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We study the Zakharov-Kuznetsov (ZK) equation with the triple-power law non-linearity. We determine the invariance properties and
construct classes of conservation laws and show how the relationship leads to double reductions of the systems, yielding stable solutions
such as travelling waves and solitons. This relationship is determined by recent results involving ‘multipliers’ that lead to ‘total divergent
systems’. Multi-solitons analysis is performed using invariance transformation, producing stable multi-soliton structures, alongside
vortex soliton solutions that exhibit localized, bell-shaped profiles. A comparison between symmetry and multi-reduction is presented,
highlighting the efficacy in achieving integrable outcomes. The physical interpretation of soliton solutions is also discussed in this
study, emphasizing their stable propagation and relevance to modeling coherent ion-acoustic and vortex waves in magnetized plasmas.
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1. INTRODUCTION AND BACKGROUND

A large class of equations in space science and mathematical physics are special cases of the Zakharov-Kuznetsov
(ZK) equation
U+ Guux + 0 (Uxx +uyy)x = 0. (D

For example, the triple-power law non-linearity [1] is given by G(u) = au™ + bu®" + cu", which will be the main
focus here. Various other versions have been studied, inter Biswas, A and Zerrad [2]. The Zakharov-Kuznetsov (ZK)
equation is used to model non-linear ion-acoustic waves [3] through a plasma [4, 5] in the presence of a magnetic field
and also construed as an extension of the Korteweg-de Vries (KdV) equation in higher dimension, where the u, and
Uyyy are levels of dispersion. The ZK equation plays a valuable role for understanding multidimensional wave phenomena
in plasma physics [6, 7] to study ion-acoustic solitons [8] that maintain shape and weak turbulence. With applications
in space physics and fusion research, the ZK equation offers opportunities to explore facts regarding wave interactions,
stability, and turbulence in two and three-dimensional plasma systems by building non-linearity and dispersive effects.
The Lie symmetry approach is now an established route for the reduction of differential equations and its advantages
in the analysis of nonlinear partial differential equations (PDEs) is vast. The method centres around the algebra of one
parameter Lie groups of transformations that are admitted by the PDE; once known, the reduction of the PDE is standard
and may lead to exact (symmetry invariant) solutions [9, 10].
There are a number of reasons to find conserved densities of PDEs. Some conservation laws are physical (e.g., conservation
of momentum and energy) and others facilitate analysis of the PDE and predicts integrability. Also, some reasons are
related to the numerical solution of PDEs. For example, one should check whether the conserved quantities are in fact
constant [11]. For instance, if u = u(z,x,y) and u — 0 for |x| — +oo, the conserved form D,;®' + D, ®* + D, ®¥ =0
implies

/ D,®' = constant, (2

for all solutions of the PDE. Lastly, the use of symmetry properties of a given system of partial differential equations to

construct or generate new conservation laws from known conservation laws has been investigated extensively [12—14].
We will discuss the line travelling wave reductions for ZK equation (1) with a 2-dimensional symmetry algebra in

(2+1)-dimensions such as line solitons and eikonal waves, via invariance under two commuting translations given by

X = (,112 + v2) Or + 10x +v0y, Xy =v0x — pudy. 3)
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Reduction under the above type of commuting translation symmetries is very common in applications and yields interesting
types of solutions called line travelling wave solutions, under similarity invariant transformations, { = ux + vy —t and
u(t,x,y) = U(Z). The physics of the line travelling wave is presented in [15] and yields the solutions corresponding to
the reduction

u(t,x,y) = U({), 4)

and satisfy the reduced ODE obtained from the PDE via double reduction under the condition of symmetry invariance that
is associated with a conservation laws and can be expressed by the canonical transformation

(al’ax,ay,au) - (6496p3 6/\/3 C{)V)7 (5)
under
x> {=ux+vy—t, 6)
y o p=cit; c=1/\u2+2, @)
t—)/\/:f (or:—X’ (3
v H
u—u=U(), )

for which the pair of symmetries jointly take the form as
Xi =8, X2=0,. (10)

This transformations sends a conservation law Div(7, ®*, ®Y) = 0 to an equivalent canonical form Div(T, ®°, ®) = 0
and can be expressed in conserved vector form

(T, ", ®”) — (T, ®°, DY) (11)

Finally, the reduction of conservation laws can be obtained as every invariant conservation law D évT +D ptiJP +D X&V( =
0 reduces to D ¥ = 0 which is a first integral ¥ = k1, where k is a constant. The explicit formula for the first integral is
given by

WU, ) =T +/ (8,8 + 0,0Y) d¢.
This is important to note that the double reduction can only be carried out if the conservation law (7, ®*, ®Y) is associated
with X; and X, as studied in [12]. Since association of symmetries with conservation laws is challenging and the

calculations are tedious, the symmetry association with conservation laws is equivalent to and can easily be built using
multipliers instead of conservation laws. The association of symmetry with a multiplier is studied in [16].

2. SYMMETRY GENERATORS AND CONSERVATION LAWS

We now present some preliminaries [17, 18] [19,20]. Consider an rth-order system of partial differential equations

(PDEs) of n independent variables x = (x',x?,...,x") and m dependent variables u = (u',u?, ..., u™)
G”(x,u,u(l),...,u(,))zo, u=1,...,m, (12)
where u(1y,u(2),...,u() denote the collections of all first, second, ..., rth-order partial derivatives, that is, u* =

D;(u%), ”Z =D;D;(u®),...respectively, with the total differentiation operator with respect to x* given by

0 o« 0 o )
Di:ﬁ+uiﬁ+u”au—q+..., i=1,...,n, (13)
J
where the summation convention is used whenever appropriate. A current ® = (®!, ..., ®") is conserved if it satisfies
D;®" =0, (14)

along the solutions of (12). It can be shown that every admitted conservation law arises from multipliers Q,, (x, u, u(yy, . . .)
such that

0,G" = D;®', (15)

holds identically (i.e., off the solution space) for some current ®'.
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We determine the conserved flows by first constructing the multipliers Q,, which are obtained by noting that the
Euler(-Lagrange) operator, 675(1, annihilates total divergences, i.c., a defining equation, for Q,,, would be

1)
M_“[Q“Gﬂ] =0. (16)
The conserved flow ® may be obtained in a number of ways, for instance, by a well known ‘homotopy’ formula. We
consider second multiplier in the space of (X, y,#, u, tx, Us, Uy, Uxx, Urx, Uxy, Ury, Uyy, Uy) given by

Q:=f (x’ Vol Uy Uy, Up, Uy Uxx, Upx, Uxy, Uty , Uyy, utt)
The symbolic computation provide us the set of multipliers for ZK equation (1) given by

1 2n+1 u3n+1

N cru™t N bciu L e
om+1l) ocQ2n+l) o @Bnrn+1l)

O =cruy + Clux +cou+ F(y)

The multiplier Q is arbitrary function of y given by
Q1=F(y)=y.
Multiplier Q; and Q3 are

un+l bu2n+l cu3n+l

+0'(n+l)+0'(2n+1)+0'(3n+1)'

Q2 =u, Q3 =uy+uy

The Conservation laws corresponding to multiplier Q1 = 1 and Q, = u respectively are given by

y _ 2 1 3 3 1 2 2n+1 2
(T1, @y, @) = (u,gtruxy,mmn O Uy + 2070 tyy + 6u™ an” + 3u”"* ' bn

+2u3m en? + 11 n%0 uy, + 13—1 n2o Uy + 5 W lan + 4u™pn + 33" en

+610 gy + 2100 Uyy + u™la + W 13t e o + %a'uyy]).

and

(T1, @7, ®7) = (%uz, %0' (2uuxy — uxuy), m[—% 2o uy? — 36 no ux>
930 u, 2 +30uan + 18u* 3 "en — 3’0 uyz -1l %o uyz - 12no uy2
+18ur™an? + 24 22" pp + 6 u3"en? + 9 U2 bn2 + 24 uo uy, + 8uo Uyy

+12u%a + 121227 + 12123 c — 12 0 u,? - 40'uy2 + 18130 uttyy + 66 n20 Uity

3 2
+72 00 Uty + 6 070 Uity + 22 070 uityy + 24 no uuyy]).

In the next section, we will check the association of multipliers with symmetries so that we can use conservation law
theorem to perform double reduction.

3. DOUBLE REDUCTION AND INVARIANT SOLUTIONS
Applications to double reductions has been studied in various ways [21,22] via conservation Law theorem under
double reduction theory. In this study, we discussed the double reduction via multiplier association. Furthermore, for the
(1+2) case, if X = £€0x + 60, + 70, + 10, is a Lie point symmetry that leaves a scalar PDE in (12), say,

G(xat7u,ux’uy,ut’uxx-'~) =0’ (17)
invariant with
XG = RG, (18)
and
A=D;t+ D&+ D0, (19)
such that
X0+ (R+41)Q =0, (20)

then X is associated with the corresponding conserved flow ® = (T, ¢*, ¢*) and, via X and ®, double reduction may be
obtained [15, 16]. Here, D;T + D ¢* + Dy ¢” = 0|(;7). Moreover, in transformed coordinates ({, p, x, U), X = d, and
X5 = 0, so that

Xi(p=1 X =1
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and @ = (T, ¢°, ¢*) leads to DT + D,¢” + D, ¢* = 0. Thus,

- 2dT L do* | dDY
DT + Dx¢* + Dy¢p” = —£+c dp"':“d:‘*?W“L a7 2n
so that B
T =-T+ ud* + vd”,
o = T, (22)
oY = Lo~
4
Finally, we obtain the double reduction of the original system by following
dor
Y=T+ / (— —)d( 0. (23)
given by )
k=Tl uvuv,.., (24)

where k is a constant - for details, see [15]. Finally the equation (24) provide us reduced ODEs, which are second order
ODEs given by

p(1+nm)b(1+3mUQ)"**" =6 (= cp (1 +n)UQ)' "
+(—po (u* +vH (1 + n)d?U({) - U() ™ ap
+U)(1+n) (3 +n) (5 +n) =ki(6n* +11n* +6n+1), (25)

ODE (25) is second order reducible ODE with missing independent variable ¢.

d? C
AU = (26)

1
¢ T 6 (L mur(2 +v) (L +m (L +n)’
where

C = [k (6n® + 11n? + 6n + 1) = 3u(1 + n)b(% + n) (U (L))"
+6(=5cu(1+n)(UQ))'" + (—=(U) *"ap
+U(O)(1+n)(5+n)(5 +n)].

For n = 1, (27) has solution in integral representation takes the form given by

30uo (1% +v?)

dQl-c2=0

Uu()
/ \/—30/10' (12 +v2) (BQ0cu + 5Q%*bu + 10Q3au + 60c; 3o + 60c pvZo — 30Q2 — 60Q; )
On the other hand, ODE (27) is second order non-linear ODE with missing independent variable { presented by
3(3+mu2+mbU))*" +6(1+n)(5ep(2+n)(U))*"

+H(U() M ap = 3 (-2p o U (1? + Vz)d%U(() +po (U + V2)(%U(§))2
+U)HQ2+n)(3+n) = ka (61> +22n° + 240 + 8). 27)

For n = 1, (27) has solution in its integral representation given by

/U(é) mya' (,u2 + Vz)
\/ya' (12 +v2) (-3 cp — 5Q%bp + 30Qu3o ey + 30Quvoc) — 10Q3au + 30Q% — 60k,)

dQ—{—CZZO

3.1. Analysis of ODE (25) and Travelling Wave Solution

An analysis of (25) is presented in this section. ODE (25) can further reduce using invariance analysis. The ODE
(25) reduces to first order ODE by single reduction using the symmetry X; = 0. The reduced ODE is given by

6w(a)( w(a))yn V2o + 11w (a) (daw(a))/,tn vio + 6w (@) (daw(a))unv o
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+3#ba,l+2n 2+2C#a,1+3n 2+ 6nla 1+"au+4ybal+2”n+3cua1+3”n
+5na*ap +w () ( w (a))u oc+a'au + puba'"? +cpa — 6k n® — 11k n?
—6kin—a—k —6an—1lan’>-6an’+6w(a) (%w(a))y3n0'+w(a) (%w(a)),uvzg

+6w(a)( w(a/)),u 0'+llw(a)( w(a)),una' 0, (28)

under the similarity variables w (@) = % U (¢) and @ = U (¢). Using Lie symmetry, we get a single reduction as symmetry
reduces second order ODE (25) to first order ODE (28), solving with respect to @ get us to the invariant solution given by

. VA
M G ) (2 (L +3m e ) (L) (@ v (29)

where

A=-648(1+n) (3 +n)(§(L+n)u(} +n)c(n+2)e’*?
+(% + n)(%b,u(n +2)a?*? + (% +n)(apa™? —1/2(n +2)(1 + n)(ci o +
cipvio +a? +2kia)))(n + %))(,u2 + vz),u(% +n)o(n+2/3)(n+2).
The invariant solution can be written as
U(Q) =w(@){ +ci.

The invariant solution in integral representation is given by

§+/U(§)0y Bn+2)(1+2n)(1+3n)(n+2)(1+n) (,u2+v2)

dQ +c¢; =0, (30)
i 1

where
A = —648(1 242 : 2 2 1 1
=—648(1 +n)(u” +v )(5 +n)(§ +n)o(n+ g)u(n + )(5(
+n)(% +n)cpu(n +2)Q? + (% +n)(n+ %)(ibu(n +2)Q2*2 4
(% +n)(auQ"+? — %(1 +n)(ci o+ cipvio + (Q)(Q + 2k1))(n +2)))).

In the similar way, solution ODE (25) in integral representation corresponding to the values of n = 1,n =2 and n = 3 are
presented, respectively

dQ—¢—cr=0,

/U(g*) V30u o (12 +v?)
J

10 (—3c1u3a+ (3/1095c+ %Q4b+93a—3v2c10'),u—3 Q) (Q+2k1))o- (12 +v?) u

/Um 2V105p o (u? +v?)
\/—700' (2 +v?)p (—6c1 o+ (3/14Q8¢ +2/5Qb + Q*a — 6v2ici o) u—6 (Q) (Q+2k))

dQ—-¢—-cy =0,

dQ—(¢—c,=0.

/U([) 2V385u o (p* +v?)
\/ 1540 (u +v2)( 10¢) 1 0'+(2/11ch1 Sh9 4 405 — 10V2610'),u—10 Q) (Q+2k1)),u

The ODE (25) is cumbersome and its solution is presented above in integral form as the general value of n and k. Suppose
a solution of the form given by

U(g) = G(g)e™t.
Where G (¢) is to be determined, and A is a constant. This assumption reduces the ODE (25) to a manageable equation
—6(—po (1 +v2) (1 +n)e 2> + e (1 + n))(% + n)(% +n)G({)
+3u(1+ )b (5 +n)(G(e'd) 2" —6(=geu(l +n)(G(L)e)
+(—por (1 + v (1 + 1) (2(35 G (£) e + (dzzG(é))el{)
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—(G(Oe*)* M ap) (3 +n)) (3 +n) = ky(6n® + 11n* + 6n + 1). (31)

By factoring out e*¢ from the above equation, comparing nonlinear terms of G () and by simplifying, we get the following
condition

6(%+n) (—1+,L10'(,Lt2+v2)/12) (1+n) (%+n)=0, (32)

that yields the values of A given by
1 1

) T S T S—
Vo + uio Vdo + o

Finally, it provide us the solutions of the form U(¢) = Ge'¢, where G is a constant, as we received G’'(¢) = 0. The
solutions are given by

(33)

I S R T
U) =cie Vﬂgoﬂwzoé + cre VH§U+HV70§. (34)

Thus, the solution of the ZK equation (1) can be obtained in original variables by substituting the value of { = ux + vy —
t and u(t,x,y) = U({) presented by

1 1
——— (ux+vy-t) - (ux+vy-t)
u(t,x,y) = ce Voo + cpe Vol . (35)

This solution represent travelling wave solution and its behaviour over time for different values of parameters is presented
in Figure-1.

Ultx,y) fort=0 Ut,x,y) fort =1 Ut,xy) fort=2
3.5 15
3 3
05 , 25
2 2
5 5

Figure 1. Travelling wave u(z, x, y) over time

For another set of parameters, the solution u(t, x, y) is presented in Figure-2, which is depicting the wave behaviour
over time ¢.

3.2. Analysis of ODE (27) and Travelling Wave Solution
An analysis of (27) is presented in this section. ODE (27) can further reduce using invariance analysis. The ODE

(27) reduces to first order ODE by single reduction using the symmetry X; = 0. The reduced ODE is given by
—6kon® — 22kon?* — 24kon — 8ky + dcpa®3" + 6w(a)(%w(a/))a,u3n30'
+22w(a)(£w(a))cm3n20' + 24w(a)(£w(a/))a,u3n0' + 8w(a/)(£w(cy))a//1v20'
—11a?n® - 3203 — 12a%n + 6w(a)(£w(a’))a,un3v20' + 22w(a)(%w(a'))aun2v20'
+24w(a)(%w(a/))a,unv20' + 8w(a)(£w(a))cm30' —3(w(a))?un®*v?o - 11(w(a))>un*v*o
—12(w(@))?unv?o + 3uba?"n? + 2cua®3n? + 6n’a® " au + Suba®*?n + 6¢cua*t'n
+10na*au — 11(w(a))*wn’o — 12(w(a))*1’no — 4(w(a))>uw’o - 3(w(a)*u’n’o - 4a?
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Uftx,y) fort=0 Uft,x.y) fort=1 Uitx,y) fort=2

Uit x,v)
Uit xy)

Figure 2. Travelling wave u(z, x, y) over time

+4uba®? —A(w(@)* 1o + 40> au = 0, (36)

under the similarity variables w (@) = %U () and @ = U ({). Using Lie symmetry, we get a single reduction as
symmetry reduces second order ODE (27) to first order ODE (36) in w(a). Solving (36) yield us the invariant solution
given by

\/—648aAC($CcuB(D)a3+3" + A($bp(D)a?*3 + (¥)B)E) (12 + v2)Epo B(D)

w(a) =1/18 oua(u? +v¥)ABE(D)C

bl

where,

2+n=A2+3n=3A,n+3=B2n+1=2B,
l+n=C,1+n=C2+n=D,n+}=E3n+1=3E,

a"Bay - %0(2 +n)(1+n) (au30'cl +amvioc) +a® - 2k2) =Y.
Using similarity variable, the invariant solution can be written as
U(Q) =w(@){ +cr.

The invariant solution U () is given by

‘o /W ) 18 TUQABE (D)C (1% +v?)
\/—648(%C,ucB(D)Q3A + ($bu(D)Q¥2 + (P)B)AE)CuB (12 + v2)Q2ATE(D)

dQ+c; =0,

where
2 1
§+n=A,2+3n=3A,n+§:B,2n+1=2B,
1
1+n:C,1+n:C,2+n:D,n+§:E,3n+1=3E,
24n 1 3 2 2
a au—§(2+n)(1+n) (a,u ocy+auveocy +a —2k2) =V

The ODE (27) is complex and its solution even for n = 1 and for particular value of k, = 0 is challenging to find as
presented

v V30(u2 + v¥)ou
V2 + v opu(=3¢Qu + 30c; 130 + 30c; uv2o — 563 — 10Q22au + 30Q)Q

dQ-¢—c;=0.

For ODE (27), we will find the solution of the form given by
U(Q) = G(Q)es,
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where G () is to be determined, and A is a constant. This assumption reduces the ODE (27) to a manageable one.
3u(n+ 3)(2+m)b(G(L)e*)* " +6(5cu(2+n)(G(ed) > + (ap(G(He'd)*
+3()?2G (o (u* + Vz)%G(C) —po (1 + V) (§F G () +26(Duad(p* +v*) G(Q)
+(G ()2 (P Po + PuvPo —1)(2+n))(n+ %))(1 +n) = ky(6n° +22n% + 24n + 8) (37

By factoring out e*¢ from the above equation, comparing nonlinear terms of G () and by simplifying, we get the following
condition

3(14n)(n+2/3)(2+n) (—1+ua (,u2+v2) /12) -0, 38)
that yields the values of A given by
1 1
A=, = (39)

Vdo + uvzo" Vdo + ,uv20'.

Finally, it provide us the solutions of the form U(¢) = Ge*¢, where G({) = ¢1{ +c; is a constant, as we received G” (£) =
0. The solutions are given by

1

o I
U() = (c1{ + cr)e e mte (c1{ +c2)e i (40)

Thus, the solution of the ZK equation (1) can be obtained in original variables by substituting the value of { = ux + vy —
t and u(t,x,y) = U({) presented by

;( + —t) _+( + —t)
u(t,x,y) = [e1(ux + vy — 1) + ealeVimamma T e (ux 4 vy — 1) + a)e Niaemte

The solution is presented in Figure-3.

1: ¢1=1.0, ¢2=1.0, mu=-5.0, nu=1.0, sigma=1.0, v=1.0 2: ¢1=1.0, ¢2=1.0, mu=-4.0, nu=1.0, sigma=1.0, v=1.0 3: ¢1=1.0, €2=2.0, mu=-2.0, nu=2.0, sigma=2.0, v=2.0

100 100

50 50
<0 X X 0
5 =1 5
50 -50
-100 \ -100
10 10
10 0
0 0 0
X ¥ A0 0 X
4: ¢1=1.0, c2=2.0, mu=1.0, nu=1.0, sigma=0.5, v=1.0 5: ¢1=1.0, ¢2=2.0, mu=4.0, nu=1.0, sigma=1.0, v=0.5 6: ¢1=2.0, c2=3.0, mu=10.0, nu=1.0, sigma=0.8, v=0.9
10
%10 10t <104
1
2
1 0.5
= =
x 0 x 0
=} 1 =1 05
2

-1
10

=100 -
y 10

Figure 3. Travelling wave u(z, x, y) over time

This solution represent travelling wave solution and its behaviour over time for different values of parameters.

4. A COMPARISON BETWEEN SYMMETRY REDUCTION AND MULTI-REDUCTION VIA MULTIPLIERS

In this section, we study the symmetry classification and possible reductions of ZK equation (1) based on the
parameters involved in function G () = au™ + bu*" + cu" containing triple power non-linearities. The ZK equation (1)
has three translation symmetries given by

Xi=D;, Xo=Dy, and X3 =D,, (41)
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which has corresponding single reduction from (1 + 2) ZK equation (1) to (1 + 1) second order PDE in (a, B)-space given
by respectively

(& F(a.B)a(F(a,B)" + (5 F(a,B)b(F(a,B)*" + (% F(a, B))c(F(a, )"
+ 25 F () + 5852 F(@.B) =0, (42)
with similarity variables [{U(x,y,t) = F(x,y)}, {@ =x,8 = y}].

2 F(B.a) =0, (43)
with similarity variables [{U(x, y,t) = F(y,t)},{a =1t,8 = y}].

and

32 F(B.a) + (55 F (B, @))a(F (B, )" + (55 F (B, @))b(F (B, @))*"
+(Z5F (B, a)c(F(B,@)*" + 2F(B,)} = 0 (44)
with similarity variables [{U(x, y,t) = F(x,t)},{a =t,8 = x}].

Lie symmetries provide only single reduction upto a independent variable and we received (1 + 1) reduced PDE from (1 +
2) PDE. In order to get invariant solutions, it require further analysis to study the problem, which is even challenging to
solve one dimensional PDE. Even reduction under symmetry generators

X'=X1+X, X’=X1+X;, and X’ =X, + X0 + X3 (45)
provide us the single reduction to (1 + 1) PDE in («, 8)-space given by respectively

P (@.B) - (FF(a,B)a(F(a,B)" - (FF(a.B))b(F(a,B))*"

~(agF (@ B)e(F (@ p)*" = F5F (@) = gz (@.f) = 0 (46)
with similarity variables [{U(x,y,t) = F(y,—x + )}, {a = y, 8 = —x + t}].

%F(a’,ﬁ) + (L F(a,p)a(F(a,f)" + (F(a,B)b(F(a,p))*"
HEF(@p)e(F(@.B)" + L5 F(a.p) + s F(a.f) =0 @)
with similarity variables [{U(x,y,t) = F(x,~y + )}, {a = x, 8 = —y + t}].

and

32 F(B.a) = (F(B,@))a(F(B.@))" — a(F(B,a))" 55 F (B, @) — (55 F (B, @))b(F (B, @))*"
~b(F(B,@)*" & F (B.@) = (Z5F (B, )e(F (B, @))*" = c(F(B,a)*" & F(B,) =2 £ F (B, )

~4 755 F (B, @) =3 75 F(B,@) - 2 F(B,a) =0 (48)

with similarity variables [{U(x, y,t) = F(-x+y,-x+ )}, {a = —x+1,8=—-x + y}].

