convection, and raises the suction
value, enhancing fluid flow.

The Casson parameter increases the friction factor rate in a hybrid nanofluid.

The ¢(77) decline significantly as &r increases due to increased reaction rate.

List of symbols
B Magnetic field strength (A / m) B, Thermal Biot number
Ec Eckert number B, Concentration Biot-number
Rd thermal radiation Gr Thermal Grashof number
q, radiation heat flux Gm Mass Grashof number
K Porosity/permeability . surface velocity(m/s)
M magnetic parameter f base fluids
Re Reynold number nf nanofluids
Nu, Nusselt number hnf hybrid nanofluids
X stream-wise coordinate k' Rosseland approximation
o Skin friction coefficient T ambient temperature (K)
Sh, Sherwood number £ dimensionless stream function f'(77)
y transverse coordinate f'(m velocity
0 constant heat generation n Dimensionless similarity variable
Sc Schmidt number w surface conditions (near wall)
Kr Chemical reaction parameter oo free stream conditions(ambient)
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AHAJI3 TEPMOMATHITHOI'O IIOTOKY TIBPAIHOI HAHOPIJIMHUA KACCOHA YEPE3 IIOPUCTHUM JIUCT IO
PO3TATYETHCS 3 BPAXYBAHHAM XIMIYHOI PEAKIIII 3 BAKOPUCTAHHAM RSM
Ecapa Cisacanxap', M. Cpinxap Baoy', C. Bimxkas Kymap Bapma?
!Kagpeopa npuxnadunoi mamemamuxu, Yunisepcumem Hozi Bemana, Kaoana, Anoxpa-Ipadew, 516005, Indis
’Kageopa mamemamuxu, Llxora npuxnaonux nayx, Jocrionuyexuii yenmp REVA, Yuisepcumem REVA,
benzanypy, Kapnamaxa, 560064, Inoisn

Tepmodiznunuii anani3 Terio- Ta Maconepeaadi Mae 6araTo NOTEHLIHNX 3aCTOCYBaHb y COHSUYHHX KOJIEKTOPAX, XIMIYHHX peakTopax,
MEJIMYHUX MIPUCTPOSIX Ta CKIAAHUX CHCTEMaX OXOJIO/DKSHHSI, Cepe]l iHIIMX 3aCTOCYBaHb. 3aBJISIKH LIbOMY CTHMYILY, Y 1[I poO0Ti 4acTo
BHKOPUCTOBYEThCS. METOJOJIOTIsSI MTOBEPXHI BIATYKYy Ul aHali3y TeIulo- Ta macomepenadi riopuaxoi HaHopiamau Kaccona Hap
NPOHUKHUM PO3TATYBAaHUM JIHCTOM 3 KOHBEKTMBHMMHM Ta papiauiiiHuMu edexramu. Cucrema KepyBaHHS Ju(epeHLialbHUMU
PIBHSHHAMH B TOXiTHUX MNOXiTHHUX, IO BH3HAYAIOTH PO3POOJEHY MOJAENb, MEPETBOPIOETHCS HA 3B'A3aHUI HaOip HENMiHIMHMX
IuQepeHIiaTbHUX PIBHSAHDP [UITXOM 3aCTOCYBaHHS BIAMOBITHHX ITEPETBOPEHb MoAiOHOCTI. MeTox cTpinpOm, peamizoBaHHU 3a
normoMoroio po3p'szyBaua BVP4c y MATLAB, BUKOPHUCTOBYETHCS JUIS UYHCEIBHOTO IHTETPYBAaHHS IIMX CIPOINCHUX DPiBHSHB.
BukopucroByroun TabnwmuHi 1aHi Ta TpadiuHi NPeACTaBIEHHS, CHCTEMAaTHYHO IOCITIPKYETHCS BIUIMB BiJIOBIOHUX (i3MYHHX
rapaMeTpiB Ha PO3MOJIIH IIBUIKOCTI, TEMIIEpaTypH Ta KoHIeHTpalii. KpimM Toro, MeTonos10ris oBepXHi BiAryKy BUKOPUCTOBY€ETHCS
JUIsl CTATHCTHUYHOI OLIHKM KJIIOYOBUX 3MIHHUX BIAT'YKY B IIMPOKOMY [iana3oHi BH3HA4YaJbHUX NapaMeTpiB, TAKHX K KOe(ilieHT
MOBEPXHEBOIO TEPTs, TEIUIO- Ta Macolepenadi. Pe3ynbTaTW mokasyloTh, 110 30U1blIeHHA napamerpa KaccoHa 3meHmrye
TeMIepaTypHuii mpodink, OCKiIbKY e(eKTUBHA TPaHUII TEKYUOCTI piinHu 3MeHIyeThest. Kpim Toro, uepes 30inbiuenns cui Jlopeniia,
CUJIBHIIIIE MaTHITHE MOJIe 3HAYHO 3MEHIIY€E MBUAKICTE pianHu. KpiM Toro, Oymo nmomiueHo, oo 30i1pIIeHHS 00'€MHOT YaCTKH TBEPIOT
PCSYOBHHY MiJBHIIYE TEMIIEPATYpy HAHOPIAHHU 4Yepe3 MigBHUIICHY TEIIONpOBiaHICTh. CTaTHCTHYHHUN aHANi3 MOKa3ye, IO TOYHICTh
Macorepeiadi Uit OTPEMaHOi MaTeMaTHIHOI MOZIENI B raci cTaHOBUTE 99,85%.

Kuarouosi cioBa: cibpuona nanopiouna Kaccona; MIJ[; nopucmuii posmseysanuil aucm,; Ximiuna peaxyis; memoo 6i02yKy noepxui
(RSM)
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The flow of copper (Cu), silver (Ag), titanium oxide (T'i0,), copper oxide (CuO) nanoparticles with water as a base fluid in the
presence of a high magnetic field in a vertical rectangular duct are examined in this research. The duct's left and right walls are kept at
various steady temperatures and concentrations. The temperature, velocity, and nanoparticle concentration fields are all described by
the transport equations. The second-order upwind method, an explicit finite-difference method (EFDM), is used to discretize the
coupled nonlinear Navier-Stokes equations. To examine the heat transfer efficiency of this nanofluid, we nondimensionalized the
governing equations and obtained solutions using an explicit numerical scheme. MATLAB code is used to perform computational
steps. We have plotted the velocity, temperature, and concentration fields for different values of the magnetohydrodynamic (MHD)
flow parameters, including the thermal Grashof number (G,.), solutal Grashof number (G.), Hartmann number (H,), electrical field
load parameter (E), Brinkman number (B,.), and nanoparticle volume fraction (¢).

Keywords: Electrical field; Magnetic field;, Nanofluids; Nonlinear, Explicit finite difference technique (EFDT); Rectangular vertical
duct; MHD flow,; Buoyancy force; Viscous flow

PACS: 44.20.+b, 44.40.+a, 44.30.+v, 47.11.-j,47.11.Bc

1. INTRODUCTION

Smooth restraint of convective transport phenomena is a significant challenge across diverse fields of engineering, and
biomedical devices that absorb magneto-hydrodynamics (MHD) coupled with Multiphysics. MHD convective transport has
broad applications in industry and engineering and is advancing rapidly in medical sciences. Thermal aspects are closely
connected to bio-heat and thermal treatment in various tumors. Targeted drug delivery, imaging, and the use of nanoparticles
during chemotherapy are well-established. MHD convection is widely used in biomedical technology for magnetic
endoscopy, cell separation, tumor treatment and cancer therapy, targeted drug delivery in the body, blood flow control during
medical surgery, control of gastrointestinal disorders, transport of complex bio-waste fluids, etc. Adding nanoparticles into
the base fluid is an innovative way to enhance heat transfer. The resulting mixture of base fluid and nanoparticles, which has
unique physical and chemical properties, is referred to as a nanofluid. Nanofluids exhibit better suspension stability,
Newtonian behavior, and enhanced thermal conductivity, and the chaotic motion of nanoparticles is responsible for the
enhancement of heat transfer. In natural convection studies, the base fluid has low thermal conductivity, limiting heat transfer
enhancement. Researchers applied the innovative technique using nanofluids with higher conductivities to enhance heat
transfer. Firstly, Choi studied nanoparticles in 1995 and the base fluid [1, 2] at the Argonne National Laboratory in the U.S.A.
After that, the idea has been extended [3] to incorporate an additive nanoparticle into a base fluid to increase the thermal
conductivity of the interruption. Many authors [4-6] have reported that thermal conductivity can be enhanced by about 20%
at very low volume fractions (1-5%). Thermal conductivity of copper-water nanofluid up to 7.5% of nanoparticle volume
fraction empirically determined by Xuan et al. [6]. Many authors [7-12] have studied the increase in heat transfer with
nanofluids. Tavman ez al. [13] reported in 2010 a considerable increase in the viscosity of a nanofluid containing aluminum
oxide, titanium oxide, and silicon oxide nanoparticles in water. As in the Einstein representation [14], they also show that
the traditional verifiable hypothesis, that intellectual investigation of specific heats is minimal for nanofluids, is also true.
Namburu [15] in 2009 studied that ethylene glycol-based nanofluids demonstrated lower specific heat than their individual
base fluids. Likewise, Bergman [16] confirmed that a water-based aluminum oxide nanofluid exhibited increased thermal
conductivity, but only when the specific heat was lower than that of the base fluid. Magnetohydrodynamics (MHD) plays a
significant role in nanofluid flow, owing to its expanding industrial applications and use in reactor cooling analysis. Younsi
[17] has studied double heat-source magnetohydrodynamics (MHD), which is essential for the material-freezing process.
Sharma and Singh [18] and Vadher et al. [19] investigated electrically conducting fluid oiling, the concept of coating
synthesis, the salvation of liquefied metals, and active, etc.

Several authors have studied magnetohydrodynamic (MHD) flows and heat transfer in rectangular ducts. In an
earlier numerical study [20], the characteristics of different metallic nanofluids with cooling provided by a constant-
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temperature wall were studied. In another study, Ellahi ef al. [21] considered a water-based nanofluid with Al,05. To
study the aggregation effect on such a nanofluid, Hamad [22] investigated the analytical solution for natural convection
flow of a nanofluid over a similar drawing out in the presence of a magnetic field. Mixed convection of Casson nanofluid
over a stretching sheet with convectively heated heat source/sink and chemical reaction observed by Hayat et al. [23].
Kameswaran et al. [24] studied hydromagnetic nanofluid flow owing to a stretching or shrinking sheet. Boundary layer
flow of a nanofluid past a stretching sheet with a convective boundary condition studied by Makinde and Aziz [25]. Beg
et al. [26] investigated the calculation of thermo-solutal convection with Soret-Dufour cross-diffusion in a vertical duct
filled with metallic/carbon nanofluids. Nadeem ez al. [27] studied the magnetohydrodynamic (MHD) three-dimensional
layer flow of a Casson nanofluid past a linearly stretching sheet with convective boundary conditions. Abu-Nada and
Oztop [28] have numerically investigated free convection in a partially heated rectangular duct saturated with nanofluids.
Rashidi ef al. [29] studied the buoyancy effect on magnetohydrodynamic (MHD) flow of a nanofluid over a stretching
sheet in the presence of thermal radiation. Simulation of magnetohydrodynamics (MHD) convective heat transfer and
copper-oxide/water nanofluid flow considering Lorentz forces discussed by Sheikholeslami ez al. [30]. Turkyilmanzoglu
[31] has examined the natural convection flow past an impulsive, radiative vertical plate. Very recently [32], Rao and
Deka studied the transport phenomena in a nanofluid under the action of a transverse magnetic field. In a vertical square
rectangular duct, Das ef al. [33] numerically investigated the magnetohydrodynamics (MHD) miscellaneous displacement
flow of Al,0; — water nanofluids. Many authors who have recently studied the heat transfer nanofluid boundary-layer
problem are listed in the reference [34-36].

