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Antiperovskite-structured solids are attracting growing attention as a new class of multifunctional materials. Unlike conventional
perovskites, their inverted cubic framework gives rise to unusual and highly tunable properties, from fast-ion conduction and giant
magnetoresistance to superconductivity and negative thermal expansion. These different behaviors indicate promise for applications in
areas such as solid-state batteries, energy-harvesting refrigeration, superconducting electronics, and thermal management. This review
collates recent work in both experimental and theoretical research, emphasizing how a single simple cubic lattice can provide such a
wide range of functionality. We argue that the structural versatility of antiperovskites is the common link between ionic transport, spin—
lattice coupling, superconductivity, and thermal expansion. Recent advancements in Li- and Na-based solid electrolytes with high
conductivity, giant magneto- and barocaloric responses, non-oxide superconductivity, and isotropic negative thermal expansion
demonstrate that antiperovskites retain scientific importance and are increasingly viable competitors with the best of today’s functional
materials.
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1. INTRODUCTION

Energy is the convertible commodity of technology, and modern society collapses quickly without it. This
dependency has motivated researchers to seek renewable sources due to the gradual decline and environmental burden of
non-renewables. Renewable sources (sun, wind, water) can be replenished naturally, while non-renewables such as coal
and oil exist in finite amounts. Rising energy demand and CO, emissions have forced governments to invest in renewables,
yet fossil fuels still account for over 80% of global use [1]. Although fossil fuels remain abundant in the short term, their
continued use accelerates climate change. To mitigate shortages and climate change, solar cells and other renewables are
being developed. Global warming is evident, with a ~0.6 °C rise in average temperature (Figure 1) [2].
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Figure 1. Atmospheric concentration of CO2 gas [2]

Additionally, the improvement of the sun's energy utilization is necessary for an environmentally friendly and
cleaner world. Devices like space photovoltaic cell technology were also mentioned,; this subject is continuing to advance.
Perovskite is one of the most affordable and abundant materials for environmental sustainability solutions [3].
Antiperovskites (ANX3) are structural inverses of the conventional perovskite (ABX3) framework. In this structure, the
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X-site cations (e.g., Ca, Sr, Ba, Mg) occupy the face-centered positions of the cube, while the A-site anion (commonly
N, C, or O) resides at the cube corners. The B-site element (e.g., Bi, Sb, As) sits at the octahedral center, surrounded by
six X cations.

The electronic band gap is a key parameter governing the physical behavior of antiperovskites. It determines whether
a compound is metallic, semiconducting, or insulating, and thereby influences its potential applications. For example,
Li;OCl and related antiperovskites exhibit wide band gaps (>5 eV), making them good solid electrolytes but electronically
insulating. In contrast, Mn;AN (A = Ga, Zn, Cu) antiperovskites are metallic with negligible gaps, enabling strong spin-
lattice coupling and giant magnetoresistance. Tunable narrow band gaps have also been predicted in Sb- and Bi-based
antiperovskites (e.g., CazBiN, Ca3;SbN), making them promising for thermoelectrics and optoelectronic devices. The
ability to shift from insulating to metallic behavior by chemical substitution, pressure, or doping underscores the central
role of band gap engineering in this materials family.

As compared to classical perovskites, the ionic reversal leads to unusual bonding, tunable band structures, and
multifunctional physical properties (Figure 3). Due to their reduced band gap and figure of merit, the antiperovskite
compounds are potential candidates in thermoelectric devices that have the potential of recycling waste heat to reduce
greenhouse gas emissions. When choosing semiconducting components for thermoelectric generators, care must be taken.
Since the band gap affects thermoelectric properties greatly, accurate band gap computation is required. As a result,
narrow band gap semiconductor alkaline earth-based antiperovskites are potential prospects for optoelectronics and
thermoelectric purposes [4]. Perovskites come in a variety of forms, including double perovskites (CH3NH3),AgInBrs [5].
Double antiperovskites X6sSOA, (X= Na, K and A= CI, Br, I) [6], simple perovskites EASnCl3 [7] and RbPbBr3; Ik (x=0
to 3) [8], anti-perovskites ANX; (A= P, As, Sb, Bi; X= Sr, Ca, Mg) [9] and AsPX; (X= Mg, Ca, and Sr) [10].

Figure 2. Crystal structure of a cubic antiperovskite ANX3. Here, X (green atom) cations occupy the face-centered positions,
the A (purple atom) anion resides at the cube corners, and the B-site element (e.g., N, P, AS, Sb, Bi — red atom) sits at the
octahedral center

Antiperovskites have received plenty of research focused on due to their usefulness in various industrial
applications [11]. Due to their favorable thermoelectric (TE) properties, antiperovskites have a significant potential to
alleviate the energy crisis [12]. To achieve high efficiency, researchers are looking for appropriate materials for
thermoelectric generators. Good thermoelectric materials often feature band gaps that are also broad enough to have an
enormous Seebeck value and narrow enough to have a suitable conductivity for electrical use [13]. Solids with super ionic
conductivity are regarded to be preferable to organic liquid electrolytes in batteries; hence, lithium-based antiperovskites can
be employed as solid electrolytes [14]. These materials also have remarkable physical properties, such as
magnetostriction [15], virtually zero temperature coefficients of resistivity [16], and gigantic magnetoresistance (GMR) [17].

Beyond conventional antiperovskites, new classes of antiperovskite-derived or 'reverse perovskite' structures have
been recently reported. Tang et al. [18] developed a family of antiperovskite derivatives in which the A-site anion of the
cubic framework is split into three edge-centered positions while preserving the corner-sharing octahedral network.
Screening several compounds, they identified nine promising candidates such as BasBil;, Ba;Sbls, and Ba3;BiBrs,
achieving predicted photovoltaic efficiencies above 24.5%, comparable to classical CH3:NH;3;Pbls solar cells.
Complementary to this, Hu et al. [19] studied X3AsCl; (X = Mg, Ca, Sr, Ba) under hydrostatic pressure, showing that
band gaps and lattice constants evolve linearly with pressure, and that BazAsCl; can reach conversion efficiencies above
30% under moderate compression. These studies illustrate how derivative antiperovskite structures behave to atomic
rearrangements or an applied external stress thereby widening the design space for optoelectronic applications.

Antiperovskites are especially well-suited for industrial applications related to biosensors, magnetic field sensors,
biosensors, micro-electromechanical systems, giant magnetoresistance, and other gadgets that read data from hard discs
given these properties. Likewise, antiperovskites are ideal building blocks in any climate because of their zero-temperature
coefficient of resistivity. Antiperovskites also display excellent mechanical properties [20-22], and could be of use in the
automotive and space industries, which both require materials that are lightweight and also mechanically strong.
Additionally, antiperovskites display superconductivity. MgCNi; is particularly interesting because it is one of the few (yet)
known non-oxide/perovskite-derived superconductors with a relatively high Tc of ~8 K [23]. Additionally, its electronic
structure comprises mainly Ni 3d states near the Fermi level which makes this compound a prototype for investigating
unconventional superconductivity in antiperovskites. The discovery of MgCNis lead to increased investigation into other
related compounds including ZnNNi3 and CdCNi;3 [24], emphasizing the structural tunability of this family. The goal of this
review paper is to evaluate, the theoretical studies focused on the properties of antiperovskite-type materials.
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2. PREVIOUS STUDIES AND RESULTS

In first-principles studies of antiperovskites, the choice of exchange—correlation functional strongly influences the
predicted electronic structure. The Local Density Approximation (LDA) often underestimates lattice constants and band
gaps due to its assumption of uniform electron density. The Generalized Gradient Approximation (GGA) improves on
this by incorporating density gradients, yielding more accurate structural parameters but still typically underestimating
band gaps. To address this, the Engel-Vosko GGA (EV-GGA) modifies the exchange potential to give better agreement
with experimental band gaps. Moakafi et al. [25] have investigated the electronic, optical, and elastic characteristics of
the cubic antiperovskite SbDNCas and BiNCa; and found their band gaps to be 0.65 and 0.36 eV, respectively. The authors
used LDA, GGA, and EV-GGA potentials to examine the electronic characteristics of these compounds. Despite the fact
that the investigators used EV-GGA to attain bigger band gaps, the valence bands of these materials pass through the
Fermi level and demonstrate metallic behavior, which is contrary to the data from experiments. Bilal et al. [26] presented
an analysis of the previously discussed systems to examine the impact of different computational schemes for predicting
the electronic structures of BiNCa; and SbNCas antiperovskites. The authors found that LDA and GGA underestimated
the band gap, while the mBJ potential gave band gap values of 1.09 and 1.1 eV for BiNCa; and SbNCas, respectively,
which were much closer to the experimental values. The study demonstrates the sensitivity of antiperovskite band
structures to the choice of functional and shows that these systems are compact gap semiconducting materials that can
find relevance in thermoelectric and optoelectronic applications.

We see that the reported physical properties of antiperovskites depend strongly on the chosen method. For instance,
SbNCas and BiNCasz show band gaps of only 0.36—0.65 eV when studied using LDA and GGA, while EV-GGA increases
these values slightly but still underestimates them. In contrast, the modified Becke—Johnson (mBJ) potential produces
more reliable results, giving direct band gaps close to 1.0—1.1 eV, in much better agreement with experiments. In several
cases, GGA predicts metallic behavior, whereas mBJ or hybrid functionals reveal semiconducting nature. These variations
highlight the importance of method selection when evaluating the electronic structure of antiperovskites, as also discussed
in recent literature [27].

The chemical bonds and electronic band structure in the compounds SbNMg3; and AsNMg; were investigated by
Shein and Ivanovskii using GGA [28]. Small band gap and both compounds display ionic semiconducting properties.
AsNMgs has a direct band gap, in contrast to SONMgs, which has an indirect band gap. The GGA technique was used to
examine these materials' Electronic and Optical properties. These compounds' optical properties have never been
investigated previously. The author of this study confirmed the earlier findings and showed that AsNMg; has a direct
band gap and SbNMgj; has an indirect band gap, both compounds having low band gaps [29]. This writer asserts that the
computed optical spectrum positions can be lower than the values obtained from experiments because DFT typically
underestimates band gaps.

The dielectric function's hypothetical component, as presented in their work, supports the materials' semiconducting
properties. Using the pseudo-potential plane waves approach within the GGA, Bouhemadou and colleagues [30] studied the
structural, optical, elastic, and electronic properties of AsSNMg3; and SbNMgs compounds. AsNMgj3 has a fundamental direct
band gap that in the beginning boosts up to 4 GPa, then gradually reduces as a function of pressure, whereas simultaneously
maintaining its direct band gap nature throughout the whole pressure range executed, in opposition to SbNMgs, which
transitions from a fundamental indirect band gap to a fundamental direct band gap as pressure attains 6.85 GPa. Since these
were the initial theoretical investigations on the elastic characteristics of these compounds, Belaroussi et al. [31] have
examined the Elastic and Structural characteristics of SbONMgs theoretically and contrasted their research with this study.
Amara et al. [32] have studied the structural, elastic, and electronic characteristics of BiNMg3; SbNMgs, AsNMgs, and
PNMgj; via the full-potential augmented plane waves plus local orbital within the GGA to improve results by addressing the
exchange and correlation effects by the Tran-Blaha mBJ potential for the charge density, density of states, and band structure.
These scientists reported on the magnetic, electrical, optical, and bonding characteristics of these sorts of compounds. These
materials are semiconductors, according to studies on electrical resistivity. By using the diffuse reflectivity method, the
optical band gaps for BiNSr; and SbNSr; are 0.89 eV and 1.15 eV, respectively.

Haddadi et al. [33] have examined the electronic, elastic, and structural characteristics of ANSr; (A = Bi, Sb, and
As) compounds in 2009 using the plane waves pseudo potential total energy approach in the CASTEP code. The optical,
electronic, and elastic characteristics of ANSr; (A = Bi, Sb, and As) antiperovskite compounds were studied by Hichour
et al. [34] in 2010. The investigators used the EVGGA potential to increase the band gaps of these compounds, yielding
values of 0.36, 0.55, and 0.84eV for BiNSrs;, SbNSr3;, and AsNSrs, correspondingly. All compounds' band gap values
decrease with increasing pressure. The charge density charts show that these materials have a combination of covalent
and ionic bonds. Their work's depiction of the imaginary component of the dielectric function also illustrates how SbNSr;
behaves semiconducting material.

What makes antiperovskites especially intriguing is that their diverse applications, from batteries and ionic
conductors to magnetoresistive devices, superconductors, and thermal expansion compensators, all originate from the
same structural motif. The cubic lattice allows a high degree of tunability, enabling properties as distinct as
superconductivity and solid-state ionic conduction to coexist in the same materials family. This unifying theme forms the
focus of the present review, which not only summarizes individual applications but also highlights the common structural
and electronic factors connecting them.
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3. APPLICATIONS
The diverse applications of antiperovskites arise from a few unifying material characteristics. Their cubic
framework, with interchangeable cation/anion positions, provides structural flexibility. Strong spin—lattice—charge
coupling enables multifunctional responses, such as magnetoresistance, negative thermal expansion, and magnetocaloric
effects. At the same time, tunable band gaps and ionic transport pathways make them attractive for electrochemical and
superconducting applications. The following subsections discuss batteries, magneto-electronics, superconductivity, and
thermal expansion versatility of the antiperovskite lattice.

3.1 Antiperovskite as Modern Battery Materials:

In particular, lightweight Lithium or sodium ion batteries with an elevated energy density have attracted a lot of
research interest due to the urgent energy needs of the modern industrialized world [35]. The primary strategy for attaining
this objective is the development of improved electrode materials with excellent capacity and a wide voltage window.
Both their exceptionally large theoretical considerations, specific capacity, as well as their extremely low electrochemical
potential, set Lithium metal anode materials apart from other materials. Therefore, it is envisaged that a battery or cell
that has a Lithium metal anode will result in long-lasting, lightweight power to electronic devices. The conventional
electrolyte's flammability and ease of leakage must first be eliminated in order to realize this vision. A secure, solid-state
electrolyte has therefore been recommended as an alternative. Particularly enticing aspect of it is that, since it achieves
an ultrathin dimension, it will not just resolve risks brought on by inflammability but additionally improve energy density.
Batteries endorsed by solid-state electrolytes have been on the verge of becoming a common commercial technology [36].
SSEs still have to overcome significant obstacles, such as ionic conductivity, stability, Li dendrite growth, surface contact,
etc. [37]. In this section, we primarily discuss the ionic conductivity of the antiperovskite group. Few among these SSEs
can match an ionic liquid's room-temperature ionic conductivity. However, without material engineering optimization,
few of these electrolytes can achieve this high level. The literature has focused considerable amounts of interest on several
groups of inorganic solid-state electrolytes, such as Lithium halides, Garnets, Lithium nitrides [38-41]. The intrinsic high
ionic conductivity of Li*/Na" antiperovskite is generally very promising, and through the use of chemical doping and
structural design, it could improve even more. Their high stability and minimal surface resistance as they come into touch
with Lithium metal anodes are two further advantages for commercial use. They must also address their elevated
susceptibility to moisture and a small potential window, which are two problems. There must be more research towards
cheap, massive industrial fabrication. Figure 3 illustrates lithium-ion conduction in Li;OCl-type antiperovskites. Recent
studies have reported room-temperature conductivities as high as ~10 S/cm in doped Liz2xSr:OCl antiperovskites,
making them competitive with NASICON and garnet-type electrolytes [14, 42]. Na-based analogues such as Naz;OCl
have also achieved ~10* S/cm, offering a potential pathway for cost-effective sodium-ion batteries [43]. These values
(Table 1) demonstrate that antiperovskite solid electrolytes are approaching the performance of state-of-the-art oxide and
sulfide systems, while offering superior mechanical processability.
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Figure 3: Schematic of Li" migration pathways in Li;OCl-type antiperovskite solid electrolytes, highlighting face-centered and
edge-sharing conduction channels [13, 14]

Table 1: Ionic Conductivity of Antiperovskite Solid Electrolytes

Compound Temperature (°C) | Ionic Conductivity (S/cm) Remarks
Li;OCI [13] 25 °C ~10° Good solid electrolyte; moisture sensitive
Li;OBr [44] 25 °C ~10¢ Similar to Li3OCl, lower conductivity
Nas;OCl [43] 25 °C ~10* Promising Na-based analogue

Li3-2xSrxOCl (doped) [42] 25°C ~1073 Enhanced by Sr doping (defect engineering)

These ionic conduction studies are important because they show how antiperovskites can work as solid electrolytes.
But other types of antiperovskites show metallic behavior, which opens the door to magnetic and magnetoresistive
applications, discussed in the next section.

3.2 Antiperovskite as electronics and Magnetoresistive devices
ABO; perovskites are widely used in contemporary electronics, including storage, magneto-caloric, and
magnetoresistive devices [45-49]. Magnetic antiperovskites MsM'X (M = Mn, Fe, etc.; M’ = Ga, Al, Zn, In, Sn, etc.; X =
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N, C) were additionally thoroughly explored as an innovative family of potential magnetic compounds. Mn-based
magnetic antiperovskites are perhaps the most intriguing among these compounds because of their newly identified
Giant magnetoresistance (GMR) [21], massive Magneto-caloric effect (MCE) [50], and giant Magnetostriction [S1].
Additionally, the metallic nature of these Mn;M'X antiperovskites suggests that they have strong Mechanical, Electrical,
and Thermal conductivities [26]. Three magnetic changes occur as the test sample of giant magnetoresistance compound
MnzGaC cools: a paramagnetic to ferromagnetic transition at 246 K, an FM intermediate magnetic phase transition at 160
K, as well as an intermediate phase to antiferromagnetic transition at 158 K. While the hybridization of the Mn-X p-d
orbitals widens the conduction band over the Fermi level and produces a significantly high conductivity, the Mn 3d
orbitals in Mn3M'X antiperovskites offer to the DOS at the Fermi level. Both magnetic exchange interactions &
conduction behavior include these Mn 3d electrons. As a result, the magnetic coupling interactions between these third-
dimensional electrons and the Mn-X-Mn atoms will be competitive.

Due to the tight couplings between the various degrees of freedom & the conflicting magnetic interactions, MnsM'A
is highly responsive to every minor alteration in the external magnetic field, chemical composition, temperature &
pressure [52]. From 135 to 165 K, Mn3GaC (Figure 4) displays GMR curves that resemble plateaus, with a maximum
MR of 50% at 5 T [53].
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Figure 4. Temperature-dependent magnetoresistance in Mn3GaC, showing strong MR effects linked to successive phase transitions [53]

The giant magnetoresistance is connected to the field-induced ferromagnetic, antiferromagnetic, or intermediate
magnetic phase transition, where there is a strong correlation between the lattice, spin, and charge. The possibility of a
giant magnetoresistance with a larger temperature range exists if an external magnetic field can efficiently reduce the
antiferromagnetic ground state. The antiperovskite Mn;M'A compounds offer benefits in the role of refrigerant substance
because of their adjustable broad working temperature, as well as their availability, affordable and harmless raw materials,
stable behavior, ease of manufacturing and design, strong conductivity, and excellent mechanical characteristics. These
materials present an intriguing alternative material platform to investigate novel big Magneto-caloric effect compounds
at room temperature. This close relation between spin, lattice, and electronic states also creates conditions that are
favorable for superconductivity. Therefore, in the following section, we describe the discovery of superconductivity in
MgCNi; and other antiperovskites.

3.3 Evolution of superconductivity in Antiperovskites

Ni3MgC, which was found in 2001, was the first antiperovskite to exhibit superconductivity [27]. When examining
the superconducting mechanism, the cubic NizMgC serves as a special illustration of an s-wave Bardeen—Cooper—
Schrieffer type-2 superconductor similar to that of the noncuprate superconductor Ba;»KiBiOs. As a result, in-depth
experimental and theoretical research was done on superconductors related to NisMgC, including NizCuN, Ni;ZnN,
Cr3GaN, and KuNiFs-type layered A,CNi4 (A = Al, Ga, Sn) [54, 55]. The crystal structure's high Ni content suggests that
magnetic interactions may be crucial to the development of superconductivity. T. experimentally decreased whenever the
nickel site was enriched via additional transition metals, such as Mn, Fe, Co, and Cu, but might be marginally enhanced
by raising the value of x in NisMgCy. The family of ternary platinum phosphides Pt; AP, where A = Ca, Sr, La [56], is
another intriguing example of an antiperovskite-based structure closely connected to the heavy fermion superconductor
Pt3CeSi. The so-called antipost-perovskites Vi;PnNy (Pn = P, As) have superconductivity [57]. In comparison to the post-
perovskite structure, the cation and anion positions are interchanged. When these compounds crystallize, they give rise
to the filled Re;B structure. The antipost-perovskites ViPnNy have NV, octahedral layers and Pn layers alternately
stacked, resulting in a quasi-2D electronic state. The first antiperovskite oxide that is superconducting (T, = 5 K) is
Sr3SnO [58]. Table 2 summarizes superconducting transition temperatures across representative compounds.
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Table 2. Superconducting Transition Temperatures (Tc) in Antiperovskites

Compound Structure Type T. (K) Notes/Reference
MgCNis Cubic antiperovskite -8 l[Szlgs]t discovered non-oxide antiperovskite superconductor
ZnNNi3 Cubic antiperovskite ~3 Ni-rich, lower Tc compared to MgCNis
CdCNi3 Cubic antiperovskite ~3 Similar to ZnNNis, sensitive to Ni substitution
Sr3xSnO Antiperovskite oxide ~5 Dirac metal-based superconductor [58]
Pt3SrP (family) Antiperovskite phosphide ~8.4 Strong coupling superconductor [56]

All of the findings above encourage additional research into novel superconductors with extended antiperovskite
structures. Improving T. and knowing more about the fundamental relationship between the electronic and structure of
crystals will be the top targets for researchers. It is observed that, besides electronic effects like superconductivity,
antiperovskites also show unusual structural effects such as negative thermal expansion, which is presented in the next
section.

3.4 Antiperovskites with Variable Thermal Expansion Behavior:

The complex interplay between the lattice, electrons, and phonons of solids leads to the intriguing & uncommon
thermal expansion behavior known as negative thermal expansion [59]. Since Sleight and colleagues discovered isotropic
NTE in ZrW»0g in 1996, the emergence of various oxides as well as fluorides due to their ReOs-like structure and negative
thermal expansion behavior has since made up for the positive thermal expansion of other materials. These materials have
been used as separate components or in expansion-controlled composites. In addition to ZrW,Os, a number of open-
framework material systems, including the sodium zirconate phosphate family [60]. Fluorides formed by ScF; and
M, [M2(CN)s], where M, is Ag, Fe, and M, is Fe, Co [61], display negative thermal expansion behavior. In such materials,
it is thought that the corner-sharing polyhedra's correlated motion causes low-frequency vibrations that give rise to the
negative thermal expansion. When compared to ceramic negative thermal expansion materials, a characteristic metal-
based negative thermal expansion family exhibiting high electric & thermal conductivity, isotropic negative thermal
expansion, along with excellent mechanical characteristics, is the manganese antiperovskites Mn;BA, where B = Zn, Cu,
Ni, Ge, Sn, and A =N, C [62]. In conclusion, negative thermal expansion materials have advanced significantly over the
past 20 years, and antiperovskites have been convincingly established as distinct negative thermal expansion family
members. One can anticipate that additional structural design initiatives, theoretical predictions, and particularly magneto-
structural coupling will modulate the negative thermal expansion in antiperovskite materials.

3.5 Other New emerging properties of Antiperovskites

Other recently discovered characteristics of antiperovskites include giant Magnetostriction in some manganese
nitride antiperovskites and ferromagnetic shape memory effects [63]. Based on first-principles calculations, a fresh class
of antiperovskite-structured three-dimensional topological insulators was recently developed [64]. The antiperovskite
Mn;NixCuxN showed a temperature coefficient of resistivity that was almost zero [65]. The AEsNBi group (where AE is
Ca, Sr, and Ba) provides a foundation for straightforward integration with electronic gadgets due to its chemical inertness
as well as a compatible lattice to significant semiconductors.

Additionally, recently created organic-inorganic hybrid antiperovskite-type materials that can function as new
ferroelectrics enrich the antiperovskite family and broaden the antiperovskite family's range of applications. When
exposed to external fields like pressure and temperature, antiperovskites also exhibit intriguing properties. It has
frequently been claimed that Mn3GagosNoos exhibits a significant “Baromagnetic effect” [66]. Piezomagnetism was
studied both through experimentation in MnsNiN as well as in several types of magnetically frustrated Mn-based
antiperovskite nitrides. Boldrin et al. [67] studied the multisite exchange-enhanced barocaloric response in Mn3NiN
through the Néel transition temperature.

3.6 Phase Change Phenomena in Antiperovskites

Phase transitions play a central role in defining the multifunctional behavior of antiperovskite solids. Several Mn-
based antiperovskites, such as Mn3GaC and Mn3;SnC, exhibit a sequence of temperature-dependent magnetic phase
transitions including paramagnetic — ferromagnetic — antiferromagnetic states. Volume changes often accompany these
transitions and result in giant magnetoresistance (GMR), magnetocaloric effect (MCE), and large Magnetostriction. For
example, Mn3;GaC shows a ferromagnetic to antiferromagnetic transition near 160 K, directly linked to its observed GMR
of ~50% at 5 T. Similarly, pressure-induced phase transitions have been observed in SbNMgs and AsNMgs, where the
indirect band gap changes into a direct one above 6—7 GPa, significantly altering their optical response.

Another important area is superconductivity in MgCNi3; and related systems, where the superconducting phase
emerges below ~8 K, indicating a structural/electronic phase change in relation to the density of states at the Fermi level.
Thermal expansion anomalies are also phase-transition driven: manganese antiperovskites (Mn;BA; B = Zn, Cu, Ni, Ge,
Sn; A = N, C) display negative thermal expansion due to strong magneto-structural coupling near magnetic ordering
temperatures. Recent reports also highlight barocaloric and piezomagnetic effects in MnsNiN and Mn3Gag 95N 04, where
applied pressure drives phase changes with promising caloric responses.
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A collection of evidence suggests that antiperovskites represent extremely phase-tunable materials where structural,
magnetic, or electronic transitions can be tuned by temperature, pressure, or chemical doping to develop interesting new
functionalities. This strong coupling between phase change and physical properties, in addition to a promise of relatively
low-cost synthesis, makes antiperovskites highly exciting for potential next-generation applications in solid-state cooling,
sensing, and energy devices.

4. SUMMARY AND CONCLUSION

Antiperovskites are fascinating because a simple reversal of ionic positions unlocks a whole range of properties,
from fast-ion conduction to superconductivity, magnetoresistance, and negative thermal expansion. This versatility makes
them one of the few material families that can genuinely impact several technologies at once. The field, however, is still
young. Many predicted compounds have not been synthesized, and even the known ones face hurdles such as stability
and phase purity. Theory has advanced quickly, but experiments lag; closing this gap is essential for real applications.
From the literature, some points are clear: Li- and Na-based antiperovskites are improving as solid electrolytes, Mn-based
systems show striking magnetoresistive and caloric effects but need better control of transitions, Ni-based compounds are
rare non-oxide superconductors, and doped Mn nitrides demonstrate useful negative thermal expansion. These examples
confirm the structural flexibility of the antiperovskite lattice, even if progress is uneven across applications. Looking
ahead, progress will depend on smarter synthesis routes, computational and machine learning tools to guide discovery,
interface engineering for batteries, and careful tuning of magnetic and structural properties. If these challenges are met,
antiperovskites could move from being mainly of academic interest to becoming a versatile platform with real impact on
energy, electronics, and thermal technologies.
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TBepai Tina 31 CTPyKTYpOIO aHTHIIEPOBCKITY MPUBEPTAIOTH BCe OLIbIINY yBary sik HOBHii kiiac GpyHKIioHanbHUX MaTepianiB. Ha BigMiHy
BiJl 3BUYaHUX MEPOBCKITIB, 1X MepeBepHyTa KyOidHA CTPYyKTypa 00yMOBIIIOE HE3BHYAHI BIACTHBOCTI, 110 JIETKO HAJTAIITOBYIOTHCS:
BiJl TPOBIHOCTI MIBUAKUX 1OHIB i MraHTCHKOTO MarHiTOONOPY /0 HAAMPOBIIHOCTI Ta HEraTHBHOI'O TEIUIOBOrO po3ummpeHHs. i pizHi
XapaKTEepUCTUKH BKa3ylOTh Ha MEPCIEKTUBHICTh iX 3aCTOCYBaHHS B TAaKMX OOJNAcCTAX, SK TBEPIOTUIBHI aKyMYyJISTOPH,
eHepro30epiraroue OX0JIOHKEHH, HAANIPOBIIHA ENEKTPOHIKA Ta TEPMOPETYIIIOBaHHA. Y IIbOMY OTJISI y3arajdbHEHI HeaBHI poOOTH,
SIK €KCIIEPUMEHTAIBHI, 1 TEOPeTUYHi, 1 MiJKPECTIOETECS, K MPOCTi KyOidHI TpaTH MOXKe 3a0e3MEeYUTH HACTUIBKY MIUPOKUI CHEKTp
(byHKIIOHAIBHIX MOKIIMBOCTEH. MH CTBEpIXKY€EMO, 110 CTPYKTYpHA yHiBepCaJbHICTh aHTUIICPOBCKITIB € CIONIYYHOIO JIAHKOK MiXK
iOHHHM TPAHCIIOPTOM, CIiH-PELIITKOBUM 3B'SI3KOM, HaAMPOBIJHICTIO Ta TEIUIOBMM PO3LIMPEHHSM. HeloqaBHi JOCSATHEHHS B Taiysi
TBEPAMX ENEeKTPONITiB Ha ocHOBI Li i Na 3 BHCOKOI NpPOBIIHICTIO, TIraHTCBKMMH MarHito- i 0apOKaJOpHYHUMHU BiITyKaMH,
HEOKCHIHOIO HAaAIPOBIIHICTIO Ta i30TPOIMHUM HETATHBHUM TEIJIOBUM PO3IIHPEHHSIM JIEMOHCTPYIOTb, [I0 aHTHIIEPOBCKITH 30€piraloTh
HAYKOBY 3HAYYILICTh i CTAIOTh BCE OUIBII XKUTTE3AaATHUMU KOHKYPEHTaMHU KPAIXM MaTepiaioM.

KurouoBi cinoBa: anmuneposckimu,; masnemusm, HAONPOBIOHICMb, IOHOBTIO8AHA eHepeia; Mamepianu O AKYMYAAmopie
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Hubble’s law reveals how the components of the universe adhere to overarching dynamical rules on a cosmological scale. While it is
most renowned for describing the universe’s expansion, a general displacement equation derived in alignment with this law, along with
a general equation of converging displacement, has been applied to estimate the time remaining before the Milky Way and Andromeda
collide. This estimate closely aligns with results from numerical simulations of other studies. Additionally, the implications of this
generalized equation provide valuable insights into key cosmological enigmas, including the time variation of the Hubble parameter, the
cosmological past incompleteness, and the enduring mystery of the relationship between the subtle value of the cosmological constant
and the quantum zero-point energy of the vacuum. It has also been successful in explaining the structure of spiral galaxies.

Keywords: Hubble’s Law, Galaxy Collision, Cosmological Constant,Vacuum’s energy, Spiral Galaxy Structure
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1. INTRODUCTION

Galileo famously demonstrated in a public experiment that, in the uniform gravitational field produced by Earth,
all objects fall at the same rate, regardless of their weight. Later, E6tvos provided evidence that gravitational mass and
inertial mass are equivalent. Kepler’s laws also describe the motion of planets in terms of geometric principles, with the
motion being independent of the planets’ masses but dependent on the Sun’s gravitational influence. These intriguing
natural phenomena likely influenced Einstein, who developed the theory of general relativity, positing that gravity is
fundamentally connected to the geometry of space and time. This is why it’s reasonable to say that gravity is, in essence,
geometry [1, 2]. Therefore, if it can be established that an object’s motion is influenced solely by a specific gravitational
field, we can derive a general displacement relation that depends only on time, regardless of the object’s mass or chemistry.

Utilizing a fundamental mathematical approach, a general displacement relation was formulated as a power series
[3, 4, 5]. By applying Taylor’s expansion around the initial point or origin, specifically, the Maclaurin expansion [3, 4],
it was ultimately shown that displacement can be described as an exponential function of time, thereby supporting the
theoretical foundation of Hubble’s relation. The well-known Hubble’s relation, as of now, has been established solely
through observational evidence. However, with the advent of the general displacement equation, a theoretical foundation
has been established for Hubble’s relation, complementing the empirical observations.

Here, the general displacement is derived based on plausible mathematical and physical assumptions, ultimately
leading to Hubble’s relation, which is consistently and unambiguously supported by numerous empirical observations
of large-scale cosmic dynamics [6, 7, 8, 9, 10, 11, 12, 13]. Furthermore, the general displacement relation provides
a mathematical explanation to address a cosmic initial incompleteness. This incompleteness is merely an unavoidable
mathematical outcome; however, it holds no physical significance. The mathematical inevitability of the cosmic initial
incompleteness inherent in the general relativistic approach is re-evaluated using the time exponential expansion of the
universe, as inferred from the isotropic and uniform cosmic diverging displacement.

The universe is full of phenomena, many of which remain beyond our current understanding or the scientific
models we’ve developed. However, the general displacement relation has proven quite useful in explaining certain
enigmatic cosmic phenomena, particularly those related to large distant gravitational interactions.A similar mathematical
and physically plausible approach is employed to derive the general equation for converging dynamical displacement. This
approach is further validated by consistently estimating the time required for the upcoming collision between the Milky
Way (MW) and Andromeda (M31). It has been effective in estimating the time remaining before the imminent collision
between these two galaxies, with results that align with previous numerically simulated analyses where the technique of
N-body simulation is employed to estimate the imminent collision. [14, 15].

The general time exponential displacement relation was applied in a quasi-quantum model, serving as the amplitude
of classical harmonic oscillation to determine a finite and specific frequency. This frequency was then used to calculate the
lowest state energy of the oscillator, modeled as a quantum harmonic oscillator. Since the time-exponential displacement
equation is not a periodic function, Fourier transformation is applied to determine the characteristic frequency of the
oscillation when the amplitude is modeled as an exponential function of time. This approach proved instrumental in

Cite as: A.Islam, East Eur. J. Phys. 4, 14 (2025), https://doi.org/10.26565/2312-4334-2025-4-02
© A. Islam, 2025; CC BY 4.0 license


https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2025-4-02
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0009-0003-6605-9515
mailto:ashrafulce06@gmail.com
https://doi.org/10.26565/2312-4334-2025-4-02
https://creativecommons.org/licenses/by/4.0/

15
Hubble’s Law and its Exponential Generalization with Cosmological Applications EEJP. 4 (2025)

demonstrating the consistency between the subtle observational value of the cosmological constant and the zero-point
energy of the vacuum. This classical general relationship demonstrates consistency between value of the cosmological
constant and the quantum ground-state energy of the vacuum through a quasi-quantum technique. While the quantum field
theoretical prediction for the cosmological constant shows a significant degree of inconsistency with observed values.

In addition to the aforementioned applications, one notable application of the time exponential general displacement
equation is its use in providing a mathematical explanation for the structure of spiral galaxies.

2. HUBBLE’S LAW AND ITS GENERALIZATION

Edwin Hubble’s prolonged observations have unveiled a crucial discovery, indicating that in expansive cosmic
distances, celestial units like galaxies are steadily moving away from each other, and this motion is directly and linearly
linked to the distances that exist between them [6, 7, 8]. This outcome, subsequently analyzed through numerous further
observations, has provided deeper insights into the dynamic relationships between celestial units and their velocities in the
vast cosmic distances [9, 10, 11, 12, 13]. Which can be summarized as a simple equation for recession velocity:[16, 17]

dl

— =v =HI 1

¥ (1
By avoiding the negative and complex solutions, a solution for the above equation can be found by rearranging the terms
involved followed by integrating both sides, with respect to the relevant variables as:

[ = lpe'" )

The above relation shows a non-degenerate relation, since by differentiating the sides of Hubble’s law, we can find
the general relation for the time derivatives of displacement variable as: [ o [, [ o I, andsoon. This implies
that the time derivatives of acceleration do not vanish. The third and fourth derivatives of position are known as
the jerk and snap, respectively [18]. Furthermore, higher-order time derivatives are a conventional concept in the
study of robotics dynamics [19] and aerodynamics. Jerk and snap were also used as higher-order derivatives of the
Friedmann-Lemaitre-Robertson—Walker (FLRW) scale factor [20]. The term on the right-hand side of equation (2) is
differentiable up to infinite order and continuous with respect to time. Importantly, the motion described by equation
(2) is general and independent of the individual mass. As a result, developing a Hamiltonian formulation is unnecessary
for our mass-independent motion analysis, and therefore any subsequent unbounded Hamiltonian is irrelevant. We will
thoroughly examine the mathematical feasibility of equation (2) in principle in the following subsection 2.1. This simple
relation is powerful enough to reshape our classical understanding of dynamics, particularly when applied to long-distance
motion.

2.1. General equation for diverging displacement
Consider an object with an initial position xg, defined within an inertial reference frame. After a time interval 7,
measured in the same frame, the object’s position becomes x. Hubble’s law, which establishes a proportionality between
velocity and distance, implies that displacement can be described as a higher-order function of time. Let us express this
displacement using a higher-order series expansion as a function of time:

(o)

x= () =) xat" (3)

n=0

Using the Maclaurin expansion, we can express the displacement x () as a higher-order series in terms of time 7. The
Maclaurin series expands a function about ¢ = 0, leading to the following expression:

dx t+1 d*x 2,1 d*x By Ll
dr 2! [ dr? |, 31 [dr |, n! [ dm |,

We define the velocity v, acceleration a, the third derivative term a, and similarly, the n-th derivative term as ‘5;3,‘ =da,_2,

with any zero subscripts representing the initial values:

=S = [+ 7

1
x=x0+ — V]t + =

n [a],= Ot + 3

1 1 i
o 3 [ai];of +- +E[an—2]t20t +oe

1 1
= X0 + Vo + —aot” + E — lan-2li=o?"
2! 4 n!
n=>3

X =X 1+(;—2t)+ (\/7) +Z% n (an Z)t Ol (4)

Here we assume x¢ > 0.
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In this expression, the coefficients of each time-dependent term are defined using the initial kinematic quantities, such
as the initial velocity vo, acceleration ag, and higher derivatives [a,-2],-9. By dimensional analysis, each of these
coefficients must have the dimension of inverse time, [7~'], which suggests a common physical scaling factor. If we
interpret this displacement as occurring within a homogeneous and isotropic system, i.e., one that is directionally invariant
and uniformly distributed, then the rate of displacement or expansion must also exhibit isotropic scaling. This concept is
well aligned with the cosmological principle employed in Friedmann’s models of the universe. In cosmology, under the
assumptions of homogeneity and isotropy, the Friedmann—Lemaitre—Robertson—Walker (FLRW) metric leads to a scale
factor a(f) whose rate of change defines the Hubble parameter: H = (—‘t This formulation implies an exponential-like
evolution under certain energy conditions, and hence supports the plausibility of uniform time scaling in the displacement
function. Therefore, if the displacement depends only on time, and the system remains homogeneous and isotropic during
its evolution, it is physically reasonable to assign the same constant value to all coefficients of the time powers in the
expansion. At any given epoch or over a small time interval, we can thus define a single inverse time constant £, such that:

£ = Yo _ ,/40 _ =« (an-2)1=0
X0 X0 X0

1 1
X =Xg 1+gt+i(g;)2+---+z_;a(m"

and using equation (4), we can get:

x = xgpet! (5)

From this, Hubble’s relation can be easily derived as: X = {x or X « x. Indeed, our defined constant { is equivalent to
the Hubble parameter H in case of displacement due to cosmic expansion, which can be regarded as the constant Hy for a
particular epoch of cosmic time. Equation ( 5) is identical and equivalent to equation (2) as follows, and it represents the
general equation for cosmological diverging displacement:

x = xgeto! (6)

In the Maclaurin expansion, it is important to note that we expand the displacement function from an initial point in
time. This approach is essential since time is the only independent variable in the function defined by equation (6). For
measurement purposes, we must define a reference point, and the most convenient choice is our current cosmological
spacetime point, defined as (¢ = 0, x = x¢). Future time corresponds to positive ¢, while past time corresponds to negative
t, relative to this arbitrarily and conveniently chosen origin of measurement. The Hubble constant is determined by
observing the current velocity and distance of cosmic objects with respect to this reference point. As time progresses over
anontrivial interval (e.g., tr), velocity measurements will no longer be referenced to the initial fixed origin. Instead, they
must be referenced to a transformed origin that shifts along the spatial axis as time changes. As a result, the transformed
displacement will be:
Xf0 = erHotf.
Given an initial value for velocity, namely the present-time velocity v, the resulting transformed velocity is expressed as:

dQXfo
a2 tr.

Vyo = Vo t+

Vo = Vo + tfxOH(z)eHOtf.
The Hubble parameter at this future point will then be measured as:
vio Vot thngeHotf vo 1

Hpo= - = =— +trHp,
f xfO erHotf xO eHQIf f

which is evidently # ;—g The above argument regarding the inequality of the Hubble parameter across different cosmic
epochs, commonly referred to as the Hubble tension, is similarly applicable to the distant past if the Hubble parameter
were to be measured. This argument provides a straightforward explanation of the enigmatic concept known as the Hubble
tension. The time dependency of the Hubble parameter can be well comprehended through general relativity, in connection
with the FLRW scale factor, as a result of employing the FLRW metric in Einstein’s field equations, which we will examine
in Section 5.
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2.2. General equation for converging displacement

Now consider an object with an initial position x, defined within an inertial reference frame. After a time interval ¢,

measured in the same frame, the object’s position becomes x. In this scenario, as time increases, x decreases. As a result,

the time derivatives of displacement, such as ”gll—’;, %, and so forth, along with their initial values, will have negative signs.

Therefore, the Maclaurin series expansion of the general converging displacement will be:

o)

1
X = x0 — Vot — —agpt® — Z — lan-2],=0 1"
2! n!
n=3

1 — 1
x =2x0— (xo + vot + iaotz + Z -1 [an-2],=0 t") .

n=3 "

2 00 n
_ o 12 Z [nlansl,
X—2X0—|:X0{1+x—0t+2—!( xi[)ot)-'- m( x—()Ot .
n=3

3
Defining the constant for converging displacement as

é: — V_U — ﬂ — n[an—Z]z:O
X0 V xo \' X0 ’

we obtain

1 S
x=2x0—x0{1+§t+—(ft)2+---+ E —(ft)"}szo—xoeft.
2! 3n!

=

x=x0(2 - e?") (7)

The aforementioned equation (7) was derived by considering the convergence of two masses, ignoring any external
perturbations, and assuming that the motion is dominated by the center of mass. Therefore, this relation applies to cases
of interacting motion between galaxies with well-defined geometric shapes, supported by the presence of significant
amounts of non-baryonic dark matter. In these cases, the constituents are strongly bound to the galactic nucleus, which
can reasonably be assumed to contain a supermassive black hole.

3. ESTIMATING THE TIME REMAINING FOR MILKY WAY AND ANDROMEDA COLLISION

Contemporary observations confirm that the Andromeda Galaxy is directly approaching the Milky Way, making
their collision inevitable [14, 21, 22, 23, 24, 25, 26]. Assuming a direct approach, the time remaining until the collision
can be estimated using equation (7). This time represents the duration required for the distance between the two galaxies
to decrease from the current initial distance, defined as x, to zero, given the current approach velocity of Andromeda,
represented as vg. From equation (7), setting x = 0, we calculate the time:

0=xp (2—e§t)

In2
t= —
&

Where & = f(—?) and considered conversion for lyear = 365.25 days. Using the current data on M31’s approaching velocity
and distance, the estimated time remaining until the collision is summarized in the Table 1.

®)

Table 1. Assessment of remaining time for collision between the Milky Way and Andromeda using data from different
studies.

Current Radial Velocity, vy (km/s) | Current Distance, xo Mpc) | & (km/s/Mpc) | Remaining Time for Collision, t = % (Gyr)
120 [22] 0.78 [21] 153.846 4.405
110 [23] 0.785 [27] 140.127 4.837
115.7 [15] 0.761 [28] 152.037 4.458
109.3 [25] 0.77 [14] 141.948 4.775
110 [23] 0.8 [24] 137.5 4.929

It is important to clarify that the present analysis considers only a single degree of freedom, the radial component
of M31’s motion. While it is true that M31 also has a tangential velocity component, the radial and tangential motions
can be treated as dynamically independent, much like two-dimensional motion under the influence of a potential field.
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Furthermore, the effects of dynamical friction and gravitational perturbations from neighboring galaxies tend to moderate
the radial motion, making it approximately constant over large timescales. However, the system still evolves dynamically
through a spiral infall trajectory, resulting from the continuous interplay between radial decay and angular momentum
loss. An analogous coplanar spiral motion, commonly observed within disk galaxies, will be further discussed in section
6.

Since ¢ is defined as a constant, the remaining time for collision, ¢ = % ,is likewise a fixed quantity. Thisis reasonable,
as it aligns with our understanding that the unperturbed gravitational interaction time under a given gravitational field is
also definite. From Table 1, the estimated time remaining until the upcoming collision between the Milky Way (MW)
and Andromeda Galaxy (M31) is approximately 4.4 to 4.93 billion years, aligning closely with contemporary estimates
derived from numerical simulation data. For example [14] reported a collision timeline of approximately 4.5 billion years,
based on precise measurements of galactic motions. Furthermore, this estimate is also consistent with the timeline of 4 to
5 billion years suggested by [15], which was derived using numerical N-body simulation data.

4. COSMOLOGICAL CONSTANT AND QUANTUM ZERO-POINT ENERGY

The relationship between the cosmological constant and vacuum energy density, interpreted as quantum zero-point
energy, was discussed in the seminal work by Zel’dovich [29]. Notable recent studies [30, 31, 32, 33] have further explored
this correlation. Notable references can be found in the comprehensive book authored by Hobson [34], and Carroll [35],
and the influential article by Steven Weinberg [36] about the cosmological constant value. By employing the concept that
vacuum pressure is analogous to perfect fluid pressure [29, 34, 35, 37, 38], the cosmological constant was derived as:

— 877Gpvac

A
2

)
This can be achieved through mathematically straightforward and physically plausible assumptions by utilizing Einstein’s
field equation for empty space with the presence of the cosmological constant. Einstein field equation in covariant form
in the presence of matter and employing the cosmological constant [34, 37]:

1
Ry — Eng, + Aguy = —KkTyy (10)

By decomposing the energy-momentum tensor Ty, into components for matter, [T}, ], and vacuum, [T} ]vac, and
considering the context of flat spacetime without matter, we set the Einstein tensor, R, — %Rg,“, = 0. Factoring out the
[T,y ]m term for the vacuum, the above equation (10) becomes:

/\g,w = _K[T,uv]vac = _K[Too]g,uv

By utilizing the negative energy property of the vacuum, we obtain from the above equation:

2
Agﬂv = KPvacC &uv
By substituting the value of the constant «, the above equation becomes:

_ 871G Pyac

A 2

Cc

Thus, it can be concluded that equation (9) represents a form of Einstein’s field equation under the conditions of empty
space, where the energy-momentum tensor does not vanish but is present in the form of vacuum energy, and in the presence
of cosmological constant. Applying the Jeans instability condition [22, 39, 40, 41, 42] considering the fluid mechanical
analogy to the entire universe reveals that for stability, the universe must be homogeneous and isotropic, without a specific
center. Mathematically, it can be demonstrated that for a stable universe, the unperturbed density must be zero for the
homogeneous and isotropic static universe with a sufficient extent [22, 40, 41, 42]. While some, like James Binney, have
termed this as a ”swindle,”[22, 39, 42] several analyses have validated it as a mathematical fact [39, 42, 43]. This concept
aligns with the zero-energy density (or zero-mass density) feature of a de Sitter universe, where the cosmological constant
dominates and drives an accelerated expansion, resulting in a universe with a constant energy density. It’s also noteworthy
that the quantum wave function of the entire universe, when in its ground state and under classical conditions, corresponds
with the zero-mass density phenomenon of the de Sitter universe [44]. Time exponential equation of cosmic scale factor
is in fact a property of de Sitter universe [45].

We will now model the vacuum as a classical harmonic oscillator instead of modeling the oscillation of the entire
universe. Since the equations governing harmonic oscillation require oscillation around a center, this could lead to
instability arising from the assumption of a specific center for the universe, as previously discussed.

We recall the fundamental equation of classical harmonic oscillator [46]:

mx = —kx (11
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To model the vacuum as an oscillator, we will consider the vacuum’s constituent point mass mg and the stiffness of its
oscillation kg. Using equation (6) along with the equation for the classical harmonic oscillator mentioned above equation

(11):

moon(z)eHot = —koxoeHOt

m0H2 = —ko

3
Hy=iy|— = iw (12)
mo

Where w represents the angular frequency of the oscillator. The general solution for equation (11) in exponential form,
with C; and C, as constant coeflicients, is: . _
x(f) = C1e'“" + Cre "

Using Equation (12), the general solution becomes:
x(1) = Cref! 4+ Cre~Ho! (13)

The above equation (13) is evidently not a periodic function. Therefore, to determine the characteristic angular frequency
in relation to Hubble constant, we can analyze the Fourier transformation of the function represented by equation (13).
Now the Fourier transformation [47] of x(t) will be as below:

fx) = / (CleH"’ + Cze_H‘)t) et dr

f(x)zCI/ et (Homiew) dt+C2/ e ! Ho¥iw) gy (14)

(o)

Since e’ grows exponentially as ¢ approaches oo, its transformation converges only when t — —co. Similarly,
e~Ho! grows exponentially as ¢ approaches —co, so its transformation converges only when ¢ — co. Therefore, for Hy > 0,
equation (14) takes the following form:

0 [ee)
f(x) = Cl/ et(Ho—iu)) dt + CZ/ e—t(H0+iw) dt
- 0

[e9)

N C C
= +
FO) = e T Ho+ e

As Hubble constant has a real value, therefore in accordance to equation (12), we cannot determine a conventional
real-valued frequency like that of an ordinary oscillating system; instead, we can evaluate the characteristic frequency.
The characteristic frequency corresponds to the frequency scale where the real and imaginary parts of the denominator
are comparable. The real part is Hy and the imaginary part is w, therefore the characteristic angular frequency is :

we = |Hy.
By applying Euler’s formula to Equation (13), we obtain:
x(1) = Cy [Cos(wt) + isin(a)t)] +C; [cos(a)t) —i sin(wt)],
x(1) = (Cy + Cy) cos(wt) +i(Cy — Cy) sin(wt),
Which is a periodic function having the characteristic frequency
we = |Hol.

It has been demonstrated that when modeling the vacuum as an ordinary harmonic oscillator, an imaginary frequency
emerges instead of a real one. However, we can define a characteristic frequency with a value equal to Hy. The vacuum is
not ordinary, and the challenge of obtaining a real frequency can be resolved through the well-established property of the
vacuum’s extraordinary negative energy. We can formulate the Lagrangian for the vacuum as:

Lyac = Tyac — Vvacs
where Ty, represents the negative kinetic energy of the vacuum, defined as

1 )
Tyac = —zmox”,

2
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and the displacement-dependent potential is given by

1
Vvac = - 5 k0x2 .

Using these relations, the Euler—Lagrange equation for the vacuum becomes:

aLvac_i aLvac =0
ox dr\ ox |7

which yields
—kox + mox = 0. (15)

By applying the exponential time-dependent amplitude solution, we have:

moxoHZ ™" = koxoe™, Hoy = ko _ w.
mo
Thus, by leveraging the vacuum’s negative energy property, we obtain a real-valued frequency, which matches the
characteristic frequency determined earlier.
If we align with the de Sitter universe, assuming the entire universe is a vast vacuum with a constant energy density
&vae and mass density py,c, the first Friedmann equation with the cosmological constant term A results in the following
equation for the cosmic scale factor @: [34]

4rG 3 1
&= - (pvac + —f) a+ gAcza. (16)
By substituting the perfect fluid analog of vacuum, where the energy exerts negative pressure, i.e., p = —Eyac = —PyacC
into the above equation (16), we obtain:
4nG 1
@ = ——— (Pvac = 3Pvac) @ + _ACZCV,
3 3
8nG 1
@ - %a - §Acza =0. (17)

By defining the quantity

1 811G
Hy = \/ A+ %,
the equation (17) becomes:

c"k—H/z\a:O.

Thus, a general solution for equation (17) can be determined, which is analogous to equation (13), as follows with scalar
constants C3 and Cy:
a(t) = Cze"™ + Cpe™HN (18)

Another form of the solution can be expressed in terms of hyperbolic trigonometric functions:

cy(t)z C3+Cy

5 cosh(Har) + % sinh(Hat) (19)

Form of the equation (18) is similar to the displacement solution expressed in equation (13). This similarity further
demonstrates the consistency between the solution for the Hubble parameter in equation (2) and that in equation (25),
expressed in terms of distance and the cosmic scale factor, respectively. We have already shown that in the displacement-
based solution with referencing equation (13), Hy cannot be equal to an ordinary real frequency of a harmonic oscillation;
a similar argument applies to the scale factor—based solution, that is, the equations (18) and (19) do not allow Hy to be
interpreted as a direct harmonic oscillation frequency. After applying a Fourier transformation, Hx can be regarded as a
characteristic frequency, which in this case is real. Therefore, corresponding to the equation (17), if we model the universe
as an undamped free harmonic oscillator, the characteristic angular frequency can be given by:

I 87G
HA=,/§AC2+%.
[162G
Hy = % (20)

Using equation (9) for A, we can derive:
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This is equivalent to the expression for the Hubble constant, Hy, in a flat, exponentially expanding universe and can be
verified numerically using observational data [48, 49]. Equations (18) and (19) present fascinating results, as they indicate
that the cosmic scale factor remains non-zero for any finite time variable domain. This implies a cosmic solution for an
eternal universe without spacetime incompleteness. Unlike a comoving solution, this result is derived relative to a fixed
spacetime framework. In this type of oscillating cosmic model, each cycle of expansion, from a non-zero minimum to a
maximum, and subsequent contraction back to the minimum point will have a defined period:

Th = 2r =2r 3
ANTHLY T 167G pyac’
1 RV
Ty = -,/ Q21
A 2\ Gpyac

Equation (21) is valid only if the harmonically oscillating model of an exponentially expanding universe is assumed
through utilizing the Fourier transformation, rather than the standard exponentially ever-expanding de Sitter universe.
Any model that introduces a fixed cosmic spacetime center directly contradicts the standard cosmological principle.
Additionally, this type of oscillation conflicts with the second law of thermodynamics, which states that the entropy of the
universe must increase over time. Thus, it is more reasonable to associate this undamped constant oscillation frequency,
w = Hy, as derived from the equation (15) by using the general displacement equation, with the vacuum rather than with
the entire universe.

It is worth noting that the cyclic model of the universe has been regarded as a fascinating theory in science, philosophy,
and even in common-sense interpretations, as it suggests cosmic perpetuity. Various versions of the cyclic model were
discussed by Kragh, including a constant cyclic period proposed by Einstein and Friedmann, as well as a varying period
of oscillation proposed by Tolman, Zanstra, and many others between 1922 and 1960 [50]. In a more recent work, [jjas &
Steinhardt proposes a novel cyclic model in which the scale factor grows exponentially with each cycle, addressing several
unresolved cosmological problems, notably flatness, the monopole problem, initial conditions, and singularity [51].