So, multi-reduction using conservation laws analysis is better approach to study higher order and higher dimensional
model.

5. MULTI-SOLITON SOLUTIONS VIA INVARIANCE TRANSFORMATION

The early history of solitons is presented in [23] and the forms of solitons we presented in this study is discussed
in [24,25]. In this section we shall discuss soliton and multi-soliton solutions for ZK equation (1). The solutions can be
expressed as u(t,x,y) — f(ax + By — vt), where the solitons propagates along the x and y directions with velocity v.
As we discussed earlier the line travelling wave reductions for ZK equation (1) with a 2-dimensional symmetry algebra in
(2+1)-dimensions such as line solitons via invariance under two commuting translations given by

X, = (a2 + ﬂz) 3, + audy + Bdy,  Xp = By — ady. (49)

Reduction under above type of commuting translation symmetries is very common in application and yield interesting
types of solutions called line travelling wave solutions or line soliton solutions, under similarity invariant transformations
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{ =ax+ By — vyt and u(t,x,y) = f(£), where v is the spped of. The physics of the line travelling wave is presented
in [15] and yield the solutions correspond to the reduction

u(t,x,y) = f(ax + By = y1) (50)
and satisfy the reduced ODE. Under the transformation
u(x,t,y) = f({), { = ax+ By -yt
the ZK equation (1) reduces to ODE given by
Y £+ @(fQ)" +bf(OP" +c(f(OYMag f(O)
+o (@& () + a5 £(0) = 0 (51)
It can be further simplified to

aaf (™! baf(@P!  caf()!

n+1 2n+1 3n+1

2
ao (o> + ) (d—f({)) " Fyf(0) =0

dz?

To determine the soliton, we look for a solution that decays to zero as { — +oo. For the construction of solitons, one way
to find solitary wave profile is to consider sech function

f(&) = Asech®(BY)

where A, and B are constants to be determined in terms of wave velocity v, the coefficients a, b, ¢ of the non-linearities
u™, u®", u3" and dispersion’s coefficient o. The ODE under the solitary wave profile takes the form

60 (a* + %) A sech(B{)?(tanh(B()? - 1)B*a + —””(Asecﬂf@z)n“

+ba(A sech(BZ)?)%*! " ca(Asech(BZ)?)3+! +yA SeCh(B{)Z -0 (52)

2n+1 3n+l

For the soliton solutions to hold, we match the coefficients of the non-linear terms and receive the following conditions

20 (¢? + %) B*a +y =0,

6U(az+ﬁ2)A+%m=0.

that yield us the values of B and A respectively, in terms of parameters «, 3,y and o given by

B = 4—1—————ZXZ————
2 Vae (T
A= 1 Y

By substituting values of A and B back in soliton profile provides us the soliton solution of the form

1 1 V2
u(t,x,y) = [~ ——F—— ] sech’(; ——=

E— (ax + By = y1))
1262 (a2 + p2) ao (a? + )y

The 3D plot of the soliton solution is presented in Figure-4.

Now, we can discuss the superposition of two solitons for the construction of multi-solitons structure of the form
u(t,x,y) = fi (a1x + Bry —yit) + f2 (@2x + Bay — vat)
where the solitary wave profile for two-soliton solutions is

fi(&1) = Apsech? (Bi1),
f (&) = Ay sech? (Brln) .

and

{1 = a1x + By — yit,
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Figure 4. Soliton u(t, x, y) with different parameters

$ = anx + Boy — yat.

Each soliton can be determined by its own velocity, amplitude, and width based on the parameters A;, By, a1, 81,y for
the first soliton and A,, By, a2, 52, ¥> for the second soliton. By following the same ansatz, the two-soliton solutions can
be presented by

u(t,x,y) = Ay sech? (By (a1x + By — y1t)) + Az sech? (By (a2x + oy — ¥at))

1 2 1
BIZB2=_L, A=Ay =—-— Y

ao (a®+B2)y 1252 (“2+ﬁ2)2'

The two-soliton takes the form

2
1 ; 1 N2
u(t,x,y) = Z[_Eﬁ] sech’ | = % (ix + Biy = vit) |-
i=1 o? (a7 + 7) a;o (a7 + ) vi

The 3D plot of the two-soliton solution is presented in Figure-5.
For different velocities, when y; # 7>, the elastic collision occurs and pass through each other. Finally, we can
generalise the solitons into multi-solitons by superposing more solitons and can be represented by

(aix + Biy —vit) |-

) = Y sear?| 2
i=1 o2 (a7 + ;) a;o (a? + B2) v
6. VORTEX SOLITON SOLUTIONS

We study the vortex type [26,27] of solitons for ZK equation (1) in both spatial dimensions x and y that exhibit a
vortex structure like a rotating wave. We seek the vortex solitons by using the transformation

u(t,x,y) — u(r,0,1),

where,

x=rcosf, y=rsinf, r=+x2+y2
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Figure 5. Soliton u(t, x, y) with different parameters

r represents the radial distance and 6 is the vortex angle. The Laplacian in polar coordinates provide us the Zakharov-
Kuznetsov equation in polar coordinates given by

ou u 1 0%u
n 2n 3n —
ut+(au + bu" + cu )E+U(m+r—zw)r—0 (53)
Ansatz for vortex solitons can be applied to find solutions with a nontrivial phase of the form

u(r,0,1) =U@r)e’s, ¢ =mb—wt

Under the above transformation the ZK equation in ploar coordinates (53) reduces to ODE given by

2
™ 4y =0 (54)

3
~U(r)w + (aU(r)" + bU(r)*" + cU(r)3”)(%U(r)) + g(%y(r) =

Above ODE represents the radial profile of vortex solitons. The soliton must decay to zero as r — oo, which ensures the
localization of the solution. To find vortex solitons, we consider sech function

U(r) = Ar"™ sech?(Br)

where A, and B are constants to be determined in terms of the coefficients a, b, ¢ of the non-linearities u™, u®", u3" and
dispersion’s coefficient o-. The ODE under the solitary wave profile takes the form

—Ar™ sech(Br)’w
+ (a (Ar™sech(Br)?)" + b (Ar™ sech(Br)z)Z" +c (Arm sech(Br)2)3n) (% (Arm sech(Br)z)) w

m?(Z (Ar™ sec r)?
+o ((;9733 (Ar™ sech(Br)?) - (4 p hBr) ))) =0 (55)
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For the soliton solutions to hold, we match the coefficients of the non-linear terms in r and receive the following
conditions

1 2
ZBsz' +30m (m - 5) =0

1 1
ﬁw + ZBZmO' =0

1
maB3+1&#ma+46aB(—Zm2+%m)=o
ABm?o - 5B*c — AB =0

which respectively provide us the the values of B and A given by

By = £2V-3m + 2,
By = e,
By = —fm + = V145m2 — 96m
A = 103m-2) o

- V—3m+2(m20'—1) ’

A2 - _ Swo
\/—f)m(rw(mzc'—l) ’
a‘(—9m+\/l45m2—96m)

Az ==
3 16 m2o—1 :

Finally yields the vortex soliton solutions of the form
u(r,0,t) = Ar'™ sech?(Br)e! m0=@1),

Three vortex solutions obtained based on the values of A1, A2, A3 and B1, B2, B3.

103m - 2)o 5 —
ui(r,0,1) = - ™ sech?(2rV=3m + 2)e!(m0-1),
V=-3m +2 (m?c - 1)
1 V- .
ur(r,0,t) = - Swa r' sech2(8$r)el(m9—wt)’

V-6mow (m*c - 1)
The plot of the vortex solutions u(r, 6, 1) is presented in Figure-6 and u;(r, 6, t) in Figure-7.

50 (—9m + V145m?2 - 96m

us(r,0,t) = 6 o p—

1 .
) r’" sechz((—im + —V145m2 — 96m)r)e! (mf-wt)
16 16

Plot of solution u3(r, 8, t) is presented in Figure-8 for different values of m.

For plotting solutions u;(r, 0,t) and u,(r, 6,t) we considered these values for amplitude m = 6, for scaling of the
secant hyperbolic oo = 1, and w = 1, which determine the angular frequency of the oscillation. The contour plot for vortex
solution u3(r, 0, t) is presented in Figure-9.

In this study, we presented vortex solution u; (r, 0, 1), u(r, 0,1), and us3(r, 8, t) of ZK equation (1) in polar coordinates
includes a radial exponent 7 and a secant hyperbolic function sech(r) and a exponential term e!¢~“?)  where m, o, and
w are key parameters. For vortex solution u3(r, 6, t) we presented four different graphs based on the values of amplitude m.
The parameters involved affect the overall appearance and magnitude of the solutions. We can clearly see how parameters
like radial exponent and secant profile affect the vortex solitons’s decay and oscillation patterns over space.

7. DISCUSSION OF RESULTS IN PLASMA PHYSICS

The plasma waves generated in the model discussed here are stable. This is particularly the case related to travelling
wave solutions. The vortex solutions are in line with a bell-shaped solitary wave solution which suggests that electric field
potential, electric field and magnetic field are stable. Some of the figures indicate a nonlinear ion-acoustic solitary wave
like behaviour of the wave. In all of the cases, the spread of the waves is stable with little or no chaotic type structure
following the initial waves. The amplitudes of the waves, indicated by the magnitudes of the complex cases in some of the
cases, display wave behaviours that are stable.
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Figure 6. 3D plot of the real part and magnitude of u;(r, 6, 1)
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Figure 7. 3D plot of the real part and magnitude of u(r, 6, 1)

The analysis of the Zakharov-Kuznetsov (ZK) equation (1) with triple-power law nonlinearity reveals that the plasma
waves generated in this model exhibit stability of the travelling wave solutions. These solutions, derived through double
reduction approach and invariance transformations, demonstrate consistent and predictable propagation characteristics
across two spatial dimensions and time. The stability of these waves is a critical finding, as it underscores their potential
relevance in modeling multidimensional wave phenomena in plasma physics, such as ion-acoustic waves in magnetized
plasmas.

The travelling wave solutions, represented as line solitons, for example (Figures 1-3) maintain their shape and speed
over time, a hallmark of soliton behavior. This stability is attributed to the balance between the nonlinear effects introduced
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by the triple-power law terms, G (1) = au™ + bu®" + cu®™ and the dispersive effects captured by the terms o (1 + u yy)x in
the ZK equation. The absence of significant chaotic or turbulent structures following the initial wave propagation further
reinforces the robustness of these solutions. This behavior aligns with the physical interpretation of ion-acoustic solitary
waves, which are known to preserve their integrity in plasma environments under the influence of a magnetic field, as
noted in prior studies [3, 5].

Similarly, the vortex soliton solutions (Figures 6-9) exhibit a stable, bell-shaped solitary wave profile, characterized
by a radial decay governed by the sech® function and a phase-dependent oscillatory structure. This suggests that the
associated electric field potential, electric field, and magnetic field components remain stable over time and space. The
vortex solutions, expressed in polar coordinates as u(r,0,t) = U(r)e!?=«"  demonstrate a localized rotating wave
pattern that decays to zero as r — oo, ensuring the confinement of energy and the absence of unbounded growth or
instability. The stability of these vortex structures is particularly significant in the context of plasma physics, where such
solutions can model coherent structures like ion-acoustic vortices in two-dimensional systems.

The figures accompanying the travelling wave and vortex soliton solutions provide visual confirmation of this stability.
For instance, the 3D plots of the travelling wave solutions (Figures 1-3) depict smooth, non-dispersive wave fronts that
propagate without distortion, while the vortex soliton plots (Figures 6-9) illustrate a consistent magnitude and oscillatory
pattern across varying parameters, such as the topological charge m. Notably, some figures indicate a non-linear ion-
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acoustic solitary wave-like behaviour, characterized by a steepened wave profile that remains stable over time, a feature
consistent with experimental observations of ion-acoustic solitons in magnetized plasmas [8].

The amplitudes of the waves, particularly in the complex vortex soliton cases, further highlight their stable behaviour.
The magnitude plots (Figures 6-9) show that the wave intensity remains bounded and predictable, with no evidence of
amplification or dissipation that would suggest instability. This stability is likely a consequence of the symmetry-invariant
conservation laws derived in the study, which impose constraints on the system that prevent chaotic divergence. The use
of multipliers to construct these conservation laws facilitates the double reduction process, yielding reduced ODEs that
admit stable, integrable solutions.

In all cases, whether travelling waves, multi-solitons, or vortex solitons, the spread of the waves remains controlled,
with little to no chaotic structure emerging after the initial wave formation. This stability is particularly pronounced in
the multi-soliton solutions (Figure 5), where elastic collisions between solitons occur without loss of form, a property
indicative of integrability in the ZK system. Such behavior is consistent with the physical context of weak turbulence in
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plasma systems, where solitons maintain their coherence despite interactions, which is a important phenomenon of wave
dynamics in space physics and fusion research [6,7].

Overall, the stable wave behavior observed in this study suggests that the ZK equation with triple-power law
nonlinearity provides a robust framework for modeling plasma waves in higher-dimensional settings. The findings have
implications for understanding the stability and interaction of nonlinear waves in magnetized plasmas, potentially aiding
in the design of experiments or simulations aimed at exploring ion-acoustic solitons and vortex structures in real-world
plasma environments.

8. CONCLUSION

A large class of Zakharov-Kuznetsov (ZK) equation with the triple-power law non-linearity were studied. We
have shown how a study of the relationship between symmetries and multipliers are attained and then utilised to obtain
double reduction from (1+2) ZK equation to an ODE. We determined the invariance properties and constructed classes of
conservation laws and discussed how the relationship leads to double reductions of the systems, ensuring stable solutions.
Multi-solitons analysis is performed using invariance transformation and vortex soliton solutions. A comparison between
symmetry and multi-reduction is presented, highlighting the advantage in producing integrable, stable outcomes. The
physical interpretation of soliton solutions is also discussed in this study, emphasizing their stable propagation, evidenced
by localized profiles, elastic collisions, and conserved quantities, which models coherent ion-acoustic and vortex waves in
magnetized plasmas, offering valuable understanding of wave dynamics in space physics and fusion research.
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Theoretical and numerical studies of ion-acoustic solitary waves (IASWs) in an unmagnetized plasma with ions, positron beams under
pressure variation, and kaniadakis distributed electrons have been conducted. The potential wave amplitude is calculated by applying the
reductive perturbation approach to reduce the controlling set of normalized fluid equations to Korteweg-de Vries (KdV) and modified
Korteweg-de Vries (mKdV) equations. In mKdV solutions, only compressive solitons are found, whereas both compressive and
rarefactive KdV solitons are found to exist for different values of o, 0}, and v. The parameter k has no effect on the IASWs of the
KdV equation, but have contribution in mKdV solitons. It is also shown that the inclusion of nonthermal electrons drastically changes
the basic properties of ion-acoustic solitons and creates a new parametric regime.

Keywords: lon-acoustic Solitary waves; Positron-beams; KdV equation; mKdV equation; Kaniadakis distribution
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1. INTRODUCTION

The reductive perturbation approach provides an excellent description of the ion-acoustic solitary wave studies in
ions, positron-beams plasma with nonthermal electrons. In order to do this, the development progresses from the typical
ion-electron-positron components to ions, positron beams and nonthermal electrons, reaching an intriguing stage of study.
Theoretically, several researchers have investigated the existence of ion-acoustic solitary waves in positron beam plasma
systems during the past few decades [1-22]. Greaves and Surko [23] have examined the electron-positron beam-plasma
experiment for the first time. Coleman [24] has studied positron beams and their applications in various field. Sarma et
al. [25] have investigated relativistic positron beams in nonlinear ion-acoustic solitary waves in an electron-positron-ion
plasma. Lynn and Schultz [26] have investigated how positron beams interact with surfaces, thin films, and interfaces. The
totally nonlinear acoustic waves in a plasma with superthermal electrons and positron beam impact were examined by Shan
et al. [27]. Ion acoustic shock waves in the presence of superthermal electrons and the interaction of a classical positron
beam have been explored by Shah et al. [28]. Moreover, Shah et al. [29] investigated the interaction of nonlinear waves with
aclassical positron beam in nonextensive astrophysical plasmas in an astrophysical naturally moderated setting. Hogan [30]
has researched plasma acceleration caused by electron and positron beams. Research on nonlinear ion-acoustic solitary
waves in a weakly relativistic electron-positron-ion plasma with relativistic electron and positron beams was conducted
by Barman and Talukdar [31]. Roy et al. [32] have investigated the effects of relativistic positron beams on ion-acoustic
breather, periodic, and solitary waves in the ionospheric area of earth using the mKdV equation and the KdV framework.

A lot of attention has been paid to numerous entropic forms that generalize the conventional Boltzmann-Gibbs
Shannon one over the last few decades. Initially, Renyi [33] introduced the generalization of the Boltzmann-Gibbs (BG)
statistics. Later it was developed by Tsallis [34]. The Tsallis nonextensive theory was one such theory that showed its
effectiveness in managing particular complicated systems and also showed an astonishingly high degree of agreement with
experimental evidence [35]. Quantum entanglement, blackbody radiation, and the k-statistics derived from the kaniadakis
entropy [36] were all reviewed within the theoretical framework. It has been investigated how the putative k-deformed
distributions caused by the kaniadakis entropy relate to cosmic rays [37], quark-gluon plasma production [38], interacting
photon and atom kinetics [39], and nonlinear kinetics [40]. It has been investigated [41, 42] for arbitrary amplitude
electron-acoustic waves in unmagnetized plasma with a k-deformed kaniadakis electron distribution. Kalita et al. [43]
have investigated nonlinear dust ion acoustic solitary waves in an unmagnetized plasma involving kaniadakis distributed
electrons and temperature ratio. Khalid er al. [44] have conducted research using kaniadakis distributed electrons in
dust ion acoustic solitary waves in unmagnetized plasma. High relativistic effect on dust-ion-acoustic solitary waves in
unmagnetized plasma with kaniadakis distributed electrons has been investigated by Das and Das [45]. Raut et al. [46]
have investigated dust ion acoustic shock waves, soliton, and bi-soliton in unmagnetized plasma with electrons dispersed
according to kaniadakis in both planar and nonplanar geometry. Tribeche and Lourek’s [47] have studied on the function
of the k-deformed kaniadakis distribution in nonlinear plasma waves. Irshad et al. [48] have studied the influence of
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the k-deformed kaniadakis distribution on the modulational instability of electron-acoustic waves in a non-Maxwellian
plasma.

In this paper we have established the existence of KAV and mKdV solitons in a three-component plasma consisting
of ions, positron beams, and kaniadakis distributed electrons using the reductive perturbation approach. KdV solutions
contain both compressive and rarefactive solitons, but only compressive solitons are present in mKdV solitons for the
effects of o, 0}, v, and k. The structure of our paper is as follows: in Section [1] , we have presented the usual
’Introduction’ ; in Section [2], we have mentioned the *Basic Equations Governing the Dynamics of Motion’; Section [3]
and Section [4] include the ’Derivation of KdV and mKdV Equation and Its Solution’; Section [5] is incorporated the
"Results and Discussions’; and in Section [6] we have presented the ’Conclusion’ of the outcome.

2. BASIC EQUATIONS GOVERNING THE DYNAMICS OF MOTION

We have considered the propagation of three component collisionless ion-acoustic waves in a warm unmagnetized
plasma with ion, positron-beam and nonthermal electrons. For such a plasma model, the basic equations governing the
plasma dynamics of ion-acoustic waves are described by the following normalized equations

on  0(nu) 0

E-'- ox @
Z—f+u3—i=—3pg—z €)
(%b N C')(';l;W) —0 “)
aaitb + w% = —3Pbg—: ©®)
ZZTZ) =(1=v)ne—n—-vn )

where n, np, u, w, p, and p,, respectively denote the ion number density, positron-beam number density, the ion
fluid velocity, positron-beam fluid velocity, pressure variation of ion and the pressure variation of positron-beam. Also
v = npo/ng is the positron beam to ion number density ratio; o = T;/T, is the ion to electron temperature ratio; op =
Ty /T, is the positron beam to electron temperature ratio. In the above equations, the particle number densities n, np and
n. are normalized by unperturbed electron number density n.q; velocity u, w by the ion-acoustic speed ¢y = (T, / m;)"?;

pressures p by the characteristic ion pressure e7;; the time ¢ by the inverse of the characteristic ion plasma frequency
wyi = (m/4mne?) 2. the distance x by the Debye length Ap, = (T, /Annge?) 2
The electrons follow k-deformed KD [38] which is expressed as:

meui/Z - ego)

I (up) = Agexpy (— T
e

with (u, w) = up

i

expi(x) = (\/1 + k2x2 + kx) ,

and Ay is the normalized constant indicated by :

1 3
4y = ek Dl + 3 L+ k]
k e0 T, F(ﬁ— ) ) .
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The following standard integration is applied for calculating A :

[1+ (s = 2)Ik[112k T (577 — %)
[1= (s = DIKI? = k2T (5 + 3)

‘/ooxs_lexpk(—x)dx = I'(s)
0

Here, k is a real parameter and I" stands for the universal gamma function that indicates the degree of deformation.
The inequality |k| < 1 must hold for real value of the parameter.
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The quantity k represents the dispersion from the Maxwellian distribution; hence, when k& — 0, the KD function is
transformed into the Maxwell-Boltzmann distribution as follows:

Me 3 (_<meu§,/z>—w)

li (k) —
kl—% fe  (up) = neo( 27T, T,

with
I{irr(l) expr(x) = exp(x).

Prior to continuing, it is crucial to limit the acceptable range of k. Calculation of the mean square speed < ulz? -
requires the following:

Wiy, o1 jm, Tl —3)
“r [ 1P up)dPuy K21+ 31kD Tl +3)

To preserve the physical meaning of < u? ;, > Which necessitates that < u? ;, ~ be finite and whose value diverges at
k — 0.4, the appropriate value of k must satisfy the inequality k < 0.4. It should be mentioned that this restriction is
taken into account while determining Ay and the particles’ average kinetic energy, m < ui > /2, and that the interacting
particles are ignored, i.e., ¢ = 0.

By integrating fe(k> (up) throughout velocity space, the electron density is calculated and is as follows:

(VTR 4 ko)
(1 —k2)¢3

z ®)

= N, =1+¢+%¢2+
3. DERIVATION OF KDV EQUATION AND ITS SOLUTIONS

To derive the KdV equation from (1)-(8), we apply the reductive perturbation method. we consider a new set of
stretched variables as

E=€eP(x-Ur), T=€" 9)

where U is the waves’ phase velocity and e is a small, non-dimensional parameter that quantifies the degree of nonlinearity.
The flow variables are then expanded asymptotically about the stable equilibrium state in terms of € as follows:

n= n0+6n1+62n2+63n3+...
u= €uy+ 62142 + 63u3 +.a.
p= po+€p1+62p2+63[)3+...
n= Npo+ ENp| + EXNpy + ENp3 + . . . (10)
W= ew| +eEWrteEws ...,
= ppoteppr t 62Pb2 + 63Pb3 +...
= €p1+ 62¢2 + e3¢3 +.o

Using the transformation (9) and the expansions (10) in the equations (1)-(8) and equating the coefficients of the first
lowest-order of € with the use of the boundary conditions n; = np; =0, u; =w; =0, ¢, =0at|é| — oo, we get

= nog1 . U1 | L= 3pog1
-3¢’ U?-30’ U?-30’
(1m)
iy = npod1 W = Upy ot = 3prodi
U? -30y° U? -30y,° U? - 30y
From equation (4) we get,
(1=v)¢1 —n1—vnp; =0 (12)

Using the expressions of n; and np; from (11), the expression for phase speed U is found as

—y £y? —4xz

2x

U? = (13)

where x=1-v

y==3(1=v)(o +0p) —ng— vipy
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z=900,(1 = v) +3(ngop + vonpp)

Again, equating the coefficients of second higher-order terms of € from (1)-(6), we get the followings,

8711 61’12 6142 + 6(1’11141) -0

ar  Uae TMar t o o
no%—Unoi—?—Um%—? +nou1%—b§+a% +n0%+nl%=o (15)
%-Ui—?+ulz—?+3po%—?+3 12—?= (16)
P12 g D) a7
nbo% - Unboaa—v;z - Unblaa—v::l + nbowl% + a'baggz +nb0(?9;q;2 + nbl% =0 (18)
agjl - Uag;2 +wlag§1 +3fl?boaa—v:f2 +31!71716’6—M-‘;1 =0 (19)
Similarly, from equation(7), we obtain
%2—? =(1=v)(¢2+ %ﬁ) T M2 = Vi)
— %=(1—v)%+(1—v)¢1%—?—%—?—v6g§2 (20)

Now, putting the values of dny/d¢ and dnpo/d¢ from (14)-(19) and using the relations (20), the KdV equation is obtained
as

2 g . 01 _
a—T+p¢1¥+qa—§3—O (21)

where the nonlinear coefficients p and dispersion coefficient g are given by

B 3no(U? = 303)3(U? + o) + 3vnpo(U? = 30)*(U? + o) — (1 —=v)(U? = 30)3(U? - 307,)3.
P 2U(U2 = 30) (U2 - 30) [(U2 = 30) 20 + (U2 = 307) vt ’

_ (U? = 30)*(U? = 30p)?
U [(U? = 30%)2n0 + (U2 - 30)2vnp) |

q

A new transformation n = ¢ — Vt is introduced to discover the stationary solitary wave solutions to the Korteweg-de
Vries(KdV) equation(21). In this transformation, V represents the soliton speed in the linear n—space. The solution for
the solitary wave can be obtained by integrating this transformation into the partial differential equation (21) as

1 = o sech? (%) 22)
where ¢g = 3V/p is the amplitude of the ion-acoustic soliton, and A = 4/4¢q/V is the width of the ion-acoustic soliton.