The goal of our present work is to investigate the flow of copper (Cu), Silver (Ag), Titanium oxide (Ti0,), and
Copper oxide (Cu0) nanoparticles with water (H,0) in a rectangular vertical duct, the non-dimensional conservation
equations are strongly nonlinear and are solved numerically. Appropriate values of the flow parameters are considered
for investigation. The numerical results are presented graphically, including velocity, temperature, concentration, and
flow parameters. Utilize the MATLAB code estimation procedure to implement.

Table 1. Thermo-physical numerical values of water (H,0) and nanoparticles copper (Cu), silver (Ag), titanium oxide (Ti0,), and
copper oxide (Cu0)

Nanoparticle/base Density (p) Specific heat capacity | Thermal conductivity | Electrical conductivity
fluid (Cp) (k) (o)
H,0 997.1 4179 0.613 5.5x10°
Cu 8933 385 401 59.6x10°
Ag 10490 235 429 6.30x107
Tio, 4250 686.2 8.9528 2.58x107
Cu0 6310 530 20 107

2. MATHEMATICAL FORMULATION
In this model, we have considered a laminar steady flow
of incompressible fluid through a duct which is vertically
i , positioned, and the Z —axis of the reference frame is along the
: ; duct Y —axis, taken along the magnetic field By, is sufficiently
' : strong and acting normally on the surface of the duct, and the
1 a_. / X —axis taken along the electrical field E,. The model of the
; ax present problem is shown in Fig. 1. g is the gravitational
— Y acceleration, acting downward. The heat source for the flow is
l g o o o taken to be the left duct wall, which is maintained at a constant
‘ o - temperature T; with concentration C;. Similarly, the other heat

Nanoparticles

® 9 - source is taken as the right duct wall, which is kept at a constant
' temperature, T, on C,. The right fence is hotter than the left
wall, so in this case, C, > C,. Here, we have considered prime
z| ™ o = a to be the length and prime b to be the breadth of the vertical

l oo O © rectangular duct. The well-known Boussinesq approximation is
| adopted. To get convergent solutions, the Successive-Over-

LI / ¥ Relaxation (SOR) method, along with the Gauss-Seidel
i method, was implemented to solve the reduced difference

T4.C1 ® ® T2,C2

: i i i equations.
A : . b — The following assumptions are made in this study:
" ; ; : e Laminar steady flow of incompressible fluid through a duct.
e The flow field is exhibited through the Velocity profile in the
mesh (x,y,v); Temperature profile in mesh (x,y,T) and the

Figure 1. Schematic diagram of the problem concentration profile in the mesh (x,y,c) for copper
nanoparticles.
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Governing equations
Equation of continuity:

V-V =o0. (1
MHD momentum equation:
Prr[(V - VIV = s f V2V + G(oB)ns (T = Tp) + G(pB)nf (C — Cp) + (J x B) + 0,/ BZE,. @)

Energy equation:

(pcp)nf[(l? V)T| = knfV2T + b + (D’""T) V2T + 0,¢B2E2 — 0,,/B2V + 20,,/B2E, V. 3)

Concentration equation:
(V-V)C = DpV2C + 2 V2T, (4)
m

We know that the body force term corresponding to a magnetohydrodynamics (MHD) flow is the Lorentz force
( f X E), and this Lorentz force by Hussanan ef al. [37] becomes

(J xB) = —0,,B2 V. (5)

Here o,,5 is the nanofluid electrical conductivity, B, is the assessed magnetic field, and the velocity vector V. We
know that the dynamic viscosity of nanofluid, effective density of nanofluid, thermal expansion coefficient of nanofluid,
heat capacity of nanofluid, thermal diffusivity, and thermal conductivity of nanofluid are:

Hny = g ©)
pnf=(1_¢)pf+¢ps=<1_¢+¢§_;>pf, 7
0By = (L= @)B); + B(oB)s = (1= 9+ 0 22%) (0B ®)
Oup = (L= 9)o + 90, = (1= ¢ + 6 Z) oy ©

(0Cp), = A= $)(0Gy), + (0G), = ( —¢p+ ¢E pi > (pCy) (10)

an

= )y (b
_ [rs+2kp—2¢(kf—ks)
knf - [ks+2kf+¢(kf—ks) fe (12)

Now, according to Newton’s law of viscosity, according to Fourier’s law of heat conduction, and also according to
Fick’s law of species diffusion, can be reduced as [2]

a- ¢>)25 Hr [axz ayZ] [1 —p+d ((pg))s] 9ps Br(T —T,) + [1 -¢o+¢ ((pf;))s] 9ps Br(C —C,) — [1 —¢+

¢3] osB2V + [1 —¢+ ¢;’—] o;B2E, =0, (13)

ks+2kp—2¢ (kp—ks) v av\?| | DmkKr o _ 22 _
[k5+2kf+¢(kf—ks) kf axz ay2]+(1 )5 Hr ( ) +(6Y) t CsCp [a ay2 1 ¢+¢ orBoEs + 1 ¢+

¢Z—f] orBZVZ -2 [1 -+ ¢>G—f] 0rBZE,V =0, (14)

a%c | d%c Kt [8%T | 9%T
D [— —|+ = [— —| =0. 1
mlax2 ~ ay2 T LOXx2 + Y2 (15)

Equations (13), (14), and (15) are solved employing the following boundary conditions:
V=0,T=T,C=CatY=0for0<X<h,

V=0T=T,,C=CatY=afor0<X<b,
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=0T 0% _gax=0foro<y<
=055 =0 =0atX=0for0<¥<a,
V=0"=0S=0atX=bfor0<Y<a (16)

The dimensionless variables are given below:

X Y Vpra

x="y=-v= ” ,9:TTZ__TT"1, z(‘;—_C:l, O_Tl-;—Tz C, Cl;rCz A=t (17)
Now given in equation (17), employed in the governing equations (13), (14), and (15), and after solving, we have
ﬁ+—]+A 0+ Ayc — Agv + A, = 0, (18)
[F el as[G2) + () ]+ aclie e S+ v -t =0 (19)
[+ ]+ 40 (S5 +53) =0 20)

9p7Bs(T-T)a® — . .
B the thermal Grashof number, which is the ratio of thermal buoyancy force to viscous force,
f

9p3Bf(Ca—Ca® L . ) )
— gz s the solutal Grashof number, which is the ratio of species buoyancy force to the viscous
f

hydrodynamic force, H, = B,a ’% is the Hartmann number, which is the proportion of electromagnetic force to viscous
f

where G, =

G, =

i

kppf(T=Ty)a?
is the Dufour number, which is the ratio of the concentration difference to the temperature difference. Also, P, = :—f is the

DinK7(C2—C1)

is the Brinkman number, and Dy =
V§CsCp(T2—T1)

force, E = E, % is the electrical field load parameter, B, =
f

Kr(T2—T1)
V§Tm(C2—C1)

which is the ratio of the temperature difference to the concentration, S, = ;—f is the Schmidt number, the ratio of the
m

Prandtl number, which is the ratio of kinematic viscosity to the thermal conductivity, S, = is the Soret number,

momentum diffusivity (kinematic viscosity) to the mass diffusivity.
The corresponding boundary conditions after introducing equation (16) give

v=0,0=-05c=—-05aty=0for0<x<A,

v=0,0=05c=05aty=1for0<x <A,

vzo,%zo,(;—;z0atx=0andx=Afor0SyS1. (21)
Let
— _ 2.5 — _ & (pﬁ)s>

3. NUMERICAL TECHNIQUE AND GRID INDEPENDENCE STUDY
The system of governing equations from (18) to (20), in conjunction with the boundary conditions as defined in
equations (21), is solved through the application of a finite difference method. Uniform grids (Fig. 2) are generated for
the computational domain. The domain of definition is portioned uniformly into M, and M,, divisions along the x and y
axes respectively. Central differencing of second-order accuracy is employed for the first and second-order derivatives.
The equations (18), (19), and (20), along with the boundary conditions given in equation (21), were discretized using the

finite-difference method. We know that the finite difference is second order d%v/dx? and first order dv/dx, were
. . 62 i i—2V, itV i F]
discretized as # = W + 0(Ax?) and i = % + 0(Ax?), respectively. Therefore, the resultant

difference equations give

vi'j = Ag(vi+1,]‘+ Ui_l,j) + A10 (vi!j+1+ vi'j—l) + All(Ti'j) +A12 (Ci'j) + A13. (22)
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Figure 2. Uniform grid system

2
Tij = Ara(Tiypjt Ti_py) + Ass (Ti'j+1+ Tuj_, ) +A16(Vi = Viiyy) + Ary (Vi'fﬂ— ”i’j_l) + Asg(ciy i
2Ci,j+ Ci_l']') + A19(Cilj+1_ 2Cilj+ Citj_l ) + AZO(E — vi'j )2. (23)
Ci'j = A14(Ci+1,]’+ Ci—1’j) + A15 (Cl’,]’+1+ Ci’j—l) + A21(9i+1'j_ 291,]+ gi—l’j) + A22 (ei,]’+1— 291,]+ 91',]'_1 ) (24)

where:

A = E—jGr,Az = z—jGC,A3 = i—‘l‘Haz,A4 = Z—:HaZE,AS = i—;Br,Ae = EiﬁDfPr,A7 = i—:BrHaz,As = SrSc, A =

k2 _ h? _ A1h2k? _ Aph2k? _ Agh?k? _
2(k2+h2 22'A10_ 24 h2 22’A11_22 22’A12_22 22’A13_22 22'A14_
(k2+h2+A3h?k?) 2(k2+h2+A3h2k2) (k2+h2+A3h?k?) (k2+h2+A3h2k?2) (k2+h2+A43h?k?)