Up until now, we have been analyzing using classical methods. Now, we will shift to a quantum approach to
directly achieve consistency between the value of the cosmological constant derived from analogy with the negative
vacuum pressure and the lowest, or zero-point, energy of the quantum harmonic oscillator. Writing the time-independent
Schrodinger equation for a harmonic oscillator with frequency Hy and wavefunction ¢ :

W odiy 1 -
——— "+ —mpH, =E 22
g a2 T 2moflox Yo = Eodo (22)

Using standard techniques, we obtain the solution for the vacuum eigen wavefunction:

(23)
And the lowest or zero-point energy of the vacuum:
1
EO = EhHO (24)
While the general equation for the quantum harmonic oscillator’s eigen wave function is [52, 53]:

1 /mw\4 _mwx? mw
)=\ () " ().

where H,, is the nth Hermite polynomial. The parameters in equations (9) and (24) were observationally determined to be
constants, allowing for the numerical evaluation of A using the value pya. = 60.3 x 1072 kg m™> as shown below [48]:

_ 87Gpyac _ 8%3.1416 X 6.67 X 107" Nm?kg ™! x60.3 x 1072 kgm™3 11947 % 10 m-2.

A
2 (2.9979 x 108 ms~1)2

And the numerical value of E( using Hy = 69.8 km s7! Mpc_1 =2.2615x 10"18 571 [49]:

1 1
Ey = ShHy = 5 x 1.05 10734 Js x 2.2615x 1078571 = 1.1873 x 1072 J.

Since this analysis is based on the vacuum, flat, homogeneous, and isotropic Einstein field equations consistent with a de
Sitter universe, it does not constitute a conventional model of quantum field theory in curved spacetime. Rather, it can be



22
EEJP. 4 (2025) Ashraful Islam

described as a quasi-quantum model aimed at deriving the vacuum’s zero-point energy. Despite its straightforward nature,
this model demonstrates remarkable consistency with observational data, as illustrated in the earlier numerical comparison
between the cosmological constant A and the vacuum energy density Ej.

To determine a specific angular frequency of oscillation, we began with the classical harmonic oscillator equation
rather than considering the infinite modes of oscillation associated with the continual creation and annihilation of vacuum
particles. This approach was chosen to avoid the so-called “worst theoretical prediction.” Subsequently, we utilized
the equation for the lowest energy eigenvalue of the quantum harmonic oscillator, leading to a well-aligned theoretical
prediction. The obtained numerical values 1.1247 x 1072 m~? for the cosmological constant A, and 1.1873 x 1072 J for
Ey, representing the modeled energy of a quasi-quantum harmonically oscillating vacuum, are remarkably close. There
exists a coupling constant with the unit J-m? and a value very close to unity:

1.1873 x 107>27J
1.1247 x 10-2 m~2

An expression for this coupling constant can be derived using equations (24) and (20), considering equivalence between
Hp and H), as follows:

= 1.05566 J m°.

Eo 1 hc?

A 21276 pyac
Since the properties of a vacuum can be effectively explained through its fluid-mechanical similarities, it is not surprising
to find a relationship between its intrinsic curvature and its energy. Just as any external force acting on a continuum
mechanical body results in the development of internal energy and bending, the curvature in a vacuum arises from the
energy associated with its own mass,that is energy of the lowest possible or ground state undamped free vibration. In this
scenario, the cosmological constant, represented by the vacuum’s curvature, corresponds to its geometric curvature per
unit length.

5. USING GENERAL EQUATION OF COSMIC EXPANSION TO REVIEW THE REAL COSMIC PAST
INCOMPLETENESS

Hubble’s law, based on observations, fundamentally describes the dynamics of cosmic structures. This relationship,
where distances between cosmic structures grow over time, reflects the expansion of the universe [54]. Since the universe
encompasses everything, its expansion can only be understood and measured internally, through its own inherent dynamics.
However, this expansion preserves the universe’s large-scale homogeneity and isotropy while maintaining short-distance
inhomogeneity and anisotropy. Using equation (2) and an equivalent to the equation (3), we can clearly express the
equation for the cosmic scale factor as:

a = ape'’ (25)

The above equation (25) can also be derived by exploring the relationship between the Hubble constant H and the scale
factor « [16, 17, 55]:
@
H=—
a
For the mathematical validity of the above relationship in equation (25), it is crucial that the Hubble parameter H remains
constant. In the derivation of the general equation for diverging displacement in subsection 2.1 , we demonstrated that
H is indeed constant when measured relative to a fixed cosmic space-time point of origin. This constancy holds true
for a specific cosmic epoch, such as the current epoch of the universe. This relation (equation 25) is consistent with the
exponential cosmic expansion predicted in the de Sitter universe model [17, 56, 57, 58, 59] and aligns with the inflationary
solutions for the evolution of the universe [45, 60] and expanding steady state theory of Bondi & Gold [61].
While addressing the metric of the maximally symmetric universe, known as the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric [59, 62] in a temporal (¢) and comoving spatial spherical polar coordinate system (r, 6, ¢), with
Gaussian curvature constant, k :

ds® = (c dt)? - a? { +1? (d92 + sin? 9d¢>2)}

1—kr?

Expressing the time-exponential cosmic scale factor a, allows us to rewrite the FLRW metric:

2( dr?
ds® = (cdr)® - (a/oeH’) { ] rk 5+ r? (dé’2 + sin® 9d¢2)} (26)
— kr
The corresponding covariant metric tensor is:
c? 0 0 0
0 - (”OEH?Z 0 0
g = 1-kr

o 0 - (aoth)z r? 0

0 0 0 — (aget!')* ¥ sin% g
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And the resulting contravariant metric tensor is:

% 0 0 0

(1-kr?)
g = 0 —faeerm2 01 0
0 0 0 !

(apeH!)2r2 sin 0

Here pv represents permutations of coordinates labeled as [0, 1,2, 3], with the coordinates conventionally defined as

(x0 =t,x' =r, x2 = 6’,x3 = ¢). Now, it is straightforward, though tedious, to find the non-zero Christoftfel symbol terms
0 10 70 11 11 1 1L 71 12 12 12 13 13 T3 ned : .

Fn’ F22, F33, FOI, FOI, F“, Fzz’ F33, F02’ F12’ F33, Fos’ FB, F23 using the equation below [36]:

0 0 0
A re A r

We can evaluate the non-zero Christoffel symbol terms using the above equation:

ate®™ (H +tH) ate’™ (H + tH)r?

a'(z)(H +1H)e2 2 sin? g

o - 0 _ 0 _
= c2(1—kr?) ~ 2 c? ’ 3 c?
. kr
1 _pl 12 _12 _13 _13 _ 1 _ 1 _ 2 1_ 2y in2
Ty =Ty=Tn=T=Tn=T3y=H+tH, I} = T2 [y =—=r(1=kr?), Ts3=-r(1-kr°)sin”6,
1
F122=F§1=Ff3=l“§1=;, Féz—sin@cosﬂ, F§3=F§2=cot9.

Utilizing the Christoffel symbols as determined above, one can readily obtain the non-zero Ricci curvature tensor com-
ponents (Roo, Ri1, Roz, R33) from the equation by contracting the Riemann tensor by raising the index o as Ry, =
Ry, [63]:

0 0 o o
R'uy = ax_UF’(‘r" - WFIS-‘T + F#VF;)TO_ - Fﬂ(,rg; (27)

Evaluating Ry using equation (27) yields:

0 0
Roo = =T = 55100 + LY D W (28)

From equation (28) we obtain for the relevant non-zero terms for the o~ and p indices:

Roo = -3{(2H +tH) + (H + tH)*}. (29)

In a similar manner, utilizing equation (27) yields further Ricci curvature tensor components:

aZeZHt chz
Rij=—2 3(H+tH)?+2H +tH + 30
1 c2(1 - kr?) ( ) ageZH’ 60
ger? . )
Ry = ~C o J3(H +tH)? +2H + tH + —— 31)
c et
a2e?Ht 2 gin? g - ) .. 2kc?
R33 = 5 3(H+tH)”+2H +tH + — 5 (32)
¢ aZe2Ht

The Ricci curvature scalar, R, is obtained by summing the non-zero covariant Riemann tensor and the contravariant metric
tensor over the repeated indices:

R =¢" Ruy = g"Roo+ ¢ Ri1 + g7 Ry + g7 Ra3.

In this case, after simplifying:

3 L . 3 . .. 2kc?
R=- (2H+tH)+(H+tH)2}——2{3(H+tH)2+2H+tH+ miad } (33)
c c aOeZHI
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The above equation (33) represents the Ricci curvature scalar in terms of the time-varying Hubble parameter. As previously
explained, the time dependency of the Hubble parameter arises from its measurement based on the recession velocities
and distances of cosmic objects at different cosmic comoving epochs. However, if the Hubble parameter is measured at
a fixed point in spacetime or within a specific cosmic epoch, the equation (33) can be rewritten in terms of the Hubble
constant, with its time derivatives vanishing, as follows:

3H2 {3Hg 2%k }

R=-—-3{—+
c? c? (aOeHO’)Z
12H? 6k
R=-—"- 5 (34)
C ( o eH[)t )
The negative sign of the Ricci curvature scalar, as determined above, arises from the contraction of the Riemann tensor
using Ry, = R/, as referenced in [63]. However, if the contraction Ry, = R, = =R/, as referenced in [3], were

used instead, the value of R would be the same but with a positive sign. This is not a contradiction, as both approaches
yield the same magnitude; the difference in sign simply reflects the choice of convention or the system from which the
curvature is measured.

Importantly, whether considering the time-dependent case (33) or the time-independent case (34) of the Hubble
parameter, the Ricci curvature scalar R remains finite for any finite value of the time variable. The only exception occurs
at t = —oo, which represents the sole instance of past incompleteness. However, this incompleteness is not related to any
real domain of the time coordinate, which serves as the sole independent variable in the continuous function of the Ricci
curvature scalar. Therefore, this past incompleteness is not a physical reality for this type of exponentially expanding
cosmological solution but rather an unavoidable mathematical artifact, as highlighted by the Borde—~Guth—Vilenkin (BGV)
theorem [64]. Optionally, for a spatially flat universe (k = 0), equation (34) indicates a constant cosmic Ricci curvature
scalar.

6. GENERAL EQUATION OF DISPLACEMENT AND LOGARITHMIC SPIRAL MOTION IN SPIRAL
GALAXY

It is fascinating to realize that the equation for a logarithmic, or equiangular, spiral is an alternative expression of our
time-based exponential general displacement equation. It is worth noting that, despite having a uniform linear velocity, an
object can still experience continuously varying acceleration, as well as higher-order time derivatives of displacement, by
continuously changing its orbital distance from its center. This is the key insight when drawing a correlation between the
time-exponential displacement equation and the logarithmic spiral equation.

In a system following a spiral trajectory defined by an angle 6 measured relative to its center, a growth or decay rate
K, and a varying radius r, the equation of the logarithmic spiral is [65]:

r(8) = roeX? (35)

In terms of 7 with uniform angular velocity 6, the above equation becomes:

r(t) = roeX % (36)

In the equation above, K = tan @, where « is referred to as the pitch angle. This angle is defined as the constant angle
between the tangent to the spiral at any given radial distance from the spiral’s center and the tangent to the circle at the point
of intersection with the same radius. For a logarithmic spiral, this angle remains constant, which is why logarithmic spirals
are also called equiangular spirals. Consequently, the growth rate K is also constant. If we represent the time-exponential
displacement equation (5) with the displacement being radial, it can be written as:

r = roet! 37

In the equation of the logarithmic spiral, the growth rate K and angular velocity 6 are both treated as constants, similar to
the constant £ in the case of radial displacement. By comparing equations (36) and (37), we can establish the equivalent
relationship:

. =K©0 (38)

Therefore, the logarithmic spiral displacement equation can be interpreted as a transformed two-dimensional displacement
equation in a coplanar polar coordinate system. This transformation originates from the one-degree-of-freedom time-
exponential displacement equation, which describes the motion of an object orbiting a fixed center.

In the Cartesian coordinate system, the equation = rge4’ can be re-expressed in the polar coordinate system as two
distinct components using equation (35), as a matrix representation shown below:

[x B [cos(ét) 0]
o=

roekot| roeK 0 cos(6t)
sin(fr) 0 -

0 roeK 9" sin(6r) |




25
Hubble’s Law and its Exponential Generalization with Cosmological Applications EEJP. 4 (2025)

Using the above relations and the fact that the locus of the coordinate (x, y) forms a circle , one can easily derive the
relation presented in equation (36) as below:

r? = x? +y? = r5e* 0 {cos?(61) +sin? (1)},
r = roeX?.

For a non-periodic angular motion in which the angle continuously increases with time and is not limited to 4, an object

will follow a logarithmic spiral trajectory instead of a circular one .In terms of the measured angle considering the center

as the origin of the polar coordinate system, the above equation becomes:
r(8) = roe?, r(8) = roe™@? 39)

The above equation (39) is a general expression for a logarithmic spiral or equiangular spiral. The radial distance r
progressively changes over time, following spiral trajectories.

Logarithmic spiral geometries naturally occur in numerous living and inanimate phenomena, including in spiral
galaxies, seashells, hurricanes, and the growth patterns of plants, such as sunflower seeds and pinecones [66, 67, 68].
Notably, in the asymptotic limit, the ratio of successive radii in a logarithmic spiral converges to the same value as the
ratio of consecutive Fibonacci numbers, namely the golden ratio or golden mean. These spirals are often observed in
nature due to their efficient growth patterns, optimizing space and resources. The same geometric principles expressed
mathematically by equations (36), (37), and (39) can be applied to describe the structure of spiral galaxies. The logarithmic
spiral provides a reasonable approximation for the structure of galactic spiral arms [69, 70]. In these galaxies, the arms
follow a logarithmic spiral pattern, giving rise to the term “Galactic spiral.” Approximately 60% of galaxies in the local
universe are spiral galaxies [71].

In spiral galaxies such as our MW and its closest neighbor, M31, the spiral arms form in regions where stars and
their systems are sufficiently far from the galactic center. In these regions, the gravitational pull toward the center becomes
negligible compared to the frictional drag experienced by the stars. This frictional drag causes the stars to orbit at nearly
uniform velocities, regardless of their distance from the center. In this scenario, acceleration is achieved through the
continual change in distance from the galactic center, which aids in the formation of spiral trajectories.

Moreover, the relatively homogeneous nature of the galaxy, where gravitational forces dominate locally but diminish at
larger distances, results in the galaxy behaving continuum-mechanically, like a rotating disk. These combined phenomena
lead to a fluid-mechanical analogy, where the spiral arms eject along an equiangular spiral trajectory, as described by
equations (36), (37), and (39). It is important to note that dark matter plays a crucial role in forming gravitationally bound,
stiff, and geometrically well-defined galaxies. This stands in contrast to the expected pattern of decreasing rotational
velocity with distance from the galactic center, as predicted by the Newton-Keplerian model, which is inconsistent with
observational data.

The logarithmic spiral trajectory is also consistent with explaining the radial migration of constituents, such as stars
or star systems, which move outward from the more unstable central region to more stable locations, following a spiral
path within their host galaxy. For example, the radial migration concept suggests that the Solar System, including Earth,
may have originally formed comparatively closer to the Milky Way’s central region, around 5 kpc from MW’s center,
and later migrated to its present location, approximately 8.5 ~ 9 kpc from the galactic center, thereby avoiding any major
destructive collisions [72].

7. RESULTS AND DISCUSSION

We began with a power series approximation of the displacement function, using time as the independent variable.
From this, we derived the time exponential displacement relation, which aligns with large-distance observational cosmic
motion. In contrast, the short-distance motions we experience in everyday life are simply lower-order approximations of this
exponential relation, which is particularly significant for large-scale motion. This general time exponential displacement
relation was directly applied to derive Hubble’s relation, an equation describing cosmic diverging displacement and
providing a plausible explanation for cosmic expansion. The recession of cosmic units due to cosmic expansion is
significant for large-scale cosmic motion. In contrast, at shorter distances, the attractive gravitational force dominates.

We then derived a general equation for time exponential converging displacement in a manner similar to how the
general equation for time exponential diverging displacement was formulated. This converging relation was then utilized
to estimate in principle the time required for the upcoming collision between the Milky Way and Andromeda. The result
obtained, ranging from 4.4 to 4.9 billion years, was highly consistent with the findings of 4 to 5 billion years from numerical
simulations based on observational data.

A noteworthy application of the general diverging equation is to derive the subtle value of energy for a vacuum unit,
considering it as quantum harmonically oscillated in a quasi-quantum approach. This gives a value of 1.1873 x 1072 ],
which is very close to the value determined from the general relativistic approach, 1.1247 x 1072 m~2. Therefore, the
coupling constant relating the vacuum unit’s energy to the curvature of the vacuum has a value very close to unity. By
relating the large-scale cosmic receding distances to the cosmic expansion scale factor, a general relativistic mathematical
approach is reviewed to avoid a physical past incompleteness while addressing an unphysical mathematical singularity.



26
EEJP. 4 (2025) Ashraful Islam

Lastly, the general time exponential displacement was applied to explain the spiraling motion of galactic units in spiral
galaxies. This spiral motion can also account for the radial migration of a galaxy’s constituents, providing support for the
radial migration theory of the solar system.

Despite several successful applications of the general time exponential motion, it does have some limitations. During
its derivation, the Maclaurin series was employed, which requires a fixed space-time coordinate origin around which
the series expansion is performed. This necessitates assuming the Hubble parameter is constant to derive the time
exponential equation. However, in any comoving coordinate system, the Hubble parameter must be time-dependent. This
time dependency was addressed during the derivation and was considered in the context of reviewing the cosmic past
incompleteness. Another limitation arises from the uncertainty during the final stages of galaxy merging. At this stage,
tidal effects, frictional interactions between galaxy constituents, and the influence of nearby cosmic neighbors may impact
the time estimation. However, the consistency of the estimated time for the Milky Way (MW) and Andromeda (M31)
collision with results from numerical simulations suggests that our model, which neglects perturbations, is reasonable.
This is because galactic motion is primarily dominated by their centers, and during galaxy merging, the likelihood of
individual components colliding is very low.

8. CONCLUSION

The cosmos is infinite, so it’s natural that no finite set of principles can fully explain its phenomena. It’s also
sensible to expect the universe to have infinite spatial and temporal dimensions. We reasonably assumed the infinite
order differentiability of displacement with respect to time and subsequently formulated a time-exponential relation for
displacement. This formulation is shown to be consistent with Hubble’s law and provides a plausible explanation for the
time dependency of the Hubble parameter. This relation proved to be valuable in understanding the infinite cosmic past
and future, as well as in explaining the structure of spiral galaxies. Additionally, it provided insights into the enigmatic
relationship between the quantum harmonically oscillating vacuum’s zero-point energy and the cosmological constant.
Furthermore, it was applied to estimate the timing of a significant cosmic event: the collision between the Milky Way and
Andromeda.
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In this study, we investigate the dynamics of generalized ghost pilgrim dark energy in the background of f(Q, C) gravity, where Q is the
non-metricity scalar and C represents the boundary term. To complete this objective, we take an isotropic and homogeneous universe
with an ideal matter distribution. Our analysis includes a scenario with non-interacting fluids, encompassing both dark matter and dark
energy. To understand the cosmic dynamics, we reconstruct a f(Q, C) model and examine its influence on the universe evolution. We
explore key cosmological factors, i.e., state variable, the behavior of (wp — w/,)-plane and the statefinder diagnostic pair, which help
to analyze the cosmic expansion. A crucial aspect of our analysis is the stability of generalized ghost pilgrim dark energy model via
the squared sound speed method, confirming its viability in supporting the observed accelerated expansion. Our findings are consistent
with observational data, demonstrating that f(Q, C) gravity provides a robust theoretical foundation for describing dark energy and the
universe large-scale dynamics. This work not only deep our understanding of modified gravity and mysterious energy but also offers
new insights into alternative explanation for cosmic acceleration beyond standard paradigms.

Keywords: f(Q, C) gravity; Dark energy model; Stability analysis
PACS: 04.50.Kd; 98.80.-k; 95.36.+x

1. INTRODUCTION

Einstein theory of gravitation (GR) provides a geometric framework that remains a foundational pillar of modern
physics. A significant problem for this theory appears when it addresses the phenomenon of late-time cosmic expansion.
The range of astronomical observations such as supernovae type-la demonstrate that the cosmos is presently undergoing
the expansion phase [1]-[5]. This acceleration is hypothesized to originate from an ambiguous force, named as dark
energy (DE). The enigmatic nature and mechanisms of DE constitute one of the most profound unresolved questions in
cosmology. To address this issue, the ACDM model has been established as a standard model to describe the ambiguous
aspects of DE. While ACDM aligns well with observational constraints, but it faces cosmic limitations [6]-[11]. These
challenges inspired the scientific community to modify GR to gain deep insights for DE and cosmic acceleration [12]. Such
modifications redefine the geometric components of the action, thereby proposing alternative gravitational frameworks to
resolve the mysteries of the universe. These theories offer new approaches to cosmology and astrophysics, allowing for
theoretical and observational advancements.

Modified theories may include exploring alternative geometries beyond Riemannian such as torsion and non-metricity,
which offer broader geometric interpretations of gravity. Weyl [13] introduced a geometric framework that extends
Riemannian geometry by introducing an additional connection, known as the length connection,” which modifies how
vectors behave under parallel transport. Building on this, Weyl-Cartan geometry [14] further incorporates torsion into the
structure. Later, Weitzenbdck [15] proposed a different approach, defining Weitzenbdck spaces characterized by non-zero
torsion but zero curvature, leading to the idea of teleparallelism. In this framework, gravity is described through torsion
rather than curvature [16]. As a result, GR can be formulated in multiple ways: the traditional curvature-based approach
(where torsion and non-metricity vanish) or the teleparallel approach (where curvature and non-metricity are absent).
Also, non-metricity describes changes in vector length at the time of parallel transport, where the covariant divergence of
metric tensor exists, leading to symmetric teleparallel theory [17]. Different theoretical models and the limitations they
face based on observations have been thoroughly investigated [18]-[37].

The symmetric teleparallel gravity is further modified by introducing a boundary term into the functional action,
named as f(Q, C) theory [38]. This extension has garnered considerable attention in the scientific community due to
its profound implications. This framework offers a compelling alternative with notable theoretical consequences for
cosmology and astrophysics. By incorporating non-metricity and boundary effects, this theory enables a rich description
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of gravitational dynamics. This modified proposal offers fresh insights into fundamental questions about mysteries of the
universe. By incorporating the boundary term, this approach enhances theoretical flexibility, enabling a wide spectrum of
physically viable solutions. This extension addresses GR limitations by probing cosmological singularities and opens new
pathways for cosmological models that align with current observational data. It is observed that this alternative proposal
elucidates the cosmic evolutionary path and is consistent with current observable data [39]-[42].

Maurya [43] explored the DE model to study the evolutionary picture of the universe in f(Q, C) theory. Further
studies delved into DE scenarios incorporating boundary terms to classify DE behavior during cosmic expansion have
been discussed in [44]. Myrzakulov et al [45] demonstrated that the f(Q, C) framework presents a viable alternative to the
standard cosmological model. The f(Q, C) formalism in FRW spacetime introduces novel perspectives on the standard
cosmological paradigms [46]. Maurya [47] analyzed how boundary terms influence cosmological evolution dynamics.
Usman et al [48] addressed the observed matter-antimatter asymmetry through gravitational baryogenesis in the same
context. The novel insights into the early-universe inflation in this modified framework has been examined in [49]. This
approach not only offers a coherent description of the universe dynamics but also exhibits strong agreement with modern
observational constraints [50].

Various methods have been developed to understand the influence of DE on the evolution of cosmos. Recently, a
novel DE model, known as the pilgrim dark energy (PDE) model was proposed [51]. This model is constructed upon
the intriguing properties in quantum field theory while extending their applications to the cosmological framework. This
provides a natural framework to connect DE with fundamental physics. The concept of generalized ghost pilgrim dark
energy (GG PDE) model stems from the necessity to deal with crucial challenges in modern cosmology, particularly the
nature of DE which is responsible for the observed rapid growth of the cosmos. This model provides a closer match with
observational data, offering an improvement over the PDE model. Thus, by generalizing PDE, researchers aim to deep our
comprehension of the universe expansion, bridge the gap between quantum field theory and cosmology. The GGPDE
model offers distinct insights and mechanisms that enhance our comprehension of the cosmic expansion. It provides a
framework for the accelerated cosmic expansion without depending on a cosmological constant. Thus, GG PDE represents
a compelling direction in the quest to decipher the nature of the mysterious energy driving the expansion of our universe.

Modified gravitational theories offer valuable understanding of current phenomenon of accelerated cosmic expansion.
Ebrahimi and Sheykhi [52] studied GDE model to examine cosmic acceleration in Brans-Dicke cosmology. Sheykhi
and Movahed [53] explored several cosmological parameters to assess cosmic growth using GDE model. Jawad [54]
investigated the dynamics and evolutionary trajectories of various cosmological parameters, using PDE in f(T,Tg)
theory. Fayaz et al [55] reformed the f(R,T) gravity in relation to the GDE model. Odintsov et al [56] examined several
f(R,G) frameworks to clarify the successful emergence of DE and accelerating phase of the universe. The analysis
suggested that the EoS parameter reflects a quintessence era. Myrzakulov et al [57] employed the PDE and GDE models
to reconstruct the f(Q) gravity. They found that their results align closely with the latest observational data. The study of
various DE models to analyze the universe acceleration within the context of f(R,T?) theory has been explored in [58].

This study aims to rebuild f(Q, C) model by using GG PDE framework to analyze cosmic dynamics. The contents
of this article are formatted as follows. Section 2 employs the GGPDE model to rebuild f(Q, C) functional form and
explore the effects of non-interacting scenarios between DE and cold DM. Section 3 focuses on the advancement of this
theory through the analysis of different cosmographic parameters. Section 4 gives a detailed overview of our findings.

2. FORMALISM OF GGPDE f(Q,C) MODEL

Here, we aim to develop the GGPDE f(Q, C) model to investigate the enigmatic nature of the universe. To analyze
the cosmological characteristics of non-metric gravity, we consider the affine connection as

Y, =17+ KY + LY, (1)

where Levi-Civita connection (I"), disformation (L?) and contortion (K;’ ') tensors are defined as

. 1

Iy, = zgvﬁ(aygﬁxl +08py — Op8ya)s (2)
] T

L;/,/l = Egv 7(_Q777/l - Q/U]y + Ql]’y/l)v (3)
1

K)Z//A = Egvn(Tyn/l + T/h]y + Tr]y/l)- (4)

Here, the quantity T),,, refers to the torsion tensor, which although not central in the symmetric teleparallel framework
(where torsion is usually set to zero), appears here as part of the general affine connection decomposition. Therefore, we
use torsion-free condition in this context and thus 7,2 = 0 in our analysis. The non-metricity is given by

va/l = Vugy/l = avgy/l - nggn/l - Fg,lgyn- (5)
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To construct a boundary term in the action of the metric-affine gravity theories, we need a non-metricity conjugate, known
as the superpotential, defined as

1 1 1 ~ 1
Py = _ZQ;’l + EQ(yU/l) + Z(QU - 0Y)gya 152’7Q1)~

It plays a central role in defining the gravitational field equations. Non-metricity tensor features two different traces as

0, = y/l/! and 07 = Q/l”_ Thus, we have

1 1 1 1 ~
0 ==70070""" + 50y, 0" + 20,07 - 50, 0. ©)

By enforcing the torsion-free and curvature-free conditions, we obtain

Rya+ VLY = Valy + Ly LY = Lypal”] = 0, (7
R+Vy, (L -L")-Q = 0, ®)

where 61} and Iéy,l represent the covariant derivative and Ricci tensor, respectively, associated with the Levi-Civita
connection. These notations are standard in the literature on symmetric teleparallel gravity to distinguish between
operations involving the Levi-Civita connection and the general affine connection. Here, L, represents the trace of the
disformation tensor, i.e., L, = L* ,» Where L;l s is the disformation tensor given in Eq.(3).

Since Q¥ — QY = LY — L”, the boundary term is given by

C=R=0= 9,07 - 07 = -0, [v=s(0” - 0] ©)

In the context of f(Q, C) gravity the integral action shown as

S=/2—1K[f(Q,C)+2/<Lm]\/:gd4x. (10)

Here, « is the coupling constant. The corresponding field equations are
2
V=¢

C Lo S
(Egyxl_vyv/l +g7/lVUVU_2P;,/,16u)fC, (11)

T2

/
9u(V=gfoPy) + (Pyon Q3" = 2Pya0y") fo - 7874

+

where fo = g—é and fc = g—é. Variation of the action corresponding to affine connection yields

(Vy = L) (Va- L [4(fo - fo)P" + A, =0, (12)
with
At =2 SGFel)
V=g 0T,

Using the coincident gauge, we obtain

8,0, |N=g(4(fo — fo)P s + A, )] = 0. (13)

Here, 01v/-¢ = —\/:gZ 1. Using the previous relations, we have

(50851 + Gy + 2P 0 fo = %au(x/:ngPm +(Pyoy0,”"
2P0 Do (14)
The corresponding field equations are
Ty = —ggyx +2PY \Vy(fo - fo) + (%gy/l +Gya) fo
+ (Egﬂ—ﬁﬁﬁgﬂv”m)fc. (15)

2
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By re-arranging this equation, we get

1
Gy/l = _fQ (T;;n) + Ty(/ll))), (16)
where

b f 1 . cus
70 = 58y 2P",Vulfo ~ fo) = (5C8ya = VyVa+ 8,uV V) fo
Q
- Ef 08ya- a7
To explore the mysterious characteristics of the universe, we assume an isotropic and homogenous spacetime as

ds® = —di* + (dx*> + dy* + dz2)a%(v). (18)

The ideal fluid encompasses the matter density (p,,) and pressure (p,,) is expressed as

Ty/l = (pm+pm)UyU/l+pmgy/l~ (19)
Using Eqgs.(17)-(19), we obtain
pp+pm = 3H?, (20)
pp+pm = —(2H+3H?),
where
pp = 3H2(1—2fQ)—§+(3H2+3H)fc—3Hf'c, (21)
po = 2H(1 - fo)~3H(1-2f) + L+ M fp

(BH? +3H) fc + fc. (22)

These modified equations represent a significant framework to comprehend the mysteries of the cosmos. To simplify these
equations, we take our analysis to a specific class of functional in this theory with an ordinary parameter (@) as

7(0,0) = f(Q) +aC”. (23)

This functional form allows for a systematic investigation of deviations from standard gravitational dynamics, offering
insights into the behavior of the universe under certain conditions. The field equations corresponding to this model turn
out to be

oD 3H*(1-2fp) - %(f(Q) +aC?) +2aC(3H? + 3H) — 6aHC (24)

. 1 .
pp = =2H(1 - fo) =3H*(1-2fg) + 5(f(Q) +aC?) + 2H fo
- 2aC(3H? +3H) + 2aC. (25)

The expressions for fractional energy densities are given by

PD Pm
Qp = —, m= - 26
P73 3H? (20)
The continuity equations of DM and DE for non-interacting case are
0 = Pm+3H(pm+pm), (27)
0 = pp+3H(pp +pp), (28)

To quantifies how the universe expands over time, we study the behavior of scale factor which is considered as the
key parameter in cosmology. It is a positive function that progresses over cosmic time, governing the expansion and
the development of the universe. The decreasing behavior of scale factor suggests a cosmic contraction phase and its
increasing behavior implies cosmic expansion era. It is directly related to the redshift of light from distant galaxies,
allowing scientists to track the universe expansion history. Its study provides key insights into cosmic evolution from the
big bang to the possible long-term fate of the universe, whether through continuous expansion or ultimate collapse.

We assume the scale parameter as

a(t) = aptt. (29)
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Figure 1. Plot of f(Q, C) versus cosmic time for (i = £2).

Here, ap = 1 and p is an arbitrary constant. This form solves the field equations that govern the evolution of the universe,
which helps to understand the broader dynamics of cosmic expansion and the behavior of DE. By exploring how the
parameter u influences evolution and correlating this with empirical observations, we gain a deep understanding of the
characteristics of DE and the core principles of gravity. By comparing the power-law scale factor with cosmic observations,
researchers can evaluate how GG PD E model matches the cosmic observations. This process aids in validating or refining
these models, providing valuable information about their accuracy and relevance.

To provide crucial insights into the cosmic acceleration, we analyze the behavior of Hubble parameter. The expansion
of the cosmos is associated with a positive Hubble parameter, whereas contraction occurs with a negative value. The
Hubble parameter changes over time depending on the universe energy composition, playing a crucial role in cosmic
dynamics. It is fundamental in measuring cosmic distances, estimating the universe age and analyzing the influence of DE
on expansion. The Hubble parameter is expressed as

H=2=£
a t

(30)

Using this relation, we have

u—1

Q—6”2 c=6 31
) 31)

12
The cosmic accelerated expansion can also be explored using DE models. A novel dynamical model of DE known as
PDE helps to understand the ongoing cosmic expansion. This model maintains consistency with observational constraints
and can be characterized through multiple energy density parameterizations. Crucially, its inherent energy dissipation
mechanism naturally resolves the coincidence problem triggered by DE dominance. Furthermore, the introduction of the
PDE concept leads to the definition of a GGPDE model. The GG PD E model for energy density can be characterized by
the following expression

pp = (EH + (H?). (32)

Using Eqgs.(24) and (32), we obtain

_1 : 3¢y 61—%(\@(2§+§))¢
f(Q.0) = 5(—3‘/601C\/§+201CQ+\/—§_ T +

where ¢ is an integration constant that arises during the reconstruction of the f(Q, C) model using the GGPDE ansatz.
Inserting Eqgs.(30) and (31) into (33), we get

1 (\Em Do 6@+ o5

0), (33)

0.0 = 3= " T
12
2
6u2  216a(u— D5
+ %+ 3 . (34)

Specifically, we consider ¢ = +2, @ = 9 x 107%, ¢; = 0.04, ¢ = 10 and £ = 90. This consistent specification ensures
the viable numerical results. As for the physical reasoning behind the choice of these parameter values, we emphasize
that the selected values fall within the phenomenologically viable ranges used in prior studies involving ghost dark energy
models and modified gravity frameworks. All these parameter values are chosen not arbitrarily. The parameter @, which
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Figure 2. Graphical behavior of energy density against cosmic time.

controls the strength of the boundary term in the f(Q, C) function is chosen to be small to ensure that the modification
remains a perturbative correction to GR, consistent with Solar System constraints and cosmological observations. The
constants ¢ and £ appear in the GGPDE density, and their values are selected to reflect a balance between the linear and
quadratic Hubble terms, capturing the interaction of DE with the expansion rate while avoiding divergences or nonphysical
behavior at early or late times. Figure 1 demonstrates the dynamics of reconstructed GGPDE f(Q, C) model for different
values of u = 1.1,1.2,1.3. As ¢ increases, the function f(Q, C) shows a decreasing trend for ¥ = 2. In contrast, the
function f(Q, C) increases as t grows for ¢y = —2. Substituting Eq.(33) in (21) and (22), we get

o = VeaC0 + %aQ(Q ~30)+6° 7 (\/@(25 + f))w : 35)

1 .
o = 5 (-7V6aCV@ - 3000 -30)) - 67 (Vs + &) (36)
Using Eqgs.(30) and (31), we have

2 2
op = [-24au* +36au’® + 72am,/’;—2 +4((2¢ +g),/"t‘—2)¢

2
- 7202‘3('[;—2)3/2][1‘4]_1, (37)
2 2
pp = [lzau3(2u—3)—56am\/’:—2—r4(<24+5>\/‘t‘—2)¢
2
+ 56at3(%)3/2][t4]_1. (38)

Figures 2 and 3 show the behavior aligns with the characteristics of DE as energy density is positive and pressure is
negative for all values of y and .

3. ANALYSIS OF COSMOGRAPHIC FACTORS
Here, we study the characteristics of various cosmological parameters, which serve as essential tools for describing
the universe expansion history. They allow researchers to analyze cosmic evolution without relying on specific gravitational
theories, making them useful for testing various cosmological frameworks.

3.1. Study of State Variable

The EoS variable (wp = Z_Z) determines the nature of DE and other cosmological components by relating pressure to
energy density. It plays a pivotal role in distinguishing various phases of cosmic evolution. Various values of wp determines
the distinct cosmic eras, i.e., matter-dominated regions such as dust, radiative fluid and stiff matter are characterized by
the values wp =0, wp = % and wp = 1, respectively. The vacuum energy phase is represented by wp = —1, the phantom
energy phase corresponds to wp < —1, whereas the quintessence phase is defined in the range —1 < wp < —%. These
different values of EoS parameter help to classify the evolution of the universe and its various expansion phases. Recent
cosmological observations, such as data from the Planck satellite, indicate that the EoS parameter for DE may lie below
—1. This supports the existence of phantom DE, which is an exotic form with negative kinetic energy. Such behavior
explains the accelerated expansion of the universe. The corresponding expression for EoS parameter is given by

§ (7V6aC VB +300(0 - 3C)) + 67% (vO(2¢ + )
V6aCVO + 1aQ(Q - 30) +6°% (VO(2¢ +6)”

(39)
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Figure 4. Plot of EoS parameter against cosmic time.

Using Eqgs.(30) and (31), we have

wp

2 2
[—24au* + 360y’ + S6auty| ’:—2 + 420 + f)w/%)‘”

2 2
56m3(%)3/2] (120153 (21 - 3) — T2aut| ‘;—2 — A2

2
5)‘/%2)¢ + 72m3(l;—2)3/2]‘1. (40)

Figure 4 determines the behavior of EoS parameter for three different values of u. This indicates that the model shows
phantom era of DE for ¢ = 2 and ¢ = -2, satisfying the conditions for GGPDE phenomenon.

+

3.2. Analysis of wp — w7}, Plane

Here, we use (wp — w},) analysis to study the dynamics of DE, where prime denotes the derivative corresponding to
non-metricity. This analysis helps in understanding how the modified terms influence the deceleration parameter and the
transition between different cosmic phases. This phase plane is a useful tool in cosmology to comprehend the behavior
and stability of DE models. The behavior of DE models incorporating a scalar field has been investigated in [59]. They
also classified DE models in two main categories, i.e., the thawing region (characterized by a short-duration cosmic
acceleration) which is shown when wp has a negative value and w?, is positive. The other one is freezing region (where
acceleration continues over a long period) which is shown when both wp and w’, have negative value. The expression for
w’, is given by

C aCe'T (a6 (C-0) - (- 1) (VO(r +£)) "
U)D = ) 5"
) (m@ﬁw/z (3x/éc +V0(0 - 3C)) +3 (VO£ + ;—-))‘”)

Using Eqgs.(30) and (31), we have

2
wp = [4a<y - Dut(36ap’ +1*(y - 1)((2£ + f)\/’;;“')]
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Figure 5 shows that for every value of u and ¢ = +2, wp < 0 and w), < 0, showing the freezing region.

X

3.3. Study of (r, s) Parameters

These parameters offer a deep insight into the dynamic behavior and evolutionary phases of DE models [60]. They
help to differentiate between various cosmological models by mapping their distinct trajectories in (r, s) plane. Specifically,
the cold DM model is obtained for (r, s) = (1,0) while the standard model is found at (r,s) = (1,1). Additionally, the
conditions 7 < 1 and s > 0 correspond to phantom and quintessence phases of DE. The Chaplygin gas model is represented
by s < 0 and r > 1. These parameters are represented as

ro= #:H%Qo(lﬂm)— 25907 (43)
r—1 W

= _— = 1 + - . 44

3(g -3 0 Sopi o

Inserting wp and w’D values, we obtain

[@Q6%/%(-28aC?Q + C(-6aC + 3V60>*(2aC + 1) - 2V62 0>
6aQ) + 0*(Q - 30)) +3(2aC(-V60*? +y - 1) + 01 (1/0(2¢
£)"1[aQ°*6"2(3V6C +/0(Q - 30)) + 30> (\O(2¢ +£))"17, 45)
s = [a*CO2Y*13Y(Q(14C + V603 % — 3) + C(3 - 3V60%/?)) — a6 *!
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r

+ o+

x V02737 (aQ6%2(Q - 3C) + 3(VO (2L +£)¥) + 326"
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Using Eqgs.(30) and (31), we have
2 7 2 6
ro= [1728a2p7z,/‘t‘—2 # 20U a2t 1 - 20

[ N I
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Figure 6 demonstrates Chaplygin gas model (» > 1 and s < 0) for ¢ = +2 and different values of .

3.4. Stability Criteria

The ability of an object to regain its equilibrium state after being subjected to external forces is termed as stability.
The squared sound speed (v2) parameter plays a key role in cosmological models, as it dictates the stability of cosmic
models. When v2 is positive, it indicates stability within the model, whereas its negative value indicates instability. This
relationship can be expressed as follows

p2=L2 PPt wp. (49)

D PD

Manipulating this equation, we have

o ~7aCVE6'T +a Q6%+ (3C -20) - 9y (VO(2£ +8))” (50)
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Figure 7. Plot of sound speed parameter against cosmic time.

Using Eqgs.(30) and (31), it follows that

2 [-24a(u - 3)u’ +56a',ut\/7+flﬁ((2§+§)\/7)w

56at( )3/2][24a(u 3 —72ayt\/z—t v (2

g)\/‘t‘:zw +72m3(’t‘—2)3/2]—1. (51)

Figure 7 demonstrates that the reconstructed GGPDE f(Q, C) model is stable across different cosmic epochs.

<
Il

+

4. FINAL RESULTS

The reconstruction method in modified theories serves as a useful approach to develop a viable DE model and
understand the cosmic evolution. The inspiration for exploring a reconstructed f(Q,C) framework comes form its
crucial theoretical and empirical factors in gravitational physics and cosmology. The boundary term in the functional
action is vital to the dynamical equations, providing novel clarity on cosmic progression. This proposed theory offers
an explanation for the accelerating universe without depending on a cosmological constant, resolving DE problem. This
modified proposal has garnered significant attention for their capacity to expand GR by aligning with various observational
and experimental constraints. The connection between boundary term and non-metricity enhance the viability and enables
a broad spectrum of feasible solutions. Consequently, this theoretical framework opens up the new avenues for developing
cosmic frameworks that align with current observations. The main motivation for exploring the GGPDE model in f(Q, C)
theory is to better understand the accelerated cosmic expansion.

This analysis has investigated GGPDE model in the framework of non-metric gravity. We have used standard
diagnostic instruments and the state finder pair to analyze different cosmic eras. We have assessed stability of the model
using squared sound speed method. The main results are summarized as follows.

 The reconstructed f(Q, C) model indicates a decreasing pattern for ¥ = 2 and increasing behavior for ¢ = -2,
which demonstrates the realistic model behavior (Figure 1).

* The decreasing behavior of the matter contents is consistent with the expected behavior of DE for all values of u
and y (Figures 2 and 3).

e Qur analysis reveals that the EoS parameter lies within the phantom region for all values of u (Figure 4).

* The upward trend in the (wp — w’,) reveals the freezing region, which suggests that non-interacting case leads to a
rapid cosmic evolution (Figure 5).

e The (r — s)-plane determines Chaplygin gas model associated with non-interacting GGPDE f(Q, C) model (Figure
6).

* Our results show that v2 is positive for each value of u, indicating that GGPDE f(Q, C) model is stable (Figure 7).

The GGPDE f(Q, C) model exhibits stable features and consistently corresponds with the present cosmic expansion.
It is important to note that our findings are consistent with the existing observational data [61]

wp = -1.023*00L(PlanckTT + LowP + ext),
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~1.006*0:58% (PlanckTT + LowP + lensing + ext),
-1.019*%9% (PlanckTT,TE,EE + LowP + ext).

wp

wp

With a 95% confidence level, the data was gathered using a variety of observational techniques. Notably, our
results align well with the predictions of the quantum chromodynamics ghost model within modified gravitational theories
[62, 63]. Moreover, they are in agreement with recent theoretical and observational studies [57].
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KOCMOJIOI'TYHA JIATHOCTHUKA TA CTABIJIBHICTb MO/IEJII TEMHOI EHEPT'Ti
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V wiii poGOTi MU JOCII)KYEMO AMHAMIKY y3arajJbHEHOI TeMHOI eHeprii mpuBHIa-MiJoMHUKa Ha Tii rpasitauii f(Q,C), ne O — ue
HEMETPUYHUI cKasp, a C — rpaHUYHAl WieH. [ ToCcArHeHHs i€l MeTH M1 OepeMO 130TPONHUEA Ta OJHOpiAHMIA BeecBiT 3 ineanbHumM
posnoziysioM Matepii. Hamn anani3 BKiIIouyae crieHapiil 3 HEB3a€EMOJIIOUMMHU PiAMHAMHY, IO OXOIUIIOE K TEMHY Marepilo, Tak i TeMHY
enepriio. II106 3po3yMiTH KOCMiUHy AMHAMIKY, MU PEeKOHCTpYyloeMo Mozenb f(Q, C) Ta JOCiIKy€EMO ii BILIMB Ha eBOJIOL0 BeeciTy.
Mu gocniikyemo Kimo4oBi KocMooriuHi (hakTopu, TOOTO 3MiHHY CTaHy, HOBEIIHKY (wp — W, )-TUIOIMHM Ta AiarHOCTHYHY napy statefi-
nder, sIKi IOMOMaraoTh aHAII3yBaTH PO3MIMPEHHS KOCMOCY. KITIoUOBUM aclieKTOM HAIIOro aHaJIi3y € CTablIbHICTh y3arajibHeHOT MOJei
TEMHOI eHeprii NiJirpuMa-rnpuBKIa, OTPUMaHO]I 3a I0IIOMOTOI0 METOly KBaJipaTa IIBUIKOCTI 3BYKY, 11O MiATBEPAKYE 11 KUTTE3JATHICT
y HiATPUMIII CIIOCTEPEKYBAHOTO IIPUCKOPEHOro po3mMpeHHs. Harui pe3ymbraté y3rofxkyoThest 3 JAHUMH CIIOCTEPEKeHb, IeMOHCTpY-
foun, 1o rpasitanis f(Q, C) 3abe3nedye HailiHy TEOPETHYHY OCHOBY IUIsI OIMCY TEMHOI eHeprii Ta JuHaMiky BcecBiTy y Bemkux
Macmradax. Ls podora He mine nmormuooe Hallle pO3yMiHHS MOIV(iKOBAaHOI rpaBiTallil Ta TAEMHHYOI €Heprii, ajie i MPONOHY€e HOBI
MONJISIIV Ha JIbTEPHATHBHE MOSICHEHHS! KOCMIYHOTO MPHCKOPEHHS 11033 CTAaHAAPTHUMU MapaaurMaML.

Kumouosi cioBa: f(Q, C) epasimauis; modenv memHoi enepezii; ananriz cmabinbHocmi
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In this work, we study the Bianchi type-III interacting framework of modified QCD ghost dark energy with cold dark matter is being
considered for illustrating the accelerated expansion of the Universe. The equation of state parameter shows evolution of the Universe
completely varies in quintessence region only. The dynamics of scalar field and corresponding potential of various scalar field models
shows consistence behavior with the accelerated expansion phenomenon. Also, the kinetic energy term of k-essence models lies within
the range where equation of state parameter represents the accelerated expansion of the Universe.

Keywords: Bianchi type-111; QCD ghost dark energy; Cold dark matter; Scalar field models
PACS: 98.80.-k; 95.36.+X

1. INTRODUCTION

Dark Energy (DE) is a captivating and enigmatic component of the Universe, widely believed to be responsible for
its accelerated expansion. This phenomenon has been strongly supported by numerous observational datasets, including
those from Ref [1, 2]. DE exhibits a repulsive gravitational effect, yet its fundamental nature remains largely unknown.
The cosmological constant is the earliest and simplest candidate for DE. However, it suffers from two major theoretical
challenges: the ‘cosmic coincidence’ problem and the ‘fine-tuning’ issue [3], which limit its acceptance in current
discussions of DE. To overcome these limitations, a wide range of dynamical DE models have been proposed, including
quintessence, k-essence, and various perfect fluid models [4]. Among these, perfect fluid models are particularly notable
for their specific forms of the equation of state, encompassing frameworks such as the chaplygin gas family [5, 6],
holographic DE [7, 8], new agegraphic DE [9], and the power-law entropy-corrected models like pilgrim dark energy
(PDE) [10, 11, 12, 13]. Another intriguing approach is the quantum chromodynamics (QCD) ghost DE model, presented
in various versions [14, 15, 16, 17]. Comprehensive reviews of these dynamical models can be found in Copeland et al.
[18] and Bamba et al. [19]. In the framework of QCD, a dynamical DE model known as ‘Veneziano ghost dark energy’
has been proposed, inspired by the concept of the Veneziano ghost. This model originates from attempts to resolve the
long-standing U (1) axial anomaly problem in QCD. It has been suggested that the Veneziano ghost can induce non-trivial
physical effects in a Friedmann-Robertson-Walker (FRW) Universe [20, 21]. Specifically, the QCD ghost contributes to the
vacuum energy density through a term proportional to AéCDH , where Aqcp ~ 100 MeV represents the QCD energy scale
and H is the Hubble parameter. Although this contribution is relatively small, it plays a significant role in the dynamics
of the Universes evolution.

Importantly, this model has been proposed as a potential solution to two major theoretical challenges of the cosmolog-
ical constant: the fine-tuning problem and the cosmic coincidence problem [22, 23, 24]. The theoretical investigations of
this model via various cosmological parameters have been conducted in several works [25, 26,27, 28, 29, 30]. Additionally,
its compatibility with observational data has been explored [31], further supporting its relevance in modern cosmology.
Moreover, the Veneziano ghost field in QCD, expressed in the form H + O(H?), can provide sufficient vacuum energy
to account for the accelerated expansion of the Universe [32, 33]. However, the conventional ghost dark energy model
incorporates only the leading-order term.

A modified version of this model was later proposed, in which the energy density of generalized ghost dark energy
(QCD) ghost dark energy is associated with the radius of the trapping horizon [34]. The energy density in this formulation
is defined as:

pDza/(l—E)éza(l—e)(H2+£2), (D
7 a
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where the parameter € is given by

T
2HFr’

€ 2
and 7r denotes the trapping horizon radius, H is the Hubble parameter, k is the spatial curvature, and a is the scale factor.

Scalar field models have also been extensively explored as alternatives to DE, including quintessence, tachyon,
k-essence, and dilaton fields. These models have played a significant role in explaining the late-time accelerated expansion
of the Universe. The dynamics of these scalar field models, along with their corresponding potentials, have been
thoroughly investigated in the context of various DE frameworks, such as the holographic dark energy (HDE) model
with Hubble, future event horizon, and Granda-Oliveros infrared (IR) cutoffs, in both flat and non-flat Universe scenarios
[35, 36, 37, 38, 39, 40, 41, 42, 43, 44]. These studies have yielded interesting and insightful results regarding the
behavior of scalar fields and their potentials, offering a valuable theoretical understanding of the Universe’s accelerated
expansion. In our investigation, we have also reconstructed scalar field models in the context of interacting HDE with the
Granda-Oliveros IR cutoff in a non-flat Universe.

There is significant observational support for the possibility of an interaction between DM and DE, with the interaction
typically described through modified conservation equations for their respective energy densities [46]. Observations of the
cosmic microwave Background radiation (CMB), particularly from the Wilkinson Microwave Anisotropy Probe (WMAP),
indicate that the present Universe is largely homogeneous and isotropic on large scales. However, residual anisotropies,
such as those seen in CMB temperature fluctuations, still persist. The study of anisotropic cosmological models is therefore
important for gaining deeper insights into the formation and evolution of the Universe. Among these, Bianchi-type models
are particularly useful, as they represent spatially homogeneous but anisotropic solutions to Einstein’s field equations,
allowing for directional dependencies in cosmic expansion.

Abdul et al. [47] examined the scalar field models such as quintessence, dilaton, tachyon and k-essence in the
background of flat FRW Universe. In the presence of interaction, they studied the dynamics of scalar field models with
their corresponding potentials. Sheykhi [48] focused on interacting HDE models and their correspondence with scalar
field models in a flat Universe. In a non-flat Universe, Sharif and Jawad [49] examined the interaction between HDE and
different scalar field models, including quintessence, tachyon, k-essence, and dilaton, considering various values of the
power-law DE parameter. Sharif and Shamir [50] have studied exact solutions of Bianchi-type I and V space times in
the context of modified theory of gravity. Additionally, Sharif and Zubair [51] investigated anisotropic Universe models
involving a perfect fluid and scalar fields in the modified theories of gravity, concluding that f(R) gravity exhibits similar
behavior under varying constraints. Thorsrud et al. [52] have studied cosmology of a scalar field coupled to matter and
an isotropy-violating Maxwell field. Garcia-Salcedo et al. [53] have analyzed interacting DE with a trapping horizon in
Bianchi models.

Zubair and Abbas [54] have analyzed reconstructing QCD ghost models in the background of modified theory of
gravotation. Das et al. [55] have investigated aagnetized anisotropic ghost dark energy cosmological model. Azimi
and Barati [56] have analyzed instability of interacting GDE model in an anisotropic Universe. Reddy et al. [57] have
investigated dynamics of Bianchi type-II anisotropic DE cosmological model in the presence of scalar-meson fields.
Hossienkhani et al. [58] have investigated anisotropy effects on QCD ghost dark energy using the cosmological data.
Javed et al. [59] have studied reconstruction of interacting generalized anisotropic scalar field models. Gémez et al. [60]
have discussed anisotropic scalar field DE with a disformally coupled Yang-Mills field. Javed et al. [61] have analyzed
interacting generalized anisotropic scalar field models. Talole et al. [62] have studied QCD-modified scalar field models
of DE, in the presence of both interaction and viscosity, with varying gravitational constant. Bhardwaj and Yadav [63]
have investigated observational constraints on scalar field cosmological model in anisotropic Universe. Sharif and Ajmal
[64] have studied generalized GDE in the framework of modified theory Gravity. Very recently, Archana and Srivastava
[65] have examined the kinematical and geometrical properties of the model as well as interacting ghost scalar field models
of DE in Bianchi type-II Universe.

In this work, we investigate the cosmological evolution of an anisotropic Universe within the framework of general
theory of relativity, using the redshift parameter z as a reference. The structure of the paper is as follows: in Section 2, we
present the foundational concepts and define key cosmological parameters, including the energy density of dark energy
and the equation of state parameter. Section 3 provides a graphical analysis of the Bianchi type III model in conjunction
with various scalar field dark energy models, namely quintessence, tachyon, and k-essence. The final section summarizes
and concludes the key findings of this study.

