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This paper examines the dynamical properties of the analytical solitary wave solution of dust ion acoustic (DIA) solitary waves induced
by the damped forced Korteweg-de Vries (DFKdV) equation in an unmagnetized collisional dusty plasma that contains neutral particles,
𝑞-nonextensive electrons, positively charged ions, and negatively charged dust grains in the presence of an external periodic force. To
obtain the damped forced Korteweg-de Vries (DFKdV) equation, the reductive perturbation approach was developed. It is observed that
both the compressive and rarefactive dust-ion acoustic (DIA) solitary-wave solutions are possible for this plasma model. The effects
of a number of physical parameters are taken into account: the entropic index (𝑞), dust ion collisional frequency (𝜈𝑖𝑑0), traveling wave
speed (𝑀), periodic force frequency (𝜔), ion-to-electron temperature ratio (𝜎), the parameter that is the ratio between the unperturbed
densities of the dust ions and electrons (𝜇), the strength and frequency of the external periodic force ( 𝑓0). It is observed that those
parameters have significant effects on the structures of the damped forced dust-ion acoustic solitary waves. The implication of the
outcomes of this investigation may be relevant for understanding the dynamics of dust-ionacoustic (DIA) solitary waves in laboratory
plasma as well as in space plasma environment.
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1. INTRODUCTION
In plasmas, ions are able to exchange vibrations with one another due to their charge despite the absence of collisions.

As the movement of large numbers of ions is included, these vibrations take the form of low-frequency oscillations, referred
to as Ion-Acoustic (IA) waves [1]. One of the most exciting features of IA waves is that they can occur as types of waves
similar to electron solitary waves [2, 3, 4, 5, 6, 7]. The solitary waves are localised waves which are seen from a mutual
balance between the effects of dispersion and nonlinearity in a medium. A solitary wave is referred to as a soliton if it has
two characteristics: it moves for a long period without changing its shape or speed, and it undergoes further phase shifts
when it interacts with other waves while retaining its identities and stabilities [8]. The word ”soliton” was first used by
Zabusky and Kruskal [9] to describe the numerical solution of the Korteweg-de Vries (KdV) problem. Solitary waves have
been thoroughly investigated both theoretically and experimentally as a significant non-linear topic (Shukla [10]; Verheest
[12]; Tian and Gao [13]; Misra and Bhowmik [11]). Many writers have examined ion-acoustic solitons using the reductive
perturbation approach (Bharuthram and Shukla[14]; Yadav and Sharma[15]). It has been noted that nonlinear waves in
plasmas with extra components, such as positrons, behave differently from those in plasmas that are composed of electrons
and positive ions (Rizzato[16]). Propagation of ion-acoustic solitons in magnetised and unmagnetised plasmas has been
studied theoretically (Washimi and Taniuti[20]; Ostrovoski et al.[23]; Boldyrev et al.[24]; Kadomstev and Karpman[21];
Gresillon and Doveil[22]) and experimentally by Ludwig et al.[28]; Cooney et al.[29]; Okutsu et al.[27]; Ikezi et al.[25];
Ikezi[26] in the past, and interesting results have been obtained.

Dusty plasma is an ionised gas that contains huge solid charged dust grains that are micrometres in size, as well as
electrons, positive ions, and neutral atoms. The dusty plasma has become one of the prominent matters of research during
the last five decades because of its great presence in the universe. This is the most astounding and fascinating matter of
fact: over ninety-nine percent of the known universe is in the form of plasma, and the remaining one percent or less which
includes our earth, is not in the form of plasma. It may be found in a wide range of astrophysical objects, such as pulsar
magnetospheres [18, 19], planetary rings, comet tails, the interstellar medium, noctilucent clouds, the solar atmosphere
[30, 47], active galactic nuclei [17], and more [32, 33, 34]. Besides its application in astrophysical studies, nowadays
investigation of the plasma becomes a promising topic because of its important role in the semiconductor processing
industry, nanoparticle production, and film deposition reactors, etc.,[35, 36].

During the last three decades, physicists have become quite interested in observing DIAW in a dusty plasma system.
Tonks et al. made the first theoretical prediction that ion-acoustic waves (IAW) would be present in ionised gas [37], while
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Rewans made the first practical observation of IAW in gas-discharge plasma in [38]. Sazdeev [39] studied theoretically
these types of waves in plasma systems, and Ikezi et.al. [40] observed the same experimentally. Subsequently, numerous
experimental and theoretical studies had been conducted in various plasma fields, and it was found that dust grains generate
a variety of new wave features, viz., dust ion acoustic mode , dust acoustic mode [41, 42], dust drift mode [43], dust
lattice mode [44], Shukla–Varma mode [45], dust cyclotron mode [46], dust Berstain–Green–Krushkal mode [47], etc.
Shukla and Silin[49] predicted theoretically DIAWs in dusty plasma consisting of negatively charged static dust grains
for the first time, and Barken et al.[50] observed the existence of DIAWs experimentally. Linear and nonlinear DIAWs
had also been experimentally investigated by Nakamura et al.[51] in a homogeneous unmagnetized dusty plasma. They
observed that the phase velocity of the wave increases and the wave endures heavy damping with increasing dust density
in the linear regime. Recently, Jharna et al.[48] studied the DIAWs in an unmagnetized collisional nonextensive dusty
plasma. They showed that characteristic of the wave affected by the nonextensive parameter and dust ion collisional
frequency. Renyi [52] first introduced the nonextensive generalisation of BGS entropy for statistical equilibrium. Liyan
and Du [53] studied ion acoustic solitary waves (IASWs) in the plasma with power-law q-distribution in non-extensive
statistics, and they suggested that Tsallis [54] statistics are suitable for the system being the non-equilibrium stationary
state with inhomogeneous temperature and containing a huge supply of the superthermal low-velocity particles. Saha et
al. [55, 56, 57] studied the dynamical behaviour of DIAWs in the presence of an external periodic force. L. Mandi, K.K.
Mondal and P. Chatterjee studied the Analytical solitary wave solution of the dust ion acoustic waves for the damped forced
modified Korteweg-de Vries equation in q-nonextensive plasmas [56]. Considering the external periodic perturbation,
Saha et al.[57] observed the quasiperiodic, periodic, and chaotic structures of DIAWs. Shalini and Saini [58] studied
the properties of DIA rogue waves in an unmagnetised collisionless plasma system composed of charged dust grains,
superthermal electrons, and warm ions. It is noteworthy that the external periodic perturbation has a significant effect in
many real physical situations [59, 60]. P. Chatterjee, R. Ali, A. Saha [61] studied the analytical solitary wave solution
of the dust ion acoustic (DIA) waves in the framework of the damped forced Korteweg–de Vries (DFKdV) equation in
superthermal collisional dusty plasmas, but they did not take the ion temperature effect and 𝑞− nonextensive electron into
account in their investigation. This inspired us to investigate how solitary wave structure forms in a dusty plasma system
with warm fluid ions and 𝑞− nonextensive electrons. As far as we are aware, there has never been an attempt to investigate
the characteristics of DIA solitary waves in this kind of plasma model.

Our objective in this work is to derive the analytical DIA solitary wave of the damped force KdV (DFKdV) equation
in an unmagnetized collisional dusty plasma with 𝑞− nonextensive electrons, neutral particles, positively charged ions, and
negatively charged dust grains in the presence of an external periodic force. Furthermore, the effect of the entropic index
𝑞, dust ion collisional frequency 𝜈𝑖𝑑0, the speed of the travelling wave 𝑀 , ion-to-electron temperature ratio 𝜎, strength 𝑓0,
and frequency 𝜔, of the periodic force and the parameter 𝜇, which is the ratio between the unperturbed densities of the
dust ions and electrons, are studied on the analytical solution of DIA solitary waves. The rest of the paper is organized
as follows. The basic governing equations are provided in Section 2. In sections 3 and 4, we have derived the damped
forced Korteweg-de Vries equation (DFKdV) and the solitary wave solution for non-linear propagation of dust ion acoustic
solitary waves. Section 5 presents the result and discusses the effect of the different parameters on the analytical solitary
wave solution of DFKdV. Section 6 states the conclusions. At the end, the ’references’ are included.

2. BASIC PLASMA MODEL EQUATIONS
In this article, we consider an unmagnetized collisional dusty plasma which is composed of q-nonextensive electrons,

stationary dust with negative charge, and hot inertial ions. The normalized ion fluid equations, which comprise the
equation of continuity, equation of momentum balance and Poisson equation, governing the dynamics of DIA waves in
such a plasma system are as follows:

𝜕𝑛

𝜕𝑡
+ 𝜕 (𝑛𝑢)

𝜕𝑥
= 0 (1)

𝜕𝑢

𝜕𝑡
+ 𝑢 𝜕𝑢

𝜕𝑥
+ 𝜎

𝑛

𝜕𝑛

𝜕𝑥
= −𝜕𝜙

𝜕𝑥
− 𝜈𝑖𝑑𝑢 (2)

𝜕2𝜙

𝜕𝑥2 = (1 − 𝜇)𝑛𝑒 − 𝑛 + 𝜇 (3)

Where 𝑛, 𝑢 and 𝜙 indicate the number density of ions, ion fluid velocity, electrostatic wave potential respectively normalised
to its equilibrium value 𝑛0, ion acoustic speed 𝐶𝑠 =

√︃
( 𝐾𝐵𝑇𝑒
𝑚𝑖

), with 𝑇𝑒 as electron temperature, 𝐾𝐵 as Boltzmann constant
and 𝑚𝑖 as mass of ions and 𝐾𝐵𝑇𝑒

𝑒
, with 𝑒 as magnitude of electron charge. Also, the space variable 𝑥 and time 𝑡 are

normalized to the Debye length 𝜆𝐷 =

√︃
( 𝑇𝑒

4𝜋𝑛𝑒0𝑒2 ) and 𝜔−1
𝑝𝑖

=
√︃

𝑚𝑖

4𝜋𝑛𝑒0𝑒2 , with 𝜔𝑝𝑖 as ion-plasma frequency. Here 𝜈𝑖𝑑 is

the dust-ion collisional frequency and 𝜇 =
𝑍𝑑𝑛𝑑0
𝑛0

(dust-to-ion number density ratio). Here 𝑧𝑑 are the charge number of
dust particle. Also we define 𝜎 =

𝑇𝑖
𝑇𝑒

(ion-to-electron temperature ratio)
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To explain the 𝑞-nonextensive electron, we take into account the distribution function[62] that follows.

𝑓𝑒 (𝜈) = 𝐶𝑞{1 + (𝑞 − 1)
[
𝑚𝑒𝜈

2

2𝐾𝐵𝑇𝑒
− 𝑒𝜙

𝐾𝐵𝑇𝑒

]
}

1
𝑞−1 (4)

Where 𝜙 indicates the electrostatic potential and other variables or parameter have their typical meaning. It is important
to note that this particular distribution function 𝑓𝑒 (𝜈) maximizes the Tsallis entropy and hence complies the principles of
thermodynamics. Then, the constant of normalization is given by

𝐶𝑞 = 𝑛𝑒0

Γ

(
1

1−𝑞

)
Γ

(
1

1−𝑞 − 1
2

) √︄𝑚𝑒 (1 − 𝑞)
2𝜋𝑘𝐵𝑇𝑒

, for − 1 < 𝑞 < 1 (5)

𝐶𝑞 = 𝑛𝑒0

1 + 𝑞Γ
(

1
1−𝑞 + 1

2

)
2Γ

(
1

1−𝑞

) √︄
𝑚𝑒 (1 − 𝑞))

2𝜋𝑘𝐵𝑇𝑒
, for 𝑞 > 1‘ (6)

Integrating the distribution function 𝑓𝑒 (𝜈) after normalization across the velocity space, the 𝑞-nonextensive electron
number density may be found as

𝑛𝑒 = 𝑛𝑒0{1 + (𝑞 − 1) 𝑒𝜙

𝑘𝐵𝑇𝑒
}

𝑞+1
2(𝑞−1) (7)

As a result, the normalized 𝑞-nonextensive electron number density is expressed as

𝑛𝑒 = {1 + (𝑞 − 1)𝜙}
𝑞+1

2(𝑞−1) (8)

3. DERIVATION OF DAMPED FORCED KORTEWEG-de VRIES (DFKdV) EQUATION
In order to examine the nonlinear wave propagation of DIA solitary wave in unmagnetised collisional dusty plasma,

we proceed to derive the damped forced KdV (DFKdV) equation from the set of governing equation by utilizing standard
reductive perturbation technique (RPT). According to the RPT, the independent variables are stretched as

𝜉 = 𝜖
1
2 (𝑥 −𝑈𝑡), 𝜏 = 𝜖 3

2 𝑡 (9)

Where 𝜖 is a dimensionless parameter indicating the amplitude of the perturbation and𝑈 indicate the phase velocity of the
DIA solitary wave to be determined from the lowest order of 𝜖 . Now, the expression of the dependent variables 𝑛, 𝑢, 𝜙, 𝜈,
are as follows:

𝑛 = 1 + 𝜖𝑛1 + 𝜖2𝑛2 + 𝜖3𝑛3 + . . .
𝑢 = 0 + 𝜖𝑢1 + 𝜖2𝑢2 + 𝜖3𝑢3 + . . .
𝜙 = 0 + 𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3 + . . .
𝑉𝑖𝑑 ∼ 𝜖 3

2 𝑣𝑖𝑑0

 (10)

Substituting the above transformation (10) along with stretching coordinate (9) into the set of governing equations (1)-(3)
then collecting the coefficient of lowest order terms in 𝜖 , and after integration with the boundary conditions: 𝑛1 = 0, 𝑢1 =

0, 𝜙1 = 0 at |𝜉 | → ∞, we obtain the first order perturbed terms as

𝑛1 =
𝜙1
𝐸

𝑢1 =
𝜙1𝑈
𝐸

𝑛1 = 𝑎(1 − 𝜇)𝜙1

 (11)

Where 𝑎 =
𝑞+1

2 and 𝐸 = 𝑈2 − 𝜎 also found the dispersion relation is obtained as

𝑈 =

√︄
1

𝑎(1 − 𝜇) + 𝜎 (12)

Again, taking the coefficient of next higher order of 𝜖 (i.e the coefficient of 𝜖 5
2 from equation (1) and (2) and coefficient of

𝜖2 from equation (3)), we obtain the following equations

𝜕𝑛1
𝜕𝜏

−𝑈 𝜕𝑛2
𝜕𝜉

+ 𝜕𝑢2
𝜕𝜉

+ 𝜕 (𝑛1𝑢1)
𝜕𝜉

= 0 (13)
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𝜕𝑢1
𝜕𝜏

−𝑈 𝜕𝑢2
𝜕𝜉

− 𝑛1𝑈
𝜕𝑢1
𝜕𝜉

+ 𝑢1
𝜕𝑢1
𝜕𝜉

+ 𝜎𝜕𝑛2
𝜕𝜉

+ 𝜕𝜙2
𝜕𝜉

+ 𝑛1
𝜕𝜙1
𝜕𝜉

+𝑉𝑖𝑑0𝑢1 = 0 (14)

𝑎(1 − 𝜇)𝜙1 − 𝑛1 = 0 (15)

Now eliminating 𝑛2,𝑢2 from equation (13)-(15), then using equation(11) and equation (12), we get the DKdV equation

𝜕𝜙1
𝜕𝜏

+ 𝑃𝜙1
𝜕𝜙1
𝜕𝜉

+𝑄 𝜕
3𝜙1

𝜕𝜉3 + 𝑅𝜙1 = 0 (16)

Where 𝑃 = 𝑈
𝐸
+ 1−2𝐸2𝑏 (1−𝜇)

2𝑈 , 𝑄 = 𝐸2

2𝑈 and 𝑅 =
𝑉𝑖𝑑0

2 with 𝑏 =
(𝑞+1) (3−𝑞)

8 .

The damped KdV equation (16) is a nonlinear partial differential equation. Here 𝑃 is the nonlinear coefficient,
which determines the steepness/sharpness of the solitary excitation, 𝑄 is the dispersion coefficient, which measures the
broadening of the solitary waves, and 𝑅 is the dissipation/damping coefficient, which measures the decay of the solitary
wave over time while propagating. It has been shown that the existence of an external periodic force significantly changes
the behaviour of nonlinear waves. In the presence of an external magnetic force, resistive wall modes of the plasma have
been discussed and it has been demonstrated that a flexible, high-speed waveform generator may generate such a force.
When an external periodic force 𝑓0 cos(𝜔𝜏) is taken into account, the damped KdV has the following form:

𝜕𝜙1
𝜕𝜏

+ 𝑃𝜙1
𝜕𝜙1
𝜕𝜉

+𝑄 𝜕
3𝜙1

𝜕𝜉3 + 𝑅𝜙1 = 𝑓0 cos(𝜔𝜏) (17)

Which is termed as the damped forced KdV equation.

4. SOLITARY WAVE SOLUTION OF DAMPED FORCED KORTEWEG-de VRIES (DFKdV) EQUATION
In the absence of 𝑅 and 𝑓0, that is, 𝑅 = 0 and 𝑓0 = 0, of the damped forced KdV equation (17) takes the form of the

well-known KdV equation
𝜕𝜙1
𝜕𝜏

+ 𝑃𝜙1
𝜕𝜙1
𝜕𝜉

+𝑄 𝜕
3𝜙1

𝜕𝜉3 = 0 (18)

with the solitary wave solution

𝜙1 = 𝜙𝑚 sech2
(
𝜉 − 𝑀𝜏
𝑊

)
(19)

Where 𝜙𝑚 = 3𝑀
𝑃

is the amplitude and 𝑊 = 2
√︃
𝑄

𝑀
is the width of the DIA solitary wave with M consist the speed of the

DIA solitary wave. In this case, it is well established that∫ ∞

−∞
𝜙2

1𝑑𝜉 (20)

is a conserved quantity.
For small values of 𝑅 and 𝑓0, let us assume that amplitude, width and velocity of the DIA solitary waves are dependent

on 𝜏 and the approximate solution of equation (17) is of the form

𝜙1 = 𝜙𝑚 (𝜏) sech2
(
𝑥 − 𝑀 (𝜏)𝜏
𝑊 (𝜏)

)
(21)

Where 𝑀 (𝜏) is an unknown function of 𝜏 and 𝜙𝑚 (𝜏) = 3𝑀 (𝜏 )
𝑃

and𝑊 (𝜏) = 2
√︃

𝑄

𝑀 (𝜏 ) .
Differentiating (19) with respect to 𝜏 and using (17), one can obtain

𝑑𝐼

𝑑𝜏
+ 2𝐶𝐼 = 2 𝑓0 cos(𝜔𝜏)

∫ ∞

−∞
𝜙1𝑑𝜉, (22)

𝑑𝐼

𝑑𝜏
+ 2𝐶𝐼 =

24 𝑓0
√
𝑄

𝑃

√︁
𝑀 (𝜏) cos(𝜔𝜏). (23)

Again

𝐼 =

∫ ∞

−∞
𝜙2

1𝑑𝜉, (24)

𝐼 =

∫ ∞

−∞
𝜙2
𝑚 (𝜏) sech4

(
𝜉 − 𝑀 (𝜏)𝜏
𝑊 (𝜏)

)
𝑑𝜉, (25)
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𝐼 =
24

√
𝑄

𝑃2 𝑀
3
2 (𝜏) (26)

From (21) and (25), the expression of 𝑀 (𝜏) is obtained as

𝑀 (𝜏) =
(
𝑀 − 8𝑃𝐶 𝑓0

16𝐶2 + 9𝜔2

)
𝑒

4
3 𝑐𝜏 + 6𝑃 𝑓0

16𝐶2 + 9𝜔2

(
4
3
𝐶 cos(𝜔𝜏) + 𝜔 sin(𝜔𝜏)

)
(27)

Therefore, the analytical solitary wave solution of the DIA solitary waves for the damped forced KdV (17) is

𝜙1 = 𝜙𝑚 (𝜏) sech2
(
𝜉 − 𝑀 (𝜏)𝜏
𝑊 (𝜏)

)
, (28)

Where 𝑀 (𝜏) is given by equation (27), and the amplitude and width are as follows:

𝜙𝑚 (𝜏) =
3
(
𝑀 − 8𝑃𝐶 𝑓0

16𝐶2+9𝜔2

)
𝑒

4
3𝐶𝜏 + 18𝑃 𝑓0

16𝐶2+9𝜔2

(
4
3𝐶 cos(𝜔𝜏) + 𝜔 sin(𝜔𝜏)

)
𝑃

(29)

𝑊 (𝜏) = 2
√
𝑄√︂(

𝑀 − 8𝑃𝐶 𝑓0
16𝐶2+9𝜔2

)
𝑒

4
3𝐶𝜏 + 6𝑃 𝑓0

16𝐶2+9𝜔2

(
4
3𝐶 cos(𝜔𝜏) + 𝜔 sin(𝜔𝜏)

) (30)

5. RESULTS AND DISCUSSION
In this manuscript, we have explored the impact of various physical parameters, such as the dust-ion collisional

frequency (𝜈𝑖𝑑0), frequency (𝜔), strength of the external periodic force ( 𝑓0), ion-to-electron temperature ratio (𝜎) and
entropic index (𝑞) on the formation and existence of DIA solitary wave by the DIA solitary wave solution of the damped
forced KdV equation (17) using numerical computations.

Figure 1. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑞 and fixed values of 𝜇 = 0.2, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01, 𝜔 = 0.5,
𝑓0 = 0.05, 𝑀 = 0.1, and 𝜏 = 2.

Figure 2. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑞 and fixed values of 𝜇 = 0.5, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01, 𝜔 = 0.5,
𝑓0 = 0.05, 𝑀 = 0.1, and 𝜏 = 2.

Figure (1) depict the graph of the variation of compressive solitary wave profile 𝜙1 versus 𝜉 of the damped forced
KdV equation (17) for the different values of the entropic index 𝑞 = 0.6, 0.7, 0.8, 0.9 where 𝑞 is taken from the interval
(0.6, 0.9) with special values of the other fixed parameter 𝑀 = 0.1, 𝜎 = 0.1, 𝜇 = 0.2, 𝜈𝑖𝑑0 = 0.01, 𝜔 = 0.5, 𝑓0 = 0.05 and
𝜏 = 2. It is observed that the amplitude of the compressive solitary wave decreases and width also decreases as the value
of entropic index 𝑞 increases. A right hand shifting of the DIA solitary wave solution is also observed as 𝑞 increases.

Figure (2) represent the variation of the rarefactive solitary wave profile for the DIA solitary wave corresponding to
the damped forced KdV equation (17) for different entropic index 𝑞 = 0.6, 0.7, 0.8, 0.9 with dust-to-ion number density
ratio 𝜇 = 0.5, and the other parameters are the same as in Figure (1). In this figure we observed that the amplitude and
width of the rarefactive solitary wave increases as the value of entropic index 𝑞 increases. Thus the DIA rarefactive solitary
wave flourishes as the entropic index 𝑞 grows rapidly. Here we also observed from Figure (1) and Figure (2), and it is
interesting to note that the reverse effect happened after changing the value of dust-to-ion number density ratio (𝜇) from
0.2 to 0.5. that means the value of dust-to-ion number density ratio 𝜇 has a significant effect on the dynamics of the DIA
solitary wave of the damped forced KdV equation.

Figure (3) depict the variation of the compressive solitary wave profile 𝜙1 versus 𝜉 of the damped forced KdV
equation (17) for varying values of the strength of the external periodic force 𝑓0 = 0.01, 0.03, 0.06, 0.09, here 𝑓0 is
taken from the interval (0.01, 0.09) with special fixed values of the other parameters 𝜎 = 0.1, 𝜇 = 0.2, 𝑀 = 0.1, 𝜈𝑖𝑑0 =
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Figure 3. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑓0 and fixed values of 𝜇 = 0.2, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01, 𝜔 = 0.5,
𝑞 = 0.8, 𝑀 = 0.1, and 𝜏 = 2.

Figure 4. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑓0 and fixed values of 𝜇 = 0.5, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01, 𝜔 = 0.5,
𝑞 = 0.8, 𝑀 = 0.1, and 𝜏 = 2.

0.01, 𝜔 = 0.5, 𝑞 = 0.8 and 𝜏 = 2. We observed that as the strength of the external periodic force 𝑓0 rises, it is found that
the compressive DIA solitary wave’s amplitude and breadth also increase.

Figure (4) shows a graph of the variation of the rarefactive solitary wave profile 𝜙1 versus 𝜉 of the damped forced KdV
equation (17) for varying values of the strength of the external periodic force 𝑓0 = 0.01, 0.03, 0.06, 0.09 with dust-to-ion
number density ratio 𝜇 = 0.5. All other parameters are the same as in Figure (3). Here, we found that when the external
periodic force 𝑓0 becomes stronger, the rarefactive DIA solitary wave’s amplitude and width decrease. Figure (3) and
Figure (4) also showed us that the behaviour of the DIA solitary wave completely changes when the dust-to-ion number
density ratio (𝜇) is changed from 0.2 to 0.5. It is interesting to node that Figure (3) shows compressive and right hand
shifting of the DIA solitary wave and Figure (4) shows rarefactive and not right hand shifting.

Figure 5. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝜔 and fixed values of 𝜇 = 0.2, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01,
𝑓0 = 0.05, 𝑞 = 0.8, 𝑀 = 0.05, and 𝜏 = 2.

Figure 6. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝜔 and fixed values of 𝜇 = 0.5, 𝜎 = 0.1, 𝜈𝑖𝑑0 = 0.01,
𝑓0 = 0.05, 𝑞 = 0.8, 𝑀 = 0.05, and 𝜏 = 2.

Figure (5) also shows the variation of the compressive DIA solitary wave profile 𝜙1 versus 𝜉 of the damped forced
KdV equation (17) for different values of the frequencies 𝜔 = 0.3, 0.5, 0.7, 0.9, here 𝜔 is taken from the interval (0.3, 0.9)
with special fixed values of the other parameters 𝜎 = 0.1, 𝜇 = 0.2, 𝑀 = 0.05, 𝜈𝑖𝑑0 = 0.01, 𝑓0 = 0.05, 𝑞 = 0.8 and 𝜏 = 2.
It is observed from the graph that the amplitude and width of the compressive DIA solitary wave decreases with the value
of the frequencies 𝜔 increases.

Figure (6) depict the graph of the variation of the rarefactive solitary wave profile 𝜙1 versus 𝜉 of the damped forced
KdV equation (17) for different values of the frequencies 𝜔 = 0.3, 0.5, 0.7, 0.9, here 𝜔 is taken from the interval (0.3, 0.9)
with dust-to-ion number density ratio 𝜇 = 0.5 and other parameter are the same as in Figure (5). Figure (5) and Figure (6)
are shown different behaviour compressive right hand shifting and rarefactive not right hand shifting after changing the
parameter dust-to-ion number density ratio 𝜇 value from 0.2 to 0.5.

Figure (7) reflects the variation of the compressive solitary wave profile 𝜙1 versus 𝜉 of the damped forced KdV
equation (17) for the different values of dust ion collisional frequencies 𝜈𝑖𝑑0 = 0.01, 0.05, 0.09, 0.13, with special values of
the other parameters 𝜎 = 0.1, 𝜇 = 0.2, 𝑀 = 0.05, 𝜔 = 0.4, 𝑓0 = 0.05, 𝑞 = 0.8, 𝜏 = 2 and Figure (8) reflects the variation
of the rarefactive solitary wave profile 𝜙1 versus 𝜉 of the damped forced KdV equation (17) for the different values of dust
ion collisional frequencies 𝜈𝑖𝑑0 = 0.01, 0.05, 0.09, 0.13, 𝜇 = 0.5 and other parameter are the same as in Figure (7) and
𝜈𝑖𝑑0 is taken from the interval (0.01, 0.13) and to discuss the changes, we observed from Figure (7) that the amplitude
and width decreases as the value of dust ion collisional frequencies 𝜈𝑖𝑑0 increases and from Figure (8) we observed that
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Figure 7. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑣𝑖𝑑𝑜 and fixed values of 𝜇 = 0.2, 𝜎 = 0.1, 𝜔 = 0.5, 𝑓0 = 0.05,
𝑞 = 0.8, 𝑀 = 0.05, and 𝜏 = 2.

Figure 8. Profile of solitary wave potential 𝜙1 with 𝜉 for different values
of 𝑣𝑖𝑑𝑜 and fixed values of 𝜇 = 0.5, 𝜎 = 0.1, 𝜔 = 0.5, 𝑓0 = 0.05,
𝑞 = 0.8, 𝑀 = 0.05 and 𝜏 = 2.

the amplitude and width of the rarefactive solitary wave decreases as the values of dust ion collisional frequencies 𝜈𝑖𝑑0
increases. Here from both the graph we also observed that Figure (7) and Figure (8) shows the compressive and rarefactive
DIA solitary wave behaviour after changing the only one parameter value 𝜇 from 0.2 to 0.5.

(a) (b)

Figure 9. (a) Soliton amplitude 𝜙𝑚 and (b) Soliton width 𝑊 with 𝜇 for different values of 𝜎 and fixed values of 𝜔 = 0.5, 𝑓0 = 0.05, 𝑞 = 0.8, 𝑀 =

0.1 and 𝜏 = 2.

Figure (9a) shows the graph amplitude 𝜙𝑚 versus 𝜇 of compressive and rarefactive damped forced KdV solitons for
different values of 𝜎 = 0.00, 0.05, 0.10, 0.15 and fixed values of 𝜔 = 0.5, 𝑓0 = 0.05, 𝑞 = 0.8, 𝑀 = 0.1 and 𝜏 = 2. Here we
observed that an increase of the amplitudes of compressive DIA KdV solitons suddenly shows a rapid and convex increase
within a very small interval of 𝜇, but their rarefactive counter parts sharply decrease concavely for each increasing value
of 𝜎 in a similar but opposite pattern. Figure (9b) shows the graph the variation of width 𝑊 of the rarefactive solitary
wave solution of the damped forced KdV with respect to 𝜇 for different values of 𝜎 = 0.00, 0.05, 0.10, 0.15 with fixed
values of 𝜔 = 0.5, 𝑓0 = 0.05, 𝑞 = 0.8, 𝑀 = 0.1 and 𝜏 = 2. The width of DIA solitary waves is seen to increase as the
dust-to-ion number density ratio 𝜇 increases. Also, at the same time, it is observed that the width of the solitary wave
increases rapidly with the different increase in values of the ion-to-electron temperature ratio 𝜎.

6. CONCLUSIONS
In this study, we examined DIA solitary waves in a dusty plasma containing immobile dust particles, non-extensive

electrons, and negatively charged ions. We derive the damped forced KdV equation using the reductive perturbation
approach. An analytical solitary wave solution has been derived for the damped forced KdV equation in the presence of
a small damped and externally applied periodic force. The effect of parameters 𝑞, 𝑓0, 𝑀, 𝜎 and 𝜔 on the acoustic solitary
wave solution of dust ions with fixed values of the other physical parameters 𝜇, 𝜏 has been presented. The parameters
𝑞, 𝑓0, 𝑀, 𝜈𝑖𝑑0, 𝜎 and 𝜔 have played an important role in the nonlinear structure of the DIA solitary wave in a collisional
dusty plasma.

The present theoretical finding should be crucial for understanding how nonlinear DIA solitary waves behave in
a variety of plasma environments, such as the Earth’s magnetosphere in space plasma, the pulsar magnetosphere of
astrophysical plasmas, and laboratory plasmas that contain the plasma under consideration.
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ВПЛИВ ТЕМПЕРАТУРИ IОНIВ НА ДИНАМIКУ АНАЛIТИЧНОГО РIШЕННЯ ВIДОКРЕМЛЕНОЇ
ХВИЛI ДЛЯ ПИЛОВИХ IОННИХ АКУСТИЧНИХ ХВИЛЬ ДЛЯ ЗАГАСАЮЧОГО РIВНЯННЯ

КОРТЕВЕГА-ДЕ ВРIЗА В Q-НЕЕКСТЕНСИВНIЙ ПЛАЗМI
Сарбамон Токбi1*, Сатьєндра Натх Барман2

1Кафедра математики, Унiверситет Гаухатi, Гувахатi-781014, Ассам, Iндiя
2Б. Коледж Боруа, Гувахатi-781007, Ассам, Iндiя

У цiй статтi дослiджуються динамiчнi властивостi аналiтичного розв’язку одиночних хвиль пилово-iонної акустики (DIA),
iндукованих затухаючим вимушеним рiвнянням Кортевега-де Фрiза (DFKdV) у ненамагнiченiй зiткнювальнiй пиловiй плазмi,
що мiстить нейтральнi частинки, 𝑞-неекстенсивнi електрони, позитивно зарядженi iони та негативно зарядженi пиловi частинки
за наявностi зовнiшньої перiодичної сили. Для отримання затухаючого вимушеного рiвняння Кортевега-де Фрiза (DFKdV) було
розроблено пiдхiд редуктивних збурень. Помiчено, що для цiєї моделi плазми можливi як стискаючi, так i розрiдженi одиночнi
хвильовi розв’язки пилово-iонної акустики (DIA). Враховується вплив низки фiзичних параметрiв: ентропiйного iндексу (𝑞),
частоти зiткнень iонiв пилу (𝜈𝑖𝑑0), швидкостi бiжучої хвилi (𝑀), частоти перiодичної сили (𝜔), спiввiдношення температур
iонiв до електронiв (𝜎), параметра, що є спiввiдношенням мiж незбуреними густинами iонiв пилу та електронiв (𝜇), сили та
частоти зовнiшньої перiодичної сили ( 𝑓0). Спостерiгається, що цi параметри мають значний вплив на структури затухаючих
вимушених акустичних одиночних хвиль iонiв пилу. Результати цього дослiдження можуть бути важливими для розумiння
динамiки одиночних хвиль пил-iонiв (DIA) у лабораторнiй плазмi, а також у космiчному плазмовому середовищi.
Ключовi слова: iонно-акустичний солiтон, одиночна хвиля, пилова плазма, метод редукцiйних збурень, неекстенсивний
електрон, затухаюче вимушене рiвняння KdV
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In the current study, third-harmonic generation (THG) of a q-Gaussian laser beam propagating through a collisionless plasma is 
investigated. This nonlinear beam profile induces density gradients in the plasma due to the ponderomotive force. These density 
gradients excite electron plasma waves (EPW) at twice the pump wave frequency via Vሬሬ⃗ × Bሬሬ⃗  mechanism. The fundamental pump 
wave and the EPW interact nonlinearly to produce third-harmonic radiation. The nonlinear ODE for the beam waist of the pump 
beam and the THG conversion efficiency expressions are obtained by employing WKB and paraxial approaches. The influence of 
key laser-plasma parameters, including plasma density, beam width, intensity, and q-parameter, on the self-focusing of the main 
beam and the 3rd harmonic efficiency is also analyzed. The results indicate that q-Gaussian beams, due to their higher field 
amplitudes and broader wings than conventional Gaussian beams, can significantly enhance THG in collisionless plasmas. These 
findings provide insights into optimizing harmonic generation in structured laser beams for applications in ultrafast optics, particle 
acceleration, and plasma-based radiation sources.  
Keywords: Collisionless Plasma; Density Gradients; Pump Wave; Electron Plasma Wave; Self-focusing; Third harmonic 
Generation  
PACS: 52.38.Hb, 52.35.Mw, 52.38.Dx 

1. INTRODUCTION
Lasers interaction with plasma medium is an important research topic amongst theoretical/experimental 

researchers in recent decades, owing to their crucial role in inertial confinement fusion (ICF), charged particle 
acceleration and radiation sources [1-6]. During laser-plasma interaction, a wide variety of nonlinear processes, 
including self-focusing, parametric instabilities, self-phase modulation, and harmonic generation, are produced [6-15]. 
Harmonic generation has received significant attention due to its fundamental significance and technological 
applications. The propagation dynamics of the laser beam is strongly influenced by harmonic generation. Harmonic 
generation facilitates beam propagation in overdense regions and supports mode conversion processes. The generation 
of harmonics has been extensively studied in laser-plasma systems [16-21]. Third harmonics generation becomes an 
important nonlinear process for ultra-relativistic laser intensities and structured beams. Mostly the work on harmonic 
generation was explored by considering uniform plane waves. However, actual laser beams have non-uniform spatial 
irradiance profiles and nonlinear processes are greatly triggered by such spatial profiles. Such non-uniform profiles 
exhibit self-focusing/Self-defocusing phenomena. So, they modify overall electric field strength and hence enhance 
efficiency of harmonic production. q-Gaussian beams have higher field amplitude across the wave front in comparison 
to ordinary Gaussian profiles. So, this motivates us to explore third harmonic radiation from q-Gaussian beam in 
plasmas. Researchers interest in laser-plasma interaction extends beyond plasma optics. Because, electron plasma wave 
(EPW) is excited at high frequency during this process. This high frequency plasma wave may result in to production of 
energetic electrons, which can preheat the fusion target and could cause degradation of implosion performance. 
Similarly, high frequency plasma wave transfers energy to charged particles through wave-particle interaction. In this 
process, charged particles acquire extremely high energy thereby causing ultrahigh acceleration gradients. So, in actual 
practice, nonlinear plasma response that generates harmonic radiation also plays key part in such processes.  

Experimental/Theoretical researchers have explored higher harmonic radiations in plasma. Schifano et al. [22] 
explored generation of harmonics in plasma through filamentation process.  

Esarey et al. [23] explored relativistic harmonic radiations in plasma and further the discussed the effect of diffraction 
in forward harmonic emission. The production of harmonics in forward direction has also been explored in underdense 
plasma [24-25]. Ganeev et al. [26] explored production of higher harmonics in plasma plumes and Gupta et al. [27] 
explored third harmonic generation at ultrarelativistic intensities. The use of wiggler magnetic field has been shown to 
significantly enhance THG efficiency by satisfying phase matching conditions [28-31]. Azad et al. explored that Raman-
enhanced nonlinear effects in Hermite-cosh Gaussian beam are found to increase harmonic efficiency in magnetized 
plasmas [32]. Ganeev et al. explored that higher harmonic generation in boron carbide plasmas are found to show 
enhancement over carbon and boron plasmas [33]. Laser pulse critically influences harmonic yield, increasing linearly 
below and decreasing near saturation [34]. R.A. Ganeev explored enhancement of higher harmonics in laser induced 
plasmas [35]. Furthermore, pulse slippage and density transitions have been identified as critical factors influencing THG 
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efficiency [37-39]. It is already quite clear from these observations that third harmonic generations in plasmas are sensitive 
to beam structure, plasma profile, and nonlinear interaction geometry. Recently, a new class of lasers i.e. q-Gaussian lasers 

has been invented. Such beams have intensity irradiance in the form, 𝑓ሺ𝑟ሻ = 𝑓ሺ0ሻ ቀ1 + ௥మ௤௥బమቁି௤. Setting 𝑞−>  ∞ changes 
it to conventional Gaussian beam. There is greater flexibility linked with q-Gaussian profiles on account of tunable q-
parameter. This q-parameter helps them to change their profiles from Gaussian like to Super-Gaussian like forms. Such 
beams also exhibit less divergence thereby enabling improved confinement of optical energy. q-Gaussian beam profiles 
also exhibit reduced power content and broader wings, which makes them suitable candidate in advanced nonlinear plasma 
studies. The researchers have explored numerous plasma instabilities using q-Gaussian laser beams in laser-plasma 
interaction studies, due to their strong nonlinear coupling characteristics [40-44]. The aim of present study is to explore 
THG of q-Gaussian laser beam propagating through collisionless plasma, with particular focus on understanding the roles 
of plasma density gradients and EPW in enhancing THG efficiency. It analyzes how q-parameter, beam width, intensity 
and plasma density affect self-focusing and THG efficiency optimization. The plasma electrons get redistributed as a result 
of ponderomotive force, thereby creating density gradients in plasma. They produce EPW at twice frequency of 
fundamental wave. The nonlinear interaction of EPW excited at 2𝜔 with fundamental wave having frequency 𝜔 produces 
third harmonic generation. The paper is organized as follows: In Section 2, wave equation for q-Gaussian beam in 
collisionless has been derived using paraxial theory. In Section 3, we derived the amplitude of electron plasma wave at 2𝜔 
starting from the fluid equations and further using perturbation analysis and process of linearization. In Section 4, we 
derived the efficiency of 3rd harmonics. Sections 5 & 6 are devoted to discussion of results and conclusion respectively. 

 
2. SOLUTION OF WAVE EQUATION FOR PUMP BEAM 

The current study explores transition of q-Gaussian beam in plasma in z-direction. The beam’s intensity at plane 𝑧 = 0 is represented as  

 𝐸 ∙ 𝐸∗|௭ୀ଴ = 𝐸଴ଶ ቀ1 + ௥మ௤௥బమቁି௤. (1) 

In Eq. (1), 𝐸଴ and 𝑟଴ denote field amplitude and beam radius at 𝑧 = 0. q-Gaussian beam profiles form more generalized 
concept of normal Gaussian profile through q value. Increasing q values make them closer to Gaussian beam profiles. If 
we keep the values of q very low, then we are in a position to produce broader/flatter profiles. For 𝑧 > 0, the beam 
irradiance takes the form  

 𝐸 ∙ 𝐸∗ = ாబమ௙మ ቀ1 + ௥మ௤௥బమ௙మቁି௤ (2) 

In Eq. (2), 𝑓 is a parameter telling us about the contraction/divergence of the beam as it transits through plasma. This 
parameter, known as the beam waist, is related to the equilibrium beam radius. The Wave equation for the pump beam 
is expressed as  

 ∇ଶ𝐸 + ఠమ௖మ 𝜀𝐸 = 0 (3) 

In writing Eq. (3), we just ignored ∇ሺ∇ ∙ 𝐸ሻ term. When we are having transverse waves then, ∇ ∙ 𝐸 = k ∙ 𝐸 = 0, where k is wave vector. Then term ∇ሺ∇ ∙ 𝐸ሻ has also been neglected in present problem considering ௖మఠమ | ଵఌ ∇ଶ ln 𝜀| ≤ 1. The 
alteration in plasma’s dielectric response is observed in course of laser propagation within plasma. The Plasma’s total 
dielectric function is comprising of two parts, i.e.  

 𝜀 = 𝜀଴ + 𝛷(𝐸 ∙ 𝐸∗) (4) 

In Eq. (4), there are two contributions on RHS, ′𝜀଴′ being linear contribution while ′𝛷(𝐸 ∙ 𝐸∗)′ being nonlinear 
contribution. Both these terms are expressed mathematically as  

 𝜀଴ = 1 − ఠ೛మఠమ (5) 

 𝛷(𝐸 ∙ 𝐸∗) = ఠ೛మఠమ ቂ1 − ேబ೐ேబ ቃ (6) 

In the above Eqs. (5) and (6), 𝜔௣ = ටସగ௡௘మ௠  is plasma frequency. ′𝑁଴௘′ and ′𝑁଴′ denote the concentrations of plasma 
electrons in presence/absence of beams. Suppose a beam profile with angular frequency 𝜔 and wave vector 𝑘 is 
transiting along the z-axis in a hot collisionless plasma. During the transition of the laser beam through plasma, the 
nonlinear ponderomotive force induces density variations in plasma. This further changes the plasma density profile in 
the transverse direction as 

 ேబ೐ேబ = 𝑒𝑥𝑝 ቀ− ଷସ 𝛽 ௠ெ 𝐸 ∙ 𝐸∗ቁ (7) 
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In Eq. (7), 𝛽 = ௘మெ଺௄ಳ బ்ఊఠమ௠మ; Where, e, m, M, 𝑇଴ and 𝐾஻ correspond to electronic charge, electronic mass, ionic mass, 
plasma temperature and Boltzmann constant respectively. So, on using Eq. (7), we can write the nonlinear portion for 
collisionless plasma as  

 𝛷(𝐸 ∙ 𝐸∗) = ఠ೛మఠమ ቂ1 − 𝑒𝑥𝑝 ቀ− ଷସ 𝛽 ௠ெ 𝐸 ∙ 𝐸∗ቁቃ (8) 

Now, we will make use of the approach [45-46] to obtain a solution of Eq. (3)  

 𝐸 = 𝐸଴(𝑟, 𝑧) expሾ𝑖(𝜔𝑡 − 𝑘(𝑆 + 𝑧))ሿ (9) 

 𝐸଴ ∙ 𝐸଴∗ = ாబబమ௙మ ቀ1 + ௥మ௤௥బమ௙మቁି௤ (10) 

 𝑆 = ଵଶ 𝑟ଶ ଵ௙ ௗ௙ௗ௭ + 𝛷଴(𝑧) (11) 

 𝑘 = ఠ௖ ඥ𝜀଴ (12) 

Here, 𝑓 is a parameter describing beam waist of q-Gaussian beam and it satisfies 2nd order differential equation as  

 ௗమ௙ௗఎమ = ௤ାସ௤௙య − ቀఠ೛௥బ௖ ቁଶ ቀଷସ 𝛽 ௠ெ 𝐸଴଴ଶ ቁ 𝑒𝑥𝑝 ቂ− ଷସ 𝛽 ௠ெ ாబబమ௙మ ቃ ଵ௙య (13) 

Eq. (13) denotes variation in beam waist with normalized propagation distance as laser beam transition in hot 
collisionless plasma take place. The boundary conditions are 𝑓 = 1 & ௗ௙ௗఎ = 0 at 𝜂 = 0. 
 

3. EXCITATION OF ELECTRON PLASMA WAVE 
We have considered the dynamics of plasma electrons in exploring excitation mechanism of EPW. Since, mass of 

ions is almost 2000 times mass of electrons. So, they will not react to large frequency field and will be treated as fixed 
in their respective position. Moreover, ions don’t play any role in excitation mechanism of EPW. The nonlinear 
ponderomotive force produces density gradients in collisionless plasma, which act as source for EPW. We will start 
from the following Fluid equations in order to derive source term for THZ.  

 డே೐డ௧ + ∇ ∙ (𝑁௘𝑉) = 0 (14) 

 ∇ ∙ 𝐸 = 4𝜋(𝑍𝑁௢௜ − 𝑁௘)𝑒 (15) 

 ௉ ே೐ം = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (16) 

 𝑚ቂడ௏డ௧ + (𝑉 ∙ ∇)Vቃ = −𝑒 ቂ𝐸 + ଵ௖ 𝑉 × 𝐵ቃ − 2𝛤𝑚𝑉 − ఊே೐ ∇𝑃௘ (17) 

Using perturbation analysis and further linearizing the equations, amplitude term in case of EPW is obtained as  

 𝑛ଶఠ(𝑟) = ௘௡బ௠ ாబబ௙ ቀ1 + ௥మ௤௥బమ௙మቁష೜మ ቄ ௥௥బమ௙మቅ ଵ
൝ସఠమି௞మ௩೟೓మ ିఠ೛మቆ௘௫௣ቈିయరఉ೘ಾಶబబమ೑మ ቉ቇమൡ  (18) 

 
4. EFFICIENCY OF THIRD HARMONICS 

Third harmonic radiation is produced through coupling of interaction of amplitude term for EPW 𝑛ଶఠ with 
fundamental beam.  𝐽ଷே௅ = −𝑒𝑛ଶఠ𝑣଴ (19) 

In presence of input field, an electron oscillatory velocity is  

 𝑣଴ = − ௘ாబ௠௜ఠ (20) 

 Hence, 𝐽ଷே௅ = ௘మ௠௜ఠ 𝑛ଶఠ𝐸଴ (21) 

The field vector 𝐸ଷ of THG obeys wave equation  

 ∇ଶ𝐸ଷ + ఠయమ௖మ 𝜀ଷ(𝜔ଷ)𝐸ଷ = −଼గ௜ఠయ௖మ 𝐽ଷே௅ (22) 
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On substituting value of 𝐽ଷே௅ from Eq. (21) in Eq. (22), one can obtain 

 ∇ଶ𝐸ଷ + ఠయమ௖మ 𝜀ଷ(𝜔ଷ)𝐸ଷ = ఠ೛మ௖మ ௡మഘ௡బ 𝐸଴ (23) 

In Eq. (23), 𝜔ଷ = 3𝜔 and 𝜀ଷ are for 3rd harmonic frequency and 3rd harmonic dielectric function respectively. We can 
easily solve Eq. (23) to obtain  

 𝐸ଷ = ఠ೛మ௖మ ௡మഘ௡బ ாబబ୤ ቀ1 + ௥మ௤௥బమ௙మቁష೜మ ଵ(௞యమିଽ௞మ) (24) 

Now, the power of 3rd harmonics is  

 𝑃ଷ = ∬ |𝐸ଷ|ଶ 𝑑𝑥𝑑𝑦 (25) 

The power of fundamental beam is  

 𝑃଴ = ∬ |𝐸଴|ଶ 𝑑𝑥𝑑𝑦 (26) 

The efficiency of 3rd harmonics is expressed as 

 𝑌ଷ = ∬⎝⎜⎜
⎛ഘ೛మ೎మ ೐೘ቌಶబబ೑ ቆଵା ೝమ೜ೝబమ೑మቇ

ష೜మ ቍమቊ ೝೝబమ೑మቋ భቐరഘమషೖమೡ೟೓మ షഘ೛మቆ೐ೣ೛ቈషయరഁ೘ಾಶబబమ೑మ ቉ቇమቑ భ൫ೖయమషవೖమ൯⎠⎟⎟
⎞మ௥ௗ௥ௗ஘

∬ቌಶబబ೑ ቆଵା ೝమ೜ೝబమ೑మቇ
ష೜మ ቍమ௥ௗ௥ௗ஘  (27) 

 
5. DISCUSSION 

The Eqs. (13) and (27) don’t have analytical solution on account of their nonlinear and coupled character. So, 
numerical simulations of these equations are performed by taking established laser and plasma parameters;  𝛼 ቀ= ଷସ 𝛽 ௠ெቁ𝐸଴଴ଶ = 3.0, 4.0, 5.0 ; ఠ೛మఠమ = 0.3, 0.5, 0.7 ; 𝑟଴ = 15 μm, 20 μm, 25 μm, 𝑞 = 1, 2, 3 

Eq. (13) contains two contributions on RHS with each contribution has fundamental physical effect. The first term 
causes spreading of beam as it transits through medium. The second term causes nonlinear self-focusing of beam. So, 
the overall beam response in plasma is decided through interplay between these two opposite mechanisms. If first term 
is stronger, then beam divergence takes place. If second term is stronger, then contraction of beam takes place. When 
these two opposing mechanisms exactly balance each other in magnitude, then beam neither contracts nor diverges. On 
the other hand, beam’s radius remains almost fixed during its transition through plasma medium. This equilibrium state 
so obtained is known as self-trapping, where beam transits through plasma medium without spreading or collapsing.  

Figure 1 illustrates variation of 𝑓 with 𝜂 for three different beam intensities i.e. 𝛼𝐸଴଴ଶ = 3.0, 4.0, 5.0. The curves 
corresponding to 𝛼𝐸଴଴ଶ = 3.0, 𝛼𝐸଴଴ଶ = 4.0, and 𝛼𝐸଴଴ଶ = 5.0 are shown in blue, green and red respectively. It is clear 
from results that increment in 𝛼𝐸଴଴ଶ  parameter reduces tendency of beam to focus. This behavior arises due to reason 
that divergence term becomes more dominant than convergence term at higher 𝛼𝐸଴଴ଶ  parameter. So, there is weakening 
of self-focusing at higher 𝛼𝐸଴଴ଶ .  

Figure 2 illustrates variation of 𝑓 with 𝜂 for three different plasma densities i.e. ఠ೛మఠమ = 0.3, 0.5, 0.7. The curves 

corresponding to ఠ೛మఠమ = 0.3, ఠ೛మఠమ = 0.5, and ఠ೛మఠమ = 0.7 are shown in blue, green and red respectively. It is clear from results 

that increment in ఠ೛మఠమ parameter enhances tendency of beam to focus. This behavior arises due to reason that refractive 

term becomes more dominant than diffraction term at higher ఠ೛మఠమ values. So, there is strengthening of self-focusing at 

higher ఠ೛మఠమ values. 
Figure 3 illustrates variation of 𝑓 with 𝜂 for three different beam radii i.e. 𝑟଴ = 15µ𝑚, 20µ𝑚, 25µ𝑚. The curves 

corresponding to 𝑟଴ = 15µ𝑚, 𝑟଴ = 20 µ𝑚, and 𝑟଴ = 25 µ𝑚 are shown in Blue, Green and Red respectively. It is clear 
from results that increment in 𝑟଴ parameter enhances tendency of beam to focus. This behavior arises due to reason that 
refractive term becomes more dominant than diffraction term at higher 𝑟଴ value. So, there is strengthening of self-
focusing at higher 𝑟଴.  