2(k2+h2) ° 215 T ganzy 0 P16 = Asqaiey s 417 = As g ey A18 = Aeflia s 1o = Aeflis A20 T Ganay A1 =
AgAi4,Ayy = AgAys are constants. Ax = h and Ay = k.
Finally, we get the discretized boundary conditions:

Vi = —Vin, 0o =—1=0i1, co=—1—cin

Vimy ;= “Vimy gi:Merl =1- gi'My Comy | = 1- Cirmy

170,]' = _vllj ] 90;}' = 61;]' ) CO;j = Cllj

UMx 1) = “VMxrj s 9Mx+1’]' = QMX'J' v CMx 110 = CMrj. 25

Here i goes from 1 to M, and j 1 to M,,.

4. RESULTS AND DISCUSSION

The flow of copper (Cu), silver (Ag), titanium oxide (Ti0,), and copper oxide (CuQ) nanoparticles with water
(H,0) as base fluid in a vertical rectangular duct has been studied in this work. The influence of parameters like the
thermal Grashof number G,., solutal Grashof number G, Hartmann number H,, nanoparticle volume fraction ¢, electrical
field load parameter E and the Brinkmann parameter B, in a vertical rectangular duct, the velocity, temperature, and
nanoparticle concentration profiles are presented graphically. In this plotting, we have employed an explicit finite-
difference scheme in MATLAB. The outcomes of this work are presented in terms of the effects of different copper
nanoparticles (Cu), silver (Ag), titanium oxide (Ti0,), and copper oxide (Cu0), the thermal Grashof number (0.5 <
G, < 20), solutal Grashof number (0.5 < G, < 15), electric field load parameter (—2 < E < 2), Brinkmann parameter
(0 £ B, <£2.5), solid volume fraction (0 < ¢ < 0.06) are shown in the velocity, temperature, and nanoparticle
concentration profiles.

Verification of the result:

Since no directly analogous literature is accessible for this specific configuration, endorsement of the result is
accomplished through physical reasoning and consistency with established magnetohydrodynamic (MHD) theory. The
effects of Hartmann number, which is responsible for the application of a magnetic field on the velocity profile, are
reported in Fig. 7. From this figure, it is perceived that the velocity distribution of the fluid has been diminished with the
increasing values of Hartmann number (Ha). Physically, an increase in the Hartmann number intensifies the Lorentz
force, which acts as a resistive drag on the fluid motion. Consequently, the fluid velocity decreases, which is consistent
with classical MHD flow behavior.

We have taken H, = 2,4 =25,F =6.93,R,,, = 1,Ec = 0.001,h = k = 0.001,m =n = 200,¢ = 0.02,k; =
0.613,k; = 429,68 = /2. We have plotted (Fig. 3, Fig. 4, and Fig. 5) the velocity profile, temperature profile, and
concentration profile for various values of G, and water-based floodplain copper nanoparticles. In these plots, we have
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observed that the velocity of the Cu-water nanofluid increases with the increase of G,. With these significant values of
thermal Grashof number G,., buoyancy force control, and on the other hand, due to small values of thermal Grashof
number G,., viscosity control, i.e., profile velocity stimulated by the buoyancy force. Due to thermal buoyancy, an increase
in G, tends to produce stronger flow in the boundary layer. However, in the temperature and concentration profiles, we
have noticed that they are invariant, which is mainly due to the neglect of viscous dissipation in the energy equation. We
have plotted the velocity profile (Fig. 6) for different values of G. and a water-based nanofluid employing copper
nanoparticles.

07 T
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Figure S. Variation in (c) with G, Figure 6. Variation in (v) with G,

In these plots, we have observed that the profile velocity with copper-water nanofluid enhances due to the increase
in G, with the most significant values of solutal Grashof number cap G, species hydrodynamic buoyancy force control,
and on the other hand, due to small values of solutal Grashof number G, viscosity control. Due to the effect of thermal
buoyancy, an increase in the values of G, tends to produce a large amount of flow in the boundary layer. The temperature
and concentration profiles are not displayed graphically because they exhibit topologies similar to those of the thermal
Grashof number G,. We have plotted (Fig. 7) the velocity profile in the boundary layer for distinct values of the Hartmann
number H,, and for a water-based nanofluid employing copper nanoparticles. In these plots (Fig. 7), we observe that the
flow rate decreases with increasing Hartmann number H, when copper nanoparticles are present, due to the enhanced H,,.
The magnetic field introduced into the electrically conducting nanofluid, acting normal to the boundary, generates a
resistive pressure force in the duct, which is part of the Lorentz force. The temperature and concentration profiles are not
displayed graphically because they exhibit topologies similar to those of the thermal Grashof number G,.. We have plotted
(Fig. 8) the velocity in the boundary layer for different values of nanoparticle volume fraction ¢, using water as the base
fluid and employing copper nanoparticles. In these plots, we observe that the flow rate of the nanoparticle volume fraction
phi with copper nanoparticles increases as ¢ increases. The temperature and concentration profiles are not displayed
graphically, as they exhibit topologies similar to those of the temperature and concentration profiles for the thermal
Grashof number G,..
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Figure 12. Variation in (T) with B,

We have plotted (Fig. 9, Fig. 10, and Fig. 11) for velocity, temperature, and concentration profiles in the boundary
layer for different values of electrical field load parameter E, base fluid water employing copper nanoparticles. In these
plottings, we have noticed that the velocity of Cu —water nanofluid enhances due to the enhancement of electrical field
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load parameter E. i.e, flow is accelerated due to the enhancement in electrical field load parameter E. Similarly, in the
temperature profile of Cu —water nanofluid we have observed that this profile is also enhance due to the enhancement of
electrical field load parameter E. However, in the concentration profile of the Cu —water nanofluid, we observed a
decrease in concentration with increasing electrical field load parameter E. We have plotted (Fig. 12) the temperature and
concentration profiles in the boundary layer for different values of the Brinkmann number B,., for a base fluid of water
containing copper nanoparticles. On the contrary, in the temperature profile, we have observed that it increases with
increasing Brinkman number B,. However, it was observed that, with an increase in the Brinkman number B,, the
boundary-layer thickness decreased at all points. The velocity profile is not displayed graphically because it exhibits a

topology similar to that of the thermal Grashof number G,

Concentration (&)
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Case I for copper/water nanofluid:

Figure 13. Variation in (¢) with B,

S1. No. G, Leading value of velocity | Rate of increase of the leading value of velocity
for different Solutal Grashof number G,
G; L; L L
[ Li
1 G, =0.10 L; =—-6.10 R, = —0.0163934426
2 G, =0.20 L, =—6.20 R, = —0.0161290323
3 G; =0.30 L; =—-6.30 R; = —0.0158730159
4 G, = 0.40 L, = —6.40 R, = —0.0156250000
5 Gs = 0.50 Ls = —6.50 Rs = —0.0153846154
6 Gg = 0.60 Le = —6.60 R¢ = —0.0151515152
7 G, =0.70 L, =—6.70 R, = —0.0149253731
8 Gg = 0.80 Lg = —6.80 Rg = —0.0147058824
9 Gy = 0.90 Ly = —6.90 Ry = —0.0144927536
10 G1o = 1.00 L, = —7.00
Case II: For silver/water nanofluid:
S1. No. G, Leading value of velocity Rate of increase of the leading value of
velocity for different Solutal G,
G; L; _ L, L
[ Li

1 G, =0.10 L, =-8.10 R; = —0.0123456790
2 G, =0.20 L, =—-8.20 R, = —0.0121951220
3 G; =0.30 Ly =-8.30 R; = —0.0120481928
4 G, = 0.40 L, = -840 R, = —0.0119047619
5 Gs = 0.50 Ls = —8.50 R; = —0.0117647059
6 Gg = 0.60 Ly = —8.60 Ry = —0.0116279070
7 G, =0.70 L, =—-8.70 R, = —0.0114942529
8 Gg = 0.80 Lg = —8.80 Rg = —0.0113636364
9 Gy = 0.90 Ly =-8.90 Ry = —0.0112359551
10 Gy = 1.00 Lo = —9.00
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Case I1I For titanium oxide/water nanofluid:

Sl1. No. G, Leading value of velocity Rate of increase of the leading value of
velocity for different Solutal G,
G; L; _ Ly =L
R; = L
1 G, =0.10 L; =-2.70 R, =—0.0370370370
2 G, =0.20 L, =-2.80 R, = —0.0357142857
3 G; =0.30 L; =-290 R; = —0.0344827586
4 G, = 0.40 L, =-3.00 R, = —0.0333333333
5 Gs = 0.50 Ls = —-3.10 Rs; = —0.0322580645
6 Gg = 0.60 Le =—3.20 R¢ = —0.0312500000
7 G, =0.70 L, =-3.30 R, = —0.0303030303
8 Gg = 0.80 Lg = —3.40 Rg = —0.0294117647
9 Gy = 0.90 Ly =—-3.50 Ry = —0.0285714286
10 Gy = 1.00 Lig = —3.60
Case 1V For copper oxide/water nanofluid:
S1. No. G, Leading value of velocity Rate of increase of the leading value of
velocity for different Solutal G,
Gi Li Ri _ Li+1 - Li
L;

1 G, =0.10 L, =-2.80 R, = —0.0357142857
2 G, =0.20 L, =-290 R, = —0.0344827586
3 G; =0.30 L; =—3.00 R; = —0.0333333333
4 G, = 0.40 L, =-3.10 R, = —0.0322580645
5 Gs = 0.50 Ly =-3.20 Rs = —0.0312500000
6 Gg =0.60 Le =-3.30 Rs = —0.0303030303
7 G, =0.70 L, =-3.40 R, = —0.0294117647
8 Gg =0.80 Lg = —3.50 Rg = —0.0285714286
9 Gy = 0.90 Ly = —3.60 Ry = —0.0277777778
10 Gy = 1.00 Lo = —3.70

We have plotted (Fig. 14) the rate-of-rise leading velocity for different nanofluids against the corresponding solutal
Grashof number G, in the duct under the same configuration. We have plotted the graphs for the following nanofluids:
copper (Cu) and silver (Ag), titanium oxide (Ti0,) and copper oxide (CuO). These plots provide a comparative
advantage in mass transfer for different nanofluids at a given temperature. From the plots (Fig. 14), we see that as the
solute Grashof number G, increases, the difference in flow rate between the nanofluids decreases. For a low value of the
solutal Grashof number G, gives the high flow rate, and titanium oxide (Ti0,) gives a low flow rate. For high solutal G,
all the nanofluids considered show no significant difference in volumetric flow rate.