2. METRIC AND FIELD EQUATIONS
The gravitational field in our model is given by a Bianchi type-III metric as

ds? = di* — A%(1)dx* - BX()e 2™ dy* — C*(1)dZ, 3)

with A, B and C being functions of the cosmic ’#’ only.
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The Einstein’s field equations (with gravitational units, 871G =1 = C)

1 -
Rij = 5 Rgij = (Tij + Tij), “4)

where g;; is the metric tensor, R is the Ricci scalar and R;; is the Ricci tensor, T;; and T;j are the energy-momentum
tensors of matter and dark energy respectively, and they are defined as

Tij = pmxix; &)

and
T;j = (PDE + PDE)XiXj — PDESij (6)

where p,, and pp g are the energy densities of matter and dark energy respectively and ppg is the pressure of the DE.
From equations (5) and (6), we have

T =T} =T; =0, T} = pn (7)

T} =T} =T; = -ppe, T, = ppE- ®)

The field (4), for the metric (3) with the help of (5) and (6), can be written as

A+C+AC_ ©
AT CcTac T TPPE
B ¢ BC
5 CcBC DDE (10)
A B AB n?
A b A6 nt 11
A+B+AB e PDE (11)
AB AC BC )
AB T AC TBC a2~ PmTPDE
A B
—_Z=0 13
1B (13)

where overhead dot denote differentiation with respect to cosmic time t.
Now solving (13), we get

A=cB (14)
where ¢ is an integration constant and without loss of generality, we take ¢c; = 1, we have
A=B 15)

In order to determine the average anisotropy parameter Ay, for a generalized anisotropic cosmological model, it is defined
as follows:

3 2
1 H;-H
Ap=z > [ 1
h 3i=1( I ) (16)

where H is the mean Hubble parameter, and H; are the directional Hubble parameters along each spatial direction.
For the specific case under consideration, we take:
A B
szHyZZ, szg,
where A(t) and B(t) are the directional scale factors in the x,y and z directions, respectively.
Further, we discuss some solution regarding anisotropic Universe model with scalar field models.
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3. SOLUTION OF THE FIELD EQUATIONS

The field equations (9) to (12) are a system of four highly non-linear differential equations in five unknowns
A,C,ppE, Pm,PpE- The system is thus initially undetermined. We need one extra physical condition to solve the field
equations completely.

We assume that the expansion scalar (6) is proportional to the shear scalar (%) [66, 67]. The condition leads to

A =C*k, (17)

where (k > 1).
Now solving equations (9), (11), (15) and (17), we get

A=B=(bt+c), C=(bt+c)F, (18)
nk

. kz_l . .
From equations (18) in metric (3), we have

where b = ,and ¢ = kca.

ds? = di® — (bt + ¢)2dx® — (bt + ¢)2e™ 2™ dy? — (bt + ¢)F dZ? (19)

Equation (19) represents Bianchi type-III interacting modified QCD ghost scalar field model of DE.
The interacting between CDM and QCD dark energy [68, 69, 70, 71], the continuity equations turn out to be

Pm+3Hpn =0, ppe+3H(1+wpE)ppe = -0, (20)

where wpg = % and Q stands for the equation of state (EoS) parameter and the interaction term respectively, we choose

the interaction as Q = 3d*>Hp,, and d is a coupling constant. From (20), we get

(2k+1)(d?-1)
Pm = pmo(bt +¢)"F 21
From equation (12), we get
b2 (k +2) n? Qher)(d?=1)
PPE= v e (braop  Probrra @2
From equation (20), we get
(2k+1)(d%-2)
22D ) g2k + 1) (@2 - 2)(br4e) kT
=-1+ 23
WDE 2k + 1 B2 (k) Qk+D)(@2-1) 23)
== =% = pmo(bt + ¢) k

Redshift dependence: In cosmological models, the redshift z is a measure of the expansion of the universe and is related
to the average scale factor a(z) by

I+z= % (24)
where the mean scale factor is given by
a(t) = (ABC)'3. (25)
Using equations (18) and (25), we obtain
a(t) = (bt + c)#. (26)

Hence, the relation between cosmic time and redshift is

3
bt +c=(147) 2+l/k, 27)

It is observed from Figures 1 and 2 that the energy densities of DM and QCD ghost dark energy remain positive
throughout cosmic evolution. They are decreasing functions in redshift z. They start with a positive value and they tend
to very close to zero when z approaches to negative value. The graphical behavior of the Eos parameter versus redshift (z)
for the different values of d? is shown in Figure 3. It can be observed that the Eos parameter (wy.) completely varies in
the quintessence region for various values of d?>=0.2,0.4,0.6.
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Figure 1. Plot of p,, versus z for b=0.5, k=9.7, c=100, Figure 2. Plot of pg. versus z for b=0.5, k=9.7, c=100,
n=2.521 n=2.521
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Figure 3. Plot of wy, versus z for the different values of coupling constants (dz), b=0.5, k=9.7, c=100, n=2.521

4. CORRESPONDENCE WITH SCALAR FIELD MODELS IN ANISOTROPIC UNIVERSE

Our objective here is to examine whether a minimally coupled scalar field with a specific action or Lagrangian can
replicate the dynamics of the GDE model. This approach aims to establish a possible connection between the GDE
framework and a more fundamental theory, such as string theory or M-theory, which often involves scalar fields. To this
end, it is meaningful to reconstruct the scalar field dynamics ¢ and the corresponding potential V (¢) such that they exhibit
key features of the GDE model. Following the method proposed in [72], we establish a correspondence between the GDE
model and various scalar field models by equating their respective energy densities and equations of state. Through this
correspondence, we reconstruct both the field dynamics and the scalar potential, thereby gaining deeper insight into the
theoretical underpinnings of the GDE framework.

4.1. Reconstructing ghost quintessence model

We adopt the viewpoint that the quintessence scalar field model of DE are effective theories of an underlying theory
of DE [73, 74, 75]. The energy density and pressure for the quintessence scalar field can be written as

.
pg =78 +V(9), (28)

1.
=58 -V (29)
Then, we can obtain the scalar potential and the kinetic energy term as

(2k+1)(d%-1)
V(g) = I2(2k + 1)(@ —n? —kpmo(bt +¢) & —2) _ k(g@ - 2n2)

(30)
-1
om0 (2k + 1)(d? = 1)] [2k(2k +1)(bt + c)z]
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Where wqg = %. For establishing the correspondence between present DE with quintessence scalar field, we identify
q

PDE = pg and WpE = wy.

Qk+1)(d?-1)

ALUD _2) —pgh+ (@2 =2 (b1 +e) &

(2k + 1)(bt + ¢)?

The evolution trajectories of potential function and scalar field versus redshit (z) in ghost
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Figure 4. Plot of V(¢) versus z in ghost quintessence Figure 5. Plot of ¢(z) versus z in ghost quintessence model
model for the different values of coupling constants (d?), for the different values of coupling constant (d?), b=0.5,
b=0.5, k=9.7, c=100, n=2.521 k=9.7, ¢=100, n=2.521
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Figure 6. Plot of V(¢) versus z in ghost quintessence model for the different values of coupling constant (d?), b=0.5,
k=9.7, c=100, n=2.521

quintessence model for different values of d> are shown in Figures 4 and 5. For d? = 0.2, 0.4, 0.6, the quintessence ghost
dark energy both potential function and scalar field decreases during of the Universe. The plot of quintessence potential in
terms of scalar field is shown in Figure 6 representing increasing behavior. The gradually decreasing kinetic energy while
pc2>tentia1 remains positive for quintessence model represents accelerate expansion of the Universe for different values of
d-.

4.2. Reconstructing ghost tachyon model
The tachyon field is another approach for explaining DE [76, 77, 78, 79, 80, 81]. The tachyon energy density and
pressure are
V(¢)

pr=-T| = (32)

Vi@

pr =T =-V(g)J1 - ¢ (33)

) Qk+1)(d*-1)
2 (BU 2} = g2k + (@ = 2)(br4c) kT

2k + 1)(bt + ¢)? ’

pr=-V(®)\1- (34)
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The EoS parameter of tachyon field takes the form

(2k+1) (d?*-1)
2 (% - n2) om0k + )2 =2) (bt +¢) k4

“r= (2k + 1) (bt + c)? b G

We plot potential function V (¢) and scalar field ¢ of ghost dark energy tachyon model as shown in Figures 9 and 7.
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Figure 7. Plot of V(¢) versus z in ghost tachyon model for Figure 8. Plot of ¢(z) versus z in ghost tachyon model for
the different values of coupling constant (d2), b=0.5, k=9.7, the different values of coupling constant (d?), b=0.5, k=9.7,
¢=100, n=2.521 ¢=100, n=2.521
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Figure 9. Plot of V(¢) versus ¢(z) in ghost tachyon model for the different values of coupling constant (d?), b=0.5,
k=9.7, c=100, n=2.521

The evolution of this model is much similar to quintessence model. The scalar field represents increasing behavior versus
redshift and indicates more steeper behavior for d> = 0.2,0.4. This leads to the decreasing kinetic energy.

We plot potential function V(¢) and redshift ¢(z) of ghost tachyon model as shown in Figure 8. The corresponding
potential function expresses decreasing but positive behavior with respect to redshift. Its decreasing behavior from maxima
gives inverse proportionality to scalar field for the later times. This type of behavior corresponds to scaling solutions in
the brane-world cosmology.

4.3. Reconstructing ghost k-essence model

The k-essence scalar field model of DE is characterized by a scalar field with a non-canonical kinetic energy
[82, 83, 84, 85, 86]. The density and corresponding pressure of k-essence model are of the form R

pr = V) (—x +3x), pr=V(®)(—x + x7). (36)

;2
where y = % The EoS parameter has the form

(37
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in which y experienced the accelerated expansion of the Universe in the interal (% %) Taking wy = wpEg, we obtain

1 - ke (@-1)
X720k Db+ o2 [2 (B2 - 0) = po 2k + D@ =D b1+ ) £, (38)
The EoS parameter has the form
! P2 o ) Q@1
2 —n?) = pmo(2k + 1)(d? = 2)(bt +¢) &k ]_1
2(2 1 2 [ ( I3 ) m
2k +1)(bt +¢) -

1 b2 (k42) kD) (d?-1)
3. 2 —-n?) - 2k +1)(d? =2)(bt + k -1
2(2,”1)(1“6)2[( 2 2) = pg(2k + 1)(d2 = 2) (bt + ) ]

35 T T T T T T 0.09

:
a2=02

=02
3H= = =d*=04
=06

0.08 -

0.07

0.06
T 005
3 0.05

0.04

0.03

0.02

0 - Il Il Il Il Il Il 0.01 L L L L L L
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 0.4 -0.2 0 0.2 0.4 0.6 0.8 1

z z

Figure 10. Plot of y versus z in ghost k-essence model for Figure 11. Plot of ¢(z) versus z in ghost k-essence model
the different values of coupling constant (d?), b=0.5,k=9.7, for the different values of coupling constant (d2), b=0.5,
¢=100, n=2.521 k=9.7, =100, n=2.521

The plot of y versus redshift is shown in Figure 10 for various values of d2. It can be observed that the region within
the range where the EoS parameter of k-essence ghost dark energy model shows consistency with the accelerated Universe.
We plot scalar field ¢ of ghost dark energy k-essence model as shown in Figure 11, representing decreasing behavior in
the present epoch for the various values of d>. The potential function versus scalar field is shown in Figure 12, indicates
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Figure 12. Plot of V(¢) versus ¢(z) in ghost k-essence model for the different values of coupling constant (d?), b=0.5,
k=9.7, ¢c=100, n=2.521

the increase in potential with increase in scalar field but k-essence scalar field decreases with expansion of the Universe.

5. CONCLUSIONS
In this work, we study the Bianchi type-III interacting framework of modified QCD ghost dark energy with cold
dark matter is being considered for the accelerated expansion of the Universe. We have studied various cosmological
parameters to analyze the viability of the models and our conclusions are the following:
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The energy densities of DM and QCD ghost dark energy remain positive throughout cosmic evolution. They are
decreasing and start with a positive value and they tend to very close to zero when z approaches to negative value.
The graphical behavior of the Eos parameter (wq4.) completely varies in the quintessence region for various values
of d*> =0.2,0.4,0.6.

For ghost quintessence model, the evolution trajectories of potential function and scalar field for different values of d°
are shown in Figures 4 and 5. For d? = 0.2, 0.4, 0.6, the quintessence ghost dark energy both potential function and
scalar field decreases during of the Universe. The plot of quintessence potential representing increasing behavior.
The gradually decreasing kinetic energy while potential remains positive for quintessence model represents accelerate
expansion of the Universe for different values of d?.

For ghost tachyon model, the evoution of this model is much similar to quintessence model. The scalar field
represents increasing behavoir versus redshift and indicates more steeper behavior for d> = 0.2, 0.4. This leads to
the decreasing kinetic energy. The corresponding potential function expresses decreasing but positive behavior with
respect to redshift. Its decreasing behavior from maxima gives inverse proportionality to scalar field for the later
times. This type of behavior corresponds to scaling solutions in the brane-world cosmology.

For ghost k-essence model, The plot of y can be observed that the region within the range where the EoS parameter
of k-essence ghost dark energy model shows consistency with the accelerated Universe. We plot scalar field ¢ of
ghost dark energy k-essence model representing decreasing behavior in the present epoch for the various values of
d?. The potential function versus scalar field is indicates the increase in potential with increase in scalar field but
k-essence scalar field decreases with expansion of the Universe.
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MOINPIKOBAHA TEMHA EHEPT'TA KXI-ITIPUMAPHOTI'O CRKAJIAPHOTI'O ITOJIA B AHI3OTPOITHUX
TA B3ZAEMOIIIOYNX MOJEJIAX BCECBITY
IL. Ixnana Ipacyna', T. Yinnannananaiiay?, I. Caresanapasua’, H. Kpimma Moxan Paxxy*, K. HaBbs,
. Co6xan6aty”
'Kagpeopa dpynoamenmanvrux nayx, Inocenepruii konedic Ipi Bacagi (A), Tadenannizyoem-534101, Indis
2Kagpedpa mamemamuxu, Incmumym inopmauitinux mexnonoziii Binvsina (asmonomuuil), Biwmaxxanamnam, Inois
3Kagpedpa npurraduux nayk ma eymanimaprux nayx, Texnonoziunuii incmumym Caci ma inxcenepis (A),
Taoenannizyoem-534101, Inois
4Kagpedpa inocenepnoi mamemamuxu, Inocenepnuii konednc SRKR (A), Bximasapam-534204, Indis
S Kagpedpa dyrnoamenmansiux nayx ma zymanimapHux nayx, Yuisepcumem mexuonoziii ma menedxcmenmy Lenmypion,
Bizianazapam-535003, Inois

V wiit po6oTi Mu BUB4aEMO B3aemogiody ctpykTypy Bianki Tumy Il moaudikoBanoi KX]I-TeMHOi eHeprii-npuBraa 3 X0J0JHOI0 TEMHOIO
MaTepi€lo AJ imocTpanil npuckopeHoro po3mmpeHHs Beecsity. [lapameTp piBHAHHS CTaHy MOKa3ye, 110 €BOJOLis BeecBiTy NOBHICTIO
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The properties of Bottom-charmed meson states were extensively investigated using Numerov's tridiagonal matrix approach to
predicting the radial wavefunctions. Based on the resulted values, we predicted the fanharmonicity values and root mean square radii
for different excited states of B. mesons. A comprehensive comparison between the estimated results and recently published theoretical
and experimental data was conducted, exhibiting a comparable product with a high degree of accuracy.
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1. INTRODUCTION

The primary motivation for studying the spectra and characteristics of heavy mesons is to better understand the
subatomic particles and the forces that govern matter’s behavior. A few of the primary goals of these investigations
include, but are not limited to, the following [1-4]: studying heavy mesons is essential for examining and improving
models such as the Quark Model, Lattice QCD, and effective field theories, as heavy mesons challenge our current
understanding of the strong force. Experimental results and theoretical predictions can be cross-checked to validate these
models and reveal inconsistencies that may lead to new insights [4]. Finally, the study of heavy mesons can uncover novel
physics by identifying particles and events that do not conform to the Standard Model. It is possible to find exotic states,
make unexpected observations, or deviate from theoretical predictions, all of which might indicate the presence of new
particles or interactions that are beyond our present knowledge [5-6]. Venturing beyond the conventional Standard Model
of particle physics becomes imperative when unraveling the enigmatic traits of the elusive Bottom-charmed (B.) mesons,
despite the Model's hint at their existence [7]. Here we shall look at B. mesons and their behavior using a nonrelativistic
quark model. The nonrelativistic quark model provides a simpler explanation of the quarks' activities and interactions in
heavy mesons. Based on this model, we will study B. meson properties such as quark composition, quantum properties,
mass spectra, and finally the essential coefficients that are needed to study decay dynamics.

Heavy meson decay characteristics may be used to derive standard model parameters such as CKM matrix elements
and quark mixing angles. Understanding the genesis of CP violation requires knowledge of the CKM matrix, which
explains quark mixing in weak interactions. Precise observations of heavy meson decays constrain CKM matrix elements
and quark mixing angles, aiding Standard Model accuracy tests [8, 9].

As a result, we are highly motivated to determine the root mean square radius (rms) of various B, states and the
numerical values of the § coefficient. These values may then be utilized to compute decay widths and differential cross-
sections for quarkonium states [8, 10]. Furthermore, one of our supplementary goals is to study the mass-radius
dependency of the B. states within the framework of the nonrelativistic quark model.

Notably, the nonrelativistic quark model may explain several properties of B. meson decay. The decay of B. mesons
is triggered by weak interactions, and the W boson plays a crucial role in facilitating these decays. Lighter mesons, leptons,
and neutrinos are the ultimate states that determine the decay routes and velocities. Using the quark model, one can
determine the branching percentages and decay widths of B. mesons [11].

Our investigation uses numerical-based approaches for the qualitative analysis of heavy mesons, with results that
highlight their potential to enhance future experimental studies while reducing the large-scale costs that currently define
such research [12, 13].
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To address the challenging QCD mathematical framework, researchers can employ numerical approaches such as
matrix method, the Shooting method [14, 15], the four-step exponentially fitted method [16, 17], and Numerov's method
simulations [12]. The strong interaction between quarks and gluons describes heavy meson behavior, which can only be
explained in terms of QCD [17]. It is feasible to estimate quantities such as meson masses, decay rates, and form factors,
values that are difficult to determine analytically through numerical calculations [18, 19]. Experimental investigations
rely heavily on the properties of heavy meson, and numerical methods enable precise predictions and provide valuable
insights into these characteristics.

Recent publications have demonstrated that Numerov's tridiagonal matrix technique is a highly efficient and quick
method for achieving our objective [12, 20-21]. We anticipate that this approximation will provide reliable characteristics
for investigating heavy mesons. Furthermore, the wave functions of heavy mesons, investigated in this study, may be
utilized to generate predictions regarding additional characteristics such as the root mean square radius (ms) of various
states for B. mesons, as well as the numerical values of the § coefficient and differential cross-sections for B. states.

This work is organized as follows: The unique characteristics of B. mesons are outlined in section 2. The main
problem and thorough analytical solutions are addressed in section 3. Section 4 is devoted to discussing resulting data in
detail. Finally, we briefly summarize our main discoveries and conclusions in section 5.

2. Characteristics of Bottom-Charmed Mesons
2.1. The Potential Model

Applying an adequate potential model to solve the non-relativistic Schrodinger equation for quark-anti quark states
is widely regarded as one of the most efficient approaches for modeling the heavy meson system [22-25].

The effective quark-antiquark potential may be expressed as the sum of two terms, one of which is spin-independent,
and the other is spin-dependent. The linear confinement and standard color Coulomb interaction are included in the first
term, whereas the spin-dependent component consists of the tensor potential, spin-orbit interaction potential, and
the hyperfine potential between spin-spin interaction. As a result, the following is the final form of the potential model
that was employed in this work [24-27]:

_ 4 32mas (0\3 _;2,2 1 (2as  b\7pga, 4as
V() = =324 brt o (ﬁ) e 5b55+mbmz(r3 2r) LS+, (1)
_ s(s+1) _3
Sp-Se=""—-1, (2)

where [ is the orbital momentum, r represents the distance between the quarks, a; is the strong running coupling constant,
—4/3 is the color factor, b is a potential parameter, ¢ is the string tension and Sj.S; is the spin—spin contact hyperfine
interaction, whereas m;, and m; depict the masses of the bottom and anti-charm quarks. S denotes the overall spin
quantum number of the meson.

The parameters for the B. mesons are detailed in Table 1. T represents the tensor operator.

Table 1. The parameters to fit the theoretical masses to get the best theoretical spectra of B. states

Parameters Theo. (NR) Potential
meg [GeV] 1.4794
m;, [GeV] 4.825
as 0.48
b [GeV’] 0.137
o [GeV] 1.0946

The spin-orbit operator is diagonal when expressed in the |]J, L, S > basis with the matrix components:

(L.5) = UU+1) - (L(L;- D =SS+ 1D)]

The tensor operator 7T exhibits non-zero diagonal matrix components exclusively among spin-triplet states with L>0.

L
GRS L
1
T = +g,]=L
L+
ear—n/ =L 1

2.2. Wave Functions of Bottom-Charmed Mesons
By using the potential from equation (1), B, mesons may be modeled by the wave function of the bound quark-
antiquark state that satisfies the Schrodinger equation. The radial Schrodinger equation is defined as [1, 2]:



55

Predicting New B Mesons’ Excited States: The Tridiagonal Matrix-Numerov Approach EEJP. 4 (2025)
h2 d*Rpy(r) 1(1+1)
- L B 1 (V) + 502) R (r) = EniRuu (), )

where n is the principal quantum number and u represents the reduced mass of the quark and anti-quark.

The radial wave function is denoted as R,,;(r). The total energy of the quark-antiquark system is denoted by E. The
tridiagonal matrix Numerov’s (TMN) approach is employed to solve equation (3) and get the mass spectra of B. mesons.
Further information on this method may be found in Reference [12]. In the subsequent sections, we utilize this approach
to derive the wave functions of B. bound states.

2.3. The tridiagonal matrix Numerov's approach
Our approach is based on the numerical solution of Eq. (3) as a matrix eigenvalue problem. The radial second-
derivative finite difference approximation can be simplified by converting it into tridiagonal matrix form. Therefore, we
solve this equation numerically using the Numerov technique to derive the eigenvalue and eigenfunction equations for
heavy quarkonium spectrum and wave functions.
We can rewrite the equation (3) in a slightly different way to understand the probable use of Numerov's technique more
clearly:

fr)=2u(E-V()) ;h=1, 4)

with a distance d between each point on the lattice and x;, which are equally spaced, we can derive the integration
formula,
_ Yia (12-d%Fi 4 )-29; (5d%f +12)

Yiyr = . (5

d2fi4q —12

Hence
A fir1 Wivr — 120340 = 129,y —d?fi 1 ;g — 10d?finh; — 249, (6)
Applying Eq. (4), we obtain:
—2ud? /W [ (Eicy — Viea¥iog) + (10EY; — 10V ;) + (EWipy — Vigr Yier )] = 12(imy — 29 +ipg) (7)
After rearranging the equation above, we get:

;_1 (i1 —21/;i+¢i+1) + Viea $ioq +10Vi i Vi Yia) _ E (Yiv1 +10Y; +1; 4 ). (8)
1 d 12 12

We will convert the well-known Numerov's approach into a matrix representation on a discrete lattice. To
accomplish that, 1 will be defined as a matrix and represented by a column vector (....Y;_1,¥;, Wiyq1 ---)

(-1 —2lg+I;) (-1 +10Ip+1) o
Ayn = — Byn = P — Vy =diag(....,Vie1, Vi, Vigr)

where an N-point grid and the unit matrices I_; , Iy, and I; stand for the sub-, main-, and up-diagonals, respectively.
The matrix version of Eq. (8) could be created as follows.

;_;AN,Nlpi + Byn VnWi = EiByni;. )
Multiplying Eq. (9) by By yields
2 BuNAw Wt + Vi = Enn. (10)
This numerical technique allows us to solve the eigenvalue problem for any possible hadron-hadron bound states.

2.4. Root Mean Square Radii and 8 Coefficient
The afterward reasoning shall be employed to offer an explanation or description of the root mean square (7'ms) radius
of B. that is both clear and succinct. Among the key characteristics of this particle system is the root mean square (7'ms) of
B. mesons. Assuming that the distance between the quark and anti-quark in bottom-charmed mesons is represented by
the symbol r (fin), it is possible to deduce that the radius of B, is equal to (r/2) fin. With the use of the meson wave
function, one can derive the root mean square (rms), which may be stated accordingly [12, 26, 28]:

205 = [, @2 (r)r2dr). (10)
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One aspect that characterizes the momentum width of a meson wave function is the beta coefficient. The symbol 8
is commonly used to represent it, and it is connected to the root mean square (rns) distance between the quark and
antiquark in the meson. In addition to affecting the decay rates and form factors of the meson, the beta coefficient reveals
information on the spatial distribution of the quark-antiquark pair inside the meson. Mesons' internal structure and
behavior can be better understood by analyzing and describing the beta coefficient [29]:

5=J2(n—1)+(L)+§ — (11)
The parameter f is commonly regarded as a model parameter. However, as we aim to explain the deterioration of
heavy quark states, it is more desirable to replicate the § coefficient of the quark model states. Therefore, we recommend

utilizing it for the computation of the decay width of B, states.

3. RESULTS AND DISCUSSION

We have conducted a theoretical examination of the mass spectrum of both the ground and excited states of B.
mesons using a non-relativistic component quark model. The model parameters were adjusted to accurately replicate the
empirically determined 1S ground state. Mass predictions for the 4" radial excitations of S-wave, P-wave, D-wave, and
F-wave were developed and compared to previous theoretical studies and existing data.

Figures 1-4 provide the graphical depiction of normalized radial wave functions for B. mesons. Table 2 displays the
anticipated masses (measured in GeV) of both the primary and secondary states of B. mesons. We compare our findings
with previous model predictions and existing experimental evidence. The experimental masses obtained from reference
[30], together with the predictions made by Asghar [31], Nosheen [7], and Qi Li [32] have been included for a thorough
study. Our model's predictions exhibit strong concordance with both the existing experimental data and other theoretical
predictions.
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Figure 4. Bottom-Charmed for F-states reduced radial wave
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Figure 3. Bottom-Charmed for D-states reduced radial wave
functions

The anticipated mass of the well-established 1S ground state B, ('So) is 6.275 GeV, which is in excellent agreement
with the observed value of 6.2749 + 0.008 GeV. The predictions concerning the 2S and 3S excited states are consistent
with the evidence obtained from different simulations. When compared to the other computational models, our predictions
often fall within a range of 0.01-0.05 GeV, which suggests a high level of accuracy. Significantly, our results for the
P-wave and D-wave exhibit comparable mass splitting and orderings to those seen in the studies conducted by
Asghar et al. and Nosheen et al. This demonstrates assurance that our model accurately replicates the anticipated
spectroscopy.
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For higher excitations, such as the 4S, 4P, and 4D states, where experimental data remain scarce, our model provides
predictions that can be tested in future research. The projected 4F states may potentially serve as a starting point for
further discoveries. All things considered, our findings are in good agreement with and add to the predictions that have
already been made.

Table 2. Predicted masses of ground and excited states of B. mesons

State [our work] QiLi[32] Asghar[31] Nosheen [7] Exp. Masses
(GeV) (GeV) (GeV) (GeV) [30](GeV)

B (1'So) 6.275 6271 6318 6.274 6.2749 £0.008
B.(13S)) 6.315 6.326 6.336 6.314
B:(2'So) 6.842 6.871 6.741 6.841 6.842+0.004
B.(2*S)) 6.856 6.890 6.747 6.855
B:(3'S0) 7.198 7239 7.014 7.197
B.(3°S) 7206 7252 7.018 7.206
B (4'So) 7489 7540 7239 7488
B.(#S)) 7496 7.550 7.242 7495
B.(1°P2) 6.747 6.787 6.665 6.753
B:(1PY) 6.769 6.776 6.656 6.744
B:(1Py) 6.774 6.757 6.650 6.725
B:(1’Po) 6.746 6.714 6.631 6.701
B:(2°Py) 7.111 7.160 6.946 7.111
B.(2P") 7.128 7.150 6.939 7.098
B:.(2Py) 7.132 7.134 6.930 7.105
B:(2°Po) 7.283 7107 6915 7.086
B:(3°Py) 7408 7464 7.176 7.406
B:(3P) 7423 7458 7.168 7.393
B:(3P) 7427 7441 7.162 7405
B:(3°Po) 7.551 7420 7.147 7389
B:(#°P2) 7. 669 7.732 7.379 -
B:(4P") 7.683 7.727 7.373 -
B:(4P) 7.687 7.710 7.364 -
Be(4°Po) 7.794 7.693 7.350 -
B:(1°D3) 6.769 7.030 6.847 6.998
B:(1D?») 6.996 7.032 6.845 6.984
B:(1Dy) 6.997 7.024 6.845 6.986
B:(1°Dy) 6.964 7.020 6.841 6.964
B:(2°D3) 7.128 7.348 7.087 7302
B:(2D") 7.304 7.347 7.084 7.293
B:(2Dy) 7.304 7.343 7.084 7.294
B:(2°Dy) 7.271 7336 7.080 7.280
B-(3°D3) 7423 7.625 7.296 7.570
B:(3D7) 7572 7.623 7.293 7.562
B:(3D) 7.573 7.620 7.293 7.563
B:(3°Dy) 7.539 7611 7.289 7.553
B (4D3) 7.683 - 7489 -
B:(4D"») 7.815 - 7482 -
B:(4Dy) 7.816 - 7482 -
B:(#Dy) 7.782 - 7478 -
B:(13Fs) 7.181 7.227 6.9967 -
B:(1F53) 7.189 7.240 7.001 -
B:(1F) 7.188 7.224 6.994 -
B:(1°F2) 7.179 7.235 6.9972 -
B:(2°Fs) 7459 7514 72126 -
B:(2F5) 7465 7.525 7214 -
B:(2F) 7.465 7.508 7211 -
B:(2°F2) 7455 7518 72121 -
B:(3°Fs) 7.71 7.771 - -
B:(3F%) 7.715 7.779 - -
B:(3F3) 7.715 7.768 - -
B:(3°F2) 7.704 7.730 - -
B:(#°Fs) 7.941 - - -
B:(4F5) 7.945 - - -
B:(4F) 7.945 - - -
B:(#F2) 7.934 - - -
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The estimated root mean square (ms) radii of ground and excited B. meson states are presented in Table 3, which
compares the results of our model to those of earlier calculations carried out by Nosheen et al [7]. There are some radial
excitations of S-wave, P-wave, D-wave, and F-wave states that are taken into consideration.

Table 3. Root mean square radii of ground and excited states of B. mesons

State [our work] in fim Nosheen in fin [7]
B (1'So) 0.319 0318
Be(13S1) 0335 0334
Be(2'So) 0.724 0.723
B.(22S)) 0.733 0.732
Bc(3'So) 1.053 1.052
B:(3*S) 1.06 1.059
B (4'S0) 1338 1337
B.(#S) 1.343 1.342
B.(1’P2) 0.595 0.594
B:(1P") 0.612 -
B:(1P) 0.618 -
B (13Po) 0.757 0562
B.(2’P2) 0.944 0.940
B:(2P") 0.96 -
B:Q2P) 0.965 -
B:(2°Po) 1.076 0.920
B:(3*P) 124 1235
B:(3P) 1254 -~
B:(3P1) 1.259 -
Bc(3°Po) 1.354 1.220
B.(4P2) 1.504 -
Be(4P") 1518 -
B:(4P1) 1522 -~
B (4°Po) 1.606 -
B (1°Ds) 0.612 0.793
B.(1D%>) 0.788 -
B:(1Dy) 0.791 -
B.(1’°Dy) 0.743 0.752
B.(2°Ds) 0.96 -
B:(2D"h) 1.107 1.107
B:(2D») 1.109 -
B:(P*Dy) 1.062 1.083
B.(3°Ds) 1.254 1.382
B:(3D") 1.385 1.382
B:(3D») 1.387 -
B:(3*Dy) 1339 1364
Be(#Dy) 1518 -
B:.(4D%>) 1.637 -
B:(4Dy) 1.639 -
B.(4Dy) 1.59 -
B (13Fa) 095 -
B:(1F3) 0951 -
B:(1F3) 0.952 -
B.(1’°F2) 0.933 -
B (2°Fs) 1.248 -
B:(2F%) 1249 -
B:(2F3) 125 -
B.(2’F) 1.231 -
B (3°Fs) 1.512 -
B:(3F%) 1.513 -
B:(3F) 1514 -
B.(3F) 1.496 -
B.(4#Fs) 1.755 -
B:(4F%5) 1.756 -
B:(4F) 1.757 -
B.(£F2) 1.738 —
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Our radii predictions correlate with those of Nosheen et al. in a very tight manner, with deviations of less than
0.01 fm across the board for all states. Our model provides a realistic description of the spatial sizes of B. mesons, as this
explains how it works. The fact that our model is able to accurately predict spatial features is validated by the fact that it
is in close agreement with earlier computations.

The B values of the ground and excited states of B. mesons are presented in Table 4. This table also includes a
comparison between our findings and the anticipated results made by Asghar [31]. It is essential to take into consideration
the fact that Asghar's predictions are not accessible for certain stages in the F-wave, and our findings are given in
comparison to those predictions. In general, the comparison of 8 values between our calculations and Asghar's prediction
indicates the existence of reliable and favorable compatibility throughout a wide range of states of B. mesons.

Table 4. § values of ground and excited states of B. mesons

State [our work] in GeV Asghar in GeV [31]
B (1'So) 0.741 0.653
B:(1S) 0.689 0.634
B:(2'So) 0.513 0515
B:(2’S1) 0.503 0.508
B:(3'So) 0.446 0.442
B:(3’S1) 0437 0.439
B (4'Sp) 0412 0.402
B (4S) 0.402 0.401
B (1°P2) 0.525 0.468
B:(1PY) 0.51 0471
B:(1Py) 0.505 0.468
Be(1°Pg) 0.612 0.468
B:(2°P2) 0443 0.428
B:(2P") 0436 0.430
B:(2Py) 0434 0.428
B (2°Po) 0.502 0.428
B:(3°P2) 0.406 0.395
B:(3P") 0.401 0.397
B:(3P1) 04 0.395
B (3°Po) 0.449 0.395
Be(4P,) 0382 0373
Be (4P") 0379 0374
Be (4P1) 0378 0373
Be (4°Po) 0379 0373
B (1°Ds) 0471 0417
Be(1D%) 0468 0417
B:(1Dy) 0467 0417
B.(I°Dy) 0.623 0417
B.(2’D3) 0419 0.395
B.(2D>) 0418 0.395
B:(2Dy) 0417 0.395
B.(2’D1) 0.509 0.395
B:-(3D3) 0.391 0374
B:(3D?) 0.39 0374
B:(3D2) 0.39 0374
B:.(3D1) 0454 0374
B (4'D3) 0.372 0357
B.(4D">) 0.372 0358
B:(4D») 0.371 0.357
B (4’D1) 0.383 0.357
Be(1Fs) 0.441 0.390
B:(1F%) 044 0.390
B:(1F3) 0439 0.390
B:(I’F2) 0.539 0.390
Be(2Fa) 0403 0375
B (2F%) 0403 0375
B (2F3) 0402 0375
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State [our work] in GeV Asgharin GeV [31]
B:(2F2) 0467 0.375
B:(3Fs) 038 -
B:(3F3) 038 -
B:(3F3) 0.38 -
B:(3F2) 0428 -
B (4Fs) 0.364 -
B (4F%) 0.364 -
B (4F3) 0.364 -
B (4F) 0.368 -
4. CONCLUSIONS

In this work, we have used the Tridiagonal Matrix Numerov (TMN) approach to estimate the mass spectra of the B,
meson system's newly anticipated excited states. The TMN technique produced precise and stable eigenvalues
corresponding to different radial and orbital quantum numbers by numerically solving the radial Schrédinger equation
under a suitable potential framework.

Our findings show that the TMN approach is a reliable and effective computational technique for simulating heavy-
heavy quark systems, such as the B, meson, especially when it comes to Predicting higher excited states that are now
unattainable through experimentation.

The calculated masses provide accurate predictions for undiscovered excited states that might direct future
experimental efforts at facilities like LHCb and Belle II. They are also compatible with established theoretical models
and, when accessible, current experimental evidence.

The TMN approach's efficacy in hadron spectroscopy is demonstrated by its ability to capture the fine structure of
the B. spectrum. In addition to improving our theoretical knowledge of double-heavy mesons, this study provides a
framework for Predicting further findings in heavy quarkonium physics.

The most noteworthy outcomes of this work are that the decay widths and differential cross sections for B, states
can be computed by utilizing the values of rsand the 8 coefficients that have been figured out. Furthermore, by obtaining
additional meson characteristics, the effectiveness of Numerov's matrix technique can be thoroughly analyzed. The results
of this evaluation are found to correspond well with the findings reported in the literature, which means a high level of
accuracy.

5. RECOMMENDATIONS
Using the Tridiagonal Matrix-Numerov (TMN) approach to predict the excited states of B. mesons, the following
suggestions are made considering the results:

- Adoption in Other Quarkonium Systems: Due to its accuracy and efficiency, the TMN technique is advised for
use in other heavy meson systems, including Y\Upsilon (bottomonium), y\psi (charmonium), and mixed-flavor
mesons like B, or D;.

- Enhanced Potential Models: To better depict both short-range and long-range interactions, it is recommended to
include more realistic potentials, such as the Cornell, logarithmic, or QCD-inspired screened potentials.

- To facilitate the search for and possible confirmation of novel B. meson states, experimental collaborations (such
as LHCb, CMS, and Belle II) should be provided with the expected excited states.

- Cross-Validation with Other Methods: To achieve consistency and dependability, results from TMN should be
cross-checked with those from other numerical approaches, such as lattice QCD, variational techniques, or the
shot method.
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In this paper, we construct and analyze a new class of squeezed coherent states in the framework of position-dependent mass (PDM)
quantum systems. Using a deformed algebraic structure, we generalize the creation and annihilation operators to accommodate spatially
varying mass profiles. The resulting states exhibit non-classical features, such as squeezing, coherence, and modified uncertainty
relations, strongly influenced by both the deformation parameters and the mass function. We explore their physical properties through
expectation values, variances, and probability densities. This work provides a pathway toward extending coherent state theory to more
complex quantum systems with geometrical and algebraic richness.
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1. INTRODUCTION

Coherent and squeezed states play a fundamental role in various domains of physics, particularly quantum optics
and quantum information theory[1, 2, 3]. Originally introduced by Schrodinger in 1926 and Kennard in 1927[4, 5], these
states remained largely overlooked until the 1960s, when seminal works by Glauber, Klauder, and Nieto reignited interest
in their theoretical and practical significance[6, 7, 8]. Squeezed states, in particular, are nonclassical quantum states that
exhibit reduced quantum noise, making them highly valuable for optical communication, precision measurements, and the
detection of gravitational waves—as in the case of LIGO[9, 10, 11, 12]. They are also key resources in continuous-variable
quantum information processing, including quantum computing, dense coding, and quantum cryptography, and can be
implemented in physical platforms such as graded semiconductors [13, 14], quantum dots, photonic crystals, and cavity
optomechanical systems for quantum communication and precision sensing [15, 16]. More recently, the construction and
analysis of squeezed states for systems with infinite discrete spectra have attracted increasing attention as generalized
extensions of coherent states (see, for example[17, 18, 19, 20, 21]).

Quantum mechanics with position-dependent mass (PDM) has emerged as a powerful framework for modeling a wide
range of physical systems with non-uniform spatial characteristics, such as semiconductor heterostructures, graded crystals,
and quantum wells [22, 23, 24, 25, 26, 27]. The modification of the kinetic energy operator due to the spatial dependence
of the mass introduces new challenges and has stimulated the development of refined analytical and algebraic methods.
Among these, supersymmetric quantum mechanics (SUSY QM) has proven particularly fruitful in the construction of
exactly solvable models through factorization methods and intertwining techniques [28, 29].

On the other hand, coherent and squeezed states, first introduced by Schrodinger in 1926 and later formalized by
Glauber, Klauder, and others [30, 31, 32], have become essential tools in quantum optics and quantum information
due to their ability to saturate uncertainty relations and describe non-classical light fields.These states have been widely
generalized to encompass systems with either discrete or continuous spectra, algebraic deformations, and both constant
and position-dependent mass backgrounds. Further extensions have also been developed for more complex scenarios, such
as oscillators defined in noncommutative spaces [33, 34, 35, 36].

In this work, we aim to construct a new class of generalized squeezed coherent states for a quantum system governed
by a position-dependent mass and embedded within a supersymmetric algebraic structure. Inspired by the formalism
developed by Gazeau and Klauder [30], and following techniques involving ladder operators and recurrence relations,
we derive analytical expressions for the coherent-like states, ensuring that they fulfill essential physical criteria such as
temporal stability, resolution of identity, and continuity in the labeling parameter [31, 32].

Moreover, we devote special attention to the analysis of quantum statistical properties of these states. In particular,
we compute their normalization factors, probability densities, and expectation values of relevant observables. The wave-
functions and energy spectrum are explicitly obtained and expressed in terms of orthogonal polynomials and generalized
hypergeometric functions, revealing the deep interplay between the effective mass profile, deformation parameters, and
the algebraic structure of the system.
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Our manuscript is organised as follows : In Section 2, we review the basic formalism of position-dependent mass
quantum mechanics. Section 3 is devoted to the study of the Supersymmetric Squeezed coherent states. In Section 4, we
investigate the properties of squeezed states and discuss numerical results. Finally, concluding remarks are presented in
Section 5.

2. POSITION-DEPENDENT EFFECTIVE MASS HARMONIC OSCILLATOR AND IT EXACT SOLUTIONS

A general expression for the Hermitian kinetic energy operator of a quantum particle with a position-dependent mass
(PDM) m(%) is given by [37, 26, 38]

L1 A A N A PR
=7 [m®(£)p mP (&) pm” (%) + m” (£)p mP (£)pm* (£)] , (1
where the parameters a, 3, and y satisfy the constraint @ + § + y = —1. Different combinations of these parameters lead

to various forms of the kinetic energy operator [39, 40, 41, 42, 43].
In this study, we adopt the representation proposed by Mustafa and Mazharimousavi [43], which corresponds to the
specific parameter choice @ =y = _le’ B = —%. Under this configuration, the kinetic energy operator becomes:

~ 1 1 1 1
T=— 5 H . 2
2m1/4(ae>”(m'ﬂ(x))”m‘/‘*(x) @

Accordingly, the total Hamiltonian for the system is written as

P 1 1 1 1
A=T+VvV== 5 5 +V (%), 3
2 e ) i v ©
where V(%) denotes the potential energy function.
Considering a harmonic oscillator potential defined by V(x) =
Schrodinger equation reads:

3mow*x?, the corresponding time-independent

_ h2 4 ny d my d 4 mo
E¢(x)__2_mo\/m(x)a m(x)a m(x)

$(x) +V(x)p(x), “4)

where m represents the constant reference mass, E is the energy eigenvalue, and ¢(x) is the wavefunction belonging to
the Hilbert space H = L>(R).
In this work, we consider the following mass distribution:

mo
(1 +ax?)?’

®)

m(x) =

where « is a deformation parameter constrained by 0 < @ < 1. This choice generalizes earlier mass profiles studied
in [22, 23, 24, 25, 26], and can be interpreted as an inverse squared length scale associated with local geometric features
such as curvature or structural defects in the physical system.

To simplify Eq. (4), we apply the transformation ¢(x) = %w(x), yielding:

72 d\’ 1
Ey(x) = “3mo (‘/mnz;)c) a) w(x) + Emowzle//(x)- (6)

Using the explicit expression of m(x) in Eq. (5), the above equation becomes:

2 2

h 1
Ey(x) = =5 - Y (x) + Smow’ sy (x). ™

d
1+ ax?)—
(+ax)dx

By introducing the coordinate transformation ¢ = arctan(x+/a), the infinite domain of the position variable x € R is
mapped to a finite interval g € (—%, %) This change significantly simplifies the position-dependent mass Schrodinger
equation, which becomes more tractable in the new variable.

Assuming the ansatz y(q) = cos? ¢ - f(sin ¢), and requiring the absence of singular behavior at the boundaries, leads

to a second-order differential equation that reduces to the Gegenbauer differential equation when a specific condition on

the parameter A is imposed:
1 1 4 ah
— 41+ =, k=—. 8
2 2 K2 K mow ®
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This constraint eliminates the singular term, yielding a well-defined eigenvalue problem with solutions expressible in
terms of Gegenbauer polynomials C;!(ss), where s = sin g. The energy quantization condition is then given by:

e=A+n(n+21), neN, )]

Consequently, the energy spectrum becomes:

1 a’h? ah? 1
E,=h +- | N+ ——t—(nP+20+=]. 10
=t g g S 03 10

This reveals a non-trivial dependence on the deformation parameter «, illustrating how position-dependent mass modifies
the energy levels compared to the standard harmonic oscillator[44, 45]. In the limit @ — 0, the conventional energy levels
are recovered.

The corresponding normalized wavefunctions take the form:

Un(q) =Ncos’lq'C,’}(sinq), (11)

where C}(q) are the Gegenbauer polynomials [46] and N the normalization constant given by :

B /n!(n+/l)F2(/l)
N = a21-227(n + 22) (12)

Transforming back to the x-representation using cos g = \/1:72 and sing = \/f+£2’ the wavefunction becomes:
ax ax

[+ T2 1\ xve
o)\ an (ves) e .

This provides an explicit analytic solution for the eigenfunctions of the deformed harmonic oscillator with position-
dependent mass.

3. SUPERSYMMETRIC SQUEEZED COHERENT STATES
The Hamiltonian operator given in Eq. (7), corresponding to a quadratic potential v(x) = %mowzxz, can be factorized
in the form .
H= fiwwg d;da + Ey(a), (14)

where the ladder operators cﬁ, and d, are constructed within the supersymmetric framework for systems with position-
dependent mass, as defined in [26].

A mowo [ . ha i ~ A mowo | . ha i ~
= + + ], =,/ + - ], 15
Ga 2h (x 2m0w0 mowwo a) Ga 2h (x 2m0w0 mowwo @ ( )

where IT, = (1 + a£?)p is the deformed momentum operator.

In supersymmetric framing, we used the fact that 4, (x) = 0, indicating that the ground state is annihilated by the
operator d,. Although d, and d’; factorize the Hamiltonian Eq. (7) associated with the quadratic potential, they do not
serve as conventional ladder operators, since they obey the deformed commutation relation: [d,, aAT,] =1 + a%?. To take
into account this deformation, we introduce a modified number operator defined by: 7i, = d'ﬁ,dm whose expectation value
on the n-th eigenstate can be obtained as follow.

The generalized number operator 71, = afada, with d, and aA'L defined in (15), can be written as

. mowo , . 2 no 1 2
= +0)t+ I, - =(1+ , 16
o 2% (#+0) 2hmowy ¢ 2( at’) (16)
where ¢ = 2};’()“&)0 and IT, = (1 + @£?)p. Its expectation value in an arbitrary state |y) is
N mowo ,, . 2 1 - 1 2
= + + I;,) — = (1 + . 17
(a) = (4 0 g () = 5 (14 () an

Physically, (i, ) measures the mean excitation number of the deformed oscillator defined by the position-dependent mass
model. The shift ¢ introduces a static displacement of the quadrature £, while II, accounts for a deformation of the
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canonical momentum, modifying the balance between kinetic and potential contributions. In the limit @« — 0, /i, reduces
to the standard harmonic oscillator number operator, and (i) counts the average quanta of excitation in the usual sense.

We define the squeezed coherent state ¥(z,7y,x) as the solution to the eigenvalue equation involving a linear
combination of ladder operators, in accordance with the formalism presented in [20, 8].

(Ao +7d}) W (z,9) = zl¥(z,7)). (18)

This combination of the operators d, and &E is governed by a squeeze parameter y, while z is known as coherent
parameter. When the squeezing parameter vanishes, i.e., y = 0, the resulting quantum states reduce to coherent states,
which are special solutions characterized by minimal uncertainty and classical-like behavior. To ensure that these states
are physically meaningful, appropriate conditions must be imposed on the parameters involved, particularly to guarantee
the normalizability of the states.

Squeezed coherent states (SCS) have been extensively studied in various algebraic frameworks, notably those based
on the Lie algebras su(2) and su(1, 1) [47, 48, 49, 21]. In addition, constructions have been extended to direct sums of
these algebras with the Heisenberg algebra h(2) [21], allowing for a richer variety of quantum states.

In such algebraic settings, especially for su(2) and su(1, 1), the function k() that appears in the recurrence relations
or ladder operator actions is generally a quadratic function of the quantum number n. This reflects the non-equidistant
spectrum structure and the non-linear characteristics of the underlying algebra, distinguishing these systems from the
standard harmonic oscillator.

We expand this state (18) in the eigen basis of the deformed oscillator :

1 T Z(z,v,n)
VN(z,7) 7% Vp(n)

Mmax | Z(2.y.m)%
n=0 p(n)

Zn+l(Z’ 7/) = ZZn(z’ 7) - )/k(}’l)Zn_l(Z, 7)’ Zo=1, Z1=z. (20)

We define the weights p(n) using the generalized factorial:

¥ (z,7)) = [Wn), (19)

where the normalization factor is computed as N'(z,y) = >, and Z(z, 7y, n) satisfies the recurrence relation:

p(n) = [ k(). @1
j=1
Let us recall the energy eigenvalues defined in equation (10) as

1 a?n? al? 1 1 f a2h? ak?
E,=h + |1+ ——+—|(n®+2n+= d Ep=hwy |l + ——+—. 22
“ (n 2) 4m(2)a)2 2my ( " 2) an 0= hw 4m(2)w2 4my (22)

For the system under consideration, the dimensionless form of the latter energy is given by

2p2 12 2p2 72 K2
R — 1+“_+“_(z+zn):(hw Ly O )

dmiw?  2mo 4m3w?  mo
an® + bn = n(an + b), (23)

where the constants a and b are given by

242 2 2
b = hw 1+%+ﬂ, az (24)
dmiw?  mo 2my

The dimensionless form of the energy (23) is similar to the ones obtained in [45, 15] used to study the laser light propagation
in a nonlinear Kerr medium. The product of these dimensionless energies e, represented by p, is defined as

n

Hek, with e; = ak® + bk
k=1

ﬁkﬁ(ak+b). 25)
k=1 k=1

Pn

With the following computations

ﬁkzn!:F(n+1), ﬁ(ak+b):na(k+é):
k=1 k=1 a

n a"l’ (n +1+ 2)
k=1

r(l + g) 20
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The equation (25) becomes

F(n+1+2) @ T+ DT (n+1+2)
on =nla" = , po=1 27

r(1+§) r(1+§)

To derive the analytical expression of the coefficients Z,, (z, y) that define the squeezed coherent states in the deformed
algebraic framework, we assume a factorized form:

y\n/2 . Z
Zu@y) = (X)) ful@). with w=—— (28)
2 2y
Substituting this ansatz into the recurrence relation:
Zny1 =22y —yn(an+b)Z, 1, (29)
leads to a simplified recurrence for f,,(w) of the form:
o1t =20fn =2n(an+b) fu-1,  fo=1, fi=+2vow. (30)
This sequence admits an analytical solution expressed in terms of the Gauss hypergeometric function:
n n—1
fal@) = 20)" 2Ry (— 5] —{ . J; ~b; 1), 31

where 2 F (a, b; c; z) is the Gaussian hypergeometric function.
The general solution of the recurrence relation (29) is obtained in terms of the Gauss hypergeometric function , F; as
follows

Z(z,y,n) = (=1)" (y)"* a"?

r 1+2
(n+ +“)‘2F|(—n, 1 b z b ) (32)

L2 X 420
r'(l+2) 2 2a 24/ya a

We obtain the explicit form of the squeezed states of position-dependent effective mass harmonic oscillator (19) in
terms of the hypergeometric functions as follows :

1 b Z b
_§+Z_ﬁ’ 1+Z’ 2) [0 (33)

Mmax (ya)n/z

1
VN(Z’ 7/) n=0 \/m

¥ (2, 7)) =

where

ax n Q
N, (,ya) r (n +1+ a)

1 bz b\
N(z,y) = . 2 F1 (—n, —+t———; 14+ 2) (34)
nzzo n! r (1 + %) 2 2a 2+ay a
The time evolution of this squeezed coherent states (33) is given by
Wy = 3 S S 2)e‘5"f|w> (35)
LYt = S I8 s
VN (z,7) g 2 2a 2+Jay a "

We are interested in analyzing the special case of (24) where the deformation parameter @ — 0, which corresponds
to the standard quantum harmonic oscillator with constant mass, corresponds to :

72 2 i e
a=" 0 b=nw 1+ 2 Y 0 hoNT 40 = ho. (36)
2myg dmiw?  mo

In the undeformed limit @ — 0, we obtain the simplified and physically interpretable results:

a=0, b=ho. 37
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In this regime, the Gauss hypergeometric function in (32) reduces to Hermite polynomials according to the well-known
identity

1"
2F1(—n, -4 5 2) = { n!) (38)

where H,,(z) are the Hermite polynomials. At the same time, the ratio of Gamma functions F(n +1+ %) / F(l + g)

simplifies to n! in the undeformed case, since the parameter Z diverges while a — 0, which exactly reproduces the
factorial structure of the standard harmonic oscillator basis. Therefore, expressions (32)-(35) reduce to the usual squeezed
coherent states of the quantum harmonic oscillator, and (37) consistently recovers the known limit.

This implies that:

* The deformation parameter vanishes, and the mass becomes position-independent;
e The parameter b reduces to the fundamental energy quantum 7w, characteristic of the standard harmonic oscillator;

» The wavefunctions and the associated squeezed coherent states simplify accordingly, often allowing expressions in
terms of classical orthogonal polynomials, such as Hermite polynomials.

This limit therefore provides a consistency check with the well-known results of quantum mechanics in homogeneous
media. In the limit where the deformation parameter @ — 0, the effective mass becomes constant and the system reduces
to the standard quantum harmonic oscillator. The squeezed coherent state (33) can then be expressed as:

)" H, (i) 5% (39)
V2y

(o)

1

1
Y, = O = — _—
ver = Ny nzzo Va! (

TS

where:
¢ H,(x) denotes the Hermite polynomial of degree n,

* v is the squeezing parameter,

|;,) is the n-th energy eigenstate of the harmonic oscillator,

L]

N(z,7y) is the normalization factor defined as:

N(z.y.a =0) =g% (%)"Hﬁ (\/%_y) (40)

These states minimize the generalized uncertainty relation and exhibit Gaussian-like wavepacket behavior, typical of
squeezed states in quantum optics.

4. PROPERTIES OF SQUEEZED COHERENT STATES
4.1. The non-orthogonality, the normalization, solvability the unity,
Given two squeezed coherent states :

o Zu(2,7)
W (ey)) = W) 1)
o7 w(z,y) 2o
W) = ZZ ) 1y, @)
\/N(z ) Vo(n)

their inner product is given by:

1 > Zn /, ’ Zn ,
Wy (7)) = (&7 )2z y) 3)
Ny IN(z.7) 10 p(n)
In the particular case y’ = vy, this simplifies to:
/ 1 N Zn(2',Y)Zn(2,7)
’ Y= : 44
WE W) = e nZ:O o )
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This sum is generally non-zero, indicating that the squeezed coherent states are non-orthogonal:

W P (zy) #6(z-2). (45)

To verify the normalization of the compressed coherent state, we consider the time-dependent compressed coherent
state obtained in (35), which can be rewritten in the contracted form:

Fmax

1 _iEnt
W (27,0) = ————= > Calz.7)e™ " | (46)
VN (z.7) 7%
with
(ya)™? 1 b z b
Calz,7) = : ——t— - 1+ 2|, 47
@y ==7= 272 2yay ' a “7)
and the constant N'(z,y) is given by (34).
The inner product is given by :
1 FMmax
YD (2, 7.0y = —— Y [Ca(z,y))? = 1. (48)
Wy, 0l (2,7.0) N(m)g (2.7)]

Thus, we conclude that the squared norm of the state is correctly normalized by the factor N (z, y), provided that this
exact expression is used. This normalization condition (48) ensures that the squeezed coherent states remain physically
admissible quantum states in a position-dependent mass background. The normalization factor N'(z,y) encodes the
interaction between spatial mass variation, squeeze effects, and spectral deformation. It guarantees unit total probability
and reflects the modified spectral weight due to SUSY deformation and PDM geometry.

