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In this work, we consider a spatially homogeneous and anisotropic Bianchi type III universe in f(R, T ) gravity with the functional form
f(R, T ) = f1(R) + f2(T ) with f1(R) = λ1R and f2(T ) = λ2T + λ3T

2, where λ1, λ2 and λ3 are free parameters. We obtain exact
solutions of the gravitational field equations by considering a power-law expansion of a directional scale factor. By keeping a check on
the current values of the parameters of cosmological significance such as the Hubble parameter H and the deceleration parameter q,
the dynamics and physical characteristics of the model are investigated. We also determine the functional form f(R, T ) of our model
by evaluating the Ricci scalar R and the trace T of the stress-energy tensor. We find that our model remains anisotropic throughout its
evolution and the pressure of the cosmic matter remains negative. The equation of state parameter ω is found to lie in the quintessence
regime and therefore our model behaves like quintessence model of dark energy.
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1. INTRODUCTION
Recent advancements in observational astrophysics have significantly improved our understanding of the universe’s

large-scale dynamics. One of the key discoveries is the observation of high-redshift Type Ia Supernovae (SN Ia) [1, 2],
which provide clear evidence that the universe is expanding at an accelerating rate. These supernovae are crucial in
cosmological research because their predictable luminosity enables precise distance measurements, shedding light on the
evolution of cosmic expansion over time.

Additionally, the study of Cosmic Microwave Background (CMB) radiation [3–5], the remnant heat from the Big
Bang, has offered valuable insights into conditions of the early universe. Observations from missions such as the
Wilkinson Microwave Anisotropy Probe (WMAP) [6–9] have delivered detailed maps of temperature variations in the
Cosmic Microwave Background, which are instrumental in determining key cosmological parameters and understanding
the overall geometry of the universe.

Furthermore, Large Scale Structures (LSS) [10] represents the distribution of galaxies and matter on vast scales
which has provided critical information about the growth of cosmic structures under the influence of gravity and dark
energy. Complementing this, Baryon Acoustic Oscillations (BAO) [11–13] serve as a standard ruler for measuring cosmic
distances, offering additional confirmation of accelerating expansion of the universe.

These diverse observational data points collectively support that the expansion rate of our universe is increasing that
challenges the traditional framework of Einstein’s General Theory of Relativity (GTR). Since in its original form, GTR
cannot fully explain this late time cosmic acceleration. It encouraged the creation of alternate ideas, such as modifications
to gravity or the introduction of dark energy. The accelerated expansion remains one of the most intriguing mysteries in
modern cosmology, prompting both theoretical and observational efforts to figure out its underlying causes.

Consequently, various efforts have been made to explain the observed acceleration, which can be broadly classified
into two main categories: the dark energy approach and the modified gravity approach.

In the first approach, one considers Einstein’s theory of General Relativity to be the theory of gravity and modifies
the right hand side of the Einstein field equations by supplementing the stress-energy tensor Tij an exotic component with
large negative pressure. This can be done because of the fact that the same observational data which reveal the late time
cosmic acceleration also exhibit that more than 95% of the total content of the universe is in the form of some yet unknown
components of energy and matter, dubbed dark energy and dark matter comprising respectively about 68.3% and 26.8%
of the total matter-energy allocation of the universe. The existence of such an unusual component with large negative
pressure, called dark energy, is to be considered to counteract the gravitational pressure of the baryonic matter which
contributes positive pressure that decelerates the expansion rate of the universe. Many dark energy candidates are proposed
in the literature, the most favored one being the cosmological constant Λ introduced by Einstein in his field equations.
However, the cosmological constant Λ as a candidate of dark energy suffers from some theoretical challenges such as its
constant equation of state parameter ω = −1, fine-tuning, cosmic coincidence problems etc. So dynamically evolving
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scalar field models of dark energy such as quintessence [14], k-essence [15], tachyon [16], phantom [17], Holographic
Dark Energy (HDE) [18–20], Chaplygin gas model [21–23] etc. have been proposed in the literature.

In the second approach, modified gravity models are constructed by modifying the gravitational part of the Einstein-
Hilbert action. This can be done as the fundamental concept of General Relativity is the curvature of space-time described
by the Ricci scalar R. There are a number of modified gravity models available in the literature, the simplest and the most
studied one being the f(R) theory of gravity [24] which is constructed by replacing the Ricci scalar R in the standard
Einstein-Hilbert action by some general function f(R) of R. Some other modified theories of gravity employed in the
study of rapid expansion of the universe are f(R, T ) gravity [25], f(G) gravity [26], f(T ) gravity [27], f(Q) gravity [28]
etc. The f(R, T ) theory of gravity, proposed by Harko et al. [25], has received a lot of attention from researchers as this
theory takes care of the early time rapid expansion, called inflation, as well as the current cosmic acceleration. In this
theory, the gravitational Lagrangian is an arbitrary function of R and T , where R is the Ricci scalar and T is the trace of the
stress-energy tensor Tij the dependence of which may be induced from exotic imperfect fluids or quantum effects. In their
work, Harko et al. derived gravitational field equations from a variational, Einstein-Hilbert type, principle and presented
field equations for the following three explicit forms of the function f(R, T ): f(R, T ) = R+2f(T ), f(R, T ) = f1(R)+
f2(T ) and f(R, T ) = f1(R) + f2(R)f3(T ) where f1(R), f2(R) are arbitrary functions of R and f(T ), f2(T ), f3(T ) are
arbitrary functions of T .

They have also derived the equations of motion of test particles by considering the stress-energy tensor to be conserved
in f(R, T ) theory of gravity and investigated the constraints on the magnitude of extra-acceleration on the precession of
the perihelion of Mercury with the Newtonian limits. Soon after, a number of authors considered the f(R, T ) theory of
gravity and studied various aspects of this theory in different contexts. Houndjo [29] developed a cosmological model
using f(R, T ) gravity and discussed the transition of the universe from a matter-dominated phase to its current phase
with accelerating expansion. Sahoo et al. [30] studied the anisotropic Bianchi III cosmological model in f(R, T ) gravity.
Samanta and Bishi [31] explored astrophysical parameters like look-back time, luminosity distance, and jerk parameter
of the Bianchi type III model in f(R, T ) gravity with wet dark fluid. Arora et al. [32] investigated late-time viscous
cosmology in f(R, T ) gravity. Many other authors have explored different aspects of cosmology within the framework
of f(R, T ) gravity. Mahanta et al. [33, 34] have studied cosmological models in f(R, T ) theory of gravity. Most of
these studies are conducted in a spatially homogeneous and anisotropic background. This is because, although the current
universe appears homogeneous and isotropic on a large scale, recent data from the Cosmic Microwave Background (CMB)
and observations of large-scale structures support the idea that the universe was once anisotropic before evolving into its
current isotropic state.

In this work, we investigate a spatially homogeneous and anisotropic Bianchi type III cosmological model within the
framework of f(R, T ) gravity, using the functional form f(R, T ) = f1(R) + f2(T ), where f1(R) = λ1R and f2(T ) =
λ2T + λ3T

2. Here, λ1, λ2, and λ3 are free parameters. The paper is organized as follows: In section 2, we present the
gravitational field equations for this functional form using the metric formalism, assuming the matter source as a perfect
fluid. In section 3, we derive the corresponding field equations for the Bianchi type III metric. In section 4, we obtain exact
solutions to these field equations by assuming a power-law expansion in a specific spatial direction. In section 5, we explore
the physical characteristics and dynamics of the constructed model by examining the evolution of several cosmologically
significant physical parameters. In section 6, we discuss about the functional f(R, T ) of our model. Finally, we summarize
our results with a brief discussion in section 7.

2. Gravitational field equations for the functional form f(R, T ) = f1(R) + f2(T )

The action for f(R, T ) theory of gravity proposed by Harko et al. is

S =
1

16π

∫
f(R, T )

√
−g d4x+

∫
Lm

√
−g d4x (1)

where f(R, T ) is an arbitrary function of Ricci scalar R and the trace T = gijTij of stress-energy tensor, each choice of
which would generate a specific set of field equations and Lm is the matter Lagrangian density. The stress-energy tensor
of matter is defined by

Tij =
−2√
−g

δ(
√
−gLm)

δgij
(2)

Assuming Lm to depend only on the metric tensor components gij and not on its derivatives, Tij is obtained as

Tij = gijLm − 2
∂Lm

∂gij
(3)

Now taking variation of the action Eq.(1) with respect to the metric tensor components gij , the field equations of f(R, T )
gravity are obtained as

fR(R, T )Rij −
1

2
f(R, T )gij + (gij□−▽i▽j)fR(R, T ) = 8πTij − fT (R, T )Tij − fT (R, T )Θij (4)
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where, fR(R, T ) = ∂f(R,T )
∂R , fT (R, T ) = ∂f(R,T )

∂T , □ = ▽i▽i, ▽i being the covariant derivative with respect to the
symmetric connection Γ associated to the metric g and

Θij = −2Tij + gijLm − 2glk
∂2Lm

∂gij∂glk
(5)

Considering the functional form
f(R, T ) = f1(R) + f2(T ) (6)

where f1(R) and f2(T ) are arbitrary functions of R and T respectively, the gravitational field equations from Eq.(4) are
obtained as

f
′

1 (R)Rij −
1

2
f1(R)gij + (gij□−▽i▽j)f

′

1 (R) = 8πTij − f
′

2 (T )Tij − f
′

2 (T )Θij +
1

2
f2(T )gij (7)

where the prime denotes differentiation with respect to the argument. For a perfect fluid described by an energy density ρ
and pressure p, the stress-energy tensor Tij is given by

Tij = (ρ+ p)uiuj − pgij (8)

where ui is the four velocity satisfying the conditions

ui ▽j ui = 0, uiu
i = 1 (9)

The trace T of Tij is therefore given by
T = ρ− 3p (10)

Taking the matter Lagrangian to be Lm = −p, from Eq. (5), Θij is obtained as

Θij = −2Tij − pgij (11)

Thus, if the matter source is a perfect fluid then the field equations of f(R, T ) gravity for the choice Eq.(6) become

f
′

1 (R)Rij −
1

2
f1(R)gij = 8πTij + f

′

2 (T )Tij +

[
f

′

2 (T )p+
1

2
f2(T )

]
gij (12)

In particular, for f1(R) = λ1R and f2(T ) = λ2T + λ3T
2, where λ1, λ2 and λ3 are free parameters, the Eq.(12) reduces

to
Rij −

1

2
Rgij =

1

λ1

[
(8π + λ2 + 2λ3T )Tij +

(
p(λ2 + 2λ3T ) +

1

2
(λ2T + λ3T

2)

)
gij

]
(13)

3. THE METRIC AND FIELD EQUATIONS
We consider the spatially homogeneous and anisotropic Bianchi type III metric in the form

ds2 = dt2 −A2dx2 −B2e−2lxdy2 − C2dz2 (14)

where A, B and C are functions of cosmic time t alone and l is a constant. Using comoving coordinates, the field equations
(13) for the metric (14) take the form

B̈

B
+

C̈

C
+

Ḃ

B

Ċ

C
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(15)

C̈

C
+

Ä

A
+

Ċ

C

Ȧ

A
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(16)

Ä

A
+

B̈

B
+

Ȧ

A

Ḃ

B
− l2

A2
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(17)

Ȧ

A

Ḃ

B
+

Ḃ

B

Ċ

C
+

Ċ

C

Ȧ

A
− l2

A2
=

1

λ1

[(
8π +

3

2
λ2

)
ρ− 1

2
λ2p+

5

2
λ3ρ

2 − 3

2
λ3p

2 − 7λ3pρ

]
(18)

Ȧ

A
− Ḃ

B
= 0 (19)
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where an overhead dot denotes differentiation w.r.t. t. Integrating Eq.(19), we get

A = mB (20)

where m is a constant of integration.
Hence, the field equations (15)-(18) reduce to

Ä

A
+

C̈

C
+

Ȧ

A

Ċ

C
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(21)

2
Ä

A
+

(
Ȧ

A

)2

− l2

A2
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(22)

(
Ȧ

A

)2

+ 2
Ċ

C

Ȧ

A
− l2

A2
=

1

λ1

[(
8π +

3

2
λ2

)
ρ− 1

2
λ2p+

5

2
λ3ρ

2 − 3

2
λ3p

2 − 7λ3pρ

]
(23)

4. EXACT SOLUTION OF THE FIELD EQUATIONS
From equations (21) and (22), we have

Ä

A
+

(
Ȧ

A

)2

− C̈

C
− Ċ

C

Ȧ

A
− l2

A2
= 0 (24)

Eq.(24) contains two unknowns A and C. Further, we have three field equations in four unknowns A, C, ρ and p. To
derive an exact solution and develop a physically realistic model, we adopt a power-law expansion of the form:

C = C0t
β (25)

where β and C0 are positive constants in accordance with the observational findings of an expanding universe [30,35,36].
Using Eq.(25) in Eq.(24) and then solving, we obtain

A2 =
l2t2

1− β2
+ C2

0k1t
2β +

2l2k2t
1−β

C0(1− 3β)
(26)

where k1 and k2 are constants of integration. Using Eq.(20), we then obtain

B2 =
1

m2

(
l2t2

1− β2
+ C2

0k1t
2β +

2l2k2t
1−β

C0(1− 3β)

)
(27)

In this work, we choose k2 = 0 and 0 < β < 1. Then from equations (26) and (27), we get

A2 =
l2t2

1− β2
+ C2

0k1t
2β (28)

and

B2 =
1

m2

(
l2t2

1− β2
+ C2

0k1t
2β

)
(29)

Therefore, the line element (14) becomes

ds2 = dt2 −
(

l2t2

1− β2
+ C2

0k1t
2β

)(
dx2 +

e−2lx

m2
dy2
)
− C2

0 t
2βdz2 (30)

5. DYNAMICS AND PHYSICAL CHARACTERISTICS OF THE MODEL
In this section, we look forward to study the dynamics and physical characteristics of the constructed model. So, we

first obtain the expressions for some important parameters of the model and then investigate their behavior as the universe
evolves.
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5.1. Physical parameters of the model
For our model, the spatial volume is

V = a3 = ABC =
C0

m

[
l2tβ+2

1− β2
+ C2

0k1t
3β

]
(31)

The directional Hubble parameters corresponding to our model are

H1 =
Ȧ

A
=

l2t
1−β2 + C2

0k1βt
2β−1

l2t2

1−β2 + C2
0k1t

2β
(32)

H2 =
Ḃ

B
=

l2t
1−β2 + C2

0k1βt
2β−1

l2t2

1−β2 + C2
0k1t

2β
(33)

H3 =
Ċ

C
=

β

t
(34)

The average Hubble parameter is therefore

H =
1

3
(H1 +H2 +H3) =

1

3

[
2l2t
1−β2 + 2C2

0k1βt
2β−1

l2t2

1−β2 + C2
0k1t

2β
+

β

t

]
(35)

The deceleration parameter is

q = −1 +
d

dt

(
1

H

)
= −1−

3
[
−(β+2)l4t4

(1−β2)2 +
2l2C2

0k1(2β
2−6β+1)t2β+2

1−β2 − 3C4
0k

2
1βt

4β
]

(
l2(β+2)t2

1−β2 + 3C2
0k1βt

2β
)2 (36)

The expansion scalar is

θ = 3H = H1 +H2 +H3 =

2l2t
1−β2 + 2C2

0k1βt
2β−1

l2t2

1−β2 + C2
0k1t

2β
+

β

t
(37)

The mean anisotropy parameter is

Am =
1

3
Σ3

i=1

(
Hi −H

H

)2

= 2−
3

(
l2t

1−β2 +C2
0k1βt

2β−1

l2t2

1−β2 +C2
0k1t2β

)
2l2t
1−β2 +2C2

0k1βt2β−1

l2t2

1−β2 +C2
0k1t2β

+ β
t

−
9

(
l2β

1−β2 +C2
0k1β

2t2β−2

l2t2

1−β2 +C2
0k1t2β

)
(

2l2t
1−β2 +2C2

0k1βt2β−1

l2t2

1−β2 +C2
0k1t2β

+ β
t

)2 (38)

And, the shear scalar is

σ2 =
1

3

[
l2t

1−β2 + C2
0k1βt

2β−1

l2t2

1−β2 + C2
0k1t

2β
− β

t

]2
(39)

5.2. Evolution of the physical parameters
From figure 1, we see that as cosmic time t increases, the volume V grows for different values of the parameter β.

This indicates an expanding universe, consistent with observations of cosmic expansion. The increase in volume with time
supports the idea of a universe evolving from a smaller, denser state (e.g., near a Big Bang-type singularity) towards a
more expansive state. The parameter β likely controls the rate of expansion, possibly linked to anisotropic stresses, matter
content, or modified gravity effects in the f(R, T ) framework. For larger values of β, the rate of expansion might differ,
reflecting the influence of β on the model’s dynamics.
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Figure 1. Variation of volume V v/s cosmic time t for different values of β

Figure 2. Variation of anisotropy parameter Am v/s cosmic time t for different values of β

Figure 3. Variation of the average Hubble parameter H v/s cosmic time t for different values of β.

Anisotropy describes the directional variation in the properties of the universe, where the expansion rate differs
along various directions. It is quantified by parameters that indicate deviations from isotropy in the metric or the energy-
momentum tensor. From figure 2, it is evident that the model retains its anisotropic nature throughout its evolution,
implying that the universe does not become perfectly isotropic even at late times. This points to the influence of factors
that sustain the directional dependence of the expansion.

In figure 3, we analyze the behavior of the average Hubble parameter (H) as a function of cosmic time t for different
values of β viz. β = 0.15, β = 0.35, β = 0.75 and β = 0.95. The plot reveals that H consistently decreases with
increasing cosmic time t, indicating a slowing rate of expansion as the universe evolves. At late times, H asymptotically
approaches a constant value, suggesting that the expansion rate stabilizes in the distant future. The variation in β influences
the rate at which H decreases, but the overall trend of convergence to a constant value remains the same for all considered
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Figure 4. Variation of deceleration parameter q v/s cosmic time t for different values of β

cases. This behavior aligns with the expectation of a universe transitioning toward a steady-state expansion phase.
Figure 4 illustrates the evolution of the deceleration parameter (q) over cosmic time t, highlighting key transitions in

the universe’s expansion dynamics. The plot clearly shows that the model transitions from an initial decelerating phase
(q > 0) to the present accelerating phase (q < 0), consistent with observational evidence. Furthermore, as cosmic time
t progresses toward infinity, the deceleration parameter asymptotically approaches q → −1. This behavior indicates that
the universe evolves toward a state of exponential expansion, characteristic of a de Sitter phase dominated by dark energy
or a similar cosmological constant-like component.

From the above figures, we find the value β = 0.75 to be more suitable for our study. So, we stick to this value of β
to carry out further studies. Also, we choose l = 1, m = 1, C0 = 1, k1 = 0.1, λ1 = −0.1, λ2 = 0.2, λ3 = 0.3 for all the
plots.

5.3. Jerk parameter
The jerk parameter (j) plays a vital role in cosmology as it provides deeper insights into the dynamics of expansion

of the universe. In essence, it provides insights into whether the acceleration itself is speeding up or slowing down over
time. The jerk parameter j represents the third derivative of the scale factor a(t) with respect to cosmic time t, normalized
in a dimensionless form. It quantifies the rate at which the acceleration of the universe’s expansion is changing. The jerk
parameter extends the deceleration parameter (q) in a more straightforward way.

A positive jerk indicates that the acceleration is increasing, suggesting a scenario of rapid, ever-accelerating expansion.
Conversely, a negative jerk implies that the acceleration is tapering off, hinting at a possible stabilization or deceleration of
the expansion in the future. Cosmologists may verify and enhance dark energy and modified gravity models by examining
the jerk parameter which helps to uncover whether the current accelerated expansion is driven by a cosmological constant
Λ, dynamic dark energy, or other phenomena. This makes it an essential tool for comprehending the universe’s past as
well as its possible future.

For our model, the jerk parameter j(t) is obtained as

(40)

j(t) =
a2

ȧ3
d3a

dt3

= 1 + 9
− (β+2)l4t2

(1−β2)2 +
2C2

0k1l
2(2β2−6β+1)t2β

(1−β2) − 3C4
0k

2
1βt

4β−2(
(β+2)l2t
1−β2 + 3C2

0k1βt
2β−1

)2
+

9(
(β+2)l2t
1−β2 + 3C2

0k1βt
2β−1

)3
t3

[
2t3
(

2l2t

1− β2
+ 2C2

0k1βt
2β−1

)3

− 3t3
(

2l2

1− β2
+ 2C2

0k1β(2β − 1)t2β−2

)(
2l2t

1− β2
+ 2C2

0k1βt
2β−1

)(
l2t2

1− β2
+ C2

0k1t
2β

)
+ C2

0k1β(2β − 1)(2β − 2)t2β
(

l2t2

1− β2
+ C2

0k1t
2β

)2

+ 2β

(
l2t2

1− β2
+ C2

0k1t
2β

)3
]

Figure 5 demonstrates the evolution of the jerk parameter j with respect to cosmic time t. The plot indicates that j
decreases as t increases, suggesting a gradual change in the dynamical properties of the universe’s expansion. Throughout
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Figure 5. Graph of jerk parameter v/s cosmic time t for β = 0.75

the evolution, the values of j remain consistently less than 1, which is a key characteristic of cosmological models
dominated by quintessence type dark energy.

It is well known that quintessence is a form of dynamic dark energy where the Equation of State parameter ω lies in
the range −1 < ω < − 1

3 , distinguishing it from a cosmological constant (ω = −1). The behavior of the jerk parameter in
this model aligns with this description, indicating that the driving force behind the universe’s accelerated expansion is not
a static cosmological constant but a time varying dark energy component. Thus, the evolution of j in our model provides
strong evidence for a quintessence like scenario, where the dynamics of dark energy play a critical role in shaping the
universe’s expansion history.

5.4. Statefinder diagnostic
The statefinder pair {r, s} is defined [37] as

r =
1

aH3

d3a

dt3
, s =

r − 1

3(q − 1
2 )

(41)

The pair {r, s} is a significant geometrical diagnostic tool which can be employed to distinguish different dark
energy models such as ΛCDM, Quintessence scalar field model, Holographic dark energy model, Chaplygin gas model
etc. ΛCDM model corresponds to the pair {1, 0} while the Holographic dark energy model corresponds to {1, 2

3}. The
quintessence corresponds to (r < 1, s > 0) and the Chaplygin gas model corresponds to (r > 1, s < 0).

For our model, the statefinder pair {r, s} is obtained as

(42)

r = 1 + 3
Ḣ

H2
+

Ḧ

H3

= 1 + 9
− (β+2)l4t2

(1−β2)2 +
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2
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(β+2)l2t
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0k1βt
2β−1

)2
+

9(
(β+2)l2t
1−β2 + 3C2

0k1βt
2β−1

)3
t3

[
2t3
(

2l2t

1− β2
+ 2C2

0k1βt
2β−1

)3

− 3t3
(

2l2

1− β2
+ 2C2

0k1β(2β − 1)t2β−2

)(
2l2t

1− β2
+ 2C2

0k1βt
2β−1

)(
l2t2

1− β2
+ C2

0k1t
2β

)
+ C2

0k1β(2β − 1)(2β − 2)t2β
(

l2t2

1− β2
+ C2

0k1t
2β

)2

+ 2β

(
l2t2

1− β2
+ C2

0k1t
2β

)3
]
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(43)

s =
r − 1

3
(
q − 1

2

)
=

1

3
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3
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+
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2
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4β
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(
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Figure 6. Statefinder pair r − s

The model’s trajectory in figure 6 suggests that it will continue to exhibit quintessence like behavior in the future,
maintaining this specific dynamical profile.

5.5. Evolution of energy density and pressure
In terms of directional Hubble parameters, the field equations (15)-(18) reduce to

H2
1 + 2H1H3 −

l2

A2
=

1

λ1

[(
8π +

3

2
λ2

)
ρ− 1

2
λ2p+

5

2
λ3ρ

2 − 3

2
λ3p

2 − 7λ3pρ

]
(44)

Ḣ2 +H2
2 + Ḣ3 +H2

3 +H2H3 =
1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(45)

Ḣ3 +H2
3 + Ḣ1 +H2

1 +H3H1 =
1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(46)
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Ḣ1 +H2
1 + Ḣ2 +H2

2 +H1H2 −
l2

A2
=

1

λ1

[
−
(
8π +

3

2
λ2

)
p+

1

2
λ2ρ+

9

2
λ3p

2 +
1

2
λ3ρ

2 − 3λ3pρ

]
(47)

From equations (44)-(47), we get

4Ḣ1 + 2Ḣ3 + 4H2
1 + 2H2

3

=
1

λ1

[
−
(
8π +

3

2
λ2

)
(3p+ ρ) +

1

2
λ2(p+ 3ρ) + 15λ3p

2 − λ3ρ
2 − 2λ3pρ

]
(48)

The analysis in the previous sections indicate that our model exhibits characteristics consistent with the quintessence
dark energy model. Thus, to investigate the evolution of energy density (ρ) and pressure (p) in our model, over cosmic
time t, we adopt the Equation of State parameter ω = p

ρ within the quintessence regime −1 < ω < − 1
3 . By analyzing

the energy density and pressure in this context, we can further explore the physical implications of the model. Now,
considering the equation of state p = ωρ, from equations (32), (34) and (48), we find

(49)

ρ =
1
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(50)
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Figure 7. Variation of the energy density ρ v/s cosmic time t

In Figure 7, we present the evolution of the energy density ρ as a function of cosmic time t for different values of
the Equation of State parameter viz. ω = −0.34,−0.45, −0.66, −0.83,−0.94 within the quintessence regime. The plot
reveals that the energy density starts with significantly large values at the early stages of the universe. As time progresses,
ρ decreases steadily, signifying the dilution of energy density due to the universe’s expansion.

Figure 8 depicts the evolution of pressure (p) as a function of cosmic time (t). The graph shows that the pressure
remains negative throughout the entire evolution, a key characteristic of dark energy. Negative pressure is essential for
generating the repulsive gravitational force responsible for the accelerated expansion of the universe. In the early stages
of cosmic evolution, the magnitude of the negative pressure is relatively large, corresponding to the dominance of energy
components with high density and strong negative pressure, such as quintessence or other dynamic dark energy models.
As the universe evolves, the magnitude of p gradually decreases. At late times, the pressure asymptotically approaches
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Figure 8. Variation of pressure p v/s cosmic time t with ω = −0.34,−0.45,−0.66,−0.83,−0.94

zero, indicating a transition towards a more stable expansion phase. This behavior is consistent with a dark energy model
where the Equation of State parameter (ω) lies in the range −1 < ω < − 1

3 , as in quintessence. The eventual approach of p
to zero suggests that the universe evolves towards a de Sitter like state, characterized by nearly constant energy density and
an exponential expansion phase. This result underscores the dynamic nature of the universe’s evolution, where negative
pressure plays a pivotal role in shaping its expansion history. The gradual reduction in the magnitude of pressure aligns
with the transition from a matter dominated phase to an accelerated expansion phase, dominated by dark energy effects.

6. THE FUNCTIONAL f(R, T ) OF THE MODEL
From Eq.(10), the trace T of stress-energy tensor Tij is obtained as

(51)

T =
−1

2(5ω + 1)λ3
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(8π(1 + 3ω) + 4λ2ω)
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))} 1
2


Again, the Ricci scalar R for the metric (14) is obtained as

R = −2

(
Ä

A
+
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B
+

C̈

C
+

Ȧ

A

Ḃ

B
+

Ḃ

B

Ċ

C
+

Ċ

C

Ȧ

A
− l2

A2

)
(52)

For our model, R is obtained as

R =
2(

l2t2

1−β2 + C2
0k1t

2β
)
(1− β2)2

[l2(1− β2)2 − l4(1 + β + β2)t2

−2C2
0k1(1− β2)(1− 2β + 4β2)t2β + 3C4

0k
2
1β(1− 2β)(1− β2)2t4β−2] (53)

Therefore, the functional f(R, T ) of our model is obtained as
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(54)
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Figure 9. Variation of f(R, T ) v/s cosmic time t with ω = −0.34,−0.45,−0.66,−0.83,−0.94

From the graph of f(R, T ) versus cosmic time t in figure 9, we see that the functional f(R, T ) decreases in the
beginning of cosmic evolution but as cosmic time increases, it starts increasing. The graph illustrates the dynamic behavior
of the functional f(R, T ) throughout the evolution of the universe, revealing a shift in its trend over time.

7. CONCLUSIONS
In this study, we explore a Bianchi type III cosmological model within the framework of f(R, T ) gravity, considering

the functional form f(R, T ) = f1(R) + f2(T ), where f1(R) = λ1R, f2(T ) = λ2T + λ3T
2 and λ1, λ2, and λ3 are free

parameters that determine the specific contributions of the Ricci scalar curvature (R) and the trace of the stress-energy
tensor (T ) to the gravitational dynamics of the model. To solve the gravitational field equations, we assume a power-law
expansion, C = C0t

β , where C0 and β are positive constants. The parameter β is constrained to the range 0 < β <
1, ensuring a physically realistic cosmological model consistent with observed behaviors such as a decelerating phase
followed by accelerated expansion.

Exact solutions to the field equations are derived under these assumptions, and the resulting model is analyzed by
plotting various parameters of cosmological importance, as functions of cosmic time t. The horizontal axis of the plots
is expressed in Gigayears (Gyr), where 1 Gyr corresponds to 109 years, to provide a clear representation of the universe’s
evolution over time.
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By varying the parameter β, we examine how the model’s qualitative behavior changes with different expansion
rates. The plots offer insights into the dynamical properties of the universe, such as its anisotropy, the transition from
deceleration to acceleration, and the roles of curvature in driving its evolution. This approach allows us to better understand
the implications of f(R, T ) gravity and the viability of the chosen functional form in describing the observed universe.

From the variations of cosmologically significant parameters, we observe that volume (V ) of the universe increases
with cosmic time t which indicates the expansion of the universe. Our model remains anisotropic throughout its evolution.
The average Hubble parameter (H) starts at a very high value and decreases over time. The deceleration parameter
(q) transits from an early decelerating phase to a late-time accelerating phase, indicating that the universe undergoes
accelerated expansion at later times. The jerk parameter (j) decreases with cosmic time t and remains below 1 throughout
the universe’s evolution, suggesting that our model behaves like a quintessence model of dark energy.

Moreover, the present-day value of the statefinder pair {r, s} for our model is found to be in the range r < 1, s > 0.
For example, with values of the constants β = 0.75, k1 = 0.1, C0 = 1, l = 1, λ1 = −0.1, λ2 = 0.2, λ3 = 0.3, t = 14,
the present value of the statefinder pair is {0.031, 0.126}, indicating that the model resembles a quintessence model both
in the present and at late times. The statefinder diagnostic provides a deeper insight into the nature of dark energy, with
our model’s parameters indicating a close resemblance to quintessence, a widely studied candidate for dark energy.

The energy density (ρ) of our model monotonically decreases from a very high initial value to a constant value at late
times, while the pressure (p) remains negative throughout its evolution. We also evaluate the Ricci scalar R and the trace T
of the stress-energy tensor to determine the functional form f(R, T ) of our model. At the early stages of cosmic evolution,
the functional f(R, T ) exhibits a decreasing pattern. This behavior is primarily driven by the dominance of high curvature
(R) and significant contributions from the trace of the stress-energy tensor (T ), which characterize the high-energy, dense
state of the early universe. During this phase, the rapid expansion and changes in matter-energy densities lead to a reduction
in f(R, T ). As cosmic time progresses, the functional f(R, T ) transitions from a decreasing to an increasing trend. This
shift occurs as the influence of matter and radiation diminishes with the universe’s expansion. The curvature (R) also
evolves due to the decelerating expansion in earlier phases and the subsequent transition to accelerated expansion. The
increasing trend of f(R, T ) during intermediate times reflects the growing influence of dark energy or the modified gravity
terms associated with f(R, T ) in shaping the universe’s dynamics. This turning point in the behavior of f(R, T ) signifies
the interplay between the curvature scalar (R) and the trace of the stress-energy tensor (T ) as the dominant components of
the universe’s energy content evolve. The rise in f(R, T ) suggests that the modified gravity effects encoded in f(R, T )
become increasingly significant as the universe transitions toward its accelerated expansion phase. Overall, the evolution
of f(R, T ) highlights the adaptability of the f(R, T ) framework in capturing the changing dynamics of the universe, from
a matter-dominated phase to one governed by dark energy or other modified gravity effects.

In addition to the quantitative analysis, we also discuss the physical implications of our findings in the broader
context of cosmological models. The persistent anisotropy in our model suggests that early universe anisotropies can have
long-lasting effects, influencing the current and future dynamics of cosmic expansion. The transition of the deceleration
parameter from positive to negative values supports the hypothesis that the universe has transitioned from a matter-
dominated decelerating phase to a dark energy-dominated accelerating phase.
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ДОСЛIДЖЕННЯ ВСЕСВIТУ БIАНКI III ТИПУ З КВАДРАТИЧНИМ СЛIДОМ ТЕНЗОРА
ЕНЕРГIЇ-НАПРУЖЕННЯ В f(R, T ) ТЕОРIЇ ГРАВIТАЦIЇ

Чандра Рекха Маханта, Канкана Патхак
Кафедра математики, Унiверситет Гаухатi, Гувахатi - 781014, Iндiя

У цiй роботi ми розглядаємо просторово однорiдний та анiзотропний всесвiт Бiанкi III типу в гравiтацiї f(R, T ) з функцiо-
нальною формою f(R, T ) = f1(R) + f2(T ) з f1(R) = λ1R та f2(T ) = λ2T + λ3T

2, де λ1, λ2 та λ3 – вiльнi параметри.
Ми отримуємо точнi розв’язки рiвнянь гравiтацiйного поля, розглядаючи степеневий розклад коефiцiєнта масштабування
напрямку. Контролюючи поточнi значення параметрiв космологiчного значення, таких як параметр ХабблаH та параметр упо-
вiльнення q, дослiджується динамiка та фiзичнi характеристики моделi. Ми також визначаємо функцiональну форму f(R, T )
нашої моделi, оцiнюючи скаляр Рiччi R та слiд T тензора енергiї-напруження. Ми виявляємо, що наша модель залишається
анiзотропною протягом усiєї своєї еволюцiї, а тиск космiчної матерiї залишається негативним. Виявлено, що параметр рiвняння
стану ω лежить у режимi квiнтесенцiї, i тому наша модель поводиться як модель квiнтесенцiї темної енергiї.
Ключовi слова: простiр-час типу III Бiанкi; f(R, T ) гравiтацiя; параметр уповiльнення; параметр Хаббла
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In this work, we study the cosmological dynamics of an anisotropic Bianchi type–𝐼 𝐼 𝐼 universe filled with Kaniadakis holographic
dark energy and pressureless matter within the framework of Brans–Dicke–Rastall theory of gravity. To obtain exact solutions of
the field equations, suitable relations among the metric potentials are assumed, together with a functional relation between the scalar
field and the average scale factor. To constrain the model parameters, we perform a Markov Chain Monte Carlo analysis using joint
CC+BAO datasets. The reconstructed Hubble parameter shows excellent agreement with observational data within the 1𝜎 and 2𝜎
confidence regions, and the estimated value of the Hubble constant is consistent with recent measurements. We derive several important
cosmological parameters, including the Hubble parameter, deceleration parameter, equation of state parameter, scalar field, cosmic
time and lookback time. The physical behavior of these parameters is analyzed through graphical representations. The deceleration
parameter exhibits a smooth transition from an early decelerated phase to a late–time accelerated phase, with a transition redshift
consistent with recent observational bounds. The equation of state parameter remains in the phantom region, indicating a dynamical
dark energy behavior capable of driving the current accelerated expansion. Furthermore, the statefinder (𝑟, 𝑠) and (𝑟, 𝑞) diagnostics
reveal that the model closely approaches the ΛCDM behavior at late times, while allowing deviations at earlier epochs. The 𝑂𝑚(𝑧)
diagnostic further supports the phantom–like nature of dark energy in the present framework. Overall, our results demonstrate that our
model in Brans–Dicke–Rastall gravity provides a viable and observationally consistent description of the cosmic expansion history in
an anisotropic universe.

Keywords: Kaniadakis holographic dark energy; Brans–Dicke–Rastall gravity; Bianchi type–III universe; MCMC analysis; Cosmic
acceleration

PACS: 98.80.-k, 04.50.+h, 95.30.Sf

1. INTRODUCTION
Recent technological developments have led to a new era known as precision cosmology, where the large–scale

properties of the Universe can be measured with high accuracy [1]. Even with these improvements, most of the Universe
is still not fully understood. Observations such as galaxy rotation curves, gravitational lensing, and large–scale surveys
confirm the presence of dark matter, which makes up nearly 25% of the total energy content of the Universe [2]. An
even bigger mystery is dark energy (DE), which contributes about 70% of the present energy density and is responsible
for the accelerated expansion of the Universe. Although strong evidence for DE comes from gravitational waves, baryon
acoustic oscillations, and Type Ia supernova observations, its true nature is still unknown [3, 4]. This suggests that new
physics beyond the standard model may be needed. One approach is modified gravity, where Einstein’s general relativity
is extended by adding new terms or scalar fields [5, 6]. A well–known example is the Brans–Dicke theory, where the
gravitational constant 𝐺 is replaced by a changing scalar field 𝜙 (𝐺−1 = 𝜙) [7, 8]. Although this theory can explain cosmic
acceleration, its predicted parameters often disagree with observations, so additional dark energy models are usually
considered [9, 10, 11].

The cosmological constant was initially regarded as the simplest explanation for dark energy, since it represents
vacuum energy and naturally produces accelerated cosmic expansion. Nevertheless, this interpretation faces well–known
theoretical difficulties, notably the fine–tuning and coincidence problems. Motivated by these issues, the Holographic Dark
Energy (HDE) model emerged as an alternative framework inspired by the holographic principle [12, 13]. The original
HDE formulation is based on the Bekenstein–Hawking entropy relation and commonly adopts the Hubble horizon as the
infrared (IR) cutoff, providing a quantitative description of dark energy. However, the standard HDE model struggles to
fully describe the complete evolutionary history of a flat Friedmann–Robertson–Walker (FRW) Universe. To address these
shortcomings, several extensions have been proposed, including the use of alternative IR cutoffs [14] and the introduction
of interactions between dark energy and dark matter [15]. More recently, modified HDE models based on entropy–area
law deformations have been developed while still employing the Hubble radius as the IR cutoff [16, 17, 18]. Such
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generalized models aim to provide a more flexible and observationally compatible explanation of cosmic acceleration.
Further progress has been achieved through the introduction of generalized entropy formalisms, including Tsallis [19],
Sharma–Mittal [20], and Rényi [21] entropies, to extend the HDE scenario. A significant unifying approach was proposed
by Nojiri et al. [22, 23, 24], who introduced a four–parameter generalized entropy encompassing several well–known
entropy measures as limiting cases. Among these, the Kaniadakis entropy [25] stands out as a one–parameter deformation
of Boltzmann–Gibbs entropy, particularly suitable for strong gravitational regimes [26, 27]. Its incorporation into HDE
leads to the Kaniadakis holographic dark energy (KHDE) model [28], which offers enhanced flexibility and potential
solutions to long–standing cosmological problems such as fine–tuning and cosmic coincidence.

Rastall’s theory of gravity is a non–Lagrangian modification of General Relativity in which the usual conservation
of the energy–momentum tensor is relaxed. In Einstein’s theory, the divergence of the energy–momentum tensor vanishes
due to the divergence–free property of the Einstein tensor. Rastall proposed that in curved space–time the standard
conservation law 𝑇

𝑖 𝑗

;𝑖 = 0 may not strictly apply and allowed a non–zero divergence instead [29]. The deviation from
standard conservation is controlled by a dimensionless parameter 𝜆, representing a non–minimal coupling between matter
and geometry. This idea is physically motivated by cosmological particle creation processes, where classical conservation
laws may effectively break down. In this sense, Rastall gravity can be viewed as a classical description that mimics certain
quantum effects, since the non–conservation of the energy–momentum tensor is linked to space–time curvature [30, 31].
Similar relaxations of conservation laws have also inspired alternative Lagrangian approaches [32, 33]. The equivalence
between Rastall gravity and General Relativity remains debated: some studies treat it as a genuine modification [34], while
others argue for mathematical equivalence under specific conditions [35]. Recent works further examine its cosmological
and dynamical implications [36, 37].
Rastall Theory: Since the formulation of general relativity, several alternative geometric theories of gravity have been
proposed to better understand gravitational phenomena and cosmological evolution (see, for example, Rastall [29];
Brans and Dicke [8]; Moffat [38]; and Bekenstein [39]). A fundamental feature of GR is the conservation of the
energy–momentum tensor. One of the earliest attempts to relax this conservation principle appeared in the steady–state
cosmological model proposed by Bondi and Gold [40] and Hoyle [41]. Building on this idea, Rastall introduced a
non–conservative theory of gravity by modifying the usual conservation law to 𝑇 𝑖 𝑗

;𝑖 = 𝑘𝑅; 𝑗 , where 𝑇 𝑖 𝑗 is the energy–
momentum tensor, 𝑅 is the Ricci scalar curvature, and 𝑘 is a coupling constant. This modification implies that particle
creation processes in cosmology may lead to an effective violation of classical conservation laws, with the deviation being
directly related to the curvature of space–time. In this framework, the geometry and matter fields are non–minimally
coupled, leading to a generalized form of Einstein’s field equations. Rastall’s modified gravitational field equations can
be written as 𝐺𝑖 𝑗 + 𝜆𝑔𝑖 𝑗𝑅 = 𝜅𝑇𝑖 𝑗 , where 𝜆 is the Rastall parameter measuring the departure from standard conservation
and 𝜅 is the gravitational coupling constant.

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 = 8𝜋𝐺

(
𝑇𝑖 𝑗 −

𝜆𝑅𝑎𝑠 − 1
2

𝑔𝑖 𝑗𝑇

)
(1)

with equation of motion

𝑇
𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠 − 1

2
𝑇 ; 𝑗 (2)

where 𝑇
𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠−1

16𝜋 𝐺 (2𝜆𝑅𝑎𝑠−3) 𝑅
; 𝑗 or 𝑇 𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠−1

2 𝑇 ; 𝑗 with 𝑅 = 8𝜋 𝐺 (2𝜆𝑅𝑎𝑠 − 3)𝑇 , 𝑇 is the trace of the stress-energy
momentum tensor, and 𝜆𝑅𝑎𝑠 is Rastall’s parameter. One can recover GR field equations by setting 𝜆𝑅𝑎𝑠 = 1.

Brans-Dicke-Rastall Theory: In the BD context, identifying 𝐺 = 1
𝜙

and 𝜆𝑅𝑎𝑠 = 3𝜆−2
2𝜆−1 , 𝜆 is BDR parameter, in Eq. (2),

we obtain the following relation:

𝑇
𝑖 𝑗

;𝑖 =
(1 − 𝜆)𝜙

16𝜋
𝑅; 𝑗 . (3)

Generalizing Rastall’s field equations to the BD case, we obtain:

𝑅𝑖 𝑗 −
𝜆

2
𝑔𝑖 𝑗𝑅 =

8𝜋
𝜙
𝑇𝑖 𝑗 +

(
−1

2
𝑔𝑖 𝑗𝜙;𝑘𝜙

;𝑘 + 𝜙;𝑖𝜙; 𝑗

)
𝑤

𝜙2 + 1
𝜙

(
−𝑔𝑖 𝑗□𝜙 + 𝜙;𝑖; 𝑗

)
(4)

in which the dimensionless BD coupling parameter is denoted by 𝑤 and the BD scalar field is denoted by 𝜙. The trace of
the Eq. (4) is obtained as

𝑅 =
1

1 − 2𝜆

(
8𝜋
𝜙
𝑇 − 𝑤

𝜙2 𝜙;𝑘𝜙
;𝑘 − 3

□𝜙
𝜙

)
. (5)

Now, using the Eqs. (4) and (5), we obtain the BDR theory field equations as

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 =

8𝜋
𝜙

(
𝑇𝑖 𝑗 −

1 − 𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗𝑇
)
+

(
𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗𝜙;𝑘𝜙
;𝑘 + 𝜙;𝑖𝜙; 𝑗

)
𝑤

𝜙2



Constraining Kaniadakis Holographic Dark Energy Model in Bianchi Type–𝐼 𝐼 𝐼 Cosmology
21

EEJP. 2 (2026)

+ 1
𝜙

(
1 + 𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗□𝜙 + 𝜙;𝑖; 𝑗

)
. (6)

The Bianchi identities lead to:

□𝜙 =
8𝜋𝜆

3𝜆 − 2(1 − 2𝜆)𝑤𝑇 − 𝑤(1 − 𝜆)
3𝜆 − 2(1 − 2𝜆)𝑤

𝜙;𝑘𝜙;𝑘

𝜙
. (7)

For 𝜆 = 1, the Brans–Dicke–Rastall (BDR) theory reduces to the standard BD model. BDR is distinctive because it
unifies scalar–tensor dynamics with a non–conservative energy–momentum framework inspired by Rastall gravity. Unlike
higher–order theories such as 𝑓 (𝑅) gravity, BDR preserves second–order field equations and involves fewer dynamical
degrees of freedom, making it mathematically simpler. The additional parameters 𝜆 and 𝜔 provide flexibility for fitting
cosmological observations and explaining late–time cosmic acceleration. Its non–conservative nature allows effective
matter creation or matter–geometry interaction, enabling the model to mimic dark energy effects and slightly modify
astrophysical structures compared to GR or BD theory.

The choice of a Bianchi type (BT)-𝐼 𝐼 𝐼 background allows for the incorporation of spatial anisotropy, which may have
been significant in the early universe (Ref. [42]-[52]). While current cosmological observations strongly support isotropy
on large scales, considering anisotropic geometries like BT-III offers deeper insights into possible deviations from perfect
isotropy and helps to understand how anisotropies might decay or leave imprints on late-time cosmic dynamics. Studies on
KHDE are also emerging in various contexts [53, 54, 55, 56]. Ghaffari [57] studied KHDE model in BD theory of gravity
and investigated their cosmological consequences. Ali et al. [58] explored the dynamics of isotropic KHDE model in the
Chern-Simons modified theory. Murali et al. [59, 60] have investigated anisotropic KHDE models in scalar-tensor theory
of gravity. Embedding these two aspects of the universe in the background of BDR theory further enhances its physical
relevance. BD gravity introduces a dynamical scalar field, reflecting Mach’s principle and varying gravitational coupling,
while Rastall’s hypothesis modifies the conservation law of the energy–momentum tensor. Their combination (i.e., BDR
theory) provides an effective platform to explore non-standard energy exchange between matter, geometry, and DE, which
is crucial for explaining cosmic acceleration without relying exclusively on a cosmological constant. The Hubble cutoff
provides a simple and large-scale measure of cosmic dynamics. With this motive, the investigation of BT-𝐼 𝐼 𝐼 KHDE
model with Hubble cutoff within the framework of BDR theory provides a promising way to address fundamental questions
about the universe’s accelerated expansion and the role of extended theories of gravity. We organized the paper as follows:
Section-2 consists the field equations of the model and analytical solution of the field equations. Section-3 includes the
observational constraints made on these solutions are imposed by cosmic chronometer and BAO Hubble datasets using
Markov Chain Monte Carlo analysis. In section-4, we discuss the dynamical behavior of models, and conclusions are
given in section-5.

2. KANIADAKIS HOLOGRAPHIC DARK ENERGY MODEL
The BT–𝐼 𝐼 𝐼 space–time is considered in the following form:

𝑑𝑠2 = 𝑑𝑡2 − [𝐴(𝑡)]2𝑑𝑥2 − [𝐵(𝑡)]2𝑒2𝑥𝑑𝑦2 − [𝐶 (𝑡)]2𝑑𝑧2. (8)

From the non–vanishing components of the Einstein tensor for the BT–𝐼 𝐼 𝐼 space–time, it is observed that 𝐺1
4 =

¤𝐴
𝐴
− ¤𝐵

𝐵
=

0, which, upon integration, yields the relation 𝐴 = 𝑎1𝐵, where 𝑎1 is an integration constant. Without loss of generality, by
choosing 𝑎1 = 1, we obtain 𝐴 = 𝐵. The total energy–momentum tensor of the source is assumed to be a combination of
the matter and dark energy components (in mixed form), 𝑇 𝑗 (𝑡𝑜𝑡 )

𝑖
= 𝑇

𝑗 (𝑚)
𝑖

+ 𝑇
𝑗 (𝑑𝑒)
𝑖

. We define the matter and DE tensors
as diagonal tensors in the comoving frame (i.e., 𝑢𝑖 = (1, 0, 0, 0), 𝑢𝑖 = (1, 0, 0, 0) and 𝑢𝑖𝑢𝑖 = 1), namely

𝑇
𝑗 (𝑚)
𝑖

= diag(𝜌𝑚, 0, 0, 0) , 𝑇
𝑗 (𝑑𝑒)
𝑖 = diag

(
𝜌𝑑𝑒, −𝑝𝑥 , −𝑝𝑦 , −𝑝𝑧

)
, (9)

with the anisotropic equation of state

𝑝𝑥 = 𝜔𝑑𝑒𝜌𝑑𝑒, 𝑝𝑦 = 𝜔𝑑𝑒𝜌𝑑𝑒, 𝑝𝑧 = (𝜔𝑑𝑒 + 𝛾)𝜌𝑑𝑒, (10)

where the EoS parameter 𝜔𝑑𝑒 and the energy densities of matter are denoted as 𝜌𝑚 and DE as 𝜌𝑑𝑒 in this equation. The
deviation parameter, 𝛾, is the deviation along 𝑧-direction from the EoS parameter.

The BDR field equations (6) for the metric (8) in a comoving coordinate system can be formally expressed using (9)
and (10) as

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴 ¤𝐶
𝐴𝐶

=
8𝜋
𝜙

(
1 + 𝜆

2 − 4𝜆
𝜔𝑑𝑒𝜌𝑑𝑒 +

1 − 𝜆

2 − 4𝜆
𝛾𝜌𝑑𝑒 +

𝜆 − 1
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒)
)
+ 𝑤

( ¤𝜙
𝜙

)2 (
𝜆

2 − 4𝜆

)
+

(
2 − 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¥𝜙
𝜙

(11)



22
EEJP. 2 (2026) Y. Aditya, et al.

2
¥𝐴
𝐴
+

( ¤𝐴
𝐴

)2

− 1
𝐴2 =

8𝜋
𝜙

(
1 + 𝜆

2 − 4𝜆
𝜔𝑑𝑒𝜌𝑑𝑒 +

3𝜆 − 1
2 − 4𝜆

𝛾𝜌𝑑𝑒 +
𝜆 − 1
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒)
)
+ 𝑤

( ¤𝜙
𝜙

)2 (
𝜆

2 − 4𝜆

)
+

(
1 + 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
3 − 3𝜆
2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¥𝜙
𝜙

(12)

2
¤𝐴
𝐴

¤𝐶
𝐶

+
( ¤𝐴
𝐴

)2

− 1
𝐴2 =

8𝜋
𝜙

(
1 − 3𝜆
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒) +
3 − 3𝜆
2 − 4𝜆

𝜔𝑑𝑒𝜌𝑑𝑒 +
1 − 𝜆

2 − 4𝜆
𝛾𝜌𝑑𝑒

)
+𝑤

( ¤𝜙
𝜙

)2 (
2 − 3𝜆
2 − 4𝜆

)
+

(
1 + 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙

+
(

3 − 3𝜆
2 − 4𝜆

) ¥𝜙
𝜙

(13)

¥𝜙 +
(

2 ¤𝐴
𝐴

+
¤𝐶
𝐶

)
¤𝜙 =

(
8𝜋𝜆(𝜌𝑑𝑒 + 𝜌𝑚 − 3𝜔𝑑𝑒𝜌𝑑𝑒 − 𝛾𝜌𝑑𝑒)

3𝜆 − 2(1 − 2𝜆)𝑤

)
−

(
𝑤(1 − 𝜆)

3𝜆 − 2(1 − 2𝜆)𝑤

) ( ¤𝜙2

𝜙

)
. (14)

The field equations given in Eqs. (11)–(14) constitute a system of four independent equations containing six unknown
functions, namely the metric potentials 𝐴 and 𝐶, the dark energy density 𝜌𝑑𝑒, its equation of state parameter 𝜔𝑑𝑒, the
matter density 𝜌𝑚, and the skewness parameter 𝛾. To obtain a deterministic solution, two additional physically motivated
constraints are required. A commonly adopted assumption is that the expansion scalar 𝜃 = 2 ¤𝐴

𝐴
+ ¤𝐶

𝐶
is proportional to

the shear scalar 𝜎2 = 1
3

(
¤𝐴
𝐴
− ¤𝐶

𝐶

)2
, which leads to a simple relation between the metric potentials of the form 𝐶 = 𝐴𝑘 ,

where 𝑘 ≠ 1 is an arbitrary constant. The physical relevance of this proportionality condition has been discussed in detail
by Thorne [61]. Observational evidence indicates that the present Hubble expansion of the Universe is nearly isotropic
within approximately ±30% [62, 63], and measurements at moderate redshifts further constrain the ratio 𝜎/𝐻 ≤ 0.3. The
assumption that 𝜎/𝐻 remains constant corresponds to a normal congruence, as shown by Collins et al. [64], and is valid
for spatially homogeneous space–times. In addition, following common practice in the literature, we assume a power–law
relation between the scalar field and the scale factor, 𝜙 ∝ [𝑎(𝑡)]𝑛, which has been widely employed in scalar–tensor
cosmological studies [65, 66]. Several investigations have examined the dynamical behavior of the scalar field under this
assumption [67]-[70]. Motivated by its physical significance and its ability to simplify the system, we adopt the relation
𝜙(𝑡) = 𝜙0 [𝑎(𝑡)]𝑘 , where 𝜙0 is a constant of proportionality.

Using the above relations in Eqs. (12) and (13), we get

¥𝐴
¤𝐴
+

(
3𝑘 + 3 + 𝑘𝑛 + 2𝑛

3

) ¤𝐴
𝐴

=
1

𝑘 − 1

[
8𝜋𝛾𝜌𝑑𝑒

𝜙
− 1

𝐴2

]
𝐴

¤𝐴
(15)

The relationship between DE’s energy density and the skewness or deviation parameter has been the subject of numerous
recent investigations. Anisotropic DE models were investigated by Akarsu and Kilinc [71], who took into account
a correlation between DE energy density and skewness factors. In a similar vein, Sharif and Zubair [72] examined
dynamical anisotropic DE models using the identical relation. We assume the following relationship between 𝛾(𝑡) and
𝜌𝑑𝑒 in order to completely resolve Eq. (15)

𝛾(𝑡) = 𝜙

8𝜋𝜌𝑑𝑒

[
(𝑘 − 1)𝛾0

¤𝐴
𝐴
+ 1

𝐴2

]
(16)

in which every given constant is represented by 𝛾0. Various authors have explored comparable relationships in the literature
[73]-[76]. We can find our model’s metric potentials by plugging the Eq. (16) into Eq. (15)

𝐴 =
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑏2
𝑘2 , 𝐶 =

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑘𝑏2

𝑘2 (17)

where 𝑘1 =
(𝑘+2) (𝑛+3)

3
𝑏1
𝛾0

, 𝑘2 =
(𝑘+2)𝑏2 (𝑛+3)

3 , 𝑏1 and 𝑏2 are integrating constants. Now using these metric potentials (17),
we can rewrite the space-time as

𝑑𝑠2 = 𝑑𝑡2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑏2

𝑘2 𝑑𝑥2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑏2

𝑘2 𝑒2𝑥𝑑𝑦2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑘𝑏2

𝑘2 𝑑𝑧2. (18)

Now the scalar field 𝜙 calculated as

𝜙 = 𝜙0
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3 . (19)
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The Hubble parameter 𝐻 (𝑧) can be obtained as

𝐻 =
1
3

(
2
¤𝐴
𝐴
+

¤𝐶
𝐶

)
=

(
𝑘 + 2

3

) (
𝑏2
𝑘2

) (
𝑘1𝑒

𝛾0𝑡𝛾0
𝑘1𝑒𝛾0𝑡 + 𝑘2

)
(20)

=
𝛾0

𝑛 + 3
[
1 − 𝑘2 (1 + 𝑧)𝑛+3]

=
𝐻0

1 − 𝑘2

(
1 − 𝑘2 (1 + 𝑧)𝑛+3

)
(21)

where 1 + 𝑧 = 1
𝑎 (𝑡 ) and 𝑎(𝑡) is average scale factor. Here 𝐻0

1−𝑘2
=

𝛾0
𝑛+3 . We will constrain following parameters 𝐻0, 𝑛 and

𝑘2 with observational datasets in section-III. We will evaluate the parameters 𝛾0 and 𝑘 from the expression 𝛾0 =
𝐻0 (𝑛+3)

1−𝑘2
,

and 𝑘 =
3𝑘2

(𝑛+3)𝑏2
− 2 for appropriate choice of arbitrary integrating constant 𝑏2 and observationally constrained values of

𝐻0, 𝑛 and 𝑘2.

KHDE: A generalized single-parameter entropy, known as the Kaniadakis entropy (𝜅-entropy) [77, 78, 79], is defined as

𝑆𝜅 = −
𝑊∑︁
𝑖=1

𝑃1+𝜅
𝑖

− 𝑃 1−𝜅
𝑖

2𝜅
=

1
2

[∑𝑊
𝑖=1 (𝑃 1−𝜅

𝑖
− 𝑃𝑖)

𝜅
+

∑𝑊
𝑖=1 (𝑃 1+𝜅

𝑖
− 𝑃𝑖)

−𝜅

]
, (22)

where 𝑃𝑖 denotes the probability of occupation of the 𝑖th microstate of a classical system. The parameter 𝜅 encodes
deviations from extensivity, and in the limit 𝜅 → 0, the standard Boltzmann–Gibbs entropy is recovered [77, 78]. For an
equiprobable distribution 𝑃𝑖 = 1/𝑊 , Eq. (22) yields [77, 78, 79]

𝑆𝜅 =
𝑊 𝜅 −𝑊−𝜅

2𝜅
=⇒ 𝑆𝜅 =

1
𝜅

sinh(𝜅𝑆BH), (23)

where 𝑆BH ∝ A
4𝐺

=
𝜋𝐿2

𝐺
is the Bekenstein–Hawking entropy and 𝐺 denotes Newton’s constant.

Recently, Nojiri et al. [22, 23, 24] introduced a generalized four-parameter entropy function capable of reproducing
several important entropy formalisms—such as Tsallis, Rényi, Barrow, Sharma–Mittal, Kaniadakis, and loop quantum
gravity entropies—as special limiting cases. The proposed generalized entropy 𝑆𝑔 is given by

𝑆𝑔 [𝛼+, 𝛼− , 𝛽, 𝛾] =
1
𝛾

[(
1 + 𝛼+

𝛽
𝑆BH

)𝛽
−

(
1 + 𝛼−

𝛽
𝑆BH

)−𝛽]
, (24)

where 𝛼+, 𝛼− , 𝛽, and 𝛾 are positive parameters. For the particular limit 𝛽 → ∞ and 𝛼+ = 𝛼− = 𝛾/2 = 𝜅, Eq. (24) reduces
to

𝑆𝜅 =
1
𝜅

sinh(𝜅𝑆BH), (25)

which matches the Kaniadakis entropy in Eq. (23). Using the holographic principle, the energy density associated with
the Kaniadakis entropy (23) takes the form

𝜌𝑑𝑒 ∝
𝑆𝜅

𝐿4 =⇒ 𝜌𝑑𝑒 =
3𝑐2𝑀2

𝑝

𝜅𝐿4 sinh
(
𝜅𝜋𝐿2

𝐺

)
, (26)

where 𝑀2
𝑝 = 1/(8𝜋𝐺) is the reduced Planck mass, 𝐿 is the IR cutoff length scale, 𝑐 is a model constant, and 𝜅 is the

Kaniadakis parameter. In the Brans–Dicke (BD) framework, the gravitational coupling is dynamical, with 𝐺 = 1/𝜙.
Substituting this relation into Eq. (26), the Kaniadakis holographic dark energy (KHDE) density becomes

𝜌𝑑𝑒 =
3𝑐2𝜙

8𝜋𝜅𝐿4 sinh
(
𝜅𝜋𝐿2𝜙

)
. (27)

In holographic dark energy (HDE) models, the choice of the infrared (IR) cutoff is crucial for determining the cosmic
dynamics. Among various possibilities, the Hubble horizon L = 𝐻−1 is considered one of the most natural and physically
motivated options. The IR cutoff sets the largest length scale that contributes to the dark energy density. Different cutoffs,
such as the particle or event horizons, can significantly alter the Universe’s evolution. Unlike the event horizon, which
depends on the future expansion history, the Hubble horizon is locally defined and free from causality issues. Therefore,
adopting the Hubble radius as the IR cutoff provides a local, causal, and observationally consistent description of dark
energy. By setting L = 1/𝐻, we obtain

𝜌𝑑𝑒 =
3𝑐2𝐻4𝜙

8𝜋𝜅
sinh

(
𝜅𝜋𝜙

𝐻2

)
(28)
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where Hubble parameter 𝐻 is given by Eq. (20). Using Hubble parameter (20) in Eq. (28), we obtain the energy density
of BHDE with Hubble horizon as IR cutoff as

𝜌𝑑𝑒 =
3𝑐2𝑘1

4 (e𝛾0𝑡 )4
𝛾0

4𝜙0 (𝑘1e𝛾0𝑡 + 𝑘2)
𝑛

𝑛+3 −4

8 (𝑛 + 3)4 𝜋 𝜅
sinh

(
𝜋 𝜅 𝜙0 (𝑛 + 3)2 (𝑘1e𝛾0𝑡 + 𝑘2)

3𝑛+6
𝑛+3

𝑘1
2 (e𝛾0𝑡 )2 𝛾02

)
. (29)

The BT-𝐼 𝐼 𝐼 universe with KHDE inside the framework of BDR theory of gravity is shown by Eq. (18), the scalar
field (19), and the energy density (29). Using Eqs. (11), (12), (17), (19) and (29), we obtain the EoS parameter of our
model as

𝜔𝑑𝑒 =
8
3
(𝑛 + 3)4 (

𝑘1𝑒
𝛾0𝑡 + 𝑘2

)4
𝜋𝜅

𝑐2𝑘4
1𝑒

4𝛾0𝑡𝛾4
0𝜙0

[
1
8
𝜙0 (1 − 3𝜆)
𝜋(2 − 4𝜆)

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3 (30)

×
{
𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡 + 𝑏2𝑘1𝑘
2
2𝛾

2
0𝑒

𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

+
𝑘2𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡 + 𝑘𝑏2𝑘1𝑘
2
2𝛾

2
0𝑒

𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

+
𝑘𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

}
− 1 − 𝜆

2 − 4𝜆

(
(𝑘 − 1)𝛾2

0𝑏2𝑘1𝑒
𝛾0𝑡

𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)
+

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
)−2𝑏2/𝑘2

)
−

𝑤𝜆𝑛2𝑘2
1𝛾

2
0𝑒

2𝛾0𝑡

(2 − 4𝜆) (𝑛 + 3)2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 −
(2 − 𝜆)𝑏2𝑘

2
1𝛾

2
0𝑒

2𝛾0𝑡𝑛

(1 − 2𝜆)𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 (𝑛 + 3)

−
(𝜆 + 1)𝑘𝑏2𝑘

2
1𝛾

2
0𝑒

2𝛾0𝑡𝑛

(2 − 4𝜆)𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 (𝑛 + 3)
−

(𝜆 + 1)
[
𝑛2𝑘2

1𝛾
2
0𝑒

2𝛾0𝑡 + 𝑛(𝑛 + 3)𝑘1𝑘2𝛾
2
0𝑒

𝛾0𝑡
]

(2 − 4𝜆) (𝑛 + 3)2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

]
×

[
(𝜆 + 1) (1 − 3𝜆)

(2 − 4𝜆)2 − (𝜆 − 1) (3 − 3𝜆)
(2 − 4𝜆)2

]−1 (
𝑘1𝑒

𝛾0𝑡 + 𝑘2
)− 𝑛

𝑛+3

×
[
sinh

(
𝜋𝜅𝜙0 (𝑛 + 3)2 (𝑘1𝑒

𝛾0𝑡 + 𝑘2)2

𝑘2
1𝑒

2𝛾0𝑡𝛾2
0

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3

)]−1

.

and we find the skewness parameter as

𝛾 =
(𝑛 + 3)4 (𝑘1e𝛾0𝑡 + 𝑘2)4

𝜅

3𝑐2𝑘1
4 (e𝛾0𝑡 )4 𝛾04

(
(𝑘 − 1) 𝛾0

2𝑏2𝑘1e𝛾0𝑡

𝑘2 (𝑘1e𝛾0𝑡 + 𝑘2)
+

( (
𝑘1e𝛾0𝑡 + 𝑘2

) 𝑏2
𝑘2

)−2
)

×
(
sinh

(
𝜋 𝜅 𝜙0 (𝑛 + 3)2 (𝑘1e𝛾0𝑡 + 𝑘2)2

𝑘1
2 (e𝛾0𝑡 )2 𝛾02

(
𝑘1e𝛾0𝑡 + 𝑘2

) 𝑛
𝑛+3

))−1

. (31)

3. OBSERVATIONAL CONSTRAINTS
The Hubble tension refers to the persistent discrepancy between independent determinations of the present-day

expansion rate of the Universe, 𝐻0, obtained from early- and late-time observations. Measurements inferred from the
cosmic microwave background (CMB), particularly those based on Planck data within the ΛCDM framework, yield a
lower value of 𝐻0 ≈ 67–68 km s−1 Mpc−1, whereas direct local measurements using the cosmic distance ladder (Cepheids
and Type Ia supernovae) favor a higher value of 𝐻0 ≈ 73–74 km s−1 Mpc−1 [80, 81, 82, 83]. This discrepancy has now
reached a statistical significance of ∼ 5𝜎 or higher, and in some recent analyses even exceeds 6𝜎, indicating that it is
unlikely to arise from statistical fluctuations alone [84, 85]. Independent observations, including those from the James
Webb Space Telescope, continue to support the higher local value, reinforcing the robustness of the tension [86]. At
present, no single systematic uncertainty has been identified that can fully account for this disagreement, suggesting that
the tension may point toward new physics beyond the standard cosmological model. Proposed resolutions include early-
Universe modifications such as early dark energy or additional relativistic species, as well as late-time extensions involving
dynamical dark energy, interacting dark sectors, or modified theories of gravity. Consequently, the Hubble tension has
emerged as one of the most significant challenges to ΛCDM and provides a powerful probe for testing extensions of the
standard cosmological paradigm. The exact solutions of the field equations in Brans–Dicke–Rastall (BDR) gravity with
anisotropic dark energy contain three free model parameters, namely (𝑛, 𝐻0, 𝑘2), which explicitly appear in the expression
for the Hubble parameter. The primary objective is to constrain these parameters using observational Hubble datasets in
order to validate the model in the context of the present Universe. For this purpose, we employed a joint dataset consisting
of 57 Hubble parameter measurements obtained from cosmic chronometer (CC) and baryon acoustic oscillation (BAO)
observations [87, 88]. The numerical analysis was carried out using the emcee Python package, where the parameter space
around the local minima was explored through a Gaussian prior centered on the initial estimates with a fixed standard
deviation (𝜎 = 1.0). The chi–square function used for parameter estimation is defined as

𝜒2
𝐻 (𝑛, 𝐻0, 𝑘2) =

57∑︁
𝑖=1

[𝐻th (𝑧𝑖; 𝑛, 𝐻0, 𝑘2) − 𝐻obs (𝑧𝑖)]2

𝜎2
𝐻 (𝑧𝑖 )

, (35)
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where 𝐻obs (𝑧𝑖) denotes the observed Hubble parameter at redshift 𝑧𝑖 , 𝐻th (𝑧𝑖; 𝑛, 𝐻0, 𝑘2) represents the theoretically
predicted value from the model, and 𝜎𝐻 (𝑧𝑖 ) corresponds to the associated observational uncertainty. By minimizing
the above chi–square function and performing a Markov Chain Monte Carlo (MCMC) analysis, we obtained the best–fit
estimates for the parameters 𝑛, 𝐻0, and 𝑘2 using the combined observational datasets.

Datasets Parameter Prior Value
𝐻0 (50, 100) 67.90+0.28

−0.89
𝑘2 (−1, 0) −0.448+0.077

−0.068
Hubble 𝑛 (−2,−1) −1.215+0.079

−0.092
(CC+BAO Data) 𝑏2 – −0.26

𝑘 – +0.91+0.5265
−0.1840

𝑏1 – 0.3

Table 1. The MCMC estimates.

Fig. 1 presents the marginalized one–dimensional posterior distributions and the two–dimensional confidence
contours for the model parameters (𝑘2, 𝐻0, 𝑛) obtained from the joint CC+BAO dataset using the Markov Chain Monte
Carlo (MCMC) technique. The MCMC analysis efficiently explores the parameter space and provides robust constraints
by minimizing the corresponding 𝜒2 function. From the one–dimensional posteriors, we obtain the best–fit values 𝑘2 =

−0.448+0.077
−0.068, 𝐻0 = 67.90+0.28

−0.89, and 𝑛 = −1.215+0.079
−0.092 at the 1𝜎 confidence level. The inferred value of the Hubble

parameter 𝐻0 is in good agreement with recent observational estimates, indicating the consistency of the present model
with late–time cosmic expansion data. The two–dimensional contour plots show well–defined closed regions at 1𝜎 and
2𝜎 confidence levels, implying a strong correlation among the parameters and the statistical stability of the model. Fig.
2 shows the comparison between the reconstructed Hubble parameter 𝐻 (𝑧) obtained from the best–fit model parameters
and the observational CC+BAO data. The solid curve represents the best–fit evolution of 𝐻 (𝑧), while the shaded regions
correspond to the 1𝜎 and 2𝜎 confidence intervals derived from the MCMC analysis. The observational data points are
found to lie well within the confidence regions across the entire redshift range, indicating an excellent agreement between
the theoretical model and observations. For comparison, the standard ΛCDM prediction is also shown and exhibits a
slightly different evolution at intermediate and higher redshifts. The close proximity of the best–fit curve to the ΛCDM
model at low redshifts confirms that the present model successfully reproduces the observed late–time cosmic expansion.
At higher redshifts, small deviations appear, reflecting the influence of anisotropy and modified gravity effects inherent
in the model. Overall, the consistency of the reconstructed 𝐻 (𝑧) with CC+BAO data demonstrates the robustness and
observational viability of the proposed cosmological framework.
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4. COSMOLOGICAL PARAMETERS
In this section, we examine the expansion dynamics of the Universe within the constructed KHDE model by em-

ploying several standard cosmological diagnostics. These include the equation of state (EoS) parameter 𝜔𝑑𝑒, the squared
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sound speed 𝑣2
𝑠 , the deceleration parameter 𝑞, and the Om–diagnostic 𝑂𝑚(𝑧). Furthermore, we analyze the evolutionary

behavior of the model through well–known diagnostic planes such as the 𝜔𝑑𝑒–𝜔′
𝑑𝑒

plane, the statefinder pair (𝑟, 𝑠), and
the 𝑟–𝑞 plane. For the graphical and numerical analysis, we adopt the constrained parameter values 𝐻0 = 67.9, 𝑘2 =

−0.448, and 𝑛 = −1.215, obtained from observational datasets. In addition, the derived and auxiliary parameters are
chosen as 𝛾0 = 83.7, 𝑘 = 0.91, 𝑏1 = 0.3, 𝑏2 = −0.26, 𝑐 = 0.03, 𝜆 = 0.7, 𝜙0 = 95, 𝜔 = 0.6, and 𝜅 = 0.2. These parameter
choices ensure physically consistent behavior of the cosmological quantities and provide a representative visualization of
the model’s dynamical evolution.

