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In the present work, we examine the dynamical behaviour of holographic dark energy (HDE) within the framework of modified AR)
gravity in a hypersurface-homogeneous space-time. To explore the universe's evolutionary behaviour under the influence of dark
energy, we consider both exponential and power-law expansions. The cosmic evolution is analysed using standard cosmological
diagnostics, including the density parameter and equation of state (EoS) parameter along with the deceleration parameter. Furthermore,
the statefinder diagnostic pair is tested to detect precisely different phases of the universe. The squared speed of sound parameter was
used to incorporate the stability analysis for our models. This investigation links the principles of quantum gravity to cosmology,
producing testable predictions for forthcoming research and illustrating that HDE functions as a credible alternative to ACDM.
Keywords: Hypersurface-homogeneous space time; f(R) gravity; Holographic dark energy
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1. INTRODUCTION

The revelation of cosmic acceleration was a game-changing discovery in the history of cosmology. The initial
detection occurred through the observation of Type Ia supernovae by Riess et al. [1-3], also analysed through Cosmic
Microwave Background Radiation (CMBR) [4]. This discovery totally changed how we see the universe. It showed that
the rate of expansion is getting faster, which goes against what we thought matter-dominated Friedmann model predictions
were. These groundbreaking findings showed that the cosmos is actually expanding at a faster rate than it previously was
thought, which totally changes what we know about how the cosmos works. The recently discovered measurements
carried out by means of Type la supernovae match the precision of standard candles, demonstrating that distant supernovae
appeared fainter than expected in a decelerating universe, strongly suggesting the presence of a mysterious repulsive force
counteracting gravitational attraction on cosmological scales. We now have a lot of evidence which shows that our
universe is expanding faster and faster, where dark energy is the main source causing it. We have got different probes that
include precision observations of CMB anisotropies by WMAP and Planck [5], which measure the detailed mapping of
baryon acoustic oscillations (BAO) [6] and comprehensive large-scale structure surveys [7], which have established
beyond reasonable doubt that we live in an accelerating universe dominated by what we now call dark energy. All of the
available evidence shows that dark energy — an enigmatic component constituting approximately a whopping 68% of the
universe's energy —exhibits negative pressure characteristics.

The simplest theoretical framework that explains these observations is the ACDM model. This model adds Einstein's
cosmological constant, represented with A into the field equations of general relativity (GR) to represent a constant
vacuum energy density that fills all of space. This standard model has been successful in the fitting of observational data;
however, it is confronted by two significant challenges. Firstly, the significant difference between the predicted values
from quantum field theory and the observed value of the cosmological constant leads to the fine-tuning concern [8-11];
and second, the coincidence problem asks why dark energy became dynamically important only recently in cosmic history,
at the special epoch when human observers happen to exist [12]. These basic issues have led cosmologists to check out
dynamical dark energy models where the energy density evolves with time and remains constant. Out of these most
interesting options, that holographic dark energy (HDE) is emerging as one of the most compelling alternatives that relies
on quantum gravity's holographic principle [13-16].

The HDE framework is based on some interesting ideas from black hole thermodynamics and string theory. It proposes
that the amount of dark energy density in a given volume is fundamentally limited by the amount of information allowed to

boundthe volume's boundary, leading to the characteristic relation p,, =3 M ;L‘Z [17], where represents an infrared cutoff

scale that is identified with the future event horizon. This elegant formulation naturally sidesteps the fine-tuning problem
because of its inherent scale dependence and provides a dynamical equation of state that may resolve the coincidence problem
while maintaining a deep connection to fundamental quantum gravitational principles. Pawar et al. [18] recent work has
shown the advantages of this in anisotropic cosmological settings and how the holographic approach works even in
generalised spacetime geometries. However, when the HDE model is implemented within general relativity, these models
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also encounter difficulties in simultaneously describing both the early inflationary epoch and late-time acceleration [19-20],
limitations that have prompted investigation and study of generalised versions of the Einstein-Hilbert interaction for modified
gravity to include additional curvature-dependent terms. Buchdahl [21] introduced f(R) gravity as a generalisation of
Einstein's relativity, whereas Starobinsky gravity f(R)=R+aR' [22] is the most motivated modification, which is an
exhilaratingly innovative theory of gravity that introduces a quadratic curvature correction to the Einstein-Hilbert action. It
was among the first and most successful models of cosmic inflation, providing a purely geometric explanation for the
exponential expansion of the early universe without requiring additional scalar fields. This theory was originally proposed
to explain inflation through the dominant effects of the term at high curvatures and subsequently shown to produce
inflationary predictions in excellent agreement with precision CMB measurements from Planck [23], while it might play a
role in contributing to late-time acceleration through its curvature effects.

To fully explore what happens when the cosmological implications combine holographic dark energy with modified
gravity, it is essential to move beyond the restrictive assumption of perfect isotropy inherent in the standard Friedmann-
Lemaitre-Robertson-Walker metric. Instead, we should explore a more general geometrical structure that maintains spatial
homogeneity while allowing for anisotropic expansion effects, meaning allowing for different rates of expansion along
different spatial directions. Hypersurface-homogeneous spacetimes [24-30] provide such a framework, offering a richer
dynamical context for investigating dark energy that is particularly relevant for understanding the early universe before
inflation erased primordial anisotropies [31,32], as well as for probing potential connections between the presence of dark
energy followed by the formation of immense structures [33]. In this study, we examine holographic dark energy within
the f(R) gravity framework using a hypersurface-homogeneous spacetime background. We come up to deriving exact

solutions for both exponential (a(t)~e”’) and power-law (a(t) ~ t”’) expansion scenarios. These represent idealized
cases of inflationary and late-time acceleration respectively. Through detailed analysis of key cosmological parameters
including the evolution of density components €.(z) [34-36], the dynamical equation of state w(z) [37-39], the
deceleration parameter ¢(z) with statefinder diagnostics {r,s} [40], while carefully tracking the development of
anisotropy through the shear scalar o>, we have demonstrate several significant results: the model naturally produces
accelerated expansion without fine-tuning. It also shown an asymptotic approach to a cosmological constant-like equation
of state (a)=—l) at late times, and shows anisotropy evolution patterns consistent with current observational constraints

from the CMB. These findings suggest that the synthesis of HDE with f(R) gravity in an anisotropic cosmological
framework may provide a more comprehensive and theoretically satisfying description of cosmic acceleration that
addresses fundamental limitations of the standard ACDM model [41] while maintaining consistency with current
observational evidence. Furthermore, this approach offers new insights into the deep connection between quantum gravity,
modified gravity, and dark energy [42, 43], while making specific predictions that can be tested with next-generation
cosmological surveys.

This motivates us to consider volumetric expansion of the exponential, and power-law kinds to examine the f(R)
gravity-based HDE within hypersurface-homogeneous space-time. The paper is structured as follows. Section 2 examines
cosmology in considered space-time by integrating the HDE model with pressureless dark matter. The quadrature
solutions for scale factors in field equations are contained in section 3. The physical and kinematical characteristics of
our volumetric expansion models are explored in sections 4 and 5, whereas section 6 offers statefinder diagnostics along
with the model’s stability analysis. Section 7 concludes with a discussion of the results.

2. METRIC AND FIELD EQUATIONS
The action for f(R) gravity is expressed as

S:j\/%(f(k)nm)d“x, (1)

where f(R) serves as a general function of the Ricci scalar R and L, stands for the usual matter Lagrangian.

The field equations can be derived by varying the action pertaining to the metric g, as

F(R)R

v

—%f(R)g,,v SV ,V,F(R)+ g, V"V F(R) = ~(T,, + T ), )

. df (R . . _
with F(R) = %, V, represents covariant differentiation, 7,, serves as the standard matter energy momentum tensor

whereas ﬁlv serves as energy momentum tensor associated with HDE.
Contraction of the field Equations (2) leads to

F(R)R-2f(R)+3V*V ,F(R)=~(T+T), 3)
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with T'=g, T “ and T = gﬂvf #_In a vacuum, the right-hand side of equation (3) vanishes, which gives us the relation
between f(R) and F(R) as follows:

f(R):%[SV”VﬂF(RHF(R)R]. “4)

Hypersurface-homogeneous models have been the subject of a significant amount of research, which can be
described as

ds* =—dt* + A (t)dx* + B* (t)[ dy* + 2 (3,K ) dz" |, (5)

where 4 and B denotes the scale factors that depends on ¢ only while X (y,K)=siny,y,sinhy with K =1,0,-1

respectively.
The corresponding scalar curvature R is

R=2 £+2£+2£+B—2+£2 , (6)
A AB B B B

where -’ denotes differentiation with respect to cosmic time ¢.
The energy momentum tensors are defined for both pressureless matter and HDE as

T,uv =pmuyuv; T,uv = (pde +pde)u,uuv +gyvpde’ (7)

where p, serves as the energy density of matter, p, and p, are pressure and energy density of the HDE respectively
while u, are component of the four-velocity vector of fluid satisfying gﬂvu” u’ =-1.

Using definition of EoS parameter (@,,) , the energy momentum tensors (7) can be written as
T;ll/ = dlag [0’ 0’ 0’_1] pm ) T/‘V = dlag [a)de 4 a)de 4 a)de 4 _1] pde' (8)
And after parametrization, it reduces to
T,, =diag[0,0,0,~1] p,; Tw = diag[@, +7.0,.0,,-1]p,,. Q)

within which the skewness parameter y represents an offset from EoS parameter (@,,) on x-direction.
Using equations (7)-(9), the field equations turn out to be

A4 _B| 1 A _B).
Fl—+2—|-——=f(R)—|—+2—= |F=p,+ P> 10
L B} /(R (A BJ P+ Pae (10)

A _AB| 1 B. .
Fl—+2—|-—=f(R)-2—=F-F=—(o, + , 11
|:A AB:| Zf( ) B ( de 7/)pde ( )
B AB B° K| 1 A4 _B). -
Fl 24224+ = = f(R)-| S+ =2 |F-F=-a,p,,. 12
|:B AB Bz Bz:| zf( ) {A BJ depde ( )
Here, we have the HDE density in the form

pa. =3(aH’ + BH), (13)

where H stands for the Hubble parameter while ¢, 5 serve as constants.

The above requisite was stated by Granda and Oliveros and requires compliance with constraints established
according to the existing observational data. The directional Hubble parameters, indicating the rates of cosmic expansion
alongside designated axes, are defined underneath as

=4 m-8_pu. (14)
A B

x y

The mean Hubble parameter is defined by
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p LV 1[4, B)
3V 314 B
with V' = AB? expressing the volume of the cosmos.
Using equations (14) and (15), the average anisotropy parameter turns out to be

A_l(AHxﬁ-AHyﬁ-AHZI_ 2 [A 3]2

H 9H*| 4 B

Using equations (11) and (12), we obtain
4 B A 1 (KF
= +

Z_Z ?—%()ngth,

A B FV FV

with A4 denoting a constant of integration.
Consequently, the anisotropy parameter becomes

2[4 1 ((KF ’
A= || == vt | .
9H{FV FV (BZ m@j }

By choosing =0 in equation (18), we get isotropic case as

242 K (FV . T
=—2 _—t _Zdt .
OH>| FV FV ) B

The integral component in equation (18) is omitted with

Hence, the energy-momentum tensor (9) turns out to be
= . KF
Tw =diag| @), +——,@,,,0,,~1|p,,
B p de

whereas the anisotropy parameter (18) reduces to

2,
“omr

3. SOLUTION TO FIELD EQUATIONS
Using equations (17) and (20), we obtain
é: ¢ exp(lj‘iJ,
B FV

Solving equation (23), we obtained the quadrature solutions associated with scale factors 4 and B described as

B=d,aexp qu};i;}.

where ¢, is integration constant.

and

24

s)

(16)

a7

(18)

(19)

(20)

2y

(22)

(23)

(24)

(25)

1 1. 2 _L A . .
Here a =(ABZ)’ =V 1is average scale factor and d, =¢’, d, =¢, °, ¢q, =3 9, T3 satisfying d,d; =1 and

q,+2q,=0.
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In order to solve the integral (24)-(25), we use the connection among the differential and scalar components of f(R)
as considered by Sharif and Shamir [36,37] given by

F=ca, (26)
where ¢, is constant.
Using equations (24)-(26), we get
A=daexp &jﬂ}, 27)
¢, ) a
and
B=d,aexp ﬂjﬁ}. (28)
e, ) a

We currently have three distinct equations involving seven unknown variables 4,B,p,,,0,..®,,7 and f(R).

Consequently, additional conditions are required to fully resolve the system. Additional conditions can be introduced
through assumptions related to specific physical scenarios or arbitrary mathematical suppositions. Therefore, we assume
three volumetric expansion laws expressed as

V=ce", (29)

V=c (30)

where c;,c,,n and m are positive constants.

4. EXPONENTIAL EXPANSION MODEL
The mean scale factor results in

a=ke", (31
where k, = 03%.
. 1 .
Using the established relation between scale factor a(¢) and redshift (z) as a(t) = Tos’ we get the expression for
+z

cosmic time in relation to redshift for model (31) as follows
H(z) = —lmg[kl (z+1)]. (32)
n

Using equations (27), (28) and (31), the metric potentials are obtained as

Az) =D exp %(Hz) . (33)
l+z | nc, ]
and
d [2 ]
B(z)=—"exp| “L2(1+2)|. (34)
I+z | nc, |

Physical and Kinematical Properties
The directional Hubble Parameter are found to be

Hx=n+ﬂ(1+z);H},=n+&(l+z)=Hz. 35)

cZ cZ
while the Mean Hubble Parameter turns out to be
H =n. (36)

From equations (35)-(36), we noted that the /7 remains invariant, while the directional Hubble parameters fluctuate
with time. The directional Hubble parameters approach to mean Hubble parameter as f—co. The mean Hubble
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parameter's derivative with regard to cosmic time being zero reveals the cosmos expanding at a rapid pace. Thus, it is
possible to use the model that emerges to describe the dynamism of the late-time progression.
The deceleration parameter turns out to be

g=—1. (37)

In accordance with recent studies of supernovae Ia, the negative value of q implies that universe appears to be
expanding faster. Additionally, our findings align with the studies of Katore and Gore [19] and that of Rao and
Neelima [44].

Scalar expansion and shear scalar are described respectively by

0=3n, (38)
and
2+2 2
o? =D 2D (14 2) (39)
2¢5

The consistency of the exponential growth is indicated by the steady value of the expansion scalar 6. At the very
beginning epoch, the shear scalar o reaches a constant value, while both parameters approach zero over extended periods
of time. The ratio o~ / &’ vanishes at sufficient large time indicating the universe’s isotropic expansion which resemble

with the work of Katore and Gore [19].
From equation (22), the mean anisotropic parameter turns out to be

A=22(142). (40)

Using equations (13) and (36), the HDE density exhibits constant physical behaviour as it turns out to be

p,. =3n’a. 41)
Using equations (20), (26), (33) and (41), the Skewness parameter is obtained as
Kc, 4 2q,
=—2—(1+2z) exp| —=(1+2z)|. 42
3an’d; ( ) p|:nc2 ( ) (42)

From equations (6) and (33), the Ricci scalar is obtained as

R:2{6n2+§(1+z)2 exp{zi(nz)}%(nz)z} (43)

2 ne, )

and the scalar function f(R) is given by equation (4)

2 2
f(R)= L2+£2exp|:i(l+z):| cz(l+z)4+3cz_lq§(l+z)4. (44)
(1+Z) dz ne,
The matter energy density is
K 2 (9-4:)°
pu =142y {9”2 el e"p{n_?(1+2>}+qlz—qz(l+z)4 e (45)
2 2 C2

The EoS parameter is given by

1+z)’ 22 2
w, = (1+2) {d;[ e +q12—q22]—l(czzexp{&(l+z)}} (46)
+z

T2 2
6n oc,d,

Dark energy pressure is found to be

pde:02(1+z) { 3 —gexp{zi(l-kz)}}—kw(l—kz)A‘. 47)
2 d n
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Overall density is given by
4
¢, (1+z2)

Q =
6n’

9n? K 2 _
> ——eXp{i(l+z)}+czz (ql—qz)2 (48)

(1+z2)" d; ne,

Now we obtain the graphical representation of these parameters against redshift for three cases of K =1,0,—1 by
taking appropriate choices of various constants involved in it. We take d, =0.1, «=5,¢, =1k =1, ¢, =2/3, and
g, =—1/3, with A=1,and from equation (36), we take n =67 with reference to the current Hubble parameter value
H, =67.4%0.5 kms'Mpc' by the Planck 2018 results [45], assuming the standard ACDM cosmology.

0.1sf ]
K=- 0.05"
0.10f — x| 1.
1 £ ooodf
. 0.0sf — k=1 | 1 £
& b g
£ o.00f ] 503
z 4 2
& — B
- ]
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0.00F
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Figure 1. Plot of skewness parameter () versus redshift (z).
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Figure 2. Plot of anisotropic parameter (A) versus redshift (z).
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Figure 5. Plot of pressure (p) versus redshift (z)

From Figs. 1 and 2, the skewness parameter and anisotropic parameter indicate isotropisation of the universe as
similar to the case of the hybrid model. The graphical representation in Fig. 3 depicts the variation of the EoS parameter
during the progression of redshift. In the past, the behaviour of @, <—1 shows the dominance by phantom energy.

However, in the near future, @, — —1 predicts the ACDM model. The progression of the overall density parameter
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against redshift is illustrated in Fig. 4. As cosmic development progresses, the overall density parameter diminishes, and
for a proper choice of the constants, it approaches 1, indicating the flat universe that agrees with evidence from
observations of the cosmos, whereas matter energy density follows the increasing behaviour as z — oo Fig. 5 displays
the approach of pressure against redshift, which shows that the resulting model is accelerating due to an ongoing presence
of negative pressure, which is in accordance with the findings underlined in [46].

5. POWER EXPANSION MODEL
The mean scale factor results in

a=kt", (49)
where k; = cs% .
The relation for cosmic time and redshift for model (49) is found to be

1(2)=[k (z+1)] " (50)

Using equations (27)-(28) and (49)-(50), the prospective metrics potentials in redshift are obtained as

_d, _(1+Z)q1 ~Um
A(Z)‘Hzexp[ (m=1)e, ((1+7)%) } b
I+z ~U/m
and B(z)= lilzexp{— ((m+— l))qcz (1+2)k,) :I (52)

The Ricci scalar is

2q, (1+2)

(m=1)e,

R=6m(2m=1)(k,(1+2))"" +2(1+2)’ {%exp{

((1+2)k, )‘””’}Lii;z} (53)

PHYSICAL AND KINEMATICAL PROPERTIES
The directional Hubble parameters can be expressed as

m m
H =m[k,(z+1)] +Z—1(1+z);Hy=m[k2(z+1)] +%(1+z):HZ. (54)
2 2

and mean Hubble parameter turns out to be

H=m[k,(z+1)]". (55)
The deceleration parameter turns out to be
1
g=—-1 (56)
m

For m <1, itindicates a decelerating cosmos as ¢ >0, whereas for m > 1, it describes rapid expansion of the cosmos
as g <0, that is in line with the studies of Sarkar and Mahanta [47].
The scalar expansion, shear scalar and mean anisotropic parameter are expressed respectively by

0=3H =3m[k,(z+1)]" (57)
2 2
or =02 gy (58)
2¢5
and
212 2 —2/m
A= o (1+2) [k, (1+2) ] (59)
The HDE density is

Py, =3m(mor—B)[k, (1+2)]" (60)
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Skewness parameter is found to be

Ke, (1+2)' (1+2)k,) " 1 i
_Ka(l+z) ((1+2) j) exp| ~FD (1, 1)
3m(mo— f)d; (m-1)c,
From equation (6), the Ricci scalar is obtained as
2/m | K 2q (1+Z) ~/m 36]2
R:6m(2m—1)(k2 (1+Z)) +2(1+Z) {d—;exp{m(kz(l+z)) +c—§2 . (62)
and the scalar function f(R) is given by equation (4)
(1+2)" |3m(3m-2) um L[ K 2q, (1+2) ~t/m )
f(R)= 1+z)k +c;| —exp| ———— |k, (1+z +3q; - (63)
Cz (1+Z)2 (( ) 2) 2 d22 (m—l)cz ( 2( )) 2
The matter density is
e,(1+z2)" |om? ((1+2)k,)" 2(1+2)g i
P = :{ > ) { ((1+ )22) ——7CXp (En 1))02(k2(1+2)) !
- -
2 2 (64)

The EoS parameter is given by

o - (72 {smzc;+(<1+z>kz>”’”[_Kc;expm“i)z(kz<1+z>)‘”’"}+d§<q5—qi)]} (©5)

‘_6m(m05—,3)cz (1+z)2 d;

Dark energy pressure is obtained as

_(1-}-—2){_051( CXP{M(ICZ (1+Z))1/m:|+w((l+z)k2 )Z/m +d22 (qlz _q22 )} (66)

Pac = 2¢,d3 (m-1)c,

Overall density is found to be

252 2
((l+z)k2 )72/”1 {M(kz (1+z))2/m - K exp{

(l+z)4

B 2q(1+z)2
B 6m’c,d;

(1+2z)’ (m-1)c,

(k2(1+z))”'”}df(ql—qz)z} (67)

Now, the graphical representation of these parameters against redshift for three cases of K =1,0,—1 are obtained by
taking appropriate choices of various constants involved in it. We consider d, =0.1, =5,8=1¢, =1Lk, =1, ¢, =2/3,
g, =—1/3, with A=1,and from equation (55), we take m =67 with reference to the H, =67.4%+0.5 kms'Mpc!
estimated in the Planck 2018 results [45].
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Figure 6. Plot of skewness parameter () versus redshift (z) Figure 7. Plot of anisotropic parameter (A) versus redshift (z)
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Figure 9. Plot of HDE density (p,,) versus redshift (z)
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Late-time isotropisation of the cosmos is reflected through the demonstration in Fig. 6 and Fig. 7 as the skewness
parameter and anisotropic parameter become zero at z — —1. From Fig. 8, the EoS parameter initially starts with a

positive value and reaches to @, =—1 at z — —1 indicating the model in the future. The evolution of HDE density is
displayed in Fig. 9, which indicates its declining nature while avoiding fine-tuning. The negative value of pressure with
the evolution of redshift is illustrated in Fig. 10, indicating that the expansion of the cosmos is accelerating, while Fig. 11
displays the progression of the overall density parameter against redshift with Q—1 at z — —1 specifying a flat cosmos.

6. STATEFINDER DIAGNOSTIC AND STABILITY ANALYSIS OF MODELS

6.1 Statefinder Diagnostics of Models
The statefinder diagnostic as proposed by Sahni et al. [54], serves as a proficient tool for differentiating among
various cosmological models. Its definition is

(68)

6.1.1 For exponential expansion model
From equations (31), (36)-(37), statefinder parameters pair (68) for exponential expansion model reduces to
{r,s} > {1,0} representing the ACDM model and resembles with the investigations of Katore and Gore [19] and

Samanta [46].

6.1.2 For power expansion model
The statefinder parameters (68) for power expansion model turn out to be

-1 -
po )(2’" ) and s =2, (69)
m m
And their association is found to be
9
r=1+5s(s—1). (70)
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The visualization of r against s is displayed in Fig. 12. Its route goes through the DE region of Chaplygin Gas
(CG) and quintessence [56] in the ¥ —s plane and tends to approach the ACDM model in the near future, which resemble

with the findings discussed in [57].

60
50
40
0¢ CG(r>1,5<0)

20

ACDM(r=1,s=0)

Quintessence (r <1, s> 0)

-1 0 1 2 3 4
s

Figure 12. Plot of r versus s (Power expansion model)

6.2 STABILITY ANALYSIS OF MODEL
The model's stability is evaluated through the examination of the parameter identified as the squared speed of sound

v as proposed by Sadeghi et al. [58]. If the value of v/ is positive, model exhibits stability whereas for a negative value

of vf , the model is unstable. It is specified by

d,
y? = e 1)
dpde

Using equations (66) and (66), the stability parameter (71) for power expansion model is found to be

3m205d22 m+1)—Ke s —3/m ex 2q2 (1+Z) s —1/m
a2 —(1+Z)3 (m+1)=Ke,q, [ K, (1+2)] p{—(m_l)cz (1+2)k,) }
RGO,

2

2

Vo T 6m(mo—f)c,d; ~ 2m[k2 (1+Z)}72/m {ch exp[w((l-i-z)kz )_]/m}'dz (qf x4 )}

m-1)c,

1+z

2
)

Squared speed of sound (v

redshift (z)
Figure 13. Inspection of squared speed of sound (v?) against redshift (2)

Fig. 13 illustrates the variations in the squared speed of sound (v_f) against redshift (z). We noticed that vf >0 for
all the positive values of redshift (z), indicating its stability up to the present time, but v_f <0 for the negative domain

indicating the model’s instability in the future.
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7. CONCLUSIONS
This paper examined the behaviour of HDE in f(R) gravity across a hypersurface-homogeneous spacetime,
focusing on exponential and power-law expansions. Here is a brief overview of our study's findings:
e The exponential expansion model yields a constant Hubble parameter while ¢=—1 indicating sustained accelerated

expansion and an EoS transitioning from phantom-like (@, <-1) to ACDM (@, — —1), aligning with late-time

acceleration.
e  The power-law model shows deceleration-to-acceleration behaviour (g >0 and ¢ < 0)depending on m <1 and

m >1 respectively, with the EoS parameter evolving from quintessence to ACDM.
e  Both models exhibit complete late-time isotropisation (A, ¥ —0), consistent with CMB observations that suggest

large-scale homogeneity.

e  The statefinder diagnostic distinguishes the evolutionary paths of the two models: the exponential model closely
tracks the ACDM trajectory, while the power-law model passes through the quintessence and phantom regimes
before covering ACDM.

e We have done some stability tests, and it looks like the exponential solution is the most stable throughout cosmic
evolution, whereas the power-law model shows late-time instabilities.

e The HDE density shows a declining nature while avoiding fine-tuning, and the overall density parameter
is maintaining Q—1 for a flat cosmos.

e  The present framework successfully unifies inflation and contemporary cosmic acceleration, with residual
anisotropic effects providing a potential window into early-universe dynamics.
This work links quantum gravity principles with cosmology, making testable predictions for future research and
showing that HDE is a viable alternative to ACDM.

Acknowledgments
The authors express their sincere gratitude to the editor and the anonymous reviewer(s) for their valuable comments
and constructive suggestions, which significantly improved the quality and clarity of the manuscript.

ORCID
A.Y. Shaikh, https://orcid.org/0000-0001-5315-559X; ®A.P. Jenekar, https://orcid.org/0009-0005-8928-3725

REFERENCES
[1] A.G.Riess, et al., Astron. J. 116, 1009 1998). https://doi.org/10.1086/300499
[2] A.G.Riess, et al., Astron. J. 117, 707 (1999). https://doi.org/10.1086/300738
[3] S. Perlmutter, et al., Astrophys. J. 517, 565 (1999). https://doi.org/10.1086/307221
[4] P. De Bernardis, et al., Nature, 404, (2000). https://doi.org/10.1038/35010035
[5] E.Komatsu, et al., Astrophys. J. Suppl. Ser. 192, 18 (2011). http://dx.doi.org/10.1088/0067-0049/180/2/330
[6] M. Tegmark, et al., Phys. Rev. D, 69, 103501 (2004). https://doi.org/10.1103/PhysRevD.69.103501
[7]1 U. Seljak, et al., Phys. Rev. D, 71, 103515 (2005). https://doi.org/10.1103/PhysRevD.71.103515
[8] K. Bamba, et al., Astrophys. Space Sci. 342, 155 (2012). https://doi.org/10.1007/s10509-012-1181-8
[9] M. Sharif and M. Zubair, Astrophys. Space Sci. 330, 399 (2010). https://doi.org/10.1007/s10509-010-0414-y

[10] SM. Carroll, W.H. Press, and E.L. Turner, Annu. Rev. Astron. Astrophys. 30, 499 (1992).
https://doi.org/10.1146/annurev.aa.30.090192.002435

M.S. Turner, and M. White, Phys. Rev. D, 56, R4439 (1997). https://doi.org/10.1103/PhysRevD.56.R4439

[12] V. Sahni, and L. Wang, Phys. Rev. D, 62, 103517 (2000). https://doi.org/10.1103/PhysRevD.62.103517

[13] A.G. Cohen, D.B. Kaplan, and A.E. Nelson, Phys. Rev. Lett. 82, 4971 (1999). https://doi.org/10.1103/PhysRevLett.82.4971
[14] M. Li, Physics Letters B, 603, 1-2 (2004). https://doi.org/10.1016/j.physletb.2004.10.014

]
]
|
[15] V.C. Dubey, and U.K. Sharma, New Astron. 86, 101586 (2021). https://doi.org/10.1016/j.newast.2021.101586
[16] S. Capozziello, P. Martin-Moruno, and C. Rubano, Phys. Lett. B, 664, 12 (2008). https://doi.org/10.1016/j.physletb.2008.04.061
[17] S. Nojiri, and S. D. Odintsov, Phys. Lett. B, 659, 821 (2008). https://doi.org/10.1016/j.physletb.2007.12.001
[18] D.D. Pawar, R.V. Mapari, and P.K. Agrawal, J. Astrophys. Astron. 40, 13 (2019). https://doi.org/10.1007/s12036-019-9582-5
[19] S.D. Katore, and S.V. Gore, J. Astrophys. Astron. 41, 12 (2020). https://doi.org/10.1007/s12036-020-09632-z
[20] C.P. Singh, and A. Beesham, Gravit. Cosmol. 17, 284 (2011). https://doi.org/10.1134/S020228931103008X
[21] H.A. Buchdahl, Mon. Not. R. Astron. Soc. 150, 1 (1970). https://doi.org/10.1093/mnras/150.1.1
[22] A.A. Starobinsky, JETP Lett. 86, 157 (2007). https://doi.org/10.1134/S0021364007150027
[23] P.AR. Ade, et al., A&A, 571, A22 (2014). https://doi.org/10.1051/0004-6361/201321569
[24] S.D. Katore, andAY Shalkh Astrophys. Space Sci. 357, 27 (2015). https://doi.org/10.1007/s10509-015-2297-4
[25] S.H. Shekh, and K. Ghaderi, Phys. Dark Universe 31, 100785 (2021). https://doi.org/10.1016/j.dark.2021.100785
]

T. Vinutha, K.V. Vasavi, and K.S. Kavya, Int. J. Geom. Methods Mod. Phys. 20, 2350119 (2023).
https://doi.org/10.1142/S0219887823501190
] L.N. Granda, and A. Oliveros, Phys. Lett. B, 669, 275 (2008). https://doi.org/10.1016/j.physletb.2008.10.017
] S. Kumar, and C.P. Singh, Astrophys. Space Sci. 312, 57 (2007). https://doi.org/10.1007/s10509-007-9623-4
[29] C.P. Singh, S. Ram, and M. Zeyauddin, Astrophys. Space Sci. 315, 181 (2008). https://doi.org/10.1007/s10509-008-9811-x
]



16

EEJP. 3 (2025) A.Y. Shaikh, et al.
[31] O. Akarsu, and C.B. Kiling, Gen. Relativ. Gravit. 42, 119 (2009). https://doi.org/10.1007/s10714-009-0821-y
[32] O. Akarsu, and C.B. Kiling, Gen. Relativ. Gravit. 42, 763 (2010). https://doi.org/10.1007/s10714-009-0878-7
[33] K.S. Adhav, ef al., Astrophys. Space Sci. 332, 497 (2011). https://doi.org/10.1007/s10509-010-0519-3
[34] V.B. Johri, and K. Desikan, Gen. Relativ. Gravit. 26, 1217 (1994). https://doi.org/10.1007/BF02106714
[35] K. Uddin, J.E. Lidsey, and R. Tavakol, Class. Quantum Gravity, 24, 3951 (2007). https://doi.org/10.1088/0264-9381/24/15/012
[36] M. Sharif and M.F. Shamir, Class. Quantum Gravity, 26, 235020 (2009). https://doi.org//10.1088/0264-9381/26/23/235020
[37] M. Sharif and M.F. Shamir, Mod. Phys. Lett. A, 25, 1281 (2010). https://doi.org/10.1142/S0217732310032536
S.D. Katore, et al., Commun. Theor. Phys. 62, 768 (2014). https://doi.org/10.1088/0253-6102/62/5/21

[38
[39
[40
[41
[42
[43
[44
[45
[46
[47
[48
[49
[50
[51
[52
[53
[54
[55
[56
[57
[58

Y. Younesizadeh, and A. Rezaie, Int. J. Mod. Phys. A, 37, 2250040 (2022). https://doi.org/10.1142/S0217751X22500403
Sahni, et al., J. Phys. Lett. 77, 201-206 (2003). https://doi.org/10.1134/1.1574831
Perivolaropoulos and F. Skara, New Astron. Rev. 95, 101659 (2022). https://doi.org/10.1016/j.newar.2022.101659
A.R. Ade, et al., Astron. Astrophys. 571, A16 (2014). https://doi.org/10.1051/0004-6361/201525830
.A. Knop, et al., Astrophys. J. 598, 102 (2003). https://doi.org/10.1086/378560
V.U.M. Rao, and D. Neelima, Eur. Phys. J. Plus, 128, 35 (2013). https://doi.org/10.1140/epjp/i2013-13035-y
lanck Collaboration, et al., Astron. Astrophys. 641, A6 (2020). https://doi.org/10.1051/0004-6361/201833910
.C. Samanta, Int. J. Theor. Phys. 52, 4389 (2013). https://doi.org/10.1007/s10773-013-1757-2
S. Sarkar, and C.R. Mahanta, Int. J. Theor. Phys. 52, 1482 (2013). https://doi.org/10.1007/s10773-012-1468-0
. Zhang, et al., Res. Astron. Astrophys. 14, 1221 (2014). https://doi.org/10.1088/1674-4527/14/10/002
. Simon, L. Verde, and R. Jimenez, Phys. Rev. D, 71, 123001 (2005). https://doi.org/10.1103/PhysRevD.71.123001
M. Moresco, et al., J. Cosmol. Astropart. Phys. 006 (2012). https://doi.org/10.1088/1475-7516/2012/08/006
M. Moresco, et al., J. Cosmol. Astropart. Phys. 014 (2016). https://dx.doi.org/10.1088/1475-7516/2016/05/014
.L. Ratsimbazafy, et al., Mon. Not. R. Astron. Soc. 467, 3239 (2017). https://doi.org/10.1093/mnras/stx301

V.
L
P
R
P

S. Capozziello, S. Nojiri, and S. D. Odintsov, Phys. Lett. B, 781, 99 (2018). https://doi.org/10.1016/j.physletb.2018.03.064
Sahni, et al., J. Exp. Theor. Phys. Lett. 77, 201 (2003). https://doi.org/10.1134/1.1574831

Alam, et al., Mon. Not. R. Astron. Soc. 344, 1057 (2003). https://doi.org/10.1103/PhysRevD.68.127501

B. Wu, et al., Gen. Relativ. Gravit. 39, 653 (2007). https://doi.org/10.1007/s10714-007-0412-8

.Y. Shaikh, Eur. Phys. J. Plus, 138, 301 (2023). https://doi.org/10.1140/epjp/s13360-023-03931-4

. Sadeghi, A.R. Amani, and N. Tahmasbi, Astrophys. Space Sci. 348, 559 (2013). https://doi.org/10.1007/s10509-013-1579-y

e e e e e e e e e e e e e e e e e e e e e e e e e e

G
C
J

A
A\
U
Y
A
J

OBMEXEHA TUHAMIKA I'OJIOTPA®TYHOI TEMHOI EHEPT'Ti B MOJTA®IKOBAHINM f(R) TPABITAIIIT
AM. Ieiix?, A.II. Txxenexap®, C.M. Ilinrnet
“Kageopa mamemamuxu, Inoipa I'anoi Kana Maxasiovsinas, Parecaon-445402, M.S., Inois
bKagpedpa mamemamuxu, mucmeyme, komepyii ma nayxu Konedoe, Mapezaon-445303, M.S., Indis
“Kagpeopa mamemamuxu, Konedoic nayk, mucmeyme ma xomepyii im. I'C., Kxameaon-444312, M.S., Inois

V wiit po6oTi MU OCHiIKYEMO AMHAMIuHy moBeniHKy ronorpadiunoi remuoi eneprii (I'TE) B pamkax moxudikosanoi f{R) rpasitamii
B OIHOPiZIHOMY TileprnoBepxHeBoMy mpoctopi-uaci. [1{o6 mocniauTu eBosoniliHy moBeAiHKy BcecBiTy mia BIUIMBOM TeMHOT eHepril,
MH PO3IIIAAAEMO SIK €KCIIOHEHIIalbHI, TaK 1 CTeNeHeBl po3kiaaan. KocMiuHy eBOIIOLi0 MpoaHalli30BaHO 3a JOMOMOTOI0 CTaHAAPTHOI
KOCMOJIOTIYHOI [[IarHOCTHKH, BKJIIOYAIOUM MapaMeTp TYCTHHH Ta mapameTp piBHsAHHA craHy (EoS) pasom i3 mapamerpom
ynoBineHeHHs. Kpim Toro, miarHoctmdna mapa statefinder Tectyerbes it TouHOTO BUsIBIEHHS pizHHX (a3 Bcecsity. [lapamerp
KBa/IpaTa MIBUIKOCTI 3BYKy OyB BUKOPHCTAHUI JJIsI BKIIOUEHHS aHalli3y cTablIbHOCTI 10 Hammx Mozenei. Lle mociimkeHHs moB'sa3ye
TIPUHLUITY KBAHTOBOI IpaBiTallii 3 KOCMOJIOTi€I0, CTBOPIOIOYHX IIEPEBipeHi MIPOTrHO3M ISl MAHOyTHIX TOCIIPKEHb Ta LTIOCTPYIOYH, IO
HDE ¢ynkuionye sik Haniiina ansrepHatnea ACDM.

KurouoBi ciioBa: cinepnosepxneso-oonopionui npocmip-uac; f(R) epasimayis,; conoepagiuna memna enepeis
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In this work, we investigate a cosmological model within the framework of modified teleparallel gravity, known as f{T) gravity, by
considering a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe filled with two fluids-barotropic matter and a
dark fluid-alongside a massless scalar field. We study an interacting case of the fluids, deriving exact solutions of the field equations
under a time-dependent deceleration parameter scenario. The model demonstrates a viable cosmological sequence: early decelerating
expansion followed by late-time acceleration. The torsion scalar T, its function f{7), and the scalar field ¢ all evolve dynamically,
transitioning from dominant roles in the early Universe to diminished effects at late times. The dark fluid energy density remains
nearly constant, supporting accelerated expansion, while the matter density decreases with cosmic time. The effective equation of
state (EoS) parameter evolves from a matter-like behavior to negative values, suggesting a natural transition from matter domination
to a dark energy-dominated phase. These results affirm that f{7) gravity coupled with a scalar field can explain cosmic acceleration
and provide an alternative to the standard ACDM model without invoking exotic energy components.

Keywords: Two fluids; f(T) gravity; Linear deceleration parameter, Cosmology

PACS: 95.36.+x; 04.20.Cv; 98.80-k.

1. INTRODUCTION

Observations have consistently demonstrated the Universe's accelerating expansion in its later stages [1, 2], with
supernova type la (SN Ia) data providing strong confirmation [3, 4]. Analyses of the cosmic microwave background
(CMB) and large-scale structure (LSS) point towards this accelerated expansion being driven by a component with
negative pressure, termed dark energy (DE), within a spatially flat Universe. The behavior of DE is typically described
using the equation of state (EoS) parameter, defined as the ratio of pressure (p) to energy density (p). Current
cosmological data, particularly from SN Ia, suggest that the EoS parameter (w) is close to —1. Values precisely at —1,
slightly above, or slightly below correspond to standard cosmology, quintessence, or phantom regions, respectively,
while values significantly greater than —1 are disfavoured. Numerous researchers have explored DE models in diverse
contexts [5-9]. The exploration of two-fluid cosmological models has gained significant traction in contemporary
cosmology, offering a framework to understand the complex interplay of cosmic constituents. These models typically
consider the Universe as a composition of distinct fluids, such as baryonic matter, dark matter, dark energy, or radiation,
and examine their interactions and evolution. Recent research has delved into the dynamics of these models within
modified gravity theories, to account for the observed accelerated expansion of the Universe. For example, studies have
investigated scenarios where one fluid represents ordinary matter and the other models dark energy, or where radiation
is considered alongside matter, allowing for a more nuanced understanding of cosmic evolution. Investigations into
interacting and non-interacting scenarios between DE and barotropic fluids have also been conducted, with examples
including Chen and Wang's study [10] on interacting viscous DE in FEinstein cosmology using the Friedmann-
Robertson-Walker (FRW) Universe, Avellino's work [11] on DE interactions with bulk viscosity in a flat FRW
Universe, and Saha's exploration [12] of two-fluid DE models within FRW cosmology. Further research by
Amirhashchi et al. [13, 14] has examined interacting two-fluid viscous DE in non-flat and anisotropic Universes. These
investigations aim to reconcile theoretical predictions with observational data from sources like the Cosmic Microwave
Background and supernovae, providing the fundamental nature of the Universe.

Researchers have investigated various f (T) functions to better fit observational data, with particular attention to
the late-time accelerated expansion of the Universe. Some studies have probed the interaction between dark energy and
dark matter within the f(T) framework, seeking to resolve tensions in the standard cosmological model. Additionally,
there's been increased interest in analyzing the stability and viability of f(T) models through phase-space analysis and
perturbation studies. These investigations aim to constrain the free parameters of f(T) theories and to distinguish them
from other modified gravity approaches. For instance, studies have explored the viability of specific f(T) models using
data from the Pantheon+ Supernovae dataset and CMB observations, while others have focused on the theoretical
implications of f(T) gravity for early-Universe cosmology and the resolution of cosmological singularities.

However, the late-time accelerated expansion, supported by substantial observational evidence, presents a
challenge to the framework of General Relativity (GR). An alternative approach to explain this phenomenon involves
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modifications to GR, tracing back to Einstein's 1928 attempt to unify gravity and electromagnetism via the introduction
of a tetrad (vierbein) field and the concept of absolute parallelism, also known as Teleparallel Gravity (TG) or f(T)
gravity [15]. In f(T) gravity, the gravitational field equations are formulated using torsion rather than curvature [16],
offering the advantage of second-order field equations. Various aspects of f(T) theory have been studied [17-20]. For
instance, Jamil ef al. [21, 22] investigated the dark matter (DM) problem within f(T) gravity, successfully modelling
flat rotation curves of galaxies and deriving DM density profiles. Additionally, they explored interacting DE models
within this framework for a specific choice of f(T). Setare and Darabi [23] examined power-law solutions in the
phantom phase, identifying exit solutions for certain f(T) scenarios. Setare and Houndjo [24] investigated particle
creation in a flat FRW Universe within f(T) gravity, and Chirde and Shekh [25] studied barotropic bulk viscous
cosmological models in f(T) gravity.

The investigation of interacting fields, particularly those involving zero-mass scalar fields, is pivotal for
addressing the unification of gravitational and quantum theories. Recent decades have seen a resurgence of interest in
gravitational theories incorporating zero-mass scalar fields. Maniharsingh [26], Singh and Bhamra [27], and
Singh [28, 29] have explored various one-fluid models coupled with scalar fields. Singh and Deo [30] examined zero-
mass scalar field interactions in the presence of a gravitational field for FRW spacetime within GR, demonstrating that
the 'Big-Bang' singularity might be avoided through the introduction of such fields. Further research by authors [31, 32]
has investigated cosmological models involving zero-mass scalar fields. Building upon the preceding analysis, this
paper explores a two-fluid cosmological model within f(T) gravity, incorporating a scalar field to uncover the
underlying dynamics of this Universe, with a particular focus on the interacting scenario.

2. A BRIEF REVIEW OF f(T) COSMOLOGY
The line element of the Riemannian manifold is given by

dS? = g,,dx*dx". ()

This line element can be converted to the Minkowskian description of the transformation called tetrad, as follows
ds? = g, dxtdx¥ = n;6'6, )
dxt =el'6', 0'=eldx*, 3)

where ;; = diag[ —1, 1, 1, 1] and ef'e), = 64 or ei”elf =5/
The root of metric determinant is given by,/—g = det| e;'l] = e. For a manifold in which the Riemann tensor part

without the torsion terms is null (contribution of the Levi-Civita connection) and only the non-zero torsion terms exist,
the Weitzenbocks connection components are defined as

Ly = el'd,e, = —ej0 el @
Through the connection, we can define the components of the torsion and contorsion tensors as
T = L — L = ef(Juey — 0ue), (5)

K#Va = (_ %) (T#Va - Tv”oz - TaHU) (6)

For facilitating the description of the Lagrangian and the equations of motion, we can define another tensor Sk”
from the components of the torsion and contorsion tensors, as

St = (5) (K# o + 04T — S5yTFH). @)
The torsion scalar T is
T =T%,S."". ®)
Now, we define the action by generalizing the Teleparallel Theory i.e. f(T) theory as [18]
S = [IT + f(T) + Linatter] € d*x. )

Here, f(T) denotes an algebraic function of the torsion scalar T. Making the functional variation of the action (9) with
respect to the tetrads, we get the following equations of motion

Sy 0,Tfrr + [ el0,(eeTSu?) + T, S (L + fr) + %Sﬁ(T +f) = 16nTY, (10)

where T is the energy momentum tensor, fr = df(T)/dT and, by setting f(T) = a, = constant this is dynamically
equivalent to the General Relativity.
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3. METRIC AND FIELD EQUATIONS
We consider the spatially homogeneous and isotropic flat Friedman- Robertson-Walker (FRW) line element in the
form

ds? = —dt? + a?(t)[dr? + r?d0?], (11)
where a be the metric potential or average scale factor and d2? = d6? + sin?  dg?