Figure 4 illustrates variation of 𝑓 with 𝜂 for three different q-values i.e. 𝑞 = 1,2,3, and ∞ . The curves 
corresponding to 𝑞 = 1, 𝑞 = 2, 𝑞 = 3, and 𝑞 = ∞ shown in Blue, Green, Red and Black respectively. It is clear from 
figures that increment in 𝑞 parameter enhances tendency of beam to focus. This is due to increase in intensity 
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localization along axis of beam with rapid increase in q values. So, axial rays start undergoing focusing earlier than off-
axial rays, thereby improving focusing characteristics of beam. For 𝑞 → ∞, the beam profile changes to ordinary 
Gaussian beam, and has less sharply localized intensity thereby reducing nonlinear focusing effect, hence decreasing 
self-focusing compared to finite q values.  

  
Figure 1. Variation of 𝑓 with 𝜂 for three different beam 
intensities i.e. 𝛼𝐸଴଴ଶ = 3.0, 4.0, 5.0. The curves corresponding 
to 𝛼𝐸଴଴ଶ = 3.0, 𝛼𝐸଴଴ଶ = 4.0, and 𝛼𝐸଴଴ଶ = 5.0 are shown in blue, 
green and red respectively 

Figure 2. Variation of 𝑓 with 𝜂 for three different plasma densities 
i.e. ఠ೛మఠమ = 0.3, 0.5, 0.7. The curves corresponding to ఠ೛మఠమ = 0.3, ఠ೛మఠమ = 0.5, and ఠ೛మఠమ = 0.7 are shown in blue, green and red 
respectively 

  
Figure 3. Variation of 𝑓 with 𝜂 for three different beam radii 
i.e. 𝑟଴ = 15µ𝑚, 20µ𝑚, 25µ𝑚. The curves corresponding to 𝑟଴ = 15µ𝑚, 𝑟଴ = 20 µ𝑚, and 𝑟଴ = 25 µ𝑚 are shown in Blue, 
Green and Red respectively 

Figure 4. Variation of 𝑓 with 𝜂 for three different q-values i.e. 𝑞 = 1,2,3,∞ . The curves corresponding to 𝑞 = 1, 𝑞 = 2, 𝑞 =3, and 𝑞 = ∞ shown in Blue, Green, Red and Black 
respectively 

Figure 5 illustrates variation of 𝑌ଷ with 𝜂 for two different beam intensities i.e. 𝛼𝐸଴଴ଶ = 4.0, 5.0. The curves 
corresponding to 𝛼𝐸଴଴ଶ = 4.0, and 𝛼𝐸଴଴ଶ = 5.0 are shown in Blue, and Red respectively. It is clear from results that there 
is decrease in magnitude of 𝑌ଷ with enhancement in 𝛼𝐸଴଴ଶ  parameter. This reduction is directly connected with focusing 
characteristics of pump beam. Since, focusing ability of pump beam is found to get weakened by increasing 𝛼𝐸଴଴ଶ  
parameter. So, amplitude of EPW and hence yield of 3rd harmonics are decreased accordingly.  

Figure 6 illustrates variation of 𝑌ଷ with 𝜂 for two different plasma densities i.e. ఠ೛మఠమ = 0.5, 0.7. The curves 

corresponding to ఠ೛మఠమ = 0.5, and ఠ೛మఠమ = 0.7 are shown in Blue, and Red respectively. It is clear from the results that there 

is increase in magnitude of 𝑌ଷ with enhancement in ఠ೛మఠమ parameter. This amplification is directly connected with focusing 

characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing ఠ೛మఠమ 
parameter. So, amplitude of EPW and hence yield of 3rd harmonics are enhanced accordingly.  

Figure 7 illustrates variation of 𝑌ଷ with 𝜂 for two different beam radii i.e. 𝑟଴ = 20µ𝑚, 25µ𝑚. The curves 
corresponding to 𝑟଴ = 20µ𝑚, and 𝑟଴ = 25µ𝑚 are shown in Blue, and Red respectively. It is clear from the results that 
there is increase in magnitude of 𝑌ଷ with enhancement in 𝑟଴ parameter. This amplification is directly connected with 
focusing characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing 𝑟଴ parameter. So, amplitude of EPW and hence yield of 3rd harmonics are enhanced accordingly.  
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Figure 8 illustrates variation of 𝑌ଷ with 𝜂 for two different q-values i.e. 𝑞 = 1, 2 and ∞. The curves corresponding 
to 𝑞 = 1, 𝑞 = 2 and 𝑞 = ∞ are shown in Blue, Red and Black respectively. It is clear from results that magnitude of 𝑌ଷ 
is amplified with enhancement in 𝑞 values. This is on account of reason that increase in q value enhances axial self-
focusing of pump beam thereby amplifying nonlinear interaction that produces third harmonics. So, dominant role is 
played by q-parameter in optimizing THG output. For 𝑞 → ∞, the beam profile changes to ordinary Gaussian beams 
and has less localized intensity, reducing axial self-focusing and thus lowering the efficiency of 3rd harmonics. 

  
Figure 5. Variation of 𝑌ଷ with 𝜂 for two different beam 
intensities i.e. 𝛼𝐸଴଴ଶ = 4.0, 5.0. The curves corresponding to 𝛼𝐸଴଴ଶ = 4.0, and 𝛼𝐸଴଴ଶ = 5.0 are shown in Blue, and Red 
respectively 

Figure 6. Variation of 𝑌ଷ with 𝜂 for two different plasma 
densities i.e. ఠ೛మఠమ = 0.5, 0.7. The curves corresponding to ఠ೛మఠమ =0.5, and ఠ೛మఠమ = 0.7 are shown in Blue, and Red respectively 

  
Figure 7. Variation of 𝑌ଷ with 𝜂 for two different beam radii i.e. 𝑟଴ = 20µ𝑚, 25µ𝑚. The curves corresponding to 𝑟଴ =20µ𝑚, and 𝑟଴ = 25µ𝑚 are shown in Blue, and Red respectively 

Figure 8. Variation of 𝑌ଷ with 𝜂 for two different q-values i.e. 𝑞 = 1, 2 and ∞. The curves corresponding to 𝑞 = 1, 𝑞 = 2 and 𝑞 = ∞ are shown in Blue, Red and Black respectively 
 

6. CONCLUSIONS 
The present study explores third-harmonic generation of a q-Gaussian beam in a Collisionless plasma using the 

paraxial approach. The analysis reveals two key outcomes: 
1. Beam Focusing: The beam’s self-focusing capability is strengthened with enhancement in plasma density, beam 

radius, q-parameter, and with a decrease in beam intensity. To optimize self-focusing, we need careful control of 
beam and plasma parameters. 

2. THG Efficiency: The efficiency of 3rd harmonics is amplified with enhancement in plasma density, beam radius, q-
parameter, and with reduction in beam intensity. So, to optimize THG efficiency, we need to have careful control 
of beam and plasma parameters 

These results are highly crucial for applications in laser-driven fusion and other laser-plasma interaction schemes, 
where the production of 3rd harmonics plays an important role. 
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ГЕНЕРАЦІЯ ТРЕТЬОЇ ГАРМОНІКИ Q-ГАУСІВСЬКОГО ЛАЗЕРНОГО ПРОМЕНЯ У ПЛАЗМІ БЕЗ ЗІТКНЕНЬ 

Кулкаран Сінгх, Кешав Валья, Таранджот Сінгх 
Кафедра фізики, Університет DAV, Джаландхар, Пенджаб-144012, Індія 

У цьому дослідженні досліджується генерація третьої гармоніки (ГТГ) q-гауссового лазерного променя, що поширюється 
через беззіткнювальну плазму. Цей нелінійний профіль променя індукує градієнти густини в плазмі через пондеромоторну 
силу. Ці градієнти густини збуджують електронні плазмові хвилі (ЕПХ) з подвоєною частотою хвилі накачування за 
допомогою механізму 𝐕ሬሬ⃗ × 𝐁ሬሬ⃗ . Фундаментальна хвиля накачування та ЕПХ взаємодіють нелінійно, створюючи 
випромінювання третьої гармоніки. Нелінійне ЗДР для перетяжки променя накачування та вирази ефективності 
перетворення ГТГ отримані за допомогою методу ВКБ та параксіального підходів. Також проаналізовано вплив ключових 
параметрів лазерної плазми, включаючи густину плазми, ширину променя, інтенсивність та q-параметр, на 
самофокусування основного променя та ефективність третьої гармоніки. Результати показують, що q-гаусові пучки, завдяки 
своїм вищим амплітудам поля та ширшим крилам, ніж у звичайних гаусових пучках, можуть значно покращити генерацію 
гармонік у беззіткнювальній плазмі. Ці результати дають уявлення про оптимізацію генерації гармонік у структурованих 
лазерних променях для застосувань в надшвидкій оптиці, прискоренні частинок та джерелах випромінювання на основі 
плазми. 
Ключові слова: беззіткнювальна плазма; градієнти густини; хвиля накачування; електронна плазмова хвиля; 
самофокусування; генерація третьої гармоніки 
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The paper retrieves implicit quiescent optical solitons for the nonlinear Schrödinger’s equation that is taken up with nonlinear chromatic
dispersion and linear temporal evolution. Using a stationary or quiescent approach combined with Lie symmetry analysis, the study
systematically examines six distinct self–phase–modulation structures proposed by Kudryashov. The analytical procedure reduces the
governing equation to amplitude forms whose solutions are obtained through quadratures, leading to both implicit solitary–wave profiles
and one explicit periodic case. The six forms of self–phase modulation structures, as proposed by Kudryashov, yielded solutions in terms
of quadratures, periodic solutions as well as in terms of elliptic functions. The existence of each family of solutions is discussed in terms
of the admissible parameter relations that ensure physically meaningful solitary profiles. The approach provides a unified framework
compared with earlier methods based on direct elliptic–function expansions, highlighting how Lie symmetry facilitates a compact
treatment of multiple nonlinear dispersion laws. The results are relevant to understanding stationary optical pulses in nonlinear fibers
and photonic crystal fibers, and they establish a foundation for future numerical and experimental studies on nonlinear–dispersion–driven
pulse propagation.
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1. INTRODUCTION
The key ingredients for the propagation of solitons through optical fibers across transcontinetal and transoceanic

distances is the the sustainment of the delicate balance between chromatic dispersion (CD) and self–phase modulation
(SPM) [1–10]. Any loss of this balance would lead to the solitons getting stalled and/or wave collapse and this would
trigger catastrophic consequences. Therefore it is of paramount importance to make sure that the balance is continuously
maintained for the smooth propagation of such solitons across intercontinental distances around the planet. Nevertheless,
it may so happen that this balance is compromised owing to various factors that are beyond control. One such factor is
when the CD is rendered to be nonlinear due to random variations in the fiber diameter or due to the rough handling of
fibers during its installation underground or along the ocean bed [2].

The current paper will address this situation. In particular the governing model, namely the nonlinear Schrödinger’s
equation (NLSE) with nonlinear CD and having six forms of SPM structures that are of non–Kerr type. It must be noted
that the concept of quiescent solitons has been addressed for several other models, apart from NLSE, in the past. These
include Fokas–Lenells equation, complex Ginzburg–Landau equation and several others [1–9, 12–14]. These six forms
of SPM were proposed by Kudryashov during the past few years [3]. In fact, the retrieval of quiescent optical solitons
with nonlinear CD and with the six forms of SPM structure have been addressed in the past by the Jacobi’s elliptic
function approach [3]. The current paper will revisit the model with the same six forms of SPM and the implicit quiescent
solitons will be recovered by the aid of Lie symmetry analysis. The details of the mathematical analysis and the derivation
mechanism are exhibited in the rest of the paper after a quick introduction to the model.
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1.1. GOVERNING MODEL
The dimensionless form of the governing NLSE in optical fibers and PCF with nonlinear CD and non–Kerr laws of

SPM, as proposed by Kudryashov, is structured as:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 + 𝐹

(
|𝑞 |2

)
𝑞 = 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
. (1)

Here in (1) 𝑞(𝑥, 𝑡) represents the wave amplitude and is a complex–valued function. The independent variables are 𝑥

and 𝑡 that represent spatial and temporal variables respectively. The first term is the linear temporal evolution with its
coefficient being 𝑖 =

√
−1. The second term with its coefficient being a real–valued constant, 𝑎 is the nonlinear CD where

the nonlinearity factor is dictated by the exponent 𝑛. When 𝑛 = 0, one collapses to linear CD. The third term is from SPM
where the functional 𝐹 accounts for the nonlinear structure of intensity dependent refractive index change. The right hand
side comprises of the Hamiltonian perturbation terms with arbitrary intensity. The coefficient of 𝜆 is the self–steepening
while the coefficients of 𝜃 𝑗 for 𝑗 = 1, 2 represents the self–frequency shift effect. The perturbation parameters 𝜆 and 𝜃 𝑗

are real–valued constants.

2. MATHEMATICAL ANALYSIS
This section will analyze equation (1) with linear temporal evolution for six forms of SPM structures as proposed by

Kudryashov. Equation (1) does not support mobile solitons unless 𝑛 = 0 in the CD. Thus, the quiescent optical solitons
supported by (1) is taken to be of the form:

𝑞 (𝑥, 𝑡) = 𝜙 (𝑥) e𝑖𝜔𝑡 , (2)

where 𝜙(𝑥) represents the amplitude portion of the soliton while the second factor is the phase component with 𝜔

representing the wave number. Substituting (2) into (1) and decomposing into real and imaginary components, the real
part yields the ordinary differential equation (ODE) for the amplitude component 𝜙(𝑥) as

𝑎(𝑛 + 1)𝜙(𝑥)2𝑚+𝑛
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 𝜙2 (𝑥)

[
𝐹

{
𝜙2 (𝑥)

}
− 𝜔

]
= 0. (3)

Then, the imaginary part gives the parameter constraints as

(2𝑚 + 1)𝜆 + 2𝑚𝜃1 + 𝜃2 = 0. (4)

With these parameter constraints, the governing model (1) conveniently reduces to

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 + 𝐹

(
|𝑞 |2

)
𝑞 = 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − {(2𝑚 + 1)𝜆 + 2𝑚𝜃1} |𝑞 |2𝑚 𝑞𝑥

]
. (5)

This ODE given by (3) will be addressed in details in the subsequent section with the six forms of SPM structures, as
proposed by Kudryashov, corresponding to the functional 𝐹, that would yield a variety of solution structures.

2.1. FORM–I
For Form–I, the law of SPM is given as

𝐹 (𝑠) = 𝑏1
𝑠𝑚

+ 𝑏2

𝑠
𝑚
2
+ 𝑏3𝑠

𝑚
2 + 𝑏4𝑠

𝑚. (6)

Thus, the corresponding NLSE reduces to

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(

𝑏1

|𝑞 |2𝑚
+ 𝑏2

|𝑞 |𝑚 + 𝑏3 |𝑞 |𝑚 + 𝑏4 |𝑞 |2𝑚
)
𝑞 = 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
. (7)

Thus, substituting (2) into (7), the imaginary part relation gives (4) which transforms (7) to

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(

𝑏1

|𝑞 |2𝑚
+ 𝑏2

|𝑞 |𝑚 + 𝑏3 |𝑞 |𝑚 + 𝑏4 |𝑞 |2𝑚
)
𝑞 = 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − ([2𝑚 + 1]𝜆 + 2𝑚𝜃1) |𝑞 |2𝑚 𝑞𝑥

]
. (8)

For equation (8) to be integrable, one needs to choose 𝑛 = 2𝑚. Therefore, the real part equation modifies (3) to

𝑎(𝑛 + 1)𝜙4𝑚 (𝑥)
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 𝜙2 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝑏4𝜙

𝑚 (𝑥) + 𝑏3) − 𝜔) + 𝑏2) + 𝑏1) = 0. (9)

Equation (9) admits the translational Lie point symmetry, namely 𝜕/𝜕𝑥 which integrates the ODE (9) to:

𝑥 = ±
√︂
− 𝐴

𝐵
𝐶, (10)
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where

𝐴 = 4𝑎(1 + 𝑚) (2 + 𝑚) (1 + 2𝑚)2 (2 + 3𝑚) (𝜙𝑚 − 𝜅1) (𝜙𝑚 − 𝜅2) (𝜙𝑚 − 𝜅3) (𝜙𝑚 − 𝜅4) , (11)

𝐵 = 12𝑚5𝑏2𝜅1𝜅2𝜙
𝑚 + 26𝑚4𝑏2𝜅1𝜅2𝜙

𝑚 + 18𝑚3𝑏2𝜅1𝜅2𝜙
𝑚 + 4𝑚2𝑏2𝜅1𝜅2𝜙

𝑚 − 12𝑚5𝑏2𝜅2𝜅3𝜙
𝑚

− 26𝑚4𝑏2𝜅2𝜅3𝜙
𝑚 − 18𝑚3𝑏2𝜅2𝜅3𝜙

𝑚 − 4𝑚2𝑏2𝜅2𝜅3𝜙
𝑚 − 12𝑚5𝑏2𝜅1𝜅4𝜙

𝑚

− 26𝑚4𝑏2𝜅1𝜅4𝜙
𝑚 − 18𝑚3𝑏2𝜅1𝜅4𝜙

𝑚 − 4𝑚2𝑏2𝜅1𝜅4𝜙
𝑚 + 12𝑚5𝑏2𝜅3𝜅4𝜙

𝑚

+ 26𝑚4𝑏2𝜅3𝜅4𝜙
𝑚 + 18𝑚3𝑏2𝜅3𝜅4𝜙

𝑚 + 4𝑚2𝑏2𝜅3𝜅4𝜙
𝑚 − 6𝑚5𝜔𝜅1𝜅2𝜙

2𝑚 − 19𝑚4𝜔𝜅1𝜅2𝜙
2𝑚

− 16𝑚3𝜔𝜅1𝜅2𝜙
2𝑚 − 4𝑚2𝜔𝜅1𝜅2𝜙

2𝑚 + 6𝑚5𝜔𝜅2𝜅3𝜙
2𝑚 + 19𝑚4𝜔𝜅2𝜅3𝜙

2𝑚 + 16𝑚3𝜔𝜅2𝜅3𝜙
2𝑚

+ 4𝑚2𝜔𝜅2𝜅3𝜙
2𝑚 + 6𝑚5𝜔𝜅1𝜅4𝜙

2𝑚 + 19𝑚4𝜔𝜅1𝜅4𝜙
2𝑚 + 16𝑚3𝜔𝜅1𝜅4𝜙

2𝑚 + 4𝑚2𝜔𝜅1𝜅4𝜙
2𝑚

− 6𝑚5𝜔𝜅3𝜅4𝜙
2𝑚 − 19𝑚4𝜔𝜅3𝜅4𝜙

2𝑚 − 16𝑚3𝜔𝜅3𝜅4𝜙
2𝑚 − 4𝑚2𝜔𝜅3𝜅4𝜙

2𝑚 + 4𝑚5𝑏3𝜅1𝜅2𝜙
3𝑚

+ 14𝑚4𝑏3𝜅1𝜅2𝜙
3𝑚 + 14𝑚3𝑏3𝜅1𝜅2𝜙

3𝑚 + 4𝑚2𝑏3𝜅1𝜅2𝜙
3𝑚 − 4𝑚5𝑏3𝜅2𝜅3𝜙

3𝑚 − 14𝑚4𝑏3𝜅2𝜅3𝜙
3𝑚

− 14𝑚3𝑏3𝜅2𝜅3𝜙
3𝑚 − 4𝑚2𝑏3𝜅2𝜅3𝜙

3𝑚 − 4𝑚5𝑏3𝜅1𝜅4𝜙
3𝑚 − 14𝑚4𝑏3𝜅1𝜅4𝜙

3𝑚 − 14𝑚3𝑏3𝜅1𝜅4𝜙
3𝑚

− 4𝑚2𝑏3𝜅1𝜅4𝜙
3𝑚 + 4𝑚5𝑏3𝜅3𝜅4𝜙

3𝑚 + 14𝑚4𝑏3𝜅3𝜅4𝜙
3𝑚 + 14𝑚3𝑏3𝜅3𝜅4𝜙

3𝑚 + 4𝑚2𝑏3𝜅3𝜅4𝜙
3𝑚

+ 3𝑚5𝑏4𝜅1𝜅2𝜙
4𝑚 + 11𝑚4𝑏4𝜅1𝜅2𝜙

4𝑚 + 12𝑚3𝑏4𝜅1𝜅2𝜙
4𝑚 + 4𝑚2𝑏4𝜅1𝜅2𝜙

4𝑚 − 3𝑚5𝑏4𝜅2𝜅3𝜙
4𝑚

− 11𝑚4𝑏4𝜅2𝜅3𝜙
4𝑚 − 12𝑚3𝑏4𝜅2𝜅3𝜙

4𝑚 − 4𝑚2𝑏4𝜅2𝜅3𝜙
4𝑚 − 3𝑚5𝑏4𝜅1𝜅4𝜙

4𝑚 − 11𝑚4𝑏4𝜅1𝜅4𝜙
4𝑚

− 12𝑚3𝑏4𝜅1𝜅4𝜙
4𝑚 − 4𝑚2𝑏4𝜅1𝜅4𝜙

4𝑚 + 3𝑚5𝑏4𝜅3𝜅4𝜙
4𝑚 + 11𝑚4𝑏4𝜅3𝜅4𝜙

4𝑚 + 12𝑚3𝑏4𝜅3𝜅4𝜙
4𝑚

+ 4𝑚2𝑏4𝜅3𝜅4𝜙
4𝑚 + 6𝑚6𝑏1𝜅1𝜅2 + 25𝑚5𝑏1𝜅1𝜅2 + 35𝑚4𝑏1𝜅1𝜅2 + 20𝑚3𝑏1𝜅1𝜅2 + 4𝑚2𝑏1𝜅1𝜅2

− 6𝑚6𝑏1𝜅2𝜅3 − 25𝑚5𝑏1𝜅2𝜅3 − 35𝑚4𝑏1𝜅2𝜅3 − 20𝑚3𝑏1𝜅2𝜅3 − 4𝑚2𝑏1𝜅2𝜅3 − 6𝑚6𝑏1𝜅1𝜅4 − 25𝑚5𝑏1𝜅1𝜅4

− 35𝑚4𝑏1𝜅1𝜅4 − 20𝑚3𝑏1𝜅1𝜅4 − 4𝑚2𝑏1𝜅1𝜅4 + 6𝑚6𝑏1𝜅3𝜅4 + 25𝑚5𝑏1𝜅3𝜅4 + 35𝑚4𝑏1𝜅3𝜅4

+ 20𝑚3𝑏1𝜅3𝜅4 + 4𝑚2𝑏1𝜅3𝜅4, (12)

and

𝐶 = Π

(
𝜅1 − 𝜅4
𝜅2 − 𝜅4

; sin−1

(√︄
(𝜙𝑚 − 𝜅1) (𝜅2 − 𝜅4)
(𝜙𝑚 − 𝜅2) (𝜅1 − 𝜅4)

)
| (𝜅2 − 𝜅3) (𝜅1 − 𝜅4)
(𝜅1 − 𝜅3) (𝜅2 − 𝜅4)

)
(𝜅1 − 𝜅2)

+ 𝐹

(
sin−1

(√︄
(𝜙𝑚 − 𝜅1) (𝜅2 − 𝜅4)
(𝜙𝑚 − 𝜅2) (𝜅1 − 𝜅4)

)
| (𝜅2 − 𝜅3) (𝜅1 − 𝜅4)
(𝜅1 − 𝜅3) (𝜅2 − 𝜅4)

)
𝜅2. (13)

Since the expression under the square root in Eq. (10) must be real, the existence of admissible solutions requires that 𝐴𝐵 <

0. This condition guarantees that the radicand remains non–negative, ensuring the physical realizability of the obtained
solitary–wave profiles.

Here, 𝜅 𝑗 for 𝑗 = 1 · · · 4 is any solution of the quartic (fourth–degree) equation(
3𝑏4𝑚

3 + 11𝑏4𝑚
2 + 12𝑏4𝑚 + 4𝑏4

)
𝜅4 +

(
4𝑏3𝑚

3 + 14𝑏3𝑚
2 + 14𝑏3𝑚 + 4𝑏3

)
𝜅3 −

(
6𝑚3𝜔 + 19𝑚2𝜔 + 16𝑚𝜔 + 4𝜔

)
𝜅2

+
(
12𝑏2𝑚

3 + 26𝑏2𝑚
2 + 18𝑏2𝑚 + 4𝑏2

)
𝜅 + 20𝑏1𝑚 + 4𝑏1 + 6𝑏1𝑚

4 + 25𝑏1𝑚
3 + 35𝑏1𝑚

2 = 0. (14)

This polynomial is referred to as quartic rather than biquadratic because it contains both odd and even powers of 𝜅. The
four roots 𝜅1, . . . , 𝜅4 of this equation parameterize the elliptic–integral representation used in the subsequent analysis.

Here, Π (𝜈;𝜓 |𝑚) the incomplete elliptic integral that is defined as:

Π (𝜈;𝜓 |𝜇) =
∫ 𝜓

0

1(
1 − 𝜈 sin2 𝜃

) √︃
1 − 𝜇 sin2 𝜃

𝑑𝜃, (15)

for

−𝜋

2
< 𝜓 <

𝜋

2
, (16)

𝜇 sin2 (𝜓) < 1, (17)

and

𝜈 sin2 (𝜓) > 1. (18)
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Moreover, 𝐹 (𝜓 |𝜇) is elliptic integral of the first kind which is defined as:

𝐹 (𝜓 |𝜇) =
∫ 𝜓

0

1√︃
1 − 𝜇 sin2 (𝜃)

𝑑𝜃, (19)

where

−𝜋

2
< 𝜓 <

𝜋

2
, (20)

and

𝜇 sin2 (𝜓) < 1. (21)

From (10), the solutions will exist provided

𝐴𝐵 < 0. (22)

2.2. FORM–II
For Form–II, the law of SPM is given as

𝐹 (𝑠) = 𝑏1

𝑠2𝑚 + 𝑏2

𝑠
3𝑚
2

+ 𝑏3
𝑠𝑚

+ 𝑏4

𝑠
𝑚
2
+ 𝑏5𝑠

𝑚
2 + 𝑏6𝑠

𝑚 + 𝑏7𝑠
3𝑚
2 + 𝑏8𝑠

2𝑚. (23)

Thus the corresponding NLSE reduces to

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(

𝑏1

|𝑞 |4𝑚
+ 𝑏2

|𝑞 |3𝑚
+ 𝑏3

|𝑞 |2𝑚
+ 𝑏4

|𝑞 |𝑚 + 𝑏5 |𝑞 |𝑚 + 𝑏6 |𝑞 |2𝑚 + 𝑏7 |𝑞 |3𝑚 + 𝑏8 |𝑞 |4𝑚
)
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
(24)

The starting hypothesis given by (2) when applied to (24) modifies it to:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(

𝑏1

|𝑞 |4𝑚
+ 𝑏2

|𝑞 |3𝑚
+ 𝑏3

|𝑞 |2𝑚
+ 𝑏4

|𝑞 |𝑚 + 𝑏5 |𝑞 |𝑚 + 𝑏6 |𝑞 |2𝑚 + 𝑏7 |𝑞 |3𝑚 + 𝑏8 |𝑞 |4𝑚
)
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − {(2𝑚 + 1)𝜆 + 2𝑚𝜃1} |𝑞 |2𝑚 𝑞𝑥

]
, (25)

by virtue of the imaginary part. The real part leads to the ODE for 𝜙(𝑥):

𝑎(𝑛 + 1)𝜙(𝑥)4𝑚+𝑛
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 𝜙2 (𝑥)

{
𝜙𝑚 (𝑥)

{
𝜙𝑚 (𝑥)

{
𝜙𝑚 (𝑥)

{
𝜙𝑚 (𝑥)

{
𝜙𝑚 (𝑥)

{
𝜙𝑚 (𝑥)

{
× 𝜙𝑚 (𝑥)

{
𝑏8𝜙

𝑚 (𝑥) + 𝑏7

}
+ 𝑏6

}
+ 𝑏5

}
− 𝜔

}
+ 𝑏4

}
+ 𝑏3

}
+ 𝑏2

}
+ 𝑏1

}
= 0. (26)

Next, the translational Lie symmetry that is supported by (26), integrates it to the implicit solution in terms of quadratures
as:

𝑥 = ±
∫ √︂

𝐴

𝐵
𝑑𝜙, (27)

where

𝐴 = 𝑎(𝑛 + 1) (𝑛 + 2) (𝑚 − 𝑛 − 2) (2𝑚 − 𝑛 − 2) (3𝑚 − 𝑛 − 2) (4𝑚 − 𝑛 − 2) (𝑚 + 𝑛 + 2) ×
× (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)𝜙4𝑚+𝑛, (28)

and

𝐵 = 2𝜙2
{
(4𝑚 − 𝑛 − 2)𝜙𝑚

{
𝑏2 (𝑛 + 2) (2𝑚 − 𝑛 − 2) (𝑚 − 𝑛 − 2) (𝑚 + 𝑛 + 2) (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2)

× (4𝑚 + 𝑛 + 2) − (3𝑚 − 𝑛 − 2)𝜙𝑚

{
(2𝑚 − 𝑛 − 2)𝜙𝑚

{
(𝑚 − 𝑛 − 2)𝜙𝑚
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×
{
(𝑛 + 2)𝜙𝑚

{
(𝑚 + 𝑛 + 2)𝜙𝑚

{
(2𝑚 + 𝑛 + 2)𝜙𝑚

{
𝑏8 (3𝑚 + 𝑛 + 2)𝜙𝑚 + 𝑏7 (4𝑚 + 𝑛 + 2)

}
+ 𝑏6 (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}
+ 𝑏5 (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}
− 𝜔(𝑚 + 𝑛 + 2) (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}
− 𝑏4 (𝑛 + 2) (𝑚 + 𝑛 + 2) (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}
− 𝑏3 (𝑛 + 2) (𝑚 − 𝑛 − 2) (𝑚 + 𝑛 + 2) (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}}
+ 𝑏1 (𝑛 + 2) (3𝑚 − 𝑛 − 2) (2𝑚 − 𝑛 − 2) (𝑚 − 𝑛 − 2) (𝑚 + 𝑛 + 2) (2𝑚 + 𝑛 + 2) (3𝑚 + 𝑛 + 2) (4𝑚 + 𝑛 + 2)

}
.

(29)

This solution (29) would remain valid provided

𝐴𝐵 > 0. (30)

The condition 𝐴𝐵 > 0 arises from the requirement that the expression inside the square root in Eq. (29) must be real
and positive. This ensures that the radicand of

√︁
𝐴/𝐵 is non–negative, leading to physically meaningful and admissible

solitary–wave solutions. The sign difference from the previous case (𝐴𝐵 < 0) is due to the absence of the negative sign
under the square root in the present formulation.

2.3. FORM–III
The SPM structure here is:

𝐹 (𝑠) = 𝑏1𝑠
𝑚
2 + 𝑏2𝑠

𝑚 + 𝑏3

(
𝑠
𝑚
2

) ′′
. (31)

The corresponding NLSE therefore gets structured as:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
[
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 ( |𝑞 |𝑚)𝑥𝑥

]
𝑞 = 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
. (32)

The starting hypthesis to locate for quiescent optical solitons is (2) which when implemented, the imaginary part gives
(4). The real part leads to the ODE:

𝑎(𝑛 + 1)𝜙2𝑚+𝑛 (𝑥)
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 2𝑏3𝑚𝜙2𝑚 (𝑥)

[
𝜙(𝑥)𝜙′′ (𝑥) + (2𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏1𝜙(𝑥)𝑚+2 + 𝑏2𝜙(𝑥)2𝑚+2 − 𝜔𝜙(𝑥)2 = 0. (33)

For (33) to be integrable, one must choose

𝑛 = −1, (34)

which leads to the modification of the governing model to be modified to:

𝑖𝑞𝑡 + 𝑎

(
|𝑞 |
𝑞

)
𝑥𝑥

+
[
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 ( |𝑞 |𝑚)𝑥𝑥

]
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − {(2𝑚 + 1)𝜆 + 2𝑚𝜃1} |𝑞 |2𝑚 𝑞𝑥

]
(35)

Also by virtue of (34), the governing ODE for 𝜙(𝑥) given by (33) condenses to

2𝑏3𝑚𝜙2𝑚 (𝑥)
[
𝜙(𝑥)𝜙′′ (𝑥) + (2𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏1𝜙(𝑥)𝑚+2 + 𝑏2𝜙(𝑥)2𝑚+2 − 𝜔𝜙(𝑥)2 = 0. (36)

The translational Lie symmetry supported by (36) leads to the periodic solution given by

𝜙(𝑥) =
(

2
3𝑏2

) 1
𝑚

[
±

√︃
2(2𝑏2

1 + 9𝜔𝑏2)
{
1 + cos

(√︂
𝑏2
𝑏3

𝑥

) }
csc2

(√︂
𝑏2
𝑏3

𝑥

)
sin3

(
1
2

√︂
𝑏2
𝑏3

𝑥

)
− 𝑏1

] 1
𝑚

. (37)

This solution (37) is valid provided

𝑏2𝑏3 > 0, (38)

and

2𝑏2
1 + 9𝜔𝑏2 > 0. (39)
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2.4. FORM–IV
In this case, the law of SPM is:

𝐹 (𝑠) = 𝑏1𝑠
𝑚
2 + 𝑏2𝑠

𝑚 + 𝑏3𝑠
3𝑚
2 + 𝑏4𝑠

2𝑚 + 𝑏5𝑠
5𝑚
2 + 𝑏6𝑠

3𝑚, (40)

which leads to the structure of NLSE to be

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 |𝑞 |3𝑚 + 𝑏4 |𝑞 |4𝑚 + 𝑏5 |𝑞 |5𝑚 + 𝑏6 |𝑞 |6𝑚

)
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
(41)

Substituting (2) into (41), the imaginary part gives (4) which leads to the governing model (41) being modified to:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
(
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 |𝑞 |3𝑚 + 𝑏4 |𝑞 |4𝑚 + 𝑏5 |𝑞 |5𝑚 + 𝑏6 |𝑞 |6𝑚

)
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − {(2𝑚 + 1)𝜆 + 2𝑚𝜃1} |𝑞 |2𝑚 𝑞𝑥

]
. (42)

The real part leads to the ODE for 𝜙(𝑥) takes the form

𝑎(𝑛 + 1)𝜙(𝑥)2𝑚+𝑛
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 𝜙2 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝜙𝑚 (𝑥) (𝑏6𝜙

𝑚 (𝑥) + 𝑏5) + 𝑏4) + 𝑏3) + 𝑏2) + 𝑏1) − 𝜔) = 0. (43)

By the aid of the translational Lie symmetry supported by (43), it integrates in terms of quadratures as given below

𝑥 = ±
∫ √︂

− 𝐴

𝐵
𝑑𝜙, (44)

where

𝐴 = 𝑎(𝑛 + 1)𝜙𝑛−2, (45)

and

𝐵 = 2
(

𝑏2𝜙
2𝑚

2𝑚 + 𝑛 + 2
+ 𝑏3𝜙

3𝑚

3𝑚 + 𝑛 + 2
+ 𝑏4𝜙

4𝑚

4𝑚 + 𝑛 + 2
+ 𝑏5𝜙

5𝑚

5𝑚 + 𝑛 + 2
+ 𝑏6𝜙

6𝑚

6𝑚 + 𝑛 + 2
+ 𝑏1𝜙

𝑚

𝑚 + 𝑛 + 2
− 𝜔

𝑛 + 2

)
. (46)

The integrability condition given by (22) must be valid in this case too for the solution to exist.

2.5. FORM–V
The SPM structure for this form is:

𝐹 (𝑠) = 𝑏1𝑠
𝑚
2 + 𝑏2𝑠

𝑚 + 𝑏3𝑠
3𝑚
2 + 𝑏4𝑠

2𝑚 + 𝑏5

(
𝑠
𝑚
2

) ′′
+ 𝑏6 (𝑠𝑚)′′ . (47)

Therefore, the corresponding NLSE is written as:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
[
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 |𝑞 |3𝑚 + 𝑏4 |𝑞 |4𝑚 + 𝑏5 ( |𝑞 |𝑚)𝑥𝑥 + 𝑏6

(
|𝑞 |2𝑚

)
𝑥𝑥

]
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
. (48)

Substituting the hypothesis (2) into (48), the real part leads to the ODE for 𝜙(𝑥) as:

𝑎(𝑛 + 1)𝜙𝑛 (𝑥)
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 2𝑏6𝑚𝜙2𝑚 (𝑥)

[
𝜙(𝑥)𝜙′′ (𝑥) + (2𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏5𝑚𝜙𝑚 (𝑥)

[
𝜙(𝑥)𝜙′′ (𝑥) + (𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏1𝜙

𝑚+2 (𝑥) + 𝑏2𝜙
2𝑚+2 (𝑥) + 𝑏3𝜙

3𝑚+2 (𝑥) + 𝑏4𝜙
4𝑚+2 (𝑥) − 𝜔𝜙2 (𝑥) = 0.

(49)

For integrability, one must choose:

𝑛 = 2, (50)



254
EEJP. 4 (2025) Abdullahi Rashid Adem, et al.

and

𝑚 = 1. (51)

The imaginary part leads to (4) and by virtue of (50) and (51), equation (5) simplifies to:

𝑖𝑞𝑡 + 𝑎

(
|𝑞 |2 𝑞

)
𝑥𝑥

+
[
𝑏1 |𝑞 | + 𝑏2 |𝑞 |2 + 𝑏3 |𝑞 |3 + 𝑏4 |𝑞 |4 + 𝑏5 ( |𝑞 |)𝑥𝑥 + 𝑏6

(
|𝑞 |2

)
𝑥𝑥

]
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2

)
𝑥
𝑞 − (3𝜆 + 2𝜃1) |𝑞 |2 𝑞𝑥

]
. (52)

By means of the translational Lie symmetry that is supported by (52), it integrates to

𝑥 = ±
√︂

𝐴

𝐵
𝐹

(
sin−1

(√︄
(3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅1) (𝜅2 − 𝜅4)
(3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅2) (𝜅1 − 𝜅4)

)
| (𝜅2 − 𝜅3) (𝜅1 − 𝜅4)
(𝜅1 − 𝜅3) (𝜅2 − 𝜅4)

)
, (53)

where

𝐴 = 24𝐴1𝐴2, (54)

𝐴1 = (2𝑎 + 𝑏6) (3𝑎 + 𝑏6) (5𝑎 + 2𝑏6) (9𝑎 + 4𝑏6) (21𝑎 + 10𝑏6) , (55)

𝐴2 = (3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅1) (3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅2) (3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅3) (3𝑎𝜙 + 𝑏5 + 2𝜙𝑏6 − 𝜅4) , (56)

𝐵 = 𝐵1 + 𝐵2 + 2𝐵3 + 4𝐵4 + 𝐵5 + 𝐵6, (57)

𝐵1 = 5670𝑎4𝜔 − 3240𝑎4𝜙3𝑏3 − 2835𝑎4𝜙4𝑏4 + 540𝑎3𝜙2𝑏3𝑏5 + 540𝑎3𝜙3𝑏4𝑏5 − 72𝑎2𝜙𝑏3𝑏
2
5 − 90𝑎2𝜙2𝑏4𝑏

2
5 + 6𝑎𝑏3𝑏

3
5

+ 12𝑎𝜙𝑏4𝑏
3
5 − 𝑏4𝑏

4
5, (58)

𝐵2 =

{
9𝑎3

(
1147𝜔 − 604𝜙3𝑏3 − 521𝜙4𝑏4

)
+ 6𝑎2𝜙2 (111𝑏3 + 106𝜙𝑏4) 𝑏5 − 6𝑎𝜙 (10𝑏3 + 11𝜙𝑏4) 𝑏2

5 + (3𝑏3 + 4𝜙𝑏4) 𝑏3
5

}
𝑏6, (59)

𝐵3 =

{
6𝑎2

(
586𝜔 − 283𝜙3𝑏3 − 241𝜙4𝑏4

)
+ 𝑎𝜙2 (135𝑏3 + 124𝜙𝑏4) 𝑏5 − 6𝜙 (𝑏3 + 𝜙𝑏4) 𝑏2

5

}
𝑏2

6, (60)

𝐵4 =

(
531𝑎𝜔 + 9𝜙2𝑏3 (−26𝑎𝜙 + 𝑏5) + 𝜙3𝑏4 (−197𝑎𝜙 + 8𝑏5)

)
𝑏3

6, (61)

𝐵5 = 16
(
15𝜔 − 6𝜙3𝑏3 − 5𝜙4𝑏4

)
𝑏4

6 − 𝑏1 (2𝑎 + 𝑏6) (9𝑎 + 4𝑏6) (21𝑎 + 10𝑏6) (−𝑏5 + 4𝜙 (3𝑎 + 𝑏6)) , (62)

(63)

𝐵6 = −𝑏2 (2𝑎 + 𝑏6) (21𝑎 + 10𝑏6)
(
𝑏2

5 − 4𝜙𝑏5 (3𝑎 + 𝑏6) + 6𝜙2 (3𝑎 + 𝑏6) (5𝑎 + 2𝑏6)
)

(64)

where 𝜅𝑖 𝑖 = 1 · · · 4 is any solution of

−81𝑎4𝜈1 − 9𝑎3𝑏6𝜈2 − 6𝑎2𝑏2
6𝜈3 − 368256𝑎2𝑏6

6𝜔 − 4𝑎𝑏3
6𝜈4 + 𝑏2𝜈7 (2𝑎 + 𝑏6) (3𝑎 + 2𝑏6) 2 (21𝑎 + 10𝑏6)

−57024𝑎𝑏7
6𝜔 − 48𝑏5

6𝜈6 − 8𝑏4
6𝜈5 + 𝑏1𝜈8 − 3840𝑏8

6𝜔 = 0, (65)

and

𝜈1 = 5670𝑎4𝜔 − 6𝑎𝑏3

(
−70𝑏5𝜅

2 + 84𝑏2
5𝜅 − 35𝑏3

5 + 20𝜅3
)
+ 𝑏4

[
2𝑏5

{
80𝜅3 − 7𝑏5

(
−16𝑏5𝜅 + 5𝑏2

5 + 20𝜅2
)}

− 35𝜅4
]
= 0, (66)

𝜈2 = 228987𝑎4𝜔 + 3𝑎𝑏3

(
2994𝑏5𝜅

2 − 3660𝑏2
5𝜅 + 1567𝑏3

5 − 844𝜅3
)

+ 𝑏4

(
2416𝑏5𝜅

3 − 4308𝑏2
5𝜅

2 + 3536𝑏3
5𝜅 − 1147𝑏4

5 − 521𝜅4
)
, (67)
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𝜈3 = 670680𝑎4𝜔 − 9𝑎𝑏3

(
−1403𝑏5𝜅

2 + 1750𝑏2
5𝜅 − 773𝑏3

5 + 390𝜅3
)

− 2𝑏4

(
−1132𝑏5𝜅

3 + 2055𝑏2
5𝜅

2 − 1732𝑏3
5𝜅 + 586𝑏4

5 + 241𝜅4
)
, (68)

𝜈4 = 1116261𝑎4𝜔 + 3𝑎𝑏3

(
2919𝑏5𝜅

2 − 3720𝑏2
5𝜅 + 1703𝑏3

5 − 800𝜅3
)

+ 𝑏4

(
936𝑏5𝜅

3 − 1728𝑏2
5𝜅

2 + 1496𝑏3
5𝜅 − 531𝑏4

5 − 197𝜅4
)
, (69)

𝜈5 = 384858𝑎4𝜔 − 3𝑎𝑏3 (15𝜅 − 23𝑏5)
(
−13𝑏5𝜅 + 9𝑏2

5 + 6𝜅2
)

− 2𝑏4

[
𝑏5

{
5𝑏5

(
−8𝑏5𝜅 + 3𝑏2

5 + 9𝜅2
)
− 24𝜅3

}
+ 5𝜅4

]
, (70)

𝜈6 = 28143𝑎3𝜔 + 𝑏3

(
5𝑏5

(
2𝑏5 (𝑏5 − 2𝜅) + 3𝜅2

)
− 4𝜅3

)
, (71)

𝜈7 = 6𝜅2 (3𝑎 + 𝑏6) (5𝑎 + 2𝑏6) − 8𝑏5𝜅 (3𝑎 + 𝑏6) (9𝑎 + 4𝑏6) + 3𝑏2
5 (5𝑎 + 2𝑏6) (9𝑎 + 4𝑏6) , (72)

𝜈8 = (2𝑎 + 𝑏6) (3𝑎 + 2𝑏6) 3 (9𝑎 + 4𝑏6) (21𝑎 + 10𝑏6) {4𝜅 (3𝑎 + 𝑏6) − 3𝑏5 (5𝑎 + 2𝑏6)} . (73)

Here, 𝐹 (𝜓 |𝜇) is elliptic integral of the first kind that has been defined in (19). The existence criteria for the solution is
given by (30).

2.6. FORM–VI
The SPM structure for this form is:

𝐹 (𝑠) = 𝑏1𝑠
𝑚
2 + 𝑏2𝑠

𝑚 + 𝑏3𝑠
3𝑚
2 + 𝑏4𝑠

2𝑚 + 𝑏5𝑠
5𝑚
2 + 𝑏6𝑠

3𝑚 + 𝑏7

(
𝑠
𝑚
2

) ′′
+ 𝑏8 (𝑠𝑚)′′ . (74)

Therefore, the corresponding NLSE shapes up to be:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
[
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 |𝑞 |3𝑚 + 𝑏4 |𝑞 |4𝑚 + 𝑏5 |𝑞 |5𝑚 + 𝑏6 |𝑞 |6𝑚 + 𝑏7 ( |𝑞 |𝑚)𝑥𝑥 + 𝑏8

(
|𝑞 |2𝑚

)
𝑥𝑥

]
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 + 𝜃2 |𝑞 |2𝑚 𝑞𝑥

]
. (75)

Substituting (2) into (75) and splitting into real and imaginary parts, equation (5) by virtue of (4) simplifies to:

𝑖𝑞𝑡 + 𝑎 ( |𝑞 |𝑛 𝑞)𝑥𝑥 +
[
𝑏1 |𝑞 |𝑚 + 𝑏2 |𝑞 |2𝑚 + 𝑏3 |𝑞 |3𝑚 + 𝑏4 |𝑞 |4𝑚 + 𝑏5 |𝑞 |5𝑚 + 𝑏6 |𝑞 |6𝑚 + 𝑏7 ( |𝑞 |𝑚)𝑥𝑥 + 𝑏8

(
|𝑞 |2𝑚

)
𝑥𝑥

]
𝑞

= 𝑖

[
𝜆

(
|𝑞 |2𝑚 𝑞

)
𝑥
+ 𝜃1

(
|𝑞 |2𝑚

)
𝑥
𝑞 − {(2𝑚 + 1)𝜆 + 2𝑚𝜃1} |𝑞 |2𝑚 𝑞𝑥

]
. (76)

The real part equation (3) in this case, is:

𝑎(𝑛 + 1)𝜙𝑛 (𝑥)
[
𝑛 {𝜙′ (𝑥)}2 + 𝜙(𝑥)𝜙′′ (𝑥)

]
+ 2𝑏8𝑚𝜙2𝑚 (𝑥)

[
𝜙(𝑥)𝜙′′ (𝑥) + (2𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏7𝑚𝜙𝑚 (𝑥)

[
𝜙(𝑥)𝜙′′ (𝑥) + (𝑚 − 1) {𝜙′ (𝑥)}2

]
+ 𝑏1𝜙

𝑚+2 (𝑥) + 𝑏2𝜙
2𝑚+2 (𝑥) + 𝑏3𝜙

3𝑚+2 (𝑥)

+ 𝑏4𝜙
4𝑚+2 (𝑥) + 𝑏5𝜙

5𝑚+2 (𝑥) + 𝑏6𝜙
6𝑚+2 (𝑥) − 𝜔𝜙2 (𝑥) = 0. (77)

By the translational Lie symmetry, supported by (77), the integral is written in quadratures as:

𝑥 = ±
∫ √︂

𝐴

2𝐵
𝑑𝜙, (78)

where

𝐴 = exp

(
−2

∫ 𝜙

−
𝑚

(
2(2𝑚 − 1)𝑏8𝜏

𝑚
1 + (𝑚 − 1)𝑏7

)
𝜏𝑚1 + 𝑎𝑛(𝑛 + 1)𝜏𝑛1

𝜏1
(
𝑚

(
2𝑏8𝜏

𝑚
1 + 𝑏7

)
𝜏𝑚1 + 𝑎(𝑛 + 1)𝜏𝑛1

) 𝑑𝜏1

)
, (79)
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and

𝐵 =

∫ 𝜙 exp
(
−2

∫ 𝜏2 −𝑚(2(2𝑚−1)𝑏8𝜏
𝑚
1 +(𝑚−1)𝑏7)𝜏𝑚1 +𝑎𝑛(𝑛+1)𝜏𝑛1

𝜏1 (𝑚(2𝑏8𝜏
𝑚
1 +𝑏7)𝜏𝑚1 +𝑎 (𝑛+1)𝜏𝑛1 )

𝑑𝜏1

)
Γ

𝑚
(
2𝑏8𝜏

𝑚
2 + 𝑏7

)
𝜏𝑚2 + 𝑎(𝑛 + 1)𝜏𝑛2

𝑑𝜏2, (80)

with

Γ = 𝜏2
(
𝜔 − 𝜏𝑚2

(
𝜏𝑚2

(
𝜏𝑚2

(
𝜏𝑚2

(
𝜏𝑚2

(
𝑏6𝜏

𝑚
2 + 𝑏5

)
+ 𝑏4

)
+ 𝑏3

)
+ 𝑏2

)
+ 𝑏1

) )
. (81)

The parameter constraint given by (30) must also be satisfied for the solution to exist.

3. CONCLUSIONS
The paper addressed the NLSE with nonlinear CD and linear temporal evolutions but with six forms of SPM structures

that were proposed by Kudryashov during the past decade. By applying the Lie symmetry analysis, the study systematically
derived implicit quiescent optical solitons and reduced the governing nonlinear partial differential equation to solvable
amplitude equations expressed through quadratures. The Lie symmetry analysis is the integration tool that has been
implemented to address the models that gave way to the solutions also in terms of quadratures. The results, recovered with
the usage of Lie symmetry analysis, were in terms of quadratures and in one particular case, emerged in terms of periodic
functions. Among the six Kudryashov SPM structures, five produced implicit solitary–wave profiles while one yielded
an explicit periodic solution under well–defined parameter constraints. These constraints delineate the parameter space in
which physically admissible stationary solitons can exist, clarifying the interplay among nonlinear chromatic dispersion,
self–steepening, and self–frequency–shift effects.

The analytical complexity of the solutions are a far cry from the explicit quiescent soliton solutions that were recovered
in 2021 [3]. Compared with the earlier results obtained via extended elliptic–function methods, the Lie symmetry approach
offers a unified and transparent framework capable of handling multiple nonlinear dispersion and SPM laws within a single
analytical setting. This framework also highlights integrability conditions (such as specific exponent relations) that make
the reduced equations analytically tractable.