Figure 14. Rate of increase of solutal Grashof number G, for different nanoparticles, copper (Cu), silver (4g),
titanium oxide (Ti0,) and copper oxide (Cu0)
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The 3D temperature distribution shows that the disk occupies the convex region, and the copper contours are more
nonlinear than those of aluminum and titanium oxide. The concentration distribution and the topology are in a concave
position, and the contours are much less disturbed for all the nanoparticles. For the flow concerning copper nanofluids,
we have plotted the graphs in (x,y, v) mesh, (x,y,T) mesh and (x,y, c) mesh in Fig. 10. Similarly, graphs are plotted
for other nanofluids of silver, aluminum, and titanium oxide in Fig. 12, Fig. 14, and Fig. 17. Further, in Fig. 11, Fig. 13,
Fig. 15, and Fig. 17, we have employed 100 X 100 grid size for the velocity profile at x = 1 when y = 0 and we have
employed 20 X 20 grid size for temperature and concentration profiles at x = 1 when y = 1. We have plotted velocity,
temperature, and concentration profiles in the duct for Cu-water, Ag-water, and TiO,-water nanofluids. We can get a

regular profile of velocity, temperature, and concentration about the center section of the duct (at x = %).
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Figure 15. Velocity profile in mesh (x, y, v); Temperature profile in mesh (x,y, T) and Concentration profile in mesh (x, y, c) for

copper nanoparticles
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silver nanoparticles
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Titanium oxide (Ti0,) nanoparticles
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Figure 17. Velocity profile in mesh (x, y, v); Temperature profile in mesh (x, y, T) and Concentration profile in mesh (x, y, ¢)
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Figure 18. Velocity profile in mesh (x, y, v); Temperature profile in mesh (x, y, T) and Concentration profile in mesh (x, y, ¢)

for copper oxide nanoparticles

5. CONCLUSIONS

In this work, we have studied a vertical rectangular duct in the presence of a strong transverse magnetic field, with
velocity, temperature, and concentration profiles of different copper-based nanofluids (Cu) , silver (4g), titanium oxide
(Ti0,), and copper oxide (CuO) nanoparticles with water as a base fluid. The governing equations are solved using the
explicit finite difference method (EFDM), also known as the second-order upwind method. The results are shown
graphically for different parameter values. The computational process is carried out using MATLAB code. The following
conclusions we have found from the present investigations:
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1. From the plotting of (Fig. 5), we have seen that with increasing solutal Grashof number G.. The difference in
flow rate for different nanofluids is decreasing. For a low value of the solutal Grashof number G, titanium
oxide (Ti0,) gives a high flow rate and silver (4,) gives a low flow rate. For high solutal Grashof number G,
all the nanofluids considered show no significant difference in volumetric flow rate.

2. For increasing values of thermal Grashof number G,., solutal Grashof number G., electrical field load parameter
E and the nanoparticle volume fraction ¢. The fluid velocity also increases. But with the increasing values of
the Hartmann number H,, the velocity decreases in copper-water nanofluids.

3. With the increasing values of the electrical field load parameter E and the Brinkmann number B,, the
temperature and concentration profiles are found to increase due to an increase in the values of the electrical
field load parameter E and Brinkmann number B,, but the boundary layer reduces the concentration; its
thickness decreases.
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The paper examines the results of molecular dynamics modeling of metallic clusters of copper (Cu), silver (Ag) and cobalt (Co). The focus
was on how the geometric properties and energetic stability of nanoclusters vary with size. Numerical calculations were performed using
the Lammps software suite. This software package is widely used for atomistic modeling tasks and has proven itself in the study of systems
with a large number of particles. The interatomic interactions were described using EAM and MEAM potentials, and the simulations were
performed in a high-performance computing environment with MPI/OpenMP support. The work was conducted in two sequential stages.
In the first stage, the clusters were relaxed at a temperature of 0K to obtain configurations corresponding to the minimum energy state. The
systems were then gradually heated to 300K, which made it possible to trace changes in their stability and assess possible structural
rearrangements during thermal evolution. The computational results showed that as the number of atoms increases, the overall geometry
of the clusters approaches a spherical shape, and the system's energetic stability is enhanced due to the increase in the volume of the inner
atoms. We present a systematic MD simulation study of structural evolution and energetic stability in Cu, Ag, and Co nanoclusters
comprising 13 to 55 atoms. By identifying magic-number clusters and comparing compositional behavior from 0K to 300K, we reveal
distinct size-dependent stability trends across the three metals. These findings offer quantitative insight into nanocluster formation
mechanisms relevant to catalysis and nanomaterial engineering.
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INTRODUCTION

Due to the small sizes of nanoclusters, their investigation is a complex process. As a result, in recent years, great
importance has been placed on studying such systems in materials science through computer modeling at the atomic level [1].

Due to the physical limitations on the operating speed of traditional single-core Central Processing Units (CPUs)
common in personal computers, today's computer architecture for modeling such nanoscale systems is multi-processor,
the need for multiprocessor, multi-core, and many-core systems is growing. In order to fully utilize the capabilities of
new architectures, computer modeling methods are actively used, in particular molecular dynamics and the Monte Carlo
(MC) method. These approaches allow us to study the structural features and thermodynamic properties of nanomaterials
at the atomistic level. In a number of studies, phase transitions and surface effects in nanoclusters were examined using
modeling, after which the obtained results were compared with similar processes characteristic of large single crystals.
Molecular dynamics simulations show that copper (Cu) nanoclusters become liquid at temperatures significantly lower
than bulk crystals of the same metal. Such behavior is generally associated with a large reduction in their thermodynamic
stability [2,3]. A similar trend is observed for silver (Ag) nanoclusters. The simulation results indicate that as the cluster
size decreases, its melting temperature also decreases [4]. In such studies, the melting process is typically initiated at the
surface of the cluster, after which the resulting structural changes gradually spread to its internal regions, without affecting
the entire structure at once. This is why, when modeling metal nanoclusters, the potentials of the embedded atom method
(EAM) or its modified version, the modified embedded atom method (MEAM), are most often used. This approach allows
for a more accurate consideration of the characteristics of interatomic interactions in metallic systems. In a number of
studies, specially parameterized EAM potentials for silver were used to describe the processes of bond formation and
structural evolution in bimetallic nanoclusters, including in Ag-Pd and Ag-Cu systems [5,6].

In recent years, interest in computer modeling of copper nanoclusters has increased significantly. Early studies using
molecular dynamics showed that their melting temperature depends significantly on cluster size [7]. Over time, the
research focus expanded. Beginning around 2020, attention shifted from melting processes to phase transitions from
amorphous to crystalline states in copper nanoclusters. In a number of fundamental works, the behavior of copper
nanoparticles during heating was first analyzed using classical molecular dynamics calculations [8]. Analysis of the
obtained data showed that as particle size decreases, their melting temperature decreases. Moreover, both the structural
and dynamic characteristics of the system are largely determined not only by cluster size but also by temperature
conditions. In addition, a number of studies have noted that the formation of a silver shell on the surface of a copper
nanocluster is accompanied by a noticeable increase in its crystallization temperature [2]. These results provide grounds
to assume that the heterogeneous coating can influence the mechanisms of phase transitions in nanoclusters and likely
contributes to increased their thermal and structural stability.
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In [6], the processes of aggregation and dissolution of bimetallic Ag-Cu nanoclusters were examined in detail using
molecular dynamics simulations. It was shown that both the initial mutual arrangement of clusters and the degree of their
structural ordering significantly affect the rate of aggregation. The obtained results allowed us to conclude that the features
of melting and solidification.

In recent years, molecular dynamics-based studies have significantly expanded the possibilities for modeling cobalt
nanoclusters. The application of the MEAM (Modified Embedded Atom Method) potential in MD calculations made it
possible to describe with sufficient accuracy the behavior of cobalt nanoclusters in a crystal structure with hexagonal
close packing (HCP). In the course of these studies, it was established that the processes of melting and solidification in
bimetallic nanoclusters are determined not only by their size, but also by the features of their structural organization. The
configuration of a system has as significant an impact as its scale. Moreover, the use of the MEAM potential provides a
fairly correct description of both hexagonal close-packed (HCP) and face-centered cubic (FCC) crystal structures. This
approach also allows one to estimate the surface energies and relative stability of cobalt-based nanoclusters with
acceptable accuracy.

As a classical, physically motivated model, this potential demonstrates numerically stable behavior in molecular
dynamics calculations and provides good convergence in long-time simulations of clusters containing thousands of atoms.
Molecular dynamics calculations based on the MEAM potential have shown that in cobalt nanoclusters, the melting
temperature approaches values characteristic of large monocrystals as the cluster size increases [9—13].

The literature review above shows that the field of computational modeling of Co, Cu, and Ag nanoclusters has been
developing rapidly since 2020. Modern atomistic simulations make it possible to determine the spatial properties of
nanoclusters as a function of size and to analyze the differences between clusters and monocrystals. While the MD method
allows for observing the system's evolution in different ensembles (microcanonical ensemble-NVE or isothermal-isobaric
ensemble-NPT conditions), Monte Carlo methods are aimed at determining the structural configurations corresponding
to the smallest states of the clusters. [14] presents experimental results for small Ag clusters using the EAM potential to
examine several different isomers to identify the most stable structure and then to determine their energetic states by DFT
(Density Functional Theory). Using this approach, the size-dependent odd-even electron effect was identified in silver
clusters up to 2-3 nm, and this phenomenon was confirmed by the corresponding trends observed in EAM and DFT
calculations. As noted in the literature, the intrinsic energetic stability (binding energy per atom) of nanoclusters increases
with cluster size [15]. In the present study, copper (Cu), silver (Ag), and cobalt (Co) were selected as model systems for
the following reasons. Cu and Ag are archetypal face-centered cubic (FCC) metals that have been extensively
characterized both experimentally and computationally, and well-validated EAM interatomic potentials are available for
both, making them ideal reference systems for benchmarking MD simulations of nanoclusters [3, 4, 6, 14]. Cobalt, with
its hexagonal close-packed (HCP) crystal structure and distinctly higher cohesive energy, provides a structurally
contrasting case, allowing the influence of crystal symmetry on nanocluster stability to be assessed [9—13]. Together,
these three metals span a wide range of lattice parameters, surface energies, and interatomic interaction strengths, enabling
a broad and systematic comparative analysis of size-dependent nanocluster behavior.

In this article, we computationally investigate the structural stability and geometric evolution of Cu, Ag, and Co
nanoclusters as a function of cluster size (n = 13, 19, 23, 38, and 55 atoms) using molecular dynamics simulations. The
equilibrium configurations at 0 K are determined, and the size-dependent binding energy is analyzed to identify
energetically favorable "magic number" structures. Geometric parameters — including cluster radius and volume — are
evaluated and compared across all three metals. Additionally, structural rearrangements upon heating from 0K to 300K
are systematically traced. The obtained results are presented and discussed in the following sections.

COMPUTATIONAL METHODS

Currently, several modern computer modeling methods are used to investigate processes at the atomic level.

Molecular Dynamics Method.

In the molecular dynamics method, all atoms in the system are treated as classical particles whose trajectories are
determined by numerically solving Newton's equations of motion. The method was first proposed by Alder and
Wainwright (1957) [16] and developed by Rahman [17] and Verlet [18] using the Lennard—Jones potential. Since the
1990s, MD has been successfully applied to study cluster—surface interactions [19-21], and today it is a standard tool for
investigating the structural and thermodynamic properties of nanoscale systems with time resolution from femtoseconds
to nanoseconds.

