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By considering generalized scalar tensor theory, as the gravitational theory, we have investigated the dynamical evolution of the
homogeneous and anisotropic Kantowski-Sachs space in the presence of Renyi holographic dark energy. To obtain the solution for this
model, we have derived the field equations and we have also analyzed the various physical and geometrical parameters of the model,
such as deceleration, jerk, EoS, EoS plane, statefinder pair, density, squared speed of sound and the Om-diagnostic. It is shown from
these parameters that the model is very much stable, projecting a quintessence nature and also, obtained model depicts the ΛCDM
model. Our observations and conclusions from the constructed model are in good agreement with the recent studies.
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1. INTRODUCTION
The Universe we see today is around 46 billion light years in radius [1]. The formation of planets, stars and

galaxies that keep changing over time, constitute the evolution of the cosmos. The American astronomer Edwin Powell
Hubble has observed and deciphered that, from each direction, the distant stars and galaxies are moving away from Earth;
and further, this rapid recession increases as the distance increases, implying that the Universe is expanding. Moreover,
many repeated measurements have established these findings of Hubble ever since his discovery. Hubble’s hypothesis of
Universe expansion suggests that, all the presently observed matter and energy of the cosmos were more condensed as an
infinitely small hot mass in the past, and later, a huge explosion called the “BIG BANG” has scattered the matter and energy
in every direction. The Cosmic Microwave Background (CMB) explorer has confirmed that the background radiation field
has the exact spectrum that is predicted by the Big Bang theory which prevails all the cosmological models and elucidates
the Universe’s initial development that begun 13.798±0.037 billion years ago [2]. And, this hypothesis deduces that, in
the deep space, the temperatures today, should be much more than the absolute zero. However, the modern astronomy is
the consequence of Galileo’s bequest of scientific knowledge of the space, and they understand that the present Universe
has been made up of matter and vacuum. This view is widely held and appears to be common. Further experiments and
observations made by the astronomers, the astrophysicists and, finally by particle physicists suggests that the Universe is
much more beautiful and complicated than it was first believed. Additionally, general relativity tells that the past and as
well the future of the Universe is depends on the aggregate of energy and matter contained therein. Hence, the study of
exploded massive old stars has ascertained the existence of “dark matter (DM)” and the mysterious component called the
“dark energy (DE)” which is neither related to matter nor energy and is clearly distinct from DM. These suggests that the
space is being governed by the same physical laws all over its extent and history.

The observations from supernovae reveal that the there is an expanding Universe at an accelerating rate [3, 4].
Also, the Coma galaxy cluster mass [5, 6] along with the study of the galaxy rotation curve (1970) [7] that have been
provided by the “Viral theorem” (1930’s) has uncovered the most important aspects of cosmology: the dark sector (DM
& DE),which is particularly accountable for rapid cosmic expansion and helps us to understand the nature of the cosmos.
In terms of theological understanding, one of the most challenging issues is the concept of dark sectors [8]. For a standard
cosmological scenario, the DM is called as cold dark matter (CDM), and DE as the cosmological constant (Λ). As a result
of the combination of radiation and baryons, the ΛCDM model captures the dark component of the Universe. However,
this is much of hypothetical nature, despite of ΛCDM having an impressive observational achievements [9, 10]. Taking
some inspiration from the holographic principle [11–17], the idea of holographic dark energy (HDE) has been proposed
by Li [18] to elucidate the phenomenon of rapid expansion of the Universe, in the year 2004. Consequently, the most
complete generalization including the mostly known HDE models were suggested by Nojiri and Odintsov [19] and later
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on, covariant theories different from Li’s HDE have been discussed by Nojiri-Odintsov HDE [20]. Recently, a number
of entropies have been formalized and are used to explore the various cosmological models. Among all those which are
developed, namely Sharma Mittal HDE [21], Tsallis holographic dark energy (THDE) [22], Renyi holographic dark energy
(RHDE) models [23] have proved to be more stable, based on non-interactions among the cosmic regions [24]. Current
observations have suggested that Bekenstein entropy

(
𝑆 = 𝐴

4
)

is nothing but Tsallis entropy [25–31] that ultimately lead to
the following expression, for the ease of Renyi entropy [32] as,

𝑆 =
1
8

log
(
𝛿

4
𝐴+1

)
. (1)

On applying equation (1), with the assumption 𝜌𝑑𝑒𝑑𝑉 ∝ 𝑇𝑑𝑆 [23], we acquire RHDE as

𝜌𝑑𝑒 =
3𝑐2𝐻2

8𝜋
(
𝜋 𝛿

𝐻2 +1
) , (2)

where 𝑐2 is a numerical constant. To obtain this we use relations that are reasonable in FLRW flat Universe [33], 𝑇 = 𝐻
2𝜋

and 𝐴 = 4𝜋
𝐻

= 4𝜋
(

3𝑉
4𝜋

) 2
3

. It is clear that without 𝛿, we obtain 𝜌𝑑𝑒 =
3𝑐2𝐻2

8𝜋 , that agrees with the original HDE.

The RHDE models have been studied with various IR cut-offs [34, 35]. Furthermore, Sharma et al. [36, 37] have
investigated how the RHDE model can be distinguished from the ΛCDM model using different diagnostic tools. More
recently, Dubey and Sharma [38] have compared the holographic and THDE models with the RHDE model using the
(𝑟–𝑠) diagnostic. These studies highlight the importance of examining the interaction between dark energy (DE) and dark
matter (DM). Additionally, constraints on the strength and nature of this interaction under different model setups have
been explored in the literature [39–41]. Once again, the RHDE model in FLRW Universe has been investigated by Sharma
and Dubey [42] by considering the interaction between the DM and DE. Also, RHDE model in a scalar tensor theory
studied by Santhi and Naidu [43]. Very recently, Santhi et al., [44] have examined the RHDE model with two IR cutoffs
in Saez-Ballester scalar tensor theory with marder type Universe.

It is assumed by many physicists that, at the emergence of the galaxies, the gravitational interactions responsible
for the dynamics of the cosmos were quantized and its geometry should have been like a foam, resonating among the
various configurations [45], which is of course, much different from what it is today. This raises the question on the
validity of the “cosmological principle” which says that the Universe is homogeneous and isotropic, at sufficiently large
scales [46]. Supposing that at the initial stages, the cosmological principle is not validated by the Universe i.e., the
cosmos is inhomogeneous and anisotropic; and later it subsequently transformed to homogeneous and isotropic state as
we understand it today. Since CMB radiation is almost uniformly distributed in all the directions with little variability,
this transformation must have occurred before the matter and radiation got separated [47]. In a very transient period of
time, cosmological inflation has caused the isotropization and homogenization of the primordial Universe, and later on
with the initial singularity, the accelerated cosmic expansion has taken place and the size of the Universe has increased
by many folds [48]. Physicists have worked on the proposition of inhomogeneous and anisotropic cosmos, turning
into a homogeneous and isotropic one [49]. Most of these works are related to the initial time, where the Universe is
homogeneous and anisotropic. However, one is left with many other possibilities to contribute for the choice of such a
particular space-time. One such space time is the Kantowski-Sachs (KS) [50]. Therefore, the space-time 𝑆2𝑅 spatial
topology (or 𝑆2𝑆1, when the real line is compactified because of identifications), has only two scale factors to describe
the spherical symmetry. For this space-time we have constants and positives curvatures of the spatial slices. The KS
space-time may also elucidate the Schwarzchild black hole in detail [50]. Many studies have been performed on this
Universe by theorists, of which few have been mentioned here. The possibility of having a nonsingular KS-type static
state has been evaluated by Ghorani and Heydarzade by considering four and five dimensional models [51]. The KS space
time in the presence of strange quark matter cosmological models attached to string cloud in 𝑓 (𝑅) theory of gravity has
been examined by Santhi and Naidu [52]. A dynamical evolution of a homogeneous and anisotropic KS cosmological
model has been studied by Oliveira-Neto in the presence of general relativity [53]. Observational constraints on RHDE in
KS Universe has been studied by Prasanthi and Aditya [54]. The geometric properties of the generalized KS space-time,
has been examined by Shaikh and Chakraborty [55], in a warped product of 2-dimensional base and fibre. Harmonic
metrics with respect to generalized KS type space-times have been dealt with Altunbas [56]. The KS metric has been
parameterized in a traditional way as:

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2𝑑𝑟2 −𝐵2 (𝑑𝜃2 + sin2 𝜃𝑑𝜑2), (3)

where the arbitrary functions of time are taken as 𝐴(𝑡) and 𝐵(𝑡); and 𝑟 ∈ [0,+∞) is the radial coordinate and 𝜃, 𝜙 are the
spherical angular coordinates that vary in [0,𝜋], [0,2𝜋] ranges respectively.

Hence, the following article has been divided into various sections for better understanding. Section (2) mentions
about the general scalar tensor theory and the field equations, along with some physical quantities. Section (3) mainly deals
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with the physical and geometrical properties of the cosmological model that are ascertained with the help of corresponding
graphs w.r.t ′𝑧′ (where 𝑧 is the redshift defined through 1+ 𝑧 =

𝑎0
𝑎1

setting the current value of the scale factor to 𝑎0 = 1 ) .
In the last section the obtained results have been concluded.

2. FIELD EQUATIONS FOR GENERAL SCALAR-TENSOR THEORY
Nordtvedt [57] has suggested the scalar tensor gravitational theories of a general class, where the Brans-Dicke theory

parameter 𝜔 is an arbitrary (positive definite) function of the scalar field as 𝜔→ 𝜔(𝜑). Schwinger [58] has attracted a lot
of work by considering a specific case of Nordtvedt’s theory to evaluate the scalar field cosmological models. Also, the
theories of Jordan [59] and, Brans and Dicke [60] have been taken as a special case in the general class of scalar-tensor
gravitational theories. This theory has been considered by some of the researchers [61–64] to understand the Universe.
Higher-derivative operators and effective field theory for general scalar-tensor theories have been considered by Solomon
and Trodden [65]. Huang et al. [66], have analyzed the stability of Einstein static Universes in general scalar–tensor theory
with non-minimal derivative coupling by analyzing scalar and tensor perturbations. Also, much recently a simplified
approach to general scalar-tensor theories has been made by Bloomfield [67]. López et al. [68] have studied a chaotic
inflation and reheating in generalized scalar-tensor gravity.

The proposed field equations by Nordtvedt are given by,

𝑅𝜇𝜈 −
1
2
𝑔𝜇𝜈𝑅 = −8𝜋𝜙−1𝑇𝜇𝜈 −𝜔𝜙−2 (𝜙,𝜇 𝜙,𝜈 −

1
2
𝑔𝜇𝜈𝜙,𝑘 𝜙

,𝑘) −𝜙−1 (𝜙𝜇;𝜈 −𝑔𝜇𝜈𝜙
,𝑘

;𝑘 ), (4)

𝜙
,𝑘

;𝑘 =
1

3+2𝜔

(
8𝜋𝑇 − 𝑑𝜔

𝑑𝜙
𝜙,𝜇𝜙

,𝜇

)
, (5)

where 𝑅𝜇𝜈 & 𝑅 is the Ricci tensor and scalar curvature respectively; and 𝑇𝜇𝜈 is the stress energy tensor of the matter, 𝑇
is the trace of 𝑇𝜇𝜈 and comma and semicolon represent the partial and covarient differentiation respectively. Also, from
field Eqs. (4) and (5) we get the conservation equation is given as,

𝑇 𝜇𝜈
;𝜇 = 0. (6)

The DE and pressureless matter combinedly constitutes the cosmos, which can be defined as,

𝑇𝜇𝜈 = 𝜌𝑚𝑢𝜇𝑢𝜈 , (7)

& 𝑇𝜇𝜈 = (𝜌𝑑𝑒 + 𝑝𝑑𝑒)𝑢𝜇𝑢𝜈 − 𝑝𝑑𝑒𝑔𝜇𝜈 , (8)

where 𝑝𝑑𝑒 is the pressure of RHDE; whereas, 𝜌𝑚 and 𝜌𝑑𝑒 are the matter energy density and the energy density of RHDE.
The presumption of taking the anisotropic DE, whose energy–momentum tensor, 𝑇𝜇𝜈 as given below, determines the study
of present cosmic accelerated expansion,

𝑇𝜇𝜈 = [1,−𝜔𝑟 ,−𝜔𝜃 ,−𝜔𝜙]𝜌𝑑𝑒 = [1,−𝜔𝑑𝑒,−𝜔𝑑𝑒,−𝜔𝑑𝑒]𝜌𝑑𝑒, (9)

where the directional EoS parameters: 𝜔𝑟 = −𝜔𝑑𝑒, 𝜔𝜃 = −𝜔𝑑𝑒 and 𝜔𝜙 = −𝜔𝑑𝑒 are along 𝑟 , 𝜃 and 𝜙 respectively.
Hence, we obtain the following field equations from the equations (4), (5) and (9) as follows:

2 ¥𝐵
𝐵

+
¤𝐵2

𝐵2 + 1
𝐵2 − 𝜔 ¤𝜙2

2𝜙2 −
¥𝜙
𝜙
− 2 ¤𝐵 ¤𝜙

𝐵𝜙
= −8𝜋𝜔𝑑𝑒𝜌𝑑𝑒

𝜙
, (10)

¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

− 𝜔 ¤𝜙2

2𝜙2 −
¥𝜙
𝜙
−

¤𝜙
𝜙

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
= −8𝜋𝜔𝑑𝑒𝜌𝑑𝑒

𝜙
, (11)

2
¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐵2

𝐵2 + 1
𝐵2 + 𝜔 ¤𝜙2

2𝜙2 −
¤𝜙
𝜙

( ¤𝐴
𝐴
+ 2 ¤𝐵

𝐵

)
= −8𝜋(𝜌𝑚+ 𝜌𝑑𝑒)

𝜙
, (12)

& ¥𝜙+ ¤𝜙
( ¤𝐴
𝐴
+ 2 ¤𝐵

𝐵

)
=

8𝜋
[
3𝜔𝑑𝑒𝜌𝑑𝑒 − 𝜌𝑚− 𝜌𝑑𝑒

]
3+2𝜔

− 1
3+2𝜔

𝑑𝜔

𝑑𝜙
¤𝜙2. (13)

The transformation 𝑑𝑡 = 𝐴𝐵2𝑑𝜏, can be used to rewrite the above field equations (10)-(13) as,

1
𝐴2𝐵4

[
2𝐵′′

𝐵
− 3𝐵′2

𝐵2 − 2𝐴′𝐵′

𝐴𝐵
+ 𝐴2𝐵2 − 𝜔𝜙′2

2𝜙2 − 𝜙′′

𝜙
+ 𝐴′𝜙′

𝐴𝜙

]
=
−8𝜋𝜔𝑑𝑒𝜌𝑑𝑒

𝜙
, (14)

1
𝐴2𝐵4

[
𝐴′′

𝐴
+ 𝐵′′

𝐵
− 𝐴′2

𝐴2 − 2𝐵′2

𝐵2 − 2𝐴′𝐵′

𝐴𝐵
− 𝜔𝜙′2

2𝜙2 − 𝜙′′

𝜙
+ 𝐵′𝜙′

𝐵𝜙

]
=
−8𝜋𝜔𝑑𝑒𝜌𝑑𝑒

𝜙
, (15)
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1
𝐴2𝐵4

[
2𝐴′𝐵′

𝐴𝐵
+ 𝐵′2

𝐵2 + 𝐴2𝐵2 + 𝜔𝜙′2

2𝜙2 − 𝜙′

𝜙

( 𝐴′

𝐴
+ 2𝐵′

𝐵

) ]
= −8𝜋(𝜌𝑑𝑒 + 𝜌𝑚)

𝜙
, (16)

& (3+2𝜔)𝜙′′ = 8𝜋
[
3𝜔𝑑𝑒𝜌𝑑𝑒 − 𝜌𝑚− 𝜌𝑑𝑒

]
(𝐴2𝐵4) − 𝑑𝜔

𝑑𝜙
𝜙′2. (17)

Here the overhead dot (.) denotes differentiation w.r.t ‘𝑡’, the overhead dash ( ′ ) denotes differentiation w.r.t 𝜏 and the field
equations (14)-(17) corresponds to KS-Universe.
Therefore, from equations (14)-(17), we have obtained,

(3+2𝜔)𝜙′′ + 𝑑𝜔

𝑑𝜙
𝜙′2 = 2𝜙

[
𝐴′′

𝐴
− 𝐴′2

𝐴2 − 2𝐴′𝐵′

𝐴𝐵
+ 2𝐵′′

𝐵
− 3𝐵′

𝐵
+ 𝐴2𝐵2

]
+3𝜙′′ + 𝜔𝜙′2

𝜙2 . (18)

There are four field equations (14)-(17) and six unknowns - 𝐴, 𝐵, 𝜙, 𝜌𝑑𝑒, 𝜌𝑚 and 𝜔𝑑𝑒 that are to be determined. As
a specific case proposed by Schwinger [58] in the following form,

3+2𝜔(𝜙) = 1
𝜆𝜙

, 𝜆= constant, (19)

we have obtained Nordtvedt’s general scalar tensor cosmic model in the framework of RHDE.
Hence, from equations (18) and (19) we obtain,

1
𝜆

[
𝜙′′

𝜙
− 𝜙′2

𝜙2

]
+ 3𝜙′2

2𝜆𝜙
−3𝜙′′ = 2𝜙

[
𝐴′′

𝐴
− 𝐴′2

𝐴2 − 2𝐴′𝐵′

𝐴𝐵
+ 2𝐵′′

𝐵
− 3𝐵′2

𝐵2 + 𝐴2𝐵2
]
. (20)

The preceding equation has been solved by the condition of proportionality between the shear scalar and the expansion
scalar as,

𝐴 = 𝐵𝑛, 𝑛 > 1. (21)

From equations (20) and (21) we get,,
𝜙 = 𝑒𝑘1𝜏+𝑘2 , (22)

and
𝐵′′

𝐵
− 3(𝑛+1)

𝑛+2
𝐵′2

𝐵2 = − 1
𝑛+2

𝐵𝑛+2 − 3
𝑛+2

𝑘2
1, (23)

where 𝑘1 and 𝑘2 represent the arbitrary constants. And, on solving equation (23) we obtain the metric potentials as:

𝐴 =

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 𝑛
𝑛+1

, (24)

𝐵 =

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 1
𝑛+1

. (25)

Firstly, we have studied various physical parameters, like volume (𝑉), scale factor (𝑎(𝑡)), Hubble parameter (𝐻),
expansion scalar (𝜗), shear scalar (𝜎2) and the anisotropic parameter (Aℎ) whose expressions are given respectively as,

𝑉 =

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 𝑛+2
𝑛+1

, (26)

𝑎 =

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 𝑛+2
3𝑛+3

, (27)

𝐻 =
−(𝑛+2)𝛽1 tanh

(
𝛽1 (𝑛+1)𝜏

)
3

, (28)

𝜗 = −(𝑛+2)𝛽1 tanh
(
𝛽1 (𝑛+1)𝜏

)
, (29)

𝜎2 =
(𝑛−1)2𝛽2

1 tanh2 (
𝛽1 (𝑛+1)𝜏

)
3

, (30)

& Aℎ =
2(𝑛−1)2

(𝑛+2)2 . (31)
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For the RHDE, the energy density takes the value,

𝜌𝑑𝑒 =
𝑑2𝛽4

1 sinh4 (
𝛽1 (𝑛+1)𝜏

)
(𝑛+2)4

3
((
(𝑛+2)2𝛽2

1 +9𝜋𝛿
)

cosh2 (
𝛽1 (𝑛+1)𝜏

)
− (𝑛+2)2𝛽2

1

)
cosh2 (

𝛽1 (𝑛+1)𝜏
) , (32)

and the energy density of matter has the following expression

𝜌𝑚 =
𝑒𝜏𝑘1+𝑘2

8𝜋

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) −2𝑛−4
𝑛+1 sech2 (

𝛽1 (𝑛+1)𝜏
)

2𝛽2
2

(
−4×( (

𝑛+ 1
2
)
𝛽2

1 −
𝜔𝑘2

1
4

)
𝛽2

2 cosh2 (
𝛽1 (𝑛+1)𝜏

)
+2𝑘1𝛽1𝛽

2
2 (𝑛+2)×

sinh
(
𝛽1 (𝑛+1)𝜏

)
cosh

(
𝛽1 (𝑛+1)𝜏

)
+4𝛽2

1

(
−1
2

+
(
𝑛+ 1

2
)
𝛽2

2

))
− 𝜌𝑑𝑒


(33)
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Figure 1. Illustration of energy density matter (𝜌𝑚)
against redshift (𝑧)
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Figure 2. Illustration of energy density of DE (𝜌𝑑𝑒)
against redshift (𝑧)

Thus, Eq. (3) becomes,

𝑑𝑠2 = −𝑑𝑡2 +
(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 2𝑛
𝑛+1

𝑑𝑟2 +
(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) 2
𝑛+1

(𝑑𝜃2 + sin2 𝜃𝑑𝜑2). (34)

For various 𝛽1, 𝛽2 and 𝛿 values, the energy density of matter (𝜌𝑚) and RHDE (𝜌𝑑𝑒) have been constructed against
redshift (𝑧) in Figs. (1) and (2) respectively. It can be seen from their graphical course that the trajectories vary in positive
region decreasing against redshift (𝑧), which indicates rapid cosmic expansion. From the equation (26) it can be noticed
that, at initial periods of the cosmos formation i.e., at 𝜏 = 0, the volume (𝑉) and scale factor (𝑎) of the Universe is constant,
but as time 𝜏→∞ the Universe has been expanding i.e., 𝑉 →∞. Also, from equations (28)-(30), we can categorically say
that, at the initial time phase (𝜏 = 0), all the parameters 𝐻, 𝜗 and 𝜎 vanish and as 𝜏 increases these parameters increase,
illustrating an inflationary scenario of the Universe, expanding at a constant rate. From equation (31), we observe that
Aℎ ≠ 0 throughout the evolution of the Universe, and our model (34) is an anisotropic model.

3. PHYSICAL AND GEOMETRICAL INTERPRETATIONS OF THE MODEL
The parameters such as EoS (𝜔𝑑𝑒), EoS plane (𝜔𝑑𝑒 −𝜔′

𝑑𝑒
), deceleration parameter (𝑞), stability (𝑣2

𝑠), density (Ω𝑑𝑒),
jerk ( 𝑗), Om(𝑧) and statefinder (𝑟 − 𝑠) have been studied in this particular section to understand the constructed model of
the Universe in a better way.

• Equation of state parameter (𝜔𝑑𝑒): Study of the Universe has always been a mysterious task, and with the
mysterious component, so called the DE, it has been more difficult to understand the nature of the cosmos. However,
the EoS parameter might help us to evaluate the nature of the Universe to some extent. 𝜔𝑑𝑒 is used to study the
acceleration of the cosmos and the phase change from deceleration to acceleration, and is defined as,

𝜔𝑑𝑒 =
𝑝𝑑𝑒

𝜌𝑑𝑒
. (35)
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For the model, we get the EoS parameter as

𝜔𝑑𝑒 =
3𝛹1

8𝜋𝑑2𝛽2
2𝛽

4
1 sinh4 (

𝛽1 (𝑛+1)𝜏
) (
𝑛+2

)4 , (36)

where 𝛹1 =

(
𝛽1
𝛽2

sech
(
𝛽1 (𝑛+1)𝜏

) ) −2𝑛−4
𝑛+1

((
(𝑛2 −4𝑛−2)𝛽2

1 +
𝑘2

1
2
(4+𝜔)

)
×

𝛽2
2 cosh2 (

𝛽1 (𝑛+1)𝜏
)
+ 𝛽1𝛽

2
2 ((𝑘1 +1)𝑛+ 𝑘1) sinh

(
𝛽1 (𝑛+1)𝜏

)
×

cosh
(
𝛽1 (𝑛+1)𝜏

)
−2𝛽2

1

(
−1
2

+ (𝑛2 + 1
2
)𝛽2

2

))
𝑒𝜏𝑘1+𝑘2

((
(𝑛+2)2×

𝛽2
1 +9𝜋𝛿

)
cosh2 (

𝛽1 (𝑛+1)𝜏
)
− (𝑛+2)2𝛽2

1

)
.
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The EoS (𝜔𝑑𝑒) parameter has been plotted against redshift (𝑧), for different values of 𝛿. It is observed from Fig. (3),
the model starts its evolution from the quintessence region as 𝜔𝑑𝑒 lies in the range (−1,1/3), then crosses the
phantom divide line at 𝜔𝑑𝑒 = −1 behaving like a non-relativistic matter, and finally reaches the phantom region, as
𝜔𝑑𝑒 < −1. Such a behavior of the model is called as quintessence like nature.
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Figure 3. Illustration of EoS parameter (𝜔𝑑𝑒) against redshift (𝑧)

• EoS plane (𝜔𝑑𝑒−𝜔′
𝑑𝑒

): As proposed by Cadwell and Linder [69] the 𝜔𝑑𝑒−𝜔′
𝑑𝑒

plane describes the various regions
of Universe’s expansion which evaluates the quintessence scalar field. For the values of 𝜔𝑑𝑒 and 𝜔′

𝑑𝑒
, such as 𝜔𝑑𝑒 <

0, 𝜔′
𝑑𝑒

> 0 and 𝜔𝑑𝑒 < 0, 𝜔′
𝑑𝑒

< 0 the EoS plane is characterized into thawing region and freezing region respectively.
The EoS plane for the model is given by,

𝜔′
𝑑𝑒 =

−9𝛹2

4𝛽2
2 (𝑛+2)5𝛽5

1 sinh6 (
𝛽1 (𝑛+1)𝜏

)
𝜋𝑑2

, (37)
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where 𝛹2 =

(
𝛽1

(
(𝑛3 −2𝑛2 −10𝑛−4)𝛽2

1 +
𝑘1
2

((
1+ (𝜔+5)𝑘1
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As depicted from the Fig. (4), 𝜔𝑑𝑒 −𝜔′

𝑑𝑒
plane has been taken against redshift (𝑧) for different values of 𝛿. Here,

the trajectories varies in the negative region, characterizing the freezing region as 𝜔𝑑𝑒 < 0 and 𝜔′
𝑑𝑒

< 0. These
observations are in correspondence with the recent observations.

-7 -6 -5 -4 -3 -2 -1

de 106

-2.5

-2

-1.5

-1

-0.5

0

de

107

1
 = 0.11; 

2
 =0.5; =0.0144

1
 = 0.13; 

2
 = 0.5;

1
=0.0244

1
 = 0.15; 

2
 = 0.5;

2
=0.0344

Figure 4. Illustration of EoS plane



166
EEJP. 2 (2025) T. Chinnappalanaidu, et al.

• Deceleration Parameter (𝑞): The deceleration parameter (𝑞), more explicitly, the signature of 𝑞 determines the
nature of accelerating expansion of the cosmos. Whenever, 𝑞 > 0 the Universe shows decelerating expansion and
when 𝑞 < 0 there is rapid expansion of the cosmos. Here, the deceleration parameter (𝑞) is defined as,

𝑞 = −1+ 𝑑

𝑑𝑡

(
1

𝐻 (𝑡)

)
. (38)

The deceleration parameter for our model is given by,

𝑞 =
(−𝑛−2) cosh2 (

𝛽1 (𝑛+1)𝜏
)
+4𝑛+5

(𝑛+2) sinh2 (
𝛽1 (𝑛+1)𝜏

) . (39)

Therefore, we can observe from the Fig. (5) that deceleration parameter (𝑞) has been constructed against redshift (𝑧)
for distinct estimates of 𝛽1 and 𝛽2. The trajectories of 𝑞 projects that the Universe travels previously from decelerated
phases to the current accelerating phase. The model basically shows exponential or the de-Sitter expansion, as it is
observed that 𝑞 = −1.
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• Analysis of Model’s Stability: The squared speed of sound has a vital role in analyzing the stability of any model.
The model exhibits a stable behavior whenever 𝑣2

𝑠 > 0 and shows an unstable behavior when 𝑣2
𝑠 < 0. The model’s

stability can be determined with the help of following mathematical formula:

𝑣2
𝑠 =

¤𝑝𝑑𝑒
¤𝜌𝑑𝑒

. (40)

The squared speed of the sound for the obtained model is given by,

𝑣2
𝑠 =

𝛹3
𝛹4

, (41)

where 𝛹3 =
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16
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and 𝛹4 =

(
𝜋
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cosh2 (
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Figure 6. Squared speed of sound (𝑣2
𝑠) against redshift (𝑧)

From the Fig. (6) it is observed that 𝑣2
𝑠 is plotted against 𝑧 to understand the model’s stability. Here, trajectories are

completely varying positive region for several values of 𝛿. This illustrates Universe’s stable behavior.

• Density Parameter: For a DE model, the density parameter has been defined as

Ω𝑑𝑒 =
𝜌𝑑𝑒

3𝐻2 .

The density parameter for our model is obtained as,

Ω𝑑𝑒 =
𝑑2𝛽2

1 sinh2 (
𝛽1 (𝑛+1)𝜏

)
(𝑛+2)2(

(𝑛+2)2𝛽2
1 +9𝜋𝛿

)
cosh2 (

𝛽1 (𝑛+1)𝜏
)
− (𝑛+2)2𝛽2

1

. (42)

In order to analyze the behavior of the density parameter Ω𝑑𝑒 we have the graphical representation of Ω𝑑𝑒 against
redshift (𝑧) for various values of 𝛿 in the Fig. (7). It can be observed that the trajectories are varying in the positive
region, decreasing against redshift.
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Figure 7. Illustration of density parameter (Ω𝑑𝑒) against redshift (𝑧)
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• Jerk Parameter (j): In an cosmic evolution, the jerk parameter is defined as,

𝑗 =
𝑎

𝑎𝐻3 , (43)

where 𝑎 and 𝐻 are the cosmic scale factor and the Hubble parameter. Here, the scale factor has been differentiated
w.r.t. the cosmic time. The jerk parameter ( 𝑗) happens to be the 4𝑡ℎ expression of 𝑎0 in a Taylor series expansion:

𝑎(𝑡)
𝑎0

= 1+𝐻0 (𝑡 − 𝑡0) −
1
2
𝑞0𝐻

2
0 (𝑡 − 𝑡0)2 + 1

6
𝑗0𝐻

3
0 (𝑡 − 𝑡0)3 +𝑂 [(𝑡 − 𝑡0)4], (44)

where 𝑎0 denotes the present value. The jerk parameter for our model is obtained as,

𝑗 =
(𝑛+2)2 cosh2 (

𝛽1 (𝑛+1)𝜏
)
−28𝑛2 −67𝑛−40

sinh2 (
𝛽1 (𝑛+1)𝜏

)
(𝑛+2)2

. (45)
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Figure 8. Illustration of jerk parameter ( 𝑗) against redshift (𝑧)

Fig. (8) depicts the construction of jerk parameter ( 𝑗) against redshift (𝑧). It is clearly observed that the curves of 𝑗

are completely varying in the negative region for all the values of 𝛽1 and 𝛽2 and approaches to unity in late times.

• Om(𝑧)- diagnostic: Om-diagnostics is an another tool discovered by Sahni et al. [70] other than statefinder plane,
to differentiate the various phases of the Universe. A positive path of the curve indicates that the model corresponds
to phantom DE and the path of the curve oriented in the negative region indicates a quintessence DE. The Om(𝑧) in
terms of 𝐻 (𝑧) function is defined as,

𝑂𝑚(𝑧) =
𝐻2 (𝑧) −𝐻2

0

𝐻2
0 [(1+ 𝑧)3 −1]

, (46)

where,

𝐻 (𝑧) = −𝛽1 (𝑛+2)
3

√√√
1−

𝛽2
2

𝛽2
1

(
𝑎0

1+ 𝑧

) 6𝑛+6
𝑛+2

. (47)

We can depict that in the Fig. (9) the path of the Om(𝑧), as taken against redshift(𝑧) differs in negative region, thus
having a quintessence behavior.
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Figure 9. Illustration of Om(𝑧) against redshift (𝑧)

• Statefinder Pair (𝑟, 𝑠): The study and discrimination of essential DE models can be done with a sensitive and a
geometrical diagnostic pair- (𝑟, 𝑠) that had been developed by Sahni et al. [71] and Alam et al. [72]. This helps us
to understand the process of Universe’s acceleration. The statefinder pair (𝑟, 𝑠) that purely depends on scale factor
(𝑎) and is defined as

𝑟 =
𝑎

𝑎𝐻3 & 𝑠 =
𝑟 −1

3(𝑞−1/2) .