The results of this work are interesting and thus pave the way for further activities with the model with time.
Future investigations will extend the present analysis to include generalized temporal evolution, dissipative terms, and
higher–order nonlinearities. Numerical simulations and stability analyses will be performed to validate the analytical
predictions and explore the robustness of the stationary profiles under perturbations. Later, these same models are going
to be addressed with generalized temporal evolution and the results of those research activities will be presented in a
different journal. Overall, this work provides a clear analytical foundation for exploring nonlinear–dispersion–driven pulse
dynamics in optical fibers and photonic crystal fibers, serving as a stepping stone toward a comprehensive understanding
of nonlinear wave propagation in advanced optical media. This is just a tip of the iceberg!
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У статтi отримано неявнi спокiйнi оптичнi солiтони для нелiнiйного рiвняння Шредiнгера, яке враховує нелiнiйну хроматичну
дисперсiю та лiнiйну часову еволюцiю. Використовуючи стацiонарний або спокiйний пiдхiд у поєднаннi з аналiзом симетрiї Лi,
дослiдження систематично розглядає шiсть рiзних структур самофазової модуляцiї, запропонованих Кудряшовим. Аналiтична
процедура зводить керiвне рiвняння до амплiтудних форм, розв’язки яких отримуються через квадратури, що призводить як до
неявних профiлiв одиночної хвилi, так i до одного явного перiодичного випадку. Шiсть форм структур самофазової модуляцiї,
запропонованих Кудряшовим, дали розв’язки в термiнах квадратур, перiодичних розв’язкiв, а також в термiнах елiптичних
функцiй. Iснування кожного сiмейства розв’язкiв обговорюється з точки зору допустимих параметричних спiввiдношень, якi
забезпечують фiзично значущi одиночнi профiлi. Цей пiдхiд забезпечує єдину структуру порiвняно з попереднiми методами,
заснованими на прямих розкладах елiптичних функцiй, пiдкреслюючи, як симетрiя Лi сприяє компактному обробленню кiлькох
нелiнiйних законiв дисперсiї. Результати є актуальними для розумiння стацiонарних оптичних iмпульсiв у нелiнiйних волокнах
та фотоннокристалiчних волокнах, i вони закладають основу для майбутнiх числових та експериментальних дослiджень.
нелiнiйне поширення iмпульсiв, зумовлене дисперсiєю.
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Arbitrary amplitude dust acoustic solitary waves (DASW) in a dusty magneto-plasma with anisotropic dust pressure and nonthermal 
distribution of ions and electrons has been investigated. Sagdeev pseudopotential technique is used to derive an energy balance equation 
and to analyze various properties of dust acoustic solitons. The effects of anisotropic dust pressure, dust number density ratio, non-
thermality, etc., are investigated numerically for the propagation of DASWs. It is found that rarefactive solitons can exist for negatively 
charged dust, and compressive solitons can exist for positively charged dust. The present study could be useful for the understanding 
of DASWs in various astrophysical environments. 
Keywords: Dust acoustic wave; Dusty plasma; Anisotropic pressure; Sagdeev pseudopotential; Solitary waves; Magnetized plasma; 
Non-thermal electrons and ions 
PACS: 52.27.Lw; 52.25.Xz; 52.53-g. 

1. INTRODUCTION
Dusty plasmas are abundant in various astrophysical situations, such as interstellar media, cometary tails, 

ionospheres, planetary rings, etc. [1-6]. These are also relevant in industrial context [7-9]. The propagation of nonlinear 
waves in multispecies plasmas consisting of electrons, ions and massive dust particles is a fertile research area. Dust 
particles that spread in plasma media, acquire either positive or negative charges according to different mechanisms. In 
most cases, dust particles become negatively charged due to higher mobility of electrons compared to ions. On the other 
hand, dust particles can gain positive charge by emission of electrons from surface of dust particles by photo-electron 
emission, secondary electron emission and radiation [8]. From various studies [9-19] it has been observed that the 
presence of charged dust particles in plasma not only modifies the properties of existing plasma wave modes but also 
introduces new modes. Many authors showed that the role of dust charge fluctuation cannot be ignored. But it is important 
to mention here that the nonlinear study of dusty plasmas become too complicated when the charging process are taken 
into account. Therefore, for simplicity I limit my investigation in a dusty plasma without considering the charging process. 
The fundamental nature of waves does not change when dust charging and other collisional processes are ignored [20]. 

Often, magnetic fields [21-23] are involved with dusty plasma. The investigations of linear and non-linear 
propagation of dust acoustic waves with external magnetic fields have been performed by various researchers [24-28]. 
The existence of a magnetic field in plasma causes pressure anisotropy, i.e. the pressure in the perpendicular direction to 
the magnetic field is different from pressure in the parallel direction. The pressure anisotropy can be found in pulsar 
winds, planetary magnetosphere and near earth’s magnetosheaths etc. The effect of anisotropic pressure of ions on solitary 
waves has been studied by many researchers using Chew-Golberger-Low (CGL) description [29].  

The influence of anisotropic ion pressure on dust ion acoustic solitary waves and double layers in a magnetized 
dusty plasma has been studied by Choi et al. [30] and Chatterjee et al. [31] using the Sagdeev potential method. But this 
theory is not limited to ion dynamics only. We can also use it to describe the pressure anisotropy of dust particles in the 
plasma. In many places, like earth’s magnetosphere, the dust pressure may not be negligible, and it can play an important 
role in the formation of various nonlinear structures. We incorporate the anisotropy of dust pressure so that the study may 
help in understanding the behaviors of nonlinear coherent structures in plasma. Bashir et al. [32] investigated the effect 
of anisotropic dust pressure and superthermal electrons on propagation and stability of dust acoustic waves. They 
employed the Reductive-perturbation technique and derived ZK equation for dust acoustic solitary waves in magnetized 
plasma. They found that the DASW is rarefactive for negative dust and compressive for positive dust. 

Various studies have pointed out that highly energetic electrons and ions are present in several astrophysical plasma 
environments. Among non-thermal distributions, one of the frequently encountered distributions is Cairns’ distribution 
[33-36]. Mamun et al. [33] studied dust acoustic waves in unmagnetized dusty plasma with non-thermal ions. Berbri and 
Tribeche [36] have considered non-thermal electrons to investigate weakly nonlinear dust ion acoustic shock waves. 
Choudhury [28] discussed the propagation of DASW in a magnetized plasma with nonthermal electrons and ions using 
the Sagdeev potential method.  

To study nonlinear solitary waves in plasmas, reductive perturbation technique (RPT) and Sagdeev pseudopotential 
method are mainly used. With RPT only small amplitude nonlinear waves can be studied while Sagdeev pseudopotential 
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method can handle arbitrary amplitude waves [37]. In Sagdeev pseudopotential method, fully nonlinearity of the system 
is considered. Various researchers have employed Sagdeev pseudopotential method to dusty plasma to study electrostatic 
nonlinear solitary modes.  

To the best of our knowledge, the effect of anisotropic dust pressure on the formation and propagation of arbitrary 
amplitude dust acoustic solitary waves in a magnetized plasma has not been reported in the literature to date. The goal of 
the present work is, to study the effect of anisotropic dust pressure on the solitary dust acoustic waves in a three-
component dusty plasma with nonthermal ions and electrons. Dust grains are assumed to be uniform in mass and charge 
and plasma is considered to be collisionless. The present study could be useful for the understanding of properties of 
DASWs in various astrophysical environments like Earth’s magnetopause.  

The manuscript is organized in the following way: in section I, the usual ‘Introduction’ is considered; ‘Basic set of 
governing equations’ is included in section II; ‘Energy integral’ is derived in section III; ‘Condition of existence’ of Dust 
Acoustic Waves are incorporated in section IV; ‘Parametric Analysis’ of the results are described in section V; and lastly 
‘Conclusions’ are deducted in section VI which is followed by ‘References’. 

 
2. BASIC SET OF GOVERNING EQUATIONS 

We consider the propagation of dust acoustic waves in a magnetized, collisionless, three component plasma 
consisting of non-thermal ions and electrons and dust fluids. The pressure tensor of dust fluid is assumed to be anisotropic 
and modelled by Chew-Goldberger-Low [27] description. The ambient magnetic field is assumed to be uniform and 
directed along 𝑧-axis, i.e. 𝐁 = 𝐵଴𝑧̂. The equations of continuity and motion governing the dust dynamics in this plasma 
system are described by  

 డ௡೏డ௧ + ∇. ሺ𝑛ௗ𝐯ௗሻ = 0 (1) 

 డ𝐯೏డ௧ + ሺ𝐯ௗ .∇ሻ𝐯ௗ = ௝ ௭೏௘௠೏ ∇𝜙 − 𝐯ௗ × ௝ ௭೏௘௖௠೏ 𝐁 − ଵ௠೏ ௡೏  ∇.𝐏෩ (2) 

respectively. Here 𝑛ௗ is dust number density and 𝐯ௗ is the dust fluid velocity. 𝑚ௗ is the dust mass, 𝑒 is the magnitude of 
the electron charge, 𝑐 is the speed of light in vacuum, 𝑧ௗ is dust charge and 𝜙 is the electrostatic potential. 𝑗 = 1 for 
negatively charged dust and 𝑗 = −1 for positively charged dust. 

The dust pressure tensor 𝑃෨ takes the form 𝐏෩ = 𝑝ୄ𝐈መ + ሺ𝑝∥ − 𝑝ୄሻ𝐁෡𝐁෡ where 𝐈መ is unit dyad and 𝐁෡𝐁෡ is the dyad form of 
unit vector along the magnetic field. We can evaluate ∇.𝐏෩ as 

 ∇.𝐏෩ = 𝛁𝑝ୄ + (𝐁.𝛁) ቂ(𝑝∥ − 𝑝ୄ) 𝐁஻బమቃ (3) 

Using Chew-Golberger-Low (CGL) description for constant magnetic field, the perpendicular and parallel pressure 
terms can be obtained as 

 𝑝ୄ = 𝑝ୄ଴ ቀ ௡೏௡೏బቁ and 𝑝∥ = 𝑝∥଴ ቀ ௡೏௡೏బቁଷ. (4) 

where 𝑛ௗ଴ equilibrium number density of dust fluid. 
The electrons and ions are assumed to be inertia less due to their lighter masses. The expression for nonthermal 

electron density and ion density are 

 𝑛௘ = 𝑛௘଴ ൤1 − 𝛽௘ ௘థ௄ ೐் + 𝛽௘ ቀ ௘థ௄ ೐்ቁଶ൨ 𝐸𝑥𝑝 ቂ ௘థ௄ ೐்ቃ (5) 

 𝑛௜ = 𝑛௜଴ ൤1 + 𝛽௜ ௘థ௄்೔ + 𝛽௜ ቀ ௘థ௄்೔ቁଶ൨ 𝐸𝑥𝑝 ቂି௘థ௄்೔ ቃ (6) 

The symbols 𝛽௘ and 𝛽௜ are nonthermal parameters of electrons and ions respectively that characterize nonthermal 
effect and 𝑛௘଴  and 𝑛௜଴ are equilibrium number densities of electrons and ions. 

The charge neutrality condition is 

 𝑛௘ − 𝑛௜ + 𝑗𝑧ௗ𝑛ௗ = 0 (7) 

The wave is assumed to be evolve and propagate in 𝑥 − 𝑧 plane. We have normalized densities by corresponding 

equilibrium densities, velocities by dust acoustic velocity 𝐶ௗ = ቀ௄்೔௓೏௠೏ ቁభమ, potential by ௄்೔௘ , time by gyroperiod Ωୢିଵ =௠೏௖୆౥௓೏௘ and distances by gyroradius 𝐶ௗΩୢିଵ, 𝐾 being the Boltzmann constant. Then the normalized set of governing 
equations are given by 
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 డ௡೏డ௧ + డ(௡೏௩೏ೣ)డ௫ + డ(௡೏௩೏೥)డ௭ = 0 (8) 

 డ௩೏ೣడ௧ + 𝑣ௗ௫ డ௩೏ೣడ௫ + 𝑣ௗ௭ డ௩೏ೣడ௭ = 𝑗 డథడ௫ − 𝑗 𝑣ௗ௬ − ௉఼௡೏ డ௡೏డ௫  (9) 

 డ௩೏೤డ௧ + 𝑣ௗ௫ డ௩೏೤డ௫ + 𝑣ௗ௭ డ௩೏೤డ௭ = 𝑗 𝑣ௗ௫ (10) 

 డ௩೏೥డ௧ + 𝑣ௗ௫ డ௩೏೥డ௫ + 𝑣ௗ௭ డ௩೏೥డ௭ = 𝑗 డథడ௭ − 𝑃∥𝑛ௗ డ௡೏డ௫  (11) 

where 𝑃 = ௣఼బ௄்೔௡೏బ and 𝑃∥ = ଷ ௣∥బ௄்೔௡೏బ 
and the normalized number densities of nonthermal electron and ions are given by 

 𝑛௘ = (1 − 𝑓)(1 − 𝛽௘𝛼𝜙 + 𝛽௘𝛼ଶ𝜙ଶ)𝑒ఈథ  (12) 

 𝑛௜ = (1 + 𝛽௜𝜙 + 𝛽௜𝜙ଶ)𝑒ିథ  (13) 

where 𝑓 = ௭೏௡೏బ௡೔బ  and 𝛼 = ்೔೐்  
The normalized quasi-neutrality condition is  

 𝑓𝑗 𝑛ௗ + (1 − 𝑓)𝑛௘ = 𝑛௜ (14) 
 

3. DERIVATION OF ENERGY INTEGRAL 
To obtain the energy integral, we consider a wave propagating obliquely to the external magnetic field B୭zො in moving 

frame defined by 𝜉 = 𝑥𝑘௫ + 𝑧𝑘௭ − 𝑀𝑡 with 𝑀= ௏஼೏, 𝑘௫ଶ + 𝑘௭ଶ = 1 where 𝑀 is the Mach Number (normalized soliton 
velocity) defined in terms of soliton velocity 𝑉 and dust acoustic velocity 𝐶ௗ  and 𝑘௫, 𝑘௭ are direction cosines, so that 

 డడ௧ → −𝑀 ௗௗక , డడ௫ → 𝑘௫ ௗௗక and డడ௭ → 𝑘௭ ௗௗక.  (15) 

Using these equations, equations (8-11) can be reduced to a set of ordinary differential equations  

 ௗௗక (−𝑀𝑛ௗ + 𝑘௫𝑛ௗ𝑣ௗ௫ + 𝑘௭𝑛ௗ𝑣ௗ௭) = 0  (16) 

 − ெ௡೏ ௗ௩೏ೣௗక = 𝑗 ቀ𝑘௫ ௗథௗక − 𝑣ௗ௬ቁ − ௉఼௡೏ 𝑘௫ ௗ௡೏ௗక   (17) 

 − ெ௡೏ ௗ௩೏೤ௗక = 𝑗𝑣ௗ௫ (18) 

 − ெ௡೏ ௗ௩೏೥ௗక = 𝑗𝑘௭ ௗథௗక − 𝑃∥𝑛ௗ𝑘௭ ௗ௡೏ௗక  (19) 

After some lengthy but straightforward algebra, the set of equations (16)-(19), along with the equations (12)-
(14), can be deduced to a single dimensionless nonlinear differential equation  

 ଵଶ ቀௗథௗకቁଶ + 𝑆(𝜙) = 0 (20) 

The boundary condition using in deriving the equation (20) are 𝜙 → 0, ௗథௗక → 0, 𝑣ௗ௫ → 0, 𝑣ௗ௬ → 0, 𝑣ௗ௭ → 0 as 𝜉 → ∞ 
Here, 

 𝑆(𝜙) = ଵுమ ቈ𝑗𝐺(𝜙) − 𝑗 𝜙 + ௞೥మெమ ൫ீ(థ)൯మଶ − ௉∥ଷ ௞೥మெమ ൫𝐾(𝜙) − 𝐺(𝜙)൯ − 𝑀ଶ ቀ ଵ௡೏ − 1ቁ − 𝑃 𝑘௫ଶ(𝑛ௗ − 1) − ௉∥ଷ 𝑘௭ଶ(𝑛ௗଷ − 1) +ெమଶ ൬ ଵ௡೏మ − 1൰ + 𝑃 𝑘௫ଶ 𝑙𝑜𝑔 𝑛ௗ + ௉∥ଶ 𝑘௭ଶ(𝑛ௗଶ − 1) − 𝑗𝑘௭ଶ ቀீ(థ)௡೏ − 𝜙ቁ − 𝑗 ௞೥మெమ 𝑃 𝑘௫ଶ൫𝐺(𝜙)𝑛ௗ − 𝐽(𝜙)൯ − 𝑗 ௞೥మெమ 𝑃∥ 𝑘௭ଶ(𝑛ௗଷ𝐺(𝜙) −𝐾(𝜙) ) − ௉∥ଷ ௞೥మெమ ቆெమଶ (𝑛ௗଶ − 1) + 𝑀ଶ ቀ ଵ௡೏ − 1ቁ − ௉఼௞మೣସ (𝑛ௗସ − 1) + 𝑃 𝑘௫ଶ(𝑛ௗ − 1) − ௉∥ ௞೥మ଺ (𝑛ௗ଺ − 1) + ௉∥ ௞೥మଷ (𝑛ௗଷ − 1)ቇ቉ (21) 

is the Sagdeev potential, where: 

𝐻 = 1 + 𝑗 ቆ𝑀ଶ𝑛ௗଷ − 𝑃 𝑘௫ଶ𝑛ௗ − 𝑃∥ 𝑘௭ଶ𝑛ௗቇ𝜕𝑛ௗ𝜕𝜙 , 
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𝑛ௗ = 1𝑗𝑓 ൣ(1 + 𝛽௜𝜙 + 𝛽௜𝜙ଶ)𝑒ିథ − (1 − 𝑗 𝑓)(1 − 𝛽௘𝛼𝜙 + 𝛽௘𝛼ଶ𝜙ଶ)𝑒ఈథ൧, 
𝐺(𝜙) = න 𝑛ௗథ

଴ 𝑑𝜙, 
𝐽(𝜙) = න 𝑛ௗଶథ

଴ 𝑑𝜙, 
𝐾(𝜙) = න 𝑛ௗସథ

଴ 𝑑𝜙. 
The values of 𝐻, 𝐺(𝜙), 𝐽(𝜙) and 𝐾(𝜙) are calculated using MATHEMATICA-11. 
This result is in agreement with the expression forwarded by my earlier paper [28] when I consider only negatively 

charged (𝑗 = 1) and cold dust (𝑃∥, 𝑃 = 0).  
Choi et al. [30] and Chatterjee et al. [31] had considered negatively charged stationary dust particles forming only 

background plasma and used ion dynamics to derive Sagdeev potential. In our paper we have considered fully dynamic 
dust particles and used dust dynamics to derive the Sagdeev potential. So, our result is not directly comparable to these 
results.  

The amplitude 𝜙௠ of solitary waves is determined by assigning different values of the parameters 𝛼,𝛽௜ ,𝛽௘  ,𝑘௭,𝑓,𝑃∥, 𝑃  and 𝑀 in the non-linear dispersion relation viz 𝑆(𝜙) = 0. 
 

4. CONDITION OF EXISTENCE OF SOLITARY DUST ACOUSTIC WAVES 
The existence criterion of solitary wave formation is that the Sagdeev potential 𝑆(𝜙) must satisfy the following 

conditions,  𝑆(𝜙) = 0, ௗௌ(థ)ௗథ = 0, ௗమௌ(థ)ௗథమ < 0 at 𝜙 = 0 𝑆(𝜙) = 0 at 𝜙 = 𝜙௠ and 𝑆(𝜙) < 0 for 𝜙 lying between 0 and 𝜙௠, where 𝜙௠ is the maximum amplitude of the 
solitons. If 𝜙௠ < 𝜙 < 0, rarefactive solitary waves exists, and if 0 < 𝜙 < 𝜙௠ compressive solitary waves exist. 

From equation (21) it can be easily verified that the conditions 𝑆(𝜙) = 0, ௗௌ(థ)ௗథ = 0 at 𝜙 = 0 are automatically 

satisfied. From the condition ௗమௌ(థ)ௗథమ < 0 at 𝜙 = 0 we find that the dust acoustic soliton solution may exist in the interval  

 𝑘௭ට ௙(ଵିఉ೔)ା(ଵି௝ ௙)(ଵିఉ೐)ఈ + 𝑃∥ < 𝑀 < ට ௙(ଵିఉ೔)ା(ଵି௝ ௙)(ଵିఉ೐)ఈ + 𝑃 (1 − 𝑘௭ଶ) + 𝑃∥𝑘௭ଶ  (22) 

 
5. PARAMETRIC ANALYSIS 

To observe the existence of solitary wave, the range of Mach number for existence of DASWs and Sagdeev potential 𝑆(𝜙) have been plotted against 𝜙 for different values of plasma parameters. In this investigation, it is found that 
rarefactive waves travelling at both subsonic and supersonic speeds for negative dust and compressive waves travelling 
at subsonic speed for positive dust exist in this magnetized plasma. The effects of the parameters 𝑃∥, 𝑃 , 𝑓, 𝛽௜, 𝑀 and 𝑘௭ 
on the formation of dust acoustic solitons have also been studied. 

The range of Mach number for nonlinear arbitrary amplitude dust acoustic solitons is investigated numerically from 
equation (22). It was proven that 𝛽 had an upper limit 4/7 [38]. When the values of 𝛽 are above 4/7, the Cairns distribution 
ceases to be monotonically decreasing. So, all present calculations were performed for values of 𝛽 not exceeding 4/7. For 
fixed plasma parameters 𝛽௜ = 0.2, 𝛽௘ = 0.2, 𝛼 = 0.1, 𝑘௭ = 0.75, and 𝑃 = 0.03 , Fig 1 (a) and (b) show the Mach 
number 𝑀 values versus dust-ion density ratio 𝑓 that supports the existence of arbitrary amplitude dust acoustic solitons 
in a magnetized plasma with anisotropic dust pressure for two different values of 𝑃∥ = 0.1 (solid) and 0.01(dashed). In 
figure 1(a) we considered negative dust and in Figure 1(b) we considered positive dust. For both positive and negative 
dust, we get similar range (not exactly same) of Mach number for existence of solitons. 

Figure 2(a) and (b) show the variation of the Sagdeev potential 𝑆(𝜙) against the electrostatic potential 𝜙 for different 
values of parallel dust pressure 𝑃∥ for negative and positive dust respectively. Other parameters are taken as fixed. From 
these figures it has been noted that the parallel pressure variation is quite effective for negative dust. As 𝑃∥ increases the 
amplitude of the rarefactive solitons decrease very fast. On the other hand, for positive dusts, the amplitude of the 
compressive soliton increases. In Figure 2(c) and (d) show the variation of 𝜙 against 𝜉 which has been computed 
numerically by integrating the Sagdeev potential for same parameters used in figure 2(a) and (b) respectively. 

In figure 3(a) and (b), the variation of the Sagdeev potential 𝑆(𝜙) against the electrostatic potential 𝜙 for different 
values of perpendicular dust pressure 𝑃  is plotted for negative and positive dust respectively. From these two figures, it 
can be seen that the increase of perpendicular dust pressure 𝑃  increases(decreases) the amplitude of solitons very little 
for negative(positive) dust.  
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(a) (b) 

Figure 1. The range of Mach number for existence of dust acoustic waves against dust-ion density ratio 𝑓 for 𝑃∥ = 0.1 (solid curves) 
and 0.01(dashed curves). The subfigure (a) for negative dust and (b) for positive dust 

  
(a) (c) 

  
(b) (d) 

Figure 2. In panels: (a) Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 and (b) the resulting soliton profile 𝜙 are depicted for different 𝑃∥ = 0.02, 0.07, 0.12 for negative dust, [Here 𝑀 = 0.98,𝑓 = 0.75,𝑘௭ = 0.6,𝛼 = 0.1,𝛽௜ = 0.3, 𝛽௘ = 0.3 and 𝑃 = 0.02]. Similarly, 
in panels (c) and (d) for positive dust [Here 𝑀 = 0.77, 𝑓 = 0.5, 𝑘௭ = 0.7,𝛼 = 0.1,𝛽௜ = 0.3, 𝛽௘ = 0.3 and 𝑃 = 0.02.] 

  
(a) (b) 

Figure 3. Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 for different 𝑃 = 0.01, 0.06, 0.11 for (a) 𝑀 = 0.98, 𝑓 = 0.75, 𝑘௭ =0.6,𝛼 = 0.1, j = 1 (negative dust), 𝛽௜ = 0.3, 𝛽௘ = 0.3 and 𝑃∥ = 0.05. (b) 𝑀 = 0.78,𝑓 = 0.5, 𝑘௭ = 0.7,𝛼 = 0.1, j = −1(positive 
dust), 𝛽௜ = 0.3, 𝛽௘ = 0.3 and 𝑃 = 0.1 
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Figure 4(a) and (b) displays variation of Sagdeev potential 𝑆(𝜙) against 𝜙 for different values of density ratio of 
dust to ions 𝑓. It can be seen that the increase of 𝑓 leads to decrease in amplitude of solitary waves. 

The effect of nonthermal parameter 𝛽௜ of ions on the Sagdeev potential is shown in the Figure 5(a) and (b) by plotting 
Sagdeev potential 𝑆(𝜙) against 𝜙 for different values of 𝛽௜. As 𝛽௜ increases the amplitude of the dust acoustic solitary 
waves decreases for both positive and negative dust.  

  
(a) (b) 

Figure 4. Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 (a) for different 𝑓 = 0.8, 0.85, 0.9 and 𝑀 = 0.85, 𝑘௭ = 0.6,𝛼 = 0.1, j =1 (negative dust), 𝛽௜ = 0.3, 𝛽௘ = 0.3, 𝑃 = 0.01 and 𝑃∥ = 0.11. (b) for different 𝑓 = 0.5, 0.65, 0.8 and 𝑀 = 0.78,𝑘௭ = 0.7,𝛼 =0.1, j = −1(positive dust), 𝛽௜ = 0.3, 𝛽௘ = 0.3, 𝑃 = 0.02 and 𝑃∥ = 0.1 

  
(a) (b) 

Figure 5. Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 (a) for different 𝛽௜ = 0.2, 0.3, 0.4 and 𝑀 = 0.93, 𝑘௭ = 0.6,𝛼 = 0.1, j =1 (negative dust), 𝑓 = 0.75, 𝛽௘ = 0.2, 𝑃 = 0.02 and 𝑃∥ = 0.11. (b) for different 𝛽௜ = 0.2, 0.25, 0.3 and 𝑀 = 0.73,𝑘௭ =0.68,𝛼 = 0.1, j = −1(positive dust), 𝑓 = 0.5, 𝛽௘ = 0.3, 𝑃 = 0.02 and 𝑃∥ = 0.1 

Mach number is related to the speed of dust acoustic waves. Figure 6(a) and (b) show the variation of the Sagdeev 
potential 𝑆(𝜙) against 𝜙 for different values Mach number 𝑀 for negative and positive dust respectively. From these 
figures it is shown that, for both positive and negative dust, increase of Mach number leads to increase in the amplitude 
of solitary waves.  

  
(a) (b) 

Figure 6. Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 (a) for different 𝑀 = 0.85, 0.95,1.05 and 𝑓 = 0.85,𝑘௭ = 0.6,𝛼 = 0.1, j =1 (negative dust), 𝛽௜ = 0.3 , 𝛽௘ = 0.3, 𝑃 = 0.01 and 𝑃∥ = 0.11. (b) for different 𝑀 = 0.58, 0.68, 0.78 and 𝑓 = 0.5,𝑘௭ = 0.7,𝛼 =0.1, j = −1(positive dust),𝛽௜ = 0.3, 𝛽௘ = 0.3, 𝑃 = 0.02 and 𝑃∥ = 0.1 
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In Figure 7(a) and (b) we have plotted the Sagdeev potential 𝑆(𝜙) against 𝜙 for different value of 𝑘௭ for positive 
and negative dust respectively. We can see as 𝑘௭ increases i.e. as direction of solitary waves approaches the direction of 
magnetic field, the amplitude of the solitary waves gradually decreases.  

  
(a) (b) 

Figure 7. Variation of Sagdeev potential 𝑆(𝜙) against 𝜙 (a) for different ,𝑘௭ = 0.6, 0.65, 0.7 and 𝑓 = 0.75,𝑀 = 0.98,𝛼 = 0.1, j =1 (negative dust), 𝛽௜ = 0.3 , 𝛽௘ = 0.3, 𝑃 = 0.01 and 𝑃∥ = 0.11. (b) for different 𝑘௭ = 0.7, 0.75, 0.8 and 𝑓 = 0.5,𝑀 = 0.78,𝛼 =0.1, j = −1(positive dust),𝛽௜ = 0.3, 𝛽௘ = 0.3, 𝑃 = 0.02 and 𝑃∥ = 0.1 
 

6. CONCLUSION 
In this investigation, we have studied the effect of anisotropic dust pressure on the formation of dust acoustic solitary 

waves in a three-component magnetized plasma, consisting of dust fluid and nonthermal ions and electrons.  
Although, Bashir et al. [32] studied the dusty plasma with anisotropic dust pressure as in this work but they used 

Reductive Perturbation Method. In our work we have used Sagdeev Potential Method which is more comprehensive 
method that accounts all nonlinearities and give more accurate results. Using Sagdeev pseudo-potential method, an energy 
integral has been derived for dust acoustic solitons. Bashir et al. [32] got very small amplitude solitons but we got solitons 
with larger amplitude. Also, we have calculated the range of Mach number for existence of solitary waves.  

It is observed that, various parameters viz. parallel and perpendicular dust pressure, non-thermality of ions etc. 
significantly modify the arbitrary amplitude dust acoustic solitons. Some important findings are summarized as: 

a) As parallel dust pressure 𝑃∥ increases, for negative(positive) dust, the amplitude of the rarefactive(compressive) 
solitons decrease (increases). 

b) The increase of perpendicular dust pressure 𝑃  increases(decreases) the amplitude of solitons very little for 
negative(positive) dust. 

c) The increase of density ratio 𝑓 = ௭೏௡೏బ௡೔బ  leads to decrease in amplitude of solitary waves. 
d) As nonthermal parameter 𝛽௜  incrases the amplitude of the dust acoustic solitary waves decreases for both positive 

and negative dust. 
Clusters of sub-micron and micron-sized dust particles within Earth's magnetosphere are detected by various 

satellites. Electrostatic solitary waves are also observed in various space and astrophysical plasma possessing the pressure 
anisotropy arising due to strong magnetic field [30, 39-40]. Theoretically, it is seen that in earth’s magneto-tail region, 
electrostatic solitary waves exit [41-43], where the pressure anisotropy arises due to earth’s magnetic field. Despite the 
theoretical plausibility and indirect evidence, the nature of dust particle swarms and associated DAWs in the 
magnetosheath remains an open question. The result of the present investigation may be effective to explore the various 
aspects of nonlinear structures of in those regions, where non-thermal electrons with pressure anisotropy can exist.  
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ВПЛИВ АНІЗОТРОПНОГО ТИСКУ ПИЛУ НА ФОРМУВАННЯ ТА ПОШИРЕННЯ ПИЛОВИХ АКУСТИЧНИХ 

ОДИНОКИХ ХВИЛЬ (DASW) ДОВІЛЬНОЇ АМПЛІТУДИ В НАМАГНІЧЕНІЙ 
ПИЛОВО-ІОННО-ЕЛЕКТРОННІЙ ПЛАЗМІ 

Мамані Чоудхурі 
Кафедра математики, коледж для дівчат Хандік, Гувахаті 781001, Індія 

Досліджено пилові акустичні одиночні хвилі (DASW) довільної амплітуди в запиленій магнітоплазмі з анізотропним тиском 
пилу та нетепловим розподілом іонів та електронів. Метод псевдопотенціалу Сагдеєва використовується для виведення 
рівняння балансу енергії та аналізу різних властивостей пилових акустичних солітонів. Чисельно досліджуються 
анізотропний тиск пилу, коефіцієнт щільності пилу, нетеплові ефекти тощо при поширенні DASW. Встановлено, що 
розріджені солітони можуть існувати для негативно зарядженого пилу, а стискаючі солітони можуть існувати для позитивно 
зарядженого пилу. Це дослідження може бути корисним для розуміння DASW у різних астрофізичних середовищах. 
Ключові слова: пилова акустична хвиля; пилова плазма; анізотропний тиск; псевдопотенціал Сагдеєва; поодинокі хвилі; 
намагнічена плазма; нетеплові електрони та іони 
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Analytical expressions are derived to describe the nonparaxial diffraction of modes in a dielectric waveguide resonator for a terahertz 
laser. The study examines the interaction between azimuthally polarized TE0m (m = 1, 2, 3) modes and a spiral phase plate (SPP), 
accounting for its different topological charges (n). Using numerical modeling, the emerging physical properties of vortex beams are 
investigated when they propagate in free space. Vector integral Rayleigh-Sommerfeld transforms are used to study the propagation in 
the Fresnel zone of vortex laser beams excited by TE0m modes of a dielectric waveguide quasi-optical resonator when they are 
incident on a phase plate. In the studied modes, in the absence of a phase plate, the field exhibits a ring-shaped transverse intensity 
distribution along the propagation axis. In this case, the number of rings in the cross-section corresponds to the azimuthal number of 
modes, and the phase distributions for the transverse components of these modes have opposite signs. The use of a SPP with a 
topological charge n = 1 changes the structure of the beam field, forming an axial maximum in the transverse profile with an increase 
in the beam diameter at this maximum compared to the case without a phase plate. At the same time the phase structure of the field 
for transverse components acquires two-lobe symmetry. When using a SPP with a topological charge n = 2 for the TE01 mode the 
restoration of the ring-like field structure is observed and for the TE02 and TE03 modes the formation of regions of increased intensity 
is observed. In this case, the phase distributions of the field components for the TE01 and TE02 modes acquire a three-lobe spiral 
structure, whereas those for the TE03 mode acquire a multi-lobe spiral configuration. 
Keywords: Terahertz laser; Dielectric waveguide resonator; Spiral phase plate; Vortex beams; Azimuthal polarization; Radiation 
propagation 
PACS: 42.55.Lt; 42.60.Da; 42.25.Bs; 47.32.C− 

1. INTRODUCTION
In recent years, in addition to the development of efficient sources and detectors in the terahertz range [1 − 3], the 

development of terahertz optics is also necessary to ensure the possibility of specific control and manipulation of such 
radiation by changing its amplitude, phase, polarization, and even orbital angular momentum (OAM) [4 − 6]. Among 
various terahertz structured beams, vector beams with inhomogeneous phase and polarization states have shown 
significant practical value in many fields due to their unique light-field distribution characteristics [7 − 9]. The growing 
interest in terahertz vector vortex beams is due to the helical dislocations of the wavefront that arise in them. Such 
vortex beams combine the advantages of terahertz waves and OAM. In particular, terahertz waves have a highly 
coherent, non-ionizing nature and a high penetrating power, while OAM gives the radiation an additional degree of 
freedom [10 − 13]. 

The study of the propagation of vortex terahertz laser beams is of great importance for the development of modern 
science and technology. The unique polarization state and complex spatial structure of terahertz vortex beams provide a 
richer multiplexing space for information coding and encryption states. Studying the propagation of such beams allows 
us to better understand their interaction with various materials, particularly nonlinear media, which is crucial for 
developing new methods of visualization and diagnostics. In addition, these studies contribute to the development of 
higher-resolution technologies, which are essential for microelectronics and nanotechnology. In free space, vortices can 
exhibit a stable wavefront structure, allowing them to maintain their unique properties over large distances [14, 15]. 

Spiral phase plates (SPP), q-plates, achromatic polarization elements, diffraction optical elements, metasurfaces, 
polarization gratings are used to form vortex beams [9, 16]. SPPs are effective devices for the conversion of various 
types of beams into vortex beams due to their low fabrication cost, design simplicity and compactness [17, 18]. 

Optically pumped terahertz molecular lasers are among the first lasers developed in the terahertz range [19]. They 
have a narrow generation linewidth (Δν ≈ 1 kHz) and are among the most powerful tabletop terahertz sources available 
[20 – 22]. Most optically pumped lasers use waveguide resonators, enabling the generation of sufficiently high powers (up 
to 1 W) in continuous mode with relatively small cavity sizes [23 – 25]. Among the resonator modes with nonuniform 
polarization of radiation the TE0m modes with azimuthal polarization have the lowest energy losses and can be effectively 
used in orbital angular momentum division multiplexing applications in wireless communications [26 – 28]. 
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The present work is aimed to obtain analytical expressions for describing the nonparaxial diffraction of azimuthally 
polarized TE0m modes of a dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase 
plate, as well as to investigate the spatial structure and evolution of the intensity and phase of the formed vortices. 

 
2. THEORETICAL RELATIONSHIPS 

The propagation of laser radiation in free space along the z axis is described by the well-known Rayleigh-
Sommerfeld integrals. We use the following expressions of the field components for the cylindrical coordinate system 
in different diffraction zones [29−31]: 
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where 2 /k = π λ  is the wave number, λ  is the wavelength, ( )0 ,ρ ϕ  are the polar coordinates in the area where the 

input field is specified, ( ), ,ρ β z  are the cylindrical coordinates in the observation plane, 0
0( , )xE ρ ϕ  and 0

0( , )yE ρ ϕ  are 

the complex amplitudes x and y components of the input electric field, respectively, 2 2
1 = ρ +r z . 

The modes of the studied dielectric resonator coincide with the modes of a hollow circular dielectric waveguide. 
Therefore, in the initial plane we define radiation in the form of symmetric azimuthally polarized TE0m modes. The 
expressions for the Cartesian components of electromagnetic fields of these modes in the source plane z = 0 have the 
following form [32]: 
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where a is the radius of the waveguide, J1 is the Bessel function of the first kind, 0mU  are the first roots of the equations  

1( ) 0J x = ,  0
2 0

1
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m
B

a J Uπ
=  are the normalizing factors for the TE0m modes. 

Сonsider the interaction of these modes with a spiral phase plate (SPP) with an arbitrary topological charge 
(n) [33]. Let us place the SPP with an aperture of the same radius a at the output of a waveguide (Fig. 1). 

 
Figure 1. Theoretical scheme of the calculation model of laser beam propagation 

The complex transmission function of this SPP in polar coordinates has the form [9]: 
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where circ (⋅) is the circular function. 
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To simplify the calculations, integration over the angle  ϕ  in (1) can be performed with the known relationships 
for the integer µ > 0 from [34] 
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Then from here we can get the following relation 
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Using Euler’s formulas and taking into account Eq. (4), we obtain the expressions: 
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Then, using formulas (5.1) and (5.2), we obtain expressions for the field components that describe the nonparaxial 
diffraction of the TE0m mode on the SPP. They look like this 
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where the following notation is introduced 
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3. NUMERICAL RESULTS AND DISCUSSIONS 

Using expressions (6), the longitudinal and transverse distributions of the total intensity of the electric field 
( 22 2

x y zI E E E= + + ) as well as the transverse distributions of the intensity 
2

( , , , )
iiI E i x y z= = and phase 

arctg (Im( ) / Re( ))i i iE Eϕ = of individual field components were calculated. The study was performed for laser beams 
formed by modes of a dielectric waveguide resonator during their interaction with SPP. The calculations were 
performed for azimuthally polarized TE0m modes (azimuthal number m = 1, 2, 3) at a wavelength of λ = 432.6 μm, 
which corresponds to the generation line of a THz laser with optical pumping on the HCOOH molecule [35]. The 
waveguide diameter in the calculations was 2a = 35 mm and a phase plate with an identical diameter was installed at its 
output. In the work the spatial-energy properties of the field of the studied beams were compared for the values of the 
topological charge of the SPP n = 0, 1, 2. 

Fig. 2 shows the longitudinal and transverse distributions of the field intensity of laser beams excited by TE01, 
TE02, TE03 modes in the Fresnel zone in three cases: in the absence of a phase plate (n = 0) and with topological charge 
1 and 2.  The transverse intensity distributions are plotted in a plane that corresponds to the position of the maximum 
field intensity along the z-axis. For the studied modes in the absence of a phase plate the field is characterized by a ring 
transverse intensity distribution along the propagation axis. In this case the number of rings in the cross section 
corresponds to the azimuthal number of the mode. The introduction of a phase plate with a topological charge n = 1 
leads to the formation of an axial maximum in the transverse profile and its displacement toward the radiation source. A 
further increase in the topological charge to n = 2 returns the beam profile to its initial annular shape, but a decrease in 
the beam energy localization region is observed. 
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Figure 2. Calculated longitudinal (a1− a3, c1 − c3, e1 − e3) and transverse (b1 − b3, d1 − d3, f1 − f3) distributions of the total field 
intensity of laser beams excited by TE01, TE02, TE03 modes in the Fresnel zone: in the absence of a phase plate (a1, b1, c1, d1, e1, f1), 
with a topological charge n = 1 (a2, b2, c2, d2, e2, f2) and n = 2 (a3, b3, c3, d3, e3, f3) 

The values of the z coordinates at which the maximum field intensity is achieved and the magnitudes of these 
intensities as well as the beam diameters are given in Table 1. The diameters of the beams excited by the studied modes 
were calculated using the formula [36] 
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Analysis of the obtained results shows that the installation of a spiral phase plate with a topological charge of n = 1 
compared to the case of its absence is accompanied by a noticeable increase in the beam diameter for all three modes. 
At n = 2 for the TE01 mode the beam diameter remains almost unchanged compared to the case without a phase plate, 
for the TE02 mode it decreases, and for the TE03 mode on the contrary it increases. The largest value of the beam 
diameter was obtained for the TE03 mode at n = 1 and it is d  ≈ 40 mm. 
Table 1. Parameters of the studied laser beams excited by TE0m modes in the regions of maximum field intensity at different 
topological charges. 

Mode n z (mm) Imax × 10−3 (abs. units)  Beam diameter d (mm) 

TE01 
0 176 2.33 29.54 
1 527 2.84 38.72 
2 132 2.61 29.87 

TE02 
0 208 4.48 32.87 
1 321 8.68 39.69 
2 100 2.98 30.42 

TE03 
 

0 167 6.44 34.27 
1 231 14.63 40.05 
2 172 3.43 37.79 

Figure 3 shows the transverse distributions of the intensity and phase of the Cartesian Ex and Ey components of the 
electric field for the TE01 mode in the Fresnel zone. Since the contribution of the Ez component to the total field 
intensity is insignificant, its intensity and phase distributions are not presented here or below. In the absence of SPP the 
field is localized in two areas. However, the phase distributions for the Ex and Ey components exhibit antiphase 
behavior: the phase changes by π between opposite half-planes according to the orientation of each component. At n = 1 
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characteristic S-shaped curvatures appear in the field intensity. The phase distribution for these components in this case 
takes a spiral shape with two lobes. At n = 2 the field is again localized in two regions and the phase distribution 
acquires a complex three-lobed structure with sharp phase transitions. 

 
Figure 3. Calculated transverse distributions of intensity (a1 − a6) and phase (b1 − b6) for Ex and Ey components of the field of laser 
beams excited by the TE01 mode in the Fresnel zone: in the absence of a phase plate (a1, a2, b1, b2), with a topological charge of  
n = 1 (a3, a4, b3, b4) and n = 2 (a5, a6, b5, b6) 

The transverse distribution of the field intensity and phase for the Ex and Ey components of laser beams excited by 
the TE02 mode in the Fresnel zone at different values of the topological charge is shown in Fig. 4. In the case of n = 0 
the localization of the field energy is observed in four regions. The phase distribution as for the TE01 mode exhibits 
antiphase behavior. At n = 1 the maximum field intensity shifts toward the center, and the phase distribution takes on a 
spiral shape with a characteristic two-lobe structure. At n = 2 localization of the field energy in four regions is again 
observed, but in this case the intensity of the side lobes increases. In this case the phase structure of the field 
demonstrates clearly defined three-lobe vortices with discontinuities in phase fronts. 

 
Figure 4. Calculated transverse distributions of intensity (a1 − a6) and phase (b1 − b6) for Ex and Ey components of the field of laser 
beams excited by the TE02 mode in the Fresnel zone: in the absence of a phase plate (a1, a2, b1, b2), with a topological charge of  
n = 1 (a3, a4, b3, b4) and n = 2 (a5, a6, b5, b6) 

For the TE03 mode in the absence of SPP a further increase in the number of field localization regions is observed 
(Fig. 5). The phase distributions of the studied field components have antiphase symmetry. At n = 1 a transformation of 
the intensity profile appears with energy localization in the central region and the phase distributions acquire a spiral 
shape. For n = 2 a further increase in the energy localization regions is observed with two clearly defined regions of 
increased field intensity. In this case the phase distributions of the field acquire a multi-lobe spiral structure.  

 
Figure 5. Calculated transverse distributions of intensity (a1 − a6) and phase (b1 − b6) for Ex and Ey components of the field of laser 
beams excited by the TE03 mode in the Fresnel zone: in the absence of a phase plate (a1, a2, b1, b2), with a topological charge of  
n = 1 (a3, a4, b3, b4) and n = 2 (a5, a6, b5, b6) 
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3. CONCLUSIONS 
Analytical expressions are obtained to describe the nonparaxial diffraction of TE0m modes (m = 1, 2, 3) of a 

dielectric waveguide resonator of a terahertz laser during their interaction with a spiral phase plate with its different 
topological charges (n = 0, 1, 2). The spatial structure of the intensity and phase of the electric field of formed vortex 
beams during their propagation in the Fresnel zone of free space is investigated. 

It is shown that in the absence of a spiral phase plate, when the TE01 mode is excited in the resonator, a beam with 
a ring transverse intensity distribution is formed. The phase distributions for the transverse components of this mode, as 
well as for the other modes, have the opposite signs. The introduction of a SPP with a topological charge n = 1 leads to 
the formation of an axial maximum in the transverse profile and an increase in the beam diameter at this maximum 
compared to the beam diameter in the absence of a plate by almost 10 mm. The phase distribution for a given 
topological charge takes on a spiral shape with two lobes for all modes. The restoration of the ring-shaped structure is 
observed at n = 2 with a decrease in the beam energy localization region. In this case, the phase distribution acquires a 
three-lobe spiral structure.  

In the case of the TE02 mode without SPP the beam has two pronounced rings in the cross section. At n = 1 a 
significant increase in the field intensity at the center of the beam is observed and a shift in the localization of radiation 
energy to its source. For n = 2 the spatial profile of the beam becomes more complex: additional zones of increased 
intensity appear and the phase exhibits a clear three-lobe structure with discontinuities in the phase fronts. For a given 
topological charge, the beam diameter has a minimum value. 

The TE03 mode exhibits the most complex intensity distribution structure already at n = 0 with three rings in the 
cross section. The introduction of SPP with n = 1 leads to the localization of the field energy in the central region of the 
beam and a sharp increase in the maximum intensity in this region, which is accompanied by the largest increase in the 
beam diameter among the studied modes (up to 40 mm). The field structure becomes even more complex at n = 2. 
Several zones of increased intensity are formed, and the phase distribution acquires a distinct multi-lobe spiral 
configuration. 
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ПОШИРЕННЯ АЗІМУТАЛЬНО ПОЛЯРИЗОВАНИХ ТЕРАГЕРЦОВИХ ЛАЗЕРНИХ ПУЧКІВ 

З ФАЗОВОЮ СИНГУЛЯРНІСТЮ 
Андрій В. Дегтярьов, Микола М. Дубінін, Вячеслав О. Маслов, Костянтин І. Мунтян, Владислав С. Сенюта 

Харківський національний університет імені В.Н. Каразіна, майдан Свободи, 4, Харків, Україна, 61022 
Отримано аналітичні вирази для опису непараксіальної дифракції мод діелектричного хвилевідного резонатора 
терагерцового лазера. Дослідження передбачає взаємодію між азимутально поляризованими TE0m (m = 1, 2, 3) модами та 
спіральною фазовою пластиною (СФП) з урахуванням її різних топологічних зарядів (n). За допомогою чисельного 
моделювання досліджено фізичні особливості вихрових пучків, що виникають, коли вони поширюються у вільному 
просторі. Векторні інтегральні перетворення Релея-Зоммерфельда використовуються для дослідження поширення у зоні 
Френеля вихрових лазерних пучків, збуджених TE0m модами діелектричного хвилевідного квазіоптичного резонатора, при 
падінні на спіральну фазову пластину. Для досліджуваних мод за відсутності фазової пластини поле характеризується 
кільцевим поперечним розподілом інтенсивності на осі поширення. При цьому кількість кілець у поперечному перерізі 
відповідає азимутальному номеру мод, а розподіли фази для компонент даних мод мають протилежні знаки. Застосування 
СФП з топологічним зарядом n = 1 змінює структуру поля пучків, формуючи осьовий максимум в поперечному профілі зі 
збільшенням діаметра пучка у даному максимумі у порівнянні з випадком відсутності фазової пластини. Водночас фазова 
структура для поперечних компонент набуває двопелюсткової симетрії. При використанні СФП з топологічним зарядом  
n = 2 для ТЕ01 моди спостерігається відновлення кільцеподібної структури поля, а для ТЕ02 та ТЕ03 мод – формування 
областей підвищеної інтенсивності. Фазовий розподіл для компонент поля в цьому випадку для ТЕ01 і ТЕ02 мод набуває 
трьохпелюсткової спіральної структури, а для ТЕ03 моди − багатопелюсткової спіральної конфігурації. 
Ключові слова: терагерцовий лазер; діелектричний хвилевідний резонатор; спіральна фазова пластина; вихрові пучки; 
поляризація; поширення випромінювання 
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The present study utilizes SCAPS software to simulate and analyze the semiconductor materials gallium arsenide (GaAs) and boron 
arsenide (BAs) for photovoltaic applications. We outline the methodology, emphasizing critical factors considered during simulation. 
The performance of solar cells is investigated through quantum efficiency and photovoltaic performance curves. Additionally, the 
observed trends, key differences between GaAs and BAs, and their implications for advancing high-efficiency solar cells are 
discussed. 
Keywords: GaAs; BAs; Photovoltaic; SCAPS Software; Conversion Efficiency (η) 
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1. INTRODUCTION
Gallium arsenide (GaAs) is a prominent material in the photovoltaic industry due to its direct bandgap and 

remarkable electronic transport properties. Its ability to efficiently absorb sunlight and convert photonic energy into 
electricity makes it a preferred material for high-performance solar cells. 

Boron arsenide (BAs), while still in the development phase, has garnered attention for its promising properties in 
photovoltaic applications. With a wider bandgap compared to GaAs, BAs is potentially better suited for capturing high-energy 
photons in the solar spectrum. However, its practical implementation in photovoltaic cells remains a technical challenge. 

The article solves the physical problem of designing next-generation solar cells by elucidating the trade-offs 
between light absorption, charge transport, recombination losses, and thermal stability, thereby guiding the practical 
optimization of both GaAs- and BAs-based devices for enhanced, stable photovoltaic performance. 

This comprehensive approach not only advances our theoretical understanding but also has direct implications for 
developing efficient, robust solar cell technologies for real-world applications. 

2. STATE OF THE ART FOR THE ANALYSIS OF SOLAR CELL PERFORMANCE
In recent years, high-efficiency solar cells have predominantly relied on III-V semiconductors, such as GaAs 

(Gallium Arsenide), due to their: 
 Direct bandgap (\~1.42 eV).
 High carrier mobility.
 Excellent performance under high radiation and temperature conditions (ideal for aerospace and concentrator

photovoltaics). 
To push efficiency beyond 30%, researchers have: 
 Optimized multi-junction structures combining materials of varying bandgaps.
 Employed advanced transport layers (e.g., InGaP, AlGaInP).
 Used SCAPS-1D and other simulation tools to optimize layer thickness, doping, and interface quality.

Studies like those by [1] achieved efficiencies up to 30.88% in GaAs-based solar cells using complex 
heterojunctions. Other works, such as like [2], have used using pin-type GaAs cells in SCAPS simulations, reached 
efficiencies around 28.5%. 

On the other hand, Boron Arsenide (BAs) is an emerging semiconductor, predicted to offer: 
 A wide bandgap (\~2.45 eV).
 Exceptional thermal conductivity.
 High ambipolar mobility.

These properties are promising for thermophotovoltaic and space applications, but its use in actual solar cells 
remains mostly theoretical or simulation-based due to fabrication challenges. 

3. STRUCTURES STUDIED
To ensure an accurate comparison, the study evaluates two heterostructures based on BAs and GaAs under 

identical conditions (Figure 1). Both structures incorporate copper oxide (CuO) as the hole transport layer, facilitating 
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the collection of positive charge carriers generated in the photovoltaic device's active layer. Tungsten disulfide (WS2) 
serves as the electron transport layer, aiding in the collection of negative charge carriers. 

A fluorine-doped tin oxide (FTO) layer is utilized as a transparent electrode in both configurations. This layer 
reduces voltage losses and enhances the efficiency of solar energy conversion into electrical power by providing a 
conductive interface between the active layer and the external circuit. This setup allows for a comprehensive 
comparison of the photovoltaic potential of GaAs and BAs under controlled and comparable conditions. 