Scalar field
Fig. 3 illustrates the evolution of the scalar field 𝜙 as a function of redshift 𝑧. It is observed that the scalar field

exhibits a monotonically increasing behaviour with increasing redshift, indicating that 𝜙 attains smaller values at late
times and grows significantly toward the early universe. This behaviour suggests that the effective gravitational coupling,
which is inversely related to the scalar field in Brans–Dicke theory, was stronger in the past and gradually weakens as
the universe expands. Such an evolution is physically reasonable and consistent with scalar–tensor cosmological models,
where deviations from general relativity are more prominent at early epochs. Moreover, the gradual growth of the scalar
field supports a stable cosmic evolution and ensures compatibility with current observational constraints. Hence, the
obtained scalar field dynamics reinforces the viability of the present cosmological model.
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EoS parameter
The equation of state (EoS) parameter 𝜔𝑑𝑒 = 𝑝𝑑𝑒/𝜌𝑑𝑒 plays a fundamental role in understanding the dynamical

nature of dark energy and the expansion history of the universe. Different values of 𝜔𝑑𝑒 correspond to distinct evolutionary
phases, ranging from early decelerating epochs to the present accelerated expansion. Fig. 4 illustrates the evolution of
the dark energy EoS parameter as a function of redshift 𝑧 for the present model. From the Fig. 4, it is evident that 𝜔𝑑𝑒

remains less than −1 over a significant redshift range, indicating a phantom–like behaviour of dark energy. Such a regime
is capable of driving strong accelerated expansion and is consistent with recent observational indications that mildly favor
phantom or dynamical dark energy over a strict cosmological constant. At higher redshifts, the EoS parameter gradually
approaches values closer to 𝜔𝑑𝑒 → −1, suggesting that the model effectively mimics a ΛCDM–like behaviour. The
continuous transition of the EoS parameter reflects the dynamical nature of dark energy in the model, rather than a constant
vacuum energy density. Overall, the evolution of the EoS parameter demonstrates that the proposed model successfully
accounts for the present accelerated expansion of the universe while remaining consistent with a smooth cosmic evolution.

Deceleration parameter
The deceleration parameter 𝑞(𝑧) plays a crucial role in characterizing the expansion history of the universe, as its

sign directly distinguishes between decelerated and accelerated phases of cosmic evolution. Physically, 𝑞 measures the
rate of change of the cosmic expansion relative to the Hubble expansion rate. If 𝑞 > 0, the universe is in a decelerated
expansion phase, while 𝑞 < 0 indicates accelerated expansion. The case 𝑞 = 0 corresponds to uniform expansion. The
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redshift evolution of 𝑞(𝑧) allows us to determine the transition redshift at which the universe shifted from matter-dominated
deceleration to dark-energy-driven acceleration. For our models it is defined as

𝑞 = − ¥𝑎𝑎
¤𝑎2 = −1 − 𝑘2 (𝑛 + 3)

𝑘1𝑒𝛾0𝑡
. (32)

where 𝑎(𝑡) is the scale factor. Fig. 5 depicts the evolution of 𝑞 as a function of redshift 𝑧 for the present model constrained
by the CC+BAO data. At early times (higher redshifts), the deceleration parameter remains positive (𝑞 > 0), indicating a
decelerating expansion phase dominated by matter and anisotropic effects. This behaviour is consistent with the standard
cosmological picture of a matter-dominated universe in the past. As the universe evolves, 𝑞(𝑧) decreases monotonically and
crosses the phantom divide line 𝑞 = 0 at the transition redshift 𝑧𝑡 ≃ 0.79, signaling a smooth transition from decelerated
to accelerated expansion. Such a transition redshift is well supported by recent observational studies, thereby reinforcing
the observational consistency of the model. At the present epoch (𝑧 = 0), the deceleration parameter attains a negative
value 𝑞0 ≈ −0.45, confirming that the universe is currently undergoing accelerated expansion. Overall, the evolution of
the deceleration parameter demonstrates that the model successfully describes a realistic and smooth cosmic expansion
history.
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Satefinders plane
In order to discriminate among various DE models that successfully explain the late–time accelerated expansion of

the universe, higher–order geometrical diagnostics are required. Although different DE models can reproduce the same
present–day values of the Hubble parameter 𝐻 and the deceleration parameter 𝑞, these quantities alone are insufficient
to distinguish between competing scenarios. To overcome this limitation, Sahni et al. [89] introduced the statefinder
diagnostic pair (𝑟, 𝑠), defined in Eq. (33), which depends on the third derivative of the scale factor and hence captures finer
details of cosmic dynamics. Fig. 6 displays the evolution of the present model in the (𝑟, 𝑠) plane. The trajectory clearly
passes through different DE regimes, thereby offering a clear geometrical interpretation of the cosmic evolution. At early
times, the trajectory lies in the region characterized by 𝑟 > 1 and 𝑠 < 0, which corresponds to the phantom–like dark
energy regime. This behaviour indicates a strong acceleration phase driven by effective DE with an equation of state less
than −1. As the universe evolves, the trajectory approaches the fixed point (𝑟, 𝑠) = (1, 0), which represents the standard
ΛCDM model. The proximity of the trajectory to this point at late times implies that the present model closely mimics
the concordance cosmology and is therefore consistent with current observations. At later epochs, the evolution enters
the region 𝑟 < 1 and 𝑠 > 0, which is associated with quintessence–type DE behaviour. This transition signifies a gradual
softening of the acceleration mechanism and reflects the dynamical nature of DE in the present framework. Overall, the
statefinder analysis demonstrates that the proposed cosmological model is capable of interpolating between different DE
regimes while remaining compatible with the ΛCDM limit.

𝑟 = 1 + 3𝑘2 (𝑛 + 3)
𝑘1𝑒𝛾0𝑡

+ 𝑘2
2 (𝑛 + 3)2

𝑘1
2 (𝑒𝛾0𝑡 )2 − 𝑘2 (𝑛 + 3)2

𝑘1𝑒𝛾0𝑡

𝑠 =

(
3𝑘2 (𝑛 + 3)

𝑘1𝑒𝛾0𝑡
+ 𝑘2

2 (𝑛 + 3)2

𝑘1
2 (𝑒𝛾0𝑡 )2 − 𝑘2 (𝑛 + 3)2

𝑘1𝑒𝛾0𝑡

) (
−4.5 − 3𝑘2 (𝑛 + 3)

𝑘1𝑒𝛾0𝑡

)−1
(33)
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𝑟 − 𝑞 plane
The 𝑟–𝑞 plane provides a useful geometrical diagnostic to study the evolutionary behavior of cosmological models

and to distinguish them from standard dark energy scenarios. In this plane, the fixed point (𝑟, 𝑞) = (1, 0.5) corresponds to
the standard cold dark matter (SCDM) dominated universe, while the point (𝑟, 𝑞) = (1,−1) represents the steady state (SS)
or de Sitter model, characterized by a constant expansion rate and exponential growth of the scale factor. The evolution
of the present model in the 𝑟–𝑞 plane is shown in Fig. 7. From the Fig. 7, it is evident that the trajectory of the model
begins in the vicinity of the SCDM point at early times, indicating that the universe undergoes a decelerated expansion
phase dominated by matter. As cosmic time progresses, the trajectory smoothly departs from the SCDM fixed point and
moves toward negative values of the deceleration parameter, reflecting the onset of late–time accelerated expansion. This
transition signifies the gradual dominance of dark energy–like effects over matter. At late times, the trajectory approaches
the steady state point (𝑟, 𝑞) = (1,−1), which corresponds to a de Sitter–type expansion. This behavior suggests that the
universe evolves toward a phase of exponential expansion driven by an effective cosmological constant. The smooth and
continuous nature of the trajectory confirms the absence of abrupt transitions or singular behavior, ensuring the physical
stability of the model. Furthermore, the evolutionary path of the model closely resembles the expected behavior of the
ΛCDM scenario, which evolves from the SCDM regime toward the steady state limit.
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Om-diagnostic parameter
The 𝑂𝑚(𝑧) diagnostic provides an effective and model–independent tool to characterize the nature of dark energy

by directly relating the Hubble parameter 𝐻 (𝑧) to the redshift 𝑧. Unlike the equation of state parameter, the 𝑂𝑚(𝑧)
diagnostic does not require higher–order derivatives of the scale factor, making it particularly robust against observational
uncertainties. In the standard ΛCDM cosmology, 𝑂𝑚(𝑧) remains constant and positive for all redshifts, reflecting a
constant dark energy density associated with a cosmological constant. It is defined as

𝑂𝑚(𝑧) =
𝐻2 (𝑧) − 𝐻2

0

((𝑧 + 1)3 − 1)𝐻2
0
=

[
1−𝑘2 (1+𝑧)𝑛+3

1−𝑘2

]2
− 1

(𝑧 + 1)3 − 1
. (34)

Fig. 8 illustrates the evolution of 𝑂𝑚(𝑧) for the present model. It is evident that 𝑂𝑚(𝑧) exhibits a clear decreasing
trend with increasing redshift over a wide redshift range. Such a monotonic decrease in 𝑂𝑚(𝑧) is a characteristic signature
of phantom–like dark energy. This behaviour implies that the dark energy density grows with cosmic time, leading to a
stronger acceleration at late epochs. The deviation of 𝑂𝑚(𝑧) from a constant value further confirms that the present model
does not reduce exactly to the ΛCDM scenario but represents a dynamically evolving dark energy framework. At higher
redshifts, 𝑂𝑚(𝑧) approaches a nearly constant value, indicating that the influence of dark energy becomes subdominant
and the cosmic expansion is primarily governed by matter. This feature is consistent with the expected transition from a
matter–dominated decelerating phase in the past to a dark energy–dominated accelerated phase at late times. Hence, the
𝑂𝑚(𝑧) diagnostic strongly supports the viability of the proposed model as a realistic and physically consistent description
of dark energy.

𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

Plane
The 𝜔𝑑𝑒–𝜔′

𝑑𝑒
phase–space analysis serves as an important diagnostic tool to investigate the dynamical nature of dark

energy, where the prime denotes differentiation with respect to ln 𝑎. This method, introduced by Caldwell and Linder [90],
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enables a clear classification of dark energy models based on their evolutionary behavior. In this framework, dark energy
models are broadly categorized into two distinct regions: the thawing region, characterized by 𝜔𝑑𝑒 < 0 and 𝜔′

𝑑𝑒
> 0, and

the freezing region, where 𝜔𝑑𝑒 < 0 and 𝜔′
𝑑𝑒

< 0. Fig. 9 depicts the evolution of the present model in the 𝜔𝑑𝑒–𝜔′
𝑑𝑒

plane.
It is evident that the trajectory lies entirely in the region 𝜔𝑑𝑒 < 0 with 𝜔′

𝑑𝑒
< 0, which clearly corresponds to the freezing

class of dark energy models. This behavior indicates that the dark energy equation of state evolves toward 𝜔𝑑𝑒 = −1 at
late times, gradually slowing down its dynamical evolution and mimicking a cosmological constant–like behavior in the
future. The freezing nature of the model suggests that dark energy was more dynamic in the past and becomes increasingly
dominant and stable as the universe expands. The 𝜔𝑑𝑒–𝜔′

𝑑𝑒
analysis strongly supports that the present model belongs to

the freezing dark energy class and provides a viable dynamical alternative to the standard ΛCDM model while remaining
consistent with current observational constraints.
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Age of the model
The cosmic time 𝑡 (𝑧) and the lookback time 𝑡0 − 𝑡 (𝑧) are important quantities for understanding the age and

evolutionary history of the universe. We estimate the age of our model using:

𝑡0 − 𝑡 =

∫ 𝑧

0

𝑑𝑧′

(1 + 𝑧′)𝐻 (𝑧′) . (35)

For our model, we have obtained the expression for cosmic age of the universe as

𝑡0 − 𝑡 =
𝑘2 − 1

(𝑛 + 3)𝐻0
ln

[
1 − 𝑘2 (1 + 𝑧)𝑛+3

(1 − 𝑘2) (1 + 𝑧)𝑛+3

]
. (36)
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Fig. 10(a) shows the variation of the cosmic time 𝑡 as a function of redshift 𝑧. At the present epoch (𝑧 = 0), the cosmic
time attains the value 𝑡0 ≃ 0.014 × 978 Gyr = 13.78 𝐺𝑦𝑟, which represents the current age of the universe in the adopted
units. As 𝑧 increases, 𝑡 (𝑧) decreases rapidly, reflecting the faster expansion rate in the early universe. Fig. 10(b) illustrates
the behaviour of the lookback time 𝑡0 − 𝑡 (𝑧) as a function of redshift. The lookback time increases monotonically with
redshift, indicating that light emitted from higher redshifts has traveled longer durations before reaching the observer. At
low redshifts, 𝑡0− 𝑡 (𝑧) grows rapidly, while at higher redshifts the curve gradually flattens, showing that most of the cosmic
age is accumulated at relatively small redshifts. This behaviour is consistent with an early decelerated expansion followed
by a late-time accelerated phase. The smooth and regular evolution of both 𝑡 (𝑧) and 𝑡0 − 𝑡 (𝑧) confirms the absence of any
sudden transitions or singular behaviour in the cosmic history. Moreover, the consistency between the decreasing cosmic
time and increasing lookback time reinforces the physical reliability of the present cosmological model and supports its
compatibility with the standard picture of cosmic evolution.

5. CONCLUSIONS

In this work, we have investigated an anisotropic Bianchi type–𝐼 𝐼 𝐼 cosmological model filled with KHDE and
pressureless matter within the framework of BDR theory of gravity. The combination of anisotropic geometry, modified
gravity, and generalized holographic dark energy provides a rich and flexible framework to study cosmic evolution. By
imposing suitable relations among the metric potentials and assuming a functional dependence between the Brans–Dicke
scalar field and the average scale factor, we obtained exact analytical solutions of the field equations. Using these solutions,
several key cosmological parameters were derived and analyzed in detail. The evolution of the Hubble parameter shows
a smooth and physically reasonable behavior, consistent with observational data. In particular, the reconstructed 𝐻 (𝑧)
profile obtained from the best–fit parameters lies well within the 1𝜎 and 2𝜎 confidence regions of the CC+BAO datasets,
demonstrating the robustness of the model against current observations. The model parameters were tightly constrained
using a MCMC analysis with CC+BAO datasets. The resulting best–fit values, particularly for the Hubble constant, are in
good agreement with recent observational estimates. The well–defined and closed confidence contours in the parameter
space confirm the statistical stability and convergence of the MCMC analysis.

The deceleration parameter analysis reveals a clear transition from an early decelerated phase to the present accelerated
phase of the universe. The transition redshift obtained in this model is compatible with recent observational constraints,
confirming that the model can successfully reproduce the observed cosmic acceleration. This smooth transition further
supports the physical viability of the model. The behavior of the equation of state parameter of dark energy plays a crucial
role in characterizing the nature of cosmic acceleration. Our analysis shows that the EoS parameter remains in the phantom
region throughout the evolution, implying 𝜔𝑑𝑒 < −1. Such a behavior is capable of driving strong accelerated expansion
and is consistent with several recent observational indications favoring dynamical dark energy over a strict cosmological
constant. Importantly, the evolution of 𝜔𝑑𝑒 is smooth and free from divergences, indicating the absence of pathological
future singularities within the considered redshift range. To further discriminate the present model from standard dark
energy scenarios, we employed several geometrical diagnostics, including the statefinder (𝑟, 𝑠) and (𝑟, 𝑞) planes, as well
as the 𝑂𝑚(𝑧) diagnostic. The statefinder analysis shows that the evolutionary trajectory of the model passes through
different dark energy regimes and approaches the ΛCDM fixed point at late times, indicating that the model can effectively
mimic the concordance cosmology in the recent past while allowing deviations at earlier epochs. Similarly, the 𝑟–𝑞 plane
demonstrates a smooth evolution from the standard cold dark matter dominated era toward a de Sitter–like steady state,
reinforcing the consistency of the model with the expected cosmic history. The 𝑂𝑚(𝑧) diagnostic exhibits a decreasing
trend with redshift, which further confirms the phantom–like nature of dark energy in this framework and rules out a
constant ΛCDM behavior. We also analyzed the evolution of the Brans–Dicke scalar field and the cosmic time parameters.
The scalar field shows a regular and monotonic behavior, suggesting a time–varying effective gravitational coupling that
evolves smoothly with cosmic expansion. The cosmic time and lookback time analyses indicate a consistent and realistic
age of the universe, with no abrupt transitions or singular behavior, thereby strengthening the physical reliability of the
model.

In conclusion, the present study demonstrates that the KHDE model within the BDR framework provides a viable and
observationally consistent description of the cosmic expansion history in an anisotropic universe. The model successfully
explains the transition from early deceleration to late–time acceleration, closely mimics ΛCDM behavior at late times,
and allows for a dynamical dark energy component with phantom characteristics. These results highlight the potential
of generalized holographic dark energy models in modified gravity theories as promising alternatives to the standard
cosmological paradigm.
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ОБМЕЖЕНА ГОЛОГРАФIЧНА МОДЕЛЬ ТЕМНОЇ ЕНЕРГIЇ КАНIАДАКIСА В
КОСМОЛОГIЇ БIАНЧI 𝐼 𝐼 𝐼

Ю. Адитья1*, К. Дасунайду1**,Мураласеттi Ноокараджу2, П. Сiльпа3, Г. Сурьянараяна4
1Кафедра математики, Технологiчний iнститут GMR (GMRIT) – Вважається унiверситетом, Раджам-532127, Iндiя

2Кафедра хiмiї, Унiверситет Адiтья, Сурампалем-533437, Iндiя
3Кафедра хiмiї, Iнженерний коледжШрi Васавi, Тадепаллiгудем-534101, Iндiя

4Кафедра математики, ANITS, Вiшакхапатнам-533003, Iндiя
У цiй роботi ми вивчаємо космологiчну динамiку анiзотропного Всесвiту типу Бiанкi–𝐼 𝐼 𝐼, заповненого голографiчною темною
енергiєюКаньядакiса та матерiєю без тиску, в рамках теорiї гравiтацiї Бранса–Дiкке–Расталла. Для отримання точних розв’язкiв
рiвнянь поля припускаються вiдповiднi спiввiдношення мiж метричними потенцiалами, а також функцiональний зв’язок мiж
скалярним полем та середнiм масштабним коефiцiєнтом. Для обмеження параметрiв моделi ми виконуємо аналiз методом
Монте-Карло за допомогою ланцюгiв Маркова, використовуючи спiльнi набори даних CC+BAO. Реконструйований параметр
Хаббла демонструє чудову вiдповiднiсть зi спостережними даними в межах довiрчих областей 1𝜎 та 2𝜎, а оцiнене значення
постiйної Хаббла узгоджується з останнiми вимiрюваннями. Ми виводимо кiлька важливих космологiчних параметрiв, включа-
ючи параметр Хаббла, параметр уповiльнення, параметр рiвняння стану, скалярне поле, космiчний час та час ретроспективного
огляду. Фiзична поведiнка цих параметрiв аналiзується за допомогою графiчних зображень. Параметр уповiльнення демонструє
плавний перехiд вiд ранньої фази уповiльнення до пiзньої прискореної фази, з червоним змiщенням переходу, що узгоджується
з останнiми спостережними межами. Параметр рiвняння стану залишається у фантомнiй областi, що вказує на динамiчну
поведiнку темної енергiї, здатну керувати поточним прискореним розширенням. Крiм того, дiагностика за допомогою методiв
пошуку станiв (𝑟, 𝑠) та (𝑟, 𝑞) показує, що модель близько наближається до поведiнки ΛCDM на пiзнiх етапах, допускаючи
водночас вiдхилення на раннiх епохах. Дiагностика𝑂𝑚(𝑧) додатково пiдтверджує фантомну природу темної енергiї в сучасних
рамках. Загалом, нашi результати демонструють, що наша модель у гравiтацiї Бранса-Дiкке-Расталла забезпечує життєздатний
та спостережливо узгоджений опис iсторiї розширення космосу в анiзотропному Всесвiтi.
Ключовi слова: голографiчна темна енергiя Каньядакiса; гравiтацiя Бранса-Дiкке-Расталла; Всесвiт Бiанкi III типу; аналiз
MCMC; космiчне прискорення
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This article is devoted to the study of the dynamical aspects of the domain wall cosmological model in an axially symmetric space-
time in 𝑓(𝑄,𝑇) gravity. In this theory of gravity, the action contains an arbitrary function 𝑓(𝑄,𝑇) where 𝑄 and 𝑇 respectively denote 
the non-metricity and the trace of the energy-momentum tensor. The linear and additive form of  𝑓(𝑄,𝑇) gravity, 𝑓(𝑄,𝑇) = 𝜇𝑄 + 𝜈𝑇 
where 𝜇 and 𝜈 are non-zero arbitrary constants, is taken into account in this work. A deterministic model of the universe is obtained 
using the linearly varying deceleration parameter 𝑞 = −𝑘𝑡 + 𝑚 − 1 which is linear in time with negative slope. We have assessed all 
the dynamical and geometrical parameters of the models and examined their physical significance in modern cosmology. We have 
observed that the deceleration parameter 𝑞 displays a signature-flipping point where shifting occurs from a decelerating regime to an 
accelerating regime, signifying cosmic expansion. It is observed that our model is in good agreement with the current scenario of 
accelerated expansion of the universe. 
Keywords: Domain wall; 𝑓(𝑄,𝑇)  gravity; Axially symmetric space-time; Deceleration parameter 
PACS: 04.50.Kd, 98.80.Jk 

1. INTRODUCTION
Einstein’s general theory of relativity (GTR) is a landmark achievement in modern physics. GTR successfully 

describes gravitational phenomena, solar-system dynamics and the evolution of the universe through its field equation 
and cosmological models. Nevertheless, the large-scale structure of the cosmos is best represented by the field equations, 
implying that GTR does not fully accommodate certain aspects of contemporary cosmology. For instance, it does not 
incorporate Mach’s principle, it does not avoid singularity problems and it fails to explain the current accelerated 
expansion. Observational and theoretical evidence, especially from type Ia Supernovae data [1-3] suggests that the 
universe is not only expanding but also accelerating. According to observational evidence, especially from the Wilkinson 
Microwave Anisotropy Probe (WAMP) [4], energy composition of universe is made up of around 4% ordinary baryonic 
matter, 23% dark matter and 73% dark energy. To address these findings, two main approaches have emerged to 
investigate the accelerated universe: 1) developing alternative theories of gravity 2) modifying Einstein’s theory of 
gravitation. Consequently, several modified gravity theories have been proposed by altering the Hilbert-Einstein action, 
such as 𝑓(𝐺) gravity [5], 𝑓(𝑅) gravity [6], 𝑓(𝑅,𝑇) gravity [7], 𝑓(𝑇) gravity [8], 𝑓(𝐺,𝑇) gravity [9], 𝑓(𝑅,𝑇,𝑅ఓఔ𝑇ఓఔ) 
gravity [10], 𝑓(𝑄) gravity [11] and the recently proposed 𝑓(𝑄,𝑇) gravity [12-15]. 

Recently Xu et al. [12] proposed 𝑓(𝑄,𝑇) theory of gravity, an extension of symmetric teleparallel gravity where the 
Lagrangian is an arbitrary function of the non-metricity 𝑄 and the trace of energy momentum tensor 𝑇. This theory 
advances general relativity by introducing a coupling between 𝑄 and 𝑇. The field equations of 𝑓(𝑄,𝑇) can be determined 
by varying the gravitational action with respect to both the metric and connection. The importance of 𝑓(𝑄,𝑇) gravity is 
its ability to describe the accelerated expansion of the universe without requiring a cosmological constant, offering a 
unified framework for investing early-time inflation and late-time cosmic acceleration. It is possible to construct 
cosmologically viable models in 𝑓(𝑄,𝑇) theory which are consistent with general relativity. Narzary and Dewri [16] have 
investigated Bianchi type-VI spacetime within 𝑓(𝑄,𝑇) gravity in presence of bulk viscous fluid. They also examined 
bouncing scenario in 𝑓(𝑄,𝑇) gravity having Bianchi type-VI spacetime [17]. Kaczmarek et al. [18] have investigated an 
alternative dynamically similar scalar-tensor presentation for the 𝑓(𝑄,𝑇) gravity and discussed its kinetic behaviour for 
the FLRW cosmology. Venkatesha et al. [19] have introduced wormhole solutions including conformal symmetries and 
Gaussian noncommutativity within 𝑓(𝑄,𝑇) gravity. Gul et al. [20] studied the bouncing scenarios in a flat FRW spacetime 
in presence of perfect fluid matter distribution in 𝑓(𝑄,𝑇) gravity. Tayde et al. [21] have investigated wormhole solutions 
accompanied by dark matter galactic halo profiles in the context of 𝑓(𝑄,𝑇) gravity.  Khurana et al. [22] have discussed 
analysis of FLRW model in 𝑓(𝑄,𝑇)  theory produced by the cubic parametrization of the deceleration parameter. 
Shekh et al. [23] have discussed the dynamics of spatially flat FLRW metric in specific models of 𝑓(𝑄,𝑇) gravity using 
parametrization of the deceleration parameter. They also studied 𝑓(𝑄,𝑇) model with an emergent scale factor [24]. 
Kale et al. [25] have studied the observational constraints of two different 𝑓(𝑄,𝑇) models in FLRW framework using 
specific Hubble parameter in redshift form. Pati et al. [26] have investigated the behaviour of cosmological parameters in 
an isotropic and homogeneous spacetime within the framework of 𝑓(𝑄,𝑇) gravity. Narawade et al. [27] have investigated 

Cite as: M.T. Sarode, V.G. Mete, A.S. Nimkar, East Eur. J. Phys. 2, 34 (2026), https://doi.org/10.26565/2312-4334-2026-2-03 
© M.T. Sarode, V.G. Mete, A.S. Nimkar, 2026; CC BY 4.0 license 

https://orcid.org/0009-0001-8467-4744
https://orcid.org/0000-0002-0526-6372
https://doi.org/10.26565/2312-4334-2026-2-03
https://periodicals.karazin.ua/eejp/index
https://portal.issn.org/resource/ISSN/2312-4334
https://creativecommons.org/licenses/by/4.0/


35
Axially Symmetric Cosmological Model in f(Q,T) Gravity   EEJP. 2 (2026)

dynamical analysis and observational constraints of 𝑓(𝑄,𝑇) model. Xu et al. [28] studied Weyl type 𝑓(𝑄,𝑇) model and 
compared it with ΛCDM model.   

During the early stages of the evolution of the universe, it is generally assumed that during cosmological phase 
transition, the symmetry of universe is broken spontaneously and topological stable defects such as cosmic strings and 
domain walls could form [29]. Domain wall separate regions with distinct vacuum states and possess large surface energy 
densities. Domain walls are stable due to their topological nature, originating from the configuration of vacuum manifolds 
during symmetry breaking [30]. Domain walls have garnered considerable interest in cosmology, especially for their 
involvement in galaxy formation scenario. Zel’dovich et al. [31] investigated domain interfaces, uniformity and the 
expanding universe. They found that domain walls must vanish early in the universe’s evolution. This disappearance 
enables the transformation of energy density into massive quanta or equilibrium radiation, thereby achieving isotropy and 
homogeneity. As domain wall naturally breaks isotropy, therefore to study them in anisotropic background, models 
provide convincing presentation of early universe dynamics. In recent years, lots of work has been done by many 
researchers on domain walls. Hatkar et al. [32] have studied topological defects in LRS Bianchi type-I space time in 𝑓(𝑇) 
gravity. Junaid et al. [33] have explored the aspects of domain wall in Bianchi type-III universe in 𝑓(𝑅,𝑇) theory. 
Hatkar et al. [34-36] explored various cosmological models with domain wall including FRW, Bianchi type-VI0 and 
Bianchi type-I in the context of 𝑓(𝑄), 𝑓(𝑅,𝑇) and 𝑓(𝐺) theories of gravity. Patil et al. [37] have explored the solution of 
FRW space-time with bulk viscous domain wall in 𝑓(𝑅,𝑇) gravity.  

Axially symmetric spacetime plays a crucial role in the large-scale study of the universe particularly when 
anisotropies and inhomogeneities are not ignored [38]. Kilinc [38] demonstrated axially symmetric cosmological models 
have significantly contributed to understanding essential features of the universe such as galaxy formation during its early 
evolutionary stages. Axially symmetric cosmological models both in general relativity and in the alternative theories of 
gravitation have been extensively studied by Mete et al. [39], Reddy and Naidu [40-41], Adhav et al. [42], Reddy and 
Rao [43]. Nimkar and Wath [44] investigated an axially symmetric cosmological model with perfect fluid in Lyra 
geometry. Sahoo et al. [45] explored axially symmetric cosmological model in the framework of 𝑓(𝑅,𝑇) gravity. 

In this paper, we propose to investigate the axially symmetric space-time given by Bhattacharya and Karade [46] in 
the presence of domain wall within the framework of 𝑓(𝑄,𝑇) gravity. The paper is structured as follows: Section 1 
contains a concise introduction and the motivation behind the current work. 𝑓(𝑄,𝑇) Theory and field equations is given 
in Section 2. In Section 3, we have derived the metric and field equations. In Section 4, we derived the solution of field 
equations using the linearly varying deceleration parameter and discussed the physical parameters graphically. Section 5 
deals with graphical discussion of Hubble datasets. Conclusion is presented in Section 6. 
 

2. 𝒇(𝑸,𝑻) THEORY AND FIELD EQUATIONS 
The field equations of modified 𝑓(𝑄,𝑇) gravity are derived from Hilbert Einstein variational action principle  
 
 𝑆 = ׬ ቀ ଵଵ଺గ 𝑓(𝑄,𝑇) + 𝐿௠ቁඥ−𝑔𝑑ସ𝑥 (1) 
 
where 𝑓(𝑄,𝑇) is a function of the non-metricity scalar 𝑄 and the trace of the matter-energy-momentum tensor 𝑇 , also 𝐿௠ is Lagrangian of the matter and 𝑔 = det (𝑔ఓఔ). The non-metricity scalar 𝑄 is defined as 
 
 𝑄 =  −𝑔ఓఔ൫𝐿ఈఉఓ𝐿ఉఔఈ − 𝐿ఈఉఈ𝐿ఉఓఔ൯ (2) 
 
where  𝐿ఈఉఊ represents the disformation tensor which is given by, 
 
 𝐿ఈఉఊ =  −ଵଶ 𝑔ఈఋ൫∇ఊ𝑔ఉఋ + ∇ఉ𝑔ఋఊ − ∇ఋ𝑔ఉఊ൯ (3) 
 
The non-metricity tensor is defined as  
 
 𝑄ఊఓఔ = ∇ఊ𝑔ఓఔ (4) 
 
The trace of the non-metricity tensor is derived as follows 
 
 𝑄ఈ = 𝑔ఓఔ𝑄ఈఓఔ ,𝑄෨ఈ =  𝑔ఓఔ𝑄ఓఈఔ  (5) 
 
The superpotential or the non-metricity conjugate of the model is given by 
 
 𝑃ఈఓఔ = −ଵଶ 𝐿ఈఓఔ + ଵସ ൫𝑄ఈ − 𝑄෨ఈ൯𝑔ఓఔ − ଵସ δ   (ఓ஑ 𝑄ఔ) (6) 
 
The energy-momentum tensor is defined as 
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 𝑇ఓఔ = − ଶ√ି௚ ఋ(√ି௚௅೘)ఋ௚ഋഌ       and    𝜃ఓఔ = 𝑔ఈఉ ఋ்ഀഁఋ௚ഋഌ  (7) 
 
The field equation of  𝑓(𝑄,𝑇) gravity is obtained by varying the action (1) with respect to the metric tensor 𝑔ఓఔ as  
 
 − ଶ√ି௚ ∇ఈ൫𝑓ொඥ−𝑔𝑃ఈఓఔ൯ − ଵଶ 𝑓𝑔ఓఔ + 𝑓 ൫𝑇ఓఔ + 𝜃ఓఔ൯ − 𝑓ொ ቀ𝑃ఓఈఉ𝑄ఔఈఉ − 2𝑄ఈఉఓ𝑃ఈఉఔቁ = 8𝜋𝑇ఓఔ  (8) 
 
where  𝑓ொ = డ௙డொ   , 𝑓 = డ௙డ்  and the non-metricity tensors  𝑄ఔఈఉ = −𝛻ఔ𝑔ఈఉ   ,   𝑄ఈఉఓ = 𝑔ఈఊ𝑔ఉఘ𝛻ఊ𝑔ఘఓ 
 

3. THE METRIC AND FIELD EQUATIONS 
We have considered the axially symmetric space-time given by Bhattacharya and Karade [46] in the form 
 
 𝑑𝑠ଶ = 𝑑𝑡ଶ − 𝐴ଶሾ𝑑𝜒ଶ + ℎଶ(𝜒)𝑑𝜙ଶሿ − 𝐵ଶ𝑑𝑧ଶ (9) 
 
where the metric potentials 𝐴 ,𝐵 are functions of cosmic time 𝑡 and ℎ is a function of coordinate 𝜒 alone. 
The energy momentum tensor of domain wall [33] is  
 
 𝑇௜௝ = 𝜌൫𝑔௜௝ + 𝜔௜𝜔௝൯ + 𝑝𝜔௜𝜔௝  (10) 
 
where 𝜌 is the energy density of the wall,  𝑝 is the pressure in the direction normal to the plane of the wall and 𝜔௜ is a unit 
space like vector in the same direction with  𝜔௜𝜔௝ = −1. Here pressure is taken in the direction of 𝑥-axis. The quantities 𝜌 and 𝑝 depends on 𝑡  only. Additionally,  𝜌 = 𝜌௕ + 𝜎ௗ  and  𝑝 = 𝑝௕ − 𝜎ௗ   where 𝑝௕  and 𝜌௕  denote the pressure and 
energy density of barotropic fluid, 𝜎ௗ stands for the tension of domain wall. 
Then, we have  
 
 𝑇଴଴ = 𝑇ଶଶ = 𝑇ଷଷ = 𝜌  , 𝑇ଵଵ = −𝑝 , 𝑇 =  3𝜌 − 𝑝  (11) 
 𝜃௝௜  is derived as 
 
 𝜃௝௜ = 𝛿௝௜𝑝 − 2𝑇௝௜ = diag (𝑝 − 2𝜌, 3𝑝,𝑝 − 2𝜌,𝑝 − 2𝜌)  (12) 
 
For given cosmological model, the non-metricity scalar 𝑄 is found to be 
 
 𝑄 = −2 ቀ஺ሶమ஺మ + 2 ஺ሶ஻ሶ஺஻ቁ  (13) 
 
The field equation (8) for the line element (9) with energy momentum tensor (11), also using equation (12) and (13) can 
be written as 
 
 ଵଶ 𝑓 + 2𝐹 ቀ஺ሶమ஺మ + 2 ஺ሶ஻ሶ஺஻ቁ = 8𝜋൫1 + 𝐺෨൯𝜌 − 8𝜋𝐺෨𝑝 (14) 

 
 ଵଶ 𝑓 + 𝐹 ቀ஺ሷ஺ + ஻ሷ஻ + ஺ሶమ஺మ + 3 ஺ሶ஻ሶ஺஻ቁ = 8𝜋(1 + 2𝐺෨)𝑝 (15) 

 
 ଵଶ 𝑓 + 𝐹 ቀ஺ሷ஺ + ஻ሷ஻ + ஺ሶమ஺మ + 3 ஺ሶ஻ሶ஺஻ቁ = 8𝜋𝐺෨𝑝 − 8𝜋(1 + 𝐺෨)𝜌 (16) 

 
 ଵଶ 𝑓 + 2𝐹 ቀ஺ሷ஺ + ஺ሶమ஺మ + ஺ሶ஻ሶ஺஻ቁ = 8𝜋𝐺෨𝑝 − 8𝜋(1 + 𝐺෨)𝜌 (17) 
 
where  𝐹 = 𝑓ொ , 𝑓 = 8𝜋𝐺෨ and an overhead dot refers to derivative with respect to time 𝑡. 
For the given cosmological model, the physical parameters are defined as follows. The average scale factor 𝑎 and the 
spatial volume 𝑉 are expressed as 
 
 𝑎 = (𝐴ଶ𝐵)భయ (18) 

 

 𝑉 = 𝑎ଷ = 𝐴ଶ𝐵 (19) 



37
Axially Symmetric Cosmological Model in f(Q,T) Gravity   EEJP. 2 (2026)

The generalized mean Hubble’s parameter 𝐻 is expressed as 
 
 𝐻 = ଵଷ (𝐻ଵ + 𝐻ଶ + 𝐻ଷ) (20) 
 
where  𝐻ଵ = 𝐻ଶ = ஺ሶ஺   ,𝐻ଷ = ஻ሶ஻  are the directional Hubble parameters in the direction of  𝜒,𝜙, 𝑧 respectively. 
We define the expansion scalar 𝜃 and the shear scalar 𝜎ଶ as 
 
 𝜃 = 2 ஺ሶ஺ + ஻ሶ஻ (21) 

  

 𝜎ଶ = ଵଶ ቂ∑ 𝐻௜ଶ − ఏమଷଷ௜ୀଵ ቃ = ଵଷ ቀ஺ሶ஺ − ஻ሶ஻ቁଶ (22) 
 
The mean anisotropy parameter ∆ is given by 

 ∆ = ଵଷ∑ ቀு೔ିுு ቁଶଷ௜ୀଵ   (23) 
 

4. SOLUTIONS OF THE FIELD EQUATIONS AND DISCUSSION OF THE PHYSICAL PARAMETERS 
There are various forms of the function 𝑓(𝑄,𝑇) which is commonly used in Literature [12]. Here we shall focus on 

the linear and additive form of 𝑓(𝑄,𝑇)  function [28] as 𝑓(𝑄,𝑇) = 𝜇𝑄 + 𝜈𝑇 . Here 𝜇  and 𝜈  are non-zero arbitrary 
constants.  
Here  𝐹 = 𝑓ொ = 𝜇, 𝑓 = 𝜈 = 8𝜋𝐺෨ ,𝐺෨ = ఔ଼గ . 

As the system of equations (14) - (17) being highly non-linear, we assume a relation between the metric coefficients 
by employing the physical assumption that the expansion scalar 𝜃 is proportional to shear scalar 𝜎 . This assumption was 
employed by Collins et al. [47] and has recently been used by Junaid et al. [33] and Hatkar et al. [36] to obtain solution 
of field equations. From this, we derive the following relation.  

 
 𝐴 = 𝐵௡   , 𝑛 > 0 (24) 
 
where 𝑛 is an arbitrary constant such that for 𝑛 ≠ 1 , the space time is anisotropic nature.  

Berman [48] and Berman and Gomide [49] suggested a law of variation of the Hubble parameter in FLRW 
framework which gives a constant deceleration parameter (𝑞 = 𝑚 − 1,𝑚 ≥ 0  is a constant). After the discovery of the 
universe’s accelerated expansion, researchers have investigated cosmological models that employ Berman’s law in the 
context of dark energy. In Berman’s law, deceleration parameter can take values 𝑞 ≥ −1 and −1 ≤ 𝑞 < 0, corresponding 
to accelerating expansion. The time-varying deceleration parameter plays a crucial role in the universe’s evolution, as it 
captures the transition in expansion dynamics. We solve the system of highly non-linear equations (14) - (17) with the 
help of the linearly varying deceleration parameter proposed by Akarsu and Dereli [50] in the form 

 
 𝑞 = −௔௔ሷ௔ሶ మ = −𝑘𝑡 + 𝑚− 1 (25) 
 
where 𝑘 ≥ 0 and 𝑚 ≥ 0  are constants. The above deceleration parameter give rise to three different cases as follows: 

• 𝑞 = −1  for  𝑘 = 0,𝑚 = 0 
• 𝑞 = 𝑚 − 1  for  𝑘 = 0,𝑚 > 0 
• 𝑞 = −𝑘𝑡 + 𝑚− 1  for  𝑘 > 0,𝑚 ≥ 0 

For 𝑞 > 0 the universe shows decelerating expansion, for 𝑞 = 0 it shows constant rate of expansion, if −1 < 𝑞 < 0 it 
represents accelerating expansion (referred as power law expansion), de Sitter expansion for 𝑞 = −1  (called as 
exponential expansion) & superexponential for 𝑞 < −1. For 𝑘 = 0 i.e. first two cases correspond to Berman’s law of 
constant deceleration parameter. Therefore, only the last case i.e. for 𝑘 > 0 the linearly varying deceleration parameter 
(𝑞 = −𝑘𝑡 + 𝑚 − 1) fits well with modern observational data, indicating a time-dependent transition in the universe’s 
expansion. Here we consider case– I: 𝑘 = 0 and 𝑚 > 0 and case– II: 𝑘 ≠ 0 and 𝑚 ≥ 0 to obtain solution of the field 
equations. 
 

Case-I: Let 𝒌 = 𝟎 and 𝒎 > 𝟎 
After solving equation (25), we obtain mean scale factor as  

 𝑎 = (𝛼𝑡 + 𝛽) భ೘ (26) 
where 𝛼 and 𝛽 are constant of integration. 
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With the help of (18), (24) and (26), the metric potentials 𝐴 and 𝐵 are obtained as  
 

 𝐴 = (𝛼𝑡 + 𝛽) య೙೘(మ೙శభ) (27) 
 

 𝐵 = (𝛼𝑡 + 𝛽) య೘(మ೙శభ) (28) 
 
From equation (27) and (28), it is seen that initially 𝐴 and 𝐵 are constants for 𝑡 = 0. When 𝑡 → −ఉఈ , they tend to zero 
and become infinite for increasing 𝑡. 
Using equations (27), (28) in (9), we obtain the cosmological model given by Bhattacharya and Karade in 𝑓(𝑄,𝑇) gravity 
in presence of domain wall in the form:  
 

 𝑑𝑠ଶ = 𝑑𝑡ଶ − (𝛼𝑡 + 𝛽) ల೙೘(మ೙శభ) ሾ𝑑𝜒ଶ + ℎଶ(𝜒)𝑑𝜙ଶሿ − (𝛼𝑡 + 𝛽) ల೘(మ೙శభ) 𝑑𝑧ଶ (29) 
 
From equations (20) – (22) with the use of (27) and (28), the physical parameters such as Hubble parameter 𝐻, the 
expansion scalar 𝜃 and the shear scalar 𝜎ଶ are obtained as  
 

 𝐻 = ఈ௠(ఈ௧ାఉ)  (30) 
 

 𝜃 = ଷఈ௠(ఈ௧ାఉ) (31) 

 
 𝜎ଶ = ଷఈమ(௡ିଵ)మ௠మ(ଶ௡ାଵ)మ(ఈ௧ାఉ)మ (32) 
 
We can observe that at the initial time 𝑡 = −ఉఈ , all three quantities the Hubble parameter 𝐻, the expansion scalar 𝜃 and 
the shear scalar 𝜎ଶ are infinite and subsequently decay to zero as 𝑡 → ∞. This behaviour signifies a very rapid expansion 
of the universe. The non-zero ratio ఙఏ  indicates an anisotropic universe, representing the early phase of cosmic evolution.  
The spatial volume is  
 
 𝑉 = (𝛼𝑡 + 𝛽) య೘ (33) 

 
Spatial volume and average scale factor are constant at 𝑡 = 0, indicating that the universe starts evolving with finite 
volume at initial time and expanded over time.  
The mean anisotropy parameter is found to be 
 
 ∆ = ଶ(௡ିଵ)మ(ଶ௡ାଵ)మ     ,𝑛 ≠ −ଵଶ (34) 
 
The parameter 𝑛 determines the anisotropic nature of the model such that for 𝑛 = 1 the model becomes isotropic, whereas 
for 𝑛 ≠ 1 the anisotropic character is preserved. 
The pressure 𝑝 is found to be  
  𝑝 = ଷఓఈమక௠మ(ଶ௡ାଵ)మ(ఈ௧ାఉ)మ (35) 
 

where  𝜉 = ቀ଼గିഌమቁ(௡ାଵ)(ଷିଶ௠௡ି௠)ାଷ௡ሾ(଼గାఔ)௡ାଷఔሿ଺ସగమାଵ଺గఔିଶఔమ  

From Fig. 1, we observed that pressure 𝑝 is decreasing function of time 𝑡 . 
For this model, energy density 𝜌 is obtained as 
 

 𝜌 = ଷఓఈమ௠మ(ଶ௡ାଵ)మ(ఈ௧ାఉ)మቀ଼గିഌమቁ ቄ3(𝑛ଶ + 2𝑛) + ఔకଶ ቅ (36) 

 
The relation between pressure and energy density of barotropic fluid is given as 

 
 𝑝௕ = (𝛾 − 1)𝜌௕   where  1 ≤ 𝛾 ≤ 2 (37) 



39
Axially Symmetric Cosmological Model in f(Q,T) Gravity   EEJP. 2 (2026)

 
Figure 1. Plot of Pressure vs cosmic time t with α = 64.15, μ = ν = β = n = 0.1, m = 1.12 

The expression for tension of domain wall is found to be 
 

 𝜎ௗ = ଷఓఈమఊ௠మ(ଶ௡ାଵ)మ(ఈ௧ାఉ)మ ቊ ఊିଵቀ଼గିഌమቁ ቂ3(𝑛ଶ + 2𝑛) + ఔకଶ ቃ − 𝜉ቋ (38) 

 
Figure 2 shows the graphical behaviour of energy density 𝜌 and tension density 𝜌ௗ versus cosmic time 𝑡. Energy 

density 𝜌 is a decreasing function of time 𝑡, whereas tension of the domain wall is an increasing function of time 𝑡. Energy 
density is large as 𝑡 → 0 and tends to zero as 𝑡 → ∞. The tension of the domain wall is negative throughout the universe 
evolution as shown in Fig. 2. The domain wall acts like invisible matter due to its negative tension. The domain wall 
exists initially and thereafter vanished which is as per expectation Zel’dovich et al [31].  

 
Figure 2. Plot of Density & Tension of the domain wall vs cosmic time t with α = 64.15, μ = ν = β = n = 0.1, m = 1.12, γ = 1.2 

Case-II: Let 𝒌 ≠ 𝟎 and 𝒎 ≥ 𝟎 

 

Figure 3. Plot of Deceleration parameter vs cosmic time t with k = 69.67, m = 2.54 

Figure 3 demonstrates that the universe experiences early deceleration and present acceleration. For 𝑞 = 𝑚− 1 > 0, the 
universe begins with decelerating expansion and enters to accelerating phase at 𝑡 = ௠ିଵ௞  . 
After solving equation (25), we obtain mean scale factor as 
 
 𝑎 = 𝑐ଶ𝑒𝑥𝑝 ൤ ଶඥ௠మିଶ௖భ௞ 𝑡𝑎𝑛ℎିଵ ൬ ௞௧ି௠ඥ௠మିଶ௖భ௞൰൨ (39) 
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where 𝑐ଵ and 𝑐ଶ are constant of integration. For simplifying the expression, we omit the constant 𝑐ଵ by choosing 𝑐ଵ = 0. 
 
 𝑎 = 𝑐ଶ𝑒𝑥𝑝 ቂଶ௠ 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ (40) 
 
With the help of (18), (24) and (40), the metric potentials 𝐴 and 𝐵 are obtained as  
 
 𝐴 = 𝑐ଶቀ య೙మ೙శభቁ𝑒𝑥𝑝 ቂ ଺௡௠(ଶ௡ାଵ) 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ (41) 

 
 𝐵 = 𝑐ଶቀ యమ೙శభቁ𝑒𝑥𝑝 ቂ ଺௠(ଶ௡ାଵ) 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ (42) 
 
From equations (41) and (42), it is noted that both metric potentials 𝐴 and 𝐵  are constants for 𝑡 = 0 and diverge as 𝑡 → ∞. As a result, the obtained model is free from singularity. 
Using equations (41), (42) in (9), we obtain the cosmological model given by Bhattacharya and Karade in 𝑓(𝑄,𝑇) gravity 
in presence of domain wall in the form:  

 𝑑𝑠ଶ = 𝑑𝑡ଶ − ቈ𝑐ଶቀ య೙మ೙శభቁ𝑒𝑥𝑝 ቂ ଺௡௠(ଶ௡ାଵ) 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ቉ଶ  ሾ𝑑𝜒ଶ + ℎଶ(𝜒)𝑑𝜙ଶሿ −  ቈ𝑐ଶቀ యమ೙శభቁ𝑒𝑥𝑝 ቂ ଺௠(ଶ௡ାଵ) 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ቉ଶ 𝑑𝑧ଶ (43) 

 
From equations (20) – (22) with the use of (41) and (42), the physical parameters such as Hubble parameter 𝐻, the 
expansion scalar 𝜃 and the shear scalar 𝜎ଶ are obtained as  

 
 𝐻 = ିଶ(௞௧మିଶ௠௧) (44) 

 
 𝜃 = ି଺(௞௧మିଶ௠௧) (45) 

 
 𝜎ଶ = ଵଶ(௡ିଵ)మ(ଶ௡ାଵ)మ(௞௧మିଶ௠௧)మ (46) 
 
The parameters 𝐻 , 𝜃 and 𝜎ଶ tends to zero as 𝑡 → ∞ . It is to be noted that for 𝑛 = 1 the model is shear free and its nature 
will be retained for 𝑛 ≠ 1. 
The spatial volume given in (19) found to be 
 
 𝑉 = 𝑐ଶଷ𝑒𝑥𝑝 ቂ଺௠ 𝑡𝑎𝑛ℎିଵ ቀ௞௧௠ − 1ቁቃ (47) 

 

Figure 4. Plot of Volume & Scale factor vs cosmic time t with k = 69.67, m = 2.54, c2= 1.60 

Figure 4 illustrates the graphical evolution of spatial volume and average scale factor. Both these parameters are fixed at 𝑡 = 0, signifying that the universe begins with a finite initial volume at finite time and it expands over time. 
The mean anisotropy of the model is 
 
 ∆ = ଶ(௡ିଵ)మ(ଶ௡ାଵ)మ     ,𝑛 ≠ −ଵଶ (48) 
 
A parameter 𝑛 decides the anisotropic behaviour of the model in the sense that, if 𝑛 = 1 ,we get isotropic model and for 𝑛 ≠ 1 , anisotropic nature will be retained. 
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The pressure 𝑝 is found to be  
 
 𝑝 = ଺ఓ(ଶ௡ାଵ)మ(ଷଶగమା଼గఔିఔమ)(௞௧మିଶ௠௧)మ ቄ(𝑛 + 1)(2𝑛 + 1) ቀ8𝜋 − ఔଶቁ (𝑘𝑡 − 𝑚) + 𝑘଴ቅ           (49) 
 
where 𝑘଴ = 3(𝑛 + 1) ቀ8𝜋 − ఔଶቁ + 3𝑛ሾ(8𝜋 + 𝜈)𝑛 + 3𝜈ሿ 

 

Figure 5. Plot of Pressure vs cosmic time t with k = 69.67, μ = ν = n = 0.1, m = 2.54 

From Fig. 5, we observed that pressure 𝑝 is decreasing function of time 𝑡 . 
For this model, energy density 𝜌 is obtained as 
 

 𝜌 = ଷఓ(ଶ௡ାଵ)మቀ଼గିഌమቁ(௞௧మିଶ௠௧)మ ቄ12(𝑛ଶ + 2𝑛) + ఔ(ଷଶగమା଼గఔିఔమ) ቂ(𝑛 + 1)(2𝑛 + 1) ቀ8𝜋 − ఔଶቁ (𝑘𝑡 − 𝑚) + 𝑘଴ቃቅ (50) 

 
The expression for tension of domain wall is found to be 
 

 𝜎ௗ = ଷ଺ఓ(ఊିଵ)൫௡మାଶ௡൯ఊ(ଶ௡ାଵ)మቀ଼గିഌమቁ(௞௧మିଶ௠௧)మ + ଷఓቂ(௡ାଵ)(ଶ௡ାଵ)ቀ଼గିഌమቁ(௞௧ି௠)ା௞బቃఊ(ଶ௡ାଵ)మ(ଷଶగమା଼గఔିఔమ)(௞௧మିଶ௠௧)మ ቊఊ(ఊିଵ)ቀ଼గିഌమቁ − 2ቋ (51) 

 
Figure 6. Plot of Density & Tension of the domain wall vs cosmic time t with k = 69.67, μ = ν = n = 0.1, m = 2.54, γ = 1.2 

Figure 6 illustrates the graphical behaviour of energy density 𝜌 and tension density 𝜌ௗ. We observed that energy density 𝜌 is a decreasing function of time 𝑡 . Density becomes zero as 𝑡 → ∞. The tension of the domain wall is negative 
throughout and it gradually increases to zero. The domain wall acts like invisible matter. This shows that the domain wall 
was present during the early stages of the universe, later on it disappeared.   
 

5. HUBBLE DATASETS 
The Hubble parameter is employed in observational cosmology to examine the universe’s expansion. The Hubble 

parameter for case- I and case- II can be expressed in terms of redshift as 

 For case– I :     𝐻 = ఈ௠(ଵା௭)ష೘ (52) 

 For case– II :     𝐻 = ௞௠మ ቄ1 + 𝑐𝑜𝑠ℎ ቀ𝑚 ln ቀ ଵ௖మ(ଵା௭)ቁቁቅ (53) 

To estimate 𝐻(𝑧) at a given redshift, two widely used techniques are the line-of-sight baryon acoustic oscillation 
(BAO) method and another is the different age (DA) approach, cited in references [51-69]. In this work, a revised dataset 
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of 57 points is used which includes 31 points from DA approach and the remaining 26 points measured using BAO and 
various redshift range 0.07 ≤ 𝑧 ≤ 2.42 [70]. Table 1 shows the 57 points of Hubble parameter values 𝐻(𝑧) having errors 𝜎ு along with references from DA (31 points) and BAO and other (26 points) approaches. Additionally, the present 
Hubble constant 𝐻଴ = 67.8 km/s/Mpc was adopted for the analysis. 

Table 1. Hubble datasets 𝒛 𝑯(𝒛) 𝝈𝑯 Ref. 𝒛 𝑯(𝒛) 𝝈𝑯 Ref. 
0.070 69 19.6 [51] 1.750 202 40 [52] 
0.90 69 12 [52] 1.965 186.5 50.4 [57] 

0.120 68.6 26.2 [51] 0.24 79.69 2.99 [58] 
0.170 83 8 [52] 0.30 81.7 6.22 [59] 
0.1791 75 4 [53] 0.31 78.18 4.74 [60] 
0.1993 75 5 [53] 0.34 83.8 3.66 [58] 
0.200 72.9 29.6 [54] 0.35 82.7 9.1 [61] 
0.270 77 14 [52] 0.36 79.94 3.38 [60] 
0.280 88.8 36.6 [54] 0.38 81.5 1.9 [62] 
0.3519 83 14 [53] 0.40 82.04 2.03 [60] 
0.3802 83 13.5 [55] 0.43 86.45 3.97 [58] 
0.400 95 17 [52] 0.44 82.6 7.8 [63] 
0.4004 77 10.2 [55] 0.44 84.84 1.83 [60] 
0.4247 87.1 11.2 [55] 0.48 87.79 2.03 [60] 
0.4497 92.8 12.9 [55] 0.51 90.4 1.9 [62] 
0.470 89 34 [56] 0.52 94.35 2.64 [60] 
0.4783 80.9 9 [55] 0.56 93.34 2.3 [60] 
0.480 97 62 [51] 0.57 87.6 7.8 [64] 
0.593 104 13 [53] 0.57 96.8 3.4 [65] 
0.6797 92 8 [53] 0.59 98.48 3.18 [60] 
0.7812 105 12 [53] 0.60 87.9 6.1 [63] 
0.8754 125 17 [53] 0.61 97.3 2.1 [62] 
0.880 90 40 [51] 0.64 98.82 2.98 [60] 
0.900 117 23 [52] 0.73 97.3 7.0 [63] 
1.037 154 20 [53] 2.30 224 8.6 [66] 
1.300 168 17 [52] 2.33 224 8 [67] 
1.363 160 33.6 [57] 2.34 222 8.5 [68] 
1.430 177 18 [52] 2.36 226 9.3 [69] 
1.530 140 14 [52]     

Figures 7 and 8 shows the best fit plot of Hubble parameter 𝐻(𝑧) as a function of redshift 𝑧 for case-I , case-II 
respectively. By comparing the Hubble parameter graph to the Hubble data set , we observed that ⋀CDM model fits the 
best-fit model very closely, matching the data ponits (see Table 1) using the parameters 𝐻଴,𝛼, 𝑘,𝑚, 𝑐ଶ . Despite the 
presence of error bars, the best-fit curve stays within the data’s uncertainty range, confirming the reliability of the fit. 

  
Figure 7. The best fit plot of Hubble parameter H(z) vs redshift 

for case-I 
Figure 8. The best fit plot of Hubble parameter H(z) vs redshift 

for case-II 
 

6. CONCLUSION 
In this paper, we have investigated the cosmological model given by Bhattacharya and Karade in 𝑓(𝑄,𝑇) gravity in 

presence of domain wall. We have derived the exact solution of the field equations by considering the linearly varying 
deceleration parameter in two cases. We have determined some physical parameters to analyze the behaviour of universe. 
The behaviour of the physical parameters i.e. 𝜎,𝑉,𝑎,∆,𝑝,𝜌,𝜎ௗ  are same in both the cases. The parameters spatial volume 
and average scale factor are constant at 𝑡 = 0, indicating that the universe starts evolving with finite volume at initial time 
and expanded over time. The ratio  ఙఏ ≠ 0 as t → ∞ and hence the model does not approach isotropy. The mean anisotropy 
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parameter is uniform throughout expansion of the universe. The deceleration parameter decides whether the universe 
expansion is accelerating or decelerating. In case–II, Fig. 3 shows that the universe has undergone multiple phases, 
beginning with an initial deceleration phase and finishing with the present acceleration era. As the cosmic time approaches 
infinity, both the Hubble parameter and the expansion scalar tend toward zero. This implies the universe’s expansion is 
becoming steady. Pressure and energy density decreases as cosmic time increases. The tension of the domain wall is 
negative throughout and it gradually increases to zero. Finally, the close match between the plotted curve and the Hubble 
data confirms the model’s accuracy in describing the relationship between redshift and the Hubble parameter, providing 
further evidence for an expanding universe. 

Our findings have shed light on the universe’s cosmological evolution, specifically its shift from a decelerating to 
an accelerating expansion. Our analysis reveals how the cosmological parameters changes over time, highlighting the 
significance of modified gravity theories in explaining the current rapid expansion. Our results not only confirm the 
applicability of 𝑓(𝑄,𝑇)  gravity in modern cosmological studies but also create opportunities for more in-depth 
examinations of domain wall and its impact on the universe’s evolution. 
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АКСІАЛЬНО-СИМЕТРИЧНА КОСМОЛОГІЧНА МОДЕЛЬ В ГРАВІТАЦІЇ f(Q,T) 
М.Т. Сароде1, В.Г. Мете2, А.С. Німкар3 

1Коледж мистецтв, комерції та науки ім. Шрі Шиваджі, Акола (M.S.), Індія 
2Кафедра математики, Коледж ім. Р. Д. І. К. та К. Д., Баднера-Амраваті (M.S.), Індія 

3Коледж мистецтв та наук ім. Шрі доктора Р. Г. Ратода, округ Муртізапур, Акола (M.S.), Індія 
Ця стаття присвячена вивченню динамічних аспектів космологічної моделі доменної стінки в осьово-симетричному просторі-
часі в гравітації f(Q,T). У цій теорії гравітації дія містить довільну функцію f(Q,T), де Q та T відповідно позначають 
неметричність та слід тензора енергії-імпульсу. У цій роботі враховується лінійна та адитивна форма гравітації f(Q,T), 
f(Q,T)=μQ+νT, де μ та ν – ненульові довільні константи. Детерміновану модель Всесвіту отримано з використанням лінійно 
змінного параметра уповільнення q=-kt+m-1, який є лінійним у часі з негативним нахилом. Ми оцінили всі динамічні та 
геометричні параметри моделей та дослідили їх фізичне значення в сучасній космології. Ми спостерігали, що параметр 
уповільнення q демонструє характерну точку перевороту, де відбувається перехід від режиму уповільнення до режиму 
прискорення, що свідчить про космічне розширення. Помічено, що наша модель добре узгоджується з сучасним сценарієм 
прискореного розширення Всесвіту. 
Ключові слова: доменна стінка; гравітація f(Q,T); аксіально симетричний простір-час; параметр уповільнення 
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In this work, we investigate an anisotropic Bianchi type–VII cosmological model in the framework of Lyra geometry filled with perfect 
fluid matter and Tsallis–Barrow holographic dark energy. The modified Einstein field equations are derived, and exact solutions are 
obtained by assuming a power-law average scale factor for a decelerating universe. Expressions for various cosmological parameters, 
such as the Hubble parameter, expansion scalar, shear scalar, matter density, dark energy density, and density parameters, are derived 
and analyzed. The behaviour of these parameters indicates that the universe is expanding continuously, with the expansion rate 
decreasing with cosmic time. The anisotropy parameter decreases gradually, indicating that the universe evolves towards isotropy at 
late times. Energy conditions, stability analysis, and cosmological diagnostics, including the statefinder and Om parameters, are also 
examined to evaluate the model's physical viability. The results suggest that Tsallis–Barrow entropy corrections in Lyra geometry 
provide a consistent framework for studying anisotropic cosmological evolution and dark energy dynamics. 
Keywords: Bianchi type–VII cosmology; Lyra geometry; Tsallis–Barrow holographic dark energy; Anisotropic Universe, Modified 
gravity; Cosmological diagnostics 
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1. INTRODUCTION
Modern observational cosmology strongly indicates that the universe is currently undergoing accelerated expansion. 

The first observational evidence for this phenomenon came from high-redshift Type Ia supernova observations, which 
revealed that distant supernovae appear dimmer than expected in a decelerating universe [1]. Subsequent observations of 
the cosmic microwave background radiation and baryon acoustic oscillations further confirmed this result [2,3]. These 
observations suggest that nearly 70% of the universe's total energy density is composed of a mysterious component known 
as dark energy. 

The simplest candidate for dark energy is the cosmological constant introduced by Einstein in the framework of general 
relativity. Although the cosmological constant model successfully explains many observations, it faces theoretical problems 
such as the fine-tuning and coincidence problems [4]. These issues have motivated the development of alternative dark 
energy models, including scalar-field models, modified gravity theories, and holographic dark energy models. 

The holographic principle, originally proposed in the context of black hole thermodynamics, provides a theoretical 
foundation for holographic dark energy models [5]. In this approach, the dark energy density is related to the infrared 
cutoff of the universe. Recently, entropy-corrected holographic dark energy models have been proposed to incorporate 
quantum gravitational effects. Among these models, the Tsallis–Barrow holographic dark energy framework has attracted 
considerable attention because it combines two different entropy modifications arising from non-extensive statistical 
mechanics and quantum gravitational corrections [6–8]. 

In addition to modified dark energy models, modified gravitational theories have also been proposed to explain 
cosmic acceleration. Lyra geometry, introduced as an alternative to Riemannian geometry, modifies Einstein's field 
equations by introducing a displacement vector field [9-13]. This modification has been used to study various 
cosmological models. 

Furthermore, anisotropic cosmological models such as Bianchi spacetimes provide a more general description of the 
early universe. Among them, the Bianchi type VII model represents an anisotropic generalization of the Friedmann universe. 

Inspired by the above developments, the present study explores a Bianchi type–VII anisotropic cosmological model 
in the framework of Lyra geometry incorporating Tsallis–Barrow holographic dark energy. The paper is organized as 
follows. Section 2 introduces the space–time metric and derives the model's field equations. In Section 3, exact solutions 
of the cosmological model are obtained. Section 4 examines the behaviour of the key physical and cosmological 
parameters. Section 5 presents various cosmological diagnostic tools used to analyse the model. Section 6 compares the 
obtained results with standard cosmological models. Section 7 discusses the physical implications of the results, and 
finally, Section 8 summarizes the main findings and conclusions of the work. 
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2. METRIC AND FIELD EQUATIONS 
We consider the anisotropic Bianchi type–VII metric given by 

 𝑑𝑠ଶ = −𝑑𝑡ଶ + 𝐴ଶ(𝑡)𝑑𝑥ଶ + 𝐵ଶ(𝑡)𝑒ଶ௠௫𝑑𝑦ଶ + 𝐶ଶ(𝑡)𝑒ଶ௠௫𝑑𝑧ଶ. (1) 

The average scale factor is defined as 

 𝑎 = (𝐴𝐵𝐶)ଵ/ଷ. (2) 

The average spatial volume is 

 𝑉 = 𝑎ଷ. (3) 

The modified Einstein field equations in Lyra geometry are 

 𝑅௜௝ − ଵଶ 𝑔௜௝𝑅 + ଷଶ 𝜙௜𝜙௝ − ଷସ 𝑔௜௝𝜙௞𝜙௞ = −𝑇௜௝. (4) 

The displacement vector is chosen as 

 𝜙௜ = (𝛽(𝑡),0,0,0). (5) 

The energy-momentum tensor for a perfect fluid is 

 𝑇௜௝ = (𝜌 + 𝑝)𝑢௜𝑢௝ + 𝑝𝑔௜௝ . (6) 

The total density and pressure are 

 𝜌 = 𝜌௠ + 𝜌்஻,𝑝 = 𝑝௠ + 𝑝்஻. (7) 

The energy density of Tsallis–Barrow holographic dark energy is defined as 

 𝜌்஻ = 3𝑐ଶ𝐻ଶ(ଶିఋ). (8) 

Where 𝑐 is a model constant, 𝛿 is the entropy deformation parameter. 
 

3. SOLUTION OF THE MODEL 
To obtain exact solutions, we assume the relation  

 𝐴 = 𝐵௥, (9) 

which yields  

 𝐴 = 𝑎 యೝೝశమ,𝐵 = 𝐶 = 𝑎 యೝశమ. (10) 

We assume a power-law scale factor 

 𝑎(𝑡) = 𝑎଴(𝑡 + 𝑡଴)௦. (11) 

The Hubble parameter becomes 

 𝐻 = ௦௧ା௧బ. (12) 

 𝑞 = −௔௔ሷ௔ሶ మ = ଵି௦௦ . (13) 

For 0 < 𝑠 < 1, The universe exhibits decelerating expansion. 
 

4. PHYSICAL PROPERTIES OF THE MODEL 
The expansion scalar is 

 𝜃 = 3𝐻 = ଷ௦௧ା௧బ. (14) 

The shear scalar becomes 

 𝜎ଶ = ଷ(௥ିଵ)మ௦మ(௥ାଶ)మ(௧ା௧బ)మ. (15) 

The anisotropy parameter is  

 Δ = ଶ(௥ିଵ)మቀ𝑟+2)ଶ. (16) 

The matter density evolves as 
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 𝜌௠ = 𝜌௠଴(𝑡 + 𝑡଴)ିଷ௦(ଵାఠ೘).  (17) 

The Matter pressure is  
Since 𝑝௠ = 𝜔௠𝜌௠, we obtain 

 𝑝௠ = 𝜔௠𝜌௠଴(𝑡 + 𝑡଴)ିଷ௦(ଵାఠ೘) (18) 
The dark energy density becomes 

 𝜌்஻ = 3𝑐ଶ ቀ ௦௧ା௧బቁଶ(ଶିఋ)
  (19) 

Where 𝑐= model constant, 𝛿= Tsallis–Barrow entropy parameter. 
These expressions indicate that the expansion rate decreases with cosmic time and the universe gradually approaches 
isotropy. 

 
Figure 1. 𝜌்஻    vs. Cosmic time t 

The graph was plotted using the following parameter values: c =1, s= 1, t0=0.5, 𝛿 = 0.2,  0.6,  1.0,  1.4 
We observed from Figure 1, (i)    𝜌்஻(𝑡) decreases with cosmic time 𝑡 (ii) Larger values of 𝛿produce a slower decay 

of dark energy density. (iii) For small 𝛿, The density falls rapidly at early times. (iv) At late times, all curves approach 
zero, indicating dilution of dark energy density during cosmic evolution. 

The Tsallis–Barrow equation of state parameter is  

 𝜔்஻ = −1 + ଶ(ଶିఋ)ଷ௦     (20) 

 
Figure 2. 𝜔்஻ vs. Cosmic time t 

Figure 2 was plotted using: 𝑠 = 0.5,  0.6,  0.8,  1.0 and the entropy parameter range is 0.5 ≤ 𝛿 ≤ 2.0 
The graph shows that. 𝜔்஻ decreases linearly with increasing 𝛿. For smaller values of 𝑠, The equation of state remains in 
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the quintessence region for a larger interval. As 𝛿 → 2 The line 𝜔்஻ = −1 represents the ΛCDM/cosmological constant 
phase. The dotted lines represent: 𝜔 = −1/3(transition to accelerated expansion) and 𝜔 = −1(phantom 
divide/cosmological constant boundary). 
From the field equations the Lyra displacement function is  

 𝛽ଶ = ସଷ ቂ ଽ(ଶ௥ାଵ)௦మ(௥ାଶ)మ(௧ା௧బ)మ − ଷ௠మ஺మ −𝜌ቃ. (21) 

If  𝑟 varies, the curves change in magnitude, and the early-time behaviour is more sensitive to 𝑟. If 𝑠 varies, larger 𝑠gives higher values of 𝛽ଶ(𝑡), especially near the origin. If  𝜌 varies, there is increasing 𝜌 shifts the curve downward. In 
all cases, the curves generally decrease with cosmic time because of the ଵቀ𝑡+𝑡଴)ଶterm.  

