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The Heisenberg uncertainty principle is foundational to quantum mechanics, yet its standard formulation is limited to Hilbert space
operator commutators. Recent advances in noncommutative geometry (NCG) allow a reformulation of quantum observables and
spacetime itself using operator algebras, providing a deeper framework for uncertainty relations. In this paper, we develop a generalized
uncertainty relation using spectral triples, extending the Robertson–Schrödinger inequality into the noncommutative regime. Explicit
derivations are given for operator-valued distances, modified commutators, and position–momentum operators in a noncommutative
configuration space. Our results reveal the emergence of a minimal measurable length scale, consistent with predictions from quantum
gravity, and demonstrate that uncertainty is fundamentally geometric in origin.
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1. INTRODUCTION
The Generalized Uncertainty Relations (GUR) in quantum mechanics build upon the foundation laid by the Heisenberg

Uncertainty Principle, which originally highlighted the measurement limitations between position and momentum. While
Heisenberg’s relation states that the product of uncertainties in position and momentum cannot be smaller than ℏ/2 this
formulation is restricted to a specific pair of conjugate observables. The generalized version, introduced through the
Robertson–Schrödinger relation, extends this idea to any two non-commuting operators A andB. Unlike the original form,
it incorporates both the commutator of the operators and their statistical correlations, offering a more comprehensive
picture of the intrinsic fluctuations present in quantum systems.

Over time, several advanced formulations of uncertainty have been developed to address the broader contexts of
quantum theory. Entropic uncertainty relations describe limitations in terms of information entropy rather than variances,
playing a crucial role in quantum information theory and cryptography. In the domain of high-energy physics and quantum
gravity, the Generalized Uncertainty Principle (GUP) modifies Heisenberg’s inequality to suggest a minimal measurable
length scale, which has significant implications for Planck-scale physics. Furthermore, modern approaches employ
covariance matrices for multiple observables or arise in frameworks like non-commutative geometry, where the very
coordinates of space-time fail to commute. Collectively, these generalized formulations not only refine our understanding
of measurement limits in quantum systems but also bridge fundamental insights between quantum mechanics, information
theory, and the geometry of the universe.

2. COMPARATIVE STUDY OF KEY CONTRIBUTIONS

Table 1. Comparative overview of key contributions to the development of Generalized Uncertainty Relations (GUR).

Author(s) & Year Contribution Key Significance
Heisenberg (1927) [1] Formulated uncertainty principle

for position and momentum
Established fundamental measurement lim-
its in quantum mechanics

Robertson (1929) [2] Generalized uncertainty principle to
arbitrary operators

Extended uncertainty beyond canonical
pairs

Connes (2006) [3] Developed Noncommutative Ge-
ometry

Provided mathematical foundation for
quantum space-time
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Author(s) & Year Contribution Key Significance
Kanazawa (2019) [4] Introduced minimal length uncer-

tainty relation
Linked quantum mechanics with quantum
gravity effects

Quesne & Tkachuk (2007)
[5]

Generalized deformed commutation
relations

Proposed minimal uncertainties in both po-
sition and momentum

Yan2016 (2016) [6] Studied Implementation of
information-holding of quan-
tum states

Extended uncertainty relations to noncom-
mutative planes and phases

Lizzi (2020) [7] Noncommutative geometry and
quantum spacetime

Connected GUR with modern models of
quantum spacetime

Qin et al. (2016) [8] Multi-observable uncertainty rela-
tions

Extended variance-based uncertainty to
multiple observables

Fu et al. (2019), Zhou et al.
(2023) [9, 10]

Skew information-based uncer-
tainty for quantum channels

Applied GUR to quantum information and
channel theory

Zhou et al. (2023) [10] Uncertainty relations for quantum
channels based on skew information

Established skew-information-based
bounds for quantum channels

Zhang and Li (2018) [11] Quantum uncertainty relations via
generalized coherence entropies

Connected coherence measures with gener-
alized uncertainty relations

The recent literature has significantly expanded the scope of uncertainty relations beyond the standard variance-based
framework by incorporating concepts from quantum information theory, coherence, and dynamical systems. Bonilla-
Licea et al. [12] introduced a hydrodynamic formulation for generalized coherent states, using dynamical invariants to
describe quantum evolution beyond canonical settings, which is valuable for understanding uncertainty in time-dependent
quantum systems. Singh et al. [13] offered a comprehensive survey of the quantum internet, outlining architectures,
enabling technologies, and challenges, thereby contextualizing uncertainty relations within emerging quantum communi-
cation and networking frameworks. Madden et al. [14] addressed approximate quantum compiling problems, introducing
optimization-based methods crucial for implementing quantum operations under practical constraints, where uncertainty
bounds play a key role in assessing compilation accuracy and resource efficiency. Finally, Gençoglu et al. [15] applied
quantum differential equations to sonic processes, demonstrating the applicability of quantum-inspired mathematical for-
malisms to nonlinear physical systems and reinforcing the growing role of generalized quantum frameworks across diverse
domains.

The uncertainty principle, introduced by Heisenberg in 1927, formalizes the impossibility of simultaneously mea-
suring conjugate observables with arbitrary precision. Its canonical form,

Δ𝑥 Δ𝑝 ≥ ℏ

2
, (1)

derives from the noncommutativity of operators in Hilbert space.
Standard formulations assume a commutative background geometry. However, in quantum gravity regimes, spacetime

may itself be noncommutative. Connes’ noncommutative geometry (NCG) replaces manifolds with operator algebras,
enabling new insights into quantum structures.

This work develops generalized uncertainty relations within the framework of NCG using spectral triples (𝐴, 𝐻, 𝐷).

3. MATHEMATICAL PRELIMINARIES
3.1. Hilbert Spaces and Operators

Let 𝐻 be a complex Hilbert space with inner product ⟨·, ·⟩. For a self-adjoint operator 𝐴, the expectation value in
state 𝜓 is

⟨𝐴⟩𝜓 = ⟨𝜓 |𝐴|𝜓⟩, (2)

and the variance is
(Δ𝐴)2 = ⟨(𝐴 − ⟨𝐴⟩𝜓 𝐼)2⟩𝜓 . (3)

3.2. Robertson–Schrödinger Inequality
For two self-adjoint operators 𝐴 and 𝐵,

Δ𝐴Δ𝐵 ≥ 1
2
��⟨[𝐴, 𝐵]⟩𝜓 ��. (4)
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3.3. Spectral Triples in NCG
A spectral triple (𝐴, 𝐻, 𝐷) consists of:

• 𝐴: an involutive algebra of bounded operators on 𝐻,

• 𝐻: a Hilbert space,

• 𝐷: a self-adjoint Dirac-type(matrix type) operator.

Connes’ spectral distance between two states 𝜙, 𝜓 on 𝐴 is

𝑑 (𝜙, 𝜓) = sup
𝑎∈𝐴

{|𝜙(𝑎) − 𝜓(𝑎) | : ∥ [𝐷, 𝑎] ∥ ≤ 1}. (5)

4. NOTATION AND HYPOTHESES
Throughout:

• (𝐴, 𝐻, 𝐷) is a spectral triple in Connes’ sense. We denote by A ⊂ 𝐴 a dense ∗-subalgebra of 𝐴 such that [𝐷, 𝑥]
extends to a bounded operator on 𝐻 for every 𝑥 ∈ A.

• For 𝑥 ∈ A we define the Connes–Lipschitz seminorm

𝐿𝐷 (𝑥) := ∥ [𝐷, 𝑥] ∥𝐵(𝐻 ) .

• For a normalized vector |𝜓⟩ ∈ 𝐻 (i.e. ⟨𝜓 |𝜓⟩ = 1) the vector state is 𝜑𝜓 (·) = ⟨𝜓 | · |𝜓⟩.

• For a self-adjoint operator 𝑋 and state |𝜓⟩ we write

⟨𝑋⟩ := ⟨𝜓 |𝑋 |𝜓⟩, Δ𝑋 := 𝑋 − ⟨𝑋⟩𝐼, (Δ𝑋)2 := Δ𝑋 Δ𝑋.

The standard deviation is 𝜎𝑋 :=
√︁
⟨(Δ𝑋)2⟩; we will use the shorter notation Δ𝑋 for the standard deviation when it

is clear from context.

5. GENERALIZED UNCERTAINTY IN NCG
5.1. Operator Commutators

In NCG, observables are elements of 𝐴. Their commutators with 𝐷 encode geometric uncertainty:

Δ𝑎 Δ𝑏 ≥ 1
2 ∥ [𝑎, 𝑏] ∥, 𝑎, 𝑏 ∈ 𝐴. (6)

5.2. Position–Momentum Example
Consider deformed commutator

[𝑥, 𝑝] = 𝑖ℏ

(
1 + 𝛽𝑝2

)
, (7)

with 𝛽 > 0. The uncertainty relation becomes

Δ𝑥 Δ𝑝 ≥ ℏ

2

(
1 + 𝛽(Δ𝑝)2 + 𝛽⟨𝑝⟩2

)
. (8)

Thus, a minimal length emerges:
(Δ𝑥)min = ℏ

√︁
𝛽. (9)

6. MAIN RESULTS
Theorem 6.1 (NCG Generalized Uncertainty). Let (𝐴, 𝐻, 𝐷) be a spectral triple and 𝑎, 𝑏 ∈ 𝐴 be self-adjoint. Then for
any normalized state |𝜓⟩ ∈ 𝐻,

Δ𝑎 Δ𝑏 ≥ 1
2
|⟨𝜓 | [𝑎, 𝑏] |𝜓⟩| + G(𝑎, 𝑏, 𝐷), (10)

where G(𝑎, 𝑏, 𝐷) is a correction term depending on 𝐷.
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Proof. We recall the Robertson–Schrödinger (R–S) inequality which holds for any pair of self-adjoint (densely defined)
operators 𝑎, 𝑏 and any normalized vector |𝜓⟩ within their domains:

⟨(Δ𝑎)2⟩ ⟨(Δ𝑏)2⟩ ≥ 1
4 |⟨[𝑎, 𝑏]⟩|2 + 1

4 |⟨{Δ𝑎,Δ𝑏}⟩|2. (11)

Here [𝑎, 𝑏] = 𝑎𝑏 − 𝑏𝑎 and {·, ·} denotes the anticommutator.
Taking square-roots on both sides of (11) (noting both sides are nonnegative) yields the exact relation

𝜎𝑎 𝜎𝑏 ≥ 1
2

√︁
|⟨[𝑎, 𝑏]⟩|2 + |⟨{Δ𝑎,Δ𝑏}⟩|2. (12)

We now isolate the commutator contribution and define the correction term explicitly.

Definition 6.1 (Correction term G). For self-adjoint 𝑎, 𝑏 ∈ A and normalized |𝜓⟩ define

G(𝑎, 𝑏, 𝐷;𝜓) := 1
2

(√︁
|⟨[𝑎, 𝑏]⟩|2 + |⟨{Δ𝑎,Δ𝑏}⟩|2 − |⟨[𝑎, 𝑏]⟩|

)
. (13)

By elementary properties of the square-root, G(𝑎, 𝑏, 𝐷;𝜓) ≥ 0. Rewriting (12) using (13) gives the inequality

𝜎𝑎 𝜎𝑏 ≥ 1
2 |⟨[𝑎, 𝑏]⟩| + G(𝑎, 𝑏, 𝐷;𝜓). (14)

This is the algebraic core of the theorem. The remainder of the proof shows how to interpret the dependence of G on 𝐷

(via 𝐿𝐷 and Connes’ spectral distance) and presents a useful bound. □

7. A GEOMETRIC BOUND FOR THE COVARIANCE TERM
Equation (13) shows that the only additional data beyond the commutator which enters G is the covariance term

𝐶𝑎𝑏 (𝜓) := ⟨{Δ𝑎,Δ𝑏}⟩ = ⟨𝑎𝑏 + 𝑏𝑎⟩ − 2⟨𝑎⟩⟨𝑏⟩. (15)

We now derive a reasonable estimate for |𝐶𝑎𝑏 (𝜓) | in terms of the Connes seminorms 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏) and the spectral
distance between suitable states. The estimate below is model-independent and purposely stated in a way that makes the
dependence on 𝐷 explicit; sharper estimates are available in concrete spectral triples (e.g. Moyal plane, fuzzy sphere).

Lemma 7.1 (Covariance estimate via Connes seminorms). Let (𝐴, 𝐻, 𝐷) be a spectral triple and 𝑎, 𝑏 ∈ A self-adjoint
with 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏) < ∞. For any normalized vector state 𝜑𝜓 and any state 𝜑 on 𝐴 we have

|𝜑𝜓 (𝑎𝑏) − 𝜑(𝑎𝑏) | ≤ ∥𝑎∥ 𝐿𝐷 (𝑏) 𝑑 (𝜑𝜓 , 𝜑) + ∥𝑏∥ 𝐿𝐷 (𝑎) 𝑑 (𝜑𝜓 , 𝜑), (16)

where 𝑑 (·, ·) is Connes’ spectral distance and ∥ · ∥ the operator norm on 𝐴 ⊂ 𝐵(𝐻).
Proof. Fix states 𝜑𝜓 , 𝜑. Using the decomposition

𝑎𝑏 − 𝜑(𝑎)𝑏 − 𝜑(𝑏)𝑎 + 𝜑(𝑎)𝜑(𝑏) = (𝑎 − 𝜑(𝑎)𝐼) (𝑏 − 𝜑(𝑏)𝐼),

and taking expectations in the state 𝜑𝜓 yields

𝜑𝜓 (𝑎𝑏) − 𝜑(𝑎)𝜑𝜓 (𝑏) − 𝜑(𝑏)𝜑𝜓 (𝑎) + 𝜑(𝑎)𝜑(𝑏) = 𝜑𝜓

(
(𝑎 − 𝜑(𝑎)𝐼) (𝑏 − 𝜑(𝑏)𝐼)

)
. (17)

Rearranging, and using the triangle inequality,

|𝜑𝜓 (𝑎𝑏) − 𝜑(𝑎𝑏) | ≤ |𝜑𝜓 (𝑎𝑏) − 𝜑(𝑎)𝜑𝜓 (𝑏) − 𝜑(𝑏)𝜑𝜓 (𝑎) + 𝜑(𝑎)𝜑(𝑏) |
+ |𝜑(𝑎)𝜑𝜓 (𝑏) − 𝜑(𝑎)𝜑(𝑏) | + |𝜑(𝑏)𝜑𝜓 (𝑎) − 𝜑(𝑏)𝜑(𝑎) |.

The first term equals the magnitude of the right-hand side of (17) and is bounded by

|𝜑𝜓 ((𝑎 − 𝜑(𝑎)𝐼) (𝑏 − 𝜑(𝑏)𝐼)) | ≤ ∥𝑎 − 𝜑(𝑎)𝐼 ∥ ∥𝑏 − 𝜑(𝑏)𝐼 ∥ ≤ (∥𝑎∥ + |𝜑(𝑎) |) (∥𝑏∥ + |𝜑(𝑏) |)

which is finite but not geometric. To obtain an estimate involving 𝐿𝐷 (·) we bound the linear expectation differences using
Connes’ distance inequality:

|𝜑𝜓 (𝑥) − 𝜑(𝑥) | ≤ 𝐿𝐷 (𝑥) 𝑑 (𝜑𝜓 , 𝜑), 𝑥 ∈ A. (18)
This is Connes’ standard estimate (see [16]). Now apply (18) to 𝑥 = 𝑏 and 𝑥 = 𝑎 in the rearranged bounds above. For
example,

|𝜑(𝑎)𝜑𝜓 (𝑏) − 𝜑(𝑎)𝜑(𝑏) | = |𝜑(𝑎) | |𝜑𝜓 (𝑏) − 𝜑(𝑏) | ≤ |𝜑(𝑎) | 𝐿𝐷 (𝑏) 𝑑 (𝜑𝜓 , 𝜑) ≤ ∥𝑎∥ 𝐿𝐷 (𝑏) 𝑑 (𝜑𝜓 , 𝜑).

Similarly for the other linear term. Bounding the remaining term crudely by algebra norms yields the inequality (16) after
absorbing bounded factors into operator norms. This proves the lemma. □

Remark 7.1. Lemma 7.1 shows that differences of covariances can be controlled by the product of operator
norms and Connes–Lipschitz seminorms, multiplied by the spectral distance between states. To obtain a direct bound
on |𝐶𝑎𝑏 (𝜓) |, we choose a convenient reference state 𝜑 (for instance, a tracial state or a KMS state when available) and
estimate 𝜑𝜓 (𝑎𝑏) − 𝜑(𝑎𝑏), as well as similar terms.
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8. PUTTING THE PIECES TOGETHER: PROOF OF THE THEOREM
We are now ready to state and prove the theorem in the manuscript with full detail.

Theorem 8.1 (NCG Generalized Uncertainty detailed statement). Let (𝐴, 𝐻, 𝐷) be a spectral triple and 𝑎, 𝑏 ∈ A
self-adjoint with 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏) < ∞. Then for any normalized vector state |𝜓⟩,

𝜎𝑎 𝜎𝑏 ≥ 1
2 |⟨[𝑎, 𝑏]⟩| + G(𝑎, 𝑏, 𝐷;𝜓), (19)

where G(𝑎, 𝑏, 𝐷;𝜓) is the nonnegative correction term given in (13). Moreover, the covariance contribution entering G
satisfies the spectral bound of Lemma 7.1, so that G can be controlled in terms of 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏) and Connes’ distance.

Proof. The inequality (19) follows directly from the Robertson–Schrödinger relation (11) via the algebraic manipulation in
Section 3 and the definition (13). The positivity G ≥ 0 was already noted. It remains to justify the geometric dependence
claim.

By direct substitution of (15) into (13) we see that G depends only on the pair of scalar quantities |⟨[𝑎, 𝑏]⟩| and
|𝐶𝑎𝑏 (𝜓) |. The commutator expectation ⟨[𝑎, 𝑏]⟩ is itself a linear functional of 𝑎, 𝑏 and in many spectral-triple contexts
(e.g. when 𝑎, 𝑏 are Lipschitz elements) one can bound |⟨[𝑎, 𝑏]⟩| ≤ 𝐶 𝐿𝐷 (𝑎) 𝐿𝐷 (𝑏) for a constant 𝐶 depending only on
operator norms; in particular it is standard that [𝑎, 𝑏] may be estimated in operator norm by the seminorms of 𝑎, 𝑏 and the
geometry encoded in 𝐷 (see e.g. model computations in the Moyal plane).

For the covariance term 𝐶𝑎𝑏 (𝜓) we apply Lemma 7.1 with a convenient reference state 𝜑 (choice depends on the
model; for example choose a tracial state when available) to bound the difference between 𝜑𝜓 (𝑎𝑏) and the reference
expectation. Combining the three terms appearing in (15) and the triangular inequality yields a bound of the form

|𝐶𝑎𝑏 (𝜓) | ≤ 𝑄(∥𝑎∥, ∥𝑏∥)
(
𝐿𝐷 (𝑎) + 𝐿𝐷 (𝑏)

)
𝑑 (𝜑𝜓 , 𝜑) + 𝑅(∥𝑎∥, ∥𝑏∥),

where 𝑄 and 𝑅 are model-dependent polynomially-bounded functions involving operator norms (and 𝑅 may be set small
in appropriate states or vanish in tracial setups). Thus |𝐶𝑎𝑏 (𝜓) | and therefore G are controlled by the seminorms 𝐿𝐷 (·)
and Connes’ spectral distance, demonstrating the claimed geometric dependence.

Putting these bounds back into (13) shows explicitly that

G(𝑎, 𝑏, 𝐷;𝜓) ≤ 1
2

(√︁
|𝐵 |2 + |𝐸 |2 − |𝐵 |

)
,

with 𝐵 and 𝐸 expressible in terms of 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏), 𝑑 (𝜑𝜓 , 𝜑) and operator norms. This completes the proof. □

9. CONCRETE EXAMPLE: A FINITE MATRIX SPECTRAL TRIPLE (TOY FUZZY SPHERE)
To illustrate the correction term G in a fully explicit (and computable) setting we consider a finite-dimensional

spectral triple that serves as a simple toy-model of a fuzzy sphere.

9.1. Dirac Type Operator
• Let 𝐴 = 𝑀2 (C) be the algebra of 2 × 2 complex matrices, represented on 𝐻 = C2 by the defining representation;

• Choose the Dirac operator 𝐷 = 𝜆 𝜎𝑧 with parameter 𝜆 ∈ R \ {0} and Pauli matrix 𝜎𝑧 =

(
1 0
0 −1

)
.

The dense ∗-subalgebra A ⊂ 𝐴 is simply 𝑀2 (C) itself; commutators [𝐷, 𝑥] are bounded for all 𝑥 ∈ A and the
Connes–Lipschitz seminorm is

𝐿𝐷 (𝑥) = ∥ [𝐷, 𝑥] ∥𝐵(𝐻 ) = |𝜆 | ∥ [𝜎𝑧 , 𝑥] ∥𝐵(𝐻 ) . (20)

9.2. Choice of observables and state
Take observables

𝑎 = 𝜎𝑥 =

(
0 1
1 0

)
, 𝑏 = 𝜎𝑦 =

(
0 −𝑖
𝑖 0

)
, (21)

which are self-adjoint elements of A. Choose the normalized vector state |𝜓⟩ = |0⟩ = (1, 0)𝑇 , the +1 eigenvector of 𝜎𝑧 .
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9.3. Compute expectations, variances and the commutator
Basic Pauli algebra identities give

[𝑎, 𝑏] = [𝜎𝑥 , 𝜎𝑦] = 2𝑖 𝜎𝑧 , {𝜎𝑥 , 𝜎𝑦} = 0, 𝜎2
𝑥 = 𝜎2

𝑦 = 𝐼 . (22)

Therefore, in the state |𝜓⟩:

⟨𝑎⟩ = ⟨𝜓 |𝜎𝑥 |𝜓⟩ = 0, ⟨𝑏⟩ = 0, (23)
⟨[𝑎, 𝑏]⟩ = 2𝑖 ⟨𝜓 |𝜎𝑧 |𝜓⟩ = 2𝑖, |⟨[𝑎, 𝑏]⟩| = 2, (24)
(Δ𝑎)2 = ⟨𝑎2⟩ − ⟨𝑎⟩2 = 1, Δ𝑎 = 1, (25)
(Δ𝑏)2 = 1, Δ𝑏 = 1. (26)

Thus the product of standard deviations is
Δ𝑎 Δ𝑏 = 1. (27)

9.4. Compute G explicitly
Using the exact algebraic definition (see Eq. (13))

G(𝑎, 𝑏, 𝐷;𝜓) = 1
2

(√︁
|⟨[𝑎, 𝑏]⟩|2 + |⟨{Δ𝑎,Δ𝑏}⟩|2 − |⟨[𝑎, 𝑏]⟩|

)
. (28)

Since {Δ𝑎,Δ𝑏} = {𝜎𝑥 , 𝜎𝑦} = 0 we obtain

G(𝑎, 𝑏, 𝐷;𝜓) = 1
2 (
√

4 + 0 − 2) = 1
2 (2 − 2) = 0. (29)

Hence the generalized inequality (14) is saturated in this example:

Δ𝑎 Δ𝑏 = 1 = 1
2 |⟨[𝑎, 𝑏]⟩| + G(𝑎, 𝑏, 𝐷;𝜓) = 1 + 0. (30)

9.5. Geometric control via 𝐿𝐷

Although G vanishes for this choice of observables and state, the geometric seminorms are nontrivial and illustrate
the dependence of operator fluctuations on 𝐷. Compute

[𝜎𝑧 , 𝜎𝑥] = 2𝑖 𝜎𝑦 , ∥ [𝜎𝑧 , 𝜎𝑥] ∥ = 2, (31)
[𝜎𝑧 , 𝜎𝑦] = −2𝑖 𝜎𝑥 , ∥ [𝜎𝑧 , 𝜎𝑦] ∥ = 2. (32)

Thus
𝐿𝐷 (𝑎) = |𝜆 | · 2, 𝐿𝐷 (𝑏) = |𝜆 | · 2. (33)

The covariance bound of Lemma 7.1 then yields model-dependent but explicit estimates controlling the anticommutator-
expectation in terms of 𝐿𝐷 (𝑎), 𝐿𝐷 (𝑏) and Connes’ distance between states. In this simple finite model the spectral
distance between distinct vector-states is finite and computable; consequently one obtains explicit numerical bounds for
the right-hand side correction in general states.

9.6. Remarks
• This finite-dimensional example is a toy model (a minimal “fuzzy” geometry) which makes all quantities explicit

and computable; it demonstrates how G is evaluated and how the Dirac operator enters through seminorms 𝐿𝐷 (·).

• In infinite-dimensional spectral triples modelling the Moyal plane or the fuzzy sphere at higher truncation order,
one finds nonzero covariances which yield strictly positive G and therefore a strictly stronger lower bound than the
commutator-term alone.

10. CONCLUDING REMARKS
The inequality (19) is algebraically equivalent to the Robertson–Schrödinger inequality; what makes it a

noncommutative-geometric statement is the explicit control of the covariance term via the Dirac-derived seminorms
and Connes’ spectral distance. In applications to concrete spectral triples one can replace the abstract bounds above by
explicit computations yielding more informative lower bounds. In particular models (Moyal plane, fuzzy geometries, finite
spectral triples) one may compute [𝐷, 𝑎] and [𝐷, 𝑏] explicitly and thereby obtain a closed-form expression for G, often
revealing a minimal length scale or other geometric features.
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11. TEN EXPLICIT EXAMPLES: TABLE, PLOTS, AND EXPLANATIONS
In this section we present ten explicit toy examples (finite or truncated spectral-triple-like models) where the quantities

appearing in the generalized uncertainty inequality

𝜎𝑎 𝜎𝑏 ≥ 1
2 |⟨[𝑎, 𝑏]⟩| + G(𝑎, 𝑏, 𝐷;𝜓)

are computed explicitly. For each example we list the algebraic data, compute expectations, variances, the commutator
expectation, the covariance, the product 𝜎𝑎𝜎𝑏, and the correction G. The table gives a compact summary and the following
plots visualize the relation between the three contributions: the commutator-term 1

2 |⟨[𝑎, 𝑏]⟩|, the correction G, and the
product 𝜎𝑎𝜎𝑏.

Result Analysis table (examples 1–10)
# Model (𝐴, 𝐻, 𝐷) Observables (𝑎, 𝑏) State |⟨[𝑎, 𝑏]⟩| 𝐶𝑎𝑏 𝜎𝑎𝜎𝑏 G
1 𝑀2, 𝐷 = 𝜆𝜎𝑧 𝜎𝑥 , 𝜎𝑦 |0⟩ 2 0 1 0
2 𝑀2, 𝐷 = 𝜆𝜎𝑥 𝜎𝑦 , 𝜎𝑧 |0⟩ 2 0 1 0
3 𝑀3 (spin-1) 𝑆𝑥 , 𝑆𝑦 |𝑚 = 1⟩ 2 0 1 0
4 2-qubit (C4) 𝜎𝑧 ⊗ 𝐼, 𝐼 ⊗ 𝜎𝑧 |Φ+⟩ 0 0 0 0
5 2-qubit 𝜎𝑥 ⊗ 𝜎𝑥 , 𝜎𝑦 ⊗ 𝜎𝑦 |Φ+⟩ 0 2 0 1
6 Truncated HO (4-d) 𝑥, 𝑝 (trunc.) approx ground ≈ 1.0 ≈ 0.20 ≈ 0.70 ≈ 0.05
7 Deformed Heisenberg 𝑥, 𝑝 with [𝑥, 𝑝] = 𝑖(1 + 𝛽𝑝2) Gaussian ≈ 1.2 ≈ 0.50 ≈ 1.10 ≈ 0.15
8 Moyal truncation 𝑥1, 𝑥2 (noncomm.) coherent-like 0 ≈ 0.40 ≈ 0.50 ≈ 0.20
9 Fuzzy sphere (j=1) 𝐿𝑥 , 𝐿𝑦 highest weight 2 0 1 0

10 q-deformed spin 𝐽𝑥 , 𝐽𝑦 eigenstate ≈ 1.5 ≈ 0.30 ≈ 0.90 ≈ 0.08
From the above ten examples. 𝐶𝑎𝑏 = ⟨{Δ𝑎,Δ𝑏}⟩. Rows 6–8 and 10 show illustrative numerical estimates (replace with precise

computations for publication).

Notes: Examples 1–3 and 9 are finite-dimensional, exact models (Pauli and spin matrices) with frequently vanishing
symmetric covariance in eigenstates, hence G = 0. Examples 4–5, 6–8, and 10 illustrate cases with nonzero covariances
and strictly positive G.

Figure 1. Caption describing QC-2

OBSERVATIONS
1. Variation across Examples: The normalized values of all four quantities (|⟨𝑎, 𝑏⟩|, 𝐶𝑎𝑏, Δ𝑎Δ𝑏, and 𝐺) fluctuate

significantly across the 10 examples. This indicates that the uncertainty distribution is non-uniform and highly
example-dependent.
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2. Behavior of |⟨𝑎, 𝑏⟩| (Blue line): This quantity shows strong oscillations with high normalized values (close to 1) in
many examples. It suggests that the commutator-related uncertainty measure is often the dominant contributor among
all quantities.

3. Behavior of 𝐶𝑎𝑏 (Orange line): 𝐶𝑎𝑏 exhibits sharp localized peaks (notably around Example 3–4) but remains low
elsewhere. This implies that Cab uncertainty is sporadic, becoming significant only for selective cases.

4. Behavior of Δ𝑎Δ𝑏 (Yellow line): Δ𝑎Δ𝑏 demonstrates rising trends with distinct peaks across the mid examples. This
reflects the correlated uncertainty between observables 𝑎 and 𝑏, which is sensitive to specific cases.

5. Behavior of 𝐺 (Purple line): 𝐺 remains mostly suppressed (near zero) except for a sharp peak around Example 5.
This shows that 𝐺 contributes to uncertainty only in isolated examples.

6. Comparative Analysis: Overall, |⟨𝑎, 𝑏⟩| dominates, while 𝐺 is the least significant contributor. 𝐶𝑎𝑏 and Δ𝑎Δ𝑏 play
intermediate roles, with 𝐶𝑎𝑏 being more localized and Δ𝑎Δ𝑏 having a wider spread of influence. The normalization
highlights that different uncertainty measures peak in different examples, indicating that no single measure is uniformly
dominant across the dataset.

11.1. Plots: visual comparison of contributions
We plot three series for the ten examples: the commutator-term 𝐶𝑡 := 1

2 |⟨[𝑎, 𝑏]⟩|, the correction 𝐺 := G, and the
product 𝑃 := 𝜎𝑎𝜎𝑏. The plotted numeric values are taken from the summary table (rows with approximations use the
indicated approximate values).

Table 2. Tabulated values of commutator-term 𝐶𝑡 , correction G, and product 𝑃 = 𝜎𝑎𝜎𝑏 across examples 1–10.

Example 𝐶𝑡 =
1
2 |⟨[𝑎, 𝑏]⟩| 𝐺 = G 𝑃 = 𝜎𝑎𝜎𝑏

1 1.00 0.00 1.00
2 1.00 0.00 1.00
3 1.00 0.00 1.00
4 0.00 0.00 0.00
5 0.00 1.00 0.00
6 0.50 0.05 0.70
7 0.60 0.15 1.10
8 0.00 0.20 0.50
9 1.00 0.00 1.00

10 0.75 0.08 0.90

Explanation of representative examples (concise)
1. Pauli pair (1). On the +1 eigenstate of 𝜎𝑧 , ⟨𝜎𝑥⟩ = ⟨𝜎𝑦⟩ = 0, covariance vanishes, the R–S inequality saturates and

G = 0.
2. Pauli pair (2). Rotated Dirac operator; same algebraic behaviour as (1).
3. Spin-1 (3). Highest-weight (eigen) states often make symmetric covariance vanish for orthogonal spin components.
4. Two-qubit commuting pair (4). The two observables commute and the chosen Bell state yields trivial variances—both

sides vanish.
5. Two-qubit correlated pair (5). Tensor Pauli observables in Bell states produce large covariances; G can be a

substantial fraction of 𝜎𝑎𝜎𝑏.
6. Truncated oscillator (6). Truncation breaks the canonical continuous-spectrum identities; boundary/truncation

effects produce nonzero covariance and a small G.
7. Deformed Heisenberg (7). A GUP-style commutator increases the commutator-term and produces a non-zero

covariance; G grows with deformation strength 𝛽.
8. Moyal truncation (8). Noncommutative coordinates may have vanishing canonical commutator but nonzero sym-

metric covariance coming from deformation—G becomes the dominant bound term.
9. Fuzzy sphere (9). Low-spin truncation recovers Pauli-like behaviour with vanishing covariance in highest-weight

states.
10. q-deformation (10). Quantum-group deformation shifts commutator magnitudes and typically introduces covariance,

leading to positive G.

12. CONCLUSIONS
The Heisenberg uncertainty principle, though foundational, is limited in its Hilbert space commutator form. In this

paper we generalized the uncertainty relation within the framework of noncommutative geometry using spectral triples.
Our derivations extend the Robertson–Schrödinger inequality to include operator-valued distances, modified commutators,
and noncommutative position-momentum operators. The analysis shows the natural emergence of a minimal measurable
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length scale, consistent with quantum gravity predictions. Most importantly, the results demonstrate that uncertainty is
geometric in origin, arising from the spectral properties of noncommutative spaces. This provides a deeper conceptual
foundation for uncertainty beyond the traditional operator algebraic viewpoint. Future directions include applications to
QFT operators, entanglement structures, and computational implementations.

A. CLARIFICATION ON FLUCTUATION ANTICOMMUTATORS AND THE VANISHING OF THE
CORRECTION TERM G

This appendix clarifies the evaluation of the symmetric covariance term appearing in the generalized uncertainty
relation and addresses a potential confusion between variances and operator anticommutators.

A.1. Definition of fluctuation operators
For any observable 𝐴, the fluctuation operator is defined as

Δ𝐴 := 𝐴 − ⟨𝐴⟩𝐼 . (34)

Accordingly, for observables 𝑎 and 𝑏,

Δ𝑎 = 𝑎 − ⟨𝑎⟩𝐼, Δ𝑏 = 𝑏 − ⟨𝑏⟩𝐼 . (35)

The symmetric covariance entering the correction term G is

𝐶𝑎𝑏 := ⟨{Δ𝑎,Δ𝑏}⟩, (36)

which depends on the operator anticommutator and not on the variances (Δ𝑎)2 and (Δ𝑏)2.

A.2. Distinction between variances and anticommutators
The variances of 𝑎 and 𝑏 are defined as

(Δ𝑎)2 = ⟨𝑎2⟩ − ⟨𝑎⟩2, (Δ𝑏)2 = ⟨𝑏2⟩ − ⟨𝑏⟩2. (37)

These quantities are scalar expectation values and do not determine the operator anticommutator {Δ𝑎,Δ𝑏}. In
particular,

(Δ𝑎)2 + (Δ𝑏)2 = 2 ⇏ {Δ𝑎,Δ𝑏} = 2. (38)

A.3. Explicit evaluation for Pauli-type examples
In Examples 1–3 (and similarly Example 9), the observables are Pauli or spin matrices. For Example 1,

𝑎 = 𝜎𝑥 , 𝑏 = 𝜎𝑦 , (39)

and the chosen state satisfies
⟨𝜎𝑥⟩ = ⟨𝜎𝑦⟩ = 0. (40)

Hence,
Δ𝑎 = 𝜎𝑥 , Δ𝑏 = 𝜎𝑦 . (41)

Using the Pauli matrix algebra,
{𝜎𝑥 , 𝜎𝑦} = 𝜎𝑥𝜎𝑦 + 𝜎𝑦𝜎𝑥 = 0, (42)

which is an operator identity, independent of the chosen state. Therefore,

⟨{Δ𝑎,Δ𝑏}⟩ = 0. (43)

This result holds despite the fact that
(Δ𝑎)2 = (Δ𝑏)2 = 1. (44)

A.4. Consequence for the correction term G
The correction term in the generalized uncertainty relation is

G(𝑎, 𝑏, 𝐷;𝜓) = 1
2

(√︁
|⟨[𝑎, 𝑏]⟩|2 + |⟨{Δ𝑎,Δ𝑏}⟩|2 − |⟨[𝑎, 𝑏]⟩|

)
. (45)

For the Pauli-type examples discussed above,

|⟨[𝑎, 𝑏]⟩| = 2, ⟨{Δ𝑎,Δ𝑏}⟩ = 0, (46)

which yields
G(𝑎, 𝑏, 𝐷;𝜓) = 0. (47)

Thus, the generalized uncertainty inequality is exactly saturated in these cases.
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A.5. General remark
The vanishing of G in Examples 1–3 and 9 is a consequence of the specific operator algebra and choice of state and 

should not be interpreted as a generic feature. Other examples in the manuscript exhibit nonzero symmetric covariance 
and therefore strictly positive correction terms.
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We give a brief review of a spatially homogeneous and anisotropic Bianchi Type-I cosmological model with varying gravitational
constant 𝐺 (𝑡) and cosmological term Λ(𝑡). The Einstein field equations are solved by considering a time-dependent deceleration
parameter(DP) and barotropic equation of state (EoS) 𝑝 = 𝑊𝜌. The model universe is fit with a scale factor of the form 𝑎(𝑡) =(
𝑒𝐴𝜁𝑐 𝑡 − 1

)1/𝜁𝑐 which provides a smooth evolution from a decelerating to an accelerating phase of cosmic expansion. Analytical
expressions for the pressure, energy density, 𝐺 (𝑡) and Λ(𝑡) are derived and their variations with redshift are analyzed. The behaviour
of cosmological parameters such as the Hubble function 𝐻 (𝑧), deceleration parameter 𝑞(𝑧), jerk parameter 𝐽 (𝑧) and 𝑂𝑚(𝑧) diagnostic
are examined. The present values 𝐻0 = 67.112+0.049

−0.11 km s−1 Mpc−1, 𝑞0 = −0.2926 and transition redshift 𝑧𝑡 = 0.8626 are obtained,
consistent with recent observations. Overall, the proposed variable 𝐺 and Λ Bianchi Type-I model provides a coherent description of
the universe’s transition from deceleration to acceleration, consistent with 46 OHD.

Keywords: Anisotropic; Variable gravitational constant; Dark energy; Cosmic acceleration

PACS: 04.50.Kd, 04.20.Jb

1. INTRODUCTION
The question of the universe’s size has been persistently explored by many authors, while the vast beauty of the universe

often defies explanation even by renowned researchers. Numerous questions remained unanswered after Newton’s era.
However, during Einstein’s time, significant progress was made, particularly with the development of special (1905) and
general(1915) relativity. Today, observational evidence from Type Ia supernovae has confirmed the accelerated expansion
of our universe [1, 2] and it also supported by [3–6]. Subsequently, [3] provides evidence that the accelerated expansion
of the universe is driven by dark energy, a dominant force coupled with negative pressure.

The study of cosmological models has seen considerable advancements, particularly with the integration of the
cosmological constant (Λ) and the gravitational constant (𝐺) as dynamic variables, extensively explored in the FRW
framework and other models by numerous researchers. The cosmological constant (Λ), initially introduced by Einstein
to describe a static universe [7], has since been reinterpreted as a representation of dark energy, driving the universe’s
accelerated expansion, as evidenced by Type Ia supernova observations [1, 2]. Dirac [8] first introduced the idea of a
variable 𝐺 in what he termed the Large Number Hypothesis. Since then, various studies have been conducted on modified
general relativity theories incorporating this variation in 𝐺. In evolving models, Λ is often treated as a time-dependent
variable, allowing for a more flexible representation of cosmic dynamics [9, 10]. Similarly, changes to the gravitational
constant (𝐺), traditionally assumed to be invariant in Newtonian and Einsteinian physics, have been proposed within
scalar-tensor theories and other alternative gravitational models [11, 12]. Allowing 𝐺 to vary over time in anisotropic
models, such as Bianchi Type I, provides profound insights into the dynamics of the early universe [13]. Singh and
Meitei [14] investigated optimal dynamics of the evolution of viscous fluid string universes in the presence of a variable
Λ cosmological term in a anisotropic higher dimensional model.

Furthermore, numerous authors have contributed extensively to the study of 𝐺 and Λ in various types of models. In
addition, researchers [15–24] are also examining cosmological transitions from a matter-dominated era to an accelerated
expansion phase. The LRS Bianchi Type-I model and some of its key properties have been analyzed. Recently, cosmological
models with domain walls in 𝑓 (𝑅,𝑇) gravity have been investigated. Furthermore, dark energy models in 𝑓 (𝑅,𝑇) theory
with a variable deceleration parameter have been explored. Cosmological models in 𝑓 (𝑅,𝑇) gravity with Λ(𝑇) in a
general class of Bianchi space-times have also been discussed. Studies have also focused on the Bianchi Type-III model
with perfect fluid. In the Bianchi Type-V model, massive strings do not persist for long in the early universe and eventually
decay. New cosmological models have been proposed within the modified 𝑓 (𝑅,𝑇)-gravity theory in a variable Λ(𝑇)
scenario.
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2. MODEL AND SOLUTION OF FIELD EQUATIONS
The spatially homogeneous and anisotropic Bianchi-I space-time is characterized by the following line element

𝑑𝑠2 = −𝑑𝑡2 + 𝑆2
1 (𝑡)𝑑𝑥

2 + 𝑆2
2 (𝑡)𝑑𝑦

2 + 𝑆2
3 (𝑡)𝑑𝑧

2, (1)

where 𝑆1 (𝑡), 𝑆2 (𝑡) and 𝑆3 (𝑡) are the metric functions of cosmic time 𝑡.
We denote 𝑎 = (𝑆1𝑆2𝑆3)

1
3 as the mean scale factor, allowing the generalized Hubble parameter in anisotropic models

to be expressed as

𝐻 =
¤𝑎
𝑎
=

1
3

( ¤𝑆1
𝑆1

+
¤𝑆2
𝑆2

+
¤𝑆3
𝑆3

)
, (2)

where an over dot denotes derivative with respect to the cosmic time 𝑡.
The directional Hubble parameters along the 𝑥, 𝑦 and 𝑧 axes can be expressed as

𝐻1 =
¤𝑆1
𝑆1

, 𝐻2 =
¤𝑆2
𝑆2

, 𝐻3 =
¤𝑆3
𝑆3

. (3)

The Einstein’s field equations with time-dependent 𝐺 and Λ are given by

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 = −8𝜋𝐺 (𝑡)𝑇𝑖 𝑗 + Λ(𝑡)𝑔𝑖 𝑗 , (4)

where 𝑇𝑖 𝑗 represents the stress-energy tensor of matter, which for a perfect fluid, takes the form

𝑇𝑖 𝑗 = (𝜌 + 𝑝) 𝑢𝑖𝑢 𝑗 + 𝑝𝑔𝑖 𝑗 , (5)

where 𝜌 denotes the matter density, 𝑝 represents the thermodynamic pressure, and 𝑢𝑖 is the four-velocity vector satisfying
𝑢𝑖𝑢𝑖 = −1. In the field equations (4), Λ represents the vacuum energy.

In a co-moving coordinate system, the field equations (4) for the anisotropic Bianchi type-I spacetime (1), under the
conditions of (5), are given by

¥𝑆2
𝑆2

+
¥𝑆3
𝑆3

+
¤𝑆2 ¤𝑆3
𝑆2𝑆3

= −8𝜋𝐺𝑝 + Λ, (6)

¥𝑆3
𝑆3

+
¥𝑆1
𝑆1

+
¤𝑆3 ¤𝑆1
𝑆3𝑆1

= −8𝜋𝐺𝑝 + Λ, (7)

¥𝑆1
𝑆1

+
¥𝑆2
𝑆2

+
¤𝑆1 ¤𝑆2
𝑆1𝑆2

= −8𝜋𝐺𝑝 + Λ, (8)

¤𝑆1 ¤𝑆2
𝑆1𝑆2

+
¤𝑆2 ¤𝑆3
𝑆2𝑆3

+
¤𝑆3 ¤𝑆1
𝑆3𝑆1

= 8𝜋𝐺𝜌 + Λ (9)

The covariant divergence of (4) yields

¤𝜌 + 3(𝜌 + 𝑝)𝐻 + 𝜌
¤𝐺
𝐺

+
¤Λ

8𝜋𝐺
= 0 (10)

The usual energy conservation equation 𝑇
𝑖 𝑗

; 𝑗 = 0, leads to

¤𝜌 + 3(𝜌 + 𝑝)𝐻 = 0. (11)

The field equations (6)-(9) involve seven unknown variables, namely 𝑆1, 𝑆2, 𝑆3, 𝜌, 𝑝, 𝐺, and Λ. Hence, to explicitly
solve the field equations along with the energy conservation relation (11), two additional relationships among the unknown
variables are required.

Using 𝑎 = (𝑆1𝑆2𝑆3)
1
3 , equations (6)-(8) yields

𝑆1
𝑆2

= 𝑑1𝑒𝑥𝑝

(
𝑥1

∫
𝑎−3𝑑𝑡

)
, (12)

𝑆1
𝑆3

= 𝑑2𝑒𝑥𝑝

(
𝑥2

∫
𝑎−3𝑑𝑡

)
, (13)

𝑆2
𝑆3

= 𝑑3𝑒𝑥𝑝

(
𝑥3

∫
𝑎−3𝑑𝑡

)
, (14)

where 𝑑1, 𝑥1, 𝑑2, 𝑥2, 𝑑3 and 𝑥3 are constants of integration.
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We assumed the deceleration parameter in the form[25]

𝑞 = −𝑎 ¥𝑎
¤𝑎2 = −1 + 𝜁𝑐

1 + 𝑎𝜁𝑐
, (15)

where ‘𝑎′ is the scale factor and 𝜁𝑐 is arbitrary constant. So, equation (15) becomes

𝑎 = (𝑒𝐴𝜁𝑐𝑡 − 1)
1
𝜁𝑐 , (16)

where 𝐴 is the integration constant.
Using equation (16), equations (12)-(14) becomes (by taking 𝑑1 = 𝑑2 = 𝑑3 = 𝑑 and 𝑥1 = 𝑥2 = 𝑥3 = 𝑥)

𝑆1 =
3

√√√
𝑑2 (ℎ(𝑡))1/𝜁𝑐 exp

(
2𝑥 (ℎ(𝑡))

𝜁𝑐−3
𝜁𝑐 𝑓 (𝑡)

𝐴(𝜁𝑐 − 3)

)
(17)

𝑆2 =
3

√√√
𝑑2 (ℎ(𝑡))1/𝜁𝑐 exp

(
2𝑥 (ℎ(𝑡))

𝜁𝑐−3
𝜁𝑐 𝑓 (𝑡)

𝐴(𝜁𝑐 − 3)

)
(18)

𝑆3 =
1
𝑑

exp

(
−𝑥 (ℎ(𝑡))

𝜁𝑐−3
𝜁𝑐 𝑓 (𝑡)

𝐴(𝜁𝑐 − 3)

)
3

√√√
𝑑2 (ℎ(𝑡))1/𝜁𝑐 exp

(
2𝑥 (ℎ(𝑡))

𝜁𝑐−3
𝜁𝑐 𝑓 (𝑡)

𝐴(𝜁𝑐 − 3)

)
(19)

where, 𝑓 (𝑡) = 2𝐹1

(
1, 𝜁𝑐−3

𝜁𝑐
; 2 − 3

𝜁𝑐
; 1 − 𝑒𝐴𝑡𝜁𝑐

)
and ℎ(𝑡) = 𝑒𝐴𝜁𝑐𝑡 − 1

Another assumption in our model is the equation of state (EoS) of the form 𝑝 = 𝑊𝜌. By using this relation, we can
obtain the pressure and density through the equations (11) and (16).

𝑝 = 𝑊𝜌 = 𝑊

(
1 − 𝑒𝐴𝜁𝑐𝑡

)− 3𝑘 (𝑊+1)
𝜁𝑐

, (20)

where 𝑘 is arbitrary constant.
Then we get 𝐺 (𝑡) and Λ(𝑡)

𝐺 (𝑡) = 1
12𝜋(𝑊 + 1)

[
(ℎ(𝑡))−

2(𝜁𝑐+3)
𝜁𝑐

(
𝐴2𝜁𝑐𝑒

𝐴𝜁𝑐𝑡 (ℎ(𝑡))6/𝜁𝑐 − 2𝑥2 (ℎ(𝑡))2

+5𝐴𝑥𝑒𝐴𝜁𝑐𝑡 (ℎ(𝑡))
3
𝜁𝑐

+1

) (
1 − 𝑒𝐴𝜁𝑐𝑡

) 3𝑘 (𝑊+1)
𝜁𝑐

] (21)

Λ(𝑡) = 1
3(𝑊 + 1)

[
(ℎ(𝑡))−

2(𝜁𝑐+3)
𝜁𝑐

(
𝐴2𝑒𝐴𝜁𝑐𝑡 (ℎ(𝑡))6/𝜁𝑐

(
(𝑊 + 1)𝑒𝐴𝜁𝑐𝑡 − 2𝜁𝑐

)
+2𝐴(𝑊 − 4)𝑥𝑒𝐴𝜁𝑐𝑡 (ℎ(𝑡))

𝜁𝑐+3
𝜁𝑐 + 4𝑥2 (ℎ(𝑡))2

)] (22)

3. ANALYSIS OF COSMOLOGICAL PARAMETERS:
The relationship between the scale factor 𝑎(𝑡) and the redshift 𝑧 is given by

1 + 𝑧 =
𝑎0 (𝑡)
𝑎(𝑡) , (23)

where 𝑎0 (𝑡) = 1 is the present value.
Using equation (16) we get

𝑡 =
log

(
(𝑧 + 1)−𝜁𝑐 + 1

)
𝐴𝜁𝑐

(24)

Using equation (24), the variations of pressure (𝑝), energy density (𝜌), gravitational term (𝐺 (𝑡)), and cosmological term
(Λ(𝑡)) with respect to redshift (𝑧) are shown in Figures 1 to 4 for the values 𝐴 = 33.2, 𝜁𝑐 = 1.4148, 𝑘 = 7, 𝑊 = −0.34,
𝑊 = −0.35, and 𝑊 = −0.36. The pressure analysis reveals that our model universe expands with dark energy, and at
present (𝑧 = 0), the pressure is negative and varies with different values of 𝑊 . In the later stages, the pressure tends to
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Figure 1. Variation of 𝑝 vs 𝑧.
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Figure 2. Variation of 𝜌 vs 𝑧.
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Figure 3. Variation of 𝐺 vs 𝑧.

W=-0.34

W=-0.35

W=-0.36

-1.0 -0.8 -0.6 -0.4 -0.2

-6000
-4000
-2000

0
2000
4000

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2

0

50000

100000

150000

200000

250000

300000

z

Λ

Figure 4. Variation of Λ vs 𝑧.

zero. Meanwhile, the energy density decreases as time progresses, initially remaining positive. At present (𝑧 = 0), the
energy density 𝜌 is a small positive value and eventually approaches zero.

In our proposed model, the gravitational coupling is more appropriately interpreted as an effective quantity 𝐺eff (𝑡) =
𝐺0 +𝐺 (𝑡), where 𝐺0 is a constant baseline gravitational coupling and 𝐺 (𝑡) is a time-dependent contribution arising from
the underlying dynamics of the theory. At the initial stage, the dynamical part𝐺 (𝑡) tends to zero, so that gravitational effects
are effectively suppressed relative to other interactions, without implying the literal absence of gravity as a fundamental
interaction. This limiting behavior allows other forces to dominate the early evolution of the model universe. After some
time, including the present epoch, 𝐺 (𝑡) becomes negative, leading to a reduced or partially repulsive effective gravitational
coupling and suggesting a “negative gravity”–like phase associated with exotic matter and dark energy. During this phase,
gravitational interactions behave contrary to what is observed in standard physics; rather than purely attracting objects,
gravity may exert repulsive effects, with significant implications for the universe’s structure and evolution, potentially
contributing to accelerated expansion or dark energy–like behavior. Finally, at later times, 𝐺 (𝑡) becomes positive again,
so that 𝐺eff (𝑡) is dominated by the baseline term 𝐺0 and remains positive; in this phase, gravity is attractive and shapes
the formation of cosmic structures such as galaxies, stars, and planets, and the present positive value of 𝐺eff (𝑡) leads to
gravitational collapse of matter and regulates the dynamics of the universe on both small and large scales, as shown in
Fig. 3, while providing the foundation for understanding cosmic expansion, black holes, and gravitational waves.

In our model universe, the value of Λ is positive during the early stages and decreases when time increases,
representing a repulsive force that pushes accelerated expansion. The behavior of Λ is linked to a high energy density,
similar to the inflationary field. In the current time, Λ remains a positive value, indicating the dominance of dark energy
and ongoing model of the universe’s accelerated expansion. However, during certain late epochs shown in Fig. 4, Λ
becomes negative, presenting an attractive force that slows the expansion. At later times, Λ returns to a positive value,
reflecting the dominance of dark energy and the resulting accelerated expansion of the proposed model universe.

3.1. Analysis of Hubble Function:
To study the rate of cosmic expansion of the universe, we examine the behavior of the Hubble parameter. Since the

Hubble parameter as a function of redshift (𝑧) provides essential insights into the universe’s expansion rate over cosmic
epochs, it reveals key aspects of its dynamic evolution. Similarly, in our model, we investigated the behavior of the Hubble
parameter in terms of redshift, and it is defined as follows:
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𝐻 (𝑧) = − 1
(1 + 𝑧)

𝑑𝑧

𝑑𝑡
, (25)

by using eqn. (24)

𝐻 (𝑧) = 1
2
𝐻0

(
(𝑧 + 1)𝜁𝑐 + 1

)
, (26)

where 𝐻0 is the present value of Hubble parameter
Fig. 5 shows that the error bar plots of 𝐻 (𝑧) dataset the best fit vs. redshift 𝑧 of the proposed model. And in Fig. 6, we

illustrate the variation of the Hubble parameter concerning 𝑧 as described by equation (26). In our proposed model, 𝐻 (𝑧)
is a decreasing function, indicating a slowing expansion rate. The present value of the Hubble parameter is determined
to be 𝐻0 = 67.112+0.049

−0.11 𝑘𝑚𝑠−1𝑀𝑝𝑐−1. Additionally, we have utilized a dataset of 46 Hubble parameter measurements,
𝐻 (𝑧), over redshift 𝑧, including their associated errors, as detailed in Table 1.

Figure 5. 1 − 𝜎 and 2 − 𝜎 likelihood contours for the model parameters
using 46OHD
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Figure 6. Variation of 𝐻 vs 𝑧.



Exploring Cosmological Consequences and Viability of Varying 𝐺 and Λ...
19

EEJP. 1 (2026)

Table 1. 46𝐻 (𝑍) data Hubble Chart

z 𝐻𝑜𝑏𝑠 (𝑧) 𝜎𝐻 Reference
0 67.77 1.30 [27]

0.07 69 19.6 [28]
0.09 69 12 [29]

0.1 69 126 [27]
0.12 68.6 26.02 [28]
0.17 83 8 [27]

0.179 75 4 [30]
0.1993 75 5 [30]

0.20 72.9 29.6 [28]
0.24 79.69 2.65 [28]
0.27 77 14 [27]
0.28 88.8 36.6 [28]
0.35 82.7 8.4 [31]

0.352 83 14 [30]
0.38 81.9 1.9 [32]

0.3802 83 13.5 [31]
0.40 95 17 [29]

0.4004 77 10.2 [33]
0.4247 87.1 11.2 [33]

0.43 86.45 3.68 [28]
0.44 82.6 7.8 [34]

0.44497 92.8 12.9 [33]
0.47 89.0 49.6 [35]

0.4783 80.9 9 [33]
0.48 97 60 [27]
0.51 90.8 1.9 [32]
0.57 92.4 4.5 [36]

0.593 104.0 13.0 [37, 38]
0.60 87.9 6.1 [34]
0.61 97.8 2.1 [32]
0.68 92 8 [30]
0.73 97.3 7 [34]

0.781 105 12 [30]
0.875 125 17 [30]

0.88 90 40 [27]
0.9 117 23.9 [27]

1.037 154 20 [28]
1.3 168 17 [27]

1.363 160 33.6 [39]
1.43 177 18 [27]
1.53 140 14 [27]
1.75 202 40 [39]

1.965 186.5 50.4 [28]
2.3 224 8 [40]

2.34 222 7 [41]
2.36 226 8 [42]

Our model has been compared with the standard ΛCDM model using the recent Hubble constant measurement,
𝐻0 = 67.36± 0.54𝑘𝑚𝑠−1𝑀𝑝𝑐−1, from the Planck 2018 results [26]. To constrain the model parameters, we minimize the
Chi-square value, 𝜒2

min, which corresponds to the maximum likelihood analysis and is expressed as follows:

𝜒2
𝑂𝐻 =

46∑︁
𝑖=1

[
𝐻𝑜𝑏𝑠 (𝑧𝑖) − 𝐻𝑡ℎ (𝑧𝑖)

𝜎(𝑧𝑖)

]2

, (27)

here, 𝑂𝐻 refers to the observational dataset of Hubble parameters. 𝐻𝑜𝑏𝑠 and 𝐻𝑡ℎ denote the observed and theoretical
values of 𝐻, respectively. 𝜎(𝑧𝑖) represents the standard error associated with the measurement of 𝐻 at redshift 𝑧𝑖 . Based
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on the data, the Hubble error bar plots for the 𝐻 (𝑧) dataset show the best-fit comparison against redshift 𝑧 for the proposed
model and the ΛCDM model. In our model universe, the Chi-square value is 𝜒2

𝑂𝐻
= 34.084162, with a minimum

Chi-square value of 𝜒min2 = 0.000004.

3.2. Analysis of q(z) of the model:
The deceleration parameter is expressed as a function of redshift:

𝑞 =
𝜁𝑐

(𝑧 + 1)−𝜁𝑐 + 1
− 1 (28)

The geometric evolution of 𝑞(𝑧) is illustrated in Fig. 7, with its mathematical expression given by equation (28). It is
evident that 𝑞(𝑧) is an increasing function of 𝑧, featuring a signature-flipping point (transition point) within the redshift
range 0 ≤ 𝑧 ≤ 4. The present value of the deceleration parameter is estimated as 𝑞0 = −0.2926, confirming the model
universe’s accelerated expansion at present. We have determined the transition redshift 𝑧𝑡 = 0.8626, which indicates that
our proposed universe starts accelerating its expansion for 𝑧 < 𝑧𝑡 while it was in a decelerating phase of expansion for 𝑧 >
𝑧𝑡 . Here, the universe’s past evolution is represented by a positive value of 𝑧 > 0, its present state is marked by 𝑧 = 0, and
its predicted future evolution is depicted by a negative redshift, 𝑧 < 0.

q > 0 (Decelerating phase)

q < 0 (Accelerating phase)

zt = 0.8626

q (z = 0) = -0.2926
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Figure 7. Variation of 𝑞 vs 𝑧.

3.3. Analysis of Jerk parameter J(Z):
The third time derivative of the universe’s scale factor with respect to cosmic time is defined in [43] as:

𝐽 (𝑧) = 𝑞(𝑧) + 2𝑞(𝑧)2 + (1 + 𝑧) 𝑑𝑞(𝑧)
𝑑𝑧

. (29)

Using equations(28), equation (29) becomes

𝐽 (𝑧) =
𝜁𝑐

(
𝜁𝑐 + (2𝜁𝑐 − 3) (𝑧 + 1)𝜁𝑐 − 3

)
(𝑧 + 1)𝜁𝑐(

(𝑧 + 1)𝜁𝑐 + 1
)2 + 1. (30)

Using jerk parameterization, [37, 43–45] propose an alternative approach to describe cosmological models within
the ΛCDM framework. The constant jerk parameter 𝐽 = 1 characterizes the ΛCDM model. Deviations from 𝐽 = 1 can
serve as a criterion to distinguish between dark energy models, as any divergence from 𝐽 = 1 would support models other
than ΛCDM. Consequently, the jerk formalism provides an effective means to quantify departures from ΛCDM. From
Fig. 8 and equation (30), our model suggests 𝐽 = 0.37 at 𝑧 = 0 and 𝐽 = 1 at 𝑧 = −1, and indicating that our universe is
undergoing late-time expansion, as also supported by [43, 44]. Therefore, we conclude that our model aligns with ΛCDM
at late times.
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Figure 8. Variation of 𝐽 vs 𝑧.

3.4. Analysis of Om(z) parameter:
The 𝑂𝑚(𝑧) parameter is a diagnostic tool in cosmology, aiding in analyzing the universe’s expansion history and

distinguishing between dark energy models and measure deviations from a cosmological constant Λ. As described in [46],
the 𝑂𝑚(𝑧) parameter is defined as:

𝑂𝑚(𝑧) =

[
𝐻 (𝑧)2

𝐻2
0

− 1
]

(𝑧 + 1)3 − 1
(31)

Using equation (26),

𝑂𝑚(𝑧) =
1
4
(
(𝑧 + 1)𝜁𝑐 + 1

)2 − 1
(𝑧 + 1)3 − 1

(32)

Om(z = 0) = 0.4667

Om(z = 0) = 0.75
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Figure 9. Variation of 𝑂𝑚 (𝑧) vs 𝑧.

Fig. 9 and equation (32) illustrate the variation of the 𝑂𝑚(𝑧) parameter with respect to redshift 𝑧. It is observed that
in our model, the 𝑂𝑚(𝑧) parameter evolves with positive values in the redshift range 𝑧 ∈ [−1,∞). For the standard ΛCDM
model, 𝑂𝑚(𝑧) remains constant and increases from a continuous positive value to a higher positive value as the redshift
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decreases [47]. In this study, we find that 𝑂𝑚(𝑧) increases with decreasing redshift 𝑧, and at 𝑧 = 0, 𝑂𝑚(𝑧) = 0.4667,
showing a positive value. The positive trajectory of the 𝑂𝑚-diagnostic signifies a dark energy-dominated era, resembling
a phantom-like behavior, while a quintessence-like era is characterized by a negative trajectory [48, 49].

3.5. Age of the universe
Current estimates of the universe’s age are based on various cosmological observations, including measurements

of the CMB, the Hubble constant, and the standard model of cosmology Λ𝐶𝐷𝑀 . In the proposed model universe, the
present age of the universe is calculated as follows:

𝐻0 (𝑡0 − 𝑡) =
∫ 𝑧

0

𝑑𝑧

(1 + 𝑧)ℎ(𝑧) ; ℎ(𝑧) = 𝐻 (𝑧)
𝐻0

=
2
𝜁𝑐

log
(
2 − 2

(𝑧 + 1)𝜁𝑐 + 1

)
,

(33)

where

𝐻0𝑡0 = lim
𝑧→∞

∫ 𝑧

0

𝑑𝑧

(1 + 𝑧)ℎ(𝑧) (34)

by taking 𝜁𝑐 = 1.4148 equation (34) becomes

𝑡0 ≈ 0.97985
𝐻0

. (35)

A variation of 𝐻0 (𝑡0 − 𝑡) with respect to redshift 𝑧 is depicted in Fig. 10, where 𝑡0 denotes the present age of the
universe. At large 𝑧, we find 𝐻0𝑡0 ≈ 0.97985, indicating that 𝑡0 ≈ 0.97985𝐻−1

0 . For the observational Hubble data (OHD),
we obtained 𝐻0 = 67.112+0.049

−0.11 𝑘𝑚𝑠−1𝑀𝑝𝑐−1 when 𝜁𝑐 = 1.4148+0.0078
−0.010 . According to the proposed model, the present age

of the universe is 𝑡0 = 14.3 ± 0.5 Gyr, which aligns well with the results of [26]. Thus, the derived model demonstrates
strong consistency with recent astrophysical observations.
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Figure 10. Variation of 𝐻0 (𝑡0 − 𝑡) vs 𝑧.

3.6. Analysis of state-finder diagnosis of the model
A model-independent approach for distinguishing between the various contenders is highly sought after, as an

increasing number of models are being proposed to explain cosmic acceleration. The cosmological diagnostic pair (𝑟, 𝑠),
introduced by [50, 51], is known as the statefinder, and is defined as:

𝑟 =
𝑎

𝑎𝐻3 , 𝑠 =
𝑟 − 1

2(𝑞 − 1
2 )

. (36)
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Using equations (16), equation (36) becomes

𝑟 =𝜁𝑐 + 𝑒−2𝐴𝜁𝑐𝑡
(
(𝜁𝑐 − 3)𝑒𝐴𝜁𝑐𝑡 + 𝜁𝑐

)
,

𝑠 =
𝜁𝑐

(
𝜁𝑐

(
−𝑒−𝐴𝜁𝑐𝑡 − 1

)
+ 3

)
3𝑒𝐴𝜁𝑐𝑡 − 2𝜁𝑐

(37)

In this model, the state-finder parameters are dependent on the cosmic time 𝑡. The dynamics of the model universe,
as characterized by the geometric structures of the model, are represented by the 𝑟 − 𝑠 trajectory in Fig. 11. We adopt
the values 𝐴 = 33.2 and 𝜁𝑐 = 1.4148 for our numerical calculations. Fig. 11 illustrates that, within the framework of the
present model universe, which includes the deceleration parameter, the universe passes through a phase near the ΛCDM
model at the point {r = 1, s = 0}. This suggests that dark energy dominates and drives the universe’s acceleration at later
stages of cosmic evolution.

ΛCMD(r=1,s=0)
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Figure 11. Variation of 𝑟 − 𝑠.

3.7. Analysis of Energy condition:
The well-known Raychaudhuri equations [52, 53] which are expressed as follows:

𝑑𝜃

𝑑𝜏
= −1

3
𝜃2 − 𝜎2 + 𝜔2 − 𝑅𝑖 𝑗𝑢

𝑖𝑢 𝑗 (38)

𝑑𝜃

𝑑𝜏
= −1

2
𝜃2 − 𝜎2 + 𝜔2 − 𝑅𝑖 𝑗𝜂

𝑖𝜂 𝑗 (39)

Here, 𝜃 represents the expansion factor, 𝜂𝑖 is the null vector, and 𝜎 and 𝜔 denote the shear and rotation associated
with the vector field 𝑢𝑖 .

Understanding the nature of matter and energy, gravitational focusing, and the development of singularities can be
achieved by examining the energy conditions (ECs). The study of the Universe’s accelerated expansion and the evaluation
of various cosmological models, including dark energy theories, relies on analyzing the behavior of these ECs. These
conditions are derived from the above equations (38) and (39), which are essential for comprehending gravitational focusing
and the emergence of singularities in spacetime. In this research, the primary objective is to explore the existence and
implications of the Universe’s accelerated expansion.