 
Figure 1. Structure of GaAs-based solar cells (a), BAs-based solar cells (b) 

 
3.1. Physical and Optical Parameters of the Studied Cells 

Table 1 displays the physical and optical parameters used in the SCAPS-1D simulations. The thickness of the 
CuO, WS2, and FTO layers were set to 0.1 μm, 0.2 μm, and 0.015 μm, respectively, based on typical values reported for 
thin-film solar cell devices. The band gap of GaAs (1.42 eV) was taken from a standard semiconductor reference, while 
the band gap of BAs (2.45 eV) was obtained from theoretical calculations by Wentzcovitch and Cohen. The electron 
affinity and dielectric permittivity values for BAs were taken from Bushick et al. The electron mobility of GaAs was set 
to 8800 cm²/Vs, representing a high-quality single-crystal value, while the mobility of BAs was taken from 
experimental measurements on synthesized crystals. 
Table 1. Parameters of the materials used in the simulation of the examined cells 

Parameters CuO GaAs WS2 FTO BAs 
Thickness ሺ𝜇𝑚ሻ  0.1 Variable 0.2 0.015 Variable 
Band gap energy (eV) 2.17 1.42 1.870 3.5 1.46 [1] [2] 
Electron affinity (eV) 3.2 4.07 4.3 4 4.495 [3] 
Dielectric permittivity (relative) 7.110 13.8 11.9 9 9.02 [3] 
Effective density of states of the conduction band (𝑐𝑚ିଷ) 2.02 ൈ 10ଵ଻ 2.2 ൈ 10ଵ଼ 1 ൈ 10ଵ଻ 2 ൈ 10ଵ଼ 3.01 ൈ 10ଵ଻ሾ3ሿ 
Effective density of states of the valence band (𝑐𝑚ିଷ) 1.1 ൈ 10ଵଽ 1.8 ൈ 10ଵଽ 2.4 ൈ 10ଵଽ 1.8 ൈ 10ଵଽ 5.58 ൈ 10ଵ଼ [3] 
Electron mobility (𝑐𝑚ଶ/𝑉𝑠ሻ 200 8800 [4] 260 20 1400 
Mobility of holes (𝑐𝑚ଶ/𝑉𝑠ሻ 81 400 51 10 2100 
Doping concentration of donors ሺ𝑐𝑚ିଷሻ 0 0 10ଵ଻ 10ଵଽ 0 
Concentration of acceptor doping ሺ𝑐𝑚ିଷሻ 1016 variable 0 0 variable 
References [5] [6] [7][8] [9] [10] 

 
3.2. Evaluation of the simulated structures' baseline performance 

The simulation results obtained using simplified models, which exclude variations in thickness, doping levels, and defect 
density, are presented in Table 2. This approach allows for a direct comparison of the baseline photovoltaic characteristics of 
each structure, providing an assessment of their initial performance under comparable and idealized conditions. 
Table 2. Results of basic structure simulations 

Structures Voc (V) Jsc (mA/cm2) FF (%) ŋ (%) 
Pt/CuO/GaAs/WS2/FTO 1.0997 24.3669 83.71 22.43 
Pt/CuO/BAs/WS2/FTO 1.2270 23.2075 83.91 23.89 

The results in Table 2 indicate that while 
GaAs achieved a slightly higher short-circuit 
current, BAs compensated with a superior fill 
factor, leading to greater overall photovoltaic 
conversion efficiency in this configuration. 
This suggests that, for this specific application, 
BAs may outperform GaAs in terms of charge 
management and minimizing internal losses. 

Figure 2, present a current-voltage (I-V) 
characteristic comparison between two 
semiconductor materials: BAs (Boron 
Arsenide) and GaAs (Gallium Arsenide). In 
reverse bias, both materials exhibit very low 
leakage current, slightly lower for BAs, 

 
Figure 2. Variation of the current density I as a function of the voltage V for 

both GaAs and BAs  
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indicating high-quality junctions. Under forward bias, GaAs starts conducting at a lower voltage (~0.95 V), while BAs 
requires a higher threshold (~1.05 V), suggesting a wider bandgap for BAs. The current rises more sharply for GaAs, 
reflecting better carrier injection at low voltages [11]. However, BAs demonstrates a more stable behavior, with lower 
recombination losses. Therefore, GaAs performs better at low voltages, while BAs shows greater stability and potential 
for high-voltage or harsh-environment applications. 

 
III. Comparative Study of GaAs and BAs-Based Solar Cells 

This comparative study examines the performance of GaAs-based solar cells, a well-established material, and 
BAs, a promising emerging material for photovoltaic applications. By varying the active layer thickness, doping levels, 
and accounting for defects, we evaluate their effects on photovoltaic performance to gain deeper insights into the 
strengths and limitations of these materials in solar energy applications. 
 

III.1. Effect of the active layer thickness 
We explore thicknesses ranging from 0.25 to 3 µm to determine the optimal level for light absorption, ensuring 

maximum efficiency. Additionally, we pinpoint the critical threshold beyond which efficiency declines as thickness 
increases, offering valuable insights for designing high-performance solar cells while minimizing material consumption. 
 

III.1.1. Variation of Voc as a function of thickness 
Figure 3 illustrates two distinct trends, one for GaAs and the other for BAs, highlighting the impact of active layer 

thickness on the open-circuit voltage (Voc) in solar cells. Notably, the Voc decreases as the active layer thickness 
increases for both materials. Interestingly, however, the BAs curve consistently remains higher than that of GaAs at any 
given thickness. 

The decrease in Voc with increasing active 
layer thickness can be explained as follows: As 
the thickness of the active layer increases, charge 
carriers (electrons and holes) must travel longer 
distances to reach the solar cell electrodes. This 
extended travel increases the likelihood of 
recombination before the carriers reach the 
electrodes, thereby reducing the voltage generated 
by the cell. 

Increasing the active layer thickness can lead 
to greater light absorption within the layer itself, 
reducing the amount of light that reaches the p-n 
junction and thereby lowering the voltage 
generated by the cell. Additionally, BAs, with its 
wider bandgap compared to GaAs, requires higher 
energy for electrons and holes to recombine [12]. 

This characteristic reduces charge carrier recombination, resulting in a higher Voc for BAs compared to GaAs. 
 

III.1.2. Variation of Jsc as a function of 
thickness 

Figure 4 presents two different curves, one 
for GaAs and one for BAs, illustrating the 
relationship between short-circuit current density 
(Jsc) and active layer thickness in solar cells. For 
both materials, Jsc increases as the active layer 
thickness grows. However, for GaAs, this 
increase is more pronounced between 0.25 μm 
and 1.5 μm, after which the Jsc begins to rise 
marginally or stabilizes. Notably, the GaAs curve 
consistently remains above the BAs curve for any 
given thickness. 

The increase in Jsc with active layer 
thickness is due to more photons being absorbed 
and converted into electron-hole pairs as the layer 
becomes thicker. Beyond a certain thickness, light 
absorption reaches a saturation point, causing Jsc 
to stabilize as additional material no longer 
significantly enhances photon absorption. 

 
Figure 3. Variation of Voc as a function of thickness 

 
Figure 4. Jsc vs with thickness 
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The GaAs curve remains higher than the BAs 
curve throughout due to GaAs’s superior electron 
mobility, which facilitates faster electron transport 
and minimizes recombination losses [13]. 
Consequently, while both materials exhibit an 
increase in Jsc with thickness, GaAs consistently 
generates higher current for a given thickness, 
benefiting from its more efficient charge transport 
properties. 

Figure 5 illustrates two graphs showing the fill 
factor (FF) of GaAs and BAs as a function of active 
layer thickness in a solar cell. Notably, the FF 
initially drops to around 0.5 μm and then gradually 
increases as the thickness continues to rise. This 
behavior can be attributed to rising resistive losses 
at lower thicknesses, which initially reduce the FF. 
However, beyond this point, improved charge 
carrier separation and better control of 
recombination processes offset these losses, leading 
to an increase in the FF. 

In contrast, the fill factor of BAs shows a 
significant decline with increasing active layer 
thickness, unlike GaAs. This reduction in FF 
suggests a potential decline in material quality as 
the active layer thickens, which may be attributed 
to an increase in charge carrier recombination. This 
difference highlights the challenges associated with 
maintaining optimal performance in BAs-based 
solar cells as layer thickness increases. 
 

III.1.3. Variation of the efficiency (ŋ) versus the 
thickness 

Figure 6 depicts the variation in efficiency as 
a function of active layer thickness. For GaAs, 
efficiency increases within the range of 0.25 to 1.75 
μm, reflecting improved light absorption and 
enhanced charge carrier management. Beyond this 
range, efficiency either stabilizes or slightly 
decreases, indicating that most incident photons 
have already been absorbed, and further gains are 
limited to marginal effects. 

In contrast, BAs shows a similar trend to 
GaAs within the range of 0.25 to 0.75 μm. 
However, beyond this point, the efficiency 
decreases more significantly [14]. This pronounced 

decline suggests the presence of adverse factors such as non-radiative recombination or structural imperfections, which 
diminish the overall efficiency of the solar cell. 
 

III. 2 Doping Effect of the Active Layer 
We analyze the impact of varying doping concentrations, ranging from low levels (1×1014 – 1×1015) to high levels 

(1×1018 – 1×1019), on critical parameters such as Jsc, Voc, FF, and PCE. This analysis enables the identification of optimal 
doping levels to maximize the performance and efficiency of solar cells. 

 
III.2.1. Variation of Voc as a function of doping in the active layer 

Figure 7, presents two graphs illustrating the open-circuit voltage (Voc) as a function of p-type doping 
concentration for GaAs and BAs materials in a solar cell. Voc increases with higher doping levels for both materials, but 
at every doping level, the BAs curve consistently remains above that of GaAs. 

As the p-type doping concentration rises, the number of holes in the active layer increases [15]. This higher hole 
density reduces the depletion zone width within the p-n junction, decreasing charge carrier recombination losses in this 
region. Consequently, the open-circuit voltage (Voc) is enhanced, improving the overall performance of the solar cell. 

 
Figure 5. Variation of fill factor (FF) as a function of thickness 

 
Figure 6. Variation of efficiency as a function of thickness 

 
Figure 7. Variation of Voc as a function of p-type doping 
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III.2.2. Variation of Jsc as a function of doping in the 
active layer 

Figure 8 illustrates the variation of short-circuit 
current density (Jsc) for GaAs and BAs as a function of 
p-type doping concentration (NA). Despite an increase 
in NA from 1×1014 to 1×1019 cm³, the Jsc for GaAs 
remains nearly constant at approximately 30 mA/cm², 
while for BAs, it remains steady at around 28.6 
mA/cm² across the same doping range [11]. 

This stability indicates that the generation and 
accumulation of charge carriers are not significantly 
affected by higher doping concentrations. The 
consistency suggests that the solar cells are already 
optimized for photon absorption and charge carrier 
collection, and additional doping does not notably 
enhance their performance within this range. 
 

III.2.3. Variation of the fill factor (FF) as a function of 
doping of the active layer 

Figure 9 illustrates the variation in the fill factor 
(FF) as a function of p-type doping concentration for 
GaAs and BAs. In both materials, increasing the p-type 
doping concentration generally enhances the FF, 
indicating that charge carrier mobility in these 
semiconductors improves with higher doping levels. 

For GaAs, the FF shows a steady increase with 
rising doping concentration, suggesting consistent 
improvements in conductivity. In contrast, BAs 
initially exhibits a significant increase in FF; however, 
at very high doping concentrations, the FF begins to 
decline. This decline may result from saturation effects 
or increased recombination phenomena, indicating a 
threshold beyond which further doping becomes 
detrimental to the material's performance.  
 

III.2.4. Variation of efficiency (ŋ) as a function of 
doping of the active layer 

Figure 10 presents two graphs showing the 
efficiency of GaAs and BAs solar cells as a function of 
p-type doping concentration. For both materials, 
efficiency increases with higher doping levels. In 
GaAs, this increase is particularly pronounced, with 
the power conversion efficiency (PCE) rising from 
27.42% to 33.14% as doping concentrations increase 
from 1×1014 to 1×1018. This improvement reflects 
enhanced efficiency in converting light energy into 
electricity due to increased doping. The higher 
concentration of positive charge carriers (holes) 
resulting from p-type doping improves charge 
separation, thereby facilitating more efficient energy 
conversion. 

Similarly, BAs shows an efficiency increase with 
higher doping levels, but the rise in PCE is more 
gradual, from 32.65% to 34.49% between doping 

concentrations of 1×1018 and 1×1019. This trend suggests a potential saturation point, where further doping yields 
diminishing returns. This limitation could be attributed to effects such as charge carrier recombination or the saturation 
of available doping sites, indicating a practical upper limit to the benefits of p-type doping on photovoltaic conversion 
efficiency. 

 
Figure 8. Variation of Jsc versus p-type doping 

 
Figure 9. Variation of the form factor (FF) as a function of P-type 
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III.2.5. Effect of defects in the active layer 
Figure 11 illustrates the variation in the open-circuit 

voltage (Voc) as a function of defect density Nt for GaAs and 
Bas. By examining a range of defect density values, we 
can assess their impact on the electrical characteristics of 
the solar cell. This analysis shall enable us to identify the 
optimal defect density, contributing to enhanced overall 
performance and efficiency of the solar cell. 

A gradual decline in the open-circuit voltage (Voc) is 
observed for both GaAs and BAs as the defect density in 
the crystalline layer increases. Initially, the decrease is 
mild, but it becomes more pronounced at higher defect 
levels. 

Comparatively, while BAs may initially exhibit a 
slightly higher Voc than GaAs, its drop at higher defect 
densities is more significant, indicating greater sensitivity 
to defects. This suggests that BAs may be more affected 
by disruptions in the crystalline structure. 

For both materials, the decrease in Voc aligns with the 
principle that defects disrupt the crystalline structure, 
reducing charge carrier mobility and ultimately impacting 
the open-circuit voltage.  
 
III.2.6. Variation of short-circuit current density (Jsc) as a 

function of doping of the active layer 
Figure 12 demonstrates that the short-circuit current 

density (Jsc) gradually decreases as the defect density (Nt) 
increases for both GaAs and BAs materials. 

The decline in Jsc with increasing Nt is attributed to 
the rise in recombination centers within the material. 
These defects elevate the likelihood of electron-hole 
recombination before they can contribute to the current, 
thereby reducing Jsc. While GaAs initially exhibits higher 
efficiency, it shows greater sensitivity to defects at higher 
defect densities, highlighting its vulnerability under such 
conditions.  
 

III.2.7. Variation of the fill factor (FF) as a function of 
defect density 

Figure 13 shows that GaAs initially exhibits a 
slightly higher fill factor (FF) compared to BAs; however, 
both materials experience a similar decline in FF as the 
defect density increases. 

The reduction in FF with increasing defects in the 
crystalline layer can be attributed to enhanced charge 
carrier recombination, which decreases the number of 
carriers available to contribute to the output current. 
Additionally, some defects may obstruct or scatter incident 
light, limiting the generation of electron-hole pairs and 
further contributing to the decline in the fill factor (FF). 
 

III.2.8. Variation of the efficiency (ŋ) as a function of 
defect density 

Figure 14 Initially, BAs exhibits a slightly higher 
Power Conversion Efficiency (PCE) compared to GaAs; 
however, both materials show similar declines in PCE as 
defect density increases. 

The fill factor (FF) reflects the efficiency of 
converting light energy into electricity, accounting for 
material quality as well as ohmic and recombination 

 
Figure 11. Variation of Voc as a function of defect density Nt 

 
Figure 12. Variation of Jsc as a function of defect density Nt 

 
Figure 13. Variation of the fill factor (FF) as a function of 

defect density Nt 

 
Figure 14. Variation of efficiency as a function of defect 
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losses. A decrease in FF indicates reduced efficiency, which inevitably lowers the overall performance of the device. 
Consequently, when FF, Jsc, and Voc decline due to crystalline defects, the overall Power Conversion Efficiency (PCE) 
of the photovoltaic device is significantly impacted. 

 
IV. Optimized Configuration 

After conducting a series of in-depth analyses on 
thickness variations, doping, and defects; the optimized 
solar cell presents a thickness of 0.75μm, a doping 
concentration of 1E18 cm-3, and a defect density of 
1E14 cm-3. This optimization results in an efficiency of 
31.17% for the GaAs-based structure and 32.65% for 
the BAs-based one. 
 

IV.1. Quantum Efficiency 
According to Figure 15, GaAs shows a slightly 

higher quantum efficiency, but the difference is not 
significant. Both materials are effective over a wide 
range of wavelengths. 

 
IV. Effect of temperature 
After optimizing the photovoltaic cell in terms of 

active layer thickness, doping, and defect management, 
it is crucial to study its behavior under extremely high 
temperature variations. This step allows for the 
identification of optimal operating conditions to ensure 
stable and maximum performance, which is essential, 
particularly for thermophotovoltaic applications, where 
materials must operate efficiently in extremely high-
temperature environments. 

 
IV.1. Effect of temperature on Voc 
Figure 16, illustrates a decrease in Voc with 

increasing temperature for both materials, although BAs 
consistently maintains a higher value. This suggests 
superior thermal stability or reduced sensitivity to 
temperature variations compared to GaAs. 

At elevated temperatures, charge carriers gain 
additional thermal energy, which increases their 
mobility within the material but reduces the open-circuit 
voltage. Furthermore, higher temperatures accelerate 
charge carrier recombination rates, shortening their 
average lifetime and contributing to the decline in Voc.  

 
IV.2. Effect of temperature on short-circuit current 

density (Jsc) 
The observations of Jsc values as a function of 

temperature for the two materials (Figure 17) 
demonstrate a remarkable stability of the short-circuit 
current density (Jsc) as the temperature increases. In the 
case of GaAs, the values of Jsc remain practically 
constant in the temperature range from 300 K to 500 K, 
with a slight variation of about 0.0012 mA/cm² over this 
temperature range. Similarly, for BAs, the Jsc values 
remain stable with a minimal variation of 0.0012 
mA/cm² over the same temperature range. 

The constancy of Jsc (short-circuit current density) 
shows that temperature does not have a significant 
impact on short-circuit current generation, confirming 
good stability in terms of photonic response. 

 
IV.3. Effect of temperature on the fill factor (FF) 

Figure 18 shows the evolution of FF as a function 
of temperature for the two materials: GaAs (Gallium 

 
Figure 15. Quantum efficiency of the two structures 

Figure 16. Variation of Voc as a function of temperature 

 
Figure 17. Variation of Jsc as a function of temperature 

 
Figure 18. Variation of the fill factor (FF) as a function of 

temperature 
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Arsenide) and BAs (Boron Arsenide). The FF decreases with the increase in temperature for both materials. This 
indicates that the energy conversion efficiency of devices based on these materials decreases at higher temperatures. 
This is typical for semiconductor devices because the non-radiative recombination of charge carriers increases with 
temperature. 

 
IV.4. Effect of temperature on efficiency (ŋ) 

Figure 19, presents two graphs showing the efficiency 
of GaAs and BAs solar cells as a function temperature. The 
conversion efficiency decreases with the increase in 
temperature for both materials. Although the short-circuit 
current (Isc) remains almost stable, the conversion 
efficiency decreases. This decrease in efficiency can be 
mainly attributed to a drop in FF and the open-circuit 
voltage (Voc) with the increase in temperature. The stability 
of the Isc suggests that photons are still effectively 
converted into charge carriers, but these charge carriers 
undergo more non-radiative recombination at higher 
temperatures. This reduces both Voc and FF, leading to an 
overall decrease in conversion efficiency. 

 
V. Comparison 

Finally, the performance of the two proposed structures, one based on GaAs and the other on BAs, was compared 
in terms of photovoltaic conversion efficiency (Table 2). This comparison evaluates the effectiveness of both 
semiconductor materials as active components in solar cells. To contextualize the findings and assess the advancements 
achieved in this study, the GaAs structure proposed here was also compared with results from previous research (see 
Table 3). 
Table 2. Comparison of photovoltaic performance between GaAs and BAs as an active layer 

structures Voc (V) Jsc (mA/cm2) FF (%) ŋ (%) 
Pt/CuO/GaAs/WS2/FTO 1.1738 30.6877 89.27 31.17 
Pt/CuO/BAs/WS2/FTO 1.2805 29.2739 88.75 32.65 

These results indicate that although GaAs is a high-performance material, BAs offers significant advantages in 
terms of thermal stability and conversion efficiency, which could make it a promising alternative for high-temperature 
applications, particularly thermophotovoltaic applications. 

Table 3 compares the findings of this study with another similar published research on GaAs. The results 
demonstrate that our approach achieves strong performance using thinner layers, along with materials that are abundant, 
easy to fabricate, and less toxic. These attributes contribute to minimizing material waste and promoting environmental 
sustainability. 
Table 3. Comparison of the performance of GaAs-based solar cells with similar studies. 

Reference Voc (V) Jsc (mA/cm2) FF (%) ŋ (%) 
Ala'eddin A. Saif, M. Albishri et al (2023) [3] 1.02 47.96 87.48 30.88 

This work (2024) 1.1738 30.6877 89.27 31.17 
 

VI. CONCLUSION 
This comparative study evaluates the performance of two types of solar cells: one utilizing GaAs and the other 

BAs. By analyzing a range of performance parameters under comparable conditions, the study identifies the strengths 
and limitations of each material in photovoltaic applications, paving the way for advancements in solar energy, 
particularly in thermophotovoltaic technologies. 

In this study, we compared the performance of solar cells based on GaAs and BAs using simulations conducted 
with SCAPS software. The results demonstrated that while GaAs is a well-established material for photovoltaic 
applications, BAs shows strong potential due to its greater thermal stability, reduced carrier recombination, and higher 
energy conversion efficiency under specific configurations. 

The analysis of key parameters such as open-circuit voltage Voc short-circuit current Jsc, fill factor (FF), and 
conversion efficiency (η) revealed that: 

• BAs achieves a higher open-circuit voltage, indicating lower internal energy losses and better charge 
management. 

• GaAs exhibits a slightly higher short-circuit current, likely due to more efficient absorption in the visible 
spectrum and superior electron mobility. 

 
Figure 19. Variation of the efficiency as a function of 
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This study is the first to simulate and compare complete solar cell structures based on GaAs and Bas under an 
identical architecture, using CuO as the hole transport layer and WS₂ as the electron transport layer, with SCAPS 
software.   

It highlights the promising photovoltaic potential of BAs, identifying optimized configurations (thickness, doping, 
and defect density) that achieve high efficiencies:   
 31.17% for GaAs   
 32.65% for BAs,   
Demonstrating competitive or even superior performance compared to literature reports. The study shows that BAs 

outperforms GaAs in terms of thermal stability and energy conversion under high-temperature conditions, 
making it particularly suitable for thermophotovoltaic and space applications.   

The analysis is comprehensive, evaluating the impact of multiple parameters on performance (η, Voc, Jsc, FF, 
quantum efficiency), including:   

 Active layer thickness   
 Doping levels   
 Defect density   
 Operating temperature   
Finally, the study provides practical recommendations for material selection based on target applications:   
 GaAs for high-speed conduction solar cells.   
 Bas for extreme thermal environments.   
This work bridges theoretical insights with practical optimization, advancing the development of next-generation 

high-efficiency solar cells.  
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РОЗШИРЕННЯ МЕЖ ЕФЕКТИВНОСТІ: АНАЛІЗ СОНЯЧНИХ ЕЛЕМЕНТІВ GaAs ТА BAs ДЛЯ 
ФОТОЕЛЕКТРИКИ НАСТУПНОГО ПОКОЛІННЯ НА ОСНОВІ SCAPS 

Мерад Лаарей, Мама Бушаур, Іман Буаззауї 
Університет Тлемсена, факультет природничих наук, кафедра фізики, дослідницьке об'єднання «Матеріали та 

відновлювані джерела енергії», URMER BP: 119, Тлемсен, Нуво-Поль, Мансура, 13000, Алжир 
У цьому дослідженні використовується програмне забезпечення SCAPS для моделювання та аналізу напівпровідникових 
матеріалів арсеніду галію (GaAs) та арсеніду бору (BAs) для фотоелектричних застосувань. Ми окреслюємо методологію, 
підкреслюючи критичні фактори, що враховуються під час моделювання. Продуктивність сонячних елементів досліджується 
за допомогою кривих квантової ефективності та фотоелектричної продуктивності. Крім того, обговорюються 
спостережувані тенденції, ключові відмінності між GaAs та BAs, а також їх значення для розвитку високоефективних 
сонячних елементів. 
Ключові слова: GaAs; BAs; фотоелектрична техніка; програмне забезпечення SCAPS; ефективність перетворення (η) 
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This study presents a numerical investigation and optimization of lead-free perovskite solar cells using SCAPS-1D simulation. The 
proposed device is composed of formamidinium tin iodide (FASnI3, absorptive layer), zirconium disulfide (ZrS2, electron transport 
material), gold (Au, the back contact), and Fluorine-doped tin oxide (SnO2:F, the front contact).The effects of varying the thickness, 
defect density, doping concentration, operating temperature, and back-contact work function on the photovoltaic performance were 
studied to determine the optimal device architecture with the highest power conversion efficiency (PCE). Results reveal that the initial 
performance of FASnI₃/ZrS₂ solar cells was as follows: open-circuit voltage (VOC) =0.99V, short-circuit current (JSC) = 20.7mA/cm2, 
Fill factor (FF) = 60.13%, and power conversion efficiency (PCE)=12.4%.After optimization, the performance of FASnI₃/ZrS₂ 
significantly improved, achieving a PCE of 23.3%, FF of 82.4%, and JSC of 30.2mA/cm².This remarkable improvement in these 
parameters is attributed to the increase in thickness and doping density of the FASnI₃ and ZrS₂ layers which lead to improved light 
absorption and charge generation. Additionally, the 5.3 eV work function of the back contact was found to provide better energy-level 
alignment with the FASnI₃ layer, thereby facilitating charge extraction. These findings offer valuable insights into the design of 
efficient, stable, and lead-free perovskite solar cells. 
Keywords: FASnI₃; ZrS₂; SCAPS-1D; Lead-free perovskite solar cells; Electron transport layer; Photovoltaic modeling; Solar energy 
PACS: 28.41.Ak, 88.40.H, 61.72.Vv,71.55.−I, 73.30.+ 

1. INTRODUCTION
Over the last decade, human demand for energy has increased due to our growing reliance on technology, resulting 

in a corresponding rise in the use of fossil fuels [1]. They are non-renewable and take a long time to form. Additionally, 
burning fossil fuels releases CO2 gas, which accumulates in the atmosphere [1]. Thus, considerable efforts have been 
made to replace fossil fuels with renewable energy sources, such as solar and nuclear energy. Solar energy is produced 
using solar cells, which offer a promising renewable energy source, providing an environmentally friendly way to curb 
CO₂ emissions and meet the growing demand for green energy [1.2]. This has led to an increasing demand for ecologically 
friendly photovoltaic devices, such as tin-based perovskite solar cells (PSCs) [2,3]. They have been considered promising 
alternatives to lead-based counterparts due to their remarkable optoelectronic properties, which include high absorption 
coefficients, adjustable bandgaps, and cost-effective manufacturing processes that together improve the utilization and 
potential of solar energy [3,4,5]. For example, Formamidinium (FA)-based lead-free perovskite solar cells exhibit higher 
efficiency, greater stability, and reduced toxicity [6]. In addition, tin (Sn)-based PSCs are gaining attention as promising 
alternatives to their lead (Pb)-based counterparts, offering similar optoelectronic properties such as high carrier mobility, 
strong light absorption, and long carrier diffusion lengths. Also, they offer significantly lower environmental and health 
hazards [7]. 

In recent years, considerable work has been conducted on lead-free PSCs by utilizing various ETL, HTL, and 
absorber layers. In this context, Ateeq et al used SCAPS simulation to improve performance of FTO/CeO₂/FASnI₃/CuI/Au 
for a lead-free solar cell by optimizing different values for bandgap, electron affinity, acceptor density, thickness, defect 
density, and back contact work function [8]. After optimization, the efficiency improved from 22.06% to 24.87%, and the 
current density increased from 26.03 to 30.68 mA/cm². Various hole transport layers (HTLs), including PEDOT:PSS, 
Spiro-OMeTAD, PCBM, Cu₂O, MoO₃, and Si, have been investigated in perovskite solar cells. In another study, 
Almufarij et al. optimized a lead-free n-i-p MASnI₃ device using graphene, ZnO:Al, and 3C-SiC interface layers, 
achieving a theoretical efficiency of 30.43% and highlighting MASnI₃ as a promising non-toxic material for sustainable 
energy [9].  

On the other hand, ETL materials can be prepared from various materials, such as transition-metal dichalcogenides 
(TMDCs). ZrS2 is a two-dimensional (2D) transition metal disulfide synthesized as a thin film for application in flexible 
transparent devices [10]. Various growth techniques can be employed to achieve tunability of bandgap energy, electronic, 
and optical properties for ZrS2 thin films, such as Chemical Vapor Deposition (CVD) and Atomic Layer Deposition 
(ALD) [11]. It has a high electron mobility and a small energy gap, making it useful for solar cell applications [10]. In 
this study, we report the optimization of FASnI3 /ZrS2 solar cells using the SCAPS-1D software [12, 13]. The effects of 
absorber layer thickness, defect density states, doping density, and the work function of the back metal contact on the 
performance of FASnI3/ZrS2 solar cells are investigated. 
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2. SIMULATION TOOL 
Numerical simulation can play a vital role in optimizing various solar cell structures, such as those using SILVACO, 

COMSOL, SETFOS, and SCAPS-1D [14]. In this work, the SCAPS-1D simulation was employed to investigate the 
efficiency of solar cells comprising FASnI3 and ZrS2. This program was developed by researchers at the University of 
Gent's Department of Electronics and Information Systems (ELIS), Belgium, for two reasons: to simulate the physical 
phenomena that occur within the solar cell and to predict how well the solar cell would operate under various conditions, 
such as differences in temperature, illumination angles, and sun radiation [12]. The program solves Poisson’s and 
continuity equations for free electrons and holes in the conduction and valence bands, which are commonly used in 
different mechanisms of electronic devices. The equations are given below: 
 2
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d q p x n x N N
dx
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 + − + − + − = 
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Where ε is the dielectric constant, q is the electron charge, NA and ND are ionized acceptors and donor density, Ψ is the 
electrostatic potential, Jp is current density due to hole, Jn is current density due to electron, Gop is the carrier generation 
rate, R is the total recombination rate, p is free hole density, n is the free electron density, ρp, and ρn are the hole and 
electron distribution. The following drift-diffusion equations (2) and (3) represent the holes and electrons carrier transport 
properties of the semiconducting material. The structure of the HTL-free FASnI₃-based perovskite solar cell is illustrated 
in Figure (1). 

The figure shows that the proposed solar cell is composed 
of these layers: FASnI3as absorber material, ZrS2 as 
electron transport material (ETL), and two electrodes: 
gold (Au) as the back contact and fluorine-doped tin oxide 
(SnO₂:F) as the front contact. The proposed device 
configurations are developed by modifying the properties 
of the materials used in this study. Table 1 summarizes the 
input parameters for HTL-free FASnI₃-based perovskite 
solar cells, as obtained from the literature, to evaluate their 
performance [11,15]. To establish a stable reference frame 
for our analysis, we examined the most significant 
parameters that influence the performance of the tested 
device. In general, the main unchanged parameters based 
on published data are the effective density of states at 
1 × 10¹⁸ cm⁻³ for the valence band and 10¹⁹ cm⁻³ for the 

conduction band of these solar cells. For charge carrier behavior at the interfaces, we applied surface recombination 
velocities of 1×10⁵ cm/s for electrons and a slightly higher 10⁷ cm/s for holes, reflecting common trends in perovskite 
materials. 
Table 1. Simulation parameters of each layer of the proposed solar cell [11-15]. 

Parameters ZrS2 FAnSI3 

Thickness (µm) Varying 
0.2 to 1.4 

Varying 
0.2 to 2.0 

Bandgap (eV) 1.5 1.750 
Electron affinity (eV) 4.7 4.125 

Dielectric permittivity (relative) 16.4 8.2 
CB effective density of states (cm⁻³) 2.2×10+19 1×1018 
VB effective density of states (cm⁻³) 1.8×10+19 1×1018 

Electron mobility (cm2/V·s) 300 22 
Hole mobility (cm2 /V·s) 30 22 

Shallow uniform donor density ND (cm⁻3) 1×1019 0 
Shallow uniform acceptor density NA (cm⁻3) 0 1×1016 

Metal work function (eV) Back contact (Au electrode) 5.1 Front contact (SnO2:F electrode) 4.4 

3. RESULTS AND DISCUSSION 
3.1. Effect of Thickness of ZrS2 Layer and FAnSI3 Layer 

The thickness of the components in solar cells plays a vital role in improving their efficiency, as it is a key factor in 
optimizing solar cells performance. The power conversion efficiency of solar cells depends on the efficiency of photon 

 
Figure 1. Schematic diagrams of SnO2:F/ZrS2/FASnI3 Au solar 

cells 
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absorption, exciton generation, and migration. Solar cells with a thicker layer enhance light absorption and increase charge 
generation, but they produce a longer path and affect the generation and migration of photo-generated charge carriers. On 
the other hand, the thinner layers in solar cells may decrease light absorption but facilitate charge-carrier movement. 
Figure 2 shows the parameters of the FASnI₃/ZrS2 solar cell when the thicknesses of the ZrS₂ and FASnI₃ layers were 
varied from 0.2 µm to 1.4 µm and 0.2 µm to 2.0 µm, respectively. 
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Figure 2. Effect of thickness of ZrS2 and FASnI3 on the parameters of ZrS2/FASnI3 solar cells 

The results reveal that thinner FASnI3 and ZrS2 layers produce lower fill factor and PCE compared to their thicker layers 
in FASnI3 /ZrS2 solar cells. Figures 2a and 2b show that the short-circuit current density increases (Jsc) and reaches its peak 
value with an increase in thickness, while the open-circuit voltage (Voc) remains constant. However, the JSC gets saturated 
with minor changes when the thickness of ZrS2 and FASnI3 changes from 0.8 µm to 1.4 µm and 1.2 µm to 2 µm, respectively. 
This saturation behavior suggests that beyond these thresholds, additional thickness does not contribute to further light 
absorption or current generation, likely because most incident photons are already absorbed. On the other hand, the open-
circuit voltage (Voc) remained relatively constant across the thickness range studied, as it is more closely governed by the 
interface recombination rates and energy level alignment between the absorber and transport layers rather than by optical 
thickness [16]. Moreover, Figures 2c and 2d show that the efficiency (PCE) and fill factor (FF) were enhanced with 
increasing layer thickness, ranging from 12% to 21.32% and 60% to 72%, respectively. The above results are attributed to 
improved light absorption in the thicker active layers, which leads to enhancement of photogeneration of charge carriers. 
Similarly, the increase in FF indicates more efficient charge extraction and minimizes the effect of series resistance.  
 

3.2. Effect of the Total Defect Density in Active Layers and Interfaces 
Another essential factor that may significantly impact the device's efficiency is the defect density of the active layers. 

The level of defect density directly influences the quality of the interface and the bulk body of the solar cells, where the 
photo-generated charge is transported to the top and bottom electrodes [17,18]. As is known, the source of defect density 
in electronic devices comes from point defects, stacking faults, dislocations, and grain boundaries, which affect the 
performance of thin-film solar cells [18]. Additionally, different interfaces are formed in PSCs due to the use of various 
deposition techniques for each layer. The defects at the interface are influenced by the quality of the materials and the 
deposition methods, which occur due to interactions between the absorber precursor and the charge transport layer (CTL) 
solutions, leading to two main types of interface defects: those at the HTL/Perovskite and Perovskite/ETL interfaces. 
Figure 3 shows the fluctuation in device efficiency with varying defect densities in the ZrS₂ and FASnI₃ layers, as well as 
at the interface between ZrS₂ and FASnI₃. 

Figure 3-a illustrates the effect of varying the defect density in the ZrS₂ and FASnI3layers on the power conversion 
efficiency (PCE) of theFASnI₃/ZrS₂ solar cell structure. The results show that efficiency remains unchanged when the 

(a) (b) 

(c) (d) 
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defect density is below 1×10¹⁶ cm⁻³, but then declines rapidly as the defect density increases from 1×10¹⁶ cm⁻³ to 10²⁰ cm⁻³. 
These results are attributed to an increase in the carrier recombination rate in the bulk of the ZrS2 layer due to deep trap 
states, which affects the efficient extraction of photo-generated electrons. This leads to a reduction in the diffusion length 
and the carrier transport lifetime. On the other hand, PCE remains relatively stable with a slight decrease from ~12.5% to 
~11% when the defect densities in FASnI₃ were varied from 1x 1012cm⁻³ to 1x 1020 cm⁻³. That indicates the tendency of 
the FASnI₃ layer to maintain its properties despite the presence of defects that do not affect its lifetimes and transport. 
That is attributed to defects usually or shallow states that minimally affect carrier recombination. These results align with 
the findings from the literature, indicating severe degradation in device performance when defect densities in ETLs exceed 
1×10¹⁷ cm⁻³, while tin-based perovskites maintain reasonable efficiency even under high defect conditions [19]. Figure 
3-b shows the fluctuation in device properties with defect density at ZrS₂/FASnI₃ interface. As is known, the defects at 
the interface are influenced by the quality of the materials and the deposition methods occurred due to interactions between 
the absorber precursor and the charge transport layer (CTL) solutions, leading to two main types of interface defects: 
those at the HTL/Perovskite and Perovskite/ETL interfaces. 
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Figure 3. Effect of defect density in a) ZrS2andFASnI3layers and b) ZrS2/FAS interface on the parameters of ZrS2/FASnI3 solar cells 

 
3.3. Influence of Doping Densities in ZrS2 and FAnSI3 Layers 

The performance of perovskite and lead-free photovoltaic devices is significantly affected by the doping densities 
of theZrS2 and FAnSI3 layers. Figure 4 illustrates the parameters of the ZrS2/FAnSI3 solar cell as functions of the doping 
concentration varied from 1×1015 to 1×1021cm−3 
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 Figures 4a and 4b show a slight enhancement in Voc and Jsc as the doping concentration in the ZrS2 layer increases. 
For the ZrS₂ layer, PCE increased from 12.4% to 16%, and FF from 54% to 73% (see figures 4c and 4d). These results 
suggest that heavy doping in the ZrS2 layer enhances conductivity and charge generation by decreasing the series 
resistance. On the other hand, the doping density in the FASnI₃ absorber had a much more impact on the solar cell 
performance. The FF improved from 47.12% at the lowest doping level to 88.26% at the highest, while the PCE nearly 
doubled from 10.93% to 19.50%. That is attributed to several factors: (1) increased built-in electric field strength that 
facilitates charge separation and collection, (2) reduced carrier recombination due to higher quasi-Fermi level splitting, 
and (3) improved conductivity and reduced resistive losses in the absorber layer [20,21]. Unlike the ZrS₂ layer, the FASnI₃ 
doping had an immediate and continuous positive effect even at lower doping levels. This confirms that optimizing the 
absorber layer doping plays a more critical role in achieving high-efficiency solar cell performance. 

 
3.4. Impact of the operating temperature 

The operating temperature of perovskite solar cells (PSCs) affects their performance as they are typically installed 
outdoors and exposed to environmental conditions [22]. Table 2 summarizes the effect of different operating 
temperatures on the performance of the FASnI3/ZrS2 solar cells under initial conditions. It is found that VOC decreases 
from 0.99 to 0.82V while JSC remains relatively constant when the temperature increases from 300K to 420K. The FF 
varies from 60 % to 64.9 %. Consequently, the power conversion efficiency decreases from approximately 12.2% at 
300 K to 11% at 420 K. 
Table 2. The parameter of FASnI3/ZrS2 solar cells as a function of temperature 

Temperature 
(K) 

PCE 
(%) 

FF 
(%) 

JSC 
(mA/cm2) 

VOC 
(V) 

300 12.2 60.12 20.7 0.99 
320 12.4 60.26 20.67 0.99 
340 12.3 60.88 20.64 0.98 
360 12.1 61.97 20.62 0.9 
380 11.8 63.15 20.60 0.91 
400 11.4 64.14 20.57 0.86 
420 11.0 64.92 20.54 0.82 

The results reveal that rising temperatures negatively affect solar cell performance, mainly by reducing Voc, Jsc, and 
PCE. This decline is caused by an increase in reverse saturation current density (Jo) due to the increased thermal 
generation of charge carriers, as explained by the Shockley diode Equation [23]:  

 Voc= nKBTq ln ( 1+ JscJo - VocJsRsh  (4) 

where VOC is the open circuit voltage, n is the ideality factor, KB is the Boltzmann constant, Jo is the reverse current, Rsh is the 
shunt resistance, T is the temperature (absolute), and q is the electric charge. The relationship between VOC and Jo is inverse 
and logarithmic. 

Additionally, high temperatures promote recombination by narrowing the semiconductor's energy bandgap, further 
reducing Voc. According to the literature [23,24], higher temperatures change the properties of the materials used and 
reduce both the efficiency and Voc of solar cells. This degradation is attributed to a change in the physical and chemical 
properties of the semiconductor materials used in solar cells. High temperatures break some of the bonds between atoms 
or molecules in solar cells. These effects reduce the energy gap of materials, change the mobility, and concentrations of 
charge carriers. Finally, there was a slight reduction in Jsc, as charge-separation processing at the interface was also 
reduced. 

 
3.5 Effect of back-contact work function 

In general, the performance of solar cells mainly depends on the alignment of energy levels at the interface between 
the materials used in fabrication. The properties of interfacial layers between the back and front contact electrodes, as 
well as the ETL and HTL, play a vital role in achieving high efficiency [25,26]. Figure 5 shows the PCEs of ZrS2/FASnI3 
solar cells as a function of different back-contact work functions. These metals are: Silver (Ag, 4.6 eV), Indium tin oxide 
(ITO, 4.7eV), Iron (Fe, 4.8eV), Cobalt (Co, 4.9C), Gold (Au, 5.1eV), Tungsten (W, 5.2ev), Nickel (Ni, 5.3) [27]. The 
PCE curve shows that increasing the back-contact work function from 4.6 eV to 5.3 eV increases PCE from 6.7% to 
13.1%. That depends on the properties of the interfacial contact between the metals and the FASnI3 layers, which are 
determined by the chemical interaction between them. Metals with high work functions (W and Ni) form near-ohmic 
contacts with the FASnI3 layer, consequently facilitating hole extraction and producing high PCE. In contrast, metals with 
lower work functions, such as Ag and ITO, produce low PCE due to forming in Schottky barriers that hinder hole 
extraction. These results emphasize that better energy-level alignment at the metal (work function > 5eV) /FASnI₃ 
interface enhances charge-carrier extraction and overall solar cell efficiency. 
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3.6 Device optimization 

Optimal device performance is achieved by optimizing various variables of the solar cells. Figure 6 illustrates the 
difference in the current-voltage characteristics of optimized and non-optimized solar cells.In this work, an optimization 
route is presented that significantly enhances the efficiency of FASnI3/ZrS2 solar cells, offering an essential reference for 
further development of high-performance photovoltaic devices. After optimization, the open-circuit voltage (VOC) was 
adjusted from 0.99 V to 0.93 V, while the short-circuit current density (JSC) increased from 20.7 mA/cm² to 30.2 mA/cm². 
This was accompanied by an improvement in the fill factor (FF) from 60.1% to 82.4%, leading to an enhancement in the 
power conversion efficiency (PCE) from 12.4% to 23.3%. These enhancements are attributed to increasing the thickness 
of the FASnI3 absorber layer from 0.2μm to 1.5μm, which improves photon absorption, generates more electron-hole 
pairs, and increases the short-circuit current density. Additionally, the ZrS₂ electron transport layer thickness was modified 
to 1.0 μm, which facilitated more efficient electron extraction and minimized recombination losses at the interface. A 
significant increase in the acceptor doping concentration of both FASnI3 and ZrS2 – from 1×10¹⁷ cm⁻³ to 1×10²¹ cm⁻³ – 
strengthened the built-in electric field across the junction, enhancing charge carrier separation and reducing resistive 
losses. Finally, increasing the back contact work function to 5.3 eV optimized the energy level alignment, improving hole 
collection and suppressing recombination at the rear interface 
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Figure 6. J-V curves before and after optimization 

 
4. CONCLUSIONS 

This study successfully demonstrated the numerical optimization of lead-free FASnI₃/ZrS₂ perovskite solar cells 
using SCAPS-1D simulation. By systematically varying key parameters such as layer thickness, defect density, doping 
concentration, operating temperature, and back-contact work function, the device performance was significantly 
enhanced. The optimized solar cell achieved a remarkable power conversion efficiency of 23.3%, with improved open-
circuit voltage, short-circuit current, and fill factor compared to the initial design. The improvements are mainly attributed 
to increased thickness and doping density of the absorber and electron transport layers, as well as better energy alignment 
through a higher back-contact work function. These results provide valuable guidance for developing efficient and 
environmentally friendly lead-free perovskite solar cells. 
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ЧИСЛОВЕ ДОСЛІДЖЕННЯ БЕЗСВИНЦЕВИХ ПЕРОВСКИТНІХ СОНЯЧНИХ ЕЛЕМЕНТІВ НА ОСНОВІ 

СТРУКТУРИ FASnI₃/ZrS₂ ЗА ДОПОМОГОЮ СИМУЛЯТОРА SCAPS-1D 
Хмуд Аль-Дмур 

Університет Мута, факультет природничих наук, кафедра фізики, 61710, Йорданія 
У цьому дослідженні представлено чисельне дослідження та оптимізацію сонячних елементів на основі безсвинцевого 
перовскіту за допомогою моделювання SCAPS-1D. Запропонований пристрій складається з йодиду формамідинію-олова 
(FASnI3, поглинаючий шар), дисульфіду цирконію (ZrS2, матеріал для переносу електронів), золота (Au, задній контакт) та 
легованого фтором оксиду олова (SnO2:F, передній контакт). Було досліджено вплив зміни товщини, щільності дефектів, 
концентрації легування, робочої температури та роботи виходу заднього контакту на характеристики фотоелектричної системи 
з метою визначення оптимальної архітектури пристрою з найвищою ефективністю перетворення енергії (PCE). Результати 
показують, що початкова продуктивність сонячних елементів FASnI₃/ZrS₂ була наступною: напруга холостого ходу 
(VOC) = 0,99 В, струм короткого замикання (JSC) = 20,7 мА/см2, коефіцієнт заповнення (FF) = 60,13% та коефіцієнт перетворення 
потужності (PCE) = 12,4%. Після оптимізації продуктивність FASnI₃/ZrS₂ значно покращилася, досягнувши PCE 23,3%, FF 82,4% 
та JSC 30,2 мА/см². Це помітне покращення цих параметрів пояснюється збільшенням товщини та щільності легування шарів 
FASnI₃ та ZrS₂, що призводить до покращеного поглинання світла та генерації заряду. Крім того, було виявлено, що робота 
виходу зворотного контакту 5,3 еВ створює краще узгодження енергетичних рівнів із шаром FASnI₃, що сприяє вилученню 
заряду. Ці результати пропонують цінну інформацію про розробку ефективних, стабільних та безсвинцевих перовскітних 
сонячних елементів. 
Ключові слова: FASnI₃; ZrS₂; SCAPS-1D; безсвинцеві перовскітні сонячні елементи; шар електрон-транспорту; 
фотоелектричне моделювання; сонячна енергія 
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In this study, the optical properties of a silicon-based bifacial solar cell with an n⁺–p–p⁺ structure were investigated using numerical 
simulation in the Sentaurus TCAD environment. Various metal nanoparticles were embedded in the emitter layer in a linear 
configuration to analyze their effects on light absorption and scattering. The study compared metal nanoparticles of platinum (Pt), gold 
(Au), silver (Ag), aluminum (Al), and copper (Cu). All nanoparticles were modeled with the same diameter (5 nm), and the current-
voltage (I–V) characteristics were obtained for each configuration. The simulation results showed that platinum nanoparticles yielded 
the highest short-circuit current density of 13.8 mA/cm², while silver nanoparticles yielded the lowest, at 5.027 mA/cm². Optimal 
parameters were observed with nanoparticles of 5 nm in diameter. Furthermore, it was found that the photon absorption density for the 
most efficient metal type was 1.81 times greater than that of the reference structure without nanoparticles. Additionally, the spectral 
sensitivity of silicon shifted toward the ultraviolet region in the presence of metal nanoparticles. The study demonstrated enhanced 
utilization of the visible light spectrum, and due to the embedded nanoparticles, the overall absorption coefficient of the bifacial solar 
cell increased by a factor of 1.33, aligning more effectively with the visible spectral range.   
Keywords: Silicon; Metal nanoparticles; Bifacial solar cell; Sentaurus TCAD; Nanoplasmonic effect 
PACS: 85.60.Bt, 78.20.Bh, 84.60.Jt 

INTRODUCTION 
Among renewable energy sources, solar energy is gaining an increasingly important role in the global energy system. 

This form of energy is environmentally friendly and represents an inexhaustible energy source [1]. Enhancing the 
efficiency of solar cells is currently one of the key research directions in science and technology. In particular, bifacial 
solar cells, distinguished by their ability to absorb light from both the front and rear sides, can increase their overall energy 
generation potential by up to 10–30% [2]. 

Silicon-based solar cells belong to the class of devices that are highly sensitive to environmental conditions. The 
effects of light intensity [3], temperature [4], and the angle of light incidence on solar cell performance has been widely 
investigated. It has been established that an increase in temperature leads to a slight rise in short-circuit current, while the 
open-circuit voltage decreases significantly, resulting in an overall reduction of the power conversion efficiency [5]. 
Numerous comprehensive studies have been conducted to enhance the efficiency of solar cells and minimize losses. In 
general, there are three primary loss mechanisms in solar cells: thermal [6], electrical [7], and optical [8]. In conventional 
silicon-based solar cells, more than 30% of the incident light is reflected from the surface [9]. To reduce this reflection 
coefficient, various anti-reflective coatings [10] and surface texturing techniques [11] have been developed. The surfaces 
of silicon-based solar cells are commonly coated with SiNx or SiO₂, as these materials possess passivation properties and 
have refractive indices between those of air and silicon [12]. In practice, surface texturing is achieved using alkaline or 
acidic solutions, and silicon wafers with a (100) crystal orientation are typically employed [13]. Since the bandgap of 
silicon is 1.12 eV, it mainly absorbs photons in the visible spectral range. According to the quantum efficiency function, 
solar cell materials do not absorb photons with energies lower than the bandgap. If the photon energy is much greater 
than the bandgap, the excess energy is converted into hot electrons. These high-energy hot electrons quickly lose their 
excess energy through phonon emission, returning to the valence band and thus not contributing to the photocurrent. 
Therefore, to modify the absorption spectrum of solar cells, luminescent materials [14] or metallic nanoparticles [15] are 
often incorporated. 

In converting solar energy into other forms, the device's optical properties play a crucial role. Surface texturing of 
various shapes on solar cells has been effectively employed to enhance light absorption [16]. Due to multiple refractions of 
sunlight at the surface, its energy is absorbed more efficiently. The presence of a p–n junction near the surface requires 
maximizing light absorption in its vicinity [17]. Increased light absorption close to the p–n junction results in a higher 
generation rate of charge carriers [18]. Therefore, surface textures with varying heights are fabricated on solar cells [19]. 
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These textures cause incident light rays to undergo multiple reflections within the structure, thereby increasing their 
interaction with the surface. Consequently, the degree of light absorption by the surface is significantly enhanced. 

Currently, methods for generating additional charge carriers near the p–n junction are being continually improved. 
In particular, the use of metallic nanoparticles to enhance the optical and electrical properties of solar cells has emerged 
as a promising approach [20]. Metallic nanoparticles such as gold (Au), silver (Ag), and platinum (Pt) can enhance light 
scattering and absorption through the localized surface plasmon resonance (LSPR) phenomenon [21][22]. This effect 
leads to a localized enhancement of the electric field around the nanoparticles, thereby increasing the number of photons 
reaching the active layer [23]. Based on these mechanisms, numerous studies have confirmed that modifying solar cells 
with metallic nanoparticles can broaden the optical absorption spectrum, enhance scattering angles, and ultimately 
improve photogeneration efficiency [24][25]. For example, J. Zhu et al. demonstrated that the application of 
nanostructures could double the light absorption in illuminated solar cellsError! Reference source not found.. 

In this study, the optical and electrical properties of bifacial silicon-based solar cells were investigated by introducing 
metallic nanoparticles (Au, Pt, Cu, Al, Ag) into the emitter layer through numerical modeling using the Sentaurus TCAD 
software package. Based on the simulation results, the effects of nanoparticle radius and material type on the photocurrent 
density and current–voltage characteristics were determined. The results showed that the optimal selection of nanoparticle 
parameters can significantly improve light absorption, thereby enhancing the overall efficiency of the solar cell. 