For the constructed model, we have

𝑟 =
(𝑛+2)2 cosh2 (

𝛽1 (𝑛+1)𝜏
)
−28𝑛2 −67𝑛−40

sinh2 (
𝛽1 (𝑛+1)𝜏

)
(𝑛+2)2

, (48)

& 𝑠 =
1

(𝑛+2)3 sinh
(
𝛽1 (𝑛+1)𝜏

)4

(
(𝑛+2)3 cosh

(
𝛽1 (𝑛+1)𝜏

)4 +
(
−200𝑛3 −714𝑛2

−852𝑛−340
)
cosh

(
𝛽1 (𝑛+1)𝜏

)2 +280𝑛3 +978𝑛2 +1137𝑛+440
)
.
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Figure 10. Illustration of 𝑟 − 𝑠 plane

From the Fig. (10), which is the construction of 𝑟 − 𝑠 plane, it can be interpreted that, the Universe begins its
evolution from the quintessence and phantom region and finally reaches the ΛCDM region for 𝑟 = 1, 𝑠 = 0.
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4. CONCLUSIONS
It has been many decades by now, that the scientists have started the process of figuring out the puzzling component:

the DE and finding out the causes for the accelerated expansion of the cosmos. In such an attempt, we have built a model
that helps us to understand these things. The constructed model describes the KS-Universe in the backdrop of RHDE in a
general scalar tensor theory. It is observed that the Universe is homogeneous and anisotropic with a continuous expansion.
Because of positive and decreasing energy density of matter (𝜌𝑚) and as well as DE (𝜌𝑑𝑒), the cosmos shows a rapid
expansion. Also, a quintessence nature of the space is projected by the EoS parameter (𝜔𝑑𝑒); and the Universe is mainly
characterized by freezing region, as 𝜔𝑑𝑒 < 0 and 𝜔′

𝑑𝑒
< 0. The deceleration parameter (𝑞) suggests that the Universe has a

transition from erstwhile deceleration to present acceleration and shows a de-Sitter expansion at 𝑞 = −1. The stability of
the model has been examined with the help of squared speed of sound, which describes a stable behavior for the cosmos.
The density parameter (Ω𝑑𝑒) varies in the positive region, decreasing against redshift (𝑧) and where as the jerk parameter
( 𝑗) approaches to unity as the time passes, while differing in the negative region. The Om(𝑧) parameter depicts the
quintessence behavior of the cosmos, as the parameter is varying in the negative region. And, finally the statefinder plane
(𝑟 − 𝑠) evolves from quintessence and phantom region and reaches the ΛCDM region for 𝑟 = 1 and 𝑠 = 0. Our observations
are in concurrent with the recent studies and various experiments, and thus holding the sustainability of the model.
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Розглядаючи узагальнену скалярно-тензорну теорiю як гравiтацiйну теорiю, ми дослiдили динамiчну еволюцiю однорiдного та
анiзотропного простору Кантовського-Сакса за наявностi голографiчної темної енергiї Реньї. Щоб отримати розв’язок для цiєї
моделi, ми вивели рiвняння поля, а також проаналiзували рiзнi фiзичнi та геометричнi параметри моделi, такi як уповiльнення,
ривок, EoS, площина EoS, пара statefinder, густина, квадрат швидкостi звуку та Om-дiагностика. Цi параметри показують, що
модель є дуже стабiльною, проектуючи квiнтесенцiйну природу, а також отримана модель вiдображає модель ΛCDM. Нашi
спостереження та висновки з побудованої моделi добре узгоджуються з нещодавнiми дослiдженнями.
Ключовi слова:метрикаКантовського-Сакса; анiзотропнi моделi; загальна скалярно-тензорнатеорiя; голографiчнатемна
енергiя Реньї; темна енергiя
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The feasibility of nuclear fusion reaction 𝐻 + 𝐿𝑖ଷ଻ଵଵ → 2 𝐻𝑒ଶସ  (17.5 𝑀𝑒𝑉), for generation of electric power in nuclear reactors is 
presented. The fusion cross-section of nuclear reaction for the projectile beam of 𝐻ଵଵ  whose energy ranges from 1 keV to 1× 10ସ keV 
in the centre-of-mass frame is computed with the aid of GEMINI++ statistical decay model. The Maxwellian average of the product of 
the fusion cross-section and the relative velocity of projectile and target 〈𝜎𝑣〉 gives the fusion reaction rate. The fusion reaction rate 
should be sufficiently high to produce more nuclear fusion electric power. The energy multiplication factor (𝜁) of nuclear fusion is 
defined as the ratio of nuclear fusion energy (𝐸ி) generated to injected energy of projectile beam (𝐸௉), i.e., 𝜁 = 𝐸ி 𝐸௉⁄ . The lower 
energy loss rate and higher fusion reaction rate should contribute higher value of the energy multiplication factor (𝜁). The Energy 
multiplication factor (𝜁) for nuclear fusion of 𝐻 + 𝐿𝑖ଷ଻ଵଵ ,variation with projectile beam energy is presented. The energy multiplication 
factor can be enhanced by clamping (or fixing) of projectile beam energy at a suitable value. The clamping of the projectile beam 
energy defers slowing down process of projectile beam and compensates the Coulomb drag by the bulk plasma, thus the energy 
multiplication factor increases. The variation of the Energy multiplication factor (𝜉) for nuclear fusion of 𝐻 + 𝐿𝑖ଷ଻ଵଵ , with projectile 
beam energy clamping (or fixing) is also presented.  
Keywords: Proton-Lithium fusion; TCT reactor; Energy multiplication factor; Projectile beam energy clamping 
PACS: 24.00, 25.00, 28.00 

1. INTRODUCTION
In the future world enormous amount of electric power energy can be generated by nuclear fusion in nuclear 

reactors. The energy distribution of the ions of the plasma consists of two components in Two-component torus (TCT) 
fusion reactor, which is the torus type plasma-containment nuclear fusion reactor [1-3]. In TCT nuclear fusion reactor 
high energy ion beam is shot into target plasma, to cause the nuclear fusion reaction between the ions, electrons of the 
target plasma and the injected beam. The ions and electrons of plasma possess thermal energy and it can be converted 
into electrical energy with high efficiency in nuclear fusion reactor. The energy multiplication factor is an important 
parameter to optimise nuclear fusion reactions for the commercial production of electrical power energy. When energy 
multiplication factor 𝜁 = 1, the fusion power is equal to the thermal power to cause fusion and it is known as 
breakeven, and the plasma will not be cooled down without any external heating. If 𝜁 > 1, self-heating causes the 
process to become self-sustaining and ignition occurs at the high temperature. The high value of energy multiplication 
factor 𝜁 is essential for commercially possible practical TCT fusion reactor. The fusion power density in a TCT fusion 
reactor can be much more than in thermal reactor of the same pressure. The most favourable injection energy of 
incident beam for nuclear fusion to occur is the energy which gives maximum energy multiplication factor 𝜁, as it yields 
maximum output energy.  

Researchers studied the feasibility of energy multiplication factor of the 𝐻ଵଶ + 𝐻ଵଷ nuclear fusion reaction in detail [4-
8]. K. Ogawa et.al studied the 𝐻ଵଵ + 𝐵ହଵଵ  fusion reactionin the fusion reactor [9]. J. Bahmani studied the parameters related 
to the energy multiplication factor of 𝐻𝑒ଶଷ + 𝐿𝑖ଷ଺  for two-component torus fusion plasma [10]. The energy multiplication 
factor should be high to produce nuclear electric power economically. The fusion reaction rate, the energy confinement 
time, the beam containment time, the impurities present in the target plasma, the beam energy clamping and the plasma 
density, influence the energy multiplication factor. In the present work, I have studied the feasibility of the fusion reaction 
of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  in nuclear fusion reactor for the commercial production of electric power to meet the demand in the future. 

2. THEORY
2.1The fusion cross section 

The fusion cross-section at the centre-of-mass of 𝐻ଵଵ  projectile and 𝐿𝑖ଷ଻  target system is given by [11] 𝜎(𝐸) = గோమ(ா)ா ׬ ௗாᇲଵା௘௫௣ቂଶቀಲభಶᇲି஺మாᇲା஺యቁቃா଴ (1)

Here 𝜎(𝐸) is fusion cross-section for projectile and target, 𝐸 is projectile beam energy, 𝑅(𝐸) is the effective radius of 
the projectile and target system, 𝐴ଵ, 𝐴ଶ, 𝐴ଷ are constants. 
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2.2 The Rate of Nuclear fusion reaction 
The rate of nuclear fusion reaction evaluated as the Maxwellian average of the product of the fusion cross-section 

and the relative velocity between projectile and target which is given by [12,13] 

 〈𝜎𝑣〉 = ቀగ଼ቁଵ ଶ⁄ ቀ ఓ௞ಳ்೔ቁଷ ଶ⁄ ଵ௠೛మ ׬ 𝐸𝜎(𝐸)𝑒𝑥𝑝 ൤− ൬ ఓா௠೛௞ಳ்೔൰൨ா଴ 𝑑𝐸 (2) 

Here 𝑣 is the relative velocity between 𝐻ଵଵ  projectile and 𝐿𝑖ଷ଻  target, 𝜇 is reduced mass of projectile and target, 𝑘஻ is 
Boltzmann’s constant, 𝑇௜ is temperature of ion plasma, 𝑚௣ is the mass of projectile, 𝐸 is the energy of projectile beam. 

2.3 Injected beam energy transfer to target plasma 
When energetic injected 𝐻ଵଵ  beam collides with ions and electrons of 𝐿𝑖ଷ଻  target plasma, the energy of injected 

beam is transferred to ions and electrons through Coulomb interactions, until thermal equilibrium is reached. The mean 
rate of energy loss of injected 𝐻ଵଵ  beam by all thermal electrons and ions of 𝐿𝑖ଷ଻  target plasma is determined using 
Fokker-Planck slowing down model of Sivukhin as [14-17] 

 〈ௗாௗ௧〉 = ସగ௡೅௓ುమ௓೅మ௘రஃ௩ು ට௠ುଶாು ∑ 𝐹(𝑥் ,𝛽்௉)்ୀ௜,௘  (3) 

Here 𝑛்  is the number density of ions or electrons of 𝐿𝑖ଷ଻  target plasma, 𝑍௉ and 𝑍் are charge states of ions or electrons 
of 𝐻ଵଵ  projectile and 𝐿𝑖ଷ଻  target respectively, 𝑒 is charge of electron, Λ is coulomb logarithm of 𝐿𝑖ଷ଻  target plasma, 𝑣௉  is 
relative velocity of 𝐻ଵଵ  projectile w.r.t 𝐿𝑖ଷ଻  target, 𝑚௉  is mass of projectile,  𝐸௉  is energy of projectile, 𝐹(𝑥் ,𝛽்௉) is 
related to the error function as 

 𝐹(𝑥் ,𝛽்௉) = 𝜙(𝑥்) − (1 + 𝛽்௉)𝜙ᇱ(𝑥்). (3a) 

Here 𝜙(𝑥்) = ଶ√గ ׬ 𝑒ି௧మ௫೅଴ 𝑑𝑡, 𝛽்௉ = ௠೅௠ು  , 𝑥் = 𝛽்௉ ௠ುଶ௞ಳ்೅. 
 

2.4 Energy Multiplication Factor (𝜻) of Nuclear Fusion 
When high energy projectile beam is injected into target plasma, nuclear fusion occurs. The energy multiplication 

factor of nuclear fusion is defined as the ratio of nuclear fusion energy (𝐸ி) to injected energy of projectile beam (𝐸௉) 
[12] 

 𝜁 = ா೑ೠೞ೔೚೙ா೛ೝ೚ೕ೐೎೟೔೗೐ = ொ௡೅ா ಹభభ ׬ 〈ఙ௩〉〈೏ಶ೏೟〉ா ಹభభா೅೓ 𝑑𝐸 (4) 

Here, 𝑄 is fusion power gain of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion reaction, 𝑛் is the number density of target plasma, 𝐸்௛ is the 
threshold value of energy for fusion to occur and 𝐸 ுభభ  is the energy of 𝐻ଵଵ  projectile beam. 

2.5 Projectile beam energy clamping 
One mode of two-component 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion uses an auxiliary energy input to maintain the super-thermal 

ions of 𝐿𝑖ଷ଻  target at or near the injected energy of 𝐻ଵଵ  projectile beam by energy clamping, as it defers slowing down 
process and compensates the Coulomb drag by the bulk plasma of 𝐿𝑖ଷ଻  target. The injected-ion energy is kept near the 
peak of the fusion cross section,when maximum fusion rate of nuclear reaction is achieved. The energy multiplication 
factor can be increased, even though the plasma temperature remains at the same value. The ions of plasma of 𝐿𝑖ଷ଻  target 
can be maintained at optimum values of high energies for nuclear fusion reactions to occur for longer periods of time. 
The energy multiplication factor for projectile energy clamping (or fixing) is given by [12] 

 𝜉 = 𝑄𝑛் ሾఙ௩ሿಶబቂ೏ಶ೏೟ቃಶబ. (5) 

Here 𝐸଴ is clamped projectile beam energy. 
 

3.Results and discussion 
The fusion cross-section for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion is computed with the aid of GEMINI++ statistical decay 

model [18]. I have computed fusion-cross-section in the centre-of-mass projectile beam energy ranging from 1 keV to 1 × 10ସ keV for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion. The calculations of the fusion cross section, the reactivity, the energy loss 
rate, the energy multiplication factor and the beam energy clamped energy multiplication factor of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  fusion are 
shown in Table 1.  

The variation of fusion cross section with the projectile beam energy is as shown in Figure 1, it is observed that the 
fusion cross section is 5.3 × 10ିଶଵ𝑐𝑚ଶ at 1 𝑘𝑒𝑉 energy, decreases gradually to 0.53 × 10ିଶଵ𝑐𝑚ଶ at 10 𝑘𝑒𝑉 energy 
and remains almost a constant at 0.0053 × 10ିଶଵ𝑐𝑚ଶ between 1 × 10ଶ 𝑘𝑒𝑉 − 1 × 10ଷ𝑘𝑒𝑉 energy, beyond which it is 
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almost 10ିଶହ 𝑐𝑚ଶ up to 1 × 10ଷ 𝑘𝑒𝑉. The nuclear fusion reaction rate is measured as the Maxwellian average 〈𝜎𝑣〉 of 
the product of the fusion cross-section and the relative velocity of  𝐻ଵଵ  projectile w.r.t 𝐿𝑖ଷ଻  target. The fusion reaction 
rate of nuclear reaction is enhanced to produce more fusion energy. 
Table 1. Fusion cross section, Reactivity, Energy loss rate of projectile beam due to collisions with ions, electrons and both ions and 
electrons, Energy multiplication factor and Beam energy clamped Energy multiplication factor of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion 𝑬𝒑(𝑪𝑴) (𝐤𝐞𝐕) 

𝝈 (𝟏𝟎ି𝟐𝟏𝒄𝒎𝟐) 
𝝈𝒗 (𝟏𝟎ି𝟏𝟖𝒄𝒎𝟑𝒔ି𝟏) ൤𝒅𝑬𝒅𝒕൨𝒊 ൤𝒅𝑬𝒅𝒕൨𝒆 ൤𝒅𝑬𝒅𝒕൨𝒊ା𝒆 𝜻 𝝃 

1 5.29E+00 2.12E-02 -3.11E+03 -2.62E+00 -3.12E+03 -1.19E-02 -1.19E-02 
2 2.64E+00 4.21E-02 -2.88E+03 -2.66E+00 -2.88E+03 -2.47E-02 -2.55E-02 
3 1.76E+00 6.29E-02 -2.67E+03 -2.59E+00 -2.67E+03 -3.84E-02 -4.12E-02 
4 1.32E+00 8.35E-02 -2.47E+03 -2.58E+00 -2.47E+03 -5.32E-02 -5.92E-02 
5 1.06E+00 1.04E-01 -2.28E+03 -2.56E+00 -2.28E+03 -6.91E-02 -7.96E-02 
6 8.81E-01 1.24E-01 -2.11E+03 -2.54E+00 -2.11E+03 -8.63E-02 -1.03E-01 
7 7.55E-01 1.44E-01 -1.95E+03 -2.52E+00 -1.95E+03 -1.05E-01 -1.30E-01 
8 6.61E-01 1.64E-01 -1.80E+03 -2.51E+00 -1.80E+03 -1.25E-01 -1.60E-01 
9 5.87E-01 1.84E-01 -1.66E+03 -2.49E+00 -1.66E+03 -1.46E-01 -1.94E-01 
10 5.29E-01 2.03E-01 -1.52E+03 -2.47E+00 -1.53E+03 -1.70E-01 -2.33E-01 
20 2.64E-01 3.83E-01 -6.27E+02 -2.31E+00 -6.29E+02 -7.02E-01 -1.06E+00 
30 1.76E-01 5.47E-01 -1.92E+02 -2.12E+00 -1.94E+02 -2.35E+00 -4.93E+00 
40 1.32E-01 6.97E-01 1.45E+01 -1.95E+00 1.25E+01 2.20E+01 9.75E+01 
50 1.06E-01 8.35E-01 1.09E+02 -1.78E+00 1.07E+02 2.48E+01 1.36E+01 
60 8.81E-02 9.61E-01 1.49E+02 -1.60E+00 1.48E+02 2.67E+01 1.14E+01 
70 7.55E-02 1.08E+00 1.64E+02 -1.41E+00 1.63E+02 2.83E+01 1.16E+01 
80 6.61E-02 1.18E+00 1.66E+02 -1.23E+00 1.65E+02 2.99E+01 1.25E+01 
90 5.87E-02 1.28E+00 1.63E+02 -1.06E+00 1.62E+02 3.14E+01 1.38E+01 
100 5.29E-02 1.37E+00 1.58E+02 -8.82E-01 1.57E+02 3.29E+01 1.52E+01 
200 2.64E-02 1.74E+00 1.15E+02 8.84E-01 1.15E+02 4.61E+01 2.64E+01 
300 1.76E-02 1.90E+00 9.35E+01 2.65E+00 9.62E+01 5.76E+01 3.45E+01 
400 1.32E-02 1.96E+00 8.10E+01 4.41E+00 8.54E+01 6.77E+01 4.02E+01 
500 1.06E-02 1.99E+00 7.25E+01 6.17E+00 7.86E+01 7.65E+01 4.42E+01 
600 8.81E-03 2.00E+00 6.61E+01 7.94E+00 7.41E+01 8.44E+01 4.72E+01 
700 7.55E-03 2.00E+00 6.12E+01 9.55E+00 7.08E+01 9.15E+01 4.95E+01 
800 6.61E-03 2.01E+00 5.73E+01 1.15E+01 6.87E+01 9.78E+01 5.11E+01 
900 5.87E-03 2.01E+00 5.40E+01 1.32E+01 6.72E+01 1.04E+02 5.22E+01 

1000 5.29E-03 2.01E+00 5.12E+01 1.50E+01 6.62E+01 1.09E+02 5.30E+01 
2000 2.64E-03 2.01E+00 3.62E+01 3.25E+01 6.87E+01 1.34E+02 5.11E+01 
3000 1.76E-03 2.01E+00 2.96E+01 4.99E+01 7.94E+01 1.49E+02 4.42E+01 
4000 1.32E-03 2.01E+00 2.56E+01 6.71E+01 9.27E+01 1.59E+02 3.79E+01 
5000 1.06E-03 2.01E+00 2.29E+01 8.43E+01 1.07E+02 1.65E+02 3.28E+01 
6000 8.81E-04 2.01E+00 2.09E+01 1.01E+02 1.22E+02 1.70E+02 2.87E+01 
7000 7.55E-04 2.01E+00 1.94E+01 1.18E+02 1.38E+02 1.74E+02 2.55E+01 
8000 6.61E-04 2.01E+00 1.81E+01 1.35E+02 1.53E+02 1.77E+02 2.29E+01 
9000 5.87E-04 2.01E+00 1.71E+01 1.52E+02 1.69E+02 1.79E+02 2.08E+01 
10000 5.29E-04 2.01E+00 1.62E+01 1.68E+02 1.85E+02 1.81E+02 1.90E+01 

 
Figure 1. Fusion cross section of 𝐻 + 𝐿𝑖ଷ଻ଵଵ   as a function of 𝐻ଵଵ  projectile beam energy  

The nuclear fusion 𝐻 + 𝐿𝑖ଷ଻ଵଵ  reaction rate is shown in the Figure 2, it is observed that the fusion reaction rate is 0.02 × 10ିଵ଻𝑐𝑚ଷ𝑠ିଵ at 1 𝑘𝑒𝑉 energy, increases gradually to 2.0 × 10ିଵ଻𝑐𝑚ଷ𝑠ିଵ at 1 × 10ଷ 𝑘𝑒𝑉 and remains almost a 
constant at 2.0 × 10ିଵ଻𝑐𝑚ଷ𝑠ିଵ in the range 1 × 10ଷ 𝑘𝑒𝑉 − 1 × 10ସ 𝑘𝑒𝑉 energy. 
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Figure 2. Fusion reaction rate of  𝐻 + 𝐿𝑖ଷ଻ଵଵ  as a function of 𝐻ଵଵ  projectile beam energy  

The rate of total energy loss of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion reaction is shown in the Figure 3, it is observed that the 
rate of energy loss of 𝐻ଵଵ  projectile due to collisions with ions of 𝐿𝑖ଷ଻  target plasma is 158.36 𝑘𝑒𝑉𝑠ିଵat 100 𝑘𝑒𝑉, 
decreases sharply to 51.2 𝑘𝑒𝑉𝑠ିଵ at 1 × 10ଷ 𝑘𝑒𝑉, and decreases slowly from 36.2 𝑘𝑒𝑉𝑠ିଵ to 16.2 𝑘𝑒𝑉𝑠ିଵ in the 
energy range 2 × 10ଷ 𝑘𝑒𝑉 − 1 × 10ସ 𝑘𝑒𝑉. The rate of energy loss of 𝐻ଵଵ  projectile due to collisions with electrons of 𝐿𝑖ଷ଻  target plasma is 0.88 𝑘𝑒𝑉𝑠ିଵ at 200 𝑘𝑒𝑉 energy, increases linearly to 168.4 𝑘𝑒𝑉𝑠ିଵ at 1 × 10ସ 𝑘𝑒𝑉  energy. 
Therefore, the rate of total energy loss of 𝐻ଵଵ  projectile due to collisions with the ions and electrons of 𝐿𝑖ଷ଻  target plasma 
is 157.5 𝑘𝑒𝑉𝑠ିଵ at 100 𝑘𝑒𝑉 energy, decreases gradually to 66.2 𝑘𝑒𝑉𝑠ିଵ at 1 × 10ଷ 𝑘𝑒𝑉 energy, and increases linearly 
from 68.7 𝑘𝑒𝑉𝑠ିଵ to 184.6 𝑘𝑒𝑉𝑠ିଵ in the energy range 2 × 10ଷ 𝑘𝑒𝑉 − 1 × 10ସ 𝑘𝑒𝑉. Thus, to generate more fusion 
power, the energy loss of the fusion reaction must be less.  

 
Figure3. Energy loss rates of ions and electrons of 𝐿𝑖ଷ଻  as functions of 𝐻ଵଵ  projectile beam energy 

The energy multiplication factor (𝜁) of nuclear fusion is defined as the ratio of nuclear fusion energy (𝐸ி) to 
injected energy of projectile beam (𝐸௉). The energy multiplication factor (𝜁) for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion is shown in 
the Figure 4, it is observed that the energy multiplication factor increases sharply from 22.04 at 40 𝑘𝑒𝑉 energy to 
108.94 at 1 × 10ଷ 𝑘𝑒𝑉 energy and it increases slowly from 134.5 at 2 × 10ଷ 𝑘𝑒𝑉 to 180.75 at 1 × 10ସ 𝑘𝑒𝑉 projectile 
energy. The lesser the energy loss rate and more fusion reaction rate can contribute to higher value of the energy 
multiplication factor. 

The energy multiplication factor of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion reaction can be enhanced by clamping (fixing) of 𝐻ଵଵ  
projectile beam energy. The clamping of the 𝐻ଵଵ  projectile beam energy, defers slowing down process and compensates 
the Coulomb drag by the bulk plasma of 𝐿𝑖ଷ଻  and consequently increases the energy multiplication factor (𝜉). The 
variation of the energy multiplication factor with projectile beam energy being clamped is shown in Figure 5, it is 
observed that the energy multiplication factor with projectile beam energy clamping (𝜉) for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion 
increases sharply from 11.4 at 60 𝑘𝑒𝑉 energy to 53.0 at 1000 𝑘𝑒𝑉 energy and decreases gradually from 51.1 at 2000 𝑘𝑒𝑉 energy to 19.02 at 1 × 10ସ 𝑘𝑒𝑉 projectile energy. 
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Figure 4. Energy multiplication factor of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  as function of 𝐻ଵଵ  projectile beam energy 

 
Figure 5. Energy multiplication factors of 𝐻 + 𝐿𝑖ଷ଻ଵଵ  as a function of projectile beam energy clamping 

 
4. CONCLUSION 

The nuclear fusion reaction 𝐻 + 𝐿𝑖ଷ଻ଵଵ → 2 𝐻𝑒ଶସ  (17.5 𝑀𝑒𝑉) for generation of electric power in nuclear reactors has 
been studied. The fusion cross-section was computed with the aid of GEMINI++ statistical decay model. I have 
computed fusion-cross-section in the centre-of-mass projectile beam energy range from 1 keV to 1× 10ସ keV for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear fusion. The fusion reaction rate is the Maxwellian average of the product of the fusion cross-section 
and the relative velocity of 𝐻ଵଵ  projectile and 𝐿𝑖ଷ଻  target. The Energy multiplication factor (𝜁) for 𝐻 + 𝐿𝑖ଷ଻ଵଵ  nuclear 
fusion variation with the projectile beam energy is presented. To generate more fusion power the fusion reaction rate 
should be higher, the energy loss rate due to collisions of the fusion reaction must be lower. The lower value of energy 
loss rate of projectile due to collisions with ions, electrons of plasma and more fusion reaction rate contribute higher 
value of the energy multiplication factor. The energy multiplication factor can be enhanced by clamping (fixing) of 𝐻ଵଵ  
projectile beam energy. The clamping of the projectile beam energy defers slowing down process of fusing nuclei and 
compensates the Coulomb drag by the bulk plasma and consequently increases the energy multiplication factor. The 
variation of the Energy multiplication factor (𝜉) with projectile beam energy clamping (fixing) also presented. 
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МОЖЛИВІСТЬ ЯДЕРНОГО СИНТЕЗУ 11H+37Li ДЛЯ ГЕНЕРАЦІЇ ЕЛЕКТРОЕНЕРГІЇ 
У ТЕРМОЯДЕРНОМУ РЕАКТОРІ TCT 

Б.М. Дьяваппа 
Кафедра фізики, державний коледж першого класу, Чиккабаллапура, Індія 

Представлено можливість ядерної реакції синтезу 11H + 37Li → 224He (17,5 МеВ) для генерації електроенергії в ядерних 
реакторах. Перетин термоядерної реакції для пучка, що налітає 11H, енергія якого в системі центру мас становить від 1 кеВ 
до 1×10^4 кеВ, обчислюється за допомогою статистичної моделі розпаду GEMINI++. Максвелловський середній твір 
перерізу синтезу та відносної швидкості атому що налітає та мішені σν дає швидкість реакції синтезу. Швидкість реакції 
ядерного синтезу має бути досить високою, щоб виробляти більше електроенергії. Коефіцієнт множення енергії (ζ) ядерного 
синтезу визначається як відношення енергії ядерного синтезу (EF), що генерується до інжектованої енергії пучка атомів (EP), 
тобто ζ = EF/EP. Нижча швидкість втрати енергії та більш висока швидкість реакції синтезу повинні вносити більш високе 
значення коефіцієнта множення енергії (ζ). Подано зміну коефіцієнта множення енергії (ζ) для ядерного синтезу 11H + 37Li 
залежно від енергії пучка атомів що налітають. Коефіцієнт множення енергії може бути збільшений шляхом фіксації (або 
фіксації) енергії пучка на відповідному значенні. Фіксація енергії снарядного пучка затримує процес уповільнення пучка 
атомів та компенсує кулонівський опір об'ємною плазмою, таким чином, коефіцієнт множення енергії збільшується. Також 
представлено зміну коефіцієнта множення енергії (ξ) для ядерного синтезу 11H + 37Li із затисканням (або фіксацією) енергії 
пучка що налітають. 
Ключові слова: протонно-літієвий синтез; реактор TCT; коефіцієнт множення енергії; фіксація енергії пучка що налітає 
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This study presents a theoretical analysis of the spectral and temperature dependence of the single-photon absorption coefficient for 
linearly and circularly polarized light in semiconductors with diamond and zinc blende lattice structures. Optical transitions involving 
subbands of light and heavy holes and the conduction band are examined, incorporating effects such as temperature-dependent bandgap, 
valence-conduction band state mixing, and coherent saturation. The findings indicate that heavy holes contribute approximately 10 
times more than light holes to single-photon absorption. Furthermore, the relationship between linear-circular dichroism and light 
intensity is explored, emphasizing the role of coherent saturation effects. 
Keywords: Semiconductor; Temperature dependence of the band gap; Mixing of valence band states with conduction band states; 
single-photon absorption; spectral-temperature dependence 
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INTRODUCTION 
Today, the development of not only micro-, but also nanoelectronics requires knowledge of the band structure of 

semiconductors, to which many literatures are devoted (for example, [1-5]). 
A number of optical phenomena in both bulk and low-dimensional semiconductors are determined by the states of 

current carriers in several zones, the energies of which are close in comparison with the energy distances to other 
zones [5, 6]. For example, in InSb the conduction band (𝑉-band) and valence band (с-band) are located quite close, and 
the spin-orbit splitting subband (𝑆𝑂-band) is relatively far away (Fig. 1a). In GaAs, the с- and 𝑉-bands are located close, 
and the upper-perturbed conduction band (с-band) is far away (Fig. 1b) [7]. 

However, most of them do not pay attention to the spin-orbit interaction of bands, taking into account the substitution 
of conduction band states to the states of the valence band.  

In this regard, below we will consider the interband single-photon (quantum) absorption of polarized radiation in 
semiconductors with a diamond and zinc blende lattice, taking into account the substitution of conduction band states to 
the valence band states and the temperature dependence of the band gap [8,9]. 

Figure 1. Multiband structure of indium antimonide: two (a) and multiband (b) approximation. 

METHODS 
The analysis is based on theoretical models that describe optical transitions in semiconductors with diamond and 

zinc blende lattice structures. The single-photon absorption coefficient was derived using the equilibrium distribution 
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function of charge carriers and the composite matrix element of optical transitions. The bandgap energy 𝐸௚, was modeled 
using the Varshni and Passler formulas to account for temperature variations. Effective masses of electrons and holes 
were treated as temperature-dependent parameters to reflect their variations with thermal energy. The Hamiltonian was 
developed to include terms representing the mixing of light and heavy hole states with conduction band states, ensuring 
that spin-orbit coupling effects were incorporated for enhanced accuracy in narrow-gap semiconductors. Additionally, 
the impact of light intensity on absorption coefficients was evaluated through the Rabi parameter, to quantify coherent 
saturation effects. 

All calculations were conducted using computational tools such as “Maple”, with constants and material-specific 
parameters extracted from established databases and prior studies. This computational framework ensured consistency 
and reliability in deriving the temperature-dependent optical properties of the semiconductor materials under 
investigation. 

 
INTERBAND AND INTRABAND MATRIX ELEMENTS OF THE MOMENTUM OPERATOR 

Note that the probability of single-photon absorption (1PA) caused by the optical transition from state ห𝑛, 𝑘ሬ⃗ ൿ to state ቚ𝑛′,𝑘′ሬሬሬ⃗ ඀  is defined as [10-14] 

 𝑊ሺଵሻ = ଶగℏ ർ∑ ቚ𝑀௡௞ሬ⃗ ,௡ᇱ௞ሬ⃗ሺଵሻ ቚଶ௡,௡ᇱ,௞ሬ⃗ ඀ ൫𝑓௡௞ሬ⃗ − 𝑓௡ᇱ௞ሬ⃗ ൯𝛿൫𝐸௡ᇱ൫𝑘ሬ⃗ ൯ − 𝐸௡൫𝑘ሬ⃗ ൯ − ℏ𝜔൯, (1) 

where 𝑓௡௞ሬ⃗ ൫𝑓௡ᇱ௞ሬ⃗ ൯ is the equilibrium distribution function of current carriers in the initial (final) state, 𝑀௡௞ሬ⃗ ,௡ᇱ௞ሬ⃗ሺଵሻ  is the 
composite matrix element of a single-quantum optical transition, determined by the relation 

 𝑀௖,௦; ௏,୻ఴ,௠ሺଵሻ = ቀ௘஺బ௖௠బቁ 𝑒 ⋅ 𝑝⃗௖,௦; ௏,୻ఴ,௠,  (2) 

where 𝑝⃗௖,௦; ௏,୻ఴ,௠ ௠బℏ பப௞ሬ⃗ ቂΗ෡൫𝑘ሬ⃗ ൯௖,௦; ௏,୻ఴ,௠ቃ is the matrix element of the momentum operator, 𝐴଴ሺ𝑒ሻ- is the amplitude value of 

the potential vector (polarization vector) of the light wave, Η෡൫𝑘ሬ⃗ ൯ is the Hamiltonian of current carriers in crystals with a 
zinc blende lattice, taking into account the admixture of light and heavy hole (Γ଼ ) subband states in the lower conduction 
band (Γ଺) (two-zone approximation) which takes the form [15] 

 𝐻(୻ఴ) = 𝐸୻ఴ଴ + ℏమ௞మଶ௠బ − ℏమ௠ బమ |௣೐ೇ|మா೒
⎣⎢⎢
⎢⎢⎢
⎡௞మ఼ଶ − ௞೥௞ష√ଷ − ௞షమ√ଵଶ 0−௞೥௞శ√ଷ ଶଷ 𝑘௭ଶ + ௞మ఼଺ 0 − ௞షమ√ଵଶ− ௞శమ√ଵଶ 0 ଶଷ 𝑘௭ଶ + ௞మ఼଺ ௞೥௞ష√ଷ0 − ௞శమ√ଵଶ ௞೥௞శ√ଷ ௞మ఼ଶ ⎦⎥⎥

⎥⎥⎥
⎤
,  (3) 

where 𝑝௖௏ = ⟨𝑆|𝑝௭|𝑍⟩,𝑘± = 𝑘௫ ± 𝑖𝑘௬.𝐸୻ఴ଴ - is the extreme value of the valence band, which we further consider to be the 
starting point for the energy of current carriers. 