The energy momentum tensor T, for the fluid distribution with zero-mass scalar fields is taken as

1
T) =+ p) u'u, +pgy + ¢,.0" —95da0" (12)
together with co-moving co-ordinates
u¥ =(0,0,0,1) and u¥u, = —1 (13)

where u” is the four-velocity vector of the cosmic fluid, p and p are the isotropic pressure and energy density of the
matter respectively and ¢ be the zero-mass scalar field.
The Friedman equation for two fluid scenarios with zero mass scalar fields can be written as

S fpr + S+ 25} 4 f) + 2T+ £) = (6mp + 247, (14)
301+ f) G+ 1T+ 1) = (16m)(—p) — 292, (15)
$+32¢=0. (16)

The overhead dot represents the differentiation with respect to time ¢t.
Here we consider p = (P, +0p), 2 = (Om + Pp),
where p,, and p,, are pressure and energy density of barotropic fluid, p, and p, are pressure and energy density of dark
fluid respectively also p,, = wy,pand pp = wWppp.

We assume that EoS parameter of the perfect fluid to be a constant, which is already considered by Akarsu [33]
and Kumar [34] i.e.

Wy, = Pm — constant, (17)
Pm
while wp has been admitted to be a function of time.

Next, we extend the discussion for interacting case to study the changing aspects of physical behavior of the
Universe, we first assume that the perfect fluid and DE components interact minimally. Therefore, the energy
momentum tensors of the two sources may be conserved separately. In this case, the densities of DE and matter no
longer satisfy independent conservation laws, they obey instead

(o) + 3% (P +Pm) = Q, (18)

(pp) + 3§(PD +pp) = —Q. (19)

The quantity Q (Q > 0) expressed the interaction term between the DE barotropic matter components. Since we
are interested to investigate the interaction between DE and matter, it should be noted that an ideal interaction term
must be motivated from the theory of quantum gravity. In the absence of such a theory, we rely on pure dimensional
basis for choosing an interaction Q. In our work we consider the interaction term in the form Q a Hp,,, which is already
considered in [12, 13]

Q = 3Hkpy, (20)

where k is a coupling coefficient which can be considered as a constant or variable parameter of redshift.

4. SOLUTION OF THE FIELD EQUATIONS

In constructing a physically meaningful cosmological model, the Hubble parameter and the deceleration parameter
are crucial measurable quantities. The current value of the Hubble parameter reveals the present rate at which the
Universe is expanding, while the current value of the deceleration parameter indicates that the observable Universe's
expansion is accelerating, rather than slowing down. This suggests that a viable model should incorporate a phase of
decelerating expansion during the early matter-dominated era, allowing for the formation of large-scale structures,
followed by the observed late-time acceleration. Solutions to Einstein's field equations, derived using a law governing
the Hubble parameter's variation that results in a constant deceleration parameter, have been extensively investigated.
However, other researchers have proposed forms of the Hubble parameter as a function of the scale factor. Observations
of Type Ia supernovae and anisotropies in the cosmic microwave background have indicated a transition from a
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decelerating expansion in the past to the current accelerated expansion. Consequently, for a Universe exhibiting this
transition, the deceleration parameter must undergo a sign change, which is a key reason for considering a time-varying
deceleration parameter. Hence, in the present study, we consider the deceleration parameter to be a suitable linear
function of Hubble’s parameter as

q=—-1+pH, (21)
which yields a scale factor of the form a = Exp [(@)], where £ and k are the constants. From the above equations
the Hubble’s parameter H is observed as H = ﬁ

5. PHYSICAL PARAMETERS

Here in this section, we find some other parameter of dark fluid/energy in interacting two fluid models such as:
The Torsion scalar of the model is observed as

T = 6H2. (22)

The Figure 1, illustrates the behavior of the Torsion scalar in f(T) gravity with § = 0.5, showing an decreasing
trend over time towards a constant value.
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Figure 1. The behavior of Torsion scalar (T) versus time (t)

This suggests an evolution from a torsion-dominated early Universe to a later phase where torsion's influence
diminishes, potentially leading to a de Sitter-like expansion. The asymptotic behavior indicates that the Torsion scalar
may settle into a constant, possibly related to the late-time acceleration of the Universe, offering an alternative
cosmological scenario to standard General Relativity.

The function of torsion scalar is observed as

f(T) = (6H*)™ (23)
p=05 |
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s i
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Figure 2. The behavior of function of torsion scalar (f(T)) versus time (t)

Figure 2 shows the evolution of the function f(T), which modifies the teleparallel equivalent of general relativity.
Unlike standard teleparallel gravity, which uses the linear form f(T) = T™, modified gravity theories consider
nonlinear functions to explain cosmic acceleration without a cosmological constant. From the plot, f(T) shows a
decreasing trend over time, echoing the behaviour of T. This indicates that the deviation from standard teleparallel
gravity is most pronounced in the early Universe. As time progresses, f(T) tends to a less dominant or nearly linear
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regime, suggesting that the Universe approaches a state similar to standard GR or TEGR (teleparallel equivalent of
general relativity). This behaviour has significant implications. It supports the notion that modified gravity effects are
necessary to explain early cosmic acceleration or inflation but may not be required or may even diminish in the late

Universe. The evolution of f(T) thus mirrors the transition from an early Universe dominated by torsion-induced
acceleration to a dark energy-dominated cosmos at late times.
The scalar field ¢ is obtained as

¢ = poa3, 24)
where ¢ be the constant of integration.

The Figure 3, depicts the behavior of a zero-mass scalar field in f(T) gravity with § = 0.5, showing a rapid
decay from a significant initial value towards zero as time progresses. This indicates a transient influence of the scalar
field, prominent in the early Universe but becoming negligible in the late-time evolution. The field's diminishing effect
suggests it plays a crucial role in the initial cosmological dynamics, potentially representing additional degrees of

freedom or dynamical fields that quickly lose relevance as the Universe expands, ultimately leaving the late-time
evolution dominated by other factors within the f(T) framework.
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Figure 3. The behavior of scalar function (¢) versus time (t)

We obtain an energy density of barotropic fluid for interacting case as

Pm = po(@)3HWm=h), (25)
where p, be the constant of integration.

Matter density (p,,) represents the contribution of ordinary and dark matter to the total energy content of the
Universe. As expected from the standard cosmological principle and shown in Figure 4, p,,, decreases over time.
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Figure 4. The behavior of matter density (p,,) versus time (t)

This decrease is due to the expansion of the Universe: as the volume increases, the matter density dilutes as (p,,
varies with a™3), where a is the scale factor. This trend is consistent with observations and reflects the diminishing
dominance of matter as the Universe evolves from a matter-dominated era to a dark energy-dominated era. In a two-
fluid scenario, this behavior is contrasted with that of the dark fluid. The declining p,,, supports the transition required
for cosmic acceleration, wherein the dark fluid's energy density must evolve differently either remaining constant (as

with a cosmological constant) or decaying more slowly. This contrast underpins the need for modified gravity or dark
energy components in cosmological models.
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The Energy density is observed as,

_18H246™(H?)" (142n) +4(4T Py +2)
- 641

(26)

The dark fluid energy density pp, shown in Figure 5, is crucial in explaining late-time acceleration. Unlike p,,,, pp
exhibits a nearly constant or slowly varying behavior over time, which is a hallmark of dark energy.
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Figure 5. The behavior of energy density (pp) versus time (t)

This behavior mimics that of a cosmological constant, which has a constant energy density and negative pressure,
driving accelerated expansion. In modified gravity models like f(T), the dark fluid can arise from geometric corrections
rather than invoking a separate energy component. Thus, pj, relative constancy suggests that the model effectively
produces an acceleration-driving component that matches observations, such as those from supernovae, the CMB, and
large-scale structure surveys.

Such a dark fluid may correspond to an effective field emerging from the scalar sector or from the torsional
modifications. Its energy density becomes increasingly dominant as p,, fades, leading to the observed late-time
acceleration.

Isotropic pressure,

_ 30H*+6™(H2)" (2H(—1+2n)n) +H2(3+2n))+12H2 (H—167pm—2¢?)
Pp =~ 192H%7 '

@7n

The isotropic pressure pp of the dark fluid plays a vital role in dictating the dynamics of cosmic acceleration in
modified gravity models like f(T) gravity. As observed in Figure 6, p, exhibits an interesting behavior: it starts off as
negative and then gradually transitions into positive values as the Universe evolves. This transition holds significant
physical implications.
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Figure 6. The behavior of isotropic pressure (p) versus time (t)

Initially, the negative and then positive pressure corresponds to initially dark energy and then a phase dominated
by ordinary (baryonic) matter, where gravitational attraction governs the dynamics. During this epoch, the Universe
experiences decelerated expansion, which aligns with our understanding of the matter-dominated era following
radiation domination. As the Universe expands further, the torsional corrections and the influence of the scalar field
become more prominent. This is reflected in the transition of p, from negative to positive values. The emergence of
negative pressure marks a critical shift; this is the regime where dark fluid effects take over, generating a repulsive
gravitational component that drives accelerated expansion. Negative pressure is essential for this behavior, as it counters
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the gravitational pull of matter, a phenomenon supported by Type Ia supernovae observations and large-scale structure
data initially.

In the framework of f(T) gravity, the isotropic nature of this pressure is also consistent with the Cosmological
Principle, ensuring uniformity in all directions of space, a foundational requirement for the FLRW metric. Overall, the
behavior of pj, depicted in Figure 6 effectively demonstrates the Universe's transition from a dark energy-dominated
phase to a matter-dominated phase, underlining the success of the f(T) model in capturing both acceleration and
deceleration within a unified framework.

EoS Parameter,

(30H*+6™H2™(2HN(—1+2n)+H?(3+2n))+12H2 (H—-16mTpm—p?))
3H2(18H2+6MH2"(1+2n)+64Tpy +4$2)

wp = (28)

The equation of state (EoS) parameter is a fundamental cosmological quantity defined by the ratio of pressure to
energy density of a fluid component in the Universe. This parameter critically determines the dynamical behavior of the
Universe, including whether it is accelerating, decelerating, or undergoing exotic evolution.
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Figure 7. The behavior of equation of state parameter (w) versus time (t)

In Figure 7, w exhibits a clear evolution with time, indicating a transition in the nature of the dominant cosmic
component. Initially, w starts in the negative regime, suggesting a dark energy like behaviour. Over time, it drops and
present into the negative region, reflecting a shift towards dark energy dominance. Such behavior is highly relevant and
consistent with modern cosmological observations. As, the range of w is:

w = 0 — Dust-like matter (pressureless). This regime corresponds to non-relativistic matter such as baryons and
cold dark matter, where pressure is negligible. It signifies the matter-dominated era of the Universe.

w = 1/3 — Radiation. This applies to ultra-relativistic particles (photons, neutrinos). It dominates the early
Universe before matter becomes significant.

w > —1/3 — No accelerated expansion. The deceleration parameter g is positive in this regime, meaning
gravitational attraction dominates and expansion slows down.

—1 < w < —1/3 — Quintessence-like behavior. This is the sweet spot for dark energy driving accelerated
expansion. It arises from scalar field models with canonical kinetic terms. The Universe transitions to accelerated
expansion in this range.

w = —1 — Cosmological Constant (A). This case corresponds to a constant vacuum energy density with negative
pressure, the simplest form of dark energy in the ACDM model. It leads to a de Sitter-like exponential expansion.

w < —1 — Phantom Energy. This regime predicts super-acceleration, where the expansion rate increases
without bound. Such behavior can lead to a future cosmic singularity known as the "Big Rip", where all bound
structures are torn apart.

w > 1 — Stiff fluid, less common but possible in early Universe models.

In your model, as seen in Figure 7, w starts near zero and gradually becomes negative. This evolution shows the
model effectively mimics the cosmological sequence from matter domination to dark energy domination.

o The early phase, where w is close to zero or slightly positive, supports a matter-dominated decelerating
expansion, essential for structure formation (galaxies, clusters, etc.).

e The later evolution, where w drops below —1/3, indicates the onset of accelerated expansion.

e If w continues to evolve past —1, entering the phantom regime, the model can describe exotic cosmic fates,
such as the Big Rip scenario.

Such dynamical behavior is advantageous over constant —w models like ACDM, which assume a static w = —1.
Dynamical dark energy allows for better fits to datasets and can explain tensions like the Hubble tension.
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6. CONCLUSION

In this study, we explored a two-fluid cosmological model within the framework of f(T) gravity, considering a
massless scalar field and the flat FLRW metric. We analyzed an interacting between barotropic and dark fluids, aiming
to understand the dynamic evolution of the Universe and its current acceleration. The model assumes a time-varying
deceleration parameter, which leads to a scale factor consistent with observational data showing a transition from
decelerated to accelerated expansion. Our solution confirms that the torsion scalar 7 starts with a large negative value
and gradually approaches a constant value over time, implying a transition from a torsion-dominated early Universe to a
more stable late-time phase resembling de Sitter expansion.

The scalar field ¢ demonstrates a rapid decay with time, indicating its significant role in early Universe dynamics
but a negligible contribution at late times. This aligns well with the concept that scalar fields may drive early
inflationary or transitional epochs before dark energy effects dominate.

The behavior of the function f(T) indicates significant deviations from standard teleparallel gravity in the early
Universe, with these deviations diminishing over time. This evolution is crucial in explaining early acceleration and
smoothly transitioning into a standard-like regime consistent with late-time observations.

From the matter sector, the barotropic fluid’s energy density consistently decreases with time, in line with cosmic
expansion, and the energy density of the dark fluid remains nearly constant. This nearly constant behavior of energy
density of the dark fluid effectively plays the role of a dark energy component driving the accelerated expansion of the
Universe.

The isotropic pressure of the dark fluid exhibits a critical transition: it starts negative as dark energy dominates and
turns positively in the matter-dominated phase, mirroring the dynamics required for cosmic acceleration. This pressure
evolution provides clear evidence of a shift from gravitational attraction to repulsion as expansion accelerates.

A particularly notable result is the dynamic evolution of the equation of state parameter w. Initially near zero,
indicating dark energy-like behaviour, w progressively drops into negative values. This transition supports the idea that
the Universe has governed by dark energy-like behavior. Should w evolve further into the phantom region (w < —1), it
could even allow the model to describe exotic scenarios such as the “Big Rip”.

Overall, this model successfully captures the essential features of cosmic history from matter domination and
structure formation to present-day accelerated expansion within the unified framework of f(T) gravity and scalar field
dynamics. It confirms the viability of modified torsional gravity as a compelling alternative to the ACDM model,
capable of addressing cosmic acceleration without resorting to a cosmological constant or exotic matter fields.
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MOJIEJIb FLRW, IIOB'SI3AHA 3 BE3MACOBHUM CKAJISPHUM IOJIEM B I'PABITALILL A7) - CHEHAPII
JABOX PIIVUH
Binac B. Payr?, Canjkaii A. CanabgeP
“Kagheopa mamemamuxu, Myrnecaoxci Maxapaoxc Maxasiovsnas, [apsa, okpye Asamman — 445 202, Maxapawmpa, In0is
bKageopa mamemamuxu, Jocioncamama Maxasiovanas, Bynoana — 443 001, Maxapawmpa, Inois

V wiit poboTi MU ZOCTIKYEMO KOCMOJIOTIUHY MOJIEb B paMKax Moau(ikoBaHOI TesienapaliesbHoOl rpaBitaii, BiToMol K rpaBiTarlis
AT, posriasaaioun npoctopoBo miockuit Beecsit ®@pinmana-Jlemerpa-Podeprcona-Bokepa (FLRW), 3anoBHeHuit [BOMA piAnHAMH -
0apOTPOIHOID MAaTEPI€r0 Ta TEMHOIO PiAMHOIO - MOPSX 3 0e3MAacOBUM CKAJSIPHUM TOJNEM. MU BHBYa€MO B3a€MOIIIOUUIA BHITAIOK
piAMH, OTPHMYIOYH TOYHI PO3B'SI3KM PIBHAHD TOJIS 32 CLEHAPIEM MapaMeTpa YMOBUIbHEHHs, IO 3aleXHTh Big yacy. Mopenb
JEMOHCTPY€E JKMTTE3JATHY KOCMOJIOTIYHY MOCITIZOBHICTh: pPaHHE YIIOBUIBHEHHS DPO3LIMPEHHS, 3a SIKMM CIiy€ HPHCKOPEHHS
HanpukiHni vacy. Topciiiauit ckamsap T, #oro ¢yukmis f(T) Ta ckamsipHe nose ¢ AUHAMIYHO €BONIOIIOHYIOTH, HEPEXOASYU BiJ
JOMIHaHTHHX poJeil y paHHboMy BcecBiTi 10 3MeHIIeHUX eeKTiB HanpuKiHIi yacy. ['ycTuHa eHepril TeMHOI piUHU 3aJIUIIAETHCS
Maiike MOCTIHHOI0, MiATPUMYIOUH NPHCKOPCHE PO3IIMPEHHSI, T/l SK TYCTHHA Marepii 3MEHIIYETHCS 3 KOCMiYHIM yacoM. [Tapamerp
edekruBHOro piBHsiHHs ctany (EoS) eBoirouioHye Bia MOBemiHKH, MOAIOHOT 10 MaTepii, 10 BiA'€éMHHX 3HAuUCHb, UIO CBIAYHUTH PO
NPUPOAHHI Mepexin Bif JoMiHyBaHHs Matepii 10 ¢asu, e AJoMiHye TeMHa eHepris. Lli pe3ynbTaTi MiATBEpIKYIOTh, IO TPaBiTALlis
AT) y moenHaHHi 31 CKaIAPHUM IIOJIEM MOXKE MOSICHUTH KOCMiYHE MPUCKOPEHHS Ta 3alpOIOHYBAaTH aJbTEPHATHBY CTaHIAPTHIN
mozeni ACDM 6e3 BUKOPHCTaHHS €K30THYHUX KOMIIOHEHTIB €HEprii.
Kurouosi cnoBa: 0si piounu; epasimayis f(T); napamemp Ainitino20 ynoginbHeHHs; KOCMON02is
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This study examines the dynamism of holographic dark energy (HDE) in the background of f{R) gravity through a hypersurface-
homogeneous space-time setting. Looking at how HDE affects the advancement of the Universe, we used a simplified hybrid expansion
law (HEL) to derive a precise solution to the associated field equations. The study begins with the analysis of certain kinematical and
physical characteristics related to the model. We applied constraints to the outlined hybrid model using observational Hubble data
(OHD), which consists of 32-point data sets, in order to evaluate the model's physical certainty and feasibility. In connection with the
values of parameter K that show up in our metric, three dynamically potential cosmological scenarios are outlined. Additionally, we
examined various energy conditions (ECs) and discerned distinctive cosmic phases through the inspection of statefinder diagnostics
and jerk parameter. The squared speed of sound parameter (v) is used to ensure the model's stability. The study corroborates the
Universe's cosmic acceleration, as our findings conform to prevailing observational data, offering viable projections for future research
in substantiating HDE.

Keywords: Holographic dark energy; f{R) gravity;, Homogeneous-Hypersurface space-time; Hybrid expansion law
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1. INTRODUCTION

Contemporary cosmological observational data reflect the accelerating expansion of the cosmos explicated using
type la supernovae by Riess[1,2] and Perlmutter [3], cosmic microwave background radiation (CMBR) by
Komatsu et al. [4], weak lensing (WL), large-scale structure (LSS), and baryon acoustic oscillations (BAO) investigated
by Tegmark [5] and Seljak [6]. The dark energy (DE) might explain the justification for the Universe's accelerating
expansion, as it counteracts matter's natural attraction and speeds up the Universe's expansion, as outlined in [7].
Furthermore, it is estimated that this bewildering substance makes up 68.3% of the Universe, with an additional 26.8%
being dark matter (DM). The equation of state (EoS), p, =@, p,., With @,, representing the cosmic time function known

as the EoS parameter, determines DE having negative pressure along with a positive energy density [8]. Addressing the
DE problem involves considering various candidates, namely, the cosmological constant [9], the X-matter [10,11] and
quintessence [12,13]. The cosmological constant (A) has been proposed by cosmologists as a prominent candidate

appropriate to DE gleaned from the several observational findings [14]. However, it encounters setbacks associated with
cosmic coincidence along with fine-tuning challenges. The DE issue associated with theoretical physics remains
challenging to resolve, irrespective of the substantial evidence available. A precise appraisal of the Universe's expansion
rate proves vital for gaining details on the progression of this rate over eternity. The holographic dark energy (HDE) has
emerged as a preferable candidate for explaining DE, which is appropriate to the holographic principle initially outlined
by Hooft [15] from the perspective of black hole physics. In conformity with Susskind [16] and Bousso [17], the
holographic principle proclaims that the system’s entropy is contingent upon its surface area away from its volume. In
further detail, Fischer and Susskind [18], in conjunction with Cohen et al. [19], presented a pioneering cosmological
integration based on the holographic principle, thereby broadening its relevance far beyond the boundaries of black hole
physics. Inquiry procedures in [20] reveal a holographic approach for connecting the early Universe with the Universe's
late-time acceleration era, whilst extensive research in [21-24] effectively clarifies the substantial link among these HDE
models and recent observational evidence.

Einstein's General Relativity (GR) is an insightful theory for interpreting gravitational circumstances; however, it
fails to adequately describe DE and DM, prompting researchers to focus on its modification, which leads to various
alternative theories. Modified Gravity (MG) is one such approach, focusing on deviating the space-time geometry within
Einstein's equations. Several kinds of MG theories, starting with f(R) gravity, f(T) gravity, f(G) gravity, and f(Q)

gravity, are being put forward in this setting. Researchers are increasingly exploring MG as a means to elucidate the
Universe's cosmic acceleration and essence of DE. Buchdahl [25] commenced f(R) gravity seeking to clarify the
Universe’s rapid expansion in addition to the progression of its formations. Starobinsky [26] presented isotropic
cosmological models within f(R) gravity that lacked singularities. Capozziello et al. [27] explored exact solutions for
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cosmological models, while Nojiri and Odintsov [28] proposed a unified model aiming to reconcile early-time expansion
combined with late-time acceleration in f(R) gravity. Katore and Gore [29] delved into Bianchi type-I models,

examining the interplay of HDE in the view of f(R) gravity. For an in-depth probe across multiple intriguing f(R)
models, see ref. [30-32]. For cosmologically valuable models, f(R) gravity is considered immensely appropriate out of
the several MG theories. Its action is expressed as

S=[J-g(f(R)+L,)d"x, (1)

wherein f(R) is the generalized function involving the Ricci scalar R , while L is the usual matter Lagrangian.

Variating the action appertaining to metric g, comprises the relevant field equations

F(R)R,, —% f(Rg,, -V, V,F(R) +g, V'V ,F(R)=—~(T,, +Tw), )

Here F(R)= , V, represents covariant differentiation, 7,, reflects the standard matter energy-momentum tensor

u

daf (R)
R

deriving out of Lagrangian L  whereas T signifies the energy-momentum tensor associated with HDE.

The present work focuses on the inspection of hypersurface-homogeneous space-time concerning HDE in the setting
of f(R) gravity, taking into view a hybrid expansion law (HEL). We organize this article as follows. Sec. 2 addresses

cosmology within the walls of hypersurface-homogeneous space—time, integrating pressureless dark matter along with
the HDE framework. Sec. 3 describes the derivation of the quadrature solutions aimed at hybrid expansion in
consideration of the field equations. Sec. 4 focuses on physical and kinematical properties of our model, while sec. 5
addresses the observational constraints based on Hubble data and sec. 6 explores the cosmic diagnostics. Sec. 7 comprises
the ECs, whereas sec. 8 contains the statefinder diagnostics, jerk parameter, and stability analysis of the discussed model.
Finally, sec. 9 presents the discussion and conclusions.

2. COSMOLOGY WITH HYPERSURFACE-HOMOGENEOUS SPACE-TIME

Some cosmological models exhibit a simple transitive homogeneity group in three dimensions, making them
anisotropic, homogeneous, and particularly relevant for the purpose of explaining the isotropization and the early
evolution of the cosmos, known as Bianchi type models. These models, characterized by their simplicity and effectiveness,
are commonly employed in explaining the cosmic evolution. Specifically, owing to their homogeneity and anisotropy,
these models are exploited to elucidate the Universe's evolution during the past phase along with its isotropic
transformation. Some models fall under the category of multiply transitive, such as Kantowski—Sachs models, which lack
a simple transitive subgroup. Moreover, to fully address the interaction of HDE integrated with MG, it is essential to
transcend the premise of perfect isotropy. The term hypersurface model is used for a model exhibiting both multiple
transitive groups as well as simple ones, combining characteristics of cosmological models that are static, spherically
symmetric as well as spatially homogenous. For this reason, several authors have shown considerable interest in the
inspection of hypersurface-homogeneous models, which is expressed as

s> :—dt2+A2(t)dx2+82(t)[dy2+ZQ(J’9K)d22]ﬂ 3)

where 4 and B serve as the scale factors that are functions solely of ¢, and Z( v, K ) =siny,y,sinhy for K=1,0,-1,

respectively.

Stewart and Ellis [33] have determined considerable assistance to Einstein's field equations within the scenario when
these hypersurface-homogeneous cosmological models have a perfect fluid distribution that satisfies a barotropic equation
of state, whereas Singh and Beesham [34] have examined it in the existence of an adaptive anisotropic EoS parameter.
Katore et al. [35] looked into hypersurface-homogeneous space-time that includes the anisotropic DE model within the
boundaries of the Brans-Dicke gravity, whereas Verma et al. [36] and Katore and Shaikh [37], have observed this space-
time in the setting of the Saez-Ballester gravity. Shekh and Ghaderi [38] examined this space-time, integrating an
interfering HDE model by applying Hubble's and then Granda-Oliveros [39] infrared (IR) cut-off, whereas Vinutha et
al. [40] observed it with the Renyi HDE by taking the Hubble horizon as a possible IR cut-off.

The scalar curvature derived from metric (3) results in

R=2|—4+2—+2—+—+—|, 4
A AB

where -’ signifies differentiation with respect to cosmic time ¢.
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The energy momentum tensors for HDE and pressureless matter are expressed as
pmuy V’ T/“’_(pde""de)u +g/1vpde7 (5)

where p, is the energy density of matter, p, and p, are pressure and energy density of the HDE respectively, u, are
component of the four-velocity vector of fluid adhering to g, u“u” =-1.

Using definition of EoS parameter (@,,) , the energy momentum tensors (5) is articulated in the form
T;ll/ = dlag [0’ 0’ 0’ _1] Iom > T/w = dlag [a)de > a)de s wde ? _1] Iode : (6)
Furthermore, parametric modelling turns it to
T, = diag[0,0,0,-1] p,; T = diag|a,, + 7, @,,, @, ,~1]p,,, (7

with the skewness parameter } representing the variation from the EoS parameter (@,,) on x-axis.
Using equations (2) and (7), the associated field equations are described as

FBHB}—J‘(R) (—+2B]F Pou + Pacs ®
A _AB| 1 B . .
F| 42— |-= f(R)-2=F-F=—(w, + , 9
B AB B* K A B
d Fl =4+ = |—— Ty |F-F= . 10
an |:B AB BZ Bz:| f( ) ( Bj a)depde ( )

The HDE density is taken into consideration in the form
p.. =3(aH’ + BH), (11)

with H representing the Hubble parameter whereas « and [ are constants.

Granda and Oliveros [39] presented this condition, which must meet the constraints given by the recent observational
data. The aberration in isotropic expansion is measured by the anisotropy parameter (A), and it plays a critical role in

determining whether or not the models are appropriate for addressing isotropy. Once the directional and mean Hubble
parameters of the expansion have been established, we can be parameterized the anisotropy of the expansion. The
directional Hubble parameters, determining expansion rates along x,y and z axes, are respectively defined as

X z

A B
H==,H=—=H_. 12
<=3 (12)

The mean Hubble parameter is specified by

7l A+2§ : (13)
3103 B

with ¥ = AB* describing the Universe’s volume.
Using equations (12) and (13), the anisotropy parameter develops into

2 (4 BY
KG [75] | 1

Using equations (9) and (10), we obtain

A B_ A 1 ((KF
=—+ Vdt, 15
A4 B FV FVH yp"fj (15)

where A is a real integration constant.
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Using equation (15), the anisotropy parameter (14) reduces to

2 [ A 1 ((KF ’
A:W[W'FF—VJ(?—WdeJVdI} . (16)

By opting for =0 in the above equation, it can be reduced to the model that characterized by a perfect fluid
distribution, making it isotropic i.e.

2
= 22|:i+£ F_Iz/dt:l . (17)
O9H* | FV FV ) B
The integral term in equation (16) disappears when
KF
Y= o (18)
de
Consequently, the energy-momentum tensor (7) becomes
T =diag{a)de+$,a)de,a)dg,—1}pde. 19)
B pde
The anisotropy parameter (16) further simplifies to
2,
“orr’ 0

We observed that the anisotropy parameter’s value provided by the equation (20) resembles those obtained by several
researchers pertaining to various cosmological models involving Bianchi-I [41,42], Bianchi-III [43], Bianchi-V [44,45],
Bianchi-VIy [46], and hypersurface-homogenous frameworks [34-37].

3. SOLUTION TO FIELD EQUATIONS VIA HYBRID EXPANSION
Using equations (15) and (18), we obtain

A dt

Z=cexp| A| —|, 21

B p( j FV) @D
where ¢, is integration constant.
Solving equation (21), the quadrature solutions for scale factors 4 and B found to be

dt dt
A=da exp[quﬁ} and B =d,aexp [%J 7 } (22)
4 22

1 1 2 A C s .
Here a =(ABZ) =V7 is average scale factor and d, =¢’, d,=¢, °, g, =—, ¢, =—§, satisfying the expressions

d,d; =1 along with ¢, +2¢, =0.

To solve the integrals in equation (22), we employ the power law relation connecting F with the average scale
factor a(f) as discussed by Johri and Desikan [47] in Brans-Dicke gravity. Moreover, this relation in f(R) gravity is
found to be F o< @', with i being an arbitrary integer according to Kotub Uddin et al. [48] and the relation used by Sharif
and Shamir [49,50], allowing us to consider i =—2,i.e. F = cza’z, with ¢, as a constant.

With this, the equation (22) simplifies to

A=da exp{q1 Jﬁ} and B=d,a exp{qzjﬂ}. (23)
a a

We now possess a collection making up three independent equations that involve seven unknowns
A,B,p, . P.-W,,7 and f(R). To comprehensively address the system, it is necessary to incorporate further conditions,
which can be established through suppositions associated with particular physical contexts or arbitrary mathematical

presumptions. However, these methods are not without their constraints. Although mathematical preconceptions can
create scenarios with no practical implications, physical events can sometimes emerge from complex differential
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equations that are challenging to integrate. Accordingly, drawing inspiration from the work of Akarsu et al. [51], we
consider a simplified HEL described by

V=ce"t", (24)

where ¢;,n and m are positive constants.

From HEL model (24), it is clear that, we get exponential expansion for m =0 whereas power law expansion for
n =0.This model exhibit accelerated volumetric expansion for n>1 and m >1. Consequently, the average scale factor
is expressed as

a=ke"t", (25)
where &, = c3% .
With egs. (23) and (25), the metric potentials are determined to be

A=dke"t" exp| - j % and B = dyke" " exp q—ZJ ar_| (26)
o,k J e"t" e,k J e"t"

Then the metric (3) becomes

ds® =—di* +d k2™ 1" exp(ﬁj dt jdxz +d2ke exp[ 24, f dt J[dyz +3(nK)d? ] @)

nt  m nt  m
)k, )k,

From equation (26), it is noted that the metric potentials vanishes at starting epoch i.e. at £ =0 whereas becomes
infinite as ¢ — oo indicating a big-bang type of initial singularity for the derived model.

4. PHYSICAL AND KINEMATICAL PROPERTIES
Using equations (12), (13) and (26), we obtained the directional Hubble parameters as

m _nt ,—m m —nt ;—m
H¥=n+—+ie 't ;Hy=n+—+£e " =H_. (28)
’ t o,k t ok

The mean Hubble parameter is determined to be

H=n +%. (29)
The deceleration parameter is described by
g=1-t M (30)
H (m+nt)

. 2
The scalar expansion @ and the shear scalar o~ are expressed as

e=3H=3(n+?j, 31

) 5\ 2 2
and o’ :l é +2 E _192 _| % _+'22§]2 o2 ym (32)
21\ 4 B 3 2¢5k;

For sufficiently large time, the expansion scalar 8 shows the constant nature indicating the uniform expansion,

whereas the shear scalar & vanishes; hence, there is no change in the shape of the cosmos during the evolution.
2
o T . . . L . .
Moreover, we observed that ra — 0 as t — o indicating the Universe's isotropic expansion in later eras, it is consistent

with the analysis done by Sharif and Kausar [52].
The mean anisotropic parameter (20) turns out to be

2672nlt272m /12

A= L 2
9c3k* (m+nt)

(33)
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Using equations (11) and (29), the HDE parameter is found to be
3 2
Du =t—2[(m+nt) a—mﬂ]. (34)
Subsequently, the skewness parameter (18) turns out to be

—4nt 2(1-2m)
ye Ke, e t2 exp[— 2q2j ”c’z’tm} (35)
3d22k14((m+nt) a—mﬂ) ek J et

From equation (4), the Ricci scalar is obtained as

2Ke™ 7 [, 2g J dt 6
R="————| Kclexp| ——2 +3¢2d? |+ —(2m* + m(4nt —1)+2n%¢*). 36
C; k]2 d22 [ 2 p Czk] nttm qz 2 Z‘2 ( ( ) ) ( )

The scalar function f(R) is obtained via the Starobinsky model [53] expressed as f(R) = R+bR', with [ =2. This

model can be considered as a simple inflationary model, where b is an arbitrary constant representing the energy scale as
discussed in [54]. A crucial aspect of considering this Starobinsky model is the existence of curvature-squared
components that result in an effective cosmological constant that drives the inflationary era, resolving cosmological
problems with observational evidence [55,56].

From equation (10), the matter energy density emerges as

3q26_2mt_2(m+1) _2q ”tftm 2 874;zzt41(1+m)
P =2 i+ 24bm? —4bt| Ke <" —6n* | +12bm(4nt—1)—18bt'qt
¢k, ok
Ke_zmt—z(mﬂ) R 20 ,CZL]: e,,(,i:m 2.4 e—4ntt— (1+m) 7%jﬁ
e (t +12b(m(2m —1)+ 4mnt + 2n’t ))e —2bK>t We (37

30,k 22 (3m® — (14 6nt) + 30> )~ 18bt~*m? (2m+ 2nt(ntm™ +2) ~1)

—ant (Am+1)
+%(C; +q; +2q§)—3t’2 (0{+2)(m2 —m(l+ﬂ—2nt)+n2t2).
G

Using equation (9), the expression for EoS parameter is

—Zntt—Zm

e
27,2
2k

_2q, dt
[ +12b(m(2m 1)+ 4mnt + 201 )J(Ke ik + 3q§d§czzJ

3¢t [m (2m—1)+4mnt +2n*t* ] [tz +6b(m(2m—1)+4mnt +2n°t’ )J
w,, = X ~nt (=22m-1) |: _2q, (_dt 2Kb _A4qy (_dt :| - (3%

¢ 2 e vl o k)
3|:(m+nt) (Z—mﬂ] +K 53 (lzbqj _C;)e ok J "t + —— e ek J "'t
cydy k, ¢, d;

—2nt ,—2m N
o2y 18bq, g y2em=D

-3

2 2.2
m- —m+2mnt+nt )+
'k ( ) sk

The expression for the pressure is obtained using p, =@, p,,, and it turns out to be

674 ntt74m _2a, (_dt _Aay (_di
Pu =— i {(12[)(]5 - ) Ke )" 42K bele MY < }— 3¢,k 2e ) (m2 —m+2mnt+n’t’ )
262 1
—2nt ,~2(1+m) _2qy (_dt 4
! ) 18b
+& L — [(K+3q§)(r2 +12b(2m’ —m+4mnt+2n2t2))e ek ot 1——4 4q24 ety (39)
dyk djc
27 272™M

+3¢™ (Zm2 —m+4mnt +2n°t? )(t2 + 6b(2m2 —m+4mnt +2n°t? ))
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along with HDE density parameter Q,, = 3/;_1“ the overall

72

Using the matter energy density parameter = 3 =

density parameter Q=0 _+€, is found to be

2 _2nt ,—2m

gt

2.2
ek

24y dt —th—Zm

Ko k| €

1 A2k
2™

[tz +12b(m(2m 1) +4mnt +2n’t’ ) +(m —3m’ —6mnt —3n’t’ )cj]

2
(t2 +12b (m (2m—1)+4mnt +2n°r* )) + 122b2q24 ety }
cydyky
—ant ,~2(2m—1) ~dnt -22m-1) Ao dt
G (&3 (47 +243)—18bg3 |- 26K < ! ok e

14 1.4
ek dyk;

=3¢ [m(2m=1)+4mnt +20°¢ || +6b(m(2m—1)+ 4mnt + 201" |

(40)

Now, to visualize various components of our model in relation to redshift z , we employ the established relation

a(t)= 1 & with a, =1 to derive the expression for cosmic time concerning redshift as follows
+z

1(z) = (%]W(%[kl (1+z)]nlzj, (1)

where W(x) is the Lambert W function [57].
Consequently, the Hubble parameter (29) in relation to redshift (z) is articulated in the form

H(z)= n{l+{W(%[l€l (1+z)]‘»lvﬂl} (42)

5. OBSERVATIONAL CONSTRAINTS
We use Hubble datasets to apply constraints to our model's parameters, improving predictions and refining estimates
for a more robust understanding of cosmological parameters. The Hubble constant has been computed by a number of
studies [58—65] at various redshifts employing the differential age technique together with the galaxy clustering method.

Table 1. lists the 32 H (z) measurements, together with their associated errors o(z), within the redshift bounds of
0.07<z<1.965.

Table 1. Hubble parameter H(z) along with their associated errors o(z) over redshift (2).

z H(z)* o(z;) References z H(z)* o(z,) References
0.07 69.0 19.6 [58] 0.4783 80.9 9.0 [61]
0.09 69.0 12.0 [59] 0.48 97.0 62.0 [63]
0.12 68.6 26.2 [58] 0.593 104.0 13.0 [60]
0.17 83.0 8.0 [59] 0.68 92.0 8.0 [60]

0.179 75.0 4.0 [60] 0.75 98.8 33.6 [64]
0.199 75.0 5.0 [60] 0.781 105.0 12.0 [60]
0.2 72.9 29.6 [58] 0.875 125.0 17.0 [60]
0.27 77.0 14.0 [59] 0.88 90.0 40.0 [63]
0.28 88.8 36.6 [58] 0.9 117.0 23.0 [59]
0.352 83.0 14.0 [60] 1.037 154.0 20.0 [60]
0.3802 83.0 13.5 [61] 1.3 168.0 17.0 [59]
0.4 95.0 17.0 [59] 1.363 160.0 33.6 [65]
0.4004 77.0 10.2 [61] 1.43 177.0 18.0 [59]
0.4247 87.1 11.2 [61] 1.53 140.0 14.0 [59]
0.4497 92.8 12.9 [61] 1.75 202.0 40.0 [59]
0.47 89.0 50.0 [62] 1.965 186.5 50.4 [65]

3 fm s Mpc™!
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Using the eq. (42), we have determined the theoretical values of H (z) in accordance with our hybrid model and
applied it to constrain the model’s parameters n,m and k, . To find mean values of these parameters, the corresponding

chi-square function is

= (Hfh(Zi;nsmrkl)_Hob(Zf))z (43)

Ve (n,m,k)=z ,

i=1 o’ (z,)

with H,(z,) and H ,(z,) specify the H(z) ’s theoretical and observed values respectively while o(z;)'s stands for

th

corresponding errors in /1, (z,) .

Table 2. A description of best fit values derived via the minimized y -test.

Dataset Parameters Hybrid model

n n=145%+0.34

m m=1.15+0.01

H(z) 3 k =100£0.68
Ziin Zj\in = 0691

Table 2. displays the best fit values of the model’s parameters n,m and k, estimated via the minimized y~ -test.
The observed Hubble data with error bars and theoretical values of Hubble parameter H according to our model is
depicted in Fig. 1 which shows that the Hubble parameter /' emerges as an increasing function of redshift. There is close
agreement between the observed and theoretical values in the redshift range 0 <z <1, which validates our model in the
recent past, elaborating the late matter-dominated era transitioning to DE domination, while struggling to show close
agreement in the range 1<z <2 in the early epoch. These deviations possibly occurred at higher redshifts (z >1), as

HDE models are designed to address late-time acceleration and might not be applicable when extrapolated backwards to
higher redshifts.

250 A

= Our model
¢  Observed /(z) data

200 A

150 4

H(z) [kms *Mpc

100 A

000 025 050 075 100 125 150 175  2.00
redshift (2)

Figure 1. The inspection of Hubble Parameter H against redshift (z).

6. COSMOLOGICAL DIAGNOSTICS
The study of cosmological diagnostics is crucial for understanding how the Universe has evolved. We constructed

visual illustrations of the various cosmological components, showing how they vary with redshift (z) by making use of
relation (42), thereby facilitating more precise predictions and a deeper insight into cosmic dynamics. We specified a trio
of situations based on K =-1,0,1 by appropriately selecting values for the various associated constants, taking reference
from recent studies. We take b =—0.1 [66] as the negative value of b is essential for the Starobinsky model to be viable
as a model of inflation, & =10, =1, [67] and ¢, =1 while taking n=1.45, m=1.15 and k, =100 based on estimated
best-fit values as specified in Table 2. The variation of the skewness parameter and the anisotropic parameter against

redshift is depicted in Fig. 2. The skewness parameter for K =1 and anisotropic parameter both have positive values in
the past, whereas in the case of K = -1, the skewness parameter has a negative value and is zero for K = 0. Consequently,
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both these parameters vanish at z — —1 which indicates that there is a phase transformation of the Universe in our model
from anisotropy to isotropy, which leads to the attainment of the Universe's isotropization.

[ ] 0.10 B
0.10 Ko 1 1 [
K=0 |7 5 0.08 g
0.051 . H =
— K=1 ] %
5 2
& 1 8 0.06 B
S 000 4 &
g 1 =
] B 0.04 B
-0.05} ] é
1 < 0.02- g
—oa0f ]
L L 1 1 1 1 0-00 L L L 1 1 1
-1 0 1 2 3 4 -1 0 1 2 3 4
redshift (z) redshift (z)

Figure 2. The variation of the skewness parameter (left panel) and the anisotropic parameter (right panel) against redshift.
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- |Phase (g <0) Phase Transition at z; = 0.72 l 1
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— 70 =043 1

-1.0} B

deceleration parameter (q)

redshift (z)

Figure 3. The approach of the deceleration parameter (g) up against redshift (z).

The sign of g serves as an indicator of detecting the accelerating or decelerating nature of the cosmos. A positive
q signifies the conventional decelerating model, while a negative g indicates an accelerating Universe. Recent

cosmological observations from Ade et al. [68] demonstrate that the current value of the deceleration parameter abides
within the bounds of —1< ¢ <0 as confirmed from observational data, and hence the Universe is presently undergoing

acceleration, whereas it decelerated in the past. As depicted in Fig. 3, the deceleration parameter presently abides in this
range, indicating the Universe’s accelerated expansion, and its track reveals the progression in cosmic history,
transitioning from a stage of deceleration to an instance of acceleration, with this transition happening at a point z, = 0.62
that resembles with recent observational estimates of z, =0.60"7, from Lu et al. [69] and z, =0.597")7}} from
Myrzakulov et al. [70], while the present value of deceleration parameter being g, =—0.43 lies close to the widely
accepted value g, = 0.55 as per the recent observations [71,72].

Inspecting the EoS parameter for DE is an essential component in the field of observational cosmology. The
quintessence dark era occurs when @, >—1, whereas phantom-dominated Universe is observed if @, <-1 and the

ACDM model for @, =—1. Fig. 4 represents the cosmic progression of the EoS parameter in regard to redshift. Initially,

it begins in the phantom-dominated region, and at present, it gets slightly close to —1 indicating the ACDM model and
reaches the quintessence model in the future for all three situations. The data from SN Ia, as discussed in [73], indicates
arange of —1.67 < @, <-0.62, whereas considering SN Ia data combined with CMB anisotropy and galactic clumping

statistics, the constrained limit becomes —1.33< @, <-0.79 as investigated by Tegmark et al. [5]. The Planck
collaborations [74] provide the range -1.26<w, <-0.92 (Planck+WP+Union2.1) and -1.38<a@, <-0.89
(Planck+WP+BAO). At the present epoch, the EoS parameter’s value is found to be @, =-0.931,-1.004,-1.102 for
K =-1,0,1 respectively, which thereby corresponds closely to the recent observational estimates [75].
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Figure 4. Progression of EoS parameter (,,) against Figure 5. Plot of HDE density for various values of & and /3.

redshift

The plot of HDE density with the evolution of redshift concerning different values of & and f is depicted in Fig. 5,

which shows that the nature of the HDE density is positive and decreasing. It declines from a high starting value to a low
ending value. Consequently, energy density drops from the past to the future, or from high to low redshift. This indicates
that DE will unquestionably take control of the Universe in the future. The hypothesis that the density of matter declines
whereas space grows as the Universe expands is supported by this study. As depicted in Fig. 6, the pressure stays negative
throughout. This showcases more backing that the Universe expanding rapidly. The open, flat, and closed Universes are
represented by the overall density parameters with Q > 1, Q =1 and Q <1 respectively. Fig. 7 is a graphical presentation
of the overall density parameter, revealing its approach to a constant value close to 1 at late times, which suggests that the
Universe tends to become flat, aligning with observational findings in accordance with the derived model [76].
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Figure 6. Plot of pressure (p,,) versus redshift (z). Figure 7. Plot of overall density (€2) versus redshift (z).