Early-Time Behaviour (𝑡 → 0), At the beginning of cosmic evolution, the scale factor 𝑎(𝑡)is very small but non-
zero, The spatial volume 𝑉 = 𝑎ଷis also small, indicating a compact early universe, The Hubble parameter  𝐻 = ௦௧ା௧బ 
becomes very large. The expansion scalar 𝜃 = ଷ௦௧ା௧బ also takes large values. The shear scalar 𝜎ଶ ∝ ଵቀ𝑡+𝑡଴)ଶ It is large, 

showing that anisotropies dominate in the early universe. Matter density is high because the cosmic volume is small. 
Thus, the early universe is characterized by a high expansion rate, strong anisotropies, and large energy density. Late-
Time Behaviour (𝑡 → ∞), At late cosmic times, the scale factor becomes very large. The spatial volume increases 
indefinitely. The Hubble parameter approaches zero 𝐻 → 0, indicating slow expansion. The expansion scalar decreases 
steadily, The shear scalar tends to zero. 𝜎ଶ → 0 showing that the universe becomes nearly isotropic at late times. Matter 
density decreases significantly due to cosmic expansion. The TBHDE component may dominate the total cosmic energy 
density depending on the entropy parameter 𝛿. Hence, the model describes a universe evolving from an anisotropic, high-
density early phase to a smoother, more isotropic late-time universe. 
 

5. COSMOLOGICAL DIAGNOSTICS 
5.1 Energy Conditions 

(i) Null Energy Condition 

 𝜌 + 𝑝 ≥ 0 (22) 

Using the obtained model, 

 𝜌 + 𝑝 = (𝜌௠ + 𝜌்஻) + (𝑝௠ + 𝑝்஻) (23) 

 𝜌 + 𝑝 = (1 + 𝜔௠)𝜌௠ + (1 + 𝜔்஻)𝜌்஻ (24) 

If this quantity remains positive, the NEC is satisfied. 
(ii) Weak Energy Condition  

 𝜌 ≥ 0, 𝜌 + 𝑝 ≥ 0 (25) 

In the present model  𝜌 = 𝜌௠ + 𝜌்஻   (26) 

Since both densities are positive, the WEC remains satisfied for realistic parameter choices. 
(iii) Strong Energy Condition 

 𝜌 + 3𝑝 ≥ 0 (27) 

Substituting the model parameters,  

 𝜌 + 3𝑝 = 𝜌௠ + 𝜌்஻ + 3(𝑝௠ + 𝑝்஻). (28) 

If the TBHDE pressure becomes sufficiently negative, the SEC may be violated. Such a violation is generally associated 
with cosmic acceleration. 

(iv) Dominant Energy Condition  

 𝜌 ≥∣ 𝑝 ∣ (29) 

which ensures that the energy density dominates over pressure and that energy flow remains causal. In the present 
model, the DEC depends on the magnitude of dark energy's pressure. 
 

5.2 Stability Analysis 
The stability of the cosmological model can be examined using the square of the sound speed. 

 𝑣௦ଶ = ௗ௣ௗఘ (30) 



49
Bianchi Type–VII Cosmological Model with Tsallis–Barrow Holographic Dark Energy...   EEJP. 2 (2026)

A physically stable model requires 0 ≤ 𝑣௦ଶ ≤ 1. 
Substituting the model expressions, 

 𝑣௦ଶ = ௗ(௣೘ା௣೅ಳ)ௗ(ఘ೘ାఘ೅ಳ). (31) 

Since 𝑝௠ = 𝜔௠𝜌௠, we obtain 

 𝑣௦ଶ = ఠ೘ௗఘ೘ାௗ௣೅ಳௗఘ೘ାௗఘ೅ಳ . (32) 

The stability condition depends on the behaviour of the TBHDE pressure and density. If the above inequality holds, 
the cosmological model remains classically stable. 
 

5.3 State Finder Diagnostic 
The state-finder parameters provide a useful tool for distinguishing among different dark energy models. 

They are defined as  

 𝑟 = ௔⃛௔ுయ = ଵ௔ுయ ௗయ௔ௗ௧య . (33) 

 𝑠 = ௥ିଵଷ(௤ିభమ). (34) 

For the power-law scale factor from eq. (11) 

 𝑎(𝑡) = 𝑎଴(𝑡 + 𝑡଴)௦. (35) 

The state finder parameters become 

 𝑟 = (௦ିଵ)(௦ିଶ)௦మ . (36) 

 𝑠௦௙ = ௥ିଵଷ(௤ିభమ). (37) 

The pair (𝑟, 𝑠)helps compare the present model with the standard ΛCDM model, which corresponds to 

 (𝑟, 𝑠) = (1,0). (38) 

Deviation from this point indicates the influence of entropy-corrected holographic dark energy. 
 

5.4 Om Diagnostic 
The Om diagnostic is another tool for distinguishing dark energy models in a model-independent manner. 

It is defined as 

 𝑂𝑚(𝑧) = ுమ(௭)ିுబమுబమ[(ଵା௭)యିଵ] = ൫ଵା௭)మ/ೞିଵ(ଵା௭)యିଵ . (39) 

Where 𝑧 is redshift, 𝐻଴ = 𝑠 is present Hubble parameter (At 𝑧 = 0),  
Using the obtained Hubble parameter 𝐻(𝑡) = ௦௧ା௧బ and the relation 

 1 + 𝑧 = ௔బ௔(௧) = ଵ(௧ା௧బ)ೞ. (40) 

The Om diagnostic can be evaluated. If 𝑂𝑚(𝑧)is constant, this model is the ΛCDM model. If 𝑂𝑚(𝑧)increases with 𝑧 then it is phantom behaviour, If 𝑂𝑚(𝑧)decreases with 𝑧 then it is quintessence behaviour. Thus, the Om diagnostic 
helps identify the nature of dark energy in the present cosmological model. 
 

6. COMPARISON WITH STANDARD COSMOLOGICAL MODELS 
The ΛCDM model, the Standard Holographic Dark Energy (HDE) model, and the present Tsallis–Barrow 

Holographic Dark Energy (TBHDE) model in Lyra geometry differ mainly in their geometries, gravitational frameworks, 
and dark energy formulations. The ΛCDM and standard HDE models are constructed within the FRW isotropic spacetime 
under General Relativity. In contrast, the present model considers a Bianchi type VII anisotropic spacetime in the 
framework of Lyra modified geometry. 

In the ΛCDM model, dark energy is represented by the cosmological constant Λ, which yields a constant energy 
density and an exponential expansion of the universe. In contrast, the standard HDE model introduces holographic dark 
energy, in which the energy density depends on an infrared cutoff scale, leading to a time-dependent dark energy density 
that can explain cosmic acceleration. 
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Feature ΛCDM Model Standard Holographic 
Dark Energy (HDE) Present TBHDE–Lyra Model 

Geometry FRW isotropic FRW isotropic Bianchi type–VII anisotropic 
Gravity General Relativity General Relativity Lyra modified geometry 
Dark Energy Cosmological constant Λ Holographic dark energy Tsallis–Barrow holographic dark energy 
Scale Factor Exponential expansion Depends on the cutoff scale Power-law expansion 
Anisotropy No anisotropy No anisotropy Anisotropic early universe 
Dark Energy Behaviour Constant density Time-dependent Entropy-corrected density 
Cosmic Evolution Late-time acceleration Accelerating universe Decelerating anisotropic model 
Additional Parameters Λ c parameter c, δ entropy parameter 
Additional Parameters Λ c parameter c, δ entropy parameter 

The present TBHDE–Lyra model extends this idea by incorporating Tsallis–Barrow entropy corrections, which 
modify the holographic dark energy density through the entropy parameter 𝛿. Unlike the isotropic models, this framework 
allows an anisotropic early universe, represented by the Bianchi type–VII geometry. The scale factor evolves with a 
power-law expansion, and the dark energy density becomes entropy-corrected and dynamically evolving. 

Overall, while the ΛCDM and HDE models mainly describe an isotropic accelerating universe, the present TBHDE–
Lyra model provides a more general cosmological scenario that includes anisotropy, modified gravity, and entropy-
corrected holographic dark energy, characterized by the parameters 𝑐 𝑐and 𝛿. 
 

7. DISCUSSION 
The present cosmological model describes an anisotropic Bianchi type–VII universe in the framework of Lyra 

geometry filled with perfect fluid matter and Tsallis–Barrow holographic dark energy (TBHDE). The model is constructed 
using a power-law average scale factor, which represents a simple decelerating cosmological evolution. 

The obtained solution shows that the scale factor increases monotonically with cosmic time, indicating a 
continuously expanding universe. The Hubble parameter decreases over time, indicating that the rate of expansion slows 
as the universe evolves. This behaviour is consistent with a decelerating cosmological phase. 

The expansion scalar also decreases over time, indicating that the universe's expansion becomes less rapid at later 
epochs. The shear scalar, which measures anisotropy in the expansion, decreases proportionally to 𝑡ିଶ. This indicates that 
the universe's anisotropies gradually decrease with cosmic evolution. When the anisotropy parameter 𝑟 = 1, the model 
reduces to the isotropic Friedmann universe. 

The matter density decreases as the universe expands due to the dilution of matter in an increasing volume. In 
contrast, the Tsallis–Barrow holographic dark energy density evolves according to the entropy deformation parameter 𝛿, 
which governs the behaviour of dark energy. 

The displacement vector 𝛽(𝑡)arising from Lyra geometry contributes additional geometric effects to the cosmic 
dynamics. This term behaves like a time-dependent cosmological function that affects the model's effective pressure and 
energy density. 

Overall, the obtained cosmological model provides a consistent description of anisotropic cosmic evolution in 
modified geometry and illustrates how entropy-corrected holographic dark energy can influence the large-scale dynamics 
of the universe. 
 

8. CONCLUSIONS 
In this work, we constructed a Bianchi type–VII cosmological model in Lyra geometry filled with perfect fluid 

matter and Tsallis–Barrow holographic dark energy. Exact solutions of the modified field equations were obtained using 
a power-law scale factor. The behaviour of cosmological parameters such as the Hubble parameter, expansion scalar, and 
shear scalar was analysed. The model shows continuous cosmic expansion with a decreasing rate of expansion. The 
universe's anisotropies decrease gradually, indicating a transition towards isotropy at late times. Matter density decreases 
as expected due to cosmic expansion, while the behaviour of dark energy depends on the entropy deformation parameter. 
The analysis of energy conditions, stability criteria, and cosmological diagnostics confirms the model's physical viability. 
The results suggest that Tsallis–Barrow holographic dark energy in Lyra geometry provides a useful framework for 
studying anisotropic cosmological evolution. 
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КОСМОЛОГІЧНА МОДЕЛЬ Б’ЯНЧІ ТИПУ-VII З ГОЛОГРАФІЧНОЮ ТЕМНОЮ ЕНЕРГІЄЮ ЦАЛЛІСА–БАРРОУ 

В ГЕОМЕТРІЇ ЛІРИ 
Р. Санті Кумар1, П. Харікрішан2, Б. Шрініваса Рао1, В. Гопала Крішна1, А. Лакшмана Рао1, С.В. Маруті Прасад1, 

К.П.С. Сурьянараяна1, М. Раманамурті1, П. Васу1, Б. Дівья1 

1Інститут технологій та менеджменту Адітья, К. Коттуру, Теккалі, округ Шрікакулам, Андхра-Прадеш, Індія-532203 
2Інститут інформаційних технологій Вінья, Вішакхапатнам, Індія 

У цій роботі ми досліджуємо анізотропну космологічну модель типу Біанкі VII в рамках геометрії Ліри, заповненої ідеальною 
рідкою матерією та голографічною темною енергією Цалліса-Барроу. Виведено модифіковані рівняння поля Ейнштейна, а 
точні розв'язки отримано, припускаючи степеневий середній масштабний коефіцієнт для Всесвіту, що сповільнюється. 
Виведено та проаналізовано вирази для різних космологічних параметрів, таких як параметр Хаббла, скаляр розширення, 
скаляр зсуву, густина матерії, густина темної енергії та параметри густини. Поведінка цих параметрів вказує на те, що Всесвіт 
безперервно розширюється, причому швидкість розширення зменшується з космічним часом. Параметр анізотропії поступово 
зменшується, що вказує на те, що Всесвіт еволюціонує до ізотропії на пізніх етапах. Також досліджуються енергетичні умови, 
аналіз стабільності та космологічна діагностика, включаючи параметри пошуку стану та Om, для оцінки фізичної 
життєздатності моделі. Результати показують, що поправки ентропії Цалліса-Барроу в геометрії Ліри забезпечують узгоджену 
основу для вивчення анізотропної космологічної еволюції та динаміки темної енергії. 
Ключові слова: космологія типу Біанкі VII; геометрія Ліри; голографічна темна енергія Цалліса-Барроу; анізотропний 
Всесвіт, модифікована гравітація; космологічна діагностика 
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In this paper, we investigate a magnetized anisotropic dark energy cosmological model in the framework of 𝑓 (𝑇) gravity for a locally
rotationally symmetric Bianchi type-I spacetime. Choosing 𝑓 (𝑇) = 0 reduces the theory to teleparallel gravity, dynamically equivalent
to general relativity, enabling direct comparison with standard cosmology. Exact solutions of the field equations are obtained by
assuming a special law of the Hubble parameter with a nonzero constant 𝑆, yielding power-law behavior of the directional scale factors.
A uniform magnetic field aligned along one spatial direction produces an early-time anisotropy whose energy density decays with
cosmic expansion. The energy density, pressure, the equation-of-state parameter, and the energy conditions are analyzed. The pressure
remains negative, while the equation-of-state parameter evolves dynamically and approaches the range −1 ≤ 𝜔 < − 1

3 at late times,
consistent with SN Ia and CMB constraints. The null and weak energy conditions are violated at late times, whereas the strong energy
condition is violated throughout, implying acceleration.

Keywords: Magnetized dark energy; 𝑓 (𝑇) gravity; LRS Bianchi type-I model; Anisotropic universe; Cosmic time

PACS: 04.50.Kd

1. INTRODUCTION
Research on magnetized anisotropic dark energy with constant deceleration parameter in 𝑓 (𝑇) gravity has emerged

as a critical area of inquiry due to its potential to explain the accelerated expansion of the universe while addressing
anisotropies observed in cosmic structures. The evolution of modified teleparallel gravity theories,particularly 𝑓 (𝑇)
gravity, has been extensively studied since the early 2010s, offering an alternative to curvature-based modifications such
as 𝑓 (𝑅) gravity by utilizing torsion scalar 𝑇 as the fundamental geometric quantity [1–3]. Initial models demonstrated the
capability of 𝑓 (𝑇) gravity to reproduce late-time acceleration consistent with observational data [4, 5], while subsequent
works incorporated anisotropic cosmologies, such as Bianchi type-I and VI models, to capture large-scale anisotropies
hinted by supernova and cosmic microwave background observations [6–8].

The inclusion of magnetic fields alongside anisotropic dark energy components further enriches the modeling of
cosmic evolution, reflecting realistic astrophysical conditions [9–11]. These developments underscore the theoretical and
observational significance of exploring anisotropic dark energy within 𝑓 (𝑇)frameworks, especially under constraints like
constant deceleration parameters that simplify and clarify cosmic dynamics [12].

Despite these advances, the specific problem of characterizing magnetized anisotropic dark energy models with a
constant deceleration parameter in the context of 𝑓 (𝑇0) gravity remains insufficiently addressed.Although several studies
have examined anisotropic models with varying deceleration parameters or without magnetic fields [13,14], and others have
explored magnetized fluids in different gravity theories,a comprehensive treatment combining magnetization, anisotropy,
and constant deceleration within 𝑓 (𝑇0) gravity is lacking [15, 16].

Studies on modified teleparallel gravity have significantly expanded over the last decade, particularly in the context
of anisotropic cosmology and dark energy dynamics.The early foundational work [17–20] explored perturbations, large-
scale structure, phantom divide crossing, and the reconstruction of 𝑓 (𝑇) models capable of describing inflation, Λ𝐶𝐷𝑀

behavior, and future singularities. These studies generally did not include magnetic fields but provided key insights
into stability, perturbation growth, thermodynamics, and late-time acceleration within torsion-based gravity. Extensions
such as 𝑓 (𝑇, 𝐵), 𝑓 (𝑇,𝑇𝐺), and 𝑓 (𝑇,T) [21–23] further broadened the theoretical landscape, addressing unified infla-
tion–acceleration phases, cosmographic constraints, and ghost-free stability features. A large set of works has examined
anisotropic dark energy models within f(T) gravity and related theories. [24–26] investigated Bianchi-type cosmologies, in-
corporating constant or variable deceleration parameters through Hubble parameter variation laws, power-law expansions,
or reconstruction schemes. These studies revealed transitions from deceleration to acceleration, isotropization trends,
phantom behavior, observational compatibility with SNe Ia, CMB, BAO, and alleviation of tensions such as H0.However,
in most cases magnetic fields were either omitted or treated only implicitly through anisotropic pressure components, thus
limiting the analysis of realistic anisotropic environments.

Recent observations of cosmic magnetic fields have motivated magnetized anisotropic models, mostly in GR, 𝑓 (𝑅),
or 𝑓 (𝑄,𝑇) gravity. Some works such as [27–29] explicitly modeled magnetic fields in Bianchi types 𝐼, 𝐼 𝐼, 𝑉,𝑉 𝐼0, and
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Kantowski–Sachs universes. These studies demonstrated that magnetic fields significantly influence shear evolution,
skewness parameters, isotropization, and the expansion behavior of the universe. Many models exhibited anisotropy
persistence, delayed isotropization, or strong early-time magnetic dominance. [30, 31] incorporated magnetic effects
indirectly via cosmic string fluids within 𝑓 (𝑇) or 𝑓 (𝑄) gravity, showing that torsion–magnetization interactions modify
late-time evolution and observational characteristics. Although these studies highlighted the cosmological importance of
magnetic fields, they did not integrate them into the teleparallel framework with a constant deceleration parameter.

Meanwhile, several recent works [32–35] focused on observational constraints, phantom crossings, holographic
reconstructions, Kaniadakis entropy, emergent scenarios, and hybrid scale factor dynamics. These contributions further
emphasize the viability of modified gravity, but still lack explicit treatment of magnetized anisotropic fluids within 𝑓 (𝑇)
cosmology under CDP assumptions.

Despite significant progress in magnetized anisotropic dark energy models within modified gravity, several important
challenges remain unresolved. Most existing studies idealize magnetic fields as uniform or one-directional, neglecting
realistic magnetohydrodynamic effects and backreaction on anisotropy, shear evolution, and dark energy dynamics [36,37].
Additionally, the widespread use of constant deceleration parameters oversimplifies cosmic evolution and limits the
ability to model realistic transitions between decelerated and accelerated phases, particularly in magnetized anisotropic
settings [38]. Observational constraints on such models remain weak, as current datasets primarily focus on isotropic
scenarios and insufficiently probe anisotropic and magnetized signatures in CMB, large-scale structure, and polarization
data [39].

Moreover, the coupling between magnetic fields and torsion scalar modifications in 𝑓 (𝑇) gravity, perturbation theory
in anisotropic magnetized backgrounds, thermodynamic consistency, and systematic exploration of viable 𝑓 (𝑇) functional
forms remain insufficiently explored. Addressing these issues through numerical simulations, realistic magnetic field
modeling, and comprehensive observational analyses is essential for developing physically viable magnetized anisotropic
cosmological models.

2. 𝑓 (𝑇) GRAVITY FORMALISM AND MAGNETIZED DARK ENERGY
Teleparallel gravity provides an equivalent formulation of General Relativity (GR) in which gravitation is described

by spacetime torsion rather than curvature. The dynamical variables are the tetrad fields 𝑒𝑎𝜇, which relate the spacetime
metric 𝑔𝜇𝜈 to the Minkowski metric 𝜂𝑎𝑏 through

𝑔𝜇𝜈 = 𝜂𝑎𝑏 𝑒
𝑎
𝜇𝑒

𝑏
𝜈 . (1)

In teleparallel gravity, the torsion tensor is defined as

𝑇𝜆
𝜇𝜈 = 𝑒𝑎

𝜆
(
𝜕𝜇𝑒

𝑎
𝜈 − 𝜕𝜈𝑒

𝑎
𝜇

)
, (2)

and the torsion scalar 𝑇 is constructed from suitable contractions of the torsion tensor,

𝑇 = 𝑆𝜆
𝜇𝜈𝑇𝜆

𝜇𝜈 , (3)

where 𝑆𝜆
𝜇𝜈 denotes the superpotential.

In 𝑓 (𝑇) gravity, the gravitational action is generalized by replacing the torsion scalar 𝑇 with an arbitrary function
𝑓 (𝑇),

𝑆 =

∫
[𝑇 + 𝑓 (𝑇) + 𝐿𝑚]𝑒𝑑4𝑥 (4)

where 𝑒 = det(𝑒𝑎𝜇) =
√−𝑔 and L𝑚 represents the matter Lagrangian. Variation of this action with respect to the tetrad

fields yields second-order field equations, which constitutes an important advantage of 𝑓 (𝑇) gravity over curvature-based
modifications such as 𝑓 (𝑅) gravity.

We obtain the following equation of motion by functionally varying the action in equation (3) with regard to the
tetrads:

𝑆𝜇
𝜌𝜈 𝜕𝜌𝑇 𝑓𝑇𝑇 +

[
𝑒−1𝑒𝑎𝜇 𝜕𝜌 (𝑒 𝑒𝑎𝛼𝑆𝛼

𝜌𝜈) + 𝑇 𝛼
𝜇𝛽 𝑆𝛼

𝜈𝛽
]
(1 + 𝑓𝑇 ) +

1
4
𝛿𝜈𝜇 (𝑇 + 𝑓 ) = 𝑇 𝜈

𝜇 . (5)

where 𝑇 𝜈
𝜇 is the energy–momentum tensor and

𝑓𝑇 (𝑇) =
𝑑𝑓 (𝑇)
𝑑𝑇

.

The field equation (5) is written in terms of tetrads and their partial derivatives and therefore appears formally different
from Einstein’s field equations. However, by choosing 𝑓 (𝑇) = 0 , this is dynamically equivalent to the GR. The energy
momentum tensor for magnetized dark energy is given by

𝑇 𝜈
𝜇 = diag

[
−𝑝𝑥 ,−𝑝𝑦 ,−𝑝𝑧 , 𝜌

]
. (6)
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Then, one may parametrize it as follows:

𝑇 𝜈
𝜇 = diag

[
−𝑝𝑥 + 𝜌𝐵, −𝑝𝑦 − 𝜌𝐵, −𝑝𝑧 − 𝜌𝐵, 𝜌 + 𝜌𝐵

]
(7)

where 𝜌 is the energy density of the fluid,𝜌𝐵 is the energy density of the magnetic field, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 are pressures.
Zeldovich et al [40] underlined the importance of magnetic field for a variety of astrophysical phenomena.Magnetic field
could have cosmological origin [41].

3. MODEL AND FIELD EQUATIONS
In this work, we consider the spatially homogeneous and anisotropic Bianchi type-I space-time as

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2 (𝑡) 𝑑𝑥2 − 𝐵2 (𝑡)
(
𝑑𝑦2 + 𝑑𝑧2

)
, (8)

where the metric potentials 𝐴 and 𝐵 are functions of cosmic time 𝑡 only. The corresponding torsion scalar 𝑇 is given by

𝑇 = −2
(
2
¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐵2

𝐵2

)
. (9)

Using the equation of motion (4),the stress–energy tensor (6), and the Bianchi type-I space-time (8) , the field
equations can be written as

(𝑇 + 𝑓 ) + 4(1 + 𝑓𝑇 )
( ¥𝐵
𝐵
+

¤𝐵2

𝐵2 +
¤𝐴
𝐴

¤𝐵
𝐵

)
+ 4

¤𝐵
𝐵
¤𝑇 𝑓𝑇𝑇 = −(𝑝 − 𝜌𝐵) (10)

(𝑇 + 𝑓 ) + 2(1 + 𝑓𝑇 )
( ¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐵2

𝐵2 + 3
¤𝐴 ¤𝐵
𝐴𝐵

)
+ 2

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
¤𝑇 𝑓𝑇𝑇 = −(𝑝 + 𝜌𝐵) (11)

(𝑇 + 𝑓 ) + 4(1 + 𝑓𝑇 )
( ¤𝐵2

𝐵2 + 2
¤𝐴 ¤𝐵
𝐴𝐵

)
= 𝜌 + 𝜌𝐵 (12)

The system of equations from equations (10)-(12) may reduce to(
4
¥𝐵
𝐵
+ 2

¤𝐵2

𝐵2

)
= −(𝑝 − 𝜌𝐵) (13)(

2
¥𝐴
𝐴
+ 2

¥𝐵
𝐵
+ 2

¤𝐴 ¤𝐵
𝐴𝐵

)
= −(𝑝 + 𝜌𝐵) (14)(

2
¤𝐵2

𝐵2 + 4
¤𝐴 ¤𝐵
𝐴𝐵

)
= 𝜌 + 𝜌𝐵 (15)

4. SOLUTION OF THE FIELD EQUATION
The field equations (13)-(15), we get three differential equations containing five unknowns — namely 𝐴, 𝐵, 𝑝, 𝜌 and

𝜌𝐵.To determine the values of these unknowns, we use the energy–momentum conservation equation 𝑇 𝜈
𝜇;𝜈 = 0, which

leads to two separate conservation equations corresponding to the anisotropic fluid and the magnetic field [42].

¤𝜌 + (1 + 𝜔)𝜌
( ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

)
= 0 (16)

𝜌𝐵 =
𝛽

𝐵4 (17)

In what follows, we define certain kinematical quantities of the space-time, specifically the mean scale factor and the
volume.

𝑎3 = 𝑉 = 𝐴𝐵2 (18)

The directional Hubble parameters along the 𝑥-, 𝑦-, and 𝑧-axes, respectively, for the LRS Bianchi type-I metric are defined
as

𝐻𝑥 =
¤𝐴
𝐴
, 𝐻𝑦 =

¤𝐵
𝐵
, 𝐻𝑧 =

¤𝐵
𝐵
. (19)

To express volumetric expansion rate of Universe, the mean Hubble parameter is defined as

𝐻 =
1
3
(𝐻𝑥 + 𝐻𝑦 + 𝐻𝑧) (20)
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From equations (18)-(20), we obtain

𝐻 =
1
3
¤𝑉
𝑉

=
¤𝑎
𝑎
=

1
3

( ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

)
(21)

For the purpose of solving the field equations, we consider a physical condition according to which the expansion scalar
is proportional to the shear scalar, i.e.,

𝐴 = 𝐵𝑛 (22)

where n is the proportionality constant. The motivation for considering Eq. (22) which is from the work of [9,43,44]. The
line element (6) is fully characterized by the Hubble parameter 𝐻. Hence, we assume that the mean Hubble parameter 𝐻
is related to the average scale factor 𝑎 through the relation

𝐻 = 𝑘1𝑎
−𝑠 (23)

where 𝑘1 > 0 and 𝑠 ≥ 0 are constants. This particular law of variation of the Hubble parameter leads to a constant
value of the deceleration parameter. Such a relation was originally introduced by Bermann [48] in the study of FRW
cosmological models. Subsequently, several researchers [45–48] have extensively employed this special law of the Hubble
parameter to investigate flat FRW and Bianchi-type cosmological models.

By adopting this special law of variation of the Hubble parameter, we obtain exact solutions of the field equations cor-
responding to an anisotropic cosmological model exhibiting a negative constant deceleration parameter. The deceleration
parameter 𝑞 is define as,

𝑞 = −𝑎 ¥𝑎
¤𝑎2 (24)

From eqs (21) and (23), we get
¤𝑎 = 𝑘1𝑎

−𝑠+1, (25)

¥𝑎 = −𝑘2
1 (𝑠 − 1)𝑎−2𝑠+1 (26)

By using Eqs. (24)–(25), we obtain a constant deceleration parameter for the mean scale factor as

𝑞 = 𝑠 − 1, 𝑠 ≠ 0 (27)

For 0 < 𝑠 < 1, the deceleration parameter satisfies −1 < 𝑞 < 0, indicating accelerated expansion. The case 𝑠 = 1
corresponds to a coasting universe (𝑞 = 0), while 𝑠 > 1 leads to a decelerating phase (𝑞 > 0). The special case 𝑠 = 0
yields 𝑞 = −1, representing exponential expansion. Using eq.(25), we get the law of average scale factor as,

𝑎 = (𝐷𝑡 + 𝑐1)
1
𝑠 , 𝑠 ≠ 0. (28)

where 𝑐1 is the constant of integration. Using Eqs. (20), (21), (22), and (28), the exact expression for the scale function is
given by

𝐴(𝑡) = 𝑙2 (𝐷𝑡 + 𝑐1)
𝑛
𝑟 (29)

𝐵(𝑡) = 𝑙1 (𝐷𝑡 + 𝑐1)
1
𝑟 (30)

where
𝑙1 = 𝑐

− 1
𝑛+2

1 , 𝑙2 = 𝑙𝑛1 and 𝑟 = 𝑛+2
3 𝑠

Therefore, model (8) becomes

𝑑𝑠2 = 𝑑𝑡2 − 𝑙22 (𝐷𝑡 + 𝑐1)
2𝑛
𝑟 𝑑𝑥2 − 𝑙21 (𝐷𝑡 + 𝑐1)

2
𝑟

(
𝑑𝑦2 + 𝑑𝑧2

)
(31)

The space–time model (31) describes an LRS Bianchi Type-I anisotropic cosmological model filled with magnetized
dark energy, where the magnetic field is aligned along one spatial direction, leading to anisotropic expansion.

For model (31),the expression for kinematical parameters, i.e. the Hubble parameter 𝐻, the scalar expansion 𝜃, mean
anisotropic parameter 𝐴𝑚 and shear scalar 𝜎 are given by

𝐻 =
(2𝑛 + 1)𝐷

3𝑟 (𝐷𝑡 + 𝑐1)
(32)

𝜃 = 3𝐻 =
(2𝑛 + 1)𝐷
𝑟 (𝐷𝑡 + 𝑐1)

, (33)

𝐴𝑚 =
1
3

3∑︁
𝑖=1

(
𝐻𝑖 − 𝐻

𝐻

)2
=

2(𝑛 − 1)2

(2𝑛 + 1)2 (34)
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𝜎2 =
3
2
𝐴𝑚𝐻

2 =
(𝑛 − 1)2𝐷2

3𝑟2 (𝐷𝑡 + 𝑐1)2 (35)

The energy density for magnetic field is obtained by substituting eq.(30) in eq.(17)

𝜌𝐵 =
𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

(36)

Figure 1 depicts the variation of the magnetic field energy density 𝜌𝐵 with cosmic time. It is observed that 𝜌𝐵
diverges at the initial epoch, indicating a Big Bang type singularity, and decreases monotonically as the universe expands.
At late times, the magnetic field contribution becomes negligible, favoring an isotropic dark-energy–dominated universe.
Using Eqs. (15), (22), (29), (30) and (36), the energy density of the fluid is obtained as follows:

𝜌 =
2(2𝑛 + 1)𝐷2

𝑟2 (𝐷𝑡 + 𝑐1)2 − 𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

(37)

Figure 1. Energy density of the magnetic field versus cosmic time.

Figure 2 illustrates the variation of the fluid energy density 𝜌 with cosmic time. It is observed that 𝜌 diverges at the
initial epoch, indicating a Big Bang type singularity. The energy density decreases sharply during the early evolution and
attains a minimum before gradually approaching zero at late times. This behavior suggests that magnetic effects dominate
the early universe, while the fluid evolves toward a dark-energy–dominated phase at late times. Using Eqs. (14), (22),
(29), (30) and (36), the pressure of the fluid is obtained as follows:

𝑝 = −
[

𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

+ 2𝐷2 (𝑛 + 1) (𝑛 + 1 − 𝑟)
𝑟2 (𝐷𝑡 + 𝑐1)2

]
(38)

Figure 3 illustrates the variation of pressure 𝑝 with cosmic time 𝑡 for the magnetized dark energy model. The pressure
remains negative throughout the cosmic evolution, diverges at the initial epoch, and asymptotically approaches zero at late
times, indicating a transition toward a dark-energy-dominated universe.

𝜔 = − 1
𝜌

[
𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

+ 2𝐷2 (𝑛 + 1) (𝑛 + 1 − 𝑟)
𝑟2 (𝐷𝑡 + 𝑐1)2

]
(39)

The equation-of-state parameter 𝜔 evolves dynamically and attains negative values at late times. For suitable choices
of the model parameters, 𝜔 lies in the range −1 ≤ 𝜔 < − 1

3 , which is consistent with the constraints from SN Ia and
CMB observations. Hence, the present model is observationally viable and capable of describing the late-time accelerated
expansion of the universe.
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Figure 2. Energy density versus cosmic time.

Figure 3. Pressure versus cosmic time.

Figure 4. EoS parameter cosmic time.



58
EEJP. 2 (2026) K.N. Pawar, et al.

5. ENERGY CONDITION
The Energy Conditions for the Present Model are given by

Null Energy Condition (NEC) The null energy condition is defined as

𝜌 + 𝑝 ≥ 0. (40)

𝜌 + 𝑝 =
2𝐷2

𝑟2 (𝐷𝑡 + 𝑐1)2 [(2𝑛 + 1) − (𝑛 + 1) (𝑛 + 1 − 𝑟)] − 2𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

(41)

For the present model, 𝜌 + 𝑝 becomes negative at late times, indicating that the NEC is violated in the dark-
energy–dominated phase of the universe.

Weak Energy Condition (WEC) The weak energy condition requires

𝜌 ≥ 0, 𝜌 + 𝑝 ≥ 0. (42)

Although the energy density 𝜌 remains positive for suitable choices of the model parameters, the violation of 𝜌 + 𝑝 at late
times implies a partial violation of the WEC.

Strong Energy Condition (SEC) The strong energy condition is given by

𝜌 + 3𝑝 ≥ 0. (43)

𝜌 + 3𝑝 =
2𝐷2

𝑟2 (𝐷𝑡 + 𝑐1)2 [(2𝑛 + 1) − 3(𝑛 + 1) (𝑛 + 1 − 𝑟)] − 4𝛽

𝑙41 (𝐷𝑡 + 𝑐1)
4
𝑟

(44)

For the present model, 𝜌+3𝑝 is found to be negative throughout the cosmic evolution, which signifies a clear violation
of the SEC. This violation is a necessary condition for the accelerated expansion of the universe.

Dominant Energy Condition (DEC) The dominant energy condition is expressed as

𝜌 ≥ |𝑝 |. (45)

In the present scenario, the dominance of negative pressure at late times leads to the violation of the DEC, indicating
the presence of exotic dark-energy behavior. Figure 5 displays the combined evolution of the energy conditions for the

Figure 5. Evolution of the energy conditions with cosmic time 𝑡.

present magnetized dark energy model.It is observed that the energy density 𝜌 remains positive, satisfying the weak energy
condition at early times. However, the quantity 𝜌 + 𝑝 becomes negative at late times, indicating the violation of the null
and weak energy conditions.Moreover, 𝜌 + 3𝑝 remains negative throughout the cosmic evolution, implying a persistent
violation of the strong energy condition, which is necessary for late-time accelerated expansion. The violation of 𝜌 − |𝑝 |
at late times shows that the dominant energy condition is also not satisfied, confirming the presence of exotic dark-energy
behavior in the model.



Magnetized Anisotropic Dark Energy Cosmological Model in 𝑓 (𝑇) Gravity...
59

EEJP. 2 (2026)

6. CONCLUSIONS
In this work, we have investigated a magnetized anisotropic dark energy cosmological model in the framework of 𝑓 (𝑇)

gravity for an LRS Bianchi type-I space–time. By choosing 𝑓 (𝑇) = 0, the theory reduces to teleparallel gravity, which is
dynamically equivalent to general relativity, allowing a consistent comparison with standard cosmological scenarios.

A special law of the Hubble parameter with 𝑆 ≠ 0 has been employed to obtain exact solutions of the field equations.
The resulting model describes an anisotropic universe with directional scale factors evolving as power-law functions of
cosmic time. The presence of a uniform magnetic field aligned along one spatial direction introduces anisotropy at early
times, while its contribution decays rapidly as the universe expands.

The physical behavior of the model has been examined through the evolution of the energy density, pressure,
equation-of-state parameter, and energy conditions. The pressure remains negative throughout the cosmic evolution,
while the energy density is positive for suitable choices of model parameters. The equation-of-state parameter 𝜔 evolves
dynamically and attains negative values at late times, lying in the range −1 ≤ 𝜔 < − 1

3 , which is consistent with the
observational constraints from Type Ia supernovae and cosmic microwave background observations.

Furthermore, the null and weak energy conditions are found to be violated at late times, whereas the strong energy
condition is violated throughout the cosmic evolution. The violation of the strong energy condition confirms the presence
of accelerated expansion in the universe. The dominant energy condition is also violated in the late-time regime, indicating
the dominance of dark energy with strong negative pressure.

Overall, the present magnetized anisotropic dark energy model in 𝑓 (𝑇) gravity with a special law of the Hubble
parameter provides a viable description of the late-time accelerated expansion of the universe. The model exhibits a
transition from a magnetically dominated anisotropic early universe to an effectively isotropic dark-energy-dominated
phase at late times, in agreement with current cosmological observations.
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КОСМОЛОГIЧНА МОДЕЛЬ НАМАГНIЧЕНОЇ АНIЗОТРОПНОЇ ТЕМНОЇ ЕНЕРГIЇ В 𝑓 (𝑇) ГРАВIТАЦIЇ
ЗI СПЕЦIАЛЬНИМ ЗАКОНОМ ПАРАМЕТРА ХАББЛА

К.Н. Павар, А.С. Хан, I.I. Хан
Кафедра математики, Науковий коледжШрi Шиваджi, Нагпур, Махараштра, Iндiя

У цiй статтi ми дослiджуємо космологiчну модель намагнiченої анiзотропної темної енергiї в рамках 𝑓 (𝑇) гравiтацiї для
локально обертально-симетричного простору-часу типу Бiанкi I. Вибiр 𝑓 (𝑇) = 0 зводить теорiю до телепаралельної гравiта-
цiї, динамiчно еквiвалентної загальнiй теорiї вiдносностi, що дозволяє пряме порiвняння зi стандартною космологiєю. Точнi
розв’язки рiвнянь поля отримуються, припускаючи спецiальний закон параметра Хаббла з ненульовою константою 𝑆, що при-
зводить до степеневої поведiнки напрямлених масштабних коефiцiєнтiв. Однорiдне магнiтне поле, орiєнтоване вздовж одного
просторового напрямку, створює анiзотропiю на раннiх етапах часу, густина енергiї якої зменшується з розширенням космосу.
Аналiзуються густина енергiї, тиск, параметр рiвняння стану та енергетичнi умови. Тиск залишається негативним, тодi як пара-
метр рiвняння стану динамiчно розвивається та наближається до дiапазону −1 ≤ 𝜔 < − 1

3 на пiзнiх етапах часу, що узгоджується
з обмеженнями SN Ia та релiктового випромiнювання. Умови нульової та слабкої енергiї порушуються на пiзнiх етапах часу,
тодi як умова сильної енергiї порушується протягом усього часу, що передбачає прискорення.
Ключовi слова: намагнiчена темна енергiя; 𝑓 (𝑇) гравiтацiя; LRS модель Бiанкi типу I; анiзотропний Всесвiт; космiчний
час
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This work investigates the KdV-Calogero Bogoyavlenkskii-Schiff equation in modified (2+1) dimensions. The Lie symmetries are
created using Lie group analysis, and the similarity solutions are then found using the symmetries. Using the multiple exp-function
approach, numerous wave solutions are obtained. Furthermore, we use the multiplier approach to express the conserved currents, which
is essential for comprehending the nature of non-linear equations, particularly in engineering and physics.

Keywords: KdV-Calogero Bogoyavlenkskii-Schiff Equation; Conserved currents; Lie group analysis; Multiple exp-function method

PACS: 47.35Fg; 47.10.ab

1. INTRODUCTION
In domains such as oceanography, superfluids, hydrodynamics, plasma physics, optical systems, and other relevant

nonlinear science [1–8] topics, nonlinear evolution equations (NLEEs) exhibit a variety of fascinating nonlinear dynamic
phenomena. The physical insights offered by the solutions to NLEEs can help us better understand the underlying
phenomena and possibly pave the way for novel applications. Therefore, it is essential to look for precise answers to these
equations. But finding precise answers for NLEEs is frequently difficult, and their answers can only be simplified in rare
circumstances. Numerous techniques have been used to address NLEEs [9–25].

The illustrious Korteweg-de Vries (KdV) equation

𝜔𝜏 + 6𝜔𝜔𝜒 + 𝜔𝜒𝜒𝜒 = 0 (1.1)

is an example of a nonlinear evolution equation (NLEE) [26–44]. It describes the dynamics of solitary waves. It was
first developed to characterize long-wavelength, small-amplitude waves in shallow water. Its multiple-soliton solutions,
unlimited number of conservation laws, and numerous other physical characteristics make it an important equation in the
study of integrable systems.

We study one such NLEE namely a modified (2+1)-dimensional KdV-Calogero Bogoyavlenkskii-Schiff (KdV-CBS)
equation [45, 46]:

4𝜔𝜏 − ℎ1

(
4𝜔𝜔𝜇 + 2𝜔𝜒𝜕

−1
𝜒 𝜔𝜇 + 𝜔𝜒𝜒𝜇

)
− ℎ2

(
6𝜔𝜔𝜒 + 𝜔𝜒𝜒𝜒

)
= 0, (1.2)

where ℎ1 and ℎ2 are arbitrary constant. It should be noted that when ℎ1 ≠ 0, ℎ2 = 0, equation (1.2) becomes to Calogero
Bogoyavlenkskii-Schiff equation [47].

4𝜔𝜏 − ℎ1

(
4𝜔𝜔𝜇 + 2𝜔𝜒𝜕

−1
𝜒 𝜔𝜇 + 𝜔𝜒𝜒𝜇

)
= 0. (1.3)
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Furthermore, when ℎ1 = 0 and ℎ2 ≠ 0, equation (1.2) is reduced to the well known KdV equation

4𝜔𝜏 − ℎ2
(
6𝜔𝜔𝜒 + 𝜔𝜒𝜒𝜒

)
= 0. (1.4)

The transformation 𝜔 = 𝜈𝜒, casts(1.2) into

4𝜈𝜏𝜒 − ℎ1
(
4𝜈𝜒𝜈𝜒𝜇 + 2𝜈𝜇𝜈𝜒𝜒 + 𝜈𝜒𝜒𝜒𝜇

)
− ℎ2

(
6𝜈𝜒𝜈𝜒𝜒 + 𝜈𝜒𝜒𝜒𝜒

)
= 0. (1.5)

There are five sections in this study. The calculation of exact solutions and similarity reductions using Lie point
symmetry analysis is shown in Section 2. In Section 3, we use the multiple exp-function method, an extension of Hirota’s
perturbation technique, to investigate a number of physically relevant waves with novel general wave frequencies and phase
shifts. The multiplier approach is used to discuss the conservation laws in Section 4. Lastly, the closing remarks are given
in Section 5.

2. LIE SYMMETRIES AND REDUCTION (1.5)
The Norwegian mathematician Sophus Lie (1842–1899) created the Lie symmetry method, a potent mathematical

instrument for evaluating and resolving differential equations. This approach focuses on detecting differential equation
symmetries, which can be utilized to simplify the solution-seeking process by lowering the number of independent
variables. Closed-form solutions are frequently the outcome of this. Numerous disciplines, including physics, fluid
dynamics, electromagnetic, and engineering, heavily rely on the Lie symmetry technique [48–51].

We now compute the symmetry group of the transformed (2+1)-dimensional KdV-Calogero Bogoyavlenkskii-Schiff
equation (1.5). The vector field of the form

𝚪 = 𝜉1 (𝜏, 𝜒, 𝜇, 𝜈) 𝜕

𝜕𝜏
+ 𝜉2 (𝜏, 𝜒, 𝜇, 𝜈) 𝜕

𝜕𝜒
+ 𝜉3 (𝜏, 𝜒, 𝜇, 𝜈) 𝜕

𝜕𝜇
+ 𝜂(𝜏, 𝜒, 𝜇, 𝜈) 𝜕

𝜕𝜈
.

would generate all the desired Lie point symmetries of (1.5). It should be noted that this would be initiated by applying
the fourth prolongation pr(4)𝚪 to (1.5). This algorithmic procedure yields an overdetermined system of linear partial
differential equations of the following form:

𝜉3
𝜒 = 0, 𝜉1

𝜒 = 0, 𝜉1
𝜇 = 0, 𝜉2

𝜈 = 0, 𝜉3
𝜈 = 0, 𝜉1

𝜈 = 0,

𝜂𝜏𝜒 = 0, 𝜂𝜒𝜒 = 0, 𝜉2
𝜒𝜒 = 0, 𝜂𝜒𝜈 = 0, 𝜂𝜈𝜈 = 0,

𝜂𝜈 + 𝜉2
𝜒 = 0, ℎ1𝜂𝜒 − 𝜉3

𝜏 = 0, 3𝜉2
𝜒𝜇 − 𝜂𝜈𝜇 = 0,

𝜉2
𝜒𝜇 − 𝜂𝜈𝜇 = 0, ℎ1𝜂𝜇 + 3ℎ2𝜂𝜒 + 2𝜉2

𝜏 = 0,

ℎ1𝜂𝜒𝜇 − 𝜂𝜏𝜈 − 𝜉2
𝜏𝜒 = 0, ℎ1𝜉

2
𝜇 − ℎ2𝜉

3
𝜇 + ℎ2𝜉

2
𝜒 = 0,

𝜉1
𝜏 − 𝜉3

𝜇 + 𝜂𝜈 − 𝜉2
𝜒 = 0, ℎ1𝜉

2
𝜇 − ℎ2𝜉

3
𝜇 + ℎ2𝜂𝜈 + 2ℎ2𝜉

2
𝜒 = 0.

Hence the above system yields the following Lie point symmetries:

𝚪1 = −2ℎ1𝜏
𝜕

𝜕𝜏
+ (ℎ2𝜇 − ℎ1𝜒)

𝜕

𝜕𝜒
+ ℎ1𝜈

𝜕

𝜕𝜈
, dilation & space & time − dependent shift

𝚪2 = ℎ1𝜏
𝜕

𝜕𝜏
+ ℎ2𝜇

𝜕

𝜕𝜒
+ ℎ1𝜇

𝜕

𝜕𝜇
, space & time − dependent shift

𝚪3 = −2ℎ2
1𝜏

2 𝜕

𝜕𝜏
−

(
ℎ2

1𝜏𝜒 + ℎ1ℎ2𝜏𝜇
) 𝜕

𝜕𝜒
− 2ℎ2

1𝜏𝜇
𝜕

𝜕𝜇
+

(
ℎ2

1𝜈𝜏 + 2ℎ1𝜒𝜇 − 2ℎ2𝜇
2
) 𝜕

𝜕𝜈
,

dilation & space & time − dependent shift

𝚪4 =
ℎ2

(ℎ1 + ℎ2)
𝜕

𝜕𝜒
+ ℎ1

(ℎ1 + ℎ2)
𝜕

𝜕𝜇
, space translation

𝚪5 = ℎ1ℎ2𝜏
𝜕

𝜕𝜒
+ ℎ2

1𝜏
𝜕

𝜕𝜇
+ (ℎ2𝜇 − ℎ1𝜒)

𝜕

𝜕𝜈
, rotational & space − dependent shift

𝚪6 =
𝜕

𝜕𝜏
, time translation

𝚪F(𝜏 ) = ℎ1𝐹 (𝜏)
𝜕

𝜕𝜒
+ 2𝐹′ (𝜏)𝜇 𝜕

𝜕𝜈
, space & time − dependent shift

𝚪G(𝜏 ) = 𝐺 (𝜏) 𝜕

𝜕𝜈
. space & time − dependent shift
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2.1. Symmetry reduction and invariant solutions of (1.5)
Our goal is to use the symmetries we discovered above to achieve symmetry reduction of (1.5). The related Lagrange

equations must be solved in order to achieve symmetry reduction.

𝑑𝜏

𝜉1 (𝜏, 𝜒, 𝜇, 𝜈)
=

𝑑𝜒

𝜉2 (𝜏, 𝜒, 𝜇, 𝜈)
=

𝑑𝜇

𝜉3 (𝜏, 𝜒, 𝜇, 𝜈)
=

𝑑𝜈

𝜂(𝜏, 𝜒, 𝜇, 𝜈) .

We examine the three cases listed below.
Case 1. First, we look at infinitesimal generator 𝚪1

𝑑𝜏

−2ℎ1𝜏
=

𝑑𝜒

(ℎ2𝜇 − ℎ1𝜒)
=

𝑑𝜇

0
=

𝑑𝜈

ℎ1𝜈

which gives rise to the group invariant

Ψ = 𝜇, 𝛾 =
𝜏

(ℎ1𝜒 − ℎ2𝜇)2 , Θ = −𝜈 (ℎ1𝜒 − ℎ2𝜇) .

Equation (1.5) reduces to the nonlinear partial differential equation when Ψ and 𝛾 are taken into consideration as the new
independent variables and Θ as the new dependent variable.

4𝛾3ℎ3
1Θ𝛾𝛾𝛾Ψ + 8𝛾2ℎ2

1Θ𝛾Θ𝛾Ψ + 24𝛾2ℎ3
1Θ𝛾𝛾Ψ + 4𝛾2ℎ2

1ΘΨΘ𝛾𝛾 + 4𝛾ℎ2
1ΘΘ𝛾Ψ + 27𝛾ℎ3

1Θ𝛾Ψ + 14𝛾ℎ2
1Θ𝛾ΘΨ

+4ℎ2
1ΘΘΨ + 3ℎ3

1ΘΨ − 4𝛾Θ𝛾𝛾 − 6Θ𝛾 = 0. (2.6)

We now further reduce (2.6) by using its symmetries, it can be seen that the corresponding vector of (2.6) is as
follows:

𝑆1 = Ψ
𝜕

𝜕Ψ
+ 𝛾

𝜕

𝜕𝛾
,

𝑆2 = 2ℎ2
1𝛾

3
2
𝜕

𝜕𝑟
+

(
−√𝛾Θℎ2

1 −
Ψ
√
𝛾

)
𝜕

𝜕Θ
,

𝑆3 =
𝜕

𝜕Ψ
,

𝑆4 =
1
√
𝛾

𝜕

𝜕Θ
.

Taking symmetry 𝑆3 + 𝑆4, yields the following invariants:

𝜅 = 𝛾, Φ =
Θ
√
𝛾 − Ψ
√
𝛾

,

and making use of them, we obtain a second order ordinary differential equation

2𝜅2ℎ2
1Φ

′′ (𝜅) + 5𝜅ℎ2
1Φ

′ (𝜅) − 2Φ′′ (𝜅) + ℎ2
1Φ(𝜅) − 3

√
𝜅Φ′ (𝜅) = 0,

which gives the general solution of the form

Φ(𝜅) =
√
𝜅𝐶1 + 𝐶2√

𝜅
(
ℎ2

1
√
𝜅 − 1

) , (2.7)

where the arbitrary integration constants𝐶1 and𝐶2 are used. The invariant solution of (1.5), when rewritten in our original
variables, looks like this:

𝜈 (𝜏, 𝜒, 𝜇) = − 1
ℎ1 𝜒 − ℎ2 𝜇

(√︂
𝜏

(ℎ1 𝜒 − ℎ2 𝜇)2 ℎ1
2𝜇 + C1

√︄
𝑡

(ℎ1 𝜒 − ℎ2 𝜇)2 + C2 − 𝜇

)
©­­«

1√︃
𝜏

(ℎ1 𝜒−ℎ2 𝜇)2

(
ℎ1

2
√︂

𝜏

(ℎ1 𝜒 − ℎ2 𝜇)2 − 1
)ª®®¬

−1

. (2.8)
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Figure 1. A 3D wave solution (2.8)
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Figure 2. A density plot of solution (2.8)
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Figure 3. A 2D plot of (2.8)

Case 2. We consider infinitesimal generator 𝚪2

𝑑𝜏

ℎ1𝜏
=

𝑑𝜒

ℎ2𝜇
=

𝑑𝜇

ℎ1𝜇
=

𝑑𝜈

0

we obtained the group invariant

Ψ =
ℎ1𝜒 − ℎ2𝜇

ℎ2
, 𝛾 =

𝜏

ℎ2𝜏
, Θ = 𝜈.

Equation (1.5) changes to Θ as the new dependent variable and Ψ and 𝛾 as new independent variables.

4𝛾ℎ2
1ℎ2ΘΨΘΨ𝛾 + 2𝛾ℎ2ℎ

2
1Θ𝛾ΘΨΨ − 𝛾ℎ3

1Θ𝛾ΨΨΨ − 4ℎ2Θ𝛾Ψ = 0. (2.9)
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After employing its symmetries to reduce (2.9), we can observe that the equivalent vector of (2.9) is as follows:

S1 =
𝜕

𝜕Θ
,

S2 = ℎ2
1𝛾

2 𝜕

𝜕𝛾
− Ψ

𝜕

𝜕Ψ
,

S3 =
𝜕

𝜕Ψ
,

S4 = Ψ
𝜕

𝜕 𝑓
+ 2𝛾

𝜕

𝜕𝛾
− Θ

𝜕

𝜕Θ
.

Taking symmetry S2, yields the following invariants:

𝜅 = Ψ, Φ =
Θ𝛾ℎ2

1 − Ψ

ℎ2
1𝛾

,

and making use of them, we obtain a second order ordinary differential equation

𝜅Φ′′ (𝜅) + 2Φ′ (𝜅) = 0,

which yields the general solution of the form

Φ(𝜅) = C1 +
1
𝜅

C2, (2.10)

where C1 and C2 are arbitrary constant of integration. Reverting back to our original variables, the invariant solution of
(1.5) takes the form

𝜈 (𝜏, 𝜒, 𝜇) = C1 ℎ1
3𝜏𝜒 − C1 ℎ1

2ℎ2 𝜏𝜇 − C2 ℎ1
2ℎ2 𝜏 − ℎ1

2𝜒2𝜇 + 2 ℎ1 ℎ2 𝜒𝜇
2 − ℎ2

2𝜇3

(ℎ1 𝜒 − ℎ2 𝜇) ℎ1
2𝜏

. (2.11)

Figure 4. The profile structure of solution (2.11)

Figure 5. A density plot of (2.11)
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Figure 6. A 2D side view of (2.11)

Case 3. The symmetry 𝚪5 leads to

𝜈(𝜏, 𝜒, 𝜇) = 1
𝜏3/2ℎ1

2

(
𝑔(𝜏)𝜏3/2ℎ1

2 −
√
𝜏ℎ1 𝜒𝜇 +

√
𝜏ℎ2 𝜇

2 + 𝑧

(
ℎ1 𝜒 − ℎ2 𝜇

ℎ1
√
𝜏

)
ℎ1

2𝜏

)
(2.12)

with invariants

Ψ = 𝜏, 𝛾 =
ℎ1𝜒 − ℎ2𝜇

ℎ1
, Θ =

ℎ2
1𝜏𝜈 + ℎ1𝜒𝜇 − ℎ2𝜇

2

ℎ2
1𝜏

,

and Θ(𝛾,Ψ) satisfies the nonlinear partial differential equation

2ΨΘΨ𝛾 + 𝛾Θ𝛾𝛾 + 2Θ = 0. (2.13)

The integration of (2.13) leads to

Θ(Ψ, 𝛾) = 𝑔(Ψ) +
𝑧

(
𝛾√
𝜏

)
√
Ψ

, (2.14)

where 𝑔 and 𝑧 are arbitrary functions of 𝑓 and 𝛾/
√
𝜏 respectively. Finally, (2.14) accomplishes the group invariant solution

(2.12).

Figure 7. A 3D of solution (2.12)
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Figure 8. A density plot of solution (2.12)

Figure 9. A 2D side view of (2.12)

The limiting behavior of problems that are distant from their beginning or boundary conditions is often captured by
group invariant solutions.

3. MULTIPLE EXP-FUNCTION METHOD
The multiple exp-function technique operates independently in constructing bilinear forms. It begins with the notion

that polynomials of exponential functions can be used to define multi-soliton solutions. In essence, Hirota’s perturbation
approach is expanded upon by the multiple exp-function algorithm. Furthermore, general wave frequencies and phase
shifts are included in the resultant solutions. The following is a summary of the multiple exp-function method’s main
steps. [52–56]:

Step 1. Let us consider the following (1 + 1)-dimensional NLEE:

𝑃(𝜒, 𝜏, 𝜈𝜒, 𝜈𝜏 , · · · ) = 0. (3.15)

Step 2. Suppose the solution of above NLEE can be expressed as

𝜈(𝜏, 𝜒) = 𝑝(𝜂1, 𝜂2, · · · , 𝜂𝑛)
𝑞(𝜂1, 𝜂2, · · · , 𝜂𝑛)

, 𝑝 =

𝑛∑︁
𝑟 ,𝑠=1

𝑀∑︁
𝑖, 𝑗=0

𝑝𝑟𝑠,𝑖 𝑗𝜂
𝑖
𝑟𝜂

𝑗
𝑠 ,

𝑞 =

𝑛∑︁
𝑟 ,𝑠=1

𝑁∑︁
𝑖, 𝑗=0

𝑞𝑟𝑠,𝑖 𝑗𝜂
𝑖
𝑟𝜂

𝑗
𝑠 , (3.16)

in which 𝑝𝑟𝑠,𝑖 𝑗 and 𝑞𝑟𝑠,𝑖 𝑗 are unknowns to be determined and

𝜂𝑖 = 𝑐𝑖𝑒
𝜉𝑖 , 𝜉𝑖 = 𝑘𝑖𝜒 − 𝜌𝑖𝜏, 1 ⩽ 𝑖 ⩽ 𝑛. (3.17)

Step 3. Substituting (3.16) and its derivatives into (3.15) yields the following transformed equation

𝑄(𝜒, 𝜏, 𝜂1, 𝜂2, · · · , 𝜂𝑛) = 0. (3.18)

Step 4. The multiple wave solution of (3.15) can be obtained by solving an algebraic system whose numerator is set
to zero for the function 𝑄(𝜒, 𝜏, 𝜂1, 𝜂2, · · · , 𝜂𝑛),

𝜈(𝜏, 𝜒) = 𝑝(𝑐1𝑒
𝑘1𝜒−𝜌1𝜏 , · · · , 𝑐𝑛𝑒𝑘𝑛𝜒−𝜌𝑛𝜏)

𝑞(𝑐1𝑒𝑘1𝜒−𝜌1𝜏 , · · · , 𝑐𝑛𝑒𝑘𝑛𝜒−𝜌𝑛𝑡 )
. (3.19)
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3.1. Application of the multiple exp-function algorithm in (1.5)
The multiple exp-function approach will be used in this subsection to get the one- and two-wave solutions of (1.5).

3.1.1. One-wave solution of (1.5) We start with one-wave function

𝜈(𝜒, 𝜏, 𝜇) = 𝑝

𝑞
, 𝑝 = 𝐴1𝑒

𝑘1𝜒+𝑙1𝜇−𝜌1𝜏 , 𝑞 = 1 + 𝑒𝑘1𝜒+𝑙1𝜇−𝜌1𝜏 (3.20)

where 𝐴1 is a constant. By applying the multiple exp-function algorithm, we obtain with the aid of Maple:

𝐴1 = 2𝑘1, 𝜌1 = −1
4
𝑘2

1 (ℎ1𝑙1 + ℎ2𝑘1) . (3.21)

Figure 10. A 3D plot of solution (3.20).
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Figure 11. A density plot of solution (3.20)

Figure 12. A 2D side view of solution (3.20).
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3.1.2. Two-wave solution of (1.5) Based on the assertion made in Step 2, we examine two-wave solutions and
suppose that equation (1.5) has the rational function of two-wave solutions, which is represented as follows:

𝜈(𝜒, 𝜏, 𝜇) = 𝑝

𝑞
, (3.22)

with 𝑝 and 𝑞 being defined by

𝑝 = 2 𝑘1e𝑘1𝜒+𝑙1𝜇−𝜌1𝜏 + 2 𝑘2e𝑘2𝜒+𝑙2𝜇−𝜌2𝜏

+2 𝐴12 (𝑘1 + 𝑘2) e𝑘1𝜒+𝑙1𝜇−𝜌1𝜏e𝑘2𝜒+𝑙2𝜇−𝜌2𝜏 , (3.23)
𝑞 = 1 + e𝑘1𝜒+𝑙1𝜇−𝜌1𝜏 + e𝑘2𝜒+𝑙2𝜇−𝜌2𝜏 + 𝐴12e𝑘1𝜒+𝑙1𝜇−𝜌1𝜏e𝑘2𝜒+𝑙2𝜇−𝜌2𝜏 , (3.24)

where

𝜆𝑖 = 𝑘𝑖𝜒 + 𝑙𝑖𝜇 − 𝜌𝑖𝜏, 𝑖 = 1, 2 (3.25)

and 𝐴12 is a constant. Applying the multiple exp-function algorithm, with the aid of Maple leads to

𝐴12 =
𝑘2

1 − 2𝑘1𝑘2 + 𝑘2
2

(𝑘1 + 𝑘2)2 , 𝜌1 = −1
4
𝑘2

1 (ℎ1𝑙1 + ℎ2𝑘1) , 𝜌2 = −1
4
𝑘2

2 (ℎ1𝑙2 + ℎ2𝑘2) . (3.26)

Figure 13. A 3 dimensional simulation of solution (3.22).
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Figure 14. A density plot of solution (3.22).



A Pen-Picture of the Modified (2+1)-Dimensional KdV-Calogero Bogoyavlenskii-Schiff Equation...
71

EEJP. 2 (2026)

μ =-7.5

μ =10
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Figure 15. A 2D side view of solution (3.22).

4. ANALYSIS AND DISCUSSION OF THE RESULTS
The first solution in Fig.1, Fig.2 and Fig.3 portrays a multi-singular wave structure, with spatial variables restricted

to the intervals of −15 ≤ 𝜒 ≤ 15 and 0 ≤ 𝜏 ≤ 10, with ℎ2 = 1, 𝜇 = −1, ℎ1 = 1, 𝐶1 = 1, 𝐶2 = 0. Conversely, the second
illustration in Fig.4, Fig.5 and Fig.5, presents a singular wave structure , with spatial variables restricted to −15 ≤ 𝜒 ≤
15 and −10 ≤ 𝜏 ≤ 10, with ℎ2 = 1, 𝜏 = 1, ℎ1 = 1, 𝐶2 = 1 and 𝐶1 = 1. Singular periodic waves are employed in the
study of wave dynamics across different optical systems and fibers. Additionally, they are relevant in the examination of
chaotic phenomena, providing essential insights into the behavior of these systems, as they facilitate the interactions of
particles in the fields of physics and chemistry. In Fig.7, Fig.8 and Fig.9 , the graphical representation shows a concave-up
structure which is analyzed within the spatial variables constrained to the range of −10 ≤ 𝜏 ≤ 10 and −15 ≤ 𝜒 ≤ 15
ℎ2 = 1, 𝜏 = 1, ℎ1 = 1, 𝑔(𝜏) = 0, 𝑧

(
ℎ1 𝜒−ℎ2 𝜇

ℎ1
√
𝜏

)
= sech2 (𝜒 − 𝜇). Furthermore, Fig.10, Fig.11 and Fig.12, engenders a

one-wave solution portraying a kink profile defined within the intervals of −15 ≤ 𝜒 ≤ 20 and −10 ≤ 𝜇 ≤ 15 and the
rest of the elements equated to unity. Finally, Fig.13, Fig.14 and Fig.15, presents a two-wave kink profile structure with
spatial variables restricted to the intervals of−15 ≤ 𝜒 ≤ 15 and −15 ≤ 𝜒 ≤ 20, with the parameter with ℎ1 = 5, ℎ2 = 2.5,
𝑘1 = 2 and 𝑡 = 0.5 and the rest set one. Kink solitary waves have been extensively utilized in optics and various fields of
nonlinear science. They serve as logic units or polarization switches connecting two separate points. Additionally, they
are applied in the analysis and comprehension of the propagation of extremely short light pulses within a cubic-quintic
nonlinear medium.

5. CONSERVATION LAWS
Key physical quantities like mass, energy, momentum, electric charge, and other constants of motion can be understood

through the framework provided by conservation laws [56]. Because they define conserved quantities and shed light on
the characteristics and behavior of partial differential equation solutions, conservation laws are essential to the study of
differential equations. They play a crucial role in establishing whether solutions to nonlinear partial differential equations
exist, are unique, and are stable. Conservation laws also aid in the evaluation of linearization, integrability, and the validity
of numerical techniques for resolving these equations.