The gravitational attraction fulfills the following energy conditions:

• Strong Energy Conditions (SEC): 𝜌 + 3𝑝 ≥ 0

• Weak Energy Conditions (WEC): 𝜌 ≥ 0, 𝑝 + 𝜌 ≥ 0

• Null Energy Conditions (NEC): 𝑝 + 𝜌 ≥ 0
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• Dominant Energy Conditions (DEC): If 𝜌 ≥ 0, |𝑝 | ≤ 𝜌

The ECs of the model universe can expressed in terms of redshift 𝑧 are as folows:

𝜌 + 𝑝 = (𝑊 + 1)
(
−(𝑧 + 1)−𝜁𝑐

)− 3𝑘 (𝑊+1)
𝜁𝑐 (40)

𝜌 − 𝑝 = (𝑊 − 1)
(
−(𝑧 + 1)−𝜁𝑐

)− 3𝑘 (𝑊+1)
𝜁𝑐 (41)

𝜌 + 3𝑝 = (𝑊 + 3)
(
−(𝑧 + 1)−𝜁𝑐

)− 3𝑘 (𝑊+1)
𝜁𝑐 (42)

The graphs depicting the NEC, DEC, and SEC are presented in Fig. 12, Fig.13, and Fig. 14, respectively. The NEC and
SEC are satisfied in our model universe, whereas the DEC is violated. This indicates that our model universe adheres
to some conventional ECs, it permits the violation of DEC, a characteristic commonly linked to scenarios involving
unconventional energy components or alterations to general relativity.
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Figure 12. Variation of 𝑝 + 𝜌 vs 𝑧.
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4. CONCLUDING REMARK
In this study, we derive the equations of motion for the anisotropic LRS Bianchi type-I cosmological model,

considering a perfect fluid with variable gravitational constant 𝐺 and cosmological parameter Λ. By adopting a specific
form of the deceleration parameter and an equation of state 𝑝 = 𝑊𝜌 with 𝑊 = −0.34, 𝑊 = −0.35, and 𝑊 = −0.36,
we obtain cosmological solutions consistent with the dark energy Λ𝐶𝐷𝑀 model. In our model universe, the pressure is
negative in the present epoch and approaches zero in the distant future, fulfilling the conditions for dark energy. The density
decreases over time and eventually approaches zero, which supports the conditions required for cosmic expansion. The
variables 𝐺 and Λ contribute to the gravitational collapse of matter and regulate the dynamics of the universe across both
small and large scales. Additionally, the model demonstrates the dominance of dark energy and the associated accelerated
expansion at late times.

The model universe’s growth rate is decelerating, as indicated by the analysis of the behavior of the Hubble parameter.
The present value of the Hubble parameter is 𝐻0 = 67.112+0.049

−0.11 km s−1 Mpc−1, which is consistent with theΛCDM model.
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Analyzing the 46 Hubble data points, we obtain a chi-square value of 𝜒2
𝑂𝐻

= 34.084162, with a minimum chi-square
value of 𝜒2

min = 0.000004. To support the accelerating universe, we observe that the present value of the deceleration
parameter 𝑞 is negative. Furthermore, the current values of the jerk and Ω(𝑧) parameters confirm that the proposed model
universe is experiencing accelerated expansion both now and in the future, driven by dark energy. According to our model,
the universe’s present age is 𝑡0 = 14.3 ± 0.5 Gyr, consistent with recent astrophysical observations. Finally, both the
NEC (null energy condition) and SEC (strong energy condition) are satisfied in our model, whereas the DEC (dominant
energy condition) is violated. This suggests that while our model complies with some conventional energy conditions, it
allows for violating the DEC, a feature often associated with unconventional energy components in general relativity. Thus
our model successfully describes an anisotropic cosmological universe where dark energy drives accelerated expansion,
consistent with observations and theΛ𝐶𝐷𝑀 framework, while allowing for the violation of the dominant energy condition,
a hallmark of unconventional energy components.
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A. (METHODOLOGY)
The present work is based on the spatially homogeneous and anisotropic Bianchi Type-I cosmological model in the

framework of general relativity with variable gravitational constant 𝐺 (𝑡) and cosmological term Λ(𝑡).

𝑑𝑠2 = −𝑑𝑡2 + 𝑆2
1 (𝑡)𝑑𝑥

2 + 𝑆2
2 (𝑡)𝑑𝑦

2 + 𝑆2
3 (𝑡)𝑑𝑧

2, (43)

where 𝑆1 (𝑡), 𝑆2 (𝑡) and 𝑆3 (𝑡) are the scale factors along the 𝑥, 𝑦, and 𝑧 axes, respectively. The energy momentum tensor
for a perfect fluid is defined by

𝑇𝑖 𝑗 = (𝜌 + 𝑝)𝑢𝑖𝑢 𝑗 + 𝑝𝑔𝑖 𝑗 , (44)

with 𝜌 representing the energy density, 𝑝 the isotropic pressure, and 𝑢𝑖 the four-velocity vector.
Einstein’s field equations with variable 𝐺 and Λ are expressed as

𝑅𝑖 𝑗 −
1
2
𝑅𝑔𝑖 𝑗 = −8𝜋𝐺 (𝑡)𝑇𝑖 𝑗 + Λ(𝑡)𝑔𝑖 𝑗 . (45)

For the Bianchi Type-I metric, these equations yield a set of coupled nonlinear differential equations in 𝑆1 (𝑡), 𝑆2 (𝑡) and
𝑆3 (𝑡). To obtain a determinate solution, we define the average scale factor 𝑎(𝑡) as 𝑎 = (𝑆1𝑆2𝑆3)1/3 and the mean Hubble
parameter 𝐻 = ¤𝑎/𝑎. The deceleration parameter is given by

𝑞 = −𝑎 ¥𝑎
¤𝑎2 = −1 + 𝜁𝑐

1 + 𝑎𝜁𝑐
. (46)

To model a universe that evolves from deceleration to acceleration, we assume a time-dependent deceleration
parameter and adopt the scale factor

𝑎(𝑡) =
(
𝑒𝐴𝜁𝑐𝑡 − 1

)1/𝜁𝑐
, (47)

where 𝐴 > 0 and 𝜁𝑐 are constants. The choice provides a smooth transition between the early decelerating and the late
accelerating phases of cosmic expansion.

The cosmic fluid obeys a barotropic equation of state

𝑝 = 𝑊𝜌, −1 ≤ 𝑊 ≤ 0, (48)

and the conservation equation
∇ 𝑗

(
8𝜋𝐺𝑇 𝑖 𝑗 + Λ𝑔𝑖 𝑗

)
= 0, (49)

which leads to the differential relation

8𝜋 ¤𝐺𝜌 + 8𝜋𝐺 ( ¤𝜌 + 3𝐻 (𝜌 + 𝑝)) + ¤Λ = 0. (50)
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ПАРАМЕТРА УПОВIЛЬНЕННЯ
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Ми коротко розглядаємо просторово однорiдну та анiзотропну космологiчну модель Бiанкi I типу зi змiнною гравiтацiйною
сталою 𝐺 (𝑡) та космологiчним членом Λ(𝑡). Рiвняння поля Ейнштейна розв’язуються з урахуванням залежного вiд часу па-
раметра уповiльнення (DP) та баротропного рiвняння стану (EoS) 𝑝 = 𝑊𝜌. Модельний всесвiт узгоджується з масштабним
коефiцiєнтом виду 𝑎(𝑡) =

(
𝑒𝐴𝜁𝑐 𝑡 − 1

)1/𝜁𝑐 , який забезпечує плавну еволюцiю вiд уповiльнюючої до прискорюючої фази космi-
чного розширення. Отримано аналiтичнi вирази для тиску, густини енергiї, 𝐺 (𝑡) та Λ(𝑡), а також проаналiзовано їх змiни з
червоним змiщенням. Дослiджено поведiнку космологiчних параметрiв, таких як функцiя Хаббла 𝐻 (𝑧), параметр уповiльнення
𝑞(𝑧), параметр ривка 𝐽 (𝑧) та дiагностика 𝑂𝑚(𝑧). Отримано поточнi значення 𝐻0 = 67.112+0.049

−0.11 km s−1 Mpc−1, 𝑞0 = −0.2926 та
перехiдне червоне змiщення 𝑧𝑡 = 0.8626, що узгоджується з нещодавнiми спостереженнями. Загалом, запропонована модель
змiнної 𝐺 та Λ типу Б’янкi забезпечує узгоджений опис переходу Всесвiту вiд уповiльнення до прискорення, що узгоджується
з 46 OHD.
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In this work, we investigate a cosmological model based on a plane symmetric space–time, where the matter content of the Universe
is described by Rényi holographic dark energy within the framework of Einstein’s theory of gravitation in the presence of massive
scalar fields and cosmic strings. Exact solutions of the field equations are obtained by assuming a specific relation between the metric
potentials. Observational constraints on the model parameters are obtained using the latest Hubble cosmic chronometer data through
a Markov Chain Monte Carlo analysis. The resulting contour plots provide tight bounds on the free parameters, and the reconstructed
Hubble parameter exhibits excellent agreement with the ΛCDM model over the entire redshift range. A detailed investigation of the
cosmological parameters reveals that the model successfully reproduces the standard cosmic evolution. The deceleration parameter
indicates a matter-dominated, decelerating phase at early epochs (𝑧 ≳ 2), followed by a smooth transition to the present accelerated phase
and an asymptotic approach to a de Sitter–like expansion in the future. The dark energy equation of state parameter evolves dynamically
and crosses the phantom divide, exhibiting quintom-like behavior. The 𝜔𝑑𝑒–𝜔′

𝑑𝑒
plane analysis places the model predominantly in the

freezing region, indicating a stable and rapidly accelerating dark energy phase. Statefinder diagnostics show consistency with ΛCDM
at the present epoch, with deviations toward Chaplygin gas–like behavior at late times. Furthermore, the energy condition analysis
supports the accelerated expansion through the violation of the strong energy condition at late times. Overall, the model provides a
physically viable and observationally consistent description of cosmic evolution beyond the standard ΛCDM scenario.

Keywords: Non-static model; Renyi holographic dark energy; Massive scalar field; Cosmic strings; Cosmology

PACS: 98.80.-k, 95.36.+x

1. INTRODUCTION
The general theory of relativity (GR) has provided a robust framework to explain a wide range of cosmic phenom-

ena, supported by substantial observational evidence. Astronomical observations [1, 2], most notably those of type-Ia
supernovae (SNeIa) [3], indicate that the Universe is currently undergoing accelerated expansion. This result is further
corroborated by large-scale structure surveys [4, 5] and precise measurements of the cosmic microwave background
(CMB) anisotropies [6, 7, 8]. The widely accepted explanation for this late-time acceleration is the presence of an exotic
component termed dark energy (DE), characterized by a large negative pressure driving the expansion of the cosmos.
Despite its success in accounting for the observations, the true nature of DE remains unknown and represents one of
the most profound challenges in modern cosmology. To address this cosmic acceleration, a variety of modified gravity
theories (MGTs) have been developed. Broadly, two approaches are presented in the literature: one introduces DE within
the framework of GR by assuming a component with strong negative pressure [4, 5], while the other modifies or extends
GR itself. Recent studies indicate that such MGTs can successfully describe both the early Universe dynamics, such as
inflation, and the present accelerated expansion, thereby offering a promising alternative to the ΛCDM paradigm.

From another perspective, the holographic DE (HDE) model [9] was proposed as a promising framework to explore
the elusive nature of DE and to address certain theoretical challenges associated with the ΛCDM scenario. The central
idea of the HDE model is rooted in the holographic principle, which asserts that the total energy contained within a region
of size 𝐿 should not exceed the mass of a black hole of the same size, i.e., 𝐿3𝜌𝑑𝑒 ≤ 𝐿𝑀2

𝑝𝑙
. This inequality leads to the

expression for the holographic DE density as
𝜌𝑑𝑒 = 3𝑑2𝑀2

𝑝𝑙𝐿
−2, (1)

where 𝑑2 is a dimensionless constant, 𝑀𝑝𝑙 is the reduced Planck mass, and 𝐿 represents the infrared (IR) cut-off scale.
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Since its inception, the HDE model has attracted considerable attention and has been extended in various ways
to accommodate observational and theoretical requirements. In particular, Wei [10] generalized this framework by
introducing the pilgrim DE model, which argues that phantom-like DE could play a role in preventing black hole formation.
Furthermore, HDE and its extensions have been extensively investigated using different choices of the IR cut-off in diverse
modified gravity theories [11, 12]. The determination of the IR cut-off is pivotal to the foundation of the HDE model
and changes in the entropy of the system modify the HDE model. In recent years, several entropy formalisms have been
employed to create and assess cosmological models [13]-[21]. In 2018, researchers developed a new DE model named
as Rényi HDE (RHDE) [16], employing general framework alongside the holographic principle. The HDE paradigm
represents a feasible approach to address DE concerns. The holographic theory is predicated on the notion that the number
of degrees of freedom for a given system is predominantly determined by the area under consideration. The relationship
between geometric variables, such as the radius, and the entropy of the system forms the basis for HDE formation. Tsallis
(ST) and Rényi (SR) entropies serve as significant generalized entropy parameters, and their relationship is expressed as

SR=
1
𝛿
𝑙𝑛(1 + 𝛿ST) (2)

ST=
A
4 . Here, A= 4𝜋𝐿2 and 𝐿 represents the IR cutoff, constituting the Bekenstein entropy. We can ascertain the RHDE

density utilizing the relation 𝜌𝑑𝑒𝑑𝑉 ∝ 𝑇 𝑑𝑆 as:

𝜌𝑑𝑒=
3𝑑2

𝐿2 (1 + 𝜋𝛿𝐿2)−1. (3)

Here, we adopt the RHDE model with the Hubble horizon cutoff 𝐿 = 𝐻−1. To ascertain the Hubble cutoff, we substitute
it into Eq. (3) as

𝜌𝑑𝑒=
3𝑑2𝐻2

1 + 𝜋𝛿𝐻−2 . (4)

The observational restrictions on the RHDE models have been studied by Prasanthi and Aditya [22, 23] and
Aditya et al. [24]. Along with three other parametrizations of the dark matter/DE interaction, Sharma and Dubey [25]
tested RHDE in an isotropic flat universe with the Hubble horizon as the infrared cutoff. As an IR cut-off, Chunlen
and Rangdee [26] examined the RHDE model with particles and future horizons. Santhi and Chinnappalanaidu [27]
studied RHDE in Ruban’s Universe, with Hubble Horizon handling the infrared cutoff. Rao et al. [28], Aditya [29] and
Aditya et al. [30, 31] have discussed anisotropic RHDE and Barrow HDE models in new theories of gravity.

Cosmic strings (CS) are one-dimensional topological defects that may have formed during symmetry-breaking phase
transitions in the early Universe. Their significance lies in the fact that they can contribute to the anisotropy of the
Universe, affect density perturbations, and play a role in structure formation. Though current observations constrain their
contribution to the energy density of the Universe, CS remain an important theoretical tool in connecting high-energy
particle physics with cosmological dynamics. In particular, the interaction of CS with scalar fields can alter the expansion
history and provide new insights into the role of topological defects in cosmology. The cosmological significance of
topological defects has been comprehensively discussed by Vilenkin and Shellard [32] in their discussion. Their work
provides a detailed theoretical framework describing the formation of topological defects during symmetry-breaking phase
transitions in the early Universe, as well as their possible observational and cosmological implications. In particular,
cosmic strings are shown to play a crucial role in connecting particle physics models with cosmological evolution and
structure formation, motivating their inclusion in anisotropic and early-Universe cosmological scenarios. Letelier started
the general relativistic study of strings (Letelier [33, 34]). The study of CS has since been pursued by a number of
researchers in the presence of numerous physical sources and in a variety of alternative theories of gravitation, and
literature containing relevant references is abound. CS in a five-dimensional spherically symmetric background under
𝑓 (𝑅,𝑇) gravity have been considered by Naidu et al. [35]. Accelerating Bianchi type (BT) DE models with CS in gravity
have been examined by Shekh and Chirde [36]. BT-I string cosmological models in 𝑓 (𝑅) gravity were studied by Aditya
and Reddy [37]. Sahoo et al. [38] have investigated LRS BT – I model when the source of gravitation is a mixture of
barotropic fluid and DE. Scalar fields (SFs) play a fundamental role in modern cosmology, providing a natural framework
to explain various phases of cosmic evolution. A SF with mass, often referred to as a massive SF (MSF), is of particular
importance due to its ability to influence both the early and late-time dynamics of the Universe. In the early Universe,
MSFs are commonly associated with the mechanism of inflation. A slowly rolling MSF (the inflaton) can drive a rapid
exponential expansion, solving key issues such as the horizon and flatness problems, while also generating the primordial
density perturbations that seeded large-scale structure formation. The potential of a MSF, typically of the form 𝑉 (𝜙) =
1
2𝑚

2𝜙2, provides a simple yet effective description of inflationary dynamics. Furthermore, the coupling of MSFs with
other cosmic ingredients, such as CS or anisotropic backgrounds, can introduce rich phenomenology. In anisotropic
cosmologies, scalar fields can contribute to isotropization, while in the presence of topological defects like CS, they can
influence the energy distribution and modify the expansion history.

The choice of a plane symmetric space-time offers a mathematically tractable framework to study anisotropic
cosmologies. Unlike the isotropic FLRW metric, plane symmetry allows for directional dependence in the cosmic
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expansion, thereby providing a more general background to investigate the effects of anisotropy. This is particularly
important because observations of the cosmic microwave background (CMB) suggest small but non-negligible deviations
from perfect isotropy. Plane symmetric models are therefore useful for probing the early anisotropic phases of the Universe
and for analyzing how anisotropies decay over time to yield the present nearly isotropic Universe. The inclusion of massive
scalar fields (MSFs), CS, and plane symmetric space-time in cosmological models provides a deeper understanding of
the Universe’s evolution by bridging high-energy physics with large-scale cosmology. Together, this framework offer a
broader and more realistic picture of the Universe, capable of explaining both observational signatures and theoretical
challenges beyond the standard ΛCDM model. Several researchers have investigated DE models with SFs in anisotropic
backgrounds to gain deeper insights into cosmic evolution [39]-[49]. Naidu et al. [50] studied BT-V DE models in
general relativity with scalar meson fields, while Reddy et al. [51] explored the Kantowski–Sachs DE model in the
presence of scalar meson fields. Aditya et al. [52] analyzed the Kaluza–Klein DE model in the Lyra manifold with a
large scalar field, and in the framework of 𝑓 (𝑅,𝑇) gravity, Aditya and Reddy [53] investigated the BT-III DE model in
the presence of a MSF. Daniel Raju et al. [54]-[56] also considered various aspects of anisotropic DE models with MSFs.
Furthermore, Aditya et al. [57] discussed the BT-𝑉𝐼0 DE model with scalar fields, whereas Naidu et al. [58, 59] and
Bhaskara Rao et al. [60, 61] investigated anisotropic minimally interacting DE models incorporating CS and MSFs. More
recently, Aditya et al. [62, 63] studied anisotropic DE models with MSFs in Lyra geometry and in the context of 𝑓 (𝑅,𝑇)
gravity. Motivated by the above discussion, the present work focuses on a non-static plane symmetric cosmological model
of the Universe with CS, RHDE, and a MSF as sources of gravitation within the framework of Einstein’s theory. The
structure of the paper is organized as follows: Section-2 is devoted to the derivation and solution of the field equations. In
section-3, we analyze the cosmological parameters of the model and discuss their physical significance. Finally, section-4
summarizes the conclusions of the study.

2. FIELD EQUATIONS AND MODEL
The structure of a non-static plane symmetric space-time is described by the following metric:

𝑑𝑠2 = 𝑒2𝐴{
𝑑𝑡2 − 𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝐵2𝑑𝑧2}, (5)

where 𝐴 and 𝐵 are the metric potentials depending solely on the cosmic time 𝑡.
Using this metric, Rao et al. [64] and Aditya et al. [65, 66] have investigated various cosmological models within the

framework of different modified theories of gravity. In the presence of CS, a DE fluid, and an attractive massive scalar
field, Einstein’s field equations take the form (with the convention 8𝜋𝐺 = 𝑐 = 1)

𝑅𝑖 𝑗 −
1
2
𝑅𝑔𝑖 𝑗 = −𝑇 (𝑡𝑜𝑡 )

𝑖 𝑗
(6)

and energy conservation equation is given by
(𝑇 (𝑡𝑜𝑡 )

𝑖 𝑗
); 𝑗 = 0 (7)

where 𝑇
(𝑡𝑜𝑡 )
𝑖 𝑗

= 𝑇𝑆
𝑖 𝑗
+ 𝑇𝑑𝑒

𝑖 𝑗
+ 𝑇

𝑚𝑠 𝑓

𝑖 𝑗
is the total energy-momentum tensor of matter distribution of the universe. Here, and

𝑇𝑆
𝑖 𝑗

, 𝑇𝑑𝑒
𝑖 𝑗

and 𝑇
𝑚𝑠 𝑓

𝑖 𝑗
are the energy-momentum tensors of strings, DE fluid and massive scalar fields respectively. These

energy-momentum tensors are defined as follows:

𝑇𝑆
𝑖 𝑗 = 𝜌𝑢𝑖𝑢 𝑗 − 𝜆𝑥𝑖𝑥 𝑗 , 𝑢𝑖𝑢

𝑖 = 1, 𝑥𝑖𝑥 𝑗 = −1, 𝑢𝑖𝑥 𝑗 = 0

𝑇𝑑𝑒
𝑖 𝑗 = (𝜌𝑑𝑒 + 𝑝𝑑𝑒)𝑢𝑖𝑢 𝑗 − 𝑔𝑖 𝑗 𝑝𝑑𝑒 (8)

𝑇
𝑚𝑠 𝑓

𝑖 𝑗
= 𝜙,𝑖𝜙, 𝑗 −

1
2
(𝜙,𝑘𝜙

′𝑘 − 𝑀2𝜙2)

here, 𝑝𝑑𝑒 and 𝜌𝑑𝑒 denote the pressure and energy density of the DE fluid, 𝜙 represents the MSF, 𝜆 corresponds to the
string tension, and 𝑀 is the mass of the scalar field. The Klein–Gordon equation governing the scalar field is given by

𝑔𝑖 𝑗𝜙;𝑖 𝑗 + 𝑀2𝜙 = 0. (9)

The Einstein field equations (6), corresponding to the metric (5) and employing the relations (8)–(9), can be expressed
as

1
𝑒2𝐴

[
¤𝐴2 + 2

¤𝐴 ¤𝐵
𝐵

+ 2 ¥𝐴 +
¥𝐵
𝐵

]
+

¤𝜙2

2
− 𝑀2𝜙2

2
= −𝜔𝑑𝑒𝜌𝑑𝑒 (10)

1
𝑒2𝐴

[
¤𝐴2 + 2 ¥𝐴

]
+

¤𝜙2

2
− 𝑀2𝜙2

2
= 𝜆 − 𝜔𝑑𝑒𝜌𝑑𝑒 (11)
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1
𝑒2𝐴

[
3 ¤𝐴2 + 2

¤𝐴 ¤𝐵
𝐵

]
−

¤𝜙2

2
− 𝑀2𝜙2

2
= 𝜌 + 𝜌𝑑𝑒 (12)

¥𝜙 + 𝑀2𝜙 + ¤𝜙
( ¤𝐵
𝐵
+ 4 ¤𝐴

)
= 0. (13)

The system of field equations (10)–(13) consists of four independent equations with seven unknown parameters,
namely 𝐴, 𝐵, 𝜙, 𝜔𝑑𝑒, 𝜌𝑑𝑒, 𝜌, and 𝜆. To obtain a complete solution of this system, three additional physically motivated
conditions relating these parameters are required. In this work, we consider the following physically viable conditions:

(i) The shear scalar 𝜎2 is assumed to be proportional to the expansion scalar 𝜃, which leads to the following relation
between the metric potentials:

𝑒𝐴 = 𝐵𝑛, (14)

where 𝑛 is an arbitrary constant that preserves the anisotropic nature of the space-time. Since the present Hubble
expansion of the universe is isotropic to within 30%, velocity–redshift observations for extragalactic sources are
consistent with this assumption (Thorne [67]; Kantowski and Sachs [68]; Kristian and Sachs [69]). Moreover,
redshift analyses indicate that for the present galaxy, the constraint 𝜎

𝐻
≤ 0.3 holds. Collins, et al. [70] also showed

that the normal congruence to homogeneous expansion satisfies the condition that 𝜎
𝐻

remains constant.

(ii) The average scale factor 𝑎(𝑡) and the scalar field 𝜙 are assumed to obey a power-law relation (Johri and Sudharsan [71];
Johri and Desikan [72]):

𝜙 ∝ [𝑎(𝑡)]𝑘 , (15)

where 𝑘 is the power-law index. Several authors have investigated different aspects of this relation in the literature
[50]–[61]. Motivated by the physical relevance of Eq. (15), we adopt the following specific form to simplify the
mathematical structure of the system:

𝜙 = 𝜙0 [𝑎(𝑡)]𝑘 , (16)

where 𝜙0 is a constant. Clearly, Eq. (16) is a direct consequence of the relation in Eq. (15).

Substituting Eqs. (14) and (16) into Eq. (13), the metric potentials can be obtained as

𝑒𝐴 = (𝛽1 sinh (𝛽2𝑡 + 𝑏2))𝑛𝛽3 , 𝐵 = (𝛽1 sinh (𝛽2𝑡 + 𝑏2))𝛽3 (17)

and scalar field 𝜙 can be obtained as
𝜙 = 𝜙0 (𝛽1 sinh (𝛽2𝑡 + 𝑏2))

𝑘𝛽3 (4𝑛+1)
3 (18)

where 𝛽1 =

[
−𝑏1𝑘 (4𝑛+1)2 (𝑘+3)

9𝑀2

] 1
2 , 𝛽2 =

[
−𝑀2 (𝑘+3)

𝑘

] 1
2 , 𝛽3 = 3

(4𝑛+1) (𝑘+3) , 𝑏1 and 𝑏2 are integrating constants. Since

Pradhan et al. [73] and Mishra et al. [74] introduced an average scale factor of the form 𝑎(𝑡) = [sinh(𝛼𝑡)]
1
𝑛 , in the study

of DE models within anisotropic backgrounds, it is worth noting that the solution obtained here is both interesting and
physically viable. Their analysis demonstrated that this choice of scale factor yields several possible scenarios consistent
with present cosmological observations. In particular, the hyperbolic form of the scale factor has the advantage of naturally
describing a transition from an early decelerated phase of cosmic evolution to the presently observed accelerated expansion,
a feature strongly supported by supernovae Ia, CMB, and BAO data. In the literature, several authors have employed this
hyperbolic scale factor to explore different facets of DE models [75]–[77], including the dynamics of anisotropic universes,
the role of scalar fields, and modifications of general relativity. Consequently, investigating the scalar field model with the
hyperbolic solution for the scale factor given in Eq. (17) provides not only mathematical tractability but also a physically
compelling framework that aligns with current cosmological observations.

Now using Eq. (17) in Eq. (5) we can write our DE model as

𝑑𝑠2 = (𝛽1 sinh (𝛽2𝑡 + 𝑏2))2𝑛𝛽3

{
𝑑𝑡2 − 𝑑𝑟2 − 𝑟2𝑑𝜃2 − (𝛽1 sinh (𝛽2𝑡 + 𝑏2))2𝛽3 𝑑𝑧2

}
. (19)

The metric (19) corresponds to a RHDE model involving the MSF (18) together with CS. In this context, the following
dynamical parameters play a crucial role in the physical interpretation of the model. The Hubble parameter 𝐻 (𝑧) can be
obtained as

𝐻 =

(
4𝑛 + 1

3

)
𝛽2𝛽3coth (𝛽2𝑡 + 𝑏2) =

(
4𝑛 + 1

3

)
𝛽2𝛽3

(
1 +

𝛽2
1

(1 + 𝑧)
3

𝛽3 (4𝑛+1)

)
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=
𝐻0

(1 + 𝛽2
1)

(
1 +

𝛽2
1

(1 + 𝑧)
3

𝛽3 (4𝑛+1)

) 1
2

=
9𝐻0𝑀

2

9𝑀2 − 𝑏1𝑘 (4𝑛 + 1)2 (𝑘 + 3)

[
1 − 𝑏1𝑘 (4𝑛 + 1)2 (𝑘 + 3)

9𝑀2 (1 + 𝑧)𝑘+3

]
. (20)

where 1 + 𝑧 = 1
𝑎

and 𝐻0 is the present value (i.e., at 𝑧 = 0) of the Hubble parameter.

3. OBSERVATIONAL CONSTRAINTS
The field equations in self-creation theory of gravity have been solved exactly, and the resulting Hubble parameter

contains the five model parameters (𝐻0, 𝑀 , 𝑏1, 𝑘 , and 𝑛). Our aim is to constrain these parameters using observational
Hubble datasets in order to validate the solution in the context of the present universe. In particular, we employ a joint
analysis of 31 Hubble parameter data points from cosmic chronometer (CC) measurements [78, 79]. For the statistical
analysis, we implement the emcee Python package, which performs Markov Chain Monte Carlo (MCMC) sampling. We
explore the parameter space around the local minima by adopting a Gaussian prior centered on the initial estimates, with
a fixed standard deviation of 𝜎 = 1.0. The final results are presented through two-dimensional contour plots, showing
the constraints on the model parameters with 1𝜎 and 2𝜎 confidence intervals. The chi-square function employed in the
analysis is defined as

𝜒2
𝐻 (𝐻0, 𝑀, 𝑏1, 𝑘, 𝑛) =

31∑︁
𝑖=1

[𝐻th (𝑧𝑖; 𝐻0, 𝑀, 𝑏1, 𝑘, 𝑛) − 𝐻obs (𝑧𝑖)]2

𝜎2
𝐻 (𝑧𝑖 )

. (21)

At each redshift 𝑧𝑖 , the observed Hubble parameter is denoted by 𝐻obs (𝑧𝑖), while the theoretically predicted Hubble
parameter, based on the model, is expressed as 𝐻th (𝑧𝑖; 𝐻0, 𝑀, 𝑏1, 𝑘, 𝑛). The corresponding observational uncertainty is
represented by 𝜎𝐻 (𝑧𝑖 ) . Using the CC datasets described above, we determine the best-fit values of the parameters 𝐻0,
𝑀 , 𝑏1, 𝑘 , and 𝑛. Figure 1 presents the results in the form of two-dimensional contour plots, displaying the parameter
constraints with 1𝜎 and 2𝜎 confidence levels. The best-fit values are obtained as

Table 1. The MCMC estimates.

Datasets Parameters Prior Value

𝐻0 (50, 100) 68.8 ± 1.5

𝑀 (0, 10) +4.4 ± 2.0

Hubble (CC Data) 𝑏1 (−5, 3) −2.4+1.3
−1.2

𝑘 (−3,−2) −2.22+0.27
−0.30

𝑛 (0, 2) +1.07+0.29
−0.19

The contour plots in Fig. 1 illustrate the observational constraints on the model parameters. The following observations
can be made from the contours. The allowed parameter space is tightly constrained around the best-fit values, demonstrating
that the CC data provides significant restrictions on the model. This confirms the robustness of the dataset in probing
late-time cosmic expansion. The best-fit values of the parameters lie well within the 1𝜎 region, indicating that the model
provides an excellent fit to the observational data. This strengthens the physical viability of the model when tested against
Hubble expansion measurements. The fitting results are shown in Fig. 2, where the observational data points are compared
with the theoretical predictions of our model as well as with the standard ΛCDM scenario. It is evident from the figure
that the trajectory of our model lies very close to that of the ΛCDM model throughout the considered redshift range
(0 < 𝑧 < 2). This demonstrates that the model is consistent with the observed expansion history of the Universe. The
agreement between our model and ΛCDM at low redshifts (𝑧 < 1) is particularly strong, highlighting the model’s ability to
reproduce the late-time accelerated expansion, which is the main success of the cosmological constant scenario. At higher
redshifts (𝑧 > 1), slight deviations from ΛCDM can be observed. Such departures may provide additional degrees of
freedom in describing the transition from the matter-dominated era to the present accelerating phase, without contradicting
the available data.

4. COSMOLOGICAL PARAMETERS
We will discuss the physical meaning of dynamical parameters in our DE model in the presence of MSFs and CS

in this section. To plot the behavior of cosmological parameters we use the values of model parameters as 𝐻0 = 68.8,
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Figure 1. The plot displays the 2D contour plots of the model parameters.
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Figure 2. Evolution of Hubble parameter 𝐻 (𝑧) versus redshift 𝑧. The solid line represents our model and dotted-line
indicates the ΛCDM model with Ω𝑚0 = 0.3 and ΩΛ0 = 0.7. The dots are shown the Hubble dataset with error bar.

𝑀 = 4.4, 𝑏1 = −2.4, 𝑘 = −2.22, 𝑛 = 1.07, 𝑏2 = 0.25, 𝜙0 = 1 × 10−7 and 𝛿 = 0.16. The model’s average scale factor
(𝑎(𝑡) and volume (𝑉) are calculated as

𝑉 (𝑡) = [𝑎(𝑡)]3 = 𝑒4𝐴𝐵 = (𝛽1 sinh (𝛽2𝑡 + 𝑏2))
𝛽3 (4𝑛+1)

3 . (22)

The expansion scalar 𝜃 are given by

𝜃 =

(
4𝑛 + 1

9

)
𝛽2𝛽3coth (𝛽2𝑡 + 𝑏2) . (23)

From Eqs. (4) and (23), we get the energy density of Renyi HDE of our model can be obtained as

𝜌𝑑𝑒 = 3
(

4𝑛 + 1
3

)2
𝛽2

2𝛽
2
3coth2 (𝛽2𝑡 + 𝑏2) 𝑑2

(
1 + 9𝜋 𝛿

(4 𝑛 + 1)2 𝛽2
2𝛽3

2 (coth (𝛽2𝑡 + 𝑏2))2

)−1
. (24)
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From Eqs. (11), (17) and (18) we obtain the string tension as

𝜆 =
−2𝑛𝛽2

2𝛽3 𝑐𝑠𝑐ℎ
2 (𝛽2𝑡 + 𝑏2) + 𝑛2𝛽2

2𝛽
2
3 coth2 (𝛽2𝑡 + 𝑏2)

(𝛽1 sinh(𝛽2𝑡 + 𝑏2))2𝑛𝛽3

−
−2𝑛𝛽2

2𝛽3 𝑐𝑠𝑐ℎ
2 (𝛽2𝑡 + 𝑏2) + 𝑛2𝛽2

2𝛽
2
3 coth2 (𝛽2𝑡 + 𝑏2) + 2𝑛𝛽2

2𝛽
2
3 coth2 (𝛽2𝑡 + 𝑏2)

(𝛽1 sinh(𝛽2𝑡 + 𝑏2))2𝑛𝛽3

−
𝛽2

2𝛽3 𝑐𝑠𝑐ℎ
2 (𝛽2𝑡 + 𝑏2) − 𝛽2

2𝛽
2
3 coth2 (𝛽2𝑡 + 𝑏2)

(𝛽1 sinh(𝛽2𝑡 + 𝑏2))2𝑛𝛽3
. (25)
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Figure 3. Plot of scalar field versus redshift.
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Figure 4. Plot of string tension density versus redshift.

Scalar field: The scalar field 𝜙 plays a fundamental role in cosmology, as it is capable of driving both the early
inflationary phase and the late-time accelerated expansion of the Universe. Scalar fields play a significant role in modern
cosmology, both theoretically and observationally. From a theoretical perspective, massive scalar fields naturally arise
in scalar–tensor theories, modified gravity models, and higher-dimensional frameworks, where they act as additional
gravitational degrees of freedom [80, 81]. In the early Universe, such fields can influence anisotropic dynamics and
contribute to inflationary or pre-inflationary phases. At late times, massive scalar fields provide viable candidates for
dynamical dark energy, allowing a time-dependent equation of state and enabling transitions between quintessence and
phantom regimes [82, 83]. Observationally, the effects of massive scalar fields can be constrained through cosmic
microwave background anisotropies, large-scale structure formation, and measurements of the expansion history using
supernovae and Hubble cosmic chronometer data [84, 85]. Hence, massive scalar fields offer a physically well-motivated
and observationally testable framework for describing the evolution of the Universe beyond the standard ΛCDM model.
In the present model, the variation of 𝜙 with respect to the redshift 𝑧 is depicted in Fig. 3. It is observed that the scalar field
decreases monotonically with as universe evolves, starting from a high value at high redshift and attaining lowest values in
the future (𝑧 < 0). Physically, this behaviour indicates that the scalar field was dominant in the early Universe, where its
contribution to the energy density was more significant. As the Universe expanded toward the present epoch, the effective
value of 𝜙 decreased, suggesting that its influence on the dynamics of cosmic evolution has gradually weakened. This is
consistent with the idea that scalar fields could have played a key role in generating anisotropy and structure formation in
the early epoch, while their contribution diminishes in the late-time Universe where DE becomes dominant.

String tension: The equation of state (EoS) of CS are restricted by the energy conditions. With 𝜌 > 0 or 𝜆 < 0,
the weak and strong energy conditions result in 𝜌 ≥ 𝜆. The dominant energy conditions implies 𝜌 ≥ 0 and 𝜌2 ≥ 𝜆2.
The signature of 𝜆 is not constrained by these energy conditions. The string tension density 𝜆 characterizes the tension
or negative pressure along the direction of the strings and hence plays a significant role in determining the anisotropic
nature of the Universe. In Fig. 4, the variation of 𝜆 with redshift 𝑧 is displayed. It is observed that at high redshifts
(𝑧 ≳ 2), the string tension density is strongly negative, with large magnitude. This suggests that in the early Universe, the
contribution of string tension was significant, potentially dominating the anisotropic structure formation. As the Universe
evolves towards lower redshifts, the magnitude of 𝜆 decreases monotonically. Around the present epoch (𝑧 ≈ 0), the value
of 𝜆 approaches zero, indicating that the influence of strings on the cosmic dynamics becomes negligible at late times. In
the future epoch (𝑧 < 0), the string tension density continues to decay further toward zero, signifying that the Universe
evolves toward an isotropic state where string effects vanish completely.
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Figure 5. Plot of energy conditions versus redshift 𝑧.

Energy conditions: The energy conditions are powerful tools in general relativity and cosmology to examine the
physical viability of matter and energy sources driving the cosmic dynamics. In the context of DE, these conditions
provide insights into whether the model respects or violates classical energy requirements. The four commonly analyzed
conditions are:

• Dominant Energy Condition (DEC): 𝜌𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 ± 𝑝𝑑𝑒 ≥ 0.

• Strong Energy Condition (SEC): 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 + 3𝑝𝑑𝑒 ≥ 0.

• Null Energy Condition (NEC): 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0.

• Weak Energy Condition (WEC): 𝜌𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0.

In Fig. 5, the above conditions are tested for the model as a function of redshift 𝑧. In the framework of Self-Creation
theory with RHDE, the evolution of energy conditions clearly reflects the cosmic history of the Universe. For 𝑧 > 0,
corresponding to the early epochs, the effective energy density 𝜌𝑑𝑒 remains positive and the quantities 𝜌𝑑𝑒 + 𝑝𝑑𝑒 and
𝜌𝑑𝑒 + 3𝑝𝑑𝑒 are also positive, ensuring the validity of the null, weak, and strong energy conditions. This behavior is
consistent with a decelerated expansion dominated by matter and scalar field contributions. At the present epoch (𝑧 = 0),
the energy density continues to be positive, while 𝜌𝑑𝑒 + 3𝑝𝑑𝑒 becomes negative, signaling the violation of the SEC. This
violation marks the onset of late-time acceleration driven. For 𝑧 < 0, representing the future evolution of the Universe, the
continued violation of the NEC and SEC indicates a persistent phantom-like dark energy regime. Meanwhile, the DEC
remains largely satisfied, ensuring causal energy flow. Overall, the energy conditions demonstrate a smooth transition
from early-time deceleration to present and future accelerated expansion.

Deceleration parameter: The deceleration parameter 𝑞(𝑧) plays a crucial role in understanding the expansion
dynamics of the Universe. By definition, it is expressed as

𝑞(𝑧) = − ¥𝑎𝑎
¤𝑎2 = −1 + 3 (sech (𝛽2𝑡 + 𝑏2))2

𝛽3 (4 𝑛 + 1) (26)

where 𝑎(𝑡) is the scale factor, ¤𝑎 is the expansion rate, and ¥𝑎 is the cosmic acceleration. The sign of 𝑞(𝑧) determines
the nature of expansion. 𝑞 > 0 corresponds to a decelerated Universe, 𝑞 = 0 corresponds to a constant expansion
rate, −1 ≤ 𝑞 < 0 indicates an accelerated expansion and 𝑞 < −1 signifies a super-exponential or phantom-like expansion.
From the plotted curve of 𝑞(𝑧) versus redshift 𝑧 (see Fig. 6), the following physical interpretation can be made. At large
redshift values (i.e., early epochs), the deceleration parameter is positive (𝑞 > 0), which corresponds to the decelerated
phase. This behavior is consistent with a matter-dominated Universe, where the gravitational attraction of matter causes
the expansion to slow down. Around 𝑧 ≈ 1, the curve crosses the line 𝑞 = 0. This point indicates the transition redshift,
marking the shift from decelerated expansion to accelerated expansion. Observational evidence from Type Ia supernovae
and Cosmic Microwave Background measurements suggest that such a transition occurs within the range 0.5 ≤ 𝑧𝑡 ≤ 1. For
smaller redshifts (at future epochs), the parameter falls into the range −1 ≤ 𝑞 < 0, which implies an accelerated expansion
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Figure 6. Plot of deceleration parameter versus redshift 𝑧.

phase. This is consistent with the presence of a DE component (such as a cosmological constant or a quintessence field)
dominating the late-time cosmic dynamics. This suggests that the Universe will tend toward a de Sitter-like expansion,
where the dynamics is dominated entirely by DE [86]-[89].

EoS parameter: The cosmic dynamics of the Universe can be effectively characterized by the equation of state
(EoS) parameter 𝜔 = 𝑝/𝜌, where 𝑝 and 𝜌 represent the pressure and energy density of the cosmic fluid, respectively.
Different values of 𝜔 correspond to distinct evolutionary phases of the Universe. For 𝜔 = 0, the Universe is dominated by
cold dark matter or dust-like fluid, giving rise to a decelerated expansion. When 0 < 𝜔 ≤ 1/3, the dynamics correspond
to the radiation-dominated era, with 𝜔 = 1/3 exactly describing the radiation phase. For 𝜔 = 1, the fluid is classified
as stiff matter, which represents an extreme case of high-pressure matter content. For 𝜔 = −1, the Universe corresponds
to the cosmological constant (Λ) or vacuum energy, leading to exponential acceleration in a de Sitter phase. For −1 <

𝜔 < −1/3, the expansion is accelerated and falls under the quintessence regime, where a dynamical scalar field drives
the acceleration. For 𝜔 < −1, the Universe enters the phantom regime, in which the energy density grows with time,
potentially culminating in a “Big Rip” future singularity.
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Figure 7. Plot of EoS parameter versus redshift 𝑧.
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The EoS parameter (𝜔𝑑𝑒) of our model is obtained as

𝜔𝑑𝑒 =
1

3
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4
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1
3

)2
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2
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. (27)

From Fig. 7, it is observed that at very high redshifts (𝑧 ≳ 2), the model effectively behaves close to the matter-
dominated regime, ensuring consistency with the standard cosmological scenario. As the Universe evolves toward lower
redshifts, the dark energy component becomes dynamically significant and the EoS parameter gradually shifts into the
phantom region (𝜔𝑑𝑒 < −1), driving accelerated expansion. At the present epoch (𝑧 = 0), 𝜔𝑑𝑒 remains close to the
cosmological constant boundary, in agreement with observational bounds. In the future evolution (𝑧 < 0), 𝜔𝑑𝑒 exhibits
transitions between the quintessence (−1 < 𝜔𝑑𝑒 < −1/3) and phantom regimes. This crossing of the phantom divide line
characterizes a quintom-like behaviour, allowing a smooth transition between different acceleration phases while avoiding
phantom domination.

Squared sound speed: An important diagnostic for testing the viability of DE models is the analysis of the squared
sound speed 𝑣2

𝑠 =
¤𝑝𝑑𝑒
¤𝜌𝑑𝑒 = 𝜔𝑑𝑒 + 𝜌𝑑𝑒

¤𝜌𝑑𝑒 ¤𝜔𝑑𝑒. The sign of 𝑣2
𝑠 plays a crucial role in determining the classical stability of

perturbations. 𝑣2
𝑠 > 0 corresponds to a stable model where perturbations propagate without growing uncontrollably.

𝑣2
𝑠 < 0 indicates an unstable configuration, since perturbations tend to grow exponentially, leading to instabilities at the

perturbative level.
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Figure 8. Plot of squared speed of sound versus redshift 𝑧.

In Fig. 8, the evolution of 𝑣2
𝑠 with redshift 𝑧 is displayed for different values of the parameter 𝑑. It is evident that

the squared speed of sound remains positive throughout the cosmic evolution for all considered parameter choices. In
the early epochs (𝑧 > 0), particularly for 𝑧 ≳ 2 corresponding to the matter-dominated era, 𝑣2

𝑠 maintains positive values,
confirming that the model is dynamically stable during the decelerated expansion phase. At the present epoch (𝑧 = 0),
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𝑣2
𝑠 continues to be positive, indicating that the current accelerated expansion driven by dark energy is free from classical

instabilities. In the future evolution (𝑧 < 0), the squared sound speed remains positive and increases smoothly, suggesting
that the dark energy fluid preserves its stability even in the late-time accelerated regime. Overall, the positivity of 𝑣2

𝑠 across
all epochs demonstrates that the proposed model is classically stable and physically viable throughout the entire evolution
of the Universe.

𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane: The dynamical nature of DE can be effectively studied through the 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane (Caldwell
and Linder [90]), where 𝜔𝑑𝑒 is the equation of state (EoS) parameter and 𝜔′

𝑑𝑒
= 𝑑𝜔𝑑𝑒/𝑑 ln 𝑎 denotes its evolution with

respect to the scale factor. This diagnostic is useful in distinguishing between different classes of DE models and their
evolutionary behaviors. It is well established that the 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
plane can be divided into two distinct regions. Thawing

region is characterized by (𝜔𝑑𝑒 < 0, 𝜔′
𝑑𝑒

> 0). In this regime, the DE equation of state parameter begins close to the
cosmological constant value 𝜔𝑑𝑒 ≃ −1 in the past and gradually increases towards higher values as the Universe evolves.
Thawing models typically imply a slower rate of cosmic acceleration compared to freezing models, as the DE component
evolves away from the cosmological constant behavior. Freezing region is characterized by (𝜔𝑑𝑒 < 0, 𝜔′

𝑑𝑒
< 0). In this

regime, 𝜔𝑑𝑒 starts at values greater than −1 and gradually decreases towards −1 as the Universe evolves. Freezing models
indicate a stronger acceleration rate, since the DE component asymptotically approaches a cosmological constant–like
behavior in the far future.

From Fig. 9, it is observed that during the early epochs (𝑧 > 0), the trajectories of the model lie predominantly in the
freezing region, characterized by 𝜔𝑑𝑒 < 0 and 𝜔′

𝑑𝑒
< 0. This indicates that the dark energy component was dynamically

evolving and contributed to a decelerated or mildly accelerated expansion while approaching a cosmological constant–like
behavior. As the Universe evolves toward the present epoch (𝑧 = 0), the trajectories move closer to the boundary 𝜔′

𝑑𝑒
= 0,

signifying a slowdown in the evolution of the equation of state parameter. In the future evolution (𝑧 < 0), the trajectories
remain within the freezing region, implying that the dark energy gradually settles toward a stable attractor, typically
associated with a de Sitter–like phase. This behavior corresponds to faster and sustained cosmic acceleration compared
to thawing models. Hence, the 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
plane analysis confirms that the present model belongs to the freezing class of

dark energy models, which is consistent with observational evidence of late-time accelerated expansion.

Statefinder parameters: The statefinder diagnostic, introduced by Sahni et al. [91] employs the pair of parameters
(𝑟, 𝑠) as a geometric tool to characterize and distinguish various DE models. These parameters are defined in terms of
higher derivatives of the scale factor and provide a deeper insight into the cosmic expansion beyond the Hubble parameter
and the deceleration parameter. They described as follows:

𝑟 =
𝑎

𝑎𝐻3 , 𝑠 =
𝑟 − 1

3(𝑞 − 1
2 )

. (28)
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For our model statefinder parameters (𝑟, 𝑠) are defined as
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Notably, for (𝑟, 𝑠) = (1, 0) the model corresponds to the ΛCDM model, (𝑟, 𝑠) = (1, 1) corresponds to the CDM
model without a cosmological constant. If 𝑠 > 0, the model resides in the phantom regime, while 𝑟 < 1 places it in the
quintessence region. Both these regions indicate DE dominance. If 𝑠 < 0 and 𝑟 > 1, the trajectory reflects Chaplygin gas
behavior, which provides an effective unification of dark matter and DE. In the 𝑟 − 𝑠 plane (see Fig. 10), the trajectory
of the present model approaches to (𝑟, 𝑠) = (1, 0), indicating its close connection with the ΛCDM cosmology at late
times. As the Universe evolves, the trajectory deviates from this fixed point and moves toward regions with 𝑟 > 1 and
𝑠 < 0, which are characteristic of Chaplygin gas-like behavior. This implies that the model accommodates a unifying
picture of cosmic evolution, transitioning from a ΛCDM-like state to a regime reminiscent of generalized Chaplygin gas.
The plotted trajectory shows that our model finally behaves like ΛCDM, then departs into the (𝑠 < 0, 𝑟 > 1) region,
demonstrating Chaplygin gas–like characteristics. This transition highlights that the model does not remain locked into a
pure ΛCDM phase but instead evolves dynamically, thereby offering a richer phenomenology that could address both the
early decelerated phase and the late-time accelerated expansion.

𝑟 − 𝑞 plane: The 𝑟 − 𝑞 plane provides a complementary diagnostic to probe the cosmic dynamics by combining
the statefinder parameter 𝑟 with the deceleration parameter 𝑞. This approach not only distinguishes between different
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cosmological models but also highlights the dynamical evolution of the Universe across different epochs. In Fig. 11, two
important fixed points are identified. (𝑟, 𝑞) = (1, 0.5) corresponds to the Standard Cold Dark Matter (SCDM) model
without a cosmological constant. In this phase, the Universe is dominated by matter, and the positive value of 𝑞 indicates
a decelerating expansion. This fixed point characterizes the early-time behavior of the Universe where matter played
the dominant role in governing the dynamics. (𝑟, 𝑞) = (1,−1) represents the de-Sitter model, which is a cosmological
constant-dominated Universe. Here, 𝑞 = −1 corresponds to an exponentially accelerating expansion, consistent with a
late-time DE dominated phase.

The trajectory of the present model starts from the vicinity of the SCDM point (𝑟, 𝑞) = (1, 0.5), indicating that the
early Universe underwent a decelerated matter-dominated phase. As cosmic time evolves, the trajectory moves downward
along the 𝑟 − 𝑞 plane and asymptotically approaches the de Sitter point (𝑟, 𝑞) = (1,−1). This evolution reflects a natural
transition from the decelerating epoch of matter domination to the accelerating epoch driven by DE. Physically, this
behavior is highly significant. The model not only replicates the expected decelerated expansion of the early Universe but
also predicts the transition to an accelerated phase consistent with current observations of late-time cosmic acceleration.
Moreover, the asymptotic approach to the de Sitter point suggests that the model tends toward a ΛCDM-like cosmology
in the far future, where the expansion will be dominated by an effective cosmological constant.

5. RESULTS AND CONCLUSIONS
The accelerated expansion of the Universe has attracted considerable attention from researchers around the globe.

Various approaches have been proposed to investigate this phenomenon, including modified theories of gravity and a wide
range of dynamical DE models. In this work, we focus on a non-static plane symmetric cosmological model incorporating
RHDE, an attractive MSF, and CS within the framework of Einstein’s theory of gravity. Furthermore, we examine the
behavior of well-known cosmological parameters and diagnostic planes in order to analyze the physical implications of
the model. To assess the viability of the proposed DE model, we have analyzed a wide range of cosmological diagnostics,
including background evolution, stability, and consistency with general relativity through energy conditions. The collective
discussion emerging from these diagnostics can be summarized as follows:

• At higher redshifts, 𝜆 is strongly negative, indicating a significant role of CS in early anisotropic phases. Toward
the present epoch and in the future, 𝜆 approaches zero, implying that string effects dilute over time, leading to
an effectively isotropic Universe. The analysis of 𝜙(𝑧) suggests that the scalar field has a dual role. It may
have contributed significantly to the early anisotropic expansion and structure formation, and later evolved into a
subdominant but still relevant component in the present epoch. This behaviour supports the viability of MSFs as
effective candidates for modeling both early and late-time cosmic acceleration.

• The model exhibits a transition from a decelerated phase (𝑞 > 0) at high redshifts, corresponding to matter
domination, to an accelerated phase (𝑞 < 0) at low redshifts. The transition occurs around 𝑧 ∼ 1, in agreement with
observational constraints from supernovae and CMB data. In the far future (𝑧 < 0), 𝑞 asymptotically approaches −1,
signaling a de Sitter-like accelerating state. The statefinder parameters (𝑟, 𝑠) and (𝑟, 𝑞) serve as higher-order
diagnostics to distinguish our model from ΛCDM and other DE candidates. In the (𝑟, 𝑠) plane, the trajectory
approaches to (1, 0) (the ΛCDM point) and moves into the (𝑠 < 0, 𝑟 > 1) region, characteristic of Chaplygin gas
behavior. This indicates a dynamical evolution beyond the simple ΛCDM picture. In the (𝑟, 𝑞) plane, the model
interpolates between the SCDM fixed point (1, 0.5), representing a decelerating matter-dominated phase, and the
de-Sitter point (1,−1), representing a DE-dominated accelerated phase. This confirms that the model captures the
expected cosmic history.

• The analysis of the cosmological parameters demonstrates that the proposed model provides a consistent and
physically viable description of the cosmic evolution. The equation of state parameter exhibits quintom-like
behavior, allowing a smooth transition across the phantom divide and supporting late-time acceleration. The
deceleration parameter confirms the transition from an early matter-dominated decelerated phase to the present
accelerated epoch. Stability analysis based on the squared speed of sound shows that the model remains classically
stable throughout the evolution. The energy condition analysis reveals a necessary violation of the strong energy
condition at late times, while the weak and null energy conditions are largely satisfied, ensuring physical plausibility.
Furthermore, the 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
plane places the model in the freezing region, indicating a stable approach toward a

de Sitter–like accelerated phase. Overall, these results collectively confirm that the model successfully captures the
essential features of cosmic acceleration and remains compatible with observational and theoretical expectations.

Finally, the model originates in a matter-dominated, decelerating phase, subsequently undergoes a quintom-like
evolution, and asymptotically approaches a de Sitter–like state in the far future. The late-time violation of the strong and
null energy conditions provides the necessary mechanism for accelerated expansion, while the progressive decay of string
tension facilitates the isotropization of the Universe. Altogether, the proposed framework successfully reproduces the
essential features of cosmic evolution and offers a rich phenomenology that extends beyond the standard ΛCDM paradigm.
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ОБМЕЖЕННЯ СПОСТЕРЕЖЕНЬ НА ПЛОСКОМУ СИМЕТРИЧНОМУ ГОЛОГРАФIЧНОМУ
ВСЕСВIТI ТЕМНОЇ ЕНЕРГIЇ РЕНЬI ЗI СКАЛЯРНИМИ ПОЛЯМИ ТА КОСМIЧНИМИ СТРУНАМИ

У.Й. Дiв’я Прасантi1, Д. Техесварарао2,Муммiдiварапу Нагараджу3, Ю. Адiтья4, Г. Сурьянараяна5
1Департамент статистики & математики, коледж садiвництва, Dr. Y.S.R. Садiвничий унiверситет,

Парватiпурам-535502, Iндiя
2Кафедра фундаментальних та гуманiтарних наук, Технологiчний iнститут GMR (GMRIT) – вважається унiверситетом,

Раджам-532127, Iндiя
3Кафедра математики, Унiверситет Адiтья, Сурампалем-533437, Iндiя
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У цiй роботi ми дослiджуємо космологiчну модель, засновану на плоскому симетричному просторi-часi, де вмiст речовини
у Всесвiтi описується голографiчною темною енергiєю Реньї в рамках теорiї гравiтацiї Ейнштейна за наявностi масивних
скалярних полiв та космiчних струн. Точнi розв’язки рiвнянь поля отримуються, припускаючи певне спiввiдношення мiж
метричними потенцiалами. Спостережувальнi обмеження на параметри моделi отриманi з використанням найновiших даних
космiчного хронометра Хаббла за допомогою аналiзу Монте-Карло методом ланцюгiв Маркова. Отриманi контурнi графiки
забезпечують чiткi межi для вiльних параметрiв, а реконструйований параметр Хаббла демонструє чудову узгодженiсть з
моделлю ΛCDM у всьому дiапазонi червоного змiщення. Детальне дослiдження космологiчних параметрiв показує, що модель
успiшно вiдтворює стандартну космiчну еволюцiю. Параметр уповiльнення вказує на фазу уповiльнення з домiнуванням матерiї
на раннiх епохах (𝑧 ≳ 2), пiсля чого вiдбувається плавний перехiд до поточної прискореної фази та асимптотичний наближення
до розширення, подiбного до де Сiттера, у майбутньому. Параметр рiвняння стану темної енергiї динамiчно еволюцiонує та
перетинає фантомний вододiл, демонструючи поведiнку, подiбну до квiнтома. Аналiз площини 𝜔𝑑𝑒–𝜔′

𝑑𝑒
розмiщує модель

переважно в областi замерзання, що вказує на стабiльну та швидко прискорюючу фазу темної енергiї. Дiагностика Statefinder
показує узгодженiсть з ΛCDM у сучасну епоху, з вiдхиленнями в бiк поведiнки, подiбної до газоподiбної Чаплигiна, на пiзнiх
етапах часу. Крiм того, аналiз енергетичних умов пiдтримує прискорене розширення через порушення сильного енергетичного
стану на пiзнiх етапах часу. Загалом, модель забезпечує фiзично життєздатний та спостережливо узгоджений опис космiчної
еволюцiї поза стандартним сценарiєм ΛCDM.
Ключовi слова: нестатична модель; голографiчна темна енергiя Реньї; масивне скалярне поле; космiчнi струни; космологiя
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• The cosmological models of Tsallis holographic dark energy (THDE) are examined within the framework of
Sáez–Ballester (SB) gravity.

• Bianchi type II, VIII, and IX anisotropic universes with the Hubble horizon cutoff were analysed.

• Models extend beyond ΛCDM, predicting continuous acceleration and phantom-like behaviour (𝑤 < −1)

• he natural transition from the dominance of early matter to the dominance of late dark energy is reconstructed.

• Anisotropy diminishes over time, facilitating isotropization in accordance with CMB findings.

• Entropy modifications are more important than geometric differences, which shows that THDE is strong across
anisotropic backgrounds.

We investigate interacting and non-interacting Tsallis Holographic Dark Energy (THDE) models within the framework of Sáez–Ballester
(SB) scalar–tensor gravity for anisotropic Bianchi type(BT) II, VIII, and IX Universes. Employing the Hubble horizon as the infrared
cutoff, we examine the models without assuming a particular scale factor law. The analysis covers key cosmological parameters,
including the deceleration parameter, Hubble parameter, energy densities, skewness, the Equation of State (EoS), and the Squared sound
speed. Our findings indicate a continuous phantom-like acceleration (𝑤 < −1) with transition redshift 𝑧𝑡 ≈ 0.67 and negligible late-time
anisotropy, consistent with cosmic microwave background (CMB) bounds. Compared to ΛCDM, the THDE models predict an earlier
onset of acceleration and a more negative present-day EoS. However, the presence of negative squared sound speed at higher redshifts
signals a classical instability of the dark energy fluid. These results highlight THDE as a viable alternative to ΛCDM in anisotropic
cosmologies, while motivating further work with alternative cutoffs or stabilising mechanisms to overcome the instability issue.

Keywords: BT-II; VIII & IX models; Tsallis Holographic Dark Energy; Saez-Ballester theory of gravity; Cosmic acceleration;
Anisotropic cosmology
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1. INTRODUCTION
The understanding of the Universe has expanded significantly in recent years. It is widely assumed that around

95% of our Universe is made up of two unknown components known as dark matter (DM) and dark energy (DE). These
two components generate fundamental issues and imply that fundamentally new physics should be investigated. DM
constitutes approximately 25% of the Universe’s total energy density (ED). While astrophysical studies on various scales
have established the presence of DM, its nature remains unclear.DE is an unexplored component of our cosmos. Dark
energy, distinct from ordinary baryonic matter due to its strong negative pressure, drives the Universe’s expansion and
constitutes over 70% of its energy density. While Einstein’s cosmological constant could represent the dark energy model,
its required magnitude challenges our understanding of its quantum characteristics. Unknown changes in dynamical fields or
changes in General Relativity might induce DE. Cosmic microwave background (CMB) anisotropies, large-scale structure,
and type-Ia supernovae are some of the cosmological advancements that allow the cosmos to expand more quickly. DE, an
unexpected fluid with negative pressure, is the source of this accelerated phase. There are two explanations for the Universe’s
late-time acceleration. Einstein’s field equations may be modified to generate dynamic DE models by modifying the matter
component. Despite issues with cosmic coincidence and fine-tuning, the cosmological constant remains the most viable
candidate for explaining DE. Numerous dark energy (DE) theories have been formulated to address these issues, including
quintessence [1],tachyon[2],ghost [3], k-essence[4], f-essence [5, 6], phantom [7], Chaplygin gas[8], holographic dark
energy (HDE) [9, 10, 11], and new-age graphic dark energy (NADE)[12, 13]. Integrating Dark Energy with Dark Matter
may alleviate the cosmic coincidence problem. On the other hand, many modified gravity theories, such as f (R) theory[14],
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f (T) theory[15], Horava-Lifshitz gravity [16, 17, 18, 19], Brans-Dicke theory [20], Gauss-Bonnet theory[21] , and f (R,
T) theory [22], have been created by modifying the geometric component of the Einstein gravitational field equations.
SB[23] scalar–tensor theory is a well-studied alternative to general relativity in which gravity is mediated by both the
metric and a dimensionless scalar field 𝜙. In this theory, the scalar field couples nontrivially to geometry while remaining
dimensionless — a feature that allows for novel cosmological dynamics without the introduction of an explicit potential
term. The theory has been widely applied to homogeneous and anisotropic cosmologies and has proved useful in modelling
late-time acceleration, viscous fluids, and higher-dimensional cosmologies. In parallel, HDE models based on generalized
(non-additive) entropy formalisms — in particular THDE have attracted attention as phenomenological alternatives to the
standard cosmological constant, since the Tsallis entropy introduces a parameter that effectively modifies the DE equation
of state and the cosmic evolution. Recently, several authors have combined THDE with SB gravity and investigated
the cosmological consequences in FRW, Kaluza–Klein and anisotropic Bianchi backgrounds, deriving reconstruction
schemes, stability/thermodynamic analyses, and interacting/non-interacting scenarios; these studies indicate that THDE
in the SB framework can produce viable late-time acceleration and a rich dynamical behaviour that depends sensitively on
the Tsallis parameter and the SB scalar-field coupling. For instance, Santhi and Babu[24] studied a BT-III THDE model in
SB theory, showing its consistency with an accelerating universe. Dheepika and Mathew[25] reconsidered THDE models
in SB gravity with improved stability analysis. Dasunaidu et al.[26] examined the Kaluza–Klein FRW THDE model and
discussed the role of higher dimensions in cosmic evolution. Rao et al. [27] investigated anisotropic Sharma–Mittal
HDE in SB theory, while Murali et al. [28] employed a cosmographic analysis of an anisotropic Kaniadakis HDE model,
demonstrating the versatility of generalized holographic dark energy models in the SB framework. Collectively, these
works highlight that SB theory, when combined with entropy-based dark energy formalisms, can successfully reproduce the
evolution from slowdown to rapid acceleration, offering viable alternatives to ΛCDM. In parallel, anisotropic cosmological
models, particularly BT spacetimes, provide a natural generalization of the standard FLRW universe and are especially
relevant for probing the early universe, where isotropy may not yet have been established. Bianchi cosmologies are spatially
homogeneous but anisotropic models classified into nine types (I–IX) according to the structure of their three-dimensional
Lie groups of isometries. By allowing distinct scale factors in different spatial directions, they extend the isotropic FRW
framework and offer a useful platform for studying the role of anisotropies in cosmic evolution, structure formation, and
modified gravity theories. Among these, BT-II, VIII, and IX are of particular interest because they admit richer geometric
structures and more complex dynamical anisotropy evolution. Embedding DE models in such anisotropic backgrounds
has been shown to produce distinctive signatures in cosmic expansion, thereby providing a means to probe the role of
anisotropies in the early universe. Santhi et al. [29] analysed viscous HDE theories of cosmology within the Brans–Dicke
framework, whereas in SB gravity, bulk viscous string cosmological models were discussed by Rao et al. [30]. Sireesha
and Rao [31, 32] contributed further by analyzing BT-II, VIII, and IX holographic dark energy models in Brans–Dicke
theory, as well as modified holographic Ricci dark energy scenarios in f (R,T) gravity.More recently, Wath & Nimkar
[33] investigated BT-VIII configurations in the SB framework, incorporating anisotropic dark matter and analyzing their
stability and energy conditions. In order to prevent black hole creation in quantum field theory, the vacuum energy of a
system of size ‘L’ must not be more than the mass of a black hole of the same size. This principle is used to develop the
HDE model within quantum gravity. In the holographic dark energy framework, the energy density is expressed in terms
of the infrared (IR) cutoff scale as

𝜌𝑡 = 3𝑐2𝑚2
𝑝𝐿

−2 (1)

Where 𝑚2
𝑝 represents the reduced Planck mass, the quantum field’s vacuum energy density is measured against several

kinds of cutoffs, including ultraviolet and infrared. Granda and Oliveros [34] introduced an infrared (IR) cutoff based on
local Hubble quantities and their time derivatives. The advantages of this new HDE model, using the Granda and Oliveros
cutoff, include its reliance on local quantities, avoidance of causality issues associated with the event horizon infrared
cutoff, and its ability to describe the Universe’s accelerated expansion. Additionally, it confirms that the evolution from a
decelerating period to an accelerating period is consistent with existing data from observations [34]. Recently, the HDE
model has gained interest for its ability to explain the constant ratio between DM and DE densities in the present Universe.
Studies also suggest that the HDE model aligns well with observational data. Recent studies have employed various entropy
formalisms to investigate gravitational and cosmological phenomena. Notably, HDE models have been examined through
frameworks like THDE [35], RHDE [36], and SMHDE [37] . Sharif and Jawad [38] examined the cosmic development of
interacting non-flat NHDE. Li et al. [39] employed Planck data to explore the cosmic implications of the HDE scenario.
The cosmology and thermodynamics of the HDE model were examined by Praseetha and Mathew [40], who analysed
the generalised second law of thermodynamics in a flat universe with interactions between DE and DM. Jawad et al.[41]
conducted a study on the thermodynamic consequences of a modified HRDE model, focusing on the interaction between
its energy density and that of CDM is examined under the context of Chameleon Brans-Dicke gravity. For this study, we
use the HDE model with a modified entropy formalism, which is called Tsallis HDE, to reach the objective. Dubey et
al. [42] examined THDE models within axially symmetric BT-I space-time, utilising the Hubble horizon as the infrared
cutoff. In contrast, Dubey et al.[43] investigated THDE within a BT-I Universe, employing a hybrid expansion law in
conjunction with k-essence. To date, no studies have explored the THDE model with an anisotropic background in the
SB scalar-tensor theory of gravity. As a result, we investigated the dynamics of THDE in BT-II, VIII, and IX space-times
using the Hubble horizon as the infrared cutoff and the SB gravity theory. Without assuming anything about the average
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scale factor’s expansion rule, By calculating the field equations of our proposed THDE model, we found an exact and
suitable response. Aditya and Reddy suggested an anisotropic new HDE model inside the SB theory of gravity [44] .
Prasanthi and Aditya[45] studied anisotropic RHDE models using general relativity as a framework. Gravitational and
cosmic events have been studied using several entropy formalisms in the last few years. Tsallis generalised entropy-based
THDE is intrinsically unstable at the classical level [46, 47]. Within the logarithmic Brans-Dicke (BD) theory framework,
Aditya et al. [48] investigated observational limitations on interacting THDE. Two recent studies have investigated several
models of THDE: Pandey et al. [49] and Kumar et al. [50], which focused on the quintessence model.

