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Supersymmetry is one of the most important and indispensable ingredients of modern theoretical physics. However, the absence, at
least at the time of publishing this review, of experimental verification of supersymmetry in elementary particle/high-energy physics
casts doubt on the viability of this concept at the energies achievable at the LHC. The more unexpected are either already experimentally
verified or proposed for verification manifestations of supersymmetry at the level of low (condensed matter physics, quantum optics)
and medium (nuclear physics) energies where standard quantum mechanics works. Using examples of various systems from completely
different areas of physics, we discuss the isospectrality of quantum Hamiltonians, hidden and explicit supersymmetry, the advantages
of the supersymmetric quantum mechanics approach and its role in quantum engineering.
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1. INTRODUCTION
On July 3, 2025, we celebrate 100 years since the birth of Dmitry Volkov, academician of the National Academy of

Sciences of Ukraine, the founder of one of the scientific schools of the Kharkov Institute of Physics and Technology, one
of the inspirers of the creation of the O.I. Akhiezer Institute for Theoretical Physics of NSC KIPT. During his 45-year
activity at UFTI-KFTI-NSC KIPT [1] Volkov made a number of discoveries that completely overturned our understanding
of fundamental physics. Among them are: the Green-Volkov-Greenberg-Messiah parastatistics [2–5]; Volkov’s (jointly
with V.N. Gribov) discovery of the “Redge Pole Conspiracy” [6] and the subsequent development of dual models (see the
review [7] and references therein); phenomenological Lagrangians of fundamental interactions [8] (and Refs. therein); su-
persymmetry [9–13]; supergravity [14–16]; supersymmetric quantum mechanics [17–21], spontaneous compactification
of extra dimensions [22], twistor approach in supersymmetric theory of particles [23–25], strings [26] and branes [27,28].
Volkov’s scientific school members also played an important role in the above-mentioned works, but, of course, he himself
set the tone for the research.

Among the above-mentioned scientific inventions of D.V. Volkov, perhaps the main one is the discovery and develop-
ment of Supersymmetry – a symmetry of a new type, unifying in supermultiplets particles of the same quantum numbers,
but different statistics. In the end of 60th it was already known that a non-trivial unification of space-time symmetries
with gauge symmetries is forbidden within the formalism of the standard quantum field theory [29, 30]. Supersymmetry
(the historical retrospective of the discovery and development of supersymmetry is given in [31]) was one of the tools that
allowed to overcome this obstacle, which finally led to the appearance of supergravity as a unified theory of space-time
and internal (gauge) symmetries. Being a part (to be precise, a low-energy limit) of string theory, the development of su-
pergravity made it possible to take a different look at the Dual Models of strong interactions, and to make two superstring
revolutions on their basis (see [32] for a brief review). At present string theory, transformed into M-theory, is considered
the most probable candidate for building a unified theory of all fundamental interactions. Although, certainly, the program
of construction of the Theory of Everything is still far from its final completion.

It is usually accepted to consider that supersymmetry, growing from particle physics, has a relation to (ultra)high
energies, beyond the reachable energies of modern particle colliders. Indeed, the renormalizability property of supersym-
metric theories immediately attracted the attention of theorists in the field of high energy physics. But the absence of
experimental evidence of supersymmetry on the LHC energy scale clearly indicates a strong violation of supersymmetry.
The idea about spontaneous supersymmetry breaking on scales of TeVs is not new. In order to investigate the properties
of the supersymmetric vacuum and spontaneous supersymmetry breaking Witten [18, 19] initiated the development of
supersymmetric quantum mechanics [17], which was a significant step for the application of supersymmetry in low- and
medium-energy physics.

Nowadays Supersymmetry [9–13] plays an important role not only in the world of elementary particle physics,
but also in nuclear, solid states and condensed matter physics, quantum mechanics, quantum optics and many other
areas of contemporary physics. In this brief review we are aimed at pointing out some features of supersymmetry in
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the description of various physical systems, which favourably distinguish this approach from the conventional ones. To
recap supersymmetric quantum mechanics (SQM), the approach we promote to describe quantum objects, in Section
2 we recall main points of the construction of isospectral quantum-mechanical Hamiltonians within the standard and
extended schemes. In Section 3 we give examples of models from different areas of physics in which supersymmetry is
hidden. On the contrary, in Section 4 we consider the situation with exact supersymmetry of stationary Hamiltonians and
outcomes arising therefrom. The recently obtained non-trivial connection of CPT-invariant stationary and PT-invariant
non-stationary supersymmetric Hamiltonians is discussed in Section 5. Application of the SQM technique for open
quantum systems with mixed states and the Lindbladian dynamics of the density matrix is the subject of Section 6.
Conclusions contain a brief discussion on the results and further directions of studies.

2. A BRIEF RECAP OF SUPERSYMMETRIC QUANTUM MECHANICS
Let’s refine main steps in constructing supersymmetric Hamiltonians. We can follow the factorization method pro-

posed by Dirac and Schrödinger in the mid of 20th of the last century. For the sake of simplicity, we will apply the
Dirac-Schrödinger formalism to one-dimensional stationary Hamiltonians, when generally the Hamiltonian operator is
presented by

H0 � �
d
2

dx2
� V0 �x� . (1)

According to the formalism, one presents the initial Hamiltonian (1) as

H0 � A
†
A � ϵ, (2)

with an analog of the creation/annihilation operators

A �
d

dx
� β �x� , A

†
� �

d

dx
� β �x� . (3)

The unknown function β�x�, entering eq. (3), can be found from the Riccati equation

�
d

dx
β �x� � β2 �x� � V0 �x� � ϵ. (4)

Though this construction is general, and can be applied to any quantum-mechanical Hamiltonian, the general solution to
the Riccati equation is absent in the analytic form. Put it differently, one cannot resolve eq. (4) for an arbitrary potential
V0�x�, as well as the Schrodinger equation with Hamiltonian (1).

However, there is a set of quantum-mechanical potentials, for which the exact solutions to the Riccati equation exist.
These potentials are referred to as exactly-solvable potentials of Quantum Mechanics (QM). And in this case, we can
apply the factorization scheme and determine the operators (3) and the factorization energy ϵ explicitly [33].

But it is not the end of the story. In 1984 Mielnik [34] proposed the way of constructing a new Hamiltonian from the
original one, if a particular solution to the Riccati equation has known (see [35]). If we denote this particular solution as
β0�x�, then the new Hamiltonian will receive the structure of

H1 � AA
†
� ϵ � �

d
2

dx2
� V1�x� (5)

with the new potential

V1 �x� � V0 �x� � 2
d

dx
β0�x�. (6)

The new potential can be absolutely different in shape. However, the spectra of Hamiltonians H0 and H1 turn out to be
related to each other via the so-called intertwining relations:

H1A � AH0, H0A
†
� A

†
H1. (7)

When the starting Hamiltonian H0 is an exactly-solvable one, we can choose

β0 � �
φ
¬

ϵ�x�
φϵ�x� , (8)

and the still arbitrary factorization energy ϵ becomes a part of the spectrum of one of the paired Hamiltonians. Specifically,
as ϵ $ E0 (where E0 is the ground state energy of H0), the factorization energy is the ground state energy of the new
Hamiltonian H1. As a result, the intertwined Hamiltonians H0 and H1 are (almost) isospectral; their spectra are different
just in the ground energy state (see Figure 1).
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implies

H(1)(A† (2)
n ) = A†AA† (2)

n = E(2)
n (A† (2)

n ) (2.14)

Equations (2.12) and (2.14) show that A† (2)
n is an eigenstate of H(1) and A 

(1)
n is an

eigenstate of H(2) respectively. Using this result and equations (2.11)-(2.14) it is now

possible to include the case n = 0 with E
(1)
n = 0 and formulate the relations between the

two Hamiltonians for n = 0,1,2,...

E(2)
n = E

(1)
n+1, E

(1)
0 = 0, (2.15)

 (2)
n =

⇣
E

(1)
n+1

⌘� 1
2
A 

(1)
n+1, (2.16)

 
(1)
n+1 =

�
E(2)

n

�� 1
2 A† (2)

n , (2.17)

where the normalization constants can be gained from the norm of the eigenfunctions, for
example

||A (1)
n+1||2 = h (1)

n+1|A†A| (1)
n+1i = h (1)

n+1|H(1)| (1)
n+1i = E

(1)
n+1. (2.18)

The relations

AH(1) = AA†A = H(2)A and H(1)A† = A†AA† = A†H(2) (2.19)

which are used for the calculations of the eigenvalues above are called intertwining re-
lations. This way of expressing the connection between the Hamiltonians is used in the
two-dimensional treatment which is described later.

Equation (2.15) shows that the energy spectra of both Hamiltonians are nearly exactly
the same, the only di↵erence is an additional ground state of H(1). The operators A and
A† are used to switch between the two systems. A maps the eigenfunction of H(1) to
the partner system and destroys one node of the eigenfunction. Vice versa A† maps an
eigenfunction of H(2) to the system of H(1) and creates an additional node. This makes it
possible to determine all eigenfunctions and energy eigenvalues of the second system when
the first system is known. This works vice versa except for the ground state wave function
of H(1). The energy spectra and the mapping are illustrated in figure 1

A†

A

H(2)H(1)

E

Figure 1: Scheme of the energy spectra of two supersymmetric partner Hamiltonians and
their connection via the operators A and A†.

8

Fgure 1. Schematic spectra of two intertwined Hamiltonians related by (7). Here H
�1�

� H1, H�2�
� H0.

So far, we did not even mention Supersymmetry. However, there is a very close connection [18,36] between operators
A and A† of (3) and the so-called supercharges Q and Q† forming the part of the minimal Supersymmetry algebra:1

tQ,Q†z � H. (9)

Then, the paired from the point of view of relations (7) Hamiltonians form the so-called supermultiplet. Since properties
of a (super)multiplet members have to be the same, it is not surprising that the spectra of the Hamiltonians-superpartners
are (almost) the same. It is important to note, the difference in the spectra of the superpartner Hamiltonians in the
ground state signals the exact supersymmetry. Restoring the complete equivalence between two spectra corresponds to
the supersymmetry breaking [18].

One may wonder, does the presence of Supersymmetry turn out to be so important? We know that experimentally
Supersymmetry is still a hidden symmetry of the Nature. However, the fact of absence of superpartners in the realm of par-
ticle physics tells us, first of all, about the breaking the Supersymmetry on the LHS action scale. So that, Supersymmetry
(SUSY) may be hidden, and this fact can be illustrated by several examples.

3. SYSTEMS WITH HIDDEN SUSY
First example of hidden isospectrality is borrowed from gravitational physics. It is well known that gravitational

waves are spin-2 fluctuations over a gravitational background. If, for simplicity, the non-trivial background is chosen to
be that of a Schwarzschild black hole, it is determined by the so-called red-shift factor f�r�. In the linear approximation,
dynamics of spin-2 fluctuations hs over the Schwarzschild gravitational background is determined by a Schrödinger-type
equation [37, 38]

� ∂2
∂r2�

� ω
2
� Vs�r��hs � 0 (10)

with the Wheeler coordinate r� " ���,���; s � �2. The effective potential of the axial perturbations over the
background metric (linearly polarized gravitational waves) comes as follows:

V�2 �r� � �3f �r� ∂rf �r�
r � l�l � 1�f�r�

r2
. (11)

For the circularly polarized gravitational waves the effective potential becomes

V�2 �r� � 2f�r�
r3

9M
3
� 3c

2
Mr

2
� c

2 �1 � c� r3 � 9M
2
cr

�3M � cr�2 , c �
l�l � 1�

2
� 1. (12)

Apparently, in eqs. (11)-(12) l are integers, starting from l � 2.
If we insert into eqs. (11) and (12) the red-shift factor for the Schwarzschild black hole, f �r� � 1 � r�©r, we

encounter the difference between the effective potentials from (11) and (12). However, the effective Hamiltonians are
(almost) isospectral, that can be find from the analysis of the effective potential shapes. (See Figure 2.) There are a lot of
debates on the origin of such an isospectrality. It is shown for simple backgrounds [40]; for more exotic configuration of
gravitational field the approach fails [41].

Another example of dealing with physical systems with hidden SUSY comes from Quantum Optics. Quantum
Optics by itself describes the natural interaction of bosonic (photons) and fermionic (electrons) subsystems of a medium.
In the space of parameters of the light-matter interaction it may arise the Bose/Fermi Duality, that transforms, under some

1We will return to the specifics of Supersymmetric Quantum Mechanics in Section 4 in more detail.
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V+2Hl=2L V-2Hl=2L V+2Hl=3L
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Fgure 2. The shapes of effective potentials for axial and polar spin-2 perturbations over the Schwarzschild background. Borrowed
from Ref. [39].

specific conditions, into SUSY [42]. Following [42], let’s consider the generalized Rabi model, which is determined by
the following Hamiltonian describing a 2-level system interacting with a monochromatic wave:

H � �hωa†
a �

∆

2
σz � g1 �a†

σ� � aσ�� � g2 �a†
σ� � aσ�� . (13)

In (13), ∆ is the levels gap; ω is the boson field frequency; a† and a are the bosonic ladder operators; and, finally, g1,2 are
arbitrary constants of the light-matter interaction.

In framework of Quantum Optics, the generalized model with Hamiltonian (12) describes the dipole interaction
of a monochromatic wave with the bi-level emitter. In the limit of zero-valued constants of interaction, the considered
generalized model turns into the Jaynes-Cummings model. When two constants are the same, we get the Rabi model. If
one of the interaction constants is small (say, g2 � 0), the near-resonant consideration (at ω � ∆) corresponds to the
rotating-wave approximation (RWA). In the strong interaction constants regime both interaction terms (co- and contra-
rotating) should be taken into account.

As it has been proved in [42], SUSY is a symmetry of the generalized Rabi model under the following condition:

g
2
1 � g

2
2 � ∆ � ω. (14)

Then, the supercharge is realized by 4 � 4 matrix

Q � �0 q̂
0 0


 , q̂ � �g1©Óω Ó
ω aÓ

ω a g2©Óω
 . (15)

As usual for SUSY (cf. eq. (9)), tQ,Q†z � H. (16)

For g1 � g2, SUSY is realized with ∆ � 0. And Hamiltonian (12) turns into the standard Harmonic Oscillator with a
shift.

