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This paper examines the dynamical properties of the analytical solitary wave solution of dust ion acoustic (DIA) solitary waves induced
by the damped forced Korteweg-de Vries (DFKdV) equation in an unmagnetized collisional dusty plasma that contains neutral particles,
g-nonextensive electrons, positively charged ions, and negatively charged dust grains in the presence of an external periodic force. To
obtain the damped forced Korteweg-de Vries (DFKdV) equation, the reductive perturbation approach was developed. It is observed that
both the compressive and rarefactive dust-ion acoustic (DIA) solitary-wave solutions are possible for this plasma model. The effects
of a number of physical parameters are taken into account: the entropic index (¢g), dust ion collisional frequency (v;40), traveling wave
speed (M), periodic force frequency (w), ion-to-electron temperature ratio (o-), the parameter that is the ratio between the unperturbed
densities of the dust ions and electrons (), the strength and frequency of the external periodic force (fp). It is observed that those
parameters have significant effects on the structures of the damped forced dust-ion acoustic solitary waves. The implication of the
outcomes of this investigation may be relevant for understanding the dynamics of dust-ionacoustic (DIA) solitary waves in laboratory
plasma as well as in space plasma environment.
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1. INTRODUCTION

In plasmas, ions are able to exchange vibrations with one another due to their charge despite the absence of collisions.
As the movement of large numbers of ions is included, these vibrations take the form of low-frequency oscillations, referred
to as Ion-Acoustic (IA) waves [1]. One of the most exciting features of IA waves is that they can occur as types of waves
similar to electron solitary waves [2, 3, 4, 5, 6, 7]. The solitary waves are localised waves which are seen from a mutual
balance between the effects of dispersion and nonlinearity in a medium. A solitary wave is referred to as a soliton if it has
two characteristics: it moves for a long period without changing its shape or speed, and it undergoes further phase shifts
when it interacts with other waves while retaining its identities and stabilities [8]. The word ”soliton” was first used by
Zabusky and Kruskal [9] to describe the numerical solution of the Korteweg-de Vries (KdV) problem. Solitary waves have
been thoroughly investigated both theoretically and experimentally as a significant non-linear topic (Shukla [10]; Verheest
[12]; Tian and Gao [13]; Misra and Bhowmik [11]). Many writers have examined ion-acoustic solitons using the reductive
perturbation approach (Bharuthram and Shukla[14]; Yadav and Sharma[15]). It has been noted that nonlinear waves in
plasmas with extra components, such as positrons, behave differently from those in plasmas that are composed of electrons
and positive ions (Rizzato[16]). Propagation of ion-acoustic solitons in magnetised and unmagnetised plasmas has been
studied theoretically (Washimi and Taniuti[20]; Ostrovoski et al.[23]; Boldyrev et al.[24]; Kadomstev and Karpman[21];
Gresillon and Doveil[22]) and experimentally by Ludwig et al.[28]; Cooney et al.[29]; Okutsu et al.[27]; Ikezi et al.[25];
Ikezi[26] in the past, and interesting results have been obtained.

Dusty plasma is an ionised gas that contains huge solid charged dust grains that are micrometres in size, as well as
electrons, positive ions, and neutral atoms. The dusty plasma has become one of the prominent matters of research during
the last five decades because of its great presence in the universe. This is the most astounding and fascinating matter of
fact: over ninety-nine percent of the known universe is in the form of plasma, and the remaining one percent or less which
includes our earth, is not in the form of plasma. It may be found in a wide range of astrophysical objects, such as pulsar
magnetospheres [18, 19], planetary rings, comet tails, the interstellar medium, noctilucent clouds, the solar atmosphere
[30, 47], active galactic nuclei [17], and more [32, 33, 34]. Besides its application in astrophysical studies, nowadays
investigation of the plasma becomes a promising topic because of its important role in the semiconductor processing
industry, nanoparticle production, and film deposition reactors, etc.,[35, 36].

During the last three decades, physicists have become quite interested in observing DIAW in a dusty plasma system.
Tonks et al. made the first theoretical prediction that ion-acoustic waves (IAW) would be present in ionised gas [37], while
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Rewans made the first practical observation of IAW in gas-discharge plasma in [38]. Sazdeev [39] studied theoretically
these types of waves in plasma systems, and Ikezi et.al. [40] observed the same experimentally. Subsequently, numerous
experimental and theoretical studies had been conducted in various plasma fields, and it was found that dust grains generate
a variety of new wave features, viz., dust ion acoustic mode , dust acoustic mode [41, 42], dust drift mode [43], dust
lattice mode [44], Shukla—Varma mode [45], dust cyclotron mode [46], dust Berstain—-Green—Krushkal mode [47], etc.
Shukla and Silin[49] predicted theoretically DIAWSs in dusty plasma consisting of negatively charged static dust grains
for the first time, and Barken et al.[50] observed the existence of DIAWs experimentally. Linear and nonlinear DIAWs
had also been experimentally investigated by Nakamura et al.[51] in a homogeneous unmagnetized dusty plasma. They
observed that the phase velocity of the wave increases and the wave endures heavy damping with increasing dust density
in the linear regime. Recently, Jharna et al.[48] studied the DIAWSs in an unmagnetized collisional nonextensive dusty
plasma. They showed that characteristic of the wave affected by the nonextensive parameter and dust ion collisional
frequency. Renyi [52] first introduced the nonextensive generalisation of BGS entropy for statistical equilibrium. Liyan
and Du [53] studied ion acoustic solitary waves (IASWs) in the plasma with power-law g-distribution in non-extensive
statistics, and they suggested that Tsallis [54] statistics are suitable for the system being the non-equilibrium stationary
state with inhomogeneous temperature and containing a huge supply of the superthermal low-velocity particles. Saha et
al. [55, 56, 57] studied the dynamical behaviour of DIAWs in the presence of an external periodic force. L. Mandi, K.K.
Mondal and P. Chatterjee studied the Analytical solitary wave solution of the dust ion acoustic waves for the damped forced
modified Korteweg-de Vries equation in g-nonextensive plasmas [56]. Considering the external periodic perturbation,
Saha et al.[57] observed the quasiperiodic, periodic, and chaotic structures of DIAWSs. Shalini and Saini [58] studied
the properties of DIA rogue waves in an unmagnetised collisionless plasma system composed of charged dust grains,
superthermal electrons, and warm ions. It is noteworthy that the external periodic perturbation has a significant effect in
many real physical situations [59, 60]. P. Chatterjee, R. Ali, A. Saha [61] studied the analytical solitary wave solution
of the dust ion acoustic (DIA) waves in the framework of the damped forced Korteweg—de Vries (DFKdV) equation in
superthermal collisional dusty plasmas, but they did not take the ion temperature effect and g— nonextensive electron into
account in their investigation. This inspired us to investigate how solitary wave structure forms in a dusty plasma system
with warm fluid ions and g— nonextensive electrons. As far as we are aware, there has never been an attempt to investigate
the characteristics of DIA solitary waves in this kind of plasma model.

Our objective in this work is to derive the analytical DIA solitary wave of the damped force KdV (DFKdV) equation
in an unmagnetized collisional dusty plasma with g— nonextensive electrons, neutral particles, positively charged ions, and
negatively charged dust grains in the presence of an external periodic force. Furthermore, the effect of the entropic index
q, dust ion collisional frequency v; 40, the speed of the travelling wave M, ion-to-electron temperature ratio o, strength fp,
and frequency w, of the periodic force and the parameter u, which is the ratio between the unperturbed densities of the
dust ions and electrons, are studied on the analytical solution of DIA solitary waves. The rest of the paper is organized
as follows. The basic governing equations are provided in Section 2. In sections 3 and 4, we have derived the damped
forced Korteweg-de Vries equation (DFKdV) and the solitary wave solution for non-linear propagation of dust ion acoustic
solitary waves. Section 5 presents the result and discusses the effect of the different parameters on the analytical solitary
wave solution of DFKdV. Section 6 states the conclusions. At the end, the ’references’ are included.

2. BASIC PLASMA MODEL EQUATIONS

In this article, we consider an unmagnetized collisional dusty plasma which is composed of g-nonextensive electrons,
stationary dust with negative charge, and hot inertial ions. The normalized ion fluid equations, which comprise the
equation of continuity, equation of momentum balance and Poisson equation, governing the dynamics of DIA waves in
such a plasma system are as follows:
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Where n, u and ¢ indicate the number density of ions, ion fluid velocity, electrostatic wave potential respectively normalised

to its equilibrium value ny, ion acoustic speed Cy = /(%) with T, as electron temperature, Kz as Boltzmann constant
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normalized to the Debye length Ap = , /(W) and w pi = / pr—— with wp; as ion-plasma frequency. Here v;q is
the dust-ion collisional frequency and y = Z"n—';‘“’ (dust-to-ion number density ratio). Here z4 are the charge number of

and m; as mass of ions and

, with e as magnitude of electron charge. Also, the space variable x and time ¢ are

dust particle. Also we define o = % (ion-to-electron temperature ratio)
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To explain the g-nonextensive electron, we take into account the distribution function[62] that follows.
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Where ¢ indicates the electrostatic potential and other variables or parameter have their typical meaning. It is important
to note that this particular distribution function f, (v) maximizes the Tsallis entropy and hence complies the principles of
thermodynamics. Then, the constant of normalization is given by
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Integrating the distribution function f,(v) after normalization across the velocity space, the g-nonextensive electron
number density may be found as

a4
kBTe

As a result, the normalized g-nonextensive electron number density is expressed as
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3. DERIVATION OF DAMPED FORCED KORTEWEG-de VRIES (DFKdV) EQUATION

In order to examine the nonlinear wave propagation of DIA solitary wave in unmagnetised collisional dusty plasma,
we proceed to derive the damped forced KdV (DFKdV) equation from the set of governing equation by utilizing standard
reductive perturbation technique (RPT). According to the RPT, the independent variables are stretched as

fzeé(x—Ut), TZE%I 9)

Where € is a dimensionless parameter indicating the amplitude of the perturbation and U indicate the phase velocity of the
DIA solitary wave to be determined from the lowest order of €. Now, the expression of the dependent variables n, u, ¢, v,
are as follows:

3
3
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3
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Substituting the above transformation (10) along with stretching coordinate (9) into the set of governing equations (1)-(3)
then collecting the coefficient of lowest order terms in €, and after integration with the boundary conditions: n; = 0,u; =
0, ¢, = 0at |£] — oo, we obtain the first order perturbed terms as
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Where a = 2! and E = U? — o also found the dispersion relation is obtained as

2
U= _ +0 12
a(l—p) (12)

Again, taking the coefficient of next higher order of € (i.e the coefficient of €2 from equation (1) and (2) and coefficient of
€” from equation (3)), we obtain the following equations
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Now eliminating n,,u; from equation (13)-(15), then using equation(11) and equation (12), we get the DKdV equation
3¢1 09, 8¢
— R =0 16
T HPOGE T Q5 R (16)
Where P = Y + 12220020 ) — E g R = 240 with p = (0G0

The damped KdV equation (16) is a nonlinear partial differential equation. Here P is the nonlinear coefficient,
which determines the steepness/sharpness of the solitary excitation, Q is the dispersion coefficient, which measures the
broadening of the solitary waves, and R is the dissipation/damping coefficient, which measures the decay of the solitary
wave over time while propagating. It has been shown that the existence of an external periodic force significantly changes
the behaviour of nonlinear waves. In the presence of an external magnetic force, resistive wall modes of the plasma have
been discussed and it has been demonstrated that a flexible, high-speed waveform generator may generate such a force.
When an external periodic force fjcos(wt) is taken into account, the damped KdV has the following form:

9¢1 ¢%+Q3 1

o 9 Y + Rp1 = fycos(wr) a7

Which is termed as the damped forced KdV equation.
4. SOLITARY WAVE SOLUTION OF DAMPED FORCED KORTEWEG-de VRIES (DFKdV) EQUATION

In the absence of R and fj, that is, R = 0 and fy = 0, of the damped forced KdV equation (17) takes the form of the
well-known KdV equation

0 0 ¢
A (18)
Fra (95 o€
with the solitary wave solution
@1 = ¢y sech? §-Mr (19)
1 =Pm W
Where ¢,,, = 24 is the amplitude and W = 2«/_ is the width of the DIA solitary wave with M consist the speed of the
DIA solitary wave. In this case, it is well established that
/ o1dé (20)

is a conserved quantity.
For small values of R and fj, let us assume that amplitude, width and velocity of the DIA solitary waves are dependent
on 7 and the approximate solution of equation (17) is of the form
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Where M (7) is an unknown function of 7 and ¢,,(7) = % and W(r) = %
Differentiating (19) with respect to 7 and using (17), one can obtain
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Again
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From (21) and (25), the expression of M (7) is obtained as
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Therefore, the analytical solitary wave solution of the DIA solitary waves for the damped forced KdV (17) is

-M(1)T
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Where M (7) is given by equation (27), and the amplitude and width are as follows:
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5. RESULTS AND DISCUSSION

In this manuscript, we have explored the impact of various physical parameters, such as the dust-ion collisional
frequency (v;q0), frequency (w), strength of the external periodic force (fy), ion-to-electron temperature ratio (o) and
entropic index (g) on the formation and existence of DIA solitary wave by the DIA solitary wave solution of the damped
forced KdV equation (17) using numerical computations.
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Figure 1. Profile of solitary wave potential ¢ with & for different values Figure 2. Profile of solitary wave potential ¢ with & for different values
of g and fixed values of u = 0.2, o0 = 0.1, v;g0 = 0.01, w = 0.5, of g and fixed values of u = 0.5, o = 0.1, v;g0 = 0.01, w = 0.5,
fo=0.05, M =0.1,and 7 = 2. fo=0.05, M =0.1,and 7 = 2.

Figure (1) depict the graph of the variation of compressive solitary wave profile ¢; versus & of the damped forced
KdV equation (17) for the different values of the entropic index ¢ = 0.6,0.7,0.8, 0.9 where ¢ is taken from the interval
(0.6, 0.9) with special values of the other fixed parameter M = 0.1,0 = 0.1, u = 0.2, v;40 = 0.01, w = 0.5, fy = 0.05 and
7 = 2. It is observed that the amplitude of the compressive solitary wave decreases and width also decreases as the value
of entropic index g increases. A right hand shifting of the DIA solitary wave solution is also observed as g increases.

Figure (2) represent the variation of the rarefactive solitary wave profile for the DIA solitary wave corresponding to
the damped forced KdV equation (17) for different entropic index g = 0.6,0.7,0.8, 0.9 with dust-to-ion number density
ratio ¢ = 0.5, and the other parameters are the same as in Figure (1). In this figure we observed that the amplitude and
width of the rarefactive solitary wave increases as the value of entropic index g increases. Thus the DIA rarefactive solitary
wave flourishes as the entropic index g grows rapidly. Here we also observed from Figure (1) and Figure (2), and it is
interesting to note that the reverse effect happened after changing the value of dust-to-ion number density ratio (u) from
0.2 to 0.5. that means the value of dust-to-ion number density ratio u has a significant effect on the dynamics of the DIA
solitary wave of the damped forced KdV equation.

Figure (3) depict the variation of the compressive solitary wave profile ¢; versus & of the damped forced KdV
equation (17) for varying values of the strength of the external periodic force fy = 0.01,0.03,0.06,0.09, here fy is
taken from the interval (0.01, 0.09) with special fixed values of the other parameters o = 0.1, 4 = 0.2, M = 0.1, v;q0 =
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Figure 3. Profile of solitary wave potential ¢; with & for different values Figure 4. Profile of solitary wave potential ¢ with & for different values
of fp and fixed values of u = 0.2, o = 0.1, v;q0 = 0.01, w = 0.5, of fp and fixed values of u = 0.5, o = 0.1, v;q0 = 0.01, w =0.5,
qg=0.8, M=0.1,and 7 = 2. qg=0.8 M=0.1,and 7 = 2.

0.01,w = 0.5, = 0.8 and 7 = 2. We observed that as the strength of the external periodic force fj rises, it is found that
the compressive DIA solitary wave’s amplitude and breadth also increase.

Figure (4) shows a graph of the variation of the rarefactive solitary wave profile ¢ versus £ of the damped forced KdV
equation (17) for varying values of the strength of the external periodic force fy = 0.01,0.03,0.06,0.09 with dust-to-ion
number density ratio ¢ = 0.5. All other parameters are the same as in Figure (3). Here, we found that when the external
periodic force fy becomes stronger, the rarefactive DIA solitary wave’s amplitude and width decrease. Figure (3) and
Figure (4) also showed us that the behaviour of the DIA solitary wave completely changes when the dust-to-ion number
density ratio (u) is changed from 0.2 to 0.5. It is interesting to node that Figure (3) shows compressive and right hand
shifting of the DIA solitary wave and Figure (4) shows rarefactive and not right hand shifting.
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Figure 5. Profile of solitary wave potential ¢; with & for different values Figure 6. Profile of solitary wave potential ¢; with & for different values
of w and fixed values of u = 0.2, oo = 0.1, v;q9 = 0.01, of w and fixed values of u = 0.5, o = 0.1, v;40 = 0.01,
f0=0.05,¢g=0.8, M =0.05,and 7 = 2. f0=0.05,¢g=0.8, M =0.05,and 7 = 2.

Figure (5) also shows the variation of the compressive DIA solitary wave profile ¢ versus & of the damped forced
KdV equation (17) for different values of the frequencies w = 0.3,0.5,0.7, 0.9, here w is taken from the interval (0.3, 0.9)
with special fixed values of the other parameters o = 0.1, u = 0.2, M = 0.05, v;q0 = 0.01, fo = 0.05,9¢ = 0.8 and 7 = 2.
It is observed from the graph that the amplitude and width of the compressive DIA solitary wave decreases with the value
of the frequencies w increases.

Figure (6) depict the graph of the variation of the rarefactive solitary wave profile ¢ versus & of the damped forced
KdV equation (17) for different values of the frequencies w = 0.3,0.5,0.7, 0.9, here w is taken from the interval (0.3, 0.9)
with dust-to-ion number density ratio 4 = 0.5 and other parameter are the same as in Figure (5). Figure (5) and Figure (6)
are shown different behaviour compressive right hand shifting and rarefactive not right hand shifting after changing the
parameter dust-to-ion number density ratio u value from 0.2 to 0.5.

Figure (7) reflects the variation of the compressive solitary wave profile ¢; versus & of the damped forced KdV
equation (17) for the different values of dust ion collisional frequencies v;49 = 0.01, 0.05, 0.09, 0.13, with special values of
the other parameters o = 0.1, u = 0.2, M = 0.05, w = 0.4, fo = 0.05, 9 = 0.8, 7 = 2 and Figure (8) reflects the variation
of the rarefactive solitary wave profile ¢; versus & of the damped forced KdV equation (17) for the different values of dust
ion collisional frequencies v;40 = 0.01,0.05,0.09,0.13, u = 0.5 and other parameter are the same as in Figure (7) and
Viqo is taken from the interval (0.01,0.13) and to discuss the changes, we observed from Figure (7) that the amplitude
and width decreases as the value of dust ion collisional frequencies v; 4o increases and from Figure (8) we observed that
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Figure 7. Profile of solitary wave potential ¢ with & for different values Figure 8. Profile of solitary wave potential ¢ with & for different values
of vig4, and fixed values of u = 0.2, o = 0.1, w = 0.5, fp =0.05, of vig4, and fixed values of u = 0.5, o = 0.1, w = 0.5, f =0.05,
q=0.8, M =0.05,and 7 = 2. qg=0.8, M =0.05and 7 = 2.

the amplitude and width of the rarefactive solitary wave decreases as the values of dust ion collisional frequencies v;q40
increases. Here from both the graph we also observed that Figure (7) and Figure (8) shows the compressive and rarefactive
DIA solitary wave behaviour after changing the only one parameter value u from 0.2 to 0.5.

Figure 9. (a) Soliton amplitude ¢,,, and (b) Soliton width W with u for different values of o and fixed values of w = 0.5, fo =0.05, ¢ =0.8, M =
0.land 7 =2.

Figure (9a) shows the graph amplitude ¢, versus p of compressive and rarefactive damped forced KdV solitons for
different values of o = 0.00, 0.05,0.10, 0.15 and fixed values of w = 0.5, fo = 0.05,¢ = 0.8, M = 0.1 and 7 = 2. Here we
observed that an increase of the amplitudes of compressive DIA KdV solitons suddenly shows a rapid and convex increase
within a very small interval of u, but their rarefactive counter parts sharply decrease concavely for each increasing value
of o in a similar but opposite pattern. Figure (9b) shows the graph the variation of width W of the rarefactive solitary
wave solution of the damped forced KdV with respect to u for different values of o = 0.00, 0.05,0.10, 0.15 with fixed
values of w = 0.5, fo = 0.05,9 = 0.8, M = 0.1 and 7 = 2. The width of DIA solitary waves is seen to increase as the
dust-to-ion number density ratio u increases. Also, at the same time, it is observed that the width of the solitary wave
increases rapidly with the different increase in values of the ion-to-electron temperature ratio o

6. CONCLUSIONS

In this study, we examined DIA solitary waves in a dusty plasma containing immobile dust particles, non-extensive
electrons, and negatively charged ions. We derive the damped forced KdV equation using the reductive perturbation
approach. An analytical solitary wave solution has been derived for the damped forced KdV equation in the presence of
a small damped and externally applied periodic force. The effect of parameters ¢, fo, M, o and w on the acoustic solitary
wave solution of dust ions with fixed values of the other physical parameters u, T has been presented. The parameters
q, fo, M, viq0, 0 and w have played an important role in the nonlinear structure of the DIA solitary wave in a collisional
dusty plasma.

The present theoretical finding should be crucial for understanding how nonlinear DIA solitary waves behave in
a variety of plasma environments, such as the Earth’s magnetosphere in space plasma, the pulsar magnetosphere of
astrophysical plasmas, and laboratory plasmas that contain the plasma under consideration.
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VY wiit craTTi JOCHIAKYIOTHCS TUHAMIYHI BJIACTHBOCTI aHATITUYHOTO PO3B’ 3Ky ONUHOYHMX XBUJIb MHUJIOBO-i0HHOI akyctuku (DIA),
iHAYKOBaHUX 3aTyXalounM BHUMYyIIeHNM piBHSAHHAM KopTtesera-ge ®piza (DFKdV) y HeHamarHiveHiil 3iTKHIOBAJIBHIH MIIOBIH MJ1a3Mi,
110 MiCTUTb HEUTPaJIbHI YACTUHKH, ¢-HEEKCTEHCHBHI €JIEKTPOHH, IO3UTUBHO 3apsAKeHi 10HU Ta HEraTUBHO 3apsiIKeHi MJIOBI YaCTUHKU
32 HasBHOCTI 30BHIIIHBOT EPiOANYHOI cHiIK. 1715 OTPHMaHHS 3aTyXal0uoro BUMyLieHoro piBHsHHA Kopresera-zne ®piza (DFKdV) 6ymno
PO3pO0JICHO MiXiJ peayKTUBHUX 30ypeHb. [lomiueHo, o 1 i€l Mojiei MmiIa3Mu MOXJIMBI SIK CTUCKAIOUi, TaK 1 pO3piKeHi OJMHOYHI
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YacTOTH 30BHIIIHBOI NepioanyHoi cuimi (fp). CrocrepiraeTbes, O Li MapaMeTpu MalOTh 3HAUYHWI BIUIMB Ha CTPYKTYpPH 3aTyXalOuuXx
BUMYILICHHX aKyCTUYHHX OJMHOYHHMX XBWJIb iOHIB MUJTy. Pe3yabTaTé bOro JOCIiKEHHS MOXYTb OyTH BaXJIMBUMH Ul PO3YMiHHS
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In the current study, third-harmonic generation (THG) of a q-Gaussian laser beam propagating through a collisionless plasma is
investigated. This nonlinear beam profile induces density gradients in the plasma due to the ponderomotive force. These density
gradients excite electron plasma waves (EPW) at twice the pump wave frequency via V x B mechanism. The fundamental pump
wave and the EPW interact nonlinearly to produce third-harmonic radiation. The nonlinear ODE for the beam waist of the pump
beam and the THG conversion efficiency expressions are obtained by employing WKB and paraxial approaches. The influence of
key laser-plasma parameters, including plasma density, beam width, intensity, and g-parameter, on the self-focusing of the main
beam and the 3" harmonic efficiency is also analyzed. The results indicate that gq-Gaussian beams, due to their higher field
amplitudes and broader wings than conventional Gaussian beams, can significantly enhance THG in collisionless plasmas. These
findings provide insights into optimizing harmonic generation in structured laser beams for applications in ultrafast optics, particle
acceleration, and plasma-based radiation sources.

Keywords: Collisionless Plasma; Density Gradients; Pump Wave; Electron Plasma Wave; Self-focusing;, Third harmonic
Generation

PACS: 52.38.Hb, 52.35.Mw, 52.38.Dx

1. INTRODUCTION

Lasers interaction with plasma medium is an important research topic amongst theoretical/experimental
researchers in recent decades, owing to their crucial role in inertial confinement fusion (ICF), charged particle
acceleration and radiation sources [1-6]. During laser-plasma interaction, a wide variety of nonlinear processes,
including self-focusing, parametric instabilities, self-phase modulation, and harmonic generation, are produced [6-15].
Harmonic generation has received significant attention due to its fundamental significance and technological
applications. The propagation dynamics of the laser beam is strongly influenced by harmonic generation. Harmonic
generation facilitates beam propagation in overdense regions and supports mode conversion processes. The generation
of harmonics has been extensively studied in laser-plasma systems [16-21]. Third harmonics generation becomes an
important nonlinear process for ultra-relativistic laser intensities and structured beams. Mostly the work on harmonic
generation was explored by considering uniform plane waves. However, actual laser beams have non-uniform spatial
irradiance profiles and nonlinear processes are greatly triggered by such spatial profiles. Such non-uniform profiles
exhibit self-focusing/Self-defocusing phenomena. So, they modify overall electric field strength and hence enhance
efficiency of harmonic production. g-Gaussian beams have higher field amplitude across the wave front in comparison
to ordinary Gaussian profiles. So, this motivates us to explore third harmonic radiation from g-Gaussian beam in
plasmas. Researchers interest in laser-plasma interaction extends beyond plasma optics. Because, electron plasma wave
(EPW) is excited at high frequency during this process. This high frequency plasma wave may result in to production of
energetic electrons, which can preheat the fusion target and could cause degradation of implosion performance.
Similarly, high frequency plasma wave transfers energy to charged particles through wave-particle interaction. In this
process, charged particles acquire extremely high energy thereby causing ultrahigh acceleration gradients. So, in actual
practice, nonlinear plasma response that generates harmonic radiation also plays key part in such processes.

Experimental/Theoretical researchers have explored higher harmonic radiations in plasma. Schifano et al. [22]
explored generation of harmonics in plasma through filamentation process.

Esarey et al. [23] explored relativistic harmonic radiations in plasma and further the discussed the effect of diffraction
in forward harmonic emission. The production of harmonics in forward direction has also been explored in underdense
plasma [24-25]. Ganeev et al. [26] explored production of higher harmonics in plasma plumes and Gupta et al. [27]
explored third harmonic generation at ultrarelativistic intensities. The use of wiggler magnetic field has been shown to
significantly enhance THG efficiency by satisfying phase matching conditions [28-31]. Azad et al. explored that Raman-
enhanced nonlinear effects in Hermite-cosh Gaussian beam are found to increase harmonic efficiency in magnetized
plasmas [32]. Ganeev et al. explored that higher harmonic generation in boron carbide plasmas are found to show
enhancement over carbon and boron plasmas [33]. Laser pulse critically influences harmonic yield, increasing linearly
below and decreasing near saturation [34]. R.A. Ganeev explored enhancement of higher harmonics in laser induced
plasmas [35]. Furthermore, pulse slippage and density transitions have been identified as critical factors influencing THG
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efficiency [37-39]. It is already quite clear from these observations that third harmonic generations in plasmas are sensitive
to beam structure, plasma profile, and nonlinear interaction geometry. Recently, a new class of lasers i.e. q-Gaussian lasers

2\"4
has been invented. Such beams have intensity irradiance in the form, f(r) = f(0) (1 + ;7) . Setting q—> oo changes
0

it to conventional Gaussian beam. There is greater flexibility linked with g-Gaussian profiles on account of tunable g-
parameter. This g-parameter helps them to change their profiles from Gaussian like to Super-Gaussian like forms. Such
beams also exhibit less divergence thereby enabling improved confinement of optical energy. q-Gaussian beam profiles
also exhibit reduced power content and broader wings, which makes them suitable candidate in advanced nonlinear plasma
studies. The researchers have explored numerous plasma instabilities using g-Gaussian laser beams in laser-plasma
interaction studies, due to their strong nonlinear coupling characteristics [40-44]. The aim of present study is to explore
THG of q-Gaussian laser beam propagating through collisionless plasma, with particular focus on understanding the roles
of plasma density gradients and EPW in enhancing THG efficiency. It analyzes how g-parameter, beam width, intensity
and plasma density affect self-focusing and THG efficiency optimization. The plasma electrons get redistributed as a result
of ponderomotive force, thereby creating density gradients in plasma. They produce EPW at twice frequency of
fundamental wave. The nonlinear interaction of EPW excited at 2w with fundamental wave having frequency w produces
third harmonic generation. The paper is organized as follows: In Section 2, wave equation for g-Gaussian beam in
collisionless has been derived using paraxial theory. In Section 3, we derived the amplitude of electron plasma wave at 2w
starting from the fluid equations and further using perturbation analysis and process of linearization. In Section 4, we
derived the efficiency of 3™ harmonics. Sections 5 & 6 are devoted to discussion of results and conclusion respectively.

2. SOLUTION OF WAVE EQUATION FOR PUMP BEAM
The current study explores transition of q-Gaussian beam in plasma in z-direction. The beam’s intensity at plane
z = 0 is represented as
CE*|._. = E2 2y
E-El,e= B (1+ qrg) : (1)

In Eq. (1), E, and 1 denote field amplitude and beam radius at z = 0. g-Gaussian beam profiles form more generalized
concept of normal Gaussian profile through q value. Increasing q values make them closer to Gaussian beam profiles. If
we keep the values of q very low, then we are in a position to produce broader/flatter profiles. For z > 0, the beam
irradiance takes the form

- —-E& r2 —-q
E-E =7 (1+qrgf2) Q)

In Eq. (2), f is a parameter telling us about the contraction/divergence of the beam as it transits through plasma. This
parameter, known as the beam waist, is related to the equilibrium beam radius. The Wave equation for the pump beam
is expressed as

2 w?
V?E +—¢E =0 3)

In writing Eq. (3), we just ignored V(V - E) term. When we are having transverse waves then, V+ E = k- E = 0, where
2
k is wave vector. Then term V(V - E) has also been neglected in present problem considering % | %Vz Ing| < 1. The

alteration in plasma’s dielectric response is observed in course of laser propagation within plasma. The Plasma’s total
dielectric function is comprising of two parts, i.e.

E=g +P(E-EY) “)

In Eq. (4), there are two contributions on RHS, 'g,’ being linear contribution while '@ (E - E*)’ being nonlinear
contribution. Both these terms are expressed mathematically as

2

go=1-=% (5)
(1.)2 e
®(E - E) =w—§[1—%] ©6)

4mne?

In the above Egs. (5) and (6), w, =

— is plasma frequency. "Ny’ and ‘N, denote the concentrations of plasma

electrons in presence/absence of beams. Suppose a beam profile with angular frequency w and wave vector k is
transiting along the z-axis in a hot collisionless plasma. During the transition of the laser beam through plasma, the
nonlinear ponderomotive force induces density variations in plasma. This further changes the plasma density profile in
the transverse direction as

b (3035 5) o
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2

In Eq. (7), f = m; Where, e, m, M, Ty and Kz correspond to electronic charge, electronic mass, ionic mass,
Bfo

plasma temperature and Boltzmann constant respectively. So, on using Eq. (7), we can write the nonlinear portion for

collisionless plasma as
2
* 3 *
o -£) = 1-ex (3558 )] ®

Now, we will make use of the approach [45-46] to obtain a solution of Eq. (3)

E = Ey(r, 2) expli(wt — k(S + 2))] ©)
. E2 r2 \ "4
Eo By =" (1+ %) (10)
1_,1df
S=ET2;E+¢O(Z) (11)

k =%\/£_0 (12)

Here, f is a parameter describing beam waist of q-Gaussian beam and it satisfies 2™ order differential equation as

%:%_(@)2 Ghies)exr[-585 %] 5 (13)

Eq. (13) denotes variation in beam waist with normalized propagation distance as laser beam transition in hot
collisionless plasma take place. The boundary conditions are f =1 & % =0atn=0.

3. EXCITATION OF ELECTRON PLASMA WAVE
We have considered the dynamics of plasma electrons in exploring excitation mechanism of EPW. Since, mass of
ions is almost 2000 times mass of electrons. So, they will not react to large frequency field and will be treated as fixed
in their respective position. Moreover, ions don’t play any role in excitation mechanism of EPW. The nonlinear
ponderomotive force produces density gradients in collisionless plasma, which act as source for EPW. We will start
from the following Fluid equations in order to derive source term for THZ.

AN,

5+ V-(N,V)=0 (14)
V-E =4n(ZN,; — N,)e (15)
NLZ: = Constant (16)
av _ 1 Y
m E+(V-V)V]——e[E+;VxB]—21"mV—N—eVPe (17)

Using perturbation analysis and further linearizing the equations, amplitude term in case of EPW is obtained as

-q

_ eng Ego 2 \z2 (r 1
20 (T) = m f (1+qr§f2) {rgfz} N (18)
{4w2—k2v§h—w%<exp -5 f°2° > }
4. EFFICIENCY OF THIRD HARMONICS
Third harmonic radiation is produced through coupling of interaction of amplitude term for EPW n,, with
fundamental beam.

éVL = —eNy, Vo (19)

In presence of input field, an electron oscillatory velocity is

Vo = — 2 (20)

miw
2
Hence, J3t = #nmEo @0

The field vector E5; of THG obeys wave equation

2 8mi
V2E; + 3 e3(w3)Es = — =2 J* (22)
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On substituting value of /' from Eq. (21) in Eq. (22), one can obtain

2 (4)2 »
V2E3 + %33(0)3)E3 = C_;)%EO (23)
In Eq. (23), w3 = 3w and &5 are for 3™ harmonic frequency and 3™ harmonic dielectric function respectively. We can
easily solve Eq. (23) to obtain

—q
—@Bmwfeo(q T2 V2 __1
Ey = 2 ng f (1 + qrgfz) (kZ2-9K2) (24)
Now, the power of 3™ harmonics is
P; = [[ |E5|* dxdy (25)
The power of fundamental beam is
Py = [[ |E,|* dxdy (26)
The efficiency of 3™ harmonics is expressed as
2
wh (Eoo 2 _Tq 2 ) 1 1
0| e (1) ) 2030w | T4
c argf of J{4(02—kzvgh—“’zz)(exl’[_%ﬁﬁiéo]) ](k3 9k2)
v, = — @7)

2 \Z
ff(%(lﬁn%fz) )rdrde

5. DISCUSSION
The Egs. (13) and (27) don’t have analytical solution on account of their nonlinear and coupled character. So,
numerical simulations of these equations are performed by taking established laser and plasma parameters;

2
a(=2p2)E2 =3.0,40,50:2=03,05,07 ;7 = 15 im, 20 um, 25 um, q = 1,2,3

Eq. (13) contains two contributions on RHS with each contribution has fundamental physical effect. The first term
causes spreading of beam as it transits through medium. The second term causes nonlinear self-focusing of beam. So,
the overall beam response in plasma is decided through interplay between these two opposite mechanisms. If first term
is stronger, then beam divergence takes place. If second term is stronger, then contraction of beam takes place. When
these two opposing mechanisms exactly balance each other in magnitude, then beam neither contracts nor diverges. On
the other hand, beam’s radius remains almost fixed during its transition through plasma medium. This equilibrium state
so obtained is known as self-trapping, where beam transits through plasma medium without spreading or collapsing.

Figure 1 illustrates variation of f with n for three different beam intensities i.e. @E2, = 3.0, 4.0,5.0. The curves
corresponding to aEZ, = 3.0, aE2, = 4.0, and aEZ2, = 5.0 are shown in blue, green and red respectively. It is clear
from results that increment in aEZ, parameter reduces tendency of beam to focus. This behavior arises due to reason
that divergence term becomes more dominant than convergence term at higher aEZ, parameter. So, there is weakening
of self-focusing at higher aEZ,.

2
Figure 2 illustrates variation of f with n for three different plasma densities i.e. % = 0.3,0.5,0.7. The curves

2
el )

2 2
corresponding to — = 0.3, w—’;’ = (0.5, and w—z = 0.7 are shown in blue, green and red respectively. It is clear from results
w w

w?
2

that increment in % parameter enhances tendency of beam to focus. This behavior arises due to reason that refractive
2
term becomes more dominant than diffraction term at higher % values. So, there is strengthening of self-focusing at

(‘)2
higher — values.

Figure 3 illustrates variation of f with n for three different beam radii i.e. ry = 15um, 20um, 25um. The curves
corresponding to 1y = 15um, ry = 20 um, and ry = 25 pm are shown in Blue, Green and Red respectively. It is clear
from results that increment in 1, parameter enhances tendency of beam to focus. This behavior arises due to reason that
refractive term becomes more dominant than diffraction term at higher r, value. So, there is strengthening of self-
focusing at higher 7y,

Figure 4 illustrates variation of f with n for three different g-values i.e. ¢ = 1,2,3,and . The curves
corresponding to g = 1, ¢ = 2,q = 3,and q = oo shown in Blue, Green, Red and Black respectively. It is clear from
figures that increment in g parameter enhances tendency of beam to focus. This is due to increase in intensity
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localization along axis of beam with rapid increase in q values. So, axial rays start undergoing focusing earlier than off-
axial rays, thereby improving focusing characteristics of beam. For g — oo, the beam profile changes to ordinary
Gaussian beam, and has less sharply localized intensity thereby reducing nonlinear focusing effect, hence decreasing
self-focusing compared to finite q values.
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Figure 1. Variation of f with n for three different beam Figure 2. Variation of f with n for three different plasma densities
2
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to aEZy = 3.0, aEZ, = 4.0, and aE2, = 5.0 are shown in blue, w2 : w? w?
green and red respectively w—’;’ =0.5,and w—s = 0.7 are shown in blue, green and red
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Figure 3. Variation of f with n for three different beam radii  Figure 4. Variation of f with n for three different g-values i.e.
ie. 19 = 15um,20um, 25pm. The curves corresponding to q = 1,2,3, . The curves corresponding to g =1, q = 2,q =
1o = 15pm, ry = 20 wm, and ry = 25 pm are shown in Blue, 3,and g = coshown in Blue, Green, Red and Black
Green and Red respectively respectively

Figure 5 illustrates variation of Y3 with n for two different beam intensities i.e. aEZ, = 4.0,5.0. The curves
corresponding to aEZ, = 4.0, and @EZ, = 5.0 are shown in Blue, and Red respectively. It is clear from results that there
is decrease in magnitude of Y3 with enhancement in aEZ, parameter. This reduction is directly connected with focusing
characteristics of pump beam. Since, focusing ability of pump beam is found to get weakened by increasing aEZ,
parameter. So, amplitude of EPW and hence yield of 3" harmonics are decreased accordingly.

2
Figure 6 illustrates variation of Y; with n for two different plasma densities i.e. % = 0.5,0.7. The curves

2 2
corresponding to % = 0.5,and % = 0.7 are shown in Blue, and Red respectively. It is clear from the results that there
2
is increase in magnitude of Y; with enhancement in % parameter. This amplification is directly connected with focusing
2
characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing %
parameter. So, amplitude of EPW and hence yield of 3™ harmonics are enhanced accordingly.

Figure 7 illustrates variation of Y; with n for two different beam radii i.e. ry = 20um, 25pum. The curves
corresponding to 1, = 20um, and r, = 25um are shown in Blue, and Red respectively. It is clear from the results that
there is increase in magnitude of Y; with enhancement in r, parameter. This amplification is directly connected with
focusing characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing
1o parameter. So, amplitude of EPW and hence yield of 3™ harmonics are enhanced accordingly.
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Figure 8 illustrates variation of Y; with 1 for two different g-values i.e. ¢ = 1, 2 and oo. The curves corresponding
toq =1, g = 2 and g = oo are shown in Blue, Red and Black respectively. It is clear from results that magnitude of Y5
is amplified with enhancement in g values. This is on account of reason that increase in q value enhances axial self-
focusing of pump beam thereby amplifying nonlinear interaction that produces third harmonics. So, dominant role is
played by g-parameter in optimizing THG output. For g — oo, the beam profile changes to ordinary Gaussian beams
and has less localized intensity, reducing axial self-focusing and thus lowering the efficiency of 3™ harmonics.
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Figure 5. Variation of Y; with n for two different beam Figure 6. Variation of Y; with n for two different plasma
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Figure 7. Variation of Y; with n for two different beam radii i.e.  Figure 8. Variation of Y; with n for two different g-values i.e.
1o = 20pm, 25pum.  The curves corresponding to 1y = g = 1,2 and 0. The curves corresponding to g = 1, g = 2 and
20pm, and 1y = 25um are shown in Blue, and Red respectively g = oo are shown in Blue, Red and Black respectively

6. CONCLUSIONS
The present study explores third-harmonic generation of a q-Gaussian beam in a Collisionless plasma using the
paraxial approach. The analysis reveals two key outcomes:

1. Beam Focusing: The beam’s self-focusing capability is strengthened with enhancement in plasma density, beam
radius, g-parameter, and with a decrease in beam intensity. To optimize self-focusing, we need careful control of
beam and plasma parameters.

2. THG Efficiency: The efficiency of 3™ harmonics is amplified with enhancement in plasma density, beam radius, g-
parameter, and with reduction in beam intensity. So, to optimize THG efficiency, we need to have careful control
of beam and plasma parameters

These results are highly crucial for applications in laser-driven fusion and other laser-plasma interaction schemes,

where the production of 3rd harmonics plays an important role.
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TEHEPAIIIA TPETHOI TAPMOHIKH Q-TAYCIBCBKOI'O JIASEPHOI'O ITIPOMEHS Y TVIA3MI BE3 3ITKHEHB
Kyuxkapan Cinrx, Kemas Baubs, Tapangxor Cinrx
Kagheopa ¢pizuxu, Yuisepcumem DAV, [[ncananoxap, Ilenocad-144012, Inois

VY npoMy JOCHTiIDKEHHI JOCIIJDKY€EThCsl reHepanist Tperboi rapmoHiku (I'TTY) g-rayccoBoro ja3epHOro npoMeHsl, 0 IOLIIMPIOETHCS
yepe3 0e33iTKHIOBaJIbHY IUIa3My. Llel HeniHiliHMHA npodinb MpoMeHs iHAYKye TPpalieHTH TYCTHHH B IUIa3Mi Yepe3 HOHAEPOMOTOPHY
cuiy. Lli rpanmientu ryctunu 30ymKytoTh enektponHi miaasmosi xBwii (EITX) 3 moxBoeHOIO 4acTOTOI XBHJII HakauyBaHHS 3a
JOTIOMOTOI0  MEXaHi3My V xB. OyHnamMeHTalbHa XBWISA HakadyBaHHS Ta EIIX B3aeMomifoTh HENIHIKHO, CTBOPIOIOYH
BUIPOMIHIOBaHHS TpeTboi rapmoHiku. Heminiifine 3P i mepeTsbkkM NpoMeHS HakadyBaHHS Ta BHUpasH e(EKTUBHOCTI
neperBopensst ['TT otpumani 3a gonomororo Metoay BKB Ta mapakcianbHoro mimxoniB. Takox MpoaHaIi30BaHO BIUIMB KITFOYOBHX
rapaMeTpiB Ja3epHOi IUIa3MH, BKJIIOYAIOYM TYCTHHY IUIa3MHM, LIMPUHY IPOMEHs, IHTEHCHBHICTh Ta (-llapamerp, Ha
camM0(OKyCyBaHHsI OCHOBHOTO TIPOMEHsI Ta e(peKTHBHICTh TPEThOI rapMOHIKHU. Pe3ynbTaTi MOKa3yTh, 0 (-rayCcoBi My4KH, 3aBAsSKH
CBOIM BHUIIMM aMIUTITy/IaM HOJIS Ta IIMPLIMM KPHWJIAM, HiX Yy 3BHYAHHHMX IayCOBHX ITy4KaX, MOXKYTh 3HA4YHO IOKPAILUTH FEHEPALIilo
TapMOHIK y Oe33ITKHIOBaJbHIN TwiazMmi. Lli pe3ynbratu maloTh ySABIEHHS NMPO ONTHMI3ALil0 TeHepamii TapMOHIK y CTPYKTypOBaHUX
Ja3epHUX MPOMEHSAX JJIs 3aCTOCYBaHb B HAAIIBHIKINA ONTHUIN, MPHUCKOPEHHI YaCTHHOK Ta JDPKepeslaX BHIPOMIHIOBAHHS Ha OCHOBI
TUIA3MH.