7. ENERGY CONDITIONS
In f(R) gravity, the Energy Conditions (ECs) have a crucial aspect in exploring the cosmological progression. It
includes the null, weak, strong, and dominant ECs stated by
1. Null energy condition (NEC) < p,, +p,, = 0.
ii. Weak energy condition (WEC) < p,, +p,20; p, 20.
iil. Strong energy condition (SEC) < p,, +p,20; p,, +3p, 0.

iv. Dominant energy condition (DEC) < p,, —| Pa|2050, 0.

For f(R) gravity, J. Santos et al. [77] obtained the NEC and SEC by applying Raychaudhuri's equation, ensuring
gravity to be attractive, while the WEC and DEC were derived by comparing them with conditions derived straightway
from the proficient energy-momentum tensor. Moreover, S. Capozziello et al. [78] investigate how the energy conditions
can affect the cosmological evolution and the emergence of singularities in f(R) gravity. The NEC asserts that as the
Universe expands, its energy density will recede, and any breach of this premise could potentially lead to the Big Rip
possibility for the cosmos, whereas the accelerated pace of the Universe's expansion is attributed to SEC violation.

The graphical presentations of ECs versus redshift are depicted in Fig. 8 with WEC reflected in Fig. 5. These
graphical presentations of ECs specified that WEC, NEC, and DEC are considerably validated, whereas the violation of
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SEC culminates in the accelerating expansion of the Universe, which is in concurrence with the current scenario of the
cosmos [79,80].
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8. PHASE DIAGNOSTICS AND STABILITY ANALYSIS
The examination of statefinder and jerk parameters indicates variations across conventional expansion, thereby
improving perception of the implications of DE models, while the stability assessment ensures our model’s stability.

8.1 Statefinder Diagnostics
An investigation into the variability of the expansion of cosmos via higher-order derivatives of the expansion factor
is introduced by Sahni et al. [81] as a diagnostic perspective for DE using the pairing of parameters {r,s}, with 7

representing jerk parameter, whereas s specifying the substance of the DE. This so-called "statefinder" is outlined below.

a and r—1
r= S = .
al’ _1
3(a- 1)
Since the statefinder is dependent on the expansion factor & as well as the metric representing space-time, it can
be considered a "geometrical" diagnostic. It effectively distinguishes between different types of cosmological models
such as interacting DE models, brane models, quintessence, Chaplygin gas (CG), and cosmological constant as discussed
in [82,83]. In a case of (r,s)=(1,1), it signals cold dark matter (CDM), whereas (r,s)=(1,0) represents the ACDM

model. The DE regions can be specified as quintessence for » <1 and phantom for s > 0, while the trajectory for the CG

model belongs to the region »>1 with s<0. The statefinder settings for our HEL model are found to be
1 3m(m+nt)—2m 2 2nt

and s = -
(m+nt) * 3(m+nt) 3m’+2m(3nt—1)+3n’t

(44)

- with their association, described by

9ms’ (l-i-s)(m(l+s)3 —4s)

. 1/3 +2(m—2)s+§msz
4[2\/m2s9 (9S_2m(1+s)3) +ms’ (6s2 ~6ms (1+s) +m’ (Hs)ﬁ)} “5)

1/3
+%[2\/m2s9 (9s—2m(1+s)3)+ms3 (6s2 —6ms(1+s)3 +m? (1+s)6 )} Jr%ms3 +1.
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Fig. 9 illustrates the variation of r across s, suggesting that the state finder measurements will precisely correspond
along the lines of the ACDM model in the near future. The resulting alignment progresses seamlessly toward the ACDM
point while incorporating the CG and even Phantom DE portions.

8.2 Jerk Parameter
This parameter serves the purpose of recognizing models that conform to the ACDM model. A negative deceleration
parameter accompanied by a positive jerk value reflects transitions between acceleration and deceleration phases. The
jerk parameter of our model appears to be

m(3nt+3m—2)

. 1 a
Jjt)= =1 (46)
H’ a (m+nt)3
5_4 T T T =]
4 ]
= |
g 3 7]
E [
gt
& 2 ]
o L
g 1
1: -
ol ]
£l | 1 1 1 1
-1 0 1 2 3 4
redshift (z)

Figure 10. The plot of jerk parameter against redshift

For j=1, it is identified to be the ACDM model. Fig. 10 presents the variations of the jerk parameter against

redshift, which reflects a declining trend of the jerk parameter until it attains one as z — —1, thus sustaining the model's
conformity with the ACDM model based on the observational evidence [84].

8.3 Stability Analysis
To verify the stability of our model, we utilized the squared speed of sound parameter v*, defined by

vf =dp,/dp,, ,asproposed by Sadeghi et al. [85]. If the value of v’ is positive, this implies that the model is stable,
whereas it is unstable for a negative value of v’ . Using equations (34) and (39), the stability parameter v for our model

is obtained, and its graphical visualization over the redshift is presented in Fig. 11, which shows a positive nature for all
three situations thoroughly over the course of progression, indicating our model’s stability.
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Figure 11. The variation of plot of squared speed of sound (v?) against redshift.

9. CONCLUSIONS

This article is engrossed to delve into hypersurface-homogeneous metric from the perspective of f(R) gravity.

Having an account of two fluids viz pressureless matter together with HDE, the field equations are assimilated, and their
solutions are estimated by taking simplified HEL accompanied by the Starobinsky model [53]. By using OHD with 32-
point datasets, observational constraints are applied to examine the physical dependability and feasibility of the model.
We observed that Hubble parameter H emerges as increasing function of redshift z as illustrated in Fig. 1 which shows
that there is a close agreement between the observed and theoretical values of H in the redshift range 0<z <1,
elaborating the late matter-dominated era transitioning to dark energy domination, which eventually validates our model.
From the graphical presentations of various parameters pertaining to redshift involving three cases of K =0,1,—1, we

observed the following implications:

Both the skewness () and anisotropic parameter (A) tend to zero at z — —1 as reflected in Fig. 2, thereby
satisfying the isotropization of the Universe which is additionally supported by the fact that the ratio of expansion
scalar ¢ and shear scalar o~ tends to zero at later times.

The model effectively allows for the transition from decelerated to rapid expansion. The deceleration parameter
progresses from positive to negative, transitioning from a stage of deceleration to an instance of acceleration as
shown in Fig. 3, with the transition point z, = 0.62 resembling the observational estimates in [69,70].

Fig. 4 outlined the cosmic progression of the EoS parameter (@,,) in regard to redshift, which shows that it
begins from a phantom-dominated region initially, and at present, it gets slightly close to —1 indicating the
ACDM model, whereas it reaches to the quintessence model in the future. Moreover, the EoS parameter’s current
values, @, =-0.931,-1.004,-1.102 for K =0,1,—1, respectively, are consistent with the values observed in
recent cosmological data [75].

The hypothesis that the density of matter declines and space grows as the Universe expands is supported by the
positive and decreasing nature of HDE density (p,,) with the evolution of redshift as shown in Fig. 5. The

pressure (p,,) stays negative over the course of the evolution of our model, as reflected in Fig. 6. This lends

reassurance to the conceptualization that the cosmos is expanding at a faster pace. The approach of the overall
density (£2) parameter revealed that it tends to a constant value slightly close to 1 at late times, as displayed in
Fig. 7, thereby implying that the Universe tends to become flat in the future, aligning with observational findings
of [76] in accordance with the derived model.

From the variability of ECs as reflected in Figs. 5 and 8, we found that WEC, NEC, and DEC are considerably
validated, whereas the violation of SEC culminates in the accelerating expansion of the cosmos, which is in
concurrence with the current scenario of the cosmos.

It is observed from statefinder diagnostics as shown in Fig. 9 that our model tends to approach the ACDM model
in the near future. Fig. 10 reflects a declining trend of the jerk parameter until it attains one as z — —1, thus,
sustaining the model's conformity with the ACDM model based on the observational evidence [84].

Our model’s stability is established via the squared speed of sound (v’) parameter as illustrated in Fig. 11, which
shows a positive nature thoroughly over the course of progression of redshift, thereby indicating the stable nature
of our model.

Based on the preceding discussion, it is evident that our study's findings concur with existing observational data,

which supports our interpretation of the Universe’s cosmic acceleration and enables us to make specific predictions that
can be tested with forthcoming cosmological probes.
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OKpeMi KOCMiuHi (asu 3a JOIOMOrO IepeBipku JiarHocTuku statefinder Ta mapamerpa puBka. Ksampar MIBHAKOCTI 3BYKY Vs
BHKOPHCTOBYEThCS TSl 3a0e3medeH s crabinbHocTi Moeni. JlocmimKeHHs miaTBeppKye KocMiuHe NpHUCKOpeHHs BeecBiTy, OCKinbKku
HaIlli BHCHOBKHM BIINOBIJAalOTh NEPEBAXKAIOYNM JaHUM CIIOCTCPE)KEHb, MPOMOHYIOUH >KUTTE3AATHI MPOTHO3M Ui MaiOyTHIX
JociimkeHb 3 o0rpynTyBanas HDE.
KunrouoBi caoBa: conoecpaghiuvna memna eumepeis; epagimayis;, 00HOPIOHUL 2inepnosepxnesuil npocmip-yac, 2iOpuoOHUil 3aKoH
PO3MUPEHHSL
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In a non-relativistic framework the mass spectra of ¢¢, cc, ccc and ccu systems are investigated. The potential consists of the Cornell
potential along with a logarithmic correction term as suggested from lattice QCD. We analyze the S, P, and D wave charmonium states
and, S and P wave cc diquark states and have compared them with existing results from experiments and other potential models. Using
the quark-diquark model, we have evaluated the S-wave spectra of doubly charmed baryon Ef} and the triply charmed baryon Q...

These masses are compared with other theoretical studies.
Keywords: Non-relativistic potential model; LOQCD corrections; Charmed hadrons; Diquark-quark model; Mass spectrum
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1. INTRODUCTION

Since the discovery of J/i, the first charmonium (c¢) state, at SLAC [1] and BNL [2] in 1974, charmed hadrons
have been continuously investigated both theoretically and experimentally. At present a large number of charmed states
have been experimentally discovered [3] and even more states have been theoretically predicted. Other than the mesonic
and baryonic states, unanticipated states, classified as X, Y and Z, exotic states such as tetraquarks and pentaquarks, which
cannot be classified under the conventional quark model have been detected [4, 5, 6, 7]. In 2017, the LHCb collaboration
discovered a resonance in the AY K~ 7" 7% mass spectrum [8]. This was identified as the doubly charmed baryon Ef} and
its mass was measured to be 3621.40 +£0.72 + 0.27 MeV. This has led to an extensive study of doubly and also triply heavy
baryons theoretically. In literature, there are various studies [9, 10] that discuss the prospects for the disvovery of multi
charmed baryons in future experiments at LHC. Hence, it becomes important to study charmed baryons theoretically.
Charmed hadrons are important systems for they provide valuable information about the strong and weak interactions in
the standard model [11].

In this work, we have investigated the spectra of charmed hadrons including charmonium (c¢), cc diquarks and,
doubly charmed (ccu) and triply charmed (ccc) baryons: EfY and Q... We make use of diquark-quark model to evaluate
the spectra of baryons [12]. A diquark is a bound state of two quarks. Since they exist as colored states, they are not
experimentally detected as isolated entities. Nonetheless, diquark models provide qualitative explanations for various
puzzles of exotic hadron spectroscopy [13, 14]. In the case of baryons, it is found that the constituent quark model predicts
more states than those observed experimentally, which is generally referred as the missing resonance problem [15, 16].
However, the diquark model addresses this issue as the effective degrees of freedom is less compared to constituent quark
model [17, 18]. Also, the diquark-quark interaction in baryons can be visualized similar to the quark-antiquark interaction
in mesons [18].

This article is structured as follows. In section 2, we have given the theoretical framework where we have explained
our potential model formalism. In section 3, we discuss our results and in section 4, we give our summary.

2. THEORETICAL MODEL
In the present work, the mass spectra are estimated by solving the non relativistic Schrodinger equation,

1 d  11+1)

[Z(—W"‘F—Q +V(r) ¢ (r) = Ey(r), (1)
where p is the reduced mass and [ is the (relative) orbital angular momentum of the system. Here the potential V (r) we
use, is of the form

V(r) = + br + k1n(ar) )

kas (%)
S

The first term in the potential is a coulomb-like term that dominates at small distances, second term is the linear confinement
term that dominates at large distances. The last term in Eq.(2) corresponds to the relativistic corrections to the static
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quarkonium potential at order 1/m in the quark mass as suggested from various studies such as lattice [ 19, 20, 21,22,23] and
effective string theory [24]. Models incorporating a quark-antiquark potential modified by a In(r) term have successfully
described quarkonium spectra [21, 22, 25]. In Eq.(2) a,(Q?) is the QCD coupling constant, « is the color factor whose
value is —% for quark-antiquark (and also quark-diquark) interaction and —% for quark-quark interactions [26], b is the

QCD string tension, k and a are phenomenological constants. The a,(Q?) is evaluated using the formula [27],

4r

2y _
@) (11-2np)In(Z)

3)

Here ny denotes the number of active quark flavors, Q is the renormalization scale, and A is the QCD scale parameter,
which is taken as 0.168 GeV [28]. The model parameters are fitted by minimizing the chi square for some of the available
experimental states for charmonium. The up quark mass is fitted by minimizing the chi square for Z*}. The values
of the parameters used in our model are listed in Table 1. The Schrodinger equation 1 is solved numerically using the
Runge-Kutta method [29]. The eigenvlaues (E) of Eq.(1) corresponds to the spin-averaged masses. The spin-dependent
contributions to the masses are incorporated perturbatively. The spin-dependent potentials: spin-spin (Vgs(r)), spin-orbit

(Vs (r)), and tensor (Vy(r)) potentials are given by [30, 31],

_ 8|kl o 3 2 e,
Vss(r) = 3m i (\/;) exp(—o°r)81 - S, @)
_ 1 dVV(}") _ dVg(r) )
Vis(r) = m? (3 o o )L S. (5)
1 [(ldW(r)  d*Vy(r)
Vr(r) = 22 (; P )512- (6)
where,
1
512=12((Sl 'f)(SZ'f)—gsl 'Sz). (7

2
Here, we take the Lorentz vector term Vy (r) = W+Q) and the Lorentz scalar term Vg(r) = br. The masses of

charmonium states are given by
Mz =2me + Ece + (Vss(r) + Vis(r) + Vr(r))ee, (3

where E .z are the eigenvalues (spin-averaged charmonium masses) obtained by solving the Schrodinger equation (Eq.(1))
taking 4 = m./2 and using the potential given in Eq.(2) with x = —4/3. Using the eigenfunctions corresponding to these
eigenvalues, we evaluate the expectation values in Eq.(8). For charmonium, m; = my, = m. in Eq.(4), where m,. is the
charm quark mass.

We use diquark-quark model to evaluate the mass spectra of doubly and triply charmed baryons: EX* and Q... For
this, we first estimate the diquark spectrum and then once again solve the Schrodinger equation for a two-body system

composed of diquark and quark. In both E*} and Q..., we assume the two ¢ quarks to form the cc diquark. For modelling
the quark-quark interaction (V) in a diquark, we use the general rule [32, 33, 29],

Vaq(r)
qu (r) = %» )
where (V,4) is the quark-antiquark potential. Hence, the central potential for diquarks becomes,
204(0%) b
Vaq(r) = ——%3(Q ) + ?r + k1n(ar). (10)
r

Here we have not considered the factor of 1/2 for the O(1/m) correction term present in V4. In diquark-quark model,
baryons are treated as bound states of diquark and quark. The diquark-quark interaction in baryons is assumed to be similar
to the quark-antiquark interaction in mesons [18]. Therefore, the diquark-quark potential within baryons is taken to be,
4 2
Vag(r) = _—as3(Q ) + br + kIn(ar). (11)
r

Due to the Pauli exclusion principle, for the diquarks in the / = 0 (S-wave) state, the total spin S = 1 (spin-triplet) and for
the diquarks in the / = 1 (P-wave) state, the total spin S = 0 (spin-singlet). There will be no contribution to the masses
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Table 1. Values of parameters

me [GeV] my, [GeV] b [GeV?] a[GeV] k[GeV] o [GeV]
1.298 0.175 0.136 1.105 0.195 2.600

from the spin-orbit and tensor interactions for / = 0 and S = 0 states. Hence, the masses of (S and P wave) diquark states
are given by

Mce =2me + Ecc + (Vss(r))ce, (12)

where E.. are the eigenvalues (spin-averaged diquark masses) obtained by solving the Schrodinger equation (Eq.(1))
taking yu = m./2 and using the potential given in Eq.(10). Using the eigenfunctions corresponding to these eigenvalues,
we evaluate the expectation value in Eq.(12). For diquarks, m; = my = m. in Eq.(4).

In this work, we only consider the radial excitations of the diquark-quark system with diquark in ground state. Hence,
for baryons we will not be considering the spin-orbit and tensor interactions. The masses of baryons in our diquark-quark
model are given by the relation

qu =M.+ mgy + Edq + <VSS(V)>dq’ (13)

where E4, are the eigenvalues obtained by sloving the Schrodinger equation (Eq.(1)) taking u = (Mccmg/Mee + my)
and using the potential given in Eq.(11). mg = m, in the case of E}} and m, = m, in the case of Q.... Using the
eigenfunctions corresponding to these eigenvalues, we evaluate the expectation value in Eq.(13). Here we take m; =
M., my = m, in Eq.(4). For the [ = 0 states, Q. has JP = %Jr whereas Z%F have J¥ = %Jr and %Jr.

3. RESULTS AND DISCUSSIONS

3.1. Charmonium and cc diquark
The mass spectra of S, P, and D-wave charmonium states are presented in Tables 2,3, and 4 respectively, where
we have compared our results with exisiting results from experiments and other potential models. In Figure 1, we have
compared our cé spectra with results from experiments. From Figure 1, we can see that the masses of states below the DD
threshold predicted from our model are in reasonable agreement with the experimental results. In literarture, the 3 3S; and
438, states are suggested to be the experimentally detetcted (4040) and ¢ (4415) states respectively [31]. The masses
of 3381 and 43S states from our model are 4165 MeV and 4530 MeV respectively, which are approximately 125 MeV
higher than the masses of ¢ (4040) and y(4415) states. It is to be noted that since ¢ (4040) and (4415) lie above the
DD threshold, there will be large S — D mixing in these states [34]. Hence (4040) and ¢ (4415) cannot be considered

as pure 38, states [34, 35].

Table 2. S-wave charmonium spectrum (in MeV).

State JPC PDG [3] Our Work [36] [37] [38] [27]
1'sy o+ 2984.1 + 0.4 2985 3004 2981 2982 2989
13S; 17~ 3096.900 + 0.006 3093 3086 3096 3090 3094
218y 0 3637.7 £ 0.9 3657 3645 3635 3630 3602
238, 177 3686.097 +£0.010 3722 3708 3685 3672 3681
318 0 4101 4124 3989 4043 4058
33§, 1 ¥ (4040) 4165 4147 4039 4072 4129
4's, ot 4478 4534 4401 4384 4448
438, 17" W (4415) 4530 4579 4427 4406 4514
518 0t 4807 4901 4811 4685 4799
538, 1°- 4853 4942 4837 4703 4863

For 1P charmonium states (h.(1P), xco0(1P), xc1(1P), and y.2(1P)) the masses predicted from our model are
in agreement with the expreimental results and shows only small deviations (< 15 MeV). In some theoretical models
[39, 401, 23Py, 33Py, 23P, and 33P; are suggested to be the experimentally detected y.0(3860), X (4160), xc2(3930)
and X (4274) states respectively, with measured masses of 3862*35+4% MeV, 4153*23 MeV, 3922.5 + 1 MeV and 4286*%
MeV [3]. Our obtained masses for 23 P, 33 Py, 23 P, and 33 P; states deviates from the measured masses of y.o(3860),
X (4160), x2(3930) and X (4274). This may be due to the fact that, for states close or above the open-charm thresholds,
the coupled-channel effects are significant [35]. The mass of 13D state obtained from our analysis is close to the mass of
¥ (3770) state, which is assigned as 13D in some potential models [31]. But the inconsistency in the predicted leptonic
decay width of this state in potential models, compels to interpret  (3770) as an S — D mixture [35]. In literature, the states
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Table 3. P-wave charmonium spectrum (in MeV).

State JPC PDG [3] Our Work [36] [371 [38] [27]
13Py 0*F 3414.71+0.30 3420 3440 3413 3424 3428
13pP,  1**  3510.67 +0.05 3496 3492 3511 3505 3468
1Py 1% 3525.37+0.14 3526 3496 3525 3516 3470
13P, 2% 3556.17 +0.07 3565 3511 3555 3549 3480

23p, O+ 3924 3932 3870 3852 3897
23p; 1+t 3994 3984 3906 3925 3938
2lpp 1+ 4061 3991 3926 3934 3943
23p, 2t* 4023 4007 3949 3965 3955
33p, O+ 4284 4394 4301 4201 4296
33p; 1+t 4351 4401 4319 4271 4338
3lp, 1t 4417 4410 4337 4279 4344
33p, 2+ 4380 4427 4354 4309 4358
43p, 0+t 4621 4722 4698 4509 4653
43p; 1+t 4686 4771 4728 4576 4696
4'p, 1+ 4752 4784 4744 4585 4704
43p, 2+t 4715 4802 4763 4614 4718

Table 4. D-wave charmonium spectrum (in MeV).

State JPC PDG [3] Our Work  [36] [37] [38] [27]

13D; 37~ 3830 3798 3813 3805 3755
13D, 27~ 3839 3814 3795 3800 3772
13Dy 17— 3773.7+0.7 3836 3815 3783 3785 3775
1'D, 2°* 3834 3806 3807 3799 3765
23Dy 37 4236 4273 4220 4165 4176
23D, 2°- 4237 4248 4190 4158 4188
23D, 17 4230 4245 4150 4141 4188
21p, 2% 4235 4242 4196 4158 4182
33D; 3~ 4585 4626 4574 4481 4549
33D, 27- 4583 4632 4544 4472 4557
33D, 1~ 4573 4627 4507 4455 4555
31p, 2+ 4582 4629 4549 4472 4553

¥2(3823), X (3842), y(4160) and y (4360) are assigned as 1 °D,, 1°D3,23D and 33D, respectively [31, 41, 42, 43, 44].
But other interpretations for some of these states to be either mixed states, hybrids, tetraquarks etc., cannot be completely
ruled out.

,,,,,,,,,,,,,,, Theoretical Prediction

Experimental Data

4500F .

4000+

Mass (MeV

3500 g === Xa(1P)
———————————— Xeo(1P)

3000

Figure 1. Comparison of predicted c¢ spectra with experiment.
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Figure 2. Comparison of cc-diquark spectrum with other models.

In Table 5 and Figure 2, we have compared the mass spectra of cc-diquarks obtained from our model with other
theoretical models. We can observe from Figure 2 that the cc-diquark masses varries from model to model. The ground

Table 5. cc diquark spectrum (in MeV).

State Our Work  [32] [45] [33] [46]
135, 3063 3133 3150 3114 3226
1'p, 3358 3353 3460
238, 3478 3456 3510 3443 3535
2P, 3666 3606 3712
338 3774 3920 3782
3P, 3921 3928

state mass of cc diquark obtained from our model is 3063 MeV. The ground state diquark mass obtained from our model
is used further to determine the S-wave mass spectra of EFF and Q... baryons.

3.2. EXY and Q... baryons

The S-wave mass spectra of EX* and Q... baryons are evaluated using diquark-quark model. The E*} baryon is
considered as a bound state of cc-diquark and u quark, and Q... baryon is considered as a bound state of cc-diquark and ¢
quark. The S-wave mass spectrum of Z} baryons are presented in Tables 6, 7 for J© = %Jr and %+ respectively. In Figures
3 and 4, we show the comparison of S-wave mass spectra of /' baryons obtained from our model with other theoretical

models. The ground state mass of =} obtained from our model is 3621 MeV which is very close to the experimental

Table 6. S-wave - spectrum corresponding to J¥ = %+ (in MeV).

State  Our Work PDG [3] [18] {cctu [18]{uc}c [47]
1S 3621 3621.55 +0.23 3621 3687 3511
285 4705 4478 4274 3920
3s 5412 5026 4666 4159
48 5991 5482 4992 4501
58 6501 5888 5281 4748

value of 3621.6 = 0.4 MeV. The authors in Ref [18] suggest that uc-diquark clustering is more favourable than that of
cc-diquark clustering. In the present work we have considered the cc-diquark clustering which is reasonable within the
heavy quark symmetry suggesting that quarks with equal masses form a compact configuration [48]. The ground state
mass of Q... obtained from our model is 4779 MeV. We have compared the ground state mass of Q... obtained from our
model with other theoretical models in Table 8. We see that our predicted Q... ground state mass is in agreement with
the LQCD predictions. The S-wave mass spectrum of Q... are presented in Table 9.
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Table 7. S-wave E} spectrum corresponding to J¥ = %+ (in MeV).

C

State Our Work [18] {cc}u [18] {uc}c [47]
1S 4057 4019 3773 3687
28 4970 4670 4339 3983
38 5631 5170 4725 4261
48 6187 5602 5048 4519
58 6681 5993 5334 4759
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Figure 3. Comparison of S-wave mass spectra of ccu baryon corresponding to J©

I
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Table 8. Comparison of ground state mass of Q... (in MeV).

I
48

Table 9. S-wave Q... spectrum corresponding to J¥ = %+ (in MeV).

We have evaluated the mass spectra of cc, cc,

Approach Mass
Our Work 4779
LQCD [49] 4796
LQCD [50] 4769
LQCD [51] 4789
LQCD [52] 4761
LQCD [53] 4733
Hypercentral CQM [54] 4806
Constituent QM [55] 4965
Bag model [56] 4777
Variational Cornell [57] 4799
QCD sum rules[58] 4670
Relativistic Quark model [59] 4803
Quark diquark model [60] 4760

State  Our Work  [54]

18 4779 4806

28 5362 5300

38 5764 5865

4S8 6097 6488

58 6390 7037

4. SUMMARY

=+t

= 1" with other models.

E7%, and Q.. systems using a phenomenological potential model in-

corporating a logarithmic correction term. The evaluated mass spectra of charmonium are consistent with the experimental
results. The ground state mass of B} obtained from our model is close to the experimental value, which validates the
diquark-quark model and also supports our assumption that the EX* baryon can be treated as a bound state of cc-diquark
and u quark. The S-wave mass spectrum of Q... baryon have been evaluated. The Q... ground state mass is comparable
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Figure 4. Comparison of S-wave mass spectra of ccu baryon corresponding to J¥ = %+ with other models.

with the LQCD predictions. Since we have no experimental data for Q... baryon, we need to rely on theoretical models
to investigate its properties.
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Deuteron-nucleus elastic and inelastic scattering from °Li to 28 Pb has been studied for incident energies ranging from 9.9 to 270 MeV.
The main goal of this work is to study the effect of coupling the nuclear ground state to inelastic excitation channels on the energy
dependence of optical model potential (OMP) parameters. Using the FRESCO and SFRESCO codes, we explicitly coupled the elastic
channel to low-lying collective states and extracted OMP parameters through x> minimization. The best-fit optical model parameters
were obtained for elastic and inelastic angular distribution data. Our elastic and inelastic angular distribution fits show excellent
agreement with the experimental data since more than one set of potential parameters can reproduce a given angular distribution data.
When the ground state was coupled to the most important inelastic excitation channels the energy dependence of the OMP parameters
was reduced. This is most obvious for optical model parameters whose value became almost constant when channel coupling was
considered.

Keywords: Coupled-Channel Reactions, Deuteron; Elastic scattering; Inelastic scattering; Optical model potential parameters;
Differential cross section

PACS: 24.10.Eq, 24.10.Ht, 25.45.De, 24.10.-i

1. INTRODUCTION

The study of nuclear interactions is extremely important, as it provides valuable information about the properties of
nuclei. A nuclear interaction occurs when a projectile (particle or nucleus) interacts with a target nucleus. The study of
nuclear particle scattering processes, such as deuteron-nucleus scattering, provides important tools for understanding the
nature of fundamental nuclear interactions and determining the characteristics of the potential between the projectile and
the target nucleus. Nuclei are complex composite particles composed of a large number of constituent particles. This
makes constructing microscopic models of deuteron-nucleus interactions a challenging task, further complicated by the
fact that we still do not fully understand the nature of interactions between nucleons. The deuteron is an ideal tool for
testing the accuracy of theoretical models, and their ability to describe nuclear scattering. It is easily decomposed during
the interaction and has a low binding energy ( 2.2 MeV). This property makes deuteron scattering highly sensitive to
inelastic effects such as collective excitations of the target nucleus and channel transitions, making it an ideal probe for
testing theoretical nuclear models. Although the scattering process can be complex, one of the fundamental theoretical
tools for interpreting deuteron scattering on nuclei is the Optical Model Potential (OMP), which describes the complex
interaction between the projectile and the target nucleus through a complex potential. In this approach, the interaction
between the deuteron and the target nucleus is represented by a complex potential. This potential divides the reaction flow
into a real part representing elastic scattering and an imaginary part representing all competing inelastic channels [12]. It
has proven particularly effective in describing experimental data on nuclei.

The main goal of the optical model is to determine potential parameters that reproduce smooth changes in the
differential scattering cross section as a function of the incident energy and the nucleon number of the target nucleus.
However, the large variation in these potential parameters, such as real and imaginary depth, radius, and slope, with
changes in projectile energy or nucleus type [14], represent a persistent challenge in this model and hinders its ability to
predict experimental data, suggesting the presence of non-local sources in the nuclear reaction[11, 46].

One of the most important sources of non-locality in the scattering process is the coupling of inelastic excitations to
the nuclear ground state during the scattering process [46]. The full effect of collective excitations is included when these
channels are explicitly included using the coupled-channel model, which in turn creates a non-local dynamic polarization
potential in the elastic channel as an effective component that modifies the actual potential and redistributes the flux. This,
in turn, significantly improves the fit to the data and reduces the variation in the potential parameters. However, due to the
large number of possible inelastic excitations, this non-locality is usually explained by the coupling of a few significant
inelastic channels to the ground state [6], [17]. The dependence of optical model potential parameters on energy is reduced
when channel coupling is taken into account [35].

The work of Biumer et al. [2] measured angular distributions for deuteron scattering on '>C, >*Mg, and *®Ni at
170 MeV and analyzed the data using global OM potentials with simple coupled-channels extensions. The work of ref.
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Korff et al. [25] extended this approach to a broad mass range (6 < A < 116) at intermediate energies (171-183 MeV),
employing CC analysis to examine the role of deformation and to adjust optical model parameters accordingly. While
these studies demonstrated the relevance of coupling effects, they were limited in energy coverage, coupling schemes, and
often relied on potential parameter adjustments to compensate for missing physics. The stability of parameters and the
channel inclusion relationship between them have not been systematically studied quantitatively across a wide range of
masses and energies. Most available global models for deuteron scattering still rely on parameters that vary with energy
and the nucleus without explicitly accounting for inelastic channels.

In this work, we investigate the effectiveness of the coupled-channels analysis of deuteron elastic and inelastic
scattering from a representative set of nuclei: °Li,!>C, 2*Mg, *8Ni, 12Sn, and 2°Pb. The incident deuteron energies span
from 9.9 to 270 MeV also this work should give an assessment of the importance of coupling of the inelastic excitations
to the ground state and hence might reduce the energy variations of the optical potential parameters with energy, thus
improving our understanding of deuteron — nucleus scattering process. Using the FRESCO and SFRESCO codes [36] to
solve the Coupled-Channel Schrodinger equation and hence obtain the angular distribution fits to the elastic processes in
addition to simultaneous fits to the angular distributions corresponding to the most important inelastic excitations. It is a
well-known fact in scattering phenomenology that more than one set of fit potential parameters lead to almost the same fit
to the angular distributions data.

This article is structured as follows: Section 2 introduces the theoretical formalism of the coupled-channels method.
Section 3 describes the optical model potentials and deformed nuclei. Section 4 presents the main results, including angular
distribution comparisons, best-fit potential parameters, and deformation analysis. Section 5 summarizes the conclusions
and outlines directions for future work.

2. COUPLED REACTION CHANNELS FORMALISM
Coupled-channel analysis is very important for describing scattering processes. When the projectile interacts with the
target, they can scatter elastically, or may lead to excited states exit channels. Alternatively, rearrangement processes may
occur. The coupled-channel theory is a method of accounting for inelastic channels, especially those arising from collective
excitations. The formalism was first pointed out by Bohr and Mottelson [42], and then was applied by Margolis et. al. and
Chase et. al. [7]. In the center-of-mass coordinate system, the total Hamiltonian A of the whole system is expressed as:

H=Hpy(&p) + Hi(&) +T(r) +V(r,£p. &) (1)

where r is the radial coordinate from the target to the projectile, H,(¢),) and H,(&,;) are the internal Hamiltonians for
projectile and target, respectively, while the £, and &; are the respective internal coordinates of the projectile and target,
and V(r, &p, &) is the interaction potential between the projectile and target, which can be written as [37]:

V(r’ fp’ ft) = Vdiag(r) + Vcoupl(r’ ‘fp"ft)’ (2)

where Vgiag (7) is a scaler potential, and Veoupl (7, £, &) represents the interaction that couples the initial state to the final
state. Further, 7'(r) is the total kinetic energy, which may be written as
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where u = W’Z:’ JZZ[ is the reduced mass of the projectile and target, and V? is the Laplacian operator. The time-independent

Schrodinger equation for the whole system consisting of a projectile and a target is:

HY(F,¢p.&) = EY(F,ép. &), )

where, E is the total energy, and W(7, £, &) is the wave function of the whole system. We expand ¥(7,&,,,&;) in terms
of the eigenstates of the total angular momentum z//;rl:l“" (7, &p, &) as follows [37]:

lP(F’ éjp’ é‘:t) = Z AJtotMm( w:ﬁdml (75 é:lﬂ gt)? (5)
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For each channel [(L’S’)J’, I,;/], where L’ is orbital angular momentum of a given partial wave, S’ is projectile’s spin for
deuteron, J' = L’ + § is the total angular momentum and /,,+ is the target’s spin. We couple J’ and 7,/ to get the total
angular momentum f,ot =J + f,,f for the whole system. The factors Ay, ,u,,, are amplitudes specifying how much of
the total angular momentum state is present.The wave function 1//7::"” (7, &p, &) can be expressed as follows:

M, = E J; Jior M, ~
w‘zmtoz‘(r’gp’gt) = lp::”(’ii/’s/)][l ,(r) (D(;‘),ts/)t;’tl /(r’fpagt)9
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and the spin-angle functions are defined as

Ywsyrm, (P Ep) Y (7) ® xos (€)1

= DL <L'SMpmg | JMy > FYIV ()Xo (&), ®)
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where, R::,J(’Zfs/) I (r) are the radial wave functions in the excited state n’, and n’ corresponds to the n’th state of the

target, while Y’ I]‘V,[ L’ (7) are the spherical harmonics. The phase factor i¥" comes from the spherical Bessel expansion of the
incident plane wave. The symbol ® denotes vector addition, and < L’S’ My mg | J'M; > are Clebsch-Gordon coefficients
for coupling L’ My, and §'my to intermediate angular momenta J' M. In addition, < J' Iy My my, | Jios Mo > are
the Clebsch- Gordon coeflicients for coupling J'M+ and I,ymy,, to a total of angular momentum J;,; M;,, for the whole
system. Further, ¢ L T (&) and XS’ "(&p) are the wave functions for target and projectile, respectively, and 7 is the parity
operator of the whole system which can be expressed as:
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The nuclear wave function can be written as
Jtot Mtor ~ M 4 m’ ’ M;or
Q(L'S’)J'In/(r’é:p’gt) = [ ~ (r)®X (§P) ®¢1 , (fl)]jtot
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Now, by substituting Egs. (5), (6), and (10) into Eq. (4) and noting that :

Hp(é:p) Xp(fp) =E, Xp(fp)a
Ht(ft) ¢t(§t) =E, ¢t(§t)~ (11

Here, E, and E; are the eigenenergies for the projectile and the target, respectively. one obtains

A Jo JtotM ot 7~
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where E,, = E - E, — E; is the external energy for a given excited state. = Multiplying Eq. (12) by

[(ID(J’L”,’SA,I)’}’,’ 1, (P €p, &) from the left, and integrating over the internal coordinates except the radial variable r, leads to

the following partial wave coupled differential equations: Finally, the coupled partial-wave equations take the form

[Eni ~Tyr - VL) I1,:(L8) 1, (T) RZ[_JZ‘;'””_ (r)
= DL Vusynpwsyrn, OREES 1 (1), (13)

n'L’'S"J' 1,
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This equation represents a set of n’ coupled differential equations for the radial wave functions R:JL’E’H (r) and

RZ,JL‘%, o (r). Furthermore, V(r5), L (LS) T I, (r) is the diagonal optical potential, including both coulomb and nuclear
parts, and V(z.s) 1, .(1/s7)0'1,, (r) represent the coupling interaction of the initial (LS)J1,, state to the final (L'S")J' I,
state. Nuclear structure deformations affect the matrix elements on the right-hand side of Eq. (13). For a non-deformed tar-
get nucleus, the coupling potential vanishes, and the set of coupled differential equations reduces to that of the Schrédinger
equation for a single channel. Deformed nuclei can be described using either the vibrational or rotational models. In this
work, we use the optical model and coupled-channel analysis to couple the ground state to collective excited states of the
target nucleus. This coupling introduces off-diagonal couplings in the interaction potential matrix, allowing the incident
deuteron to induce transitions from the ground state to inelastic states. These coupling potentials, typically derived from
nuclear deformation (e.g., using a deformation parameter 3,), significantly affect observables such as scattering cross
sections and resonance structures. As a result, including channel coupling provides a more accurate description of the
reaction dynamics.

3. THE OPTICAL POTENTIAL PARAMETERS

The optical model describes the complicated interaction between the projectile and target in terms of a complex
potential. This potential divides the reaction flux into a real part, which corresponds to elastic scattering, and an imaginary
part, which corresponds to all competing inelastic channels [11]. The aim of the optical model is to find a potential
that describes smooth variations of the scattering cross section as a function of incident energy E and target nucleon
number A. The general situation of scattering may be quite complicated. However, great simplification may be obtained
if one is only interested in the averaged properties, away from resonances and states strongly excited by direct reactions.
For deuteron-nucleus scattering, the phenomenological optical potential, V (r, E), can be expressed as [37]

V(r,E) = _(V(E) + in(E))f(r’ Ry, ay) + i4asWs(E)%f(r’ Ry, ay)

h 1d 7 =
)Z_Ef(r, Rso,as50)L - 7 + Veoul (1), (14)
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where V(E), V, are the real components of the volume-central and spin-orbit potentials, respectively. In addition, W, (E),
W (E), and Wy, are the imaginary components of volume, surface, and spin orbit potentials, respectively, and Vcou (r) is
the coulomb potential. E is the energy of the incident particle in the laboratory frame. As for the radial dependence of the
potential, the well-known realistic Woods-Saxon form factor is used [24]:

Vi(r) = V(E)f(r,Ry,a),
Wy(r) = WL(E)f(r,Ry,a),

d
W(r) = _4asWs(E)Ef(r, Rs,a),
I/} 1d
Vso(r) = Vso( )2——f(l", Rsos as())’
mpc’ rdr
h 1d
Wso(r) = Wi )2__f(r, Rso, ds0), (15)
myc’ rdr

where m , is the pion mass. The form factor f(r, R;, a;) is the Saxon-Woods shape[41],

1 .
f(r Riai) = +— ol Ry ja i=v,5,50,¢ (16)

where, R; = r,-A% is a potential radius, A the mass number of the target, and a; the diffuseness parameters. For charged
projectiles, the Coulomb term Vo, (7) is usually obtained by approximating the target nucleus as a uniformly charged
sphere,

o(ry)

| F =7t |

Veoi(r) = 2,2, [ dF, a7
where 7 is the position of the projectile and 7; is that of target nucleus. The quantities Z,, and Z, are the atomic numbers
of the projectile and target, respectively. The term p(r;) gives the charge distribution in the target.

Deformed nuclei, whose surfaces vibrate about an equilibrium shape, are treated using the vibrational model. Here,
the dynamic nuclear radius R; is taken to be a function of the polar angles 8 and ¢ according to:

(o)

=1
1+ w#yﬂ,,(e,@], (18)

A>1 u=-A1

Ri(0,¢) = r;A3
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where R;(0, ¢) is the distance from the center of the nucleus to a point at its surface subtending polar and azimuthal
angles (0, ¢). The spherical tensors a,,, are the spherical harmonics (Y, (6, ¢)) coefficients. However, some nuclei have
permanent deformations about a symmetry axis and are treated using the rotational model. In this case the nuclear radius
is expressed in the form:

Ri(0) = ri A3

1+ Zﬁmo((;’)], (19)
A

where, 0’ is the polar angle in the body - fixed frame and 8, is the deformation parameter. When the vibrational or
rotational models are used, one has to determine which parts of the potential are to be deformed. Since the nuclear force is
a short range force the nuclear potential follows the shape of the nucleus. Therefore, it is a common practice to deform the
volume term of the potential. Deforming the imaginary surface part, however, is a matter of dispute. This issue has been
discussed and arguments were presented in support and also against deforming the imaginary surface part [5]. However,
in a later work [16], the authors stated that "to describe the inelastic scattering best, it is found necessary to deform the
imaginary (as well as the real) part of the central potential." Furthermore, in Ref. [2] and [25] the authors used an optical
model with channel coupling to analyze deuteron induced reactions. All parts of the nuclear potential were deformed
except the spin-orbit term. In Ref. [35] we examined the effect of channel coupling on the variation of the potential
parameters corresponding to nucleon scattering off light and heavy nuclei. We obtained excellent angular distribution fits
for the elastic and inelastic channels by deforming both the real volume and imaginary surface terms. Therefore, in this
work, we shall deform the surface imaginary term in addition to the real volume term. We did not deform the spin - orbit
term as the effects of its deformation on the calculated differential cross sections were found to be insignificant [21].

4. RESULTS AND DISCUSSION

This section presents a detailed analysis of deuteron elastic and inelastic scattering from °Li, 12C, ?Mg, >3Ni, 120Sn,
and 2%8Pb nuclei over an incident energy range spanning from 9.9 to 270 MeV. The theoretical framework employed is
the coupled-channels (CC) method, implemented using the FRESCO and SFRESCO codes developed by Thompson [36].
These codes allow for systematic inclusion of couplings between the ground and excited states of the target nuclei,
facilitating a unified treatment of elastic and inelastic scattering processes within a consistent reaction model. The
main goal of this study is to investigate the effect of ground state coupling to inelastic reaction channels on the energy
variations of the optical potential parameters. In doing so, we have used the rotational model to analyze the deuteron
elastic and inelastic excitation differential cross sections. The optical potential parameters were obtained by fitting the
coupled-channels differential cross sections dov, v (0)/dQ, the experimental data for the elastic and inelastic scattering
cross sections for light and heavy nuclei were taken from the Experimental Nuclear Reaction Data (EXFOR) and the
Computer Index of Nuclear Reaction Data (CINDA) are displayed in Table 1. The coupled channel analysis shows that
nuclei become deformed when the potential couples the ground state to the inelastic excited states. In deformed nuclei,
the non-diagonal potential couples the ground state to the inelastic excited states. So, the deformation lengths 6, = SR
were extracted by fitting the experimental data of the coupled channels differential cross sections for collective excitations.
The multipolarity A of the reaction can be represented as follows: For 4 = 2, we have quadrupole deformations S, [30]
and [32]. For A = 3 we have octupole deformations 53 [40]. For A = 5 we have quintupole deformations B5. In order to
compare the optical potential parameter calculations with the experimental results, we used the automatic search routine
of SFRESCO. This program minimizes the chi-squared value y?, which is defined as:

(d(r(()i)) _(do(oi)) 2
aQ theo aQ exp

| N
2 _ J—
XYON Z A(dfr(ei)) ’ 20
i=1 aQ
. . . d()'(gl) d()‘(g,) 1 1
where N is the number of experimental points, ( o )rheo and ( 70 )exp are the theoretical and experimental

differential cross sections at the angle 6;, and A(wfj—g")) is the corresponding experimental error. We now proceed to

discuss the results obtained by fitting the experimental elastic and inelastic differential cross sections. For all the nuclei
studied in this work, we have considered incident deuteron energies where EXFOR provides the experimental data for the
elastic scattering and inelastic excitations. This enables us to study the effect of ground-state coupling to open reaction
channels on the energy variation of the optical potential parameters. It is well known that more than one set of optical
potential parameters can fit a given experimental dataset.
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Table 1. Experimental data for deuteron elastic and inelastic scattering for the nuclei and energies considered in this work
were collected from the EXFOR and CINDA databases.