The next example comes from Condensed Matter Physics. It turns out that SUSY is a hidden symmetry in a topo-
logical insulator with Josephson junctions [43]. Such a system can be described by the Bogoliubov-de Gennes equations,
which, after the appropriate simplifications (see [43] for details), can be reduced to the system of differential equations
(here and in what follows we use ∂x � d©dx and ∂2x � d

2©dx2)

�E � iv∂x� f�x� �∆�x�ϕ�x� � 0,

�E � iv∂x�φ�x� �∆
��x�f�x� � 0.

(17)

In (17), E is the energy of moving with the velocity v in the positive x direction spinning mode; ∆�x� is the com-
plex energy gap. It is easy to transform this system of equations in the equation of Witten’s Supersymmetric Quantum
Mechanics [18]

E
2
ψ �x� � ��v2∂2x � Ŵ 2�x� � ivσz ∂Ŵ �x�

∂x

ψ�x�, σz � � 1 0

0 �1

 , (18)



8
EEJP. 2 (2025) V.P. Berezovoj, et al.

where ψ�x� is the spinning mode state

ψ �x� � �f�x�
φ�x�
 (19)

and the superpotential Ŵ �x� is given by

Ŵ �x� � � 0 ∆�x�
∆
��x� 0


 . (20)

This series of examples could be continued by notable systems with hidden SUSY in Quantum Mechanics [44], nuclear
physics [45] and mesoscopy [46].

4. EXACTLY-SOLVABLE MODELS OF SQM WITH MULTI-WELL POTENTIALS
In this part of the review, we will focus on the supersymmetric generalization of the Mielnik [34] construction and

its extension to N=4 Supersymmetric Quantum Mechanics [47–49].
First of all, let’s describe the technique behind the deformation of the potential shape. Looking at Figure 1, one may

notice that the original and the paired Hamiltonians are different in spectra by just one level. And if this new additional
level has the energy less than the ground state energy of the original Hamiltonian, it defines the vacuum state of the
paired Hamiltonian with new potential (6). To keep the coincident part of the both Hamiltonians spectra, the shape of
the new potential shall be changed. The level of deformation depends on the interplay between the unfixed parameters
that naturally arise in this scheme upon the definition of new, non-normalized, wave function φϵ�x�, corresponding to the
new ground state with the factorization energy ϵ. For instance, the Harmonic Oscillator potential describes the system
with one potential well; its deformation may potentially form another well. So that, by controlled adding an additional
level, we are able to get the (almost) isospectral quantum mechanical system with two-well potential. However, the clear
impact of Quantum Mechanics in this case will consists in possible tunneling effects between the wells of the paired to
the Harmonic Oscillator potential. Further, by adding a new level, lower than the ground level of the Hamiltonian H1,
one can form another, paired to H1, Hamiltonian H2 with another potential, the shape of which will be different from the
potential V1. Here, the interplay between parameters of the solutions may result as in a two-well as well as in a three-well
potential of different (symmetric or asymmetric) shapes. In the latter case, one is able to study more complex tunneling
effects that provides a lot of possibilities to control quantum-mechanical processes.

Let us to be more specific and to consider the appearance of the controlling parameters from logic of the construction
of supersymmetric Hamiltonians.

Consider to this end the factorization of a static 1D HamiltonianH� � �∂
2
x�V��x� by two operators (supercharges)

Q
†, Q (analogs of operators A and A† in Section 2):

H� � Q
†
Q, Q

†
� �∂x �

1

2
∂xW �x�, Q � ∂x �

1

2
∂xW �x�. (21)

The superpotential W �x� [18] (analog of the function β�x� of Section 2) is determined from the Riccati equation

�1
2
∂xW �x�
2 � 1

2
∂
2
xW �x� � V��x�, (22)

where V� is the potential of the paired toH� HamiltonianH� � �∂
2
x�V��x� � QQ†. The isospectrality of Hamiltonians

H� is realized modulo theH� ground state (the spectrum of theH� Hamiltonian begins with the first excited level ofH�)

Ψ0�x� � N0 e
�

1
2
W �x�

, E0 � 0. (23)

Note, that the zero energy value in the ground state of the initial Hamiltonian is the hallmark of supersymmetry: any
of supersymmetric models have a non-negative energy. And if two paired by the supercharges Hamiltonians have the
spectrums different just by the ground state, the supersymmetry is exact.

Now, let’s figure out the appearance of a free additional parameter in the approach. Suppose to this end, there exists
the factorization of H� by other supercharges

H� � Q̃Q̃
†
, Q̃ � ∂x � f�x�, Q̃

†
� �∂x � f�x�. (24)

From H� � �∂
2
x � V��x� it comes

f
2�x� � ∂xf�x� � �1

2
∂xW �x�
2 � 1

2
∂
2
xW �x�.
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And if W �x� is known, f�x� is determined by [34, 35]

f�x� � 1

2
∂xW �x� � e

�W �x�

λ � D�x dz e�W �z�
�

1

2
∂xW �x� � ϕ�x�, (25)

with ϕ�x� to be a general solution, with an integration constant λ, to the equation

∂xϕ�x� � ϕ2�x� � ϕ�x�∂xW �x� � 0. (26)

What will happen when we will construct the Hamiltonian H̃� � Q̃
†
Q̃? Explicitly,

H̃� � Q̃
†
Q̃ � �∂

2
x � V� � 2∂xϕ�x�, ϕ�x� � e

�W �x�

λ � D�x dz e�W �z�
, (27)

and we have constructed the new potential
Ṽ� � V� � 2∂xϕ�x�. (28)

Apparently, H̃� j H� since the potential Ṽ� in no way equal to the potential V�. However, the spectra of H̃� and H� are
the same modulo the ground state.

Indeed, by construction, the Hamiltonians H� and H̃� becomes (almost) isospectral, via their parent Hamiltonian
H�. Definitely, one can write

H̃�Q̃
†
� �Q̃†

Q̃� Q̃†
� Q̃

† �Q̃Q̃†� � Q̃†
H�, (29)

and this relation is similar to the one of intertwining relations (7). According to (29), the eigenstates of H̃� are determined
by ¶ψ̃���

i � � Q̃
†¶ψ���

i �, where ¶ψ���
i � are the eigenstates of H�. So that, the energies (eigenvalues of H̃�) will be given

by Ei, i � 1, . . . , N (in the case of finite dimensional and discrete spectrum). However, the ground state Q̃¶ψ̃���
0 � � 0

is absent in the spectrum of H̃� and has to be added by hands [34]. In the coordinate representation, the corresponding
wave function Ψ̃0 is

Ψ̃0 � Ñ0 e
�

1
2
W �x�

e
D
x

0 dz ϕ�z�
. (30)

One may straightforwardly check that H̃�Ψ̃0 � 0. So that the spectra (eigenvalues) of H̃� and H� become identical after
adding the ground state Ψ̃0.

The appearance of the integration constant λ in the potential Ṽ� and in the ground state wave function Ψ̃0 becomes
important for engineering the potential shape. Indeed, by developing the above-mentioned method in the framework
of N=4 SQM, we can use both the ground state wave function and the whole spectrum of states in the construction of
isospectral Hamiltonians. Moreover, we can use for this purpose even non-normalized wave functions of the starting
Hamiltonian, which will correspond to addition of new levels with energies smaller than the ground state energy in the
starting Hamiltonian spectrum. (See [50–52] for details.) This leads to a change of ϕ�x�, and hence of the integration
constant λ in (27). Different values of λ define different shapes of the potential: one-well or multi-well, symmetric or
asymmetric with respect to the reflection operation. All these properties provide ample opportunities to study quantum
mechanical processes and even to control them [50–52].

As an example of such controlling let us present results of modelling a wave package behavior in a symmetric
and a non-symmetric two-well potentials for isospectal Hamiltonians, Figure 3 and Figure 4. Due to the difference in
probabilities of the ground and first and second excitation levels in different wells of symmetric and asymmetric potentials,
the probability flow of wave packages prepared with the corresponding energies essentially varies. It models the behavior
of a quantum diode.

When the number of wells in the isospectral Hamiltonian potential becomes equal to three, the situation becomes
more complicated. Here, with tunneling process, one can model properties of a quantum transistor, with different values
of “current” flow in different wells, see Figure 5.

One can generalized the description with adding the temporal dependence. For instance, it could be an external
periodic driving force that, in real devices, is reproduced by a laser EM field. The interplay of parameters in the extended
by the external field frequency set allows one to reach the phenomenon of the so-called Coherent Tunneling Destruction
(CTD) [53], when without changing the quantum character of the system it becomes possible to localize the initial wave
packet in one of the wells. As an illustration of the CTD, in Figure 6 we present the data of numerical simulations
borrowed from Ref. [52].

Hence, the formalism of Supersymmetric Quantum Mechanics turns out to be helpful in modelling different pro-
cesses such as tunneling, particles flow, diffusion and so on, in the controllable manner. The latter is achieved by the
exactly-solvable character of the models in hands, when the Green’s functions are constructed out the explicitly known
analytic expressions for the wave functions. Thus, evolution in such systems becomes, if not deterministic, then very
predictable.
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Fgure 3. The wave functions of the first three levels in different wells of a symmetric two-well potential; numeration starts with the
ground level. See Ref. [52] for details.

Fgure 4. The wave functions of the first three levels in different wells of an asymmetric two-well potential. See Ref. [52] for details.

5. CPT/PT-INVARIANT HAMILTONIANS CORRESPONDENCE
As we have noted in Section 2, the spectra of paired Hamiltonians are connected by the intertwining relations (7).

Their role becomes even more important for non-stationary Supersymmetric Quantum Mechanics, as well as in the case
of quantum description of open systems. The following section is devoted to the supersymmetric Lindbladian dynamics.
Here we focus on a non-trivial correspondence between CPT and PT invariant models.

First, let’s recall the generalization of the intertwining relations (29) to the non-stationary SQM:

�i∂t �H�� Q̃ � Q̃ �i∂t � H̃�� . (31)

H� is the paired to H� and H̃� Hamiltonian (cf. Section 4). For the non-stationary case, H� becomes the part of the
complete Schrödinger operator acting on a time-dependent wave function

�H� � i∂t�ψ����x, t� � 0, H� � �∂
2
x � V��x, t�. (32)

In the general case, the potential V� also depends on the time parameter. The way ofH� factorization is implemented as in
eq. (21),H� � Q

†
Q, but superchargesQ andQ† now include a time-dependent superpotentialW �x, t�. The Hamiltonian

H� is realized as H� � QQ
†.

Just as before (cf. equation (24)), we will require another factorization of H� in terms of Q̃ and Q̃† supercharges,
which, as now required, must be [54–58]

Q̃ � l�t� �∂x � f�x, t�� , f�x, t� � 1

2
∂xW �x, t� � ϕ�x, t�. (33)

The functions l�t� and ϕ�x, t� are generally complex-valued functions, and this fact will be important in what follows.
And the use of the intertwining relation (31) makes it possible to derive the relation [54, 55] between the new and the old
potentials,

Ṽ��x, t� � V��x, t� � 2∂xϕ�x, t� � i∂t ln l�t�. (34)

The function ϕ�x, t� is restricted to satisfy

∂x �f2�x, t� � ∂xf�x, t� � Ṽ��x, t�� � i∂tf�x, t� � 0, (35)
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Fgure 5. The wave functions of the first three levels in different wells of an asymmetric three-well potential. See Ref. [52] for details.

a)
b)

Figure 10: Evolution of the Gaussian wave packet �(x, t) in the external periodic driving force:
a) for the symmetric two-well potential with the initial tunnel doublet W = 0.02; R = 0.75,
x0 = 1.525; b) for the asymmetric potential with W = 0.02 and ⇤ = 0.5; R = 0.75, x0 = 1.607.

within the initial local minima. There is a difference in localization for asymmetric potentials,
since it is provided by a particular localization from the unperturbed case and by the tunneling
suppression due to quasi-crossing of the lowest Floquet levels upon turning on the periodic
driving. In the symmetric case localization is provided by crossing the Floquet levels of the
periodically-driven Hamiltonian [24]. One may identify a small fracture of the wave packet in
the left part of Fig.10a, related to the contribution of higher states.

6 Summary and Conclusions

Studies of the tunneling dynamics by use of exactly-solvable models with multi-well potentials
is one of examples of the so-called quantum-mechanical engineering. Variations of the reviewed
model parameters (value of energies of added states, deformation parameters etc.) allows one to
investigate features of the tunneling processes in systems with different number of local minima,
and to control the change of their specific parameters (the minima depth, the barriers width, the
deformation degree). Recall that the asymptotic behavior of the considered here potentials does
not change upon altering the amount of the local minima; models with the phenomenological
type potentials do not share such a hallmark. This fact might be crucial in studies of the Bose-
condensate dynamics of atoms in the Pauli-type traps with several local minima in their central

24

Fgure 6. Numerical simulation of evolution of the Gaussian wave packet Φ�x, T � in the external periodic driving force. We refer the
reader to [52] for details.

and, if we will require the real-valued spectrum of H̃�, the following constraints should hold:

∂t ln ¶l�t�¶2 � �4∂x �Imϕ�x, t�� � ∂
2
x �Imϕ�x, t�� � 0. (36)

From the relations (36) it becomes clear that for a non-trivial l�t� it is required a complex-valued function ϕ�x, t�.
Now let us associate the stationary Hamiltonian (27) with its time-dependent cousin. Recall, we have an arbitrary

integration constant λ in the construction of H̃� (cf. eqs. (27)). However, changing the λ does not affect the spectrum,
affecting the potential and wave functions instead. Therefore, we can instantly change the λ in its value, within its range,
determined by relation

λ � E
�

x
dz e

�W �x�
j 0, (37)

and still have the steady spectrum. Hence, we can relate any instant λ changing to some unique value of the time parameter.
Smooth changes will form a function of time λ�t� after that [59].

The so introduced time-dependence of λ induces the time-dependence of ϕ�x� function of (25) (see [59]):

ϕ�x, t� � e
�W �x�

λ�t� � D�x dz e�W �z�
. (38)

Then, the time dependence of the H̃� ground state wave function,

Ψ̃0�x, t� � Ñ0e
�

1
2
W �x�

e
D
x

0 dz ϕ�z,t�
, (39)

can be treated as a time-dependent geometric phase, i.e.,

Ψ̃0�x, t� � Ñ0e
�

1
2
W �x�

e
iΦ�x,t�

, iΦ�x, t� � E x

0
dz ϕ�z, t�. (40)
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Wave functions with time-dependent geometric phase naturally appear in quantum systems with time-dependent boundary
conditions. (See, e.g., Ref. [60].) And interesting consequence of introducing time-dependent boundary conditions is
introducing the field-compensator in time direction (a vector field with one non-trivial component, to make the formalism
close to the standard theory of gauge fields).