Kio4uoBi ciioBa:  06e33imkHIO8ANbHA  NAAZMA,  2PAOIEHMU  2YCMUHU, XUl HAKAYYBAHHA, eleKMPOHHA NIAA3MO8A  XGUISL,
Camoporycysants; eenepayis mpemvoi 2apMOoHIKuU
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The paper retrieves implicit quiescent optical solitons for the nonlinear Schrodinger’s equation that is taken up with nonlinear chromatic
dispersion and linear temporal evolution. Using a stationary or quiescent approach combined with Lie symmetry analysis, the study
systematically examines six distinct self—phase—modulation structures proposed by Kudryashov. The analytical procedure reduces the
governing equation to amplitude forms whose solutions are obtained through quadratures, leading to both implicit solitary—wave profiles
and one explicit periodic case. The six forms of self—phase modulation structures, as proposed by Kudryashov, yielded solutions in terms
of quadratures, periodic solutions as well as in terms of elliptic functions. The existence of each family of solutions is discussed in terms
of the admissible parameter relations that ensure physically meaningful solitary profiles. The approach provides a unified framework
compared with earlier methods based on direct elliptic—function expansions, highlighting how Lie symmetry facilitates a compact
treatment of multiple nonlinear dispersion laws. The results are relevant to understanding stationary optical pulses in nonlinear fibers
and photonic crystal fibers, and they establish a foundation for future numerical and experimental studies on nonlinear—dispersion—driven
pulse propagation.

Keywords: Quiescent solitons; Chromatic dispersion; Quadratures; Parameter constraints

PACS: 02.30.Jr; 05.45.Yv; 02.30.1k

1. INTRODUCTION

The key ingredients for the propagation of solitons through optical fibers across transcontinetal and transoceanic
distances is the the sustainment of the delicate balance between chromatic dispersion (CD) and self—-phase modulation
(SPM) [1-10]. Any loss of this balance would lead to the solitons getting stalled and/or wave collapse and this would
trigger catastrophic consequences. Therefore it is of paramount importance to make sure that the balance is continuously
maintained for the smooth propagation of such solitons across intercontinental distances around the planet. Nevertheless,
it may so happen that this balance is compromised owing to various factors that are beyond control. One such factor is
when the CD is rendered to be nonlinear due to random variations in the fiber diameter or due to the rough handling of
fibers during its installation underground or along the ocean bed [2].

The current paper will address this situation. In particular the governing model, namely the nonlinear Schrédinger’s
equation (NLSE) with nonlinear CD and having six forms of SPM structures that are of non—Kerr type. It must be noted
that the concept of quiescent solitons has been addressed for several other models, apart from NLSE, in the past. These
include Fokas—Lenells equation, complex Ginzburg—Landau equation and several others [1-9, 12—-14]. These six forms
of SPM were proposed by Kudryashov during the past few years [3]. In fact, the retrieval of quiescent optical solitons
with nonlinear CD and with the six forms of SPM structure have been addressed in the past by the Jacobi’s elliptic
function approach [3]. The current paper will revisit the model with the same six forms of SPM and the implicit quiescent
solitons will be recovered by the aid of Lie symmetry analysis. The details of the mathematical analysis and the derivation
mechanism are exhibited in the rest of the paper after a quick introduction to the model.
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1.1. GOVERNING MODEL

The dimensionless form of the governing NLSE in optical fibers and PCF with nonlinear CD and non—Kerr laws of
SPM, as proposed by Kudryashov, is structured as:

ig+a(lal” @)+ F (1al?) g = 1|4 (1a*" a) +61 (1) a+621a" ] ()

Here in (1) g(x, 1) represents the wave amplitude and is a complex—valued function. The independent variables are x
and ¢ that represent spatial and temporal variables respectively. The first term is the linear temporal evolution with its
coefficient being i = V—1. The second term with its coefficient being a real—valued constant, « is the nonlinear CD where
the nonlinearity factor is dictated by the exponent n. When n = 0, one collapses to linear CD. The third term is from SPM
where the functional F" accounts for the nonlinear structure of intensity dependent refractive index change. The right hand
side comprises of the Hamiltonian perturbation terms with arbitrary intensity. The coefficient of A is the self—steepening
while the coefficients of 6; for j = 1,2 represents the self—frequency shift effect. The perturbation parameters A and 6;
are real-valued constants.

2. MATHEMATICAL ANALYSIS

This section will analyze equation (1) with linear temporal evolution for six forms of SPM structures as proposed by
Kudryashov. Equation (1) does not support mobile solitons unless n = 0 in the CD. Thus, the quiescent optical solitons
supported by (1) is taken to be of the form:

q(x,1) = ¢ (x) e, 2

where ¢(x) represents the amplitude portion of the soliton while the second factor is the phase component with w
representing the wave number. Substituting (2) into (1) and decomposing into real and imaginary components, the real
part yields the ordinary differential equation (ODE) for the amplitude component ¢(x) as

a(n+1)(x)"™" |n{¢' (x))* + ¢(x>¢”(x>] +¢*(x) [F{¢*(0)} - w] =0. 3)
Then, the imaginary part gives the parameter constraints as
2m + 1)A+2mb; + 6, = 0. “4)
With these parameter constraints, the governing model (1) conveniently reduces to
i+ a(lal” @)+ F (10 a =4 (107" a) +61 (1) a={@m+Da+2m61} g q]. 5)

This ODE given by (3) will be addressed in details in the subsequent section with the six forms of SPM structures, as
proposed by Kudryashov, corresponding to the functional F', that would yield a variety of solution structures.

2.1. FORM-I
For Form—I, the law of SPM is given as
b b m
F(s) = 2Ly —j + b3s2 + bys™. 6)
s $2
Thus, the corresponding NLSE reduces to
. by by .
ig: +a(lal" ). + (| T+ g+ balal” + b |q|2'") a=ila(laP"a) +61(laP") a+6:1aPa]. @
q X X

Thus, substituting (2) into (7), the imaginary part relation gives (4) which transforms (7) to

, by by .
ig: +a (lql" 4)cx + (| T g Y |q|m+b4|q|2m)q=z[A(|q|2'"q)x+el (la™) g (12m+ 114 +2m00) lgP" .| . (®)
q

For equation (8) to be integrable, one needs to choose n = 2m. Therefore, the real part equation modifies (3) to

a(n+ DE (@) [ {6/ () + 919" ()] + 8200 (97 (x) (8" () (8™ (x) (b4 (x) + b3) = @) + b2) + b1) = 0. (9)

Equation (9) admits the translational Lie point symmetry, namely d/dx which integrates the ODE (9) to:

xztw[—% C, (10)
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where

A =4a(l+m)2+m)(1+2m)*(2+3m) (8" = 1) (8" = k2) (8" = k3) (¢ = k4) , Y

B = 12m°brkikad™ + 26m*boki k2™ + 18m> bak1kad™ + 4m>baki k2™ — 12m°bokrkzp™
— 26m*brkakzp™ — 18m3b2/<2/<3¢m - 4m2b2K2K3¢m — 12m°bak 1 ka™
- 26m4b2K1K4¢m - 18m3b2K1K4¢m - 4m2b2K1K4¢m + 12m5b2K3K4¢m
+ 26m*bok3kad™ + 18m>bakzkad™ + 4m>bak3kad™ — 6mOwk k2P ™ — 19m*wk ko™
— 16m’wki k™™ — AmP WK1 K2 *™ + 6m° WK k3PP + 19m* WK K3 PP + 16m> WK K3 PP
+  AmPwkak3d™" + 6mwkikad™™ + 19m* wi kad?™ + 16mP w1 ks + dmPwk k4"
- 6m’wk3ks ™™ — 19m* wi3k4d*™ — 16m> wK3Kkad™™ — AmP W3 K4 + 4m° b3k K2
+  14m*bski k™™ + 14m> b3k k2 ™™ + 4mP b3k 1 k2™ — 4m> b3kak3 ™™ — 14m* b3kakz ™™
- 14m’bskok3d™™ — 4m>bs3kaks ™™ — dm b3k kad®™ — 14m* b3k kad®™ — 14m> b3k ka™™
- 4mPbskiksd®™ + 4m5b3/<3/<4¢3m + 14m*b3ks3kad®™ + 14m> b3kskad™™ + dm>bakskad™"
+ 3mObaki k2™ + 11m*bak1k20™™ + 12m3bak 1 k2™ + 4m>baki k2™ — 3m° bakrk3 ™™
—  11m*bakokzd*™ — 12m>bakak3 ™™ — 4m>bakrkzd™™ — 3m bakikad™ — 11m* by k4™
= 12m3bakikad¥ — AmPbakikad*™ + 3m1 bakzkad™™ + 11m*bakzad™™ + 12m3bakska ™™
+ 4m2b4K3K4¢4m + 6m6b1K1 Ky + 25m5b]K1K2 + 35m4b1 KKy + 20m3b1/<1 Ky + 4m2b1 K1K2
- 6m6b1/<2/<3 - 25m5b1/<2/<3 - 35m4b1/<2/<3 - 20m3b1/<2/<3 - 4m2b1/<2/<3 - 6m6b1K1K4 - 25m5b1/<1/<4
- 35m4b1K1K4 - 20m3b1/<1/<4 - 4m2b1K1K4 + 6m6b1K3K4 + 25m5b1K3K4 + 35m4b1/<3k4
+ 20m°biks3ks + 4m®biKk3ks, (12)

and

c =11

ko—kg o (9™ = k2) (k1 — k4) | (k1 = k3) (K2 — Ka)

sin~! (\/(¢m - k1) (k2 = K4)) | (k2 = k3) (k1 — K4))K2. (13)

Kl — K4 . _1(\/(¢’"—K1)(K2—K4)) (Kz—K3)(K1—K4))(K1_K2)

+ F

(9™ = k2) (k1 — k4) | (K1 = k3) (K2 — Ka)

Since the expression under the square root in Eq. (10) must be real, the existence of admissible solutions requires that AB <
0. This condition guarantees that the radicand remains non—negative, ensuring the physical realizability of the obtained
solitary—wave profiles.
Here, «; for j = 1---4is any solution of the quartic (fourth-degree) equation
(3b4m® + 11bgm? +12b4m + 4by) & + (4bam® + 14bsm® + 14bym + 4bs ) & = (6m°w + 19m%w + 16mw + 40) &*
+ (12b2m3 +26bym® + 18bym + 4b2) K +20bym + 4by + 6bym™* + 25bym> + 35bym* = 0. (14)

This polynomial is referred to as quartic rather than biquadratic because it contains both odd and even powers of «. The
four roots ki, . . . , k4 of this equation parameterize the elliptic—integral representation used in the subsequent analysis.

Here, IT (v; ¥|m) the incomplete elliptic integral that is defined as:

v 1
ol _/0 (l—vsinze)wll—/,tsinzedg’ o
for
Tew<l, (16)
usin?(y) < 1, (17
and

vsin?(y) > 1. (18)



Implicit Quiescent Optical Soliton Perturbation Having Nonlinear Chromatic Dispersion...

251
EEJP. 4 (2025)

Moreover, F (y|u) is elliptic integral of the first kind which is defined as:

F(ylp) =

where

and

From (10), the solutions will exist provided

For Form-II, the law of SPM is given as

by by b
F(S) = m + e + o
S s S

Thus the corresponding NLSE reduces to

by by

v 1
/ — L w
0 J1 = usin®(6)

<l//<7r
27

X

usin®(y) < 1.

AB < 0.

2.2. FORM-1I

by m 3m
+ = + bss? + bes™ + bys? + bgs™™.
s§2

b3 by

g +a(la"q) +( +
gl P

= i [/1 (Iqlz’" 61) +6) (Iq|2’") q+ 6
The starting hypothesis given by (2) when applied

by by

WL T bs |q|™ + be |g*" + b7 |q|*™ + bs |6]|4m) q

|Q|2m qx

to (24) modifies it to:

b3 by

igr +a(lq|" q) +( +
o\t g

bl ol by g+ b |q|4’") g

= i|a(laPmq) +61(1aP") q—{@m+Da+2mb1}IgP" g,

by virtue of the imaginary part. The real part leads to the ODE for ¢(x):

a(n+ D™ {8 ) + $(0¢” (x)| + ¢2<x>{¢m(x>{«zs"’(x){qs’"(x){w(x){w"(x){¢m<x>{

X ¢m(x){bg¢m(x) + b7} + bﬁ} + bs} —w} + b4= + b3} + bz} + b]} =0.

19)

(20)

2n

(22)

(23)

(24)

(25)

(26)

Next, the translational Lie symmetry that is supported by (26), integrates it to the implicit solution in terms of quadratures

as:

X

where

b
X

and

A
o[ i

an+1)(n+2)(m—-—n-2)Cm-n-2)Bm-n—-2)4m-n-2)(m+n+2) x
QCm+n+2)3m +n+2)(4m + n +2)p*™",

B = 2¢2{(4m -n- 2)¢m{b2(n +2)2m—n-2)(m-n-2)(m+n+2)2m+n+2)B3m+n+2)

X (m+n+2)—-CBm-n-— 2)¢m{(2m -n- 2)¢m{(m -n-2)¢p™

27)

(28)
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x {(n+2)¢m{(m+n+2)¢m{(2m+n+2)¢m{bg(3m+n+2)¢m+b7(4m+n+2)}
+ b6(3m+n+2)(4m+n+2)}+b5(2m+n+2)(3m+n+2)(4m+n+2)}

- a)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}

- b4(n+2)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}

- b3(n+2)(m—n—2)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}}

+ bi(n+2)Bm—-n-2)Cm—-n-2)(m-n-2)(m+n+2)2m+n+2)Bm+n+2)(4dm+n +2)}.
(29)

This solution (29) would remain valid provided
AB > 0. (30)

The condition AB > 0 arises from the requirement that the expression inside the square root in Eq. (29) must be real
and positive. This ensures that the radicand of \/A/B is non—negative, leading to physically meaningful and admissible
solitary—wave solutions. The sign difference from the previous case (AB < 0) is due to the absence of the negative sign
under the square root in the present formulation.

2.3. FORM-III
The SPM structure here is:
F(s) = bis% + bys™ + by (ﬁ) . 31)
The corresponding NLSE therefore gets structured as:

igr +a (lal" @)x + [brlal" + b21a" + b3 (g™ ] a = |2 (a1 a) _+01(1al™") a+621a"ax|. 32

The starting hypthesis to locate for quiescent optical solitons is (2) which when implemented, the imaginary part gives
(4). The real part leads to the ODE:

a(n+ DE™" (1) [ {9 (0} + $(08” (x)| + 263mg™™ (x) [ $()8” () + 2m = 1) {¢' ()
+ b1g(x)" + byg(x)" — we(x)* = 0. (33)
For (33) to be integrable, one must choose
n=-1, (34)

which leads to the modification of the governing model to be modified to:

R e IR DL R T A T W
9 /xx
= i|1(la"a) +61(1aP") q={@m+DA+2m1} g g ] (35)
Also by virtue of (34), the governing ODE for ¢(x) given by (33) condenses to
2b3m ™™ () [$000” (x) + 2m = 1) (& WP + 19 ()™ + b2 (02 = w(x)? = 0. (36)

The translational Lie symmetry supported by (36) leads to the periodic solution given by

é(x) = (3—;2)m [ +/2(2b7 + 9a)bz){1 + cos (\/l;jj x) }0502 (\/Zii x) sin® (%\/Z:j x) - b1]m. 37

This solution (37) is valid provided
bybs > 0, (38)
and

2b% + 9wh, > 0. (39)
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2.4. FORM-IV
In this case, the law of SPM is:

F(s) = b1s% + bos™ + bys 2 + bas™ + bss? + bes™, (40)
which leads to the structure of NLSE to be
ige +a(lgl" @) + (b1 1gI" + b2 1gP™ + b3 1l + ba lg|™ + bs g™ + be 4" ¢
= i[a(laP"q) +01(1aP") a+021aP" q (1
Substituting (2) into (41), the imaginary part gives (4) which leads to the governing model (41) being modified to:
igy +a(lgl" @), + (b1 1gI" + b2 g™ + b3 1l + by lgI™ + bs g™ + be g1 g
= i|a(laPg) +or(laP") - (@m+ DA+ 2m0} gl g (“2)
X X
The real part leads to the ODE for ¢(x) takes the form
a(n+ DB |n ¢/ () + p(0¢” ()
+ ¢ () (¢"() (8™ (x) (™ (x) (¢ (x) (¢™ (x) (6™ (x) + bs) + ba) + b3) +b2) + b1) —w) =0.  (43)

By the aid of the translational Lie symmetry supported by (43), it integrates in terms of quadratures as given below

x:i/,/—%d(p, (44)

where
A=a(n+1)¢"? (45)
and
PN by bag™™ bs¢™" beg*" big" 46)
S\ 2m4n+2 3m4n+2 4dm+n+2 Sm4n+2 6m+n+2 m+n+2 n+2)
The integrability condition given by (22) must be valid in this case too for the solution to exist.
2.5. FORM-V
The SPM structure for this form is:
F(s)=bis? + bys™ + b3s37m + bas®™ + bs (s%) + bg (s™)" . (47)
Therefore, the corresponding NLSE is written as:
ig:+a (lal” @)y + [br1a]” + b2 1al™™ + b3 1gP™ + b |l + bs (Il + b (la) |
= i[a(laP"q) +01(1aP") a+621aP" a]. (48)

Substituting the hypothesis (2) into (48), the real part leads to the ODE for ¢(x) as:

a(n+ D¢"(x) 149 F + 809" ()| +2bgmd™ (x) |9(1)9" () + 2m = 1) {4 (0}

4 bsmd™ () [$0067 (@) + (m = D)8 (Y] + 19" 2(0) + 297" 2(x) + b3g™™*2(x) + bag™*2(x) - w(x) = 0.
49)

For integrability, one must choose:

n=2, (50)
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and
m=1. (1)

The imaginary part leads to (4) and by virtue of (50) and (51), equation (5) simplifies to:

igi+a (g q) +|bilal+balal +bslal +balal' +bs (1gl) e + bs (1a) |4

XX

= i|A(lala) +01(1aP) a-(Ga+201) 1 x| (52

By means of the translational Lie symmetry that is supported by (52), it integrates to

[A - (3a¢ + bs +2¢be — k1) (k2 — ka) |, (k2 — k3) (K1 — K4)
X =+4/= F|sin™! , (53)
B (\/(3a¢ +bs +2¢be — k2) (k1 — Ka) | (K1 — K3) (K2 — Ka)
where
A =24A,A,, (54)
Ay = (2a + bg) (3a + be) (5a + 2bg) (9a + 4bg) (21a + 10bg) , (55)
Ay = (3a¢ + bs + 2¢bg — K1) (3a¢) + bs + 2¢b¢ — K2) (3a¢ + bs + 2¢b¢s — K3) (3a¢ + bs + 2¢bg — K4) s (56)
B=Bl+Bz+ZB3 +4B4+B5+B6, (57)
B = 5670a*w - 3240a*¢ by — 2835a ¢ bs + 540a’ ¢§?b3bs + 540a’ > babs — T2a*b3b3 — 90a> $*bsb: + 6ab3 b3
+ 12a¢bsb3 - byb3, (58)

B, = {9a3 (1147w — 6044 b3 — 521¢4b4) +6a*¢? (111b3 + 1064b4) bs — 6ag (10b3 + 11¢bs) b: + (3b3 + 4¢bs) bg} be., (59)

B; = {6a2 (586w —283¢3b; — 241¢4b4) + ag? (135b3 + 1244by) bs — 66 (b3 + ¢ba) bg} b2, (60)
By = (531aw +9¢%b3 (—26a¢ + bs) + ¢° by (=197a¢ + 8b5)) b, (61)

Bs =16 (15w —64b3 — 5¢4b4) bg — b1 (2a + bg) (9a + 4bg) (21a + 10b6) (~bs + 4¢ (3a + be)) , (62)
(63)

B = —b3 (2a + be) (21a + 10bg) (bg _ 4bs (3a + bg) + 66> (3a + bg) (5a + 2b6)) (64)

where «; i = 1 ---4 is any solution of

—81a*vi — 9a’bevs — 6a*blvs — 368256a*bSw — 4abivs + bavy (2a + be) (3a + 2be) 2 (21a + 10bg)
~57024ablw — 48b2ve — 8bgvs + byvg — 3840b5w = 0, (65)

and

v, = 5670a*w — 6abs (—70195K2 +84b2k — 35b3 + 20K3) +by [21;5 {80K3 —7bs (—16b5/< +5b% + 20;8)} - 35K4] =0, (66)

v, = 228987a*w + 3abs (2994b5K2 —3660b2k + 1567b3 - 844K3)

+ by (2416b5K3 — 43085242 + 3536b3k — 1147b% — 521K4) , (67)
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vi = 670680a*w - 9abs (~1403b5k> + 175063 — 77363 + 390k

- 2by (—1 132bs5k> +2055b3k* — 1732b3k + 586b% + 241K4) , (68)
ve = 1116261a*w + 3abs (2919654 - 372062 + 170363 - 800«
+ by (936b5K3 — 1728b26% + 1496b3k — 531b% — 197K4) , (69)

vs = 384858a%w — 3abs (15k — 23bs) (—13b5/< + 9% + 6K2)

= 2by [bs {Sbs (~8bsk + 302 + 92) - 2467} + 544 (70)

Ve = 281433w + by (Sbs (2b5 (bs —2K) + 3K2) - 4/<3) , 1)

v7 = 6k* (3a + be) (5a + 2be) — 8bsk (3a + be) (9a + 4be) + 3b3 (5a + 2bg) (9a + 4bs) , (72)
vs = (2a + bg) (3a + 2be) > (9a + 4bg) (21a + 10bs) {4k (3a + bg) — 3bs (5a + 2bg)} . (73)

Here, F(¥|p) is elliptic integral of the first kind that has been defined in (19). The existence criteria for the solution is
given by (30).

2.6. FORM-VI
The SPM structure for this form is:

F(s) = b5 + bos™ + bys T + bas™ + bss > + bes®™ + by (ﬁ) + bg (s™)" . (74)
Therefore, the corresponding NLSE shapes up to be:
iqr+a (1g1" @) + |01 191" + b2 g™ + b3 |1 + by g1 + bs g™ + b lq1" + b7 (1g1") .+ bs (1a") |«
= i[/l(lqlz'”q) +6) (Iqlz'”) q+621q1"" qx| - (75)
X X
Substituting (2) into (75) and splitting into real and imaginary parts, equation (5) by virtue of (4) simplifies to:
. n m 2m 3m 4m Sm 6m m 2m
iqr+a (1g1" 4)c + | b1 191" + b2 g™ + b3 |1 + by g1 + bs1q1™" + b |q1 + b7 (1g1") .+ bs (1a") |
= i|a(la"a) +01(1aP") a={@m+ DA+ 2m01} g g, (76)
The real part equation (3) in this case, is:
a(n+ D" () [ {8 (0 + 309" ()] + 2bgme™ () [ #(x)¢" (1) + (2m = 1) {9/ ()]
+ bmg™ () [$0687 () + (m = 1) {8 P + 19™206) + b2g*2(x) + bad ™2 (x)
+ g™ (x) + bsg™" 2 (x) + bed ™" (x) — wg? (x) = 0. (77

By the translational Lie symmetry, supported by (77), the integral is written in quadratures as:

x:i/W/%dqs, (78)

¢ m(2(2m - Dbgt{" + (m — 1)b7) " +an(n+ )7}
A =exp —2/ -
71 (m (2b871m + b7) " +a(n+ 1)7'1")

where

dr |, (79)
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and
7 m(2@m=1)bg7{"+(m=1)by) 7" +an(n+) 7}
¢ P (_Zf - Tl(m(zbsle"+b7)Tf"+a(ln+l)rf’) : dTl) r
b= / de, (80)
m (2bg7y" + b7) TV + a(n + 1)1}
with
[=1 (-1 (05" (03" (0" (v (beTy" + bs) + ba) + b3) + ba) + by)) . -

The parameter constraint given by (30) must also be satisfied for the solution to exist.

3. CONCLUSIONS

The paper addressed the NLSE with nonlinear CD and linear temporal evolutions but with six forms of SPM structures
that were proposed by Kudryashov during the past decade. By applying the Lie symmetry analysis, the study systematically
derived implicit quiescent optical solitons and reduced the governing nonlinear partial differential equation to solvable
amplitude equations expressed through quadratures. The Lie symmetry analysis is the integration tool that has been
implemented to address the models that gave way to the solutions also in terms of quadratures. The results, recovered with
the usage of Lie symmetry analysis, were in terms of quadratures and in one particular case, emerged in terms of periodic
functions. Among the six Kudryashov SPM structures, five produced implicit solitary—wave profiles while one yielded
an explicit periodic solution under well-defined parameter constraints. These constraints delineate the parameter space in
which physically admissible stationary solitons can exist, clarifying the interplay among nonlinear chromatic dispersion,
self—steepening, and self—frequency-shift effects.

The analytical complexity of the solutions are a far cry from the explicit quiescent soliton solutions that were recovered
in 2021 [3]. Compared with the earlier results obtained via extended elliptic—function methods, the Lie symmetry approach
offers a unified and transparent framework capable of handling multiple nonlinear dispersion and SPM laws within a single
analytical setting. This framework also highlights integrability conditions (such as specific exponent relations) that make
the reduced equations analytically tractable.

The results of this work are interesting and thus pave the way for further activities with the model with time.
Future investigations will extend the present analysis to include generalized temporal evolution, dissipative terms, and
higher—order nonlinearities. Numerical simulations and stability analyses will be performed to validate the analytical
predictions and explore the robustness of the stationary profiles under perturbations. Later, these same models are going
to be addressed with generalized temporal evolution and the results of those research activities will be presented in a
different journal. Overall, this work provides a clear analytical foundation for exploring nonlinear—dispersion—driven pulse
dynamics in optical fibers and photonic crystal fibers, serving as a stepping stone toward a comprehensive understanding
of nonlinear wave propagation in advanced optical media. This is just a tip of the iceberg!
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HESIBHE CIIOKIVHE OIITUYHE COJIITOHE 3BYPEHHS 3 HEJIIHINHOIO XPOMATUYHOIO
JUCIIEPCIEIO TA JIIHITHOXO YACOBOIO EBOJIIOIIEIO 3 POPMAMUA CAMO®A30BOI
MO,Z[YJI}IHIT KYJIPAIIOBA 3A CUMETPIEIO JII
Adoaysnaxi Pammg Anem!, Axmen X. ApHycz, Tamurer Icaxanmi®, OcBaanno Toncanec-Takciona®,
Anmxan Bicsac> %’
| Kagpeopa mamemamuunux nayx, Yuisepcumem ITiedennoi Agppurcu, UNISA—0003, ITiedenna Agppuxa

2Kagpedpa inicenepror mamemamuxu ma ¢pisuru, Buwguii inocenepruii incmumym, Axademis Env—Illopyk, Kaip—11837, €zunem

3Kagpedpa mamemamuxu, Ynisepcumem Xazap, baxy, Apuzona—1096, Asepéaiidncan
4Kagpedpa npuxradnoi mamemamury ma cucmem, Aemonomuuii cmoauunuii ynisepcumem—Kyaximanona,
Backo-oe-Kipoza 4871, Mexiko 05348, Mexcuxa
S Kagpedpa mamemamuxu ma pizuxu, Jepocasnuii ynisepcumem I'pembainea, I'pembaine, Jdyiziana 712452715, CIIA
SKagpedpa ¢pisuxu ma enexmponixu, Yuisepcumem Xaszap, Baxy, Apusona—1096, Asepbationcan
"Kagpeopa Mamemamuxa ma npuxradna mamemamuxa, Yuicepcumem meduunux nayx Cegpaxo Marxeamxo,
Meoynca—0204, Ilisoenna Agppuka

VY cTaTTi OTpUMAaHO HEsIBHI CHIOKifHI ONTHYHI COJITOHM Ui HeMiHiiiHoro piBHsAHHA Lllpeainrepa, sike BpaxoBy€ HEJiHIIHY XpOMAaTUUHY
JMCTIEPCilo Ta JIiHiiHY YacoBy eBomoLi0. BUKOpHUCTOBYIOUHM CTalliOHApHU#T 200 CIIOKIMHKMIA MiIXi] y MOeAHAHHI 3 aHani3oM cumeTpii JIi,
JOCIiPKEHHS CUCTEMAaTHYHO PO3IVIANAE IiCTh Pi3HUX CTPYKTYP caMoa30Boi MOLYJIALI1, 3anporioHoBaHuX Kynpsimosum. AHaniTHyHa
nporeypa 3BOANTh KepiBHE PiBHSHHS O aMIUTYIHUAX (pOpM, PO3B’ SI3KH SIKUX OTPUMYIOTHCS Yepe3 KBapaTypH, IO MPU3BOIUTH SIK 10
HEsIBHUX IPoiliB OAMHOYHOI XBIJI, TaK i 10 OZHOTO SIBHOTO NepioandHoro Bunajaky. llicts popm cTpykTyp camodazoBoi Mogyswii,
3anpornoHoBaHNX KyapsmoBuM, ganu po3B’sI3KM B TepMiHaX KBafpaTyp, MEPiOAMTIHIX PO3B’S3KiB, a TAKOXK B TEPMiHAX EJINTHIHHUX
¢yHKUil. IcHyBaHHS KOXKHOTO ciMeiicTBa po3B’sI3KiB OOrOBOPIOETHCS 3 TOUKH 30py AOMYCTHUMHUX HapaMETPHUYHMX CHiBBiJHOLICHb, SKi
3a6e3mnedyoTh (i3uUHO 3HavyIli oarHOYHI npodini. Ieit miaxia 3ade3nedye eauHy CTPYKTYpY MOPIBHSIHO 3 TONepeJHIMU METOAMHU,
3aCHOBAaHMMH Ha MPSIMUX PO3KJIaJiax eJTUIHNX (DYHKIIIH, [T IKPECIoouH, sk cuMeTpist JIi criprsie koMmak THoMY 0OpOOIeHHIO KiJIbKOX
HeJIiHIHKX 3aKOHIB qucnepcii. Pe3ynpTaTi € akTyaJIbHUMU U1 pO3YMiHHS CTalliOHAPHUX ONTHYHUX IMITYJIbCIB y HEJIIHIHUX BOJIOKHAX
Ta (POTOHHOKPUCTATIYHUX BOJOKHAX, i BOHM 3aKJIa[JaloTh OCHOBY IJISl MAiOyTHIX UMCIIOBHX Ta €KCHEPUMEHTAIBHHUX IOCIiJKEHb.
HeJliHiliHe TOIMPEeHHS iMITYJIbCiB, 3yMOBJIEHE AUCTIEPCIEI0.
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https://doi.org/10.1016/j.chaos.2022.112172
https://doi.org/10.1016/j.chaos.2022.112172
https://doi.org/10.1007/s11082-022-03657-0
https://doi.org/10.1007/s11082-022-03657-0
https://doi.org/10.1142/s021886352350008x
https://doi.org/10.1142/s021886352350008x
https://doi.org/10.1007/s12596-022-01041-5
https://doi.org/10.1007/s12596-022-01041-5
https://doi.org/10.1016/j.aml.2021.107888
https://doi.org/10.61268/sapgh524
https://doi.org/10.61268/0dat0751
https://doi.org/10.1007/s11082-022-03557-3
https://doi.org/10.1016/s0960-0779(02)00204-7
https://doi.org/10.1016/j.physleta.2006.04.032
https://doi.org/10.1016/j.physleta.2006.02.032
https://doi.org/10.1016/j.physleta.2006.02.032

258

EasTt EUROPEAN JOURNAL OF PHYSICS. 4. 258-266 (2025)
DOI:10.26565/2312-4334-2025-4-23 ISSN 2312-4334

EFFECT OF ANISOTROPIC DUST PRESSURE ON THE FORMATION AND PROPAGATION
OF ARBITRARY AMPLITUDE DUST ACOUSTIC SOLITARY WAVES (DASW) IN A MAGNETIZED
DUST-ION-ELECTRON PLASMA

Mamani Choudhury
Department of Mathematics, Handique Girls’ College, Guwahati 781001, India
Corresponding Author email: mamani.choudhury@hgcollege.edu.in
Received July 14, 2025; revised October 24, 2025; accepted November 5, 2025

Arbitrary amplitude dust acoustic solitary waves (DASW) in a dusty magneto-plasma with anisotropic dust pressure and nonthermal
distribution of ions and electrons has been investigated. Sagdeev pseudopotential technique is used to derive an energy balance equation
and to analyze various properties of dust acoustic solitons. The effects of anisotropic dust pressure, dust number density ratio, non-
thermality, etc., are investigated numerically for the propagation of DASWs. It is found that rarefactive solitons can exist for negatively
charged dust, and compressive solitons can exist for positively charged dust. The present study could be useful for the understanding
of DASWs in various astrophysical environments.

Keywords: Dust acoustic wave; Dusty plasma; Anisotropic pressure; Sagdeev pseudopotential; Solitary waves; Magnetized plasma;
Non-thermal electrons and ions
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1. INTRODUCTION

Dusty plasmas are abundant in various astrophysical situations, such as interstellar media, cometary tails,
ionospheres, planetary rings, etc. [1-6]. These are also relevant in industrial context [7-9]. The propagation of nonlinear
waves in multispecies plasmas consisting of electrons, ions and massive dust particles is a fertile research area. Dust
particles that spread in plasma media, acquire either positive or negative charges according to different mechanisms. In
most cases, dust particles become negatively charged due to higher mobility of electrons compared to ions. On the other
hand, dust particles can gain positive charge by emission of electrons from surface of dust particles by photo-electron
emission, secondary electron emission and radiation [8]. From various studies [9-19] it has been observed that the
presence of charged dust particles in plasma not only modifies the properties of existing plasma wave modes but also
introduces new modes. Many authors showed that the role of dust charge fluctuation cannot be ignored. But it is important
to mention here that the nonlinear study of dusty plasmas become too complicated when the charging process are taken
into account. Therefore, for simplicity I limit my investigation in a dusty plasma without considering the charging process.
The fundamental nature of waves does not change when dust charging and other collisional processes are ignored [20].

Often, magnetic fields [21-23] are involved with dusty plasma. The investigations of linear and non-linear
propagation of dust acoustic waves with external magnetic fields have been performed by various researchers [24-28].
The existence of a magnetic field in plasma causes pressure anisotropy, i.e. the pressure in the perpendicular direction to
the magnetic field is different from pressure in the parallel direction. The pressure anisotropy can be found in pulsar
winds, planetary magnetosphere and near earth’s magnetosheaths etc. The effect of anisotropic pressure of ions on solitary
waves has been studied by many researchers using Chew-Golberger-Low (CGL) description [29].

The influence of anisotropic ion pressure on dust ion acoustic solitary waves and double layers in a magnetized
dusty plasma has been studied by Choi et al. [30] and Chatterjee et al. [31] using the Sagdeev potential method. But this
theory is not limited to ion dynamics only. We can also use it to describe the pressure anisotropy of dust particles in the
plasma. In many places, like earth’s magnetosphere, the dust pressure may not be negligible, and it can play an important
role in the formation of various nonlinear structures. We incorporate the anisotropy of dust pressure so that the study may
help in understanding the behaviors of nonlinear coherent structures in plasma. Bashir et al. [32] investigated the effect
of anisotropic dust pressure and superthermal electrons on propagation and stability of dust acoustic waves. They
employed the Reductive-perturbation technique and derived ZK equation for dust acoustic solitary waves in magnetized
plasma. They found that the DASW is rarefactive for negative dust and compressive for positive dust.

Various studies have pointed out that highly energetic electrons and ions are present in several astrophysical plasma
environments. Among non-thermal distributions, one of the frequently encountered distributions is Cairns’ distribution
[33-36]. Mamun et al. [33] studied dust acoustic waves in unmagnetized dusty plasma with non-thermal ions. Berbri and
Tribeche [36] have considered non-thermal electrons to investigate weakly nonlinear dust ion acoustic shock waves.
Choudhury [28] discussed the propagation of DASW in a magnetized plasma with nonthermal electrons and ions using
the Sagdeev potential method.

To study nonlinear solitary waves in plasmas, reductive perturbation technique (RPT) and Sagdeev pseudopotential
method are mainly used. With RPT only small amplitude nonlinear waves can be studied while Sagdeev pseudopotential
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method can handle arbitrary amplitude waves [37]. In Sagdeev pseudopotential method, fully nonlinearity of the system
is considered. Various researchers have employed Sagdeev pseudopotential method to dusty plasma to study electrostatic
nonlinear solitary modes.

To the best of our knowledge, the effect of anisotropic dust pressure on the formation and propagation of arbitrary
amplitude dust acoustic solitary waves in a magnetized plasma has not been reported in the literature to date. The goal of
the present work is, to study the effect of anisotropic dust pressure on the solitary dust acoustic waves in a three-
component dusty plasma with nonthermal ions and electrons. Dust grains are assumed to be uniform in mass and charge
and plasma is considered to be collisionless. The present study could be useful for the understanding of properties of
DASWs in various astrophysical environments like Earth’s magnetopause.

The manuscript is organized in the following way: in section I, the usual ‘Introduction’ is considered; ‘Basic set of
governing equations’ is included in section II; ‘Energy integral’ is derived in section III; ‘Condition of existence’ of Dust
Acoustic Waves are incorporated in section IV; ‘Parametric Analysis’ of the results are described in section V; and lastly
‘Conclusions’ are deducted in section VI which is followed by ‘References’.

2. BASIC SET OF GOVERNING EQUATIONS
We consider the propagation of dust acoustic waves in a magnetized, collisionless, three component plasma
consisting of non-thermal ions and electrons and dust fluids. The pressure tensor of dust fluid is assumed to be anisotropic
and modelled by Chew-Goldberger-Low [27] description. The ambient magnetic field is assumed to be uniform and
directed along z-axis, i.e. B = ByZ. The equations of continuity and motion governing the dust dynamics in this plasma
system are described by

24 1V, (nqva) = 0 )

41 (vg. V)vg = = 1za¢ LAV - J::B—; v.P 2)

mgng

6vd

respectively. Here n, is dust number density and vy is the dust fluid velocity. m is the dust mass, e is the magnitude of
the electron charge, c¢ is the speed of light in vacuum, z; is dust charge and ¢ is the electrostatic potential. j = 1 for
negatively charged dust and j = —1 for positively charged dust.

The dust pressure tensor P takes the form P = p, 1 + (p, — p,)BB where 1 is unit dyad and BB is the dyad form of
unit vector along the magnetic field. We can evaluate V. P as

V. =Vp, +(B.V) () —p) %] ©)

Using Chew-Golberger-Low (CGL) description for constant magnetic field, the perpendicular and parallel pressure
terms can be obtained as

PL ="DPio ( ) and py = pyo (:_;)3~ 4)

where nyq equilibrium number density of dust fluid.
The electrons and ions are assumed to be inertia less due to their lighter masses. The expression for nonthermal
electron density and ion density are

e =g [1= Bo 2+ (22) | o [ 22 )

n-—n10[1+ﬁl +ﬁl( ) ]Exp[%:j (6)

The symbols 8, and f5; are nonthermal parameters of electrons and ions respectively that characterize nonthermal
effect and n,y and n;, are equilibrium number densities of electrons and ions.
The charge neutrality condition is

ne—n;+jzgng =0 N

The wave is assumed to be evolve and propagate in x — z plane. We have normalized densities by corresponding

equilibrium densities, velocities by dust acoustic velocity C; = (M) potential by —L time by gyroperiod Q7' =
mgc m
BoZge
equations are given by

and distances by gyroradius C;Qg", K being the Boltzmann constant. Then the normalized set of governing



260

EEJP. 4 (2025) Mamani Choudhury, et al.
Ing | 0(ngvax) | 9(navaz) _
a at+ axa+ %Zqz -0 P1d ®
Vdx OVax __ - . 1 ong
o T Vax : o I Vay T o ©
av, av, av, .
a‘zy-l'vdxa_zy-l'vdza;‘zly:]vdx (10)
Vg, g, 0vgy, . 09 on,
Vgt t vg = - — Pngf (1)
where P, = 20 and p, = Plo_
KTingo KTingo
and the normalized number densities of nonthermal electron and ions are given by
ne=>0-f)A-P.ap + Bea2¢2)ea¢ (12)
n; = (1+Bip + Bip>e™? (13)
where f = =4®and a = L
Mo Te
The normalized quasi-neutrality condition is
fina+ @ —fine=mn (14)

3. DERIVATION OF ENERGY INTEGRAL
To obtain the energy integral, we consider a wave propagating obliquely to the external magnetic field B,Z in moving

frame defined by ¢ = xk, + zk, — Mt with M— , kZ + k2 = 1 where M is the Mach Number (normalized soliton
velocity) defined in terms of soliton velocity V and dust acoustic velocity C4 and k,, k, are direction cosines, so that

0 d 09 d d
E—)—Md—{,aﬁkxdfand— kzd_f (15)

Using these equations, equations (8-11) can be reduced to a set of ordinary differential equations

d% (—Mng + kyngvg, + kyngvg,) =0 (16)
:;d::?y JVax (18)
—nﬂdd;‘;z = jk, % d{ — Pngk, 24 - (19)

After some lengthy but straightforward algebra, the set of equations (16)-(19), along with the equations (12)-
(14), can be deduced to a single dimensionless nonlinear differential equation

{9 45y =0 (20)

The boundary condition using in deriving the equation (20) are ¢p — 0 N 0,v4, = 0,v4, > 0,4, > 0as & >

Here,

S@) =5 [16(@ jo+ TP (k(g) — 6(4)) ~ M2 (2~ 1)~ Puk(ng — D)~ Lk2ng — 1) +

3 M?
Mé(% - 1) + P ki logng + %kzz(n?z - 1) — jkZ (%f) - ¢) - PLkZ(G((j))nd J(@)) - j pII k2(n3G(¢) —
K@) - (T wi -+ (,%d—l)—”tf)z‘(nz%—1)+Plk;‘;(nd—1)—%(ng—1)+P"3—"%(ng_1))] e

is the Sagdeev potential, where:

M? P k2 ong
H=1+j(——- — Py kZng | =2,
+J( w2 Ty I Kz Mg 9%




261

Effect of Anisotropic Dust Pressure on the Formation and Propagation of Arbitrary... EEJP. 4 (2025)
1
na =% [ +Bip + BipDe™® = (1 = j U = Beadp + Boa’$p?)e?],
¢
6@) = [ nads,
0

[]
J($) = f n3 dg,

0

¢
K@) = [ nadg.
0

The values of H, G(¢), J(¢) and K(¢) are calculated using MATHEMATICA-11.