 
MATERIALS AND METHODS 

In this study, the effects of various metallic nanoparticles on the optical and electrical properties of a bifacial solar 
cell were investigated. The selected nanoparticles included silver (Ag), aluminum (Al), copper (Cu), gold (Au), and 
platinum (Pt). These materials were chosen due to their high nanoplasmonic activity as well as their strong light scattering 
and absorption capabilities, which play a crucial role in enhancing light–matter interactions within the solar cell. The 
device structure was based on a conventional n–p–p configuration, with both the front and rear sides designed to be light-
absorbing. The top and bottom contacts consisted of metallic layers that efficiently received incident radiation through 
the intermediate layers. Metallic nanoparticles were embedded into the upper active emitter layer. In addition to the 
nanoparticle material, the radius (ranging from 1 to 25 nm) was considered as a variable parameter, and for each radius 
value, the optical and electrophysical characteristics of the solar cell were evaluated. During the optical simulations, the 
nanoparticle-specific surface plasmon resonance frequencies and absorption coefficients were taken into account. All 
numerical modeling procedures were performed using the Sentaurus TCAD software package. 

During the simulation process, the following Sentaurus TCAD modules were employed as the primary tools: 
SDE (Sentaurus Structure Editor) – used to design the geometric structure of the device, precisely defining the layers 

and positioning the nanoparticles; 
SProcess – applied for adjusting dopant profiles and determining the exact placement of nanoparticles; 
SDevice – used for electrophysical simulations of the device, including the calculation of current–voltage (I–V) and 

power–voltage (P–V) characteristics, electric field distribution, optical absorption levels, and photocurrent density; 
Sentaurus Visual – employed for the visual analysis of the obtained results and for generating gradient maps of 

parameter distributions. 
In the optical simulation stage, the complex absorption coefficients corresponding to each metallic nanoparticle were 

incorporated based on the optical models of the respective materials. The AM1.5G spectrum was adopted as the 
illumination source. 

The primary photovoltaic parameters of the solar cell were determined using the current–voltage (I–V) 
characterization method, which enables the evaluation of output parameters for all types of solar cells. Fig. 1 presents the 
equivalent circuit of the device. 

 

Figure 1. Equivalent circuit of a solar cell 

Here, 𝐼௣௛ is the photocurrent, 𝐼 is the total current in the circuit, 𝐼ௗ is the current flowing through the diode, and 𝐼௦௛ 
is the current passing through the shunt resistance. Applying Ohm’s law to the entire circuit shown in Fig. 1, the total 
current can be expressed as: 

 𝐼௣௛ ൌ 𝐼 ൅ 𝐼ௗ ൅ 𝐼௦௛  (1) 
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The value of each current in the equation is determined separately. After that, the final working equation is obtained. 
The final equation can be seen in formula (2) below.  

 𝐼ௗ ൌ 𝐼௢ ቂ𝑒𝑥𝑝 ቀ௎ାூோೞ௡௞் 𝑞ቁ െ 1ቃ ,  𝐼௦௛ ൌ ௎ାூோೞோೞ೓ . (2) 

Here, 𝐼௢ is the maximum current through the diode, 𝑅௦ is the series resistance, U is the output voltage, q is the 
electron charge, n is the ideality factor, k is the Boltzmann constant, and T is the temperature. 

Formula 2 represents the complete current equation of the solar cell during the circuit connection process [27]. By 
applying boundary conditions to this equation, modifications are introduced. For this purpose, the parameters at the 
maximum power point from the current–voltage characteristic graph are used. To determine the maximum power point, 
it is sufficient to take the product of the maximum current and voltage [28]. Fig. 2 shows the I–V characteristic of the 
solar cell. 

 
Figure 2. Current–voltage (I-V) characteristic of the solar cell.  

By determining the I-V characteristic of the solar cell, the short-circuit current and open-circuit voltage can be 
identified. If the initial conditions are set, when the short-circuit current in the I-V characteristic approaches zero, the 
open-circuit voltage takes its maximum value. This can be seen below. 

 𝑈 ൌ 𝑈௢௖; 𝐼 ൌ 𝐼௦௖ ൌ 0. (3) 

Through the condition in this 3rd formula, we obtain the following equation. 

 𝐼௣௛ ൌ 0 ൅ 𝐼௢ ቂ𝑒𝑥𝑝 ቀ௤௎೚೎௡௞் ቁ െ 1ቃ ൅ ௎೚೎ோೞ೓, (4) 

 𝐼௣௛ ൌ 𝐼௢ ቂ𝑒𝑥𝑝 ቀ௤௎೚೎௡௞் ቁ െ 1ቃ ൅ ௎೚೎ோೞ೓. (5) 

The 5th formula above clearly allows the determination of the photocurrent passing through the solar cell. Based on 
these formulas, the current–voltage characteristic of the bifacial solar cell with various metal nanoparticles introduced 
was determined. 

 
RESULTS AND DISCUSSION 

Front-side illumination was applied to the bifacial solar cell with various metal nanoparticles introduced. For 
comparison purposes, the output parameters of the solar cell without nanoparticles were measured (Fig. 3). 

As shown in the graph, all metal types yielded high current densities, with the solar cell without nanoparticles 
showing the lowest. Positive results were obtained for nanoparticles based on all tested materials. Among them, platinum 
showed the best performance, reaching a current density of 13.8 mA/cm², while silver produced the lowest value of 
5.027 mA/cm². Based on these results, it was decided to continue the experiments with platinum. 

The output parameters of the solar cell with platinum nanoparticles increased. These output parameters are 
significantly dependent on the shape and size of the nanoparticles. Therefore, in the experiment, platinum was taken in 
spherical form. The spherical particle shape is associated with its ability to generate a uniform field and wave propagation 
around itself. The sphere's radius was increased in steps of 1 nm. As a result, the dependence of current density on particle 
radius was obtained (Fig. 4). The introduction of an atom or particle into the solar cell changes its current density. At the 
same time, the open-circuit voltage depends only on the material type and environmental conditions. 
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Figure 3. I–V characteristics of the bifacial solar cell with various metal nanoparticles 

Figure 4. Dependence of the current density of the bifacial solar cell with platinum nanoparticles on the nanoparticle radius. 

From the graph in Fig. 4, it can be seen that the current density of the bifacial solar cell with metal nanoparticles 
shows a significant dependence on the nanoparticle radius. In this case, the nanoparticle size causes the current density to 
increase in certain ranges and decrease in others. Accordingly, the optimal size of the metal nanoparticle was determined. 
For platinum nanoparticles, the optimal size was found to be 5 nm. According to the results, the optimal-size current 
density value was 2.96 times higher than that of the bifacial solar cell without nanoparticles. Measurements also showed 
that for sizes larger than 5 nm, a decrease in current density was observed. This decrease at sizes larger than the optimal 
radius is explained by the nanoplasmonic effect occurring in the structure. The occurrence of the nanoplasmonic effect 
first influences the local electric field, then affects the surface. The spatial extent of the generated electric field should be 
significantly larger than the nanoparticle size. 

Below, the I–V and P–V characteristics of bifacial solar cells without and with nanoparticles are shown (Fig. 5). 

a) b) 
Figure 5. a) I–V characteristics of bifacial solar cells with and without platinum nanoparticles, b) P–V characteristics of the 

bifacial solar cell with platinum nanoparticles 

From the above graphs, it can be seen that the current density generated by the solar cell with platinum nanoparticles 
is almost three times higher. Accordingly, the output power and the maximum power point were determined. The 
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maximum output power was found to be 5.25 mW, with the current density and voltage at this point being 13.08 mA/cm² 
and 0.401 V, respectively. The relatively small values of the output parameters indicate that the selected sample has a 
small size. This is because, at smaller sizes, the effect of metal nanoparticles on the selected sample becomes more 
significant. 

The influence of nanoparticles is crucial in achieving higher output parameters. Since the nanoparticles are arranged 
in a straight line within the emitter layer of the solar cell, an additional light spectrum is generated in that layer. Metals, 
when exposed to incident light, perform the function of generating charge carriers through the light scattered back from 
them. The light scattered from the nanoparticles interacts with each other, producing high intensity in that region. As a 
result, the value of optical generation in that area increases. 

The graph of optical generation as a function of solar cell thickness is shown in Fig. 6. 

 
Figure 6. Optical generation of a bifacial solar cell as a function of its thickness 

It can be seen from Figure 6 that the nanoparticle embedded in the emitter layer increased the optical generation of 
the solar cell by almost 1.81 times. In this graph, the optical generation of a solar cell without nanoparticles decreases 
exponentially. If nanoparticles are not embedded into the emitter layer, light intensity is more absorbed towards the base. 
Therefore, embedding nanoparticles into the emitter layer increases the light intensity in this layer, resulting in reduced 
absorption in the base region. 

The absorption of light is directly related to its spectrum. Secondly, it is strongly dependent on the thickness of the 
solar cell. Thickness affects the internal interference process within the solar cell. The optical properties of light in a 
material are determined by its absorption, transmission, and reflection coefficients. By increasing absorption, it is possible 
to reduce the values of transmission and reflection coefficients. Therefore, in this research, the dependence of the 
absorption coefficient on the wavelength of light was determined (Fig. 7). 

 
Figure 7. Dependence of the absorption coefficient of a bifacial solar cell on the wavelength of light 

The above graph shows that the absorption coefficient of the solar cell with embedded nanoparticles is higher. It 
was determined that this value is 1.33 times greater than the absorption coefficient of the solar cell without nanoparticles, 
reaching 79.4%. For the silicon-based bifacial solar cell without nanoparticles, the absorption coefficient decreases as the 
wavelength of light increases, which leads to inefficient utilization of long-wavelength light. In contrast, the absorption 
coefficient of the nanoparticle-integrated solar cell shows good performance even at long wavelengths. Based on the 
obtained results, it can be concluded that the introduction of metal nanoparticles into the bifacial solar cell optimizes its 
optical properties. 

1E+20

1.1E+21

2.1E+21

3.1E+21

4.1E+21

5.1E+21

6.1E+21

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

OP
TI

CA
L G

EN
ER

AT
IO

N

Y Coordinate, μm

With platinum nanoparticles
Without platinum nanoparticles

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Ab
so

rp
tio

n 
co

ef
fic

ie
nt

, %

λ, μm

With platinum nanoparticles
Without platinum nanoparticles



296
EEJP. 4 (2025) Murodjon M. Komilov, et al

CONCLUSIONS 
In this study, various types of metal nanoparticles were introduced into a bifacial solar cell. Among the embedded 

metal nanoparticles, platinum was identified as the most optimal type. Platinum, a high-efficiency metal, was selected, 
and its effect on the solar cell's optical properties was investigated. First, the optimal platinum nanoparticle radius for 
maximum performance was determined. For 5 nm platinum nanoparticles, a current density of 13.8 mA/cm² was 
achieved. This value was found to be 2.9 times greater than the current density of a solar cell without nanoparticles. 
Optimal-sized nanoparticles were embedded in the emitter layer of the solar cell, and they were observed to enhance 
optical generation. 

In addition, the absorption coefficient values and corresponding graphs of the nanoparticle-integrated solar cell were 
obtained. The results showed that absorption increased in the nanoparticle-embedded region and remained effective at 
long wavelengths. It can be concluded that embedding metal nanoparticles into a bifacial solar cell is a promising 
approach, as it optimizes its optical properties. In the future, determining the thermal and electrical conductivities of the 
metal nanoparticles embedded in bifacial solar cells is expected to be even more promising. 
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ПОКРАЩЕННЯ ТА ОПТИМІЗАЦІЯ ОПТИЧНИХ ВЛАСТИВОСТЕЙ ДВУХФАЦІАЛЬНИХ СОНЯЧНИХ 

ЕЛЕМЕНТІВ ШЛЯХОМ ДОДАННЯ МЕТАЛЕВИХ НАНОЧАСТИНОК 
Муроджон М. Комілов1, Райімжон Алієв1, Авазбек А. Мірзаалімов2, С.Р. Алієв4, Муроджон К. Абдувохідов3, 

Наврузбек А. Мірзаалімов1, Дж. Зійотдінов1, Содікджон І. Теміров1 
1Андижанський державний університет імені З.М. Бабура, Андижан, Узбекистан 
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У цьому дослідженні було досліджено зміни оптичних властивостей двостороннього сонячного елемента на основі кремнію 
зі структурою n⁺–p–p⁺ за допомогою числового моделювання з використанням програмного середовища Sentaurus TCAD. 
Різні металеві наночастинки були вбудовані в шар емітера в лінійній конфігурації для аналізу їхнього впливу на процеси 
поглинання та розсіювання світла. У дослідженні порівнювалися металеві наночастинки платини (Pt), золота (Au), срібла 
(Ag), алюмінію (Al) та міді (Cu). Всі наночастинки були змодельовані з однаковим діаметром (5 нм), і для кожної конфігурації 
були отримані вольт-амперні (ВА) характеристики. Результати моделювання показали, що наночастинки платини дали 
найвищу щільність струму короткого замикання - 13,8 мА/см², тоді як наночастинки срібла дали найнижчу - 5,027 мА/см². 
Оптимальні параметри спостерігалися для наночастинок діаметром 5 нм. Крім того, було виявлено, що щільність поглинання 
фотонів для найефективнішого типу металу була в 1,81 рази більшою, ніж у еталонної структури без наночастинок. Крім того, 
спектральна чутливість кремнію змістилася в ультрафіолетову область у присутності металевих наночастинок. Дослідження 
продемонструвало покращене використання спектру видимого світла, і завдяки вбудованим наночастинкам загальний 
коефіцієнт поглинання двостороннього сонячного елемента збільшився в 1,33 рази, що ефективніше узгоджується з видимим 
спектральним діапазоном. 
Ключові слова: кремній; металеві наночастинки; двосторонній сонячний елемент; TCAD Sentaurus; наноплазмонний ефект 
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This study presents an in-depth analysis of the heat transfer mechanisms and fluid flow behavior associated with hybrid nanofluids in 
the presence of an exponentially stretching surface. Hybrid nanofluids, formed by dispersing more than one type of nanoparticle within 
a base fluid, exhibit superior thermophysical properties compared to conventional nanofluids. Their enhanced thermal conductivity, 
modified density, and tailored specific heat capacity make them highly suitable for advanced applications in nanotechnology, renewable 
energy systems, high-performance electronics cooling, and industrial-scale heat exchangers. The novelty of the present research lies in 
its attempt to explore the combined impact of hybrid nanoparticles and exponential stretching on boundary layer dynamics, thereby 
offering new insights into optimizing thermal systems. The core aim of this investigation is to maximize heat transfer efficiency under 
varying physical and operational conditions. To achieve this, the governing partial differential equations describing the conservation 
of mass, momentum, and energy are transformed into a set of nonlinear ordinary differential equations using similarity transformations 
and appropriate dimensionless parameters. This mathematical reformulation simplifies the complexity of the problem while preserving 
the essential physics of the flow. A computational framework is developed in MATLAB, where the coupled system of equations is 
solved using the fourth-order Runge–Kutta method integrated with a shooting technique to ensure accuracy and stability. The analysis 
highlights the roles of key parameters such as magnetic field intensity, Eckert number (viscous dissipation effects), Prandtl number 
(thermal diffusivity effects), and thermal radiation on velocity profiles, temperature distributions, and porous medium behavior. The 
results not only reveal the sensitivity of the flow and thermal fields to these controlling factors but also identify regimes where hybrid 
nanofluids significantly outperform traditional working fluids. 
Keywords: Lorentz force; Dissipation; Magneto-hydro dynamics (MHD); Hybrid nanofluids; Exponential stretching sheet 
PACS: 41.20.-q, 47.10.-g, 52.30.Cv, 47.10.A-, 47.65.-d 

Nomenclature 
Notation Definition Units Notation Definition Units

1 2,u u Velocity profiles along x, y directions - Ec  Eckert number - 
,U V Exponential rate and Velocity rate - Nu Nusselt number - 
μ  Dynamic viscosity [M L⁻¹ T⁻¹] Pr Prandtl number - 
ρ  Fluid density [M¹L⁻³T⁰] K Porosity parameter - 
η  Dimensionless distance - 0B Magnetic field strength [L-1A] 

M Magnetic parameter [M T⁻² I⁻¹] rq Radiative heat flux [W/m2] 
Q Heat source [J/s] or [W] β Thermal expansion [K-1] 
Cp  Specific heat [M⁰L²T⁻²K⁻¹] ν  Kinematic viscosity [M L⁻¹ T⁻¹] 
α  Thermal diffusivity [L²T⁻¹] l Length [m]
σ  Electrical conductivity [M-1L-3T3A2] φ  Volume fraction - 
T Temperature [K] Cpρ Heat Capacitance [ML²T⁻²K⁻¹] 

wT Wall stream temperature [K] 0c Positive constant - 

T∞ Free stream temperature [K] fC Skin friction - 

k Thermal conductivity [MLT-3K-1] Re  Reynolds number - 
R  Radiation parameter - S Suction parameter - 

INTRODUCTION 
A fluid is a substance that encompasses both liquids and gases, characterized by its ability to deform and flow 

continuously when subjected to external forces such as pressure or shear stress. Unlike solids, fluids cannot resist shear 
stress and instead redistribute themselves until equilibrium is achieved. They exhibit key physical properties such as 
density, viscosity, temperature, and pressure, which determine their behavior under different flow conditions. The 
scientific study that deals with the motion and interaction of fluids is known as Fluid Dynamics, a core branch of Fluid 
Mechanics, which plays a vital role in understanding and predicting phenomena like turbulence, drag, lift, and flow 
stability. Such knowledge is crucial in applications ranging from aerodynamics and hydrodynamics to biomedical flows 
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and industrial processes. Recent advancements in this field include the incorporation of nanoparticles into conventional 
base fluids like water, ethylene glycol, or engine oil, creating nanofluids with enhanced thermal and flow characteristics. 
Heat transfer, a fundamental aspect of fluid flow, involves the exchange of energy driven by temperature differences and 
occurs mainly through conduction, convection, and radiation. In fluids, convection becomes particularly significant as 
the bulk motion of fluid particles aids in transferring thermal energy efficiently, making fluid dynamics essential for 
designing advanced cooling, heating, and energy conversion systems. Choi [1], one who initiated the concept of 
nanoparticles, which can incorporate into the base fluids to generate a nanofluid. The size of a nanoparticle varies anyplace 
between 1-100 nm. Nanofluids imparts better properties, primarily thermal conductivity, also gives the abundant impact 
on velocity, temperature profiles. Nanofluids have a rich amount of research conducted within the last decades comprising 
preparation, characterization, modelling, convective, boiled heat transfer, and their applications [2-4].  

A mixture of two nanoparticles into single base fluid is indicated as Hybrid nanofluids. Suresh [5] first proposed the 
theory of hybrid nanofluids to rise the valuable factors of normal nanomaterials. On extending more than two 
nanoparticles, consists the properties of thermophysical and chemical which lift the intensity in heat transfer [6]. Hybrid 
nanofluids come out with a promising result to enhance the attainment of heat transfer compared to traditional fluids and 
nanofluids with single nanoparticle [7]. There will be a high significant rate of thermal conductivity on applying two 
different nanoparticles to the fluid facilitating heat transfer [8]. Implementing two nanoparticles in the base fluid leads in 
prevention of particle sedimentation that ensures continuing stability of nanofluid and better their dispersion in the base 
fluid which can improve the heat transfer [9]. When the magnetic field is assigned in the hybrid nanofluid, Lorentz force 
acts on the particles that are charged inside the fluid heading to discrete effects and reactions. It exerts the substantial 
reference in the performance of hybrid nanofluids [10]. To make the transformation of heat strengthen, the flow patterns 
in the hybrid nanofluids are manipulated by managing the magnetic field [11]. Lorentz force helps in nanoparticle 
dispersion to make thermal conductivity and heat transfer more efficient [12]. During the flow of fluid, the K.E converts 
to thermal energy, this effects the friction behaviour of hybrid nanofluids and leads to viscous dissipation [13]. In 
enhancing the heat transfer rates, an increase in the fluid temperature is due to dissipation criteria [14]. The heat created 
from dissipation can alter the patterns of flow, changes in velocity profiles, and boundary layer thickness [15]. Thermal 
radiation, a form of heat transfer that includes the emission of electromagnetic waves, impact the thermal behaviour of 
fluid, mainly when combined with nanoparticles [16]. On adding excess heat source to the fluid, induces to a thicker 
thermal boundary layer, that increases the heat transfer [17]. Lorentz force, Viscous dissipation, Thermal radiation effects 
collectively considered to provide an absolute nanofluid behaviour [18]. The stretching surface along the flow is very 
much important and utilizes in spin forming, rolling, wire gathering, cultivating crystal, and production of fibre glass, 
plastic, rubber and more. Stretching sheet, a surface that moves continuously, immersed in a fluid, it produces a boundary 
layer flow. Stretching rate, properties of fluid, nanoparticle concentration are the points in which the thickness of boundary 
layer is depended [19]. The velocity gradients in the boundary layer are controlled by the stretching rate. The higher 
stretching rate results in high velocity gradient around the surface [20]. Magyari and Keller [21] were the first to pose the 
implementation of exponential stretching sheet to explore the circulation of wall temperature and heat transfer 
characteristics. Detailed explanation in boundary layer flow of MHD over an exponential stretching sheet on regarding 
thermal radiation was developed by Mabood [22]. The latest study on the influence of nanoparticles along the flow and 
heat transference through exponential shrinking sheet, gave the enhanced thermal boundary layer thickness as volume 
fraction of nanoparticle increased because of shrinking sheet [23].  

Here, in this study the consideration of Lorentz force, thermal radiation, viscous dissipation are interacted to better 
the nanofluid nature. This combination will impact heat variation and flow features mainly in the plot involving magnetic 
fields and raised temperatures. Exploring all closely might provide a exact representation of nanofluid development [24]. 
Several outcomes are reported in the above literature, which are not reported to the whole. Accordingly, the main intention 
is to enquire the heat transfer and behaviour of fluid flow of Hybrid nanofluids forward to exponential stretching sheet 
with the Copper (Cu) and Titanium dioxide (TiO2) as nanoparticles merged in the Water (H2O) which is a base fluid. This 
appeal brings a novel perspective on shaping various forces that acts along the fluid flow. The results are shown both in 
tabulated and graphical form to the close extent compared to the previous works and conclusions are also clearly drafted. 
 

MATHEMATICAL MODEL 
Let us consider a two-dimensional hybrid nanofluid flow that is independent of time, with Titanium dioxide (TiO2) 

and Copper (Cu) as nanoparticles, and Water (H2O) as the base fluid, to examine on an exponential stretching sheet. The 
x-axis is parallel and the y-axis is perpendicular to the surface, respectively (Fig. 1). The sheet elongates along the x-
direction at an exponential rate of 0

x lU c e= and the velocity profile as 2
0

x lV c e= (where l is length and 0c  is the positive 
stretching constant). The sheet is placed at an exponentially varying temperature 2

0
x l

wT T T e∞= +  (where 0 ,T T∞  are the 
reference value and the ambient value, respectively. 

The vector notations for the fluid flow are 

 . 0u∇ =  (1) 
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The above represents the vector form of equation of continuity that expresses the law of conservation of mass for 
incompressible fluids. 

 ( ) ( )2 2 1
1 0 1. hnf hnf

hnf hnf

uu u u B x u
K

σ μ
ν

ρ ρ
∇ = ∇ − −  (2) 

This equation is essentially the Navier-Stokes momentum equation for a hybrid nanofluid that flows through the 
porous medium under a magnetic field. The vector form unifies the inertia, viscous, magnetic, and porous drag. 

 
Figure 1. Model of the problem 

 ( ) ( )2 1.
( ) ( ) ( )

hnf
hnf r

hnf hnf hnf

Qu T T q T T
Cp Cp Cp

μ
α

ρ ρ ρ∞∇ = ∇ − ∇ + − + Φ  (3) 

The above is the energy equation along a porous path for hybrid nanofluids with heat source, viscous dissipation, 
and radiative heat flux in vector form. 

The governing equations that were modified from the vector form are [25,26]. 
Continuity equation: 

This is the mathematical expression of conservation of mass in an incompressible fluid flow. 

 1 2 0u u
x y

∂ ∂
+ =

∂ ∂
 (4) 

Momentum equation:  
Equation (4) undergoes the principle of Newton’s second law, where the change in momentum is directly 

proportional to the net forces acting on it and represents the convection flow change on the left side and viscous effects, 
magnetic forces, thermal conductivity respectively to the right of the equation. 

 ( )
2

21 1 1 1
1 2 0 12

hnf hnf hnf

hnf hnf hnf

u u u uu u B x u
x y Ky

μ σ μ
ρ ρ ρ

     ∂ ∂ ∂
+ = − −          ∂ ∂ ∂     

 (5) 

Energy equation: 
The change in total energy is equal to the summation of the rate of work done by force applied and change in heat 

quantity per unit time. The equation below describes the change of convection flow to the left and thermal diffusion, 
radiative heat flux gradient, heat generation with temperature differences, and viscous dissipation to the right accordingly 
in the equation. 

 ( ) ( ) ( ) ( )

22
1

1 2 2

1 hnfr
hnf

hnf hnf hnf

q uT T T Qu u T T
x y Cp y Cp Cp yy

μ
α

ρ ρ ρ∞
 ∂ ∂∂ ∂ ∂+ = − + − +  ∂ ∂ ∂ ∂∂  

 (6) 

Radiative heat flux 𝑞𝑟 is possible to write by taking advantage of Rosseland approximation as [25] 

 
44

3r
Tq
yk

σ ∗

∗

 ∂= −  ∂ 
 (7) 

σ ∗  is the Stephen Boltzmann constant and k∗ is the absorption coefficient  

 4 3 44 3T T T T∞ ∞≅ −  (8) 
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Incorporating the value of 4T  in the equation (7) we obtain  
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3r
T Tq

yk
σ ∗

∞
∗

 ∂= −  ∂ 
 (9) 

Equation (6) takes the form after including the Rosseland approximation rq of equation (8) 

 ( ) ( ) ( ) ( )

232 2
1

1 2 2 2
1

16
3

hnf
hnf

hnf hnf hnf

T uT T T T Qu u T T
x y Cp k Cp Cp yy y

μσα
ρ ρ ρ

∗
∞

∞
 ∂∂ ∂ ∂ ∂+ = + + − +  ∂ ∂ ∂∂ ∂  

 (10) 

Boundary conditions are  

 1 2

1

, , , 0
0, ,

wu U u V T T at y
u T T as y∞

= = = →
→ → → ∞

 (11) 

Considered similarity transformations are [26,28] 

 
( ) ( ) ( )

( )

0 02 2
1 0 2

2
0

, , ,
2 2

x x x
l l l

x
l

c c
y e u c e f u e f f

l l

T T T e

νη η η η η
ν

θ η∞

′ ′= = = − +  

= +

 (12) 

Using relations of equation (8), equation (4) is satisfied and equation (5) & (6) respectively converted to 

 2
1 3 1 2 1 22 0f a a Mf a a f Kf a a ff′′′ ′ ′ ′ ′′− − − + =  (13) 

 2
1 5 1 4 1 4 1

4 Pr Pr Pr Pr 0
3

a a R a a f a a f a Ecfθ θ θ βθ  ′′ ′ ′ ′′+ + − + + = 
 

 (14) 

Boundary conditions are transferred to, 

 
( ) ( ) ( )
( ) ( )
0 1, 0 , 0 1, 0

0, 0,
f f S at

f as

θ η
θ η

′ = = = =
′ ∞ → ∞ → → ∞

 (15) 

The dimensionless parameters are 

( )
( )

( ) ( )
2 2
02

, Pr , ,ff f w

f wf f

CpB l U
M Ec

Cp k Cp T T

μσ

∞

= = =
−

 

( )
* 3

0
0*

0 0 0 0

2 24 2, , ,f

ff f

l lQT lR K S c
c c Cp ck k

νσ β
ρ ν

∞= = = = −
Κ

 

where M is the magnetic parameter, R is the radiation parameter, Pr is the Prandtl number, Ec is the Eckert number, β  
represents the thermal expansion, s is the suction parameter and K is the porosity parameter.  

Quantities of engineering: Physical quantities known as skin friction and Nusselt number are mentioned as follows: 

1
2 0hnf

fx
f y o

uC
yU

μ
ρ =

 ∂
− = ∂ 

 

( ) ( ) 0

2 0x hnf r y
f w y o

l TNu k q
k T T y =

∞ =

  ∂
 + − + =  − ∂  

 

The dimensionless forms of Skin friction and Nusselt number 

( ) ( ) ( )1 1
2 2

4
1

0 4Re , Re 03x x x x
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Cf Nu a R
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−′′ 
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Table 1. Thermophysical models for Hybrid nanofluids [26] 

Properties Hybrid nanofluid 

Viscosity ( ) ( )2.5 2.5
1 1 21 1hnf

f

a
μ

φ φ
μ

= = − −  

Density ( ) 1 2
2 2 1 1 21 1hnf

f f f

a
ρ ρ ρφ φ φ φ
ρ ρ ρ

    
= = − − + +            

 

Electrical conductivity 
( )

( ) ( )

1 1 2 2
1 2

3

1 1 2 2 1 1 2 2
1 2

1 2

3
1

2

fhnf

f

f f

a

φ σ φ σ φ φ
σσ

σ φ σ φ σ φ σ φ σ φ φ
σ φ φ σ

 + − −  
 = = +

   + ++ − − +      +   

 

Specific heat 
( )
( ) ( ) ( )

( )
( )
( )

1 2
4 2 1 1 21 1hnf

f f f

Cp Cp Cp
a

Cp Cp Cp

ρ ρ ρ
φ φ φ φ

ρ ρ ρ

    
    = = − − + +

        
 

Thermal conductivity 
( )
( )

( )
( )

2 2 2 1 1 1
5

2 2 2 1 1 1

2 2 2 2
,

2 2 2 2
nf nf nf nfhnf

nf f
f nf nf nf nf

k k k k k k k kk
a at k k

k k k k k k k k k

φ φ
φ φ

+ − − + − −
= = = ×

+ + − + + −
 

Table 2. Thermal properties of Water, nanoparticles [26] 

Property Cu TiO2 H2O 
Density ‘ρ’ (kg/m3) 8933 4250 997.1 
Specific heat ‘Cp’ (J/kg-K) 385 686.2 4179 
Thermal conductivity ‘k’ (W/m-K) 400 8.9538 0.613 
Electrical conductivity ‘σ’ (S/m) 5.96 ൈ 107 2.38 ൈ 106 5 ൈ 10-2 

 
Methodology 

This flowchart outlines the computational procedure for solving a boundary value problem (BVP) using MATLAB’s 
bvp4c solver. It begins with variable declaration and initialization, followed by domain quantization to discretize the 
problem space. The core process starts by calling bvp4c, which requires defining a system of first-order ordinary 
differential equations (ODEs) and appropriate boundary conditions. Boundary conditions are either exactly known for the 
first solution or initially guessed for subsequent solutions. The process iteratively adjusts these guesses to match desired 
solutions, such as the second, third, or fourth, refining them to improve accuracy. Once the boundary conditions are 
properly set and the function is evaluated, the solver computes the numerical results, yielding the final solution of the 
BVP. 

 
Figure 2. Flowchart of numerical solution 

The system of Ordinary differential equations derived from equations (13) & (14), along with their respective 
boundary conditions given in equation (15), is solved numerically using the shooting method. To convert those equations 
into a first-order ODE, we initiate the variables as 



303
Energy Transport in a MHD Hybrid Nanofluid Flow Over a Porous Exponentially...   EEJP. 4 (2025)

( ) ( ) ( ) ( ) ( )1 , 2 , 3 , 4 , 5f f f f f f f fθ θ′ ′′ ′= = = = =  
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The corresponding dimensionless boundary conditions are 

( ) ( ) ( )
( ) ( )
1 , 2 1, 4 1 at 0
2 0, 4 0 at

f S f f

f f

η
η

= = = →

→ → → ∞
 

 
RESULTS AND DISCUSSION 

The non-linear differential equations are solved using Runge-Kutta method under boundary conditions lead to 
numerous changes in the velocity, temperature profiles and in the effects of skin friction and Nusselt number are 
represented in graphical and tabular forms.  

Table 3. Comparison of - ( )0θ ′  with dissimilar values of R, M, Pr 

R M Pr Ishak et al. [27] Goud et al. [28] Present work 
0 0 1.0 0.9548 0.9547 0.9540 
0 0 2.0 1.4715 1.4714 1.4573 
0 0 3.0 1.8691 1.8690 1.7893 
0 0 5.0 2.5001 2.5001 2.3195 
0 0 10.0 3.6603 3.6603 3.2694 

Table 4. Mutations of 
1
2Rex xCf  by Pr = 6.2; R = 1.0; Ec = 0.3; β = 0.1 

M K s 
1φ  2φ  Zahid et al. [25] Present work 

0.5 1.0 0.1 0.1 0.1 -3.2211 -2.8553 
1.0 1.0 0.1 0.1 0.1 -3.3551 -3.1546 
1.5 1.0 0.1 0.1 0.1 -3.4836 -3.4277 
2.0 1.0 0.1 0.1 0.1 -3.6073 -3.6805 

Table 5. Changes of 
1

2Rex xNu
−

by Pr = 6.2; K = 1.0; s = 0.1 

M Ec R β  1φ  2φ  Zahid et al. [25] Present work 

0.5 0.3 1.0 0.1 0.1 0.1 1.3487 1.3480 
1.0 0.3 1.0 0.1 0.1 0.1 1.1466 1.1465 
1.5 0.3 1.0 0.1 0.1 0.1 0.9518 0.9510 
2.0 0.3 1.0 0.1 0.1 0.1 0.7570 0.7572 

As the magnetic parameter increases, the Lorentz force intensifies, leading to a reduction in the fluid's drift velocity. 
When a magnetic field is applied to a fluid, it induces a resistive force known as the Lorentz force, which acts against the 
fluid's motion. Thus, the velocity is decreased in Figure 3. 

From Figure 4 the temperature is raised on increasing the magnetic parameter due to the interaction between 
electrically conducting fluid and the magnetic field, called Lorentz force, generates the friction within the fluid converting 
the kinetic energy to thermal energy causes the temperature increment. 
Figure (5), represents the increment in the porosity parameter leads to increase in the velocity, because a higher porosity 
means there are more interconnected void spaces allowing the fluid to flow easily with less resistance. 

In Figure 6 it is observed that temperature is increased on increase in the porosity parameter, this is noticed mainly 
in the context of porous medium because higher porosity allows for greater penetration and an increased surface area for 
heat transport. 

Figure 7 shows the impact of the velocity profile on increasing the suction parameter, particularly at the boundary 
layer. This is because suction effectively removes fluid from the boundary layer, reducing the momentum of the flow and 
repeatedly slowing it down. 

Figure 8 elaborates the decrease in temperature with an increase in the suction parameter, due to a better cooling 
effect from the increased fluid being drawn into the boundary layer. This effect helps in removing the heat effectively, 
resulting in the temperature reduction. 
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Figure 9 depicts the variations in the temperature by increasing the radiation parameter, this is because the fluid is 
absorbing its own thermal radiation and increase heat transfer from heat surfaces. This showed the increase in the 
temperature on increasing in the radiation parameter. 

Figure 10 shows the increase in the temperature while the values of Eckert number are increased. As Eckert number 
increases, the viscous dissipation in the fluid becomes more significant, which converts the kinetic energy to thermal 
energy, that results in the temperature increment. 

Figures (11) & (12), separately shows the representation of variations in temperature profile on increasing the 
volume fractions of Copper and Titanium dioxide nanoparticles respectively. This result in the increase of temperature 
because increase in the particles can increase the surface areas for heat exchanging also can absorb excess heat leading to 
the high temperatures. 

 

Figure 3. Difference in velocity profile for various values of M Figure 4. Variations of temperature profile for distinct values of M 

 

Figure 5. Difference in velocity profile with distinct values of K Figure 6. Variations in temperature profile for distinct values of K 

Figure 7. Difference in velocity profile for distinct values of s Figure 8. Variations in temperature profile for different values of s 
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Figure 9. Variances in temperature profile with distinct values 
of R 

Figure 10. Variances of temperature profile with distinct values 
of Ec 

Figure 11. Variances of temperature profile for distinct values 
of 1φ  

Figure 12. Variances in temperature profiles for distinct values 
of 2φ  

 
CONCLUSIONS 

The outcomes of this research establish that the synergistic effect of hybrid nanoparticles and exponential surface 
stretching significantly advances heat transfer performance while offering deeper insights into boundary layer control. By 
integrating magnetohydrodynamic influences, viscous dissipation, and radiative effects, the study not only enhances the 
predictive accuracy of nanofluid-based thermal models but also identifies optimal operating conditions for engineering 
applications. These findings contribute novel perspectives toward the design of next-generation thermal management 
systems, particularly in energy, electronics, and advanced manufacturing sectors, where precise regulation of heat transfer 
is essential. A broad range of investigation is done on the Hybrid nanofluid flow and heat transfer which included two 
nanoparticles namely Titanium dioxide (TiO2) and Copper (Cu) and the base fluid used is Water (H2O) on exponential 
stretching sheet. To validate, the present results are compared with the previously published articles, achieved good 
outcomes. On inclusion of the different parameters on the fluid velocity and temperature profiles were solved by attaining 
Runge-Kutta method of Shooting technique. The important disclosures are generalised here: 
• The velocity component is decreased slightly on productivity of Magnetic parameter, Porosity parameter, Suction 

parameter. 
• On increasing the Magnetic parameter, Porosity parameter there is an increase in the temperature profile in the both 

mentioned parameters. 
• The values of temperature profiles and volume fractions are seen in proportional on increasing in the volume 

fractions. 
• The magnetic parameter, suction parameter, porosity parameter are conversely related to the drag co-efficient of the 

volume fractions. 
• By improving the suction parameter values there is an adequate downfall of velocity profile and temperature profile. 
• The Radiation parameter consumes a productive association with rate of heat transfer whereas the magnetic 

parameter, viscous dissipation parameter, volume fractions of the nanoparticles all possess negative correlation.  
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In the coming research, the above work could be extended by engaging novel fluids and appropriate effects like 
space dependent heat sources. 
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ЕНЕРГЕТИЧНИЙ ТРАНСПОРТ У ПОТОЦІ МГД-ГІБРИДНОЇ НАНОРІДИНИ НАД ПОРИСТИМ ЛИСТОМ З 

ЕКСПОНЕНЦІАЛЬНИМ РОЗТЯГНЕННЯМ 
Махеш Джоші, Г. Венката Рамана Редді 

Кафедра математики, Освітній фонд Конеру Лакшмаї, Зелені поля, Ваддесварам, Гунтур-522302, Андхра-Прадеш, Індія 
Це дослідження представляє поглиблений аналіз механізмів теплопередачі та поведінки потоку рідини, пов'язаних з 
гібридними нанорідинами за наявності поверхні, що експоненціально розтягується. Гібридні нанорідини, утворені шляхом 
диспергування кількох типів наночастинок в базовій рідині, демонструють кращі теплофізичні властивості порівняно зі 
звичайними нанорідинами. Їхня підвищена теплопровідність, модифікована щільність та спеціалізована питома теплоємність 
роблять їх дуже придатними для передових застосувань у нанотехнологіях, системах відновлюваної енергії, 
високопродуктивному охолодженні електроніки та теплообмінниках промислового масштабу. Новизна цього дослідження 
полягає в його спробі дослідити комбінований вплив гібридних наночастинок та експоненціального розтягування на динаміку 
пограничного шару, тим самим пропонуючи нові ідеї щодо оптимізації теплових систем. Основною метою цього дослідження 
є максимізація ефективності теплопередачі за різних фізичних та експлуатаційних умов. Для досягнення цієї мети керівні 
диференціальні рівняння з частинними похідними, що описують закон збереження маси, імпульсу та енергії, перетворюються 
на набір нелінійних звичайних диференціальних рівнянь за допомогою перетворень подібності та відповідних безрозмірних 
параметрів. Таке математичне переформулювання спрощує складність задачі, зберігаючи при цьому основну фізику потоку. 
У MATLAB розроблено обчислювальну базу, де зв'язана система рівнянь розв'язується за допомогою методу Рунге-Кутти 
четвертого порядку, інтегрованого з методом стрільби для забезпечення точності та стабільності. Аналіз підкреслює роль 
ключових параметрів, таких як напруженість магнітного поля, число Екерта (ефекти в'язкої дисипації), число Прандтля 
(ефекти температуропровідності) та теплове випромінювання, на профілі швидкості, розподіл температури та поведінку 
пористого середовища. Результати не тільки показують чутливість потоку та теплових полів до цих контролюючих факторів, 
але й визначають режими, в яких гібридні нанорідини значно перевершують традиційні робочі рідини. 
Ключові слова: сила Лоренца; дисипація; магнітогідродинаміка (МГД); гібридні нанорідини; експоненціальне розтягування 
листа 
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This study focuses on the thermal behavior and three-dimensional boundary layer flow of water-based nanofluids over a stretched 
surface, considering the combined effects of Coriolis and Lorentz forces. The model includes several important physical aspects such 
as surface convection, internal heat generation, Joule heating, viscous dissipation, and thermal radiation. Copper (Cu), aluminum oxide 
(Al₂O₃), and magnetite (Fe₃O₄) nanoparticles are dispersed in water to compare their effectiveness in enhancing heat transfer. By 
applying similarity transformations, the complex system of partial differential equations is reduced to a set of nonlinear ordinary 
differential equations, which are then solved numerically using the Runge-Kutta-Fehlberg method along with the shooting technique. 
The results show that nanofluids containing Cu nanoparticles provide the highest thermal performance, followed by those with Al₂O₃ 
and Fe₃O₄. These findings highlight the importance of selecting appropriate nanoparticles to improve heat transfer efficiency in thermal 
management applications. Increasing rotation parameter λ suppresses the axial velocity while simultaneously reducing the temperature 
distribution, highlighting the damping influence of rotational effects on momentum and heat transport. 
Keywords: Nonlinear thermal radiation; Nanofluid; Rotational Effects; Viscous dissipation; Joule heating 
PACS: 44.30.+v, 44.05.+e, 66.10.cd, 47.11.-j 

INTRODUCTION 
The integration of nanoparticles into traditional base fluids has opened new avenues in the domain of heat transfer 

enhancement. Nanofluids are highly developed fluids that have the potential to revolutionize several industrial processes. 
Their exceptional thermal conductivity and energy transfer characteristics make them ideal for electronic cooling, heat 
exchangers, and automotive systems, among many other uses. The foundational concept was introduced by Choi and 
Eastman [1], who demonstrated that suspending nanoparticles within a fluid significantly enhances its thermal 
performance. Subsequently, Buongiorno [2] arrived to the conclusion that the incorporation of nanoparticles causes an 
abnormal rise in the host fluid's thermal conductivity by presenting a theoretical framework that incorporates many slip 
processes to simulate nanofluid behavior. 

A number of scholars have built upon this base via numerical and experimental investigations. As an example, 
Wang et al. [3] Sheikholeslami and Rokni studied vegetable oil nanofluid lubrication. [4] nanofluid flow was investigated 
in relation to magnetic fields. Khan and Pop [5] Computational techniques were used to study nanofluid boundary layer 
flow across a stretched surface. Krishnamurthy et al. also excelled. [6], who analyzed heat transfer in nanofluids over 
exponentially stretching surfaces, and Muqaddass et al. [7], Considering hybrid nanofluids under time-dependent thermal 
and external magnetic fields. Researchers like Nadeem et al. [8], Asadi et al. [9], and Das et al. [10] have also shed light 
on hybrid nanofluids, stability, and computational methods for difficult flow issues. Laila [11] investigated nanofluid 
flow in converging and diverging channels with rectangular and heated walls, demonstrating the strong influence of wall 
geometry on the velocity and temperature fields. Extending this line of research, Rehman et al. [12] examined nanofluid 
flow over an inclined cylindrical surface in a double-stratified medium. Complementarily, Makinde [13] developed 
computational models for nanofluid flow over a convectively heated unsteady stretching sheet, emphasizing the 
importance of transient effects and convective boundary conditions in thermal performance. Recent studies have also 
incorporated magnetic and hybrid nanofluid effects. Akbar et al. [14] analyzed magnetized Casson hybrid nanofluid flow 
in a converging-diverging channel with radiative heat transfer. Similarly, Khan et al. [15] investigated mixed convection 
hybrid nanofluid flow over a permeable, moving, and inclined flat plate, where thermophoresis and radiative heat flux 
were found to influence both momentum and energy transport significantly. Gireesha and Anitha [16] studied convective 
flow through a permeable microchannel, with irreversibility analysis demonstrating the thermodynamic implications of 
such fluids. Madhukesh et al. [17] introduced the concept of pollutant dispersion into nanofluid flows across a stretched 
disc-cone device, establishing the interplay between nanoparticle transport and environmental effects. Furthermore, 
Cheng et al. [18] performed nonsimilar forced convection simulations of water-copper nanofluid through a porous 
medium, considering thermal radiation, heat generation, and viscous dissipation, which added further realism to nanofluid 
modeling in porous environments. Sheikholeslami and Shehzad [19] studied magnetohydrodynamic (MHD) nanofluid 
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convection in a porous enclosure with heat flux boundary conditions, showing how porous media significantly alter 
convection patterns under magnetic influence. Jyoti et al. [20] analyzed kerosene-alumina nanofluid flow between parallel 
plates with nonlinear convection and radiative heat transfer, incorporating variable viscosity to highlight the sensitivity 
of transport processes to temperature-dependent properties. 

The Coriolis force plays a pivotal role in rotating fluid systems and is relevant in geophysical, industrial, and 
mechanical contexts, such as rotating machinery, centrifuges, viscometers, and disk drives. The classic analysis of rotating 
flows began with the work of Kármán [21], who formulated similarity transformations for the rotating disk problem. This 
foundation was extended by Wang [22] and further advanced by Nazar et al. [23] through the application of numerical 
techniques. To ensure the reliability of the present analysis, our results have been compared with the findings reported in 
these studies, and an excellent level of agreement has been observed, thereby validating the accuracy of the current model. 
Rotating viscous flows in porous media were studied by Makinde et al. [24], while three-dimensional heat and mass 
transport in rotating nanofluids was studied by Sheikholeslami and Ganji [25]. Mustafa et al. [26], Archana et al. [27], 
and Sampath et al. [28] examined how Coriolis and Lorentz forces affect flow and heat transmission in rotating systems. 
Several other studies (Mabood et al. [29], Krishna and Chamkha [30], Kumar et al. [31] and Mustafa et al. [32]) have 
further explored rotational forces in fluid flow across a variety of physical scenarios. Moreover, the Coriolis force-arising 
from rotational effects-has been shown to influence flow direction and speed, especially in high-velocity or rotating 
systems, as discussed by several studies. However, a comprehensive study investigating the simultaneous influence of 
thermal radiation and Coriolis force on the flow of copper–alumina–water hybrid nanofluid over a rotating exponentially 
stretching surface is lacking in the literature. This research addresses that gap and aims to provide new insights relevant 
to both theoretical and applied sciences. Specifically, the study investigates the effects of increasing Coriolis force, 
magnetic field strength, inclination angle, and nanoparticle volume fraction on the skin friction, heat transfer rate, and 
overall behavior of the hybrid nanofluid flow. 

In the pursuit of sustainable energy solutions, nanomaterials have emerged as key contributors due to their ability to 
enhance energy absorption and transfer efficiency. Among various renewable energy technologies, solar energy has 
gained prominence for its accessibility and environmental compatibility. Nanomaterials are well-suited to enhancing solar 
thermal systems due to their exceptional thermal diffusivity and large surface area, which enable them to absorb photons 
effectively. The importance of thermal radiation in enhancing heat transmission has been highlighted by recent research. 
Radioactive and magnetic field interactions in porous media were studied by Hayat et al. [33]. Radiative effects in 
nanofluid boundary layers were studied by Motsumi and Makinde [34] using the Runge-Kutta technique, and radiative 
MHD flow between rotating plates was studied by Sheikholeslami et al. [35]. Reddy et al. [36], Waqas et al. [37], Sreedevi 
et al. [38], and Gireesha et al. [40] demonstrate the growing interest in harnessing sun radiation to enhance fluid thermal 
performance. 

The motivation for this study stems from the growing need for efficient heat transfer technologies in advanced 
engineering systems such as cooling of rotating machinery, electronic devices, solar collectors, and nuclear reactors. 
Although nanofluids have been extensively investigated, most existing works focus on limited physical effects, while a 
comprehensive analysis that simultaneously accounts for magnetic fields, rotation, nonlinear thermal radiation, viscous 
dissipation, Joule heating, and convective boundary conditions is remains limited. Therefore, the main objective of the 
present work is to analyze the three-dimensional magnetohydrodynamic flow and heat transfer of nanofluids under these 
combined influences. In addition, a comparative assessment of three different water-based nanofluids-copper, alumina, 
and ferrofluids-is carried out to highlight the distinct impact of nanoparticle type on the momentum and thermal fields, 
thereby providing useful insights into their relative performance for practical heat transfer applications. 

 
Nomenclature 

B0 Applied magnetic field T Temperature 
Tf Surface temperature qr radiative heat flux 
Cp Specific heat at constant pressure hf heat transfer coefficient 
knf Thermal conductivity of nanofluid uw Stretching velocity in x direction 
u, v, w The velocity components in the x,y,z directions(m/s)   

Greek words 
Ω Angular velocity ϕ The particle volume fraction parameter of the 

nanoparticle 𝜇 Dynamic viscosity of nanofluid 𝜌 Density of nanofluid 𝜎* Stefan Boltzman constant 𝛼 Thermal diffusivity of nanofluid 𝜌𝐶𝑝 heat capacities k * Mean absorption co-efficient 
Subscripts 

nf nanofluid s solid nanoparticles 
f base fluid    

 
MATHEMATICAL FORMULATION 

Here we discuss the numerical simulation of a three-dimensional, incompressible, electrically conducting nanofluid 
flow across a stretched surface that is convectively heated and exposed to magnetic and rotating forces. To investigate 
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changes in thermophysical behavior, Cu, Al₂O₃ and Fe₃O₄ nanoparticles are added to water, which serves as the working 
fluid. For any given value of a constant stretching rate, the surface extends along the x-axis at a velocity 𝑢௪ = 𝑎𝑥. 
Researchers like Reddy et al. [36], Waqas et al. [37], Sreedevi et al. [38], and Gireesha et al. [40] are interested in 
harnessing sun radiation to enhance fluid thermal performance.  This work investigates how Coriolis and Lorentz forces 
collectively influence the steady three-dimensional boundary layer flow of nanofluids generated by a stretching surface. 

 
Figure 1. Geometry of the problem and coordinate system 

 
Following the Tiwari-Das model's modifications for nanofluids and rotational effects, the flow is controlled by the 

continuity, momentum, and energy equations [41]. These equations are: 

 డ௨డ௫ + డ௩డ௬ + డ௪డ௭ = 0, (2.1) 

 𝜌௡௙ ቀ𝑢 డ௨డ௫ + 𝑣 డ௨డ௬ + 𝑤 డ௨డ௭ − 2Ω𝑣ቁ = 𝜇௡௙ ቀడమ௨డ௭మቁ − 𝜎௡௙𝐵଴ଶ𝑢, (2.2) 

 𝜌௡௙ ቀ𝑢 డ௩డ௫ + 𝑣 డ௩డ௬ + 𝑤 డ௩డ௭ + 2Ω𝑢ቁ = 𝜇௡௙ ቀడమ௩డ௭మቁ − 𝜎௡௙𝐵଴ଶ𝑣, (2.3) 

 𝑢 డ்డ௫ + 𝑣 డ்డ௬ + 𝑤 డ்డ௭ = 𝛼௡௙ ቀడమ்డ௭మቁ − ଵ(ఘ௖೛)೙೑ డ௤ೝడ௭ + ఓ೙೑(ఘ௖೛)೙೑ ൤ቀడ௨డ௭ቁଶ + ቀడ௩డ௭ቁଶ൨ + ఙ೙೑஻బమ(ఘ௖೛)೙೑  ሾ𝑢ଶ + 𝑣ଶሿ + ொ೅ (ఘ௖೛)೙೑ (𝑇௙ − 𝑇ஶ). (2.4) 

where 𝑞௥ is the radiative heat flux modeled by the Rosseland approximation: 𝑞௥ = −൬4𝜎∗3𝑘∗൰ 𝜕𝑇ସ𝜕𝑧  

The relevant boundary conditions for the present problem are; 𝑢 = 𝑢௪ ,    𝑣 = 0,     𝑤 = 0, −𝑘௡௙ డ்డ௭ = ℎ௙൫𝑇௙ − 𝑇൯  𝑎𝑡 𝑧 = 0, 

 𝑢 → 0,     𝑣 → 0,      𝑇 → 𝑇ஶ      𝑎𝑠     𝑧 → ∞,  (2.5) 

where 𝑢, 𝑣, and 𝑤 represents the standard velocity components. x, 𝑦, and 𝑧 directions respectively, while 𝛺  is the fluid's 
constant angular velocity, 𝜌௡௙ -density of the nanofluid, 𝜇௡௙ -dynamic viscosity of nanofluid, 𝛼௡௙ -thermal diffusivity of 
nanofluid, 𝐶௣-specific heat at constant pressure, 𝐵଴-applied magnetic field strength, ℎ௙ -heat transfer coefficient, 𝑘௡௙-
thermal conductivity of nanofluid, 𝑇 -temperature, 𝑞௥ = −ቀସఙ∗ଷ௞∗ቁ డ்రడ௭   is the Rosseland radiative heat flux and 𝜎∗ and 𝑘∗ 
are the Stefan-Boltzman constant and the mean absorption coefficient. 
 