Note that if we take into account the spin-orbit splitting (Γ଻) of the valence band with distant bands, then in 
semiconductors with a zinc blende lattice, the symmetry allows them to have terms linear in the wave vector in the 
effective Hamiltonian (3), however, but, as a rule, such terms are neglected. 

According to Hamiltonian (3), the matrix elements of the momentum operator for optical transitions between 
subbands of the valence band can be written in the form of the following matrix: 

 ቛ𝑒 ⋅ 𝑝⃗௠ᇱ,௠(௰ఴ ) ቛ = ℏ𝑘
⎣⎢⎢
⎢⎢⎢
⎡𝑒′௭ +𝜁௚ ௘ᇱష√ଷ 0 0+𝜁௚ ௘ᇱశ√ଷ ቀ1 − ସଷ 𝜁௚ቁ 𝑒′௭ 0 00 0 ቀ1 − ସଷ 𝜁௚ቁ 𝑒′௭ − ఍೒௘ᇱష√ଷ0 0 −఍೒௘ᇱశ√ଷ 𝑒′௭ ⎦⎥⎥

⎥⎥⎥
⎤
 . (4) 

and for interband optical transitions 

 ฮ𝑒 ⋅ 𝑝⃗௖,௦; ௏,௰ఴ,௠ฮ = 𝑝௖,௏ ⎣⎢⎢
⎡− ௘ᇱశ√ଶ 𝑒′௭ටଶଷ ௘ᇱష√଺ 00 −௘ᇱశ√଺ 𝑒′௭ටଶଷ ௘ᇱష√ଶ ⎦⎥⎥

⎤, (5) 
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Here 𝜁௚ = ห௣೎,ೇหమ௠బா೒  and it appears due to taking into account the admixture of the states of the valence band and the 

conduction band, 𝑚′,𝑚 = +3/2, +1/2,−1/2,−3/2 eigenvalues of the angular momentum operator [5, 6], 𝑒′௫, 𝑒′௬,𝑒′௭ - eሬ⃗  projections of the polarization vector relative to the coordinate system x′, y′, z′ ∥ kሬ⃗ , kሬ⃗ - wave vector of current 
carriers, 𝑝௖,௏ - Kane parameter and is determined in the following way 

 ห𝑝௖,௏หଶ = ଷଶ𝑚଴ ௠బି௠೎௠೎ ா೒൫ா೒ା௱ೄೀ൯ଶ൫ா೒ା௱ೄೀ൯ାா೒, (6) 

E୥ − band gap, Δୗ୓-spin-orbit splitting width. Then: 𝜁௚ = ଷ௠బ ସ ௠೓೓ି௠೗೓௠೓೓௠೗೓  and the effective mass of electrons in the 
conduction band is expressed as 

 ଵ௠೎ = ଵ௠బ + ଶଷ௠బమ ห𝑝௖,௏หଶ ൬ ଶா೒ + ଵா೒ା௱ೄೀ൰,  (7) 

We write the temperature dependence of the band gap (E୥(T)) in the form of the Varshni formula [8] 

 𝐸௚(𝑇) = 𝐸௚(𝑇 = 0) − 𝛾் ்మ்ା்ೇ, (8) 

and Passner formulas [9] 

 𝐸௚(𝑇) = 𝐸௚(𝑇 = 0) − ఈ௵೛ଶ ቈ൬1 + ൬ଶ்௵೛൰௣൰ଵ/௣ − 1቉. (9) 

Here γ୘, T୚, α, Θ୮, p- are constant quantities, the numerical values of which are given in [8, 9]. 
In particular, we choose the temperature dependences of the effective masses of electrons (mс(Т)) in the conduction 

band and holes (mୗ୓(Т)) in the spin-orbit splitting subband as follows (see, for example, [8]): 

 ௠బ௠ೄೀ(Т) = 𝛾ଵ − ாು௱ೄೀଷா೒൫ா೒ା௱ೄೀ൯, ௠బ௠с(Т) = 1 + 2𝐹 + ாು൫ா೒ାଶ௱ೄೀ/ଷ൯ଷா೒൫ா೒ା௱ೄೀ൯ . (10) 

Let us note here that with increasing temperature, mс(Т) increases, and mୗ୓(Т) decreases, and this case has a 
noticeable effect, as shown below, on the frequency and temperature dependences of the light absorption coefficient. 

From (4) and (5) it is clear that the composite matrix element depends on the type of single-photon optical transitions. 
In particular, for an optical transition from the heavy hole subband to the conduction band is determined by the relation 

 𝑀௖,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ) = ଵ√ଶ ቀ௘஺బ௖ℏ ቁ 𝑝௖,௏ ൤−𝑒′ି 00 𝑒′ା൨; (11) 

from the subband of light holes to the conduction band: 

 𝑀௖,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) = ଵ√଺ ቀ௘஺బ௖ℏ ቁ 𝑝௖,௏∗ ൤2𝑒′௭ −𝑒′ି𝑒′ା 2𝑒′௭ ൨; (12) 

from the subzone of heavy holes to the subzone of heavy holes: 

 𝑀௛௛,±ଷ/ଶ;௛௛,±ଷ/ଶ(ଵ) = ቀ௘஺బ௖ℏ ቁ ℏ𝑘𝑒′௭ ቂ1 00 1ቃ, (13) 

from the subzone of light holes to the subzone of light holes: 

 𝑀௟௛,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) = ଵଷ ቀ௘஺బ௖ℏ ቁ ℏ𝑘൫3 − 4𝜁௚൯𝑒′௭ ቂ1 00 1ቃ; (14) 

from the subzone of heavy holes to the subzone of light holes: 

 𝑀௟௛,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ ) = ఍೒√ଷ ቀ௘஺బ௖ℏ ቁ ℏ𝑘 ൤𝑒′ି 00 −𝑒′ା൨. (15) 

Spectral dependence means that the interband absorption coefficient takes different values as the frequency of light 
(or photon energy) changes. The effect of temperature is mainly manifested through the following factors: Change in the 
energy gap between bands: As temperature increases, the bandgap of semiconductors narrows, which affects the 
absorption spectrum. Effect of phonons: With increasing temperature, the number of phonons (thermal vibrations) in the 
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crystal lattice increases, which influences the movement of electrons and holes. Optical absorption width: As temperature 
rises, the absorption spectrum may expand, or the absorption rate may decrease. 

Coherent saturation is a phenomenon in which interband absorption decreases under the influence of intense light fields. 
In other words, under strong laser radiation or other optical excitations, the frequency and intensity of quantum transitions 
change in such a way that absorption decreases. This effect is of great importance in quantum mechanics and laser physics. 

This concept describes the temporal variations of light absorption processes in semiconductors. The absorption rate 
and duration depend on the power of the light source, modulation frequency, and the physical properties of the material. 

Note that the coefficient of single-quantum light absorption is determined by the expression (see, for example, [12]) 

 𝐾(ଵ) = ଶగℏ ℏఠூ ∑ ቀ𝑓௅ᇱ,௞ሬ⃗(ଵ) − 𝑓௅,௞ሬ⃗(ଵ)ቁ ห𝑀௅,௠; ௅ᇱ,௠ᇱ(ଵ) (𝑘ሬ⃗ )หଶ𝛿൫𝐸௅ᇱ,௞ሬ⃗ − 𝐸௅,௞ሬ⃗ − ℏ𝜔൯௞ሬ⃗ ,௅,௠;௅ᇱ,௠ᇱ .  (16) 

Here 𝐿,𝑚(𝐿′,𝑚′) = 𝑙ℎ,𝑚′ = ±1/2(ℎℎ,𝑚′ = ±3/2)- for heavy (light) holes), where their energy spectrum has the 
form 𝐸௅,௞ሬ⃗ = −ℏଶ𝑘ଶ (2𝑚௅)⁄ , 𝐿,𝑚(𝐿′,𝑚′) = с,𝑚′ = ±1/2- for electrons in the conduction band, whose energy spectrum 
is: 𝐸௖,௞ሬ⃗ = 𝐸௚ + ℏଶ𝑘ଶ (2𝑚௖)⁄ . Then, taking into account relations (2)-(5) the light absorption coefficient: 

a) for optical transitions from the heavy hole subband to the conduction band will be written as 

 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ) = ସగమ௘మଷℏ௡ഘ௖ ห𝑝௖,௏ หଶ ఓశ(೎,೓೓)ℏమ ௞с,೗೓(ഘ)ℏఠ ൾ ห௘ᇱ±หమටଵା఍೓೓ห௘ᇱ±หమං ⋅ ൣ𝑓௖൫𝑘с,௛௛(ఠ) ൯ − 𝑓௛௛൫𝑘с,௛௛(ఠ) ൯൧,  (17) 

b) for optical transitions from the subband of light holes to the conduction band we have 

 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) = ସగమ௘మଷℏ௡ഘ௖ ห𝑝௖,௏ หଶ ఓశ(೎,೗೓)ℏమ ௞с,೗೓(ഘ)ℏఠ ർ ସ௘ᇱ೥మା௘ᇱ఼మඥଵା఍೗೓(ସ௘ᇱ೥మା௘ᇱ఼మ)඀ ⋅ ൣ𝑓௖൫𝑘с,௟௛(ఠ)൯ − 𝑓௛௛൫𝑘с,௟௛(ఠ)൯൧ ,  (18) 

Here it is taken into account that ቀୣ୅బୡℏ ቁଶ = ଶ஠ୣమ୬ಡୡ ୍(ℏன)మ, ζ୦୦ = 4 ஑ಡℏమனమ ቀୣ୅బୡℏ ቁଶ หpୡ,୚ หଶ, ζ୪୦ = ζ୦୦ 3⁄ ,αன = 6ωଶT୦୦(ଵ)T୪୦(ଵ) ୍୍బ, 𝐼଴ = ௖௡ഘℏయఠయଶగ|஻| , 𝑘с,௅(ఠ) = ටଶఓశ(с,ಽ)ℏమ ൫ℏ𝜔 − 𝐸௚൯, 𝜇ା(௖,௅) = ௠೎௠ಽ௠೎ା௠ಽ (𝐿 = 𝑙ℎ, ℎℎ). 𝑓௖൫𝑘с,௟௛(ఠ),𝑇൯, 𝑓௛௛൫𝑘с,௟௛(ఠ),𝑇൯ and 𝑓௛௛൫𝑘с,௟௛(ఠ),𝑇൯-
distribution functions of electrons, light and heavy holes participating in optical transitions from subbands of the valence 
band to the conduction band; symbol ⟨. . . ⟩ denotes averaging over solid angles of the wave vector. 

Carrying out angular averaging over the solid angles of the wave vector of current carriers in (18, 19), we obtain 
that both the 1FP coefficient Kс,±ଵ/ଶ;୦୦,±ଷ/ଶ(ଵ) (I) (Fig. 2 a) and the linear-circular dichroism coefficient ηс,±ଵ/ଶ;୦୦,±ଷ/ଶ(ଵ) (I) =୛с,±భ/మ;౞౞,±య/మ(భ,с౟౨с) (୍)୛с,±భ/మ;౞౞,±య/మ(భ,ౢ౟౤౛౗౨) (୍) (Fig. 2 b) decrease with increasing Rabi parameter ζ୦୦(𝐼) (light intensity) for optical transitions from the 

heavy hole subband to the conduction band in InAs. Calculations show that in InSb the light absorption coefficient Kс,±ଵ/ଶ;୦୦,±ଷ/ଶ(ଵ) ( ζ୦୦ = 0) is approximately 5 times less than the light absorption coefficient due to optical transitions from 

the light hole subband to the conduction band, and the coefficient ηс,±ଵ/ଶ;୦୦,±ଷ/ଶ(ଵ) (I) = ୛с,±భ/మ;౞౞,±య/మ(భ,с౟౨с) (୍)୛с,±భ/మ;౞౞,±య/మ(భ,ౢ౟౤౛౗౨) (୍) decreases by 

approximately 1.1 times. 

  
а) b) 

Figure 2. Dependence of the coefficients 1FA 𝐾(ଵ) (a) and linear-circular dichroism 𝜂с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ) (𝐼) = ௐс,±భ/మ;೓೓,±య/మ(భ,с೔ೝс) (ூ)ௐс,±భ/మ;೓೓,±య/మ(భ,೗೔೙೐ೌೝ) (ூ) (b) on the 

Rabi parameter 𝜁௛௛(𝐼) (on light intensity) for optical transitions from the heavy hole subband to the conduction band in InAs. 
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Thus, it was shown that the main contribution to the single quantum absorption coefficient of light comes from light 
holes participating in interband optical transitions from the subbands of the valence band to the conduction band. 

Next, it is advisable to analyze the spectral-temperature dependences of the distribution functions of heavy 
(𝑓௛௛(𝜔,𝑇)) and light (𝑓௟௛(𝜔,𝑇)) holes (see Fig. 3), since 𝐾(ଵ)(𝜔,𝑇) is determined by the spectral-temperature dependence 𝑓௛௛(𝜔,𝑇) and 𝑓௟௛(𝜔,𝑇) (see formula (18), (19). Calculations using spectral temperature dependences 𝑓௛௛(𝜔,𝑇) and 𝑓௟௛(𝜔,𝑇) (in the approximation of non-degenerate statistics [16] show that for InSb: 

a) at a fixed frequency, with increasing temperature, the distribution functions increase, reach a maximum, and then 
decrease, since the distribution functions consist of the product of 𝑇ିଷ/ଶ and exp(−𝐸∗ 𝑘  ஻ 𝑇)⁄ , where 𝐸∗-is the energy of 
photoexcited holes; 

b) the maximum values of the distribution functions decrease with increasing frequency, the relative change of which 
depends on the band parameters of the crystal, for example, on 𝐸௚(𝑇). In particular, in narrow-gap crystals this value is 
greater than in wide-gap crystals: for example, in InSb it is approximately 5.4 times greater than in InSb; 

c) if we take into account the dependence of band parameters on temperature (according to (8) and (9)), then the 
distribution function of light (heavy) holes in InSb decreases by approximately 5.3 (2.5) times, and in InAs - by 5,2 
(2) times. 

The above cases certainly influence the spectral-temperature dependences 𝐾(ଵ)(𝜔,𝑇), which are analyzed below. 

  
Figure 3. Spectral-temperature dependences of the distribution functions of heavy (a) and light (b) holes in InSb. 1 (2) – corresponds 
to 𝐸௚ = 𝐸௚(𝑇 = 0 𝐾)(𝐸௚(𝑇)) 

In Figure 4 shows spectral-temperature dependences 𝐾(ଵ)(𝜔,𝑇) for optical transitions of subbands of light and heavy 
holes into the conduction band in InSb when illuminated with light of linear (1) and circular (2) polarization, where the 
temperature dependence of band parameters is not taken into account and the maximum value of coefficient 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,௟௜௡௘௔௥) (𝜔,𝑇) was taken as one unit , and the Rabi coefficient was chosen to be 0.5 [17, 18]. 

  

Figure 4. Spectral-temperature dependences of the 1FA coefficient of polarized light due to optical transitions from the subband of 
heavy 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ) (𝜔,𝑇) (a) and light 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) (𝜔,𝑇) (b) holes to the conduction band of InSb (a), where 1 (2) corresponds 
to light of circular (linear) polarization. The calculations did not take into account the temperature dependence 𝐸௚ (𝑇) and the 
maximum value of coefficient 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,௟௜௡௘௔௥) (𝜔,𝑇) was taken as one unit, and the Rabi coefficient was chosen equal to 0.5. 
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In this case, with increasing frequency and temperature, 𝐾(ଵ)(𝜔,𝑇) increases (as do the hole distribution functions), 
reaches a maximum, and then decreases. In Figure 5 shows graphs of values 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,) (𝜔,𝑇) and 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ,) (𝜔,𝑇) 
calculated taking into account the temperature dependence 𝐸௚ (𝑇). Calculations show that the amplitude value of the 1FP 
coefficient in the region of low frequencies and temperatures sharply decreases with increasing temperature. This situation 
is explained by the temperature and spectral dependences of the hole distribution functions. We also note that the transition 
of value 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,) (𝜔,𝑇) through a maximum in the temperature dependence is observed in the frequency range 𝜔�1,2𝐸௚/ℏ for InSb, 𝜔�1,1𝐸௚/ℏ for InAs and 𝜔�1,005𝐸௚/ℏ 110 K GaAs for both linear and circular polarization, and 
the temperature corresponding to this maximum is higher, the higher bandgap width. In particular, this temperature is 45 
K for InSb at 𝜔 = 1,3𝐸௚/ℏ, 80 K for InAs at 𝜔 = 1,4𝐸௚/ℏ and 110 K for GaAs at 𝜔 = 1,02𝐸௚/ℏ. 

  
Figure 5. Spectral-temperature dependences of the 1PA coefficient caused by optical transitions from the subband of heavy holes 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ) (𝜔,𝑇) (a) and light holes 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) (𝜔,𝑇) (b) to the conduction band in InSb), where 1 (2) corresponds to light 
of circular (linear) polarization. The calculations took into account the temperature dependence 𝐸௚ (𝑇) and the maximum value of 
coefficient 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,௟௜௡௘௔௥) (𝜔,𝑇) was taken as one unit, and the Rabi coefficient was chosen equal to 0.5. 

In Figure 6 shows the spectral-temperature dependences of the ratios 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)ൗ  and in InSb 
crystals. Here 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)  and 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)  the coefficients 1FP taking into account (Fig. 5 a) and without taking into 
account (Fig. 5 b) the temperature dependence of the band parameters, where the contribution of the coherent saturation 
effect is neglected (therefore 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ)  do not depend on the degree of polarization of light). From this figure it is 
clear that the contribution of optical transitions from the heavy hole subband is greater than the contribution of optical 
transitions from the light hole subband to the conduction band in InSb, and this contribution increases when taking into 
account 𝐸௚ (𝑇). 

  
Figure 6. Spectral-temperature dependence of the ratio 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)ൗ  in  InSb, where 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) ቀ𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) ቁ is the coefficient 1PA taking into account (a) and without taking into account (b) the temperature 
dependence of band parameters, where the contribution of the coherent saturation effect is neglected. 
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Figure 7. Spectral-temperature dependence of the ratio 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)ൗ  for light of linear (line 1) and circular 
(line 2) polarization, caused by optical transitions from the subband of light (a) and heavy (b) holes to the conduction band of 
InSb. In the calculations, the maximum value of the coefficient 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,௟௜௡௘௔௥) (𝜔,𝑇) was taken as one, and the Rabi coefficient 
was chosen equal to 0.5. 

In Figure 7 shows the spectral-temperature dependences of the ratio 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)ൗ  for linearly (line 1) 
and circularly polarized light (line 2), caused by interband optical transitions from the light hole subband to the InSb 
conduction band, from where, that 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ) 𝐾с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ)ൗ  in a narrow-gap semiconductor for linear polarization in 
low-temperature regions is significantly greater than for circular polarization when taking into account the effect of 
coherent saturation. In this case, as calculations show, in the low-temperature region, the main contribution comes from 
optical transitions from the heavy hole subband, regardless of the degree of light polarization, both with and without 
taking into account the contribution of the coherent saturation effect. 

According to (17), the spectral-temperature dependences 𝐾 (ଵ)(𝜔,𝑇) are determined by the distribution functions of 
heavy and light holes. 

Consequently, taking into account relations (8) and (9) allows us to compare distribution functions both by 
temperature (at a fixed frequency) and by frequency (at a fixed temperature). 

In Figure 8 shows the spectral-temperature dependence of the hole distribution functions 𝑓(𝜔,𝑇), calculated taking 
into account the temperature dependence of the band gap and effective masses in InSb, where graphs 1(2) and 3(4) 
correspond to light (heavy) holes, calculated from (8) and (9). 

 
Figure 8. Spectral - temperature dependence of the hole distribution functions, calculated taking into account the temperature 
dependence of the band gap and effective masses in InSb, where graphs 1 (2) and 3 (4) correspond to light (heavy) holes, calculated 
from (8) and (9). 

From these graphs it can be seen that in the region of low frequencies and high temperatures 𝑓(𝜔,𝑇) decreases 
slightly (less than 5%) when moving from (8) to (9): the amplitude value of the distribution functions of heavy holes 
decreases by approximately 1.7 times in the low-frequency range. However, in the region of high frequencies and low 
temperatures the opposite is true. 

Note that since the coefficient of single-photon interband absorption of light is proportional to the wave vector of 
photoexcited current carriers 𝑘с,௅(ఠ) = ൣ2𝑚௖𝑚௅ℏିଶ൫ℏ𝜔 − 𝐸௚൯ (𝑚௖ + 𝑚௅)⁄ ൧ଵ/ଶ, then under condition ℏ𝜔 = 𝐸௚ it becomes 
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zero, which means that light absorption satisfies condition ℏ𝜔 ≥ 𝐸௚, where 𝐸௚ = 𝐸௚(𝑇 = 0). But if we take into account 

expressions (8) and (9), then 𝑘с,௅(ఠ)(𝑇) = ቄ2𝑚௖(𝑇)𝑚௅ℏିଶ ቀℏ𝜔 − 𝐸௚(𝑇)ቁ ሾ𝑚௖(𝑇) + 𝑚௅ሿൗ ቅଵ/ଶ
 increases with increasing 

temperature, since with increasing temperature 𝐸௚(𝑇) decreases. As a result, the light absorption edge satisfies condition ℏ𝜔 ≤ 𝐸௚(𝑇 = 0) (instead of ℏ𝜔 ≥ 𝐸௚). 

 
Figure 9. Spectral-temperature dependence of the relative total 1PA 𝜂с;௏(ଵ,с௜௥௖) =ቀ𝐾෩с,±ଵ/ଶ;௛௛,±ଵ/ଶ(ଵ,с௜௥௖) + 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,с௜௥௖) ቁ ቀ𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,с௜௥௖) + 𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଵ,с௜௥௖) ቁൗ  for circularly polarized light in  InSb. In the calculations, 

the maximum value of the coefficient 𝐾෩с,±ଵ/ଶ;௟௛,±ଵ/ଶ(ଵ,௟௜௡௘௔௥)  was taken as one, and the Rabi coefficient was chosen equal to 0.5, where 
graphs 1 and 2 were calculated using formulas (8) and (9), respectively. 

Calculations show that at room temperature the contribution of heavy holes to coefficient 𝐾෩с,௠;௅,௠ᇱ(ଵ) (𝜔,𝑇) is approximately 
10 times greater than the contribution of light holes in the frequency range satisfying condition 1.1𝐸௚ < ℏ𝜔 < 1.5𝐸௚. This 
situation also occurs in the spectral-temperature dependences of the resulting 1PA coefficient (see Fig. 9), and the physical 
nature of these dependences is explained by a similar frequency dependence of the nonequilibrium distribution functions 
of current carriers. 

 
CONCLUSIONS 

In conclusion, this study provides an in-depth theoretical framework to understand the mechanisms underlying 
single-photon interband absorption in semiconductors with diamond and zinc blende lattice structures. By incorporating 
temperature-dependent bandgap variations and the mixing of valence and conduction band states, the research highlights 
key factors that influence the absorption process. Heavy hole contributions were found to dominate over light hole 
contributions, with a significant enhancement of absorption coefficients in narrow-gap semiconductors at lower 
temperatures. The findings also reveal a pronounced dependence of linear-circular dichroism on light intensity, attributed 
to the coherent saturation effects. 

The results underscore the critical role of temperature and band structure in determining optical absorption 
properties, offering valuable insights for applications in optoelectronic devices. However, the study also emphasizes the 
need for experimental validation to verify these theoretical predictions. Future work should focus on extending the 
analysis to a broader class of semiconductors and exploring the interplay of higher-order effects, such as spin-orbit 
coupling, to refine the understanding of optical absorption phenomena. These advancements will not only enhance the 
theoretical accuracy but also pave the way for practical implementations in advanced semiconductor technologies. 
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ТЕОРЕТИЧНИЙ АНАЛІЗ МІЖЗОННОГО ОДНОФОТОННОГО ПОГЛИНАННЯ СВІТЛА В 
НАПІВПРОВІДНИКАХ: ЕФЕКТИ ЗМІШУВАННЯ ЗОН ВАЛЕНТНОЇ ПРОВІДНОСТІ ТА 

ТЕМПЕРАТУРНО-ЗАЛЕЖНОЇ ЗАБОРОНЕНОЇ ЗОНИ 
Рустам Я. Расуловa, Вохоб Р. Расуловa, Нурілло У. Кодіровa, Мардон Х. Насіровc, Ікбол М. Ешболтаєвb 
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 bКокандський державний педагогічний інститут, Коканд, Узбекистан 

cФерганский политехнический институт, Фергана, Узбекистан 
У цьому дослідженні представлено теоретичний аналіз спектральної та температурної залежності коефіцієнта однофотонного 
поглинання лінійно та циркулярно поляризованого світла в напівпровідниках із ґратковими структурами алмазу та цинкової 
обманки. Розглядаються оптичні переходи, що включають підзони легких і важких дірок і зону провідності, включаючи такі 
ефекти, як температурно-залежна заборонена зона, змішування станів валентної зони провідності та когерентне насичення. 
Отримані дані показують, що важкі діри сприяють однофотонному поглинанню приблизно в 10 разів більше, ніж легкі. Крім 
того, досліджується зв’язок між лінійно-круговим дихроїзмом та інтенсивністю світла, підкреслюючи роль когерентних 
ефектів насичення. 
Ключові слова: напівпровідник; температурна залежність забороненої зони; змішування станів валентної зони зі станами 
зони провідності; однофотонне поглинання; спектрально-температурна залежність 
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The frequency-temperature dependences of the probability of two-photon absorption (2PA), caused by transitions from the branch of 
light holes to the subband of spin-orbit splitting and linear-circular dichroism (LCD) associated with 2PA, as well as the coefficient of 
two-photon light absorption in GaAs and InAs, where the contribution to the absorption of the effect of coherent saturation. The role 
of various types of transitions, differing from each other in virtual states and participating in the 2PT, is analyzed. In GaAs and InAs, 
the presence of several peaks in the frequency-temperature dependences of the 2PA coefficient was revealed; the appearance of the 
peaks is explained not only by a specific change in the distribution functions of photoexcited holes, but also by the fact that at certain 
frequency values, some denominators in the expressions of the composite matrix elements tend to zero. 
Keywords: Two-photon optical transitions; Virtual states; Multiphoton optical transitions; Two-photon absorption coefficient; 
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INTRODUCTION 
Nonlinear spectroscopy of solids has proven invaluable in determining their optical and electronic parameters. For 

instance, when single-photon absorption is forbidden by selection rules, multiphoton transitions may become allowed [1]. 
The processes of multiphoton absorption in crystals have been the subject of extensive theoretical and experimental 
studies since the advent of the laser (see, for example, [2–7]). This interest in multiphoton absorption has been driven by 
the significance of nonlinear absorption facilitated by powerful lasers and masers, as well as its role in numerous aspects 
of fundamental research in semiconductor physics. It should be noted that in the processes of electron-hole pair generation 
induced by intense optical radiation, both in bulk [2–13] and low-dimensional crystals, multiphoton interband and 
intraband transitions play a critical role [14–24]. 

Although [14–24] investigated optical phenomena in bulk and low-dimensional crystals, where either interband 
transitions or transitions between the branches of light and heavy holes are restricted, the question of single- and 
multiphoton absorption of linearly and circularly polarized light in narrow- and wide-bandgap semiconductors, driven by 
optical transitions from the branches of light and heavy holes to the spin-orbit split subband of the valence band, remains 
unresolved. This study is dedicated to addressing this issue. 

Effective Luttinger–Kohn Hamiltonian for III–V Semiconductors (GaAs, InAs) Formulation of the 
Luttinger–Kohn Hamiltonian 

In zincblende III–V semiconductors, the top valence bands (heavy-hole, light-hole, and split-off bands) are described 
by the Luttinger–Kohn (LK) Hamiltonian derived from 𝑘 ⋅ 𝑝 theory. This effective Hamiltonian acts on the Bloch states 
at the Brillouin-zone center with total angular momentum 𝑗 = 3/2 (degenerate heavy-hole and light-hole, Γ଼  symmetry) 
and 𝑗 = 1/2 (split-off band, Γ଻) due to the spin–orbit interaction. The LK Hamiltonian is a 6 × 6 matrix (or 4 × 4 if the 
split-off band is excluded) built from the angular momentum 𝐽 = 3/2 matrices 𝐽መ௫, 𝐽መ௬, 𝐽መ௭ and wavevector components 𝑘௫, 𝑘௬,𝑘௭. To second order in 𝐤, the general form can be written (in the 𝑗 = 3/2 basis) as a quadratic form in 𝑘௜𝑘௝𝐽௜𝐽௝ 
terms with three dimensionless Luttinger parameters 𝛾ଵ, 𝛾ଶ, 𝛾ଷ. In an isotropic approximation (neglecting cubic 
anisotropy), the Hamiltonian simplifies to:  𝐻௅௄ = ℏమଶ௠బ ቂቀ𝛾ଵ + ହଶ 𝛾ଶቁ 𝑘ଶ − 2𝛾ଶሺ𝒌 ∙ 𝑱ሻଶቃ, 
where 𝑚଴ is the free electron mass, 𝑘ଶ = 𝑘௫ଶ + 𝑘௬ଶ + 𝑘௭ଶ, and 𝐤 ⋅ 𝐉 = 𝑘௫𝐽መ௫ + 𝑘௬𝐽መ௬ + 𝑘௭𝐽መ௭. This is the so-called spherical 
approximation (𝛾ଶ = 𝛾ଷ), which is often used for simplicity. In the general case for cubic crystals, 𝛾ଶ ≠ 𝛾ଷ, and one must 
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include distinct terms for 𝐽መ௜ଶ𝑘௜ଶ and the off-diagonal couplings 𝐽መ௜ , 𝐽መ௝𝑘௜ , 𝑘௝ (which cause band warping). An explicit 
representation of the full 4 × 4 LK Hamiltonian (for the 𝑗 = 3/2 subspace) in the Bloch basis |3/2,𝑚௝ൿ is  

𝐻௅௄ସ×ସ = ℏଶ2𝑚଴ ൮ 𝐴 −𝐵 𝐶 0−𝐵∗ 𝐷 0 𝐶𝐶∗ 0 𝐷 𝐵0 𝐶∗ 𝐵∗ 𝐴൲ 

where (suppressing factor ℏଶ/2𝑚଴) 𝐴 = 𝛾ଵ𝑘ଶ + (𝛾ଶ + 𝛾ଷ)(𝑘௫ଶ + 𝑘௬ଶ − 2𝑘௭ଶ), 𝐷 = 𝛾ଵ𝑘ଶ + (𝛾ଶ + 𝛾ଷ)(𝑘௭ଶ + 𝑘௬ଶ − 2𝑘௫ଶ) 
(cyclic permutations for 𝐷) and the off-diagonal couplings are 𝐵 = 2√3, 𝛾ଷ, 𝑘௭(𝑘௫ − 𝑖𝑘௬), 𝐶 = −√3, 𝛾ଶ, (𝑘௫ଶ − 𝑘௬ଶ) +2𝑖√3, 𝛾ଷ, 𝑘௫𝑘௬. (Here the basis is ordered as |3/2, +3/2⟩, |3/2,−1/2⟩, |3/2, +1/2⟩, |3/2,−3/2⟩ for this matrix.) The 6 × 6 Hamiltonian including the split-off 𝑗 = 1/2 states is an extension of the above, with the spin–orbit energy Δୗ୓ 
separating the Γ଻ band on the diagonal and additional 𝑘-dependent coupling terms between 𝑗 = 3/2 and 𝑗 = 1/2 blocks. 
In the absence of inversion asymmetry (no bulk inversion asymmetry term 𝐵 = 0 for centrosymmetric zincblende), the 
above 𝐻୐୏ is the standard effective Hamiltonian for holes in III–V compounds first formulated by Luttinger (1956). 
Eigenenergies and Eigenfunctions Zone-center basis: At 𝑘 = 0 (the Γ point), the valence-band edges consist of a four-
fold degenerate Γ଼  state (spin–orbit j=3/2 quartet) and a split-off Γ଻ doublet separated by Δୗ୓. One convenient choice of 
orthonormal Bloch basis for the Γ଼  valence states is in terms of spin–orbit coupled atomic 𝑝-orbitals |𝑋⟩, |𝑌⟩, |𝑍⟩ and spin ↑, ↓. For example:  |3/2, +3/2⟩ = ିଵ√ଶ (|𝑋 + 𝑖𝑌⟩ ↑), 

|3/2, +1/2⟩ = ିଵ√଺ (|𝑋 + 𝑖𝑌⟩ ↓) + ටଶଷ (|𝑍⟩ ↑, 
|3/2,−1/2⟩ = ଵ√଺ (|𝑋 − 𝑖𝑌⟩ ↑) + ටଶଷ (|𝑍⟩ ↓),  |3/2,−3/2⟩ = ଵ√ଶ (|𝑋 − 𝑖𝑌⟩ ↓),  

up to overall phase factors. Here |3/2, ±3/2⟩ are “heavy-hole” (HH) states with angular momentum projection 𝑚௝ =±3/2 (maximally aligned orbital and spin), and |3/2, ±1/2 > are “light-hole” (LH) states (𝑚௝ = ±1/2) which are a 
mixture of spin-up and spin-down with the 𝑝௭-orbital character. The split-off |1/2, ±1/2⟩ states (not written above) are 
primarily 𝑝௭-type with opposite spin mixture and lie Δୗ୓ lower in energy.  