This result is in agreement with the expression forwarded by my earlier paper [28] when I consider only negatively
charged (j = 1) and cold dust (P;, P, = 0).

Choi et al. [30] and Chatterjee et al. [31] had considered negatively charged stationary dust particles forming only
background plasma and used ion dynamics to derive Sagdeev potential. In our paper we have considered fully dynamic
dust particles and used dust dynamics to derive the Sagdeev potential. So, our result is not directly comparable to these
results.

The amplitude ¢,,, of solitary waves is determined by assigning different values of the parameters «, f;, B, , k5, f, P,
P, and M in the non-linear dispersion relation viz S(¢p) = 0.

4. CONDITION OF EXISTENCE OF SOLITARY DUST ACOUSTIC WAVES
The existence criterion of solitary wave formation is that the Sagdeev potential S(¢) must satisfy the following
conditions,

_ 4S(@) _ o d*s(¢) _
S(¢) =0,7==0,—2=<0atp =0

S(¢p) = 0at¢p = ¢, and S(¢p) < 0 for ¢ lying between 0 and ¢,,,, where ¢, is the maximum amplitude of the
solitons. If ¢,,, < ¢ < 0, rarefactive solitary waves exists, and if 0 < ¢ < ¢,,, compressive solitary waves exist.

From equation (21) it can be easily verified that the conditions S(¢p) = 0, %(Zb) =0 at ¢ = 0 are automatically

2
satisfied. From the condition d;;g’ ) < 0at ¢ = 0 we find that the dust acoustic soliton solution may exist in the interval
f f
k <M< P, (1 —k2)+ Pk2 22
Z\/ pora-i Na—Foa T 11 \/ po+(-i Na—Foa T 1( 2) + Pk (22)

5. PARAMETRIC ANALYSIS

To observe the existence of solitary wave, the range of Mach number for existence of DASWs and Sagdeev potential
S(¢) have been plotted against ¢ for different values of plasma parameters. In this investigation, it is found that
rarefactive waves travelling at both subsonic and supersonic speeds for negative dust and compressive waves travelling
at subsonic speed for positive dust exist in this magnetized plasma. The effects of the parameters Py, Py, f, f;, M and k,
on the formation of dust acoustic solitons have also been studied.

The range of Mach number for nonlinear arbitrary amplitude dust acoustic solitons is investigated numerically from
equation (22). It was proven that § had an upper limit 4/7 [38]. When the values of 8 are above 4/7, the Cairns distribution
ceases to be monotonically decreasing. So, all present calculations were performed for values of 8 not exceeding 4/7. For
fixed plasma parameters §; = 0.2, 5, = 0.2, « = 0.1, k, = 0.75, and P, = 0.03 , Fig 1 (a) and (b) show the Mach
number M values versus dust-ion density ratio f that supports the existence of arbitrary amplitude dust acoustic solitons
in a magnetized plasma with anisotropic dust pressure for two different values of P; = 0.1 (solid) and 0.01(dashed). In
figure 1(a) we considered negative dust and in Figure 1(b) we considered positive dust. For both positive and negative
dust, we get similar range (not exactly same) of Mach number for existence of solitons.

Figure 2(a) and (b) show the variation of the Sagdeev potential S(¢) against the electrostatic potential ¢ for different
values of parallel dust pressure P for negative and positive dust respectively. Other parameters are taken as fixed. From
these figures it has been noted that the parallel pressure variation is quite effective for negative dust. As P, increases the
amplitude of the rarefactive solitons decrease very fast. On the other hand, for positive dusts, the amplitude of the
compressive soliton increases. In Figure 2(c) and (d) show the variation of ¢ against & which has been computed
numerically by integrating the Sagdeev potential for same parameters used in figure 2(a) and (b) respectively.

In figure 3(a) and (b), the variation of the Sagdeev potential S(¢) against the electrostatic potential ¢ for different
values of perpendicular dust pressure P, is plotted for negative and positive dust respectively. From these two figures, it
can be seen that the increase of perpendicular dust pressure P, increases(decreases) the amplitude of solitons very little
for negative(positive) dust.
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Figure 1. The range of Mach number for existence of dust acoustic waves against dust-ion density ratio f for P, = 0.1 (solid curves)
and 0.01(dashed curves). The subfigure (a) for negative dust and (b) for positive dust
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Figure 2. In panels: (a) Variation of Sagdeev potential S(¢) against ¢p and (b) the resulting soliton profile ¢ are depicted for different
P, =0.02,0.07,0.12 for negative dust, [Here M = 0.98,f = 0.75,k, = 0.6,a = 0.1,5; = 0.3, B, = 0.3 and P, = 0.02]. Similarly,
in panels (c) and (d) for positive dust [Here M = 0.77,f = 0.5,k, = 0.7, = 0.1,5; = 0.3, B, = 0.3 and P, = 0.02.]
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Figure 3. Variation of Sagdeev potential S(¢) against ¢ for different P, = 0.01,0.06,0.11 for (a) M = 0.98,f = 0.75,k, =
0.6,a = 0.1,j = 1 (negative dust), 5; = 0.3, B, = 0.3 and P, = 0.05. (b) M = 0.78,f = 0.5,k, = 0.7, = 0.1,j = —1(positive
dust), 8; = 0.3, 8, =03 and P, = 0.1
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Figure 4(a) and (b) displays variation of Sagdeev potential S(¢) against ¢ for different values of density ratio of
dust to ions f. It can be seen that the increase of f leads to decrease in amplitude of solitary waves.
The effect of nonthermal parameter f; of ions on the Sagdeev potential is shown in the Figure 5(a) and (b) by plotting

Sagdeev potential S(¢) against ¢ for different values of ;. As fB; increases the amplitude of the dust acoustic solitary
waves decreases for both positive and negative dust.
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Figure 4. Variation of Sagdeev potential S(¢p) against ¢ (a) for different f = 0.8,0.85,0.9 and M = 0.85,k, = 0.6,a = 0.1,j =
1 (negative dust), §; = 0.3, B, = 0.3, P, = 0.01 and P; = 0.11. (b) for different f = 0.5,0.65,0.8and M = 0.78,k, = 0.7,a =
0.1,j = —1(positive dust), §; = 0.3, 8, = 0.3, P, = 0.02 and P, = 0.1
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Figure 5. Variation of Sagdeev potential S(¢) against ¢ (a) for different 8; = 0.2,0.3,0.4and M = 0.93,k, = 0.6,a = 0.1, ]
1 (negative dust), f =0.75, S, =0.2, P, =0.02 and P; = 0.11. (b) for different B; = 0.2,0.25,0.3and M = 0.73,k,
0.68,a = 0.1,j = —1(positive dust), f = 0.5, o = 0.3, P, = 0.02 and P, = 0.1

Mach number is related to the speed of dust acoustic waves. Figure 6(a) and (b) show the variation of the Sagdeev
potential S(¢) against ¢ for different values Mach number M for negative and positive dust respectively. From these

figures it is shown that, for both positive and negative dust, increase of Mach number leads to increase in the amplitude
of solitary waves.
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Figure 6. Variation of Sagdeev potential S(¢) against ¢ (a) for different M = 0.85,0.95,1.05 and f = 0.85,k, = 0.6, = 0.1,j =
1 (negative dust), §; = 0.3, B, = 0.3, P, = 0.01 and P, = 0.11. (b) for different M = 0.58,0.68,0.78 and f = 0.5,k, = 0.7,a =
0.1,j = —1(positive dust),8; = 0.3, 8, = 0.3, P, = 0.02 and P; = 0.1
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In Figure 7(a) and (b) we have plotted the Sagdeev potential S(¢p) against ¢ for different value of k, for positive
and negative dust respectively. We can see as k, increases i.e. as direction of solitary waves approaches the direction of
magnetic field, the amplitude of the solitary waves gradually decreases.
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Figure 7. Variation of Sagdeev potential S(¢b) against ¢ (a) for different,k, = 0.6,0.65,0.7 and f = 0.75,M = 0.98,a = 0.1,j =
1 (negative dust), f; = 0.3, B, = 0.3, P, = 0.01 and P, = 0.11. (b) for different k, = 0.7,0.75,0.8and f = 0.5,M = 0.78,a =
0.1,j = —1(positive dust),5; = 0.3, f, = 0.3, P, = 0.02and P, = 0.1

6. CONCLUSION

In this investigation, we have studied the effect of anisotropic dust pressure on the formation of dust acoustic solitary
waves in a three-component magnetized plasma, consisting of dust fluid and nonthermal ions and electrons.

Although, Bashir et al. [32] studied the dusty plasma with anisotropic dust pressure as in this work but they used
Reductive Perturbation Method. In our work we have used Sagdeev Potential Method which is more comprehensive
method that accounts all nonlinearities and give more accurate results. Using Sagdeev pseudo-potential method, an energy
integral has been derived for dust acoustic solitons. Bashir et al. [32] got very small amplitude solitons but we got solitons
with larger amplitude. Also, we have calculated the range of Mach number for existence of solitary waves.

It is observed that, various parameters viz. parallel and perpendicular dust pressure, non-thermality of ions etc.
significantly modify the arbitrary amplitude dust acoustic solitons. Some important findings are summarized as:

a) As parallel dust pressure P, increases, for negative(positive) dust, the amplitude of the rarefactive(compressive)
solitons decrease (increases).

b) The increase of perpendicular dust pressure P, increases(decreases) the amplitude of solitons very little for
negative(positive) dust.

c) The increase of density ratio f = Z‘iﬂ leads to decrease in amplitude of solitary waves.
i0

d) Asnonthermal parameter §; incrases the amplitude of the dust acoustic solitary waves decreases for both positive
and negative dust.

Clusters of sub-micron and micron-sized dust particles within Earth's magnetosphere are detected by various
satellites. Electrostatic solitary waves are also observed in various space and astrophysical plasma possessing the pressure
anisotropy arising due to strong magnetic field [30, 39-40]. Theoretically, it is seen that in earth’s magneto-tail region,
electrostatic solitary waves exit [41-43], where the pressure anisotropy arises due to earth’s magnetic field. Despite the
theoretical plausibility and indirect evidence, the nature of dust particle swarms and associated DAWs in the
magnetosheath remains an open question. The result of the present investigation may be effective to explore the various
aspects of nonlinear structures of in those regions, where non-thermal electrons with pressure anisotropy can exist.
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BIIJIUB AHI3OTPOITHOT'O TUCKY ITAJTY HA ®OPMYBAHHSI TA IOIIUPEHHS ITNJIOBUX AKYCTUYHHNX
OJMHOKHUX XBHUJIb (DASW) JJOBLIbHOI AMILIITYIU B HAMATHIYEHIMA
MAJIOBO-IOHHO-EJEKTPOHHIN IIJIA3MI
Mamani Yoyaxypi
Kagheopa mamemamuxu, konedxc ons disuam Xanoik, I'yeaxami 781001, Inois
JociipkeHo muioBi akyctiaHi oguHouHi XBriti (DASW) noBinbHOT aMIUTITY/IM B 3alMIIEHIH MarHiTOIIIa3Mi 3 aHi30TPOITHUM THCKOM
MMy Ta HETEIUIOBMM PO3MOAIIOM iOHIB Ta enekTpoHiB. Merox mceBnonoTeHuiany CarieeBa BUKOPHCTOBYETBCS JUIsSl BHBEICHHS
piBHsHHs OanmaHCy eHeprii Ta aHamidy pI3HHX BJIACTUBOCTEH ITMJIOBUX AaKyCTHYHHX COJITOHIB. YHCENBHO OCIIKYIOThCS
aHI30TPOMHUI TUCK MWy, KOCQIIiEHT HIUTBHOCTI MHIY, HETEIUIOBI eekTH Tomo mnpu mommpenHi DASW. BceranoBneHo, mo
PO3piIKEHI CONITOHN MOXKYTh ICHYBAaTH ISl HETATUBHO 3apSPKEHOTO MUITY, & CTUCKAI0Yi COJIITOHN MOXYTh 1CHYBaTH JJISl TIO3UTHBHO

3apspKeHoro nuy. Lle nociipreHHs: Moke OyTH KOPUCHHUM 11 po3yMinHsg DASW y pi3HuX acTpoi3HYHHX CepelOBHIIAX.
Kuo4oBi ciioBa: nuiosa akycmuuna Xeuis, nuioéda Nidsma; aizomponHuil muck, ncegdonomenyian Cazdeesa; nOOOUHOKI XGUIL;
HamazHivena naasma; Hemeniogi enekmpony ma ionu
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Analytical expressions are derived to describe the nonparaxial diffraction of modes in a dielectric waveguide resonator for a terahertz
laser. The study examines the interaction between azimuthally polarized TEo» (m = 1, 2, 3) modes and a spiral phase plate (SPP),
accounting for its different topological charges (n). Using numerical modeling, the emerging physical properties of vortex beams are
investigated when they propagate in free space. Vector integral Rayleigh-Sommerfeld transforms are used to study the propagation in
the Fresnel zone of vortex laser beams excited by TEo» modes of a dielectric waveguide quasi-optical resonator when they are
incident on a phase plate. In the studied modes, in the absence of a phase plate, the field exhibits a ring-shaped transverse intensity
distribution along the propagation axis. In this case, the number of rings in the cross-section corresponds to the azimuthal number of
modes, and the phase distributions for the transverse components of these modes have opposite signs. The use of a SPP with a
topological charge n = 1 changes the structure of the beam field, forming an axial maximum in the transverse profile with an increase
in the beam diameter at this maximum compared to the case without a phase plate. At the same time the phase structure of the field
for transverse components acquires two-lobe symmetry. When using a SPP with a topological charge n = 2 for the TEo1 mode the
restoration of the ring-like field structure is observed and for the TEo2 and TEo3 modes the formation of regions of increased intensity
is observed. In this case, the phase distributions of the field components for the TEo1 and TEo2 modes acquire a three-lobe spiral
structure, whereas those for the TEo3 mode acquire a multi-lobe spiral configuration.

Keywords: Terahertz laser,; Dielectric waveguide resonator, Spiral phase plate; Vortex beams; Azimuthal polarization; Radiation
propagation

PACS: 42.55.1t; 42.60.Da; 42.25.Bs; 47.32.C—

1. INTRODUCTION

In recent years, in addition to the development of efficient sources and detectors in the terahertz range [1 — 3], the
development of terahertz optics is also necessary to ensure the possibility of specific control and manipulation of such
radiation by changing its amplitude, phase, polarization, and even orbital angular momentum (OAM) [4 — 6]. Among
various terahertz structured beams, vector beams with inhomogeneous phase and polarization states have shown
significant practical value in many fields due to their unique light-field distribution characteristics [7 — 9]. The growing
interest in terahertz vector vortex beams is due to the helical dislocations of the wavefront that arise in them. Such
vortex beams combine the advantages of terahertz waves and OAM. In particular, terahertz waves have a highly
coherent, non-ionizing nature and a high penetrating power, while OAM gives the radiation an additional degree of
freedom [10 — 13].

The study of the propagation of vortex terahertz laser beams is of great importance for the development of modern
science and technology. The unique polarization state and complex spatial structure of terahertz vortex beams provide a
richer multiplexing space for information coding and encryption states. Studying the propagation of such beams allows
us to better understand their interaction with various materials, particularly nonlinear media, which is crucial for
developing new methods of visualization and diagnostics. In addition, these studies contribute to the development of
higher-resolution technologies, which are essential for microelectronics and nanotechnology. In free space, vortices can
exhibit a stable wavefront structure, allowing them to maintain their unique properties over large distances [14, 15].

Spiral phase plates (SPP), g-plates, achromatic polarization elements, diffraction optical elements, metasurfaces,
polarization gratings are used to form vortex beams [9, 16]. SPPs are effective devices for the conversion of various
types of beams into vortex beams due to their low fabrication cost, design simplicity and compactness [17, 18].

Optically pumped terahertz molecular lasers are among the first lasers developed in the terahertz range [19]. They
have a narrow generation linewidth (Av = 1 kHz) and are among the most powerful tabletop terahertz sources available
[20 — 22]. Most optically pumped lasers use waveguide resonators, enabling the generation of sufficiently high powers (up
to 1 W) in continuous mode with relatively small cavity sizes [23 — 25]. Among the resonator modes with nonuniform
polarization of radiation the TEy,, modes with azimuthal polarization have the lowest energy losses and can be effectively
used in orbital angular momentum division multiplexing applications in wireless communications [26 — 28].
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The present work is aimed to obtain analytical expressions for describing the nonparaxial diffraction of azimuthally
polarized TEo,, modes of a dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase
plate, as well as to investigate the spatial structure and evolution of the intensity and phase of the formed vortices.

2. THEORETICAL RELATIONSHIPS
The propagation of laser radiation in free space along the z axis is described by the well-known Rayleigh-
Sommerfeld integrals. We use the following expressions of the field components for the cylindrical coordinate system
in different diffraction zones [29-31]:

i o =im o p? ) cos(Q—
E,(p.B.2) =~ exp(ikn)[ | E(py, @) exp| ik 2L exp[—zkpp(’—(“’ﬁ) Do dpo do. (L1)
Ay 00 2 "
j 21 z cos(p—
E,(p.B.2) =~ explibr)] | E,(po-@)exp| ik 20 |exp| ik PPLCS@TBN ) oo g, (1.2)
7“1 00 27 n
2T

E.(p.B.2)= #eXP(ikn)J [ 1 E2 (P> 9)(pcosB—py cos @)+ E (g, 9)(psin B—p sin @) [x
1 00

2 -
X exp[ikg—oJ exp(—ikppOL((pB)] podp,de,

Ul i

(1.3)

where k =27/ is the wave number, 4 is the wavelength, (po, (p) are the polar coordinates in the area where the

input field is specified, (p, [3,2) are the cylindrical coordinates in the observation plane, E)? (Py>®) and E}(,) (py,®) are

the complex amplitudes x and y components of the input electric field, respectively, 7 = Jp?+22.

The modes of the studied dielectric resonator coincide with the modes of a hollow circular dielectric waveguide.
Therefore, in the initial plane we define radiation in the form of symmetric azimuthally polarized TE, modes. The
expressions for the Cartesian components of electromagnetic fields of these modes in the source plane z = 0 have the
following form [32]:

E} (Po>®) =—ByJ; [UOm %)J sin(),
TEo,» mode 2

E;) (Po,(P) =By J; [UOm %)j cos(¢),

where a is the radius of the waveguide, J; is the Bessel function of the first kind, U,,,, are the first roots of the equations
1
amJ,(Uy,,)

Consider the interaction of these modes with a spiral phase plate (SPP) with an arbitrary topological charge
(n) [33]. Let us place the SPP with an aperture of the same radius a at the output of a waveguide (Fig. 1).

resonator

Ji(x)=0, By, = are the normalizing factors for the TEy,, modes.

spiral phase

Figure 1. Theoretical scheme of the calculation model of laser beam propagation

The complex transmission function of this SPP in polar coordinates has the form [9]:

T;'l (pO:(P) = circ (p—oj exp (ln(p) — {exp (ln(P)y p() < a, (3)
a

05 pO > a,

where circ (+) is the circular function.
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To simplify the calculations, integration over the angle ¢ in (1) can be performed with the known relationships
for the integer p > 0 from [34]

2n

[ cos(uo+,) expl-ix cos(@—0)de] = 21 (=) J, (x) cos(uB + @y ) ,
0

2n

J' sin(uQ + @, ) exp[—ix cos(¢—0)]dp = 2n (—i)“JM (x)sin(UB+¢,) .

0

Then from here we can get the following relation
[ e @B go =2m P (~i)" J, (x) . 4)

0

Using Euler’s formulas and taking into account Eq. (4), we obtain the expressions:
[ e @B sin g d o = —me™ (—i)" [P, (x)+e P, (x)], (5.1)
0

[ e 0B cospd=me"™ (=) [P, (x)—e P, (x)]. (5.2)
0

Then, using formulas (5.1) and (5.2), we obtain expressions for the field components that describe the nonparaxial
diffraction of the TE,, mode on the SPP. They look like this

_ n+lk
Ex (p’ ﬁa Z) = (1)272 eXP[i(n B + krl )] BOm [eXp(i B) G21n+1 (pa Z) + CXP(—IB) Gzln—l (ps Z)] > (6 1)
1
. n+2 z
E,0.B.2) = L expli(nB+ k)] By [ex0B) 62101 (9.2)—exp(-TB) G2, 45,2, (62)
(_i)n+1 kp )
E.(p.B.2) = 5 P explitn B+ k)] By (6240 (0. 2)+ G219 (6.3)

where the following notation is introduced

a . 2 k
G2,4(P,2) :_[Jl [UOm p_OJ eXP[lkg_S} 1 [ ipo Podpy -
0

a i i

3. NUMERICAL RESULTS AND DISCUSSIONS
Using expressions (6), the longitudinal and transverse distributions of the total intensity of the electric field

2 C e . . 2
(1 =|Ex|2+ +|EZ |2) as well as the transverse distributions of the intensity (Iz:|E,.| ,i=x,y,z)and phase

E,

@; = arctg(Im(E,) / Re(E;)) of individual field components were calculated. The study was performed for laser beams

formed by modes of a dielectric waveguide resonator during their interaction with SPP. The calculations were
performed for azimuthally polarized TEo, modes (azimuthal number m = 1, 2, 3) at a wavelength of A = 432.6 pum,
which corresponds to the generation line of a THz laser with optical pumping on the HCOOH molecule [35]. The
waveguide diameter in the calculations was 2a = 35 mm and a phase plate with an identical diameter was installed at its
output. In the work the spatial-energy properties of the field of the studied beams were compared for the values of the
topological charge of the SPP n =0, 1, 2.

Fig. 2 shows the longitudinal and transverse distributions of the field intensity of laser beams excited by TEy,
TEp, TEo; modes in the Fresnel zone in three cases: in the absence of a phase plate (n = 0) and with topological charge
1 and 2. The transverse intensity distributions are plotted in a plane that corresponds to the position of the maximum
field intensity along the z-axis. For the studied modes in the absence of a phase plate the field is characterized by a ring
transverse intensity distribution along the propagation axis. In this case the number of rings in the cross section
corresponds to the azimuthal number of the mode. The introduction of a phase plate with a topological charge n = 1
leads to the formation of an axial maximum in the transverse profile and its displacement toward the radiation source. A
further increase in the topological charge to n = 2 returns the beam profile to its initial annular shape, but a decrease in
the beam energy localization region is observed.
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Figure 2. Calculated longitudinal (al— a3, c1 — ¢3, el — e3) and transverse (bl — b3, d1 — d3, f1 — f3) distributions of the total field
intensity of laser beams excited by TEo1, TEo2, TEos modes in the Fresnel zone: in the absence of a phase plate (al, b1, cl, d1, el, f1),
with a topological charge n = 1 (a2, b2, c2, d2, €2, f2) and n = 2 (a3, b3, c3, d3, €3, {3)

The values of the z coordinates at which the maximum field intensity is achieved and the magnitudes of these
intensities as well as the beam diameters are given in Table 1. The diameters of the beams excited by the studied modes
were calculated using the formula [36]

2T oo

2[ [p*1(p,B,z) pdpdP
00

2T e

[ [1(p.B.2) pdpdP
00

d=2 O]

Analysis of the obtained results shows that the installation of a spiral phase plate with a topological charge of n =1
compared to the case of its absence is accompanied by a noticeable increase in the beam diameter for all three modes.
At n =2 for the TE¢; mode the beam diameter remains almost unchanged compared to the case without a phase plate,
for the TEp mode it decreases, and for the TE¢; mode on the contrary it increases. The largest value of the beam
diameter was obtained for the TEo3 mode atn =1 and itis d = 40 mm.

Table 1. Parameters of the studied laser beams excited by TEo» modes in the regions of maximum field intensity at different
topological charges.

Mode n z (mm) Lnax X 1073 (abs. units) Beam diameter d (mm)
0 176 2.33 29.54
TEo1 1 527 2.84 38.72
2 132 2.61 29.87
0 208 448 32.87
TEo2 1 321 8.68 39.69
2 100 2.98 30.42
TEos 0 167 6.44 34.27
1 231 14.63 40.05
2 172 3.43 37.79

Figure 3 shows the transverse distributions of the intensity and phase of the Cartesian E, and E, components of the
electric field for the TEy mode in the Fresnel zone. Since the contribution of the E. component to the total field
intensity is insignificant, its intensity and phase distributions are not presented here or below. In the absence of SPP the
field is localized in two areas. However, the phase distributions for the E. and E, components exhibit antiphase
behavior: the phase changes by © between opposite half-planes according to the orientation of each component. Atn =1
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characteristic S-shaped curvatures appear in the field intensity. The phase distribution for these components in this case
takes a spiral shape with two lobes. At n = 2 the field is again localized in two regions and the phase distribution
acquires a complex three-lobed structure with sharp phase transitions.
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Figure 3. Calculated transverse distributions of intensity (al — a6) and phase (bl — b6) for Ex and Ej components of the field of laser
beams excited by the TEo1 mode in the Fresnel zone: in the absence of a phase plate (al, a2, b1, b2), with a topological charge of

n=1 (a3, a4, b3, b4) and n =2 (a5, a6, b5, b6)

The transverse distribution of the field intensity and phase for the E, and E, components of laser beams excited by
the TE(>» mode in the Fresnel zone at different values of the topological charge is shown in Fig. 4. In the case of n = 0
the localization of the field energy is observed in four regions. The phase distribution as for the TEo; mode exhibits
antiphase behavior. At n = 1 the maximum field intensity shifts toward the center, and the phase distribution takes on a
spiral shape with a characteristic two-lobe structure. At n = 2 localization of the field energy in four regions is again
observed, but in this case the intensity of the side lobes increases. In this case the phase structure of the field
demonstrates clearly defined three-lobe vortices with discontinuities in phase fronts.
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Figure 4. Calculated transverse distributions of intensity (al — a6) and phase (b1 — b6) for Exand E;, components of the field of laser
beams excited by the TEo2 mode in the Fresnel zone: in the absence of a phase plate (al, a2, bl, b2), with a topological charge of
n=1 (a3, a4, b3, b4) and n =2 (a5, a6, b5, b6)

For the TEo3; mode in the absence of SPP a further increase in the number of field localization regions is observed
(Fig. 5). The phase distributions of the studied field components have antiphase symmetry. At n = 1 a transformation of
the intensity profile appears with energy localization in the central region and the phase distributions acquire a spiral
shape. For n = 2 a further increase in the energy localization regions is observed with two clearly defined regions of
increased field intensity. In this case the phase distributions of the field acquire a multi-lobe spiral structure.
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Figure 5. Calculated transverse distributions of intensity (al — a6) and phase (bl — b6) for Ex and E), components of the field of laser
beams excited by the TEo3 mode in the Fresnel zone: in the absence of a phase plate (al, a2, bl, b2), with a topological charge of
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3. CONCLUSIONS
Analytical expressions are obtained to describe the nonparaxial diffraction of TEy, modes (m = 1, 2, 3) of a
dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase plate with its different
topological charges (n = 0, 1, 2). The spatial structure of the intensity and phase of the electric field of formed vortex
beams during their propagation in the Fresnel zone of free space is investigated.

It is shown that in the absence of a spiral phase plate, when the TE(; mode is excited in the resonator, a beam with
a ring transverse intensity distribution is formed. The phase distributions for the transverse components of this mode, as
well as for the other modes, have the opposite signs. The introduction of a SPP with a topological charge n = 1 leads to
the formation of an axial maximum in the transverse profile and an increase in the beam diameter at this maximum
compared to the beam diameter in the absence of a plate by almost 10 mm. The phase distribution for a given
topological charge takes on a spiral shape with two lobes for all modes. The restoration of the ring-shaped structure is
observed at n = 2 with a decrease in the beam energy localization region. In this case, the phase distribution acquires a
three-lobe spiral structure.

In the case of the TE¢, mode without SPP the beam has two pronounced rings in the cross section. Atn =1 a
significant increase in the field intensity at the center of the beam is observed and a shift in the localization of radiation
energy to its source. For n = 2 the spatial profile of the beam becomes more complex: additional zones of increased
intensity appear and the phase exhibits a clear three-lobe structure with discontinuities in the phase fronts. For a given
topological charge, the beam diameter has a minimum value.

The TEo; mode exhibits the most complex intensity distribution structure already at » = 0 with three rings in the
cross section. The introduction of SPP with n = 1 leads to the localization of the field energy in the central region of the
beam and a sharp increase in the maximum intensity in this region, which is accompanied by the largest increase in the
beam diameter among the studied modes (up to 40 mm). The field structure becomes even more complex at n = 2.
Several zones of increased intensity are formed, and the phase distribution acquires a distinct multi-lobe spiral
configuration.
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MHMOMIMWPEHHS ASIMYTAJIBHO IOJIIPU30BAHUX TEPAT'EPIIOBUX JIASEPHUX ITYYKIB
3 ®A30BOIO CUHI'YJISIPHICTIO
Amnppiii B. lerrapsos, Mukosaa M. /ly6inin, Bauecnas O. Maciios, Koctanrus I. Mynrsan, Baaguciaas C. Cenrora
Xapriecokuii nayionanwruil yrnieepcumem imeni B.H. Kapaszina, maiioan Ceoboou, 4, Xapkis, Ykpaina, 61022

OTpuMaHO aHANITHYHI BHPa3W JUIl OIMCY HemapakciadbHOi Judpakmii MOA IieNeKTPUYHOTO XBHJIEBIJHOTO pe30HaTOpa
TepareproBoro jasepa. JlociipkeHHs nependadae B3aeMOiI0 MK asuMyTaibHO nossipusoBanuMu TEon (m = 1, 2, 3) Momamu Ta
croipanbHoio (a3oBoio miractuHoro (COIT) 3 ypaxyBaHHsAM il pi3HMX TONOJNIOTiYHHX 3apsAiB (7). 3a JOMOMOIOI0 HYHCEIBHOTO
MOJICITIOBAaHHS JOCHIIKEHO (i3udHi 0COONMMBOCTI BHUXPOBUX MYYKiB, IO BHHHUKAIOTh, KOJIM BOHH IOLIMPIOIOTECA y BIIBHOMY
mpoctopi. BekropHi iHTerpansHi neperBopeHHs Penes-3omMepdensaa BUKOPHCTOBYIOTECS IS JOCTIKCHHS MOIIMPEHHS Yy 30HI
@penenst BUXpOBUX JIa3epHUX ITydKiB, 30ymkeHnx TEon MomaMu qieTeKTpHYHOTO XBHJIEBIHOIO KBa3iONTHYHOTO PE30HATOPA, IPH
MaJiHHI Ha cHipanbHy (a30oBy IUIacTHHY. I IOCHiIKYyBaHUX MOJ 3a BIICYTHOCTI ()a30BOi IUIACTHHH IIOJE XapaKTEePHU3yeThCs
KIUTBIICBUM TOMEPEYHUM PO3MOJIIIOM IHTCHCHBHOCTI Ha OCi momupeHHs. [Ipu 1bOMy KUTBKICTh KiJICllb Y TMOINEPEYHOMY IMepepisi
BIZINIOBI/ZIa€ a3UMYTaJIbHOMY HOMEpY MOJI, @ PO3MOIUIH (a3u Julsi KOMIIOHEHT AaHHX MOJ MAlOTh MPOTHJICKHI 3HAaKU. 3aCTOCYBaHHSI
COII 3 TomonorivHUM 3apsigoM n = 1 3MiHIOE CTPYKTYpY IOJISI IIy4KiB, (JOPMYIOUM OCHOBHII MaKCHUMyM B morepedHomy mpodimi 3i
301IBIICHHSIM JliaMeTpa Mydyka y JaHOMY MaKCHMyMi Yy MOPIiBHSHHI 3 BUMAAKOM BiJCYTHOCTI (a30Boi ruiacTHHU. BogHovac dazosa
CTPYKTypa Ul MOMEPEYHUX KOMIOHEHT HaOyBae IBomemocTkoBOi cumeTpii. Ilpu Bukopucranni COII 3 TonmomorivHUM 3apsaoMm
n =2 gt TEo1 Momn cnoctepiraeTbCs BiTHOBICHHS KilbIenomiOHoi cTpykTypu momst, a mist TEo2 Ta TEo3 mon — dopmyBaHHS
obnacrei mixBumeHoi iHTeHcHBHOCTI. Da30BHil PO3MOMIN I KOMIOHEHT 1ojis B npoMy Bumazaky st TEor i TEo2 mon HaGyBae
TPBOXIIENIOCTKOBOI CIPaIbHOI CTPYKTYpH, a [uist TEo3 Moxu — GaraTonemrocTKOBOI CIipaibHOT KOHGIryparii.

KurouoBi ciioBa: mepazepyosuil nazep, Oieiekmpuynuil X6unesiOHUIl Pe30HAMOop, CRIpAIbHA (Pa308a NAACMUHA, BUXPOSI NYYKIL
NONAPUAYIS, NOWUPEHHS BUNPOMIHIOBAHHS
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The present study utilizes SCAPS software to simulate and analyze the semiconductor materials gallium arsenide (GaAs) and boron
arsenide (BAs) for photovoltaic applications. We outline the methodology, emphasizing critical factors considered during simulation.
The performance of solar cells is investigated through quantum efficiency and photovoltaic performance curves. Additionally, the
observed trends, key differences between GaAs and BAs, and their implications for advancing high-efficiency solar cells are
discussed.
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1. INTRODUCTION

Gallium arsenide (GaAs) is a prominent material in the photovoltaic industry due to its direct bandgap and
remarkable electronic transport properties. Its ability to efficiently absorb sunlight and convert photonic energy into
electricity makes it a preferred material for high-performance solar cells.

Boron arsenide (BAs), while still in the development phase, has garnered attention for its promising properties in
photovoltaic applications. With a wider bandgap compared to GaAs, BAs is potentially better suited for capturing high-energy
photons in the solar spectrum. However, its practical implementation in photovoltaic cells remains a technical challenge.

The article solves the physical problem of designing next-generation solar cells by elucidating the trade-offs
between light absorption, charge transport, recombination losses, and thermal stability, thereby guiding the practical
optimization of both GaAs- and BAs-based devices for enhanced, stable photovoltaic performance.

This comprehensive approach not only advances our theoretical understanding but also has direct implications for
developing efficient, robust solar cell technologies for real-world applications.

2. STATE OF THE ART FOR THE ANALYSIS OF SOLAR CELL PERFORMANCE

In recent years, high-efficiency solar cells have predominantly relied on III-V semiconductors, such as GaAs

(Gallium Arsenide), due to their:

= Direct bandgap (\~1.42 eV).

= High carrier mobility.

= Excellent performance under high radiation and temperature conditions (ideal for aerospace and concentrator
photovoltaics).

To push efficiency beyond 30%, researchers have:

= Optimized multi-junction structures combining materials of varying bandgaps.

= Employed advanced transport layers (e.g., InGaP, AlGalnP).

= Used SCAPS-1D and other simulation tools to optimize layer thickness, doping, and interface quality.

Studies like those by [1] achieved efficiencies up to 30.88% in GaAs-based solar cells using complex
heterojunctions. Other works, such as like [2], have used using pin-type GaAs cells in SCAPS simulations, reached
efficiencies around 28.5%.

On the other hand, Boron Arsenide (BAs) is an emerging semiconductor, predicted to offer:
= A wide bandgap (\~2.45 eV).

= Exceptional thermal conductivity.

= High ambipolar mobility.

These properties are promising for thermophotovoltaic and space applications, but its use in actual solar cells
remains mostly theoretical or simulation-based due to fabrication challenges.

3. STRUCTURES STUDIED
To ensure an accurate comparison, the study evaluates two heterostructures based on BAs and GaAs under
identical conditions (Figure 1). Both structures incorporate copper oxide (CuO) as the hole transport layer, facilitating
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the collection of positive charge carriers generated in the photovoltaic device's active layer. Tungsten disulfide (WS2)
serves as the electron transport layer, aiding in the collection of negative charge carriers.

A fluorine-doped tin oxide (FTO) layer is utilized as a transparent electrode in both configurations. This layer
reduces voltage losses and enhances the efficiency of solar energy conversion into electrical power by providing a
conductive interface between the active layer and the external circuit. This setup allows for a comprehensive
comparison of the photovoltaic potential of GaAs and BAs under controlled and comparable conditions.

FTO FTO

Ws2 WS2

CuO CuO
Pt Pt
(a) (b)

Figure 1. Structure of GaAs-based solar cells (a), BAs-based solar cells (b)

3.1. Physical and Optical Parameters of the Studied Cells

Table 1 displays the physical and optical parameters used in the SCAPS-1D simulations. The thickness of the
CuO, WS2, and FTO layers were set to 0.1 um, 0.2 um, and 0.015 um, respectively, based on typical values reported for
thin-film solar cell devices. The band gap of GaAs (1.42 eV) was taken from a standard semiconductor reference, while
the band gap of BAs (2.45 eV) was obtained from theoretical calculations by Wentzcovitch and Cohen. The electron
affinity and dielectric permittivity values for BAs were taken from Bushick et al. The electron mobility of GaAs was set
to 8800 cm?/Vs, representing a high-quality single-crystal value, while the mobility of BAs was taken from
experimental measurements on synthesized crystals.

Table 1. Parameters of the materials used in the simulation of the examined cells

Parameters CuO GaAs WS2 FTO BAs
Thickness (um) 0.1 Variable 0.2 0.015 Variable
Band gap energy (eV) 2.17 1.42 1.870 3.5 1.46 [1][2]
Electron affinity (eV) 3.2 4.07 4.3 4 4.495 [3]
Dielectric permittivity (relative) 7.110 13.8 11.9 9 9.02 [3]
Effective density of states of the conduction band (cm™3) 2.02 x 10%7 2.2 x 108 1x 107 2 X108 3.01 X 10'7[3]
Effective density of states of the valence band (cm™~3) 1.1 x 10%° 1.8 x 10%° 24x10°  1.8x10* 558 x10'%[3]
Electron mobility (cm?/Vs) 200 8800 [4] 260 20 1400
Mobility of holes (cm?/Vs) 81 400 51 10 2100
Doping concentration of donors (cm™3) 0 0 10%7 10%° 0
Concentration of acceptor doping (cm™3) 10 variable 0 0 variable
References [5] [6] [71[8] [9] [10]

3.2. Evaluation of the simulated structures' baseline performance
The simulation results obtained using simplified models, which exclude variations in thickness, doping levels, and defect
density, are presented in Table 2. This approach allows for a direct comparison of the baseline photovoltaic characteristics of
each structure, providing an assessment of their initial performance under comparable and idealized conditions.

Table 2. Results of basic structure simulations

Structures Voo (V) Jsc (mA/cm?) FF (%) 1 (%)
Pt/CuO/GaAs/WS2/FTO 1.0997 24.3669 83.71 22.43
Pt/CuO/BAs/WS2/FTO 1.2270 23.2075 83.91 23.89
1.00E+10 The results in Table 2 indicate that while
—@—BAs GaAs achieved a slightly higher short-circuit
8.00E+09 GaAs ] current, BAs compensated with a superior fill
6.00E+09 | factor, leading to greater overall photovoltaic

conversion efficiency in this configuration.

<4-00E+09 ‘ This suggests that, for this specific application,

§Z.OOE+09 ¢ BAs may outperform GaAs in terms of charge
° management and minimizing internal losses.

0.00E+00 ® Figure 2, present a current-voltage (I-V)

2.00E409 S 02 04 06 08 jj 14 characteristic =~ comparison between  two

b ) semiconductor  materials: BAs  (Boron

-4.00E+09 voltage (V) Arsenide) and GaAs (Gallium Arsenide). In

reverse bias, both materials exhibit very low
Figure 2. Variation of the current density I as a function of the voltage V for leakage current, slightly lower for BAs,
both GaAs and BAs
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indicating high-quality junctions. Under forward bias, GaAs starts conducting at a lower voltage (~0.95 V), while BAs
requires a higher threshold (~1.05 V), suggesting a wider bandgap for BAs. The current rises more sharply for GaAs,
reflecting better carrier injection at low voltages [11]. However, BAs demonstrates a more stable behavior, with lower
recombination losses. Therefore, GaAs performs better at low voltages, while BAs shows greater stability and potential
for high-voltage or harsh-environment applications.

IT1. Comparative Study of GaAs and BAs-Based Solar Cells
This comparative study examines the performance of GaAs-based solar cells, a well-established material, and
BAs, a promising emerging material for photovoltaic applications. By varying the active layer thickness, doping levels,
and accounting for defects, we evaluate their effects on photovoltaic performance to gain deeper insights into the
strengths and limitations of these materials in solar energy applications.

I11.1. Effect of the active layer thickness
We explore thicknesses ranging from 0.25 to 3 um to determine the optimal level for light absorption, ensuring
maximum efficiency. Additionally, we pinpoint the critical threshold beyond which efficiency declines as thickness
increases, offering valuable insights for designing high-performance solar cells while minimizing material consumption.

1I1.1.1. Variation of V. as a function of thickness
Figure 3 illustrates two distinct trends, one for GaAs and the other for BAs, highlighting the impact of active layer
thickness on the open-circuit voltage (V) in solar cells. Notably, the V,. decreases as the active layer thickness
increases for both materials. Interestingly, however, the BAs curve consistently remains higher than that of GaAs at any
given thickness.
The decrease in Vo with increasing active

125 —®— GaAs layer thickness can be explained as follows: As
1.2 BAs the thickness of the active layer increases, charge
1.15 carriers (electrons and holes) must travel longer
1.1 ° distances to reach the solar cell electrodes. This
S 105 . extended travel increases the likelihood of
3 .0.. recombination before the carriers reach the
=1 M e e electrodes, thereby reducing the voltage generated
0.95 by the cell.
0.9 Increasing the active layer thickness can lead
0.85 to greater light absorption within the layer itself,
o8 | reducing the amount of light that reaches the p-n
0 05 1 15 2 25 3 junction and thereby lowering the voltage
Thikness (um) generated by the cell. Additionally, BAs, with its
Figure 3. Variation of Vo as a function of thickness wider bandgap compared to GaAs, requires higher

energy for electrons and holes to recombine [12].
This characteristic reduces charge carrier recombination, resulting in a higher V. for BAs compared to GaAs.

111.1.2. Variation of Js as a function of

32 thickness
—®GaAs o o © ® o o Figure 4 presents two different curves, one
31 BAs e o T for GaAs and one for BAs, illustrating the
30 ) g relationship between short-circuit current density
29 (Jsc) and active layer thickness in solar cells. For
P ° both materials, Ji increases as the active layer
E 28 thickness grows. However, for GaAs, this
g 27 / increase is more pronounced between 0.25 pm
= 2 and 1.5 um, after which the Jsc begins to rise

marginally or stabilizes. Notably, the GaAs curve

25 ° consistently remains above the BAs curve for any

24 given thickness.

23 The increase in Jsc with active layer

- thickness is due to more photons being absorbed
0 0.5 " 15 5 - 3 and converted into electron-hole pairs as the layer

becomes thicker. Beyond a certain thickness, light
absorption reaches a saturation point, causing Jsc
Figure 4. Js vs with thickness to stabilize as additional material no longer
significantly enhances photon absorption.