To find the Hamiltonian H̃� paired to a stationary Hamiltonian H�,

�H� � i∂t�ψ�x, t� � 0, H� � �∂
2
x � V��x�, (41)

with the stationary wave functions ψ�x, t� � e
�iεt

ψε�x� and independent on time potential V��x� in the situation with
time-dependent integration function λ�t�, one needs to form an analog of the covariant derivative in time direction: Dt �

∂t �At. Then, the non-stationary Hamiltonian H̃� obeys the complete Schrödinger equation [59]

�H̃� � iDt�Ψ�x, t� � 0, H̃� � �∂
2
x � Ṽ��x, t�, (42)

and two (almost)isospectral potentials V��x� and Ṽ��x, t� are related to each other as

Ṽ��x, t� � V��x� � 2∂xϕ�x, t� � i∂tλ

λ�t� � D�x dz ¶Ψ0�z�¶2 . (43)

The compensator field is given by

At�t� � ∂tλ�t�
λ�t� � D�x dz ¶Ψ0�z�¶2 , (44)

so that the paired non-stationary Hamiltonian H̃� becomes complex-valued! In general, the Hermitian condition is not
preserved, the energy is not conserved, so that such a Hamiltonian may be used for the description of either an open system
or a system with dissipation. (See [59] for a brief discussion on possible applications of complex-valued non-stationary
Hamiltonians, and Appendix therein.)

It is important to note that dealing with a real-valued potential to get real-valued eigenvalues of the Hamiltonian
is an excess requirement [61–63]. Instead, one may consider complex-valued Hamiltonians with real spectrum, which
after [62, 63] are called as PT-invariant Hamiltonians. The requirement to have a real-valued potential Ṽ��x, t� leads to
the following relation between the function ϕ�x, t� and the “compensator” field:

ReAt�x, t� � 2∂x �Imϕ�x, t�� . (45)

Hence, in the case of PT-invariant Hamiltonians, ϕ�x, t� should be complex-valued to supply the non-triviality of the
compensator At�x, t�. This requirement essentially narrows the class of physical systems to describe. More on the
application of complex-valued potentials with complex-valued spectra can be found in Ref. [64].

6. SUPERSYMMETRIC QUANTUM MECHANICS FOR OPEN SYSTEMS
As we have noted in previous sections, the spectra of paired Hamiltonians and their potentials are connected by the

intertwining relations (7), (29), (31). They become main relations for the developed in [54–58] non-stationary SQM, as
well as in the polynomial (nonlinear, higher derivative) formulation of Supersymmetric Quantum Mechanics [65–68].
The latter approach has been used in extending the SQM to the description of open systems with exchanging the energy
with the environment. We have noted that complex-valued Hamiltonians can be potentially used to this end. The gold
standard in the description of open quantum systems is the application of the Franke-Gorini-Kossakowski-Lindblad-
Sudarshan [69–72] (FGKLS) equation. The supersymmetrization of the FGKLS equation was considered in Ref. [73],
and here we closely follow this approach.

The quantum states of an open system are mixed. Thus, one needs to use the density matrix formalism, in which the
density matrix operator of a sub-system evolves according to

∂ρ

∂t
� �i �Heff ρ � ρH

†
eff� � L�ρ�. (46)

Here Heff is the effective Hamiltonian (which is not Hermitian in the case), and L�ρ� is the so-called Lindbladian

L�ρ� �=
j

�AjρA
†
j �

1

2
�ρ,A†

jAj�
 . (47)

The Aj operators are unspecified, and they may be used to model the influence of the measurement devices on a quantum
system. The Lindbladian operator is introduced to evolve pure states into mixed states. So that Aj operators are naturally
restricted to provide increasing the entropy

S � Tr ��ρ log ρ� (48)
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upon the evolution of the system.
To construct the supersymmetric version of the FGKLS equation (46), let’s introduce the supermultiplet of two

paired Hamiltonians

H � � H� 0
0 H�


 � � �∂
2
x � V��x� 0

0 �∂
2
x � V��x� 
 . (49)

Following [73] we suppose the super-Hamiltonian to be independent on time.
Isospectrality of H� and H� follows from the intertwining relations (7) (replacing �H0, H1� with �H�, H��, re-

spectively)
AH� � H�A, H�A

†
� A

†
H�. (50)

The supercharges Q and Q† are constructed out the A, A† operators:

Q � � 0 A
†

0 0

 , Q

†
� � 0 0

A 0

 . (51)

Then, the intertwining relations (50) reflect the conservation of supercharges during the evolution of the system:

�H, Q� � �H, Q†� � 0. (52)

The full superalgebra is closed by adding the following anti-commutator of supercharges,

rQ,Q†x � P�H�, (53)

where, in dependence on the realization of A and A† by first or higher order derivative operators, P�H� is a linear or
polynomial function of the super-Hamiltonian, respectively. (See [73] and Refs. therein for details.)

Similarly to the super-Hamiltonian H we can introduce the super-density matrix

P � � ρ� 0
0 ρ�


 . (54)

Then, the Schrödinger-Liouville equation (for L�P� � 0) is

∂

∂t
P � �i�H,P�, (55)

and we have to find the analog of intertwining relations (50) for super-partners ρ� and ρ�. We can use the standard
definition of the mean value to this end. For the super-Hamiltonian it becomes

�P�H�� � Tr �P�H�P� � Tr �ÕP�H�PÕ
P�H�	 � Tr�QPQ

†
�Q

†
PQ�, (56)

and the proposed by the authors of Ref. [73] intertwining relations are

Q
†
P

Õ
P�H� � Õ

P�H�PQ
†
, QP

†
Õ
P�H� � Õ

P�H�P†
Q. (57)

Analogous relations can be used for the Lindbladian operator with generally non-Hermitian Aj . For the super-density
matrix the Hermiticity condition still holds: P � P

†.
The generalization of (47) to the SQM is apparent: we have to introduce

Aj � � Aj� 0
0 Aj�


 (58)

and to form, by use of (54) and (58), the super-Lindbladian operator. The intertwining relations for linear and quadratic
in Aj combinations (cf. (57)) are:

Q
†
Aj

Õ
P�H� � Õ

P�H�Aj Q
†
, QA

†
Õ
P�H� � Õ

P�H�A†
Q, (59)

Q
† =

j

A
†
jAj

Õ
P�H� � Õ

P�H� =
j

A
†
jAj Q

†
, Q =

j

A
†
jA

Õ
P�H� � Õ

P�H� =
j

A
†
jAQ. (60)

Examples of the application of the formalism can be found in Ref. [73].
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7. CONCLUSIONS
In conclusion, let us recall the main advantages of Supersymmetry that make this approach preferable to others.
First, as it has been pointed out in one of the underlying work on Supersymmetry [15], supersymmetric models are

super-renormalizable ones: the UV divergency problem, actual for standard field theories including the Standard Model,
is completely absent for them. Unfortunately, our Universe is not supersymmetric; but this fact is about the energy scale
on which SUSY is broken.

Second, application of Supersymmetry as a tool to investigate various physical models in different regimes and on
different energy scales has shown its self-consistency and efficiency. We can just cite a few quotes from the modern
literature in favor of this claim. For instance, the authors of Ref. [42] write: “ . . . optical and condensed matter systems
at the SUSY points can be used for quantum information technology and can open an avenue for quantum simulation of
the SUSY field theories.” In Ref. [74] one can read off: “ . . . the atomic nucleus 195Pt represents an excellent example
of the dynamical U(6/12) supersymmetry. . . . certainly the best documented example of the manifestation of dynamical
supersymmetry in atomic nuclei.” As it comes from reading Ref. [75], the potential of supersymmetry has not yet been
definitively revealed, since the author “. . . brings the attention to the role of supersymmetry in quantum computation and
quantum information more broadly, a subject much underexplored.” Furthermore, in our studies [50–52] we have noticed
the advantages of using the SQM approach, such as full knowledge of the spectrum and explicit analytical expressions for
the wave functions, which makes studies of the evolution of quantum systems simple and straightforward, via the exact
Green’s function. The Coherent Tunneling Destruction and other tunneling effects in multi-well potentials require within
the SQM approach a finite number of states (of the order of ten), while the same numerical simulation for potentials
constructed by stitching a harmonic oscillator potential requires consideration of hundreds of states.

And finally, here we have shown the perspectives of applying the SQM formalism in studying quantum sytems.
Especially in cases closer to the real world [73]. Recently, we have extended the approach to include the temporal
dependence into the game [59], that made it possible to relate CPT-invariant stationary Hamiltonians to their PT-invariant
non-stationary partners. It opens new avenues in investigations of quantum-mechanical models with complex-valued
potentials, having more reach structure of physical phenomena, and being applicable to an essentially wide class of
physical systems, including open systems. We expect new non-trivial results along the way and will strive to contribute to
exciting intertwining Supersymmetry with quantum realm.
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Global efforts towards decarbonization are intensifying, but the transition to a green economy comes at a high cost, which some estimate 
to amount to approximately $3.5 trillion dollars annual investment, most of which is upfront. This puts a strain on developing economies 
that possess fossil natural resources, because in giving them up they become increasingly dependent on imported energy, which comes at 
a high cost, in addition to costs incurred by their efforts to shift to renewable energy sources.  Nuclear technology produces dispatchable 
and uninterrupted hydrogen, heat and electricity that can cover the requirements for base load, and interest in its adoption is rising. Small 
modular reactors (SMR) offer a number of advantages, particularly for countries with limited nuclear expertise. Here we briefly assess the 
present state of SMR systems and consider their advantages and disadvantages with focus on their potential adoption in Greece. The review 
discusses the history, present state and the possible future of including SMRs in the emerging Greek energy mix. 
Keywords: Small Modular Reactor; Nuclear Energy; Thorium 
PACS: 28.41.Bm, 28.50.Dr, 29.25.Dz, 

1. INTRODUCTION
Following the devastating consequences of its first use in Hiroshima and Nagasaki, and its associated potential for 

military uses, the first Atomic Era, in which nuclear power was to be deployed for civil purposes, such as the generation 
of cheap and ample energy, was marked by the 1946 Atomic Energy Act and reinforced in the context of the Atoms for 
Peace program in 1954. Since 1951, when the Experimental Breeder Reactor 1 (EBR-1) was used to generate electricity, 
and until August 2023, the International Atomic Energy Agency (IAEA) reports 410 nuclear power reactors in operation 
in 31 countries and 57 under construction [1]. We are now witnessing the beginnings of a second atomic era, hallmarked 
by small modular reactors (SMRs), where nuclear power is more closely associated with critical and emerging 
technologies and the fourth industrial revolution, and, moreover, the energy demanding fifth industrial revolution [2]. 

According to the World Nuclear Association [3] about 30 countries, ranging from developing nations to sophisticated 
economies, are considering, planning, or starting nuclear power programs. It is expected that industrialization and 
urbanization will grow substantially, especially in developing countries, forcing them to compete in order to gain access to 
cheap, abundant and ‘green’ energy afforded by nuclear technology, while having limited or no nuclear expertise of their 
own. The capacity of the grid, the population of the skilled workforce to operate such technology, and the standard of 
infrastructure to support the nuclear supply chain are all contributing factors that will determine which of the developing 
countries that are interested in nuclear power are more likely to receive design licensing and expertise from nuclear developed 
nations, in order to realize their aspirations. Given the nonproliferation and safety concerns that nuclear technology raises, 
an additional factor is the political and social stability of a country and its adherence with international rules and policy.  

Greece is classified as a High-Income Country (HIC), the second largest in the Balkans and 53rd in the world, based 
on gross national income, according to World Bank 2022 data. It has Uranium and Thorium deposits, and construction 
and manufacturing industries that, with appropriate adjustment, could evolve into nuclear reactor component 
manufacturing. Also, it has a well-established education system that produces professionals in various fields relevant to 
nuclear energy, including engineering (across the full spectrum of electrical, mechanical, civil, chemical, but as yet not 
nuclear engineering per se), computer science, materials, environmental science and so on. The Greek grid has been 
undergoing substantial expansion in order to accommodate increasing numbers of renewable energy sources, and using 
this experience, it is well positioned to undergo further expansion, in order to be able to accommodate nuclear energy 
sources. Moreover, though in a dire state at the time, Greece strived to participate in the first atomic era, and at some 
point, developed expertise and possessed human capital that could be used to drive its participation to the second atomic 
era marked by SMRs. 

We argue that the adoption of nuclear energy through SMRs in Greece could transform its industrial (and hence 
economic) development, open opportunities for its participation in the global nuclear supply chain, and enable its 
contribution to the global decarbonization effort. As Greece is representative of a class of similar countries (in terms of 
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economic growth, grid condition, and supply chain capabilities) we hope that this case study will contribute to stimulate 
further consideration of the adoption of nuclear energy by them, too, and perhaps inspire fruitful collaborations towards 
this goal. 

The rest of the paper is organized as follows: Section 2 expands on Small Modular Reactors and their position in the 
evolution of nuclear technology. Section 3 focuses on the advantages and disadvantages of SMRs. Section 4 presents the 
historical context within which Greece developed scientific infrastructure and human capital for nuclear technology. 
Section 5 addresses the main concerns that have been raised for nuclear energy in Greece and outlines some of the positive 
prospects. Finally in Section 6 we present our conclusions in summary.  

 
2. TECHNICAL ASPECTS AND THE EVOLUTION OF SMALL MODULAR REACTORS 

The understanding of the physical properties of materials is essential to improve energy related materials for 
superconductor, fusion, fission, battery and fuel cell applications [4-18]. In most systems atomistic modelling techniques 
can offer complementary perspectives to experimental work, thus accelerating progress [19-23]. In the present 
environment where there is the requirement for a sustainable transition to net-zero CO2 emissions by 2050 there is renewed 
support to new technologies including nuclear fusion and fission. Nuclear fusion considered as the future energy source 
is theoretically an infinite source of power with practically no CO2 emissions, it is considered safe to operate, and a 
resilient energy system. There are still significant technical issues that need to be tamed for nuclear fusion technology to 
be in the energy mix by 2050. At the heart of the technology is magnetic confinement, which employs magnetic and 
electric fields to heat and confine the hydrogen plasma. High temperature superconductor materials including cuprate 
superconductors are essential in fusion technology as they are able to accommodate very high current densities in high 
magnetic fields. This improved power density in turn is a prerequisite to optimize the limited space in a tokamak [12].  