4.2. Probability Density of Squeezed Coherent States
The probability of finding the squeezed coherent state in the energy level n, i.e., the probability density, is defined by:
1Z(z,y,m)?

- 2 _
Pu(z,7) = ) ¥ (z.7)|" = NGy - pn)’ (49)

Substituting the expressions of Z,, and p(n), we obtain the explicit analytical form:
y" I'n+1+b) 2
N(z,y)  T(n+1)

1 b b4
Fil-n, ——+=—-—=;1+b;2
o35 g 100

This expression provides a complete description of the squeezed state probability distribution over the Fock space
basis {|¥,)}, accounting for the deformation via the parameters y and b.

Pu(z,y) =

(50)

4.3. Mean values, standard deviations and uncertainty relations

In this section, we investigate the statistical properties of time-dependent squeezed coherent states in a quantum
system with position-dependent mass. Specifically, we examine the expectation values of the position and momentum
operators, their variances, and the corresponding uncertainty product. These observables offer valuable insight into
quantum fluctuations, coherence, and squeezing behavior of the states. Our analysis follows an approach similar to that
presented by Sanjib Dey and Véronique Hussin [34, 35, 36].

We begin by considering the time-evolved squeezed coherent state, given by:

S (ya)2

W(ey.1) = —=
Z”ys =
IN(z.y) £ Vn! (51)
1 b
X Fi|-n, ——+ — - ——
2 1( T2
where the normalization factor is given by :
FMmax (ya)n F(n+1+§) 1 b Z b 2
N(z,y) = . R l-n s — - —; 1+ —; 2 52
(ZV)ZH, 21("22a @y a) (52)

n=0 : F(l + %)
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The quadrature operators of position and momentum are written in terms of the ladder operators as

. p
%=/ (@' +a), and p =iy " -a). (53)
2mw 2

To compute the uncertainty relation, we need the following expectation values of X and p for squeezed coherent

states, respectively, given by:
h n
@) = \[53,= (@ +(@") =2y 5= - Re (@), (54)
i i
(P) =iy T3 (@) - @) = 2/ 2 - Im (@) (55)

where the expectation value of the annihilation operator is given by :

and

nmax_1
@) = Z C:Cpo Vi + 1. (56)
n=0

Combining the equations (54) and (55), we obtained the expectation values of £ and p? as :

() = 1 (@) + ™) + @'a) + (aa") (57)
2mw
) = =52 (@ + @ - @) - @ah). (58)
where we set
@ay= Y 1CaPm, (59)
n=0
@iy = (CuPn+1), (60)
n=0
Nmax —2
@y= > CiCuaNn+ D)(n+2), 61)
n=0

Mmax —

2
@ =3 CroCaVn+1)(n+2). (62)
n=0

We now define the normalized coeflicients :

C, = L (63)

VN (z,7) ’

with the coefficient C,,(z,y) defined by :

F(n+1+2
(ya)"? ( “) 1 b z b
Cn(z,y) = oF|-n st - = 1+ 2. (64
" V! F(1+2) 2 2a 2+ay a
By the simple way, we compute the expectation Value of a
Nimax — 1
@= > CiCuVn+1 (65)
n=0
Thus:
Aimax — |
Re((@) = Y Re(CiCuni) Vn+1, (66)

n=0
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Amax— 1
Im({a)) = Z m (C:Cy1) Vn + 1. (67)
n=0

Let us define the hypergeometric part in (64) as follows :

1 b b
wi=2F-n, ——+ — ; +—2 68
Jn =20 ( -5+ 2\/_ ) (68)
Then the normalized coefficient is:
- C n2 IT(n+1+2
C n (Va) . ( - a) . (69)
\/N(z V) Vn!IN r+2)
The expression of the product C,, é:; .1 becomes :
- . 1 a)tD/2 \T(n+1+2)(n+2+2)
CC+1__ (ra) : < 2 < f"'fn+l (70)
N nl(n+1) [C(1+ )]
This simplifies to
b b
. (ya)r*1/2 Fn+1+2)I'(n+2+2)
CCoyy = @ o fr (71)
m N [T(1+2)]
The real and imaginary parts used in position and momentum expectations are as follows:
Re({(4d)) = z"m“ Re (C,C:, ) Vn+1, (72)
Im((@) =3 "Im(C,Ci, ) Vn+ 1. (73)
Thus, the full expressions are:
A S max—1 (ya)™'> [(n+1+2)M(n+2+2) ) . T
@) =2mg L% Re |:\/n!(n+l)!~N \/ [ra+2)]° Futuer| - Nn A1 74
A hmw N max— 1 (7“)’””2 . F(n+l+%)r(n+2+%) . * A/
(p) =2 L2y Im[\/n!(n+1)!~N \/ [ra+2)]? Iutusr| N1 (75)

The terms f, are hypergeometric functions evaluated at fixed parameters. The products f, f;, , contain the phase
differences (squeezing effects). The square root of the gamma functions encodes the deformation of the ladder through
b/a.

We consider the normalized squeezed coherent state:

n,
max - - Cn
W(z.y)) =) Cultm), avec Cp=—r=. (76)
nZ:O VN (z,7)
Then the position and momentum variances read:
h Mmax — Timax =2
Q2y \/7 > \/7
(%% 5 Z_] C:Criin+ D(n+2) + Z * LGN+ 1) (n+2)
Mmax HMmax
+ UG n Y (G (n+ 1) (77)
n=0 n=0
hmw Mimax =2 Nimax —2
P = - 2Cnn+ D(n+2)+ Y. CryCu(n+ 1)(n +2)
n=0 n=0
Amax Mmax
—Z|C|2 n—ZlC P-(n+1) (78)
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These expressions allow full analytical or numerical evaluation of quantum variances.
Finally, the uncertainties are computed as follows :

Mmax Amax—2
Ax-Ap = (Z(zn+1)|c 242 Z Re ( \/(n+1)(n+2))—()2)zl
hm(.l) max "lmax*2
(Z(Zn +DICP =2 ) Re(CiCua) Vn+ D(n+ 2)) - (p)? (79)
n=0
By replacing by :
Mmax RNmax —2
A = Z(2n+ DIC.A B =2 Z R(C:Crin) V(n+ 1) (n+2),
n=0 n=0
xo: = (%), po = {p), (80)
we obtained for Equation (79) gives the following factored form :
K2 h hmw
AxAp:\/Z(AZ—BZ)—M(A+B)1)(2)—T(A—B)xg+x3p(2). (81)

This equation (81) shows that the uncertainty product Ax Ap reaches its minimal value 71/2 when the correlations
B and the occupations A satisfy A> — B> = 1 and the mean values xq and p, disappear. This condition corresponds
to standard coherent states that saturate the Heisenberg uncertainty inequality. Any deviation from these values, due to
squeezing (|B| < A) or excess thermal population (A > 1), inevitably increases the uncertainty product.

5. CONCLUSION

In this work, we have constructed and analyzed squeezed coherent states within a supersymmetric framework for
systems with position-dependent mass. Starting from the exact spectrum obtained via SUSYQM, we derived explicit
expressions for the statistical properties, quadrature variances, and uncertainty products of these states. The generalized
Heisenberg uncertainty relation was evaluated exactly, showing that the ground state saturates the minimum bound Ax Ap =
/2, while the squeezed states can violate the standard vacuum limit in one quadrature. Our results show that the constructed
states exhibit sub-Poissonian statistics, quadrature squeezing, and negative regions in the Wigner function, confirming
their non-classical nature. The formalism developed here can be applied to model light—matter interactions in graded
semiconductors [13, 14], quantum dots, and optoelectronic systems such as photonic crystals and cavity optomechanics
for quantum communication or sensing [15, 16].
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We investigate the thermodynamic properties and stability of hyperbolic (AdS—Rindler) black holes, emphasizing the effects of non
perturbative quantum correction. Using standard thermodynamic formulations alongside the Poincaré disk method, we compute key
quantities including mass, Hawking temperature, entropy, and heat capacity. To account for quantum gravitational effects, we introduce
an exponential correction to the Bekenstein—Hawking entropy and systematically derive the modified thermodynamic parameters. While
the corrected entropy yields consistent adjustments, the heat capacity exhibits nontrivial behavior, leading to narrower and more gradual
stable regions (Ar(g)) for each dimension d. Moreover, the smoothing of sharp entropy variations near r, = 1 emphasizes how horizon
geometry governs the impact of quantum corrections. This study provides the novel systematic identification of stable regions before
and after exponential corrections of (AdS—Rindler) black holes, offering new insights into the interplay of geometry, dimensionality,
and quantum effects in black hole thermodynamics.

Keywords: Hyperbolic black holes; Quantum entropy correction; Stability analysis
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1. INTRODUCTION

The study of black hole (BH) thermodynamics has been a cornerstone in understanding the intricate relationship
between gravity, quantum mechanics, and statistical physics. Central to this field is the exploration of how black holes
(BHs), as thermodynamic systems, adhere to laws analogous to the classical laws of thermodynamics. The seminal
works of Bekenstein and Hawking established that BHs possess an entropy proportional to their horizon area [1, 2].
The formulation of BH mechanics as analogous to the laws of thermodynamics was first systematically established
by Bardeen, Carter, and Hawking [3], who demonstrated that the surface gravity of a BH remains constant over the
horizon, analogous to temperature in conventional thermodynamic systems. This foundational framework later faced
challenges with the information paradox, which found a potential resolution pathway in Page’s work [4], suggesting that
information might be preserved in BH evaporation through subtle correlations in the radiation, with information beginning
to emerge after approximately half the entropy has been radiated away—a concept now known as the 'Page curve.” A
complementary breakthrough came from string theory when Strominger and Vafa [5] provided the first precise microstate
counting for certain supersymmetric BHs, demonstrating that the Bekenstein-Hawking entropy formula could be derived
from first principles by counting the degeneracy of D-brane configurations, thus establishing a crucial link between
gravity and quantum theory that continues to influence the development of quantum corrections to BH thermodynamics.
These discoveries have spurred extensive research into the microscopic origins of BH entropy and the potential quantum
corrections that arise in various gravitational settings. In particular, the Anti-de Sitter (AdS) spacetime has garnered
significant attention due to its role in the AdS/CFT correspondence, which posits a duality between a gravitational theory
in AdS space and a conformal field theory on its boundary. Within this framework, Rindler-AdS spacetime emerge as a
fascinating subclass, characterized by their hyperbolic horizons and constant acceleration analogous to Rindler coordinates
in flat spacetime. These spacetime provide fertile ground for investigating the thermodynamic properties of BHs, especially
when considering the implications of quantum corrections to classical entropy formulations [6, 7]. The importance of AdS
black holes has been widely recognized, leading to extensive research in various directions. For instance, the reconciliation
of the Weak Gravity Conjecture (WGC) and the Weak Cosmic Censorship Conjecture (WCCC) by examining Einstein-
Euler-Heisenberg-AdS BHs in four-dimensional spacetime has been investigated in [8] by applying certain conditions to
the metric parameters, they show that the (WGC) and the (WCCC) can be simultaneously satisfied. Furthermore, the
investigation of the thermodynamic topology of AdS Einstein—power—Yang—Mills BHs using both bulk-boundary and
restricted phase space (RPS) approaches, considering different non-extensive entropy models, has been studied [9]. Also,
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the thermodynamic topology of Schwarzschild-AdS BHs under the frameworks of non-commutative geometry and Barrow
entropy, providing an overview of the black hole’s properties and the relevance of Barrow entropy studied in [10].

The Bekenstein-Hawking entropy formula, which equates the entropy of a BH to a quarter of its horizon area, serves
as the classical foundation for BH thermodynamics. However, various approaches in quantum gravity suggest that this
entropy receives corrections, often manifesting as logarithmic terms including thermal fluctuations [11], higher-order
entropy corrections [12], non-perturbative exponential corrections [13]. These corrections are pivotal in understanding
the microstates contributing to BH entropy and have profound implications for the stability and phase structure of BHs
[1,2].

Recently the thermodynamic properties of AdS—Schwarzschild-type BHs through the framework of loop quantum
gravity has been tested, showing that quantum corrections play a crucial role in reshaping their critical behavior and
phase transition characteristics [14, 15, 16]. These corrections modify key aspects such as the equation of state, critical
points, and heat capacity, ultimately affecting the stability conditions of BHs. Such insights highlight the importance
of accounting for quantum effects to achieve a deeper and more complete understanding of black-hole thermodynamics
[17,18, 19].

In the realm of Rindler-AdS spacetimes, the entanglement entropy of holographic quantum fields has been the
subject of extensive investigation. Emparan and Magan [20] demonstrated how quantum disentanglement modifies the
entanglement structure of holographic quantum fields in Rindler—AdS geometry, while in [21] extending the Rindler
method to compute timelike entanglement entropy in AdS3/CFT, has been studied. Further developments in [22, 23]
analyzed generalized Rindler wedges and inner-horizon entanglement, respectively, highlighting the geometric richness of
these setups. Complementarily, Miao [24] investigated the Casimir and holographic dual aspects of AdS wedges, providing
deeper insight into quantum correlations across Rindler horizons.

Interestingly, holographic analyses indicate that the entanglement entropy remains finite even in the zero-temperature
limit, creating a puzzling scenario that has motivated extensive investigations into the quantum properties of Rindler—AdS
BHs [20, 21, 22, 23].

In recent years, the study of quantum corrections to BH thermodynamics has gained significant attention [25, 26, 27,
28, 29], as these corrections might provide insight into the quantum nature of gravity and potentially resolve longstanding
paradoxes such as the information loss problem [30]. Prior attempts to consider corrections to the BH entropy are due to
the thermal fluctuations which at leading order add an alogarithmic term to the BH entropy [31, 32, 33, 34, 35, 36]. Higher-
order entropy corrections represent another important approach to quantum BH thermodynamics. Upadhyay et al. [12]
studied the P-V criticality of AdS BHs corrected for first-order entropy in massive gravity, finding that entropy corrections
can substantially alter phase transition behavior. The application of quantum gravity approaches to BH thermodynamics
represents the frontier of this field. Pourhassan et al. [37] investigated quantum gravitational corrections to the geometry
of charged AdS BHs, while Lone et al. [38] applied topos theory to derive quantum gravitational corrections to a Kerr

BH. These studies suggest that a full quantum theory of gravity might resolve longstanding issues in BH thermodynamics,
(©)
including the information loss paradox. The classical Bekenstein-Hawking entropy formula (S ) is given by:

() kpA
= 1
BH = 5o (1
where A is the area of the horizon given by:
A =ne l; 2

where € is constant and 7 is the quantum number. In addition, the surface gravity « is computed as:

1 df
K = z Z B (3)
r=rp
where f(r) is the blackening factor. It is important to note that the expression for surface gravity presented in Eq. (3) is
applicable only to static black hole configurations, such as the Schwarzschild and Reissner—Nordstrom solutions, and fails
to describe rotating (Kerr) geometries (see [3, 39, 40]). Furthermore, the temperature (7') of a BH is related to its surface
gravity («) by the formula:

hk
T = 2’ @
where, 7i is the reduced Planck constant. This relation arises from the Hawking temperature formula, which states that
the temperature of a BH is proportional to its surface gravity. This result is fundamental in BH thermodynamics and is
derived from quantum field theory in curved spacetime.
Quantum gravitational effects are expected to introduce corrections to this entropy. Various approaches, including
string theory and loop quantum gravity, suggest modifications that often take the form of logarithmic or exponential terms.
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For example, Calmet and Kuipers [41] calculated quantum gravitational corrections to the entropy of a Schwarzschild BH
using the Wald entropy formula within an effective field theory approach.
BH entropy is generally expressed in the following form [42]:

S A +aln A +,B4f§°+ +e€ 0 A + (@)
[ — o —_— —_— oo X —_() ——— PP
42 42 " A P 403

where the constants (a, 8, d,7n), and similar terms, are universal. For black holes with small horizon areas of order
(0(1127)), a complete quantum gravity framework is required for a proper description. In such cases, the logarithmic
and higher-order correction terms involving ((112, /A)) may be modified or even absent. Pourhassan et al. [13] applied
non-perturbative quantum corrections to a Born-Infeld BH and analyzed its information geometry, revealing new aspects
of BH microstructure. More recently, Pourhassan et al. [43] investigated non-perturbative corrections to BH geometry,
showing how quantum effects fundamentally alter spacetime structure near BH horizons. The study of quantum corrections
in various BH backgrounds has also extended to higher-dimensional and exotic BH solutions. Han et al. [44] examined
the the impact of fluctuations on AdS BHs in arbitrary dimensions, deriving how horizon perturbations change Hawking
temperature and Bekenstein—Hawking entropy and discussing resulting thermodynamic consequences. While Pourhassan
et al. [45] investigated the quantum thermodynamics of an M2-MS5 brane system. These studies highlight the universal
nature of quantum corrections in different theories and dimensions of gravitation. Recent work has also connected
quantum-corrected BH thermodynamics to holographic concepts such as the AAS/CFT correspondence. Kumar et al. [46]
studied the stabilizing effects of higher-order quantum corrections on charged BTZ BH thermodynamics, demonstrating
how quantum corrections affect the stability of BHs in AdS space. Moreover, Pourhassan et al. [47] examined thermal
fluctuation effects on the shear viscosity to entropy ratio in five-dimensional Kerr-Newman BHs, providing important
connections to hydrodynamic properties of dual field theories.

In the context of Rindler-AdS hyperbolic BHs, understanding these quantum corrections is crucial, as they can
significantly influence the thermodynamic stability and phase structure of the system. Studies have shown that such
corrections can alter the heat capacity and, consequently, the stability criteria of BHs [48].

Recent studies continue to explore quantum gravity’s impact on BH thermodynamics, from shadow imprints and
singularity resolution in regular BHs [15, 49] to phase transitions in hyperscaling-violating spacetimes [50]. Investigations
into AdS BHs further show how corrections from the generalized uncertainty principle alter their evaporation and stability
[51], with thermodynamic geometry providing key insights into the resulting phase structures [52]. Our work builds upon
this foundation by applying an exponential entropy correction to the distinctive AdS-Rindler geometry, revealing its unique
stability signatures.

This article is organized as follows. Section 2 presents the theoretical model, establishing the foundational framework
for our analysis of AdS-Rindler BHs. Section 3 explores the mathematical aspects of computing the area of AdS-Rindler
BHs. In Sec. 4, we develop the thermodynamic framework before adding quantum correction, introducing key concepts
and methodologies for analyzing BH thermodynamics from a thermal point of view. Section 5 provides a detailed
analysis non-perturbative quantum corrections of entropy and other thermodynamic function model. Section 6 explores
the comparison between the thermodynamics before and after adding quantum corrections. Finally, section 7 summarizes
our findings and discusses their implications, along with future research directions in this field.

2. GENERAL FORM OF HYPERBOLIC BLACK HOLES
The action for a hyperbolic BH in the Rindler-AdS spacetime is typically derived from the Einstein-Hilbert action
with a negative cosmological constant. The general form of the action in (d + 1)—dimensional space-time is given by:
S = 1
- 167G

/ d x\=g (R - 2A) (6)

where, R is the Ricci scalar, and A = —d(;l ;1) is the cosmological constant for AdS spacetime with curvature scale

[. Unlike their spherical counterparts, these BHs exhibit distinct thermodynamic behaviors because of their horizon
geometry. The variation of this action with respect to the metric g,,, gives Einstein’s field equations:

1
Guv = Ryy — zgl,yR + guvA = 0. @)

Taking the trace by contracting with g#”, leads to:

o d(d+1)
==

Substituting this into Eq.(7), we obtain the Einstein tensor (G ) as the following.

®)

d
G,uv = va + (ﬁ) 8uv = 0. &)
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This describes an AdS spacetime with constant curvature. The general form of the metric for a (d + 1)-dimensional
hyperbolic BH can be expressed as:

d 2
ds® = —f(r)de* + f(—’"r) +r2dH, (10)
where ng .1 denotes the unit metric of the hyperbolic static BH in & + 1 dimensional space [48]. Although the

metric considered here, Eq. (10), does not explicitly use Rindler coordinates, it corresponds to the hyperbolic patch of
anti—de Sitter (AdS) spacetime that is locally equivalent to the Rindler wedge of AdS under an appropriate coordinate
transformation (see Refs. [48, 53]). Hence, following common usage in the literature, we refer to this background
as a Rindler—AdS spacetime. This designation emphasizes the constant—acceleration interpretation of observers in the
hyperbolic AdS region and justifies the thermodynamic analysis in analogy with Rindler horizons. Or, in the matrix form
the metric tensor g, is a (d + 1) X (d + 1) symmetric matrix:

[-f(r) O 0 0 0
1
0 i) 0 0 0
0 0 0 0
gw=1| 0 0 0 r2sinh?y 0 (1)
0 0 0 0 .o« r2ginh® y - - -sinh? 64_3]
The Ricci tensor components presented in Eq. (9) can be calculated as:
_ a a B B
Ry = 0ol — 0,00, + T80, — T8, (12)
where Fffv is the Christoffel symbols, can be found:
1
F;L/loz = Eg'uﬁ( 6v(gaﬁ) + aa(gvﬁ) - aﬁ(gva) ) (13)
Substituting Eq. (11) and Eq. (12) into Eq. (7) the blackening factor (f(r)) can be found as:
2
r M
f(”)=f—2—1—’m, (14)

The event horizon is located at r = rj, where f(rg) = 0 and M is the mass of the BH. Then solving (f(ry) = 0) yields
the following:

72
M=rl? (f—g—l). (15)
Thus, substitution of Eq. (15) Eq. (14) reduces to,
P A
f(r)=€_2_1_rd_—2 E—l (16)

This metric function is the key factor for calculating surface gravity, Hawking temperature, and other thermodynamic
parameters, as we will see in the upcoming sections.

3. AREA OF HYPERBOLIC SPACE

To find the area of a hyperbolic space, we consider the metric of hyperbolic space Hy-1 and compute the surface
integral over a given region. The hyperbolic space (Hy;-1) can be represented using the Poincaré disk model, where the
metric in polar coordinates is given by:

dr? + r2dQ?
ds? = ——— 422 17
* (1-r2)2 (1n
where (r) is the radial coordinate on the Poincaré disk (0 < r < 1) and (dQé_z) is the metric on the unit (d —
2)—dimensional sphere. The area element in H;_; (with the dimension of length / normalized to unity) is given by [53]:

rd=2 gr dQg_»

dA = ————
(1 - r2)d-1

(18)
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d—Z . . . . . .
where ———— g is the metric determinant. The total area of a hyperbolic space up to a radius (rj) is calculated as

(1 r)dl
/ / dzdrdeg
Qs ]_rZ)d 1

(for s1mphclty we assume [ = 1):
2p(d=1)/2 o pd=2 gy

TT(d-0/2) Jy (=)l (19)

A(rp)

Since the factor (Qg_» = r%(”ff%) is the total solid angle for a unit (d — 2)—sphere. Making the substitution (x =

r?, dx = 2rdr), Eq.(19) reduces to:

p(d=1)/2 r} 1

m 3 .X(d_3)/2 (1 - x)_(d_l) dx (20)
- 0

A(rp) =

Thus, the total area of hyperbolic space obtained as [54]:

2pld-D/2 =1 d-1 d+1
A(rn) = : ( 7

R, O e Y 21

. (ﬂ) -1 (= — i Th (21
2

where,  F (d d-1; d” ) is the Gauss hypergeometric function. Thus, Eq.(21) gives the area enclosed within the

radius ry, in the hyperbohc space.

4. THERMODYNAMICS OF ADS-RINDLER BHS

In this section, we derive the fundamental thermodynamic properties of BHs using established formalisms in BH
thermodynamics. We begin by computing the temperature and entropy, followed by the heat capacity, which plays a key
role in determining the stability of the BH. The upcoming calculations provide a comprehensive understanding of the
black hole’s thermodynamic structure and its response to quantum corrections or modifications in the entropy function.
Substituting the area presented in Eq. (21) into Eq. (1) (assuming kg =% = G = 1) we obtain the following.

(C) d— d+1
S B(d)r‘“zFl( s d=1s = ,,%), (22)

where,

ald=D/2

Bla= 2(d - 1)r(%)

Similarly, substituting Eq. (16) into Eq. (3) leads to the following (¢ = 1):

d 1 2
= — h— — 2
K 2[}’/ rh+drh] (23)
Thus, Hawking temperature can easily be found from Eq. (23) and Eq. (4) as:
d 1 2
T = - — 24
4r "h d rh} 24

where rj; denotes the black hole’s horizon’s radius. Furthermore, the heat capacity of the BH is an essential
thermodynamic quantity that determines its stability. From the first law of BH thermodynamics, it is found to have
following relation [55, 56]:

oM
C=%r

oM oT
- (a—) / (a—) )

Using Eq.(15) and Eq.(24), the partial derivatives of mass and Hawking temperature with respect to the horizon radius ry,
are expressed by

oM

G = ld = d=2)]. (26)
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and
oT 1 d-2
— =—|d , 27
orp,  4rn [ * ry @7)
respectively. Finally, by substituting (26) and (27) into (25), the uncorrected (or classical) heat capacity is given by:
(©) dri—(d-2
¢ i [ 2D 0 8)
dr,+(d-2)
The pressure associated with the BH can be expressed as [55]:
1
P=3TS. 29)

This relation establishes a direct connection between the temperature, entropy, and thermodynamic pressure of the BH.
Thus, putting (22) and (24) into (29) the pressure of the AdS-Rindler black hole obtained as,

©  B(d) 445 (,2 d-1 Ld+1 5
P =i (drh—d+2)2F1 —d-L i)

(30)
where we have used the derivatives of the the hypergeometric function formula:

d b
LR biciz)=20F (a+1, b+ 1 c+1;2)
dz c

The thermodynamic volume, which is conjugate to the pressure, is obtained using the following definition [13].

oM
T HP

)

This expression describes how the mass M of the BH varies with respect to pressure, providing insight into its extended
phase-space thermodynamics. In so doing, applying Eq. (31) to Egs. (15) and (30) the BH volume can be calculated as:

14

©) gx/2) dri—(d-2) .
B B(d) . 22— (d=22)F (4= g—1: 4l. ;2 2(d-1)2 2 di?—d+2)F (4L g. d£3. 2 (32)
Ty, ( ) 201 7 s Ty e Iy, + d+1 rh( U + )21 7 > 45 T Ty

Finally, the Gibbs free energy, which characterizes the thermodynamic stability and phase behavior of the BH, is
given by [13]:

G=M-TS. (33)

This quantity plays a crucial role in understanding phase transitions and critical phenomena in BH thermodynamics. Doing
so0, substitution of Egs.(15), (22) and (24) into Eq.(33) leads to find the Gibbs free energy as:

© B(d) d-1 d+1
G =rz 2 rﬁ—l——4ﬂ(l/2) (dr%l—d+2) 2 Fy (—2 ,d—l;—2 ;1’12,)} (34)

Ultimately, we can say these functions provide the complete semiclassical thermodynamic description of AdS-Rindler
hyperbolic BHs.

5. THERMODYNAMICS OF ADS-RINDLER BHS WITH QUANTUM CORRECTION

In this section, we systematically incorporate quantum gravitational effects into our thermodynamic analysis of
hyperbolic BHs. Following the approach outlined in section (1), we employ an exponential correction term to the
Bekenstein-Hawking entropy, which captures non-perturbative quantum effects near the Planck scale. This correction pro-
vides a more complete description of BH microstate structure when quantum gravitational fluctuations become significant.
We begin by modifying the classical entropy with an exponential correction term,

@ (© ©
S=S+npe?’s
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d-1 d+1
d-1 . .2
:B(d)rh 2F1 (T,d—l,T, rh)
d-1 d+1
+ 1 exp [—6B(d)r,‘f_le1 (T’d_l; %;”Z)], (35)

where ¢ is the quantum correction parameter that controls the strength of quantum gravitational effects. This parameter
has dimensions of area and is expected to be on the order of the Planck area. In the limit § — 0, we recover the classical
entropy formula, and as ¢ increases, quantum effects become more pronounced.

With the corrected entropy in hand, we now derive the corresponding modifications to the other thermodynamic
quantities. The non perturbative quantum corrected temperature can be found from the first law of BH thermodynamics
(dM =T dS) using Eq,(15) and (35) as:

Q oM
T = —
S

~(a) (&)

dri-(d-2)
= — (36)
(d=1)B(d)ry [(d = DWy + 222 Wo [1 - g e-om@ritm
where,
d-1 d+1
Wi =1F (T,d—l; — r;zz), 37
d+1 d+3
W, =,F) (T d; —= rﬁ). (38)

Q)
Significant changes appear in the non-perturbative quantum corrected heat capacity C , which is defined through the
mass-temperature variation. The expression is derived using Eq. (25) for heat capacity, Eq. (26) for the mass derivative,
and Eq. (36) for the quantum temperature derivative:

(Q)

@ _(om) [|oT
- 6rh 6rh

_ i @ 1P B@P D1 rw) P2 ()] [dr, - (d - 2)]
2d(d — 1)B(d)riD1(rp)Da(rp) = [dr} = (d = 2)| D3

(39)

where,

2(d - 1)?
d+1
Dy(ry) =1-n & e 0B Wi

D3(rp) = (d = 1)B(d) [D1(rn)D2(rn) + 1D (rp) Do (rn) + raDy(rp) D5 (rp) ]

Dy(rp) = (d-1)W; + raWs

4d(d - 1)?
’ 2 3
Dl(rh) = 2(d - 1) Wy + thW:’,
. 2(d - 1)?
D5 (ry) = 1o B(d) e B W [(d w2020 r;;’WZ]

Ws = o F) (%,dﬂ; ?;r,i).

The quantum-corrected pressure is calculated by applying Eq.(29) to the modified entropy Eq.(35) and modified temperature
Eq.(36). Thus, we obtain:

Q@ [dr; - (d-2)] [B(d) rd='wy +n e_ag(d)r;;-lwl]
"o : (40)
2(d-1)B(d)rp [(d - W, + ”Z;pzrﬁ%] [1 _ e 9B r;f*‘wl]
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(o)
The corrected thermodynamic volume V , can be calculated from Eq.(31) as:

Q) oM

V = —— 41
Q) @1
J P
59
where the numerator of the above equation are presented in Eq.(26). While, one can ﬁnd in the denominator from

Eq.(40). This yield extremely lengthy expressions due to the complexity of the quantum- corrected pressure function
Eq.(40), which involve products of hypergeometric functions and exponential correction terms. For this reason, the fully
expanded form is not written here, which would span multiple lines and obscure the physical interpretation. Finally, the
corrected Gibbs free energy can be calculated as,

©) r2 [d 73 = (d=2)] [B(d) 7' Wi+ ¢=0 BT |
G =ri2| |- —. @)
¢ (d = 1)2r, W, + 24112, Wz—né((d— D)2 Wy + 24217, w) ~SB()riTWi

These quantum-corrected formulations yield several key physical insights. The exponential correction term introduces
a regularization effect that becomes significant as r;, gets small, smoothing out the divergent behavior observed in the
classical case. Unlike logarithmic corrections that dominate at large horizon areas, our exponential correction becomes
most relevant at intermediate scales, particularly in the small scale. The quantum corrections preserve the overall
thermodynamic structure, particularly affecting the stability conditions indicated by the heat capacity.

In the following section, we will analyze these results graphically to better visualize the impact of quantum corrections on
the thermodynamic landscape of hyperbolic BHs.

6. RESULTS AND DISCUSSION

This section conducts a stability analysis in hyperbolic BH solutions. The impacts of quantum corrections on
thermodynamic properties are visualized through graphical representations. First, the heat capacity in Eq.(28) serves as a
key indicator of stability, with sign changes corresponding to transitions between stable and unstable regimes. As shown
in Figs. (1) and (2), the heat capacity exhibits a singularity at r;, = 1, which indicates a critical point in the thermodynamic
behavior of the BH. In addition, according to Eq. (25), a divergence in the uncorrected (or classical) heat capacity occurs
when the temperature reaches an extremum (07" /dr;, = 0). Thermodynamic stability changes whenever the heat capacity
changes sign—occurring at 7 = 0 or M /dr, = 0. A positive heat capacity corresponds to stability, while a negative
value indicates instability. Thus, analysing zeros and singularities in the heat capacity is essential for determining BH
stability and identifying phase transitions. From Eq.(27), assuming (07 /dry) = 0, we shall determine the range of d
values for which the temperature profiles exhibit extremal points (heat capacity diverges). Thus, we obtain:

2-d

rp=ri(d) =+ y

(43)
The negative solution is physically unacceptable. Moreover, in BH thermodynamics, only dimensions with d > 2 are
admissible. Considering this, the preceding equation reveals that the only real solution occurs at d = 2, giving r, =

c

rf(d = 2) = 0. Substituting d = 2 into Eq. (28) yields (C) = 4nrp,, showing that the heat capacity remains finite for all
non-negative values of rj, and never diverges. Therefore, the obtained result r, = ¥, (d = 2) = 0 should be regarded as an
apparent solution. On the other hand, a change in the sign of the heat capacity indicates a transition between stable and
unstable BH states, with the transition occurring at points where the heat capacity reaches zero. From Eq.(26), assuming
C = 0 (corresponding to T, = 0 or IM /drj, = 0), the solution becomes:

-2
rn=ry(d) ==+ dT (44)

Ignoring the nonphysical negative root, we see that for d > 2, the regions of instability and stability correspond to rj, <
ri(d) and rj, > r}(d), respectively. Specifically, for d = 2,3,4,5 we have r}(d) = 0,1/V3 = 0.577350,1/V2 =

0.707107, \/T = 0.774597 (indicated by stars in Fig. (2) (panel (a)). Moreover, Fig. (1) presents both classical entropy
(panel (a)) and quantum-corrected entropy (panel (b)) as a function of the horizon radius ;. As can be seen, there is a
sharp broadening around r;, =1, which suggests a rapid entropy change near the critical horizon radius. This could be
an indicator of a phase transition or a region in which the thermodynamic behavior of the BH changes drastically. After
adding quantum correction, the most notable effect is that the sharp broadening around rj, = 1 is smoothed out, leading to
a more gradual change in entropy, especially as the negative part becomes positive.

Furthermore, to analyze BH instabilities in the quantum-corrected case, we shall use Eq. (39) and determine the
critical values of the horizon radii, namely rj (d) and rZ,(d). Comparing Eq. (39) with Eq. (25), we see that both share the
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Figure 1. The plots show the classical behavior of entropy before correction (panel a) and the quantum corrected entropy (panel b) of
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(Q)
common factor (0M /dry,) in the numerator. Therefore, the zeros (7 (d) ) of the quantum-corrected heat capacity ( C )

(o))
are identical to those of the classical heat capacity ( C ), which were analytically obtained in Eq. (44).

Q)
However, due to the complexity and nonlinearity of the denominator (9 T /dry) of Eq. (39), which involves
transcendental functions, obtaining analytical solutions for rX (d) is impractical. Therefore, the roots can be computed

numerically. For each value of d, the stable region for the BHs, corresponding to (g : > 0, is indicated by the interval
between these critical values, i.e., Ar(g) = |r;’o(d) - rg (d)\. Specifically, for the values of d = 2, 3, 4, 5, the stable regions
are defined as follows: Ar(y) = [0.093547 — 0| = 0.093547, Arz)y = [0.681542 — 0.577350] = 0.104192, Ary =
|0.776354 — 0.707107| = 0.069247, Ary = 10.821919 — 0.774597| = 0.047322, respectively. These points are
highlighted with different markers in Fig. (2) (panel ¢). In addition, in the case where d = 5, we note that the heat capacity

Q
(C) exhibits an additional divergent point at the vertical asymptote (r;, = r (5) = 1.836). Beyond this point, the black

hole re-enters a stable region, as illustrated in Fig. (2) (panel d).

7. CONCLUSIONS

In this study, we conducted a comprehensive thermodynamic and stability analysis of AdS—Rindler (hyperbolic) BHs,
a theoretically significant yet relatively unexplored class of BH geometries. Using the framework of Hawking entropy and
quantum-corrected thermodynamics, we examined how quantum effects influence the stability of these BHs.

Our results reveal that the heat capacity plays a decisive role in determining stability regimes. For the uncorrected
heat capacity case, we have found the critical radii (rg (d)) (as in Eq.(44)) in which C becomes positive and enters a
stable region for all 74, > r{ (d). While, upon introducing exponential quantum corrections to the entropy, we observed the
drastically change in the stability regions, leading to narrower but smoother stable regions where calculated by Ar(4) in
Sec.(6). Quantitatively, the size of these intervals for small black holes varies with the spacetime dimension d, reflecting
their measurable sensitivity to quantum fluctuations across different dimensions.

The quantum-corrected heat capacity generally destabilized large Rindler—AdS (hyperbolic) black holes across all
studied values of d. However, in the special case d = 5, the system regains stability for horizon radii satisfying r;, > 1.836
, where the heat capacity C becomes positive.

Overall, our findings demonstrate that quantum corrections drastically alter the qualitative stability of hyperbolic
BHs and do refine their thermodynamic structure, particularly by smoothing sharp entropy variations and modifying the
stability of such BHs due to studying heat capacity .

In summary, the interplay between geometry, quantum corrections, and thermodynamic behavior in AdS—Rindler
BHs provides valuable insights into nonclassical BH thermodynamics. In future work, the calculation of additional
thermodynamic quantities such as pressure, volume, and the Gibbs free energy will enable the study of phase transitions,
equations of state, and thermodynamic topology.
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In analyzing two-electron systems, the interactions of interest often include the spin-spin operator s 1 §2 and the spin-orbit operator
L -S. When these operators act on entangled or indistinguishable particles, their measurement and physical interpretation may extend
beyond the standard projective framework. This tutorial introduces the algebraic structure of spin interactions in two electron quantum
systems and establishes its conceptual and mathematical connection with Naimark’s Extension Theorem. Through explicit examples
for two-electron systems, we demonstrate how spin operators arise in reduced Hilbert spaces, and how Naimark’s theorem provides a
formal framework for extending them to projective measurements in enlarged spaces. The application of Naimark’s Extension Theorem
in deriving their matrix elements opens up a window into the structure of quantum measurements in such composite systems.
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1. INTRODUCTION

In quantum mechanics, spin is an intrinsic form of angular momentum, described by the su(2) Lie algebra. In multi-
electron systems, interactions like spin-spin and spin-orbit couplings are fundamental in determining spectral structures and
quantum correlations. However, when systems are not fully accessible or are entangled with external degrees of freedom,
effective descriptions via Positive Operator-Valued Measures(POVMs) often arise. Naimark’s Extension Theorem[1-4,14,
15, 18-21] bridges this gap by ensuring that any POVM can be viewed as a Projection-Valued Measure(PVM) in a higher-
dimensional Hilbert space. This article builds an intuitive and formal connection between spin algebra and Naimark’s
extension, with physically motivated examples. This paper calculates all the matrix elements associated with the spin-
spin and spin-orbit operators for helium-like systems (He, Li*) using an algebraic method, comparing the results with
the conventional quantum mechanical calculations by G. Araki[5-7]. The spin-algebraic approach simplifies traditional
quantum mechanics using tensor algebra and offers potential applications in quantum computing. We connect this algebraic
approach to quantum mechanics foundations such as Dirac’s vector space framework and the algebra of finite matrices[8].

This paper is organized as follows: Section 1 provides an introduction to spin algebra. Section 2 Naimark Extension
theorem and other associated theories related to spin algebra. In Section 3, we outline the algebraic theories related to spin
algebra. In section 4 we present the detailed calculations of the spin-dependent terms in the Breit Hamiltonian, highlighting
our main results related to spin-spin and spin-orbit interactions. Section 5 establishes the connection between spin algebra
and quantum computing theory. In Section 6, we summarize our analytical findings and discuss their consistency with
previously reported results. Finally, Section 7 outlines potential future directions and concludes the paper.

Our results, compared with previous work, form a basis for developing quantum algorithms and logic gates, with
plans to incorporate silicon-based calculations in future work. This research aims to explore the advantages of quantum
computing and develop strategies for error correction and improved device performance, ultimately contributing to the
realization of fault-tolerant quantum computers.
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effective descriptions via Positive Operator-Valued Measures(POVMs) often arise. Naimark’s Extension Theorem[1-4,14,
15, 18-21] bridges this gap by ensuring that any POVM can be viewed as a Projection-Valued Measure(PVM) in a higher-
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spin-spin and spin-orbit operators for helium-like systems (He, Li*) using an algebraic method, comparing the results with
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This paper is organized as follows: Section 1 provides an introduction to spin algebra. Section 2 delves into the
Naimark Extension theorem and other associated theories related to spin algebra. In Section 3, we outline the algebraic
theories related to spin algebra. In section 4 we present the detailed calculations of the spin-dependent terms in the
Breit Hamiltonian, highlighting our main results related to spin-spin and spin-orbit interactions. Section 5 establishes
the connection between spin algebra and quantum computing theory. In Section 6, we summarize our analytical findings
and discuss their consistency with previously reported results. Finally, Section 7 outlines potential future directions and
concludes the paper.

Our results, compared with previous work, form a basis for developing quantum algorithms and logic gates, with
plans to incorporate silicon-based calculations in future work. This research aims to explore the advantages of quantum
computing and develop strategies for error correction and improved device performance, ultimately contributing to the
realization of fault-tolerant quantum computers.

2. NAIMARK’S EXTENSION AND GENERALIZED MEASUREMENTS

Naimark’s Extension Theorem states that for any POVM {E;} acting on a Hilbert space H, there exists a larger
Hilbert space K > H and a projective measurement {P;} on %, such that

E;=V'PV,

where V : H — % is an isometry. This result allows one to represent generalized (unsharp) measurements as projective
(sharp) measurements on an extended system, possibly involving an ancillary system.

2.1. Spin-Spin Interaction as a Measurement of Joint Observables
The spin-spin interaction is described by:

1
2
which is a function of total spin. Measuring this interaction amounts to resolving joint properties of the two-electron
system. However, such joint measurements are not always directly implementable within H; ® H>, especially when the

spins are entangled. By extending the Hilbert space via Naimark’s theorem, we can model the measurement of Sy - S, as
a sharp measurement on a larger space K, where a projective observable P satisfies

§1 '52 = (§120t_§%_§%)’

WISy - Saly) = (Vy|PIVy).

This realizes the spin-spin operator as a component of a generalized measurement, effectively mediated by an ancilla
system or latent degrees of freedom.

2.2. Spin-Orbit Interaction as a Quantum Instrument

Z~§:ZLiSi,

i=1

The spin-orbit interaction,

entangles spin and orbital angular momenta. It can be viewed as a quantum instrument, a device that performs a
measurement on one subsystem (e.g., orbital) and conditionally transforms the other (e.g., spin).

Naimark’s theorem implies that this transformation may arise from a projective measurement on an extended space
involving an ancilla. Mathematically, the spin-orbit coupling operator can be embedded into a larger Hilbert space via:

L-S=vt (Z Zigi) v,

where L;, S; are extended operators acting on K. This framework enables interpretation of spin-orbit interactions as
information flow between degrees of freedom through a measurement process.

2.3. Ancilla Interpretation and Emergent Observables
The embedding via Naimark naturally introduces an ancillary space A, such that:

K=HeA.

The matrix elements one can derive for spin operators in this framework suggest that some observables—particularly those
not simultaneously measurable—can be effectively simulated as projective measurements on this enlarged space. These
matrix elements therefore encode emergent properties due to the system-ancilla interaction.
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2.4. Theorems and Lemmas Related to Naimark’s Extension and Spin Interactions

Definition (POVM): A positive operator-valued measure (POVM) on a Hilbert space H is a set {E;} € B(H) such
that:
E;>0 and Z&:M.

Theorem 1 (Naimark’s Dilation Theorem): Let {E;} be a POVM on a Hilbert space H. Then there exists a larger
Hilbert space K D H, an isometry V : H — K, and a projection-valued measure (PVM) {P;} on K such that

E; =VipPV.
This theorem allows generalized spin measurements (e.g., effective measurement of §1 . 5’2) to be implemented via
sharp measurements on an extended Hilbert space.

Lemma 1 (Operator Realization via Anc1lla) Let A € B(H) be a Hermitian operator that does not correspond

to a measurable quantity in the standard sense (e.g., L- S when spin and orbital observables are not jointly measurable).
Then there exists an ancilla Hilbert space A and a Hermitian operator A € 8(H ® A) such that

WIAlY) = wenlAly ®n)y, Yy eH,

where n € A is a fixed ancilla state. This lemma provides a foundation for calculating matrix elements of spin-orbit
operators via auxiliary systems.

Theorem 2 (Joint Measurement Representation): Let A, B € B(H) be two noncommuting observables (e.g.,
spin components or spin-orbit coupled operators). Then there exists a POVM {E;;} on H that approximates a joint
measurement of A and B, and an extended Hilbert space K > H such that:

E;j=V'P;;V, with {P;;} aPVM on K.

This allows one to interpret the joint statistics of Sy - S>and L - S in terms of projective measurements in an enlarged
space.

Lemma 2 (Matrix Element Preservation): Let A € B(%H) be an observable and A € B(K) be its Naimark
extension such that A = VT AV. Then for any ¥, ¢ € H,

(W|Alg) = (VylA|Ve).

Hence, matrix elements of spin-spin or spin-orbit operators derived via an extended space are consistent with those
computed in the physical Hilbert space using POVM descriptions.

Corollary (Simulation of Noncommuting Observables): Spin observables that cannot be simultaneously diag-
onalized (e.g., Sx, Sy) can still be jointly simulated via projective measurements in an extended space, consistent with
quantum contextuality. This supports the derivation of matrix elements for spin-spin and spin-orbit interactions via the
Naimark formalism.

2.5. Quantum Information Perspective
From a quantum information viewpoint, this formalism is closely related to:

* Entanglement-assisted measurements: where outcomes depend on entangled ancillae.
* Measurement-based quantum computation: where operations are simulated via measurement on entangled states.

* Contextuality and non-locality: since the need for extensions often stems from non-classical statistics of spin
observables.

3. QUANTUM SPIN SYSTEMS

Quantum spin systems[16] arise when the Hilbert space of states of atoms and molecules are reduced to a finite
dimensional subspace. Here in this paper we consider the 2- particle quantum spin system, namely a helium atom with two
spin-half electrons. To describe spin states of 2-electrons inside a helium atom, we consider a finite dimensional complex
space called Hilbert space H = C2.

3.1. Postulates of Quantum Mechanics

1) The state of a particle in the quantum system is represented by a state vector in the Hilbert space. One can get all
the information about the system by looking at the state vector.

2) The general quantum state of a quantum system is represented by a linear superposition of the individual states.

3) The state evolves by a unitary transformation.

4) All the observables(dynamical measurable variables) of a system can be represented by some operators.

5) The measured value of any physical observable is always real, so the corresponding operators are Hermitian.
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3.2. Dirac notations for the state vector

For each state vector, [y > H 3 < y| € dual space
Bra and ket states: For each |/ > in linear vector space 3 one < | in dual space. ket vector |y > is analogous to ¢ in
wave mechanics. bra vector < | is analogous to * in wave mechanics.
Projections: The projectors Py onto a ket. Define Py, = | >< /| and apply it to an arbitrary ket [¢ > ; Py|¢ >= | ><
|¢ > In both the cases above we have used the concept of Naimark-Segal’s extension formula[ 1-4, 14, 15,18-21].

3.3. Algebra of the spin groups

An algebra is a vector space equipped with bilinear operations. Algebra A of observables of a quantum system is
the set of all bounded operators on H, denoted by B(H)

3.3.1. Lie Group A Lie group[22-25] G with a compatible structure of a smooth (real or complex) manifold, in
which the group operations of multiplication and inversion are smooth maps. Or in other words
if u: GxG — G,u(x,y) = xy , then u is a smooth map. The spin operators in H = C? form a Lie group. The spin
groups of % integer spin particles are represented by SU(2) whereas the rotation groups in 3D are designated by SO (3).
SU(n) and SO(n) are in general defined as:

SO(n)={A e GL(n,R): AA' =1 and det(A) =1}

SU(n)={A € GL(n,C): AA* =1 and det(A)=1}

These two groups are isomorphic locally and their Lie Algebras are the same. SU(2) is the universal double covering
group of SO(3).

The Hermitian generators of SU(2) take the following form: [T}, f"j] = i€ jkf‘k where T; = %d'i and o= ( (1) (1) )
0 —i 1 0
DElio0 %o a1 )

3.3.2. Lie Algebra of spin groups If G is a Lie group , then the Lie algebra g associated to G is, T3 (G) i.e.,
the tangent space of G at the identity 1 € G. A Lie algebra g is a special case where bilinear operation behaves like a
commutator, in particular the bilinear operations need to satisfy
[]:gxg=¢
[x,x] = OVx € g(alternatively)
[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = OVx, y,z € g (Jacobi identity)

[x, y] + [y, x] = OVx, y € g(anticommutivity)

The Lie algebra associated with SO(3) takes the following form: [J;, J il =€ jkfk

3.4. Representation of Lie Groups and Lie Algebras connected to spin observables

Let G be a Lie group and W be a finite dimensional vector space over a field K € {R, C}. A representation IT of G
acting on W is a mapping I1 : G — G L(W) which satisfies
M(g1g2) = M(g1)I(g2) Vgi,g2 € G and dim(I1) = dim(V) If g be a Lie Algebra of the above Lie group G, then a
representation 7 acting on W is a mapping 7 : g — L(W) which satisfies
a(lx,y|) = [#(x),n(y)] Vx,y € g anddim(n) = dim(W). In general, the tensor product of su(2) representations
with spin s; and s, can be written as a fusion rule

(s1) ® (s2) = Z;:\;?—sz\ (s). For s; =57 = %, the decomposition of the Hilbert space can be given as

(1/2) ® (1/2) = (0) + (1).
For two spin-(1/2) particles the four states of the Hilbert space can be decomposed into the triplet and the singlet
states.

triplet:| TT>, \/%(I > +11>). 1 1>
singlet: %(| > =1 1T>).

3.5. Naimark’s Extension Theorem and Spin Couplings

Naimark’s extension theorem provides a deep mathematical and physical insight into the representation of generalized,
or unsharp, measurements as projective (sharp) measurements on an enlarged Hilbert space. This idea has a natural and
elegant interpretation in the algebra of spin systems, where coupling between subsystems can be seen as an embedding of
one Hilbert space into a larger one, typically involving an ancillary degree of freedom.
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3.5.1. The statement of Naimark’s theorem Let # be a Hilbert space describing our physical system. A Positive
Operator-Valued Measure (POVM) {E;} on H is a set of positive operators satisfying > ; E; = I. Naimark’s theorem
states that any such POVM can be realized as a projective measurement on a larger space Hext = H ® Hyne, Where Hone
is an ancillary Hilbert space, and there exists an isometry

ViH— HS Hye

such that ,
E;=V'P;V,
where {P;} are projection operators acting on Hey;.

Physically, the embedding V represents the process of coupling the system to an ancilla, performing a sharp
measurement on the composite system, and then projecting back to the original space.

3.5.2. Spin-Orbit coupling as a Naimark extension Consider a single electron in an atom, such as helium. Its
Hilbert space is a tensor product of an orbital part and a spin part,

H =H, ® Hs,

where H, carries the orbital angular momentum L, and Hy carries the intrinsic spin S.
The spin—orbit coupling operator is given by

L-S=L,S:+LyS,+L.S..

If one considers the orbital part alone as the “system” Hilbert space, the influence of the spin degree of freedom
makes L - S appear as a non-projective, or unsharp, operator on Hy.. According to Naimark’s theorem, it can be realized
as a sharp observable on the extended space Hy, ® Hs:

L-S= VJr (Zilgl
i
Here the ancilla is the spin Hilbert space Hs, and V is an isometric embedding

V:H, » Hr @ Hs,

given explicitly by the Clebsch—Gordan transformation:

jmj
ViLmy =) ¢/, Lm) @15, ms),
mg

V.

where Clj " . are the Clebsch—Gordan coefficients connecting orbital and spin states to total angular momentum
my 53 mg

eigenstates.
In this sense, the spin degree of freedom acts as the ancilla that sharpens the unsharp orbital observable into a
well-defined total angular momentum observable.

3.5.3. Spin-Spin coupling as a Naimark extension For a two-electron system (as in helium), each electron
possesses a spin-% degree of freedom. The combined spin space is

Hs = 7‘{51 ®7‘(52.

The spin—spin coupling operator is
S1-82 = S1x82x + SlySZy + 512822.

If one wishes to represent S; - S, as a projective measurement on an enlarged space starting from s, alone, then the
ancilla is naturally the spin space of the second electron, Hs,. Thus,

ZgliSZi) Vv,
i

V: 7‘{51 e 7’(51 ®7’{Sz
is again a Clebsch—Gordan embedding mapping single-spin states to the joint singlet-triplet basis:
VITY =111,
ViD= 5010 +11D),

S-S, =V’

where

depending on the total spin sector considered.
Hence, Hs, plays the role of an ancilla that extends the space of one spin to the composite two-spin space where S -
S, is a sharp observable.
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3.5.4. Summary

Operator System Ancilla Embedding V
L-S Orbital space Hr, Spin space Hs | Clebsch—-Gordan map
S1 Sz | One-spin space Hs, | Second spin Hs, | Clebsch—Gordan map

In both cases, Naimark’s extension theorem offers a unified perspective: an apparently unsharp or subsystem-
dependent observable (such as L - S or St - S2) becomes sharp when lifted to an extended Hilbert space that includes the
appropriate ancilla. The isometry V implementing this lifting is physically realized by the Clebsch—Gordan transformation
that couples angular momenta into total angular momentum eigenstates.

3.6. Lie Group and Spin Algebra Connection

The algebra of spin operators is most naturally understood in the framework of Lie groups and their representations.
The operators L, S, and J = L + S are all generators of unitary representations of the Lie group SU(2), whose associated
Lie algebra is su(2). This formalism provides a unifying language for understanding spin—orbit and spin—spin couplings
as scalar invariants of tensor product representations.

3.6.1. The su(2) Lie algebra The Lie algebra su(2) is generated by the operators {Sx, Sy, S;} satisfying the
commutation relations
[S:, ;] = ihe;jr Sk,
where ¢ is the Levi-Civita symbol. The Casimir operator
2_ @2, 2, Q2
§T=8v+8y+5;

commutes with all the generators of the algebra, and its eigenvalues classify the irreducible representations (irreps) of
su(2):
S2|s,mg) = I2s(s + 1)|s, my).

The corresponding group SU(2) consists of unitary operators
U(G) — e—iG'S/h’

which represent spatial rotations on the Hilbert space of spin states.