Thikness (um)
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86 The GaAs curve remains higher than the BAs
..l curve throughout due to GaAs’s superior electron
84 LS .0"+ G mobility, which facilitates faster electron transport
22 e o * ° BAs and minimizes recombination losses [13].
3 Consequently, while both materials exhibit an
=80 increase in Ji. with thickness, GaAs consistently
“78 generates higher current for a given thickness,
benefiting from its more efficient charge transport

76 properties.
7q | | Figure 5 illustrates two graphs showing the fill
o 05 25 3 factor (FF) of GaAs and BAs as a function of active

1 15 2
Thikness (um) layer thickness in a solar cell. Notably, the FF
initially drops to around 0.5 um and then gradually

Figure 5. Variation of fill factor (FF) as a function of thickness . . . ; .
increases as the thickness continues to rise. This

27 behavior can be attributed to rising resistive losses
26.5 o 0 o o o 'l at lower thicknesses, which initially reduce the FF.
26 - However, beyond this point, improved charge
255 / carrier  separation and Dbetter control of
a\; 25 ° recombination processes offset these losses, leading
€ 245 —e— GaAs to an increase in the FF.
Y BAs In contrast, the fill factor of BAs shows a
o significant decline with increasing active layer
23 thickness, unlike GaAs. This reduction in FF
925 o suggests a potential decline in material quality as
2 | the active layer thickens, which may be attributed
0 1 3 to an increase in charge carrier recombination. This

2 . . 14 . .
Thikness (um) difference highlights the challenges associated with
maintaining optimal performance in BAs-based

Figure 6. Variation of efficiency as a function of thickness solar cells as layer thickness increases.

15 1

145 —e GaAs 111.1.3. Variation of the efficiency (y) versus the
14 BAs . _ thickness .
135 Flgure 6 depl.cts the Var1a.t10n in efficiency as
13 a function of active layer thickness. For GaAs,
s - efficiency increases within the range of 0.25 to 1.75
§ 1.25 e pm, reflecting improved light absorption and
1.2 - enhanced charge carrier management. Beyond this
115 | 7 range, efficiency either stabilizes or slightly
11 : decreases, indicating that most incident photons
1.05 have already been absorbed, and further gains are
1 limited to marginal effects.
1.01E+03 >00E+I8 - A (em) 1.00€+19 In contrast, BAs shows a similar trend to
GaAs within the range of 0.25 to 0.75 um.
Figure 7. Variation of Vo as a function of p-type doplng However’ beyond thls point’ the efficiency

decreases more significantly [14]. This pronounced
decline suggests the presence of adverse factors such as non-radiative recombination or structural imperfections, which
diminish the overall efficiency of the solar cell.

I11. 2 Doping Effect of the Active Layer
We analyze the impact of varying doping concentrations, ranging from low levels (1x10" — 1x10'5) to high levels
(1x10" —1x10"), on critical parameters such as Js, Ve, FF, and PCE. This analysis enables the identification of optimal
doping levels to maximize the performance and efficiency of solar cells.

1I1.2.1. Variation of V. as a function of doping in the active layer
Figure 7, presents two graphs illustrating the open-circuit voltage (Vo) as a function of p-type doping
concentration for GaAs and BAs materials in a solar cell. V. increases with higher doping levels for both materials, but
at every doping level, the BAs curve consistently remains above that of GaAs.

As the p-type doping concentration rises, the number of holes in the active layer increases [15]. This higher hole
density reduces the depletion zone width within the p-n junction, decreasing charge carrier recombination losses in this
region. Consequently, the open-circuit voltage (Vo) is enhanced, improving the overall performance of the solar cell.
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111.2.2. Variation of Jyc as a function of doping in the
active layer

Figure 8 illustrates the variation of short-circuit
current density (Jsc) for GaAs and BAs as a function of
p-type doping concentration (NA). Despite an increase
in NA from 1x10'" to 1x10" cm?, the Jsc for GaAs
remains nearly constant at approximately 30 mA/cm?,
while for BAs, it remains steady at around 28.6
mA/cm? across the same doping range [11].

This stability indicates that the generation and
accumulation of charge carriers are not significantly
affected by higher doping concentrations. The
consistency suggests that the solar cells are already
optimized for photon absorption and charge carrier
collection, and additional doping does not notably
enhance their performance within this range.

111.2.3. Variation of the fill factor (FF) as a function of
doping of the active layer

Figure 9 illustrates the variation in the fill factor
(FF) as a function of p-type doping concentration for
GaAs and BAs. In both materials, increasing the p-type
doping concentration generally enhances the FF,
indicating that charge carrier mobility in these
semiconductors improves with higher doping levels.

For GaAs, the FF shows a steady increase with
rising doping concentration, suggesting consistent
improvements in conductivity. In contrast, BAs
initially exhibits a significant increase in FF; however,
at very high doping concentrations, the FF begins to
decline. This decline may result from saturation effects
or increased recombination phenomena, indicating a
threshold beyond which further doping becomes
detrimental to the material's performance.

111.2.4. Variation of efficiency (y) as a function of
doping of the active layer

Figure 10 presents two graphs showing the
efficiency of GaAs and BAs solar cells as a function of
p-type doping concentration. For both materials,
efficiency increases with higher doping levels. In
GaAs, this increase is particularly pronounced, with
the power conversion efficiency (PCE) rising from
27.42% to 33.14% as doping concentrations increase
from 1x10' to 1x10'8. This improvement reflects
enhanced efficiency in converting light energy into
electricity due to increased doping. The higher
concentration of positive charge carriers (holes)
resulting from p-type doping improves charge
separation, thereby facilitating more efficient energy
conversion.

Similarly, BAs shows an efficiency increase with
higher doping levels, but the rise in PCE is more
gradual, from 32.65% to 34.49% between doping

concentrations of 1x10'® and 1x10'. This trend suggests a potential saturation point, where further doping yields
diminishing returns. This limitation could be attributed to effects such as charge carrier recombination or the saturation
of available doping sites, indicating a practical upper limit to the benefits of p-type doping on photovoltaic conversion
efficiency.
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111.2.5. Effect of defects in the active layer

Figure 11 illustrates the variation in the open-circuit
voltage (Vo) as a function of defect density Ni for GaAs and
Bas. By examining a range of defect density values, we
can assess their impact on the electrical characteristics of
the solar cell. This analysis shall enable us to identify the
optimal defect density, contributing to enhanced overall
performance and efficiency of the solar cell.

A gradual decline in the open-circuit voltage (V) is
observed for both GaAs and BAs as the defect density in
the crystalline layer increases. Initially, the decrease is
mild, but it becomes more pronounced at higher defect
levels.

Comparatively, while BAs may initially exhibit a
slightly higher V. than GaAs, its drop at higher defect
densities is more significant, indicating greater sensitivity
to defects. This suggests that BAs may be more affected
by disruptions in the crystalline structure.

For both materials, the decrease in V. aligns with the
principle that defects disrupt the crystalline structure,
reducing charge carrier mobility and ultimately impacting
the open-circuit voltage.

1I1.2.6. Variation of short-circuit current density (Jsc) as a
function of doping of the active layer

Figure 12 demonstrates that the short-circuit current
density (Ji«) gradually decreases as the defect density (Ny)
increases for both GaAs and BAs materials.

The decline in J, with increasing N; is attributed to
the rise in recombination centers within the material.
These defects elevate the likelihood of electron-hole
recombination before they can contribute to the current,
thereby reducing J... While GaAs initially exhibits higher
efficiency, it shows greater sensitivity to defects at higher
defect densities, highlighting its vulnerability under such
conditions.

111.2.7. Variation of the fill factor (FF) as a function of
defect density

Figure 13 shows that GaAs initially exhibits a
slightly higher fill factor (FF) compared to BAs; however,
both materials experience a similar decline in FF as the
defect density increases.

The reduction in FF with increasing defects in the
crystalline layer can be attributed to enhanced charge
carrier recombination, which decreases the number of
carriers available to contribute to the output current.
Additionally, some defects may obstruct or scatter incident
light, limiting the generation of electron-hole pairs and
further contributing to the decline in the fill factor (FF).

111.2.8. Variation of the efficiency (y) as a function of
defect density

Figure 14 Initially, BAs exhibits a slightly higher
Power Conversion Efficiency (PCE) compared to GaAs;
however, both materials show similar declines in PCE as
defect density increases.

The fill factor (FF) reflects the efficiency of
converting light energy into electricity, accounting for
material quality as well as ohmic and recombination
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losses. A decrease in FF indicates reduced efficiency, which inevitably lowers the overall performance of the device.
Consequently, when FF, J, and V. decline due to crystalline defects, the overall Power Conversion Efficiency (PCE)

of the photovoltaic device is significantly impacted.
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IV. Optimized Configuration

After conducting a series of in-depth analyses on
thickness variations, doping, and defects; the optimized
solar cell presents a thickness of 0.75um, a doping
concentration of 1E18 cm™, and a defect density of
1E14 cm?. This optimization results in an efficiency of
31.17% for the GaAs-based structure and 32.65% for
the BAs-based one.

IV.1. Quantum Efficiency
According to Figure 15, GaAs shows a slightly
higher quantum efficiency, but the difference is not
significant. Both materials are effective over a wide
range of wavelengths.

IV. Effect of temperature

After optimizing the photovoltaic cell in terms of
active layer thickness, doping, and defect management,
it is crucial to study its behavior under extremely high
temperature variations. This step allows for the
identification of optimal operating conditions to ensure
stable and maximum performance, which is essential,
particularly for thermophotovoltaic applications, where
materials must operate efficiently in extremely high-
temperature environments.

IV.1. Effect of temperature on V.

Figure 16, illustrates a decrease in V., with
increasing temperature for both materials, although BAs
consistently maintains a higher value. This suggests
superior thermal stability or reduced sensitivity to
temperature variations compared to GaAs.

At elevated temperatures, charge carriers gain
additional thermal energy, which increases their
mobility within the material but reduces the open-circuit
voltage. Furthermore, higher temperatures accelerate
charge carrier recombination rates, shortening their
average lifetime and contributing to the decline in V..

IV.2. Effect of temperature on short-circuit current
density (Jsc)

The observations of Ji values as a function of
temperature for the two materials (Figure 17)
demonstrate a remarkable stability of the short-circuit
current density (Js) as the temperature increases. In the
case of GaAs, the values of J, remain practically
constant in the temperature range from 300 K to 500 K,
with a slight variation of about 0.0012 mA/cm? over this
temperature range. Similarly, for BAs, the Ji values
remain stable with a minimal variation of 0.0012
mA/cm? over the same temperature range.

The constancy of Js (short-circuit current density)
shows that temperature does not have a significant
impact on short-circuit current generation, confirming
good stability in terms of photonic response.

IV.3. Effect of temperature on the fill factor (FF)
Figure 18 shows the evolution of FF as a function
of temperature for the two materials: GaAs (Gallium
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Arsenide) and BAs (Boron Arsenide). The FF decreases with the increase in temperature for both materials. This
indicates that the energy conversion efficiency of devices based on these materials decreases at higher temperatures.
This is typical for semiconductor devices because the non-radiative recombination of charge carriers increases with
temperature.

35

33 —e— GaAs IV.4. Effect of temperature on efficiency (n)
31 0 BAs Figure 19, presents two graphs showing the efficiency
29 e of GaAs and BAs solar cells as a function temperature. The
27 ™~ .. conversion efficiency decreases with the increase in
g 25 ~e. temperature for both materials. Although the short-circuit
=23 T~ current (I,) remains almost stable, the conversion

o . . . .
21 efficiency decreases. This decrease in efficiency can be
19 - ] mainly attributed to a drop in FF and the open-circuit
17 T voltage (Vo) with the increase in temperature. The stability
15 ¢ of the I, suggests that photons are still effectively
300 400 500 600 converted into charge carriers, but these charge carriers
Temperature (k) undergo more non-radiative recombination at higher
Figure 19. Variation of the efficiency as a function of temperatures. This reduces both V. and FF, leading to an
temperature overall decrease in conversion efficiency.

V. Comparison
Finally, the performance of the two proposed structures, one based on GaAs and the other on BAs, was compared
in terms of photovoltaic conversion efficiency (Table 2). This comparison evaluates the effectiveness of both
semiconductor materials as active components in solar cells. To contextualize the findings and assess the advancements
achieved in this study, the GaAs structure proposed here was also compared with results from previous research (see
Table 3).

Table 2. Comparison of photovoltaic performance between GaAs and BAs as an active layer

structures Voe (V) Jsc (mA/cm?) FF (%) 1 (%)
Pt/CuO/GaAs/WS2/FTO 1.1738 30.6877 89.27 31.17
Pt/CuO/BAs/WS2/FTO 1.2805 29.2739 88.75 32.65

These results indicate that although GaAs is a high-performance material, BAs offers significant advantages in
terms of thermal stability and conversion efficiency, which could make it a promising alternative for high-temperature
applications, particularly thermophotovoltaic applications.

Table 3 compares the findings of this study with another similar published research on GaAs. The results
demonstrate that our approach achieves strong performance using thinner layers, along with materials that are abundant,
easy to fabricate, and less toxic. These attributes contribute to minimizing material waste and promoting environmental
sustainability.

Table 3. Comparison of the performance of GaAs-based solar cells with similar studies.

Reference Voe (V) Jsc (mA/cm?) FF (%) 1 (%)
Ala'eddin A. Saif, M. Albishri et al (2023) [3] 1.02 47.96 87.48 30.88
This work (2024) 1.1738 30.6877 89.27 31.17

VI. CONCLUSION

This comparative study evaluates the performance of two types of solar cells: one utilizing GaAs and the other
BAs. By analyzing a range of performance parameters under comparable conditions, the study identifies the strengths
and limitations of each material in photovoltaic applications, paving the way for advancements in solar energy,
particularly in thermophotovoltaic technologies.

In this study, we compared the performance of solar cells based on GaAs and BAs using simulations conducted
with SCAPS software. The results demonstrated that while GaAs is a well-established material for photovoltaic
applications, BAs shows strong potential due to its greater thermal stability, reduced carrier recombination, and higher
energy conversion efficiency under specific configurations.

The analysis of key parameters such as open-circuit voltage V. short-circuit current Jg, fill factor (FF), and
conversion efficiency (1) revealed that:

e BAs achieves a higher open-circuit voltage, indicating lower internal energy losses and better charge
management.

e GaAs exhibits a slightly higher short-circuit current, likely due to more efficient absorption in the visible
spectrum and superior electron mobility.
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This study is the first to simulate and compare complete solar cell structures based on GaAs and Bas under an

identical architecture, using CuO as the hole transport layer and WS, as the electron transport layer, with SCAPS
software.

It highlights the promising photovoltaic potential of BAs, identifying optimized configurations (thickness, doping,

and defect density) that achieve high efficiencies:

31.17% for GaAs
32.65% for BAs,

Demonstrating competitive or even superior performance compared to literature reports. The study shows that BAs

outperforms GaAs in terms of thermal stability and energy conversion under high-temperature conditions,
making it particularly suitable for thermophotovoltaic and space applications.

The analysis is comprehensive, evaluating the impact of multiple parameters on performance (n, Voc, Js, FF,

quantum efficiency), including:
Active layer thickness

Doping levels

Defect density

Operating temperature

Finally, the study provides practical recommendations for material selection based on target applications:

GaAs for high-speed conduction solar cells.
Bas for extreme thermal environments.

This work bridges theoretical insights with practical optimization, advancing the development of next-generation

high-efficiency solar cells.
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PO3INUPEHHSA MEXK EOEKTUBHOCTI: AHAJII3 COHSIUHUX EJIEMEHTIB GaAs TA BAs JUISI
OOTOEJEKTPUKHU HACTYITHOT'O ITIOKOJITHHSI HA OCHOBI SCAPS
Mepan Jlaapeii, Mama Bymayp, Iman Bya3s3ayi
Vuieepcumem Themcena, gpaxynomem npupoonuuux Hayx, kageopa ¢izuxu, docrionuysvke 00'conanna «Mamepianu ma
8iono6n108aHi Oxcepena enepeiiy, URMER BP: 119, Tremcen, Hyso-Ilons, Mancypa, 13000, Anocup

VY 1mpoMy OCHTIIPKEHHI BHKOPHUCTOBYETHCS Tporpamue 3abesnedeHHss SCAPS i MozpenmoBaHHS Ta aHaji3y HaMiBIPOBITHUKOBHX
MarepiaiiB apcenimy ramiro (GaAs) ta apcenigy 6opy (BAs) mis ¢oroenexkTpudHIX 3acTOCyBaHb. MU OKpPECIIOEMO METOIOJIOTIIO,
IiIKPECITIOIYH KPUTHYHI (paKTOpH, 10 BPAXOBYIOTHCS ITijl YaC MOJEIIIOBAHHS. [IpOMYKTUBHICTh COHSYHUX €IEMEHTIB JOCIIDKY€EThCS
3a JIONIOMOIOI0 KPUBHMX KBaHTOBOI e(eKTHBHOCTI Ta (HOTOEIEKTPUYHOI MpPOAYKTUBHOCTI. KpiM TOro, 0OrOBOpPIOIOTHCS
CIOCTEPEeKyBaHi TeHACHLIl, KI04YoBi BimMiHHOCTI Mik GaAs Ta BAs, a Takok iX 3HAYCHHs ISl PO3BUTKY BHCOKOS()EKTHBHHX
COHAYHHX €JIEMCHTIB.

KurouoBi ciioBa: Gads, BAs; homoenexmpuyna mexuixa, npoepamue 3adesneuenuss SCAPS; egpexmusnicms nepemeoperns (1)
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This study presents a numerical investigation and optimization of lead-free perovskite solar cells using SCAPS-1D simulation. The
proposed device is composed of formamidinium tin iodide (FASnls, absorptive layer), zirconium disulfide (ZrS2, electron transport
material), gold (Au, the back contact), and Fluorine-doped tin oxide (SnOz:F, the front contact).The effects of varying the thickness,
defect density, doping concentration, operating temperature, and back-contact work function on the photovoltaic performance were
studied to determine the optimal device architecture with the highest power conversion efficiency (PCE). Results reveal that the initial
performance of FASnls/ZrS: solar cells was as follows: open-circuit voltage (Voc) =0.99V, short-circuit current (Jsc) = 20.7mA/cm?,
Fill factor (FF)=60.13%, and power conversion efficiency (PCE)=12.4%.After optimization, the performance of FASnls/ZrS:
significantly improved, achieving a PCE of 23.3%, FF of 82.4%, and Jscof 30.2mA/cm?This remarkable improvement in these
parameters is attributed to the increase in thickness and doping density of the FASnls and ZrS: layers which lead to improved light
absorption and charge generation. Additionally, the 5.3 eV work function of the back contact was found to provide better energy-level
alignment with the FASnls layer, thereby facilitating charge extraction. These findings offer valuable insights into the design of
efficient, stable, and lead-free perovskite solar cells.

Keywords: FASnls; ZrS:; SCAPS-1D; Lead-free perovskite solar cells; Electron transport layer; Photovoltaic modeling; Solar energy
PACS: 28.41.Ak, 88.40.H, 61.72.Vv,71.55.-1, 73.30.+

1. INTRODUCTION

Over the last decade, human demand for energy has increased due to our growing reliance on technology, resulting
in a corresponding rise in the use of fossil fuels [1]. They are non-renewable and take a long time to form. Additionally,
burning fossil fuels releases CO, gas, which accumulates in the atmosphere [1]. Thus, considerable efforts have been
made to replace fossil fuels with renewable energy sources, such as solar and nuclear energy. Solar energy is produced
using solar cells, which offer a promising renewable energy source, providing an environmentally friendly way to curb
CO: emissions and meet the growing demand for green energy [1.2]. This has led to an increasing demand for ecologically
friendly photovoltaic devices, such as tin-based perovskite solar cells (PSCs) [2,3]. They have been considered promising
alternatives to lead-based counterparts due to their remarkable optoelectronic properties, which include high absorption
coefficients, adjustable bandgaps, and cost-effective manufacturing processes that together improve the utilization and
potential of solar energy [3,4,5]. For example, Formamidinium (FA)-based lead-free perovskite solar cells exhibit higher
efficiency, greater stability, and reduced toxicity [6]. In addition, tin (Sn)-based PSCs are gaining attention as promising
alternatives to their lead (Pb)-based counterparts, offering similar optoelectronic properties such as high carrier mobility,
strong light absorption, and long carrier diffusion lengths. Also, they offer significantly lower environmental and health
hazards [7].

In recent years, considerable work has been conducted on lead-free PSCs by utilizing various ETL, HTL, and
absorber layers. In this context, Ateeq et al used SCAPS simulation to improve performance of FTO/CeO/FASnls/Cul/Au
for a lead-free solar cell by optimizing different values for bandgap, electron affinity, acceptor density, thickness, defect
density, and back contact work function [8]. After optimization, the efficiency improved from 22.06% to 24.87%, and the
current density increased from 26.03 to 30.68 mA/cm?. Various hole transport layers (HTLs), including PEDOT:PSS,
Spiro-OMeTAD, PCBM, Cu.0, MoOs, and Si, have been investigated in perovskite solar cells. In another study,
Almufarij et al. optimized a lead-free n-i-p MASnl: device using graphene, ZnO:Al, and 3C-SiC interface layers,
achieving a theoretical efficiency of 30.43% and highlighting MASnIs as a promising non-toxic material for sustainable
energy [9].

On the other hand, ETL materials can be prepared from various materials, such as transition-metal dichalcogenides
(TMDCs). ZrS; is a two-dimensional (2D) transition metal disulfide synthesized as a thin film for application in flexible
transparent devices [10]. Various growth techniques can be employed to achieve tunability of bandgap energy, electronic,
and optical properties for ZrS, thin films, such as Chemical Vapor Deposition (CVD) and Atomic Layer Deposition
(ALD) [11]. It has a high electron mobility and a small energy gap, making it useful for solar cell applications [10]. In
this study, we report the optimization of FASnl; /ZrS; solar cells using the SCAPS-1D software [12, 13]. The effects of
absorber layer thickness, defect density states, doping density, and the work function of the back metal contact on the
performance of FASnls/ZrS, solar cells are investigated.
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2. SIMULATION TOOL
Numerical simulation can play a vital role in optimizing various solar cell structures, such as those using SILVACO,
COMSOL, SETFOS, and SCAPS-1D [14]. In this work, the SCAPS-1D simulation was employed to investigate the
efficiency of solar cells comprising FASnl; and ZrS,. This program was developed by researchers at the University of
Gent's Department of Electronics and Information Systems (ELIS), Belgium, for two reasons: to simulate the physical
phenomena that occur within the solar cell and to predict how well the solar cell would operate under various conditions,
such as differences in temperature, illumination angles, and sun radiation [12]. The program solves Poisson’s and
continuity equations for free electrons and holes in the conduction and valence bands, which are commonly used in

different mechanisms of electronic devices. The equations are given below:

d_yzl+q‘:p(x)—)’l(x)+Nn—NA+pp—p”]:() )
dx £
1dJ,
bl U ©)
g dx op (x)
1dJ
——2=-G,+R (3)
g dx on (x)

Where ¢ is the dielectric constant, q is the electron charge, Na and Np are ionized acceptors and donor density, ¥ is the
electrostatic potential, Jp is current density due to hole, Jn is current density due to electron, Gop is the carrier generation
rate, R is the total recombination rate, p is free hole density, n is the free electron density, p,, and p, are the hole and
electron distribution. The following drift-diffusion equations (2) and (3) represent the holes and electrons carrier transport
properties of the semiconducting material. The structure of the HTL-free FASnIs-based perovskite solar cell is illustrated

in Figure (1).
The figure shows that the proposed solar cell is composed
1 of these layers: FASnlsas absorber material, ZrS, as

Dark

electron transport material (ETL), and two electrodes:
gold (Au) as the back contact and fluorine-doped tin oxide
(SnO2:F) as the front contact. The proposed device
configurations are developed by modifying the properties
of the materials used in this study. Table 1 summarizes the
input parameters for HTL-free FASnls-based perovskite
solar cells, as obtained from the literature, to evaluate their
performance [11,15]. To establish a stable reference frame
for our analysis, we examined the most significant
parameters that influence the performance of the tested
device. In general, the main unchanged parameters based
Figure 1. Schematic diagrams of SnO2:F/ZrS2/FASnI3 Au solar on published data are the effective density of states at
cells 1 x 10" cm™ for the valence band and 10" cm™ for the
conduction band of these solar cells. For charge carrier behavior at the interfaces, we applied surface recombination
velocities of 1x10° cm/s for electrons and a slightly higher 107 cm/s for holes, reflecting common trends in perovskite
materials.

Loy

Class/SnO,F substrate

Table 1. Simulation parameters of each layer of the proposed solar cell [11-15].

Parameters ZrS, FAnSI;
. Varyin Varyin;
Thickness (jum) 0210 14 02120
Bandgap (eV) 1.5 1.750
Electron affinity (eV) 4.7 4.125
Dielectric permittivity (relative) 16.4 8.2
CB effective density of states (cm™) 2.2x10"" 1x10'®
VB effective density of states (cm) 1.8x10*"° 1x10'8
Electron mobility (cm?*/V-s) 300 22
Hole mobility (cm? /V-s) 30 22
Shallow uniform donor density ND (cm®) 1x10" 0
Shallow uniform acceptor density NA (cm™) 0 1x10'°
Metal work function (eV) Back contact (Au electrode) 5.1 Front contact (SnO2:F electrode) 4.4

3. RESULTS AND DISCUSSION
3.1. Effect of Thickness of ZrS: Layer and FAnSIz Layer
The thickness of the components in solar cells plays a vital role in improving their efficiency, as it is a key factor in
optimizing solar cells performance. The power conversion efficiency of solar cells depends on the efficiency of photon
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absorption, exciton generation, and migration. Solar cells with a thicker layer enhance light absorption and increase charge
generation, but they produce a longer path and affect the generation and migration of photo-generated charge carriers. On
the other hand, the thinner layers in solar cells may decrease light absorption but facilitate charge-carrier movement.
Figure 2 shows the parameters of the FASnls/ZrS, solar cell when the thicknesses of the ZrS: and FASnls layers were
varied from 0.2 pum to 1.4 pm and 0.2 pm to 2.0 pum, respectively.
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Figure 2. Effect of thickness of ZrS, and FASnI; on the parameters of ZrS2/FASnls solar cells

The results reveal that thinner FASnl; and ZrS; layers produce lower fill factor and PCE compared to their thicker layers
in FASnl; /ZrS; solar cells. Figures 2a and 2b show that the short-circuit current density increases (Jsc) and reaches its peak
value with an increase in thickness, while the open-circuit voltage (Voc) remains constant. However, the Jsc gets saturated
with minor changes when the thickness of ZrS, and FASnI; changes from 0.8 pmto 1.4 um and 1.2 pm to 2 pm, respectively.
This saturation behavior suggests that beyond these thresholds, additional thickness does not contribute to further light
absorption or current generation, likely because most incident photons are already absorbed. On the other hand, the open-
circuit voltage (Vo) remained relatively constant across the thickness range studied, as it is more closely governed by the
interface recombination rates and energy level alignment between the absorber and transport layers rather than by optical
thickness [16]. Moreover, Figures 2c and 2d show that the efficiency (PCE) and fill factor (FF) were enhanced with
increasing layer thickness, ranging from 12% to 21.32% and 60% to 72%, respectively. The above results are attributed to
improved light absorption in the thicker active layers, which leads to enhancement of photogeneration of charge carriers.
Similarly, the increase in FF indicates more efficient charge extraction and minimizes the effect of series resistance.

3.2. Effect of the Total Defect Density in Active Layers and Interfaces

Another essential factor that may significantly impact the device's efficiency is the defect density of the active layers.
The level of defect density directly influences the quality of the interface and the bulk body of the solar cells, where the
photo-generated charge is transported to the top and bottom electrodes [17,18]. As is known, the source of defect density
in electronic devices comes from point defects, stacking faults, dislocations, and grain boundaries, which affect the
performance of thin-film solar cells [18]. Additionally, different interfaces are formed in PSCs due to the use of various
deposition techniques for each layer. The defects at the interface are influenced by the quality of the materials and the
deposition methods, which occur due to interactions between the absorber precursor and the charge transport layer (CTL)
solutions, leading to two main types of interface defects: those at the HTL/Perovskite and Perovskite/ETL interfaces.
Figure 3 shows the fluctuation in device efficiency with varying defect densities in the ZrS. and FASnI; layers, as well as
at the interface between ZrS: and FASnls.

Figure 3-a illustrates the effect of varying the defect density in the ZrS. and FASnlslayers on the power conversion
efficiency (PCE) of theFASnIs/ZrS: solar cell structure. The results show that efficiency remains unchanged when the
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defect density is below 1x10' cm™3, but then declines rapidly as the defect density increases from 1x10'cm™to 10?° cm.
These results are attributed to an increase in the carrier recombination rate in the bulk of the ZrS, layer due to deep trap
states, which affects the efficient extraction of photo-generated electrons. This leads to a reduction in the diffusion length
and the carrier transport lifetime. On the other hand, PCE remains relatively stable with a slight decrease from ~12.5% to
~11% when the defect densities in FASnls were varied from 1x 10"2cm™ to 1x 10?° cm™. That indicates the tendency of
the FASnls layer to maintain its properties despite the presence of defects that do not affect its lifetimes and transport.
That is attributed to defects usually or shallow states that minimally affect carrier recombination. These results align with
the findings from the literature, indicating severe degradation in device performance when defect densities in ETLs exceed
1x10" cm3, while tin-based perovskites maintain reasonable efficiency even under high defect conditions [19]. Figure
3-b shows the fluctuation in device properties with defect density at ZrS./FASnl; interface. As is known, the defects at
the interface are influenced by the quality of the materials and the deposition methods occurred due to interactions between
the absorber precursor and the charge transport layer (CTL) solutions, leading to two main types of interface defects:
those at the HTL/Perovskite and Perovskite/ETL interfaces.
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Figure 3. Effect of defect density in a) ZrS;andFASnlIslayers and b) ZrSo/FAS interface on the parameters of ZrS2/FASnl; solar cells

3.3. Influence of Doping Densities in ZrS: and FAnSI; Layers
The performance of perovskite and lead-free photovoltaic devices is significantly affected by the doping densities
of theZrS; and FAnSI; layers. Figure 4 illustrates the parameters of the ZrS,/FAnSI; solar cell as functions of the doping
concentration varied from 1x10to 1x10?'cm™
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Figure 4. Effect of doping density in ZrS2 and FASnls layers on the parameters of ZrS2/FASnls solar cells
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Figures 4a and 4b show a slight enhancement in V. and J. as the doping concentration in the ZrS; layer increases.
For the ZrS: layer, PCE increased from 12.4% to 16%, and FF from 54% to 73% (see figures 4c and 4d). These results
suggest that heavy doping in the ZrS, layer enhances conductivity and charge generation by decreasing the series
resistance. On the other hand, the doping density in the FASnls absorber had a much more impact on the solar cell
performance. The FF improved from 47.12% at the lowest doping level to 88.26% at the highest, while the PCE nearly
doubled from 10.93% to 19.50%. That is attributed to several factors: (1) increased built-in electric field strength that
facilitates charge separation and collection, (2) reduced carrier recombination due to higher quasi-Fermi level splitting,
and (3) improved conductivity and reduced resistive losses in the absorber layer [20,21]. Unlike the ZrS: layer, the FASnIs
doping had an immediate and continuous positive effect even at lower doping levels. This confirms that optimizing the
absorber layer doping plays a more critical role in achieving high-efficiency solar cell performance.

3.4. Impact of the operating temperature
The operating temperature of perovskite solar cells (PSCs) affects their performance as they are typically installed
outdoors and exposed to environmental conditions [22]. Table 2 summarizes the effect of different operating
temperatures on the performance of the FASnI3/ZrS, solar cells under initial conditions. It is found that Voc decreases
from 0.99 to 0.82V while Jsc remains relatively constant when the temperature increases from 300K to 420K. The FF
varies from 60 % to 64.9 %. Consequently, the power conversion efficiency decreases from approximately 12.2% at
300 K to 11% at 420 K.

Table 2. The parameter of FASnI3/ZrS: solar cells as a function of temperature

Temperature PCE FF Jsc Voc
X) (%) (%) (mA/em?) \2)
300 12.2 60.12 20.7 0.99
320 12.4 60.26 20.67 0.99
340 12.3 60.88 20.64 0.98
360 12.1 61.97 20.62 0.9
380 11.8 63.15 20.60 091
400 11.4 64.14 20.57 0.86
420 11.0 64.92 20.54 0.82

The results reveal that rising temperatures negatively affect solar cell performance, mainly by reducing V., Js, and

PCE. This decline is caused by an increase in reverse saturation current density (Jo) due to the increased thermal
generation of charge carriers, as explained by the Shockley diode Equation [23]:

HKBT
q

Voe

/SC [/UC
[ln( 1+ Jo lsRsh] (4)
where Voc is the open circuit voltage, n is the ideality factor, Kg is the Boltzmann constant, Jo is the reverse current, Ry, is the
shunt resistance, T is the temperature (absolute), and q is the electric charge. The relationship between Voc and Jo is inverse
and logarithmic.

Additionally, high temperatures promote recombination by narrowing the semiconductor's energy bandgap, further
reducing V.. According to the literature [23,24], higher temperatures change the properties of the materials used and
reduce both the efficiency and V. of solar cells. This degradation is attributed to a change in the physical and chemical
properties of the semiconductor materials used in solar cells. High temperatures break some of the bonds between atoms
or molecules in solar cells. These effects reduce the energy gap of materials, change the mobility, and concentrations of
charge carriers. Finally, there was a slight reduction in J, as charge-separation processing at the interface was also
reduced.

3.5 Effect of back-contact work function

In general, the performance of solar cells mainly depends on the alignment of energy levels at the interface between
the materials used in fabrication. The properties of interfacial layers between the back and front contact electrodes, as
well as the ETL and HTL, play a vital role in achieving high efficiency [25,26]. Figure 5 shows the PCEs of ZrS,/FASnl3
solar cells as a function of different back-contact work functions. These metals are: Silver (Ag, 4.6 ¢V), Indium tin oxide
(ITO, 4.7¢V), Iron (Fe, 4.8¢V), Cobalt (Co, 4.9C), Gold (Au, 5.1eV), Tungsten (W, 5.2ev), Nickel (Ni, 5.3) [27]. The
PCE curve shows that increasing the back-contact work function from 4.6 eV to 5.3 eV increases PCE from 6.7% to
13.1%. That depends on the properties of the interfacial contact between the metals and the FASnl; layers, which are
determined by the chemical interaction between them. Metals with high work functions (W and Ni) form near-ohmic
contacts with the FASnl; layer, consequently facilitating hole extraction and producing high PCE. In contrast, metals with
lower work functions, such as Ag and ITO, produce low PCE due to forming in Schottky barriers that hinder hole
extraction. These results emphasize that better energy-level alignment at the metal (work function > 5eV) /FASnls
interface enhances charge-carrier extraction and overall solar cell efficiency.
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Figure 5. The PCE of FASnl3/ZrS: solar cells as a function of the work function of the back contact

3.6 Device optimization

Optimal device performance is achieved by optimizing various variables of the solar cells. Figure 6 illustrates the
difference in the current-voltage characteristics of optimized and non-optimized solar cells.In this work, an optimization
route is presented that significantly enhances the efficiency of FASnl3/ZrS, solar cells, offering an essential reference for
further development of high-performance photovoltaic devices. After optimization, the open-circuit voltage (VOC) was
adjusted from 0.99 V to 0.93 V, while the short-circuit current density (JSC) increased from 20.7 mA/cm? to 30.2 mA/cm?.
This was accompanied by an improvement in the fill factor (FF) from 60.1% to 82.4%, leading to an enhancement in the
power conversion efficiency (PCE) from 12.4% to 23.3%. These enhancements are attributed to increasing the thickness
of the FASnl; absorber layer from 0.2um to 1.5um, which improves photon absorption, generates more electron-hole
pairs, and increases the short-circuit current density. Additionally, the ZrS: electron transport layer thickness was modified
to 1.0 um, which facilitated more efficient electron extraction and minimized recombination losses at the interface. A
significant increase in the acceptor doping concentration of both FASnl; and ZrS, — from 1x10'7 cm™ to 1x10?' cm™ —
strengthened the built-in electric field across the junction, enhancing charge carrier separation and reducing resistive
losses. Finally, increasing the back contact work function to 5.3 eV optimized the energy level alignment, improving hole
collection and suppressing recombination at the rear interface
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Figure 6. J-V curves before and after optimization

4. CONCLUSIONS

This study successfully demonstrated the numerical optimization of lead-free FASnls/ZrS: perovskite solar cells
using SCAPS-1D simulation. By systematically varying key parameters such as layer thickness, defect density, doping
concentration, operating temperature, and back-contact work function, the device performance was significantly
enhanced. The optimized solar cell achieved a remarkable power conversion efficiency of 23.3%, with improved open-
circuit voltage, short-circuit current, and fill factor compared to the initial design. The improvements are mainly attributed
to increased thickness and doping density of the absorber and electron transport layers, as well as better energy alignment
through a higher back-contact work function. These results provide valuable guidance for developing efficient and
environmentally friendly lead-free perovskite solar cells.
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YUCJOBE JOCJJIIKEHHS BE3CBUHIEBUX ITIEPOBCKUTHIX COHSIYHUX EJTEMEHTIB HA OCHOBI
CTPYKTYPHU FASnI/ZrS: 3A JOITOMOI'OIO CUMYJISITOPA SCAPS-1D
Xmya Aab-JAmyp
Vuisepcumem Myma, paxynvmem npupodnuuux nayk, kagedpa disuku, 61710, Hopoanis

VYV 1mpOMy JOCHIIKEHHI INPEICTaBICHO YHCENbHE JOCHIDKCHHS Ta ONTHMI3AL[il0 COHSYHMX EJIEMEHTIB Ha OCHOBI OE3CBHMHLIEBOIO
MEePOBCKiTY 3a monomororo mojemoBanHs SCAPS-1D. 3anponoHoBaHHi TPHCTPI CKIamaeThes 3 HoauAay (opMamiluHi-0J10Ba
(FASnl3, nornunatounii map), aucynbginy UMpkoHito (ZrSz, MaTepian i NepeHocy eneKTpOHiB), 3010Ta (Au, 3a/Hiil KOHTAaKT) Ta
neroBaHoro ¢ropom okcumy onosa (SnOz:F, mepenniii koHtakT). Byno nocmikeHO BIUIMB 3MiHM TOBIIMHHM, IIIBHOCTI Je(EKTiB,
KOHLICHTpALl JIeryBaHHs1, pOO040i TeMIepaTypu Ta poOOTH BUXOY 3aJHHOIO KOHTAKTY HA XapaKTEPHCTUKU (HOTOCIEKTPUYHOI CHCTEMH
3 METOI0 BH3HAYCHHS ONTUMAJBHOI apXiTEKTypH HPHCTPOIO 3 HaWBHIIOK edekTuBHICTIO mepeTBopeHHs eneprii (PCE). Pesymbratn
MIOKa3yloTh, IO IIOYAaTKOBAa IPOIYKTHBHICTH COHSYHUX eneMeHTiB FASnls/ZrS: Oyma HacTymHOIO: Hampyra XOJOCTOTO XOIy
(VOC) = 0,99 B, crpym kopotkoro 3amukanss (JSC) = 20,7 mA/cm?, koedimient 3anosrenss (FF) = 60,13% ta koedilieHT nepeTBOPEHHS
notyxHocti (PCE) = 12,4%. Ilicis ontumizanii npoxykrusHicts FASnIs/ZrS. 3nauno noxparmmnacs, nocsraysim PCE 23,3%, FF 82,4%
ta JSC 30,2 MA/cM?. Lle nmomiTHE MOKpaIIeHHs X NapaMeTpPiB MOSCHIOETHCS 30UTBIICHHSM TOBLIMHU Ta IIUIBHOCTI JIETyBaHHs [IapiB
FASnls ta ZrS>, 110 npu3BOAUTb A0 MOKPALICHOTO TOIIMHAHHS CBITIA Ta reHepauii 3apsay. Kpim Toro, Oyno BusBIeHO, 1o poOoTa
BHUXOJly 3BOPOTHOI'O KOHTAaKTy 5,3 €B CTBOpIOE Kpallle y3ro/DKeHHs eHepreTHYHHUX DiBHIB i3 mapom FASnls, mo crnpuse BHIydeHHIO
3apany. Lli pesynpTaTH MpOMOHYIOTH IiHHY iH(OpMAI0 Mpo PO3poOKYy €PEeKTHUBHUX, CTAOUIBHUX Ta OE3CBHHIIEBHX IEPOBCKITHUX
COHSTYHHX €JIEMEHTIB.

KmrouoBi cnoBa: FASnls; ZrS., SCAPS-1D; Oesceunyesi neposckimmui COHAUHI enemenmu; wiap eneKmpoH-mpancnopmy;
omoenexmpuyine MOOENOBAHHS, COHAYHA eHEeP2is
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In this study, the optical properties of a silicon-based bifacial solar cell with an n*—p—p* structure were investigated using numerical
simulation in the Sentaurus TCAD environment. Various metal nanoparticles were embedded in the emitter layer in a linear
configuration to analyze their effects on light absorption and scattering. The study compared metal nanoparticles of platinum (Pt), gold
(Au), silver (Ag), aluminum (Al), and copper (Cu). All nanoparticles were modeled with the same diameter (5 nm), and the current-
voltage (I-V) characteristics were obtained for each configuration. The simulation results showed that platinum nanoparticles yielded
the highest short-circuit current density of 13.8 mA/cm?, while silver nanoparticles yielded the lowest, at 5.027 mA/cm?. Optimal
parameters were observed with nanoparticles of 5 nm in diameter. Furthermore, it was found that the photon absorption density for the
most efficient metal type was 1.81 times greater than that of the reference structure without nanoparticles. Additionally, the spectral
sensitivity of silicon shifted toward the ultraviolet region in the presence of metal nanoparticles. The study demonstrated enhanced
utilization of the visible light spectrum, and due to the embedded nanoparticles, the overall absorption coefficient of the bifacial solar
cell increased by a factor of 1.33, aligning more effectively with the visible spectral range.

Keywords: Silicon; Metal nanoparticles, Bifacial solar cell; Sentaurus TCAD,; Nanoplasmonic effect

PACS: 85.60.Bt, 78.20.Bh, 84.60.Jt

INTRODUCTION

Among renewable energy sources, solar energy is gaining an increasingly important role in the global energy system.
This form of energy is environmentally friendly and represents an inexhaustible energy source [1]. Enhancing the
efficiency of solar cells is currently one of the key research directions in science and technology. In particular, bifacial
solar cells, distinguished by their ability to absorb light from both the front and rear sides, can increase their overall energy
generation potential by up to 10-30% [2].

Silicon-based solar cells belong to the class of devices that are highly sensitive to environmental conditions. The
effects of light intensity [3], temperature [4], and the angle of light incidence on solar cell performance has been widely
investigated. It has been established that an increase in temperature leads to a slight rise in short-circuit current, while the
open-circuit voltage decreases significantly, resulting in an overall reduction of the power conversion efficiency [5].
Numerous comprehensive studies have been conducted to enhance the efficiency of solar cells and minimize losses. In
general, there are three primary loss mechanisms in solar cells: thermal [6], electrical [7], and optical [8]. In conventional
silicon-based solar cells, more than 30% of the incident light is reflected from the surface [9]. To reduce this reflection
coefficient, various anti-reflective coatings [10] and surface texturing techniques [11] have been developed. The surfaces
of silicon-based solar cells are commonly coated with SiNx or SiO., as these materials possess passivation properties and
have refractive indices between those of air and silicon [12]. In practice, surface texturing is achieved using alkaline or
acidic solutions, and silicon wafers with a (100) crystal orientation are typically employed [13]. Since the bandgap of
silicon is 1.12 eV, it mainly absorbs photons in the visible spectral range. According to the quantum efficiency function,
solar cell materials do not absorb photons with energies lower than the bandgap. If the photon energy is much greater
than the bandgap, the excess energy is converted into hot electrons. These high-energy hot electrons quickly lose their
excess energy through phonon emission, returning to the valence band and thus not contributing to the photocurrent.
Therefore, to modify the absorption spectrum of solar cells, luminescent materials [ 14] or metallic nanoparticles [15] are
often incorporated.