4. DERIVATION OF THE MKDV AND ITS SOLUTION

Equation (21) shows that the nonlinear coefficient p is determined by the plasma parameters v, o, op. Higher

order nonlinearity requires p = 0 in the KdV Eqn. (21). Consequently, the critical density v is obtained, which may be
computed as

2(U? = 35)*(U? = 303)3 = 3no(U? = 30)3(U? + o)

- 23
Ve T (U2 =30 )3 (U2 = 30p)3 + 3npo (U2 = 30)3 (U2 + o) 23)

In order to characterize the system at or near the critical point v given in (23). Different stretched variables are provided
for higher-order non-linearity as:
n=ex-Ur), 1=€1 (24)
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Utilizing the new stretched variables of (24) and expansions (10), the equations (1)-(6) provide the same (13) for the phase
velocity U. The second higher order perturbation of € can be obtained as

1y = 3”0(U2 + O')(ﬁ% + no$a np2 = 3nbO(U2 + ‘Tb)‘p% npoP2
2(U? - 30)3 U2 -3¢’ 2(U? - 30y,)3 U?-30,
(U +9U0)¢> Uy (U? +9Ucy)¢? Uy
uy = + , wp = + . (25)
2(U? -30)® U?-30 2(U? -30p)  U?2-30y
_ 30 -30)8] | 3nogs _ 3mo(SU =300)80  3mpdn
Pr= s T30y TUE—3e P27

2(U? = 303)3 U? - 30y,
Next, we enter the values of n; in the associated second-order partial differential equation to the relation
1
(1= ve) (@2 + 51 =2 = venp = 0 (26)
‘We obtain the following equations by taking into account the third higher order terms of € from (1)-(6).

ony onz Ouz  d(njuy) . d(nauy)

P VIR VIR Y: g Y en
no% - Unoéi;—b;3 - Unlﬁa_u; - Unzaa—ugl + noul(z—u; + nougiz—ufl + nluli—’? + 0'(;—]);

+ng%+n1%+n2%=0 (28)
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Eliminating n3, np3, u3 and w3 from equations (27)—(32) we get,

Z_‘f+p'¢2‘;_§+q'% -0 (33)

where the higher order nonlinear coefficient p’ and dispersion coefficient ¢’ are given by

, ASUP [U? + 60 + ve(U? + 60p) | +27(0% + veo}) = (1= k2)(1 = vo) (U? = 30)3(U? = 30%)3
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’
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Using the same transformation and following the steps outlined in section[3], the solutions of mKdV equation (33)

is obtained as
, 6V \%
¢l = - sech - X
p q

where V represents the soliton speed; ¢ = y/6V/p" and A’ = /¢’ /V indicate, respectively, the amplitude and width of
the solitary waves represented by the mKdV equation(33).

(34)
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5. RESULTS AND DISCUSSIONS

The present work has examined the characteristics of ion-acoustic solitary waves (IASW5s) in the context of kaniadakis-
deformed electrons k. A numerical analysis is done on the effects of different plasma parameters on the variations of
nonlinear term p and dispersion term ¢ given in (21). These parameters include ion-to-electron temperature ratio
o (= T;/T,), positron beam-to-electron temperature ratio o, (= Tp /T, ), positron-beam to ion number density v and the
deformation parameter k.

02
012 013 014 015 016 017 018 019 02 021 022 023 0235 024 0245 025 0.255 026
v v

(a) (b)

Figure 1. Variation of p versus v for different values of (a) o and (b) o7

Figure(la-1b) describes the variation of nonlinearity of the plasma system for different values of (a) o =
0.53,0.54,0.55,0.56 with o, = 0.11 and (b) o = 0.66,0.67,0.68,0.69 with o = 0.65 and other parameters ny =
0.1, np9 = 0.1, v = 0.12, and V = 0.05. The nonlinear coefficient p of the KdV Eq.(21) can have positive, zero and
negative values. So, p represents compressive or rarefactive according as p > 0 or p < 0 and p vanishes or p = 0 at
specific sets of critical values. This represents the singularity shown in Figures (1a) and (1b).

—0, =066

LYY

Figure 2. Variation of ¢; versus 5 for different values of (a) o and (b) o,

The ion acoustic solitary wave is compressive, as can be seen from Figures (2a-2b). In Figure (2a), the amplitude
decreases and the width slightly increases for increasing values of o with the same fixed values as mentioned in Figure
(1), while in Figure (2b), both the amplitude and width rises as increase values of o7,.

(a) (b)

Figure 3. Variation of ¢, versus 7 for different values of v.

For fixed parameters as o, = 0.11, o = 0.65, ng = 0.1, npg = 0.1, and V = 0.05, how the number density v effects
on the propagating ion-acoustic solitary waves are shown in Figure [3]. The soliton type is observed to have changed
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from compressive to rarefactive at v depending on o and o}. With rising values of v < v, the soliton is compressive
(Fig.-[3a]) and amplitude of positive potential ion-acoustic solitary waves increases notably while width decreases slightly.
Conversely, for increasing values of v > v, the soliton is rarefactive (Fig.-[3b]) and decreases the pulse of negative
potential ion-acoustic solitary waves in both amplitude and width. It is noticed that v plays a crucial role for the existence
of both compressive and rarefactive solitons.

Figure 4. Variation of ¢ versus 7 for different values of (a) np and (b) npg.

The variation of the amplitude and width of the fast compressive KdV soliton profiles for different values of ion
number density ng effect is shown in Figure (4a) and positron beam number density npq effect is shown in Figure (4b). It
is seen that both the amplitude and the width of the fast compressive KdV soliton increases with the increase of ng and
npo.

" " " L L L 0 " " L L "
009 0095 01 0105 041 0115 012 0125 0.3 009 0095 01 0105 041 0115 012 0125 043 0135
v v

(@ (b)

011 0.112 0114 0.116 0.118 012 0122 011 0.112 0.114 0.116 0.118 012 0122
v v

(©) (d)

Figure 5. Variation of ¢ versus v for different values of (a) o and (c) 0} and variation of A versus v for different values
of (b) o and (d) op

In Figure (5a), the fast compressive KdV soliton’s amplitude gradually increases in the lower range of v < 0.14 for
different values of o, and for fixed values of o, = 0.11, ng = 0.1, npg = 0.1, and V = 0.05, while in Figure (5c), the
amplitude reduces in the lower range of v < 0.122 for different values of 0. However, the width decreases uniformly
for both the cases. In Figure (6a), the fast compressive KdV soliton amplitude increases as the increasing values of v =
0.160,0.164,0.168, 0.174 for fixed other parameters o = 0.65, ng = 0.1, npg = 0.1, k = 0.3 and V = 0.05, and Figure
(6b) shows that for the fast compressive mKdV soliton, the amplitude monotonically increases for the same various values
of v and also same fixed values. In Figure (6c), the fast rarefactive KdV soliton amplitude increases as the increasing
values of v = 0.19, 0.20, 021, 0.22 for fixed same values in Figure (6a), and Figure (6d) shows that for the fast compressive
mKdV soliton, amplitude decreases for the same various values of v. However, calculation reveals that the width exhibits
a consistent character, with the same set of parametric values for every graph in Figure (6).
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(c) @

Figure 6. Variation of ¢ versus oy, for different values of v in (@) and (c) , and variation of ¢, versus o}, in different
values of v for () and (d) .

oy / \

Figure 7. Variation of ¢} versus 7 for different values of (a) o~ and (b) o5.

Next, we plot the higher-order solitary wave potential ¢/ (n7) versus n for fixed values of ng = 0.1, npo = 0.1, k =
0.3 and V = 0.05 in Figure (7a-7b) with varying values of (a) o with v = 0.12 and (b) o} with v = 0.191. For both the
cases, only compressive mKdV ion-acoustic soliton is found to exist.

——k=030
- - k=032
k=034
------- k=036

Figure 8. Variation of ¢/ versus 5 for different values of (a) v with k = 0.3 and (b) k.

The variations of ¢/ (17) versus 7 for various values of (a) v = 0.160, 0.168,0.200, 0.220 and (b) k = 0.30,0.32,0.34,
0.36 respectively, with other parameters ng = 0.1, npo = 0.1, o = 0.65, 0 = 0.11, v = 0.12 and V = 0.05 are shown
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in Figures (8a-8b). From both the figures we observed that ¢/ is compressive. It can be observed that as v increases, the
ion-acoustic solitary waves amplitude and width decrease monotonically in Figure (8a) and in Figure (8b) the amplitude
of compressive ion-acoustic solitary waves is shown to increase as k increases, but the width does not change significantly.

6. CONCLUSION

We have investigated the propagation of ion-acoustic solitary waves in an unmagnetized plasma model with
kaniadakis-distributed electrons, ions, and positron beams. The reductive perturbation method is used to derive the
KdV and mKdV equations and to obtain their solitary wave solutions. Physical parameters such as v, the positron beam
to ion number density ratio; o, the ion to electron temperature ratio; o, the positron to electron temperature ratio and the
parameter k play a crucial role in giving the soliton character. The outcomes that have been observed in this study can be
contracted as follows:

1. It is found that there are two different types of wave modes in the current plasma model: slow acoustic modes and
fast ion-acoustic modes. However, we only take into account fast ion-acoustic modes for extracting KdV and mKdV
equations, because slow modes do not give any possibility for the existence of soliton.

2. The first order non-linear coefficient p in the KdV equation can be a positive and a negative quantity, while the second
order non-linear coefficient p’ of the mKdV equation is a positive quantity, depending on the plasma parametric
values. Therefore, there exists both compressive and rarefactive KdV solitons in the present plasma system.

3. The change in the soliton types from compressive to rarefactive is predicting mainly through the variation of positron
beam to ion density ratio parameter v, depending on o and o},. It is seen that compressive and rarefactive solitons
are to exist for the range of v < 0.1793 and v > 0.1793 respectively.

4. At the critical v, we consider a second order nonlinearity and determine mKdV equation. Only compressive ion
acoustic solitary wave structures are feasible in present plasma system.
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IIpoBeneHo TEOpETHYHI Ta YMCEIbHI JOCIIIKEHHS i0HHO-aKyCTHYHMX MOOANHOKUX XBIIb (IAX) y HeHaMarHiueHHil 11a3Mmi 3 i0HaMH,
My4YKaMy TO3UTPOHIB IPH 3MiHi TUCKY Ta pO3MOAiIeHrMH eyiekTpoHamu Kaniagakica. [ToTeHniiiHa aMIutiTyqa XBUI pO3paxoBYEThCS
IUISXOM 3aCTOCYBaHHS MiIXOAY PeLyKTUBHOrO 30ypeHHs ISl 3BeJeHHs1 KOHTPOJIBHOTO HaOOpy HOPMali30BaHMX PIiBHSHb PiMHH JIO
piBHsHb Kopreera-zne ®piza (KdV) i monudikosanux piBHsHb KopTesera-zge ®piza (mKdV). ¥ mKdV pimennsx 3ycrpivaoTses e
COJIITOHM CTUCHEHHS, ToAi sIK BcTaHOB/EHO, 110 ISl pi3HUX 3HAYeHb 0", 0 1 V ICHYIOTh SIK CTHCKAIO4i, TaK i pO3piAkKeHi CONiTOHU
KdV. ITapamerp k Takox He BruuBae Ha IASW pisHanHa KdV, ane mae BHecok y coniToHax mKdV. Takox nokaszaHo, 0 BKJIIOUEHHSA
HETEIUIOBUX EJICKTPOHIB Pi3KO 3MiHIOE OCHOBHI BJIACTHBOCTI iI0HHO-aKyCTHYHUX COJIITOHIB 1 CTBOPIOE HOBHI MAPaMETPUIHHIA PEKIM.
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This investigation illustrates the presence and characteristics of compressive and rarefactive solitons in an unmagnetized plasma that
includes positive ions, negatively charged dust, inertialess electrons with quantum effect and nonextensively distributed electrons and
positrons. For this unmagnetized dusty plasma with positive ions, negatively charged dust, inertialess electrons with quantum effect
and nonextensively distributed electrons and positrons, the Korteweg-de Vries (KdV) equation is derived and thus existence and
behaviour of compressive and rarefactive soliton is examined. The fluid equations of motion governing the one-dimensional plasma
serve as the foundation for the analysis. Using different relational forms of the strength parameter (¢) to stretch the space and time
variables results in different nonlinearities. When discussing the effects on soliton amplitude, nonlinearity, and dispersion, various
plasma parameters have been considered.

Keywords: Soliton; g-nonextensive distribution, Reductive perturbation method; KdV equation

PACS: 52.35.Sb, 52.35.Fp, 52.35.Qz, 52.27.Ep

1. INTRODUCTION

Since electron-positron-ion plasma has so many uses and can be used to observe a variety of astrophysical
environments, including the Milky Way galaxy's centre [1], and the production of hard thermal photons with relativistic
heavy ion collisions in quark-gluon plasmas [2], it is one of the most crucial areas for researchers to study. Novel statistical
techniques like g-nonextensive statistics or Tsallis statistics are gaining popularity. Tsallis statistics yields a power law
distribution for all values of ¢, while the Maxwellian distribution is only obtained for q = 1 [3]. Saini and Shalini have
investigated the ion acoustic solitons in a nonextensive plasma with multi-temperature electrons [4]. Shahmansouri and
Alinejad [5] discussed two dust ion-acoustic (DIA) solitary wave modes based on population and electron superthermality.
When charged dust grains are present in a plasma, the existing plasma wave spectra undergo modifications [6] and several
new modes are introduced, such as the dust-acoustic mode [7—8], the dust ion-acoustic mode [9—-10], the dust lattice
mode [11], etc. Das [12] investigated the combination of the immobile dust charge and relativistic electrons and ion
streaming speeds to produce dust-ion acoustic compressive and rarefactive relativistic solitons in a multispecies plasma
model for immobile dusty plasma. In astrophysical environments, compact astrophysical objects and the interiors of
planets both contain quantum plasmas [13]. In laboratories, quantum plasmas are observed in semiconductors and
micromechanical systems [14], in next-generation intense laser—solid density plasma interaction experiments, and in
quantum x-ray free-electron lasers [15]. The first study of the quantum counterpart of ion-acoustic waves was conducted
by Haas, Garcia, Goedert and Manfredi [16]. They determine a dimensionless parameter that measures the quantum
diffraction effects, beginning with the quantum hydrodynamical model. It is demonstrated that the characteristics of
solitary waves are significantly impacted by quantum effects [16,17]. Chabrier, Douchin and Potekhin [18] examined the
properties of dense plasmas characteristic of the atmospheres of neutron stars and of the interior of massive white dwarfs.
Masood [19] used renormalization scheme of quantum electrodynamics (QED) at high temperatures to calculate the
effective parameters of relativistic plasma in the early universe. Hasnan, Biswas, Habib, and Sultana [20] have
investigated different dust ion acoustic wave modes theoretically and numerically, taking into account a four-component
magnetised collisional k-nonthermal plasma that comprises non-inertial k-distributed super thermal electrons, inertial ion
fluid, and stationary dust grains of opposite charges. Compressive and rarefactive solitons are demonstrated to exist in a
plasma model that includes unmagnetized weak-relativistic positive ions, negative ions, electrons, electron beam and
positron beam by Barman and Talukdar [21]. However, in this paper we try to investigate properties of compressive and
rarefactive solitons in a non-relativistic plasma model. The reflection of a dust acoustic solitary wave from a potential
barrier in a dusty plasma medium was observed experimentally by Kumar, Bandyopadhyay, Singh, Arora and Sen[22], in
which experiments were conducted in a DC glow discharge plasma environment using an inverted II-shaped dusty plasma
experimental (DPEx) device. In the presence of Gaussian-shaped and solitary-pulse-type external forces, the damped
forced Korteweg—de Vries equation is obtained using the reductive perturbation technique in a dusty plasma with non-
thermally distributed electrons by A.Paul, N. Paul, Mondal and Chatterjee [23]. Using the quantum hydrodynamic model,
the dynamics of ion-acoustic solitary waves (IASWs) in an unmagnetized, highly relativistic quantum plasma with
positive and negative ions and electrons is investigated by Madhukalya, Das, Hosseini, Hincal, Osman and Wazwaz [24].
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The treatment takes into consideration that electrons are inertialess, which explains the inertial properties of both positive
and negative ions. They have derived Korteweg—de Vries equation using the reductive perturbation method to examine
the nonlinear nature of quantum IASWs. The objective of our research is to investigate the presence of solitary plasma
waves and their behaviour in a multicomponent plasma model and observe the effects of various parameters on the
amplitude, nonlinearity and dispersion of solitons.

In this study, we theoretically investigate the characteristics of nonlinear ion-acoustic solitary waves in a
multicomponent plasma composed of positive ions, negatively charged dust, inertialess electrons with quantum effect and
nonextensively distributed electrons and positrons. This study examines nonlinear ion-acoustic waves using the reductive
perturbation approach. The format of the paper is as follows: The introduction is given in Section (1), followed by the
Equations Governing Dynamics of Plasma in Section (2), the KdV equation and its solution in Section (3), Results and
Discussions in Section (4) and Conclusions in Section (5).

2. EQUATIONS GOVERNING DYNAMICS OF PLASMA
The fluid equations of motion, governing the collision less dusty plasma in one dimension are:
For positive ion,

ani a (nivi) _

at ax 0, M

LTSS T
6t+ Vi ax+ax 0 @)

For negatively charged dust,
ong | A(ngva) _

e ¥t Tox 0 ®)

9va va _ 2% _
e T Vao T 0 )

For inertialess electrons with quantum effect,
1
9 _ Omeq | 14,20 (1 0%(neg?)
0_6x Bneq ax +2H5 6x< a2 ®)
Neg?2
where, B = VFZZ‘ZZme — VFezzde ; He2 _ _hopg :
Cserem; cqer ZgkTiQq
= Me
where Q; = —
q+1
ne = 6. [1 + (@ — D]t (6)
_q+1

np = (Sp [1 — O (q - 1)¢]2(q—1), (7)

1
whereé‘ezg, pzﬁ.

Here, H. is the quantum diffraction term (which is proportional to the ratio of plasma energy to fermi energy), Vre is the
fermi speed, p is the unperturbed positron-to-electron density ratio, or is the electron-to-positron temperature ratio, and
parameter q is the real number greater than -1 and represents the strength of the nonextensive ion.

The extensivity limits q < 1, q > 1, and q —1 represents the cases of superthermality, subthermality, and Maxwell-
Boltzmann distribution function, respectively. It is possible to expand the normalised nonextensive electron and positron
densities of Egs. (6) and (7), respectively, as

_ 1 g+1.  (@+DB-9q)
—1_p[1+ 5 o+ . <1>2+---]

_p q+1 q@+DB-q) , .,

Ne

M
The continuity and momentum equations of the plasma's acoustic mode are the fundamental governing equations.

The following Poisson equation for the charge imbalances should be added to these equations.

a2¢

5z = Meq T e — Ny —np +Zgng )

Here, suffixes i, p, e, eq and d stand for positive ion, nonextensive positron, nonextensive electron, quantum electron and
dust respectively.

3. KdV EQUATION AND ITS SOLUTION
We use the stretched variables,

1 3
E-€2(x — Vt)and 1-€2t, ©)
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(where V is the phase velocity) along with the expansions of the flow variables in terms of the smallness parameter € as
n; = N+ enj +enpp + e3n3 + ..., np = 1+ enp el + E3nps + ..., Ne = 14 enet TP + €30 + ..., Neq = Nego + ENeql HeNe2
+ &3 + ..., Ng = Ngo+ eNgy M@+ E3Ng3 + ..., Vi = Vio+ evii Fe2vip T E3vis + ..., Va = Vao + evar Telva + vy + ..., § = ey
+ 2§+ 393 + ..., to derive the KAV equation from the set of equations (1) to (8).

Using the transformation (9) and the expansions of nj, ny,, ne, ng, Neq, Vi and vy in equations (1) to (8) and equating
the coefficient of the first lowest-order of € we get,

Ndo 1 1 (1+q)
ng, = ——=— Vg4 = —— N, , =—— n., = 8ra)
d1 (a0 —1)2 b1, Var o -V b1, eql Brleqo b1, Ner He — b1,
Njo (1+Q)
ngay =——— V; = — n = — Op ——
i1~ W02 by, vig Vo b1, p1 HpOF — b4,

where v;o and vq, are initial streaming velocities of positive ions and dust grains respectively.
Using the expansions of nj;, Npy, Ney , Neqr and Ngy in Ney + Negy + ZgNgy — Npy — njy = 0, the expression of
phase velocity V is found as,

___ Mo (1+q) 0(1"“1)_ L Zatao  _
V—v)? e 2 T T TBng, (e — V)2

Eliminating v;, and vq4, from the equations obtained by equating the coefficient of second higher order terms of € we
get the KdV equation as,

N %1, P01 _
P, T2+ Q TR =0, (10)

where,

2ng @+ DB-D(be=1p0r®) | mig __3Zangg B
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We introduce the variable n =& — U t, where U is the velocity of the wave in the linear 1 space, to find a stationary

1

2
solution of the KdV equation (10). Equation (10) can be integrated using the boundary conditions ¢, = 06;1;1 = 60n—¢21 =
0 as [n| — oo, to give

d; = dosech? (/4) a1

where ¢, = (3U/P) is the amplitude and A = (4Q/U)'” is the width of the soliton respectively.

4. RESULTS AND DISCUSSIONS

We have obtained KdV equation from the set of governing equations [1-7] and the Poisson equation [8]. Since the
existence and characteristics of solitary waves are explained by the KdV equation, we have computationally investigated
the existence and characteristics of our multicomponent plasma model for a variety of parameters. In this manuscript we
have considered some standard ranges for plasma parameters. The value of B= 18000000, which is because of high fermi
speed (Vre). Analysing the variation of soliton amplitude with respect to q (Figure 1), we observe the presence of
compressive solitons for some fixed parameters He=5, B=18000000, U=0.6, neq=1, n;0=0.8, vi¢=1.3, §.=0.38, §,=0.21,
or=0.088, Zs=3, n4p=0.7, V4=1.0. As q increases from 0 to 0.8, the solitary wave amplitude increases gradually.
On describing the variation of soliton amplitude with respect to q while keeping the remaining parameters fixed and
changing the value J., we can observe the presence of comparatively higher amplitude KdV compressive solitons for
higher values of d.. Also, analysing the variation of soliton amplitude with respect to V;o (Figure 2), we observe that as
Vo increases the amplitude of rarefactive soliton decreases gradually. Keeping the remaining parameters fixed as He=5,
B=18000000,U=0.01, neqo=0.8, njo=1.3, 8:=0.26, njp=1.3, ¢=0.216, §:=0.26, 1;=0.26, 6¢=0.01, Zs=2, ngo=1, V4o=0.8 and
analysing the variation of rarefactive soliton amplitude for comparative higher values of q , we observe that as q increases
from 0.026 to 0.216 , the amplitude of rarefactive soliton decreases.