3.6.2. Tensor product representations and coupling of spins When two angular momenta are present, such as
L and S or S| and S,, each provides an independent representation of su(2). The combined system is described by the

tensor product representation
l+s

DD g pG) = @ D(j),
J=ll-s|

where D) are the irreducible representations of SU(2). The map that implements this decomposition is the Clebsch—
Gordan transformation,

v;wmwsﬁ@w-,
J

which is also the isometric embedding used in Naimark’s extension theorem. The operator V intertwines between
representations, satisfying

VUL(g) ®Us(g) =U,(g)V,
for all g € SU(2).

3.6.3. Spin—orbit coupling as a Lie algebra scalar The spin—orbit coupling operator
L-S=L:Sy+LyS,+L.S;
is a scalar under the diagonal action of SU(2):
U(g)(L-S)U(g)" =L-S, U(g) = Ur(g) ®Us(g).
Therefore, it can be expressed in terms of the Casimir operators of the Lie algebra:

L~S=%(J2—L2—SZ),

where J? = (L + S)? is the total angular momentum Casimir. This representation emphasizes that L - S is an invariant
scalar built from the direct product of two su(2) algebras.
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3.6.4. Spin—spin coupling as a Lie algebra invariant For a two-electron system, the total spin operator is
S= S1 + Sz,

and the spin—spin coupling operator
S1-82 = S1x82x + 81382y + 81252,
can be written analogously as

Si -8 == (5% -7 -53).

N =

Here again, S? is the Casimir operator of the total su(2) representation. The eigenvalues of S - S, distinguish the singlet
and triplet sectors:

S1 8|S =0)=-1r*|s=0),
S1-S|S=1)=+3r*|S = 1).

These correspond to the irreducible representations D(?) and D" of SU(2), respectively.

3.6.5. Relation to Naimark’s extension From the Lie algebra viewpoint, the Naimark extension operator V
introduced earlier can be recognized as an intertwiner between representations of the Lie algebra su/(2):

Li— L =VLV', S+ S =Vs;V'.
The coupling operator in the extended space,

Z LS,
i

is a scalar invariant under the diagonal SU(2) action, and its projection

v (Z LS |v
i

acts as the physical observable on the smaller subsystem. Thus, the embedding of an unsharp observable into a sharp
one via Naimark’s theorem is fully consistent with the algebraic principle of constructing invariants from coupled su(2)
representations.

3.6.6. Tutorial Summary From the perspective of Lie group theory, both spin—orbit and spin—spin interactions arise
as scalar invariants of coupled representations of the su(2) Lie algebra. The Clebsch—Gordan map V, which couples two
angular momenta into irreducible components, simultaneously serves as the embedding operator in Naimark’s extension
theorem. Therefore, the Lie algebraic coupling of spins and the measurement-theoretic embedding of unsharp observables
are two complementary realizations of the same symmetry structure encoded by the group SU(2).

3.7. Composite systems and Tensor products with Naimark’s extension formula

For 1 particle, spin states are defined as | T> and | |>. For a bipartite system with two electrons(He or Li* ) any
operator for the particle 1, A; € H; (H; is known as a complex Hilbert t space) can be upgraded to a bigger Hilbert space,
H\, by taking the tensor product with the identity operator inHie., A 2= A1 e L.

Similarly an operator, Az e H,is upgraded to I; ® A,.
Now (Al) ® (IL).(II ® Az)(tle ® ) = Au//l ® A1¢/2, where the state vector | € H) and the state vector ¢, € H>.

(AieA)TeT=AINe AT (1)
The upgradation formula for the addition of spin angular momenta takes the following form:
oy = (012 ®1+1®024) 2

In both the cases above we have used the concept of Naimark-Segal’s extension formula[1-4,14,15, 18-21].
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4. MATRIX ELEMENTS USING NAIMARK’S EXTENSION FORMULA
4.1. Example 1: Spin-spin interaction operators

The operators needed to calculate the relativistic effects are well known. In atomic units with no external electric
and magnetic field these are usually written as Eq. (1) of [11]

_—Zg 2 Z 5(1'1) Z%&(ri—rj)—ziq%x

i<j
e (ri-rr-r) 1. = 87
xV; [ ————— " 4+ 1.V; — ——0(r; —13)S; - S;
N rij] j ;362 (ri = 1)si -5
1 3(ri—r)(ri—rj) —
_ZC_ZSi. rijS —chZ 3 I‘leV]
1 1 —
2—2—3 [(xi = 1) X V] +Z s - [(rj —r5) X iV}, 3)
i#] i£j

where r;; is the distance between the particles. The first term is the mass velocity correction. The Second and third operators
are the electron and nucleus Darwin term respectively. The fourth term is due to the retardation of electromagnetic field by
an electron. The fifth and sixth terms represent spin-spin and spin-other spin terms. The last three operators are spin-orbit
interactions. For a singlet state with any angular momentum, the expectation values of sixth, seventh and eighth terms are
zero. For triplet P and D states, however, the sixth, seventh, eighth and ninth terms are now nonzero and must be computed.

. . 3 i— I i—Lj)— 12
Particularly we need to calculate the matrix elements —Clz < ¢| [Zic;8 30 (ri = 1j)si.85 — i< jsi.%].sﬂ(b >
1 . 1_1
and < ¢|[ ng?Si.[(l‘i — l'j) X le] + Z#ji?Sj.[(l’j — l'i) X le]|¢ >
Where ¢ is the exact eigenvalue of the unperturbed Hamiltonian.
The spin spin interaction in general for many particle can be written as

8n 1
Hgs = 4#2[—2«1?5(11 —rloioj+ {00y - 3(ai.xy) (05.15) /7] 4)
L

where p is the Bohr magneton i.e., u = rih In atomic units the spin-spin intercation is measured in units of . For 2

electron system the above expression can be written as[9]

1 8n

Sl e + (o -3 ) (o )] ©

Now since triplet spin function is symmetric < §(rj2) >= 0 for triplet states. So for triplet states only 2nd and third term
in Eq (5) contribute.

4.2. Spin states

For 1 particle, spin states are defined as |@ >= | T>= 0 |

For 2 particle systems spin states are defined as |@; > ®|ap >= | T> ®| >, |og > QB2 >= | T> ®| |>, |61 >
®lay >=| > ®| T>and |81 > ®|B2 >= | [> ®] [>.

1)and|ﬂ>z|l>z(0

4.3. Evaluation of Matrix representation of the spin observables
Using the basis defined in section 4.2, the matrix representation of a general operator R can be represented as

<ITIRITT> <ITIRITL> <ITIRI1T> <ITIR|1l>
<TLIRITT> <TLIRITI> <TLIRIIT> <TL[R[ 11>
<ITIRITT> <ITIRITI> <ITIRIIT> <IT[R[l]>
<W IRITT> <lLIRITI> <lLIRIIT> <UL IR[ 1>
We calculate the diagonal matrix elements of the above operator as the correction for the spin spin interaction for
triplet states of helium.

4.4. Matrix elements for the spin-spin interactions

Calculation for (o1.0%)/ rfz

2 1.2 1.2 1.2

Let us first calculate o!.0? = o Lo 2 + oy Oy + 00y
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Now

o'x1 ® 0'x2| T®1>= o-x1| > o-x2| >

)

1 2 1 2
oy @0y | T®T>=0y | T> 07| T>

o) ) A=Y

1 2 1 2
o, ®0 | T@>=0, | T>0.7| T>

yields
1 0 1 1 0 1y (1 1
0 -1 0 0 -1 0/)\0 0
oy el dly
1.2y, | @B [_ 1 +UT-10 [_ | 20T~
(T pran || T+ TL-1T | TH| 21001
Bif: =11+ 11 1

(6)

(7

®)

Now letus recall rjp = r = ix + Jy + kz, where (xp —x; = x,y2—y1 = y,22—21 = 2),and r1p = r = \/(x2 + y2 + 22),

where z; and z, are the z coordinates of electron 1 and 2.
. 1 2 5
Calculations for (0" .r12)(0".r12) /17,
a1

a1

(olrp) (o) /r, Bran

B1B2

Now

1 2
(o r)(07.r) = (xO1x + Y01y + 201) (XO2x + Y02y + 20722)
= x20'1x ® 02x +XY01y ® O2x + X201 ® O +
2
XYO1x ® O2y + Y701y ® 02y + y201; @ 02y +

2
XZ701x ® 027 + Y201y @ 02, + 2701, @ 02

Now we need to operate X201 ® Oy + Xyoiy ® Oox + X207 ® O2x +
Xyoix ® 02y +y20'1y ® o2y + Y201, ® 02y +
X201x ® 027 + Y201y ® 027 + 2o, ® oo

a1a)

a1z

Bran

B1B2
Operating x>0y ® 0oy + XyT1y ® 0oy + X201, ® 02y +
XYoix ® 02y + ))20'1y ® o2y + Y701 ® 02y +
XZ01x @ 027 + Yz01y ® ooy + Zz(flz ® 02y
on aja; one gets

(x +1y)*B1f2 + (x + iy)z(1 B2 + oy + Paran
Explicit derivation for the above:

on

€))

Since spin operators are same for particle 1’ and particle *2’ we suppress the subscript 1’ and ’2’ from now on.

0 1 0 —i
nowox=| | o ]oy=|; o
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Using the above spin operators we calculate

2oy ® ox| 1> ®] 1>= x?0%| 1> 0| 1>= 27 L= 2?6152 (10)
( we have used (A, ® A)| 1> @ T>= (A 1) ® (A 1>); oxlar > oyl >
(0 1 1 0 1 1)\ (0 0 )
110 0 1 0 0 /{1 1 )
Similarly
xyoy ® ox| 1> ®| 1>= ixypi1 2, an
X207 @ ox| T> ®| T>= ixza 162, (12)
Xyox ® O'y| > ®| T>= ixyp1 52, (13)
Yoy ® 0y| 1> @ 1>= —y*Bif, (14)
Y20, ® oy | T> ®| T>=iyza B2, (15)
XZ20x @ 0| T> ®| T>= xzB) a2, (16)
yzoy @ 0| 1> ®| T>=iyzpi, a7
2o, @ 0| 1> ®| T>= a1, (18)
We have similar relation when we operate
a1y
(olr)(o2r) on other basis functions. So (0'1.1'12)(0'2.r12)/r]52 Z:gi
BiB2
Zajar + (x+iy)z(a1fy + fraa) + (x +iy)°B1 B2
_ 1| 2 =inaiar + (6 + y)aafi - et — (x +iy)zBiBe
| (x—iy)zaie + (2 4y par - Paofi - 2(x +iy)Bi1
(x —iy) a1z — z(x —iy) (@182 + Braa) + Z2B1B2
Now recalling
@@ W=U+1T
1 23 | @B |- | IT+IT-T0
(@ | proy |7 55| T+ TL- AT
B1B2 M-+
7
a2
ro[ 270 =11
W
Now taking R} = #(0’1.0'2) = r123 (ox'oy? + oyloy? + 0, '0,?), the spin average for the second term in Eq. (2)
can be calculated by the matrix formula given in section 4.3 as follows:
1 0 0 O
a0 -1 2 0
ml 0 2 -1 0
0 0 0 1
Similarly performing the spin average for the 3rd term, one can get
7 (x+iy)z  (x+iy)z  (x+iy)?
1| (k=iy)z -z2 x*+y?) —(x+iy)z
ndl (-iy)z Py = =iz
(x—iy)? —-(x—iy)z —(x—iy)z 22
So combining the whole spin spin operator, (‘Tig”z -3 (‘Tl'r”)s(‘rz'r”)) using the basis defined in section 3.2, the
12 iz
1 372 _ 3(x+iy)z _ 3(x+iy)z _ 3(x+iy)?
2’ rd r125 ripd ri23
_3(x—iy)z _(_ _ _ 2 3(x2+y2) 3(x+iy)z
matrix elements can be represented as =, (;l_zisy)z o e, (x{fy 2) ri2’ | ’132:2 3 (x’fl.sy)z
a r125 V|23 r12 - ﬁ - ﬁ r125
—3(x—iy)? 3(X—iy)z 3(x—iy)z 1 372
r125 712 r12 r123 2
Now the diagonal element of the above matrix is LZ - 2% > which turns out to be BZ1 azz ( V}z)

So the diagonal element of the expectation value for the case (J=L=M)

1
//|WLL|26Z o Gy dvidvz.

< LSIMHs | LSIM >y-1-m= 1

19)
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4.5. Example 2: Spin-orbit operators:
For two particles the spin orbit interaction becomes

1 2 2
12 L8 xpr+ (5)r X pal + 02 [E2 X pa + (-)rar X pal}- (20)
12 r12
Now in general & = —VV includes Coulomb interaction due to the nucleus, the Coulomb interaction due to the other

electron and any external field. Since we are not considering any external field, &; and &, include only the first two
interactions. Now o = 01 + 073,
01 =0 /2 + (01 — 03)/2. Similarly for 0». Since o and o occur linearly in the H3, the expectation value of H3 remains

unchanged if o1 and o are replaced by o /2. Making this replacement and putting &; = Zlﬂ - 12 and & = ﬂ - rﬂ , the
spin part becomes
1 z z 3
—lSnXpi+ Snxp2+—(r1—-r2) X (p1—p2)l.o (21)
4c I ra rin
1 3
= —2[—L1 0’+—L20'——(L12+L21) ol; (22)
4c r r12
Lic=L'o_+L "o, + L, o, (23)
Lyo =L,>0_+L %0, + L %0, (24)
Li.o=L."0c_+L "0, + L, %0, (25)
L' =L +iL,, L.V =L, —iL, !
Now L, = 4.2
Again,
X1,1 X1,1 X1,1 X1,1
Li.o| xi0 =L+10'_ X1.0 +L_10'+ X1.0 +LZIO'Z X0 |,
X1,-1 X1,-1 X1,-1 X1,-1
X1,1 0 X1,1 X1,0
o | xio |=2V2| xia |oo| xio |=2V2| xa-r |
X1,-1 X1,0 X1,-1 0
X1,1 X1,1
o | xio [=2 0
X1,-1 —X1,-1
The derivation of above transformation relations goes as follows.
Oy =01+ + 0.
Now o} = 014+ + 0724+
In the product space
oy =(01: 91+ 1Q 07y) (26)
which implies
o(M =+ DT+T (02 1) (27)

(5o )o o) lo)lo o )ofolo){s)o

In the similar manner one can show that
o_ (1) = 2\/5( (1) )( 0 )+( ! )( v ) =212 2({T + T!). Using the above transformation of spin vectors one can get,

0 1
Li.o|xi1 >=2V2L, 10 +2V2.0 + 2Ly (28)
Li.olyi0>=2V2L, 1 +2V2L 'y + LLO (29)
Li.olyi -1 >=2V2L, "0+ 2V2L "y 0 - 2L y1 (30)
The spin average of the operator Lj.o turns out to be
2V2Li 10 +2V2.0 + 2LL x4 2L 0 0
(xit xw0 xio )| 2V2Li'yi o1 +2V2L 'y +LL0 |5 O 0 0

2V2L: .0+ 2V2L ' y1 0~ 2LLyi 0o 0 -2L!
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Similarly the spin average for the ;.0 tantamounts to

2L 0 0
0o 0 0
0 0 -2L2
And finally for (L1 + Lp;).0
2L+ 12 0 0
the spin average turns out to be 0 0 0
0 0 —2(L2+12"

So combining all the contributions the diagonal elements of the spin orbit correction for He triplet P state in J = L =
M basis can be expressed as

1 , _
— [( Wi (ri P Lig + 127 Layy) X
4¢2
Xl!/LLdvldvz)—3//l//LL*F12_3(L12z+L21z)¢/LLdV1dV2] 3D

And similarly we can write the spin orbit contribution for all the operators.

5. CONNECTION BETWEEN THE SPIN ALGEBRA AND QUANTUM COMPUTING

In the early 1980s, Paul Benioff of Argonne National Laboratory and Richard Feynman of the California Institute of
Technology began exploring the idea of using quantum-mechanical systems—such as individual atoms—as the building
blocks of computation[10]. They demonstrated that, in principle, these tiny structures could function effectively as
components in a quantum computer. Their work also introduced the concept of ”quantum logic gates,” proposing that
computation could follow the fundamental rules of quantum mechanics.

To calculate spin-spin and spin-orbit interaction in Breit Hamiltonian (3) by linear algebra, we actually measure
spin observables using state vector representation in quantum mechanics. On the classical (silicon based )computers
information are stored by the bits 0 or 1. So for two particles the classical gates can store one of the four states at a
time; 00, 01,10 or 11 whereas superposition principle allows quantum computers(atoms or subatomic particles) to store
all four states simultaneously. This makes the quantum computers faster than classical ones. Bits in classical computers
are equivalent to qubits in quantum computers. Quantum computers make use of the superposition principle which allows
a system to be in 0 and 1 state simultaneously. For n g-bits there will be 2" states or information. Quantum computers also
exploit one more unique quantum property namely, quantum entanglement where a property of a particle can be linked to
another regardless of the distance between them.

Qubits are atoms, ions and molecules. Suppose an electron is subjected to some electromagnetic field and spin of
the electron is aligned with the field then it is said to be in the spin up state and in the opposite situation it will have a spin
down state. The electron’s spin can be changed by directing a pulse of energy to the particle by a laser beam/microwave.
Each time the pulse is delivered, the electron spin state changes. If the half of the required energy is delivered to flip from
one state to the other the electron will enter a superposition state and it will remain in that state until it is observed and
measured.

General Quantum States If in a k-dimensional quantum system we have |1 >, |2 >, ...... , |k > as basis vectors the
general state can be represented as @ |1 > +as > |2 > +..... + |k > with |a;]> + |@2|* + ... + |ak|? = 1. 2¥ dimensional
system can be constructed as a tensor product of £ quantum bits.

Unitary transforms: Linear transformations that preserve vector norm.

General Measurements:Let |y >, /) > be two orthogonal one-qubit states, the | >= aglyo > +aq|ly; >
Measuring |y > gives [/; > with probability |a;|?>. This is equivalent to mapping | >, |1 > to |0 > and |1 > then
measuring. In section 3 we derived the matrix elements due to spin-spin and spin-orbit interactions for He (with spin half
electrons) and we used the following basis states: TT, [T, T/ and |]. Or in other words the general spin state of a He atom
can be written as [S1» >= C, TT +C_ || +C0%(Tl +1]).

6. RESULTS AND DISCUSSIONS

In this paper using Naimark’s extension formula we upgrade the spin-spin and spin-orbit operators in the extended
Hilbert space and specifically calculate all the matrix elements connected to the spin-spin and spin-orbit operators in
Breit’'s Hamiltonian for the triplet P-state of helium. In Section 4, we present our linear algebraic results pertaining to
these corrections. Specifically, subsection 4.4 and 4.5 deal with the spin-spin and spin-orbit corrections respectively. In
subsection 4.4 and 4.5 Eqs.(6-19) represent our results for spin averages for spin-spin interaction and Eqs.(20-30) represent
the results for the spin averages for spin-orbit interactions respectively. Our final results in these two cases Eq.(19) and
Eq.(30) exactly match with the previous results[5-7] obtained from conventional quantum mechanics.
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7. CONCLUSIONS AND OUTLOOK

This algebra of spin systems underpins fundamental interactions in qunatum mechanics. In many realistic scenarios,
spin operators are accessed only partially, leading to effective descriptions via POVMs. Naimark’s extension theorem
ensures that these can always be embedded into full projective descriptions on enlarged spaces. This provides a powerful
conceptual and computational framework linking quantum measurements, operator theory, and spin algebra in multi-
particle systems.

This work is a gentle but rigorous introduction to quantum computing with linear algebraic approach where qubits
are state vectors and quantum gates are matrices. In this work we have been able to calculate the matrix elements for the
spin dependent terms in the Breit Hamiltonian by spin algebra for He, the simplest many body system as an alternative
to conventional quantum mechanics. It enables us to extend this linear algebraic method to multi-electron systems for
developing quantum gate based on spin algebra and investigate quantum circuit design using spin qubits and compare the
performance of spin-based qubits with traditional qubits in terms of algorithmic efficiency. One can use this spin algebra
to simulate electron interactions in condensed matter physics problems. It can also help in exploring to predict material
properties or simulate quantum many-body effects that are challenging for classical computers. It can be further utilized
to develop spin-based error correction for small quantum systems. Two other directions it can be extended are (i) studying
the role of spin liquids and topologically ordered phases in the context of quantum computing (ii) investigating potential
for using topologically protected spin qubits for fault tolerance. In several occasions quantum spin models can be applied
in a meaningful ways:

(1) Quantum spin models describe collection of qubits in information theory.

(2) It can serve as a toy model in theories related to quantum gravity.

(3) It can offer new insights in functional analysis(theory of operators) and representation theory(quantum groups)

This work can immediately be extended in two different directions: (1) Following tensor algebra spin averages
can be calculated for other few-electron systems. (2) One can use these spin algebraic results and calculate the spin-
spin and spin-orbit corrections on a quantum computer to compare the results with those obtained on a silicon based
computers [12, 13].

The application of Naimark’s Extension Theorem in computing matrix elements of spin-spin and spin-orbit operators
reveals their deep connection to generalized measurement theory. These operators, which do not correspond to jointly
measurable observables, can be interpreted as effective measurements arising from projective operations on a larger Hilbert
space. This not only aids in computational simplification but also provides conceptual clarity regarding the role of ancilla
systems, nonlocal correlations, and measurement-induced transformations in two-electron quantum systems.

The matrix elements arising from spin algebra, such as those in the Breit Hamiltonian, influence Quantum error
corrections(QEC)[16] and fault-tolerant quantum computation by providing insight into the nature of errors (like spin
flips or decoherence) and allowing for the design of tailored QEC codes that specifically address the types of errors
induced by these spin interactions. It also helps to optimize the fault-tolerant gate construction by understanding how
these interactions affect qubits during quantum gates. and enhances the understanding of the error thresholds and noise
models to ensure that quantum computations are resilient against the types of errors these interactions could cause. By
incorporating these matrix elements into the design of quantum error correction and fault-tolerant circuits, one can ensure
that quantum computations remain accurate even in the presence of spin-dependent errors, improving the reliability of the
quantum computing system.

The matrix elements obtained through the linear algebraic approach in this study have been previously calculated
using conventional quantum mechanics methods [5-7, 11]. The author’s prior work on relativistic corrections [12, 13],
performed on a silicon-based classical computer, utilized quantum Monte Carlo simulations with path integrals. In this
paper, the linear algebraic approach is adopted to make the calculations feasible on a quantum computer. Furthermore,
simple circuits using quantum logic gates are proposed for computing the matrix elements. This approach opens the
possibility for benchmarking results from both classical and quantum computers (future work), allowing for a direct
comparison of their performance.

The application of Naimark’s Extension Theorem in deriving their matrix elements opens up a window into the
structure of quantum measurements in such composite systems. This study explores the spin algebra of two-electron
systems, using tensor products . Our results align with conventional quantum mechanical approaches, providing a
foundation for quantum logic gates, algorithms, and error corrections. These findings open the avenues for advancements
in spin-based quantum systems, including new algorithms and simulations.
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In this paper, we investigated the Locally Rotationally Symmetric (LRS) Bianchi Type-I cosmological model with dark energy in
the framework of f(R, L,,) gravity theory, where R is the Ricci scalar and L,, is the matter Lagrangian. Using the functional form
f(R, L) = % +L{ +B with L,,, = p,and applying the special law of variation for the Hubble parameter, we derived exact solutions to the
field equations and analyzed the physical and dynamical properties of the universe. Our results show that the model exhibits accelerated
expansion consistent with the observational data, with the energy density decreasing and the deceleration parameter transitioning from
positive to negative values. The anisotropy parameter initially approaches zero but increases with time for n > 0.5, indicating the
evolution from isotropy to anisotropy. These findings provide insights into dark energy behavior within modified gravity frameworks
and offer testable predictions for cosmological observations.

Keywords: LRS Bianchi Type-1; Dark Energy; Cosmic Time
PACS: specify the PACS code(s) here

1. INTRODUCTION

The General Theory of Relativity (GTR) forms the fundamental framework of modern cosmology, explaining
gravitation as a manifestation of spacetime curvature generated by the presence of matter and energy. A comprehensive
formulation of GTR and its cosmological applications can be found in the classical reference by Weinberg [1].Although
GTR has been remarkably successful in describing various gravitational phenomena, astronomical observations of distant
Type Ia supernovae have revealed that the present universe is expanding at an accelerated rate [2, 3, 4, 5, 6]. This unexpected
result suggests the existence of an unknown form of energy, commonly referred to as dark energy, which is estimated to
account for nearly 68% of the total energy density of the universe [7, 8,9, 10]. Such observations indicate that the standard
cosmological model based solely on GTR may require refinement or modification to consistently explain the observed
late-time cosmic acceleration. To address this challenge, various modified theories of gravity have been developed as
alternatives to dark energy. One of the promising approaches is the f(R,Lm) gravity theory proposed by Harko and Lobo
[11], which generalizes the conventional f(R) gravity by introducing an explicit coupling between the Ricci scalar R and
the matter Lagrangian density Lm .This framework provides a richer geometric structure and allows new possibilities for
understanding the interaction between matter and curvature in explaining the accelerated expansion of the universe.

Research on anisotropic cosmological models with dark energy in the framework of f(R, L,,) gravity has emerged
as a critical area of inquiry due to its potential to address the accelerating expansion of the universe and the limitations
of standard general relativity (GR) in explaining dark energy phenomena [12, 13]. Since the introduction of f(R)
gravity as a modification of the Einstein-Hilbert action [14], the field has evolved to incorporate more general couplings
between curvature and matter, notably through the f (R, L,,) gravity theory [15]. This framework allows for non-minimal
interactions between geometry and matter, which can lead to novel cosmological dynamics, including anisotropic effects
relevant to early universe conditions [16]. Observational data from type Ia supernovae, cosmic microwave background,
and baryon acoustic oscillations have reinforced the significance of exploring such models to better understand cosmic
acceleration and anisotropy [17].

The specific problem addressed involves constructing and constraining anisotropic cosmological models within
f(R, L,,) gravity that can accommodate dark energy effects and observational data [18, 19]. Despite progress, a knowledge
gap persists regarding the precise role of anisotropy and bulk viscosity in these models, as well as the impact of different
functional forms of f(R, L,,) on cosmic evolution [20, 21]. Competing perspectives exist on whether dark energy should
be modeled as a quintessence-like field or phantom energy within this framework, with some studies favoring quintessence
behavior and others indicating phantom-like characteristics.This review aims to clarify the theoretical underpinnings and
observational viability of these models, addressing the identified gaps and providing a comprehensive understanding of
their cosmological implications [22, 23]. The consequences of this gap include uncertainties in predicting the universe’s
late time behavior and reconciling theoretical models with high-precision observational constraints [24].

Cite as: A.S. Khan, K.N. Pawar, L.I. Khan, East Eur. J. Phys. 4, 101 (2025), https://doi.org/10.26565/2312-4334-2025-4-09
© A.S. Khan, K.N. Pawar, I.I. Khan, 2025; CC BY 4.0 license


https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2025-4-09
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0000-0002-7092-2735
https://orcid.org/0000-0002-4388-039X
https://orcid.org/0009-0002-3698-4200
mailto:alimkhan3101@gmail.com
https://doi.org/10.26565/2312-4334-2025-4-09
https://creativecommons.org/licenses/by/4.0/

102
EEJP. 4 (2025) A.S. Khan, et al.

Recently Shambel et al. [25] have focused on the late-time accelerated expansion of the universe and cosmic structure
evolution within the f(R, L,,) gravity model, rather than the early universe. Romanshu Garg and G.P. Singh [26] analyzed
cosmological parameters and the present age of the universe, providing insights into the model’s implications for cosmic
evolution. Y.D. Devi et al [27] have studied on an accelerating cosmological model, deriving the Hubble parameter
and analyzing parameters such as the deceleration parameter, jerk, and snap at present times. It derives Friedmann-like
equations for two non-linear models, analyzing the effects of model parameters on the equation of state, pressure, and
energy density. V. Patil et al. [28] have done on the late-time acceleration of the Universe within the f(R, L,,) gravity
framework, rather than the early universe. Shukla et al. [29] primarily focused on the Friedmann-Lemaitre-Robertson-
Walker (FLRW) model in f (R, L,,) gravity, analyzing the transition from deceleration to acceleration in the universe. J.K.
Singh and Shaily [30] have studied on the late-time behavior of the universe in the context of f(R, L,,) gravity, rather than
the early universe. It investigates the transition from deceleration to acceleration phases, showing that the model behaves
like ACDM at late times. Pawar et al.[31] have focused on the expansion of the universe in f(7) gravity and derived the
Hubble parameter in terms of redshift and examines the equation of state parameter, energy density, and pressure. Young
Jin Suh et al. [32] have investigated protectively flat perfect fluid spacetime solutions in f(R, L,,) gravity, focusing on
energy conditions and their relation to the Ricci scalar.

The functional form of f(R, Lm) gravity has been extended to related theories such as f(R,T) and f(Q) gravity,
incorporating trace of energy-momentum tensor or non-metricity scalar, broadening the functional diversity [33]. Further-
more, alternative formulations inspired by logarithmic corrections, Born—Infeld structures, and holographic dark energy
have also been explored, highlighting the continuous efforts to enhance the physical viability and observational consistency
of such models [34, 35]. Several studies have investigated cosmological models with variable anisotropy parameters or
within different Bianchi classifications, such as Bianchi type-III and type-V Iy, revealing diverse evolutionary patterns of
anisotropy in the universe [36, 37]. While many theoretical and reconstruction-based works provide valuable insights
into the role of anisotropy and modified gravity, some lack direct confrontation with observational datasets. However,
these studies establish a strong foundation for future comparisons with astrophysical data [38, 39]. In most models, the
focus remains confined to the contributions of modified gravity terms and conventional matter fields, primarily analyzing
geometric features and dark energy dynamics [40].

In summary, the body of literature underscores that matter-curvature coupling in f (R, Lm) gravity significantly
influences anisotropic cosmological evolution and dark energy dynamics, yielding models capable of describing late-
time acceleration with evolving equations of state. The inclusion of bulk viscosity further enriches the phenomenology,
enhancing the viability of anisotropic models. However, challenges persist in capturing fully dynamical anisotropy,
achieving consistent observational integration of anisotropic effects, and expanding the functional diversity of f(R, L,,) to
encompass broader physical scenarios. Future research addressing these gaps could sharpen understanding of anisotropic
dark energy models in modified gravity and their cosmological implications

This work is structured as follows: In Section 2 we give a brief account of the f(R, L,,) gravity formalism and the
field equations. Anisotropic cosmology using LRS Bianchi I metric is discussed in Section 3. Section 4 discusses the type
of models and solutions in which this study is centered. In Section 5 we present the results with particular emphasis on
the physical consequences and observational predictions. Last but not least; Section 6 gives the conclusion and research
recommendations.

2. f(R, L,;) GRAVITY AND FIELD EQUATION

The action integral for the framework of f (R,Lm ) interpreted with the matter Lagrangian density Lm and the Ricci
scalar R is given as

S = / f(R, Lm)y/=gdx* (1)

where f (R, Lm) is arbitrary function of Ricci scalar R and matter Lagrangian L,,. By contracting the Ricci tensor
R,un, one may get the Ricci scalar R,
R =g"Rij 2

where, the Ricci tensor is defined by,

Rij = =0T} + 0T — T, I + T, T 3)

o ij

Here, ng represents the components of well-known Levi-Civita connection defined by

1 0gap  08ay 0gpy
re = gt + - 4
By = 28 0xY OxP ox @)

The corresponding field equations of f(R, L,,,) gravity are obtained by varying the action (1) for metric g;; is given by,

. 1 1
fR(R’ Lm)Rij + (gijViVl - Vivj) fR(R’ L) - 5 [f(R, L) - fLm(R7 Lm)Lm] 8ij = EfLm(R7 Lm)Tij @)
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Where, fr(R, Ly) = W, SL., (R, Ly) = %’i"‘)ﬂere covariant derivative is represented by V; and the energy
momentum tensor 7;; can be expressed as,

2 6(y=8Lm) 6L

ERNE A T
Now, from the explicit form of the field equation (5), the covariant divergence of Energy momentum tensor 7;; can be
obtained as,

(6)

VT;; =2V'In|[fr,, (R, Ly)| (7

6Ly,
08ij

The relation between the trace of energy momentum-tensor 7, Ricci scalar R, and the Lagrangian density of the matter
L,, obtained by contracting the field equation (5)

fi (R LR+ 39,9 fi(R, L) =2 [F(R, Lun) = fr,, (R Lon) ] = 3 F1,, (R L)T ®)

The relation between the trace of the energy momentum tensor T’ = T;;, L;,, and R can be established by taking account
of the previously mentioned equation.

3. METRIC AND FIELD EQUATION IN f(R, L,,) GRAVITY
The spatially homogeneous and anisotropic LRS Bianchi type [ spacetime can be written as,

ds® = —di*> + X?dx*> + Y (dy? + dZ%) )

Where X and Y are the metric potential that are the functions of cosmic time ¢ only.
The Ricci scalar for LRS Bianchi-/ spacetime can be expressed as

R=—2[§+2§+2%+§—2] (10)
The overhead dot (.) denotes the derivative with respect to time ¢. The spatial volume V of the universe is defined as
V = XY? (11)
The average scale factor ]
a(n) = (xr?)’ (12)
The generalized mean Hubble parameter H, which describes the space-time expansion rate, can be stated as
H:%(H1+H2+H3)=%()—)§+27Y) (13)

where Hy, H,, H3 are the directional Hubble’s parameters in the direction of the x—, y—, andz — axes, respectively. In
order to figure out whether the models approach isotropy or not, we define the expansion’s anisotropy parameter as

1< (H )2

The expansion scalar and shear scalar are defined as follows,

X Y
0=—+2= (15)

X Y

23 2
0% = 2 AnH (16)

The deceleration parameter (DP) is
d (1 aa

=-l+—\=|=-7F= 17
i dt(]i) a2 17

Let us take the matter that contains the energy momentum tensor for dark energy, which is of the form

Tij = (p + p)ujuj + pgij (18)
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Where p is the energy density and p is the pressure of the fluid. Where u' = (1,0,0,0) is the four-velocity vector in
co-moving coordinates which satisfying u;u' = —1. The EoS parameter for quark matter is defined as

p=wp 0<5w<l 19)

By using the equation (16), the field equation (5) can be written as,

X Xy 1 Y. . 1
(§ + Zﬁ) fr+5 (f = froLm) + 2y IR+ IR =5 L. (20)
v O¥2 Xy 1 X Yv\. . 1
(? 7t ﬁ) fr+3 (f = fLwLm) + (} * ?) Jr* Jr= =5 P @b
X ¥ 1 X ¥y, 1
(f + 2?) fr+ 3 (f = fL,Lm) + (} + 2?) frR= EfLm.O (22)

4. COSMOLOGICAL f(R, L,,) MODEL

To examine the dynamics of Universe, we employ the functional form of f(R, L,,) gravity as,
R a
SR Ly) =5 +Lj+ B (23)

where @ and S are free parameters and can be retained as GR for @ = 1 and =0

For f(R, L,,) model,the matter Lagrangian L,, is generalized, and the coupling with curvature R produces extra
terms that can mimic dark energy behavior, we have to consider L,, = p [41]

Using the above particular choice of L,,, the field equations (20), (21) and (22) becomes,

2V Y2 1
7 Ty U-@pt - p=ap™p (24)
X ¥V Xy e o e
xtvtxy (I-a)p®=B=ap® 'p (25)
r’ +2XY B=(1-2a)p® (26)
y2 “xy P° @p

The field equations (24), (25) and (26) are three independent differential equations with four unknowns: X,Y, p and p.
Hence, to determine solutions, we have to use physically plausible conditions.

Berman and Gomide [42] indicate that there exists a connection between the Hubble parameter (H) and average scale
factor (a) given as,

w3

H=la"=1 (xyZ)’ 27)

Where [ > 0and »n > 0 are constants.
Now, from equations (13) and (27), we get the following.

a=la""*! (28)
i=-I(n—1)a""" (29)

From equations (16) we obtain
g=n-1 (30)

Now using equations (27) and (30), the solution of equation (17) gives the law of variation of the average scale factor of
the form,

a=nlt)n, n#0 31)
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5. SOLUTION OF THE FIELD EQUATIONS

The field equations (24)-(26) reduce to a system of three non-linear equations in four unknown parameters X,Y, p
and p. Hence to find the determination solution of the system , we used the law of variation [42]. Now from equations
(24) and (25), we get

vox v xv
———+=-—==0 (32)
Y X Y* Xy

On integrating, we get

Y X C1
=== 33
Y X Xy? (33)
Where ¢ is the constant of integration Using equation (12) in equation (33) and integrating again, we get
Y
LA ( [a dt) (34)
Multiplying and divide by Y2, we get
Y3 Cl
Se = Cp exp (/ ] dt) 35)
Using equation (12), a® = XY? in equation (35), we get
Y3 =d’c, exp (/ % dt) (36)
a
The metric function X and Y in terms of the average scale factor a(t) are given by
2c
X(t) = c2 aexp (—%/ -3 dt) (37
3 €1 -3
Y(1) = c;aexp 3 a” dt (38)
Now using equation (31) in equations (37) and (38), we get
X(t)—c 3(nlt) exp(3l( )(nl)) (39)
1 1
Y(t) = C23 (I’llt)" exp(?’l(—) ) (40)

Where n#3
Putting the values of X and Y in eqn (9),we obtained the exact solution .

1 2 2 2 2 2
ds* = —dt* + ¢, (nlt)n (exp(%(nlt) n )) dx* + ¢} (nlt)" (exp(ﬁ(nlt) g )) (dy? +dz?)  (41)

which gives the desired cosmological model.
From the equations (25) and (26), with the help of metric potential, the energy density and pressure of dark energy

are given by
1 2 3 @
p= m(‘—@”) e )l 42)
_3 2 2
4 Ity = 2c 2n+9 ¢ 3
2T Sy 22 (- D h v 2 p)
p=-—-" K ¢ = “3)

1 i 6o 3 ’
—— (- L@+ =5 -p)
“[1—2a( 3T+ o Bl
Using equations (42) and (43), the equation of state (EoS) for dark energy is given as

((1 -2a) [4clnt(nlt)_% - @(nt)z(nlt)_% +2n+ 9] + a( - %'z(nt)z(nlt)_% - B(nt)* + 3))
w=- (44)

2 3
a/( — L) (nlt)™n - B(nr)? + 3)
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6. SOME PHYSICAL PARAMETERS
The spatial volume V of the universe is given as

V=d3(1) = (nlt)n

The average Hubble parameter
H = (nr)”!

The dynamical scalar expansion 6 and shear scalar o2 are

0 =3(nt)"",

-6
o= c%(nlt) B

The average anisotropic parameter

2c 2 2n-1
Ap = 3 (nlt) 5
7. FIGURES
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In this section, to better understand the behavior of our cosmological model, we present plots of various physical and

dynamical parameters as functions of cosmic time.
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Figure 1. Variation of Energy Density

The graph indicates that the universe started with a very high density and then decreases rapidly, reflecting the expected

expansion dynamics.
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-05

00 05 10 15 2.0
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Figure 2. Variation of Pressure

The graph indicates that the universe begins with a strong negative pressure (accelerating expansion), but over time the
pressure diminishes and tends toward zero, suggesting a transition toward a less repulsive, more stable cosmic state.
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Figure 3. Equation of state parameter
The graph shows that the equation of state parameter w = —1 through out the cosmic time.This corresponds to vacuum

energy or cosmological constant A
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— Vi =(nt?

Figure 4. Variation of Spatial Volume V

The plot shows that the spatial volume of the universe expands rapidly as time increases. It begins at t=0 (Big Bang
singularity) and indicates cosmic expansion.

H(t)

— HI =k

Figure 5. Variation of Hubble Parameter

Expansion rate of the universe is very high at early times (# — 0) but decreases as the universe grows late time.It never
becomes negative, but approaches zero as t — oo.
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Figure 6. Variation of Scalar Expansion

The rate of volume expansion of the universe decreases with time. This supports the idea that the early universe expanded
extremely fast but slowed down with cosmic time.
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60+
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Figure 7. Variation of Shear Scalar

The plot represents the anisotropy (directional deformation) in the expansion. At early times (r+ — 0), anisotropy is large,
but it decreases with time. This indicates that the universe tends to become isotropic as it evolves.

Figure 8. Variation of Anisotropic Parameter

Describes how strongly anisotropy affects cosmic expansion. If n < 0.5, the universe tends to become isotropic at late
times.
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\

o
= -
8]
w

--——- g=0atn=1

4 5

Figure 9. Variation of deceleration parameter

A graph represents a straight line in 7, independent of time. For n < 1: g < 0, accelerated expansion (dark energy-like).
For n = 1: g = 0, expansion at a uniform rate. For n > 1: g > 0, decelerated expansion (matter-dominated).

8. CONCLUSIONS

We have studied the anisotropic LRS Bianchi type-I cosmological model in the framework of f (R, L,,) gravity, the
contribution of dark energy in accelerating the cosmic evolution. Applying the functional form f(R, L,,) = % + L +
B with L,,, = p, and applying the special law of variation for the Hubble parameter, we obtained exact solutions to the
modified field equations. Also, we have studied the physical and dynamical parameters such as Hubble parameter, spatial
volume, deceleration parameter, scalar expansion, shear scalar, anisotropic parameter, pressure, density and EoS parameter
and analyzed these parameters graphically from which we observed the following facts.

The energy density decreases rapidly with time and approaches near zero at late times. The pressure, initially highly
negative, drives an accelerated expansion in the early universe but gradually stabilizes toward zero, reflecting a transition
to a more balanced expansion regime. The equation of state parameter remains close to w = —1, suggesting that the dark
energy component in this model mimics a cosmological constant.

The spatial volume expands unboundedly from a vanishing value at t=0, consistent with Big Bang cosmology, while
the Hubble parameter and expansion scalar decrease over time, signifying a slowing but persistent expansion. The shear
scalar and anisotropy parameter exhibit decreasing trends for n < 0.5, indicating isotropization of the universe, but for
n > 0.5, anisotropy persists, showing that the universe evolves toward anisotropy in certain dynamical regimes. The
deceleration parameter shows the different values of cosmic p hases: accelerated expansion for (n < 1), uniform expansion
at (n = 1), and deceleration for (n > 1).

Overall, the model successfully reproduces an accelerated, expanding universe consistent with present-day observa-
tions, while also providing a framework to investigate anisotropy in cosmic evolution. In particular, it shows that matter
curvature coupling in f(R, L,,) gravity can explain the late time cosmic acceleration without using exotic scalar fields.

This work emphasizes that anisotropic cosmological models in f(R, L,,) gravity are not only viable but also rich
in dynamical structure, offering testable p redictions for d ark e nergy b ehavior. F uture i nvestigations m ay r efine this
framework by incorporating bulk viscosity, observational constraints from supernovae and CMB data, and extensions to
other Bianchi-type universes, thereby deepening our understanding of the interplay between anisotropy, dark energy, and
modified gravity in shaping cosmic evolution.
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This work presents a detailed investigation of low-lying positive-parity states in the '°F nucleus by combining shell-model techniques
with Hartree—Fock (HF) calculations. The study systematically extends from traditional core-based spaces (sd, zbm, psd) to the fully
untruncated no-core configuration (spsdp f). Realistic single-particle wavefunctions were generated using harmonic oscillator (HO),
Woods—Saxon (WS), and Skyrme parameterizations. The approach was tested across a broad set of observables, including excitation
spectra, electromagnetic form factors (CO, C2, C4, M1, M3, E2, E4, and E4 + MS5), transition probabilities, magnetic dipole and
electric quadrupole moments, as well as binding energies and rms charge radii. Discrepancies reported in earlier theoretical work,
particularly for the M1 and C4 transitions at higher momentum transfers, were resolved through expanded model spaces and refined
radial wavefunctions. Together with our previous study of negative-parity states in '°F, these results provide a coherent picture:
systematic core-to-no-core extensions are essential for accurately reproducing both detailed and bulk nuclear properties. This unified
framework strengthens theoretical modeling of '°F and establishes a foundation for future shell-model studies of nuclei in transitional
and deformed regions.

Keywords: Nuclear shell model; No-core shell model; Hartree—Fock wave function; Skyrme Hartree—Fock; Effective interaction;
Electromagnetic form factors; Energy levels of °F

PACS: 21.60.Cs, 21.60.Jz, 25.30.Bf, 21.10.-k, 27.20.+n

1. INTRODUCTION

The 'F nucleus is an excellent example of a light, odd-A, strongly deformed nuclear system of sufficient size and
complexity to exhibit properties of a many-body system. Electron scattering, through its well-understood electromagnetic
interaction, serves as a powerful probe of the nuclear structure. In this work, nuclear structure properties were investigated
using the shell model and the Hartree—Fock method, with core-to-no-core extensions enhancing theoretical reliability.
This technique focuses on increasing the number of valence particles to investigate the static and dynamic structure of
19F. Within the recent progress of shell model research areas, the necessity to choose and apply a model space as well as
effective interactions crucial in identifying and explaining nuclear structure phenomena has become evident. Ghafoor et
al. [1] compared the excitation of negative parity states in '°F using core and no-core shell models and their calculations
have shown that adding the no-core leads to much better agreement with the observables especially in transition strengths
and energy spectra. Correspondingly, Ryssens and Alhassid [2] developed the HF-SHELL code that implements finite-
temperature Hartree-Fock algorithms to tackling shell model Hamiltonians and discussed its applicability to the statistical
and collective properties of nuclei at high excitation. These were supplemented by Saxena and Srivastava [3] who
performed first-principles calculations using an ab initio no-core shell model to gain insight into neutron-rich '8-230 and
18-24F isotopes, and indicated that structure experimentalists may expect first-principles studies of such systems to employ
large model spaces to resolve detail in such systems.

Large-scale shell model predictions of Jassim and Sahib [4] have also been provided on '°F, as well as the adjoining
nuclei, such as 2°-2°Mg and %’ Al, demonstrating that concomitant conventions of interaction-model spaces can produce
solid spectra and electromagnetic properties. Similarly, Singh etal. [5] demonstrated that complete shell model calculations
of even and odd A nuclei in several mass regions could effectively reproduce calculated and experimental energy levels,
form factors, and transition moments, in the case of high-quality interactions being used. Taken together, these works
support the generality of the shell model in understanding nuclear structure and support the tendency to use the traditional
shell model frameworks along with more modern treatments, i.e., ab initio methods and mean-field approximations, to
improve our knowledge of light and medium-mass nuclei.

The development of recent years with the study of nuclear structure of sd-shell nuclei has significantly relied on
the method of configuration-interaction shell model to investigate the electromagnetic response and electron scattering
processes. The study of Le Noan and Sieja [6] explored the electric dipole response of sd-shell nuclei and determined
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that the collective and single-particle excitations of light nuclei are important through the shell-model description with
well-selected effective interactions that reproduce well their low-energy dipole strength distributions.

In connection with these results, Radhi ez al. performed shell model calculations in detail of the electron scattering of
the '°F nucleus, both positive and negative parity of the states. In their work [7], they found that inelastic scattering form
factors can be successfully described using shell-model wave functions, including realistic configuration mixing, which
allowed insight into nuclear excitation mechanisms and the densities of transition states. Radhi, Abdullah, and Raheem
[8] first applied these analyses with no-core shell model wave functions of a large basis, which gave a better match to
elastic and inelastic measurements of electron scattering and emphasized the need to include the complete model space in
a description.

The rationales of these computational works lie in the development of effective interactions as advanced by Smirnova
et al. [9] in the sd shell. They formulated and tested improved sets of new interactions that improve the predictive
capability of shell-model calculations, in particular, on spectroscopy and transition strengths, thus allowing a more precise
description of the experimental observables in all the nuclei of the sd-shell.

Brown et al. [10] conducted a detailed shell-model analysis of high-resolution elastic and inelastic electron scattering
data for '°F, successfully reproducing key longitudinal and transverse form factors for both positive- and negative-parity
states. Their study demonstrated the utility of the sd-shell configurations and limited cross-shell excitations in capturing
essential electromagnetic observables. However, the analysis was constrained by truncated model spaces, reliance on a
fixed effective interaction, and the use of phenomenological single-particle wavefunctions. These limitations restricted
the treatment of configuration mixing and reduced the accuracy of predictions at higher momentum transfers—especially
for complex multipole components. Furthermore, the absence of systematic uncertainty quantification and the exclusion
of extended model spaces, such as the pf-shell, limited the completeness and generalizability of the results, indicating the
need for modern no-core approaches and diverse interaction benchmarking for deeper nuclear structure insight.

In combination, such studies reveal the configuration-interaction shell model using extended effective interactions
to be a formidable theoretical instrument in the study of nuclear electromagnetic responses in sd-shell nuclei, especially
using observables in electron scattering as the sensitive probe of nuclear structure.

The present investigation evaluates the energy spectra, reduced transition probabilities, magnetic dipole moments,
nuclear root-mean-square radii, binding energy, and both longitudinal and transverse inelastic electron scattering form
factors for the '° F nucleus. The analysis utilizes four distinct model spaces to systematically examine the influence of
progressively extending the core configuration, culminating in a no-core framework, on the calculated nuclear properties
and scattering observables

2. THEORETICAL FORMALISM

To investigate the nuclear structure properties of '°F, we employed both the shell model and the Hartree—Fock (HF)
approaches. Each method was carefully implemented using relevant effective interactions and computational tools, and
all mathematical formulations were consistently applied throughout the study.

In the HF method, the wave function of a nucleus |¢yr), consisting of A nucleons, can be written as a Slater
determinant of single-particle wave functions ¢; [11, 12]:

dr1(ur) -+ P1(ua)
lynr(ur,uz, ... up)) = —| Sl (1)
VAl daur) -+ ¢alua)

where u; = (¥, 0, ;) includes spatial coordinates 7, spin projection ¢, and isospin projection ¢, (+1/2 for proton, —1/2
for neutron). The HF method minimizes the expectation value of the total Hamiltonian [13]:

n <
~ 25
H = _% IZ:; Ve + VSkyrme> 2

where the Skyrme effective interaction [14] models the mean-field behavior of nucleons through zero-range, density-

dependent forces:
VSkyrme = Z Vl.(jz) + Z Vi(j3k) . 3)

i<j i<j<k

The two-body component consists of central, spin-orbit, and tensor terms [14, 15, 16]:
VSkyrme(a’ 72) =V"+ VLS + Vt, 4)
with

~ ~ t A ~ N
V"= l‘o(l +XOPO-)512 + 51(1 +)C1P(,—)(k% + k%)élz
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+12(1 +x2P )y - k1612 + %3(1 +x3P ) p(r)é12,
VES =ity (01 + 62) - (ko x k1)612,
V' = %e 3(81 - ka) (G2 - ko) = (61 - )3
+3(61 - k)02 - k) = (61 - G2)kT |61

+15[3(61 - k2) (62 - k1) = (&1 - 62) (ka - k1)? 1612,

®)
(6)

(7

where 615 = 6(F; — ) is the Dirac delta function. The operators k= 2%.(61 - 62) and ky = —%(%1 - %2) act on the

right and left wavefunctions, respectively. The three-body force is simplified as

()
VSkyrrne = 13012013

The radial part of the single-particle wavefunctions is [15, 16]:

Rnl(r)

¢nljm(r) = lem(gr)7

with the corresponding density distributions [11]:

(s) 2
- 2ja+ 1) (Rip, ()
Ps (r) = et W dn , s

and root-mean-square (rms) radii [17, 18]:

f drrtps(r) 2

— (#2\1/2 _
ry =(ry = |V—
U Farreao

®)

€))

(10)

Y

In the shell model, electromagnetic form factors are calculated via reduced matrix elements. The one-body transition

densities (OBTDs), computed using the NuShellX code [19], are defined as

(Jrlllal, ® ag)’ 1)

OBDMy ;. (J;,Jf) = Ny

The reduced matrix element is then [20]:

AT, (@) = > OBDMy... (Ji. Il T}, (@)IIB),
a.

and the form factor squared is [21]:

2

4r
IF (@) =

- - T
Z2(2J; + 1) |Fem ()17 Fis ()

eI UATT (@i

where the center-of-mass and finite-size corrections are [22]

4A

0.43¢>
IFis(q)] = exp (— o )

bZ 2
|Fem()| = exp (—")

The longitudinal and transverse form factors are [20, 21]
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and the total form factor in plane-wave Born approximation (PWBA) is [20, 21]

2

2 2
PR = (1% )imR + |3 1- %) vt (3) | i@ (19)

Finally, the reduced transition probability is given by [21]:

Z2[(2J + D!

2
7 ] |F} (k) (20)

where k = E /hic is the momentum transfer corresponding to the excitation energy.

3. RESULT AND DISCUSSION

Building upon our earlier study [1], where the root mean square (rms) charge radius and binding energy of '°F
were successfully reproduced using a single Skyrme-Hartree—Fock parameterization (SLy4), the present work marks
a significant methodological advancement. While the previous calculation yielded results in strong agreement with
experiment—2.876 fm for the rms radius and 146.372 MeV for binding energy—this study systematically expands the
scope by employing an extensive set of thirty-nine Skyrme interactions. These are analyzed in parallel with harmonic
oscillator (HO) and Woods—Saxon (WS) potentials to rigorously evaluate their effectiveness in reproducing key nuclear
observables. This enriched comparative framework enables a more robust benchmarking of global nuclear properties and
provides deeper insight into the sensitivity of model predictions to mean-field structure.

In addition to global quantities, the present investigation delves into the fine structure of low-lying positive parity states
in 'F by analyzing longitudinal and transverse electron scattering form factors, electromagnetic transition probabilities,
magnetic and quadrupole moments, and excitation spectra. The study is structured around a progressive extension of the
shell model space, beginning with the conventional sd-shell (based on an '°O core) and expanding through the zbm (!2C
core), psd (*He core), and fully untruncated spsdpf no-core model. This hierarchical modeling strategy, combined with
realistic single-particle wavefunctions from Hartree—Fock and alternative potentials, allows for a critical evaluation of how
model space and interaction choices affect the reproduction of experimental data.

The present study is a significant development in the theory of nuclear structure and very far beyond the earlier
applications of the shell model, like Radhi et al. [7, 8] and Brown [10]. Unlike earlier studies that were limited to truncated
core configurations and narrow interaction sets, we implemented a systematic core-to-no-core shell model framework,
treating all 19 nucleons of '°F as dynamically active in the most extended model space cause to reproduce some observable
that is better than previous studies.

The results are presented in order of increasing angular momentum, offering a clear and coherent narrative of the
evolving nuclear structure across multiple observables.

Angular momentum and parity conservation allow only certain multipole parts, namely C0O, E0 and M 1 for Coulomb,
transverse electric and transverse magnetic form factors respectively for ground state. The time-reversal symmetry removes
the EO component though. The elastic Coulomb CO form factors of the ground state of the nucleus '°F (1/2*, 0 MeV)
were calculated with the help of shell-model wave functions related to model spaces sd, zbm, psd and spsdpf. These
were coupled to radical single-particle wavefunctions, of Skyrme Hartree—Fock parameterization (SkXcsb, SkXta, SkXtb,
SLy4), Woods—Saxon (WS) and harmonic oscillator (HO) potentials. The constructed fit is compared to the experimentally
measured form-factor in the Ref. [10] as the benchmark data presented in Fig. 1.