DEMO is the fusion reactor that is anticipated to produce energy at a reasonable rate and the optimistic forecasts is that 
there will be required at least 25-30 years to reach this goal. The present state is a transition to renewables like solar and 
wind with fossil fuels being gradually excluded from the energy mix. This leaves a difficult task for the stabilization of the 
power grid and the required production of the base load. With batteries having a number of disadvantages (cost, 
environmental impact for the extraction of lithium etc.) and limited water resources and infrastructure (dams) to pump water 
in a higher potential energy state the only viable and low CO2 emissions solution to produce the base load is nuclear power. 

Uranium dioxide is the most common nuclear fuel. Xenon and helium in uranium dioxide have been studied for 
decades as they can have an impact on the thermal conductivity and physical properties of the fuel and spent fuel. In 
uranium-based nuclear fuels radioactive decay (i.e. alpha-decay) will lead to the production of helium. In prolonged time 
periods helium is accumulated and the consequence of its presence in nuclear fuel has to be assessed. In particular, at the 
end of use and in the disposal (or storage) stage of uranium dioxide-based fuels they will probably contain helium that 
was formed during the radioactive decay of actinides produced in the irradiation process. 

The size of nuclear power plants and the associated costs for their construction, maintenance and operation, led to 
the development of SMRs, which are smaller in size, easier to site and license and can be constructed in a modular fashion 
in one location and then shipped for installation and operation in another location. Although they can operate at various 
power scales ranging from 50 MWe to several hundred MWe, typical SMR capacity is at 300 MWe per reactor, and their 
modularity allows for streamlined design and adaptability, as components can be added incrementally to meet changing 
energy demands. So far three SMRs are operational in Russia, China and India, three more are under construction, 65 are 
in the design stage and 39 are in the conceptual design stage [24]. As SMRs are considered promising for effective, 
widespread, and safer use of nuclear power for energy generation, with associated benefits for decarbonization and 
economic development in poorer parts of the world, the IAEA has launched a special purpose portal to promote technical 
cooperation, standardization and coordination of research projects [25]. Many regard SMRs as the hallmark of a new 
atomic era, for example as part of the plan to reactivate France's nuclear program, as announced by President Macron in 
February 2022, who plans €1 billion of investment to be allocated to the development of innovative small-scale reactors. 

Nuclear reactors, irrespective of size, are generally categorized in generations, depending on their design as seen in 
Figure 1 [26].  

 
Figure 1. Evolution of nuclear reactors from the early prototype reactors to SMR [26] 

The majority of current nuclear reactors in operation are generation II (or Gen II) reactors. This is a design 
characterization and refers to commercial reactors built until the end of the 1990s, which include pressurized water 
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reactors (PWR), boiling water reactors (BWR), advanced gas-cooled reactors (AGR), water-water energetic reactors 
(VVER), and so on. The Chornobyl and Fukushima reactors belong to this design classification, although Chornobyl was 
an idiosyncratic dual-purpose reactor, called RBMK, which was intended for both military and civilian purposes, and 
does not fully merit Gen II characterization. 

Gen II reactors were succeeded by Generation III (or Gen III) reactors cooled and moderated by water, also called light 
water reactors (LWR), followed standardized designs that afford improvements, such as better fuel technology, higher 
thermal efficiency, and passive nuclear safety. The improvements are said to render Gen III reactors “evolutionary designs” 
with a longer operational life of 60 years, possibly extendible to 100 years, as opposed to Gen II reactors that were intended 
for 40 years of operation, possibly extendible to 60 years. The first Gen III reactors have been operating in Japan since 1996. 
Gen III reactors have solved the safety problem, especially addressing lessons learned from the Chornobyl and Fukushima 
accidents and consolidating the “defense in depth” safety architecture of reactor protection systems.  

The Gen IV International Forum for the development of Gen IV reactors, which are hailed as “revolutionary 
designs”, was established in 2000, but there is still no concrete deployment of such a reactor. Six designs have been 
selected, namely the gas-cooled fast reactor (GFR), the lead-cooled fast reactor (LFR), the molten salt reactor (MSR), the 
sodium-cooled fast reactor (SFR), the supercritical-water-cooled reactor (SCWR) and the very high-temperature reactor 
(VHTR) [27], of which the SFR is the most developed. Gen IV reactors are intended to solve the problem of economics, 
that is, in addition to the safety achievements of Gen III, they focus on reducing the levelized costs of Gen IV reactors to 
render them competitive with other power generation approaches, especially natural gas units.  Additionally, some Gen 
IV designs aim at high temperatures to facilitate the efficient production of hydrogen. 

The requirement to reduce greenhouse gas emissions (Net Zero by 2050) has led to the use of renewable energy 
sources (mainly solar and wind power) in synergy with nuclear units.  Here nuclear can be deployed for baseload and grid 
security purposes because it is fully dispatchable and in addition, nuclear reactors provide emissions-free power for 
several years, generating not only electricity, but also, water, heat and hydrogen while ensuring grid stability and 
resilience, thus contributing positively to both decarbonization and energy security goals.  

In the past few years there is growing research and industrial interest in SMRs. This is driven by the innovative 
nature of these reactors, their potential to be used in countries without civil nuclear power and their expected significant 
role in the decarbonization of energy production providing countries an efficient route towards net zero. Because of their 
smaller cost, in comparison to large nuclear power plants, and their versatility for integration they can become an essential 
component in the energy mix providing grid stability, security, grid resilience and energy diversification. 

 

3. ADVANTAGES AND DISADVANTAGES OF SMR 
The emergence of renewed investment in nuclear power as an essential pathway to a “carbon free future”, led to a 

growing interest in small and medium size modular reactors [28]. This interest in compact power units, as an alternative 
to conventional plants, simpler in design, easier to site and license, and faster to build as well as to connect to the operating 
electricity grid, aims at achieving for nth-of-a-type reactors levelized costs competitive with gas.  The term ‘levelized 
costs’ refers to the average cost of the energy produced over the lifetime of a generating unit.  Nuclear units are very 
capital intensive, requiring that nearly 80% of the total cost incurred (from inception to decommissioning) to be spent 
upfront, that is before any power is generated.  SMRs are expected to have significantly smaller licensing, siting and 
construction costs (all incurred before energy is produced) and therefore lower investment risks. Importantly, SMRs 
development involves innovative smart systems where, with the help of digitization and artificial intelligence (AI), the 
financial burdens for operations and maintenance as well as security of nuclear materials are reduced [29].  

In mid-level countries with respect to industrial and demographical considerations (such as Greece) that are 
committed to the energy (or green) transition, decisions about the future energy mix (i.e., coal, oil, natural gas / liquefied 
natural gas (LNG), renewables, hydro, nuclear, etc.) require multicriteria analysis. SMRs can be considered as an efficient, 
cheaper and feasible alternative source of electricity (and fuel) generation technology (note: historically Greece has strived 
to participate in the atomic age initiated by the Atoms for Peace Initiative in 1950s, refer to Section 4 below).  

With simplified licensing, siting, construction, and digitization, SMRs are expected to have significantly lower total 
investment costs compared to the conventional large nuclear stations and require reduced investment in the transmission 
grid if built to replace retiring fossil fuel units.  In the US, through the Inflation Reduction Act (IRA) of 2023 there are 
strong incentives to convert retiring carbon producing coal plants with emissions-free SMRs to take advantage of existing 
transmission lines.  

SMRs are particularly attractive for new generation nuclear power technology for countries with land and natural risks, 
which limit the potential for renewable energy (for example Japan). SMRs can have similar operating conditions and fuel 
arrangements with most types of large nuclear power plants but reduced refueling needs (some types can operate for up to 
30 years without replenishment of uranium). The small, modular, and factory-based construction and standardization of 
components and systems, means reduced construction costs together with faster licensing and shorter installation times.  

A further advantage of SMRs is the flexible cooling requirements and the flexibility to serve as a backup power 
supply [30] as they can also be employed for applications such as water desalination, which can be particularly important in 
islands or remote areas as well as highly interconnected smart grids operating through price-directed demand-side 
management and in need of reliable local power sources ensuring proper and fast islanding to prevent cascading failures [31]. 
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Thorium dioxide and mixed fuels containing thorium can be adopted in SMRs. This is important as there is 
increasing interest in alternative thorium-based nuclear fuels so as to benefit from the relatively abundant thorium 
resources and the potential of a safer proliferation resistant fuel [32-35]. There is a regeneration of interest in thorium-
based fuels and this is also reflected in the research of their physical properties [36-39]. Thorium-based fuels have 
advantages but require knowhow of the Th fuel cycle and hence an already developed nuclear industry. So this can be a 
drawback for nuclear-emerging countries such as Greece. 

The difficulty to store electricity efficiently has led to the consideration of alternative routes such as hydrogen 
production. Hydrogen can be used in solid oxide fuel cells (SOFC) to produce electricity and power vehicles or industrial 
facilities. The problem with hydrogen production is that it requires energy and high temperatures. An SMR can be used 
in synergy with a hydrogen production facility (effectively a solid oxide electrolysis cell (SOEC)) to take advantage of 
the heat and the excess off-peak electricity produced by the reactor. The process in the SOEC is effectively the reverse of 
the SOFC and leads to the production of hydrogen. As the latter is also hard to store efficiently, chemical engineering 
routes can be used to convert hydrogen to syn-gas or even liquid fuel that can then be used straight on in mobile and 
industrial applications using existing infrastructure. Notably, the use of hydrogen apart from the difficulty to store poses 
safety risks as it has a wide detonation range, it is difficult to detect, and can even cause embrittlement to steel containers. 

There are still some technical issues (for example, on the ceramic electrolyte membranes) that need to be overcome, 
but the production of syn-gas or liquid fuels taking advantage of nuclear resources is appealing, particularly if it is 
combined with carbon capture. That is, if the carbon required in the process is captured then there will be very little net 
CO2 being produced, while the existing infrastructure will be maintained. 

Workforce preparation is needed through credential-granting academic programs based on best international 
practices properly implemented and accredited. A properly credentialed workforce is sine qua non for nuclear industry 
and regulators, as this is an area firmly within national frames of responsibilities, and multilateral agreements for 
frameworks of international collaboration, fully respecting nonproliferation and safety objectives. In addition, the 
implementation of new licensing and siting criteria will require new expertise in nuclear safety regulatory bodies. 

Last, but not least, we are aware that a “fleet” of smaller and distributed nuclear reactors is likely to present 
substantial problems with public acceptance. This increased risk can be important in countries with seismic areas and 
vulnerable to tsunamis. In addition to improvements in science education (STEM), to address the issue of public 
acceptance, there has to be great openness and a public dialogue that fully respects the public’s right to know and choose 
through democratic processes. 

4. NUCLEAR IN GREECE 
Having briefly presented the advantages and challenges posed by SMR technology, we now turn to consider how 

realistic it is for Greece to adopt SMRs, and argue that, given its historical participation in the first atomic era, it is well-
positioned to participate actively in the current, new atomic era.  
 

4.1. GRR-1: The First Research Reactor 
The atomic era in Greece, as in many other developed and developing countries globally, began after Eisenhower’s 

“Atoms for Peace Initiative”, announced at the United Nations in December 1953 [40, 41]. According to this Initiative, 
first-generation nuclear facilities would be created as a result of cooperation between the United States Atomic Energy 
Commission (USAEC) and other national authorities on atomic energy research and power projects, on a common legal 
basis worldwide in the period 1950s – 1970s. In 1954, the US Congress provided the legal basis for “Atoms for Peace” 
by enacting the Atomic Energy Act of 1954 [42]. 

In the geopolitical and geoeconomic backdrop of the first decades following WWII Greece was a major part of the 
long-term development program “The Marshall Plan, authorizing the European Recovery Program” [43]; all energy 
matters in Greece, including atomic energy research, education, safety, and cutting-edge applications were part of the 
crucial international cooperation framework between the USA and Western Europe that led to an historically 
unprecedented period of peace and prosperity in the whole continent. However, Greece’s integrated energy development 
programme was idiosyncratic due, primarily, to the nine years that elapsed from the start of WWII in 1940 till the end of 
the subsequent civil war and the establishment of the Greek Public Power Corporation (PPC/DEI) in 1950 [44].  

During the 1950s and early 1960s, coal was the main natural source for electricity generation; indicatively, 64% of 
electricity generation in 1958 was fuel by domestically available lignite [45] and this situation in the Greek energy system 
persisted with similar quality characteristics during the following decades, mainly due to the political / economical 
targeting to minimize the dependence of the energy system on oil imports (after the late 2000s, on both: oil and natural 
gas) and the use of indigenous sources instead. Consequently, the share of lignite (coal) in electricity generation increased 
from about 30% in 1973 (first oil crisis) and 47% in 1979 (second oil crisis), to 62% in 1983, 74% in 1989, 70% in 1998 
and to about than 60% - 70% in 2000s (depending on the methodology). Indicatively in 2008-09 (global economic crisis), 
the above indicator was 53% & 56% correspondingly. 

It is in general accepted that this, had a negative impact to the efficiency of the country’s energy sector and economy 
and specifically, during the first period we investigate in this study (until the 1980s), Greece was highly dependent on 
imported fuels for the overall energy mix, while generating electricity from domestically available lignites [45, 46]. 
Nevertheless, this was also a period of atomic and nuclear research and the quest for uranium resources for a possible 
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nuclear power plant in Greece [47]. In accordance with the principles and the financial and technical assistance 
possibilities set by the international cooperation legal framework as a result of the “Atoms for Peace'' US policy (1953-54), 
and the aspirations, the persistent focus and vision of distinguished scientists and statesmen for the modernization of the 
Greek economy through energy self-sufficiency and technology development [48] crucial steps were taken regarding the 
participation of the Greek State in the United Nations International Atomic Energy Agency (UN-IAEA). Indicatively, 
Greece is one of the founding members of CERN that was established in 1954 [49].  In 1954 also, the Greek Atomic 
Energy Commission (GAEC/EEAE) was established and given authority over nuclear safety and regulation matters [50]. 