In converting solar energy into other forms, the device's optical properties play a crucial role. Surface texturing of
various shapes on solar cells has been effectively employed to enhance light absorption [16]. Due to multiple refractions of
sunlight at the surface, its energy is absorbed more efficiently. The presence of a p—n junction near the surface requires
maximizing light absorption in its vicinity [17]. Increased light absorption close to the p—n junction results in a higher
generation rate of charge carriers [18]. Therefore, surface textures with varying heights are fabricated on solar cells [19].
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These textures cause incident light rays to undergo multiple reflections within the structure, thereby increasing their
interaction with the surface. Consequently, the degree of light absorption by the surface is significantly enhanced.

Currently, methods for generating additional charge carriers near the p—n junction are being continually improved.
In particular, the use of metallic nanoparticles to enhance the optical and electrical properties of solar cells has emerged
as a promising approach [20]. Metallic nanoparticles such as gold (Au), silver (Ag), and platinum (Pt) can enhance light
scattering and absorption through the localized surface plasmon resonance (LSPR) phenomenon [21][22]. This effect
leads to a localized enhancement of the electric field around the nanoparticles, thereby increasing the number of photons
reaching the active layer [23]. Based on these mechanisms, numerous studies have confirmed that modifying solar cells
with metallic nanoparticles can broaden the optical absorption spectrum, enhance scattering angles, and ultimately
improve photogeneration efficiency [24][25]. For example, J. Zhu et al. demonstrated that the application of
nanostructures could double the light absorption in illuminated solar cellsError! Reference source not found..

In this study, the optical and electrical properties of bifacial silicon-based solar cells were investigated by introducing
metallic nanoparticles (Au, Pt, Cu, Al, Ag) into the emitter layer through numerical modeling using the Sentaurus TCAD
software package. Based on the simulation results, the effects of nanoparticle radius and material type on the photocurrent
density and current—voltage characteristics were determined. The results showed that the optimal selection of nanoparticle
parameters can significantly improve light absorption, thereby enhancing the overall efficiency of the solar cell.

MATERIALS AND METHODS

In this study, the effects of various metallic nanoparticles on the optical and electrical properties of a bifacial solar
cell were investigated. The selected nanoparticles included silver (Ag), aluminum (Al), copper (Cu), gold (Au), and
platinum (Pt). These materials were chosen due to their high nanoplasmonic activity as well as their strong light scattering
and absorption capabilities, which play a crucial role in enhancing light-matter interactions within the solar cell. The
device structure was based on a conventional n—p—p configuration, with both the front and rear sides designed to be light-
absorbing. The top and bottom contacts consisted of metallic layers that efficiently received incident radiation through
the intermediate layers. Metallic nanoparticles were embedded into the upper active emitter layer. In addition to the
nanoparticle material, the radius (ranging from 1 to 25 nm) was considered as a variable parameter, and for each radius
value, the optical and electrophysical characteristics of the solar cell were evaluated. During the optical simulations, the
nanoparticle-specific surface plasmon resonance frequencies and absorption coefficients were taken into account. All
numerical modeling procedures were performed using the Sentaurus TCAD software package.

During the simulation process, the following Sentaurus TCAD modules were employed as the primary tools:

SDE (Sentaurus Structure Editor) —used to design the geometric structure of the device, precisely defining the layers
and positioning the nanoparticles;

SProcess — applied for adjusting dopant profiles and determining the exact placement of nanoparticles;

SDevice — used for electrophysical simulations of the device, including the calculation of current—voltage (I-V) and
power—voltage (P—V) characteristics, electric field distribution, optical absorption levels, and photocurrent density;

Sentaurus Visual — employed for the visual analysis of the obtained results and for generating gradient maps of
parameter distributions.

In the optical simulation stage, the complex absorption coefficients corresponding to each metallic nanoparticle were
incorporated based on the optical models of the respective materials. The AM1.5G spectrum was adopted as the
illumination source.

The primary photovoltaic parameters of the solar cell were determined using the current—voltage (I-V)
characterization method, which enables the evaluation of output parameters for all types of solar cells. Fig. 1 presents the
equivalent circuit of the device.
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Figure 1. Equivalent circuit of a solar cell

Here, I,p, is the photocurrent, I is the total current in the circuit, I, is the current flowing through the diode, and I,
is the current passing through the shunt resistance. Applying Ohm’s law to the entire circuit shown in Fig. 1, the total
current can be expressed as:

Iph :I+Id+15h (1)
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The value of each current in the equation is determined separately. After that, the final working equation is obtained.
The final equation can be seen in formula (2) below.

U+IRg

la =1 [exp (T7a) = 1], 1on =

U+IRg

(@)

Rsn )

Here, I, is the maximum current through the diode, R is the series resistance, U is the output voltage, ¢ is the
electron charge, n is the ideality factor, & is the Boltzmann constant, and T is the temperature.

Formula 2 represents the complete current equation of the solar cell during the circuit connection process [27]. By
applying boundary conditions to this equation, modifications are introduced. For this purpose, the parameters at the
maximum power point from the current—voltage characteristic graph are used. To determine the maximum power point,
it is sufficient to take the product of the maximum current and voltage [28]. Fig. 2 shows the I~V characteristic of the
solar cell.

AI, A

Imax ISC

Pnax = ImaxUmax

U,

»
>

Figure 2. Current—voltage (/-V) characteristic of the solar cell.

By determining the /-V characteristic of the solar cell, the short-circuit current and open-circuit voltage can be
identified. If the initial conditions are set, when the short-circuit current in the /-7 characteristic approaches zero, the
open-circuit voltage takes its maximum value. This can be seen below.

U=Uy; I =1 =0. 3)

Through the condition in this 3rd formula, we obtain the following equation.

Ly, =0+1, [exp (%) — 1] + %, “)
Lpn =1, [exp (%) - 1] + %. %)

The 5th formula above clearly allows the determination of the photocurrent passing through the solar cell. Based on
these formulas, the current—voltage characteristic of the bifacial solar cell with various metal nanoparticles introduced
was determined.

RESULTS AND DISCUSSION

Front-side illumination was applied to the bifacial solar cell with various metal nanoparticles introduced. For
comparison purposes, the output parameters of the solar cell without nanoparticles were measured (Fig. 3).

As shown in the graph, all metal types yielded high current densities, with the solar cell without nanoparticles
showing the lowest. Positive results were obtained for nanoparticles based on all tested materials. Among them, platinum
showed the best performance, reaching a current density of 13.8 mA/cm?, while silver produced the lowest value of
5.027 mA/cm?. Based on these results, it was decided to continue the experiments with platinum.

The output parameters of the solar cell with platinum nanoparticles increased. These output parameters are
significantly dependent on the shape and size of the nanoparticles. Therefore, in the experiment, platinum was taken in
spherical form. The spherical particle shape is associated with its ability to generate a uniform field and wave propagation
around itself. The sphere's radius was increased in steps of 1 nm. As a result, the dependence of current density on particle
radius was obtained (Fig. 4). The introduction of an atom or particle into the solar cell changes its current density. At the
same time, the open-circuit voltage depends only on the material type and environmental conditions.
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Figure 3. -V characteristics of the bifacial solar cell with various metal nanoparticles
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Figure 4. Dependence of the current density of the bifacial solar cell with platinum nanoparticles on the nanoparticle radius.

From the graph in Fig. 4, it can be seen that the current density of the bifacial solar cell with metal nanoparticles
shows a significant dependence on the nanoparticle radius. In this case, the nanoparticle size causes the current density to
increase in certain ranges and decrease in others. Accordingly, the optimal size of the metal nanoparticle was determined.
For platinum nanoparticles, the optimal size was found to be 5 nm. According to the results, the optimal-size current
density value was 2.96 times higher than that of the bifacial solar cell without nanoparticles. Measurements also showed
that for sizes larger than 5 nm, a decrease in current density was observed. This decrease at sizes larger than the optimal
radius is explained by the nanoplasmonic effect occurring in the structure. The occurrence of the nanoplasmonic effect
first influences the local electric field, then affects the surface. The spatial extent of the generated electric field should be
significantly larger than the nanoparticle size.

Below, the /-V and P-V characteristics of bifacial solar cells without and with nanoparticles are shown (Fig. 5).
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Figure 5. a) I-V characteristics of bifacial solar cells with and without platinum nanoparticles, b) P—V characteristics of the
bifacial solar cell with platinum nanoparticles

From the above graphs, it can be seen that the current density generated by the solar cell with platinum nanoparticles
is almost three times higher. Accordingly, the output power and the maximum power point were determined. The



295
Enhancing and Optimizing Optical Properties of Bifacial Solar Cells by Incorporating... EEJP. 4 (2025)

maximum output power was found to be 5.25 mW, with the current density and voltage at this point being 13.08 mA/cm?
and 0.401 V, respectively. The relatively small values of the output parameters indicate that the selected sample has a
small size. This is because, at smaller sizes, the effect of metal nanoparticles on the selected sample becomes more
significant.

The influence of nanoparticles is crucial in achieving higher output parameters. Since the nanoparticles are arranged
in a straight line within the emitter layer of the solar cell, an additional light spectrum is generated in that layer. Metals,
when exposed to incident light, perform the function of generating charge carriers through the light scattered back from
them. The light scattered from the nanoparticles interacts with each other, producing high intensity in that region. As a
result, the value of optical generation in that area increases.

The graph of optical generation as a function of solar cell thickness is shown in Fig. 6.
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Figure 6. Optical generation of a bifacial solar cell as a function of its thickness

It can be seen from Figure 6 that the nanoparticle embedded in the emitter layer increased the optical generation of
the solar cell by almost 1.81 times. In this graph, the optical generation of a solar cell without nanoparticles decreases
exponentially. If nanoparticles are not embedded into the emitter layer, light intensity is more absorbed towards the base.
Therefore, embedding nanoparticles into the emitter layer increases the light intensity in this layer, resulting in reduced
absorption in the base region.

The absorption of light is directly related to its spectrum. Secondly, it is strongly dependent on the thickness of the
solar cell. Thickness affects the internal interference process within the solar cell. The optical properties of light in a
material are determined by its absorption, transmission, and reflection coefficients. By increasing absorption, it is possible
to reduce the values of transmission and reflection coefficients. Therefore, in this research, the dependence of the
absorption coefficient on the wavelength of light was determined (Fig. 7).
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Figure 7. Dependence of the absorption coefficient of a bifacial solar cell on the wavelength of light

The above graph shows that the absorption coefficient of the solar cell with embedded nanoparticles is higher. It
was determined that this value is 1.33 times greater than the absorption coefficient of the solar cell without nanoparticles,
reaching 79.4%. For the silicon-based bifacial solar cell without nanoparticles, the absorption coefficient decreases as the
wavelength of light increases, which leads to inefficient utilization of long-wavelength light. In contrast, the absorption
coefficient of the nanoparticle-integrated solar cell shows good performance even at long wavelengths. Based on the
obtained results, it can be concluded that the introduction of metal nanoparticles into the bifacial solar cell optimizes its

optical properties.
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CONCLUSIONS

In this study, various types of metal nanoparticles were introduced into a bifacial solar cell. Among the embedded
metal nanoparticles, platinum was identified as the most optimal type. Platinum, a high-efficiency metal, was selected,
and its effect on the solar cell's optical properties was investigated. First, the optimal platinum nanoparticle radius for
maximum performance was determined. For 5 nm platinum nanoparticles, a current density of 13.8 mA/cm? was
achieved. This value was found to be 2.9 times greater than the current density of a solar cell without nanoparticles.
Optimal-sized nanoparticles were embedded in the emitter layer of the solar cell, and they were observed to enhance
optical generation.

In addition, the absorption coefficient values and corresponding graphs of the nanoparticle-integrated solar cell were
obtained. The results showed that absorption increased in the nanoparticle-embedded region and remained effective at
long wavelengths. It can be concluded that embedding metal nanoparticles into a bifacial solar cell is a promising
approach, as it optimizes its optical properties. In the future, determining the thermal and electrical conductivities of the
metal nanoparticles embedded in bifacial solar cells is expected to be even more promising.
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MOKPAIIEHHA TA OITHMI3AIIS ONTHYHNX BJJACTUBOCTEN IBYX®AIMIAIBHUX COHAYHAX
EJEMEHTIB HIJISIXOM JOOJAHHS METAJTEBUX HAHOYACTUHOK
Myponzxon M. Komisios!, Paiiimskon Anies!, ABaszéex A. Mip3zaaaimos?, C.P. Axnies?, Mypomxon K. A6ayBoxinos?,
Hagpy3s6ek A. Mip3zaauimos', Jlx. 3iliorainos!, Conikazxon I. Temipon!
! Anouarcancoruii deporcasnui ynisepcumem imeni 3.M. Babypa, Anousican, Ysbexucman
2 Anoudicancokuti OepoicasHutl nedazoziunul incmumym, Anoudsican, Y30exucman
3Anousicancoxa hinia Koxanocvkozo yuisepcumemy, Anousican, Ysbexucmar
*Anousicancoruti deporcagnuti mexnivnuii incmumym, Anoudican, Y30exucman

VY upoMy mociipKkeHHI OyII0 JOCTiKEHO 3MiHM ONTHYHUX BIACTHBOCTEH IBOCTOPOHHBOI'O COHSYHOTO €JIEMCHTAa Ha OCHOBI KPEMHIIO
31 CTPYKTYpOIO n'—p—p* 3a JOMOMOTOI0 YHCIIOBOIO MOJEIIOBAHHS 3 BUKOPUCTAHHSIM HporpaMHoro cepenosuma Sentaurus TCAD.
Pi3Hi MeraneBi HaHOYacTHHKH OyJi BOy/ZOBaHi B Inap emirepa B JiHiiHIN KoH(Irypamil Ui aHaii3y IXHBOTO BIUIMBY Ha HPOLECH
MOTJIMHAHHS Ta PO3CIIOBaHHS CBiTNA. Y MOCIHI/KEHHI MOPIBHIOBAIKCS MeTajeBi HaHO4YacTHHKU IuiatiHu (Pt), 3omora (Au), cpibna
(Ag), amrominiro (Al) Ta mizi (Cu). Bei Hano9acTHHKH OyiM 3MOZAEIBOBaHI 3 OAHAKOBUM JiaMeTpoM (5 HM), 1 4711 KOXKHOT KOHGirypariii
Oynau oTpumani BonbT-amnepHi (BA) xapakrepuctuku. Pe3ysibTaTH MOJENIOBAaHHS IMOKa3alH, 10 HAHOYACTUHKHU IUIATHHHU Jald
HaMBHITY LOIUTBHICTH CTPYMYy KOPOTKOTO 3aMHKaHHS - 13,8 MA/cM?, ToJli SIK HAHOYACTUHKH Cpibia Aanu HalHmwk4y - 5,027 MA/cM?.
OnrtuManbHi TapaMeTpH CIOCTEPIraucs A HAHOYACTUHOK AiaMeTpoM 5 HM. Kpim Toro, Oyio BUSBIEHO, IO OITBHICTh TOTJIMHAHHS
(oToHiB JuIs HalleekTHBHINIOrO TUITy MeTay Oyia B 1,81 pa3u OinbIIOI0, HIXK Y €TaTOHHOI CTPYKTypH 6e3 HaHoyacTHHOK. KpiM Toro,
CHEKTpaJIbHA Yy TJIMBICTh KPEMHIIO 3MIiCTHIIACS B yIBTPaQhioNeToBy 00IaCcTh Y IPUCYTHOCTI METAICBHX HAHOYACTHHOK. JlOCII/DKECHHS
NPOJEMOHCTPYBAJIO IOKpAIleHe BUKOPHUCTAHHS CHEKTPY BUIMMOTO CBIiTJA, 1 3aBASKM BOYZOBaHMM HAHOYACTHHKAM 3arajbHUM
Koe(IL[ieHT MOTIMHAHHS JBOCTOPOHHBOTO COHSYHOTO eJleMeHTa 301bmHBCs B 1,33 pasy, 1m0 e)eKTUBHILIE Y3T0PKYETHCS 3 BUANMUM
CIHEKTPAJIbHUAM [[ialla30HOM.

KurouoBi ciioBa: kpemniil, memanesi Hanovacmunxu; 06ocmoponnii consiunuti enemenm, TCAD Sentaurus; nanonnazmonnuii egpexm
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This study presents an in-depth analysis of the heat transfer mechanisms and fluid flow behavior associated with hybrid nanofluids in
the presence of an exponentially stretching surface. Hybrid nanofluids, formed by dispersing more than one type of nanoparticle within
a base fluid, exhibit superior thermophysical properties compared to conventional nanofluids. Their enhanced thermal conductivity,
modified density, and tailored specific heat capacity make them highly suitable for advanced applications in nanotechnology, renewable
energy systems, high-performance electronics cooling, and industrial-scale heat exchangers. The novelty of the present research lies in
its attempt to explore the combined impact of hybrid nanoparticles and exponential stretching on boundary layer dynamics, thereby
offering new insights into optimizing thermal systems. The core aim of this investigation is to maximize heat transfer efficiency under
varying physical and operational conditions. To achieve this, the governing partial differential equations describing the conservation
of mass, momentum, and energy are transformed into a set of nonlinear ordinary differential equations using similarity transformations
and appropriate dimensionless parameters. This mathematical reformulation simplifies the complexity of the problem while preserving
the essential physics of the flow. A computational framework is developed in MATLAB, where the coupled system of equations is
solved using the fourth-order Runge—Kutta method integrated with a shooting technique to ensure accuracy and stability. The analysis
highlights the roles of key parameters such as magnetic field intensity, Eckert number (viscous dissipation effects), Prandtl number
(thermal diffusivity effects), and thermal radiation on velocity profiles, temperature distributions, and porous medium behavior. The
results not only reveal the sensitivity of the flow and thermal fields to these controlling factors but also identify regimes where hybrid
nanofluids significantly outperform traditional working fluids.

Keywords: Lorentz force; Dissipation; Magneto-hydro dynamics (MHD); Hybrid nanofluids; Exponential stretching sheet

PACS: 41.20.-q, 47.10.-g, 52.30.Cv, 47.10.A-, 47.65.-d

Nomenclature
Notation Definition Units Notation Definition Units
Uy, U, Velocity profiles along x, y directions - Ec Eckert number -
u,v Exponential rate and Velocity rate - Nu Nusselt number -
H Dynamic viscosity [ML'T!] Pr Prandtl number -
1% Fluid density [MIL3T°] K Porosity parameter -
n Dimensionless distance - B, Magnetic field strength [L'A]
M Magnetic parameter MT211] q, Radiative heat flux [W/m?]
] Heat source [/s] or [W] B Thermal expansion K1
Cp Specific heat [M°L2T2K1] v Kinematic viscosity [ML'TM]
o Thermal diffusivity [L*T ] / Length [m]
o Electrical conductivity [M'L3T3A?] [ Volume fraction -
T Temperature [K] pCp Heat Capacitance [ML2T2K ]
T, Wall stream temperature K] [N Positive constant -
T, Free stream temperature K] C, Skin friction -
k Thermal conductivity [MLT-K™"] Re Reynolds number -
R Radiation parameter - S Suction parameter -
INTRODUCTION

A fluid is a substance that encompasses both liquids and gases, characterized by its ability to deform and flow
continuously when subjected to external forces such as pressure or shear stress. Unlike solids, fluids cannot resist shear
stress and instead redistribute themselves until equilibrium is achieved. They exhibit key physical properties such as
density, viscosity, temperature, and pressure, which determine their behavior under different flow conditions. The
scientific study that deals with the motion and interaction of fluids is known as Fluid Dynamics, a core branch of Fluid
Mechanics, which plays a vital role in understanding and predicting phenomena like turbulence, drag, lift, and flow
stability. Such knowledge is crucial in applications ranging from aerodynamics and hydrodynamics to biomedical flows
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and industrial processes. Recent advancements in this field include the incorporation of nanoparticles into conventional
base fluids like water, ethylene glycol, or engine oil, creating nanofluids with enhanced thermal and flow characteristics.
Heat transfer, a fundamental aspect of fluid flow, involves the exchange of energy driven by temperature differences and
occurs mainly through conduction, convection, and radiation. In fluids, convection becomes particularly significant as
the bulk motion of fluid particles aids in transferring thermal energy efficiently, making fluid dynamics essential for
designing advanced cooling, heating, and energy conversion systems. Choi [1], one who initiated the concept of
nanoparticles, which can incorporate into the base fluids to generate a nanofluid. The size of a nanoparticle varies anyplace
between 1-100 nm. Nanofluids imparts better properties, primarily thermal conductivity, also gives the abundant impact
on velocity, temperature profiles. Nanofluids have a rich amount of research conducted within the last decades comprising
preparation, characterization, modelling, convective, boiled heat transfer, and their applications [2-4].

A mixture of two nanoparticles into single base fluid is indicated as Hybrid nanofluids. Suresh [5] first proposed the
theory of hybrid nanofluids to rise the valuable factors of normal nanomaterials. On extending more than two
nanoparticles, consists the properties of thermophysical and chemical which lift the intensity in heat transfer [6]. Hybrid
nanofluids come out with a promising result to enhance the attainment of heat transfer compared to traditional fluids and
nanofluids with single nanoparticle [7]. There will be a high significant rate of thermal conductivity on applying two
different nanoparticles to the fluid facilitating heat transfer [8]. Implementing two nanoparticles in the base fluid leads in
prevention of particle sedimentation that ensures continuing stability of nanofluid and better their dispersion in the base
fluid which can improve the heat transfer [9]. When the magnetic field is assigned in the hybrid nanofluid, Lorentz force
acts on the particles that are charged inside the fluid heading to discrete effects and reactions. It exerts the substantial
reference in the performance of hybrid nanofluids [10]. To make the transformation of heat strengthen, the flow patterns
in the hybrid nanofluids are manipulated by managing the magnetic field [11]. Lorentz force helps in nanoparticle
dispersion to make thermal conductivity and heat transfer more efficient [12]. During the flow of fluid, the K.E converts
to thermal energy, this effects the friction behaviour of hybrid nanofluids and leads to viscous dissipation [13]. In
enhancing the heat transfer rates, an increase in the fluid temperature is due to dissipation criteria [ 14]. The heat created
from dissipation can alter the patterns of flow, changes in velocity profiles, and boundary layer thickness [15]. Thermal
radiation, a form of heat transfer that includes the emission of electromagnetic waves, impact the thermal behaviour of
fluid, mainly when combined with nanoparticles [16]. On adding excess heat source to the fluid, induces to a thicker
thermal boundary layer, that increases the heat transfer [17]. Lorentz force, Viscous dissipation, Thermal radiation effects
collectively considered to provide an absolute nanofluid behaviour [18]. The stretching surface along the flow is very
much important and utilizes in spin forming, rolling, wire gathering, cultivating crystal, and production of fibre glass,
plastic, rubber and more. Stretching sheet, a surface that moves continuously, immersed in a fluid, it produces a boundary
layer flow. Stretching rate, properties of fluid, nanoparticle concentration are the points in which the thickness of boundary
layer is depended [19]. The velocity gradients in the boundary layer are controlled by the stretching rate. The higher
stretching rate results in high velocity gradient around the surface [20]. Magyari and Keller [21] were the first to pose the
implementation of exponential stretching sheet to explore the circulation of wall temperature and heat transfer
characteristics. Detailed explanation in boundary layer flow of MHD over an exponential stretching sheet on regarding
thermal radiation was developed by Mabood [22]. The latest study on the influence of nanoparticles along the flow and
heat transference through exponential shrinking sheet, gave the enhanced thermal boundary layer thickness as volume
fraction of nanoparticle increased because of shrinking sheet [23].

Here, in this study the consideration of Lorentz force, thermal radiation, viscous dissipation are interacted to better
the nanofluid nature. This combination will impact heat variation and flow features mainly in the plot involving magnetic
fields and raised temperatures. Exploring all closely might provide a exact representation of nanofluid development [24].
Several outcomes are reported in the above literature, which are not reported to the whole. Accordingly, the main intention
is to enquire the heat transfer and behaviour of fluid flow of Hybrid nanofluids forward to exponential stretching sheet
with the Copper (Cu) and Titanium dioxide (TiO,) as nanoparticles merged in the Water (H>O) which is a base fluid. This
appeal brings a novel perspective on shaping various forces that acts along the fluid flow. The results are shown both in
tabulated and graphical form to the close extent compared to the previous works and conclusions are also clearly drafted.

MATHEMATICAL MODEL

Let us consider a two-dimensional hybrid nanofluid flow that is independent of time, with Titanium dioxide (TiO,)
and Copper (Cu) as nanoparticles, and Water (H20) as the base fluid, to examine on an exponential stretching sheet. The
x-axis is parallel and the y-axis is perpendicular to the surface, respectively (Fig. 1). The sheet elongates along the x-

direction at an exponential rate of U = coe"/ "and the velocity profile as V = coex/ * (where [ is length and ¢, is the positive
stretching constant). The sheet is placed at an exponentially varying temperature 7, =7 + Toe’“/ " (where T,,T. are the
reference value and the ambient value, respectively.

The vector notations for the fluid flow are

V.u=0 )
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The above represents the vector form of equation of continuity that expresses the law of conservation of mass for
incompressible fluids.

2

O,
(u.VYu=vVu - fnf B; (x)u, i 1y
Py Py K

This equation is essentially the Navier-Stokes momentum equation for a hybrid nanofluid that flows through the
porous medium under a magnetic field. The vector form unifies the inertia, viscous, magnetic, and porous drag.

Y
r 3
uy —>0.7T T,
Nanoparticles
Oo 0® ©
0
000 @ 0 L0 °
0° 0000¢5\"0 0 ©
» X
w=U,u, =V, T=T,
Figure 1. Model of the problem
(1.9)T =01, VT =¥ O (r-1.)s L (3)

q,+ )T T
(,OCP);M/ (PCP)W (pcp)hn/

The above is the energy equation along a porous path for hybrid nanofluids with heat source, viscous dissipation,
and radiative heat flux in vector form.

The governing equations that were modified from the vector form are [25,26].
Continuity equation:

This is the mathematical expression of conservation of mass in an incompressible fluid flow.

9,y

=0 4
ox dy @

Momentum equation:

Equation (4) undergoes the principle of Newton’s second law, where the change in momentum is directly
proportional to the net forces acting on it and represents the convection flow change on the left side and viscous effects,
magnetic forces, thermal conductivity respectively to the right of the equation.

2 o .
u1%+u2%= Fior |0 Lil —| 2 |B? (x)u, — Aoy |1 )
a‘x ay IO hnf ay IO hnf p hnf K
Energy equation:

The change in total energy is equal to the summation of the rate of work done by force applied and change in heat
quantity per unit time. The equation below describes the change of convection flow to the left and thermal diffusion,
radiative heat flux gradient, heat generation with temperature differences, and viscous dissipation to the right accordingly
in the equation.

2 2
WLl g 0T 1 %, Q@ g gy, Hw E%J 6)
i

:an,—— -
ox ay "yl (PCp),, W (PCP),, (PCp),,

Radiative heat flux gr is possible to write by taking advantage of Rosseland approximation as [25]

40" (oT*
__ 7
4 =3 [ P J (7

0" is the Stephen Boltzmann constant and k" is the absorption coefficient

T* =47°T 37" (8)
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Incorporating the value of 7* in the equation (7) we obtain

_ 160"} (3T
e 3k oy

©)
Equation (6) takes the form after including the Rosseland approximation g, of equation (8)
2 160°T} 9° : ’
ula_T_,.u B_T=almfa_f+Aa_§+L(T_Tw)+L % (10)
ax dy ' (pCp),, 3k ' (pCp),, (PCp),, \
Boundary conditions are
u=U, u,=V, T=T, at y—0 (1n
u —0, T—>T,,a5 y—>oe
Considered similarity transformations are [26,28]
c, = =, eV = ,
n=y|==e u =cel f1(n), u, ==\ |- [ £ (m)+n/(1)]-
2vi 21 (12)
T=T +T,e?8(n)
Using relations of equation (8), equation (4) is satisfied and equation (5) & (6) respectively converted to
f7=aaMf’=2a,a, [ —Kf'+aa, ff" =0 (13)
a, (as +§RJ 0" +a,a, Pr {0’ —a,a, Pr f'6+a, Pr fO+PrEcf” (14)

Boundary conditions are transferred to,

£(0)=1, £(0)=5,6(0)=1, at n=0 .
f(0) =0, 8(c0) >0, as 17— oo (15)

The dimensionless parameters are

20,B% (G 2
M=""11 ,Pr='u‘/( ?); , Ec= o ,
(Cp), k, (Cp), (T,-T.)
40T 2lv

R= * 7K: ! 5ﬂ: 21Q0 7S:_Co 2
k'k, K, ¢ (pCp), V¢,

where M is the magnetic parameter, R is the radiation parameter, Pr is the Prandtl number, Ec is the Eckert number, 5
represents the thermal expansion, s is the suction parameter and K is the porosity parameter.

Quantities of engineering: Physical quantities known as skin friction and Nusselt number are mentioned as follows

C_#_[a_j ~0
p Uy ),

21 T
Nu, +———| —k, | —| +(q,)_ |=0
kf (T;«V_Tw)[ hf{ay ]y-() ( )} OJ

The dimensionless forms of Skin friction and Nusselt number

Cf. Re! = (f:z(]O)] , Nu,Re! =—(a,+44 R)¢(0)
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Table 1. Thermophysical models for Hybrid nanofluids [26]

Properties Hybrid nanofluid
Hiws : :
Viscosity a :A:(l—@)”(l—%)“
Hy
Density a =2 (1-g,) 1-g+g| 2| |40 2
Py Pr Py
o, +¢,0
3(¢1 1 ¢2 2_(¢1_¢2)]
. .. _ Oy _ o
Electrical conductivity a, = p =1+ p p p p
! 0, + $,0, 10, + 9,0,
2+ - —(+0
[0/-(¢1 +¢2)] [ oy (@ 2)]
(PCp),, (PCp) (PCp)
Specific heat a,=——="=(1-9,)|1-4 +4 Sl+e 2
b b (pCp), ST e, )| T L(eCp),
k k,+2k, —-2¢,(k, —k k +2k, —2¢(k,
Thermal conductivity as = 2 ! ¢2( ! 2) atk,, ¢l( r ]) Xk

ke 42k, +20,(k, k)" k+2k”/+2¢g(n/—l) /

Table 2. Thermal properties of Water, nanoparticles [26]

Property Cu TiO2 H20
Density ‘p’ (kg/m?) 8933 4250 997.1
Specific heat ‘Cp’ (J/kg-K) 385 686.2 4179
Thermal conductivity ‘k’ (W/m-K) 400 8.9538 0.613
Electrical conductivity ‘c’ (S/m) 5.96 x 107 2.38 x 10° 5x 1072
Methodology

This flowchart outlines the computational procedure for solving a boundary value problem (BVP) using MATLAB’s
bvp4c solver. It begins with variable declaration and initialization, followed by domain quantization to discretize the
problem space. The core process starts by calling bvp4c, which requires defining a system of first-order ordinary
differential equations (ODEs) and appropriate boundary conditions. Boundary conditions are either exactly known for the
first solution or initially guessed for subsequent solutions. The process iteratively adjusts these guesses to match desired
solutions, such as the second, third, or fourth, refining them to improve accuracy. Once the boundary conditions are
properly set and the function is evaluated, the solver computes the numerical results, yielding the final solution of the
BVP.

[ Variable Declaration J

1

( Initialization )

[ Domain Quantization ]

Call BVP4C

Boundary [Guess for the boundary]

System of Flrst order
conditions conditions

against first solution against the 3rd and 4th solutions

[ Exact boundary conditions I l Guess boundary conditions ]

L 2

Guess boundary conditions
against 2nd solution

!

[ Solution evaluation from the J

function

1

Numerical Results ]

Figure 2. Flowchart of numerical solution

The system of Ordinary differential equations derived from equations (13) & (14), along with their respective
boundary conditions given in equation (15), is solved numerically using the shooting method. To convert those equations
into a first-order ODE, we initiate the variables as
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[=r). " =1(2).1"=1(3).0=1(4).0"=1(5)
1" =aaMf (2)+2aa,(f(2)')+Kf (2)-aaf(3)
0=1(5)
L @a,Prf(2)f(4)-aPrBf(4)=PrEc(f(2))-aa,Prf(1)/(5)
a, [as +4Rj
3
The corresponding dimensionless boundary conditions are

F()=S, £(2)=1, f(4)=1 at 70
f(2)—>0, f(4) >0 at 7o

RESULTS AND DISCUSSION

The non-linear differential equations are solved using Runge-Kutta method under boundary conditions lead to
numerous changes in the velocity, temperature profiles and in the effects of skin friction and Nusselt number are
represented in graphical and tabular forms.

Table 3. Comparison of - §(0) with dissimilar values of R, M, Pr

R M Pr Ishak et al. [27] Goud et al. [28] Present work
0 0 1.0 0.9548 0.9547 0.9540
0 0 2.0 14715 1.4714 1.4573
0 0 3.0 1.8691 1.8690 1.7893
0 0 5.0 2.5001 2.5001 2.3195
0 0 10.0 3.6603 3.6603 3.2694

Table 4. Mutations of Cf, Re;% by Pr=6.2; R=1.0; Ec=0.3;4=0.1

M K s ) ?, Zahid et al. [25] Present work
0.5 1.0 0.1 0.1 0.1 -3.2211 -2.8553
1.0 1.0 0.1 0.1 0.1 -3.3551 -3.1546
1.5 1.0 0.1 0.1 0.1 -3.4836 -3.4277
2.0 1.0 0.1 0.1 0.1 -3.6073 -3.6805

-1
Table 5. Changes of Nu_Re? by Pr=6.2; K=1.0;s=0.1

M Ec R B é, 4, Zahid et al. [25] Present work
0.5 0.3 1.0 0.1 0.1 0.1 1.3487 1.3480
1.0 0.3 1.0 0.1 0.1 0.1 1.1466 1.1465
1.5 0.3 1.0 0.1 0.1 0.1 0.9518 0.9510
2.0 0.3 1.0 0.1 0.1 0.1 0.7570 0.7572

As the magnetic parameter increases, the Lorentz force intensifies, leading to a reduction in the fluid's drift velocity.
When a magnetic field is applied to a fluid, it induces a resistive force known as the Lorentz force, which acts against the
fluid's motion. Thus, the velocity is decreased in Figure 3.

From Figure 4 the temperature is raised on increasing the magnetic parameter due to the interaction between
electrically conducting fluid and the magnetic field, called Lorentz force, generates the friction within the fluid converting
the kinetic energy to thermal energy causes the temperature increment.

Figure (5), represents the increment in the porosity parameter leads to increase in the velocity, because a higher porosity
means there are more interconnected void spaces allowing the fluid to flow easily with less resistance.

In Figure 6 it is observed that temperature is increased on increase in the porosity parameter, this is noticed mainly
in the context of porous medium because higher porosity allows for greater penetration and an increased surface area for
heat transport.

Figure 7 shows the impact of the velocity profile on increasing the suction parameter, particularly at the boundary
layer. This is because suction effectively removes fluid from the boundary layer, reducing the momentum of the flow and
repeatedly slowing it down.

Figure 8 elaborates the decrease in temperature with an increase in the suction parameter, due to a better cooling
effect from the increased fluid being drawn into the boundary layer. This effect helps in removing the heat effectively,
resulting in the temperature reduction.



304

EEJP. 4 (2025) Mahesh Joshi, et al

Figure 9 depicts the variations in the temperature by increasing the radiation parameter, this is because the fluid is
absorbing its own thermal radiation and increase heat transfer from heat surfaces. This showed the increase in the
temperature on increasing in the radiation parameter.

Figure 10 shows the increase in the temperature while the values of Eckert number are increased. As Eckert number
increases, the viscous dissipation in the fluid becomes more significant, which converts the kinetic energy to thermal
energy, that results in the temperature increment.

Figures (11) & (12), separately shows the representation of variations in temperature profile on increasing the
volume fractions of Copper and Titanium dioxide nanoparticles respectively. This result in the increase of temperature
because increase in the particles can increase the surface areas for heat exchanging also can absorb excess heat leading to
the high temperatures.
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Figure 7. Difference in velocity profile for distinct values of s

Figure 8. Variations in temperature profile for different values of s
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CONCLUSIONS
The outcomes of this research establish that the synergistic effect of hybrid nanoparticles and exponential surface

stretching significantly advances heat transfer performance while offering deeper insights into boundary layer control. By
integrating magnetohydrodynamic influences, viscous dissipation, and radiative effects, the study not only enhances the
predictive accuracy of nanofluid-based thermal models but also identifies optimal operating conditions for engineering
applications. These findings contribute novel perspectives toward the design of next-generation thermal management
systems, particularly in energy, electronics, and advanced manufacturing sectors, where precise regulation of heat transfer
is essential. A broad range of investigation is done on the Hybrid nanofluid flow and heat transfer which included two
nanoparticles namely Titanium dioxide (TiO;) and Copper (Cu) and the base fluid used is Water (H,O) on exponential
stretching sheet. To validate, the present results are compared with the previously published articles, achieved good
outcomes. On inclusion of the different parameters on the fluid velocity and temperature profiles were solved by attaining
Runge-Kutta method of Shooting technique. The important disclosures are generalised here:

The velocity component is decreased slightly on productivity of Magnetic parameter, Porosity parameter, Suction
parameter.

On increasing the Magnetic parameter, Porosity parameter there is an increase in the temperature profile in the both
mentioned parameters.

The values of temperature profiles and volume fractions are seen in proportional on increasing in the volume
fractions.

The magnetic parameter, suction parameter, porosity parameter are conversely related to the drag co-efficient of the
volume fractions.

By improving the suction parameter values there is an adequate downfall of velocity profile and temperature profile.
The Radiation parameter consumes a productive association with rate of heat transfer whereas the magnetic
parameter, viscous dissipation parameter, volume fractions of the nanoparticles all possess negative correlation.
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In the coming research, the above work could be extended by engaging novel fluids and appropriate effects like
space dependent heat sources.
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EHEPTETUYHHI TPAHCIIOPT Y MOTOL(I MII-TTBPUIHOI HAHOPIIUHHA HA L IOPUCTUM JIUCTOM 3
EKCIIOHEHUIAJIBHUM PO3TSITHEHHSAM
Maxem Ixxomi, I'. Benkara Pamana Penai
Kadgheopa mamemamuru, Ocsimuiii pono Kownepy Jlaxwimai, 3eneni nons, Baooecsapam, [yumyp-522302, Anoxpa-Ilpadews, Inois

Ile mocmipkeHHS MpeACTaBNIsse TMONIHONCHUI aHali3 MEXaHi3MiB TeIulomnepeavyi Ta IMOBEIIHKUA IOTOKY PIiJMHH, TOB'SI3aHUX 3
riOpuIHUME HAHOPIIMHAMH 32 HAsIBHOCTI MOBEPXHi, 10 €KCIIOHEHIIabHO PO3TATYEThCs. [10pUIHI HAHOPIAWHK, YTBOPEHI HIIIXOM
IICTICPTYBaHHS KUTBKOX THITIB HAHOYACTHHOK B 0a30Bill pifWHI, NEMOHCTPYIOTH Kpamli TEIIOo(i3W4HI BIACTUBOCTI MOPIBHSHO 3i
3BUYANHUMY HAHOPIIMHAMM. IXHS MiIBUIIEHA TEMIONPOBIAHICTh, MOAM(IKOBAHA IITBHICTH Ta CIENiali30BaHa TMTOMA TETIOEMHICTh
poOusATh iX Jy)Ke NpUAATHAUMU A8 IePEeOBUX 3aCTOCYBaHb y HAHOTEXHOJIOTiAX, CHCTEMax BiJHOBJIIOBAHOI eHepril,
BHCOKOIIPOAYKTUBHOMY OXOJIOMXKCHHI €JIEKTPOHIKH Ta TEINIOOOMIHHHKAX MPOMHCIOBOro Macmrady. HoBH3HA LBOTO JOCHIIKEHHS
ToJsTae B Horo crpobi TOCIiguTH KoMOIHOBaHMH BIUTMB T1OPHIHNX HAHOYACTHHOK Ta €KCIIOHEHIIAIFHOTO PO3TATYBAaHHS Ha TUHAMIKY
MOrPaHMYHOTO HIAPy, THM CAMHUM IPOIOHYIOYH HOBI i€l moo ontuMizauii TemioBux cucteM. OCHOBHOIO METOFO IIHOTO JTOCIIJPKCHHS
€ MaKkcuMi3aisi e(eKTHBHOCTI Teruionepenadi 3a pisHuxX (i3HYHMUX Ta eKCIUTyaTaliiHUX yMOB. JIJisi JOCSITHEHHS 1€l METH KepiBHi
mudepeHianpHi piBHAHHS 3 YaCTHHHUMHE TIOX1THAMH, IO OMICYIOTh 3aKOH 30epekeHHS MaCH, IMITYJIbCY Ta €HEpril, HepeTBOPIOIOTHCS
Ha Ha0ip HeNMiHIHHNX 3BUYaiHUX JudepeHniaIbHIX PIBHSIHB 32 JOMOMOTOIO IIePEeTBOPEHB MOAIOHOCTI Ta BiITOBITHUX 0€3p03MipHIX
napameTpiB. Take MaTemMaTHuHe nepeopMyITIOBaHHS CIIPOLIYE CKIAIHICTD 3a1ayi, 30epirarouu IpHu HbOMY OCHOBHY (i3HKY ITOTOKY.
YV MATLAB po3pob6iero obuuciioBaibHy 6asy, A€ 3B'si3aHa CHCTeMa PiBHSIHB PO3B'S3YETHCS 3a JOMOMOrow Meroay Pynre-Kyrru
YEeTBEPTOTO MOPSIKY, IHTEIPOBAHOTO 3 METOAOM CTPIIbOM IS 3a0e3NedeHHs] TOYHOCTI Ta CTaOUIBHOCTI. AHaNI3 MiIKPECIIOE Polb
KJIIOUOBUX ITapaMeTpiB, TaKMX SIK HAIpPYXKEHICTh Mar’itHoro mos, gucio Exepra (edexrn B's3koi nucumarii), uncno IIpanntis
(edbexTn TemIepaTypoOIPOBIHOCTI) Ta TEIUIOBE BUIPOMIHIOBAaHHS, Ha MPO(iNi MIBHIKOCTI, PO3MOALT TEMIEpaTypH Ta MOBEIIHKY
MTOPHCTOTO cepeoBHUINA. Pe3ynbraT He TiIbKH MOKa3yIOTh Yy TIIMBICTh MOTOKY Ta TEIUIOBHX IOJIIB 10 UX KOHTPOMIOIOYNX (DAKTOPiB,
asie ¥ BU3HAYAIOTh PEXKUMHU, B IKUX TiOpPHIHI HAHOPIIMHY 3HAYHO NEePEeBEPIITyIOTh TPaHIliiHI poOoUi pigHHH.