Nucleus E (MeV) Ref.
OLi 14.8,25.0 [10]
171 2]
12c 11.8 [51]
13.7,15.3,25.9 [52]
60.6 [54]
77.3,90 [55]
170 (2]
200 [56]
270 [57]
Mg 9.97,10.9, 12.1, 15.3, 21 [52]
60.6 [54]
77.3, 90 [55]
170 2]
S8Nj 12,12.8 [58]
27.5 [59]
79.9 [60]
170 (2]
1208p 13.6 [10]
28.6 [52]
80, 82 [49]
208pp 86 [57]

Coupling of the Elastic Channel to a Single Excited State in °Li and '>C

A detailed coupled-channels analysis was performed for deuteron elastic and inelastic scattering from the light °Li,
and '2C nuclei. Light nuclei differ from heavy ones in that their matter distributions are less uniform. They have diffused
edges that results in surface effects playing an important role in the scattering processe. In order to test the effect of channel
coupling on the energy variation of the optical potential parameters, we begin by coupling the elastic channel to the first
excited state. The diagonal and coupling optical potentials given in Eq. (2) were used to fit the elastic and inelastic angular
distributions simultaneously. The analysis of the °Li data was restricted to coupling the 1* ground state to the first 3*
excited state, whose excitation energy is £, = 2.186 MeV. As shown in Fig. 1, the fits for the angular distributions show
good agreement with the experimental data for the elastic (1*) and the first (3%) excited channels for incident energies
of 14.8, 25, and 171 MeV. The corresponding optical potential best fit parameters as a function of incident energy when
the elastic and first excited channels are coupled together, are displayed in Table 2. For '>C ,a well-studied nucleus
over the energy range 11.8 to 270 MeV, variations in the angular distributions are strongly influenced by coupling to the
ground state via collective transitions. We coupled the 0* elastic channel to the first 2* excited state (Ex = 4.438 MeV).
The corresponding fits for the elastic 0* and inelastic 2* differential cross sections show very good agreement with the
experimental data as seen in Fig 2. The optical model parameters corresponding to these fits are listed in Tables 3 and 4.
In our fitting procedure, we also searched for the best value of the quadrupole deformation parameter 3, at each incident
energy. Assuming all the obtained values to have the same weight, our average value for the quadrupole deformation is
B> = 1.39 for SLi, which is in good agreement with the value 8,=0.89 obtained in Ref. [25]. In addition, our mean value
for the quadrupole deformation is 3,=0.73 for 'C, which is in good agreement with the value 8,=0.60 obtained in Ref. [9].
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Table 2. The optical potential best fit parameters for °Li(d, d)®Li* scattering cross sections for the elastic (17) and 3*
excited state. The Coulomb radius was fixed at . = 1.2 fm.

Parameters 14.8 MeV 25.0 MeV 171.0 MeV
V (MeV) 89.990 70.090 28.600
r (fm) 1.160 0.910 1.400
a (fm) 0.900 0.220 0.900
Wy (MeV) 5.280 2.160 7.690
ry (fm) 1.400 1.540 1.080
ag (fm) 0.900 0.890 0.830
Vso(MeV) 2.000 4.790 2.288
ryo (fm) 0.800 1.040 1.420
ago (fm) 0.900 0.300 0.900
B2 (fm) 1.29 2.07 0.786
x> 99.200 1.075 189.600
10° 14.8 MeV * Exp. Data [li]
. — This work [1 ]
. + Exp. Data [3]
. --= This work [3]

do/dQ (mb/sr)

171 MeV

| | |
0 30 60 90 120 150

0, . (deg)

Figure 1. (Color online) Elastic and inelastic best angular distribution fits for deuteron scattering from °Li.
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Table 3. The optical potential best fit parameters for >C(d, d)'>C* scattering cross sections for the elastic (0*) and (2%)
excited state. The Coulomb radius was fixed at r. = 1.2 fm.

Parameters 11.8 MeV 13.7 MeV 15.3 MeV 25.9 MeV 60.6 MeV
V (MeV) 63.00 62.00 61.9999 54.4645 52.00
r (fm) 0.9956 1.0000 1.0154 1.0562 0.8306
a (fm) 0.8500 0.7958 0.8100 0.7499 0.4137
Wy (MeV) 13.00 12.7351 11.1303 13.00 10.00
ry (fm) 1.2033 1.2233 1.2343 1.0718 1.0000
ag (fm) 0.3522 0.3672 0.4029 0.4301 0.5567
Vso (MeV) 4.0385 5.1000 3.8314 4.0000 4.5000
Fso (fm) 0.9000 0.8152 0.7646 1.0524 0.8855
ase (fm) 0.4512 0.3000 0.3010 0.7000 0.7500
B2 0.659 0.656 0.606 0.730 0.789
P 10.150 10.049 69.195 69.195 6.194

Table 4. The optical potential best fit parameters for >C(d, d)'2C* scattering cross sections for the elastic (0*) and (2%)
excited state. The Coulomb radius was fixed at r. = 1.2 fm.

Parameters 77.3 MeV 90.0 MeV 170.0 MeV 200.0 MeV 270.0 MeV
V (MeV) 45.09 40.00 40.00 37.84 31.27
r (fm) 0.800 0.936 0.940 0.900 0.970
a (fm) 0.495 0.850 0.410 0.390 0.440
W,(MeV) 10.00 18.54 13.00 17.00 16.99
rs (fm) 0.930 0.904 1.070 1.170 1.109
ag (fm) 0.714 0.654 0.780 0.710 0.800
Vso(MeV) 6.10 4.50 4.03 4.00 4.00
rgo (fm) 0.800 0.800 0.840 0.900 0.800
as, (fm) 0.750 0.400 0.800 0.600 0.800
B2 (fm) 0.966 0.699 0.743 0.776 0.720
XY 30.90 49.82 73.45 8.860 6.300

When the elastic channel and the first excited states are coupled together for 6Li, and '2C, we find that the variations
of all OMP parameters are reduced. It is clear from Tables. 2 —4 that the value of V decreased with increasing energy, but
its variation is reduced as shown in Fig. (3 ). In addition, the variations of V for the >C case are similar to the variations
in the SLi case as can be seen in Figures (3). The variation in the surface absorption depth W; is smaller and remains
highly stable as a function of incident energy for °Li and '>C. Channel coupling has also resulted in the real part of the
spin-orbit potential Vy, being almost constant over the entire energy range around 4.0 MeV for these nuclei. In previous
work, Ref. [1]fixed the value of V;,, at 3.557 MeV, while V, was taken as 3.703 MeV in Ref. [20], 6.0 MeV in Ref. [3].,and
5.5 MeV in Ref. [10]. The variations in the geometric parameters (r, ry, rs,) and (a, as, as, ) are also highly stable, as
shown in Fig. (3). The mean y2 value for light nuclei is approximately 65 when the elastic channel is coupled with the
first excited state.

In what follows, we study the effect of coupled-channel analysis on the energy dependence of the optical potential
parameters for heavy nuclei
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Figure 2. (Color online) Elastic and inelastic best angular distribution fits for deuteron scattering from >C.
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Figure 3. (Color online) The variations of the optical potential depths as a function of incident energy for °Li (top ), 1>C
(bottom).

Coupling the Ground State of >*Mg, ®Ni, '>°Sn, and 2°*Pb to Collective Excited States

In this section, we investigate the effect of coupled-channels analysis on the optical model parameters for intermediate
and heavy nuclei. Heavy nuclei have almost constant matter densities up to large distances away from the nuclear center.
Therefore, surface effect, which result in larger energy dependence of the optical potential parameters, are expected to play
areduced role compared to the case of light nuclei. All this is expected to result in more stable optical potential parameters
as a function of energy. We present a detailed coupled-channels analysis of deuteron elastic and inelastic scattering on
the *Mg, 38Ni, 120Sn, and 2°*Pb nuclei over an energy range of 9.9 to 170 MeV. Here, we coupled the 0" elastic channel
and the first 2* excited state corresponding to deuteron scattering from >*Mg, *®Ni, 12°Sn, where the respective excitation
energies are 1.368 MeV, 1.454 MeV, and 1.171 MeV, respectively. The obtained results for the elastic 0* and inelastic 2*
differential cross sections show excellent agreement with the experimental data as displayed in Figs. (4) to (6). Our fitting
procedure also resulted in best-fit for the quadrupole deformation 8, = 0.64, 5, = 0.244, and B, = 0.097 for coupling
the ground state of 2*Mg, ¥Ni, and '2°Sn to the 2* excited state, respectively, which are in good agreement with previous
work, where the corresponding values of 5, = 0.605, 8> = 0.182 and 5> = 0.107 obtained in Refs. [31].

In the case of 28Pb scattering, we coupled the 0* ground state to the 3~ (2.6146 MeV) inelastic excited state at
energy 86 MeV for which experimental data are available. The corresponding excellent angular distribution fits are
shown in Figure (7). In the coupling between the 0* (elastic channel) and first 3~ excited state for the target nucleus
208pb, an octupole deformation parameter 83 = 0.11 was obtained, which is in a good agreement with previous work is
B3 = 0.11 of [15]. In addition, we shall consider the effect of coupling the ground state to two inelastic channels on the
optical potential parameters for 2°Pb, when the 0* ground state is coupled to the 3~ (2.6146 MeV) and 5~ (3.197 MeV)
excited states. In this case, the calculated elastic and inelastic differential cross sections show excellent agreement with
experimental data at an incident energies of 86 Mev as shown in Figure (7), and our fitted values are 83 = 0.11 for an
octupole deformation and B85 = 0.0563 for the quintupole deformation. Furthermore, Tables (5) to (9) show the optical
potential best fit parameters as a function of incident deuteron energy for the >*Mg to 2°*Pb target nuclei when the elastic
channel and excited states are coupled together. Similar to the case of light nuclei, when the ground state is coupled to the
first excited state the energy variations of optical potential parameters are reduced.
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Table 5. The optical potential best fit parameters for **Mg(d, d)>*Mg* scattering cross sections for the elastic (0*) and
(2%) excited state. The Coulomb radius was fixed at r. = 1.2 fm.

Parameters 9.97 MeV 10.87 MeV 12.10 MeV 15.30 MeV 21.00 MeV
V (MeV) 73.000 71.545 65.753 66.000 54.216
r (fm) 1.0000 1.0000 1.0281 1.0255 1.0000
a (fm) 0.7712 0.7034 0.5959 0.7163 0.6584
W (MeV) 16.000 16.000 16.000 16.000 13.000
ry (fm) 1.2023 1.1508 1.0765 1.1163 0.9354
ag (fm) 0.4403 0.4334 0.4721 0.4511 0.6261
Vso (MeV) 5.7434 5.0000 5.0000 7.2000 5.0000
Igo (fm) 0.9095 0.9000 0.9000 0.9000 0.9870
age (fm) 0.3000 0.3629 0.3041 0.3624 0.7500
B2 0.520 0.520 0.506 0.507 0.520
x° 4.958 10.127 20.257 150 7.128

Table 6. The optical potential best fit parameters for **Mg(d, d)?*Mg* scattering cross sections for the elastic (0) and
(2*) excited state. The Coulomb radius was fixed at . = 1.2 fm.

Parameters 60.6 MeV 77.3 MeV 90.0 MeV 170.0 MeV
V (MeV) 61.999 55.000 53.120 32.384
r (fm) 0.874 0.900 1.000 0.912
a (fm) 0.778 0.494 0.800 0.576
Ws(MeV) 14.632 16.000 15.000 13.836
rs (fm) 0.928 0.935 0.900 1.027
as (fm) 0.614 0.669 0.800 0.763
Vso(MeV) 4.000 4.000 4.000 3.092
Fso (fm) 0.800 0.800 0.800 0.879
dg, (fm) 0.500 0.400 0.800 0.600
B2 (fm) 0.764 0.805 0.693 0.950
P 12.478 26.833 19.562 128.475

Table 7. The optical potential best fit parameters for >Ni(d, d)>Ni* scattering cross sections for the elastic (0*) and (2%)
excited state. The Coulomb radius was fixed at . = 1.2 fm.

Parameters 11.8 MeV 13.6 MeV 27.5 MeV 80.0 MeV 170.0 MeV
V(MeV) 83.000 74.591 78.000 59.999 47.783
r(fm) 1.100 1.196 0.950 1.017 0.916
a(fm) 0.747 0.748 0.780 0.585 0.549
Ws(MeV) 15.000 14.990 15.430 12.000 15.000
ry(fm) 1.220 1.369 1.060 0.913 1.010
as (fm) 0.690 0.666 0.630 0.727 0.749
Vso(MeV) 6.000 5.555 4.000 4913 3.000
rso (fm) 1.100 1.265 1.130 0.906 0.921
ase (fm) 0.700 0.300 0.300 0.205 0.700
B2 (fm) 0.282 0.222 0.293 0.166 0.257

x° 8.448 7.455 4.990 3.865 42.151
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Figure 4. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for deuteron elastic and inelastic scattering from >*Mg.

Table 8. The optical potential best fit parameters for '2°Sn(d, d)'?°Sn* scattering cross sections for the elastic (0*) and
(2%) excited state. The Coulomb radius was fixed at r. = 1.2 fm.

Parameters 13.6 MeV 28.6 MeV 82.0 MeV
V(MeV) 68.09 69.11 60.00
r(fm) 1.160 1.140 1.460
a(fm) 0.540 0.220 0.440
Ws(MeV) 13.00 7.64 15.21
ry (fm) 0.900 1.230 1.200
ag (fm) 0.860 0.810 0.630
Vso(MeV) 4.37 6.00 4.27
Fso (fm) 1.210 1.240 1.260
ago (fm) 0.300 0.300 0.400
B2 (fm) 0.161 0.089 0.042

x> 3.530 16.90 22.40
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Figure 5. (Color online) Elastic and inelastic best angular distribution fits for deuteron scattering from ®Ni.

Table 10. Theoretical predictions of deformation parameters compared to previous works. Where the values previous
works are given in [a [9], b [38], ¢ [31],d [19], e [15], £ [39]].

Target nucleus

Def.Parameter Li 2c Mg BNi 1208n 208pp
8 0.582¢ 0.600°¢ 0.1824 0.1074
2 1.39 0.73 0.64 0.24 0.097
0.110¢
Ps 0.11

Ps 0.056




Coupled-Channels Analysis and Optical Model Potential Extraction for Deuteron...

63
EEJP. 3 (2025)

13.6 MeV e Exp.Data[0'] i
— This work [0'] 13.6 MeV + Exp.Data[2"]
I -== This work [2']
4 f}
LI Ny
0 2 Q\Q\
10 T
+ ;,2_9»?.?4 s
28.6 MeV .
s, 28.6 MeV
= » \:"\'\'o
g 100 \o\\ .,
g ¢ {\‘Q\
% "0“'.“
o) S
o *e ‘
.\fr;'/
80 MeV » 22 MeV
Ty
oL % <3 -
10" o, A
K 0 ¥
10 ey
\ \ \ \ \ \ \ \ \ \
0 30 60 90 120 150 30 60 90 120 150
Gc'm' (deg) Ocim_ (deg)

Figure 6. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for deuteron elastic and inelastic scattering from '2°Sn.

Table 9. The optical potential best fit parameters for 2%Pb(d, d)?"*Pb* scattering cross sections for the elastic (0*) and

(37, 57) excited state. The Coulomb radius was fixed at r. = 1.2 fm.

Parameters Coupling (0*,37,57 ) 86.0 MeV Coupling (0*, 37) 86.0 MeV
V(MeV) 37.34 35.86
r(fm) 1.09 1.12
a(fm) 0.80 0.80
Ws(MeV) 15.99 16.0
rg (fm) 0.99 1.05
ag (fm) 0.89 0.77
Vso(MeV) 4.0 4.0
rso(fm) 0.98 1.08
as(fm) 0.64 0.30
B(fm) 0.103 0.099
Bs(fm) 0.018 -
x¥? 6.6 4.08
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Figure 7. (Color online) Elastic and inelastic best angular distribution fits for deuteron scattering from 2°3Pb.

Clearly, for all the considered nuclei, we found that the variations in the optical potential parameters with incident
energy are reduced. Coupling the 0" elastic channel with the first excited state in 2*Mg ®Ni, and '?°Sn the variations in
the real part of the central potential V are smaller, and its value decreased with increased incident energy, as expected. In
addition, it can be noted that the behavior of the surface absorption term W remains more stable as a function of incident
energy for the 2*Mg, Ni, 12Sn nuclei, as shown in Figs. 8. The real part of the spin-orbit depth (Vj,,) remains highly
stable when channel coupling is taken into account. The results of this work yield V;,, = 4.0 MeV, as shown in Figs. § for
heavy nuclei.

Previous works have reported V;, ~ 3.557 MeV [1], 3.703 MeV [20], and 6.0 MeV [3], and 5.5 MeV in_Ref.[lO].
The geometric parameters (r, rs, o) and (a, ag, as,) are more stable. For heavy nuclei, our mean value of y2 is 18.3.
The elastic and inelastic angular distribution fits for the heavy nuclei are better than those for the light nuclei.

Now, to evaluate the improvements achieved in the present coupled-channels (CC) analysis, we perform a detailed
comparison with the benchmark study by Baumer et al. [2], which reported angular distributions for deuteron elastic
and inelastic scattering from '2C, 2Mg, and *®Ni at an incident energy of E; = 170 MeV. Their analysis was based on
global optical model potentials developed by Daehnick et al. [10] and Bojowald et al. [3]. The superiority of the present
approach is reflected in the reduced chi-squared (y?) values, which provide a quantitative measure of the fit quality. At
E; = 170 MeV, we achieved the following improvements:

* 12C: ¥? reduced from approximately 600 (using DC/BC fits) to 76,
» 2*Mg: x? reduced from around 700 to 128,

* BNi: y? decreased from nearly 100 to 42.
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Figure 8. (Color online) The variations of the optical potential depths as a function of incident energy for >*Mg (left),
38Ni (right), and '2°Sn (bottom).
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agreement with experiment highlights the strength of the current coupled channels approach.



66
EEJP. 3 (2025) Waleed Saleh Alrayashi

5. CONCLUSIONS

In this work, we employed the coupled-channels analysis to study the deuteron-nucleus elastic and inelastic scattering
processes corresponding to light and heavy nuclei in the atomic mass region from SLi to 2®Pb and incident energies
ranging from 9.9 to 270 MeV range. The FRESCO code was used to solve the coupled partial-wave equations for a
rotational nucleus. Best optical potential fit parameters were obtained for the elastic angular distribution data, in addition
to simultaneous fits to the angular distributions corresponding to the most important inelastic excitations.

For light nuclei, when the elastic channel was coupled to inelastic excitations, the angular distribution fits were in
excellent agreement with the experimental data as shown in Figs. (1) and (2). The variations in optical potential parameters
with energy are reduced, the optical potential fit parameters for ®Li and '>C show lower variations with incident energy in
the elastic and inelastic scattering cases.

For heavy nuclei, when coupling the ground state with the most important inelastic excitation channels the differential
cross-section fits were in excellent agreement with the experimental data for the 2*Mg, ¥Ni, '2°Sn, and 2°*Pb nuclei, as
shown in Figures (4) to (7). We found that the optical potential fit parameters for heavy nuclei exhibit reduced variations
with incident energy as shown in Tables (5) to (9). The potential parameters show smaller energy dependence in the elastic
and inelastic scattering.

The main goal of our study has been to test the effect of coupled-channels analysis on the energy variation of the
optical potential parameters. We found that the variations of the parameters for light and heavy nuclei are reduced when
coupling is taken into account as shown in Figures (3) and (8) for the light and heavy nuclei, respectively. Therefore, we
stress the following conclusions:

» The real central potential V decreases with increasing incident energy, when inelastic excitations are taken into
account.

* The energy variations of the surface absorption depth Wy are more stable for the channel coupling scheme. This is
s0, since the imaginary part is responsible for the removal of particles from the elastic channel. Coupled channel
analysis takes into account part of the removed flux explicitly. Therefore, the strength W; of the absorption term
naturally decreases.

» The real part of the spin-orbit potential Vj, is almost constant as a function of incident energy for the light and
heavy nuclei. We found that the value of Vj, is around 4.0 MeV when the elastic channel is coupled to inelastic
open excitations.

In previous studies, the value of Vg, was fixed at 3.55 MeV [1], V, = 3.703 [20], Vi, = 6.0 [3], and V,,=5.5 [10].

* The variations of the geometric parameters are highly stable when channel coupling is taken into account.

The results demonstrate that the inclusion of inelastic couplings to collective excited states significantly improves
both the physical realism and statistical quality of the fits. For example, at E; = 170 MeV, the reduced chi-squared
values for 12C, 24Mg, and 3Ni were reduced from 600, 700, and 100, respectively, in global optical model
fits to 76, 128, and 42 using our fully coupled approach. These improvements were observed not only in the
forward-angle region but also in the backward-angle domain, where collective effects and interference patterns are
most pronounced.

Finally, compared with previous studies, particularly the widely cited work by Baumer et al., our approach shows
clear improvements. While Bdaumer’s fits using global optical models and minimal coupling captured general angular
trends, they suffered from large y? values and poor agreement at large scattering angles. In contrast, our CC analysis with
structure-informed deformation parameters and fully optimized optical potentials, yields significantly better agreement
with data and enhanced physical interpretability.

In summary, the channel coupling analysis has been shown to reduce the variations of the optical parameters with
energy.
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AHAJII3 3B’ AI3AHUX KAHAJIIB TA BUJIYUYEHHSA IOTEHIIAJTY OIITUYHOI MOJIEJII 1J14 PO3CIIOBAHHA
JENTPOHIB BIJI °Li 10 2°8Pb
Bauig Canex Anbpasimni
Kadgpeopa nayku, gpaxyavmem oceimu, Yrieepcumem Canu, Cana, Emen

[IpysxHe Ta HenpyXkHe pO3CiloOBaHHS JEUTPOH-SIPO Bij OLi 1o 208Pb 0yJ10 TOCTiKEHO [UIs eHepriii najiHHsA Big 9,9 1o 270 MeB. [010BHOW0O MeTOIO 1€l
pOOOTH € BUBYCHHS BIUIMBY 3B’sI3Ky OCHOBHOTO CTaHy sApa 3 HENPYXKHUMH KaHalamu 30yIKCHHS Ha SHepreTHYHy 3a/ekKHICTh apaMeTpiB ONTHYHO-
ro mozesbHoro noteniiany (OMIT). BukopuctoByoun kogu FRESCO ta SFRESCO, MU IBHO MOB’ 13a/1 TIPYKHUIA KaHAJ 3 HU3bKO PO3TAIIOBAHUMU
KOJIEKTMBHHMM CTAHAMH Ta BTy i apamerpu OMIT mutsixom minimisartii y 2. Halikpai mapaMeTpy onTidHOi MOfesT Oy, OTpUMAHI JUIs1 JAHKX HpY-
JKHOT'O Ta HETIPYKHOTo KyTOBOro po3mnoziny. Haii anpokcumarlii KyTOBOro po3nojily npy»HOCTi Ta HENpPYKHOCTI IEMOHCTPYIOTh Yy/I0BY Bi/IlIOBiIHICTh
3 eKCIIePUMEHTAJIbHIMH JaHUMH, OCKIJIbKY OiJIblie OHOrO HabOpy mapameTpiB MOTEHLialy MOXe BiATBOPUTH 3aiaHi JaHi KyToBoro posmnoaity. Komu
OCHOBHHI1 cTaH OyB ITOB’sI3aHMI1 3 HAWBAXJIMBIIMMY HENPYXXHAMH KaHaJIaMU 30y KeHHsI, eHepreTHYHa 3aJIekHicTh napameTpis OMP 3menmmnacs. Lle
Haf01/IbII OYEeBUAHO 1JIsI TapaMeTpiB ONTUYHOI MOJIEN, 3HAYEeHH SIKUX CTAJIO0 Maibke ITOCTIHUM, KOJU PO3IJIsIaBcs 3B’ 130K KaHAIB.
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Unique structures that differ radically from ordinary nuclear matter have been demonstrated by Halo nuclei. Among other halo nuclei,
the ' Be nucleus is one of the most studied halo nuclei, and it has a well-established one-neutron halo structure with neutron separation
energy S, = 0.501 MeV. We have studied 'Be + 2%°Bi reaction in the multibody 3-Stage Classical Molecular Dynamics (3S-CMD)
model, where !'Be is constructed as a cluster of tightly bound '°Be and one neutron. The separation between '°Be and neutron is
adjusted to set the ion-ion potential between them equal to the experimental neutron separation energy. For this reaction, we have
calculated fractions of events F(b) for given impact parameter, b and collision energy Ecy and event probabilities P(Ecyy) by integrating
F(b) over all the values of b < by,qx (bmax 1S impact parameter above which all trajectories results in scattering) for the given Ecyy.
Here in present calculations, it is found that for near barrier energies, neutron transfer is significant for lower impact parameters, but at
far above barrier energies, complete fusion dominates for lower impact parameters, while for slightly higher impact parameters, neutron
transfer is accountable.

Keywords: Fusion reactions; Halo nuclei; Heavy-ion collisions; Weakly-bound nuclei; Classical Molecular Dynamics

PACS: 24.10.-i; 25.70.De; 25.60.Pj

1. INTRODUCTION

There is aremarkable class of nuclei known as Halo Nuclei, which is similar to weakly bound nuclei in many ways, but
their structure is strikingly different from normal nuclear matter. These light nuclei are situated near the very boundary of
nuclear stability. Several remarkable features were revealed by the groundbreaking experiments [1-4] that were conducted
to study characteristics of halo nuclei. Notably, these nuclei exhibit very high interaction cross sections, possess loosely
bound outer nucleons with low separation energies (resulting in new surface densities and unique structures), and display
exotic modes of collective vibration in the nucleus due to their large dissociation cross sections by high-Z targets. Similar
to other weakly bound nuclei, halo nuclei exhibit high breakup probabilities as their outer orbiting protons or neutrons,
forming a halo surrounding the core nucleus, have very low separation energy, which can lead to fusion with the target,
resulting in incomplete fusion (ICF).

Much interest has been around halo nuclei is due to the development of radioactive beam facilities, which allow study-
ing nuclides at the limits of stability. Among halo nuclei, ' Be is one of the most studied ones and has well well-established
one-neutron halo structure having very low neutron separation energy S, = 0.501 MeV [5]. Due to the low separation
energy of the valence neutron, this neutron has a relatively high probability of being knocked out. Such breakup effects
can be better investigated with a heavier target (i.e., 2°’Bi) due to the increasing predominance of long-range Coulomb
interaction compared to the nuclear potential [6]. Here, the ''Be + 2%°Bi reaction is studied using the multibody 3-stage
Classical Molecular Dynamics (3S-CMD) model, for which !'Be is constructed as a cluster of tightly bound '°Be and one
neutron. In the multibody 3S-CMD model, by systematically removing rigidity constraints on the target and projectile,
calculations are carried out. As a result, this model can account for a direct reaction like a neutron transfer from the
projectile in the present case. Therefore, Event fractions, F(b) and event probabilities, P(Ecps) as a function of impact
parameter, b and center of mass frame energy, Ecys are extracted from this calculation.

In this paper, the details of the model are presented in Section — 2 , while the details and the results for event fractions
for 1'Be + 299Bi are discussed in Section — 3. Finally, conclusions are summarized in Section — 4.

2. MODEL DETAILS

The multibody 3-Stage Classical Molecular Dynamics (3S-CMD) model is used to simulate the ' Be + 2%°Bi reaction.
The projectile !'Be is constructed as a cluster of tightly bound '°Be and one neutron. Tightly bound '°Be and **’Bi are
constructed using variational potential energy minimization STATIC [7] code and “cooled” using DYNAMIC [7] code,
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for which a purely phenomenological soft-core Gaussian potential is used, which is given by,

C 5
Vij(rij) = =Vo [l - —|exp |- (D
Ljj I,
where the typical form of the Coulomb potential between protons is,
1.44
VC (rij) = r—(MeV) (2)
ij

and the potential parameter set Vo = 710.0 MeV, C = 1.88 fm and rg = 1.15 fm is used to produce ground state properties
of nuclei. Using a “dynamic cooling” method by carrying out rigid body dynamics [8] like procedure and setting the
cluster velocities and their angular moment zero after every time-step and thus obtaining the equilibrium orientation and
position of the centre of mass of these constituents (\’Be + n). Now, the distance between the center of mass of '°Be and
the neutron is adjusted in such a way that the typical ion-ion potential between them is equal to the experimental neutron
separation energy of !'Be. Ground-state properties of generated nuclei are mentioned in Table 1 below.

Table 1. Ground-state properties.

Calculated Experimental

Nucleus
B.E. R B.E. R

(MeV) | (fm) | (MeV) [9] (fm)
10Be 59.68 | 2.06 65.97 2.28 [10]

Be | 60.18 | 209 | 6555 | 2.90[10]
(1°Be + n)

20984 1606.6 | 5.55 1640.26 | 5.52[11]

In this multibody 3S-CMD model, there are three stages involved in the simulation:
1. Rutherford Trajectories: The target and projectile are initially brought along classical Rutherford trajectories, consid-
ering their Coulomb interaction.

2. Classical Rigid Body Dynamics (CRBD): The system evolves dynamically to approach the fusion barrier, incorporat-
ing collective motion and interactions [8].

3. Classical Molecular Dynamics (CMD): The entire multibody system undergoes CMD evolution, allowing for inter-
actions and dynamic evolution of the system [7].

In this model, for the first and second stages, the projectile and target are treated as complete rigid bodies, while
during the third stage, this rigidity constraint on the target and projectile can be relaxed. In the present calculation, during
the third stage of simulation in the multibody 3S-CMD model, for 'Be (!°Be + 1), the bond between '°Be and the neutron
is relaxed and considered non-rigid, while '°Be is treated as a rigid body. Also, the rigidity constraint on 2%’Bi is relaxed
during the third stage.

Previous applications of the multibody 3S-CMD model to the ''Be + 2%Bi reaction have yielded fusion cross-
sections in good quantitative agreement with experimental data (Figure 1) [12]. Furthermore, these studies emphasized
the significant influence of rigidity constraints on the calculated fusion outcomes. In Figure 1, SBPM represents the results
of the Static Barrier Penetration Model [13] calculation, where all degrees of freedom are suppressed for the target and
projectile. (a) ''Be['"Be(R)-R-n] + 2?Bi(NR) represents a case where the !'Be is treated as completely rigid and the
target 2% Bi is treated as non-rigid. (b) ''Be[!°Be(R)-NR-n] + 2**Bi(NR) represents a case where the '°Be core of '!Be is
treated as rigid, but the bond between the '°Be core and the neutron is treated as non-rigid, and the target 2B is treated
as non-rigid. So, we used the multibody 3S-CMD approach here to investigate event fractions and probabilities across
different event channels. The calculation details of event fractions and probabilities, along with the results for the !'Be +
2098 reaction, are discussed in Section — 3.

3. EVENT FRACTIONS AND PROBABILITIES

During the collision between weakly bound or halo nuclei and a heavy target, different events like complete fusion,
incomplete fusion, and direct reactions like nucleon transfer can take place. Here, for such possible events, the fraction of
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Figure 1. Complete fusion cross sections for the ''Be + 2°Bi reaction. Exp. — CF [5].

events, F(b), for the given Ecps and b can be defined as,

N,
F(b,Ecy) = N—, 3)
tota

Where, N;yrq1 = Total number of trajectories for initially random orientations for given Ecys and b. Neyenrs = total
number of events leading to complete fusion, a direct reaction like a neutron transfer, scattering, etc. The event fraction is
a function of both b and E¢jy, but as we have calculated event fractions as a function of b at a given Ecyy, therefore, for
the sake of convenience, we have used the notation F(b) instead of F(b, Ec ) to denote event fractions.

The event probabilities, P(Ecay), for all possible events can be found by integrating F(b) over all the values of b <
bmax for given Ecyy,

bmax
/ F(b)db 4)
b

P (E = —1
(Eca) = [(bmm/Ab)H

We have calculated fraction of event, F(b) for different three different collision energies, (i) Ecps = 38 MeV (Figure
2a) (ii) Ecp = 40 MeV (Figure 2b) and (iii) Ecps = 50 MeV (Figure 2c¢) in which 38 MeV and 40 MeV are near barrier
energy and 50 MeV is far above barrier energy.

For Ecpr = 38 MeV (Figure 2a), slightly below the barrier energy, it can be seen that for lower impact parameter
neutron transfer from a projectile and direct complete fusion is quite significant while for higher impact parameter most
trajectories result in the non-breakup scattering. For Ecys = 40 MeV (Figure 2b), slightly above the barrier energy, for
lower impact parameters neutron transfer and direct complete reaction are more probable than non-breakup scattering
while for higher impact parameters most trajectories result in the non breakup scattering. For Ecps = 50 MeV (Figure 2¢)
for lower impact parameters almost all trajectories result in direct complete fusion but for grazing-like collisions neutron
transfer is accountable. For higher impact parameters trajectories results in non-breakup scattering.

For these three energies, Event probabilities, P(Ecpy), are calculated, which are shown in Figure 3. From this, it
can be understood that the probability of direct complete fusion increases as the collision energy increases, whereas the
probability of no breakup scattering decreases as the collision energy increases. For the neutron transfer, the impact
parameter plays a crucial role.
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Figure 2. Fraction of event, F(b) for different three different collision energies, (a) Ecp = 38 MeV (b) Ecyr = 40 MeV

and (c) Ecpr = 50 MeV.
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Figure 3. Event probabilities, P(Ecys) for the system ''Be (1°Be + n) + 2%Bi for three different collision energy

4. CONCLUSION

The multibody 3S-CMD model calculations are carried out to investigate the !'Be + 2*’Bi reaction dynamics. The
1 Be halo nucleus is explicitly treated as a '"Be core plus a weakly bound neutron, with their interaction potential matched
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to the experimental separation energy. In this model, the reactions can be simulated with various rigidity constraints on
the projectile fragments, bond between them and the target, which enables the dynamical simulation of various outcomes
like complete fusion (CF), neutron transfer, scattering, etc. We calculated event fractions, F(b), versus impact parameter
(b) and integrated event probabilities, P(Ecys), at near-barrier (Ecpys = 38, 40 MeV) and above-barrier (Ecpys = 50 MeV)
energies. The results highlight a strong dependence of reaction mechanisms on both energy and impact parameter. Near
the barrier, neutron transfer significantly competes with complete fusion, particularly in central collisions. At the higher
energy (50 MeV), complete fusion dominates at low impact parameters, while neutron transfer becomes the most probable
channel for grazing trajectories. The overall probability for CF increases with collision energy, counterbalanced by a
decrease in scattering probability. The multibody 3S-CMD model effectively captured the interplay and energy-dependent
competition between complete fusion, neutron transfer, and scattering channels in reactions induced by the ''Be halo
nucleus. Moreover, understanding the reaction dynamics of Halo nuclei projectiles like ''Be with heavy targets such as
209Bi provides insights into the behaviour of halo nuclei, which can help in improving the accuracy of reaction models
used in astrophysical nucleosynthesis simulations, which are used for predicting element formation in stellar environments
and understanding energy production in stars. The analysis of neutron transfer, complete fusion processes, and the energy
dependence of reaction mechanisms can also facilitate in refining conditions for neutron-rich isotope production.
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YACTKH HOJII TA UIMOBIPHOCTI /17151 PEAKIIIT ! Be + 29Bi B BATATOYACTHHKOBOMY 3-CTAJITHOMY KJACHYHOMY
MOJIERYJIAPHOMY JUHAMIYHOMY HIAXOAI
Binya B. Karapis®, Cy6oax C. Toape?, Ilinank X. Ixapisaia®
4 Yuisepcumem Bipa Hapmaoa ITiedennozo I'yoxcapama, Cypam - 395007, Indis
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Slapa rajno npoaeMOHCTPYBAJIM YHiKaJIbHI CTPYKTYPH, SIKi paJuKalbHO BiAPI3HAIOTHCA Bif 3BUYaiiHOI AnepHoi marepii. Cepel iHILIMX
Afep rano, sapo | Be € OMHUM 3 HANGLTHII BUBUEHHX SIEP Tao0, i BOHO Ma€e JOOpE BCTAHOBIIEHY CTPYKTYPY Fajio 3 OIHAM HEHTPOHOM Ta
eHeprieio po3ineHHs HelTpoHiB S, = 0,501 MeB. Mu nocnimxysamm peakmio ''Be + 2°Bi B 6aratouacTukoBiit 3-cTaiiniit Monesmi
KJIACHYHOI MOJIeKyJsipHOi auHaMiku (3S-CMD), ne 1Be MoOYIOBAHO SIK KJIACTEP HILIBHO 3B’ I3aHOTO 10Be ta ogHoro HeiiTpoHa. Bigcranp
mik '“Be Ta HEHTPOHOM PETyMOEThCA TAKMM UMHOM, 1106 BCTAHOBUTH 10H-IOHHMIT IOTEHIIAN Mik HUMH, PiBHUIl eKCTIepUMEHTATbHIil
eHeprii po3aijeHHs] HeUTpoHiB. [IJis wi€i peakiii MU po3paxyBasld YacTKH NoAidl F(b) ayis 3agaHoro napamerpa yaapy, b ta eHeprii
3iTkHeHHs Ecm, a Takox iiMosipHocTi nogift P(Ecym) 1mu1sxoM inTerpyBaHHs F(b) 3a BciMa 3HaueHHAMH b < b5 (binax - HapaMeTp
yAapy, BUILE SKOTO BCi TPAa€KTOPii NPU3BOAAT 10 PO3CiloBaHHA) 14 3aAaHoro Ecy. ¥ Lux po3paxyHkax BUABIIEHO, 10 JAJIsl €Heprii
no6;m3y 6ap’epy IepeHeceHHsI HeWTPOHIB € 3HAYHUM ISl HIDKUMX TapaMeTpiB yaapy, aje IpU eHeprisx, 0 3HaYHO MepeBHUIyI0Th
6ap’ep, MOBHE 3JIUTTS JOMiHYye [JIs1 HIKYMX [ApaMeTpiB yapy, TOAI SIK AJIs IS0 BULMX [TAPaMEeTpiB yapy IepeHEeCEeHHs HEITPOHIB €
BiIMTOBIAHUM.
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Ensuring optimization of the radiation treatment process of experimental samples at electron accelerators and effective prediction of
the results of the interaction of electron beams with irradiation objects requires the most accurate information about the characteristics
of the beams. The initial (primary) characteristics of accelerator electron beams during transportation to irradiation objects will change
due to their interaction with the external environment (air). Thus, secondary particles are also generated - bremsstrahlung photons,
which also interact with samples. The paper presents the results of studies on modeling the influence of air layers on the change in the
initial characteristics of electron beams during their transportation to irradiation objects and on the parameters of the generated
bremsstrahlung photon fluxes in the plane of placement of experimental samples. The studies used the Monte Carlo code - GEANT4.
The modeling was carried out for the electron accelerator of the IEP NAS of Ukraine - the M-30 microtron, taking into account its
technical parameters. The results of studies of the characteristics (energy spectrum, their integral values, transverse distributions in the
10x10 cm plane) of the electron beam and secondary photons at the output of the electron accelerator are presented. The influence of
the thicknesses of the air layers (0.1+500 cm) between the electron output unit and the potential plane (100x100 c¢cm) of the placement
of experimental samples for irradiation on the characteristics of the primary electron beams and generated bremsstrahlung photons (for
the energy range of 620 MeV) is studied.

Keywords: Microtron; GEANT4, Electron beam,; Bremsstrahlung,; Ti window, Air; Spectra; Spatial distributions

PACS: 29.17.+w, 29.27. a

INTRODUCTION

Electron beams obtained from electron accelerators (linear, microtrons [1]) are used to solve both scientific [2] and
a wide range of applied problems [3-9]. These problems are related to the improvement of radiation therapy protocols in
the practice of treating oncological diseases [3]; to the protection of personnel during the operation of accelerators [4],
sterilization of medical drugs and devices for their disinfection [5]; processing of food products to increase their shelf life
[6]; creation of promising materials with predetermined technical parameters that are necessary for the development of
modern innovative technologies [7], alternative methods of producing medical radioisotopes [8]; to non-destructive
analysis of nuclear materials for the purpose of their control and non-proliferation [9] and many others. To solve these
problems, it is necessary to have the most accurate information about the characteristics (energy spectra, their integral
values, transverse distributions along the potential placement plane (PPP) of experimental samples [10,11]) of electron
beams interacting with the irradiated objects. In this case, it is important to determine the factors that will influence these
final characteristics of the beams during their transportation to the irradiated materials and interaction with them.

The initial (primary) characteristics of electron beams during transportation between the accelerator output unit and
the irradiated sample PPP will change due to their interaction with the environment, usually air, due to the processes of
inelastic collisions with atomic electrons and nuclei. These processes lead to ionization and excitation of atoms (ionization
losses) and the formation of bremsstrahlung (radiation losses) [12]. That is, the initial energy of the beam electrons is lost
(decreases) due to inelastic collisions - excitation, ionization, and the formation of bremsstrahlung photon fluxes. In elastic
collisions, electrons' kinetic energy and momentum can be redistributed between particles [12]. We also note that
secondary particles — photons and electrons — will be present in the electron beams, which are formed by the above
processes during the transport of electrons in the layers of matter (air) [13,14].

To ensure the uniformity of the transverse distribution of electron beams along the PPP of the irradiation objects,
the distance from the electron output blocks of the accelerators to them is increased, which leads to an increase in the
thickness of the air layers and, accordingly, to an increase in the number of secondary photons [15-17]. Secondary photons
will also be formed at the outputs of the electron output blocks (between vacuum and air) due to their interaction with the
structural elements of the accelerators [18,19]. Reliable information about the characteristics of the secondary photon
fluxes in electron beams and the relationships between them is necessary when planning and optimizing (observing the
uniformity of the particle field in the PPP of the samples, taking into account their geometric dimensions) the process of
irradiation of experimental samples on electron accelerators [15-17]. It should be noted that data on the characteristics of
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secondary photon fluxes in electron beams are also used to develop methods for determining the characteristics (spectral,
integral, and transverse distributions in the PPP of experimental samples) of electron beams when direct measurements
are not possible [20,21].

Results of current research (both theoretical and experimental) into the process of transporting electron beams (with
energies up to 20 MeV) from the accelerator output blocks to the irradiation objects indicate the influence of air layers
(from 0.1 to 700 cm) on the specified final characteristics, as well as on the characteristics of the photon fluxes generated
by them in the PPP of experimental samples [22,23]. With increasing distance to the irradiation objects, these
characteristics of electron beams will change at fixed values of the initial electron energy [24,25]. Thus, electron energy's
nominal values (in the PPP) will decrease relative to their initial values [24,25]. It should also be noted that the efficiency
of generating bremsstrahlung photon fluxes by electron beams in the PPP will increase [26,27].

The final characteristics of electron beams and generated photon fluxes in the PPP are significantly influenced by
the initial values of electron energies at fixed distances between the electron output units of the accelerators and the
irradiation objects [26]. Thus, with an increase in beam energy (energy range 6+20 MeV), electron scattering in air
decreases [12,22], and the efficiency of secondary photon generation increases [12,15].

Analysis of the results of existing experimental and theoretical studies of the influence of air layers on the change
in the final characteristics of electron beams and generated secondary photon fluxes in the PPP (under practically the
same conditions of conducting experimental studies on electron accelerators with different technical parameters) indicates
their dependence on the characteristics of the primary (initial) electron beams (their geometric dimensions, the shape of
the spatial distributions at the accelerator output and energy) [28,29]. Any differences between the characteristics of
primary electron beams on different types of accelerators depend on their technical parameters and design features of the
output (electron) blocks, since they determine their initial characteristics [28,29].

Therefore, for the successful use of electron accelerators to ensure the experimental samples' irradiation process,
reliable data on the characteristics of electron beams and secondary photon fluxes that interact with the irradiation objects
are required for each type of accelerator. These data are necessary for optimizing the process of irradiation of experimental
samples with electron beams - ensuring their uniformity in the PPP of experimental samples, obtaining the expected value
of the absorbed dose (taking into account the energies, intensity, spatial and angular distributions of electron beams in the
PPP, geometric dimensions of experimental samples), and reliable assessment of the contribution of the additional
absorbed dose from the specified secondary, bremsstrahlung, photons.

The presented work aimed to study the influence of the initial parameters of electron beams (during their
transportation to irradiation objects) and air layers on their final values and characteristics of the generated fluxes of
secondary photons in the PPP of experimental samples.

The research was conducted using the electron accelerator of the Institute of Electron Physics of the National
Academy of Sciences of Ukraine — the M-30 microtron. Its main technical parameters (design of the electron output unit,
range of accelerated electron energies, average effective beam current) [30] are similar to those of most operating
accelerators in our country [31].

MATERIALS AND METHODS

For computer calculations of the process of transporting electrons and the secondary photons generated by them in
the titanium (Ti) window of the electron output unit of the M-30 microtron and the air layers between the output unit and
the PPP of the irradiation materials, a program was developed based on the GEANT4 v11.1 toolkit [32]. The created
program specified a list of physical processes FTFP_ BERT HP, which uses the physical model of electromagnetic
interaction standard for GEANT4 [33,34]. The modeling took into account the design features of the electron output unit
of the M-30 microtron [35,36] and the initial parameters of the electron beam that were defined in the
DetectorConstruction and PrimaryGeneratorAction classes, respectively [3]. GEANT4 visualization methods based on
the Win32 API were used to verify the irradiation scheme.

The simulations were performed for uncollimated electron beams with an equal probability distribution [22], which
had the shape of an ellipse with axes of 22 and 6 mm [35,36]. The initial electron energy varied from 6 to 20 MeV. During
the simulations, all electrons and the secondary photons, generated by them, that fell into planes perpendicular to the axis
of the initial electron beam were recorded - 1010 cm (at the accelerator output) and 100x100 cm (in the PPP of the
materials for irradiation). Visualization of the results of modeling electron transport and secondary photon generation
using the GEANT4 toolkit in the absence and presence of air layers is shown in Figure 1.