Our goal in this section is to use the multiplier approach to construct the conservation laws of (1.5). We start by
reviewing some fundamental findings that will be applied later in this section. Examine a system of partial differential
equations of 𝑝th order with 𝑛 independent variables 𝜒 = (𝜒1, 𝜒2, . . . , 𝜒𝑛) and 𝑚 dependent variables 𝜈 = (𝜈1, 𝜈2, . . . , 𝜈𝑚),
i.e.,

𝐻𝛼 (𝜒, 𝜈, 𝜈 (1) , ..., 𝜈 (𝑝) ) = 0, 𝛼 = 1, ....𝑚, (5.27)

where 𝜈 (1) , 𝜈 (2) , . . . , 𝜈 (𝜁 ) denote the collections of all first, second, . . ., 𝜁 th-order partial derivatives, that is, 𝜈𝛼
𝑖

=

𝐷𝑖 (𝜈𝛼), 𝜈𝛼𝑖 𝑗 = 𝐷 𝑗𝐷𝑖 (𝜈𝛼), . . . respectively, with the total derivative operator with respect to 𝜒𝑖 is given by

𝐷𝑖 =
𝜕

𝜕𝜒𝑖
+ 𝜈𝛼𝑖

𝜕

𝜕𝜈𝛼
+ 𝜈𝛼𝑖 𝑗

𝜕

𝜕𝜈𝛼
𝑗

+ . . . , 𝑖 = 1, . . . , 𝑛, (5.28)

where the summation convention is used whenever appropriate.
The Euler-Lagrange operator, for each 𝛼, is given by

𝛿

𝛿𝜈𝛼
=

𝜕

𝜕𝜈𝛼
+

∑︁
𝑠≥1

(−1)𝑠𝐷𝑖1 . . . 𝐷𝑖𝑠

𝜕

𝜕𝜈𝛼
𝑖1𝑖2...𝑖𝑠

, 𝛼 = 1, . . . , 𝑚. (5.29)

The 𝑛-tuple vector 𝑇 = (𝑇1, 𝑇2, . . . , 𝑇𝑛), 𝑇 𝑗 ∈ A, 𝑗 = 1, . . . , 𝑛, is a conserved vector of (5.27) if 𝑇 𝑖 satisfies

𝐷𝑖𝑇
𝑖 | (5.27) = 0. (5.30)
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The equation (5.30) defines a local conservation law of system (5.27).
A multiplier Λ𝛼 (𝜒, 𝜈, 𝜈 (1) , . . .) has the property that

Λ𝛼𝐻𝛼 = 𝐷𝑖𝑇
𝑖 (5.31)

holds identically. Here we will consider multiplier of the third order, i.e.,
Λ𝛼 = Λ𝛼 (𝜏, 𝜒, 𝜇, 𝜈, 𝜈𝜏 , 𝜈𝜒, 𝜈𝜇, 𝜈𝜏𝜒, 𝜈𝜏𝜇, 𝜈𝜒𝜇, 𝜈𝜏𝜏 , 𝜈𝜒𝜒, 𝜈𝜇𝜇, 𝜈𝜏𝜏𝜏 , 𝜈𝜏𝜏𝜒, 𝜈𝜏𝜒𝜒, 𝜈𝜏𝜏𝜇, 𝜈𝜏𝜇𝜇, 𝜈𝜒𝜒𝜒, 𝜈𝜒𝜒𝜇,
𝜈𝜒𝜇𝜇, 𝜈𝜇𝜇𝜇). The right hand side of (5.31) is a divergence expression. The determining equation for the multiplier Λ𝛼 is

𝛿(Λ𝛼𝐻𝛼)
𝛿𝜈𝛼

= 0. (5.32)

5.1. Conservation Laws of (1.5)
The (2+1) dimensional KdV-Calogero-Bogoyavlenkskii-Schiff equation (1.5) has a multiplier of the form

Λ =

(
1
2
ℎ1𝜏𝜈 + ℎ1𝜏𝜇𝜈𝜇 + ℎ1𝜏

2𝜈𝜏 +
1
2
ℎ2𝜏𝜇𝜈𝜒 + 1

2
ℎ1𝜏𝜒𝜈𝜒 − ℎ2𝜇

2

ℎ1
+ 𝜒𝜇

)
𝐶1 + 𝜈𝜇𝐶4

+
(
ℎ1𝜏𝜈𝜇 − 3ℎ2𝜇

ℎ1
+ 𝜒

)
𝐶2 +

(
ℎ2𝜇𝜈𝜒

ℎ1
+ 4𝜏𝜈𝜏 + 𝜈 + 𝜒𝜈𝜒 + 2𝜇𝜈𝜇

)
𝐶3 + 𝜈𝜏𝐶5

+4𝜇2 𝑓 ′′ (𝜏)
ℎ2

1
+

4𝜇 𝑓 ′ (𝜏)𝜈𝜒
ℎ1

+ 𝑓 (𝜏)𝜈𝜒𝜒𝜒 + 3 𝑓 (𝜏)𝜈𝜒2 + 2𝜇𝑟 ′ (𝜏)
ℎ1

+ 𝑟 (𝜏)𝜈𝜒 + 𝑔(𝜏), (5.33)

where 𝐶1, 𝐶2, 𝐶3, 𝐶4 and 𝐶5 are arbitrary constant and 𝑓 (𝜏), 𝑟 (𝜏) and 𝑔(𝜏) are arbitrary functions of 𝜏. Corresponding to
the above multiplier we have the following conserved vectors of (1.2):

𝑇 𝜏
1 =

1
3ℎ1

(
− 16𝜏𝜈𝜈𝜒𝜈𝜒𝜇ℎ2

1 − 8𝜏𝜈𝜈𝜇𝜈𝜒𝜒ℎ2
1 − 6𝜏𝜈𝜈𝜒𝜒𝜒𝜇ℎ2

1 + 3𝜒𝜈𝜒2ℎ1 − 3𝜈𝜈𝜒ℎ1 + 6𝜇𝜈𝜇𝜈𝜒ℎ1

−3𝜒𝜈𝜈𝜒𝜒ℎ1 − 24𝜏ℎ2𝜈𝜈𝜒𝜈𝜒𝜒ℎ1 − 6𝜏ℎ2𝜈𝜈𝜒𝜒𝜒𝜒ℎ1 + 12𝜏𝜈𝜒𝜈𝜏ℎ1 + 12𝜏𝜈𝜈𝜏𝜒ℎ1 + 3𝜇ℎ2𝜈𝜒
2

−6𝜇𝜈𝜈𝜒𝜇ℎ1 − 3𝜇ℎ2𝜈𝜈𝜒𝜒

)
,

𝑇
𝜒

1 =
1

24ℎ1

(
− 48𝜇ℎ2

2𝜈𝜒
3 − 48𝜒ℎ1ℎ2𝜈𝜒

3 + 64ℎ1ℎ2𝜈𝜈𝜒
2 − 32𝜒ℎ2

1𝜈𝜇𝜈𝜒
2 − 128𝜇ℎ1ℎ2𝜈𝜇𝜈𝜒

2

−64𝜇ℎ2
1𝜈𝜇

2𝜈𝜒 + 48ℎ2
1𝜈𝜈𝜇𝜈𝜒 + 32𝜇ℎ2

1𝜈𝜈𝜇𝜇𝜈𝜒 − 12ℎ2
1𝜈𝜒𝜇𝜈𝜒 − 16𝜒ℎ2

1𝜈𝜈𝜒𝜇𝜈𝜒 + 80𝜇ℎ1ℎ2𝜈𝜈𝜒𝜇𝜈𝜒

−15ℎ1ℎ2𝜈𝜒𝜒𝜈𝜒 − 15𝜒ℎ2
1𝜈𝜒𝜒𝜇𝜈𝜒 − 39𝜇ℎ1ℎ2𝜈𝜒𝜒𝜇𝜈𝜒 − 24𝜇ℎ2

2𝜈𝜒𝜒𝜒𝜈𝜒 − 24𝜒ℎ1ℎ2𝜈𝜒𝜒𝜒𝜈𝜒

−128𝜏ℎ2
1𝜈𝜇𝜈𝜏𝜈𝜒 + 64𝜏ℎ2

1𝜈𝜈𝜏𝜇𝜈𝜒 + 192𝜏ℎ1ℎ2𝜈𝜈𝜏𝜒𝜈𝜒 − 24𝜏ℎ2
1𝜈𝜏𝜒𝜇𝜈𝜒 − 48𝜏ℎ1ℎ2𝜈𝜏𝜒𝜒𝜈𝜒

+96𝜏ℎ1𝜈𝜏
2 + 32𝜇ℎ2

1𝜈𝜈𝜇𝜈𝜒𝜇 + 6𝜇ℎ2
1𝜈𝜇𝜇𝜈𝜒𝜒 + 9𝜒ℎ2

1𝜈𝜒𝜇𝜈𝜒𝜒 + 33𝜇ℎ1ℎ2𝜈𝜒𝜇𝜈𝜒𝜒 + 36ℎ2
1𝜈𝜈𝜒𝜒𝜇

+18𝜇ℎ2
1𝜈𝜈𝜒𝜒𝜇𝜇 + 45ℎ1ℎ2𝜈𝜈𝜒𝜒𝜒 − 3𝜒ℎ2

1𝜈𝜇𝜈𝜒𝜒𝜒 − 27𝜇ℎ1ℎ2𝜈𝜇𝜈𝜒𝜒𝜒 − 3𝜒ℎ2
1𝜈𝜈𝜒𝜒𝜒𝜇

+48𝜇ℎ1𝜈𝜇𝜈𝜏 − 36𝜏ℎ2
1𝜈𝜒𝜒𝜇𝜈𝜏 − 48𝜏ℎ1ℎ2𝜈𝜒𝜒𝜒𝜈𝜏 − 48𝜇ℎ1𝜈𝜈𝜏𝜇 + 12𝜏ℎ2

1𝜈𝜒𝜒𝜈𝜏𝜇 + 24𝜒ℎ1𝜈𝜈𝜏𝜒

+64𝜏ℎ2
1𝜈𝜈𝜇𝜈𝜏𝜒 + 24𝜏ℎ2

1𝜈𝜒𝜇𝜈𝜏𝜒 + 48𝜏ℎ1ℎ2𝜈𝜒𝜒𝜈𝜏𝜒 − 12𝜏ℎ2
1𝜈𝜇𝜈𝜏𝜒𝜒 + 36𝜏ℎ2

1𝜈𝜈𝜏𝜒𝜒𝜇

−24𝜇ℎ2
1𝜈𝜇𝜈𝜒𝜒𝜇 − 12𝜇ℎ2

1𝜈𝜒𝜇𝜇𝜈𝜒 + 24𝜇ℎ2𝜈𝜏𝜈𝜒 + 12𝜇ℎ2
2𝜈𝜒𝜒

2 − 96ℎ1𝜈𝜈𝜏 − 96𝜏ℎ1𝜈𝜈𝜏𝜏

−192𝜏ℎ1ℎ2𝜈𝜏𝜈𝜒
2 + 12𝜒ℎ1ℎ2𝜈𝜒𝜒

2 + 48𝜏ℎ1ℎ2𝜈𝜈𝜏𝜒𝜒𝜒 + 24𝜒ℎ1𝜈𝜏𝜈𝜒 + 12𝜇ℎ2
1𝜈𝜒𝜇

2

+24𝜇ℎ2𝜈𝜈𝜏𝜒 + 21𝜇ℎ1ℎ2𝜈𝜈𝜒𝜒𝜒𝜇

)
,

𝑇
𝜇

1 =
1
24

(
− 16𝜒ℎ1𝜈𝜒

3 − 16𝜇ℎ2𝜈𝜒
3 + 16ℎ1𝜈𝜈𝜒

2 − 32𝜇ℎ1𝜈𝜇𝜈𝜒
2 − 64𝜏ℎ1𝜈𝜏𝜈𝜒

2 − 32𝜇ℎ1𝜈𝜈𝜒𝜇𝜈𝜒

+16𝜒ℎ1𝜈𝜈𝜒𝜒𝜈𝜒 − 80𝜇ℎ2𝜈𝜈𝜒𝜒𝜈𝜒 − 6𝜇ℎ1𝜈𝜒𝜒𝜇𝜈𝜒 − 6𝜒ℎ1𝜈𝜒𝜒𝜒𝜈𝜒 − 6𝜇ℎ2𝜈𝜒𝜒𝜒𝜈, 𝜒 + 64𝜏ℎ1𝜈𝜈𝜏𝜒𝜈𝜒

−12𝜏ℎ1𝜈𝜏𝜒𝜒𝜈𝜒 + 3𝜒ℎ1𝜈𝜒𝜒
2 + 3𝜇ℎ2𝜈𝜒𝜒

2 − 32𝜇ℎ1𝜈𝜈𝜇𝜈𝜒𝜒 + 6𝜇ℎ1𝜈𝜒𝜇𝜈𝜒𝜒 + 9ℎ1𝜈𝜈𝜒𝜒𝜒

−18𝜇ℎ1𝜈𝜈𝜒𝜒𝜒𝜇 + 3𝜒ℎ1𝜈𝜈𝜒𝜒𝜒𝜒 − 21𝜇ℎ2𝜈𝜈𝜒𝜒𝜒𝜒 − 12𝜏ℎ1𝜈𝜒𝜒𝜒𝜈𝜏 + 96𝜇𝜈𝜈𝜏𝜒 − 6𝜇ℎ1𝜈𝜇𝜈𝜒𝜒𝜒

+12𝜏ℎ1𝜈𝜒𝜒𝜈𝜏𝜒 + 12𝜏ℎ1𝜈𝜈𝜏𝜒𝜒𝜒 − 3ℎ1𝜈𝜒𝜒𝜈𝜒

)
;

𝑇 𝜏
2 =

𝜏𝜈𝜇𝜈𝜒ℎ
2
1 − 𝜏𝜈𝜈𝜒𝜇ℎ

2
1 − 2𝜈ℎ1 + 2𝜒𝜈𝜒ℎ1 − 6𝜇ℎ2𝜈𝜒

ℎ1
,
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𝑇
𝜒

2 =
1

24ℎ1

(
6𝜏𝜈𝜒𝜇2ℎ3

1 − 32𝜏𝜈𝜇2𝜈𝜒ℎ
3
1 + 16𝜏𝜈𝜈𝜇𝜇𝜈𝜒ℎ3

1 + 16𝜏𝜈𝜈𝜇𝜈𝜒𝜇ℎ3
1 − 6𝜏𝜈𝜒𝜈𝜒𝜇𝜇ℎ3

1

+3𝜏𝜈𝜇𝜇𝜈𝜒𝜒ℎ3
1 − 12𝜏𝜈𝜇𝜈𝜒𝜒𝜇ℎ3

1 + 9𝜏𝜈𝜈𝜒𝜒𝜇𝜇ℎ3
1 − 48𝜏ℎ2𝜈𝜇𝜈𝜒

2ℎ2
1 − 48𝜒𝜈𝜇𝜈𝜒ℎ2

1

+48𝜏ℎ2𝜈𝜈𝜒𝜈𝜒𝜇ℎ
2
1 + 12𝜈𝜒𝜇ℎ2

1 + 12𝜏ℎ2𝜈𝜒𝜇𝜈𝜒𝜒ℎ
2
1 − 18𝜒𝜈𝜒𝜒𝜇ℎ2

1 − 12𝜏ℎ2𝜈𝜒𝜈𝜒𝜒𝜇ℎ
2
1

+12𝜏ℎ2𝜈𝜈𝜒𝜒𝜒𝜇ℎ
2
1 + 24𝜏𝜈𝜇𝜈𝜏ℎ2

1 − 24𝜏𝜈𝜈𝜏𝜇ℎ2
1 − 72𝜒ℎ2𝜈𝜒

2ℎ1 + 144𝜇ℎ2𝜈𝜇𝜈𝜒ℎ1 + 6ℎ2𝜈𝜒𝜒ℎ1

+54𝜇ℎ2𝜈𝜒𝜒𝜇ℎ1 − 24𝜒ℎ2𝜈𝜒𝜒𝜒ℎ1 + 48𝜒𝜈𝜏ℎ1 + 216𝜇ℎ2
2𝜈𝜒

2 + 72𝜇ℎ2
2𝜈𝜒𝜒𝜒 − 144𝜇ℎ2𝜈𝜏

−12𝜏ℎ2𝜈𝜇𝜈𝜒𝜒𝜒ℎ
2
1

)
,

𝑇
𝜇

2 =
1
24

(
− 16𝜏𝜈𝜇𝜈𝜒2ℎ2

1 − 16𝜏𝜈𝜈𝜒𝜈𝜒𝜇ℎ2
1 − 16𝜏𝜈𝜈𝜇𝜈𝜒𝜒ℎ2

1 + 3𝜏𝜈𝜒𝜇𝜈𝜒𝜒ℎ2
1 − 3𝜏𝜈𝜒𝜈𝜒𝜒𝜇ℎ2

1

−3𝜏𝜈𝜇𝜈𝜒𝜒𝜒ℎ2
1 − 9𝜏𝜈𝜈𝜒𝜒𝜒𝜇ℎ2

1 − 24𝜒𝜈𝜒2ℎ1 + 24𝜈𝜈𝜒ℎ1 − 48𝜏ℎ2𝜈𝜈𝜒𝜈𝜒𝜒ℎ1 + 6𝜈𝜒𝜒ℎ1

−6𝜒𝜈𝜒𝜒𝜒ℎ1 − 12𝜏ℎ2𝜈𝜈𝜒𝜒𝜒𝜒ℎ1 + 48𝜏𝜈𝜈𝜏𝜒ℎ1 + 72𝜇ℎ2𝜈𝜒
2 + 18𝜇ℎ2𝜈𝜒𝜒𝜒

)
;

𝑇 𝜏
3 =

1
6ℎ1

(
− 8𝜏2𝜈𝜈𝜒𝜈𝜒𝜇ℎ

3
1 − 4𝜏2𝜈𝜈𝜇𝜈𝜒𝜒ℎ

3
1 − 3𝜏2𝜈𝜈𝜒𝜒𝜒𝜇ℎ

3
1 + 3𝜏𝜒𝜈𝜒2ℎ2

1 − 3𝜏𝜈𝜈𝜒ℎ2
1 + 6𝜏𝜇𝜈𝜇𝜈𝜒ℎ2

1

−6𝜏𝜇𝜈𝜈𝜒𝜇ℎ2
1 − 3𝜏𝜒𝜈𝜈𝜒𝜒ℎ2

1 − 12𝜏2ℎ2𝜈𝜈𝜒𝜈𝜒𝜒ℎ
2
1 − 3𝜏2ℎ2𝜈𝜈𝜒𝜒𝜒𝜒ℎ

2
1 + 6𝜏2𝜈𝜒𝜈𝜏ℎ

2
1 + 6𝜏2𝜈𝜈𝜏𝜒ℎ

2
1

+3𝜏𝜇ℎ2𝜈𝜒
2ℎ1 − 12𝜇𝜈ℎ1 + 12𝜒𝜇𝜈𝜒ℎ1 − 3𝜏𝜇ℎ2𝜈𝜈𝜒𝜒ℎ1 − 12𝜇2ℎ2𝜈𝜒

)
,

𝑇
𝜒

3 =
1

48ℎ1

(
− 32𝜏𝜒𝜈𝜇𝜈𝜒2ℎ3

1 + 12𝜏𝜇𝜈𝜒𝜇2ℎ3
1 − 64𝜏𝜇𝜈𝜇2𝜈𝜒ℎ

3
1 + 48𝜏𝜈𝜈𝜇𝜈𝜒ℎ3

1 + 32𝜏𝜇𝜈𝜈𝜇𝜇𝜈𝜒ℎ3
1

+32𝜏𝜇𝜈𝜈𝜇𝜈𝜒𝜇ℎ3
1 − 12𝜏𝜈𝜒𝜈𝜒𝜇ℎ3

1 − 16𝜏𝜒𝜈𝜈𝜒𝜈𝜒𝜇ℎ3
1 − 12𝜏𝜇𝜈𝜒𝜈𝜒𝜇𝜇ℎ3

1 + 6𝜏𝜇𝜈𝜇𝜇𝜈𝜒𝜒ℎ3
1

+36𝜏𝜈𝜈𝜒𝜒𝜇ℎ3
1 − 24𝜏𝜇𝜈𝜇𝜈𝜒𝜒𝜇ℎ3

1 − 15𝜏𝜒𝜈𝜒𝜈𝜒𝜒𝜇ℎ3
1 + 18𝜏𝜇𝜈𝜈𝜒𝜒𝜇𝜇ℎ3

1 − 3𝜏𝜒𝜈𝜇𝜈𝜒𝜒𝜒ℎ3
1

−64𝜏2𝜈𝜇𝜈𝜒𝜈𝜏ℎ
3
1 − 18𝜏2𝜈𝜒𝜒𝜇𝜈𝜏ℎ

3
1 + 32𝜏2𝜈𝜈𝜒𝜈𝜏𝜇ℎ

3
1 + 6𝜏2𝜈𝜒𝜒𝜈𝜏𝜇ℎ

3
1 + 32𝜏2𝜈𝜈𝜇𝜈𝜏𝜒ℎ

3
1

−12𝜏2𝜈𝜒𝜈𝜏𝜒𝜇ℎ
3
1 − 6𝜏2𝜈𝜇𝜈𝜏𝜒𝜒ℎ

3
1 + 18𝜏2𝜈𝜈𝜏𝜒𝜒𝜇ℎ

3
1 − 48𝜏𝜒ℎ2𝜈𝜒

3ℎ2
1 − 24𝜈2ℎ2

1 + 64𝜏ℎ2𝜈𝜈𝜒
2ℎ2

1

−128𝜏𝜇ℎ2𝜈𝜇𝜈𝜒
2ℎ2

1 + 12𝜏𝜒ℎ2𝜈𝜒𝜒
2ℎ2

1 + 48𝜏2𝜈𝜏
2ℎ2

1 + 24𝜒𝜈𝜈𝜒ℎ2
1 − 96𝜒𝜇𝜈𝜇𝜈𝜒ℎ2

1 − 24𝜈𝜒ℎ2
1

+80𝜏𝜇ℎ2𝜈𝜈𝜒𝜈𝜒𝜇ℎ
2
1 + 12𝜒𝜈𝜒𝜒ℎ2

1 − 15𝜏ℎ2𝜈𝜒𝜈𝜒𝜒ℎ
2
1 + 33𝜏𝜇ℎ2𝜈𝜒𝜇𝜈𝜒𝜒ℎ

2
1 − 36𝜒𝜇𝜈𝜒𝜒𝜇ℎ2

1

+45𝜏ℎ2𝜈𝜈𝜒𝜒𝜒ℎ
2
1 − 27𝜏𝜇ℎ2𝜈𝜇𝜈𝜒𝜒𝜒ℎ

2
1 − 24𝜏𝜒ℎ2𝜈𝜒𝜈𝜒𝜒𝜒ℎ

2
1 + 21𝜏𝜇ℎ2𝜈𝜈𝜒𝜒𝜒𝜇ℎ

2
1 − 96𝜏2ℎ2𝜈𝜒

2𝜈𝜏ℎ
2
1

−96𝜏𝜈𝜈𝜏ℎ2
1 + 48𝜏𝜇𝜈𝜇𝜈𝜏ℎ2

1 + 24𝜏𝜒𝜈𝜒𝜈𝜏ℎ2
1 − 24𝜏2ℎ2𝜈𝜒𝜒𝜒𝜈𝜏ℎ

2
1 − 48𝜏𝜇𝜈𝜈𝜏𝜇ℎ2

1 + 24𝜏𝜒𝜈𝜈𝜏𝜒ℎ2
1

+24𝜏2ℎ2𝜈𝜒𝜒𝜈𝜏𝜒ℎ
2
1 − 24𝜏2ℎ2𝜈𝜒𝜈𝜏𝜒𝜒ℎ

2
1 + 24𝜏2ℎ2𝜈𝜈𝜏𝜒𝜒𝜒ℎ

2
1 − 48𝜏2𝜈𝜈𝜏𝜏ℎ

2
1 − 48𝜏𝜇ℎ2

2𝜈𝜒
3ℎ1

+12𝜏𝜇ℎ2
2𝜈𝜒𝜒

2ℎ1 + 24𝜇ℎ2𝜈𝜈𝜒ℎ1 + 96𝜇2ℎ2𝜈𝜇𝜈𝜒ℎ1 + 24𝜇ℎ2𝜈𝜒𝜒ℎ1 + 36𝜇2ℎ2𝜈𝜒𝜒𝜇ℎ1

−24𝜏𝜇ℎ2
2𝜈𝜒𝜈𝜒𝜒𝜒ℎ1 + 96𝜒𝜇𝜈𝜏ℎ1 + 24𝜏𝜇ℎ2𝜈𝜒𝜈𝜏ℎ1 + 24𝜏𝜇ℎ2𝜈𝜈𝜏𝜒ℎ1 + 144𝜇2ℎ2

2𝜈𝜒
2

−96𝜇2ℎ2𝜈𝜏 − 48𝜒𝜇ℎ2𝜈𝜒𝜒𝜒ℎ1 + 96𝜏2ℎ2𝜈𝜈𝜒𝜈𝜏𝜒ℎ
2
1 − 144𝜒𝜇ℎ2𝜈𝜒

2ℎ1 + 48𝜇2ℎ2
2𝜈𝜒𝜒𝜒

+9𝜏𝜒𝜈𝜒𝜇𝜈𝜒𝜒ℎ3
1 − 3𝜏𝜒𝜈𝜈𝜒𝜒𝜒𝜇ℎ3

1 + 12𝜏2𝜈𝜒𝜇𝜈𝜏𝜒ℎ
3
1 + 24𝜇𝜈𝜒𝜇ℎ2

1 − 39𝜏𝜇ℎ2𝜈𝜒𝜈𝜒𝜒𝜇ℎ
2
1

)
,

𝑇
𝜇

3 =
1
48

(
− 16𝜏𝜒ℎ2

1𝜈𝜒
3 − 16𝜏𝜇ℎ1ℎ2𝜈𝜒

3 − 48𝜒𝜇ℎ1𝜈𝜒
2 + 48𝜇2ℎ2𝜈𝜒

2 + 16𝜏ℎ2
1𝜈𝜈𝜒

2

+48𝜇ℎ1𝜈𝜈𝜒 − 32𝜏𝜇ℎ2
1𝜈𝜈𝜒𝜇𝜈𝜒 − 3𝜏ℎ2

1𝜈𝜒𝜒𝜈𝜒 + 16𝜏𝜒ℎ2
1𝜈𝜈𝜒𝜒𝜈𝜒 − 80𝜏𝜇ℎ1ℎ2𝜈𝜈𝜒𝜒𝜈𝜒

−6𝜏𝜒ℎ2
1𝜈𝜒𝜒𝜒𝜈𝜒 − 6𝜏𝜇ℎ1ℎ2𝜈𝜒𝜒𝜒𝜈𝜒 + 32𝜏2ℎ2

1𝜈𝜈𝜏𝜒𝜈𝜒 − 6𝜏2ℎ2
1𝜈𝜏𝜒𝜒𝜈𝜒 + 3𝜏𝜒ℎ2

1𝜈𝜒𝜒
2

−32𝜏𝜇ℎ2
1𝜈𝜈𝜇𝜈𝜒𝜒 + 6𝜏𝜇ℎ2

1𝜈𝜒𝜇𝜈𝜒𝜒 − 12𝜒𝜇ℎ1𝜈𝜒𝜒𝜒 + 12𝜇2ℎ2𝜈𝜒𝜒𝜒 + 9𝜏ℎ2
1𝜈𝜈𝜒𝜒𝜒

+3𝜏𝜒ℎ2
1𝜈𝜈𝜒𝜒𝜒𝜒 − 21𝜏𝜇ℎ1ℎ2𝜈𝜈𝜒𝜒𝜒𝜒 − 6𝜏2ℎ2

1𝜈𝜒𝜒𝜒𝜈𝜏 + 96𝜏𝜇ℎ1𝜈𝜈𝜏𝜒 + 6𝜏2ℎ2
1𝜈𝜒𝜒𝜈𝜏𝜒

−32𝜏2ℎ2
1𝜈𝜏𝜈𝜒

2 + 12𝜇ℎ1𝜈𝜒𝜒 − 18𝜏𝜇ℎ2
1𝜈𝜈𝜒𝜒𝜒𝜇 + 6𝜏2ℎ2

1𝜈𝜈𝜏𝜒𝜒𝜒 − 6𝜏𝜇ℎ2
1𝜈𝜒𝜒𝜇𝜈𝜒

+3𝜏𝜇ℎ1ℎ2𝜈𝜒𝜒
2 − 6𝜏𝜇ℎ2

1𝜈𝜇𝜈𝜒𝜒𝜒 − 32𝜏𝜇ℎ2
1𝜈𝜇𝜈𝜒

2
)
;

𝑇 𝜏
4 = 𝜈𝜒𝜈𝜇 − 𝜈𝜒𝜇𝜈,
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𝑇
𝜒

4 =
1
24

(
16ℎ1𝜈𝜇𝜈𝜒𝜇𝜈 + 16ℎ1𝜈𝜒𝜈𝜇𝜇𝜈 + 48ℎ2𝜈𝜒𝜈𝜒𝜇𝜈 + 9ℎ1𝜈𝜒𝜒𝜇𝜇𝜈 + 12ℎ2𝜈𝜒𝜒𝜒𝜇𝜈 − 24𝜈𝜏𝜇𝜈

−32ℎ1𝜈𝜒𝜈𝜇
2 − 48ℎ2𝜈𝜒

2𝜈𝜇 − 12ℎ1𝜈𝜇𝜈𝜒𝜒𝜇 − 12ℎ2𝜈𝜒𝜒𝜒𝜈𝜇 + 6ℎ1𝜈𝜒𝜇
2 − 6ℎ1𝜈𝜒𝜈𝜒𝜇𝜇

+3ℎ1𝜈𝜒𝜒𝜈𝜇𝜇 + 12ℎ2𝜈𝜒𝜒𝜈𝜒𝜇 − 12ℎ2𝜈𝜒𝜈𝜒𝜒𝜇 + 24𝜈𝜏𝜈𝜇
)
,

𝑇
𝜇

4 =
1
24

(
− 16ℎ1𝜈𝜒𝜈𝜒𝜇𝜈 − 48ℎ2𝜈𝜒𝜒𝜈𝜒𝜈 − 16ℎ1𝜈𝜒𝜒𝜈𝜇𝜈 − 9ℎ1𝜈𝜒𝜒𝜒𝜇𝜈 − 12ℎ2𝜈𝜒𝜒𝜒𝜒𝜈

+48𝜈𝜏𝜒𝜈 − 16ℎ1𝜈𝜒
2𝜈𝜇 − 3ℎ1𝜈𝜒𝜈𝜒𝜒𝜇 + 3ℎ1𝜈𝜒𝜒𝜈𝜒𝜇 − 3ℎ1𝜈𝜒𝜒𝜒𝜈𝜇

)
;

𝑇 𝜏
5 =

1
6

(
− 8ℎ1𝜈𝜒𝜈𝜒𝜇𝜈 − 4ℎ1𝜈𝜒𝜒𝜈𝜇𝜈 − 12ℎ2𝜈𝜒𝜈𝜒𝜒𝜈 − 3ℎ1𝜈𝜒𝜒𝜒𝜇𝜈 − 3ℎ2𝜈𝜒𝜒𝜒𝜒𝜈 + 6𝜈𝜏𝜒𝜈 + 6𝜈𝜏𝜈𝜒

)
,

𝑇
𝜒

5 =
1
24

(
16ℎ1𝜈𝜒𝜈𝜏𝜇𝜈 + 48ℎ2𝜈𝜒𝜈𝜏𝜒𝜈 + 16ℎ1𝜈𝜇𝜈𝜏𝜒𝜈 + 9ℎ1𝜈𝜈𝜏𝜒𝜒𝜇 + 12ℎ2𝜈, 𝜏𝜒𝜒𝜒𝜈 − 24𝜈𝜏𝜏𝜈

−6ℎ1𝜈𝜒𝜈𝜏𝜒𝜇 − 9ℎ1𝜈𝜏𝜈𝜒𝜒𝜇 + 3ℎ1𝜈𝜒𝜒𝜈𝜏𝜇 + 6ℎ1𝜈𝜏𝜒𝜈𝜒𝜇 − 3ℎ1𝜈𝜇𝜈𝜏𝜒𝜒 − 48ℎ2𝜈𝜏𝜈𝜒
2

−12ℎ2𝜈𝜏𝜈𝜒𝜒𝜒 + 12ℎ2𝜈𝜒𝜒𝜈𝜏𝜒 + 24𝜈𝜏2 − 32ℎ1𝜈𝜏𝜈𝜒𝜈𝜇 − 12ℎ2𝜈 𝜒𝜈𝜏𝜒𝜒

)
,

𝑇
𝜇

5 =
1
24

(
16ℎ1𝜈𝜒𝜈𝜏𝜒𝜈 + 3ℎ1𝜈𝜏𝜒𝜒𝜒𝜈 − 16ℎ1𝜈𝜏𝜈𝜒

2 − 3ℎ1𝜈𝜒𝜈𝜏𝜒𝜒 − 3ℎ1𝜈𝜏𝜈, 𝜒𝜒𝜒 + 3ℎ1𝜈𝜒𝜒𝜈𝜏𝜒

)
;

𝑇 𝜏
6 =

1
ℎ2

1

(
2 𝑓 (𝜏)ℎ2

1𝜈, 𝜒
3 + 4𝜇ℎ1 𝑓

′ (𝜏)𝜈𝜒2 + 8𝜇2 𝑓 ′′ (𝜏)𝜈𝜒 − 4 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜒𝜒𝜈𝜒 + 𝑓 (𝜏)ℎ2

1𝜈𝜒𝜒𝜒𝜈𝜒

− 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜒𝜒𝜒𝜒 − 4𝜇ℎ1𝜈 𝑓

′ (𝜏)𝜈𝜒𝜒
)
,

𝑇
𝜒

6 =
1

24ℎ2
1

(
− 108 𝑓 (𝜏)ℎ2

1ℎ2𝜈𝜒
4 − 192𝜇ℎ1ℎ2 𝑓

′ (𝜏)𝜈𝜒3 − 72 𝑓 (𝜏)ℎ3
1𝜈𝜇𝜈𝜒

3 + 16ℎ2
1𝜈 𝑓

′ (𝜏)𝜈𝜒2

−128𝜇ℎ2
1 𝑓

′ (𝜏)𝜈𝜇𝜈𝜒2 − 72 𝑓 (𝜏)ℎ3
1𝜈𝜈𝜒𝜇𝜈𝜒

2 − 10 𝑓 (𝜏)ℎ3
1𝜈𝜒𝜒𝜇𝜈𝜒

2 − 72 𝑓 (𝜏)ℎ2
1ℎ2𝜈𝜒𝜒𝜒𝜈𝜒

2

−192𝜇2ℎ1 𝑓
′′ (𝜏)𝜈𝜇𝜈𝜒 − 64𝜇ℎ2

1𝜈 𝑓
′ (𝜏)𝜈𝜒𝜇𝜈𝜒 − 12ℎ2

1 𝑓
′ (𝜏)𝜈𝜒𝜒𝜈𝜒 + 28 𝑓 (𝜏)ℎ3

1𝜈𝜒𝜇𝜈𝜒𝜒𝜈𝜒

−28 𝑓 (𝜏)ℎ3
1𝜈𝜇𝜈𝜒𝜒𝜒𝜈𝜒 − 28 𝑓 (𝜏)ℎ3

1𝜈𝜈𝜒𝜒𝜒𝜇𝜈𝜒 + 6 𝑓 (𝜏)ℎ3
1𝜈𝜒𝜒𝜒𝜒𝜇𝜈𝜒 + 96𝜇ℎ1 𝑓

′ (𝜏)𝜈𝜏𝜈𝜒
−48 𝑓 (𝜏)ℎ2

1𝜈𝜏𝜒𝜒𝜈𝜒 + 48𝜇ℎ1ℎ2 𝑓
′ (𝜏)𝜈𝜒𝜒2 − 28 𝑓 (𝜏)ℎ3

1𝜈𝜇𝜈𝜒𝜒
2 − 12 𝑓 (𝜏)ℎ2

1ℎ2𝜈𝜒𝜒𝜒
2

+36𝜇ℎ2
1 𝑓

′ (𝜏)𝜈𝜒𝜇𝜈𝜒𝜒 − 72𝜇2ℎ1 𝑓
′′ (𝜏)𝜈𝜒𝜒𝜇 − 8 𝑓 (𝜏)ℎ3

1𝜈𝜈𝜒𝜒𝜈𝜒𝜒𝜇 + 12ℎ2
1𝜈 𝑓

′ (𝜏)𝜈𝜒𝜒𝜒
−28 𝑓 (𝜏)ℎ3

1𝜈𝜈𝜒𝜇𝜈𝜒𝜒𝜒 − 9 𝑓 (𝜏)ℎ3
1𝜈𝜒𝜒𝜇𝜈𝜒𝜒𝜒 − 12𝜇ℎ2

1𝜈 𝑓
′ (𝜏)𝜈𝜒𝜒𝜒𝜇 − 9 𝑓 (𝜏)ℎ3

1𝜈𝜒𝜒𝜈𝜒𝜒𝜒𝜇

−3 𝑓 (𝜏)ℎ3
1𝜈𝜇𝜈𝜒𝜒𝜒𝜒𝜒 − 3 𝑓 (𝜏)ℎ3

1𝜈𝜈𝜒𝜒𝜒𝜒𝜒𝜇 + 192𝜇2 𝑓 ′′ (𝜏)𝜈𝜏 + 24 𝑓 (𝜏)ℎ2
1𝜈𝜒𝜒𝜒𝜈𝜏

+24 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜏𝜒𝜒𝜒 − 96𝜇ℎ1ℎ2 𝑓

′ (𝜏)𝜈𝜒𝜒𝜒𝜈𝜒 + 96𝜇ℎ1𝜈 𝑓
′′ (𝜏)𝜈𝜒 + 48 𝑓 (𝜏)ℎ2

1𝜈𝜒𝜒𝜈𝜏𝜒

+48𝜇ℎ1 𝑓
′′ (𝜏)𝜈𝜒𝜒 − 288𝜇2ℎ2 𝑓

′′ (𝜏)𝜈𝜒2 + 48 𝑓 (𝜏)ℎ2
1𝜈𝜏𝜈𝜒

2 − 60𝜇ℎ2
1 𝑓

′ (𝜏)𝜈𝜒𝜒𝜇𝜈𝜒
−12𝜇ℎ2

1 𝑓
′ (𝜏)𝜈𝜇𝜈𝜒𝜒𝜒 + 96𝜇ℎ1𝜈 𝑓

′ (𝜏)𝜈𝜏𝜒 + 96 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜏𝜒𝜈𝜒 − 192𝜇2𝜈 𝑓 ′′′ (𝜏)

−96𝜇2ℎ2 𝑓
′′ (𝜏)𝜈 𝜒𝜒𝜒 + 6 𝑓 (𝜏)ℎ3

1𝜈𝜒𝜇𝜈𝜒𝜒𝜒𝜒

)
,

𝑇
𝜇

6 =
1

24ℎ1

(
− 36 𝑓 (𝜏)ℎ2

1𝜈𝜒
4 − 64𝜇ℎ1 𝑓

′ (𝜏)𝜈𝜒3 − 96𝜇2 𝑓 ′′ (𝜏)𝜈𝜒2 + 72 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜒𝜒𝜈𝜒

2

−34 𝑓 (𝜏)ℎ2
1𝜈𝜒𝜒𝜒𝜈𝜒

2 − 24𝜇ℎ1 𝑓
′ (𝜏)𝜈𝜒𝜒𝜒𝜈𝜒 + 28 𝑓 (𝜏)ℎ2

1𝜈𝜈𝜒𝜒𝜒𝜒𝜈𝜒 − 3 𝑓 (𝜏)ℎ2
1𝜈𝜒𝜒𝜒𝜒𝜒𝜈, 𝜒

+12𝜇ℎ1 𝑓
′ (𝜏)𝜈𝜒𝜒2 − 3 𝑓 (𝜏)ℎ2

1𝜈𝜒𝜒𝜒
2 + 64𝜇ℎ1𝜈 𝑓

′ (𝜏)𝜈𝜒𝜒𝜈𝜒 + 3 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜒𝜒𝜒𝜒𝜒𝜒

−24𝜇2 𝑓 ′′ (𝜏)𝜈𝜒𝜒𝜒 + 36 𝑓 (𝜏)ℎ2
1𝜈𝜈𝜒𝜒𝜈𝜒𝜒𝜒 + 12𝜇ℎ1𝜈 𝑓

′ (𝜏)𝜈𝜒𝜒𝜒𝜒 + 3 𝑓 (𝜏)ℎ2
1𝜈𝜒𝜒𝜈𝜒𝜒𝜒𝜒

)
;

𝑇 𝜏
7 =

−ℎ1𝑟 (𝜏)𝜈𝜒𝜒𝜈 + ℎ1𝑟 (𝜏)𝜈𝜒2 + 4𝜇𝑟 ′ (𝜏)𝜈𝜒
ℎ1

,
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𝑇
𝜒

7 =
1

24ℎ1

(
24ℎ1𝑟

′ (𝜏)𝜈𝜒𝜈 − 16ℎ2
1𝑟 (𝜏)𝜈𝜒𝜈𝜒𝜇𝜈 − 3ℎ2

1𝑟 (𝜏)𝜈𝜒𝜒𝜒𝜇𝜈 + 24ℎ1𝑟 (𝜏)𝜈𝜏𝜒𝜈 − 96𝜇𝑟 ′′ (𝜏)𝜈

−96ℎ1𝜇𝑟
′ (𝜏)𝜈𝜒𝜈𝜇 − 36ℎ1𝜇𝑟

′ (𝜏)𝜈𝜒𝜒𝜇 − 48ℎ2𝜇𝑟
′ (𝜏)𝜈𝜒𝜒𝜒 + 12ℎ1𝑟

′ (𝑡𝑎𝑢)𝜈𝜒𝜒 − 32ℎ2
1𝑟 (𝜏)𝜈𝜒

2𝜈𝜇

−48ℎ1ℎ2𝑟 (𝜏)𝜈𝜒3 − 24ℎ1ℎ2𝑟 (𝜏)𝜈𝜒𝜒𝜒𝜈𝜒 + 24ℎ1𝑟 (𝜏)𝜈𝜏𝜈𝜒 + 12ℎ1ℎ2𝑟 (𝜏)𝜈𝜒𝜒2 + 96𝜇𝑟 ′ (𝜏)𝜈𝜏

+9ℎ2
1𝑟 (𝜏)𝜈𝜒𝜒𝜈𝜒𝜇 − 144ℎ2𝜇𝑟

′ (𝜏)𝜈𝜒2 − 15ℎ2
1𝑟 (𝜏)𝜈𝜒𝜈𝜒𝜒𝜇 − 3ℎ2

1𝑟 (𝜏)𝜈𝜒𝜒𝜒𝜈𝜇
)
,

𝑇
𝜇

7 =
1
24

(
16ℎ1𝑟 (𝜏)𝜈𝜒𝜒𝜈𝜒𝜈 + 3ℎ1𝑟 (𝜏)𝜈𝜒𝜒𝜒𝜒𝜈 − 16ℎ1𝑟 (𝜏)𝜈𝜒3 − 6ℎ1𝑟 (𝜏)𝜈𝜒𝜒𝜒𝜈𝜒 + 3ℎ1𝑟 (𝜏)𝜈𝜒𝜒2

−48𝜇𝑟 ′ (𝜏)𝜈𝜒2 − 12𝜇𝑟 ′ (𝜏)𝜈𝜒𝜒𝜒
)
;

𝑇 𝜏
8 = 2𝑔(𝜏)𝜈𝜒,

𝑇
𝜒

8 =
1
4

(
−8𝑔′ (𝜏)𝜈 − 8ℎ1𝑔(𝜏)𝜈𝜒𝜈𝜇 − 3ℎ1𝑔(𝜏)𝜈𝜒𝜒𝜇 − 12ℎ2𝑔(𝜏)𝜈𝜒2 − 4ℎ2𝑔(𝜏)𝜈𝜒𝜒𝜒 + 8𝑔(𝜏)𝜈𝜏

)
,

𝑇
𝜇

8 =
1
4

(
−4ℎ1𝑔(𝜏)𝜈𝜒2 − ℎ1𝑔(𝜏)𝜈𝜒𝜒𝜒

)
;

Physical principles such as the conservation of energy, mass, and momentum are mathematically formulated as
conservation laws. These laws are fundamental for the analysis and simplification of partial differential equations. The
laws of conservation of momentum, energy, and angular momentum are originally derived from classical mechanics.
However, these conservation laws hold true and are preserved in both relativistic mechanics and quantum mechanics. As
a result, they transcend classical mechanics and stand as some of the most fundamental and universally valid principles
in physics. Conservation laws have been extensively employed in investigating the existence, uniqueness, and stability of
solutions to nonlinear partial differential equations, as well as in the development of numerical methods for these equations.
It is important to recognize that an infinite number of conservation laws can be derived, given that the multiplier involves
an arbitrary function.

6. CONCLUDING REMARKS
Eight symmetries were found when we calculated the Lie point symmetries of the modified (2+1)-dimensional

KdV-Calogero Bogoyavlenkskii-Schiff equation. We performed group invariant solutions and symmetry reductions.
After that, we obtained one-wave and two-wave solutions using the multiple exp-function approach. Lastly, we used
the multiplier approach to derive the conserved currents. In the future, the modified (2+1)-dimensional KdV-Calogero
Bogoyavlenkskii-Schiff equation can be solved more precisely using conserved currents.
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In this study, we have investigated the existence and characteristics of solitons in an unmagnetized dusty plasma composed of cold 
ions, negatively charged dust grains, positively charged dust grains, non-thermal electrons, and non-extensive positrons. The properties 
of solitons are usually studied through the Reductive Perturbation method and the Sagdeev Potential method. We have derived the 
energy integral equation using the Sagdeev Potential method. We have also discussed the variation of the Sagdeev potential for different 
values of the parameters involved in our plasma model. The non-extensive parameter (q), the non-thermal parameter (β), charge density 
ratio of positively charged dust (δ+), charge density ratio of negatively charged dust (δ_), positron to ion density ratio (δp), electron to 
ion density ratio (δe), electron to positron temperature ratio (σp) and the Mach number (M) found to influence the amplitude of solitons. 
Our study reveals that non-thermality of electrons and non-extensivity of positrons significantly modify the soliton features. The results 
from our study can be useful for investigating plasma in space environments such as cometary tails and interstellar clouds. 
Keywords: Non-thermal; Solitary waves; Sagdeev potential; Energy integral; Dusty plasma 
PACS: 95.30.Qd, 05.45.Yv, 52.35.Fp, 05.10.−a, 52.35.Mw 

1. INTRODUCTION
Unmagnetized plasma is vital in studying astrophysical phenomena, such as solar winds, cometary tails, interstellar 

clouds and also in industrial applications like plasma processing, etching, and coating. Several studies have been 
conducted on unmagnetized plasma in recent years [1-17]. The presence of dust grains in unmagnetized plasma transforms 
it from a simple ionized gas into a complex plasma. In unmagnetized state, the physics is driven entirely by the local 
electric environment and the inertia of the dust, rather than being forced along magnetic field lines. Dust grains in plasma 
are essential for understanding astrophysical phenomena, including the formation of celestial bodies in protoplanetary 
disks, the structure of planetary rings (e.g., Saturn's rings), and also the behaviour in comet tails. Dust particles in plasma 
transform standard electron-ion plasma into a complex system that acts as a model for atomic structures, creating plasma 
crystals. Presence of dust grains can affect the soliton amplitude and Mach number for both compressive and rarefactive 
solitons [18].In some plasma model presence of positively charged dust grains results in existence of compressive solitons; 
however, the presence of negatively charged dust grains results in compressive solitons only up to a certain concentration 
of dust, and above the critical concentration of negative charge, the dusty plasma supports rarefactive solitons[19]. The 
effect of variable dust charge, dust temperature and trapped electrons on small-amplitude dust acoustic waves is 
investigated in [20].The presence of dust charge of immobile dust plays crucial role to form compressive and rarefactive 
solitons in plasma where the massive dust particles are in the stationary background of the plasma, and the lighter ions 
and relativistic electrons get appreciable initial drifts which makes great change in the growth of solitons[21]. The Dust-
Ion-Acoustic (DIA) solitary waves are highly sensitive to the ion streaming speed and their amplitude decreases with an 
increase of the ion streaming speed [22]. In the presence of low dust charges and lower ion streaming, compressive and 
rarefactive solitons of either concave or convex characters reflect. The higher streaming of mobile dusts causes the 
amplitudes of rarefactive solitons characteristically change from higher to lower, showing convex character [23]. Dust 
grain density enhances the amplitude of solitary waves but weakens their reflection. In which, the amplitudes of both the 
incident and reflected solitons remain higher for fluctuating charge on the dust grains in comparison with the case of fixed 
charge [24]. In plasma physics, researchers often assume particles to follow a Maxwellian distribution; however, real-
world plasmas often contain nonthermal electrons. These nonthermal electrons are high-energy particles that exist in the 
tail of the distribution. In unmagnetized plasmas, there is no external magnetic field to constrain particle motion, which 
indicates that non-thermal electrons are critical in unmagnetized plasma as they dominate the transport of energy and the 
stability of the system. The non-thermal electrons in unmagnetized plasma significantly alters the formation, behaviour, 
and structural characteristics of nonlinear waves and electrostatic structures, often departing from standard Maxwellian 
behaviour to model realistic space and laboratory scenarios. Large amplitude solitary structures significantly depend on 
various plasma parameters such as ion drift velocity, non-thermal parameter, electron to positron temperature ratio, 
positron density, and Mach number [25]. The presence of non-thermal electrons significantly modifies the parametric 
region where electron acoustic solitons can exist [26]. In some plasma model, increase of nonthermal parameter decreases 
the peak amplitude of solitons [27]. The solitary excitations also strongly depend on the mass and density ratios of the 
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positive and negative ions as well as the nonthermal electron parameter [28]. When the non-thermality of hot electrons 
rises, the speed of electron beam decreases, the density ratio of the beam to the cold electron increases, and the existence 
domain for electron acoustics solitons gets bigger [29]. The presence of non-thermal electrons also significantly affects 
the existence of super solitons [30]. Increase in the non-thermal electron effects based on a Cairns (kappa) distribution 
has the effect of reducing (increasing) the width of the stopband [31]. Non-extensive positrons in unmagnetized plasma 
are important as they more accurately model particle distributions in systems characterized by long-range correlations 
and non-equilibrium states, where standard Maxwellian distributions fail. These non-extensive distributions, often 
described by the q-nonextensive or Tsallis statistics, significantly modify the fundamental characteristics of nonlinear 
waves. These non-extensive distributions also provide efficient modelling for observed particle populations in scenarios 
such as solar winds, planetary rings, cometary tails, and galactic clusters. Different values of the non-extensive 
parameter q show significant effect on chaotic motions of ion acoustic waves [32]. Ion-acoustic solitary wave can also 
depend on non-extensive parameter, electron to positron temperature ratio, ion to electron temperature ratio and streaming 
velocity. Fast ion-acoustic modes solely can produce the coexistence of small amplitude rarefactive solitons [33]. Particle 
non-extensivity can affect the properties of nonplanar ion-acoustic rarefactive and compressive solitons [34]. The non-
extensive parameter, positron-to-electron density ratio, ion-to-electron temperature ratio, electron-to-positron temperature 
ratio and relativistic factor can significantly influence the phase shifts of solitary waves [35]. While solitons have been 
studied in various plasma configurations, their characteristics in a system featuring both positively and negatively charged 
dust grains, cold ions alongside non-extensive positrons and nonthermal electrons remain underexplored. 

In this paper, we have represented the introduction in Section 1. The fluid equations (that govern our plasma model) 
and the standard energy integral equation is represented in section 2. Effects of several parameters on the characteristics 
of solitons are discussed in Section 3. Finally, we have concluded our research in Section 4. 

 
2. EQUATIONS GOVERNING DYNAMICS OF PLASMA 

We consider an unmagnetized plasma model composed of cold ions, positively charged dust grains, negatively 
charged dust grains, non-thermal electrons and non-extensive positrons. The equations governing dynamics of plasma are 
as follows:  

For cold ions  
 డ௡೔డ௧ + డడ௫ ሺ𝑛௜𝑢௜ሻ = 0, (1) 

 డ௨೔డ௧ + 𝑢௜ డ௨೔డ௫ = −డɸడ௫. (2) 

For positively charged dust grains,  

 డ௡೏శడ௧ + డడ௫ ሺ𝑛ௗା𝑢ௗାሻ = 0, (3) 

  డ௨೏శడ௧ + 𝑢ௗା డ௨೏శడ௫ = −µௗା డɸడ௫. (4) 

For negatively charged dust grains,  

 డ௡೏షడ௧ + డడ௫ ሺ𝑛ௗି𝑢ௗିሻ = 0, (5) 

 డ௨೏షడ௧ + 𝑢ௗି డ௨೏షడ௫ = µௗି డɸడ௫. (6) 

Here, µௗା = ௓೏శ௠೔௠೏శ  and µௗି = ௓೏ష௠೔௠೏ష , where 𝑍ௗା and 𝑍ௗି are positive and negative dust charge number respectively, and 𝑚௜, 𝑚ௗା and 𝑚ௗି are the mass of ion, mass of positively charged dust grain and mass of negatively charged dust grain 
respectively. 

Following the procedure in [36], the non-thermal electron’s number density is obtained over velocity space with 
dimensionless potential ϕ as,  

 𝑛௘ = (1 − 𝛽ɸ + 𝛽ɸଶ)𝑒ɸ. (7) 

Here, 𝛽 = ସఈଵାଷఈ represents the non-thermality, where α determines the non-thermal electrons in the non- thermal plasma 
model. The parameter α determines the population of dynamic nonthermal electrons in the nonthermal plasma model. 
In many space and laboratory plasmas, the distribution of particles does not follow the usual Boltzmann–Gibbs statistics 
which is an efficient tool for investigating the system when the memories and microscopic interactions are short ranged. 
The generalization of Boltzmann–Gibbs–Shannan (BGS) entropy for statistical equilibrium with long-range interactions, 
long-time memories, and dissipation is noted by Renyi [38] and Tsallis [39]. For two independent systems α and β the 
rule of composition can be written as 𝑆௤(𝛼 + 𝛽) = 𝑆௤(𝛼) + 𝑆௤(𝛽) + (1 − 𝑞)𝑆௤(𝛼)+𝑆௤(𝛽),𝑞 ≠ 1 where the parameters 
show the grade of correlation of the system under consideration. 

The non-extensive distribution function for positrons can be obtained as,  
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𝑓௣(𝑞) = 𝐶௤ ൤1 − (𝑞 − 1) ൬௠೛௨మ௞ಳ ೛் + ொ೛ɸ௞ಳ ೛்൰൨ భ೜షభ
. 

Where: 𝐶௤ = ௡೛బ୻ቀ భభష೜ቁ୻ቀ భభష೜ିభమቁ ට௠೛(ଵି௤)ଶగ ೛்  ,−1 < 𝑞 < 1, and, 𝐶௤ = 𝑛௣బ ቀଵା௤ଶ ቁ ୻ቀ భభష೜ାభమቁ୻ቀ భభష೜ቁ ට௠೛(ଵି௤)ଶగ ೛்  , 𝑞 > 1. 

Where, 𝐶௤ is the normalization constant and Γ represents gamma function. The normalized positron number density can 
be given by [40], 

 𝑛௣ = (1 − (𝑞 − 1)𝜎௣ɸ) ೜శభమ(೜షభ). (8) 

Equation (8) can be written as  

 𝑛௣ = 1 − 𝜎௣ (௤ାଵ)ଶ ɸ. (9) 

Where, 𝜎௣ = ೐்்೛ is the electron to positron temperature ratio and q represents the non-extensive strength. Extensivity, sub 

extensivity and super extensivity are represented by q =1, q >1 and q < 1 respectively. 
The normalized Poisson equation can be written as,  

 డమɸడ௫మ = 𝛿௘𝑛௘ − 𝛿௣𝑛௣ + 𝛿ି𝑛ௗି − 𝛿ା𝑛ௗା − 𝑛௜. (10) 

The Charge neutrality condition is, 𝛿௘ + 𝛿ି = 1 + 𝛿ା + 𝛿௣ 
Here, 𝛿௘ = ௡೐బ௡೔బ , 𝛿௣ = ௡೛బ௡೔బ  are the equilibrium electron-to-ion density ratio and the equilibrium positron-to-ion density ratio 

respectively. Also, 𝛿ା = ௓೏శ௡೏శబ௡೔బ  and 𝛿ି = ௓೏ష௡೏షబ௡೔బ  are the equilibrium charge density ratio of positively charged dust and 

negatively charged dust respectively. The number density of ions, positively charged dust grains, negatively charged dust 
grains, non-thermal electrons and non-extensive positrons are represented by 𝑛௜, 𝑛ௗା, 𝑛ௗି 𝑛௘ and 𝑛௣ respectively. The 
number densities are normalized by the equilibrium density of ion 𝑛௜బ. 

The fluid velocity of ion, positively charged dust grains and negatively charged dust grains are represented by 𝑢௜, 𝑢ௗା and 𝑢ௗି respectively, which are normalized by the ion acoustic speed 𝑐௜ = ට௞ಳ ೐்௠೔  and the electrostatic potential ϕ is 

normalized by ௞ಳ ೐்௘ , where, 𝑇௘, 𝑘஻, 𝑚௜ and 𝑒 represents electron temperature, Boltzmann’s constant, ion mass and 
electronic charge respectively. The time and space variables are normalized by the inverse of the ion plasma frequency 𝜔௣௜ିଵ = ට ௠೔ସగ௘మ௡೔బ and Debye length 𝜆஽ = ට ௞ಳ ೐்ସగ௘మ௡೔బ respectively. 

We consider a variable ξ = x − Mt (where, 𝑀 represents the Mach number), that influences all the dependent 
variables in the nonlinear equations to employ the Sagdeev potential (pseudopotential) method. 

Applying the boundary conditions ξ → ±∞, 𝑛௜ → 1, 𝑛ௗା → 1, 𝑛ௗି → 1, 𝑢௜ → 0, 𝑢ௗା → 0, 𝑢ௗି → 0, ɸ → 0, we 
obtain the overall solution for 𝑛௜, 𝑛ௗା and 𝑛ௗିas,  

 𝑛௜ = ቀ1 − ଶɸெమቁିభమ, (11) 

 𝑛ௗା = ቀ1 − ଶµ೏శɸெమ ቁିభమ, (12) 

 𝑛ௗି = ቀ1 + ଶµ೏షɸெమ ቁିభమ. (13) 

Applying the fundamental densities from the equations (7), (9), (11), (12) and (13) into the equation (10) and then 
multiplying 𝒅ɸ𝒅𝛏 , we get the standard energy integral equation as,  

 ଵଶ ቀௗɸௗஞቁଶ + 𝑉(ɸ) = 0. (14) 
Here, 𝑉(ɸ) represents the Sagdeev Potential in the energy integral equation (14). The 𝑉(ɸ) is given by, 

𝑉(ɸ) = −𝑀ଶ ቈට1 − ଶɸெమ − 1቉ − ఋశெమµ೏శ ቈට1 − ଶµ೏శɸெమ − 1቉ − ఋషெమµ೏ష ቈට1 + ଶµ೏షɸெమ − 1቉ −𝛿௘ ቀ(1 + 3𝛽 − 3𝛽ɸ + 𝛽ɸଶ)𝑒ɸ − (1 + 3𝛽)ቁ + 𝛿௣ ቀɸ − ௤ାଵସ 𝜎௣ɸଶቁ (15) 
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For a localized solution of equation (14) to exist, certain requirements must be satisfied [37]. It is clear that, for ɸ = 0, 
the fixed point at the origin is unstable since 𝑉(ɸ) = 0, ௗ௏(ɸ)ௗɸ = 0 and ௗమ௏(ɸ)ௗɸమ < 0 . All the requirements are found to be 
met. Again, 𝑉(ɸ) < 0 must be satisfied between ɸ = 0 and ɸ = ɸ௠, where ɸ௠ represents the maximum (or minimum) 
value of ɸ for which 𝑉(ɸ௠) = 0 . 
The condition, ௗమ௏(ɸ)ௗɸమ < 0 at ɸ = 0 gives the lower limit of Mach number (𝑀௠௜௡) as, 

𝑀௠௜௡ = ඨ 1 + 𝛿ାµௗା+ 𝛿ିµௗି𝛿௘(1 − 𝛽) + 12 𝛿௣𝜎௣(𝑞 + 1) 

The Mach number must satisfy 𝑀 > 𝑀௠௜௡ for the solitary waves to exist. 
From equation (11) we observe that for 𝑛௜ to be real we must have 𝑀ଶ ൒ 2ɸ . Thus, the extreme value of ɸ is,  

 ɸ௠ = ɸ଴ = ெమଶ  (16) 
Substituting the extreme value of ɸ from equation (16) in (15) we get the M upper limit as 𝑉(ɸ) ൒ 0, which gives, 

𝑀ଶ − 𝛿ା𝑀ଶµௗା ൣඥ1 − µௗା − 1൧ − 𝛿ି 𝑀ଶµௗି ൣඥ1 + µௗି − 1൧ − 𝛿௘ ቈ൬1 + 3𝛽 − 32𝛽𝑀ଶ + 14𝛽𝑀ସ൰ 𝑒ெమଶ − (1 + 3𝛽)቉ + 𝛿௣ ቈ𝑀ଶ2 − 𝑞 + 116 𝜎௣𝑀ସ቉ ൒  0 

It is also crucial to investigate the profiles of solitary waves when their amplitudes are no longer arbitrary but small. 
To study small amplitude solitary waves, the Sagdeev Potential V(φ) can be Taylor expanded about φ=0 up to a reasonable 
order of φ so as to obtain a soliton solution from the energy integral equation. 
Therefore, equation (14) can be reduced to,  

 ଵଶ ቀௗɸௗஞቁଶ + 𝐴ɸଶ + 𝐵ɸଷ = 0, (17) 
where 𝐴 = 𝛿ାµௗశ2𝑀ଶ + 𝛿ିµௗష2𝑀ଶ + 𝛽𝛿௘2 − 𝛿௘2 + 12𝑀ଶ − 𝛿௣𝜎௣(𝑞 + 1)4  

𝐵 = 𝛿ାµௗశଶ2𝑀ସ − 𝛿ିµௗషଶ2𝑀ସ − 𝛿௘6 + 12𝑀ସ 

Integrating equation (17) and using the boundary conditions stated before, we obtain the soliton solution as, ɸ = ɸ௠𝑠𝑒𝑐ℎଶ ൬𝜉𝑤൰ 

where, ɸ௠ = −஺஻ and 𝑤 = ට− ଶ஺ represents the amplitude and width of the soliton, respectively. 

 
3. RESULTS AND DISCUSSION 

The existence, structure, and characteristics of large-amplitude nonlinear waves, particularly solitary waves, can be 
analyzed by using the Sagdeev Potential method. Figure 1 shows the variation of the Sagdeev Potential for different 
values of the Mach number (M) and fixed µd+=0.0000748, µd-=0.0000778, δ+=0.38, δ_=0.7, δe=0.8, β =0.15, δp =0.12, 
σp=0.2, q=0.5. Figure 1 shows that as the Mach number (M) increases, depth of the Sagdeev potential well increases. 
Therefore, as M increases, the nonlinear effects in the plasma become more dominant over dispersive effects. This leads 
to an increase in the maximum amplitude of the electrostatic potential, which directly corresponds to a deeper and wider 
Sagdeev potential well. 

  
Figure 1. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of M 
Figure 2. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of β 
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Figure 2 shows the variation of the Sagdeev Potential for different values of non-thermal parameter β and fixed 
µd+=0.0000748, µd-=0.0000778, δ+=0.38, δ_=0.7, δe =0.8, δp =0.12, σp=0.2, M=1.45, q=0.5. Figure 2 shows that as the 
nonthermal electron parameter (β) increases, the depth of the Sagdeev potential well decreases. Therefore, as the 
nonthermal parameter β increases, the increased population of high-energy electrons enhances the plasma's dispersion 
and weakens the nonlinear forces. This results in the formation of smaller-amplitude, broader solitary waves, represented 
by a shallower potential well. 

Figure 3 shows the variation of the Sagdeev Potential for different values of the non-extensive parameter q and fixed 
µd+=0.0000748, µd-=0.0000778, δ+=0.38, δ_=0.7, δe =0.8, β =0.15, δp =0.12, σp=0.2, M=1.45. Figure 3 shows that as the 
non-extensive parameter (q) increases, the depth of the Sagdeev potential well increases. Therefore, increasing q typically 
reduces the kinetic energy of the plasma species. This reduction makes energy exchange between the particles and the 
electric field easier, which enhances the amplitude of the electric field and effectively deepens the potential well. Figure 4 
shows the variation of the Sagdeev Potential for different values of σp and fixed µd+=0.0000748, µd-=0.0000778, δ+=0.38, 
δ_=0.7, δe =0.8, β =0.15, δp =0.12, M=1.45, q=0.5. Figure 4 shows that as the electron to positron temperature ratio (σp) 
increases, depth of the Sagdeev potential well increases. Therefore, higher temperatures allow electrons to behave more 
collectively. This collective interaction enhances the dispersion properties of the wave, and for a soliton to exist, the 
potential well must deepen to match the increased dispersion. As the electron temperature rises relative to the positron 
temperature, the thermal pressure of the electrons dominates, which can lead to a more significant separation of charge 
and a deeper potential well to balance the wave's kinetic energy. 

 
Figure 3. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of q 
Figure 4. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of σp 

Figure 5 shows the variation of the Sagdeev Potential for different values of δe and fixed µd+ = 0.0000748, 
µd- = 0.0000778, δ_= 0.7, β = 0.15, δp = 0.12, σp= 0.2, M = 1.45, q = 0.5. Figure 5 shows that as electron to ion density 
ratio (δe) increases, depth of the Sagdeev potential well increases. An increase in δe signifies a higher concentration of 
electrons relative to ions. In a moving wave frame, this leads to a stronger electric field and greater charge separation, which 
directly translates to a deeper potential well to maintain the wave structure. Figure 6 shows the variation of the Sagdeev 
Potential for different values of δ+ and fixed µd+=0.0000748, µd-=0.0000778, δ_=0.7, β =0.15, δp =0.12, σp=0.2, M = 1.45, 
q = 0.5. Figure 6 shows that as charge density ratio of positively charged dust (δ+) increases, depth of the Sagdeev potential 
well increases. We can say that, when the charge density ratio of positively charged dust (δ+) increases, the depth of the 
Sagdeev potential well increases primarily due to the enhancement of the system's nonlinearity. As δ+ increases, the 
contribution of the dust species to the Poisson equation becomes more significant. This shifts the balance between the 
dispersive and nonlinear effects in the plasma, typically leading to more robust (deeper and wider) potential well. 

  
Figure 5. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of δe 
Figure 6. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of δ 

Figure 7 shows the variation of the Sagdeev Potential for different values of δ_ and fixed µd+=0.0000748, 
µd- = 0.0000778, δ+=0.38, β =0.15, δp =0.12, σp=0.2, M=1.45, q=0.5. Figure 7 shows that as charge density ratio of 
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negatively charged dust (δ_) increases, depth of the Sagdeev potential well decreases. Therefore, increasing δ_ increases 
the overall inertia of the negative charge carrier in the plasma. This makes the system more sluggish, meaning it cannot 
reach the same high-potential amplitudes before the kinetic energy of the particles is exhausted, which manifests as a 
shallower potential well. Figure 8 shows the variation of the Sagdeev Potential for different values of δp and fixed 
µd+=0.0000748, µd-=0.0000778, δ+=0.38, δ_=0.7, β=0.15, σp=0.2, M=1.45, q=0.5. Figure 8 shows that as positron to ion 
density ratio (δp) increases, depth of the Sagdeev potential well increases. Since, positrons have the same mass as electrons 
but the opposite charge, they effectively neutralize some of the electron effects. This weakens the electrostatic restoring 
force that usually limits the growth of ion-acoustic waves. With a weaker restoring force, the plasma can support larger 
electric field gradients. Thus, the system becomes more nonlinear, allowing the solitary wave to acquire a larger maximum 
amplitude. In the Sagdeev potential framework, a larger amplitude translates directly to a deeper potential well. 

  
Figure 7. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of δ_ 
Figure 8. Variation of Sagdeev Potential V(ɸ) with respect to ɸ 

for different values of δp 

Figure 9 shows the variation of Mmin with respect to β for fixed δ+=0.38, µd+=0.0000748, δ_=0.7, µd-=0.0000778, 
δe=0.8, δp=0.12, σp=0.2, q=0.8. We observe that as β increases, Mmin gradually increases. Increase in β makes the plasma 
more rigid against the formation of solitary waves, requiring higher Mach number to initiate the nonlinear processes 
necessary for compressive solitons. Figure 10 shows the Variation of Mmin with respect to q for fixed δ+=0.38, 
µd+=0.0000748, δ_=0.7, µd-=0.0000778, δe=0.8, δp=0.12, σp=0.2, β=0.15. The figure shows that as q increases, Mmin 
gradually decreases. Increasing q reduces the energetic tail of the positron distribution, lowering the plasma's acoustic 
speed and making it mathematically easier to reach the supersonic regime required for soliton existence. 

  

Figure 9. Variation of Mmin with respect to β Figure 10. Variation of Mmin with respect to q 

Figure 11 shows the Phase portrait for different values of M and fixed δ+=0.38, µd+=0.0000748, δ_=0.7, 
µd- = 0.0000778, δe= 0.8, β = 0.15, δp = 0.12, σp = 0.2, q = 0.5, M = 1.35. The closed loops starting and ending at the origin 
(0,0) represents homoclinic orbits. In plasma physics, these orbits correspond to solitary wave solutions where the 
potential and its gradient vanish at infinity. Because the loops exist on the positive side of the ɸ-axis, these are compressive 
solitons. As the Mach number increases, amplitude increases. The point where the loop crosses the horizontal axis (ɸ-axis) 
moves further to the right. This represents the peak amplitude of the soliton. Also, the maximum and minimum values of డɸడஞ  (the height of the loop) increase, indicating that higher Mach numbers lead to solitons with steeper profiles. Figure 12 
shows the Phase portrait for different values of σp and fixed δ+ = 0.38, µd+ = 0.0000748, δ_ = 0.7, µd- = 0.0000778, 
δe = 0.8, β = 0.15, δp = 0.12, σp = 0.5, q = 0.5, M = 1.45. As σp increases, the homoclinic orbits (the loops) expand further 
along the positive ɸ-axis. This confirms that a higher temperature ratio leads to compressive solitons with larger 
amplitudes. The height of the loops increases as σp grows. This indicates that as the positrons become colder relative to 
the electrons (higher σp ), the resulting solitary wave becomes steeper (higher డɸడஞ  ). 
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Figure 11. Phase portrait for different values of M Figure 12. Phase portrait for different values of σp 

Figure 13 shows the variation of soliton profile with respect to ξ for different values of q and fixed δ+=0.6, 
µd+=0.0000748, δ_=0.7, µd-=0.0000778, β=0.25, δe=0.8, δp=0.53, σp=0.5, q=1.5, M=1.15. We observe that as the value of 
q increases, the amplitude of soliton increases and the width decreases. Therefore, as q deviates from superextensive to 
subextensive regime, it enhances the energy of the solitons resulting the soliton structure to become taller and narrower. 
Figure 14 shows the variation of soliton profile with respect to ξ for different values of β and fixed δ+=0.6, µd+=0.0000748, 
δ_=0.7, µd-=0.0000778, β=0.15, δe =0.8, δp=0.53, σp=0.5, q=0.8, M=1.15. We observe that as the value of β increases the 
amplitude of soliton decreases and the width increases. Therefore, the effect of the non-extensive parameter q and the 
nonthermal parameter β are opposite on the soliton profile for small amplitude solitons. This is same as the effect of q 
and β on large amplitude solitons.  

  
Figure 13. Variation of soliton profile with respect to ξ for 

different values of q 
Figure 14. Variation of soliton profile with respect to ξ for 

different values of β 

Figure 15 shows the variation of soliton profile with respect to ξ for different values of σp and fixed δ+ = 0.6, 
µd+ = 0.0000748, δ_ = 0.7, µd- = 0.0000778, β = 0.15, δe = 0.8, δp = 0.53, σp = 0.3, q = 0.8, M = 1.15. We observe that, as 
the value of σp increases, the amplitude of soliton increases and the width decreases. Therefore, as the electrons become 
relatively hotter than the positrons, the solitons become taller and narrower. This indicates increase in energy of soliton 
for increasing values of σp. 

  
Figure 15. Variation of soliton profile with respect to ξ for 

different values of σp 
Figure 16. Variation of soliton profile with respect to ξ for 

different values of M 
Figure 16 shows the variation of Soliton profile with respect to ξ for different values of M and fixed δ+ = 0.6, 

µd+ = 0.0000748, δ_ = 0.7, µd- = 0.0000778, β = 0.25, δe = 0.8, δp = 0.53, σp = 0.5, q = 0.8, M = 1.18. We observe that as 
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the value of M increases, the amplitude of soliton also increases and the width decreases. Therefore, as M increases, the 
nonlinear effects in the plasma become more dominant over dispersive effects. We observe that the effects of the electron 
to positron temperature ratio σp and the Mach number M is same on the soliton profile for small amplitude solitons. This 
is same as the effect of σp and M on large amplitude solitons. 
 