Karwuogi cioBa: cuna Jlopenya, oucunayis,; macnimoeiopoounamixa (MI]]); 2iopuoni HaHOpiOuHU, eKCnOHEeHYIATbHE PO3MA2YEAHHS
aucma
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This study focuses on the thermal behavior and three-dimensional boundary layer flow of water-based nanofluids over a stretched
surface, considering the combined effects of Coriolis and Lorentz forces. The model includes several important physical aspects such
as surface convection, internal heat generation, Joule heating, viscous dissipation, and thermal radiation. Copper (Cu), aluminum oxide
(AL20s), and magnetite (FesO4) nanoparticles are dispersed in water to compare their effectiveness in enhancing heat transfer. By
applying similarity transformations, the complex system of partial differential equations is reduced to a set of nonlinear ordinary
differential equations, which are then solved numerically using the Runge-Kutta-Fehlberg method along with the shooting technique.
The results show that nanofluids containing Cu nanoparticles provide the highest thermal performance, followed by those with Al.Os
and FesO4. These findings highlight the importance of selecting appropriate nanoparticles to improve heat transfer efficiency in thermal
management applications. Increasing rotation parameter A suppresses the axial velocity while simultaneously reducing the temperature
distribution, highlighting the damping influence of rotational effects on momentum and heat transport.

Keywords: Nonlinear thermal radiation; Nanofluid; Rotational Effects; Viscous dissipation, Joule heating

PACS: 44.30.+v, 44.05.+¢, 66.10.cd, 47.11.-j

INTRODUCTION

The integration of nanoparticles into traditional base fluids has opened new avenues in the domain of heat transfer
enhancement. Nanofluids are highly developed fluids that have the potential to revolutionize several industrial processes.
Their exceptional thermal conductivity and energy transfer characteristics make them ideal for electronic cooling, heat
exchangers, and automotive systems, among many other uses. The foundational concept was introduced by Choi and
Eastman [1], who demonstrated that suspending nanoparticles within a fluid significantly enhances its thermal
performance. Subsequently, Buongiorno [2] arrived to the conclusion that the incorporation of nanoparticles causes an
abnormal rise in the host fluid's thermal conductivity by presenting a theoretical framework that incorporates many slip
processes to simulate nanofluid behavior.

A number of scholars have built upon this base via numerical and experimental investigations. As an example,
Wang et al. [3] Sheikholeslami and Rokni studied vegetable oil nanofluid lubrication. [4] nanofluid flow was investigated
in relation to magnetic fields. Khan and Pop [5] Computational techniques were used to study nanofluid boundary layer
flow across a stretched surface. Krishnamurthy et al. also excelled. [6], who analyzed heat transfer in nanofluids over
exponentially stretching surfaces, and Muqaddass et al. [ 7], Considering hybrid nanofluids under time-dependent thermal
and external magnetic fields. Researchers like Nadeem et al. [8], Asadi et al. [9], and Das et al. [10] have also shed light
on hybrid nanofluids, stability, and computational methods for difficult flow issues. Laila [11] investigated nanofluid
flow in converging and diverging channels with rectangular and heated walls, demonstrating the strong influence of wall
geometry on the velocity and temperature fields. Extending this line of research, Rehman et al. [12] examined nanofluid
flow over an inclined cylindrical surface in a double-stratified medium. Complementarily, Makinde [13] developed
computational models for nanofluid flow over a convectively heated unsteady stretching sheet, emphasizing the
importance of transient effects and convective boundary conditions in thermal performance. Recent studies have also
incorporated magnetic and hybrid nanofluid effects. Akbar et al. [14] analyzed magnetized Casson hybrid nanofluid flow
in a converging-diverging channel with radiative heat transfer. Similarly, Khan et al. [15] investigated mixed convection
hybrid nanofluid flow over a permeable, moving, and inclined flat plate, where thermophoresis and radiative heat flux
were found to influence both momentum and energy transport significantly. Gireesha and Anitha [16] studied convective
flow through a permeable microchannel, with irreversibility analysis demonstrating the thermodynamic implications of
such fluids. Madhukesh et al. [17] introduced the concept of pollutant dispersion into nanofluid flows across a stretched
disc-cone device, establishing the interplay between nanoparticle transport and environmental effects. Furthermore,
Cheng et al. [18] performed nonsimilar forced convection simulations of water-copper nanofluid through a porous
medium, considering thermal radiation, heat generation, and viscous dissipation, which added further realism to nanofluid
modeling in porous environments. Sheikholeslami and Shehzad [19] studied magnetohydrodynamic (MHD) nanofluid
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convection in a porous enclosure with heat flux boundary conditions, showing how porous media significantly alter
convection patterns under magnetic influence. Jyoti et al. [20] analyzed kerosene-alumina nanofluid flow between parallel
plates with nonlinear convection and radiative heat transfer, incorporating variable viscosity to highlight the sensitivity
of transport processes to temperature-dependent properties.

The Coriolis force plays a pivotal role in rotating fluid systems and is relevant in geophysical, industrial, and
mechanical contexts, such as rotating machinery, centrifuges, viscometers, and disk drives. The classic analysis of rotating
flows began with the work of Karman [21], who formulated similarity transformations for the rotating disk problem. This
foundation was extended by Wang [22] and further advanced by Nazar et al. [23] through the application of numerical
techniques. To ensure the reliability of the present analysis, our results have been compared with the findings reported in
these studies, and an excellent level of agreement has been observed, thereby validating the accuracy of the current model.
Rotating viscous flows in porous media were studied by Makinde et al. [24], while three-dimensional heat and mass
transport in rotating nanofluids was studied by Sheikholeslami and Ganji [25]. Mustafa et al. [26], Archana et al. [27],
and Sampath et al. [28] examined how Coriolis and Lorentz forces affect flow and heat transmission in rotating systems.
Several other studies (Mabood et al. [29], Krishna and Chamkha [30], Kumar et al. [31] and Mustafa et al. [32]) have
further explored rotational forces in fluid flow across a variety of physical scenarios. Moreover, the Coriolis force-arising
from rotational effects-has been shown to influence flow direction and speed, especially in high-velocity or rotating
systems, as discussed by several studies. However, a comprehensive study investigating the simultaneous influence of
thermal radiation and Coriolis force on the flow of copper—alumina—water hybrid nanofluid over a rotating exponentially
stretching surface is lacking in the literature. This research addresses that gap and aims to provide new insights relevant
to both theoretical and applied sciences. Specifically, the study investigates the effects of increasing Coriolis force,
magnetic field strength, inclination angle, and nanoparticle volume fraction on the skin friction, heat transfer rate, and
overall behavior of the hybrid nanofluid flow.

In the pursuit of sustainable energy solutions, nanomaterials have emerged as key contributors due to their ability to
enhance energy absorption and transfer efficiency. Among various renewable energy technologies, solar energy has
gained prominence for its accessibility and environmental compatibility. Nanomaterials are well-suited to enhancing solar
thermal systems due to their exceptional thermal diffusivity and large surface area, which enable them to absorb photons
effectively. The importance of thermal radiation in enhancing heat transmission has been highlighted by recent research.
Radioactive and magnetic field interactions in porous media were studied by Hayat et al. [33]. Radiative effects in
nanofluid boundary layers were studied by Motsumi and Makinde [34] using the Runge-Kutta technique, and radiative
MHD flow between rotating plates was studied by Sheikholeslami et al. [35]. Reddy et al. [36], Wagqas et al. [37], Sreedevi
et al. [38], and Gireesha et al. [40] demonstrate the growing interest in harnessing sun radiation to enhance fluid thermal
performance.

The motivation for this study stems from the growing need for efficient heat transfer technologies in advanced
engineering systems such as cooling of rotating machinery, electronic devices, solar collectors, and nuclear reactors.
Although nanofluids have been extensively investigated, most existing works focus on limited physical effects, while a
comprehensive analysis that simultaneously accounts for magnetic fields, rotation, nonlinear thermal radiation, viscous
dissipation, Joule heating, and convective boundary conditions is remains limited. Therefore, the main objective of the
present work is to analyze the three-dimensional magnetohydrodynamic flow and heat transfer of nanofluids under these
combined influences. In addition, a comparative assessment of three different water-based nanofluids-copper, alumina,
and ferrofluids-is carried out to highlight the distinct impact of nanoparticle type on the momentum and thermal fields,
thereby providing useful insights into their relative performance for practical heat transfer applications.

Nomenclature
Bo Applied magnetic field T Temperature
Tt Surface temperature o radiative heat flux
GCp Specific heat at constant pressure he heat transfer coefficient
kne Thermal conductivity of nanofluid Uw Stretching velocity in x direction

u, v, w The velocity components in the x,y,z directions(m/s)
Greek words

Q Angular velocity ¢ The particle volume fraction parameter of the
nanoparticle
u Dynamic viscosity of nanofluid p Density of nanofluid
g Stefan Boltzman constant a Thermal diffusivity of nanofluid
pCp heat capacities Kk Mean absorption co-efficient
Subscripts
nf nanofluid s solid nanoparticles
f base fluid

MATHEMATICAL FORMULATION
Here we discuss the numerical simulation of a three-dimensional, incompressible, electrically conducting nanofluid
flow across a stretched surface that is convectively heated and exposed to magnetic and rotating forces. To investigate
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changes in thermophysical behavior, Cu, Al-Os and FesO4 nanoparticles are added to water, which serves as the working
fluid. For any given value of a constant stretching rate, the surface extends along the x-axis at a velocity u,, = ax.
Researchers like Reddy et al. [36], Waqas et al. [37], Sreedevi et al. [38], and Gireesha et al. [40] are interested in
harnessing sun radiation to enhance fluid thermal performance. This work investigates how Coriolis and Lorentz forces

collectively influence the steady three-dimensional boundary layer flow of nanofluids generated by a stretching surface.
zZ,w

ar s
—"nfﬂ_'H(T[—T) Q c : g SRRt

i \ (Macroscopic view)

Figure 1. Geometry of the problem and coordinate system

Following the Tiwari-Das model's modifications for nanofluids and rotational effects, the flow is controlled by the
continuity, momentum, and energy equations [41]. These equations are:

o ow

xtay T = 0, (2.1)
d d d a2

Pnf (u£+ v£+w£— ZQU) = lns (#) — ourBu, 2.2)
d ) 2 a2

Pnf (ui + vé + wi + ZQu) = flns (#) — onrBgv, 2.3)

A L O L WO (BTY_ 1 04y #wy [(ou)E | (O0NE] L owBE poyoq g O (p
Ut vay tw oz dnf (622) (pcp)nf 02 + (pcpInf [(62) + (62) + (PCpInf [u® + v + (pcpIng (Tf Teo)- 2.4)

where g, is the radiative heat flux modeled by the Rosseland approximation:

B (40*)6T“
= ~\3k") 3z

The relevant boundary conditions for the present problem are;

u=uw,, v=0, w=0, ~ky > =he(T;—T) atz =0,
u—-0, v->0, T->T, as z— o, (2.5)

where u, v, and w represents the standard velocity components. x, y, and z directions respectively, while £2 is the fluid's
constant angular velocity, p, s -density of the nanofluid, p,, s -dynamic viscosity of nanofluid, @, -thermal diffusivity of

nanofluid, C,-specific heat at constant pressure, By-applied magne;tic field strength, hy -heat transfer coefficient, k-
:Z*) aalz is the Rosseland radiative heat flux and ¢* and k*

are the Stefan-Boltzman constant and the mean absorption coefficient.

thermal conductivity of nanofluid, T -temperature, q, = — (

NANOFLUID PROPERTIES
According to Brinkman [42], nanofluid viscosity is dynamic. u,s expressed as;

—_H
Hnp = (1-¢)25 (2.6)
Effective density p,; and effective heat capacity(pcy ), are expressed as [41];
pnr = (1= P)ps + dps, (2.7)
(pepIng = (1 = P (pcyp)r + $(pcy) 2.8)

Below is the base fluid's thermal conductivity, and the Maxwell-Garnett model for nanofluid effective thermal
conductivity is kp¢.
kng _ (ks+2kg)—2¢(kf—ks)

ke (kst2kp)+d(kp—ks)’ (2.9)
moreover, the electrical conductivity of nanofluid oy,f is given in the book by Maxwell [43] as;
Inf g4 3o (2.10)

of (os+205)—(os—0f)¢’
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where (pCp)S-Volumetric heat capacity of solid nanoparticles, (pCp) P (pCp)n are the base fluid's and the nanofluid's

volumetric heat capacities, respectively., ¢ -a measure of nanoparticle volume fraction, ps-density of base fluid, pu-
dynamic viscosity of base fluid, ks- the thermal conductivity of solid nanoparticles; the subscripts s and f indicate the
solid and base fluids, respectively. Thermophysical parameters of water and nanoparticles are listed in Table 1.

Table 1. Thermophysical Characteristics of Base Fluid and Nanoparticles

p(kg/m®) cp(J/kgK) K(W/mk) o(Qm)~!
Water 997.1 4179 0.613 0.05
Fe;0, 5180 670 9.7 25000
Cu 8933 385 400 59.6
Al,0, 3970 765 40 16.7

Equations (2.1), (2.2), (2.3) and (2.4), subject to the boundary conditions (2.5) admit similarity solutions in terms of
the similarity functions f, g, 6 and the similarity variable 1 and are defined as;

’a
2z
v

In view of the above quantities, the continuity Equation (2.1) is identically satisfied while Equations (2.2)—(2.5) become;

u = axf'(n), v =axg(),

= — Jvrarm), 6(n) = —=, @11

1 fur _ le + ff” + Zﬂg —Unf/df Mf =0, (212)
(1—¢)2-5(1—¢+¢5—;) (1 ¢+¢”5)
g+ fg —flg-2f - T g =o, (2.13)
(1—¢)2-5(1—¢+¢,‘,’—;) 1- ¢+¢”5)
1 1 ((Ky ' ,
o, [ ((kf +R(1+ (8, —1)9)) ) +0' +
1—¢p+dr— )
(100
1 "2 2 Inf 2 Q:6(m)
— ) {(1 ¢)25Ec(f +g )+ MEc(f +g )} . AN 0 (2.14)
P Ploep), **%ocy)
The corresponding boundary conditions become;
f'© =1, f(0)=0, g(0)=0 6'(0) =Bi((0) —1)at n =0,
f'm) =0, gin) =0, 6(n) > 0asn — oo. (2.15)

The magnetic parameter, radiation parameter, Prandtl number, heat source, Biot number, Eckert number,
temperature ratio, and ratio of rotational rate to stretching rates are all examples of non-dimensional numbers.

(l‘cp) h v 2 T Q
th Bi=-L |YL pe=—"w g =15 3=2
pr f knf a Cpf(Tf_Too) Too a

The quantities of practical interest are the skin friction coefficients C,, Cr,, and the local Nusselt number N, defined
as follows;

__0fB® _  160"TS
pra ’ 3k*kf >

(2.16)

TWJC
Cra = ,Dfuﬁz’
_ Fwy
Cry = pfu\%v’
_ XAqw
Nu, = —kf(Tf_Tw), (2.17)

where T,y = T5x|;=0 and 7, = Tayl,_, are the wall shear stresses and g, is the wall heat flux given by,
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aT
qw = _knfa

+ 4rlz=0- (2.18)

z=0

Using equations (2.11) and (2.18) in equation (2.17), one obtains,
1 7
JReyx Gy = (1_¢)2.5f (0),

[ 1 ’
Rex ny = (1_¢)2.5 g (0),

Nuy _ —<I;Lf+R9‘f,)9’(0), (2.19)
f

Rey

where Re, = uva is the local Reynolds number.
f

NUMERICAL METHOD
The reduced system of Egs. (2.12) -(2.14), together with the boundary conditions (2.15), is solved numerically by
employing the Runge-Kutta-Fehlberg fourth—fifth order (RKF45) scheme combined with the shooting technique. For this
purpose, the coupled nonlinear ordinary differential equations are first converted into an equivalent system of first-order
equations. This transformation enables the implementation of the shooting method, in which the unknown initial
conditions are iteratively adjusted until the prescribed boundary conditions at infinity are satisfied to the desired accuracy.

Setx; = f(m),x2 = f' (M), x3 = f" (M), xa = gn), xs = g'(M), X6 = 6(n),X; = 8'(n). Accordingly, we have;

o A [ [
X1 = Xp,Xp = X3,X3 = X5,Xg = X7,

Inf
x3'=(1-¢)** <1 —¢+¢&> [+ 209 - o MS!
" o)
Ous f
xs' = (1~ $)** (1 ~¢+ ¢>p—$) £9' = f'g - 2f ' = —L—<Mg
5 s (1-0+05)
% == ! 3R(1+ (6, — 1026, — )02 + | 1— ¢ + ¢ (py), Prfo’
(kif +R(+ (6, — 1)9)3) (pcy),
f
1 n
+Pr [WEC(}”’Z +9%) +C;—ff MEc(f" + %) + Qtﬁ(n)]}

x1(0) = x,(0) =1 =x3 —a; = x,(0) = 0, x5(0) — ay = x4(0) — az = x,(0) — Bi(x4(0) —1) = 0. (2.19)

here a,,a, and a; are estimated via shooting technique. Afterwards, the resultant initial value problem is solved
numerically via RK-Fehlberg method. The convergence criteria and step size are chosen as 107 and V& = 0.001.

RESULTS AND DISCUSSION

The Runge-Kutta-Fehlberg (RKF45) method, in conjunction with a shooting method, is used numerically to solve
the system of transformed nonlinear ordinary differential equations produced by similarity transformations. To ensure
accuracy and stability of the solution, the convergence criterion is fixed at 107, and a step size of 4n = 0.001 is used.
The computational domain is truncated at a sufficiently large value of the similarity variable 1, beyond which the
boundary layer effects are negligible. The correctness of the numerical model is verified by comparing generated skin
friction coefficients f'(0) and g'(0) for specific rotation parameter A to benchmark findings in literature. [22, 23]. Table 2
shows the results of the comparison, which prove that the numerical system is reliable since there is high agreement.

Table 2. Comparison of Present Results with Existing Studies (¢ = 0,M = 0)

A Wang [22] Nazar et al. [23] Present results
f"(0) 9(0) f7(0) 9'(0) f"(0) 9'(0)
0 -1 0 -1 0 -1.00006 0
0.5 -1.1384 -0.5128 -1.1384 -0.5128 -1.13837 -0.51276
1.0 -1.3250 -0.8371 -1.3250 -0.8371 -1.32503 -0.83710
2.0 -1.6523 -1.2873 -1.6523 -1.2873 -1.65235 -1.28726

Figures 2 and 3 demonstrate how the magnetic parameter M affects axial and transverse velocity profiles. As M

increases, the axial velocity f'(n) decreases due to the opposing Lorentz force, which acts as a resistive drag on the fluid
motion. In contrast, the transverse velocity g(n) shows an increasing trend with higher M, indicating enhanced secondary
flow generated by the magnetic influence.
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Figure 02. A study on the impact of a magnetic characteristic

on speeds

Figure 03. A study on the impact of a magnetic characteristic
on speeds

In Figure 4, the temperature profile (1) increases with increasing M, mainly owing to ohmic heating effects from the
magnetic field. Figures 5-7 illustrate how the rotation parameter A affects the flow and heat fields. An increase in A reduces
the axial velocity while enhancing the transverse velocity, reflecting the rotational acceleration induced by the Coriolis
force. The conversion of rotational energy into thermal energy causes a discernible increase in the temperature profile as
A values grow. This is because rotation introduces Coriolis acceleration, which diverts part of the momentum from the

axial direction into the transverse direction. Consequently, energy is redistributed across velocity components,
suppressing streamwise transport but enhancing lateral motion.
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Figure 8 shows how the temperature distribution is affected by the nonlinear radiation parameter R. Nonlinear
radiation augments energy transport by radiative diffusion, which enhances the effective thermal conductivity of the fluid,
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thereby elevating the temperature profile. Figure 9 illustrates that increasing the temperature ratio parameter (6w) raises
boundary layer temperatures and enhances thermal diffusion.
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Figure 08. Heat profile as a function of radiation parameter Figure 09. Changing the temperature profile according to a

heat ratio parameter

In Figure 10, the Biot number (Bi), which characterizes the convective heat exchange at the surface, is varied. As
Bi increases, the temperature near the surface increases due to a higher rate of convective heating, which promotes more
efficient heat transfer into the fluid. A larger Bi corresponds to stronger thermal interaction between the solid boundary
and the fluid. The influence of viscous dissipation is depicted in Figure 11 via the Eckert number (Ec). Ec values rise
when internal fluid friction raises system temperature and thickens the thermal barrier layer, increasing thermal energy.
Viscous dissipation converts mechanical work done by shear stresses into internal energy, while Joule heating transforms
electromagnetic resistance into thermal energy. Both serve as internal heat generation mechanisms that elevate the fluid
temperature.

1.0
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Figure 10. How the Biot number influences the temperature
chart

Figure 11. Understanding how the Eckert number influences
the temperature profile

Figure 12 shows how the nanoparticle volume fraction ¢ affects the temperature field. Due to the nanofluid's
enhanced thermal conductivity and heat absorption capability, the temperature distribution becomes more noticeable as
¢ grows. This increases thermal diffusion because the fluid can retain more heat. Figure 13 illustrates the effect of the
internal heat source parameter. As Qt increases, the temperature within the boundary layer rises substantially, indicating
a direct enhancement in internal energy generation which results in a thicker thermal boundary layer and stronger
temperature in fluids. With regard to the parameters A and M, Figures 14 and 15 show the fluctuation of the skin friction
coefficients in x and y directions. It is observed that increasing 1 and M leads to a reduction in axial skin friction,
indicating a decrease in surface shear stress. However, Cr,, increases with M due to enhanced resistance in the transverse
direction caused by the Lorentz force, while it decreases with A, as rotational motion reduces transverse shear. Figure 16
shows the variation of the local Nusselt number with respect to A and M. Nusselt number decreases when either parameter
rises, suggesting wall convective heat transmission decreases. The dampening effect of magnetic and rotating forces
decreases the thickness of thermal boundary layer. Figure 17 demonstrates how Eckert number and nanoparticle
concentration effect Nusselt number. A synergistic impact between thermal energy production and increased thermal
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conductivity owing to nanoparticles is shown by the fact that raising either parameter boosts the heat transfer rate. Among
the nanofluids considered, the Cu-based fluid consistently shows the highest heat transfer performance, followed by Al.Os
and Fes;Os, respectively. These results underscore the significance of controlling magnetic, rotational, and thermal
parameters to optimize heat and momentum transport in nanofluid-based systems. They also reinforce the crucial role of
nanoparticle material selection in designing efficient thermal management technologies.
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Table 3 highlights the influence of nanoparticle concentration (¢), radiation parameter (R), Biot number (Bi), and
Eckert number (Ec) on skin-friction coefficients and heat transfer for Fez0,4, Al,03, and Cu nanofluids.

Table 3. Variation of RegCy,, Re(*Cr, and Rex ®>Nu for Fe30,, Al,05 and cu nanofluids with different values of ¢, R, Bi and Ec

Fe;0, Al,04 cu
) R Bi Ec Nu, Nu, Nu,
1(Rex Cfx 1(Rex ny \/R_ex 1(Rex Cfx 1/Rex C/y \/R_ex 1/Rex Cfx 1/Rex C/y \/R_ex
0.1 -2.57614 | -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944
0.4 -6.11419 -2.46404 | 0.762076 | -5.81055 -2.11379 1.552431 -6.96659 | -3.40968 -0.65158
0.8 -42.1525 -8.8709 -5.71607 | -40.4565 | -7.15531 | -5.22018 | -45.3067 -14.118 -5.20013
1 -2.57614 | -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944
2 -2.57614 | -1.12919 | 0.12487 -2.51119 -1.0574 | 0.313545 | -2.76735 -1.3362 -0.30353
3 -2.57614 | -1.12919 | 0.828804 | -2.51119 -1.0574 1.04208 -2.76735 -1.3362 0.370026
0.4 -2.57614 | -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944
0.8 -2.57614 | -1.12919 | -0.22649 | -2.51119 -1.0574 | 0.189343 | -2.76735 -1.3362 -0.99507
1.5 -2.57614 | -1.12919 | -0.30282 -2.51119 -1.0574 0.269242 | -2.76735 -1.3362 -1.23501
0.2 -2.57614 | -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944
0.5 -2.57614 | -1.12919 | -0.74056 | -2.51119 -1.0574 -0.00332 | -2.76735 -1.3362 -1.76428
0.7 -2.57614 | -1.12919 | -0.62222 | -2.51119 -1.0574 -0.08866 | -2.76735 -1.3362 -2.27411

Increasing ¢ enhances both axial and transverse skin friction due to higher viscosity, with Cu showing the highest
resistance, while the Nusselt number generally decreases, except for Al,03; which sustains better heat transfer. Larger R
values intensify transverse skin friction through stronger Coriolis forces but improve heat transfer, where Al,03 performs
best. Variation in Bi reveals that Al,03; nanofluid enhances convective heat exchange, whereas Fe;0,4 and Cu exhibit
reduced Nusselt numbers. The Eckert number increases internal heating and suppresses cooling for Fez04and Cu, while
Al,03 shows a mild positive response due to its superior thermal conductivity. Overall, Cu exhibits strong flow resistance,
Fes0, provides stability, and Al,05 consistently demonstrates the best heat transfer characteristics, making it the most
efficient choice under varying conditions.

CONCLUSIONS

This study provides new physical insights into the three-dimensional MHD nanofluid flow over a stretching surface
under the combined influences of rotation, magnetic field, nonlinear radiation, Joule heating, and viscous dissipation.
From a physics standpoint, the following key conclusions can be drawn:

e Rotation fundamentally redistributes momentum between the axial and transverse directions. While axial motion
is suppressed, transverse velocity is enhanced, indicating that rotational energy is redirected into lateral flow, which
modifies transport mechanisms across the boundary layer.

e The applied magnetic field resists fluid motion, thickening the momentum boundary layer, while simultaneously
enhancing heat generation through Ohmic dissipation. This coupling shows how electromagnetic control can tune both
fluid resistance and energy transport.

e Nonlinear radiation, internal heat generation, and convective surface effects act collectively to strengthen energy
diffusion across the boundary layer. Their combined impact illustrates the importance of radiative and convective modes
in enhancing nanoscale thermal transport.

e Viscous and Joule dissipation provide an internal energy feedback mechanism, where mechanical work against
friction and electromagnetic resistance is directly converted into heat, raising the fluid temperature and altering thermal
boundary layer dynamics.

e The comparative analysis of Cu, Al2Os, and FesO4 nanofluids demonstrates that nanoparticle type is a decisive
factor in tuning flow and heat transfer. Cu-water nanofluid exhibits the strongest heat transfer enhancement due to its
high thermal conductivity, whereas FesOs-water shows superior flow adaptability under magnetic control, making it
advantageous for MHD applications.
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TPUBUMIPHU MII-IIOTIK TA TEILIONEPEHOC HAHOPIJIMH HA BOIHI OCHOBI YEPE3 IIOBEPXHIO IO
PO3TATYETHCH 3A JOITOMOT' OO CHJIA KOPIOJIICA
TA TEIUVIOBUX E®EKTIB
M.M. Binay'?, Eauipiki Mamarxa?, B. Harapaaxika®
! lepocasnuii konedoc nepuiozo cmynens, Yannanamna, 562160, Indisn
’Kagheopa mamemamuxu, GSS, GITAM Deemed to be University, benzanyp-561203, Inois
SKagpeopa mamemamuxu, Texnonoziynuii incmumym cepa M. Biceecsapai, Beneanyp-562 157, Indis

Ie mocimikeHHsT 30Cepe/KEHO Ha TEIJIOBiH MOBEIiHIlI Ta TPHBUMIPHOMY MOTPAHMYHOMY MIapi HOTOKY HAHOPIAWH HA BOAHIH OCHOBI
Ha PO3TATHYTIH MOBEPXHI 3 YpaxyBaHHAM KOMOiHOBaHOTO BIUIMBY cuil Kopioiica Ta Jloperna. Mozesnp BKIIOYa€ KilbKa BasKIMBUX
(hi3MYHUX acIeKTiB, TAKUX SK MOBEPXHEBAa KOHBEKIiS, BHYTPIIIHE TEIJIOYTBOPEHHS, HKOYJIEBE HATpiBaHHS, B's3Ka JWCHIAINS Ta
TerioBe BunpominioBanHs. Hanouactunku mini (Cu), okcuny amominito (Al:Os) Ta maraerury (FesOa) mucniepryorbest y Boai UIst
TIOPIBHSAHHS IXHBOI €(QEKTHBHOCTI y IOCHJIEHHI TeIUlonepenadi. 3aCTOCOBYIOUM IIEPETBOPEHHS IOAIOHOCTI, CKIagHa CHcTeMa
JudepeHIiaIbHIX PIBHSAHD 3 YaCTHHHUMH ITOXIJJHUMH 3BOJMTHCS 10 HAOOPY HENiHIMHUX 3BHYaHHMX IH(EpeHIiaNbHUX PIBHSIHb, SKi
HOTIM PO3B'SI3YIOTHCS YUCENIBHO 32 JornoMororo metony Pynre-Kyrru-densbepra pazoM 3 MeTo10M CTpiibOH. Pe3ynbTaTh oKkas3yoTh,
1110 HAHOPIIMHH, 110 MicTATh HaHOYacTUHKU Cu, 3a0e31e4y0Th HaiBHIII TEIUIOB] XapaKTePUCTUKHU, Aali HAyTh Ti, o MicTATh Al2O3
ta FesOs LI pe3ynpraTu MifKPECIIOIOTh BAXJIMBICTh BHUOOPY BIiIIOBIZHMX HAHOYACTMHOK [UIs HOKPAIUCHHS e(EeKTUBHOCTI
TEIUToNepeadi B 3aCTOCYBaHHAX IS TEPMOPETYILALii. 301IbIICHHS TapaMeTpa 00epTaHHS A IPUTHIYY€E OChOBY IIBHIKICTH, OTHOYACHO
3MEHIIYIOYH PO3IMOIIT TEMIIEpaTypH, MiAKPECIIOIOUH BIUIHB AeMII(pYBaHHS 00epTaIbHAX €(EKTIB HA IMITYJIbC Ta TEIIONEPEHOC.
KoniouoBi ciioBa: neninitine meniose unpominio8anis, HaHopiouna, obepmanvhi echexmu; 8'a3xka oucunayis,; 0lcoynesuil Hazpie
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The purpose of this work is to investigate the relevance of thermal radiation and chemical reaction in the thermal and radiative analysis
of hybrid Casson nanofluid dynamics. The physical model was based on the mixture of Gold and Silver hybrid nanoparticles (HN)
which are suspended in a blood past a stretchable sheet. The dynamics of fluid past a stretchable sheet is a notable analysis for thermal
and momentum boundary layers. It finds applications in various technological fields and in industries. The model equations were
investigated using a system of partial differential equations (PDEs). Acceptable transformation was used to convert these PDEs into
total differential equations (ODEs). Later, the system of equations was solved using the Runge-Kutta algorithm along with shooting.
The analysis described in this paper explained that hybrid nanoparticles have high performance in radiative and thermal processes when
compared with nanofluid. The fluid's velocity was observed to be repelled by an increasing magnetic value because of the Lorentz
force. A comparison with previous work showed close agreement.

Keywords: Thermal analysis; Radiative analysis; Hybrid nanofluid; Thermal radiation; Magnetohydrodynamics

PACS: 47.65.-d, 47.56.+r, 44.40.+a, 66.20.-d, 47.85.mb

Nomenclature

= Clear fluid K= thermal conductivity (Wm™tK~1)
nf=  nano fluid T,=  gradient of temperature at the wall (K)

= Temperature = hybrid nanofluid
u=  dynamic viscosity (kgm~1s™1) @=  inclination angle
Cry=  Coefficient of skin friction Tw=  stream temperature
cp=  specific heat JKg~'K™1) Q.= heat generation coefficient
¢$,=  Volume fraction of gold nanoparticle q,=  heat flux
u,v= x and y-direction velocity (ms~1) By= magnetic strength
¢,=  Volume fraction of silver nanoparticle B:=  Volumetric capacity for temperature
p= fluid density g= acceleration base on gravity
o= electrical conductivity (sm™1)

INTRODUCTION

The study of Magnetohydrodynamic (MHD) Casson hybrid nanofluids in circulating blood is a complex and
interdisciplinary field that combines fluid dynamics, thermodynamics, and nanotechnology. These nanofluids, which are
composed of blood as the base fluid and hybrid nanoparticles, have gained significant attention due to their potential
applications in biomedical engineering, particularly in drug delivery, cancer treatment, and thermal management systems.
The inclusion of thermal radiation and chemical reactions further complicates the dynamics, making it essential to
understand their effects on flow, heat transfer, and mass transfer characteristics.

This comprehensive review aims to explore the current state of research on MHD Casson hybrid nanofluids in
circulating blood, focusing on the effects of thermal radiation and chemical reactions. The review synthesizes findings
from multiple studies to provide a detailed understanding of the physical phenomena involved and their implications for
practical applications. Several parameters, including the magnetic field strength, nanoparticle volume fraction, and
thermal radiation influence the flow characteristics of MHD Casson hybrid nanofluids. The Casson fluid model is
particularly suitable for blood, as it accounts for its non-Newtonian behavior, which exhibits yield stress and shear-
thinning properties. Recently, a lot of attention has been paid to the numerical analysis of heat transmission in hybrid
nanofluids. The effective heat transmission of this type of nanofluid, along with radiative effects, has numerous
applications in the pharmaceutical industry and engineering. Algawasmi et al. [ 1] examined numerical simulation toward
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hybrid nanofluid movement. Based on the morphology of nanoparticles and gyrotactic microorganisms, Raza et al. [2]
investigated the effect of nanolayers on the movement of tri-hybrid nanofluid. Shamshuddin et al. [3] looked at the impact
of radiation on the dissipative HN flow in a revolving disk. The term "nanofluids" describes a synthesis approach that
utilizes nanometallics due to nano-scale formation and thermal design. Noreen and colleagues [4] conducted a
comparative study of THN by analyzing the influence of Cattanco-Christov heat flux in conjunction with the role of
radiation. The combination of CNT-Gr-Fe;O4 and MgO-Cu-Au hybrid nanoparticles of the kerosene oil type was
investigated by Choudhary et al. [5] using a bidirectional stretching sheet. Rajamani and Reddy [6] examined MHD
pulsating channel with Joule heating along with thermal radiation impacts. Nabwey et al. [7] studied heat transmission in
MHD dynamics of Carreau HN past a curved surface that is exponentially stretched. In another study of Yu et al. [8], the
optimisation of heat transmission with viscous nanofluid dynamics in a stretching and shrinking thin needle was discussed
extensively.

Thermal radiation plays a significant role in the mechanisms that help bodies adjust their temperature to exchange
energy. The analysis of thermal radiation on a moving fluid is explained by the variation of the material's internal energy.
In thermal engineering and sectors where temperatures are extremely high, thermal radiation is important. A hybrid
nanofluid's rotational dynamics were studied by Asghar et al. [9] in relation to the importance of heat radiation. Recently,
Ramzan et al. [10] examined the thermal and theoretical study of hybrid nanofluid dynamics beyond a number of
geometries that are not isothermal and non-isosolutal mechanisms. By looking at the internal heat generation, the function
of HN in a dovetail fin's thermal process was investigated by Goud et al. [11]. Alrihieli and colleagues [12] investigated
convective heating and radiative MHD nanofluid dynamics. Jayanthi and Niranjan [13] studied the effects of activation
energy, joule heating, and viscous dissipation on the dynamics of nanofluids brought on by MHD in a vertical surface.
Yaseen et al. [14] used two parallel plates to investigate how heat generation and thermal radiation affect the dynamics
of hybrid and mono-hybrid nanofluids. Guedri and colleagues [15] examined the thermal dynamics of a radiative hybrid
nanofluid across a nonlinear stretchy sheet. The mechanisms of Soret-Dufour and thermal radiation in unstable chemically
reactive fluid dynamics were examined by Alao et al. [16]. The convective heat transfer in nanofluid flow via a stretching
sheet was investigated by Manjunath et al. [17].

The flow of magnetohydrodynamics finds numerous uses in industries like heat exchangers, micro-electronics, and
the modelling of combustion. In recent times, nanotechnology has been explained as the approach for thermal
augmentation. Alsagri et al. [18] elucidated MHD simulation of nanofluid dynamics by utilizing viscous dissipation.
Fatunmbi et al. [19] recently examined MHD micropolar nanofluid dynamics past an upright elongating sheet with
temperature-dependent viscosity. Wagqas et al [20] clarified the importance of MHD dynamics in a hybrid fluid type past
a circulating disk. Eid et al. [21]. investigated the viscous nanofluid dynamics of micropolar magnetic on penetrable
inclined surfaces. The machine learning method of Casson for hybrid nanofluid flow over a heat-stretched surface was
recently investigated by Ramasekhar et al. [22]. Nayak et al. [23] investigated the function of dissipative viscous and
radiation in a decreasing surface in MHD 3D dynamics and heat transfer analysis of nanofluid. Asjad et al. [24]
investigated the bioconvection dynamics of the MHD viscous nanofluid. In their discussion of the importance of MHD,
Idowu and Falodun [25] varied thermal conductivity and viscosity when two non-Newtonian fluids moved at the same
time. Exponentially vertical surfaces with chemical reactions were used by Biswas et al. [26] to mimic Prandtl-nanofluid
dynamics. Sitamahalakshmi and colleagues [27] investigated the impact of heat-mass transit on MHD Casson blood
dynamics in a stretching permeable channel. A finite element description of paraffin wax nanoparticles and sand was
investigated by Nagapayani et al. [28]. Gladys and Reddy [29] discussed the dynamics of non-Newtonian nanoparticles.
Al-zabaidi et al. [30] studied flowing fluids past an inclined vicinity when there is significant of entropy generation,
Lorentz force, and ohmic heating.

Many studies in the literature have considered the dynamics of nanofluids by ignoring the hybrid nanofluids. To our
best knowledge, studies on hybrid nanofluids do not consider the thermal and radiative analysis through Casson fluid.
The current research examined the thermal and radiative analysis of MHD Casson fluid with hybrid nanoparticles with
viscous dissipation and magnetic field. Analysis of this nature has not been considered in the literature as far as we are
concerned. This study finds application in engineering and many scientific domains. This model plays a significant role
in the biomedical industry. This intricate computational framework intricately weaves MHD and thermal radiation
scenarios through the dance of blood circulation, proving invaluable in medical interventions such as radiofrequency
ablation, MRI (magnetic resonance imaging), and cancer chemotherapy. Within the Results and Discussion section, visual
representations illuminate various crucial physical parameters. The application of gold and silver in the biomedical field
with regard to blood demonstrates a variety of nanotechnological developments, from antimicrobial coatings and
implanted devices to particular drug delivery and diagnostic equipment. Consequently, scholars are confident that the
latest findings are distinctive and poised to significantly impact both engineering and medical fields, potentially igniting
inspiration in future researchers.

MATHEMATICAL ANALYSIS
A steady, incompressible, laminar flow of hybrid nanofluids, which contains gold and silver nanoparticles, was
considered as shown in Figure 1. This nanoparticles based were taken into account along with base fluid blood
incorporated. Mass and thermal radiative analysis over a moving surface with its velocity to be u,, = ax and free stream
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temperature, and concentration T, C,, was considered. A transverse magnetic field B, was impose in a perpendicular
direction. The heat transmission analysis was elucidated with the viscous dissipation and heat generation along with
chemical reaction on the hybrid nanofluids. Figure 1 shows the physical configuration. Priyadharshini et al. [22] state that
the equations that apply become valid when the boundary layer is approximated.

Concenftration boundary layer
Thermal boundary layer

Momentum boundary layer

Gold *

Figure 1. Physical model of the Problem
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The Rosseland diffusion approximation, which was employed by Reddy et al. [23], is utilized to describe the radiative
heat flux that the flow faced.

405 0T
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With the use of Rosseland approximation, an optically thin fluid has been taken into consideration in the study's
thermal and radiative analyses. Assume that the flow's temperature differential is negligible, so that equation (6) is
linearized by simplifying T* by utilizing Taylor’s series in T, and avoiding the higher order to obtain:
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The following are the definitions of the similarity variables used in this paper:
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Employing the equation (9) above on the governing equations to obtain:
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¢" + Scfp' —ScKrep =0 (12)

The transform boundary conditions are:

f(0)=0,f(0)=1,60(0) =1,40) =1,f'(0) = 0,6(0) =0,6() =0 (13)
where;
2 (cp) ,ak* 3 2 ()2
= UfBO, = R = 1665T°°,Pr = v—f, Q= % , S G ,Sc = L, are the Schmidt number, Eckert
apys (Cp)hnf 3KeK ag (pcp)fa (cp)f(Tw—Too) Dp
number, Prandtl number, heat generation a parameter, permeability parameter, magnetic parameter, and thermal radiation
parameter.
The quantities of engineering interest for momentum and thermal boundary layer are described as follows:
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Skin friction, Nusselt number, and Sherwood number are obtained by applying the similarity variables as follows:
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METHODOLOGY
Using the Runge-Kutta and shooting procedures, the nonlinear problems controlling ODEs in equations (10)—(12)
subject to (13), were solved. Solving the BVP for even an extremely finite interval would be impractical, and it is not
possible on an infinite interval. We will apply an infinite boundary condition in this study at a finite point 1 at co = 10.
Care has been made to shoot in steps, improve shoots in stages, and avoid round off error by computing numerical values
in order to integrate f''(0),and 6'(0), which is an initial value problem. The collection of nonlinear equations is first
transformed into first order ODEs in order to apply this technique:
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Substituting equations (14), (15) and (16) into the transformed equations to obtain:
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Subject to conditions:

y1(0) = 0,y,(0) = 1,y,(0) = 1,y6(0) = 1, y,(0) = 0, ¥4(0) = 0,y5(0) =0 2n

The outcomes are gotten by interchanging the scale factor up to a desired value by implementing an approximate
solution. To obtain the solution, a guess for the initial assumptions are properly considered and the boundary thickness of
the layer are taken into account.

RESULTS AND DISCUSSION

The paper have discussed the thermal and radiative analysis of HN dynamicss with impact of viscous dissipative
and magnetic field. To explain the physical influence of pertinent dynamics parameters on velocity and temperature,
hybrid numerical scheme called Runge-Kutta techniques along with the novel shooting method was utilized on the
equations. The control parameters have been chosen as: Q=0.2; Pr=21; Ec=0.04; M=0.2; Kr=0.1; Sc=0.22; K=0.2;
R=0.5; Kr=0.2; The Prandtl number was chosen to be 21 based on the type of hybrid nanofluid considered in this study,
while other parameters values are chosen based on experimental computations.

Figure 2 shows how the magnetic field affects fluid velocity when ¢: = 0.02, ¢z = 0.01. The effect of magnetic in
Figure 2 was plotted with nanocomposite particles Gold and Silver with base fluid blood. The depth of the boundary
layer was shown to decrease with an increasing magnetic parameter value. The Lorentz force appears in the equation of
momentum and gives all tendency of bringing down the motion of the tri-nanocomposite particles. This force is created
due to the impose of magnetism field to the heat transmission analysis. Figure 3 illustrates how Eckert affects the fluid's
temperature. The temperature profile is observed to increase with an increasing Eckert number value.

1 T T T T T T T T T 1 T T T T T T T T T

Pr=21; R=2;Ec=02,Q=02; K=3;
3=0.5; Kr=0.3; Sc = 0.7;

Pr=21, R=1M=05Ec=02Q=02 T
K=3; 3=0.5; Kr=0.3;Sc=07;

M=1234

Ec=1234

Figure 2. Significance of magnetism parameter in velocity Figure 3. Eckert number significance in relation to temperature
distribution dispersion

The dissipative viscous term (Eckert number) transforms the kinetic into internal energy based on work done in
anticipating viscous liquid stresses. This result indicates that increasing the Eckert value raises the temperatures and depth
of the entire boundary layer. The boundary layer's enthalpy and the kinetic energy of the flow of nanofluids are represented
by the Eckert number. Figure 4 showed how the fluid's temperature is affected by the heat generating parameter (Q). The
result in Figure 4 indicates that the fluid temperature increased as Q increased. This implies that, the heat generated
reduces the thermal process within the boundary layer. Hence, the nanocomposite fluid enhances the temperature of fluid
by generating heat more than a nanocomposite. Hence, the thermal and radiative analysis enriched the fluid temperature
when heat generation parameter ascended.