Analysing the variation of soliton amplitude with respect to or (Figure 3) we observe the presence of compressive
solitons for some fixed parameters He=4, B=18000000, U=0.1, neq=0.8, nic=1, vio=1, 8.=0.16, §,=0.8, q=0.021, Z¢=1,
ng4o=0.8. As or increases from 0 to 0.5 the solitary wave amplitude decreases gradually. On describing the variation of
soliton amplitude with respect to or while keeping the remaining parameters fixed and changing Vdoy, we can observe the
presence of comparatively higher amplitude KdV compressive solitons for higher value of Vg. Also, analysing the
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variation of soliton amplitude with respect to Vo (Figure 4), we observe that as Vg increases the rarefactive soliton
amplitude decreases gradually. Keeping the remaining parameters fixed as H.=4, B=18000000, U=0.01, neq=1, nio=1,
Vi0=0.8, 8.=0.26, 5,=1, Z¢=8, ng=0.1, or=0.028 and analysing the variation of rarefactive soliton amplitude for different
values of q, we observe that as q increases from 0.156 to 0.456, the amplitude of rarefactive soliton decreases.
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Figure 1. Variation of amplitude with respect to q for different Figure 2. Variation of amplitude with respect to Vio for different
de and fixed He=5, B=18000000, U=0.6, neqo=1, nioc=0.8, vic=1.3, q and fixed He=5, B=18000000, U=0.01, neq=0.8, nio=1.3,
8p=0.21, 6r=0.088, Z4=3, na0=0.7, Vao=1.0 8e=0.26, 6,=0.26, 6r=0.01, Z4¢=2, ndo=1, Vao=0.8
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Figure 3. Variation of amplitude with respect to or for different Figure 4. Variation of amplitude with respect to Vao for different
Vo and fixed He=4, B=18000000, U=0.1, neqo=0.8, nio=1, vie=1, q and fixed He=4, B=18000000, U=0.01, neqo=1, nio=1, Vi0=0.8,
8=0.16, 6,=0.8, ¢=0.021, Zs=1, nao=0.8 8:=0.26, dp=1, Z¢=8, nd0=0.1, 6r=0.028

Analysing the deviation of nonlinear term (P) with respect to q (Figure 5) we observe that nonlinearity decreases as
q increases. Checking the effect of nonlinear term with respect to q for fixed He=>5, B=18000000, U=1.3, neqo=1.3, njp=1.8,
8:~0.32, Vao=1, 8,=0.21, Z4=3, nq=1, 6r=0.01 and changing values of Vjy, we observe that for Vjo from 1.27 to 1.42 the
nonlinearity appears comparatively higher. Also, observing the deviation of nonlinear term with respect to Vi (Figure 6),
we see that as Vjp increases from 0 to 2 the nonlinearity decreases gradually for H.=5, B=18000000, U=1, neq=1, nijc=2.1,
8:=0.16, V4=0.8, 8,=0.26, q=0.021, ng=1, 6r=0.013. Checking the variation of Nonlinear term with respect to Vo we
observe that the nonlinearity is comparatively lower for greater values of Zg.
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Figure 5. Variation of nonlinearity with respect to q for different Figure 6. Variation of nonlinearity with respect to Vio for
vio and fixed He=5, B=18000000, U=1.3, neq=1.3, njo=1.8, different Z4 and fixed He=5, B=18000000, U=1, neqo=1, nio=2.1,
8¢=0.32, Vao=1, 8,=0.21, Z¢=3, nao=1, 6r=0.01 8¢=0.16, Va0=0.8, 3,=0.26, ¢=0.021, nao=1, 6r=0.013

As the dispersion term (Q) describes the broadening of solitary wave profile so analysing dispersion with respect to
Vio (Figure 7) we observe that Q decreases as Vjp increases for B=18000000, neq=0.52, njo=2.1, Z¢=3, ng=1, He=4.
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Keeping the remaining parameters fixed, as we observe the variation of Q with respect to Viy we observe that dispersion
gets comparatively higher as V4 increases. Also, observing the variation of dispersion with respect to V4o (Figure 8), we
observe that dispersion increases as Vo increases. For fixed B=18000000, neqo=0.52, ni¢=2.6, ngo=1.3, He=3, V;0=0.32 and
different Z4 in the comparison of dispersion with respect to Vg9, we observe that dispersion increases as Z4 increases.

= 75
4 veb=:28 : 593

Vio Vdo

Figure 7. Variation of dispersion with respect to Vio for Figure 8. Variation of dispersion with respect to Vo for
different vao and fixed B=18000000, neq0=0.52, nio=2.1, Z+=3, different Zq and fixed B=18000000, neqo=0.52, nijo=2.6, nso=1.3,
nao=1, He=4 He=3, Vio=0.32

Further, we have observed variation of solitary wave potential @; versus 1 for four different values of Vjy as
shown in Figure 9 and for four different values of q as shown in Figure 10. We have found that the wave potential of
compressive solitons (Figure 9) is higher for higher values of Vi and that of rarefactive solitons (Figure 10) is lower for
higher values of q .

d)l 0.4} <b1
"% 10 - 0 ‘ 10 20 20 10
n n
Figure 9. Variation of ¢1 with respect to n for different Vioand  Figure 10. Variation of ¢1 with respect to n for different q and
fixed He=5, B=18000000, U=2.4, neqo=1, nio=1.7, g=0.015, fixed He=5, B=18000000, U=0.52, neqo=1, nio=1.7, 8:=0.16,
8:=0.26, 6,=0.32,0r=0.01,Z¢=1,n40=1.6,Va0=1.3 8p=0.26,6F=0.008,Z¢=1,nd0=1.6,Vi0=0.5,Vao=1
5. CONCLUSIONS

We have found that both compressive and rarefactive solitons are present in our plasma model that includes positive
ions, negatively charged dust, inertialess electrons with quantum effect and nonextensively distributed electrons and
positrons. Both the compressive and rarefactive solitons are found to exist in a definite range of parameters such as,
021<8,<1,0.16 <8.<0.38, 1 <Zy< 8 and for q < 1, which represents the case of superthermality. Also, both the
compressive and rarefactive solitons are found to exist for unperturbed density of inertialess electrons with quantum effect
Neqo < 1.3, quantum diffraction term He < 5 (for heavy dust mass H. =10) and B=18000000. Our investigation can be useful
for the researcher investigating on plasma in astrophysical environments.
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IOHHO-AKYCTHUYHI OMUHOYHI XBIAJII B HEMATHITH3OBAHIN IMMTAJIOBIN MJIA3MI 3 BE3IHEPI[IMHAMHA
EJEKTPOHAMU 3 KBAHTOBUMHW EQEKTAMU
Carbenapa Harx Bapman?, Kinrkap Taaykaap®
“B. Bypya xoneooc, I'ayxami 781007, Accam, Inoia
b Jlenapmamenm mamemamuxu, Ynieepcumem I ayxami, [ veaxami 781014, Accam, Inois

Le mocmimkeHHS 1UTIOCTpY€e HAsSBHICTh 1 XapakTEPUCTHKH CTHCKAIOUMX 1 PO3PIIKCHHUX COJNITOHIB y HEHAMAarHiYeHid Iuiasmi, ska
BKJIIOYA€ ITO3UTHBHI 10HH, HETAaTHBHO 3apsUKEHUH Il, Oe3iHepIiiiHI eIeKTPOHN 3 KBAHTOBUM €()eKTOM i HepO3IOMiiIeH] eIeKTPOHI
Ta NO3UTPOHM. [ Iii€l HeHaMarHiueHoi NWIIONOMIOHOI IUTa3MH 3 MO3UTHBHMMH i0OHAMH, HEraTHBHO 3apsKCHUM IIHIIOM,
Oe3iHepUiTHUMH eJISKTPOHAaMH 3 KBAHTOBUM €()EKTOM 1 HEpO3MOBCIO/KEHUMH €JISKTPOHAMH Ta II03UTPOHAMU OYJI0 BUBEACHO PiBHIHHS
Kopresera-ne ®piza (KdV), i TakuM YMHOM JOCII/PKEHO iCHYBaHHS Ta HOBEIIHKY CTHCIMBOTIO Ta PO3pikeHOro conitony. OCHOBOIO
JUISL QHATI3y € PIBHSHHS PyXy PIAMHH, IO KePYIOTh OHOBHMIPHOIO I1a3MOM0. BUKOpHCTaHHS Pi3HUX pessiliiHUX GopM mapamerpa
cuiti (€) AJs PO3TATYBaHHS MPOCTOPOBUX 1 YaCOBHX 3MIHHHUX MPU3BOAUTH N0 Pi3HMX HewiHiitHocTel. [Ipu 06roBOpeHHI BILIMBY Ha
aAMILTITYy, HENHIHHICTB 1 AUCTIEPCiIO CONITOHIB PO3IIANANUCS Pi3HI MapaMeTpH TUIA3MH.
Ku1rouoBi cj10Ba: conimon; g-nHeekcmencugnull po3nooin, pedykmuerui memoo 30ypens, pienaunns KdV
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The present study investigates the nuclear structure of low-lying negative parity states in 13F using a combination of the shell model
and Hartree-Fock (HF) approaches. A comprehensive analysis of nuclear properties—including energy spectra, electron scattering
form factors, transition strengths, binding energies, and charge radii—was performed within four model spaces: the sdpf-model space,
the zbm-model space, the psd-model space, and the extended spsdpf no-core shell model space. Various effective interactions were
applied within each model space to assess their impact on nuclear behavior. The HF method, utilizing multiple Skyrme
parameterizations, along with harmonic oscillator and Woods-Saxon potentials, was employed to compute single-particle radial wave
functions essential for matrix element calculations. The results demonstrate that Skyrme-based HF calculations, when integrated with
shell model techniques, effectively capture fundamental nuclear properties. A systematic comparison with experimental data reveals
that transitioning from core-restricted model spaces to a fully no-core framework significantly improves the reproduction of electron
scattering form factors, particularly in both longitudinal (C1, C3) and transverse (E1, M2) components. Notably, specific states exhibit
optimal agreement at different core levels: the 3/27 and 5/27 states are best reproduced in the no-core shell model, while the
7/27 state achieves high accuracy within the zbm and psd model spaces. Overall, this research underscores the critical influence of
model space selection and interaction choice in theoretical nuclear studies. The progressive refinement from core-based to no-core
calculations highlights the role of many-body correlations in nuclear excitations and provides deeper insight into the intrinsic structure
of 13F, contributing to advancements in nuclear structure theory and reaction dynamics.

Keywords: Nuclear Structure; Model Spaces; Core-to-no-Core; Skyrme-HF, Fluorine-19

PACS: 21.60.Cs, 21.60.Jz, 25.30.Bf, 21.10.-k, 27.20.+n

1. INTRODUCTION

Electron scattering, which involves the interaction of electrons with the nucleus via electromagnetic forces, is an
important tool for studying nuclear structure, providing vital experimental data for testing theoretical models [1]. Its
efficiency stems from the well-established electromagnetic interaction, which is properly characterized by quantum
electrodynamics, as well as the interaction's relative weakness.

In this work, elastic and inelastic scattering form factors were estimated using the shell model and Hartree-Fock
theory to produce single-particle states. The Hartree-Fock technique, a variational approach, generates the wave function
of many-body quantum systems by modeling fermions as Slater determinants and bosons as product wave functions,
assuring accurate statistical behavior during particle exchange [2].

The extension from core to no-core calculations is an important and effective method for reproducing accurate
theoretical results in the present study. This technique focuses on increasing the number of valence particles to investigate
the static and dynamic structure of *3F. Brown et al. (1985) [3] analyzed high-resolution electron scattering data for 3F,
using the sd-model space for positive-parity states and the zbm-model space for both positive- and negative-parity. Their
analysis of form factors and transition matrix elements demonstrated the utility of configuration mixing, although the
interaction parameters available at the time limited the ability to fully capture complex nuclear dynamics.

Sakuda (1992) [4] analyzed the form factors of '3F using a cluster model that combined the (t + '$0) and (a + 5N)

+
configurations. The framework appropriately compatible with experimental data for the magnetic form factor of the % ground
state, relying on significant cluster parts to imitate its three maxima. However, it demonstrated little agreement during the
longitudinal form factors of the g , % , andg states. The difference highlighted the need for future theoretical advances.

Elastic and inelastic electron scattering of '9F was utilized [5] to investigate transitions from 1/2% to
(1/2%,3/2*,5/2%,7/2%,and 9/2%). For all transitions considered in the study, the isospin value was 1/2. The researchers
employed the OXBASH package program code to generate the one-body density matrix (OBDM) with a large basis
truncation of (0 + 2)Aw for the harmonic oscillator potential in the spsdpf-model space. Subsequently, all form factors
were computed using specific codes written in FORTRAN. A large basis was consistently applied throughout the study.

In the context of studying the influence of shell model interactions on weakly interacting massive particles (WIMPs),
R. Abdel Khaleq et al. [6] utilized the sd-model space, incorporating USD and USDB interactions. This methodology
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enabled the calculation of energy levels and reduced transition probabilities for '3F, with single-particle states
1ds /, 251 /Zand 1ds3 /zconsidered for both protons and neutrons.

In 2016, Radhi et al. [7] investigated inelastic electron scattering inside '3F using shell model calculations for both
positive and negative parity states. Their research of positive parity states used the sd-model space with USDA interaction
and focused on a selection of energy levels.

Elastic and inelastic scattering, energy levels, and reduced transition probabilities for specific positive and negative
parity states were investigated using the nuclear shell model [7]. The sd-model space was employed for positive parity
states, while the spsdpf model space, truncated with(0 + 2)Aw, was applied for negative parity states. Although their
work represents a significant contribution, certain limitations remain, particularly in the treatment of the M3 and E4
components. This highlights the necessity of extending the model spaces to achieve higher precision in future studies.

The present investigation evaluates the energy spectra, reduced transition probabilities, magnetic dipole moments,
nuclear root-mean-square radii, binding energy, and both longitudinal and transverse inelastic electron scattering form
factors for the negative parity states of *3F nucleus. The analysis utilizes four distinct model spaces to systematically
examine the influence of progressively extending the core configuration, culminating in a no-core framework, on the
calculated nuclear properties and scattering observables. All types of model space Hamiltonians have been utilized to
generate realistic wave functions for the negative-parity states of '3F, including the 1/2~ at 0.1098MeV, 3/27 at 1.459
MeV, 5/27at 1.3465MeV, and 7/27 at 3.9987MeV.

The first approach is for sd — pf shell called sdpf-model space, incorporating the active 1ds /y 251/2and 1ds /,

orbitals above an inert 150 core, treated as closed in the (15)*(1p)*? configuration. The next model space, designated
as Zuker—Buck—McGrory (zbm-model space), includes the active 1p1 /o 1ds /, and 251/20rbitals positioned above an

inert 12C core. To accurately represent the complicated nuclear dynamics inside this approach, zbm-model space
interactions, such as Zuker—Buck—McGrory-Interaction (ZBMI) [8] and Zuker-MCGRORY-WILDENTHAL (ZWM) [9],
were used to create exact wave functions for the respective states.

The p — sd orbits employ psdpn-model space [10] includes active shells 1p1/2,1p3/2, 1d3/2,1d5/2,and 251/2

above the inert 3He nucleus core, where the (1s)* configuration remains closed. This model space features center-of-
mass motion and p — sd orbits employ psd-model space interactions, such as PSDMK and PSDMWK, to connect the p-
and sd-model spaces. The PSDMK interaction [11] comes from the pw-interaction inside the sd-model space. It contains
the active 1ds /0 251/2, and 1ds3 /, orbitals atop an inert 130 core. Furthermore, the p-model space, with the Cohen-

Kurath- POT (CKPOT) interaction [12], involves the 1p1 /y and 1p3 /, orbitals above the inert $He core. The last model
space was used in present study known as spsdpf includes active orbitals 1s1 /y 1ps /0 1p1 /y 1ds /0 1ds /y? 251 /y
1f7/2, 1f5/2, 2p3/2, and 2p1/2, covering four major shells: 1s,1p,2s — 1d,and 1f — 2p with specific truncations.

Considering no combination of nhw and (0 + 2)Aw configurations, the model's interactions, created by Warburton and
Brown [13], are based on a least-squares fit to 216 energy levels in the A = 10- 22 area. With two body matrix element
(TBME) and single particle energies (SPE) fitted for the p-shell and then expanded to include the 1s and 2p1f shells,
the Warburton—Becker (WBT and WBP) interactions were used. The Warburton—-Becker—Milliner—Brown (WBMB)
interaction was used to represent cross-shell interactions [14].

The Skyrme Hartree—Fock (SHF) method, grounded in mean-field (MF) theory, has been utilized to compute single-
particle matrix elements for excited nuclear states with various parameterizations. This approach minimizes the energy of
a single Slater determinant derived from two-body interactions, offering an efficient solution through an analytic energy
density functional for spherical nuclei [2, 15]. The SHF framework determines self-consistent potentials, single-particle
densities, and minimal energy states, while also accommodating deformed or generalized bases for broader applications.
Initially implemented by Vautherin and Brink, the Skyrme interaction has demonstrated significant success in nuclear MF
calculations. Its parameterization, incorporating s- and p-wave expansions of effective nucleon—nucleon forces alongside
density-dependent terms, captures critical nuclear physics, including shell-model truncations to closed-shell
configurations and three-body effects [15]. As a phenomenological model, the parameters are refined against experimental
data to ensure precision and reliability in predictive modeling [2].

2. THEORY AND METHODOLOGY
The reduced spin matrix element of electron—nucleus scattering between the initial and final nuclear states,
UlIT™ (]1J¢), in the shell model framework is expressed as the sum of the one-body density matrix elements (OBDM
Jitz f

multiplied by the corresponding single-particle matrix elements of the transition operator, or

T @15y = 25, j, OBDMy 1, Gin i) il 1T, (@)1 (1)

Here J; and Jf label initial and final nuclear states respectively and j; and j¢label single-particle states for the shell model
space. The symbol T7 is nuclear spins anyone of T¢owmb = Telectric ', Tmagnetic and ¢t = 1/2 for a proton and t, =
—1/2 for a neutron
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The electron scattering form factor has a longitudinal F; (q) and a transverse component, Fr(q) and can be written
in terms of reduced matrix elements of the electromagnetic transition operators of electron scattering, including the finite-
size and center of mass correction form factors [1, 16]

1B @1 = Zas | By e @IV X 1 Fon @1 Fps (@) @

Here F, = F gy that is represents each of Coulomb, transverse electric and magnetic form factors. Since Za < 1, the
electron scattering process can be accurately described using the plane-wave first-order Born approximation. In this
approximation, the interaction is treated perturbatively, and the transition matrix elements are evaluated using the
unperturbed nuclear states. Accordingly, the form factors presented in this work are computed within this approximation
framework, which is valid for the kinematic conditions considered in this study [17, 18], with using Wigner-Eckart
theorem [17] the total longitudinal (L)and transverse (T)form factors are given by

IFL@P = 5 Zpao U T @I, 3)
Fr (@1 = 5 parllUAITEET @IV + [T @I, @

The total form factor can be expressed from the sum of its components [1]
IF(@.0)] = (1 - w?/q)IF(@) + [5 (1 - ?/q?) + tan? 2] |FL (@)%, ®)

where 6 is the electron scattering angle.

The Skyrme potential is employed as the central potential, characterized by its role as a mean-field potential. This
potential approximates the collective effect of all nucleons within the nucleus, simulating the interactions among them
while representing the realistic forces between nucleon pairs and triplets. Mathematically, the Skyrme interaction,
Vskyrme is expressed as a combination of two-body and three-body components [2].

P 2 3
VSkyrme Zl<] V( ) + Zi<j<k VL](k) (6)

The two-body part interaction also contains the mean central, spin-orbit, and the tensor parts. In momentum space it can
be written as [18, 19]

Vsicyrme (1, 72) = V™ 4+ VLS 4+ VL, %)
Where
7™ = to(1+ x0B,) 8, + 2 (1 +2,8) (K2 + k2615 + (1 + x,B)ky Ry 515 + 2 2(1+x38)p* (1612, (8)
VLS = ity + (6, + 6,). ky X k1645, )
{[3(01 k,)(6,.k,) — (6,.6,)k3 ]612 + [3(01 k) (6,. k) — (6. az)kz]Slz} +t [3(01 k,)(6,.ky) —
(01. Jz)kz. k?]612, (10)

81, 1s the Dirac delta function, §;, = §(r; — ), 6; and &, are the vector of Pauli spin matrices for the first and second
nucleon respectively, and three body part can be written as

3)
VSkyrme

t3612013. (11)

The k; and k, operators are the relative momentums, wave vectors, of the first and second nucleon which operate on the
wave functions to the right i) and to the left (| respectively and having the form

/’E1=%(Vl_v’2), /’E2=_%(Vl_(§2). (12)

The reduced transition probability [1], representing the probability of a nuclear transition between states, is
mathematically expressed as:

B() = 2 [0 | g1 2, (13)

E
Here k = =
hc

3. RESULT AND DISCUSSION
The study of nuclear electromagnetic form factors provides critical insights into the structural and dynamic
properties of atomic nuclei. This work systematically examined the longitudinal and transverse form factors of 13F for
negative parity states through electron scattering, employing advanced shell-model techniques. Various model spaces
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were utilized to highlight the effects of core extensions and model-space expansions. The sdpf-model space with 150 as
the core and SDPFK interaction focused on proton-neutron correlations, while the zbm-model space with a 2C core
explored configuration mixing in the p-shell via ZBMI interaction. The psd-model space, based on a 3He core, and the
spsdpf model space, treating all 19 nucleons as fully interacting, captured the nucleus's complete structure. Theoretical
results were compared with experimental data to improve the influence of model-space truncation and interaction choices.
One-body density matrix (OBDM) components, computed by using NuShellX@MSU [20], enabled calculation of MJ
and EJ operators. Radial wave functions for single-particle matrix elements were generated using Skyrme-Hartree-Fock
potentials (SkXcsb,SkXta,SkXth, and SLy4), the Wood-Saxon potential, and a harmonic oscillator potential (b =
1.833 fm) [3], facilitating a comprehensive model comparison. Utilizing the SLy4 parameterization, the computed root
mean square (rms) charge radius was determined to be 2.876 fm, aligning well with the experimental measurement of
2.8976 fm [21]. Additionally, the binding energy calculation yielded 146.3719 MeV, exhibiting strong consistency with
the experimental value of 147.803 MeV [22]. Furthermore, the nuclear magnetic dipole moment for the 5/27 state was
evaluated at 0.613 nm, which closely approximates the experimental determination of 0.67(11) nm [23-25].

Discussions of the results is organized systematically to provide a comprehensive understanding of the findings. The
present analysis encompasses several key aspects: inelastic electron scattering form factors, energy level transitions and
associated probabilities. These results are presented sequentially, following an order based on increasing angular
momentum, offering a coherent narrative of the nuclear structure and dynamics under investigation.

3.1. The form factors

The current study utilized the sdpf-model space with the SDPFK two-body effective interaction [26], the zbm-
model space with the ZBMI effective interaction [8], the psd-model space using the PSDMK effective interaction [11],
and the spsdpf-model space with the WBT interaction to reproduce both longitudinal and transverse form factors. This
approach was designed to highlight the effects of extending the core and to enable a comparative analysis between the
different model spaces.

Based on the selection rules governing total angular momentum and parity conservation, the permissible multipole
components for pure coulomb and transverse form factors are C1 and E'1 respectively. The elastic Coulomb €1 form
factors for the ground state of the '3F nucleus 1/2~ were computed using wave functions from the sdpf, zbm, psd, and
spsdpf model spaces, along with parameterizations from Skxcsb,Skxta,Skxtb,Sly4, Wood-Saxon (WS), and
harmonic oscillator (HO) potentials. The results, depicted in Fig. (1), are compared against experimental data from
Ref. [1].
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Figure 1. Theoretical longitudinal form factor C1 for 1/27 compared with experimental data [3, 27]

The sdpf model space, with 10 as the core, effectively reproduces the C1 form factor at momentum transfer values
of g =092 fm~tand g = (2.00 — 2.26)fm™. However, in the intermediate range ¢ = (1.00 — 2.00)fm ™!, while the
qualitative agreement with experimental data remains reasonable, the quantitative agreement is notably poor due to the
restricted participation of nucleons in the interaction. Conversely, employing the zbm model space with 12C as the core
results in a poor reproduction of the C1 form factor. This model exhibits a slight shift relative to the experimental data for
q = (0.90 — 2.00)fm™1. Nevertheless, at ¢ > 2.00 fm™1, it achieves good agreement, particularly when using the Skxcsb
Skyrme potential. On the other hand, the psd model space, with $He as the core, successfully reproduces the C1 form factor
both qualitatively and quantitatively across all types of potentials. Notably, at ¢ = 0.90 fm~1, Wood-Saxon potential has a
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significant influence in optimizing the reproduction of the form factor. Furthermore, within the range q = (2.00 —
2.50)fm™1, the Skyrme interactions (Skxcsb and Skxtb) play a crucial role in enhancing the accuracy of the form factor
reproduction. Finally, employing the spsdpf model space within a no-core shell model framework for C1 form factor
calculations demonstrates that both potential types yield comparable results. The no-core shell model not only ensures a
quantitatively accurate reproduction but also achieves the best agreement at both initial and final scattering points.