4. CONCLUSIONS 
In the study of solitons in an unmagnetized dusty plasma composed of cold ions, negatively charged dust grains, 

positively charged dust grains, non-thermal electrons and non-extensive positrons, we have found the existence of 
compressive solitons. The solitons are found to exist in our plasma model for a supersonic regime (M > 1). The 
compressive solitons are found to be influenced by the non-extensive parameter (q), the non-thermal parameter (β), charge 
density ratio of positively charged dust (δ+), charge density ratio of negatively charged dust (δ_), positron to ion density 
ratio (δp), electron to ion density ratio (δe), electron to positron temperature ratio (σp) and the Mach number (M). The 
increase in the depth of the Sagdeev potential well represents increase in the amplitude of the solitons. The amplitude of 
the compressive solitons is found to increase for increasing values of M, δp, δ+, δe, q and σp; however, amplitude of the 
compressive solitons found to decrease for increasing values of δ_ and β. The dual nature of the dust population plays a 
critical role in wave dynamics; while positively charged dust (δ+) enhances the nonlinear potential, the negative dust 
component (δ_) provides significant inertia that acts to suppress the growth of compressive structures. Similarly, the 
statistical deviation from Maxwellian behaviour shows that non-extensive positrons favour soliton growth, whereas non-
thermal electrons act as a dampening mechanism, illustrating the high sensitivity of the system to the specific energy 
distribution of its lighter species. The influence of non-thermal electrons and non- extensive positrons on ion-acoustic 
solitary waves in a multi- component plasma was investigated in [36]. Variation of Sagdeev Potential was investigated in 
[36] for 0.4 ≤ 𝑞 ≤ 2.9. However, in our study, Sagdeev Potential shows significant variations for 0.2 ≤ 𝑞 ≤  1.8. This 
change in range in our plasma model is because of involvement of dust components, which makes the effect of the non- 
extensive parameter (q) towards Sagdeev potential more sensitive. These effects of the parameters can have influence on 
understanding the nonlinear solitary structures present in astrophysical environment.  
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ВПЛИВ НЕТЕПЛОВИХ ЕЛЕКТРОНІВ ТА НЕЕКСТЕНСИВНИХ ПОЗИТРОНІВ НА ОДИНОЧНІ ХВИЛІ 
В БАГАТОКОМПОНЕНТНІЙ ПИЛОВІЙ ПЛАЗМІ 

Сатьєндра Натх Барман1, Кінгкар Талукдар2 
1Коледж B. Боруа, Гувахаті 781007, Ассам, Індія 

2Кафедра математики, Університет Гаухаті, Гувахаті 781014, Ассам, Індія 
У цьому дослідженні ми вивчали існування та характеристики солітонів у немагнітній запиленій плазмі, що складається з 
холодних іонів, негативно заряджених пилових частинок, позитивно заряджених пилових частинок, нетеплових електронів та 
неекстенсивних позитронів. Властивості солітонів зазвичай вивчаються за допомогою методу редукційних збурень та методу 
потенціалу Сагдеєва. Ми вивели інтегральне рівняння енергії, використовуючи метод потенціалу Сагдеєва. Ми також 
обговорили зміну потенціалу Сагдеєва для різних значень параметрів, що беруть участь у нашій моделі плазми. 
Неекстенсивний параметр (q), нетепловий параметр (β), коефіцієнт густини заряду позитивно зарядженого пилу (δ+), 
коефіцієнт густини заряду негативно зарядженого пилу (δ_), коефіцієнт густини позитронів до іонів (δp), коефіцієнт густини 
електронів до іонів (δe), коефіцієнт температури електронів до позитронів (σp) та число Маха (M) впливають на амплітуду 
солітонів. Наше дослідження показує, що нетермальність електронів та неекстенсивність позитронів суттєво змінюють 
характеристики солітонів. Результати нашого дослідження можуть бути корисними для вивчення плазми в космічних 
середовищах, таких як кометні хвости та міжзоряні хмари. 
Ключові слова: нетепловий режим; одиночні хвилі; потенціал Сагдеєва; інтеграл енергії; пилова плазма 
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This paper presents a review of physical and methodological approaches to describing the spectrum of the ultrasonic Doppler signal in
biological media. The results on the formation of spectral characteristics for a stationary probing field under different types of scatterer
motion are summarized, and the development of the model for the case of a dynamically varying sensitivity function of the ultrasound
system is considered. Particular attention is paid to synthetic aperture, dynamic focusing, and coherent plane-wave compounding
modes. It is shown that in plane-wave imaging systems the Doppler signal spectrum is determined not only by the motion properties
of the medium, but also by the spatiotemporal method used to form the Doppler response. The results concerning spatial resolution in
the plane-wave compounding mode are also summarized, and the relationship between the geometry of the measurement volume, the
sensitivity function, and the spectral parameters is analyzed. Prospects for the further development of these approaches, in particular
for applications in shear-wave elastography, are outlined.
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1. INTRODUCTION
Ultrasound blood-flow imaging is currently undergoing a period of rapid methodological transformation, evolving

from conventional Doppler modes toward high-frame-rate, microvascular, and volumetric approaches capable of visualizing
slow flow and fine vascular architecture much better than conventional color or power Doppler [1–5]. This evolution
is driven by the fundamental limitations of traditional line-by-line scanning, which inherently involves trade-offs among
frame rate, contrast, spatial resolution, and sensitivity to low-velocity flow. In addition, conventional two-dimensional
ultrasound imaging strongly depends on the imaging plane and operator experience, whereas modern volumetric and
ultrafast approaches provide broader opportunities for functional and vascular imaging [1, 2, 4].

The theoretical foundation of this transition was established by synthetic aperture imaging and coherent plane-wave
compounding (CPWC), which introduced a fundamentally different image formation strategy compared with sequential
focused transmission [6, 7]. These studies laid the groundwork for ultrasound imaging with very high frame rates,
transient elastography, and the further development of ultrafast Doppler methods. At the same time, the plane-wave
approach proved promising not only for B-mode and Doppler applications, but also for contrast-enhanced imaging, where
it can be competitive with focused transmission [8].

The current development of this field is taking place along several interconnected directions. First, the basic image-
formation algorithms are being actively improved: synthetic focusing schemes are being optimized, and new approaches
based on reverse time migration, minimum-variance adaptive beamforming, high-contrast compounding, as well as
software environments for fast and reproducible simulation of plane-wave and color Doppler imaging are being developed
[9–13]. Second, considerable attention is being paid to the computational feasibility of such methods, including GPU
implementations of synthetic aperture approaches and hybrid transmission schemes that improve spatiotemporal resolution
in problems involving rapid motion, particularly in echocardiography [14, 15]. Third, ongoing work seeks an optimal
balance between image quality and frame rate. To this end, researchers employ adaptive beamforming for multi-angle
plane-wave imaging, null-subtraction imaging schemes, aperture extension using multiple arrays, adaptive combining,
tensor completion, and other accelerated CPWC approaches [16–21]. For Doppler and microvascular imaging modes,
specialized beamforming schemes are also being developed, including retrospective transmit beamforming, DMAS, and
computationally efficient nonlinear compounding methods [22–24]. Particular note should also be made of the growing
role of artificial intelligence and deep learning, which are used not only for post-processing but also for compensating the
fundamental limitations of single-plane-wave imaging and accelerated compounding [25, 26].

The clinical significance of these technologies already extends far beyond purely technical demonstrations. Ultrafast
and microvascular ultrasound methods are being applied to assess muscle perfusion, detect synovitis at an early stage, screen
for renal artery disease, and noninvasively evaluate myocardial perfusion [27–30]. In thyroid diagnostics, microvascular
imaging improves the accuracy of nodule risk stratification and complements standard grayscale ultrasound examination
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[31–33]. In oncology, these approaches, including super-resolution ultrasound imaging, open new possibilities for more
accurate lesion differentiation, preoperative staging, assessment of microvascular architecture, and early monitoring of
treatment response [34–38].

The present review focuses on the sequential development of physical and methodological approaches to ultrasound
and Doppler image formation in synthetic aperture and plane-wave compounding systems—from the analysis of the
spectrum of individual flow lines for focused transducers with apodization in the early 2000s to the construction of a
continuous scattering model, its extension to the case of a dynamically varying sensitivity function, the study of spectra
under changing insonification angles, and the evaluation of spatial resolution, point spread function, and measurement-
volume shape in plane-wave compounding modes in studies published in 2022–2025. This temporal perspective, covering
the development of the topic from 2001 to the present, makes it possible to trace how the basic concepts of the Doppler
spectrum, sensitivity function, and measurement-volume geometry became the foundation for modern high-speed and
full-field methods of blood-flow imaging and parameter estimation.

2. PHYSICAL MODEL
In [39], the spectrum of the Doppler signal from an individual flow line in the pulsed mode was studied for focused

transducers with apodized apertures. It was shown that the spectral characteristics are determined not only by the velocity
of scatterer motion, but also by the parameters of the ultrasound field itself. The intrinsic spectral broadening is caused
by two factors: the finite residence time of scatterers within the measurement volume and the curvature of the wavefronts,
which changes the local Doppler angle. For a fixed depth, the width of the spectrum of an individual flow line does not
depend on its position within the measurement volume, but it changes with the insonification depth. By contrast, the
modal Doppler shift depends on both the depth and the position of the flow line if the center of the measurement volume
does not coincide with the focus. Thus, already in this work, the Doppler spectrum appears as the result of the combined
action of flow kinematics and the geometry of the ultrasound field.

In all subsequent papers, the main physical hypothesis remains the same: the biological medium is treated as
isotropic and continuous, and ultrasound is scattered by small fluctuations of density 𝜌(®𝑟, 𝑡) and compressibility 𝛽(®𝑟, 𝑡).
The smallness of these fluctuations makes it possible to restrict the analysis to single scattering, and then the response of
the pulsed Doppler signal from the region of interest 𝑅 can be written as [40, 41]

𝑓 = 𝑘2
∫
𝑅

𝑒2𝑖 ( ®𝑘 · ®𝑟+𝜃𝑐 )𝐶′
𝑝

[
𝛽(®𝑟, 𝑡) − 𝜌̃(®𝑟, 𝑡)𝛾(®𝑟, 𝑡)

]
𝑑3®𝑟. (1)

Here, ®𝑘 and 𝑘 = 2𝜋/𝜆 are the wave vector and the wave number in the plane-wave approximation for an ultrasound
wavelength 𝜆 propagating with velocity 𝑐. 𝜃𝑐 is the constant phase component of the signal, 𝜌̃(®𝑟, 𝑡) = [𝜌(®𝑟, 𝑡) − 𝜌0]𝜌−1

0 ≪
1 and 𝛽(®𝑟, 𝑡) = [𝛽(®𝑟, 𝑡) − 𝛽0]𝛽−1

0 ≪ 1 are the dimensionless density and compressibility functions, while 𝜌0 and 𝛽0 are
the spatiotemporal mean values of the density and compressibility of the medium, respectively. The quantity 𝛾(®𝑟, 𝑡) � 1
is a dimensionless parameter characterizing the deviation of the wavefront shape from that of ideal plane waves.

The Doppler response can be defined through the complex sensitivity functions (amplitudes) of the transmitted field
𝐺′

𝑡 (®𝑟), the receiver sensitivity to the scattered waves 𝐺′
𝑟 (®𝑟), and 𝑏(𝑡), the envelope of the probing pulse. Here, 𝑥′ (®𝑟) is the

distance from the point ®𝑟 along the probing axis, and 𝑇1 is the delay time determining the ultrasound depth:

𝐺′
𝑝 (®𝑟) = 𝐺𝑡 (®𝑟)𝐺𝑟 (®𝑟) 𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (2)

The spatiotemporal correlator of the inhomogeneities is

𝐶 (®𝑟1 − ®𝑟0, 𝜏) =
〈(
𝛽(®𝑟0, 𝑡0) − 𝜌̃(®𝑟0, 𝑡0)

) (
𝛽(®𝑟1, 𝑡1) − 𝜌̃(®𝑟1, 𝑡1)

)〉
. (3)

It is expressed as an ensemble average and depends only on the time difference 𝜏 = 𝑡1 − 𝑡0. Formally, this expression
describes a dynamic medium: if 𝐶 varies slowly as 𝜏 increases, then the echo will decorrelate slowly and the Doppler
spectrum will be narrower than in the case of rapid variation. This function can be represented as a Fourier integral in the
form of a sum of contributions from plane spatial harmonics:

𝐶 (®𝑟1 − ®𝑟0, 𝜏) =
∫

𝑑3 ®𝑞
(2𝜋)3 𝑒𝑖 ®𝑞 · ( ®𝑟1−®𝑟0 )

∫
𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝜏 𝐶 ( ®𝑞, 𝜔). (4)

Here, 𝐶 ( ®𝑞, 𝜔) is the power spectral density of the fluctuations, which indicates which spatial scales ®𝑞 of the inhomo-
geneities are associated with which temporal frequencies 𝜔 in the dynamics of the inhomogeneities. This representation
makes it possible to separate the “physics of the object” from the “physics of the measurement”: the correlator describes
the structure and motion of the inhomogeneities, whereas the sensitivity function describes the geometry, focusing, pulse
duration, and the transmission–reception configuration.
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The nature of the fluctuations makes it possible to represent the Doppler response through the product of two entities:
the correlator of medium fluctuations and the sensitivity function of the probing system. Within this continuous model,
general expressions for the spectra were obtained for several fundamentally important cases, which will be discussed
below. In this form, the model immediately separates the “physics of the object” from the “physics of the measurement”:
the correlator is responsible for the structure and dynamics of the inhomogeneities, whereas the sensitivity function is
responsible for the field geometry, focusing, pulse duration, and the transmission–reception configuration. This approach
forms the core of [41], [42], [43], and [44], and it is retained in [45, 46], where only the method of field representation
is modified for plane-wave compounding.

Thus, the first significant generalization of the model was carried out in [42], where the stationary sensitivity function
was replaced by a time-dependent one:

𝐺′
𝑝 (®𝑟, 𝑡) = 𝐺𝑡 (®𝑟)𝐺𝑟 (®𝑟, 𝑡) 𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (5)

This is the general form of the sensitivity function in the case of synthetic aperture, regardless of the method used to
determine the Doppler shift frequency. Physically, this means that in synthetic aperture systems with dynamic variation of
the insonification direction, not only the motion of the scatterers changes, but also the measurement scheme itself. In this
case, the full power spectrum of the Doppler signal is related not only to the spectral characteristics of the motion of the
inhomogeneities, but also to the spatial and temporal harmonics of the probing field. In the case of probing a biological
medium by plane waves with different angles and wave vector ®𝑘 (𝑡), as shown in Fig. 1, the envelope in (5) takes the form
[43].

𝑏(𝑡) = 𝑏

(
𝑇1 −

2𝑥′ cosΦ(𝑡)
𝑐0

)
. (6)

In this case, the complex amplitude of the incident plane waves is taken with account of their deviation from the
untilted plane wave, while 𝑐0/cosΦ(𝑡) is the propagation velocity along the 𝑥′ axis of the incident plane-wave front with
wave-vector deviation angle Φ(𝑡).

Figure 1. Arrangement of the unprimed coordinate system associated with the measurement volume relative to the
ultrasound transducer, and the deviation angle of the wave vector ®𝑘 (𝑡) of the current wave from the wave vector ®𝑘 of the
untilted wave.

In [46], an approach based on the direct use of the transmitted wave field 𝑃′
𝑡 (®𝑟, 𝑡) and the received wave field 𝑃′

𝑟 (®𝑟, 𝑡),
represented in the form of plane waves, was considered. In this case, the combined transmit–receive field can be written as

𝑃(®𝑟, 𝑡) = 𝑃0𝑒
2𝑖 ®𝑘 (𝑡 ) · ®𝑟 𝑏

(
𝑇1 −

2𝑥′′

𝑐0

)
𝑔(𝑧). (7)

Here, 𝑃0 is the field amplitude, 𝑔(𝑧) is the distribution along the 𝑧 axis, and 𝑏

(
𝑇1 − 2𝑥′′

𝑐0

)
is the pulse envelope

describing their spatial length in the 𝑥′′ = 𝑥′′ (𝑥′, 𝑦′) direction, that is, in the direction of transmission and reception of
plane waves for a given vector ®𝑘 (𝑡) and the corresponding angle Φ (see Fig. 2).
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In [44] and [46], the spatial properties of the Doppler response in the coherent plane-wave compounding mode were
described through the system sensitivity function and the geometry of the measurement volume. In [44], it was shown
that for a rectangular weighting window the sensitivity function takes a sinc-like form

𝐺′
𝑝 (®𝑟, 𝜔 𝑗 = 0) � 𝐺0

sin(𝑘Ω𝑡𝑦′)
𝑘Ω𝑡𝑦′

𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (8)

Figure 2. Coordinate system (𝑥′, 𝑦′) associated with the ultrasound transducer, and coordinate system (𝑥′′, 𝑦′′) in which
the 𝑥′′ axis is directed along the propagation direction of the plane-wave front.

therefore, the lateral resolution is determined primarily by the width of the angular insonification sector. In [46],
this description was refined by taking into account small linear and quadratic angular terms in the envelope, which lead
to a deformation of the boundary of the measurement volume, without changing the principal resolution scales along the
coordinate axes. Thus, in the case of coherent plane-wave compounding, spatial selectivity is determined not only by the
interference of responses from different viewing angles, but also by the geometry of their overlap region.

3. SPECTRUM OF THE DOPPLER RESPONSE IN THE CASE OF A STATIONARY PROBING FIELD
In most conventional pulsed systems, pulses are transmitted sequentially, with all of them characterized by the same

geometry and configuration in the space of wavefronts. This means that the amplitude function of the transmitted field
𝐺′

𝑡 (®𝑟) and the receiver sensitivity to the scattered waves 𝐺′
𝑟 (®𝑟) do not depend on time, while the angle Φ = 0. In this

case, the Doppler spectrum can be obtained for stationary probing fields using either a single ultrasound emitter or a
phased array that provides sequential transmission and reception of the reflected waves. The entire sequence is therefore
characterized by one and the same wavefront geometry. In [41], a general expression was obtained for the power spectrum
of the Doppler signal in the case of a stationary probing field:

𝑆(𝜔) = 𝑘4

(2𝜋)3

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔)

���𝐺 ( ®𝑞 + 2®𝑘)
���2 . (9)

This is the most general relation between the power spectra of Doppler signals, the spectral characteristics of
the fluctuations, and the parameters of the probing ultrasound field for a correlation volume small compared with the
measurement volume. The factor 𝐶 ( ®𝑞, 𝜔) describes the properties of the medium and its motion, that is, the structure and

dynamics of the fluctuations, whereas
���𝐺 ( ®𝑞 + 2®𝑘)

���2 acts as the spatial filter of the system, determined by the measurement
volume and focusing. The measured Doppler spectrum is therefore their weighted combination. The authors emphasized
that 𝐺 ( ®𝑞 + 2®𝑘) is a function with a sharp maximum at ®𝑞 = −2®𝑘 , independently of the particular configuration of the
ultrasound field in space and the way in which this field is described.

Based on the above, for stationary motion with a constant velocity ®𝑉 (for example, steady venous blood flow) and in
the absence of diffusion, the authors isolated the power spectrum of individual Doppler flow lines using (9):

𝑆𝜈 (𝜔, 𝑥, 𝑧) = 𝑘4𝜈𝑉
〈
(𝛽 − 𝜌̃)2〉 ����𝑇𝐹 [

𝑒2𝑖𝑘𝑉 cos 𝜗 𝑡 𝐺′ (𝑉𝑡, 𝑦, 𝑧) 𝑏
(
𝑇1 −

2𝑥′ (𝑉𝑡, 𝑦, 𝑧)
𝑐

)] ����2 . (10)
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Here, 𝑇𝐹 [ 𝑓 (𝑡)] denotes the Fourier transform of the function 𝑓 (𝑡), 𝜗 is the Doppler angle between the transducer
and the 𝑂𝑥 axis, 𝜈 is the correlation volume, and in the analysis it was assumed that the motion occurs along the axis 𝑥 =

𝑉𝑡 (Fig. 3). It was emphasized that the full spectrum is then the sum of the contributions from individual flow lines, while
its shape is determined by the Doppler shift, the geometry of the measurement volume, and the spatial configuration of
the ultrasound field. This case serves as the basic one for the further analysis of other physical factors.

The influence of spatial correlation of the inhomogeneities was considered separately. If a finite correlation radius Δ
is introduced, then the contributions from different regions of the cross-section are no longer independent, and it becomes
impossible to isolate the spectrum of individual flow lines. To estimate this effect, the authors used a Gaussian model of
the sensitivity function, which made it possible to obtain an analytical expression for the spectrum:

𝑆(𝜔) =
𝜋2𝑘4𝜈

〈
(𝛽 − 𝜌̃)2〉
8𝑉

𝑏6

2Δ2 + 𝑏2 exp

{
− 1

2𝜎2

(
𝜔

𝜔𝑚𝑑

− 1
)2

−
𝜎2 − 𝜎2

0

2𝜎2𝜎2
0 cos2 𝜗

}
. (11)

Here,

𝜔𝑚𝑑 = 𝜔𝑑

(
1 + 2Δ2

𝑏2

)−1

, 𝜎2 = 𝜎2
0

(
1 + 2Δ2

𝑏2

)
.

The quantity 𝜔𝑚𝑑 is the modal Doppler frequency, which does not coincide with the conventional Doppler shift 𝜔𝑑 =

−2𝑘𝑉 cos 𝜗, while 𝜎2 is the dimensionless variance of the Doppler spectrum and 𝜎2
0 is the variance at Δ = 0. Furthermore,

𝜈 = 𝛼Δ3 is the characteristic correlation volume, with 𝛼 being a constant of order unity. Thus, spectral broadening may
be caused not only by a distribution of velocities, but also by the correlation properties of the scatterers or of the motion
itself. For this reason, in turbulent flow an increase in the power of the ultrasound and Doppler signals is not necessarily
associated with erythrocyte aggregation or with changes in the density and compressibility of the medium; it may instead
reflect correlated velocity pulsations.

Figure 3. Schematic of the relative arrangement of the ultrasound transducer, the measurement volume, and the blood
vessel. The Cartesian coordinate systems associated with the vessel (𝑥, 𝑦, 𝑧) and with the ultrasound system (𝑥0, 𝑦0, 𝑧0)
are shown, where 𝑙0 is the insonification depth, 𝜃 is the Doppler angle, and 𝑏 is the effective radius of the ultrasound beam
at the 𝑒−1 level.

Another important factor is the diffusion of scatterers. To take it into account, the correlation function is written in a
form satisfying the diffusion equation, and the corresponding spectrum takes the form

𝑆(𝜔) =
𝑘4𝜈

〈
(𝛽 − 𝜌̃)2〉
𝑉

∫
𝑑3 ®𝑞
(2𝜋)3

𝐷𝑞2

(𝜔 − 𝑞𝑥𝑉)2 + (𝐷𝑞2)2

���𝐺 ( ®𝑞 + 2®𝑘)
���2 . (12)

Here, 𝐷 is the diffusion coefficient. In this case, as in the case of a finite correlation radius, the contributions from
individual flow lines can no longer be separated. It was shown that in the weak-diffusion limit this expression reduces to
the spectrum for nondiffusive motion, whereas in the strong-mixing regime

𝑉 ≪ 2𝑏𝐷𝑘2 (13)

the spectrum becomes Lorentzian:

𝑆(𝜔) = 𝜋3/2𝑏3𝑘4𝜈
〈
(𝛽 − 𝜌̃)2〉 𝐷𝑘2

(𝜔 + 2𝑘𝑉 cos 𝜗)2 + 16𝐷2𝑘4 . (14)
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Here, 𝑏 is the parameter of the Gaussian sensitivity function characterizing the effective width of the incident and
received ultrasound beams. Figure 4 shows the resulting normalized Doppler spectrum for the nondiffusive case and for
cases with nonzero diffusion. For biological molecules, one typically has 𝐷 ∼ 10−11–10−10 m2/s; therefore, in blood
vessels at ultrasound frequencies 𝑓 ≈ 2–10 MHz, diffusion is often weak and its influence on the spectra is usually
neglected unless 𝐷 becomes comparable to the critical value 𝐷critical = 𝑉/(2𝑏𝑘2).

Figure 4. Power Doppler spectra for the nondiffusive case (solid line), and for diffusion with coefficients 𝐷 = 2𝐷critical
(dashed line), 𝐷 = 4𝐷critical (dotted line), and 𝐷 = 10𝐷critical (dash-dotted line).

The paper also derived an expression for the spectrum in the case of uniformly accelerated motion of inhomogeneities,
which models blood flow in arteries:

𝑆(𝜔, 𝑦, 𝑧) = lim
𝑇→∞

𝜈𝑘4 〈
(𝛽 − 𝜌̃)2〉 𝑇−1

∫
𝑑𝑞𝑥

2𝜋
(𝑞𝑥𝑎)−1 |𝐺 (𝑞𝑥 + 2𝑘 cos 𝜗, 𝑦, 𝑧) |2 . (15)

A distinctive feature of this result is that, in the limit of infinite observation time, the spectrum depends neither
on frequency nor on the spatial characteristics of the probing field. Physically, this is because over a sufficiently long
observation time all instantaneous velocities make equal contributions to the average signal power. Therefore, the frequency
dependence caused by accelerated motion appears only for a finite observation time and depends on the initial phase of
motion: the longer the acquisition interval, the broader the Doppler spectrum becomes (see Fig. 5).

On this basis, a model for vibrational sonoelastography was constructed in the paper. It was shown that the integrated
power of the high-frequency part of the Doppler spectrum increases with increasing amplitude of the forced displacements,
while changing the integration threshold makes it possible to enhance the contribution of regions with different oscillation
amplitudes. This provides a physical basis for differentiating soft tissues by their mechanical stiffness. At the same
time, the authors specifically noted that the power of the Doppler signal depends not only on the displacement amplitude,
but also on fluctuations of density and compressibility; therefore, direct estimation of displacement requires additional
compensation using the B-scan image.

Thus, [41] showed that even in the case of a stationary probing field, the Doppler spectrum is a complex characteristic
determined jointly by the spatiotemporal properties of the scattering inhomogeneities and by the parameters of the
ultrasound system. Within this model, steady blood flow, correlated motion, diffusion, harmonic vibrations, vibrational
sonoelastography, and accelerated motion were described in a consistent manner. For this reason, this work is central to the
further development of the entire topic: it established a general physical framework in which the Doppler response spectrum
is viewed as the result of the interaction between the “physics of the medium” and the “physics of the measurement.”
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Figure 5. Velocity variation with time for uniformly accelerated motion. Equal velocity intervals Δ𝑉 correspond to equal
time intervals Δ𝑡 for all velocity values.

4. SPECTRA IN THE CASE OF DYNAMIC FOCUSING
The traditional approach described in the previous section has several limitations associated with focusing only at

a fixed depth, an insufficient amount of data for accurate estimation of flow velocities, and limited spatial resolution.
Therefore, in the subsequent studies, expressions for the spectra were obtained that generalize the case of a stationary
probing field to the case of dynamic focusing. In principle, there are two possible ways to form the ultrasound Doppler
signal using responses recorded for different angles of wave-vector rotation. In the first case, the signal is formed as a
sequence of discrete responses corresponding to different successive insonification angles. Then, the power spectrum is
determined not only by the spectral characteristics of the motion of the scattering inhomogeneities, but also by the spatial
and temporal harmonics of the probing field itself [42]:

𝑆(𝜔𝑝) =
𝑘4

(2𝜋)3

∞∑︁
𝑗=−∞

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔𝑝 − 𝜔 𝑗 )

���𝐺 ( ®𝑞 + 2®𝑘, 𝜔 𝑗 )
���2 , (16)

where 𝜔𝑝 = 2𝜋𝑝/𝑇 is the Fourier-series variable, and 𝑇 is the repetition period of signal acquisition for a given range
of steering angles.

After the Doppler information has been extracted, the resulting complex signal values can be coherently summed
for each point in space in order to provide dynamic focusing on transmission. This result establishes the general physical
basis for all subsequent works on dynamic focusing.

Another method of forming the ultrasound Doppler signal, considered in [43], consists in the coherent summation
of discrete responses obtained at different steering angles over the full period of angle variation 𝑇 . This is equivalent
to averaging the sensitivity function over the full insonification cycle. Such an approach requires a larger amount of
computation, but it provides dynamic focusing during transmission. As a result, only the zero temporal harmonic of the
sensitivity function remains in the expression for the spectrum, and the spectrum takes the form:

𝑆(𝜔𝑝) = 𝑇2 𝑘4

(2𝜋)3

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔𝑝)

���𝐺 ( ®𝑞 + 2®𝑘, 0)
���2 . (17)

The authors emphasize that, in contrast to the first method, there is no frequency convolution here between the
fluctuation correlator and the temporal harmonics of the sensitivity function. This means that the additional spectral
broadening associated with the temporal variation of the insonification angle is substantially reduced. In this sense, the
obtained expression is structurally similar to the formula for a stationary probing field, but unlike the traditional case,
the advantages of synthetic aperture are preserved here, most notably high spatial resolution over a wide depth range.
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Thus, coherent compounding makes it possible to combine improved transmit focusing with the absence of significant
degradation in the spectral characteristics of the Doppler signal.

In [45], both methods of Doppler signal formation within plane-wave compounding were analyzed in more detail on
the basis of a simple Gaussian model of the sensitivity function. In order to reduce the influence of the rectangular-window
spectrum on the calculated spectrum, the authors used a Gaussian window 𝑇𝑊 to obtain the following expression for the
fluctuation correlator spectrum:

𝐶 (®𝑟1 − ®𝑟0, 𝜏) = 𝜈
〈
(𝛽 − 𝜌̃)2〉 𝛿(®𝑟1 − ®𝑟0 − 𝜏 ®𝑉). (18)

The sensitivity function was treated in the same framework. This made it possible to obtain smoothed expressions
both for the fluctuation correlator spectrum and for the spectrum of the sensitivity function, without the side lobes
characteristic of rectangular apodization. For clarity, the authors considered an explicit sensitivity function which, with
the above weighting window taken into account, acquired a Gaussian form and, for the cases of coherent accumulation of
signals and of obtaining the signal directly from Doppler angular responses, was given, respectively, by

𝐺 (®𝑟, 𝜔 𝑗 = 0) = 𝑇−1
√︃
𝜋𝑇2

𝑊
exp

(
−2®𝑟 2

𝑎2

)
(19)

and

𝐺 (𝑥, 𝑦, 𝑧, 𝜔 𝑗 ) = 𝑇−1
√︃
𝜋𝑇2

𝑊
exp

(
−
𝑇2
𝑊
(𝑘Ω𝑦′ + 𝜔 𝑗 )2

4

)
exp

(
−𝑥2 + 𝑦2 + 2𝑧2 + (𝑥′ − 𝑙0)2

𝑎2

)
. (20)

Accordingly, for coherent accumulation, the spectrum obtained with account of (19) takes the form

𝑆(𝜔𝑝) = 𝜈
〈
(𝛽 − 𝜌̃)2〉 𝑇−1𝑘4 𝜋

3𝑎3

4

√√
𝑇2
𝑊
𝑎2

𝑎2 + 𝑇2
𝑊
𝑉2

exp

[
−

𝑇2
𝑊
𝑎2

𝑎2 + 𝑇2
𝑊
𝑉2

(𝜔𝑝 − 𝜔𝑑)2

4

]
. (21)

𝜎2 = 2
𝑎2 + 𝑇2

𝑊
𝑉2

𝑇2
𝑊
𝑎2

= 2

(
1
𝑇2
𝑊

+ 𝑉2

𝑎2

)
. (22)

Here, 𝜔𝑑 = −2𝑘𝑉 cos 𝜗 is the Doppler frequency shift, and 𝜎2 is the variance of the Doppler spectrum.
Within this model, the spectrum for coherent accumulation of signals obtained at different wave-tilt angles is Gaussian,

with a maximum at the classical Doppler frequency. Its width is determined by two physical factors: the duration of the
weighting window 𝑇𝑊 , which effectively limits the signal length, and the characteristic size 𝑎 of the measurement volume.
In this sense, even for synthetic aperture, coherent compounding does not introduce a fundamentally new mechanism of
spectral broadening: the additional contribution to the variance is associated only with the finite signal duration, whereas
the structure of the spectrum itself remains close to that of the stationary insonification case. For this reason, the paper
concludes that coherent compounding makes it possible to preserve improved focusing and spatial resolution without
significant deterioration of the spectral characteristics of the Doppler signal.

A different situation arises when the Doppler signal is formed directly from the sequence of responses recorded at
different angles of wave-vector rotation, using the sensitivity function (20). In this case, the spectrum takes the form

𝑆(𝜔𝑝) =
〈
(𝛽 − 𝜌̃)2〉 𝑘4𝑇−2𝑇2

𝑊

𝜋2𝑎4

8

√︄
𝜋

2𝑎2 + 𝑇2
𝑊
𝑉2

exp

[
−
𝑇2
𝑊
𝑎2 (𝜔𝑝 − 𝜔𝑑)2

4(2𝑎2 + 𝑇2
𝑊
𝑉2)

]
. (23)

and the variance is

𝜎2 = 2
2𝑎2 + 𝑇2

𝑊
𝑉2

𝑇2
𝑊
𝑎2

= 2

(
2
𝑇2
𝑊

+ 𝑉2

𝑎2

)
. (24)

In this case, the spectral variance is larger than that for coherent compounding, and the difference between them is
given by the additional term Δ𝜎2 = 2/𝑇2

𝑊
. Thus, in comparison with coherent accumulation, an additional mechanism of

spectral broadening appears here, one that is reduced neither to the size of the measurement volume nor to the duration
of the signal itself. Physically, this effect is associated with the fact that when the wave tilt angle changes, the Doppler
angle also changes, and hence so does the projection of the velocity of the inhomogeneity motion onto the direction of the
current wave vector, as shown in Fig. 6.

The authors interpreted this situation as motion with an effective acceleration inversely proportional to the time 𝑇𝑊 .
They also showed that the sign of this effective “acceleration” does not affect the spectral width: both for increasing and
decreasing apparent velocity projection, the range of instantaneous values remains the same, so the variance contains
precisely the quadratic term 2/𝑇2

𝑊
. This also leads to a practical conclusion: the larger the interval 𝑇𝑊 , the smaller the rate
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of change of the Doppler angle within one window, and hence the smaller the additional spectral broadening for a given
angular range Φmax (Fig. 6). The authors state that such terms may be neglected when the strong inequality

1
𝑇2
𝑊

≪ 𝑉2

𝑎2

is satisfied, which is well fulfilled in real ultrasound systems.

Figure 6. Model time dependence of the wave-vector deviation angle.

A separate part of the study considered the formation of compounding signals by cyclic permutation, where each new
complex signal includes the contribution from a new insonification angle. For this method of constructing the sequence of
compounding signals, the phase difference between neighboring samples does not accumulate additionally, unlike in the
signal formed directly from individual angular responses. This means that the additional spectral broadening associated
with variation of the Doppler angle is absent in this case (Fig. 7).

Figure 7. Nonlinear temporal growth of the phase difference Δ𝜑𝑛 for the complex Doppler signal 𝑒𝑑 and the phase
difference for compounded signals 𝑒𝑐 for the case of three steering angles, 𝑁 = 3. Here, 𝑒𝑛𝑖

𝑑
denotes the Doppler-

response signal for the 𝑛th steering angle during the 𝑖th insonification period; the compounded signals are formed by cyclic
permutation as successive sums such as 𝑒11

𝑐 + 𝑒21
𝑐 + 𝑒31

𝑐 , 𝑒21
𝑐 + 𝑒31

𝑐 + 𝑒12
𝑐 , 𝑒31

𝑐 + 𝑒12
𝑐 + 𝑒22

𝑐 , 𝑒12
𝑐 + 𝑒22

𝑐 + 𝑒32
𝑐 , and so on, with

each new sum including the signal from the next insonification angle.

For this reason, cyclic permutation is an important practical way to preserve the accuracy of velocity estimation
without losing time waiting for a complete set of signals from all steering angles.

Thus, in [45], it was shown that when plane-wave compounding is used, the width of the Doppler spectrum is
determined not only by the parameters of the measurement volume and the signal duration, but also by the very method
used to form the Doppler response. In coherent compounding, spectral broadening is caused mainly by the finite signal
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duration, whereas forming the signal directly from the sequence of angular responses leads to additional broadening due to
the dynamic change in the Doppler angle. This gives the effect a clear physical meaning and at the same time determines
which processing method is more suitable for accurate Doppler measurements.

5. DIRECTIONS FOR FURTHER DEVELOPMENT OF THE TOPIC
Within the classical spectral formulation, the problem of forming the Doppler response in biological media has

already been studied to a considerable extent. The previous sections considered stationary motion regimes, the influence
of correlation and diffusion, nonstationary accelerated motion, oscillatory regimes and vibrational sonoelastography, as
well as cases of dynamic variation of the insonification geometry and plane-wave compounding. In other words, within the
framework of the traditional spectral model, the main physical scenarios determining the shape of the Doppler spectrum
have already been described for both stationary and nonstationary motion regimes, as well as for modern insonification
schemes with a dynamic sensitivity function.

A natural next step is the transition to shear-wave elastography, where the motion of the medium is no longer purely
kinematic but has a wave character. In contemporary studies in this field, several approaches can be distinguished. Some
works are devoted to recovering the shear-wave propagation velocity from the spatiotemporal characteristics of the wave
field [47]. Another group of studies focuses on determining the complex shear modulus and the viscoelastic parameters of
the medium on the basis of dispersion relations and spectral estimates [48, 49]. Separate developments address methods
that take into account anisotropy and the tensor nature of the elastic properties of soft tissues [50], as well as general
models of shear-wave propagation in viscoelastic media governed by different rheological laws [51]. More recent studies
have proposed local-phase and wavenumber-based methods for estimating wave-process parameters, in particular the local
phase-gradient approach [52] and local phase-velocity imaging using wavenumber filter banks [53].

At the same time, most existing approaches are aimed primarily at recovering the shear-wave velocity, its dispersive
characteristics, or the complex shear modulus. In contrast, the problem of an analytical description of the fluctuation
spectrum of the scattered ultrasound signal formed by shear-wave-induced displacement of the medium has not yet been
formulated in a complete form. This is precisely the direction proposed for further research. It is proposed to use the
eikonal of the shear wave, 𝜏(®𝑟), as a linking quantity between the wave kinematics of the medium and the fluctuation
spectrum of the Doppler response. If the local displacement is written in the form

𝑢(®𝑟, 𝑡) = 𝐴(®𝑟) exp [𝑖(𝜔𝑡 − 𝜔𝜏(®𝑟))] , (25)

then the function 𝜏(®𝑟) defines the spatial phase distribution of the wave process and, consequently, the law governing
modulation of the fluctuations of the scattering inhomogeneities. This opens the possibility of moving from an eikonal
description of the shear-wave front to the construction of the fluctuation correlation function and, subsequently, to the
Doppler signal spectrum. Thus, the further development of this line of research consists in establishing an analytical
relation between the eikonal of the shear wave and the fluctuation spectrum of the scattered ultrasound response, which
may potentially make it possible to relate the measured spectral characteristics of the signal to the local viscoelastic
properties of the medium.

CONCLUSIONS
This paper summarizes physical approaches to describing the spectrum of the ultrasonic Doppler response in

biological media on the basis of a continuous scattering model involving small fluctuations of density and compressibility.
It is shown that, within this model, the spectral characteristics of the signal are determined by the combined action of
two factors: the spatiotemporal structure of the medium fluctuations and the sensitivity function of the ultrasound system.
On this basis, the cases of a stationary probing field were considered consistently for different regimes of inhomogeneity
motion, including steady motion with constant velocity, motion with finite spatial correlation, diffusive mixing, uniformly
accelerated motion, and harmonic oscillations. It was also shown how these regimes manifest themselves in the Doppler
signal spectrum and in vibrational sonoelastography problems. It is emphasized separately that even in the classical case,
the spectral shape is determined not only by the kinematics of the scatterers, but also by the geometry of the ultrasound
field, the parameters of the measurement volume, and the character of spatial averaging.

Further development of the topic is associated with the transition to schemes with a dynamically varying sensitivity
function, primarily dynamic focusing and plane-wave compounding. It is shown that in such systems the Doppler response
spectrum depends not only on the motion of the inhomogeneities, but also on the very method of signal formation. For
coherent plane-wave compounding, it was established that this approach makes it possible to combine improved focusing
and high spatial selectivity without substantial additional spectral broadening, whereas forming the signal directly from
the sequence of angular responses leads to additional spectral broadening due to the dynamic change of the Doppler angle.
It was also shown that the spatial resolution in the plane-wave compounding mode is determined both by the interference
properties of the set of angular responses and by the geometry of their overlap region, while its principal scales can be
expressed through the parameters of the angular sector and the measurement volume. Thus, the present review covers
the main stationary and nonstationary regimes of Doppler spectrum formation, modern methods of signal construction in
plane-wave compounding, and the associated spatial-resolution properties of the system.
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A promising direction for future work is the extension of this spectral theory to problems of shear-wave elastography
by establishing an analytical relation between the eikonal of the shear wave and the fluctuation spectrum of the scattered
ultrasonic signal.
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ДОПЛЕРIВСЬКI СПЕКТРИ ДЛЯ СТАЦIОНАРНИХ ТА ДИНАМIЧНИХ УЛЬТРАЗВУКОВИХ ПОЛIВ
Є.О. Баранник, М.О. Гриценко

Кафедра медичної фiзики та бiомедичних нанотехнологiй, Харкiвський нацiональний унiверситет iменi В. Н. Каразiна,
майдан Свободи, 4, 61022, Харкiв, Україна

У цiй роботi наведено огляд фiзичних i методологiчних пiдходiв до опису спектра ультразвукового допплерiвського сигналу
в бiологiчних середовищах. Узагальнено результати щодо формування спектральних характеристик для стацiонарного зонду-
вального поля за рiзних типiв руху розсiювачiв, а також розглянуто розвиток моделi для випадку динамiчно змiнної функцiї
чутливостi ультразвукової системи. Особливу увагу придiлено режимам синтетичної апертури, динамiчного фокусування та
когерентного пласкохвильового компаундингу. Показано, що в системах пласкохвильової вiзуалiзацiї спектр допплерiвського
сигналу визначається не лише властивостями руху середовища, а й просторово-часовим способомформування допплерiвського
вiдгуку. Також узагальнено результати щодо просторової роздiльної здатностi в режимi пласкохвильового компаундингу та про-
аналiзовано зв’язок мiж геометрiєю вимiрювального об’єму, функцiєю чутливостi й спектральними параметрами. Окреслено
перспективи подальшого розвитку цих пiдходiв, зокрема для застосувань у зсувнохвильовiй еластографiї.
Ключовi слова: ультразвукова допплерiвська вiзуалiзацiя; допплерiвський спектр; вiзуалiзацiя iз синтетичною апертурою;
пласкохвильова вiзуалiзацiя; когерентний пласкохвильовий компаундинг; просторова роздiльна здатнiсть; зсувнохвильова
еластографiя
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In this research, we proposed a new neutron gamma discrimination methodology in comparison with the classical charge integration.
To record an experimental dataset, a high sampling rate oscilloscope, Keysight DSOX 6004a (20 Gas/s), was used. The reference
experiment was recorded with the desktop digitizer CAEN DT 5720e with DPP PSD firmware installed. A stilbene scintillator size of
50 mm x 50 mm coupled with the PMT R1307 Hamamatsu was selected as a detector. The scintillation pulse decay has an exponential
tail depending on the particle nature. The proposed technique aims to classify the geometrical peak asymmetry of the scintillation pulse
detected by the detector, where the discrimination factor is a ratio of the calculated pulse weight (centroid) related to the pulse maximum
amplitude position in time. The centroid of the faster gamma pulse is closer to the pulse maximum amplitude and significantly shifted
for the delayed neutron pulses. The discussed approach allows us to classify events with comparable accuracy to the charge integration
technique.

Keywords: Charge integration; Scintillators; Neutron gamma discrimination; Stilbene; PMT; Pulse Shape Discrimination; Charge
Comparison; Zero-Crossing; Figure of Merit; CAEN DT5720e

PACS: 29; 29.40.Mc; 29.40.-n

1. INTRODUCTION
Analyzing recent publications and the experimental equipment, it is possible to draw a reasonable conclusion that

the problem of neutron-gamma separation has today transformed from a highly specialized issue of nuclear physics into
a fundamental interdisciplinary challenge. The relevance of developing reliable methods for discriminating particles by
pulse shape is rapidly growing not only in traditional research applications, but also in strategically important applied
areas, for example discussed in [1] land mine detection applications. In particular, in modern medicine, it is critical for the
accuracy of hadron therapy; in research of new type of neutron detectors [2, 3], for conducting non-destructive elemental
analysis; and in the security sector, for solving humanitarian problems, such as high-precision demining of territories
and detection of hidden threats. However, despite the high demand, the practical implementation of these methods faces
serious technological barriers related to the hardware base. The analysis shows that the vast majority of existing solutions
capable of providing an acceptable quality factor figure of merit (FOM) are stationary and bulky complexes. The critical
aspect remains the speed of signal processing and sampling rate. Thus, there is a clear scientific demand for the creation of
high-speed data acquisition systems with open-source algorithms. In the article [4], a direct comparison of digital versions
of the zero-crossing ZC and charge comparison CC methods was carried out using a NE213 liquid scintillator and an
8-bit digitizer with a frequency of 1 GS/s. Experimental results showed that the ZC method provides a higher quality of
separation with an FOM = 1.05 at an energy of 100 keVee, while the CC method under the same conditions demonstrated
FOM = 0.88. The authors found that the Z/C method is much more stable to changes in signal amplitude: when changing
the energy from 100 keVee to 1 MeVee, the shift in the discrimination parameter for Z/C was only 2 %, while for CC
it reached 12%. This confirms the advantage of Z/C for experiments with a wide dynamic range, where it is important
to avoid energy dependence of the separation threshold. It was also shown that when using digital ZC, the threshold for
effective neutron detection can be reduced to 40 keVee without a significant increase in gamma-ray leakage. The data
obtained indicate that the high sampling frequency (1 GHz) allows the ZC method to better compensate for the influence
of the low bit depth of the ADC (8 bits). It is also important to mention the work [5], which proposed and investigated
in detail the pulse gradient analysis (PGA) method, which is based on comparing the current amplitude of the digitized
signal with its value after a certain delay time. The experiment was carried out with a liquid scintillator NE213 (diameter
and height 50 mm) and a digitizer with a frequency of 250 MS/s and a bit depth of 12 bits. The author established the
optimal delay time for the gradient at 28–32 ns after the pulse peak, which allowed maximizing the difference between the
fast and slow components of the illumination. The results showed that the PGA method provides FOM = 1.07 at a very
low energy of 40 keVee, which significantly exceeds the capabilities of the standard CC charge comparison method in this
range. At an energy of 100 keVee, the method achieved FOM = 1.63, demonstrating high resistance to electronic noise and
statistical fluctuations. An important technical advantage of PGA is its computational efficiency: the algorithm requires
only one compare and divide operation per event, which makes it 3–4 times faster than curve approximation methods
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when implemented in MATLAB or FPGA. The development of a PSD system based on FPGA (Xilinx Kintex-7 array)
using a 12-bit ADC and a sampling rate of 500 MS/s is described in [6]. The authors implemented a charge comparison
(CC) method optimized for operation under extremely high loads — up to 1.08 million samples per second (Mcps). In
an experiment with a 252Cf source and a BC501A liquid scintillator, the system demonstrated a stable FOM = 1.15 at an
energy threshold of 100 keVee. Thanks to the parallel processing architecture in the FPGA, the system dead time per event
was reduced to 200 ns, which allowed avoiding significant data loss at high radiation intensity. Comparison with offline
processing on a PC showed the identity of the results with a significant gain in speed (real-time processing). The study
confirmed that the 500 MHz configuration is sufficient for accurate separation of the “fast” component ( 10–30 ns duration)
and the “tail” of the pulse. In [7], a digital implementation of the zero-crossing method ZC is presented, where the anode
signal from the EJ-276 and EJ-309 scintillators was digitized with a frequency of 500 MS/s and a bit depth of 14 bits. The
authors implemented a recursive digital filter to form a bipolar signal, which allowed achieving a value of FOM = 1.32 for
the plastic scintillator EJ-276 at an energy of 100 keVee. For the liquid scintillator EJ-309, the quality indicator was FOM
= 1.83 in the same energy range. It has been experimentally proven that the method provides stable particle separation at
energies from 40 keVee, which is critical for the registration of low-energy fast neutrons. It is also noted that the baseline
error was minimized to < 1%, which allowed avoiding the drift of the discrimination peak. According to the test results,
this digital ZC algorithm outperformed classical analog methods in terms of neutron event purity by 15%. In [8], the
possibility of using a 64-channel TOFPET2 ASIC for particle identification in pixel detectors based on organic scintillators
was investigated. The experimental setup consisted of an array of 4x4 trans-stilbene crystals (6x6x30 mm each) connected
to an array of SensL J-series silicon photomultipliers (SiPM). Since TOFPET2 was originally developed for medical PET
imaging, the authors adapted it for PSD using the Time-over-Threshold (ToT) method for charge estimation. At the SiPM
operating overvoltage of 3V, the system demonstrated a maximum quality factor FOM of ≈ 1.2 at an energy of 478 keVee
(Compton edge for the 662 keV line). The study highlights that despite the compactness and low cost per channel, the use
of the ToT method instead of direct pulse shape digitization limits the quality of the separation at low energies. However,
the results obtained confirm the suitability of TOFPET2 for creating portable systems with a large number of channels,
where it is important to combine energy resolution, temporal characteristics, and basic 𝑛 − 𝛾 discrimination capabilities.

2. MATERIALS AND METHODS
The assembled experimental setup is shown in Fig.1 in details discussed at [9]. The data was obtained using a

239Pu-Be neutron source 105, which produces neutrons and instant gamma-rays.The 239Pu-Be source is placed directly
on the stilbene scintillator housing (5 mm housing wall) with dimensions of 50 × 50 mm. The scintillator is in optical
contact with R1307 Hamamatsu photomultiplier (PMT, 76 mm window). The high-voltage power supply is configured
taking into account the total gain of the path, the operating voltage is selected as 550 V. The signal from the PMT is fed
to an custom amplifier with a gain of G = 10 and a bandwidth of at least 100 MHz. The CAEN DT5720e digitizer has a
50 Ohm built-in input. It was used a custom CFD module (constant fraction discrimination module) with a cable delay
of 2.2 m (10.6 ns). The signal is additionally connected through a 1 MOhm probe to Keysight DSOX6004a oscilloscope.

Figure 1. Experimental setup.

Typical scintillation signal is shown in Fig.2.
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Figure 2. The scintillation signals captured with the oscilloscope. A visible pulse undershoot after analog CFD

The signals from the oscilloscope were automatically accumulated on the computer using a prepared script. The
signal from the CAEN DT5720 was processed online in the Compass program. Figure Fig.3 shows the waveform triggered
in the Compass program, the pulse duration is approximately 90-110 ns with a delayed trailing edge. The signals are in
principle identical in shape both on the oscilloscope and on the CAEN digitizer.

Figure 3. The triggered pulses in COMPASS software.

The settings for the CAEN digitizer were selected as follow: Energy coarse gain 40 fC/LBS, Gate 240 ns, Short gate
120 ns, Pre-gate 12 ns, Threshold 100 LBS (48 mV), Trigger holdoff 320 ns, Record length 320 ns, Pre-trigger 52 ns, N
samples baseline 128.

The Short gate parameter was selected during the scanning process from the maximum pulse amplitude along the
falling edge. The criteria of the setup tuning were the best PSD ratio Qs/Qt (integral in the short gate Qs and Qt integral in
the gate). Also, the visual quality of PSD histogram Fig.4, straight gamma and neutron tails, and the resulting FOM value
Fig.5 were controlled.
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Figure 4. The PSD plot accumulated with the COMPASS software. Neutron and gamma events. Neutron (above 0.1
PSD) and gamma events (below 0.1 PSD)

Figure 5. The PSD histogram accumulated with the COMPASS software. FOM = 1.871.

3. ALGORITHM AND EXPERIMENTAL RESULTS
For the working data set it was accumulated a 10000 events using the oscilloscope. To have a stable starting point,

it was used a CFD module, to eliminate the pulses jitter caused by varying amplitudes [10]. To validate the quality of
discrimination of designed method we were used two methods: charge comparison (CC) practically implemented in [11]
and the results obtained with the CAEN software (basically the charge comparison). The CC method is the most famous
pulse shape discrimination (PSD) technique with the comparable quality to the analog techniques of discrimination.

The discrimination ratio (1) could be recalculated using the charge comparison of the entire signal charge 𝑄𝑡𝑜𝑡𝑎𝑙 and
the charge of the slow part of the signal tail 𝑄𝑠𝑙𝑜𝑤 .

𝑅 = 𝑄𝑠/𝑄𝑡 (1)

Typical neutron and gamma-ray pulse signals are shown in Fig.6.
Finally, to calculate the quality of neutron/gamma discrimination of the stilbene scintillator used the figure of merit
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Figure 6. The typical signal recorded with the oscilloscope. Visible a CFD pulse undershoot.

(FOM), which is:
𝐹𝑂𝑀 = 𝐷/(𝐹𝑊𝐻𝑀𝛾) + 𝐹𝑊𝐻𝑀𝑛 (2)

Using the test bench Fig.1 it was obtained FOM 1.871 on CAEN digitizer. By variation of slow gate width with the
fixed long gate, it was found the best ratio (1) for the FOM.

Figure 7. The calculated FOM using the CC method. FOM = 1.942

Using the custom CC code it was calculated FOM = 1.942 for the data set accumulated with the oscilloscope. Finally
it was tested a new approach of neutron gamma discrimination on the obtained dataset.

The main hypothesis of the proposed Peak Asymmetry method (PA) is that the time distribution of photon emission,
which forms a scintillation pulse, has a different level of tail asymmetry with respect to the position of the amplitude
maximum for gamma quanta and fast neutrons. When a particle interacts with the scintillator, two key fluorescence
components arise.The fast component which decays within a few nanoseconds and is practically identical for both types of
radiation (neutron and gamma). In contrast, the slow or delayed fluorescence caused by the annihilation of triplet excitations
is much more intense when neutrons are detected. From a Peak Asymmetry method approach, the pulse registered by
the detector is a statistical distribution of photons in time, and the centroid of this distribution reflects the mathematical
expectation or average time of photon emission during a single scintillation event. The practical implementation of the
PA method uses the concept of the ”center of gravity” to quantify the asymmetry of the pulse. The time centroid is
defined as the weighted average over the entire scintillation pulse shape, where the signal amplitude acts as a statistical
weight Fig.8. Since the pulse shape is perceived as a probability density function, the calculated time centroid becomes
an analogue of the first moment of the distribution (normalized by total pulse “mass”). The main discriminating factor
in this case is the parameter, which is equal to the ratio between the centroid time and the moment of reaching the peak
amplitude. To quantify asymmetry within the PA method, the concept of the “center of gravity” (centroid) of the peak is
used. Mathematically, the time centroid tcentroid is defined as the first moment of the signal amplitude distribution:

𝑡𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 =
∑︁

(𝑡𝑖𝐴𝑖)/
∑︁

𝐴𝑖 (3)
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Figure 8. The Peak Asymmetry (PA) key parameters.

where 𝐴𝑖 — the amplitude of the signal at time ti, which acts as a statistical weight. The main discriminating factor
is the time offset parameter Δt:

Δ𝑡 = 𝑡𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑/𝑡𝑝𝑒𝑎𝑘 (4)

Gamma rays: generate relatively symmetrical pulses, where the centroid almost coincides with the time of the
amplitude maximum, leading to values of 𝛿t near 0. Neutrons: due to the intense slow fluorescence, the “center of gravity”
of the pulse is shifted to the right of the peak, providing a positive value of Δ𝑡 > 0. Gamma-ray events are characterized
by a high degree of signal symmetry, as a result of which the calculated center of gravity practically coincides with the
time of the amplitude maximum. In such cases, the value of the discriminating factor approaches zero. On the contrary,
the intense “tail” of the neutron pulse creates additional weight to the right of the peak, leading to a physical shift of the
centroid to a longer time region. The higher the specific gravity of the slow fluorescence, the more the time centroid
deviates from the peak of the pulse, which provides a clear separation of particles. The resulting PSD plot and histogram
presented on Fig.9, the obtained FOM with the PA method was 0.72.

Figure 9. The calculated PSD distribution for the PA method.

4. DISCUSSION AND CONCLUSION
The pulse shape discrimination could be done with modern oscilloscope equipment with the high sampling rate

along with the ultimate bandwidth. Summarizing the obtained results: 𝐹𝑂𝑀𝐶𝐶 = 1.942, 𝐹𝑂𝑀𝐶𝐴𝐸𝑁 = 1.871, 𝐹𝑂𝑀𝑃𝐴 =
0.728, the PA method provides a lower quality of pulse shape discrimination comparing to charge integration methods. An
important advantage of the PA method over classical integral approaches, such as the CC method, is its positional nature.
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While traditional methods require a careful fitting of time windows (gates) for the best separation, the peak asymmetry
method focuses on the morphology of the entire pulse. This makes the algorithm less sensitive to baseline noise and allows
for the consideration of the smallest changes in the shape of the decay that can be lost when simply integrating the area
under the curve. Thus, the PA method is a more robust and adaptive tool for particle identification in conditions of high
background noise.
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У цьому дослiдженнi ми запропонували нову методологiю дискримiнацiї гамма-нейтронних сигналiв у порiвняннi з класи-
чним методом iнтегруванням заряду. Для запису експериментального набору даних використовувався осцилограф з високою
частотою дискретизацiї Keysight DSOX 6004a (20 ГС/с). Еталонний експеримент було записано за допомогою настiльного дi-
джитайзера CAEN DT5720e з встановленою прошивкою DPP PSD. Як детектор було обрано сцинтилятор стильбен розмiром 50
мм x 50 мм, з фотопомножувачем R1307 Hamamatsu. Згасання сцинтиляцiйного iмпульсу має експоненцiальний хвiст залежно
вiд природи частинок. Запропонований метод спрямований на класифiкацiю геометричної пiкової асиметрiї сцинтиляцiйного
iмпульсу, виявленого детектором, де коефiцiєнт дискримiнацiї – це вiдношення розрахованої ваги iмпульсу (центроїда) до
положення максимальної амплiтуди iмпульсу в часi. Центроїд швидшого гамма-iмпульсу ближче до максимальної амплiтуди
iмпульсу та значно змiщений для затриманих нейтронних iмпульсiв. Обговорюваний пiдхiд дозволяє класифiкувати подiї з
порiвнянною точнiстю до методу iнтегрування заряду.
Ключовi слова: Iнтегрування заряду; сцинтилятори; гамма-нейтрон роздiлення; стильбен; роздiлення заформою iмпульсу;
метод порiвняння зарядiв; перетин нуля; показник якостi роздiлення; CAEN DT5720e
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In this work, we investigated synthesized porous aluminosilicate materials containing burnable additives, which form a single-phase 
cubic zeolite structure (Fm3m, a=4.056 Å). The porous ceramic with a zeolite composition at 200°C and a hydrogen pressure of 12 atm 
exhibited hydrogen absorption of 11 wt.%. We also studied the initial metallic lithium (BCC, a ≈ 3.507 Å), which was subjected to 
hydrogenation in the developed sealed reactor at 12 atm and 700 °C with the formation of LiH hydride (FCC, NaCl type, a ≈ 4.081 Å, 
d111 ≈ 2.356 Å). The average size of LiH crystallites does not exceed 100 nm, and the maximum hydrogen capacity of lithium reached 
12.4 wt.%. The developed reactor enables safe, high-temperature, high-pressure hydrogenation. These data demonstrate the potential of 
lithium, titanium, and sodium hydrides, and porous aluminosilicates for the accumulation, storage, and transportation of hydrogen. 
Keywords: Porous aluminosilicates; Lithium hydride; Synthesis; Hydrogenation; X-ray phase analysis; Hydrogen storage; Cubic 
structure; Hydrogen capacity 
PACS: 68.37.Hk, 78.70.Ck, 77.84.-s 

INTRODUCTION 
Gaseous fuels, primarily hydrogen and methane, are currently considered among the most promising energy 

sources, as their use in existing power plants and engines is technically feasible and provides high efficiency [1]. 
Hydrogen is of particular importance in the context of developing sustainable energy systems. As the most abundant 
element in the universe and possessing the simplest atomic structure, it is a versatile energy carrier capable of efficiently 
storing and transporting energy in a form convenient for practical use. Due to its environmental friendliness, high 
energy density, and compatibility with renewable energy sources, hydrogen is considered a key element in the transition 
to low-carbon energy. The development of hydrogen energy is central to global strategies to reduce dependence on 
fossil fuels and minimize anthropogenic environmental impact. A significant advantage of hydrogen is its ability to 
enable decarbonization of sectors that are difficult to electrify, including heavy transport, industrial production, and 
power generation [2], making it a fundamental player in building a sustainable energy infrastructure for the future [3]. 

According to IHS Cambridge Energy Research Associates, the world's natural gas reserves can meet humanity's 
energy needs for at least 250 years [4]. However, the key factor hindering the widespread use of gas fuels, especially for 
autonomous and remote energy sources, remains the lack of energy-efficient, fire- and explosion-proof storage and 
transportation systems capable of handling high gas densities [5]. Hydrogen is of particular interest due to its high 
specific heat of combustion (~120 MJ kg⁻¹) and the environmental friendliness of its products [6]. However, the 
practical implementation of hydrogen energy is significantly limited by the difficulties of its storage. Current 
technologies involve compressing hydrogen to approximately 700 bars (≈70 MPa), which requires robust, sealed tanks 
and carries an increased risk of explosion [7]. Cryogenic storage, implemented at approximately 20 K, is associated 
with additional energy costs and increased engineering system complexity [8]. Therefore, the development of 
alternative, safer methods of hydrogen storage is one of the key objectives of hydrogen energy. 

The efficient use of hydrogen in energy systems requires the development of safe, cost-effective, and high-
performance storage technologies [9, 10]. One of the most promising approaches is solid-state storage, based on retaining 
hydrogen in solid materials in molecular or atomic form [11]. This approach is implemented through two main 
mechanisms: physical adsorption and chemical absorption. Physical absorption is primarily due to van der Waals 
interactions and is typical for materials such as porous carbon structures, metal–organic frameworks (MOFs) [12], and 
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covalent organic frameworks (COFs) [13]. Despite the high rate and reversibility of sorption processes, this mechanism 
typically requires low temperatures and elevated pressures and is characterized by a relatively limited hydrogen 
capacity [14]. Chemical bonding involves the dissociation of hydrogen molecules, followed by the formation of hydride 
phases, thereby providing a higher storage density [15]. Within this approach, which includes metal and complex hydrides, 
hydride materials have attracted considerable attention in recent years as a promising basis for developing sustainable 
hydrogen storage technologies [16]. A promising area is solid-phase hydrogen storage via chemical binding in metal 
hydrides, which offer high storage density at relatively low pressures (1-40 bar). The volumetric density of hydrogen in 
metal hydride systems can reach 120-150 kg m⁻³, which significantly exceeds the value of ~39 kg m⁻³ for compressed 
hydrogen at a pressure of 700 bar [17-19]. Metal hydrides are also characterized by high reversibility in hydrogen 
absorption and release, as well as the possibility of multiple cycles. The theoretical mass capacity of such materials is 
7.6 wt.% for MgH₂, 4.04 wt.% for TiH₂ and reaches 12.7 wt.% for LiH [20, 21]. At the same time, hydrogenation 
processes are usually carried out at temperatures of 300–700°C and hydrogen pressures above 10–15 atm, which lead to 
significant energy costs and impose limitations on the kinetics of phase transformations and thermal stability [22–24]. 

The kinetics of hydrogen absorption in metal hydride layers are limited by coupled heat and mass transfer 
processes, which lead to a slow system response to refueling and reduced overall storage efficiency. For a TiMn-based 
metal hydride material with specified porosity and thermal conductivity parameters, three composite groups were 
studied: group A, containing 5 wt.% silicone gel and 5 wt.% single-wall carbon nanotubes; group B, including 5 wt.% 
silicone gel; and group C, containing 5 wt.% silicone gel and 5 wt.% silicone sheets [25]. It was found that the highest 
porosity is observed in group A (0.527), exceeding the values of other samples by approximately three times, while its 
thermal conductivity is minimal (2.476 W‧m⁻¹‧K⁻¹) compared to group B (3.189 W‧m⁻¹‧K⁻¹) and group C 
(3.246 W‧m⁻¹‧K⁻¹). The identified differences in the structural and thermophysical characteristics determine the features 
of the materials' kinetic behavior: for group A, the diffusion-limited mode of hydrogen absorption in the range of 0.5-
1.15 wt.% predominates, which is associated with a well-developed macroporous structure that ensures efficient 
hydrogen transfer. At the same time, group C is characterized by a higher absorption rate at later stages (above 
1.15 wt.%), where the key role is played by increased thermal conductivity, which determines the intensity of the heat 
flow and, accordingly, the driving force of the sorption process. 

In recent years, porous inorganic materials have attracted considerable interest, primarily aluminosilicate and 
alumina-alumina ceramics, which are capable of accumulating hydrogen through a combination of physical 
adsorption and diffusion in a developed porous structure [26, 27]. According to the literature [28], such materials are 
characterized by water absorption in the range of 8-25 %, which corresponds to an open porosity of about 20-50 % 
and a specific surface area of up to 300-800 m²‧g⁻¹. An increase in the specific surface area and degree of porosity 
promotes an increase in hydrogen capacity, especially at temperatures above 100 °C, when the contribution of 
physical adsorption is supplemented by thermally activated diffusion processes [29-32]. The efficiency of hydrogen 
absorption of porous materials is often estimated using the aspect number, defined as the relative increase in the 
mass of a sample after saturation with hydrogen. For most aluminosilicate and oxide ceramics, this parameter, 
according to published data, does not exceed 1-6 wt.% at temperatures up to 300 °C [33, 34]. An increase in the 
aspect number is possible through optimization of the chemical composition, the introduction of silica-containing 
components, and the formation of developed open porosity using burnable additives that provide a controlled 
architecture of the pore space [35, 36]. Lithium hydride is of interest as a reference system for assessing the ultimate 
capabilities of solid-phase hydrogen storage. Lithium has one of the highest theoretical hydrogen capacities, and the 
formation of LiH is accompanied by a significant increase in the mass of the material. [37, 38]. X-ray diffraction 
analysis of lithium samples treated in a hydrogen flow at a pressure of 12 atm and a temperature of 700 °C 
characterizes the almost complete conversion of the original metal into lithium hydride with a cubic structure and 
space group Fm3 ̅m, which is confirmed by the presence of intense narrow diffraction peaks and the absence of 
reflections of metallic lithium. The achieved hydrogen capacity is close to the theoretical limit of 12.5-12.7 wt.% 
[39, 40]. At the same time, such high temperatures and energy costs significantly limit the practical application of 
lithium hydride in hydrogen storage systems. Against this background, porous aluminosilicate ceramics, which 
combine a developed porous structure, controlled phase composition and the ability to operate at moderate 
temperatures and pressures, are considered a promising alternative to traditional metallic hydrides [41, 42]. Despite 
growing interest in such materials, the quantitative relationships between their chemical composition, porous 
structure parameters, phase state, and hydrogen absorption characteristics, especially in the temperature range of 
100–200°C, remain poorly understood [43, 44]. Filling this gap represents an important scientific and applied 
challenge. Furthermore, conducting comprehensive analytical studies aimed at assessing their readiness for 
commercial implementation, taking into account market requirements, remains a pressing task. Such systematic 
reviews allow us to identify the most promising materials and technological solutions, as well as focus further 
research on addressing existing limitations and unresolved issues [45]. 

The aim of this work is to conduct a comprehensive study of metal hydrides as hydrogen carriers, assessing their 
applicability in stationary and mobile systems, determining the ultimate efficiency of solid-phase storage using the 
example of lithium metal hydrogenation using X-ray phase analysis, and developing and studying porous ceramic 
materials based on aluminum oxide and aluminosilicates to determine the influence of their composition, structure, and 
temperature conditions on hydrogen sorption and retention processes. 
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EXPERIMENTAL SAMPLES AND MEASUREMENT METHODS 
During experimental studies of material synthesis, various compositions aimed at producing porous ceramics were 

tested. The porous ceramic materials were formed by introducing burnable additives into the ceramic matrix. The 
chemical composition of the starting components is presented in Table 1. 
Table 1. Chemical composition of raw materials 

RAW MATERIALS Al2O3  Fe2O3  SiO2 Na2O K2O CaO MgO Volatile 
impurities 

Kaolin 36.91 2.52 46.84 0.04 0.42 0.24 0.22 12.81 
Diatomite 5.65 3.38 88.23 0.34 0.87 0.62 0.82 - 

Kaolin was pre-melted in a solar furnace using the previously described method [46], after which the resulting 
material was wet ground in a ball mill to a particle size of less than 63 µm.  

Diatomite was chosen as one of the main components due to its naturally highly porous structure: total porosity 
reaches 92%, and the SiO₂ mass fraction ranges from 62-97%. Diatomite may also contain fine sand (up to 10%), clay 
minerals, and trace amounts of organic matter. Based on these components, an aluminum oxide-enriched material was 
developed. The raw materials used to produce the porous ceramics corresponded to the chemical composition listed in 
Table 2. 
Table 2. Chemical composition of the initial state of the raw material 

Oxide Al2O3  Р2O5  SiO2 Na2O Fe2O3 SO3 
Content, wt.% 67.12 0.21 25.21 6.88 0.02 0.56 

As shown in Table 2, the main components of the ceramic material are alumina (67 wt.%), silicon oxide 
(25.2 wt.%), and sodium oxide (6.9 wt.%). 

The phase composition of the synthesized samples was studied by X-ray diffraction analysis using a PANalytical 
Empyrean diffractometer (Cu Kα radiation) in Bragg-Brentano reflection geometry at a wavelength of λ=1.5418 Å. 
Diffraction patterns were recorded in the angular range 20° ≤ 2θ ≤ 60°, where 2θ is the Bragg angle. The microstructure 
and surface morphology of the samples were studied by scanning electron microscopy (SEM) using JEOL JSM-6510 
and HITACHI FLEXSEM 100 microscopes. 

Hydrogenation experiments were conducted using porous zeolite-type materials and metals (aluminum, iron, 
magnesium, titanium, and lithium), applied in both bulk and powder form [46, 47]. The hydrogenation process was 
carried out in a reactor equipped with high-temperature packing, as shown in Figure 1. 

The high-temperature reactor container shown (Fig. 1) is made of stainless steel and equipped with a sealed lid 
with a bolted clamping system. The reactor operates according to the diagram shown (Fig. 2) and is equipped with a 
pressure gauge, gas inlets and shutoff valves for the supply and release of working gas, and sealing devices for 
operation at elevated temperatures and pressures. The reaction zone is heated using an electric heating module with a 
digital temperature controller, allowing for precise temperature control and maintenance during hydrogenation 
experiments. 

  
Figure 1. High-temperature 
sealed reactor for hydrogenation 
processes 

Figure 2. Schematic diagram of the furnace-reactor for hydrogenation of absorption 
materials at high temperatures (up to 700 °C) and hydrogen pressures up to 15 atm, 
including: 1 - steel furnace-reactor with an electric heating system from a 220 V network; 
2 - absorber; 3 - hydrogen cylinder for feeding gas to the furnace-reactor; 4 - shut-off and 
control valves; 5 - pressure gauge; 6 - thermocouple connected to a temperature meter; 
7 - exhaust gas reservoir 

Before the experiment, the samples were dried at 200°C, then weighed and placed in the reactor. To remove air 
from the reaction chamber before heating, the reactor was purged with hydrogen. The reactor was then sealed and 
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pressurized with hydrogen at 10-15 atm. Heating was performed according to a preset temperature program ranging 
from 150 to 700°C. After the holding period, the reactor was cooled either slowly or rapidly, depending on the 
experimental conditions. Upon completion of cooling, the samples were removed and reweighed. The degree of 
hydrogenation was assessed by the relative weight gain: 

 α=[(M−M0)/M0]×100 %, (1) 

where M0 is the mass of the original sample, M is the mass after hydrogenation. 
The formation of metal hydrides is a heterogeneous process [48] that involves the adsorption of molecular 

hydrogen on the metal surface, its dissociation to form atomic hydrogen, and subsequent diffusion of atoms into the 
metal's crystal lattice. 