As the computational power of computers has increased, it has become possible to model larger and more complex
systems using MD simulations. M. Moseler and his colleagues modeled the sequential deposition of cluster ions (sequential
irradiation) process, demonstrating that the simulation system is rapidly approaching real experimental conditions and that
the nonlinear effects of cluster impacts can be analyzed more accurately through computer modeling [21].

Embedded Atom Method potential.

In computational modeling, methods based on interatomic potentials are widely used. By knowing these potentials,
the system’s structure and properties can be calculated much more accurately. Potentials can be calculated theoretically,
i.e., based on “first principles”, or they can be determined by fitting to experimentally known properties. Subsequently,
calculations are performed under the assumption that these potentials also apply over a broader range of pressures and
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temperatures. As mentioned earlier, the force fields are determined from the system’s potential energy, and to realistically
model elements with a crystalline structure, it is crucial to account for the influence of nearby atoms.

Currently, one of the most effective methods widely used in the computational modeling of metal systems is the use
of a many-body interaction potential based on the Embedded Atom Method (EAM). The EAM was originally proposed
by Daw and Baskes in 1984 [25] and subsequently formalized by Foiles, Baskes, and Daw in 1986 [26].

Previously, in the study (modeling) of metallic systems, mainly pair potentials, particularly the Lennard—Jones
potential, were used [20,21]. However, such potentials cannot describe metallic systems with sufficiently high accuracy.
Therefore, it is necessary to use a multiparticle interaction potential (EAM) that is more suitable for metal systems. The
EAM-based description of interatomic interactions does not require a separate quantum mechanical calculation of the
electrons in the metal structure, since the effect of the electrons is already accounted for within the EAM potential itself.
In the EAM potential, the interaction of the atomic nuclei with the electrons is expressed through a single function (the
embedding functional) that depends on the total electron density. In this approach, the total electron density within the
metal is treated as a linear sum of the individual atoms, and the electron density generated by each atom is assumed to be
spherically symmetric. In the EAM model, the total energy of the system is the sum of the pair interaction energy between
atoms and the interaction energies of each atom with the electronic density created by the surrounding atoms:

1 .o
Eror = XiFi(pny) + Ezlivxj Lj ¢ (Rij), n

where ¢;; is the short-range pair interatomic potential, R;; is the distance between atoms i and j, F;(p;) is the embedding
function reflecting the influence of surrounding atoms on the interaction energy, p; is the electron density at the location
of atom 1, defined as the sum of the contributions of the electron density of all neighboring atoms [25,26].

Phi = Xj=i PJ(-a) (Rij)- @)

This approach has proven to be an effective tool for modeling face-centered cubic (FCC) metals. In this study, the
potential of the modified embedded atom method (MEAM) was used.

The modified embedded atom method is a development of the classical EAM approach that additionally accounts
for directional interactions between atoms. The MEAM was originally proposed by Baskes in 1987 [27] and has
subsequently been widely used in modeling metals, semiconductors, and diatomic gases. The method has also been
successfully applied in the study of silicon, germanium, and their alloys. Due to good agreement with experimental data,
practical applicability and relative ease of implementation, the MEAM approach is considered as an effective tool for
atomistic modeling of metallic systems.

SIMULATION PARAMETERS

In molecular dynamics simulations, the processes of thermostatization and barostatization are of significant physical
importance. Thermostatization controls the temperature of the particles, while barostatization regulates the system’s
pressure. Since pressure includes a kinetic component, both processes are directly related to temperature determination.
In modeling processes, the target values for temperature (T) and pressure (P) are typically specified in advance, and the
thermostat and barostat are responsible for bringing the system to these values and maintaining it in equilibrium.

Interatomic potentials. For Cu and Ag clusters, the EAM potential by Foiles, Baskes, and Daw (1986) [26] was used,
which provides well-established parametrizations for FCC metals that have been extensively validated against bulk
properties, surface energies, and defect formation energies. For Co clusters, the MEAM potential by J. Lee, M. 1. Baskes,
H. Kim, and Y. Koo Cho was employed, as it correctly reproduces the HCP ground-state structure and surface properties
of cobalt. These potential choices ensure that the fundamental bonding characteristics of each metal are captured with
sufficient accuracy for the cluster sizes studied.

In [28], it was proposed to include external pressure as a total force in the equation of motion. Based on this, the
Andersen, Berendsen, and Nosé—Hoover barostats were used in MD simulations. The effect of pressure on the
crystallization of bimetallic nanoparticles was first considered in [29], but accurately determining the system's volume
remains a complex issue. Despite the existing challenges, the MD method is considered the most effective and sufficiently
accurate approach for studying micro- and nano-objects. Using modern stochastic thermostats, the MD method can
reliably model NVE, NVT, and NPT ensembles. Although maintaining a constant temperature is a complex issue, in
practice the Berendsen, Andersen, and Nosé—Hoover thermostats are widely used [30].

The initial 0 K ground-state geometric coordinates for each cluster were derived from preliminary geometric
relaxations of ideal spherical cuts. To evaluate thermal stability at finite temperatures, these relaxed 0 K configurations
were loaded into the simulation box. Initial atomic velocities were assigned stochastically according to a Gaussian
distribution corresponding to the target simulation temperature (300 K). To prevent artificial cluster interactions, a large
bounding box was employed rather than periodic boundary constraints on the cluster itself. The subsequent calculations
were carried out under the isothermal-isochoric (NVT) thermodynamic ensemble. The Verlet algorithm was chosen for
the numerical integration of the equations of motion, with a time step set to 0.002 ps. Molecular dynamics simulations
were conducted at room temperature (300 K) over 100 ps, governed by the Berendsen thermostat. Thermal equilibrium
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was strictly verified by continuously monitoring the temporal evolution of the system's kinetic energy, potential energy,
and temperature over the NVT trajectory. The thermodynamic state was considered fully equilibrated when the
fluctuations of these energy parameters stabilized within standard statistical deviations, ensuring the prevention of non-
physical structural deformations.

RESULTS AND DISCUSSION

The atomistic behavior of copper, silver, and cobalt metal clusters was analyzed using molecular dynamics
simulations implemented in the LAMMPS software package [32]. EAM and MEAM potentials were used to calculate the
interatomic interactions in the metal clusters. JMol [33] was used for the visual analysis of the obtained atomic
configurations and structural changes, and for creating computer models of the stable structures and configurations of the
metal clusters.

Initially, computer experiments were conducted to determine the geometric structures and equilibrium (stable)
configurations of the Cu, Ag, and Co metal clusters at OK, after which the gradual heating of the clusters up to 300K was
modeled.

To address the temperature dependence and verify the thermodynamic stability of the initial configurations,
comparative finite-temperature molecular dynamics simulations were conducted at 300K. Table 1 summarizes the average
binding energies calculated for the sequence of structural "magic numbers" (n = 13, 19, 23, 38, 55) for all three metals
after reaching thermal equilibrium.

Table 1. Average binding energies of Ag, Cu, and Co clusters at 300K.

Number of atoms (N) Metal Binding Energy at 300 K (eV/atom)
N=13 Ag -2.207
N=19 Ag -2.261
N=23 Ag -2.275
N=38 Ag -2.370
N=55 Ag -2.447
N=13 Cu -2.614
N=19 Cu -2.675
N=23 Cu -2.728
N=38 Cu -2.852
N=55 Cu -2.951
N=13 Co -2.923
N=19 Co -3.081
N=23 Co -3.118
N=38 Co -3.344
N=55 Co -3.497

Comparing these results with the 0 K energetic trends reveals that the transition to 300 K leads to an expected
reduction in the absolute magnitude of the binding energies. This is primarily attributed to the kinetic contribution of
thermal atomic vibrations and a minor degree of thermal expansion, which slightly weakens the effective interatomic
bond strengths. However, rigorous trajectory analysis over the 100ps NVT interval thermally confirmed that none of the
studied clusters underwent bulk melting or structural collapse at 300K. Consequently, although the absolute binding
energy values deviate slightly from the 0K minimum states, the primary size-dependent configurations strictly conserved
their stabilities at room temperature.

Figure 1 shows a plot of the average binding energy versus the number of atoms for the Cu, Ag, and Co metal
clusters. The graph shows that as the cluster size increases, their binding energy also increases steadily. This phenomenon
is explained by the fact that as the cluster size increases, the proportion of surface atoms decreases, and the degree of
interatomic bonding among the interior atoms increases. Furthermore, the peaks and troughs observed in the graphs at
certain atom counts indicate that clusters possess energetically more stable states at specific sizes (These stable
configurations are called “magic numbers” [31], and they typically arise when fully closed-shell structural layers - such
as icosahedral, decahedral, and cuboctahedral - form). In the graph, a sharp increase in the binding energy was observed
for clusters with 13, 19, and 55 atoms, as they formed a complete geometric shell. The addition of a subsequent atom to
the cluster led to a temporary decrease in energy due to symmetry breaking and structural rearrangement. The results of
the study revealed that cobalt clusters possess a higher binding energy and a more stable structural configuration compared
to copper and silver clusters. It was determined that this stability is associated with strong interactions between cobalt
atoms and a high surface energy.

These findings are in good agreement with previously reported MD simulation results. In particular, the observed
decrease in binding energy with decreasing cluster size is consistent with results reported for copper nanoclusters by
Wang et al. [3] and Canan and Celtek [8], who also demonstrated a pronounced size-dependent reduction in thermal
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stability associated with the increasing proportion of undercoordinated surface atoms. The higher binding energy of Co
nanoclusters compared to Cu and Ag is consistent with the bulk cohesive energy trend (Co: 4.39 eV, Cu: 3.49 eV, Ag:
2.95 eV), suggesting that the relative stability ranking observed at the nanoscale reflects the intrinsic bonding
characteristics of the bulk metals. Furthermore, the identification of "magic number" clusters at n = 13, 19, and 55 atoms
is consistent with the results reported by Garg et al. [14] for silver clusters, where closed-shell icosahedral configurations
were found to exhibit significantly enhanced stability.
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Figure 1. Dependence of the cluster average binding energy on the number of atoms in the cluster

Table 2 presents the effective physical volumes of Ag,, Cu,, and Co, metal clusters (n = 13, 19, 23, 38, and 55).
Since the modeled clusters, especially those containing fewer atoms, deviate from perfect spherical symmetry due to
surface reconstructions, describing their size using a single scalar radius or diameter is physically ambiguous. Therefore,
the spatial extent of the clusters is more accurately characterized by their effective volume. The volume of each cluster
was calculated by summing the effective atomic volumes, based on the bulk Wigner-Seitz atomic radii for each metal,
accounting for relaxed, non-spherical geometric configurations. The table shows that, for a given number of atoms, silver
clusters occupy the largest geometric volume, which is explained by their relatively large lattice constant. Cobalt clusters,
on the other hand, exhibit the most compact dimensions due to the dense packing and short interatomic distances of their
hexagonal close-packed (HCP) structure. Copper clusters possess intermediate geometric properties. A consistent, linear
increase in effective volume with an increasing number of atoms is clearly observed for all three metals.