The calculated E1 form factors associated with the negative-parity state of (1/27,0.1098 MeV/) are presented in
Fig. 2. The reproduction of the E1 form factor within the sdpf model space using the SDPFK interaction exhibits overall
poor agreement with experimental data. However, at specific momentum transfer values, such as ¢ = 0.78 fm™! and
within the range ¢ = 1.00 — 1.20 fm™? reasonable agreement is observed, with the best reproduction occurring in the
interval ¢ = (2.00 — 2.50) fm™1. For ¢ = (1.40 — 1.60) fm™?, the Harmonic Oscillator (HO) and Wood-Saxon (WS)
potentials demonstrate a qualitatively satisfactory reproduction of the E1 form factor, while the SLy4 Skyrme interaction
extends this agreement up to ¢ = 1.80 fm~1. Expanding the core from §0 to '2C effectively resolves many
discrepancies in reproducing the E1 form factor. By utilizing the zbm model space and ZBMI interaction for seven
nucleons outside the core, the E1 form factors are successfully reproduced in good agreement with experimental data
across all potential types examined in this study, except for the initial drop in the momentum transfer region.
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Figure 2. Theoretical transverse form factor E'1 for 1/2] compared with experimental data [3, 27]

Expanding the core to 3He within the psd model space, incorporating fifteen interacting nucleons, yields an optimal
reproduction of the E1 form factor, achieving both qualitative and quantitative agreement across the entire momentum
transfer region. The only exception is the initial drop in the momentum transfer, which occurs within the scattering region.
However, this discrepancy is effectively resolved through no-core shell model calculations. Furthermore, employing the
no-core shell model with the spsdpf model space, where all nucleons actively participate in the interaction, helps refine
fluctuations in the scattering process. This highlights the significant impact of extending from a core-based framework to
a no-core approach in enhancing the accuracy of form factor reproduction.

The C1 form factor for the negative-parity state 3/27 (1.459 MeV) is depicted in Fig. (3). Within the sdpf model
space, which considers three interacting nucleons, the C1 form factor for this state exhibits three distinct scattering peaks,
resulting in an overall quantitatively good agreement with experimental data. However, the first drop in the form factor
occurs experimentally around ¢ = 1.76 fm™?, whereas all potential types within this model space predict the decline at
lower momentum transfer values. To address this fluctuation across all potential types, a second systematic peak rapidly
emerges, aligning with the experimental momentum transfer points, particularly for the Harmonic Oscillator (HO)
potential. The minor fluctuation preceding this peak also leads to a delayed reproduction of the second experimentally
observed rising peak in theoretical calculations. Nevertheless, this state represents an extreme case, as previous theoretical
studies by Brown et al. [3] and Donne et al. [28] exhibit significant deviations from experimental data.

Conversely, the zbm model space, with 2C as the core, qualitatively reproduces the C1 form factor while
maintaining the overall scattering shape. However, it exhibits systematic shifts, suggesting that the theoretical scattering
process begins prematurely than observed experimentally. This discrepancy may be mitigated through minor parameter
adjustments within the model space. In contrast, the psd model space, with He as the core, successfully reproduces the
C1 form factor up to the first drop in momentum transfer but fails to capture the second rising peak. Ultimately, the C1
form factor for the 3/27 state achieves the highest qualitative agreement with experimental data [3] and exhibits good
quantitative agreement when calculated using the spsdpf model space within no-core shell model framework. Notably,
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while R.A. Radhi et al. [7] previously reported that the C1 form factor for this state could not be reproduced using the no-
core shell model, the present study demonstrates that no-core approach successfully achieves a strong agreement with

experimental data.
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Figure 3. Theoretical longitudinal form factor C1 for 3 /27 compared with experimental data [3, 28]

The total form factor, incorporating both E1 and M2 contributions for the 3/27 state, is illustrated in Fig. (4). The
sdpf model space achieves the best agreement within the momentum transfer range of q = (1.40 — 1.60) fm™1,
particularly when employing Harmonic Oscillator (HO), Wood-Saxon (WS), and SLy4 potential parameterizations.
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Figure 4. Theoretical Transverse form factors E'1,and M2 for 3/27, 1.459 MeV compared with experimental data [3, 28].

Additionally, for ¢ = (1.70 — 2.00) fm™1, Skyrme potentials—especially SkXcsb, SkXtab, and SkXtb—exhibit
strong agreement with experimental data. However, at the end of scattering point near ¢ = 2.40 fm™?, the sdpf model
space fails to accurately reproduce the form factor. In contrast, the zbm model space provides a quantitatively consistent
reproduction of the total transverse form factor for this state, except at the peak near ¢ = 2.40 fm™1. Both the psd model
space (with 2He as the core) and the spsdpf no-core shell model successfully cover the entire momentum transfer range
throughout the scattering process. Notably, they achieve the best agreement at the final experimental curvature point, ¢ =

2.40 fm™1, particularly when using WS potential.

The C3 form factor for the 5/27- state is depicted in Fig. 5. The sdpf model space initially demonstrates a
qualitatively good agreement in reproducing the form factor; however, near ¢ = 2.00 fm™1, it exhibits fluctuations and

rapidly declines.
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Figure 5. Theoretical longitudinal form factor C3 for 5/27 compared with experimental data [3, 28].

In contrast, the zbm model space, incorporating seven interacting nucleons with the ZBMI interaction, successfully
covers the entire momentum transfer range and accurately reproduces the C3 form factor both qualitatively and
quantitatively across all potential parameterizations. Similarly, the psd model space, with 3He as the core and the
PSDMK interaction for fifteen nucleons, achieves the best agreement, particularly when using the Harmonic Oscillator
(HO) potential and SLy4 Skyrme parameterization. Furthermore, the spsdpf model space, employing WBT interaction
within no-core shell model framework, reproduces the C3 form factor in good agreement, albeit with minor fluctuations
around g = 2.30 fm™1.

The total transverse form factor for the 5/27 state with (1.3456 MeV), which represents the combined contributions
of M2 and E3, is illustrated in Fig. 6.
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Figure 6. Theoretical transverse form factor E3, and M2 for 5/27,1.3456 MeV compared with experimental data [3, 28].

The sdpf model space, incorporating only three interacting nucleons with 1§0 as the core, demonstrates some
capability in reproducing the form factor. However, it exhibits two significant fluctuations, characterized by rapid declines
near g = (0.80 — 1.20) fm~1 and g = (1.80 — 2.20) fm™1, with variations depending on the potential type. In contrast,
the zbm, psd, and spsdpf model spaces achieve optimal agreement with experimental data, both qualitatively and
quantitatively, effectively reproducing the form factor across the entire momentum transfer range.

The C3 form factor for the 7/27 state is presented in Fig. 7. The sdpf model space demonstrates a poor ability to
reproduce the form factor, likely due to the limited number of nucleons involved in the interaction. This constraint causes
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the theoretical scattering process to occur slightly earlier than the experimental results. Expanding the core to 2C within
the zbm model space and incorporating four additional nucleons significantly improves the agreement with experimental
data, particularly in the end phase of the scattering process around ¢ = (2.00 — 2.40) fm™1, especially when employing
Skyrme parameterizations. Similarly, the psd model space with a $He core produces a form factor that closely resembles
the zbm model space results. This similarity arises from the structural equivalence of the *2C core to three clustered 3He
nuclei in the context of this single-particle excitation state.
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Figure 7. Theoretical longitudinal form factor C3 for 7/27 compared with experimental data [3, 27].

The observed resemblance of the C3 form factor when using 2C and 3He as core nuclei indicates that the primary
contribution originates from valence nucleons within the sd-shell, rather than from core excitations. Factors such as
transition density, wavefunction overlap, and the minimal role of core excitation contribute to the nearly identical results
across both model spaces. Furthermore, the spsdpf model space, representing no-core shell model calculation,
successfully reproduces the C3 form factor both qualitatively and quantitatively. This highlights the significance of
transitioning from core-based to no-core calculations in achieving improved theoretical-experimental consistency.

The total transverse form factor for the 7/27 state at 3.9987 MeV, comprising E3 and M4 contributions depicted in
Fig. 8. The sdpf model space successfully captures the qualitative features of the form factor within the momentum
transfer range ¢ = (0.80 — 1.60) fm™1, though it fails to achieve quantitative agreement in this region. However, for
q = (1.60 — 2.10) fm™!, the model exhibits a strong correspondence with experimental data.
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Conversely, the zbm model space effectively reproduces the total transverse form factor across the entire momentum
transfer range, maintaining a high degree of qualitative accuracy. Nonetheless, it falls short in precisely matching the
quantitative values of the experimental results, with a systematic discrepancy.

In contrast, both the psd model space with %He core and the spsdpf model space (no-core shell model)
demonstrate superior performance, successfully reproducing the form factor with high accuracy in both qualitative and
quantitative aspects. This highlights the enhanced predictive capability of models incorporating extended nucleon
interactions, particularly in no-core shell model calculations.

3.2. Energy levels

The negative parity energy levels of '3F reveal a profound dependence on the choice of model space and interaction,
reflecting the intricate many-body dynamics governing nuclear structure and illustrated in Fig. 9. The sdpf model space
with the SDPFK interaction with *§0 core provides an initial approximation but struggles to fully capture experimental
trends due to its limited treatment of nucleon correlations. Extending the core to 2C (zbm model space, ZBMI
interaction) significantly refines the predictions, particularly for the J* = 9/27 state, where the additional valence
nucleons improve agreement with experimental data. The psd model space with PSDMK interaction with %He core
introduces a different perspective by treating 2C as three 3He clusters, resulting in comparable C3 form factors and
energy levels to the ZBM approach. However, the most striking improvement emerges in the no-core shell model (spsdpf
model space), where WBT and WBP interactions systematically reproduce the experimental spectrum with remarkable
precision. This transition from a static core approximation to a fully correlated nucleonic treatment, highlights the
essential role of many-body correlations, particularly in capturing the finer details of higher negative parity states.

The no-core shell model correctly reproduces both qualitative trends and quantitative values along with energy levels
of J® =1/27,3/21,5/27 and 7/27. The additional use of no-core treatment improves the description of the 9/27 state
above the zbm model space although core extensions work adequately but full-core correlation remains essential for
precision results. The accuracy of interaction potential selecting along with model space truncation needs improvement
because precision degrades in high-energy excitations. Nuclear structure modeling evolves toward fundamental insights
about nuclear forces because researchers pick between core-based predictions and fully no-core approaches. This
advancement is pivotal in refining our understanding of light nuclei and their role in broader nuclear astrophysics and
reaction dynamics.

Negative Parity States of 1°F

o2

E (MeV)
s
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12 .
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Figure 9. Energy levels of the negative parity states of the 13F nucleus, compared with experimental data obtained from Ref. [22, 29]

3.3. Reduced transition probabilities

In the present study, the calculations of reduced transition probabilities B (7)), are carried out using distinct model
space interactions. To determine the electric quadrupole B(E'1) and magnetic dipole B(M2) transitions among low-lying
nuclear states, standard effective charges of §e, = 0.5 and §e, = 0.5 were applied. One-body density matrices (OBDM)
were constructed for the respective model spaces based on their specific interactions. The above technique emphasizes
how important it is to use interaction-specific parameters and well-chosen default values when expressing electromagnetic
characteristics in nuclear structures.

The reduced transition probabilities B(J — J") which compare theoretical predictions from different model spaces
and interactions against experimental data for negative parity states of '3F are presented in Table 1. The probability to
observe electromagnetic transition between nuclear states is quantified by reduced transition probabilities. The available
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experimental values function as reference points to evaluate the predictive ability of multiple nuclear models.
Experimental values of the 1/2% — 1/27 transition yield 0.00055(6) e?fm? as its E1 transition probability, while the
sdpf model (SDPFK interaction) computes a value of 0.01190. The transition strength found in zbm (0.005804) and psd
(0.003561) is lower than experimental data whereas the WBT and WBP interactions within the spsdpf model yield
strongly reduced values indicating decreased probability in the no-core shell model framework.

The E1 transition for 1/2* — 3/27 demonstrates that the no-core shell model (spsdpf) achieves the closest
agreement with experimental data compared to other model spaces. Following the no-core approach, the 3He core-based
(psd) model also provides a reasonably accurate prediction, further highlighting the impact of extending the model space
in refining transition probabilities. Additionally, the M2 transition for 1/2% — 3/2 shows significant deviation between
models, with sdpf predicting 7.117, whereas other models yield much smaller values, indicating the sensitivity of M2
transitions to the underlying interaction.

The 1/2% - 5/27 transitions, particularly for M2 and E3 multipoles, exhibit notable differences among model
spaces. The zbm model space (with ZBMI interaction) predicts 255.6 e?fm? for the E3 transition, considerably larger
than the sdpf (8.174) and no-core shell model predictions (339 for WBP and 328 for WBT), suggesting an enhanced
transition strength with increasing model space complexity. The M4 transition shows significant variations across model
spaces, with the sdpf model predicting 438.2, while no-core calculations yield considerably lower values, indicating
potential limitations in model truncation or interaction parameterization.

Overall, the Table 1, illustrates the progressive refinement of transition probabilities as model spaces extend from
core-based approximations to fully correlated no-core shell model calculations. zbm and sdpf models provide reasonable
approximations for low-energy transitions, While the spsdpf model (no-core shell model) demonstrates improved
accuracy in capturing multipole transitions, particularly for higher-order electromagnetic transitions (E3, M4, and ES5).
These results reinforce the importance of model space expansion and interaction refinements in achieving a more

comprehensive understanding of nuclear excitation dynamics.

Table 1. Reduced transition probabilities of negative parity states of 13F compared with experimental [22, 29].

ST Tr B()) e*fm?
wL Exp. sdpf —sdpfk | zbm —zbmi | psd —psdmk | spsdpf —wbp | spsdpf — wbt
1/2* > 1/27 | El | 0.00055(6) 0.1190 0.005804 0.003561 0.001919 0.002630
1/2* -3/2” | El 0.0009(2) 0.3007 0.000075284 0.0002681 0.0004784 0.0004972
1/2* >3/27 | M2 - 7.117 3.746 0.08010 0.6984 0.5690
1/2* >5/27 | M2 - 3.036 0.6826 0.04236 0.08628 0.1853
1/2* -5/27 | E3 - 8.174 255.6 259.9 339 327.6
1/2* ->7/2" | E3 - 145.1 595.1 622.2 64.4 109.6
1/2" >7/2" | M4 - 5151 - 7876 4733 5697
1/2* - 9/27 | M4 - 438.2 - 6.503 14.77 14.62
1/2* -9/27 | ES - 341.8 - - 302.4 235.9
4. CONCLUSION

The current study explores negative parity states of 13F, showing how transitioning from core-based to no-core shell
models improves nuclear structure predictions. The findings highlight those different nuclear properties are optimally
reproduced at varying core levels, emphasizing the role of valence nucleons and many-body correlations. For
electromagnetic form factors, sdpf model space (*50 core) provides an initial approximation, but extending to *2C (zbm
model space) significantly improves the C1 and C3 form factors. Further extension to He (psd model space) successfully
reproduces the E1 and total transverse form factors across the momentum transfer range. The no-core shell model
(spsdpf) achieves the most accurate results, particularly in resolving initial momentum fluctuations and ensuring
consistency in both low- and high-momentum transfer regions. The energy level analysis confirms that core extensions
refine predictions, particularly for the 9/2" state. However, the no-core shell model consistently provides the best
agreement across all negative-parity states, highlighting the necessity of fully correlated nucleon interactions to capture
higher-energy excitations with degree of precision. Reduced transition probability calculations further reinforce the
impact of model space selection. While sdpf and zbm models provide reasonable B(E1) and B(M2) values for low-lying
transitions, the no-core shell model achieves superior accuracy for higher-order transitions such as E3 and M4. Notably,
the $He-core model space effectively predicts the 1/2" — 3/27 El transition, illustrating that intermediate core choices
can yield accurate results for specific states. Overall, this study demonstrates that systematically transitioning from core-
based to no-core models optimizes the reproduction of nuclear properties. These findings support nuclear research centers
and have direct implications for nuclear astrophysics and reaction dynamics.
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MOPIBHSTHHS MOJIEJIEI 3 OCHOBHHUM TA BE3OCHOBHUM OBOJIOHKAMMH IPU 35Y/I>KEHHI CTAHIB
BIJI'€MHOI TAPHOCTI »'°F
Bepyn H. Iagyp®©, Asiz X. ®arax®, Api K. Axmen?
“Vuigepcumem 6 Cynetimani, Koneooc oceimu, @izuunuii haxyremem, Ipax
bYuieepcumem ¢ Cyneiimani, Koneoowe nayx, @isuunuii gpaxyromem, Ipax
“Hayxroo-docnionuii yenmp, ynisepcumem 6 Cynetimani, Ipax
V 11bOMy IOCITiKEHH] JOCIIKYEThCA slepHa CTPYKTYpa HU3bKO PO3TAIOBAHUX CTaHiB HEraTMBHOT napHocTi B 13F 3 BukopucTaHHAM
koMmOinarii oGomonkoBoi Mozeni Ta merony Xaptpi-®oka (HF). Kommiekcuuit amamiz siiepHHX BIACTUBOCTEH, BKIIIOYAIOUU
€HepreTHYHi CHeKTPH, PopM-(haKTopu pO3CIIOBAHHS €IEKTPOHIB, CHIIH IIEPEXOIiB, €HEprii 3B'SI3Ky Ta paJilyCH 3apsiB, OyJio IpoBeneHO
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B YOTHPHOX MOJACIBHHX MPOCTOpax: Sdpf-MOAENBHOMY MPOCTOPi, zbm-MoIemi, psd-MOIeNi Ta PO3LUIHPEHOMY SpSdpf-MOIETbHOMY
mpoctopi 6e3 0007I0HKH. Y KOXKHOMY MOJIEIbHOMY MPOCTOPI 0yI10 3aCTOCOBAHO Pi3Hi e(heKTUBHI B3a€MOJIT IS OL[IHKY IXHBOTO BILTUBY
Ha moBeniHky sapa. Merox HF, mo BuxopucToBye Kinbka mapamerpusauiii CkipMa, pa3oM 3 TapMOHIYHMM OCHHJISITOPOM Ta
noreHnianamu Bynca-Cakcona, OyB 3aCTOCOBaHHH [Tl OOYHCIIEHHS PafiabHUX XBUIBOBHUX (DYHKIII OHOYACTHHOK, HEOOX1THUX IS
PO3paxyHKiB MaTpHYHHX €NeMEHTIB. Pe3ynpraté mokasyroTh, mo po3paxyHkun HF Ha ocHoBi Ckipma, mpu iHTerpamii 3 MeTonamu
Mozeni 00070HKH, eeKTHBHO (iKCyIOTh (QyHAaMEHTANbHI BIACTHBOCTI sapa. CucTeMaTH4yHe IOPIBHSHHS 3 eKCIEePUMEHTAIbHIMUI
JaHUMH [OKA3ye, IO MePeXi BiJl MOIEIBHHUX MIPOCTOPIB 3 0OMEKEHHUM SIIPOM JI0 [TOBHICTIO 0€3’s11epHOT CTPYKTYPH 3HAYHO MOKpAIIY€e
BiZITBOpEHHsT (popM-(paKTOpiB PO3CiIOBaHHS €JIEKTPOHIB, ocotnuBo B no3noBxkHix (C1, C3) Ta nonepeunnx (E1, M2) kommnoHeHTax.
[MpumiTtHO, 110 crienudidHI CTaHN JEMOHCTPYIOTh ONTUMAJIBHY Y3TO/KEHICTh Ha Pi3HUX PIBHAX sipa: cTaHu 3/27 Ta 5/27 Halikpare
BIZITBOPIOIOTHCS B O€3 smepHiit Mozerti 000JIOHKY, TOAI SIK CTaH 7 /2] JocsArae BUCOKOI TOYHOCTI B MOAGNBHUX IIPOCTOpax zbm Tta psd.
3arajgoM, me IOCITIPKCHHS MiIKPeCNoe KPUTHYHUH BIUIMB BHOOPY MOZEIBHOIO IPOCTOPY Ta BHOOPY B3a€MOXIl B TEOPETHYHHX
SZICPHUX NOCITI/DKeHHSX. [[oCcTynoBe yTOYHEHHsI pO3paxyHKiB Bijl pO3paxyHKiB Ha OCHOBI siipa J0 pO3paxyHKiB 0e3 siipa MmiaKpecIioe
ponb 6araToYaCTMHKOBMX KODENALil y suepHUX 30y[IKeHHAX Ta 3abesnedye MIM6IIE PO3YMiHHS BHYTpIIHBOI CTPYKTYpH oF,
CIIPUSFOYH PO3BUTKY TEOPil CTPYKTYPH SLIpa Ta TUHAMIKH PEaKIlii.

KurwuoBi ciioBa: cmpykmypa saopa; mooenvui npocmopu; core to no-core; Skyrme-HF'; ¢pmop-19
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The parametric Nikiforov-Uvarov (N-U) method is employed in conjunction with a generalized fractional derivative (GFD) to
investigate the energy eigenvalues and the total normalized wave function associated with the Coulomb plus screened exponential
hyperbolic potential (CPSEHP) in terms of Jacobi polynomials. This potential exhibit maximum effectiveness at lower values of the
screening parameter. To explore the thermal and superstatistical characteristics, the derived energy eigenvalues are directly incorporated
into the partition function (Z) and subsequently used to determine other thermodynamic quantities, including vibrational mean energy
(U), specific heat capacity (C), entropy (S), and free energy (F). Comparisons with previous studies are conducted. The classical case
is recovered from the fractional case by setting a = f# = I, consistent with prior work. Our results demonstrate that the fractional
parameter plays a crucial role in governing the thermal and superstatistical properties within the framework of this model.

Keywords: Schréodinger equation; Parametric Nikiforov-Uvarov method; Thermodynamic properties; Superstatics; Generalized
fractional derivative

PACS: 21.60.Cs, 03.65.Ge, 02.30.Gp, 24.10.Ht

1. INTRODUCTION

Over the last few decades, fractional calculus (FC) has attracted significant attention in a variety of scientific and
engineering areas [1]. FC's prominence in several scientific and technical disciplines can be due to its benefits over
numerical approaches, such as exact solutions and partial differential equations. Fractional differential equations are
solved employing symmetry methods and perturbation analysis. In Ref. [2], the radial Schrédinger equation (SE) is solved
analytically. Utilizing the conformable fractional variation of the Nikiforov-Uvarov (CF-NU) technique, the resulting
dependent temperature potential in 3D and higher dimensions is used to determine the energy eigenvalues, correlated
wave functions, and heavy quarkonium masses, such as charmonium and bottomonium, in a hot QCD medium. In Ref. [3],
the conformable fractional derivative (CFD) method was used to investigate the fractional SE of a particle exhibiting
position-dependent mass inside an infinite potential well.

Considering any dependent thermal potential, trigonometric Rosen-Morse potential [4], hot-magnetized interactions
potential [5], and generalized Cornell potential [6], the distinctive features for heavy quarkonium were examined using
the N-dimensional radial SE within the framework of the CFD. Hammed et al. [7] used the CF-NU technique to generate
triaxial nuclei solutions for the CF Bohr Hamiltonian using the Kratzer potential. Based on the Fermi-Pasta-Ulam model,
the authors investigated the time-dependent fraction fluctuation and the modified Gardner-type formula [8]. Abu-Shady
and Kaabar proposed the generalized fractional derivative (GFD), which has more features than the earlier definitions [9].
Solving SE is a significant difficulty in quantum mechanics and particle physics for analyzing physical
systems [10, 11, 12]. The fractional N-dimensional radial Schrodinger equation (SE) with the Deng—Fan potential (DFP)
is investigated by the generalized fractional Nikiforov—Uvarov (NU) method [13].

Furthermore, as shown in Refs. [14, 15, 16], employing the NU technique allows for the exact solution of the SE
and detailed system definition. This strategy outperforms previous methods, including those used in Ref. [17]. The Cornell
potential and the expanded Cornell potential have already been used as in Refs. [24-28], applying wide methodologies
including the NU method [22, 26, 29, 30]. Pekeris pattern prediction (PTA) [31, 32], the power series methodology
(PST) [31], the asymptotic iteration procedure (AIM) [34], and the analysis of the exact iteration approach (AEIM) [33].