Pr=30; R=2;Ec=0.04;M=0.2;

Q=0.2; R=2;Ec=0.04;M=0.2;
Kr=0.1;S¢=0.22;K=0.2;B=0.5; . 07

Kr=0.1;S¢=0.22;K=0.2;3=0.5;

Q=0.2,04,0.6,0.8

Pr=6.9, 13,25,30

Figure 4. Significance of heat generation on the temperature Figure S. Prandtl number significance in relation to
distribution temperature dispersion

The effect of Prandtl number (Pr) on fluid temperature is depicted in Figure 5. It was found that the temperature
distribution descended with an increasing value of Pr. This indicates that the thermal boundary layer's thickness decreased.
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This paper's thermal, radiative, and heat transfer analyses are governed by the dimensionless Prandtl number. The
momentum to thermal diffusion ratio is denoted by Pr. Because the nanocomposite nanoparticles have better thermal
conductivities, the temperature is dropping. The corresponding thickening of the thermal and momentum layer boundaries
is implied by the current analysis, which is displayed in Figure 5.

The impact of thermal radiation (R) on the temperature distribution is depicted in Figure 6. As R rises, the
temperature profiles rise as well. The current research demonstrates how the temperature and depth of the thermal
boundary layer are changed by the absorption of thermal radiation within the layer. Therefore, the thermal radiation
improves the boundary layer's thermal and radiative analysis. Figure 7 shows how p affects the velocity profile. It claims
that the velocity outline shrank as the § parameter increased. The improved Casson parameter's ability to limit the liquid's
velocity by reducing the stress brought on by yield is crucial to achieving this objective.

08 f Q=0.2; Pr=30;Ec=0.04;M=0.2; ) 08
Kr=0.1;S¢=0.22;K=0.2;3=0.5;

Q=0.2; Pr=30;Ec=0.04;M=0.2;
Kr=0.1;8¢=0.22;K=0.2;R=0.5;

3=0.250.50,0.75,1.00

Figure 6. Thermal radiation's importance in relation to the Figure 7. Effect of Casson fluid parameter on the velocity
temperature distribution profiles

. osk Q=0.2; Pr=21:E¢=0.04;M=0.2;
Q=0.2; Pr=21,Ec=0.04;M=0.2; Sc=0.22;K=0.2;R=0.5;3=0.5;
Kr=0.3:K=0.2,R=0.5,=0.5;

Kr=0.25,0.50, 0.75,1.00
$¢=0.22,0.30,0.60,0.78 N

Figure 8. Schmidt number's impact on concentration profiles Figure 9. Chemical reactions' effects on concentration profiles

Figure 8 provides a clear illustration of how the Schmidt number affects the topography of concentration. It becomes
evident that as the Schmidt number escalates, a notable reduction in the concentration field occurs. This phenomenon
arises because the diffusion of solutes in fluids is inherently tied to the diffusion coefficient. Consequently, the observed
decline in the concentration field correlates with a diminishing diffusion coefficient. Thus, a remarkable plunge in the
concentration field in relation to the Schmidt number is clearly noted. As the parameter governing chemical reactions
intensifies, the concentration profile diminishes, as illustrated in Figure 9, showcasing the significant impact of the
chemical reaction parameter. Furthermore, the temperature profile follows a reversible trajectory.

Tables 1, 2, and 3 represents the fundamental thermal and comparative properties relevant to the hybrid nanofluid
analysis. Table 1 lists the standard thermophysical properties of blood (as the base fluid) and nanoparticles such as gold
(S1) and silver (S2), including density, specific heat, thermal conductivity, and dynamic viscosity. Table 2 outlines the
mathematical formulation used to evaluate the effective thermophysical properties of the hybrid nanofluid, incorporating
parameters such as density, viscosity, specific heat, thermal and electrical conductivities. Table 3 provides a comparison
of the present numerical results with those reported by Manjunatha et al. [17] for various Prandtl number (Pr) values,
showing excellent agreement and thereby validating the accuracy of the current computational model.

Table 1. Thermal Properties(Standard Values)

Property Symbol | Blood (Base fluid) | Gold (S1) | Silver (S2)
Density (kg/m?) p 1060 19300 10500
Specific Heat (J/Kg) Cp 3617 129 235
Thermal Conductivity (W/m) k 0.52 318 429
Dynamic viscosity(Pa) n 3.5x1073 -- ---
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Table 2. Formulation of the effective thermophysical model of a hybrid nanofluid in mathematics:

Thermal property Hybrid Nanofluids
Density ’:j"’=(1—¢2){1—¢1—a[/’j}w{ﬁ”ﬂ
f f f
Dynamic viscosity % =(1-¢)"(1-¢,)"
f
C C ), C
Specific heat ((/;C')))h"/ =(1-¢, ){1 —6-4 {(pp")’“ J+¢z [(ppp)ﬂ H
plf f f

k ksZ + 2khn/ - 2¢2 (khn/ - k,sZ ).k.u + 2klm/ - 2¢1 (khn/ - ksl )

hnf _

kf k.\\z + Zkhn/ + 2¢2 (k/m/ - k.\\z ),k.sl + 2khn/ + 2¢1 (khn/ - k,«] )

Thermal conductivity

D
Electrical conductivity Of"f = oo ! Py
r o, +¢,0. 0, +¢,0
2+1122_1122_¢+¢
["f’(@Jr‘/’z):l H o } (] 2)}
Table 3. Comparison results for (—0'(0)) for different values of Pr
Pr | Manjunatha et al. [17] | Present work
2.0 | 09113 09113
7.0 | 1.8954 1.8953
20 | 3.3539 3.3538
CONCLUSIONS

The thermal and radiation analysis of two-phase nanoparticles (Gold + Silver) suspended in blood base fluid
has been solved numerically. The dynamics of suspended nanoparticles in blood were considered past a flexible sheet in
the presence of a magnetic field, dissipative viscous and thermal radiation, along with chemical reaction. The main
conclusions drawn from this investigation are:

e As the magnetic parameter increases, the heat and momentum profiles decrease. This is because an electrically
conducting fluid moves more slowly when the Lorentz force is created. (ii) The speed and temperature
distribution rose as the heat-generating parameter was increased. This demonstrates that greater heat is generated
and that the volume percentage of nanoparticles is significantly enhanced;

e A higher Prandtl number results in a decrease in the thickness of the thermal and momentum boundary layers;

e The outcomes show that hybrid nanoparticles show a very high thermal and radiative performance compared to
dual-phase nanoparticles.

e It was observed that increasing the Eckert number improved the temperature and velocity profiles.

e The concentration decreases as the chemical reaction and Schmidt number increase.
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MATHITOT'IIPOJIMHAMIYHA JIJMHAMIKA I'BPUIHOI HAHOPIJIMHA KACCOHA B IIUPKYJIIOIOYI KPOBI
3 YPAXYBAHHSAM TEIIJIOBOI'O BUIIPOMIHIOBAHHS TA XIMIYHUX PEAKIIIA
I'. dypra Ipisnapcini!, Caena Acva Kayzep?, . Xapi Kpimnua3, T. Haremsapa Pao?, 'yppamnari Benkara Pamana Penni®
’Kad)edpa Mmamemamuxru, IHocenepro-mexnonoziunui konedxc I'imanoocani, Yipian, Xaiidepabao, Teraneana, Inois-501301
2Ragbe0pa mamemamuxku, I nobanvruil incmumym indcenepii ma mexnonoziu, Mounabao, Xatioepabao, Tenaneana-501504, Inois-
3Kageopa mamemamuxu, Inocenepnuii koneose ANURAG, Ananmaczipi, Cyposnem, Tenanzana-508206, Indis-
‘Kageopa mamemamuxu, Oceimniti pono Konepy Jlaxwmai, Badoeceapam, Indis-522302
SKaghedpa komnnexcrux oocrnionuybkux eiokpummis, Oceimuiti ponod Konepy Jlaxwmai, Badoeceapam, Inois-522302

Meroto 11i€i poOOTH € TOCIiKEHHSI aKTYaJIbHOCTI TEIIOBOTO BUITPOMIHIOBAaHHS Ta XIMIYHOI peakiil B TEIUIOBOMY Ta pamialiiiHOMy
aHaii3i nuHaMiku riopuaHol HaHopizman Kaccona. ®i3udna monenb OaszyBasiacs Ha CyMilli TiOpHIHHX HAHOYACTHHOK 30JI0Ta Ta
cpibna (HN), sixi cycnenmoBaHi B KpOBi IOB3 pO3TsDKHUIL JTHCT. J{MHAMIKA PiJIMHH [OB3 PO3TSHKHHM JIUCT € BU3HAYHUM aHATi30M ISt
TEIUIOBHX Ta IMITyTbCHUX TPaHUYHHX MIapiB. BiH 3HAXOAMTH 3aCTOCYBaHHS B PI3HHUX TEXHOJOTIYHHX Taly3sfX Ta MPOMHCIOBOCTI.
MogenbHi piBHSAHHS TOCTIHKYBAJINCA 32 JOTIOMOTOI0 CHCTEMH IU(epeHLiabHIX PiBHAHD 3 YacTKoBUMH moxigHumu (PDEs). s
nepetrBopeHHs ux PDEs y nosHi audepennianshi piBasHasg (ODES) 6yn0 BukoprucTaHo npuitHATHE epeTBopeHHs. [lizHime cucremy
PiBHSHB OyJI0 pO3B'sI3aHO 3a JOMOMOT0I0 anroputMy PyHre-KyTTr pasom 3i cTpins0010. AHami3, onucaHui y il CTaTTi, OSCHIOE, IO
ribpuiHi HAHOYACTHMHKM MalOTh BUCOKY IPOAYKTHUBHICTH y pajiallifHMX Ta TEIUIOBUX Mpolecax IOPIBHSIHO 3 HAHOPIJUHOIO.
Cnocrepiranocs, 0 MIBHAKICTh PIANHM BiJIITOBXYETHCS 3POCTAIOUMM MarHiTHUM 3Ha4eHHsAM depe3 cuiy Jlopenua. [lopiBHsHHS 3
HOIEPEAHBOI0 POOOTOIO MTOKA3aI0 OJIM3bKY BiAMOBIAHICTS.
KurouoBi cioBa: mepmivnuti ananis; padiayitinuii ananis; 2ibpuoHa HaHOPiOuHa,; mennose UNPOMIHIOBAHH, MACHIMO2IOpOOUHAMIKA
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In this study, the combined effects of inclination and catheter on the biliary flow of a Carreau fluid through an eccentric catheterized
duct with a porous material are mathematically investigated. The perturbation technique is employed to solve the governing equations,
considering low Reynolds numbers, a long-wavelength approximation, and suitable small parameters. The surgical technique, when a
catheter is inserted eccentrically into the duct, is connected to the outcomes of the investigation. Several parameters have been used to
achieve the analytical solutions. Axial velocity, pressure gradient, flow rate, and wall shear stress are displayed in these data, together
with the following emergent parameters: wall slip parameter, Weissenberg number, fluid behavior index, Darcy number, and angle of
inclination. The pressure gradient is significantly altered by the angle of inclination and porosity parameter, and the catheter's axial
velocity falls as the Weissenberg number rises. The physiological observations are consistent with these findings.

Keywords: Peristaltic bile flow, Papilla Ampoule; Porous Walls, Inclined Eccentric Catheterized Duct

PACS: 02.30.Jr, 02.30.Mv, 47.56.+r, 47.63.-b

INTRODUCTION

The particular kind of pumping called peristaltic pumping makes it simple to move a range of rheological biofluids
from one organ to another. The progressive wave of the duct wall's periodic contraction or relaxation causes the peristaltic
motion. The catheter is essentially a long tube that is intended for use in ophthalmic, neurological, urological,
cardiovascular, and gastrointestinal purposes. In addition to measuring several physiological flow characteristics like flow
velocity, flow rate, pressure increase, and pressure gradient, the catheter is employed in clinical procedures to diagnose
and treat illnesses. The initial hemodynamic conditions within the duct are disturbed when the catheter is introduced
because it causes an annular zone to form between the catheter and the duct wall. Additionally, the catheter increased the
flow's frictional resistance. Strasberg et al. [13] tested the accuracy of the results of the mathematical model by an
experimental investigation. They establish the connection between biliary flow and canalicular clearing. Additionally, the
treatment of post-operative bile fistulas by internal endoscopic biliary drainage was investigated by Sauerbruch et al. [12].
James et al. [4] investigated orthotopic liver transplant recipients who had nasobiliary catheters inserted endoscopically,
which aid in rerouting the flow of bile. According to Tripathi ez al. [14], peristaltic transport via a finite channel, peristaltic
heat flow creates a porous environment with greater resistance and enhanced as the Grashof number rises. By observing
the effect of Weissenberg number and power index on axial velocity, Nadeem ef al. [8] studied the unsteady peristaltic
transport of Carreau fluid flow in an eccentric tube. It found that the axial velocity profile decreases as the values of the
Weissenberg number and the power index increase. According to another mathematical model of papillary stenosis with
stone developed by Kuchumov et al. [5], the permeability parameter, Weissenberg number, and amplitude ratio all affect
the pressure that corresponds to the reflux state. Gudekote et al. [3] examined the Casson fluid moving through porous
walls impacted by the wall slip parameter and elasticity. They discovered a correlation between rises in pressure and angle
of inclination, noting that as the degree of inclination increases, so does the pressure. Nabil et al. [7] investigated the
impact of heat and mass transfer on Casson fluid flow via two coaxial cylindrical tubes with peristalsis. Nurulaifa ez al.
[9] developed a mathematical model of Bingham fluid flow through an overlapping stenosed artery and discovered that
when the plug core radius increased, the dispersion function decreased. It accounts for various leakage instances, such as
leaking from the common bile duct lesion, choledochotomy, and cystic duct stump. The viscous flow between two
sinusoidal deforming concentric tubes was analytically examined by McCash et al. [6]. It also discussed the applications,
such as endoscopy of curved human organs and the maintenance and enhancement of intricately designed machinery.
Moreover, by using a mathematical model of blood flow through a stenosed artery with post-stenotic dilatation, Dhange
et al. [2] examined various physical attributes that affect fluid resistance to flow and noted that the surface shearing stress
decreased with the upsurge of resistance. Moreover, a mathematical model of an eccentric catheterized artery with heat
transfer was studied by Reima et al. [11]. They investigated the impact of temperature in the scenario where the artery is
the outer tube, and the catheter is the inner tube. The results obtained are consistent with physiological observations as
well as the causes and complications related to catheterization. They described how the model is applied to the
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cardiovascular system and found that the viscosity of the peripheral layer reduces as the wall shear stress lowers. In the
investigation of the fractional Oldroyd-B fluid between two coaxial cylinders loaded with gold nanoparticles, Cao ef al.
[1] observed that the inclusion of nanoparticles increased the base fluid's heat capacity. A model of nanolayer fluid flow
over a porous surface in the presence of carbon nanotubes was proposed mathematically by Raza et al. [10]. They also
examined the impact of increasing interfacial nanolayer thickness from 3 to 9 nm, which has a substantial effect on thermal
performance and thermal conductivity.

Modern literature shows that bile is not strictly Newtonian: it commonly exhibits shear-thinning and viscoelastic
features that vary with bile composition, pathology, and shear-rate range. We therefore justify the Carreau (shear-
thinning). Experimental and review studies report shear thinning and viscoelastic features in bile depending on
composition and disease state; thus, a shear rate-dependent viscosity model is appropriate for theoretical investigation.
Recent reviews summarizing bile rheology, such as those by Kuchumov et al. [5], consider bile as a non-Newtonian fluid.
These studies, along with related experimental reports, led to the selection of bile as a Carreau-type model.

In the present study, the combined effects of eccentric tubes, porosity, and angle of inclination on the peristaltic
transport of Carreau fluid in an axisymmetric tube were examined. The findings might be beneficial in the various
practical applications of medical science. The regular perturbation technique is used to solve the two-dimensional
mathematical model in a cylindrical coordinate system. The Weissenberg number and eccentric parameter are involved
in the solution of this investigation process. The resulting equations were solved analytically under the appropriate
boundary conditions. With the help of influencing factors like the fluid behavior index, amplitude ratio, Darcy number,
slip parameter, and angle of inclination, the expression has been derived for axial velocity, pressure gradient, wall shear
stress, and flow rate. The obtained expressions were graphically represented in various combinations with emerging
parameters. The results of the current model were evaluated and related to the intricate physiological flow of the bile
through the diseased duct. It greatly aids in the investigation of bile flow in the duct in a much better way than earlier,
especially in dialysis cases.

MATHEMATICAL INTERPRETATION OF THE PROBLEM
The flow of bile is modeled by considering the peristaltic flow of an incompressible Carreau fluid flowing inside
the eccentric tubes, in which the inner tube is uniform and rigid, representing a catheter placed in an eccentric position
within the pancreatic duct. The pancreatic duct is filled with the porous medium of finite length L and inclined at an angle
a with the horizontal is taken into account as the outer tube. The relevant equations of momentum and continuity in vector
form are as follows.

Figure 1. Geometrical representation of the problem

The fluid density p is uniform incompressibility conditions, the equation of continuity is:
V=20 (1a)
The equation governing the motion is:

[°)% 1 1
(5+ (V. V)V) = VP + V.1 (1b)

Where, V = (u, v, w), the velocity components in the r, 8 and z directions respectively, P is the pressure, p is the density
and t;, is the extra stress tensor.

The geometry of the non-uniform pancreatic duct with a catheter and the wall deformation due to an infinite
sinusoidal wave propagating along the wall is mathematically described as

R,(z) = R, — mz + ztana + bsinzAE (2a)

Re(2) =7, (2b)

The constitutive equations for the non-Newtonian fluid are described by the Carreau equation
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éln = —p&m tTin (3a)

y L
F1= [teo + (o = ) 1+ ((19) )| 7 (3b)

here 7, is the extra stress tensor, p stands for pressure, §;, is the Kronecker delta, y, and u, are the zero and infinite
shear rate viscosities, 7~ is the time constant, and m is the dimensionless fluid behavior index. The shear rate y is defined

as follows:
Y 1 Y Y 1
V= /;ZZymm = /;n (3¢)

Where, 1 is the second invariant strain rate tensor. In case of {1, = 0 and by using Taylor’s expansion in equation (3c),
we get:

= o [1+ =2 (1)) P1n (3d)

The biliary system, having stenosis, is assumed as a cyhndrlcal elastic tube/model of the circular cross section
containing an incompressible non-Newtonian fluid. The bile flow is modeled to be laminar, unsteady, two-dimensional,
axially symmetric, and fully developed bile characterized by generalized Carreau model by considering an inclined non-
uniform pancreatic duct filled with a porous medium. Under the assumptions, the governing equation may be written in
the cylindrical coordinate system (7, Z, é) as

6u u 1
o Trtias T =0 (42)
U | ou  bou P, oUW\ _ 9P, 10 ryx L10 _Cog
p(§+u¥+;£—?+w—z)— af+r“af(rcrr) ré(CT9)+azCTZ p o pgeosa (4b)
(a—‘v’+“6—f’+ﬁa—’v’+@+wa—’v’) _19, L2 (#2¢ )+-—(C )+ > C (4c)
P3¢ YT ax) — 78 @ 2or 0 ag \ 99 6z
0w | L O0W | BOW 0w\ _ 9B 10 (.
(E—l— E—I—?ae 5)— 0é+r6r rz)+ (ng)+ sz+pgsma (4d)

Here, p stands for density, W and i are the velocity components, P is the pressure, g2 = i ,Da = ; , € is porosity, k

is the permeability, and Da is the Darcy number.
From equation (3a) - (3¢) and (3d) we get:

=2 () G G5 (s

Crr = 200 [1+ 22 ((17)")| (B2). (5b)
e = Mo[1+ (7)) GF + %) (59
o=+ 222 (T )] (2 42205, s
oo = o |1+ 25 (7)) G35+ 5) (59
Con = o [1+ =2 ((7))] (555 + 55)- (5

Coe = o [1+ == (1)) 55- (52)

Here, u(r,0,z,t),v(r, 0, z,t) and w(r, 0, z, t) represents the velocity components in r, 8 and z directions respectively,
. . . . ap . .
p is the pressure, p is the density of bile and £ is the pressure gradient.
Assuming that the catheter is moving in the axial direction with velocity V; and the catheter has a fixed radius 7y
Porous boundary (Darcy) models transmural leakage/permeation through the duct wall (e.g., in a fistula or diseased

epithelium) and aggregate epithelial hydraulic permeability and lymphatic uptake. Inclination captures the gravitational
contribution relevant to anatomical placement. Suitable boundary conditions are as follows

u(r,0,z,t) =v(r,0,z,t) =0atr =R, (z,1t), (6a)
K F)
—% =15 atr =Ry, (2t), (6b)

w(r,0,z,t) =V, atr =r,. (6¢)
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Assuming the system is at rest, i.e., no flow occurs.
u(r,0,z,t) =v(r,0,z,t) =w(r,0,z,t) =0att =0,

Let us introduce non-dimensional variables

2 7 v At R Ro2p cR
Z=_)T=_IU=_)u=_) __0) = Op; =p 2
Lo Ro c CRo lo Lomoc Ho
ct R(%) Hy, (%) Lo Ry x Ro cl ~ ¢y
t=—,R(z) =—, H,(2) = =2C C.=-2C., &= We==",y==L
I (2) Ro w(2) Ro ° 72 T g zz b T b % Lo’ Ro’y Ro
Reduced non-dimensional equations are
ou 10v ow _ 0
or r r o6 9z
ou ou  vou v? ou ap 190 10 d Cog Ropg
e (S W) B )+ L ) € e
ce ot tu ar "rae  r " VWos ar + €s 6r( Crr) + & r a6 (Go) te dz Crz r LoloC
v ov  vov  uv v 10dp 10, 5 10 2 0
Ree? (— Uu—+-—+— W—) =—-—+e5—(rC e=—(C e“—C
e TUn T T TS, ra0 T €725, (M Cre) + 2755 (Cog) + 8752 Co,
ow ow  vow ow dp , 10 10 a Rong .
Ree (— —+ - W—) =——+-—(rC -—(C e—C sina
ot + 0r+r66 dz az+r6r( rZ)+r69( 0z) + dz ZZ+L0u0c

(6d)

(8a)
cosa (8b)
(8¢

(8d)

a? a® . . . . .
Wheren = %, n' = ’757 , 0 is the dimensionless wave number, We is the Weissenberg number, Re Reynolds number,

and Kn Knudsen number.
The non-dimensional boundary conditions are

u(r,0,z,t) =v(r,0,z,t) =0atr = R,(zt),

Knw

VDa

w(r,0,z,t) =V, atr =7,,

3
= rS%atr =R, (zt)

Let the system be at rest, i.e., no flow takes place.

u(r,0,z,t) =v(r,0,z,t) =w(r,0,z,t) =0at t =0,

SOLUTION OF THE PROBLEM

(9a)
(9b)

(9¢)

(9d)

Considering a steady and laminar bile flow in an eccentric tube under the lubrication approach by neglecting the
higher-order terms of § and Re. The equations of continuity, r-momentum, -momentum and z-momentum become

ap ’
— =r7n'cosa
or n
ap , 19 19
— —nsina = -—(rC, -—(C
9z n rar( rz)+rag( Gz)
op
-9
a6

CTZ

[1+ 22wer (2 + (22))| ()

Con =t [1+ 22 we2 (52) + (55) )] G55)

(10a)
(10b)
(10c)

(10d)

(10e)

We observe that equation (10b) cannot be solved analytically. The non-Newtonian behavior of bile is significant in
small ducts at low shear rate, so we have assumed that the shear rate is low, i.e., /} < 1. Linearizing the equation in terms

of the Weissenberg number We? by the regular perturbation technique.
w=w, + We?w, + -,
p=po+We?p; + -,
q=qo+We'q + -,

Using equations (5a)-(5g) into equation (10b) we obtain:
Zeroth-order system of We? equations with boundary conditions

%wo 10wy _ dpg ,
ar2 ror oz nsina
_knw, _dwg

752 = e oy atr =R, (z,t), wy =V, atr =1,

an

(12a)

(12b)
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A first-order system of We? equations with boundary conditions

wy | 10wy _ 9py  m-1(1 (6w0)3 i(awo)?’
or? +r ar oz 2 \r\or +6r ar (120)
Knwq owq
wo =0, atr =1, —ﬁ=‘f‘ca—r atr =R, (z,1t) (124d)

The slip boundary condition equation (12b), where Da is the Darcy number, which represents the porosity parameter,
and Kn is the wall slip parameter, let y = o _ nsina.

The solution of the zeroth-order system “
wo = L xr? + Aplogr + Ay (13a)
The solution of the first-order system
wy = (ddz:) - [32 ()3r* — (A“) += ()()ZAllr ] + Ayzlogr + Ay, (6.13b)
The volumetric flow rate @, is given by
Q, = fORW(Z) w,rdr = forc V.rdr + friW(z) w,rdr (14a)

Rw4_ c4 2 2R
Qo = Vcrc2 + (X) ( ) & ) + All(sz log\/ Rw - T lOg\/FC) + A11 (Cp

From equation (14b), we get

d 2 c>—R
% = (R 4_ ) (Qo Ver 2 - All(Rw2 log\/ Ry —1; log\/Fc) - All (T 4

The volume flow rate Q; is given by

2 2_
e ) — Ay, (RW > fe )) + nsina (14¢)

0, = fORW(Z) wyrdr = forc O.rdr + erW(Z) w;rdr (15a)
4 6 4
dp —rc m—1 Rws—rc (A )3 —rc
Q= (dzl)( 16 ) T2 [(X)g ( 192 ) 2 log( ) +300% A ( 32 )]
2
A5 Ry 10g Ry, =12 log 1) + Ays (500 4 4, (R0 ) (15b)

From equation (15b), we get

o () (o 25 (4555) - 247100 () 300°m (25

RW_C

16 -1’
- <w) A13(Ry,* log VRw =7 lOQ\/Fc) Asz ( ) Ay ( 2 . ) (15¢)
Substituting in equation (11) we get
dpy _m-1 3 4 _ (411)° 2
()()r + Ay logr + Ay, + We? { ( ) [32 ()°r +- ()() A ] + Azlogr + Ay, } (16a)

dz Tz

_ 22
Q VT'C + (X)( )+A11(R 10g1l -1 lOg /rc) +A11 (Tc Rw ) +A12 (Rw 2Tc )_l_
2 ((@p0) (Rut=re’) _m=1[ 3 (RuS-r’) _@1)®) Ry L (Rt
We {( dz)( 16 ) 2 [0{) ( 192 2 log(rc)+30() A11 32

+We? {A13(R 2log Ry — 12 log\JT2) + Ary (—)+A14( ‘“2)} (16b)

Similarly,

d —w W2_ ?
d_z = ( 48 4) (Qo - Vcrcz - All(R log\/ - T lOg\/TC) Apq ( = ) — A (R 2 = )) +

Rw ™ =T¢

psina + W (25 (01 + 252" (B55) — 2 g (2) 4 37 (2255 )
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—We? {A13(R log /R, — T, log\/r_c) A13(

Ry2—70°
)—A14( v )} (16¢)
Where constants are

Ay = |4V Kn"‘()()(KnR 2 _ Knr,” + 2vDaR,, )]<_—1>

4\/D_a+Knlog(i—"CV)
Ap =V, _%O()Tc — Ajqlog 7,
_ 1 1dp; 2 _ 2 m-1
Az = <M+Knlog(R—W)>[ (KnTC — KnR,, 2\/D_aR )] (\/ﬁ+Knlog(RW)>( 5 )
1

{0 (knR,* — Knr," + 4VDaR,*) + 164,,% + 22 (0)? (KnR,,* - Knr,” + 2vDaR,*)}

+< 1 )(m—l) A4 (KnRW —Knrcz+2x/Wrcz)

\/W+Knlog(li—"c") 2 2, 2

2 Rw“1¢

_ _ 1t dpy et 3 A11 3A117”c2 2
A1y = —Agzlogr; T ( ){ )° - R ) }
RESULTS AND DISCUSSION

In the present paper, the effect of various physiological parameters involved in the peristaltic flow of bile in an
inclined eccentric tube filled with a porous medium is analyzed. The results of the present mathematical model are
evaluated with the help of MATLAB 2021a. The range of physiological parameters to analyze the resulting expressions

. . . .d . s .
of axial velocity w, and pressure gradient d—z and the volumetric flow rate Q in this study, the porosity parameter Da, angle

of inclination a, Weissenberg number We, velocity of the catheter V,, radius of catheter 7;, gravity parameter 1, wall slip
parameter Kn and fluid behavior index m.

The axial velocity profile with respect to radial distance has been made from Figures 2(a)-2(h) for several values to
emerging parameters and the graphs shows that the axial velocity is maximum at the surface of the catheter (outer wall
of catheter) and as we move towards the wall of duct axial velocity decreases and is minimum at the wall. Figure 2(a)
shows the effect of the porosity parameter on axial velocity. The axial velocity increases with the porosity parameter;
maximum velocity occurs at the highest value of porosity parameter because the number of pores increases with the
increase of porosity parameter, so the fluid can easily move through the duct. In Figure 2(b), we see the effect of the angle
of inclination on axial velocity. The axial velocity increases with the increase in angle of inclination. An inclined duct
helps to pass fluid quickly through the duct, so inclination marks a positive impact on axial velocity. In Figure 2(c), we
observe that the axial velocity falls as we increase the Weissenberg number. The high elasticity of fluid reduces the axial
velocity. Figure 2(d) displays the axial velocity profile for different values of the radius of the catheter. It is noticed that
axial velocity increases with the increase in catheter radius. In Figure 2(e), we see that the axial velocity increases with
the velocity of the catheter and is justified by the nature of the curve. If we increase the velocity of the catheter, it helps
to raise the velocity of the fluid. Figure 2(f) shows the effect of the gravity parameter on axial velocity. The axial velocity
increases with the gravity parameter, because the bile flows from the upper body parts to the lower parts of the body, so
gravity plays an important role in flow. In Figure 2(g), we see that the axial velocity falls with wall slip conditions as it
produces a hindrance to flow at the duct wall of the duct, so velocity reduces for a higher wall slip parameter. Figure 2(h)
shows the effect of fluid behavior index on axial velocity for large values of m . The fluid is in the shear-thinning condition
and at m = 1. Fluid behaves like a Newtonian fluid, clearly showing axial velocity increases with the fluid behavior
index.

-1 T T T T T T -1
Da=1
Da=3
ot Da=5| |
Da=7

Axial velocity
IS
Axial velocity

’ 0.3 O.‘4 U.‘S 016 017 0.8 04‘9 1 . 0.3 0.‘4 015 0.‘6 0.‘7 0.‘8 (‘l.‘() 1
Radial distance Radial distance
Figure 2(a). Profile of axial velocity w with r for different Figure 2(b). Profile of axial velocity w with r for different

values of Da with a = %,We =3,7, =015V, =025, = values of awith Da=3,We=3,7,=0.15V,=0.25,n =
0.35,Kn = 0.2,b = 0.5,m = 0.3685 0.35,Kn =02,b =05m = 0.3685
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Figure 2(f). Profile of axial velocity w with r for different Figure 2(g). Profile of axial velocity w with r for different
values of nwith Da=3, a= %,We =3,1,=025r= values of Knwith Da=3, a = %,We =3,n.=015,n=
0.15,Kn =0.2,b = 0.5,m = 0.3685 0.35,V. = 0.25,b = 0.5,m = 0.3685

Figures 3(a)-3(h) show pressure gradient distributions with respect to the axial distance of the various emerging
parameters, and the graphs depict that more pressure is required to maintain the same flux in the narrow part of the duct
due to the flexible wall, the duct contract or expand along the z-axis. Figure 3(a) shows the effect of the porosity parameter
on the pressure gradient. The pressure decreases with increasing the porosity parameter. The minimum pressure is
required to maintain the same flow rate at high porosity parameters, because porosity directly signifies the number of
pores in a porous medium, so fluid passes easily through a porous duct for a high value of porosity parameter. Figure 3(b)
shows the effect of angle of inclination on pressure gradient and observed that a lower pressure is required to maintain
the same flux at a more inclined duct, i.e., the pressure gradient falls as we raise the value of inclination. Figure 3(c)
shows the effect of Weissenberg number on the pressure gradient. More pressure is required to maintain the constant flux
for an elastic fluid. Pressure gradient increases as we raise the Weissenberg number. In Figure 3(d), we see that low



335

Peristaltic Bile Flow in Papilla Ampoule of Porous Walls and Inclined Eccentric... EEJP. 4 (2025)

pressure is required to pass through the duct with a large size of radius of the catheter, clearly indicating that the pressure
decreases as we increase the radius of the catheter. Figure 3(e) shows that pressure reduces as the velocity of the catheter
increases; the high catheter velocity helps in maintaining the flow so that the fluid can easily move in the duct. In Figure
3(f), we observe that the pressure gradient drops as the value of the gravity parameter increases. Figure 3(g) displays the
pressure gradient distribution for distinct values of the wall slip parameter, as the wall slip parameter increases value of
pressure also increases. The wall slip parameter shows a negative impact on the flow. In Figure 3(h), we see the effect of
fluid behavior index on the pressure gradient. The low pressure is needed to maintain the same flow rate with the

increment in the value of the fluid behavior index.
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Figures 4(a)—4(h) display the flow rate concerning axial distance for numerous values of decisive parameters. The
nature of the curves is the same along the z-axis; maximum flow occurs when the duct is expanded. Figure 4(a) shows
the effect of the porosity parameter on the flow rate. The flow rate increases with the porosity parameter because the
number of pores increases, which leads to flow rate. In Figure 4(b), we observe that the flow rate enhances with the angle
of inclination. The flow of fluid is downwards, so inclination increases the flow rate. In Figure 4(c), we see that the flow
rate decreases with Weissenberg number, which means a high elastic fluid will not be able to pass easily through the
eccentric duct. An increase in the Weissenberg number (We) and the wall slip parameter (Kn) leads to a decrease in bile
flow velocity because of the Weissenberg number (elasticity). The Weissenberg number measures the relative importance
of elastic stresses to viscous stresses (We = AU/L). In a Carreau fluid, higher We implies stronger viscoelastic effects.
Elastic normal stresses generated within the fluid resist deformation and act as an additional resistance to the pressure-
driven flow. As a result, for the same driving pressure gradient, the axial velocity decreases because part of the input
energy is stored elastically rather than converted into forward motion. Similar behavior has been reported in peristaltic
transport of Carreau fluids in eccentric tubes, where velocity decreases with We (Nadeem et al., [8]; Reima et al., [11]).
In Figure 4(d), we see that the flow rate falls as the radius of the catheter increases. It means maximum fluid passes
through the inner tube with fixed velocity, and the rest of the fluid moves through the porous duct. In Figure 4(¢), we
observe that the flow increases with the increase in catheter velocity. The fluid is passed quickly through the catheter.
Figure 4(f) shows the effect of the gravity parameter on flow rate, indicating clearly that the gravity parameter has a
positive impact on the flow rate. From Figure 4(g), we noticed that the flow rate reduces with the wall slip parameter.
Figure 4(h) displays the effect of fluid behavior index on flow rate. The flow rate increases as we increase the value of
m, as the value of the fluid behavior index tends to 1, the flow rate increases.
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Figure 4(a). Profile of flow rate Q with z for different values of
Da with a=7,We=3,7,=015V,=0257=
0.35,Kn=0.2,b = 0.5,m = 0.3685
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This discussion is consistent with representative studies (Nadeem et al. [8]; Reima et al. [11]) that report similar
trends in velocity, shear, and flow rate with elasticity and catheterization. Reduction in axial velocity with increased
elasticity and changes with catheter radius are consistent with previous Carreau/eccentric-catheter studies. The standard
values of the parameters shown in the discussion are based on referenced or experimentally verified. These parameters

correspond to the realistic situations.
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CONCLUSIONS
The bile is considered a non-Newtonian fluid. A comprehensive perturbation resolution has been discovered for

Carreau fluid flow down an inclined eccentric catheterized duct with a porous wall containing bile. The obtained results
in the case of Carreau fluid reveal that the flow characteristics are dependent on many parameters, such as catheter radius,
catheter velocity, angle of inclination, gravity parameter, porosity parameter, Weissenberg number, fluid behavior index,
and wall slip parameter. The key conclusions based on trends observed in the graphs are given as:

Axial velocity and flow rate increase with an increased catheter velocity, angle of inclination, gravity parameter,
porosity parameter, and fluid behavior index. It shows the positive impact on velocity and flux, which helps to
move bile through the duct. Increase in axial velocity and flow rate at higher Darcy numbers in our simulations
reflects that a more porous wall reduces resistance to flow, with clinical observations that bile escapes more readily
when the duct wall loses its tight barrier function.

Axial velocity and flow rate show a reverse nature with an increased Weissenberg number and wall slip parameter.
Axial velocity is maximum at the outer surface of the catheter and is minimum at the wall of the duct.

A catheter with a small radius increases the flow of bile. If the catheter size is large, it reduces the flow rate.

In case of pressure gradient, more pressure is required to maintain the same flux with higher values of Weissenberg
number, and for other parameters, low pressure is required to maintain the same flux.

The reduction in wall shear stress due to shear-thinning also agrees with rheological observations of bile.
Kuchumov et al. [5] analyzed the results of experiments, which relate well to the quantitative outcomes for bile.
The present study is limited to theoretical outcomes considering the experimentally validated data. Even this
analysis needs to be compared with clinical data in future work.
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HNEPACTAJIbTUYHUI HOTIK dKOBYI B AMITIYJII COCOYKA 3 HOPUCTUMHU CTIHKAMM TA IIOXHAJIOIO
EKOEHTPUYHOIO KATETEPU30BAHOIO ITPOTOKOIO
. Kymap!, T.K. PaBar?, M. l'apsanaa', C. Kymap3, C.K. YayGeii!
'Biooin nayx ma mamemamuxu, Kageopa 00ONOMINCHUX 6UMO2, YHIGepCUmem mexnono2iti ma npukiaonux nayx-Ilunac, Oman
2Vuisepcumem GLA, Beauxa Hotioa, Indisa
3Vuieepcumem ooxmopa bximpao Ambeoxapa, Azpa, Inois

VY 1poMy AOCTIDKEHHI MaTeMaTHYHO JIOCIIPKY€EThCsl KOMOIHOBaHMIA BIUIMB HAXHMJIy Ta KateTepa Ha OimiapHuii noTik pianan Kappo
4yepe3 eKCLeHTPUYHY KaTeTepU30BaHy IPOTOKY 3 MOPUCTHM MatepianoM. TexHidHe 30ypeHHS BUKOPUCTOBYETHCS IS PO3B'S3aHHS
KepiBHHX PiBHSAHB, BPAXOBYIOUH HHU3bKI urcia PeifHombaca, JOBrOXBIIILOBE HAOIKEHHS Ta BIATIOBITHI Mali TapaMeTpu. Xipypridaa
TEXHiKa, KOJIM KaTeTep EKCLEHTPHYHO BBOAUTHLCS B IIPOTOKY, MOB'sI3aHa 3 pe3yJibTaTaMH AOCHIiUKeHHS. s TOCATHEHHS aHAIITHYHHX
pimeHs OyJI0 BUKOPUCTAHO KUTbKA ITapaMeTpiB. Y IUX JaHUX BiT0OPakaloThCsl 0Cb0BA MIBUKICTE, TPANIi€HT THCKY, IIBUJIKICTh HOTOKY
Ta HaNpyra 3CyBY CTIHKH, a TAKOX TaKi HOBI IIapaMeTpy: apaMeTp KOB3aHHs CTiHKH, 4nciio BaiicenOepra, iHIeKc TOBEIHKY PiJMHH,
yucio Jlapci Ta kyT Haxmity. ['paieHT THCKY 3HAUHO 3MIHIOETHCSI KyTOM HaXHJIy Ta IapaMeTpOM IOPHCTOCTI, @ OChOBA IIBHIKICTh
KaTterepa najae 3i 30iIbLIeHHAM ynciia BaiicenOepra. Di3ionoriuHi CrocTepexeHHs Y3roKyIOTbCS 3 LUMUA BUCHOBKAMH.
KutrouoBi ciioBa: nepucmansmuynuii nomix scoeui; yubyauHa cocouka, noOpucmi CminKu; noXuid eKCyeHmpuiHa Kamemepuzoeana
npomoka
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This research presents a comprehensive investigation of the Soret and Dufour effects on Casson hybrid nanofluid (HNF) flow past a
moving vertical plate, with silver (Ag) and titanium dioxide (TiO:) nanoparticles dispersed in water. The incorporation of Ag-TiO-
hybrid nanoparticles combines the exceptional thermal conductivity of silver with the chemical stability and cost-effectiveness of
TiO2, creating a fluid with superior transport properties compared to conventional single-component nanofluids. The governing
partial differential equations describing momentum, heat and mass transfer are transformed into a set of nonlinear ordinary
differential equations using similarity transformations. These equations are solved numerically via the Keller Box method, ensuring
stability and accuracy in handling coupled highly nonlinear systems. In addition, an analysis was performed to examine the influence
of nanoparticle morphology on velocity, temperature and concentration distributions, thereby validating and enriching the numerical
outcomes. The results reveal that variable nanoparticle morphology and the combined Ag—TiO: dispersion significantly enhance heat
transfer rates and mass transfer rates while reducing frictional losses near the plate surface. The inclusion of Soret and Dufour effects
further amplifies cross-coupling between thermal and solutal fields leading to improved transport efficiency. These findings not only
provide new insights into Casson hybrid nanofluid dynamics but also highlight the critical role of cross-diffusion in optimizing heat
and mass transfer systems. The integration of Casson fluid rheology, hybrid nanoparticles and cross-diffusion effects under realistic
boundary conditions has direct implications for industrial cooling, metallurgical processing, biomedical drug delivery and energy
system optimization. By demonstrating the synergistic performance of Ag—TiO: nanofluids, this study establishes a pathway for
designing next-generation thermal management and biomedical transport technologies.

Keywords: Convective Boundary Conditions; MHD, Casson Hybrid Nanofluid; Shape of Nanoparticles; Soret and Dufour effects
PACS: 47.20.Bp, 44.40.+a,47.52.+j, 47.11.Bc

INTRODUCTION

The development of advanced heat-transfer fluids has become imperative as industries demand higher thermal
management performance across applications ranging from electronic cooling and energy systems to biomedical
devices and chemical processing. Nanofluids are base fluids loaded with suspended nanoparticles offer a promising
route for enhancing thermal transport because the inclusion of high-conductivity particles increases the effective
thermal conductivity of the mixture. More recently, hybrid nanofluid suspensions containing two or more distinct
nanoparticle species have attracted attention because they combine complementary thermal, chemical and rheological
attributes of different particles to yield superior heat-transfer and stability characteristics compared with single-
component nanofluids. Among hybrid combinations, systems that pair noble metals (e.g., silver, Ag) with metal oxides
(e.g., titanium dioxide, TiO:) are particularly attractive. Silver imparts exceptionally high thermal and electrical
conductivity, while TiO: contributes chemical stability, corrosion resistance and cost-effectiveness. The Ag—TiO./water
hybrid therefore represents a practical formulation for applications where both enhanced heat transfer and operational
robustness are required. However, realistic performance prediction of such fluids requires more than bulk-averaged
property estimates. It requires capturing the coupled interaction between momentum, heat and mass transport under
operating conditions that often involve large temperature and concentration gradients.