Table 2. Effective volumes of Cu, Ag, and Co metal clusters as a function of size.

Cluster Volume V (A%
Agis 221.7065
Agio 324.0326
Ag 392.2500
Agss 648.0652
Agss 937.9891
Cuiz 153.5353
Cuig 224.3978
Cuzs 271.6394
Cusg 448.7955
Cuss 649.5725
Cois 143.9595
Coi9 210.4024
Cox 254.6976
Coss 420.8047
Coss 609.0594
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Figure 3. Distribution of atoms in a two-dimensional projection of metal clusters Ag,, Cun, Con.

Figure 3 shows the spatial distribution of atoms in Ag, Cu, and Co metal clusters of different sizes, modeled with
cluster configurations containing 13, 19, 23, 38, and 55 atoms. The graphical projections show the position of each atom
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in X-Y coordinates, as well as a color representation of the depth in the Z direction, clearly reflecting the spatial (3D)
structure of the cluster.

Small clusters (n < 23) predominantly have central symmetry and relatively uniform atomic density. As the cluster
size increases (n = 38-55), the spatial arrangement of atoms becomes more layered and elements of the crystalline structure
are formed.

The differences in the direction of the Z-axis of the atoms, indicated by the colors, namely the predominance of dark
violet in the lower layers and light yellow in the upper layers, indicate that the upper and lower parts of the cluster are not
the same — there is a clear vertical difference between them. It can be seen that with increasing size in Figure 1, they are
completely consistent with the geometric parameters, radius, diameter and volume, given in Table 1, and with increasing
size of the cluster, a three-dimensional arrangement of the structure and the formation of crystalline layers were observed.

To quantitatively complement the visual geometric analysis, the average coordination number (CN) and the fraction
of surface atoms (fg,.r = Ngyurr/Niotal) Were mathematically computed for the relaxed configurations. A surface atom was
structurally defined by a coordination limit systematically lower than the bulk atomic phase. For the prototypical closed-
shell n = 13 clusters (such as Cu and Ag), the surface fraction is exactly 92.3% (Ng,rf = 12,N.ore = 1) with an average
CN of 6.46, computationally confirming the precise formation of a single-layer icosahedron. As the cluster size expands,
the proportion of undercoordinated surface atoms monotonically decreases, inducing denser internal atomic packing.
Ultimately, at the definitive "magic number" size of n = 55, all three transition metals (Cu, Ag, Co) rigidly converge to
an average coordination number of 8.51 and a surface fraction of 76.4% (Ng,rf = 42,Ncore = 13). This quantitative
descriptor distribution distinctly verifies the assembly of a complete two-shell Mackay icosahedron, thus rigorously
corroborating the visual structural layering observed in Figure 3 and dictating the abrupt spikes in binding energies.

Crucially, while the general geometric evolution (e.g., reaching icosahedral magic numbers) is similar across the
transition metals studied, their distinct chemical compositions heavily govern their structural and thermodynamic
distinctions at equivalent sizes. Comparing clusters of identical size (for instance, n = 55), Cobalt exhibits the highest
structural compactness and the strongest energetic stability (cohesive energy of -3.497 eV/atom at 300K). This robust
cohesion correlates with its bulk hexagonal close-packed (HCP) nature and the active involvement of unfilled 3d-orbitals
in metallic bonding. Conversely, Silver clusters represent the most loosely bound structures (-2.447 eV/atom) with the
largest effective spatial volumes, which is directly attributable to its fully occupied 4d-shell and naturally softer, highly
polarizable electron cloud (large bulk lattice constant of 4.09 A). Copper exhibits intermediate characteristics (-2.951
eV/atom), maintaining highly symmetric icosahedral forms characterized by shorter bond lengths than Ag but weaker
cohesion than Co. Thus, at any uniform physical size scale, the intrinsic chemical bonding capabilities of the specific
transition metal distinctly predetermine the cluster's cohesive depth, volumetric density, and susceptibility to thermal
surface deformations.

To quantify the subtle structural deviations from ideal icosahedral symmetry highlighted visually, a generalized
mathematical variance metric was applied by computing the standard deviation () of the radial distances of the outermost
surface atoms relative to the cluster's center of mass. For a perfectly symmetric, unrelaxed icosahedron, the surface atoms
form exactly equidistant sub-shells. The computational geometric analyses of the fully relaxed states (for instance at
n=>55) demonstrate that Ag clusters incur the largest absolute radial standard deviation (¢ = 0.33 A). This mathematical
deviation definitively quantifies a higher propensity toward deformed icosahedral structures, driven by its larger atomic
radius and softer electron cloud. In contrast, the icosahedral symmetry in Cu clusters is relatively well-preserved,
exhibiting a smaller radial deviation (¢ = 0.29 A). Meanwhile, in Co clusters, the strong short-range interatomic
interactions and high cohesive surface energy yield a highly compact, dense, and symmetrically tight core structure,
reflected by the lowest absolute radial deviation for closed shells (c = 0.26 A).

CONCLUSION

The paper examined the structural stability and geometric features of Cu, Ag and Co metal clusters, and analyzed
the dependence of the average binding energy on their size. The atomic characteristics of the systems were assessed using
molecular dynamics simulations with the LAMMPS software package. Interatomic interactions were described using
EAM and MEAM potentials. Analysis of the results suggests a close relationship between the energy state of clusters and
their internal geometry, the proportion of surface atoms, and the degree of structural symmetry. In addition, it was found
that as cluster size increases, binding energy naturally increases. In particular, clusters with “magic numbers” such as 13,
19, 38, and 55 exhibited higher binding energies. This phenomenon was explained by the formation of fully or partially
icosahedral, cuboctahedral, or decahedral shells. It was determined that the temporary decrease in energy resulting from
symmetry breaking upon adding an additional atom to the cluster is associated with structural reorganization processes.

Our geometric analyses established that Ag clusters tend to adopt more deformed icosahedral structures due to softer
electron clouds, while Cu clusters better preserve their icosahedral symmetry. Conversely, the high surface energy and
intrinsic interatomic properties of Co clusters drive them toward highly compact, symmetrically tight, and dense core
configurations.

The main scientific novelty of the study is the determination of the structural evolution, stability, and energetic
properties of silver, copper, and cobalt metal clusters under conditions from 0K to 300K through detailed MD modeling,
and, compared to previous work, the internal reorganization mechanisms of the clusters are described in greater detail.
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Furthermore, this work provides a comparative analysis of the stable configurations of Cu, Ag, and Co clusters at “magic
numbers” based on a consistent methodology.

In summary, molecular dynamics simulations reveal a consistent picture of size-dependent structural evolution in
Cu, Ag, and Co nanoclusters across the range of 13—55 atoms. Energetic stability is governed by the decreasing surface-
to-volume ratio with increasing cluster size, while magic-number configurations corresponding to closed-shell geometries
emerge as thermodynamically preferred states. The pronounced compositional dependence of cluster dimensions and
binding energies — with Co being the most stable and Ag the least stable — reflects the underlying differences in cohesive
energy among these metals. These results provide a systematic comparative framework for understanding transition metal
nanocluster behavior and offer a foundation for targeted synthesis strategies in catalysis and nanophotonic.
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OBUYHNCJIOBAJILHE MOJIEJTIOBAHHSA CTPYKTYPHOI CTABIUIBHOCTI METAJITYHUX HAHOKJIACTEPIB HA
OCHOBI METOIY MOJIEKYJIAPHOI IMHAMIKHA
AxbapaJi M. Pacynos, HonipGek 1. Iopoximos, A3amar I. Tyxracinos, Jzkaxonrip M. Xoxxumaros
Depeancokuil oepocagnuii mexuiunuil ynieepcumem, Qepeana, Ybexucman

VY cTarTi po3mIAAaloThCs pe3yIbTaTH MOACIIOBAHHS MOJIEKYIISIPHOT AMHaMiKK MeTaneBux kiactepis Mifi (Cu), cpibina (Ag) ta kobansTy
(Co). OcHoBHa yBara MpUALISIIACS TOMY, SIK 3MiHIOIOThCS T€OMETPHYHI BIACTHBOCTI Ta CHEPreTHYHA CTaOUIBHICTh HAHOKIACTEPIB
3aJIeXKHO BijL 1X po3mipy. UucenbHi po3paxyHKH IPOBOIIMIKCS 3a JOIOMOroo nporpamuoro nakery Lammps. I{eit nporpamunii naker
IIMPOKO BUKOPHCTOBYETHCS JUIS 3a/1a4 aTOMICTHYHOTO MOZICIIOBAHH Ta 100pe 3apEeKOMEH/lyBaB ce0e IIPU BUBUCHHI CHCTEM 3 BEJUKOIO
KUIBKIiCTIO YacTHHOK. MiXkaToMHI B3aeMO/Iii onucyBasucs 3a gornomoroto noteHuianis EAM ra MEAM, a MozentoBaHHs POBOIIOCS
Yy BHCOKOIIPOXYKTUBHOMY OOYHCIIIOBAIBHOMY cepenoBuili 3 miarpuMkoio MPI/OpenMP. Po6ora npoBomunacs y 1aBa MOCTiTOBHI
eramu. Ha mepmomy erami kimactepu Oynu penakcoBali mpu Temneparypi 0K mis orpumanHS KOH(Irypamiii, mo BiINOBiZarOTh
MiHIMaJILHOMY €HepreTHdHoMy craHy. IToTiM cuctemu moctymnoBo HarpiBamu 0 300K, mo m0o3BONMIO BiACTEXKHTH 3MIHU B TXHIH
cTablIBHOCTI Ta OIIHUTH MOXJIMBI CTPYKTYpHI HepeOyloBH IIiJ| 4ac TepMiuHOI eBomowii. Pe3ynbratn o04ncieHs mokasanu, mo 3i
301IBIIEHHSIM KIUTBKOCTI aTOMIB 3arajbHa reoMeTpis KIacTepiB HaOIMKAeThesl 1O cepudHoi GopMH, a eHepreTHyHa CTabiIbHICTh
CHUCTEMH IIOCHIIIOETHCS 3aBISKM 30UIBIICHHIO 00'€eMy BHYTPIIIHIX aToMiB. MM IpPEACTaBISEMO CHUCTEMAaTHYHE JOCIIJDKCHHS
MOJICKYJSIPHOT ANHAMIKH CTPYKTYPHOI €BOMIOLIT Ta eHepreTndHoi crabinpHocti B HaHoknactepax Cu, Ag ta Co, o mictsts Bix 13 1o
55 aromiB. InenTudikyroun kiacTepd 3 MaridHMMH YHCIaMH Ta HOPIBHIOWOYM KoMmosuuiiiny moBeainky Bix OK mo 300K, mu
BHSIBIIIEMO Di3HI 3aJI€XKHI BiJl pO3Mipy TEHICHLIT CTaOUTBHOCTI I TPphoX MeTamiB. L{i pe3ynbTaTi MpomoHyIOTh KiIbKiICHE PO3YMiHHS
MeXaHi3MiB ()OpMyBaHHS HAHOKJIACTEPIB, IO CTOCYIOTHCS KaTajli3y Ta HAaHOMaTepialbHOI iHKeHepii.