The thermodynamic features of quantum structures are crucial in quantum physics and the physical sciences.
Analyzing characteristics such as entropy, specific heat capacity, mean energy, and free energy necessitates the partition
function, which is dependent on temperature [17, 34, 35].

Numerous academics have recently become interested in using a range of quantum potential models to investigate
the thermodynamic characteristics of systems. For instance, Edet et al. [36] investigated the thermal characteristics of the
Deng-Fan Eckart potential model using the Poisson summation approach. Ikot et al. evaluated the thermodynamic
properties of diatomic molecules with general molecular potential [37]. Onate [38] discovered the vibrational partition
function, mean energy, vibrational specific heat capacity, and mean free energy in bound state formulations of the SE with
the second Psychol-Teller-like potential. Within that paper, a hyperbolic variant of the Psychol-Teller-like potential was
expressed. Numerous academics are interested in the practical use of the energy eigenvalue of the SE to study the partition
function, thermodynamic properties, and superstatistics. Lately, Okon et al. [39] applied the NU technique to study the
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thermodynamic characteristics and boundary phase formulations of two diatomic systems (carbon (II) oxide and scandium
fluoride) using the Mobius square and screened Kratzer potential. Their findings agreed with those of semi-classical WKB
and others. They used a close-form formulation of the energy eigenvalue to extract the partition function and other
thermodynamic properties. Additionally, Oyewumi et al. [40] investigated the rotational-vibrational energy eigenvalues
for diatomic systems employing the Pekeris-type approximated performance to centrifugal term and approximation
solutions to the SE using the shifting Deng-Fan potential model within the asymptotic iteration framework. Furthermore,
Boumali and Hassanabadi [41] investigated the thermal characteristics of a two-dimensional Dirac oscillator in the

presence of an external magnetic field and discovered relativistic spin % fermions influenced by Dirac oscillator coupling

and a constant magnetic field in both computational and noncommutative spaces. In addition, properties of hadrons are
investigated using the quark model as in Refs. [43, 44].

The main aim of the current work is to study the effect of the fractional parameter on superstatistics and thermal
properties using the generalized fractional parametric NU method which, results in Ref. [47] being a special case of the
present model at o = f§ =1.

The paper is organized as follows: In Section 1, the contributions of earlier works are presented. In Section 2, the
generalized fractional derivative is introduced. In Section 3, the radial Schrodinger equation with parametric generalized
differential NU method is introduced. In Sections 4 and 5, thermodynamic properties and superstatistics formulation are
presented. In Sec. 6, results and discussion are explained. In Section 7, a conclusion is written.

2. THE GENERALIZED FRACTIONAL DERIVATIVE
The present study suggests the generalized fractional derivative (GFD): it is an alternative formula for a fractional
derivative. Compared to other traditional Caputo and Riemann-Liouville fractional derivative definitions, the generalized
fractional derivative has been proposed to offer greater benefits, such that the derivative of two functions, See Ref. [9]
for a new approach to easily computing fractional differential formulas. For a function Z: (0, ) — R, the generalized
fractional derivative of order 0 < @ < 1 of Z(¢t) att > 0 is defined as

rep 1-
Z(t+7r(ﬁ_a+1)£t "‘)—Z(t)

DOFPZ(t) = lim > ;B >—1,B € R". (1)

The generalized fractional derivative has the following characteristics:
D[Z(1)] = kyt"~“Z(t) ©)
D[D%Z(D)] = k2[(1 — )t} 222, (¢) + £272°Z" (1), 3)

where:

ky = F[Br_[i{rl],with 0<a<1l0<pB<1, 4)
D*DAt™ = D**Ft™ for function derivative of Z(t) = t™, m € R™, 5)
DCFP(XY) = XDFP(Y) + YD4FP(X) where X, Y be @ — differentiable function, (6)
DEFP (%) = YDGFD(X)Y_ZXDGFD(Y) where X, Y be «a - differentiable function, @)
D*1,Z(t) = Z(t) for = 0 and Z is any function within the domain that is continuous. (8)

2.1. The generalized fractional derivative with NU method
The parametric generalized fractional Nikiforov-Uvarov (NU) approach is introduced, making use of generalized
fractional derivative. In the fractional structure as in Ref. [45], the second-order parametric generalized differential
calculus is precisely computed.

7(s) a(s) _
DED ()] + 75 DW(s) +-579(s) = 0, (€))
where 6(s), 0(s) and T(s) are polynomials of 2a-th, 2a-th and a-th degree.
a —F a —F 2
n(s) = 2HITD 4 J (22— 5(s) + Ko (s), (10)
and,
A=K, + D%n(s), (11)

1(s) is a-th degree polynomial, 4 is constant. It is feasible to identify the quantities of K, in the squareroot of Eq. (10),
and therefore the formula within the square root is quadratic of expression. K, is substituted for in Eq. (10), and we define.

7(s) = T(s) + 2m(s). (12)
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Given that p(s) > 0 and o(s) > 0, the derivative of 7 is supposed to be negative in Ref. [46]. If A in Eq. (11) be
A= 2y, = —nD% — "2 pa[peo(s)]. (13)

The solution of Eq. (3) is a combination of two independent components, and the hypergeometric type of equation
has a distinctive solution with degree a.

P(s) = d(s)y(s), (14)
wherein,
Ya() = 22 (D) (0(5)"pa(s)): (15)
D*[a(s)p(s)] = t(s)a(s), (16)
e 1 (17)

2.2. Parametric Second Order Generalized Differential Equation
The fractional Schrédinger formula is expressed in a general form as in Ref. [42] that follows.

afpa ) pa 4 —

DADUY(s)] + 2L DeY(s) + s 1p(s) = 0 (1)

where:
7(s) = a; — a,s%, (19)
o(s) =s%(1 — azs?), (20)
G(s) = —§15% + &5 — &3 (2D

Substituting Egs. (19), (20), and (21) into Eq. (10), we obtain.

T =a, +ass® /(e — Kea3)s?® + (a; + K, )s® + ag (22)

where:
ay == (ga —a), (23)
a5 =~ (e — 23k), (24)
as = ag + ¢y, (25)
a; = 2a,05 — 3, (26)
ag = aj + ¢, 27)

According to the NU technique, the square of a polynomial must be the function under square root in Eq. (22), which
implies.

Ky = —(a; + 2asag) + 2\[agas, (28)
where:
Ay = aza; + alag + ag. (29)
In case K, is negative then has the form
K, = —(a; + 2a3ag) — 2@. (30)

So that  becomes.
T=a,+ ass® — [(\/a_g + a3\/a’_8)5“ - \/a_g] 31)
By using Eqgs. (12), (22), and (31) then, we obtain.
T=a, +2a, — (a, — 2a5)s% — [(\/a_g + a3\/a_8)s“ — \/a_g] (32)

From Egs. (2), and (32), we get.

D%t = ky[—a(a, — 2as) — 2a(\[aq + as\/ag)] = ki[—2a%a; — 2a(\/ag + as\/ag)] < 0 (33)

We construct the energy spectrum equation from Egs. (11), and (13)
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kiaa, — (2n+ Dk,aas + 2n + 1)k1a(\/a_9 + a3\/a_8) +n(n— Dk¥a’a; + a; + 2azag + 2,/agag = 0. (34)
We obtain the standard formula of the energy eigenvalue as in Ref. [47], Ifa = f = 1 then k; =1,
na, — (2n+ Das + 2n + 1)(\/0(_9 + a3,/a8) +n(n—Daz +a; + 2azag + 2,/agag =0 35)
by using Eq. (16), we get
a10-a ai1 @10 1
p(s) =s k1 (1 — ags*)aras aky kq, (36)

From Eq. (15), we obtain.

Yn =P, ki Cakias aky kg 2a35%) 37)

(0610—“ a11 210 1)

where, L,, being the Laguerre polynomials, a;, and a;; becomes.
alo = al + 20{4 + 2"“8

a1 = a, — 2as + 2(»\/6(_9 + a3\/a_8) (38)

The fractional wave function is given by Eq. (14),

—®13 %12
- k1 ’'akiaz aki kq

Y(s) = Sﬁ(l - 6!3Sa)ak1“3 a_klpn

(0610—06 a11 _210 1)

(1 - 2ass%) (39)

where, PrfM) are Jacobi polynomials and

A = ay + \/a’_s
Qa3 = a5 — (\/a_9 + asx/a_s) (40)

Some problems, in case a; = 0.

(am—a 11 210 1) a10-a

: ki ‘akiaz aky ki _ ay — k1 211 La
Aim E, (1-ass) =L, (557 (41)
—a13 @12 ms“
lim (1 — ags®)akias aky = gak; (42)
az—0
Then Eq. (39), becomes.
@12 @zga HOZ
Y(s) =skeadk [ " (ﬁs“) (43)
1
where, L,, being the Laguerre polynomials, and K, becomes.
K, = —(a; + 2asag) + 2,/ agaq (44)
then, the wave function is,
e

PY(s) = sk (1-— Q3s%) @103 “aky P,

(1-2a3s9), (45)
The fractional energy eigenvalue formula is given:

nkyaa, — 2nkyaas + (2n + Dkya(Jag — azfag) + n(n — Dk, 2a’as + a; + 2azag — 2,/agag + kyaas =0 (46)

where:
Aot = a1 + 204 — 2,/ g, 47
@y = a; — 2as + 2(Jag — asy/ag), (48)
A1+ = Ay — 4/ Asg, (49)

ays = a5 — (\/a’_fa - a3\/a_8)~ (50)

3. THE RADIAL SCHRODINGER EQUATION WITH PARAMETRIC GENERALIZED DIFFERENTIAL
NU METHOD
The suggested Coulomb plus screened hyperbolic exponential potential (CPSHEP) [47] is presented so as.
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— _ Yy (B _vcosh ax) —qa,
V)= -2+ (520 e (51)

where «, is the adjustable screening parameter, B is a real constant parameter, and v; and v, are the potential depths.
This is the centrifugal term's Pekeris-like approximation:

1__ e . 1__ ax
rz (1—e~®xT)2 = r (1—e~%xT)" (52)
by substituting Eq. (52) to Eq. (51), then we obtain the approximation form of the mentioned potential as follows.
___ way Bay v, azcosh ay —ayr
V(r) - (1—e~axT) + ((l_e—axr) (1—e—@x7)2 )e (53)
The radial Schrodinger equation with the centrifugal term is given as follows.
da? R(r) h? l(l+1)
e E-vm) -2 R = 0 (54)

The exact solution to Eq. (54) can only be obtained through an analytlcal solution when the angular orbital quantum
number / = (. Nevertheless, Eq. (54) can only be solved for / > 0 by applying the centrifugal term estimates in Eq. (52).
Eq. (51) can be substituted into Eq. (54) to yield.

d? R(r)
dr?

Be %" Lo e~ %%"cosh a, K2 1(l+1)

r r2 2ur?

Fa R =0 (59)
e J

Eq. (52) can be substituted into Eq. (55) to obtain the following equation:

d?R(r) Vil Bay, e~ %" v, aZe %%"cosh ay h2aZ 1(1+1) _
dr? + nz { + (1—e~%xT) - (1—e~2xT) (1—e~axT)2 - 2u (1—e_“x'f)2}R(r) =0 (56)
With a little mathematical simplification and a definition of s= e~**", Eq. (56) will be expressed as follows.
—(£2 — 52
d?R(s) , (1-s) dR 1 2 ( 2 )
— +(2e* = 6% — 1+ x2)s ¢ R(s) =0 (57)

ds? s(1-s) ds = s2(1-5)2 .
—(2=8%2+1(1+ 1)

where,

2 2UEn] oo 2uvq __ 2uB __2uvycoshay — _,4 »
&€ —_hzagzc’ _hzax'){l_hzax'xz_ 72 ,S=e "X, (58)

Consequently, we obtain the generalized fractional radial constituent of the Schrodinger equation [49] as follows.

DR (s)+—‘515 25 S R(s) =0 (59)

DDUR(S)] + 22 (-5

Comparing Eq. (57) to Eq. (59), the following polynomials were obtained:

=) &= -8 -+ x) = -2 +11+1) (60)
Using Egs. (10), (12), from Eq. (19) to Eq. (40), other parametric constants are obtained as follows:

G =a,=az;=1a,= %(kla -1). (61)

a5 =5 (1 - 2kya), a = (1 - 2kya) = S8 = (62)

@, =3 (kya — 1)(1 - 2k;@) — 2 - zh‘;—i’g + jlg‘% + ;ZLZ( - —2‘“’2;"25}‘ 24 (63)

@y =7 (o — 1)2 = 2570 2 gy = Lhfa — 2R 4 (1 41). (64)

o = kyat + 2\/% (kya = 1)2 = 25020 4y ), (65)

@y = 2k a + 2Jikfa2 —2“”2;%+ I(1+1) + \/%(kla —1)2 —zh*;—i’; 2 LI+ D). (67)
;= e —1)+ \/i (o= 1)2 2480 20 4 1) (68)

ay; =51 - 2k;@) - %\/kfaz —2evcoshax 14 1) + \/i (ko =12 =L SR+ 11+1)  (69)

h h2aZ
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The energy eigenvalue in the fractional form for the present potential can be determined by Egs. (34), (60), and from
Eq. (19) to Eq. (40) with considerable algebraic simplification as follows.

2,2 2,2 —1)2 2,2
Enl _ heaxl(l+1) — v, + heax(kia—1) + heay « F1+F,+F3 (70)
2m 8u 2u kla*(2n+1)+\/K12a2+4—l(l+1)—(8v2ucosh ay/h?)
we can get the classical case from Eq. (70) at @ = = 1, then k; = 1 [47], as the following equation.
2
2,2 2,2
Enl _ hazl(i+1) vy, + heajx " F4+F5+Fg (71)
2m 2 (2n+1)+\]1+4l(l+1)—(78v2#;(Z’Sh “")
where:
Fy = k2a?(n® + n+ (1/2)). (72)
Fy = kja * (n+ (1/2))\/k2a? + 41(L + 1) — (8v,pucosh a,/h?). (73)
2 _ (2uv1\ _ (2vou coshay
F, = uB/h?a,) ( o ) (—h )+ 201+ 1). (74)
F,=m?+n+(1/2)). (75)
_ 1 __ (8vap cosh ay
Fy = (n + (5)>\/1 Al +1) - (Rekoher) (76)
2 2 hay
F, = uB/ha,) — ( ";’1) - (”2“;&) + 201+ 1). (77)
The generalized fractional of the total wave function using Egs. [38-40], is given as
1
Fio,F11+F1p—
() = Nus = (1 — sy 0T gy (78)
S(ka-1)+ \/%(kla—l)z Zh‘fgl ;;‘”1+z(z+1)
F, = - (79)
j (kra—1)2— Z”E’;l 2””1+1(z+1) )
_ |14 1 2 3 _ 2puvzcoshay h2ay
Fg = 5 1 -2k) 2\/k1a — {a+1n+ e (80)
Hkeya- 1)+j—(k a-1)2- Z”Egl zg“’l+z(z+1)
Fo = - o (81)
k1a+2\/—(k1a 1)2— Z’f’;’ ;;‘"1+1(1+1)—a
Fio = - (82)
F, = 2kya + ZJikfaz - w FIL+1)+ \/i (kyax — 1)? — % 287y L0+ D). (83)
k1a+2ﬁ(k1a—1)2 zh‘;Eg‘ 25”1+z(z+1)
Fip = — (34)

akq

The special case of the total un-normalized wave function at « = § = 1 then k; = 1, as in agreement with [47] as
following.

W, (s) = ansx/(sz—62+l(l+1))(15)—%—2\/(52—62+l(l+1))—%\/1+4l(l+1)—4)(2Pn[(z\/(EZ_52“(H'1)))'(\/(1"'41(“'1)—4)(2)](1 —25) (89)

4. THERMODYNAMIC PROPERTIES
In this section, we describe the potential model's thermodynamic properties. The partition function offered can be
used to determine the thermodynamic characteristics of quantum systems as follows.
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Z(By) = Xp=o e FiFm, (86)
where A is an upper constraint on the vibrational quantum number determined by the numerical solution of dE,, /dn = 0,
expressed as A = ﬁ (—6 +./6(kya — &) + Q3),B1 = 1/KT, where K and T are the Boltzmann constant and absolute
1
temperature, correspondingly. The integral in Eq. (87) may substitute the place of the summation in the classical limit.

Z(B) = [ e PiFndn (87)

The energy eigenvalue equation as in Eq. (70) can be expressed in a concise form as follows to yield the partition
functions.

_ (kian+8) . 8(kqa—8)+Q3)>
Enm=01+0Q, *{ 2 2(k an+8) } ’ (88)
where:
_ hPafl(+1) h2a(kqa—1)>2 _ h2af
Ql_—Zu 171a+—8# ,Q; = 2;4’
_ (28BY _ (2uv1) _ 2v,p cosh ay
Q3 - (hzax) (hzax) ( h2 ) + Zl(l + 1)’
6=%k1a+\/ikfa2—2vz”;$+l(l+l). (89)
The following form can be used to represent Eq. (88) as follows.
— 2 _ 2
E, = (Ql + Q2(5(k10; 5)+Q3)) + (Qsz_l_ Q2(5(k1:lp25)+Q3) ) (90)
where:
p=kian+6 1)
1 artition function 1s obtaine nsertin, . to . and noting moditications to the integration
i Partition function is obtained by i ing Eq. (90 Eq. (87) and noting modificati he integrati
boundaries utilizing Eq. (91)
Q2(8(kqa—8)+Q3) Q20”  Q2(8(k1a-8)+Q3)*
Z(ﬂl) _ e‘Bl(Ql"’%) fakla)&ls eﬁ1( 4 2p2 )dp (92)
The partition function of Eq. (92) is obtained as
2 er EB NNZ er:
Z(‘B ) = (\/Ee_%ﬁl(NQZ+NN%+ZQ1)(erf(\/EAl)+erf(\/EA3))—eﬁlNNo (VF1nz)+e"1 TR0 f(\/ﬁ_lA4)) (93)
1 2/B1No
(ii) Vibrational free energy is given as follows.
1
F(B1) = s InZ(B,). (94)
B Zerf (B eBlNN%erf B )
log ﬁe_%ﬁl(NQ2+NN%+ZQ1)(erf(JB_1A1)+erf(JB_1A3)—e 1o (Buha)t (/P1h4)
2/B1No
(iii) Vibrational mean energy is given as follows.
d
UB,) = — —1InzZ(B,), (96)
dp1
1/1 2
UB) =5(5-— 0+ NQ, + NNG +20,), ©7)
0= 2(F13—F14) (98)
\/ﬁ\/ﬁ(erf (V/B1A1)+erf (\/EA3)—931NN(ZJerf (\/EAZ)+eB1NN%erf(mA4))’
Fia = Aye P04 Nge i3 4 Vi, [BNNG (—eP1MV8) (erf (\/BiA,) — erf (\/BiAs)). (99)
Fy, = —A,ePr(NNG=A3) 4, eP1(NNG—AF), (100)
(iv) Vibrational entropy is given as follows.

S(B) = K InZ(B) +K By - InZ(By), (101)
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5B = K (L0 1 1og (£yg) +16,(NQ, + NNG +20,) +1), (102)

Fis = —Ae Phi — Aje~Pids 4\ [B NNZePNS (erf (\[B1A,) — erf (\/BiAsy))), (103)

Fyo = AyePr(NNG=03) _ A, oB1(NNG-AT), (104)

F,=m (erf(\/EAl) +erf(\/B1A;) — eP1NNG erf(\/B1A,) + ePINNG erf (\/EA4)), (105)
\/Ee_%ﬁl(NQz+NN%+ZQ1>< erf (B1Aq)+erf ({B1A3) )

—eB1INNG ot Ag)+ePINNGerf A
Fig = e 2\/_6;0 (VB1h2)+e erf (B1A4) (106)
W) Vibrational specific heat capacity is given as follows.
CB)=-K pi* 2. (107)

dpy

2 2 2 2
_1 Zﬁf/Z(F19+F20) _ VB1(F22) _ 29_2ﬁ1(A1+A2+A3+A4)ﬁ1(F23)2
C(B) =3k ( o Fpr )2 +1). (108)
2
Fig = —eNNoPLN2 (erf(y/BiA;) — erf(\/BiAs) )Wy [BiNG +

1 NNoﬁlN ((erf(\/_A4)—erf(\/_A2))\/— 4e ﬁlAzA + 4e~ ﬁ1A4A )N _ e—ﬁlAlAB (109)

2 VB1
Fyp = ePt(NNE-A3) A3 _ o=F1d3 73 — oBr(NNG-AD) A3 (110)
Fp = \/E(erf (VBiA,) — eVVoPrerf (JBrA,) + erf (BiAs) + eNNoPrerf (\/EA‘*)) (111)
Fyy = —eNN§B1 (erf (\/EAZ) —erf (\/EA4)) \/E\/ENOZ + e—r5’1A§A1 _
eﬁl(NNg—A%)Az + e—ﬁ1A§A3 + e.Bl(NNg_Ai)A‘l_. (112)

Fpy = —ePL(NNG+AT+AZ+A5+07) y (erf (/BiA,) — erf (\/EA4)) Vi /B NG +

2 2 2 2 2 2 2 2 2 2 2 2 2 2
eﬁ‘l(A2+A3+A4)A1 — ePi(NNG +A1+A3+A4)A2 + eﬁ‘l(A1+A2+A4)A3 + eP1(NNG +A1+A2+A3)A4_

(113)
where:
No(N-6
N = Q,(8(aky — 8) + Qa)%, Ny = =0 A = 2, (114)
A _ No(8%+N) A _ No((8+aki1)%-N) _ No((8+aki)%+N) (115)
27 g5 37 28takir)  CTY T 2(8takih)

5. SUPERSTATISTICS FORMULATION
Superstatistics represents a statistical concept that applies to dynamic nonequilibrium systems and statistically
intense variable (f3;) variation [49]. Chemical potential and energy fluctuation, which are primarily described in terms of
the effectual Boltzmann variable, are included in this extensive parameter that experiences spatiotemporal volatility [S0].
Apparently, Edet et al. [S1], present the actual Boltzmann factor as follow.

B(E) = [, e FiE £ (B1, B1)dB;. (116)

where f (1, B1) = 6(B1 — B1) is the Dirac delta function.
The generalized Boltzmann constant is given as the following when stated in terms of the deformation parameter q:

B(E) = e P1F (1+2p2E7). (117)
The partition function for superstatistics formalism is then provided as
Z; = [° B(E)dn. (118)

The modified Boltzmann constant equation is presented as when Eq. (90) is substituted into Eq. (117).
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(01 +Qz(6(k1a—6)+03)) +(Qz_P2 2

—14 p2 2 4 _ L Q2(8(k1a-8)+Q3)\, (@202, Q2(8(k1a—8)+Q3)?
B(E) =3 i | Qaa-5)+09? v Pillon BRI (R EEREEET)] 1)
4p?
Using Eq. (118), the superstatistics partition function equation is given as.
Q806 a=8)+0)) | (20>
Q2(8(k1a-8)103)) o (Q1 + —) + (— B, (2224 920k a-81+03)
2(B,) = P TR 2 1 a2 RGO S N A (% 7 ap 20
4p?
The partition for superstatistics obtained from Eq. (120), is given as.
\/ﬁ\/%[?f/ze_%Bl(NQZJ'NN%”Ql)(QZ(Bfq(NQZ+ZQl)+4)—51QQ2(\/%I3$/2NN§+1)>
z = — . 121
s(B1) 4(B1(-02))" (121
where:
In(Zs)
B =—==, (122)
1
a1n(Z)
Us(By) = — ==, (123)
01
a(In (zs)
Ss(B) = K In (Z,) = fuk 0222 (124)
au
Cs(B) = —KB2 5% (125)
1

6. RESULTS AND DISCUSSION
We plotted all figures using the following parameters f; = Ki and K is the Boltzmann constant. When the principal

T’
quantum number n is around 0 and 1,2, ..., A, and p is the reduced mass for quarkonium as = T2 Fig. 1 (left panel),

mq+my
the suggested coulomb plus screened hyperbolic exponential potential (CPSHEP) and an approximation one is plotted
according to two characteristics: the coulomb potential and confinement potential characterize the short and long
distances, respectively. The approximate potential is brief, with the actual potential reaching 0.8 fm. We plotted the Pekeris
approximation graph compared to the screening parameter a,, as shown in Fig. 1(the right panel), since the approximation
fits the anticipated potential.