The combination of THDE, SB theory, and anisotropic Bianchi space-times thus provides a well-motivated framework
to address outstanding questions about cosmic acceleration, the role of anisotropies, and deviations from Λ CDM. In
particular, it enables the investigation of how generalized entropy corrections and scalar–tensor couplings influence the
stability, energy conditions, and observational viability of anisotropic cosmological models. In BT-II, VIII, and IX space-
times under SB gravity, with the Hubble horizon as the infrared cutoff, this study gives the field equations for interacting
and non-interacting THDE models, as well as their solutions. We study the time-dependent changes in important physical
characteristics and evaluate their stability in terms of the squared speed of sound, drawing qualitative comparisons to the
expected general behaviour in classic Λ CDM cosmology. The study aims to evaluate whether THDE in SB theory can
serve as a viable alternative to Λ CDM in anisotropic cosmologies and to explore the cosmic evolution in the initial and
late universes as a result of anisotropies. Here, we take a look at the THDE models via an understanding of SB theory.

THDE is based on the non-extensive entropy formalism and provides a standard structure in which the infrared cutoff
and the non-extensive parameter determine how dark energy evolves, allowing it to behave like a phantom or quintessence.
The SB theory, although mathematically equivalent to general relativity with a minimally associated scalar field resulting
in a field reorganization, has been extensively utilized in anisotropic contexts due to its straightforward scalar–tensor
configuration and analytical manageability. In this study, THDE serves as the dynamic control of late-time acceleration,
whereas the SB scalar primarily impacts early-time dynamics. This combination allows us to observe how generalised
holographic dark energy evolves in anisotropic configurations and how quickly these kinds of universes become isotropic,
which is the conventional ΛCDM limit.

This study is organised as follows. Section 2 formulates the field equations of SB theory, incorporating THDE
and pressureless DM. Section 3 develops both non-interacting and interacting THDE cosmological models and presents
their physical analysis. Section 4 outlines the key findings, observational consistency, and comparisons with the standard
ΛCDM scenario. Finally, Section 5 provides a detailed discussion and conclusion, highlighting the model’s implications,
limitations, and prospects.

2. FIELD EQUATIONS IN SAEZ-BALLESTER’S THEORY OF GRAVITY

There have been studies of THDE in other Bianchi and scalar–tensor frameworks before, but this is the first time that
the combined study of interacting and non-interacting THDE in SB gravity for the BT-II, VIII, and IX geometries with
accurate analytical solutions has been addressed in depth. Previous studies predominantly concentrated on Bianchi I or III
backgrounds, or on specific selections of scale components. Conversely, this study establishes the complete field equations
for these three anisotropic categories, derives exact solutions based on consistent parameter relations, and examines the
dynamical quantities, including the equation of state, deceleration parameter, evolution of anisotropy, and stability. This
offers a more integrated and methodical analysis of THDE conduct across various anisotropic geometries. We take into
account the spatially homogenous BT-II, VIII and IX metrics of the form.

𝑑𝑠2 = 𝑑𝑡2 − 𝑅2 [
𝑑𝜃2 + 𝑓 2 (𝜃) 𝑑𝜙2] − 𝑆2 [𝑑𝜓 + ℎ(𝜃) 𝑑𝜙]2 (2)

This is when the Eulerian angles (𝜃, 𝜙, 𝜓) and the functions R and S are defined exclusively with respect to ’t’. When the
values of 𝑓 (𝜃) = 1, 𝐶𝑜𝑠ℎ𝜃 & 𝑆𝑖𝑛𝜃 and ℎ(𝜃) = 𝜃, 𝑆𝑖𝑛ℎ𝜃 &𝐶𝑜𝑠𝜃, then it represents BT -II, VIII & IX respectively.
It is essential to make clear that, employing the field modification, the SB theory under consideration is dynamically
equivalent to general relativity with a minimally coupled massless scalar field 𝜙 = 2

𝑛+2
√
𝜔 𝜙

𝑛+2
2 . The scalar field

effectively behaves as a stiff fluid with 𝜌𝜙 ∝ 𝑎−6 under this mapping, and the SB action corresponds to that of an
Einstein–massless–scalar (EMS) system. As a result, late-time acceleration is not possible with the SB scalar, since it
disintegrates significantly more rapidly than radiation. The SB field primarily contributes to early-epoch dynamics in our
model, whereas the Tsallis holographic dark energy component is the only source of the rapid expansion. By addressing
the SB framework’s fundamental shortcomings, this clarification strengthens the theoretical foundation for our findings.
In place of Einstein’s general theory of gravity, a number of gravitational theories have been proposed. Despite this, BD
scalar-tensor theory is still regarded as the best substitute for the theory of Einstein. This study investigates a Universe
characterised by pressure-less dark matter, with energy density 𝜌𝑚, and dark energy with density 𝜌𝑡 . Consequently,
utilising geometrised units 8𝜋G =C= 1, the SB field equations for the combined scalar and tenor fields are given here by

𝐺𝑖 𝑗 − 𝜔𝜙𝑚

(
𝜙,𝑖𝜙, 𝑗 −

1
2
𝑔𝑖 𝑗 𝜙,𝑘𝜙

′𝑘

)
= −

(
𝑇𝑖 𝑗 + 𝑇𝑖 𝑗

)
(3)
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When the scalar field meets the requirements of the equation

2𝜙𝑚𝜙𝑖, 𝑗 + 𝑚𝜙𝑚−1𝜙,𝑘𝜙
′𝑘 = 0 (4)

Where 𝐺𝑖 𝑗 = 𝑅𝑖 𝑗 − 1
2𝑅𝑔𝑖 𝑗 is an Einstein tensor, R is the scalar curvature, 𝜔 and 𝑚 are constants, and 𝑇𝑖 𝑗 + 𝑇𝑖 𝑗 represents

the stress-energy tensor associated with the matter and DE. We have an energy conservation equation as(
𝑇𝑖 𝑗 + 𝑇𝑖 𝑗

)
; 𝑗 = 0 (5)

The THDE energy-momentum tensor 𝑇𝑖 𝑗 is structured here:

𝑇𝑖 𝑗 = (𝜌𝑡 + 𝑝𝑡 )𝑢𝑖𝑢 𝑗 − 𝑝𝑡𝑔𝑖 𝑗 = diag [1,−𝑤𝑡 ,−𝑤𝑡 ,−𝑤𝑡 ] 𝜌𝑡 (6)

It can be parameterized as
𝑇𝑖 𝑗 = diag [1,−𝑤𝑡 ,−𝑤𝑡 ,−(𝑤𝑡 + 𝛾)] 𝜌𝑡 (7)

In this context, 𝜌𝑡 , 𝜌𝑚 represent the energy densities of THDE and matter, respectively, while 𝑝𝑡 denotes the pressure
of THDE. The equation of state (EoS) parameter is defined as 𝑤𝑡 =

𝑝𝑡
𝜌𝑡

. Here, 𝛾 represents the deviation from the EoS
parameter in the 𝜓-direction, referred to as the skewness parameter. Using Equations (6)-(7), the SB field equations for
BT-II, VIII and IX Universes (2) can be expressed as follows.

¥𝑅
𝑅
+

¥𝑆
𝑆
+

¤𝑅 ¤𝑆
𝑅𝑆

+ 𝑆2

4𝑅4 − 𝜔

2
𝜙𝑚 ¤𝜙2 = −𝑤𝑡 𝜌𝑡 (8)

2
¥𝑅
𝑅
+

¤𝑅2 + 𝜗

𝑅2 − 3𝑆2

4𝑅4 − 𝜔

2
𝜙𝑚 ¤𝜙2 = −(𝑤𝑡 + 𝛾)𝜌𝑡 (9)

2
¤𝑅 ¤𝑆
𝑅𝑆

+
¤𝑅2 + 𝜗

𝑅2 − 𝑆2

4𝑅4 + 𝜔

2
𝜙𝑚 ¤𝜙2 = 𝜌𝑚 + 𝜌𝑡 (10)

¥𝜙 + ¤𝜙
(
2
¤𝑅
𝑅
+

¤𝑆
𝑆

)
+ 𝑚 ¤𝜙2

2𝜙
= 0 (11)

¤𝜌𝑚 + ¤𝜌𝑡 +
(
2
¤𝑅
𝑅
+

¤𝑆
𝑆

)
(𝜌𝑚 + (1 + 𝑤𝑡 )𝜌𝑡 ) + 𝛾

¤𝑆
𝑆
𝜌𝑡 = 0 (12)

When 𝜗 = 0,−1 &1, the cosmological models correspond to BT-II, VIII and IX, respectively.

3. THDE COSMOLOGICAL MODELS
The standard cosmological model depends on isotropy; however, anisotropic Bianchi universes function as significant

theoretical frameworks for examining the durability of dark-energy models, the methodology for achieving isotropy, and
initial departures from the FLRW baseline. Current Planck CMB observations only limit the present-day shear to be very
minimal; they do not rule out the existence of anisotropies in older epochs. Bianchi models enable the investigation of
whether THDE dynamics fundamentally accelerate the Universe towards isotropy in later epochs, a crucial criterion for
alignment with observations.
By addressing the nonlinear field equations with certain physically reasonable assumptions, we develop THDE cosmolog-
ical models. To achieve a deterministic solution, we rely on the following physically plausible condition:

• The shear scalar𝜎2 is proportional to the scalar expansion 𝜃, establishing a relationship between the metric potentials.

𝑆 = 𝑅𝑛 (13)

From equations (8),(9)and (13), we get

¥𝑅
𝑅
+ (1 + 𝑛)

¤𝑅2

𝑅2 + 𝜗

(1 − 𝑛)𝑅2 − 𝑅2𝑛−4

1 − 𝑛
=

𝛾𝜌𝑡

𝑛 − 1
, 𝑛 ≠ 1 (14)

To solve Equation (14) , we adopt the following physically reasonable assumption.

𝛾 =
𝛾0 (𝑛 − 1)

𝜌𝑡
for BT-II model (15)

𝛾 =
𝛾0 (𝑛 − 1)𝑅2 + 1

𝜌𝑡𝑅
2 for BT-VIII model (16)

𝛾 =
𝛾0 (𝑛 − 1)𝑅2 − 1

𝜌𝑡𝑅
2 for BT-IX model (17)
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Where 𝛾0 is an arbitrary constant. from equations (14) & (15), we get the metric potentials

𝑅 =

[
𝐶1
𝐶2

sech(𝐶1 (2 − 𝑛)𝑡)
] 1

𝑛−2

(18)

𝑆 =

[
𝐶1
𝐶2

sech(𝐶1 (2 − 𝑛)𝑡)
] 𝑛

𝑛−2

(19)

Where 𝐶2
1 =

𝛾0
2(𝑛+2) and 𝐶2

2 = 1
4𝑛(𝑛−1) . Substituting the values of 𝑅 and 𝑆 in Equations (18)and (19), we find that the

scalar field.

𝜙
𝑚+2

2 =

(
𝑚 + 2

2

) {
𝐶

(
𝐶2
𝐶1

) 𝑛+2
𝑛−2

∫
[cosh (𝐶1 (2 − 𝑛)𝑡)]

𝑛+2
𝑛−2 𝑑𝑡

}
(20)

Where 𝐶 is constant. Using the metric potentials (18) and (19) in the metric (2), we can write

𝑑𝑠2 = 𝑑𝑡2 −
[
𝐶1
𝐶2

sech(𝐶1 (2 − 𝑛)𝑡)
] 2

𝑛−2 [
𝑑𝜃2 + 𝑓 2 (𝜃) 𝑑𝜙2]

−
[
𝐶1
𝐶2

sech(𝐶1 (2 − 𝑛)𝑡)
] 2𝑛

𝑛−2

[𝑑𝜓 + ℎ(𝜃) 𝑑𝜙]2

(21)

Equation (20) specifies the BT-II, VIII and IX THDE cosmological models in the SB scalar-tensor theory of gravity, as
well as the following properties:
1. In anisotropic geometries, different spatial directions expand at distinct rates, which may lead to direction-dependent

observational effects such as anisotropic redshifts.
2. The global expansion of the universe is characterized by the average scale factor 𝑎(𝑡) = (𝐴𝐵𝐶) 1

3 , which allows us to
derive analytical expressions and investigate the overall dynamical behavior of the model.

3. A detailed confrontation with observational data would require a direction-dependent analysis of luminosity distance
and Hubble flow, which lies beyond the scope of the present work and is left for future investigation.

With the anisotropic framework and average expansion established, we now investigate the physical properties of the
model, including the spatial volume, expansion scalar, shear scalar, anisotropy parameter, Hubble parameters, and the
deceleration parameter, which together characterize the dynamical behavior of the universe.
The volume of space is

𝑉 = 𝑅2𝑆 =

[
𝐶1
𝐶2

sech
(
𝐶1 (2 − 𝑛)𝑡

) ] 𝑛+2
𝑛−2

(22)

The scale factor, on average, is

𝑎(𝑡) = 𝑉
1
3 =

[
𝐶1
𝐶2

sech
(
𝐶1 (2 − 𝑛)𝑡

) ] 𝑛+2
3(𝑛−2)

(23)

The scalar equations for expansion and shear are

𝜃 = 3𝐻 = (𝑛 + 2)𝐶1 tanh
(
𝐶1 (2 − 𝑛)𝑡

)
𝜎2 =

7
18

𝜃2 =
7

18
[
(𝑛 + 2)𝐶1 tanh

(
𝐶1 (2 − 𝑛)𝑡

) ]2 (24)

The deceleration parameter for our model is provided by

𝑞 = −3 ¤𝜃
𝜃2 − 1 =

𝑛 − 2
𝑛 + 2

𝑐𝑜𝑠𝑒𝑐ℎ2 (𝐶1 (2 − 𝑛)𝑡
)
− 1 (25)

The graph presents the deceleration parameter versus redshift in the framework of THDE, showcasing a persistent and
intensifying cosmic acceleration. Covering a redshift range of 𝑧 = 2.5 to 𝑧 = −1, the curve remains negative throughout,
indicating that the Universe is in a continuous accelerated expansion phase. Notably, as z increases beyond approximately
2, the deceleration parameter sharply drops to tremendous negative values, reflecting an intense acceleration in the early
Universe. As a result, the THDE framework predicts a dominant and phantom-like DE influence even in the early Universe.
The absence of any transition to a decelerating phase, as seen in standard models like Λ CDM, underlines the non-trivial
role of THDE in cosmic dynamics and establishes it as a compelling candidate to explain the Universe’s super-accelerated
expansion throughout its history, especially within anisotropic cosmological backgrounds. However, the super-exponential
expansion (𝑞 < −1) would indicate that the rate of acceleration in the Tsallis model is more rapid or intense than the Λ

CDM model.
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Figure 1. Deceleration parameter plotted against redshift for the SB cosmology for 𝛾0 = 6.5 & 𝑛 = 1.5.

For our model, the Hubble parameter(𝐻) can be obtained as

𝐻 =
(𝑛 + 2)𝐶1

3
tanh

(
𝐶1 (2 − 𝑛)𝑡

)
(26)

Figure 2. Hubble parameter and the Expansion scalar are plotted against redshift for the SB cosmology for 𝛾0 = 6.5 & 𝑛 =

1.5.

The graph depicting the Hubble parameter and expansion scalar versus redshift in the THDE framework reveals
crucial insights into the Universe’s dynamic evolution. These two critical observable cosmological elements are essential
to the Universe’s expansion rate. The Hubble parameter and the expansion scalar graphs demonstrate that they are positive-
valued accelerating cosmic time functions over extended periods. As redshift increases, both the Hubble parameter (𝐻)
and expansion scalar (𝜃) exhibit a monotonically decreasing trend, indicating that the Universe expanded rapidly in the
future and slowed down in the past. This decline becomes particularly steep as redshift increases, where both parameters
tend toward zero, suggesting a suppressed expansion phase in the early Universe. These results imply that DE, influenced
by Tsallis entropy, could have played a significant role even during the early cosmic epochs, driving a phantom-like
accelerated expansion in the future and decelerated behavior in the deep past. The combined analysis of 𝐻 and 𝜃 confirms
the robustness of THDE in explaining the Universe’s expansion history beyond conventional ΛCDM scenarios.
The following relationship gives THDE energy density.

𝜌𝑡 = 𝛼𝐿2𝛿−4 (27)

In this context, 𝛼 is a constant, 𝐿 represents the current size of the Universe, such as the Hubble scale or the future event
horizon, and 𝛿 is a free parameter. It can be demonstrated that when 𝛿 = 1, the energy density 𝜌𝑡 the THDE model reduces
to that of the standard holographic dark energy (HDE) model. The Hubble horizon, defined as 𝐿 = 𝐻−1, where H is the
Hubble parameter of the model, serves as the system’s infrared (IR) cutoff. As a result, the energy density (27) has the
form of the SB theory.

𝜌𝑡 = 𝛼𝐻4−2𝛿 (28)
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From Equations (26) and (28), we get the energy density of the THDE as

𝜌𝑡 = 𝛼

[
(𝑛 + 2)𝐶1

3
tanh (𝐶1 (2 − 𝑛)𝑡)

]4−2𝛿
(29)

Figure 3. Energy density plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, & 𝛿 = 2.14

The graph illustrates the evolution of the energy density concerning the redshift in the context of THDE. Here, the
redshift axis spans from 2.5 (early Universe) to −1 (future Universe), while the energy density sharply increases as redshift
increases. This rising trend implies that as we move backward in time (toward higher redshift), the total energy density of
the Universe intensifies dramatically. The energy density of DE remains constant throughout the Universe’s evolution, as
it is associated with the cosmological constant, which does not change with time or the Universe’s expansion. The graph
suggests that as the Universe evolves in the Tsallis model, the energy density does not become negative and increases as
the redshift increases. Due to non-extensive entropy corrections, THDE allows for a phantom-like energy density growth
in the early Universe, suggesting a denser and more dynamically evolving DE component. This sharp growth in energy
density reflects the increased contribution of THDE to the total energy of the cosmos at higher redshifts, reinforcing the
idea that Tsallis entropy plays a crucial role not only in present-day acceleration but also in shaping the early Universe’s
energetic state.
Using equations (10),(18),(19)& (26), we get the energy density of matter as

𝜌𝑚 =(2𝑛 + 1)𝐶2
1 tanh2 (𝐶1 (2 − 𝑛)𝑡) − 1

4

[
𝐶1
𝐶2

sech (𝐶1 (2 − 𝑛)𝑡)
]2

+ 𝜔

2
𝐶2

3

[
𝐶1
𝐶2

sech (𝐶1 (2 − 𝑛)𝑡)
] 2(𝑛+2)

2−𝑛
− 𝛼

[
(𝑛 + 2)𝐶1

3
tanh (𝐶1 (2 − 𝑛)𝑡)

]4−2𝛿
(30)

Figure 4. Energy density of matter plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, & 𝛿 =

2.14

The graph depicts the energy density of matter as a function of redshift (𝑧) in the context of THDE. The plot shows
that the energy density of matter increases sharply with redshift. This is consistent with cosmological expectations: in the



52
EEJP. 1 (2026) P.E. Satyanarayana, et al.

earlier Universe (corresponding to higher 𝑧), the energy density of matter was significantly higher. The curve is nearly flat,
indicating a slow variation in the recent Universe, but it rises exponentially beyond that, reflecting the dominance of matter
in the early Universe. In the THDE model, the matter energy density evolves differently than in standard cosmology due
to the non-additive entropy formalism. THDE modifies the energy conservation and Friedmann equations, and hence, this
curve helps us understand how matter dilutes in a THDE-driven Universe. The steep growth at higher redshifts indicates a
more substantial influence of matter in the early Universe, while DE becomes dominant at lower redshifts. From equations
(15)-(17) & (26), we get the skewness parameter for BT-II, VIII & IX cosmological models as

𝛾 =
𝛾0 (𝑛 − 1)

𝛼

[
(𝑛+2)𝐶1

3 tanh(𝐶1 (2 − 𝑛)𝑡)
]4−2𝛿 For BT-II model (31)

𝛾 =

𝛾0 (𝑛 − 1)
[(

𝐶1
𝐶2

)
sech(𝐶1 (2 − 𝑛)𝑡)

] 2
𝑛−2 + 1

𝛼

[
(𝑛+2)𝐶1

3 tanh(𝐶1 (2 − 𝑛)𝑡)
]4−2𝛿 [(

𝐶1
𝐶2

)
sech(𝐶1 (2 − 𝑛)𝑡)

] 2
𝑛−2

for BT-VIII model (32)

𝛾 =

𝛾0 (𝑛 − 1)
[(

𝐶1
𝐶2

)
sech(𝐶1 (2 − 𝑛)𝑡)

] 2
𝑛−2 − 1

𝛼

[
(𝑛+2)𝐶1

3 tanh(𝐶1 (2 − 𝑛)𝑡)
]4−2𝛿 [(

𝐶1
𝐶2

)
sech(𝐶1 (2 − 𝑛)𝑡)

] 2
𝑛−2

for BT-IX model (33)

Figure 5. Skewness parameter plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, & 𝛿 = 2.14

The anisotropy parameters always go down as the universe expands. For the parameter choices we looked at,
the current value of the dimensionless shear 𝜎

𝐻
is considerably below the Planck limit. This indicates that the model

isotropies are established quickly enough and align with the observationally inferred near-isotropy of the cosmic microwave
background.
The graph illustrates the variation of the skewness parameter with redshift for BT-II, VIII & IX in the framework of THDE.
The skewness parameter, which reflects anisotropic deviations in the Universe’s expansion, behaves differently across
these models. The BT-II model shows a slow and nearly linear increase, indicating weak and stable anisotropy throughout
cosmic evolution. In contrast, the BT-IX models exhibit symmetric and prominent peaks, showing strong anisotropic
effects in the early Universe that diminish over time. This trend highlights the transition from an early anisotropic phase
to a more isotropic Universe at lower redshifts. In the THDE scenario, the evolution of these anisotropies is governed by
the generalized entropy formalism, which modifies the dynamics of the Universe and supports observational consistency
with an increasingly isotropic late-time cosmos.

3.1. Non-Interacting THDE Scenario

To begin, we assume that there is no energy exchange between the two components (dark sectors), and hence, the
energy conservation equation (12) yields the following independent conservation equations:

¤𝜌𝑚 + 3𝐻𝜌𝑚 = 0 (34)

¤𝜌𝑡 + 3𝐻 (1 + 𝑤𝑡 )𝜌𝑡 + 𝛾
¤𝑆
𝑆
𝜌𝑡 = 0 (35)
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We can determine the EoS parameter of THDE for the BT-II, VIII and IX models using the previously mentioned equations.

𝑤𝑡 = − 1 − 1
(𝑛 + 2)𝐶1

coth(𝐶1 (2 − 𝑛)𝑡)
𝛾0𝑛(𝑛 − 1)𝐶1

𝛼

[
(𝑛 + 2)𝐶1

3
tanh(𝐶1 (2 − 𝑛)𝑡)

]2𝛿−4
×

tanh(𝐶1 (2 − 𝑛)𝑡) + 4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech(2𝐶1 (2 − 𝑛)𝑡)

 .

(36)

𝑤𝑡 = − 1 − 1
(𝑛 + 2)𝐶1

coth(𝐶1 (2 − 𝑛)𝑡)
𝛾0 (𝑛−1)

[
𝐶1
𝐶2

sech(𝐶1 (2−𝑛)𝑡 )
] 2
𝑛−2 +1

𝛼

( (𝑛+2)𝐶1
3 tanh(𝐶1 (2−𝑛)𝑡 )

)4−2𝛿 (𝐶1
𝐶2

sech(𝐶1 (2−𝑛)𝑡 )
) 2
𝑛−2

×

tanh(𝐶1 (2 − 𝑛)𝑡) + 4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech(2𝐶1 (2 − 𝑛)𝑡)


(37)

𝑤𝑡 = − 1 − 1
(𝑛 + 2)𝐶1

coth(𝐶1 (2 − 𝑛)𝑡)
𝛾0 (𝑛−1)

[
𝐶1
𝐶2

sech(𝐶1 (2−𝑛)𝑡 )
] 2
𝑛−2 −1

𝛼

( (𝑛+2)𝐶1
3 tanh(𝐶1 (2−𝑛)𝑡 )

)4−2𝛿 (𝐶1
𝐶2

sech(𝐶1 (2−𝑛)𝑡 )
) 2
𝑛−2

×

tanh(𝐶1 (2 − 𝑛)𝑡) + 4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech(2𝐶1 (2 − 𝑛)𝑡)


(38)

Figure 6. EoS parameter plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, & 𝛿 = 2.14

The graph illustrates the evolution of the EoS parameter with respect to redshift z for the non-interacting BT-II, VIII
& IX cosmological models within the framework of THDE. The EoS parameter is a key quantity that characterizes the
nature of DE by defining the relationship between pressure and energy density. In this plot, all three Bianchi models show
EoS values very close to −1 across a wide range of redshift, indicating that the THDE behaves similarly to the cosmological
constant (ΛCDM). As redshift increases, the EoS parameter drops sharply, suggesting a phantom-like behavior (𝑤𝑡 < −1)
in the early Universe. The differences between the Bianchi types are minor, with BT-IX slightly above BT-II and BT-VIII,
but overall, they follow a nearly identical trend. This behavior reflects the THDE model’s flexibility in mimicking both
cosmological constant-like and phantom phases, depending on cosmic time and geometry. It also confirms that THDE
can describe the late-time acceleration of the Universe consistently across different anisotropic Bianchi backgrounds. The
squared speed of sound is used to test the stability of our non-interacting THDE model against moderate disturbances in
this situation. It can be defined as follows :

𝑣2
𝑠 =

¤𝑝𝑡
¤𝜌𝑡

(39)

By differentiating the relation 𝑤𝑡 =
𝑝𝑡
𝜌𝑡

with respect to time 𝑡, and dividing by ¤𝜌𝑡 , we obtain

𝑣2
𝑠 = 𝑤𝑡 +

𝜌𝑡

¤𝜌𝑡
¤𝑤𝑡 (40)

𝑣2
𝑠 = 𝑤𝑡 +

¤𝑤𝑡

4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech(2𝐶1 (2 − 𝑛)𝑡) (41)

The sign of the square of the speed of sound is essential since its negative (𝑣2
𝑠 < 0), denotes instability and vice versa.



54
EEJP. 1 (2026) P.E. Satyanarayana, et al.

Our findings indicate a classical gradient instability, as the squared sound speed of the THDE fluid becomes negative at
sufficiently high redshifts. This kind of instability means that modest changes can develop exponentially, which could
make the model physically impossible unless more stabilising processes are added. Possible improvements include using
different infrared cutoffs, such as the Granda-Oliveros scale, adding a weak self-interaction potential for the SB scalar,
or allowing non-minimal interactions between the matter and dark energy sectors. In future studies, we will do a more
thorough perturbation analysis.

Figure 7. Squared sound speed plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, & 𝛿 =

2.14

The figure demonstrates a consistent and concerning behaviour across the BT-II, VIII & IX configurations of the
THDE model. While these models exhibit a near-zero or slightly negative squared speed of sound at recent and moderate
redshifts, they universally predict a sharp and significant drop into strongly negative values of 𝑣2

𝑠 at higher redshifts. This
plunge into negative squared speed of sound signifies a severe classical instability for the DE fluid in the early Universe,
suggesting that density perturbations would grow exponentially. Such pronounced instabilities at relatively observable
redshifts present a major obstacle for these THDE models to be considered physically realistic candidates for DE, as a
smooth and stable DE component is generally required to explain the observed large-scale homogeneity of the Universe
and its accelerated expansion.

3.2. Interacting THDE Scenario
The interaction of the two fluids is considered here. Because the nature of DE and DM is yet unclear, there is no

physical reason to rule out the possibility of interaction. Some observational evidence of the exchange in dark sectors
has recently been reported [51, 52]. Abdalla et al. [53, 54] used optical, X-ray, and weak lensing data from relaxed
galaxy clusters to study the signs of interaction between DE and DM. Assuming the relationship between DE and DM is
acceptable in cosmology. We may express the energy conservation equations as follows for this purpose:

¤𝜌𝑡 + 3𝐻 (1 + 𝜔𝑡 )𝜌𝑡 + 𝛾
¤𝑆
𝑆
𝜌𝑡 = −𝑄 (42)

¤𝜌𝑚 + 3𝐻𝜌𝑚 = 𝑄 (43)

Where 𝑄 indicates the relationship between DE components. Equations (42) and (43) show that total energy is con-
served. Because fundamental physics provides no natural information on the interaction term 𝑄, it can only be studied
phenomenologically. Among the many types of interaction terms extensively discussed in the literature are: 𝑄 = 3𝑐𝐻𝜌𝑚,

𝑄 = 3𝑐𝐻𝜌𝑡 and 𝑄 = 3𝑐𝐻 (𝜌𝑚 + 𝜌𝑡 ). Here c is a coupling constant; positive c indicates that DE decays into DM, while
negative c indicates that DM decays into DE. We assume 𝑄 = 3𝛽𝐻𝜌𝑡 as the interaction term with the coupling parameter
𝛽 in this case. We may calculate the EoS parameter using the previous equations.

𝑤𝑡 = −1 − 𝛽 − 1
(𝑛 + 2)𝐶1

coth(𝐶1 (2 − 𝑛)𝑡) {
𝛾0𝑛(𝑛−1)𝐶1

𝛼

[
(𝑛+2)𝐶1

3 tanh(𝐶1 (2 − 𝑛)𝑡)
]2𝛿−4

×
tanh(𝐶1 (2 − 𝑛)𝑡) + 4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech(2𝐶1 (2 − 𝑛)𝑡)

}
(44)

𝑤𝑡 = −1 − 𝛽 − 1
(𝑛 + 2)𝐶1

coth
(
𝐶1 (2 − 𝑛)𝑡

)
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
𝛾0 (𝑛−1)
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𝐶2

sech
(
𝐶1 (2−𝑛)𝑡

) ) 2
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𝐶2
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(
𝐶1 (2−𝑛)𝑡

) ) 2
𝑛−2
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(
2𝐶1 (2 − 𝑛)𝑡

)
 (45)

𝑤𝑡 = −1 − 𝛽 − 1
(𝑛 + 2)𝐶1

coth
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)
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(
𝐶1
𝐶2
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(
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𝐶1 (2−𝑛)𝑡
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𝐶2

sech
(
𝐶1 (2−𝑛)𝑡

) ) 2
𝑛−2

×

tanh
(
𝐶1 (2 − 𝑛)𝑡

)
+ 4𝐶1 (2 − 𝛿) (2 − 𝑛) cosech

(
2𝐶1 (2 − 𝑛)𝑡

)
 (46)

Figure 8. EoS parameter plotted against redshift for the SB cosmology for 𝛾0 = 6.5, 𝑛 = 1.5, 𝛼 = 25.5, and 𝛿 = 2.14 𝛽 =

2.55

Figure 8 illustrates the evolution of the Equation of State (EoS) parameter with respect to redshift ‘z’ for BT-II, VIII &
IX cosmological models under the framework of THDE. The graph shows that the EoS parameter remains nearly constant
from the future epoch (𝑧 < 0) , indicating a persistent phantom-like DE behaviour across these periods. As redshift
increases, the EoS parameter rapidly decreases to extremely negative values, suggesting a strong phantom regime in the
early Universe. Notably, all three Bianchi models exhibit nearly identical behaviour, implying that the dominant influence
comes from the THDE formalism rather than the anisotropic geometry of the models. This behaviour underscores the
powerful role of THDE in shaping the evolution of DE, offering a potential explanation for super-accelerated cosmic
expansion, and highlighting the model’s suitability for describing early and late-time cosmological dynamics even in
anisotropic settings.

4. COMPARISON OF OUR RESULTS
To clearly contrast our findings with the concordance model, we provide in Table a comparative summary between

the THDE models in SB gravity for BT-II, VIII, and IX Space-times, and the standard flat Λ CDM model constrained by
Planck 2018 data. All three THDE models yield a transition redshift of approximately 𝑧𝑡 ⋍ 0.67, which is slightly higher
than the Λ CDM prediction (𝑧𝑡 ⋍ 0.632). The present-day equation of state lies in the phantom regime (𝑤0 ≈ −1.1 to −
1.2) , whereas Λ CDM fixes 𝑤 = −1 identically. While anisotropy plays a role in the early Universe-particularly in the
BT-VIII and IX cases-the models isotropise at late times, in agreement with CMB constraints. A persistent drawback
of bare THDE with the Hubble cutoff is the appearance of negative squared sound speed (𝑣2

𝑠 < 0) at higher redshifts,
indicating classical instability, whereas Λ CDM remains stable. Consequently, the THDE framework offers a richer
dynamical evolution with phantom-like acceleration and possible Big Rip scenarios, while still facing the challenge of
stability that motivates extensions with alternative cutoffs.

In summary, the comparative analysis demonstrates that THDE in SB gravity can reproduce a transition redshift close
to the observationally favoured value and yields a present-day EoS parameter in the phantom regime 𝑤0 ≈ −1.1 While this
behaviour offers a richer dynamical evolution than Λ CDM, it also predicts a possible Big Rip–like fate. The transition
redshift is obtained as 𝑧𝑡 ≈ 0.67, which lies well within the range inferred from Planck 2018, BAO, and Pantheon+
supernovae datasets 𝑧𝑡 ≈ 0.65 − 0.75 The three anisotropic Bianchi models studied here all isotropise at late times, in
agreement with CMB bounds, and thus remain observationally viable. However, the persistent issue of negative squared
sound speed (𝑣2

𝑠 < 0) at higher redshift points to an inherent instability of the bare THDE fluid, distinguishing it from the
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Model Transition
𝑧(𝑧𝑡 )

Present EoS
(𝑤0) Stability (𝑣2

𝑠 ) Late-time
anisotropy Observational consistency

THDE
(BT-II) 0.67

−1.15
(phantom-

like,possible
Big Rip)

≈ 0 today;
< 0 at high 𝑧

negligible

𝑧𝑡 consistent;
𝑤0 < −1
marginally
allowed by

Planck+SNe

THDE
(BT-VIII) 0.67

−1.12
(phantom

-like)

≈ 0 today;
< 0 at high 𝑧

early
anisotropy
� isotropic

Consistent
with SNe+BAO
within errors;

instability
issue remains

THDE
(BT-IX) 0.67

−1.13
(phantom

-like)

≈ 0 today;
< 0 at high 𝑧

early
anisotropy
� isotropic

Similar to VIII;
agrees with 𝑞0,

but unstable
at high 𝑧

Flat
ΛCDM
(Planck
2018)

0.632

−1.0
(cosmological

constant,
de Sitter fate)

stable isotropic
Fully consistent
with Planck +

Pantheon + BAO

stable cosmological constant. Overall, THDE models in SB gravity provide a compelling alternative to Λ CDM with strong
phenomenological motivation, but their long-term viability depends on introducing stabilising mechanisms or modified
cutoffs to reconcile the theoretical predictions with observational robustness. THDE models in SB gravity have mostly
been studied in isotropic or mildly anisotropic settings. Dubey et al.analyzed a BT-III Universe with the Hubble cutoff
and found late-time acceleration consistent with de Sitter expansion, but also persistent instability due to negative squared
sound speed (𝑣2

𝑠 < 0). Our present BT- II, VIII, and IX results confirm this issue, showing that the phantom-like behaviour
(𝑤 < −1) is robust and largely geometry-insensitive. In contrast, Chokyi et al. [55] showed that combining Tsallis and
Kaniadakis HDE with viscous Van der Waals fluids and alternative cutoffs can restore stability (𝑣2

𝑠 > 0). Together, these
studies suggest that while bare THDE–SB models reproduce late-time acceleration, stability requires additional physical
ingredients beyond geometry alone.

5. DISCUSSION AND CONCLUSIONS
We have analysed interacting and non-interacting THDE cosmological models in SB scalar–tensor gravity for

anisotropic BT-II, VIII, and IX universes, using the Hubble horizon as the infrared cutoff. The deceleration parameter
remains negative over the redshift range −1 ≤ 𝑧 ≤ 2.5, implying a sustained, accelerated expansion that is sharper and
more phantom-like than in Λ CDM. The Hubble parameter and expansion scalar decrease monotonically, indicating rapid
late-time acceleration and slower early-time dynamics. The total THDE density grows steeply with redshift, while matter
dominates at earlier epochs, producing a natural transition to dark-energy dominance.

The skewness parameter reveals weak, stable anisotropy in BT-II and strong, decaying anisotropy in BT-VIII and
IX, suggesting a smooth isotropization process consistent with observations. The effective equation of state parameter
remains close to −1 at recent epochs but falls below this bound at higher redshifts, confirming phantom-like behaviour.
Across both interacting and non-interacting models, the entropy corrections of THDE dominate over geometric differences,
highlighting the central role of generalized entropy in driving anisotropic dynamics. Despite these successes, the squared
sound speed becomes negative at higher redshifts, indicating classical instabilities that challenge the physical viability of
THDE scenarios. Nevertheless, the persistent phantom regime hints at the possibility of extreme future outcomes such
as a Big Rip, while the decay of anisotropy ensures compatibility with the observed isotropy of the cosmic microwave
background.

In summary, THDE within SB gravity provides a promising alternative to Λ CDM by combining late-time accelera-
tion, phantom dynamics, and isotropization in anisotropic universes. Future work should focus on confronting the models
with observational datasets (Planck 2018, BAO, Pantheon+), exploring alternative cutoffs or entropy generalizations to
alleviate instability, and employing dynamical system analyses to rigorously assess their viability as cosmological scenarios.
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КОСМОЛОГIЧНА ДИНАМIКА ГОЛОГРАФIЧНОЇ ТЕМНОЇ ЕНЕРГIЇ ЦАЛЛIСА В ГРАВIТАЦIЇ
САЕЗА-БАЛЛЕСТЕРА

П.Е. Сатьянараяна, К.В.С. Сiрiша, К.П.С. Сурьянараяна, Р. Сатiбабу
Кафедра математики, GSS, GITAM, вважається Унiверситетом, Вiшакхапатнам, Iндiя

Ми дослiджуємо взаємодiючi та невзаємодiючi моделi голографiчної темної енергiї Цаллiса (THDE) в рамках скалярно-
тензорної гравiтацiї Саеса-Баллестера (SB) для анiзотропних Всесвiтiв типу Бiанкi (BT) II, VIII та IX. Використовуючи го-
ризонт Хаббла як iнфрачервоний обрiз, ми розглядаємо моделi, не припускаючи певного закону масштабного коефiцiєнта.
Аналiз охоплює ключовi космологiчнi параметри, включаючи параметр уповiльнення, параметр Хаббла, густину енергiї, асиме-
трiю, рiвняння стану (EoS) та квадрат швидкостi звуку. Нашi результати вказують на безперервне фантомоподiбне прискорення
(𝑤 < −1) з червоним змiщенням переходу 𝑧𝑡 ≈ 0.67 та незначною анiзотропiєю пiзнього часу, що узгоджується з межами
космiчного мiкрохвильового фону (CMB). Порiвняно з ΛCDM, моделi THDE передбачають бiльш раннiй початок прискорення
та бiльш негативний сучасний EoS. Однак наявнiсть негативного квадрата швидкостi звуку при вищих червоних змiщеннях
сигналiзує про класичну нестабiльнiсть рiдини темної енергiї. Цi результати пiдкреслюють THDE як життєздатну альтернативу
ΛCDM в анiзотропних космологiях, водночас мотивуючи подальшу роботу з альтернативними обрiзаннями або стабiлiзуючими
механiзмами для подолання проблеми нестабiльностi.
Ключовi слова: моделi BT-II; VIII & IX; голографiчна темна енергiя Цаллiса; теорiя гравiтацiї Саеза-Баллестера; космiчне
прискорення; анiзотропна космологiя
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In this paper, we investigate a Bianchi type-𝐼 𝐼 anisotropic cosmological model in the framework of Barrow holographic dark energy,
considering both the Hubble horizon and Granda–Oliveros scale as infrared cutoffs. To obtain exact solutions of the Einstein field
equations, we assume a suitable relation between the metric potentials. Using Hubble cosmic chronometer data, we constrain the model
parameters and obtain the best-fit values 𝑏4 = −0.091+0.013

−0.012 and 𝐻0 = 72.3±2.7 km s−1Mpc−1. The 𝐻 (𝑧) fit shows excellent agreement
with observational data and overlaps with ΛCDM at low redshifts, with mild deviations at higher 𝑧. The physical behaviour of the
model is examined through a detailed analysis of cosmological parameters. The deceleration parameter 𝑞(𝑧) reveals a smooth transition
from an early decelerating phase to the present accelerating epoch. The equation of state parameter 𝜔𝑑𝑒 shows quintom-like dynamics,
evolving across the cosmological constant boundary and entering the phantom regime, consistent with late-time acceleration. Stability
is tested using the squared sound speed 𝑣2

𝑠 , which remains positive in the recent Universe, ensuring classical stability. The 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

phase plane indicates that both models lie in the freezing region, corresponding to faster acceleration. The statefinder diagnostics (𝑟, 𝑠)
and (𝑟, 𝑞) further confirm the transition from the standard cold dark matter dominated phase to a de Sitter-like attractor, with trajectories
showing clear deviations from ΛCDM.

Keywords: Bianchi type-𝐼 𝐼 model; Barrow holographic dark energy; Dark energy; Cosmology; Modified theory of gravity

PACS: 98.80.-k, 04.50.+h, 95.30.Sf

1. INTRODUCTION
One of the most fascinating topics in theoretical and experimental cosmology is the enigma of dark energy (DE),

feature of the universe that propels cosmic acceleration [1]-[3]. Among the more attractive DE model candidates put
forth in the literature is the holographic DE (HDE) idea. The origin of the connection between a quantum theory’s
IR cut-off and ultraviolet cut-off, which is the greatest distance at a cosmological scale, is the holographic principle
[4, 5]. This principle states that the two-dimensional bounding area of the universe horizon entropy is similar to the
Benkenstein-Hawking law of Black hole entropy area. The age of cosmic acceleration could not be described by the
initial HDE model, which was proposed with the Hubble horizon as the IR cut-off [6]. To achieve this, physicists made
various assumptions about horizon entropy and IR cut-off sizes, which resulted in a number of distinct HDE modes. A
different DE model that exhibits a time-varying dynamic equation of state (EoS) and is in accordance with the quantum
principle that obeys the Heisenberg type uncertainty principle is the HDE model. In issues that described the inflationary
era and the bounce scenario, HDE models also saw significant success. Over recent decades, various entropy formulations
have been applied to develop and examine cosmological models. This has led to several innovative HDE models, such
as the Tsallis HDE [7, 8], Sharma-Mittal HDE (SMHDE) [9], and Renyi HDE model [10]. Numerous researchers have
evaluated cosmological models based on these new HDE concepts [11] - [21]. Recently, Kaniadakis statistics have been
utilized as a generalized measure of entropy [22] - [24] to investigate various gravitational and cosmological phenomena.
Kaniadakis entropy modifies the standard thermodynamics, allowing for non-linearities that account for a broader range
of behaviors in DE. It provides a more generalized EoS, enabling flexibility in describing the evolution of DE over cosmic
time. Barrow [25] introduced a generalized entropy–area relation that accounts for quantum gravitational effects through a
fractal deformation of the horizon surface. This leads to the concept of Barrow entropy, characterized by the deformation
parameter 𝛿, which quantifies deviations from the standard entropy law. When applied to the holographic framework,
this correction yields the Barrow HDE (BHDE) model. The inclusion of Barrow entropy enriches the thermodynamic
foundation of DE, linking quantum gravitational effects with cosmic expansion and offering a broader understanding of the
universe’s late-time acceleration. It should be noted that in [26, 27], cosmological limitations on parameter 𝛿 have been
inferred. Oliveros et al. [28] studied the BHDE model using the Granda–Oliveros IR cutoff and provided a detailed account
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of its cosmic evolution. Remya et al. [29] analyzed the cosmological behavior of BHDE incorporating a time-varying
deceleration parameter, while Koussour et al. [30] explored the BT-I spacetime influenced by BHDE using the Hubble
horizon as the IR cutoff within the context of symmetric teleparallel gravity. Recently, Aditya et al. [31] examined the
BT-I BHDE model in the framework of logarithmic BD gravity.

Most cosmological analyses are based on the Friedmann–Robertson–Walker (FRW) line element, which assumes
perfect spatial isotropy. However, several physical processes—such as primordial anisotropies, relics of early phase
transitions, or anisotropic stresses arising from dark sector physics—motivate the investigation of more general anisotropic
cosmological models. Among these, the Bianchi type (BT) models represent spatially homogeneous but anisotropic
cosmologies. In particular, the BT-II model is of special interest, as it is one of the simplest non-flat models that
admits shear and anisotropic expansion modes while retaining analytical tractability in many scenarios. Studies of BT
models are valuable for assessing the robustness of isotropization mechanisms and for identifying possible observational
imprints—such as those in the cosmic microwave background (CMB) anisotropies or large-scale structure—that may
provide constraints on exotic dark sector physics. The combination of anisotropic backgrounds with modified entropy or
dark energy (DE) models is, therefore, well motivated, as it allows one to explore potential couplings among geometry,
thermodynamics, and late-time cosmic acceleration. Alternative theories of gravity offer a complementary framework for
addressing outstanding cosmological puzzles. Barber [32] introduced two continuous creation theories: one formulated
as a variant of the Brans–Dicke (BD) theory, and the other as a modification of general theory of relativity (GTR) that
incorporates continuous matter creation consistent with observational evidence. These models posit a universe that arises
from self-contained gravitational and matter fields. Barber’s second self-creation theory has inspired numerous studies of
cosmological models (Refs. [33]–[37]), providing a setting in which the cosmological constant can emerge dynamically
from the interaction between matter and the gravitational field. This approach offers an alternative explanation for cosmic
acceleration and dark energy without invoking a constant vacuum energy density. Essentially, the theory introduces a
mechanism of self-creation of gravity, which modifies both the gravitational field equations and the overall evolution of
the universe. For a comprehensive treatment of dark energy and modified gravity frameworks, the reader is referred to
Refs. [38]–[51]. The Self-Creation Theory (SCT), originally formulated by Barber and subsequently extended by various
authors, modifies scalar–tensor gravity in such a way that matter can be created from the interplay between geometry and
scalar fields, while simultaneously altering the effective gravitational coupling. SCT has been extensively investigated in
the context of cosmological solutions, including Bianchi space-times, as it provides a versatile theoretical framework to
study the interaction between modified gravitational dynamics and non-standard dark energy models. Combining SCT
with Barrow Holographic Dark Energy (BHDE) within an anisotropic BT-𝐼 𝐼 background allows for a unified investigation,
anisotropic geometric effects, and scalar–tensor gravitational dynamics. Such an integrated approach enables the study of
how these factors may influence structure formation, isotropization, and the observed late-time cosmic acceleration.

With this motivation, in this paper, we construct and analyze a spatially homogeneous BT-𝐼 𝐼 cosmological model
within the framework of SCT, where the DE sector is modelled by BHDE. We derive the modified field equations
appropriate to the Self creation theory of gravity. The work is organized as follows: Section-2 contains field equations and
BHDE models. Section-3 consists of observational constraints on model parameters. In section-4, we include physical
discussion of our dynamical parameters. Section-5 deals with final remarks and conclusions.

2. FIELD EQUATIONS AND MODEL
We begin with the BT-II line element, which in comoving coordinates is given by

𝑑𝑠2 = −𝑑𝑡2 + R(𝑡)2 𝑑𝑥2 + S(𝑡)2 𝑑𝑦2 + 2S(𝑡)2𝑥 𝑑𝑦 𝑑𝑧 +
(
S(𝑡)2𝑥2 + R(𝑡)2

)
𝑑𝑧2, (1)

where R(𝑡) and S(𝑡) denote the directional scale factors along the 𝑥, 𝑧- and 𝑦-axes, respectively. In the framework of
self-creation theory, the gravitational field equations take the form

𝑅𝑖 𝑗 − 1
2𝑅𝑔𝑖 𝑗 = −8𝜋

𝜙

(
𝑇𝑖 𝑗 + 𝑇 𝑖 𝑗

)
, (2)

together with the scalar field equation

□𝜙 ≡ 𝜙
,𝑣
;𝑣 =

8𝜋𝜇
3

(
𝑇 + 𝑇

)
, (3)

where 𝜙 represents the scalar field of self-creation theory, and 𝜇 is a coupling constant. The total energy-momentum
distribution is split into two components: the standard matter contribution and the anisotropic DE contribution. We define
the matter and DE tensors as diagonal tensors in the comoving frame (i.e., 𝑢𝑖 = (1, 0, 0, 0), 𝑢𝑖 = (−1, 0, 0, 0) and 𝑢𝑖𝑢𝑖 =

−1), namely
𝑇

𝑗

𝑖
= diag(−𝜌𝑚, 0, 0, 0) , 𝑇

𝑗

𝑖 = diag
(
−𝜌𝑑𝑒, 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧

)
, (4)

with the anisotropic EoS
𝑝𝑥 = 𝜔𝑑𝑒𝜌𝑑𝑒, 𝑝𝑦 = (𝜔𝑑𝑒 + 𝛾)𝜌𝑑𝑒, 𝑝𝑧 = 𝜔𝑑𝑒𝜌𝑑𝑒, (5)



62
EEJP. 1 (2026) U.Y.D. Prasanthi, et al.

where 𝜌𝑚 and 𝜌𝑑𝑒 denote the energy densities of matter and DE, respectively. The parameter 𝜔𝑑𝑒 is the equation-of-state
parameter of DE, while 𝛾 characterizes its anisotropic deviation along the 𝑦-direction. We stress that the skewness
parameter 𝛾 introduces anisotropic diagonal pressures and does not generate shear stresses. A non-zero expression for
𝑇 𝑦

𝑧 would necessarily originate from a non-diagonal energy-momentum tensor (e.g. shear/tilted fluid/heat flow) which
is not assumed in our formulation (since, we have a non-zero component of Einstein tensor 𝐺𝑦

𝑧 ). In our framework, the
dark-energy skewness parameter 𝛾 modifies only the diagonal pressure component 𝑝𝑦 .

Substituting the BT-II metric (1) and the above energy-momentum components into the field equations (2)–(3) (using
mixed form of these field equations), we obtain the dynamical equations governing the evolution of the anisotropic universe
in self-creation theory. The mixed form is often preferred in cosmological and anisotropic models because it allows a
direct physical interpretation of the energy density and directional pressures. These equations explicitly couple the scale
factors R(𝑡), S(𝑡), and the scalar field 𝜙(𝑡), thereby allowing us to study the impact of anisotropic DE on the cosmological
dynamics.

¥S
S +

¤R
R

¤S
S +

¥R
R + S2

4R4 =
−8𝜋𝜔𝑑𝑒𝜌𝑑𝑒

𝜙
(6)

2 ¥R
R +

¤R2

R2 − 3S2

4R4 =
−8𝜋(𝜔𝑑𝑒 + 𝛾)𝜌𝑑𝑒

𝜙
(7)

2 ¤R ¤S
RS +

¤R2

R2 − S2

4R4 =
8𝜋[𝜌𝑚 + 𝜌𝑑𝑒]

𝜙
(8)

¤𝜙
(

2 ¤R
R +

¤S
S

)
+ ¥𝜙 =

8𝜋𝜇(𝑇 + 𝑇)
3

. (9)

Differentiation with respect to time t is represented by a dot above a variable in this notation. The non-diagonal Einstein
tensor satisfies the geometric identity

𝐺𝑦
𝑧 = −𝑥

(
−

¥S
S +

¥R
R +

¤R2

R2 − S2

R4 −
¤R ¤S
RS

)
= 𝑥

(
𝐺

𝑦
𝑦 − 𝐺𝑥

𝑥

)
, (10)

which follows from the specific non-diagonal structure of the metric. Hence, the mixed Einstein equation is not independent
and can be obtained from the difference of the diagonal field equations. The total energy–momentum tensor employed in
Eq. (4) which represents an anisotropic dark energy component together with pressureless matter. Using field equations
(expressed in mixed form by raising the indices in Eq. (2)),

𝐺 𝑗
𝑖 = −8𝜋

𝜙
𝑇 𝑗

𝑖 , (11)

the difference of the 𝑦𝑦 and 𝑥𝑥 components yields

𝐺𝑦
𝑦 − 𝐺𝑥

𝑥 = −8𝜋
𝜙

(
𝑇 𝑦

𝑦 − 𝑇 𝑥
𝑥

)
= −8𝜋

𝜙
𝛾 𝜌𝑑𝑒 . (12)

Therefore, the off-diagonal field equation 𝐺𝑦
𝑧 = − 8𝜋

𝜙
𝑇 𝑦

𝑧 is automatically satisfied and does not introduce an additional
independent constraint. We can solve the system of equations (6)-(8) appropriately with the use of assumptions which
connects unknowns in the field equations. Because of this, we take into account the following physically plausible
circumstances:

R = S𝑘 . (13)

In this framework, 𝑘 represents a constant (Collins et al. [52]). Observational studies of velocity–redshift relations from
extragalactic sources reveal that the present cosmic expansion is isotropic to within nearly 30% [53, 54, 55]. Complementary
redshift surveys further constrain the shear-to-expansion ratio, yielding 𝜎

𝐻
≤ 0.3 within our Galaxy at the current epoch.

A widely employed approach in scalar–tensor cosmologies is to relate the scalar field 𝜙 to the average scale factor 𝑎(𝑡)
through a simple power-law ansatz [56, 57]:

𝜙 ∝ 𝑎(𝑡)𝑛,
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where 𝑛 is a dimensionless index. This relation has been extensively investigated in the literature, as it captures a range of
possible scalar-field behaviors with remarkable simplicity [58]-[63]. Motivated by both its mathematical tractability and
its physical plausibility, we adopt the following specific assumption in our analysis:

𝜙(𝑡) = 𝜙0 [𝑎(𝑡)]𝑛. (14)

Using the relations (13) and (14) in Eqs. (6) and (7), we obtain the metric potentials as

R = (𝑏3𝑒
𝛾0𝑡 + 𝑏4)

1
𝑘+2 (15)

and

S = (𝑏3𝑒
𝛾0𝑡 + 𝑏4)

𝑘
𝑘+2 (16)

where 𝑏3 =
(𝑘+2)𝑏1

𝛾0
, 𝑏4 = (𝑘 + 2)𝑏2, 𝑏1 and 𝑏2 are integrating constants. The scalar field of the model is

𝜙 = 𝜙0
(
𝑏3𝑒

𝛾0𝑡 + 𝑏4
) 𝑛

3 . (17)

Now metric (1), with the aid of Eqs. (15) and (16), can be written as

𝑑𝑠2 = −𝑑𝑡2 + (𝑏3𝑒
𝛾0𝑡 + 𝑏4)

2
𝑘+2 𝑑𝑥2 + (𝑏3𝑒

𝛾0𝑡 + 𝑏4)
2𝑘
𝑘+2 𝑑𝑦2 + 2(𝑏3𝑒

𝛾0𝑡 + 𝑏4)
2𝑘
𝑘+2 𝑥𝑑𝑦𝑑𝑧

+((𝑏3𝑒
𝛾0𝑡 + 𝑏4)

2𝑘
𝑘+2 𝑥2 + (𝑏3𝑒

𝛾0𝑡 + 𝑏4)
2

𝑘+2 )𝑑𝑧2. (18)

Equation (18) describes a anisotropic BT-𝐼 𝐼 BHDE model within the context of self-creation gravity theory, with the
following physical parameters. The model’s average scale factor 𝑎(𝑡) and volume 𝑉 (𝑡) are defined as follows:

𝑉 (𝑡) = 𝑎(𝑡)3 = (𝑏3𝑒
𝛾0𝑡 + 𝑏4). (19)

The expressions for the mean Hubble 𝐻 and the expansion scalar 𝜃 parameters are derived as follows:

𝐻 = 3𝜃 =
𝑏3𝛾0𝑒

𝛾0𝑡

3 𝑏3𝑒𝛾0𝑡 + 3 𝑏4

=
𝛾0
3

[
1 − 𝑏4 (1 + 𝑧)3] = 𝐻0

1 − 𝑏4

[
1 − 𝑏4 (1 + 𝑧)3] . (20)

where 1 + 𝑧 = 1
𝑎 (𝑡 ) and 𝑎(𝑡) is average scale factor. Here 𝐻0

1−𝑏4
=

𝛾0
3 . We will constrain following parameters 𝐻0 and 𝑏4

with observational datasets in section-3. We will evaluate the parameters 𝛾0 and 𝑘 from the expression 𝛾0 =
3𝐻0
1−𝑏4

, and
𝑘 =

𝑏4
𝑏2

− 2 for appropriate choice of arbitrary integrating constant 𝑏2 and observationally constrained values of 𝐻0 and
𝑏4. The average anisotropic parameter 𝐴ℎ and shear scalar 𝜎2 are given by

𝜎2=
(𝑘 − 1)2𝑏2

3𝛾
2
0𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 ; 𝐴ℎ=
2(𝑘 − 1)2

(𝑘 + 2)2 . (21)

From the obtained solutions, it is clear that the spatial volume of the universe undergoes an exponential increase, which
reflects the accelerated expansion characteristic of the present cosmic epoch. During the initial stages of cosmic evolution,
all dynamical quantities such as the scale factors, expansion scalar, and energy densities remain finite, thereby avoiding any
initial singularity. As cosmic time progresses, i.e., in the limit 𝑡 → ∞, these quantities diverge, indicating the unbounded
growth of the universe in accordance with an accelerated expansion scenario. A particularly interesting case emerges
when 𝑘 = 1. In this situation, the model becomes shear-free and isotropic, as demonstrated by the vanishing conditions
𝜎2 = 0 and 𝐴ℎ = 0. This implies that the anisotropic contributions completely disappear, and the model smoothly reduces
to the isotropic case, which is consistent with the standard FLRW cosmology. Such a limiting behavior is significant,
since it shows that the present anisotropic model can naturally accommodate isotropy under specific parameter choices, in
agreement with observational evidence from CMB measurements and large-scale structure surveys that strongly favor an
isotropic universe on large scales.

BHDE: The conventional formulation of HDE employs the Hubble horizon as the IR cutoff and makes use of the
Bekenstein–Hawking area law to determine the horizon of the Universe. However, this framework falls short in repro-
ducing the full cosmic evolution, which has motivated several modifications. These adjustments typically involve either
adopting alternative IR cutoffs or modifying the entropy–area relation. In this context, an HDE model inspired by Barrow
entropy has attracted considerable attention in recent years. Barrow proposed that quantum gravity effects may alter the
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geometry of black hole horizons, imparting them with intricate, fractal-like features. Such corrections render the entropy
formula more general, leading to the expression

𝑆 ∼ A1+𝛿/2, (22)

where 0 ≤ 𝛿 ≤ 1. The cases 𝛿 = 0 and 𝛿 = 1 correspond to the standard entropy–area law and the maximal deviation from
it, respectively. Notably, observational bounds on 𝛿 have already been obtained. Building on Eq. (22) and the profound
link between gravity and thermodynamics, Barrow’s framework has been extended to cosmology. In particular, the DE
density in the Barrow HDE scenario is given by

𝜌𝑑𝑒 = C L 𝛿−2, (23)

where the constant C = 3𝑐2𝑀2
𝑝 has dimensions [L]2−𝛿 . Here, 𝑐 is a numerical parameter and 𝑀2

𝑝 = 1
8𝜋𝐺 denotes the

reduced Planck mass. Within the framework of self creation theory of gravity, since 1
𝐺

= 𝜙, one obtains C =
3𝑐2𝜙

8𝜋 .

Model-1: BHDE model with Hubble horizon
The IR cutoff determines the largest scale that contributes to the energy density in HDE. In the standard HDE

framework, the choice of IR cutoff (such as the event horizon, particle horizon, or Hubble horizon) significantly influences
the cosmic dynamics. Unlike the event horizon, which depends on the future evolution of the scale factor, the Hubble
horizon is locally defined. This feature allows it to avoid the causality problem, thereby making it a more physically
consistent choice in certain cosmological scenarios. In the BHDE model, adopting the Hubble radius as the IR cutoff
provides a local, causal, and observationally viable description of DE. By setting the IR cutoff as L = 1

𝐻
, we obtain

𝜌𝑑𝑒 = C𝐻2−𝛿 (24)

where Hubble parameter 𝐻 is given by Eq. (20). Using Hubble parameter (20) in Eq. (24), we obtain the energy density
of BHDE with Hubble horizon as IR cutoff as

𝜌𝑑𝑒 =
3𝑐2𝜙0 (𝑏3𝑒

𝛾0𝑡 + 𝑏4)
𝑛
3

8𝜋

[
𝛾0
3

[
1 − 𝑏4 (1 + 𝑧)3] ]2−𝛿

. (25)

The BT-𝐼 𝐼 universe with BHDE with Hubble horizon inside the framework of self-creation theory of gravity is shown
by Eq. (18), the scalar field (17), and the energy density (25). Using Eqs. (6), (15)-(17) and (25), we get EoS parameter as

𝜔𝑑𝑒 = − 1
3𝑐2

(
𝑏2

3𝛾
2
0 𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 +
𝑏3𝑏4𝛾

2
0 𝑒

𝛾0𝑡

(𝑘 + 2) (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 +
𝑘2𝑏2

3𝛾
2
0 𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 +
𝑘 𝑏3𝑏4𝛾

2
0 𝑒

𝛾0𝑡

(𝑘 + 2) (𝑏3𝑒𝛾0𝑡 + 𝑏4)2

+
𝑘 𝑏2

3𝛾
2
0 𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 + 1
4

(
(𝑏3𝑒

𝛾0𝑡 + 𝑏4)
𝑘

𝑘+2
)2(

(𝑏3𝑒𝛾0𝑡 + 𝑏4) (𝑘+2)−1 )4

)
×

(( 𝑏3𝛾0𝑒
𝛾0𝑡

3 (𝑏3𝑒𝛾0𝑡 + 𝑏4)

)2−𝛿

)−1

.

(26)

and we find the skewness parameter as

𝛾 =
1

3𝑐2

(((
𝑏3𝑒

𝛾0𝑡 + 𝑏4
) 1
𝑘+2

)2𝑘−4
+

(𝑘 − 1) 𝛾2
0 𝑏3𝑒

𝛾0𝑡

(𝑘 + 2)
(
𝑏3𝑒𝛾0𝑡 + 𝑏4

) ) ((
𝑏3𝛾0𝑒

𝛾0𝑡

3(𝑏3𝑒𝛾0𝑡 + 𝑏4)

)2−𝛿
)−1

. (27)

Model-2: BHDE model with Granda–Oliveros horizon
The Granda–Oliveros (GO) cutoff is determined by the present value of the Hubble parameter 𝐻 and its time

derivative ¤𝐻. Unlike the event horizon cutoff, it avoids issues of non-locality and causality, since the presence of ¤𝐻
introduces a dynamical component that allows the DE density to evolve naturally. Moreover, because it does not involve
integration over the future cosmic time, the GO cutoff is regarded as physically more realistic and more consistent with
both thermodynamics and causality. In this framework, we consider the BHDE model with the GO horizon cutoff defined

as L =
(
𝛼1𝐻

2 + 𝛼2 ¤𝐻
)− 1

2 , (Granda and Oliveros [64, 65]), and hence we obtain

𝜌𝑑𝑒 =
3
8
𝑐2𝜙0

(
𝑏3𝑒

𝛾0𝑡 + 𝑏4
) 𝑛

3

𝜋

(
𝛼1 𝑏

2
3𝛾

2
0 𝑒

2𝛾0𝑡(
3𝑏3𝑒𝛾0𝑡 + 3𝑏4

)2 + 1
3
𝛼2 𝑏3𝑏4𝛾

2
0 𝑒

𝛾0𝑡(
𝑏3𝑒𝛾0𝑡 + 𝑏4

)2

)1− 𝛿
2

(28)

The BT-𝐼 𝐼 universe with BHDE with GO horizon inside the framework of self-creation theory of gravity is shown by Eq.
(18), the scalar field (17), and the energy density (28). Using Eqs. (6), (15)-(17) and (28), we get EoS parameter as

𝜔𝑑𝑒 = − 1
3𝑐2

[
𝑏2

3𝛾
2
0𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 +
(𝑘 + 1)𝑏3𝑏4𝛾

2
0𝑒

𝛾0𝑡

(𝑘 + 2) (𝑏3𝑒𝛾0𝑡 + 𝑏4)2 +
(𝑘2 + 𝑘)𝑏2

3𝛾
2
0𝑒

2𝛾0𝑡

(𝑘 + 2)2 (𝑏3𝑒𝛾0𝑡 + 𝑏4)2
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+ 1
4

(
(𝑏3𝑒

𝛾0𝑡 + 𝑏4)
𝑘

𝑘+2
)2(

(𝑏3𝑒𝛾0𝑡 + 𝑏4)
1
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)4

]
×

(
𝛼1𝑏
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3𝛾

2
0𝑒

2𝛾0𝑡
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0𝑒

𝛾0𝑡
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2 −1

(29)

we find the skewness parameter as

𝛾 =
1

3𝑐2

[ ( (
𝑏3𝑒

𝛾0𝑡 + 𝑏4
) 1
𝑘+2

)2𝑘−4
+

(𝑘 − 1)𝛾2
0𝑏3𝑒

𝛾0𝑡

(𝑘 + 2)
(
𝑏3𝑒𝛾0𝑡 + 𝑏4

) ] ( 𝛼1𝑏
2
3𝛾

2
0𝑒

2𝛾0𝑡

(3𝑏3𝑒𝛾0𝑡 + 3𝑏4)2 + 1
3
𝛼2𝑏3𝑏4𝛾

2
0𝑒

𝛾0𝑡

(𝑏3𝑒𝛾0𝑡 + 𝑏4)2

) 𝛿
2 −1

. (30)

3. OBSERVATIONAL CONSTRAINTS
The field equations with anisotropic DE in the framework of self-creation theory of gravity have been solved in closed

form, leading to a cosmological model in which the Hubble parameter depends explicitly on the parameters (𝐻0, 𝑏4). To
test the viability of this solution in describing the present Universe, we employ observational Hubble datasets to constrain
the model parameters. For this purpose, we use a joint compilation of 31 Hubble parameter measurements obtained from
cosmic chronometer (CC) observations [66, 67]. To explore the parameter space around the local minima, we carry out a
numerical analysis with the emcee package in Python, adopting Gaussian priors centered on the initial estimates with a
fixed standard deviation of 𝜎 = 1.0. The statistical analysis is based on the chi-square estimator, defined as

𝜒2
𝐻 (𝐻0, 𝑏4) =

31∑︁
𝑖=1

[𝐻th (𝑧𝑖; 𝐻0, 𝑏4) − 𝐻obs (𝑧𝑖)]2

𝜎2
𝐻 (𝑧𝑖 )

, (31)

where 𝐻obs (𝑧𝑖) denotes the observed Hubble parameter at redshift 𝑧𝑖 , 𝐻th (𝑧𝑖; 𝐻0, 𝑏4) is the theoretical prediction of the
model, and 𝜎𝐻 (𝑧𝑖 ) represents the corresponding observational uncertainty. Using this dataset, we obtain the best-fit values
of the parameters 𝐻0 and 𝑏4. The constraints are derived through a Markov Chain Monte Carlo (MCMC) analysis, ensuring
a robust estimation of the model parameters in light of current observational data.
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Figure 1. The plot displays the 2D contour plots of the model parameters.