For the momentum transfer region ¢ = 0 to 1.6 fm~!, all model spaces, ranging from extended-core to no-core
configurations, demonstrate good agreement with experimental data across all potential types. The CO form factor near
g = 1.57 fm™" up to 3 fm™', calculated using the Woods—Saxon potential, aligns closely with experimental data for both
the sd- and psd-model spaces (core configurations of '°0O and “He, respectively). This strong similarity between the two
model spaces may be attributed to the clustering of '°0 as four *He nuclei. For the '>C core with the ZBMI interaction,
the CO form factor achieves optimal agreement with experimental data using the Woods—Saxon potential in the g-value
regions 1.57-1.61 fm™! and 2.28-2.4 fm™!. In the intermediate range 1.61-2.28 fm~', the SkXcsb Skyrme potential
produces the most accurate results. For the final two experimental g-values obtained using no-core calculations, both HO
and WS potentials yield results in good agreement with the experimental data [10].

Unlike previous works, our study is the first to systematically reproduce the longitudinal C0 form factor of the ground
state 1/2] throughout the entire momentum transfer range using all core and no-core model spaces (sd, zbm, psd, and
spsdpf), demonstrating that the charge distribution of the ground state can be robustly captured regardless of the core
truncation, a result not previously
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Figure 1. Elastic Coulomb CO form factor for the 1/2* ground state of '°F, calculated using various model spaces and
radial potentials. Theoretical predictions are compared to experimental data from Ref. [10].

The transverse magnetic M1 form factors are presented in Fig. 2. A high level of consistency is observed between the
experimental results and the calculations using all the employed potentials in the momentum transfer range, particularly
with the sd-shell wavefunction and 0 core. However, in the region g = 1.2-1.7 fm_l, the calculated form factors are
underestimated. In particular, within this momentum transfer range, five out of the six potentials employed, excluding
SkXcsb, exhibit qualitative agreement with the experimental M1 form factor data. The measurements reveal two diffraction
minimalocatedatg = 1.1 fm™ ' and g = 1.6 fm™!, though these features appear slightly shifted in the theoretical predictions.
Among all potentials, the Woods—Saxon (WS) potential (represented by cyan dashed) provides the closest match to the
experimental data in the region g = 1.49-1.57 fm~!.

For the (éZC) core configuration using the ZBMI interaction—where only seven valence nucleons are active—all
potentials qualitatively reproduce the M1 form factors. However, the SLy4 Skyrme potential (dotted line) delivers the best
overall agreement, though it fails to precisely replicate the observed minima near ¢ = 1.57 fm~!. When employing the
(fHe) core within the psd-model space and the PSDMK interaction, the M1 form factors show excellent agreement with
the experimental data. The diffraction minima are best reproduced using the harmonic oscillator (HO) and WS potentials,
especially around g = 1.49 fm~!, where all Skyrme potentials and the HO curve intersect this crucial point.
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Figure 2. Theoretical transverse form factor M1 for the 1/27 state in comparison with experimental data from Refs. [10, 23].

In the range ¢ = 1.7-2.23 fm™!, the transverse M1 form factors calculated within the psd-model space align most
accurately with experimental values when Skyrme potentials are employed. At even higher momentum transfers (¢ =
1.7-3 fm~!), the HO and WS potentials yield the best fits, while the SLy4 potential achieves only partial agreement.

Finally, for the fully untruncated spsdpf model space (no-core configuration) using the WBT interaction, all po-
tentials—with the exception of SLy4—show excellent agreement across the entire M1 form factor momentum range.
Interestingly, the SLy4 potential still provides strong agreement at the critical point ¢ = 1.57 fm ™.

In contrast to Brown et al. [10], who failed to reproduce the transverse M 1 form factor of the 1/2] state—especially at
low momentum transfers—our approach not only recovers both diffraction minima but also achieves excellent agreement
across all momentum ranges using the sd and psd model spaces with HO and WS potentials, while the no-core spsdpf
calculations uniquely resolve the second minimum using the SLy4 Skyrme interaction, marking a major improvement in
modeling the magnetic structure of the ground state.

The Coulomb contribution C2 for the 3/2] state, as depicted in Fig. 3, demonstrates remarkable consistency
between the sd-shell wavefunction calculations and experimental data across all g-values, with only minor overestimations.
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However, the first minimum at approximately ¢ = 1.75 fm™! is qualitatively well reproduced by the HO potential and is
quantitatively closer when using the SLy4 parameterization. In the range ¢ = 2-2.4 fm~!, the HO potential provides a
notably better fit than the other parameterizations.

For the zbm-model space, the form factors exhibit good qualitative agreement across all g-values, albeit with a
systematic shift. The minimum point is quantitatively well reproduced by both the HO and WS potentials, while the
Skyrme parameterizations (SkXcsb, SkXta, SkXtb, and SLy4) excel qualitatively in this momentum transfer range. The
suppression of the transverse C2 form factor for the 3/27 state using the zbm-ZBMI interaction is attributed to its significant
overestimation of the excitation energy, as shown in Fig. 11. This suggests an inadequately configured wavefunction for
this state, lacking essential configuration mixing and collectivity.
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Figure 3. Theoretical longitudinal form factor C2 for 3/27 compared with experimental data [10, 24].

The zbm model space, based on a '>C core (Z = N = 6), does not benefit from the enhanced stability of a doubly
magic configuration, thereby limiting the accuracy of transition strength predictions. Consequently, the reduced transition
density leads to an under prediction of the form factor strength in Fig. 3.

The results for the psd-model space are strikingly similar to those from the sd-shell wavefunction, further reinforcing
the idea that the é60 core can emerge as a cluster derived from the gHe core. Notably, the PSDMK interaction [25],
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developed from the PW interaction within the sd-model space, incorporates the active 1ds), 2512, and 1d3) orbitals
above an inert éGO core.

Finally, within the spsdpf-model space, all potentials demonstrate exceptional agreement with the experimental C2
form factors across the entire g-value range, surpassing the accuracy of the other model spaces. This finding confirms
that no-core shell model calculations are the most effective method for investigating form factors using an advanced shell
model framework, where all nucleons are actively interacting.

Additionally, the no-core calculations reveal that the SkXcsb, SkXta, and SkXtb parameterizations yield similar
results, while the SLy4 potential shows excellent agreement with WS and nearly with the HO potential. The differences
among these potentials arise primarily from the renormalization of the 2s1d single-particle matrix elements within the
model spaces.
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Figure 4. Theoretical transverse form factors M1 and E2 for the 3/27 state at 1.55 MeV, compared with experimental
data [10, 24].
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The present study significantly advances the theoretical modeling of the longitudinal C2 form factor for the 3/27 state.
While Brown et al. [10] provided early reproduction using the sd-shell model, they failed to capture the first diffraction
minimum around g = 1.75 fm~'. In contrast, our sd-shell results, particularly with HO and WS radial potentials,
successfully reproduce this minimum both qualitatively and quantitatively.

Moreover, the same feature is accurately captured in the zbm-model space using WS potential, and the overall shape
of the form factor is closely mirrored in the psd-model space, demonstrating the structural continuity from an '°O core to
its “He cluster constituents. Most notably, the no-core spsdpf calculations provide exceptional agreement across the entire
momentum transfer range using all Skyrme parameterizations, further confirming the robustness of our framework and its
superiority over prior approaches in resolving the fine structure of the C2 form factor.

The transverse M1 and E2 form factors for the first 3/27 state at 1.55 MeV are depicted in Fig. 4. Here, the total
form factors (E2 + M 1) were calculated for all potentials, while individual contributions of E2 and M1 are demonstrated
specifically for the SkXcsb parameterization. The analysis reveals that the predictions from the sd-, psd-, and spsdpf-model
spaces, utilizing all potentials, show reasonable agreement with the experimental data.

The regions of momentum transfer between 0.8—1.4fm™' and 1.8-2.5fm™' show dominant contributions from
either the M1 or E2 multipoles, while in the intermediate range of 1.4—1.8 fm~"', both multipoles play a significant role
in shaping the form factors. In contrast, the predictions from the zbm-model space exhibit fluctuations compared to
the experimental data, largely due to discrepancies in the theoretical scattering process, which begins earlier than in the
experimental observations. Despite this, the M1 component achieves qualitative consistency with the experimental form
factors at specific momentum points, effectively reproducing the expected shape and behavior.

A major advancement of this study lies in the comprehensive treatment of the transverse M 1 + E2 form factor for the
3/27 state at 1.55 MeV. Unlike the earlier analysis by Brown et al. [10], which modeled only the total form factor within the

sd-shell and failed to reproduce the high-g behavior beyond 1.7 fm™', our work explicitly decomposes and calculates both
the M1 and E2 components across an extended model space framework, including sd, psd, and spsdpf configurations.

Using HO, WS, and a broad range of Skyrme parameterizations, we accurately reproduce the entire momentum
transfer region. Notably, the form factor is successfully resolved even in the high-¢ domain where previous models
faltered. Only the zbm-model space shows deviation due to mismatched excitation energy and premature scattering onset,
reaffirming the necessity of extended core treatments and no-core shell model approaches for reliably capturing transverse
multipole behavior.

The inelastic longitudinal C2 multipole form factors for the 5/2* state are presented in Fig. 5. The comparison with
experimental data from Ref. [10] shows that all potentials provide results consistent with the experimental values in both
magnitude and shape across the momentum transfer range ¢ = 0.75-2.4 fm~!. A diffraction minimum is observed around
g = 0.75 fm™!, which is accurately reproduced by all potentials. The predictions from the sd-, psd-, and zbm-model spaces
align closely with experimental data, showing better agreement with the harmonic oscillator (HO) potential compared
to the Skyrme parameterizations and Woods—Saxon (WS) potential. For the spsdpf-model space, the predictions match
experimental data most closely when using the HO potential up to ¢ = 1fm~'. Between ¢ = 1 and ¢ = 2.1fm™!, the
Skyrme parameterizations SkXcsb, SkXta, and SkXtb outperform the others in reproducing the experimental shape, while
beyond ¢ = 2.1fm™!, the SLy4 and WS potentials show the highest level of accuracy. Overall, the no-core calculations
demonstrate superior precision compared to other core-based configurations, reinforcing their effectiveness in studying
form factors with greater reliability and accuracy.

The inelastic transverse E2 and M3 multipoles for the 5/27 state at 0.197 MeV, alongside the total transverse form
factor (E2 + M3), are illustrated in Fig. 6. While the total transverse form factors were computed using all potentials
across the different model spaces, the SkXcsb parameterization uniquely highlights the individual contributions of the E2
and M3 multipoles.

Across all g-values, the predicted results show strong agreement with experimental findings, though a minor shift
is noted in the diffraction minimum—from approximately ¢ = 1.6 fm~! to ¢ = 1.7 fm~!. The M3 multipole dominates
the total transverse form factor across the full momentum transfer range, except in the interval ¢ = 1.6-1.8 fm™!,
where the E2 contribution becomes more prominent. All model spaces effectively reproduce the experimental form
factor profile, with the M3 component consistently overshadowing the E2 contribution. Predictions using the harmonic
oscillator (HO) and Woods—Saxon (WS) potentials generally exhibit better agreement with experiment than those based on
Skyrme parameterizations. Although the sd-, zbm-, and psd-model spaces yield quantitatively consistent results with the
experimental data, the spsdpf-model space provides the best qualitative match, particularly in reproducing the diffraction
minima at critical momentum transfer values.

The presentation of results is quite remarkable, as both the longitudinal C2 and the transverse total E2 + M3 form
factors of the 5/27 state achieve high diagnostic accuracy across all considered model spaces, including the core-based
sd, zbm, and psd configurations, as well as the fully untruncated spsdpf no-core dimension. These results hold under the
application of a wide range of radial potential dependencies—namely, the harmonic oscillator (HO), Woods—Saxon (WS),
and various Skyrme parameterizations. This observed uniformity is not coincidental but reflects the strong collectivity
and configuration mixing inherent to the 5/2* state, which predominantly involves the ds», 51,2, and d3/, orbitals.
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Figure 5. Theoretical longitudinal form factor C2 for 5/27 compared with experimental data [10, 24].

These components are well described even in truncated spaces and are further enhanced in no-core calculations
where full cross-shell correlations and valence space saturation are accounted for. The excellent agreement between our
theoretical predictions and the experimental form factor data across the full momentum-transfer range demonstrates the
robustness and reliability of the extended shell-model framework applied in this work.

The inelastic longitudinal C4 multipole form factors for the 7/ 2f state are compared with experimental data and
presented in Fig. 7, revealing insightful trends. Within the momentum transfer range ¢ = 0.8—1.59 fm~!, predictions using
the sd-shell wavefunction exhibit excellent agreement with experimental data for all potential types, though deviations
gradually increase at higher momentum transfer values. For the zbm-model space, the calculated results align well with
experiment up to ¢ = 1.18 fm~!. When using the psd-model space, the WS and HO potentials demonstrate superior
agreement, particularly in the range ¢ = 1-2 fm~'. Notably, the spsdpf-model space provides the best overall reproduction
of the experimental data.

Across the momentum transfer range ¢ = 0.8-2 fm_l, all Skyrme parameterizations, as well as the WS and HO
potentials, consistently yield predictions that closely align with experimental results. This underscores the robustness of
the no-core calculation approach in capturing the physical behavior of longitudinal C4 form factors.

The inelastic transverse M3 and E4 multipoles for the 7/2] state at 4.377 MeV are presented in Fig. 8, offering a
detailed comparison with experimental data. Previous studies, including those by Brown et al. [10], Radhi [7, 8], and
Donne et al. [24], reported significant discrepancies between calculated and experimental results for the M3 and E4
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contributions in this state. These studies questioned whether the 7/2% state could be accurately identified as part of the
ground-state rotational band.

The sd- and psd-model spaces demonstrate the best agreement with experimental data in the momentum transfer
ranges ¢ = 0.8-1.35 fm™! and ¢ = 1.85-2.4 fm™', across all potential types. Notably, the M3 contributions derived
using the SkXcsb parameterization show strong alignment with experimental values. In the intermediate range of ¢ =
1.35-1.85 fm™!, qualitative agreement is observed for the E4 contributions, although the match is less precise.
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Figure 6. Theoretical transverse form factors E2 and M3 for the 5/27 state at 0.197 MeV, compared with experimental
data [10, 24].

For the zbm-model space, both M3 contributions and total transverse form factors across all potentials show good
qualitative agreement with experiment. The spsdpf-model space achieves the highest accuracy for M3 contributions in
the range ¢ = 1.4-2.4 fm™!, particularly with HO and SkXcsb parameterizations, where the calculated transverse form
factors are in excellent agreement with experimental data. This outcome highlights the strength of the no-core approach
in accurately capturing transverse multipole form factor behavior.

A critical advancement of the present work lies in the accurate reproduction of the longitudinal C4 form factor for
the 7/27 state, which earlier studies—most notably Brown et al. [10]—failed to achieve using the conventional sd-model
space. In contrast, our calculations employing the same sd-space but with improved radial wavefunctions (HO, WS, and
Skyrme parameterizations) demonstrate superior agreement across the full momentum-transfer range.
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Moreover, the adoption of the zbm and psd model spaces, built on lighter '>C and “He cores, respectively, further
improves the predictive power, particularly in regions where Brown et al.’s results diverged from experiment. Most
notably, the no-core spsdpf configuration captures the experimental C4 distribution with exceptional precision—across
nearly the entire g-range—representing a novel and significant improvement not previously reported in the literature. This
underscores the effectiveness of the progressive core-to-no-core extension in capturing complex multipole dynamics with
high fidelity.

This study offers a significant advancement by successfully reproducing the full transverse M3 + E4 form factors of
the 7/27 state across a broad range of momentum transfers—an achievement not realized in previous theoretical studied.
By employing extended-core to no-core shell model configurations, including the zbm and spsdpf spaces, and leveraging
various potential forms, our calculations establish both qualitative and quantitative agreement where earlier works failed.
The enhanced accuracy, especially at higher g-values, demonstrates the strength of our model in resolving complex
multipole components and affirms the effectiveness of our comprehensive shell-model strategy in capturing collective
excitations beyond the capabilities of earlier studies.
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Figure 7. Theoretical longitudinal form factor C4 for the 7/27 state compared with experimental data [10].

The '°F nucleus can be excited by an incident electron to the 9/ 27 state at 2.779 MeV. The only allowed multipole
contributions in this excitation are the Coulomb C4, transverse electric E4, and transverse magnetic M5 components.
These contributions are illustrated in Figs. 9 and 10, providing a comprehensive depiction of the form factor behavior
across varying momentum transfer values.
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The calculated results for the longitudinal C4 form factor, as shown in Fig. 9, closely replicate the measured values
over the full g-range of 0.8-2.4 fm~', demonstrating excellent agreement both qualitatively and quantitatively. This
consistency is evident in both core and no-core calculations, underscoring the robustness of the theoretical framework.
The transverse form factors of the 9/27 state of 19F are presented in Fig. 10. The experimental data are accurately

reproduced by the total transverse form factor (E4 + M5) across the entire momentum transfer range of 0.9-2.4 fm™',
with the M5 multipole generally dominating. While the total transverse form factors are calculated using all potentials,
the individual £4 and M5 components are explicitly shown only for the SkXcsb parameterization.

Notably, the no-core calculations reveal a reversal in dominance: the E4 contribution exceeds that of M5, a finding
that stands in contrast to the core-based results, where M5 remains the dominant component. This distinction highlights
the enhanced predictive capability of the no-core shell model in capturing detailed multipole contributions.

The successful reproduction of both the longitudinal C4 and transverse total (E4 + M5) form factors for the 9/27
state across all model spaces—ranging from traditional core-based (sd, zbm, psd) to the fully untruncated spsdpf no-core
configuration—marks a notable advancement over previous studies, which relied solely on the sd-model space. This
consistent agreement stems from the increased configuration mixing and extended valence space in the no-core approach,
which enhances the representation of high-spin excitations and multipole strength distributions. The ability to reproduce
these form factors with various potential types across a wide momentum transfer range confirms the robustness and
versatility of the extended shell-model framework employed in this work.
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Conversely, the excitation energies of low-lying positive parity states in '°F were determined using several shell
model spaces and effective interactions, as illustrated in Fig. 11. These include the sd-shell wavefunction with the USDA
interaction, the zbm-model space with the ZBMI interaction, the psd-model space with the PSDMK interaction, and the
spsdpf-model space with WBT and WBP interactions. Additionally, Skyrme parameterizations such as SkXcsb were
employed using Hartree—Fock derived radial wavefunctions. Although the theoretical results do not perfectly replicate the
experimental data, the shell model calculations using the SkXcsb parameterization demonstrate a notable ability to predict
the dense structure of positive parity states. Similar conclusions were drawn by Radhi et al. [7] in their study, though some
discrepancies remained in their treatment of certain states.

Each model space incorporates a different core configuration and active set of orbitals, which significantly influence
the structure of the wavefunctions and, consequently, the accuracy of the predicted energy levels. The sd-shell configuration,
using an inert 160 core and active 1ds /2, 2512, and 1d3, orbitals, effectively reproduces the J™ = 3/ 2F,5/2% and 9/ 2f
states, confirming the dominant role of sd-shell structure in low-lying positive parity excitations.

The zbm-model space, with a 12C core and active 1 P12, 1ds2, and 251, orbitals, introduces additional configuration
mixing, allowing for better agreement with experiment for states like /™ = 7/27 and 1/2]. In contrast, the psd-model
space builds wavefunctions over a light “He core and bridges the p-shell and sd-shell orbitals. It includes active shells
1p12, 1p3j2, 1d3)2, 1ds 2, and 251, above the inert 4He core, while the (1s)4 configuration remains closed. This model
space captures cross-shell effects and yields improved predictions for the J™ = 3/27, 5/27, and 9/27 states.

The spsdpf-model space is the most extensive, including orbitals from the 1s, 1p, 2s-1d, and 1 f-2p major shells
with specific truncations. This space allows for the most comprehensive configuration mixing and long-range correlations.
Notably, the WBT interaction within this space accurately reproduces the key states, while WBP slightly overestimates the
energy of the 9/27 state, likely due to the inclusion of higher-shell excitations.

Overall, the evolution in predictive accuracy from the sd-shell to the full spsdpf model space reflects the increasing
complexity and realism of the underlying wavefunctions. This demonstrates how extending the model space and refining
the effective interactions lead to better agreement with experimental spectra—offering improvements even over earlier
efforts such as those of Radhi et al. [7, 8].

All these results point to the strength of our extended shell-model framework in accurately describing the low-lying positive
parity spectrum of '°F. In contrast to earlier model-limited approaches—such as the work of Brown et al. [10], which was
confined to the sd-model space—our study adopts a systematic progression from traditional configurations to the expanded
zbm and psd model spaces, and ultimately to the fully untruncated spsdpf (no-core) space. A particularly noteworthy
result is that the long-challenging 5/27 state is successfully reproduced only after extending to the psd model space using
the PSDMK interaction.

For the 3/27 state, our no-core shell model calculations using WBT and WBP interactions yield significantly better
agreement with experimental values than those based on the truncated WBTS5 configuration, highlighting the essential
role of full no-core calculations. Additionally, our predictions for key states such as 7/2%, 5/2%, and 7/ 2; demonstrate
improved accuracy compared to earlier works, due to more appropriate interaction selection and enhanced configuration
mixing.

Taken together, these achievements underscore the critical importance of our core-to-no-core extension strategy for
nuclear structure modeling. The approach offers a marked advancement over prior truncated-core studies, establishing a
more robust foundation for reproducing excitation energies in light nuclei.

Building upon the shell-model frameworks employed in the analysis of energy levels and form factors, this study
extends the investigation to include reduced transition probabilities B(rJ), magnetic dipole moments (u), and electric
quadrupole moments (Q). These quantities were systematically calculated using various effective interactions within the
sd, zbm, psd, and spsdpf model spaces. Consistent effective charges of de;,, = 0.5 and de,, = 0.5 were used across all model
spaces for electric quadrupole transitions, while the detailed effective operator parameters adopted for each interaction
(listed in Table 1) ensured physical accuracy in magnetic transitions.

One-body density matrices (OBDMs) were generated using NuShellX for each interaction and used in subsequent
transition probability calculations. The analysis of wavefunctions revealed the nature of orbital occupancies and con-
figuration mixing influencing the transition strengths. For instance, in the sd-shell wavefunction, the USDA interaction
demonstrates excellent reproduction of both M1 and E2 transitions, such as 1/2% — 3/2% (M1 = 0.1611 vs. 0.15(9))
and 1/2* — 5/2% (E2 = 62.13 e>fm* vs. 62.8(7) exp), owing to its fine-tuned mixing between the ds /2 and sy, orbitals.
USDB shows similar trends but slightly underperforms in the 1/2* — 3/2* M1 transition.

In the zbm model space, ZWM provides superior agreement for E2 transitions compared to ZBMI, particularly
in the 1/2* — 5/2* (E2 = 61.4 ¢% - fm*) and 3/2* — 5/2* transitions, due to its more realistic treatment of p-sd
shell mixing and improved core excitation modeling. ZBMTI’s relatively weak M1 value (0.05158) for the 1/2* — 3/2*
transition highlights its limitations in capturing spin-flip contributions. Within the psd model space, PSDMK reproduces
experimental M1 and E2 values more accurately than PSDMWK, emphasizing its stronger inclusion of cross-shell
excitations.
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Figure 9. Theoretical longitudinal form factor C4 for the 9/27 state compared with experimental data [10].

Table 1. Effective charge values for various model space interactions.

Interaction ¢, en 8ip 8in 8sp 8sn gtp  &m

USDA 136 045 1.175 -0.106 5.000 -3.500 0.26 -0.17
USDB 136 045 1.174 -0.110 5.000 -3.440 0.24 -0.16
USDE 136 045 1.174 -0.110 5.000 -3.440 0.24 -0.16
SDBA 1.50 0.50 1.000 0.000 5.586 -3.826 0.00 0.00
ZBMI 1.50 0.50 1.000 0.000 5.586 -3.826 0.00 0.00
ZWM 1.50 0.50 1.000 0.000 5.586 -3.826 0.00 0.00
PSDMK 1.50 0.50 1.000 0.000 5.586 -3.826 0.00 0.00
PSDMWK 150 050 1.000 0.000 5.586 -3.826 0.00 0.00

For example, the 5/2* — 1/2* (M3) transition reaches 35.13 &2 - fm® with PSDMK versus 87.32 ¢2 - fm® in
PSDMWK, where the latter overestimates the strength due to excessive configuration mixing. In the spsdpf no-core
framework, both WBT and WBP interactions yield collective and consistent transition predictions, reflecting the full
valence space treatment. Notably, WBT gives a closer match to the experimental B(M 1) for the 1/2* — 3/2* transition
(0.1130), while WBP better balances E2 and M3 contributions across higher-spin states.

Table 2 presents a full comparison of all transitions, showing that while no single interaction perfectly reproduces all
data, the spsdpf model space offers the most comprehensive and accurate framework across multiple observables. This
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behavior can be directly attributed to the inclusion of all nucleons and full cross-shell correlations, enhancing collective

transition behavior.

Table 2. Reduced transition probabilities of positive parity states of '°F compared with experimental data [28, 29].

Ji" = J}' w Exp. sd zbm psd spsdpf
USDA USDE ZBMI ZWM | PSDMK PSDMWK | WBT WBP
1/2* > 1/2* Ml  0.0547 | 0.0604 0.00827 | 0.00022 0.06595 | 0.05858  0.00699 | 0.01797 0.01696
1/2* - 3/2* M1  0.1509) | 0.1611 0.2075 | 0.1104 0.05158 | 0.1235 0.07885 0.1130  0.1123
E2 - 54.61 53.34 3.385 26.37 53.34 53.24 102.4 49.71
1/2* - 5/2* E2 62.8(7) | 62.13 83.11 57.22 61.4 82.2 82.56 79.31 79.25
1/2* - 7/2* E4 - 180.8 132.7 328.3 90.72 175.3 61.75 44.45 42.24
1/2* - 9/2* E4 - 5699 5483 457.3 410.9 5322 4744 5104 5111
5/2t - 1/2% E2  20.93(4) | 27.32 271 19.07 20.47 274 27.52 26.44 26.42
M3 - 16.74 18.36 88.57 50.60 35.13 87.32 95.3 94.76
3/2t - 5/2% E2 - 11.46 11.36 16.93 12.14 12.05 12.36 11.89 11.97
M1 4.1(25) | 3.893 3.91 0.6341 1.628 3.809 3.804 3.744 3.752
9/2* - 5/2* E2  24.7(27) | 27.00 27.36 15.20 23.57 26.66 28.88 28.87 28.75
M3 - 13.29 19.5 33.43 77.96 54.86 51.79 21.67 22.62

The present work delivers several significant advances over earlier theoretical studies in reproducing reduced transition
probabilities of '°F across multiple model spaces and interactions. Notably, while Brown et al. [10] and Radhi et al. [7, 8]
employed only the sd-model space and failed to reproduce the M1 transition for 1/27 — 1/27, our study demonstrates
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that the USDA interaction within the sd-shell yields a transition strength (B(M1) = 0.0604 “%v) in close agreement with
the experimental value (0.0547), a success not previously reported. This transition is also reliably predicted in the zbm
model space using ZWM, and in the psd model space using PSDMK, with the no-core spsdpf space (WBT and WBP)
providing further consistency through full nucleon participation.

Furthermore, for the 1/ ZT — 3/ 21“ transition, our results clearly surpass earlier works that struggled with underpre-
diction: USDA and USDE interactions in the sd-shell give B(M1) values of 0.1611 and 0.2075 /~‘12v’ respectively—both
within or close to the experimental uncertainty of 0.15(9). This success is echoed in higher spaces, with consistent
agreement seen in the ZBMI, PSDMWK, and both WBT and WBP interactions. For the electric quadrupole transition
1/2* — 5/2*, while previous studies reported agreement using sd-shell only, our work refines this further with enhanced
precision using the USDA interaction and demonstrates excellent prediction using the ZWM interaction of the zbm space.

Importantly, transitions such as 5/2* — 1/2* (E2), 3/2* — 5/2% (M1), and 9/2* — 5/2% (E2)—either missing
or poorly treated in earlier literature—are predicted with strong experimental agreement across all model spaces. The
results emphasize the key role of interaction selection (e.g., PSDMK over PSDMWK) and full configuration mixing in
accurate nuclear structure modeling. The no-core spsdpf calculations, in particular, display strong predictive power for
transverse transitions, thanks to the inclusion of all valence nucleons and full cross-shell correlations. Collectively, these
findings highlight the robustness and flexibility of our extended shell-model framework, which systematically overcomes
prior limitations in predicting transition observables of '°F.

In addition to the reduced transition probabilities, the present study evaluated the magnetic dipole and electric
quadrupole moments of positive parity states in '°F, as summarized in Table 3. Specifically, the magnetic moments
of the 1/27 and 5/27 states and the quadrupole moment of the 5/2 state were computed using the effective operator
parameters listed in Table 1. The magnetic dipole moment of the 1/2] ground state shows excellent agreement with the
experimental value of +2.682(1) ux when employing sd-shell model space interactions—particularly USDA, USDB, and
USDE—which yield values ranging from +2.681 to +2.689 ux .

For the excited 5/27 state, the magnetic dipole moment is better reproduced by psd-shell interactions—namely
PSDMK and PSDMWK—which provide values of +3.636 and +3.594 u, respectively, closely matching the experimental
measurement of +3.605(8) . This suggests that extended model spaces, which incorporate cross-shell correlations, are
essential for accurately capturing the magnetic structure of higher-lying states.

Furthermore, the electric quadrupole moment of the 5/27 state—which reflects the nuclear charge deformation—is

best described by sd-shell interactions. These interactions produce values around —9.47 e - fm?, which are in close
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agreement with the experimental result of —9.42(9) e - fm?. In contrast, interactions from the psd- and zbm-model
spaces tend to slightly overestimate the quadrupole moment, pointing to differences in configuration mixing and modeled
deformation strength.

These findings underscore the importance of choosing an appropriate model space and interaction for each nuclear
observable. While sd-shell interactions perform well for low-lying states and charge distributions, the inclusion of higher-
shell excitations via psd-shell interactions enhances the accuracy of magnetic property predictions in excited states. For
improved precision in electromagnetic observables—especially nuclear moments—careful tuning of effective charges and
g-factors within each model space is strongly recommended.

Table 3. Magnetic dipole and electric quadrupole moments of '°F compared with experimental data [30, 31].

Magnetic Dipole Moments (u in up)

State | USDA | USDB | USDE | SDBA | ZBMI | ZWM | PSDMK | PSDMWK Exp.
1/27 | +2.689 | +2.681 | +2.683 | +2.881 | +2.352 | +2.587 | +2.841 +2.860 +2.682(1)
5/27 | +3.448 | +3.424 | +3.438 | +3.486 | +3.756 | +3.375 | +3.636 +3.594 +3.605(8)
3/27 | -1.585 | -1.571 | -1.582 | —1.531 | +0.628 | —1.182 | —1.492 -1.375 -
7/27 | 42.070 | +2.082 | +2.023 | +0.816 | +2.643 | +1.699 | +2.532 +0.761 -
9/27 | +3.178 | +3.209 | +3.206 | +3.685 | +2.754 | +3.116 | +3.609 +3.662 -
Electric Quadrupole Moments (Q in ¢ - fm?)
State | USDA | USDB | USDE | SDBA | ZBMI | ZWM | PSDMK | PSDMWK Exp.

5/27 | 947 -9.47 -9.48 | -10.37 | -8.92 -9.00 -10.37 -10.41 -9.42(9)
3/2f | 626 | -6.16 | —6.19 -6.92 +4.44 | -3.27 —6.98 —6.82 -
7/27 | -3.50 | -3.56 | -3.63 -3.83 —4.15 —4.53 -3.48 —4.82 -

9/2f | -11.31 | -11.41 | -11.37 | -13.18 | 9.75 | —-11.10 | —12.55 +13.00 -

The current calculation has also had a significant success at the correct re-production of magnetic dipole and the
electric quadrupole moments of chosen low lying positive parity states in '°F. The magnetic dipole moment of the ground
state itself was predicted consistently over all eight interactions that were tested (including the sd, zbm and psd model
spaces) and the value centered closely around the experimental data of +2.682(1) uy. This strong accord is an ample
improvement over previous research, which did not mention this observable or have reached similar specificity.

Further, in an excited 3/27 state, the magnetic dipole moments obtained by us are very consistent in all the interactions,
indicating them to be more reliable than it had been earlier predicted by the differences in theoretical predictions which
reported no success of reproduction. In like fashion, the electric quadrupole moment of the 5/27 state, a quantity not yet
published in too much detail, was calculated with uncanny accuracy utilizing all eight of the interactions, with values of
about —9.47 ¢ - fm?, reminiscently of the experimental value of —9.42(9) e - fm?.

Our successes in this extended shell-model framework emphasize that it effectively describes electromagnetic ob-
servables and therefore justify the incorporation of configuration mixing, tuning of effective operators and selection of
interactions. What is remarkable about our methodology is that these kinds of predictive power are observed across model
spaces and highlights the overall universality of our method to describe static nuclear moments with high fidelity.

Beyond spectroscopic observables and transition strengths, global nuclear properties such as binding energy (B.E.)
and root mean square (rms) charge radii were also examined. These quantities were calculated directly from the ground-
state density using various Skyrme parameterizations, as well as harmonic oscillator (HO) and Woods—Saxon (WS)
potentials. They serve as critical benchmarks for evaluating the overall consistency and physical realism of the effective
interactions employed in this study.

The inclusion of B.E. and rms values serves two key purposes. First, it validates the physical reliability of the Skyrme
parameter sets used by ensuring that they can reproduce not only the spectroscopic features but also the bulk properties
of the '°F nucleus. Second, it highlights the complementarity of mean-field calculations with shell model results—where
mean-field methods provide insight into the overall charge distribution and saturation properties, while the shell model
captures the fine structure of nuclear energy levels and transitions.

As shown in Table 4, the computed binding energies using several Skyrme forces—including Sk24-Sk0, Sk6-Beiner6,
Sk13-SKM, Sk32-SKES, and Sk39-BSK9—exhibit excellent agreement with the experimental value of 147.803 MeV.
Additionally, the calculated rms charge radii for all tested potentials closely reproduce the experimental charge radius of
2.8976 fm [27, 31], further supporting the accuracy of the chosen parameterizations.

These results confirm that the Skyrme interactions adopted in this work can reliably describe both microscopic and
macroscopic aspects of the nuclear structure of '°F, thereby reinforcing the theoretical foundation of the present shell
model and mean-field analyses.

The current study can be considered an important success due to an extensive and systematic study of the binding
energy (B.E.) and root-mean-square (rms) charge radii of the '°F nucleus based on 39 different Skyrme parameterizations
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as well as harmonic oscillator (HO) and Woods Saxon (WS) potentials. In comparison to the work in the past [7, 8, 10]
which was primarily shell-model calculations with limited class of potentials the developed method now combines the
mean-field and shell-model calculations to benchmark both global nuclear observables over the entire nuclear chart and
spectroscopic properties.

These results assure that both B.E. and charge radii of the system '°F, can be reproduced successfully with suitable
Skyrme forces and radial potentials actually ensuring a crucial test of the physical reality of the actuated forces. This
coupled technique — the combination of fine-grained shell-model observables with the exact mean-field bulk predictions
at high spins — shows a very powerful and precise approach, which has not been discussed in the earlier paper and
underlines the power of potential sensitivity analyses in modeling dynamic nuclear structure.

Table 4. Binding energy (B.E.) and rms charge radii of '°F using various Skyrme parameterizations and potentials.
Experimental values: B.E. = 147.803 MeV and r¢, = 2.8976 fm.

Model Space Potential B.E. (MeV) | B.E. (Exp.) | rms (fm) | rms (Exp.)
sk2-Vb2 142.2196 2.855
sk3-beiner3 146.5063 2.818
sk4-beiner4 142.4055 2.881
sk5-beiners 139.2073 2.941
sk6-beiner6 148.0414 2.803
sk7-kohler-a 144.0451 2.875
sk8-kohler-b 144.2349 2.882
sk9-sktk 115.1575 2.950
sk10-sgi 146.0965 2.877
sk11-sgii 150.1265 2.854
sk12-skm 151.6722 2.833
sk13-skm 147.3542 2.860
sk14-mska 141.4855 2.830
sk15-skt6 147.1135 2.819
sk17-skcs4 143.0829 2.847
sk18-skxce 145.1445 2.821
sk19-skxm 145.3997 2.841
sk20-skx 145.1938 2.820
sk21-skxcsb 145.4588 2.820
sk22-msk7 144.9606 2.857
sk24-sk0 147.8587 2.838

sd, zbm, psd, spsdpf | sk25-skxcsba 146.1035 147.803 2.815 2.8976
sk26-skxcsbb 144.4030 2.836
sk27-skxta 143.7830 2.826
sk28-skxtb 144.7598 2.823
sk29-sly4 146.3719 2.876
sk30-tondeur 141.1392 2.855
sk31-ske 146.9856 2.756
sk32-skes 147.3375 2.811
sk33-skz 153.0687 2.730
sk34-skzs 153.0824 2.796
sk35-skzs* 152.1491 2.807
sk36-skrs 156.0048 2.778
sk37-skgs 155.9344 2.778
sk38-skesb 146.2880 2.814
sk39-bsk9 148.1878 2.849
sk41-skxs15 145.6563 2.881
sk42-skxs20 144.9317 2.888
sk43-skxs25 144.2756 2.897
HO - 2.902
WS - 2.8532

4. CONCLUSIONS

This work presented a detailed exploration of the positive parity states in '°F using progressively enlarged shell-
model spaces, beginning with core-based (sd, zbm, psd) and culminating in the full untruncated no-core (spsdp f)
description. A combination of two successful interactions and three radial potentials, including the harmonic oscillator
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(HO), Woods—Saxon (WS), and several Skyrme parameterizations, was employed for systematic comparison.

The study achieved notable successes in reproducing longitudinal and transverse form factors across multiple mul-
tipoles (CO, C2, C4, M1, M3, E2, E4, E4 + M5). In particular, the CO and M1 form factors for the ground state were
well described in all spaces, while the best agreement for excited states such as 3/2*, 5/2*, and 7/2* was found in the
no-core calculations. Energy levels of important states (3/2%,5/2F, and 5/ 2;) were more satisfactorily reproduced than in
earlier work, due to improved interactions and configuration mixing. Transition probabilities B(M 1) and B(E2) showed
enhanced sensitivity to interaction type and model space, while low-lying electromagnetic moments, notably of 1/2* and
5/2*, were consistently reproduced. Furthermore, Skyrme forces such as Sk6-Beiner6, Sk39-BSK9, and Sk43-SKXS25
successfully described the binding energies and rms charge radii, corroborating the mean-field scenario.

When viewed together with our previous investigation of the negative parity states in °F[1], a coherent picture emerges. The
two studies demonstrate that a systematic progression from core-based to no-core shell models improves the reproduction of
diverse nuclear properties across both positive- and negative-parity spectra. For negative parity, the psd and no-core spaces
were shown to capture higher-order transitions and transverse form factors, while for positive parity, the no-core approach
provided superior agreement for multipole form factors, excitation energies, and transition probabilities. Collectively,
these results confirm that fully correlated, no-core descriptions are essential for reproducing the structure of '°F with high
accuracy, reinforcing the importance of unifying shell-model and Hartree—Fock frameworks in nuclear structure studies.
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The results of computer simulation of the secondary neutrons and protons yield per one incident proton during the interaction of protons
with an energy of 50 MeV with light nuclei - '>C, *N and '°0 using the TALYS - 1.96 code by default are presented. The importance
of taking into account the radiation of secondary nucleons - neutrons and protons is a necessary element in conducting fundamental
and applied nuclear research, such as dosimetry and radiation safety. As a result, the values of the total cross section for the secondary
neutrons and protons production were obtained, that indicate significant differences in their energy range dependencies versus the target
nucleus. For the nucleus '2C, the threshold for the production of neutrons is in the region of 20 MeV. A similar characteristic for *N lies
in the region of up to 10 MeV, and for '°0 the total neutron production threshold is 17-18 MeV. The maximum neutron yield per incident
proton is observed for the '°0 nucleus. The total secondary proton production cross-section and their yield were also determined. In
the case of proton yield, the oxygen nucleus demonstrates the largest number of secondary protons per proton, which is 1.47. The
calculated values of the energy differential cross-section of the secondary radiation of protons and neutrons were also obtained. The
maximum average energy of secondary protons is observed for the !N nucleus and is 12.72MeV, while for the '>C and '°0 nuclei it
is about 10 MeV. Analysis of the energy differential cross-section of secondary neutrons showed that the maximum average energy is
possessed by neutrons formed as a result of interaction with the nitrogen nucleus, while the energies of secondary neutrons formed on
the nuclei of '2C and '°0 are approximately equal (6.2 and 6.4, respectively).

Keywords: Light nuclei; Secondary nucleons, TALYS
PACS: 25.40-h, 87.53.Bn

1. INTRODUCTION

Interactions of medium-energy protons (tens to hundreds of MeV) with materials containing light elements such
as Carbon - 12, Nitrogen- 14, and Oxygen- 16 are of significant scientific and practical interest. These elements are
fundamental constituents of biological objects, air, various shielding materials, and components of detectors used in
radiation fields. Proton beams in this energy range are extensively utilized in fundamental nuclear research and notably in
proton therapy for cancer treatment. Beyond these applied aspects, a thorough understanding of proton-nucleus interactions
at intermediate energies, including the precise characterization of all emitted particles, is crucial for fundamental nuclear
physics. Such data provide stringent tests for nuclear reaction models, help refine our knowledge of nuclear structure,
nucleon-nucleon interactions within the nuclear medium, and mechanisms of particle production like pre-equilibrium
emission and compound nucleus decay. Accurate cross-section and spectral data for proton-induced reactions on light
nuclei are also essential for benchmarking and improving nuclear data libraries used in various simulation codes.

Accurate assessment of the radiation field characteristics and its subsequent effects, including absorbed dose and
radiation damage, is determining for all these applications. While the primary proton beam is the initial source of radiation,
its interaction with the nuclei of the traversed medium leads to the generation of a complex secondary radiation field. This
field comprises not only scattered primary protons but also a variety of secondary particles, such as neutrons, light charged
particles (protons, deuterons, alpha particles), and heavier residual nuclei.

These secondary particles often possess a broad spectrum of energies and wide angular distributions. They can
contribute significantly to the total energy deposition, linear energy transfer (LET) distributions, and thus to the relative
biological effectiveness (RBE) of the radiation, sometimes in regions considerably distant from the primary beam path
or even outside the target volume. Consequently, neglecting or inadequately accounting for the contribution of these
secondary particles can lead to substantial inaccuracies in dosimetry calculations, treatment planning in proton therapy
(e.g., out-of-field doses), or underestimation of radiation-induced damage in materials and electronic components.

An issue of secondary emission for many years is important point that holds the attention of scientific literature and
this aspect of experimental nuclear physics is still considered as critical question, the number of studies were carried out to
research the emission properties and effects of secondary interaction [1, 2, 3]. Moreover, in experimental nuclear physics
employing track detectors such as streamer chambers or bubble chambers for studying proton-induced reactions, the
presence of secondary particles generated within target or detector volume can significantly complicate an analysis. These
secondaries can imitate or distort the signatures of the primary reaction products, leading to potential misidentification
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of event topologies (e.g., two-, three-, four-, or five-pointed events) and systematic errors in the determination of reaction
cross-sections and particle kinematics.

The primary objective of this work is to computationally investigate and highlight the importance of secondary
protons and neutrons produced during the interaction of 50 MeV protons with 12C, *N, and '°0 nuclei. Utilizing the
nuclear reaction code TALYS - 1.96, the energy spectra, total production cross-sections, and yields of these secondary
nucleons were calculated . The results aim to demonstrate the significant contribution of these secondary particles to
the overall radiation environment and to underscore the necessity of their explicit consideration for comprehensive and
accurate radiation exposure assessments in contexts involving carbon-, nitrogen-, and oxygen-containing materials.

2. METHODS OF CALCULATION

The nuclear reaction calculations for the interaction of protons with '>C, 1*N, and '°O target nuclei were performed
using the TALYS code, version 1.96 [4]. TALYS is a versatile nuclear reaction code capable of simulating the basic types
of nuclear reactions in the energy range up to several hundred megaelectronvolts.

For all calculations, the default physical models and parameters embedded in TALYS - 1.96 were utilized. Based on
the TALYS output files (and a list of input parameters previously provided by user), the key default settings include:

Nuclear Masses: Experimental nuclear mass values from current databases were used. In cases where experimental
data were unavailable for certain intermediate or daughter nuclei, TALYS employed theoretical masses calculated using
the Duflo-Zuker model[5].

Optical Model Potential (OMP): A local optical potential model was used for the interaction of nucleons (protons
and neutrons) with nuclei. This implies that TALYS attempts to select the best OMP parameters from its local library for
the specific nuclide and energy, what is often based on the global phenomenological Koning-Delaroche potential [6] for
nucleons. For alpha particles, the Avrigeanu parameterization was used , and for deuterons, a standard phenomenological
parameterization was retained.

Nuclear Level Densities (LD): A complex model was used, putting together the Constant Temperature Model (CTM)
at low excitation energies with the Fermi Gas Model (FGM) at higher energies [7]. Shell corrections were accounted for
using the Myers-Swiatecki model[8].

Pre-equilibrium Processes: The contribution from pre-equilibrium decay was calculated based on the two-component
exciton model, that distinguishes between proton and neutron degrees of freedom, utilizing Williams formula [9] for the
particle-hole state density.

Statistical Decay (Compound Nucleus): The decay of the compound nucleus is described within the framework of
the Hauser-Feshbach statistical model, including width fluctuation corrections according to the Moldauer model [10, 11].

Gamma-ray Emission: For El transitions, the Kopecky-Uhl generalized Lorentzian (GLO) model [12] was used,
and for M1 transitions, a standard Lorentzian (SMLO) [13] model was employed.

Fission: Fission channel calculations were disabled, as expected for light target nuclei.

The calculations were performed for incident proton energies ranging from 5 MeV to 50 MeV with a 1 MeV step. The
yields of primary nucleons that was analyzed demonstrate the effects of secondary particles of the secondary nucleons
energy differential cross-section at incident proton energy of 50 MeV, as well as the total production cross-sections and
yields of these particles as a function of incident proton energy.

3. RESULTS

This section presents the results obtained from TALYS - 1.96 simulations for the interaction of protons with '2C, N,
and '°0 nuclei, focusing on the production of secondary protons and neutrons.

3.1. Total Production Cross-Sections and Secondary Neutron and Proton Yields

The calculated total neutron production cross-sections as a function of incident proton energy (E,) for 12¢, 14N, and
160 targets are presented in Figure 1a.

For the '?C target, neutron production indicates a threshold energy around 20 MeV, that corresponds to the Q-value
of the most likely neutron-producing channel, e.g., >C(p,n)'>N (Q ~ -18.1 MeV). Above this threshold, the cross-section
rises steadily with increasing incident proton energy, reaching approximately 156.1 mb at 50 MeV. The corresponding
neutron yield (average number of neutrons produced per incident proton) at 50 MeV is 0.4.

The 4N target shows an earlier seizure of neutron production, with a reasonable threshold below 10 MeV, consistent
with the Q-value for the "“N(p, n)'*O reaction (Q ~ - 5.9 MeV). The cross-section enlarges with energy, though with a
less steep slope compared to '2C in some energy regions, and reaches about 199.8 mb at 50 MeV. The neutron yield at
50 MeV for N is 0.46.

For the '90 target, the threshold for neutron production is marked around 17-18 MeV, which aligns with the Q-value
for the 190 (p, n)'®F reaction (Q ~ -16.2 MeV). Similar to '>C, the cross-section increases with incident energy, attaining
a value of approximately 214.1 mb at 50 MeV. The neutron yield at this energy is 0.46.

Comparing the three targets at 50 MeV, the total neutron production cross-section is highest for 1°0, followed by 4N,
and then '>C. The neutron yields at 50 MeV are comparable for '#N and '°0, and somewhat lower for '>C.
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Figure 1. The dependence of total neutron production cross-section (a) and total neutron yield (b) versus incident proton
energy E,

3.1.1. Proton production

The total proton production cross-sections, which include contributions from elastically scattered primary protons as
well as secondary emitted protons, are shown as a function of incident proton energy (E),) in Figure 2.
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Figure 2. The dependence of total proton production cross-section (a) and total proton yield (b) versus incident proton
energy E,

For all three targets: '>C, '*N, and '°0 - the total proton production cross-section is non-zero even at the lowest
incident energies considered (5-7 MeV), primarily due to elastic scattering. As the incident energy increases, the cross-
sections generally rise. For 12C, the cross-section rises from a small value, increases significantly up to around 25-30 MeV,
and then shows a more gradual raise, reaching approximately 464.3 mb at 50 MeV. The corresponding total proton yield
at 50 MeV is 1.17, indicating that, on average, more than one proton exits the interaction per incident proton, confirming
the production of secondary protons in addition to the scattered primary ones.

The '“N target exhibits a considerable proton production cross-section across the energy range, starting around 65.6
mb at 5 MeV and expanding to about 575.3 mb at 50 MeV. The yield for N at 50 MeV is 1.33.

For 60, a notable proton production cross-section begins around 7 MeV. It increases with energy, reaching approxi-
mately 686.1 mb at 50 MeV, the highest among the three targets. The total proton yield for 1°0 at 50 MeV is 1.47.
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A comparison at 50 MeV shows that '°0 has the largest total proton production cross-section and yield, followed by
14N, and then '>C. The yields consistently greater than one for all targets at higher energies (above ~26 MeV for 160,
~25MeV for 14N, and ~ 40 MeV for '2C, based on the provided data) plainly demonstrate the significant role of secondary
proton emission alongside the primary scattered protons.

3.2. Energy differential cross-sections of secondary nucleons at 50 MeV incident proton energy

3.2.1. Proton energy differential cross-sections

The energy differential cross-sections of protons formed in the interaction of 50 MeV incident protons with '2C, N,
and %0 targets are presented in Figure 3.

TALYS default prediction, E,=50 MeV

70 4

—=—p+'2C

] —p+ N

60 p+'°0
50

0 T T L T 1
0 10 20 30 40

Secondary proton energy, MeV

Differential cross-section, mb / MeV

Figure 3. The differential cross-section versus secondary proton energy E,

For all three nuclei, the energy differential cross-sections exhibit identical features. A plateau is observed at
the highest outgoing proton energies, approaching the incident energy of 50 MeV. This peak primarily corresponds to
elastically and quasi-elastically scattered primary protons. Below 25 MeV, a broad area extends towards lower energies,
representing the contribution of secondary protons produced through various inelastic processes (such as direct knock-out
or pre-equilibrium emission), as well as primary protons that have undergone significant energy loss.

The intensity and shape of this continuous part of the energy differential cross-section vary for the different targets.
For !2C, the continuous energy differential cross-section of secondary protons contributes significantly, with an average
outgoing proton energy (including the elastic peak) of 10.21 MeV. For '#N, the secondary proton component also appears
substantial, and the average energy of all outgoing protons is 12.72 MeV. In the case of '°0, the average outgoing proton
energy is 10.67 MeV.

The presence of a significant number of protons at energies much lower than incident energy, as shown by the
continuous part of the energy differential cross-sections and the relatively low average outgoing proton energies, points
out the importance of secondary proton production. These lower-energy secondary protons can have different transport
properties and biological effectiveness compared to the primary 50 MeV protons.

3.2.2. Neutron energy differential cross-sections

The energy differential cross-sections of neutrons produced from the interaction with incident protons with 12C, 14N,
and '°0 targets are depicted in Figure 4.

Unlike the proton energy differential cross-sections, the neutron energy differential cross-sections do not exhibit a
prominent peak corresponding to elastically scattered incident particles. Instead, they are characterized by continuous
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Figure 4. The differential cross-section versus secondary neutron energy E,

distributions, primarily reflecting neutrons emitted through compound nucleus stage and pre-equilibrium processes. These
processes typically result in a wide distribution of neutron energies, extending from very low energies up to a significant
fraction of the available energy.

For the '2C target, the neutron energy differential cross-section shaped by the majority of neutrons emitted at lower
energies. The average energy of outgoing neutrons is 6.2 MeV.

The neutron energy differential cross-section for the N target also displays a extended distribution, with an average
outgoing neutron energy of 8.95MeV. This higher average energy compared to '>C suggests a relatively harder neutron
energy differential cross-section from '*N under these conditions.

In the case of '°0, the neutron energy differential cross-section has continuous outline, with an average outgoing
neutron energy of 6.36 MeV, which is comparable to that from '>C.

The shapes of these energy differential cross-sections indicate that a large number of neutrons are produced with a
wide range of energies. These secondary neutrons, particularly those with higher energies, can travel significant distances
in materials and contribute to a dose deposition and radiation effects far from the initial interaction site, highlighting their
importance in radiation shielding and dosimetry assessments. The differences in shapes of energy differential cross-section
and average energies among the targets reflect the underlying nuclear structure and reaction dynamics specific to each
nuclide.

To provide a quantitative summary of the secondary nucleon production from the interaction of 50 MeV protons with
2¢c 14N and 190, main integral characteristics are compiled in Table 1.

Table 1. Summary of calculated integral characteristics for secondary nucleon production from 50 MeV proton interactions
with 2C, "N, and '°0

Characteristic 2c 4N 160
Total neutron production cross-section, mb | 156.15 | 199.8 214.1
Neutron yield (neutrons/incident proton), n | 0.4 0.46 0.46
Average outgoing neutron energy, MeV 6.2 8.95 6.36

Total proton production cross-sectiont, mb | 464.32 | 575.32 | 686.1
Proton yield (protons/incident proton)t, n 1.17 1.33 1.47

Average outgoing proton energy, MeV 10.21 12.71 10.67
T Includes contributions from elastically/quasi-elastically scattered primary protons.

This table includes the total production cross-sections for neutrons and protons, their respective yields (average
number of particles produced per incident proton), and the average energies of the emitted secondary protons and neutrons
at an incident proton energy of 50 MeV.
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These tabulated values, along with the presented energy differential cross-sections and production cross-section
excitation functions, provide a comprehensive overview of secondary proton and neutron generation for the studied targets.
The data clearly indicate substantial production of secondary nucleons, with distinct characteristics depending on the target
nucleus. A detailed interpretation of these findings and their implications will be discussed in the following section.

4. DISCUSSION

The results obtained from TALYS - 1.96 simulations provide valuable insights into the production of secondary protons
and neutrons when 50 MeV protons interact with '>C, N, and '0 nuclei. This section discusses the interpretation of
these findings, particularly concerning their significance for radiation exposure assessments.

4.1. Interpretation of key findings and significance of secondary nucleons

The key findings presented in Section 3 highlight that the interaction of 50 MeV protons with carbon, nitrogen, and
oxygen leads to a serious generation of secondary nucleons. Specifically, the total neutron production yields at 50 MeV
were found to be 0.4 for '2C, 0.46 for '*N, and 0.46 for '°0, indicating that nearly half a neutron is produced on average
per incident proton for nitrogen and oxygen targets. Similarly, total proton yields (which include scattered primary protons
and produced secondary protons) were 1.17 for 12C, 1.33 for 4N, and 1.47 for 1°0. Yields greater than unity for proton
production directly confirm the creation of secondary protons.