5F 7 - — T 100
0 80 —_— ay=0.01
— Exact potential — ay =0.02
-5[ 4l 60
= —— Approximate potential Iy
5 L
10l 40
20
-15
of y
_20 L i A \ . ! | \
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
r [frm] r

Figure 1. (the left panel), the potential V' (r) of the exact potential via approximation potential are drawn as a function of distance
(r) at a, = 0.2, (the right panel), the graph of Pekeris approximation for various values of a,,.

In Fig. (2), it shows how the temperature parameter affects the partition function for thermodynamic properties and
superstatics. In this case, the partition function grows nonlinearly with §; whereas, the partition function in Fig. 2 (the left
panel), deviated as increased, it later converged for the superstatistics, as seen in Figure. 2 (The left panel). As can be seen,
the partition function (Z) is delicate at the highest values of 8;, the range of B; between 4GeV~! and 7GeV~! correlates
with T between 0.142 and 0.25GeV. Additionally, it needs to be observed that as fractional parameters @ and 8 are increased,
the curve's conduct becomes lower. In Fig. 2 (the right panel) (superstatics), it can also be seen that the partition function
converging as acquires higher values of f5;, also by increasing deformation parameter q then curves become higher,
deformation parameter q improves the behavior of superstatics. The behavior of Z;(5;) is compatible with Ref. [52]. In Ref.
[53], the ground state is shown as the node with the highest value on the probability density diagram. Temperature and the
Z's behavior in relation to the largest possible quantum number(A). In addition, as the quantum number (1) increases, Z
decreases simultaneously increasing with temperature. According to Ref. [54], all diatomic molecules show a monotonic
dropinZ as A increases. For some typical ranges of quantum number A, Z achieves a constant value before declining further.
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Nevertheless, Z monotonically increases with increasing 5. A closed-form representation of the temperature-dependent
partition function Z(8) was developed. In Ref. [65], the authors plotted the vibrational partition function variation with a
different of q values, it can be observed. that when f rises, the partition function gets smaller. Furthermore, when q rises, Z
decreases as [ increases. Furthermore, as q increases then Z does as well.

F T T T T T T T 35 ;I
—  a=p=0.9,9=5
30 a=p=0.9,q;
[ a=p=0.9,q=10
250 e q=p=0.9,g=15
20f — a=p=0.9,q=20
N N
15
10f
5,
o ‘
4.0 45 5.0 55 6.0 6.5 7.0 4.0 45 50 55 6.0 65 7.0
By [GeV™ By [Gev' ]

Figure 2. (The left panel), the partition function (Z) is displayed as a function of f3,, for various values of a, and 8. (The right panel),
the partition function (Z) is displayed as a function of 3, for various values of deformed parameter q for CPSHEP ata = f = 0.9

In Fig. 3 (the left panel), the behavior of curves for free energy F(f;) increases monotonically by decreasing
temperature (B;), by increasing @ and 8 curves become higher using Eq. (95). This finding has a good agreement with
Ref. [62]. In Fig. 3 (the right panel). For the superstatics, when the system's temperature (f; ) steadily drops, F;(f;) rises
monotonically. A decrease in the deformed parameter (q) always results in a larger free energy using Eq. (122). In Ref. [5],
for CuLi and ScF, the free energy curves only decrease gradually with increasing 8, but for various values of 4, the free
energy curves of HCl and ScF increases and get lower with increasing . In Ref. [63], when f rises, the free energy falls
monotonically.

0.86]
a=p=0.8,q=5

—— a=p=0.8,9=10
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2 3 4 5 6 1 2 3 4 5 6 77

By [Gev By [GeV"]
Figure 3. (The left panel), the free energy (F) is displayed for various values of a as a function of 8;, and f. (The right panel), F
is displayed as a function of §;, for various values of deformed parameter q for CPSHEP ata = § = 0.8.
By increasing the deformation parameter q, the free energy curves rise and converge. As demonstrated in Fig. 4 (The
left panel), and Fig. 4 (the right panel), we displayed the vibrational mean energy variation U(3;) versus superstatics and
thermodynamic properties, respectively.

a=p=1

3.0} — N
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Figure 4. (The left panel), the mean energy (U) is displayed as a function of §; for various values of @, and f. (The right panel),
the mean energy is displayed as a function of 3, for various values of deformed parameter q for CPSHEP ata = 8 = 0.7.
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Fig. 4 (the left panel), illustrates how F(f3;) rises with decreasing values for all values of f;. Additionally, curves
rise when the values of the fractional parameters § and a increase using Eq. (97). In Fig. 4 (the right panel), illustrates
how the superstatics mean energy Uy(f;) changes when the system's temperature reduces. For different values of the
deformed parameter (q), Us(B;) decreases exponentially at a specific absolute temperature. According to Fig. 4 (the right
panel), the variation of curves converges for the superstatics. Additionally, the superstatics in Fig. 4(the right panel), show
that Us(B;) decrease as B; grows and curves become lower when q increases by using Eq. (123). This behavior is
computable with Ref. [55], with rising 8 and quantum number A, Ug(B;) at first rises monotonically and subsequently
reduces. Also, in Ref. [56], by increasing S then U decreases. When the values of a and f increase then the curves
become lower as in Fig. 4 (the right panel), Ug(f8;) decreases with increasing 8 and increases with increasing q as in Ref.
[65]. In Fig. 5 (the left panel), we note that entropy S(f5;) declines as the system's temperature rises ( ; dropping), and
S(B,) associated with vibrations is diverging.

—_— a=p=0.6,0=5
—_— a=f=0.6,q=10
a=p=0.6,q=15
a=p=0.6,q=20
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Figure S. (The left panel), the entropy (S) is displayed as a function of 8, for various values of a, and . (The right panel), S is
displayed as a function of 1, for various values of deformed parameter q for CPSHEP at @ = 8 = 0.6.

In Fig. 5 (the right panel), the curves become lower when fractional parameters a and increase by using Eq. (102).
In Fig. 5(the left panel), the superstatistics entropy S;(f;) changes directly with temperature and inversely with £8;. This
means that for any value of the deformed parameter, the system's disorderliness grows as the system's temperature rises.
Ss(B;) converged when q increases then behavior of curves becomes higher, S;(f;) has a turning point when ; equals
2 as shown in Fig. 5 (the left panel) using Eq. (124). This behavior is compatible with Ref. [52] and Ref. [57], which
entropy (S) varies in reverse with respect to a range of values 5. For light quark, and natural particles, the authors of Ref.
[58, 59, 60] showed that S increases with increasing temperature. In Ref. [65], the authors showed that as f increases
then the system's entropy decreases, the system's entropy rises when the deformation parameter q grows for a variety of
values.

4t — q=P=0.4,0=5 -
— a=p=0.4,q=10
- 3 a=p=0.4,=15
x
2 2
9
(8]
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Figure 6. (The left panel), the specific heat (C) is displayed as a function of §; for various values of a, and . (The right panel),
C is displayed as a function of f;, for various values of deformed parameter q for CPSHEP at « = § = 0.4.

In Fig. 6 (the right panel), we plotted the specific heat by using Eq. (108), here is the heat capacity's behavior C(B;)
against B, for various values of @ and 8. We note that C(B;) increases monotonically with decreasing ;. Also, when a
and S decrease the curves get higher. In Fig. 6 (the left panel), for superstatistics, variations in the heat capacity C;(S;)
against [5; is plotted for various values of the deformation parameter g, it is noticeable that C;(f;) increases with
decreasing f3;. Also, C4(f3;) converges when q increases, then the behavior of curves becomes lower as depicted. C4(f5;)
has a turning point when B; equals 3 GeV~! using Eq. (125). This action has the same behavior for many works, such as
in Ref. [61], for various values of A, the author displayed specific capacity versus temperature (), C increases as f§



142
EEJP. 2 (2025) M. Abu-Shady, et al.

decreases. As in Ref. [65], It is clearly visible that when q grows, the system's specific heat capacity falls while increasing
monotonically with (f). It's also significant to observe that normal statistics are returned when g = 0. In Ref. [55], the
authors depict how specific heat C(f) changes in relation to temperature. Specific heat grows monotonically as f3 rises.
and then declines as § and A rise, whenever every plot reaches convergence. Each plot's convergence provides a measure
of the variability in temperatures at which charmonium disintegrates into its component parts as quark charms.

7. CONCLUSION

We eliminated the parametric second-order differential equation with generalized fractional derivative and we
applied the NU method. Through the parametric generalized fractional Nikiforov-Uvarov (NU) approach, we arrive at
the solution of the SE by employing Coulomb plus screened exponential hyperbolic potential. In addition, getting the
special classical solution at @ = § = 1,then k; = 1 as in Ref. [47]. We estimated and plotted thermodynamic properties
in the fractional form and discovered that our results are consistent with prior publications and that the physical behavior
of thermodynamic properties. The work was expanded to include thermal characteristics and superstatics, such as partition
function Z(B,), free energy F(,), mean energy U(B;), entropy S(B;), and heat capacity C(8,). Our results revealed that
the effect of the generalized fractional derivative on the thermodynamic properties and superstatics is the same. We
conclude that fractional parameters play an important role using CPSEHP. Also, fractional parameter has a good effect on
the behavior of thermodynamic and superstatistics curves. We also noticed that as free energy grows, internal energy,
specific heat, and entropy decrease. Numerous studies, for example [57, 59, 65], do not explore the thermodynamic
features and superstatics of heavy quarkonium in the fractional models. We conclude that the fractional parameter has a
significant effect on thermodynamic properties.
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BIIJIUB JPOBOBUX IMOXITHUX HA TEPMOJIUHAMIYHI BJJACTUBOCTI
MIJIIXOM BUBYEHHA B3AEMO/IIi CPSEHP
M. Agy-Ilani, 1. FO. E33-Anapa6
Daxynvmem npupoOHuUUX HAYK, Kaghedpa mamemamuku ma ingpopmamuxu, Yuisepcumem Menyghis, Lllebin Enxom 32511, €2unem

IMapamerpuunuii meton Hikipoposa-VYeaposa (N-U) BUKOPHCTOBYEThCS B MOEIHAHHI 3 y3arajibHEHOW ApoboBoro noxianow (GFD)
JUISL TOCJI/DKEHHsI BJIaCHUX 3HA4YeHb €Hepril Ta 3arajbHOl HOpMalli3oBaHO! XBHJIBOBOI (yHKIIiT, OB’3aHOT 3 KYJOHOBCHKUM ILTIOC
eKpaHOBaHMM EKCIOHeHUiaNpHUM rinepooniuaum norenuianom (CPSEHP) y tepminax nominomi Sko6i. Lleit motenuian BUsBIsie
MaKkCUMalbHy €(EeKTHBHICTD IMPH MEHIIMX 3HA4YCHHsX Hapamerpa ekpanyBanHs. 11[o6 mocmiauTu TepMmiuHi Ta CymepcTaTHCTHYHI
XapaKTEePUCTHKH, OTPUMaHi BJIaCHI 3HAYCHHS CHEPTii 0e3mocepeIHh0 BKIFOYAOTHCS 10 CyMiCHOI CyMH (Z) 1 3r0I0M BUKOPHCTOBYIOTHCS
Ul BU3HAYCHHS 1HIIUX TEPMOAMHAMIYHUX BEJIHYHH, BKIIOYAIOUM cepenHio eHeprito kommBaHb (U), muromy Ttermtoemuicts (C),
enrporrito (S) i BitbHY eHeprito (F). [IpoBeneHo mopiBHAHHS 3 IONEpeIHIMA AOCTKeHHAME. KiTacHuHHi BUaI0K BiTHOBIIOETHCS 3
JpoOOBOTO BUITAIKy BCTAHOBIIEHHM o = [} = 1 BifNOBiHO 10 monepequboi podoTtu. Hari pe3ynsraTi 1eMOHCTPYIOTE, IO (pakmiiHAi
rapaMeTp Biflirpae BUpIilIaIbHy pOJib Y KEPyBaHHI TEIIOBUMH Ta CYIIEPCTATUCTUYHUMY BIACTUBOCTSAMH B paMKax Liei MoJedi.
KuarwuoBi cioBa: pisnanns  Illpedincepa; napamempuunuii memoo Hikighoposa-Yseapoea, mepmoounamiuni 1acmueocmiy
Cynepcmamuxka, y3azanvHena 0po6osa noxiona
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In this work, the Nikiforov-Uvarov (NU) method is used to obtain the exact solution of the conformable radial Schrodinger equation (SE)
for the pseudoharmonic potential. We derive both the energy states and the corresponding wave functions, and the results are compared
with those in the existing literature for the case of the traditional derivative (@ = 1). Additionally, the obtained energy states are used
to calculate the conformable partition function in the classical limit. Thermodynamic properties, including the conformable Helmholtz
free energy, conformable mean energy, conformable entropy, and conformable specific heat capacity, are calculated and analyzed for
N> and CO molecules.
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1. INTRODUCTION

The exact solution of the Schrodinger wave equation for various potentials has been an attractive area of research for
scientists in theoretical physics and related fields over the past several decades [1, 2, 3, 4, 5]. These solutions are important
in both relativistic and non-relativistic regimes due to their significant role in statistical physics, solid-state physics,
quantum field theory, and molecular physics. Such solutions provide complete information about quantum systems,
including thermodynamic properties, mass spectra, and optical characteristics [6, 7, 8]. Several methods for solving
Schrodinger wave equations have been reported to date, among which are the Nikiforov-Uvarov method [9, 10, 11], the
factorization method [12, 13, 14], the series expansion method [15], and the functional analysis approach [16]. Among
them, the NU method, originally developed to solve second-order differential equations of the hypergeometric type, has
been widely applied to time-independent quantum problems [17].

Many scientists, including Riemann-Liouville, Caputo, and Riesz, have made significant contributions to the de-
velopment of definitions for non-integer derivatives and their applications in physics [19, 20, 21, 22].These definitions
take various forms, but most of them include operators of fractional derivatives that act as non-local operators. Thus,
many of the basic properties of integer derivatives, such as the product and chain rules, do not hold for fractional deriva-
tives. This makes algebraic operations in non-integer calculus challenging, as these foundational principles cannot be
directly applied. To address these challenges, a new definition, known as the conformable fractional derivative, has been
introduced [18].This definition provides many classical properties of derivatives and is thus more applicable in practical
applications; the formal definition of such a derivative is given below in Equation 1.

e - f()

=1l
e—0 &

D[f(x)]

>0 (D

where 0 < @ < 1, this definition reduces to the classical definition of the first derivative when @ = 1. More properties of
the conformable fractional derivative can be found in [18]. A significant number of studies have been conducted in recent
years to extend the definition and express mathematical tools using conformable derivative notation, making it ready for
use in applied sciences [23, 24, 25, 26]. In quantum physics, the conformable fractional NU method has been developed
and applied to investigate solutions of the conformable SE for various potentials [27, 35]. Conformable mechanics could
introduce new ways to engineer and interact with quantum systems, enhancing control, flexibility, and precision while
potentially enabling new quantum phenomena and applications across quantum computing, sensing, and communication.

Many studies have explored the implications of the conformable derivative on classical and quantum mechanics.
Reference [38] examines some applications of the conformable derivative in physics, including a detailed discussion of
the divergence and Green’s theorem. Additionally, the basics of Newtonian mechanics in the context of conformable
derivatives are covered. While the conformable equation for hydrogen-like systems is discussed by Al-Masaeed et al [36],
the analytical solutions are obtained for the angular part in terms of conformable Laguerre functions. Furthermore, the
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deformation of special relativity within the framework of conformable derivatives is formulated by Al-Jamel et al [39]. In
this work, we will deal with the pseudoharmonic oscillator, which has the form [32]:
V(r) = Do(= - 272 @)
ro r

Where, D represents the dissociation energy between two atoms, and r( the equilibrium intermolecular separation. The
pseudoharmonic oscillator is one of the most important molecular potentials in chemical physics, molecular physics,
and related areas, due to its numerous applications in studying diatomic molecules. In fact, the significance of using
pseudoharmonic potentials lies in their ability to more accurately describe real physical systems, especially in cases where
the simple harmonic approximation breaks down. By incorporating anharmonic corrections, pseudoharmonic potentials
provide a better fit for vibrational, thermodynamic, and molecular dynamics calculations, making them an essential tool
in the study of complex systems in physics and chemistry. The pseudoharmonic potential is a useful tool for modeling
anharmonicity in molecular and atomic systems, but it has limitations in its ability to capture strong anharmonicity, large
displacements, or complex multi-body interactions. In cases where these limitations are important, more sophisticated
potentials may be needed. The essential advantage of the SE with this potential consists in the fact that it allows one to
get the exact solution for every rotational quantum number / [28, 29, 30, 37]. This is in contrast to the other molecular
potentials, e.g., Morse potential that can be solved exactly for non-rotating diatomic molecules [31].

This work aims to solve the conformable SE for the pseudoharmonic potential using the Nikiforov-Uvarov method.
The goal is to obtain the relevant energy spectrum and wave functions for a general conformable derivative of order «
and to compare the findings with the existing literature for the specific case where @ = 1. Additionally, the present study
also aims to derive the expression for the conformable partition function in the classical limit and calculate associated
thermodynamic properties, such as the conformable vibrational mean energy, conformable specific heat, conformable free
energy, and conformable entropy. Solving the conformable SE expands the applicability of quantum mechanical principles
to more general and complex systems, supporting current research that aims to better understand and predict behaviors in
diverse areas of physics and quantum computing.

2. CONFORMABLE SCHRODINGER EQUATION WITH PSEUDOHARMONIC POTENTIAL

The SE in three dimensions, when expressed in spherical coordinates (r, 6, ¢) takes the form of a partial differential
equation. In spherical coordinates, the time-independent SE for a particle with a potential V(r, 8, ¢) is given by:

2

—h
—V2(r,0,¢) +V(r,0,¢)y(r,0,¢) = Ey(r,0,¢) 3)

2m

To solve this equation, it is common to assume that the wavefunction can be separated into radial and angular components.
In this work, we will focus on the conformable radial SE, as it varies for each system. However, the angular part has been
solved in previous studies, as outlined in [36]. The radial SE is given by:

11+ 1)K?
2ur?

d*R(r)  2dR(r) .\ 2,1(E V() -
2 n
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Where u is the reduced mass, n and / denote the quantum numbers. Using relation (2) and the change of variable
(r = s%), the SE for the Pseudoharmonic potential takes the form [33]:

d’R 3/2dR 1
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Now, we would like to express the SE for Pseudoharmonic potential in terms of conformable derivative as follows:

3/2

DYDR(s) + TD"R(S) + siz[—«yzs2 —es — B]R(s) (7

Using the properties of conformable fractional derivative [18]

DR(s) = s"""R(s)

dR d’R
DYDYR(s) = (1 - a)s(l_m)— 452202 —
ds ds?
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The conformable SE for pseudoharmonic potential can be written as:

5
R'(s)+ 2CR (5) + —[ y?s** — es” = BIR(s) (®)

Next, we compare the Conformable equation (8) with the basic equation of traditional NU method

Y (s) + f()w(>+%w(s> ©)
£(s) of
The parameters in Eq (9) can be determined as:
Tr(s) = % - or(s) = [~y 220 4 5@ - B] or(s)=s (10)

The function 7 ¢ (s) and parameter A which are given by NU read as:

D (o () = % (s) | \/(Da((’f(s)) — 7 ()

np(s) = 2 7

)2 = Fr(s) + koy(s) A(s) = K(s) + D%y (s) (11)

Which can be calculated for our problem as:

_3 a-1 —3ga-1
mp(s) = i \/[ i a — [-y252 + es® — B] + ks® (12)

To solve the quadratic equation inside the square root in Eq (12), the discriminant must be set to zero. This condition leads
to a new quadratic equation, which can then be solved to determine the constant K (s), ensuring the existence of both roots.

a? 12« 9 a2 12a 9
K1=6+2’y I_F-l-ﬁ-'-ﬁ K2=€—2’)/ Z—F'Fﬁ"l'ﬁ (13)

Substituting the two values of K from Eq (13) into Eq (12) yields four possible forms of 7 ¢ (s):

—3527! 2 12 9

np(s) = S4 +%i(ys”+ %-1—6‘”+5+R) (for K) (14)
-3s¢7l ¢ o > 12« 9

mr(s) = 7 + > + (ys® - 7 16 + B+ E) (for K») (15)

To ensure the derivative of the polynomial 7 () is negative, the appropriate form of the polynomial 7 ¢ (s) must be selected.
Therefore, the most suitable expression for 7 ¢ (s) is:

3571« a? 1 9
= o (ysY -4 — - == — 1
M) = T 5= (s = e o) (16)
The function 7/ (s) is defined as:
5
Tr(s) = Tp(s) + 2mp(s) = 3 —a+2m5(s) (17)
Substituting the value of 7 ¢ (s) into 7¢(s) we can write:
12
T(s)=1-2 (ys \/(———“+16ﬁ+9)) (18)
Based on the values of K(s) and 7 ¢(s), the value of A(s) is obtained as:
212
A(s) = K(s) + Dny(s) = [e =2y %—1—6&+ﬁ+%—ya]s“_l (19)
Also |
A,(s) = —nD%1(s) — n(nz— )D"D"O'f(s) = n(2yas®") (20)
Using the fact that (4,,(s) = A(s)), one obtains:
a1 a2 12« 9
n2yas® ) =€=-2yy\/]— - — + B+ — —vya 2D

4 16 16
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Thus, utilizing the value of ¥, and € , the conformable energy state can be expressed as:

D, u 2K a2 12« , L1+ 1)R? 9

Enl:[_ZDe"' réﬁ [2an+a/+2 Z_F-'- erO+T 2+16]] (22)

For the case of @ = 1, this result shows good agreement with the literature [33], as clearly demonstrated in the Table ??,
which includes numerical results for the energy states with different values of a. The potential parameters are taken from
Ref. [34].

Table 1. Energy states (in eV) of pseudoharmonic potential for N>,CO molecules with different values of n and [ at
different values of .

N, coO

n | [ a=02 a=0.5 a=0.8 a=1.0 a=0.2 a=0.5 a=0.8 a=1.0

0 | 0 | 0.02228044 | 0.05489432 | 0.08755324 | 0.10935087 | 0.036735676 | 0.086041306 | 0.135670387 0.168936188
1 | 0 | 0.06595773 | 0.16418266 | 0.26241458 | 0.32792754 | 0.104130339 | 0.254527961 | 0.405249027 0.505909491
1 1 | 0.06649613 | 0.16468298 | 0.26291495 | 0.32842786 | 0.107724515 | 0.258122693 | 0.408844177 0.509504835
2 | 0| 0.10971111 | 0.27347099 | 0.43727592 0.54650428 | 0.171525002 | 0.423014616 | 0.674827674 0.842882795
2 | 1 | 0.11021143 | 0.27397132 | 0.43777624 | 0.54700453 | 0.175119173 | 0.426609348 | 0.678422839 0.846478145
2 | 2| 0.11121203 | 0.27497192 | 0.43877686 | 0.54800515 | 0.182302607 | 0.433793912 | 0.685608218 0.853663932
3 | 0 | 0.15342644 | 0.38275933 | 0.61213726 | 0.76508088 | 0.238919659 | 0.591501265 | 0.944406314 1.179856105
3 1 | 0.15392676 | 0.38325966 | 0.61263757 | 0.76558121 0.242513836 | 0.595096003 | 0.948001471 1.183451449
3 | 2 | 0.15492736 | 0.38426026 | 0.61363824 | 0.76658182 | 0.249697274 | 0.602280561 | 0.955186871 1.190637242
3 | 3 | 0.15642817 | 0.38576109 | 0.61513903 | 0.76808266 | 0.260460206 | 0.613045182 | 0.965952735 1.201403693
4 |1 0 | 0.19714177 | 0.49204767 | 0.78699859 0.98365755 | 0.306314323 | 0.759987929 | 1.213984967 1.516829415
4 | 1 | 0.19764209 | 0.49254799 | 0.78749891 0.98415787 | 0.309908493 | 0.763582652 | 1.217580117 1.520424759
4 | 2 | 0.19864269 | 0.49354859 | 0.78849953 | 0.98515851 0.317091933 | 0.770767216 | 1.224765512 1.527610552
4 | 3 | 0.20014353 | 0.49504943 | 0.79000037 | 0.98665933 | 0.327854869 | 0.781531837 | 1.235531375 1.538377003
4 | 4 | 0.20214446 | 0.49705039 | 0.79200133 0.98866031 | 0.342182739 | 0.795861935 | 1.249863133 1.552709535
5 | 0 | 0.24135743 | 0.60183633 | 0.96236024 1.20273454 | 0.373708986 | 0.928474575 | 1.483563608 1.853802719
5 1 | 0.24235803 | 0.60283692 | 0.96336087 1.20373516 | 0.377303156 | 0.932069307 | 1.487158758 1.857398069
5 | 2 | 0.24385885 | 0.60433776 | 0.96486179 1.20523678 | 0.384486597 | 0.939253871 1.494344158 1.864583856
5 | 3 | 0.24585984 | 0.60633872 | 0.96686267 1.20723697 | 0.395249526 | 0.950018492 | 1.505110028 1.875350307
5 | 4 | 0.24836073 | 0.60883967 | 0.96936647 1.20973795 | 0.409577396 | 0.964348593 | 1.519441784 1.889682839
5 | 5| 0.24836073 | 0.60883967 | 0.96936364 1.20973795 | 0.427450912 | 0.982224896 | 1.537320127 1.907562153

The energy states were derived from the special case of the SE for the pseudoharmonic potential strongly depend on
the fractional parameter . When « is assumed to be equal to unity, the results agree with classical quantum mechanical
results, which validate the approach used in this study. However, as a decreases, energy levels start to differ significantly,
indicating the fractional-order dynamics influence the quantum behavior of the system. Physically, such a transition
can be interpreted as a restriction to vibrational motion and hence a decrease in the density of available states. Now,
let us determine the corresponding wavefunction for the conformable radial equation. The polynomial solution of the
hypergeometric-type function (Rodrigues* formula) y, s (s) depends on the determination of the weight function p 7 (s), as
follows:

B,
“for()pr()] =Tr(s)ps(s) yaf = 205 d - [O'f(S)P(S)] (23)
And
D%ys(s)  my(s)
= where  Yr(s) = dr(s)yr(s) (24)
67() ~ as(s) R
By utilizing Eq 24, we obtain:
6 7(s) = sHl2a=3a G-y 205 (25)
and e
s
ps(s) = e o [S§(4a2—12a/+16,8+9)] (26)
Substituting p ¢ () into Eq 23 allows us to obtain the polynomial y,, s (s) as follows:
Vuf = an—\/a2—3a+64ﬁ+36627;” jr;( n-\a2=3a+646+36,, @7
s
Using ¢ ¢ (s) = ¢ s(5)yns, the conformable wavefunction can be written as:
n _2ys@
Y r(s) = Ny gil2a- a2 _Raipi o) g~ Va?=3a+64p+36, 2ys® = (sn—\/(t2—3a+64,8+36e 2 ) (28)

For the case of @ = 1, this result shows exact agreement with the literature [33].