The modeling was carried out in two stages.

First stage: the characteristics (energy spectra, integral and transverse distribution) of electron beams and secondary
photon fluxes generated in the Ti window and their content in the electron beam at 1 mm distance from the accelerator
output unit in a 10x10 cm plane were studied.

The second stage is the study of the influence of air layers between the accelerator output unit and the PPP of the
irradiation materials on the generation of secondary photon fluxes by the electron beam and their content in the beams
that fell into the PPP of experimental samples (100100 cm) at five fixed distances (100+500 cm) from the output unit.

The simulated energy spectra of electrons and secondary photons falling into the PPP were normalized to one initial
electron.
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The integral values N of the number of electrons N. and secondary photons N, were calculated according to
formula (1) from the corresponding obtained energy spectra ¢(E):

Emax
N = [ $(E)E. (M
The percentage of secondary photons in the electron beam was determined by the formula

C= % 100%. Q)

Based on the simulation results, probability heat maps of the transverse distribution of electron beams and secondary
photon fluxes in the PPP were created using the ORIGIN package [7] for visualization.

©) d)

Figure 1. Visualization of modeling results for Ti windows in the absence (a, b) and presence (c, d) of air layers using the GEANT4
toolkit (grey — electron output unit; green square - PPP; red and green lines — electron and photons path).

RESULTS AND DISCUSSION
As a result of the simulations conducted, the following were investigated:

- changes in the characteristics (energy spectra, their integral values, and transverse distributions in the PPP) of
the initial electron beam and photon fluxes generated by electrons during interaction with the Ti window of the output
unit of the M-30 microtron and their content in the electron beam in the plane of the output unit;

- changes in the characteristics of electron beams and photon fluxes generated by electrons during interaction with
air layers between the plane of the output unit and the PPR of the irradiated objects, and the relative content of photon
fluxes in electron beams.

Effect of titanium window on electron beam characteristics and secondary photon generation

As aresult of the simulations, the characteristics of the energy spectra of electron beams (after their interaction with
the Ti layer) and the fluxes of secondary photons (generated by the Ti layer) in the plane of the output unit of the M-30
microtron (1010 cm), perpendicular to the electron beam axis (Figure 2), were calculated. The calculations were
performed for initial electron energies from 6 to 20 MeV.

It is established that the numerical integral values of the number of electrons N.. in the beam after their interaction
with the Ti layer are practically constant for the specified energy range. In contrast, the numerical integral values of the
number of photons N, in the fluxes increase with increasing initial electron energy from 8.117x10 “y/e (at 6 MeV) to
0.00101 y/e (at 20 MeV). Their percentage content in electron beams C also increases slightly from 0.08061% to 0.1003%
with increasing initial electron energy from 6 MeV to 20 MeV.

From the simulation results, the profiles of electron beams and bremsstrahlung photons on a plane measuring
10x10 cm at the accelerator output were obtained (Figure 3). From the obtained profiles, the transverse distribution of the
intensity of electrons and secondary photons along the X axis perpendicular to the beam axis in the plane's center was
taken (Figure 4). An increase in the energy of the initial electron beam from 6 MeV to 20 MeV does not affect the
transverse distribution of the electron beam in the plane at the accelerator output (the numerical value is ~6.1547x10%),
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whereas in the case of bremsstrahlung photon fluxes, their integral number increases by ~1.5 times (from ~419.3 to
~605.4), but this increase is not significant.
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Figure 2. Dependence of the energy spectra of electron beams (a) and generated fluxes of secondary photons (b) on the initial energy
of electrons after their interaction with the Ti layer.
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Figure 3. Profiles of electron beams (a, ¢) and secondary photon fluxes (b, d) at fixed values of initial electron energies of 6 MeV (a, b)
and 20 MeV (c, d).
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Figure 4. Transverse distributions of electron beams (a) and secondary photon fluxes (b) at fixed values of initial electron energies of
6.0 and 20.0 MeV.
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The calculations reflect the general patterns of the characteristics of the electron beams at the output in different
models of accelerators, where Ti plates are used for the electron extraction schemes from vacuum to air [18,19]. The same
applies to the fluxes of secondary photons generated by electrons in Ti windows. Possible differences in the results may
be associated with the difference in technical parameters (design features of the electron extraction units, geometric
dimensions) and with the initial electron energies used.

The influence of air layers on the characteristics of the initial electron beams and the generation of secondary
photons

The implemented modeling allowed us to investigate the influence of air layers located between the electron output
unit of the accelerator - the M-30 microtron and the PPP of experimental samples on the change in the initial characteristics
of electron beams during their transportation to the irradiation object and the generation of secondary photons by them.
The dependences of the final characteristics of electron beams in the PPP and the fluxes of secondary photons in the air
on the initial energies of the electrons were established.

Calculations of the parameters (energy spectra, their integral values, transverse particle distributions in the SPP) of
electron beams and the secondary photons generated by them in the PPP of the irradiated objects were carried out for a
wide range of initial electron energies - 620 MeV and distances between the output unit and the PPP - 0.1+500 cm. The
established parameters of the initial electron beam at the output of the output unit of the M-30 microtron, which took into
account its technical characteristics, were used as input data when conducting simulations.

The results of simulations of the energy spectra of electron beams entering the PPP, depending on their initial
energies (Ein= 6, 8, 10, 12.5, 14.5, 17.5, and 20 MeV) at fixed values of the distance — 100, 300 and 500 cm, and similar
dependencies for the generated fluxes of secondary photons are presented in panel Figure 5. The energy spectra of electron
beams and generated secondary photons fluxes in the PPP, depending on the distance (0.1, 100, 200, 300, 400, and 500
cm) at fixed values of the initial electron energy of 6.0, 12.5, and 20.0 MeV, are presented in panel Figure 6.

The simulation results (see Figures 5 and 6) indicate the dependence of the final spectral characteristics of electron
beams in the PPP of irradiated objects on the thicknesses of the air layers (between the electron output unit and the PPP)
through which they are transported and on their initial energies.

Analysis of the obtained results indicates a decrease in the numerical values of the nominal energy of electron beams in
the PPP of experimental samples with an increase in the distance from 0.1 cm to 500 cm. The dependence of the nominal
energy of electrons on the distance at fixed values of their initial energy is presented in Table 1.

Calculations were performed using our program to compare the obtained data with the results of similar studies
(with the same initial electron energies and distances between the electron output blocks and the PPP of the irradiation
objects) [38-40]. The results of the calculations of the energy dependences of the deviations of the nominal values of
electron energies from their initial values are presented in Figure 7. The obtained results are consistent with each other.
The deviations are associated with the experimental uncertainty of the literature data [38-40].
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Figure 5. Energy spectra of electron beams and secondary photon fluxes in the PPP depending on the initial electron energy and
fixed distance values — 100, 300, and 500 cm
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Figure 5. Energy spectra of electron beams and secondary photon fluxes in the PPP depending on the initial electron energy and
fixed distance values — 100, 300, and 500 cm (continued)
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Figure 6. Energy spectra of electron beams and secondary photon fluxes depending on the distance at fixed values of initial
electron energies — 6, 12.5, and 20 MeV

Table 1. Nominal value of electron beam energy in the PPP of experimental samples

Nominal energy Distances (cm)
Initial electron energy, change interval at 0.1 | 100 | 200 [ 300 | 400 | 500

MeV dlstanceslv([)éi;SOO cm, Nominal energy ( MeV )

6.0 ~6.0 +~5.2 ~59 ~58 ~5.7 ~5.5 ~53 ~52
8.0 ~8.0+~7.2 ~79 ~178 ~7.7 ~17.5 ~73 ~72
10.0 ~10.0 + ~9.2 ~9.9 ~9.8 ~9.7 ~9.5 ~9.3 ~9.2
12.5 ~12.5+~11.6 ~12.4 ~123 ~12.1 ~12 ~11.8 ~11.6
14.5 ~14.5+~13.6 ~14.4 ~143 ~14.1 ~14.0 ~13.8 ~13.6
17.5 ~17.5+~16.6 ~17.4 ~17.3 ~17.1 ~16.9 ~16.8 ~16.6
20.0 ~20+~19.1 ~19.9 ~19.8 ~19.6 ~19.5 ~19.3 ~19.1

The obtained energy spectra of electron beams and secondary photon fluxes were used to calculate their integral
values according to (1) and the percentage of secondary photons in the electron beam according to (2). Figure 8 shows
the dependences of the integral quantitative values of electron beams and secondary photon fluxes on the initial electron
energies (6 + 20 MeV) at fixed distances 0.1+500 cm, and the percentage of secondary photons in the electron beams.
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Figure 8. Dependence of the integral values of the quantities of electrons (a) and secondary photons (b), and the percentage of
photons in the electron beam (c), on the initial energy of electrons at fixed distances

Similar dependences of the integral values of electron beams and secondary photon fluxes on the distances
(0.1+500 cm) at fixed initial electron energies 620 MeV and the percentage of secondary photons in the electron beams
are presented in Figure 9.

The dependence of integral quantitative values of electrons and secondary photons, falling on the PPP, on the energy
at fixed distances and the percentage of secondary photons in the electron beam are given in Table 2.

Analysis of the calculated integral values of the electron beam N./e indicates their significant dependence on the
thickness of the air layers through which the beam is transported and on its initial energy (Figure 8a, Figure 9a, Table 2).
The integral values decrease at fixed initial electron energies with increasing distance to the irradiation objects. The initial
energy of the beam at fixed distances significantly affects the rate of decrease of N./e. Thus, at a fixed initial energy of
6 MeV, the numerical values N./e decrease from 1.0060 to 0.3099 with a change in distance from 0.1 cm to 500 cm. And
at a fixed initial energy of 20 MeV, the numerical values of N./e decrease slightly from 1.0060 to 0.9699 (with a similar
change in distances from 0.1 cm to 500 cm).

The integral values of the bremsstrahlung photon fluxes N,/e generated by electron beams in the air layers between the
output unit and the PPP of the experimental samples are determined by the thicknesses of the layers and the initial energies
of the electrons (Figure 8b, Figure 9b, Table 2). The rate of change of Ny/e is significantly affected by both the initial energy
of the electrons and the distances. At a fixed initial energy of 6 MeV, the value of N,/e changes significantly from 8.117x10
10 0.0366, with a change in distances from 0.1 cm to 500 cm. And at a fixed initial energy of 20 MeV, the numerical values
of N,/e change significantly from 0.0010 to 0.1399 with a similar change in distances from 0.1 cm to 500 cm.
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With the increase in the initial electron energy and the increase in the distance, the probability of generating
bremsstrahlung photons in the PPP of experimental samples increases. Therefore, the percentage content C (see (2)) of
bremsstrahlung photon fluxes in electron beams increases (Figure 8c, Figure 9c, Table 2). It should be noted that the
distance factor plays a key role here. With an increase in the distance from 0.1 cm to 500 cm, the numerical values of C
increase from 0.04% to 10.55% at a fixed initial electron energy of 6 MeV. Almost similar changes occur at a fixed
electron energy of 20 MeV. Here, the numerical values of C increase from 0.05% to 12.60%.
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Figure 9. Dependence of the integral values of the quantities of electrons (a) and secondary photons (b), and the percentage of photons
in the electron beam (c), on the distance at fixed values of the initial electron energy

Table 2. The dependence of integral quantitative values of electrons, secondary photons falling on the PPP, and the percentage of
secondary photons in the electron beam on the initial electron energy at fixed distances

Initial electron energy, MeV
Distance, cm
6 8 10 12.5 14.5 17.5 20

Ne/e 1.006 0 1.0060 1.0060 1.0060 1.0060 1.0060 1.0060

0.1 Ny/e 8.117E-4 8.645E-4 8.908E-4 9.338E-4 9.373E-4 9.826E-4 0.0010
C 0.04 % 0.04 % 0.04 % 0.05% 0.05% 0.05% 0.05 %

Ne/e 1.0326 1.0319 1.0319 1.0316 1.0317 1.0317 1.0318

100 Ny/e 0.0263 0.0283 0.0298 0.03133 0.0323 0.0336 0.0345
C 2.48 % 2.67 % 2.81 % 2.95 % 3.04 % 315 % 3.23 %

Ne/e 1.0033 1.0199 1.0249 1.0270 1.0278 1.0287 1.0290

200 Ny/e 0.0462 0.05160 0.0553 0.0586 0.0608 0.0634 0.0651
C 4.41 % 4.82 % 5.12 % 5.40 % 5.59 % 5.81 % 5.95 %

Ne/e 0.8147 0.9409 0.9930 1.0164 1.0235 1.0284 1.0306

300 Ny/e 0.0535 0.0672 0.0758 0.0827 0.0867 0.0910 0.0937
C 6.16 % 6.66 % 7.09 % 752 % 7.81 % 8.13 % 8.33 %

Ne/e 0.5137 0.7025 0.8358 0.9321 0.9725 1.0023 1.0135

400 Ny/e 0.0465 0.0672 0.0841 0.0985 0.1067 0.1149 0.1200
C 8.30 % 8.73 % 9.15 % 9.56 % 9.88 % 10.29 % 10.59 %

Ne/e 0.3099 0.4694 0.6158 0.7621 0.8469 0.9298 0.9699

500 Ny/e 0.0366 0.0582 0.0786 0.1008 0.1149 0.1308 0.1399
C 10.55 % 11.04 % 11.32 % 11.68 % 11.95 % 12.33 % 12.60 %
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The calculated dependences N./e, N,/e, and C are consistent with the results of similar studies for the same initial
electron energies and distances to the irradiation objects [11,26,27].

The simulation results allowed us to obtain profiles of electron beams and generated secondary photons in the PPP
with size 100x100 cm (for a distance of 100 cm from the accelerator output unit) at initial electron energies of 6, 12.5,
and 20 MeV (Figure 10). A heat map of electron and secondary photon distribution probability was made based on the
results achieved. It was found that an increase in the initial energy of electrons leads to a decrease in the angular
distribution of particles (electrons, bremsstrahlung photons) and to an increase in their concentration in the center of the
PPP.
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Figure 10. Profiles of electrons and secondary photons incident on a plane at fixed values of the initial electron energy

From the obtained profiles in the section on planes of size 100x100 cm (for a distance of 100 cm from the accelerator
output unit) (Figure 10), transverse distributions of the intensity of electrons and secondary photons along the X axis
perpendicular to the beam axis in the center of PPP (Figure 11) were taken. The cross-section graph confirms the
conclusions mentioned above and clearly demonstrates the increase in particle concentration in the center of the irradiated
plane. The numerical values of the calculated peak areas of the sections at the initial electron energies of 6, 12.5, and 20
MeV are 6.990x10°, 1.381x10%, 2.084x10° for electrons and 1.4469x10%, 3.4537x10%, 5.8380x10* for bremsstrahlung
photons, respectively.

The obtained results reflect the general patterns of the influence of the initial energy of electron beams on their
spatial distributions at fixed distances and the spatial distributions of secondary bremsstrahlung photons generated in air.
The obtained results are consistent with similar studies [10,11,19,41].

Any differences between the investigated characteristics may be related to the technical parameters of the
accelerators (electron ejection units). They can significantly affect the final characteristics of the electron beams and
bremsstrahlung photon fluxes in the PPP of the samples [28,29].
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Figure 11. Transverse distributions of the intensity of the electron beam (a) and the generated secondary photons (b) on the central X
axis (0 — the center of the PPP of the sample) at the initial electron energies.

CONCLUSIONS

The results of modeling studies using the Monte Carlo code GEANT4 made it possible to establish the influence of
air layers on the change in the initial characteristics of electron beams during their transportation to irradiation objects
and on the parameters of the generated bremsstrahlung photon fluxes in the plane of placement of experimental samples.

The computer simulations of changes in the characteristics of electron beams and bremsstrahlung photon fluxes
generated in the air layers between the M-30 microtron output unit and the plane of placement of experimental samples will
allow finding optimal schemes for their radiation treatment, for example, obtaining uniform particle fields in the plane of
their location, taking into account their geometric dimensions. In addition, the simulation results will allow for the prediction
of effective and optimal practical applications to conduct a reliable assessment of the absorbed dose during interaction with
electron beams and the contribution of additional dose from interaction with bremsstrahlung photon fluxes.
The proposed simulation scheme can be used to optimize the irradiation processes of experimental samples on different
types of accelerators with various technical parameters.

This work was carried out within the framework of the topic “Excitation, ionization, luminescence of atomic and molecular systems
under the action of photons and electrons,” State Registration No. — 0124U000782
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MOJEJIIOBAHHSA XAPAKTEPUCTHUK ITYYKIB EJJEKTPOHIB TA 3SrEHEPOBAHUX ITOTOKIB ®OTOHIB
HA MIKPOTPOHI M-30
€eren B. Oueiinikor?, laig Xearin®, Ceren I0. Pemera?, Oaexcanap I. Tomonaii?, FOpiii 1O. Binak®
“Iucmumym enexmponnoi ¢izsuxu HAH Yxpainu, Yorceopoo, Yxpaina
bIuemumym soepnoi gizuxu Yecvxoi Axademii Hayx, Yecvra pecnybnixa
JIBH3 « Yorceopoocvkuii nayionanvHutl ynigepcumemy, Yoczopoo, Yrpaina

3a0e3neyeHHs ONTHUMI3ALI] poLecy pamiaifHoi 00pOOKH eKCIIEpHIMEHTATPHUX 3pa3KiB Ha EIEKTPOHHUX IPHCKOPIOBaYax Ta e(heKTuBHE
TIPOTHO3YBAHHS PE3Y/IbTaTiB B3a€MOJIi ITyUKiB €JIEKTPOHIB 3 00’ €KTaMH OIPOMIHCHHS TOTPeOyIOTh MAKCHMAJIEHO TOYHOI iH(opMmarii mpo
XapaKTepUCTHKH Mmy4KiB. [ToyaTkoBi (IepBHHHI) XapaKTEPUCTHKH MyUKiB EJICKTPOHIB IPUCKOPIOBAYiB PH TPAHCHIOPTYBAHHI /10 00’ €KTIB
OIIPOMiHIOBaHHS OyIyTh 3MIHIOBAaTHCS BHACIIIOK 1X B3a€MOZIl 3 30BHILIHIM cepefoBUIeM (TIOBITpsM). Tak, JOmaTKoBO BinOyBaeTbCs
reHepanisi BTOPMHHMX YaCTHHOK — TaJbMIBHHX (DOTOHIB, SIKI TEX B3a€MOAIIOTH 31 3paskamMu. Y poOOTI NpeNCTaBlIeHi pe3yiabTaTu
JOCII/DKEHb 3 MOJICTIOBaHHS BIUIMBY LIapiB MOBITPs HA 3MiHY HOYAaTKOBHX XapaKTEPUCTHK IMyUYKiB €IEKTPOHIB MPH 1X TPaHCIIOPTYBaHHI
JI0 00’€KTIB ONMPOMIHEHHS Ta Ha MMapaMeTPH 3TeHEPOBAHMX MOTOKIB TAIBMIBHUX (DOTOHIB y IDIOIIMHI PO3MIIICHHS EKCIIEPIMEHTATBHUX
3paskiB. Y IOCHiDKeHHAX BUKOprcToByBaBcsi Monte-Kapno konq — GEANT4. MonenoBaHHSI IPOBOMIIOCS HA TIPUKIIAJ €JIEKTPOHHOTO
npuckoproBaya IE® HAH Vkpainn — mikporpony M-30 3 BpaxyBaHHAM HOro TexXHIUYHHMX mHapamerpiB. [IpencraBieHo pesynbrarn
JOCITIKEHb XapaKTePUCTUK (€HEPreTHYHI CIIEKTPH, IX IHTerpaibHI 3Ha4eHHS, MOmNepedHi posnoainy y momuai 10x10 cM) mydka
SJIEKTPOHIB 1 BTOPUHHUX (POTOHIB Ha BUXOJI €JIEKTPOHHOTO MpHCKOproBada. Busdeno BrumB ToBuwH mapis nositps (0.1+500 cm) mix
OJIOKOM BHBOJLY €JIEKTPOHIB Ta MOTEHLiHHO0 momuHOI0 (100100 cM) po3MilIeHHs eKCIIepUMEHTaIBHUX 3pa3KiB I ONPOMIHEHHS Ha
XapaKTEPUCTHKH TICPBUHHUX IY4KIB €JICKTPOHIB Ta 3reHEPOBAHUX ralbMiBHUX (POTOHIB (JuIst oOnacti enepriii 620 MeB).

KurouoBi caoBa: mikpompon;, GEANT4; nyyox enexmponie; eanvmieHe eunpominiosanns, Ti eixowye; nosimps; cnexmp;
npocmoposuti po3nooin
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It is shown that in the volume of an open waveguide, each electron — oscillator rotating in a constant magnetic field is capable of generating
a TE wave, for which this waveguide is transparent. The generation efficiency is determined by the rate of electron injection and their
longitudinal velocity along the waveguide axis. The field generation mode near the cutoff frequency with a low group velocity comparable
with the longitudinal velocity of the injected electrons is selected. In this case, the transverse velocity of the electrons significantly exceeds
their longitudinal velocity and the group velocity of the wave. In the absence of field reflection from the waveguide ends, each electron
makes its contribution to the total radiation field, i.e. it can be considered that the field generation occurs in the superradiance mode. It is
shown that the total field of the electron flow is capable of forming a resonator field consisting of two waves propagating towards each
other due to even partial reflections from the waveguide ends. With a small reflection of the fields from the ends and a small drift velocity
of the rotating electrons, the superradiance mode dominates, similar to the case of excitation of a completely open waveguide. In the case
of a noticeable reflection of the fields from the ends of the system at a relatively high velocity of their longitudinal injection, the reflected
fields significantly exceed the total field of the emitters and the traditional mode of waveguide resonator field generation is formed. The
zones where either resonator field generation or generation under superradiance conditions dominate are presented on the plane
"longitudinal motion velocity — reflection coefficient". Two cases are considered: when reflected waves are formed only due to reflection
from the ends, and also when the effect of rotating electrons on reflected waves in the waveguide volume is taken into account. It is essential
that the average amplitude of the total particle radiation field changes slightly for all considered generation modes. Resonance effects
during reflection from the ends lead to a significant increase in the amplitude of the waveguide — resonator field.

Keywords: Rotating electrons — oscillators, magnetoactive waveguide, resonator field generation, TE wave superradiance mode.
PACS: 05.45.Xt,52.40.Mj,84.30.Ng.

INTRODUCTION

The nature of excitation of oscillations in limited systems — waveguides and resonators — due to self-consistent [1]
interaction with flows of charged particles and oscillators has been considered in a large number of different works (see,
for example, [2 — 9]). Traditionally, problems of generation and amplification were solved in the paradigm of interaction
of the field determined by the geometry of the waveguide or resonator with active particles according to the scheme
proposed in [10]. In this approach to the description, there is no direct interaction between the active particles of the flow;
each of them interacts only with the field of the waveguide.

On the other hand, each particle or oscillator in the active zone emits and it is possible to find the total field of these
emitters. In the absence of a waveguide and a resonator at a low noise level [11-13], a system of such emitters under certain
conditions is capable of generating radiation with a noticeable share of coherence, and such radiation is usually called
superluminescence or superradiance mode. In the same way, in an open waveguide, in the absence of reflection from its ends
or with a sufficiently small reflection, the superradiance mode can also be realized. In works [14-15] it is shown that the
intensity of the eigenfield of particles in the modes of their arising synchronization is comparable with the intensity of
traditional waveguide or resonator generation. Since the total field of the emitters (charged parts and oscillators) of the active
zone in waveguide and resonator systems is always present and can be quite significant, it is rational to study the influence
of this field on the formation of the resonator waveguide field under conditions of even partial reflection from the ends of
the waveguide. This process of formation of the resonator waveguide field occurs due to the effects of reflection from the
ends of the system and the interaction of the reflected waves with particles in the active zone. When the conditions of phase
synchronization of particles and oscillators are met and the reflection of the field from the ends of the system increases, it is
possible to observe the formation of a resonator waveguide field exceeding the total eigenfield of the active particles. At low
reflection coefficients, the eigenfield of particles can dominate, which corresponds to the superradiance regime.

The aim of the work is to identify zones on the phase plane "injection velocity - reflection coefficient" where the
conditions for generation in superradiance regimes are met and where the generation of a resonator waveguide field is
realized.

1. PARTICLE OWN FIELD AND RESONATOR FIELD OF A WAVEGUIDE
Let us consider the excitation of a TE electromagnetic wave, the electric vector of which is perpendicular to the
waveguide axis, with a frequency and a wave vector in a smooth metal cylindrical waveguide of radius by an electron
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beam in resonance cases, where is the cyclotron frequency of electron rotation. Generation is considered near the cutoff
frequency, where the group velocity of the wave is small. Induction of a constant magnetic field. The electron beam
occupies a cylindrical layer in the cross-section of the waveguide, which we will assume to be sufficiently thin. All centers
of Larmor rotation of electrons with radius are at the same distance from the waveguide axis. Each such electron rotating
in a constant magnetic field (actually an oscillator) is capable of generating a TE wave, for which this waveguide is
transparent.

The traditional description of the process of excitation of a resonator waveguide field (under conditions of field
formation due to reflection from the boundaries - ends of the waveguide) assumes that the direct interaction of particles
with each other in the active zone is neglected. Particles interact only with the waveguide field. It is obvious that in this
traditional description the total field of particles — rotating electrons — during their interaction with each other is not taken
into account at all. The equations for the longitudinal component of the magnetic field, electromagnetic waves propagating
in both directions (the interference of which is the resonator waveguide field) have the form [16-17]

dB i
dv:_gi +60-B,. =; Za Jl(a )-exp(—2mi; F2miZ ), 1)

j=1

here ngi are the dimensionless amplitudes of the longitudinal magnetic field of counterpropagating waves, 6 is the
decrement of absorption due to radiation, ; is the radius of Larmor rotation (in fact, the amplitude of the oscillator), N
is the number of modeling particles, 2n¢ ;1s the phase of the oscillator, Z; = k,z; is the dimensionless longitudinal

coordinate. If the condition|dB, ./ 07 |<< ] B, ¢+ | is met, equation (1) can be rewritten as

wgt

B, g+ = Vo, Za -Jy(a;)-exp(-2mi; F2miZ;). )

The resonator waveguide field can be represented in a simplified form using only the waves reflected from the ends
of the system, which will be defined below

B, (Z) =B, exp(27iZ) + B, ,_exp(—27iZ) . 3)
Then the resonator waveguide field can be written

B,.. =B B, =B, . Q)

wg+ ref +° wg—
If we take into account the influence of particles in the volume on the reflected waves, then the resonant waveguide
field can be approximated by two waves
B, (2)=B,,(2)+B,,(2)=B,, " +B,_-e*"™
B,,=B,,,+05B B,_ =B, +05B,,

w wg+> Ww—

(&)

and the fields are presented in complex form B, =| B, | exp{i@,} . The equations of motion for electrons rotating in a
constant magnetic field

d
2z d—g—ﬂ,(l o)+RelJ () [1- al 1-exp(27ig;)-[B(Z;, D)}, (6)

da; | dt =Re{i-J,(a,)-exp27il;)-[B(Z;, D)1} (7

should be supplemented with two more equations that take into account the longitudinal motion of the oscillators
dn, | dt=2nd*Z; ] dt* =Re{iR-a; - J,(a;) exp(27il;)-[B(Z,,T)]} , ®)

27dZ; | dt=mn,, ©)

here - & takes into account the relativism of the electron, 7, - is the dimensionless longitudinal velocity of the electron,

R, = k22 @y ! k,zns -0, - is the quantity that determines the orientation of the wave vector of the wave.

Total radiation fields of particles. Superradiance modes. However, in reality, first a total radiation field of electrons
rotating in a constant magnetic field, actually oscillators, arises in the waveguide, and each such oscillator emits a TE
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wave in both directions. Because an oscillator is capable of emitting only waves that are in the transparency zone of the
medium (or system - in this case, the waveguide). In this case, the field of this radiation will act on all particles of the
oscillator ensemble. In other words, all oscillators interact with each other.

If all these rotating electrons were outside the waveguide, this process would be called the superradiance mode, if,
of course, the oscillators are subsequently synchronized in phase, which is observed in the absence of noise [7]. But even
in an open waveguide, without reflection or with insignificant reflection from the ends, this process is also no different
from the superradiance mode and, in all likelihood, is it. Let us assume that the resonator waveguide field (2) is absent,
and that there is only a superradiance field, i.e. a field that is determined only by the interaction of rotating electrons. To
describe the magnetic field of the TE wave excited by this ensemble of rotating electrons, we can use the expression [13]

. N
B, (Z)= ;Wziaf‘]‘ (a;)exp{-27id ;}-exp{27i|Z 7 |} (10)
J=

We write the total field acting on the particles as

B(Z,7)=B,,(Z,7)+B,(Z,7) (11)

Equations (2), (10), and (11) with the equations of motion (6) — (9) use the following variables
where =61, O =4 @y Ny -[m, ¢y -1, Jo (%) (A=m* | x2)-D T -T2, (ks -7)
Dw =8D/aa)=8{[a12 _(k22 +kris)6’2]/[(02 _kzzcz]}/aw|D=O’ B= e'bB 'Jm+n(kms 'rC)/me c 56’

R =k awy k-6, Z ;=hz; /27 is the position of the electron rotation center along the waveguide axis,

a=k

ms

rg =k, e | 0y, Wz =eB,/m,c, B, —1is the constant magnetic field in the waveguide, N,,— is the number of
particles of the unperturbed beam per unit length. Here b, is the wave amplitude, and t
B=B,=by-J, (k) exp{—iox+ik,z+im?} the longitudinal component of the magnetic field of the wave has the

form in the cylindrical coordinate system (r, ¢, z), mis an integer, and J, (x), J;n (x)=dJ, (x)/dx is the Bessel
function and its derivative. The requirement that the tangential component of the field at the waveguide boundary vanishes
determines the values of the transverse wave number k, =k, =x,,/r,, where x,, — is the root of the equation
dJ, (x)/dx=0.

Reflection conditions. The reflected field amplitudes B,efJ_r are obtained from the equations of the balance of the

incident/reflected field at the boundaries

B, =-7, (B, +05B,, +B,, ), Z=0 ’ -
B, =1z +(By.+0.5B,, +B,, ), Z=

sr+ wg+

1

here B,,_ =B,,(0), B,., =B,.(1)

B _ 1 (rr(Bsr++O'5ng+)_(Bsr—+O'Sng—))
ref+ — ’
(I=7-1,)
: (13)
I (7(B,,_+0.5B,, )~ (B,,,+0.5B,,.))
o (l_rl 'rr)

Expressions (13) take into account the effect of particles - electrons in the waveguide volume on the reflected waves.
In the case where the effect of particles in the volume on the reflected waves is not taken into account, for the reflected
field amplitudes determined only by the reflection processes at the ends of the system we obtain (see (5)).
r(r. B,,.,—B,._ r.(rnB,,_—B,,
refs = l( r Osr+ 7 )’ Byef_ _ ( 1 Psr bi+) . (14)
(=n-7) (=7-1.)

2. NUMERICAL SOLUTION OF THE PROBLEM
A waveguide contains a given number of particles simulating an ensemble of electrons — N. At the initial moment,

all particles have a given amplitude, velocity, and random phase @;(0)=q, =1, 7,(0)=1,, ¢ ;€(0,27).
Particles are injected into the beginning of the waveguide in such a way that their total number in the waveguide

remains constant. Here is the oscillator amplitude, velocity, and phase of the new (replacement) particles are the same as
those of the particles at the initial moment: a,,, =ay =1, 7., =My> & ew € (0,27) .
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Constant parameters N =500, =1, a=0.5 qa,=1, R=0.1, r, =1 (total reflection at the left edge) were
used in the calculations. The velocity of the incoming particles and the reflection coefficient at the right edge 7,, 7,
were changed. Particles with a random phase were injected in the region of the left end. Here a;, ¢, 7;, Z; is the amplitude
(radius of rotation), phase, longitudinal velocity, and coordinate of the i-th particle. B(Z;) is the field acting on the particle
at the point with coordinate Z;. In the absence of reflection at the two ends of the waveguide, the ensemble of rotating

electrons generates only their total radiation field, which can be considered a superradiance field (see Fig. 1).

It is worth noting that in the absence of reflection there is no wave field; only the presence of reflection effects
allows the formation of a waveguide field.

Phase synchronization and formation of noticeable coherence of radiation of an ensemble of particles in the active
zone of an open waveguide in superradiance mode with a large dispersion (scattering) of the initial amplitudes of the
oscillators (here these are the Larmor rotation radii of the electrons) generally require an initiating external field and noise
attenuation [9] to accelerate the generation process. It turned out that in the absence of a spread of the initial amplitudes
of the oscillators, an external field is not required, the development of the generation process (see Fig. 1) occurs noticeably
faster. Under the considered conditions, the proper field of rotating particles-clectrons turns out to be large enough and
can effectively form reflected waves of noticeable amplitude due to reflection from the ends. Reflection from the ends of
the resonator leads to the appearance of reflected waves traveling in the opposite direction. Reflected waves can be formed
due to reflections of the field from the ends according to (14). But, generally speaking, these waves can change when
passing through the active zone under the influence of the fields of moving oscillators in the volume of the active zone.
Therefore, it is useful to take into account the influence of the oscillators in the active zone on these reflected waves. And
then the resonator field will consist of two waves traveling in different directions, where the amplitude of the reflected
waves at the boundary is supplemented by a term that qualitatively takes into account the influence of the oscillators in
the resonator volume on these waves (13).
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Figure 1. Time dependence of the particle field maximum for each moment of time at zero reflection coefficients
r =0, r,=0

In the general case, B, (Z) this field consists of the total field of the particles and B

field. Below, two mechanisms for the formation of reflected waves that make up the waveguide field are considered. The
first is due only to reflections from the ends of the waveguide according to (14) and the second, where the influence of
particles in the active zone volume on the reflected waves is additionally taken into account, that is, taking into account
the corrections after formula (13).

The process of the emergence of a waveguide resonator field is associated with the formation of reflected waves at
the boundaries. When reflecting from the ends of the resonator, reflected waves appear, running in the opposite direction:

from the end Z=0, a reflected wave running to the right with the amplitude at the boundary B, (Z=0), from the end

(Z) the resonator (waveguide)

w

Z=1, a wave running to the left with the amplitude at the other boundary B,.._ (Z=1). Generally speaking, these waves

change under the influence of the fields of moving oscillators when passing through the active zone. Therefore, the effect
of oscillators in the active zone on these reflected waves should be taken into account ng (Z,7) . And then the resonator

field will consist of two waves running in different directions, where a term is added to the amplitude of the reflected
waves at the boundary, qualitatively taking into account the influence of oscillators in the resonator volume on these
waves.

After a certain period of establishing the generation in the waveguide, a quasi-stationary mode is formed, on which
chaotic oscillations are superimposed due to incoming particles with a random phase. Therefore, after establishing this
mode, the values of the squares of the resonator waveguide field and the total particle field, as well as their ratio K,
averaged over the waveguide volume and time are calculated.



89
On the Features of Open Magnetoactive Waveguides Excitation EEJP. 3 (2025)

Esr2 =< (Esrz)av >ts sz =< (sz)av >t K= EWz/Esr2 (15)

Calculations show that for given reflection coefficients and an increase in the particle input velocity, both the total
proper field of the particles and the waveguide field grow, but the waveguide field grows somewhat faster. Thus, the
following operating modes can be observed: 1 — dominance of the generation of the proper field of the oscillators - the
superradiance mode (K < 1), 2 — generation of the resonator field ( K > 1). Fig. 2 shows the boundaries between the
modes depending on the parameters changed in the calculations: the injection velocity and the reflection coefficient at the

right edge of the waveguide.
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Figure 2. Boundaries between generation modes during correction of reflected waves, according to the conditions of taking into
account the influence of particles in the active zone volume on reflected waves (13) (bold line), the thin line indicates the boundary
of the regions in the absence of such consideration, according to conditions (14).

The dotted lines correspond to the boundary of the regions in the case when the average particle velocity in the
waveguide volume is used, and not the initial velocity of the injected particles. In region 1, the generation of the intrinsic
particle field dominates (in fact, the superradiance mode), in region 2 - the generation of a resonator waveguide field of

the traditional type, caused by reflection processes from the ends.
In the developed mode 1 - dominance of superradiance - the intensity of the total particle field exceeds the intensity

of the resonator waveguide field.
Fig. 3 shows the time dependence of the average particle field squared over the waveguide volume (solid lines) and

the resonator waveguide field (dotted lines) in mode 1 (77, = 0.02, r, = 0.2 ), taking into account the influence of particles

in the waveguide volume on reflected waves, and in the absence of such an influence.
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Figure 3. Time dependence of the averaged over the waveguide volume squares of the particle field (dotted line) and the resonator
waveguide field (solid line) in mode 1 (7, = 0.02, , = 0.2 ) bold lines in the case of taking into account the influence of particles
in the waveguide volume on the reflected waves, according to conditions (13). Thin lines are the particle field and the reflected field
in the absence of such an influence of particles in the volume on the reflected waves according to conditions (14).

A decrease in the drift velocity of electrons along the system in developed generation modes is characteristic. For
mode 1 - superradiation: 77, = 0.02, r, = 0.2, Fig. 4 demonstrates the time dependence of the average particle velocity
over the waveguide volume in mode 1, taking into account the influence of particles in the waveguide volume on reflected
waves, and in the absence of such influence,
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Figure 4. Time dependence of the average particle velocity over the waveguide volume in mode 1, (77, = 0.02, r, = 0.2) the thick

line in the case of taking into account the influence of particles in the waveguide volume on the reflected waves, according to
conditions (13). The thin line - in the absence of such influence, according to conditions (13).

We can give the form of the fields for this mode. It is seen that the resonant waveguide field retains the sinusoidal
shape of the standing wave, the field of particles increases towards the left end of the system. The resonator waveguide
field in this mode is less than the total field of particles, the attenuation coefficient is K = 0.32 .

From Fig. 5 it is seen that if the waveguide field is distributed approximately uniformly along the length of the
system, then the total electron field (superradiation field) increases significantly along the system. When generating a
waveguide field, the contribution of each electron to the field amplitude is determined by its position in the active zone.
However, it is important that the distribution of oscillators in the active zone and their phase synchronization do not
change the spatial structure of the waveguide field. The growth of the particle field (superradiation) is associated with an
increase in the fraction of rotating electrons locally synchronized with the total field along the length of the system. Thus,
the advantage of generation in the radiation mode is an increase in the field amplitude at the end of the system in the
direction of electron drift, which greatly simplifies energy extraction and increases the generation efficiency.

In the mode of traditional waveguide generation 2 ( 77, = 0.06, 7, = 0.6 ), the radiation field of particles changes

weakly in relation to the field of the same type in the superradiance mode 1. However, due to the increase in reflection
and acceleration of injection, the amplitudes of the resonator waveguide field increase noticeably. Below in Fig. 6 the
dependence on time of the square of the particle field averaged over the waveguide volume (solid lines) and the waveguide
field is shown with and without taking into account the influence of particles in the waveguide volume on reflected waves.
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Figure S. Distributions along the waveguide length of the Figure 6. Time dependence of the averaged over the waveguide

amplitude modulus of the total field, the particle field, and the
waveguide field in mode 1 at the moment 1=800 for the
parameters in the case of the influence of particles in the
waveguide volume on the reflected waves, according to
conditions (13)

volume squares of the particle field (solid lines) and the
waveguide field (dotted lines) in the waveguide generation mode
2 (ny =0.06, r, =0.2), thick lines in the case of the influence

of particles in the waveguide volume on the reflected waves,
according to conditions (13). Thin lines are the particle field and
the reflected field in the absence of such influence according to
conditions (14)

In the waveguide generation mode, i.e. in mode 2, the longitudinal velocity of electrons also decreases noticeably. In
Fig. 7 it is not difficult to see the dependence on time of the average particle velocity over the volume of the waveguide
in mode 2 ( 7, = 0.06, r, =0.6) the bold line in the case of taking into account the influence of particles on reflected

waves, the thin line in the absence of such influence.
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Figure 7. Time dependence of the average particle velocity over the waveguide volume in mode 2 ( 77, = 0.06, r, = 0.6 ) the bold

line in the case of taking into account the influence of particles on reflected waves, according to conditions (13). The thin line — in the
absence of such influence, according to conditions (14).

Distributions of the amplitude moduli of the total field, particle field and waveguide field for mode 2, in particular,
in the case of the influence of particles in the waveguide volume on reflected waves (see Fig. 8).

0.08 T T T T T T T T T
El
- — -,

sr!
006 |===

0.04

0.02

0 . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 Z

Figure 8. Distributions of the amplitude moduli of the total field, particle field and waveguide field in mode 2 at the moment T=800
along the waveguide length for the parameters in the case of the influence of particles in the waveguide volume on the reflected waves,
according to conditions (13)

The waveguide-resonator field in this case is greater than the total particle field, the excess factoris K =2.77.

3. CONCLUSIONS

In this paper, the generation process in a short cylindrical magnetoactive waveguide is considered. It is shown that
even in the absence of reflection from the ends, a total radiation field of TM waves is formed in the waveguide by an
ensemble of particles - rotating electrons, which corresponds to the superradiance mode. The possibility of generating a
TM wave in a waveguide of the type under consideration - in a gyrotron in the superradiance mode was considered
in [18-19]. However, a more general problem of forming a waveguide-resonance field, which is initiated by the field of
an ensemble of particles - rotating electrons, is of interest. The appearance of a waveguide resonant field occurs due to
reflection from the ends of the waveguide, taking into account the interaction of such reflected waves with particles in
the volume of the active zone. It is these reflected waves that form a standing wave - a resonant waveguide field.

If the reflection coefficients from the waveguide ends are small and the particle injection rate is low, then the
conditions for the dominant excitation of the total eigenfield of the particles are realized, which corresponds to the
superradiance modes. The amplitudes of the resonator waveguide field are small. With increasing reflection from the ends
and at a higher injection rate, the resonator waveguide field exceeds the total eigenfield of the electron oscillators in the
active zone. That is, the traditional mode of generation of the resonator waveguide field is realized. Fig. 2 shows the zones
of occurrence of the superradiance mode and excitation of the resonator waveguide field. The waveguide resonator field
can be supported by particles in the waveguide volume, or it can be formed only due to reflection effects. It is important
to note that the zones of dominance of superradiance and traditional resonator generation are always formed under
different conditions of energy exchange between reflected waves and oscillators in the waveguide volume, described by
conditions (13) and (14). Note that even with a decrease in the direct effect of oscillators in the volume on reflected waves,
which meets conditions (14), the zones of different types of generation shift slightly. This is due to the presence of a total
field of oscillators, which is capable of acting as an intermediary between the oscillators in the active zone and the waves
reflected from the ends of the resonator, forming the waveguide resonator field. It is noted that the amplitudes of the
eigenfields of electron oscillators in different modes differ slightly. The advantage of generation in the radiation mode is
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an increase in the field amplitude at the end of the system in the direction of electron drift, which greatly simplifies energy
extraction and increases the generation efficiency.
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PO OCOBJIMBOCTI 3BY/KEHHSA BIAKPUTHX MATHITOAKTUBHUX XBUJIEBO/IB
€.B. Mokunonckkuii®, B.M. Kykain®
“Xapxiecvrkuil Hayionanvhull yHisepcumem imeni B. H. Kapasina, 61022, m. Xapxie, nn. Ceoboou, 4
bXapxiecoruii nayionansnuii exonomiunuii ynisepcumem imeni C. Kysneys. kxageopa xibepbesnexu ma inghopmayisinux mexnonozi.
np. Hayxu, 2. 9—A. 61165, Xapxis, Yxpaina
ITokazano, mo B 00’€Mi BiJKPUTOTO XBHJIEBOJY KOXKEH €JIEKTPOH-OCLHJISATOP, IO 0OEpTAETHCS B MOCTIHHOMY MarHiTHOMY MOJI,
3natHUi reHepyBati xBuiao TE, mist skoi ueit xBuieBin nposopuit. EQextuBHIiCTh reHepallii BU3HAYAETHCS MIBHAKICTIO 1HXEKIIT
€JIEKTPOHIB 1 X MMO3I0BKHBOIO MIBHIKICTIO B3/IOBK OCi XBHIJIEBOAY. BuOpaHo pexxum reHepauii moist moOIu3y 4acTOTH BiACIYEHHS 3
HU3BKOIO TPYIOBOIO HIBUKICTIO, MOPIBHSAHHOIO 3 MO3J0BXKHBOIO IIBHIKICTIO IH)KEKTOBaHHMX eNIeKTpoHiB. [Ipu 1pomMy nomepedHa
LIBHKICTH €JICKTPOHIB 3HAYHO MEPEBHIILYE 1X MMO3O0BKHIO IIBUIKICTh i TPYIOBY MIBUAKICTD XBIJIL. 3 BiZICYTHOCTI BiZIOKTTSI OIS Bif
KIHIIIB XBUJICBOAY KOXKEH €JIEKTPOH BHOCHTH CBiif BHECOK Y CyMapHE I0JIe BUTIPOMIHIOBaHHS, TOOTO MOKHA BBAaXKaTH, IO T€HEPALlis
noJs BigOYBaecThCS B PEXKMMI HaJBHIIPOMiHIOBaHHs. [loka3aHo, IO cyMapHe I0Je €JIEKTPOHHOTO IOTOKY 3/1aTHE YTBOPIOBATH
PE30HATOpPHE I0JIE, IKE CKIAAAETHCS 3 ABOX XBHIIb, 110 TIOLINPIOIOTHCS HA3yCTPid OJJHA O/IHIH 32 PaXyHOK HaBiTh 4aCTKOBOTO BiIOUTTS
BiJ KiHIIB xBUIeBOAY. [Ipn Manomy BigOWTTI MOJIIB B/ TOPIIB i Majiii ApelioBiil IIBUAKOCTI €JICKTPOHIB, IO 00EPTAIOTHCS, TOMiHY€
PEKUM HaZABHUIIPOMIHIOBAHHS, NOAIOHO 10 BUIAAKY 30yJDKEHHS IOBHICTIO BIIKPUTOTO XBHWJICBOAY. Y pa3i HOMITHOTO BiZOMTTS MOJIB
BiJl TOPLIB CHCTEMH HPH BiJHOCHO BHCOKIiH IIBHIKOCTI IX MO3I0BXKHBOI IH)KEKIIi BIIOUTI MMOJIs 3HAYHO MEPEBUIIYIOTh CyMapHe HoJie
BHIIPOMIHIOBAYiB 1 JOPMY€EThCS TPAIULIHHAN PEKUM reHEpallil OIS XBUICBIIHOTO pe3oHaTopa. Ha IimonmHi «1mo310BKHS MBUAKICTH
pyxy — Koe(ilieHT BiXOWTTS» TpejcTaBlIeHI 30HM, 1€ IOMIHye TeHepalis pPe30HaTOPHOro Iojisi abo TeHepalis B yMOBax
HaJIBUIIPOMIHIOBaHHs. PO3IIITHYTO ZBa BUMAJKH: KOJH BiJOUTI XBUJII yTBOPIOIOTHCS TUIBKH 33 PaXyHOK BiJOUTTS Bifl TOPLIB, @ TAKOK
KOJI BPaxOBY€ETHCS BIUIMB aKTUBHOI 30HH CIIEKTPOHIB Ha BimOWTI XBWIi B 00'eMi xBuieBoay. CyTTeBO, IO CepelnHs aMIITynaa
CYMapHOTO I0JIsl BUIIPOMiHIOBaHHSI YACTHHOK 3MIiHIOETHCS HE3HAYHO JUTS BCIX PO3IIISTHYTHX THIIIB reHepallii. Pe3oHaHCHI eheKTH pu
BiZOMBaHHI BiJl TOPLIB NPU3BO/SITh /10 3HAYHOTO 301IbIICHHS aMIUTITYIH MOJISI XBHJICBOIY.
Ki104oBi ci10Ba: enekmpornu-ocyunamopu, wo obepmarmscs; MAeHimoakmueHUul Xeuiesio; pe3oHamopHa 2eHepayis NoJis, Percum
Haosunpomintosanus TE xeuni.
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Analytical expressions are obtained that describe the nonparaxial diffraction in free space of the TMor mode with radial polarization of
the field of the dielectric waveguide resonator of a terahertz laser during its interaction with a spiral phase plate with different
topological charge (n). The physical features of the obtained vortex beams during their propagation and tight focusing are studied by
numerical simulation. The integral diffraction Rayleigh-Sommerfeld transforms are used to simulate the propagation and focusing of
the obtained beams. In free space the use of the spiral phase plate at the waveguide output with a topological charge of n =1 leads to a
change in the transverse beam profile from annular to a beam that has a field maximum on the axis, and then for n = 2 again to annular.
During focusing the transverse distribution of the total field intensity in the absence of a spiral phase plate has a ring structure. In this
case there is a slight intensity on the axis due to the contribution of the longitudinal component of the field. The transverse profile of
the beam changes in the same way as during its propagation when using a phase plate. In this case the phase front changes from
spherical to spiral with the presence of two (r» = 1) and four (» = 2) branching vortices.