In order to test the validity of the proposed BHDE models, we have constrained the free parameters using Hubble
cosmic chronometer (CC) data. The joint analysis provides best-fit values for the model parameter and the present Hubble
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Figure 2. Evolution of Hubble parameter 𝐻 (𝑧) versus redshift 𝑧. The solid line represents our model and dotted-line
indicates the ΛCDM model with Ω𝑚0 = 0.3 and ΩΛ0 = 0.7. The dots are shown the Hubble dataset with error bar.

constant as
𝑏4 = −0.091+0.013

−0.012, 𝐻0 = 72.3 ± 2.7 km s−1Mpc−1.

Fig. 1 displays the contour plots in the 𝑏4–𝐻0 parameter space. The contours show a well-defined and narrow
confidence region, implying that both 𝑏4 and 𝐻0 are tightly constrained by the CC dataset. Fig. 2 illustrates the theoretical
prediction of the Hubble parameter 𝐻 (𝑧) for the best-fit model, along with the observational Hubble data points and the
standard ΛCDM curve for comparison. The model curve exhibits excellent agreement with the observational Hubble data
across the redshift range 0 < 𝑧 < 2, confirming its consistency with the observed expansion history. The combination of
low-𝑧 ΛCDM-like behaviour and high-𝑧 deviations highlights the dynamical nature of BHDE, which interpolates between
standard expansion and phantom-like regimes.

4. COSMOLOGICAL PARAMETERS
In this section, we analyze the expansion behavior of the universe for the constructed BHDE models (Model-1 and

Model-2) using well-established cosmological diagnostics, including the EoS parameter 𝜔𝑑𝑒, the squared sound speed 𝑣2
𝑠 ,

the deceleration parameter 𝑞. Additionally, we employ cosmological diagnostic planes such as 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

, the statefinder
pair (𝑟, 𝑠), and the 𝑟 − 𝑞 plane. Here, we have used the parameter values as 𝛾0 = 0.62, 𝑛 = −0.964, 𝑏1 = 0.3, 𝑏2 =

−0.03063, 𝑏4 = −0.091+0.013
−0.012, 𝐻0 = 72.3 ± 2.7, 𝜆 = 10.02, 𝜙0 = 40.021, 𝑤 = 60.1, 𝑘 = 0.98, 𝑐 = 0.65, 𝛿 = 0.66, 𝛼1 =

0.98, 𝛼2 = 0.01 for graphical representation of the dynamical parameters of the models.

Scalar field: Fig. 3 shows the evolution of the scalar field 𝜙(𝑧) as a function of redshift 𝑧, where the shaded re-
gion represents the 1𝜎 confidence interval obtained for the parameter 𝑏4 = −0.091+0.013

−0.012. The scalar field increases
monotonically with redshift, starting from small values at 𝑧 < 0 (future epoch) and attaining progressively larger values
at higher redshifts (𝑧 > 1). This trend indicates that the scalar field was dynamically significant in the early Universe
and gradually decreased in relative strength toward the present epoch. The shaded area in the plot quantifies the effect of
uncertainties in 𝑏4. Near the present epoch (𝑧 ≈ 0), the uncertainty is minimal, indicating that the scalar field behaviour is
well constrained by observations. At higher redshifts (𝑧 > 2), the spread grows wider, reflecting the cumulative impact of
parameter uncertainties on the early-time evolution of 𝜙(𝑧). The increasing scalar field amplitude in the past suggests its
dominance during the anisotropic early Universe, possibly contributing to structure formation or stiff-fluid–like dynamics.
Toward late times, the reduction in 𝜙(𝑧) signifies its transition to a subdominant role. The constrained negative value of
𝑏4 ensures consistency with this transition while still allowing for a dynamical scalar field contribution.

Deceleration parameter: The deceleration parameter

𝑞(𝑧) = − ¥𝑎 𝑎
¤𝑎2 = −1 − 3𝑏4

𝑏3e𝛾0𝑡
(32)



Cosmological Diagnostics of Bianchi Type-𝐼 𝐼 Barrow Holographic Dark Energy Universe
67

EEJP. 1 (2026)

redshift z

-1 -0.5 0 0.5 1 1.5 2 2.5 3

φ
(z

)

0

20

40

60

80

100

120

140

160

Figure 3. Plot of scalar field versus redshift.

encodes the kinematic state of cosmic expansion: 𝑞 > 0 denotes a decelerating universe, 𝑞 = 0 a uniform expansion rate,
and 𝑞 < 0 an accelerating expansion.
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Figure 4. Deceleration parameter versus redshift.

The plotted curve of 𝑞(𝑧) with the shaded band in Fig. 4 shows both the best–fit evolution and the 1𝜎 uncertainty
corresponding to the fitted parameter 𝑏4 = −0.091+0.013

−0.012. The small uncertainty on 𝑏4 indicates that the data set used for the
fit tightly constrains the model direction controlled by this parameter. The narrow shaded region around the central curve
implies that the inferred shape of 𝑞(𝑧) is robust against modest changes in model parameters. The curve clearly shows
𝑞(𝑧) > 0 at sufficiently large redshift, signaling the expected decelerated expansion in the matter (and earlier radiation)
dominated epochs. At lower redshifts the curve crosses 𝑞 = 0 and becomes negative, indicating a transition to accelerated
expansion. The transition (or transition redshift 𝑧𝑡 ) lies in the intermediate redshift range (roughly of order unity), marking
the epoch when the dark–energy–like component began to dominate the expansion dynamics. At the present epoch (𝑧 ≈ 0)
the curve lies in the 𝑞 < 0 region, consistent with a presently accelerating Universe. The shaded band shows that the sign
and magnitude of 𝑞0 are determined with good precision. It can be seen that our models decelerates at high 𝑧, a transition at
𝑧 ∼ 1, and acceleration at low 𝑧 which is in agreement with independent probes such as SNe Ia, BAO and CC measurements.

Statefinder parameters: Various DE models have emerged in recent years, aiming to elucidate the accelerating ex-
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pansion of the universe. Interestingly, these models often yield identical values for the current Hubble and deceleration
parameters, making them practically indistinguishable from one another. Sahni et al. [68] proposed a merger of the
deceleration and Hubble parameters, expressed as:

𝑟=

...
𝑎

𝑎𝐻3 , 𝑠=
𝑟 − 1

3(𝑞 − 1/2) . (33)

The statefinder parameters for our model are

𝑟 = 1 + 9𝑏4
2

𝑏3
2 (e𝛾0𝑡 )2 (34)

𝑠 =
𝑏4

2

𝑏3
2 (e𝛾0𝑡 )2

(
−1

2
− 𝑏4

𝑏3e𝛾0𝑡

)−1
(35)

Fig. 5 displays the trajectories of the models in the (𝑟, 𝑠) diagnostic plane, which provide powerful geometrical tools
to distinguish different DE scenarios from one another and from the concordance ΛCDM model. The statefinder pair
(𝑟, 𝑠) is defined in terms of higher derivatives of the scale factor and is particularly effective in discriminating among DE
models. The ΛCDM model corresponds to the fixed point (𝑟, 𝑠) = (1, 0), while the CDM model lies at (𝑟, 𝑠) = (1, 1).
The trajectories in the figure show that the model under consideration evolves away from the ΛCDM fixed point, moving
through different evolutionary regimes. The sign of 𝑠 carries important physical meaning. For 𝑠 > 0, the trajectory
indicates a phantom-like behaviour of DE, whereas 𝑟 < 1 corresponds to the quintessence regime. The region 𝑠 < 0
with 𝑟 > 1 is characteristic of the Chaplygin gas model, representing a unified description of dark matter and DE. The
trajectory’s excursion into this domain indicates that the model mimics Chaplygin-like behaviour during certain epochs.

Figure 5. Plot of 𝑟 − 𝑠 plane. Figure 6. Plot of 𝑟 − 𝑞 plane.

(𝑟, 𝑞) plane: The (𝑟, 𝑞) diagnostic provides another valuable tool for testing the dynamical behaviour of cosmologi-
cal models, particularly in distinguishing between decelerating and accelerating phases. Fig. 6 gives the behavior of
our model in 𝑟 − 𝑞 plane. Two fixed points are of particular interest: (𝑟, 𝑞) = (1, 0.5), corresponding to the standard
cold dark matter (SCDM) model without a cosmological constant, and (𝑟, 𝑞) = (1,−1), corresponding to the de Sitter
model. The trajectories in the (𝑟, 𝑞) plane clearly illustrate the transition from the decelerating matter-dominated epoch
to the accelerating DE-dominated epoch. The shaded region corresponds to the uncertainty arising from the fitted model
parameters and highlights the robustness of this transition. The arrows on the curves indicate the evolutionary direction,
showing that the Universe starts near the SCDM point at high redshift and evolves towards the de Sitter attractor at late times.

Skewness parameter: Figs. 7 and 8 illustrate the behaviour of the skewness (or deviation) parameter 𝛾 as a func-
tion of redshift for both model-1 and model-2. The parameter 𝛾 quantifies the deviation of the DE EoS from its isotropic
counterpart and therefore serves as a diagnostic tool for identifying anisotropies, departures from ΛCDM, and higher-order
dynamical corrections. In both models, 𝛾 increases with redshift, reaches a peak around 𝑧 ∼ 1–2, and then saturates or
decreases at higher redshift. This peak corresponds to the transition epoch from deceleration to acceleration, indicating
that anisotropic effects and deviations from the canonical EoS are most pronounced during this phase. In the late Universe,
𝛾 → 0, implying that the DE component behaves isotropically and resembles the standard ΛCDM model. This result
is consistent with present observational constraints that strongly favour isotropy and 𝜔𝑑𝑒 ≈ −1 in the current epoch. At
early times, the value of 𝛾 decreases again, reflecting the dominance of the matter component over DE. This indicates
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that anisotropic deviations become less significant when the Universe approaches the standard matter-dominated evolu-
tion. Both models exhibit similar qualitative trends, but subtle differences are evident. Model-1 produces slightly larger
uncertainty bands and stronger anisotropic deviations at higher 𝑧, whereas model-2 yields a narrower confidence region
and smoother evolution of 𝛾. This suggests that the model-2 provides a more stable description of anisotropic departures
from ΛCDM and is therefore better aligned with current observational data.

Figure 7. Plot of skewness parameter versus redshift for
model-1.

Figure 8. Plot of skewness parameter versus redshift for
model-2.

Energy conditions: The Raychaudhuri equations initiated the exploration of energy conditions, playing a crucial role
in analyzing the alignment of null and time-like geodesics. The energy conditions are used to illustrate other universal
principles about the dynamics of intense gravitational fields. The often observed energy conditions are as follows:

Dominant energy condition (DEC): 𝜌𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 ± 𝑝𝑑𝑒 ≥ 0.
Strong energy conditions (SEC) : 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 + 3𝑝𝑑𝑒 ≥ 0,
Null energy conditions (NEC): 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0,
Weak energy conditions (WEC): 𝜌𝑑𝑒 ≥ 0, 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0,

Figure 9. Plot of energy conditions versus redshift for
model-1.

Figure 10. Plot of energy conditions versus redshift for
model-2.

Figs. 9 and 10 show the behaviour of various combinations of the DE density and pressure that are directly related
to the classical energy conditions. The shaded regions correspond to the 1𝜎 confidence interval due to the constraint 𝑏4 =

−0.091+0.013
−0.012. The following points are the implications for the dominant, strong, null, and weak energy conditions in

both model-1 and model-2. The WEC requires 𝜌𝑑𝑒 ≥ 0 and 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0. From the plots, 𝜌𝑑𝑒 remains strictly positive
throughout the redshift range for both models, ensuring that the first part of the WEC is always satisfied. However, the
condition 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0 shows periods of violation at intermediate and high redshifts, particularly in model-1, reflecting
the phantom-like behaviour of DE in those epochs. The NEC has the same requirement as the second part of the WEC,
i.e. 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0. In both models, NEC is violated when the evolution of 𝜔𝑑𝑒 dips into the phantom regime (𝜔𝑑𝑒 < −1).
The DEC requires 𝜌𝑑𝑒 ≥ 0 and 𝜌𝑑𝑒 ± 𝑝𝑑𝑒 ≥ 0. As noted, 𝜌𝑑𝑒 ≥ 0 is always satisfied. However, 𝜌𝑑𝑒 − 𝑝𝑑𝑒 (not explicitly
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plotted) is easily satisfied since 𝑝𝑑𝑒 is negative in most of the evolution. The critical test is 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0, which, as
discussed, is violated in the phantom era. Therefore, DEC is violated in epochs where the models enter deep phantom
behaviour, more prominently in model-1. The SEC requires 𝜌𝑑𝑒 + 𝑝𝑑𝑒 ≥ 0 and 𝜌𝑑𝑒 + 3𝑝𝑑𝑒 ≥ 0. The plots clearly show
that 𝜌𝑑𝑒 + 3𝑝𝑑𝑒 becomes negative at low redshift in both models, indicating a violation of SEC in the late-time Universe.
This violation is essential to drive accelerated expansion, consistent with the requirement for a negative effective pressure.
In the high-redshift regime, the SEC can be partially restored, though the uncertainty bands suggest that the violation
remains robust across most of the evolution. Both models share the same qualitative features with respect to the energy
conditions, but the strength of violation differs. Model-1 shows stronger and more prolonged violations of NEC, WEC,
and SEC, consistent with its deeper phantom excursions. Model-2, by contrast, exhibits milder violations and tends to stay
closer to the boundary of the conditions.

EoS parameter (𝜔𝑑𝑒): It serves as a crucial tool for categorizing the various phases in the expanding universe. It
is expressed as 𝜔 =

𝑝

𝜌
, representing the relationship between pressure (𝑝) and energy density (𝜌) within a given matter

distribution. Different phases, characterized by deceleration or acceleration, correspond to specific ranges of 𝜔. Decel-
eration phases encompass intervals such as those involving cold dark matter or dust fluid (𝜔 equals zero), indicating the
radiation era when 𝜔 lies between 0 and 1/3, and the fluid is classified as stiff for 𝜔 = 1. The accelerating phase, akin
to the cosmic constant/vacuum period (𝜔 equals -1), corresponds to the quintessence period when −1 < 𝜔 < −1/3, and
it’s known as the phantom era when 𝜔 < −1. This signifies a quintom period characterized by a combination of both
quintessence and phantom components.

Figure 11. Plot of EoS parameter versus redshift for model-1.

Figure 12. Plot of EoS parameter versus redshift for model-2.

Figs. 11 and 12 display the redshift evolution of the BHDE EoS parameter 𝜔𝑑𝑒 (𝑧) for two models-1 & 2. Each panel
shows the best–fit curve (solid line) and the 1𝜎 uncertainty band for three representative values of the BHDE parameter
𝑐 (here 𝑐 = 0.53, 0.59, 0.65). Both models exhibit a strongly dynamical 𝜔𝑑𝑒 (𝑧): the EoS begins near 𝜔𝑑𝑒 ≃ −1 at very
low redshift, steepens into a pronounced phantom regime (𝜔𝑑𝑒 < −1) at intermediate redshifts, reaches a minimum value
typically around 𝑧 ∼ 1, and then turns upward at higher redshift. This nontrivial evolution indicates that the BHDE
scenarios considered are dynamical DE models rather than simple cosmological constant models. Although the two model
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types share the same qualitative trend, model-2 generally produces milder phantom regime than model-1 for the same
values of 𝑐. Increasing 𝑐 (from 0.53 to 0.65 in the panels) systematically shifts 𝜔𝑑𝑒 (𝑧) upward, i.e. towards less phantom
(closer to −1) behaviour. For each model the smallest 𝑐 gives the deepest phantom dip, whereas larger 𝑐 softens the
deviation. This monotonic dependence highlights that the BHDE parameter controls the strength of dynamical effects:
larger 𝑐 weakens the departure from a cosmological constant. At low redshift the models are close to the cosmological
constant (𝜔 ≈ −1); at intermediate redshift they enter the phantom domain (𝜔 < −1); and at sufficiently high redshift they
approach less negative values. Because 𝜔𝑑𝑒 can cross the phantom divide (𝜔 = −1) during evolution, the model naturally
realizes a quintom-like behaviour (i.e., a combination of quintessence and phantom characteristics over cosmic history).

𝜔𝑑𝑒−𝜔′
𝑑𝑒

plane: We examine the 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane, where 𝜔′
𝑑𝑒

represents the rate of change of the EoS parameter
𝜔𝑑𝑒 with respect to ln(𝑎(𝑡)) [69]. It has also been found that the 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
plane can be split into two regions: thawing

(𝜔𝑑𝑒 < 0, 𝜔′
𝑑𝑒

> 0) and freezing (𝜔𝑑𝑒 < 0, 𝜔′
𝑑𝑒

< 0). The freezing region corresponds to a phase of faster cosmic
acceleration compared to the thawing region.

Figure 13. Plot of 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane for model-1. Figure 14. Plot of 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane for model-2.

Figs. 13 and 14 illustrate the trajectories of the BHDE models in the 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

phase plane. The shaded regions
correspond to the 1𝜎 confidence band for the parameter 𝑏4 = −0.091+0.013

−0.012. This diagnostic plane is especially useful in
classifying DE models into thawing and freezing behaviours. Thawing region is defined by (𝜔𝑑𝑒 < 0, 𝜔′

𝑑𝑒
> 0), thawing

models describe DE that was initially frozen at 𝜔𝑑𝑒 ≃ −1 (cosmological constant–like) and then evolves towards less
negative values. This regime typically corresponds to slower acceleration and a late-time deviation from ΛCDM. Freezing
region is defined by (𝜔𝑑𝑒 < 0, 𝜔′

𝑑𝑒
< 0), freezing models evolve towards 𝜔𝑑𝑒 → −1, indicating a stronger tendency

towards accelerated expansion. In this case, DE dynamics slow down asymptotically, producing a phase of more rapid
cosmic acceleration compared to thawing models. Both model-1 (Hubble cutoff) and model-2 (GO cutoff) predominantly
lie in the freezing region, as indicated by 𝜔𝑑𝑒 < 0 and 𝜔′

𝑑𝑒
< 0 over most of the evolution. This suggests that the BHDE

framework naturally drives the Universe towards a phase of faster acceleration at late times. The parameter 𝑏4 < 0 ensures
that 𝜔𝑑𝑒 remains deeply in the phantom regime (𝜔𝑑𝑒 < −1) for substantial intervals, while 𝜔′

𝑑𝑒
is negative, reinforcing

the freezing behaviour. The narrow shaded band implies that this classification is stable against 1𝜎 variations in 𝑏4. Both
models show a qualitatively similar trajectory in the 𝜔𝑑𝑒 −𝜔′

𝑑𝑒
plane. However, Model-2 (GO cutoff) produces a slightly

less steep descent in 𝜔′
𝑑𝑒

, which suggests a milder approach to the freezing regime compared to Model-1. This aligns with
earlier findings that the GO cutoff yields more moderate dynamical behaviour and is closer to observationally preferred
values. The freezing behaviour in both models is consistent with a late-time Universe dominated by a phantom-like DE
component, driving accelerated expansion more efficiently than ΛCDM.

Squared sound speed: The squared sound speed

𝑣2
𝑠=

¤𝑝𝑑𝑒
¤𝜌𝑑𝑒

=𝜔𝑑𝑒 +
𝜌𝑑𝑒

¤𝜌𝑑𝑒
¤𝜔𝑑𝑒 . (36)

is a primary diagnostic for the classical (linear) stability of cosmic fluids and effective DE components. If 𝑣2
𝑠 > 0 small

perturbations oscillate (or propagate), and the background is classically stable at the linear level. Conversely, 𝑣2
𝑠 < 0 implies

exponentially growing modes and a classical instability of the effective fluid, signalling that the background solution is not
robust under perturbations.

Figs. 15 and 16 show the behavior of 𝑣2
𝑠 (𝑧) for model-1 and model-2. The shaded band corresponds to the 1𝜎

variation induced by the parameter 𝑏4 = −0.091+0.013
−0.012, so the blue region indicates the uncertainty in the predicted 𝑣2

𝑠
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Figure 15. Plot of 𝑣2
𝑠 versus redshift for model-1. Figure 16. Plot of 𝑣2

𝑠 versus redshift for model-2.

due to the allowed range of 𝑏4. For both models 𝑣2
𝑠 is positive over a substantial redshift interval (approximately around

0 ≲ 𝑧 ≲ 2 in the plots). This positive region indicates that — at least at the linear perturbation level — the models are
classically stable during the recent cosmic history and around the epoch where DE dynamics is most relevant. At larger
redshift (or at the far end of the plotted range) 𝑣2

𝑠 declines and in the displayed examples it approaches or crosses slightly
below zero. Where 𝑣2

𝑠 becomes negative, the model develops a classical instability for perturbations in that epoch. The two
models show qualitatively similar 𝑣2

𝑠 (𝑧) shapes and uncertainty bands for the given 𝑏4 range, although small quantitative
differences are present in the peak height and the redshift where 𝑣2

𝑠 declines. Model-2 (GO cutoff) tends to produce a
slightly more moderate peak and a somewhat narrower band at intermediate 𝑧, consistent with earlier findings that the GO
cutoff yields milder departures from ΛCDM for comparable parameters. Both models, however, share the same qualitative
features: a stable positive region followed by a decline and potential instability at larger |𝑧 |.

5. CONCLUSIONS
In this work, we have constructed anisotropic BT-𝐼 𝐼 cosmological models within the framework of Self-creation

theory of gravitation, considering BHDE with two different IR cutoffs: the Hubble horizon and the GO cutoff. By
assuming a suitable relation between metric potentials, we obtained exact solutions of the field equations and explored the
dynamical and observational features of the models. The main conclusions can be summarized as follows:

• The contour plot obtained from Hubble CC data, which provides joint constraints on the model parameter 𝑏4 and
the present Hubble constant 𝐻0. The analysis yields the best-fit values 𝑏4 = −0.091+0.013

−0.012, 𝐻0 = 72.3 ±
2.7 km s−1Mpc−1. The contour plots confirm the robustness of these constraints, while the 𝐻 (𝑧) fit demonstrates
consistency with the observed expansion history and mild deviations from ΛCDM at high redshifts.

• The scalar field 𝜙(𝑧) decreases monotonically with evolution of the models, with larger values at higher redshift
indicating its strong dynamical contribution in the early Universe. At low 𝑧, the scalar field contribution diminishes,
consistent with a DE-dominated accelerated phase. The models successfully reproduce the transition from a past
decelerated epoch (𝑞 > 0) to the present accelerating epoch (𝑞 < 0). The transition redshift lies in the interval 𝑧𝑡𝑟 ∼
0.6–0.8, which is in excellent agreement with observational estimates from SNeIa and BAO data [70, 71]. In the
(𝑟, 𝑠) plane, both models evolve away from the ΛCDM fixed point (𝑟, 𝑠) = (1, 0), entering regions corresponding to
quintessence and phantom behaviour depending on epoch. In the (𝑟, 𝑞) plane, the trajectories clearly demonstrate
the transition from the SCDM point (1, 0.5) (matter-dominated decelerated era) to the de-Sitter model (1,−1)
(cosmological constant-dominated accelerated era).

• The deviation parameter 𝛾 shows strong growth around the transition epoch (𝑧 ∼ 1–2), signaling maximum deviations
from isotropy and enhanced dynamical effects of DE. At late times, 𝛾 → 0, restoring isotropy and a ΛCDM-like
state. Model-2 again demonstrates a more stable and narrower evolution of 𝛾 compared to model-1, suggesting
that anisotropic effects are better regulated under the GO cutoff. The WEC and NEC are largely satisfied in both
models. However, the SEC is violated in the low-redshift regime, which is consistent with the requirement for
cosmic acceleration. The DEC is upheld in most cases, validating the physical viability of the models.

• Both models exhibit a quintom-like behaviour, evolving across the cosmological constant boundary 𝜔𝑑𝑒 = −1. At
low redshift, 𝜔𝑑𝑒 remains close to −1, consistent with current Planck 2018 bounds [72] (𝜔𝑑𝑒 = −1.03±0.03), while
at higher redshifts both models transition into the phantom regime (𝜔𝑑𝑒 < −1). The shaded regions confirm that this
transition is robust under observational uncertainties. Both models lie predominantly in the freezing region (𝜔𝑑𝑒 <
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Table 1. Comparison of cosmological behaviour between Model-1 (Barrow HDE with Hubble cutoff) and Model-2
(Barrow HDE with GO cutoff).

Diagnostic Model-1 (Hubble cutoff) Model-2 (GO cutoff)
Scalar field 𝜙(𝑧) Monotonically increasing with red-

shift and slightly stronger growth
Same behavior as model-1

Deceleration parameter 𝑞(𝑧) Clear transition at 𝑧𝑡𝑟 ∼ 0.6–0.8 con-
sistent with data

Same behavior as model-1

Statefinder (𝑟, 𝑠) plane Model finally approaches to ΛCDM
(1, 0) model and also shows
quintessence and phantom phases

Same behavior as model-1

(𝑟, 𝑞) plane Transition from SCDM (1, 0.5) to de-
Sitter (1,−1) and larger spread

Same transition as model-1

Energy conditions WEC and NEC satisfied, SEC vio-
lated at late times (required for accel-
eration) and DEC valid mostly

Similar behaviour but with fewer vio-
lations and more consistent with cos-
mic acceleration

Skewness parameter 𝛾 Peaks strongly around 𝑧 ∼ 1−2, larger
deviations from isotropy and broader
band

Similar peak but narrower confidence
region and anisotropy effects better
controlled

Equation of state parameter 𝜔𝑑𝑒 Shows quintom behaviour, crosses
𝜔 = −1 and broader uncertainty band

Similar quintom behaviour, smoother
trajectory and closer to Planck con-
straints

𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane Mostly in freezing region and strong
acceleration phase

Also in freezing region and smoother
evolution but closer to de-Sitter at-
tractor

Squared sound speed 𝑣2
𝑠 Stability at intermediate 𝑧, instabili-

ties at certain epochs and wider un-
certainty

More stable evolution, reduced insta-
bilities and narrower uncertainty band

0, 𝜔′
𝑑𝑒

< 0), corresponding to stronger cosmic acceleration compared to thawing models. This indicates that the
DE dynamics in these models naturally drive a future de Sitter-like phase. The squared sound speed 𝑣2

𝑠 exhibits
both positive and negative values. In the intermediate redshift regime, 𝑣2

𝑠 > 0 confirms stability, while instabilities
(𝑣2

𝑠 < 0) arise at certain epochs. Model-2 provides a smoother and more stable profile compared to model-1, with
narrower uncertainty bands, suggesting that the GO cutoff yields a more observationally consistent description.

Finally, both BHDE models (Hubble and GO cutoffs) are consistent with observational constraints and reproduce the main
features of cosmic evolution, including the transition from deceleration to acceleration, quintom behaviour of DE, and
late-time convergence to ΛCDM-like dynamics. Model-1 (Hubble cutoff) shows slightly stronger deviations and broader
uncertainty bands, while model-2 (GO cutoff) provides smoother trajectories, reduced anisotropies, and better stability
properties. This suggests that the GO cutoff may represent a more robust framework for describing the late-time dynamics
of the Universe.
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КОСМОЛОГIЧНА ДIАГНОСТИКА ГОЛОГРАФIЧНОЇ ТЕМНОЇ ЕНЕРГIЇ ВСЕСВIТУ БАРРОУ
ТИПУ БIАНКI-II

У.Й. Дiв’я Прасантi1, Д. Техесварарао2, Дiддi Шрiнiваса Рао3, Ю. Адiтья4, Д. Рам Бабу4
1Департамент статистики & математики Коледж садiвництва, доктор Y.S.R. Садiвничий унiверситет,
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2Кафедра фундаментальних та гуманiтарних наук, Технологiчний iнститут GMR (GMRIT) – вважається унiверситетом,
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У цiй статтi ми дослiджуємо анiзотропну космологiчну модель типу 𝐼 𝐼 Бiанкi в рамках голографiчної темної енергiї Барроу, роз-
глядаючи як горизонт Хаббла, так i шкалу Гранда–Олiвероса як iнфрачервонi обрiзання.Щоб отримати точнi розв’язки рiвнянь
поля Ейнштейна, ми припускаємо вiдповiдне спiввiдношення мiж метричними потенцiалами. Використовуючи данi космiчного
хронометра Хаббла, ми обмежуємо параметри моделi та отримуємо значення найкращого наближення 𝑏4 = −0, 091+0,013

−0,012 та
𝐻0 = 72, 3 ± 2, 7 км с−1Мпк−1. 𝐻 (𝑧) апроксимацiя демонструє чудову вiдповiднiсть з даними спостережень та перекриття з
ΛCDM при низьких червоних змiщеннях, з незначними вiдхиленнями при вищих 𝑧. Фiзичну поведiнку моделi дослiджують за
допомогою детального аналiзу космологiчних параметрiв. Параметр уповiльнення 𝑞(𝑧) демонструє плавний перехiд вiд ранньої
фази уповiльнення до сучасної епохи прискорення. Параметр рiвняння стану𝜔𝑑𝑒 демонструє квiнтомоподiбну динамiку, розви-
ваючись через межу космологiчної константи та входячи уфантомний режим, що узгоджується з прискоренням наприкiнцi часу.
Стабiльнiсть перевiряється за допомогою квадрата швидкостi звуку 𝑣2

𝑠 , який залишається додатним у нещодавньому Всесвiтi,
що забезпечує класичну стабiльнiсть. Фазова площина 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
вказує на те, що обидвi моделi лежать в областi замерзання,

що вiдповiдає швидшому прискоренню. Дiагностика стану (𝑟, 𝑠) та (𝑟, 𝑞) додатково пiдтверджує перехiд вiд стандартної фази,
де домiнує холодна темна матерiя, до атрактора, подiбного до де Сiттера, з траєкторiями, що показують чiткi вiдхилення вiд
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This paper focuses on examining the bouncing model within a flat Friedmann–Robertson–Walker (FRW) Universe. The equation of 
state (EoS) parameter pertaining to the considered model under consideration specifies the Universe's peculiar functioning. The 
kinematics along with the physical attributes of the model’s dynamic parameters are investigated comprehensively. We explored 
several energy conditions (ECs) in this scenario. The diagnostic pair { },r s  of statefinder and the jerk parameter ( )j t  are investigated 

to identify significantly different cosmic phases. We used the squared sound speed parameter 2
sC , designed to meet the needs of our 

model’s stability analysis. Our analysis revealed that outcomes of our study are in accordance with patterns observed in the bouncing 
scenarios, offering a method to explain the cosmic acceleration as well as the singularity problem in our Universe. 
Keywords: Bouncing scenario; FRW metric; ( , )f R T gravity; Cosmic acceleration 
PACS: 98.80.-k, 04.20.-q, 04.50.Kd, 98.80.Cq 

1. INTRODUCTION
In pursuance of an intuitive essence of the Universe and astrophysical mechanisms, General Relativity (GR), 

pioneered by Einstein, is widely considered the most significant theory offering explanations for many mysterious factors 
of gravitational dynamics. According to observational cosmic evidence, our Universe came across an early inflation 
accompanied by late-time expansion, which is presently occurring more rapidly [1–4]. It is believed that the force 
propelling the expanding cosmos appears to be dark energy (DE), characterized by its negative pressure, thereby 
allocating 68.3% of the peculiar ingredient of the Universe, with an additional 25% being dark matter (DM) [5–10]. 
Modified gravity (MG) represents a method that alters the action principle GR and serves as an alternative approach to 
remedying DE, whereas the other method introduces a number of dynamical DE candidates, such as the cosmological 
constant [11], Chaplygin gas (CG) [12], X-matter [13,14], and quintessence [15,16] for better comprehension of the nature 
of DE. In GR, the accelerating cosmos is typically ascribed to a cosmological constant, leading to the standard ΛCDM 
model. Notwithstanding its observable success, ΛCDM encounters fine-tuning and cosmic coincidence issues [17,18]. 
Numerous researchers have investigated MG in diverse cosmological frameworks; for a comprehensive survey, see ref. 
[19,20]. Several kinds of MG theories, starting with ( )f R  gravity, ( )f T  gravity, ( )f G  gravity, and ( )f Q  gravity, are 
being put forward in this setting. Out of the many MG theories, ( )f R  gravity is believed to be the best fit for 
cosmologically useful models, though it faces considerable problems [19,20]. The ( , )f R T  gravity was presented as an 
extension, wherein the gravitational Lagrangian is contingent upon the Ricci scalar ( )R  along with the trace ( )T  of the 
matter energy–momentum tensor. In recent decades, much research has been undertaken in a promising category of 

( , )f R T  gravity, with numerous functional expressions being extensively investigated to explain late-time acceleration 
[21–27]. Even while certain models raise questions about their cosmic viability [28,29], ( , )f R T  gravity is still a major 
way to bring together matter and geometry in cosmological dynamics. 

The important issue of initial singularity was encountered by GR, among other issues, during the early Universe. In 
an attempt to tackle the concern of initial singularity, bouncing cosmological models are currently being studied, which 
prescribe that the cosmos initially contracted leading up to expanding, shorn of coming across a singularity [30]. For a 
smooth bouncing approach, Steinhardt and Ijjas [31] put together a wedge diagram to gain insight into the detrimental 
impacts of certain cosmological challenges. Nonetheless, the non-singular bounce might not be able to meet the null 
energy condition (NEC) within the system associated with a flat Universe. Moreover, the widely accepted Galileon 
theories [32] addressed non-singular cosmology, which fails to uphold the NEC. In recent years, bouncing cosmology has 
become more prevalent because it presents a distinct speculative framework compared to other common cosmic theories. 
For the systematic review regarding conventional bouncing cosmologies, see ref. [33]. Brandenberger and Peter [34] have 
looked into the current circumstances of bouncing cosmologies as possible alternatives to cosmic inflation to offer an 
explanation of the very early cosmos. Relevant bounce arrangements founded on the concept of GR are examined in 
[35-40], while the appropriate bouncing scenarios integrated within MG are analyzed in [41–50]; interestingly, in ( , )f R T  
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gravity [51–56], featuring the role of the big bang singularity. The main motivations for this study on the bouncing model 
within in the light of the GR and ( , )f R T  gravity are to examine the cosmic speed singularity over a prolonged phase 
along with exploration of the bouncing conduction appearing in its earliest stages. The structure of the paper follows this 
approach. Sec. 2 contains the cosmological framework of the FRW world and its associated field equations, whereas its 
solution via the bouncing scenario is established in sec. 3. The dynamic parameters of our model with the inclusion of 
DE are analyzed in sec. 4. Sec. 5 covers the exploration of various energy conditions (ECs) of the model. The statefinder 
diagnostics and jerk parameter, along with the stability of our model, are investigated in secs. 6 and 7, respectively, and 
at last, the conclusions together with discussion are covered in sec. 8. 

 
2. THE FRW UNIVERSE AND FIELD EQUATIONS 

The majority of cosmological models within the confines of contemporary cosmology are predicated on the most 
underlying aspects of the cosmological principle, claiming that the cosmos is homogeneous as well as isotropic over the 
cosmological extent. It is widely accepted that the observable cosmos is nearly isotropic and homogeneous. Consequently, 
cosmologists have focused a considerable amount of emphasis on a flat FRW model, which is articulated as 

 2 2 2 2 2 2( )( ),ds dt a t dx dy dz= − + +  (1) 

with ( )a t  representing the scaling factor, a function that depends only on t . The Ricci scalar R  for the metric (1) arrives 

to be ( )26 2R H H= − + , with H a a=   means the Hubble parameter, while ‘ ⋅ ’ reflects the conventional time derivative.  
 

2.1. FIELD EQUATIONS IN GR 
The Einstein’s field equations in GR are expressed as 

 1
2ij ij ijR g R T− = −  (2) 

where ijT  stands for the standard matter energy momentum tensor, which is defined as ( )ij i j ijT p u u g pρ= + −  with ρ  
representing energy density, and p is the pressure.  
The metric (1) yields the field equations in the form: 

 22 3H H p+ = − , (3) 

and 

 23H ρ= . (4) 
 

2.2. FIELD EQUATIONS IN ( , )f R T  GRAVITY 
The action of ( , )f R T  gravity has the form [57], 

 4( , )
16 m

f R TS L gd x
π

 = + −   , (5) 

with mL  accounting the matter Lagrangian and the stress- energy tensor of matter is specified as 

 
( )2 m

ij ij

g L
T

gg
δ

δ
−

= −
−

. (6) 

Following the work of Agrawal et al.[55] in ( , )f R T  gravity for the bouncing scenario,  
We looked into the non-minimal dependence on matter and geometry as, 1 2( , ) ( ) ( )f R T f R f T= + . The field 

equations of ( , )f R T  gravity concerning non-minimal matter interaction can be acquired by tailoring the action pertaining 
the metric tensor ijg  as, 

 ,
1 1( ) ( ) ( ) ( ) 8 ( ) [ ( ) ( )]
2 2R ij ij i j ij R ij T ij T ijf R R f R g g f R T f T T f T p f T gπ− − ∇ ∇ − = + + +  (7) 

In Eq. (7), we denote 1( ) ( )Rf R f R R=∂ ∂  and 2( ) ( )Tf T f T T= ∂ ∂ , while p  reflects the pressure of the matter.  
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Based on the three options of ( , )f R T  provided by Harko et. al. [57], we have selected ( , ) 2 ( )f R T R f T= + . A 
substantial assortment of cosmological scenarios is described in the field, with 1 ( )f R R=  and 2 ( )f T Tβ= , β  as 
coupling constant. We intend to embrace the timeless cosmological constant 0Λ  here in a way that

0( , ) 2 2 .f R T R Tβ= + + Λ Consequently, the field equations (7) become 

 (8 2 ) ( )ij ij ijG T T gπ β= + + Λ , (8) 

with 0( ) (2 )T p T βΛ = + + Λ  specifying effective cosmological constant.  
The discovery of supernovae has significantly enhanced the relevance of the cosmological constant Λ , previously 
considered negligible, in the examination of accelerating cosmological models. As the Universe evolves, this changes 
too. The current extended gravity hypothesis that it happens over cosmic time. It turns out that Λ  becomes a pure constant 

0Λ  for a vanishing β . Moreover, the field equations (8) are simplified to 

 0(8 2 ) [(2 ) ]ij ij ijG T T gπ β ρ β= + + + + Λ . (9) 

And then the field equations of ( , )f R T gravity arrive at 

 
.

2
02 3H H pη β ρ+ = − + + Λ , (10) 

and 

 2
03 H pη ρ β= − + Λ , (11) 

with 8 3η π β= + . The above field equations reduce to GR case for a vanishing β . Performing some algebraic 
manipulations among eqns. (10) and (11), we can derive the pressure p , energy density ρ and equation of state (EoS) 
parameter in terms of Hubble parameter as, 
By executing algebraic modifications on Eqs. (10) and (11) as it relates to the Hubble parameter, we can formulate 
pressure p , energy density ρ , and EoS parameter ω  as 

 2
02 2

1 [2 3( ) ( ) ]
( )

p H Hη η β η β
η β

= − + − − − Λ
−

  (12) 

 2
02 2

1 [ 2 3( ) ( ) ]
( )

H Hρ β η β η β
η β

= − + − − − Λ
−

  (13) 

and 2
0

2( )1
2 3( ) ( )

H
H H

η βω
β η β η β

 += − +  − − + − Λ 


  (14) 

Given the present circumstances, including yet another constraint equation is absolutely necessary in fully resolving 
the set of field equations (3)-(4) and (12)-(14) that are formulated with the Hubble term. We want to examine the model's 
bouncing behavior using an established bouncing scale factor, thus explaining why we're presenting its settings in Hubble 
terms. It is necessary to prefigure a particular form for the Hubble parameter to acquire the expressions for the dynamical 
components. Given that bouncing cosmology, an adversary substitute for the inflationary paradigm [58], is being 
vigorously researched to solve the singularity problem, we are brought about to look into the model within the matter 
bounce context. Consequently, our next step involves establishing an appropriate bouncing model to explore a particular 
cosmological solution to the system of field equations. 

 
3. BOUNCING COSMOLOGICAL SOLUTIONS 

This section intends to examine a cosmological solution that ultimately results in a bouncing scenario. The cosmos 
undergoes a non-singular bounce during its initial matter-dominated segregation phase in the bouncing state, as explained 
in [34,52,54,59–63]. An investigation conducted in [64] suggests that the Universe, which expands following a minimal 
collapse, represents the bouncing Universe. In bouncing cosmology, the scale factor declines ( )0a <  in the negative time 
region, indicating the contracting era, and then again it elevates ( )0a >  in the positive time region, representing the 
expanding era, whereas it vanishes ( )0a =  close to the point 0t =  where the bounce occurs. The Hubble parameter's 
positive value ( 0)H >  signifies the expanding period of the cosmos and it is negative ( 0)H <  during the contracting 
period of the cosmos, as investigated in [65]. At the site of the bounce, the scale factor must attain a minimal, non-zero 
value, whereas the Hubble parameter must vanish for the effective functioning of the bouncing model without 
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encountering singularity [66]. Additional requirements at the bouncing point consist of violating NEC and transitioning 
the EoS parameter across the phantom split line ( 1)ω = −  as discussed in [67]. In order to satisfy these conditions and to 

have a congruous bounce over the scale factor, we consider 2 21( ) ta t γ= + with 0γ >  representing a constant parameter 
that regulates the cosmic expansion, adhering to the scale factor specified in [56]. Consequently, the Hubble parameter 

( )H t  becomes 

 
2

2 21
aH
a t

tγ
γ+

= =
  (15) 

The deviations of the scale factor ( )a t  and how the Hubble parameter ( )H t  has evolved across cosmic time ( )t  
are illustrated in Figs. 1 and 2, respectively, which specify the orientation of its curvature for three assigned values of the 
parameter 0.7 ,0.8,0.9γ = . As demonstrated in Fig. 1, the scale factor ( )a t  experiences symmetrical progression from 
the contracting era of the cosmos towards the expanding Universe and stays finite with a non-zero value, (0) 1a =  at the 
bouncing spot 0t = , enabling the Hubble parameter ( )H t  to potentially be zero during this epoch as shown in Fig. 2,  
thereby satisfying the bouncing conditions [67]. To visualize a bounce, one can envision the cosmos contracting and then 
expanding, with this behavior being evident at and near the bounce point. Eventually, the Hubble parameter evolves 
rectilinearly from the contracting to the expanding era with the assistance of a bounce by passing through zero as depicted 
in Fig. 2, thereby constituting the bouncing model. 

 
Figure 1. Inspection of the scale factor ( )a t  versus cosmic time ( )t . 

 
Figure 2. Displays the approach of the Hubble parameter ( )H t  against cosmic time ( )t . 

The deceleration parameter ( )q  elucidates the evolution of the Universe's expansion and is found to be 

 2 221 .1Hq
H tγ

= − − −=


 (16) 

In scenarios in which the Universe experiences deceleration throughout its existence, the deceleration parameter 
remains positive ( 0)q > ; whereas, it becomes negative ( 0)q <  as the cosmos expands rapidly. Fig. 3 outlines the way 
the deceleration parameter behaves symmetrically over the bouncing point. It's noteworthy that the deceleration 
parameter encounters a negative trend ( )1q < −  with regard to both contracting and expanding Universe, indicating super 
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exponential expansion, and showcases a large negative value in close proximity to the bouncing point. Consequently, the 
estimated deceleration parameter’s value lined up with topical cosmological inspection associated with Type Ia 
Supernovae [68–70], emphasizing that our cosmos continues to expand at an accelerating pace throughout its evolution. 
Based on the classification of cosmos explored in [65], our model exhibits a contracting and accelerating phase 
( 0, 0)H q< <  followed by an expanding and accelerating stage ( 0, 0)H q> < , as illustrated in Figs. 2 and 3. 

 
Figure 3. Displays the approach of the deceleration parameter ( )q  against cosmic time ( )t . 

 
4. ANALYSIS OF MODEL'S DYNAMICAL PARAMETERS 

The appropriate functioning of the dynamical parameters is essential for the sustainability of any cosmological model, 
and its results ought to align with an equitable agreement. Disparities point to systemic errors arising from varying analytical 
methods or cosmological observations. The expression's free parameters and the selected representative values for the model 
might also be linked with its origin. Recent findings of cosmic acceleration reveal that the EoS parameter and pressure must 
be negative, preferably in both the immediate and distant future. Moreover, a non-singular bounce requires both a positive 
energy density and negative pressure. Due to this, we now examine the model's dynamic features concerning the patterns of 
behavior exhibited during bouncing in the light of the scale factor that is taken into account in the present investigation. From 
field equations (3)-(4), the energy density and pressure for GR are expressed as 

 
( )2

2

2 2

43

1

t

t
ρ

γ
γ

+
=  (17) 

and 
( )
( )

22 2

22 2

2

1
p

t

t

γ γ

γ

+
−

+
= . (18) 

Using barotropic EoS, p ωρ= , the EoS parameter ( )ω  can be obtained as 

 2 2

1 2
3 3 t

ω
γ

− −= . (19) 

From the field equations (12)-(14), the pressure, the energy density and the EoS parameter for ( , )f R T  gravity are 
expressed as 

 
( )( )

( ) ( ) ( )22 4 2
02

2 2
22 22

1 [2 3 1
1

]p t t
t

ηγ η η
β

β γ γ β
γη

+
−

− + −
+

= Λ+ , (20) 

 
( )

( ) ( ) ( )2 02 2

22 2 2 4 2 2 2

2 2

1 [ ]
1( )

2 3 1t t t
t

ρ βγ γ ηγ γ
β

η
γη

β+ − −
−

+ −= Λ
+

, (21) 

and 
( )( )

( ) ( ) ( )

2 2 2

24 2 2 2 2 2 2
0

2
1

3 2 1

1t

t t t
ω

γ β η γ

ηγ γ βγ γ β η

+
− +

− +
=

+ + − Λ

−
. (22) 

For graphical illustration, we have used the considered values of the parameter 0.7 ,0.8,0.9γ =  with 5.8β = −  and 

0 0.001Λ = [55]. The progression of energy density across cosmic time for both cases of GR and ( ),f R T  gravity is 
depicted in Fig. 4 for three assigned values of parameters γ .The graphical representations in Fig. 4 illustrate the energy 
density over cosmic time related to the bouncing model. It shows a downward trajectory (indicating contraction) before 
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the bounce and a subsequent rising tendency (indicating expansion) after the bounce, with a minimum occurring at the 
bounce point. Throughout cosmic time, both the contracting and expanding models maintain positive energy density, 
although there is a negative trend that culminates at the bounce site. The behavior of pressure ( )p  up against cosmic time 
is illustrated in Fig. 5, which validates an assertion that the pressure continues to be negative in both the temporal realms 
of the contracting as well as the expanding Universe, thereby providing additional backing for the Universe’s cosmic 
acceleration. 
 

     
    (a) For GR      (b) For ( ),f R T gravity 
Figure 4. Displays the energy density ( )ρ  for three assigned values of γ . 

    
    (a) For GR      (b) For ( ),f R T gravity 

Figure 5. Displays the pressure ( )p  for three assigned values of γ . 

    
    (a) For GR      (b) For ( ),f R T gravity 

Figure 6. The advancement of the EoS parameter ( )ω  for three assigned values of γ . 

Fig. 6 demonstrates the aspects of the EoS parameter's advancement associated with the bouncing model for both 
the cases of GR and ( ),f R T  gravity. The EoS parameter downscales all via the phantom divide line ( 1)ω = −  to the 
underlying negative value in each respective temporal realm of the contracting and expanding Universe, thereby entering 
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the phantom region ( 1)ω < − , and it showcases a symmetric trend over the two faces of the bouncing epoch. This indicates 
that the cosmos is presently undergoing a phantom DE phase in symmetric bouncing cosmology. Moreover, the intriguing 
traversal of the EoS parameter along the quintom line close to the bouncing spot, as illustrated in Fig. 6, for three 
conceivable values of these model parameters γ , provides additional supporting evidence for the efficiency and 
credibility of the suggested bouncing model [71,72]. 

 
5. ENERGY CONDITIONS 

A system of linear equations incorporating density along with pressure referred to as energy conditions (ECs), 
which points out that gravity remains constantly repulsive; additionally, the energy density is unlikely to be negative. 
Building feasible bouncing models and investigating the kind of dark energy that sustains them depend on insights from 
ECs. Each of these ECs which are assimilated into GR and ( , )f R T  gravity as follows: 

(1) Null Energy condition (NEC) ⇔ 0pρ + ≥  

(2) Strong Energy Condition (SEC) ⇔ 3 0pρ + ≥  

(3) Dominant Energy Condition (DEC) ⇔ de depρ ≥  

   

    (a) For GR      (b) For ( ),f R T gravity 

Figure 7. Approach of ECs varying over the cosmic time. 

For the present bouncing scenario, the graphical representations of NEC, DEC, and SEC of our model varying with 
the passage of cosmic time for both the cases of GR and ( ),f R T  gravity are demonstrated in Fig. 7. An essential aspect 
of the bouncing situation is non-compliance with the ECs. It is abundantly clear from an investigation conducted in [59] 
that one must account for the violation of NEC and SEC while attempting to accomplish non-singular bouncing solutions 
within GR. Astrophysical observations [69, 70] must go against the SEC while complying with the persisting statistics of 
the speeding cosmos. It is noteworthy that an outbreak of dark energy is initiated by an invalidation of the SEC, which 
thereby validates the Universe's fast expansion. Furthermore, the spatially flat setting that we focused on herein demands 
NEC violation at the bouncing point for a successful bounce to occur [67]. As per the illustration in Fig. 7, we noticed the 
overall validation of DEC, whereas SEC is violated for intermediate values of γ . Consequently, our model meets the 
necessary criteria of NEC violation with constant negative value to enable a successful bouncing mechanism, while 
averting singularities, and the violation of SEC culminates in the Universe’s accelerating expansion, which is in 
concurrence with the current scenario of the cosmos. 

 

6. STATEFINDER DIAGNOSTIC  
The statefinder diagnostic assists in the investigation of bouncing model, as their time-dependent behavior close to 

the bounce indicates departures from conventional expansion and aids in finding the consequences of the DE model. 
These are therefore critically essential for grasping the dynamics of a non-singular, bounce-driven Universe. Sahni et al.  
[73] accompanied by Alam et al. [74] established the statefinder diagnostic pair { },r s  by exploiting the derivatives of the 
scaling factor with r  as the jerk parameter whereas s  represents the physical entities of DE, which are described by 

3
1and .

3( 1 2)
a rr s

qaH
−≡ ≡
−


 For ( , ) (1,1)r s = , the model reflects the cold dark matter (CDM) limit, while ( , ) (1,0)r s =  

belongs to the ΛCDM limit. When 1r < , it contributes to the quintessence DE era, the phantom DE  region for 0s >  
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while the trajectory for the Chaplygin Gas (CG) model arrives for 1r >  with 0s < . These two statefinder settings turn 

out to be 2 2

3r
tγ

= −  with 2 2

2 11
3 2 t

s
γ

 + +
=

 
 and their relation is expressed as 

 
( )
3 2

2 1
s
s

r −=
−

 (23) 

The deviation of r  against s  is depicted in Fig. 8 which signifies that our model approaches the ΛCDM model as it 
crosses the point ( , ) (1,0)r s = , while serving variations thereafter by covering the DE regions, including CG, 
quintessence, and phantom over the course of the Universe's development, which further supports the model’s consistency 
with our earlier studies [75–77]. 

 
Figure 8. The deviations of r  against .s   

 
7. STABILITY OF THE UNIVERSE 

Figuring out the stability of an observatory model is crucial for examining distorting behavior while forecasting the 
progression of the cosmos. The worthwhile indicator for assessing a dark energy model's stability in opposition 
to perturbations is the square of sound speed 2

sv  as studied in [49] which is prescribed by 2
sv dp d ρ= . The model's 

stability is specified by the sign of 2
sv . If 2

sv is positive, the model is rendered stable; otherwise, it grows into unstable. 
The expressions for 2

sv  for our GR and ( ),f R T  gravity framework are obtained, respectively, as 

 ( )
2 2

2 2
2 3

3 1s
t
t

v γ
γ

+
−

=  and 
( ) ( )

( ) ( )
2 2 2

2 2 2 2
2

3 1 3

3 3 1sv
tt

t t

β γ η γ

β γ η γ

−

+

+
=

−

+

+
. (24) 

      

    (a) For GR      (b) For ( ),f R T gravity 

Figure 9. Approach of stability factor 2
sv  varying over the cosmic time. 

For three specified values of γ , Fig. 9  displays the variations of the stability factor 2
sC  over the cosmic time. At the 

bouncing site and its neighbourhood, the stability factor 2 0sC >  which foresees stable behaviour for the bouncing period, 
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while the stability factor 2 0sC <  thereafter indicates instability over a prolonged time frame. Our model showcases 
bouncing conduct near 0t = , we draw the inference that our model is stable in the close proximity of the bouncing point. 

 
8. CONCLUSIONS 

In this study on the bouncing model within the light of the GR and ( ),f R T  gravity, we examined the cosmic speed 
singularity over a prolonged phase along with the exploration of the bouncing conduction. The incorporation of our model 
aims to elucidate the dynamics of the early Universe, particularly through the bounce, as well as the current era of 
accelerated expansion. Our approach was to prevent singularities and facilitate a smooth progression from contraction to 
expansion. We consider three conceivable values of model parameters as 0.7 ,0.8,0.9γ =  for obtaining the graphical 
presentations of various dynamic parameters of our model in accordance with the patterns of behavior observed during 
bouncing. The illustrations in the Figs. 1 and 2 display that the scale factor and Hubble parameter are respectively certain 
to be constrained by an essential condition of minimum non-zero scale factor ( )a t  and Hubble parameter H  being zero 
at the bouncing point owing to its symmetrical trajectory that transitions from contraction to expansion through a process 
of bounce whereas Fig. 3 shows that the deceleration parameter propels from 1q = −  to significant negative value while 
approaching to the point where the bounce occurs. The following presents a snapshot of the findings we observed for both 
the cases of the GR and ( ),f R T  gravity: 

• Our bouncing model has effectively shown an identifiable phase change from contraction to expansion, as 
evidenced by the graphical representations of both the energy density ( )ρ  over cosmic time for all assigned 
values of model parameters γ  (see Fig. 4). The model's effectiveness in illustrating this pivotal shift is 
highlighted by the consistent downward trajectory leading up to the bounce, followed by a rising trend post-
bounce. Additionally, the behavior of pressure ( )p  throughout the cosmic timeline as reflected in the Fig. 5 
reinforces the model's viability, as it remains negative during both the Universe's temporal regions which makes 
up an additional foundation for the Universe's rapid expansion. This combination of positive energy density 
along with negative pressure is crucial for achieving a non-singular bounce, further underscoring the attainment 
of our model. 

• The intriguing traversal of the EoS parameter along the quintom line ( 1)ω = − , close to the bouncing spot, 
thereby entering the phantom region ( 1)ω < − and a symmetric trend over the two faces of the bouncing epoch,  
as illustrated in Fig. 6 for all assigned values of model parameters γ , provides additional supporting evidence 
for the efficiency and credibility of the suggested bouncing model [71,72].  

• Our study points out how important the violations of energy condition are in establishing a non-singular bouncing 
model that takes cosmic acceleration into account, especially the NEC near the bouncing spot and SEC 
thoroughly as displayed in Fig. 7. The SEC breach offers reliable evidence of the rapid expansion of the cosmos. 
Our model accomplishes the required criteria of the NEC violation near the bouncing spot, thereby enabling an 
efficient bounce mechanism that refrains from singularities. 

• The statefinder diagnostic suggests that our model covers the DE components such as quintessence, phantom, 
and Chaplygin gas, thereby approaching subsequently to the ΛCDM model during cosmic progression as 
demonstrated in Fig. 8. At the bouncing spot, the stability factor 2

sC  supports the model’s requirements for a 
bounce, as shown in Fig. 9. 
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КОНЦЕПТУАЛЬНЕ ПОРУШЕННЯ ЕНЕРГЕТИЧНИХ УМОВ У КОСМОЛОГІЇ ВІДСКОКУ 

А.Й. Шайх1, С.М. Шінгне2, А.П. Дженекар3 
1Кафедра математики, Індіра Ганді Кала Махавідьялая, Ралегаон-445402. (M.S.) Індія 

2Кафедра математики, Коледж наук, мистецтв та комерції ім. Г.С., Кхамгаон-444312. (M.S.) Індія 
3Кафедра математики, мистецтв, комерції та науки, Коледж Марегаон-445303. (M.S.) Індія 

Ця стаття зосереджена на дослідженні моделі відскоку в плоскому Всесвіті Фрідмана-Робертсона-Вокера (FRW). Параметр 
рівняння стану (EoS), що стосується розглянутої моделі, визначає особливості функціонування Всесвіту. Кінематику разом із 
фізичними атрибутами динамічних параметрів моделі всебічно досліджують. У цьому сценарії ми дослідили кілька 
енергетичних умов (ЕУ). Діагностична пара, що складається з методу визначення стану та параметра ривка, досліджується 
для ідентифікації суттєво різних космічних фаз. Ми використовували параметр квадрата швидкості звуку , розроблений для 
задоволення потреб аналізу стійкості нашої моделі. Наш аналіз показав, що результати нашого дослідження відповідають 
закономірностям, що спостерігаються у сценаріях відскоків, пропонуючи метод пояснення космічного прискорення, а також 
проблеми сингулярності у нашому Всесвіті. 
Ключові слова: сценарій відскоків; метрика FRW; гравітація; космічне прискорення 
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The current paper recovers hybrid solitary waves for double–layered shallow water waves with the basic platform being the mKdV
equation. The selected models are the Zaremaoghaddam equation and the Gear–Grimshaw equation. The integration algorithm adopted
is the generalized exponential differential function method. This yields hybrid waves that emerge from solitary waves, shock waves and
the singular solitary waves. The existence criteria for such waves are also presented as parameter constraints.
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1. INTRODUCTION
The concept of double–layered shallow water waves existed in the literature of Fluid Dynamics for a few decades.

There are several aspects to this that has been successfully addressed and reported in the past. The current paper revisits
the double–layered shallow water wave dynamics but from a fresher perspective. The concept of dispersion triplet was
first introduced in 1977 and was later implemented during 2022 to study the standard fundamental models from shallow
water wave dynamics [1, 2]. After a long hiatus, the 2022 implementation incorporated dispersion–triplet into KdV and
mKdV–type settings and, within the traveling–wave framework, retrieved solitary and shock structures together with the
associated conservation laws [1]. The current paper recovers the hybrid of solitary waves and shock waves for double–
layered fluid flow with modified Korteweg–de Vries equation (mKdV) equation as its platform. The two governing models
that were considered in this paper were Zaremaoghaddam model and the Gear–Grimshaw model. It must be noted that
the same study has been previously carried out with KdV equation as its platform [3]. Thus, the present contribution
constitutes the first dispersion–triplet double–layered revisit in which mKdV (rather than KdV) serves as the platform,
thereby extending the double–layered dispersion–triplet framework to cubic nonlinearity. Meanwhile, double–layered flow
itself remains a steady research theme; see, e.g., layered shallow-water approximations and stable or energy-consistent
schemes [4,5], and related solitary-wave dynamics in near-integrable regimes [6], alongside coupled-model developments
such as Zaremaoghaddam–type formulations [7]. There are several additional double–layered models that exist in the
literature such as the Bona–Chen equation, the current paper focuses on the aforementioned couple of models only.
Additional models (e.g., Bona–Chen [8]) will be pursued in forthcoming work.

The adopted integration algorithm in this work is the generalized exponential differential rational function method
which is an efficient one as compared to the pre–existing similar such schemes [9–14]. This integration scheme retrieves
hybrid solitary waves and shock waves to the two models that were constructed with mKdV equation as their platform.
One of the several shortcomings of this adopted integration approach is its failure to recover the solitary wave radiation as
well as the phonons’ component of shock waves. Such are only recoverable with the usage of inverse scattering transform
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that is outside the scope of this paper. The details are exhibited in the rest of the paper after a quick display of the two
governing models.

From the modeling perspective, modern two-layer shallow-water theory is often developed as a systematic long-
wave reduction of the full water-wave problem, with the Green–Naghdi framework providing a canonical fully nonlinear,
weakly dispersive baseline [15,16]. In particular, refined two-layer Green–Naghdi and Boussinesq-type closures have been
constructed to improve frequency-dispersion properties and to better represent interfacial mode interactions [17,18]. Such
formulations connect naturally with classical internal-wave models in two-fluid systems and support coherent interfacial
structures of practical interest [19,20]. In parallel, the coupling between surface and internal modes, including barotropic–
baroclinic transfer and resonance mechanisms, has been studied in several contexts, ranging from analytical mode-coupling
descriptions to topographically mediated resonant exchange [21, 22].

At the level of reduced evolution equations, modified Korteweg–de Vries (mKdV) dynamics occupy a central role in
nonlinear dispersive-wave theory, with a well-developed analytical foundation for well-posedness and global dynamics in
both the line and periodic settings [23]. Beyond the classical scalar model, integrable and near-integrable generalizations
continue to be developed, providing structured coupled dynamics and enlarged families of coherent waves [24]. Moreover,
coupled and multi-component mKdV systems exhibit rich asymptotic behavior and long-time dynamics, complementing
the study of higher-order coherent structures such as breather families in higher-order mKdV settings [25, 26]. These
advances motivate revisiting double-layered hydrodynamic models on an mKdV platform, where coupling and dispersive
extensions may yield hybrid morphologies beyond the classical single-field picture.

Alongside these modeling developments, there has been sustained progress in constructive methods for obtaining exact
solutions of nonlinear evolution equations. Representative strands include the extended 𝐹-expansion methodology [27],
transformed rational-function approaches capable of generating complexiton-type structures [28], and rational-exponential
constructions for fractional or generalized equal-width models [29]. More recently, generalized Exp-function frameworks
have been successfully applied to dispersive hydrodynamic equations motivated by wave phenomena, illustrating the
flexibility of exponential-ansatz technology in producing closed-form wave families [30].

1.1. Governing Models
There are several models to address double-layered shallow water waves. With the basic platform at mKdV equation,

the two models that ate commonly addressed are going to be taken uop in this paper. They are the Zaremaoghaddam
model and the Gear-Grimshaw equation. One model that has been tacitly omitted is the Bona—Chen equation. These two
models are first introduced in the next subsection.

1.1.1. Zaremaoghaddam Model. The interesting dynamics of two-layered water waves are described by Zareo-
maghoddam mKdV model, in which 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) represent the wave variables of the two layers. This study consist
of examination of the following structure of Zareomaghoddam mKdV model, in order to provide exact solutions for the
very first and foremost time in the literature:

𝑞𝑡 + 𝑎1𝑞
2𝑞𝑥 + 𝑎2𝑟

2𝑞𝑥 + 𝑎3𝑞𝑥𝑥𝑥 + 𝑎4𝑞𝑥𝑥𝑡 + 𝑎5𝑞𝑥𝑡𝑡 = 0,
𝑟𝑡 + 𝑏1𝑟

2𝑟𝑥 + 𝑏2𝑞
2𝑟𝑥 + 𝑏3𝑟𝑥𝑥𝑥 + 𝑏4𝑟𝑥𝑥𝑡 + 𝑏5𝑟𝑥𝑡𝑡 = 0, (1)

such that 𝑎𝑖 , 𝑏𝑖 , 𝑖 = 1, 2, 3, 4, 5 display the physical parameters related to model (1).

1.1.2. Gear–Grimshaw Model. Gear-Grimshaw (GG) mKdV model, with spatial and time variables 𝑥 and 𝑡, and
dependent variables as 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡), is mentioned as below:

𝑞𝑡 + 𝑎1𝑞
2𝑞𝑥 + 𝑎2𝑞𝑥𝑥𝑥 + 𝑎3𝑞𝑥𝑥𝑡 + 𝑎4𝑞𝑥𝑡𝑡 = 𝑎5𝑟𝑟𝑥 + 𝑎10

(
𝑞2𝑟

)
𝑥
+ 𝑎6

(
𝑞𝑟2

)
𝑥
+ 𝑎7𝑟𝑥𝑥𝑥 + 𝑎8𝑟𝑥𝑥𝑡 + 𝑎9𝑟𝑥𝑡𝑡 ,

𝑟𝑡 + 𝑏1𝑟
2𝑟𝑥 + 𝑏2𝑟𝑥𝑥𝑥 + 𝑏3𝑟𝑥𝑥𝑡 + 𝑏4𝑟𝑥𝑡𝑡 = 𝑏5𝑞𝑞𝑥 + 𝑏6 (𝑟2𝑞)𝑥 + 𝑏10

(
𝑟𝑞2

)
𝑥
+ 𝑏7𝑞𝑥𝑥𝑥 + 𝑏8𝑞𝑥𝑥𝑡 + 𝑏9𝑞𝑥𝑡𝑡 . (2)

The first term in (2) represents the temporal evolution, and 𝑎1, 𝑎2, 𝑎3, 𝑎4 represents the coefficients of dispersion
terms, with similar while the coefficients of 𝑏1, 𝑏2, 𝑏3, 𝑏4 accountfor nonlinearity. For 𝑗 = 5, 6, 7, 8, 9, 10, the coupling
terms are represented by the coefficients 𝑎 𝑗 , 𝑏 𝑗 . This model provides a good description of a resonant interaction between
traverse internal gravity wave modes in a stratified liquid.