The GAEC with the assistance of the US Atomic Energy Commission (US-AEC), the predecessor of the current US 
Department of Energy (DOE), and the Nuclear Regulatory Commission (NRC), founded the “Demokritos Nuclear 
Centre” in 1959, featuring a research reactor (GRR-1) and a number of supplementary laboratories [51]. Six 
fundamentally important years passed between the Research Agreement of GAEC with US-AEC in 1955 [52], followed 
by the contract signed with the American firm “AMF Atomics” for the design and construction of the first 1 MW pool 
Greek Research Reactor and its inauguration in 1961. GRR-1 achieved criticality for the first time on July 31st, 1961, its 
operation at full power began in April 1964 and in July 1971 the reactor was operated at increased power of 5 MW.  

The establishment of an atomic research center in Greece contributed to the growth of scientific research in the 
region [53] and for decades thereafter the GRR-1 has been the main nuclear facility in Greece. It remained functional 
until the eve of the Athens Olympic Games in 2004. In July 2004, it was put in a state of extended shut-down. All used 
High Enrichment Uranium (HEU) fuel elements were returned to the USA in 2005, following the terms of fuel purchase 
agreement between the U.S. Department of Energy and the Greek Government. During the period 2005-2010, the reactor 
was shut-down for maintenance and preparation of the core conversion to Low Enrichment Uranium (LEU) [54]. Since 
February 2019, all LEU fuel elements have been repatriated to North America. The current license granted to GRR-1 for 
extended shutdown is due for renewal in October 2024 [55].  

 
4.2. Greece’s Potential Nuclear Energy Programme 

Importantly, Greece is a party to the 1968 Treaty on the Non-Proliferation of nuclear weapons (NPT), which it 
ratified on 11 March 1970 [56] and the Additional Protocol which supplements the NPT.  Civil nuclear energy was 
considered back in the 1960’s and 1970s as one of the country's long term development program priorities [45, 48]. 
Several factors, such as public lectures by distinguished researchers and university professors [48], the subsequent PPC’s 
plans and discussions to build nuclear power plants as an alternative source for electricity generation in 1963 [45], the 
progress in nuclear technology, the political stability after the “Junta” period and the restoration of democracy [45, 48], 
and the investment interest raised by the system for licensing on nuclear installations (legal framework regarding: 
conditions and procedures for licensing on nuclear installation of the Public Electricity Corporation) in 1978 [57], 
mobilized the scientific pool and policy makers in Greece and worldwide in investigating opportunities for designing and 
building a nuclear power plant (NPP) in Greece. Despite the first and second oil crises in 1973 and 1979 respectively with 
a strong energy impact in Greek economy [46, 58] and in spite of the government investment programme in oil & natural 
gas fields & PPC's lignite mines after the 1979 oil crisis, some reports and pre-feasibility and site evaluation studies were 
commissioned by the PPC, among them, the Ebasco’s study, in order to identify potential appropriate locations for the 
installation of a Nuclear Plant (Table 1, Figure 2, Ref. 45 and references therein). 
Table 1. Timeline of the atomic research and energy era in modern Greece. 

YEAR Milestones  

1950 Establishment of the Greek Public Power Corporation (PPC/DEI), (07.08.1950) 

1954 Establishment of Greek Atomic Energy Commission GAEC / EEAE (26.02.1954) 
CERN (Convention entered in force, 29.09.1954. Greece is one of the founder members) 

1955 04.08.1955 Research Agreement between USAEC and Greece to construct a research 
Reactor  

1961 The GRR-1 achieved criticality for the first time 31.07.1961. "Opening" of the 
Democritus Nuclear Centre / The inauguration of the reactor 

1978 New Legislations about the establishment and operation of nuclear facilities. Conditions 
and procedures for licensing on nuclear installation of the Public Electricity Corporation 
(PPC) 

1985 Administrative and operational separation of GAEC from the National Center of 
Scientific Research "Demokritos" 

1986 Chornobyl NPP accident (26.04.86) 

2004 Since July 2004, the Research Reactor is in state of extended shut-down 
2011 Fukushima NPP accident (11.03.2011) 

New European Nuclear Safety Regulators Group [39] criteria, methodology and the 
timeframe for carrying out the" stress tests" 

2019 GRR-1. All used LEU fuel elements have been repatriated to USA since February 2019 
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Figure 2. Nuclear power plants’ possible locations proposed in early 1980’s ([45] and references therein) in relation to the main 
regions with operating thermal power plants (TPP) and the Prinos oil field (P). (1) near the city of Larissa, (2) Near the village 
Mandudi, (3) Near the town Karystos, (4) Ilia Prefecture, (5) southwest of the city of Tripolis, (6) west of cape Maleas, (7) Near the 
village Archagelos. GRR-1, is the Greek Research Reactor, situated in “Demokritos' ' Nuclear Centre, Athens, WMLC - West 
Macedonia Lignite Centre, MLC – Megalopolis Lignite Centre. 

 
4.3. The Consequences of Nuclear Accidents 

The 26 April 1986 accident at the Chornobyl nuclear power plant in Ukraine (then USSR) had a decisive influence 
on the development of international nuclear law over the following two decades. In Greece, preliminary NPP construction 
plans froze. The then prime minister Andreas Papandreou moved on to cancel them. The abandonment of these plans 
boosted exploitation of Greek lignite ores (from 54% as source for electricity generation in 1980-85, lignite ores rose to 
69% in 1986-91 ([45] and references therein). After the Fukushima NPP accident (11.03.2011), new criteria, methodology 
and the timeframe for carrying out the "stress tests" were introduced by the European Nuclear Safety Regulators 
Group [59]. 
 

4.4. Uranium Deposits in Greece 
The research / investigations (geological surveys) for Uranium ore deposits in Greece, began in the early 1950s by 

American, English and French scientific teams and experts that collaborated with Greek researchers [45, 47, 48]. 
In the late 1970s, the Institute of Geological and Mining Research (IGME) carried out new surveys regarding 

categories of uranium minerals and possible mining locations in Greece.  The main Uranium raw material (ore) deposits 
were being identified in North Greece’s regions ([45, 47, 48] and references therein). The geographical sites and the 
quantities (of uranium mineral resources in N. Greece) are documented in [47], in “Red Books'' [60], i.e., national reports, 
published between 1973 and 2005, and in scientific investigations [61] and references therein). The estimated Greece 
Uranium resources in earlier studies ([45, 47, 48, 60, 61) and in most recent estimations [62, 63] are summarized and 
presented in Table 2. 
Table 2. Estimated Uranium Resources in Greece in Tonnes U. 

Identified Recoverable Resources / (Uranium, 2009, Uranium, 2022) 7000 

Reasonably Assured Resources (RAR)  6000 
Inferred Resources (IR)  1000 
Undiscovered resources (prognosticated, cost range < USD 260/KgU) [62, 63]  6000 
Unconventional resources (phosphate rocks, reported in Red Books 1965-1993) [62] 500 
Indicated reserves of uranium (U3O8) [61] 1800 
Identified in situ resources (RAR + IR, cost range < USD 260/KgU) [63] 9300 

As shown in Table 2 the current estimations in both identified recoverable resources and undiscovered resources in 
cost range < 260/KgU in Greece are more than 13 thousand tonnes U. 

5. CONCERNS AND PROSPECTS 
A main argument against the development of civil nuclear facilities in Greece has been seismic activity. It should 

be stressed, however, that about 20% of nuclear power stations in the world are in seismically active areas and these 
include facilities in the USA and Japan. Interestingly, neighboring countries with seismic activity such as Bulgaria [64] 
and Turkey (Akkuju NPP) operate nuclear power stations. Greece has had strict building codes for many years and was 
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one of the first countries worldwide to enforce laws and codes for earthquake resistant buildings. The current building 
code, established in 2000 and informed by international and local experience, is considered one of the strictest globally 
and the reported damage in public buildings by earthquakes is very low. At any rate it is anticipated that there are areas 
in Greece with limited seismicity, where nuclear power station(s) with appropriate earthquake engineering can be built. 
From another viewpoint the rigorous and principled design of a nuclear structure will require substantial effort that could 
also have a positive impact on the future design code, thus enhancing the safety of buildings and other structures.  

Another argument against the development of civil nuclear facilities in Greece has been the prospect of exploiting 
renewable energy sources, such as wind and solar power, which are considered safer than nuclear power, and relatively 
abundant in the Greek region. However, there are several points that counter this argument. One of them concerns power 
density [65] i.e., the average electrical power produced in one horizontal square meter of infrastructure: renewables take 
up a lot of space, as wind turbines must be spaced out in large areas, and likewise solar panels are meaningless if they are 
used only in small spaces. The power density for nuclear power is about 1000 W/m2 compared with 2-3 W/m2 for wind 
and 100 W/m2 for solar. Another point concerns dispatchable generation capacity and reliability: nuclear reactors can 
generate power at a constant rate as opposed to wind farms and solar panels that rely on such volatile sources. This impacts 
on the stability and, consequently, safety of the power grid. Various studies have examined the potential for competitive 
large-scale renewable deployment and concluded that it is more difficult to accomplish than as many anticipate [66, 67]. 
However, the experience that has been acquired through efforts to increase the integration of renewables is valuable, 
should one view them as proxies for SMR integration in the grid.  

The adoption of SMR in Greece will have numerous positive consequences. In conjunction with the production of 
electricity, SMRs may be used synergistically with electrolyzes to produce low-carbon hydrogen and hydrogen containing 
fuel such as methanol or ammonia. In particular, the heat and power from the SMR can be employed for the production 
of low-carbon hydrogen. Given SMRs flexible modular design they can be located near energy intensive industrial 
processes including, but not limited to, cement factories, steel mills, oil refineries, shipbuilding facilities, cable, aluminum 
and critical materials refineries, where emissions-free sources of hydrogen may be used to achieve carbon reduction 
targets in industry as well as abet the production of peak electricity with fuel cells. Presently, only very limited amounts 
of green hydrogen are produced and these cannot deliver the large quantities of clean hydrogen required to make a 
difference in transport and industrial applications. Nuclear hydrogen production taking advantage of the SMR 
technologies is a key component to produce low-cost hydrogen, which is critical to decarbonize and propel the economic 
machinery of a country. For transport applications hydrogen has advantages but it is also problematic to store (metal 
embrittlement, low temperatures) and handle (has a high detonation range, odorless). These problems can be overcome, 
however, if the net aim is not to produce hydrogen as an end product, but rather use the hydrogen produced as an 
intermediate step for the production of methanol, syngas and liquid fuels. This will be very beneficial environmentally, if 
the carbon required for these processes is via carbon capture, but also because there will be no need to change all the gas 
stations to hydrogen ones that will require substantial infrastructure and extensive training of the staff.  

As an illustrative example, four 300 MWe SMRS can produce 10 GWh of electric energy annually, which is 
approximately 20% of electricity consumption in Greece.  By mid-century this number can quadruple, resulting in the 
production of 40 GWh capable of fueling electric vehicles and, thus, replacing the current 25% of the total energy mix 
which is used by internal combustion engines for transportation. Additional electricity from wind, solar, biomass and 
hydro can result in an energy mix fully compliant with net zero targets.  This can be considered a low growth scenario, 
where the economy is in steady state, that is with less than 1% average annual growth. 

A more aggressive high growth scenario has the economy growing annually by an average of at least 3%.  In this 
scenario, significant investment will be needed in nuclear power and the transmission/distribution system of electric 
power.  Tripling the overall electric energy output by mid-century, that is going from approximately 50 GWh per year to 
150 GWh per year, can be abetted by having at least 50% of the electric power provided by nuclear sources.  In such a 
scenario the levelized cost of electricity is expected to be reduced to nearly 1/3 of current values extending benefits far 
beyond energy generation. 

Another important possibility afforded by SMRs concerns the production of marine fuel. This is key for the Greek 
economy as one of the main pillars (arguably the strongest) of the shipping industry, which under new regulations will 
need to become greener. Renewable energy solutions do not have the energy density to power the fleet, whereas changing 
to alternative “greener” fuels will require changing the engines etc. A viable pathway may be hybrid engines burning 
ammonia fabricated with nuclear-produced emissions-free hydrogen. 

The construction of SMRs will create numerous job opportunities, contributing to overall employment and high 
growth. Over 1,100,000 job-years of highly paid jobs will be added in the Greek economy under the low growth scenario.  
On the other hand, under the high growth scenario, which is the more likely of the two, the adoption of SMRs to fuel up 
to 5 GWe capacity may create in excess of 5,000,000 job-years. Nuclear power creates a substantial economic ecosystem 
with numerous engineering, manufacturing, logistics and service jobs [68]. As an indication of such growth prospects, 
consider that as early as in the 1970s Dr Karakalos conducted important radiographic work at NSCR Demokritos, which 
led to the uncovering of the Antikythera Mechanism gear system [69, 70, 71], opening new opportunities for archaeometry 
and material science. The reactor was used to perform neutron radiography, a technique that involves the use of neutrons 
to produce images of the internal structure of objects, through the layers of corrosion and other materials, without 



24
EEJP. 2 (2025) Alexander Chroneos, et al.

damaging the artifact. Neutron detector technology for materials’ defect inspection (e.g. weld analysis, concrete 
inspection, radiation hardening) was estimated to be US$1.2 billion in 2023 and projected to US$3.8 billion in 2033. 

 
6. CONCLUSIONS 

In the present review the state of SMRs and their potential use in countries such as Greece was assessed. More than 
six decades after the construction of the experimental nuclear facility in Demokritos there has been no civil nuclear power 
station. Greece has relied heavily on domestic lignites and oil and gas imports; however, this is no longer sustainable or 
economically viable under decarbonization with voluntary or binding targets in almost all economic activities including, 
but not limited to, power generation, transportation, shipping, industry, agriculture and services.   