Keywords: Terahertz laser; Dielectric waveguide resonator; Spiral phase plate; Vortex beams,; Radial polarization; Radiation
propagation, Tight focusing

PACS: 42.55.1t; 42.60.Da; 42.25.Bs; 47.32.C—

1. INTRODUCTION

Terahertz waves refer to electromagnetic radiation with frequencies in the range of 0.1 THz to 10 THz. These waves
have unique characteristics such as high penetrating power, low ionizing power and small scattering. Due to these
advantages terahertz waves have broad application prospects in imaging, communication and material characterization
[1,2].

Among the various structural beams vector beams with nonuniform polarization states have shown significant
application value in many fields due to their unique light field distribution characteristics. Compared with spatially
uniform polarized beams the polarization distribution of vector beams is spatially variable. Due to these properties, vector
beams have a number of unique advantages such as precise focusing [3 — 6] and high image resolution [7, 8]. In the optical
range, using the Richards-Wolf integral transforms [9 — 11], the features of focusing beams with nonuniform polarization
were studied. It is shown that with tight focusing of radially polarized light a circular focal spot is observed. In this case
the redistribution of energy between the components of the electric field strength occurs in such a way that the longitudinal
component can make a significant contribution to the formation of the focal spot [12, 13].

Another type of structured optical fields with great potential for practical applications are vortex beams. Today
optical vortices are used to manipulate microparticles, to enhance image contrast in microscopy, for metrology tasks, and,
in particular, to increase the data transmission density in optical communication systems [14 — 17]. The expansion of
vortex beam generation techniques into the terahertz (THz) spectral range has been expected to expand the scope of THz
technologies. For example, THz vortex beams are attractive for wireless communications because they can support an
infinite number of orbital angular momentum eigenstates characterized by their topological charges [18].

The study of the propagation of vortex laser beams in free space is important for understanding the features of their
interaction with the environment. Such beams are characterized by the presence of orbital angular momentum, which
affects their behavior during propagation. In free space vortices can demonstrate the stability of the wave front structure,
which allows them to preserve their unique properties over long distances [19, 20].

Focusing of vortex laser beams in the terahertz range is a complex and at the same time promising area of research.
Focused beams have unique properties that can be used to create super-dense foci, compact foci with dimensions below
the diffraction limit, optical needles, light tunnels, flat-top foci, focal matrices, and others [21 — 23]. There are only a few
works known in which the focusing of vortex beams in the terahertz range is studied. In [24, 25], a series of terahertz
emitters with a spiral Fresnel zone plate was developed for direct generation of focused terahertz vortex beams. The
authors [26, 27] proposed metasurfaces that can be used to focus incident waves with arbitrary polarization states into
vortex beams carrying a certain topological charge.
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It is well known that terahertz optically pumped molecular lasers have the advantages of high power, room
temperature operation, and long-term stability over other practical terahertz radiation sources. Most optically pumped
lasers use waveguide resonators, which make it possible to obtain sufficiently high powers (up to 1 W) in a continuous
mode with relatively small cavity sizes [28]. Among the modes of such resonators the TMy; mode with radial field
polarization, which has the lowest losses in this class of modes, is of interest.

A spiral phase plate (SPP) with an azimuthally varying thickness is one of the most well-known optical elements for
the formation of vortex beams [29, 30]. The SPP works by directly imposing a helical phase shift on the incident laser
beam, allowing almost 100 % of the incident radiation energy to be converted into the optical beam.

The aim of this work is to obtain analytical expressions for describing nonparaxial diffraction during propagation
and focusing in free space of wave beams excited by the TMy; mode with radial polarization of the field of the waveguide
resonator of a terahertz laser, during its interaction with a spiral phase plate. In addition, using numerical modeling, this
work studies the physical properties of the resulting vortex beams during their propagation in free space and tight focusing.

2. THEORETICAL RELATIONSHIPS
We describe the propagation of laser radiation in free space along the 0z axis using the well-known integral Rayleigh-
Sommerfeld transformations [31 — 33]. In a cylindrical coordinate system, we use the following expressions for the field
components in different diffraction zones

o0 2T

E.(p.B.7)) = —%exp(l’kﬁ) [ [LE? (Pg,®) cos(9—PB) — Eq(py, ®)sin(9—PB)]x
! Y (1.1)
X exp[ikp—OJ exp{—ikw} Po dpo 4o,
21 i
. 2T
E,(p1.B,2)= —;%expakr] )[ [ LEY (. 9)sin(0—PB)+ ES (o, 9) cos(9—B)]x
1 i 00 (12)
X exp(z‘kp—oj exp {—ik—plpo cos(p— B)} Po dp, do,
21 i
_ o0 2T
E_(p1.B,2)) = k—:zexp(ikr] ) T{E (99> 0)[po —p1 cos(@—B)I+ Eg (o, 9)py sin(o—B)}
i 20 0 (13)
X exp [ikp—OJ exp {—ik PiPo cos(@=P) B)} Podpy do,
25 i

where k =27/ A is the wave number, A is the wavelength, (po , (p) are the polar coordinates in the area where the input

field is specified, (p1 ,B, Zl) are the cylindrical coordinates in the observation plane, EB (Pg>®) and Eg (py, @) are the

complex amplitudes r and ¢ components of the input electric field, 7 = \Iplz + zl2 .

The modes of the studied dielectric resonator coincide with the modes of a hollow circular dielectric waveguide.
Therefore, in the initial plane we specify radiation in the form of a symmetrical radially polarized TMy; mode. The
normalized expressions for the cylindrical components of the electromagnetic field of this mode in the source plane
z =0 have the following form [34]

Eg(po’(P):Bm Ji [Ump;()j >

TMo; mode @)

Ef; (Po’(P)=O’

where a is the waveguide radius, J; is the Bessel function of the 1st kind of the first order, Uy, is the first root of the

equation J,(x)=0, By = is the normalizing factor for TMy; mode.

1
a\lzJ 0(Uo1)
Let us consider the interaction between of this mode and a spiral phase plate with its arbitrary topological charge
(n) [35]. The SPP is positioned at the output of a waveguide with an aperture of the same diameter (Figure 1). The complex
transmission function of this SPP with a radius « in polar coordinates has the form [36]:
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where circ(-) is the circular function.

resonator

spiral phase

Figure 1. Topology of the model.

For simplifying calculations, integration over the angle ¢ in (1) can be performed using known relations for the
integer m = 0 from [32]

2n
| cos(m@+ @y ) exp[—ix cos(¢p—0)d Q] = 21 (—i)" J,,, (x) cos(mO+ @, ) ,
0

2n
I sin(m@+ @, ) exp[—ix cos(¢p—0)]do = 2n(—i)" J,, (x) sin (mO+q,) .
0

Then from here we can obtain the following relation

21
J‘ e—ixcos((p—B)eincpd(p =01 einB (_i)n Jn (x) ) (4)
0

Using Euler's formula for trigonometric functions and taking into account (4), we can obtain expressions for the
following integrals:

[ eSO sinmodo=—infe P (i), () =P ), (), 5.)
0
2n . . . .
[ e @ P cosmpdp=m [P (=) S, () + TPy L (0], (5.2)
0
2 . .
[ e @ P sin(o—B)do=m(=i)" ™[], (x)+J, (V)] (5.3)
0
2n . . |
[ e @B cos(@—B)do=m(~i)" ™ [J, 1 (x) =, (2)]. (5.4)
0

Also, using formulas (5.1 — 5.4), we obtain expressions for the field components describing the nonparaxial
diffraction of vortex beams excited by the TMo; mode in free space. They have the following form:

~1+2
1 kz i(n 7
E, (p1,B,2) =()2—zle( B0 By [T (91520 = T (915201 6.1)
"
—l n+3kz in "
EolPyBiz) = o2 By 1, (51,2 + 11 P )], (62)
)"k i(nBhrp) .
E.(p1,B,2) :Te By {212,,(py, ) +ipy 11,14 (Pr2) = 11y, (P15 2]} (6.3)

where the following notations are introduced

a p kp,p P
Illn(pl’zl):_[Jl [Um_OJ o (—1 OJ exp(zk—ojpo dpy,
0 a 25

i 1
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a i i

a p kp, p P
[21n (plﬂzl):,[Jl (UOI ¥ J Jn [%]exp[lkﬁJ Pé de
0

The field at the input and output of a lens with radius a; is described using the phase correction function [37]

2
U(p,) =exp [_ZZ—?J, where F'is the focal length of a lens. By repeatedly applying the Rayleigh-Sommerfeld integral

transformations (1) to the components of the electric field strength vector (6) found after phase correction, we obtain

analytical expressions for the transverse and longitudinal components of the field in the focal region of the lens. These

expressions for the components of the field of the vortex beam excited by the radially polarized TMo; mode at a distance

z; from the lens have the form
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3. NUMERICAL RESULTS AND DISCUSSIONS
Using the obtained expressions, calculations were carried out to determine the distribution of the total intensity

2 2 2
(1=|Er| +‘E(p‘ +|EZ| ) as well as the intensity and phase (¢ = arctg(Im(E,;)/Re(E,)),i = x,y,z) of individual field

components of vortex laser beams excited by a radially polarized TMy; mode of a dielectric waveguide resonator of a
terahertz laser, as they propagate in free space and under tight focus conditions. In the calculations the radiation
wavelength was 4 = 0.4326 mm, which corresponds to the generation line of a formic acid (HCOOH) terahertz laser with
optical pumping [38]. The SPP was placed at the output of the waveguide resonator and formed the investigated vortex
laser beams. The waveguide and SPP had identical diameters of 2a = 35 mm, and the lens diameter was 2a; = 50 mm.
The focal length of the lens was F' = 36.36 mm [39, 40] which provided the conditions for tight focusing (the numerical
aperture of the lens was NA = 0.68, where NA = a, / F).

Figure 2 shows the longitudinal intensity distributions of the field (al — a3), as well as the transverse intensity
distributions in the regions of maximum field intensity (b1 — b3) for laser beams without SPP (» = 0) and vortex beams
(n =1, 2) in free space. The longitudinal field intensity distributions are presented in the Fresnel diffraction zone for
z1=100 — 1000 mm.

From Figure 2 (al, bl) it can be seen that for SPP with a topological charge of n = 0 in the absence of a phase plate
the investigated beam has a ring-like shape in the cross-section. The maximum intensity Imax of the laser beam at n =0 is
observed at a distance of z; = 175 mm from SPP and it is equal to 0.0023 absolute units, which corresponds to the intensity
at the output mirror of the waveguide resonator. The Imax values in the regions of maximum intensity remain almost
unchanged when using SPP. Additionally, at the distances where the maximum intensity regions are observed, the
effective beam diameter d; was calculated for different topological charges using the formula:
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Figure 2. Longitudinal intensity distributions of the field (al — a3), as well as transverse intensity distributions in the regions of
maximum field intensity (b1 — b3) for different values of the topological charge in free space. The first, second and third columns
correspond to n =0, n =1 and n = 2, respectively.

The use of SPP with a topological charge of n = 1 at the waveguide output leads to a change in the beam profile
from a ring-shaped structure to a profile with a field maximum on the axis (Figure 2 (b2)). This behavior of the beam
profile change is due to the fact that, as can be seen from the integral expressions for the field components (6.1 — 6.3),
these components have a minimum on the axis in the absence of SPP at the waveguide output. When SPP with n =1 is
installing, these field components reach their maximum value on the axis due to the influence of the second term in the
expressions for these components. In this case the region of maximum intensity shifts to a distance of z; = 527 mm from
SPP (Figure 2 (a2) and the effective beam diameter increases to d; = 27.5 mm.

A subsequent change in the value of the topological charge (n = 2) leads to a zero value of these field components
on the axis. As the topological charge increases from n = 1 to n = 2, the beam profile restores its initial ring-shaped
structure (Figure 2 (a3, b3)). The region of maximum intensity is located at a distance of z; = 130.5 mm (Figure 2 (a3)),
and the effective beam diameter d; in this region, as in the absence of SPP, is equal to 21 mm.

Additionally, the dependencies of the relative contribution # of the field components to the power of the laser beam
in the Fresnel diffraction zone were calculated for topological charges n = 1, 2 according to the formula:

i

(P1-Bzy | +|E¢ P12y | +|E

r.z (P1p Zl)| pidp,dp

n(z)=5=
i

In the absence of SPP the total field intensity is determined by the radial E, component. The contribution of the E,

&)

Pl’ﬁ Z )| }Pldpldﬁ

component to the total beam power is negligible; therefore, the graph of the field components contribution to the laser
beam power is not presented.
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The results of calculations of the dependence of the relative contribution # of the field components to the power of
the laser beam during its propagation in free space for topological charges of SPP n = 1, 2 are shown in Figure 3. For
n =1 the contribution of the radial £, component decreases with increasing distance from SPP, while the contribution of
the azimuthal component E,, gradually increases and begins to dominate at large distances (Figure 3a). The contribution
of the longitudinal component E. remains practically constant and has a negligible effect on the beam power over the
entire studied range. For n = 2 an increase in the contribution of the azimuthal component to the beam power is observed,
indicating a growing role of this component with increasing topological charge (Figure 3b).
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Figure 3. Dependencies of the relative contribution # of the field components (1 — E, 2 — Ey, 3 — E:) to the power of the vortex
laser beam on the function of the distance z1 from SPP for topological charges n =1 (a), n =2 (b).

The spatial-energy characteristics of vortex laser beams in the focal region of the lens were also studied under the
condition of tight focusing. A short focal length lens (F = 36.36 mm) was installed in the region of maximum field
intensity for different topological beam charges to fulfill this condition. The longitudinal field intensity distributions of
laser beams for various topological charge values (n = 0, 1, 2) are shown in Figure 4. The figures indicate that the
maximum intensity value for these topological charges is observed at n = 1 and reaches 2.2 absolute units (Figure 4b).
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Figure 4. Longitudinal field intensity distributions of the laser beam without SPP (n = 0) and vortex beams (n = 1, 2)
in the focal region of the lens.

The dependencies of the relative contribution # of the electric field components for focused laser beams to their total
power were calculated for different topological charges. The results are shown in Figure 5.
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Figure 5. Dependencies of the relative contribution 5 of the field components (1 — E,,2 — Ey, 3 — E:) to the power of the laser
beam without SPP (n = 0) and vortex beams (n = 1, 2) on the function of the distance z> from the lens.

In the case of zero topological charge the radial component is dominant, which maintains a stable high level of
relative contribution 7 = 90 % throughout the entire range of the focal region (Figure 5a). The contribution of the azimuthal
component in this case is zero, and the longitudinal component has a small increase in the central part of the focal region,
not exceeding 10 % of the beam total power. The introduction of a topological charge into the beam (n = 1) leads to a
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significant redistribution of energy in the beam between the radial and azimuthal components of the electric field in the
focal region (Figure 5b). The contribution of the azimuthal component is dominant at distances z> = 30 — 35 mm to the
geometric focus, while the radial component has a smaller contribution to the total beam power in this region. However,
the contribution of the azimuthal component significantly changes at a distance z; = 36 — 40 mm, while the contribution
of the radial component begins to grow and reaches a maximum after the geometric focus of the lens. The contribution
of the longitudinal component to the beam power, as in the case of » = 0, remains insignificant but it shows growth in the
region of the geometric focus. The redistribution of the contribution to the total beam power for the radial and azimuthal
components is observed even more for the topological beam charge n = 2. The contribution of the longitudinal component
also shows an increase in the geometric focus region of the lens (Figure 5c).

Figure 6 shows the spatial transverse distributions of the total intensity, as well as the intensity and phase of
individual components of the electric field for a tightly focused laser beam in the absence of SPP. In this case the total
intensity distribution has a ring-shaped structure. However, there is a small field intensity on the axis (Figure 6(al)),
which is caused by the influence of the longitudinal component (Figure 6 (b2)). In this case the azimuthal component is
zero. The phase front of both components is spherical (Figure 6 (c1, c2)), which is explained by the absence of orbital
angular momentum in the radiation. As a result of focusing the effective beam diameter dy defined similarly (8) in the
region of maximum intensity (z> =37 mm) decreases to dr = 2.4 mm compared to the beam diameter ds during propagation
in free space (z; = 175).

(al), (b1),

0.9
1 .
0 R
1 ’
0.1
2! -2

2 -1 0 1 2
X2, mm X2, mm

(b2),

1

Y2, mm

Intensity (abs. units)

S & o
[ [ Y
Intensity (abs. units)
Y2, mm
— o —_
| e——
S o o o o
N e L oo
Intensity (abs. units)

Phase (rad)

Y2, mm
ST = _ o
HE 0 s

=T
Phase (rad)

3
X2, mm X2, mm

Figure 6. Transverse distributions of the total field intensity (al), as well as the intensity (b1, b2) and phase (c1, c2) of the field for
the E- (b1, c1) and E: (b2, c2) components of a tightly focused laser beam in the absence of SPP.

Analysis of the vortex laser beam for » = 1 shows that the total intensity distribution has a maximum on the axis
(Figure 7(al)).
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Figure 7. Transverse distributions of the total field intensity (al), as well as the intensity (b1 — b3) and phase (c1 — c3) of the field
for the £, (b1, c1), Es (b2, c2) and E: (b3, ¢3) components of a tightly focused vortex laser beam with a topological charge of n = 1.

The effective beam diameter dy at z; = 37 mm compared to the beam diameter d; during propagation in free space
decreases to dy = 1.0 mm. Radial and azimuthal components make equal contributions to the field intensity distribution
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in the region of geometric focus (Figure 7 (b1, b2)). Meanwhile, the longitudinal component exhibits a ring-shaped field
distribution and has almost no effect on the total intensity (Figure 7 (b3)). The phase distribution of all three field
components represents a vortex with two branches (Figure 7 (cl — ¢3)).

For the beam with a topological charge of n = 2 the total field intensity distribution has a pronounced ring-shaped
structure (Figure 8 (al)). The transverse intensity distribution for all three field components also has a ring-shaped profile
in the focal region (Figure 8 (b2 —b3)). The effective beam diameter drat z; = 37 mm decreases to dr = 3.7 mm compared
to the beam diameter dy during propagation in free space. The phase distribution of all three components shows the
presence of a vortex with four branches (Figure 8 (c1 — c3)).
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Figure 8. Transverse distributions of the total field intensity (al), as well as the intensity (b1 — b3) and phase (c1 — ¢3) of the field
for the E; (b1, cl), Ey (b2, c2) and E: (b3, ¢3) components of a tightly focused vortex laser beam with a topological charge of n =2

3. CONCLUSIONS

Analytical expressions have been obtained that describe nonparaxial diffraction in free space of the TMy; mode with
radial polarization of the field of the dielectric resonator of a waveguide terahertz laser during its interaction with a spiral
phase plate with different topological charges (7). Physical features of the obtained vortex beams during their propagation
in free space and tight focusing are studied by numerical modeling.

It is shown that the use of SPP at the waveguide output with a topological charge n = 1 leads to a change in the beam
profile during its propagation in free space from a ring-shaped beam to a beam having a field maximum on the axis.
A subsequent change in the value of the topological charge (rn = 2) leads to a zero value of these field components on the
axis. In the absence of a spiral phase plate the total intensity of the beam field is determined by the radial and longitudinal
components, whereas in its presence it is determined by all three components of the field.

The distribution of the total field intensity in the absence of a spiral phase plate has a ring structure with tight
focusing. At the same time a slight field intensity is observed on the axis due to the contribution of the longitudinal
component. The total distribution of field intensity has a maximum on the axis and the effective beam diameter dy reaches
a minimum value of | mm when using SPP with a topological charge » = 1. In this case the phase distribution of the field
components is characterized by the presence of two vortices. For the beam with a topological charge of n = 2 the
distribution of the total intensity has a clearly defined ring structure and the phase distribution of the field components
demonstrates the presence of four vortices.
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MMPOCTOPOBA ITUHAMIKA PAJIAJIBHO ITOJISIPU3OBAHOI'O
TEPATEPHEBOT'O JIABEPHOI'O ITYYKA 3 ®A30BOIO CUHI'YJISIPHICTIO
Amnppiii B. lerrapboB, Mukosaa M. [1y6inin, Baueciap O. MacyoB, Koctsautun I. Mynrtsin, Oser O. CBHCTYHOB
Xapxiscokuii nayionanvhuil ynieepcumem imeni B.H. Kapaszina, maiioan Ceoboou, 4, Xapxis, Yxpaina, 61022

OTpuMaHO aHANITHYHI BUpa3H, IO ONUCYIOTh HEMapakciadbHy AHQpakmilo y BuTbHOMY mpoctopi TMoi Moau 3 pamianbHOIO
MOJISIPU3ALIEIO TTOJISI JIIeJIEKTPUYHOTO XBHIIEBITHOTO pEe30HATOpa TepareplioBOro jasepa IpH ii B3aeMoii 3i CHipanbHOIO (a30BOIO
IUIACTUHKOIO 3 Pi3HUM TOIOJIOTIUHUM 3apsiioM (n). I1IIsxoM YuceNbHOro MOJEIOBaHHSI BUBUEHO (i3HMYHI 0COOJIIMBOCTI OTPUMAHHUX
BUXPOBHUX ITyUKiB IIPH iX HOMIKPEHH]I Ta rocTpoMy (okycyBaHHi. st MOICIIOBaHHS OMIMPEHHS ITy4KiB Ta (POKYCYBaHHS OTPUMAHHUX
My4KiB BHUKOPHCTaHi iHTerpanmbHi audpakiiiiHi mneperBopenHs Penes—3ommepdernbaa. YV BUIBHOMY OPOCTOPI BHKOPHUCTAHHS
cripanbHOi (a30Boi IUIACTUHKY Ha BUXO/11 XBUJIEBOLY MPH TOMOJIOTIYHOMY 3apsii 7 = | IPU3BOJUTH 10 3MiHH ONEPEYHOTO MPOQiEo
IMy4Ka 3 KiTbLENOAIOHOTO Ha MYyYOK, SKAH Mae MaKCUMYM IIOJIS Ha oci, a naii (n = 2) 3HOB Ha KinmbuenoAiOxuid. [Ipu ¢pokycyBanHi
PO3MOMiT CyMapHOi IHTEHCHBHOCTI MOJIS 3a BiZICYTHOCTI cHipaibHOI (ha30BOI INTACTUHKY Ma€ KilbIEBY CTPYKTypy. BoxHouac Ha oci €
HEe3HAYHa IHTEHCHUBHICTH, IO 3YMOBJICHA BKJIAJOM IIOB3JJOBXHBOI KOMIOHEHTH mois. Ilpm BukopucranHi (a3oBoi IUIaCTHHKH
MONIEPEYHUI POdIIIb ITyyKa 3MIHIOETHCS TaK caMo sK i Ipu #oro nommupenHi. [1pu npomy da3oBuil GpoHT 3MIHIOETECS i3 chepraHOro
Ha CHipaJbHUHU 3 HAsIBHICTIO BOX (7 = 1) Ta 4OTHPBOX (1 = 2) TLIKOBUX BUXOPIB.

KuirouoBi ciioBa: mepacepyosuii nazep; Oierekmpuinuii X6UiesioHuUll pe3oHamop; Cnipaibha (azoea niacmuHKd; GUXpPOGi NYUKu;
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This study examines the effects of magnetically quantized degenerate trapped electrons and positrons on small-amplitude ion acoustic
shock waves (IAShWs) in a pair ion plasma using the Zakharov-Kuznetsov Burger (ZKB) equation. It focuses on how factors like
magnetic quantization, degenerate temperature, normalized negative ions, electrons, positrons, anisotropic pressure, and other relevant
physical parameters from an astrophysical plasma environment influence the propagation of IAShWs, particularly in the nonlinear
regime. This research explores that there exist two distinct wave propagation modes—subsonic and supersonic which shows few
distinct characteristics in different physical plasma environment of astrophysical origin. The results could aid in understanding the
nonlinear dynamics and wave propagation characteristics in superdense plasmas found in white dwarfs and neutron stars, where the
effects of trapped electrons and positrons, as well as ionic pressure anisotropy, are significant which is yet to be explored in detail.
Keywords: Magnetized plasma; Subsonic and supersonic modes; Reductive perturbation method (RPT); Degenerate trapped electrons
and positrons; ZKB equation; Phase plane analysis

PACS: 52.35. Fp, 52.35. Mw, 52.27. Ep, 52.25. Xz, 52.27.Cm, 52.35.Ra

1. INTRODUCTION

The field of degenerate dense plasmas is attracting more attention, resulting in a significant amount of research activity.
As scientists explore this area further, new insights and discoveries are being made [1-3]. These plasmas are found in highly
dense astrophysical environments, including white dwarf stars [4, 5, 6] and neutron stars [7, 8, 9], among other locations. In
these extreme settings, the physical conditions allow for the formation and stability of such plasmas. Several researchers have
explored nonlinear waves in degenerate plasma systems (DPS) that include both positive and negative ions, as well as electrons
and positrons [10-14]. Their studies focus on understanding the complex interactions within these plasmas, which can lead to
fascinating phenomena such as solitons and wave packets. Jahangir R. et al. [15] investigate the nonlinear dynamics of [AShWs
in a magnetized plasma with trapped electrons. Their study examines how degenerate electrons and temperature influence the
amplitude and width of shock waves. Nonlinear localized wave excitation in non-equilibrium plasmas with particle flow have
been investigated in [16-19] kinetic approximation with trapped electrons. Kaur R. et al. [20] explore the characteristics of
TAShWs and the structure of oscillatory shock waves in ion beam plasma, which contains positive ions and trapped electrons
within a quantizing magnetic field. They found that the amplitude of the oscillatory shock waves increases as the quantizing
parameter rises. Igbal M. J. et al. [21] examine the solitary wave structures in a plasma made up of degenerate electrons and
positrons in the presence of a quantizing magnetic field. El-Borie M. A. et al. [22] study the properties of ion-acoustic waves in
a magnetized plasma made up of positively and negatively charged fluid ions and trapped electrons. They analyze how various
plasma parameters, including electron degenerate temperature, electron trapping effects, and viscosity, influence the profile of
small yet finite amplitude solitary and shock waves. Shah H. A. et al. [23] examine the impact of trapping in a degenerate
quantum plasma that includes nondegenerate ions and degenerate electrons. They found solitary wave structures when the
electrons are fully degenerate, while in weakly nondegenerate plasma, both rarefactive and compressive solitary wave structures
appear with changes in temperature. In a multi-ion plasma composed of positive and negative ions and trapped electrons, the
nonlinear propagation of ion acoustic solitary waves (IASWs) and IAShWs are investigated by EI-Monier S. Y. et al [24]. They
noticed the effect of different plasma parameters on IASWs and IAShWs profile. IAShWs in a pair of ion magnetized plasma
is investigated by Yeashna T. et al [25]. They observed both compressive and rarefactive shock potentials and the effect of
oblique angle and kinematic viscosity on that profile. Zedan N. A. et al. [26] examined IASWs in a collisionless magnetized
plasma that includes a degenerate pair of ions and trapped electrons within a quantizing magnetic field. In a theoretical
investigation on dust ion acoustic waves in a degenerate electron-positron-ion (EPI) plasma the influence of viscosity on shock
wave profile is studied by Halder et. al. [27]. Hussian S. et al. [28] investigated electron-ion degenerate plasma considering
trapping effects and Landau quantization. They concluded that increasing kinematic viscosity and obliqueness strengthens the
shock. In a theoretical investigation of shock waves in a degenerate magnetized plasma, Asaduzzaman M. et al. [29] analysed
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how variations in kinematic viscosity, obliqueness, and number density significantly affect the characteristics of amplitude and
steepness. Small amplitude IASWs are studied by Deka M. K. & Dev A. N. [30] on a magnetically quantized degenerate plasma
consisting trapped electrons and positrons.

In a strong magnetic field, plasma exhibits anisotropic pressure characterized by distinct parallel and perpendicular
components. This occurs under adiabatic conditions, influenced by rapid changes in plasma density as waves propagate.
These variations in density can significantly affect the plasma's behavior, leading to unique wave dynamics and
interactions that are crucial for understanding plasma stability and confinement in various astrophysical and laboratory
settings. Irfan M. et al [31] studied characteristics of the ion-acoustic waves (IAWs) in the presence of ionic pressure
anisotropy and electron trapping effects in a dense magnetoplasma consisting of degenerate relativistic trapped electrons
and they reported that ionic pressure anisotropy has a significant effect on the amplitude of solitary potential both in
relativistic and non-relativistic cases. Jahan. S. et al [32] studied the IAShWs in a degenerate magnetoplasma consisting
of degenerate electrons, inertial nonrelativistic partially charged heavy and light ions. In their observation, it was
concluded that the number density of non-relativistic heavy and light ions enhances the amplitude of IAShWs and the
steepness of the shock profile is decreased with kinematic viscosity. In a rigorous investigation on degenerate EPI plasma,
Rahman A. U. et al [33] studied the effect of key plasma parameters such as ion-electron temperature ratio, positron-
electron density ratio and degeneracy parameter on solitary wave structure. The effect of anisotropic pressure and
viscosity on the propagation of shock waves in a degenerate quantum magneto plasma is studied by Deka M. K. et al [34].
The aim of this manuscript is to investigate the propagation of IAShWs in magnetoplasma which consists of degenerate
electrons, positrons, and ions, with the effects of viscosity. As far as we know, no one has yet made an effort to explore
the nonlinear structures of IAShWs in the current context. This lack of investigation highlights a significant gap in our
understanding, which could potentially hinder the progress in this field. The manuscript is arranged as follows. The basic
equations are normalized by using normalized parameter in Sec. 2. In Sec. 3 the ZKB equation is derived from normalised
equation. The influence of physical parameter on the profile of shock waves are discussed in Sec. 4. In Sec. 5 the phrase
portrait analysis is performed by using Galian transformation. Finally, the brief conclusion is provided in Sec. 6.

2. MATHEMATICAL MODEL FOR DYNAMIC EQUATIONS
Let us consider a collision-less magneto plasma consisting of positive and negative ions along with trapped electrons
and positrons is considered in the current investigation. The presence of external magnetic field (B = B,x # 0, where %

is the unit vector along the x-axes) causes the inertial ions to exhibit pressure anisotropy.
The occupation number density of degenerate electrons and positrons can be expressed as [20,23,24,27,30]

- 1
Ny = 271'7513 Z;[ +exp £— U/T) ae 0

Here, 1 is the chemical potential, 77 = @, /€,, is representing the effect of the quantizing magnetic field appears though

2,
the modified electron Fermi energy &,, = (hz/Zme)(37r2neo)A and n, = ( P/ 37r2h3) . Again, the momentum of the

fermi surface is denoted by p,, , the degenerate temperature is 7' = (ﬂ'Te / 22 eFe) and the potential is ¥ = ey/¢e,, . By

adopting the standard procedures for replacing the summation by integration of Eq. (1) for electron density, we obtain
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Similarly, we obtain the expression for positron density as
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On expanding, the above equations become

2
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The unnormalized govern equations for such plasma are read as
ON.
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In the above plasma system, N, is ion fluid density (+ sign represents for positive ion and — sign represents for

negative ion) which is normalized by equilibrium unperturbed number density N,,, V. is the positive and negative ion

fluid velocity which is normalized by ion acoustic speed C, (v, =V, XC, ), the corresponding space variable is normalized

by Debye length (ﬂD =JK,T./ 47rNee2) and the time variable is by plasma frequence (a)p N m+) . The
external magnetic field (Q, = Z,eB4,/m.C, ), kinematic viscosity (&, = 6, /C,4,) and bulk viscosity (p, = p./C,4,)
¥ =ey/e,, the

and along the perpendicular direction is

is normalized by 4, and C,. The other plasma parameter such as potential function is normalized by

Py =Py, (N /N+o)

pressure term along the parallel direction is P,, =

P, =P, (Ni / N, ). Thus, at equilibrium the charge neutrality condition of our plasma model can be written as
#m + /'le = 1 +#p *
After normalization, the basic set of equations for positive and negative ions are expressed as
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Where, ,(n,,/n,,) is electron to positive ion density ratio, , (n_,/n,,) is negative to positive ion density ratio and

U, (”po / n+0) is the positron to positive ion density ratio.

3. DERIVATION OF TKDVB EQUATION
To study the nonlinear properties of ion-acoustic shock waves (IAShWs) in a collisionless pair of ion plasma (PIP),
we adopt the method of reductive perturbation (MRP). According to this method for small amplitude waves the following
stretched variables are used to derived ZKB equation [14,15]

f:g%(X—/lT),n:g%Y , g”:e%Z, r=£"T 16)
d, 28%5i and p, :g%,oi

Where A shows the linearized phase velocity of the IAShWs and its perturbed amplitude is measuring by the real small
dimensionless parameter £(<<1).

The dependent physical variables of the above equation such as density (), velocity (#) and potential function () are

expanded asymptotically as a power series near the equilibrium state as follows:
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Now, substituting the above perturbation scheme (Egs. 16 & 17) in the set of normalized equations (7)-(15) and collecting
the coefficients of lower order of & (~ &%) as follows:
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2 1
1 2 3 3 _4 22 _4 2\
Where, ¢, =%{g(1+T2)+(1—77)2 —%(1—7])_2} and Y, = ni (3—5 3T2j+[1—5 377J +0 3T {1—5 37]]
Proceeding in same way from lowest order of poissons equation we obtain the expression for phase velocity as:

2L AENG —4pr

o (19)

Here,
p=(Yu, —auy);
q= (O!IYI (Zf +, 2’ ) +(Y 4, _auuP)(EH + WB—II )) ;

r= (VEH}_)—H (Ylﬂe —OHlp ) +oi Y, (Zi 7E\| + WmErHZ—Z ))
Similarly, continuing the same process for next higher order of & gives rise the expression for the second order
perturbation terms. After a few algebraic operations with the help of Eq. (18), we obtain the ZKB equation as:

(1) (1) 3,,.1) 2,.(1) 2,.(1) 2,.(1)
oy +B,/,<1>8w +C8w3 _D, az//z +81/f2 +8w2
0T of o& o8 ot oL 0
2. (1) 2,.(1) 2,.(1)
- 18L2+Fi ? l//z +8L2 =0
o¢ og\ an®  9¢

Where the nonlinearity of the system is B = b/a, the dispersion term C =—1/a, the dissipation coefficient due to bulk

viscosity and kinematic viscosity are respectively D, =d,/a, D, =d,/a and F = f/a is the transverse term.

227 22w, 7’
(F _’12)2 (7]3—H_’12)2
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1 3
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4. RESULTS AND DISCUSSIONS
In this section, we investigate the effects of variations of different plasma parameters on the characteristics of
IAShWs governed by Eq. (20). For that purpose, we have considered the range of some typical physical parameters in
dense astrophysical environments (neutron stars and white dwarfs) in which degenerate EPI is important. The well-

defined parameters are considered as the equilibrium density 7, =10* 10" cm ™, n,,, , =10 10" cm™ [9,14,15,23],
B = 10° =10 G [15,20,23] and the Fermi temperature for those parameters in the range of 3.6277x10" K [20,30].
(a) (b)
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Figure 1 The variation of normalized phase speed 4 represented by Eq. (19) is depicted against y, for (a) subsonic (4<1) and
(b) supersonic(A>1) situations with several values of #, and 4,

We have investigated the impact of critical plasma parameters on phase speed, as our goal is to analyze the
characteristics of ion acoustic modes in the plasma system under consideration. The plasma model being analysed can

have both fast and slow modes. Fig.1 presents the normalized phase velocity (/1) of the wave as a function of the ratio
of positron-to-positive ion equilibrium density ( U p) . This data is displayed for various values of the electron-to-positive
ion equilibrium density ratio (4,) and the negative-to-positive ion equilibrium density ratio (4, ), covering both (a)
subsonic and (b) supersonic mode. The Fig. 1(a) reveals that A decreases as the u, increases. In contrast, it rises with
higher ratios of «, and u,, . In both figures, the phase velocity is lowest when the electron density 4, is higher than the

electron x4, density. This happens because, as positron density increases, electron density may also increase due to

matter-antimatter annihilation. As a result, the concentration of heavier negative ions increases, which reduces the phase
velocity. On the other hand, if electron density decreases while negative ion density increases with positron density, the
total positive ion density becomes higher, causing the phase velocity to increase. This situation corresponds to the black
dashed curve in Fig. 1(a) and Fig. 1(b).

(b}

0.35 Bl

0.z 04 06 0.3 0z 04 05 0.8
Hp My

Figure 2. The variation of normalized phase speed A represented by Eq. (19) is depicted against u , for (a) subsonic (A<1) and

(b) supersonic(A>1) situations with several values of 77 .

The Fig. 2 shows the variation of normalized phase velocity (4) by changing the quantization parameter (77) for

two ion acoustic modes (a) subsonic and (b) supersonic. From both Fig. 2, it is observed that the A decreases with
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increasing 77[26]. This is because as the quantization parameter increase which eventually means an increase in the
strength of magnetic field, more and more electron will be trapped and hence phase velocity will be reduced.
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Figure 3. Showing the profile !//(]) of IAShWs that represented by Eq. (20) against } with combination of different normalized
density values 4, 4, and u, for (a)/l <1 and (b)ﬁ, >1 , while the values of other parameter is considered as J, =0.5, 0_=0.5,
Q,=06,Q, =016, /=03, p, =05,p,,=02,p, =03 & p, =02

Fig. 3 demonstrates the graphical representation of normalized potential function l//(l) (as a function of spatial
distance y ) with different values of quantizing magnetic field effect appears through the parameter (7]) and temperature

(T) for (a) subsonic and (b) supersonic modes respectively. From Fig. 3(a), it is noticed that when the normalized phase
speed is in subsonic mode, the increase in 77 increases the steepness of shock wave without affecting the amplitude of the
waves. However, from Fig. 3(b), it is observed that as 77 increases the amplitude and steepness of shock wave increase,
but after a particular value of 7 > 0.8 the polarity of shock potential changes from positive to negative. The quantizing
parameters influence both the phase velocity of the shock wave and the nonlinearity within the plasma system. Next, we
investigate the influence of obliqueness parameter / on the profile of IAShWs potential profile W(l) for both (a) subsonic

and (b) supersonic normalized phase velocity A . Fig. 4(a) shows that the amplitude of IAShWs is strongly dependent on
[/ and it is observed that as / increases, the amplitude as well as steepness of shock profile decreases rapidly. However,
when the phase speed is in supersonic range the increase in / initially increases the amplitude and steepness, after a
certain value it reduced the shock profile (Fig. 4(b)) [20, 29]. It can be concluded that obliqueness of the propagation has
a strong effect over propagation with subsonic speed as compared to supersonic speed.

(a) (b)
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Figure 4. Showing the profile 1//(1) of IAShWs that represented by Eq. (20) against } with combination of different normalized
density values 4, 4, and u, for (a)A<1 and (b)A>1 , while the values of other parameter is considered as J, =0.5, & =0.5,
Q,=06,Q,=0.16, /=03, p, =05,p,, =02,p,=03& p_, =02
Fig. 5 shows the graphical presentation of IAShWs profile of normalized potential function W(l) against } with
different combination of external magnetic field provided to positive (€2, ) and negative (€2_) ions for both (a) subsonic

and (b) supersonic modes of normalized phase velocity. Fig 5(a) & 5(b) clearly show that as the strength of the external
magnetic field increases, both the amplitude and steepness of the shock wave also rise. Moreover, the sharpness of the
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shock wave becomes increasingly noticeable. It is clear from both the figures that as the cyclotron frequency of positive
ion’s increases significantly compared to electron’s cyclotron frequency, and as we know, higher magnetic field is
required to magnetize the positive ions than compared to electrons, all the low energy electrons can escape such high
magnetic field there causing enhancement in the energy of the wave and thus amplitude of the wave increases
significantly. This research explores how the strength of the magnetic field affects the properties of the IAShWs profile
by examining the dispersion coefficient in relation to the normalized cyclotron frequency [35,38].
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Figure 5. The profile l//(l) of IAShWs with respect to y for a combination of different normalized density values u, 4, and 4,
for (a)A<1 and (b)A>1, the values of other parameters are considered as J, =0.5, 5 =0.5, Q, =0.6,Q, =0.16, /=0.3,
py=05p,=02,p,=03 & p =02
Fig. 6 shows the graphical presentation of IAShWs profile of normalized potential function l//(]) against ¥ with
different kinematic and bulk viscosity of the pair of ions (as dissipative parameter 8, and J_) for both (a) subsonic and
(b) supersonic phase speed. From Fig. 6(a) (Subsonic phase speed), it is clearly seen that viscosity of positive ion reduces

the IAShWs profile, while negative ion viscosity enhances the profile. It might be because, as the negative ion viscosity
increases (i.e. overall reduction in the velocity of the negative ions), the more and more low energy electrons will be
captured in the surface of the heavy negative ions, and eventually, the left behind electrons will be of only high energy,
and this enhances the amplitude of the wave. On the other hand, from Fig. 6(b) (Supersonic phase speed), it is seen that
the profile of IAShWs profile enhances with positive ion viscosity which is reduces for negative ion viscosity [34,36,37].
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Figure 6. Showing the profile l//(l) of IAShWs that represented by Eq. (20) against y with combination of different normalized
density values 4, 4, and u, for (a)A<1 and (b)A>1, while the values of other parameter is considered as J, =0.5, §_=0.5,

Q,=06,Q,=016, /=03, p,,=05,p,, =02,p,=03 & p_, =02.