NANOFLUID PROPERTIES 
According to Brinkman [42], nanofluid viscosity is dynamic. 𝜇௡௙  expressed as; 

 𝜇௡௙ = ఓ೑(ଵିథ)మ.ఱ,  (2.6) 

Effective density 𝜌௡௙ and effective heat capacity(𝜌𝑐௣)௡௙ are expressed as [41]; 

 𝜌௡௙ = (1 − 𝜙)𝜌௙ + 𝜙𝜌௦,  (2.7) 

 (𝜌𝑐௣)௡௙ = (1 − 𝜙)(𝜌𝑐௣)௙ + 𝜙൫𝜌𝑐௣൯௦,  (2.8) 

Below is the base fluid's thermal conductivity, and the Maxwell-Garnett model for nanofluid effective thermal 
conductivity is 𝑘௡௙. 

 
௞೙೑௞೑ = ൫௞ೞାଶ௞೑൯ିଶథ൫௞೑ି௞ೞ൯൫௞ೞାଶ௞೑൯ାథ൫௞೑ି௞ೞ൯ ,   (2.9) 

moreover, the electrical conductivity of nanofluid 𝜎௡௙ is given in the book by Maxwell [43] as; 

 
ఙ೙೑ఙ೑ = 1 + ଷ൫ఙೞିఙ೑൯థ(ఙೞାଶఙ೑)ି൫ఙೞିఙ೑൯థ, (2.10) 
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where ൫𝜌𝐶௣൯௦-volumetric heat capacity of solid nanoparticles, ൫𝜌𝐶௣൯௙ , ൫𝜌𝐶௣൯௡௙-are the base fluid's and the nanofluid's 
volumetric heat capacities, respectively., 𝜙 -a measure of nanoparticle volume fraction, 𝜌௙-density of base fluid, 𝜇௙-
dynamic viscosity of base fluid, 𝑘௦- the thermal conductivity of solid nanoparticles; the subscripts s and 𝑓 indicate the 
solid and base fluids, respectively. Thermophysical parameters of water and nanoparticles are listed in Table 1. 
Table 1. Thermophysical Characteristics of Base Fluid and Nanoparticles 

 𝝆(𝒌𝒈/𝒎𝟑) 𝒄𝒑(𝑱/𝒌𝒈𝑲) 𝑲(𝑾/𝒎𝒌) 𝝈(Ω𝒎)ି𝟏 𝑾𝒂𝒕𝒆𝒓 997.1 4179 0.613 0.05 𝑭𝒆𝟑𝑶𝟒 5180 670 9.7 25000 
Cu 8933 385 400 59.6 𝑨𝒍𝟐𝑶𝟑 3970 765 40 16.7 

Equations (2.1), (2.2), (2.3) and (2.4), subject to the boundary conditions (2.5) admit similarity solutions in terms of 
the similarity functions 𝑓,𝑔,𝜃 and the similarity variable 𝜂 and are defined as; 𝑢 = 𝑎𝑥𝑓′(𝜂), 𝑣 = 𝑎𝑥𝑔(𝜂), 
 𝑤 = −ඥ𝜈௙𝑎𝑓(𝜂), 𝜃(𝜂) = ்ି ಮ்்೑ି ಮ்,  𝜂 = ට௔ఔ೑ 𝑧, (2.11) 

In view of the above quantities, the continuity Equation (2.1) is identically satisfied while Equations (2.2)–(2.5) become; 

 ଵ(ଵିథ)మ.ఱቆଵିథାథഐೞഐ೑ቇ 𝑓ᇱᇱᇱ − 𝑓ᇱଶ + 𝑓𝑓ᇱᇱ + 2𝜆𝑔 − ఙ೙೑/ఙ೑ቆଵିథାథഐೞഐ೑ቇ𝑀𝑓ᇱ = 0, (2.12) 

 ଵ(ଵିథ)మ.ఱቆଵିథାథഐೞഐ೑ቇ 𝑔ᇱᇱ + 𝑓𝑔ᇱ − 𝑓ᇱ𝑔 − 2𝜆𝑓′ − ఙ೙೑/ఙ೑ቆଵିథାథഐೞഐ೑ቇ𝑀𝑔 = 0, (2.13) 

1൭1 − 𝜙 + 𝜙 ൫𝜌𝑐௣൯௦൫𝜌𝑐௣൯௙൱
൥ 1𝑃𝑟 ൭ቆ𝐾௡௙𝑘௙ + 𝑅(1 + (𝜃௪ − 1)𝜃)ଷቇ 𝜃ᇱ൱ᇱ൩ + 𝑓𝜃ᇱ + 

ଵ൭ଵିథାథ൫ഐ೎೛൯ೞ൫ഐ೎೛൯೑൱ ൜ ଵ(ଵିథ)మ.ఱ 𝐸𝑐(𝑓ᇱᇱଶ + 𝑔ᇱଶ) + ఙ೙೑ఙ೑  𝑀𝐸𝑐(𝑓ᇱଶ + 𝑔ଶ)ൠ + ொ೟ఏ(ఎ)൭ଵିథାథ൫ഐ೎೛൯ೞ൫ഐ೎೛൯೑൱ = 0 (2.14) 

The corresponding boundary conditions become; 𝑓ᇱ(0) = 1,   𝑓(0) = 0, 𝑔(0) = 0   𝜃′(0) = 𝐵𝑖(𝜃(0) − 1) at   𝜂 = 0, 
 𝑓ᇱ(𝜂) → 0,   𝑔(𝜂) → 0, 𝜃(𝜂) → 0 as 𝜂 ⟶ ∞.  (2.15) 

The magnetic parameter, radiation parameter, Prandtl number, heat source, Biot number, Eckert number, 
temperature ratio, and ratio of rotational rate to stretching rates are all examples of non-dimensional numbers. 

 𝑀 = ఙ೑஻బమఘ೑௔ , 𝑅 = ଵ଺ఙ∗ ಮ்యଷ௞∗௞೑ , 𝑃𝑟 = ൫ఓ௖೛൯೑௞೑ , 𝑄௧ = ொ೅ఘ೑௖೛೑, 𝐵𝑖 = ௛೑௞೙೑  ටఔ೑௔  , 𝐸𝑐 = ௨మೢ௖೛೑(்೑ି ಮ்) ,  𝜃௪ = ்೑ಮ் , 𝜆 = Ω௔. (2.16) 

The quantities of practical interest are the skin friction coefficients 𝐶௙௫,𝐶௙௬ and the local Nusselt number 𝑁௨௫ defined 
as follows; 𝐶௙௫ = 𝜏௪௫𝜌௙𝑢௪ଶ , 𝐶௙௬ = 𝜏௪௬𝜌௙𝑢௪ଶ , 
 𝑁𝑢௫ = ௫௤ೢ௞೑൫்೑ି ಮ்൯,   (2.17) 

where 𝜏௪௫ = 𝜏௭௫|௭ୀ଴   and 𝜏௪௬ = 𝜏௭௬ห௭ୀ଴   are the wall shear stresses and 𝑞௪ is the wall heat flux given by, 𝜏௪௫ = 𝜇௡௙ 𝜕𝑢𝜕𝑧ฬ௭ୀ଴  , 𝜏௪௬ = 𝜇௡௙ 𝜕𝑣𝜕𝑧ฬ௭ୀ଴  , 
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 𝑞௪ = −𝑘௡௙ డ்డ௭ቚ௭ୀ଴  + 𝑞௥|௭ୀ଴. (2.18) 

Using equations (2.11) and (2.18) in equation (2.17), one obtains, ඥ𝑅𝑒௫ 𝐶௙௫ = ଵ(ଵିథ)మ.ఱ 𝑓′′(0), ඥ𝑅𝑒௫ 𝐶௙௬ = ଵ(ଵିథ)మ.ఱ 𝑔ᇱ(0), 

 ே௨ೣඥோ௘ೣ = −൬௞೙೑௞೑ + 𝑅𝜃௪ଷ൰𝜃ᇱ(0), (2.19) 

where 𝑅𝑒௫  = ௨ೢ௫ఔ೑  is the local Reynolds number. 

 
NUMERICAL METHOD 

The reduced system of Eqs. (2.12) -(2.14), together with the boundary conditions (2.15), is solved numerically by 
employing the Runge-Kutta-Fehlberg fourth–fifth order (RKF45) scheme combined with the shooting technique. For this 
purpose, the coupled nonlinear ordinary differential equations are first converted into an equivalent system of first-order 
equations. This transformation enables the implementation of the shooting method, in which the unknown initial 
conditions are iteratively adjusted until the prescribed boundary conditions at infinity are satisfied to the desired accuracy. 

Set 𝑥ଵ = 𝑓(𝜂), 𝑥ଶ = 𝑓ᇱ(𝜂), 𝑥ଷ = 𝑓ᇱᇱ(𝜂), 𝑥ସ = 𝑔(𝜂), 𝑥ହ = gᇱ(𝜂), 𝑥଺ = θ(𝜂), x଻ = 𝜃′(𝜂). Accordingly, we have; 𝑥ଵᇱ = 𝑥ଶ, 𝑥ଶᇱ = 𝑥ଷ, 𝑥ସᇱ = 𝑥ହ, 𝑥଺ᇱ = 𝑥଻, 

𝑥ଷ′ = (1 − 𝜙)ଶ.ହ ቆ1 − 𝜙 + 𝜙 𝜌௦𝜌௙ቇ൞𝑓ᇱଶ + 𝑓𝑓ᇱᇱ + 2𝜆𝑔 − 𝜎௡௙𝜎௙൬1 − 𝜙 + 𝜙 𝜌௦𝜌௙൰ 𝑀𝑓ᇱൢ 

𝑥ହ′ = −(1 − 𝜙)ଶ.ହ ቆ1 − 𝜙 + 𝜙 𝜌௦𝜌௙ቇ൞𝑓𝑔ᇱ − 𝑓ᇱ𝑔 − 2𝜆𝑓ᇱ − 𝜎௡௙𝜎௙൬1 − 𝜙 + 𝜙 𝜌௦𝜌௙൰ 𝑀𝑔ൢ 

𝑥଻′ = − 1൬𝐾௡௙𝑘௙ + 𝑅(1 + (𝜃௪ − 1)𝜃)ଷ൰  ቐ3𝑅(1 + (𝜃௪ − 1)𝜃)ଶ(𝜃௪ − 1)𝜃ᇱଶ + ቌ1 − 𝜙 + 𝜙 ൫𝜌𝑐௣൯௦൫𝜌𝑐௣൯௙ቍ𝑃𝑟𝑓𝜃ᇱ
+ 𝑃𝑟 ቈ 1(1 − 𝜙)ଶ.ହ 𝐸𝑐(𝑓ᇱᇱଶ + 𝑔ᇱଶ) + 𝜎௡௙𝜎௙  𝑀𝐸𝑐(𝑓ᇱଶ + 𝑔ଶ) + 𝑄௧𝜃(𝜂)቉ቑ 

 𝑥ଵ(0) = 𝑥ଶ(0) − 1 = 𝑥ଷ − 𝑎ଵ = 𝑥ସ(0) = 0, 𝑥ହ(0) − 𝑎ଶ = 𝑥଺(0) − 𝑎ଷ = 𝑥଻(0) − 𝐵𝑖(𝑥଺(0) − 1) = 0. (2.19) 

here 𝑎ଵ, aଶ and 𝑎ଷ are estimated via shooting technique. Afterwards, the resultant initial value problem is solved 
numerically via RK-Fehlberg method. The convergence criteria and step size are chosen as 10ି଺ and ∇𝜉 = 0.001. 
 

RESULTS AND DISCUSSION 
The Runge-Kutta-Fehlberg (RKF45) method, in conjunction with a shooting method, is used numerically to solve 

the system of transformed nonlinear ordinary differential equations produced by similarity transformations. To ensure 
accuracy and stability of the solution, the convergence criterion is fixed at  10ି଺, and a step size of  𝛥𝜂 = 0.001 is used. 
The computational domain is truncated at a sufficiently large value of the similarity variable 𝜂, beyond which the 
boundary layer effects are negligible. The correctness of the numerical model is verified by comparing generated skin 
friction coefficients 𝑓′′(0) and 𝑔′(0) for specific rotation parameter 𝜆 to benchmark findings in literature. [22, 23]. Table 2 
shows the results of the comparison, which prove that the numerical system is reliable since there is high agreement. 
Table 2. Comparison of Present Results with Existing Studies (𝜙 = 0,𝑀 = 0) 𝝀 Wang [22] Nazar et al. [23] Present results 

 𝑓′′(0) 𝒈’(0) 𝑓′′(0) 𝒈’(0) 𝑓′′(0) 𝒈’(0) 
0 -1 0 -1 0 -1.00006 0 

0.5 -1.1384 -0.5128 -1.1384 -0.5128 -1.13837 -0.51276 
1.0 -1.3250 -0.8371 -1.3250 -0.8371 -1.32503 -0.83710 
2.0 -1.6523 -1.2873 -1.6523 -1.2873 -1.65235 -1.28726 

Figures 2 and 3 demonstrate how the magnetic parameter M affects axial and transverse velocity profiles. As M 
increases, the axial velocity 𝑓′(𝜂) decreases due to the opposing Lorentz force, which acts as a resistive drag on the fluid 
motion. In contrast, the transverse velocity 𝑔(𝜂) shows an increasing trend with higher M, indicating enhanced secondary 
flow generated by the magnetic influence. 
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Figure 02. A study on the impact of a magnetic characteristic 

on speeds 
Figure 03. A study on the impact of a magnetic characteristic 

on speeds 

In Figure 4, the temperature profile (𝜂) increases with increasing M, mainly owing to ohmic heating effects from the 
magnetic field. Figures 5-7 illustrate how the rotation parameter λ affects the flow and heat fields. An increase in 𝜆 reduces 
the axial velocity while enhancing the transverse velocity, reflecting the rotational acceleration induced by the Coriolis 
force. The conversion of rotational energy into thermal energy causes a discernible increase in the temperature profile as 𝜆 values grow. This is because rotation introduces Coriolis acceleration, which diverts part of the momentum from the 
axial direction into the transverse direction. Consequently, energy is redistributed across velocity components, 
suppressing streamwise transport but enhancing lateral motion. 

  
Figure 04. The impact of a magnetic parameter on a plot of 

temperatures 
Figure 05. The velocity profile as a function of the stretching 

rate parameter and the ratio of the rotational speed to that 
parameter 

  
Figure 06. The impact on the velocity profile of the ratio of the 

stretching rate parameter to the rotation rate 
Figure 07. The influence of the ratio of rotation rate to the 

stretching rate parameter on the temperature profile 

Figure 8 shows how the temperature distribution is affected by the nonlinear radiation parameter R. Nonlinear 
radiation augments energy transport by radiative diffusion, which enhances the effective thermal conductivity of the fluid, 
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thereby elevating the temperature profile. Figure 9 illustrates that increasing the temperature ratio parameter (𝜃𝑤) raises 
boundary layer temperatures and enhances thermal diffusion. 

  

Figure 08. Heat profile as a function of radiation parameter Figure 09. Changing the temperature profile according to a 
heat ratio parameter 

In Figure 10, the Biot number (Bi), which characterizes the convective heat exchange at the surface, is varied. As 
Bi increases, the temperature near the surface increases due to a higher rate of convective heating, which promotes more 
efficient heat transfer into the fluid. A larger Bi corresponds to stronger thermal interaction between the solid boundary 
and the fluid. The influence of viscous dissipation is depicted in Figure 11 via the Eckert number (Ec). Ec values rise 
when internal fluid friction raises system temperature and thickens the thermal barrier layer, increasing thermal energy. 
Viscous dissipation converts mechanical work done by shear stresses into internal energy, while Joule heating transforms 
electromagnetic resistance into thermal energy. Both serve as internal heat generation mechanisms that elevate the fluid 
temperature. 

  

Figure 10. How the Biot number influences the temperature 
chart 

Figure 11. Understanding how the Eckert number influences 
the temperature profile 

Figure 12 shows how the nanoparticle volume fraction 𝜙 affects the temperature field. Due to the nanofluid's 
enhanced thermal conductivity and heat absorption capability, the temperature distribution becomes more noticeable as 𝜙 grows. This increases thermal diffusion because the fluid can retain more heat. Figure 13 illustrates the effect of the 
internal heat source parameter. As 𝑄𝑡 increases, the temperature within the boundary layer rises substantially, indicating 
a direct enhancement in internal energy generation which results in a thicker thermal boundary layer and stronger 
temperature in fluids. With regard to the parameters 𝜆 and M, Figures 14 and 15 show the fluctuation of the skin friction 
coefficients in x and y directions. It is observed that increasing 𝜆 and M leads to a reduction in axial skin friction, 
indicating a decrease in surface shear stress. However, 𝐶௙௬ increases with M due to enhanced resistance in the transverse 
direction caused by the Lorentz force, while it decreases with 𝜆, as rotational motion reduces transverse shear. Figure 16 
shows the variation of the local Nusselt number with respect to 𝜆 and M. Nusselt number decreases when either parameter 
rises, suggesting wall convective heat transmission decreases. The dampening effect of magnetic and rotating forces 
decreases the thickness of thermal boundary layer. Figure 17 demonstrates how Eckert number and nanoparticle 
concentration effect Nusselt number. A synergistic impact between thermal energy production and increased thermal 
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conductivity owing to nanoparticles is shown by the fact that raising either parameter boosts the heat transfer rate. Among 
the nanofluids considered, the Cu-based fluid consistently shows the highest heat transfer performance, followed by Al₂O₃ 
and Fe₃O₄, respectively. These results underscore the significance of controlling magnetic, rotational, and thermal 
parameters to optimize heat and momentum transport in nanofluid-based systems. They also reinforce the crucial role of 
nanoparticle material selection in designing efficient thermal management technologies. 

  

Figure 12. How the parameter for solid volume fraction affects 
the temperature profile 

Figure 13. Heat source parameter influence on temperature 
profile 

  

Figure 14. A study on the skin friction coefficient and its 
relationship to the magnetic parameter, rotation rate, and 

stretching rate 

Figure 15. A study on the skin friction coefficient and its 
relationship to the magnetic parameter, rotation rate, and 

stretching rate 

  

Figure 16. The skin friction coefficient as a function of the 
magnetic parameter and the ratio of the rotational speed to the 

stretching rate 

Figure 17. Nusselt number impacted by Eckert number v/s 𝜙 
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Table 3 highlights the influence of nanoparticle concentration (ϕ), radiation parameter (R), Biot number (Bi), and 
Eckert number (Ec) on skin-friction coefficients and heat transfer for 𝐹𝑒₃𝑂₄, 𝐴𝑙₂𝑂₃, and 𝐶𝑢 nanofluids. 

Table 3. Variation of  𝑅𝑒௫଴.ହ𝐶௙௫, 𝑅𝑒௫଴.ହ𝐶௙௬ and 𝑅𝑒௫ି ଴.ହ𝑁𝑢 for 𝐹𝑒ଷ𝑂ସ,𝐴𝑙ଶ𝑂ଷ and 𝑐𝑢 nanofluids with different values of 𝜙,𝑅,𝐵𝑖 and 𝐸𝑐 

𝜙 𝑹 𝑩𝒊 𝑬𝒄 
𝑭𝒆𝟑𝑶𝟒 𝑨𝒍𝟐𝑶𝟑 𝒄𝒖 ඥ𝑹𝒆𝒙 𝑪𝒇𝒙 ඥ𝑹𝒆𝒙 𝑪𝒇𝒚 

𝑵𝒖𝒙ඥ𝑹𝒆𝒙 ඥ𝑹𝒆𝒙 𝑪𝒇𝒙 ඥ𝑹𝒆𝒙 𝑪𝒇𝒚 
𝑵𝒖𝒙ඥ𝑹𝒆𝒙 ඥ𝑹𝒆𝒙 𝑪𝒇𝒙 ඥ𝑹𝒆𝒙 𝑪𝒇𝒚 

𝑵𝒖𝒙ඥ𝑹𝒆𝒙 

0.1    -2.57614 -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944 
0.4    -6.11419 -2.46404 0.762076 -5.81055 -2.11379 1.552431 -6.96659 -3.40968 -0.65158 
0.8    -42.1525 -8.8709 -5.71607 -40.4565 -7.15531 -5.22018 -45.3067 -14.118 -5.20013 

 1   -2.57614 -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944 
 2   -2.57614 -1.12919 0.12487 -2.51119 -1.0574 0.313545 -2.76735 -1.3362 -0.30353 
 3   -2.57614 -1.12919 0.828804 -2.51119 -1.0574 1.04208 -2.76735 -1.3362 0.370026 
  0.4  -2.57614 -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944 
  0.8  -2.57614 -1.12919 -0.22649 -2.51119 -1.0574 0.189343 -2.76735 -1.3362 -0.99507 
  1.5  -2.57614 -1.12919 -0.30282 -2.51119 -1.0574 0.269242 -2.76735 -1.3362 -1.23501 
   0.2 -2.57614 -1.12919 -0.1471 -2.51119 -1.0574 0.11598 -2.76735 -1.3362 -0.70944 
   0.5 -2.57614 -1.12919 -0.74056 -2.51119 -1.0574 -0.00332 -2.76735 -1.3362 -1.76428 
   0.7 -2.57614 -1.12919 -0.62222 -2.51119 -1.0574 -0.08866 -2.76735 -1.3362 -2.27411 

Increasing ϕ enhances both axial and transverse skin friction due to higher viscosity, with 𝐶𝑢 showing the highest 
resistance, while the Nusselt number generally decreases, except for 𝐴𝑙₂𝑂₃ which sustains better heat transfer. Larger R 
values intensify transverse skin friction through stronger Coriolis forces but improve heat transfer, where 𝐴𝑙₂𝑂₃ performs 
best. Variation in Bi reveals that 𝐴𝑙₂𝑂₃ nanofluid enhances convective heat exchange, whereas 𝐹𝑒₃𝑂₄ and Cu exhibit 
reduced Nusselt numbers. The Eckert number increases internal heating and suppresses cooling for 𝐹𝑒₃𝑂₄and 𝐶𝑢, while 𝐴𝑙₂𝑂₃ shows a mild positive response due to its superior thermal conductivity. Overall, 𝐶𝑢 exhibits strong flow resistance, 𝐹𝑒₃𝑂₄ provides stability, and 𝐴𝑙₂𝑂₃ consistently demonstrates the best heat transfer characteristics, making it the most 
efficient choice under varying conditions. 

 
CONCLUSIONS 

This study provides new physical insights into the three-dimensional MHD nanofluid flow over a stretching surface 
under the combined influences of rotation, magnetic field, nonlinear radiation, Joule heating, and viscous dissipation. 
From a physics standpoint, the following key conclusions can be drawn: 

• Rotation fundamentally redistributes momentum between the axial and transverse directions. While axial motion 
is suppressed, transverse velocity is enhanced, indicating that rotational energy is redirected into lateral flow, which 
modifies transport mechanisms across the boundary layer. 

• The applied magnetic field resists fluid motion, thickening the momentum boundary layer, while simultaneously 
enhancing heat generation through Ohmic dissipation. This coupling shows how electromagnetic control can tune both 
fluid resistance and energy transport. 

• Nonlinear radiation, internal heat generation, and convective surface effects act collectively to strengthen energy 
diffusion across the boundary layer. Their combined impact illustrates the importance of radiative and convective modes 
in enhancing nanoscale thermal transport. 

• Viscous and Joule dissipation provide an internal energy feedback mechanism, where mechanical work against 
friction and electromagnetic resistance is directly converted into heat, raising the fluid temperature and altering thermal 
boundary layer dynamics. 

• The comparative analysis of Cu, Al₂O₃, and Fe₃O₄ nanofluids demonstrates that nanoparticle type is a decisive 
factor in tuning flow and heat transfer. Cu-water nanofluid exhibits the strongest heat transfer enhancement due to its 
high thermal conductivity, whereas Fe₃O₄-water shows superior flow adaptability under magnetic control, making it 
advantageous for MHD applications. 
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ТРИВИМІРНИЙ МГД-ПОТІК ТА ТЕПЛОПЕРЕНОС НАНОРІДИН НА ВОДНІЙ ОСНОВІ ЧЕРЕЗ ПОВЕРХНЮ ЩО 

РОЗТЯГУЄТЬСЯ ЗА ДОПОМОГОЮ СИЛИ КОРІОЛІСА 
ТА ТЕПЛОВИХ ЕФЕКТІВ 

М.М. Бінду1,2, Еллірікі Маматха2, В. Нагарадхіка3 
1Державний коледж першого ступеня, Чаннапатна, 562160, Індія 

2Кафедра математики, GSS, GITAM Deemed to be University, Бенгалур-561203, Індія 
3Кафедра математики, Технологічний інститут сера М. Вісвесвараї, Бенгалур-562 157, Індія 

Це дослідження зосереджено на тепловій поведінці та тривимірному пограничному шарі потоку нанорідин на водній основі 
на розтягнутій поверхні з урахуванням комбінованого впливу сил Коріоліса та Лоренца. Модель включає кілька важливих 
фізичних аспектів, таких як поверхнева конвекція, внутрішнє теплоутворення, джоулеве нагрівання, в'язка дисипація та 
теплове випромінювання. Наночастинки міді (Cu), оксиду алюмінію (Al₂O₃) та магнетиту (Fe₃O₄) диспергуються у воді для 
порівняння їхньої ефективності у посиленні теплопередачі. Застосовуючи перетворення подібності, складна система 
диференціальних рівнянь з частинними похідними зводиться до набору нелінійних звичайних диференціальних рівнянь, які 
потім розв'язуються чисельно за допомогою методу Рунге-Кутти-Фельберга разом з методом стрільби. Результати показують, 
що нанорідини, що містять наночастинки Cu, забезпечують найвищі теплові характеристики, далі йдуть ті, що містять Al₂O₃ 
та Fe₃O₄. Ці результати підкреслюють важливість вибору відповідних наночастинок для покращення ефективності 
теплопередачі в застосуваннях для терморегуляції. Збільшення параметра обертання λ пригнічує осьову швидкість, одночасно 
зменшуючи розподіл температури, підкреслюючи вплив демпфування обертальних ефектів на імпульс та теплоперенос. 
Ключові слова: нелінійне теплове випромінювання; нанорідина; обертальні ефекти; в'язка дисипація; джоулевий нагрів 
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The purpose of this work is to investigate the relevance of thermal radiation and chemical reaction in the thermal and radiative analysis 
of hybrid Casson nanofluid dynamics. The physical model was based on the mixture of Gold and Silver hybrid nanoparticles (HN) 
which are suspended in a blood past a stretchable sheet. The dynamics of fluid past a stretchable sheet is a notable analysis for thermal 
and momentum boundary layers. It finds applications in various technological fields and in industries. The model equations were 
investigated using a system of partial differential equations (PDEs). Acceptable transformation was used to convert these PDEs into 
total differential equations (ODEs). Later, the system of equations was solved using the Runge-Kutta algorithm along with shooting. 
The analysis described in this paper explained that hybrid nanoparticles have high performance in radiative and thermal processes when 
compared with nanofluid. The fluid's velocity was observed to be repelled by an increasing magnetic value because of the Lorentz 
force. A comparison with previous work showed close agreement. 
Keywords: Thermal analysis; Radiative analysis; Hybrid nanofluid; Thermal radiation; Magnetohydrodynamics 
PACS: 47.65.-d, 47.56.+r, 44.40.+a, 66.20.-d, 47.85.mb 

Nomenclature 𝑓ௗ= Clear fluid K= thermal conductivity ሺ𝑊𝑚ିଵ𝐾ିଵሻ 𝑛𝑓= nano fluid 𝑇௪= gradient of temperature at the wall (K) 
T= Temperature HN= hybrid nanofluid 𝜇= dynamic viscosity ሺ𝑘𝑔𝑚ିଵ𝑠ିଵሻ 𝜑= inclination angle 𝐶௙௫= Coefficient of skin friction 𝑇ஶ= stream temperature 𝑐௣= specific heat ሺ𝐽𝐾𝑔ିଵ𝐾ିଵሻ 𝑄௖= heat generation coefficient 𝜙ଵ= Volume fraction of gold nanoparticle 𝑞௥= heat flux 
u,v= x and y-direction velocity ሺ𝑚𝑠ିଵሻ 𝐵଴= magnetic strength 𝜙ଶ= Volume fraction of silver nanoparticle 𝛽௧= Volumetric capacity for temperature 𝜌= fluid density g= acceleration base on gravity 𝜎= electrical conductivity ሺ𝑠𝑚ିଵሻ 

INTRODUCTION 
The study of Magnetohydrodynamic (MHD) Casson hybrid nanofluids in circulating blood is a complex and 

interdisciplinary field that combines fluid dynamics, thermodynamics, and nanotechnology. These nanofluids, which are 
composed of blood as the base fluid and hybrid nanoparticles, have gained significant attention due to their potential 
applications in biomedical engineering, particularly in drug delivery, cancer treatment, and thermal management systems. 
The inclusion of thermal radiation and chemical reactions further complicates the dynamics, making it essential to 
understand their effects on flow, heat transfer, and mass transfer characteristics.  

This comprehensive review aims to explore the current state of research on MHD Casson hybrid nanofluids in 
circulating blood, focusing on the effects of thermal radiation and chemical reactions. The review synthesizes findings 
from multiple studies to provide a detailed understanding of the physical phenomena involved and their implications for 
practical applications. Several parameters, including the magnetic field strength, nanoparticle volume fraction, and 
thermal radiation influence the flow characteristics of MHD Casson hybrid nanofluids. The Casson fluid model is 
particularly suitable for blood, as it accounts for its non-Newtonian behavior, which exhibits yield stress and shear-
thinning properties. Recently, a lot of attention has been paid to the numerical analysis of heat transmission in hybrid 
nanofluids. The effective heat transmission of this type of nanofluid, along with radiative effects, has numerous 
applications in the pharmaceutical industry and engineering. Alqawasmi et al. [1] examined numerical simulation toward 

Cite as: G. Durga Priyadarsini, S.A. Kauser, Y.H. Krishna, T.N. Rao, G.V.R. Reddy, East Eur. J. Phys. 4, 319 (2025), https://doi.org/10.26565/2312-
4334-2025-4-30 
© G. Durga Priyadarsini, S.A. Kauser, Y.H. Krishna, T.N. Rao, G.V.R. Reddy, 2025; CC BY 4.0 license 

https://doi.org/10.26565/2312-4334-2025-4-30
https://periodicals.karazin.ua/eejp/index
https://portal.issn.org/resource/issn/2312-4334
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-8782-8836
https://orcid.org/0000-0003-2561-911X
https://orcid.org/0000-0002-6259-5228
https://orcid.org/0000-0002-2841-530X
https://orcid.org/0000-0002-6455-3750


320
EEJP. 4 (2025) G. Durga Priyadarsini, et al.

hybrid nanofluid movement. Based on the morphology of nanoparticles and gyrotactic microorganisms, Raza et al. [2] 
investigated the effect of nanolayers on the movement of tri-hybrid nanofluid. Shamshuddin et al. [3] looked at the impact 
of radiation on the dissipative HN flow in a revolving disk. The term "nanofluids" describes a synthesis approach that 
utilizes nanometallics due to nano-scale formation and thermal design. Noreen and colleagues [4] conducted a 
comparative study of THN by analyzing the influence of Cattaneo-Christov heat flux in conjunction with the role of 
radiation. The combination of CNT-Gr-Fe3O4 and MgO-Cu-Au hybrid nanoparticles of the kerosene oil type was 
investigated by Choudhary et al. [5] using a bidirectional stretching sheet. Rajamani and Reddy [6] examined MHD 
pulsating channel with Joule heating along with thermal radiation impacts. Nabwey et al. [7] studied heat transmission in 
MHD dynamics of Carreau HN past a curved surface that is exponentially stretched. In another study of Yu et al. [8], the 
optimisation of heat transmission with viscous nanofluid dynamics in a stretching and shrinking thin needle was discussed 
extensively. 

Thermal radiation plays a significant role in the mechanisms that help bodies adjust their temperature to exchange 
energy. The analysis of thermal radiation on a moving fluid is explained by the variation of the material's internal energy. 
In thermal engineering and sectors where temperatures are extremely high, thermal radiation is important. A hybrid 
nanofluid's rotational dynamics were studied by Asghar et al. [9] in relation to the importance of heat radiation. Recently, 
Ramzan et al. [10] examined the thermal and theoretical study of hybrid nanofluid dynamics beyond a number of 
geometries that are not isothermal and non-isosolutal mechanisms. By looking at the internal heat generation, the function 
of HN in a dovetail fin's thermal process was investigated by Goud et al. [11]. Alrihieli and colleagues [12] investigated 
convective heating and radiative MHD nanofluid dynamics. Jayanthi and Niranjan [13] studied the effects of activation 
energy, joule heating, and viscous dissipation on the dynamics of nanofluids brought on by MHD in a vertical surface. 
Yaseen et al. [14] used two parallel plates to investigate how heat generation and thermal radiation affect the dynamics 
of hybrid and mono-hybrid nanofluids. Guedri and colleagues [15] examined the thermal dynamics of a radiative hybrid 
nanofluid across a nonlinear stretchy sheet. The mechanisms of Soret-Dufour and thermal radiation in unstable chemically 
reactive fluid dynamics were examined by Alao et al. [16]. The convective heat transfer in nanofluid flow via a stretching 
sheet was investigated by Manjunath et al. [17]. 

The flow of magnetohydrodynamics finds numerous uses in industries like heat exchangers, micro-electronics, and 
the modelling of combustion. In recent times, nanotechnology has been explained as the approach for thermal 
augmentation. Alsagri et al. [18] elucidated MHD simulation of nanofluid dynamics by utilizing viscous dissipation. 
Fatunmbi et al. [19] recently examined MHD micropolar nanofluid dynamics past an upright elongating sheet with 
temperature-dependent viscosity. Waqas et al [20] clarified the importance of MHD dynamics in a hybrid fluid type past 
a circulating disk. Eid et al. [21]. investigated the viscous nanofluid dynamics of micropolar magnetic on penetrable 
inclined surfaces. The machine learning method of Casson for hybrid nanofluid flow over a heat-stretched surface was 
recently investigated by Ramasekhar et al. [22]. Nayak et al. [23] investigated the function of dissipative viscous and 
radiation in a decreasing surface in MHD 3D dynamics and heat transfer analysis of nanofluid. Asjad et al. [24] 
investigated the bioconvection dynamics of the MHD viscous nanofluid. In their discussion of the importance of MHD, 
Idowu and Falodun [25] varied thermal conductivity and viscosity when two non-Newtonian fluids moved at the same 
time. Exponentially vertical surfaces with chemical reactions were used by Biswas et al. [26] to mimic Prandtl-nanofluid 
dynamics. Sitamahalakshmi and colleagues [27] investigated the impact of heat-mass transit on MHD Casson blood 
dynamics in a stretching permeable channel. A finite element description of paraffin wax nanoparticles and sand was 
investigated by Nagapayani et al. [28]. Gladys and Reddy [29] discussed the dynamics of non-Newtonian nanoparticles. 
Al-zabaidi et al. [30] studied flowing fluids past an inclined vicinity when there is significant of entropy generation, 
Lorentz force, and ohmic heating. 

Many studies in the literature have considered the dynamics of nanofluids by ignoring the hybrid nanofluids. To our 
best knowledge, studies on hybrid nanofluids do not consider the thermal and radiative analysis through Casson fluid. 
The current research examined the thermal and radiative analysis of MHD Casson fluid with hybrid nanoparticles with 
viscous dissipation and magnetic field. Analysis of this nature has not been considered in the literature as far as we are 
concerned. This study finds application in engineering and many scientific domains. This model plays a significant role 
in the biomedical industry. This intricate computational framework intricately weaves MHD and thermal radiation 
scenarios through the dance of blood circulation, proving invaluable in medical interventions such as radiofrequency 
ablation, MRI (magnetic resonance imaging), and cancer chemotherapy. Within the Results and Discussion section, visual 
representations illuminate various crucial physical parameters. The application of gold and silver in the biomedical field 
with regard to blood demonstrates a variety of nanotechnological developments, from antimicrobial coatings and 
implanted devices to particular drug delivery and diagnostic equipment. Consequently, scholars are confident that the 
latest findings are distinctive and poised to significantly impact both engineering and medical fields, potentially igniting 
inspiration in future researchers. 
 

MATHEMATICAL ANALYSIS 
A steady, incompressible, laminar flow of hybrid nanofluids, which contains gold and silver nanoparticles, was 

considered as shown in Figure 1. This nanoparticles based were taken into account along with base fluid blood 
incorporated. Mass and thermal radiative analysis over a moving surface with its velocity to be 𝑢௪ = 𝑎𝑥 and free stream 
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temperature, and concentration 𝑇ஶ,𝐶ஶ was considered. A transverse magnetic field 𝐵଴ was impose in a perpendicular 
direction. The heat transmission analysis was elucidated with the viscous dissipation and heat generation along with 
chemical reaction on the hybrid nanofluids. Figure 1 shows the physical configuration. Priyadharshini et al. [22] state that 
the equations that apply become valid when the boundary layer is approximated.  

 

 
Figure 1. Physical model of the Problem 

 డ௨డ௫ + డ௩డ௬ = 0 (1) 

 𝑢 డ௨డ௫ + 𝑣 డ௨డ௬ = ఓ೓೙೑ఘ೓೙೑ (1 + ଵఉ) డమ௨డ௬మ − ఙ೓೙೑ఘ೓೙೑ 𝐵଴ଶ𝑢 − ఓ೓೙೑௄∗(௖೛)೓೙೑ 𝑢 (2) 

 𝑢 డ்డ௫ + 𝑣 డ்డ௬ = ௞೓೙೑(ఘ௖೛)೓೙೑ డమ்డ௬మ + ୕బ(ఘ௖೛)೓೙೑ (𝑇 − 𝑇ஶ) − ଵ(ఘ௖೛)೓೙೑ డ௤ೝడ௬ − ఙ೓೙೑(ఘ௖೛)೓೙೑ 𝐵଴ଶ𝑢 (3) 

 𝑢 డ஼డ௫ + 𝑣 డ஼డ௬ = 𝐷஻ డమ஼డ௬మ − Kr(𝐶 − 𝐶ஶ) (4) 

subject to the boundary conditions:  

 𝑢 = ax,𝑣 = 0, T = 𝑇ௐ, C = 𝐶ௐ 𝑎𝑡 𝑦 = 0𝑢 ⟶ 0,𝑇 ⟶ 𝑇ஶ,𝐶 ⟶ 𝐶ஶ 𝑎𝑠 𝑦 ⟶ ∞ ൠ (5) 

The Rosseland diffusion approximation, which was employed by Reddy et al. [23], is utilized to describe the radiative 
heat flux that the flow faced.  

 𝑞௥ = − ସఙೞଷ௞௘ డ்రడ௬  (6) 

With the use of Rosseland approximation, an optically thin fluid has been taken into consideration in the study's 
thermal and radiative analyses. Assume that the flow's temperature differential is negligible, so that equation (6) is 
linearized by simplifying 𝑇ସ by utilizing Taylor’s series in 𝑇ஶ and avoiding the higher order to obtain:  

 𝑇ସ = 4𝑇ஶଷ𝑇 − 3𝑇ஶସ  (7) 

The energy equation becomes:  

 𝑢 డ்డ௫ + 𝑣 డ்డ௬ = ௞೓೙೑(ఘ௖೛)೓೙೑ డమ்డ௬మ + ୕బ(ఘ௖೛)೓೙೑ (𝑇 − 𝑇ஶ) + ଵ଺ఙೞ ಮ்యଷ௞௘(ఘ௖೛)೓೙೑ డమ்డ௬మ + ఓ೓೙೑(ఘ௖೛)೓೙೑ 𝐵଴ଶ𝑢 (8) 

 The following are the definitions of the similarity variables used in this paper:  

 𝑢 = 𝑎𝑥𝑓′(𝜂), 𝑣 = −(𝑎𝜈)భమ𝑓(𝜂),𝜃 = ்ି ಮ்்ೢ ି ಮ் ,  = ஼ି஼ಮ஼ೢି஼ಮ , 𝜂 = ቀ௔ఔቁభమ 𝑦 (9) 

Employing the equation (9) above on the governing equations to obtain:  

 
ఓ೓೙೑ఓ೑ (1 + ଵఉ)𝑓′′′ + ఘ೓೙೑ఘ೑ (𝑓𝑓′′ − (𝑓′)ଶ) − ఙ೓೙೑ఙ೑ 𝑀𝑓′ − ఓ೓೙೑௄(௖೛)೑ 𝑓′ = 0 (10) 

 
௞೓೙೑(ఘ௖೛)೑௞೑(ఘ௖೛)೓೙೑ ቀଵାோ௉௥ ቁ 𝜃′′ + (ఘ௖೛)೑(ఘ௖೛)೓೙೑ 𝑄𝜃 + (ఘ௖೛)೑(ఘ௖೛)೓೙೑ 𝐸𝑐(𝑓′′)ଶ − 𝑓𝜃′ = 0 (11) 
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 𝜙ᇱᇱ + 𝑆𝑐𝑓𝜙ᇱ − 𝑆𝑐𝐾𝑟𝜙 = 0 (12) 

The transform boundary conditions are:  

 𝑓(0) = 0,𝑓ᇱ(0) = 1,𝜃(0) = 1, (0) = 1, 𝑓ᇱ(∞) = 0,𝜃(∞) = 0,𝜃(∞) = 0 (13) 

where; 𝑀 = ఙ೑஻బమ௔ఘ೑ ,𝐾 = ൫௖೛൯೑௔௄∗൫௖೛൯೓೙೑ ,𝑅 = ଵ଺ఙೞ ಮ்యଷ௄௘௄ ,𝑃𝑟 = ఔ೑ఈ೑ ,𝑄 = ொబ൫ఘ௖೛൯೑௔ ,𝐸𝑐 = ஻బమ(௔௫)మ൫௖೛൯೑(்ೢ ି ಮ்) , 𝑆𝑐 = ఔ஽ಳ, are the Schmidt number, Eckert 

number, Prandtl number, heat generation a parameter, permeability parameter, magnetic parameter, and thermal radiation 
parameter. 

The quantities of engineering interest for momentum and thermal boundary layer are described as follows: 

𝐶௙ೣ = (𝜇)௛௡௙𝜇௙𝑎𝑥ଶ ൬𝜕𝑢𝜕𝑦൰௬ୀ଴ ,𝑎𝑛𝑑 𝑁𝑢௫ = − 𝑥𝑘௛௡௙𝑘௙(𝑇௪ − 𝑇ஶ) ൬𝜕𝑇𝜕𝑦൰௬ୀ଴ , 𝑆ℎ = 𝐷 ൬∂𝐶∂𝑦൰௬ୀ଴ 

Skin friction, Nusselt number, and Sherwood number are obtained by applying the similarity variables as follows: 

𝐶௙ೣ = (𝜇)௛௡௙𝜇௙ 𝑓′′(0)ඥ𝑅𝑒௫ ,𝑁𝑢௫ = 𝑥𝑘௛௡௙𝑘௙ 𝜃ᇱ(0)ඥ𝑅𝑒௫, 𝑆ℎ௫ = 𝜑′(0) 

 
METHODOLOGY 

Using the Runge-Kutta and shooting procedures, the nonlinear problems controlling ODEs in equations (10)–(12) 
subject to (13), were solved. Solving the BVP for even an extremely finite interval would be impractical, and it is not 
possible on an infinite interval. We will apply an infinite boundary condition in this study at a finite point 𝜂 𝑎𝑡 ∞ = 10. 
Care has been made to shoot in steps, improve shoots in stages, and avoid round off error by computing numerical values 
in order to integrate 𝑓ᇱᇱ(0),𝑎𝑛𝑑 𝜃ᇱ(0), which is an initial value problem. The collection of nonlinear equations is first 
transformed into first order ODEs in order to apply this technique: 

 𝑓 = 𝑦ଵ, ௗ௙ௗఎ = ௗ௬భௗఎ = 𝑦ଶ, ௗమ௙ௗఎమ = ௗఎ ቀௗ௬భௗఎ ቁ = ௗ௬మௗఎ = 𝑦ଷ, ௗయ௙ௗఎయ = ௗఎ ቀௗ௬మௗఎ ቁ = ௗ௬యௗఎ  (14) 

 𝜃 = 𝑦ସ, ௗఏௗఎ = ௗ௬రௗఎ = 𝑦ହ, ௗమఏௗఎమ = ௗఎ ቀௗ௬రௗఎ ቁ = ௗ௬ఱௗఎ  (15) 

  = 𝑦଺, ௗௗఎ = ௗ௬లௗఎ = 𝑦଻, ௗమௗఎమ = ௗఎ ቀௗ௬లௗఎ ቁ = ௗ௬ళௗఎ  (16) 

Substituting equations (14), (15) and (16) into the transformed equations to obtain:  

 
ఓ೓೙೑ఓ೑ ௗ௬యௗఎ + ఘ೓೙೑ఘ೑ (𝑦ଵ𝑦ଷ − (𝑦ଶ)ଶ) − ఙ೓೙೑ఙ೑ 𝑀𝑦ଶ − ఓ೓೙೑௄௢(௖೛)೑ 𝑦ଶ = 0 (17) 

 
௞೓೙೑(ఘ௖೛)೑௞೑(ఘ௖೛)೓೙೑ ቀଵାோ௉௥ ቁ ௗ௬ఱௗఎ + (ఘ௖೛)೑(ఘ௖೛)೓೙೑ 𝑄𝑦ସ + (ఘ௖೛)೑(ఘ௖೛)೓೙೑ 𝐸𝑐(𝑦ଷ)ଶ − 𝑦ଵ𝑦ହ = 0 (18) 

 ௗ௬ళௗఎ + 𝑆𝑐𝑦ଵ𝑦଻ − 𝑆𝑐𝐾𝑟𝑦଺ = 0 (19) 𝑓(0) = 0, 𝑓ᇱ(0) = 1,𝜃(0) = 1, 𝑓ᇱ(∞) = 0,𝜃(∞) = 0, (0) = 1, (∞) = 0 (20) 

Simplifying equations (16) and (17) to obtain:  

 ௗ௬యௗఎ = ഐ೓೙೑ഐ೑ ൫௬భ௬యି(௬మ)మ൯ି഑೓೙೑഑೑ ெ௬మି ഋ೓೙೑಼೚(೎೛)೑௬మഋ೓೙೑ഋ೑  (22) 

 ௗ௬ఱௗఎ = (ഐ೎೛)೑(ഐ೎೛)೓೙೑୕௬రା (ഐ೎೛)೑(ഐ೎೛)೓೙೑ா௖(௬య)మି௬భ௬ఱೖ೓೙೑(ഐ೎೛)೑ೖ೑(ഐ೎೛)೓೙೑ቀభశೃುೝ ቁ  (23) 

 ௗ௬ళௗఎ = 𝑆𝑐𝐾𝑟𝑦଺ − 𝑆𝑐𝑦ଵ𝑦଻ (24) 
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Subject to conditions:  

 𝑦ଵ(0) = 0,𝑦ଶ(0) = 1,𝑦ସ(0) = 1,𝑦଺(0) = 1,𝑦ଶ(∞) = 0,  𝑦ସ(∞) = 0,𝑦଺(∞) = 0 (21) 

The outcomes are gotten by interchanging the scale factor up to a desired value by implementing an approximate 
solution. To obtain the solution, a guess for the initial assumptions are properly considered and the boundary thickness of 
the layer are taken into account. 

 
RESULTS AND DISCUSSION 

The paper have discussed the thermal and radiative analysis of HN dynamicss with impact of viscous dissipative 
and magnetic field. To explain the physical influence of pertinent dynamics parameters on velocity and temperature, 
hybrid numerical scheme called Runge-Kutta techniques along with the novel shooting method was utilized on the 
equations. The control parameters have been chosen as: Q=0.2; Pr=21; Ec=0.04; M=0.2; Kr=0.1; Sc=0.22; K=0.2; R=0.5; Kr=0.2; The Prandtl number was chosen to be 21 based on the type of hybrid nanofluid considered in this study, 
while other parameters values are chosen based on experimental computations. 

Figure 2 shows how the magnetic field affects fluid velocity when ϕ1 = 0.02, ϕ2 = 0.01. The effect of magnetic in 
Figure 2 was plotted with nanocomposite particles Gold and Silver with base fluid blood. The depth of the boundary 
layer was shown to decrease with an increasing magnetic parameter value. The Lorentz force appears in the equation of 
momentum and gives all tendency of bringing down the motion of the tri-nanocomposite particles. This force is created 
due to the impose of magnetism field to the heat transmission analysis. Figure 3 illustrates how Eckert affects the fluid's 
temperature. The temperature profile is observed to increase with an increasing Eckert number value. 

  
Figure 2. Significance of magnetism parameter in velocity 

distribution 
Figure 3. Eckert number significance in relation to temperature 

dispersion 

The dissipative viscous term (Eckert number) transforms the kinetic into internal energy based on work done in 
anticipating viscous liquid stresses. This result indicates that increasing the Eckert value raises the temperatures and depth 
of the entire boundary layer. The boundary layer's enthalpy and the kinetic energy of the flow of nanofluids are represented 
by the Eckert number. Figure 4 showed how the fluid's temperature is affected by the heat generating parameter (Q). The 
result in Figure 4 indicates that the fluid temperature increased as Q increased. This implies that, the heat generated 
reduces the thermal process within the boundary layer. Hence, the nanocomposite fluid enhances the temperature of fluid 
by generating heat more than a nanocomposite. Hence, the thermal and radiative analysis enriched the fluid temperature 
when heat generation parameter ascended.  

  

Figure 4. Significance of heat generation on the temperature 
distribution 

Figure 5. Prandtl number significance in relation to 
temperature dispersion 

The effect of Prandtl number (Pr) on fluid temperature is depicted in Figure 5. It was found that the temperature 
distribution descended with an increasing value of Pr. This indicates that the thermal boundary layer's thickness decreased. 
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This paper's thermal, radiative, and heat transfer analyses are governed by the dimensionless Prandtl number. The 
momentum to thermal diffusion ratio is denoted by Pr. Because the nanocomposite nanoparticles have better thermal 
conductivities, the temperature is dropping. The corresponding thickening of the thermal and momentum layer boundaries 
is implied by the current analysis, which is displayed in Figure 5. 

The impact of thermal radiation (R) on the temperature distribution is depicted in Figure 6. As R rises, the 
temperature profiles rise as well. The current research demonstrates how the temperature and depth of the thermal 
boundary layer are changed by the absorption of thermal radiation within the layer. Therefore, the thermal radiation 
improves the boundary layer's thermal and radiative analysis. Figure 7 shows how β affects the velocity profile. It claims 
that the velocity outline shrank as the β parameter increased. The improved Casson parameter's ability to limit the liquid's 
velocity by reducing the stress brought on by yield is crucial to achieving this objective. 

  

Figure 6. Thermal radiation's importance in relation to the 
temperature distribution 

Figure 7. Effect of Casson fluid parameter on the velocity 
profiles 

  
Figure 8. Schmidt number's impact on concentration profiles Figure 9. Chemical reactions' effects on concentration profiles 

Figure 8 provides a clear illustration of how the Schmidt number affects the topography of concentration. It becomes 
evident that as the Schmidt number escalates, a notable reduction in the concentration field occurs. This phenomenon 
arises because the diffusion of solutes in fluids is inherently tied to the diffusion coefficient. Consequently, the observed 
decline in the concentration field correlates with a diminishing diffusion coefficient. Thus, a remarkable plunge in the 
concentration field in relation to the Schmidt number is clearly noted. As the parameter governing chemical reactions 
intensifies, the concentration profile diminishes, as illustrated in Figure 9, showcasing the significant impact of the 
chemical reaction parameter. Furthermore, the temperature profile follows a reversible trajectory.  