Dispersion and effective masses: For a given wavevector 𝐤, one finds the band energies by diagonalizing 𝐻୐୏. Along 
high-symmetry axes, the eigenstates can often be chosen as pure 𝑚௝ states. For example, if 𝐤 is taken along the 𝑧-axis 
([001] direction), then 𝐽መ𝑧 commutes with 𝐻LK , so 𝑚௝ remains a good quantum number. In this case, the HH states (𝑚௝ =±3/2) decouple from the LH states (𝑚௝ = ±1/2), yielding parabolic dispersions:  

Heavy-hole band: 𝐸௛௛(𝑘|) = ℏమ௞|మଶ௠బ (𝛾ଵ − 2𝛾ଶ) for 𝐤 = 𝑘|𝑧̂. This implies an effective mass 𝑚௛௛[଴଴ଵ] = ௠బఊభିଶఊమ 
along [001].  

Light-hole band: 𝐸௟௛(𝑘|) = ℏమ௞|మଶ௠బ (𝛾ଵ + 2𝛾ଶ) for 𝐤 = 𝑘|𝑧̂ , with effective mass 𝑚௟௛[଴଴ଵ] = ௠బఊభାଶఊమ.  
Twofold spin degeneracy is retained (e.g. 𝑚௝ = +3/2 and −3/2 give the same 𝐸௛௛). Because 𝛾ଵ > 𝛾ଶ for typical 

III–Vs, the HH band is “heavier” (larger effective mass, smaller curvature) than the LH band. For directions other than 
[001], the angular momentum projection is not a conserved quantum number, and the HH–LH states mix under the 
influence of the 𝛾ଷ terms in the Hamiltonian. This mixing leads to anisotropic dispersion or warping. For instance, for 
motion along the [111] direction one finds 𝐸௛௛(𝑘[ଵଵଵ]) ∝ (𝛾ଵ − 2𝛾ଷ)𝑘ଶ and 𝐸௟௛(𝑘[ଵଵଵ]) ∝ (𝛾ଵ + 2𝛾ଷ)𝑘ଶ, which differ 
from the [001] masses if 𝛾ଷ ≠ 𝛾ଶ. In GaAs and InAs, 𝛾ଷ > 𝛾ଶ (see values below), so the constant-energy surfaces of the 
HH band are non-spherical, with the dispersion being flatter (heavier mass) along [111] than along [001]. The LK model 
thus captures the cubic anisotropy of the valence band, while still providing analytic eigenfunctions (four-component 
spinors) that are combinations of the Bloch basis states above. These LK eigenstates are used as envelope functions in 
envelope-function approximations for heterostructures and to calculate transition matrix elements for optical processes.  

 
Standard Luttinger Parameters for GaAs and InAs 

The Luttinger parameters (𝛾ଵ, 𝛾ଶ, 𝛾ଷ) are typically determined by fitting the model to experimentally measured band 
dispersions (effective masses) or derived from ab initio band structure calculations. Below we list representative room-
temperature values for GaAs and InAs: 

GaAs: 𝛾ଵ ≈ 6.98, 𝛾ଶ ≈ 2.06, 𝛾ଷ ≈ 2.93; these differences are minor and reflect fit updates. Δୗ୓ ≈ 0.341 eV for 
GaAs. 
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InAs: 𝛾ଵ ≈ 20.0, 𝛾ଶ ≈ 8.5, 𝛾ଷ ≈ 9.2 with Δୗ୓ ≈ 0.39 eV. These large parameter values indicate the strongly 
nonparabolic, highly anisotropic valence band in InAs (heavy holes in InAs have an especially large effective mass due 
to 𝛾ଵ − 2𝛾ଶ being small).  

 
Two-photon light absorption in A3B5 semiconductors 

The two-photon absorption (2PA) coefficient is expressed in the following form [9–11]: 
where: 𝑓௟ℎ,௞ሬ⃗(ଶ) ቀ𝑓ℎℎ,௞ሬ⃗(ଶ)ቁ- is the distribution function of light (lh) and heavy (hh) holes, 𝑀௟௛,௠;௛௛,௠ᇲ(ଶ) (𝑘ሬ⃗ ) - is the matrix element 

(ME) of the transition |ℎℎ,𝑚⟩ ଶ௉஺ሱ⎯ሮ ห𝑙ℎ,𝑚′⟩, I (𝜔)- represents the intensity (or frequency, ω\omega) of light, the wave 

vector of holes participating in optical transitions |ℎℎ, ±3/2⟩ ଶ௉஺ሱ⎯ሮ |𝑙ℎ, ±1/2⟩, with the energy dispersion 𝐸௏೗(𝑘ሬ⃗ ) =(𝐴 − (−1)௟𝐵)𝑘ଶ = ℏమଶ௠೗ 𝑘ଶ (𝑙 = 1,2, 𝑙 = 1(ℎℎ), is given as: 𝑙 = 2(𝑙ℎ)-for heavy holes, the wave vector is expressed as: 𝑘௟ℎ,ℎℎ(ଶఠ) = ൫2𝜇௟ℎ,ℎℎℏିଶ2ℏ𝜔൯ଵ/ଶ
, where 𝜇௟ℎ,ℎℎ = ௠ℎℎ௠೗ℎ௠ℎℎି௠೗ℎis the 

reduced mass of the holes. 
The energy of heavy holes with such a wave vector is equal to 𝐸ℎℎ൫𝑘௟ℎ,ℎℎ(ଶఠ)൯ = ௠೗ℎ௠ℎℎି௠೗ℎ 2ℏ𝜔, while the energy of light 

holes is 𝐸௟ℎ൫𝑘௟ℎ,ℎℎ(ଶఠ)൯ = ௠ℎℎ௠ℎℎି௠೗ℎ 2ℏ𝜔, and their distribution functions are determined respectively as: 

 𝑓ൣ𝐸௛௛൫𝑘௟௛,௛௛(ଶఠ) ൯൧ = 𝑒𝑥𝑝 ቀ− ଶℏఠ௞ಳ் ௠೗೓௠೓೓ି௠೗೓ቁ 𝑒𝑥𝑝 ቀ ாಷ௞ಳ்ቁ  (2) 

and 

 𝑓ൣ𝐸௟௛൫𝑘௟௛,௛௛(ଶఠ) ൯൧ = 𝑒𝑥𝑝 ቀ− ଶℏఠ௞ಳ் ௠೓೓௠೓೓ି௠೗೓ቁ 𝑒𝑥𝑝 ቀ ாಷ௞ಳ்ቁ. (3) 

Calculations show that if the temperature dependence of the bandgap width, the effective masses of charge carriers, 
and the effect of coherent saturation are not taken into account, the distribution functions increase with temperature at a 
fixed frequency, reach a maximum, and then decrease. At a fixed temperature, the distribution functions decrease with 
increasing frequency. This behavior of the distribution functions plays a key role in the frequency-temperature 
dependence of the 2PA coefficient. 

Further, it should be noted that in subsequent calculations, unlike in [25], it is assumed that during multiphoton 
transitions, virtual states exist not only in the branches of heavy and light holes but also in the spin-orbit split subband. 

Quantitative calculations show that the optical transitions considered in [25] for wide-bandgap semiconductors 
provide the main contribution to absorption in the low-frequency region, while the contribution in the high-frequency 
region ൫𝜟𝑺𝑶 ≤ 𝟐ℏ𝝎 ≤ 𝑬𝒈൯ is less than 5%. Therefore, further analysis will focus on transitions between the light hole 
subband and the spin-orbit split subband, as these transitions make a significant contribution in the frequency region 𝛥ௌை ≤ 2ℏ𝜔 ≤ 𝐸௚ ൫𝛥ௌை ,𝐸௚ ≤ 2ℏ𝜔൯ for wide-bandgap (narrow-bandgap) semiconductors. 

 
Matrix elements of two-photon transitions from the light hole branch to the spin-orbit split subband 

When the photon energy satisfies the condition 𝛥ௌை ≤ 2ℏ𝜔, optical transitions occur from the heavy and light hole 
branches to the spin-orbit split subband. In particular, two-photon optical transitions from the light hole branch of the 
valence band to the spin-orbit split subband occur in two stages: in the first stage, i.e., during a transition of type |𝑙ℎ, ±1/2⟩ ⇒ |𝑆𝑂, ±1/2⟩, the spin direction does not change during the optical transition, while in the second stage, |𝑙ℎ, ±1/2⟩ ⇒ |𝑆𝑂,∓1/2⟩ (see Fig. 1), the spin direction reverses (see Table 1). 
Table 1. Composite matrix elements of optical transitions from the light and heavy hole branches to the spin-orbit split subband (each 

multiplied by ቀ௘஺బ(௖ℏ)ቁଶ, x ye e ie±′ ′ ′= ± 𝑒ᇱଶୄ = 𝑒ᇱ௫ଶ + 𝑒ᇱ௬ଶ). 

Virtual state Composite matrix elements of optical transitions 
  

 Type 1 optical transitions (spin direction does 
not change) 

Type 2 optical transitions (spin direction reverses) 

In the branches of the 
valence band 

𝐵ଶ𝑘ଶℏ𝜔√2 ൤ 3ℏ𝜔𝐸௛௛ − 𝐸௟௛ − ℏ𝜔 𝑒ᇱଶୄ + 4 ൬𝐴𝐵 + 1)൰ 𝑒ᇱ௭ଶ൨ 𝑖√6 2(𝐴 + 𝐵)𝑃௖𝑘ℏ𝜔 𝑒ାᇱ 𝑒௭ᇱ  
In the spin-orbit split 

subband 
− 𝑃௖ଶ3√2 1𝐸௖௢௡ௗ − 𝐸௟௛ − ℏ𝜔 ൫𝑒ᇱୄ ଶ + 4𝑒௭ᇱଶ൯ 1√2 𝑃௖ଶ(𝐸௖௢௡ௗ − 𝐸௟ℎ − ℏ𝜔) 𝑒ା′ 𝑒௭′  

In the conduction band 2√2𝐴𝐵 𝐵ଶ𝑘ଶ(𝐸ௌை − 𝐸௟௛ − ℏ𝜔) 𝑒ᇱ௭ଶ 3√2𝐴𝐵𝑘ଶ𝐸ௌை − 𝐸௟௛ − ℏ𝜔 𝑒௭ᇱ𝑒ାᇱ  
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In Table 1: 𝐴,𝐵 -band parameters of the semiconductor, 𝐵 = ℏమସ ௠೓೓ି௠೗೓௠೗೓௠೓೓ , bandgap parameters, 𝑃௖- Kane parameter 
[26, 27], 𝑒ఈᇱ (𝛼 = 𝑥,𝑦, 𝑧)-components of the light polarization vector, 𝐴଴-amplitude of the electromagnetic wave vector 
potential. 

In particular, for the optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ shown in Fig. 1, the square of the modulus of 
the sum of the matrix elements (ME) is written as: 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ൫ℜ௓𝑒ᇱ௭ସ + ℜୄ𝑒ᇱସୄ + ℜ௓ୄ𝑒ᇱଶୄ 𝑒ᇱ௭ଶ൯, (4) 

and for optical transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩: 
 ห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ = ቀ௘஺బ௖ℏ ቁସ ቀ஻௞మℏఠ ቁଶ ℜ௭ୄᇱ 𝑒ᇱଶୄ 𝑒ᇱ௭ଶ, (5) 

where: 

 ℜ௓ = 16 ൤ቀ஺஻ ℏఠாೄೀିா೗೓ିℏఠቁଶ + ቀ஺஻ + 1)ቁଶ + ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ൨,  (6 a) 

 ℜୄ = ൤ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ + ቀ ଷℏఠா೓೓ିா೗೓ିℏఠቁଶ൨,  (6 b) 

 ℜ௓ୄ = ൤8 ቀ ௉೎మଷ஻మ௞మ ℏఠா೎೚೙೏ିா೗೓ିℏఠቁଶ + ଶସℏఠா೓೓ିா೗೓ିℏఠ ቀ஺஻ + 1)ቁ൨,  (6 c) 

 ℜ௭ୄᇱ = ൤ସ଺ ቀ஺஻ + 1ቁଶ ቀ௉೎஻௞ቁଶ + ଵଶ ቀ ௉೎మℏఠ஻௞మ(ா೎೚೙೏ିா೗೓ିℏఠ)ቁଶ + 18 ቀ஺஻ቁଶ ቀ ℏఠாೄೀିா೗೓ିℏఠቁଶ൨.  (6 d) 

    
Figure 1. Types of two-photon transitions from the light hole branch of the valence band to the spin-orbit split subband |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩: a) Intermediate states are located in the light hole branch; b) In the spin-orbit split subband; c) In the 
heavy hole subband; d) In the heavy hole subband. In such optical transitions, the spin direction of charge carriers does not change. Optical 
transitions involving spin flip are determined in a similar manner, where the substitution |SO,±1/2⟩↔|SO,∓1/2⟩ must be applied. 

It should be noted that if the energy conservation law associated with TPA is taken into account, the energies of the 
holes involved in optical transitions from the light hole branch to the spin-orbit split subband are determined by the 
following expression 

 𝐸௖(𝑘ௌை,௟௛(ଶఠ) ) = ௠ೄೀ⋅௠೗೓௠೎೚೙೏(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை) + 𝐸௚, (7) 𝐸௟௛(𝑘ௌை,௟௛(ଶఠ) ) = ௠೎௠೎ି௠೗೓ (2ℏ𝜔 − 𝛥ௌை), 𝐸௛௛(𝑘ௌை,௟௛(ଶఠ) ) = ௠ೄೀ⋅௠೗೓௠೓೓(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை), 

and their wave vector is given by: 𝑘ௌை,௟௛(ଶఠ) = ටଶఓష(ೄೀ,೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) where: 𝜇 (ିௌை,௟௛) = ௠ೄೀ௠೗೓௠ೄೀି௠೗೓- is the reduced mass of the 

holes, gE  (𝛥ௌை)- is the bandgap width (spin-orbit splitting), 𝑚ௌை - is the effective mass of the holes, 𝐸ௌை(𝑘ሬ⃗ ) = 𝛥ௌை +ℏమଶ௠ೄೀ 𝑘ଶ- is the energy spectrum of the holes in the spin-orbit split subband. 

It should be noted that we will conventionally classify semiconductors as wide-bandgap ൫𝐸௚⟩𝛥ௌை൯, intermediate-
bandgap ൫𝐸௚ ≈ 𝛥ௌை൯, and narrow-bandgap ൫𝐸௚⟨𝛥ௌை൯. Now, let us analyze both interband and intraband optical transitions 
in these semiconductors. It is known that an optical transition between the conduction band and the valence band 
(interband optical transition) occurs when the condition 𝐸௚⟨2ℏ𝜔 is satisfied, while transitions from the light and heavy 
hole branches to the spin-orbit split subband (intraband optical transition) occur under the condition 𝛥ௌை⟨2ℏ𝜔. Thus, the 
order of interband and intraband optical transitions depends on the ratio ா೒௱ೄೀ. From this, it can be seen that as the frequency 
increases in wide-bandgap (narrow-bandgap) semiconductors, intraband (interband) optical transitions occur first, 
followed by interband (intraband) optical transitions. In intermediate-bandgap semiconductors, both interband and 
intraband optical transitions occur (almost) simultaneously. This implies that when studying optical transitions, special 
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attention must be paid to the band structure of the semiconductor, which will be taken into account in subsequent 
calculations and in the analysis of results. 

Since we will subsequently calculate the spectral, temperature, and polarization dependencies of optical properties, 
such as the light absorption coefficient and LCD, driven by two-photon transitions from the light and heavy hole branches 
to the spin-orbit split subband, it should be noted that in wide-bandgap (narrow-bandgap) semiconductors, such transitions 
are allowed in the frequency range 𝛥ௌை⟨2ℏ𝜔⟨𝐸௚ ൫𝐸௚,𝛥ௌை⟨2ℏ𝜔൯. 

 
Linear-circular dichroism in two-photon transitions from the heavy and light hole branches to the spin-orbit 

split subband 
Next, we will calculate the spectral and polarization dependencies of the LCD coefficient, determined by the 

probability of two-photon transitions, taking into account the phenomenon of coherent saturation [28, 29]: 

𝑊(ଶ) = 2𝜋ℏ 2ℏ𝜔𝐼 ൬𝑒𝐴଴𝑚଴𝑐൰ଶ ൾ෍ቮ ෍ 𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ቮଶ௞ሬ⃗ ൦1 + ෍ 𝛼ఠ(ℏ𝜔)ଶ ቮ ෍ 𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ቮଶ௞ሬ⃗ ൪ିଵ/ଶං × 

× ൫𝑓௟௛,௞ሬ⃗ − 𝑓ௌை,௞ሬ⃗ ൯𝛿൫𝐸ௌை൫𝑘ሬ⃗ ൯ − 𝐸௟௛൫𝑘ሬ⃗ ൯ − 2ℏ𝜔൯,  (8) 

Where the symbol ⟨. . . ⟩ denotes averaging over the solid angles of the wave vector of the holes. Then, the square of 
the modulus of the two-photon matrix element (ME) is determined by the following relation: for optical transitions of 
type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩. 
 ℜௌை,௟௛(ଵ) = భమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మቀℜೋ௘ᇲ೥రାℜ఼௘ᇲర఼ ାℜೋ఼௘ᇲమ఼ ௘ᇲ೥మቁ

ඨଵାସ ഀഘℏమഘమభమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మቀℜೋ௘ᇲ೥రାℜ఼௘ᇲర఼ ାℜೋ఼௘ᇲమ఼ ௘ᇲ೥మቁ, (9) 

for optical transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ 
 ℜௌை,௟௛(ଶ) = ቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మℜ೥఼ᇲ ௘ᇲమ఼ ௘ᇲ೥మ

ඨଵାସ ഀഘℏమഘమቀ೐ಲబ೎ℏ ቁర൬ಳమೖమℏഘ ൰మℜ೥఼ᇲ ௘ᇲమ఼ ௘ᇲ೥మ, (10) 

where 

 4 ఈഘℏమఠమ ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ = 𝜉ோ ቀ௱ೄೀℏఠ ቁ଺ ൤ ఓೄೀ,೗೓ସఓ೓೓,೗೓ ቀ2 ℏఠ௱ೄೀ − 1ቁ൨ଶ, (11) 

𝜉ோ = 2𝛼௱ ቀ ூூ೩ቁଷ ௘ర஻మ௞೩మ - is the Rabi parameter, 𝑘௱ଶ = ଶఓ೓೓,೗೓ℏమ 𝛥ௌை, 𝛼௱ = 6 ௱ೄೀమℏమ 𝑇௡(ଵ)𝑇௡ᇲ(ଵ), 𝐼௱ = ௖௡ഘ௱ೄೀయ(ଶగ|஻|మ௞೩)-represent values in 
units of light intensity that depend on the band parameters of semiconductors, taking into account the energy conservation 
law describing two-photon transitions between the light and heavy hole subbands of the valence band. Since the value 𝐼௱ 
depends on the effective mass of the holes in the spin-orbit split subband and its width, it is therefore influenced by the 
choice of Kane's model (three-band or four-band). 

Thus, the coefficient of two-photon LCD light absorption depends not only on the band parameters of the 
semiconductor but also on the energy 𝐸௖൫𝑘௟௛,ௌை(ଶఠ) ൯ = ௠ೄೀ௠೗೓௠೎(௠ೄೀି௠೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) + 𝐸௚ of photoexcited electrons in the 

conduction band, 𝐸௛௛൫𝑘௟௛,ௌை(ଶఠ) ൯ = ௠ೄೀ௠೗೓௠೓೓(௠ೄೀି௠೗೓)ℏమ (2ℏ𝜔 − 𝛥ௌை) of heavy holes, and 𝐸ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯ = − ௠೗೓௠ೄೀି௠೗೓ (2ℏ𝜔 −𝛥ௌை) − 𝛥ௌை of holes in the spin-orbit split subband. 
If the contribution of the coherent saturation effect is neglected (i.e.,𝜉ோ = 0), then the average value of ർ∑ ቚ𝑀ௌை,௠ᇲ;௟௛,௠(ଶ) (𝑘ሬ⃗ )ቚଶ௠,௠ᇲୀ±ଵ/ଶ;௞ሬ⃗ ඀ is determined as follows: for linear polarization: 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ଵଵହ (3ℜ௓ + 8ℜୄ + 2ℜ௓ୄ), (12) 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ඀ = ଶଵହ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ ; (13) 

for circular polarization 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ଵଶ ଵଵହ (2ℜ௓ + 7ℜୄ + 3ℜ௓ୄ), (14) 

 ർห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ඀ = ଵଵ଴ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ . (15) 
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Thus, the dependence of the probabilities of two-photon transitions from the light hole branch to the spin-orbit split 
subband, |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑉, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩, for linearly polarized light is determined by the 
following relationships: 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ = ଵଶ ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ൫ℜ௓𝑒ᇱ௭ସ + ℜୄ𝑒ᇱସୄ + ℜ௓ୄ𝑒ᇱଶୄ 𝑒ᇱ௭ଶ൯, (16) 

 ห𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶหଶ = ቀ௘஺బ௖ℏ ቁସ ቀ஻మ௞మℏఠ ቁଶ ℜ௭ୄᇱ 𝑒ᇱଶୄ 𝑒ᇱ௭ଶ. (17) 

Here, for linearly polarized light 

 |𝑒௭ᇱ |ଶ = ଵଶ 𝑠 𝑖 𝑛ଶ𝜙ᇱ, ห𝑒±ᇱ หଶ = 1 − |𝑒௭ᇱ |ଶ ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ = ଵଶ (1 + 𝑐𝑜 𝑠ଶ 𝜙ᇱ) ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ, (18) 

and for circularly polarized light 

 2 22 2cos , sin ,ze eφ φ±′ ′= =  ห𝑒±ᇱ หଶ = ଵଶ (1 + 𝑐𝑜 𝑠ଶ 𝜙ᇱ) ∓ 𝑃௖௜௥௖ 𝑐𝑜𝑠 𝜙ᇱ, (19) 

where 𝜙(𝜙ᇱ) −is the angle between the vectors 𝑒(𝑞⃗) and 𝑘ሬ⃗ , 𝑒- is the light polarization vector, 𝑘ሬ⃗ (𝑞⃗) is the wave vector of 
the hole (photon), 𝑃௖௜௥௖ − is the degree of circular polarization. 

It should be noted that the polarization (angular) dependence, as well as the dependence on the Rabi factor for both 
the probability and the LCD coefficient, driven by two-photon optical transitions, are calculated according to relations 
(17) and (18). Initially, to simplify numerical calculations, we will ignore the contribution of the coherent saturation effect 
to the transition probabilities. 

The spectral and angular dependence of the transition probabilities |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ (𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥) ) 

and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩.  (𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  for linear polarization in GaAs and InAs semiconductors, calculated 

according to equations (17) and (18), are shown in Fig. 2. The transition probabilities for |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, 
and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for circular polarization are also depicted in Fig. 2. 

  

  
Figure 2. Spectral and angular dependencies of the transition probabilities of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for linear polarization: (a, c) in InAs and (b, d) in GaAs 
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The spectral and angular dependence of the transition probabilities |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, (𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥) ), and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩, (𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥) )  for linear polarization in GaAs and InAs semiconductors, calculated 

according to equations (17) and (18), is shown in Fig. 2. For transitions of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for circular polarization, the results are also presented in Fig. 2. 
From Fig. 2, it can be seen that: a) The maximum values of the transition probabilities in InAs semiconductors are 

significantly higher than those in GaAs, while the oscillation of the angular dependence in InAs and GaAs is identical, 
i.e., the maximum and minimum oscillation values occur at the same angle in both materials. b) With increasing 
frequency, the maximum values of 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௖௜௥௖)  decrease, passing through a minimum before 
increasing again, while 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௖௜௥௖)  increase in both InAs and GaAs for both linear and circular 
polarization. 

 
Figure 3. Spectral and angular dependencies of the two-photon LCD coefficient for optical transitions ቚ𝑙ℎ, ± ଵଶ඀  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ ቚ𝑆𝑂, ± ଵଶ඀ 

(a) and the resulting LCD (b) in GaAs and InAs, where the contribution of the coherent saturation effect is neglected 

Figure 3 shows the spectral and angular dependencies of the two-photon LCD coefficient for optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ (Fig. 3a) and the resulting LCD (Fig. 3b) in GaAs and InAs semiconductors. From this 
figure, it is evident that the two-photon LCD exhibits the following characteristics: In narrow-bandgap semiconductors, 
it is greater than in wide-bandgap semiconductors. The polarization dependence has an oscillatory nature. With increasing 
frequency, the maximum value decreases for both semiconductors. It is more significant in the low-frequency region than 
in the high-frequency region and remains practically unchanged in the frequency range ℏ𝜔⟩1,5𝛥ௌை. Peaks occur at angles ±గଶ  between the light polarization vector and the wave vector of charge carriers, and these peaks are independent of the 
type of semiconductor. Now, we proceed to analyze the calculation results considering the contribution of the coherent 
saturation effect to the probabilities of two-photon transitions. Calculations show that the two-photon LCD coefficient 

should be distinctly observable in the low-frequency region, as it is proportional to the value ቀ௱ೄೀ(ℏఠ)ቁ଺. Therefore, we will 

further analyze the contribution of the coherent saturation effect in the frequency range ≈௱ೄೀℏ . First, we calculate the 

frequency-angular dependencies of the LCD coefficient for several values of the Rabi parameter 𝜉ோ = 2𝛼௱ ቀ ூூ೩ቁଷ ௘ర஻మ௞೩మ: 𝜉ோ = 0.1 and 𝜉ோ = 1.5 
Figure 4 shows the frequency-angular dependencies of the probabilities 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  and 𝑊௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ(௟௜௡௘௔௥)  in GaAs 

and InAs, illuminated by both linearly and circularly polarized light for 𝜉ோ = 0.1 and 𝜉ோ = 1.5. It can be observed that 
the physical nature of the probabilities depends on the degree of light polarization, the types of transitions, and the band 
structure of the semiconductor: a) At a fixed frequency, the angular dependence 𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௟௜௡௘௔௥)  ൫𝑊௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ(௖௜௥௖) ൯ 
exhibits three (two) peaks for transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, and four peaks for transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩. 

From the latest results (see, for example, Fig. 4a, c, b, d), it is evident that the spectral dependence of the 𝜂௟௛,ௌை =ௐ೗೓;ೄೀ(ೞ೔ೝ೎)ௐ೗೓,ೄೀ(೎೓೔೥)-two-photon LCD coefficient can only be calculated at certain angle values, since the probabilities of optical 

transitions for both linearly and circularly polarized light become zero at specific points. 
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In such cases, the LCD coefficient remains undefined. Therefore, we will analyze the frequency-angular 
dependencies of 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ in GaAs and InAs for two angle values between the light polarization vector and the 
photon wave vector: గ଺ (a) and గଷ (b) (Fig. 5). 

From Fig. 5, it is evident that the nature of the frequency dependence of the LCD coefficient: a) Depends on the 
band structure of the semiconductor; b) The amplitude value of 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ is almost ten times greater than that of 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ in both the high- and low-frequency regions for GaAs and InAs. 

Fig. 6. Angular dependence and dependence on the Rabi parameter of the resulting two-photon LCD coefficient ൫𝜂௥௘௭௨௟௧ = 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ + 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ൯ in GaAs and InAs for two frequency values: ℏ𝜔 = 0.25𝑒𝑉 (a) and ℏ𝜔 =

  

 

Figure 4. Spectral and angular dependencies of the transition probabilities of type |𝑙ℎ, ±1/2⟩  ଶ௉஺ሱ⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ for linear (a, c) and circular (b, d) polarization in InAs and GaAs. The Rabi parameter is assumed to be 0.1 

  
Figure 5. Frequency dependence and dependence on the Rabi parameter of the two-photon LCD coefficient for the angle between 
the light polarization vector and the photon wave vector equal to గ଺ (a) and గଷ (b), calculated for optical transitions |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ in GaAs and InAs, where the intersections of the graphs are marked with circles 
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0.5𝑒𝑉 (b). It can be observed that the LCD is more noticeably observed in GaAs than in InAs, but the maximum LCD 
values in InAs occur at ±గଶ , and in GaAs at ଷగସ  when ℏ𝜔 = 0.25𝑒𝑉; in GaAs at ±ଵଵగ଼ , and in InAs at ±ଷగଶ  when ℏ𝜔 = 0.5𝑒𝑉. 

  
Figure 6. Angular dependence and dependence on the Rabi parameter of the resulting two-photon LCD coefficient ൫𝜂௥௘௭௨௟௧ = 𝜂௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ + 𝜂௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ൯ in GaAs and InAs for two frequency values: ℏ𝜔 = 0.25𝑒𝑉 (a) and ℏ𝜔 = 0.5𝑒𝑉 (b) 

Calculations show that if the dependencies 𝐸௚(𝑇), 𝑚௖(𝑇),𝑚ௌை(𝑇), calculated using the three-band Kane model, are 
taken into account, the main contribution to the resulting two-photon LCD coefficient ൻ𝜂(ଶ)(𝜔,𝑇)ൿ, averaged over the 

solid angles of the hole wave vector, comes from transitions of type |𝑙ℎ, ±1/2⟩  ଶ௣௛௢௧௢௡௔௕௦௢௥௣௧௜௢௡ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩, while 
the contribution of transitions |𝑙ℎ, ±1/2⟩  ଶ௣௛௢௧௢௡௔௕௦௢௥௣௧௜௢௡ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ is less than 3%. The calculations also indicate 
that, without considering the effect of coherent saturation, ൻ𝜂(ଶ)(𝜔,𝑇)ൿ in GaAs and InAs is practically independent of 
temperature. 

 
Light absorption due to two-photon transitions from the light hole branch of the valence band to the spin-

orbit split subband 
Thus, the coefficient of two-photon absorption caused by optical transitions between the light hole subband and the 

spin-orbit split subband is determined by the following relation 𝐾(ଶ)(𝜔,𝑇) = 2ℏ𝜔𝐼 2𝜋𝑚ௌை𝑚௟௛(𝑚ௌை −𝑚௟௛)ℏଷ 𝑘௟௛,ௌை(ଶఠ) ൣ𝑓௟௛൫𝑘௟௛,ௌை(ଶఠ) ൯ − 𝑓ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯൧ × 

׬ 𝑠𝑖𝑛 𝜃 ⋅ 𝑑𝜃గ଴ ׬ 𝑑𝜑ଶగ଴ ቚ∑ 𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,௛௛(ଶఠ) ,𝜃,𝜑൯௟௛,௠ୀ±ଵ/ଶ;ௌை,௠ᇲୀ±ଵ/ଶ ቚଶ (20) 

where 𝑘௟௛,ௌை(ଶఠ)  is the wave vector of the photoexcited holes, and the matrix element (ME) of the transition |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ is: 𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶ = ൬𝑒𝐴଴𝑐ℏ ൰ଶ 12ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ ൜4 ൤𝐴𝐵 ℏ𝜔𝐸ௌை − 𝐸௟௛ − ℏ𝜔 + 4 ൬𝐴𝐵 + 1)൰൨ 𝑒ᇱ௭ଶ − 

− ௉೎మ஻మ௞మଷ ℏఠா೎೚೙೏ିா೗೓ିℏఠ ൫𝑒ᇱୄ ଶ + 4𝑒௭ᇱଶ൯ + ଷℏఠா೓೓ିா೗೓ିℏఠ 𝑒ᇱଶୄ ቅ,  (21) 

for |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩: 
 𝑀௟௛,±ଵ/ଶ;ௌை,∓ଵ/ଶ = ቀ௘஺బ௖ℏ ቁଶ ൤ ௜√଺ ଶ(஺ା஻)௉೎௞(ℏఠ) + ଵ√ଶ ௉೎మ(ா೎೚೙೏ିா೗೓ିℏఠ)௭ + ଷ√ଶ஺஻௞మாೄೀିா೗೓ିℏఠ൨ 𝑒ᇱି 𝑒∓ᇱ , (22) 𝑓௟௛൫𝑘௟௛,ௌை(ଶఠ) ൯ൣ𝑓ௌை൫𝑘௟௛,ௌை(ଶఠ) ൯൧ - are the distribution functions of charge carriers in the light hole subband (spin-orbit split 

subband), 𝐵ଶ൫𝑘௟௛,ௌை(ଶఠ) ൯ଶ = ℏమଶ ቀ௠೓೓ି௠೗೓௠೗೓௠೓೓ ቁଶ ௠ೄೀ௠೗೓(௠ೄೀି௠೗೓) (2ℏ𝜔 − 𝛥ௌை), 𝜃(𝜑)-are the polar (azimuthal) angles of the hole wave 
vector. Calculations show that each term in equations (20) and (21) provides comparable contributions to the two-photon 
matrix element. This indicates that significant contributions are made not only by transitions where the intermediate states 
are located in the light and heavy hole branches but also in the spin-orbit split subband, as well as in the conduction band. 