The Casson fluid model, which characterizes yield-stress behavior and shear-thinning dynamics, is widely used to
represent fluids whose microstructural deformation affects macroscopic flow examples include blood, polymeric
suspensions, and certain high-viscosity industrial fluids. Combining Casson rheology with hybrid nanoparticle
suspensions introduces rich, nonlinear coupling between flow resistance, particle transport and thermal behavior that
cannot be captured by Newtonian assumptions. Therefore, investigations of Casson hybrid nanofluids are both
theoretically significant and practically necessary.

When coupled heat and mass transfer occur, two cross-diffusion phenomena may become important. Soret effect
induces mass flux i.e., particles or solutes migrate from hot to cold or vice versa, depending on species specifics. In
practical terms, the Soret effect alters concentration fields in the presence of thermal gradients, thereby changing local
thermophysical properties and feeding back on flow and heat transfer. Dufour effect induces a heat flux i.e., variations in
species concentration drive thermal energy transport. Though often smaller than the direct conductive heat flux, the Dufour
effect can modify temperature distributions in systems with strong concentration gradients or significant solutal fluxes.
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The two effects are reciprocal manifestations of cross-coupled transport: Soret describes heat driving mass flux;
Dufour describes mass flux driving heat. Their relative importance depends on fluid properties, particle size and
concentration and the magnitudes of temperature and concentration gradients. In nanoparticle-laden systems especially
hybrid formulations with differing particle diffusivities and thermal conductivities Soret and Dufour coupling can
appreciably affect Nusselt and Sherwood numbers, boundary-layer structure, and ultimately system performance.

The literature on nanofluid heat and mass transfer is extensive, covering experimental measurements, empirical
correlations for effective properties and numerous numerical investigations. Foundational models such as Buongiorno’s
two-component approach accounted for key microscale transport mechanisms (Brownian diffusion and
thermophoresis), and many studies have extended these ideas to hybrid nanofluids, magnetic fields, viscous dissipation
and slip conditions. However, several gaps and limitations remain. While there is growing work on hybrid nanofluids,
relatively few studies integrate non-Newtonian Casson rheology with hybrid particle systems, particularly with
combinations such as Ag-TiO: that present strong contrasts in conductivity and diffusivity. Although some
investigations account for Soret/Dufour in Newtonian nanofluids or single-particle Casson fluids, the combined
influence of both cross-effects in Casson hybrid nanofluids is underexplored. Given the differing particle mobilities and
interaction potentials in hybrid suspensions, cross-diffusion coupling may be amplified or altered compared with single-
component systems.

Numerical studies frequently assume idealized spherical particles and homogeneous dispersion yet particle
morphology (e.g., platelets, rods, aggregates) and real dispersion quality critically affect effective thermal conductivity
and viscosity. Experimental efforts that systematically examine the interplay of particle shape, hybrid mixing ratios and
cross-diffusion under flowing conditions are limited. Many existing analyses focus on canonical problems do not
combine moving boundaries, convective boundary conditions and mixed convection with non-Newtonian rheology
conditions typical in industrial processes such as coating, extrusion, and vertical heat exchangers. There is a paucity of
system-level analysis that quantifies the trade-off between enhanced heat transfer and increased pumping or process
complexity specifically for Casson hybrid formulations with Soret/Dufour effects.

Abdul Aziz [1] derived similarity solution in laminar boundary layer flow over flat plate with convective surface.
Yahyaee [2] explored how different nanoparticle shapes affect film boiling on vertical cylinders using numerical
simulations. Azad Hussain et al. [3] investigated flow, heat transfer characteristics in magneto hydro dynamic
bioconvective carbon nanotubes flow across stretched surface incorporating Dufour and Soret effects. Bhavanam Naga
Lakshmi et al. [4] examined three-dimensional rotating HNF flow across linearly stretchable surface including Ag, CuO
nano particles with H,O as base fluid considering Soret, Dufour effects. Cebeci and Bradshaw [5] described Keller Box
implicit finite difference system. RamReddy et al. [6] examined mixed convective heat, mass transport in semi-infinite
vertical flat plate within nanofluid taking Soret effect into account. Chundru Maheswari [7] examined MHD hybrid
nanofluid, namely MgO — Ag/H,O in laminar and steady-state flow over a horizontally positioned thin needle that can
move same or opposite direction to free stream, employing shooting method, taking into account thermophoresis
parameter, Brownian motion effects. Eleni Seid et al. [8] conducted mathematical investigation of combined slip, Soret,
Dufour effects in electrically conducting nanofluid flow across vertically extending sheet.

Isa et al. [9] analyzed water-based hybrid nanofluid, including alumina (A1203), copper (Cu) nanoparticles in two-
dimensional mathematical model. Iskandar Waini [10] investigated consistent mixed convection flow along vertical
porous surface containing hybrid nanoparticles. J. Jayaprakash et al. [11] elucidated Maxwell nanofluid flow across
linearly stretched porous sheet accounting for interactions with mixed convection, Dufour, Soret numbers. Kavita
Jatetal. [12] examined Soret and Dufour impacts on magnetohydrodynamic hybrid nanofluids across nonlinear
stretched sheet. Balamurugan et al. [13] examined convective electrically conducting Newtonian fluid flow over
inclined heated porous plate. Minea Alina [14] proposed numerical assessment on three oxide-based nanofluids and
their hybrids. Mansour and Bakier [15] conducted an experiment on mixed convection heat, mass transfer utilizing
finite difference approach within porous saturated cavity influenced by dual-moving lid and heat sources.

Sheikholeslami [16] studied nanoparticle shape effects in forced convective nanofluid in constant magnetic field.
Sreedhar et al. [17] examined convective heat, mass transfer effects in wedge-shaped flows inside nanofluids. Veera
Krishna et al. [18] studied radiative unsteady non-Newtonian Casson hybrid nanofluid across porous surface with
infinite exponential acceleration, driven by slip velocity in rotating frame. Nor Alifah Rosaidi et al. [19] examined
aligned magnetohydrodynamic nanofluid convective flow across plate moving vertically. Norsyasya Zahirah et al. [20]
investigated nanoparticle influence morphologies on Casson hybrid nanofluid flow across moving vertical plate. Noreen
and Adil [21] considered Cu—water nanofluid flow with different shaped nanoparticles. Zainal et al. [22] examined
steady MHD stagnation point nanofluid flow along flat convective plate. P. Chandrakala [23] studied hybrid nanofluid
flow across sheet that expands exponentially, using heat source, sink. Ruchi Jain et al. [24] investigated on Williamson
hybrid fluid flow utilizing single, multi-wall carbon nanotubes combined with CuO and water examining effects of Hall
effect, Soret, Dufour effect over porous stretching or shrinking lamina with suction, injection. Sahar Goudarzi et al. [25]
examined how Brownian motion, thermophoresis affect nanoparticles movement in Ag-MgO/Water hybrid nanofluid.
S.A.M. Mehryan et al. [26] examined Aluminium Oxide - Copper water nanofluid within free convective heat transport
porous cavity. S. Hussain et al. [27] statistically explored entropy production resulting from partly heated square double
lid-driven cavity filled with Aluminium Oxide -water nano fluid under inclined magnetic field. Anwar et al [28]
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formulated two various fractional models to explain flow patterns, thermal behavior in sodium alginate (NaAlg/SA)
based hybrid nanofluid. Khaleque [29] studied convective flow in mixed power-law fluid over continuously stretched
surface.

This study examines Soret, Dufour effects on Casson hybrid nanofluid (Ag-TiO2/Water) in relation to moving
vertical plate. Silver (Ag) and titanium dioxide (TiO2) were incorporated into water-based fluid for this study.
Similarity transformation techniques are employed to translate PDE’s into ODE’s subsequently solved numerically
using Keller Box method. This study also examines several nanoparticle geometries impact on velocity, temperature,
concentration profiles. Furthermore, quantitative results are examined, tabulated, graphically represented considering
various non-dimensional parameters. By analyzing the role of nanoparticle morphology and thermal conductivity, the
study aims to provide insights into how hybrid nanofluids can be used for optimal performance in industrial
applications.

MATHEMATICAL FORMULATION
Rheological formula for Casson hybrid nanofluids with isotropic and incompressible flow is:

) ={(u3+py/\/ﬁ)26ij ,T > T,
Y (,uB + py/w/ZnC)Zeij, < T,

wherepg is non-Newtonian fluid’s dynamic viscosity, p, is yield stress, 7. is critical value based on non-Newtonian
model, Plate is assumed to move at constant velocity U,, = AU, where U,, , 1 being plate velocity, its parameter
respectively.

Aligned magnetic field with acute angle, a as shown in Figure 1 is applied to flow. It is recognized as origin

function, expressed by B(x) = %with By # 0.

A

W
Vertical direction

Momentum Boundary Layer

y-axis

Figure 1. Physical model of Problem

Magnetic field intensity is denoted by By, (X,y) represents coordinates along plate. Assuming stable two-
dimensional boundary layer flow, following governing equations developed as:

u +v, =0 )
2 o B, (x)sin” a(u-U
wu_+vu, = My (1+l)a_t2l+ (pﬂ)lmf g(T—T.)+ (pﬁ)hn/ 2(C—C.)- y (x)sin (“ m) @)
’ phnf ﬂ ay phnf plwf plw/
_ 1 D, , | DK,
uTv +VTy _a]/mew _Tcll)(qr)y +T|:DBC}*Ty +E(Ty) :|+TC;;CW (3)

_ DK
uC,+vC,=D,C, +=-1T, (4)

m=yy

oo
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Boundary conditions:

u=u, =/1Uw,v=0,khnfg—T=hf (T-T.),D
Y

u—>0,T->T,,C—>C_asy —>oo

oC
o—=h (C-C_)aty=0,
dy ( ) %)

where u, vindicates velocity components along x,y-axis,ais inclined magnetic field, T, T¢is the temperature of fluid,
nanofluid, U,Tw, Codenotesfree stream velocity, temperature, concentration respectively. g is gravity, ppns is
effective density, o is electrical conductivity, (0f)pns is thermal expansion coefficient, up,f is effective dynamic
viscosity, apns is fluid’s thermal diffusivity, (pCp)hnf is fluid’s heat capacity, kp, is thermal conductivity(hybrid

nanofluids), M is magnetic parameter, hy is heat transfer coefficient (hf = ix, c is a constant ), h,, is mass transfer

coefficient of fluid, D3 is Brown dissemination coefficient, D7 is heat dispersion coefficient, D,, is mass diffusivity and
B is the Casson hybrid nanofluid parameter.

to'or
3k oy

Rosseland approximation for radiative heat flow ¢q, =— where (o), k* being Stefan-Boltzman constant,

absorption coefficient respectively.
Considering temperature function as T*given by ~ T* =4T°T 3T the equation (3) becomes

3
LA, +{Dgcyry &(n)z}%cﬂ. ©
3(pCP )hlzf k T » CVCI’ ’

Introducing stream function ¥(x,y) as shown below

ur, +vI,=or, -

AL

U=—.,v=

dy ox

Following similarity variables are introduced as in Zukri et al. [20] to solve above equations
&= R p(x.0) =0 Re 1(0),

e_T—Tw _C-C.
7,-7." C,-C.

(N

9

where ( is similarity variable, Re = % refers to Reynolds number, vy= z—;is kinematic viscosity.
S
Various forms possess distinct numerical shape factors. This shape factor ascertains suitability of shape
concerning the nanoparticles. The shape factor, denoted as m in Table 1, together with its numerical values for various
forms, is shown in Table 3. The shape factor, m=3/Z, should be acknowledged, where Z represents sphericity.
Sphericity being sphere’s surface area ratio to particles’ surface area with equivalent volumes. Sphericity values for
sphere, platelet, cylinder, brick are 1.000, 0.526, 0.625, 0.811, respectively.

Table 1. Thermophysical Relation in Nanoparticles Shape of Hybrid Nanofluids

Properties Hybrid Nanofluids

Density Prar = (1 — ¢2)[(1 - ¢)ps + ¢1Ps1] + $2Ps2

Heat Capacity | (pGy), . = (1= $2)[(1 = $)(pC,), + $1(0C,) | + $a(0C,)

. . _ 173
Viscosity Hint = (1—¢)?5(1 — ¢,)?5
(0, +20,)-2¢,(0,-0,) (0,+20,)-2¢(0,-0,)
Electrical O s — A LA 5270 o 178 f 1\©r s o )

.
Conductivity (O'sz + 20—);;’ )+ ?, (O-nf - O-sz) (O-sl + 2O-f )+ 2 (O-/ - 0-51)
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Properties Hybrid Nanofluids
@ _ ks, + (m — Dkypr — (m — 1)¢z(kbf - ksz)
ks ksy + (m — Dkyr — ¢2(kbf - ksz)
ks _ kg1 + (m — Dkp — (m — Dy (ky — kyy)
Thermal kg kg + (m— ks — ¢1(kf - ksl)
Conductivity . gy + (m — 1k — (m — 1), (kf _ kﬂ) .k
o Jesy + (m — kg — ¢ (ky — k1) !
kpns _ kpns y @ _ ks, + (m — Dkpp — (m — 1)¢z(kbf - ksz) y ks + (m— ks — (m— 1)¢1(kf - ksl)
kg kpp ke kg, + (m — Dkpp — ¢z(kbf - ksZ) kgy + (m — Dks — ¢1(kf - ksl)
Table 2. Thermophysical Properties of Base Fluid and Nanoparticles
Properties Base Fluid (Water) Ag (Silver) TiO, (Titanium Oxide)
p(kg/m3) 997.1 10500 4250
C,(J /kgK) 4179 235 686.2
k(W /mk) 0.613 429 8.9538
Table 3. Nanoparticles Shape Factors (m)
Nanoparticles Shape Shapes Shape Factor (m) Sphericity (Z)
Spherical 3.0 1.000
Platelets 5.7 0.526
Cylindrical . 4.8 0.625
-
Bricks \d: T/P 3.7 0.811
Following non-linear ODE’s result from substituting Eq. (7) into Egs. (2),(4)
1 .
[1+E)f"'+ 4 (ﬁ’"+ 79+5¢)—A6A4Ms1n2 a(f'—l) =0, ()
4 " 1A 2 " [
A+ Rd |0+ Pr 4 (N,ﬁ ¢'+N,6" +Dug +f0):0, )
@"+ScSr8"+ Scf¢'=0. (10)

Transformed boundary conditions:

"(0)= (0)=—2 "(0)= -Bs(l - as ¢ =
£(0)=0.7(0)= 2. 0°0)=2-0(1 ~0(0) 9(0)= -Br(1 - (0)}as =0, .

) = 16() = 0.9(5)> 0as {— o

where:

3
Gry gﬂhnf (T,-T.)x
ReZ > er = 2

v = Thermal Buoyancy parameter =
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C -C, x
& = Solutal Buoyancy parameter = Gex Ge, = &b (€, )

RE)%’ v?
BZ
— ; _ D%
M = Magnetic parameter = ——
Uopy
v Cp
Pr = Prandtl number = y
f
_r 40T3
Rd = Radiation parameter = kak*
f
. . Dp(Cw—C
N = Brownian motion Parameter = W
f
. Dp(Ty—T.
N = Thermophoresis Parameter = %‘;w)
floo

DTKT(Cw—Coo)

Du = Dufour number =
v CsCp(Tw—Too)

DrK7(Tw—Too)

Sr = Soret number =
VfToo (Cw—Coo)

Q = Thermal Biot number = % V- ;—f
f [}

Bs =Solutal Biot number = —=—/~L

(Dm)f Ueo
Sc = Schmidt number :;—f
Py
_| Py _ P Py 25 25
A= ={(1- 1-¢ )+ —= |+@, —= [*((1- 1-
b {( %){( ?) (olp/} ~ (1-2)" (1-0)")
M

_ phnf o P Ps2
A, =|—|==1(1-0) (1-¢)+o — |+p,—=
: [pJ {( »{( el |ep, 2

A= {(pcp)hﬂfJ_ {(1_(/)2)[(1_%)_’_(/)1 (pCp)“]_i_w (PCp),; J,

(pCp), (pCp), | 7 (pCp),

Ay= [’U_f] = ((1_¢| )2-5 (1_¢2 )2.5)

/'llmf'

_ kg, +(m_1)kbf_(m_1)(p2 (kbf _ks2) *ksl +(m_1)kf_(m_1)(p1 (kf _ksl)
ky +(m=1)k, —@, (k, k) ky +(m=1)k, - (k, —k,)

Ag = O-hnf _ {0-52 (1+2¢2)+2O-f (1_¢2)*0-51(1+2(p1)+20-f (1_¢1)J

O-f O'S2(1—¢2)+O'f(2+¢2) Gs1(1_¢1)+0f(2+(p1)
Skin friction coefficient Cfy, Heat Transfer Coefficient Nux, Sherwood number Shy defined as

T
Cf); = = 2 Nu,= i "

Uy

1\ ou oT aC
TW' = ﬂ’l”l. 1+_j[_J > qn" =_k1n (_j +(q r)V: b q7n = _D [_j
”( BNoy) _, "Ny ), Loy ),

xq
— v Sh= ——Im
k (T, -T.) D,(C,-C.)
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_ 40' oT!
Ko 3k ay ’

R Cfs = [ ](f;(o j (12)

Re;" Nu,= (A +:Rd) 6'(0) (13)

Re;"* Sh.=—¢'(0) (14)

. . U
where Rey is local Reynold’s number given by Re = ——
o
,

NUMERICAL PROCEDURE
To numerically solve the equations according to the boundary conditions, Cebeci and Bradshaw [5] devised an implicit
finite difference approach. The necessary actions are as follows:

1. First order equation is created from the converted equations.
2. Central differences are used to write difference equations.

3. Consequently, an algebraic equation is formulated, linearized using Newton's method which is represented as
matrix equation.

4. Using Block tri- dlagonal elimination approach linear systems is resolved.
Introducing f' =p, p'=q, 8'=t, @'=n
Equations (8),(9), (10) reduced to

q'+(%](‘41 (fq+ 79+5¢)_A6A4M5in2 Ol(p—l)) =0 (135
3Prd

0"+| ———=— |(N,tn+N.t> + Dufin'+ fi) =0 16

[3A5+4Rd]( i+ Nt* + Dufi'+ fi) (16)

n'+ScSrt'+ Scfn=0 (17)

Boundary conditions:

f=0,p=2,Q(1-8)=—A4t,Bs(1-¢) = —nas{ —0 } (s)

p—1,0—>0,0—0as{ — o

RESULTS AND DISCUSSION
Keller Box Method in Matlab numerically enumerates solutions to non-linear ordinary differential equations.
To achieve most precise results, it is essential to select and meticulously tune proper initial assumptions optimal
boundary layer thickness and various parameter values inside the coding function which covers several variable ranges,
including Casson fluid, magnetic fields, buoyancy, thermophoresis, Brownian motion, radiation parameters and Prandtl
numbers.

Table 4. Comparing 6(0), -6'(0) results for different Biot number values when M =0, y = 0.5

Pr=0.1 Pr=0.72
Q 0
Aziz|1] Present study Aziz[1] Present study
0(0) -0'(0) 0(0) -0'(0) 0(0) -0'(0) 0(0) -0'(0)
5 0.9714 0.1430 0.9703 0.1421 0.9441 0.2791 0.9301 0.2672
10 0.9855 0.1450 0.9848 0.1446 0.9713 0.2871 0.9699 0.2821
20 0.9927 0.1461 0.9928 0.1467 0.9854 0.2913 0.9846 0.2905

To establish the accuracy of our numerical scheme, we first validated our results against the benchmark similarity
solution of Aziz [1] for convective boundary-layer flow with constant fluid properties. Table 4 compares surface
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temperature 6(0) and wall heat transfer rate -6'(0) for varying Biot numbers at M = 0,y = 0.5 Excellent agreement is
obtained across all cases, there by confirming the reliability of the Keller Box method employed in this study.

While Aziz [1] restricted attention to Newtonian fluids with constant viscosity and thermal conductivity, the
present work extends the formulation in several crucial directions. Unlike Newtonian models, our framework accounts
for yield-stress behavior, which is essential in biological and industrial fluids. The combined effects of metal and metal-
oxide nanoparticles on transport properties are explored for the first time under cross-diffusion conditions. Our model
includes coupled heat-mass transfer phenomena, absent in Aziz’s baseline study, which significantly modify thermal
and solutal boundary-layer structures. The inclusion of Joule heating, chemical reaction, Brownian motion and variable
viscosity/thermal conductivity enables a more realistic representation of actual industrial and biomedical processes.

Certain nanoparticle shapes alter the effective viscosity and flow micro-structure, reducing the momentum
boundary layer shear at the surface. The Casson fluid model's shear-thinning property means that with more aligned or
elongated nanoparticle shapes, the local resistance to flow can decrease under shear, reducing skin friction.

Increase in heat transfer coefficient depends on thermal conductivity and convective heat transport near wall.
Nanoparticle shapes that increase surface area and thermal pathways (e.g., TiO: platelets or Ag elongated particles)
enhance effective thermal conductivity of nanofluid. Combined with fluid motion either opposing or aiding flow, this
increases temperature gradient at wall, raising heat transfer rates.

Figures 2, 3 show skin friction coefficient decreases due to reduction in effective wall shear stress caused by
nanoparticle shapes altering the fluid's microstructure and shear-thinning behavior of Casson hybrid nanofluid,
especially under relative motion of plate, while heat transfer coefficient increases because these nanoparticle shapes
enhance effective thermal conductivity and thermal gradients, improving convective heat transfer despite moving plate
conditions.

1 0.12
—m = 3{spherical) s m = 3{spherical)
e = m = 3.7{brick) = m = 3.7(brick)
0.95 ==sm m =4.8(cylindrical) 01t = =% s m=4.8(cylindrical) P
—P—m = 5.7(platelets) : —p—m = 5.7(platelets) o
- 0.9 1 qu. 08
L =z
2 = g
e 085 "0"0.06
o
0.8 | 0.04
Gie Bt s s ; ; . ;
0.2 015 01 005 0 005 01 015 02 02 015 01 005 0 005 01 015 02
A A
Figure 2. Skin friction coefficient distribution with variations Figure 3. Heat transfer coefficient distribution with variations
inmand A inmand A
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Figure 4. Skin friction coefficient distribution with variations Figure 5. Heat transfer coefficient distribution with variations
ina and in yand Du

In Casson hybrid nanofluids containing silver (Ag) and titanium dioxide (TiO:) in water, combined effect of an
inclined magnetic field, Casson parameter on skin friction coefficient is significant. Figure 4 shows that both parameters
contribute to increasing the skin friction. Magnetic field, through Lorentz force, enhances resistance to flow, while
Casson parameter, by altering the fluid's rheological properties towards a more Newtonian-like behavior, also increases
shear stress at the wall. Numerical studies on Casson hybrid nanofluids often show that the skin friction coefficient
increases as these parameters rise. This combined effect underscores the intricate relationship between external fields,
fluid rheology and nanoparticle properties in determining the flow characteristics of such complex fluids.

Increasing thermal buoyancy (y) or Dufour number adds extra velocity into the boundary layer, making it thicker
and less steep near the wall, thereby lowering the wall temperature gradient and reducing the heat transfer coefficient
distribution as shown in Figure 5.
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When buoyant forces resulting from heat or concentration gradients are substantial, the inclined magnetic field can
interact with these forces to augment flow velocity. Tilt of magnetic field can modify direction, intensity of buoyancy-
driven flows, occasionally resulting in enhanced convective currents and elevated velocity profiles as shown in
Figure 6. Figure 7 shows that temperature profiles diminish with a rise in the inclined magnetic field, since the magnetic
field inhibits fluid mobility, hence decreasing convective heat transfer and leading the fluid to retain less thermal energy
at heated surface. Inclined magnetic field often inhibits nanoparticle motion, diminishing thickness of concentration
boundary layer and decreasing concentration profiles shown in Figure 8.

0.8 . 0.35
TN
0orr : 03r

osf 1 o',
. \ 0251

e = wl6,wld,mwi3,ml2

Figure 6. Velocity f'({) versusa

Figure 8. Concentration ¢(¢) versus a Figure 9. Velocity f'({) versus f

Figure 9 demonstrates that elevating Casson parameter often diminishes fluid velocity next to the channel walls,
owing to the augmented fluid yield stress that impedes flow start and lessens velocity gradients at the boundaries. The
reduction in temperature profiles with an increasing Casson parameter as shown in Figure 10, is mostly attributed to
augmented flow resistance and diminished convective heat transfer caused by the fluid's non-Newtonian rheology.
Figure 11 shows the diminished nanoparticle concentration profiles adjacent to the walls, as the fluid's augmented
resistance to flow restricts mass transfer and curtails nanoparticle movement into boundary layers.
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Figure 12 shows a counterintuitive decrease in temperature profile with higher thermal buoyancy parameter in
Casson hybrid nanofluids with Ag and TiO, arises mainly due to enhanced natural convection and fluid mixing that
accelerate heat removal from heated surfaces, thinning the thermal boundary layer and reducing local temperatures near
those surfaces. The concentration profile typically shows a decrease as shown in Figure 13, with increasing thermal
buoyancy parameter as the enhanced upward movement of fluid transports nanoparticles and dissolved substances away
from heated surfaces, thinning the concentration boundary layer.

The temperature profile typically declines as the solutal buoyancy parameter increases, since enhanced solutal
buoyancy intensifies mixing and convective transport, hence diminishing heat gradients near the surface, the reduction
in concentration profiles with an increasing solutal buoyancy parameter as shown in Figures 14 and 15,results from
intensified buoyancy forces that augment convective mass transfer away from wall, thereby diminishing nanoparticle
concentration in boundary layer of the Casson hybrid nanofluid comprising silver and TiO: in water.
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Figure 16. Temperature 6(() versus Nb Figure 17. Concentration ¢() versus Nb
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Figure 16, 17 demonstrates temperature, concentration profiles decrease with increasing Brownian motion
parameter as its enhancement intensifies nanoparticle diffusion, which reduces the concentration gradient by dispersing
nanoparticles more effectively. This also disturbs thermal boundary layer by increasing heat dispersion, decreasing
effective nanoparticle concentration near the surface, leading to thinner thermal, concentration boundary layers in
Casson hybrid nanofluid containing Ag and TiO, nanoparticles suspended in water.

Figure 18 shows that as the thermophoresis parameter increases, temperature profiles rise due to enhanced thermal
transport mechanisms within the hybrid nanofluid. This increase in temperature promotes greater kinetic energy among
the particles. Conversely, the concentration profiles decrease because thermophoretic effect causes particles to migrate
away from higher temperature regions leading to reduction in concentration as shown in Figure 19.
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Figures 20, 21 and 22 demonstrates the influence of nanoparticle shape factor.Increasing nanoparticle shape factor
in Ag-TiO2 hybrid nanofluids increases viscosity and flow resistance. These effects lower fluid velocity profiles,
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especially at solid boundaries or surfaces where particle-fluid interactions and viscous forces are most significant.
Complex flow dynamics, such as magnetic field impacts and boundary layer alterations, further reduce velocity. Hybrid
nanofluid temperature profiles drop as nanoparticle shape factor rises, reaching a minimum and then slightly rising for
disk nanoparticles. Thermal disturbance and heat transmission are better in spherical nanoparticles. Blade-shaped
nanoparticles transmit heat fastest, followed by cylindrical, platelet, brick, and spherical forms. Because nanoparticle
morphology improves dispersion and convective mass transfer, Ag-TiO2 hybrid nanofluid concentration profiles drop
with nanoparticle shape factor. More uniform nanoparticle dispersion, thinner boundary layer, and smaller local
concentration peaks result. This behavior is governed by micro-convection, fluid mixing, viscosity variations, and
shape-factor-driven thermophoretic mass flow.
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Figure 24. Temperature 6({) versus A Figure 25. Concentration ¢(¢) versus A

Figures 23, 24 and 25 demonstrates the effect of moving plate parameter. The momentum boundary layer thickens
as the plate moves in the flow direction, while velocity profiles drop as it goes against the flow. Convective heat
transfer from the moving plate raises nearby temperatures. Increasing nanoparticle dispersion with parameters like
thermophoresis raises temperature. Nanoparticle transport increases mass diffusion and thins the concentration
boundary layer with plate motion in the flow direction. This reduces nanoparticle concentration near the plate as
particles are swept downstream, enhancing distribution uniformity.

Figure 26 shows that with elevation in the solutal Biot number often improves the temperature distribution in the
hybrid nanofluid. This arises from the solutal Biot number, which quantifies convective to diffusive mass transfer
resistance. Concentration profiles of nanoparticles or solutes in the hybrid nanofluid escalate with the solutal Biot
number. A greater solutal Biot number signifies improved convective mass movement at the surface, which decreases
concentration boundary layer thickness and increases solute or nanoparticle concentration near boundary.
Consequently, concentration boundary layers diminish in thickness and concentration gradients intensify as solutal Biot
number increases as shown in figure 27.
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Figure 26. Temperature 6(() versus Bs Figure 27. Concentration ¢(¢) versus Bs

Temperature profile improves with higher thermal Biot numbers as shown in figure 28. The thermal Biot number
is surface convective to fluid conductive heat transfer ratio. Higher Biot numbers imply more convective heat exchange
between fluid, its surroundings resulting in thicker thermal boundary layers, higher fluid temperatures near surface.
Better heat transfer and local Nusselt values indicate more efficient thermal energy delivery. The hybrid nanofluid
system's thermal radiation, heat source intensity, and Brownian motion boost temperature distribution. The heat
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transmission coefficient increases with Biot number, creating a greater temperature differential and higher fluid
temperatures near the heated surface. Figure 29 shows thermal Biot number increases concentration dispersion,
however Schmidt number and chemical reaction rates can mitigate this impact. The concentration boundary layer
thickness and form depend on this interaction.
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Figure 28. Temperature 6(() versus Q Figure 29. Concentration ¢(() versus Q

Dufour effect represents the heat flux generated by concentration gradients within fluid. In Casson hybrid
nanofluids with Ag and TiO2 nanoparticles, this effect leads to increase in temperature profile near surface because heat
transfer is augmented by mass diffusion processes. As the Dufour number increases, more heat is transported into the
fluid from concentration gradients, thereby elevating the fluid temperature as shown in Figure 30.

The Soret effect causes species within the nanofluid to migrate from colder to hotter regions due to temperature
gradients, resulting in enhanced concentration gradients. In Casson hybrid nanofluids with Ag and TiO2 nanoparticles,
this leads to an increase in nanoparticle concentration near the heated surfaces as shown in Figure 31 enriching the
solute distribution in the fluid.
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Figure 30. Temperature 6({) versus Du Figure 31. Concentration ¢(() versus Sr

Tables 5,6 and 7 below shows variation in skin friction coefficient, Nusselt number, Sherwood number for various
nanoparticle shapes when plate moves in accordance with flow. From tabulated values, spherical shape shows highest
skin friction, Sherwood number for all parameters whereas platelet shape has highest nusselt number for increasing Biot
number.

Table 5. Variation in Skin Friction Coefficient f'(0)

Skin Friction f7'(0)
o M P1 02 Be Shapes of nanoparticles

Spherical Bricks Cylindrical Platelets

0° 0.400115 0.393619 0.385249 0.379654
30° | 0.623173 0.615313 0.605506 0.599195
60° 1.338845 1.331604 1.322577 1.316769
90° 01 01 ) 1.831634 1.824847 1.816386 1.810939
0 ’ ) 0.400115 0.393619 0.385249 0.379654

90° 1 1.831634 1.824847 1.816386 1.810939
2 4.500536 4.495191 4.488521 4.484220

3 8.017072 8.012569 8.006946 8.003315
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Skin Friction f"'(0)
o M 01 (03} Be Shapes of nanoparticles
Spherical Bricks Cylindrical Platelets
0 0 1.213740 1.213740 1.213740 1.213740
0 0.1 1.606387 1.604808 1.602760 1.601382
0.1 0 1.280598 1.277597 1.273458 1.270503
| 0.05 0.05 1.406770 1.404328 1.400976 1.398591
1 2.034106 2.028023 2.020232 2.015055
01 0.1 2 1.831634 1.824847 1.816386 1.810939
’ ' 5 1.684668 1.678128 1.669972 1.664721
100 1.579132 1.572756 1.564803 1.559681
Table 6. Variation in Nusselt number 6'(0)
Nusselt Number 0'(0)
Rd Nb Nt Du v Q Shapes of nanoparticles
Spherical Bricks Cylindrical Platelets
1 0.090411 0.089705 0.088655 0.087842
2 03 0.138606 0.137220 0.135167 0.133588
3 ’ 0.180374 0.178423 0.175541 0.173327
5 0.3 0.251698 0.248818 0.244566 0.241304
0.1 ’ 0.090398 0.089692 0.088642 0.087830
0.3 0.1 0.090411 0.089705 0.088655 0.087842
0.5 ’ 0.090424 0.089719 0.088668 0.087855
0.7 05 0.1 0.090438 0.089733 0.088682 0.087869
0.1 ’ ’ 0.090409 0.089703 0.088653 0.087841
0.3 0.090411 0.089705 0.088655 0.087842
0.5 0.090412 0.089707 0.088657 0.087844
0.7 0.090414 0.089709 0.088658 0.087846
0.01 0.114346 0.113732 0.112819 0.112114
| 0.03 0.109277 0.108642 0.107699 0.106948
0.05 0.104057 0.103402 0.102429 0.101676
03 0.07 0.098705 0.098030 0.097026 0.096249
’ -0.5 0.089477 0.088785 0.087756 0.086958
03 -1.0 0.089000 0.088316 0.087297 0.086508
’ 0.5 0.090411 0.089705 0.088655 0.087842
1.0 0.090857 0.090145 0.089085 0.088265
0.5 | 0.315639 0.315791 0.315988 0.316117
0.5 1 0.411254 0.412808 0.415106 0.416874
’ 5 0.515960 0.520103 0.526355 0.531266
10 ] 0.529210 0.533793 0.540726 0.546186
Table 7. Variation in Sherwood number ¢'(0):
Sherwood Number ¢'(0)
Be 8 Bs Sc Sr Shapes of nanoparticles
Spherical Bricks Cylindrical Platelets
1 0.181278 0.181111 0.180871 0.180694
2 0.5 0.184588 0.184427 0.184197 0.184027
5 ' 0.186499 0.186348 0.186132 0.185973
100 0.5 0.187395 0.187253 0.187053 0.186906
-0.5 ’ 0.172397 0.172250 0.172041 0.171886
0.5 10 0.181278 0.181111 0.180871 0.180694
1 ’ 0.185024 0.184848 0.184597 0.184411
2 0.5 0.188765 0.188596 0.188354 0.188175
0.5 ' 0.181278 0.181111 0.180871 0.180694
1 0.292474 0.292205 0.291813 0.291516
| 2 0.403236 0.402890 0.402382 0.401994
10 0.563659 0.563238 0.562617 0.562140
0.5 0.5 0.127680 0.127661 0.127638 0.127624
' 1.0 0.181278 0.181111 0.180871 0.180694
0.5 1.5 0.227563 0.227176 0.226614 0.226192
’ 2.0 0.272782 0.272107 0.271122 0.270376
10 0.1 0.190251 0.190201 0.190128 0.190073
) 0.2 0.188187 0.188108 0.187994 0.187909
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Sherwood Number ¢'(0)
Be s Bs Sc Sr Shapes of nanoparticles
Spherical Bricks Cylindrical Platelets
0.3 0.186013 0.185905 0.185750 0.185634
0.5 0.181278 0.181111 0.180871 0.180694
CONCLUSIONS

i.

ii.

Casson hybrid nanofluid flow along plate moving vertically with Soret, Dufour effects considering nanoparticles
shapes were investigated in this study. Convective boundary conditions were also considered. Following are findings of
this research:

ii.
iv.

V.
V1.

Vil.

viil.
iX.

Temperature and concentration distribution drop and velocity outline rises with increase in inclination
parameter.

Velocity increases while temperature and concentration show an opposite trend, as Casson parameter rises,
Mass diffusion and fluid energy decrease by boosting the Brownian motion factor.

Temperature profile is elevated by thermophoresis factor, while concentration is lowered.

Temperature and concentration also increase, with rise in Bs and Q,

Temperature and concentration show a fall in their profiles, when thermal buoyancy and solutal buoyancy
parameters are modified,

Platelet shaped nanoparticle was shown to have highest velocity, temperature, concentration profiles followed
by cylindrical, bricks, spherical shape.

Skin friction coefficient increases with increase in 3 values when magnetic field is applied perpendicularly.
Platelet shaped nanoparticle has highest skin friction when plate moves against flow, while plate moving in
accordance with flow gives highest Nusselt number.
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k
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NUX
Rex
ShX
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Q
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M
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K
Rd
No
Nt
Sc

Nomenclature

Characteristic velocity of the moving plate(m/s) Greek Symbols
Cylindrical coordinates (m) B Casson Parameter

Thermal conductivity of the fluid (W/mK) A Moving plate parameter

Plate temperature (K) v Thermal Buoyancy parameter
Ambient temperature (K) é Solutal Buoyancy parameter
Plate concentration(kg/m?) ¢ Similarity variable

ambient concentration(kg/m?) T,,  Wall shear stress (kg/ms?)
Nusselt Number p  Density of the fluid (kg/m?)
Reynolds number Cp,  Specific heat at constant pressure (J/kgK)
Sherwood number pCp  Heat capacitance of fluid (J/Km?)
skin friction coefficient a Thermal diffusivity(m?/s)
Thermal Biot number o Electrical conductivity(S/m)
SolutalBiot number n Dynamic viscosity of the fluid (kg/ms)
Soret effect vr  Kinematic viscosity of the fluid (m?/s)
Dufour effect
Magnetic field parameter Superscripts
Prandtl number ' differentiation with respect to h
Porosity parameter
Radiation parameter Subscripts
Brownian motion Parameter f fluid
Thermophoresis Parameter nf  nanofluid
Schmidt number hnf  Hybrid nanofluid
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E®EKTH COPE TA TIO®YPA HA Ag-TIO2/BOJA B TTBPAJIHIN HAHOPIIVUHI KECCOHA HAJI PYXOMOIO
BEPTUKAJIBHOIO IVIACTUHKOIO 3 KOHBEKTUBHUMHU T PAHUYHUMHA YMOBAMU
K. ®arima’, Jlx.JI. Pama Ilpacax?
JKaqbedpa mamemamuxku, Ynieepcumem Kpiwunu, Mauininamnam, AP, Inois
ZKaqbedpa mamemamuxu, Konedorec mucmeyms i nayx im. I1.b. Ciooxapmxu, Bidscaasaoa, AP, Inoia

Le mocmimkeHHS mpencTaBise KoMIUiekcHe aociimkeHHs edekrtiB Cope ta rodypa Ha moTik ribpuanoi HaHopigmau Kaccona
(HNF) noB3 pyxoMy BepTHKaJIbHY IUIACTUHY 3 HaHOYaCTHHKaMU cpibina (Ag) ta miokcuny turany (TiO:), aucrieproBaHuMu y BOII.
Bximrouennst ribpunanx HaHodacTHHOK Ag—TiO: MO€aHye BHHSTKOBY TEIUIONPOBIAHICTH cpibia 3 XIMIYHOIO CTaOLIBHICTIO Ta
eKOHOMIYHOI0 edexTuBHicTIO TiO2, CTBOPIOIOYM PiAMHY 3 YYAOBMMH TPAaHCIIOPTHHMH BJIACTHBOCTSIMM HOPIBHSHO 31 3BHYaHHHMHU
OJTHOKOMITOHEHTHUMH HaHOpiquHaMu. BusHavaneHi qudepeHiiagbHi piBHAHHS B YaCTHHHMX IOXiJHUX, IO OMHCYIOTH IMITYJIbC,
TEIIO- Ta MacOOOMiH, IIEPETBOPIOIOTHCS Ha Ha0ip HEMiHIMHMX 3BHYaHHMX AU(EpeHUiaIbHUX PIBHSIHb 3a IOMOMOIOI0 MEePETBOPEHb
nozai6uocTi. Lli piBHSHHS PO3B'A3yIOTHCS YHCENBHO 3a nonomoroio metony Kemrep-Bokca, 1o 3abe3mneuye ctabiibHICTD 1 TOUHICTH
mpu poOOTi 31 3B'I3aHUMHU BHCOKOHENIHIHHUMH cucTeMamu. Kpim Toro, Oyino mpoBeaeHo aHaji3 [yl BUBYCHHS BIUIMBY MOPQOIIOTii
HAHOYACTHHOK Ha PO3MOILT IIBUAKOCTI, TeMIIEpaTypd Ta KOHLEHTpalii, IO MiATBEPIXKye Ta 30aradye UYUCIOBI pe3yIbTATH.
Pesynpraté 1mokasyroTh, IO 3MiHHa MOP(QOJIOTiS HAHOYACTMHOK Ta KoMmOiHoBaHa mucmepcis Ag-TiO: 3HAYHO MiIBHINYIOTH
IIBUAKICTH TEIUIONepenadi Ta MacooOMiHy, OJHOYacHO 3MEHIIYIOYHM BTPATH HA TEPTs IMOOJIM3Y MOBEpXHI IUIACTHHU. BxioueHHs
edekTtiB Cope ta [lrodypa 1ie Gisibline MOCKHIIOE IEPEXPECHUN 3B'SI30K MiXK TCIUIOBUMHU Ta PO3UMHHUMHE TOJISIMH, 10 MPU3BOAUTH 10
ninBunieHHs eeKTUBHOCTI HepeHocy. Lli pe3ynpTaT He TUIBKM JalOTh HOBE PO3YyMIiHHS IMHaMIiKH TiOpuaHuX HaHopiguH KaccoHa,
ajle ¥ MiJKPEeCTIOITh KPUTHYHY POJIb MepexpecHoi audysil B onmTuMizauii cucTeM Teruio- Ta MacooOMiHy. IHrterpaumis peosorii
pinuan Kaccona, TiOpuIHHUX HAHOYACTMHOK Ta e(eKTiB mepexpecHoi audysii B pealiCTHYHHX TPaHUYHHX yMOBaxX Mae MpsMi
HACIIAKH IJIS1 IPOMHCIOBOTO OXOJIO/DKEHHS, METATypriiHOT 0OPOOKH, JOCTaBKM 0i0OMEIMYHHUX JIIKIB Ta ONTHMI3alii eHEPreTHIHUX
cucteM. JleMOHCTpyI0UM CHHEpPreTndHy edekTuBHiCTh HaHOpiAMH Ag—TiO:, Ie MOCHKEHHS BCTAHOBIIOE IUIAX IUISL PO3POOKH
TEXHOJIOT1H TepMOperyJIsLii Ta 610MeANYHOTO TPAHCIIOPTY HACTYIHOTO ITOKOJIIHHSI.

Kunrouosi cnoBa: xonsexmusni epanuuni ymosu; MIJ]; cibpuona nanopiouna Kaccona; ¢popma nanovacmunox, egpexmu Cope ma

Hodypa



	Introduction
	Basic Plasma Model Equations
	Derivation of Damped Forced Korteweg-de Vries (DFKdV) Equation
	Solitary Wave solution of Damped Forced Korteweg-de Vries (DFKdV) Equation
	Results and Discussion
	Conclusions
	pp 248-257 (27424).pdf
	INTRODUCTION
	GOVERNING MODEL

	MATHEMATICAL ANALYSIS
	FORM–I
	FORM–II
	FORM–III
	FORM–IV
	FORM–V
	FORM–VI

	CONCLUSIONS