Tables 1, 2, and 3 represents the fundamental thermal and comparative properties relevant to the hybrid nanofluid 
analysis. Table 1 lists the standard thermophysical properties of blood (as the base fluid) and nanoparticles such as gold 
(S1) and silver (S2), including density, specific heat, thermal conductivity, and dynamic viscosity. Table 2 outlines the 
mathematical formulation used to evaluate the effective thermophysical properties of the hybrid nanofluid, incorporating 
parameters such as density, viscosity, specific heat, thermal and electrical conductivities. Table 3 provides a comparison 
of the present numerical results with those reported by Manjunatha et al. [17] for various Prandtl number (Pr) values, 
showing excellent agreement and thereby validating the accuracy of the current computational model. 
Table 1. Thermal Properties(Standard Values) 

Property Symbol Blood (Base fluid) Gold (S1) Silver (S2) 
Density (kg/m3) 𝜌 1060 19300 10500 
Specific Heat (J/Kg) Cp 3617 129 235 
Thermal Conductivity (W/m) k 0.52 318 429 
Dynamic viscosity(Pa) µ 3.5 ×10-3 -- --- 
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Table 2. Formulation of the effective thermophysical model of a hybrid nanofluid in mathematics: 

Thermal property Hybrid Nanofluids 

Density ( ) 1 2
2 1 1 21 1hnf s s

f f f

ρ ρ ρφ φ φ φ
ρ ρ ρ

    
= − − − +            

 

Dynamic viscosity ( ) ( )2.5 2.5
1 21 1hnf

f

μ
φ φ

μ
= − −  

Specific heat ( ) 1 2
2 1 1 2

( ) ( ) ( )
1 1

( )
p hnf p s p s

p f f f

C C C
C

ρ ρ ρ
φ φ φ φ

ρ ρ ρ
    

= − − − +            
 

Thermal conductivity 
( )
( )

( )
( )

2 2 2 1 1 1

2 2 2 1 1 1

2 2 2 2
;

2 2 2 2
s hnf hnf s s hnf hnf shnf

f s hnf hnf s s hnf hnf s

k k k k k k k kk
k k k k k k k k k

φ φ
φ φ

+ − − + − −
=

+ + − + + −
 

Electrical conductivity 
( )

( ) ( )

1 1 2 2
1 2

1 1 2 2 1 1 2 2
1 2

1 2

3

2

fhnf

f

f f

φ σ φ σ φ φ
σσ

σ φ σ φ σ φ σ φ σ φ φ
σ φ φ σ

  + − +  
    =

    + ++ − − +    +         

 

Table 3. Comparison results for (−𝜽′(𝟎)) for different values of Pr 

Pr Manjunatha et al. [17] Present work 
2.0 0.9113 0.9113 
7.0 1.8954 1.8953 
20 3.3539 3.3538 

 
CONCLUSIONS 

The thermal and radiation analysis of two-phase nanoparticles (𝐺𝑜𝑙𝑑 + 𝑆𝑖𝑙𝑣𝑒𝑟) suspended in blood base fluid 
has been solved numerically. The dynamics of suspended nanoparticles in blood were considered past a flexible sheet in 
the presence of a magnetic field, dissipative viscous and thermal radiation, along with chemical reaction. The main 
conclusions drawn from this investigation are: 

• As the magnetic parameter increases, the heat and momentum profiles decrease. This is because an electrically 
conducting fluid moves more slowly when the Lorentz force is created. (ii) The speed and temperature 
distribution rose as the heat-generating parameter was increased. This demonstrates that greater heat is generated 
and that the volume percentage of nanoparticles is significantly enhanced; 

• A higher Prandtl number results in a decrease in the thickness of the thermal and momentum boundary layers; 
• The outcomes show that hybrid nanoparticles show a very high thermal and radiative performance compared to 

dual-phase nanoparticles. 
• It was observed that increasing the Eckert number improved the temperature and velocity profiles.  
• The concentration decreases as the chemical reaction and Schmidt number increase. 

 
ORCID 

G. Durga Priyadarsini, https://orcid.org/0000-0001-8782-8836; Syeda Asma Kauser, https://orcid.org/0000-0003-2561-911X 
Y. Hari Krishna, https://orcid.org/0000-0002-6259-5228; T. Nageswara Rao, https://orcid.org/0000-0002-2841-530X; 
G. Venkata Ramana Reddy, https://orcid.org/0000-0002-6455-3750 

 
REFERENCES 

[1] K. Alqawasmi, K.A.M. Alharbi, U. Farooq, S. Noreen, M. Imran, A. Akgül, M. Kanan, and J. Asad, “Numerical approach toward 
hybrid nanofluid flow with nonlinear heat source-sink and Fourier heat flux model passing through a disk,” International Journal 
of Thermofluids, 18, 100367 (2023). https://doi.org/10.1016/j.ijft.2023.100367 

[2] Q. Raza, X. Wang, B. Ali, S.M. Eldin, H. Yang, and I. Siddique, “Role of nanolayer on the dynamics of trihybrid nanofluid 
subject to gyrotactic microorganisms and nanoparticles morphology vis two porous disks,” Case Studies in Thermal Engineering, 
51, 103534 (2023). https://doi.org/10.1016/j.csite.2023.103534 

[3] M.D. Shamshuddin, N. Akkurt, A. Saeed, and P. Kumam, “Radiation mechanism on dissipative hybrid nanoliquid flow through 
rotating disk encountered by Hall currents: HAM solution,” Alexandria Engineering Journal, 65, 543–559 (2023). 
https://doi.org/10.1016/j.aej.2022.10.021 

[4] S. Noreen, U. Farooq, H. Waqas, N. Fatima, M.S. Alqurashi, M. Imran, A. Akgül, and A. Bariq, “Comparative study of hybrid 
nanofuids with role of thermal radiation and Cattaneo-Christov heat flux between double rotating disks,” Scientific Reports, 13, 
7795 (2023). https://doi.org/10.1038/s41598-023-34783-8 

[5] S. Choudhary, R. Mehta, N. Alessa, S. Jangid, and M.V. Reddy, “Thermal Analysis on Kerosene Oil-Based Two Groups of 
Hybrid Nanoparticles (CNT-Gr-Fe3O4 and MgO-Cu-Au) Mix Flow over a Bidirectional Stretching Sheet: A Comparative 
Approach,” Journal of Engineering, 2023, ID 8828300 (2023). https://doi.org/10.1155/2023/8828300 

[6] S. Rajamani, and A.S. Reddy, “Effects of Joule heating, thermal radiation on MHD pulsating flow of a couple stress hybrid nanofluid 
in a permeable channel,” Nonlinear Analysis: Modelling and Control, 27(4), (2022). https://doi.org/10.15388/namc.2022.27.26741 



326
EEJP. 4 (2025) G. Durga Priyadarsini, et al.

[7] H.A. Nabwey, A.M. Rashad, W.A. Khan, S.M.M. El-Kabeir, and S.A. El Naem, “Heat transfer in MHD flow of Carreau -hybrid 
nanofluid over a curved surface stretched exponentially,” Front. Phys. 11, 1212715 (2023). 
https://doi.org/10.3389/fphy.2023.1212715 

[8] L. Yu, Y. Li, V. Puneeth, S. Znaidia, N.A. Shah, S. Manjunatha, M.S. Anwar, and M.R. Khan, “Heat transfer optimisation through 
viscous nanofluid flow over a stretching/shrinking thin needle,” Numerical Heat Transfer, Part A: Applications, 
https://doi.org/10.1080/10407782.2023.2267750 

[9] A.S. Alsagri, A. Hassanpour, and A.A. Alrobaia, “Simulation of MHD nanofluid flow in existence of viscous dissipation by 
means of ADM,” Case Studies in Thermal Engineering, 14, 100494 (2019). https://doi.org/10.1016/j.csite.2019.100494 

[10] M. Ramzan, P. Kumam, S.A. Lone, T. Seangwattana, A. Saeed, and A.M. Galal, “A theoretical analysis of the hybrid nanofluid 
flows over a non-isothermal and non-isosolutal multiple geometries,” Heliyon, 9, e14875 (2023). 
https://doi.org/10.1016/j.heliyon.2023.e14875 

[11] J.S. Goud, P. Srilatha, R.S.V. Kumar, K.T. Kumar, U. Khan, Z. Raizah, H.S. Gill, et al. “Role of hybrid nanofluid in the thermal 
distribution of a dovetail fin with the internal generation of heat,” Case Studies in Thermal Engineering 35, 102113 (2022). 
https://doi.org/10.1016/j.csite.2022.102113 

[12] H. Alrihieli, M. Alrehili, and A.M. Megahed, “Radiative MHD Nanofluid Flow Due to a Linearly Stretching Sheet with 
Convective Heating and Viscous Dissipation,” Mathematics, 10, 4743 (2022). https://doi.org/10.3390/math10244743 

[13] S. Jayanthi, and H. Niranjan, “Effects of Joule Heating, Viscous Dissipation, and Activation Energy on Nanofluid Flow Induced 
by MHD on a Vertical Surface,” Symmetry, 15, 314 (2023). https://doi.org/10.3390/sym15020314 

[14] M. Yaseen, S.K. Rawat, A. Shafiq, M. Kumar, and K. Nonlaopon, “Analysis of Heat Transfer of Mono and Hybrid Nanofluid 
Flow between Two Parallel Plates in a Darcy Porous Medium with Thermal Radiation and Heat Generation/Absorption,” 
Symmetry, 14, 1943 (2022). https://doi.org/10.3390/sym14091943 

[15] Guedri Kamel, Arshad Khan, Ndolane Sene , Zehba Raizah, Anwar Saeed , and Ahmed M. Galal, “Thermal Flow for Radiative 
Hybrid Nanofluid over Nonlinear Stretching Sheet Subject to Darcy–Forchheimer Phenomenon,” Mathematical Problems in 
Engineering, 2022, 3429439 (2022). https://doi.org/10.1155/2022/3429439 

[16] F.I. Alao, A.I. Fagbade, and B.O. Falodun, “Effects of thermal radiation, Soret and Dufour on an unsteady heat and mass transfer 
flow of a chemically reacting fluid past a semi-infinite vertical plate with viscous dissipation,” Journal of the Nigerian 
Mathematical Society, 35, 142–158 (2016). https://doi.org/10.1016/j.jnnms.2016.01.002 

[17] S. Manjunatha, V. Puneeth, B.J. Gireesha, and A.J. Chamkha, “Theoretical Study of Convective Heat Transfer in Nanofluid flowing 
past a Stretching Sheet,” J. Appl. Comput. Mech. 8, 1279–1286 (2021). https://doi.org/10.22055/JACM.2021.37698.3067 

[18] A. Asghar, L.A. Lund, Z. Shah, N. Vrinceanu, W. Deebani, and M. Shutaywi, “Effect of Thermal Radiation on Three-Dimensional 
Magnetized Rotating Flow of a Hybrid Nanofluid,” Nanomaterials, 12, 1566 (2022). https://doi.org/10.3390/nano12091566 

[19] E.O. Fatunmbi, A.S. Oke, and S.O. Salawu, “Magnetohydrodynamic micropolar nanofluid flow over a vertically elongating sheet 
containing gyrotactic microorganisms with temperature-dependent viscosity,” Results in Materials, 19, 100453 (2023). 
https://doi.org/10.1016/j.rinma.2023.100453 

[20] H. Waqas, U. Farooq, R. Naseem, S. Hussain, and M. Alghamdi, “Impact of MHD radiative flow of hybrid nanofluid over a 
rotating disk,” Case Studies in Thermal Engineering, 26, 101015 (2021). https://doi.org/10.1016/j.csite.2021.101015 

[21] M.R. Eid, W. Jamshed, B.S. Goud, Usman, R.W. Ibrahim, S.M. El Din, A. Abd-Elmonem, et al. “Mathematical analysis for 
energy transfer of micropolar magnetic viscous nanofluid flow on permeable inclined surface and Dufour impact,” Case Studies 
in Thermal Engineering, 49, 103296 (2023). https://doi.org/10.1016/j.csite.2023.103296 

[22] G. Ramasekhar, S. Alkarni, and N.A. Shah, “Machine learning approach of Casson hybrid nanofluid flow over a heated stretching 
surface,” AIMS Math. 9(7), 18746–18762 (2024). https://doi.org/10.3934/math.2024912 

[23] M.K. Nayak, “MHD 3D flow and heat transfer analysis of nanofluid by shrinking surface inspired with thermal radiation and 
viscous dissipation,” International Journal of Mechanical Sciences, 124-125, 185-193 (2017). 
https://doi.org/10.1016/j.ijmecsci.2017.03.014 

[24] Asjad Muhammad Imran, Muhammad Zahid, Fahd Jarad, and Abdullah M. Alsharif (2022), Bioconvection Flow of MHD 
Viscous Nanofluid in the Presence of Chemical Reaction and Activation Energy, Mathematical Problems in Engineering Volume 
2022, Article ID 1707894, 9 pages https://doi.org/10.1155/2022/1707894 

[25] A.S. Idowu, and B.O. Falodun, “Variable thermal conductivity and viscosity effects on non-Newtonian fluids flow through a 
vertical porous plate under Soret-Dufour influence,” Mathematics and Computers in Simulation, 177, 358–384 (2020). 
https://doi.org/10.1016/j.matcom.2020.05.001 

[26] Biswas Rajib, B. O. Falodun, Nazmul Islam, Sarder Firoz Ahmmed, S. R. Mishra, Mohammad Afikuzzaman (2023), 
“Computational modeling of Prandtl-nanofluid flow using exponentially vertical surface in terms of chemical reaction,” 
Engineering Reports, 2023, e12747, 1-23 https://doi.org/10.1002/eng2.12747 

[27] V. Sitamahalakshmi, G.V.R. Reddy, and B.O. Falodun, “Heat and Mass Transfer Effects on MHD Casson Fluid Flow of Blood 
in Stretching Permeable Vessel,” Journal of Applied Nonlinear Dynamics, 12(01), 87-97 (2023). 
https://doi.org/10.5890/jand.2023.03.006 

[28] M. Nagapavani, G.V.R. Reddy, H.F.M. Ameen, and H. Singh, “Finite element analysis for sand and paraffin wax nanoparticles 
in propylene glycol–water mixture-based hybrid nanofluid flow over a swirling cylinder with Arrhenius kinetics,” Numerical 
Heat Transfer, Part A: Applications, 84, 1518-1536 (2023). https://doi.org/10.1080/10407782.2023.2177215 

[29] T. Gladys, and G.V.R. Reddy, “Contributions of variable viscosity and thermal conductivity on the dynamics of non-Newtonian 
nanofluids flow past an accelerating vertical plate,” Partial Differential Equations in Applied Mathematics, 5, 100264 (2022). 
https://doi.org/10.1016/j.padiff.2022.100264 

[30] A. Al-Zubaidi, V.S. Sajja, R. Gadamsetty, G.R. Reddy, M.J. Babu, and I.L. Animasaun, “Dynamics over an inclined surface 
when entropy generation, Ohmic Heating, and Lorentz force are significant: Comparative analysis between water-copper 
nanofluid and water-copper-Iron (II, III) oxide hybrid nanofluid,” Waves in Random and Complex Media, 1-23 (2022). 
https://doi.org/10.1080/17455030.2022.2089368 



327
Magnetohydrodynamic Casson Hybrid Nanofluid Dynamics in Circulating Blood...   EEJP. 4 (2025)

МАГНІТОГІДРОДИНАМІЧНА ДИНАМІКА ГІБРИДНОЇ НАНОРІДИНИ КАССОНА В ЦИРКУЛЮЮЧІЙ КРОВІ 
З УРАХУВАННЯМ ТЕПЛОВОГО ВИПРОМІНЮВАННЯ ТА ХІМІЧНИХ РЕАКЦІЙ 
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Метою цієї роботи є дослідження актуальності теплового випромінювання та хімічної реакції в тепловому та радіаційному 
аналізі динаміки гібридної нанорідини Кассона. Фізична модель базувалася на суміші гібридних наночастинок золота та 
срібла (HN), які суспендовані в крові повз розтяжний лист. Динаміка рідини повз розтяжний лист є визначним аналізом для 
теплових та імпульсних граничних шарів. Він знаходить застосування в різних технологічних галузях та промисловості. 
Модельні рівняння досліджувалися за допомогою системи диференціальних рівнянь з частковими похідними (PDEs). Для 
перетворення цих PDEs у повні диференціальні рівняння (ODEs) було використано прийнятне перетворення. Пізніше систему 
рівнянь було розв'язано за допомогою алгоритму Рунге-Кутти разом зі стрільбою. Аналіз, описаний у цій статті, пояснює, що 
гібридні наночастинки мають високу продуктивність у радіаційних та теплових процесах порівняно з нанорідиною. 
Спостерігалося, що швидкість рідини відштовхується зростаючим магнітним значенням через силу Лоренца. Порівняння з 
попередньою роботою показало близьку відповідність. 
Ключові слова: термічний аналіз; радіаційний аналіз; гібридна нанорідина; теплове випромінювання; магнітогідродинаміка 
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In this study, the combined effects of inclination and catheter on the biliary flow of a Carreau fluid through an eccentric catheterized 
duct with a porous material are mathematically investigated. The perturbation technique is employed to solve the governing equations, 
considering low Reynolds numbers, a long-wavelength approximation, and suitable small parameters. The surgical technique, when a 
catheter is inserted eccentrically into the duct, is connected to the outcomes of the investigation. Several parameters have been used to 
achieve the analytical solutions. Axial velocity, pressure gradient, flow rate, and wall shear stress are displayed in these data, together 
with the following emergent parameters: wall slip parameter, Weissenberg number, fluid behavior index, Darcy number, and angle of 
inclination. The pressure gradient is significantly altered by the angle of inclination and porosity parameter, and the catheter's axial 
velocity falls as the Weissenberg number rises. The physiological observations are consistent with these findings. 
Keywords: Peristaltic bile flow; Papilla Ampoule; Porous Walls; Inclined Eccentric Catheterized Duct 
PACS: 02.30.Jr, 02.30.Mv, 47.56.+r, 47.63.-b 

INTRODUCTION 
The particular kind of pumping called peristaltic pumping makes it simple to move a range of rheological biofluids 

from one organ to another. The progressive wave of the duct wall's periodic contraction or relaxation causes the peristaltic 
motion. The catheter is essentially a long tube that is intended for use in ophthalmic, neurological, urological, 
cardiovascular, and gastrointestinal purposes. In addition to measuring several physiological flow characteristics like flow 
velocity, flow rate, pressure increase, and pressure gradient, the catheter is employed in clinical procedures to diagnose 
and treat illnesses. The initial hemodynamic conditions within the duct are disturbed when the catheter is introduced 
because it causes an annular zone to form between the catheter and the duct wall. Additionally, the catheter increased the 
flow's frictional resistance. Strasberg et al. [13] tested the accuracy of the results of the mathematical model by an 
experimental investigation. They establish the connection between biliary flow and canalicular clearing. Additionally, the 
treatment of post-operative bile fistulas by internal endoscopic biliary drainage was investigated by Sauerbruch et al. [12]. 
James et al. [4] investigated orthotopic liver transplant recipients who had nasobiliary catheters inserted endoscopically, 
which aid in rerouting the flow of bile.  According to Tripathi et al. [14], peristaltic transport via a finite channel, peristaltic 
heat flow creates a porous environment with greater resistance and enhanced as the Grashof number rises. By observing 
the effect of Weissenberg number and power index on axial velocity, Nadeem et al. [8] studied the unsteady peristaltic 
transport of Carreau fluid flow in an eccentric tube. It found that the axial velocity profile decreases as the values of the 
Weissenberg number and the power index increase. According to another mathematical model of papillary stenosis with 
stone developed by Kuchumov et al. [5], the permeability parameter, Weissenberg number, and amplitude ratio all affect 
the pressure that corresponds to the reflux state. Gudekote et al. [3] examined the Casson fluid moving through porous 
walls impacted by the wall slip parameter and elasticity. They discovered a correlation between rises in pressure and angle 
of inclination, noting that as the degree of inclination increases, so does the pressure. Nabil et al. [7] investigated the 
impact of heat and mass transfer on Casson fluid flow via two coaxial cylindrical tubes with peristalsis. Nurulaifa et al. 
[9] developed a mathematical model of Bingham fluid flow through an overlapping stenosed artery and discovered that
when the plug core radius increased, the dispersion function decreased. It accounts for various leakage instances, such as
leaking from the common bile duct lesion, choledochotomy, and cystic duct stump. The viscous flow between two
sinusoidal deforming concentric tubes was analytically examined by McCash et al. [6]. It also discussed the applications,
such as endoscopy of curved human organs and the maintenance and enhancement of intricately designed machinery.
Moreover, by using a mathematical model of blood flow through a stenosed artery with post-stenotic dilatation, Dhange
et al. [2] examined various physical attributes that affect fluid resistance to flow and noted that the surface shearing stress
decreased with the upsurge of resistance. Moreover, a mathematical model of an eccentric catheterized artery with heat
transfer was studied by Reima et al. [11]. They investigated the impact of temperature in the scenario where the artery is
the outer tube, and the catheter is the inner tube. The results obtained are consistent with physiological observations as
well as the causes and complications related to catheterization. They described how the model is applied to the
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cardiovascular system and found that the viscosity of the peripheral layer reduces as the wall shear stress lowers. In the 
investigation of the fractional Oldroyd-B fluid between two coaxial cylinders loaded with gold nanoparticles, Cao et al. 
[1] observed that the inclusion of nanoparticles increased the base fluid's heat capacity. A model of nanolayer fluid flow 
over a porous surface in the presence of carbon nanotubes was proposed mathematically by Raza et al. [10]. They also 
examined the impact of increasing interfacial nanolayer thickness from 3 to 9 nm, which has a substantial effect on thermal 
performance and thermal conductivity. 

Modern literature shows that bile is not strictly Newtonian: it commonly exhibits shear-thinning and viscoelastic 
features that vary with bile composition, pathology, and shear-rate range. We therefore justify the Carreau (shear-
thinning). Experimental and review studies report shear thinning and viscoelastic features in bile depending on 
composition and disease state; thus, a shear rate-dependent viscosity model is appropriate for theoretical investigation. 
Recent reviews summarizing bile rheology, such as those by Kuchumov et al. [5], consider bile as a non-Newtonian fluid. 
These studies, along with related experimental reports, led to the selection of bile as a Carreau-type model. 

In the present study, the combined effects of eccentric tubes, porosity, and angle of inclination on the peristaltic 
transport of Carreau fluid in an axisymmetric tube were examined. The findings might be beneficial in the various 
practical applications of medical science. The regular perturbation technique is used to solve the two-dimensional 
mathematical model in a cylindrical coordinate system. The Weissenberg number and eccentric parameter are involved 
in the solution of this investigation process. The resulting equations were solved analytically under the appropriate 
boundary conditions. With the help of influencing factors like the fluid behavior index, amplitude ratio, Darcy number, 
slip parameter, and angle of inclination, the expression has been derived for axial velocity, pressure gradient, wall shear 
stress, and flow rate. The obtained expressions were graphically represented in various combinations with emerging 
parameters. The results of the current model were evaluated and related to the intricate physiological flow of the bile 
through the diseased duct. It greatly aids in the investigation of bile flow in the duct in a much better way than earlier, 
especially in dialysis cases. 

 
MATHEMATICAL INTERPRETATION OF THE PROBLEM 

The flow of bile is modeled by considering the peristaltic flow of an incompressible Carreau fluid flowing inside 
the eccentric tubes, in which the inner tube is uniform and rigid, representing a catheter placed in an eccentric position 
within the pancreatic duct. The pancreatic duct is filled with the porous medium of finite length L and inclined at an angle 𝛼 with the horizontal is taken into account as the outer tube. The relevant equations of momentum and continuity in vector 
form are as follows. 

 
Figure 1. Geometrical representation of the problem 

The fluid density 𝜌 is uniform incompressibility conditions, the equation of continuity is: 

 ∇.𝑉 ൌ 0 (1a) 

The equation governing the motion is: 

 ቀడ௏డ௧ ൅ ሺ∇.𝑉ሻ𝑉ቁ ൌ − ଵఘ ∇𝑃 ൅ ଵఘ ∇. 𝜏௟௡    (1b) 

Where, 𝑉 ൌ ሺ𝑢, 𝑣,𝑤ሻ, the velocity components in the 𝑟,𝜃 𝑎𝑛𝑑 𝑧 directions respectively, P is the pressure, 𝜌 is the density 
and 𝜏௟௡ is the extra stress tensor. 

The geometry of the non-uniform pancreatic duct with a catheter and the wall deformation due to an infinite 
sinusoidal wave propagating along the wall is mathematically described as 

 𝑅௪ሺ𝑧ሻ ൌ 𝑅௢ − 𝑚𝑧 ൅ 𝑧𝑡𝑎𝑛𝛼 ൅ 𝑏𝑠𝑖𝑛 ଶగ௭ఒ     (2a) 

 𝑅௖ሺ𝑧ሻ ൌ 𝑟௖ (2b) 

The constitutive equations for the non-Newtonian fluid are described by the Carreau equation 
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 𝐶ሙ௟௡ = −𝑝𝛿௟௠  +𝜏̌௟௡   (3a) 

 𝜏̌௟௡= ቂ𝜇ஶ + ሺ𝜇଴ − 𝜇ஶሻ(1 + (൫𝛾ሶෘ൯ଶ)೘షభమ )ቃ 𝛾ሶෘ   (3b) 

here 𝜏̌௟௡   is the extra stress tensor, p stands for pressure, 𝛿௟௡   is the Kronecker delta, 𝜇଴ and 𝜇ஶ are the zero and infinite 
shear rate viscosities,   is the time constant, and m is the dimensionless fluid behavior index. The shear rate 𝛾ሶ̅ is defined 
as follows: 

  𝛾ሶෘ = ටଵଶ∑∑𝛾ሶෘ௟௡𝛾ሶෘ௡௟ = ටଵଶ ᴨ (3c) 

Where, ᴨ is the second invariant strain rate tensor. In case of 𝜇ஶ = 0 and by using Taylor’s expansion in equation (3c), 
we get: 

 𝜏̌௟௡  = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ 𝛾ሶෘ௟௡ (3d) 

The biliary system, having stenosis, is assumed as a cylindrical elastic tube/model of the circular cross section 
containing an incompressible non-Newtonian fluid. The bile flow is modeled to be laminar, unsteady, two-dimensional, 
axially symmetric, and fully developed bile characterized by generalized Carreau model by considering an inclined non-
uniform pancreatic duct filled with a porous medium. Under the assumptions, the governing equation may be written in 
the cylindrical coordinate system (𝑟̌, 𝑧̌,𝜃ෘ) as 

 డ௨෕డ௥̌ + ௨෕௥̌ + ଵ௥̌ డ௩ුడఏෙ + డ௪෕డ௭̌ = 0 (4a) 

 𝜌 ቀడ௨෕డ௧ሙ + 𝑢ු డ௨෕డ௥̌ + ௩ු௥̌ డ௨෕డఏෙ − ௩ුమ௥̌ + 𝑤෕ డ௨෕డ௭̌ቁ = −డ௣ුడ௥̌ + ଵ௥̌ డడ௥̌ ൫𝑟̌𝐶ሙ௥௥൯ + ଵ௥̌ డడఏෙ ൫𝐶ሙ௥ఏ൯ + డడ௭̌ 𝐶ሙ௥௭ − ஼ሙഇഇ௥̌ − 𝜌𝑔𝑐𝑜𝑠𝛼  (4b) 

 𝜌 ቀడ௩ුడ௧ሙ + 𝑢ු డ௩ුడ௥̌ + ௩ු௥̌ డ௩ුడఏෙ + ௨෕௩ු௥̌ + 𝑤෕ డ௩ුడ௭̌ቁ = −ଵ௥̌ డ௣ුడఏෙ + ଵ௥̌మ డడ௥̌ ൫𝑟̌ଶ𝐶ሙ௥ఏ൯ + ଵ௥̌ డడఏෙ ൫𝐶ሙఏఏ൯ + డడ௭̌ 𝐶ሙఏ௭ (4c) 

 𝜌 ቀడ௪෕డ௧ሙ + 𝑢ු డ௪෕డ௥̌ + ௩ු௥̌ డ௪෕డఏෙ + 𝑤෕ డ௪෕డ௭̌ቁ = −డ௣ුడ௭̌ + ଵ௥̌ డడ௥̌ ൫𝑟̌𝐶ሙ௥௭൯ + ଵ௥̌ డడఏෙ ൫𝐶ሙఏ௭൯ + డడ௭̌ 𝐶ሙ௭௭ + 𝜌𝑔𝑠𝑖𝑛𝛼 (4d) 

Here, ρ stands for density, 𝑤෕  𝑎𝑛𝑑 𝑢ු are the velocity components, 𝑝̌ is the pressure, 𝜎ଶ = ఢ஽௔ , 𝐷𝑎 = ௞௔మ , ∈ is porosity, k 
is the permeability, and 𝐷𝑎 is the Darcy number. 
From equation (3a) - (3c) and (3d) we get: 

 ଵଶ 𝛾ሶෘ𝛾ሶෘ = 2 ൜ቀడ௪෕డ௥̌ ቁଶ + ቀ௪෕௥̌ ቁଶ + ቀడ௨෕డ௭̌ቁଶൠ + ቀడ௪෕డ௭̌ + డ௨෕డ௥̌ቁଶ, (5a) 

 𝐶ሙ௥௥ = 2𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ ቀడ௨෕డ௥̌ ቁ, (5b) 

 𝐶ሙ௥௭ = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ ቀడ௪෕డ௥̌  + డ௨෕డ௭̌ቁ, (5c) 

 𝐶ሙ௥ఏ = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ ቀడ௩ුడ௥̌  + ଵ௥̌ డ௨෕డఏෙ − ௩ු௥̌ቁ, (5d) 

 𝐶ሙఏఏ = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ ቀଵ௥̌ డ௩ුడఏෙ + ௨෕௥̌ቁ, (5e) 

 𝐶ሙఏ௭ = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ ቀଵ௥̌ డ௪෕డఏෙ + డ௩ුడ௭̌ቁ, (5f) 

 𝐶ሙ௭௭ = 𝜇଴ ቂ1 + ௠ିଵଶ ቀ൫𝛾ሶෘ௟௡൯ଶቁቃ డ௪෕డ௭̌ . (5g) 

Here, 𝑢(𝑟,𝜃, 𝑧, 𝑡), 𝑣(𝑟,𝜃, 𝑧, 𝑡) and 𝑤(𝑟,𝜃, 𝑧, 𝑡) represents the velocity components in 𝑟,𝜃 𝑎𝑛𝑑 𝑧 directions respectively, 
p is the pressure, 𝜌 is the density of bile and డ௣డ௭ is the pressure gradient. 

Assuming that the catheter is moving in the axial direction with velocity 𝑉௦ and the catheter has a fixed radius 𝑟௦ 
Porous boundary (Darcy) models transmural leakage/permeation through the duct wall (e.g., in a fistula or diseased 
epithelium) and aggregate epithelial hydraulic permeability and lymphatic uptake. Inclination captures the gravitational 
contribution relevant to anatomical placement. Suitable boundary conditions are as follows 

 𝑢(𝑟,𝜃, 𝑧, 𝑡) = 𝑣(𝑟,𝜃, 𝑧, 𝑡) = 0 𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡), (6a) 

 −௄௡௪√஽௔ = 𝑟௖ డ௪డ௥  𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡), (6b) 

 𝑤(𝑟,𝜃, 𝑧, 𝑡) = 𝑉௖ 𝑎𝑡 𝑟 = 𝑟௖. (6c) 
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Assuming the system is at rest, i.e., no flow occurs. 

 𝑢(𝑟,𝜃, 𝑧, 𝑡) = 𝑣(𝑟,𝜃, 𝑧, 𝑡) = 𝑤(𝑟,𝜃, 𝑧, 𝑡) = 0 𝑎𝑡 𝑡 = 0, (6d) 

Let us introduce non-dimensional variables 𝑧 = ௭̌௅బ , 𝑟 = ௥̌ோబ , 𝑣 = ௩ු௖ ,𝑢 = ఒ௨෕௖ோబ , ε =  ோబ௟బ ,𝑝 = ோబమ௣ු௅బఎబ௖ ,𝑅𝑒 = ఘ௖ோబఓబ   𝑡 = ௖௧ሙ௟బ ,𝑅(𝑧) = ோ(௭̌)ோబ ,  𝐻௪(𝑧) = ுೢ(௭̌)ோబ , 𝐶௭௭ = ௅బ௖ఓ೚ 𝐶ሙ௭௭,𝐶௥௥ = ோబ௖ఓ೚ 𝐶ሙ௥௥ ,    δ=ோబ௅బ,  𝑊𝑒 = ௖ோబ, 𝛾ሶෘ = ௖ఊሶோబ (7) 

Reduced non-dimensional equations are 

 𝜀 ቂడ௨డ௥ + ௨௥ + ଵ௥ డ௩డఏቃ + డ௪డ௭ = 0  (8a) 

 𝑅𝑒𝜀ଷ ቀడ௨డ௧ + 𝑢 డ௨డ௥ + ௩௥ డ௨డఏ − ௩మ௥ + 𝑤 డ௨డ௭ቁ = −డ௣డ௥ + 𝜀 ଵ௥ డడ௥ (𝑟𝐶௥௥) + 𝜀 ଵ௥ డడఏ (𝐶௥ఏ) + 𝜀ଶ డడ௭ 𝐶௥௭ − 𝜀 ஼ഇഇ௥ − ோబయఘ௚௅బఓబ௖ 𝑐𝑜𝑠𝛼 (8b) 

 𝑅𝑒𝜀ଷ ቀడ௩డ௧ + 𝑢 డ௩డ௥ + ௩௥ డ௩డఏ + ௨௩௥ + 𝑤 డ௩డ௭ቁ = −ଵ௥ డ௣డఏ + 𝜀 ଵ௥మ డడ௥ (𝑟ଶ𝐶௥ఏ) + 𝜀 ଵ௥ డడఏ (𝐶ఏఏ) + 𝜀ଶ డడ௭ 𝐶ఏ௭ (8c) 

 𝑅𝑒𝜀 ቀడ௪డ௧ + 𝑢 డ௪డ௥ + ௩௥ డ௪డఏ + 𝑤 డ௪డ௭ቁ = −డ௣డ௭ + ଵ௥ డడ௥ (𝑟𝐶௥௭) + ଵ௥ డడఏ (𝐶ఏ௭) + 𝜀 డడ௭ 𝐶௭௭ + ோబమఘ௚௅బఓబ௖ 𝑠𝑖𝑛𝛼 (8d) 

Where 𝜂 = ఘ௚௔మఓ௖ , 𝜂ᇱ = ఘ௚௔యఓ௖   , δ is the dimensionless wave number, 𝑊𝑒 is the Weissenberg number, 𝑅𝑒 Reynolds number, 
and 𝐾𝑛 Knudsen number. 

The non-dimensional boundary conditions are  

 𝑢(𝑟,𝜃, 𝑧, 𝑡) = 𝑣(𝑟,𝜃, 𝑧, 𝑡) = 0 𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡), (9a) 

 −௄௡௪√஽௔ = 𝑟௦ డ௪డ௥ 𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡)  (9b) 

 𝑤(𝑟,𝜃, 𝑧, 𝑡) = 𝑉௖ 𝑎𝑡 𝑟 = 𝑟௖,  (9c) 

Let the system be at rest, i.e., no flow takes place. 

 𝑢(𝑟,𝜃, 𝑧, 𝑡) = 𝑣(𝑟,𝜃, 𝑧, 𝑡) = 𝑤(𝑟,𝜃, 𝑧, 𝑡) = 0 𝑎𝑡 𝑡 = 0,  (9d) 
 

SOLUTION OF THE PROBLEM 
Considering a steady and laminar bile flow in an eccentric tube under the lubrication approach by neglecting the 

higher-order terms of 𝛿 and 𝑅𝑒. The equations of continuity, r-momentum, 𝜃-momentum and z-momentum become 

 డ௣డ௥ = 𝜂ᇱ𝑐𝑜𝑠𝛼 (10a) 

 డ௣డ௭ − 𝜂𝑠𝑖𝑛𝛼 = ଵ௥ డడ௥ (𝑟𝐶௥௭) + ଵ௥ డడఏ (𝐶ఏ௭) (10b) 

 డ௣డఏ = 0 (10c) 

 𝐶௥௭ = ൤1 + ௠ିଵଶ 𝑊𝑒ଶ ൬ቀడ௪డ௥ቁଶ + ቀଵ௥ డ௪డఏቁଶ൰൨ ቀడ௪డ௥  ቁ (10d) 

 𝐶ఏ௭ = 𝜇଴ ൤1 + ௠ିଵଶ 𝑊𝑒ଶ ൬ቀడ௪డ௥ቁଶ + ቀଵ௥ డ௪డఏቁଶ൰൨ ቀଵ௥ డ௪డఏቁ (10e) 

We observe that equation (10b) cannot be solved analytically. The non-Newtonian behavior of bile is significant in 
small ducts at low shear rate, so we have assumed that the shear rate is low, i.e., 𝛾ሶ < 1. Linearizing the equation in terms 
of the Weissenberg number 𝑊𝑒ଶ by the regular perturbation technique. 𝑤 = 𝑤଴ + 𝑊𝑒ଶ𝑤ଵ + ⋯,  𝑝 = 𝑝଴ + 𝑊𝑒ଶ𝑝ଵ + ⋯,  𝑞 = 𝑞଴ + 𝑊𝑒ଶ𝑞ଵ + ⋯,  (11) 

Using equations (5a)-(5g) into equation (10b) we obtain: 
Zeroth-order system of 𝑊𝑒ଶ equations with boundary conditions 

 డమ௪బడ௥మ + ଵ௥ డ௪బడ௥ = డ௣బడ௭ − 𝜂𝑠𝑖𝑛𝛼 (12a) 

 −௄௡௪೚√஽௔ = 𝑟௖ డ௪బడ௥ , 𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡),  𝑤଴ = 𝑉௖ , 𝑎𝑡 𝑟 = 𝑟௖, (12b) 
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A first-order system of 𝑊𝑒ଶ equations with boundary conditions 

 డమ௪భడ௥మ + ଵ௥ డ௪భడ௥ = డ௣భడ௭ − ௠ିଵଶ ൬ଵ௥ ቀడ௪బడ௥ ቁଷ + డడ௥ ቀడ௪బడ௥ ቁଷ൰   (12c) 

 𝑤଴ = 𝑂௖ , 𝑎𝑡 𝑟 = 𝑟௖,  −௄௡௪భ√஽௔ = 𝑟௖ డ௪భడ௥   𝑎𝑡 𝑟 = 𝑅௪(𝑧, 𝑡)  (12d) 

The slip boundary condition equation (12b), where 𝐷𝑎 is the Darcy number, which represents the porosity parameter, 
and Kn is the wall slip parameter, let 𝜒 = ௗ௣బௗ௭ − 𝜂𝑠𝑖𝑛𝛼. 
The solution of the zeroth-order system 

 𝑤଴ = ଵସ 𝜒𝑟ଶ + 𝐴ଵଵ𝑙𝑜𝑔𝑟 + 𝐴ଵଶ  (13a) 

The solution of the first-order system 

 𝑤ଵ = ଵସ ቀௗ௣భௗ௭ ቁ 𝑟ଶ − ௠ିଵଶ ቂ ଵଷଶ (𝜒)ଷ𝑟ସ − (஺భభ)యଶ௥మ + ଷ଼ (𝜒)ଶ𝐴ଵଵ𝑟ଶቃ + 𝐴ଵଷ𝑙𝑜𝑔𝑟 + 𝐴ଵସ    (6.13b) 

The volumetric flow rate 𝑄௢ is given by 

 𝑄௢ = ׬ 𝑤௢𝑟drோೢ(௭)଴ = ׬ 𝑉௖𝑟dr௥೎଴ + ׬ 𝑤௢𝑟drோೢ(௭)௥೎   (14a) 

 𝑄௢ = 𝑉௖𝑟௖ଶ + (𝜒) ൬ோೢరି௥೎ర଼ ൰ + 𝐴ଵଵ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) + 𝐴ଵଵ ൬௖೛మିோೢమସ ൰ + 𝐴ଵଶ ൬ோೢమି௥೎మଶ ൰    (14b) 

From equation (14b), we get 

 ௗ௣బௗ௭ = ൬ ଼ோೢరି௥೎ర൰ ቆ𝑄௢ − 𝑉௖𝑟௖ଶ − 𝐴ଵଵ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) − 𝐴ଵଵ ቀ௥೎మିோೢమସ ቁ − 𝐴ଵଶ ൬ோೢమି௥೎మଶ ൰ቇ + 𝜂𝑠𝑖𝑛𝛼 (14c) 

The volume flow rate 𝑄ଵ is given by 

 𝑄ଵ = ׬ 𝑤ଵ𝑟drோೢ(௭)଴ = ׬ 𝑂௖𝑟dr௥೎଴ + ׬ 𝑤ଵ𝑟drோೢ(௭)௥೎   (15a) 𝑄ଵ = ቀௗ௣భௗ௭ ቁ ൬ோೢరି௥೎రଵ଺ ൰ − ௠ିଵଶ ൤(𝜒)ଷ ൬ோೢలି௥೎లଵଽଶ ൰ − (஺భభ)యଶ 𝑙𝑜𝑔 ቀோ௥ೢ೎ ቁ + 3(𝜒)ଶ𝐴ଵଵ ൬ோೢరି௥೎రଷଶ ൰൨  
+𝐴ଵଷ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) + 𝐴ଵଷ ቀ௥೎మିோೢమସ ቁ + 𝐴ଵସ ൬ோೢమି௥೎మଶ ൰ (15b) 

From equation (15b), we get ௗ௣భௗ௭ = ൬ ଵ଺ோೢరି௥೎ర൰ ൬𝑄ଵ + ௠ିଵଶ ൤(𝜒)ଷ ൬ோೢలି௥೎లଵଽଶ ൰ − (஺భభ)యଶ 𝑙𝑜𝑔 ቀோ௥ೢ೎ ቁ + 3(𝜒)ଶ𝐴ଵଵ ൬ோೢరି௥೎రଷଶ ൰൨൰  

−൬ ଵ଺ோೢరି௥೎ర൰𝐴ଵଷ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) − 𝐴ଵଷ ቀ௥೎మିோೢమସ ቁ − 𝐴ଵସ ൬ோೢమି௥೎మଶ ൰ (15c) 

Substituting in equation (11) we get  

 𝑤 = ଵସ (𝜒)𝑟ଶ + 𝐴ଵଵ𝑙𝑜𝑔𝑟 + 𝐴ଵଶ + 𝑊𝑒ଶ ቄଵସ ቀௗ௣భௗ௭ ቁ 𝑟ଶ − ௠ିଵଶ ቂ ଵଷଶ (𝜒)ଷ𝑟ସ − (஺భభ)యଶ௥మ + ଷ଼ (𝜒)ଶ𝐴ଵଵ𝑟ଶቃ + 𝐴ଵଷ𝑙𝑜𝑔𝑟 + 𝐴ଵସ ቅ (16a) 𝑄 = 𝑉௖𝑟௖ଶ + (𝜒) ൬ோೢరି௥೎ర଼ ൰ + 𝐴ଵଵ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) + 𝐴ଵଵ ቀ௥೎మିோೢమସ ቁ + 𝐴ଵଶ ൬ோೢమି௥೎మଶ ൰ +  

𝑊𝑒ଶ ൜ቀௗ௣భௗ௭ ቁ ൬ோೢరି௥೎రଵ଺ ൰ − ௠ିଵଶ ൤(𝜒)ଷ ൬ோೢలି௥೎లଵଽଶ ൰ − (஺భభ)యଶ 𝑙𝑜𝑔 ቀோ௥ೢ೎ ቁ + 3(𝜒)ଶ𝐴ଵଵ ൬ோೢరି௥೎రଷଶ ൰൨ൠ  
+𝑊𝑒ଶ ൜𝐴ଵଷ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) + 𝐴ଵଷ ቀ௥೎మିோೢమସ ቁ + 𝐴ଵସ ൬ோೢమି௥೎మଶ ൰ൠ (16b) 

Similarly, ௗ௣ௗ௭ = ൬ ଼ோೢరି௥೎ర൰ ቆ𝑄௢ − 𝑉௖𝑟௖ଶ − 𝐴ଵଵ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) − 𝐴ଵଵ ቀ௥೎మିோೢమସ ቁ − 𝐴ଵଶ ൬ோೢమି௥೎మଶ ൰ቇ +𝜂𝑠𝑖𝑛𝛼 + 𝑊𝑒ଶ ൜൬ ଵ଺ோೢరି௥೎ర൰ ൬𝑄ଵ + ௠ିଵଶ ൤(𝜒)ଷ ൬ோೢలି௥೎లଵଽଶ ൰ − (஺భభ)యଶ 𝑙𝑜𝑔 ቀோ௥ೢ೎ ቁ + 3(𝜒)ଶ𝐴ଵଵ ൬ோೢరି௥೎రଷଶ ൰൨൰ൠ  
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 −𝑊𝑒ଶ ൜𝐴ଵଷ(𝑅௪ଶ logඥ𝑅௪ − 𝑟௖ଶ𝑙𝑜𝑔ඥ𝑟௖) − 𝐴ଵଷ ቀ௥೎మିோೢమସ ቁ − 𝐴ଵସ ൬ோೢమି௥೎మଶ ൰ൠ (16c) 
Where constants are  𝐴ଵଵ = ቂ4𝑉௖𝐾𝑛 + (𝜒) ቀ𝐾𝑛𝑅௪ଶ − 𝐾𝑛𝑟௖ଶ + 2√𝐷𝑎𝑅௪ଶቁ ቃ ቆ ିଵସ√஽௔ା௄௡௟௢௚ቀೃೝೢ೎ ቁቇ  𝐴ଵଶ = 𝑉௖ − ଵସ (𝜒)𝑟௖ଶ −  𝐴ଵଵlog 𝑟௖  𝐴ଵଷ = ቆ ଵ√஽௔ା௄௡௟௢௚ቀೃೝೢ೎ ቁቇ ቂଵସ ௗ௣భௗ௭ ൫𝐾𝑛𝑟௖ଶ − 𝐾𝑛𝑅௪ଶ − 2√𝐷𝑎𝑅௪ଶ൯ቃ + ቆ ଵ√஽௔ା௄௡௟௢௚ቀೃೝೢ೎ ቁቇ ቀ௠ିଵଶ ቁ  ቄ(𝜒)ଷ ଵଷଶ ቀ𝐾𝑛𝑅௪ସ − 𝐾𝑛𝑟௖ସ + 4√𝐷𝑎𝑅௪ସቁ + 16𝐴ଵଵଷ + ଷ஺భభ଼ (𝜒)ଶ ቀ𝐾𝑛𝑅௪ଶ − 𝐾𝑛𝑟௖ଶ + 2√𝐷𝑎𝑅௪ଶቁቅ  

 +ቆ ଵ√஽௔ା௄௡௟௢௚ቀೃೝೢ೎ ቁቇ ቀ௠ିଵଶ ቁ  ஺భభయଶ ቀ௄௡ோೢమି௄௡௥೎మାଶ√஽௔௥೎మቁோೢమ௥೎మ  𝐴ଵସ = −𝐴ଵଷ𝑙𝑜𝑔𝑟௖ − ௥೎మସ ௗ௣భௗ௭  + ቀ௠ିଵଶ ቁ ቄ௥೎రଷଶ (𝜒)ଷ − ஺భభయଶ௥೎మ + ଷ஺భభ௥೎మ଼ (𝜒)ଶቅ  
 

RESULTS AND DISCUSSION 
In the present paper, the effect of various physiological parameters involved in the peristaltic flow of bile in an 

inclined eccentric tube filled with a porous medium is analyzed. The results of the present mathematical model are 
evaluated with the help of MATLAB 2021a. The range of physiological parameters to analyze the resulting expressions 
of axial velocity w, and pressure gradient ௗ௣ௗ௭ and the volumetric flow rate Q in this study, the porosity parameter 𝐷𝑎, angle 
of inclination 𝛼, Weissenberg number 𝑊𝑒, velocity of the catheter 𝑉௖ , radius of catheter 𝑟௖ , gravity parameter 𝜂, wall slip 
parameter 𝐾𝑛 and fluid behavior index 𝑚. 

The axial velocity profile with respect to radial distance has been made from Figures 2(a)–2(h) for several values to 
emerging parameters and the graphs shows that the axial velocity is maximum at the surface of the catheter (outer wall 
of catheter) and as we move towards the wall of duct axial velocity decreases and is minimum at the wall. Figure 2(a) 
shows the effect of the porosity parameter on axial velocity. The axial velocity increases with the porosity parameter; 
maximum velocity occurs at the highest value of porosity parameter because the number of pores increases with the 
increase of porosity parameter, so the fluid can easily move through the duct. In Figure 2(b), we see the effect of the angle 
of inclination on axial velocity. The axial velocity increases with the increase in angle of inclination. An inclined duct 
helps to pass fluid quickly through the duct, so inclination marks a positive impact on axial velocity. In Figure 2(c), we 
observe that the axial velocity falls as we increase the Weissenberg number. The high elasticity of fluid reduces the axial 
velocity. Figure 2(d) displays the axial velocity profile for different values of the radius of the catheter. It is noticed that 
axial velocity increases with the increase in catheter radius. In Figure 2(e), we see that the axial velocity increases with 
the velocity of the catheter and is justified by the nature of the curve. If we increase the velocity of the catheter, it helps 
to raise the velocity of the fluid. Figure 2(f) shows the effect of the gravity parameter on axial velocity. The axial velocity 
increases with the gravity parameter, because the bile flows from the upper body parts to the lower parts of the body, so 
gravity plays an important role in flow. In Figure 2(g), we see that the axial velocity falls with wall slip conditions as it 
produces a hindrance to flow at the duct wall of the duct, so velocity reduces for a higher wall slip parameter. Figure 2(h) 
shows the effect of fluid behavior index on axial velocity for large values of 𝑚 . The fluid is in the shear-thinning condition 
and at 𝑚 = 1. Fluid behaves like a Newtonian fluid, clearly showing axial velocity increases with the fluid behavior 
index. 

  
Figure 2(a). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝐷𝑎 with 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 2(b). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝛼 with 𝐷𝑎 = 3,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 
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Figure 2(c). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝑊𝑒 with 𝐷𝑎 = 3,𝛼 = గସ  , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 2(d). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝑟௖  with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 2(e). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝑉௣ with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5, 𝑚 = 0.3685 

Figure 2(h). Profile of axial velocity  𝑤 with 𝑟 for different 
values of,𝑚 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 𝑉௖ =0.25, 𝜂 = 0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5 

  
Figure 2(f). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝜂 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 𝑟௖ =0.15,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 2(g). Profile of axial velocity  𝑤 with 𝑟 for different 
values of 𝐾𝑛 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 , 𝜂 =0.35,𝑉௖ = 0.25, 𝑏 = 0.5,𝑚 = 0.3685 

Figures 3(a)–3(h) show pressure gradient distributions with respect to the axial distance of the various emerging 
parameters, and the graphs depict that more pressure is required to maintain the same flux in the narrow part of the duct 
due to the flexible wall, the duct contract or expand along the z-axis. Figure 3(a) shows the effect of the porosity parameter 
on the pressure gradient. The pressure decreases with increasing the porosity parameter. The minimum pressure is 
required to maintain the same flow rate at high porosity parameters, because porosity directly signifies the number of 
pores in a porous medium, so fluid passes easily through a porous duct for a high value of porosity parameter. Figure 3(b) 
shows the effect of angle of inclination on pressure gradient and observed that a lower pressure is required to maintain 
the same flux at a more inclined duct, i.e., the pressure gradient falls as we raise the value of inclination. Figure 3(c) 
shows the effect of Weissenberg number on the pressure gradient. More pressure is required to maintain the constant flux 
for an elastic fluid. Pressure gradient increases as we raise the Weissenberg number. In Figure 3(d), we see that low 
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pressure is required to pass through the duct with a large size of radius of the catheter, clearly indicating that the pressure 
decreases as we increase the radius of the catheter. Figure 3(e) shows that pressure reduces as the velocity of the catheter 
increases; the high catheter velocity helps in maintaining the flow so that the fluid can easily move in the duct. In Figure 
3(f), we observe that the pressure gradient drops as the value of the gravity parameter increases. Figure 3(g) displays the 
pressure gradient distribution for distinct values of the wall slip parameter, as the wall slip parameter increases value of 
pressure also increases. The wall slip parameter shows a negative impact on the flow. In Figure 3(h), we see the effect of 
fluid behavior index on the pressure gradient. The low pressure is needed to maintain the same flow rate with the 
increment in the value of the fluid behavior index. 