To know the effect of pressure anisotropy on the characteristics of IAShWs, we depict the variation of l//(l) w.rt y
for different values of p,,p. ,p , and p, =0.2(for fixed values of other parameter). From Fig.7(a) i.e. when the
normalized phase speed is in subsonic mode, we have observed that when the thermal pressure of positive ions increases
in both parallel and perpendicular direction ( P& p, L) increases the amplitude and steepness of the shock profiles

whereas the increase in thermal pressure of negative ion in perpendicular direction decreases the amplitude and steepness
of the wave. However, from Fig.7(b) i.e. when the normalized phase speed is in supersonic mode, it is noticed that
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increasing the parallel thermal pressure of positive ion ( Py ) enhances the amplitude as well as steepness of shock waves

profile, but increasing the parallel thermal pressure of negative ion ( p_H) reduces the amplitude of the shock
structure [34,38].
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Figure 7. Showing the profile 1//(') of IAShWs that represented by Eq. (20) against y with combination of different normalized
density values 4, 4, and p, for (a)A<1 and (b)A>1, while the values of other parameter is considered as J, =0.5, & =0.5,
Q,=06Q, =016 & [=0.3
Fig.8 shows the graphical presentation of IAShWs profile of normalized potential function l//(l) against ¥ with
different combination of density ratio of negative ion ( u, ) , electron ( ﬂe) and positron ( u, ) w.r.t positive ion for both

(a) subsonic and (b) supersonic modes of normalized phase velocity. It can be noticed from both figures that as we
increases 4, from0.7t0 0.8 and #, from 0.1 to 0.2 by keeping #, as 0.4 (red dot dashed & black dashed) the amplitude

and steepness of IAShWs increases when the phase speed is in subsonic mode, which on the other hand reduces for
supersonic mode. In similar manner we see for other curves of Fig. 8(a) & 8(b) as we increasing the values of any two
parameter 4, , 4, and 4, by keeping third one same value, it is observed that amplitude and steepness of the shock

structure declines. An oscillating shock wave pattern is linked to the potential profile when the electron density achieves
a critical threshold. When the electron count is insufficient to shield against the potential, positive ions work to increase
the electron pressure, facilitating the formation of an oscillating structure. However, the potential of this structure remains
unshielded. As a result, a reduction in electron density within the plasma leads to a decrease in both the amplitude and
steepness of the wave. This relationship highlights the delicate balance between electron density and the stability of
oscillatory structures, illustrating the dynamic interplay between charged particles in the plasma environment. [32,39]
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Figure 8. Showing the profile 1//(1) of IAShWs that represented by Eq. (20) against y with combination of different normalized
density values 4, 4, and 4, for (a)A<1 and (b)A>1 , while the values of other parameter is considered as J, =0.5, §_=0.5,
Q, =06,Q, =016, /=03, p,=05,p,, =02,p,=03 & p, =0.2.

5. PHASE PORTRAIT ANALYSIS
The results of travelling wave solutions of a differential equation (DE) can also be analyzed through phase portrait
analysis. For this phase portrait analysis, we convert the second order DE into two first order ordinary DEs in a system
as follows [8,35,40]:
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From this planner dynamical system (PDS)(Eq.21) the corresponding Jacobian matrix is

0 1
I=\lU_BL,w H (22)
¢ 6V G

The system (21) has two equilibrium points which are stated as (l//l.(l),O) for i=0 and 1. The trace(ﬂ) and
determinant(Al. ) of the above Jacobian matrix decides the stability of the system at these equilibrium points. Let the

elements of the Jacobian matrix be A, = det(J (l//i(l),())) and T, = trace(J (l//i(]),())) . Then using the concept of dynamical

systems [31,37-40], the equilibrium points (l//l.(l),O) is a saddle point for A, <0, a center point for A, > 0,7, =0, a stable
spiral for 7 <0and 7 —4A, <0, an unstable spiral for 7, >0 and 7> —4A <0, and node for 7" —4A>0.

Figure 9(a) subsonic and 9(b) supersonic shown that the PDS (22) has two equilibrium configurations at C; (0,0)
and C ((ZU /Bl )2 ,0). To examine the stability of the system (22), we use the values of some typical parameter as
B.=02,8,=02,6,=0.1, 6 =0.1, g,=04,u,=0.7 and U >0, the critical point C, has A <0, thus this is a
saddle point. Again, the critical C, satisfies 7, =0 and A, >0 .Thus the critical point C,(0,0) is a center. From both
the figure we conclude that there are trajectories from (—0.005,0) and (0.005,0) connecting two saddle points. The

existence of these heteroclinic orbit corresponds to occurrence of shock wave profile.

y y y
0.006 e U=0.11 o U=0.02 0.010 - ] e U=0.03
0.004 el 0.005 -
§ 0.005 -

0.002|
0.000 !V 0.000 " 0.000 g
-0.002}

e | -0.005 -
—0004f [T — ] -0.005
-0.006 1 ¥ -0.010+ 4

-0.010 -0.005 0.000 0.005 0.010 -0.015 -0.010 -0.005 0.000 0.005 0.010 -0.02 -0.01 0.00 0.01

Figure 9(a). Phase portrait of the system (Eq. (21)) for different values of travelling wave speed U while J, =0.5, 8 =0.5,
Q =04,Q =01, /=03, p,=05,p,, =02,p,=03 & p_, =0.2 for the lower Mach number
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Figure 9(b). Phase portrait of the system (Eq. (21)) for different values of travelling wave speed U while 8, =0.5, 6 =0.5,
Q =04,Q =0.1,/=03, p, =05, p,, =02, p, =03 & p_, =0.2 for the lower Mach number
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6. CONCLUSION

In conclusion, we investigate the effect of trapping of electron & positron and anisotropic pressure as well as
viscosity on IAShWs in degenerate plasma. With the help of method of reductive perturbation, we derived the well-known
ZKB equation. The effect of density ratio of negative ion, electron and positron w.r.t positive ions, magnetic field,
anisotropic pressure & viscosity for both positive and negative ions are investigated briefly. Next, we will convert our
evolutionary equation into a two-dimensional dynamical system and conduct a phase-plane analysis. The results of our
research could have practical applications in several situations involving space observation and astrophysics, particularly
when dealing with trapped electrons and pressure anisotropy.
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Ie nocmiukeHHs po3risigae BIUIMB MAarHiTHO KBAHTOBAHUX BUPOJDKEHNX 3aXOIUICHUX €JIEKTPOHIB Ta MO3UTPOHIB Ha I0HHO-aKyCTHYHI
ynapsi xBwii (IAYX) Marnoi aMIutiTy i B TapHii 10HHIH Iu1a3mi 3a Jonomorolo piBHsSHHS 3axapoBa-KysHenosa-broprepa (ZKB). Boro
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BIUTMBAIOTH Ha nommpenHs IAYX, ocobnuBo B HemiHiitHOMY pexxumi. Lle mocmimKkeHHs OCTiKYE, IO iICHYIOTh 1Ba PI3HUX PEKIMHU
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In this paper, the impact of a magnetic field on blood flow with nanofluid particles through an inclined porous stenosed artery and
dilatation was studied. Here blood is treated as micropolar fluid. The equations are solved by using Homotopy perturbation method
[HPM] under the assumption of mild stenosis. The closed form solutions of velocity, temperature profile, and concentration distribution
are obtained. The effects of pertinent parameters on flow phenomena have been observed and results are analyzed graphically. This
study examines the impact of the magnetic parameter on flow characteristics and reveals that the presence of a magnetic field increases
resistance to the flow while decreasing shear stress at the wall. A result is found that the flow resistance and shear stress at the wall
decreased for heights of the stenosis dilatation. Additionally, the study finds that resistance to the flow increases and shear stress at the
wall decreases with viscosity. The stream lines are drawn to examine the flow pattern and properties of momentum transfer.
Keywords: Stenosis, Dilatation; Micropolar fluid; Flow resistance; Wall shear stress, Brownian motion parameter; Thermophoresis
parameter

PACS: 47.15.-x, 47.63.-b, 47.63.Cb

1. INTRODUCTION

Atherosclerosis, which is the narrowing of the blood vessel lumen, or the inner open space or lumen of an artery,
due to fatty substance formation, is one of the most dangerous health risks in the modern world. This may result in
hypertension, myocardial infarction, and further complications. Consequently, stenosis occurs when abnormal and
irregular growth impedes normal blood circulation, with significant research indicating that hydrodynamic characteristics,
including wall shear and flow resistance, contribute to the onset and progression of this medical condition. A
comprehensive understanding of the blood flow dynamics in a stenosed vessel would facilitate precise diagnosis and
treatment of cardiovascular conditions.

As a result, several researchers have explored mathematical models for confined duct flows [1,2,3,4,5]. All these
mathematical analyses have characterized blood as a Newtonian fluid. Moreover, when the diameters of the artery or tube
are small and the shear rate is low, blood demonstrates non-Newtonian behavior. The quantity of red blood cells (RBCs)
in erythrocytes affects this behavior. Young D. F., Tsai F. Y., and P. Chaturani and R. P. Samy [6,4] conducted theoretical
and experimental investigations on blood flow in arteries exhibiting mild stenosis. All these investigations aim to elucidate
how stenosis influences the properties of blood flow, encompassing velocity profile, wall shear stress, and resistive
impedance. Prasad K.M. and Yasa P.R. [7] developed a mathematical explanation for the flow of a micropolar fluid within
a tapering stenosed artery including porous walls.

However, all these investigations concentrated on the effects of individual arterial stenosis assuming a uniform
cross-section of the tube. It is acknowledged that many blood arteries display small changes in cross-section over their
length and can develop multiple segments, especially at bends and junctions (Schneck et al. [8]). Addressing this
complexity, Maruthi Prasad, and Radhakrishnamacharya [9] investigated blood flow in arteries with multiple stenoses
and a non-uniform cross-section, modeling blood as a Herschel-Bulkley fluid.

A Cemal Eringen's [10] described simple microfluids as concentrated suspensions of neutrally buoyant deformable
particles in a viscous fluid, in which the individuality of substructures influences the physical outcome of the flow. Such
fluid models can be used to rheologically characterize polymeric suspensions and normal human blood, and they have
been used to physiological and technical concerns Micropolar fluids are a subclass of microfluids characterized by rigid
fluid microelements. Basically, these fluids may support couple strains and body couples while also exhibiting micro
rotational and micro inertial effects. The fundamental benefit of using a micropolar fluid model to analyze blood flow in
comparison to other types of non-Newtonian fluids is that it takes care of the rotation of fluid particles by means of an
independent kinematic vector known as the microrotation vector. G. R. Charya [11] described blood flow as micropolar
fluid flow through a constricted channel. Fluid circulation in a non-symmetric vessel with continuous, constrained borders
is investigated in this paper. Theoretical velocity profiles are calculated using the micropolar fluid to simulate blood flow
in small arteries, and the results show good agreement with the experimental data. Ariman et al. [12] presented a
comprehensive examination of microcontinum fluid mechanics, illustrating numerous applications in physiological
phenomena. Prasad, K. M. et al. [13] examined a mathematical explanation for two-layered fluid flow through a stenotic
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artery, in which the core region contains a micropolar fluid with nanoparticles, acting as a non-Newtonian fluid, while
the peripheral region behaves as a Newtonian fluid. Srinivasacharya, D, et al. [14] studied the peristalsis of a micropolar
fluid in a tube. Prasad, K. M. & Yasa, P. R. [15] examined the micropolar fluid flow through a permeable artery.

Blood is appropriately described as a micropolar fluid due to its complicated and changeable rheological behaviour,
which is heavily influenced by changes in artery diameter. As arteries contract, microelements like red blood cells (RBCs)
become compressed, increasing collision impacts and frictional interactions. These microstructural dynamics have a
major effect on the viscosity and velocity profiles of blood flow [16]. Furthermore, the formation of cholesterol plaques
over time can constrict the carotid artery, increasing the risk of stroke or temporary vision loss caused by disturbed or
misdirected blood flow. Because plaque development and progression are controlled by local flow conditions, a
micropolar fluid model is appropriate for illustrating blood's crucial micro rotational and shear-dependent behaviour in
such pathological conditions [17].

Fluids that contain nanoparticles, which are incredibly tiny particles with a nanometer scale, are known as
nanofluids. Nano-fluids have generated significant interest from researchers because of their increased thermal
conductivity, a concept first introduced by Choi [18]. Nadeem and Noreen Sher Akbar [19] studied the flow of a micro-
polar fluid infused with nanoparticles in the smaller intestine. Many researchers focused on this field because of its
significance in the biomedical field [20,21,22]. Maruthi Prasad and Prabhakar Reddy [23] studied the thermal effects of
two immiscible fluids within a permeable stenosed artery having Newtonian fluid in the peripheral region and a nano-
fluid in the core region. Prasad, K. M. et al. [24] explored a mathematical model peristaltic pumping of Jeffrey model
with nanoparticles in an inclined tube. Dawood, A. S. et al. [25] investigates nanofluid behavior in stenosed arteries by
introducing a variable pressure gradient and analyzing the impact of magnetic fields on nano-blood flow. The presence
of nanoparticles suspended in the base fluid is insufficient to improve thermal conductivity, as this enhancement is
contingent upon the particles' shape and size of the particles.

In the human vascular system, magnetic fields are essential for controlling blood flow. Magnetohydrodynamic
(MHD) applications have been demonstrated to lower blood artery fluid flow rates and aid in the treatment of
cardiovascular diseases. Numerous biological uses, including drug administration, cell separation, and cancer treatment,
have led to the development of magnetic devices. Ikbal et al. [26], Bali and Awasthi [27] and Misra et al. [28] have all
done significant work on biofluid dynamics in the context of magnetic fields, while He [29,30] investigated the application
of Homotopy perturbation method. A moving electrically conducting fluid will produce both electric and magnetic fields
when exposed to a magnetic field. A body force called the Lorentz force is created when these fields interact, and it tends
to oppose the liquid's movement [31]. When Sud et al. [32] investigated how a moving magnetic field affected blood
flow, they found that a suitable moving magnetic field accelerated blood flow. Utilizing a long wavelength approximation
technique and a fundamental mathematical model for blood flow in a uniformly branching channel with flexible walls.
Agrawal and Anwaruddin [33] examined the influence of a magnetic field on blood flow. The research demonstrated that
a magnetic field could serve as a blood pump in cardiac processes to improve blood circulation in arteries impacted by
arterial abnormalities such as stenosis or arteriosclerosis.

The various uses of porous medium, such as fluid filtration, water flow across riverbeds, surface water and oil
transportation, bile duct fluid mechanics, and blood circulation in small arteries, make their impact on fluid dynamics
noteworthy. Researchers have been inspired by these real-world uses to study flow dynamics in various geometries that
incorporate porous media [34]. The impact of magnetic forces on the fluid flow of a nanofluid through an inclined channel
with permeable walls and different constrictions, located within a porous medium, was investigated by Prasad, K. M.,
and Yasa, P. R. [35]. Azmi, W. F. W. et al. [36] studied fractional Casson fluid flow in small arteries, highlighting the
impact of slip conditions and cholesterol porosity on blood flow dynamics.

In the human body, arteries are rarely aligned horizontally or vertically. Many arteries, including the carotid,
femoral, and coronary arteries, are naturally inclined as a result of anatomical form and posture. Modelling the artery as
inclined allows us to include gravitational forces that influence blood flow and pressure distribution. According to studies,
arterial inclination has a considerable impact on velocity profiles, wall shear stress, and pressure gradients, all of which
are important in diagnosing vascular disorders like stenosis. Therefore, including an inclined configuration in
cardiovascular models provides a more realistic and comprehensive knowledge of blood flow dynamics under various
physiological conditions. Prasad, K.M. and Yasa, P.R. [37] investigated micropolar fluid behavior in an inclined
permeable tube with a non-uniform cross-section with an explanation for non-newtonian fluid flow in tubes with multiple
stenoses. Their results illustrate the importance of fluid dynamics in the development and potential treatment of
cardiovascular diseases.

Many researchers describe the stenosis as mild and single or multiple, but arterial disease often involves a
combination of stenotic and post-stenotic dilated segments. Sudha, T. et al. [38] analyzed the impact of stenosis and
dilatation on arterial blood flow with suspended nanoparticles utilizing the Homotopy method. Maruthi Prasad, K. et al.
[39] investigates the impact of stenosis and post-stenotic dilatation on Jeffrey fluid flow in arteries. Pincombe et al. [40]
investigated the effects of post-stenotic enlargements in coronary arteries, emphasizing the need for a more
comprehensive approach to modeling arterial disease. While considering the issue of post-stenotic dilations as an
interesting mathematical problem with applications frequently in the vascular system, this article focuses on post-stenotic
dilatations since they have more medicinal significance.
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Motivated from the above investigations a mathematical model has been developed for fluid flow across an inclined
stenosis and dilatation with the influence of a magnetic field through a porous medium. Blood has been described as a
micropolar fluid flow that contains nanoparticles.

2. MATHEMATICAL MODEL
A Cylindrical polar coordinate system (7, 8, z) is considered, where the Z—axis coincides with the center line of the tube,
and flow is assumed to be axisymmetric. Consider the flow of a micropolar fluid across an inclined stenosed artery with
dilatation, characterized by fluid viscosity p and density p.

N

Stenosis
—
&,

Dilatation

Figure 1. Geometry of the problem

The geometry of the problem, as shown in Figure 1, is given as

o ki | |
h(z) = R0_3<1+C051i (z a; 2)), for a;<z < f;

R, ;elsewhere

)

Where the maximum distance of the i abnormal segment is denoted by &;, while R and R, signifies the radius of the
affected artery and normal artery, respectively. The length of the i abnormal segment is given by [;, and the distance
between the origin to the start of this segment is denoted by «; as defined (Maruthi Prasad K. et al. [39] & Dhange M. et.
al [41])

a; = (Zj=1(d; + 1)) - b )
And B; denotes the distance from the origin to the end of the i abnormal segment and is given by
Bi= (Zj=a(d; +1)) ©)

The distance between the start of the i abnormal section from the end of the (i-1)" segment is represent by d;, for
from the start of the segment if i =1
Accordingly, these are the governing equations for the fluid flow (Prasad, K. M. et al. [42])
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where T = (i?f is the ratio between the effective heat capacity of the nano particle material and heat capacity of the fluid.
P
2
Here F = i, N = £ is the coupling number (0 < N <1), m= a K(@utk) is the micro polar parameter. vy is the
g utK y(u+K)

micro rotation in the 8 direction.
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In this context, p denotes fluid density, p represents fluid pressure, K indicates the permeability of the porous media,
j micro gyration parameter, () refers to viscosity, and F corresponds to body force. | X B represents the Lorentz force
term in magnetohydrodynamics (where ] denotes the current density vector and B signifies the magnetic field vector).
Here, the microrotation vector and velocity are represented by V = (0,vy,0) & W = (w,, 0, w,) respectively
The non-dimensional variables are
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By using mild stenosis approximation, (Ri & 1,Re * (26/L0) <K 1 and 2R,/ L0(1)> and non-dimensional scheme to the
0

equations (4) to (9), the equations become
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The axial velocity, denoted by w, has a radius of Ry. The temperature profile, nanoparticle phenomena, local
temperature, and local nanoparticle Grashof numbers, Brownian motion number, Thermophoresis parameter, micropolar
parameter and coupling number are represented by 8, g, By, G, N, N, m and N . Additionally, M = oBZ is the magnetic
parameter, u is the viscosity, and k is the porous medium permeability.

The non-dimensional boundary conditions (Prasad, K. M., & Sudha, T. [43])

w=0,Vy,=060=00=o0atr =h(z) (15)
ow _ 99 _ g9 _ -

E—O,ar—O,GT—Oatr—O (16)

Vy is finite at r = h(z) (17)

3. METHOD OF SOLUTION
The coupled equations are solved using the Homotopy Perturbation Method (HPM). The Homotopy perturbation
method (HPM) has been used to determine the solutions of the coupled equations (13) and (14).

L 262
H(@,0) = (1 = DILO) ~ L©:o)] + q|L(0) + N, 3252+ N, (52| (18)
L 262
H(@,0) = L(O) — L(8:0) + aL(01) +a [N, 32 52+ N, (52) | (19)
o ( 96
H(q.0) = (1= PILE) - L@ + q[L0) + 2 (22 (-22))] (20)
a0

H(@0) = L(0) = L(o10) + aL@o) +a [y (2 (r57) ) @1)

Where, q is the embedding parameter (0 < g < 1),L = —5 (r . %) is a linear operator, 8, ahd o, are the initial guesses,
given by

2_p2 2_p2
0y(r,z) = (T ), ao(r,z) = — (T " ) (22)
Define

0(r,z) =0, + q0; + q*0, + - (23)



119

Modelling of MHD Micropolar Nano Fluid Flow in an Inclined Porous Stenosed Artery... EEJP. 3 (2025)

o(r,z) = 0y + qo; + q°0, +

24

The Convergence of equations (23) and (24) is depending up on the non — linear component of the expression.
Utilizing the same procedure as applied by (30), the solutions for temperature profile (8) and nanoparticle phenomenon

(o) forg=1 are

1 1
00,2) = Z(Ny = N)(? = ) = (5N, 0* = h%) + S0 (N + NG = h)(r® = 1)) (25)
— 12 _p2yNe  (NEfT 3_p3 6
0(r,2) =207~ )R+ 2 (18 Nyp(r® — B3 + - (N2 + N (r® — )). (26)
Substituting equations (25) and (26) in (11) and using boundary conditions
ow _ rdP r sm[@] 1 r3  h?r
T N+ (1-NITZ -1 -NIZE - (1-N) @(;(Nb—wt)(;—T)—
1 rt 3 Ne(NE+NE) (r11 15hS 47t ral0 -1(r3 K2\ N
(ENI’(? o)t () ) (TR
we(wn (rt_wenty o) (7 ey \\| oy e
oty LB o) 2 ) @)
Substitute (27) and (12), we get the expression for Vjy
1-N)r (dP in[@ 1-N h?
Vo = Co(@ (mr) + o)k, omn) 225 (G = =57) + (G30) [6r 0 — N0 (5 — T +30)
rh® | 12 r*  GrNe(NZ+NE) (7372800r  1152h*r  32hSr | 1% | 92160073  144hir3
GrNp (2m4 36 Teme t %) 36864 ( m'° mé mr T T

4h%3 n 38400r>  6h*r5  h®r5  goor’” h*r7  10r° r“) BrNt( r rh? r3) "
m2 moé m2 6 m# 8 m2 12

Np \2m? 8 16
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2m* 36 6m2 90 36864 Np mé 2 m* m?2 8 2(2—-N)

where, I; (mr) and K; (mr) the 1% and 2" order modified Bessel functions, respectively.

Substitute equation (28) into equation (27), and by applying the boundary conditions (15-17), the velocity is

4

512

6400NT®

1 Io(mr) . (1-N)7r2 (dP  sin[® _a-m Nr2
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where,
Io(mh)  (1-N) h? (dP  sin[@] (1-N) 3t
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0
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Dimension less flux (Q) can be determined as follows:

18m?2

) + 04] (29)

7h5)
300

4
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Q= [2rwdr
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From equation (31), Z—IZJ is
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The pressure drop per wave length  Ap = p(0) — p(4) is

Ap = 1de
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Also, flow resistance A is defined as
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Equation Ap is used to calculate the pressure drop when there is no stenosis h = 1, which is indicated by Ap,,.
The normal artery's flow resistance is represented by
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A
Ay = Apn (35)
q
The Normalized flow resistance denoted by
= A
A== (36)
An
Dimensionless shear stresses can be determined as follows
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4. RESULT AND ANALYSIS

The pressure drop, resistance of the flow, and wall shear stress are denoted by Equations (33), (36) and (39 & 40),
respectively. The impact of various flow characteristics on flow resistance and wall shear stress have been studied by
considering the parameter values as d; =0.2,d, =0.2,L, =0.2,L, =02,L=1, N=0.1,q =03,F =0.3,B, =

0.3,G, = 0.2,N, = 0.3,N, = 0.8,a = 1/6,k = 0.05. (Prasad, K. M., & Sudha, T. [43]).

Figures (2-10) depict the impact of various parameters on flow resistance (1) for various values of stenoses (3;) and
dilatation heights (J,), inclination (@), Thermophoresis parameter (N;), Local Nanoparticle Grashof number (B,),
Brownian motion number (N,,), local temperature Grashof number (G,.), Viscosity (1), Permeability of Porous medium

(k) and Magnetic parameter (M).

From the Figures (2-10), it is observed that when the height of the stenosis (§,) increases the resistance of the flow

increases and height of the dilatation (J,) increases the flow resistance decreases.

1.07F

1.00040
1.00035 L0§
1.00030 1.05
| 100025 |~ 1.04
1.00020 -

1.00015
1.02

1.00010
100005t : S pogowow s om oo 4 Lot

0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08
5, &

Figure. 2. Variation of 1 with for §; varying of &,

Figure 3. Variation of A with for §; varying of @

It is also observed from the Figures (2-10) that, the flow resistance (1) increases with Inclination (@), Local
Nanoparticle Grashof number (B,), Magnetic Parameter (M) and Viscosity (1) and the flow resistance (1) decreases
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with thermophoresis parameter (N;), Brownian motion parameter (N;), Local Temperature Grashof number (G,) and
Permeability of Porous medium (k).

From the Fig. 5 and Fig. 8, it is interesting to observe that the flow resistance increases with increasing of Local
Nanoparticle Grashof number (B,.) and viscosity (¢). Because of variation in temperature, buoyancy forces become more
significant than viscous forces, influencing flow behaviour. Whereas buoyancy increases fluid motion, the combined
impacts of viscosity and nanoparticle interactions contribute to increased flow resistance.
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From the Fig. 9, it is interested to notice that the impedance to the flow increases with stenosis height (6;) and
permeability (k) this increase is significant when stenosis height(§;) exceeds the value 0.03. i.e in small arteries, the
permeability effect is less than plaque deposition.
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From the Fig. 10, it is interesting to observe that the flow resistance increases with increase in magnetic parameter
(M), However it is noticed that this increase is only significance when the stenosis height (§) exceeds the value 0.03.

A magnetic field applied perpendicular to the flow interacts with charged nanoparticles, causing a drag force that
reduces the fluid and increases flow resistance. However, by controlling the magnetic field appropriately, it becomes
possible to control blood pressure and improve conditions such as poor circulation

Nanoparticles in a fluid strengthen the thermal properties by enhancing molecular collisions, however they also
introduce increased flow resistance. Temperature fluctuations produce buoyancy effects, defined by the local nanoparticle
Grashof number, while the permeability of porous medium affects blood flow efficiency. In systems such as vascular
networks and drug delivery devices, the optimization of blood flow can be obtained through systematic adjustment of
these parameters.
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Figures (11-19) demonstrate the effect of velocity profiles for various values of Brownian motion number (N,),
Magnetic parameter (M), Local temperature Grashof number (G,.), micropolar parameter (m), local nanoparticle Grashof
number (B,), Permeability of porous medium (k), Thermophoresis parameter (N;), Viscosity (1) and Inclination (@).

It is noted that from the Figures (11-19) the velocity profiles increase with the increase of local nanoparticle Grashof
number (B,.), Permeability of porous medium (k) and Thermophoresis parameter (N, ), but decreases with the increasing
of brownian motion parameter (N, ), Local temperature Grashof number (G,), Micropolar parameter (m), Viscosity (1)
and Inclination (@).

1.00040
7.5}
1.00035}
1.00030 | 7.01 '/
r Nb=0.2,0.6, 1.0
|~ 1.00025 s
65"
1.00020
1.00015} 0
1.00010}
1.00005 | ‘ , ! A 5.5
0.02 0.04 0.06 0.08 0.10 -1.0 -0.5 0.0 0.5 1.0
&y r
Figure 10. Variation of A with for §; varying of M Figure 11. Variation of w with. Nj,
7.5}
M=0.5,0.6,0.7 t
r 7.0}
# I Gr=2.0,4.0,6.0
£ M-=05,0.6,0.7 ] £ 65k
60f
55
1.0 -10 -0.5 0.0 0.5 10
r r
Figure 12. Variation of w with M Figure 13. Variation of w with G,
7‘5; Br=03,0.6,09
7.0
e 6.5:’
6.0}
550
5.0- s . ! . ]
-1.0 -05 0.0 05 1.0 -10 -05 0.0 05 1.0
. r
Figure 14. Variation of w withm Figure 15. Variation of w with B,
‘ ‘ K = 0.3, 0.05,0.07 ' ' Nt-03,06,09
7.5} . 50
7.0 0F
2 B
6.5 5F
601 ] ob
55 : ; L . ! :
-1.0 -05 0.0 05 10 -1.0 -05 0.0 0.5 10
r r

Figure 16. Variation of w with k Figure 17. Variation of w with N,



125

Modelling of MHD Micropolar Nano Fluid Flow in an Inclined Porous Stenosed Artery... EEJP. 3 (2025)
8.0f 8.0F
T.Si T-SE.
7.0? 7.0?
3 6;3 p=0.01, 0.03, 0.05 F3 sq-
60! 60"
55" <<
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5
Figure 18. Variation of w with u Figure 19. Variation of w with @

From the Fig. 12. It is interesting to identified that, the effect velocity profile decreases in the range of —0.5 to 0.5
with an increase of magnetic parameter (M) is and increasing in the other region.

Figures (20-37) demonstrate the variations of wall shear stress (t,, & 7, ) versus z are shown to understand the
progression of arterial disorders with various flow parameters for various values of micropolar parameter (m), Magnetic
parameter (M), Brownian motion number (N,), local temperature Grashof number (G, ), Thermophoresis parameter (N,),
Local Nanoparticle Grashof number (B,.), Viscosity (1), Inclination (@) and Permeability of Porous medium (k)

It is noticed that from the Figures (20-37) micropolar parameter (m), Magnetic parameter (M), Brownian motion
parameter (Np), local temperature Grashof number (G,.), Thermophoresis parameter (N, ), and Local Nanoparticle Grashof
number (B,) Inclination (@), Permeability of Porous medium (k) decrease with the wall shear stress.

Increasing magnetic field effect, which produce a Lorentz force that decreases the flow momentum. Consequently,
wall shear stress values decrease along z at every position.

The viscosity(u), thermophoresis parameter (N, ), and magnetic parameter (M) all lead to the minimized wall shear
stress, which is favourable in systems where excessive shear stress may be harmful. This is particularly relevant in delicate
microfluidic devices and the human circulatory system, where maintaining optimal shear stress is required to minimize
tissue injury and provide effective fluid flow.
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Figures (38-40) displays the streamlines for various values of k, M and B, , It has been seen that the stream lines
are getting closure with increase of k, M and B,. It is seen that, the streamlines in the middle are becoming widen, it
shows that the blood velocity is increasing and these reduces the resistance to flow decreases with the increase in values
of k,M.
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5. CONCLUSIONS

The influence of magnetic field on a micropolar fluid through an inclined porous medium with multiple abnormal
segments has been studied. It was possible to evaluate the impact of various factors with different stenosis heights on the
flow impedance and shear stress at the wall by finding solutions to the flow characteristic expressions.

The Observations are:

Magnetic Parameter, Inclination, Local Nanoparticle Grashof number and Viscosity increases with flow
resistance.

The heights of stenotic dilatation, Thermophoresis parameter, Permeability of Porous medium, Local
Temperature Grashof number and Brownian motion parameter decreases with the flow resistance.

The resistance of the flow and shear stress at the wall decreasing for the values of heights of the stenosis dilatation
It is identified that the effect of velocity profile with the increase of magnetic parameter (M) is decreasing in the
region —0.5 to 0.5 and increasing in the other region.

The heights of stenotic dilatation, Magnetic Parameter, Brownian motion number, Inclination, Local
Temperature Grashof number, Thermophoresis parameter, Local Nanoparticle Grashof number and Permeability
of Porous medium decreases with the shear stress at the wall.

Study on micropolar nanofluids improves understanding of blood’s microstructure and particle behaviour in
magnetic fields. Incorporating micropolarity, magnetic effects, and nanoparticle dynamics (such Brownian
motion and thermophoresis) improves the accuracy of blood flow models, especially for arterial stenosis or
dilatation. These advanced simulations can enhance the design of medical devices such as stents and blood
pumps, enable more precise targeted drug delivery systems, and support advanced diagnostic tools that simulate
pathological blood flow conditions.

The study demonstrates that blood flow resistance and wall shear stress in stenosed and dilated arteries are
influenced by important factors such magnetic field strength, nanoparticle dynamics, and arterial geometry.
Significantly, these results have direct applications in hematology and biomedical engineering. Controlling the
external magnetic field can be used to optimize treatment techniques for cardiovascular disorders such as
hypertension, atherosclerosis, and arterial blockages by regulating blood flow and shear stress.

The streamlines lines are getting closure with the increase of Permeability of Porous medium, Magnetic
parameter, Local Nanoparticle Grashof number.
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MOJEJIIOBAHHSA MI'JI IOTOKY MIKPONOJISIPHOI HAHOPUIAHHU B IOXUJIIA NOPUCTIIA CTEHO30BAHIM
APTEPII 3 TUJIATAIIEIO
Hapenpep Cargaii®®, Kapanamy Mapyri llpacan®
“Kagheopa mamemamuxu, Llxona nayx, GITAM (Bsascacmoca ynisepcumemonm), Xaiioepabao, wmam Tenaneana, Inois — 502329
bKageopa mamemamuxu, Texnonoziunuii incmumym 5. B. Padacy, Biwmnynyp, Hapcanyp, wmam Tenanzana, Indis — 502313

V wmiit cTaTTi KOCHIIKYETHCS BILIMB MarHiTHOTO IOJIS Ha KPOBOTIK 3 YaCTMHAMH HAHOPIJWHH Yepe3 IOXMIY MOPHUCTY CTEHO30BaHY
apTepiro Ta amiatamio. TyT KpOB PO3MIAMAETHCSA SIK MIKPOMOISIPHA piguHa. PiBHSHHSA pPO3B'SI3YIOTHCS 3a JOMOMOTOK METOMY
romoromiyaux Oypens [HPM] y mpumyineHHi jerkoro crenosy. OTpuMaHO pO3B'SI3KH 3aMKHYTOI (POPMH IIBHUAKOCTI, MPOdiito
TEMIIEPAaTypyd Ta PO3MOALTY KOHIeHTpamii. CrocTepiraBcs BIUIMB BIANOBITHUX IapaMeTpiB Ha SBHINA IMOTOKY, a Pe3yJbTaTH
aHami3ywoTecs Tpadigno. Lle mocmimkeHHS po3riAgae BIUIMB MAarHiTHOTO IapaMeTpa Ha XapaKTEPUCTUKU MOTOKY Ta TMOKa3ye, II0
HasIBHICTH MarHITHOTO TIOJIS 30LIBIIy€ OMip ITOTOKY, OJHOYACHO 3MEHIIYIOUH HANpPYXEHHS 3CyBY Ha CTiHI. B pe3ynbrari BUsBIEHO,
110 OIip ITOTOKY Ta HAIPYKEHHS 3CYBY Ha CTIiHII 3MEHIIIYETHCS 3 BUCOKOIO AMIATAIi€l0 cTeHo3y. KpiM TOro, TOCIiKeHHS ITOKa3ye,
110 OIIp MOTOKY 30UIBIIYETHCS, @ HANIPYXKEHHs 3CyBY Ha CTIHII 3MEHINYETHCS 31 301IbIIeHHAM B s3kocTi. JIiii motoky moOynoBaHi
JUIS] BUBUCHHS KAPTHHU [IOTOKY Ta BIACTHBOCTEH Iepeadi iMIyJisCy.

KuniouoBi ciioBa: cmeno3s, ounamayis; MikponoaspHa piouna, onip NOMoKy, HanpyjiceHHs 3¢y8y Ha Cminyi; napamemp OpoyHiBCbKO2O

DYXy; napamemp mepmoghopesy
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This study investigates how thermal and mass stratification influence unsteady magnetohydrodynamic fluid flow through a permeable
medium over an inclined parabolic plate when a slanted magnetic field is present. Laplace transform method is used to find closed-
form analytical benchmark solutions for flow governing equations. The study compares the results obtained from thermal and mass
stratification with scenarios where both forms of stratification are not present. Non-stratified cases demonstrate elevated velocities in
comparison. Also the presence of both stratifications increases skin friction by 33.42%, the heat transfer rate by 97.54%, and the mass
transfer rate by 36.91%. The biggest influence on fluid flow arises when the magnetic field is orthogonal to the flow direction. This

study’s conclusions are pertinent for optimising fluid dynamics in engineering and environmental applications.
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Nomenclature

Thermal diffusivity (m?/s)

Volumetric coefficient of thermal expansion (1/K)
Thermal stratification parameter
Dimensionless thermal stratification parameter
Inclination angle of the plate

Angle of inclination of magnetic field
Kinematic viscosity (m?/s)

Electrical conductivity. (1/ohm.m)
Non-dimensional skin friction

Mass stratification parameter
Dimensionless mass stratification parameter
Non-dimensional concentration

Species concentration in the fluid (mol/m?)
Concentration far from the plate (mol/m?)
Concentration at the plate (mol/m?)
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b Accelerating parameter

y Non-dimensional coordinate normal to the plate
y Dimensional coordinate normal to the plate (m)
By Magnetic field strength

M Magnetic parameter

1. INTRODUCTION

MHD focusses on the interaction of magnetic fields with electrically conducting fluids in motion. MHD exhibits
application across a range of disciplines, encompassing plasma physics, astrophysics, and the design of MHD generators
and pumps. Beyond the areas already mentioned, it holds immense potential across a broad spectrum of disciplines,
including aeronautics, chemical engineering, electrical engineering, medicine, and the biological sciences. The field of
magnetohydrodynamics was pioneered by the prominent Swiss physicist Hannes Alfvén [1]. Significant contributions
from scholars such as [2], [3], [4], and [5] have shaped the current state of MHD. [6] investigated how MHDs are used
practically in biological systems. According to [7], one of the most vital uses of MHD is the pumping of materials that are
challenging to pump using ordinary pumps. [8] conducted a numerical investigation of the electroosmotic-driven transport
of MHD Casson fluid via an exponential stretching sheet. Recent academic investigations by scholars including [9], [10],
[11], [12], [13], [14], [15], [16], [17] and [18] have explored magnetohydrodynamic flows across a range of geometric
contexts.

A material characterised by voids or pore spaces, devoid of solid, contained inside a solid or semisolid matrix is
referred to as porous material. The permeability of porous materials is a defining characteristic, enabling the passage of
various fluids from one side to the other. As aresult, these materials are prevalent in both natural and technological contexts.
Numerous fields, including hydrology and petroleum engineering, rely extensively on porous media. Consequently, the
study of fluid dynamics within porous environments has garnered significant scholarly attention. A model addressing the
boundary conditions of a porous material in relation to viscous fluid flow around a porous solid has been examined by
[19] and [20]. [21] examined the heat generation and chemical reaction impact on MHD flow of Jeffrey nanofluid through
a porous medium. It was examined by [22] how thermal radiation and chemical reactions affected Williamson MHD
fluid flow embedded in porous environment. [23] conducted an analytical examination of the impacts of Soret effect and
thermal generation on the unsteady magnetohydrodynamic flow of radiating and electrically conducting nanofluid across
an oscillating vertical plate within a porous media. Furthermore, the subsequent researchers, [24], [25], [26], [27] and
[28] are extensively engaged in the investigation of porous medium transport phenomena.

An inclined magnetic field serves as an important factor, especially in industrial applications and biological stud-
ies.Between 0 and 90 degrees is the range of this magnetic field’s inclination angle. The impact of a tilted magnetic field
on hydromagnetic flow across an oblique oscillating plate and a linearly accelerating plate was examined by [29] and [30].
[31] examined the influence of an angled magnetic field on the time-dependent squeezing flow between parallel plates
with suction and injection. [32] investigated the flow and temperature distribution of MHD Casson fluid via a permeable
extended surface within laminar flow regime. The unsteady hydro magnetic couette flow in the presence of a variable
inclined magnetic field was analysed by [33]. The study of heat and mass transfer in unstable magnetohydrodynamic flow
in two non-conducting infinite vertical plates with an slanted magnetic field is studied by [34]. In a perforated medium
with a changing temperature, an angled magnetic field, and stable mass diffusion, [35] examined unsteady free-convection
MHD fluid flow in conjunction with an exponentially accelerating plate. [36] investigated time variation measurements
by the influence of Dufour, Hall, and ion-slip currents in unsteady magneto-hydrodynamic fluid flow across an inclined
plate with an inclined generated magnetic field.

Research on MHD flow problems related to the motion induced by the sudden initiation of endless vertical plates
exhibiting parabolic velocity has been extensively conducted, owing to their prospective uses in domains like astrophysics,
geophysics, and missile technology. [37], [38], [39], and [40] are among them. [41] started their research by examining
parabolic flow over an upright plate with uniform heat flux and variable mass diffusion, establishing a foundation for
comprehending such intricate fluid dynamics. [42] recently conducted a numerical study on the MHD fluid’s parabolic
flow via an upright plate in a porous medium. [43] has examined the issue of the effects of a angled magnetic field on
a transit radiative hydromagnetic flow across an oblique parabolic accelerating plate inside a porous medium, including
chemical reactions and heat-generating parameters. Further [44] extended this by considering thermal diffusion effect.
[45] examined how radiation and Hall current, in addition to a changing temperature, affected MHD flow over an inclined
parabolic accelerating plate through a porous media. When rotation and the first chemical substance reaction were present,
[46] examined parabolic flow via an isothermal perpendicular plate with heat and mass scattering.

None of the studies mentioned previously included thermal and mass stratification, which is crucial for weather and
climatic prediction, comprehension of natural systems, engineering applications, and environmental and safety aspects. In
the complex realm of fluid dynamics, thermal stratification and mass stratification are crucial factors. Thermal Stratification
arises from resistance to heat transport, resulting in discrete layers within a fluid, whereas Mass Stratification occurs owing
to density variations caused by differing solute concentrations. [47] and [48] developed analytical solutions for unsteady
flow across an endless upright plate under various surface conditions. [49] and [50] investigated the impacts of mass and
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thermal stratification on a upright wavy truncated cone and a wavy vertical surface within saturated porous media of a non-
Newtonian fluid. [51] established the analytical solution for the simultaneous influences of mass and thermal stratification
on unsteady flow via exponential mass diffusion and an accelerating plate inside a porous medium exhibiting variable
temperatures. [52] examined the unsteady parabolic flow in a porous media over an endless upright plate, characterized by
exponential temperature decay and variable mass diffusion, considering the effects of thermal and mass stratification. [53]
and [54] developed solutions addressing the impacts of mass and thermal stratification on unsteady magnetohydrodynamic
flow under various surface conditions.

Inspired by the aforementioned literary works, we endeavoured to conduct a precise examination of the matter
concerning the effects of a slanted magnetic field, as well as thermal and mass stratification, on a transit hydromagnetic
flow over a tilted parabolic accelerated plate within a porous medium. Based on the authors’ knowledge, no studies have
been conducted on the impact of inclined magnetic field, thermal and mass stratification on hydromagnetic flow past a
parabolic accelerating inclined plate through a porous media. So, the novelty of concepts and physical facts presented
in this study is anticipated to significantly influence and facilitate interactions across many domains. This problem is
resolved in a closed form with a potent method, namely the Laplace transform approach. Subsequently, the results for
the fluid with two stratifications are contrasted with those for the specific scenario devoid of stratification. The effects
of various physical entities on the non-dimensional velocity of fluid, temperature distribution, fluid concentration, shear
stress, and rates of heat and mass transfer are illustrated graphically and through tabulated data. The practical relevance
of this study’s conclusions pertains to the optimization of fluid dynamics in engineering and environmental applications.
Both stratification’s effects on magnetohydrodynamic flow in porous media may increase the effectiveness of mass transfer
and heat transfer systems, which can be used in energy system design, industrial cooling, and pollution control.

2. MATHEMATICAL FORMULATION

Consider the unsteady MHD flow of a viscous, incompressible, stratified fluid past an inclined parabolic accelerated
plate within the porous medium. We employ a rectangular Cartesian coordinate system in which the y -axis is orthogonal
to the plate and the x -axis extends uprightly along the plate. The magnetic field vector affecting the flow is given by B =
(Bo cos ¢, Bo sin ¢, 0 when a constant magnetic field By is applied at an arbitrary angle ¢ with the axis x. Furthermore,
the plate is intended to be inclined at an arbitrary angle 1. Both inclinations are expected to be oriented vertically. At the
initial time (#’ = 0), the plate is stationary. However, the plate begins to move parabolically with velocity u’ = u(b’t'?)
in its own plane at #' > 0. Due to the infinite length of the plate, all flow variables are independent of x and depend solely
ony and ¢ . The induced magnetic field is to be disregarded due to the consideration of a very small magnetic Reynolds
number. Furthermore, it is considered that the viscous dissipation of energy is negligible. Figure 1 clearly illustrates the
geometry of the problem.

X -axis
A Inclined plate

-
/
/
/

Boundary Layers

P y-axis

Figure 1. Flow geometry .

Consequently, according to Boussinesq’s approximation, the equations delineated in refs [43], [44] and [52] are
employed to characterise the unsteady flow.
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with following initial and boundary condition [44] and [55]:
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temperature of the surrounding fluid is height-dependent, and the work of compression (i) represents the rate at which

particles in a fluid perform reversible work as a result of compression.
Introducing dimensionless variables:
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The transformed governing equation in dimensionless form are:
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and the dimensionless initial and boundary constraints are:

1<0: u=0, =0, C=0 V y
t>0: u=bi’, 6=1, C=1 at y =0
u—0 6—-0 C—0 as y/—>oo

3. METHOD OF SOLUTION
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The use of the Laplace transform method yields an equation of non-tractable form for any given Prandtl or Schmidt
number. The non-dimensional governing equations from (6) to (8) , along with the boundary conditions (9), are solvable

when the conditions are reduced to Pr = 1, Sc = 1. Consequently, we get

d*u _ = —
— — s+ Ju+GrT cosdA+GcCcosd = 0
dy'?
A
—— —sT—-yu = 0
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&c -
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where h; = M sin” ¢ + ki and s denotes the Laplace transform parameter.
r
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This set of ordinary differential equations is solved alongside the initial boundary conditions, employing the inverse
Laplace transform technique as facilitated by [56] and [57] . Consequently, we derive the subsequent profiles of velocity,
temperature, and concentration:

=32 e Lath) = s Lot + 2 L1009) - L1 ) (13)
3 3
_(£-y)Gceosg v\, 2yb B Yhe(Li(hs) Li(hs)
0= T@Vfc(z—\/;) + h—3(L2(h4) Lz(hS)) + _h3 ( h5 h4 ) (14)

_(y=£&)Grcos¢
B hsha

c erfc(l) + @(u(m) - Lz(hs)) (15)

. é"_hﬁ(Ll(hs) B L1(h4))
24 h3

s\ hs ha

where

hy+h hy—h
hy = Gry cos¢ +Gcé cosd, h3 =\[h? —4hy, h4=%, hs:%

he = Gr cos ¢ + Gc cos ¢

L’s indicate inverse Laplace’s transforms as stated below

» e—y'm » e—yl s+p
Lip) = L7 {E——1. L) =L — 1.