The average value of the matrix element (ME) (see formula (3.4.2)) is determined as: ർቚ𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,ௌை(ଶఠ) ,𝜃,𝜑൯ቚଶ඀ = ׬ 𝑠𝑖𝑛 𝜃 ⋅ 𝑑𝜃గ଴ ׬ 𝑑𝜑ଶగ଴ ∑ ቚ𝑀௟௛,௠;ௌை,௠ᇲ(ଶ) ൫𝑘௟௛,ௌை(ଶఠ) 𝑆𝑂,𝜃,𝜑൯ቚଶ௟௛,௠ୀ±ଵ/ଶ;ௌை,௠ᇲୀ±ଵ/ଶ . 
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Then: for optical transitions of type:  |𝑙ℎ, ±1/2⟩  ଶфотонноепоглощение ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩: 
 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଷ଴ ቀ ூℏఠ ௘మ௖ℏ ଶగ௡ഘቁଶ ቀ஻మ௞మℏఠ ቁଶ ቀℜ௓ ቄ32 + ℜୄ ቄ87 + ℜ௓ୄ ቄ23ቁ; (23) 

and for optical transitions of type: |𝑙ℎ, ±1/2⟩  ଶ௉஺ ሱ⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ 
 ർห𝑀௟௛,±ଵ/ଶ;ௌை,±ଵ/ଶหଶ඀ = ଵଶ ቀ ூℏఠ ௘మ௖ℏ ଶగ௡ഘቁଶ ቀ஻మ௞మℏఠ ቁଶ ଵଵହ ർቀℜ௓ ቄ32 + ℜୄ ቄ87 + ℜ௓ୄ ቄ23ቁ඀.  (24) 

The number indicated at the top (bottom) in expressions (22) and (23) refers to linear (circular) polarization. Thus, if in 
expression (19) the relations (20)–(23) are taken into account and the effect of coherent saturation is neglected, then: 

a) For linearly polarized light: 𝐾௟௜௡௘௔௥(ଶ) = 2(2𝜋)ଷ 𝐼ℏ𝜔 ቀ𝑓௟௛,௞ሬ⃗(ଶ) − 𝑓ௌை,௞ሬ⃗(ଶ) ቁ ቆ 𝑒ଶ𝑐ℏ𝑛ఠቇଶ ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ 𝜇 (ିௌை,௟௛)ℏଷ 𝑘ௌை,௟௛(ଶఠ) × × ർቂ3ℜ௭ୄᇱ + ଵଷ଴ (2ℜ௓ + 8ℜୄ + 3ℜ௓ୄ)ቃ඀;  (25) 
b) For circularly polarized light: 𝐾с௜௥௖(ଶ) = 2(2𝜋)ଷ 𝐼ℏ𝜔 ቀ𝑓௟௛,௞ሬ⃗(ଶ) − 𝑓ௌை,௞ሬ⃗(ଶ) ቁ ቆ 𝑒ଶ𝑐ℏ𝑛ఠቇଶ ቆ𝐵ଶ𝑘ଶℏ𝜔 ቇଶ 𝜇 (ିௌை,௟௛)ℏଷ 𝑘ௌை,௟௛(ଶఠ) × × ർቂ2ℜ௭ୄᇱ + ଵଷ଴ (3ℜ௓ + 7ℜୄ + 2ℜ௓ୄ)ቃ඀. (26) 

The frequency-temperature dependencies of the absorption coefficient 𝐾(ଶ), calculated using (24) and (25) for 

transitions |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂, ±1/2⟩ and |𝑙ℎ, ±1/2⟩  ଶ௙௢௧௢௡௟௜௬௨௧௜௟௜௦௛ ሱ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ |𝑆𝑂,∓1/2⟩ in GaAs (a, c) and InAs 
(b, d), are shown in Fig. 7. From this figure, it can be observed that: a) In GaAs, the consideration of 𝐸௚(Т) practically 
does not affect 𝐾(ଶ)(𝜔,Т), whereas in InAs, it leads to an increase in 𝐾(ଶ)(𝜔,Т). b) The amplitude value of 𝐾с௜௥௖(ଶ) (𝜔,Т) 
is greater than the amplitude value of 𝐾௟௜௡௘௔௥(ଶ) (𝜔,Т). c) With increasing temperature in InAs, the maximum values of 𝐾௖௜௥௖,௟௜௡௘௔௥(ଶ) (𝜔,Т) decrease in the low-frequency region, while in the high-frequency region, they increase instead. 

  

  
Figure 7. Frequency-temperature dependencies of the two-photon absorption coefficient 𝐾(ଶ)(𝜔,Т) for linearly polarized light (a, 

b) and circularly polarized light (c, d) in semiconductors GaAs (a, c) and InAs (b, d) 
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This situation is explained by the ratio of the bandgap width to the spin-orbit splitting width, which is greater than 
one in GaAs and close to one in InAs. 

In the study, the maximum value of 𝐾(ଶ)(𝜔,Т) for linear polarization, calculated for in GaAs, was set equal to one, 
neglecting the contribution of the coherent saturation effect. ቀ𝐾෩(ଶ)(𝜔,Т)ቁ represents the 2PA coefficient in cases where 
the temperature dependence of the band parameters is considered (or not considered). 

 
CONCLUSIONS 

Thus, in this work: 
1. Based on the multi-band Kane model, interband two-photon absorption (2PA) of light, caused by optical transitions 

from the light hole branch to the spin-orbit split subband in GaAs and InAs, has been theoretically investigated. 
2. Two-photon interband optical transitions have been classified, with attention paid to the fact that virtual states of 

charge carriers are present not only in the light and heavy hole branches but also in the spin-orbit split subband and 
the conduction band. 

3. In GaAs and InAs, the presence of several peaks in the frequency-temperature dependencies of the 2PA coefficient 
has been identified. The appearance of the peaks is explained not only by the specific change in the distribution 
functions of photoexcited holes but also by the fact that, at certain frequency values, some denominators in the 
expressions for the composite matrix elements tend toward zero. 

4. It has been shown that all two-photon optical transitions, which differ by their virtual states, contribute comparably 
to the absorption. 

5. It has been demonstrated that in the frequency regions where the spectral dependence of the probabilities of two-
photon transitions changes sharply, two-photon linear-circular dichroism (LCD) can be clearly observed. 
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ДО ТЕОРІЇ ДВОФОТОННОГО МІЖПІДЗОННОГО ПОГЛИНАННЯ ТА ЛІНІЙНО-ЦИРКУЛЯРНОГО 
ДИХРОЇЗМУ В НАПІВПРОВІДНИКАХ ТИПУ A₃B₅ 

Рустам Я. Расулова, Воксоб Р. Расулова, Фаррух У. Касимовb, Мардонбек Х. Насіровa,c, Іслам Е. Фармановa, 
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У статті досліджуються частотно-температурні залежності ймовірності двофотонного поглинання (2PA), зумовленого 
переходами з гілки легких дірок до підзони спін-орбітального розщеплення, а також лінійно-циркулярного дихроїзму (LCD), 
пов’язаного з 2PA, та коефіцієнта двофотонного поглинання світла в напівпровідниках GaAs та InAs. Розглянуто вплив ефекту 
когерентного насичення на поглинання. Проаналізовано роль різних типів переходів, які відрізняються віртуальними станами 
та беруть участь у 2PA. У GaAs та InAs виявлено наявність кількох піків у частотно-температурній залежності коефіцієнта 
2PA; поява цих піків пояснюється не лише специфічною зміною функцій розподілу фотоактивованих дірок, а й тим, що при 
певних значеннях частоти деякі знаменники у виразах для складених матричних елементів прямують до нуля. 
Ключові слова: двофотонні оптичні переходи; віртуальні стани; багатофотонні оптичні переходи; коефіцієнт 
двофотонного поглинання; ефект когерентного насичення; напівпровідник 
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We present a theoretical study of interband two‐photon (two‐quantum) absorption of polarized light in semiconductors of cubic and 
tetrahedral symmetry. Our analysis is conducted within a multiband approximation, taking into account the admixture of valence states in 
the conduction‐band states, as well as coherent saturation (Rabi) effects. We use simplified parabolic dispersion laws for both heavy‐ and 
light‐hole subbands and for the conduction band, and compare two common temperature‐dependent band‐gap formulas (Varshni and 
Passler) to illustrate how they alter the spectral–temperature dependence of the total two‐photon absorption coefficient. In particular, we 
show that the interband two‐photon absorption first increases with photon frequency, reaches a maximum, and then decreases at a fixed 
temperature. The amplitude of the absorption for linearly polarized light is found to be larger than that for circularly polarized light, 
especially at lower temperatures. Our calculations reveal that the admixture of valence states significantly modifies the interband 
transitions, while the Rabi effect reduces the absorption in the high‐intensity regime, especially at elevated temperatures. These findings 
may be useful for designing optoelectronic and photonic devices that rely on multiphoton interactions in narrow‐gap semiconductors. 
Keywords: Two‐photon absorption; Rabi effect; Valence–conduction band mixing; Multiband approximation; Kane model; 
Temperature‐dependent band gap; Varshni and Passler formulas; InSb and InAs semiconductors; Nonlinear optics 
PACS: 42.65.–k, 78.20.Bh, 71.20.Nr 

INTRODUCTION 
In this paper, we analyze interband two‐photon absorption in semiconductors of cubic and tetrahedral symmetry by 

employing a multiband 𝒌 ⋅ 𝒑 Kane‐type Hamiltonian. Specifically, we consider the conduction band (𝛤଺) and the valence 
bands ((𝛤 ) heavy‐ and light‐hole subbands, plus (𝛤଻) for spin‐orbit split‐off). The complete 8×8 Kane model can, in 
principle, provide non‐parabolic dispersion relations for electrons and holes. However, in the moderate energy range 
relevant to our two‐photon absorption processes (ℏ𝜔 ≲ 0.8 𝐸௚), higher‐order 𝑘ସ terms make only small corrections. 

Therefore, for simplicity and analytic tractability, we adopt the following parabolic dispersions: 𝐸௖(𝒌)  =   𝐸௚  + ℏమ௞మଶ௠೎ , 𝐸௅(𝒌)  = −ℏమ௞మଶ௠ಽ , 

where 𝑚௖ and 𝑚௅ are effective masses for electrons and holes, respectively. This approximation still incorporates conduction–valence 
admixture via Kane’s matrix elements (including 𝛥ௌை), but neglects higher‐order nonparabolic terms beyond 𝑘ଶ. Extensive prior studies 
[see, for instance, Refs. 24–26] confirm that, under these conditions, the simpler parabolic form captures the essential physics of two‐
photon absorption in InSb and InAs. 

The Hamiltonian thus includes admixture between 𝛤଺, 𝛤 , and 𝛤଻ states, ensuring that valence‐band mixing effects are accounted 
for. The spin‐orbit interaction enters via the splitting 𝛥ௌை, which modifies the band‐coupling strengths and appears explicitly in our 
transition‐matrix elements. In Section 3, we derive the two‐photon absorption coefficients 𝐾௖,௠;௅,௠ᇲ(ଶ)  under this model and discuss how 
the Rabi effect further alters the absorption in both low‐ and high‐temperature regimes. 

The discovery of powerful quantum generators of coherent laser electromagnetic waves stimulated the development of studies 
of optical phenomena in semiconductors that are nonlinear in illumination intensity [1-3]. In this aspect, it seems necessary to study 
the nonlinear optical parameters of both narrow- and wide-bandgap semiconductors. It is associated with the unusualness and 
complexity of the properties of the effect under consideration, the possibility of obtaining new information about the band parameters 
of the samples under study, and the prospect of application in optoelectronics and photonics. 

Two-photon nonlinear optical phenomena caused by intraband transitions in semiconductors were carried out [1-3], where the 
calculation of two-photon matrix elements was carried out using perturbation theory for the field of an unpolarized electromagnetic 
wave in the two-band approximation [2, 3]. In [4-7], two- and three-photon linear-circular dichroism (LCD) were studied, and in [8-23], 
multiphoton intraband absorption of light of linear and circular polarization in semiconductors with a complex band structure was 
investigated. In [18], nonlinear single-photon absorption of polarized radiation in topological insulators was investigated. 
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In the above-mentioned works, the nonlinearity of the coefficient of single-photon absorption of light is described 
by the effect of coherent saturation (Rabi) [19] and it is determined both in intra-band [18] and interband [9, 10, 16, 17] 
optical transitions by the photoinduced addition to the distribution function of electrons, as well as light and heavy holes. 

However, in the above-mentioned works, calculations were made of the spectral-polarization dependences of the 
intraband two-photon, i.e. two-quantum absorption of light (TQAL) and its LCD in semiconductors of tetrahedral 
symmetry. in Kane's three-zone model [24, 25] , but not taken into account mixing of valence band states with conduction 
band states. This paper is devoted to filling this gap. 
 

SPECTRAL-TEMPERATURE DEPENDENCES OF THE COEFFICIENT OF INTERBAND TWO-
QUANTUM ABSORPTION OF LIGHT 

Note that the coefficient of two-photon (quantum) absorption of light for optical transitions from the valence band 
to the conduction band is determined by the expression [23] 

 𝐾(ଶ) = ∑ 𝐾௖,௠;௅,௠ᇲ(ଶ) =௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௅೗,௠ᇲ ∑ 𝐾௖,௠;௟௛,௠ᇲ(ଶ)௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௟௛,௠ᇲୀ±ଵ/ଶ + ∑ 𝐾௖,௠;௛௛,௠ᇲ(ଶ)௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௟௛,௠ᇲୀ±ଷ/ଶ . (1) 

Here 

∑ 𝐾௖,௠;௅,௠ᇲ(ଶ) =௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௅,௠ᇲ ଶగℏ ଶℏఠூ ∑ ቀ𝑓௖௞ሬ⃗(ଶ) − 𝑓௅,௞ሬ⃗(ଶ)ቁ ቚ𝑀௖,௠;௅,௠ᇲ(ଶ) (𝑘ሬ⃗ )ቚଶ 𝛿൫𝐸௖௞ሬ⃗ − 𝐸௅,௞ሬ⃗ − 2ℏ𝜔൯௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௅,௠ᇲ  (2) 

(𝐿,𝑚ᇱ = 𝑙ℎ,𝑚ᇱ = ±1/2(ℎℎ,𝑚ᇱ = ±3/2)-for heavy (light) holes) , where their energy spectrum has the form 𝐸௅,௞ሬ⃗ =− ℏమ௞మ(ଶ௠ಽ), and the energy spectrum of electrons in the conduction band: 𝐸௖,௞ሬ⃗ = 𝐸௚ + ℏమ௞మ(ଶ௠೎). 
If we take into account that the composite matrix of the two-quantum interband optical transition 𝑀௅,௞ሬ⃗ ;ௌை,௞ሬ⃗(ଶ) in 

expression (2) depends on the inclusion of valence states Γ8 (valence band) and Γ7 (spin-orbit splitting band) in the states 
Γ6 (conduction band), then we have the following expression 

 𝑀௟௛,௞ሬ⃗ ;௖,௞ሬ⃗(ଶ) = ଵଷ ቀ௘஺బ௖ℏ ቁସ ห௣೎,ೇ∗ หమℏమ௞మ(ℏఠ)మ ൤ቀ1 − ସଷ 𝜁௚ቁଶ 𝑒௭ᇱସ − ቀ ℏఠ఍೒ா೓೓ିா೗೓ିℏఠቁଶ |𝑒ᇱୄ |ସ൨, (3) 

 𝑀௛௛,௞ሬ⃗ ;௖,௞ሬ⃗(ଶ) = 3 ቀ௘஺బ௖ℏ ቁସ ห௣೎,ೇ∗ หమℏమ௞మ(ℏఠ)మ ቀ1 + ଶଷ ℏఠ఍೒ா೗೓ିா೓೓ିℏఠቁଶ 𝑒௭ᇱଶ𝑒ᇱଶୄ , (4) 

then the coefficient of two-quantum absorption of light caused by optical transitions from the subband of light holes to 
the conduction band is expressed as: 

∑ 𝐾௖,௠;௟௛,௠ᇲ(ଶ)௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௟௛,௠ᇲୀ±ଵ/ଶ = ଶଷ 𝐶ூ ቆ𝑓௖,௞с,ಽ(ഘ)(ଶ) − 𝑓௟௛,௞с,ಽ(ഘ)(ଶ) ቇ ห௣೎,ೇหమቀ௞с,ಽ(ഘ)ቁయ(ℏఠ)ఱ 𝜇ା(с,௟௛) ൤ቀ1 − ସଷ 𝜁௚ቁଶ 𝑒௭ᇱସ − ቀ ℏఠ఍೒ா೓೓ିா೗೓ିℏఠቁଶ |𝑒ᇱୄ |ସ൨, 
 (5) 

and for optical transitions from the heavy hole subband to the conduction band: 

 ∑ 𝐾௖,௠;௛௛,௠ᇲ(ଶ)௞ሬ⃗ ,௖,௠ୀ±ଵ/ଶ;௟௛,௠ᇲୀ±ଷ/ଶ = 6Сூ ቆ𝑓௖,௞с,೓೓(ഘ)(ଶ) − 𝑓௟௛,௞с,೓೓(ഘ)(ଶ) ቇ ห௣೎,ೇหమቀ௞с,೓೓(ഘ) ቁయ(ℏఠ)ఱ 𝜇ା(с,௛௛) ቀ1 + ଶଷ ℏఠ఍೒ா೗೓ିா೓೓ିℏఠቁଶ, (6) 

Where 𝐶ூ = ଵగℏయ ቀଶగ௘మℏ௡ഘ௖ቁଶ 𝐼 ቀℏమ௠బቁଶ, 𝑘с,௅(ఠ) = ටଶఓశ(с,ಽ)ℏమ ൫2ℏ𝜔 − 𝐸௚൯,𝐿,𝑚ᇱ = 𝑙ℎ,𝑚ᇱ = ±1/2 (ℎℎ,𝑚ᇱ = ±3/2)- for heavy 

(light) holes and took into account that ቀ௘஺బ௖ℏ ቁଶ = ଶగ௘మ௡ഘ௖ ூ(ℏఠ)మ, 𝐼(𝜔)is the intensity (frequency) of light, 𝑛ఠis the refractive 

index of light at frequency 𝜔,𝑝௖,௏ = ൬ଷ஻௠బమா೒ℏమ ൰ଵ/ଶ
is the Kane parameter, 𝐵 = ℏమ(௠೓೓ି௠೗೓)(ସ௠೓೓௠೗೓) , 𝑚௛௛(𝑚௟௛)is the effective mass 

of light (heavy) holes . 
Note that if we take into account the contribution of the coherent saturation effect to 𝐾௖,௠;௅,௠ᇲ(ଶ) , then it is necessary 

to replace in expression (2) ቚ𝑀௖,௠;௅,௠ᇲ(ଶ) (𝑘ሬ⃗ )ቚଶwith ∑ ቚ𝑀௡௞ሬ⃗ ,௡ᇲ௞ሬ⃗(ேୀଶ) ቚଶ௡௡ᇲ௞ሬ⃗ ∑ ቂ1 + ఈഘℏమఠమ ቚ𝑀௡௞ሬ⃗ ,௡ᇲ௞ሬ⃗(ேୀଶ) ቚቃ௡௡ᇲ௞ሬ⃗ ିଵ/ଶ
. Then the square of the 

composite matrix element caused by two-photon optical transitions from the light hole subband to the conduction band 
consists of two terms, which are determined by the relations: 
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 ఈഘℏమఠమ ቚ𝑀௟௛,௞ሬ⃗ ;௖௞ሬ⃗(ଶ) ቚଶ = 𝜉(ଶ) ห௣೎,ೇ∗ หమ௞మ௠బ௱ೄೀ௞೩మ൬ ℏഘ೩ೄೀ൰ల ൤ቀ1 − ସଷ 𝜁௚ቁଶ 𝑒௭ᇱସ − ቀ ℏఠ఍೒ா೓೓ିா೗೓ିℏఠቁଶ |𝑒ᇱୄ |ସ൨. (7) 

 ఈഘℏమఠమ ቚ𝑀௟௛,௞ሬ⃗ ;௖௞ሬ⃗(ଶ) ቚଶ = 3𝜉(ଶ) ห௣೎,ೇ∗ หమ௞మ௠బ௱ೄೀ௞೩మ൬ ℏഘ೩ೄೀ൰ల ቀ1 + ଶଷ ℏఠ఍೒ா೗೓ିா೓೓ିℏఠቁଶ 𝑒௭ᇱଶ𝑒ᇱଶୄ . (8) 

Here 𝑘௱ଶ = ଶ௠బℏమ 𝛥ௌை, 𝜉(ଶ) = 2𝑇с(ଵ)𝑇௟௛(ଵ) ቀଶగ௘మ௡ഘ௖ℏቁଶ ℏర௞೩మ௠బ௱ೄೀఱ 𝐼ଶ, 𝑇с(ଵ)൫𝑇௟௛(ଵ)൯is the time of exit from the final state of photoexcited 
electrons in the conduction band (light holes in the valence band). 

Results of calculation of spectral and temperature dependence of the resulting absorption coefficient 𝐾௖,௠;௅,௠ᇲ(ଶ)  of 
linear (line 1) and circular (line 2) polarization light produced according to (1) and (2) taking into account (3) and (4) and 
caused by vertical optical transitions from the subband of light and heavy holes of the valence band to the conduction 
band in InSb (a) and InAs (b) crystals are shown in (Fig. 1). In numerical calculations, the maximum value of the 
absorption coefficient of linearly polarized light was taken as unity, where the temperature dependence of the band gap 
and the contribution of the coherent saturation effect were not taken into account. Fig. 1 shows that in the region of low 
frequencies and temperatures, the value increases with increasing frequency and reaches a maximum, and then decreases. 
Also, the amplitude of the coefficient of two-quantum absorption of 𝐾௖,௠;௅,௠ᇲ(ଶ) (𝜔,𝑇)linearly polarized light is 
approximately 5 times greater than the amplitude of 𝐾௖,௠;௅,௠ᇲ(ଶ) (𝜔,𝑇) circular polarization both in InSb (a) and and in 
InAs (b).  

  
Figure 1. Spectral - temperature dependence 𝐾௖,௠;௅,௠ᇲ(ଶ) for light of linear (line 1) and circular (line 2) polarization in InSb (a) and 
InAs (b) crystals. In the calculations, the maximum value of the absorption coefficient of linearly polarized light 𝐾௖,௠;௅,௠ᇲ(ଶ) was taken 
as unity. In the numerical calculations, the temperature dependence of the band gap and the contribution of the coherent saturation 
effect were not taken into account. 

In further calculations of the frequency-temperature dependence of the two-photon absorption coefficient, we 
assume that the temperature dependence of the band gap width is determined by the Varshni formula [26] 

 𝐸௚(𝑇) = 𝐸௚(𝑇 = 0) − 𝛾் ்మ்ା்ೇ  (9) 

here constants 𝛾் and 𝑇௏ are material‐dependent empirical parameters. Specifically, 𝛾் controls the rate at which the band 
gap decreases with increasing temperature, while 𝑇௏ is a characteristic offset temperature that fine‐tunes the shape of the 
denominator in the 𝑇ଶ/(𝑇 + 𝑇௏)  term. Passler's formula [27] 

 𝐸௚(𝑇) = 𝐸௚(𝑇 = 0) − ఈ௵೛ଶ ቈ൬1 + ൬ଶ்௵೛൰௣൰ଵ/௣ − 1቉. (10) 

Here, 𝛼 is an empirical coefficient controlling the band‐gap shrinkage rate, 𝛩௣ is a characteristic phonon‐like temperature 
scale, and 𝑝 is an exponent that shapes the functional form of the band‐gap temperature dependence. Their values can be 
found through experimental data or taken from the literature for specific materials such as InSb and InAs [26,27]. The 
temperature dependences of the effective masses of electrons 𝑚с(Т) in the conduction band and holes 𝑚ௌை(Т) in the spin-
orbit splitting zone can be represented as [26]: 
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 ௠బ௠ೄೀ(Т) = 𝛾ଵ − ாು௱ೄೀଷா೒൫ா೒ା௱ೄೀ൯, ௠బ௠с(Т) = 1 + 2𝐹 + ாು൫ா೒ାଶ௱ೄೀ/ଷ൯ଷா೒൫ா೒ା௱ೄೀ൯   (11) 

here 𝐹 is a dimensionless parameter linked to higher‐order non‐parabolic corrections in the conduction band; it modifies 
the usual parabolic dispersion to more accurately reflect the influence of strong band coupling at higher energies. Along 
with these parameters, the Kane energy 𝐸௣ and the spin‐orbit splitting 𝛥ௌை play central roles in describing the band 
structure within the Kane model. The Kane energy, 𝐸௉, originates from the momentum‐matrix element between 
conduction and valence bands; it quantifies the degree of band mixing in narrow‐gap semiconductors. A larger 𝐸௣ 
generally signals stronger coupling between conduction and valence states, thereby affecting both the effective masses 
and optical transition probabilities. Meanwhile, the spin‐orbit splitting 𝛥ௌை represents the energy separation between the 
topmost valence‐band states (often labeled 𝛤 ) and the spin‐orbit split‐off band (𝛤଻), which arises from relativistic spin‐
orbit coupling in the crystal. In narrow‐gap materials such as InSb and InAs, 𝛥ௌை can significantly influence the valence‐
band structure and, consequently, the optical absorption processes. Numerical values for 𝐸௣, Δௌை, 𝐹, 𝛾் and 𝑇௏ relevant 
to InSb and InAs are provided in Refs. [25, 26]. 

  

  
Figure 2. Spectral - temperature dependence of the total coefficient of two-quantum absorption 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)of light of 
linear (lines 1 and 3) and circular (lines 2 and 4) polarization, caused by transitions of the heavy-hole subband of the valence band 
to the conduction band in In Sb (a, b) and InAs (c, d). In Fig. (a and c) the Rabi coefficient is 0.5, and in Fig. (b) and (d) is equal to 0.7 

Figure 2 shows the spectral-temperature dependence of the total coefficient of two-quantum absorption of light 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)of linear (lines 1 and 3) and circular (lines 2 and 4) polarization , caused by transitions from the 
subbands of light and heavy holes of the valence band to the conduction band in InAs (a,b) and InAs (c,d). Here 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇) ቀ𝐾с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)ቁ - the coefficient of two-photon absorption in the case when the temperature 
dependence of the band parameters is taken into account (not taken into account). In the calculations, the maximum value 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)for linearly polarized light was taken as one unit. In Fig. 2 (a and c), the Rabi coefficient is equal to 
0.5, and in Fig. 2 (b and d) is equal to 0.7. Graphs 1 and 2 are calculated using formula (9), and 3 and 4 using (10), 
respectively. From Fig. 2 it is evident that dependence (9) significantly affects the amplitude value of the temperature 
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dependence 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)than (10), and the light absorption edge shifts by frequency 𝜔(்௏)(𝑇) = ఊ೅ℏ ்మ்ା்ೇwhen 

choosing (9), by 𝜔(்௉)(𝑇) = ఈ௵೛ଶℏ ቈ൬1 + ൬ଶ்௵೛൰௣൰ଵ/௣ − 1቉when choosing (10). Note also that regardless of the frequency of 

light, with an increase in the Rabi coefficient 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇)in InSb it is unnoticeable, but in InAs it decreases 
noticeably in the high temperature region, and in the low temperature region it is the opposite, which is associated with 
the complexity of the temperature dependence 𝐾෩с,±ଵ/ଶ;௛௛,±ଷ/ଶ(ଶ) (𝜔,𝑇). 

 
CONCLUSIONS 

We have presented a theoretical study of interband two‐photon (two‐quantum) absorption in cubic and tetrahedral 
semiconductors by incorporating valence‐band admixture to conduction‐band states and the coherent saturation (Rabi) 
effect within a multiband approximation. By employing parabolic dispersion laws that emerge from the full 8 × 8 Kane‐
type Hamiltonian (truncated to second order in 𝒌 for moderate photon energies ℏ𝜔 ≲ 0.8 𝐸௚), we have derived analytic 
expressions for the two‐photon absorption coefficients of both linearly and circularly polarized light. To capture the 
material’s temperature dependence, we have implemented both the Varshni and Passler formulas for the band‐gap 
evolution, showing how these choices shift the absorption edges and alter amplitude values in InSb and InAs. The 
interplay between valence admixture and the spin‐orbit‐split 𝜞𝟕 band leads to nontrivial differences in the relative 
contributions from heavy‐ and light‐hole subbands, while the Rabi effect suppresses absorption at high intensities, 
especially at elevated temperatures. 

The novelty of this study lies in the combined treatment of valence–conduction admixture and coherent saturation 
in narrow‐gap semiconductors, highlighting how each mechanism modifies the spectral–temperature dependence of two‐
photon absorption. Our results reveal that, under low‐temperature conditions, the amplitude of two‐photon absorption can 
be substantially enhanced for linearly polarized radiation compared to circular polarization, whereas at higher 
temperatures, the suppression from the Rabi effect becomes more pronounced. We further find that the choice of 
temperature‐dependent gap formula (Varshni or Passler) significantly influences absorption peaks in the photon‐
frequency domain. These findings may guide future experimental work on multiphoton processes in narrow‐gap materials 
and aid in the design of optoelectronic or photonic devices where higher‐order absorption processes are crucial. 
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ДО ТЕОРІЇ МІЖЗОННОГО ДВОФОТОННОГО ПОГЛИНАННЯ СВІТЛА В НАПІВПРОВІДНИКАХ: 
ВРАХУВАННЯ ЗМІШАННЯ СТАНІВ ПРОВІДНОСТІ ТА ВАЛЕНТНИХ СТАНІВ, ЕФЕКТ РАБІ 

Рустам Ю. Расулова, Воксоб Р. Расулова*, Фаррух У. Касимовb, Мардонбек Х. Насіровc, Іслам Е. Фармановa 

aФерганський державний університет, Фергана, Узбекистан 
bАндижанський державний університет, Андижан, Узбекистан 

cФерганський державний технічний університет, Фергана, Узбекистан 
Ми представляємо теоретичне дослідження міжзонного двофотонного (двоквантового) поглинання поляризованого світла в 
напівпровідниках з кубічною та тетраедричною симетрією. Наш аналіз здійснюється в рамках багатозонного наближення з 
урахуванням змішування валентних станів у станах зони провідності, а також когерентних насичувальних (ефект Рабі) 
процесів. Ми використовуємо спрощені параболічні закони дисперсії для важких та легких дірок, а також для зони 
провідності, і порівнюємо дві поширені температурно-залежні формули ширини забороненої зони (Варшні та Песслера), щоб 
показати, як вони змінюють спектрально-температурну залежність загального коефіцієнта двофотонного поглинання. 
Зокрема, показано, що міжзонне двофотонне поглинання спочатку зростає з частотою фотона, досягає максимуму, а потім 
зменшується при фіксованій температурі. Встановлено, що амплітуда поглинання для лінійно поляризованого світла вища, 
ніж для кругової поляризації, особливо при низьких температурах. Наші розрахунки показують, що змішування валентних 
станів суттєво змінює міжзонні переходи, у той час як ефект Рабі зменшує поглинання в режимі високої інтенсивності, 
особливо при підвищених температурах. Отримані результати можуть бути корисними при проєктуванні оптоелектронних та 
фотонних пристроїв, що базуються на багатофотонній взаємодії в вузькозонних напівпровідниках. 
Ключові слова: двофотонне поглинання; ефект Рабі; змішування валентної та провідної зон; багатозонне наближення; 
модель Кейна; температурно-залежна ширина забороненої зони; формули Варшні та Песслера; напівпровідники InSb та 
InAs; нелінійна оптика 
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This article presents the results of ion scattering from the surface of a thin film of CdTe (001) < 110>, obtained using ion stripping 
spectroscopy. The trajectories of scattered Ar+ ions were obtained and analyzed. with an initial energy of 1 keV and at angles of 
incidence ψ=3° and 7°. It is shown that the trajectories of scattered ions from the surface atomic row, from the wall of the semichannel 
and from the bottom of the semichannel differ from each other. The first trajectories of scattered ions from a surface semichannel 
consisting of five Cd and Te atoms arranged layer-by-layer in two layers were obtained. The shapes of these three types of trajectories 
are discussed and the energies, scattering coefficients, and inelastic energy losses of the scattered ions are calculated. It is shown that 
the energy values, scattering coefficient and inelastic energy losses of scattered ions from surface atomic rows differ little from each 
other. For ions scattered from the wall of the semichannel and from the bottom of the semichannel, the values of these parameters lie 
in the range. 
Keywords: Computer simulation; Ion scattering; Semichannel; Trajectory scattered ions 
PACS: 34.35.+a, 68.49.Sf, 79.20.Rf 

INTRODUCTIONS 
The use of ion probing is one of many available methods for studying surfaces. And it provides a wide range of 

energies and the ability to obtain information about composition and structure, using many equipment. One of the methods 
is the ion scattering spectroscopy method. The range of energies used in ion scattering is usually divided into three parts. 
Low energy ion scattering (LEIS, energies 500–10 keV), intermediate energy ion scattering (MEIS, 10–600 keV) and 
high energy ion scattering (HEIS, >1 MeV), these definitions have never been rigid. Ion scattering research did not 
become widespread until the early fifties of the last century and was concentrated mainly in the HEIS energy region. 
These studies tested the two-body collision model and found it to be applicable and ultimately led to the development of 
Rutherford backscattering (RBS). Lower energies were carried out in the late fifties of the last century [1-4], which found 
that the maximum energy of scattered ions corresponds to the prediction of the classical model of successive collisions. 
This was followed by the development of this line of research, which applied this method to the analysis of the elemental 
composition in the outermost monolayer, this led to a rapid increase in the number of studies on ion scattering. There is 
currently active research into many aspects of ion scattering, such as ion neutralization and the effects of different work 
functions or the determination of the universal scattering potential [5–9], and there is considerable interest in its 
application to the determination of surface structures. 