  

Figure 3(a). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝐷𝑎 with 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 3(b). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝛼 with 𝐷𝑎 = 3,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

  

Figure 3(c). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝑊𝑒 with 𝐷𝑎 = 3,𝛼 = గସ  , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 3(d). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝑟௖  with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

  

Figure 3(e). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝑉௖ with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5, 𝑚 = 0.3685 

Figure 3(f). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝜂 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 𝑟௖ =0.15,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 
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Figure 3(g). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of 𝐾𝑛 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 , 𝜂 =0.35,𝑉௖ = 0.25, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 3(h). Profile of pressure gradient  ௗ௣ௗ௭ with 𝑧 for different 
values of,𝑚 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 𝑉௖ =0.25, 𝜂 = 0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5 

Figures 4(a)–4(h) display the flow rate concerning axial distance for numerous values of decisive parameters. The 
nature of the curves is the same along the z-axis; maximum flow occurs when the duct is expanded. Figure 4(a) shows 
the effect of the porosity parameter on the flow rate. The flow rate increases with the porosity parameter because the 
number of pores increases, which leads to flow rate. In Figure 4(b), we observe that the flow rate enhances with the angle 
of inclination. The flow of fluid is downwards, so inclination increases the flow rate. In Figure 4(c), we see that the flow 
rate decreases with Weissenberg number, which means a high elastic fluid will not be able to pass easily through the 
eccentric duct. An increase in the Weissenberg number (We) and the wall slip parameter (Kn) leads to a decrease in bile 
flow velocity because of the Weissenberg number (elasticity). The Weissenberg number measures the relative importance 
of elastic stresses to viscous stresses (We = λU/L). In a Carreau fluid, higher We implies stronger viscoelastic effects. 
Elastic normal stresses generated within the fluid resist deformation and act as an additional resistance to the pressure-
driven flow. As a result, for the same driving pressure gradient, the axial velocity decreases because part of the input 
energy is stored elastically rather than converted into forward motion. Similar behavior has been reported in peristaltic 
transport of Carreau fluids in eccentric tubes, where velocity decreases with We (Nadeem et al., [8]; Reima et al., [11]). 
In Figure 4(d), we see that the flow rate falls as the radius of the catheter increases. It means maximum fluid passes 
through the inner tube with fixed velocity, and the rest of the fluid moves through the porous duct. In Figure 4(e), we 
observe that the flow increases with the increase in catheter velocity. The fluid is passed quickly through the catheter. 
Figure 4(f) shows the effect of the gravity parameter on flow rate, indicating clearly that the gravity parameter has a 
positive impact on the flow rate. From Figure 4(g), we noticed that the flow rate reduces with the wall slip parameter. 
Figure 4(h) displays the effect of fluid behavior index on flow rate. The flow rate increases as we increase the value of 𝑚, as the value of the fluid behavior index tends to 1, the flow rate increases.  

  

Figure 4(a). Profile of flow rate  𝑄 with 𝑧 for different values of 𝐷𝑎 with 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 4(b). Profile of flow rate  𝑄 with 𝑧 for different values of 𝛼 with 𝐷𝑎 = 3,𝑊𝑒 = 3 , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 = 0.35,𝐾𝑛 =0.2, 𝑏 = 0.5,𝑚 = 0.3685 
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Figure 4(c). Profile of flow rate 𝑄 with 𝑧 for different values of 𝑊𝑒 with 𝐷𝑎 = 3,𝛼 = గସ  , 𝑟௖ = 0.15,𝑉௖ = 0.25 , 𝜂 =0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 4(d). Profile of flow rate  𝑄 with 𝑧 for different values of 𝑟௖  with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 , 𝜂 = 0.35,𝐾𝑛 =0.2, 𝑏 = 0.5,𝑚 = 0.3685 

  
Figure 4(e). Profile of flow rate 𝑄 with 𝑧 for different values of 𝑉௖ with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ = 0.15 , 𝜂 = 0.35,𝐾𝑛 =0.2, 𝑏 = 0.5, 𝑚 = 0.3685 

Figure 4(f).  Profile of flow rate  𝑄 with 𝑧 for different values 
of 𝜂 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 ,𝑉௖ = 0.25 𝑟௖ = 0.15,𝐾𝑛 =0.2, 𝑏 = 0.5,𝑚 = 0.3685 

  
Figure 4(g). Profile of flow rate 𝑄 with 𝑧 for different 
values of 𝐾𝑛 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ =0.15 , 𝜂 = 0.35,𝑉௖ = 0.25, 𝑏 = 0.5,𝑚 = 0.3685 

Figure 4(h). Profile of flow rate 𝑄 with 𝑧 for different 
values of, 𝑚 with 𝐷𝑎 = 3, 𝛼 = గସ ,𝑊𝑒 = 3 , 𝑟௖ =0.15 𝑉௖ = 0.25, 𝜂 = 0.35,𝐾𝑛 = 0.2, 𝑏 = 0.5 

This discussion is consistent with representative studies (Nadeem et al. [8]; Reima et al. [11]) that report similar 
trends in velocity, shear, and flow rate with elasticity and catheterization. Reduction in axial velocity with increased 
elasticity and changes with catheter radius are consistent with previous Carreau/eccentric-catheter studies. The standard 
values of the parameters shown in the discussion are based on referenced or experimentally verified. These parameters 
correspond to the realistic situations.  
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CONCLUSIONS 
The bile is considered a non-Newtonian fluid. A comprehensive perturbation resolution has been discovered for 

Carreau fluid flow down an inclined eccentric catheterized duct with a porous wall containing bile. The obtained results 
in the case of Carreau fluid reveal that the flow characteristics are dependent on many parameters, such as catheter radius, 
catheter velocity, angle of inclination, gravity parameter, porosity parameter, Weissenberg number, fluid behavior index, 
and wall slip parameter. The key conclusions based on trends observed in the graphs are given as: 

• Axial velocity and flow rate increase with an increased catheter velocity, angle of inclination, gravity parameter, 
porosity parameter, and fluid behavior index. It shows the positive impact on velocity and flux, which helps to 
move bile through the duct. Increase in axial velocity and flow rate at higher Darcy numbers in our simulations 
reflects that a more porous wall reduces resistance to flow, with clinical observations that bile escapes more readily 
when the duct wall loses its tight barrier function. 

• Axial velocity and flow rate show a reverse nature with an increased Weissenberg number and wall slip parameter. 
• Axial velocity is maximum at the outer surface of the catheter and is minimum at the wall of the duct. 
• A catheter with a small radius increases the flow of bile. If the catheter size is large, it reduces the flow rate. 
• In case of pressure gradient, more pressure is required to maintain the same flux with higher values of Weissenberg 

number, and for other parameters, low pressure is required to maintain the same flux. 
• The reduction in wall shear stress due to shear-thinning also agrees with rheological observations of bile. 

Kuchumov et al. [5] analyzed the results of experiments, which relate well to the quantitative outcomes for bile. 
The present study is limited to theoretical outcomes considering the experimentally validated data. Even this 
analysis needs to be compared with clinical data in future work. 
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ПЕРИСТАЛЬТИЧНИЙ ПОТІК ЖОВЧІ В АМПУЛІ СОСОЧКА З ПОРИСТИМИ СТІНКАМИ ТА ПОХИЛОЮ 

ЕКЦЕНТРИЧНОЮ КАТЕТЕРИЗОВАНОЮ ПРОТОКОЮ 
Д. Кумар1, Т.К. Рават2, М. Гарванда1, С. Кумар3, С.К. Чаубей1 

1Відділ наук та математики, кафедра допоміжних вимог, університет технологій та прикладних наук-Шинас, Оман 
2Університет GLA, Велика Нойда, Індія 

3Університет доктора Бхімрао Амбедкара, Агра, Індія 
У цьому дослідженні математично досліджується комбінований вплив нахилу та катетера на біліарний потік рідини Карро 
через ексцентричну катетеризовану протоку з пористим матеріалом. Технічне збурення використовується для розв'язання 
керівних рівнянь, враховуючи низькі числа Рейнольдса, довгохвильове наближення та відповідні малі параметри. Хірургічна 
техніка, коли катетер ексцентрично вводиться в протоку, пов'язана з результатами дослідження. Для досягнення аналітичних 
рішень було використано кілька параметрів. У цих даних відображаються осьова швидкість, градієнт тиску, швидкість потоку 
та напруга зсуву стінки, а також такі нові параметри: параметр ковзання стінки, число Вайсенберга, індекс поведінки рідини, 
число Дарсі та кут нахилу. Градієнт тиску значно змінюється кутом нахилу та параметром пористості, а осьова швидкість 
катетера падає зі збільшенням числа Вайсенберга. Фізіологічні спостереження узгоджуються з цими висновками. 
Ключові слова: перистальтичний потік жовчі; цибулина сосочка; пористі стінки; похила ексцентрична катетеризована 
протока 
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This research presents a comprehensive investigation of the Soret and Dufour effects on Casson hybrid nanofluid (HNF) flow past a 
moving vertical plate, with silver (Ag) and titanium dioxide (TiO₂) nanoparticles dispersed in water. The incorporation of Ag–TiO₂ 
hybrid nanoparticles combines the exceptional thermal conductivity of silver with the chemical stability and cost-effectiveness of 
TiO₂, creating a fluid with superior transport properties compared to conventional single-component nanofluids. The governing 
partial differential equations describing momentum, heat and mass transfer are transformed into a set of nonlinear ordinary 
differential equations using similarity transformations. These equations are solved numerically via the Keller Box method, ensuring 
stability and accuracy in handling coupled highly nonlinear systems. In addition, an analysis was performed to examine the influence 
of nanoparticle morphology on velocity, temperature and concentration distributions, thereby validating and enriching the numerical 
outcomes. The results reveal that variable nanoparticle morphology and the combined Ag–TiO₂ dispersion significantly enhance heat 
transfer rates and mass transfer rates while reducing frictional losses near the plate surface. The inclusion of Soret and Dufour effects 
further amplifies cross-coupling between thermal and solutal fields leading to improved transport efficiency. These findings not only 
provide new insights into Casson hybrid nanofluid dynamics but also highlight the critical role of cross-diffusion in optimizing heat 
and mass transfer systems. The integration of Casson fluid rheology, hybrid nanoparticles and cross-diffusion effects under realistic 
boundary conditions has direct implications for industrial cooling, metallurgical processing, biomedical drug delivery and energy 
system optimization. By demonstrating the synergistic performance of Ag–TiO₂ nanofluids, this study establishes a pathway for 
designing next-generation thermal management and biomedical transport technologies. 
Keywords: Convective Boundary Conditions; MHD; Casson Hybrid Nanofluid; Shape of Nanoparticles; Soret and Dufour effects 
PACS: 47.20.Bp, 44.40.+a,47.52.+j, 47.11.Bc 

INTRODUCTION 
The development of advanced heat-transfer fluids has become imperative as industries demand higher thermal 

management performance across applications ranging from electronic cooling and energy systems to biomedical 
devices and chemical processing. Nanofluids are base fluids loaded with suspended nanoparticles offer a promising 
route for enhancing thermal transport because the inclusion of high-conductivity particles increases the effective 
thermal conductivity of the mixture. More recently, hybrid nanofluid suspensions containing two or more distinct 
nanoparticle species have attracted attention because they combine complementary thermal, chemical and rheological 
attributes of different particles to yield superior heat-transfer and stability characteristics compared with single-
component nanofluids.  Among hybrid combinations, systems that pair noble metals (e.g., silver, Ag) with metal oxides 
(e.g., titanium dioxide, TiO₂) are particularly attractive. Silver imparts exceptionally high thermal and electrical 
conductivity, while TiO₂ contributes chemical stability, corrosion resistance and cost-effectiveness. The Ag–TiO₂/water 
hybrid therefore represents a practical formulation for applications where both enhanced heat transfer and operational 
robustness are required. However, realistic performance prediction of such fluids requires more than bulk-averaged 
property estimates. It requires capturing the coupled interaction between momentum, heat and mass transport under 
operating conditions that often involve large temperature and concentration gradients. 

The Casson fluid model, which characterizes yield-stress behavior and shear-thinning dynamics, is widely used to 
represent fluids whose microstructural deformation affects macroscopic flow examples include blood, polymeric 
suspensions, and certain high-viscosity industrial fluids. Combining Casson rheology with hybrid nanoparticle 
suspensions introduces rich, nonlinear coupling between flow resistance, particle transport and thermal behavior that 
cannot be captured by Newtonian assumptions. Therefore, investigations of Casson hybrid nanofluids are both 
theoretically significant and practically necessary. 

When coupled heat and mass transfer occur, two cross-diffusion phenomena may become important. Soret effect 
induces mass flux i.e., particles or solutes migrate from hot to cold or vice versa, depending on species specifics. In 
practical terms, the Soret effect alters concentration fields in the presence of thermal gradients, thereby changing local 
thermophysical properties and feeding back on flow and heat transfer. Dufour effect induces a heat flux i.e., variations in 
species concentration drive thermal energy transport. Though often smaller than the direct conductive heat flux, the Dufour 
effect can modify temperature distributions in systems with strong concentration gradients or significant solutal fluxes. 
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The two effects are reciprocal manifestations of cross-coupled transport: Soret describes heat driving mass flux; 
Dufour describes mass flux driving heat. Their relative importance depends on fluid properties, particle size and 
concentration and the magnitudes of temperature and concentration gradients. In nanoparticle-laden systems especially 
hybrid formulations with differing particle diffusivities and thermal conductivities Soret and Dufour coupling can 
appreciably affect Nusselt and Sherwood numbers, boundary-layer structure, and ultimately system performance. 

The literature on nanofluid heat and mass transfer is extensive, covering experimental measurements, empirical 
correlations for effective properties and numerous numerical investigations. Foundational models such as Buongiorno’s 
two-component approach accounted for key microscale transport mechanisms (Brownian diffusion and 
thermophoresis), and many studies have extended these ideas to hybrid nanofluids, magnetic fields, viscous dissipation 
and slip conditions. However, several gaps and limitations remain. While there is growing work on hybrid nanofluids, 
relatively few studies integrate non-Newtonian Casson rheology with hybrid particle systems, particularly with 
combinations such as Ag–TiO₂ that present strong contrasts in conductivity and diffusivity. Although some 
investigations account for Soret/Dufour in Newtonian nanofluids or single-particle Casson fluids, the combined 
influence of both cross-effects in Casson hybrid nanofluids is underexplored. Given the differing particle mobilities and 
interaction potentials in hybrid suspensions, cross-diffusion coupling may be amplified or altered compared with single-
component systems. 

Numerical studies frequently assume idealized spherical particles and homogeneous dispersion yet particle 
morphology (e.g., platelets, rods, aggregates) and real dispersion quality critically affect effective thermal conductivity 
and viscosity. Experimental efforts that systematically examine the interplay of particle shape, hybrid mixing ratios and 
cross-diffusion under flowing conditions are limited. Many existing analyses focus on canonical problems do not 
combine moving boundaries, convective boundary conditions and mixed convection with non-Newtonian rheology 
conditions typical in industrial processes such as coating, extrusion, and vertical heat exchangers. There is a paucity of 
system-level analysis that quantifies the trade-off between enhanced heat transfer and increased pumping or process 
complexity specifically for Casson hybrid formulations with Soret/Dufour effects. 

Abdul Aziz [1] derived similarity solution in laminar boundary layer flow over flat plate with convective surface. 
Yahyaee [2] explored how different nanoparticle shapes affect film boiling on vertical cylinders using numerical 
simulations. Azad Hussain et al. [3] investigated flow, heat transfer characteristics in magneto hydro dynamic 
bioconvective carbon nanotubes flow across stretched surface incorporating Dufour and Soret effects. Bhavanam Naga 
Lakshmi et al. [4] examined three-dimensional rotating HNF flow across linearly stretchable surface including Ag, CuO 
nano particles with H2O as base fluid considering Soret, Dufour effects. Cebeci and Bradshaw [5] described Keller Box 
implicit finite difference system. RamReddy et al. [6] examined mixed convective heat, mass transport in semi-infinite 
vertical flat plate within nanofluid taking Soret effect into account. Chundru Maheswari [7] examined MHD hybrid 
nanofluid, namely MgO − Ag/H2O in laminar and steady-state flow over a horizontally positioned thin needle that can 
move same or opposite direction to free stream, employing shooting method, taking into account thermophoresis 
parameter, Brownian motion effects. Eleni Seid et al. [8] conducted mathematical investigation of combined slip, Soret, 
Dufour effects in electrically conducting nanofluid flow across vertically extending sheet. 

Isa et al. [9] analyzed water-based hybrid nanofluid, including alumina (Al2O3), copper (Cu) nanoparticles in two-
dimensional mathematical model. Iskandar Waini [10] investigated consistent mixed convection flow along vertical 
porous surface containing hybrid nanoparticles. J. Jayaprakash et al. [11] elucidated Maxwell nanofluid flow across 
linearly stretched porous sheet accounting for interactions with mixed convection, Dufour, Soret numbers. Kavita 
Jat et al. [12] examined Soret and Dufour impacts on magnetohydrodynamic hybrid nanofluids across nonlinear 
stretched sheet. Balamurugan et al. [13] examined convective electrically conducting Newtonian fluid flow over 
inclined heated porous plate. Minea Alina [14] proposed numerical assessment on three oxide-based nanofluids and 
their hybrids.  Mansour and Bakier [15] conducted an experiment on mixed convection heat, mass transfer utilizing 
finite difference approach within porous saturated cavity influenced by dual-moving lid and heat sources.  

Sheikholeslami [16] studied nanoparticle shape effects in forced convective nanofluid in constant magnetic field. 
Sreedhar et al. [17] examined convective heat, mass transfer effects in wedge-shaped flows inside nanofluids. Veera 
Krishna et al. [18] studied radiative unsteady non-Newtonian Casson hybrid nanofluid across porous surface with 
infinite exponential acceleration, driven by slip velocity in rotating frame. Nor Alifah Rosaidi et al. [19] examined 
aligned magnetohydrodynamic nanofluid convective flow across plate moving vertically. Norsyasya Zahirah et al. [20] 
investigated nanoparticle influence morphologies on Casson hybrid nanofluid flow across moving vertical plate. Noreen 
and Adil [21] considered Cu–water nanofluid flow with different shaped nanoparticles. Zainal et al. [22] examined 
steady MHD stagnation point nanofluid flow along flat convective plate. P. Chandrakala [23] studied hybrid nanofluid 
flow across sheet that expands exponentially, using heat source, sink. Ruchi Jain et al. [24] investigated on Williamson 
hybrid fluid flow utilizing single, multi-wall carbon nanotubes combined with CuO and water examining effects of Hall 
effect, Soret, Dufour effect over porous stretching or shrinking lamina with suction, injection. Sahar Goudarzi et al. [25] 
examined how Brownian motion, thermophoresis affect nanoparticles movement in Ag-MgO/Water hybrid nanofluid. 
S.A.M. Mehryan et al. [26] examined Aluminium Oxide - Copper water nanofluid within free convective heat transport 
porous cavity. S. Hussain et al. [27] statistically explored entropy production resulting from partly heated square double 
lid-driven cavity filled with Aluminium Oxide -water nano fluid under inclined magnetic field. Anwar et al [28] 
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formulated two various fractional models to explain flow patterns, thermal behavior in sodium alginate (NaAlg/SA) 
based hybrid nanofluid. Khaleque [29] studied convective flow in mixed power-law fluid over continuously stretched 
surface. 

This study examines Soret, Dufour effects on Casson hybrid nanofluid (Ag-TiO2/Water) in relation to moving 
vertical plate. Silver (Ag) and titanium dioxide (TiO2) were incorporated into water-based fluid for this study.  
Similarity transformation techniques are employed to translate PDE’s into ODE’s subsequently solved numerically 
using Keller Box method.  This study also examines several nanoparticle geometries impact on velocity, temperature, 
concentration profiles. Furthermore, quantitative results are examined, tabulated, graphically represented considering 
various non-dimensional parameters. By analyzing the role of nanoparticle morphology and thermal conductivity, the 
study aims to provide insights into how hybrid nanofluids can be used for optimal performance in industrial 
applications.  
 

MATHEMATICAL FORMULATION 
Rheological formula for Casson hybrid nanofluids with isotropic and incompressible flow is: 

𝜏௜௝ = ൝൫𝜇஻ + 𝑝௬/√2𝜋൯2𝑒௜௝ ,𝜋 > 𝜋௖൫𝜇஻ + 𝑝௬/ඥ2𝜋௖൯2𝑒௜௝, 𝜋 < 𝜋௖  

where𝜇஻ is non-Newtonian fluid’s dynamic viscosity, 𝑝௬ is yield stress, 𝜋௖ is critical value based on non-Newtonian 
model, Plate is assumed to move at constant velocity 𝑈௪ = 𝜆𝑈ஶ, where 𝑈௪ ,  λ being plate velocity, its parameter 
respectively. 

Aligned magnetic field with acute angle, 𝛼 as shown in Figure 1 is applied to flow. It is recognized as origin 
function, expressed by 𝐵(𝑥) = ஻బ√௫with 𝐵଴ ≠ 0. 

 
Figure 1. Physical model of Problem 

Magnetic field intensity is denoted by 𝐵଴, (x,y) represents coordinates along plate. Assuming stable two-
dimensional boundary layer flow, following governing equations developed as: 
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Boundary conditions: 
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where 𝑢, 𝑣indicates velocity components along 𝑥,𝑦-axis,𝛼is inclined magnetic field, 𝑇, 𝑇௙is the temperature of fluid, 
nanofluid, 𝑈ஶ,𝑇ஶ, 𝐶ஶdenotesfree stream velocity, temperature, concentration respectively. 𝑔 is gravity, 𝜌௛௡௙ is 
effective density, 𝜎 is electrical conductivity, (𝜌𝛽)௛௡௙ is thermal expansion coefficient, 𝜇௛௡௙ is effective dynamic 
viscosity, 𝛼௛௡௙ is fluid’s thermal diffusivity, ൫𝜌𝐶௣൯௛௡௙ is fluid’s heat capacity, 𝑘௛௡௙ is thermal conductivity(hybrid 

nanofluids), 𝑀 is magnetic parameter, ℎ௙ is heat transfer coefficient ቀℎ௙ = ௖√௫ , 𝑐 is a constant ), ℎ௠ is mass transfer 
coefficient of fluid, DB is Brown dissemination coefficient, DT is heat dispersion coefficient, Dm is mass diffusivity and 𝛽 is the Casson hybrid nanofluid parameter.  

Rosseland approximation for radiative heat flow 
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Introducing stream function ( ),x yψ  as shown below 
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Following similarity variables are introduced as in Zukri et al. [20] to solve above equations 
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where ζ is similarity variable, Rex
f

U x
υ

∞= refers to Reynolds number, 𝑣௙= ఓ೑ఘ೑is kinematic viscosity. 

Various forms possess distinct numerical shape factors.  This shape factor ascertains suitability of shape 
concerning the nanoparticles. The shape factor, denoted as m in Table 1, together with its numerical values for various 
forms, is shown in Table 3. The shape factor, m=3/Z, should be acknowledged, where Z represents sphericity. 
Sphericity being sphere’s surface area ratio to particles’ surface area with equivalent volumes. Sphericity values for 
sphere, platelet, cylinder, brick are 1.000, 0.526, 0.625, 0.811, respectively.   

Table 1. Thermophysical Relation in Nanoparticles Shape of Hybrid Nanofluids 

Properties Hybrid Nanofluids 

Density 𝜌hnf = (1 − 𝜙ଶ)ൣ(1 − 𝜙ଵ)𝜌௙ + 𝜙ଵ𝜌௦ଵ൧ + 𝜙ଶ𝜌௦ଶ 

Heat Capacity ൫𝜌𝐶௣൯hnf 
= (1 − 𝜙ଶ) ቂ(1 − 𝜙ଵ)൫𝜌𝐶௣൯௙ + 𝜙ଵ൫𝜌𝐶௣൯௦ଵቃ + 𝜙ଶ൫𝜌𝐶௣൯௦ଶ 

Viscosity 𝜇hnf = 𝜇௙(1 − 𝜙ଵ)ଶ.ହ(1 − 𝜙ଶ)ଶ.ହ 
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Properties Hybrid Nanofluids 

Thermal 
Conductivity 

𝑘௛௡௙𝑘௕௙ = 𝑘௦ଶ + (𝑚 − 1)𝑘௕௙ − (𝑚 − 1)𝜙ଶ൫𝑘௕௙ − 𝑘௦ଶ൯𝑘௦ଶ + (𝑚 − 1)𝑘௕௙ − 𝜙ଶ൫𝑘௕௙ − 𝑘௦ଶ൯  

𝑘௕௙𝑘௙ = 𝑘௦ଵ + (𝑚 − 1)𝑘௙ − (𝑚 − 1)𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯𝑘௦ଵ + (𝑚− 1)𝑘௙ − 𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯  

𝑘௕௙ = 𝑘௦ଵ + (𝑚 − 1)𝑘௙ − (𝑚 − 1)𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯𝑘௦ଵ + (𝑚− 1)𝑘௙ − 𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯ ൈ 𝑘௙ 

𝑘௛௡௙𝑘௙ = 𝑘௛௡௙𝑘௕௙ ൈ 𝑘௕௙𝑘௙ = 𝑘௦ଶ + (𝑚 − 1)𝑘௕௙ − (𝑚 − 1)𝜙ଶ൫𝑘௕௙ − 𝑘௦ଶ൯𝑘௦ଶ + (𝑚 − 1)𝑘௕௙ − 𝜙ଶ൫𝑘௕௙ − 𝑘௦ଶ൯ ൈ 𝑘௦ଵ + (𝑚− 1)𝑘௙ − (𝑚− 1)𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯𝑘௦ଵ + (𝑚 − 1)𝑘௙ − 𝜙ଵ൫𝑘௙ − 𝑘௦ଵ൯  

Table 2. Thermophysical Properties of Base Fluid and Nanoparticles  

Properties Base Fluid (Water) Ag (Silver) 𝐓𝐢𝐎𝟐 (Titanium Oxide) 𝜌(kg/mଷ) 997.1 10500 4250 𝐶௣(𝐽/kgK) 4179 235 686.2 𝑘(𝑊/𝑚𝑘) 0.613 429 8.9538 

Table 3. Nanoparticles Shape Factors (𝑚) 

Nanoparticles Shape Shapes Shape Factor (m) Sphericity (Z) 

Spherical 3.0 1.000 

Platelets 
 

5.7 0.526 

Cylindrical 
 

4.8 0.625 

Bricks 

 

3.7 0.811 

Following non-linear ODE’s result from substituting Eq. (7) into Eqs. (2),(4) 
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where: 

γ = Thermal Buoyancy parameter = ீ௥ೣோ௘మೣ, 3
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𝛿 = Solutal Buoyancy parameter =  ீ೎ೣோ௘మೣ, 3

2
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M = Magnetic parameter = 
஻బమఙ೑௎ಮఘ೑ 

Pr = Prandtl number = 
௩೑(ఘ஼௣)೑௞೑  

Rd = Radiation parameter =  ସ஢୘య௞೑௞∗ 
Nb = Brownian motion Parameter = ఛ஽ಳ(஼ೢି஼ಮ)௩೑  

Nt = Thermophoresis Parameter = ఛ஽ಳ(்ೢ ି ಮ்)௩೑ ಮ்  

Du = Dufour number = ஽೅௄೅(஼ೢି஼ಮ)௩೑஼ೞ஼೛(்ೢ ି ಮ்) 
Sr = Soret number = ஽೅௄೅(்ೢ ି ಮ்)௩೑ ಮ்(஼ೢି஼ಮ) 
Ω = Thermal Biot number = 

௛೑௞೑ √ ௩೑௎ಮ 

Bs =Solutal Biot number = ௛ೞ(஽೘)೑ √ ௩೑௎ಮ 
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where Rex is local Reynold’s number given by Rex
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NUMERICAL PROCEDURE 

To numerically solve the equations according to the boundary conditions, Cebeci and Bradshaw [5] devised an implicit 
finite difference approach. The necessary actions are as follows: 

1. First order equation is created from the converted equations. 

2. Central differences are used to write difference equations. 

3. Consequently, an algebraic equation is formulated, linearized using Newton's method which is represented as 
matrix equation. 

4. Using Block tri-diagonal elimination approach linear systems is resolved. 
Introducing f' = p, p' = q, θ'=t, ϕ'=n 
Equations (8),(9), (10) reduced to  
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Boundary conditions: 
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RESULTS AND DISCUSSION 

Keller Box Method in Matlab numerically enumerates solutions to non-linear ordinary differential equations.       
To achieve most precise results, it is essential to select and meticulously tune proper initial assumptions optimal 
boundary layer thickness and various parameter values inside the coding function which covers several variable ranges, 
including Casson fluid, magnetic fields, buoyancy, thermophoresis, Brownian motion, radiation parameters and Prandtl 
numbers. 
Table 4. Comparing θ(0), -θ'(0) results for different Biot number values when M = 0, γ = 0.5 

 
Ω 

Pr = 0.1 Pr = 0.72 
Aziz[1] Present study Aziz[1] Present study 

θ(0) -θ'(0) θ(0) -θ'(0) θ(0) -θ'(0) θ(0) -θ'(0) 
5 0.9714 0.1430 0.9703 0.1421 0.9441 0.2791 0.9301 0.2672 

10 0.9855 0.1450 0.9848 0.1446 0.9713 0.2871 0.9699 0.2821 
20 0.9927 0.1461 0.9928 0.1467 0.9854 0.2913 0.9846 0.2905 

To establish the accuracy of our numerical scheme, we first validated our results against the benchmark similarity 
solution of Aziz [1] for convective boundary-layer flow with constant fluid properties. Table 4 compares surface 
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temperature θ(0) and wall heat transfer rate -θ′(0) for varying Biot numbers at M = 0,γ = 0.5 Excellent agreement is 
obtained across all cases, there by confirming the reliability of the Keller Box method employed in this study. 

While Aziz [1] restricted attention to Newtonian fluids with constant viscosity and thermal conductivity, the 
present work extends the formulation in several crucial directions. Unlike Newtonian models, our framework accounts 
for yield-stress behavior, which is essential in biological and industrial fluids. The combined effects of metal and metal-
oxide nanoparticles on transport properties are explored for the first time under cross-diffusion conditions. Our model 
includes coupled heat-mass transfer phenomena, absent in Aziz’s baseline study, which significantly modify thermal 
and solutal boundary-layer structures. The inclusion of Joule heating, chemical reaction, Brownian motion and variable 
viscosity/thermal conductivity enables a more realistic representation of actual industrial and biomedical processes. 

Certain nanoparticle shapes alter the effective viscosity and flow micro-structure, reducing the momentum 
boundary layer shear at the surface. The Casson fluid model's shear-thinning property means that with more aligned or 
elongated nanoparticle shapes, the local resistance to flow can decrease under shear, reducing skin friction. 

Increase in heat transfer coefficient depends on thermal conductivity and convective heat transport near wall. 
Nanoparticle shapes that increase surface area and thermal pathways (e.g., TiO₂ platelets or Ag elongated particles) 
enhance effective thermal conductivity of nanofluid. Combined with fluid motion either opposing or aiding flow, this 
increases temperature gradient at wall, raising heat transfer rates. 

Figures 2, 3 show skin friction coefficient decreases due to reduction in effective wall shear stress caused by 
nanoparticle shapes altering the fluid's microstructure and shear-thinning behavior of Casson hybrid nanofluid, 
especially under relative motion of plate, while heat transfer coefficient increases because these nanoparticle shapes 
enhance effective thermal conductivity and thermal gradients, improving convective heat transfer despite moving plate 
conditions. 

  
Figure 2. Skin friction coefficient distribution with variations 

in m and λ 
Figure 3. Heat transfer coefficient distribution with variations 

in m and λ 

  
Figure 4. Skin friction coefficient distribution with variations 

in 𝛼 and 𝛽 
Figure 5. Heat transfer coefficient distribution with variations 

in 𝛾and Du 

In Casson hybrid nanofluids containing silver (Ag) and titanium dioxide (TiO₂) in water, combined effect of an 
inclined magnetic field, Casson parameter on skin friction coefficient is significant. Figure 4 shows that both parameters 
contribute to increasing the skin friction. Magnetic field, through Lorentz force, enhances resistance to flow, while 
Casson parameter, by altering the fluid's rheological properties towards a more Newtonian-like behavior, also increases 
shear stress at the wall. Numerical studies on Casson hybrid nanofluids often show that the skin friction coefficient 
increases as these parameters rise. This combined effect underscores the intricate relationship between external fields, 
fluid rheology and nanoparticle properties in determining the flow characteristics of such complex fluids. 

Increasing thermal buoyancy (γ) or Dufour number adds extra velocity into the boundary layer, making it thicker 
and less steep near the wall, thereby lowering the wall temperature gradient and reducing the heat transfer coefficient 
distribution as shown in Figure 5. 
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When buoyant forces resulting from heat or concentration gradients are substantial, the inclined magnetic field can 
interact with these forces to augment flow velocity. Tilt of magnetic field can modify direction, intensity of buoyancy-
driven flows, occasionally resulting in enhanced convective currents and elevated velocity profiles as shown in 
Figure 6. Figure 7 shows that temperature profiles diminish with a rise in the inclined magnetic field, since the magnetic 
field inhibits fluid mobility, hence decreasing convective heat transfer and leading the fluid to retain less thermal energy 
at heated surface. Inclined magnetic field often inhibits nanoparticle motion, diminishing thickness of concentration 
boundary layer and decreasing concentration profiles shown in Figure 8. 

  
Figure 6. Velocity f '(ζ) versus𝛼 Figure 7. Temperature θ(ζ) versus𝛼 

  
Figure 8. Concentration φ(ζ) versus α Figure 9. Velocity f '(ζ) versus β 

Figure 9 demonstrates that elevating Casson parameter often diminishes fluid velocity next to the channel walls, 
owing to the augmented fluid yield stress that impedes flow start and lessens velocity gradients at the boundaries. The 
reduction in temperature profiles with an increasing Casson parameter as shown in Figure 10, is mostly attributed to 
augmented flow resistance and diminished convective heat transfer caused by the fluid's non-Newtonian rheology. 
Figure 11 shows the diminished nanoparticle concentration profiles adjacent to the walls, as the fluid's augmented 
resistance to flow restricts mass transfer and curtails nanoparticle movement into boundary layers. 

  
Figure 10. Temperature θ(ζ) versus β Figure 11. Concentration φ(ζ) versus β 
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Figure 12. Temperature θ(ζ) versus γ Figure 13. Concentration φ(ζ) versus γ 

  
Figure 14. Temperature θ(ζ) versus δ Figure 15. Concentration φ(ζ) versus δ 

Figure 12 shows a counterintuitive decrease in temperature profile with higher thermal buoyancy parameter in 
Casson hybrid nanofluids with Ag and TiO2 arises mainly due to enhanced natural convection and fluid mixing that 
accelerate heat removal from heated surfaces, thinning the thermal boundary layer and reducing local temperatures near 
those surfaces. The concentration profile typically shows a decrease as shown in Figure 13, with increasing thermal 
buoyancy parameter as the enhanced upward movement of fluid transports nanoparticles and dissolved substances away 
from heated surfaces, thinning the concentration boundary layer. 

The temperature profile typically declines as the solutal buoyancy parameter increases, since enhanced solutal 
buoyancy intensifies mixing and convective transport, hence diminishing heat gradients near the surface, the reduction 
in concentration profiles with an increasing solutal buoyancy parameter as shown in Figures 14 and 15,results from 
intensified buoyancy forces that augment convective mass transfer away from wall, thereby diminishing nanoparticle 
concentration in boundary layer of the Casson hybrid nanofluid comprising silver and TiO₂ in water. 

  
Figure 16. Temperature θ(ζ) versus Nb Figure 17. Concentration φ(ζ) versus Nb 
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Figure 18. Temperature θ(ζ) versus Nt Figure 19. Concentration φ(ζ) versus Nt 

Figure 16, 17 demonstrates temperature, concentration profiles decrease with increasing Brownian motion 
parameter as its enhancement intensifies nanoparticle diffusion, which reduces the concentration gradient by dispersing 
nanoparticles more effectively. This also disturbs thermal boundary layer by increasing heat dispersion, decreasing 
effective nanoparticle concentration near the surface, leading to thinner thermal, concentration boundary layers in 
Casson hybrid nanofluid containing Ag and TiO2 nanoparticles suspended in water. 

Figure 18 shows that as the thermophoresis parameter increases, temperature profiles rise due to enhanced thermal 
transport mechanisms within the hybrid nanofluid. This increase in temperature promotes greater kinetic energy among 
the particles. Conversely, the concentration profiles decrease because thermophoretic effect causes particles to migrate 
away from higher temperature regions leading to reduction in concentration as shown in Figure 19. 

  
Figure 20. Velocity f '(ζ) versus m Figure 21. Temperature θ(ζ) versus m 

  
Figure 22. Concentration φ(ζ) versus m Figure 23. Velocity f '(ζ) versus λ 

Figures 20, 21 and 22 demonstrates the influence of nanoparticle shape factor.Increasing nanoparticle shape factor 
in Ag-TiO2 hybrid nanofluids increases viscosity and flow resistance.  These effects lower fluid velocity profiles, 



351
Soret and Dufour Effects on Ag –TiO2 /Water in a Casson Hybrid Nanofluid Over a Moving...   EEJP. 4 (2025)

especially at solid boundaries or surfaces where particle-fluid interactions and viscous forces are most significant.  
Complex flow dynamics, such as magnetic field impacts and boundary layer alterations, further reduce velocity. Hybrid 
nanofluid temperature profiles drop as nanoparticle shape factor rises, reaching a minimum and then slightly rising for 
disk nanoparticles.  Thermal disturbance and heat transmission are better in spherical nanoparticles.  Blade-shaped 
nanoparticles transmit heat fastest, followed by cylindrical, platelet, brick, and spherical forms.  Because nanoparticle 
morphology improves dispersion and convective mass transfer, Ag-TiO2 hybrid nanofluid concentration profiles drop 
with nanoparticle shape factor. More uniform nanoparticle dispersion, thinner boundary layer, and smaller local 
concentration peaks result.  This behavior is governed by micro-convection, fluid mixing, viscosity variations, and 
shape-factor-driven thermophoretic mass flow. 

  
Figure 24. Temperature θ(ζ) versus λ Figure 25. Concentration φ(ζ) versus λ 

Figures 23, 24 and 25 demonstrates the effect of moving plate parameter. The momentum boundary layer thickens 
as the plate moves in the flow direction, while velocity profiles drop as it goes against the flow. Convective heat 
transfer from the moving plate raises nearby temperatures.  Increasing nanoparticle dispersion with parameters like 
thermophoresis raises temperature.  Nanoparticle transport increases mass diffusion and thins the concentration 
boundary layer with plate motion in the flow direction.  This reduces nanoparticle concentration near the plate as 
particles are swept downstream, enhancing distribution uniformity. 

Figure 26 shows that with elevation in the solutal Biot number often improves the temperature distribution in the 
hybrid nanofluid.  This arises from the solutal Biot number, which quantifies convective to diffusive mass transfer 
resistance. Concentration profiles of nanoparticles or solutes in the hybrid nanofluid escalate with the solutal Biot 
number.  A greater solutal Biot number signifies improved convective mass movement at the surface, which decreases 
concentration boundary layer thickness and increases solute or nanoparticle concentration near boundary.  
Consequently, concentration boundary layers diminish in thickness and concentration gradients intensify as solutal Biot 
number increases as shown in figure 27. 

  
Figure 26. Temperature θ(ζ) versus Bs Figure 27. Concentration φ(ζ) versus Bs 

Temperature profile improves with higher thermal Biot numbers as shown in figure 28. The thermal Biot number 
is surface convective to fluid conductive heat transfer ratio.  Higher Biot numbers imply more convective heat exchange 
between fluid, its surroundings resulting in thicker thermal boundary layers, higher fluid temperatures near surface.  
Better heat transfer and local Nusselt values indicate more efficient thermal energy delivery. The hybrid nanofluid 
system's thermal radiation, heat source intensity, and Brownian motion boost temperature distribution. The heat 
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transmission coefficient increases with Biot number, creating a greater temperature differential and higher fluid 
temperatures near the heated surface. Figure 29 shows thermal Biot number increases concentration dispersion, 
however Schmidt number and chemical reaction rates can mitigate this impact.  The concentration boundary layer 
thickness and form depend on this interaction. 

  
Figure 28. Temperature θ(ζ) versus Ω Figure 29. Concentration φ(ζ) versus Ω 

Dufour effect represents the heat flux generated by concentration gradients within fluid. In Casson hybrid 
nanofluids with Ag and TiO2 nanoparticles, this effect leads to increase in temperature profile near surface because heat 
transfer is augmented by mass diffusion processes. As the Dufour number increases, more heat is transported into the 
fluid from concentration gradients, thereby elevating the fluid temperature as shown in Figure 30. 

The Soret effect causes species within the nanofluid to migrate from colder to hotter regions due to temperature 
gradients, resulting in enhanced concentration gradients. In Casson hybrid nanofluids with Ag and TiO2 nanoparticles, 
this leads to an increase in nanoparticle concentration near the heated surfaces as shown in Figure 31 enriching the 
solute distribution in the fluid. 

  
Figure 30. Temperature θ(ζ) versus Du Figure 31. Concentration φ(ζ) versus Sr 

Tables 5,6 and 7 below shows variation in skin friction coefficient, Nusselt number, Sherwood number for various 
nanoparticle shapes when plate moves in accordance with flow. From tabulated values, spherical shape shows highest 
skin friction, Sherwood number for all parameters whereas platelet shape has highest nusselt number for increasing Biot 
number. 
Table 5. Variation in Skin Friction Coefficient f''(0) 

α M φ1 φ2 βc 
Skin Friction f''(0) 

Shapes of nanoparticles 
Spherical Bricks Cylindrical Platelets 

0° 

1 

0.1 0.1 2 

0.400115 0.393619 0.385249 0.379654 
30° 0.623173 0.615313 0.605506 0.599195 
60° 1.338845 1.331604 1.322577 1.316769 
90° 1.831634 1.824847 1.816386 1.810939 

90° 

0 0.400115 0.393619 0.385249 0.379654 
1 1.831634 1.824847 1.816386 1.810939 
2 4.500536 4.495191 4.488521 4.484220 
3 8.017072 8.012569 8.006946 8.003315 
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α M φ1 φ2 βc 
Skin Friction f''(0) 

Shapes of nanoparticles 
Spherical Bricks Cylindrical Platelets 

1 

0 0 1.213740 1.213740 1.213740 1.213740 
0 0.1 1.606387 1.604808 1.602760 1.601382 

0.1 0 1.280598 1.277597 1.273458 1.270503 
0.05 0.05 1.406770 1.404328 1.400976 1.398591 

0.1 0.1 

1 2.034106 2.028023 2.020232 2.015055 
2 1.831634 1.824847 1.816386 1.810939 
5 1.684668 1.678128 1.669972 1.664721 
100 1.579132 1.572756 1.564803 1.559681 

Table 6. Variation in Nusselt number θ'(0) 

Rd Nb Nt Du γ Ω 
Nusselt Number θ'(0) 

Shapes of nanoparticles 
Spherical Bricks Cylindrical Platelets 

1 

0.3 

0.3 

0.1 

0.5 0.1 

0.090411 0.089705 0.088655 0.087842 
2 0.138606 0.137220 0.135167 0.133588 
3 0.180374 0.178423 0.175541 0.173327 
5 0.251698 0.248818 0.244566 0.241304 

1 

0.1 0.090398 0.089692 0.088642 0.087830 
0.3 0.090411 0.089705 0.088655 0.087842 
0.5 0.090424 0.089719 0.088668 0.087855 
0.7 0.090438 0.089733 0.088682 0.087869 

0.3 

0.1 0.090409 0.089703 0.088653 0.087841 
0.3 0.090411 0.089705 0.088655 0.087842 
0.5 0.090412 0.089707 0.088657 0.087844 
0.7 0.090414 0.089709 0.088658 0.087846 

0.3 

0.01 0.114346 0.113732 0.112819 0.112114 
0.03 0.109277 0.108642 0.107699 0.106948 
0.05 0.104057 0.103402 0.102429 0.101676 
0.07 0.098705 0.098030 0.097026 0.096249 
 -0.5  0.089477 0.088785 0.087756 0.086958 

-1.0 0.089000 0.088316 0.087297 0.086508 
0.5 0.090411 0.089705 0.088655 0.087842 
1.0 0.090857 0.090145 0.089085 0.088265 

0.5 

0.5 0.315639 0.315791 0.315988 0.316117 
1 0.411254 0.412808 0.415106 0.416874 
5 0.515960 0.520103 0.526355 0.531266 

10 0.529210 0.533793 0.540726 0.546186 

Table 7. Variation in Sherwood number φ'(0): 

βc δ Bs Sc Sr 

Sherwood Number φ'(0) 
Shapes of nanoparticles 

Spherical Bricks Cylindrical Platelets 
1 

0.5 

0.5 

1.0 

0.5 

0.181278 0.181111 0.180871 0.180694 
2 0.184588 0.184427 0.184197 0.184027 
5 0.186499 0.186348 0.186132 0.185973 

100 0.187395 0.187253 0.187053 0.186906 

1 

-0.5 0.172397 0.172250 0.172041 0.171886 
0.5 0.181278 0.181111 0.180871 0.180694 
1 0.185024 0.184848 0.184597 0.184411 
2 0.188765 0.188596 0.188354 0.188175 

0.5 

0.5 0.181278 0.181111 0.180871 0.180694 
1 0.292474 0.292205 0.291813 0.291516 
2 0.403236 0.402890 0.402382 0.401994 
10 0.563659 0.563238 0.562617 0.562140 

0.5 

0.5 0.127680 0.127661 0.127638 0.127624 
1.0 0.181278 0.181111 0.180871 0.180694 
1.5 0.227563 0.227176 0.226614 0.226192 
2.0 0.272782 0.272107 0.271122 0.270376 

1.0 0.1 0.190251 0.190201 0.190128 0.190073 
0.2 0.188187 0.188108 0.187994 0.187909 
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βc δ Bs Sc Sr 

Sherwood Number φ'(0) 
Shapes of nanoparticles 

Spherical Bricks Cylindrical Platelets 
0.3 0.186013 0.185905 0.185750 0.185634 
0.5 0.181278 0.181111 0.180871 0.180694 

 
CONCLUSIONS 

Casson hybrid nanofluid flow along plate moving vertically with Soret, Dufour effects considering nanoparticles 
shapes were investigated in this study. Convective boundary conditions were also considered. Following are findings of 
this research:  

i. Temperature and concentration distribution drop and velocity outline rises with increase in inclination 
parameter. 

ii. Velocity increases while temperature and concentration show an opposite trend, as Casson parameter rises, 
iii. Mass diffusion and fluid energy decrease by boosting the Brownian motion factor. 
iv. Temperature profile is elevated by thermophoresis factor, while concentration is lowered. 
v. Temperature and concentration also increase, with rise in Bs and Ω, 

vi. Temperature and concentration show a fall in their profiles, when thermal buoyancy and solutal buoyancy 
parameters are modified,  

vii. Platelet shaped nanoparticle was shown to have highest velocity, temperature, concentration profiles followed 
by cylindrical, bricks, spherical shape.  

viii. Skin friction coefficient increases with increase in β values when magnetic field is applied perpendicularly. 
ix. Platelet shaped nanoparticle has highest skin friction when plate moves against flow, while plate moving in 

accordance with flow gives highest Nusselt number. 
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Nomenclature 
U Characteristic velocity of the moving plate(m/s)  Greek Symbols 

x,y Cylindrical coordinates (m) β Casson Parameter 
k Thermal conductivity of the fluid (W/mK) λ Moving plate parameter 

Tw Plate temperature (K) γ Thermal Buoyancy parameter 
T∞ Ambient temperature (K) 𝛿 Solutal Buoyancy parameter 
Cw Plate concentration(kg/m3) ζ Similarity variable 
C∞ ambient concentration(kg/m3) 𝜏௪ Wall shear stress (kg/ms2) 
Nux Nusselt Number ρ Density of the fluid (kg/m3) 
Rex Reynolds number Cp Specific heat at constant pressure (J/kgK) 
Shx Sherwood number ρCp Heat capacitance of fluid (J/Km3) 
Cfx skin friction coefficient 𝛼 Thermal diffusivity(m2/s) 
Ω Thermal Biot number σ Electrical conductivity(S/m) 
Bs SolutalBiot number μ Dynamic viscosity of the fluid (kg/ms) 
Sr Soret effect υf Kinematic viscosity of the fluid (m2/s) 
Du Dufour effect   
M Magnetic field parameter  Superscripts 
Pr Prandtl number ' differentiation with respect to h 
K Porosity parameter   
Rd Radiation parameter  Subscripts 
Nb Brownian motion Parameter f fluid 
Nt Thermophoresis Parameter nf nanofluid 
Sc Schmidt number hnf Hybrid nanofluid 
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ЕФЕКТИ СОРЕ ТА ДЮФУРА НА Ag–TIO2/ВОДА В ГІБРИДНІЙ НАНОРІДИНІ КЕССОНА НАД РУХОМОЮ 

ВЕРТИКАЛЬНОЮ ПЛАСТИНКОЮ З КОНВЕКТИВНИМИ ГРАНИЧНИМИ УМОВАМИ 
К. Фатіма1, Дж.Л. Рама Прасад2 

1Кафедра математики, Університет Крішни, Мачіліпатнам, AP, Індія 
2Кафедра математики, Коледж мистецтв і наук ім. П.Б. Сіддхартхи, Віджаявада, AP, Індія 

Це дослідження представляє комплексне дослідження ефектів Соре та Дюфура на потік гібридної нанорідини Кассона 
(HNF) повз рухому вертикальну пластину з наночастинками срібла (Ag) та діоксиду титану (TiO₂), диспергованими у воді. 
Включення гібридних наночастинок Ag–TiO₂ поєднує виняткову теплопровідність срібла з хімічною стабільністю та 
економічною ефективністю TiO₂, створюючи рідину з чудовими транспортними властивостями порівняно зі звичайними 
однокомпонентними нанорідинами. Визначальні диференціальні рівняння в частинних похідних, що описують імпульс, 
тепло- та масообмін, перетворюються на набір нелінійних звичайних диференціальних рівнянь за допомогою перетворень 
подібності. Ці рівняння розв'язуються чисельно за допомогою методу Келлер-Бокса, що забезпечує стабільність і точність 
при роботі зі зв'язаними високонелінійними системами. Крім того, було проведено аналіз для вивчення впливу морфології 
наночастинок на розподіл швидкості, температури та концентрації, що підтверджує та збагачує числові результати. 
Результати показують, що змінна морфологія наночастинок та комбінована дисперсія Ag-TiO₂ значно підвищують 
швидкість теплопередачі та масообміну, одночасно зменшуючи втрати на тертя поблизу поверхні пластини. Включення 
ефектів Соре та Дюфура ще більше посилює перехресний зв'язок між тепловими та розчинними полями, що призводить до 
підвищення ефективності переносу. Ці результати не тільки дають нове розуміння динаміки гібридних нанорідин Кассона, 
але й підкреслюють критичну роль перехресної дифузії в оптимізації систем тепло- та масообміну. Інтеграція реології 
рідини Кассона, гібридних наночастинок та ефектів перехресної дифузії в реалістичних граничних умовах має прямі 
наслідки для промислового охолодження, металургійної обробки, доставки біомедичних ліків та оптимізації енергетичних 
систем. Демонструючи синергетичну ефективність нанорідин Ag–TiO₂, це дослідження встановлює шлях для розробки 
технологій терморегуляції та біомедичного транспорту наступного покоління. 
Ключові слова: конвективні граничні умови; МГД; гібридна нанорідина Кассона; форма наночастинок; ефекти Соре та 
Дюфура 
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