KurouoBi ciioBa: modentosanns monexynapnoi ounamixu; miscamomui 63aemooii; mepmocmamusayis; bapocmamu3sayis, 308HIWHIT
muck; mooens NVE, NVT ma NPT, amomni konghicypayii; ceomempuuni cmpykmypu, eHepeisi 36'a3Ky; Maziuni wucia; cmpykmypHa
cmabinbricmo
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CuissS is of significant current interest due to its complex crystal chemistry, wide homogeneity range, and unique physicochemical
properties. These materials belong to the class of digenites and exhibit various structural transformations and reversible phase transitions
that are highly sensitive to copper content. The synthesis, growth, and investigation of the structural behavior of Cui.ssS single crystals
provide essential insights into phase stability and transformation mechanisms in the Cu2«S system. Such knowledge is crucial for potential
applications in semiconductor devices, catalysts, and energy conversion systems, where the crystal structure and phase composition directly
influence material performance. This paper presents the results of the synthesis, growth of single crystals, and X-ray phase analysis of the
nonstoichiometric compound Cui.ssS, which belongs to the class of digenites. The single crystals were obtained by combining the
Bridgman directional crystallization method with slow cooling. A comprehensive microstructural and X-ray analysis was carried out,
including the use of Weissenberg photographs and temperature-dependent diffraction studies in the range from room temperature to 420°C.
It was established that at room temperature, the Cui85S sample is biphasic and consists of orthorhombic (Pnma) and monoclinic (P24 ,)
phases. Upon heating, two structural transitions were observed: first to a tetragonal phase at approximately 93°C, and then to a high-
temperature face-centered cubic (FCC) lattice at around 120°C. All transitions are reversible and occur via a single-crystal-to-single-crystal
mechanism with well-defined orientational relationships between the lattices. The biphasic nature at room temperature is attributed to the
accumulation of copper atoms in twin regions. This work contributes to understanding structural transformations in the Cui.s5S system and
confirms the existence of stable interphase transitions that depend on copper content.

Keywords: Crystal; Phase transitions; X-ray diffraction; Digenite; Lattice

PACS: 61.66.Dk, 61.05.fm

1. INTRODUCTION

Compounds of the Cu — S system are among the most complex materials in crystal chemistry due to their
nonstoichiometric nature, broad homogeneity range, and diverse phase states. Particular attention is given to copper
sulfides of the Cu,_,S composition, which belongs to the class of digenites. These compounds are characterized by a
high level of lattice defects, a variety of structural transformations, and unique physicochemical properties. They offer
potential applications in semiconductor devices, catalysis, and energy conversion systems.

An analysis of the literature reveals that no universal method exists for synthesizing nonstoichiometric compounds
of the Cu — S system. While some studies utilized natural crystals, others involved powdered mixtures of the starting
components, subjected to prolonged heat treatment or the slow-cooling method [3, 13]. However, variations in sample
preparation conditions lead to discrepancies in structural study results. Thus, developing synthesis methods that ensure
the production of homogeneous, single-phase, and well-crystallized samples is crucial.

It is known that at room temperature, Cu,_,S compounds often exist as two-phase systems. The most characteristic
phases include the orthorhombic modification of the anilite type (Cui.7sS, space group Pnma) and the monoclinic
modification of the yarrowite type (Cu1.96S, space group P2;,). These phases are close in both composition and unit cell
parameters, making their identification by microstructural methods particularly challenging. Additionally, many
compositions exhibit a metastable high-temperature cubic (FCC) modification.

Previous studies have shown that phase transformations in Cus.75S, Cu1.g0S, and Cui.90S compounds exhibit
different characteristics. Even small variations in copper content led to changes in both transition temperatures and
transformation sequences [1,3]. This highlights the high sensitivity of the crystal structure to defect concentration and
confirms the complexity of the phase behavior in digenite.

In this context, systematically investigating structural transformations in Cu;.g5S, a composition lying between the
previously studied phases, is of particular interest. This study will help refine the understanding of phase stability within
the Cu,_,S system, trace regularities in structural variations with respect to copper content, and elucidate the mechanisms
of reversible phase transitions.

The objective of this work is to synthesize and grow Cu,.gsS single crystals, perform comprehensive microstructural
and X-ray phase analyses, and investigate temperature-dependent structural transformations from room temperature to
420°C.

MATERIALS AND METHODS
Synthesis of nonstoichiometric Cu,_,S compounds. Synthesis of nonstoichiometric Cu,_,S compounds. There
is no single method reported in the literature for the synthesis of nonstoichiometric compounds of the Cu — S system.
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Some authors used natural crystals, whereas in [4,5,6] samples of the desired phases with various compositions were
obtained by mixing the individual components in powder form and then heat-treating. In one case, ampoules containing
the corresponding components were held at 593-743 K for 7 days [4]; in another, Cu and S components in the desired
stoichiometric ratios were heated to 773—873 K for 24 hours [5]; and in a third case, powdered Cu and S were maintained
in an evacuated Pyrex ampoule for 7 days at 723 K [6].

In [3], pressed powders of Cu,S and CuS were placed in an open glass ampoule and annealed for 12 hours at 383 K.
In [10,11,12], samples of some nonstoichiometric Cu — S compositions were obtained using the slow-cooling method.

An analysis of these studies shows that the existing discrepancies in structural investigations are primarily
determined by the different conditions used to prepare various nonstoichiometric Cu — S samples.

To obtain homogeneous samples of composition Cu,.g5S, we employed the direct synthesis method, i.e., the
chemical reaction of the starting components. Double-walled ampoules made of high-quality quartz, possessing high
thermal stability, were used as reactors. The main ampoules, with an inner diameter of 1.5 cm and a length of 10 cm, were
filled with the starting materials — Cu (electrolytic) and S (grade “Ultra-pure”) in the required amounts for each
composition — and evacuated to a pressure of 10~> mmHg.

All ampoules containing the respective compositions were placed in the stable zone of the furnace. The furnace
temperature was raised to the melting point of sulfur (393 K) and maintained at this temperature for 3 hours to ensure
thorough interaction of molten sulfur with copper and to prevent ampoule rupture. The temperature was then increased at
a rate of 50 K per hour up to the melting point of Cu,S (1403 K) with cyclic vibration. After a two-hour dwell at this
temperature, the ampoules containing the samples were slowly cooled to 373 K and annealed at this temperature for 300
hours to achieve homogenization, while the phase composition was monitored using microstructural and X-ray phase
analyses.

Growth of Cuu.ssS Single crystals. Given that nonstoichiometric Cu~S compounds are defect-containing crystals,
the optimal method for obtaining single crystals of the desired Cui.ssS composition was determined experimentally to be
a combination of the Bridgman method and slow cooling.

The synthesized Cui.ssS compositions were placed in specially designed high-quality quartz ampoules tailored for
the Bridgman technique (length: 10 cm, inner diameter: 1 cm). The ampoules were evacuated to a pressure of 10~ mmHg
and subsequently placed in a two-zone furnace, where a temperature controller maintained the desired temperature. The
furnace temperature was gradually increased above the melting point of Cu.S. Following a three-hour dwell at this
temperature, an electric motor was activated to lower the ampoule at a rate of 6 mm/h. Once the ampoule reached the
lower zone of the furnace, it was transferred to an electric furnace and annealed at 573 K for 3 weeks. This annealing
process corresponds to the lower zone of the two-zone furnace.

The samples obtained via this method were high-quality single crystals, exhibiting well-defined structural properties
suitable for subsequent analysis.

Microstructural analysis. To reveal the microstructures, samples were prepared from each of the synthesized
Cu4.g5S composition. The surfaces of all samples were washed, degreased with ethanol, and dried after grinding and
polishing. Experimentally, an etchant consisting of 50% HNO3z; + 50% H,0, with the addition of 5% acetic acid to
prevent oxidation was selected.

Microstructural analysis. To reveal the microstructures of the synthesized Cui.ssS compositions, samples were carefully
prepared by grinding and polishing the surfaces of each specimen. Once polished, the samples were washed, then degraded
with ethanol to remove surface contaminants, and finally dried. To reveal the structural details, an etching solution was
applied to the samples. The etching solution consisted of 50% nitric acid (HNOs) and 50% distilled water (H-0), with 5%
acetic acid added to prevent oxidation of the sample surface during etching.

This microstructural preparation method ensured the samples were adequately prepared for further analysis. The etchant
enabled the identification of key microstructural features, including grain boundaries, phase distribution, and lattice defects,
providing important insights into the overall quality and homogeneity of the synthesized Cui.ssS single crystals.

Debye-Scherrer patterns for all synthesized compositions were obtained using Cu Ka radiation under identical
conditions. The calculations and indexing of interplanar spacings (see Tables 1-3) indicated that in Cuu.ssS crystals, a second
phase appears at room temperature. The amount in this second phase decreases as copper deficiency increases. Furthermore,
in all Cui.ssS crystals, a metastable high-temperature face-centered cubic (FCC) phase also exists at room temperature.

The first phase in these compositions corresponds to anilite (Cui.7sS), which crystallizes in an orthorhombic structure
with unit cell parameters: a = 7.89 A, b = 7.84 A, and ¢ = 11.01 A, belonging to the space group Pnma, with Z = 4
formula units per unit cell. The second phase corresponds to yarrowite (Cui.s6S), which crystallizes in a monoclinic
structure with unit cell parameters: a = 26.897 A, b = 15.745 A, ¢ = 13.565 A, f = 90.13°, and space group Pa/n.
The unit cell contains 8 Cus1Si6 formula units.

Due to the close composition and similar unit cell parameters of these two phases, distinguishing them in
micrographs is practically impossible. However, their identification is essential as the two-phase nature of Cu..ssS at room
temperature significantly influences the material's structural properties.

For the study of structural transformations, flat-parallel crystals were cleaved from the two-phase sample along the
(111) cleavage plane, which corresponds to the high-temperature FCC phase. Diffraction measurements were taken from
crystals mounted on a temperature-controlled stage of the diffractometer. At room temperature, nine diffraction peaks
were recorded (see Table 3). These diffraction peaks are consistent with the existence of both phases.
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Upon heating the crystal without changing its orientation, subsequent diffraction recordings were made at various
temperatures. At higher temperatures, four of the nine diffraction peaks transitioned to tetragonal symmetry, indicating
the formation of an intermediate phase. The equilibrium temperature between these phases, determined according to the
method described in, corresponds to the transformation temperature from the low-temperature yarrowite phase to the
intermediate tetragonal phase.