It is known that CdTe thin films belong to AIIBVI semiconductor compounds, which. And also, CdTe-based solar 
cells attract attention because CdTe is characterized by direct energy band gap Eg and high absorption coefficient, which 
makes CdTe an excellent light-absorbing layer of solar cells. Therefore, obtaining and studying CdTe films is of great 
interest. And this work presents the results of studying the CdTe surface using the ion scattering spectroscopy method. 

RESEARCH METHOD AND RESULTS 
In the region of medium energies, the trajectories of colliding particles are determined to a first approximation by 

the forces of elastic interaction of atoms. These forces arise from the Coulomb forces of interaction between nuclei and 
electron atoms and, therefore, act at any distance between the interacting particles. Consequently, to calculate the 
trajectory of an incident ion, it is necessary to consider its interaction in the crystal lattice with all atoms simultaneously, 
which is very difficult. But at not very low energies, ion – atom collisions can be considered as isolated pair collisions of 
particles. Confirmation that the lattice atoms are free during collisions, i.e. behave like atoms of a dense gas, are the 
results of a study of the interaction time and energy of colliding particles [10-14]. 

In the pair collision approximation model, it appears that a particle of mass M1 with atomic number Z1, with speed v0 
(and kinetic energy E0), collides with a stationary target atom of mass a M2 and atomic number Z2. As a result of interaction, 
the incident particle is scattered in the laboratory coordinate system at an angle θof1 relative to the direction of its initial 
motion. In this case, the target atom as a result of the collision begins to move in a direction that makes an angle of θ2 with 
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the initial direction of the incident particle. Applying the law of conservation of energy and momentum to an elementary 
act of interaction, we obtain for energy E1 scattered particle the following relationship: 

2
1

22
10

2
1 )sin)((cos)1( θμθμ −±+= − fEE  

For the particles, interaction description the Ziegler – Biersack – Littmark (ZBL) potential [15] with regard to the 
time integral was used. The ZBL approximation for the screening function in the Thomas – Fermi potential takes into 
account the exchange and correlation energies and the so-called “universal” potential, obtained in this way shows good 
agreement with experiment over a wide range of interatomic separations. To estimate the in elastic energy loss in an 
elementary collision event, we used the Firsov formula modified by Kishinevsky [16]. 

In Fig.1. a semichannel formed on the surface of CdTe(001) <110> and a diagram of ion scattering from this 
semichannel are presented. The depth and width of the semichannel are 2.28Å and 4.64Å, respectively. Here ψ is the 
incidence angle, ϕ is the azimuthal scattering angle, and σ is the polar scattering angle. In our calculations, the aiming 
point is a is divided into coordinates I and J, which presented on the Fig.1. It should be noted that with increasing 
coordinates I we cover the entire width of the semichannel Due to the symmetry of the semichannel, it is enough for us 
to use I/2 in our calculations, since we can symmetrically cover the entire width of the semichannel. Kinematics of the 
elementary act of collision of two particles within the framework of classical mechanics, making it possible to establish 
a connection between the characteristics of particles before and after the collision. Velocity (energy) of an incident ion 
with mass m1 after the collision were determined by the laws of conservation of momentum and energy. 

 
Figure 1. Semichannel and ion scattering scheme 

In Fig. 2. a semichannel on the CdTe(001) <110> surface and the trajectories of scattered Ar+ ions after bombardment 
at grazing angles are presented. In the calculations, the angle of incidence was ψ=3° and 7°, and the initial energy was 
1 keV. In Fig. 2. the trajectories of scattered ions at ψ=3º are presented. At first glance, one can see different trajectories 
of the scattered ion. Some of them end inside the semichannel and this shows that ions are implanted inside the crystal. It 
should be noted that reflections from the surface atom and the bottom atom of the semichannel are clearly visible. To 
understand the whole picture of the ion scattering process, we divide these trajectories into 3 groups. The first are the 
trajectories of scattered ions from the surface atomic row (1), second – from the wall of the surface atomic semichannel 
(2), and the third – from the bottom of the semichannel (3). The figure also shows that in these three areas there are 
stepped dense areas (7 pieces). Calculations have shown that dense areas are formed due to parallel trajectories, i.e., the 
trajectory incident and reflected particles do not diverge. Such trajectories can be observed in the three groups mentioned 
above. These three trajectory groups are shown separately in Fig. 3. 
 

 
Figure 2. Trajectories of scattered Ar+ ions from the surface of CdTe(001) <110> at ψ=3° and E0=1 keV. 
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Fig. 3a shows the trajectories of ions belonging to the first group, i.e. trajectories of ions scattered from the surface 
atomic row. It can be seen that at initial values of I, trajectories are observed whose projections of the incident and 
scattered parts are almost parallel. The parallelism is especially clearly visible when I = 1. And starting from I = 2, 
deviations from the original direction occur. It can be seen that further increases in the value of I lead to deviations from 
the initial direction towards the center of the semichannel. This is explained by the fact that as the value of I increases, 
the incident ions begin to collide with the edges of the surface atom and change their trajectories towards the center of 
the semichannel. Early calculations showed that the ions scattered from the surface atomic row have an energy of 991 eV, 
the scattering coefficient is -7, and the inelastic energy loss is -8 eV. This shows that the bombarding ions will lose about 
10% of the initial energy at a grazing angle ψ=3°. 

In Fig. 3b. some trajectories belonging to group 2 are presented. These trajectories have different shapes. It can be 
seen that these trajectories also have trajectories in which the incident and reflected parts are similar. These trajectories 
are formed by scattering of ions from the surface atomic row and the bottom of the semichannel. Therefore, the projection 
trajectories are curves. And also, trajectories were observed that were not similar to the incident reflected part. This shows 
that the ion is first scattered from the surface atomic row, and then scattered from the atom located at the bottom of the 
semichannel and leaves this semichannel. There is also a trajectory similar to a loop (red trajectory). This trajectory is 
formed due to the scattering of the ion from the surface atomic row, then from the bottom of the hemichannel, and then 
again from the surface atomic row before exiting the hemichannel. Early calculations showed that ions scattered from the 
surface atomic row have an energy in the range of 968-980 eV, a scattering coefficient in the range of -14-30, and inelastic 
energy losses -15-29 eV. 

In Fig. 3c. The trajectory of scattered ions belonging to group 3 is presented. It can be seen that the trajectory of the 
ions has an almost parallel shape to each other. And these ions remained (implanted) inside the crystal and before that 
were first scattered from the bottom of the semichannel, and then from the surface atom. They have the same physical 
parameters (energy 981-987 eV, dissipation coefficient -14-16, inelastic energy losses -12-17 eV). 
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Figure 3. Trajectories of scattered ions from the surface atom (a), from the wall of the semichannel (b) and semichannel (c) of the 

CdTe(001) <110> surface at ψ=3° and E0 =1 keV 

We also simulated the trajectory of Ar+ ions scattered from the surface of CdTe(001) <110> at ψ = 7°, with an initial 
energy of 1 keV (Fig. 4). It can be seen from the figure that the dense areas have become blurred and their step is equal 
to 3. This indicates that the changes in the reflected part from the incident one have increased. Note that reflections from 
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the surface atom and the bottom atom of the semichannel became more accurate. It is also clear that at this sliding angle 
the number of implanted ions has increased. 

In Fig. 5a. the trajectories of scattered ions from a surface atom is presented. It can be seen that the steel trajectories 
were still moving towards the center of the semichannel than at the incidence angle ψ=3° and accordingly the energy of 
the scattered ions decreased to 959 eV, the collision coefficient was equal to 3, and the inelastic energy loss was -7 eV. 
In Fig. 5b. the trajectories of scattered ions from group 2 are presented. The difference between these trajectories and the 
case at ψ=3° is that the upper part narrowed and the lower part became wider. The energy of scattered ions is 935-984 eV, 
the collision coefficient is 7-12, inelastic energy losses are 15-23 eV. The trajectory of scattered ions from the bottom of 
the semichannel is shown in Fig. 5c. It can be seen that the ions, scattering from the bottom of the semichannel, were 
implanted into the crystal. The energy of these ions is -992-995 eV, collision coefficient is 4, inelastic energy losses 
are 4-6 eV. 

 
Figure 4. Trajectories of scattered ions from the surface of CdTe(001)<110> at ψ=7° and E0 = 1 keV 
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Figure 5. Trajectories of scattered ions from the surface atom (a), from the wall of the semichannel (b) and semichannel (c) of the 

CdTe(001)<110> surface at ψ=7° and E0 = 1 keV 
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CONCLUSIONS 
Ar+ ions from the surface semichannel formed on the surface of CdTe(001)<110>. Trajectories were obtained at the 

angle of incidence ψ = 3° and 7°, with an initial energy of 1 keV. The influence of increasing the grazing angle on the 
trajectory of scattered ions is shown. It has been established that an increase in the angle of incidence of bombarding 
particles leads to a change in the trajectory of scattered ions. With increasing angle of incidence of ions, The Ar+ part of 
the trajectory that is located inside the semichannel narrows and therefore it becomes clearer to obtain information about 
the location of the atoms on the surface and bottom of the semichannel. And the trajectories of scattered ions from the 
surface atom were not subject to change. 
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ДОСЛІДЖЕННЯ РОЗСІЮВАННЯ ІОНІВ Ar+ ВІД ПОВЕРХНІ CdTe(001) <110> ПРИ КОВЗАЮЧОМУ ПАДІННІ 

Ш.Р. Садуллаєва, У.О. Кутлієва, А.Ю. Саїдоваа, Г.О. Джуманазарова, Р.Р. Рузметовb 
aУргенчський державний університет імені Абу Райхана Беруні, факультет фізики, 

вул. Хаміда Олімджана, 14, Ургенч 220100, Узбекистан 
bВійськово-академічний ліцей імені Джалоліддіна Мангуберді, Ургенч 220100, Узбекистан 

У цій статті наведено результати розсіювання іонів на поверхні тонкої плівки CdTe (001) < 110>, отримані за допомогою 
іонної стрипп-спектроскопії. Отримано та проаналізовано траєкторії розсіяних іонів Ar+. з початковою енергією 1 кеВ і при 
кутах падіння ψ=3° і 7°. Показано, що траєкторії розсіяних іонів від поверхневого ряду атомів, від стінки півканалу і від дна 
півканалу відрізняються одна від одної. Отримано перші траєкторії розсіяних іонів з поверхневого півканалу, що складається 
з п'яти атомів Cd і Te, розташованих пошарово в два шари. Обговорюються форми цих трьох типів траєкторій і 
розраховуються енергії, коефіцієнти розсіювання та непружні втрати енергії розсіяних іонів. Показано, що значення енергії, 
коефіцієнта розсіяння та непружних втрат енергії розсіяних іонів поверхневими атомними рядами мало відрізняються один 
від одного. Для іонів, розсіяних від стінки напiвканалу та від дна напiвканалу, значення цих параметрів лежать в межах 
діапазону. 
Ключові слова: комп'ютерне моделювання; розсіювання іонів; півканальний; траєкторія розсіяних іонів 
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This study investigates the negative differential resistance (NDR) phenomenon in cobalt-doped tin dioxide (SnO2:Co) memristors 
fabricated on p-type silicon substrates. Using ultrasonic spray pyrolysis (USP), crystalline SnO2:Co thin films were deposited on p-Si 
substrates with a thin native SiO2 layer. The resulting memristor devices exhibit reproducible bipolar resistive switching between high-
resistance (HRS) and low-resistance states (LRS). Key findings include the observation of a distinct NDR region in the current-voltage 
(I-V) characteristics, specifically in the positive voltage range from approximately +3V to +4V. Within this NDR region, current 
decreases despite increasing voltage, a characteristic hallmark of this effect. This behavior is attributed to the charge trapping and 
redistribution within the Co:SnO2 material. The consistent and reproducible nature of the observed NDR effect suggests the potential 
of SnO2:Co memristors for applications in advanced memory and switching technologies. This work contributes to the understanding 
of resistive switching mechanisms in Co-doped SnO2 thin films, which are promising materials for next-generation memory devices. 
Keywords: SnO2 doped by cobalt; Memristor; Negative differential resistance switching; USP 
PACS: 85.50.-n 

INTRODUCTION 
Resistive switching phenomenon with different performance characteristics have been reported in various materials, 

including solid electrolyte [1], perovskites [2], organics [3] and binary transition metal oxides [4]. Among those materials, 
the metal oxides represent with many advantages of low cost, facile sample preparation. As one of the most studied wide 
bandgap semiconductors, ZnO thin films [5], Mg-ZnO films [6], CuO [7] and nanorods [8] as well as Mn-ZnO films [9] 
have been reported to shown stable resistive switching behavior. 

However, study of the resistive switching property in cobalt-doped SnO2 is few. It is well known that Co-doped 
SnO2 is diluted magnetic semiconductor and is would be of great interesting to realized the resistive switching property. 
In this work, we demonstrate that 1%-5% cobalt-doped SnO2 films-based metal-insulator-metal (MIM) structure exhibit 
reproducible bipolar resistive switching behavior. Building upon this foundation, our study delves deeper into the specific 
mechanisms and characteristics of resistive switching in cobalt-doped tin dioxide. While prior research has explored the 
potential of various materials for resistive memory applications, the unique combination of magnetic doping and 
semiconductor properties in Co-doped SnO2 presents an opportunity to engineer novel functionalities beyond 
conventional resistive switching. This includes the potential for achieving tunable switching parameters, enhanced device 
performance, and even the integration of spin-based functionalities into memristive devices. 

A critical aspect of this work is the exploration of the negative differential resistance (NDR) phenomenon exhibited 
by our Co-doped SnO2 memristors. NDR, characterized by a decrease in current with an increase in voltage, holds 
significant promise for applications in low-power logic circuits, oscillators, and neuromorphic computing architectures. 
This study aims to precisely characterize the NDR behavior, identify the underlying physical processes driving it, and 
assess its impact on the overall performance of the fabricated devices. We aim to demonstrate that by carefully controlling 
the doping levels and material processing conditions, the NDR effect can be reliably harnessed for practical applications. 

The insights gained from this investigation not only contribute to a better understanding of the fundamental 
properties of Co-doped SnO2 but also pave the way for the development of innovative memory and switching devices 
with improved efficiency and novel functionalities. Our approach aims to bridge the gap between theoretical potential 
and practical realization, positioning Co-doped SnO2 as a viable candidate for next-generation electronics. 

METHODS 
The cobalt doped SnO2 films were deposited on heavily doped p-type silicon (100) substrates by ultrasonic spray 

pyrolysis method at ambient atmosphere, as described in details in [8]. All chemical reagents utilized in the present study 
were of analytical grade and used without further purification. The aqueous solution of tin acetate (0.5 mol/l) and cobalt 
acetate (0.005 mol/l and 0.001 mol/l) were used as the sources of Sn and Co, respectively. The substrate temperature was 
set at 450°C and the thickness of SnO2:Co film was about 200 nm. In order to measure the electrical properties of the 
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SnO2:Co films, Ag top electrodes of 220 µm in diameter with 100nm thickness were thermally evaporated with a metal 
shadow mask. The current-voltage (I-V) characteristics of Ag/SnO2:Co/SiO2/p-type Si structure were measured by a 
Keithley 2460 source-measure unit. During the measurement in voltage sweeping mode, the positive bias was defined by 
the current flowing from the top electrode to bottom electrode, and the negative bias was defined by the opposite direction. 
To ensure the reliability and reproducibility of our measurements, several steps were taken to standardize the electrical 
characterization process. The Keithley 2460 source-measure unit was configured to perform voltage sweeps with a step 
size of 0.05V, while the compliance current limit was set at 10 mA to prevent any irreversible damage to the devices. 
Prior to each measurement, the system was calibrated to minimize any systematic errors, and the contact resistance 
between the probe tips and top electrodes was carefully verified. The measurements were conducted at room temperature 
under ambient atmospheric conditions, without any external illumination, unless stated otherwise. For each sample, I-V 
curves were recorded at multiple locations to assess the device-to-device variability. Furthermore, for detailed analysis of 
the switching behavior, including the endurance and retention characteristics of the devices, we performed repeated I-V 
cycling measurements and monitored the resistance state over time. Endurance tests were conducted by performing 
multiple voltage sweeps between the set and reset voltages, while retention tests were carried out by monitoring the 
change in the resistance at a fixed bias voltage. In order to establish the statistical significance of our results, we analyzed 
data from multiple devices and multiple measurement runs. The data processing and curve plotting were performed using 
OriginPro software, which allowed for precise determination of device parameters, such as switching thresholds and the 
negative differential resistance region. A schematic illustration of the device structure is included for clarity (Fig. 1). 

 
Figure 1. Schematic diagram of the Ag/Co:SnO₂/SiO₂/p-Si-based memristor structure. The top layer consists of a silver (Ag) contact, 
followed by a cobalt-doped tin oxide (Co:SnO₂) layer. This layer is deposited on a silicon dioxide (SiO₂) insulating layer, which is built 
on a p-type silicon (p-Si) substrate. The electrical properties of the memristor are studied by applying an external voltage 

 
RESULTS 

The current-voltage characteristic of a tin oxide material doped with 1% cobalt, typical of an RRAM device with an 
Ag/SnO2:Co/SiO2/p structure at room temperature (RT), is shown in Figure 2. Starting from 0V, as the voltage is 
increased in the positive direction, the current begins to increase non-linearly. It reaches a peak current value around 5V 
before dropping slightly as the voltage starts to decrease. This forms a clearly visible clockwise loop. The shape suggests 
that the device is switching between different resistance states, a common characteristic in memristive devices. As the 
voltage is swept negatively, a similar pattern is seen. The material initially has very low current, almost zero, until the 
voltage goes more negative than -3 V. At this point, the current suddenly increases sharply negatively. This abrupt change 
in current indicates that the device exhibits bipolar resistive switching behavior. 

The Fig.3 shows the current-voltage characteristic of a tin oxide material that has been doped with 5% cobalt. The 
presence of a negative differential resistance (NDR) region is clearly evident in the graph depicted in the figure. In the 
positive voltage region, a portion of the graph shows a decrease in current with an increase in voltage (between +3V and 
+4V). This phenomenon is recognized as the Negative Differential Resistance (NDR) effect. Within this region, the 
material’s resistance increases, leading to a temporary reduction in the current. An increase in voltage causes a change in 
the internal electric field of the material, thereby obstructing charge movement and consequently reducing the current. 
When the current decreases, the resistance of the material increases. This results in a temporary reduction of the material’s 
ability to conduct electrical current. The current-voltage (I-V) graph illustrates how the current’s direction and magnitude 
vary with both positive and negative applied voltages. The negative differential resistance (NDR) effect is seen solely 
within the positive voltage range. Following the negative differential resistance (NDR) region, the current rises again, 
suggesting that the device is capable of providing stable measurements. The consistent nature of the changes in the graph 
indicates the reproducibility of this characteristic. Beyond the qualitative observations described above, a detailed 
quantitative analysis was performed on the I-V characteristics presented in Figures 2 and 3. In the 1% Co-doped sample 
(Figure 2), while a hysteretic behavior indicative of resistive switching is apparent, the NDR effect is not prominent. The 
switching threshold voltages were measured to be approximately ±2.5V for this device. However, a notable and robust 
NDR phenomenon is observed in the 5% Co-doped sample (Figure 3), with the NDR region occurring between 
approximately +3V and +4V, as previously mentioned. The peak current before the onset of NDR was recorded to be 
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around 15 mA, and a clear decrease in current is observed following the NDR region, eventually returning to higher 
current values upon further increase in voltage. 

 
Figure 2. Current–voltage (I-V) curve of Ag/SnO2: Co (1%)/SiO2 /p-Si resistive switching 

 
Figure 3. Current–voltage (I-V) curve of Ag/SnO2: Co (5%)/SiO2 /p-Si resistive switching 

 
CONCLUSION 

This study successfully demonstrated a tunable negative differential resistance (NDR) effect in memristors based on 
cobalt-doped tin dioxide (SnO2:Co). The SnO2:Co thin films, grown on p-type silicon substrates via ultrasonic spray 
pyrolysis (USP), exhibited unique electro-physical characteristics, demonstrating an unusual decrease in current within a 
specific voltage range. The identified NDR region, particularly within the positive voltage range (approximately +3V to 
+4V), highlights the promising potential of the devices studied. This behavior is attributed to the trapping of charge 
carriers and the redistribution of the electric field within the material. 

The observed resistive switching properties, especially the stable transitions between high and low resistance states, 
indicate the suitability of these materials for memory applications. The presence of the NDR effect further creates new 
possibilities for these devices to be used in dynamic switching technologies, including low-power logic circuits and 
oscillation generators. The results position the Co:SnO2 system as a promising candidate for controlled memory elements 
and future generation electronics. 

Building upon the findings, further research is warranted to optimize the NDR effect and the device performance 
parameters. This includes fine-tuning the doping levels, film thickness, and the selection of electrode materials, as well 
as enhancing the device structure. Additionally, exploring the underlying mechanisms more deeply to stabilize the 
fabrication process and broaden the scope of applications is also crucial. These research directions could lead to finding 
new solutions for high-performance and low-power electronics. Our work provides a solid foundation for the future 
application of the Co:SnO2 material in electronic devices, especially in memory and switching components. 
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РЕГУЛЬОВАНИЙ ВІД'ЄМНИЙ ДИФЕРЕНЦІАЛЬНИЙ ОПІР У МЕМРИСТОРАХ SnO2:Co НА p-Si 

Джамолдін Х. Муродовa,b, Шавкат У. Юлдашевb, Азамат О. Арслановc, Маргуба С. Міркаміловаa, Уткур Е. Джураєвa 
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У цьому дослідженні досліджується явище від'ємного диференціального опору (ОДО) у мемристорах на основі діоксиду олова 
(SnO2:Co), легованого кобальтом, виготовлених на кремнієвих підкладках p-типу. За допомогою ультразвукового 
розпилювального піролізу (USP) тонкі кристалічні плівки SnO2:Co були нанесені на підкладки p-Si з тонким шаром рідного 
SiO2. Отримані мемристорні пристрої демонструють відтворюване біполярне резистивне перемикання між високоомним 
(HRS) та низькоомним (LRS) станами. Ключові висновки включають спостереження чіткої області NDR (від’ємного 
диференціального опору) на вольт-амперних (ВАХ), зокрема в діапазоні позитивної напруги приблизно від +3 В до +4 В. У 
цій області NDR струм зменшується, незважаючи на збільшення напруги, що є характерною ознакою цього ефекту. Така 
поведінка пояснюється захопленням та перерозподілом заряду в матеріалі Co:SnO2. Постійна та відтворювана природа 
спостережуваного ефекту NDR свідчить про потенціал мемристорів SnO2:Co для застосування в передових технологіях 
пам’яті та комутації. Ця робота сприяє розумінню механізмів резистивного перемикання в тонких плівках SnO2, легованих 
кобальтом, які є перспективними матеріалами для пристроїв пам’яті наступного покоління. 
Ключові слова: легування кобальтом SnO2; мемристор; комутація з негативним диференціальним опором; USP 
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In this work, the diffusion of Mn and Ni impurity atoms to p-Si and n-Si samples under the influence of an external electric field was 
investigated in the temperature range T~800÷1300°C. The research results show that at temperatures above 1000℃, the effective 
charge of manganese ion has a negative value, and at temperatures below 900℃, the effective charge has a positive value. In the 
temperature range T=800÷1250°C, nickel ions move in the opposite direction to the current direction of the electric field. The increase 
in the effective charge with the increase in temperature was explained by the attraction of neutral nickel atoms by electrons.  
Keywords: Silicon; Impurity atoms; Diffusion; Effective charge; External electric field 
PACS: 61.72.uf, 68.43.Jk 

1. INTRODUCTION
The external electric field causes the movement of the impurity particles in the semiconductor and the interaction 

between the diffusion particles and the free charge carriers of the semiconductor. In a number of cases, this interaction 
significantly affects the migration of these particles [1,2].  

Formation of III-V and II-VI binary compounds in Si crystal lattice and surface is one of the most promising 
directions. But when forming III-V and II-VI group compounds in the silicon crystal lattice, the diffusion coefficient of 
III and V group elements in Si material is small (~10-14÷10-11 cm2/(V·s)) [3,4,5,6 ,7,8,9], due to the low solubility of group 
II and VI elements in Si material (~1015÷1018 cm-3) [10,11,12,13,14,15], it is not possible to detect the change in the 
functional parameters of the Si semiconductor using existing devices. For this reason, the interest in increasing the 
diffusion coefficient and solubility of impurity atoms in crystals of Si and Ge [16,17,18,19] is of great scientific and 
practical importance.  

Until now, there are very few articles devoted to the effect of external electric field on the diffusion of impurity in 
semiconductors. This article provides information on the electromigration of nickel (Ni) (a Ni acceptor in silicon 
[20,21,22]) and manganese (Mn) (a Mn donor in silicon [23,24,25]) in silicon. 

2. MATERIALS AND METHODS
For the study, p-Si (nB ≈ 5×1015 cm-3) and n-Si (nP ≈ 5×1013 cm-3) brands of silicon were selected. The samples were 

cut in dimensions of 5×10×1 mm3 (all samples have the same size) using a STX-402 diamond wire cutter, and the surface 
of the samples was mechanically and chemically treated. 

After that, using the VUP4 device, a thin metal layer of Mn (the purity of manganese was 99.998%) on the surface 
of p-Si and Ni (the purity of nickel was 99.997%) on the surface of n-Si was formed (Fig. 1). 

Figure 1. Si samples with a thin metal layer formed on the surface 

Two grains of Si samples with a thin metal layer of Mn on the surface, were placed in an electro-diffusion device 
for the purpose of diffusion. In this case, the positive pole of the electro-diffusion device was connected to one of the 
samples and the negative pole to the other. The same process was repeated for Si samples on which a thin metal layer of 
Ni was formed on the surface (Fig. 2). In the process of electro-diffusion, a constant current with a current density of 
J = 20÷260 A/cm2 was passed through the samples for 20 minutes, during which the samples were heated to a temperature 
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of 800÷1300°C. After the end of the electro-diffusion process, the samples were quickly cooled using a special oil and 
subjected to chemical and mechanical processing. After electro-diffusion, the distance between the contact boundaries of 
the samples and the depth of the p-n transition in the cathode and anode samples was measured using an optical comparator 
with an accuracy of ±1 µm. 

  

Figure 2. Placement of samples in an electro-diffusion device 
 

3. RESULTS AND DISCUSSION 
By studying the distribution of the impurity concentration in the samples, the mobility of ions can be determined 

from the following equation:  

 
0

Q Q
,

N Et
μ + −−

=  (1) 

where Q+ and Q– are the amount of impurity diffused in the direct current E electric field to the anode and cathode 
samples, N0 is the impurity concentration in the x = 0 plane, t is the duration of electrical migration. On the other hand, if 
you know the concentration distribution in the studied samples, you can determine the ratio of the mobility to the diffusion 
coefficient:  

 
( )
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+
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where N–(x,t) and N+(x,t) are the impurity concentration distributions in the cathode and anode samples, respectively.  
Diffusion of impurities to silicon under the influence of an external electric field, analysis of the concentration profile 

of impurities was supplemented by the p-n junction technique. In this case, the mobility of ions is determined by the 
following formula: 

 
2

x x
,

Et
μ − +−

=  (3) 

where x– and x+ are the p-n junction depths of the cathode and anode samples, respectively. The surfaces of the samples 
were chemically cleaned from the oxide layer, and the p-n junction depth was determined using a thermoprobe and layer-
by-layer chemical decomposition method.  
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Figure 3. Distribution of impurities in silicon doped with Mn atoms under the influence of an external electric field:  

a) T=830°C; b) T=1200°C. 

Figure 3 shows that manganese ions move in the same direction as the external electric current at temperatures 
T = 830℃ (at temperatures below T = 950℃), that is, manganese ions are connected to the cathode moves towards the 
sample. Manganese ions at temperature T = 1200℃ (at temperatures higher than T = 1000℃) move mainly towards the 
anode (Fig. 3 b). 
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Figure 4. Distribution of diffusion of Ni atoms in silicon under the influence of an external electric field:  

a) T=813 °C; b) T=1200 °C. 

Figure 4 shows the graphs for electromigration of nickel in silicon in anode and cathode samples at temperatures 
T = 813°C and T = 1200°C. As can be seen from the figure, in this case, unlike Mn, it is not observed to move in the same 
direction as the direction of the external electric current in the entire temperature range, and in the studied temperature 
range, the ions of Ni atoms q = 0.3÷2 moves towards the anode in the form of an effective charge. In the temperature 
range T = 800÷1250°C, the lack of inversion of the mobility of nickel ions and the increase of the effective charge with 
increasing temperature indicate that the results of the electromigration study can be explained by the attraction of neutral 
nickel atoms by electrons is necessary, because the movement of neutral atoms in electromigration is determined only by 
the attraction effect. 

Knowing µ/D and using Einstein's relation (4), the charge of the input ions can be calculated (Fig. 5). 
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Figure 5. Dependence of effective charge of Mn ions doped on silicon by electro-diffusion method on diffusion temperature 

 
4. CONCLUSION 

Values of manganese ion mobility and their effective charge calculated from experimental data as a function of 
diffusion temperature are shown in Fig. 5. It can be seen that at temperatures above 1000℃, the effective charge of 
manganese ion has a negative value and the transmission increases rapidly with increasing temperature, and at 
temperatures below 900℃, the effective charge has a positive value and changes in the range of 1:2. The movement of 
manganese ions to the cathode at temperatures below 900℃ can be explained by the diffusion of manganese in the form 
of Mn++, which has a large diffusion coefficient in silicon, between the nodes. However, in this case, the reason for the 
change in direction of movement of Mn ions at T=950℃ remains unclear. This anomalous phenomenon may be a 
consequence of a change in the diffusion mechanism of manganese or a manifestation of the attraction effect of manganese 
ions with electrons. 
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The results of the experiment show that the solubility and diffusion coefficient of silicon-doped impurities can be 
increased under the influence of a constant external electric field. Proving this assumption requires large-scale 
experiments on the doped of silicon impurities under the influence of an external electric field. 
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ЕФЕКТИВНИЙ ЗАРЯД ДОМІШКОВИХ АТОМІВ Mn ТА Ni В КРЕМНІЇ ПІД ВПЛИВОМ ЗОВНІШНЬОГО 

ЕЛЕКТРИЧНОГО ПОЛЯ 
Бобір О. Ісаков, Халмурат М. Ілієв, Зафар Б. Худойназаров, Гійосіддін А. Кушієв 

Ташкентський державний технічний університет, вул. Університетська, 2. 100095, Ташкент, Узбекистан 
У даній роботі досліджено дифузію домішкових атомів Mn та Ni до зразків p-Si та n-Si під дією зовнішнього електричного 
поля в інтервалі температур T~800÷1300°C. Результати досліджень показують, що при температурах вище 1000℃ ефективний 
заряд іона марганцю має негативне значення, а при температурах нижче 900℃ ефективний заряд має позитивне значення. 
В інтервалі температур T=800÷1250°C іони нікелю рухаються в протилежному напрямку до поточного напрямку 
електричного поля. Збільшення ефективного заряду з підвищенням температури пояснювали притяганням електронами 
нейтральних атомів нікелю. 
Ключові слова: кремній, домішкові атоми, дифузія, ефективний заряд, зовнішнє електричне поле 
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In this article, the electrophysical characteristics of GaAs/Si radial heterojunctions are studied analytically over a temperature range 
of 50 K to 500 K in increments of 50 K, considering various doping concentrations. The analysis encompasses band gap narrowing 
(BGN), built-in potential, the difference in band gap between GaAs and Si, and capacitance-voltage (C-V) characteristics. In 
particular, we focus on shell radii of 0.5 μm and 1 μm within the structure. We found that the thickness of the depletion region of 
the GaAs/Si radial heterojunction increases with rising temperature. When the doping concentration changes from 2∙1015 to 
2∙1018 BGN decreases by 2 meV. The charge capacity of the GaAs/Si radial heterojunction increases by 3 nF as the temperature 
rises from 50 K to 500 K. Additionally, the built-in potential of the GaAs/Si radial heterojunction decreases by 1.5 volts with 
increasing temperature. 
Keywords: Radial p-n and p-i-n junction; Light trap; External factors; Volt-farad; Volt-amper; Cryogenic temperatures 
PACS: 73.40. Lq, 73.61.Cw, 73.61.Ey, 72.20.Jv 

INTRODUCTION 
Over time, the ongoing surge in research on semiconductor electronic devices has led to significant advancements 

in their design, unique materials, optimization, and functionality. Key developments include two-dimensional 
transistors [1-4], nanowires [5], and notably, radial p-n and p-i-n junction structures [6,7]. Radial p-n junctions offer 
several advantages over traditional planar junctions, especially in submicron nanowire applications [8-11], including high 
internal and external quantum efficiency [12], low recombination due to short diffusion length [13], and a high surface-
to-volume ratio [14]. Over the past two decades, these radial junctions have gained popularity for their enhanced optical 
and electronic properties, making them ideal for applications such as photodiodes, optical sensors [15], thermal and 
photovoltaic detectors [16], and solar cells [17]. Their design minimizes optical losses through efficient light absorption 
and charge carrier collection, thereby enhancing energy conversion efficiency. Additionally, the perpendicular alignment 
of light absorption and carrier transport in radial p-n junctions supports high-frequency performance, making them 
suitable for high-speed electronics and wireless communication systems. 