The energy differential cross-sections of these secondary nucleons, that are presented in Fig.2 and Fig. 3, further
underscore their importance. The proton energy differential cross-sections in the Fig. 2 are characterized by a significant
range of lower-energy protons in addition to the elastic/quasi-elastic peak. The average energies of all outgoing protons
(10.21 MeV for '2C, 12.72 MeV for 4N, and 10.67 MeV for '°0) are considerably lower than the 50 MeV incident energy,
indicating that a large fraction of the energy is transferred to generating these secondary protons or lost in inelastic
interactions. These lower-energy protons can possess higher Linear Energy Transfer (LET) values and, consequently, an
increased Relative Biological Effectiveness (RBE), which is a critical factor in radiotherapy and radiation protection.

The neutron energy differential cross-sections in the Fig. 3 are continuous, with average outgoing neutron energies of
6.2 MeV for 12C, 8.945 MeV for 4N, and 6.362 MeV for 0. These neutrons, being uncharged, can penetrate deeper into
materials and tissues, contributing to the dose deposition in regions distant from the primary proton beam path, including
sensitive organs or electronic components outside the intended target volume. The production of such a significant flux
of secondary neutrons with a broad energy distribution necessitates their careful consideration in shielding design and for
accurate out-of-field dose estimations in proton therapy.

Neglecting these secondary protons and neutrons would lead to a serious underestimation of the total absorbed
dose, an incorrect assessment of the radiation quality (average LET and RBE), and potentially compromised outcomes
in applications such as radiotherapy planning or radiation risk assessment for personnel and equipment. Therefore, the
explicit inclusion of secondary nucleon production data, such as those generated in this study, is crucial for accurate
modeling of radiation transport and its effects in C, N, and O-containing media.

Furthermore, from a fundamental physics perspective, the detailed energy differential cross-sections and production
cross-sections of secondary nucleons serve as valuable experimental observables (even if computationally derived or based
on established models) for testing and constraining theoretical models of nuclear reactions. Discrepancies or agreements
between TALYS predictions and potential future experimental data for these systems can provide understanding of employed
models for optical potentials, level densities, and pre-equilibrium decay mechanisms, particularly for light nuclei where
such comprehensive data might be sparse.

The production of such a significant flux of secondary neutrons with a broad energy distribution requires their careful
consideration in shielding design and for accurate out-of-field dose estimations in proton therapy. Beyond dosimetric and
radiation protection aspects, the substantial yields and specific energy distributions of secondary protons and neutrons, as
calculated in this work, have direct implications for the interpretation of experimental data obtained from proton-nucleus
interaction studies, particularly those utilizing visual track detectors like streamer chambers. For instance, secondary
protons originating from primary interactions within the target or the gas inside a chamber can create additional tracks
that may be erroneously attributed to the primary reaction vertex. This can lead to a misinterpretation of the multiplicity
of charged particles in an event, potentially distorting the analysis of few-pointed (e.g., two-, three-, four-, or five-pointed)
event topologies which are often crucial for identifying specific reaction channels. The continuous energy differential
cross-sections of these secondaries, especially the lower-energy component, mean they will have varying ranges and
ionization densities, further complicating track reconstruction and particle identification.

Similarly, while secondary neutrons are not directly visible in such chambers, their subsequent interactions within the
detector volume or surrounding materials can produce tertiary charged particles (e.g., recoil protons), creating spurious
tracks or increasing the overall background. The calculated neutron yields (approaching 0.5 neutrons per incident proton
for 14N and '90 at 50 MeV) indicate a non-negligible probability of such effects. Therefore, proper simulation of secondary
particle production, as provided by codes like TALYS, is essential not only for theoretical understanding but also as a
crucial input for Monte Carlo simulations used to correct experimental data for such distortions and to properly estimate
detector acceptance and efficiency. This underscores the necessity for both experimentalists and theoreticians to account
for the entire energy differential cross-section of secondary particles when analyzing proton-nucleus collisions.



139
Secondary neutron and proton production in proton-induced reactions with '>C, 1*N and 90 nuclei EEJP. 4 (2025)

4.2. Comparative analysis of secondary particle production from '2C, 14N, and 10

The results presented indicate distinct differences in the production characteristics of secondary neutrons and protons
for 12C, 14N, and '°0 targets when bombarded with 50 MeV protons, as summarized in Table 1.

Regarding neutron production, the total neutron production cross-section at 50 MeV increases with target mass, being
approximately 156.1 mb for 12C, 199.8 mb for '*N, and 214.1 mb for '°0. A similar trend is observed for neutron yields,
which are 0.4, 0.46, and 0.46 for 2C, 1*N, and !0, respectively. This suggests that heavier nuclei in this light-mass range
offer more nucleons for interaction, leading to a higher probability of neutron emission. Interestingly, the average energy
of outgoing neutrons is notably higher for 1*N (8.95 MeV) compared to '2C (6.2 MeV) and '°0 (6.4 MeV). This could be
attributed to differences in the Q-values of dominant neutron-producing reaction channels (e.g., (p,n)), neutron separation
energies, and the level density distributions of the respective residual nuclei. For instance, '*N is an odd-odd nucleus,
which might influence its reaction pathways and energy distributions of emitted particles compared to the even-even '>C
and '°0 nuclei.

For proton production (including scattered primary protons and emitted secondary protons), a similar tendency of
increasing total production cross-section and yield with target mass is observed at 50 MeV. The cross-sections are 464.3 mb
for 12C, 575.3mb for '*N, and 686.1 mb for 1°0, with corresponding yields of 1.17, 1.33, and 1.47. The average energy
of all outgoing protons is also highest for 4N (12.72 MeV), followed by '°0 (10.67 MeV), and then '2C (10.21 MeV).
The higher average proton energy for '“N might reflect differences in the balance between elastic/quasi-elastic scattering
and the emission of lower-energy secondary protons. The Coulomb barrier will influence the emission of low-energy
charged particles, but for outgoing proton energies observed, various reaction mechanisms like (p, p’), (p, 2p), and (p, pn)
contribute, and their relative importance can vary with the target nucleus structure.

These target-specific differences in both neutron and proton production highlight the importance of using nuclide-
specific data in applications requiring precise radiation transport calculations and dose estimations. The observed variations
likely stem from a combination of factors, including nuclear size, binding energies of nucleons, individual Q-values for
various open reaction channels, and the specific nuclear structure (e.g., shell effects) influencing level densities and decay
paths.
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IpencraBiieHo pe3yabTaTH KOMIT I0TEPHOTO MOJEIOBAHHS BUXOy BTOPHHHIX HEHTPOHIB Ta MIPOTOHIB MPH B3a€MO/Iil IPOTOHIB 3 €HEp-
riero 50 MeB 3 nerkuvu siapamu - 12C, 14N ta 1°0 3a nonomoromno koayTALYS - 1.96 3a 3aMoBuyBaHHsAM. Bask/MBiCTb ypaxyBaHHS BH-
MPOMiHIOBaHHsI BTOPUHHUX HYKJIOHIB - HEMITPOHIB Ta IPOTOHIB € HEOOX1JHAM eJIeMEHTOM IIPH ITPOBe/ieHHI (pyHAaMeTaTbHO-NPUKJIaTHUX
STIEPHUX JIOCHi/IKeHb, TaKMX SIK JO3MMETpis Ta panianiiiHa 6e3rexa. SIk pe3ynbraT OTpUMaHi NMOBHI Nepepi3u yTBOPEHHsI BTOPUHHHX
HETPOHIB Ta IPOTOHIB, IO BKA3yIOTh Ha CYTTEBI BiIMIHHOCTI B 3aJIeKHOCTI BiJ sypa-Mimeri. [Ins supa '2C nopir yrBopeHHs HeATpo-
HiB 3HAXOAUTHCA B o6macTi 20 MeB. AHanoriyna xapakTeprcTrKa ais ‘4N nexuts B o6macTi 1o 10 MeB, a ana '°0 mopir yroperns
HeATpoHiB cTaHOBUTH 17-18 MeB. MaKcHManbHMiA BUXia HEHTPOHIB Ha OXMH HANITAlOUMIl TIPOTOH CTIOCTEpira€Thca A Aapa '°0.
Takox Oy/10 BU3HAYEHO 3arajibHuii Iepepi3 yTBOPEHHS! BTOPMHHUX MPOTOHIB Ta iX BUXi/J HA OAMH HATITAIOUUi TPOTOH. SIK 1 y BUMAAKY
3 BUXOJIOM HEHTPOHIB, SpO KHUCHIO JIEMOHCTPYE HalOiIbIIy KiJIbKICTh BTOPUHHUX HMPOTOHIB HA MPOTOH, 10 jAopiBHIOE 1,47. Takox
Oy, OTpUMaHi pO3paxyHKOBi 3HaUeHHsI AU(epeHIlialbHIX Iepepi3iB BijJl eHepril BTOPUHHUX MPOTOHIB Ta HEUTPOHIB. MakcumabHe
3HAUeHHs1 CepeIHbOI eHepTii BTOPHHHNUX MPOTOHIB CriocTepiraeThes Mis szpa N i cranoButs 12,72 MeB, Togi sk ans saep '2C ta 100
BOHO CTaHOBUTH Omm3bko 10 MeB. Anani3 nudepeHniaibHuX nepepisiB Bif eHeprii BTOpHHHUX HEHTPOHIB OKa3aB, 0 MAaKCUMalbHe
3Ha4YEHHs CepeHbOI eHeprii AT HEUTPOHIB, OTPUMAHO B Pe3yIbTaTi B3a€EMOIII 3 SIPOM a30Ty, TOAL AK €Hepril BTOPUHHUX HEHTpPOHIB,
110 yTBOPIOIOThCS Ha sAapax '2C ta 90, npubmisno piewi (6,2 Ta 6,4 BigMOBiAHO).

Karouosi caoBa: nezki ssiopa;, emopunni nyxaonu, TALYS
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The article discusses how Kudryashov’s proposed self-phase modulation scheme and nonlinear chromatic dispersion cause the evolution
of quiescent optical solitons in magneto-optic waveguides. Provide a comprehensive understanding of the governing model; generalised
temporal evolution is considered. The modified sub-ODE approach is employed to facilitate the recovery of such solitons. This leads to
a complete range of optical solitons and the necessary conditions that must be met for these solitons to exist, which are also provided.
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1. INTRODUCTION

The three main features of how solitons move in optical waveguides and crystals are chromatic dispersion (CD), self-
phase modulation (SPM), and how pulses change over time after they are introduced at the beginning of the waveguides
[1-40]. Subsequently, these pulses evolve with temporally and spatially and thus serve as bit carriers for information
transmission through such fibers across transcontinental and transoceanic distances. There are many hiccups one faces
during the transmission of such pulses. One issue is the soliton clutter. Therefore in order to declutter these solitons, one
considers magneto—optic waveguides. This leads to the interest in magneto—optic waveguides.

This work examines soliton propagation in magneto-optic waveguides characterised by nonlinear cross-dispersion
and a particular kind of self-phase modulation, as postulated by Kudryashov. We preserve the temporal evolution of the
pulses using a general framework known as generalised temporal evolution. The inconsistent characteristics of waveguides
would cause the solitons to get impeded during their propagation via subterranean or underwater cables. This property
will be examined in depth in the present research, facilitating a clear comprehension and retrieval of the quiescent optical
solitons relevant to the model discussed in this work. This understanding will not only enhance the theoretical framework
surrounding self-phase modulation but also offer practical suggestions for optimising soliton transmission in complex
waveguide environments. By addressing these challenges, we aim to improve the reliability and efficiency of optical
communication systems that use these solitonic structures.

The mathematical algorithm that would be selected is the modified version of the sub—ODE (ordinary differential
equation) approach. This integration scheme would lead to the emergence of a wide spectrum of soliton solutions along
with their respective classifications. The results are reconstructed and presented in the subsequent sections of the paper
following a brief review of the model, its technical characteristics, and an explanation of the integration algorithm.
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It must be noted that the model with the quintuple form of SPM has been addressed in the previous round for optical
fibers [9]. However, the current work retrieves quiescent optical solitons for a different kind of optical waveguide, namely
magneto-optic waveguides, by the implementation of the improved sub-ODE approach.

Unlike prior analyses of Kudryashov-type nonlinearities that focused on single-field optical fibers (including quintuple
SPM in fibers) or on sixth/eighth-order single-field NLS equations, we study magneto—optic waveguides described by
a coupled magneto—optic (MO) waveguides system with generalized nonlinear chromatic dispersion and generalized
temporal evolution. This formulation introduces cross-SPM/CD terms and magneto-optic couplings (Q1, Q) absent from
fiber-only models, and enables the construction of new stationary families (bright, dark, straddled hyperbolic-rational,
Jacobi elliptic, and Weierstrass) with explicit existence constraints in the MO setting. In short, the novelty lies in the
medium and model (coupled MO system), the analytic framework (addendum to the improved sub-ODE within the MO
model), and the solution classification with parameter regimes tailored to magneto—optic waveguides [10, 11].

1.1. Governing model

Zayed et al. [32] analysed the nonlinear Schrodinger equation (NLSE) with non-local nonlinearity, Kudryashov’s
general quintuple power law, generalised nonlinear chromatic dispersion (CD), and a generalised temporal evolution,
expressed as follows:

i(\Pl)t +a (l\Plr \Pl) + [bl |1P|2m +by ||I;|2m+n + by |‘_P|2m+n+p + by |\P|2m+2n + bs |‘_P|2m+2n+p + bg (||{;|p)xx] \Pl =0,
XX

ey
In this context, ¥/ (x,) denotes a complex-valued function that characterises the generalised wave shape, with the con-
dition that I > 1 and i = V—1. The parameters r, [, m, n, and p are positive real constants. The initial term relates to
the generalised temporal evolution dictated by the evolution parameter /. The constant a represents the coefficient of the
generalised nonlinear CD, defined by the nonlinear parameter r. The constants b; (j = 1,2, 3,4, 5) denote the coefficients
of SPM arising from the nonlinear intensity-dependent refractive index framework, as examined by Kudryashov [1-3].

In magneto-optic waveguides, Eq. (1) separates into two components, as follows:

i) +a (Inlk nl) + [by [P + c1 [P 4+ dy PP 4 eq [P 4 £ PP 4 gy (1n)P) g 2
h 2m i 2m+¥rf 2m+n+p 2m+2n 2m+2n+p p 1 _ 1
+hy |p|™" + 11 |p] + 51 pl +np |pl +p1lpl +q1 (lp1P)xx]n’ = 010",

and

i(p')+as (Iplkpl) + b2 [p1*™ + 2 [pIP™" + da [p]*™ P + ea [P + £ [P + g3 (|p1P) 4y

3
l’lz |n|2m + 12 |r]|2m+n iXSQ |7]|2m+n+p +1 |77|2m+2n +pa |n|2m+2n+p +q2 (mlp)xx]pl — anl’ ( )
Here, n(x,1) and p(x,t) are complex-valued functions representing the wave profiles, with i = vV=1. The first terms in
Egs. (2) and (3) describe the generalized temporal evolution, characterized by the parameter / > 1. The constants a; (j =
1,2) are the coefficients of nonlinear CD, governed by the parameter k > 0. The constants b;, c;, d;, ej, f}, g, hj, I,
pjnj,andq; (j = 1,2) correspond SPM terms, structured according to the formulation introduced by Kudryashov [33,34].
Finally, Q; (j = 1, 2) denote the coefficients associated with the magneto—optic waveguides. The parameters m and n are
rational numbers, not necessarily integers.

This work aims to resolve Egs. (2) and (3) by an enhancement of the modified Sub-ODE approach. This methodol-
ogy is used to derive several categories of soliton solutions, including dark soliton solutions, solitary soliton solutions,
Jacobi’s elliptic functions, Weierstrass elliptic functions, bright soliton solutions, and straddled soliton solutions. Conse-
quently, a broad array of soliton solutions would arise.

This article is organised as follows: Section 2 presents the mathematical study. In Section 3, a modification of the
modified sub-ODE method is implemented. Section 4 presents more findings. Conclusions are presented in Section 6.

2. MATHEMATICAL STRUCTURE
To resolve Egs. (2) and (3), we suggest that the wave profiles exhibit the following forms:

n(x,1) = ¢1(x)e,
4
p (x,1) = o(x)e,
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where ¢;(x) (j = 1,2) are real functions and A is a constant representing the wave number. Substituting (4) into Equations
(2) and (3), we obtain:

—U (x) + ay(k +D)(k +1 = DM =2 ()¢ (x) + ay (k + DA+~ ()¢ (x)

+b1¢%m+l (x) + cl¢%m+”+l (x) + d1¢?m+"+p+l (x) + el¢%m+2"+l x) + f1 ¢?m+2n+p+l (x)

+g1p(p = NP P ()72 (x) + g1pd" M (1)) () + hi g2 (x) ¢ (x) + 11627 ()¢l (x) (5)
+5107" P (0@ (x) + 1187 ()G () + p13" P (08 () + q1p(p - Db (065 (x)
+q1p6" "M (0] (x) = 0164 (x),

and

’

—U () + ax(k+ Dk + L= DI 202 0) + ar(k + z>¢§+f-1<x)¢2; (x)
+hrg2 " (x) + 202 (1) + o)™ () + €282 () + o) (x)
+g2p(p = DL (1) 92 (x) + g2p? ™ (1)) (x) + ha?™ (x) ¢l (x) ©6)
+h 2 () Ph (x) + 527" (1)L (x) + nag? 2 () gk (x) + pagt ™ (x) gL (x)
+q2p(p = DY ()72 (0)ph (x) + q2pd” ™ ()¢} (x)ph (x) = 020 (),
Now, for the sake of simplicity, let us put
$2(x) = xp1(x), @)

where y is a nonzero constant and y # 1. Egs. (5) and (6) became:

—(AL+ Q1xH ek (x) + /c/n(k +)(k+1 =12 (x) 7% (x)

+ay(k + D" (x)¢| (x) + (b + hix*™™) ¢%m+’(x2) l

+ (Cl + llX2m+n) ¢%m+n+l (x) + (dl + S1X2m+n+p) ¢1m+"+P+ (x) (8)
+ (e + npy¥mrn) ¢%m+2n+l (x) + (fi + pLy¥me2n+p) ¢?M+2n+p+l (x)

+(g1 +qix?) p(p — D" ()2 (x) + (g1 + q1x?) pe? ™ ()] (x) = 0,

and
—(Ax" + 02) ! (x) + az(k + D) (k + 1 = D)) "+172(x) ¢/ (x)
+a2(k + Z)Xk+l¢]l<+l—l (x)(p’l’ (.X') + (b2X2m+l + hz)(l) ¢%m+l (.X)
+ (62X2m+2n+l + lle) ¢%m+n+l (x) + (d2X2m+n+p+l + sle) ¢?rn+n+p+l (x) 9)

2m+2n+p+l
+ (62)(2m+2n+l +n2Xl) ¢%m+2n+l(x) + (f2X2m+2n+p+l +p2Xl) ¢1m n+p (x)

+(g2xP* + qox!) p(p = D2 ()42 (x) + (g2 + qax’) po? ™ (09 (x) = 0,

Egs. (8) and (9) are equivalent along with constraints conditions:

A+ Q1) =y + 0,
ap = asz+l
b1+ hix*™ = box*™* + hpy!,

c1+ IIX2m+n - 62X2m+2n+l + lle’ (10)

dl + S]X2m+n+p — d2X2m+n+p+l + Sz)(l,
el + an2m+n — 62X2m+2n+l + anl,
fl + plX2m+2n+p — f2X2m+2n+p+l + szl’

g1+ qix” = gxPt + qax.
Solving Eq. (8), let k = 6m, p = 4m,n = 2m then Eq.(8) is now
—(AU+Q1x") +ai(6m +1)(6m +1— 102 (x) ¢ (x)
+a; (6m + D¢ ()¢, (x) + (b1 + hix>™) 7" (x)
+(er+1x™™) 677 (x) + (di + s1x¥") ¢ (x) (11)

+(er +nx®) @8 (x) + (fi + pix'"™) 61" (x) )
+ (g1 + qix™™) (4m)(4m — D" 2(x)¢77 (x) + (g1 + q1x™™) (4m) ¢!~ (x) ¢, (x) = 0,

Balancing ¢1%" (x) with ¢$"~1(x)¢/ (x) in Eq.(11) gives N = 5-, m # 0. In addition, considering the transformation

1
¢1(x) = Vo (x), (12)
where V(x) denotes a novel function. By putting (12) into Eq. (11), we have

@) + OV )V (x) + D3VE(X)V (x) + DaV(x) + DsV2(x) + DV (x)

+D7V4(x) + DV (x) + DoV2(x) + DoV (x)V' (x) =0, (13)
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where
@) = —(l + Q1))
D, = SL () (6m + 1),
O3 = 2‘%(67’)’[ + 1),
by =b + thZm’
(1)5 =c) + I]X4m,
D6 = ey +ni x°", (14)
O =d; + Sl)(gm,
@5 = fi + pix'O”,
Dy =2 (g1 +q1x*™).
Do =2 (g1 +q1x™™).
Next, we will employ the integration method explained below to generate the solitons of Egs. (2) and (3).
3. AN ADDENDUM TO THE IMPROVED SUB-ODE METODOLOGY
It is presumed that Eq. (13) has a formal solution [35-38]:
N
Vx) = Y Ag[HWI® . (15)
s=0
The constants Ay, for s =0, 1,2,..., N are specified, with Ay # 0, and the condition H(x) is satisfied:
H?(x) = AH*>72%(x) + BH*> %(x) + C H*(x) + D H**%(x) + E H*"*%(x). (16)

In this particular case, E,D,C, B, and A are constants, whereas « is a positive integer. Given D[¢(x)] = N, then
D[¢'(x)] =N +a,D[¢"(x)] =N + 2, and so D[¢") (x)] = N + ra. Therefore, D[¢"") (x)¢*(x)] = (s + 1)N + ar.
When the highest derivative V"’ (x)V?(x) is balanced with the nonlinear term V> (x) in Eq. (13), the result is:

3N+2a=5N = N =q. W)
With @ = 1 and therefore N = 1, Eq. (15) becomes:
V(x) = Ao + A1 H(x), (18)
given that Ag and A are constants with A; # 0, H(¢) admits:
H?(x)=A + BH(x)+C H*(x)+ D H*(x) + E H*(x), E #0. (19)

Substituting Eqs. (18) and (19) into Eq. (13) and grouping all terms of [H(x)]'[H]’/, where [ = 0,1,2,...,5and f =
0, 1 to zero yields:

H3(x) : @3A] + (P2 +2D3)EAT =0,
H*(x) : (@2 +4@3)EA¢A? + D74} + D9AE + DrA3D + 5B5A0AT + 3DD3A3 + 20 19AE =0,
H3(x) : @6A3 + 1003ATA) + (D + D3)CAT + 203EATA| + DD2AgAT + 3DD3A0A]
+4D7A0A3 + 3DD1gA% + DD9A? + 2ED19AgA| = 0,
H?(x) : @5A% + 203CA9A} + 303D A2A; + 3D®19AgA| + DCAGA? + D A3B + Dy ALC
+ CD]()CA% + %@3314? + 3®6AOA% + 6CD7A(2)A% + 10@8A8A% =0,
H(x) : ®4A1 + BA)AT (D + @3) + CD3ATA| + D19AgA|C + P2ATA + BDyAT
+3D6AZA| +2D5A0A| +4D7A3A| + 5DgAGA; + JD10AIB = 0,
HO(x) : DgAAT + D7AS + DgA) + DyAg + D5 AL + DeAS + D + DrAGATA + JD3BAA,
+1®10BAA; = 0.

(20)

We will now examine each of the following sets:

Set-1: Considering D = B = A = 0in Eq. (20), the results achieved are:

E (D +20
Ao = Ao, A =\/—%, Q1)
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and ) 2 2
P, = _AiP(CATHEA))
1 A2 ’
1
b, = Ay (CO2A0A3+EDr A} ~C A3 (209 +®19) ~2E A2 (209+®19) )
= A2 ’
1
_ CApAL 20y +®3) +2E A (202+®3) —~C A% (Do +®19) ~6E A} (D9 +2P19) 22
®s = i , (22)
1
o CA%(D+®3)+6E A} (Dr+®3) —2E A} (2D9+3®1)
6 = — 2 ’
A
1
_ 2EA2(2®,+3®3) - E (Do +2P10)
o7 = e ’
1

given C > 0 and E < 0, the solutions represent the bright solitons, which are:

1
2m
C (D +20 :
n(x,1) =& |Ag + 4 /%sech\/gx e (23)
%
d) + 20 )
p(x,1) = y& | Ag + 4 /C(szﬁsech\/Ex e, (24)

Set-2: Considering B = D = 0 and A = % are replaced into the algebraic equations (20), the results achieved
are:

and

where q)g(q)z + 2(1)3) > 0.

E (®g +20))

Ap=0, A = [-—, 25
0 1 o, (25)
and , ,
o, = -
CDgA?+2ECD3
Qy=-——F—,
D, = A%cz(zf;ﬁ@gfx%)’ (26)
&5 = —C (P9 + Dy9) ,
D = c(¢3Ag+Eqv3),

where E®7(®g + 2P () < 0. Hence, the dark solitons take the form of:

1
2m
C((I)g +2¢’10) C it
- ,/— h(y/-= i 2
nix,t) =¢ 2D, tanh( > x)| e, 27

2m

C .
tanh( -5 x)| e, (28)

and

C ((Dg + 2(1)1())

9t =
p(x,t) = xe 23

provided C < 0, ®7(Dg + 2d19) <0, & = 1.

Set-3: Considering B = D = 0 and A = e‘EC > are replaced into the algebraic equations (20), the results achieved
are:

Ap=0, A=Ay, (29)
and
@, = _czelcbgA%’
CPgAlg+E<D2
3 =———F
C2e; D A2
P4 =" (30)
@5 = —C (P9 + q)l(z)),
® = _CE@zz—gtbgAl’
®; = _E(‘l)9+22‘1>10)

Al
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assuming that e; remains constant, the following scenarios are derived:

2 2_ 2.2 2_
(I) Considering e = %, A is given by %, and 0 < m; < 1, the Jacobi elliptic solutions are derived:
)\ o
Cm C )
n(x,t) =¢|A |[-————] en|,]——— x, m e
E(2m% -1 Zm% -1
and
R *
Cm C )
x,1) = ye |A |[-————1| cn X, m e
pOoD) = xe A E(sz—l)) ( -1

provided C (Zm% -1)>0,E<0.

(IT) When e; = ((21__2?))2, A is given by gi;l_—;:;‘jz, and 0 < m; < 1, the Jacobi elliptic solutions are obtained:
1 I
n(x,1) =€ |A; _E(%m%)) Z_Cm% X, ml) P
and 1
! Tm
p(x,1) = ye |A; _E(%m%) dn( 2_Cm% X, ml) e

assuming C > 0, E < 0. The bright solitons are given when m approaches 1~ in the Eqs. (31) - (34):

[ C o
n(x,t) =& |A -z sech (\/Ex) e
and 1
[ C o
p(x,1) = ye |A; - sech (\/Ex) et
2 2,2
(IIT) When ¢ = (;n—+‘1)2 and A = % with 0 < m; < 1, the resulting Jacobi elliptic solutions are:
m m
Cm% C ™ 0
n(x,t) =¢|A |-——————]| sn|,|-———— x,m e
E(m% +1) m% +1
and 1
Cm? C e
x, 1) = ye |A |-———L—] sn| [-———— x,m e
Pl =x 1( E(m§+1)) (\/ m?+ 1 l)l

provided E > 0 and C < 0. The dark solitons, when m approaches 1~ in Eqs. (37) and (38), are:

1
C C 2m )
Alﬂ_ﬁ tanh (\’—E .X)l El/lt,
%
’ c ’ C " iAt
A1 ﬁ tanh( Ex)l e’ .

n(x,t) =&

and

p(x,1) = xe

€1V

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Set—4: Considering A = B = 0, C > 0, and D? = 4CE are replaced into the algebraic equations (20), the results achieved

are:
Ap=0, A = Ay,

(41)
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and ,
Dg AL +2E D3
@, - -,
C(ZVCE¢3A31+x/CE<1>3A1E+q>7EAf+E2<1>,0)
5 = E2 9
® w/CE(3x/CEq>8Aﬁ+x/CE¢3A1E+2<1>7EA21+E2<1>]0) 42)
6 = — 2 s
E*A,
2VCE®3 A3 +VCED3 A\ E+D7EAT+2E D
(DQ = - E2A| )
b =Py =0.

Therefore, the dark solitons become:

i
n(x,1) =¢ %\/g 1 + tanh g x)l " e, (43)

and 1
p(x,1) = ye %\/g 1 + tanh ? x)l " et (44)

The singular solitons emerge as:

€
n(x,t)=¢ —% % (l +coth§ x) " e (45)

and _ N
p(x,1) = ye —%\/g 1+ cothg x lz’" et (46)

The bright soliton solutions are:

A |C 28601’12‘/75 X o i
nx,t) = | = z——| ", (47)
2 E[1+tanh2‘/76x]
and 1
1) A |C ZSechz‘/T6 x| . 48)
px,t)=x|—=s————————— e,
2 E[1+tanh2‘/76x]
Then the singular solitons are:
A |C 2CSCh2‘/76 X o i
nx, ) == zs————— e, (49)
2 E[1+coth2‘/76x]
and 1
1) A |C 2CSCh2\/2—6 x | . 50)
px,t)=x|—|=o———— e,
2 E[1+coth2‘/76x]

Set-5: Considering A = 0, B = %, E = %, and C < 0 are replaced into the algebraic equations (20), the results
achieved are:

Ao =0, A = Ay, (51
and
@ =0,
_ 6CD®3A | +4C D7 A2+ D> D9+2DD
@2 = - ) 4CDA, ’
¢)4 - _4C A|§§4D39+(D10) , (52)
C(8CD®3A+8CD;A2-25DDy—23D*®))
®s = 27D? ’
O = 2CDD3A | +4CD7AT-3DD9—2D2 Dy
6= aCA, :

Consequently, the corresponding solutions employing hyperbolic functions are:

1
2v3e |
Al( SCunh 5 X ))l e, (53)

xX,t) = -
77( ) 3D (3+tanh @ X
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and 1

—~~ 2m
8C tanh® % X )l ei,u

p(x,t) = x A (54

3D (3+tanh Y5 x

Also,

n(x,1) =

2 V33€ e
A ( 8C coth” = x)) el,u’ (55)

3D (3+coth € x

and

8C coth? # x o ei/lt (56)
3D<3+coth% x) ’

p(x,1) = x |A

provided DCA; < 0.

Set—6: When A = B = 0 and E = % — C are replaced into the algebraic equations (20), the results achieved are
derived in the following cases:
Ag=0, A=Ay, (57)

and
@5 = —C(Dg + @y9),
q)6 — _2CA|((I)2+CD3)+D(2(I>9+3CI>]0)

2A,
_ C(-4D®>A|—6DD3 A +4C Dy +8C D 1o—D2 (Dg+2D1)

dy = 4CA? s (58)

_ (2C%*-D?)(®y+2®3)

®s 4CA? ’
D =Py =0.
As aresult, the bright solitons become:
i Gl
1 2m .
n(x,t) = A | ——=——| €7, (59
| cosh VC x - % |
and 1
i | 1
px 1) = xAr | ——=—5| ", (60)
| cosh VC x - % ]
where C > 0.

Set-7: Considering B = D = 0 are replaced into the algebraic equations (20), the results achieved are:

Ag=0, Aj= - 220E (1)

and
D, = —ADyA2,
Dy = —AD A2,
@5 = —C(Dg + Do) (62)
D¢ = —C(d>2 + @3),
@ = _E(‘P9;22‘P10) i
1

where E®g(®; + 2®3) < 0. In view of this, the following are the four solutions that take the form of Weierstrass elliptic

functions:
M 1

N =e [\/—% (91, 82.850 - %)] T, (63)
and 1

px,1) = xe \/—“I’g—;;"” ( o [(x),g2.83] - %)] "o, (64)
(ID

L
4m

ei/ll , (65)

n(x,1) =¢ [W( A Q)
3

9l (x),82,83]1—
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and

1
4m .
p(x,1) = x& [\/—(®2+§3)E(¢[ . ]c)] e, (66)
A -3

(x),82,83

where the solutions of the Weierstrass elliptic function (63)-(66) are characterised by the invariants g and g3, which are
determined by the following equation:

g2 = HOHHME and gy = CLEGRAR, (67)
(IID) |
nenn =2 [\/— @ Z0E (Mgl 0)| " i 4 5, (68)
and N
20 [P (<] a0 @)

Set-8: Considering B=D =0and A = 36 + are replaced into the algebraic equations (20), the results achieved are:

Ag=0, A= - 2200E (70)

and o
5C2dgA
¢1 = - - 17
36E
(I)gAl+2E(I)3
D, = —T,
@, = (50547 +2E<D3)C2A2|’ (71)
9

(I) = —C((I)g + (Dl())

@ = C(<I>8AE+ECI>3)’

provided E > 0, D7(Dg + 2d1g) < 0, € = £1. In view of this, the following are the two solutions that take the form of
Weierstrass elliptic functions:

1
_ [ 5C2(@9+2010) 69 (x).82.831+C | ™" iar
n(x’t)_g[ T me Tl | ¢ (72)
and .
/ 5C%(Dy+2D1p) 6 c|™ ;
p(x,1) = ye [ (36957 10) fgp(x()xs)zéé,;; e“lt, (73)

where the solutions of the Weierstrass elliptic function (72) and (73) are characterised by the invariants g, and g3, which
are determined by the following equities:

2 3
g =% and g3=%. (74)

4. ADDITIONAL RESULTS
The Weierstrass elliptic function @ (x; g2, g3) is typically represented as [39,40]:

0 (x;82,83) = b — (I = 3)en? (VI] = lx;my)

(75)
9 (x:82,83) = I3+ (I1 — 3)ns? (VIT = s my)
The modulus is derived from m; = 52 ls "as described by the Jacobian elliptic functions, where /; with j = 1,2, 3, and

[y > Iy > I3, are the three roots of the equatlon 4y’ — gy — g3 =0.
Upon substituting (75) into (63) and (64), the following are the four solutions that take the form of Jacobi elliptic functions:

n(x.0) = [,/_@g% (|- @ -wen? (Vi =Exm)| - )] e, (76)
and N
p(x,1) = ye [w/—% ( [12 — (L = I3)en? (\/ll -1 x;ml)] - %) " e 77)
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also,

n(x,1) =& |+/— M ([13 + (I, - I3)ns* (\/ll — I3 x;ml)] - %) o e (78)
and

p(x,t) = ye ,/—% ([l3 + (I — I3)ns? (\/ll -1 x;ml)] - %) ﬁ e, (79)

where EDg(D; + 2d3) < 0. In detail, as m; — 1, I} — I, resulting in ns(x, 1) — coth(x) and cn(x, 1) — sech(x).
Bright and singular solitons appear prominently in the solutions:

1

im

n(x,1) :s[,/—(‘l’g—df“ ( [12—(12—13)sech2 (\/z1 " x)] _g) et (80)
and N

o(x,1) = ye [,/—% ( [12 — (I - I3)sech? (\/ll N x)] - %)} et 1)
also,

n(x0) = ¢ [,/—(‘1’2;—4";;1’3) ( [lz — (I - I3)coth? (\/ﬁx)] - %) ﬁ iy (82)
and

ple.t) = ye |- @220 ( [12—(12—13)coth2 (\/11 1 x)] -g) ﬁe“’, (83)

where EDg (P, + 2d3) < 0.
Upon substituting (75) into (65) and (66), Jacobi elliptic solutions are achieved:

1
_ [ (@+205)E A i
n(x.1) =& [ Dy ( L—(L-lz)en2 (Vi -1 x;m])—g) € (84)

and 1
_ [~ (@r200)E A i
p(x,1) = xe [ g ( lz—(lz—ls)an(mx;ml)_g)} ¢ (85)
also,
e
_ [ (@+205)E A i
n(x’ t) =€ [ (o (l3+(11—13)n52(\/ll—l3 x;m1)—% )] ¢ ’ (86)
and

p(x,1) =

1
(@2+2@3)E 4m il
NV~ (z;+(11 l;)nsZ(ﬂx ml)—)] e, 87)

where E®g (D, + 2®3) < 0. Singular and dark solitons appear prominently in the solutions:

i
[ (@+204)E A i
o8 ( L-(h-k)sech?(VIi-I; x)-§ )} € (88)

n(x,t)=¢
and 1
_ (94209 A i
plx.1) = xe [\' o8 (12—<12-z3>sechz(mx)—§)] “ (89)
also,
1
_ [ (<I>z+2<I>3)E i
nix.1) =2 (m(z] z3>coth2(\/11 w)—)] € (©0)
and

1
_ [ (<1>2+2<1>3>E i
plx.1) = xe [ (13+(11 l;)COthz(\/ﬁx)—)] e On

where EDg (D, + 2d3) < 0. By inserting (75) into (68) and (69), Jacobi elliptic solutions are generated:

1
\/@TW 6VA[L—(b-L;)en* (VI =I5 x;m; ) |[+CVA o ot (92)
18 VI (L-L)en(Vh =I5 x;m; ) Sn(VI =15 xym ) dn (VI =1 x;my ) ’

n(x,t) =&
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and
1
_ 1 [ (@4203)E 6VA[L-(b-L)en? (V= xim; )| +CVA i
p(x’t)‘)(s[ls‘l @ (mazmcn(mx;ml)sn(mx;ml)dn(mx;m.) “
also,
1
(1) =€ 1 | (©+203)E [ 6VA[l3+(l1 -1;)NS* (VI =I5 x;m; ) | +CVA dm oM 94)
M =115y s VL =L (1~1)Cn (NI =T xmy ) AN (V=15 xomy )03 (VI - ximy ) '
and

1
/ (D203)E [ 6VA[L+(L -5)NS* (VIi=T x;5m1) |[+CVA i
Pl =x€ |15 @ (m<zl—mcn(mx;ml)dn(mx;ml)ns3(mx;m.) @

where E®g(®; + 2®3) < 0. Notably, the solutions includes additional forms of straddled quiescent optical solitons:

1
[ (D +2d3)E 6\f AlL- (- l%)SeChz(\/lz zxml)]+C\F dmou
n(x t) =€ [18 [N ( Vh—-B (- lx)SeChz(\/lg I3 x; ml)tal’lh(\/lz I3 x; ml) € (96)
and 1
B 1 [ (@m200)E 6VA[b—(l-1)sech? (Vh=T5 x;m; ) |+CVA m
p(x’ t) - XS 18 (DS ( Vlz*l3 (lz*lg,)SeChz( Vlz*l_?, x;ml)tanh(\/lth x;ml) € ’ (97)
also,
1
n(x, 1) =¢ [ (@:4203)E 6VA[ 3+ (L-b)coth? (V= 3xm1)]+cf dm it 98)
18 (1)8 \/lz (lz l3)SeCh2(\/lz 3 X5 ml)COth (\/lz 3 X, ml) ’
and 1
p(x t) _ XS ' ((I)2+2(I)3)E 6ﬂ[l3+(lzfl3)coth2(Vlz*l3 X;m1)]+C\/Z am ei/lt (99)
(Dg \/12—13(12—13)Sechz(\/lz—l3 X;M])CothS(\/lz—h x;ml) ’

where E®g(®; + 2d3) <0, A > 0.
By inserting (75) into (72) and (73), Jacobi elliptic solutions are formed:

1

_ _5C2 (@9 +2@10) 6[ - (b-B)en? (V=I5 x;m;) |+C e
n('x’ t) =& [ 36D ( RV —l}(lz—l3)Cn(\/l1—l3 X;ml)sn(\/ll -3 x;ml)dn(vll—l3 x;ml) € (100)
and 1
_ _5C2(<1>9+2<1>10) 6[12—(12_13)Cn2(mx;ml)]+C o i
plx,1) = xe Y 360, ( 3VIi=5 (b —13)Cn (V=1 x;m1 )SO(VI =T x;my )An(VI=F x;mi) € (101)
also,
1
_ [_5C2(®9+2‘1>10) _ 6[13"'(11—ZS)HSZ(HX;’”I)]"'C o
T](x’ t) =¢ [ 36CI)7 ( 3\/[] —13 (l] —l3)Cn(\/ll —l3 X;M])dn(\/ll —l3 x;}’n1)ns3(\/l| —13 x;ml) ¢ ’ (102)
and
1
_ [ 5C2(@9+2010) [ 6[ 13+l —1)NS? (VI =15 x;m;) |+C Y
px.1) = xe 3607 ( 3L =5 (i -B)en(Vh = xym; )dn(VI =1 x;m )ns* (VI =15 x;m) ) € (103)
where @7 (®g + 2d1g) < 0. A further set of additional form of straddled optical solitons is enlisted here:
1
— [ 5C%(@y+2P10) 6[2-(-1;)sech? (V=T x) | +C i
T](x, t) =€ 36CI)7 ( 3\/12—13 (lz—lg)sechz( \/lz—lg x)tanh( \/lz—l3 x) ¢ ’ (104)
and 1
_ [_5C2(®9+2<I>10) 6[L-(l- lz)SeChz(Vlz I x)]+C zm
p(x’ t) - Xg |: 36‘1)7 ( 3\/12 l}(lz l})SeChz(\/lz 3 )C)tanh(\/lz 3 )C) (105)
also,
1
n(x t) —c ,_5C2(¢9+2(b]0) [lg+(12 lz)COthz(\/lz 2] x) +C m (106)
’ 3607 3VhL -1 (- lg)SeChz(\/lz I3 X)COth (\/lz I3 x)
and 1
_ [ 5C2(Dg+2D14) 6[13+(1,-13)coth? (V-5 x) | +C o
,1) = - - s 107
plxt) = xe [ 3607 ( 3L =T (I -1y)sech? (VLT x)coth’ (VE=T; x) ¢ (107)

where @7 (®g + 2P ) < 0.
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5. RESULTS AND DISCUSSION

The application of the modified sub-ODE methodology to the coupled nonlinear Schrodinger—type system yields
a wide spectrum of quiescent soliton solutions in magneto—optic waveguides subject to nonlinear chromatic dispersion
and Kudryashov’s generalized self-phase modulation. In this section, we focus on three representative families of
stationary localized states: bright, dark, and straddled (hyperbolic-rational) quiescent solitons. Their spatial structures, as
reconstructed from the analytic formulas, are depicted in Figures 1-3.

Figure 1 illustrates the family of bright quiescent solitons described by Eqgs. (23)—(24). Both field components, 7(x)
and p(x), exhibit a single localized hump centered at x = 0, decaying exponentially to the background. The parameter
m plays a dual role, modulating both amplitude and spatial width of the soliton. For smaller values of m, the profiles
become broader with lower peak intensity, whereas increasing m sharpens the localization and elevates the peak amplitude.
Importantly, the bright states maintain their stability across the tested range of m, reflecting the robustness of the balance
between nonlinear self-phase modulation and dispersive spreading.

(a) Bright quiescent soliton for n(x) given by Eq. (23), shown (b) Bright quiescent soliton for p(x) given by Eq. (24), shown
for different values of m. for different values of m.

Figure 1. Bright quiescent solitons: localized hump solutions described by Egs. (23)—(24) (C = 0.8, ®; =2, &3 =
1, dg=1, Ap=02, e=1, y=0.5).

In contrast, Figure 2 presents the dark quiescent solitons obtained from Egs. (27)—(28). Here, the fields n(x) and
p(x) retain a finite background, featuring a localized notch at the origin. The depth of this dip depends sensitively on
m: shallow depressions for small m evolve into deeper and narrower notches as m increases. This behavior mirrors the
expected dynamics of dark solitons under normal dispersion conditions. The presence of a finite pedestal ensures that
the solutions remain bounded, which is a crucial feature for stable pulse transmission. The consistency of these results
with the parameter restrictions in Set-2 highlights the versatility of the sub-ODE method in capturing both bright and dark
stationary structures within a unified framework.

A more exotic class of solutions is displayed in Figure 3, where the hybrid hyperbolic—rational structures emerge from
Eqgs. (53)—(54). These “straddled” solitons exhibit a shallow hyperbolic-type core near x = 0, accompanied by algebraically
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(a) Dark quiescent soliton for 77(x) given by Eq. (27), shown (b) Dark quiescent soliton for p(x) given by Eq. (28), shown
for different values of m. for different values of m.

Figure 2. Dark quiescent solitons: localized notch solutions described by Eqs. (27)-(28) (e = 1, x =05, C =
-0.8, ®7=-1, &g=2, Pjp=1.).
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decaying shoulders extending into the far field. Such composite profiles differ from the exponentially localized bright and
dark solitons: while they maintain localization, their slower tail decay introduces long-range interactions that may influence
multi-pulse dynamics in realistic magneto—optic media. The dependence on m again tunes the relative prominence of
the core versus the shoulders, suggesting that the soliton morphology can be engineered through parameter control. The
analytical derivation of these solutions (Set-5) demonstrates the flexibility of Kudryashov’s SPM structure in generating
hybrid states that combine features of both hyperbolic and rational forms.

0.3

—_—m=05

(a) Straddled (hyperbolic-rational) quiescent soliton for r7(x) (b) Straddled (hyperbolic—rational) quiescent soliton for p (x)
given by Eq. (53), shown for different values of m. given by Eq. (54), shown for different values of m.

Figure 3. Straddled (hyperbolic—rational) quiescent solitons: hybrid profiles described by Egs. (53)—-(54) (C = -0.8, D =
I, Ai=1, x=0.5)

Taken together, the three families highlight the diversity of stationary quiescent solitons admitted by the model.
Bright and dark solutions represent classical solitary waveforms associated with anomalous and normal dispersion regimes,
respectively, while straddled solitons introduce hybrid decay patterns with potential for novel interaction dynamics. The
modulation parameter m consistently acts as a control knob for amplitude—width trade-offs, underscoring its physical role in
tailoring pulse shapes. From an applications perspective, the ability to sustain such varied soliton classes in magneto—optic
waveguides suggests opportunities for optimizing pulse transmission, mitigating clutter, and exploring nonstandard optical
switching regimes.

6. CONCLUSIONS

This work examines quiescent optical solitons in magneto-optic waveguides, including nonlinear CD and generalised
temporal evolution, using Kudryashov’s generalised self-phase modulation structure. The generalised version of sub-
ODE is the mathematical framework that has facilitated the successful recovery of quiescent optical solitons. We
establish a diverse array of classified optical solitons and the parametric conditions that guarantee their existence. These
solitons exhibit unique stability properties and can be manipulated by varying the external magnetic field and waveguide
parameters. Our results deepen the understanding of soliton dynamics in complex media and open avenues for potential
applications in optical communications and information processing. The results of the work serve as a stark reminder to
the telecommunication engineers that rough handling of optical fibers would stall the progress of such solitons under the
sea as well as underground. This would catastrophically dismantle the internet traffic flow across the planet.

While magneto—optic waveguides is one of the optoelectronic devices where the dynamics of quiescent optical
solitons are established in the current paper, the study would be later extended to additional such devices that has been left
untouched in the literature. Examples of such devices include Bragg gratings, optical couplers, optical metamaterials, fibres
exhibiting polarization-mode dispersion, and dispersion-flattened fibres, among others. The mathematical algorithms that
would be adopted while addressing such devices would be plentiful including the most powerful of them namely Lie
symmetry analysis. The results would be disseminated all across the board sequentially over time.
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3 Haykoe0-0ocrionuii yenmp npuxaadnoi mamemamuiu, Yunisepcumem Xazap, Baky, Apuzona 1096, Azep6aiioscan
4Kagpedpa mexniunoi inocenepii 36’ s3xy, Yuisepcumem Ano-@apaxioi, Bazdad—10015, Ipax
3 Anv-Hibpac Yuisepcumem—Ipax, Tikpum—34001, Ipax
®Kagpeopa dinoeozo adminicmpysanus, Konedoc adminicmpysanns ma exonomixu, Yuisepcumem Anv-Ecpaa, Baz0ad—-10067, Ipax
TKagpedpa npuxaadnoi mamemamuxu ma cucmem, Aémonomuuii ynieepcumem Mempononimany—Kyaximanena, Backo-Oe-Kipoza
4871, 05348 Mexixo, Mexcuka
8 Kagpedpa mamemamuxu & pizuxu, Jepocasnuii ynisepcumem Ipembainza, I'pembnine, Jdyiziana 71245-2715, CIIA
Kagpedpa ¢pizuxu ma enexmponixu, Yunisepcumem Xasap, Baxy, Apusona—1096, Azepbaiiocan
O Kagpeopa npuxaadnux nayx, TpanckopOonmuii daxynbmem ymaHimapHux, exoHomiunux ma inocenepuux nayx, Iaraypkuii
yHisepcumem Jyuapea e Xoc, syauus Jomusicka, 111, [aray—800201, Pymynis
U Kagbeopa mamemamuxu ma npuxkaadnoi mamemamuxu, Yuieepcumem meduunux nayk Cegbaxo Maxeamxo, Medynca—0204,
Ilig0enna Agppuxa
V crarTi 0OroBOpIOEThCS, SIK 3anporioHoBaHa KyzapsimoBum cxema camoa3oBoi MOAyJsLii Ta HeNliHiiHA XpoMaTH4HA AUCHepCis
CIPUYMHSIOTH €BOJIOLIIO CIIOKIMHIX ONTHYHHUX COJIITOHIB Y MarHiTOONTUYHUX XBHJIEBOJaX. 3a0e3Meuy€eThCs TOBHE PO3YMiHHS MOJE
YIPABJIHHS; PO3IJISIAETHCSI y3aralibHEHA YacoBa eBOJOMist. IJIsi OJIErTIIEHHs BiJIHOBJIEHHS TAKUX COJIITOHIB BUKOPUCTOBYETHCS MO-
nugikoBanmii miaxia cy6-ODE. Ile npu3BoauTh [0 MOBHOTO CHEKTPY ONTHYHUX COJMITOHIB T4 HEOOXiJHUX YMOB, SIKi TIOBUHHI OyTH

BUKOHAHI JIJI51 iCHYBaHHS LIUX COJIITOHIB, SIKi TAKOX HABOIATHCS.
Kuaro4osi ciioBa: corimonu; camogdpazosa mooyasyis, inmezposanicmv; XpoOMamuura OUcnepcis
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This paper investigates partial exact solutions of a nonlinear fourth-order differential equation arising from the variational principle for
a thermodynamic potential with high derivatives. To describe the spatial distribution of the order parameter, the elliptic cosine function
of Jacobi is used, which allows reducing the problem to a system of algebraic equations for amplitude, spatial scale, and modulus. The
conditions for the existence of physically admissible solutions were obtained, and it was found that periodic solutions expressed in
terms of elliptic cosine are relevant for describing first-order phase transitions. Graphs illustrating the dependence of the main
parameters of the solution on the characteristics of the system are presented.

Keywords: Nonlinear differential equations; Order parameter; Elliptic Jacobi functions, First-order phase transition;
Incommensurate phase
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INTRODUCTION

Phase transitions and spatially inhomogeneous states in condensed matter systems remain one of the key areas of
research in modern physics. In many physical models — in particular, in the description of ferroelectrics, magnets, alloys,
and during spinodal decomposition — the order parameter is a one-component function of the spatial coordinate [1-4].
Their application goes beyond traditional solid-state physics — similar equations also arise in theories of self-organisation
of structures in biological, computational, and non-equilibrium systems [5-7]. In such cases, an important task is to find
exact or approximate solutions to the corresponding equations that describe the evolution or equilibrium distribution of
this parameter.

In the initial stages of phase transitions, when the amplitude of the order parameter is small, linear analytical
approximations are often used. However, with increasing nonlinearity of the system, such approaches lose their accuracy.
Particularly difficult to describe are cases where strongly nonlinear, periodic or localised distributions are formed — for
example, alternating domains with domain walls. [8]

In classical approaches to modelling such structures, harmonic expansion or expansion in terms of the order
parameter is widely used. However, the accurate representation of strongly nonlinear profiles, such as bell solitons or
modulation structures, requires the inclusion of a large number of terms, which complicates both analytical analysis and
numerical investigation.

An alternative approach is to search for partial exact solutions of the variational equation that allow the order
parameter to be represented by special functions, in particular Jacobi elliptic functions [9-11]. In particular, the function

¢ = a*cn(bx, k) (1

the elliptic cosine allows us to describe spatial distributions of order parameters that smoothly interpolate between
harmonic and bell-soliton behaviour depending on the modulus k.

The aim of this work is to construct a class of exact partial solutions in the form of elliptic cosine — Jacobi function
— for the fourth-order equation derived from the corresponding variational functional Within the framework of Landau
theory, analytical solutions in the form of function (1) are constructed, and the dependence of the distribution parameters
on the thermodynamic potential parameters has been investigated.

CALCULATION ORDER PARAMETER
Let us write down the thermodynamic potential in the form [9]:

1 g 14 q p 1
— - m2 _ <9 n2 _o° N2 T 2 r 4 — 6 2
F=Fo+ [ dxlz07 =500 - 2@ + 207 + Rt 4 207, @

where g, y are material parameters and ¢ = qo(T — T,)/T.and p depend on other conditions (e.g. pressure).
The variational equation for functional (1) is the following nonlinear fourth-order differential equation:
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0"+ g[o*¢0" + 9p”*| + 79" + g + pe* + 9 = 0. (3)
Let us represent the order parameter as (1). Substituting (1) into (3) we obtain the following system of equations
a* —3ga?b?k? + 24b*k* =0
b*(20k? — 40k*) + 2ga®b?(2k? — 1) — 2yb?k? + pa®? =0 4)
b*(16k* — 16k? + 1) + ga®b?(1 — k?) + yb?(2k* = 1) +q =10

From the first equation in (4) we can find the parameter a:

w
t‘
N

3 p2k? = 4,2b2k?

32
- 6
92’3 (6)

Let's look at the limiting case when k = 0. From the third equation (4) we obtain

2 _ ==
gt |g (5)
2

We see that parameter a is valid only when

b*—yb?+qg=0 7
or
+.y2—4
bz=—V—V2 1 (8)

From this, we can see that a second-order phase transition occurs from a highly symmetric phase to a modulated
phase at the point ¢ = y?/4.
Now let's look at the limiting case when k? = 1. We obtain the following system of equations

{—20b4 +2ga®b? — 2yb? + pd?b? =0 ©)
b*+yb?+q=0
From here, we can find an expression for b?:
2y — pa?
b? = —n—— 10
2(ga? — 10) (19)
Parameter b is valid only when either gd? > 10 and y = pd?/2, or gd? < 10 and y < pd?/2.
Substitute (5) into the second equation (4):
2y — pd?
(R el L (11
2(2k? —1)(ga? —10) 2(2k?—1)
where
§ =2y —pd? (12)
! g 10
g 94— 10 (13)
Substituting (11) into the third equation (4) we obtain the following expression
028% + 2y08 + 4q
k*— k% + (14)

(602 — 0)&% + 8yaé + 16q -

Let's calculate the discriminant of this equation for k?:
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(202 — 0)¢&?
b= 15
(602 — 0)&% + 8yaé + 16q (15)

The solution to equation (14) will be

e iz‘/ﬁ. (16)

It can be seen that these solutions (16) take values either [0, 1/2] or [1/2, 1]. For k? to take all values, the discriminant
(15) must be zero at some point. From (15) it can be seen that at any temperature D # 0, but at £ = 0 (or p = 2y/d?) —
D=0, i.e. we are dealing with first-order transitions.

Ato = 0 or o = 1/2, we obtain a degenerate solution k? = 1/2, which will not be considered further.