148
EEJP. 2 (2025) Derar Altarawneh et al.

3. CONFORMABLE THERMODYNAMIC PROPERTIES FOR PSEUDOHARMONIC POTENTIAL
To obtain the conformable thermodynamic properties of the Pseudoharmonic Potential, it is important to calculate
the vibrational partition function:

A

Zup(B) = ) e PP where  p= o (29)

n=0

A, is the upper-bound vibrational quantum number. At high temperature T (classical limit) the sum can be converted
to an integral, and the conformable partition function can be written as:

A
Zvin(B) = / PE ™ gn (30)
0

Using the conformable partition function of equation (30), the other thermodynamic properties such as conformable
internal energy U, conformable free energy F, conformable entropy S , and the conformable specific heat capacity C, can
be calculated using the following definitions:

1. Conformable Internal Energy - U(83) = —ﬁl‘“%(anv,-b (B)

2. Conformable Free Energy - F(8) = —llganW-b (B)
3. Conformable Entropy - S(8) = K}, (nZ,i,(8) — KpB B~ %(znzwb(ﬁ))

4. Conformable Specific Heat - C,,(8) = —K, 8>~ 6%—;;3)
For the case of @ = 1, these definitions are consistent with the well-known thermodynamic definitions in literature.

4. RESULTS AND DISCUSSION
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Figure 1. The Conformable Partition function as a function Figure 2. The Conformable Partition function as a function
of B for N> molecule for different values of « of B for CO molecule for different values of a

The results in Fig. 1 and Fig. 2 represent the behavior of the classical partition function Z(f8) of the diatomic
molecules N, and CO, respectively, versus the inverse temperature parameter 3, for several values of the fractional
parameter . The calculations of Z(B) were performed for four different values of @, namely 0.2, 0.5,0.8, and 1.0,
corresponding to different curves. The fractional parameter « strongly affects the partition function. For @ = 1.0, which
corresponds to the classical case, Z() shows the largest values for all ranges of 8. This is the conventional quantum
mechanical behavior of the pseudoharmonic potential. When « is varied from 1.0 down to 0.2, the partition functions
are strongly suppressed. This suppression is due to the effects of the conformable fractional derivative which changes
the energy spectrum and provides a lower density of available states at higher energies. For both diatomic molecules,
lower a values result in lower partition functions because certain higher energy states are not thermally accessible. This
is important because it shows how conformable derivatives affect the modeling of systems with constrained vibrational
dynamics Fig. 1 and Fig. 2 exhibit a similar qualitative dependence of Z(8) on a. However, Z(B) for CO is always
higher compared to N;, which reflects the different molecular parameters for these diatomic species such as bond strength,
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Figure 3. The Conformable Internal Energy as a function Figure 4. The Conformable Internal Energy as a function
of B for N> molecule for different values of a. of B for CO molecule for different values of a.

reduced mass, and vibrational frequencies. Figures 3 and 4 display the mean vibrational energy U () versus S for N, and
CO, respectively. Notice that the energy decreases as § increases and, for all values of @, asymptotically approaches a
constant value. For @ = 1.0, the energy curve starts at the smallest initial value and converges most rapidly, meaning that
the system accesses a greater portion of vibrational states than for smaller o values. In contrast, for @ = 0.2 the energy is
higher at the beginning and decays more slowly, reflecting the fact that fractional-order dynamics imposes restrictions on
vibrational motion.

Similar trends can also be seen in the mean vibrational energy curves of both molecules; however, CO consistently
shows a slightly higher energy value than N,, especially in the low temperature regime (higher 3). These deviations likely
result from differences in molecular structure, reduced mass, and vibrational frequencies. Therefore, these results suggest
that the influence of the fractional parameter a is modulated by the intrinsic properties of each diatomic molecule. In fact,
in systems where vibrational interactions are stronger, more pronounced effects have been observed.
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Figure 5. The Conformable Free Energy as a function of 5 Figure 6. The Conformable Free Energy as a function of 8
for N, molecule for different values of o for CO molecule for different values of o

Fig. 5 and Fig. 6 display the dependence of F(B) on the 8. For @ = 1, the classical case, F(8) decreases rapidly
as B increases. This behavior reflects the fact that a higher density of vibrational states is available, resulting in greater
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thermal stability. As « is lowered, the free energy becomes considerably higher at every given £, this suggesting a lesser
ability of the system to minimize its energy. While both the molecules show similar qualitative trends in F(f), it is found
that CO consistently shows higher values compared to N,. This reflects the influence of molecular parameters, such as
vibrational frequencies and bond strength. CO exhibits stronger vibrational coupling, hence its free energy is elevated
compared to N;, and this effect is much more pronounced for smaller @ values. The entropy S(f3) versus 8 for N, and CO
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Figure 8. The Thermal Entropy as a function of g for CO
molecule for different values of

Figure 7. The Thermal Entropy as a function of 8 for N;
molecule for different values of &

molecules is presented in Figs 7 and 8. For both molecules, the entropy exhibits clear trends related to the fractional order,
a. For each molecule, an increase in « in the range from 0.2 to 1.0 results in a decrease in entropy at fixed 3, meaning
that higher fractional orders restrict the states accessible to the system and thus diminish randomness. At @ = 0.2, entropy
is maximal, reflecting increased flexibility and more accessible states within the system.

Lowering 8, which corresponds to a rise in temperature, results in an entropy increase across all @ values, in
accordance with thermodynamic expectations of increased disorder due to higher temperatures. The limit values of the
entropy for small 8 are found to directly depend on «, reflecting the controlling role that fractional derivatives play in
thermodynamics.

Compared to the other molecule, CO has marginally lower entropy than N;. This is probably due to differences in
molecular parameters such as mass or bond stiffness, which affect their quantum states. Finally, the variation of the specific
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Figure 9. The Conformable Specific Heat as a function of Figure 10. The Conformable Specific Heat as a function of
B for N, molecule for different values of « B for CO molecule for different values of «
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heat C () versus B for N and CO molecules clearly shows some interesting features in the thermodynamic behavior of
the systems under the influence of fractional calculus. In fact, C(8) exhibits different behavior depending on the value of
«a for both molecules.

For small values of g (high temperatures), the specific heat is small for all @ since the system’s energy levels are
becoming fully populated and saturation effects start to set in. For higher values of 8 (lower temperatures), the specific
heat begins to rise for higher values of «; the largest increase, for @ = 1.0, begins to dominate for higher values of 3. In
contrast, lower @ values (@ = 0.2) yield reduced specific heat over the entire range, as expected from a more tightly bound
energy distribution because of fractional effects.

When comparing N, and CO, the same qualitative trends are observed, but the magnitudes differ slightly; typically,
N, has marginally higher values of specific heat at large §. This difference may be due to the variation in the molecular
properties, such as mass, and vibrational frequencies, which determine the density of states and the energy distribution.

5. CONCLUSIONS

In this paper, the conformable SE with the pseudoharmonic potential was solved using the NU method, considering
conformable fractional derivatives. The fractional parameter « played an important role in modifying the energy spectrum
and the thermodynamic properties of the molecular systems studied within this framework. Furthermore, using this
approach, the energy eigenvalues were analytically obtained and subsequently used to evaluate the classical partition
function. Starting from the partition function, important thermodynamic properties, such as conformable internal energy,
conformable free energy, conformable entropy, and conformable specific heat have been analyzed for N, and CO molecules.

In future work, this approach can be extended to apply the generalized conformable derivative and the NU method to
higher-dimensional quantum systems. Although our present study is confined to one-dimensional systems, multidimen-
sional potentials can exhibit a richer behavior. The extension of the methods used here, could potentially provide deeper
insight into more complex molecular or solid-state systems.
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V wiii pobori meron Hikidoposa-YBapoa (NU) BUKOPUCTOBYETBCSI JIIsl OTPUMAHHSI TOYHOTO PO3B’sI3KY BiANOBIJHOIO PajiaibHOTO
piBusinas Ulpeninrepa (SE) muis nceBrorapMOHiYHOro noTteHiaay. My BUBOAMMO SIK €HEpreTHYHi CTaHU, TaK 1 BiJIMOBIJHI XBUJIbOBI
¢yHKUIi, a pe3yabTaTH MOPIBHIOEMO 3 pe3yJbTaTaMH, OIMCAHUMM B iCHYIOUiH JliTepaTypi, JUIsl BUMAAKY TpaauLiiHoi noxigHoi (a = 1).
Kpim Toro, oTpumaHi eHepreTU4Hi CTaHU BUKOPUCTOBYIOTHCS AJIs1 pO3PaxyHKY KOH(OPMHOI (PyHKIIIi pO3MOALTY B KJIACHYHII rpaHuIIi.
TepmoauHaMiUHI BIACTUBOCTI, BKJIIOYAIOUM KOH(OPMHY BiUJIbHY €Hepriio [enpMrosbiia, KOHQOPMHY CEpedHI0 eHepriio, KOH(POPMHY
EHTpOIIII0 Ta KOH(GOPMHY MUTOMY TEIIOEMHICTb, OOUYUCIIOITHCS Ta AHA3YIOThCs 17151 MOJieKy1 Ny ta CO.
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Fusion cross sections for heavy-ion reactions have been calculated in various classical and semi-classical models. In the classical
approach fusion cross sections have been calculated using different model such as Classical Molecular Dynamics (CMD), Classical
Rigid-Body Dynamics (CRBD), a 3-Stage Classical Molecular Dynamics (3S-CMD) model and a microscopic Static Barrier Penetration
Model (SBPM). In the present work 3S-CMD model is used to calculate fusion cross section. This model combines the advantages of both
CMD and CRBD models. This model uses ion-ion potential obtained from dynamically evolving classical microscopic configurations
of nuclei with a suitable NN-potential. The 3S-CMD model calculation proceeds in the following three stages: (1) Rutherford trajectory
calculation at very large separation, followed by (2) CRBD calculation with rigid-body constraint on both nuclei up to distances close
to the barrier, followed by (3) finding the trajectories of all the nucleons in a full CMD calculation for further evolution by numerically
solving Coupled Newton’s equations of motion for all the point nucleons. In the present work we have calculated fusion cross sections
for 24Mg + 208Pb system in 3S-CMD model. Fusion cross sections have been calculated using a soft-core Gaussian form of NN-potential
with the parameter set New Potential (NP). We also investigated the effect of this potential for 'O + 92Zr reaction which agree very
well with the experimental fusion cross sections. The use of this NP parameter set might give better agreement in the case of 3S-CMD
calculation of classical fusion cross sections for 2*Mg + 28Pb reaction.

Keywords: Fusion cross sections; Classical microscopic approaches; Heavy-ion reactions; Deformed nuclei

PACS: 24.10.-i; 25.70.De; 25.60.Pj

1. INTRODUCTION

Fusion cross sections for heavy-ion reactions have been calculated in various classical and semi-classical models.
In the classical approach fusion cross sections have been calculated using different model such as Classical Molecular
Dynamics (CMD) [1], Classical Rigid-Body Dynamics (CRBD) [2], a 3-Stage Classical Molecular Dynamics (3S-CMD)
[3] model and a microscopic Static Barrier Penetration Model (SBPM) [4]. In the present work 3S-CMD model is used
to calculate the fusion cross section. This model combines the advantages of both CMD and CRBD models. This model
uses ion-ion potential obtained from dynamically evolving classical microscopic configurations of nuclei with a suitable
NN-potential.

The 3S-CMD model calculation [3] proceeds in three stages: (1) Rutherford trajectory calculation at very large
separation, followed by (2) CRBD calculation with rigid-body constraint on both nuclei up to distances close to the barrier,
followed by (3) finding the trajectories of all the nucleons in a full CMD calculation for further evolution by numerically
solving Coupled Newton’s equations of motion for all the point nucleons.

In the present work, we calculate fusion cross sections for the 2*Mg + 2%Pb system in the 3S-CMD model. Fusion
cross sections are calculated using classical approximations and compared with the experiments. Fusion cross sections for
many reactions have been calculated using a soft-core Gaussian form of NN-potential (eq.(1)), with the parameter set P4
[2]. However, the calculated fusion cross sections do not match with the experimental data for many reactions at different
energies [5].

In the present work we have used a parameter set P4 and a new potential parameter set (called as NP) from ref.
[6]. Using this NP potential, the fusion cross sections calculated for the 160 + 927 reaction in ref. [6] shows good
agreement with the experimental data. The use of this NP parameter set might give better agreement in the case of
3S-CMD calculation of classical fusion cross sections for the >*Mg + 28Pb reaction.

2. CALCULATION DETAILS
2.1. Nucleon-Nucleon potential
The soft-core Gaussian form of NN-potential is given by

C r;
Vn (1) = =Vo (1 - T) exp 5 (D

Tj 0
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where Vj, C and r( are respectively, the depth parameter, repulsive-core radius and range parameter. The parameters V,
C and ry are chosen so that the NN-potential reproduces gross properties of the nuclei in their ground state such as, the
ground state binding energy, the rms radius etc.

The Coulomb potential between protons has the form

1.44
VC (rij) = ?(MGV) (2)

is also added to the two-body potential.

24Mg + 208Pb reaction has been studied with the potential parameter set P4 [1] and New Potential (NP) [6], which
is shown in Table 1. In the present 3S-CMD calculation, the individual nuclei are first generated using the variational
potential energy minimization code STATIC [7] and are further “cooled” using DYNAMIC [7] method. The nuclear
configurations are generated using the parameter set P4 and NP which reproduces the ground state properties close to the
experimental values (see Table 2).

Fusion cross sections are calculated using the classical formula [1]

2
Ofusion = ”bcp 3)
where b, is the maximum (critical) impact parameter for which the two nuclei fuse.

Table 1. P4 and New Potential Parameter Set for the NN-potential of eq. (1).

V() C ro
POTENTIAL

(MeV) (fm) (fm)
P4 1155 2.07 1.2
NP 900 1.95 1.2

2.2. Construction of nuclei in their ground state

Utilizing the “STATIC” minimization technique around 2000 ground state configurations for 2*Mg and 2°’Pb are
produced using the P4 and NP potential parameter sets. The calculated ground state properties of the **Mg and 2*Pb
nuclei are presented in Fig. 1 and Fig. 2. Out of these 2000 ground state configurations in each case, the ones having
quadrupole deformation 3, value close to the experimental value is selected, which is indicated in Fig. 1 and Fig. 2 by a
red circle. The generated ground state properties using both potentials are shown in Table 2.

Table 2. Ground state properties of 2*Mg and °Pb nuclei used in present calculation.

BE R B
(MeV) (fm) (fm)

2iMg | Cal P4 -198.72 2.94 0.37
NP | -250.71 2.76 0.43

Exp. -198.25[8] | 3.07[9] | 0.39[10]
208pp Cal P4 | -1870.41 6.08 0.24
NP | -2389.46 5.73 0.16

Exp. -1636.46[8] | 5.50[9] | 0.00[10]

From Table 2 it can be seen that the ground state binding energy, rms radius and £, of the chosen **Mg nucleus
calculated using P4 potential are very close to the experimental values. None of the 2000 configuration generated for 2°8Pb
with potential P4 are very close to the experimental values of binding energy and rms radius. However, a configuration
with quadrupole deformation 3, = 0 is chosen which over estimates binding energy by 12% and rms radius by 6%.

In a similar way a configuration with quadrupole deformation 3, ~ 0 is chosen for 2*Mg and >*Pb for NP potential.
For 2*Mg the binding energy is over estimates by 21% and rms radius is under estimates by 11%. For 2°Pb the binding
energy is over estimates by 31% and rms radius is over estimates by 4%.

3. RESULTS AND DISCUSSION
24Mg + 28Pb Reaction : Fusion cross sections for 2*Mg + 2%8Pb reaction calculated using P4 and NP potential

parameter set and using eq.(2.1) are shown in Fig. 3 and 4 are compared with the experimental data of ref. [11]. The
dynamical simulation is carried out in the 3S-CMD model.
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Figure 1. Ground state properties of the 2*Mg and 2°®Pb nuclei generated by the “STATIC” method using P4 potential.
Red circle indicate the ground state properties of the nuclei used in the present study.
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Figure 2. Ground state properties of the 2*Mg and 2°*Pb nuclei generated by the “STATIC” method using NP potential.
Red circle indicate the ground state properties of the nuclei used in the present study.
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For this system fusion cross-sections averaged over about 500 initial orientations for Ecy = 160-190 MeV and 1000
for Ecm < 160 MeV are determined using both potentials (P4 & NP) and are shown in Fig. 3.

Since the effect of reorientation is expected to be noticeable at collision energies near the Coulomb barrier, it is
desirable to find fusion cross-sections at energies well below the lowest Ecy used in ref. [11]. Therefore, to clearly
bring out the effect of reorientation, fusion cross-sections are determined in 3S-CMD calculation up to energies as low as
124.5 MeV, which is well below the lowest energy in the experiment by Back. For Ecy < 124.0 MeV, no pocket in the
ion-ion potential is found in any of the 2000 initial random orientation that are considered. Therefore, fusion cross-section
is assumed to be zero for Ecy < 124.0 MeV MeV in the 3S-CMD calculation for this system.

Fusion cross section calculated using potential parameter set P4 and eq.(2.1) in 3S-CMD model are highly over-
estimated compared to the experimental data at all energy ranges. The reason for this overestimation is the larger rms
radius of the 2*Pb produced in this calculation as compared to the experimental value (see Table 2). Fusion cross sections
calculated using potential parameter set NP and eq.(2.1) in 3S-CMD model shows close agreement with the experimental
data than the fusion cross sections calculated using P4 potential.
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Figure 3. Fusion cross section for 2*Mg + 208Pb reaction Figure 4. Fusion cross section for Mg + ®Pb reaction
(log scale) (linear scale)

4. CONCLUSIONS

Although fusion cross sections calculated using potential parameter set NP which gives good agreement for °0 +
927r reaction in ref.[6], however, it is slightly overestimated around the barrier energies for the medium heavy mass and
heavy mass nucleus. i.e., >*Mg + 2°8Pb reactions.

However, it may be noted that the ground state properties of the nuclei generated using this potential (NP) are not
close to the experiment values (see Table 2).
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HEPEPI3U CUHTE3Y JJ14 PEAKHIi 24Mg +208pp Yy TPHCTAZ[IfIHIﬁ KJIACUYHINA MO/IEJIT
MOJIEKVJIAPHOI JUHAMIKHA
HMoxurnama [arenw?, Cyoonx Foape?, [linank X. [IxapiBajia
@ Vuisepcumem Ilieoennozo I'yoscapamy imeni Bipa Hapmaoa, Cypam - 395007, Inois
b enapmamenm gpizurcu, Hayxosuii konedxc Hasye, Cypam - 395009, Indis
IMepepi3u cuHTe3y AJs peakiiil BaXKMX iOHIB OyJaM po3paxoBaHi 3a JOMOMOIOI0 Pi3HMX KJIACMYHMX Ta HAIMiBKJIACUYHHUX MOJENCH.
V kJlacMYHOMY MiAXOMi Nepepi3u CuHTe3y OyJaM po3paxoBaHi 3 BUKOPHUCTAHHSM Pi3HHX MOJeJell, TAKHMX sIK KJIaCH4Ha MOJIEKYJspHa
nuHamika (CMD), kinacuuna nquHamika tBepaoro tia (CRBD), 3-eranHa monenb kiacuyHoi MosiekynsipHoi auHamiku (3S-CMD) ta
MiKpOCKOIiYHA MOJIeJIb IPOHUKHEHHsI cTaTnaHoro 6ap’epy (SBPM). V wiit po6oTi A71st po3paxyHKY Iepepizy CHHTE3y BHKOPUCTOBYETHCS
mozenb 3S-CMD. Ls mozens moeqaye nepeparu moaesieit CMD Ta CRBD. 111 Moniesib BUKOPUCTOBYE 10H-10HHUIA IOTEHITi ), OTPUMAaHHIA
3 AMHAMIYHO €BOJIOIIOHYIOUMX KJIACHYHUX MIKPOCKOMIYHMX KOH(pirypauiit saep 3 Bianosigaum NN-noteHmiagom. PozpaxyHok moaesi
3S-CMD BinOyBaeTbcs y Taki Tpu etanu: (1) po3paxyHok TpaekTopii Pesepdopaa Ha mysxe BesuKiil BigcTaHi, motiM (2) po3paxyHOK
CRBD 3 o0Me:xeHHSAM TBepIoro Tija Ha 000X f/ipax J0 BicTaHeil, OIM3bKHX 10 6ap’epy, a NOTiM (3) 3HAXOIKEHHs TPAEKTOPi ycix
HYKJIOHIB y NOBHOMY po3paxyHKy CMD 11 nogasnbiioi eBomoLii HUIIXOM YUCEIbHOTO PO3B’ 13aHHs 3B 13aHUX PiBHAHb pyXy HbloToHa
JUTA BCiX TOUKOBHX HYKJIOHIB. V 11iif po60Ti MI po3paxyBam epepisu cuHTe3y A1a cuctemu 2 Mg + 298Pb y Mozeni 3S-CMD. Tepepisu
CUHTE3Y Oyl po3paxoBaHi 3 BUKOPUCTAHHAM M’ K01 rayccoBoi popmu NN-noteHmiany 3 Habopom nmapamerpis Hoeuit motenmian (NP).
Mu Tako) JOCJIiIMIM BIUIMB IIbOTO NOTEHLiamy Ha peakiio '°0 + %2Zr, sxi myxe H00pe y3romKyloThCsA 3 eKCIEPUMEHTAIbHIMH
nepepizamu cuHTe3y. BukopucTtaHHs 11poro Habopy napamerpiB NP Moxe 3a0e3neunTn Kpallly Y3rojUKeHICTh Y BUMAJIKY PO3PaXyHKY
3SCMD kJacuuHHX Tiepepisis cuuTesy ana peakuii 2*Mg + 208Pb,
KuarouoBi ciioBa: nepepizu cunmesy; KaacuuHi MiKpOCKONiuHi nioxoou; peakuii 6axicKux ionie; 0egpopmosani s0pa
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