In the present crossroads, SMRs for Greece make technical and economic sense. To keep the nuclear option open 
Greece will have to rapidly invest in the development of the workforce and supply chain infrastructure.  It is estimated that 
nearly one million new nuclear technical and engineering positions will be needed globally by mid-century. Hence there is 
an urgent need to invest in the academic sector for engineers and technicians with nuclear credentials, as have other countries 
with more steady involvement in nuclear energy (for example the UK). Investments in three (3) SMR units of 1 GWe total 
installed capacity are expected to create approximately 200,000 man-years of employment in high-paying engineering and 
technical jobs.  In addition, it is anticipated that the adoption of SMRs and participation in engineering workforce and supply 
chain development will have a very positive impact on several high-value-added sectors including domestic refining and 
transport, batteries, semiconductors and critical materials mining and processing. Of particular importance will be the use of 
low temperature heat and off-peak electricity to produce hydrogen and liquid fuels. 

Nuclear power adoption will be critical in decreasing oil/gas imports and increasing energy independence for Greece. 
The cost of imported energy currently represents up to 10% of the GDP, and its reduction can tip the economy from 
recession to growth. In recent years, in the context of increasing energy independence (while at the same time contributing 
to the global effort for decarbonization) Greece has been investing heavily on renewables, which are volatile and harmful 
for grid stability. However substantial expertise has been gained from the incorporation of renewables and the consequent 
grid expansion required, as one might view them as proxies for SMRs.  

Last, but not least, nuclear power adoption will necessitate further development of the education system, in order to 
prepare highly qualified human capital, and perhaps contribute to repatriate human capital, as today most of the Greek 
nuclear experts work abroad.  
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ПЕРСПЕКТИВА МАЛИХ МОДУЛЬНИХ РЕАКТОРІВ: ЦІЛЬОВЕ ДОСЛІДЖЕННЯ ДЛЯ ГРЕЦІЇ 
Олександр Хронеосa,b, Аспасія Даскалопулуa, Іоанніс Гулатісa, Руслан В. Вовкс, Лефтері Х. Цукаласd 

aКафедра електротехніки та комп'ютерної інженерії, Університет Фессалії, 38333 Волос, Греція 
bВідділення матеріалів, Імперський коледж Лондона, Великобританія 
cХарківський національний університет імені В. Н. Каразіна, Україна 

dФакультет ядерної інженерії, Університет Пердью, США 
Глобальні зусилля до декарбонізації посилюються, але перехід до зеленої економіки має високу ціну, яка, за деякими оцінками 
складати приблизно 3,5 трильйона доларів щорічних інвестицій, більшість з яких є початковими. Це створює навантаження 
на економіки, що розвиваються, які володіють викопними природними ресурсами, тому що, відмовляючись від них, вони 
стають все більш залежними від імпортованої енергії, що пов’язане з високою ціною, на додаток до витрат, понесених їхніми 
зусиллями з переходу на відновлювані джерела енергії. Ядерна технологія виробляє диспетчеризований і безперебійний 
водень, тепло та електроенергію, які можуть покрити вимоги до базового навантаження, і інтерес до її впровадження зростає. 
Малі модульні реактори (MMP, англ. SMR) пропонують ряд переваг, особливо для країн з обмеженим ядерним досвідом. Тут 
ми коротко оцінюємо поточний стан систем SMR і розглядаємо їхні переваги та недоліки з акцентом на їхнє потенційне 
впровадження в Греції. В огляді обговорюється історія, поточний стан і можливе майбутнє включення SMR в новий 
енергетичний комплекс Греції. 
Ключові слова: малий модульний реактор; атомна енергетика; торій 
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This paper investigates the dynamical behavior of hypersurface homogeneous spacetime cosmological models within the framework
of the scalar-tensor theory of gravitation formulated by Saez and Ballester (Phys. Lett. A, 113, 467 1986) in Lyra geometry. We
present two cosmological models derived from this theory by solving the field equations using: (i) Special law of variation for Hubble’s
parameter and (ii) the proportional relationship between the shear scalar 𝜎2 and scalar expansion 𝜃 as described by Collins et al. (Gen.
Rel. Grav. 12, 805 1980). For each model, we evaluate key dynamical parameters, including the equation of state (EoS) parameter, the
deceleration parameter, the statefinder parameter, and the total energy density parameter of dark energy. Additionally, we determine the
scalar field in both models. Our findings indicate that these models describe an accelerated expansion of the universe, with theoretical
results showing reasonable agreement with observational data.
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1. INTRODUCTION
The recent observational studies have given evidence for the accelerated expansion of the universe [1, 2] and fluctuation

of Cosmic Microwave Background Radiation (CMBR) [3], Sloan Digital Sky Survey (SDSS) [4], Wilkinson Microwave
Anisotropy Probe (WMAP) [5], Large Scale Structure (LSS) [6], Baryonic Acoustic Oscillations [7], Gravitational Lensing
[8] etc. It has also been suggested that the main reason for this is an exotic negative pressure named as ’dark energy’. It
is surmised that the universe embedded of 68.3% dark energy as well as 26.8% dark matter. There have been numerous
other dark energy models proposed, including quintessence [9], phantom [10], quintom [11], tachyon [12], ghost [13],
K-essence [14], phantom [15], Chaplygin gas [16], polytropic gas [17] and holographic dark energy (HDE) [18] and many
more to explain the accelerated expansion of the universe. To explain this accelerated expansion of the universe two
different approaches have been advocated: to construct different dark energy candidates and to modify Einstein’s theory
of gravitation.

Very recently, a holographic dark energy model has been conjectured to explain the dark energy (Thomas [19],
Horaya and Minic [20]). Li [18] has constructed a viable holographic dark energy model based on the holographic
principle of the quantum gravity theory. Brans-Dicke (BD) [21] and Saez-Ballester (SB) [22] scalar tensor theories of
gravitations. Therefore, there have been several investigations of DE cosmological model in the above alternative theories
of gravitation to explain DE models by studying their dynamical aspects. In most of the above cases, the researchers
concentrated on the anisotropic Bianchi type DE models. Recently, Naidu et al., [24] discussed Kaluza Klein FRW dark
energy models in Saez-Ballester theory of gravitation. Oliveros et al., [25] investigated Barrow holographic dark energy
[26, 27] with Granda-Oliveros cutoff [30]. In this study, we focus on the scalar-tensor theory of gravity proposed by
Saez- Ballester. In the Saez-Ballester theory, a scalar field 𝜙 is introduced alongside the metric tensor field, modifying
gravitational interactions. This modification can lead to attractive or repulsive forces, depending on the form of the scalar
field and its coupling.. This inclusion aims to more fully incorporate Mach’s principle. Saez and Ballester later developed
a new scalar-tensor theory where the metric of spacetime is simply coupled with a dimensionless scalar field. However,
this theory includes an antigravity regime. The gravitational action was first introduced by Saez [23] and is given by:

𝐼 =

∫
Σ

(𝐿 + 𝐺𝐿𝑚)
√−𝑔𝑑4𝑥 (1)

where 𝐿𝑚 is the matter Lagrangian. Varying this gravitational action, 𝛿𝐼, leads to the field equations of the
Saez-Ballester scalar-tensor theory and Lyra geometry:

𝐺𝑖 𝑗 +
3
2
𝜓𝑖𝜓 𝑗 −

3
4
𝑔𝑖 𝑗𝜓𝑘𝜓

𝑘 = −
(
𝑇𝑖 𝑗 + 𝑇𝑖 𝑗

)
+ 𝜔𝜙𝑛

(
𝜙.𝑖𝜙. 𝑗 −

1
2
𝑔𝑖 𝑗𝜙.𝑘𝜙

· 𝑘̂
)

(2)

The scalar field 𝜙 satisfies the following equation:
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2𝜙𝑛𝜙
,𝑖
,𝑖
+ 𝑛𝜙𝑛−1𝜙,𝑘𝜙

,𝑘 = 0 (3)

Here, 𝐺𝑖 𝑗 = 𝑅𝑖 𝑗 − 1
2𝑅𝑔𝑖 𝑗 , 𝑅𝑖 𝑗 is the Ricci tensor, 𝑅 is the Ricci scalar, 𝜓𝑖 is displacement vector field of Lyra’s

geometry 𝑤 is a dimensionless constant, and𝑇𝑖 𝑗 and𝑇𝑖 𝑗 are the energy-momentum tensor of matter and Barrow holographic
dark energy, respectively. Relativistic units 8𝜋𝐺 = 𝑐 = 1 are used in these equations.

2. BARROW HOLOGRAPHIC DARK ENERGY
A new proposal that has recently caught the attention of the community is the so-called Barrow holographic dark

energy (BHDE) [26], which has its roots in the idea introduced by Barrow [27], inspired by illustrations of the COVID-19
virus. Barrow proposed that quantum gravitational effects modify the black hole Bekenstein-Hawking entropy [28, 29]
by introducing a fractal structure for the geometry of the horizon. In this section, we delve into the theoretical framework
and cosmological implications of an interacting Barrow holographic dark energy (BHDE) model. The concept of BHDE
was introduced by Barrow, building upon the modification of black hole horizon entropy represented by:

𝑆𝐵 =

(
𝐴

𝐴0

)1+ Δ
2

, 0 ≤ Δ ≤ 1 (4)

where 𝐴 denotes the standard horizon area and 𝐴0 is the Planck area. The parameter Δ quantifies the effect of quantum
deformation on the structure of the horizon. In particular, Δ = 1 represents maximal deformation, whereas Δ = 0
corresponds to the simplest horizon structure, recovering the conventional Bekenstein-Hawking entropy. In the area of
cosmology, this modified entropy leads to a holographic dark-energy (HDE) model described by:

𝜌𝐵 = 𝐶𝐿Δ−2, (5)

where 𝐶 is an unknown parameter with dimensions [𝐿]−2−Δ. This formulation extends beyond the standard HDE scenario
(Δ = 0), where 𝜌𝐷 ∝ 𝐿−2. The BHDE model is thus a more comprehensive framework, particularly focusing on cases
where Δ > 0 and quantum deformation effects are significant. The energy density of BHDE, employing the Hubble
horizon

(
𝐻−1) as the IR cutoff (𝐿), is given by:

𝜌𝐵 = 𝐶𝐻2−Δ (6)

The choice of the Hubble horizon as the IR cut-off is noteworthy because of its inherent relevance in cosmology.
Various models of HDE have explored different IR cut-off, each influencing cosmological dynamics differently. For
instance, Li demonstrated that selecting the future event horizon as the IR cut-off yields an accelerating universe in the
absence of interaction between dark matter (DM) and dark energy (DE), whereas the particle horizon leads to a decelerating
universe. Recent attention has been drawn to the BHDE model within the context of the Granda-Oliveros (G-O) cutoff
[30], which incorporates both the square of the Hubble parameter and its time derivative:

𝐿R =

(
𝛼𝐻2 + 𝛾 ¤𝐻

)−1/2
(7)

where 𝛼 and 𝛾 are arbitrary dimensionless parameters. Recent studies have further explored BHDE with the G-O length as
the IR cutoff, considering BHDE as a dynamical vacuum and accounting for interactions between matter and dark energy
sectors. We are implementing the BHDE density with the G-O IR cutoff, where the holographic DE density 𝜌𝐵 is given
by:

𝜌𝐵 = 3𝑀2
𝑝

(
𝛼𝐻2 + 𝛾 ¤𝐻

)1− Δ
2 (8)

Here, 𝛼 and 𝛽 are parameters with dimensions [𝐿] 2Δ
Δ−2 , ensuring the correct dimensionality of 𝜌𝐵.

Unlike the original HDE model where Δ = 0, the parameter 𝐶 in equation (6) is replaced by 3𝑀2
𝑝 . The barotropic

equation of state 𝑝𝐵 = 𝜔𝐵𝜌𝐵, the equation of state HDE parameter is obtained as

𝜔𝐵 = −1 − 2𝛼𝐻 ¤𝐻 + 𝛾 ¥𝐻
3𝐻

(
𝛼𝐻2 + 𝛾 ¤𝐻

) (9)

The above discussion and investigations, we consider in this paper the minimally interacting holographic dark energy
model in hypersurface homogeneous spacetime within the framework of the SB scalar-tensor theory of gravitation. This
work is organized as follows: In Sect. 2, we derive the SB field equations with the help of a hypersurface homogeneous
spacetime metric in the presence of two minimally interacting fields: dark matter and holographic dark energy. Sect. 3 is
devoted to the solution of SB field equations with the help of a special law of variation for Hubble’s parameter proposed
by Berman [31] and using physically relevant conditions. In Sect. 4, physical and kinematical parameters of the model
are also computed and discussed. The last section contains some concluding remarks.
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3. METRIC AND FIELD EQUATIONS
We consider the hypersurface homogeneous space time as follows

𝑑𝑠2 = −𝑑𝑡2 + 𝐴2𝑑𝑥2 + 𝐵2 [
𝑑𝑦2 + Σ2 (𝑦, 𝑘)𝑑𝑧2] (10)

where 𝐴 and 𝐵 are functions of time (𝑡) and Σ2 (y, k) = sin 𝑦, 𝑦, sinh 𝑦 for 𝑘 = 1, 0,−1, respectively. 𝑇𝑖 𝑗 and 𝑇𝑖 𝑗 are energy
momentum tensors for matter and holographic dark energy, respectively. which are defined as

𝑇𝑖 𝑗 = 𝜌𝑚𝑢𝑖𝑢 𝑗

𝑇𝑖 𝑗 = (𝜌𝐵 + 𝑝𝐵) 𝑢𝑖𝑢 𝑗 + 𝑔𝑖 𝑗 𝑝𝐵
(11)

Here 𝜌𝑚 and 𝜌ℎ are the energy densities of matter and barrow holographic dark energy and 𝑝𝐵 is the pressure of holographic
dark energy.