 
RESULTS AND DISCUSSION 

Zeolites are known to have high sorption capacity and are widely used in water purification processes to remove 
hydrocarbon compounds. Their effectiveness is largely determined by the properties of their microstructure, where a 
fine-grained structure promotes increased sorption activity [49, 50]. In general, the effectiveness of adsorption processes 
is determined by the parameters of the porous structure and the energy characteristics of the adsorbent-adsorbate 
interaction, which is driving growing interest in the development of new microporous materials with a specific 
micropore volume of about 1-2 cm³/g and a specific surface area of 1500-2000 m²/g [51]. 

Therefore, studying the microstructural features of zeolites is of considerable interest for optimizing their 
performance properties [52, 53]. In particular, the microstructural features of porous ceramics of the zeolitic 
aluminosilicate composition Al₂SiNaO₆, studied by scanning electron microscopy, are shown in Fig. 3 at magnification 
~×1000. 

 
Figure 3. SEM image of the microstructure of porous ceramics of zeolitic aluminosilicate composition Al₂SiNaO₆ 

Image analysis shows that the material is characterized by a developed hierarchical porous structure. The sizes of 
the primary particles and their agglomerates are in the range of 1-10 μm, which corresponds to the scale marks in the 
micrograph. The intergranular space is formed by a system of open pores, predominantly micron and submicron in size 
(0.3–2 μm), indicating high open porosity of the material. This morphology indicates the formation of a branched pore 
network, ensuring efficient mass transfer of gaseous and liquid media [54–56]. The rough surface of the grains 
contributes to an increase in the specific surface area, which for zeolitic aluminosilicate materials, as a rule, reaches 
values of 100–400 m²/g. The observed localized areas of compaction up to 5–8 μm in size may be associated with 
partial sintering and recrystallization of the aluminosilicate matrix during heat treatment. Moreover, the preservation of 
open pores indicates that the firing temperature was below the threshold for intense shrinkage and pore closure, which is 
an important factor for the functional properties of the material. The resulting microstructure provides a combination of 
mechanical cohesion of the ceramic framework and a developed internal surface area. This suggests a high adsorption 
capacity (approximately 0.5-2.0 mmol/g for small molecules) and the potential for the use of porous Al₂SiNaO₆ 
ceramics in adsorption, ion exchange, and catalysis processes, as well as in gas storage and transportation systems, 
including hydrogen [46, 57]. 

Figure 4 shows an SEM image of the porous structure of a composite absorbent based on Al<SiO2> (aluminum 
powder in a silicon dioxide matrix), obtained at a magnification of ×100 for an area of 800×800 μm. 

A quantitative analysis of the structure's morphology allowed us to determine the total pore number (1.35‧103) and 
record their surface concentration at 2.1‧10−3 pores/μm2. The pore size distribution is characterized by pronounced 
heterogeneity. The average equivalent pore diameter, calculated based on the area, is 5.4 μm with a median value of 
3.1 μm, confirming the presence of a pronounced distribution asymmetry and the predominance of the fine fraction in 
the structure. These geometric parameters significantly influence the development of the specific surface area and the 
intensification of capillary phenomena. The presence of pores of varying order forms a branched hierarchical network 
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that minimizes diffusion resistance and facilitates deep penetration of the working medium into the material. The 
minimum recorded size is approximately 1.2 μm, while the main range varies between 1.2 and 15 μm. Individual coarse 
pore formations reach dmax≈35 μm, which is associated with the coalescence and agglomeration of particles. An area 
porosity of 0.62 %, combined with a high pore density, determines the morphology of the sample's internal surface. The 
resulting active phase contact area increases the material's efficiency as an absorber. This porosity value is typical of 
materials with intense interparticle void formation. Morphological analysis reveals that the structure is hierarchically 
organized and includes pores at multiple scales. The predominance of pores smaller than 10 μm indicates the formation 
of a fine- and mesoporous structure, while the presence of individual macropores is due to localized aggregation of 
aluminum particles. Al particles form irregular agglomerates, between which intergranular voids form, while the 
binding phase SiO₂ stabilizes the framework and prevents complete compaction of the system. The obtained parameters 
reflect the presence of a branched but heterogeneous pore structure resulting from the agglomeration of aluminum 
powder and the formation of interconnected channels in the silica matrix, which significantly influences the sorption 
capacity and permeability of the material. The combination of high porosity, significant pore density, and a wide pore 
size distribution makes this material promising for use as an effective absorber [58, 59]. 

 

Figure 4. Surface morphology of the porous absorbing structure of Al<SiO2> 
The developed porous structure and the presence of active metal centers ensure their high reactivity with respect to 

hydrogen, realized through the chemisorption mechanism with the formation of strong Al-H bonds [60, 61]. The 
process includes the dissociative adsorption of molecular hydrogen on the aluminum surface, subsequent diffusion of 
atomic hydrogen and the formation of a hydride phase, including AlH3 [61]. The efficiency of sorption increases at 
temperatures above 200 °C due to surface activation and increased mobility of hydrogen atoms [62]. Desorption is 
accompanied by the rupture of AlH bonds and occurs upon heating in the range of 200 - 400 °C [63]. 

Figure 5 shows the isotherms of hydrogen sorption and desorption in porous Al₂SiNaO₆ ceramics at a temperature 
of 200 °C in the pressure range of 1–11 atm. 

 
Figure 5. Isotherms of hydrogen sorption and desorption in porous ceramics Al₂SiNaO₆ at a temperature of 200°C 

When analyzing the curves (Fig. 5), a gradual increase in the hydrogen content from 1 to 3.5 wt.% is observed in 
the low-pressure region (1-5 atm). This region corresponds to the initial stage of sorption, during which predominantly 
physical adsorption of hydrogen occurs on the pore surface and active sites of the material. The linear nature of the 
curve characterizes a relatively weak interaction and gradual saturation of available adsorption sites. In the pressure 
range of 5-8 atm, a sharp increase in the hydrogen content is recorded (up to 9-9.5 wt.%). This region is characterized 
by accelerated sorption and reflects the transition to more intense absorption mechanisms. It is likely that chemisorption 
occurs in this region, with the formation of chemical bonds between hydrogen and aluminum (possibly the formation of 
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hydride phases: AlH). Additionally, capillary condensation of hydrogen in meso- and macropores can occur, which is 
due to the developed porous structure of the material. With a further increase in pressure (8-11 atm), the curve reaches a 
plateau (10-11 wt%). The established dependence demonstrates saturation of the system with hydrogen and filling of 
most of the accessible pores and active sites. Reaching a plateau indicates a limited capacity of the material at a given 
temperature. Comparison of the sorption and desorption curves reveals hysteresis in the medium pressure range (6-9 
atm): the desorption curve passes above the sorption curve. The process of hydrogen desorption from porous ceramics 
occurs intensively at a temperature of 200 °C, ensuring the complete release of previously absorbed hydrogen in a 
volume of up to 11 wt.% within 2 minutes; the material retains the ability to undergo multiple sorption and is 
characterized by cyclic stability within 5 sorption-desorption cycles, however, after the fifth cycle, degradation of its 
structure is observed, accompanied by a decrease and subsequent loss of sorption properties [60, 61, 64]. 

The obtained data are typical for porous materials with a developed structure and allow us to conclude the 
presence of pores of various sizes (micro-, meso-, and macropores), capillary effects, and hydrogen retention within the 
pores, as well as partially irreversible processes caused by chemisorption and the formation of hydride phases. The 
convergence of the sorption and desorption curves at high pressures (9-10 atm) confirms the achievement of a quasi-
equilibrium state of the structure and the mitigation of the influence of kinetic limitations. The obtained isotherms 
demonstrate a combined mechanism of hydrogen absorption in Al₂SiNaO₆, including physical adsorption, 
chemisorption, and capillary condensation. Materials of this type are considered promising for the storage and 
accumulation of hydrogen due to reversible chemisorption and the formation of stable hydride compounds, while 
pronounced hysteresis indicates the presence of a developed hierarchical porous structure that facilitates the effective 
accumulation of gas [65, 66]. 

Figure 6 shows the particle size distribution spectrum for a sample of porous aluminosilicate ceramics of the 
composition Al₂SiNaO₆, obtained by laser diffraction. 

 

Figure 6. Spectrum of particle size distribution of a porous ceramic sample of aluminosilicate composition Al₂SiNaO₆ 

The distribution is polydisperse, reflecting the presence of particles of different sizes. The majority of particles are 
concentrated in the range of 0.5-3.0 μm, with the distribution maximum (modal size) observed in the region of about 
1.2-1.5 μm. The cumulative curve shows that approximately 50 % of the particle volume (D₅₀) is accounted for by sizes 
of the order of 1.3-1.6 μm, while 90 % of the particles (D₉₀) are smaller than 6-8 μm. The presence of a distribution tail 
in the region of >10 μm indicates the presence of individual agglomerates formed during the sintering process [67]. The 
obtained data are in good agreement with the results of SEM analysis, confirming the formation of micron-scale 
agglomerates and a developed porous structure. The predominance of submicron and micron-sized particles contributes 
to an increase in the specific surface area and the formation of a branched pore network, which is an important factor 
for the adsorption and ion-exchange properties of the material. The particle size distribution demonstrates the structural 
heterogeneity characteristic of zeolitic aluminosilicate ceramics and confirms the potential of the Al₂SiNaO₆ 
composition for functional applications. 

X-ray diffraction (XRD) analysis (Fig. 7) of the developed alumina-based material was performed to establish the 
phase composition, crystallographic parameters, and structural state of the synthesized sample. 

 

Figure 7. X-ray diffraction pattern of the developed material based on aluminum oxide [68] 
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The experimental X-ray diffraction pattern is characterized by a set of intense and well-resolved diffraction 
maxima, the position and relative intensity of which reflect the formation of a single-phase crystalline structure of the 
zeolite type, corresponding to sodium aluminosilicate of the composition Al₂SiNaO₆. Experimental data have shown 
their correspondence to the cubic syngony with the space group Fm3m. The calculated unit cell parameter is 
a = 4.056 nm, which is in good agreement with the literature data [69] for zeolitic aluminosilicate systems. The main 
diffraction maxima recorded in the X-ray diffraction pattern, as well as the corresponding interplanar distances and 
crystallographic indices are given in Table 3 
Table 3. Diffraction maxima and calculated crystallographic parameters of the AlSiNaO-based material 

№ peak 2θ, degree θ, degree Interplanar 
distance d, Å Miller indices (hkl) Relative intensity, % 

1 38.5 19.25 2.34 (111) 100 
2 44.7 22.35 2.02 (200) ~45 
3 65.1 32.55 1.43 (220) ~20 

The interplanar distances dhkl were calculated using Bragg's law: 

 nλ=2dsinθ, (2) 

where, λ is the X-ray wavelength, θ is the diffraction angle, and n=1 is the reflection order. For a cubic crystal system, 
the lattice parameter was determined from the relationship: 

 a=dhkl(h2+k2+l2)1/2. (3) 

The obtained values of the unit cell parameter, calculated from various reflections, are in good mutual agreement, 
indicating the correctness of the phase identification and a high degree of structural ordering. The absence of additional 
diffraction lines in the studied angular range is an indication of the high phase purity of the synthesized material. The 
content of possible impurity crystalline phases does not exceed the detection limit of the X-ray diffraction method and 
is estimated at less than 3-5 wt.%. Analysis of the shape of the diffraction maxima shows that the peaks are narrow and 
symmetrical, indicating a high degree of crystallinity and a low level of internal microstrains [70]. The sizes of the 
coherent scattering regions were estimated using the Scherrer formula [71]: 

 D=Kλ/βcosθ, (4) 

where, K is the shape factor (0.9), β is the full width of the peak at half maximum.  
Calculations show that the material is characterized by a finely dispersed crystalline structure typical of zeolitic 

aluminosilicates, which determines the developed specific surface area and potentially high sorption capacity. From a 
physical point of view, the formation of an ordered aluminosilicate framework with the participation of sodium ions 
ensures stabilization of the crystal lattice and confirms the completion of the processes of structural self-organization 
during synthesis [52, 54]. This is a key factor determining the material's functional properties when used in adsorption, 
catalytic, and ion-exchange processes. Experimental studies have shown (see Fig. 5) that porous zeolite ceramics 
exhibit good hydrogen absorption. For example, at a temperature of 200 °C and a pressure of 12 atm, porous 
aluminosilicate ceramics Al2SiNaO6 absorbs 11% by weight of hydrogen.   

For the metals we obtained, we found that porous nickel possessed a maximum hydrogen capacity of 
approximately 0.7 wt.% at a pressure of 15 atm and a temperature of 300 °C, while magnesium's absorption value 
reached 1.5 wt.%. In the aluminum-nickel alloys, signs of hydrogenation were absent across the entire range of the 
studied parameters. Powdered titanium exhibited the ability to accumulate hydrogen up to 3.8 wt.% at 12 atm and 
700 °C, which is slightly lower than the theoretical limit of 4.04 wt.% for TiH₂ hydride. The highest hydrogen capacity 
was recorded for lithium: at a temperature of 700 °C and a pressure of 12 atm, the hydrogen content reached 12.4 wt.%. 
According to the analysis of the obtained data, high hydrogen absorption values (over 6 wt.%) are achieved at 
temperatures of approximately 600-700°C and pressures above 15 atm. Metallic sodium is capable of binding up to 
4.3 wt.% hydrogen [72–75]. 

Figure 8 shows the X-ray diffraction pattern of the original lithium metal sample before exposure to hydrogen 

 

Figure 8.  X-ray diffraction pattern of metallic lithium in its original state 
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The X-ray diffraction pattern is characterized by a set of intense and narrow diffraction peaks corresponding to 
metallic lithium with a body-centered cubic (BCC) lattice. The diffraction peaks and calculated physical values are 
listed in Table 4.  
Table 4. Diffraction characteristics and interplanar distances of Li 

No. peak 2θ, degree θ, degree Interplanar distance d, Å Miller indices (hkl) Note 

1 36.2 18.1 2.479 (110) The main peak of BCC lithium 
2 52.3 26.15 1.748 (200) Second reflex 
3 65.1 32.55 1.432 (211) Maximum intensity 
4 77.0 38.5 1.237 (220) Additional reflex 

The main reflections were recorded at 2θ angles corresponding to the (110), (200), (211), and (220) planes, which is 
typical for bcc structures. The absence of additional peaks associated with lithium hydrides or oxides (LiH, Li₂O, LiOH) 
indicates high phase purity of the sample and minimal surface oxidation. The interplanar distances dhkl were calculated 
using Bragg's law (2). For the most intense reflection (211) at 2θ = 65.1°, d211≈1.432 Å was obtained. The cubic unit cell 
parameter a was calculated using formula (3), which yielded a value of 3.507 Å for the (211) reflection, which is consistent 
with the reference data [69] for metallic lithium at room temperature (a = 3.51 Å). The observed small width of the 
diffraction maxima indicates high crystallinity and large crystallites (>100 nm). The predominance of the intensity of the 
diffraction peak (211) compared to the reflection (110) is due to the presence of a preferred orientation of crystallites, 
characteristic of rolled or annealed lithium foils. In the region of small angles (10°-25°), a weak amorphous rise in the 
background is observed, which is associated with the presence of a thin layer of natural lithium oxide or carbonate on the 
surface. The absence of distinct peaks of hydrides or oxides confirms the predominance of the metallic phase in the initial 
state. The experimental results indicate that lithium in the initial state is a thermodynamically stable metallic phase with a 
well-ordered bcc lattice, ensuring high atomic mobility and the presence of interstitial positions. These properties create 
favorable conditions for subsequent hydrogenation and the formation of the hydride phase LiH [76-78]. The X-ray 
diffraction pattern confirms that the original sample is single-phase metallic lithium with a high degree of crystallinity and 
lattice parameters corresponding to reference data, which allows this material to be used as a reference when assessing 
structural changes after hydrogen treatment [79].  

An X-ray diffraction pattern (Fig. 9) of metallic lithium after treatment in a hydrogen atmosphere at a pressure of 12 
atm and a temperature of 700 °C allows us to evaluate the phase composition, degree of hydrogenation and structural 
changes of the original material. 

 

Figure 9. X-ray diffraction pattern of metallic lithium after treatment in a hydrogen atmosphere at a pressure of 12 atm and a 
temperature of 700°C 

The diffraction pattern shows a significant weakening of the peaks of the original metallic lithium, as well as the 
appearance of new diffraction maxima characteristic of LiH with a cubic lattice of the NaCl type and the Fm3m space 
group, demonstrating partial or complete conversion of the metal into hydride under the specified conditions. Additional 
weak peaks in the range of 20°-35° correspond to the products of surface interaction with oxygen or moisture, such as 
LiOH and Li₂O [80]. The interplanar distances dhkl were calculated based on Bragg's law (2). For the (111) peak of LiH at 
2θ≈38.2°, the angle θ=19.1°, which gives d111≈2.356 Å. The cubic lattice parameter has a value of a ≈ 4.081 Å, close to the 
reference value [69] for LiH (≈4.084 Å), confirming the formation of a stoichiometric hydride. The average size of the 
coherent scattering regions was estimated using the Scherrer formula (4). The narrow peaks of LiH indicate large 
crystallites (>100 nm), characteristic of hydrides obtained at high temperatures. 
Table 5. Diffraction maxima and calculated parameters of LiH 

No. peak 2θ, degree θ, degree Interplanar distance d, Å Miller indices (hkl) Parameter a, Å Note 

1 38.22 0.3335 2.353 (111) 4.076 Main peak LiH 
2 44.39 0.3874 2.039 (200) 4.078 Second reflex 
3 64.58 0.5636 1.442 (220) 4.078 Additional peak 
4 77.72 0.6782 1.228 (311) 4.073  
5 81.85 0.7143 1.176 (222) 4.074  
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The change in the intensity and position of the diffraction peaks compared to the original metal indicates a complete 
rearrangement of the lithium crystal structure. The appearance of new reflections confirms the formation of lithium 
hydride, and the weakening of the peaks of the original Li indicates a high degree of metal transformation. The width of 
the peaks demonstrates the high crystallinity of the hydride and the large sizes of the crystallites, and the increase in the 
background in the small-angle region indicates the presence of an amorphous phase or fine-crystalline oxidation products 
[81, 82]. The X-ray diffraction pattern (Fig. 9) confirms the successful synthesis of lithium hydride with a cubic structure, 
high crystallinity and stability of the hydride phase. The presence of additional peaks confirms the sensitivity of the 
material to oxygen and moisture, which form surface hydroxides and oxides. The data obtained form the basis for the 
analysis of the hydrogenation kinetics and thermodynamics of lithium hydrogen accumulation. In the case of lithium, the 
hydrogenation reaction proceeds according to the equation [80]: 

 2Li+H2→2LiH, (5) 

At an optimal temperature of 600-700 °C, the resulting lithium hydride is characterized by an ionic bond (Li⁺H⁻) and 
remains thermally stable up to its melting point of approximately 688 °C. 

When heated to temperatures around 700 °C or upon contact with water, LiH decomposes, releasing hydrogen. The 
thermal decomposition is described by the reaction: 

 2LiH→2Li+H2,  (6) 

whereas when interacting with water, an exothermic reaction occurs: 

 LiH+H2O→LiOH+H2. (7) 

Calculations show that up to 290 g of hydrogen can be produced from 1 kg of lithium hydride when reacted with 
water. Overall, it has been established that lithium, titanium, and sodium provide hydrogen storage at levels of 12.4, 4.1, 
and 4.3 wt.%, respectively, making these hydride systems promising for hydrogen storage and transportation. 

 
CONCLUSIONS 

In this study, porous aluminosilicate materials Al2SiNaO6 were synthesized based on kaolin and diatomite using 
burnable additives to ensure the formation of a developed porous structure. The porous ceramics of the zeolitic 
aluminosilicate composition Al2SiNaO2 are characterized by a developed hierarchical microstructure with a system of 
open pores of micron and submicron sizes (~0.3-2 μm). The particle sizes and their agglomerates range from 1-10 μm, 
while granulometric analysis revealed a polydisperse distribution with a median size of D₅₀ ≈ 1.3-1.6 μm and a D₉₀ 
value of < 6-8 μm. The rough surface of the grains ensures a high specific surface area for the material, ranging from 
100 to 400 m²/g. The preservation of an open porous structure after heat treatment indicates an optimal sintering regime, 
ensuring mechanical cohesion of the framework without significant pore closure. The combination of structural 
characteristics suggests a high adsorption capacity of the material (~0.5-2.0 mmol/g for small molecules) and confirms 
the potential for the use of Al₂SiNaO₆ ceramics in adsorption, ion exchange, and catalytic processes, as well as in gas 
storage systems, including hydrogen storage.  

X-ray diffraction analysis revealed that the samples possess a single-phase zeolite-type crystal structure with a 
cubic syngony and the Fm3m space group. The unit cell parameter was a = 4.056 Å, and the dimensions of the coherent 
scattering regions according to the Scherrer formula indicate a finely dispersed crystalline structure, which ensures a 
developed specific surface area and high sorption capacity. 

An analysis of sorption and desorption isotherms revealed that porous Al₂SiNaO₆ ceramics at 200 °C and pressures 
of 1-11 atm is characterized by stepwise hydrogen absorption, reaching a maximum capacity of 10-11 wt.%. Physical 
adsorption occurs in the range of 1-5 atm (1-3.5 wt.%), while at 5-8 atm (up to 9-9.5 wt.%) a transition to intense 
mechanisms, including chemisorption and capillary condensation, is observed. Reaching a plateau at 8-11 atm reflects 
the saturation of the porous structure. Hysteresis in the range of 6-9 atm indicates the development of hierarchical 
porosity and partially irreversible processes associated with the formation of hydride phases. Desorption occurs rapidly, 
completing within 2 min, with the release of up to 11 wt.% hydrogen. The Al₂SiNaO₆ material has a high sorption 
capacity and a combined mechanism of interaction with hydrogen, demonstrating stability for up to 5 sorption-
desorption cycles; after this, structural degradation is observed, limiting its cyclic stability for gas storage.  

All hydrogenation experiments were conducted in a specially designed high-temperature sealed hydrogen reactor 
operating at pressures up to 15 atm and temperatures up to 700 °C. This reactor enabled us to achieve a high degree of 
hydrogenation and the stable formation of crystalline LiH. The initial lithium metal was characterized by a body-
centered cubic lattice with a lattice parameter a ≈ 3.507 Å and large crystallites (>100 nm). After treatment in a 
hydrogen atmosphere at a pressure of 12 atm and a temperature of 700 °C, lithium was completely or partially 
converted to lithium hydride (LiH) with a face-centered cubic NaCl-type structure and a lattice parameter a ≈ 4.081 Å. 
The main interplanar distances are: d111 ≈ 2.356 Å, d200 ≈ 2.039 Å, d220 ≈ 1.442 Å, which corresponds to the reference 
data for LiH. The average crystallite size exceeds 100 nm, which confirms the high crystallinity of the hydride. 
Experimental measurements of hydrogen absorption showed maximum values: Li - 12.4 wt.%, Ti - 3.8 wt.%, Na - 
4.3 wt.%, which indicates the high efficiency of lithium as a hydrogen battery at temperatures of 600-700 °C and 
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pressures of 12-15 atm. Lithium hydrogenation proceeds according to the equation 2Li + H₂ → 2LiH, and LiH 
maintains thermal stability up to 688 °C and can release hydrogen upon reaction with water: LiH + H₂O → LiOH + H₂, 
yielding up to 290 g of hydrogen per 1 kg of hydride. Due to its high hydrogen capacity and stable crystalline structure 
under standard conditions, lithium hydride (LiH) is widely used in aerospace, portable hydrogen generators, as a 
neutron moderator, and as a component of fusion fuel. LiH is also a promising material for storing and transporting 
hydrogen in industrial processes. 
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У цій роботі ми досліджували синтезовані пористі алюмосилікатні матеріали з вигораючими добавками, що утворюють 
однофазну кубічну структуру цеолітного типу (Fm3m, a = 4,056 Å). Пориста кераміка цеолітного складу за температури 200°C 
та тиску водню 12 атм демонструвала поглинання водню в кількості 11 мас.%. Також ми досліджували вихідний металевий 
літій (BCC, a≈3,507 Å), який піддавався гідрування в розробленому герметичному реакторі при 12 атм та 700 °C з утворенням 
гідриду LiH (FCC, типу NaCl, a ≈ 4,081 Å, d111 ≈ 2,356 Å). Середній розмір кристалітів LiH не перевищує 100 нм, а максимальна 
воднева ємність літію досягла 12,4 мас.%. Розроблений реактор дозволяє безпечно проводити гідрування за високої 
температури та високого тиску. Ці дані демонструють потенціал гідридів літію, титану та натрію, а також пористих 
алюмосилікатів для накопичення, зберігання та транспортування водню. 
Ключові слова: пористі алюмосилікати; гідрид літію; синтез; гідрування; рентгенофазовий аналіз; зберігання водню; 
кубічна структура; воднева ємність 
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The physicochemical and thermoelectric properties of 𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒 (0 ≤  𝑥 ≤  0.05) solid solutions were systematically investigated 
with emphasis on composition-driven carrier-type transition and 𝛾 − irradiation effects. Differential thermal analysis reveals a 
monotonic decrease in melting temperature and enthalpy with increasing 𝑇𝑏 content, indicating lattice distortion and reduced thermal 
stability due to the substitutional incorporation of 𝑇𝑏³⁺ at 𝑆𝑛²⁺ sites. 𝑋 −ray diffraction confirms single-phase orthorhombic (𝑃𝑛𝑚𝑎) 
structure without secondary phases, while EDX analysis verifies successful 𝑇𝑏 incorporation. A composition-induced 𝑝 −𝑛 transition occurs within a narrow concentration range, accompanied by a significant modification of the Seebeck coefficient. 𝛾 −irradiation (up to 4 − 6.5 𝑀𝑟𝑎𝑑) significantly affects the Seebeck coefficient in the low-temperature region (80 − 300 𝐾), with a 
nonlinear dose dependence that can be approximated by a quadratic function. At elevated temperatures (𝑇 ≥  500 𝐾 ), the 
thermoelectric response exhibits notable radiation stability. The obtained results clearly indicate that 𝑇𝑏  doping facilitates a 
controllable modulation of charge carrier transport properties while preserving the structural integrity and thermal stability of the 
material at elevated temperatures. These findings underscore the strong potential of 𝑇𝑏 −doped systems for advanced thermoelectric 
applications, particularly under radiation-exposed operating conditions. 
Keywords: Solid solutions; Substitutional doping; 𝑝 − 𝑛  conductivity transition; Seebeck coefficient; Gamma irradiation; 
Radiation-modified thermoelectric transport 
PACS:71.20.Nr, 72.20.Pa, 61.72.-y 

1. INTRODUCTION
Layered crystals are a class of materials with a unique structure, where atomic layers are held together by weak 

van der Waals forces. These materials occupy an intermediate position between molecular and nanoscale structures. 
They possess unique physicochemical properties, making them promising nanomaterials [1, 2]. The effects observed 
when forming low-dimensional structures with subnanometer-scale constraints in binary semiconductor compounds are 
related to the nature of the chemical bond and the crystal structure of the bulk phases. The relationship between the 
structure and properties of three-dimensional crystals and low-dimensional structures is examined using three classes of 
compounds– 𝐴ூ௏𝐵௏ூ ,𝐴ூூூ𝐵௏ூ ,𝐴ଶ௏𝐵ଷ௏ூ[3, 4]. 

Among 𝐼𝑉 − 𝑉𝐼 binary compounds, including 𝐺𝑒𝑆,𝐺𝑒𝑆𝑒, 𝑆𝑛𝑆, and 𝑆𝑛𝑆𝑒, a pronounced anisotropic layered crystal 
structure is observed. Within each layer, atoms are strongly bonded via covalent interactions, whereas adjacent layers 
are held together by relatively weak van der Waals forces. Owing to these weak interlayer interactions, such crystals 
can be readily exfoliated into atomically thin sheets, analogous to graphene [5,6]. This structural feature provides 
significant potential for applications in nanotechnology and two-dimensional (2D) electronics. Furthermore, the layered 
architecture inherently reduces lattice thermal conductivity, which is advantageous for thermoelectric performance. The 
pronounced anisotropy in their electronic properties can further enhance the efficiency of heat-to-electric energy 
conversion [7]. 

The incorporation of rare-earth elements (REEs) into tin monoselenide induces a range of physical phenomena 
governed by the formation, energetics, and interactions of intrinsic and impurity-related defects. In semiconductor 
matrices, REE impurities exhibit distinctive behavior, notably their limited solid solubility and their pronounced 
gettering capability, whereby they effectively reduce the concentrations of residual impurities and defect states, leading 
to a significant purification of the host material [8, 9]. 

Materials derived from rare earth elements (REEs) are extensively employed in the fabrication of advanced energy 
conversion systems, a wide range of thermistor devices, and functional materials exhibiting enhanced resistance to 
radiation, mechanical pressure, and environmental humidity. Doping 𝑆𝑛𝑆𝑒 with rare earth metals is an effective method 
for controlling its electrophysical properties. It enables optimization of thermoelectric characteristics, reduction of 
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thermal conductivity, increase in electrical conductivity, and improved material stability, making SnSe even more 
promising for use in thermoelectrics and electronics [10, 11]. 

The thermoelectric performance of SnSe – based semiconductors is highly sensitive to compositional 
modifications and external perturbations that govern charge-carrier transport and phonon scattering [12]. In particular, 
substitutional incorporation of rare-earth elements such as 𝑇𝑏  introduces localized electronic states, alters carrier 
concentration, and may induce a p–n conductivity transition, leading to substantial changes in transport properties. 

Gamma irradiation provides an additional degree of control via defect engineering, generating point defects and 
defect complexes that modify carrier scattering, relaxation processes, and energy-filtering effects [13]. As thermoelectric 
coefficients are strongly dependent on the energy-dependent relaxation of charge carriers, their temperature behavior 
provides a sensitive probe of the underlying scattering mechanisms and the evolution of the electronic structure [14]. 

In this context, 𝑆𝑛₁₋ₓ𝑇𝑏ₓ𝑆𝑒 solid solutions represent a promising system for investigating the combined effects of 
substitutional doping and radiation-induced defects. Such interplay is critical for understanding transport phenomena 
and optimizing thermoelectric performance in multicomponent chalcogenides. 

In this work, 𝑆𝑛₁₋ₓ𝑇𝑏ₓ𝑆𝑒 compounds were synthesized, and their thermoelectric properties were systematically 
studied as functions of composition, temperature, and gamma irradiation dose. The results provide insight into charge-
transport mechanisms and demonstrate viable pathways for tailoring thermoelectric materials through rare-earth doping 
and irradiation-induced defect engineering. 

 
2. EXPERIMENTAL PART 

For the synthesis of SnSe–TbSe alloys, high-purity (4N–5N grade) tin, selenium, and gadolinium were used 
(tin ≥ 99.99%, selenium ≥ 99.999%, terbium 99.98%). The synthesis was carried out in evacuated quartz ampoules at a 
pressure of 0.1333 𝑃𝑎using a two-step direct fusion method. In the first stage, the ampoule with the material was 
heated at a rate of 4 − 5 𝑑𝑒𝑔𝑟𝑒𝑒𝑠 per minute to the melting point of selenium and held at this temperature for 3 −4 ℎ𝑜𝑢𝑟𝑠 . Then, the temperature was gradually increased to 950 − 1000°𝐶  (depending on the composition) and 
maintained for 8 − 9 ℎ𝑜𝑢𝑟𝑠. 

To perform comprehensive physicochemical analysis and electrophysical studies, the obtained samples were 
annealed for 140 − 210 ℎ𝑜𝑢𝑟𝑠  (depending on the composition). The duration of the annealing increased with the 
gadolinium content. The homogenizing annealing of the obtained single-phase samples was carried out in a spectrally 
pure argon atmosphere. 

The interaction in the 𝑆𝑛𝑆𝑒 − 𝑇𝑏𝑆𝑒 system was studied using differential thermal analysis (DTA), X-ray phase 
analysis (XRD), microstructural analysis (MSA), as well as by measuring microhardness and determining density. To 
determine the thermal effects of the obtained samples and phase transitions, DTA was performed using a PerkinElmer 
Simultaneous Thermal Analyzer STA 6000 (USA). Nitrogen was used as the working gas with a flow rate of 20 𝑚𝑙/𝑠𝑒𝑐; 
the sample was heated to the melting temperature at a rate of5 °𝐶/𝑚𝑖𝑛. 

X-ray structural analysis was performed using a Rigaku Corporation Miniflex 𝑋 − 𝑟𝑎𝑦 diffractometer at a voltage 
of 30 𝑘𝑉, current of 10 𝑚𝐴, and 𝐶𝑢𝐾𝛼 radiation (𝜆 =  1.5406 Å). Diffraction peaks were recorded at a 2𝜃deviation 
angle in the range from 0 to 80°. To study the morphology and microcomposition of the sample surfaces, a Japanese 
JEOL JSM6610-LV scanning electron microscope was used. 

The samples were irradiated using an RHUND-20000 continuous-wave radiation chemical unit with a photon energy 
of 1.25 MeV and doses in the range 𝐷ఊ =  0 − 6.5 𝑀𝑟𝑎𝑑. The radiation flux density was 1.4 ∙ 10ଵଵ photons 𝑐 ∙ 𝑐𝑚ଶ⁄ . 
One day after irradiation, the thermoelectric power was measured using the steady-state compensation method in the 
temperature range of 80-900 K [15]. While a constant electric current was applied along [100], the measurement error 
for the thermo-EMF was approximately ~4.6%. 

 
3. RESULTS AND DISCUSSION 

3.1. Physicochemical Analysis 
Figure 1 presents the differential thermal analysis (DTA) curves of  𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒  solid solutions in the 

composition range 𝑥 = 0 − 0.04. For all samples, a pronounced endothermic peak is observed in the high-temperature 
region, corresponding to the solid–liquid phase transition (melting). 

The melting temperature was determined from the peak maximum, i.e., 𝑇௠(𝑥) = 𝑇௣௘௔௞ . The main thermal 
parameters, including the onset (𝑻𝒐𝒏𝒔𝒆𝒕), peak ൫𝑻𝒑𝒆𝒂𝒌൯, and endset (𝑻𝒆𝒏𝒅) temperatures, peak height (ΔDTA), full 
width at half maximum (FWHM), and transition enthalpy (ΔH), were extracted from the DTA curves and are 
summarized in Table 1. As seen, both 𝑻𝒐𝒏𝒔𝒆𝒕, and 𝑇௠ systematically shift toward lower temperatures with increasing 𝑇𝑏 
content. Specifically, the melting temperature decreases from approximately 1117 𝐾 for pristine 𝑆𝑛𝑆𝑒 to about 1076 𝐾 
for 𝑥 = 0.04. 

This reduction in melting temperature can be attributed to the incorporation of 𝑇𝑏 ions into the 𝑆𝑛𝑆𝑒 lattice, 
leading to local lattice distortions, reduced average bond strength, and decreased thermal stability. These results indicate 
the formation of a substitutional solid solution over the composition range studied. 
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Figure 1. DTA curves of system alloys Tb୶Snଵି୶Se 

A concurrent decrease in peak height (ΔDTA) and increase in FWHM with increasing 𝑇𝑏 concentration suggest 
that the phase transition becomes more diffuse and occurs over a broader temperature interval. This behavior reflects 
increasing structural disorder and compositional inhomogeneity induced by 𝑇𝑏 doping. The monotonic decrease in the 
transition enthalpy 𝛥𝐻 with increasing 𝑇𝑏 content indicates that the energy required for the phase transition decreases 
with doping. This behavior suggests a weakening of long-range structural order and a decrease in lattice cohesion. 
Table 1. Thermal parameters of 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 solid solutions derived from DTA curves 

Composition 𝑻𝒐𝒏𝒔𝒆𝒕  (𝑲) 
𝑻𝒎 (𝑲) 

𝑻𝒆𝒏𝒅 
(K) 

Peak height, 
ΔDTA(µ𝑽/𝒎𝒈) FWHM (K) Transition 

enthalpy, 𝜟𝑯 (𝑱/𝒈) 
SnSe ≈1108 ≈1117 ≈1135 ≈0.09 ≈18 ≈ 10.2 𝑇𝑏଴.଴ଵ𝑆𝑛଴.ଽଽ𝑆𝑒 ≈1092 ≈1103 ≈1126 ≈0.075 ≈22 ≈ 9.0 𝑇𝑏଴.଴ଶ𝑆𝑛଴.ଽ଼𝑆𝑒 ≈1078 ≈1091 ≈1116 ≈0.065 ≈26 ≈ 7.8 𝑇𝑏଴.଴ଷ𝑆𝑛଴.ଽ଻𝑆𝑒 ≈1069 ≈1082 ≈1107 ≈0.055 ≈30 ≈ 6.3 𝑇𝑏଴.଴ସ𝑆𝑛଴.ଽ଺𝑆𝑒 ≈1062 ≈1076 ≈1102 ≈0.050 ≈34 ≈ 5.2 

Furthermore, the absence of additional peaks in the DTA curves indicates that no secondary 𝑇𝑏 −based phases are 
formed, confirming that 𝑇𝑏 is incorporated homogeneously into the 𝑆𝑛𝑆𝑒 matrix and that the system remains phase-
stable within the investigated composition range. In summary, DTA analysis demonstrates that 𝑇𝑏 doping significantly 
reduces both the melting temperature and transition enthalpy 𝑆𝑛𝑆𝑒 −based solid solutions [16]. 

These trends are consistent with our previous studies on 𝑆𝑛𝑆𝑒 doped with other rare-earth elements (RE), where a 
similar reduction in melting temperature and transition enthalpy was observed with increasing dopant concentration. In 
all cases, the incorporation of RE ions into the 𝑆𝑛𝑆𝑒 lattice leads to lattice distortions and weakening of interatomic 
bonding, resulting in reduced thermal stability. However, while the qualitative behavior remains the same, quantitative 
differences in the magnitudes of these effects vary with the specific rare-earth element. This can be attributed to 
differences in ionic radii associated with the lanthanide contraction and the degree of 4𝑓 −electron shell filling. 
Therefore, 𝑇𝑏 doping follows the general trend characteristic of RE-doped 𝑆𝑛𝑆𝑒 systems, while exhibiting element-
specific variations in thermal parameters. 

X-ray diffraction patterns for all compositions exhibit reflections consistent with orthorhombic 𝑆𝑛𝑆𝑒 (𝑃𝑛𝑚𝑎), 
with no detectable impurity phases. The principal diffraction peaks display slight but systematic 2θ shifts with 
increasing 𝑇𝑏 concentration, consistent with lattice distortion induced by partial substitution of  𝑆𝑛²⁺ by 𝑇𝑏³⁺ ions. No 
reflections attributable to oxide or secondary chalcogenide phases are observed within the detection limit, confirming 
phase purity and controlled synthesis conditions [17]. 

Similar behavior has been reported in our previous studies on 𝑆𝑛𝑆𝑒 doped with other rare-earth elements, where 
systematic peak shifts and lattice parameter changes were also observed. This confirms that the substitutional 
incorporation mechanism is common for RE dopants in 𝑆𝑛𝑆𝑒. Nevertheless, slight differences in the extent of lattice 
expansion can be attributed to variations in ionic radii and electronic structure among different lanthanides. 

Analysis of 𝑋 −ray diffraction data indicates that the introduction of Terbium selenides leads to an increase in the 
lattice parameters of 𝑆𝑛𝑆𝑒 as the 𝑇𝑏 concentration increases. Furthermore, intense charge carrier scattering is observed 
due to lattice "distortions," which aligns with the thermal conductivity data of these alloys [18]. The slight shift of 
diffraction lines in the X-ray diffraction patterns in the 0 − 5 𝑚𝑜𝑙%  range, the observed increase in elementary lattice 
parameters, good agreement with the partial replacement of 𝑆𝑛 atoms by 𝑇𝑏 atoms with larger radii, and compliance 
with Vegard's law suggest the formation of substitutional solid solutions based on 𝑆𝑛𝑆𝑒 [19]. 

The surface morphology of 𝑇𝑏଴.଴ଶ𝑆𝑛଴.ଽ଼𝑆𝑒 crystals was systematically investigated using scanning electron 
microscopy (SEM) combined with quantitative surface topography analysis. The results are summarized in Fig. 2. 
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The two-dimensional surface map (Fig. 2a) reveals a high degree of spatial uniformity, with no visible 
macroscopic defects such as cracks, voids, or inclusions. The corresponding three-dimensional reconstruction (Fig. 2b) 
shows that the surface is composed of uniformly distributed nanoscale protrusions and depressions, forming a 
homogeneous microrelief. 
 

   

   

  
Figure 2. Surface morphology and statistical analysis of Tb଴.଴ଶSn଴.ଽ଼Se crystals: a) 2D topographic image of the surface; b) 3D 
surface reconstruction showing height variations; c) SEM image illustrating the microstructure and grain distribution; d) Fourier 
spectrum of the surface, indicating spatial frequency distribution; e) line profile of surface roughness along a selected scan; 
f) height distribution histogram of the surface 

Quantitative roughness analysis was carried out using the height profile (Fig. 2e) and statistical distribution 
(Fig. 2f). The extracted roughness parameters are: average roughness 𝑅௔ ≈  5 − 15 nm, root-mean-square roughness 𝑅௤ ≈  7-20 𝑛𝑚 , and maximum peak-to-valley height 𝑅௓ ≈  30 − 60 𝑛𝑚 . These relatively low roughness values 
indicate a smooth surface at the nanometer scale, which is typically associated with high crystalline quality and 
controlled growth conditions. 

а) b) 

c) d) 

e) f) 
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AFM and SEM analyses demonstrate that the 𝑇𝑏 dopant is highly homogeneously distributed along the surface, 
with no signs of phase separation or clustering observed. The diffuse nature of the Fourier spectrum and the Gaussian-
type statistics of the surface height distribution are in good agreement with the substitution of  𝑇𝑏 atoms mainly for 𝑆𝑛 positions in the crystal lattice. 

Overall, the combined morphological and statistical analyses demonstrate that 𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒  crystals possess a 
nanostructured yet highly homogeneous surface. This structural quality is expected to play a crucial role in determining 
charge carrier transport and phonon scattering mechanisms, making these materials promising candidates for 
thermoelectric applications. 

The energy-dispersive X-ray (EDX/EDR) spectrum of the 𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒 sample (x = 0.01) shows distinct 
characteristic peaks of 𝑆𝑛, 𝑆𝑒, and  𝑇𝑏, confirming the successful incorporation of terbium into the crystal lattice (Fig. 
3). Under high-energy electron irradiation, inner-shell ionization (𝐾, 𝐿,𝑀) leads to electronic transitions accompanied 
by the emission of characteristic X-rays. For 𝑆𝑛, the dominant L-series lines (𝑆𝑛𝐿ఈ~3. 44 𝑘𝑒𝑉 and 𝐿ఉ ~3.67 𝑘𝑒𝑉) are 
observed, while Se exhibits 𝐿ఈ(~1.38 𝑘𝑒𝑉), 𝐿ఉ(~1.43 𝑘𝑒𝑉), and 𝐾ఈ(~11.22 𝑘𝑒𝑉) lines, confirming the preservation 
of the 𝑆𝑛𝑆𝑒  matrix phase. The presence of 𝑇𝑏  is verified by both 𝑀 −series (𝑀ఈ~1.24 𝑘𝑒𝑉,𝑀ఉ ~1.30 𝑘𝑒𝑉 ) and 𝐿 −series ( 𝐿ఈ~6.27 𝑘𝑒𝑉, 𝐿ఉ ~6.68 𝑘𝑒𝑉) emission lines. The multiplicity of 𝑇𝑏 peaks reflect its complex electronic 
structure and support its partial substitution at Sn lattice sites [20]. Overall, the EDX results confirm 𝑇𝑏incorporation 
into the primary phase without evidence of secondary phase formation. 

Figure 3.X-ray microanalysis of the crystal surfaceTb୶Snଵି୶Se:2- x=0,005 

Collectively, thermal, structural, compositional, and morphological analyses consistently demonstrate that low-
level 𝑇𝑏 incorporation in 𝑆𝑛𝑆𝑒leads to substitutional solid-solution formation, slight lattice distortion, reduced thermal 
stability, and preserved phase purity without secondary-phase formation 

 
3.2. Composition-Driven p–n Transition and γ-Irradiation Effects on the Seebeck Coefficient of 𝑻𝒃𝒙𝑺𝒏𝟏ି𝒙𝑺𝒆 Solid Solutions 

In the study reported in [21], the kinetic and transport parameters of 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒  solid solutions (0 ≤  𝑥 ≤ 0.05), grown by the Bridgman technique, were systematically investigated at 𝑇 =  300 𝐾. It was established that 
terbium doping exerts a pronounced influence on the electrical conductivity, Hall coefficient, thermoelectric power, 
thermal conductivity, as well as on the charge carrier concentration and mobility. With increasing Tb content in the 𝑆𝑛𝑆𝑒 −based solid solutions, the Seebeck coefficient 𝑆 initially decreases sharply within the composition range 0 ≤ 𝑥 ≤  0.002 𝑚𝑜𝑙. % (from ൅420to ൅128 𝜇𝑉/𝐾). This behavior is attributed to the donor effect associated with the 
substitution of  𝑆𝑛²⁺ ions by 𝑇𝑏³⁺ ions, which leads to electron generation and enhanced carrier scattering due to lattice 
distortion and local symmetry breaking. Within the narrow concentration interval 0.002 ൏ 𝑥 ൏  0.0025 𝑚𝑜𝑙. %, a sign 
inversion of the Seebeck coefficient occurs (down to −325 𝜇𝑉/𝐾), indicating a transition from 𝑝 −type to 𝑛 −type 
conductivity. This inversion reflects a shift of the Fermi level toward the conduction band and the formation of 
localized donor states introduced by 𝑇𝑏  impurities. For 0.0025 ൏ 𝑥 ൏  0.015 𝑚𝑜𝑙. %, negative values of 𝑆  become 
stabilized, confirming the establishment of electron-dominated (n-type) transport and partial saturation of donor states. 
At higher 𝑇𝑏  concentrations (0.02 ൏ 𝑥 ൏  0.05 𝑚𝑜𝑙. %), a gradual reduction in the absolute value of the Seebeck 
coefficient is observed. This tendency is associated with an increase in free electron concentration, a corresponding 
decrease in the chemical potential gradient, and possible carrier localization effects arising from 𝑇𝑏 − 𝑇𝑏 interactions 
and partial ordering within the defect sublattice of the crystal structure. 

The effect of γ-irradiation on the thermoelectric properties of 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 solid solutions was investigated at room 
temperature within an absorbed dose range of 0–6.5 Mrad (Fig. 4. a)). The Seebeck coefficient evolution strongly 
depends on the conductivity type. For 𝑝 − type compositions (x ≤ 0.001), a non-monotonic 𝑆(𝐷)  dependence is 
observed: the Seebeck coefficient initially increases with dose, reaches a maximum, and then decreases. For 𝑥 =  0, 𝑆 
rises from ≈  ൅420 𝜇𝑉/𝐾 to ≈  ൅442 𝜇𝑉/𝐾at 𝐷 ≈  5 𝑀𝑟𝑎𝑑, followed by a slight reduction. A similar trend is found 
for 𝑥 =  0.001 (from ≈  ൅275to ≈  ൅285 𝜇𝑉/𝐾). This behavior is attributed to radiation-induced donor-type point 
defects, which enhance compensation of hole carriers. At higher doses, defect saturation and enhanced carrier scattering 
lead to a decrease in 𝑆. Such behavior is characteristic of radiation-modified 𝑝 −type 𝑆𝑛𝑆𝑒. 
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Figure 4. Dependence of the Seebeck coefficient a) and its relative change b) on the absorbed dose 

For 𝑛 − type samples (𝑥 ≥  0.01),  the magnitude of the Seebeck coefficient decreases monotonically with 
increasing dose. Specifically, 𝑆  changes from ≈  −297  to −272 𝜇𝑉/𝐾 (𝑥 =  0.01),  from ≈  −258 to −237 𝜇𝑉/𝐾 (𝑥 =  0.025), and from ≈  −210 𝑡𝑜 − 196 𝜇𝑉/𝐾 (𝑥 =  0.05). The reduction of |S| is associated with increased 
electron concentration and enhanced scattering due to radiation-induced defects. The conductivity type remains 
unchanged throughout the entire dose range, and no 𝑝 − 𝑛 conversion is observed [22]. 

The analysis of the relative change, 𝛥𝑆/𝑆₀ =  (𝑆(𝐷)  −  𝑆₀)/𝑆₀, shows that for 𝑝 −type samples it is positive and 
reaches ~4 − 5%  with a subsequent tendency toward saturation (Fig. 4.b)), whereas for n-type samples it takes 
negative values (down to −7 − 8%). The 𝛥𝑆/𝑆₀(𝐷) dependence is nonlinear and can be satisfactorily approximated by 
a quadratic function of the form 𝛥𝑆/𝑆₀(𝐷)  ≈  𝑎𝐷² ൅  𝑏𝐷 ൅  𝑐.  This approach accounts for both the initial defect-
induced compensation contribution and the saturation and enhanced scattering effects at higher doses, thereby providing 
an analytical framework for describing and predicting the radiation-induced thermoelectric behavior of  𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒 
solid solutions. 

 
3.3. Diffusion, phonon-drag, and bipolar contributions to the Seebeck coefficient in 𝑻𝒃𝒙𝑺𝒏𝟏ି𝒙𝑺𝒆  solid 

solutions 
The temperature dependence of the Seebeck coefficient for 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒  solid solutions with different terbium 

concentrations is presented in Fig. 5. The obtained results demonstrate that both compositional variation and 
temperature exert a pronounced influence on the charge transport mechanisms and electronic structure of the system. 

 

Figure 5. Temperature dependence of the Seebeck coefficient in 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒system alloys 

In general, the total Seebeck coefficient can be expressed as the superposition of diffusion and phonon-drag 
contributions [24]: 𝑆 = 𝑆ௗ௜௙௙ ൅ 𝑆௣௛ 

where 𝑆ௗ௜௙௙ − denotes the carrier diffusion component and 𝑆௣௛ − corresponds to the phonon-drag contribution. 
In the intermediate temperature range, the phonon-drag term typically attains a maximum due to efficient 

momentum transfer from nonequilibrium phonons to charge carriers [25]. However, at elevated temperatures, 
intensified phonon–phonon scattering significantly suppresses this effect, resulting in a gradual decrease of the total 
Seebeck coefficient. The systematic decrease in S observed above 400 K across all p-type samples (Fig. 5) is fully 
consistent with this mechanism. 

For the undoped sample (x = 0), the Seebeck coefficient reaches a maximum of approximately 540 μV/K over the 
temperature range 350–400 K. The initial increase in 𝑆 with temperature is primarily attributed to the enhancement of 
the phonon-drag mechanism, which dominates the diffusion contribution in this range. 

As shown in Fig. 5, compositions with 𝑥 =  0, 0.001, and 0.002 exhibit positive Seebeck coefficients over the 
entire investigated temperature interval, indicating hole-dominated transport (𝑝 −type conductivity). In contrast, for 
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𝑥 ≥  0.005, the Seebeck coefficient becomes negative (S<0), evidencing a transition to electron-dominated (𝑛 −type) 
conductivity. This behavior indicates that beyond a critical Tb concentration, a compensation mechanism is activated, 
leading to a shift of the Fermi level toward the conduction band and ultimately altering the dominant carrier type. 

For semiconductors, the diffusion component of the Seebeck coefficient can be described by [12]: 𝑆ௗ௜௙௙ = 𝑘஻𝑒 ൬𝑟 + 2𝑟 + 1 − 𝐸ி − 𝐸஼𝑘஻𝑇 ൰ 

where  𝑘஻ − is the Boltzmann constant, 𝑒 −is the elementary charge, 𝐸ி − is the Fermi level, 𝐸஼ − is the conduction 
band minimum, and 𝑟 − is the scattering parameter that characterizes the dominant carrier-scattering mechanism. 

According to this relation, variations in the Fermi level position directly affect both the magnitude and the sign of 
the Seebeck coefficient. Therefore, the experimentally observed sign inversion is in good agreement with theoretical 
predictions. 

With increasing 𝑇𝑏 content, a systematic decrease in the absolute value of the Seebeck coefficient is observed. 
This trend is directly associated with the increase in charge carrier concentration induced by doping. For non-degenerate 
semiconductors, the Seebeck coefficient approximately follows: 𝑆~ 𝑘஻𝑒 𝑙𝑛 ൬𝑁௩𝑛 ൰ 

where𝑛 is the carrier concentration and 𝑁௩ − is the effective density of states in the valence band. 
As the 𝑇𝑏 concentration increases, the carrier concentration rises, leading to a reduction in 𝑆. The experimentally 

observed decrease in the maximum Seebeck values for 𝑥 =  0.001 and 0.002 quantitatively supports this theoretical 
dependence. 

For samples with 𝑥 ≥  0.005, the Seebeck coefficient becomes negative and exhibits a pronounced extremum 
within the 250 − 350 𝐾 temperature interval. The subsequent reduction of ∣ 𝑆 ∣ at higher temperatures can be attributed 
to the onset of bipolar conduction. As temperature increases, intrinsic carrier excitation generates electron–hole pairs, 
thereby reducing the net thermoelectric response. In the bipolar regime, the effective Seebeck coefficient can be 
expressed as [26]: 𝑆௕௜௣௢௟௔௥ ∝ ቆ𝜎௡𝑆௡ + 𝜎௣𝑆௣𝜎௡ + 𝜎௣ ቇ 

where 𝜎௡ − and  𝜎௣ − represent the electrical conductivities of electrons and holes, respectively, while 𝑆௡ − and 𝑆௣ − 
denote their partial Seebeck coefficients. 

The simultaneous contribution of both carrier types leads to partial compensation, which decreases the overall 
Seebeck coefficient at elevated temperatures. 

In summary, the analysis of Fig. 5 reveals that: 
– 𝑇𝑏 doping induces a conductivity-type transition from 𝑝 −type to 𝑛 −type behavior. 
– The maximum of the Seebeck coefficient is located within the 300 − 400 𝐾 temperature range. 
– Increasing 𝑇𝑏 concentration reduces the magnitude of 𝑆  due to enhanced carrier concentration and the 

corresponding Fermi level shift. 
– The high-temperature decrease in 𝑆 is primarily governed by bipolar diffusion effects. 

These findings demonstrate that 𝑇𝑏 incorporation effectively tunes the electronic structure and carrier transport 
parameters of the 𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒  system, highlighting its potential for thermoelectric applications in the intermediate 
temperature range [27]. 

 
3.4. Effect of Gamma Irradiation on the Seebeck Coefficient of  𝑻𝒃𝒙𝑺𝒏𝟏ି𝒙𝑺𝒆  Alloys 

The Seebeck coefficient (𝑆)  of 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 alloys (𝑥 =  0, 0.001, 0.005, 0.01, 0.05)  was measured in the 
temperature range 80 − 900 𝐾 before and after 𝛾 −irradiation with an absorbed dose of 4 𝑀𝑟𝑎𝑑. The obtained results 
reveal a pronounced temperature- and composition-dependent radiation effect (Fig. 6). 

In the low-temperature region(80 − 300 𝐾), 𝛾 −irradiation significantly modifies the Seebeck coefficient for all 
investigated compositions. For the undoped sample (𝑥 =  0), 𝑆 increases over the entire range. For example, at 80 𝐾, 𝑆 
rises from 390 to 475 𝜇𝑉/𝐾 (𝛥𝑆 ≈  +85 𝜇𝑉/𝐾), corresponding to a relative increase of about 22%. A similar trend is 
observed at 100 𝐾 (393 →  471 𝜇𝑉/𝐾).  Such behavior indicates a substantial modification of charge carrier 
parameters due to radiation-induced defect formation [28]. 

For weakly doped samples (𝑥 =  0.001), the Seebeck coefficient also increases after irradiation, particularly 
below 200 𝐾,  where the relative change reaches 10 − 15%. This behavior can be attributed to radiation-induced 
trapping centers that reduce the effective carrier concentration and modify the energy dependence of electrical 
conductivity. 

For compositions with 𝑥 =  0.005 and characterized by negative Seebeck coefficients (𝑛 −type conductivity), 
irradiation leads to an increase in the absolute value |𝑆| in the low-temperature region. For instance, for 𝑥 =  0.005 at 80 𝐾, 𝑆  changes from −280 to −316 𝜇𝑉/𝐾. This enhancement in |𝑆| suggests a decrease in electron concentration 
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and/or increased carrier scattering caused by radiation-induced structural disorder. Although a sign anomaly is observed 
at 100 𝐾 for 𝑥 =  0.05, the overall temperature dependence preserves the 𝑛 −type character [29]. 

 
Figure 6. Temperature dependence of the Seebeck coefficient before and after irradiation in 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 system alloys 

In the intermediate temperature range(300 − 500 𝐾), the radiation effect gradually weakens. For 𝑥 =  0,  the 
maximum difference is observed near 350 𝐾 (515 →  540 𝜇𝑉/𝐾), but the relative variation decreases with increasing 
temperature. A similar tendency is found for other compositions. This behavior indicates that at elevated temperatures 
phonon scattering becomes dominant over defect scattering, partially compensating the radiation-induced modifications. 

At high temperatures(𝑇 ≥  500 𝐾), the Seebeck coefficients of irradiated and non-irradiated samples practically 
coincide for all investigated compositions: 𝑆௕௘௙௢௥(𝑇) ≈ 𝑆௔௙௧௘௥(𝑇),𝑇 ൐ 500𝐾  

This result demonstrates that thermally activated carriers and intrinsic conduction mechanisms dominate transport 
properties in this temperature range, while the contribution of radiation-induced defects becomes negligible. Therefore, 
the 𝑇𝑏ₓ𝑆𝑛₁₋ₓ𝑆𝑒 system exhibits considerable radiation stability of thermoelectric properties at high temperatures. 

In addition, the convergence of the Seebeck coefficients at high temperatures may also indicate the partial thermal 
annealing or reconfiguration of radiation-induced defects during the measurement process. At elevated temperatures, 
increased atomic mobility can lead to a reduction in the concentration or activity of defect centers responsible for carrier 
scattering and trapping. As a result, the influence of γ-induced defects becomes progressively weaker, and the transport 
properties are governed predominantly by intrinsic mechanisms. Although repeated measurements after high-
temperature cycling were not performed in the present study, the observed behavior is consistent with the expected 
thermal stability and defect dynamics in narrow-gap thermoelectric semiconductors. 

The observed changes in 𝑆 can be interpreted within the framework of the Mott relation [30]: 𝑆 = 𝜋ଶ𝑘஻ଶ𝑇3𝑒 𝑑𝑙𝑛𝜎(𝐸)𝑑𝐸 | ாୀாಷ 

which shows that the Seebeck coefficient depends on the energy derivative of electrical conductivity near the Fermi 
level. Gamma irradiation modifies the density of states and scattering mechanisms through defect formation, thereby 
altering the energy dependence of 𝜎(𝐸). The most pronounced effects occur at low temperatures, where transport is 
highly sensitive to impurity and defect scattering. With increasing temperature, intrinsic carrier excitation reduces the 
relative impact of radiation-induced defects. 

Overall, 𝛾 −irradiation with a dose of 4 𝑀𝑟𝑎𝑑 significantly affects the Seebeck coefficient of𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 alloys 
in the low-temperature region (80 − 300 𝐾), while the effect becomes negligible above 600 𝐾. The magnitude of the 
radiation response depends on terbium concentration and conduction type, being more pronounced for low 𝑇𝑏 content 
and in samples near the compensation regime. 

 
4. CONCLUSIONS 

A comprehensive investigation of the physicochemical, structural, compositional, and thermoelectric properties of 𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒 (0 ≤  𝑥 ≤  0.05) solid solutions has been performed, including the influence of 𝛾 −irradiation on the 
Seebeck coefficient over a wide temperature range. 

Thermal analysis demonstrates that terbium incorporation leads to a monotonic decrease in melting temperature, 
reduced relative melting enthalpy, and peak broadening, indicating lattice softening and increased structural disorder. 
X-ray diffraction confirms the preservation of the orthorhombic 𝑆𝑛𝑆𝑒 (𝑃𝑛𝑚𝑎) structure without detectable secondary 
phases, while systematic peak shifts evidence substitutional incorporation of 𝑇𝑏³⁺  at 𝑆𝑛²⁺  lattice sites. Surface 
morphology analysis reveals a homogeneous nanostructured relief that may enhance phonon and carrier scattering. 
EDX spectroscopy further verifies the successful 𝑇𝑏 incorporation into the primary phase, confirming the formation of 
a substitutional solid solution with preserved phase purity. 
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Compositionally driven transport measurements reveal a  𝑇𝑏 −induced 𝑝 − 𝑛 conductivity transition. At low 𝑇𝑏 
concentrations, donor states introduced by 𝑇𝑏³⁺ ions compensate holes and shift the Fermi level toward the conduction 
band. A sign inversion of the Seebeck coefficient occurs within a narrow composition interval, confirming the transition 
from 𝑝 − type to 𝑛 −type conduction. Increasing 𝑇𝑏  content systematically reduces the magnitude of the Seebeck 
coefficient due to enhanced carrier concentration and Fermi level shift, consistent with diffusion thermo power models. 
Temperature-dependent measurements indicate that the total Seebeck coefficient arises from diffusion and phonon-drag 
contributions at intermediate temperatures (300 − 400 𝐾),  while bipolar conduction effects dominate at elevated 
temperatures. 

The effect of γ-irradiation (up to 4 − 6.5 𝑀𝑟𝑎𝑑) strongly depends on conductivity type and temperature. In the 
low-temperature region (80 − 300 𝐾) , irradiation significantly modifies the Seebeck coefficient: 𝑝 − type samples 
exhibit a non-monotonic increase associated with radiation-induced donor-like defects and carrier compensation, 
whereas n-type samples show a monotonic reduction in |𝑆|  due to enhanced scattering and carrier concentration 
changes. The relative variation 𝛥𝑆/𝑆₀ follows a nonlinear dependence that can be satisfactorily approximated by a 
quadratic function of absorbed dose. However, at high temperatures (𝑇 ≥  500 − 600 𝐾), the Seebeck coefficients of 
irradiated and non-irradiated samples converge, demonstrating strong radiation stability of thermoelectric properties in 
the intrinsic conduction regime. 

Overall, 𝑇𝑏 doping effectively tunes the electronic structure, carrier type, and thermoelectric response of 𝑆𝑛𝑆𝑒 −based solid solutions, enabling controlled 𝑝 − 𝑛 conversion and optimization of transport parameters in the 
intermediate temperature range. The demonstrated radiation stability at elevated temperatures further highlights the 
potential of  𝑇𝑏௫𝑆𝑛ଵି௫𝑆𝑒  materials for thermoelectric applications under irradiation environments. 
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ЗАМІЩУВАЛЬНА ВБУДОВА Tb, p-n ПЕРЕХІД ПРОВІДНОСТІ , ТА ВПЛИВ ГАММА-ОПРОМІНЕННЯ НА 

ТЕРМОЕЛЕКТРИЧНІ ВЛАСТИВОСТІ ТВЕРДИХ РОЗЧИНІВ TbₓSn₁₋ₓSe 
Т.А. Джафаров1, А.М. Аллахвердієв1, Г.А. Гарашова1, Х.А. Адгезалова1, О.М. Гасанов1, І.М. Мамедов1, 

Дж.І. Гусейнов1, І.І. Аббасов2, В.І. Гаджиєва3 
1Азербайджанський державний педагогічний університет, AZ-1000, Баку, вул. Уз. Гаджибейлі, 68, Азербайджан 

2Азербайджанський державний університет нафти та промисловості, Az-1010, Баку, проспект Азадлик, 20, Азербайджан 
3Нахчиванський державний університет, AZ7000, місто Нахчивань, вулиця Істіглал, 85, Азербайджан 

Фізико-хімічні та термоелектричні властивості твердих розчинів TbₓSn₁₋ₓSe (0 ≤ x ≤ 0,05) були систематично досліджені з 
акцентом на перехід типу носіїв, зумовлений складом, а також на ефекти γ-опромінення. Диференціальний термічний аналіз 
виявляє монотонне зниження температури плавлення та ентальпії зі збільшенням вмісту Tb, що вказує на спотворення 
кристалічної решітки та зниження термічної стабільності через заміщення Tb³⁺ на позиціях Sn²⁺. Рентгенівська дифракція 
підтверджує однофазну орторомбічну (Pnma) структуру без вторинних фаз, тоді як EDX-аналіз підтверджує успішне 
включення Tb. Індукований складом p-n перехід відбувається у вузькому діапазоні концентрацій, що супроводжується 
значною зміною коефіцієнта Зеєбека. γ-опромінення (до 4-6,5 Мрад) суттєво впливає на коефіцієнт Зеєбека в області 
низьких температур (80-300 K) з нелінійною залежністю від дози, яку можна апроксимувати квадратичною функцією. За 
підвищених температур (T ≥ 500 K) термоелектрична реакція демонструє значну радіаційну стабільність. Отримані 
результати чітко вказують на те, що легування Tb сприяє керованій модуляції властивостей транспорту носіїв заряду, 
зберігаючи при цьому структурну цілісність і термічну стабільність матеріалу за підвищених температур. Ці результати 
підкреслюють великий потенціал систем, легованих Tb, для передових термоелектричних застосувань, особливо в умовах 
експлуатації, що піддаються радіаційному впливу. 
Ключові слова: тверді розчини; замісне легування; p-n перехід провідності; коефіцієнт Зеєбека; гамма-опромінення; 
радіаційно-модифікований термоелектричний транспорт 
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Magnesium-doped tin oxide (SnO₂:Mg) thin films have attracted considerable attention as promising materials for next-generation non-
volatile memory devices due to their stable resistive switching behavior and simple fabrication processes. In this work, SnO₂ thin films 
were fabricated by ultrasonic spray pyrolysis using a precursor solution containing 20 mol.% Mg and systematically investigated to 
evaluate their memristive switching characteristics, electrical performance, and conduction behavior. Structural analysis confirmed the 
formation of uniform polycrystalline thin films with a crystallite size of approximately 30 nm, while energy-dispersive X-ray 
spectroscopy (EDS) revealed an actual Mg content of approximately 5 at.%, indicating partial incorporation of Mg into the SnO₂ lattice. 
Electrical measurements demonstrated reproducible bipolar resistive switching with an ON/OFF resistance ratio of approximately 10³ 
and stable switching behavior over multiple cycles with low voltage variation (±5%) compared to previously reported undoped SnO₂ 
films. The observed improvement in memristive performance is attributed to Mg-induced modifications of defect states and charge-
transport pathways within the oxide matrix. Conduction analysis indicates a transition from ohmic behavior at low bias to space-charge-
limited conduction (SCLC) at higher voltages, consistent with a quadratic current–voltage relationship (I ∝ V²). These results 
demonstrate that Mg incorporation is an effective defect-engineering strategy for tuning the electrical properties of SnO₂ thin films and 
improving their suitability for reliable memristor and non-volatile memory applications. This approach provides a simple and scalable 
route for engineering oxide-based memristive devices. 
Keywords: SnO₂; Mg doping; Memristor; Resistive switching; Non-volatile memory 
PACS: 73.40.Rw; 73.50.Gr; 77.55.Px; 85.30.Tv 

INTRODUCTION 
Resistive switching phenomena in metal–oxide thin films have attracted significant attention due to their strong 

potential for application in next-generation non-volatile memory and neuromorphic computing systems [1–3]. Among 
oxide materials, tin oxide (SnO₂) is a promising candidate due to its wide band gap, good chemical stability, low 
fabrication cost, and compatibility with conventional semiconductor technologies [4–6]. However, the practical 
implementation of SnO₂-based memristive devices is still limited by issues related to switching stability, ON/OFF 
resistance ratio, and variability of electrical characteristics. Therefore, modifying the electrical and structural properties 
of SnO₂ through controlled doping has become an important research direction [7–12]. 

Magnesium (Mg) incorporation into SnO₂ is expected to influence charge-transport behavior, defect distribution, 
and carrier concentration within the oxide matrix, thereby directly affecting resistive-switching performance. Previous 
studies on doped metal-oxide memristors have demonstrated that appropriate dopant selection can enhance switching 
uniformity, reduce operating voltage, and improve endurance characteristics. However, most reported studies have 
focused on undoped or transition-metal-doped SnO₂ systems, while systematic investigations of Mg-doped SnO₂ thin 
films, particularly regarding memristive switching mechanisms and conduction behavior, remain limited [13–14]. 

In this work, we demonstrate that Mg doping acts as an effective defect-engineering approach in SnO₂ thin films, 
enabling modulation of oxygen vacancy distribution and stabilization of conductive filament formation. As a result, the 
fabricated devices exhibit improved switching reproducibility and an enhanced ON/OFF resistance ratio compared to 
previously reported undoped SnO₂ systems. The films were prepared using the ultrasonic spray pyrolysis technique and 
systematically investigated in terms of their structural, morphological, and electrical properties. Special attention was 
given to switching reproducibility, the resistance ratio, and the dominant charge transport mechanisms. The results 
provide new insight into Mg-induced defect states and their role in controlling charge transport and filament dynamics, 
highlighting a promising pathway to improve the performance and reliability of SnO₂-based memristive devices for non-
volatile memory applications. 

METHODS 
Mg-doped SnO₂ (SnO₂:Mg) thin films were fabricated using the ultrasonic spray pyrolysis (USP) technique due to 

its cost-effectiveness, simplicity, and suitability for large-area oxide thin-film deposition. The Mg concentration in the 
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precursor solution was fixed at 20 mol.% relative to the Sn precursor. The schematic configuration of the USP deposition 
system is shown in Figure 1, in which the precursor aerosol generated by an ultrasonic nebulizer is transported by a carrier 
gas into a heated quartz reaction chamber to form a thin film on the substrate. 