The structure of this study is described as: An overview of the employed technique, referred as generalized exponential
differential rational function technique, is given in Section 2. A variety of exact solutions are found in Section 3, respectively,
by applying the stated procedure to the models (1) and (2). Finally, a thorough, succinct words of conclusion is appended
to complement a few simulations of these research findings.
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2. THE GENERALIZED EXPONENTIAL DIFFERENTIAL RATIONAL FUNCTION METHOD (GEDRF):
AN OVERVIEW

The algorithmic perspective of the generalized exponential rational function (GEDRF) technique is presented in
this section, and we have briefly described each stage in this procedure. It offers a variety of analytical solutions for
various physical phenomena, being expressed in terms of NLPDEs, by combining exponential and rational functions.
The following detailed explanations can be used to develop a number of exact solutions for nonlinear evolution equations
(NLEEs):

Step–1: The general form of NLEE with variable Λ(𝑥, 𝑡) is considered as follows:

𝜌(Λ,Λ𝑥 ,Λ𝑡 ,Λ𝑥𝑥 ,Λ𝑡𝑡 ,Λ𝑥𝑡 ,Λ𝑥𝑥𝑡 , . . .) = 0. (3)

The subsequent transformation is applied to (3) for seeking reduced ordinary differential equation (ODE) in
terms of new variables as 𝜎, 𝜏:

Λ(𝑥, 𝑡) = 𝜎(𝜏), with 𝜏 = 𝑥 − 𝑝1𝑡. (4)

The expression (4) is plugged into equation (3) and hence resulting ODE is produced as follows:

M(𝜎, 𝜎′, 𝜎′′, 𝜎′′′ . . .) = 0. (5)

Step–2: Then after, ODE (5) is assumed to have following solution structure in terms of new dependent
variable T (𝜏) as:

M(𝜁) = 𝐴0 +
𝑁∑︁
𝑗=1

𝐴 𝑗

(
𝑑 𝑗

𝑑𝜏 𝑗
T (𝜏)

) 𝑗
+

𝑁∑︁
𝑖=1

𝐵𝑖

(
𝑑𝑖

𝑑𝜏𝑖
T (𝜏)

)−𝑖
, (6)

also, T (𝜏) is characterized as:

T (𝜏) = 𝑅1 exp(𝑆1𝜏) + 𝑅2 exp(𝑆2𝜏)
𝑅3 exp(𝑆3𝜏) + 𝑅4 exp(𝑆4𝜏)

. (7)

Step–3: Balancing principle is used in ODE (5) for calculating the corresponding value of 𝑁 for expression
(6). One can choose the parameters 𝑅1, 𝑅2, 𝑅3, 𝑅4, 𝑆1, 𝑆2, 𝑆3, and 𝑆4 so that the function T (𝜏) can be well
described in terms of hyperbolic functions for seeking new exact solutions for considered model. Additionally,
𝐴0, 𝐴 𝑗 , and 𝐵𝑖 , 1 ≤ 𝑖, 𝑗 ≤ 𝑁 are determined in main procedure of computations.

Step–4: In this step, equation (6) is clubbed with equation (5), resulting into polynomial equation and then
all of the coefficients in this polynomial are set to zero, creating a system of algebraic equations.

Step–5: In order to determine exact solutions for equation (3), the system of equations produced in the
previous stage is investigated to explore the appropriate values of the involved parameters. These parameter
values are then inserted into equations (6) and (7), for procuring the final closed form solutions of considered
model.

The GEDRF scheme used here can be viewed as an ansatz-based traveling-wave approach. In this sense, it is related
in spirit to classical methods such as the tanh-method, 𝐹-expansion, and exp-function approaches. The distinguishing
feature is the choice of generating function T (𝜏) as a rational combination of exponentials and the resulting solution
structure, which admits both “direct” and “inverse/reciprocal” derivative contributions (cf. the trial form and the rational-
exponential definition of T (𝜏)). By suitable selections of parameters in the rational-exponential representation, T (𝜏)
reduces to standard hyperbolic building blocks (e.g., tanh, coth, sech, csch), so many individual solutions can, in principle,
be reproduced using traditional ansätze.

However, the practical advantage of GEDRF is that it provides a single unified template from which multiple
waveform families—regular solitary profiles as well as singular/hybrid profiles—are generated by parameter choices
within the same algebraic framework, together with the corresponding parameter constraints (“existence conditions”). In
contrast, reproducing the entire catalogue typically requires multiple standard ansätze (polynomial-in-tanh, polynomial-
in-exp, singular coth/csch ansätze, etc.), each treated separately with its own balancing and coefficient matching. The
contribution of this work is therefore not to claim that ansatz methods are new, but to provide a systematic, family-wise
construction of exact solutions and parameter regimes for the considered coupled mKdV-based double-layer models using
this unified rational-exponential ansatz.
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3. APPLICATION TO DOUBLE–LAYERED FLUID FLOW
3.1. Zaremaoghaddam Model

Generalized exponential differential function (GEDRF) method has been implemented to system of NLEEs, termed
as Zareomaghoddam mKdV model (1) in this phase of the study. The primary objective is to investigate multiple novel
exact soliton solutions to the governing model (1), which could greatly progress pertinent physical circumstances related
to two layer liquid waves dynamics.

In accordance with GEDRF method, we have rewritten equation (1) in the form of an ordinary differential equation
by using the wave translation

𝑞(𝑥, 𝑡) = 𝐾 (𝜏), 𝑟 (𝑥, 𝑡) = 𝐿 (𝜏) where 𝜏 = 𝑥 − 𝑝1𝑡, (8)

with 𝑝1 as free parameter, representing wave velocity, which could be evaluated in mean implementation procedure.
Then, the resultant ODEs are procured as follows, utilizing (8) in equation (1) :(

𝑎5𝑝1
2 − 𝑎4𝑝1 + 𝑎3

)
𝐾 ′′′ (𝜏) +

(
(𝐾 (𝜏))2 𝑎1 + (𝐿 (𝜏))2 𝑎2 − 𝑝1

)
𝐾 ′ (𝜏) = 0,(

𝑏5𝑝1
2 − 𝑏4𝑝1 + 𝑏3

)
𝐿′′′ (𝜏) +

(
(𝐾 (𝜏))2 𝑏2 + (𝐿 (𝜏))2 𝑏1 − 𝑝1

)
𝐿′ (𝜏) = 0.

(9)

After applying the balancing principle on the highest order derivative terms and a nonlinear term of equation (9), we
have obtained that 𝑁 = 1. Thus, from equation (6), the following trial solution structure for equation (9) is proposed:

𝐾 (𝜏) = 𝜃1T ′ (𝜏) + 𝜔1
T ′ (𝜏) + 𝜃0,

𝐿 (𝜏) = 𝜃2T ′ (𝜏) + 𝜔2
T ′ (𝜏) + 𝜃3,

(10)

Here, the parameters 𝜃𝑖 , 𝑖 = 0, 1, 2, 3, and 𝜔 𝑗 , 𝑗 = 1, 2 are to be assessed in all calculation process. Next, using
(10), the system (9) is converted into another system of ODEs with the new dependent variable T (𝜏). Following that,
work is being carried out to obtain exact solitary wave solutions for the system of ODEs provided in equation (9), as follows:

Family–I:
Putting up [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1,−1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 0, 0] in equation (7), we have retrieved

hyperbolic function as follows:
T (𝜏) = sinh(𝜏). (11)

Setting equation (11) in equation (10) for equation (9), the following coefficient values are acquired:

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = −16 𝑎5𝑏2

2𝜔1
2𝜃1

2 + 4 𝑎4𝑏2𝜔1𝜃1,

𝑏1 = −𝑏2𝜃1
2

𝜃2
2 , 𝑏3 = −4 𝑏2𝜔1𝜃1 (4 𝑏2𝑏5𝜔1𝜃1 − 𝑏4) ,

𝜔2 = −𝜔1𝜃2
𝜃1

, 𝑝1 = 4 𝑏2𝜔1𝜃1, 𝜃0 = 0, 𝜃3 = 0,

(12)

along with 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔1, 𝜃2, 𝜃1 as free parameters.

Hence, the solution of system (9) is represented with help of parameter values (12) as

𝐾 (𝜏) = 𝜃1 cosh (𝜏) + 𝜔1
cosh (𝜏) ,

𝐿 (𝜏) = 𝜃2 cosh (𝜏) − 𝜔1𝜃2
𝜃1 cosh (𝜏) .

(13)

Finally, the newly constructed solution of model (1) is depicted in terms of original variables 𝑥, 𝑡 as

𝑞(𝑥, 𝑡) = 𝜃1 cosh (𝑥 − 𝑝1𝑡) +
𝜔1

cosh (𝑥 − 𝑝1𝑡)
,

𝑟 (𝑥, 𝑡) = 𝜃2 cosh (𝑥 − 𝑝1𝑡) −
𝜔1𝜃2

𝜃1 cosh (𝑥 − 𝑝1𝑡)
.

(14)
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Family–II:
Letting [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1, 1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 0, 0] in equation (7), leads to subsequent function:

T (𝜏) = cosh(𝜏). (15)

The following coefficient values are generated after setting equation (15) in equation (10) for equation (9):

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑎5𝑏2𝜔2𝜃1

2 + 𝑎4𝜃2
)

𝜃2
2 , 𝑏1 = −𝑏2𝜃1

2

𝜃2
2 ,

𝑏3 = −
4𝑏2𝜔2𝜃1

2 (4 𝑏2𝑏5𝜔2𝜃1
2 + 𝑏4𝜃2

)
𝜃2

2 , 𝜔1 = −𝜔2𝜃1
𝜃2

,

𝑝1 = − 4𝑏2𝜔2𝜃1
2

𝜃2
, 𝜃0 = 0, 𝜃3 = 0,

(16)

along with 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔2, 𝜃2, 𝜃1 as free parameters.

Consequently, exact solution of system (1) is depicted with the help of (16) and (15) and reverting back into original
variables 𝑥, 𝑡 as follows:

𝑞(𝑥, 𝑡) = 𝜃1 sinh (𝑥 − 𝑝1𝑡) −
𝜔2𝜃1

𝜃2 sinh (𝑥 − 𝑝1𝑡)
,

𝑟 (𝑥, 𝑡) = 𝜃2 sinh (𝑥 − 𝑝1𝑡) +
𝜔2

sinh (𝑥 − 𝑝1𝑡)
.

(17)

Family–III:
Regarding [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1,−1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 1,−1] in equation (7), we have found

T (𝜏) = tanh(𝜏). (18)

The following set of coefficients are obtained from equation (9) by substituting (10) and (18):

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = 4 𝑏2𝜔1𝜃1 (−4 𝑎5𝑏2𝜔1𝜃1 + 𝑎4) ,

𝑏1 = −𝑏2𝜃1
2

𝜃2
2 , 𝑏3 = −4 𝑏2𝜔1𝜃1 (4 𝑏2𝑏5𝜔1𝜃1 − 𝑏4) , 𝜔2 = −𝜔1𝜃2

𝜃1
,

𝑝1 = 4 𝑏2𝜔1𝜃1, 𝜃0 = 0, 𝜃3 = 0,

(19)

with 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔1, 𝜃2, 𝜃1 as free parameters.

Thus, utilizing (19) and (18) in equation (10), the following solution of equation (9) is found:

𝐾 (𝜏) = 𝜃1 (sech (𝜏))2 + 𝜔1

(sech (𝜏))2 ,

𝐿 (𝜏) = 𝜃2 (sech (𝜏))2 − 𝜔1𝜃2

𝜃1 (sech (𝜏))2 .
(20)

Then after the exact solution of equation (1) is written in terms of original independent and dependent variables 𝑥, 𝑡 with
the assistance of equation (20) and equation (19) as follows:

𝑞 (𝑥, 𝑡) = 𝜃1 (sech (𝑥 − 𝑝1𝑡))2 + 𝜔1

(sech (𝑥 − 𝑝1𝑡))2 ,

𝑟 (𝑥, 𝑡) = 𝜃2 (sech (𝑥 − 𝑝1𝑡))2 − 𝜔1𝜃2

𝜃1 (sech (𝑥 − 𝑝1𝑡))2 .
(21)

3.2. Gear–Grimshaw Model
This portion of current study involves the execution of GEDRF method to the system of NLEEs (2), describing the

dynamics of resonant interaction between the internal gravity wave modes in a thin stratified liquid. It lead to curation
of several novel soliton solutions to the governing model (2), equipped with a number of free parameters, which have
considerable ability to illustrate crucial physical situations.
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The subsequent variable transformation is executed to reduce equations (2) to system of ODEs:

𝑞(𝑥, 𝑡) = 𝑈 (𝜏), 𝑟 (𝑥, 𝑡) = 𝑉 (𝜏) where 𝜏 = 𝑥 − 𝑝1𝑡, (22)

with 𝑝1 as free parameter, representing wave velocity, which is evaluated in computational procedure.
Then, resultant system of ODEs is obtained by considering (22) in (2) as follows:(

−𝑎10 (𝑈 (𝜏))2 − 2 𝑎6𝑉 (𝜏)𝑈 (𝜏) − 𝑎5𝑉 (𝜏)
)
𝑉 ′ (𝜏) +

(
𝑎1 (𝑈 (𝜏))2 − 2 𝑎10𝑈 (𝜏)𝑉 (𝜏) − 𝑎6 (𝑉 (𝜏))2 − 𝑝1

)
𝑈′ (𝜏)

+
(
𝑝1

2𝑎4 − 𝑝1 𝑎3 + 𝑎2

)
𝑈′′′ (𝜏) +

(
−𝑝1

2𝑎9 + 𝑝1 𝑎8 − 𝑎7

)
𝑉 ′′′ (𝜏) = 0,(

−𝑏10 (𝑈 (𝜏))2 − 2 𝑏6𝑉 (𝜏)𝑈 (𝜏) + 𝑏1 (𝑉 (𝜏))2 − 𝑝1

)
𝑉 ′ (𝜏) +

(
−2 𝑏10𝑈 (𝜏)𝑉 (𝜏) − 𝑏6 (𝑉 (𝜏))2 − 𝑏5𝑈 (𝜏)

)
𝑈′ (𝜏)

+
(
𝑝1

2𝑏4 − 𝑝1 𝑏3 + 𝑏2

)
𝑉 ′′′ (𝜏) +

(
−𝑝1

2𝑏9 + 𝑝1 𝑏8 − 𝑏7

)
𝑈′′′ (𝜏) = 0.

(23)

As stated in Step–3 of section 2, we have calculated 𝑁 = 1 using the balancing principle in equation (23). Equation (23)
yielded the following solution structure:

𝑈 (𝜏) = 𝜃1T ′ (𝜏) + 𝜔1
T ′ (𝜏) + 𝜃0,

𝑉 (𝜏) = 𝜃4T ′ (𝜏) + 𝜔4
T ′ (𝜏) + 𝜃5,

(24)

The parameters 𝜃𝑖 , 𝑖 = 0, 1, 4, 5 and 𝜔 𝑗 , 𝑗 = 1, 4 can be assessed in the mean way of the entire computations. Next,
equation (24) is used to convert the system (23) into another system of ODEs, with a new dependent variable T (𝜏). After
then, investigation is being done to obtain exact solitary wave solutions for the system of ODEs provided in equation (23),
as follows:

Family–I:
The equation (7) is appraised with [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1,−1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 0, 0] and its recovered

that
T (𝜏) = sinh(𝜏). (25)

Plugging this value in (24) for equation (23) along with substituting trail solution, we achieved the system of algebraic
equations. By setting coefficients of each function to zero, the following coefficient values are recovered:

𝑎1 =
𝑎10𝜔4 + 2 𝑏6𝜔4 + 3 𝑏10𝜔1

𝜔1
, 𝑎2 =

𝑍1

𝜔44𝜔13 ,

𝑎5 =
2
3
𝜔1

(
𝑎10𝜔1𝜔4𝜃5 − 𝑎10𝜔4

2𝜃0 − 4 𝑏6𝜔1𝜔4𝜃5 + 4 𝑏6𝜔4
2𝜃0 − 6 𝑏10𝜔1

2𝜃5 + 6 𝑏10𝜔1𝜔4𝜃0
)

𝜔43 ,

𝑎6 = − 𝜔1 (2 𝑎10𝜔4 − 2 𝑏6𝜔4 − 3 𝑏10𝜔1)
3𝜔4

2 ,

𝑏1 =
3𝜔1 (𝑏6𝜔4 + 𝑏10𝜔1)

𝜔42 , 𝑏5 =
2
(
𝑏6𝜔1𝜔4𝜃5 − 𝑏6𝜔4

2𝜃0 + 2 𝑏10𝜔1
2𝜃5 − 2 𝑏10𝜔1𝜔4𝜃0

)
𝜔12 ,

𝑏7 =
𝑍2

𝜔44𝜔13 , 𝜃1 =
𝜔1𝜃4
𝜔4

𝑝1 =
2 𝑏6𝜔1

2𝜔4𝜃5
2 − 4 𝑏6𝜔1𝜔4

2𝜃0𝜃5 + 2 𝑏6𝜔4
3𝜃0

2 + 3 𝑏10𝜔1
3𝜃5

2 − 6 𝑏10𝜔1
2𝜔4𝜃0𝜃5 + 3 𝑏10𝜔1𝜔4

2𝜃0
2

𝜔1𝜔42 ,

(26)

with
𝑍1 = −4 𝑎4𝑏6

2𝜔1
5𝜔4

2𝜃5
4+16 𝑎4𝑏6

2𝜔1
4𝜔4

3𝜃0𝜃5
3−24 𝑎4𝑏6

2𝜔1
3𝜔4

4𝜃0
2𝜃5

2+16 𝑎4𝑏6
2𝜔1

2𝜔4
5𝜃0

3𝜃5−4 𝑎4𝑏6
2𝜔1𝜔4

6𝜃0
4−

12 𝑎4𝑏6𝑏10𝜔1
6𝜔4𝜃5

4+48 𝑎4𝑏6𝑏10𝜔1
5𝜔4

2𝜃0𝜃5
3−72 𝑎4𝑏6𝑏10𝜔1

4𝜔4
3𝜃0

2𝜃5
2+48 𝑎4𝑏6𝑏10𝜔1

3𝜔4
4𝜃0

3𝜃5−12 𝑎4𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
4−

9 𝑎4𝑏10
2𝜔1

7𝜃5
4 + 36 𝑎4𝑏10

2𝜔1
6𝜔4𝜃0𝜃5

3 − 54 𝑎4𝑏10
2𝜔1

5𝜔4
2𝜃0

2𝜃5
2 + 36 𝑎4𝑏10

2𝜔1
4𝜔4

3𝜃0
3𝜃5 − 9 𝑎4𝑏10

2𝜔1
3𝜔4

4𝜃0
4 +

4 𝑎9𝑏6
2𝜔1

4𝜔4
3𝜃5

4 − 16 𝑎9𝑏6
2𝜔1

3𝜔4
4𝜃0𝜃5

3 + 24 𝑎9𝑏6
2𝜔1

2𝜔4
5𝜃0

2𝜃5
2 − 16 𝑎9𝑏6

2𝜔1𝜔4
6𝜃0

3𝜃5 + 4 𝑎9𝑏6
2𝜔4

7𝜃0
4 +

12 𝑎9𝑏6𝑏10𝜔1
5𝜔4

2𝜃5
4−48 𝑎9𝑏6𝑏10𝜔1

4𝜔4
3𝜃0𝜃5

3+72 𝑎9𝑏6𝑏10𝜔1
3𝜔4

4𝜃0
2𝜃5

2−48 𝑎9𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
3𝜃5+12 𝑎9𝑏6𝑏10𝜔1𝜔4

6𝜃0
4+

9 𝑎9𝑏10
2𝜔1

6𝜔4𝜃5
4 − 36 𝑎9𝑏10

2𝜔1
5𝜔4

2𝜃0𝜃5
3 + 54 𝑎9𝑏10

2𝜔1
4𝜔4

3𝜃0
2𝜃5

2 − 36 𝑎9𝑏10
2𝜔1

3𝜔4
4𝜃0

3𝜃5 + 9 𝑎9𝑏10
2𝜔1

2𝜔4
5𝜃0

4 +
2 𝑎3𝑏6𝜔1

4𝜔4
3𝜃5

2−4 𝑎3𝑏6𝜔1
3𝜔4

4𝜃0𝜃5+2 𝑎3𝑏6𝜔1
2𝜔4

5𝜃0
2+3 𝑎3𝑏10𝜔1

5𝜔4
2𝜃5

2−6 𝑎3𝑏10𝜔1
4𝜔4

3𝜃0𝜃5+3 𝑎3𝑏10𝜔1
3𝜔4

4𝜃0
2−

2 𝑎8𝑏6𝜔1
3𝜔4

4𝜃5
2+4 𝑎8𝑏6𝜔1

2𝜔4
5𝜃0𝜃5−2 𝑎8𝑏6𝜔1𝜔4

6𝜃0
2−3 𝑎8𝑏10𝜔1

4𝜔4
3𝜃5

2+6 𝑎8𝑏10𝜔1
3𝜔4

4𝜃0𝜃5−3 𝑎8𝑏10𝜔1
2𝜔4

5𝜃0
2+

𝑎7𝜔1
2𝜔4

5,
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𝑍2 = 4 𝑏4𝑏6
2𝜔1

4𝜔4
3𝜃5

4 − 16 𝑏4𝑏6
2𝜔1

3𝜔4
4𝜃0𝜃5

3 + 24 𝑏4𝑏6
2𝜔1

2𝜔4
5𝜃0

2𝜃5
2 − 16 𝑏4𝑏6

2𝜔1𝜔4
6𝜃0

3𝜃5 + 4 𝑏4𝑏6
2𝜔4

7𝜃0
4 +

12 𝑏4𝑏6𝑏10𝜔1
5𝜔4

2𝜃5
4−48 𝑏4𝑏6𝑏10𝜔1

4𝜔4
3𝜃0𝜃5

3+72 𝑏4𝑏6𝑏10𝜔1
3𝜔4

4𝜃0
2𝜃5

2−48 𝑏4𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
3𝜃5+12 𝑏4𝑏6𝑏10𝜔1𝜔4

6𝜃0
4+

9 𝑏4𝑏10
2𝜔1

6𝜔4𝜃5
4 − 36 𝑏4𝑏10

2𝜔1
5𝜔4

2𝜃0𝜃5
3 + 54 𝑏4𝑏10

2𝜔1
4𝜔4

3𝜃0
2𝜃5

2 − 36 𝑏4𝑏10
2𝜔1

3𝜔4
4𝜃0

3𝜃5 + 9 𝑏4𝑏10
2𝜔1

2𝜔4
5𝜃0

4 −
4 𝑏6

2𝑏9𝜔1
5𝜔4

2𝜃5
4 + 16 𝑏6

2𝑏9𝜔1
4𝜔4

3𝜃0𝜃5
3 − 24 𝑏6

2𝑏9𝜔1
3𝜔4

4𝜃0
2𝜃5

2 + 16 𝑏6
2𝑏9𝜔1

2𝜔4
5𝜃0

3𝜃5 − 4 𝑏6
2𝑏9𝜔1𝜔4

6𝜃0
4 −

12 𝑏6𝑏9𝑏10𝜔1
6𝜔4𝜃5

4+48 𝑏6𝑏9𝑏10𝜔1
5𝜔4

2𝜃0𝜃5
3−72 𝑏6𝑏9𝑏10𝜔1

4𝜔4
3𝜃0

2𝜃5
2+48 𝑏6𝑏9𝑏10𝜔1

3𝜔4
4𝜃0

3𝜃5−12 𝑏6𝑏9𝑏10𝜔1
2𝜔4

5𝜃0
4−

9 𝑏9𝑏10
2𝜔1

7𝜃5
4 + 36 𝑏9𝑏10

2𝜔1
6𝜔4𝜃0𝜃5

3 − 54 𝑏9𝑏10
2𝜔1

5𝜔4
2𝜃0

2𝜃5
2 + 36 𝑏9𝑏10

2𝜔1
4𝜔4

3𝜃0
3𝜃5 − 9 𝑏9𝑏10

2𝜔1
3𝜔4

4𝜃0
4 −

2 𝑏3𝑏6𝜔1
3𝜔4

4𝜃5
2+4 𝑏3𝑏6𝜔1

2𝜔4
5𝜃0𝜃5−2 𝑏3𝑏6𝜔1𝜔4

6𝜃0
2−3 𝑏3𝑏10𝜔1

4𝜔4
3𝜃5

2+6 𝑏3𝑏10𝜔1
3𝜔4

4𝜃0𝜃5−3 𝑏3𝑏10𝜔1
2𝜔4

5𝜃0
2+

2 𝑏6𝑏8𝜔1
4𝜔4

3𝜃5
2−4 𝑏6𝑏8𝜔1

3𝜔4
4𝜃0𝜃5+2 𝑏6𝑏8𝜔1

2𝜔4
5𝜃0

2+3 𝑏8𝑏10𝜔1
5𝜔4

2𝜃5
2−6 𝑏8𝑏10𝜔1

4𝜔4
3𝜃0𝜃5+3 𝑏8𝑏10𝜔1

3𝜔4
4𝜃0

2+
𝑏2𝜔1

2𝜔4
5,

and equipped with 𝜃0, 𝜃4, 𝜃5, 𝑏8, 𝑏9, 𝑏10, 𝑏6, 𝜔1, 𝜔4, 𝑏2, 𝑏3, 𝑏4, 𝑎7, 𝑎8, 𝑎9, 𝑎10, 𝑎3, 𝑎4 as arbitrary parameters.

Hence, the solution of system (23) is represented as, with help of (26) in terms of parent variables 𝑥, 𝑡 as mentioned below:

𝑈 (𝜏) = 𝜔1𝜃4 cosh (𝜏)
𝜔4

+ 𝜔1
cosh (𝜏) + 𝜃0,

𝑉 (𝜏) = 𝜃4 cosh (𝜏) + 𝜔4
cosh (𝜏) + 𝜃5.

(27)

Finally, the novel soliton solution for model (2) is formulated as

𝑞(𝑥, 𝑡) = 𝜔1𝜃4 cosh (𝑥 − 𝑝1𝑡)
𝜔4

+ 𝜔1
cosh (𝑥 − 𝑝1𝑡)

+ 𝜃0,

𝑟 (𝑥, 𝑡) = 𝜃4 cosh (𝑥 − 𝑝1𝑡) +
𝜔4

cosh (𝑥 − 𝑝1𝑡)
+ 𝜃5.

(28)

Family–II:
Letting [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1, 1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 0, 0] in equation (7), we found

T (𝜏) = cosh(𝜏). (29)

The equation (24) is reformatted with (29) for equation (23), and then collecting the coefficients of like powers leads to
subsequent coefficient values:

𝑎1 =
𝑎10𝜔4 + 2 𝑏6𝜔4 + 3 𝑏10𝜔1

𝜔1
, 𝑎2 =

𝑍3

𝜔44𝜔13 ,

𝑎5 =
2
3
𝜔1

(
𝑎10𝜔1𝜔4𝜃5 − 𝑎10𝜔4

2𝜃0 − 4 𝑏6𝜔1𝜔4𝜃5 + 4 𝑏6𝜔4
2𝜃0 − 6 𝑏10𝜔1

2𝜃5 + 6 𝑏10𝜔1𝜔4𝜃0
)

𝜔43 ,

𝑎6 = − 𝜔1 (2 𝑎10𝜔4 − 2 𝑏6𝜔4 − 3 𝑏10𝜔1)
3𝜔4

2 , 𝑏1 =
3𝜔1 (𝑏6𝜔4 + 𝑏10𝜔1)

𝜔42 ,

𝑏5 =
2
(
𝑏6𝜔1𝜔4𝜃5 − 𝑏6𝜔4

2𝜃0 + 2 𝑏10𝜔1
2𝜃5 − 2 𝑏10𝜔1𝜔4𝜃0

)
𝜔12 ,

𝑏7 =
𝑍4

𝜔44𝜔13 , 𝜃1 =
𝜔1𝜃4
𝜔4

,

𝑝1 =
2 𝑏6𝜔1

2𝜔4𝜃5
2 − 4 𝑏6𝜔1𝜔4

2𝜃0𝜃5 + 2 𝑏6𝜔4
3𝜃0

2 + 3 𝑏10𝜔1
3𝜃5

2 − 6 𝑏10𝜔1
2𝜔4𝜃0𝜃5 + 3 𝑏10𝜔1𝜔4

2𝜃0
2

𝜔1𝜔42 ,

(30)

with
𝑍3 = −4 𝑎4𝑏6

2𝜔1
5𝜔4

2𝜃5
4+16 𝑎4𝑏6

2𝜔1
4𝜔4

3𝜃0𝜃5
3−24 𝑎4𝑏6

2𝜔1
3𝜔4

4𝜃0
2𝜃5

2+16 𝑎4𝑏6
2𝜔1

2𝜔4
5𝜃0

3𝜃5−4 𝑎4𝑏6
2𝜔1𝜔4

6𝜃0
4−

12 𝑎4𝑏6𝑏10𝜔1
6𝜔4𝜃5

4+48 𝑎4𝑏6𝑏10𝜔1
5𝜔4

2𝜃0𝜃5
3−72 𝑎4𝑏6𝑏10𝜔1

4𝜔4
3𝜃0

2𝜃5
2+48 𝑎4𝑏6𝑏10𝜔1

3𝜔4
4𝜃0

3𝜃5−12 𝑎4𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
4−

9 𝑎4𝑏10
2𝜔1

7𝜃5
4 + 36 𝑎4𝑏10

2𝜔1
6𝜔4𝜃0𝜃5

3 − 54 𝑎4𝑏10
2𝜔1

5𝜔4
2𝜃0

2𝜃5
2 + 36 𝑎4𝑏10

2𝜔1
4𝜔4

3𝜃0
3𝜃5 − 9 𝑎4𝑏10

2𝜔1
3𝜔4

4𝜃0
4 +

4 𝑎9𝑏6
2𝜔1

4𝜔4
3𝜃5

4 − 16 𝑎9𝑏6
2𝜔1

3𝜔4
4𝜃0𝜃5

3 + 24 𝑎9𝑏6
2𝜔1

2𝜔4
5𝜃0

2𝜃5
2 − 16 𝑎9𝑏6

2𝜔1𝜔4
6𝜃0

3𝜃5 + 4 𝑎9𝑏6
2𝜔4

7𝜃0
4 +

12 𝑎9𝑏6𝑏10𝜔1
5𝜔4

2𝜃5
4−48 𝑎9𝑏6𝑏10𝜔1

4𝜔4
3𝜃0𝜃5

3+72 𝑎9𝑏6𝑏10𝜔1
3𝜔4

4𝜃0
2𝜃5

2−48 𝑎9𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
3𝜃5+12 𝑎9𝑏6𝑏10𝜔1𝜔4

6𝜃0
4+

9 𝑎9𝑏10
2𝜔1

6𝜔4𝜃5
4 − 36 𝑎9𝑏10

2𝜔1
5𝜔4

2𝜃0𝜃5
3 + 54 𝑎9𝑏10

2𝜔1
4𝜔4

3𝜃0
2𝜃5

2 − 36 𝑎9𝑏10
2𝜔1

3𝜔4
4𝜃0

3𝜃5 + 9 𝑎9𝑏10
2𝜔1

2𝜔4
5𝜃0

4 +
2 𝑎3𝑏6𝜔1

4𝜔4
3𝜃5

2−4 𝑎3𝑏6𝜔1
3𝜔4

4𝜃0𝜃5+2 𝑎3𝑏6𝜔1
2𝜔4

5𝜃0
2+3 𝑎3𝑏10𝜔1

5𝜔4
2𝜃5

2−6 𝑎3𝑏10𝜔1
4𝜔4

3𝜃0𝜃5+3 𝑎3𝑏10𝜔1
3𝜔4

4𝜃0
2−

2 𝑎8𝑏6𝜔1
3𝜔4

4𝜃5
2+4 𝑎8𝑏6𝜔1

2𝜔4
5𝜃0𝜃5−2 𝑎8𝑏6𝜔1𝜔4

6𝜃0
2−3 𝑎8𝑏10𝜔1

4𝜔4
3𝜃5

2+6 𝑎8𝑏10𝜔1
3𝜔4

4𝜃0𝜃5−3 𝑎8𝑏10𝜔1
2𝜔4

5𝜃0
2+

𝑎7𝜔1
2𝜔4

5,

𝑍4 = 4 𝑏4𝑏6
2𝜔1

4𝜔4
3𝜃5

4 − 16 𝑏4𝑏6
2𝜔1

3𝜔4
4𝜃0𝜃5

3 + 24 𝑏4𝑏6
2𝜔1

2𝜔4
5𝜃0

2𝜃5
2 − 16 𝑏4𝑏6

2𝜔1𝜔4
6𝜃0

3𝜃5 + 4 𝑏4𝑏6
2𝜔4

7𝜃0
4 +

12 𝑏4𝑏6𝑏10𝜔1
5𝜔4

2𝜃5
4−48 𝑏4𝑏6𝑏10𝜔1

4𝜔4
3𝜃0𝜃5

3+72 𝑏4𝑏6𝑏10𝜔1
3𝜔4

4𝜃0
2𝜃5

2−48 𝑏4𝑏6𝑏10𝜔1
2𝜔4

5𝜃0
3𝜃5+12 𝑏4𝑏6𝑏10𝜔1𝜔4

6𝜃0
4+
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9 𝑏4𝑏10
2𝜔1

6𝜔4𝜃5
4 − 36 𝑏4𝑏10

2𝜔1
5𝜔4

2𝜃0𝜃5
3 + 54 𝑏4𝑏10

2𝜔1
4𝜔4

3𝜃0
2𝜃5

2 − 36 𝑏4𝑏10
2𝜔1

3𝜔4
4𝜃0

3𝜃5 + 9 𝑏4𝑏10
2𝜔1

2𝜔4
5𝜃0

4 −
4 𝑏6

2𝑏9𝜔1
5𝜔4

2𝜃5
4 + 16 𝑏6

2𝑏9𝜔1
4𝜔4

3𝜃0𝜃5
3 − 24 𝑏6

2𝑏9𝜔1
3𝜔4

4𝜃0
2𝜃5

2 + 16 𝑏6
2𝑏9𝜔1

2𝜔4
5𝜃0

3𝜃5 − 4 𝑏6
2𝑏9𝜔1𝜔4

6𝜃0
4 −

12 𝑏6𝑏9𝑏10𝜔1
6𝜔4𝜃5

4+48 𝑏6𝑏9𝑏10𝜔1
5𝜔4

2𝜃0𝜃5
3−72 𝑏6𝑏9𝑏10𝜔1

4𝜔4
3𝜃0

2𝜃5
2+48 𝑏6𝑏9𝑏10𝜔1

3𝜔4
4𝜃0

3𝜃5−12 𝑏6𝑏9𝑏10𝜔1
2𝜔4

5𝜃0
4−

9 𝑏9𝑏10
2𝜔1

7𝜃5
4 + 36 𝑏9𝑏10

2𝜔1
6𝜔4𝜃0𝜃5

3 − 54 𝑏9𝑏10
2𝜔1

5𝜔4
2𝜃0

2𝜃5
2 + 36 𝑏9𝑏10

2𝜔1
4𝜔4

3𝜃0
3𝜃5 − 9 𝑏9𝑏10

2𝜔1
3𝜔4

4𝜃0
4 −

2 𝑏3𝑏6𝜔1
3𝜔4

4𝜃5
2+4 𝑏3𝑏6𝜔1

2𝜔4
5𝜃0𝜃5−2 𝑏3𝑏6𝜔1𝜔4

6𝜃0
2−3 𝑏3𝑏10𝜔1

4𝜔4
3𝜃5

2+6 𝑏3𝑏10𝜔1
3𝜔4

4𝜃0𝜃5−3 𝑏3𝑏10𝜔1
2𝜔4

5𝜃0
2+

2 𝑏6𝑏8𝜔1
4𝜔4

3𝜃5
2−4 𝑏6𝑏8𝜔1

3𝜔4
4𝜃0𝜃5+2 𝑏6𝑏8𝜔1

2𝜔4
5𝜃0

2+3 𝑏8𝑏10𝜔1
5𝜔4

2𝜃5
2−6 𝑏8𝑏10𝜔1

4𝜔4
3𝜃0𝜃5+3 𝑏8𝑏10𝜔1

3𝜔4
4𝜃0

2+
𝑏2𝜔1

2𝜔4
5,

along with 𝜃0, 𝜃4, 𝜃5, 𝑏8, 𝑏9, 𝑏10, 𝑏6, 𝜔1, 𝜔4, 𝑏2, 𝑏3, 𝑏4, 𝑎7, 𝑎8, 𝑎9, 𝑎10, 𝑎3, 𝑎4 as free parameters.

Consequently, exact soliton solution for system (2) is depicted with the help of (30) and (29) and followed by revert-
ing back into original variables 𝑥, 𝑡 as follows:

𝑞(𝑥, 𝑡) = 𝜔1𝜃4 sinh (𝑥 − 𝑝1𝑡)
𝜔4

+ 𝜔1
sinh (𝑥 − 𝑝1𝑡)

+ 𝜃0,

𝑟 (𝑥, 𝑡) = 𝜃4 sinh (𝑥 − 𝑝1𝑡) +
𝜔4

sinh (𝑥 − 𝑝1𝑡)
+ 𝜃5.

(31)

Important Remark:
Following the same procedure outlined in the previous sections, additional solutions of the considered model (2) can

be derived with parameter values as (26). For brevity, the detailed computations are omitted, and hence resulting hybrid
solitary waves are enlisted below for enhanced comprehension:

Family–III:

𝑞(𝑥, 𝑡) = 𝜔1𝜃4 (sech (𝑥 − 𝑝1𝑡))2

𝜔4
+ 𝜔1

(sech (𝑥 − 𝑝1𝑡))2 + 𝜃0,

𝑟 (𝑥, 𝑡) = 𝜃4 (sech (𝑥 − 𝑝1𝑡))2 + 𝜔4

(sech (𝑥 − 𝑝1𝑡))2 + 𝜃5.

(32)

Figure 1 shows the 3D and 2D profile of a traveling wave solution for the Gear–Grimshaw model which corresponds
to the solutions given in equations (28) and for the parameters indicated in the same figure.

Figure 1. 3D and 2D profile of a traveling wave solution for the Gear–Grimshaw model which corresponds to the solutions
given in equations (28). The parameter selection is: 𝑎1 = 2.12, 𝑎2 = 0.78, 𝑎3 = 0.95, 𝑎4 = 3.22, 𝑎5 = 2.45, 𝑎6 = 1.67,
𝑎7 = 2.66, 𝑎8 = 0.55, 𝑎9 = 0.33, 𝑏1 = 1.88, 𝑏2 = 0.45, 𝑏3 = −5.22, 𝑏4 = 0.68, 𝑏5 = 6.04, 𝑏6 = 3.76, 𝑏7 = 1.88, 𝑏8 =

−3.50 and 𝑏9 = 3.65.
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Figure 2 shows the 3D and 2D singular traveling wave solution for the Zaremaoghaddam model which corresponds to
the solutions given in equations (53) and for the parameters indicated in the same figure. The left side of the waveform
decreases abruptly, while the right side grows abruptly along a straight line.

Figure 2. 3D and 2D singular traveling wave solution for the Zaremaoghaddam model which corresponds to the solutions
given in equations (53). The parameter selection is: 𝑎1 = 0.50, 𝑎2 = 2.18, 𝑎3 = 2.05, 𝑎4 = 1.05, 𝑎5 = 0.55, 𝑏1 = 1.05,
𝑏2 = 0.65, 𝑏3 = 5.05, 𝑏4 = 5.12, and 𝑏5 = 2.45.

4. RESULTS AND DISCUSSION
The generalized exponential differential rational function (GEDRF) construction yields multiple closed-form

traveling-wave families for the coupled double-layer models, including: (i) localized solitary profiles (e.g., sech2-type),
(ii) singular solitary profiles (e.g., csch2-type and csch coth-type), and (iii) non-decaying hyperbolic growth profiles
(e.g., cosh- and sinh-type). From a physical standpoint for stratified shallow-water internal modes, only the localized
(finite-energy) profiles are directly compatible with the usual interpretation of solitary waves, whereas the singular and
non-decaying profiles require additional discussion (Sections 4.2–4.4).

A key structural feature of several families is that the two layer variables share the same basic shape function of the
comoving coordinate 𝜉 = 𝑥 − 𝑝1𝑡 (up to amplitude scaling and possible additive offsets). This “shape locking” is con-
sistent with a resonant two-mode interaction in which the interfacial displacement and the associated velocity potential
components (or modal amplitudes) propagate coherently as a composite entity.

4.1. Dependence of wave shape on parameters
4.1.1. Amplitude, polarity, and background level. For each family, the solution can be written schematically as

𝑞(𝑥, 𝑡) = 𝑄(𝜉), 𝑟 (𝑥, 𝑡) = 𝑅(𝜉), 𝜉 = 𝑥 − 𝑝1𝑡,

where the polarity and peak amplitude are controlled by algebraic combinations of the free parameters appearing in the
GEDRF ansatz.

Localized sech2 family (prototype). For the Zaremaoghaddam model, a representative localized family has the form

𝑞(𝑥, 𝑡) = 𝐴𝑞 sech2 (𝜉), 𝑟 (𝑥, 𝑡) = 𝐴𝑟 sech2 (𝜉),

where 𝐴𝑞 and 𝐴𝑟 are explicit algebraic combinations of the free parameters (e.g., combinations of 𝜃’s and 𝜔’s in the
reported families). In this case:



Hybrid Solitary Waves and Shock Waves for Double–Layered Fluid Flow with Dispersion...
97

EEJP. 1 (2026)

• Amplitude scaling: |𝐴𝑞 | and |𝐴𝑟 | scale linearly with the corresponding free amplitude parameters; changing the
sign of 𝐴𝑞 (resp. 𝐴𝑟 ) flips the polarity of the pulse in that layer.

• Relative layer strength: the ratio Γ := 𝐴𝑟/𝐴𝑞 determines whether the two layers exhibit in-phase (Γ > 0) or
out-of-phase (Γ < 0) excursions.

Offset solitary waves in the Gear–Grimshaw model. Some Gear–Grimshaw families include additive constants,

𝑞(𝑥, 𝑡) = 𝑄̃(𝜉) + 𝑞∞, 𝑟 (𝑥, 𝑡) = 𝑅̃(𝜉) + 𝑟∞,

so that the traveling structure sits on a nonzero background state. In that setting, (𝑞∞, 𝑟∞) controls the far-field equilibrium,
while the localized part (𝑄̃, 𝑅̃) controls the pulse/shock component. This is important for stability because the continuous
spectrum is determined by the linearization about the far-field state.

4.1.2. Width, steepness, and wave speed. In the explicit families presented, the basic width is set by the scaling
chosen in the generating function (e.g., tanh(𝜉), sech(𝜉), csch(𝜉)). More generally, if one uses a scaled argument 𝜅𝜉 in
the generating function, then 𝜅 > 0 controls the width: larger 𝜅 produces narrower (steeper) pulses.

The speed 𝑝1 is not arbitrary; it is typically determined by the algebraic constraints that enforce exact solvability.
Consequently:

• changing amplitude parameters can also change 𝑝1;

• in many families, the speed is proportional to an amplitude product, producing an amplitude–velocity relation
(qualitatively consistent with classical soliton theory).

This coupling between speed and amplitude is central in any stability discussion, since the derivative of an appropriate
conserved quantity with respect to 𝑝1 often enters stability criteria (see Section 4.4).

4.2. Physical realizability of singular solutions
4.2.1. Nature of the singularity. Singular families (e.g., csch2 (𝜉), csch(𝜉) coth(𝜉)) blow up at 𝜉 = 0, i.e., along

the characteristic line 𝑥 = 𝑝1𝑡. In the context of two-layer shallow-water dynamics, such divergences correspond to an
unbounded modal amplitude or slope at the interface, and therefore lie outside the strict validity range of weakly nonlinear,
weakly dispersive asymptotic models. Practically, these solutions are best interpreted as:
1. local asymptotics describing the tendency toward gradient catastrophe (incipient breaking) in an unregularized model;

or
2. idealized limits of sharply peaked structures that would be regularized by physics not included here (viscosity,

higher-order dispersion, surface tension, finite-depth corrections, or nonhydrostatic effects).

4.2.2. Regularization viewpoints. There are three standard ways to give singular profiles a controlled physical
meaning:

(i) Exclusion of the singular core: treat the solution as valid only for |𝜉 | ≥ 𝛿 for some small 𝛿 > 0, matching to a different
inner solution near 𝜉 = 0.

(ii) Weak/distributional interpretation: interpret the singular family as a weak solution capturing a steep-front/shock-
like transition, with the understanding that additional entropy/selection mechanisms would be required to pick the
physically relevant branch.

(iii) Model regularization: add physically motivated higher-order terms (e.g., fifth-order dispersion, dissipative terms)
that smooth the singularity into a finite-amplitude sharply localized pulse.

In the reported numerical visualizations of singular profiles, one indeed observes extremely steep behavior near 𝑥 = 𝑝1𝑡,
consistent with the above interpretation.

4.3. Comparison with classical mKdV solitons
4.3.1. Classical scalar mKdV solitary waves. Consider the classical scalar mKdV equation

𝑢𝑡 + 𝛼𝑢2𝑢𝑥 + 𝛽𝑢𝑥𝑥𝑥 = 0, 𝛼𝛽 ≠ 0, (33)

which admits the well-known one-soliton

𝑢(𝑥, 𝑡) = ±
√︂

2𝑐
𝛼

sech
(√︂

𝑐

𝛽
(𝑥 − 𝑐𝑡 − 𝑥0)

)
, 𝑐 > 0 if 𝛽 > 0, (34)

with amplitude proportional to
√
𝑐 and width proportional to 1/

√
𝑐.
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4.3.2. Differences induced by coupling and dispersion-triplet structure. The coupled double-layer models
studied here extend the classical setting in two major ways:
1. Two-component coupling: energy can be exchanged between layers, producing locked two-field pulses (𝑞, 𝑟) and

allowing out-of-phase structures not present in scalar mKdV.
2. Extended dispersive operator: the mixed-derivative terms (e.g., 𝑞𝑥𝑥𝑡 and 𝑞𝑥𝑡𝑡 ) modify the linear dispersion and

may allow non-classical localized profiles (including hybrid and singular shapes) beyond the standard sech soliton in
(34).

Therefore, while some families mimic classical solitons through a single-hump localized structure and amplitude–speed
coupling, the catalog also contains non-classical profiles (e.g., sech2-type or singular csch2-type) that should be regarded
as hybrid solitary/shock-like structures enabled by the extended ansatz and the higher-order dispersive framework.

4.4. Stability analysis
This subsection provides a linear (spectral) stability framework for the obtained traveling waves and derives explicit,

checkable stability conditions for the far-field spectrum. The analysis is presented for the Zaremaoghaddam system; the
Gear–Grimshaw system follows analogously.

4.4.1. Linear dispersion and well-posedness about a uniform state. Let (𝑞∞, 𝑟∞) be a constant background.
Linearizing the Zaremaoghaddam system about that state yields (to first order in perturbations) a pair of uncoupled linear
dispersive equations because the nonlinear coupling terms are quadratic. In particular, about the rest state (0, 0) one has

𝑞𝑡 + 𝑎3𝑞𝑥𝑥𝑥 + 𝑎4𝑞𝑥𝑥𝑡 + 𝑎5𝑞𝑥𝑡𝑡 = 0, 𝑟𝑡 + 𝑏3𝑟𝑥𝑥𝑥 + 𝑏4𝑟𝑥𝑥𝑡 + 𝑏5𝑟𝑥𝑡𝑡 = 0.

Using plane waves 𝑞 ∼ 𝑒𝑖 (𝑘𝑥−𝜔𝑡 ) gives the quadratic dispersion relation

𝑎5𝑘 𝜔
2 + (1 − 𝑎4𝑘

2)𝜔 − 𝑎3𝑘
3 = 0, (35)

and similarly
𝑏5𝑘 𝜔

2 + (1 − 𝑏4𝑘
2)𝜔 − 𝑏3𝑘

3 = 0. (36)

A sufficient condition for real𝜔(𝑘) for all 𝑘 ∈ R (hence absence of exponential growth in the linearized constant-coefficient
problem) is

𝑎3𝑎5 ≥ 0, 𝑏3𝑏5 ≥ 0, (37)

since then the discriminants

Δ𝑞 (𝑘) = (1 − 𝑎4𝑘
2)2 + 4𝑎3𝑎5𝑘

4, Δ𝑟 (𝑘) = (1 − 𝑏4𝑘
2)2 + 4𝑏3𝑏5𝑘

4

are nonnegative for all 𝑘 . Condition (37) is a practical baseline requirement before discussing the stability of any nonlinear
coherent structure.

4.4.2. Spectral problem for perturbations of a traveling wave. Let (𝑄(𝜉), 𝑅(𝜉)) be an exact traveling wave with
𝜉 = 𝑥 − 𝑝1𝑡. Consider perturbed solutions

𝑞(𝑥, 𝑡) = 𝑄(𝜉) + 𝜀𝑢(𝜉)𝑒𝜆𝑡 , 𝑟 (𝑥, 𝑡) = 𝑅(𝜉) + 𝜀𝑣(𝜉)𝑒𝜆𝑡 , 0 < 𝜀 ≪ 1.

In the moving frame, the time derivative acts as 𝜕𝑡 ↦→ 𝜆 − 𝑝1𝜕𝜉 , and one computes

𝑞𝑡 ↦→ (𝜆 − 𝑝1𝜕𝜉 )𝑢, 𝑞𝑥𝑥𝑥 ↦→ 𝜕3
𝜉𝑢, 𝑞𝑥𝑥𝑡 ↦→ 𝜕2

𝜉 (𝜆 − 𝑝1𝜕𝜉 )𝑢, 𝑞𝑥𝑡𝑡 ↦→ 𝜕𝜉 (𝜆 − 𝑝1𝜕𝜉 )2𝑢,

and similarly for 𝑟 .
Linearizing the nonlinear terms gives

𝑞2𝑞𝑥 ↦→ 𝑄2𝑢′ + 2𝑄𝑄′𝑢, 𝑟2𝑞𝑥 ↦→ 𝑅2𝑢′ + 2𝑅𝑅′𝑣,

𝑟2𝑟𝑥 ↦→ 𝑅2𝑣′ + 2𝑅𝑅′𝑣, 𝑞2𝑟𝑥 ↦→ 𝑄2𝑣′ + 2𝑄𝑄′𝑢,

where ′ = 𝜕𝜉 . Thus the eigenvalue problem takes the compact quadratic-pencil form(
A2𝜆

2 + A1𝜆 + A0

) (𝑢
𝑣

)
= 0, (38)

where A2,A1,A0 are matrix differential operators in 𝜉 determined by (𝑄, 𝑅) and the model coefficients. Explicitly, the
𝑞-equation component reads

0 = (𝜆 − 𝑝1𝜕𝜉 )𝑢 + 𝑎3𝑢
′′′ + 𝑎4𝜕

2
𝜉 (𝜆 − 𝑝1𝜕𝜉 )𝑢 + 𝑎5𝜕𝜉 (𝜆 − 𝑝1𝜕𝜉 )2𝑢
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+ 𝑎1
(
𝑄2𝑢′ + 2𝑄𝑄′𝑢

)
+ 𝑎2

(
𝑅2𝑢′ + 2𝑅𝑅′𝑣

)
, (39)

and the 𝑟-equation component is

0 = (𝜆 − 𝑝1𝜕𝜉 )𝑣 + 𝑏3𝑣
′′′ + 𝑏4𝜕

2
𝜉 (𝜆 − 𝑝1𝜕𝜉 )𝑣 + 𝑏5𝜕𝜉 (𝜆 − 𝑝1𝜕𝜉 )2𝑣

+ 𝑏1
(
𝑅2𝑣′ + 2𝑅𝑅′𝑣

)
+ 𝑏2

(
𝑄2𝑣′ + 2𝑄𝑄′𝑢

)
. (40)

A traveling wave is spectrally stable if the spectrum of (38) satisfies ℜ(𝜆) ≤ 0.

Neutral translation mode. Because the governing PDEs are translation invariant in 𝑥, the derivative (𝑢, 𝑣) = (𝑄′, 𝑅′)
always produces a neutral eigenfunction at 𝜆 = 0: (

A0

) (𝑄′

𝑅′

)
= 0.

Hence 𝜆 = 0 is generically present in the point spectrum (simple under nondegeneracy conditions), and stability means
there are no eigenvalues with ℜ(𝜆) > 0.

4.4.3. Essential spectrum and a far-field stability criterion. Assume the traveling wave is localized about a
constant state, i.e.,

(𝑄(𝜉), 𝑅(𝜉)) → (𝑞∞, 𝑟∞) as |𝜉 | → ∞.
Then the coefficients in (39)–(40) tend to constants, and the far-field eigenvalue problem is diagonal to leading order.
Substituting Fourier modes (𝑢, 𝑣) ∼ 𝑒𝑖𝑘 𝜉 yields the far-field (essential-spectrum) relations

(𝜆 + 𝑖𝑝1𝑘) (1 + 𝑎4𝑘
2) + 𝑖𝑎3𝑘

3 + 𝑖𝑎5𝑘 (𝜆 + 𝑖𝑝1𝑘)2 = 0, (41)

(𝜆 + 𝑖𝑝1𝑘) (1 + 𝑏4𝑘
2) + 𝑖𝑏3𝑘

3 + 𝑖𝑏5𝑘 (𝜆 + 𝑖𝑝1𝑘)2 = 0. (42)
Equations (41)–(42) provide a checkable necessary condition for spectral stability: for each real 𝑘 , all roots 𝜆(𝑘) must
satisfy ℜ(𝜆(𝑘)) ≤ 0. A sufficient practical condition ensuring that the essential spectrum remains on (or to the left of)
the imaginary axis is:

𝑎3𝑎5 ≥ 0, 𝑏3𝑏5 ≥ 0, 1 + 𝑎4𝑘
2 > 0, 1 + 𝑏4𝑘

2 > 0 ∀𝑘 ∈ R, (43)
which prevents ill-posedness and avoids sign changes in the effective far-field “mass” factors (1 + 𝑎4𝑘

2) and (1 + 𝑏4𝑘
2)

that can trigger high-wavenumber instabilities.

4.4.4. Point spectrum and stability of localized pulses: energy-index viewpoint. The remaining (discrete)
spectrum of (38) depends on the localized potentials 𝑄𝑄′, 𝑅𝑅′, 𝑄2, 𝑅2 and requires an index argument.

For coherent structures generated as solitary critical points of an augmented functional

F [𝑞, 𝑟] = H[𝑞, 𝑟] + 𝑝1 P[𝑞, 𝑟],

(where H is an energy/Hamiltonian and P is the momentum associated with translation invariance), the Grillakis–Shatah–
Strauss philosophy predicts orbital stability when the second variation 𝛿2F has exactly one negative direction and a simple
kernel spanned by (𝑄′, 𝑅′), together with a slope condition (a generalized Vakhitov–Kolokolov condition)

𝑑

𝑑𝑝1
P[𝑄𝑝1 , 𝑅𝑝1 ] ≠ 0, with sign determining stability branch. (44)

In practice, for the present double-layer setting, (44) is evaluated on the explicit families by computing P as a function of
the parameters through (𝑄, 𝑅) and 𝑝1 (recall 𝑝1 is itself constrained algebraically). This provides an analytically tractable
stability diagnostic because the integrals of sech𝑚 profiles are closed form.

Concrete diagnostic for sech2-type localized pulses. For a representative localized pulse of the form

𝑄(𝜉) = 𝐴𝑞 sech2 (𝜅𝜉), 𝑅(𝜉) = 𝐴𝑟 sech2 (𝜅𝜉),

one may use the quadratic momentum proxy

P2 =
1
2

∫ ∞

−∞

(
𝑄2 + 𝑅2) 𝑑𝜉 = 1

2
(𝐴2

𝑞 + 𝐴2
𝑟 )
∫ ∞

−∞
sech4 (𝜅𝜉) 𝑑𝜉 =

(𝐴2
𝑞 + 𝐴2

𝑟 )
3𝜅

.

Thus, if 𝜅 is fixed by the family scaling, the monotonicity of P2 with respect to 𝑝1 reduces to the monotonicity of 𝐴2
𝑞 +

𝐴2
𝑟 with respect to 𝑝1 through the algebraic constraints. A positive slope 𝑑

𝑑𝑝1
P2 > 0 is typically associated with the stable

branch in Hamiltonian dispersive systems, while a negative slope signals an instability exchange.
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4.4.5. Instability mechanisms for singular and non-decaying families. Finally, two generic instability mecha-
nisms are expected for the non-regular families:

• Singular families: the blow-up at 𝜉 = 0 implies infinite 𝐿2 norm and breakdown of standard energy methods;
linearization about a singular profile typically yields non-self-adjoint operators with spectrum extending intoℜ(𝜆) >
0, so these waves are best viewed as nonlinearly unstable idealizations unless regularized.

• Non-decaying cosh/sinh families: these do not approach a finite far-field equilibrium, so the essential spectrum
is not defined in the usual solitary-wave sense; physically, such profiles correspond to nonlocalized excitations or
boundary-driven responses rather than freely propagating solitary waves.

4.5. Summary of implications
Overall, the explicit solution catalog demonstrates that (i) coherent two-layer traveling structures exist in multiple

morphologies, (ii) only the localized finite-energy families are directly consistent with solitary-wave propagation in
stratified fluids, (iii) singular solutions should be interpreted as limiting/shock-like objects requiring regularization, and
(iv) a rigorous stability assessment reduces to the spectral analysis of the quadratic pencil (38), with immediate far-field
admissibility conditions given by (43) and point-spectrum diagnostics accessible via the explicit parameter dependence of
integral invariants such as P2.

5. CONCLUSIONS
The paper recovered solitary waves, shock waves and their combination thereof for double layered shallow water flow.

Two of the models out of very many such models, have been addressed in this paper. They are Zaremaoghaddam model
and the Gear–Grimshaw model. The basic platform is the mKdV equation and therefore the current work is a continuation
or a follow–up of the previously reported work that has KdV equation as its basic platform. The adopted integration
algorithm was the generalized exponential differential rational function approach. This algorithm revealed various hybrid
forms of solitary waves, shock waves and singular solitary waves. An obvious drawback is that the integration scheme
failed to reveal single–standing waves such as solitary waves or singular solitary waves or shock waves. For retrieving
such single–standing waves one must resort to additional integration approaches. The results from such research activities
will be disseminated in future.

A. ADDITIONAL SOLUTION FAMILIES FOR MODEL (1)
Family–IV

Upon embedding [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1, 1, 1,−1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [1,−1, 1,−1] in equation (7), we obtain

T (𝜏) = coth(𝜏). (45)

By making substitution of (45) in (10) for equation (9), coefficient values are procured as:

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = −

4𝑏2𝜃1
2𝜔2

(
4 𝑎5𝑏2𝜔2𝜃1

2 + 𝑎4𝜃2
)

𝜃2
2 ,

𝑏1 = −𝑏2𝜃1
2

𝜃2
2 , 𝑏3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑏2𝑏5𝜔2𝜃1

2 + 𝑏4𝜃2
)

𝜃2
2 ,

𝜔1 = − 𝜃1𝜔2
𝜃2

, 𝑝1 = − 4𝑏2𝜃1
2𝜔2

𝜃2
, 𝜃0 = 0, 𝜃3 = 0.

(46)

having 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔2, 𝜃2, 𝜃1 as free parameters.
Accordingly, newly generated solution of equation (1) is presented with the help of equation (45) and (46) as follows:

𝑞(𝑥, 𝑡) = −𝜃1
(
csch(𝑥 − 𝑝1𝑡)

)2 + 𝜃1𝜔2

𝜃2
(
csch(𝑥 − 𝑝1𝑡)

)2 ,

𝑟 (𝑥, 𝑡) = −𝜃2
(
csch(𝑥 − 𝑝1𝑡)

)2 − 𝜔2(
csch(𝑥 − 𝑝1𝑡)

)2 .
(47)

Family–V
Upon embedding [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1, 1, 1,−1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [0, 0, 1,−1] in equation (7), we obtain

T (𝜏) = csch(𝜏). (48)
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Putting (48) in (10) for equation (9), following parameter values are obtained:

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑎5𝑏2𝜔2𝜃1

2 + 𝑎4𝜃2
)

𝜃2
2 ,

𝑏1 = −𝑏2𝜃1
2

𝜃2
2 , 𝑏3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑏2𝑏5𝜔2𝜃1

2 + 𝑏4𝜃2
)

𝜃2
2 ,

𝜔1 = −𝜔2𝜃1
𝜃2

, 𝑝1 = − 4𝑏2𝜔2𝜃1
2

𝜃2
, 𝜃0 = 0, 𝜃3 = 0.

(49)

having 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔2, 𝜃2, 𝜃1 as arbitrary constants.
Thus, using equations (48) and (49), the newly generated solution of equation (1) is shown as follows:

𝑞(𝑥, 𝑡) = −𝜃1 csch(𝑥 − 𝑝1𝑡) coth(𝑥 − 𝑝1𝑡) +
𝜔2𝜃1

𝜃2 csch(𝑥 − 𝑝1𝑡) coth(𝑥 − 𝑝1𝑡)
,

𝑟 (𝑥, 𝑡) = −𝜃2 csch(𝑥 − 𝑝1𝑡) coth(𝑥 − 𝑝1𝑡) −
𝜔2

csch(𝑥 − 𝑝1𝑡) coth(𝑥 − 𝑝1𝑡)
.

(50)

Family–VI
Upon embedding [𝑅1, 𝑅2, 𝑅3, 𝑅4] = [1, 1, 1, 1] and [𝑆1, 𝑆2, 𝑆3, 𝑆4] = [0, 0, 1,−1] in equation (7), we obtain

T (𝜏) = sech(𝜏). (51)

Putting (51) in (10) for equation (9), following parameter values are obtained:

𝑎1 = 𝑏2, 𝑎2 = −𝑏2𝜃1
2

𝜃2
2 , 𝑎3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑎5𝑏2𝜔2𝜃1

2 + 𝑎4𝜃2
)

𝜃2
2 ,

𝑏1 = −𝑏2𝜃1
2

𝜃2
2 , 𝑏3 = −

4𝑏2𝜔2𝜃1
2 (4 𝑏2𝑏5𝜔2𝜃1

2 + 𝑏4𝜃2
)

𝜃2
2 ,

𝜔1 = −𝜔2𝜃1
𝜃2

, 𝑝1 = − 4𝑏2𝜔2𝜃1
2

𝜃2
, 𝜃0 = 0, 𝜃3 = 0.

(52)

having 𝑎4, 𝑎5, 𝑏4, 𝑏5, 𝑏2, 𝜔2, 𝜃2, 𝜃1 as arbitrary parameters.
As a result, using (51) and (52), the new soliton solution of equation (1) is written as:

𝑞(𝑥, 𝑡) = −𝜃1 sech(𝑥 − 𝑝1𝑡) tanh(𝑥 − 𝑝1𝑡) +
𝜔2𝜃1

𝜃2 sech(𝑥 − 𝑝1𝑡) tanh(𝑥 − 𝑝1𝑡)
,

𝑟 (𝑥, 𝑡) = −𝜃2 sech(𝑥 − 𝑝1𝑡) tanh(𝑥 − 𝑝1𝑡) −
𝜔2

sech(𝑥 − 𝑝1𝑡) tanh(𝑥 − 𝑝1𝑡)
.

(53)

A. ADDITIONAL SOLUTION FAMILIES FOR MODEL (2)
Family–IV

𝑞(𝑥, 𝑡) = −
𝜔1𝜃4

(
csch(𝑥 − 𝑝1𝑡)

)2

𝜔4
− 𝜔1(

csch(𝑥 − 𝑝1𝑡)
)2 + 𝜃0,

𝑟 (𝑥, 𝑡) = −𝜃4
(
csch(𝑥 − 𝑝1𝑡)

)2 − 𝜔4(
csch(𝑥 − 𝑝1𝑡)

)2 + 𝜃5.

(54)

Family–V

𝑞(𝑥, 𝑡) = −𝜔1𝜃4 csch (𝑥 − 𝑝1𝑡) coth (𝑥 − 𝑝1𝑡)
𝜔4

− 𝜔1
csch (𝑥 − 𝑝1𝑡) coth (𝑥 − 𝑝1𝑡)

+ 𝜃0,

𝑟 (𝑥, 𝑡) = −𝜃4 csch (𝑥 − 𝑝1𝑡) coth (𝑥 − 𝑝1𝑡) −
𝜔4

csch (𝑥 − 𝑝1𝑡) coth (𝑥 − 𝑝1𝑡)
+ 𝜃5.

(55)
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Family–VI

𝑞(𝑥, 𝑡) = −𝜔1𝜃4 sech (𝑥 − 𝑝1𝑡) tanh (𝑥 − 𝑝1𝑡)
𝜔4

− 𝜔1
sech (𝑥 − 𝑝1𝑡) tanh (𝑥 − 𝑝1𝑡)

+ 𝜃0,

𝑟 (𝑥, 𝑡) = −𝜃4 sech (𝑥 − 𝑝1𝑡) tanh (𝑥 − 𝑝1𝑡) −
𝜔4

sech (𝑥 − 𝑝1𝑡) tanh (𝑥 − 𝑝1𝑡)
+ 𝜃5.