In a co-moving coordinate system, the field equation (2) for the metric (10), using equation (11) can be written as

2 ¥𝐵
𝐵

+
¤𝐵2

𝐵2 + 𝑘

𝐵2 + 3
4
𝛽2 + 𝜔

2
𝜙𝑛 ¤𝜙2 = −𝑝𝐵 (12)

¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴
𝐴

¤𝐵
𝐵
+ 3

4
𝛽2 + 𝜔

2
𝜙𝑛 ¤𝜙2 = −𝑝𝐵 (13)

2
¤𝐴 ¤𝐵
𝐴𝐵

+
¤𝐵2

𝐵2 + 𝑘

𝐵2 − 3
4
𝛽2 − 𝜔

2
𝜙𝑛 ¤𝜙2 = (𝜌𝑚 + 𝜌𝐵) (14)

¥𝜙 + ¤𝜙
( ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

)
+ 𝑛

2
¤𝜙2

𝜙𝑛
= 0 (15)

where an overhead dot denotes differentiation with respect to 𝑡. Now the average scale factor and the volume of the
universe are defined as

𝑉 = 𝐴𝐵2 (16)

Subtracting (12) from (13), we get

¥𝐴
𝐴
−

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

−
¤𝐵2

𝐵2 − 𝑘

𝐵2 = 0 (17)

We obtain
¤𝐴
𝐴
−

¤𝐵
𝐵

=
𝑐1
𝑉

+ 1
𝑉

∫ [
𝑘

𝐵2

]
𝑉𝑑𝑡 (18)

where 𝜆 represents a constant of integration.
Taking 𝑘 = 0, the equation (18) leads to

¤𝐴
𝐴
−

¤𝐵
𝐵

=
𝑐1
𝑉

(19)

From equation (19), we obtain

𝐴3 =
𝑉

𝑐
exp

(∫
𝑐1
𝑉
𝑑𝑡

)
(20)

The directional Hubble parameter in the direction of 𝑥, 𝑦, and 𝑧 axes respectively are as follows

𝐻𝑥 =
¤𝐴
𝐴
, 𝐻𝑦 = 𝐻𝑧 =

¤𝐵
𝐵

(21)

The average Hubble parameter is

𝐻 =
1
3

( ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

)
(22)

The expressions for the scalar expansion 𝜃 and the shear scalar 𝜎2 are

𝜃 = 3𝐻 (23)

𝜎2 =
1
2

( 3∑︁
𝑖=1

𝐻2
𝑖 − 3𝐻2

)
(24)
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The average anisotropy parameter is

𝐴𝐵 =
1
3

3∑︁
𝑖=1

(
Δ𝐻𝑖

𝐻

)2
(25)

where Δ𝐻𝑖 = 𝐻𝑖 − 𝐻, 𝑖 = 1, 2, 3 obtained as

¤𝜌𝑚 + ¤𝜌𝐵 + 3𝐻 (𝜌𝑚 + 𝜌𝐵 + 𝑝𝐵) = 0 (26)

The continuity equation of the matter is

¤𝜌𝑚 + 3𝐻𝜌𝑚 = 0 (27)

The continuity equation of the HDE is

¤𝜌𝐵 + 3𝐻 (𝜌𝐵 + 𝑝𝐵) = 0 (28)

4. SOLUTIONS AND THE MODEL
We have three equations (12)-(14) in four unknowns 𝐴, 𝐵, 𝑝𝐵, 𝜌𝐵. To solve the system completely, we need one extra

condition. We solve the field equations for following physical conditions.
1. Special law of variation for Hubble’s parameter;
2. Shear scalar proportional to expansion scalar.

4.1. Model Special law of variation for Hubble’s parameter
We consider the relation between 𝐻 and 𝑎, which was proposed by Berman (1983)

𝐻 = 𝑛𝑎
−1
𝑛 (29)

where 𝑛 ≥ 0 are constants.
From equations (28) and (30) we obtain

𝑞 = −1 + 1
𝑛

(30)

Now, using Eq. (30) and Eq. (31), the solution of Eq. (28) gives the law of variation of the average scale factor of
the form

𝑎(𝑡) = (𝑡 + 𝑏)𝑛, 𝑛 ≠ 0. (31)

Using equation (31), we get

𝑉 = 𝑎3 (𝑡) = (𝑡 + 𝑏)3𝑛 (32)

Now from equations (17), (21) and (32) we obtain

𝐴(𝑡) = 𝑐
2
3
2 (𝑡 + 𝑏)𝑛 exp

(
2𝑐1

3(1 − 3𝑛) (𝑡 + 𝑏)1−3𝑛
)
,

𝐵(𝑡) = 𝑐
−1
3

2 (𝑡 + 𝑏)𝑛 exp
(
− 𝑐1

3(1 − 3𝑛) (𝑡 + 𝑏)1−3𝑛
) (33)

Now from equation (33) in equation (15) we obtain the scalar field as

𝜙
𝑛+2

2 =

(
𝑛 + 2

2

) [
𝜙0

3(1 − 3𝑛) (𝑡 + 𝑏)1−3𝑛
]

(34)

where 𝜙0 are constants of integration.
The directional and average Hubble parameter is

𝐻𝑥 =
𝑛

(𝑡 + 𝑏) +
2𝑐1
3

(𝑡 + 𝑏)−3𝑛

𝐻𝑦 = 𝐻𝑧 =
𝑛

(𝑡 + 𝑏) −
𝑐1
3
(𝑡 + 𝑏)−3𝑛

(35)

And
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𝐻 =
𝑛

(𝑡 + 𝑏) (36)

The values of the directional parameters are infinite at 𝑡 = 0 and tend to zero as 𝑡 → ∞. The mean Hubble parameter
𝐻 → 0 as 𝑡 → ∞ i.e. the rate of expansion of the universe is decreasing.

The scalar expansion 𝜃 is

𝜃 = 3
𝑛

(𝑡 + 𝑏) (37)

The average anisotropy parameter is

𝐴𝐵 =
1
3

3∑︁
𝑖=1

(
𝐻𝑖 − 𝐻

𝐻

)2
=

2𝑐2
1

9
(𝑡 + 𝑏)2−6𝑛 (38)

The shear scalar 𝜎2 is

𝜎2 =
𝑐2

1
2
(𝑡 + 𝑏)−6𝑛 (39)

It is found that 𝜎2

𝜃2 ≠ 0 and the anisotropy parameter do not vanish except at n = 1.
Applying the conservation condition for the left-hand side of equation (2), we get

𝛽

(
¤𝛽 + 𝛽

[ ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

] )
= 0.

From Eq. (43) by integrating, we have

𝛽 = 𝛽0 (𝑡 + 𝑏)−3𝑛

Using equation (32) in equation (28) we get the energy density of dark matter as

𝜌𝑚 = 𝜌0 (𝑡 + 𝑏)−3𝑛 (40)

where 𝜌0 > 0 is a real constant of integration.
Using equation (36) in equation (28) the BHDE density is written as,

𝜌𝐵 = 3𝑀2
𝑝

(
𝑛2 (𝛼 − 𝑛𝛾)
(𝑡 + 𝑏)2

)1− Δ
2

(41)

Figure 1. Plot of Density of Barrow HDE vs time, the energy density of Hypersurface homogeneous Barrow HDE model
in Granda-Oliveros cut-off decreases.

Using equations (32), (33) in equation (13) we get, the pressure of Barrow HDE as

𝑝𝐵 =
𝑛2

(𝑡 + 𝑏)2 +
(

2𝑛𝑐1
3

+ 3
4
𝛽0

)
(𝑡 + 𝑏)−3𝑛 +

(
𝜔𝜙2

0
2

+
𝑐2

1
9

)
(𝑡 + 𝑏)−6𝑛 (42)
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Figure 2. Plot of pressure of BHDE vs time, the pressure 𝑝𝐵 of BHDE decreases with time and approaches zero as time
goes to infinity.

Using equations (41), (42) and the barotropic equation of state 𝑝𝐵 = 𝜔𝐵𝜌𝐵, the equation of state BHDE parameter
is obtained as

𝜔𝐵 = −1 − (2 − Δ) (2𝛼𝐻 ¤𝐻 + 𝛽 ¥𝐻)
6𝐻

(
𝛼𝐻2 + 𝛽 ¤𝐻

) (43)

EoS parameter is obtained as,

𝜔𝐵 = −1 + (2 − Δ)
3𝑛

. (44)

From equation (44) shows (i) For small Δ and 𝑛 : The dark energy behaves less like a cosmological constant and
more like matter or radiation, with 𝜔𝐵 greater than -1. (ii) For large Δ and 𝑛 : The system behaves like a cosmological
constant with 𝜔𝐵 approaching -1. (iii) For intermediate values of Δ and 𝑛 : 𝜔𝐵 transitions smoothly between matter-like
and dark energy-like behavior, offering a flexible model for the evolution of the universe.

This form of 𝜔𝐵 in the Barrow holographic dark energy model provides a way to model the evolution of dark energy
and its impact on the universe’s expansion, with flexibility to explain both early-time and late-time acceleration.

Matter density parameter Ω𝑚 and the holographic dark energy parameter Ω𝐵 are given by

Ω𝑚 =
𝜌𝑚

3𝐻2 and Ω𝐵 =
𝜌𝐵

3𝐻2 (45)

Using equations (36), (40), (41) and (45) we get the overall density parameter as

Ω = Ω𝑚 +Ω𝐵

=
3𝑛2

(𝑡 + 𝑏)2 + 1
3𝑛2

(
𝜔𝜙2

0
2

+
5𝑐2

1
9

+ 3
4
𝛽0

)
(𝑡 + 𝑏)2−6𝑛 +

𝑘𝑐
2
3
2

3𝑛2 (𝑡 + 𝑏)2(1−𝑛) exp
(

2𝑐1
3(1 − 3𝑛) (𝑡 + 𝑏)1−3𝑛

) (46)

From equation (46), the total energy density parameter of Hypersurface homogeneous Barrow HDE model in Granda-
Oliveros cut-off decreases below 1, indicating an open universe.

4.2. Model for Shear scalar proportional to expansion scalar
The shear scalar 𝜎2 is proportional to scalar expansion so that we can take (Collins et al., [32])

𝐴 = 𝐵𝑛 (47)
where 𝑛 ≠ 1 is a positive constant and preserves the isotropic character of the spacetime.

Using the equation (47) in the equation (17), we get

¥𝐵
𝐵
+ (𝑛 + 1)

¤𝐵2

𝐵2 =
𝑘

(𝑛 − 1)𝐵2 (48)

We get

2 ¥𝐵 + 2(𝑛 + 1)
¤𝐵2

𝐵
=

2𝑘
(𝑛 − 1)𝐵 (49)
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equation (49) further reduces to

¤𝐵2 =
𝑘

𝑛2 − 1
+ 𝐶𝐵−2𝑛−2 (50)

where 𝐶 is a constant of integration and for 𝑛 = −2 we get

𝐵 = cosh (ℓ1𝑡 + ℓ2)1/3

𝐴 = cosh (ℓ1𝑡 + ℓ2)𝑛/3 (51)

The spatial volume is given by

𝑉 = [cosh (ℓ1𝑡 + ℓ2)]
𝑛+2

3 (52)

The average Hubble parameter is

𝐻 =
1
3

( ¤𝐴
𝐴
+ 2

¤𝐵
𝐵

)
=

(𝑛 + 2)
9

· tanh (ℓ1𝑡 + ℓ2) (53)

The values of the directional parameters are infinite at 𝑡 = 0 and tend to zero as 𝑡 → ∞. The mean Hubble parameter
𝐻 → 0 as 𝑡 → ∞ i.e. the rate of expansion of the universe is decreasing.

Now using equations (51) in equation (15) we obtain the scalar field as

𝜙
𝑛+2

2 =

(
𝑛 + 2

2

)
sech

2(𝑛+2)
3 (ℓ1𝑡 + ℓ2) + 𝜙0 (54)

where 𝜙0 are constants of integration. Taking 𝜙0 = 0, we have

𝜙
𝑛+2

2 =

(
𝑛 + 2

2

)
sech

2(𝑛+2)
3 (ℓ1𝑡 + ℓ2) (55)

The scalar expansion 𝜃 is

𝜃 = 3𝐻 = (𝑛 + 2) tanh (ℓ1𝑡 + ℓ2) (56)

The shear scalar 𝜎2 is

𝜎2 =
3
2
Δ𝐻2 =

[
(𝑛 − 1)

3
· tanh (ℓ1𝑡 + ℓ2)

]2
(57)

The average anisotropy parameter is

𝐴𝐵 =
2(𝑛 − 1)2

(𝑛 + 2)2 (58)

It is found that 𝜎2

02 ≠ 0 and the anisotropy parameter do not vanish except at n = 1. We observe that at 𝑡 = 0 the mean
anisotropy parameter is not zero i.e. in the early stage the universe found to be anisotropic. The shear scalar 𝜎 = 0 as 𝑡 →
∞ i.e. at late time matter has no shear.

Using equation (52) in equation (27) we get the energy density of dark matter as

𝜌𝑚 = 𝜌0 [sech (ℓ1𝑡 + ℓ2)]
𝑛+2

3 (59)

where 𝜌0 > 0 is a real constant of integration.
Using equation (54) in equation (8) we get, the density of Barrow HDE as

𝜌𝐵 = 3𝑀2
𝑝

⌈
(𝑛 + 2)

9

(
𝛼(𝑛 + 2)

81
− 𝛾ℓ1

9

)
tanh2 (ℓ1𝑡 − ℓ2) +

𝛾(𝑛 + 2)ℓ1
9

⌉1− Δ
2

(60)

Using equations (51) and (52) in equation (13) we get

𝑝𝐵 = −𝑀2
𝑝

𝑘1 tanh2 (ℓ1𝑡 + ℓ2) + 𝑘2
]1− Δ

2 ·
(
1 − Δ

2

)
· 2𝑘1 tanh (ℓ1𝑡 + ℓ2) 𝑘3

𝑛+2
3 tanh (ℓ1𝑡 + ℓ2)

−
[
3𝑘1 tanh2 (ℓ1𝑡 + ℓ2) + 3𝑘2

]1− Δ
2

(61)
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Figure 3. Plot of Density of Barrow HDE vs time, the energy density of Hypersurface homogeneous Barrow HDE model
in Granda-Oliveros cut-off decreases.