Furthermore, radial junctions are integral to high-speed photodetectors [18], avalanche photodiodes [19], 
photovoltaic devices, gamma-ray detectors [20], and infrared sensors [21,22]. Their unique structural design provides 
superior efficiency, speed, and sensitivity [23], essential for various modern semiconductor applications [24]. Given their 
broad applications, it is crucial to investigate the electrophysical properties of these junctions, particularly ionization 
processes and their behavior across a wide temperature range. Both theoretical modeling and experimental validation are 
essential to ensure the reliability and accuracy of these semiconductor devices. 

While radial p-n and p-i-n junctions have been extensively studied, research on heterojunction structures remains 
comparatively limited. In this work, we have focused on the GaAs/Si heterojunction structure, analyzing its 
electrophysical features theoretically and analytically. Using mathematical modeling, we have analyzed the 
electrophysical characteristics of the n-GaAs/p-Si heterojunction structure to gain insights into its performance under 
varying temperatures and applied voltages. 

METHODS AND MATERIAL 
2.1 Material and Geometric Parameters 

Despite the development of new semiconductor materials, GaAs remains the primary material for optoelectronic 
devices, while Si continues to be the most widely used material due to its advanced development technology and 
abundance on the Earth's surface. Based on this perspective, Si and GaAs were selected for this study. Figure 1 shows the 
cross-sectional view of the selected radial p-n junction sample, cut along the Z-axis. We derived solutions for radial p-n 
junction structures with a p-type core radius of 0.5 μm and an n-type shell radius of 1 μm. Where r denotes the radial 
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dimension, e+ and e−•  represents the densities of ionized DN + donor and AN − acceptor atoms respectively, at the interface 
of the radial p-n heterojunction within the depletion region. If full ionization case D DN N+ = , A AN N− = . In Figure 1, the 
interval 0 pr r< <  represents the p-type quasi-neutral region (QNR),  the interval p nr r r< <  represents the depletion 
region in the radial p-n heterojunction junction, the interval 2nr r R< <  represents the n-type quasi-neutral region (QNR).   

 
0

2( )( ( ) )GaAs A Si D bi
p n

Si GaAs A D

N N T Ud
q N N

ε ε ϕ
ε ε ε−

+ −
=

⋅
. (1) 

The interval p np nd r r r− = < <  represents the depletion region and this depends on temperature and external voltage and 
is represented by the expression (1): Where, ( )bi Tϕ  is the built-in potential of the radial p-n junction which is defined by 
the expression (3), ,Si GaAsandε ε  are dielectric constant of the Si and GaAs respectively, 12 1

0 8.85 10  F mε − −= ⋅ ⋅  electrical 
constant. Heterojunction p-n structures are essential for advanced semiconductor devices, as they enhance performance 
through optimized band alignment and reduced recombination. The depletion region width plays a crucial role in 
determining device efficiency by influencing charge carrier distribution, breakdown voltage, and overall performance, 
particularly in high-frequency and high-power applications. 

 
Figure 1. This figure illustrates a 2D cross-section of submicron radial p-n junction structures. The n-type GaAs region is represented 
by the light gray area, the p-type Si region by the dark gray area, and the depletion region is shown in very light gray 

Precisely understanding and controlling this width is critical for improving the functionality and reliability of 
heterojunction-based devices. Figure 2 illustrates how the depletion region varies with external voltage at different 
temperatures, based on the results derived from Equation (1).  

 
Figure 2. Temperature dependence of the depletion region thickness differences in the p-GaAs/n-Si heterojunction 

The band gap is indeed one of the most critical parameters in semiconductor materials, especially for heterojunctions 
like p-GaAs/n-Si. In such heterojunctions, the difference in band gaps between GaAs (about 1.43 eV) and Si 
(about 1.12 eV) at 300K, plays a significant role in their behavior and performance, particularly affecting charge carrier 
dynamics, recombination, and junction properties. This balance of properties in GaAs/Si heterojunctions supports a wide 
range of applications in high-speed electronics and optoelectronic devices. The (2) expression represents the change in 
the width of the band gap with temperature variation. 

 2( ) (0) ( )GaAs Si
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GaAs Si

E T E T
T T
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Where, (0)gEΔ  is differences of the band gap Si and GaAs at 0 K. GaAsθ  and Siθ  are Debye temperature GaAs and 
Si respectively. The Debye temperature can be calculated using the material's properties, but empirical values are often 
referenced. 

 ( ) ( ) ln( )A D
bi g

iGaAs iSi

N NkTT E T
q n n

ϕ ⋅
= Δ − ⋅

⋅
. (3) 

Here, k is the Boltzmann constant, T is the absolute temperature in Kelvin, q is the charge of an electron,NA and ND 
are acceptor and donor concentration respectively, niSi and niGaAs  are intrinsic carrier concentrations of Si and GaAs 
respectively. The electrostatic potential difference in the radial p-GaAs/n-Si heterojunction varies with changes in the 
external source voltage, which can be expressed as follows: 

 ( )p n bi T Uϕ ϕ−Δ = − . (4) 

The charge capacity of the GaAs/Si radial heterojunction depends on the differences in electrostatic potential. The 
negative charge of the p-type acceptors is balanced by the positive charge of the n-type donors Q Q Q+ −= = . which is 
equal to the differential electric capacity derived from the change in charge with respect to voltage. The results of the 
analytical and mathematical expressions derived above are analyzed in the following section, along with proposed future 
expectations. Additionally, the obtained results have been calibrated. The charge capacity of the p-GaAs/n-Si 
heterojunction is expressed by equation (5) 

 0

2( )( ( ) )
Si GaAs A D

p n
GaAs A Si D bi

q N NC S
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ε ε ε

ε ε ϕ−
⋅
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+ −
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RESULTS AND DISCUSSION 

In this section, the results are presented and analyzed. The analytical study of GaAs/Si radial heterojunctions over a 
temperature range of 50 K to 500 K provides significant insights into their electrophysical characteristics. One key finding 
is the observed increase in the depletion region thickness with rising temperature, while it decreases with increasing 
external voltage, as shown in Figure 2. This behavior is attributed to the intrinsic properties of the semiconductor materials 
involved. As temperature increases, thermal energy enhances charge carrier movement, effectively reducing the doping 
concentration within the depletion region. Consequently, a wider depletion width is required to maintain charge neutrality 
across the junction, which is critical for the heterojunction’s operation. 

The depletion region thickness in p-GaAs/n-Si heterojunctions is analyzed at various voltages, specifically -1 V and 
1 V, across different temperatures ranging from 50 K to 500 K in 50 K increments, as depicted in Figure 2. The results 
indicate that the depletion region thickness decreases with increasing voltage and temperature. Additionally, the potential 
barrier of the p-n junction is directly influenced by the depletion region thickness, leading to observable variations in the 
potential barrier. This dependence plays a crucial role in the functionality of devices such as thermosensors, photosensors, 
and solar cells. 

 
Figure 3. Bandgap narrowing as a function of logarithmic doping concentration in both n-Si and p-GaAs 

Another noteworthy result is the decrease in band gap narrowing (BGN) by 2 meV as the doping concentration 
increases from changes from 2∙1015 to 2∙1018. This trend indicates that higher doping levels enhance the screening of 
ionized impurities, effectively reducing the interactions responsible for BGN. The implications of BGN on device 
performance are significant, as a narrower band gap can lead to increased leakage currents, potentially degrading the 
efficiency of heterojunction-based devices such as solar cells and light-emitting diodes, as shown in Figure 3. 
Understanding the interplay between temperature, doping concentration, and band gap narrowing is crucial for designing 
high-performance GaAs/Si radial heterojunctions. The results of this study highlight the potential of GaAs/Si 
heterojunctions in advancing semiconductor technology. By leveraging insights into BGN and temperature effects, 
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manufacturers can design devices with improved performance, enhanced efficiency, and an extended operational range 
across various applications. 

 
Figure 4.  a) Temperature dependence of the band gap differences in the p-GaAs/n-Si heterojunction, 

b) The built-in potential of the p-GaAs/n-Si heterojunction varies with temperature from 50 K to 500 K 

Moreover, the decrease in built-in potential by 1.5 volts with increasing temperature provides crucial insights into 
the stability of the junction. The built-in potential is vital for determining the electric field strength within the depletion 
region, which influences carrier recombination and overall junction performance. 

The temperature dependence of the bandgap energy difference is also significant, as the bandgap decreases from 3.2 
eV at 200K to 3.0 eV at 300K, suggesting a bandgap narrowing effect. This phenomenon, commonly observed in 
semiconductors, results from increased lattice vibrations, as shown in Figure 4. 

As temperature rises, the reduced built-in potential may lead to increased thermal generation of electron-hole pairs, 
potentially elevating the reverse saturation current. This observation highlights the need for robust thermal management 
in device design, particularly for applications operating under varying thermal conditions. 

The results of this study emphasize the intricate relationship between temperature, doping concentration, and the 
electrophysical characteristics of GaAs/Si radial heterojunctions. The increase in depletion width, the reduction in 
bandgap narrowing, the enhancement of charge capacity, and the decrease in built-in potential collectively provide 
valuable insights into optimizing device performance across different thermal environments. 

Future work should focus on the experimental validation of these findings and exploring strategies to mitigate the 
adverse effects of temperature on the electrical characteristics of GaAs/Si radial heterojunctions, particularly for 
applications in high-performance semiconductor devices. 

 
Figure 5.  The charge capacity of the p-GaAs/n-Si heterojunction varies with external voltage over a temperature range from 50 K 

to 500 K, with the red line representing 50 K and the brown line representing 500 K 

The observed increase in charge capacity by 3 nF with rising temperature from 50 K to 500 K reflects the temperature 
dependence of the capacitance-voltage (C-V) characteristics in Figure 5. As temperature increases, carriers are thermally 
excited, increasing their availability for conduction and, subsequently, enhancing the overall capacitance of the device. 
This behavior is particularly significant in high-frequency applications where capacitance stability is essential. It suggests 
that GaAs/Si radial heterojunctions could be designed to operate effectively across a broad temperature range, although 
careful consideration must be given to temperature effects on other parameters such as leakage current and noise. 
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CONCLUSIONS 
In conclusion, this study provides a comprehensive analysis of the electrophysical characteristics of GaAs/Si radial 

heterojunctions across a temperature range of 50 K to 500 K, focusing on the effects of various doping concentrations 
and shell radii of 0.5 μm and 1 μm. Our findings reveal that the depletion region thickness increases with temperature, 
indicating enhanced charge distribution within the junction. Notably, the band gap narrowing (BGN) was found to 
decrease by 2 meV as the doping concentration varied from 2∙1015 to 2∙1018, highlighting the influence of doping on 
electronic properties. Furthermore, we observed an increase in charge capacity by 3 nF with temperature elevation, which 
signifies improved device performance at higher thermal conditions. Conversely, the built-in potential experienced a 
notable decrease of 1.5 volts as temperature increased, suggesting a reduction in the energy barrier for charge carriers. 
These insights into the temperature-dependent behavior of GaAs/Si radial heterojunctions contribute valuable knowledge 
for the design and optimization of semiconductor devices operating in varying thermal environments. 

 
ORCID 

Jo‘shqin Sh. Abdullayev, https://orcid.org/0000-0001-6110-6616; Ibrokhim B. Sapaev, https://orcid.org/0000-0003-2365-1554 
 

REFERENCES 
[1] R. Elbersen, R.M. Tiggelaar, A. Milbrat, G. Mul, H. Gardeniers, and J. Huskens, “Controlled Doping Methods for Radial p/n 

Junctions in Silicon,” Advanced Energy Materials, 5(6), 1401745 (2014). https://doi.org/10.1002/aenm.201401745 
[2] E. Gnani, A. Gnudi, S. Reggiani, and G. Baccarani, “Theory of the Junctionless Nanowire FET,” IEEE Trans. Electron Devices, 

58(9), 2903 (2011). https://doi.org/10.1109/TED.2011.2159608 
[3] J.Sh. Abdullayev, and I.B. Sapaev, “Optimization of The Influence of Temperature on The Electrical Distribution of Structures with 

Radial p-n Junction Structures,” East Eur. J. Physics, (3), 344-349 (2024). https://doi.org/10.26565/2312-4334-2024-3-39 
[4] J.Sh. Abdullayev, and I.B. Sapaev, “Optimizing the Influence of Doping and Temperature on The Electrophysical Features of p-

n and p-i-n Junction Structures,” Eurasian Physical Technical Journal, 21(3(49), 21–28 (2024). 
https://doi.org/10.31489/2024No3/21-28 

[5] J.Sh. Abdullayev, “Influence of Linear Doping Profiles on the Electrophysical Features of p-n Junctions,” East Eur. J. Phys. (1), 
245-249 (2025). https://doi.org/10.26565/2312-4334-2025-1-26 

[6] O.V. Pylypova, A.A. Evtukh, P.V. Parfenyuk, I.I. Ivanov, I.M. Korobchuk, O.O. Havryliuk, and O.Yu. Semchuk, “Electrical and 
optical properties of nanowires based solar cell with radial p-n junction,” Opto-Electronics Review, 27(2), 143 (2019). 
https://doi.org/10.1016/j.opelre.2019.05.003 

[7] R. Ragi, R.V.T. da Nobrega, U.R. Duarte, and M.A. Romero, “An Explicit Quantum-Mechanical Compact Model for the I-V 
Characteristics of Cylindrical Nanowire MOSFETs,” IEEE Trans. Nanotechnol. 15(4), 627 (2016). 
https://doi.org/10.1109/TNANO.2016.2567323 

[8] R.D. Trevisoli, R.T. Doria, M. de Souza, S. Das, I. Ferain, and M.A. Pavanello, “Surface-Potential-Based Drain Current Analytical 
Model for Triple-Gate Junctionless Nanowire Transistors,” IEEE Trans. Electron Devices, 59(12), 3510 (2012). 
https://doi.org/10.1109/TED.2012.2219055 

[9] N.D. Akhavan, I. Ferain, P. Razavi, R. Yu, and J.-P. Colinge, “Improvement of carrier ballisticity in junctionless nanowire 
transistors,” Appl. Phys. Lett. 98(10), 103510 (2011). https://doi.org/10.1063/1.3559625 

[10] J.Sh. Abdullayev, and I.B. Sapaev, “Modeling and calibration of electrical features of p-n junctions based on Si and GaAs,” 
Physical Sciences and Technology, 11, 3-4 39–48 (2024). https://doi.org/10.26577/phst2024v11i2b05 

[11] J.Sh. Abdullayev, and I.B. Sapaev, “Factors Influencing the Ideality Factor of Semiconductor p-n and p-i-n Junction Structures at 
Cryogenic Temperatures,” East Eur. J. Phys. (4), 329-333 (2024). https://doi.org/10.26565/2312-4334-2024-4-37 

[12] A.V. Babichev, H. Zhang, P. Lavenus, F.H. Julien, A.Y. Egorov, Y.T. Lin, and M. Tchernycheva, “GaN nanowire ultraviolet 
photodetector with a graphene transparent contact,” Applied Physics Letters, 103(20), 201103 (2013). 
https://doi.org/10.1063/1.4829756 

[13] D.H.K. Murthy, T. Xu, W.H. Chen, A.J. Houtepen, T.J. Savenije, L.D.A. Siebbeles, et al., “Efficient photogeneration of charge 
carriers in silicon nanowires with a radial doping gradient,” Nanotechnology, 22(31), 315710 (2011). 
https://doi.org/10.1088/0957-4484/22/31/315710 

[14] B. Pal, K.J. Sarkar, and P. Banerji, “Fabrication and studies on Si/InP core-shell nanowire based solar cell using etched Si nanowire 
arrays,” Solar Energy Materials and Solar Cells, 204, 110217 (2020). https://doi.org/10.1016/j.solmat.2019.110217 

[15] I. Aberg, G. Vescovi, D. Asoli, U. Naseem, J.P. Gilboy, C. Sundvall, and L. Samuelson, “A GaAs Nanowire Array Solar Cell With 
15.3% Efficiency at 1 Sun,” IEEE Journal of Photovoltaics, 6(1), 185 (2016). https://doi.org/10.1109/JPHOTOV.2015.2484967 

[16] J. Sh. Abdullayev, I. B. Sapaev, Kh. N. Juraev, “Theoretical analysis of incomplete ionization on the electrical behavior of radial 
p-n junction structures,” Low Temp. Phys. 51, 60–64 (2025), https://doi.org/10.1063/10.0034646 

[17] J.Sh. Abdullayev, and I.B. Sapaev, “Analytic Analysis of the Features of GaAs/Si Radial Heterojunctions: Influence of 
Temperature and Concentration,” East Eur. J. Phys. (1), 204-210 (2025). https://doi.org/10.26565/2312-4334-2025-1-21 

[18] O. Toktarbaiuly, M. Baisariyev, A. Kaisha, T. Duisebayev, N. Ibrayev, T. Serikov, M. Ibraimov, et al., “Enhancement of Power 
Conversion Efficiency of Dye-Sensitized Solar Cells Via Incorporation of Gan Semiconductor Material Synthesized in Hot-Wall 
Chemical Vapor Deposition Furnace,” Eurasian Physical Technical Journal, 21(4(50), 131–139 (2024). 
https://doi.org/10.31489/2024No4/131-139 

[19] M.Sh. Isaev, A.I. Khudayberdieva, M.N. Mamatkulov, U.T. Asatov, and S.R. Kodirov, “The Surface Layer Morphology of Si<Cr> 
Samples,” East Eur. J. Phys. (4), 297–300 (2024). https://doi.org/10.26565/2312-4334-2024-4-32 

[20] L. Olimov, and I. Anarboyev, “Some Electrophysical Properties of Polycrystalline Silicon Obtained in a Solar Oven,” Silicon, 14, 
3817–3822 (2022). https://doi.org/10.1007/s12633-021-01596-1 



225
Mathematical Analysis of the Features of Radial p-n Junction: Influence of Temperature...   EEJP. 2 (2025)

[21] L. Olimov, and I. Anarboyev, “Mechanism of thermoelectric material efficiency increase,” AIP Conf. Proc. 3244, 060015 (2024). 
https://doi.org/10.1063/5.0242092 

[22] I. Sapaev, I.B. Sapaev, et. al., “Influence of the parameters to transition capacitance at NCDS-PSI heterostructure,” E3S Web 
Conf., 383, 04022 (2023). https://doi.org/10.1051/e3sconf/202338304022 

[23] A.T. Mamadalimov, M.Sh. Isaev, M.N. Mamatkulov, S.R. Kodirov, and J.T. Abdurazzokov, “Study of Silicide Formation in Large 
Diameter Monocrystalline Silicon,” East Eur. J. Phys. (2), 366-371 (2024). https://doi.org/10.26565/2312-4334-2024-2-45 

[24] M.S. Isaev, U.T. Asatov, M.A. Tulametov, S.R. Kodirov, and A.E. Rajabov, “Study of the Inhomogeneities of Overcompensed 
Silicon Samples Doped with Manganese,” East Eur. J. Phys. (2), 341-344 (2024). https://doi.org/10.26565/2312-4334-2024-2-40 
 

МАТЕМАТИЧНИЙ АНАЛІЗ ОСОБЛИВОСТЕЙ РАДІАЛЬНОГО p-n ПЕРЕХОДУ: 
ВПЛИВ ТЕМПЕРАТУРИ ТА КОНЦЕНТРАЦІЇ 

Й.Ш. Абдуллаєвa, І.Б. Сапаєвa,b, Н.Ш. Есанмурадоваa,b,e, С.Р. Кадировc, Ш.М. Кулієвd 
aНаціональний дослідницький університет TIIAME, фізико-хімічний факультет, Ташкент, Узбекистан 

bЗахідно-Каспійський університет, Баку, Азербайджан 
cУргенчський державний університет, Ургенч, Узбекистан 

dФізико-технічний інститут Академії наук Узбекистану, Ташкент, Узбекистан 
eМіжнародний університет Кіміо в Ташкенті, Узбекистан 

У цій статті аналітично досліджуються електрофізичні характеристики радіальних гетеропереходів GaAs/Si в діапазоні 
температур від 50 K до 500 K з кроком 50 K, з урахуванням різних концентрацій домішок. Аналіз охоплює звуження зони 
провідності (BGN), вбудований потенціал, різницю в ширині забороненої зони між GaAs та Si, а також характеристики 
ємності-напруги (C-V). Особливу увагу приділено оболонковим радіусам 0,5 мкм та 1 мкм у цій структурі. Було виявлено, що 
товщина збідненої області радіального гетеропереходу GaAs/Si збільшується з підвищенням температури. Коли концентрація 
домішок змінюється з 2∙1015 до 2∙1018, BGN зменшується на 2 meV. Ємність радіального гетеропереходу GaAs/Si збільшується 
на 3 nF при підвищенні температури з 50 K до 500 K. Крім того, вбудований потенціал радіального гетеропереходу GaAs/Si 
зменшується на 1,5 вольта з підвищенням температури. Отримані аналітичні результати були порівняні з експериментальними 
даними та відкалібровані. 
Ключові слова: радіальні p-n та p-i-n переходи; світлова пастка; зовнішні фактори; вольт-фарад; вольт-ампер; кріогенні 
температури 
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This study investigates the volt-ampere characteristic of the TlInSe2 compound at various temperatures, as well as the relaxation of 
electric current across different voltages (corresponding to varying electric field intensities) at a temperature of 300 K. From the volt-
ampere characteristic analysis, we calculated the concentration of free charge carriers, mobility, and trap concentration, yielding values 
of n0 = 5.45·1018 сm-3, μ = 3.03×10-3 сm2/V∙s, and Nₜ = 5.2·10¹⁰ cm⁻³, respectively. The dependence of electrical conductivity on 
temperature revealed local energy levels with activation energies of 0.2 eV and 0.53 eV in the TlInSe2 crystal. It was found that at low, 
constant voltages (where the electric field intensity E < 25 V/m), relaxation processes occur within the TlInSe2 compound, leading to 
a decrease in current due to charge accumulation. An increase in current was observed at higher voltages (where E > 25 V/m). This 
increase was attributed to the injection of charge carriers from the contacts, the discharge of charges accumulated near the contact 
under the influence of the electric field, and the partial discharge of electron centres. 
Keywords: Volt-ampere characteristics; Current relaxation; Current intensity; Electric field intensity; Charge carriers; Local energy 
levels 
PACS: 72.20.−i; 71.20.Nr 

1. INTRODUCTION
Studying the structure and physical properties of materials used in electronics and spintronics under external 

influences is essential. These external factors, which include conditions experienced during the use of these materials in 
various fields like space technologies, have prompted extensive recent research. This research focuses on understanding 
functional materials that are subjected to various conditions, such as temperature, pressure, and radiation [1-6]. 
Chalcogenide semiconductors play a significant role among functional semiconductors. Investigating their structure and 
physical properties is critical for developing converters that can operate effectively under diverse conditions. 
Consequently, both the structural components and electronic processes of these materials are being explored. It has been 
established that physical properties are influenced by the type, stoichiometric amounts, and valence of the anions and 
cations present [7-11]. The generation and capture of charge carriers occurring at local levels within the forbidden zone 
of semiconductor materials significantly influence the performance of devices built from these materials, including their 
electrical characteristics. As a result, the dark current can vary over time based on the voltage applied to the crystal. In 
some instances, even with a constant voltage, the current may either increase or decrease, a phenomenon known as current 
relaxation. This relaxation depends on the nature, concentration, and energy state of the local energy levels within the 
studied crystals. The changes in the charges accumulated in these local levels, which are created by various structural 
defects within the forbidden zone of the crystal, lead to current relaxation. Additionally, the nature of this relaxation is 
influenced by the voltage applied to the system. Current relaxation and the accumulation of electric charge occur due to 
the presence of local levels in the forbidden zone, which are caused by inhomogeneities, mixtures, and other factors in 
semiconductor materials. Investigating current relaxation in semiconductor materials offers valuable insights into the 
kinetics of the local levels situated in the forbidden zone. 

The semiconductor compound TlInSe2 belongs to the group of ternary AIIIBIIIC2
VI compounds and has a chain-like 

defective structure [12,13]. According to electronographic and X-ray crystallographic analyses, the TlInSe₂ compound is 
a structural-coordinated analogue of TlSe, obtained by substituting Tl³⁺ ions with In³⁺ ions [14]. The interest in these 
compounds is due to their small crystal structure size, high concentration of defects (10¹⁷ cm⁻³), distinct electrical and 
photoelectric properties, and sharp anisotropy of physical properties in various crystallographic directions [15-17]. 
TlInSe₂ crystals are applied in various electronic technology fields, such as in X-ray detectors, tensor resistors, and more. 
Despite the available information about the electrical and photoelectric properties of TlInSe₂ crystals, as well as the effect 
of radiation on their physical properties, the kinetics of current flow in chain-like crystals and the kinetic parameters of 
trapping centres have not been thoroughly studied [18]. Therefore, studying the current relaxation in TlInSe2 crystals, 
which affects their electrical and photoelectric properties, is of particular interest. 
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This work aims to investigate the relaxation processes in TlInSe₂ crystals, to study the relationship between electrical 
conductivity and accumulated charges in the semiconductor, and to clarify the causes of the occurring physical processes. 
The volt-ampere characteristics of TlInSe₂ compounds and the current relaxation at various constant voltages were studied 
to achieve this. 

 
2. EXPERIMENT 

TlInSe₂ single crystals were grown using the directed crystallisation method as described in [12]. These crystals 
exhibit a tetragonal structure, with the following lattice parameters: a = 8.06 Å, c = 6.822 Å. Parallelepiped-shaped 
samples with dimensions of 6.66×0.84×0.43 mm (Sample No. 1) and 5.2×1.56×0.53 mm (Sample No. 2) were prepared 
from the obtained crystals. The silver paste was used as the contact material. After making the contacts, the samples were 
kept at room temperature for 24 hours to dry. The contacts were found to be ohmic. 

During the experiments, the samples were placed in a cryostat, and the air inside the cryostat was evacuated to a 
pressure of 10⁻² Pa. The width of the forbidden band of the sample was determined from the temperature-dependent graph 
of electrical conductivity at a constant voltage in the TlInSe₂ crystal, yielding a value of 1.23 eV. 

In the study of current relaxation at a constant voltage, the ends of the sample were short-circuited after each 
measurement, and measurements were taken after 1 hour. 

 
3. RESULTS AND DISCUSSIONS 

Several theories explain how charge carriers injected from contacts in semiconductor materials contribute to 
electrical conductivity. According to these theories, charge carriers generate current in semiconductors either through the 
conduction band or via a hopping mechanism involving deep energy levels within the forbidden band. Consequently, the 
band structure of semiconductor materials is studied both theoretically and experimentally [19-23]. The physical 
properties of semiconductors are largely determined by the energy levels of electrons and ions. Therefore, understanding 
the formation of electronic processes and the electrical properties in these materials is essential [24-27]. 

Figure 1 illustrates the volt-ampere characteristic for the TlInSe₂ compound at a temperature of 300 K, displaying both 
the increasing voltage (curve 1) and decreasing voltage (curve 2) directions. From the graph (curve 1 in Fig. 1), it is evident 
that at very low voltages (300 K), the current intensity shows a sublinear dependence on voltage. This is followed by a linear 
region, after which a quadratic dependence is observed. When the voltage is increased to 25 V (electric field intensity of 
3.75×10³ V/m) and then reduced, the graph exhibits slight deviations above the initial curve, resulting in hysteresis-like 
behaviour. When the voltage is lowered to 10 V, the curve obtained during the decreasing voltage measurement closely 
resembles that of the increasing voltage direction, indicating that the hysteresis effect is practically negligible. 

In subsequent measurements, raising the voltage to higher levels reached the point of complete trap filling, causing 
both the sample and contacts to heat up and leading to failure. Consequently, studies at high voltages were not conducted. 
Figure 2 presents the voltage-current characteristic obtained at various temperatures for the TlInSe₂ compound. As the 
temperature decreases, the sublinear region expands, the linear portion shortens, and the transition voltage from the linear 
to quadratic part shifts toward higher voltage values. At relatively high voltage levels, the exponent n varies between 2 
and 5, indicating that the current intensity follows the relation I~(Un). 
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Figure 1. Volt-ampere characteristics in the direction of 

increasing (curve 1) and decreasing (curve 2) voltage in a 
TlInSe2 single crystal at a temperature of 300 K 

Figure 2. Volt-ampere characteristics of the TlInSe2 compound 
at different temperatures. 1-300 K, 2- 250 K, 3- 198 K, 

4-132 K 

The graph depicting the temperature dependence of current intensity at a constant voltage in the TlInSe2 crystal 
reveals local energy levels with activation energies of 0.2 eV and 0.53 eV within the forbidden zone. Based on these 
results and existing literature, the conductivity mechanism in the TlInSe2 crystal can be explained as follows: 

According to the theory of space charge-limited currents, in semiconductors with trapped charge carriers, the current 
flows through the semiconductor primarily due to the equilibrium charge carriers when the electric field is small. As the 
applied electric field increases, the number of charge carriers entering the semiconductor from the contacts also rises. If 
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the time ( t L υ= ) that equilibrium charge carriers spend travelling through the semiconductor (where L is the distance
between contacts and 𝜐 is the drift velocity of these carriers) exceeds the lifetime of the charge carriers entering from the 
contacts, then the current flowing through the sample behaves in an ohmic manner. 

0
Uj en
L

μ= . (1)

In this context, j represents the current density, n0 is the equilibrium charge carrier concentration, μ  denotes carrier 
mobility, U is the applied voltage, and L is the distance between the contacts. 

As the applied voltage (or external field intensity) increases, the number of charge carriers injected from the metal 
contacts into the semiconductor also increases. These carriers gradually penetrate a larger area of the semiconductor. 
Once the charge carriers have filled the entire area of the semiconductor sample, the lifetime of the equilibrium charge 
carriers becomes shorter than that of the injected charge carriers. Consequently, the amount of current flowing through 
the semiconductor becomes limited by these charges. In this scenario, the current density can be expressed as follows: 
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Based on the transition voltage (U ′ ) value from the ohmic to the quadratic part:  
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The equilibrium charge carrier concentration in the sample was determined using formula (3). From this calculation, 
we found that the equilibrium charge carrier concentration in the TlInSe2 crystal is n0 = 5.45‧1018 cm-3. We can now use 
this value in formula (1). 

0 0

jL IL
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The mobility value of the load carriers was calculated using formula (4), resulting in a value of 𝜇 = 3.03 ∙ 10ିଷ ୡ୫మ୚∙ୱ . 
The volt-ampere characteristic provides information about the concentration of traps in the crystal by determining 

the transition voltage (U′) from the ohmic region to the quadratic part: 

t
CUN
eLS

′
= . (5)

Using the formula (5), the calculated value of Nt = 5.2‧1010 cm-3 (where e is the elemental charge, L is the distance 
between contacts, S is the contact area, and C is the electric capacity of the sample). 

When studying the electrical properties of the TlInSe2 compound, it was observed that the electric current relaxes at 
a constant voltage. Unlike other similar compounds, samples of TlInSe2 do not always show a decrease in current intensity 
over time at low constant voltage values. 