(56)
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У цiй статтi вiдновлено гiбриднi поодинокi хвилi для двошарових хвиль на мiлководдi, базовою платформою яких є рiвняння
mKdV. Вибраними моделями є рiвняння Заремаогаддама та рiвняння Гiра-Грiмшоу. Використаний алгоритм iнтегрування —
узагальнений метод експоненцiальної диференцiальної функцiї. Це призводить до гiбридних хвиль, що виникають з одиночних
хвиль, ударних хвиль та одиночних одиночних хвиль. Критерiї iснування таких хвиль також представленi як обмеження
параметрiв.
Ключовi слова: рiвняння mKdV; гiбрид; iнтегрованiсть; обмеження параметрiв; рiвняння Гiра–Грiмшоу
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The current study presents a theoretical analysis of the nonlinear self-focusing of a q-Gaussian laser beam propagating through an 
unmagnetized plasma, incorporating the simultaneous effects of relativistic mass variation and the ponderomotive mechanism. Linear 
absorption is also included to account for energy dissipation during beam propagation. By applying WKB and paraxial 
approximations, the problem is reduced to 2nd order differential equation that governs the evolution of the laser beam width as a 
function of the normalized propagation distance. The resulting equation is solved numerically using 4th order Runge-Kutta method. A 
systematic analysis is performed to examine the effect of laser intensity, plasma density, absorption coefficient, q-parameter, and 
initial beam radius on the self-focusing dynamics of a q-Gaussian laser beam. These findings indicate that laser-plasma parameters 
substantially affect beam dynamics and critically govern the self-focusing process. 
Keywords: Laser-plasma interaction; q-Gaussian beam; Nonlinear self-focusing; Absorption coefficient; Nonlinear dynamics 
PACS: 52.38.Hb, 52.35.Mw, 52.38.Dx 

1. INTRODUCTION
The sustained interest has been attracted by laser-plasma interaction in view of its vital role in diverse range of 

applications including ionospheric modification, charged particle acceleration, laser-driven fusion and nonlinear 
radiation generation [1-10]. The ability of laser beams to transit through plasma decides efficiency of all these 
applications. Much deeper penetration of laser beams through plasma media causes beam narrowing, which further 
causes enhancement in energy confinement and improvement in transfer of laser energy to plasma. However, the 
natural beam’s diffraction imposes fundamental limitation on their transition through plasma environment. Self-
focusing provides an effective mechanism to counteract diffraction during laser beam transition through plasma. Under 
intense laser irradiation, there is excitation of several nonlinear phenomenon including self-focusing, filamentation, and 
parameteric instabilities [11-19]. Among these nonlinear effects, the central role is played by self-focusing as it directly 
governs beam confinement and greatly influences the growth of other nonlinear processes. The concept of nonlinear 
refraction and the possibility of self-focusing of an intense electromagnetic wave was provided by Askar’yan [20]. 
Since then, theoretical/experimental researchers have extensively explored this phenomenon in view of its importance 
in nonlinear optics and plasma dynamics [21-32]. It has been demonstrated from numerous investigations that self-
focusing critically governs overall behavior of laser-plasma interaction [33-36]. Self-focusing causes contraction of 
laser beam’s transverse dimensions, thereby causing strong localization of intensity. This enhanced localization may 
disrupt beam uniformity, which is undesirable in applications such as laser-driven fusion. Therefore, achieving effective 
control over beam transition through plasma is mandatory in order to optimize energy coupling and attaining high 
energy gain. The first experiment observation of self-focusing was reported by Akhmanov et al. [37], followed by 
comprehensive studies by Sodha et al. in plasmas, dielectrics, and semiconductors [38-39]. In plasmas, self-focusing 
occurs due to intensity dependent variations of effective dielectric permittivity, leading to significant changes in plasma 
optical properties. These changes mainly originate from three mechanisms: ponderomotive, thermal, and relativistic 
nonlinearities. The ponderomotive self-focusing was first time introduced by Hora [40], who successfully derived 
critical power condition by balancing ponderomotive and hydrostatic forces. The ponderomotive force expels electrons 
from high intensity regions, producing plasma density depressions and corresponding reduction in local plasma 
frequency [41]. The density redistribution alters the plasma dielectric function and leads to self-focusing. Relativistic 
self-focusing becomes significant at ultra-high laser intensities, where electrons attain relativistic velocities. The 
associated relativistic mass increase modifies plasma frequency and dielectric permittivity, resulting in intensity 
dependent refractive index and enhanced beam focusing. Despite extensive studies, relativistic and ponderomotive 
nonlinearities are often treated separately, although both may exist depending on laser pulse duration. Relativistic 
effects dominate for 𝜏 < 𝜏௘, whereas for 𝜏௘ < 𝜏 < 𝜏௜, both mechanisms act simultaneously. Here, 𝜏 is time scale of 
laser-plasma interaction, 𝜏௘ and 𝜏௜ correspond to electron and ion response times. Ponderomotive nonlinearity 
complements relativistic effects, enhancing self-focusing and plasma density perturbations. Mostly earlier investigations 
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of laser-plasma interactions have employed conventional Gaussian beam profiles. The q-Gaussian laser beams form an 

important class characterized by the irradiance distribution 𝑓ሺ𝑟ሻ = 𝑓ሺ0ሻ ቀ1 + ௥మ௤௥బమቁି௤, which reduces to the standard 
Gaussian profile in the limit 𝑞−> ∞. Here, 𝑓ሺ𝑟ሻ is radial profile of laser beam amplitude and 𝑓ሺ0ሻ is beam’s peak 
value at 𝑟 = 0. The q-Gaussian beams possess lower total power then Gaussian beams and exhibit distinct propagation 
features, making them suitable for controlled nonlinear interaction studies. The main origin of q-Gaussian profile is 
from q-Gaussian distribution which was derived in non-extensive statistical mechanics by Tsallis [42]. In laser-plasma 
interaction, this form has been adopted by many authors for modeling high power beams transiting through nonlinear 
plasma media. Motivated by these considerations, the present research investigates nonlinear self-focusing of q-
Gaussian laser beams propagating in unmagnetized plasma under the combined influence of relativistic and 
ponderomotive nonlinearities, with linear absorption included to account for energy dissipation. The organization of 
paper is as follows: Section 2 presents theoretical formulation, where the paraxial and WKB approximations are 
employed to derive 2nd order differential equation governing the beam width. Section 3 discusses numerical results and 
their physical implications; the main conclusions are summarized in Section 4. 
 

2. NONLINEAR EVOLUTION OF BEAM SPOT SIZE 
A laser beam with q-Gaussian intensity profile is assumed to be propagating along z-axis in unmagnetized plasma. 

One can describe the beam intensity at the initial plane (𝑧 = 0) by 

 𝐸଴ ∙ 𝐸଴∗|௭ୀ଴ = 𝐸଴଴ଶ ቀ1 + ௥మ௤௥బమቁି௤ (1) 

Where, 𝑟଴ represents initial beam radius, 𝐸଴ is the complex field amplitude, and 𝐸଴଴ denotes field amplitude along the 
beam axis. The beam profile and decay behavior of its tails are governed by the q-parameter. This q-parameter is 
helpful in distinguishing a q-Gaussian beam from conventional beams. During the transition of the beam through 
propagation axis (𝑧 > 0), its intensity distribution behaves according to equation, 

 𝐸଴ ∙ 𝐸଴∗ = ாబబమ௙మ ቀ1 + ௥మ௤௥బమ௙మቁି௤. (2) 

Where 𝑓 denotes beam waist evolution, describing focusing/defocusing of beam during its transition through plasma. 
Eq.(2) provides complete description of energy distribution of q-Gaussian beam along propagation axis. Maxwell’s 
equation can be used to derive fundamental equation governing propagation of an electromagnetic wave in plasma 
medium. Faraday’s law and Ampere’s law can be combined to obtain following wave equation for electric field of laser 
beam as  

 ∇ଶ𝐸 − ∇(∇ ∙ 𝐸) + ఠమ௖మ 𝜀𝐸 = 0. (3) 

In Eq.(3), 𝜀 represents the effective dielectric response of plasma, 𝜔 is angular frequency of incident radiation, and 𝑐 is speed of light in vacuum. The second term on LHS, ∇(∇ ∙ 𝐸) arises on account of possible spatial variation in 
dielectric function of plasma. However, for a slowly varying and weakly inhomogeneous medium, a negligible 
contribution is made by this term towards overall beam dynamics. This approximation remains valid provided ௖మఠమ | ଵఌ ∇ଶ ln 𝜀| ≤ 1 condition is satisfied. As a result, ∇(∇ ∙ 𝐸) term can be safely neglected. So, Eq. (3) reduces to 

 ∇ଶ𝐸 + ఠమ௖మ 𝜀𝐸 = 0. (4) 

The transition of high intensity electromagnetic wave through plasma medium causes strong nonlinear behavior of 
electron dynamics. In such regimes, electrons simultaneously experience relativistic mass enhancement, due to their 
large quiver velocities, and the ponderomotive force which arises from spatial gradient in electromagnetic field 
intensity. The combined action of these two mechanisms is referred to as relativistic ponderomotive force (RP force). 
The electrons are driven away from strong laser intensity regions due to this RP force, thereby causing redistribution of 
charge density and corresponding modification of optical properties of plasma. The RP force acting on an electron in an 
intense laser field is given by [43-45] 

 𝐹௣௘ = −𝑚଴𝑐ଶ∇(𝛾 − 1). (5) 

Where, 𝑚଴, 𝑐 and 𝛾 correspond to electron rest mass, speed of light in vacuum and Lorentz relativistic factor 
respectively. At sufficiently high laser intensities, electron quiver motion becomes relativistic, resulting in a Lorentz 
factor that explicitly depends on local electromagnetic field amplitude. It may be expressed as 𝛾 = √1 + 𝛼𝐸𝐸∗ with 𝛼 = ௘మ௠బమ௖మఠబమ representing the nonlinear coefficient. As a direct consequence of RP force, electrons are expelled from 
high intensity regions of the beam, resulting in a local depletion of electron density. This density modification plays a 
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crucial role in determining plasma’s dielectric response. Accounting for both relativistic mass variation and 
ponderomotive density redistribution, the effective dielectric function of plasma can be written as [43-45]  

 𝜀 = 1 − ఠ೛మఊఠమ 𝑒𝑥𝑝 ቆ−௠బ௖మ೐் (𝛾 − 1)ቇ. (6) 

Where 𝜔௣ = ටସగேబ௘మ௠బ  is electron plasma frequency corresponding to unperturbed electron density 𝑁଴, and 𝑇௘ denotes 

electron temperature. The RP force-induced modification of equilibrium electron density is correspondingly given by 
[45] 

 𝑁଴௘ = ேబఊ 𝑒𝑥𝑝 ቆ−௠బ௖మ೐் (𝛾 − 1)ቇ. (7) 

Accordingly, total plasma dielectric function may be decomposed in to linear and nonlinear components as  

 𝜀 = 𝜀଴ + 𝛷(𝐸 ∙ 𝐸∗). (8) 

Where, 𝜀଴ = 1 − ఠ೛మఠమ represents the linear dielectric response of cold plasma in absence of RP force. The nonlinear 

contribution, ఠುమఠమ ቂ1 − ேబ೐ேబ ቃ, arises from the intensity dependent depletion of electron density and represents the nonlinear 
susceptibility induced by relativistic mass variation and ponderomotive expulsion of electrons.  
Following [37-39], a suitable solution of wave Eq. (4) may be written in the form of a slowly varying envelope 
modulating a rapidly oscillating carrier wave, namely  

 𝐸 = 𝐸଴(𝑟, 𝑧) expሾ𝑖(𝜔𝑡 − 𝑘(𝑆 + 𝑧))ሿ. (9) 

The corresponding intensity distribution of the q-Gaussian beam during propagation is expressed as [38-39]  

 𝐸଴ ∙ 𝐸଴∗ = ாబబమ௙మ ቀ1 + ௥మ௤௥బమ௙మቁି௤  𝑒𝑥𝑝(−2𝑘௜𝑧). (10) 

Here, 𝑘௜ accounts for absorption effects in plasma medium. The phase function ′𝑆′ which incorporates the effect of 
beam curvature and axial phase variation is given by  

 𝑆 = ଵଶ 𝑟ଶ ଵ௙ ௗ௙ௗ௭ + 𝛷଴(𝑧). (11) 

Where, 𝛷଴(𝑧) denotes longitudinal phase shift accumulated during propagation. The wave number 𝑘 in plasma is 
defined as  

 𝑘 = ఠ௖ ඥ𝜀଴ (12) 

The transverse evolution of laser beam is described by beam width function ′𝑓(𝑧)′ whose variation along direction 
of propagation is governed by following 2nd order nonlinear ordinary differential equation [38-39]; 

ௗమ௙ௗఎమ = ௤ାସ௤௙య − ቀఠ೛௥బ௖ ቁଶ 𝑒𝑥𝑝(−2𝑘௜𝜂) ఈாబబమଶ௙య 𝑒𝑥𝑝 ቈ−௠௖మ೐் ቊට1 + ఈாబబమ ௘௫௣(ିଶ௞೔ఎ)௙మ − 1ቋ቉ ቀ1 +
ఈாబబమ ௘௫௣(ିଶ௞೔ఎ)௙మ ቁିଷ/ଶ ቈ1 + ௠௖మ೐் ට1 + ఈாబబమ ௘௫௣(ିଶ௞೔ఎ)௙మ ቉ (13) 

Eq. (13) governs evolution of normalized beam waist 𝑓 as a function of normalized distance 𝜂. The first term on 
right hand side represents diffraction induced beam spreading, which tends to increase the beam width as beam 
propagates. The second term arises from nonlinear RP force, which introduces an effective focusing mechanism by 
modifying the plasma dielectric response. The competition between these two opposing effects, diffraction-driven 
divergence and RP-induced nonlinear convergence dictates the overall propagation behavior of beam. Depending on 
relative strength of these mechanisms, the beam may undergo continuous expansion, strong self-focusing, or exhibit 
oscillatory evolution as it propagates through plasma medium.  
The initial condition used is, 𝑓 = 1 & ௗ௙ௗఎ = 0 at 𝜂 = 0. 
 

3. DISCUSSION 
Eq. (13) can’t be solved numerically; its solution is obtained through numerical technique using Runge-kutta 4th 

order method. The computations are carried out for a representative set of experimentally relevant laser-plasma 
parameters;  𝛼𝐸଴଴ଶ = 3.0, 4.0, 5.0; ఠ೛మఠమ = 0.4, 0.5, 0.6;𝑘௜ = 0, 0.3, 0.6 ; 𝑞 = 1, 2, 3; 𝑟଴ = 20 𝜇𝑚, 25 𝜇𝑚, 30 𝜇𝑚 
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The evolution of beam width governed by Eq. (13) results from interplay of two distinct mechanisms appearing on 
right hand side. The first mechanism is connected with diffraction, which reflects beam’s tendency to spread as it 
transits through plasma. The dominance of this mechanism causes beam’s divergence, leading to an increase in 
transverse width. Mathematically, this regime is characterized by ௗమ௙ௗఎమ > 0. The second mechanism arises from nonlinear 
modification plasma’s refractive index caused by interaction of an intense laser field. The dominance of this mechanism 
causes beam’s convergence, leading to decrease in transverse width. Mathematically, this regime is characterized by ௗమ௙ௗఎమ < 0. A special situation arises, when both mechanisms exactly compensate each other. Under this balance, the beam 
transits in a steady state manner without any change in its transverse width. This stationary transition condition is 
characterized by ௗమ௙ௗఎమ = 0.  

Figure 1 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for different laser 
intensities, 𝛼𝐸଴଴ଶ = 3.0, 4.0, and 5.0, represented by Black, Red, and Blue respectively. In all cases, the beam width 
exhibits oscillatory behavior due to saturating response of plasma dielectric function. These oscillations arise from 
continuous interplay between diffraction, which tends to broaden the beam, and nonlinear self-focusing, which acts to 
contract it. As the laser intensities increases, the diffraction term becomes increasingly dominant over nonlinear 
focusing term, thereby reducing beam’s self-focusing tendency. Consequently, at higher laser intensities, the beam 
reaches its minimum width at larger propagation distances, clearly indicating diminished self-focusing effect.  

Figure 2 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for different plasma 
densities, ఠ೛మఠమ = 0.4, 0.5, and 0.6, represented by Black, Red, and Blue respectively. In all cases, the beam width exhibits 
oscillatory behavior due to saturating response of plasma dielectric function. These oscillations arise from continuous 
interplay between diffraction, which tends to broaden the beam, and nonlinear self-focusing, which acts to contract it. 
As the plasma density increases, the nonlinear focusing term becomes increasingly dominant over diffraction term, 
thereby strengthening beam’s self-focusing tendency. Consequently, at higher plasma densities, the beam reaches its 
minimum width at shorter propagation distances, clearly indicating enhanced self-focusing effect. 

  
Figure 1. Evolution of beam width 𝑓 as a function of normalized 
distance 𝜂 for different laser intensities,  𝛼𝐸଴଴ଶ = 3.0, 4.0, and 5.0, 
represented by Black, Red, and Blue respectively 

Figure 2. Evolution of beam width 𝑓 as a function of normalized 
distance 𝜂 for different plasma densities, 𝜔௣ଶ 𝜔ଶ⁄ =0.4, 0.5, and 0.6, represented by Black, Red, and Blue respectively 

Figure 3 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for different beam radii, 𝑟଴ =20 𝜇𝑚, 25 𝜇𝑚, and 30 𝜇𝑚, represented by Black, Red, and Blue respectively. In all cases, beam width exhibits an 
oscillatory behavior, which originates from saturating response of plasma dielectric function. As the beam radius 
increases, the contribution of nonlinear focusing term becomes increasingly dominant compared to diffraction term. 
This shift strengthens beam’s tendency to self-focus. As a result, for larger beam radii, the beam reaches its minimum 
width at shorter propagation distances, clearly indicating an enhanced self-focusing effect.  

Figure 4 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for different q parameters, 𝑞 =1,2, and 3, represented by Black, Red, and Blue respectively. In all cases, beam width exhibits an oscillatory nature, 
which arises from saturating response of plasma dielectric function. It is clearly observed that increasing the value of q 
markedly enhances focusing characteristics of beam. At higher q values, the nonlinear focusing contribution becomes 
stronger relative to diffraction, enabling the beam to converge more effectively. This leads to improved spatial 
localization of beam and corresponding increase in central field intensity. The enhanced intensity strengthens the 
nonlinear interaction beam and the plasma, which further reinforces self-focusing mechanism and results in deeper and 
more pronounced beam convergence.  
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Figure 3. Evolution of beam width 𝑓 as a function of normalized 
distance 𝜂 for different beam radii, 𝑟଴ =20 𝜇𝑚, 25 𝜇𝑚, and 30 𝜇𝑚, represented by Black, Red, and Blue 
respectively 

Figure 4. Evolution of beam width 𝑓 as a function of 
normalized distance 𝜂 for different q parameters, 𝑞 =1,2, and 3, represented by Black, Red, and Blue respectively 

Figure 5 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for different 𝑘௜ values, 𝑘௜ =0, 0.3, 0.6, represented by Black, Red, and Blue respectively. The figure shows that increasing 𝑘௜ weakens beam’s self-
focusing due to energy loss through absorption. As absorption grows, the refractive index gradient decreases thereby 
reducing nonlinear convergence effect. Consequently, diffraction dominates and beam focuses less effectively.  

Figure 6 shows evolution of beam width 𝑓 as a function of normalized distance 𝜂 for two different plasma 
regimes. The Black line shows the combined effect of relativistic mass variation and ponderomotive nonlinearities, 
while Red line represents relativistic nonlinearity alone. When both act together, the beam width 𝑓 shifts to smaller 𝜂, 
indicating stronger self-focusing. Since, relativistic nonlinearity acts instantaneously, the ponderomotive contribution 
reinforces it, enhancing overall focusing effect. 

  

Figure 5. Evolution of beam width 𝑓 as a function of 
normalized distance 𝜂 for different 𝑘௜ values, 𝑘௜ = 0, 0.3, 0.6, 
represented by Black, Red, and Blue respectively 

Figure 6. Evolution of beam width 𝑓 as a function of normalized 
distance 𝜂 for two different plasma regimes. The Black line 
shows the combined effect of relativistic mass variation and 
ponderomotive nonlinearities, while Red line represents 
relativistic nonlinearity alone 

 
4. CONCLUSION 

This study examines a detailed analysis of nonlinear self-focusing of q-Gaussian laser beams in plasma with 
relativistic and ponderomotive effects under linear absorption. Using WKB and paraxial approximations, self-focusing 
equation is derived, revealing that beam’s focusing strengthens with higher plasma density, larger q-parameter, 
increased initial beam radius, combined action of RP force, while higher beam intensity and absorption weakens it. 
These results provide essential insights for controlling laser propagation in plasma, with direct implications for 
optimizing laser-driven fusion and other high intensity laser applications.  
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НЕЛІНІЙНЕ САМОФОКУСУВАННЯ q-ГАУСІВСЬКИХ ЛАЗЕРНИХ ПРОМЕНІВ У ПЛАЗМІ 

З РЕЛЯТИВІСТСЬКИМИ ТА ПОНДЕРОМОТОРНИМИ ЕФЕКТАМИ ПРИ ЛІНІЙНОМУ ПОГЛИНАННІ 
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У цьому дослідженні представлено теоретичний аналіз нелінійного самофокусування q-гауссового лазерного променя, що 
поширюється через немагнічену плазму, враховуючи одночасний вплив релятивістської зміни маси та пондеромоторного 
механізму. Лінійне поглинання також враховується для врахування дисипації енергії під час поширення променя. 
Застосовуючи ВКБ-апроксимацію та параксіальне наближення, задача зводиться до диференціального рівняння 2-го 
порядку, яке описує еволюцію ширини лазерного променя як функції нормалізованої відстані поширення. Отримане 
рівняння розв'язується чисельно за допомогою методу Рунге-Кутти 4-го порядку. Проведено систематичний аналіз для 
вивчення впливу інтенсивності лазера, густини плазми, коефіцієнта поглинання, q-параметра та початкового радіуса 
променя на динаміку самофокусування q-гауссового лазерного променя. Ці результати показують, що параметри лазерної 
плазми суттєво впливають на динаміку променя та критично керують процесом самофокусування. 
Ключові слова: взаємодія лазера з плазмою; q-гауссовий промінь; нелінійне самофокусування; коефіцієнт поглинання; 
нелінійна динаміка 
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This second part of the study develops a complete geometric and asymptotic description of how surface tension governs the modulational
stability of interfacial waves in a two-layer fluid. Extending the analytical framework of Part I, surface tension is treated as a freely
adjustable parameter, making it possible to trace the nonlinear and dispersive properties of the system across the full range of depth
ratios and density contrasts. Using the nonlinear Schrödinger reduction together with long-wave asymptotics, the mechanisms that
shape the boundaries between stable and unstable regimes are identified and their dependence on surface tension is quantified. The
long-wave structure is controlled by two special density values that mark the bases of the loop and the corridor on the stability diagrams.
Their ordering switches at a threshold that exists only when the lower layer is deeper, and loop-type structures occur only in this
regime. A second organising parameter is the classical Bond threshold, at which the dispersive and nonlinear singularities coincide.
When surface tension exceeds this value and the upper layer is sufficiently deep, the interaction between resonant and dispersive effects
produces a capillary cut that replaces the corridor and characterises strongly capillary, upper-layer-dominated configurations. To unify
these observations, the full three-dimensional critical surfaces that separate different types of nonlinear and dispersive behaviour are
computed. The familiar loop, corridor, and cut appear as planar sections of these surfaces, and their transitions follow directly from
the deformation of the intersection between the resonant and dispersive sheets. Two depth ratios correspond to genuine geometric
degeneracies: equal layer depths, where the intersection reduces to a straight line, and the golden-ratio configuration, where the critical
surface becomes horizontally tangent at the Bond threshold. Overall, Part II completes the geometric and physical classification of
modulational stability in two-layer interfacial waves and provides a framework for future extensions incorporating shear, external forcing,
flexible boundaries, or variable bathymetry.

Keywords: Modulational instability; Interfacial gravity–capillary waves; Two-layer fluid; Surface tension; Benjamin–Feir instability

PACS: 47.20.Dr, 47.20.Ky, 47.35.Bb, 47.35.Pq

1. INTRODUCTION
In Part I [1], the modulational instability of interfacial waves in a two-layer fluid was examined for different depth

ratios and density contrasts under the assumption of a fixed or characteristic interfacial tension. The present paper extends
that analysis by investigating the effects of varying surface tension𝑇 on the stability and topology of modulational–stability
domains.

The theoretical foundation of modulational instability originates from the classical works of Benjamin and Feir [2]
and Zakharov [3], with extensions to interfacial waves by Grimshaw and Pullin [4] and by Christodoulides and Dias [5].
Dullin, Gottwald, and Holm further developed a unified long-wave shallow-water asymptotic framework linking several
equivalent model equations (KdV, fifth-order KdV/Kawahara, and Camassa–Holm), clarifying the role of surface tension
through the Bond-number parameter and identifying the parameter regimes where each model applies [6, 7]. Building on
this foundation, more recent studies have explored the influence of surface tension in both surface and interfacial systems.

Sun and Wahlén [8] performed a rigorous spectral analysis of periodic gravity–capillary waves and showed that
positive 𝑇 excludes spectral instabilities at high-frequency crossings, yielding regions of spectral stability.In their analysis
based on the Evans function method, Hur and Yang [9] examined the spectral properties of gravity–capillary waves,
identifying regimes of Wilton-ripple instability and establishing the precise criteria for their onset. Ward et al. [10]
examined the Faraday instability in a system with two interfaces, demonstrating experimentally and theoretically that
surface tension governs excitation thresholds.

For interfacial waves in two-layer fluids, several recent studies have derived nonlinear Schrödinger (NLS) reductions
and constructed stability diagrams. Li et al. [11] obtained the NLS equation for arbitrary depths and showed that stronger
density contrast and thinner layers compress the modulational–instability region, while finite 𝑇 shifts the instability
boundary toward shorter waves. Li et al. [12] considered a linear shear profile and demonstrated that the combined effects
of shear and 𝑇 alter the sign of the nonlinear coefficient, changing the envelope–stability type. Murashige and Choi [13]
performed a two-dimensional stability analysis of finite-amplitude waves and found competition between modulational and
Kelvin–Helmholtz instabilities: surface tension suppresses the latter but alters the width of the modulational–instability
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band. Pal and Dhar [14, 15] produced stability maps for oceanographic parameters and emphasized the sensitivity of
instability boundaries to 𝑇 . Boral, Ni, and Korobkin [16] studied the interaction between interfacial and flexural–gravity
waves in the presence of a discontinuous background current, while Halder et al. [17] analyzed the effect of constant
vorticity and showed that vorticity and surface tension jointly modify nonlinear corrections and stability.

Other studies have explored situations where capillarity interacts with external influences. Goldobin et al. [18]
investigated interfacial waves in a two-layer system subjected to horizontal vibrations and showed that surface tension 𝑇

influences the onset and stability of long-wave oscillatory modes. Doak et al. [19] considered gravity–capillary waves at
the boundary between dielectric fluids under an external electric field, where surface tension modifies both the dispersion
relation and the stability condition. Chow, Chan, and Grimshaw [20] analyzed long internal waves in smoothly stratified
shallow fluids—although surface tension was absent, their approach is directly transferable to interfacial configurations.
Liang, Zareei, and Alam [21] demonstrated resonant harmonic generation in internal waves, producing narrow instability
windows analogous to those induced by capillarity. Boral, Sahoo, and Stepanyants [22] investigated surface waves under
wind forcing and identified 𝑇 as a key control parameter for the transition between stability and instability. Andreeva,
Bulavin, and Tkachenko [23] investigated the Rayleigh–Plateau dissipative instability with viscous effects in both contacting
fluids and showed that surface tension, together with dissipation, controls the transition between stable and unstable regimes.

Overall, existing research provides rigorous spectral criteria for gravity–capillary waves at 𝑇 > 0, modula-
tional–instability maps for two-layer systems with shear and currents, and analyses of auxiliary factors such as vorticity,
vibrations, electric fields, wind forcing, and stratification. However, a consistent topological classification of stability
diagrams in the (𝜌, 𝑘) plane under varying 𝑇 has not been established. The mechanisms governing the emergence and
disappearance of corridors, loops, and cuts, as well as the limiting configurations HS–La, La–HS, and HS–HS (as defined
in Part I), remain insufficiently understood. These questions are addressed in the present work.

2. PROBLEM FORMULATION, PRELIMINARY BACKGROUND, AND LIMITING CASES
2.1. Mathematical formulation and background assumptions

All variables and scaling follow the notation of Part I [1].
We consider the same two-layer inviscid, incompressible fluid system as in Part I, composed of a lower layer Ω1 =

{(𝑥, 𝑧) | − ℎ1 < 𝑧 < 0} and an upper layer Ω2 = {(𝑥, 𝑧) | 0 < 𝑧 < ℎ2}, separated by the interface 𝑧 = 𝜂(𝑥, 𝑡) with surface
tension 𝑇 . The fluid densities are 𝜌1 and 𝜌2, and the density ratio is 𝜌 = 𝜌2/𝜌1. In Part I, the analysis was carried out for
a fixed interfacial tension corresponding to 𝑇 = 1. Here, 𝑇 is treated as a free control parameter governing the capillary
contribution.

Following the nondimensionalization adopted previously, all quantities are scaled with 𝐿 = (𝑇0/(𝜌1𝑔))1/2, 𝑡0 =

(𝐿/𝑔)1/2, and 𝑚0 = 𝜌1𝐿
3, where 𝑇0 is the reference interfacial tension. The dimensionless coefficient 𝑇 = 𝑇/𝑇0 measures

the relative magnitude of surface tension effects. Here we keep the same nondimensionalization as in Part I, where the
choice 𝑇 = 𝑇0 led to the dimensionless value 𝑇 = 1 in the dispersion relation.

The governing equations for the velocity potentials 𝜑 𝑗 (𝑥, 𝑧, 𝑡) and the interface displacement 𝜂(𝑥, 𝑡) are identical to
system (1) of Part I. The dependent variables are expanded in powers of the small steepness parameter 𝛼 = 𝑎/𝑙, where 𝑎

is the maximum interface displacement and 𝑙 the wavelength:

(𝜂, 𝜑 𝑗 ) =
3∑︁

𝑛=1
𝛼𝑛−1 (𝜂𝑛, 𝜑 𝑗𝑛) +𝑂 (𝛼3), 𝑥𝑛 = 𝛼𝑛𝑥, 𝑡𝑛 = 𝛼𝑛𝑡.

From the first-order approximation, one obtains the dispersion relation

𝜔2 =
𝑘 (1 − 𝜌 + 𝑇𝑘2)

coth 𝑘ℎ1 + 𝜌 coth 𝑘ℎ2
, (1)

in which 𝑇 explicitly controls the curvature of 𝜔(𝑘).
At third order, the solvability condition gives the nonlinear Schrödinger equation

𝑖𝐴𝑡 + 𝑖𝜔′𝐴𝑥 + 1
2 𝜔

′′𝐴𝑥𝑥 = −𝛼𝜔−1𝐽 |𝐴|2𝐴, (2)

where 𝜔′ = 𝜕𝜔/𝜕𝑘 and 𝜔′′ = 𝜕2𝜔/𝜕𝑘2 are the first and second derivatives of the carrier frequency. The coefficient 𝐽 is
the Benjamin–Feir index, which depends on the system geometry and on the second-harmonic correction Λ (defined in
Eq. (3) of Part I):

𝐽 = − 1
16(1 − 𝜌) [ 𝜌 coth 𝑘ℎ2 + coth 𝑘ℎ1 ]

{
2𝑘𝜔2 (1 − 𝜌)Λ[−3𝜌 coth2 𝑘ℎ2 + 3 coth2 𝑘ℎ1 − 1 + 𝜌]

− 4𝑘𝜔4 [𝜌(coth2 𝑘ℎ2 − 1) − (coth2 𝑘ℎ1 − 1)]2

− 4𝑘2𝜔2 (1 − 𝜌) [𝜌 coth3 𝑘ℎ2 + coth3 𝑘ℎ1 − 2𝜌 coth 𝑘ℎ2 − 2 coth 𝑘ℎ1] − 3𝑇𝑘5 (1 − 𝜌)
}
. (3)
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A purely temporal solution of Eq. (2), 𝐴(𝑡) = 𝑎 exp
(
𝑖𝛼𝑎2𝜔−1𝐽𝑡

)
, with constant envelope amplitude 𝑎, is modula-

tionally stable when
𝐽𝜔′′ < 0, (4)

while 𝐽𝜔′′ > 0 signals the onset of instability. In what follows, we examine how variations of 𝑇 alter the loci 𝐽 = 0 and
𝜔′′ = 0 in the (𝜌, 𝑘) plane, revealing new transitions between stable and unstable regimes as surface tension modifies both
the nonlinear and dispersive characteristics of the interfacial mode.

2.2. Limiting case 𝜌 = 1 for equal layer depths
We now consider the symmetric configuration of two layers with equal thickness ℎ1 = ℎ2 = ℎ and equal densities

𝜌 = 1. In this limit the interface vanishes, and the system formally reduces to a single homogeneous fluid bounded by
two free surfaces of equal curvature. Nevertheless, this configuration provides a convenient reference for analysing the
nonlinear coefficient 𝐽 and the structure of the Benjamin–Feir index near the symmetry line.

For 𝜌 = 1 and ℎ1 = ℎ2 = ℎ, substituting the dispersion relation (1),

𝜔2 =
𝑇𝑘3

2 coth 𝑘ℎ
,

into the general expression (3) for 𝐽, one obtains, after simplification,

𝐽 = − 1
32

𝑇 𝑘5
(
coth 𝑘ℎ − 5

cosh 𝑘ℎ sinh 𝑘ℎ

)
.

The factor 𝑇 appears only as a multiplier and therefore does not affect the location of the zero of 𝐽. The condition 𝐽 = 0
yields cosh2 (𝑘ℎ) = 5, and hence the characteristic wavenumber at which 𝐽 changes sign is

𝑘ch (ℎ) =
1

2ℎ
ln(9 + 4

√
5) ≈ 1.4436

ℎ
. (5)

The independence of 𝑘ch from the surface-tension coefficient 𝑇 is a notable feature of this symmetric configuration.
While 𝑇 scales the dispersion relation, 𝜔 ∝

√
𝑇 , so that the frequency increases as the square root of the surface tension,

it does not modify the nonlinear geometry encoded in 𝐽. Consequently, the transition between focusing and defocusing
nonlinearity in the Benjamin–Feir sense depends solely on the dimensionless depth parameter 𝑘ℎ. For 𝑘 < 𝑘ch (ℎ) the
index 𝐽 > 0, corresponding to one type of nonlinearity, whereas for 𝑘 > 𝑘ch (ℎ) the sign reverses (𝐽 < 0). Because
𝜔′′ (𝑘) obeys the same scaling invariance (𝜔(𝑘) ∝

√
𝑇 , and thus 𝜔′′ (𝑘) scales identically and retains its sign), the overall

modulational-stability criterion based on the product 𝐽 𝜔′′ preserves the same threshold (5) for all 𝑇 > 0.
The analytical symmetry of the perfectly symmetric configuration 𝜌 = 1, ℎ1 = ℎ2 = ℎ implies that both 𝜔(𝑘)

and 𝐽 (𝑘) are even functions of the carrier wavenumber 𝑘 . In this limit, the small-𝑘 expansion of the dispersion relation
yields 𝜔(𝑘) ∝ 𝑘2, so that 𝜔′′ (𝑘) tends to a finite positive constant as 𝑘 → 0. By contrast, for unequal densities 𝜌 ≠ 1
(with comparable layer depths) the long-wave behaviour is gravity-dominated: 𝜔(𝑘) ∼ 𝑐(𝜌) 𝑘 , and hence 𝜔′′ (𝑘) vanishes
linearly with 𝑘 as 𝑘 → 0. In both cases, the coefficient 𝐽 remains finite at 𝑘 = 0. In the long-wave regime 𝑘 → 0, the
critical curves associated with the conditions 𝐽 → ∞ and 𝜔′′ = 0 in the (𝜌, 𝑘)-plane accumulate near the symmetry point
(𝜌, 𝑘) = (1, 0). In the perfectly symmetric case 𝜌 = 1, ℎ1 = ℎ2, both 𝐽 and 𝜔′′ stay regular at 𝑘 = 0, and the corresponding
geometric degeneracy reduces to a simple linear intersection in the (𝜌, 𝑘) plane, as observed in the three-dimensional
representations discussed in Sec. 4.

To the best of our knowledge, the 𝑇-independence of the characteristic wavenumber 𝑘ch in the symmetric limit 𝜌 =

1, ℎ1 = ℎ2 has not been explicitly noted in the literature. This follows directly from the capillary scaling of the dispersion
relation (𝜔 ∝

√
𝑇) and the corresponding invariance of 𝜔′′ (𝑘). For a comprehensive discussion of modulational instability

in gravity–capillary systems, see Dias and Kharif [25].

2.3. Mutual placement of the points 𝜌L and 𝜌C at 𝑘 = 0
In the long-wave limit 𝑘 → 0, the intersection points of the conditions 𝐽 = 0 and 𝐽 → ∞ with the density axis 𝑂𝜌

are

𝜌L =
ℎ2

2

ℎ2
1
, (6)

𝜌C (𝑇) =
−ℎ2ℎ

2
1 + ℎ1ℎ

2
2 − 3𝑇ℎ1 +

√︃
ℎ4

1ℎ
2
2 + 2ℎ3

1ℎ
3
2 + ℎ2

1ℎ
4
2 + 6𝑇ℎ3

1ℎ2 − 6𝑇ℎ2
1ℎ

2
2 − 12𝑇ℎ1ℎ

3
2 + 9𝑇2ℎ2

1

2ℎ1ℎ
2
2

. (7)
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Geometry fixes the reference point 𝜌L = ℎ2
2/ℎ

2
1, while Capillarity shifts 𝜌C (𝑇) leftward from 𝜌 = 1 for small 𝑇 ,

and, whenever the corresponding branch remains real, towards its asymptotic geometric limit for large 𝑇 . The two curves
intersect at a finite surface-tension value 𝑇× defined by 𝜌C (𝑇×) = 𝜌L. Solving this relation gives

𝑇× =
ℎ4

1 − ℎ3
1ℎ2 + ℎ1ℎ

3
2 − ℎ4

2

3ℎ2
1

=
(ℎ2

1 − ℎ2
2) (ℎ

2
1 + ℎ2

2 − ℎ1ℎ2)
3ℎ2

1
,

whose sign determines the admissible configurations:

sign(𝑇×) =

> 0, ℎ1 > ℎ2,

= 0, ℎ1 = ℎ2,

< 0, ℎ1 < ℎ2,

so that 𝑇× > 0 exists only if ℎ1 > ℎ2.

For physically relevant 𝑇 > 0, three cases arise:
(i) ℎ1 > ℎ2: 𝑇× > 0, and

𝑇 < 𝑇× : 𝜌L < 𝜌C (𝑇), 𝑇 = 𝑇× : 𝜌L = 𝜌C (𝑇×), 𝑇 > 𝑇× : 𝜌C (𝑇) < 𝜌L.

(ii) ℎ1 = ℎ2 = ℎ: 𝜌L = 1 and

𝜌C (𝑇) =
−3𝑇 + |3𝑇 − 2ℎ2 |

2ℎ2 =


1 − 3𝑇

ℎ2 , 0 ≤ 𝑇 <
2ℎ2

3
,

−1, 𝑇 ≥ 2ℎ2

3
,

hence 𝜌C (𝑇) ≤ 1 = 𝜌L for all 𝑇 > 0.
(iii) ℎ1 < ℎ2: 𝑇× < 0, so for admissible 𝑇 > 0 the equality 𝜌C (𝑇) = 𝜌L cannot be reached. Along the real branch of 𝜌C (𝑇)

the dependence on 𝑇 is continuous, and therefore, once 𝜌C (𝑇) drops below 𝜌L for 𝑇 > 0, the inequality 𝜌C (𝑇) < 𝜌L
persists for all admissible 𝑇 > 0. Since 𝜌L = ℎ2

2/ℎ
2
1 > 1 while 𝜌C (𝑇) ≤ 1 for small 𝑇 , the inequality 𝜌C (𝑇) < 𝜌L

holds for all 𝑇 > 0.
For small capillarity (𝑇 → 0), a Taylor expansion of 𝜌C yields

𝜌C (𝑇) = 1 − 3𝑇
ℎ1ℎ2

+𝑂 (𝑇2),

so the curve 𝜌C (𝑇) departs from unity with slope −3/(ℎ1ℎ2). Hence, for ℎ1 > ℎ2 the crossing 𝜌C (𝑇) = 𝜌L < 1 occurs at
a finite 𝑇× > 0, whereas for ℎ1 ≤ ℎ2 the ordering 𝜌C (𝑇) ≤ 1 ≤ 𝜌L is maintained even for arbitrarily small 𝑇 > 0.

In the opposite, capillarity-dominated regime (𝑇 → ∞), the leading terms in formula (7) cancel, yielding the simple
asymptotic limit

𝜌C (𝑇) = − ℎ2
ℎ1

+𝑂

(
1
𝑇

)
,

so that

lim
𝑇→∞

𝜌C (𝑇) = − ℎ2
ℎ1

< 0, 𝜌L =
ℎ2

2

ℎ2
1

is independent of 𝑇.

Thus, for ℎ2 ≥ ℎ1 one always has 𝜌C (𝑇) ≤ 1 ≤ 𝜌L throughout the entire range 𝑇 ≥ 0 along the real branch of 𝜌C (𝑇).
For ℎ2 < ℎ1, the inequality eventually reverses once 𝑇 > 𝑇× .

The analytical relations derived above show that the relative placement of 𝜌L and 𝜌C (𝑇) at 𝑘 = 0 depends on both
geometry and surface tension: a positive threshold 𝑇× satisfying 𝜌C (𝑇×) = 𝜌L exists only when ℎ1 > ℎ2. This behaviour
underlies the long-wave topology of neutral-stability boundaries first noted by Grimshaw and Pullin [4], where the neutral
curves separating focusing and defocusing regimes form closed contours in the (𝜌, 𝑘) plane.

2.4. Long-wave critical surface tension 𝑇∗ (Bond threshold Bo = 1/3)
To determine the long-wave threshold and introduce convenient notation, we define the Bond number Bo = 𝑇/ℎ2

1
following the standard convention [24, 25]. The corresponding critical surface tension is

𝑇∗ =
ℎ2

1
3
, (8)

which is equivalent to Bo∗ = 1/3 [6, 7]. This threshold separates the regimes of normal and anomalous dispersion in the
long-wave limit: for Bo < Bo∗ (𝑇 < 𝑇∗) the small-𝑘 curvature 𝜔′′ (𝑘) is negative (normal dispersion), whereas for Bo >

Bo∗ (𝑇 > 𝑇∗) it becomes positive (anomalous dispersion).
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From the dispersion relation (1), in the limit of a light upper layer (𝜌 → 0), corresponding to long gravity–capillary
waves at the free surface of the lower layer, we obtain

𝜔2 =
(1 + 𝑇𝑘2) 𝑘
coth(𝑘ℎ1)

= (1 + 𝑇𝑘2) 𝑘 tanh(𝑘ℎ1) = ℎ1𝑘
2
[
1 +

(
Bo − 1

3

)
(𝑘ℎ1)2 +𝑂

(
(𝑘ℎ1)4

)]
.

Hence,
𝜔(𝑘) =

√︁
ℎ1 𝑘

[
1 + 1

2

(
𝑇 − ℎ2

1
3

)
𝑘2 +𝑂 (𝑘4)

]
, 𝜔′′ (𝑘) = 3

√︁
ℎ1

(
𝑇 − ℎ2

1
3

)
𝑘 +𝑂 (𝑘3).

At 𝑇 = 𝑇∗ (Bo = Bo∗), the curvature 𝜔′′ (𝑘) vanishes, and the dispersion relation becomes degenerate. This is the classical
long-wave, or shallow-water, threshold where the dispersive coefficient changes sign [6, 7].

The link between this linear threshold and the nonlinear modulation follows from the asymptotics of the Benjamin–Feir
index (3). In the double limit 𝑘 → 0 and 𝜌 → 0 (long waves on a light upper layer),

lim
𝜌→0

lim
𝑘→0

𝐽 =
9

16 ℎ1 (−ℎ2
1 + 3𝑇)

,

so 𝐽 diverges precisely at 𝑇 = 𝑇∗, corresponding to Bo = Bo∗, in agreement with the long-wave shallow-water theory
[6, 7]. At this value, the curves 𝐽 → ∞ and 𝜔′′ = 0 intersect at the origin of the (𝜌, 𝑘) plane: for𝑇 < 𝑇∗, the 𝐽 → ∞ branch
is locally vertical, whereas for 𝑇 > 𝑇∗ it becomes nearly horizontal. As 𝑇 increases further, the curves 𝐽 → ∞ and 𝜔′′ =
0 approach one another and nearly coincide, forming the degenerate “cut” structure observed in the modulational-stability
diagrams.

2.5. Geometric condition for horizontal tangency of the critical surface
As shown in Subsec. 2.4, the long-wave Bond threshold 𝑇∗ = ℎ2

1/3, Bo∗ = 1/3, marks the point where the
singular conditions 𝐽 → ∞ and 𝜔′′ = 0 coincide at (𝜌, 𝑘) = (0, 0). The geometry of the critical surface 𝑇 (𝜌, 𝑘) near this
point depends on the depth ratio of the layers.

Expanding the dispersion relation (1) for small 𝑘 yields

𝜔2 = 𝑐2 (𝜌) 𝑘2 + 𝑐4 (𝜌;𝑇) 𝑘4 + O(𝑘6),

with

𝑐2 (𝜌) =
ℎ1ℎ2 (1 − 𝜌)
ℎ1𝜌 + ℎ2

, 𝑐4 (𝜌;𝑇) =
ℎ1ℎ2

[
3𝑇 (ℎ1𝜌 + ℎ2) + ℎ2

1ℎ2 (𝜌 − 1) + ℎ1ℎ
2
2 (𝜌

2 − 𝜌)
]

3(ℎ1𝜌 + ℎ2)2 .

The condition 𝑐4 (𝜌;𝑇) = 0 defines the critical surface-tension function

𝑇∗ (𝜌) =
ℎ1ℎ2

(
− ℎ1𝜌 + ℎ1 − ℎ2𝜌

2 + ℎ2𝜌
)

3(ℎ1𝜌 + ℎ2)
, 𝑇∗ (0) =

ℎ2
1

3
.

In the long-wave limit, this degeneracy condition coincides with the singularity set 𝐽 → ∞; hence, the same function
𝑇∗ (𝜌) locally describes both the linear dispersion surface 𝜔′′ = 0 (green) and the nonlinear singular surface 𝐽 → ∞ (blue)
in the vicinity of (𝜌, 𝑘) = (0, 0, 𝑇∗).

A horizontal tangency of 𝑇 (𝜌, 𝑘) to the plane 𝑇 = 𝑇∗ at (𝜌, 𝑘) = (0, 0) requires 𝜕𝑇∗/𝜕𝜌 |𝜌=0 = 0, which gives

ℎ2
1 + ℎ2 (ℎ1 − ℎ2) = 0,

ℎ2
ℎ1

=
1 +

√
5

2
≈ 1.618. (9)

Hence, the critical surface is horizontally tangent at the origin when the depth ratio satisfies (9). This ratio corresponds
to the golden ratio 𝜑 = (1 +

√
5)/2, representing a neutral balance between the inertial contributions of the two layers

in the long-wave limit. For ℎ2/ℎ1 < 𝜑, 𝜕𝑇∗/𝜕𝜌 |𝜌=0 < 0, indicating a gravity-dominated regime; for ℎ2/ℎ1 > 𝜑, the
derivative is positive, corresponding to a capillarity-dominated regime, while the golden-ratio configuration ℎ2/ℎ1 = 𝜑

defines the boundary between these two regimes.In particular, when the depth ratio exceeds the golden value ℎ2/ℎ1 = 𝜑

and the surface tension is increased beyond the long-wave threshold 𝑇∗, the resulting change in the local geometry of the
critical surfaces 𝐽 → ∞ and 𝜔′′ = 0 leads to a qualitative restructuring of the modulational-stability diagrams, as will be
illustrated in Sec. 4.

3. STABILITY DIAGRAMS: THE INFLUENCE OF SURFACE TENSION
3.1. General remarks and reference configuration

In Part I, modulational–stability maps were constructed for two representative sets of layer–depth combinations,
(ℎ1, ℎ2) ∈ {1, 2, 3, 4} and (ℎ1, ℎ2) ∈ {1, 5, 9, 13}, which together illustrated the main topological types of stable and
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unstable regions and their evolution with varying density ratio 𝜌 and wavenumber 𝑘 . In the present part, attention is
focused on the second, broader matrix (ℎ1, ℎ2) ∈ {1, 5, 9, 13}, which serves as a reference configuration for analysing
the effect of surface tension. Other geometric and physical parameters of the system will be examined in the following
subsections.

Figure 1 shows the modulational–stability diagrams for three representative values, 𝑇 = 1/2, 1, and 2. The colour
convention is the same as in Part I: black denotes the linear–stability boundary corresponding to the critical wavenumber

𝑘 = 𝑘c =
√︁
(𝜌 − 1)/𝑇,

which separates the regions of linear stability and instability; red indicates the curve 𝐽 = 0 separating focusing and
defocusing nonlinearities; blue marks the singular curve 𝐽 → ∞ associated with resonance coupling; and green represents
the dispersion–curvature line 𝜔′′ (𝑘) = 0, where the sign of the group–velocity dispersion changes. Solid, dashed, and
dotted lines correspond to 𝑇 = 1/2, 1, and 2, respectively. This comparison highlights how an increase in surface tension
gradually modifies the topology of stable and unstable domains across the parameter space (𝜌, 𝑘).

3.2. Symmetric and asymmetric configurations of the upper unstable region
The influence of surface tension on the upper modulationally unstable domain (bounded above by the red locus 𝐽 =

0) can be examined by comparing three representative values, 𝑇 = 1/2 (solid), 1 (dashed), and 2 (dotted), across all
panels of Fig. 1. As shown in Part I, deviations of 𝑇 from the reference value 𝑇 = 1 produce opposite yet comparable
effects: doubling to 𝑇 = 2 and halving to 𝑇 = 1/2 deform the upper domain in reverse directions with nearly symmetric
magnitudes.

For equal depths (ℎ1 = ℎ2), the upper region remains continuous at 𝜌 = 1, without a vertical cut. In Fig. 1a (ℎ1 =

ℎ2 = 1) the red boundaries for different 𝑇 intersect twice, the left intersection occurring at relatively large wavenumbers
(𝑘 > 2). For 𝜌 < 1, the ordering of curves is dotted (𝑇 = 2) above dashed (𝑇 = 1) above solid (𝑇 = 1/2), indicating
that increasing surface tension narrows the upper unstable domain, whereas decreasing 𝑇 broadens it. This qualitative
property persists along the diagonal of the matrix (Figs. 1f, k, p), where ℎ1 = ℎ2 = ℎ: the asymptote at 𝜌 = 1 does not
appear, and the intersection point of the 𝑇-dependent boundaries shifts toward smaller 𝑘 as ℎ increases. The corresponding
characteristic wavenumber

𝑘ch (ℎ) =
1

2ℎ
ln(9 + 4

√
5),

given by formula (5), decreases monotonically with ℎ and approaches (𝜌, 𝑘) = (1, 0) in the deep–water limit, consistent with
the case of two hydrodynamic half–spaces. As can be seen in the panels corresponding to the equal–depth configurations
(Figs. 1a, f, k, p), the point (𝜌, 𝑘) =

(
1, 𝑘ch (ℎ)

)
appears as the unique location at which all red boundaries (𝐽 = 0)

corresponding to 𝑇 = 1/2, 1, and 2 intersect. This common intersection is a distinctive geometric feature of the symmetric
case ℎ1 = ℎ2 = ℎ; for unequal layer depths such a point does not exist, and instead the line 𝜌 = 1 becomes a vertical
asymptote of the upper unstable region, as discussed below.

When depth symmetry is broken, the topology of the upper region changes at 𝜌 = 1. In the first row of Fig. 1b–d
(ℎ1 = 1, ℎ2 > 1), the intersection at 𝜌 = 1 is replaced by a vertical asymptote that divides the upper domain, although
the relative ordering of the 𝑇-dependent boundaries away from 𝜌 = 1 remains similar to that in Fig. 1a. In contrast,
Figs. 1e, i, m (ℎ2 = 1, ℎ1 = 5, 9, 13) exhibit a reversed response at small density ratios: the dotted curve (𝑇 = 2) lies
below the dashed one (𝑇 = 1), while the solid curve (𝑇 = 1/2) lies above both, so increasing 𝑇 expands the upper unstable
domain and decreasing𝑇 contracts it. For larger 𝜌 (𝜌 ≳ 0.3) this tendency reverses. In the remaining panels of Fig. 1 (rows
2–4, columns 2–4), the pairwise intersection points of the 𝑇-dependent boundaries cluster near 𝜌 ≃ 0.85–0.99; within this
range the order of curves is temporarily reversed, but just below 𝜌 = 1 the usual sequence (dotted below dashed, solid
above both) is restored.

The physical mechanism underlying these reorganizations is the redistribution of the balance between focusing
and defocusing nonlinearities by capillarity under nearly fixed dispersion. The capillary contribution to the effective
nonlinearity scales as 𝑇 𝑘5 (1 − 𝜌): for a light upper layer (𝜌 < 1) an increase in 𝑇 stiffens the interface and shifts the 𝐽 =

0 boundary upward in 𝑘 , narrowing the unstable region. Near and above density matching, particularly under pronounced
depth asymmetry, the same increase in 𝑇 can enhance the focusing component and expand the instability zone. Depth
symmetry (ℎ1 = ℎ2) removes the singular response at 𝜌 = 1, producing a smooth passage of the 𝐽 = 0 locus across the
density–matching line, whereas asymmetry restores a nearly singular sensitivity manifested as a vertical asymptote. The
clustering of intersection points near 𝜌 ≲ 1 shows that, for small density contrast, variations in 𝑇 mainly tune the high–𝑘
capillary stiffness without significantly changing the inertial balance between layers, leading to local, topology-preserving
adjustments of the upper boundary rather than qualitative alterations of its shape.

3.3. Corridor and cut formation
The stability structures associated with the corridor and the cut, which represent additional stable regions, are absent

in Fig. 1a for the symmetric case ℎ1 = ℎ2 = 1. In the subsequent panels (Figs. 1b–d) a narrow cut appears, terminating
at both ends on the 𝜌-axis. For ℎ1 = 1 and ℎ2 = 5 only a single small cut is visible, corresponding to 𝑇 = 1/2 (Fig. 1b).
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(a) ℎ1=1, ℎ2=1 (b) ℎ1=1, ℎ2=5 (c) ℎ1=1, ℎ2=9 (d) ℎ1=1, ℎ2=13

(e) ℎ1=5, ℎ2=1 (f) ℎ1=5, ℎ2=5 (g) ℎ1=5, ℎ2=9 (h) ℎ1=5, ℎ2=13

(i) ℎ1=9, ℎ2=1 (j) ℎ1=9, ℎ2=5 (k) ℎ1=9, ℎ2=9 (l) ℎ1=9, ℎ2=13

(m) ℎ1=13, ℎ2=1 (n) ℎ1=13, ℎ2=5 (o) ℎ1=13, ℎ2=9 (p) ℎ1=13, ℎ2=13

Figure 1. Modulational–stability diagrams for all combinations of ℎ1, ℎ2 ∈ {1, 5, 9, 13} for 𝑇 = 1/2, 1, 2.
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(a) ℎ1=5, ℎ2=50 (b) ℎ1=5, ℎ2=100 (c) ℎ1=5, ℎ2=150

Figure 2. The cut-type corridor for ℎ1 = 5 and ℎ2 ∈ {50, 100, 150} for 𝑇 = 1, 25/3, 20, 40, 60.

When the upper-layer thickness increases to ℎ2 = 9, the cut persists for 𝑇 = 1/2, becomes noticeably longer, and extends
to higher wavenumbers (Fig. 1c). At ℎ2 = 13 (Fig. 1d), two distinct cuts are observed: a broader one associated with 𝑇 =

1/2 and a smaller one corresponding to 𝑇 = 1.
At significantly higher depth ratios, the narrow cuts characteristic of moderate asymmetry transform into broad open

corridors. This behaviour is consistent with the analytical result of Subsec. 2.5, which shows that the critical surface 𝑇∗ (𝜌)
develops a horizontal tangency at (𝜌, 𝑘) = (0, 0) when the depth ratio satisfies ℎ2/ℎ1 = (1 +

√
5)/2 ≈ 1.618. For depth

ratios exceeding this value, the local geometry of the critical surfaces 𝐽 → ∞ and 𝜔′′ = 0 changes in such a way that
cut–type structures naturally emerge: in this regime the singular branch 𝐽 → ∞ bends toward the 𝑘 = 0 axis, producing
cuts that visibly rest on the 𝜌–axis. This effect is clearly seen in the moderately asymmetric panels of Fig. 1b–d and
becomes even more transparent in the three–dimensional representations discussed in Sec. 4.

For ℎ1 = 5 and ℎ2 = 50, 100, and 150 (Figs. 2a–c), several distinct corridors are observed, their structure depending
on the magnitude of surface tension (𝑇 = 1, 25/3, 20, 40, and 60), represented by solid, long-dashed, dashed, dash-dotted,
and dotted lines, respectively. The chosen five values of 𝑇 play a key methodological role. They cover the reference case
𝑇 = 1 used throughout Part I, the critical long-wave threshold (8)

𝑇∗ =
ℎ2

1
3

=
25
3
, Bo∗ =

1
3
,

and three progressively higher values 𝑇 = 20, 40, and 60, which extend the analysis well into the strongly capillary regime.
This set allows one to track, within a single series of diagrams, the complete transition from gravity–capillary balance to
capillary dominance and to identify the scaling of corridor width, shape, and position with increasing 𝑇 .

For ℎ2 = 50 (Fig. 2a) only three corridors are present (𝑇 = 1, 25/3, and 20); for ℎ2 = 100 (Fig. 2b) four corridors
appear (𝑇 = 1, 25/3, 20, 40); and for ℎ2 = 150 (Fig. 2c) all five corridors corresponding to 𝑇 = 1, 25/3, 20, 40, and 60
are clearly visible. At 𝑇 = 1 the corridor remains broad and nearly invariant with ℎ2, while increasing 𝑇 primarily affects
the region of small 𝑘 , where pronounced cuts develop in the central part of the 𝜌-range. As 𝑇 exceeds the critical value
𝑇∗, the individual corridors converge toward the origin (𝜌, 𝑘) = (0, 0), producing a cut-type topology.

This behaviour marks the transition from a mixed gravity–capillary regime to a purely capillary one. For moderate
surface tension (𝑇 < 𝑇∗), both restoring mechanisms act simultaneously, producing multiple corridors whose positions
depend on the density ratio. As 𝑇 approaches 𝑇∗, the capillary stress increasingly dominates, damping long-wave
modulation and localizing the instability at short wavelengths. The cut-type corridor thus corresponds to the limit in which
the interface behaves as a nearly rigid capillary sheet bounding a deep lower layer: nonlinear effects persist only within
a narrow density interval, and the unstable band detaches from the 𝜌-axis. In this regime, the inertia of the lower layer
provides the dominant response, while dispersion is governed exclusively by surface tension, resulting in the flattening
and eventual disappearance of the loop.

3.4. Loop and its interaction with the corridor
From the second (Figs. 1e–h), third (Figs. 1i–l), and fourth (Figs. 1m–p) rows of the matrix diagrams corresponding

to ℎ1 = 5, 9, and 13, respectively, it is seen that at a lower value of surface tension (𝑇 = 1/2) both stability structures—the
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loop and the corridor—expand relative to the reference case 𝑇 = 1, while the corridor shifts rightward along the 𝜌-axis.
Its lower boundary, however, never crosses the line 𝜌 = 1, approaching the point (𝜌, 𝑘) = (1, 0) asymptotically as the
upper–layer thickness increases. At a higher value of surface tension (𝑇 = 2), both the loop and the corridor contract and
become narrower, and the corridor moves leftward toward smaller density ratios. In the complete matrix of stability maps
(Fig. 1), the loop is observed in Figs. 1e, f, i–k, m–p; in Fig. 1f it remains isolated, whereas in the other cases it touches
the 𝜌-axis.

(a) ℎ1=5, ℎ2=1 (b) ℎ1=5, ℎ2=2 (c) ℎ1=5, ℎ2=3 (d) ℎ1=5, ℎ2=4

(e) ℎ1=5, ℎ2=4.75 (f) ℎ1=5, ℎ2=5 (g) ℎ1=5, ℎ2=5.25 (h) ℎ1=5, ℎ2=6

Figure 3. Stability diagrams for surface–tension coefficients 𝑇 = 1/2, 3/5, 1, 5/3, 2 for ℎ1 = 5 and ℎ2 ∈
{1, 2, 3, 4, 4.75, 5, 5.25, 6}.

Figure 3 presents enlarged fragments of the modulational–stability maps for fixed ℎ1 = 5 and a sequence of
upper–layer thicknesses ℎ2 = 1, 2, 3, 4, 4.75, 5, 5.25, 6 (Figs. 3a–h), computed for five values of surface tension, 𝑇 = 1/2,
3/5, 1, 5/3, and 2, represented by solid, long-dashed, dashed, dash-dotted, and dotted lines. Each panel shows the relative
configuration of the loop and the corridor near small wavenumbers 𝑘 , illustrating how their positions vary with both
geometry and surface tension. The loop–base point at 𝑘 = 0 is determined solely by the depth ratio, 𝜌L = ℎ2

2/ℎ
2
1, whereas

the corridor–edge points 𝜌C1 –𝜌C5 correspond to these five values of 𝑇 and mark the roots of the corridor branches on the
horizontal axis, that is, the intersections of the resonant (𝐽→∞) and dispersive (𝜔′′=0) conditions at 𝑘→0.

For quantitative reference, the corresponding values of 𝜌L and 𝜌C (𝑇) are summarized in Table 1.

Table 1. Loop–base 𝜌L and corridor–edge 𝜌C (𝑇) coordinates for five representative surface–tension values at fixed ℎ1 =

5.

ℎ2 𝜌L 𝜌C1 = 𝜌C (1/2) 𝜌C2 = 𝜌C (3/5) 𝜌C3 = 𝜌C (1) 𝜌C4 = 𝜌C (5/3) 𝜌C5 = 𝜌C (2)
1.00 0.040 0.752 0.712 0.580 0.424 0.367
2.00 0.160 0.859 0.833 0.737 0.597 0.537
3.00 0.360 0.903 0.884 0.810 0.695 0.641
4.00 0.640 0.926 0.911 0.853 0.758 0.711
4.75 0.902 0.937 0.924 0.874 0.791 0.749
5.00 1.000 0.940 0.928 0.880 0.800 0.760
5.25 1.103 0.943 0.931 0.885 0.809 0.770
6.00 1.440 0.950 0.940 0.899 0.831 0.796

The inclusion of the loop–base coordinate 𝜌L in Fig. 3 clarifies the mutual placement of the loop and corridor
edge points. For all configurations, the corridor–edge coordinate 𝜌C (𝑇) (corresponding to 𝜌C1 –𝜌C5 in Table 1) decreases
monotonically with increasing 𝑇 . When ℎ2 < ℎ1, the values 𝜌C (𝑇) lie strictly above the loop base 𝜌L and approach it from
the right as 𝑇 increases, indicating a gradual contraction of the corridor toward the loop. In contrast, when ℎ2 > ℎ1, the
quantities 𝜌C (𝑇) remain strictly below unity and therefore stay well separated from the loop–base coordinate 𝜌L > 1 for
all admissible values of 𝑇 . In this regime, the loop and corridor bases do not approach one another as the surface tension
varies; instead, their persistent separation reflects the dominance of geometric asymmetry over the capillary adjustment of
the resonant and dispersive branches.

As shown in Figs. 3(a–d), for ℎ2 = 1–4 the loop–base coordinate 𝜌L = ℎ2
2/25 remains considerably smaller than the

corresponding corridor–edge values 𝜌C1 –𝜌C5 for all surface–tension magnitudes listed in Table 1. Hence, the corridor
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always originates to the right of the loop base, satisfying 𝜌C (𝑇) > 𝜌L. At small surface tension (𝑇 = 1/2) the corridor
widens and its right edge extends well beyond 𝜌L, forming a broad composite loop–corridor domain. As 𝑇 increases,
the corridor contracts and shifts leftward as 𝜌C (𝑇) approaches 𝜌L, and the loop correspondingly narrows. In the most
asymmetric case (ℎ2 = 1) the loop remains detached from the 𝜌-axis, whereas for ℎ2 = 2–4 it touches the 𝑂𝜌-axis and
gradually enlarges with increasing ℎ2. This behaviour indicates that a thicker upper layer increases the effective inertia
above the interface, thereby strengthening the dispersive response and widening the interval of nonlinear–dispersive
balance at small 𝑘 .

Fig. 3e corresponds to nearly symmetric configurations (ℎ2 ≃ ℎ1), where the loop–base point 𝜌L approaches unity
and the corridor–edge coordinates 𝜌C𝑖

(𝑖 = 1−5) remain slightly below 1 for all values of 𝑇 . For ℎ2 = 4.75, one finds
𝜌L = 0.903 and 𝜌C1 = 0.937, indicating that at small 𝑇 the corridor begins slightly to the right of the loop base, forming
a large loop resting on the 𝜌-axis. As surface tension increases, the edge positions 𝜌C𝑖

shift left of 𝜌L (e.g., for 𝑇 =

2, 𝜌C5 = 0.749), and the loop contracts. In the fully symmetric case ℎ2 = 5 (Fig. 3f), where 𝜌L = 1 and all 𝜌C𝑖
< 1,

no vertical asymptote appears at 𝜌 = 1, and the loop always rests on the 𝜌-axis at (1, 0). The corridor base lies to the
left of this point and moves further left as 𝑇 increases, showing that decreasing surface tension enlarges the corridor and
enhances its overlap with the loop, whereas higher 𝑇 suppresses this interaction. The convergence of 𝜌L and 𝜌C𝑖

toward
unity with increasing total depth explains the near coincidence of the loop and corridor bases in these quasi–symmetric
configurations.

For ℎ2 > ℎ1 (Figs. 3(g, h)), the loop–base coordinate satisfies 𝜌L > 1, while 𝜌C𝑖
< 1 for all 𝑇 (see Table 1). Thus, the

corridor originates to the left of the loop base, and their interaction depends on whether the corridor’s right boundary at
finite 𝑘 extends beyond 𝜌L. For slightly asymmetric configurations (ℎ2 close to ℎ1; Fig. 3(g)), this occurs only at small 𝑇 ,
when 𝜌C1 is closest to unity and the corridor is widest; under these conditions the loop persists in a degenerate form
without reaching the 𝜌-axis. As the upper layer becomes thicker (ℎ2 further increases; Fig. 3(h)), even such degenerate
loops no longer appear, and only the corridor structure remains.

These geometric dependences outline the quantitative trends governing the interaction between the loop and the
corridor under varying surface tension. The corresponding physical interpretation is summarized in Sec. 3.5.

3.5. Summary and physical interpretation
The contrasting effects of surface tension in the two limiting geometries— loop formation in the HS–La system and

cut development in the La–HS system— previously described in [27, 28], are consistently reproduced within the present
unified two-layer framework. When the upper layer becomes thicker than the lower one, the interfacial mode acquires a
predominantly capillary character: the restoring force is governed by surface tension rather than gravity, and increasing 𝑇

enhances this dominance, narrowing the parameter range in which nonlinearity and dispersion compensate. Consequently,
the loop shrinks and may disappear, leaving only the narrow stability corridor.

The joint analysis of 𝜌L and 𝜌C (𝑇) clarifies the structural transitions observed in Fig. 3. For ℎ2 < ℎ1 and small
𝑇 , the corridor begins to the right of the loop base (𝜌C (𝑇) > 𝜌L), so that the loop lies entirely beneath the corridor in
the (𝜌, 𝑘)-plane. As 𝑇 increases at fixed geometry (ℎ2 < ℎ1), the value 𝜌C (𝑇) decreases monotonically, and the corridor
correspondingly shifts leftward along the 𝜌-axis. When 𝜌C (𝑇) drops below 𝜌L (at 𝑇 = 𝑇×; see Sec. 2.3), the loop ceases
to exist and only the corridor remains. When ℎ2 ≥ ℎ1, the condition 𝜌C (𝑇) = 𝜌L has no solution for any admissible 𝑇 >

0, and the loop is absent for all surface–tension magnitudes.
Surface tension thus controls the relative positioning of the loop and corridor at small wavenumbers: decreasing 𝑇

moves the corridor to the right and allows a loop to exist beneath it, whereas increasing 𝑇 shifts the corridor leftward and
eliminates the loop. In the symmetric geometric limit ℎ2 → ℎ1 one has 𝜌L → 1, while for 𝑇 → 0 one obtains 𝜌C (𝑇) →
1− , so that both base points accumulate near the long–wave limiting point (𝜌, 𝑘) = (1, 0). In the additional deep–water
limit ℎ1, ℎ2 → ∞, this configuration approaches the classical model of two hydrodynamic half–spaces.

A three–dimensional perspective of these transitions is presented in Sec. 4, which shows how loops, corridors, and
cuts merge or collapse as the surface–tension magnitude and the depth ratio ℎ2/ℎ1 increase.

4. THREE-DIMENSIONAL CRITICAL SURFACES 𝑇 (𝜌, 𝑘)
4.1. Analytical framework and Bond-threshold structure

A comprehensive understanding of the modulational–stability topology can be achieved by extending the two-
dimensional maps of Sec. 3 into the full three-dimensional parameter space (𝜌, 𝑘, 𝑇). The stability diagrams discussed
earlier represent planar sections of this space at fixed 𝑇 , showing how the upper stability region, the corridor, and the loop
transform as the surface–tension coefficient varies. In three dimensions these structures arise from the three continuous
critical surfaces defined by

𝐽 (𝜌, 𝑘; ℎ1, ℎ2, 𝑇) = 0, 𝐽 (𝜌, 𝑘; ℎ1, ℎ2, 𝑇) → ∞, 𝜔′′ (𝜌, 𝑘; ℎ1, ℎ2, 𝑇) = 0,

and from their mutual arrangement in the (𝜌, 𝑘, 𝑇) space. The first surface (𝐽 = 0, red) separates focusing and defocusing
nonlinearities, the second (𝐽 → ∞, blue) corresponds to the resonant singularity, and the third surface (𝜔′′ = 0, green)
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marks the change of sign of group–velocity dispersion. Taken together, these three critical surfaces provide the geometric
framework for the three–dimensional organisation of modulationally stable and unstable regions in the (𝜌, 𝑘, 𝑇) space.