RESULTS AND DISCUSSION

Structural transitions in Cu,_.S crystals (x = 0.10,0.20, and 0.25) were studied in detail in [1]. It was shown that
at room temperature, these samples consist of two phases. One of them crystallizes in an orthorhombic lattice with unit
cell parameters a = 7.89A,b = 7.844&,c = 11.01 A; space group Pum, Z = 4 [2]. The second phase has a
monoclinic lattice with parameters a = 26.897 A,b = 15.745A,¢c = 13.5654,8 = 90°08,Z = 8 CusiS:6;
space group P24, corresponding to the yarrowite (Cu1.96S) lattice described in the literature [3].

For the samples of the specified compositions, the structural data and transformation temperatures are presented in
Table 1. As in Table 1, the sequence of structural transformations in Cui.7sS and Cui.soS samples is identical, whereas the
transitions in Cui.9S occur according to a different sequence. In the Cui.7sS and Cui.z0S samples, the first phase (a;)
corresponds to the tetragonal phase, followed by a transformation to a second phase (@) at a higher temperature. The
sequence of transformations for these samples is consistent, with a; transforming to a, at 116°C and 104°C, respectively.
In contrast, the Cui.9S sample exhibits a distinct transformation pattern, with its first phase (a;) remaining stable until a
much higher transition temperature is reached.

Table 1. Structural and temperature transformations in Cu,_,S [1-3].

Composition | Phase Transformation Intermediate phases Temperature of the | Lattice parameters of the
P temperature, °C P intermediate transformation, °C high-temperature phase
Cuy 758 L 35 Tetragonal 116 (FCC) (a = 5.5)
Ay 80
a; 38 » 118 _ o
Cuy oS > 3 (FCC) (a = 5.58 A)
ay - Orthorhombic + Hexagonal
Cuq.90S a 104 Close-Packed (HCP) (apex = 157 (FCC) (a = 5.62 A)
2 397 &; cpex = 6.694)

It was of interest to investigate how the structure and the sequence of structural transformations vary with the
composition, specifically from Cui.soS to Cui.9S, as demonstrated by the X-ray study of structural transformations in
these compounds.

The main X-ray measurements were carried out using an “Enraf-Nonius” goniometer and a D8 ADVANCE
diffractometer (Cu Ka radiation; 5° < 26 < 100°), operating in the temperature range from room temperature to 420 °C,
with the use of the EVA and Topas 4.2 software packages supplied with the diffractometer.

To determine the unit cell parameters and the crystal system of the Cu4.g5S single crystal at room temperature, a
Weissenberg photograph of the zero-layer line along the (110) direction [1] and a powder pattern were recorded, the
calculation of which is presented in Table 2 (diffraction lines of the a.-phase were indexed based on a pseudo-monoclinic
crystal system).

Table 2. Recording of the Cu4.g5S debaegram (sample radius — 0.8 mm; Cu Ko radiation, Ni filter)

No. lines s A ! phase %2 phase

171 dthearetical’ A hkl dtheoretical, A hkl
1 3.334 2 3.3239 013 3.3183 233
2 3.209 8 3.2066 202 3.2172 214
3 2.960 1 2.9600 122 2.9505 143
4 2.770 1 2.7807 220 2.7855 234
5 2.681 4 2.6870 203 2.6736 015
6 2.540 3 2.5368 123 2.5371 253(704)
7 2417 1 2.4201 131 2.4202 505
8 2.365 6 2.3731 302 23714 235
9 2.260 4 2.2617 132 2.2608 006
10 2.172 1 2.1692 214 2.1701 316(026)
11 2.132 5 2.1372 231 2.1349 072(470)
12 2.023 10 2.0258 232 2.0219 336(255)
13 1.866 8 1.8654 215 1.8675 407(265)
14 1.821 1 1.8280 331 1.8193 482(256)
15 1.743 2 1.7426 116 1.7425 483
16 1.690 1 1.6963 413 1.6956 008
17 1.670 9 1.6723 242 1.6720 384(218)
18 1.652 1 1.6505 315 1.6512 547(057)
19 1.600 1 1.6033 404 1.6016 457(238)
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No. lines s A ! phase %2 phase
171 dthearetical’ A hkl dtheoretical, A hkl
20 1.551 2 1.5506 325 1.5510 476(3.10.0)
21 1.442 2 1.4419 0.53 14400 239(748)
22 1.385 4 - - 1.3836 3.11.2(096)
23 1.305 3 1.3067 0.60 1.3045 3.11.4(0.12.1)
24 1.287 1 1.2878 254 1.2878 4.12.0
25 1.265 2 1.2644 353 1.2651 4.12.2
26 1.204 1 1.2049 318 1.2037 4.124
27 1.140 6 1.1411 256 1.1406 0.13.4(5.13.3)
28 1.119 3 1.1188 633 1.1188 4.12.6
29 1.087 2 1.0867 641 1.0873 6.14.1(5.14.2)
30 1.072 3 1.0721 455 1.0723 4.12.7
31 0.989 5 0.9893 636(300) 0.9896 5.14.6(0.12.9)
32 0.947 7 0.9462 654 0.9465 5.16.3(3.15.6)

Analysis of the Debye and Weissenberg patterns reveals that, as in the case of Cui.7sS, Cui.sS, and Cui.e0S, two
systems of reflections are observed. One of these corresponds to the Cui.ssS sample, which possesses an orthorhombic
lattice with unit cell parameters: a.=7.94 A, b=7.86 A, c=11.12 A, and space group Pbnm, while the other corresponds
to variscite.

For the study of structural transformations, flat-parallel Cu.gsS crystals were cleaved from the two-phase sample
along the cleavage plane (111), which belongs to the high-temperature FCC phase. From a crystal mounted on the
diffractometer’s temperature stage, nine diffraction peaks were recorded at room temperature (see Table 3).

Table 3. Calculations of the Cui.ssS Diffractogram; Cu Ko Radiation

No. lines 0,° d A hkl (aq) hkl (a3) Unit Cell Parameters t,°C
1 13°22' 3.334 013 233
2 13°53' 3.209 202 214 a, - Phase (a = 7.84; b =
3 16°43' 2.680 203 015 7.89; ¢ = 11.014)
4 26°15' 1.743 116 483
5 27°20' 1.679 242 384 22
6 28°40' 1.607 404 457 - Phase (a = 26.864 4; b =
7 43°33' 1.119 633 4.12.6 15.759 4; ¢ = 13.5654; g =
8 45°10' 1.087 641 6.14.1 90.13°)
9 45°58' 1.072 455 4.12.7
1 13°50' 3.224 102
2 26°16' 1.742 203 Tetragonal . 100
3 28°34' 1.612 204 (007) (a =4.00; c =11.18 A)
4 45°46' 1.076 323
1 13°48' 3.232 111
2 28°27' 1.618 222 FCC (a = 5.603 A) 150
3 45°37 1.079 333

Then, without changing the crystal orientation, control recordings were performed every 10 °C to observe changes
in the diffraction pattern. Only at 100 °C were four out of nine diffraction peaks recorded (see Table 3), which can be
indexed on the basis of a tetragonal symmetry. The equilibrium temperature between the phases, t = (93 + 1) °C
(determined according to the method described in [4]), corresponds to the transformation temperature of the low-
temperature yarrowite phase into the intermediate phase.

The intermediate tetragonal phase in Cu;.gsS transforms into a phase with a face-centered cubic (FCC) lattice at
(120 % 1) °C (see Table 3). A series of temperature-dependent diffractometric recordings and Laue photographs taken
before and after each transformation showed that all structural transitions in the Cu;.gsS single crystal are reversible, with
rigid orientational relationships between the lattices of the modifications, and that the transitions occur via a single-crystal-
to-single-crystal mechanism.

Once the temperatures and the number of structural phase transitions were determined, Weissenberg photographs of
each phase were taken att; > 93°Candt, > 120 °C.

Zero-layer line projections were obtained by rotating the crystal around the direction that, at temperatures
above 120 °C, corresponds to the (110) direction of the FCC lattice.

The Weissenberg photograph recorded at room temperature contains two systems of reflections, corresponding to the
a; (orthorhombic) and a, (monoclinic) lattices, which merge into a single tetragonal lattice in the Weissenberg photograph
obtained at t; > 90 °C. The Weissenberg photograph was recorded at t, > 120 °C corresponds to the FCC lattice.

It should be noted that, unlike the first @; phase, the a2 phase is characterized by twins, where each main reflection
from the crystal on the radiograph corresponds to a weaker spot arising from rotation of the sample by precisely fixed
angles of 70°12" and 109°48’ (angles between the body diagonals of the cube). As in the Cuy.75S and Cuq.50S samples,
for the high-temperature form of Cu;.g5S, the twin lattice nodes can be obtained by mirror reflection in four noncoplanar
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(111) planes of the primary cubic lattice or by rotation around the (110) axes. The elements of twinning are the (111)
plane and the (112 ) direction — typical for FCC metals [5].

Upon cooling the sample to room temperature, the diffraction pattern is completely restored in reverse sequence;
that is, the single FCC phase passes through the intermediate tetragonal phase and transforms into a mixture of monoclinic
and orthorhombic phases. The formation of two phases at room temperature is explained as follows. The anion lattice is
fully occupied by sulfur atoms, while the copper atom positions are nonequivalent. Therefore, during the transition from
the intermediate phase to the low-temperature phase, some copper atoms can accumulate in the twin regions, where a
structure closer to the stoichiometric composition, i.e., Ci1.96S, is formed. The amount of the Cu1.96S phase is minimal
for Cu;.75S and increases as the alloy's copper deficiency decreases.

From this, it follows that digenite and yarrowite occupy different concentration ranges.

CONCLUSIONS

1. The Cui.ssS single crystal at room temperature consists of two coexisting phases: an orthorhombic (Pnma) phase
and a monoclinic (P21/n) phase. This biphasic nature is attributed to the non-uniform distribution of copper atoms, which
accumulate in twin regions, thereby contributing to the material's structural complexity.

2. X-ray phase analysis demonstrated the occurrence of two consecutive, reversible phase transitions in Cui.ssS. The
first transition occurs from the orthorhombic phase to an intermediate tetragonal phase at approximately 93°C, followed
by a transformation to a high-temperature face-centered cubic (FCC) lattice at around 120°C. These transitions are well-
defined and occur via a single-crystal-to-single-crystal mechanism.

3. The phase transitions in Cui.ssS are characterized by preserved orientational relationships between the lattices,
indicating high structural order. The transitions are reversible and exhibit stable interphase transitions, with their behavior
strongly influenced by the copper content, confirming the sensitivity of the material’s structural properties to composition
variations.
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