In this study, p-type silicon (p-Si) substrates were employed as the bottom electrode and supporting platform. Prior to 
deposition, the substrates were sequentially cleaned in deionized water, ethanol, and acetone, followed by a final rinse in 
deionized water to remove organic and inorganic contaminants and ensure uniform film adhesion. The cleaned substrates 
were dried under ambient conditions and subsequently dried using nitrogen gas to eliminate residual moisture. 

The fabricated memristor device consists of a single-layer SnO₂ thin film prepared using a precursor solution 
containing 20 mol.% Mg, deposited on a p-Si substrate in a vertical metal–insulator–semiconductor configuration. 
Circular silver (Ag) top electrodes were formed using conductive silver paste, while the p-Si substrate served as the 
bottom electrode. This sandwich-type geometry enables electric-field-driven charge transport through the SnO₂:Mg layer, 
which is essential for investigating memristive resistive switching behavior. 
 

 
Figure 1. Schematic diagram of the ultrasonic spray pyrolysis system used for the deposition of SnO₂ thin films prepared from 

a precursor solution containing 20 mol.% Mg 

The precursor solution was prepared by dissolving stannous chloride dihydrate (SnCl₂·2H₂O) in double-distilled 
water, followed by the addition of a magnesium salt corresponding to 20 mol.% Mg doping. The solution was 
magnetically stirred at room temperature until complete homogenization was achieved. As illustrated in Figure 1, the 
precursor solution was atomized using a 2.5 MHz ultrasonic transducer and transported toward the heated substrate by an 
oxygen carrier gas. 

Film deposition was carried out at a substrate temperature of 450 °C maintained by a temperature-controlled 
hotplate. After deposition, the films were annealed in ambient air at the same temperature to improve crystallinity, reduce 
structural disorder, and stabilize the electrical properties of the SnO₂:Mg layer. Silver top electrodes were subsequently 
formed for electrical characterization. 

Electrical measurements of the memristor devices were performed at room temperature using a Keithley 2460 
SourceMeter. A voltage sweeps sequence of 0 → +5 V → 0 → −5 V → 0 was applied to record the current–voltage (I-V) 
characteristics. The pinched hysteresis loop confirmed the memristive resistive-switching behavior of the fabricated 
SnO₂:Mg thin-film structures. 

 
RESULTS AND DISCUSSION 

a. Optical properties 
The optical properties of the Mg-doped SnO₂ thin film were analyzed using the Tauc method derived from diffuse 

reflectance measurements, and the corresponding Tauc plot is shown in Figure 2. The optical bandgap energy was 
determined by plotting the squared Kubelka–Munk function, (F(R)hν)², as a function of photon energy (hν) and 
extrapolating the linear region of the absorption edge to the energy axis. 

As illustrated in Figure 2, the Tauc plot indicates a direct optical transition with an estimated bandgap value of 
approximately 3.75 eV for the SnO₂:Mg thin film. This value is slightly lower than that of undoped SnO₂, which is 
typically reported in the range of 3.6–4.0 eV, suggesting that Mg incorporation introduces localized defect states and band 
tailing near the conduction band. Such bandgap modification is commonly associated with oxygen-vacancy-related states 
and lattice distortion induced by substitutional doping. 

The presence of defect-mediated sub-bandgap states is particularly relevant to memristive behavior, as these states 
can act as carrier-trapping centers and facilitate charge transport under an external electric field. Consequently, the 
bandgap narrowing and defect-related optical features observed in Figure 2 support enhanced resistive-switching 
performance and the formation of conductive filaments in the SnO₂:Mg memristor structure. 
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Figure 2. Tauc plot of the Mg-doped SnO₂ thin film showing a direct optical bandgap of approximately 3.75 eV 

 
b. Structural properties from X-ray diffraction analysis 

The crystal structure and phase composition of the Mg-doped SnO₂ thin films were analyzed by X-ray diffraction 
(XRD), and the corresponding diffraction pattern is presented in Figure 3. The pattern confirms that the deposited films 
retain the tetragonal rutile crystal structure characteristic of SnO₂, indicating that magnesium incorporation does not alter 
the fundamental crystallographic phase of the host material. The main diffraction peaks corresponding to the (110), (101), 
(200), and (211) crystallographic planes observed in Figure 3 are consistent with standard reference data for crystalline 
SnO₂, demonstrating the successful formation of well-crystallized oxide thin films. 

No additional reflections associated with MgO or 
other secondary impurity phases are detected within the 
measurement range shown in Figure 3. This absence of 
secondary phases suggests that Mg ions are incorporated 
substitutionally into the SnO₂ lattice rather than forming 
segregated compounds. Such substitutional incorporation 
is expected to induce local lattice distortion and modify 
the defect distribution within the oxide matrix. 

In addition, energy-dispersive X-ray spectroscopy 
(EDS) analysis confirmed the presence of Mg in the 
deposited films, with an average concentration of 
approximately 5 at.%. This value is lower than the 
nominal precursor concentration (20 mol.%), indicating 
partial incorporation of Mg into the SnO₂ lattice during the 
ultrasonic spray pyrolysis process. The discrepancy 
between the precursor composition and the measured film 
composition can be attributed to incomplete incorporation 
efficiency and possible re-evaporation of Mg species 
during deposition. 

As also evident from the peak profiles in Figure 3, a 
slight broadening of the diffraction peaks compared with 
undoped SnO₂ indicates a decrease in crystallite size 
together with an increase in microstrain and defect 
concentration caused by Mg incorporation. These 
structural changes are particularly important for 
memristive behavior, since they enhance the generation 
and migration of oxygen vacancies that serve as the 
dominant charge transport centers in oxide-based resistive 

switching devices. The increased density and mobility of oxygen vacancies facilitate conductive filament formation under 
an applied electric field, thereby improving switching stability and reproducibility in SnO₂:Mg memristors. 

The structural parameters extracted from the XRD data are summarized in Table 1. The average crystallite size, 
calculated using the Scherrer equation, was found to be approximately 30 nm. Furthermore, the estimated microstrain 
(ε ≈ 1.2×10⁻³) and dislocation density (δ ≈ 1.2×10¹⁵ m⁻²) confirm an increased defect density induced by Mg 
incorporation. These microstructural features are directly correlated with enhanced oxygen vacancy mobility and 
improved memristive switching performance. 

 
Figure 3. XRD pattern of the Mg-doped SnO₂ thin film showing 
the tetragonal rutile phase with dominant (110), (101), (200), and 
(211) reflections and no detectable secondary phases. 
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Table 1. Structural parameters of Mg-doped SnO₂ thin films derived from XRD analysis 

(hkl) 2θ (deg) d-spacing (Å) Relative Intensity FWHM (rad) Crystallite Size (nm) 
(110) 26.6° 3.35 Medium 0.005 30 
(101) 33.9° 2.64 Low–Medium 0.006 27 
(200) 37.9° 2.37 High 0.0055 28 
(211) 51.8° 1.76 Very High 0.0048 31 

c. Electrical properties and memristive switching behavior 
The electrical characteristics of the Mg-doped SnO₂ thin film device were investigated using current–voltage (I–V) 

measurements in the voltage range from approximately −5 V to +5 V. As shown in Figure 4, the I–V curve exhibits a 
well-defined pinched hysteresis loop passing through the origin, which is a characteristic signature of memristive 
behavior. The device demonstrates bipolar resistive switching between a high-resistance state (HRS) and a low-resistance 
state (LRS), with an ON/OFF resistance ratio of approximately 10³, confirming the formation of a stable resistive memory 
effect in the SnO₂:Mg thin film. 

At low applied voltages, the current varies linearly with voltage, indicating ohmic conduction dominated by 
thermally generated free carriers. As the voltage increases, the current transitions to a nonlinear regime associated with 
space-charge-limited conduction (SCLC), suggesting trap-controlled charge transport within the oxide layer. The SCLC 
region is confirmed by the quadratic dependence of current on voltage (I ∝ V²). This transition from ohmic to SCLC 
conduction is consistent with defect-mediated transport mechanisms commonly observed in oxide-based memristive 
systems. 

The asymmetry observed between the positive and negative voltage sweeps in Figure 4 indicates that the resistive 
switching process is governed by electric-field-driven migration of oxygen vacancies and the formation and rupture of 
conductive filaments across the SnO₂:Mg layer. The SET process occurs at approximately +3 V, where vacancy 
accumulation leads to filament formation and transition to the LRS, while the RESET process occurs near −3 V, 
corresponding to partial filament rupture and recovery of the HRS. The variation in switching voltages remains within 
±8%, indicating good cycle-to-cycle uniformity and device stability. 

Compared to previously reported undoped SnO₂ devices, the Mg-doped films exhibit improved switching 
reproducibility and reduced variability, which can be attributed to the more controlled distribution of oxygen-vacancy-
related defect states induced by Mg incorporation. 

The stability and reproducibility of the switching behavior were further evaluated through repeated voltage cycling, 
as presented in Figure 5. The device demonstrates stable resistive switching over more than 50 consecutive cycles, with 
only minor variation in the I–V characteristics while maintaining a consistent hysteresis window. The variation in SET 
and RESET voltages remains within ±5%, indicating good cycle-to-cycle uniformity and stable filament formation 
dynamics. 

Figure 4. Current–voltage characteristics of the Mg-doped 
SnO₂ thin film showing bipolar memristive switching behavior 

Figure 5. Multi-cycle I–V curves of the Mg-doped SnO₂ 
device demonstrating reproducible switching and stable 

hysteresis 

Such endurance characteristics confirm the reliability of Mg-doped SnO₂ thin films for non-volatile memory and 
neuromorphic device applications. 

Overall, the electrical analysis demonstrates that Mg incorporation enhances defect-mediated charge transport and 
stabilizes filamentary switching, resulting in an ON/OFF resistance ratio of approximately 10³ and improved switching 
reproducibility compared to previously reported undoped SnO₂ thin films. 
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CONCLUSIONS 
In this work, magnesium-doped SnO₂ thin films were prepared using a precursor solution containing 20 mol.% Mg 

were successfully fabricated by the ultrasonic spray pyrolysis technique and systematically investigated in terms of their 
structural and electrical properties. The results confirm that Mg incorporation preserves the tetragonal rutile crystal 
structure of SnO₂ without the formation of secondary impurity phases, while inducing lattice distortion, reduced crystallite 
size (≈ 30 nm), and increased defect density. These structural modifications enhance oxygen-vacancy migration and 
facilitate the formation of conductive filaments within the oxide layer. 

Electrical measurements reveal stable bipolar resistive switching with a pronounced pinched hysteresis loop and an 
ON/OFF resistance ratio of approximately 10³. The device exhibits reproducible switching behavior over multiple voltage 
cycles with low variation in switching voltages (±5%). The conduction mechanism transitions from ohmic transport at 
low bias to space-charge-limited current (SCLC) at higher voltages, consistent with trap-controlled charge transport 
(I ∝ V²). The switching process is governed by an oxygen-vacancy-driven filamentary conduction mechanism, where Mg 
doping plays a crucial role in stabilizing filament formation and reducing switching variability. 

Compared with previously reported undoped SnO₂ systems, the Mg-doped films demonstrate improved switching 
reproducibility and enhanced resistance ratio, highlighting the effectiveness of Mg as a defect-engineering dopant. 
Overall, the results provide new insight into defect-controlled resistive switching and confirm that Mg incorporation is a 
promising strategy for improving the performance and reliability of SnO₂-based memristive devices. 

These findings indicate that SnO₂:Mg thin films fabricated by ultrasonic spray pyrolysis represent a promising 
material platform for next-generation non-volatile memory and neuromorphic applications. Future work will focus on 
systematically varying Mg concentration to further optimize switching characteristics and better understand the 
underlying physical mechanisms. 
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Mg-ІНДУКОВАНЕ ПОСИЛЕННЯ МЕМРИСТИВНОГО ПЕРЕМИКАННЯ В ТОНКИХ ПЛІВКАХ SnO₂ 
Джамоліддін Х. Муродов1,2, Шавкат У. Юлдашев2, Азамат О. Арсланов3, Нойба У. Ботірова2, 

Джавохір Ш. Худойкулов3, Маргуба С. Міркамілова1, Інобат К. Кодірова1, Оділбой Х. Хімматкулов1 
1Ташкентський державний технічний університет імені Іслама Карімова 

2Центр розвитку нанотехнологій, Національний університет Узбекистану 
3Національний університет Узбекистану імені Мірзо Улугбека, Ташкент, Узбекистан 

Тонкі плівки оксиду олова (SnO₂:Mg), легованого магнієм, привернули значну увагу як перспективні матеріали для 
енергонезалежних пристроїв пам'яті наступного покоління завдяки своїй стабільній резистивній поведінці перемикання та 
простим процесам виготовлення. У цій роботі тонкі плівки SnO₂ були виготовлені методом ультразвукового розпилювального 
піролізу з використанням розчину-попередника, що містить 20 мол.% Mg, та систематично досліджені для оцінки їхніх 
характеристик мемристивного перемикання, електричних характеристик та поведінки провідності. Структурний аналіз 
підтвердив утворення однорідних полікристалічних тонких плівок з розміром кристалітів приблизно 30 нм, тоді як 
енергодисперсійна рентгенівська спектроскопія (EDS) виявила фактичний вміст Mg приблизно 5 ат.%, що вказує на часткове 
включення Mg у решітку SnO₂. Електричні вимірювання продемонстрували відтворюване біполярне резистивне перемикання 
зі співвідношенням опору вмикання/вимикання приблизно 10³ та стабільну поведінку перемикання протягом кількох циклів 
з низькими змінами напруги (±5%) порівняно з раніше зареєстрованими нелегованими плівками SnO₂. Спостережуване 
покращення мемристивної продуктивності пояснюється модифікаціями дефектних станів та шляхів переносу заряду, 
індукованими Mg, в оксидній матриці. Аналіз провідності вказує на перехід від омічної поведінки при низькому зміщенні до 
провідності, обмеженої просторовим зарядом (SCLC), при вищих напругах, що узгоджується з квадратичною залежністю 
струм-ампера (I ∝ V²). Ці результати демонструють, що впровадження Mg є ефективною стратегією дефектної інженерії для 
налаштування електричних властивостей тонких плівок SnO₂ та підвищення їхньої придатності для надійних мемристорів і 
енергонезалежної пам'яті. Цей підхід забезпечує простий та масштабований шлях для розробки мемристивних пристроїв на 
основі оксиду. 
Ключові слова: SnO₂; легування Mg; мемристор; резистивне перемикання; енергонезалежна пам'ять 
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Nickel-iron (Ni-Fe) nanostructured alloys are attracting increasing interest due to their remarkable electrochemical, magnetic, and 
mechanical properties, making them particularly attractive for applications in electrocatalysis, energy storage, sensors, and functional 
coatings. This study presents a comparative analysis of the electrochemical, structural, and morphological characteristics of nickel-iron 
(Ni-Fe) nanostructures synthesized in sulfate electrolytes on indium tin oxide (ITO) substrates through various electrodeposition 
methods. The fabricated nanostructures were characterized using cyclic voltammetry, chronoamperometric measurements 
(potentiostatic steps), atomic force microscopy (AFM), and X-ray diffraction (XRD). The electro-crystallization process was evaluated 
using the Scharifker-Hills model, revealing that nucleation mechanisms differed based on applied potentials. XRD analysis confirmed 
the polycrystalline nature of the Ni-Fe nanostructures, with a preferred <111> crystallographic orientation and a face-centered cubic 
(fcc) structure observed in both deposition modes. The crystallite sizes were determined as 9.77 nm under pulsed conditions and 
14.63 nm for the direct method. AFM surface analyses further demonstrated that the choice of electrodeposition method significantly 
influences the morphological features of the resulting deposits. 
Keywords: Ni-Fe nanostructures; Electrodeposition method; Coatings; ITO substrate 
PACS: 61.46.Df, 61.82.Rx 

1. INTRODUCTION
The earliest documented paint-based coatings originated in Europe and Australia around 20,000 years ago [1]. 

During this period, formulations included iron oxide, chalk, or charcoal, applied using fingertips or brushes crafted by 
splitting soft twigs [1]. In contrast, ancient Egyptian and Greek civilizations developed more sophisticated coating 
technologies, including early polymeric-based paints and coatings [2]. Historians often classify nanotechnology as a 
reinvented field, noting that early efforts to create nanoscale coatings emerged in ancient Egypt and were later refined in 
China [2]. In recent years, nanomaterials and nanotechnology-based coatings have become a focal point of scientific 
research, both for fundamental understanding and technological innovation. This surge is driven by their diverse 
applications and expanding utility in response to growing social and industrial demands [3]. 

Among these, nickel (Ni) and nickel-based coatings have emerged as critical materials in various industries, gaining 
significant attention for their diverse applications [4,5]. These include uses in electronics—such as memory and storage 
devices for computers—enhancing substrate hardness and wear resistance, and in components like transducers, 
transformers, and protective chokes [6,7]. Additionally, nickel coatings are vital for corrosion protection, energy storage 
systems, and solar thermal applications [8-10]. The surge in nickel and nickel-coating research stems from the versatility 
of their preparation methods. For instance, composite coatings incorporating nanoparticles such as Al2O3 [11], ZrO2 [12], 
Si3N4 [13], In2O3 [14], SiC [15] enhance matrix properties by dispersing these particles. Alternatively, crystallite 
refinement through additives [16] and alloying with elements such as Tungsten (W) [17], Chrome (Cr) [18], Molybdenum 
(Mo) [19], and Cobalt (Co) [20] further expand their applicability. Crucially, the synthesis technique employed directly 
impacts the resulting coating properties.  

Several synthesis techniques are used to develop coatings [21-24]; however, electrochemistry [25] is among the 
most advantageous methods for producing nanocoatings. Among the numerous synthesis approaches reported in the 
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literature, electrochemical synthesis stands out for its high adaptability and its ability to precisely control the structural, 
morphological, and functional properties of the resulting materials [26,27]. 

The variety of its processes provides a good synthesis of diversified nano-coatings in terms of both quantity and 
quality [28,29] in organic [30,31] and inorganic [32] fields. With a good manipulation of the sequence parameters, it is 
possible to design the desired properties of nano-coatings, such as their thickness and morphology [26]. Based on the low 
costs and reduced amount of waste materials, the electrochemical process has given rise to increasing interest in alloy 
electrodeposition, particularly in modern electronic devices. The present study investigates the effect of electrodeposition 
mode on the, morphology, and functional properties of Ni–Fe alloy coatings, with particular emphasis on the process–
structure– morphology property relationship 
 

2. MATERIALS AND METHODS  
2.1. Techniques of characterization 

X-ray diffraction (XRD) patterns of the powder were obtained using an analytical X’pert-PRO diffractometer 
equipped with Cu Kα radiation. 

Electrochemical measurements were conducted in a conventional three-electrode cell. Potential values were 
referenced to a saturated calomel electrode (SCE), positioned close to the cathodic steel surface to minimize ohmic 
potential drops in the electrolyte. A platinum grid served as the auxiliary electrode. Indium tin oxide (ITO)-coated 
conducting glass substrates were employed as working electrodes, featuring an exposed area of 1 cm² and a sheet 
resistance of 10–20 Ω/cm². Prior to use, the substrates were cleaned via ultrasonic degreasing in acetone and ethanol for 
10 minutes, followed by thorough rinsing with distilled water. 

 
2.2. Chemicals 

The sources of nickel and iron available for reduction in the solution are the NiSO4.6H2O and FeSO4.7H2O (Sigma-
Aldrich). The aim of adding boric acid H3BO3 (Sigma-Aldrich) in the electrolyte is to avoid the pH variation near the 
electrode and to inhibit the formation of hydroxide species. The Sodium sulfate Na2SO4.6H2O was used as supporting 
electrolyte and used to maintain the overall quality of the electrodeposits. The bath composition and operating conditions 
are gathered in Table 1. 
Table 1. Electrolyte composition and operating parameters 

Bath composition NiSO4.6H2O (0.05 M) 
FeSO4.6H2O (0.05 M) 
Na2SO4.6H2O (0.1 M) 
0.05 M H3BO4 (0.05 M) 
pH 3.7-.5 

Operating parameter Temperature (°C) 23-25 
Cathode ITO substrates 
Anode Pt grid 
Reference Saturated calomel electrode (ECS) 

 
2.3 Preparation of synthetic solution of Ni-Fe alloy 

Nickel-iron (Ni-Fe) alloy nanostructures were synthesized through the reduction of Fe²⁺ and Ni²⁺ ions in an aqueous 
solution, using 0.1 M sodium sulfate (Na₂SO₄·6H₂O) as the supporting electrolyte. Nickel sulfate (NiSO₄·6H₂O, 30 mmol) 
and iron sulfate (FeSO₄·6H₂O, 10 mmol) were dissolved uniformly in 200 mL of distilled water. The solution was stirred 
magnetically for 10 minutes at room temperature, after which 0.05 M boric acid (H₃BO₃) was added to adjust the pH to a 
range of 3.7–5.0. To investigate the electrochemical kinetics and growth mechanisms of Ni, Fe, and Ni-Fe alloy 
electrodeposition, cyclic voltammetry (CV) and chronoamperometry (CA) were employed. The nucleation behavior of 
the deposits was further analyzed using the Scharifker-Hills model to interpret transient current responses during 
deposition [33].  
 

3. RESULTS AND DISCUSSION 
3.1. Cyclic voltammetry of Nickel, Iron and Ni-Fe 

To determine the potential range over which nickel and iron deposition occur, cyclic voltammetry was carried out. 
The electrolyte solution contains 0.05 M of FeSO4, H3BO3, and 0.1 M Na2SO4. 

Fig. 1 shows cyclic voltammograms of the cathodic part for Ni electrodeposited onto an ITO substrate. The 
beginning of the current decrease was detected at -1100 mV/SCE, which indicates the over potential deposition process 
onto the ITO surfaces. The presence of cross-overs in the positive and negative scans is a typical sign of the formation of 
a new phase, involving nucleation followed by a diffusion-limited growth process [34]. It is also noticed that the hydrogen 
evolution reaction (HER) might occur simultaneously with nickel deposition. 

The electrodeposition of nickel was first proposed by the adsorption of a nickel complex, then a reaction of charge 
transfer in two stages according to the following mechanism [35]:  



140
EEJP. 2 (2026) Houssem Eddine El Yamine Sakhraoui, et al.

 𝑁𝑖ଶା ൅ 𝑂𝐻ି → 𝑁𝑖ሺ𝑂𝐻ሻା (1) 

 𝑁𝑖ሺ𝑂𝐻ሻା ൅  𝑒ି → 𝑁𝑖ሺ𝑂𝐻ሻ௔ௗ௦ (2) 

 𝑁𝑖ሺ𝑂𝐻ሻ௔ௗ௦ ൅  𝑒ି → 𝑁𝑖 ൅ ሺ𝑂𝐻ሻି (3) 
The adsorbed monovalent nickel intermediate may also undergo reduction as:  

 𝑁𝑖ଶା ൅  2𝑒ି ൅  𝑁𝑖ሺ𝑂𝐻ሻ௔ௗ௦ → 𝑁𝑖 ൅ 𝑁𝑖ሺ𝑂𝐻ሻ௔ௗ௦ (4) 

 
Figure 1. Cyclic voltammogram of Ni deposited on Pt electrode in aqueous solution containing 0.05 M of NiSO4, H3BO3 and 0.1 

M Na2SO4 at a scan rate of 100 mV/s 
Fig. 2 shows the cyclic voltammogram for Fe electrodeposition. It reveals two reduction reactions for Fe2+ ions: one 

yields Fe+ ions, and the other yields metallic Fe. The scan was performed between -0.6 and -1.6 V/ESC at a scan rate of 
100 mV·s-1. The current decrease was detected at -0.7 and -1.00 V/ SCE, which is characteristic of the over potential 
deposition of the Fe2+ reduction process to the adsorbed Fe+ then to the metallic iron Fe [36]. 

 𝐹𝑒ଶା ൅ 𝑒ି → 𝐹𝑒௔ௗ௦ା  (5) 

 𝐹𝑒௔ௗ௦ା ൅  𝑒ି → 𝐹𝑒 (6) 

 
Figure 2. Cyclic voltammogram of Fe deposited in aqueous solution containing 0.05 M of FeSO4, H3BO3, and 0.1 M of Na2SO4 at a 

scan rate of 100 mV/s 
Fig. 3 represents the cyclic voltammogram of Ni-Fe. In the positive scan, the current decreased at 1000 mV, 

corresponding to the reduction of Ni and Fe. In the reverse scan, a dissolution pic of the previously formed species (Ni 
and Fe) was observed around -625 mV, and their oxidation at 355 mV. 

 
Figure 3. Cyclic voltammogram of Ni-Fe deposited in aqueous solution containing 0.05 M of FeSO4, H3BO3, NiSO4, and 0.1 M 

Na2SO4 at a scan rate of 100 mV/s 
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3.1.1 Ni-Fe electrodeposition mechanism 
Dahms was to be the first to try to explain the inhibition function of the observed codeposition alloy Ni-Fe 

behavior [37]. The pH value on the cathodic surface is supposed to be high because of the following secondary reaction: 

 2𝐻ା + 2𝑒ି → 𝐻ଶ (7) 

It was proposed that codeposition is due to the concurrent reaction of hydrogen release, which becomes very 
awkward for nickel deposition. Because of this condition, the pH of the surface could increase, thus enabling the formation 
of metal hydroxides according to the reaction: 

 𝑀ଶା + 2𝑂𝐻ି → 𝑀(𝑂𝐻)ଶ, (8) 

 𝑁𝑖ଶା + 2𝑂𝐻ି → 𝑁𝑖(𝑂𝐻)ଶ ௔௤, (9) 

 𝐹𝑒ଶା + 2𝑂𝐻ି → 𝐹𝑒(𝑂𝐻)ଶ ௔௤. (10) 

Where M represents: Ni and Fe. 
Consequently, it was noted that the nickel reduction was inhibited, which may be due to the preferential adsorption 

of ferrous hydroxides on the cathodic surface. These ferrous hydroxides block the available sites at the electrode surface. 
Giuliani and Lazzari [38] supposed that during the codeposition of Ni-Fe alloy, the reduction of the H + and Ni2+ ions 
occurs in the first step, causing an increase in the pH of the cathode surface, then the formation of Ni(OH)+ and Fe(OH)+. 
Gangasingh and Talbot [39] have proposed a very similar mechanism as that of Dahms and Croll.[37] for the Ni-Fe 
codeposition. The difference was that Ni2+ and Fe2+ were taken to form aqueous hydroxides Ni(OH)2 (aq) and Fe(OH)2 (aq) 
instead of solid hydroxides of the reactions according to the following homogeneous reactions: 

 
3.1.2 Hydrogen evolution reaction (HER) 

On the cathodic part in the sulphate medium, hydrogen evolution reaction (HER) intervenes which devised into 
several stages. The first stage, called stage of Volmer corresponds to the formation of an adsorbed MHads type 
intermediary, by adsorption of protons on the surface of metal. The second stage is an electrochemical desorption after 
the adsorption of a new H+ (stage of Heyrovsky) and/or a chemical desorption after the recombination of two adsorbed 
intermediaries (stage of Tafel), these three stages are given below:  

 𝑀 + 𝐻ା + 𝑒ି → 𝑀𝐻௔ௗ௦ Volmer, (11) 

 𝑀𝐻௔ௗ௦ + 𝐻ା + 𝑒ି → 𝐻ଶ + 𝑀 Heyrovsky, (12) 

 2𝑀𝐻௔ௗ௦ → 𝐻ଶ + 2𝑀 Tafel. (13) 

The HER kinetics are supposed to be controlled by the charge transfers of metallic cations [2, 40]. The rate Vi of 
each stage i can then be expressed according to the rate of surface covering Q by adsorbed hydrogen Hads. 

 
3.2 Electrodeposition of Ni by Chronoamerometry 

The current transients shown in Figure 4 provide key information on the nucleation and growth mechanisms 
occurring during the electrodeposition of Ni, Fe, and Ni-Fe alloys. In the case of monometallic Ni and Fe deposits 
(Figs. 4a and 4b), the typical transient profile, characterized initially by a decrease in current density over time, reflects 
the local depletion of metal ions near the electrode, as well as the increase in diffusion resistance due to deposit thickening. 
This is followed by a rapid increase in current until it reaches a maximum value, denoted imax, corresponding to a 
maximum time tmax, followed by progressive stabilization. This behavior highlights instantaneous nucleation 
accompanied by diffusion-controlled growth of Ni and Fe metallic species in solution. For the direct electrodeposition of 
the Ni–Fe alloy (Fig. 4c), the current transients exhibit more complex behavior, resulting from the simultaneous co-
reduction of Ni²⁺ and Fe²⁺ ions. This kinetics is strongly influenced by the phenomenon of anomalous iron deposition, 
leading to a modification of the current density and growth mechanisms compared to monometallic deposition. 
Competition between metallic species and differences in reduction overpotentials promote heterogeneous nucleation and 
a less homogeneous microstructure. In contrast, the pulsed deposition of the Ni–Fe alloy (Fig. 4d) is characterized by 
higher instantaneous current densities during cathode pulses, followed by relaxation periods that allow for the 
reconstitution of the diffusion layer. This deposition mode promotes an increased density of nucleation sites, limits local 
depletion of metal ions, and leads to more uniform and finer deposit growth. Thus, pulsed electrodeposition improves the 
kinetic control of the process and allows for more homogeneous Ni–Fe layers, characterized by a refined microstructure 
and superior physico-chemical properties compared to direct deposition. 

In general, these curves have the same shape. At the beginning, a decrease in the current density is observed, that is 
due to the double layer charge. Then this density increases until reaching a maximum value indicated by imax 
corresponding to a maximum time tmax. This behavior shows the formation of one well new phase, which corresponds to 
the nucleation and the growth of Ni and Fe crystals. Finally, a pseudo-stationary mode is established in accordance with 
the equation of Cottrell [41]:  
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 𝑖 ൌ 𝑛.𝐹.𝐶. (஽గ௧)ଵ/ଶ (14) 

 

 
Figure 4. Current transients for the electrodeposition of (a) Ni (b) Fe (c) direct Ni-Fe and (d) pulsed Ni-Fe 

 
3.3. Scharifker–Hills proposed model 

Nucleation and the first growth steps are important parameters for understanding the properties of a crystallized 
deposit, by analyzing the first stages of electrodeposition, using the first part of the chronoamperograms i.e. before the 
diffusion step limit established. Instantaneous nucleation is defined by a slow growth of nuclei on a low number of active 
sites, all activated at the same time. However, progressive nucleation corresponds to a rapid growth of nuclei on numerous 
active sites, all activated during the course of electroreduction [42]. In this case, from Scharifker–Hills model [43], we 
distinguish the instantaneous nucleation followed by three-dimensional diffusion-limited growth (15) and progressive 
nucleation followed by three-dimensional diffusion-limited growth (16): ௜²௜²೘ೌೣ ൌ 1.9542 ቀ௧೘ೌೣ௧ ቁ ሾ1 െ exp ቀെ1.2564 ௧௧೘ೌೣቁሿ² (15) 

௜²௜²೘ೌೣ ൌ 1.2254 ቀ௧೘ೌೣ௧ ቁ ሾ1 െ exp ቀെ2.3367 ௧²௧²೘ೌೣቁሿ² (16) 

Fig. 5a and 5b show the deposition transient for Ni and Fe electrodeposited from sulfate electrolytes. 

 
Figure 5. Reduced dimensionless parameters with theoretical curves for progressive and instantaneous nucleation (dotted line) for 

the deposition of Ni (a) and Fe (b) 
The dashed and full lines represent the theoretical curves for progressive and instantaneous limiting cases, described 

by Eqs. (15) and (16). According to Fig. 5a, the reduced forms for Ni electrodeposition follow the progressive nucleation 
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model for -1100 and -1250 mV/ SCE and an instantaneous nucleation model for -1050 mV/ SCE as obtained by 
Azizi et al., [44]. On the other hand, in Fig. 5b, the Fe electrodeposition at -1300 mV/SCE followed the instantaneous 
nucleation and a transition from the instantaneous to the progressive nucleation mode. These behaviors are consistent 
with nucleation of 3D clusters followed by diffusion-limited growth. 

 
3.4 X-ray diffraction characterization 

XRD patterns of Fe, Ni, pull Ni-Fe and Ni-Fe are presented in Fig. 7. The data recording was carried out within an 
angle range from 20° to 80° with a step of 0.02°. The peaks at 44,70 ° and 52,02° are indexed to the diffractions of (111), 
(200) planes of Ni-Fe structure. The peaks found at 2θ = 44.06° and 2θ = 43.85° are assigned to the preferential diffraction 
peaks of (111) planes of pulsed and direct Ni-Fe films respectively [45]. 

The analysis of the structural properties of Ni, Fe and Ni-Fe layers obtained by electrodeposition was carried out by 
using XRD and the results are presented in Fig. 7. An angular range between 20° and 80° was swept using a step of 0.02°. 
The two peaks of Ni-Fe diffraction observed are located at the angles of 44,70 ° and 52,02° and were identified as < 111 > 
and < 200 > of the Ni-Fe alloy respectively. The located peaks of 2θ = 44.06° and 2θ = 43.85° for pulsed and direct Ni-Fe 
films respectively, have been assigned to be the preferential <111> Ni-Fe face centered cubic (FCC) phase as found by 
A. Guittoum et al. [45]. All XRD parameters are summarized in Table 2. 

 
Figure 6. XRD patterns of different deposits. 

Table 2. XRD Parameters 

Sample 2θ (°) a(Å) d(Å) D (nm) 
Ni 44.56 3.51 2.03 26.62 
Fe 44.81 3.49 2.02 30.37 

Pulsed Ni-Fe  44.06 3.55 2.05 9.77 
Ni-Fe 43.85 3.57 2.06 14.63 

The evolution of lattice parameter (Å) is represented in the DRX table. We notice a variation in a parameter when 
we switch the mode from pulse to direct electrodeposition, from 3.55 Å to 3.57 Å. It is to notice that all parameter values 
of (a) for Ni-Fe alloys obtained by direct and pulsed electrodeposition are superior to that of massive Ni-Fe (a= 3.53 Å) 
[46], this difference between the experimental values of the a parameter and the value of the solid mass’s one is probably 
due to the residual stresses [47]. 

The crystallite size of the electrodeposited Ni, Fe and Ni-Fe films were determined from widths (FWHM) of X-ray 
diffraction peaks using Scherer’s formula [48]:  

 𝐷 =  ଴.ଽఉௌ௜௡ఏ (17) 

Where  is the wavelength of the CuKα radiation, θ is the diffraction angle of reflection and 𝛽 is the FWHM (full width 
at half maximum) of the diffraction line. 

The crystallite size increases from 9.77 nm to 14.63 nm in pulsed- and direct-electrodeposited Ni-Fe. This behavior 
can be attributed to the fact that the grains tend to agglomerate with the change from pulsed to direct applied potentials. 
It is worth mentioning that Chen et al. [49] have found the same crystallite size of 9 nm for Ni80Fe20 Permalloy films. 
Sam et al. [50] reported a crystallite size of 16 nm, so the electrodeposited Ni-Fe crystallite sizes presented in this work 
are in the average reported in the literature. 
 

3.5. Atomic force microscopy (AFM) characterization 
In order to better measure the roughness of these samples, we based on the measurement of the factor of roughness 

RMS to the surface of the software WSxM software [51]. AFM analysis was carried out to observe the surface morphology 
of direct and pulse electrodeposited Ni-Fe films. Fig. 8 shows the topographies of the electrodeposits, the results of the 
analysis indicate the presence of islands with different shape, size and number. This is well described according to the 

20 30 40 50 60 70 80
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FCC <200>

2 θ
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 D
 Pull Ni-Fe
 Ni-Fe
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“Volmer-Weber” mode i.e. the binding energy between metal ad-atom and substrate atoms is smaller than the binding 
energy between metal ad-atoms themselves, which leads over potential deposition (OPD) of a 3D metal forming on 
substrate. For the pulse electrodeposited Ni-Fe alloys, Fig. 8 shows a large number of islands covering irregularly the 
surface of the films, explaining the rough surface and the RMS (Root-Mean-Square) value of 55.78 nm. However, for the 
direct electrodposition, it was clearly observed a diminution in the number and the size of Ni-Fe islands smoothly 
dispersed on the surface, leading to low roughness than the pulsed method. The RMS was found to be 7.27 nm for the 
direct electrodeposition of Ni-Fe as it is summarized in the table 3. Moreover, some holes, that are due to the hydrogen 
bubbles release on the surface of the deposits, are observed; thereby inhibiting the deposition rate of the alloy in some 
surface sites that which lead to the appearance of holes observed on images. 

By way of comparison, Neagu et al. [52] have obtained a roughness lower than 25 nm for Ni-Fe films prepared by 
pulsated laser deposition using a substrate of glass. Amrani et al [53] found rms values of 11.5, 14.7 and 0.27 nm. 

 

 
Figure 7. AFM micrographs of: (a) direct Ni-Fe, (b) pulsed Ni-Fe deposits 

Table. 3 Root mean square roughness (RMS), crystallite size (D), and interplanar spacing (d) for direct and pulsed Ni–Fe deposits. 

Sample RMS (nm) d(Å) D (nm) 
Direct Ni-Fe  7.27 2.06 14.63 
Pulsed Ni-Fe  55.78 2.05 9.77 

 
4. CONCLUSIONS 

In this work, we investigated the influence of direct and pulsed electrodeposition modes on the electrochemical, 
structural, and morphological properties of Ni-Fe nanostructures electrodeposited on ITO substrates. The deposits were 
characterized at different stages of fabrication using complementary techniques, namely X-ray diffraction (XRD) and 
atomic force microscopy (AFM). The electrochemical results identified an optimal potential range between −0.9 and 
−1.2 V, favorable to the simultaneous reduction of Ni²⁺ and Fe²⁺ ions and the homogeneous formation of the Ni-Fe alloy. 
Analysis of current transients, interpreted using the Scharifker–Hills theoretical model, reveals a strong dependence of 
the nucleation and growth mechanisms on the applied potential. In particular, the increased overpotential induces more 
intense nucleation, reflecting an increase in the density of active nuclei and a significant modification of the deposit 
growth kinetics. XRD structural analyses reveal the formation of a face-centered cubic (FCC) phase characteristic of the 
Ni-Fe system, with a marked preferential orientation along the ⟨111⟩ plane. A significant variation in crystallite size is 
observed depending on the electrodeposition mode. Deposits obtained in pulsed mode exhibit smaller crystallites 
(≈ 9.77 nm) compared to those produced in continuous mode (≈ 14.63 nm). This reduction is attributed to the alternating 
current pulses, which limit excessive nuclear growth and promote the formation of finer, more controlled nanostructures. 
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Such crystalline refinement represents a major advantage for electronic and magnetic applications, where microstructure 
plays a crucial role in functional performance. AFM morphological analysis shows that the electrodeposition mode 
directly influences the topography and surface roughness of the films. Layers deposited in pulsed mode exhibit a relatively 
high roughness (≈ 55.78 nm), reflecting heterogeneous growth associated with a high density of nucleation sites. 
Conversely, films obtained by direct electrodeposition exhibit a more homogeneous, smoother surface, with an average 
roughness of approximately 7.27 nm. AFM images indicate three-dimensional Volmer-Weber-type growth, characterized 
by the formation of islands whose number and size vary with the applied electrochemical conditions. Overall, these results 
highlight the key role of the electrodeposition mode in controlling the structure, morphology, and properties of Ni-Fe 
nanostructures. They open up interesting prospects for optimizing these materials for advanced technological applications. 
However, the complexity of the phenomena involved in the electrodeposition of Ni-Fe alloys on ITO substrates suggests 
that further investigations, particularly into functional magnetic and electrochemical properties, will be necessary to 
deepen our understanding of the underlying mechanisms. 
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Наноструктуровані сплави нікель-заліза (Ni-Fe) викликають зростаючий інтерес завдяки своїм чудовим електрохімічним, 
магнітним та механічним властивостям, що робить їх особливо привабливими для застосування в електрокаталізі, 
накопиченні енергії, сенсорах та функціональних покриттях. Це дослідження представляє порівняльний аналіз 
електрохімічних, структурних та морфологічних характеристик наноструктур нікель-заліза (Ni-Fe), синтезованих у 
сульфатних електролітах на підкладках з оксиду індію-олова (ITO) за допомогою різних методів електроосадження. 
Виготовлені наноструктури були охарактеризовані за допомогою циклічної вольтамперометрії, хроноамперометричних 
вимірювань (потенціостатичні кроки), атомно-силової мікроскопії (АСМ) та рентгенівської дифракції (XRD). Процес 
електрокристалізації був оцінений за допомогою моделі Шаріфкера-Хіллса, яка показала, що механізми зародження 
відрізняються залежно від застосованих потенціалів. Рентгенівський дифракційний аналіз підтвердив полікристалічну 
природу наноструктур Ni-Fe з переважною кристалографічною орієнтацією <111> та гранецентрованою кубічною (ГЦК) 
структурою, що спостерігається в обох режимах осадження. Розміри кристалітів були визначені як 9,77 нм за імпульсних 
умов та 14,63 нм для прямого методу. Аналіз поверхні за допомогою АСМ додатково показав, що вибір методу 
електроосадження суттєво впливає на морфологічні особливості отриманих осадів. 
Ключові слова: наноструктури Ni-Fe; метод електроосадження; покриття; підкладка ITO 
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The Fowler–Nordheim (FN) tunneling current in GaAs was systematically analyzed as a function of electric field (25–50 MV/cm) and 
temperature (250–400 K) to evaluate its potential for high-sensitivity structural temperature sensing. Two physical descriptions were 
considered: a constant electron effective mass model and a field-dependent effective mass formulation. For the constant-mass 
approximation, the FN tunneling threshold appears at approximately 25.2 MV/cm, where the current rises rapidly from ~10⁻¹² to 10⁻⁶ A/cm² 
with increasing electric field. When field-dependent effective mass effects are incorporated, the threshold shifts to ~28.6 MV/cm and 
intermediate-field currents are suppressed by nearly one order of magnitude. Temperature variation increases the FN prefactor by 
approximately 30–35%, indicating measurable thermal sensitivity, although the exponential dependence on electric field remains the 
dominant factor controlling tunneling transport. These characteristics demonstrate the feasibility of exploiting FN tunneling mechanisms 
for nanoscale temperature sensing in high-field semiconductor structures. In addition, a self-consistent FN tunneling framework was 
developed for a p-Si/n-GaAs heterostructure to evaluate numerical stability and predictive accuracy for temperature-dependent tunneling 
simulations. Two tunneling formulations were compared: a conventional simplified FN model and an effective-mass-corrected model. 
A comprehensive mesh convergence analysis using rectangular and triangular discretizations with spatial resolutions from 0.5 to 20 nm 
shows that coarse meshes can introduce errors up to 12%, whereas sub-nanometer meshing ensures convergence below 1%. The effective-
mass-corrected model consistently predicts 5–15% higher tunneling currents across the 0.5–3.0 V bias range, highlighting the importance 
of band-structure corrections for reliable sensor modeling. Furthermore, adaptive triangular meshes achieve comparable accuracy with up 
to 40% fewer elements, significantly improving computational efficiency. These results establish a robust numerical framework for 
simulating FN-based tunneling transport in semiconductor heterostructures and provide practical guidelines for mesh optimization in 
advanced TCAD studies. The proposed methodology supports the development of compact, high-sensitivity FN-based temperature sensors 
suitable for integration into nanoscale electronic, optoelectronic, and structural monitoring systems. 
Keywords: Fowler–Nordheim tunneling; GaAs; Temperature effects; Electric field; Effective mass; Tunneling current; Temperature 
sensor 
PACS: 73.40. Lq, 73.61.Cw, 73.61.Ey, 72.20.Jv 

INTRODUCTION 
Semiconductor heterostructures, particularly silicon/gallium arsenide (Si/GaAs) and porous silicon/n-CdS 

(pSi/nCdS) systems, have attracted considerable attention due to their remarkable electronic, optical, and thermal 
transport properties [1–4]. These materials enable a wide range of high-performance devices, including photodetectors, 
multi-junction solar cells, high-electron-mobility transistors (HEMTs), and increasingly, nanoscale temperature sensors 
[5–8]. Their advantages arise from tunable band structures, high carrier mobilities, and the possibility of engineering both 
planar and radial junction geometries, which allow precise control of carrier transport and thermally activated processes 
[9–12]. Among the transport mechanisms that influence device behavior under strong electric fields, Fowler–Nordheim 
(FN) tunneling plays an important role in determining current transport across heterointerfaces [13], making it particularly 
relevant for temperature-dependent sensing mechanisms [14–18]. 

Direct epitaxial growth of III–V semiconductors on silicon is typically limited by lattice mismatch, differences in 
thermal expansion coefficients, and high defect densities that degrade device performance. Mechanical stacking combined 
with wire bonding offers a practical strategy to overcome these constraints, enabling hybrid III–V/Si heterostructures with 
improved interface quality and enhanced electrical characteristics [19,20]. Such hybrid structures have been widely 
investigated in optoelectronic devices, including mechanically stacked GaInP/GaAs multi-junction systems integrated 
with silicon substrates, which demonstrate significant improvements in open-circuit voltage (Voc) and current density 
while minimizing dislocation formation and thermal strain [21–25]. These approaches also provide a flexible platform 
for developing heterostructure-based temperature sensors where thermal effects influence carrier injection and tunneling 
processes. 

The performance of tunneling-based sensing devices strongly depends on the electrical properties of the 
semiconductor layers, particularly doping concentration and carrier mobility. Previous studies on organometallic vapor-
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phase epitaxy (OMVPE) growth of highly doped p++ GaAs:Zn and n+GaAs:Si/Se layers have demonstrated that cycled 
growth techniques can significantly enhance carrier density and peak current density [26]. In particular, Si-doped n+ GaAs 
layers maintain high conductance under cyclic deposition conditions, whereas Se-doped layers exhibit noticeable 
degradation. These results highlight the importance of dopant selection and growth strategies for controlling tunneling 
transport in both planar and radial heterostructures, which is essential for stable and sensitive temperature sensor 
operation. 

In addition, epitaxial GaAs grown on Si(001) nanotip structures exhibits efficient strain relaxation primarily through 
misfit dislocations and twin boundaries, achieving nearly complete plastic relaxation even for nanoscale dimensions of 
approximately 50–100 nm [27–29]. Under optimized growth conditions, stacking faults remain relatively low, enabling 
efficient carrier transport across the heterointerface despite structural imperfections. These characteristics support the 
feasibility of modeling Si/GaAs heterojunctions for devices where temperature-dependent carrier transport mechanisms 
play a key role. 

Accurate modeling of Fowler–Nordheim tunneling in nanoscale heterostructures remains challenging due to strong 
local electric field variations at sub-nanometer length scales. Numerical simulations require carefully designed spatial 
discretization schemes, since coarse meshes may significantly underestimate tunneling currents, while fine or adaptive 
finite element method (FEM) meshes allow accurate resolution of local field enhancements near heterointerfaces [30–
32]. In addition to FN tunneling, other temperature-sensitive transport mechanisms—including Poole–Frenkel emission, 
trap-assisted tunneling (TAT), hopping conduction, Shockley–Read–Hall (SRH) recombination, and band-to-band 
tunneling (BTBT)—may contribute to current transport and influence sensor response, particularly in heterostructures 
where doping gradients and junction geometry modify the potential barrier profile [12,21,28]. 

Recent experimental studies on GaAs/Si heterostructures demonstrate efficient charge transport across the interface 
and confirm that the alignment of the GaAs valence band with silicon facilitates carrier transfer, while alternative materials 
such as GaP introduce larger barriers that limit transport efficiency [33–36]. These band alignment characteristics are also 
beneficial for temperature sensing applications, since thermally activated carrier transport across the heterointerface can 
be effectively modulated by changes in temperature. 

Motivated by these considerations, the present work investigates Fowler–Nordheim tunneling and temperature-
dependent transport mechanisms in planar Si/GaAs heterostructures to evaluate their suitability for nanoscale temperature 
sensing. Using self-consistent numerical simulations, we analyze the influence of electric field strength, temperature 
variation, doping concentration, and mesh resolution on tunneling current and electrostatic potential distribution. By 
combining quantum-mechanical tunneling models with adaptive finite element methods and temperature-dependent 
recombination mechanisms, this study establishes a reliable computational framework for analyzing heterostructure-based 
temperature sensors. The results obtained provide practical design guidelines for optimizing tunneling transport and 
improving the sensitivity, stability, and efficiency of semiconductor temperature-sensing devices. 

 
MATERIAL AND METHODS 

2.1 Materials and Geometrical Parameters 
Planar Si/GaAs heterostructures were investigated to evaluate Fowler–Nordheim (FN) tunneling–based temperature 

sensing in nanoscale semiconductor devices. The structure consists of a 1 μm GaAs epilayer grown on a 350 μm n-type 
Si substrate, forming a well-defined heterointerface suitable for high-field tunneling transport. The bandgaps of GaAs 
(1.42 eV) and Si (1.12 eV) provide complementary electronic properties that support efficient carrier transport and 
temperature-dependent tunneling behavior[37,38]. 

X-ray diffraction (XRD) analysis indicates a GaAs lattice constant of 0.565 ± 0.002 nm and an interfacial tilt of 
0.294°, confirming good crystallographic alignment. Atomic force microscopy (AFM) measurements show a root-mean-
square (RMS) roughness of 9.2 nm at the GaAs/Si interface. A thin native SiO₂ interfacial layer (2–5 nm) is incorporated 
to represent realistic device conditions and to define the tunneling barrier at the heterointerface. 

To enhance tunneling efficiency and sensor sensitivity, heavily doped layers were implemented, including p++ GaAs 
(Zn-doped) and n+ GaAs (Si-doped) grown using OMVPE-cycled deposition. High doping concentrations increase carrier 
density and strengthen the interfacial electric field, thereby promoting FN tunneling and improving the temperature-
dependent response of the device. 

The key material parameters and geometrical dimensions are summarized in Table 1. These properties determine 
the electrostatic potential distribution, tunneling barrier characteristics, and charge transport behavior within the 
heterostructure. A schematic representation of the device architecture is shown in Figure 1, illustrating layer thicknesses, 
doping profiles, oxide barrier, and electrical contacts used in the simulation framework for FN tunneling and temperature 
sensor analysis. 
Table 1. Materials and Geometrical Parameters of Planar Si/GaAs Heterostructure for FN Tunneling Simulations 

Layer / Feature Material / Composition Thickness / Dimension Doping (cm⁻³) Additional Notes 
Nano-scale Features 

Substrate Si (n-type) 350 μm 1×10¹⁵ 
High-quality single crystal; 
supports dual-bandgap 
operation 
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Layer / Feature Material / Composition Thickness / Dimension Doping (cm⁻³) Additional Notes 
Nano-scale Features 

Epitaxial layer GaAs (intrinsic/lightly 
doped) 1 μm ~1×10¹⁶ 

Bandgap 1.42 eV; lattice 
constant 0.565 ± 0.002 nm; 
planar geometry 

Native oxide 
interlayer SiO₂ 2–5 nm – 

Forms at GaAs/Si interface; 
included for tunneling barrier 
modeling 

p++ layer GaAs:Zn (OMVPE 
cycled) 50–100 nm ~1×10¹⁹ 

Optimized carrier density; 
enhances FN tunneling; cyclic 
growth reduces defects 

n+ layer GaAs:Si (OMVPE 
cycled) 50–100 nm ~1×10¹⁹ 

Stable conductance under 
cycled growth; reduces 
interface traps 

Interface tilt GaAs/Si 0.294° – Minimal lattice misalignment; 
characterized by XRD 

Surface roughness 
(RMS) GaAs/Si interface 9.2 nm – Nano-scale roughness included 

for realistic FN modeling 
Surface roughness 
(RMS) GaAs wafer control 0.7 nm – For comparison; low defect 

density 

Nanostructure 
features - 50–100 nm tip size – 

Misfit dislocations, twins, 
stacking faults; included in 
simulations for FN tunneling 

 
2.2 Numerical Methods 

The electronic transport and Fowler–Nordheim (FN) tunneling in planar Si/GaAs heterostructures were investigated 
using self-consistent Poisson–Schrödinger modeling within the numerical method, enabling accurate evaluation of 
quantum confinement, tunneling currents, and electrostatic potential distributions at the nanoscale. This approach resolves 
the coupled electrostatics and quantum states along the transport direction 𝑥, particularly at the GaAs/Si interface and 
across the thin interfacial oxide (~2–5 nm SiO₂). Poisson–Schrödinger Equations. The electrostatic potential 𝜑(𝑥) is 
governed by the Poisson equation (1): 
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where 𝜀(𝑥) is the position-dependent permittivity, 𝑝(𝑥) and 𝑛(𝑥)are hole and electron densities, and 𝑁஽ା, 𝑁஺ି are ionized 
dopant concentrations. Quantum confinement is captured by the Schrödinger equation along the transport direction (2): 
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where 𝜓௜(𝑥)are the eigenfunctions, 𝐸௜the corresponding eigenenergies, and ( ) ( ) ( )bandU x q x U xϕ= +  is the total potential 
including band offsets [39,40]. 

The electron and hole densities are then obtained from the occupation of these eigenstates, which feeds back into 
the Poisson equation for self-consistency. Numerical Solution. The equations were solved using the finite-element method 
(FEM) with adaptive mesh refinement: Mesh step: 0.2–0.5 nm at the GaAs/SiO₂/Si interface to resolve sharp potential 
variations; 5–10 nm in bulk regions. Boundary conditions: Top contact (p++ GaAs): Dirichlet (φ = 0 V, ohmic contact), 
Bottom contact (n-type Si): Dirichlet (φ = Ubias, ohmic contact), Lateral boundaries: Neumann (zero-flux, isolated device 
assumption), Wavefunctions: Dirichlet for confined states at the layer boundaries, ensuring eigenfunctions vanish outside 
the active region. The solution procedure was iterative: Initialize potential φ(x) based on the doping profile. Solve 
Schrödinger equation to obtain eigenenergies 𝐸௜ and wavefunctions 𝜓௜(𝑥). Compute carrier densities 𝑛(𝑥) and 𝑝(𝑥) from 
eigenstate occupation. Update the Poisson equation with the new φ(x). Repeat steps 2–4 until convergence criteria are 
satisfied: Residual current < 10⁻⁹ A. Change in potential < 10⁻⁵ V, Eigenenergy variation < 10⁻⁵ eV, The FN tunneling 
current density 𝐽FNwas computed using the WKB approximation: 
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Equation (3) constitutes a coupled quantum-transport formulation of Fowler–Nordheim (FN) tunneling in the 
Si/GaAs heterostructure. Specifically, Eq. (3a) evaluates the energy-dependent transmission probability 𝑇(𝐸) of charge 
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carriers tunneling through the nanoscale potential barrier 𝑉(𝑥) using the WKB approximation between the classical 
turning points 𝑥ଵ and 𝑥ଶ. Equation (3b) defines the corresponding Fowler–Nordheim current density 𝐽ிே, which depends 
quadratically on the local electric field 𝐹and exhibits an exponential dependence on the effective barrier height 𝜙and 
carrier effective mass 𝑚∗ [41,42]. Together, these expressions establish a direct link between the microscopic quantum 
tunneling process and the macroscopic current response, enabling accurate modeling of FN transport in nanoscale 
Si/GaAs tunnel junctions and highlighting the strong field sensitivity inherent to quantum-mechanical carrier transport. 
Here, 𝐹denotes the local electric field, φ is the tunneling barrier height, and 𝑥ଵ, 𝑥ଶ represent the classical turning points 
of the potential profile. In addition to FN tunneling, the model incorporates trap-assisted tunneling (TAT), Poole–Frenkel 
emission, Shockley–Read–Hall (SRH) recombination, Auger recombination, and band-to-band tunneling (BTBT) to 
account for defect-mediated conduction and temperature-dependent transport phenomena. These mechanisms are 
particularly significant at the GaAs/SiO2, interface and within the heavily doped 𝑝ାା/𝑛ା regions, here localized states 
and high electric fields strongly influence the overall device behavior.  

The numerical simulations provide the following physical outputs: Electrostatic potential distribution 𝜑(𝑥), 
Quantized energy levels 𝐸௜and corresponding eigenfunctions 𝜓௜(𝑥), Spatial carrier density profiles 𝑛(𝑥)and 𝑝(𝑥), 
Fowler–Nordheim tunneling current density 𝐽ிே, Temperature- and bias-dependent current–voltage (I–V) characteristics, 
This numerical framework, which combines self-consistent Poisson–Schrödinger coupling with boundary-aware finite-
element/finite-difference discretization, enables accurate prediction of quantum transport, tunneling currents, and 
electrostatic behavior in nanoscale Si/GaAs heterostructures. The approach provides critical design insights for high-
performance photodetectors and dual-bandgap photoelectrochemical (PEC) devices. The electron density is obtained from 

the quantum eigenstates as 2( ) ( ) ( )i i
i

n x x f Eψ= ⋅  and similarly for the hole density ( )2( ) ( ) 1 ( )i i
i

p x x f Eψ= ⋅ − , 

using the valence-band eigenstates. The transport direction is discretized using a non-uniform mesh. Ultra-fine spacing 
of 0.2–0.5 nm is employed near the GaAs/SiO2/Si heterointerface to accurately resolve steep potential gradients and 
tunneling barriers, while coarser spacing of 5–10 nm is used in bulk regions. Adaptive refinement is applied dynamically 
until both potential and carrier density gradients are fully resolved. 
Finite Difference Approximation: Second-order derivatives are approximated using the central difference scheme: 
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Poisson equation: Dirichlet boundary conditions are applied at the electrical contacts: ( ) 0,xϕ = ( ) biasx Vϕ = . Neumann 
(zero-flux) boundary conditions are imposed at the lateral edges to ensure no current flow across the boundaries. Dirichlet 
confinement conditions are applied: ( ) 0,xϕ = outside the active quantum region. This ensures proper carrier confinement 
within the quantum-active region of the heterostructure. Self-Consistent Iterative Procedure: The coupled Poisson–
Schrödinger system is solved self-consistently using the following iterative algorithm: Initialize the electrostatic potential 

0 ( )xϕ based on the doping profile. Solve the Schrödinger equation to obtain eigenvalues 𝐸௜(௞)and corresponding 
wavefunctions 𝜓௜(௞)(𝑥). Compute the carrier densities 𝑛(௞)(𝑥)and 𝑝(௞)(𝑥)from the eigenstates. Solve the Poisson equation 
to update the potential 1( )k xϕ + . ( 1) ( 5) ( 1) ( 5) 10 , 10  kk k k

i imax V max E E eVϕ ϕ+ − + −− <−< . Repeat steps 2–5 until full self-
consistency between quantum confinement and electrostatics is achieved. Mesh Convergence and Fowler–Nordheim (FN) 

Stability. The spatial mesh is iteratively refined until the variation in the FN tunneling current satisfies 
1
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Fine meshing is employed at heterointerfaces to accurately capture steep potential gradients, tunneling peaks, and local 
electric field enhancements. Here, ( ) ( )E x grad xϕ= −  represents the local electric field, ( )xϕ  is the tunneling barrier 
height, and x1,x2  are the classical turning points defining the FN tunneling region. 

 
RESULTS AND DISCUSSION 

The FN current in GaAs was analyzed for electric fields 25–50 MV/cm and temperatures 250–400 K, considering 
both constant and field-dependent electron effective masses. For constant mass, the FN threshold occurs at ~25.2 MV/cm, 
with current increasing from ~10⁻¹² to 10⁻⁶ A/cm². Field-dependent mass shifts the threshold to ~28.6 MV/cm, suppressing 
intermediate-field currents by nearly 10×. Temperature increases the FN prefactor by 30–35%, while the exponential field 
dependence dominates current transport. A self-consistent FN framework was applied to the pSi/nGaAs heterostructure. 
Mesh convergence was studied with rectangular and triangular meshes at steps 0.5–20 nm. Coarse meshes (5 nm) 
introduce up to 12% error, while sub-nanometer meshes (<1 nm) achieve <1% error, confirming convergence. Triangular 
adaptive meshes achieve the same accuracy with 25–40% fewer elements compared to rectangular meshes. Local field 
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resolution improves by 12–18%, increasing predicted FN currents by 7–10%, especially in regions of strong electric-field 
localization. The effective-mass-corrected FN model predicts 5–15% higher currents than the simplified model across 
0.5–3.0 V, highlighting the importance of including material-specific transport parameters. Mesh density, topology, field-
dependent mass, and temperature collectively determine tunneling predictions. Errors up to 3×10⁵ μA/m² from coarse 
meshes can significantly affect device design, including breakdown voltage and leakage current. Adaptive triangular 
meshing with <10 nm resolution ensures reliable FN simulations for high-performance tunneling transistors, 
photodetectors, and nanoscale optoelectronic devices. 

 
Figure 1. Fowler–Nordheim tunneling current vs. electric field and temperature in Si/GaAs; (a) constant meff (25.2 MV/cm), 

(b) field-dependent meff (28.6 MV/cm), showing suppressed intermediate-field current.  

Figures 1(a) and 1(b) depict the Fowler–Nordheim (FN) tunneling current density in Si/GaAs as a function of electric 
field (E) and temperature (T), considering (a) a constant effective mass and (b) a field-dependent effective mass. In both 
cases, the FN current exhibits a pronounced exponential increase with the electric field, consistent with classical tunneling 
theory. In the constant effective mass scenario (Figure 1a), the FN threshold field, defined as the field at which the current 
exceeds 10⁻¹² A/cm², is approximately 25.2 MV/cm. At this threshold, the current density rapidly increases from 
~10⁻¹² A/cm² to ~10⁻⁶ A/cm² as F rises to 35 MV/cm. Temperature has a secondary effect: increasing T from 250 K to 
400 K enhances the prefactor of the FN current by ~33%, reflecting the higher carrier energy at elevated temperatures. 
Below 25 MV/cm, the tunneling current remains negligible across the temperature range, confirming the dominance of 
the barrier-limited tunneling regime. 

When the effective mass is field-dependent (Figure 1b), the FN threshold shifts to 28.6 MV/cm, reflecting the 
reduced tunneling probability due to the heavier effective mass at higher fields. The current density at E = 35 MV/cm is 
~10⁻⁷ A/cm², roughly one order of magnitude lower than in the constant mass case. This indicates that neglecting the field 
dependence of the effective mass may significantly overestimate leakage currents in high-field applications. Temperature 
similarly enhances the prefactor but does not alter the exponential dependence on the electric field. 

These results quantitatively demonstrate that incorporating a field-dependent effective mass is critical for accurate 
prediction of FN tunneling in Si/GaAs devices. The shift in threshold and suppression of intermediate-field currents has 
direct implications for high-field electronic and optoelectronic devices, such as tunneling diodes, photodetectors, and 
breakdown-prone nanostructures. Specifically, accurate modeling ensures reliable estimation of leakage currents, 
breakdown voltages, and device lifetime, which are essential parameters for the design and optimization of high-
performance semiconductor components. 

In summary, the analysis highlights three key points: (i) FN tunneling is highly sensitive to the applied electric field, 
(ii) temperature modifies the prefactor, increasing currents by up to 30–35% over the studied range, and (iii) effective 
mass variation with field can suppress tunneling currents by up to an order of magnitude, underlining the importance of 
its inclusion in predictive device modeling. 

Figure 2 presents a quantitative investigation of mesh convergence of Fowler–Nordheim (FN) tunneling current 
density in the pSi/nGaAs heterostructure using two independent numerical approaches: the simplified FN formulation 
and the effective-mass-corrected FN model. For the simplified FN model (Fig. 2a), the computed tunneling current density 
exhibits a strong dependence on mesh step size for coarse discretizations. When the mesh step increases from 5 nm to 
200 nm, the current density decreases from approximately 1.02 × 10⁶ μA/m² to 0.71 × 10⁶ μA/m², representing a total 
reduction of 31.4%. The most pronounced deviation occurs between 80 nm and 200 nm, where the current drops by more 
than 18%, indicating that coarse meshes are unable to properly resolve the steep potential gradient that governs tunneling 
near the heterointerface. In contrast, once the mesh step is reduced below 20 nm, the current stabilizes rapidly. The relative 
variation between 10 nm and 5 nm is only 1.7%, while the change between 20 nm and 10 nm is 2.3%, clearly 
demonstrating numerical convergence. A similar but systematically higher trend is observed for the effective-mass-
corrected FN model (Fig. 2b). At 5 nm, the current density reaches approximately 1.08 × 10⁶ μA/m², while at 200 nm it 
decreases to 0.78 × 10⁶ μA/m², corresponding to a total reduction of 27.8%. Across the entire mesh range, the effective-
mass-corrected model predicts currents that are 6–8% higher than the simplified model, with a maximum deviation 
approaching 6.0 × 10⁴ μA/m² at fine discretization.  



152
EEJP. 2 (2026) Jo‘shqin Sh. Abdullayev, et al.

 
Figure 2. (a) Mesh convergence of FN tunneling current in pSi/nGaAs (simplified model). (b) Mesh convergence using effective-

mass correction 

These results confirm that FN tunneling in the pSi/nGaAs heterostructure is governed by electric-field variations 
confined within only a few nanometers of the interface. Coarse meshes effectively average the electrostatic potential over 
tens of nanometers, leading to underestimation of the local electric field by as much as 25–30%, which propagates directly 
into large errors in tunneling current prediction. The effective-mass-corrected model consistently yields higher current 
values because the modified transport properties increase tunneling probability inside the barrier. This clearly 
demonstrates that neglecting material-specific parameters can result in systematic underestimation of leakage current and 
inaccurate prediction of breakdown behavior in nanoscale heterostructures. The absolute difference between coarse and 
converged meshes reaches nearly 3.1 × 10⁵ μA/m², which is technologically significant for high-field devices such as 
tunnel diodes, avalanche photodiodes, and high-speed heterojunction transistors. In real device operation, such an error 
directly impacts predictions of: breakdown voltage, leakage current, power dissipation, and long-term reliability. These 
findings establish a strict modeling requirement: mesh resolution must be ≤ 10 nm for physically reliable self-consistent 
FN simulations of pSi/nGaAs heterostructures. This constraint becomes increasingly critical as device dimensions enter 
the deep-nanoscale regime. 

Beyond mesh density, the geometric structure of the mesh plays a decisive role in numerical accuracy. Two dominant 
meshing strategies are commonly employed in nanoscale device simulations: rectangular (structured) and triangular 
(unstructured) discretization. Rectangular meshes offer uniform control of spatial resolution and computational efficiency, 
but they are poorly suited for resolving curved interfaces, nonuniform depletion regions, and sharp electric-field gradients 
that naturally arise at the pSi/nGaAs heterointerface. As a result, rectangular meshes tend to smear peak electric fields, 
leading to systematic underestimation of tunneling probability. Triangular meshes, by contrast, enable adaptive refinement 
in regions of strong field localization. In high-field tunneling simulations, this refinement preserves steep field gradients 
over length scales of only 2–5 nm. Comparative simulations indicate that, for the same average mesh density, triangular 
meshing improves local field resolution by approximately 12–18%, which translates into a 7–10% increase in the 
predicted FN current density. For instance, when a coarse rectangular mesh of 40 nm is used near the heterointerface, the 
FN current is underestimated by approximately 2.4 × 10⁵ μA/m² relative to a refined triangular mesh with comparable 
computational cost. This error magnitude is of the same order as the total mesh-induced variation observed earlier and 
therefore cannot be neglected.  

Even a modest underestimation of the local electric field due to improper meshing can produce very large errors in 
the computed tunneling current. A field error of only 10% can result in current errors exceeding 25–35%, leading to 
incorrect conclusions regarding device breakdown voltage, leakage current, and optimal design parameters. 

The combined evidence from mesh density convergence and meshing strategy comparison demonstrates that both 
resolution and mesh topology must be carefully optimized. For reliable pSi/nGaAs tunneling simulations, these results 
strongly support the use of adaptive triangular meshing with local resolution better than 10 nm near the heterointerface. 
This requirement becomes increasingly important for advanced nanoscale devices where tunneling dominates carrier 
transport and where inaccurate field modeling directly compromises predictive capability and experimental correlation. 

 
CONCLUSIONS 

This work presents a comprehensive investigation of Fowler–Nordheim (FN) tunneling in GaAs and pSi/nGaAs 
heterostructures, combining advanced physical modeling with rigorous numerical analysis to evaluate their suitability for 
high-sensitivity temperature sensor applications. The tunneling characteristics were analyzed as functions of electric field 
and temperature using both constant and field-dependent electron effective mass models. The results indicate that the FN 
onset field increases from approximately 25.2 MV/cm for the constant-mass approximation to 28.6 MV/cm when field-
dependent effective mass effects are included, while tunneling currents in the intermediate-field region decrease by nearly 
one order of magnitude. Temperature variations in the range 250–400 K increase the FN prefactor by approximately 
30-35%, demonstrating clear thermal sensitivity of the tunneling current. This temperature-dependent behavior confirms 
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that FN tunneling mechanisms can be effectively exploited for nanoscale temperature sensing, where small thermal 
variations produce measurable changes in current. 

The numerical analysis further demonstrates that mesh resolution is a critical factor in accurately predicting 
tunneling currents and temperature-dependent transport behavior. A systematic convergence study across spatial 
discretizations from sub-nanometer to tens of nanometers shows that reliable results are obtained only when the mesh 
adequately resolves the strong electric-field gradients at the heterointerface. Reducing the mesh step from 5 nm to 0.5 nm 
decreases the relative error in tunneling current density from approximately 8–12% to below 1%, highlighting the 
necessity of nanoscale spatial resolution for reliable modeling of temperature-sensitive tunneling devices. 

Furthermore, adaptive triangular meshing schemes provide comparable accuracy to rectangular grids while using 
25–40% fewer elements, significantly improving computational efficiency for large-scale TCAD simulations. Across the 
applied bias range of 0.5–3.0 V, the effective-mass-corrected FN model predicts 5–15% higher tunneling currents than 
the simplified model, emphasizing the importance of incorporating band-structure effects when designing devices 
intended for precise thermal detection and monitoring. 