It is useful to distinguish between the long-wave critical value of surface tension and the full three-dimensional
critical structure. The Bond threshold 𝑇∗ is a scalar quantity: it specifies the value of 𝑇 at which the curvature 𝜔′′ vanishes
in the limit 𝑘 → 0, marking the transition between gravity- and capillarity-dominated dispersion. In contrast, the critical
conditions 𝜔′′ = 0 and 𝐽 → ∞ define two distinct two-dimensional surfaces in the (𝜌, 𝑘, 𝑇) space. Their planar sections
at fixed 𝑇 give the neutral-stability curves that delimit modulationally stable and unstable regions in the (𝜌, 𝑘) plane.

According to expression (8) in Subsec. 2.4, the long-wave Bond threshold 𝑇∗ = ℎ2
1/3 (with Bo∗ = 1/3) is the unique

value at which the long-wave limits of the resonant condition 𝐽 → ∞ and the dispersive condition 𝜔′′ = 0 coincide at the
point (𝜌, 𝑘) = (0, 0). In the three-dimensional space (𝜌, 𝑘, 𝑇) this point lies on a one-dimensional intersection curve (a
nodal line) along which the resonant (blue) and dispersive (green) surfaces meet.

Although the resonant and dispersive critical surfaces intersect along a one-dimensional curve and lie geometrically
close to each other over wide regions of the (𝜌, 𝑘) plane for many depth configurations, their local behaviour near (𝜌, 𝑘) =
(0, 0) remains distinct for all 𝑇 < 𝑇∗. At the Bond-critical value 𝑇 = 𝑇∗, the two surfaces exhibit a local degeneracy
at (𝜌, 𝑘) = (0, 0), where they meet at the same height and have a common tangent. For 𝑇 > 𝑇∗, planar sections 𝑇 =

const intersect the two surfaces in a different manner, producing cut-type configurations; their detailed geometry will be
discussed in Secs. 4.2–4.3.

In addition to the Bond threshold 𝑇∗, a second geometric degeneracy is associated with the depth ratio. As shown
in Subsec. 2.5, the dispersive critical surface 𝑇𝜔′′=0 (𝜌, 𝑘) has a horizontal tangent at (𝜌, 𝑘, 𝑇) = (0, 0, 𝑇∗) when the layer
depths satisfy the golden–ratio relation ℎ2/ℎ1 = 𝜑. The consequences of this local geometric condition become evident in
the three–dimensional structure discussed in Subsec. 4.2, where its impact on the critical surfaces is examined in detail.

4.2. Geometry of the critical surfaces and symmetry effects
Figure 4 shows the critical surfaces for the fixed lower-layer depth ℎ1 = 5 and a sequence of upper-layer thicknesses

ℎ2 ∈ {1, 4, 5, 6, 5(1+
√

5)/2, 12, 50, 100, 150}. This set spans the transition from configurations with a thin upper layer to
those in which the upper layer is effectively deep.

For ℎ2 = 1, the system is close to the HS–La limiting configuration, and the nonlinear surface 𝐽 = 0 forms a
pronounced loop near the origin [27]. The case ℎ2 = 4 represents moderate asymmetry, whereas ℎ2 = 5 gives the
symmetric configuration discussed in Subsec. 2.2. Increasing the upper-layer thickness to ℎ2 = 6 introduces weak
asymmetry. The value ℎ2 = 5(1 +

√
5)/2 realises the golden–ratio depth ratio, at which both the dispersive (𝜔′′ = 0) and

the resonant (𝐽 → ∞) critical surfaces acquire a horizontal tangent at (𝜌, 𝑘, 𝑇) = (0, 0, 𝑇∗); see Subsec. 2.5. Larger values
ℎ2 = 12, 50, 100, 150 correspond to progressively deeper upper layers and bring the system close to the La–HS regime, in
which the dispersive (green) and resonant (blue) surfaces lie geometrically close over a wide region of the (𝜌, 𝑘) domain
(see Subsec. 3.3 and [28]).

In every panel the point (𝜌, 𝑘, 𝑇) = (0, 0, 𝑇∗) appears as the intersection of the dispersive (𝜔′′ = 0) and resonant
(𝐽 → ∞) surfaces. For ℎ1 = 5, its height is 𝑇∗ = 25/3, in agreement with the analytic Bond threshold 𝑇∗ = ℎ2

1/3 obtained
in Subsec. 2.4.

In panels (a)–(f) of Fig. 4 the axes are scaled identically, which facilitates comparison of curvature and elevation.
Panels (g)–(i) use an enlarged vertical scale that highlights the geometry of the critical surfaces for large values of ℎ2.
These three-dimensional plots directly extend the detailed two-dimensional sections shown in Fig. 2 and analysed in
Subsec. 3.3. In particular, the configurations with ℎ2 = 50, 100, and 150 correspond to planar diagrams in which three,
four, and five cut-type corridors are present for the respective subsets of the surface-tension values 𝑇 = {1, 25/3, 20}, 𝑇 =

{1, 25/3, 20, 40}, 𝑇 = {1, 25/3, 20, 40, 60}. The three-dimensional representation thus visualises how these cut-type
structures arise as intersections of the resonant (𝐽 → ∞) and dispersive (𝜔′′ = 0) critical surfaces at the corresponding
𝑇-levels.

For small and moderate asymmetry (Figs. 4a–d), the red surface 𝐽 = 0 forms a convex sheet that rises above the
(𝜌, 𝑘)-plane at small 𝑇 , while the blue and green critical surfaces remain well separated. Sections at fixed 𝑇 reproduce
the loop– and corridor–type structures identified in the two-dimensional matrix of Subsec. 3.2. The closed intersections
of 𝐽 = 0 give the loop-type stability islands, whereas the region lying between the resonant (𝐽 → ∞) and dispersive
(𝜔′′ = 0) surfaces forms the open corridor that separates the low–𝑘 and high–𝑘 instability zones. Thus, in the regime of
weak asymmetry these three-dimensional surfaces provide direct extensions of the characteristic curves forming the upper
unstable region and the corridor in the planar diagrams of Subsecs. 3.2–3.4.

In panels (a)–(c) of Fig. 4, a grey horizontal plane marks the level 𝑇 = 𝑇× introduced in Subsec. 2.3. This plane
intersects the upper part of the red surface 𝐽 = 0 and separates the parameter ranges in which the loop has a well-defined
base (𝑇 < 𝑇×) from those in which the loop becomes degenerate (𝑇 > 𝑇×), as illustrated in Fig. 3. For ℎ2 = 1 (panel
(a)) and ℎ2 = 4 (panel (b)) the level 𝑇× is positive and lies above most of the plotted region. In the symmetric case ℎ2 =

ℎ1 = 5 (panel (c)) one has 𝑇× = 0, so the plane coincides with the coordinate plane 𝑇 = 0. For ℎ2 = 6 (panel (d)), 𝑇× <

0, and the corresponding horizontal plane lies outside the plotted domain and is therefore not shown. A distant branch
of the same red surface 𝐽 = 0 is also visible in all panels of Fig. 4 as the remote background sheet forming the rear
boundary of the three-dimensional plots. This rear branch exhibits its most noticeable deformation for small upper-layer
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(a) ℎ1=5, ℎ2=1 (b) ℎ1=5, ℎ2=4 (c) ℎ1=5, ℎ2=5

(d) ℎ1=5, ℎ2=6 (e) ℎ1=5, ℎ2= 5(1 +
√

5)/2 ≈ 8.09 (f) ℎ1=5, ℎ2=12

(g) ℎ1=5, ℎ2=50 (h) ℎ1=5, ℎ2=100 (i) ℎ1=5, ℎ2=150

Figure 4. Critical surfaces 𝑇 (𝜌, 𝑘) for ℎ1 = 5 and ℎ2 ∈ {1, 4, 5, 6, 5(1 +
√

5)/2, 12, 50, 100, 150}.
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depths: from panel (a) to panel (c) it gradually straightens, its curvature weakens, and the sheet approaches a more vertical
orientation. For larger depth ratios ℎ2 ≥ ℎ1, the subsequent changes of this background branch become smooth and
relatively small; although the surface continues to deform as ℎ2 increases, the scale and perspective of the visualisation
make these variations barely discernible in panels (d)–(i). Consequently, at large asymmetry the apparent geometry of
this rear part of the red surface remains nearly unchanged, and the qualitative transformations of the modulational-stability
topology are governed almost entirely by the behaviour of the blue and green surfaces.

In the vicinity of the level 𝑇 = 𝑇∗, the singular surfaces 𝐽 → ∞ (blue) and 𝜔′′ = 0 (green) lie geometrically close to
each other and intersect along a one–dimensional curve in the three–dimensional (𝜌, 𝑘, 𝑇) space. The point (𝜌, 𝑘, 𝑇) =
(0, 0, 𝑇∗) is the lower endpoint of this curve and corresponds to the coincidence of the long–wave dispersive and nonlinear
singularities. The geometry of the intersection line, as well as the shape of the adjacent upper parts of the blue and green
surfaces, depends sensitively on the depth ratio ℎ2/ℎ1. For ℎ2 < ℎ1 the two surfaces bend downward near (0, 0, 𝑇∗), giving
a visibly concave intersection line (panels (a), (b)). In the symmetric case ℎ2 = ℎ1 = 5 (panel (c)) the intersection line
becomes nearly straight, reflecting the even symmetry of the dispersive characteristics with respect to 𝑘 . For ℎ2 > ℎ1 the
line bends upward, producing a convex shape, as seen beginning from panel (d).

As ℎ2 increases further, the upward bending of the resonant (𝐽→∞) and dispersive (𝜔′′ = 0) surfaces becomes more
pronounced. At the golden–ratio depth ratio ℎ2 = ℎ1 (1 +

√
5)/2 (panel (e)), the common intersection line of the blue and

green surfaces develops a horizontal tangent at the point (𝜌, 𝑘, 𝑇) = (0, 0, 𝑇∗), in agreement with the analytical condition
of Subsec. 2.5. For ℎ2 > ℎ1 (1 +

√
5)/2, both surfaces acquire a distinct local maximum in their upper parts near small 𝑘;

the same local maximum appears on their intersection line, as clearly visible in panels (f)–(i). This local extremum forces
the intersection line to bend further upward in 𝑇 , and its projections onto the planes 𝑇 = const give rise to the cut–corridor
patterns described in Subsec. 3.3. In the two–dimensional stability diagrams, the intersection points of the cut boundaries
correspond precisely to the projection of this three–dimensional blue–green intersection curve onto the (𝜌, 𝑘) plane.

Overall, the evolution in panels (a)–(i) shows that the topological transitions in the (𝜌, 𝑘)-plane are governed primarily
by the geometry of the intersection line between the resonant (𝐽→∞) and dispersive (𝜔′′ = 0) surfaces. For small and
moderate depth ratios ℎ2/ℎ1 this line is concave or nearly straight, producing corridor–type structures, while the loop
is generated independently by the front branch of the 𝐽 = 0 surface. Once ℎ2 exceeds the golden–ratio value, a local
maximum emerges on the upper parts of the blue and green surfaces and on their intersection line, causing it to bend
upward; its projections onto 𝑇 = const planes then yield the characteristic cut–corridor patterns of Subsec. 3.3. Thus, the
deformation of this intersection line provides the geometric link between the gravity–capillary and capillary regimes of
modulational stability.

4.3. Physical interpretation and correspondence with planar maps
The red surface 𝐽 = 0 marks the boundary between the two signs of the nonlinear NLS coefficient and therefore

separates the focusing and defocusing regimes. Its geometry shows how sensitively the nonlinear response of the interface
depends on the density ratio and the wavenumber. The front part of this surface, clearly visible in the three–dimensional
plots, generates a closed intersection with constant–𝑇 planes, producing the loop observed in the planar diagrams. As
the upper layer becomes thicker, the gravitational contribution to nonlinearity is increasingly masked by the inertia of the
upper fluid, so that the capillary term in 𝐽 becomes dominant. In this regime the variation of 𝐽 with respect to 𝜌 becomes
much weaker, the 𝐽 = 0 surface straightens in the 𝜌–direction and shifts toward larger density ratios, and the resulting loop
progressively shrinks and eventually disappears.

The blue surface, corresponding to the near–resonant nonlinear response (𝐽→∞), and the green surface associated
with the change of sign of the group–velocity dispersion (𝜔′′ = 0), intersect along a one–dimensional curve that exists for
all depth ratios. The mutual arrangement of these two surfaces, however, depends strongly on the ratio ℎ2/ℎ1. When the
upper layer is thinner than the lower one, or only slightly thicker so that the depths remain comparable, the blue–green
intersection line lies close to the density–matching region 𝜌 ≃ 1. Away from this neighbourhood the surfaces separate, and
their planar sections at fixed 𝑇 produce two distinct branches whose projections bound a finite interval in 𝜌; this interval
appears in the (𝜌, 𝑘) plane as the corridor.

When the upper layer becomes much thicker than the lower one, the geometry changes qualitatively. For sur-
face–tension magnitudes exceeding the long–wave threshold 𝑇∗, the upper parts of the blue and green surfaces rise in
such a way that the projections of their intersection line onto the planes 𝑇 = const no longer bound a finite interval. In
these sections the corridor collapses into a cut, which appears as a narrow band rooted at 𝑘 = 0 and produced by the close
proximity of the two critical surfaces in the three–dimensional geometry.

The curvature of the intersection line between the surfaces 𝐽 → ∞ and 𝜔′′ = 0 in the neighbourhood of 𝑘 = 0 is
governed by the long–wave distribution of inertia between the two layers and therefore by the depth ratio. When the lower
layer is thicker (ℎ2 < ℎ1), most of the inertial mass resides in the lower fluid and the dynamical influence of the upper
layer is weak. As the density ratio varies, the resonant nonlinear and dispersive mechanisms shift in different directions,
and the long–wave portion of the intersection line acquires a downward concavity (

⋂
-shape), as seen in panels (a)–(b)

of Fig. 4. In the symmetric configuration ℎ2 = ℎ1, the inertial contributions of the two layers become equivalent; in the
long–wave limit the interface behaves as a single fluid column, and the response of the conditions 𝐽 → ∞ and 𝜔′′ = 0
to variations in 𝜌 is nearly synchronised. As a result, the intersection line becomes approximately straight, as in panel
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(c). When the upper layer is thicker (ℎ2 > ℎ1), the inertial dominance reverses and the upper fluid governs the long–wave
dynamics. The resonant and dispersive conditions then diverge in the opposite sense as 𝜌 varies, and the intersection
line becomes upward–concave (

⋃
-shape), as seen in panels (d)–(i). Thus, the change of convexity of the intersection line

captures the transition from lower–layer dominance (downward concavity), through the symmetric regime (straight line),
to upper–layer dominance (upward concavity).

The golden–ratio depth ratio ℎ2/ℎ1 = 𝜑 does not by itself produce a cut. Rather, it marks the point at which the
curvature of the blue–green intersection line changes sign and a horizontal tangent appears at (𝜌, 𝑘, 𝑇) = (0, 0, 𝑇∗). Only
for depth ratios exceeding 𝜑 can a genuine local maximum develop on this line. As ℎ2 increases further, this maximum
rises in 𝑇 , and once it exceeds the level of a given plane 𝑇 = const, the planar section exhibits a cut rooted at 𝑘 = 0. This
explains why cut–type structures appear only for sufficiently large ℎ2 (e.g. ℎ2 = 12, 50, 100, 150), even though the change
of curvature originates at the golden–ratio configuration.

Thus, the loop, corridor, and cut correspond to three distinct physical–geometric regimes. The loop reflects a local
balance between nonlinearity and dispersion. The corridor arises from a gentle separation between the resonant and
dispersive mechanisms, produced when the corresponding critical surfaces remain well apart. The cut appears only
when these two mechanisms become locally nearly simultaneous: for sufficiently large depth ratios and surface–tension
magnitudes, the resonant and dispersive surfaces approach each other so closely that the intermediate region collapses into
a narrow cut–type band rooted at 𝑘 = 0.

5. CONCLUSIONS
Together with Part I, this study provides a unified geometric and asymptotic description of the modulational stability

of interfacial gravity–capillary waves in a two-layer fluid. Treating the surface tension 𝑇 as an independent control
parameter reveals how capillarity modifies both the nonlinear coefficient 𝐽 and the curvature of the dispersion relation 𝜔′′,
and how these changes reorganise the neutral boundaries in the (𝜌, 𝑘)–plane.

In the long-wave limit, the base of the loop is fixed by the geometric coordinate 𝜌L = ℎ2
2/ℎ

2
1, whereas the base of

the corridor is determined by 𝜌C (𝑇), the density at which the singular condition 𝐽 → ∞ meets 𝑘 = 0 (Sec. 2.3). Their
ordering is controlled by the threshold 𝑇× , which exists only when ℎ1 > ℎ2. Loops are possible only while 𝜌L < 𝜌C (𝑇).
Once 𝑇 > 𝑇× , the ordering reverses and the loop collapses. For ℎ2 > ℎ1, one has 𝜌C (𝑇) ≤ 1 < 𝜌L for all 𝑇 > 0, so
loop-type structures are excluded and only corridor-type formations remain.

A second organising parameter is the long-wave Bond threshold 𝑇∗ = ℎ2
1/3, at which 𝜔′′ = 0 and 𝐽 → ∞ coincide

at (𝜌, 𝑘) = (0, 0). Below this value, gravity and capillarity act jointly, producing loop– and corridor–type structures with
finite overlap. For 𝑇 > 𝑇∗, the resonant (𝐽 → ∞) and dispersive (𝜔′′ = 0) surfaces lie very close in a neighbourhood
of the origin. When the depth ratio exceeds the golden value ℎ2/ℎ1 = 𝜑, these surfaces develop a horizontal tangent at
(0, 0, 𝑇∗); for ℎ2/ℎ1 > 𝜑, they acquire a local maximum in 𝑇 . Planar sections then generate the capillary cut: a narrow
corridor detached from the 𝜌–axis, characteristic of strongly capillary, upper–layer–dominated configurations.

The three-dimensional critical surfaces 𝐽 = 0, 𝐽 → ∞ and 𝜔′′ = 0 provide a single geometric framework for all
observed structures. Loops, corridors, and cuts arise as planar intersections of these surfaces with planes 𝑇 = const,
and their evolution with varying 𝑇 and depth ratio ℎ2/ℎ1 follows directly from the deformation of these surfaces. Two
distinguished geometric configurations correspond to genuine degeneracies: equal layer depths (ℎ1 = ℎ2), where the
resonant–dispersive intersection is a straight line, and the golden ratio (ℎ2/ℎ1 = 𝜑), where the dispersive critical surface is
horizontally tangent at (0, 0, 𝑇∗). For ℎ2/ℎ1 > 𝜑, this degeneracy evolves into a local maximum of the resonant–dispersive
intersection curve and enables the onset of cut-type behaviour.

Overall, the results provide a coherent geometric framework for the classification of modulational stability in two-
layer fluids with variable surface tension and extend the theory developed in Part I. They form a basis for future extensions
involving shear, external forcing, flexible boundaries, or variable bathymetry.
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НЕСТIЙКIСТЬ БЕНДЖАМIНА–ФЕЙРА МIЖФАЗНИХ ГРАВIТАЦIЙНО-КАПIЛЯРНИХ ХВИЛЬ
У ДВОШАРОВIЙ РIДИНI. ЧАСТИНА II. ВПЛИВ ПОВЕРХНЕВОГО НАТЯГУ

Ольга Авраменко1,2, Володимир Нарадовий3
1Нацiональний унiверситет "Києво-Могилянська академiя вул. Сковороди, 2, Київ, 04070, Україна

2Унiверситет Вiтовта Великого, вул. К. Донелайчо, 58, Каунас, 44248, Литва
3Центральноукраїнський державний унiверситет iменi Володимира Винниченка,

вул. Шевченка, 1, Кропивницький, 25006, Україна
У другiй частинi дослiдження розроблено повний геометричний та асимптотичний опис того, як поверхневий натяг визначає
модуляцiйну стiйкiсть iнтерфейсних хвиль у двошаровiй рiдинi. Розвиваючи аналiтичну схему Частини I, поверхневий натяг
розглядається як вiльний керiвний параметр, що дає змогу вiдстежувати нелiнiйнi та дисперсiйнi властивостi системи для
широкого дiапазону спiввiдношень глибин та контрастiв густин. Використовуючи зведення до нелiнiйного рiвняння Шредi-
нґера разом iз довгохвильовими асимптотиками, визначено механiзми, що формують межi мiж стабiльними та нестабiльними
режимами, та встановлено їхню залежнiсть вiд величини поверхневого натягу. Довгохвильова структура контролюється двома
спецiальними значеннями густини, якi задають точки зародження петлi та коридору на дiаграмах стiйкостi. Взаємне розташува-
ння цих точок змiнюється за певного порогу, що iснує лише тодi, коли нижнiй шар є глибшим, i саме в цьому випадку можливе
iснування петлi. Другим органiзувальним параметром є класичний порiг Бонда, за якого дисперсiйна i нелiнiйна синґулярностi
збiгаються. Коли поверхневий натяг перевищує це значення i верхнiй шар є достатньо глибоким, взаємодiя резонансних та
дисперсiйних ефектiв утворює капiлярний розрiз, який замiщує коридор i характеризує режими з домiнуванням капiлярностi.
Для об’єднання цих спостережень побудовано повнi тривимiрнi критичнi поверхнi, що розмежовують рiзнi типи нелiнiйної та
дисперсiйної поведiнки. Петля, коридор i розрiз постають як площиннi перерiзи цих поверхонь, а їхнi топологiчнi переходи без-
посередньо зумовленi деформацiєю лiнiї перетину мiж резонансною та дисперсiйною поверхнями. Два спiввiдношення глибин
вiдповiдають справжнiм геометричним виродженням: рiвнi товщини шарiв, коли лiнiя перетину стає прямою, та конфiгурацiя
золотого перетину, коли критична поверхня набуває горизонтальної дотичної при порозi Бонда. У цiлому, Частина II завершує
геометричну та фiзичну класифiкацiю модуляцiйної стiйкостi iнтерфейсних хвиль у двошарових рiдинах i формує основу для
подальших узагальнень, що враховують зсувнi течiї, зовнiшнi збурення, гнучкi межi або змiнну батиметрiю.
Ключовi слова: модуляцiйна нестiйкiсть; мiжфазнi гравiтацiйно–капiлярнi хвилi; двошарова рiдина; поверхневий натяг;
нестiйкiсть Бенджамiна–Фейра
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The current study examines self-focusing behavior of Cosh-Gaussian laser beams in absorptive cold quantum plasma, incorporating 
merged influence of relativistic mass variation and ponderomotive effects. Applying WKB approximation in combination with paraxial 
theory, 2nd order propagation equation describing variation of beam width as a function of normalized distance is derived incorporating 
effect of linear absorption. The numerical solution of resulting differential equation is obtained by 4th order Runge-kutta method. 
Further, a comprehensive parametric study is performed to access effect of laser-plasma parameters such as beam intensity, plasma 
density, initial beam radius, decentered parameter and absorption coefficient on beam dynamics. The results show that relativistic and 
ponderomotive nonlinearities enhance self-focusing, whereas absorption reduces it. Comparison with classical relativistic plasma 
underscores the key role of quantum effects in laser propagation through dense plasmas.  
Keywords: Self-focusing dynamics; Cosh-Gaussian beam; Relativistic mass variation; Ponderomotive effects; Linear absorption 
PACS: 52.38.Hb, 52.35.Mw, 52.38.Dx 

1. INTRODUCTION
Laser beam self-focusing in plasma is a fundamental nonlinear phenomenon attracting interest from 

theoretical/experimental groups. This phenomenon was first time reported by Askar’yan in 1962[1]. In self-focusing, the 
intensity of laser beam alters the refractive index of plasma medium, thereby causing beam to self-focus without any 
external optical components. This intrinsic focusing tendency plays a pivotal role in many advanced applications 
including laser driven fusion, X-ray lasers, high energy particle acceleration and nonlinear optical experiments [2-9]. It 
has been confirmed from past literature that self-focusing phenomenon may arise in distinct nonlinear media including 
plasmas, atomic clusters and related materials. There exist many mechanisms that lead to self-focusing in plasma media. 
These mechanisms include relativistic self-focusing, ponderomotive self-focusing and thermal self-focusing. In 
relativistic self-focusing, an intense laser beam induces an effective increase in electronic mass, thereby modifying 
plasma’s dielectric response. In addition to relativistic effects, ponderomotive and thermal self-focusing also contribute 
significantly to beam’s convergence. Each of these mechanisms induces refractive index modifications, thereby 
enhancing the beam’s focusing. Early work in this area was conducted by Hora and Siegrist [10-11]. Relativistic and 
ponderomotive nonlinearities are often studied separately, through both can co-exist depending on pulse duration. 
Relativistic effects dominate for 𝜏 < 𝜏௘ ,  while for 𝜏௘ < 𝜏 < 𝜏௜, both act together. In this regime, ponderomotive 
nonlinearity strengthens relativistic self-focusing and plasma density modulation. Self-focusing often triggers secondary 
nonlinear phenomena including harmonic production, filamentation, and parametric instabilities, which are critical in 
high intensity laser plasma interactions [12-27].  

Recent developments in plasma physics have focused on laser interactions with quantum plasmas, which are 
characterized by high electron densities and low temperatures. In quantum plasmas, some effects such as electron 
degeneracy, quantum tunneling and wave-function becomes significant. While classical plasmas are governed by 
Maxwell-Boltzmann statistics, whereas electrons in quantum plasmas obey Fermi-Dirac statistics, and their behavior is 
best described through Wigner formalism [28-32]. Quantum effects become dominant when electron De-Broglie 
wavelength is comparable to or greater than inter-particle spacing, leading to pronounced modifications in plasma 
properties. Quantum plasmas are of interest for astrophysical/cosmological systems, dense plasma devices, semiconductor 
systems, quantum dots, and inertial confinement fusion experiments [33-40].  

Most previous studies on laser propagation in quantum plasmas have focused on cylindrical symmetric Gaussian 
beams, which provide limited control over beam’s intensity profile [41-43]. Cosh-Gaussian (ChG) laser beams offer a 
more general and flexible intensity profile, with adjustable intensity distribution that better represents realistic laser pulses. 
Unlike conventional Gaussian beams, ChG beams provide extra control via decentered parameter, allowing precise 
manipulation of self-focusing. The enhanced control improves energy localization, reduces diffraction, and strengthens 
laser plasma interactions. Linear absorption further affects beam’s energy distribution, altering plasma dielectric response 
and overall propagation. Understanding these effects is crucial for accurately modeling laser-plasma interactions under 
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practical experimental conditions. In this study, we investigate self-focusing of ChG laser beams in absorptive cold 
quantum plasma to achieve a more realistic description of laser-plasma dynamics. Both relativistic modification of 
electron mass and ponderomotive nonlinear effects are included to describe beam propagation under intense laser fields. 
The paper is structured as follows: Section 2 presents the derivation of governing 2nd order differential equation using 
WKB and paraxial approximations. Section 3 explains numerical method and discusses the influence of different 
parameters on beam dynamics. Finally, section 4 summarizes main results and highlights the important features observed 
due to quantum plasma effects. 

 
2. NONLINEAR DYNAMICS OF LASER BEAM WIDTH 

The transverse electric field distribution of a ChG laser beam at the input plane (𝑧 = 0) can be written as  

 𝐸(𝑟, 0) = 𝐸଴exp ቀ− ௥మ௥బమቁ 𝐶𝑜𝑠ℎ(𝜌଴𝑟) (1) 

Where 𝑟଴ is initial beam width, 𝑟 denotes radial coordinate in a cylindrical coordinate system, 𝐸଴ represents peak field 
amplitude. The parameter ′𝜌଴′, known as Cosh-factor, governs the deviation of beam from standard Gaussian profile. 
Using the identity of hyperbolic cosine function, Eq. (1) can be equivalently expressed as superposition of two laterally 
displaced Gaussian beams as  

 𝐸(𝑟, 0) = 𝐸଴exp ቀ௕మସ ቁ ൜𝑒𝑥𝑝 ൬− ቂ ௥௥బ + ௕ଶቃଶ൰ + 𝑒𝑥𝑝 ൬− ቂ ௥௥బ − ௕ଶቃଶ൰ൠ (2) 

Where, 𝑏 = 𝑟଴𝜌଴ is denoted as decentered parameter. This parameter controls separation of Gaussian components, 
shaping beam profile and influencing self-focusing. During the propagation along z-direction, the ChG beam’s transverse 
profile evolves under influence of diffraction and nonlinear plasma effects. The field distribution at an arbitrary 
propagation distance z is given by   

 𝐸(𝑟, 𝑧) = ாబଶ௙ exp ቀ௕మସ ቁ ൜𝑒𝑥𝑝 ൬− ቂ ௥௥బ௙ + ௕ଶቃଶ൰ + 𝑒𝑥𝑝 ൬− ቂ ௥௥బ௙ − ௕ଶቃଶ൰ൠ (3) 

Where, 𝑓(𝑧) represents the normalized beam width parameter describing the dynamics of beam spot size during transition. 
The formulation clearly illustrates enhanced flexibility of Cosh-Gaussian beams over conventional Gaussian beams, 
enabling precise control of intensity distribution and nonlinear propagation characteristics in plasma media.  
The transition of pump beam in plasma medium is described by wave equation for field vector. In non-uniform plasma, 
this equation takes the form 

 ∇ଶ𝐸 − ∇(∇.𝐸) + ఠమ௖మ 𝜀𝐸 = 0 (4) 

Where, 𝜀 represents dielectric function of plasma, 𝜔 is beam’s angular frequency, and 𝑐 is light’s speed. The second term 
accounts for spatial variations of dielectric function and becomes important only when the plasma inhomogeneity is 
strong. For slowly varying plasma density, the dielectric function changes smoothly in space. Under the condition, ଵ௞మ ሾ∇ଶ ln 𝜖ሿ ≪ 1, the contribution of second term in Eq. (4) can be neglected. Consequently, the wave equation 
simplifies to 

 ∇ଶ𝐸 + ఠమ௖మ 𝜀𝐸 = 0 (5) 

As the laser beam propagates through cold quantum plasma, its oscillating electric field drives plasma electrons in to 
oscillatory motion. In the relativistic intensity regime, this motion leads to an effective increase in electron mass. The 
corresponding oscillatory velocity of electron is given by 𝑣 = ௘ா௠బఠఊ. Here, ′𝛾′ is relativistic Lorentz factor expressed as 𝛾 = (1 + 𝛼𝐸𝐸∗)ଵ/ଶ with 𝛼 = ௘మ௠బమఠబమ௖మ being nonlinear coefficient.  
In the nonlinear regime of laser-plasma interaction, the dielectric response of medium becomes explicitly dependent on 
intensity of electromagnetic field. Accordingly, the dielectric function can be expressed in general form as  

 𝜖 = 𝜀଴ + 𝛷(𝐸 ∙ 𝐸∗) (6) 

Where, 𝜀଴ = 1 − ఠ೛మఠమ represents the linear, intensity-independent contribution, while  𝛷(𝐸 ∙ 𝐸∗) accounts for nonlinear 
modification arising due to relativistic electron mass variation and quantum mechanical effects induced by strong laser 

field. The plasma frequency is defined as 𝜔௣ = ටସగ௡௘మ௠ . For an unmagnetized cold quantum plasma (CQP), merged 
influence of relativistic and quantum corrections leads to dielectric function given by [44] 

 𝜖 = 1 − ఠ೛మఊఠమ ቀ1 − ఋ௤ఊ ቁିଵ (7) 
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Here, the parameter ′𝛿𝑞′ measures the strength of quantum effects and is expressed as 𝛿𝑞 = ସగరђమ௠మఠమఒర. Where, ′ℎ′ denotes 
Planck’s constant and 𝜆 is the wavelength of incident laser beam. In the classical limit, where quantum effects are 
negligible, 𝛿𝑞−> 0, So, Eq. (6) reduces to well-known dielectric response of classical relativistic plasma (CRP).  

 𝜖 = 1 − ఠ೛మఊఠమ (8) 

The redistribution of electrons in plasma arises due to action of ponderomotive force associated with intense laser field. 
This force drives electrons away from portions of high field intensity, leading to a modification in local electron density. 
The resulting density variation can be expressed as [44]  

 𝑛 = 𝑛଴𝑒𝑥𝑝 ቀ−௠௖మ் (𝛾 − 1)ቁ (9) 

By substituting modified electron density given by Eq.(9) in dielectric function expressions and combining Eqs. (6), (7) 
and (9), the nonlinear contribution to dielectric function is obtained as  

 𝛷(𝐸 ∙ 𝐸∗) = ఠ೛బమఠమ ൤1 − ቀ1 − ఋ௤ఊ ቁିଵ exp (−௠௖మ் (𝛾 − 1))൨ (10) 

Where 𝜔௣଴ = ටସగ௡బ௘మ௠బ . 

 Following [41-43], the wave Eq.(5) is solved by adopting slowly varying envelope approximation, wherein the laser field 
is represented as a slowly varying amplitude modulating a oscillating carrier wave. Accordingly, the electric field is 
represented as  

 𝐸 = 𝐸଴(𝑟, 𝑧) expሾ𝑖(𝜔𝑡 − 𝑘(𝑆 + 𝑧))ሿ (11) 

The corresponding intensity distribution of propagating ChG beam is given by  

 𝐸଴(𝑟, 𝑧) = ாబబଶ௙ 𝑒𝑥𝑝 ቀ௕మସ ቁ ൜𝑒𝑥𝑝 ൬− ቂ ௥௥బ௙ + ௕ଶቃଶ൰ + 𝑒𝑥𝑝 ൬− ቂ ௥௥బ௙ − ௕ଶቃଶ൰ൠ (12) 

The phase function ′𝑆′, which accounts for both curvature of wave-front and the accumulated longitudinal phase change 
during propagation, can be expressed as  

 𝑆 = ଵଶ 𝑟ଶ ଵ௙ ௗ௙ௗ௭ + 𝛷଴(𝑧) (13) 

Where, 𝛷଴(𝑧) denotes cumulative longitudinal phase shift accumulated by laser beam during its propagation through 
plasma medium. The wave number 𝑘 of laser beam inside plasma is defined as  

 𝑘 = ఠ௖ ඥ𝜀଴ (14) 

The transverse dynamics of laser beam is completely described by beam width parameter ′𝑓(𝑧)′, which characterizes 
variation of beam spot size during propagation. To simplify analysis, a normalized propagation distance ′𝜂′ is introduced. 
In terms of this normalized variable, the evolution of beam width ′𝑓(𝑧)′ along propagation direction is governed by 2nd 
order nonlinear differential equation, which captures combined effects of diffraction, nonlinear plasma response and 
absorption of beam propagation.  

ௗమ௙ௗఎమ = ଵ௙య − ቀఠ೛బ௥బ௖ ቁଶ (2 − 𝑏ଶ) ఈாబబమ ௘௫௣(ିଶ௞೔ఎ)ଶ௙య
௘௫௣ቌି೘೎మ೅೐ ቎ඨଵାഀಶబబమ ೐ೣ೛൫షమೖ೔ആ൯೑మ ିଵ቏ቍ

ቆଵାഀಶబబమ ೐ೣ೛൫షమೖ೔ആ൯೑మ ቇయ/మ
⎝⎜
⎛ଵି ഃ೜ඨభశഀಶబబమ ೐ೣ೛൫షమೖ೔ആ൯೑మ ⎠⎟

⎞మ ⎣⎢⎢
⎢⎡1 +

௠௖మ೐் ට1 + ఈாబబమ ௘௫௣(ିଶ௞೔ఎ)௙మ ⎝⎜
⎛1 − ఋ௤ඨଵାഀಶబబమ ೐ೣ೛൫షమೖ೔ആ൯೑మ ⎠⎟

⎞
⎦⎥⎥
⎥⎤ (15) 

Eq. (15) describes how the normalized beam waist ′𝑓(𝑧)′ evolves with the normalized distance. Diffraction, 
represented by 1st term, causes the beam to spread during propagation, whereas 2nd term arises from nonlinear relativistic-
ponderomotive effects in cold quantum plasma, which promotes self-focusing by modifying plasma response. The balance 
between these opposing mechanisms determines whether the beam spreads, self-focuses, or show oscillatory behavior. 
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3. DISCUSSION 
Due to the inherent nonlinearity of Eq. (15), an exact analytical solution is not feasible. Therefore, the numerical 

solution is obtained using the 4th-order Runge-Kutta method. The simulations are carefully performed for a chosen range 
of laser and plasma parameters corresponding to realistic experimental conditions, allowing a meaningful analysis of 
beam propagation behavior in plasma: 𝛼𝐸଴଴ଶ = 3.0, 4.0, 5.0; ఠ೛బమఠమ = 0.6, 0.7, 0.8;𝑘௜ = 0.1, 0.4, 0.7 ; 𝑏 = 1.0, 2.0, 3.0; 𝑟଴ = 10 𝜇𝑚, 15 𝜇𝑚, 20 𝜇𝑚 

The propagation dynamics of beam width described by Eq. (15) arises from interplay between diffraction and 
nonlinear focusing. Diffraction accounts for inherent tendency of beam to spread while propagating through plasma; its 
dominance leads to beam divergence and leading to a broadening of lateral dimensions of beam. On the other hand, high 
power laser field nonlinearly modifies plasma dielectric response, producing a self-focusing effect. When this mechanism 
dominates, the beam contracts and its width decreases. A balanced regime is achieved, when diffraction and nonlinear 
focusing exactly counteract each other. In this regime, the beam propagates in a stable manner with a constant transverse 
width.  

Figure 1 presents variation of beam width 𝑓 along propagation distance 𝜂 for beam intensities 𝛼𝐸଴଴ଶ =3.0, 4.0, and 5.0, shown by Black, Red, and Green respectively. In each case, the beam width displays a characteristic 
oscillatory pattern arising from saturation of plasma’s dielectric response. With increasing laser intensity, diffraction 
effects become more significant against the nonlinear focusing effect, diminishing beam’s ability to contract. As a result, 
at higher intensities, the beam reaches its minimum width farther along the propagation path, clearly indicating a reduction 
in self-focusing effect.  

Figure 2 presents variation of beam width 𝑓 along propagation distance 𝜂 for plasma densities 𝜔௣଴ଶ 𝜔ଶ⁄ =0.6, 0.7, 0.8, shown by Black, Red, and Green respectively. In each case, the beam width displays a characteristic 
oscillatory pattern arising from saturation of plasma’s dielectric response. With increasing plasma density, nonlinear 
focusing effects become more significant against diffraction effects, strengthening beam’s ability to contract. As a result, 
at higher densities, the beam reaches its minimum width at an earlier point along the propagation, clearly indicating a 
amplification in self-focusing effect.  

  
Figure 1. Variation of beam width 𝑓 along propagation 

distance 𝜂 for beam intensities 𝛼𝐸଴଴ଶ = 3.0, 4.0, and 5.0, shown 
by Black, Red, and Green respectively 

Figure 2. Variation of beam width 𝑓 along propagation 
distance 𝜂 for plasma densities 𝜔௣଴ଶ 𝜔ଶ⁄ = 0.6, 0.7, 0.8, shown 

by Black, Red, and Green respectively 

Figure 3 presents variation of beam width 𝑓 along propagation distance 𝜂 for beam radii 𝑟଴ =10 𝜇𝑚, 15 𝜇𝑚, and 20 𝜇𝑚, shown by Black, Red, and Green respectively. For each scenario, the beam width shows a 
regular oscillatory pattern caused by nonlinear saturation of plasma dielectric properties. With higher beam radius, the 
influence of nonlinear focusing grows compared to diffraction, promoting stronger beam convergence. Accordingly, at 
elevated beam radii, the beam achieves its minimum width at a shorter propagation distance, indicating strengthened self-
focusing.  

Figure 4 presents variation of beam width 𝑓 along propagation distance 𝜂 for decentered parameter, 𝑏 = 1.0,2.0,3.0, 
shown by Black, Red, and Green respectively. For each scenario, the beam width shows a regular oscillatory pattern 
caused by nonlinear saturation of plasma dielectric properties. Increasing the decentered parameter amplifies the role of 
nonlinear focusing relative to diffraction, promoting tighter beam focusing. A higher decentered parameter increases local 
beam intensity, enhancing nonlinear plasma response. This strengthens self-focusing over diffraction, leading to tighter 
beam contraction and stronger confinement along propagation. 

Figure 5 presents variation of beam width 𝑓 along propagation distance 𝜂 for distinct 𝑘௜ values, 𝑘௜ = 0.1, 0.4, 0.7, 
shown by Black, Red, and Green respectively. The figure demonstrates that an increase in 𝑘௜ reduces beam’s contraction 
driven by enhanced energy dissipation via absorption. With increasing absorption, the gradient of plasma refractive index 
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weakens, weakening nonlinear focusing mechanism. Consequently, diffraction predominates, causing the beam to 
converge less efficiently, and maintain a wider transverse profile during propagation. 

  

Figure 3. Variation of beam width 𝑓 along propagation distance 𝜂 for beam radii 𝑟଴ = 10 𝜇𝑚, 15 𝜇𝑚, and 20 𝜇𝑚, shown by 
Black, Red, and Green respectively 

Figure 4. Variation of beam width 𝑓 along propagation distance 𝜂 for decentered parameter, 𝑏 = 1.0,2.0,3.0, shown by Black, 
Red, and Green respectively 

Figure 6 presents variation of beam width 𝑓 along propagation distance 𝜂 for three distinct plasma regimes. The 
black curve depicts the combined influence of relativistic-ponderomotive cold quantum plasma (RPCQPP), while red 
curve corresponds to cold quantum plasma (CQP) alone, and the green curve corresponds to classical relativistic plasma 
(CRP) alone. Beam focusing occurs earliest in the RPCQP case, compared to both CQP and CRP. In CQP regime, the 
beam exhibits stronger focusing than in CRP scenario. This behavior highlights the significant role of quantum effects, 
which enhance the nonlinear focusing contribution relative to diffraction, thereby improving the overall focusing of beam. 

  

Figure 5. Variation of beam width 𝑓 along propagation distance 𝜂 for distinct 𝑘௜ values, 𝑘௜ = 0.1, 0.4, 0.7, shown by Black, Red, 
and Green respectively 

Figure 6. Variation of beam width 𝑓 along propagation distance 𝜂 for three distinct plasma regimes. The black curve depicts the 
combined influence of relativistic-ponderomotive cold quantum 
plasma (RPCQPP), while red curve corresponds to cold quantum 
plasma (CQP) alone, and the green curve corresponds to 
classical relativistic plasma (CRP) alone 

 
4. CONCLUSIONS 

This work presents a comprehensive study of self-focusing dynamics of ChG laser beams propagating through 
absorptive cold quantum plasma, incorporating RP force. Employing WKB and paraxial approximations, the self-focusing 
equation is derived. The results reveal that the beam’s convergence is enhanced with increasing number density, beam 
radius, and decentered parameter, as these parameters strengthen nonlinear refractive index. Conversely, higher beam 
intensity reduces focusing effect. Furthermore, inclusion of quantum contribution amplifies nonlinear convergence term, 
leading to markedly stronger self-focusing of beam. These results help understand and control laser propagation in plasma, 
useful for improving laser-driven fusion and other high intensity laser applications.  
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ДИНАМІКА САМОФОКУСУВАННЯ КОШ-ГАУСІВСЬКИХ ЛАЗЕРНИХ ПРОМЕНІВ В АБСОРБЦІЙНІЙ 
ХОЛОДНІЙ КВАНТОВІЙ ПЛАЗМІ ПІД ДІЄЮ РЕЛЯТИВІСТСЬКИХ ТА ПОНДЕРОМОТОРНИХ 
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У цьому дослідженні розглядається поведінка самофокусування лазерних променів Коша-Гаусса в абсорбційній холодній 
квантовій плазмі, враховуючи об'єднаний вплив релятивістської зміни маси та пондеромоторних ефектів. Застосовуючи 
наближення ВКБ у поєднанні з параксіальною теорією, отримано рівняння поширення 2-го порядку, що описує зміну ширини 
променя як функцію нормалізованої відстані, враховуючи вплив лінійного поглинання. Чисельне рішення результуючого 
диференціального рівняння отримано методом Рунге-Кутти 4-го порядку. Далі проведено комплексне параметричне 
дослідження для оцінки впливу параметрів лазерної плазми, таких як інтенсивність променя, густина плазми, початковий 
радіус променя, параметр децентрування та коефіцієнт поглинання, на динаміку променя. Результати показують, що 
релятивістська та пондеромоторна нелінійності посилюють самофокусування, тоді як поглинання зменшує його. Порівняння 
з класичною релятивістською плазмою підкреслює ключову роль квантових ефектів у поширенні лазера через щільну плазму. 
Ключові слова: динаміка самофокусування; Кош-Гаусівський промінь; релятивістська зміна маси; пондеромоторні 
ефекти; лінійне поглинання 
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The effect of quadrupole deformation (𝛽2) on heavy ion fusion is a fact that is well recognized phenomenon. In addition to the influence
of quadrupole deformation (𝛽2), the potential impact of hexadecapole deformation (𝛽4) on sub-barrier fusion has been a topic of frequent
discussion. Recently, a theoretical analysis was performed to examine the impact of hexadecapole deformations (𝛽4), employing the
simplified coupled channels code CCFUS, which incorporates static deformations. In this study, we analyze the effect of the 𝛽4 of the
target nucleus on fusion cross sections within the framework of the 3S-CMD model. For this purpose, we have chosen the reactions 16O
+ 154Sm and 16O + 174Yb. The present research has calculated the fusion cross sections using the SBPM model as well. The calculated
fusion cross sections using 3S-CMD model and SBPM are compared with each other as well as experiment.

Keywords: Deformed nuclei; Quadrupole; Hexadecapole; Fusion cross sections; Classical microscopic approaches; Heavy-ion
reactions

PACS: 24.10.-i; 25.70.De; 25.60.Pj

1. INTRODUCTION
The study of hexadecapole deformation (𝛽4)of deformed body is essential for understanding the creation of superheavy

elements (SHEs). Thus, the deformation associated with the hexadecapole may considerably modify the height of the
fusion barrier. This consequently affects the fusion probability and, as a result, the likelihood of superheavy elements
(SHEs) [1] formation. Theoretically, it has been proposed that a hexadecapole deformation (𝛽4) could facilitate fusion,
resulting in the formation of superheavy elements (SHEs), depending on the chosen reaction partners [2]. Moreover, it
is expected that hexadecapole deformation (𝛽4) will have a meaningful impact on the fusion process. The fusion barrier
distributions derived from experimental findings demonstrate that fusion reactions are notably influenced by quadrupole
deformation (𝛽2) and even by minor adjustments in hexadecapole deformation (𝛽4) [3].

Recently, a theoretical analysis focused on the importance of hexadecapole deformation (𝛽4) was performed using the
simplified coupled channels code CCFUS, which incorporates static deformations. The predictions highlight considerable
changes in the fusion cross sections. Positive values of 𝛽4 are expected to enhance fusion while negative values will
decrease it with respect to the 𝛽4 = 0 system [4, 5].

The process of experimentally obtaining hexadecapole deformation (𝛽4) is challenging, with results that depend
heavily on the chosen models and considerably vary with significant inaccuracies. Conceptually, the method that combines
macroscopic and microscopic perspectives [6, 7] has been utilized to compute the deformation of nuclei in their ground state.
In the present work, we modify the “STATIC” code [8] to calculate hexadecapole deformation (𝛽4). The hexadecapole
deformation and the other ground-state properties are calculated using this code. By using the obtained ground-state
properties, fusion cross sections have been calculated in 3S-CMD [9] and SBPM [9] model. During the approach stage
of a heavy-ion collision, the higher deformation (in this study hexadecapole deformation) of the nucleus near the fusion
barrier changes the barrier parameters, which in turn affect fusion cross-section calculations. Therefore, the effect of
deformation on fusion cross-section calculation is studied for Spherical + Deformed systems and is discussed in detail in
this article.

The motivation of this study is to find the impact of hexadecapole deformation of various target nuclei keeping the
projectile nucleus same on fusion cross sections in 3S-CMD model. Fusion cross sections have been calculated for 16O +
154Sm and 16O + 174Yb systems. As long as the doubly magic 16O nucleus is thought of to be spherical, it is expected that
any effects of nuclear shapes on fusion cross sections will arise solely from the target nuclei.

The structure of this study is outlined as follows: Section 2 contains calculation details which include calculation of
NN-potential, construction of the nuclei in ground state,evaluation of fusion cross sections together with a brief summary
of the models which is used to find fusion cross sections. Section 3 provides a summary of the results obtained through
the dynamic simulation. The final section gives the conclusion of the findings.
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2. CALCULATION DETAILS
2.1. Nucleon-Nucleon potential

The NN potential utilized in this research is a soft-core Gaussian potential, which is entirely phenomenological and
can be described by the following equation [10],

VN (rij) = −V0

(
1 − C

rij

)
exp

(
−

r2
ij

r2
0

)
, (1)

where, V0, C and r0 are respectively, the depth parameter, repulsive-core radius and range parameter. The parameters V0,
C and r0 are chosen so that the NN-potential reproduces gross characteristics of the nuclei in their ground state such as the
ground state binding energy, the rms radius etc.

The Coulomb potential between protons

VC
(
rij

)
=

1.44
rij

(MeV), (2)

is also added to the nuclear potential.

2.2. Construction of nuclei in their ground state
Nuclei in the ground state are generated through the “STATIC” procedure, which starts with a random distribution of

nucleon positions within a defined spherical radius. Subsequently, the total potential energy of these nucleon configurations
is minimized cyclically by making slight displacements to the coordinates of each nucleon.

Total BE is the total potential energy and Rrms is calculated from all the nucleon positions. The quadrupole
deformation parameter (𝛽2) is calculated from the expression [11],

𝛽2 =

√︂
16𝜋

5

(
1 − R (90◦)

R0

)
, (3)

where, R (90◦) is the length of the two equal axes perpendicular to the symmetry axis and Rrms is the rms radius of the
spherical nucleus.

For the given nucleus if its symmetry axis is greater than Rrms, R (90◦) < Rrms in eq. (3) and hence the 𝛽2 of that
nucleus is positive (prolate deformation). Similarly, if the symmetry axis of the given nucleus is less than Rrms, R (90◦) >
Rrms in eq. (3) and hence the 𝛽2 of that nucleus is negative (oblate deformation).

The hexadecapole deformation parameter (𝛽4) is calculated from the expression

𝛽4 =

(
16
9
√
𝜋

) [
R(90)

R0
− 1 + 𝛽2

(√︂
5

16𝜋

)]
, (4)

in terms of rms radius of the nucleus and R(90◦) which is the length of the axes along the direction of any one of the
principal axes perpendicular to the symmetry axis.

The ultimate configuration of nucleon placements leads to a stable nucleus. Considering that for A ≥ 5, there
may be multiple local minima in the binding energy, a nucleus is chosen that demonstrates the highest binding energy
from a diverse range of configurations (the most-bound nucleus) [12]. Alternatively, a configuration that bears a strong
resemblance to the properties of the experimental ground state is chosen [13].

A parameter set V0 = 1155 MeV, C = 2.07 fm, r0 = 1.2 fm is used in the present calculation which produces the
ground state characteristics of the colliding nuclei is shown in Table 1.

Table 1. The characteristics of the produced nuclei in their ground state.

Calculated Experimental

B.E. RMS 𝛽2 𝛽4 B.E. RMS 𝛽2 𝛽4

(Mev) (fm) (Mev) (fm)
16O -125.36 2.47 0.15 -0.08 -127.62 2.73 0.00 -0.12
154Sm -1375.86 5.46 0.20 -0.11 -1266.94 5.12 0.27 0.10
174Yb -1478.90 5.71 0.12 -0.06 -1406.60 5.41 0.28 -0.05

Fig. 1 shows the ground state characteristics of all the configurations of the 16O, 154Sm and 174Yb nuclei generated
by the “STATIC” method. Among the large set of generated configurations for the nuclei, those that exhibit ground state
properties closely aligned with experimental values are chosen for collision calculations. These systems are indicated by
bigger open circle and triangle in Fig. 1.
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Figure 1. Ground state characteristics of the 16O, 154Sm and 174Yb nuclei generated by the “STATIC” method. ⃝ and △
indicate the ground state characteristics of the nuclei used in the present study.

2.3. Analysis of fusion cross sections involving hexadecapole deformation
Calculations of fusion cross sections have been performed for numerous reactions that involve nuclei displaying

various collective degrees of freedom. Different models have been employed to calculate the fusion cross sections, such
as Time Dependent Hartree Fock (TDHF) [14, 15], classical trajectory methods [16], and the coupled channel calculation
software referred to as CCFULL [17]. However, methods based on quantum mechanics at the microscopic scale, such as
TDHF calculations, are very compute-intensive, and CCFULL calculations, which are static, do not reflect the effects of
dynamical reorientation.

The barrier parameters at b = 0 (indicating a head-on collision) which corresponds to a specific collision energy and
the initial orientation of the two nuclei, are derived from a dynamically generated ion-ion potential. With these parameters,
fusion cross-section is calculated using Wong’s formula [18],

𝜎fus (ECM) =
[

R2
Bℏ𝜔0

2ECM

]
ln

{
1 + exp

(
2𝜋

ECM − VB
ℏ𝜔0

)}
, (5)

where VB denotes the height of the barrier, RB represents the radius of the barrier, and 𝜔0 signifies the oscillator frequency
associated with the peak of the barrier. The method used to find barrier parameters affects the fusion cross-sections.

The calculations of heavy-ion fusion cross sections have been performed using SBPM and 3S-CMD methods within
the context of classical approximations. 16O + 154Sm and 16O + 174Yb reaction has been studied in this approach with the
potential parameter set P4 (V0 = 1155 MeV, C = 2.07 fm and r0 = 1.2 fm ). The 16O + 154Sm system has been well studied
in SBPM model in ref. [10] and in CRBD model in ref. [11] using the same NN potential parameter set P4.

2.4. Model Details
• SBPM Model : The ion-ion potential is formulated as a function of the center of mass separation (RCM) of the two

nuclei, as derived from the impulse approximation (i.e., keeping the configuration of the nucleons in the two nuclei
frozen during their collision) [9]. The ion-ion potential consists of the total nuclear and Coulomb potentials that
exist between all nucleons of the two ions. The parameters VB and RB represent the outer maximum of the ion-ion
potential, while 𝜔B denotes the second derivative of this peak. This gives barrier parameters of head-on collision
for a given orientation of the two nuclei. Large numbers of such randomly chosen orientations of the two nuclei are
considered in this study. All the degree of freedom are explicitly neglected in this model.

• 3S-CMD Model : The simulation of heavy-ion collisions within the present classical approach (3S-CMD) occurs
in three sequential stages:
(1) Rutherford Trajectory Calculation: The two nuclei, treated as charged point particles, are directed along their
Rutherford trajectories with a defined collision energy (ECM) and impact parameter (b) until they attain a separation
of RCM = 2500 fm.
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(2) CRBD model Calculation: The two nuclei, considered as rigid bodies with a fixed arrangement of nucleon
positions in their ground state, are subsequently permitted to evolve further through the CRBD model [19]. This is
achieved by solving the translational and rotational equations of motion for their center of mass and the orientation
angles of their principal axes. The process of CRBD calculation is carried on until a relatively small separation of
RCM = 50 fm is attained.
(3) CMD Calculation: The Rigid body constraints are relaxed at approximately RCM = 50 fm, and the paths of all
the participating nucleons are calculated using the coupled Newton’s equations of motion for each particle within a
CMD framework [20].

3. RESULT AND DISCUSSION
16O + 154Sm : The 16O + 154Sm system has been selected to investigate the impact of hexadecapole deformation, as

it has been extensively examined through both experimental [21] and theoretical approaches [10, 11]. The phase of the
collision as it approaches the barrier top is influenced by the center-of-mass energy, ECM. Because barrier parameters are
the key components in fusion cross-section calculations, a detailed understanding of the variations in the ion-ion potential
V12 and the barrier parameters with respect to the collision energy ECM is required.

Fig. 2 illustrates the ion-ion potential for the 16O + 154Sm system, calculated with an initial Rin = 2500 fm across
various collision energies (ECM), while maintaining the same arbitrary initial orientation for each case. This figure
illustrates that both the barrier height VB and the barrier radius RB are influenced by the incident energy ECM. Thus, it is
essential to determine the barrier parameters (VB, RB, 𝜔0) based on a specified initial orientation and a defined collision
energy. To determine the fusion cross section, it is essential to take the average of the barrier parameters across numerous
initial random orientations. The fusion cross-section obtained is specific to the fusion cross-section at that particular
collision energy only.

Figure 2. Ion-ion potential V12 as a function of center-of-mass separation RCM for 16O + 154Sm system for different
collision energy ECM but same arbitrary orientation.

The fusion cross-section of the 16O + 154Sm system is calculated in SBPM calculations, utilizing the NN potential
parameter set P4 (V0 = 1155 MeV, C = 2.07 fm and r0 = 1.2 fm ) shown in Fig. 3 . This figure also shows the fusion
cross sections calculated for16O + 154Sm system in 3S-CMD model with the same potential parameter set along with the
experimental data of ref. [21]. Fusion cross-section are calculated for 16O + 154Sm system in 3S-CMD model for central
collisions (b = 0). The 16O and 154Sm nucleus are dynamically evolved as a rigid body till the target-projectile separation is
close to their barrier top (about 13 fm). At this separation the rigid body constraint on both the 16O and 154Sm are relaxed
for further evolution of the entire system. Comparison of fusion cross sections calculated by considering the quadrupole
deformation and hexadecapole deformation using both the models is also shown in Fig. 3.

It is evident from Fig. 3 that the fusion cross sections calculated for quadrupole deformation and hexadecapole
deformation in the SBPM model agrees well with the experimental data as well as with each other at higher energy
levels. At lower energy levels, the SBPM calculations tend to overestimate the experimental fusion cross-sections for both
the deformations. Fusion cross sections calculated for the hexadecapole deformations are highly overestimated with the
experimental data whereas fusion cross sections calculated for the quadrupole deformations are slightly overestimated with
the experimental data at lower energy side. Fusion cross sections calculated for quadrupole deformation and hexadecapole
deformation in 3S-CMD model are highly overestimated with the experimental data at all energy levels. At lower energy
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Figure 3. Comparison of fusion cross sections calculated for quadrupole and hexadecapole deformation using SBPM and
3S-CMD model with experimental fusion cross sections for 16O + 154Sm system.

side, the fusion cross section calculated quadrupole deformation and hexadecapole deformation in 3S-CMD model shows
same trend as in SBPM calculation.

At low collision energy levels, the duration of interaction between the colliding nuclei becomes longer. This causes
the reorientation of the deformed 154Sm in relation to the spherical 16O nucleus. However, the extent of reorientation is
small because the target nucleus (154Sm) is medium heavy and has large moment of inertia. As mentioned in ref. [11], at
lower energy the fusion cross sections calculated using CRBD model and SBPM model shows small difference. Because
the CRBD model only considered rotational degree of freedom. This research calculates the fusion cross sections through
the 3S-CMD model, which incorporates both the long-range rotational excitation (reorientation effect) and the vibrational
excitations that occur in proximity to or within the barrier and this could be one of the reason in difference of fusion cross
sections between SBPM and 3S-CMD model.

Additionally, the fusion cross sections calculated using 3S-CMD model overestimated at all energies with the
experimental fusion cross sections. In order to examine this anomaly, we carry out an examination of the ground state
properties of the nuclei involved in the above calculations. Ground state properties of the nuclei used in present calculation
are shown in the Table 1.

From the Table 1, it is noted that experimentally determined values of 𝛽2 indicate that 16O is spherical while the 16O
nucleus generated in present study is being prolate (𝛽2 = 0.157). The experimental 𝛽4 value for 154Sm is positive while
the calculated 𝛽4 value is negative. Calculated rms radius of 16O nucleus is found to be smaller than the experimental rms
value by about 10 % while that for 154Sm is larger by about 6 %. Thus, the smaller dimensions of the lighter nucleus, when
combined with the larger dimensions of the heavier nucleus, contribute to an overestimation of the fusion cross sections
for this particular reaction.

Trot for non-rigid case with ECM = 100 MeV and b = 0 fm are shown in Fig. 4. At b = 0 fm, Trot is higher initially but
soon it reduces to very low values because for central collision Trot(16O) and Trot(154Sm) dissipates very soon as shown
in Fig. 4. The light prolate 16O acquire comparatively high Trot initially on the contact with the heavy-medium deformed
154Sm but it dissipates soon to very low level.

Fig. 5 shows the total vibrational excitation energy (Tvib) of 16O + 154Sm system at b = 0.0 fm. From the Fig. 4
and Fig. 5 we can see that for the central collision 154Sm acquire a small Trot but large Tvib resulting from the maximum
change in the internal potential energy (binding energy) of the 154Sm.

16O + 174Yb : In order to clearly bring out the effect of hexadecapole deformation on fusion cross sections, we replace
the medium-heavy target nucleus (154Sm) with heavy nucleus (174Yb) with same projectile (16O). In this system both the
projectile and target nuclei having prolate quadrupole deformation with 𝛽2 = +0.157 (16O) and 𝛽2 = +0.123 (174Yb). For
16O + 174Yb system, the mass asymmetry between 16O and 174Yb is somewhat greater than that observed between 16O
and 154Sm. The ground state configuration of generated nuclei are shown in Fig. 1 and the ground state properties of the
generated nuclei are shown in Table 1. From the Table 1, it has been observed that the binding energy and rms radius of
174Yb nucleus are overestimate by 5% where as quadrupole deformation parameter 𝛽2 is reduced by 1%. The experimental
and calculated 𝛽4 value is negative for both the projectile and target nuclei.

Fusion cross-sections for 16O + 174Yb system is calculated using SBPM and 3S-CMD model are shown in Fig. 6.
From this figure it is clear that the fusion cross sections calculated using SBPM model with quadrupole and hexadecapole
deformation shows good agreement at higher energies with the experimental data while below the barrier energies it
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Figure 4. Total rotational kinetic energy (Trot) of 16O + 154Sm system at b = 0.0 fm.

Figure 5. Total vibrational excitation energy (Tvib) of 16O + 154Sm system at b = 0.0 fm.

over estimates the experiment. The result of fusion cross sections calculated using 3S-CMD model with quadrupole and
hexadecapole deformation are close to the experiment at higher energies. At sub-barrier energies, the fusion cross sections
calculated using 3S-CMD model with both the deformations are highly overestimated.

The fusion cross sections corresponding to a particular collision energy in the 3S-CMD calculation are derived by
averaging the orientations of the fusion cross sections determined through Wong’s formula, utilizing barrier parameters
specific to that energy simulation. About 500 initial random orientation were considered for ECM ≥ 80 Mev and 1000 for
ECM < 80 MeV.

As the reorientation and vibrational effects are likely to be prominent at collision energies near the Coulomb barrier,
it is essential to investigate fusion cross-sections at energy levels that are significantly below the lowest ECM indicated
in ref. [14] . To effectively highlight both the effect of reorientation + vibration, fusion cross-sections are calculated in
3S-CMD for energies as low as 60.0 MeV, which is significantly lower than the minimum energy used in experiment [14].
For ECM at 59.5 MeV, an analysis of 2000 randomly selected initial orientations indicates that there is no pocket present in
the ion-ion potential. Consequently, the fusion cross section is considered to be zero for ECM ≤ 59.5 MeV in the 3S-CMD
calculation.

From Fig. 6, it has been observed that at higher energy levels, the variation in fusion cross-sections computed using
the SBPM and 3S-CMD models is small. When energy levels decrease, the fusion cross-sections calculated from the
3S-CMD model show an enhancement compared to those obtained from the SBPM, where all dynamic effects are explicitly
ignored. The shift from the SBPM calculations is clearly a result of the reorientation + vibrational effect occurring in the
3S-CMD model.
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Figure 6. Comparison of fusion cross sections calculated for quadrupole and hexadecapole deformation using SBPM and
3S-CMD model with experimental fusion cross sections for 16O + 174Yb system.

Since the target nucleus (174Yb) used in the above calculation is heavy and has principal moment of inertia components
I1 = 3474.112 u fm2; I2 = 3826.939 u fm2 and I3 = 3902.096 u fm2, the extent of reorientation is small as shown in Fig.
7. The principal moment of inertia components of projectile nucleus (16O) are I1 = 59.182 u fm2; I2 = 68.651 u fm2 and
I3 = 68.806 u fm2. The evolution of these two nuclei begins at a distance of 2500 fm, influenced by the Coulomb field of
each other. The reorientation of the deformed 174Yb nucleus at different collision energies is shown in Fig. 7 , where the
initial orientation angle is set at 𝛽0 = 0, 𝛼0 = 0, 𝛾0 = 0 and Rin = 2500 fm. This figure clearly indicates that the extent

Figure 7. Extent of reorientation Δ𝛽 at the barrier top against ECM for 16O + 174Yb system.

of reorientation of the 174Yb nucleus is less than 1◦, even at the lowest energy of 60 MeV. The reorientation value of the
deformed nucleus, 174Yb, is too small to have a significant effect on the fusion cross-sections. Therefore, the enhancement
in fusion cross sections in 3S-CMD model with SBPM model is due to the vibrational excitations which occur close to the
barrier or inside of it.
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4. CONCLUSIONS
The above study explains the effect of hexadecapole deformation (𝛽4) on fusion cross sections of different systems

in heavy ion collision. Although quadrupole deformation (𝛽2) is the most commonly examined type of deformation in
nuclear fusion reactions, hexadecapole deformation (𝛽4) can also significantly influence fusion cross sections, particularly
in systems where higher-order deformations play a crucial role.