At an electric field intensity of E = 1.92 V/m (U = 0.1 V), the current intensity initially increases over 120 seconds, 
then decreases for 60 seconds, before consistently rising again. At E = 3.83 V/m (U = 0.2 V), the current intensity 
decreases for the first 60 seconds, followed by a steady increase. At E = 19.2 V/m (U = 1 V), the current intensity decreases 
for the first 120 seconds, then increases briefly for 60 seconds, changes slowly for a while, and ultimately increases at a 
steady rate (see Fig. 3.a). 
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Figure 3. Relaxation of the electric current at different voltages (at different values of the electric field intensity) in the TlInSe2 
compound at a temperature of 300 K. a) E = 1.92 V/m, b) E = 3.83 V/m, c) E = 19.2 V/m, d) E = 95.8 V/m. 

When the electric field intensity exceeds 25 V/m at constant voltage, only an increase in current intensity is observed 
over time. Initially, the rate of this increase is significant, but it gradually slows down, indicating that the current rises 
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more slowly as time goes on (see Fig. 3.b). As the electric field intensity increases, the rate of increase in current intensity 
also rises. 

Figure 4 illustrates the time dependence of the electric charge accumulated in the TlInSe2 crystal at a voltage of 1 V 
(E = 19.2 V/m). The graph indicates that the rate of charge accumulation gradually decreases as the duration of the 
constant electric field applied to the sample increases.  

60 900 30

-4.0

t, .sec

lg
q[

]
, C

120

-4.4

-4.8

-5.2

-5.4

-6.0

U=1V
=19.2V/mE

 
Figure 4. Time dependence of the electric charge accumulated in a TlInSe2 crystal under a constant voltage of 1 V. 

The presence of a sublinear portion in the volt-ampere characteristic at low values of electric field intensity at a 
temperature of 300 K—namely, a decrease in electrical conductivity—can be attributed to small energy (shallow) traps 
located in the forbidden zone close to the conduction band. The existence of these shallow traps is further confirmed by 
the observed decrease in current intensity over time when a constant small voltage is applied. Moreover, at low voltages 
(where electric field intensity E < 25 V/m), most of the charge carriers injected from the contacts are captured by these 
traps. Consequently, both the concentration of injected additional charge carriers decreases, and the electric field created 
by the trapped electrons hinders the movement of electrons involved in conduction. This leads to a reduction in current 
intensity over time at the applied constant voltage. In such a case, the current limit by space charges within the sample is 
significantly lower than in the absence of traps. 

Simultaneously, electrons can escape from the traps to the conduction band due to thermal excitation. When the 
rate at which electrons are excited from the traps equals the rate at which they are captured, the quasi-Fermi level rises, 
the concentration of free electrons increases, and a stationary state is established. One reason for the increase in current 
intensity after a decrease in constant voltage in the TlInSe2 compound could be related to the effective filling of the traps. 

Additionally, the presence of a barrier at the boundary with the anode causes the accumulation of volume charges 
near the anode when current flows through the sample. This accumulation makes it difficult for electrons to pass through 
this region, increasing resistance. Consequently, the voltage applied to that section also rises. An increase in the voltage 
drop near the anode enhances the electric field intensity in that region, which lowers the height of the barrier. As a result, 
current intensity increases again due to both the discharge of charges accumulated near the contact under the influence of 
the field and the partial release of the centres that capture electrons. 

At relatively high voltages (where electric field intensity E > 25 V/m), the effects of thermal excitation and the 
filling of traps by captured electrons overshadow the decrease in current due to the trapping of injected electrons. Thus, 
instead of decreasing, the current shows an increase. The upward shift of the graph obtained during the voltage decrease 
in Fig. 1, compared to the graph obtained during the voltage increase, further suggests that current intensity increases due 
to the filling of traps during current flow through the crystal. Notably, the current intensity does not decrease during the 
first 60 seconds at a constant voltage of U = 0.1 V; instead, it increases, potentially due to the transfer of charge carriers 
from shallow levels in the forbidden zone to the conduction band. 

 
CONCLUSIONS 

In the studied TlInSe2 compound, it was determined that electronic relaxation processes occur at a stable voltage (or 
electric field intensity). The crystals of the TlInSe2 compound exhibit defects, which contribute to current relaxation in 
their electrical conductivity. Consequently, electric charge accumulates in the shallow energy levels present within the 
crystal structure. At relatively high electric field values, the current intensity increases again due to the discharge of 
charges that had accumulated near the contact, the partial discharge of centres that capture electrons, and the injection of 
charge carriers from the contacts. Since the measurements were conducted at a temperature of 300 K, the influence of 
charge carriers on electrical conductivity through a jump mechanism, involving deep levels within the forbidden zone, 
can be considered negligible at this temperature. 
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ХАРАКТЕРИСТИКИ РЕЛАКСАЦІЇ ЕЛЕКТРИЧНОГО СТРУМУ В МОНОКРИСТАЛІ TlInSe2 
Р.С. Мадатовa, А.І. Наджафовb, М.А. Мамедовa, А.С. Алекперовc,d, З.І. Асадоваa, Ф.Г. Асадовa, Р.Е. Гусейновb 

aІнститут радіаційних проблем Міністерства науки і освіти Азербайджанської Республіки, Баку, AZ-1143, Азербайджан 
bІнститут фізики Міністерства науки і освіти Азербайджанської Республіки, Баку, AZ-1143, Азербайджан 

cАзербайджанський державний педагогічний університет, Баку, AZ-1000, Азербайджан 
dБакинський інженерний університет, Хирдалан, AZ-0101, Азербайджан 

У цьому дослідженні досліджується вольт-амперна характеристика сполуки TlInSe2 при різних температурах, а також 
релаксація електричного струму при різних напругах (що відповідають різним інтенсивностям електричного поля) при 
температурі 300 К. З аналізу вольт-амперної характеристики ми розрахували концентрацію вільних носіїв заряду, рухливість 
і концентрацію пастки, що дало значення n0 = 5.45·1018 сm-3, μ = 3.03×10-3 сm2/V∙s і Nₜ = 5.2·10¹⁰ cm⁻³ відповідно. Залежність 
електропровідності від температури виявила в кристалі TlInSe2 локальні енергетичні рівні з енергією активації 0,2 еВ і 0,53 еВ. 
Виявлено, що при низьких постійних напругах (де напруженість електричного поля E < 25 В/м) у сполуці TlInSe2 відбуваються 
релаксаційні процеси, що призводять до зменшення струму внаслідок накопичення заряду. Збільшення струму спостерігалося 
при вищих напругах (де E > 25 В/м). Це збільшення пояснюється інжекцією носіїв заряду з контактів, розрядом зарядів, 
накопичених поблизу контакту під дією електричного поля, і частковим розрядом електронних центрів. 
Ключові слова: вольт-амперна характеристика; поточне розслаблення; сила струму; напруженість електричного поля; 
носії заряду; місцеві рівні енергії 
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This study delves into the interband absorption dynamics of polarized radiation in monatomic layers of transition metal dichalcogenides 
(TMDs), a field critical to advancing nano- and optoelectronics. Using theoretical modeling and computational analysis, the spectral 
and temperature dependencies of one- and two-photon absorption coefficients were examined for linearly and circularly polarized light. 
Results reveal a pronounced increase in absorption coefficients with frequency, reaching a peak before declining, a behavior modulated 
by the material's bandgap and temperature. The analysis further highlights the substantial impact of light polarization on absorption 
characteristics, with temperature-dependent shifts in the maximum absorption frequency. These findings contribute to a deeper 
understanding of the optical properties of 2D TMD materials and pave the way for their application in designing efficient 
photodetectors, light-emitting diodes, and other next-generation optoelectronic devices. 
Keywords: Monoatomic layers; Transition metal dichalcogenides; Photon absorption; Spectral dependency; Temperature influence; 
Polarization effects 
PACS: 78.67.-n, 78.20.Bh, 42.65.-k 

INTRODUCTION 
Although transition metal dichalcogenides have been studied for more than 50 years [1–3], scientific interest in two-

dimensional (2D) structures, in particular monoatomic layers of transition metal dichalcogenides (TMDs), has increased 
even more since the creation of graphene [4, 5]. Monatomic layers of TMD represent weakly (van der Waals) and strongly 
(covalently) bonded atoms, which makes it possible to isolate from a sample a 2D layer with a thickness equal to the size 
of one elementary lattice. The development of such technologies and recent advances in the production of new types of 
devices based on them [6] have opened up new possibilities for the use of 2D TMD layers in the field of nanoelectronics 
and optoelectronics [7]. 

One of the unique properties of TMDs such as MoS2, MoSe2, WS2 and WSe2 is that when two-dimensional 
monoatomic layers are produced from a bulk sample, they become a direct gap material as the number of layers is reduced. 
In particular, monoatomic single-layer transition metal dichalcogenides have the nature of direct-gap semiconductors [8]. 
Monoatomic layers of such TMDs are today widely used in the field of nano-, optoelectronics and photonics [9-12]. 

It should be noted that the excitonic optical properties of monoatomic layers of TMD have been widely studied in both 
experimental and theoretical aspects (see, for example, [13-19] and references therein). However, single- and multiphoton 
absorption of interband or single-band polarized light in semiconductors and its linear circular dichroism [20–23] have been 
theoretically poorly studied. Therefore, in this work, the frequency and temperature dependence of the interband single- and 
multiphoton absorption coefficient of linearly and circularly polarized light in monatomic TMD layers was studied. 

METHODS 
The investigation of interband photon absorption in monatomic layers of transition metal dichalcogenides (TMDs) 

was carried out using a combination of theoretical modeling and computational analysis. The study focused on the spectral 
and temperature-dependent behavior of one- and two-photon absorption coefficients under polarized radiation. 

The optical transitions were analyzed using models designed for semiconductors with diamond and zinc blende 
lattice structures, adapted for the unique properties of 2D monatomic layers. The single-photon absorption coefficient 
was derived using the equilibrium distribution function of charge carriers and the composite matrix element for interband 
transitions. For two-photon absorption, the squared modulus of the composite matrix element was incorporated alongside 
the law of energy conservation for multiphoton transitions. 

The temperature dependency of the bandgap energy was modeled using the Varshni and Passler formulas, which 
account for thermal effects specific to the materials studied. Effective masses of electrons and holes were treated as 
functions of temperature to reflect their sensitivity to thermal variations. The Hamiltonian was formulated to include 
terms representing the mixing of light and heavy hole states with conduction band states. This formulation ensured 
accurate incorporation of spin-orbit coupling effects, particularly relevant for narrow-gap TMD semiconductors. 
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Polarization effects were considered by defining the polarization vector relative to the monatomic layer plane. 
Coherent saturation effects were analyzed using the Rabi parameter to evaluate the nonlinear optical response under 
varying light intensities. Calculations were conducted using the computational software “Maple,” leveraging constants 
and material-specific parameters sourced from established databases and prior studies to ensure precision and reliability. 

The absorption coefficients were analyzed for trends and validated by comparing the results with existing theoretical 
and experimental data. Spectral and temperature dependencies were visualized through graphs to illustrate key trends, 
such as peak absorption frequencies and their shifts with temperature and bandgap width. This methodological framework 
provided a comprehensive understanding of the optical properties of monatomic TMD layers and their behavior under 
polarized radiation. 

 
SPECTRAL AND TEMPERATURE DEPENDENCES OF THE COEFFICIENT 

OF ONE- AND TWO-PHOTON LIGHT ABSORPTION 
The spectral and temperature dependences of the coefficient of interband single-photon light absorption ൫𝐾௖;୚ሺଵሻ൯ in a 

monatomic TMD layer are determined by the relation [20, 25] 

 𝐾௖;௏ሺଵሻ = ଶగℏ ℏఠூ ∑ ർห𝑀௖;௏ሺଵሻ(𝑘ሬ⃗ )หଶ඀ ⋅௞ሬ⃗ ఼ ൣ𝑓௖൫𝑘ሬ⃗ ୄ൯ − 𝑓௏൫𝑘ሬ⃗ ୄ൯൧𝛿൫𝐸௖൫𝑘ሬ⃗ ୄ൯ − 𝐸௏൫𝑘ሬ⃗ ୄ൯ − ℏ𝜔൯ (1) 

where 𝑀௖;୚(ଵ)(𝑘ሬ⃗ )- is the composite matrix element of the interband optical transition, 𝑓௖൫𝑘ሬ⃗ ୄ൯ ቀ𝑓௏൫𝑘ሬ⃗ ୄ൯ቁ- is the distribution 

function of electrons (holes) in the conduction band (valence band), 𝜔(𝐼)-is the frequency (intensity) of light, 𝐸௖൫𝑘ሬ⃗ ୄ൯ =൫𝐸෨௚ଶ + 𝛾ଶ𝑘ଶୄ൯ଵ/ଶ, ቀ𝐸௏൫𝑘ሬ⃗ ୄ൯ = −൫𝐸෨௚ଶ + 𝛾ଶ𝑘ଶୄ൯ଵ/ଶቁ- is the energy dispersion of electrons (holes), 𝑘ሬ⃗ ୄ - is the two-

dimensional wave vector of current carriers , directed in the plane of the TMD layer, 𝛾 = ℏ൫𝐸෨௚ 𝑚∗⁄ ൯ଵ/ଶ, 𝐸෨௚ = 𝐸௚ 2⁄ , 𝐸௚-
is the bandgap width, 𝑚∗ - is the effective mass of current carriers, the sign ⟨. . . ⟩ means angular averaging over the solid 
angles of the two-dimensional wave vector, the rest are well-known quantities. 

Following [24] and taking into account the law of conservation of energy, it is not difficult to obtain that the square 
of the modulus of the composite matrix element of a single-photon optical transition we obtain: 

 ห𝑀௖;௏(ଵ)(𝑘ఠ )หଶ = ቀ௘஺బ௖ℏ ቁଶ ா೒మାଶఊమ௞ഘమா೒మାସఊమ௞ഘమ 𝑝଴ଶ ቈ𝑒′ଶୄ − 2 ఊమ௞ഘమா೒మାଶఊమ௞ഘమ ௫ ൫𝑒′௫ଶ − 𝑒′௬ଶ൯቉,  (2) 

where 𝑒′ሬሬ⃗  ୄ = ൫𝑒′௫ , 𝑒′௬ ൯ - is the two-dimensional light polarization vector directed along the plane of the layer, 𝑘ఠ =ට(ℏ𝜔෥)ଶ − 𝐸෨௚ଶ 𝛾ൗ  - is the wave vector of current carriers participating in a single-photon optical transition and is 

determined using the 𝛿- function in (1). Then 𝐾௖;୚(ଵ) becomes 

 𝐾௖;௏(ଵ) = గమ௘మℏ௡ഘ௖ ௣బమఊ௡ (మ)௠బா෨೒మ ൫కభమିଵ൯భ/మకభ ⋅ 𝑒ா೒ (ଵିకభ) (ଶ௞ಳ்)⁄ ൽ଻ାకభమଷାకభమ ർ ଵଶగ ቂ𝑒′ଶୄ + ଵିకభమ଻ାకభమ ൫𝑒′௫ଶ − 𝑒′௬ଶ൯ቃ඀ඁ,  (3) 

here 𝑒ாಷ ௞ಳ்⁄ = 𝜋𝛾ଶ𝑛 (ଶ) ൣ𝑘஻𝑇൫𝐸෨௚ + 𝑘஻𝑇൯൧ൗ ିଵ 𝑒 ಶ෩೒ ೖಳ೅, 𝜉ଵ = ℏ𝜔 𝐸௚ ⁄ , with the help of which the Fermi energy is determined 
depending on temperature, two-dimensional concentration 𝑛 (ଶ) and band parameters1. 

Figure 1 shows the spectral and temperature relationships of the inter-zone one-photon absorption coefficient 𝐾௖;୚(ଵ)(𝜔,𝑇) of light in monoatomic layers of metal dichalcogenides: the 1st line in the picture corresponds to 𝐸௚ = 0.3 𝑒𝑉, 
the 2nd line corresponds to 𝐸௚ = 0.5 𝑒𝑉 quantities and 500 𝐾 < 𝑇 < 600 𝐾 to the temperature range. 𝐸௚ = 0.3 𝑒𝑉 and 
200 K of 𝐾௖;୚(ଵ)(𝜔,𝑇) were calculated. It can be seen from this figure that the spectral and temperature coupling of 𝐾௖;୚(ଵ)(𝜔,𝑇) increases with the width of the forbidden zone, and as the temperature decreases, the one-photon absorption 𝐾௖;୚(ଵ)(𝜔,𝑇) coefficient of light in monoatomic layers of metal dichalcogenides increases significantly: in particular, the 
value of 𝐾௖;୚(ଵ)(𝜔,𝑇 = 200 𝐾) calculated for the 𝐸௚ = 0.3 𝑒𝑉 forbidden zone is greater than the value calculated for the 𝐸௚ = 1 𝑒𝑉 forbidden zone will be several thousand times larger. This is because 𝑒ாಷ ௞ಳ்⁄  takes large values in small 
temperature fields and large bandgap values (such temperature coupling is suitable for 2D current carrier systems). 

In particular, in monoatomic layers of dichalcogenides of transition metals with 𝐸௚ = 0.3 𝑒𝑉 forbidden zone, the 
magnitude of 𝑒ாಷ ௞ಳ்⁄  decreases 10 times when the temperature increases from 200 K to 270 K. For this reason, we 
recorded the spectral and temperature relationship of 𝐾௖;୚(ଵ)(𝜔,𝑇) with respect to the field of 500 𝐾 < 𝑇 < 600 𝐾 

 
1 In what follows we use the following notations for the N photon optical transition:  𝜉ே = 𝑁𝜉ଵ and 𝑘ேఠ = ൣ(𝑁ℏ𝜔)ଶ − 𝐸௚ଶ൧ଵ/ଶ (2𝛾)ൗ =𝐸௚ ሾ𝑁ଶ𝜉ଵଶ − 1ሿଵ/ଶ (2𝛾)⁄ . 
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temperatures in Fig. 2 b). It can be seen from this figure that at a certain temperature value, the magnitude of 𝐾௖;୚(ଵ)(𝜔,𝑇) 
increases with increasing frequency, reaches a maximum, and then decreases. However, at a specific value of ℏ𝜔, 𝐾௖;୚(ଵ)(𝜔,𝑇) decreases with increasing temperature, and this nature of temperature dependence is explained by temperature 
dependence of magnitude 𝜍(𝑇) = 4 𝑒ாಷ ௞ಳ்⁄ ൫𝛾ଶ𝜋𝑛 (ଶ)𝐸௚ ൯ൗ . 

 
Figure 1. Spectral and temperature correlations of interband one-photon absorption coefficient 𝐾௖;୚(ଵ)(𝜔,𝑇) of linearly polarized light 
in monoatomic layers of transition metal dichalcogenides: 1st line 𝐸௚ = 0.3 𝑒𝑉, 2nd line 𝐸௚ = 0.5 𝑒𝑉 in the figure correspond to 
quantities. In the calculations, the calculated maximum value of 𝐾௖;୚(ଵ)(𝜔,𝑇 = 200 𝐾) for 𝐸௚ = 0.3 𝑒𝑉 was taken as one unit. 

    
Figure 2. Spectral and temperature correlations of interband one-photon absorption coefficient 𝐾௖;୚(ଵ)(𝜔,𝑇) of linearly polarized light 
in monoatomic layers of transition metal dichalcogenides: a) in the figure, line 1 corresponds to the quantity 𝐸௚ = 1.0 𝑒𝑉, line 2 
corresponds to the quantity 𝐸௚ = 1.2 𝑒𝑉, b) line 3 corresponds to the quantity 𝐸௚ = 1.5 𝑒𝑉, line 4 corresponds to the quantity 𝐸௚ =2.0 𝑒𝑉 will come In the calculations, the maximum value of 𝐾௖;୚(ଵ)൫𝐸௚ = 1 𝑒𝑉,𝜔,𝑇൯ was taken as a unit. 

The 𝐾௖;୚(ଵ)(𝜔,𝑇) bond reaches a maximum of 𝐾௖;୚(ଵ,୫ୟ୶)(𝜔୫ୟ୶,𝑇) at frequencies 𝜔୫ୟ୶ ≈ 1.072𝐸௚ ℏ⁄  and 𝜔୫ୟ୶ ≈1.125𝐸௚ ℏ⁄  at temperatures 𝑇 = 300 𝐾 and 𝑇 = 600 𝐾, respectively, that is, 𝐾௖;୚(ଵ,୫ୟ୶)(𝜔୫ୟ୶,𝑇) increases with increasing 
temperature (see Table 1). 
Table 1. This table presents the mathematical relationship between the band gap energy 𝐸௚ of semiconductor materials, the temperature 𝑇, and the peak absorption frequency 𝜔୫ୟ୶ in the optical domain 

 𝑇 = 300 𝐾 𝑇 = 600 𝐾 𝐸௚ = 0.3 𝑒𝑉 𝜔୫ୟ୶ ≈ 1.072𝐸௚ ℏ⁄  𝜔୫ୟ୶ ≈ 1.125𝐸௚ ℏ⁄  𝐸௚ = 0.5 𝑒𝑉 𝜔୫ୟ୶ ≈ 1.058𝐸௚ ℏ⁄  𝜔୫ୟ୶ ≈ 1.10𝐸௚ ℏ⁄  𝐸௚ = 1 𝑒𝑉 𝜔୫ୟ୶ ≈ 1.03𝐸௚ ℏ⁄  𝜔୫ୟ୶ ≈ 1.058𝐸௚ ℏ⁄  

In the calculations, the calculated maximum value of 𝐾௖;୚(ଵ)(𝜔,𝑇 = 500 𝐾) for 𝐸௚ = 1.0 𝑒𝑉 was taken as one unit. 𝐾௖;୚(ଵ)(𝜔,𝑇) bonds 𝑇 = 550 𝐾, 𝑇 = 600 𝐾 and 𝑇 = 700 𝐾 correspondingly at temperatures 𝐾௖;୚(ଵ)൫𝐸௚ = 1 𝑒𝑉,𝜔,𝑇൯ reach 
the maximum value of magnitude 𝜔୫ୟ୶ ≈ 1.043𝐸௚ ℏ⁄ , 𝜔୫ୟ୶ ≈ 1.046𝐸௚ ℏ⁄  and 𝜔୫ୟ୶ ≈ 1.053𝐸௚ ℏ⁄  frequencies, 𝐾௖;୚(ଵ)൫𝐸௚ = 1.2 𝑒𝑉,𝜔,𝑇൯ reach the maximum value of magnitude 𝜔୫ୟ୶ ≈ 1.036𝐸௚ ℏ⁄ ,𝜔୫ୟ୶ ≈ 1.041𝐸௚ ℏ⁄  and 𝜔୫ୟ୶ ≈1.045𝐸௚ ℏ⁄  frequencies, 𝐾௖;୚(ଵ)൫𝐸௚ = 1.5 𝑒𝑉,𝜔,𝑇൯ reach the maximum value of magnitude 𝜔୫ୟ୶ ≈ 1.029𝐸௚ ℏ⁄ , 𝜔୫ୟ୶ ≈1.032𝐸௚ ℏ⁄ , and 𝜔୫ୟ୶ ≈ 1.037𝐸௚ ℏ⁄  frequencies, 𝐾௖;୚(ଵ)൫𝐸௚ = 2 𝑒𝑉,𝜔,𝑇൯ reach the maximum value of magnitude 𝜔୫ୟ୶ ≈1.022𝐸௚ ℏ⁄ ,𝜔୫ୟ୶ ≈ 1.024𝐸௚ ℏ⁄ , and 𝜔୫ୟ୶ ≈ 1.02𝐸௚ ℏ⁄  frequencies, i.e. with an increase in temperature, the frequency 
corresponding to the maximum values of the 𝐾௖;୚(ଵ,ଶ,ଷ,ସ)(𝜔,𝑇) quantities increases somewhat, although not significantly, 
but this maximum frequency decreases with an increase in the width of the forbidden zone. 
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The coefficient of two-photon interband absorption of light is defined as 

 𝐾௖;௏(ଶ) = ଶగℏ ଶℏఠூ ർห𝑀௖;௏(ଶ)(𝑘ሬ⃗ )หଶ඀ ⋅ ሾ𝑓௖(𝑘) − 𝑓௏(𝑘)ሿ𝛿(𝐸௖(𝑘) − 𝐸௏(𝑘) − 2ℏ𝜔),  (4) 

Then, given the expression for the squared modulus of a composite matrix element: 

 หМ௖௏(ଶ)൫𝑘ሬ⃗ ୄ, 𝑒൯หଶ = ቀ௘஺బ௠బ௖ቁସ 𝑝଴ସ ଷଶଷா೒మ 𝜉ସ ൫ସకమమିଵ൯൫ଷାସకమమ൯ ൣ4𝑒ଶୄ + (4𝜉ଶଶ − 1)𝑒′௬ଶ൧𝑒′௫ଶ ,  (5) 

we find that the coefficient of two-photon light absorption has the form: 

 𝐾௖;௏(ଶ) = 𝐾௖;௏(ଶ)(0)𝑒ா෨೒ ௞ಳ்⁄ 𝑒ିாೇ(௞మഘ ) ௞ಳ்⁄ ௞మഘ కభ ೖಳ೅ಶ೒ ቆଵାమೖಳ೅ಶ೒ ቇ ൫ସకభమିଵ൯൫ଷାସకభమ൯ ർ ଵଶగ ൣ4𝑒ଶୄ + (4𝜉ଵଶ − 1)𝑒′௬ଶ൧𝑒′௫ଶ඀,  (6) 

where 𝐾௖;୚(ଶ)(0) = ଶହ଺ଷ 𝜋 ቀଶగ௘మℏ௡ഘ௖ቁଶ ℏூఊల௡ (మ)ா೒ఴ ,𝜉 = ℏ𝜔 𝐸௚ ⁄  and took into account that the law of conservation of energy for a 

two-photon optical transition. 
Fig. 3 shows the spectral and temperature relationships of the interband two-photon absorption coefficient 𝐾௖;୚(ଶ)(𝜔,𝑇) of light in monoatomic layers of transition metal dichalcogenides: a), b), c) pictures show the relationships 

related to monoatomic layers with forbidden band width 𝐸௚ = 0.3 𝑒𝑉, 𝐸௚ = 0.6 𝑒𝑉 and 𝐸௚ = 1.0 𝑒𝑉 of 𝐾௖;୚(ଶ)(𝜔,𝑇). 
Lines 1 in the images correspond to linear, and lines 2 correspond to circularly polarized light. In the calculations, the 
calculated maximum value of 𝐾௖;୚(ଶ)(𝜔,𝑇 = 200 𝐾) for 𝐸௚ = 0.3 𝑒𝑉 was taken as one unit. It can be seen from Figure 3 
that both in the spectral connection of the quantity 𝐾௖;୚(ଶ)(𝜔,𝑇) and in the temperature connection, it gradually reaches a 
maximum with the increase of 𝜔,𝑇, and then decreases. Tables 2 (3) for the exact value of the forbidden zone width of 
the temperature (frequency) corresponding to the maximum value of 𝐾௖;୚(ଶ)(𝜔,𝑇) at the selected value of the frequency 
(temperature). Numerical calculations show that: a) the frequency corresponding to the maximum value of 𝐾௖;୚(ଶ)(𝜔,𝑇) at 
a specific value of the temperature decreases with an increase in the width of the forbidden zone (see Table 2), that is, it 
reaches a significant value in monoatomic layers with a narrow zone; b) the temperature corresponding to the maximum 
value of 𝐾௖;୚(ଶ)(𝜔,𝑇) at a specific value of the frequency increases significantly with an increase in the width of the 
forbidden zone (𝑇୫ୟ୶) (see Table 3), that is, in monoatomic layers with a wide zone, it is greater than 1000 K by 𝑇୫ୟ୶; 
c) As the bandgap width increases, the maximum value of 𝐾௖;୚(ଶ)(𝜔,𝑇) decreases for both linearly polarized light and 
circularly polarized light. 

   
a b c 

Figure 3. Spectral and temperature correlations of interband two-photon absorption coefficient 𝐾௖;୚(ଶ)(𝜔,𝑇) of light in monoatomic 
layers of transition metal dichalcogenides: a), b), c) pictures show the correlations 𝐾௖;୚(ଶ)(𝜔,𝑇) of monoatomic layers with forbidden 
band width 𝐸௚ = 0.3 𝑒𝑉, 𝐸௚ = 0.6 𝑒𝑉, and 𝐸௚ = 1.0 𝑒𝑉. Lines 1 in the figure correspond to linear, and lines 2 correspond to 
circularly polarized light. In the calculations, the calculated maximum value of 𝐾௖;୚( ) (𝜔,𝑇 = 200 𝐾) for 𝐸௚ = 0.3 𝑒𝑉 was taken as 
one unit 

Table 2. Calculated results of the frequency corresponding to the maximum values of the two-photon absorption coefficient of light in 
monoatomic layers of transition metal dichalcogenides versus temperature and bandgap width. 

𝐸௚ , 𝑒𝑉 

𝜔୫ୟ୶ frequencies corresponding to the maximum values of the two-photon absorption coefficient 
(calculated in units of 𝐸௚ ℏ⁄ ) 𝑇 = 100 𝐾 𝑇 = 300 𝐾 𝑇 = 500 𝐾 

Lin. pol. Cir. pol. Lin. pol. Cir. pol. Lin. pol. Cir. pol. 1.5 0.514 0.514 0.536 0.557 0.563 0.564 
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Table 3. Calculated results of the temperature corresponding to the maximum values of the two-photon absorption coefficient of light 
in monoatomic layers of transition metal dichalcogenides versus frequency and bandgap width. 

𝐸௚ , 𝑒𝑉 
𝑇୫ୟ୶,𝐾 temperature corresponding to the maximum values of the two-photon absorption coefficient ℏ𝜔 = 0.6𝐸௚  ℏ𝜔 = 0.7𝐸௚  ℏ𝜔 = 0.8𝐸௚  
Lin. pol. Cir. pol. Lin. pol. Cir. pol. Lin. pol. Cir. pol. 1.5 1000 1000 > 1000 > 1000 > 1000 > 1000 

 
CONCLUSIONS 

This study presents a theoretical framework for understanding the interband absorption of polarized radiation in 
monatomic layers of transition metal dichalcogenides (TMDs). Through comprehensive modeling and computational 
analysis, the spectral and temperature dependencies of one- and two-photon absorption coefficients were examined under 
linearly and circularly polarized light. The findings reveal that absorption coefficients increase with frequency up to a 
peak value and then decrease, with the behavior significantly influenced by the material's bandgap width, temperature, 
and polarization of the incident radiation. 

The analysis demonstrated that for a fixed temperature, the frequency corresponding to maximum absorption 
decreases with increasing bandgap width, suggesting enhanced absorption in narrow-gap TMD layers. Conversely, at a 
fixed frequency, the temperature corresponding to maximum absorption increases with larger bandgap widths. The results 
also highlight that the maximum absorption coefficients are more pronounced in narrow-gap TMDs at lower temperatures, 
emphasizing the role of thermal effects in tailoring optical properties. 

These insights contribute to a deeper understanding of the optical transitions in 2D TMD semiconductors and their 
potential applications in nanoelectronics and optoelectronics. The study provides a foundation for designing advanced 
photodetectors, light-emitting diodes, and other devices utilizing the unique optical characteristics of monatomic TMD 
layers. Future work could extend these findings through experimental validation and explore their implications for device 
optimization under various operational conditions. 
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СПЕКТРАЛЬНА ТА ТЕМПЕРАТУРНА ДИНАМІКА ПОГЛИНАННЯ ФОТОНІВ В ОДНОАТОМНИХ 

ДИХАЛЬКОГЕНІДАХ ПЕРЕХІДНИХ МЕТАЛІВ 
Рустам Ю. Расулова, Воксоб Р. Расулова, Мардонбек Х. Насіровc, Мавзурбек Х. Кучкаровb, Камола К. Уріноваb 

aФерганський державний університет, Фергана, Узбекистан 
bКокандський державний педагогічний інститут, Коканд, Узбекистан 
cФерганский державний технічний університет, Фергана, Узбекистан 

У цьому дослідженні розглядається динаміка міжзонного поглинання поляризованого випромінювання в одноатомних шарах 
дихалькогенідів перехідних металів (ТМД), що є критично важливим для розвитку нано- та оптоелектроніки. 
Використовуючи теоретичне моделювання та обчислювальний аналіз, були досліджені спектральні та температурні 
залежності коефіцієнтів одно- та двофотонного поглинання для лінійно та циркулярно поляризованого світла. Результати 
показують виражене збільшення коефіцієнтів поглинання з частотою, досягаючи піку перед зниженням, поведінка, що 
модулюється шириною забороненої зони матеріалу та температурою. Аналіз також підкреслює істотний вплив поляризації 
світла на характеристики поглинання із залежними від температури зрушеннями максимальної частоти поглинання. Ці 
знахідки сприяють глибшому розумінню оптичних властивостей матеріалів 2D TMD і відкривають шлях для їх застосування 
в розробці ефективних фотодетекторів, світлодіодів та інших оптоелектронних пристроїв наступного покоління. 
Ключові слова: одноатомні шари; дихалькогеніди перехідних металів; поглинання фотонів; спектральна залежність; вплив 
температури; ефекти поляризації 