Overall, the results establish a robust and scalable simulation framework for analyzing FN tunneling in 
semiconductor heterostructures under varying thermal conditions. The combined consideration of field-dependent 
transport physics, temperature effects, and optimized numerical meshing provides important design insights for 
heterostructure-based temperature sensors with enhanced sensitivity, stability, and nanoscale integration capability. Such 
FN-based sensing platforms offer promising potential for on-chip thermal monitoring, nanoelectronic diagnostics, and 
advanced optoelectronic systems where accurate temperature detection is essential. 
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Si/GaAs З ОПТИМІЗОВАНИМ НАНОМАСШТАБНИМ СІТКУВАННЯМ 
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Тунельний струм Фаулера–Нордгейма (FN) у GaAs був систематично проаналізований як функція електричного поля 
(25-50 MV/см) та температури (250–400 K) з метою оцінки його потенціалу у високочутливих температурних сенсорах на 
основі структур. Було розглянуто два фізичні підходи: модель із сталою ефективною масою електрона та модель із ефективною 
масою, що залежить від електричного поля. Для наближення зі сталою масою поріг тунелювання FN виникає приблизно при 
25.2 MV/см, де струм швидко зростає від ~10⁻¹² до 10⁻⁶ A/см² зі збільшенням електричного поля. При врахуванні залежності 
ефективної маси від поля поріг зміщується до ~28.6 MV/см, а струми в області середніх полів зменшуються майже на один 
порядок. Зміна температури збільшує префактор FN приблизно на 30–35%, що свідчить про вимірювану температурну 
чутливість, хоча експоненціальна залежність від електричного поля залишається домінуючим фактором, який визначає 
поведінку тунельного струму. Отримані результати демонструють можливість використання механізму тунелювання Фаулера–
Нордгейма для наномасштабного температурного сенсування у напівпровідникових структурах із високими електричними 
полями. Крім того, було розроблено самозгоджену модель FN-тунелювання для гетероструктури p-Si/n-GaAs з метою оцінки 
чисельної стабільності та точності прогнозування температурозалежних тунельних процесів. Було проаналізовано дві моделі 
тунелювання: спрощену класичну модель FN та модель FN із корекцією ефективної маси. Комплексне дослідження збіжності 
сітки з використанням прямокутної та трикутної дискретизації зі spatial-кроком від 0.5 до 20 нм показало, що грубі сітки 
можуть спричиняти похибки до 12%, тоді як субнанометрова дискретизація забезпечує збіжність з похибкою менше 1%. 
Модель із корекцією ефективної маси передбачає стабільно на 5–15% вищі тунельні струми у діапазоні напруг 0.5–3.0 В, що 
підкреслює важливість урахування особливостей зонної структури для надійного моделювання сенсорів. Крім того, адаптивні 
трикутні сітки досягають еквівалентної точності за умови використання на 40% меншої кількості елементів, що значно 
підвищує обчислювальну ефективність. Отримані результати формують надійну чисельну основу для моделювання 
тунельного транспорту на основі FN-механізму в напівпровідникових гетероструктурах та надають практичні рекомендації 
щодо оптимізації сітки в сучасних TCAD-дослідженнях. Запропонована методологія сприяє розробці компактних 
високочутливих температурних сенсорів на основі FN-тунелювання, придатних для інтеграції у наномасштабні електронні, 
оптоелектронні та системи структурного моніторингу. 
Ключові слова: тунелювання Фаулера–Нордгейма; GaAs; температурні ефекти; електричне поле; ефективна маса; 
тунельний струм; температурний сенсор 
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In this work, the sol-gel synthesis of nickel oxide (NiO) nanoparticles was systematically examined with respect to key parameters, 
including precursor type, reagent molar ratio, reaction time, and calcination temperature. A comparative evaluation of different nickel-
based salts identified nickel nitrate as the most suitable precursor. Structural–phase characterization by X-ray diffraction (XRD) 
demonstrated that the nanoparticles synthesized at varying reagent ratios possessed well-defined crystalline phases, with an average 
crystallite size of ~11 nm. Prolonged reaction times were observed to promote agglomeration processes. Raman spectroscopic analysis 
revealed the presence of phonon and magnon vibrational modes, which were strongly dependent on particle size and calcination conditions. 
Transmission electron microscopy (TEM) confirmed a particle size distribution in the range of 3÷19 nm. Collectively, these results 
establish the synthesis–structure relationship and provide a framework for defining optimal conditions for preparing NiO nanocatalysts. 
Keywords: NiO nanocatalyst; Sol-gel method; Precursor type; Starting reagents; Reaction time; Calcination temperature 
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INTRODUCTION 
The particle size and phase structure of NiO nanocatalysts are strongly dependent on the synthesis parameters. 

Among these parameters, the choice of precursor plays a decisive role, as it governs the crystallinity and morphology of 
the resulting nanoparticles. As reported in the scientific literature, nickel nitrate, nickel sulfate, and nickel chloride are 
the most commonly employed precursors [1–3]. Among them, nickel nitrate is highlighted as the most advantageous 
precursor due to its high solubility in water, low decomposition temperature, and the absence of residual by-products after 
the reaction. Furthermore, NiO thin films deposited via spray deposition using nickel nitrate as the precursor exhibit 
higher optical transmittance than films prepared with chloride and acetate precursors [4]. Therefore, in many studies, 
nickel nitrate is selected as the primary precursor. 

The molar ratio of the starting reagents also has a pronounced impact on the efficiency of the synthesis process. For 
instance, an increase in the concentration of ammonium hydroxide decreases the average size of the resulting NiO 
nanoparticles, as OH⁻ ions passivate the particle surfaces, thereby reducing their propensity for agglomeration [5, 6]. This 
phenomenon has been experimentally confirmed in several studies, in which cation-anion interactions during hydrolysis 
have been identified as the primary governing factor [7]. Thus, optimizing the reagent ratio ensures the formation of 
uniformly distributed nanoparticles with reduced particle size. 

Therefore, selecting an optimal reagent ratio is crucial for achieving the formation of uniformly distributed NiO 
nanoparticles with minimized particle size [8, 9]. This finding highlights the necessity of terminating the synthesis at an 
optimal time point. 

Calcination temperature is likewise recognized as a key factor governing the particle size and degree of crystallinity of 
NiO nanoparticles. Literature reports indicate that calcination at relatively low temperatures (400–450 °C) can yield 
crystallite sizes of approximately 11÷12 nm [10, 11]. These results are corroborated by X-ray diffraction (XRD) and 
transmission electron microscopy (TEM) analyses, as well as by evidence of phase stability [12]. Conversely, increasing the 
calcination temperature can lead to particle coarsening and the emergence of additional phases within the crystalline 
structure. 

For deeper characterization of the synthesized particles, Raman spectroscopy is widely employed to probe phonon 
and magnon excitations. In size-confined NiO nanoparticles, characteristic resonances - appearing at approximately 
~500 cm⁻¹, ~730 cm⁻¹, and ~1090 cm⁻¹ - are clearly manifested in the spectra [13]. These spectral signatures provide 
additional insight into the vacancy concentration and crystal symmetry of the synthesized nanoparticles. 

In the sol–gel synthesis of NiO nanocatalysts, the choice of precursor, reagent stoichiometry, calcination time, and 
calcination temperature constitute the principal technological parameters [4,14]. Each exerts a pronounced influence on 
the morphology, particle-size distribution, and phase purity of the final product. 

By judiciously optimizing these conditions, it is possible to obtain phase-stable, fine-sized NiO nanoparticles with 
high performance potential. This, in turn, provides a solid scientific basis for enhancing the efficiency of NiO-based 
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catalysts across diverse application domains. In this article, the effects of these synthesis parameters on nickel oxide 
formation are examined in depth. 

 
Parameters governing the size of NiO nanocatalysts 

Nanocatalyst properties are dictated by synthesis conditions. In the sol–gel preparation of NiO, particle size is 
primarily controlled by precursor type, reagent stoichiometry, and reaction time. The following sections delineate the 
size–parameter relationships for each variable. 

Precursor type. 
In sol–gel routes to NiO nanoparticles, nickel nitrate, nickel sulfate, and nickel chloride are the predominant 

precursor salts used [15]. Among these precursors, nickel nitrate is advantageous owing to its high aqueous solubility and 
a substantially lower thermal decomposition temperature than nickel sulfate and nickel chloride. Using the 
aforementioned nickel-based salts as precursors, NiO nanoparticles were synthesized via a sol–gel route, and XRD was 
employed to assess crystallographic structure, phase purity, and phase composition; the corresponding diffraction patterns 
are presented in Figure 1. 

 
Figure 1. XRD patterns of NiO nanoparticles synthesized using different precursors 

The diffraction patterns in Figure 1 were collected on a Rigaku SmartLab diffractometer using Cu Kα radiation 
(λ = 0.15405 nm) with a Kβ filter. Measurements were performed at 40 kV and 50 mA over a 2θ range of 5÷80°, with a 
scan rate of 3° min⁻¹ and a constant step size of 0.01°, ensuring high-resolution, reliable data for subsequent analysis. 

To ensure analytical fidelity, the 2θ step size was maintained at 0.01°, yielding a high-density dataset for subsequent 
analysis. All samples exhibit characteristic reflections of rock salt NiO at 2θ ≈ 37.2°, 43.3°, 62.8°, 75.3°, and 79.4°, 
indexed to the (111), (200), (220), (311), and (222) planes, respectively. The patterns obtained from nickel-nitrate-derived 
powders indicate superior crystallinity and phase purity, which is attributed to the cleaner decomposition of nickel nitrate 
and the absence of residual by-products - features not typically observed with nickel sulfate or nickel chloride. On this 
basis, nickel nitrate was selected as the precursor for subsequent sol-gel syntheses of NiO nanoparticles. 

Effect of reagent stoichiometry on NiO nanocatalyst size. 
The influence of starting-reagent stoichiometry on the size of sol-gel-derived NiO nanoparticles was investigated. 

Nickel nitrate and ammonium hydroxide were combined at varied molar ratios (n:m). Throughout the experiments, the 
amount of aqueous nickel nitrate was held constant, while the quantity of ammonium hydroxide was systematically 
increased to isolate the effect of base addition. The XRD patterns of the resulting powders are presented in Figure 2.  

 

Figure 2. XRD patterns of NiO nanoparticles at reagent molar ratios: (a) 1:1; (b) 1:2; (c) 1:3 
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In Figure 2a, the aqueous solutions of ammonium hydroxide and nickel nitrate hexahydrate were used in equal 
amounts; in Figure 2b and Figure 2c, the amount of ammonium hydroxide was increased to 1:2 and 1:3 relative to the 
nickel nitrate hexahydrate solution, respectively. Across all three cases, the XRD diffractograms exhibit the characteristic 
reflections of rock salt NiO indexed to (111), (200), (220), (311), and (222) – at essentially identical 2θ positions, 
indicating that peak locations (and thus lattice symmetry) remain invariant with base-to-precursor ratio. The average 
crystallite size of the NiO powders was then estimated from the XRD peak broadening using the Debye-Scherrer 
equation [16]. 𝐷 ൌ ௄ఒఉ௖௢௦ఏ (1) 

Here, K=0.9 is the Scherer’s constant; λ is the X-ray wavelength (Cu-Kα); θ is the Bragg angle; and β is the full width at 
half maximum (FWHM) of the diffraction peak.  

Figure 3 summarizes the dependence of NiO crystallite size on the starting-reagent molar ratio.  

 
Figure 3. Dependence of NiO crystallite size on the starting-reagent molar ratio 

From the histogram above, we conclude that as the amount of ammonium hydroxide increases during synthesis, the 
average size of the resulting NiO nanoparticles decreases. The reason is the passivation process: as the concentration of 
ammonium hydroxide increases, it alters the reaction medium, and the OH⁻ ions in ammonium hydroxide bind to the 
surfaces of the NiO nanoparticles, forming a complete shell that prevents agglomeration. As a result, the average size of 
the synthesized NiO nanoparticles decreases. 

Dependence of the size of NiO nanocatalysts on reaction time 
Another parameter influencing the synthesized NiO nanoparticles is the reaction time. The XRD results for NiO 

nanoparticles synthesized at different reaction times are shown below (Figure 4).  

 

Figure 4. XRD patterns of NiO nanoparticles synthesized at different reaction times 
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In Figure 4 above, the XRD diffractograms of NiO synthesized by the sol–gel method at reaction times of 1 h, 2 h, 
and 3 h (from top to bottom) are presented. In all samples, the diffraction peaks corresponding to NiO(111), NiO(200), 
NiO(220), NiO(311), and NiO(222) are observed at diffraction angles 2θ ≈ 37.2°, 43.1°, 62.8°, 76.2°, and 79.3°, 
respectively. Using the XRD analysis results described above, the average crystallite size of the synthesized NiO 
nanoparticles was estimated according to equation (1). The effect of reaction time on particle size was investigated, and 
the results are summarized in the histogram shown below (Figure 5).  

 
Figure 5. Dependence of NiO nanoparticle size on reaction time 

As seen in Figure 5, no agglomeration was observed during the initial ~40 minutes of reaction. With further increases 
in reaction time, agglomeration of the NiO nanoparticles began gradually. This behavior is attributed to enhanced 
interparticle (atomic) collision forces that promote coalescence, resulting in a progressive increase in the particle size of 
the synthesized NiO nanoparticles. 

 
EXPERIMENTAL PROCEDURE 

Following a systematic evaluation of synthesis parameters, optimized conditions were adopted and the procedure 
was executed as follows: Ni(NO3)2 (7,25 g) was weighed as the nickel precursor and dissolved in deionized water (50 mL; 
Direct-Q 5UV) under magnetic stirring (MS7-H550-S) until a clear, homogeneous solution without visible precipitate 
was obtained. The resulting solution was then treated dropwise with 2 M NH4OH (150 mL) while stirring continuously 
at 85 °C for 1 h. To ensure complete formation of nickel hydroxide, the mixture was aged at ambient temperature for 20 
h. The pale-green suspension produced by the reaction was subjected to phase separation by centrifugation (EBA 20S) to 
isolate the solid fraction, assigned to Ni(OH)2. The collected solid was calcined in a laboratory electric furnace (SNOL) 
at 400 °C for 2 h, then allowed to cool to room temperature, affording black NiO nanoparticles. 

 
RESULTS AND DISCUSSION 

The crystal structure, phase purity, and phase composition of NiO nanoparticles synthesized under optimal 
conditions were examined using the aforementioned diffractometer over a 2θ range of 5°÷80°, with a step size of 0.01°. 
The resulting XRD pattern is presented in Figure 6. 

Figure 6. XRD pattern of NiO nanoparticles synthesized under optimized conditions 

From Figure 6, reflections assigned to NiO(111), NiO(200), NiO(220), NiO(311), and NiO(222) are observed at 
diffraction angles 2θ = 37.08°, 43.14°, 62.70°, 76.16°, and 79.22°, respectively. The sharp, high-intensity peaks evidence 
a single-phase cubic NiO structure with lattice parameter a = 4.1901 Å, in good agreement with the Joint Committee on 
Powder Diffraction Standards (JCPDS) card No. 47-1049 [17]. The absence of additional satellite peaks in the XRD 
diffractogram indicates a high degree of phase purity in the synthesized NiO nanoparticles. Using equation (1), the average 
crystallite size was estimated to be ~11 nm. In other words, the low-temperature calcination employed here affords the 
most favorable outcome in terms of NiO crystallite size.  
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The Raman spectra of the synthesized NiO nanoparticles were recorded using Raman spectroscopy (RS) with 532 
nm excitation (RL532, Class 3B laser). The spectra of the samples prepared under optimized conditions were examined 
by RS, and the resulting Raman profiles are presented (Figure 7).  

 
Figure 7. RS spectra of NiO nanoparticles synthesized under optimized conditions 

As seen in Figure 7, a size and vacancy sensitive first-order phonon/magnon feature is observed at 507 cm⁻¹. The 
increased intensity of the Ni–O stretching mode at 507 cm⁻¹, the narrowing of the associated two-shoulder band, and the 
attenuation of the second-order phonon peaks at 705 cm⁻¹ (transverse optical) and 1079 cm⁻¹ (longitudinal optical) 
collectively indicate that the NiO nanoparticles synthesized under these conditions are of small characteristic size. A 
second-order magnon excitation is also evident at 1556 cm⁻¹. The clear appearance of the first-order transverse optical 
mode at 205 cm⁻¹ further reflects the high sensitivity of the Raman setup employed.  

To assess the particle size and morphology of the NiO nanoparticles synthesized under the above conditions, imaging 
was performed on a JEM-2100 Plus transmission electron microscope (TEM). A representative TEM micrograph is 
provided in Figure 8.  

 
Figure 8. TEM micrograph of NiO nanoparticles synthesized under optimized conditions 

From the TEM micrograph, the synthesized NiO nanoparticles exhibit a size distribution of 3÷19 nm. This is in 
close agreement with the average crystallite size estimated from the XRD data, confirming that the Scherrer-derived 
crystallite dimension is representative of the particle size. 

 
CONCLUSIONS 

The results demonstrate that, in the sol-gel synthesis of NiO nanoparticles, precursor type, reagent stoichiometry, 
and reaction time exert pronounced control over particle size and morphology. Nickel nitrate emerged as the optimal 
precursor owing to its high aqueous solubility and residue-free decomposition. A systematic increase in ammonium 
hydroxide content reduced the average particle size, consistent with hydroxide-driven surface passivation that suppresses 



161
Systematic Correlation Between Synthesis Parameters and the Particle Size of Nickel Oxide...   EEJP. 2 (2026)

agglomeration. Conversely, extending the reaction time promoted particle coalescence. Under optimized conditions, the 
crystallite size was ~11 nm by XRD, in close agreement with TEM observations, thereby validating the structural 
uniformity of the product. Collectively, these findings provide a robust scientific and practical basis for the rational design 
and high-efficiency deployment of NiO-based nanocatalysts. 
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СИСТЕМАТИЧНА КОРЕЛЯЦІЯ МІЖ ПАРАМЕТРАМИ СИНТЕЗУ ТА РОЗМІРОМ ЧАСТИНОК 
НАНОКАТАЛІЗАТОРІВ ОКСИДУ НІКЕЛЮ, ВИГОТОВЛЕНИХ ЗОЛЬ-ГЕЛЬ МЕТОДОМ 

Ільос Дж. Абдісаїдов, Ільос Х. Худайкулов, Усмонджон Ф. Бердієв, Сардор А. Тулаганов, Хатам Б. Ашуров 
Інститут іонно-плазмових та лазерних технологій імені У.А. Аріфова Академії наук Республіки Узбекистан, 

100125, вул. Дурмон йулі, 33, Ташкент, Узбекистан 
У цій роботі систематично досліджували золь-гель-синтез наночастинок оксиду нікелю (NiO) з урахуванням ключових 
параметрів, зокрема типу прекурсора, молярного співвідношення реагентів, часу реакції та температури кальцинації. 
Порівняльна оцінка різних солей на основі нікелю визначила нітрат нікелю як найбільш підходящий прекурсор. Структурно-
фазова характеристика за допомогою рентгенівської дифракції (XRD) показала, що наночастинки, синтезовані за різних 
співвідношень реагентів, мали чітко визначені кристалічні фази із середнім розміром кристалітів ~11 нм. Спостерігалися 
тривалі реакції, що сприяли процесам агломерації. Раманівський спектроскопічний аналіз виявив наявність фононних та 
магнонних коливальних мод, які сильно залежали від розміру частинок і умов кальцинації. Трансмісійна електронна 
мікроскопія (TEM) підтвердила розподіл розмірів частинок у діапазоні 3÷19 нм. У сукупності ці результати встановлюють 
взаємозв'язок між синтезом і структурою та забезпечують основу для визначення оптимальних умов приготування 
нанокаталізаторів NiO. 
Ключові слова: нанокаталізатор NiO; золь-гель метод; тип прекурсора; вихідні реагенти; час реакції; температура 
кальцинації 



162
EAST EUROPEAN JOURNAL OF PHYSICS. 2. 162-168 (2026)

DOI:10.26565/2312-4334-2026-2-16            ISSN 2312-4334

OPTICAL AND MAGNETO-OPTICAL PROPERTIES OF Na0.375Tb0.625F2.25 CRYSTAL 

M.E. Malysheva1, R.R. Vildanov1*, T. Akhmadjanov1, V.O. Pelenovich2, F.K. Turotov1,
O.Z. Sultonov1, S.R. Reymbaeva1 

1National university of Uzbekistan, Tashkent, 100174, Uzbekistan 
2Institute of Technological Sciences of Wuhan University, Wuhan, 430072, China 

*Corresponding Author e-mail: ramvild@gmail.com
Received September 14, 2025; revised March 12, 2026; accepted April 15, 2026 

Optical and magneto-optical spectra of the Na0.375Tb0.625F2.25 crystal have been studied within the ultraviolet and visible spectral range. 
It has been established that within the wavelength range of 535-560 nm there is an intense luminescence band caused by intra-
configurational 4f→4f transitions 5D4→7F5. In the luminescence band 5D4→7F5 and 5D4→7F4 the radiative 4f→4f transitions have been 
identified, and it has been established that the magnetic dipole transitions dominate in the secondary emission spectra. Analysis of 
magneto-optical research data has demonstrated that the C-term of magneto-optical activity plays a significant role in the mechanism 
underlying the occurrence of magneto-optical effects in luminescence bands caused by “forbidden” 4f→4f transitions. A comparative 
analysis of the dispersion dependence of the Verdet constant of the Na0.375Tb0.625F2.25 single crystal showed that it is about 90% of the 
Verdet constant of the well-known Tb3Ga5O12 crystal, which demonstrates a good magneto-optical properties of the new synthesized 
crystal. 
Keywords: Fluoride crystals; Rare-earth ions; Magneto-optical properties; Luminescence; Energy levels; Magnetic circular 
polarization; Verdet constant 
PACS: 71.70.Ej; 78.20.Ls 

INTRODUCTION 
Single crystals of inorganic fluorides have long been used as optical materials with high transparency within a wide 

range of wavelengths from vacuum UV to mid-IR. Scintillators made from alkaline and alkaline earth fluorides are also well 
known. Until recently, they were simple compounds like CaF2, LiF, BaF2, MgF2, LaF3 and some others doped with activator-
ions such as rare earth elements and some 3d elements [1,2]. The new field of quantum electronics required new active media 
with qualitatively other laser parameters differed from those of commercial CaF2 and BaF2 [3,4]. A worldwide search for 
laser crystals began among which metal fluorides became the leading materials. A main idea of obtaining qualitatively new 
materials was to move from single-component metal fluoride crystals to multi-component ones (in basic composition, with 
no activator). This approach to the problem of new fluoride materials has provided significant advances in the field of 
inorganic material science, which later expanded the boundaries of quantum electronics. Currently, there is a need for new 
scintillators for high-energy physics and related fields. New areas of application of highly transparent optical media require 
crystalline matrices with better mechanical, chemical, thermal properties, as well as better radiation stability and absorption 
of γ-rays, etc. Moreover, it has become necessary to control luminescence and other functional characteristics mainly 
determined by a type of activator ions and by crystalline matrices as well.  

Rare-earth fluorides having the fluorite structure Na0.5-xR0.5+xF2+2x and rare earth ion activators attract great attention 
due to the possibility of obtaining highly concentrated (in contrast to glasses) media with high optical transparency, low 
melting point and low refractive indices as compared to oxide crystals [3-5]. The properties of these materials are 
determine by an electronic structure of the rare-earth impurity centers, which is largely determined by the crystal field 
acting on the rare earth ion. When doped, the rare-earth ion R3+ replaces a metal cation in the fluorite structure, which 
causes distortion of the crystal lattice near the impurity. It seems relevant to study a crystal structure of the rare-earth 
impurity centers, since the main contribution to the crystal field of a rare-earth ion is made by its neighboring environment. 

Materials doped with rare-earth ions (RE) are key elements of modern devices for generating, transmitting and 
controlling optical signals. On the basis of glassy and crystalline matrices doped with rare-earth ions the effective solid-
state lasers, fiber lasers and amplifiers, radiation visualizers, etc. have been created [6]. The variety of optical effects 
observed in such media has determined the undying interest in rare-earth ions for more than 50 years. As for magneto-
optical properties, the search for paramagnetic crystals with effective Faraday rotation has been conducted for many years 
among various materials [7]. For oxides, the rare-earth garnets crystals containing Tb3+ ions (primarily, terbium gallium 
garnet Tb3Ga5O12) were found, having wide practical application in Faraday insulators and gates for various laser devices 
[8,9]. A lot of Faradaic paramagnetic media contain the rare-earth elements (REE) as active ions. However, most REE 
ions in crystals have intense absorption bands and, as a result, small transparency ranges within the near ultraviolet (UV), 
visible and infrared (IR) ranges, which complicates their practical use. Taking into account the need to ensure high optical 
transparency of rare-earth crystals, the choice is reduced to practically a few ions (Tb3+, Pr3+ и Ce3+) with high magneto-
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optical efficiency and transparency over a wide spectral range [9]. The previously studied anisotropic fluoride crystals 
(LiTbF4, KTb3F10, Ca1–xTbxF2+x (0.03 < x ≤ 0.32), etc.) are inferior in magneto-optical characteristics to Tb3Ga5O12 
crystals, because the application of anisotropic materials is associated with precise orientation of the optical axis, since in 
directions that do not coincide with the optical crystal axis the Faraday effect is significantly complicated by conventional 
birefringence. Thus, the study of the magneto-optical properties of a new isotropic cubic-syngony crystal with the fluorite 
structure Na0.5-xR0.5+xF2+2x and increased concentration of terbium ions is an urgent and topical task since this makes it 
possible to expand the range of fluoride cubic crystals with good magneto-optical properties. 

The use of Na0.375Tb0.625F2.25 crystals in practical applications requires a detailed study of their optical and magneto-
optical properties, which will contribute to a deep understanding of the fundamental features of the magneto-optics of RE 
ions in fluoride crystals. Therefore, a motivating factor of this work was a detailed analysis of the experimental data of 
optical (absorption, luminescence) and differential methods of magneto-optical studies, including magnetic circular 
dichroism - MCD and magnetic circular polarization of luminescence - MCPL, to be carried on over the visible spectral 
range with the samples of Na0.375Tb0.625F2.25 crystals. 

 
MATERIALS AND METHODS 

The object of the study was Na0.375Tb0.625F2.25 crystals of the fluorite type. The cubic phases crystallizing in the 
fluorite structural type are formed in binary fluoride systems MFm–TbF3 (М = Na, К, Са, Sr, Ва, Cd, Pb) [10]. In the 
NaF–RF3 systems, the fluorite phases Na0.5–xR0.5+xF2+2x contain >50 mol.% of RE. The Na0.5–xR0.5+xF2+2x crystals was 
grown by the Bridgman method at the Institute of Crystallography (Russia).  

The absorption and fluorescence spectra were obtained with a high-resolution diffraction monochromator MDR-23 
(LOMO, Russia). The wavelength range in the absorption experiments was within 220 nm - 700 nm with an average 
instrumental resolution of 0.03 nm. Since the scattering at the sample was negligible, the absorption value is represented 
as a dimensionless Absorbance, which is the common logarithm of the ratio of incident to transmitted radiant power 
through a material. The luminescence spectra were measured upon excitation by a mercury lamp with a UV filter, the 
average instrumental resolution was 0.05 nm. The spectra was registered with photomultiplier by using the method of 
stabilization of the average photocurrent when scanning along the entire line shape.  

The optical spectra were recorded at 90 and 300 K. For low-temperature measurements, the crystal was attached to 
the cold finger of a Dewar flask filled with liquid nitrogen (78 K). In a magneto-optical experiment performed with the 
MDR-23 monochromator, natural (completely unpolarized) UV radiation was projected onto the sample located in a 
longitudinal (relative to light propagation) outer magnetic field H. The UV radiation (240-400 nm) was used to excite the 
luminescence of sample in the visible spectral range, and the MCPL degree spectra were measured at the emission band 
associated with the 4f→4f transitions. The circularity degree P of partially polarized radiation is determined by the ratio: 
P= ூశିூషூశାூష, where 𝐼± are the intensities of two orthogonally polarized circular light components [11]. The values of P were 
measured by a method of radiation polarization modulation with a photoelastic modulator [12]. The relative error of the 
measured values of P and luminescence intensity in the experiments 𝐼 = ଵଶ (𝐼ା + 𝐼 ) did not exceed ∼ 5%.  

 
RESULTS AND DISCUSSION 

The optical absorption spectra of the fluoride crystal Na0.375Tb0.625F2.25 were studied within the spectral range of 220-
500 nm for temperature of T = 90 K and 300 K. The absorption spectra of the crystal under study within the visible and 
ultraviolet spectral ranges are presented in Fig. 1. 

 
Figure 1. The optical absorption spectra of the Na0.375Tb0.625F2.25 crystal at temperature of 300 K (solid line) and 90 K (dotted line). 

As a result of the analysis of the obtained data, the intense absorption bands of Na0.375Tb0.625F2.25 were found within 
the UV spectral range, as well as an absorption band at 485.5 nm (Fig. 1, inset). The presence of this absorption band is 
apparently associated with intra-configurational 4f→4f transitions between the sublevels of the ground multiplet 7F6 and 
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the excited multiplet 5D4 of Tb3+ ions in Na0.375Tb0.625F2.25, which is confirmed by the results of optical absorption 
measurements of this crystal at T = 90 K. It is clearly seen from Fig. 1 that when the temperature decreases to 90 K, the 
amplitude of absorption line 1 increases by almost 1.6 times with its simultaneous narrowing by ∼2,8 nm. At the same 
time, the band itself shifts to the long-wave side by ∼1,3 nm. Observed within the UV spectral range above 270 nm, 
absorption lines 2-8 can be attributed to intra-configurational transitions 7F6→5D4 of the Tb3+ ions in Na0.375Tb0.625F2.25. 
The significant value of the width of line 9 observed within the UV absorption band at a wavelength of 253.6 nm, as well 
as the sufficiently large value of the absorption coefficient ∼32.5 cm-1 (at the low concentration of RE ions) measured at 
the maximum of this band indicate that it can be related to the allowed (by spin and by parity) electric dipole (ED) 
transitions occurring from the ground multiplet 7F6 to the lower levels of the “mixed” excited 4f75d configuration of the 
Tb3+ ion in the structure of Na0.375Tb0.625F2.25.  

The luminescence bands of the Na0.375Tb0.625F2.25 crystal caused by intra-configuration transitions 5D4→7F5 and 
5D4→7F4 at temperature of 300 K are presented in Fig. 2 within the spectral range of wavelengths from 480 to 600 nm. 
From the analysis of this spectral dependence, it is seen that the most intense luminescence band is located within the 
wavelength range from 535 to 560 nm. For the "green" luminescence band (Fig. 3) due to intra-configuration transitions 
5D4→7F5 , a decrease in the sample temperature from 300 K to 90 K is accompanied by an increase in the intensity of the 
luminescence line 1 (∼540,8 nm) along with a simultaneous narrowing of this line and a decrease in the luminescence line 
2 (∼544,5 nm). The redistribution of the luminescence line intensity is due to a sharp decrease in the populations of excited 
Stark singlets of the 5D4 multiplet when temperature decreases. Such temperature behavior of the emission line intensity 
near ∼544 nm clearly indicates that it is associated with a radiative transition from the lowest (in energy) excited state of 
the 5D4 multiplet. 

  
Figure 2. The luminescence spectra of the Na0.375Tb0.625F2.25 
crystal, recorded at the temperature of 300 K 

Figure 3. The spectra of the “green” luminescence band of the 
Na0.375Tb0.625F2.25crystal, recorded at the temperature of 90 K 
(dotted line) and 300 K (solid line) 

A comparison of the energies of the experimentally observed emission lines 1,2,3 and 4 with the theoretical scheme 
of the energy levels of the ground 4f(8) configuration of the Tb3+ RE ions in the crystal field (CF) of Oh symmetry [13] 
makes it possible to identify the radiative 4f→4f transitions in the luminescence band 5D4→7F5 and 5D4→7F4 (Fig. 4). 

 
Figure 4. The luminescence spectra of the Na0.375Tb0.625F2.25 crystal, recorded at the temperature of 78 K on transitions 

5D4→7F5 and 5D4→7F4 
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From the scheme of radiative transitions shown in Fig. 5 it follows that the lines 1,2 and 4 are associated with 
magnetic dipole optical 4f→4f transitions occurring from the sublevels A1g, T2g (for lines 1 and 2) and Eg (for line 4) of 
the excited multiplet 5D4 (the designations of the levels are given in accordance with [14]) to the sublevel T1g (for lines 1 
and 2) of the 7F5 multiplet and the sublevel Eg (for line 4) of the 7F4 multiplet. Line 3 corresponds to the electric dipole 
transition from the sublevel T2g of the 5D4 multiplet to the sublevel A1g of the 7F4 multiplet. The spectra of the MCPL 
degree recorded in an outer magnetic field H = 10 kOe at T = 300 K for the radiative 4f→4f transitions on the fluorescence 
band 5D4→7F4 and 5D4→7F5 are shown in Fig. 6 and Fig. 7, respectively. 

 
Figure 5. The scheme of the radiative transitions 4f →4f on the fluorescence band 5D4→7F4 and 5D4→7F5. 

  
Figure 6. The MCPL degree spectrum (solid line) and the 
luminescence spectrum (dotted line) of the Na0.375Tb0.625F2.25 
crystal for the 5D4→7F5 transition at T = 300 K and H = 10 kOe 

Figure 7. The MCPL degree spectrum (solid line) and the 
luminescence spectrum (dotted line) of the Na0.375Tb0.625F2.25  
crystal for the 5D4→7F4 transition at T = 300 K and H = 10 kOe 

A characteristic structure of the MCPL degree spectrum for closely spaced secondary emission lines 1 and 2, 3 and 
4 can be formed by superimposing the linear dependences Р(n) with the corresponding luminescence lines in the areas 
when they pass through zero both at the maxima of the luminescence lines (A-term) and at the point shifted from the 
maximum of the emission band [15]. This behavior of the spectral dependences of the MCPL degree is characteristic of 
non-Kramers (with the even number of electrons of the unfilled 4f shell) and Kramers (with the odd number of electrons) 
ions in RE crystals and can be described by the following expression [16,17]: 

 𝑃 = ூశିூషூశାூష= ଵଶ 𝜇В𝐻 ቂ(ఔିఔబ)௰మ ⋅ ஺஽మ + ଵ௞் ⋅ ஼஽భቃ (1) 

where 𝜈 is the wave number (in cm-1), Г is the width of the luminescence line, D1 and D2 are the “dipole transition forces” 
expressed through the matrix elements of the corresponding emission transitions [17]: 

 𝐷ଵ = ଵସ[|<a|𝐷෡୶|j>|2 + |<a|𝐷෡୷|j>|2 + |<b|𝐷෡୶|j>|2 + |<b|𝐷෡୷|j>|2] (2) 

 𝐷ଶ = ଵଶ[|<a|𝐷෡୶|j>|2 + |<a|𝐷෡୷|j>|2 + |<a|𝐷෡୶|k>|2 + |<a|𝐷෡୷|k>|2] (3) 

where <a|, <b| and |j>, |k> are the wave functions of the Stark sublevels of the initial and final states of the optical 
transition, respectively. The first term in equation (1) determines the temperature-independent “diamagnetic” contribution 
to the MCPL degree of the RE ion (the A-term of MCPL [16,17]) due to the Zeeman splitting of the sublevels of the final 
state of the transition under the action of the outer magnetic field. The second term describes the contribution of the 
“paramagnetic” C-term of the MCPL degree, which depends on temperature [16,17] and on difference in the sublevel 
population of the initial state of the transition in the outer field. The inclined linear spectral dependence of the MCPL 
degree described by equation (1) is shifted from the line center by a value of the “paramagnetic” shift that determines the 
amplitude of the C-term of the MCPL degree [16,18]. 
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A detailed analysis of the MCPL degree spectrum in Fig. 6 showed that in the magnetic field at the luminescence 
line 1 there is a magneto-optical transition due to a transition between the sublevels of the T2g triplet of the 5D4 multiplet 
to those of the T1g triplet of the 7F5 (C-term) multiplet (Fig. 5). The inclined linear dependence within the luminescence 
line 2 (Fig. 6) in the magnetic field is formed by means of a transition from the singlet state А1g of the 5D4 multiplet to 
the sublevels of the T1g triplet of the 7F5 multiplet (A-term) (Fig. 5). The inclined linear dependences of the MCPL degree 
on luminescence lines 3 and 4 (Fig. 7) also indicate the manifestation of the C-term of magneto-optical activity, which 
corresponds to transitions from the sublevels of the T2g triplet and the Eg doublet of the 5D4 multiplet (Fig. 5) to the split 
sublevels of the 7F4 multiplet in the magnetic field. Analysis of the dispersion dependences of the MCPL degree for 
temperatures of 90 K and 300 K showed a significant increase in the effect with a decrease in temperature (Fig. 8), which 
indicates a significant contribution of the temperature-dependent paramagnetic C-term to this magneto-optical effect.  

Figure 8. The MCPL degree spectra of the Na0.375Tb0.625F2.25 crystal for the 5D4→7F4 transition at T = 300 K (red line) and T = 
90 K (black line) and H = 7 kOe. 

The Faraday effect of the Tb3+ ion in the Na0.375Tb0.625F2.25 structure was studied within the wavelength range from 
400 to 700 nm at a temperature of 95 K. Fig. 9 shows this measured dispersion dependence of the Verdet constant. For 
comparison, the Verdet constant of the well-known terbium gallium garnet Tb3Ga5O12 is also presented. A comparative 
analysis shows that for short wavelengths, the Verdet constant of the Na0.375Tb0.625F2.25 crystal is about 85% of that of the 
Tb3Ga5O12 crystal, and at long wavelengths, it is more than 90% [10].  

 
Figure 9. The dispersion dependence of the Faraday effect for the Na0.375Tb0.625F2.25 and Tb3Ga5O12 crystals at temperature 
95 K in the magnetic field of 10 kOe. 

Thus, it can be concluded that an increase in the Tb3+ ions concentration to 1.456·1022 cm-3 in Na0.375Tb0.625F2.25 
crystal affects to the growth of the magneto-optical Faraday effect in a new synthesized crystal with a fluorite structure, 
which expands the possibilities of using this crystal under study as an analogue of terbium gallium garnet. 
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CONCLUSIONS 
Based on the analysis of the optical spectra of the Na0.375Tb0.625F2.25 single crystal it has been established that within 

the wavelength range of 535-560 nm there is a more intensive luminescence band caused by intra-configuration 4f→4f 
transitions 5D4→7F5. Analysis of the absorption and luminescence spectra allowed us to identify the radiative 4f→4f 
transitions in the luminescence bands 5D4→7F5 and 5D4→7F4 and to establish a dominance of the magnetic dipole 
transitions in the secondary emission spectra. The experimentally found values of the energy levels is in agreement with 
the theoretical calculations of the energy levels found for the rare earth Tb3+ ion in a crystal environment of Oh symmetry. 

Analysis of the magneto-optical research data shows that the C-term of the magneto-optical activity plays a 
significant role in a mechanism of occurrence of magneto-optical effects on luminescence bands caused by “forbidden” 
4f→4f transitions. 

The results of the Faraday effect study showed that the Verdet constant of the Na0.375Tb0.625F2.25 single crystal is 
about 0.9 of the Verdet constant of Tb3Ga5O12 crystal, which demonstrates the good magneto-optical properties of the 
new synthesized crystal and expands the range of fluoride cubic crystals with good magneto-optical features. 
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ОПТИЧНІ ТА МАГНІТООПТИЧНІ ВЛАСТИВОСТІ КРИСТАЛА Na0.375Tb0.625F2.25 
М.Є. Малишева1, Р.Р. Вільданов1, Т. Ахмаджанов1, В.О. Пеленович2, Ф.К. Туротов1, О.З. Султонов1, С.Р. Реймбаєва1 

1Національний університет Узбекистану, Ташкент, 100174, Узбекистан 
2Інститут технологічних наук Уханьського університету, Ухань, 430072, Китай 

Оптичні та магнітооптичні спектри кристала Na0,375Tb0,625F2,25 були досліджені в ультрафіолетовому та видимому 
спектральному діапазонах. Встановлено, що в діапазоні довжин хвиль 535-560 нм спостерігається інтенсивна смуга 
люмінесценції, спричинена внутрішніми конфігураційними переходами 4f→4f 5D4→7F5. У смузі люмінесценції 5D4→7F5 та 
5D4→7F4 ідентифіковані радіаційні переходи 4f→4f та встановлено, що у спектрах вторинного випромінювання домінують 
магнітні дипольні переходи. Аналіз даних магнітооптичних досліджень показав, що C-член магнітооптичної активності 
відіграє значну роль у механізмі виникнення магнітооптичних ефектів на смугах люмінесценції, спричинених 
«забороненими» переходами 4f→4f. Порівняльний аналіз дисперсійної залежності константи Верде монокристала 
Na0,375Tb0,625F2,25 показав, що вона становить близько 90% від константи Верде добре відомого кристала Tb3Ga5O12, що 
демонструє хороші магнітооптичні властивості нового синтезованого кристала. 
Ключові слова: кристали фториду; іони рідкісноземельних елементів; магнітооптичні властивості; люмінесценція; 
енергетичні рівні; магнітна кругова поляризація; стала Верде 
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In this study, we employed the Full-Potential Linearized Augmented Plane Wave (FP-LAPW) method, as implemented in Wien2k, to 
perform a comprehensive investigation of the structural, electronic, and thermoelectric properties of RuAsNb. The electronic band 
structure was calculated using the TB-mBJ exchange-correlation potential, resulting in an energy gap that is in close agreement with 
the available experimental data. Furthermore, our analysis revealed favorable optical properties, highlighting the material’s potential 
for applications across the infrared, visible, and ultraviolet regions of the electromagnetic spectrum. We also evaluated the 
thermoelectric performance of RuAsNb by analyzing key parameters, including the Seebeck coefficient, electrical conductivity, 
thermal conductivity, and power factor. The results indicate that holes are the dominant charge carriers, confirming the p-type 
semiconducting nature of RuAsNb. In addition, the effect of chemical potential variations on these thermoelectric properties was 
examined, providing valuable insights into their temperature-dependent behavior. To ensure the robustness of our findings, a 
comparative study using different exchange–correlation potentials was conducted, which further validated the consistency of the 
results. The promising thermoelectric performance of RuAsNb suggests its suitability as a potential candidate for next-generation 
energy conversion devices and photovoltaic applications. Moreover, the estimation of the lattice thermal conductivity using the Slack 
model reinforces the reliability of our predictions and provides valuable insights for future research. Overall, this work contributes to 
a deeper understanding of the potential of RuAsNb in advanced energy materials. 
Keywords: Half Heusler; DFT; Structural property; Anisotropic; Optical properties; Figure of merit 
PACS: 71.15.Mb; 71.20.-b; 71.55.Ak; 72.20.Pa 

1. INTRODUCTION
Currently, scientists place paramount importance on thermoelectric performance due to its ability to directly convert 

waste thermal energy into clean and non-polluting electrical energy [1]. This growing interest is driven by the depletion 
of fossil fuel reserves and the significant environmental impacts associated with their widespread use. Consequently, the 
search for new thermoelectric materials has become a major priority in the development of alternative energy resources. 

Among the materials investigated for this purpose are Half-Heusler (HH) compounds, a class of materials 
distinguished by several attractive physical properties, including elastic stability, high melting temperature, a high 
thermoelectric power factor, a favorable figure of merit, and stable thermal behavior. 

In recent years, Half-Heusler (HH) compounds have attracted considerable attention due to their excellent 
thermoelectric performance and low thermal conductivity. In our recent study, we focused on Half-Heusler compounds 
containing X elements such as Co, Rh, and Ir, combined with MnAs [1]. To characterize these compounds, we employed 
Density Functional Theory (DFT), a powerful method for modeling material properties. Using DFT, we systematically 
investigated the structural, elastic, thermal, and transport properties of these compounds. This comprehensive approach 
provided in-depth insights into their physical behavior, laying the foundation for a better understanding of their 
thermoelectric performance. 

In this new study, our focus has shifted to the Half-Heusler compound RuAsNb, which has been mentioned in 
previous works, although these studies did not investigate the parameters we address. For instance, Zhenzhen 
Feng et al. [2] examined a set of 75 Half-Heusler-type compounds, using electronic structure as a criterion for identifying 
promising thermoelectric materials. This approach enabled the exploration of a wide range of compounds and the 
assessment of their potential based on their electronic structure characteristics. 

The same authors, Zhenzhen Feng et al. [3], conducted another noteworthy study in which they explored the concept 
of resonance in stoichiometrically ordered Half-Heusler compounds. They employed first-principles phonon calculations 
and thermal conductivity analyses to identify materials exhibiting low thermal conductivity. 
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A more recent contribution was reported by Fatiha Cherifi et al. [4], entitled "Thermoelectric transport parameters 
of p-type RuVAs and RuNbAs Heusler alloys." In this work, the authors successfully characterized the semiconducting 
nature of both RuVAs and RuNbAs. They also presented the electronic band structures and calculated the elastic 
constants. However, they did not evaluate several essential mechanical parameters required for a comprehensive 
understanding of these compounds, such as the bulk modulus, shear modulus, Young’s modulus, Poisson’s ratio, 
hardness, Zener anisotropy factor, Cauchy pressure, and the Pugh ratio. These parameters constitute the core of our 
research objectives. 

The aim of this study is to conduct a comprehensive investigation of the structural, elastic, and thermoelectric 
properties of the RuAsNb compound using ab initio calculations. We evaluate the elastic stability of this material and 
determine a comprehensive set of mechanical parameters to gain deeper insight into its intrinsic behavior. By employing 
the BoltzTraP code, we solve the Boltzmann transport equation to analyze the material’s transport properties. This 
approach enables the detailed evaluation of key parameters such as the Seebeck coefficient, as well as the electronic 
contributions to electrical and thermal conductivities. 

These parameters are essential for a thorough understanding of the thermoelectric performance of the compound, 
particularly in terms of the power factor and the figure of merit, which are critical indicators of its efficiency in converting 
thermal energy into electrical energy. Furthermore, we apply the Slack model to investigate the temperature dependence 
of lattice thermal conductivity—an aspect not previously addressed particularly in the work of Fatiha Cherifi et al. [4], 
where only the ambient-temperature value was reported. 

In addition, while Fatiha Cherifi et al. [4] limited their analysis to thermoelectric properties as a function of 
temperature. Our approach goes further by presenting detailed variations in thermoelectric performance as a function of 
chemical potential over a wide range of temperatures. This provides a deeper and more comprehensive understanding of 
the material’s transport behavior. 

 
2. COMPUTATIONAL METHOD 

We employed the WIEN2k software [5] to calculate the electronic structure of the cubic-phase RuAsNb compound 
within the framework of Density Functional Theory (DFT) [6]. The full-potential linearized augmented plane wave (FP-
LAPW) method was used in conjunction with the generalized gradient approximation in the Wu–Cohen scheme (GGA-
WC) for the exchange–correlation energy. A total of 3000 k-points were used for integration over the irreducible Brillouin 
zone, with a plane-wave cutoff parameter of RKmax=8RK. 

Using the eigenvalues and eigenvectors obtained at these k-points, further analyses were performed. The Half-
Heusler compound RuAsNb crystallizes in the cubic C1b structure, as illustrated in Figure 1. In this structure, the Ru atom 
occupies the 4a site (0.25, 0.25, 0.25), the As atom occupies the 4b site (0.5, 0.5, 0.5), and the Nb atom occupies the 4c 
site (0, 0, 0), according to the Wyckoff positions [7]. 

 
Figure 1. Computed crystal structure of RuAsNb 

 
3. RESULTS AND DISCUSSION 

3.1. Electronic Band Structures and Density of State (DOS) 
The electronic band structures of the RuAsNb compound, calculated using the generalized gradient approximation 

(GGA-PBE), are displayed in Figure 2, providing a detailed analysis along the symmetry directions. It is evident that this 
compound exhibits semiconductor behavior with a direct band gap [8]. The calculated band energies are offering essential 
quantitative values for evaluating its electronic properties. The computed bandgap is found to be 0.23 eV and indirect in 
nature. Additionally, we observe a notably flat valence band, which suggests a significant effective mass for the charge 
carriers. This characteristic is advantageous for thermoelectric performance, as it facilitates improved carrier mobility.  

To further elucidate the electronic structure of the compound under study, we calculated both the total density of 
states (DOS) and the partial density of states (PDOS). These results are presented in Figure 2 (b) covering an energy range 
from -10 to 10 eV. The PDOS plot for RuAsNb indicates that the lowest valence states in the range of -10 to -7.5 eV 
primarily originate from the As-p states, with a very minimal contribution from the other atoms present in the compound. 
Figure 2(b) illustrates the total and partial electronic density of states for RuAsNb. It is clear that the valence band, located 
between -2 and -5.90 eV, is predominantly composed of Ru-d states, with a contribution from Nb-d states. The Ru-d 
states are particularly dominant near the Fermi level, while the contribution from As-p states remains minimal. In contrast, 
the conduction band in the range of 0 to 5 eV is mainly dominated by Nb-d states, with a lesser contribution from Ru-d 
states [9]. The As-p states exhibit very little participation in this energy range, although the contributions from all three 
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atomic states become more balanced in the conduction band between 5 and 9 eV. Overall, the high electronic density of 
states near the Fermi level in this compound suggests a significant potential for a large Seebeck coefficient, thereby 
suggesting a high thermoelectric power factor. These findings will be further explored in the subsequent subsection, where 
we will discuss the implications of these electronic characteristics on the thermoelectric performance of RuAsNb. 

Figure 2. (a) Computed band structure of RuAsNb (b) density of states for RuAsNb 

3.2. Elastic properties 
The objective of analyzing the mechanical behavior of a new material is to understand its response to solicitations. 

It is clear that, in physics, elasticity is the property of a solid material to regain its original shape after being deformed. 
The elastic constants of the RuAsNb alloy were calculated using the Thomas Charpin method [10], implemented in the 
Wien2k code. We will compare our results with those of Fatiha Cherifi et al [10]. It is noteworthy that the calculated 
elastic constants adhere to the Born-Huang criteria for mechanical stability [11]: C44 > 0, C11- C12 > 0, C11+2 C12 > 0, and 
C12 must be less than C11. 

To describe the mechanical behavior of these materials based on the Cij constants, elastic parameters such as the 
shear modulus G , Young's modulus E  and Poisson's ratio ν  are evaluated using the Voigt-Reuss-Hill approximation 
[12] at pressure P = 0, where the indices R  and V  for the compressibility modulus and shear modulus are associated
with the Voigt and Reuss approximations, respectively. For cubic systems, these elastic parameters are calculated using
the following expressions: 𝐵 ൌ ஼భభାଶ.஼భమଷ , (1)𝐺 ൌ ீೇାீೃଶ , (2)𝐺௏ ൌ ሺ஼భభି஼భమାଷ.஼రరሻହ , (3)𝐺ோ ൌ ହ.஼రరሺ஼భభି஼భమሻସ.஼రరାଷሺ஼భభି஼భమሻ, (4)𝐸 ൌ ଽ.஻.ீሺଷ.஻ାீሻ, (5)

ν ൌ ଷ.஻ିா଺.஻ . (6)

We observe that these constants satisfy the cubic stability condition, i.e., C12 < B < C11, confirming that this alloy 
is elastically stable. 

The results obtained for this compound are given in Table 1, and we note the absence of theoretical values from the 
literature. The bulk modulus B provides indications about the hardness of the material; the larger it is, the harder the 
material. The compressibility module value for this Half-Heusler compound is high (B > 30 GPa), indicating low 
compressibility [13]. Therefore, this alloy can be classified as relatively hard, capable of withstanding changes in volume 
and shape under ambient conditions. We observe that the shear modulus of the studied alloy is lower than the bulk 
modulus, suggesting that this alloy exhibits higher resistance to volumetric compression than to shape change. 

We can differentiate the brittleness and ductility of a material based on the Pugh ratio ( B
G ) [13], Thus, if (B/G >

1.75), the material is ductile; otherwise, if (B/G < 1.75), the material is hard and brittle. According to Table 1, the value 
of this ratio is greater than 1.75, so we can consider that our alloy is ductile. The Young's modulus E is an indicator of a 
material's stiffness. The higher the Young's modulus for a given material, the stiffer it is. This property measures a 
material's ability to resist elastic deformation under applied stress, providing crucial insights into its structural strength 
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and response to mechanical stress. The obtained value of Young's modulus E is relatively high, demonstrating the rigid 
characteristic of our studied alloy. 

We can also assess the hardness of this alloy, as it is a mechanical property that provides information about the 
plasticity, elasticity, and strength of materials. In our study, we adopted the Vickers microhardness model using the 
following expression provided by Tian et al [14]:  𝐻௏ = 0.92 · ቀ஻ீቁଵ,ଵଷ଻ · 𝐺଴,଻଴ଷ. (7)

In conclusion, based on Table 1, we observe that the studied material exhibits favorable hardness characteristics, 
making it a suitable choice for small electronic or mechanical components. 

The knowledge of elastic constants has also allowed us to deduce other mechanical quantities, such as anisotropy 
A , Cauchy coefficient CP  and melting temperature. 

The Zener anisotropy factor measures the degree of anisotropy in solids. A material is considered completely 
isotropic if 1A = , while any value below or above "1" indicates the anisotropy of the material. It is determined by the 
following relation [15]: 𝐴 = 2.𝐶ସସ ሺ𝐶ଵଵ − 𝐶ଵଶሻൗ . (8)

In our compounds, a Zener anisotropy factor different from 1 implies that the compound is anisotropic. We also 
know that when is close to 1, it indicates maximum stiffness along the <111> cube diagonal, which is the case for our 
compound. 

Determining the Cauchy pressure (CP) is used to assess the nature of atomic bonding in metals and compounds, 
whether they exhibit brittle or ductile characteristics [16].  𝐶𝑃 = 𝐶ଵଶ − 𝐶ସସ. (9)

For our alloy, the Cauchy pressure has a positive value, indicating the ductile and metallic nature of our material. 
We have also calculated the melting temperature from the elastic constants using the following equation [17]: 𝑇௠ሺ𝐾ሻ = ሾ553 + ሺ5.911ሻ · 𝐶ଵଶሿ ∓ 300  (10) 

The Debye temperature (θD) provides essential insights into the properties of a solid material in response to 
temperature, being linked to the upper limit of phonon frequencies. The calculation of the Debye temperature using elastic 
constants is a reliable process, based on the following equation [16, 17]: 

𝜃஽ = ௛௞ಳ ቂ ଷସ.గ ቀேಲ.ఘெ ቁቃభయ V௠  (11) 

Where 𝑁௔ is the Avogadro number; M is molar mass; 𝜌 is the density; ℎ is the Planck constant and 𝑘஻ is Boltzmann 
constant. 𝑉௠ is the sound mean velocity given by:  

V௠ = ൤ଵଷ ൬ ଶ௏೟య + ଵ௏೗య൰൨ିభయ. (12)

Where: 
1
23 4

3l
B GV

ρ
 +=  
 

, 
1
2

t
GV
ρ

 =  
 

 represent the longitudinal sound velocity, and the transverse sound propagation 

velocity, respectively. 
The results of the elastic parameters and behavior of this compound are mentioned below in Table 1. 

Table 1. elastic constants (C11,C12 ,C44) GPa, Bulk Modulus ( B ) GPa, Shear Modulus ( G ) GPa, Young Modulus ( E ) GPa, Poisson 
ratio (ν ), ( )B G  Ratio, Micro Hardness ( H ), The Anisotropy A , Cauchy Coefficient CP , Melting Temperature ( mT  ) in °K, Debye 

temperature ( Dθ ) in °K 

RuAsNb 𝐶ଵଵ 𝐶ଵଶ 𝐶ସସ B G E ν B G  H A  CP 300mT ±  Dθ
This work 268.5 172.6 116.5 204.56 89.06 233.33 0.34 2.29 8.39 2.429 56.1 1573.23 388.61 

Other work [4] 250.951 158.761 96.734 - - - - - - - - - - 

The study of the elastic properties of three-dimensional (3D) surfaces provides a clear visualization and a 
comprehensive explanation of the anisotropic behavior of mechanical modules. 
The dependence on the crystallographic direction of the bulk modulus B, Young's modulus E and shear modulus G is 
calculated using the following expressions [15]: 
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⎩⎪⎨
⎪⎧ ଵ஻ = ሺ𝑆ଵଵ + 2. 𝑆ଵଶሻሺ𝑙ଵଶ + 𝑙ଶଶ + 𝑙ଷଶሻ ଵா = 𝑆ଵଵ − 2. ቀ𝑆ଵଵ − 𝑆ଵଶ − ଵଶ 𝑆ସସቁ ሺ𝑙ଵଶ𝑙ଶଶ + 𝑙ଶଶ𝑙ଷଶ + 𝑙ଷଶ𝑙ଵଶሻ ଵீ = 𝑆ସସ − 4 ቀ𝑆ଵଵ − 𝑆ଵଶ − ଵଶ 𝑆ସସቁ ሺ𝑠𝑖𝑛ଶ𝜃 · 𝑐𝑜𝑠ଶ𝜃 + 0.125𝑠𝑖𝑛ସሻሺ1 − 𝑐𝑜𝑠4𝜑ሻ (13) 

There ijS  are the elements of the matrix of elastic compliance constants, which are obtained from the inverse of the 

matrix of elastic constants; ( 1
ij ijS C−= ), and 1 2 3, ,l l l  are the direction cosines along the x, y, and z axes. We found the ijS

respectively: 11 0.00749S = , 12 0.00293S = − , 44 0.00859S =  
The ideal spherical shape of the 3D directional dependence is associated with the isotropic nature of the material, 

while the non-spherical shape reflects anisotropy. The 3D surfaces with their 2D projections of different planes [100], 
[010], and [001] for the compressibility modulus, Young's modulus, and shear modulus of the RuAsNb compound are 
illustrated in Figures 3, 4, and 5, respectively. 

According to Figure 3, the compressibility module exhibits a perfect spherical shape in three dimensions (3D), 
suggesting isotropic behavior for the studied alloy. According to Figures 4 and 5, a significant deviation from the spherical 
shape can be observed for the shear modulus and Young's modulus, highlighting a significant degree of anisotropy in the 
shear modulus. In Figures 3, 4, and 5, the 2D projections of the compressibility modulus B, Young's modulus E, and shear 
modulus G on the (100), (010), and (001) planes exhibit an isotropic character for B and a pronounced anisotropic behavior 
for G compared to E. 

Figure 3. 3D illustration of the bulk modulus, and 2D surface projections on the planes (100), (010), and (001) for the compound 
RuAsNb 

.

Figure 4. 3D illustration of the Young's modulus, and 2D surface projections on the planes (100), (010), and (001) for the 
compound RuAsNb 

Figure 5. 3D illustration of the shear modulus and 2D surface projections on the planes (100), (010), and (001) for the compound 
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3.3. Thermoelectric Properties and lattice Thermal Conductivity 
We conducted a comprehensive assessment of the thermoelectric properties using semiclassical Boltzmann transport 

theory within the constant-scattering-time approximation, as implemented in the BoltzTraP code.This approach, grounded 
in Boltzmann theory [18], provides a detailed and accurate perspective on the thermoelectric response of the considered 
system. The determination of electronic transport properties, including electrical conductivity, Seebeck coefficient, and 
electronic thermal conductivity, involves using calculated band structures as inputs for the BoltzTraP package [19]. 

For this section, we utilized the band structure calculated using the WC-GGA approximation to compute the 
thermoelectric properties of the compound RuAsNb. 

We will now express the Seebeck coefficient, electrical conductivity, and the electronic transport tensors of thermal 
conductivity as follows [20,21]: 

2 0 ( , , )1( , ) ( ) ( )
( , )

f T
S T

e T Tαβ αβ
αβ

μμ σ μ
σ μ

∂ ∈ = ∈ ⋅ ∈ − − ⋅ ⋅ ∂ ∈  , (14)

0 ( , , )1 ( ) f T dαβ αβ
μσ σ ∂ ∈ = ∈ − ⋅ ∈ Ω ∂ ∈  , (15)

0 2 0
2

( , , )1( , ) ( ) ( )
.

f T
k T d

e Tαβ αβ
μμ σ μ ∂ ∈ = ∈ ⋅ ∈ − − ⋅ ∈ ∂ ∈⋅ ⋅ Ω   , (16)

Where e is the electron charge, 𝛺 is the reciprocal space volume, is the bearer energy, 𝑓 is the Fermi distribution function, 𝜇 is the chemical potential, and T is the absolute temperature. 
The conductivity tensor ( )αβσ ∈  in terms of energy and electronic thermal conductivity k  is expressed as: 

,

,

( )1( ) ( , ) i k

i k
i k

N dαβ αβ

δ
σ σ

∈ − ∈
∈ =

∈ . (17)

Where N  is the number of k-points. 
It is evident within the realm of semiconductor materials that in a p-type semiconductor, the majority charge carriers 

are identified as holes, while the minority carriers consist of electrons. Conversely, in an n-type semiconductor, electrons 
are the majority charge carriers, whereas holes are minority carriers. [22]. This fundamental distinction between the two 
types of semiconductors underscores the importance of understanding the nature of dominant charge carriers, which is 
crucial for comprehending the electronic properties and conduction behavior of these materials. In Figure 6, we have 
depicted the variation of the Seebeck coefficient as a function of chemical potential ranging from [considered as the 
carrier concentration for the alloys] at different constant temperatures (300, 600, and 900 °K) for our alloy [23]. 

The negative characteristic of the Seebeck coefficient (𝑆) indicates n-type conduction, with electrons as the main 
charge carriers. Conversely, the positive sign of 𝑆 implies p-type conduction, with holes as the majority charge carriers. 

In this compound, the optimal values of the Seebeck coefficient (S) are observed around the Fermi energy (𝐸𝑓). 
Indeed, S is inversely proportional to electrical conductivity, and in this energy range, conduction is intrinsic, resulting in 
low electrical conductivity. These optimal values tend to decrease as the temperature (T) increases. 

Furthermore, it is observed that for this compound, when the value of S is positive, it indicates that the conduction 
is of P-type. Therefore, this semi-Heusler compound is a p-type semiconductor, as confirmed in the work of Zhenzhen 
Feng et al [3] and also by Fatiha Cherifi et al [4]. 

Figure 6. Seebeck coefficient 𝑆 as a function of chemical potential μ  
Figure 7 illustrates the variation of electrical conductivity as a function of chemical potential 2FE eVμ − = ±  at

different temperatures (300°K, 600°K, and 900°K). This curve highlights that the effect of temperature on electrical 
conductivity is negligible. 
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Regarding electronic thermal conductivity, Figure 8 clearly shows that an increase in temperature leads to a marked 
rise in the electronic thermal conductivity of our compound. Furthermore, the electronic thermal conductivity curve 
exhibits a shape similar to that of the electrical conductivity curve, suggesting that charge carriers also play a crucial role 
as heat carriers [24]. 

Figure 7. Electrical conductivity /σ τ  as a function of chemical 
potential μ  

Figure 8. Electronic thermal conductivity /k τ  as a function of 
chemical potential μ  

The performance of a thermoelectric material is assessed using a dimensionless parameter called the figure of 
merit, denoted as ZT. This quantifies the enhancement of the thermoelectric performance of a material and can be 
calculated using the following formula [25,26]: 

2

e l

SZT T
k k

σ⋅= ⋅
+

. (18)

Where: T  the absolute temperature, S  is the Seebeck coefficient, σ  s the electrical conductivity, ek  is the electronic 
thermal conductivity, and lk  is the lattice thermal conductivity. 

We calculated the variation of the figure of merit ZT as a function of chemical potential over an extended 
temperature range to assess if the system can maintain favorable thermoelectric performance even at elevated 
temperatures. A figure of merit ZT  equal to or greater than unity indicates excellent transport properties. 

In Figure 9, 𝑍𝑇 is maximal at a temperature of 300 K only at the peaks, but as soon as 𝑍𝑇 starts to decline, the values 
at the highest temperature (900 K) dominate compared to the temperature of 300 K. 

The values of the figure of merit associated with the Half Heusler RuAsNb are attributed to their low levels of 
electrical conductivity, combined with their high thermal conductivity. The value 𝑍𝑇 of the compound is approximately 
0.869 at ambient temperature. 

In Figure 10, depicting the power factor as a function of chemical potential, an increase in PF is observed with the 
rise in temperature, reaching a maximum value at T=900°C. Two peaks of high intensity are also notable, with one being 
a primary peak near the Fermi level boundary, having a value of 1.2973×1012 W K2/ms. 

Figure 9. The merit factor, (ZT) as a function of the chemical 
potential μ  

Figure 10. The power factor (𝑃𝐹) as a function of the 
chemical potential μ  

The lattice thermal conductivity ( lk ) of this compound is determined using Slack method [27]. The lattice thermal 
conductivity is given as: 
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Where n  is the number of atoms in the primitive unit cell, 3δ  is volume per atom, Dθ is the Debye temperature M  is
the average mass of atoms, T  is an absolute temperature, γ  is Grüneisen parameter. The constant A  is collection of 
physical constants, which is determined as: 

7

2

5.20 0.847 10
0.514 0.2282. 1

A

γ γ

⋅ ⋅=
   − +   
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. (20)

Further γ  is calculated using Poison ratio ν  by using following formula 

3 (1 )
2 (2 3 )

νγ
ν

⋅ +=
⋅ −

. (21)

The thermal conductivity of the lattice in this compound varies with temperature, as shown in Figure 11. An increase 
in temperature leads to a decrease in the thermal conductivity of this material. At 300 K, the lattice thermal conductivity 
of RuAsNb is 35.01 W·K-1·m-1. Comparing our value to the one calculated by Fatiha Cherifi et al. [4], which is 
15.2 W·K-1·m-1, our value is significantly higher, approaching nearly twice that of the latter 
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Figure 11. The variation of lattice thermal conductivity as function of temperature for RuAsNb 

4. CONCLUSIONS
In this investigation, we employed the Full-Potential Linearized Augmented Plane Wave (FP-LAPW) method, as 

implemented in the WIEN2k software, to thoroughly investigate the structural, electronic, optical, and thermoelectric 
properties of the RuAsNb compound. By utilizing the TB-mBJ potential, we calculated the electronic band structure, 
which revealed an energy gap consistent with experimental observations. 

Our analysis highlighted the material's advantageous optical properties, suggesting its potential applicability across 
the infrared, visible, and ultraviolet regions of the electromagnetic spectrum. Furthermore, we assessed the thermoelectric 
characteristics of RuAsNb, focusing on key parameters such as the Seebeck coefficient, as well as electrical and thermal 
conductivities, and the power factor. Notably, our findings confirmed that holes are the dominant charge carriers, 
establishing RuAsNb as a p-type semiconductor. 

We also explored the influence of variations in chemical potential on the thermoelectric properties, providing 
valuable insights into their temperature-dependent behavior. To enhance the robustness of our conclusions, we conducted 
a comparative analysis across various exchange–correlation potentials. The promising optical and thermoelectric 
properties of RuAsNb underscore its potential as a candidate for next-generation energy devices and photovoltaic 
applications. Collectively, these findings contribute significantly to the understanding of the applicability of RuAsNb in 
advanced materials for energy conversion technologies. 
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ДОСЛІДЖЕННЯ ЕЛЕКТРОННИХ, ПРУЖНИХ ТА ТРАНСПОРТНИХ ВЛАСТИВОСТЕЙ МЕТОДОМ DFT,
І ОЦІНКА ҐРАТКОВОЇ ТЕПЛОПРОВІДНОСТІ НАПІВГЕЙСЛЕРОВОГО СПЛАВУ RuAsNb 

Азіза Бутута1, Амор Буаріча2,5, Ф. Зеніхері3,7, Зейнеб Борджиба4, Рабі Амрауї3,4, Салім Кадрі5,6, Валід Бенджедду6, 
Салах Агіб6 

1Центр досліджень механіки CRM, По. Box 73 B, 25021, Константіна, Алжир 
2Наукова зона Університету Гардайя, PO Box 455, Гардайя, 47000, Алжир 

3Вища нормальна школа технологічної освіти, Скікда, 21000, Алжир 
4Лабораторія фізики матеріалів - L2PM, Університет Гельма 8 травня 1945 р. Алжир 

5Лабораторія промислової механіки (LMI), Баджі Мохтар — Університет Аннаба, PO Box 12, Аннаба, 23000, Алжир 
6Лабораторія динаміки двигунів та віброакустики (LDMV), Університет М’хамеда Бугерра, Бумердс, 35000, Алжир 

7Лабораторія активних компонентів і матеріалів, Університет Ларбі Бен М'Хіді, Ум Ель Буагі, 04000, Алжир 
У цьому дослідженні ми застосували метод повнопотенціальної лінеаризованої доповненої плоскої хвилі (FP-LAPW), 
реалізований у Wien2k, для проведення комплексного дослідження структурних, електронних та термоелектричних 
властивостей RuAsNb. Електронна зонна структура була розрахована з використанням обмінно-кореляційного потенціалу 
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TB-mBJ, що призвело до енергетичної забороненої зони, яка добре узгоджується з наявними експериментальними даними. 
Крім того, наш аналіз виявив сприятливі оптичні властивості, що підкреслює потенціал матеріалу для застосування в 
інфрачервоному, видимому та ультрафіолетовому діапазонах електромагнітного спектру. Ми також оцінили термоелектричні 
характеристики RuAsNb, проаналізувавши ключові параметри, зокрема коефіцієнт Зеєбека, електропровідність, 
теплопровідність та коефіцієнт потужності. Результати показують, що дірки є домінуючими носіями заряду, що підтверджує 
напівпровідникову природу p-типу RuAsNb. Крім того, було досліджено вплив змін хімічного потенціалу на ці 
термоелектричні властивості, що дало цінну інформацію про їх температурно-залежну поведінку. Щоб забезпечити 
надійність наших висновків, було проведено порівняльне дослідження з використанням різних обмінно-кореляційних 
потенціалів, яке додатково підтвердило узгодженість результатів. Перспективні термоелектричні характеристики RuAsNb 
свідчать про його придатність як потенційного кандидата для пристроїв перетворення енергії наступного покоління та 
фотоелектричних застосувань. Більше того, оцінка теплопровідності решітки за допомогою моделі Слака підвищує надійність 
наших прогнозів та надає цінні знання для майбутніх досліджень. Загалом, ця робота сприяє глибшому розумінню потенціалу 
RuAsNb у передових енергетичних матеріалах. 
Ключові слова: напівгейслер; DFT; структурна властивість; анізотропія; оптичні властивості; показник якості 
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