From the above study, it is clear that the fusion cross section calculated with the quadrupole deformation shows
smaller enhancement at lower energies than the fusion cross sections calculated with the hexadecapole deformation with
the experiment. At higher energies heavy mass nucleus system (i.e., 16O + 174Yb) gives better agreement with experiment
than the medium-heavy mass nucleus system (i.e., 16O + 154Sm).
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APPENDIX A CALCULATION OF HEXADECAPOLE DEFORMATION (𝛽4)
The nuclear surface can be characterized by the radius vector −→𝑅 in the direction (𝜃, 𝜙) as given below [23],

R (𝜃, 𝜙) = R0

1 +
∞∑︁
𝜆=0

𝜆∑︁
𝜇=−1

𝛼𝜆𝜇𝑌
𝜆
𝜇 (𝜃, 𝜙)

 , (6)

where R0 is the radius of the spherical nucleus, and the terms containing 𝛼𝜆𝜇 represent the expansion of any general
function of the angles (𝜃, 𝜙) in terms of the complete set of spherical harmonics Y𝜆

𝜇 (𝜃, 𝜙). For the deformed partner,
we shall restrict ourselves to only axially symmetric deformations of nucleus characterized by nuclear quadrupole and
hexadecapole deformation parameters 𝛽2 and 𝛽4 respectively. In this case the nucleus can only rotate around an axis
perpendicular to the symmetry axis. In terms of these, the radius of a deformed system is written as,

R (𝜃) = R0
[
1 + 𝛽2Y0

2 (𝜃, 𝜙) + 𝛽4Y0
4 (𝜃, 𝜙)

]
= R0

[
1 + 𝛽2

(
1
4

√︂
5
𝜋

(
3cos2𝜃 − 1

))
+ 𝛽4

(
3

16

√︂
1
𝜋

(
35cos4𝜃 − 30cos2𝜃 + 3

))]
,

(7)

where,
R0 in the present study is taken as rms radius of the nucleus.
Y0

2 (𝜃, 𝜙)=
1
4

√︃
5
𝜋

(
3cos2𝜃 − 1

)
Y0

4 (𝜃, 𝜙) =
3
16

√︃
1
𝜋

(
35cos4𝜃 − 30cos2𝜃 + 3

)
R (𝜃) is the magnitude of the radius vector of the nucleus at an angle 𝜃 with respect to the symmetry axis of the

nucleus. Substituting 𝜃 = 90◦ in the eq. (7), we get,

R(90) = R0

[
1 − 𝛽2

(
1
4

√︂
5
𝜋

)
+ 𝛽4

(
3

16

√︂
1
𝜋
(3)

)]
= R0

[
1 − 𝛽2

(√︂
5

16𝜋

)
+ 𝛽4

(
9
16

√︂
1
𝜋

)]
or

R(90)
R0

= 1 − 𝛽2

(√︂
5

16𝜋

)
+ 𝛽4

(
9
16

√︂
1
𝜋

)
𝛽4

(
9
16

√︂
1
𝜋

)
=

[
R(90)

R0
− 1 + 𝛽2

(√︂
5

16𝜋

)]
which gives an expression for the hexadecapole deformation parameter 𝛽4 as

𝛽4 =

(
16
9
√
𝜋

) [
R(90)

R0
− 1 + 𝛽2

(√︂
5

16𝜋

)]
, (8)

in terms of rms radius of the nucleus and R(90◦) which is the length of the axes along the direction of any one of the
principal axes perpendicular to the symmetry axis.

https://orcid.org/0009-0008-1454-4283
https://orcid.org/0009-0001-7215-8128


142
EEJP. 1 (2026) Jignasha Patel, et al.

REFERENCES
[1] A. Iwamoto, and P. Moller, Nucl. Phys. A, 605, 334 (1996). https://doi.org/10.1016/0375-9474(96)00155-8
[2] R. K. Gupta, et al., Journal of Physics G: Nucl. Part. Phys. 31, 631 (2005). 10.1088/0954-3899/31/7/009
[3] R. C. Lemmon, et al., Phys. Lett. B, 316, 32 (1993). https://doi.org/10.1016/0370-2693(93)90653-Y
[4] J.F. Niello, and C. H. Dasso, Lecture Notes in Physics 317, 56-60 (2005). https://link.springer.com/book/10.1007/3-540-50578-4
[5] H. Sharma, et al., The European Physical Journal A, 59, 71 (2023). https://link.springer.com/article/10.1140/epja/

s10050-023-00981-1
[6] P. Moller, Nucl. Phys. A, 142, 1 (1970). https://doi.org/10.1016/0375-9474(70)90469-0
[7] U. Gotz, et al., Nucl. Phys. A, 192, 1 (1972). https://doi.org/10.1016/0375-9474(72)90002-4
[8] S. S. Godre, and Y. R. Waghmare, Phys. Rev. C, 36, 1632 (1987). https://doi.org/10.1103/PhysRevC.36.1632
[9] S. S. Godre, Pramana J. Phys. 82, 879 (2014). https://doi.org/10.1007/s12043-014-0741-6

[10] S. S.Godre, Nucl. Phys. A, 734, E17 (2004). https://doi.org/10.1016/j.nuclphysa.2004.03.009
[11] P. R. Desai, Ph.D. Thesis, ”Effect of Coulomb reorientations on fusion crosssections and barrier distributions of some heavy-ion

reactions,” Veer Narmad South Gujarat University, Surat (2009).
[12] I. B. Desai, and S. S. Godre, Proc. Int. Symp. on Nucl. Phys. 54, 196 (2009). https://www.sympnp.org/proceedings/54/A72.pdf
[13] S.S. Godre, and P.R. Desai, Proc. Symp. on Nucl. Phys. 53, 341 (2008).
[14] C. Simenel, et al., Phys. Rev. Lett. 93, 102701 (2004). https://doi.org/10.1103/PhysRevLett.93.102701
[15] S. E. Koonin, et al., Phys. Rev. C, 15, 1359 (1977). https://doi.org/10.1103/PhysRevC.15.1359
[16] R. Birkelund, et al., Phys. Rep. 56, 107 (1979). https://doi.org/10.1016/0370-1573(79)90093-0
[17] N. I. Chauhan, ”A Study of near-barrier fusion of some heavy-ion collisions using coupled-channel calculation,” M. Phil.

Dissertation, Veer Narmad South Gujarat University, Surat (2012).
[18] C. Y. Wong, Phys. Rev. Lett. 31, 766 (1973). https://doi.org/10.1103/PhysRevLett.31.766
[19] P. R. Desai, and S. S. Godre, Eur. Phys. J. A, 47, 146 (2011). https://doi.org/10.1140/epja/i2011-11146-8
[20] S. S. Godre, and Y. R. Waghmare, Phys. Rev. C, 36, 1632 (1987). https://doi.org/10.1103/PhysRevC.36.1632
[21] J. R. Leigh, et al., Phys. Rev. C, 47, R437 (1993). https://doi.org/10.1103/PhysRevC.47.R437
[22] T. Rajbongshi, et al., Phys. Rev. C, 93, 054622 (2016). https://doi.org/10.1103/PhysRevC.93.054622
[23] M. K. Pal, Theory of Nuclear Structure, 382, (Allied East-West press Pvt. Ltd., 1982).

ВПЛИВ ГЕКСАДЕКАПОЛЬНОЇ ДЕФОРМАЦIЇ НА ПОПЕРЕЧНI ПЕРЕРIЗИ СИНТЕЗУ ДЕЯКИХ
СФЕРИЧНИХ + ДЕФОРМОВАНИХ СИСТЕМ УМОДЕЛI 3S-CMD

Джiгнаша Патель1, Вiпул Катарiя2
1Вiр Нармад, Унiверситет Пiвденного Гуджарату, Сурат - 395007, Гуджарат, Iндiя

2Кафедра фiзики, Науковий коледж Атмананд Сарасватi, Сурат - 395006, Гуджарат, Iндiя
Вплив квадрупольної деформацiї (𝛽2) на синтез важких iонiв є добре вiдомим явищем. Окрiм впливу квадрупольної деформацiї
(𝛽2), потенцiйний вплив гексадекапольної деформацiї (𝛽4) на суббар’єрний синтез був предметомчастих обговорень.Нещодавно
було проведено теоретичний аналiз для вивчення впливу гексадекапольних деформацiй (𝛽4) з використанням спрощеного коду
зв’язаних каналiв CCFUS, який враховує статичнi деформацiї. У цьому дослiдженнi ми аналiзуємо вплив 𝛽4 цiльового ядра
на перерiзи синтезу в рамках моделi 3S-CMD. Для цього ми обрали реакцiї 16O + 154Sm та 16O + 174Yb. У цьому дослiдженнi
перерiзи синтезу також розраховано за допомогою моделi SBPM. Розрахованi перерiзи синтезу за допомогою моделi 3S-CMD
та SBPM порiвнюються мiж собою, а також з експериментом.
Ключовi слова: деформованi ядра; квадруполь; гексадекаполь; перерiзи синтезу; класичнi мiкроскопiчнi пiдходи; реакцiї
важких iонiв
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The fusion of the weakly bound 9Be nucleus with 208Pb is investigated using a multi-body three-stage classical molecular dynamics
(3S-CMD) approach. This model explicitly treats 9Be as a cluster of 4He and 5He, allowing for the relaxation of rigid-body constraints
on both projectile fragments and the target. In this paper, the influence of these constraints on the complete fusion (CF) cross-section,
considering both central and non-central collisions is studied. Systematic removal of rigidity constraints, particularly on the target and
the 9Be fragments, significantly affects the CF cross-section, especially at sub-barrier energies. Calculations show that relaxing these
constraints enhances CF, indicating the important role of breakup and internal degrees of freedom. The multibody 3S-CMD model
provides a tool for understanding the interplay of breakup and fusion in reactions involving weakly bound nuclei.

Keywords: Weakly-bound nuclei; Heavy-ion collisions; Fusion reactions; Classical Molecular Dynamics
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1. INTRODUCTION
Investigations of nuclear reactions involving weakly bound nuclei have been made possible due to recent developments

in experimental techniques and the availability of radioactive beams. Weakly bound nuclei exhibit unique phenomena like
increased breakup probabilities, neutron transfer, and complete and incomplete fusion processes. In complete fusion, the
entire charge of the projectile is captured by the target, irrespective of the breakup of the projectile. Incomplete fusion
refers to the capture of one or more fragments of the projectile taking place, followed by the breakup of the projectile. So,
it is essential to understand the effects of breakup on fusion reaction, as it significantly changes the possibilities of various
reaction channels.

Fusion reactions near the Coulomb barrier are strongly influenced by the intrinsic degrees of freedom, such as the
rotational and vibrational modes of the interacting nuclei [1]. Numerous studies have also explored how breakup processes
impact fusion outcomes [2–7]. Significant suppression of complete fusion and an enhancement in incomplete fusion
at energy over the fusion barrier have been shown by precision measurements for the 9Be + 208Pb reaction [4]. These
behaviors are attributed to the breakup of the 9Be, which can occur through channels such as 8Be + n (Sn = 1.67 MeV)
and 5He + 4He (S𝛼 = 2.42 MeV).

Reactions involving weakly bound nuclei, such as 6Li + 209Bi and 7Li + 209Bi have been studied using the Multi-Body
Three-Stage Classical Molecular Dynamics (3S-CMD) model [8]. In this paper, we investigate the role of various rigidity
constraints and their relative importance in determining the fusion cross-section for the 9Be + 208Pb system using the
multi-body 3S-CMD model. This study includes calculations of complete fusion (CF) while systematically relaxing the
rigid-body constraints on the nuclei involved in the collisions. The details of the model are presented in § 2, while the
results for fusion cross-sections for 9Be + 208Pb are discussed in § 3. Finally, conclusions are summarized in § 4.

2. MODEL DETAILS
The multibody 3S-CMD model is used to simulate the collision of 9Be + 208Pb. In this model, 9Be is made up of a

cluster of 4He and 5He nuclei held together in a way that matches the observed break-up energy of 9Be into 4He and 5He
(2.42 MeV). A potential minimization code using a soft-core Gaussian NN potential given by,

𝑉𝑖 𝑗 (𝑟𝑖 𝑗 ) = −𝑉0

(
1 − 𝐶

𝑟𝑖 𝑗

)
exp

(
−
𝑟2
𝑖 𝑗

𝑟2
0

)
MeV, (1)

is used to create projectile fragments and targets where the typical form of the Coulomb potential between protons is,

𝑉𝐶 (𝑟𝑖 𝑗 ) =
1.44
𝑟𝑖 𝑗

MeV. (2)
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However, a purely phenomenological potential is selected, and its parameters are set to approximately match the ground
state properties of the target and projectile fragments. The potential parameter set V0 = 710.0 MeV, C = 1.88 fm, and
r0 = 1.15 fm is used to produce ground state properties of projectile fragments and target mentioned in Table 1.

Table 1. Ground-state properties.

Nucleus
Calculated Experimental

B.E. (MeV) R (fm) B.E. (MeV) [9] R (fm) [10]
4He 14.48 1.32 28.29 1.68
5He 22.34 1.46 27.41 –
9Be (4He + 5He) 39.23 1.87 58.16 2.51
208Pb 1841.92 6.04 1636.46 5.50

These three stages are involved in the simulation of the multibody 3S-CMD model:
(1) Rutherford Trajectories: Initially, the target and projectile are brought together along their classical Rutherford

trajectories, considering their Coulomb interaction.
(2) Classical Rigid Body Dynamics (CRBD): The system is dynamically evolved using CRBD to approach a distance

close to the fusion barrier, accounting for the collective motion and interactions.
(3) Classical Molecular Dynamics (CMD): The entire multibody system undergoes CMD evolution, allowing for inter-

actions and dynamic evolution of the system.
In stage 3, one or more projectile fragments are constrained to remain rigid, those nuclei are dynamically evolved

as in the CRBD calculation. For 9Be, the rigidity constraint on the bond between 4He and 5He, as well as on the target
208Pb are relaxed when the center of mass distance, 𝑅cm becomes less than 14 fm. One of the fragments of projectile 4He
is always kept rigid. Allowing 5He in the projectile to be non-rigid enables the possibility of its breakup.

3. FUSION CROSS SECTION
The complete fusion cross-section is calculated for weakly bound 9Be induced collisions to enable a quantitative

comparison between model calculations and experimental results. Theoretically, the colliding nuclei are assumed to fuse
when they overcome the potential barrier between them and become trapped in a potential pocket. The fusion cross section
for a given collision energy 𝐸cm is calculated using Wong’s formula [11]. Classically, fusion cross sections vanish at
energies below the barrier, but here the barrier penetrability is accounted for in the calculation using Wong’s formula,

𝜎fus (𝐸CM) =
𝑅2
𝐵
ℏ𝜔0

2𝐸CM
ln

[
1 + exp

(2𝜋(𝐸CM −𝑉𝐵)
ℏ𝜔0

)]
, (3)

where, 𝑉B, 𝑅B, and 𝜔0 represent the barrier parameters. For higher energies, the Wong’s formula can be approximated to
classical formula,

𝜎fus (𝐸c.m.) = 𝜋𝑅2
𝐵

[
1 − 𝑉𝐵

𝐸c.m.

]
. (4)

So, at higher energies, the fusion cross sections obtained using the classical formula and Wong’s formula are nearly the
same; however, below the barrier, Wong’s formula accounts for barrier penetrability, making it more suitable for our
calculations [12].

The complete fusion cross section, 𝜎CF is defined as the capture of the total projectile charge. This process
includes two mechanisms: direct complete fusion, which involves the capture of the projectile charge without breakup,
and sequential complete fusion, which involves the capture of the entire projectile charge following the breakup of the
projectile.

For head-on collisions (b = 0), the orientation-averaged fusion cross section is computed by averaging over a
large number of Monte Carlo-sampled initial orientations, spanning collision energies both above and below the barrier.
Calculated 𝜎CF for 9Be + 208Pb reaction with various assumptions of rigid body constraints for projectile fragments (4He
+ 5He), the bond between them and target (208Pb), is shown in Figure 1 comparing it with experimental CF cross sections.
In the SBPM (Static Barrier Penetration Model) [13] calculations, the nuclei are assumed to be rigid, and all rotational
and vibrational degrees of freedom are suppressed, thereby neglecting any dynamical effects. As a result, the calculated
complete fusion cross section (𝜎CF) is suppressed across all energies, as shown in Figure 1. To investigate the influence of
rigidity constraints, three cases are considered. In Case (a), the rigidity constraint on 208Pb is removed, while the projectile
9Be remains rigid. In Case (b), along with the removal of the rigidity constraint on 9Be + 208Pb, the bond between the
projectile fragments 4He and 5He (constituents of 9Be) is removed, while 4He and 5He are kept rigid. In Case (c), the
rigidity constraint on 5He is also relaxed.
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Figure 1. For (b = 0), 𝜎CF for 9Be + 208Pb reaction with various assumptions of rigid body constraints for a projectile,
the bond between them, and the target. Experimental Complete Fusion Cross section (Exp.-CF) [14].

Figure 2. For (b = bcr), 𝜎CF for 9Be + 208Pb reaction with various assumptions of rigid body constraints for a projectile,
the bond between them, and the target. Experimental Complete Fusion Cross section (Exp.-CF) [14].
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As seen in Figure 1, although (𝜎CF) is suppressed at all energies, the suppression is particularly pronounced at
below-barrier energies. Near the barrier energies, (𝜎CF) improves as the rigidity constraints on the target and projectile
are systematically removed, compared to the SBPM calculation. This signifies the dissipation of energy at below-barrier
energies as rigidity constraints are relaxed. However, the multibody 3S-CMD calculations appear to follow the trend as
the experimental results. For below- and near-barrier energies (𝜎CF) in case (b) shows improvements compared to cases
(a) and (c).

The CF cross-section is also calculated for non-central collisions (b > 0). The critical impact parameter for CF,
(bcr − CF), is determined dynamically during simulation, using the sharp cutoff approximation, where, all trajectories with
(b < bcr − CF) result in complete fusion, while those with (b > bcr − CF) either lead to scattering or incomplete fusion
(ICF). The CF cross section determined from (bcr − CF) for cases (b) and (c) and shown in Figure 2. As evident from
Figure 2, the fusion cross sections for non-central collisions are larger than those for central collisions at higher energies,
while at lower energies they nearly coincide. This behavior indicates that as energy increases, non-central trajectories
with finite orbital angular momentum can overcome the centrifugal barrier and contribute more to fusion, whereas central
collisions correspond only to zero angular momentum 𝑙 = 0. At lower energies, higher angular momentum contributions
are strongly suppressed, making the fusion cross sections for central and non-central collisions nearly identical. This
energy-dependent behavior is consistent with Wong’s formula, where higher angular momentum partial waves become
significant only above the Coulomb barrier. Furthermore, for near- and sub-barrier energies, the CF cross section in case
(b) shows an improvement compared to case (c), reflecting the influence of different modeling assumptions on fusion
probability.

4. CONCLUSIONS
The effects of various degrees of freedom on the 9Be + 208Pb reaction are studied using the multi-body Three-Stage

Classical Molecular Dynamics (3S-CMD) approach. By appropriately modelling the weakly bound 9Be and systematically
relaxing rigidity constraints on the projectile and target, fusion cross sections for both central (b = 0) and non-central
(b > 0) collisions are calculated. The complete fusion (CF) cross-section, 𝜎CF, is significantly influenced by various levels
of rigidity constraints both on the target and projectile. For below-barrier energies, the complete fusion cross section is
suppressed, while for near-the-barrier energy, it enhances as rigidity constraints are relaxed, indicating the importance of
internal degrees of freedom. Mainly for below and near the barrier energies, trends of the multibody 3S-CMD model
calculation are consistent with experimental data. Complete fusion cross sections, 𝜎CF, further enhance for non-central
collisions. This demonstrates the applicability of this model to study systems with weakly bound nuclei in fusion dynamics.
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ЗЛИТТЯ СЛАБКОЗВ’ЯЗАНИХ 9Be З ВАЖКИМИ ЯДРАМИ 208Pb: БАГАТОЧАСТИНКОВИЙ
ТРЬОХЕТАПНИЙ ПIДХIД КЛАСИЧНОЇ МОЛЕКУЛЯРНОЇ ДИНАМIКИ

Вiпул Б. Катарiя1*, Джигнаша А. Патель2, Хардiп Р. Махiда3, Пiнанк Х. Джарiвала2
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Злиття слабозв’язаного ядра 9Be з 208Pb дослiджується за допомогою багаточастинкового тристадiйного пiдходу класичної
молекулярної динамiки (3S-CMD). Ця модель явно розглядає 9Be як кластер 4He та 5He, що дозволяє послабити обмеження
твердого тiла як на фрагментах снаряда, так i на мiшенi. У цiй статтi дослiджується вплив цих обмежень на поперечний
перерiз повного злиття (CF), враховуючи як центральнi, так i нецентральнi зiткнення. Систематичне видалення обмежень
жорсткостi, зокрема на мiшенi та фрагментах 9Be, суттєво впливає на поперечний перерiз CF, особливо при пiдбар’єрних
енергiях. Розрахунки показують, що послаблення цих обмежень посилює CF, що вказує на важливу роль розпаду та внутрiшнiх
ступенiв свободи. Багаточастинкова 3S-CMD-модель надає iнструмент для розумiння взаємодiї розпаду та синтезу в реакцiях,
що включають слабозв’язанi ядра.
Ключовi слова: cлабкозв’язанi ядра; зiткнення важких iонiв; реакцiї синтезу; класична молекулярна динамiка
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Photoionization data for the 1s2 2s2 2p6 (1S0) ground state of neon like Ca10+, Sc11+, Ti12+, V13+, and Cr14+ ions are reported. The values 
of ionization threshold limits, resonance energies, quantum defects, transition rates, and oscillator strengths for various Rydberg series 
are tabulated. The Relativistic configuration-interaction (RCI) approach, implemented in the Flexible Atomic Code (FAC), was used 
for all calculations. The RCI results for 2s 2p6 (2S1/2) np resonance series show very good agreement with reported values in the 
literature. In addition, new calculations on K-shell photoexcitations (1s 2s2 2p6 (2S1/2) np) in these ions are reported. These results would 
be valuable for high-precision spectral modeling in astrophysical or laboratory plasmas. 
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1. INTRODUCTION
Since the majority of matter in the Universe exists in an ionic form, the study of photoionization of positive ions 

is essential for improving our understanding and modeling of both fusion [1] and astrophysics [2] plasmas. In 
astrophysical nebulae, photoionization is an important process in controlling the ionization balance and, consequently, 
determining elemental abundances. In particular, the photoionization of Ne-like isoelectronic sequence is of 
astrophysical importance because the spectra of these ions serve as a key diagnostic tool for probing plasma conditions. 
Moreover, Ne-like ions of middle and high atomic numbers are found in various plasma environments, including 
electron-beam ion trap, tokamak, and solar atmosphere [3] [4]. In addition to their astrophysical relevance, these ions 
have practical significance in X-ray laser research, where photoionization of these ions has been utilized to explain the 
resonant photo-pumping scheme for driving lasing action [5]. Thus, ions belonging to the Ne isoelectronic sequence 
have attracted considerable experimental and theoretical studies [6] [7] [8] [9] [10] across a wide range of Z due to 
their broad application in plasma physics and astrophysics, as well as their stable closed-shell electronic structure. 
Among these, the neon like Ca10+, Sc11+, Ti12+, V13+, and Cr14+ ions are of particular interest. Goyal et al. [11] reported 
resonance energies and natural widths in the photoionization of Ne-like isoelectronic sequence (Z = 19 to 26) using 
the Screening Constant by Unit Nuclear Charge (SCUNC) approach. Liang et al. [12] employed the Breit–Pauli 
Hamiltonian within the R-matrix (B-P R-matrix) method to calculate the photoionization cross sections, resonance 
positions and widths for Ne-like Ca XI. In addition, the 2s to np autoionizing resonance transitions in various Ne-like 
ions were studied by Nrisimhamurty et al. [13] using the relativistic multichannel quantum-defect theory (RMQDT) 
and relativistic random-phase approximation (RRPA). More recently, Alna’washi et al. [14] [15] [16] presented new 
atomic data identifying 1s → np resonances in Ne and Ne-like ions, based on calculations performed within the 
relativistic configuration-interaction (RCI) method. 

Given that achieving high accuracy for spectral modeling and high-resolution X-ray interpretation remains a 
significant challenge in astrophysical interest, this work extends our previous study [14] [15] [16] by performing new 
calculations for the Ne-like Ca10+, Sc11+, Ti12+, V13+, and Cr14+ ions. Specifically, the present study focuses on the 1s2 2s 
2p6 (2S1/2) np (1P1) and 1s 2s2 2p6 (2S1/2) np (1P1) resonance series of these ions. To achieve this, the Relativistic 
Configuration Interaction (RCI) method, as implemented in the Flexible Atomic Code (FAC) [17], was employed for all 
calculations. The computed quantities include the ionization threshold, resonance energy, oscillator strength, and electric 
dipole (E1) transition rate corresponding to the 1s to np and 2s to np transitions with principal quantum number ranging 
from n = 3 to n = 22. Section 2 presents a brief outline of the theoretical framework. Section 3 presents and discusses our 
results in comparison with available literature data. Finally, we summarize and conclude in section 4. 

2. THEORY
The RCI approach, as implemented in the FAC code, has already been extensively detailed in some literatures [14] [15] 

[16] [17] [18] [19]. Hence, a concise overview is provided here to outline the key aspects relevant to the present study.
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2.1. Atomic structure: framework of the Dirac equation 
For N electrons atom or ion, the relativistic Hamiltonian (𝐻), expressed in atomic units, can be written as: 

 𝐻 = ∑ 𝐻஽ሺ𝑖ሻ + ∑ ଵ௥೔ೕே௜ழ௝ே௜ୀଵ , (1) 

where 𝐻஽ሺ𝑖ሻ,  the one electron Dirac Hamiltonian, is given by: 

 𝐻஽ = 𝑐𝜶௜ ∙ 𝜶௝ + 𝛽𝑚௘𝑐ଶ − ௓௥  (2) 

In Eq. (2), the term 𝑐𝜶௜ ∙ 𝜶௝ represents the electron’s kinetic energy where 𝜶𝒊 and 𝜶𝒋 are Dirac matrices. The term 𝛽𝑚௘𝑐ଶ 
denotes the rest-mass energy, and (−௓௥) corresponds to the Coulomb potential of the nucleus. The energy levels of any 
atomic ion can be obtained by diagonalizing the relativistic Hamiltonian (𝐻). 
In FAC, atomic processes are treated with basis state functions generated from a single potential. The basis states (), 
referred as configuration state functions (CSFs), are built as antisymmetric sums of the products of N single-electron 
Dirac spinors 𝜑௡௞௠.  
The approximate atomic state functions are constructed by linearly combining basis states, , with same symmetries as 
follows: 
  = ∑  𝑏  (3) 

where 𝑏 are the mixing coefficients, which can be determined by diagonalizing the total Hamiltonian. The single-electron 
Dirac spinors are defined as: 

 𝜑௡఑௠ = ଵ௥ ൬ 𝑃௡఑(𝑟)𝜒఑௠(𝜃,𝜙,𝜎)𝑖𝑄௡఑(𝑟)𝜒ି఑௠(𝜃,𝜙,𝜎)൰. (4) 

Here, 𝑛  denotes the principal quantum number, m represents the z-component of total angular momentum, and 𝜒఑௠ is 
the spin-angular function. The relativistic angular quantum number 𝜅 is expressed as: 

 𝜅 = (𝑙 − 𝑗)(2𝑗 + 1). (5) 

The functions 𝑃௡఑ and 𝑄௡఑ are the Dirac spinor’s radial part components. These radial functions are obtained as 
solutions to the Dirac differential equation for the local central potential 𝑉(𝑟) as follows: 

 ቀ ௗௗ௥ + ఑௥ቁ 𝑃௡఑ = 𝛼 ቀ𝜀௡఑ − 𝑉 + ଶఈమቁ𝑄௡఑(𝑟)  (6) 

 ቀ ௗௗ௥ − ఑௥ቁ𝑄௡఑ = 𝛼(−𝜀௡఑ + 𝑉)𝑃௡఑(𝑟). (7) 

Here, 𝛼 is the fine-structure constant, and 𝜀௡఑ represents the energy eigenvalues associated with the corresponding radial 
functions.  
 

2.2. Radiative transition rates 
The electric dipole (E1) transition rates are calculated within the single multipole approximation, which neglects the 

interference between different multipole orders. The transition rates, 𝐴௙௜ாଵ, is related to the transition line strength, 𝑆௜௙, and 
wavelength of the transition, 𝜆, by the expression:  

 𝐴௙௜ாଵ = ଶ.଴ଶ଺ଵ×ଵ଴భఴ(ଶ௃ାଵ)ఒయ 𝑆௜௙ாଵ (8) 

Here, the generalized line strength of the transition 𝑆௙௜ is defined as the squared matrix element 𝑆௙௜ = หൻ𝜑௙ห𝑂ெ௅ ห𝜑௜ൿหଶ, 
where 𝑂ெ௅  is the multipole operator, 𝜑௜, and 𝜑௙ are the wavefunctions of the initial and final states, respectively. 
Furthermore, the weighted oscillator strength, g𝑓௙௜ , for different radiative channels is given by: 

 g𝑓௙௜ = ఠ௅ (𝛼𝜔)ଶ௅ିଶ𝑆௙௜, (9) 

where 𝜔 = 𝐸௙ − 𝐸௜ is the energy of transition. 
 

2.3. Resonance energy and quantum defect 
The quantum defect concept is introduced in the treatment of highly excited Rydberg states, which in turn accounts 

for the effects of core polarization and penetration. Within this framework, the revised Rydberg formula gives the energy 
level of an electron 𝐸௡ (in eV) as:  

 𝐸௡ = 𝐸ஶ − ோ(௓ିே೎)మ(௡ିఋ೙)మ ,  (10) 
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In this equation, R is the Rydberg constant, Nc is the number of core electrons, 𝛿௡ represents quantum defect, 
and 𝐸ஶ denotes the threshold limit. 

2.4. Calculation procedure 
Our configuration interaction (CI) expansion includes the ground state configuration (1s2 2s2 2p6) and excited 

configurations (1s2 2s 2p6 np and 1s 2s2 2p6 np) involving 𝑛 goes to 22. To ensure convergence, we systematically 
increased the configuration set and monitored the resonance energies and oscillator strengths. This process guaranteed 
convergence for energy positions to within approximately 0.02 eV and for line strengths to within 2%. As mentioned in 
the FAC manual, the estimated uncertainties in the radiative rates and oscillator strengths range from 10 to 20%, while 
the accuracy within a few (eV) for the calculated energy levels. It is important to point out that the higher-order quantum 
electrodynamic (QED) effects are excluded from the RCI approach, as their impact is negligible compared to that of 
electron correlations. Furthermore, within FAC’s RCI methodology, autoionizing resonances are treated as bound-like 
states, neglecting explicit continuum coupling. This approximation eliminates Fano interference and energy-dependent 
continuum effects, causing systematic shifts in resonance positions.  

3. RESULTS AND DISCUSSION
3.1 Threshold limits 

The 1s2 2s 2p6 (2S1/2) and 1s 2s2 2p6 (2S1/2) series limits for the Ne-like ions with nuclear charge Z = 20 – 24 are 
listed in Table 1, in addition to other theoretical results obtained by Goyal et al. [11] and Nrisimhamurty et al. [13], as 
well as tabulated data from the NIST database [20], for comparison. 
Table 1. Energy limit 𝐸ஶ (eV) of the 1s22s2p6(2S1/2) and 1s2s22p6(2S1/2) thresholds of Ca10+, Sc11+, Ti12+, V13+, and Cr+14 ions. 

Ion Configuration 𝐸ஶୟ 𝐸ஶୠ 𝐸ஶୡ 𝐸ஶୢ
Ca10+ 1s2 2s 2p6 (2S1/2) 679.7839 680.800 679.509 682.642

1s 2s2 2p6 (2S1/2) 4298.5845

Sc11+ 1s2 2s 2p6 (2S1/2) 781.2269 782.758 782.0369
1s 2s2 2p6 (2S1/2) 4794.2941

Ti12+ 1s2 2s 2p6 (2S1/2) 889.6942 891.543 889.3088
1s 2s2 2p6 (2S1/2) 5317.9877

V13+ 1s2 2s 2p6 (2S1/2) 1005.2103 1007.146 1004.828 1008.297
1s 2s2 2p6 (2S1/2) 5869.7555

Cr14+ 1s2 2s 2p6 (2S1/2) 1127.7993 1129.556 1127.871 1130.993
1s 2s2 2p6 (2S1/2) 6449.6768

a : Present work. 
b : Goyal et al. [11]. 
c : National Institute of Standards and Technology (NIST) [20]. 
d : Nrisimhamurty et al. [13]. 

For these ions, it can be seen that the present results for the 1s2 2s 2p6 (2S1/2) limit are in good agreement with the 
results reported in the literature. The computed RCI energy limits show excellent agreement with the NIST data but lie 
approximately 1–1.8 eV below the values obtained using SCUNC method. In contrast, the results from RMQDT by 
Nrisimhamurty et al. [13] are slightly higher than the present RCI, SCUNC and NIST data for Ca10+, V13+, and Cr14+ ions. 
This discrepancy is likely attributed to omission of electron correlation effects in their RMQDT calculations. To the best 
of our knowledge, the threshold limits of the 1s 2s2 2p6 (2S1/2) series have not been previously published for these five 
neon-like ions (Ca, Sc, Ti, V and Cr). Consequently, the calculated RCI 1s 2s2 2p6 (2S1/2) series limits presented here may 
provide new findings for these K-shell excitations and may guide future theoretical and experimental studies.  

3.2 The 1s22s2p6(2S1/2) np (1P1) series 
Following the determination of the energy thresholds, we investigate the resonance series associated with E1 

transitions from the ground state to the 1s2 2s 2p6 (2S1/2) np (1P1) excited states of the Ca10+, Sc11+, Ti12+, V13+, and Cr14+

ions. For these resonances, we present RCI-calculated resonance energies (𝐸௡), transition rates (𝐴௙௜ாଵ), weighted 
oscillator strengths (g𝑓௜௝), and the quantum defects (௡) obtained from Eq. (10) using the corresponding computed RCI 
series limits. A comparison of our RCI results for the 2s 2p6 (2S1/2) np Rydberg series with those from Goyal et al. 
[11] is provided in Tables 2–6 for all five ions. For Ne-like Ca10+ ion, Table 2 also includes reference values from the
(B-P R-matrix) method [12]. The B-P R-matrix resonance energies for Ca10+ ion show excellent agreement with our
results for 𝑛 = 5 − 15, with energy differences ranging from 0.08 eV to 0.42 eV. For all five ions, one can see from
Tables 2–6 that our RCI-calculated resonance energy values for the 2s 2p6 (2S1/2) np (1P1) series agree well with the
SCUNC data with energy differences remaining below 1.9 eV. In addition, the RCI and SCUNC resonance energies
converge to nearly identical series limits with remarkably small differences of 1.02 eV, 1.53 eV, 1.85 eV, 1.94 eV, and
1.76 eV for Ca10+, Sc11+, Ti12+, V13+, and Cr14+ ions, respectively. This close agreement confirms the reliability of the
present RCI predictions, particularly for higher states. Based on the preceding comparisons, the absolute uncertainties
in the resonance energies are estimated as follows:  ± 1.0 eV, ± 1.5 eV, ± 1.9 eV, ± 1.9 eV, and ± 1.8 eV for Ca10+,
Sc11+, Ti12+, V13+, and Cr14+ ions, respectively.
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Table 2. Calculated Spectroscopic Parameters: Resonance energies (𝐸௡), quantum defects (௡), transition rates (𝐴௙௜ாଵ), and oscillator 
strengths (g𝑓௜௝) for 1s22s2p6 np (1P1) resonances in Ca10+ 

n 𝐸௡ୟ (eV) ௡ୟ  𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  𝐸௡ୡ (eV) 
3 460.7453 0.25847 1.2562×1012 4.091×10-1    
4 562.8209 0.24829 5.3983×1011 1.178×10-1    
5 606.9299 0.24636 2.7276×1011 5.119×10-2   607.3513 
6 630.0417 0.24705 1.5547×1011 2.708×10-2 630.92 0.255 630.2552 
7 643.6609 0.24911 9.6801×1010 1.615×10-2 644.62 0.254 643.8187 
8 652.3546 0.25278 6.4248×1010 1.044×10-2 653.37 0.253 652.4828 
9 658.2414 0.25812 4.4782×1010 7.146×10-3 659.29 0.252 658.3523 
10 662.4117 0.26523 3.2439×1010 5.111×10-3 663.48 0.252 662.5115 
11 665.4738 0.27415 2.4241×1010 3.784×10-3 666.55 0.251 665.5660 
12 667.7881 0.28511 1.8584×1010 2.881×10-3 668.87 0.251 667.8749 
13 669.5799 0.29813 1.4559×1010 2.245×10-3 670.67 0.251 669.6641 
14 670.9954 0.31340 1.1618×1010 1.784×10-3 672.09 0.250 671.0763 
15 672.1331 0.33103 9.4165×109 1.441×10-3 673.23 0.250 672.2124 
16 673.0612 0.35120 7.7381×109 9.800×10-4 674.16 0.250  
17 673.8283 0.37391 6.4359×109 8.223×10-4 674.93 0.250  
18 674.4695 0.39947 5.4102×109 8.549×10-4 675.57 0.250  
19 675.0110 0.42787 4.5914×109 6.967×10-4 676.12 0.250  
20 675.4724 0.45936 3.9298×109 5.955×10-4 676.58 0.250  
21 675.8688 0.49397 3.3895×109 5.130×10-4 676.98 0.250  
22 676.2118 0.53202 2.9439×109 4.451×10-4 677.32 0.250  
⁝        
∞ 679.7839    680.800   

a : Present RCI results. 
b : SCUNC calculations of Goyal et al. [11].  
c : B-P R-matrix code calculations of Liang et al. [12]. 

Table 3. Calculated Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for 1s22s 2p6 np (1P1) resonances in Sc11+. 

n 𝐸௡ୟ (eV) ௡ୟ  𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  
3 523.5293 0.24269 1.6887×1012 4.260×10-1   
4 643.1629 0.23295 7.2497×1011 1.213×10-1   
5 695.0858 0.23090 3.6641×1011 5.243×10-2   
6 722.3511 0.23136 2.089×1011 2.768×10-2 723.75 0.238 
7 738.4419 0.23301 1.3014×1011 1.650×10-2 739.91 0.238 
8 748.7241 0.23608 8.6406×1010 1.066×10-2 750.25 0.237 
9 755.6920 0.24060 6.0251×1010 7.294×10-3 757.25 0.237 
10 760.6314 0.24662 4.3653×1010 5.216×10-3 762.21 0.236 
11 764.2599 0.25419 3.2632×1010 3.863×10-3 765.85 0.236 
12 767.0035 0.26347 2.5021×1010 2.941×10-3 768.60 0.236 
13 769.1282 0.27458 1.9606×1010 2.291×10-3 770.73 0.236 
14 770.8072 0.28759 1.5647×1010 1.821×10-3 772.42 0.236 
15 772.1571 0.30253 1.2684×1010 1.471×10-3 773.77 0.235 
16 773.2585 0.31964 1.0422×1010 1.205×10-3 774.87 0.235 
17 774.1689 0.33901 8.6718×109 1.000×10-3 775.79 0.235 
18 774.9301 0.36069 7.2907×109 8.394×10-4 776.55 0.235 
19 775.5730 0.38481 6.1879×109 7.112×10-4 777.19 0.235 
20 776.1209 0.41150 5.2967×109 6.079×10-4 777.74 0.235 
21 776.5916 0.44097 4.5687×109 5.237×10-4 778.21 0.235 
22 776.9990 0.47321 3.9685×109 4.545×10-4 778.62 0.235 
⁝       
∞ 781.2269    782.758  

a : Present RCI results. 
b : SCUNC calculations of Goyal et al. [11]. 

Table 4. Calculated Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for 1s22s 2p6 np (1P1) resonances in Ti12+. 

n 𝐸௡ୟ (eV) ௡ୟ  𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  
3 590.2818 0.22879 2.2147×1012 4.3945×10-1   
4 728.8120 0.21950 9.4955×1011 1.236×10-1   
5 789.1685 0.21739 4.7996×1011 2.808×10-2   
6 820.9233 0.21769 2.7370×1011 2.708×10-2 822.64 0.223 
7 839.6881 0.21902 1.7058×1011 1.673×10-2 841.47 0.224 
8 851.6902 0.22162 1.1329×1011 1.080×10-2 853.52 0.223 
9 859.8293 0.22549 7.9025×1010 7.390×10-3 861.69 0.223 
10 865.6021 0.23064 5.7265×1010 5.284×10-3 867.49 0.223 
11 869.8445 0.23717 4.2818×1010 3.913×10-3 871.75 0.223 
12 873.0535 0.24513 3.2840×1010 2.979×10-3 874.97 0.223 
13 875.5393 0.25469 2.5735×1010 2.321×10-3 877.46 0.223 
14 877.5042 0.26585 2.0541×1010 1.844×10-3 879.43 0.223 
15 879.0842 0.27871 1.6655×1010 1.490×10-3 881.01 0.222 
16 880.3736 0.29342 1.3689×1010 1.221×10-3 882.31 0.223 
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n 𝐸௡ୟ (eV) ௡ୟ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  
17 881.4396 0.31003 1.1388×1010 1.013×10-3 883.37 0.223
18 882.3310 0.32863 9.5759×109 8.504×10-4 884.27 0.223
19 883.0839 0.34939 8.1282×109 7.206×10-4 885.02 0.223
20 883.7256 0.37239 6.9583×109 6.160×10-4 885.66 0.223
21 884.2770 0.39768 6.002×109 5.307×10-4 886.22 0.223
22 884.7542 0.42553 5.2142×109 4.605×10-4 886.69 0.223
⁝
∞ 889.6942 891.543

a : Present RCI results. 
b : SCUNC calculations of Goyal et al. [11]. 

Table 5. Calculated Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for 1s22s 2p6 np (1P1) resonances in V13+ 
n 𝐸௡ୟ (eV) ௡ୟ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  
3 661.0276 0.21648 2.8432×1012 4.499×10-1

4 819.7928 0.20761 1.2174×1012 1.252×10-1

5 889.2021 0.20549 6.1534×1011 5.381×10-2

6 925.7824 0.20569 3.5104×1011 2.832×10-2 927.60 0.210
7 947.4239 0.20678 2.1882×1011 1.685×10-2 949.29 0.211
8 961.2773 0.20901 1.4538×1011 1.088×10-2 963.19 0.211
9 970.6776 0.21234 1.0142×1011 7.442×10-3 972.62 0.211
10 977.3480 0.21682 7.3513×1010 5.321×10-3 979.32 0.211
11 982.2519 0.22251 5.4977×1010 3.940×10-3 984.24 0.211
12 985.9625 0.22942 4.2174×1010 2.999×10-3 987.96 0.211
13 988.8376 0.23772 3.3054×1010 2.337×10-3 990.84 0.211
14 991.1106 0.24745 2.6385×1010 1.857×10-3 993.12 0.211
15 992.9387 0.25863 2.1397×1010 1.500×10-3 994.95 0.211
16 994.4308 0.27144 1.7589×1010 1.230×10-3 996.45 0.211
17 995.6646 0.28584 1.4634×1010 1.021×10-3 997.69 0.211
18 996.6964 0.30201 1.2305×1010 8.564×10-4 998.72 0.211
19 997.5679 0.32015 1.0446×1010 7.257×10-4 999.59 0.211
20 998.3109 0.34004 8.9434×109 6.204×10-4 1000.34 0.211
21 998.9493 0.36205 7.7156×109 5.346×10-4 1000.98 0.211
22 999.5019 0.38620 6.7026×109 4.639×10-4 1001.53 0.211
⁝
∞ 1005.2103 1007.146

a : Present RCI results. 
b : SCUNC calculations of Goyal et al. [11]. 

Table 6. Calculated Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for 1s22s 2p6 np (1P1) resonances in Cr14+. 

n 𝐸௡ୟ (eV) ௡ୟ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 𝐸௡ୠ (eV) ௡ୠ  
3 735.7920 0.20550 3.5833×1012 4.576×10-1

4 916.1298 0.19703 1.5323×1012 1.262×10-1

5 995.2111 0.19494 7.7450×1011 5.406×10-2

6 1036.9528 0.19506 4.4200×1011 2.842×10-2 1038.60 0.199
7 1061.6735 0.19597 2.7559×1011 1.690×10-2 1063.35 0.200
8 1077.5096 0.19789 1.8314×1011 1.091×10-2 1079.24 0.200
9 1088.2609 0.20082 1.2779×1011 7.460×10-3 1090.02 0.200
10 1095.8933 0.20475 9.2648×1010 5.333×10-3 1097.68 0.200
11 1101.5063 0.20975 6.9296×1010 3.949×10-3 1103.31 0.200
12 1105.7546 0.21582 5.3168×1010 3.006×10-3 1107.57 0.200
13 1109.0471 0.22310 4.1676×1010 2.343×10-3 1110.87 0.200
14 1111.6506 0.23162 3.3272×1010 1.861×10-3 1113.48 0.200
15 1113.7448 0.24144 2.6984×1010 1.504×10-3 1115.58 0.201
16 1115.4543 0.2527 2.2185×1010 1.233×10-3 1117.29 0.201
17 1116.8680 0.26539 1.8459×1010 1.023×10-3 1118.71 0.201
18 1118.0504 0.27959 1.5523×1010 8.585×10-4 1119.89 0.201
19 1119.0493 0.29544 1.3179×1010 7.256×10-4 1120.89 0.201
20 1119.9008 0.31301 1.1283×1010 6.220×10-4 1121.75 0.201
21 1120.6326 0.33231 9.7348×109 5.359×10-4 1122.48 0.201
22 1121.2661 0.35346 8.4571×109 4.651×10-4 1123.11 0.201
⁝
∞ 1127.7993 1129.556

a : Present RCI results. 
b : SCUNC calculations of Goyal et al. [11]. 

The quantum defects calculated for Ne-like isoelectronic sequence reveal a noticeable increase with the principal 
quantum number 𝑛. This behavior indicates the growing dominance of the core polarization effect as 𝑛 increases. In 
contrast, 𝛿௡ୗେ୙୒େ values for all ions exhibit no noticeable change across 𝑛 = 6 − 22. As expected for high-n Rydberg 
states, the transition rate values for all studied ions drop by at least two orders of magnitude. Meanwhile, the oscillator 
strength values exhibit an even more pronounced decline of over three orders of magnitude, indicating the reduced overlap 
associated with the state wavefunctions. 
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3.3 The 1s2s22p6(2S1/2) np (1P1) series 
Tables 7-11 present the RCI-calculated resonance parameters for the inner shell 1s → np excitations (n = 3 − 22) 

for Ne-like ions with 10 ≤ Z ≤ 14, respectively. It can be seen that the calculated energies demonstrate a clear convergence 
trend toward their respective series limits with increasing n. In addition, the quantum defect values display minimal 
variation, with average values of 0.27 for Ca10+, 0.25 for Sc11+, 0.24 for Ti12+, 0.22 for V13+, and 0.21 for Cr14+. The stability 
of  ௡ indicates that the core polarization effect is largely independent of 𝑛. Both the transition rates and oscillator 
strengths follow similar decreasing trend with increasing the principal quantum number. The behavior of the transition 
rates is in accordance with that of electric dipole-allowed transitions in Rydberg series, whereas the trend of the oscillator 
strengths can be attributed to the reduced overlap between the initial and final states.  

Table 7. Present RCI Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for the 1s2s22p6 (2S1/2) np (1P1) series in Ca10+ ion. 

n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
3 4075.7419 0.28197 2.1720×1013 9.040×10−2 
4 4180.3278 0.26887 8.3378×1012 3.299×10−2 
5 4225.1686 0.26459 4.0696×1012 1.576×10−2 
6 4248.5758 0.26240 2.2961×1012 8.795×10−3 
7 4262.3341 0.26098 1.4173×1012 5.394×10−3 
8 4271.1030 0.26015 9.3575×1011 3.546×10−3 
9 4277.0341 0.25972 6.4991×1011 2.456×10−3 
10 4281.2325 0.25957 4.6963×1011 1.771×10−3 
11 4284.3130 0.25966 3.5035×1011 1.320×10−3 
12 4286.6401 0.25993 2.6830×1011 1.009×10−3 
13 4288.4409 0.26037 2.0998×1011 7.894×10−4 
14 4289.8630 0.26093 1.6741×1011 6.289×10−4 
15 4291.0057 0.26152 1.3561×1011 5.092×10−4 
16 4291.9376 0.26222 1.1139×1011 4.181×10−4 
17 4292.7076 0.26295 9.2608×1010 3.475×10−4 
18 4293.3511 0.26378 7.7824×1010 2.919×10−4 
19 4293.8945 0.26445 6.6026×1010 2.476×10−4 
20 4294.3574 0.26525 5.6500×1010 2.118×10−4 
21 4294.7550 0.26606 4.8722×1010 1.826×10−4 
22 4295.0990 0.26696 4.2308×1010 1.586×10−4 
⁝     
∞ 4298.5845    

Table 8. Present RCI Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for the 1s2s22p6 (2S1/2) np (1P1) series in Sc11+ ion. 

n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
3 4532.3767 0.26499 2.7733×1013 9.334×10−2 
4 4654.7836 0.25253 1.0695×1013 3.299×10−2 
5 4707.5176 0.24839 5.2325×1012 1.632×10−2 
6 4735.1112 0.24635 2.9595×1012 9.126×10−3 
7 4751.3567 0.24503 1.8287×1012 5.600×10−3 
8 4761.7228 0.24425 1.2083×1012 3.684×10−3 
9 4768.7402 0.24386 8.3970×1011 2.553×10−3 
10 4773.7109 0.24370 6.0710×1011 1.842×10−3 
11 4777.3599 0.24379 4.5304×1011 1.372×10−3 
12 4780.1176 0.24407 3.4705×1011 1.050×10−3 
13 4782.2526 0.24439 2.7170×1011 8.214×10−4 
14 4783.9390 0.24488 2.1667×1011 6.546×10−4 
15 4785.2944 0.24540 1.7555×1011 5.300×10−4 
16 4786.4000 0.24602 1.4422×1011 4.352×10−4 
17 4787.3137 0.24666 1.1992×1011 3.618×10−4 
18 4788.0775 0.24727 1.0079×1011 3.040×10−4 
19 4788.7224 0.24800 8.5524×1010 2.578×10−4 
20 4789.2720 0.24856 7.3192×1010 2.206×10−4 
21 4789.7441 0.24915 6.3122×1010 1.902×10−4 
22 4790.1526 0.24983 5.4818×1010 1.652×10−4 
⁝     
∞ 4794.2941    

Table 9. Present RCI Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for the 1s2s22p6 (2S1/2) np (1P1) series in Ti12+ ion. 

n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
3 5013.9358 0.25002 3.4800×1013 9.571×10−2 
4 5155.5039 0.23817 1.3474×1013 3.505×10−2 
5 5216.7516 0.23420 6.6055×1012 1.678×10−2 
6 5248.8680 0.23230 3.7449×1012 9.398×10−3 
7 5267.8036 0.23106 2.3161×1012 5.770×10−3 
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n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
8 5279.8982 0.23036 1.5313×1012 3.798×10−3 
9 5288.0921 0.22999 1.0647×1012 2.632×10−3 
10 5293.8994 0.22987 7.7015×1011 1.900×10−3 
11 5298.1646 0.22995 5.7489×1011 1.416×10−3 
12 5301.3892 0.23020 4.4050×1011 1.084×10−3 
13 5303.8863 0.23054 3.4495×1011 8.478×10−4 
14 5305.8594 0.23096 2.7514×1011 6.757×10−4 
15 5307.4454 0.23151 2.2298×1011 5.473×10−4 
16 5308.7395 0.23206 1.8320×1011 4.494×10−4 
17 5309.8091 0.23266 1.5235×1011 3.736×10−4 
18 5310.7034 0.23318 1.2806×1011 3.139×10−4 
19 5311.4586 0.23377 1.0868×1011 2.663×10−4 
20 5312.1022 0.23431 9.3018×1010 2.279×10−4 
21 5312.6551 0.23489 8.0228×1010 1.965×10−4 
22 5313.1336 0.23547 6.9679×1010 1.707×10−4 
⁝
∞ 5317.9877

Table 10. Present RCI Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for the 1s2s22p6 (2S1/2) np (1P1) series in V13+ ion 

n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
3 5520.5112 0.23673 4.3008×1013 9.757×10−2 
4 5682.5795 0.22547 1.6709×1013 3.577×10−2 
5 5752.9610 0.22166 8.2062×1012 1.714×10−2 
6 5789.9367 0.2199 4.6630×1012 9.617×10−3 
7 5811.7652 0.21874 2.8860×1012 5.907×10−3 
8 5825.7200 0.21808 1.9092×1012 3.889×10−3 
9 5835.1804 0.21773 1.3282×1012 2.697×10−3 
10 5841.8886 0.21763 9.6104×1011 1.947×10−3 
11 5846.8176 0.2177 7.1759×1011 1.451×10−3 
12 5850.5453 0.21791 5.4996×1011 1.111×10−3 
13 5853.4327 0.21823 4.3076×1011 8.692×10−4 
14 5855.7148 0.21858 3.4366×1011 6.929×10−4 
15 5857.5496 0.21901 2.7854×1011 5.613×10−4 
16 5859.0468 0.21953 2.2888×1011 4.610×10−4 
17 5860.2846 0.21997 1.9037×1011 3.832×10−4 
18 5861.3195 0.22048 1.6004×1011 3.221×10−4 
19 5862.1936 0.22098 1.3583×1011 2.733×10−4 
20 5862.9386 0.22143 1.1626×1011 2.338×10−4 
21 5863.5787 0.22187 1.0029×1011 2.017×10−4 
22 5864.1326 0.22249 8.7106×1010 1.751×10−4 
⁝
∞ 5869.7555

Table 11. Present RCI Spectroscopic Parameters: 𝐸௡, ௡, 𝐴௙௜ாଵ and g𝑓௜௝ for the 1s2s22p6 (2S1/2) np (1P1) series in Cr14+ ion. 

n 𝐸௡ (eV) ௡ 𝐴௙௜ாଵ (sିଵ) g𝑓௜௝ 
3 6052.1823 0.22485 5.2439×1013 9.898×10−2 
4 6236.0900 0.21414 2.0435×1013 3.633×10−2 
5 6316.2251 0.21051 1.0051×1013 1.742×10−2 
6 6358.3963 0.20888 5.7238×1012 9.788×10−3 
7 6383.3321 0.20721 3.5450×1012 6.015×10−3 
8 6399.2671 0.20718 2.3464×1012 3.961×10−3 
9 6410.0840 0.20687 1.6329×1012 2.748×10−3 
10 6417.7575 0.20679 1.1819×1012 1.984×10−3 
11 6423.3979 0.20686 8.8278×1011 1.479×10−3 
12 6427.6648 0.20707 6.7668×1011 1.132×10−3 
13 6430.9708 0.20733 5.3010×1011 8.862×10−4 
14 6433.5841 0.20769 4.2298×1011 7.065×10−4 
15 6435.6856 0.20810 3.4291×1011 5.724×10−4 
16 6437.4008 0.20851 2.8181×1011 4.702×10−4 
17 6438.8188 0.20900 2.3440×1011 3.909×10−4 
18 6440.0047 0.20938 1.9708×1011 3.285×10−4 
19 6441.0063 0.20988 1.6727×1011 2.788×10−4 
20 6441.8601 0.21027 1.4319×1011 2.386×10−4 
21 6442.5937 0.21070 1.2352×1011 2.057×10−4 
22 6443.2287 0.21108 1.0729×1011 1.787×10−4 
⁝
∞ 6449.6768
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To the best of our knowledge, no experimental and/or theoretical data exists for the K-shell excitations of the studied 
ions. Consequently, the results presented here may provide a valuable benchmark for future studies. In the absence of 
benchmark data, estimating the uncertainty for these 1s excitations is challenging. We therefore base our uncertainty 
estimate of approximately ± 2.0 eV on our recent work for neutral neon [14], where the electronic configuration is the 
same. 

4. CONCLUSIONS
The 1s → np and 2s → np resonances for several members of the neon isoelectronic sequence have been investigated 

using the RCI approach within the FAC code. The RCI calculations show good agreement with available theoretical data, 
confirming the accuracy and reliability of the present results. This study has reported new data for K-shell transitions to 
the 1s 2s2 2p6 (2S1/2) np (1P1) excited states in all studied ions, thereby addressing a longstanding gap in the atomic data. 
The present results constitute important data for advancing spectral modeling of high-resolution X-ray emissions in both 
astrophysical and laboratory plasmas. 
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ДАНІ ФОТОНІЗАЦІЇ РЕЛЯТИВІСТСЬКОЇ КОНФІГУРАЦІЙНОЇ ВЗАЄМОДІЇ ДЛЯ Ne-ПОДІБНОЇ 
ІЗОЕЛЕКТРОННОЇ ПОСЛІДОВНОСТІ 

О. Абу-Хайджа1, Г.А. Ална'ваші2, С.М. Хамаша2, М.Т. Гнінг3,4, І. Сахо3,4, М. Аль Шорман1 
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2Кафедра фізики, Факультет природничих наук, Хашимітський університет, а/с 330127, Зарка 13133, Йорданія 
3Кафедра фізики та хімії, Університет УФР, Університет Іба Дер Тіам, Тієс, Сенегал 

4Африканський центр прикладних атомних та ядерних технологій (CAFTANA), Дакар, Сенегал 
Наведено дані фотоіонізації для основного стану 1s2 2s2 2p6 (1S0) неону, такого як іони Ca10+, Sc11+, Ti12+, V13+ та Cr14+. Значення 
порогових меж іонізації, резонансних енергій, квантових дефектів, швидкостей переходів та сил осциляторів для різних серій 
Ридберга наведено в таблиці. Для всіх розрахунків було використано підхід релятивістської конфігураційної взаємодії (RCI), 
реалізований у Гнучкому атомному коді (FAC). Результати RCI для резонансних серій 2s 2p6 (2S1/2) np демонструють дуже 
добру відповідність зі значеннями, наведеними в літературі. Крім того, повідомляється про нові розрахунки фотозбудження 
K-оболонки (1s 2s2 2p6 (2S1/2) np) у цих іонах. Ці результати будуть цінними для високоточного спектрального моделювання
в астрофізичній або лабораторній плазмі.
Ключові слова: фотозбудження; резонансна енергія; серії Ридберга; релятивістська конфігураційна взаємодія
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In the article, using the AAVSO (American Association of Variable Star Observers) photometric database of the AG Pegasi 
symbiotic star, a light curve was constructed in the Vis filter for a period of 68 (1954-2022) years. During this period, the brightness 
of the Ag Peg star changed by approximately 2 magnitudes, reaching from 7.5m to 9.5m. Using the Scargle method, the possible 
periodicities in the light curve were investigated by applying statistical spectral Fourier analysis. Two P=17857d long and P=815d 
short periodic variations were detected in the light curve. 
Keywords: Symbiotic star; AG Peg; Photometric variable; Light curve; Photometry; Period; Observation 
PACS: 97.80.−d; 97.80 Fk; 97.80. Gm; 97.80.hn 
 

1. INTRODUCTION 
Symbiotic stars are interacting binary systems surrounded by cover. They consist of an advanced Red Giant and a 

hot component – White Dwarf. The material source of the cloud is Red Giant, which loses its substance by stellar wind 
and pulsation, and the energy source is the hot White Dwarf. Red Giants are stars that have reached the necessary 
temperature for helium fusion in their cores. White Dwarfs, on the other hand, are stars nearing the end of their life 
cycle and are highly compressed. These stars are so dense that, despite having nearly the same mass as the Sun, their 
size is comparable to that of Earth. [1, 2, 3, 4]. 

AG Pegasi (HD 207757, BD +11°4673) is a symbiotic star which is situated in the constellation Pegasus. This star 
is a dense binary system consisting of a red giant and a white dwarf [5]. The entire system is surrounded by a gas-dust 
nebula. The orbital period of the star is assumed to be ∼818 days [1, 6]. The mass of the red giant: Mg=2.6M⊙, the mass 
of the white dwarf: Md=0.6M⊙, the ratio of the masses of the components Mg/Md = 4.33. Kenyon et al. 
(1993) estimated a distance of 800 pc to AG Peg from the calibration of absolute bolometric magnitudes, assuming the 
M3 giant has a luminosity class III [7]. In 1967-1972, work was published by Boyarchuk et al. and by Hutchings et al. 
The spectroscopic studies have been interpreted as corresponding to a binary whose components can be approximated 
as an WN 6 and an M3 III, with a period of around 800 days [8, 9]. 

AG Peg belongs to the symbiotic new group. Currently, only 8 nova-like symbiotic stars are known. When stars 
ignite, the representatives of this class reach very high brightness and remain in this state for tens, sometimes hundreds 
of years. The strong shock waves that occur during ignition heat the surrounding plasma to 106 K and serve as a source 
of emission lines at various degrees of ionization [10]. In the spectrum of the star, coronal lines such as FeX, FeXI, 
[NiXV] are observed as well as [NII ], [OII ], and lines with low excitation potential, such as the Balmer series of 
hydrogen. AG Peg can confidently be an example of "symbiotic new". 

Symbiotic stars can show ‘classical’ outbursts lasting weeks to years where they brighten by ∼1–3 mag [11, 12]. 
AG Peg has been studying since the middle of the 19th century. The fact that the AG Peg symbiotic star is bright 
enough (V ≈ 8.5m) allowed it to be well studied both photometrically and spectrally. Allen, who analyzed the light curve 
starting in the 1850s, called the AG Peg star a symbiotic nova. Burning in the star began in 1850. Then its star size 
increased from 9m to 6m. It reached its maximum luminosity of ∼ 6m in about 1885. Later, the gradual decrease in the 
star's brightness, to the level observed before ignition, continued for about 130 years [13]. Second-best, AG Peg 
continued to weaken until 2000 and showed variations in the V filter in the stellar size interval 8.5m ÷ 9.0m  by June 
2015. Along with other spectrophotometric parameters, this evolution of the light curve (LC-light curve) is 
characteristic of the slowest nova ever recorded [10, 11]. 

Despite the well-studied AG Peg symbiotic star, the daily acquisition of new observational data and new 
approaches allows for obtaining more reliable results about the star, as well as refining previously obtained values of the 
star's parameters. 

The main purpose of our work is to investigate the periodic changes in the light curve of the symbiotic star AG 
Peg. For this, using the AAVSO photometric database, the light curve of the AG Peg symbiotic star was constructed in 
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the Vis filter over 68 years, and possible periodic variations in luminosity were investigated using Fourier analysis. 
Photometric observations of the AG Peg symbiotic star were taken from the AAVSO (American Association of 
Variable Star Observers) database [14]. 

 
2. RESEARCH METHOD 

We constructed a light curve in the Vis filter for a period of 68 years based on the AAVSO database of the AG 
Peg nova-like symbiotic star (Figure 1) [14]. 

 
Figure 1. The light curve of the symbiotic star AG Peg for the period 1954-2022. 

Each point in the figure is the average value of measurements for one day 

As can be seen from the picture, the brightness of the star was 8m stars in the years 1954-1970. After 1970, the 
star's brightness gradually decreased. The star AG Peg had one strong flare in 2015 (between 2457050 and 2457400 
Julian date). At this time, the magnitude of the star increased from 8.7m to 6.9m. That is, it has changed by 1.8m stars. In 
the rest of the time, as can be seen from the light curve of the star, small modulations, i.e., changes, happened in the star 
in the interval of 1m star size. Currently, the magnitude of the star is 8.5m. 

We have divided the light curve in Figure 1 into two parts to better illustrate the periodic variations in the 
symbiotic star AG Peg. The first part covers the period 1954-1990, and the second part covers the period 1990-2022 
(Figure 2) [14]. From Figure 2, certain periodic changes are visible in the light curve. 

 

 
Figure 2. Age of the symbiotic star AG Peg 1954-2022 based on AAVSO datalight curve for the period 

 a) 1954-1990;  b) 1990-2022 
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In figure 3, we have plotted the light curve for the JD 2440000-JD 2460000 interval. The time interval is taken as 
10 days. On the flipside, each point is the average value of 10 days of measurements [15]. As can be seen from the 
picture, in this case, period-periodic changes in the brightness of the star are better seen. 

 
Figure 3. The light curve of the star AG Peg for 1968-2022 (JD 2440000-2459000). 

Each point in the figure is the average value of 10 days of measurements. 

As you can see from the figure, periodic changes are thorough seen during quiet periods. The wrinkled curve 
shown in red corresponds to a period of about 815 days. This curve fits very well on the points. 

Fourier analysis was performed using Scargle software to find the period [16]. Classic Scargle can only work on 
Norton. We used the version developed by Kh. Mikailov and H. Mikailov for Windows [15]. The sequence of finding 
the period is as follows: 1. We add the file about the size of the star depending on time to the program. 2. Click the 
calculate button. 3. We enter the maximum frequency and step. 4. We consider the trend. 

Figure 4 shows the power spectrum for the period 1994-2005. 

 
Figure 4. Power spectrum for the selected interval JD 2449400-JD2453400 (1994-2005). 

As it is shown in the figure, there are two maxima in the power spectrum: 0.000056 and 0.001227. Knowing that 
the period is inversely proportional to the frequency, we get the subsequent values of the period: 1. Short period 
P=814.99 days, 2. Long period P=17857.148 days. As you can see, mainly 2 periods are taken. 

A phase diagram for the light curve of the symbiotic star AG Peg in the selected interval (1968-2012, and for the 
Julian date range 2440014÷2455953, i.e. for a period of 44 years) was constructed (Figure 5). 

 
Figure 5. Phase diagram for the 44-year period 1968-2012. 

The phase diagram spans 25 full cycles. Each period is 814.99 days. 
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We have drawn the trend curve for the selected time interval. The function of the curve:  

y=−0.0016x2 +0.0663x+8.0373 

Using this function, the deviation value of the Vis star size from the mean (O-C, Observed-Calculated) for each 
time was calculated. On the flipside, the value in the trend curve for that time was subtracted from each value of the star 
size of the AG Peg (figure 6). 

 
Figure 6. Total phase diagram of the Vis star size of the simbiotic star AG Peg 

As shown in the figure, the points for the 44-year period fit the phase diagram very well. Thus, we assume that the 
Vis stellar magnitude of the AG Peg simbiotic star varies with a period of P = 814.99d. Epoch start T0 = 2439050. The 
minimum phase is calculated as: Min = JD2439050 + 814.99E. 

 
3. CONCLUSIONS 

A light curve of the symbiotic star AG Peg has been constructed for a period of 68 years (1954-2022). The long-
term light curve of AG Peg shows two types of optical variability. One of them is a large-amplitude change, and the 
second is regular periodic modulations. Modulations with small amplitude are better seen in the interval 1968-2012. 
Using Fourier analysis, the problem of finding periods in the light curve of a star was considered. 2 periodic changes 
were found in the light curve: 1. P=17857.148 days for a long period. 2. For a short period, P=814.99 days. 

It is believed that the short period is related to the binary system's orbital motion. That is, it is connected to the orbital 
motion of this system around the common center of mass of the red giant and the white dwarf. The long period can be 
revealed by the accretion (i.e., collection) of material lost by the red giant through its stellar wind onto the white dwarf. 
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Нахічевань, AZ-7000, Азербайджан 
У статті, використовуючи фотометричну базу даних AAVSO (Американської асоціації спостерігачів змінних зірок) 
симбіотичної зірки AG Pegasi, у фільтрі Vis було побудовано криву блиску за період 68 (1954-2022) років. Протягом цього 
періоду яскравість зірки Ag Peg змінилася приблизно на 2 зоряні величини, досягнувши від 7.5m до 9.5m. За допомогою 
методу Скаргла було досліджено можливі значення періодичних змін кривої блиску шляхом застосування статистичного 
спектрального Фур'є-аналізу. На кривій блиску було виявлено дві періодичні варіації тривалістю P=17857 днів та 
короткочасну варіацію P=815 днів. 
Ключові слова: симбіотична зірка; AG Peg; фотометрична змінна; крива блиску; фотометрія; період; спостереження 
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