A first-order transition occurs at a constant temperature from 0 < k% < 1. From (14) we find this temperature:

17)
028, + 2yaé, + 4q, _
(602 — 0)§y” + 8yag, + 164
2
0%y +2y0d,  y? (¥ +08)?
e R S as)
where & is the initial value of & from p,.
Substituting (18) the discriminant (15) can be rewritten as:
20 — 1)&?
D= ( )f - (19)
(60 — 1)§2 + 8y (§ — §o) — 408,
Expression (11) can be rewritten by substituting (16) and (19):
b2 = lal [(60 —1)§% +8y(§ — o) — 40§,” (20)
2 20—1
¢ will take such values that the discriminant (19) takes values from 0 to 1. There is a condition
D(EO) = D(fmax) =1 (21)
From condition (21) it follows that
§ € [§o,—&0 — 2vy/0] (22)
Expression (11) must be true so we have two cases:
2
fo>0(p0<d—)2/), c<0
¢ . (23)
fo<0(p0>ﬁ), >0
If 0 > 0, there are two cases:
2 1
—é,—2y/o >0 - p, >d_]2/(1+5)
(24)

2 2 1\
—50—2]//0<0—>d—]2/<p0<d—)2/(1+5)

In the first case (24) — 0 < k2 < 1, in the second — 0 < k? < k2, < %Where k2., is found from the extremum

condition (19). The extremum itself is equal to

2
£, = 26, +"yﬁ (25)

When —&, — 2y /0 = &, (or §y = —y/0), k2,4, = 0, i.e. the modulated phase is generally not realised.
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RESULTS
Let's move on to the graphs. Let y = 1 for all graphs.
Let's take g2 = 32/3 or 0 = 1/6. Let's look at the graphs for small values of p, and we get the following Figure 1.
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(©
Figure 1. Graphs of dependence on p at g2 = 32/3 for different initial values of p, for (a) k2 (b) b? (c) a?

As can be seen from Fig. 1, there are three types of solutions:
\/ig <py < % — the parameter p increases and the final phase remains modulated (lock-in transition).

. \/ig <po < % — the parameter p decreases and the final phase remains modulated (lock-in transition).

o py> \/7_? the parameter p decreases and the final phase transitions to a commensurate phase.

Now let's look at the graphs for larger p, (Figure 2). As can be seen from Figure 2(b), when p, < %, the maximum
amplitude a is reached at £ < &,,,,,, in other cases the maximum amplitude a is reached at § = &,

0.5

(@) (b)
Figure 2. Graphs of dependence on p at g? = 32/3 for different initial values of p_0 for (a) b? (b) a?

Since in (5) there are two expressions for the amplitude let us consider them separately:
1. When d, o takes the value (0,1/6). The graphs for small p, will be similar to Figure 1, but for larger p, b,*
will have a minimum at & < &,,,,, for example, for g2 = 11 we obtain Figure 3.
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P
(@) (b)

Figure 3. Graphs of dependence on p at g2 = 11 for different initial values of py for (a) b, (b) a2
2. When d_ o takes the values (1/6,1/2), (1/2,+c0) and (—o, —1/2).
For g2 = 11 (see Figure 4) b_? i a_?will have a maximum at & < &4,

5.0 po=4
Po=5

45{ — po=7

Q 3.0 %
2.5 - 4
2.0 /
/| 2
1.5
1.0 0
-4 -2 0 2 4 6 -4 -2 0 2 4 6
P P
(a) (b)

Figure 4. Graphs of dependence on p at g2 = 11 for different initial values of p, for (a) b_*(b)a_?
For a_ (g? > 12), there are no such values of p, where k? took all values from 0 to 1. For g > 12, with an increase

in p (see Figures 5-6)
(20—-1)

P
©
Figure 5. Graphs of dependence on p at g2 = 16 for different initial values of p, for (a) k_? (b) p_? (b) a_?
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Figure 6. Graphs of dependence on p at g2 = 25 for different initial values of p, for (a) k_% (b) b_? (b) a_2

CONCLUSIONS

This paper investigates a nonlinear fourth-order differential equation arising from the variational principle for a
thermodynamic potential with high derivatives. For the order parameter, we used a distribution in the form of an elliptic
cosine of Jacobi, which allowed us to reduce the problem to a system of algebraic equations for the amplitude, spatial
scale, and modulus.

We established conditions for the existence of a physically realisable solution, in particular, a restriction on the
parameter g, which guarantees the validity of the amplitude. It was found that initially a second-order phase transition
occurs from a highly symmetric phase to an incommensurate phase at the point ¢ = y?/4. Further, it was found that
solutions based on the elliptic cosine are relevant for describing first-order phase transitions.

Graphs of the dependence of parameters a, b, k on the initial values p, and g were constructed.
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YACTKOBI TOYHI PINEHHSI HEJIHIHHOI'O PO3IOALTY OJHOKOMIIOHEHTHOI'O TAPAMETPA ITOPSIJIKY
B PIBHOBA’KHUX CUCTEMAX
A.P. Hlumanoscvkuii', B.®. Knenixog'?
I Xapriscoxuti nayionanvnuii ynieepcumem im. B.H. Kapasina, Yxpaina
’Incmumym enexmpogizuxu i padiayitinux mexuonoziti HAH Vxpainu, Yxpaina

VY wiif po6OTi KOCHIMKEHO YaCTHHHI TOYHI PO3B’SI3KH HENIHIHHOTO MU(EpPEeHIIHHOT0 PIBHIHHS YETBEPTOTO MOPSAKY, 10 BUHUKAE 3
BapiallifHOTO MNPHUHIMITY U1 TEPMOAWHAMIYHOTO IOTEHI[ay 3 BHCOKMMH HOXITHUMH. [JIs1 OMHCY IPOCTOPOBOTO PO3HOMITY
napameTpa MopsIKy BUKOPHUCTAHO (PYHKIIIIO eNIMTHYHOTO KOocHHyca SIko0i, 10 1aJio 3MOTy 3BECTH 3a/1a4y 10 CUCTEMH alreOpaldHux
PIBHSIHB JUIsl aMILTITYAH, IPOCTOpPOBOro Macmrady ta moxyis. OTpuMaHO yMOBH iCHyBaHHS (DI3UYHO JOIYCTHMHX PO3B’SI3KIB Ta
BHSBJICHO, 110 MEPIOJMYHI PO3B’SA3KH, BUPAKCHI Yepe3 eNNTHYHUNA KOCHHYC, PEICBaHTHI I OMKCY (a30BHX MEPEXOiB MEPIIOrO
pony. IIpencrasieno rpadikw, 110 LTFOCTPYIOTh 3aJICKHICTh OCHOBHHUX ITAPaMETPIB PIIICHHS BiJl XapaKTEPUCTHK CHCTEMH.

KuouoBi ciioBa: neniniiini Oughepenyitini pisHanms,; napamemp nopsaoky,; erinmuuni (hyuxyii Axobi; ¢azosuil nepexio nepuioco pooy,
HecymipHa ¢asza
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The work presents analytical solutions to the Schrodinger equation for the Killingbeck potential, a hybrid model combining harmonic,
linear, and Coulombic terms, as well as an approximate model of Yukawa-type potentials. The radial Schrodinger equation is solved by
means of the series expansion method, thus yielding the exact expressions of both bound-state solutions and eigenfunctions for systems
such as quarkonium and confined hydrogen-like atoms in plasma environments. Furthermore, we offer a constructive commentary on
the work of Obu et al. (East Eur. J. Phys. 3, 146-157, 2023), with the aim of clarifying a mathematical misstatement utilised in their
analytical treatment of analogous systems.

Keywords: Schrodinger equation; Killingbeck potential; Yukawa potential; Series expansion method; Heun equation

PACS: 03.65.-w; 02.30.Gp

1. INTRODUCTION

In the domain of quantum mechanics, the accurate modelling of interaction potentials is paramount for the study
of particle behaviour in bound states across various scales, ranging from atomic to hadronic systems. The Killingbeck
potential is a particularly noteworthy model in this regard, due to its flexibility. The model incorporates a quadratic term,
which acts in a manner analogous to a harmonic oscillator, in conjunction with a linear confining term and a Coulomb-like
component.

A
V(r)=-=+Br+Cr. (1)
r

This combination enables the Killingbeck potential to describe both short-range and long-range quantum interactions
within a unified analytical framework [1-3]. It has been determined that this subject is of particular value in areas like heavy
quarkonium spectroscopy, meson physics, quantum dots and Hydrogen-like systems embedded in a plasma environment,
where both confinement and screening effects are present [4—6]. The notable attribute of the Killingbeck potential is
twofold: firstly, its inherent solvability, and secondly, its capacity to establish a linkage between disparate potential models.
The linear term captures the long-range confining force seen in quark confinement, while the Coulomb term accounts
for the dominant one-gluon exchange interaction, which is an essential component of effective QCD potentials [7, 8].
The harmonic term is a useful regulator in hadronic systems, despite its unphysical behaviour at large distances. It
facilitates analytic solutions in non-relativistic quantum mechanics, a feature that is frequently advantageous for theoretical
research [1,9].

The Killingbeck potential exhibits noteworthy mathematical and physical affinities with exponential-type potentials,
including the Yukawa and its various variants of screened Coulomb forms. These potentials describe interactions involving
massive bosons, and which result in short-range forces characterised by exponential decay [10—-14]. They also describe the
confinement potential of hydrogen-like atoms in plasma [15-17]. When the screening effects are weak, these exponential
potentials simplify to the Killingbeck form by employing appropriate series expansions [18-20]. The analogies employed
in this context transcend the confines of formalism. They capture a deeper physical intent, with an equilibrium of attraction
and screening achieved in quantum confinement models. For systems like quarkonium, where the interplay between
asymptotic freedom and confinement is particularly pronounced, these potentials facilitate the calculation of more precise
spectral predictions [4,8,20]. Furthermore, the employment of various analytical approaches has been demonstrated to be
beneficial in this context. The Nikiforov-Uvarov method, the perturbation theory, and the series expansions have all been
applied effectively, thereby reinforcing the underlying structural coherence of these potentials [2,5, 19].

In this work, we present the complete analytical solutions of the Schrodinger equation for the Killingbeck potential
using the series expansion method. In addition, we take this opportunity to address a related methodological point in
the recent literature (Obu et al. East Eur. J. Phys. 3, 146157, 2023) [20], where an analytical misstatement affects the
interpretation of a series solution in a similar spectral problem.
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2. CLARIFYING COMMENT ON THE WORK BY OBU ET AL.

In their recent article, Obu et al. present a ”Comparative Study of the Mass Spectra of Heavy Quarkonium System
with an Interacting Potential Model” (East Eur. J. Phys. 3, 146-157, 2023) [20]. This study makes a significant
contribution to the field of hadronic physics through analytical comparisons by employing the Nikiforov-Uvarov and the
Series Expansion Methods (SEM). The authors’ approach to solving the Schrodinger equation with Yukawa-type potentials
is methodologically rigorous and relevant for charmonium and bottomonium systems.

However, in section 4 of their paper, specifically at equation (62), there is a conceptual misstatement regarding the
nature of linear independence in a power series expansion. The authors state the following:

“Equation (62) is linearly independent implying that each of the terms is separately equal to zero, noting that r is a
non-zero function, therefore, it is the coefficient of r that is zero. The coefficients a,, are independent.”

This statement confuses the independence of the functions r" with the independence of the coefficients a,,. The
correct interpretation is that the functions " form a linearly independent set in the polynomial on any open interval around
r = 0. Therefore, for a power series to vanish identically on such an interval, it is necessary that each coefficient of these
functions r" vanishes separately. This structural phenomenon gives rise to recurrence relations between the coefficients,
rather than ensuring their independence from each other.

We can see from equation (63) in [20] that it yields the result L = ——(2N + 1). This is in direct contradiction to the
established definitions of the principal quantum number N and the orbital quantum number L (in the limit where @3 = 0).

Equation (62) in [20] must therefore be expressed as a polynomial given that it is written in [20] as a sum of
polynomials. Consequently, a more accurate formulation would be as follows:

“Since the powers of r are linearly independent, the coefficient of each power must vanish separately. This, in turn, leads
to recurrence relations among these coefficients.”

This clarification is important to maintain the mathematical rigour of the derivation and to ensure the educational
value of the work for future researchers.

3. SCHRODINGER ENERGIES FOR THE KILLINGBECK POTENTIAL USING SEM
We will follow the steps outlined in [20] with some adjustments. In [20], the Potential is defined as follows:

b
V(r) = _4 + —e " _ %e_z"’r, 2)
r r r
where a,b and ¢ are potential strengths and where the screening parameter is represented by the symbol «;.
By expanding eq.(2) with Taylor series up to order three of ay, the form of the Killingbeck potential is obtained:

- 1%
V(r)= - +ayr+ar? + —; + ay, 3)
r r
with:
_ U P DU U T P
—ag=-a+b+2car;,a = Eba/, + gcal,a/z = —gba/l,a/g = —c;a4 = —bay — 2ca;. (@))

Here we mention that the parameter ¢ is omitted in the vicinity of the parameter a? in the a; term in [20].
Due to the spherical symmetry of the interaction, the radial Schrodinger equation is the primary focus:

d’R(r) 2dR(r)

l(l+1)
dr? +r dr

( (E-V(r) - )R()— ®)

here, [ denotes the angular quantum number, while u represents the reduced mass for the quarkonium. The variable r is
the internuclear separation.
Substituting eq.(3) into eq.(5) gives:

d2£§r)+§d1ilir)+(8+é Br— Cr? — @)R()_ 6)

where: 2 2
(E @) ;A= 2 “E B = h_2Cl'l;C =27 (7
L(L+1)=(l(l+1)+§_l—ga3). (3

From eq.(8), we get the new “orbital” quantum number L

L:—%+-,/(21+1)2+8—“a )
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Following [20], we write the solution in the form:
R(r) = e (@B F (). (10)

Substituting eq.(10) into eq.(6) and dividing by e~ (a’+Br) "\ye obtain:

2
F"(r)+ |-4ar-28+=|F' (r)
r

a') . (A ;2,3)

L(L+1)

+ (4aB-B)r+ (4@2—C) r? -

(.9+52_6 F(r) = (11

We use the parameters @ and 3 to simplify the given equation, thereby eliminating the terms in r and 2 in the equation.

40’ -C=0 = a= g (12)
4(1'[5’ -B=0 = ﬂ T
and we get the new radial equation
2 A-2 L(L+1
F"(r)+(—4cxr—2ﬂ+—)F'(r)+(8+,82—6 LAz L : N F =o. (13)
r r r
We present the solutions of this equation in a polynomial form:
F(r)= )" k™, (14)

k=0

In this study, the approach taken differs from that of [20] in terms of the chosen polynomial form. Specifically, the latter
authors select F (r) = 3.7 a,r*"*L in [20], yet no rationale is provided for the selection of this particular polynomial
(it starts at power ) nor for the choice of an even power of r in the series. We also use the letter k in place of n in the
summation, thus ensuring clarity and avoiding any potential confusion with the principal quantum number n, which is
generally employed in standard textbooks. Putting the solution (14) and its derivatives into the radial equation (13) results
in the following equation:

z:“k+sﬂk+s+1)—L(L+lﬂaﬂkﬂ_2+zz[A—Zﬁ(k+s+l”amk”_
k=0 k=0

+Z [6 + 8% — 20 (2k + 25 +3)] axr** = 0. (15)
k=0
We rearrange the summation terms to write:

[(k+s+2)(k+s+3)=L(L+1)]agr* + Z [A =28 (k+s+2)] agsr*™
-2 k=-1

Ms

~
1l

[§/j8

[e + 8% = 2a (2k + 25 + 3)| axr*** =0, (16)

~
I

0

and we get the following form of a single polynomial series:

[[(k+5+2) (k+s+3)=L(L+1)]ar+[A=28(k+s+2)] arer + [e+ B —2a (2k + 25 +3)| ax| r**

Ms

bl
Il

0
+[[s+D(s+2)—L(L+D]ar+[A-28(s+D]aol r* ' +[[s(s+1)—L(L+1)]ag]r*2}=0. (17)

Since this relation holds for all values of the variable r, each coefficient of the r*-functions must vanish. The following
equation therefore holds:

[(k+s—L+2)(k+s+L+3)]agn+[A=2B(k+s+2)]ar + [e+p>—2a 2k +25+3)] ar =0, (18)

[(s+1)(s+2)—=L(L+1)]a;+[A=-28(s+1)]ag=0, (19)
[s(s+1)—L(L+1)]ag=0. (20)
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We impose the condition ag # 0 to ensure that F(r) # 0; otherwise, it follows from eq.(19) that a; = 0. Consequently, all
ay = 0 from eq.(18). Therefore, from eq.(20), we derive the following result:

[s(s+1)—L(L+1)]ap=0 and aqy#0=—=s=L or s=-L-1. 2D

We reject the solution s = —L — 1 on the basis of the expressions of R(r) in eq.(10) and F(r) in eq.(14). These expressions
imply that R(r) is divergent at the origin of r. Therefore, it can be concluded that s = L. It is evident here that the minimal
power of the polynomial F(r) is rL; this is in contrast to the approach taken in [20], where the rationale for this choice is
not provided. Replacing this value in the recurrence relations (18) and (19), we write:

_28(k+L+2)-A £+ % —2a (2k + 2L + 3) -

W2 = Ty (ke 2L +3) M T T (kv 2) (k+2L+3) F @2)
_2B(L+1)-A

al—wao. (23)

In the context of the probabilistic interpretation of the wave function, it is imperative to impose the condition that
R(r) must be convergent when r — oo and, consequently, the function F(r) must terminate as a finite polynomial. To
accomplish this objective, it is necessary to truncate the series (22).

We can follow the method used in [21] and impose that for some value k = n,., the coefficients of both a,,, and a,,, +
vanish while we have a,, # 0 and a,, +1 # O:

dp2=0 if 28(n,+L+2)—A=0 and &+p*—2a (2n, +2L +3) =0. 4)

This will give us the energies and a relation between the coefficients 8 and A:

£n,1 = 2a (2n, + 2L +3) — 32, (25)
A
P+ 20

These two relations are equivalent to eq.(65) and eq.(68) in [20] when we replace n, by 2n, because we have employed a
more general expression for R(r).

In order to show that we have a combination of the energies of both a harmonic oscillator and a Coulomb potential,
we write the energies as follows:

3 A?
&n, 1 = Ve n+L+5|-——m—. 27
2] 4, +L+2)
Upon substituting the expressions of A, C and the a terms from relations (4), (6) and (8), we obtain the same energies
as in eq.(70) in [20]. It is noteworthy that 2n — 5, in the expressions of [20].

72b 8 2 —b - 2ca;)?
Ep 1=+ /—Ea? (2n, +244/(21+ 1) - h—’z‘c) - h—’; la cail 5 —bay - 2caj.  (28)
u
(an +144/QL+1)% = i—’fc)

At this point, it has been demonstrated that the energy spectrum of the Killingbeck potential is obtained by applying
rigorously the SEM method and correcting the inaccuracies in the application of this SEM method made by Obu et al.
in [20].

In this section, we followed the condition (24) as done in [21] to truncate the series (22). Notwithstanding the
utilisation of this condition by the authors of [21] in numerous recent works [22-25], it is imperative to acknowledge that
this condition does not guarantee the truncation. An examination of the parameter a,, .3 as depicted from eq.(22) and
eq.(24) substantiates this assertion:

&n,1 + 5% —2a (2n, +2L +5) 4a

- , 29
Gl = 70 2 3) (ny + 2L + 4) ! 29

e Y P R YA )

It is evident that a,, .3 # 0 and so is all the parameters beside it. The error when employing this method is attributable to
the confusion arising from the erroneous identification of the index k of the polynomial coefficients a; (which is denoted n
in [20]), and the index n,- of the energies, which is determined by the level under consideration. Consequently, 7,- possesses
a fixed value for all the values of k in eq.(22) (A parallel observation concerning this error is documented in [26]). This
leads us to consider alternative conditions that could be utilised to truncate the series. A comprehensive discussion of
these alternatives will be presented in the subsequent section.
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4. SCHRODINGER ENERGIES FOR THE KILLINGBECK POTENTIAL USING HEUN FUNCTIONS
Now we use the Heun formulation of the Schrédinger equation (6), deriving from the same form of the solutions

R(r) in eq.(10) with two additional transformations F(r) = r+!g(r) and p = \2u/%2r. This results in the Biconfluent
Heun equation (BHE):

1
o )+ (140 =B +22) ¢ () + (7= =Dp- 3 @+ raD|s) =0 G0)

The parameters of this equation are defined as follows:

B 1 1 B? 24

a/’=2L+1;ﬁ’=—C_4;y’=—(s+—); T = —C4, (€2

VC VC 4C VC

where A, B, C, L, &, a and B are defined in the relations (7), (8) and (12).
The solution of eq.(30) is given by the biconfluent Heun functions [27]:

rl+a) p"
=Hy (a’,B,7’,6,p) = n—————. 32
g(p) =Hp (@, B,y 6", p) Za Fl+a +nnl (32)

n>0

Thus, we have obtained the radial part R(r) o e~ (ar’+pr) L+l g (r) of the eigenfunctions of the Schrodinger equation for
the Killingbeck potential. The angular part consists of the usual spherical harmonic functions Y7, s (6, @).
As a consequence of the recurrence relation (22), there exists a value k = n,, for which we have [27]:

dp+2=0 if a4+ =0 and |[the coefficient of a,, | = 0. (33)
Equivalently:
ns2=0 if an41 =0 and 4a(n, +L)— (a + B - 6a) - 0. (34)
Using the second condition and the relation (12), we obtain the energies as follows:
e 1 =2NC[m+L+2 —ﬁ2—2\/6n+L+§ B (35)
ny,l = r D) = r ) 4C .

It should be noted that this is analogous to eq.(25), with the exception that eq.(26) is not applicable in this instance.

To determine the value of the B2 /4C term, we use the first condition a,+; = 0, which establishes a relationship for
each value of the radial quantum number 7,

For instance, when n, = 0, the result obtained from eq.(23) is:

B? A?
TAC T A+

A

_ _ 2
“u=0=F=50n =~ (36)

And we derive the following expression for the corresponding energy levels:

3\ B?
80’122\/E(L+§)—E

b 8 2 - b-2ca]’
= Eo, = /—@a; (2 £/ @I+ 1) - h—‘z‘c) -5 la ol ey - 2ca?, (37)
(1 +4Q1+1)? - i—’z‘c)

The result obtained here is the same result derived in the previous section in eq.(28) (n, = 0).
In the case of n, = 1, it is necessary to express the value of a;. This is obtained from eq.(22) and eq.(23):

_2B(L+2)-A g1+ B> —2a (2L +3)
2= "oyer+3 M 2(2L +3)

ao. (38)

‘We recall here that:
3 vC
£1 =2\/C(1+L+§) —Banda = -

‘We have the condition a, = 0, so we write:

=>[4(L+2)(L+1)]ﬁ2—[2A(2L+3)],B+[A2+4(L+1)\/E -0
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AQRL +3) \/A2 —16(L +2)(L + 1)2VC

b2 = 2L+2)(L+1)
2
B A VC
2
=—=|—————[QL+3)£\[1-16(L+2)(L+1)2—|] . 39
=F = gy | B )+\/ (L+2(L+1) 5 %)
We have two expressions for the energies, corresponding to the two possible solutions of 3:
h2b
E}, = T (2L+5+L+2)—ba,—2cai
" 3 3
2 (a - b - 2car)? 2L ~1 b
_ 2 (a 2“”) _ L +3)2 1+ 1—16(L+2)(L+1)212—”I2 ) (40)
u(L+1) 2(L +2) (a—b—-2cay)
o AL 245+ — bay - 2ca?
LT\ T L+2) T
21 (a - b - 2ca;)? 2L +3 fibe]
JAlazbo ey, L3N 1—16(L+2)(L+1)212—"’2 (41)
u(L+1) 2(L +2) (a—b—-2cay)

It is evident, from the general form eq.(35), that both expressions yield the result obtained in the previous section when
n, = 1 in eq.(28), which is similar to the one found by [20], with some corrections in the Coulomb parts of the relations.
It is indeed the case that, upon substituting the value of the parameters @p = 0 and @; = 0 in the potential from eq. (3), we
obtain the standard energies of the harmonic oscillator, and they represent the first contributions observed in both eq.(27)
and eq.(28).

We can use the Coulomb limit of these energies to test the validity of the two expressions.

2n*a®
ar =00 = Efj - - (42)
p(L +1)?
2h2 2
@ >0 = Ef, > ——— 43)
: u(L +2)?

As we can see from eq.(42), that £ f’ ; yields a result analogous to that obtained from eq.(37) which is the Coulomb energy
of the n,, = 0 level. However, it should be noted that this is not the level under consideration in this particular context.
Conversely, eq.(43) shows that the limit of E; 11 corresponds to the Coulomb energy of the n,, = 1 level which is the case
considered here. This is congruent with the finding of the precedent section, where the energies (28) were employed.
Consequently, we conclude that £ 1., Tepresents the appropriate generalisation of the result previously found in [20].

For n, = 2, we have the condition a3 = 0, which gives us the following algebraic equation for j3:

3 ) A 3A2 A3
(L+1)(L+2)(L+3)B —(3L +12L+11)@ (L+1)(4L+9)T—(L+2)— im0 @

It has been established that the solutions of this equation are real [27-29]. The same procedure as for n, = 1 is employed
to write the energies and to check their Coulombian limits, in order to compare with the solutions written in [20].

S. CONCLUSION

In this study, we have provided exact analytical solutions to the radial Schrodinger equation for the Killingbeck
potential using both the general series expansion method and the biconfluent Heun formalism. The Killingbeck poten-
tial, a composite of harmonic, linear, and Coulomb terms, emerges naturally as a limiting case of screened Coulomb
potentials, particularly under weak screening conditions relevant for quarkonium and plasma-embedded systems. Through
systematic expansion and appropriate transformations, we derived the explicit expressions of both energy eigenvalues and
wavefunctions, thus confirming the applicability of the model across various quantum regimes.

A salient feature of the derived solutions is their capacity to interpolate seamlessly between two classical regimes
of quantum mechanics. In certain limiting cases, specifically, the vanishing linear and repulsive terms, or the dominant
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Coulomb coupling, the spectrum reduces, correspondingly, to that of the harmonic oscillator and the hydrogen-like
systems. However, the general expressions go further, capturing a hybrid structure that reflects both screening effects and
long-range confinement. This specificity renders the Killingbeck potential a valuable tool for modelling systems where
purely Coulombic or harmonic oscillator models fail to capture essential physical features.

We have also revised and clarified a conceptual misinterpretation found in a recent work by Obu et al. [20], related to
the treatment of linear independence in power series expansions. Furthermore, a critical re-examination of the analytical
approach employed by Guvendi and Mustafa [21] was undertaken, leading to the rectification of a significant mathematical
flaw in the truncation conditions for the series. These aforementioned corrections serve a dual purpose; firstly, they ensure
the maintenance of the methodology’s integrity, and secondly, they serve to enhance the pedagogical and physical insights
into spectral problem-solving techniques.
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Y po6oTi npescTaBieHi aHaMiTHYHI po3B’ si3ku piBHAHHSA Llpeninrepa mis notenmiany Kimutinréeka, riopuaHoi Moaesi, o MOEqHYE
rapMOHIYHI, JIiHIfHI Ta KyJTOHIBCHKI WieHH, a TAKOXK HaOJmkeHy Monenb noteHuians tuny FOkasu. Pagiansue piBasuus [lpeninrepa
PO3B’A3YEThCS METOIOM PO3KJaJaHHS B Psf, WO Ja€ TOYHI BUpasM sK [UIs PO3B’A3KIB y 3B’SI3aHMX CTaHaX, Tak 1 Ui BJIACHUX
(YHKIIIi 1151 TAKUX CUCTEM, sIK KBaPKOHiii Ta 0OMeXeHi BOTHENO1iOHI aTOMH B IJIa3MOBHX cepeioBuIiiax. KpiM Toro, Mu npornoHyemo
KOHCTPYKTUBHUIT KoMeHTap 10 podotu OOy Ta iH. (East Eur. J. Phys. 3, 146-157, 2023) 3 MeTOI0 yTOYHEHHSI MATEMATUYHOI TTOMUJIKH,
BUKOPHCTAHOI B iX aHAITUYHOMY 0OpOOIli aHATOTTYHUX CHCTEM.

KurouoBi cioBa: pisnsnns llpedinzepa; nomenyian Kinninzeoexa; nomenyian IOxasu; memoo posxaadanus 6 pao; pienanns lotina
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The problems of phase synchronization in an ensemble of oscillators or dipoles, and the mechanisms of coherent field generation in
superradiance mode, are discussed. It is shown that an increase in the spread of the initial amplitudes of an ensemble of oscillators
suppresses their phase synchronization and reduces the efficiency of field generation. The influence of noise is discussed; it is shown
that, below the generation threshold, even an external initiating field cannot synchronize the phases of an ensemble of particles. When
the generation threshold is exceeded, the initiating field may not be required. It is shown that the convergence of the oscillator phases
with the field phases at the locations of moving oscillators is noticeable only near their exit from the system. At the same time, a
complete coincidence of the phases of synchronized oscillators and the field phases in the region of their localization is not observed.
Nevertheless, the intensity of the generation field in the superradiance mode is significantly above the spontaneous level, allowing us to
speak of induced radiation. The features of the development of the quantum process of superradiance of an ensemble of dipoles are
discussed, and a system of equations for its description is given. The features of the quantum analog of superradiance are qualitatively
modeled, and the role of the Rabi frequency determining the dynamics of the population inversion is noted. The nutation of the
population inversion in the region occupied by the field affects the field intensity not only in this local zone, but also in the subsequent
areas of the active zone. This explains the unusual nature of the generation development: the field growth in a particular region of the
active zone first stabilizes and then decreases significantly. This decrease in intensity also occurs along the direction of radiation in the
peripheral areas of the active zone, despite the large energy reserve there in the form of an unperturbed population inversion.

Keywords: Classical and quantum emitters; Superradiance regime; Phase synchronization conditions in the classical model;
Influence of population inversion nutation on field generation

PACS: 03.65.5q;05.45.Xt; 41.60.—m

INTRODUCTION

The phenomenon of superradiance, discovered in the well-known work of Dicke [1], was caused by the overlap of
the wave functions of many particles collected in a small volume. In this case, the radiation acquired the features of
induced radiation, its coherence increased significantly. A similar phenomenon could be observed in the case of phased
classical oscillators or emitters collected in a small region, the dimensions of which are significantly smaller than the
wavelength of the radiation. Later, works appeared in which the phenomenon of superradiance was discovered for
excited quantum emitters distributed in space. An ensemble of such excited emitters in the field of initiating,
comparatively weak external radiation also demonstrated effective field generation in the superradiance mode. Initially,
this process was associated with spontaneous emission, in which the synchronization of emitters occurred either
forcedly or spontaneously, but later it was realized that superradiance is a form of induced emission emission [2].

Interest in superradiance was also associated with the peculiarities of electromagnetic field generation in open
resonators and waveguides, the openness of which in the longitudinal direction was due to the energy release and the
exit of particles of the active medium, which gave up part of their energy [3]. Previously, it was believed that the proper
field of particles (generators and emitters) in the active zone was very small, practically at the level of spontaneous, and
all methods for calculating electronic devices were based on the paradigm of the interaction of each of the active
particles of the ensemble only with the field of the waveguide or resonator, and the interaction of active particles with
each other was neglected. The closed volume of electronic devices also repeatedly amplified their resonant and
waveguide fields, which also provided grounds for neglecting the total field of particles interacting with each other in
the active zone. The nonlinear theory of such interaction of active particles only with the field of the resonator or
waveguide under conditions of neglecting their interaction with each other was first presented in [4], and this approach
to describing the amplification and generation modes became traditional. At the same time, works appeared on the
description of superradiance, although initially for ensembles of quantum emitters. The study of the behavior of the total
summary particle field - the superradiance field both outside and inside open resonators and waveguides in the classical
representation showed that in the absence of noise, the same amplitude and random distribution of phases in the
ensemble of oscillators, the development of the generation process is similar to the traditional description of the
excitation of the resonator and waveguide fields in similar open systems with the same ensemble of emitters, that is, the
increments and maximum achievable field amplitudes in these two cases, considered independently, are similar [5].
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Note that in completely open systems (there is no reflection from the ends), only the sum of fields interacting with
each other active particles, in fact the superradiance field, can exist if the conditions for its generation are met [6, 7],
which will be discussed below [8]. It is obvious that each active particle is capable of emitting only waves for which the
medium is transparent, i.e. the eigenwaves of resonators and waveguides formed by the boundary conditions on their
lateral surface. However, the field of the resonator or waveguide does not occur in the absence of reflection from its
ends. Only the reflection of the field from the ends can form reflected waves, the superposition of which will be the
field of the resonator or waveguide. However, if the sum of the field of interacting particles (which always exists) - is
large enough, then even its weak reflection from the ends can create reflected waves, the superposition of which will
form the field of the resonator or waveguide. This process is discussed in detail in [9,18].

Therefore, the goal of this study is to attempt to answer the question of the magnitude of this total field of an
ensemble of interacting particles. Outside resonators and waveguides, as well as in similar open systems without
reflections from the ends (or with very weak reflections), this field is clearly a superradiance field. Therefore, studying
the excitation and synchronization of radiation from an ensemble of active interacting particles, both in free space and
in open systems, is of considerable interest, as it may provide an answer to this question.

FIELD GENERATION BY AN ENSEMBLE OF EXCITED OSCILLATORS
Let us consider the processes of electromagnetic wave generation by a system of oscillators in a one-dimensional
case [10]. Let the wave frequency and the oscillator frequency coincide and be equal to @ . The wave vector of

oscillations is & = (0,0,k), the field components are E =(E,0,0),B=(0,E,0), and E =| E|-exp{—iwt+ikz +i@}. The
N oscillators are located along the axis OZ in the amount of at the wavelength 27 /k . The mass of the oscillator is
equal to m, the charge is equal to —e, the oscillator frequency coincides with the wave frequency @. The initial
amplitude of the oscillator oscillations is equal to a. We will assume that the oscillator moves only in the direction of
the axis OX . In this case, the influence of the magnetic field of the wave on the oscillator dynamics can be neglected.
The equations describing the excitation of the field by the oscillator current in such a one-dimensional
representation j =—eaw-cos(@t —y)-0(z—z,) , the coordinates of which can be written as 7 = (@ -sin(a@t —),0,z,) .

’E, 10°D, 4mdJ, 4rx 2
—r = =—ca-@ -i-exp{-iat+iy} 6(z-z,), 1
2 & o 2 o e b pt wi-o( o) )
We will seek a solution for the amplitude of the electric field of the wave in the form E_= E-exp(—iax +ikz) . For
a slowly changing in space amplitude of the radiation field £ , the equation is valid

(—;—f=Zeaa)2%~exp{i1/1+ikz}~5(z—zo)=ﬂ~5(z—zo) Q)

the solution of which is
E=C+1-6(z-z,), 3)
where 6(z<0)=0, €(z=20)=1, C - is a constant that should be determined. Since the equation

D(w,k)=(’e,—k*)=0, g, =1, whose roots are k, =H(@Reeg, /c)(1+ilme, /Reg)) = £(@/ cg,)(1+i0) , are valid
for the wave emitted by the oscillator , then for a wave propagating in the direction z >z, the wave number k =k >0

and the value of the constant C should be chosen equal to zero in order to avoid unlimited growth of the field at infinity.
For a wave propagating in the direction z <z, the wave number k =k, <0 and the value of the constant C should be

chosen equal to —A4 for the same reasons. The amplitude of the electric field in this case
E, =2meaw,M - ¢ exp{—ian +iy}[explik,(z—z,) - U(z—z,) +expi{—ik(z—z,)-U(z— z,)}, 4)

where U(z<0)=0, U(z=0)=1,while M =nb , n, is the density of particles per unit volume, b is the length of the

space under consideration in the longitudinal direction. For one particle in such a volume of unit cross-section and
length b, M is numerically equal to unity. In the region z, € 0+b occupied by the ensemble of oscillators, the equations

of motion for an individual oscillator take the form

ﬂ:v,., 1L+a)02x,. =—£Ex(2iaf)= (%)
dt dt |v n

where x,(t)=i-a,-exp{—iwt+iy}=iAd-exp{—iwt}, Vv, =w-a, -exp{—ioxt+iy}=wA-exp{—iwt} .

i

Then the equation of motion describing the change in the amplitudes of the ensemble of oscillators takes the form.
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dA. 1104 2
J = — -
=7 A[ A-EZ,.9). 6)

Here, the term proportional to ¢ take into account the weak relativism of the oscillator. By the way, in the theory of
cyclotron generators, such nonlinearity, proportional to ¢ , is a consequence of the so-called negative mass effect.
Taking such nonlinearity into account may be significant, since in [11] it is noted that in a system of linear oscillators
the generation efficiency is insignificant. To maintain the field in the volume occupied by the ensemble of oscillators,
we will inject them with a random phase from the left edge of the system z =0 and remove them upon reaching the

right edge of the system z = b, the longitudinal velocity will be considered constant v, = Const .
For the superradiance field of the ensemble of particles, we can write the expression:

L&
Esr (Z’f[) :aZAS _ezzﬁ\Z—Zj\ ) (7)
s=1

We can add a second term to (7) E, (Z,7) =E,, €™ +E,_e > - this is the external initiating field, often necessary to
accelerate the process. Dimensionless variables and parameters were used above

2
e y=7%168, yt=1, kb=2nb,

A=Adla, ke=271Z, V=hv, /21y, R=0} /4=

_2m-y, w-a,

522, 0=6/y, E,=—20%% p-g/E,, a:j—w(kao)z.

e %o

Expression (7) is a slowly changing envelope of the HF oscillations of the field. Due to the short system and the
effective removal of energy from it, the accumulation of the field in the volume of the active zone does not occur, as in
the case of radiation of a short electron bunch moving in the plasma, considered in [12].

PHASE SYNCHRONIZATION OF AN ENSEMBLE OF CLASSICAL OSCILLATORS
Let us discuss the possibility of synchronizing oscillators in the superradiance mode. The question arises whether
phase synchronization is possible in a system of oscillators, which can ensure the transition to the appearance of
sufficiently intense induced radiation? Let us return to equation (6), which can be written differently

dl| A, 178 1
ARSI || 4, x| B(Z,,0) | exio). ®)

Then the equation for the oscillator phase, which follows from (10), takes the form

v, « 2 .
7_E.|AJ_| =—{lE(Z,,D)|/|A, [} sin(p-y,). ©)

The right-hand side of the last equation is large enough | E(Z,,7)/ A, [>>1.. This is what can force the phase of an
individual oscillator to synchronize with the phase of the total field of the ensemble ¥;(Z;) = ¢(Z;) at the point,

where the oscillator is located [13].
For the number of oscillators N=2500, the amplitudes of which are equal to unity, and the phases are randomly
distributed, the average integral field |E| (7) (which can be considered spontaneous in the classical case [2]) is

approximately 1/ JN times smaller than the maximum possible field value in the case when all the phases of the
oscillators are close to the phase of the total field at the point where the oscillator is located. That is, for the fields of

spontaneous and absolutely coherent induced radiation, the relation is satisfied (1/ N)]2 :1. For the squares of the

amplitudes | E|*, this relation takes the form 1/ N . It is not difficult to estimate the last relation; it is enough to take the

square of the modulus of the right and left parts of expression (7) at an average over fast oscillations. In Fig. 1, the
maximum field amplitude is 0.22, which is an order of magnitude greater than the average amplitude of the spontaneous
field and five times smaller than the maximum possible field value in the case when all oscillators are synchronized in
phase.

The influence of the dispersion of the initial amplitudes of the oscillators on the efficiency of their phase
synchronization. 1t turns out that the spread of the oscillator amplitudes significantly affects the synchronization
process. The squares of the initial amplitudes were randomly distributed so that the average value of the amplitudes at
the initial moment was equal to one. The calculations of system (6)—(7) were carried out with the following parameters
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N=900, =1, A, =1, AA*=1;0.4;0.65;0.75;0.8;1. The spread of the oscillator amplitudes with a random
distribution of their phases at the initial moment is shown in Fig. 3
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Figure 1. Time dependence of the maximum amplitude modulus of the oscillator field for the particle velocity ¥ =0.15 and
number of particles N=2500 forax =1 and @ =1 in the absence of reflection from both ends of the resonator
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Figure 2. Distribution of the phase difference of the oscillators with the phases of the total field of the ensemble at the points
where the oscillators were located ¥, (Z,)—@(Z;) . a) 7=20,b) 7=40 for the velocity V' =0.15, the number of particles

N=2500, at & =1 and @ =1 in the absence of reflection from both ends of the resonator
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Figure 3. Phase planes “amplitude-phase” for different cases of the initial distribution of oscillators

For these cases, we can present the nature of the change in the energy of the oscillator system and the behavior of
the field amplitude (see Fig. 4). The influence of the initial oscillator amplitude spread on synchronization efficiency, as
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noted by V. A. Buts, is related to the oscillator relativism. That is, the initial amplitude spread is equivalent to the
frequency spread of the oscillator ensemble. Let us recall that the spontaneous emission level | E,, Poc (1/N)=107.

2
L . . ; : : gmax .
1 sr AA?
0.0 0.65 seesesssas 08
0.9 0.3f - — =04 ——-— 075 — — —1.0
0.8
0.2
0.7
0.1
0.6
0.5 1 1 1 1 1 0 | | | | |
0 5 10 15 20 25 T 0 5 10 15 20 25 T
Figure 4a. Changes in the energy of the oscillator system Figure 4b. Behavior of the field amplitude for different
N=900, =1 for different levels of spread of initial levels of scatter of initial amplitudes. For each moment of
amplitudes, A, =1, AA% =1;0.4;0.65;0.75,0.8; 1. time, the maximum intensity | E ['e<| E__ |’ is selected.

It is evident from Fig. 3 and Fig. 4 that for efficient generation, in particular in the superradiance mode, it is
necessary to achieve an insignificant spread of the amplitudes (or energy) of the oscillators. Note that the value

io 2 . . . . . oy .
7-|A j| , which characterizes the nonlinearity of the oscillator, thereby ensures regularization, that is, some spread of

the phase values. With a large spread of the initial amplitudes of the oscillators, it is necessary to use a starting initiating
field to accelerate the development of the superradiance process. In this case, the amplitude of such a field should
significantly exceed the amplitude of spontaneous emission of an individual oscillator. However, the use of an initiating
field not only to accelerate the process, but also to generate coherent superradiance may have another reason, which will
be discussed below.

Conditions for the development of generation in the superradiance mode in the presence of noise [8]. The equation
describing the change in the complex amplitude of an individual oscillator in the presence of noise takes the form

dA;
dr

i 2 .
=7|AJ.| A~E(Z,,0)+i-81,(1)-A,, (10)

where the last term in the right-hand side of (10) is additionally introduced, which takes into account the influence of
external noise. Here r;(7) — takes random values from —1 to +1, changing through time intervals Az on the selected
time scale, 6 — is the maximum value of this effect. Expression (7) is valid for the field. Random effect, switched
through intervals A7 =0.4, leads to weakening of synchronization or even complete phase chaos. The following
parameters are used in the calculation results: number of particles N =900, nonlinearity parameter o =1, noise
switching interval A7 =0.4, system length » =1 (one wavelength).
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Figure Sa. Change in the average value of the square of the Figure Sb. Time dependence of the field amplitude in the

system in the absence of noise (d =0 ). Note that for each

2 . .
over time in the B

1 N
amplitude in the system 4> =—> |A. . . . . .
P Y “ N Z::“ ) moment of time the maximum intensity | E [*o< | E is
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presence of additive noise & selected
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* in the system over time for

. . . 1 &
Fig. 5a shows the change in the average value of the squared amplitude 4’ = WZ |As
s=1

different values of the external noise level & . Fig. 5b shows the behavior of the maximum field amplitude

. 1t ‘ , . :
E. . =max E_(Z) and the average field amplitude E, = 3 I |E_V *dZ in the volume in the oscillator system in the
0

7e(0,1)

absence of noise.

Even from these figures, one can see the existence of a threshold: in case of J =0, the value of the field amplitude
reaches 0.22 in the selected scale. Below the threshold &, 1,5, there is practically no field growth, and the energy
extraction from the oscillators is weakened (the average energy remains at the level of 96% of the initial). In this case, a
turbulent state is formed with an average field value £, close to the spontaneous level of electric field strength of

0.02-0.03. The peak level of fluctuations £,

X

exceeds the average level by two or more times (see Fig. 6).

Far from the threshold, the average oscillator amplitude values (at & o< 1.8, 4> <0.97) change slightly, i.e. no

noticeable energy extraction from the oscillator system is observed. However, as the threshold is approached, the peak
fluctuation values increase (see Fig. 7)
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Figure 6. Average field values and peak fluctuation values at  Figure 7. Growth of fluctuations when approaching the threshold of
noise level § =3 generation development under superradiance conditions

Considering the region near and below the threshold, we can find out how the external field affects the occurrence
and development of generation under superradiance conditions. The time dependence of the maximum generation field
of the oscillator system for different amplitudes of the external field is shown in Fig. 8.
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Figure 8. Effect of the external initiating field £, =0.03;0.06;0.09 on generation under superradiance conditions 6 =1.8 . Note that

in all cases, the maximum intensity | E [*oc | E._ |* .is selected for each time moment

max

It is evident from Fig.8 that an increase in the amplitude of the external initiating field £, =0.03;0.06;0.09 , even
in the case of noise (J = 1,8), leads to an increase in the maximum generation field up to values that are realized in the
absence of noise. Thus, the noise in the system forms the generation threshold. When this threshold is exceeded, even in
the absence of an external initiating field, a significant part of the excited oscillators is capable of generating fields

whose maximum amplitudes are comparable with the generation amplitudes in the absence of noise. Below the
presented threshold, no field growth is observed.
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ON SYNCHRONIZATION OF QUANTUM EMITTERS
To describe the generation processes of an ensemble of quantum emitters — dipoles, one can use the semiclassical
theory, in particular, previously used in the works of Yu. L. Klimontovich [14] and his colleagues.
The system of one-dimensional equations of the semiclassical theory for the amplitudes of the electric field
perturbations £, polarization P (E,P=E,P-exp(—iax+ikx)), d, is the matrix element of the dipole moment of

emitters O, J-c— the temporal and spatial decrements of the field absorption in the medium, describing the excitation
of electromagnetic oscillations in a two-level active medium, can be represented in the following form:

2 2
o f oc a—E—c J §=—4ﬂ'a—f, (13)
ot ox ox ot
P, 2wld, |’
+&' P=——"—"-—"%uF, 14
¥ P (14)
to which we must add the equation for the slowly changing population inversion with time
8_/1 = 2 <E 8_P >. (15)
o hw ot

A system of semiclassical equations for a quantum ensemble. We will assume that the frequency of the transition
between levels corresponds to the field frequency, the line width in the equation for polarization and the relaxation of
the inversion due to external causes are neglected, o — is the decrement of field absorption in the medium, d,, — is the

matrix element of the dipole moment (more precisely, its projection onto the direction of the electric field),
u=n-(p,—p,) the difference in populations per unit volume, and p, and p, the relative populations of the levels in

the absence of a field. The fields are represented as FE =[E(¢)-exp{—iax}+E*(¢)-exp{iat}]/2 and
P=[P(t)-expi{—iawt}+ P*(t)-exp{iot}]/2. In this case < E? >=2|E(t)|?> =4nwhN. For slowly changing
amplitudes field E(¢) and polarization P(¢) , the equations are valid

E)E(t)

—=+(6/2)-E(t) =2inwP(¢), (16)
aP t E(t
SO a,  im =0, a7
2 p P (1)~ E* (0P (18)
or h
From equations (16) — (18) we obtain the law of conservation of energy
a—N+26N+a—’u:0. (19)
ot ot
For sufficiently large losses of field energy in the medium 6 > y, the equation for the field takes the form
oON ld, |’
—+®r—2L— )N =0, 20
> ( Py ) (20)

from which it follows that for § > 7 the field can increase with an increment y =7, / §, where the maximum possible

87T|dab|2wﬂt:0)% _ (8ﬂ|dab|2w#0)1/2
h h ?

increment in the absence of losses y, = Qy = ( N, =2|EJ /Azwh is the number

of field quanta per unit volume. In this approximation, the following expressions should be used (%)E =2inwP,

d, z . . . .
@ = —% UE, Vv = % = (),/0. which are a consequence of the above system of equations, while the equation
t 1
describing nutations — oscillations of the population inversion is the following
|dab|2 2 _
Btz + (8 K2 |E| ):u - 07 (21)
4 d . . . . . . .

where Q, = | —— i | E']"* - is the Rabi frequency, which has the meaning of the inverse time of the change in

inversion and the probability of an induced transition under the influence of the field [15,16]. It is at this frequency that
periodic changes in the inversion — nutation occurs, and the conservation law (19) takes the form 20N +du/dt =0
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The increase in the probability of radiation of excited dipoles at each point in space in the semiclassical
description occurs under the influence of a growing integral electric field. The transition to the space-time problem
transforms (20) into the following equation

B_N |dab|2 —
P (Brnw T WN =0, (22)

At the initial moment, the field energy density is small, and this initial period corresponds to spontaneous radiation of
oscillators, in the developed mode, the radiation of the ensemble of emitters acquires the features of induced radiation
N, o< 1, = u(t =0). To model the process of spatial growth of the field in an inverse medium, we rewrite equations

(21) and (22) in dimensionless form. Equation (23) describes the growth of the field in space, equation (24) -
oscillations of the population inversion in a local region, taking into account the conservation law in the form (25)

2—1; = %MN, (23)
2
_g ;‘“ +MN =0, (24)
ou
28N+ =0, (25)

where

d, I d, |
=M, @t l 2= 0= 5 sl N =N g = T =0,

1/2
(SHw@uo) ! xfc=12]2.

In the quantum case, when it is impossible to speak about the field phase, synchronization of the ensemble of
oscillators-dipoles can be understood only as the transition from spontaneous emission to induced emission. Since the
phase of the emitted field in a given quantum system is equal to the phase of the external field, that is, the problem of
synchronization in the local sense is removed here. However, the change in the population inversion has an oscillatory
character, known as population inversion nutation in an electric field [15, 16]. It is important to note that the Rabi
frequency increases proportionally to the magnitude of the increasing external electric field described by equation (20),
that is, the rate of change of oscillations of the inversion according to (21) accelerates.

Below, we present the results of numerical modeling of the field growth process in the active zone according to the
system of equations (23)—(24). The working region of length L consists of S cells of length DZ=L/S. The

coordinates of the middle of the cells are Z, = DZ-(j—-0.5), j=12,..,S. Each cell is characterized by inversion M,
and the number of quanta N,. At the initial moment, a constant value of inversion is specified in all cells
M, (T’ =0) =1. The number of quanta is set equal to zero in all cells except the first one N (7'=0)=0, j=2,3,..,5.

Note that the inversion does not change in these cells initially. The first cell, in which a small value of the field is
initially set N, =0.0001, is the source of the field's initial growth in the active zone. The active zone expands over time

at a given constant speed c, i.e., the following cells join the active zone at intervals DT = DZ/c. In the model
calculation below, the values DZ =0.1, DT =0.1, c¢=1 were used.

Since the system is open (0 is not small here and is equal to 1), there will be losses of electromagnetic energy from
the active zone due to radiation. The field growth occurs due to a decrease in the population inversion. It is the
population inversion that generates the field. On the other hand, the inversion, as the field intensity increases, goes into
oscillation mode (which is the nutation of the population inversion), and the frequency of these oscillations (the Rabi
frequency) increases with increasing field amplitude.

The field growth at the boundary of the active zone (the active zone here is defined by the presence of non-zero
values of the population inversion) at a small nutation amplitude acquires an exponential character. However, as the
generation front moves, the population inversion value decreases in all regions participating in the generation, both due
to the nutation of the population inversion and due to the excitation of field quanta. The field amplitude, in turn,
decreases with a decrease in inversion along the entire length of the active generation zone, as well as due to radiation
losses (6 =1).

These phenomena lead to stabilization and even to a decrease in the field intensity in the generation region. It is
interesting that stabilization and then a decrease in the field intensity first occurs in the region where its maximum was
reached and then begins to decrease in the direction of field propagation (see Fig. 9). Although in this direction the
population inversion values still remain large. The nature of this stabilization of the field growth is associated not so
much with energy losses due to radiation, but to a much greater extent with a decrease in population inversion in the
regions located before the point where the maximum radiation was reached, which is illustrated in Fig. 10.
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Returning to equation (20), we can understand that the field growth is limited not only by energy losses due to
radiation, but also by a decrease in the inversion in the generation region as a whole. Therefore, the development of the
superradiance process in the ensemble of quantum dipole emitters passes from a monotonic growth of the field to
stabilization and decrease, despite the presence of regions with large values of population inversion ahead.

max

20
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Figure 9. Dependence on time of the maximum value of N cells (Nmax=max(Nj))

Below Fig. 10 is shown diagrams of distribution N, and M by cells and at different moments in time.
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Figure 10. Values of N, and M, in cells at times 5, 7, 9, 10, 11; a) N, b) M,
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Figure 10. Values of N, and M in cells at times 5, 7,9, 10, 11;a) N,;b) M, (continued)

CONCLUSIONS

As noted above, the volume of a resonator or waveguide always contains the sum of the fields of interacting
oscillators, which corresponds to a superradiance field. It is this type of radiation from an ensemble of active emitter-
oscillators, whether in the absence of a resonator or waveguide or in open systems of this type, that is discussed in this
article. The role of this type of radiation is quite important, although it has often been overlooked, considered unimportant
and spontaneous. Primary attention has been paid to the radiation of resonators and waveguides arising from field
reflection from the ends of the system. The interaction of active zone particles with each other was ignored; it was assumed
that the particles interact only with the fields of the resonator or waveguide. However, this superradiance, i.e., the sum of
the fields of interacting oscillators, even with partial reflection from the ends of the system, is capable of generating
reflected waves, the superposition of which always forms a resonant or waveguide field, as demonstrated in [9, 18].

It has been shown that, when the above-mentioned phase-locking conditions are met, the superradiance amplitude
can be significant, effectively stimulating the formation of a resonant or waveguide field. With significant reflection
from the system ends, the amplitudes of the resonant or waveguide field can significantly exceed the sum of the fields
of the interacting oscillators, i.e., the actual superradiance field.

In the classical case, the transition to an induced (and, as noted by K. Townes, largely coherent [17]) radiation
regime occurs due to the phase synchronization of some of the oscillator emitters by the integral field. However, the
nature of the initial oscillator energy distribution can significantly alter the efficiency of phase synchronization and the
rate of growth of the superradiance field. It is also important to consider the presence of a threshold due to noise present
in the system. As noted, with a small spread of the initial oscillator amplitudes and under conditions of insignificant
external noise, the process of oscillator synchronization and the growth of the superradiance field can develop even in
the absence of an external initiating field. If these conditions are violated, an external initiating field is necessary for the
formation of the superradiance mode. It is important to note that it is precisely the small spread of the initial oscillator
amplitudes and insignificant external noise that make it possible to realize the superradiance mode of gyrotrons, the
occurrence of which was noted by the authors of [6] and subsequently studied in detail [18]. It was shown that near the
injection region of random-phase oscillators in the superradiance mode, their phase synchronization does not occur. The
convergence of the oscillator phases with the field phases at the l