4. CLASSICAL CASE (y = 0, £ = 0)

Solutions have been derived for the unique scenario in which stratification is absent. We aim to compare the outcomes
of the fluid exhibiting thermal and mass stratification with the scenario devoid of stratification. Therefore, the solutions
for the classical scenario with boundary conditions (9) via the Laplace transformation are as follows:

0, = erfc(zy—\/;) (16)
C.= erfc(y—) (17)
2t
_ _ e he ol 2
uec =2bLy(hy) hlL](hl)+h1 erfC(Z\/;) (18)

Skin Friction

We obtained the non-dimensional skin-friction from the velocity field, which represents the shear stress at the surface,
as follows:

_Bu
A
2b h
= ~—(ha g2(hs) = hs g2(hs) | + = g1 (hs) = g1(ha) 19
h3 h3
Skin Friction for special case:
—
c 6y/ y’=0
he he 1
=2bgy(h)— —gi(h) + — 20
g2(h1) hlgl( 1) hl(ﬁ\ﬁ) (20
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Nussely Number

We obtained the non-dimensional Nusselt number from the temperature field, which represents the rate of heat
transfer, as follows:

Nu = _0_9/
ay y'=0
(§-y)Gecosp( 1 2yb Y he (g1(hs)  gi(ha)
= h - h — - 21
hsha N T 82(ha) — g2(hs) | + e 2D
Nusselt number for special case:
Nu, = _(9;0?
9y |y =0
1
= (22)
Vi

Sherwood Number

We obtained the non-dimensional Sherwood number from the concentration field, which represents the rate of mass
transfer, as follows:

oC
Sh=-—
A
(y-&)Greosg( 1 2¢b Ehe(gi1(hs) g1(hs)
S ha) — g2(h — |- 23
sl N T 82(h4) — g2(hs) | + i\ s 7 (23)
Sherwood number for special case:
she =25
ay =0
1
= (24)
Vvt
where,
e—xt
g1(x) = N +Vxerf(Vx1)

(4tx(tx+1) = D)erf (\/5) Vie X (2tx + 1)
8x3/2 * 4r/mx

g2(x) =

5. RESULTS AND DISCUSSION

Utilising the solutions established in earlier sections, we computed numerical values for a range of physical parameters,
including concentration, skin friction, velocity, temperature, and Nusselt and Sherwood number. This study enabled us
to explore the physical dimensions of the problem more thoroughly. Additionally, we used MATHEMATICA to generate
plots shown in Figures 2-26. This research considers the following parameters: M =1, k, = 0.5, Gr =5, Gc =5, t =
2,b=0.2, y/ =15,y=05£=03,¢=%,0=7%. Parametersrangesare: 0 <y <1,0<¢<1,2<Gr<10,2<
Gc<10,05<k, <23,05<M<5,§<¢<7,5<4<7%,01<b<0.4. To validate the accuracy of the the
approach, the temperature profile produced by [55] is juxtaposed with the temperature profile derived from the scenario
of no thermal stratification, as seen in Figure 2. The findings are in strong agreement.

Graphs showing the impacts of y and & on the velocity, temperature, and concentration profile are shown in Figures
3, 10, and 17. Thermal and mass stratification lowers the flow velocity, as seen in Figure 3. As the stratification
parameters (y, &, &) rise, the convective interaction between the ambient fluid and the hot plate falls. Because of this
reduction in buoyancy force, the flow velocity therefore decreases. Figure 10 illustrates that the classical scenario has a
greater temperature compared to the nonclassical circumstance. It illustrates that temperature increases owing to mass
stratification, but decreases due to thermal stratification. The temperature difference between the vertical plate and the
surrounding fluid diminishes in the presence of thermal stratification. This results in an increase in the thickness of the
heat boundary layer, hence reducing the temperature. Figure 17 demonstrates that fluid concentration increases with a
higher thermal stratification parameter, while it decreases with an increasing mass stratification parameter.

Graphs showing the influences of Gr and G¢ on the velocity, temperature, and concentration profile are shown in
Figures 4, 11, and 18. Figure 4 shows that when both Grashof numbers increase, the velocity profiles also increase,
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which is because the buoyancy force is directly proportional to the Grashof numbers. Figure 11 shows that temperature
decreases as Gr and Gc increase, suggesting that heat dissipation away from the heated surface is increased by improved
buoyancy-driven fluid flow. The impacts of Gr and G¢ on concentration have been shown to be identical to those seen for
Figure 18’s temperature profiles.

Graphs showing the effect of &k, on the velocity, temperature, and concentration profile are shown in Figures 5, 12,
and 19. Permeability, determined by the geometry of the medium rather than the characteristics of the fluid. It quantifies
formation’s ability to transmit fluids, directly relating to the interconnectedness of pores, which influences fluid movement
within the medium. The larger the interconnectedness of void spaces, the more easily fluid can traverse the medium.
Hence, the increase in medium permeability results in enhanced fluid flow. Consequently, the velocity field increases with
larger pore sizes in the medium, as illustrated in the provided Figure 5. Figures 12 and 19 indicate that temperature and
concentration diminish as the permeability parameter elevates. This occurs as the pore sizes in the medium increases,
allowing for greater mobility of the fluid’s particles.

Graphs showing the influence of M on the velocity, temperature, and concentration profile are shown in Figures 6,
13, 20. In the study of magnetohydrodynamic (MHD) flow, the Lorentz force has a prominent influence on the motion
of particles of an electrically conducting fluid, naturally tending to diminish fluid velocity. The Lorentz force is exactly
proportional to the magnetic field. Consequently, when the magnetic field intensifies, the resistance to fluid motion inside
the flow domain escalates. Hence, velocity profiles decrease as M increases, as seen in Figure 6. Furthermore, as M is
increased, the temperature rises as shown in Figure 13. Because of improved confinement, resistive heating, suppression
of cooling systems, and higher energy absorption from the field, an increase in M usually causes a rise in temperature.
Figure 20 illustrates how M affects the concentration profile. The figure shows that the concentration of shear layers is
improved by elevating M. This is caused by the Lorentz force, which opposes the direction of flow as the intensity of the
magnetic field rises.

Graphs showing the effect of ¢ on the velocity, temperature, and concentration profile are shown in Figures 7, 14,
and 21. Figure 7 illustrates the impact of an arbitrary magnetic field inclination angle on nondimensional velocity. It is
evident that a rise in the tilt of the magnetic field results in a drop in fluid velocity. This occurs because the resistive force,
known as the Lorentz force, intensifies with an elevated in the inclination angle. When the direction of the magnetic field
is orthogonal to the flow of the fluid, it has the greatest impact on the flow. However, increase in ¢ escalates temperature
and concentration profile of the fluid as seen in Figures 14, and 21.

Graphs showing the impact of A on the velocity, temperature, and concentration profile are shown in Figures 8,
15, and 22. As the plate’s inclination angle rises, we can see that the fluid flow decreases. It is well known that the
frictional force acting on the fluid dramatically rises across the flow domain when the plate is angled with respect to the
flow direction. The provided Figure 8 illustrates how this physical fact results in a drop in fluid velocity. However, rise in
A escalates temperature and concentration profile of the fluid as seen in Figures 15, and 22.

Graphs showing the effect of b on the velocity, temperature, and concentration profile are shown in Figures 9, 16, and
23. Figure 9 shows that velocity increases as b increases. This is due to the fact that a stronger propulsive force applied
on the fluid is implied by an increase in acceleration. Figure 16 illustrates how temperature drops as b increases. The way
that acceleration affects the fluid’s energy distribution helps to understand this tendency. Increased acceleration imparts
additional kinetic energy to the fluid, especially in the vicinity of the surface, which is converted to thermal energy via fluid
friction and viscous dissipation. By increasing the base temperature throughout the fluid, this improved energy conversion
raises the system’s minimum temperature. Also concentration profile decreases as rise in b as seen in Figure 23.

Graphs showing the effect of y and & on the Skin Friction, Nusselt Number and Sherwood Number are shown in
Figures 24, 25, and 26. In Figure 24, the skin friction curve shows a noticeable increase over time, especially in cases
where both thermal (y) and mass (&) stratification are present. In contrast to the scenario devoid of stratification, the
upward trend signifies that the combined effect of temperature and mass stratification amplifies the fluid’s resistance over
the surface, resulting in elevated skin friction. Figures 25 and 26 illustrate an upward trend in the Nusselt and Sherwood
values over time, suggesting enhanced mass and heat transmission. The increase is more significant with higher values of
thermal stratification () and mass stratification (£), as seen by the steeper curves. This behaviour indicates that enhanced
stratification significantly improves the efficiency of heat and mass transfer in the fluid.

Table 1 shows how different parameters affect Skin friction (7), Nusselt number (Nu), and Sherwood number (S4).
When the magnetic parameter (M) increases, the skin friction also increases because the magnetic force resists the fluid
flow by inducing the Lorentz force, this also reduces heat and mass transfer, lowering Nu and Sh. On the other hand,
increasing the permeability of the medium (k) allows the fluid to pass through more easily, which reduces skin friction
but improves heat and mass transfer. Higher values of the thermal and mass Grashof numbers (Gr and Gc) increase
Nu and Sh, showing stronger buoyancy-driven flow. But very high values can cause flow reversal near the plate, which
lowers skin friction. Changing the angles of the magnetic field (¢) and the plate (1) slightly reduces skin friction while
helping heat and mass transfer. Finally, increasing the acceleration parameter (b) increases all three values, showing that
unsteady motion boosts shear stress and improves both heat and mass transfer. Table 2 indicates that the presence of both
stratifications increases skin friction by 33.42%, the heat transfer rate by 97.54%, and the mass transfer rate by 36.91%.

The Nusselt number (Nu) represents the ratio of convective to conductive heat transfer across a fluid boundary and is
a fundamental parameter in the analysis of thermal transport phenomena. Similarly, the Sherwood number (S%) quantifies
the ratio of convective to diffusive mass transfer, serving as its mass transfer analogue. These dimensionless numbers
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are critical in characterizing transport processes and evaluating the influence of various physical effects, such as thermal
and solutal stratification or magnetohydrodynamic (MHD) forces. A detailed analysis of Nu and Sh provides insights into
the enhancement or suppression of energy and mass transport under complex flow conditions. In practical systems, such
understanding supports the optimization of engineering applications including heat exchangers, chemical processing units,
and environmental control systems. Therefore, exploring the interplay between convective transport mechanisms and
external effects is essential for the development of more efficient and purpose-specific thermal and mass transfer systems.
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Figure 26. Effects of y & £ on Sherwood Number
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Table 1. The impact of different parameter on Skin Friction, Nusselt Number and Sherwood Number with r = 2,y = 0.5
and £ =0.3

M| k, | Gr | Gc| ¢ | 4 b T Nu Sh

1 {05] 2 2 | 515102 0692507 | 0.641668 | 0.544578
3105 2 2 | 515102 1.08778 | 0.604961 | 0.522554
5105] 2 2 13135102 1.40899 | 0.580339 | 0.50778
1 |11 ] 2 2 | 3| %102 0323167 | 0.682832 | 0.569276
1 |17] 2 2 | 515102 0193087 | 0.698862 | 0.578894
1 105| 5 2 | 3| F]0.2] 0.0994802 | 0.715856 | 0.58909
110510 2 | % | % |02]-0.810403 | 0.821675 | 0.652582
1 {05] 2 5 | 515102 0073624 | 0.720836 | 0.592079
110502 |10 |5 |5 |02]|-0904434 | 0.840987 | 0.664169
1 105] 2 2 | 215102 0615765 | 0.649673 | 0.549381
1 {05] 2 2 | 51 %5102 0534835 | 0.658429 | 0.554635
1105 2 2 | 51 %102 0353811 | 0.684906 | 0.57052
1 105] 2 2 | 315102 0.1008 0.716574 | 0.589521
1 {05] 2 2 1515103 1.47854 0.70505 | 0.582607
1 {05] 2 2 | 515104 226457 | 0.768432 | 0.620636

Table 2. The influence of v and £ on 7, Nu and Sh

y=0,6=0 1] y=0.5¢=0.3 | Change in Percentage

T —0.733082 —-0.488104 33.42% 7
Nu 0.398942 0.788073 97.54% T
Sh 0.398942 0.632421 36.91% T

6. CONCLUSION

This article presents an exact analysis of fluid flow across an inclined parabolic plate inside a permeable medium,
considering the influence of an inclined magnetic field, as well as heat and mass stratification. Ultimately, the following
conclusions are derived.

* Velocity is diminished as a result of diminished buoyancy forces as thermal (y) and mass (£) stratification increases.
Temperature is reduced by thermal stratification, while it is elevated by mass stratification. The concentration of
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fluid increases as vy increases, while it decreases as & decreases. Nusselt number (Nu), Sherwood number (Sh), and
Skin Friction are all enhanced by both y and &, which also improves heat and mass transfer.

The velocity is increased by the stronger buoyancy forces that result from higher Gr and G¢ values. Temperature
and concentration decrease with increasing Gr and Gc, indicating enhanced convective cooling. Moderate values
improve Nu and Sh; very high values may lead to flow reversal near the plate, lowering skin friction.

Velocity increases with k, due to improved fluid mobility. Temperature and concentration decrease as permeability
increases. Skin friction decreases, while Nu and S improve with higher k.

Velocity decreases as M increase due to the resistive Lorentz force. Temperature and concentration increase because
of resistive heating and flow confinement. Skin friction increases, while Nu and Sh decrease with increasing M.

Higher ¢ values decrease velocity by enhancing the Lorentz force. Temperature and concentration rise with
increasing ¢. Also, Heat and mass transfer improve; skin friction decreases slightly.

Increasing A reduces velocity due to increased frictional resistance. Temperature and concentration profiles rise
with larger plate angles. Also Heat and mass transfer are enhanced; skin friction experiences a minor reduction.

Velocity increases with b due to stronger propulsive forces. Temperature and concentration decrease due to
redistribution of thermal energy. All three quantities—skin friction, Nu, and Sh—increase with b.

Presence of both stratification leads to:

— 33.42% increase in skin friction,
— 97.54% increase in heat transfer rate (Nu),

— 36.91% increase in mass transfer rate (Sh).

In our study, the values for Pr and Sc must be taken into consideration as unity in order to have a thorough analysis

and make the equations tractable, that is, to discover accurate solutions in closed form. To get a thorough grasp of the
model, it is advised that future studies use numerical techniques to find solutions for the coupled equations with different
values of Pr and Sc. The findings of this study have practical applications in optimizing industrial cooling systems,
enhancing heat exchanger efficiency, and improving pollution control strategies. These insights are particularly valuable
for engineering and energy systems where precise control of heat and mass transfer is critical.
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TEIJIO- TA MACOOBMIH Y CTPATU®IKOBAHIN MFI[-TE‘IIi 11 AI€10
IIOXMNJIOI'O MATHITHOI'O ITOJIA
Myxkya Menxi, Pynpa Kanra /Ileka
4 Mamemamuunuii pakynomem, Ynieepcumem Iayxami, I'yeaxami-781014, Accam, Inois

VY wiit po6OTi AOCTIIKYEThCA, SIK TEIUIOBA Ta MacoBa cTpaTH(ikalis BIUIMBAIOTh HA HECTALIOHAPHUI MarHiTOTiApOAMHAMIYHHI HOTIK
piIvHM Yepe3 NPOHKMKHE CepeOBUIle Hajl MOXMIOK NapaboiivHO IIACTHHOIO 32 HASBHOCTI MOXMJIOTO MarHiTHOro mnojs. Merop me-
peTBopeHHs Jlarulaca BUKOPUCTOBYETHCS 1)1l 3HAXOKEHHS aHAJITUYHUX KOHTPOJIbHUX PillleHb y 3aMKHYTi# (popMi il piBHSHB, 110
OIUCYIOTh MOTIK. Y JOCJiJKEHH] IOPIBHIOIOTLCSA Pe3y/bTaTH, OTPUMaHI 3a JOIMOMOIOI TEIUIOBOI Ta MacoBoOi cTpaTudikalii, 3i cleHa-
pismu, ne o6unei opmu crparudikarii BigcyTHi. HectparugikoBaHi BUMAJKKA JeMOHCTPYIOTh IiJBHIIEHI MIBUAKOCTI Y MOPiBHSHHI.
Takox HasBHICTH 000X crpatuikauiil 36iblrye TepTs noBepxHi Ha 33,42%, mBuakicts Teronepenayi Ha 97, 54% Ta mBUAKICTH
Macorepenadi Ha 36, 91%. Hait6inpiunii BIUIMB Ha MOTIK PiAMHU BUHHUKAE, KOJIM MArHiTHE M0JIe OPTOTOHANBHE JI0 HAMPSIMKY ITOTOKY.
BUCHOBKY LIBOTO JOCTI)KEHHS € aKTyaJIbHUMU [J1s1 ONTUMIi3allii I1IpoJHAMIKM B iH)KEHEPHHUX Ta €KOJIOTIYHUX 3aCTOCYBAHHSIX.
Kumouosi ciioBa: MT/]; nopucme cepedosuuie; napadoriuna noxura nAACmuta, mepmiuHa cmpamugikauist; Macoéa cmpamugikauis,;
noxune mMazmimme none
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The present paper deals with the study of the MHD upper-convected Maxwell nano-fluid flow through a bidirectional stretchable
surface. The influence of heat absorption and thermal radiation has been studied. Governing non-linear partial differential equations,
controlling the mass conservation, momentum conservation, energy conservation, and species concentration, are transformed into
ordinary differential equations with the help of an appropriate similarity transformation, which are then solved numerically by using
the bvp4c routine of MATLAB. The impact of various physical parameters on the velocity, temperature, and concentration distributions
is described briefly with the help of graphs. The skin-friction, rate of heat and mass transfers at the plate are computed numerically and
displayed through the table. able. Such a fluid flow problem may find applications in heat transfer mechanisms/devices.

Keywords: Maxwell Nano-fluid; MHD, Heat absorption; Thermal radiation

PACS: 47.11.-j, 47.10.ab, 02.30.Jr

List of Symbols (Nomenclature)

a,b:  dimensional constants Rd: thermal radiation parameter
Bo: Magnetic field strength Re:: Reynolds number

C: Concentration of fluid Sh:: Sherwood number

C: stretching ratio parameter T: temperature of fluid

Cp: Specific heat at constant pressure Tw: wall temperature

Cw.  concentration on wall T ambient temperature

velocity components
Thermal diffusivity

Co: ambient concentration
Dg: Brownian diffusion coefficient

£

b}

Dr. Thermophoretic diffusion coefficient A fluid relaxation time

f'g': Non-dimensional velocity Vi Kinetic viscosity coefficient
Jw: mass flux @ Non-dimensional temperature
K: Thermal conductivity o) Stefan- Boltzman constant

Le: Lewis number T ratio of nanoparticle heat and base
M: Magnetic parameter m: similarity variable

Nb:  Brownian diffusion coefficient (non-dimensional) P density of fluid

Nt: Thermophoretic diffusion coefficient (non-dimensional) @ Non-dimensional concentration
Nu:: Nusselt number O temperature ratio parameter

Pr: Prandtl number Qo: Heat absorption coefficient

qr: Radiative heat flux 0: Heat absorption parameter

qw: surface heat flux

1. INTRODUCTION

Maxwell Nanofluid is used in cooling and heating systems. It enhances the rate of heat transfer by 15%. It is used in
chillers, heat pumps, energy recovery systems, pumps, fans and terminal units. In a Maxwell Nanofluid, submicron
Aluminum Oxide particles are suspended in the base fluid. Sajid et al. [1] studied the “Darcy-Forchheimer flow of Maxwell
Nanofluid flow with nonlinear thermal radiation and activation energy”. Increasing the Deborah number leads to decrease
in the velocity profile. When the thickness of the wall, Prandtl number and linear thermal radiation is increased then the
Nusselt number also increases and decreases when the thermophoresis parameter, magnetic parameter, Lewis number and
thermal conductivity is increased. Further it is observed that the Nusselt number increases when the temperature difference
parameter, Deborah number, porosity parameter, reaction rate constant and fitted rate constant is increased then the Nusselt
number also increases. Due to the presence of the Lorentz force there is a higher rate of collision of the molecules. The
velocity profile seems to be going uphill as the magnetic parameter is increased. Bilal et al. [2] studied the “Maxwell
Nanofluid flow individualities by way of rotating cone”. Kumara et al. [3] studied the “numerical simulation of heat transport
in Maxwell nanofluid flow over a stretching sheet considering magnetic dipole effect”. In their investigation they kept the
Prandtl number constant. For both the type of fluids the radial velocity profile kept decreasing as the ferromagnetic
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interaction parameter was increasing while the surface drag force kept increasing. The rate of heat transfer increased as the
scalar potential value increased. Thermal distribution is disrupted by increasing the thermal relaxation parameter. The rate
of heat transfer is better in the Newtonian liquid compared to the Maxwell liquid when the magnetic value is increased.
Biswas et al. [4] studied the “computational treatment of MHD Maxwell Nano fluid flow across a stretching sheet
considering higher order chemical reaction and thermal radiation”. The velocity of the nanofluid is enhanced by increasing
its thermal buoyancy whereas the velocity of the nanofluid falls down due to the resistive force produced by magnetic field
and the porosity. The Brownian motion and thermophoresis affect helps the nanoparticles to move about freely due to which
the temperature is increased. In the convection mode the rate of heat transfer is enhanced by increasing the Nusselt number.
The Lewis number increases as the solutal diffusivity decreases. Shuguang et al. [5] studied the “modelling and analysis of
heat transfer in MHD stagnation point flow of Maxwell Nano fluid over a porous rotating disc”. The radial velocity and the
azimuthal velocity drop down as the Deborah number increased whereas the axial velocity hiked up. When the value of
magnetic parameter was increasingly high, increased the viscosity of the fluid which in turn reduced the radial velocity
remarkably. The centrifugal force leads to an increased tangential velocity and axial velocity when the thermal biot number
value increases the temperature at the boundary layer increases. For higher values of Reynolds number, the concentration
profile increased. As the Prandtl number, Brownian motion, thermophoresis effect and the thermal biot number values
increased the Nusselt number profile decreased gradually. Adem and Chanie [6] studied the “inclined magnetic field on
mixed convection Darcy-Forchheimer Maxwell Nano fluid flow over a permeable stretching sheet with variable thermal
conductivity: The numerical approach”. In the hot surface the mixed convection parameter increases when the fluid velocity
is increased, while it is the opposite in case of the cold surface. There is a negative effect in the magnetic field parameter,
inertia coefficient and the angle of inclination when the fluid velocity increases. The Prandtl number is directly proportional
to the temperature and concentration profiles. When the activation energy increases the concentration profile also increases.
As the radiation parameters steadily increases the temperature spikes up. Faizan et al. [7] studied the “bio convection
Maxwell Nano fluid through Darcy-Forehheimer medium due to rotating disc in the presence of MHD”. It has been observed
the velocity across the radius and tangent increases whereas across the axis it tends to decrease when the magnetic parameter
is increased. There is a fall in all the velocity when the Deborah number is increased. When the thermal biot number is
increased the polymeric movement is enhanced. The motility of the microorganisms reduces as the bioconvective Lewis
number increases. By increasing the Darcy-Forchheimer and Deborah number the skin friction coefficient is increased.

The heat transfer rate of nanofluid is greater due to greater thermal activities as compared to the ordinary base fluids.
Rashid et al. [8] studied “the shape effects of nano size particles on magnetohydrodynamic Nano fluid flow and heat
transfer over a stretching sheet with Entropy generation”. They used Ag-water Nano fluid. Three differently shaped nano
particles that is sphere, blade and lamina was used for the study. They used Prandtl number = 6.2 for the experiment. The
laminar shaped Nano particles performed better than the other shaped particles in the temperature profile, heat transfer
whereas the sphere-shaped Nano particle gave the least performance. Sadiq [9] studied “the heat transfer of a Nano liquid
thin film over a stretching sheet with a surface temperature and internal heat generation”. He used copper, Alumina and
Titanium with water-based fluid. The temperature profile can be increased if the Nano particle volume fraction is
increased. When the Nano particle volume parameter and unsteadiness parameter is increased there is a decline in the
film thickness parameter. When the Nano particle volume fraction is increased the thermal boundary layer increases.
Sarada et al. [10] studied “the effect of magnetohydrodynamics on heat transfer behavior of a non-Newtonian fluid flow
over a stretching sheet under a local thermal non-equilibrium condition”. They considered their study on Jeffrey and
Oldroyd-B fluid. The heat transfer in the liquid and solid phase of both the fluid decreases as the thermophoresis parameter
decreases. Qureshi [11] studied “the MHD driven Prandtl-Eyring hybrid nano fluid flow over a stretching sheet with
thermal jump condition”. He used the Engine oil as his base fluid and the nano particles copper and zirconium dioxide.
The heat transfer rate is better when the hybrid nano fluid is used in comparison to the traditional nano fluid. When the
size of the nano particles is increased the rate at which the heat is transferred is also increased. The thermal conductivity
is better in the Prandtl-Eyring hybrid nano fluid. By increasing the thermal radiative flow, Reynolds number, magnetic
field, Brinkman number and Size parameter the entropy of the system increases. Anusha et al. [12] studied “the MHD of
nano fluid flow over a porous stretching / shrinking plate with mass transportation and Brinkman ratio”. Copper and
alumina Nano particles suspended in water as the base fluid was used to carry out the investigation. They found out that
when the porosity parameter is increased the transverse velocity will decrease. A similar effect takes place even with the
magnetic field. Abbas [13] studied “heat transfer enhancement of copper ethylene glycol based nano particle on radial
stretching sheet.” Differently shaped nano particle such as cylinder, platelet and sphere shape was used. The maximum
flow was recorded when the platelet shaped copper nano particle was used. The minimum heat transfer occurred in the
case of sphere-shaped particle. Rao and Deka [14] studied “the analysis of the MHD bi-convection flow of a hybrid nano
fluid containing motile micro-organisms over a porous stretching sheet”. They used water-based Nano-fluid having motile
organisms and copper and alumina nano particles. The nano fluid having the motile micro-organisms showed a better
result in heat transfer in comparison to the nano fluid without motile micro-organisms. When the magnetic field is
increased there is an increase in the concentration of nano particles and microbes, also the temperature profile while the
velocity profile decreases. Same is the effect of porosity parameter the velocity profile increases when the volume fraction
of copper and alumina is increased.

When the energy is transferred through a space or medium in the form of waves or particles is called radiation. When
the temperature between two sources is different radiation takes place. In the field of medical science radiation is used
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for the diagnosis as well as the treatment for many diseases. It is also used in the system of communication etc.
Shoaib et al. [15] studied “the numerical investigation for rotating flow of MHD hybrid nanofluid with thermal radiation
over a stretching sheet”. The velocity profile decreases and the temperature profile increases for higher values of magnetic
parameter and rotation parameter. Both the velocity and temperature profiles increase when the Biot number and
concentration of nanoparticles are increased. Higher values of magnetic parameter and concentration of the particle
decrease the skin friction. Sreedevi et al. [16] studied “the heat and mass transfer analysis of unsteady hybrid nanofluid
flow over a stretching sheet with thermal radiation”. They have used carbon nanoparticles and silver nanoparticles
combinedly and the base fluid considered is water. Fatunmbi et al. [17] studied the “entropy analysis of nonlinear radiative
Casson nanofluid transport over an electromagnetic actuator with temperature dependent properties”. As and when there
is an appreciation in the magnitude of caption fluid perimeter viscosity variation parameter mass section term and
nanoparticles concentration flux terms there is a shrinkage in the hydrodynamic boundary layer, thus decelerating the
fluid flow. Increasing the Hartmann number and Richardson number accelerates the fluid flow. The temperature field
soars high as the wall heating parameter, thermophoresis, thermal conductivity, Brownian movement, viscose dissipation
shoots up. Whereas there is an opposite action by mass suction and Prandtl number parameter. Amplification of viscose
dissipation and suction leads to hike in entropy generation parameter. It is lowered when the thermophoresis and
Richardson numbers steps up. Yaseen et al. [18] studied “the system and opposing flow of MHD hybrid nanofluid flow
past a permeable moving surface with heat source/ sink and thermal radiation”. They have made their study on hybrid
nanofluid (Si0, - MoS, / water). Hussain and Sheremet [19] studied “the convective analysis of the radioactive Nano
fluid flow through porous media over a stretching surface with inclined magnetic field”. The thermal profile is intensified
as the nanoparticle concentration increases. The fluid velocity and magnitude of drag coefficient diminishes as the
Hartmann’s number rises. Jagdeesh et al. [20] studied “the convective heat and mass transfer rate on 3D Williams and
nanofluid flow via linear stretching sheet with thermal radiation and heat absorption”. When there is an upsurge in the
magnetic parameter the velocity of the Williamson fluid is higher than that of Nano fluid. The skin friction coefficient is
higher in the absence of Williamson parameter. The temperature is high in non-Newtonian fluid. Williamson fluid has
higher fluid velocity in comparison to nanofluid motion due to the electrical conductivity.

Absorption is a process in which the substances get absorbed in the solid/liquid/gaseous phase. In the process of
absorption, the Nernst distribution law is used. Gopal et al. [21] studied “the impact of thermal stratification and heat
generation /absorption on MHD Carreau nanofluid flow over a permeable cylinder”. They found out that the curvature
parameters led to more friction. Krishna et al. [22] studied “the radiation absorption on MHD convective flow of
nanofluids through vertically travelling absorbent plate”. They used Al,O5-water based and Ti0,-water based nanofluid
for their study. The radiation absorption parameter when increased, there is also an increase in the temperature and
velocity. The radiation parameter works like a catalyst for the velocity profile. Nemati et al. [23] studied “the MHD
natural convection in a cavity with different geometrics filled with a nanofluid in the presence of heat
generation/absorption using lattice Boltzmann method”. They used Cu-water based nanofluid for their study in a which
the particles are shaped as diagonal, smooth and curve. Dahab et al. [24] studied “the double diffusive peristaltic MHD
Sisko nanofluid flow through a porous medium in presence of non-linear thermal radiation, heat generation/ absorption
and Joule heating”. The velocity about the axis first increased and then gradually decreased when the magnetic parameter,
heat Grashof number, Darcy number, Nano particle Grashof number, rotation and solutal Grashof number increased. The
solutal Grashof number, heat Grashof number nano particle Grashof number, all these parameters, when increased led the
pressure gradient distribution to rise then fall after a while. When the non-linear thermal radiation and the temperature
ratio parameters are increased, the distribution of the temperature declines gradually. Asghar et al. [25] studied “the
magnetized mixed convection hybrid nanofluid with effect of heat generation/ absorption and velocity slip condition”.
They found out that when the volume fraction of the solute was high, the rate of heat transfer increased also helping in
the separation of the boundary layer. Mahmood et al. [26] studied “the numerical analysis of MHD tri- hybrid nanofluid
over a non-linear stretching/ shrinking sheet with heat generation /absorption and slip conditions”. In their investigation
they found that the tri -hybrid nanofluid showed up the best result and the conventional nanofluid showed the least result
when compared for the profiles, Nusselt number, velocity, skin friction and temperature. When the volume fraction was
increased all the three types of fluid showed an increasing graph for the velocity profile as well as the temperature profile.
The rate of heat transfer soar high as the suction parameter was increased. The velocity increased and the temperature
decreased for all the three types of fluid when the stretching parameter was increased. Muzammal et al. [27] studied “the
transportation of melting heat in stratified Jeffrey fluid flow with heat generation and magnetic field”. In their findings
they got to know that for higher values of Deborah number, velocity profile and the temperature profile increased. As the
stratified parameter increased the temperature profile showed a downhill curve. Also, the temperature of the fluid kept
falling when the melting parameter rose high. But higher Eckert number helped to increase the temperature of the fluid.
Many researchers [28-32] have contributed in this area of research.

Going through the above cited articles, authors are motivated to investigate the effects of nonlinear thermal radiation
and heat absorption on three dimensional MHD upper-convected Maxwell nano-fluid flow past a bidirectional stretching
surface. Governing equations are solved, numerically, by using bvp4c routine of MATLAB. The influence of key physical
parameters on velocity, temperature, and concentration profiles is analyzed and illustrated through graphical results.
Additionally, numerical values for the Nusselt number, and Sherwood number are computed and presented in tabular
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form. This investigation is relevant to various engineering applications involving heat and mass transfer processes in
complex fluids.

2. MATHEMATICAL MODEL
A steady state, viscous, incompressible, upper-convected Maxwell nano-fluid flow through a bilinear stretchable
surface parallel to xy —plane is considered for the study. A uniform magnetic field of strength B, is applied normal to the
surface i.e. parallel to z-direction. Furthermore, nonlinear thermal radiation and heat absorption are incorporated into the
formulation of the energy equation. The stretching surface velocities in the x and y - directions are defined as U,,(x) =
ax and V,,(Y) = by, respectively, as illustrated in Fig. 1.

Te -1
Bo
{-‘{[7 6 \ m(y) = by
(Ty=az 2 |/ 4 .
— /'L' x
" >
Tw
/ / / / / Uy(@)=az
Vo =by v

Figure 1. Schematic diagram of the physical configuration

The governing equations for velocity, temperature, and nanoparticle concentration in the described problem are

given as follows [33-36]:
Based on the assumptions aforementioned, equations governing to the present problem are:

a_” & ow =0 (1)
ox dy Az
2 2 2 2 2
ua—u+va—u+ a—u—i-/i au2+vzau +w » Ou +2uvau +2uwau +2vwau
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2 2
=02 ﬁ‘—ﬂ(umwa—”j )
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2 2 2 2 2 2
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2 2
= va—f—ﬂ(v+/1wﬂj (3)
oz oy 0z
2
w9 10T, 0T _ 8 {—Laq +7| D, %= oC or D—[—Tj & =0 (1-T.) 4)
ox  dy 0z dz"  pc, dz 3z 9z ) pe,
2 2
(A, ,0C, 0C_ ) 0C D0 “
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The following boundary conditions regulate the current circumstance:
u=U, =ax, v=V, =by, w=0,T=T7T_,C=C, atz=0 ©)
u,v—->0, T->T7T,C->C_, as z — oo

where symbols have their usual meaning (see “List of Symbols™).
Introducing similarity and dimensionless variables as follows:
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q,=— 12 aai;, u=axf'(n), v=avg'(n), w=—Jav(fm)+gm))
o= A= = \/%z L T=7.((6,~1)0+1)
q, =—136;* 7.°((6,-1)6+1) aaiz 7

Using equation (7), the mass conservation (1) is satisfied. Also, together with the B.Cs. (6), governing equations (2),
(3), (4) and (5) assume the form:

7=+ (MPR+1)(f+) )" +K (2 (f+8) S = (f+&) [")-M*f'=0 (8)
g7 g +(MPK+1)(f+2)g" +K(22'(f +8)g" - (f+g)’g”)-Mg' =0 ©)

0”+(%)Rd[(1+(0w ~1)6)' 6" +3(6,-1)(1+(6, -1)6)° yl} +Pr(f +g)d +PrNi@” + QPrO+PrNbgy =0 (10)
¢”+%e”+PrLe(f+g)¢’=o (11)

fO)=0, fO=1 g0)=0, gO)=c, O0)=1 ¢0)=1
f()=0, g'()=0, 6()=0, ¢(e0)=0 (12)

Non-dimension parameters are defined as

B2 ¢,V 46T T,
K = Aa, M2=O._0’ P =2_pp , Rd:o-_*m’ 6,=-2, Q:i
pa o k kk T. apc, (13)
D D.
Nb:T B(Cw_cm)v Ntz_Tz(Tw_Tm), Le:i’ c:é’ k:apc
v T. v D, a ’

The most important physical quantities for the problem in engineering point of view are the local Nusselt and
Sherwood numbers, which are defined by the following relations:

xq,, Y
N, =— 4o A — 14
TR, -T) * "D, (C.—C.) ()

w

where, heat and mass fluxes are defined by

oT oC
() i =-D,| & 15
o (az J S B(az J (1

Thus the non-dimensional Local Nusselt and Sherwood numbers are as follows:
-1 , -1 ,
Re.”* Nu, :—[H %R WW}H(O), Re. 2 Sh, = —¢'(0) (16)

In equations (8) - (16), symbols have their usual meaning (see “List of Symbols”).

3. RESULTS AND DISCUSSION

Non-linear ordinary differential equations are found from the controlling non-linear partial differential equations
(1) - (5) with the help of suitable similarity transformation. These equations (8) - (11) together with boundary conditions
(12) are solved, numerically, through MATLAB’s bvp4c routine.

To gain some physical insight into the flow pattern, the effects of different physical parameters on the velocity
(f'(m)), temperature (8(n)) and nanoparticle concentration (¢p(n7)) profiles have been plotted in the form of graphs
(Figures 2 - 28). Figures 2-8 display the effects of various physical parameters on the fluid velocity. It is observed from
the Figs. 2-8 that the profiles of fluid velocity are getting increased on increasing thermophoresis parameter, thermal
radiation parameter and Lewis number. These concludes that the thermal radiation parameter, thermophoretic diffusion
and Lewis number have the tendency to enhance the fluid velocity at the vicinity of the plate. It is also observed that fluid
velocity is getting decreased on increasing the Deborah number, magnetic parameter, stretching ratio parameter and
Prandtl number. As we know, increase in Deborah number increases viscosity of the fluid and hence the velocity decreases
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as shown in Fig. 2. This indicates that the fluid relaxation time, magnetic field, stretching ratio have the tendency to retard
the fluid velocity. Since we know that Prandtl number represents the strength of thermal diffusion, on increasing Prandtl
number the strength of thermal diffusion is getting reduced and vice-versa. Hence, we can conclude that the thermal
diffusion has the tendency to enhance the fluid velocity.

Figures 9 to 18 explain the temperature profiles of the nano-fluid and the influence of flow parameters. It is clearly
seen from Figs. 9-18 that with the increase in K, M, Rd, 8,,, Nt, Nb and Q the fluid temperature is getting increased while
the fluid temperature is getting decreased on increasing C, Pr and Le. This shows that the Deborah number, magnetic
field, thermal radiation, temperature ratio, thermophoretic diffusion, Brownian diffusion, thermal diffusion and heat
absorption are the cause for rise in fluid temperature whereas stretching ratio and Lewis number are the cause for fall in
fluid temperature. By increasing the magnetic parameter M, a drag force known as Lorentz force also increases which
resultantly reduces the velocity of fluid (Fig. 3) and hence rate of heat transfer is reduced (Table - 1) and this leads to an
increment in temperature (Fig. 10).

Figures 19 to 28 illustrate the impact of various flow parameters on species concentration. It is evident from Figs. 19-28
that with the increase in K, M, Rd, 8,, and Q there is an increment in the concentration profile, where there is a decrement
in the concentration profile with the increase in C, Nt, Nb, Pr and Le. This signifies that the Deborah number, magnetic field,
Radiation temperature ratio, heat absorption and thermal diffusion have the tendency to accelerate the concentration of the

fluid while stretching ratio, thermophoretic diffusion and Lewis number have opposite effect on this.
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To visualize the effects of various physical entities on the rate of heat transfer and rate of mass transfer, a numerical
result has been displayed in a tabular form in Table 1. It is noticed from Table 1 that the rate of heat transfer at the surface
is getting enhanced by thermal radiation parameter, temperature ratio, stretching ratio and Lewis number, while it is
getting reduced by the fluid relaxation time, magnetic field, thermophoretic diffusion, Brownian diffusion, thermal
diffusion and heat absorption. It is also visualized from the table 1 that stretching ratio, thermophoretic diffusion,
Brownian diffusion and Lewis number are the inducive agent for the rate of mass transfer at the surface while fluid
relaxation time, magnetic field, thermal radiation, temperature ratio, thermal diffusion and heat absorption serve as a

reducing agent for the rate of mass transfer at the surface.

Table 1. Numerical values of the Nusselt number and Sherwood number against different values of flow parameters

K| M |Rd| 6, | ¢ | Ne | Nb| Pr| Le | O Re. ™" Nu, Re."* Sh,
0.2 1.66974664 7.86824129
0.6 1.50948141 7.81943062
1 1.35790927 7.77406945

0.2 1.57854902 7.86103299
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K | M |Rd| 6, | ¢ | Ne | Nb| Pr| Le | O Re.™"* Nu, Re_ ™" Sh,
0.6 1.46355607 7.81540597
1 1.35790927 7.77406945
0.1 0.14818961 7.84184626
0.5 0.77939 7.79639224
1 1.35790927 7.77406945
1 0.49470041 7.81019105
1.3 1.00056998 7.78539034
1.5 1.35790927 7.77406945
0.1 1.01893114 6.63511542
0.5 1.35790927 7.77406945
1 1.63307299 8.97380238
0.1 1.35790927 7.77406945
0.2 1.22993982 7.78864098
0.3 1.11422449 7.8013766
0.4 1.54494505 7.77329499
0.5 1.35790927 7.77406945
0.6 1.19313544 7.77410782
5 1.17361175 6.49367177
7 1.35790927 7.77406945
9 1.38784655 8.88283191
5 1.35594007 5.36581493
7 1.35686267 6.43219245
10 1.35790927 7.77406945
0.05 1.53680377 7.77435377
0.1 1.35790927 7.77406945
0.15 1.14720189 7.7735382

4. CONCLUSIONS
A detailed study has been carried out on steady state, viscous, incompressible, upper-convected Maxwell nano-fluid flow
through a bilinear stretchable surface considering the effects of nonlinear thermal radiation and heat absorption. The
significant results are summarized as follows:

e “Non-linear thermal radiation, thermophoretic diffusion, thermal diffusion and Lewis number are acting as an
inducive agent for fluid velocity near the plate while fluid relaxation time, magnetic field, stretching ratio are acting
as a reducing agent for the same”.

e “Deborah number, magnetic field, thermal radiation, temperature ratio, thermophoretic diffusion, Brownian
diffusion, thermal diffusion and heat absorption are the cause for rise in fluid temperature whereas stretching ratio
and Lewis number are the cause for fall in fluid temperature”.

e  “The Deborah number, magnetic field, radiation, temperature ratio, heat absorption and thermal diffusion have the
tendency to accelerate the concentration of the fluid while stretching ratio, thermophoretic diffusion and Lewis
number have opposite effect on this”.

e “Rate of heat transfer at the surface is getting enhanced by thermal radiation parameter, temperature ratio, stretching
ratio and Lewis number, while it is getting reduced by the fluid relaxation time, magnetic field, thermophoretic
diffusion, Brownian diffusion, thermal diffusion and heat absorption.”

e  “Stretching ratio, thermophoretic diffusion, Brownian diffusion and Lewis number are the inducive agent for the rate
of mass transfer at the surface while fluid relaxation time, magnetic field, thermal radiation, temperature ratio, thermal
diffusion and heat absorption serve as a reducing agent for the rate of mass transfer at the surface”.
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VY wmiit crarti gocmimkyersess MIT/I-noTik HaHOpiguHM MakcBeiia 3 BEPXHBOIO KOHBEKLIEIO dYepe3 ABOCHPSMOBAHY PO3TSDKHY
MoBepxHI0. Byno JociipkeHo BIUIMB MOTIMHAHHS TeIlla Ta TEIJIOBOTO BUIpOMiHIOBaHHs. HemiHiiiHi qudepeHmianbHi piBHIHHS 3
YaCTHHHUMH MOXIAHUMH, 1[0 KOHTPOJIIOIOTH 3aKOHU 30€peKEHHs MacH, 30epeKeHHsI IMITYJIbCY, 30epEeKeHHsI SHePrii Ta KOHIIEHTPALif0
YaCTUHOK, TIEPETBOPIOIOTHCS Ha 3BUYAIHI TU(EpeHLialbHI pIBHIHHS 32 JOMOMOTO0 BiAIOBIAHOTO MEPETBOPEHHS MOMIOHOCTI, SIKi
MOTIM PO3B'SI3YIOTHCS YHCENIFHO 3a JIomoMororw npoueaypu bvpdc y MATLAB. Brius pisaux (i3W4HHX HmapaMeTpiB Ha PO3MOILT
LIBUIKOCTI, TEMIIEpaTypH Ta KOHIEHTpALil KOPOTKO ONMUCYEThCS 3a JOMOMOror rpadikiB. TepTs MOBEpXHIi, MIBUIAKICT TEIUIO- Ta
MAacOIEPEHECEHHsI Ha MIIACTHHI 00YUCIIOITHCS YHCENBHO Ta BioOpaxatoThes y Tabnumi. Taka 3a1aya MOTOKY PiIMHU MOXE 3HAWTH
3aCTOCYBaHHS B MEXaHI3Max/IPUCTPOSIX TeTuIoNepeIayi.
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