Figure 4. Plot of pressure of BHDE vs time, the pressure 𝑝𝐵 of BHDE decreases with time and approaches zero as time
goes to infinity.

where

𝑘1 =
𝑛 + 2

9

(
𝛼(𝑛 + 2)

81
− 𝛾ℓ1

9

)
, 𝑘2 =

𝛾(𝑛 + 2)ℓ1
9

, 𝑘3 =

���(1 − tanh2 (ℓ1𝑡 + ℓ2)
)
· ℓ1

���
Using equation (53) in equation (43) the equation of state BHDE parameter is obtained as

𝜔𝐵 = −1 −
(2 − Δ)ℓ1

(
2𝛼 𝑛+2

9 − 2𝛾
)

sech2 (ℓ1𝑡 + ℓ2)

6
⌈
𝛼

(
(𝑛+2)2

81

)
tanh2 (ℓ1𝑡 + ℓ2) + 𝛾

(
𝑛+2

9

)
sech2 (ℓ1𝑡 + ℓ2)

⌉ (62)

Matter density parameter Ω𝑚 and the holographic dark energy parameter Ωℎ are given by

Ω𝑚 =
𝜌𝑚

3𝐻2 and Ω𝐵 =
𝜌𝐵

3𝐻2 (63)

Using equations (53), (59), (60) and (63) we get the overall density parameter as

Ω = Ω𝑚 +Ω𝐵

=

27𝑀2
𝑝𝜌0 [sech (ℓ1𝑡 + ℓ2)]

𝑛+2
3

⌈
(𝑛+2)

9

(
𝛼(𝑛+2)

81 − 𝛾ℓ1
9

)
tanh2 (ℓ1𝑡 − ℓ2) + 𝛾 (𝑛+2)ℓ1

9

⌉1− Δ
2

(𝑛 + 2)2 tanh2 (ℓ1𝑡 + ℓ2)

(64)

From equation (64) show how the density parameter evolves as a function of time. Here are the key features we
expect: 1. Early Evolution: When 𝑡 is small, Ω may be larger than 1 , indicating a matter-dominated or radiation-dominated
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Figure 5. Plot of EoS parameter versus cosmic time 𝑡

universe. 2. Transition Period: As time progresses, the function will likely show a smooth transition where the contribution
from dark energy becomes dominant. 3. Late Evolution: For large values of 𝑡,Ω might approach 1 , signifying that the
universe has reached a state dominated by dark energy or a cosmological constant, and the expansion is accelerating. From
figure (5) observed that the regime of the EOS parameter 𝜔𝐵 changes with Δ, transitioning from a phantom energy regime
𝜔𝐵 < −1 ) for Δ < 2 to a vacuum energy regime (𝜔𝐵 = −1) for Δ = 2 and then to a quintessence regime (𝜔𝐵 > −1)
for Δ > 2. The specific plots of 𝜔𝐵 against 𝑡 for different Δ values will illustrate these transitions and provide a visual
understanding of the behavior of the parameter in different cosmological regimes.

From equation (57), it is clear that the expansion scalar is decreasing function of time which approaches constant at
large time. The universe is expanding with constant rate at the present. Scalar expansion versus time. The scalar expansion
(𝜃) and the shear scalar ( 𝜎2 ) diverge with 𝑡 → 0. The parameters 𝜎2 and 𝜃 are a decreasing function of time 𝑡 and vanish
as 𝑡 → ∞. The deceleration parameter tends to be negative at 𝑡 → ∞, i.e. the universe is accelerating at present, which
is in accordance with the observational result. One can see that the mean anisotropic parameter is not zero i.e. the model
is anisotropic. In this regime, we also note that the anisotropy of the fluid does not act so as to increase the anisotropy of
the expansion. The density and the EoS parameter are dynamical quantities 𝜌𝐵 → 0, 𝜔 → -1 as 𝑡 → ∞. i.e. the model
represents a vacuum universe and is mathematically equivalent to cosmological constant.

5. CONCLUSIONS
In this paper we have investigated a hypersurface homogeneous space-time filled with two minimally interacting

fluids, dark matter and Barrow holographic dark energy in the Saez-Ballester scalar-tensor theory of gravitation in Lyra
gemetry. To obtain exact solutions of the Saez-Ballester field equations we use (i) models of the constant deceleration
parameter of the universe and (ii) the relation between the scalar field 𝜙 and the average scale factor. We have also
computed some of the physical and kinematical parameters of the model, and their cosmological significance is described.
It is found that 𝜎2

𝜎2 ≠ 0 and the anisotropy parameter do not vanish except at 𝑛 = 1. The coincidence parameter is a
decreasing function of time. The spatial volume (V) of the universe increases with cosmic time so that there is a spatial
expansion of the universe with time t. The parameters 𝐻, 𝜃, 𝜎2 all diverge at the initial epoch, i.e.at 𝑡 = 0 and they all tend
to zero for infinite time. Also, the physical parameters 𝜌𝑚, 𝜌ℎ, 𝑝𝐵, 𝜙 diverge for 𝑡 = 0 while they all vanish for infinite
time. Therefore, the model has a big bang singularity at 𝑡 = 0. We can observe that 𝐴𝐵 ≠ 0 and this indicates that this
present model is anisotropic throughout the evaluation of the universe. The average anisotropy parameter and shear scalar
vanish for 𝑛 = 1. This shows that the universe will become shear free and isotropic in finite time. It may be observed that
the EoS parameter turns out to be vacuum universe and mathematically equivalent to cosmological constant for Δ = 2.
Also, the average density decreases with time.
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Photometric observations of the CH Cyg symbiotic star were conducted using the Zeiss 600 telescope at the ShAO (Shamakhy 
Astrophysical Observatory) between 06.07.2018 and 16.09.2018 over the course of 17 nights with the V-filter. The light curve for 
this star was constructed based on our observations and data from the AAVSO (American Association of Variable Star Observers) 
database. To analyze the nature of the variability, we performed statistical spectral Fourier analysis utilizing the Scargle method. Our 
findings align perfectly with those of the AAVSO. The star’s light has increased during the observation period up to 2 stars size – 
from 8.5m to 6.5m. Continuous observations have shown that short-term flickering of the star occurs during the night up to 0.2-0.45 
magnitude. We suppose that the cause of these flickering is the increase in the flow rate of matter from the Red Giant star to the 
surface of the White Dwarf in the period close to the periastron. 
Keywords: Symbiotic star; CH Cyg; Photometric variable; Flickering; Power spectrum, Observation; CDD photometry 
PACS: 97.80.−d; 97.80 Fk; 97.80.Gm; 97.80.hn 

1. INTRODUCTION
Symbiotic stars are interacting binary systems surrounded by cover. They consist of advanced Red Giant and hot 

component – White Dwarf. The material source of the cloud is Red Giant which loses its substance by star wind and 
pulsation, the energy source is the hot White Dwarf. 

CH Cyg (HD 182917) is the brightest and closest one among the symbiotic stars. The distance to this symbiotic star 
is about 244 parsecs according to data of Hippacros [1]. Its visual star size increased up to V=5.5m on 1982-1983 and 
decreased down to minimum of V=10.5m in 1996. The brightness of the start in a still condition is mainly 7m. 
Photometric observation of CH Cyg for more than 130 years is available, and it was studied comprehensively [2]. For 
long time CH Cyg was known as a single giant star pulsating in 100 days period in a little amplitude. Previous to 1963, 
CH Cyg showed no variable behavior and was actually used as a M6III spectral type calibrator. Since 1963 after 
activation strong emission lines of blue continuum and hydrogen were seen. Since that time CH Cyg was accepted as a 
symbiotic star – binary of M7 cold giant and accreting White Dwarf [3]. At that time, the spectrum of CH Cyg 
resembled a symbiotic star. This phenomenon was observed again in 1965. Since then, there have been several such 
outbursts of different durations: 1967−1970, 1977−1986, 1992−1995, 1998−1999, 2011-2012 and 2017-2018. 

CH Cyg is one of the rare symbiotics flashing in minute time scale [4]. Flickering disappears, blue continuum gets 
stronger and radiation lines are getting larger when jets are observed. Flickering reflects large spectral stochastic changes 
of brightness in several minutes time scale up to 0.01m to 1m magnitude. Flickering activity has been observed only in 10 
symbiotic stars: RS Oph, T GrB, MWC 560, V2116 Oph, CH Cyg, RT Cru, o Cet, V407 Cyg, V648 Car and EF Aql. 

5-20 minutes of flickering has been observed in the spectrum of the symbiotic star of CH Cyg in the optical region
profiles of emission lines and in the spectrophotometric parameters [5]. 

Here we present photometric observations of the flickering of CH Cyg in 2018. 

2. OBSERVATIONS AND RESULTS
Observations of CH Cyg star have been carried out in ZEISS-600 telescope of Shamakhy Astrophysics 

Observatory during 72 days between 06.07.2018 – 16.09.2018 and 17 nights. The telescope was fitted with CCD photo 
receiver of 4096x4096 pixel (1 pix= 9mic) size and with 17 arcmin of efficient visual area of photometer [6].  

The data reduction was done using MaxIm DL following standard procedures for aperture photometry. A few 
comparison stars from the list of Henden and Munari have been used, bearing in mind that V2365 Cyg (SAO 31628) is 
an eclipsing binary [7, 8]. 

TYC 3551-1725-1 was selected as the comparison star, and V2365 Cyg (SAO 31628) was used as the check star. 
To investigate the nature of the faster variations, continuous observations with high time resolution were carried out 
over several nights using a single filter (V). 

Table 1 presents the observation list, including the observation date, the number of images taken, the exposure 
duration, the total observation period, as well as the average, maximum, and minimum brightness values, along with the 
maximum variations observed. 
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Table 1. Journal of observations. 

date-obs exposures obs. duration 
(minute) Vave Vmin Vmax ΔV 

06.07.2018 5x10s 1.16 7.579 7.591 7.568 0.023 

09.07.2018 15x5s 2.51 7.488 7.507 7.466 0.041 

10.07.2018 59x3s 10 7.463 7.546 7.379 0.167 

11.07.2018 79x3s 9+3* 7.301 7.388 7.269 0.119 

14.07.2018 10x3s 2.36 7.187 7.211 7.17 0.041 

18.07.2018 60x2s,15x3s 13 7.145 7.275 7.056 0.219 

19.07.2018 700x3s,30x5s 148 7.012 7.143 6.846 0.297 

06.08.2018 450x1s,15x2s, 11x3s 79 6.574 6.714 6.411 0.303 

07.08.2018 120x2s 20.5 6.564 6.61 6.493 0.117 

16.08.2018 174x1.5s, 150x2s 37+42* 6.623 6.796 6.424 0.372 

22.08.2018 50x2s, 15x3s 10 6.669 6.727 6.589 0.138 

30.08.2018 60x2s 8 6.777 6.808 6.74 0.068 

03.09.2018 70x2s 17 6.471 6.626 6.358 0.268 

06.09.2018 20x1.5s, 130x1s, 200x1s 43+27* 6.674 6.91 6.447 0.463 

07.09.2018 160x1s 24 6.889 6.961 6.828 0.133 

15.09.2018 100x1s 14 7.214 7.336 7.082 0.254 

16.09.2018 950x2s, 500x2s 87+79* 7.199 7.336 7.087 0.249 

*- observations have been conducted in the two sequential time intervals. 
 

Observations have been conducted continuously within several nights. The most lasting observations have been 
conducted in 19-07-2018 – 148 minutes, 06-08-2018 – 79 minutes and 16-09-2018 – 87 and 79 minutes. Continuity of 
observations in the other nights have been: 10 minutes in 10/11-07-2018 and 22-08-2018, 13-14 minutes in 18-07-2018 
and 15-09-2018, 20 minutes in 07-08-2018, 37 and 42 minutes in 16-08-2018. 

Light curve in V filter has been given in the figure-1 based on our observations and AAVSO (American 
Association of Variable Star Observers) database. As it is reflected in the figure, our results accord with the AAVSO 
results. CH Cyg star was active during observation period and increased its brightness from 7.56m to 6.47m. 

 

 
 

Figure.1. Comparison of the Light Curves of the CH Cyg Symbiotic Star for the period from 06-07-2018 ÷ 16-09-2018. 
○-AAVSO, ●-ShAO. 

 
3. FLICKERING 

Photometric flickering of CH Cyg was identified by Wallerstein for the first time [9] and then have been comprehensively 
studied by various authors [10,11,12,13]. Flickering was not observed in 2010-2013, was observed again starting from 2014 [11]. 
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Our observations also coincided to flickering time of the star. Nigh observations showed that several minutes lasting little 
amplitude of flickering occurs in the symbiotic star of CH Cyg. Light curves of several nights reflecting flickering in V filter of CH 
Cyg star are given in the figure 2. As it is reflected in the figure 2, character and amplitude of flickering was different from night to 
night.  

Maximum change of brightness was 0.16m for 7 minutes in 10-07-2018, 0.12m for 5 minutes in 11-07-2018, 0.22m for 10 
minutes in 18-07-2018, 0.3m for 35 minutes in 19-07-2018, 0.3m for 39 minutes in 06-08-2018, 0.21m for 17 minutes in 16-08-2018, 
in the first half of observation, 0.27m for 39 minutes in the second half of observation, the amplitude of flickering during the night 
was 0.36m. It was 0.14m for 03 minutes in 22-08-2018, 0.14m for 24 minutes in the first half of observation in 06-09-2018m, 0.16m for 
26 minutes in the second half of the observation, amplitude of flickering was 0.45m during the night. 0.22m for 3 minutes in the first 
half of observation in 15-09-2018, 0.26m for 8 minutes in the second half of observation, 0.14m for 17 minutes in 16-09-2018 for the 
first half and maximum amplitude of flickering was 0.25m. 

Thus, changes in V brightness of CH Cyg symbiotic star with 0.1 m - 0.45 m amplitude in 1-30 minutes interval and 0.05 m - 
0.06 m amplitude of changes happened in 10-30 seconds interval. 

 
Figure 2. Flickering of CH Cyg in V bands. 
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4. PERIODICITY 
Investigating the periodicity of flickering in the CH Cyg symbiotic star is challenging because our observations 

did not cover a sufficiently long time period, except for a few nights. However, as shown in Figure 2, some periodic 
variations were observed on certain nights. To explore the periodicity on a minute timescale, we applied spectral 
Fourier analysis using the Scargle method to the results of all our observations. As an example, the power spectra for 
the V-band on 06-08-2018, 16-08-2018, and 07-09-2018 are presented in figure 3. 

In the figure 4 phase diagrams of brightness in V filter for the dates of 06-08-2018, 16-08-2018 and 07-09-2018 
are given. Short time changes in brightness of CH Cyg star in V filter in dates of 06-08-2018 (79 minutes of 
observation) and 16-08-2018 (200 minutes) demonstrated close periodic values – 67 minutes and 65 minutes. Period of 
flickering was 12 minutes in 07-09-2018. 

 

 
Figure 3. Power spectrum within 0-0.3, 0-0.1, 0-0.8 frequency intervals according to value of V data massive. The highest peak 

within the power spectrum accords with the value of frequency 0.0149, 0.0153, 0.0846 in the dates of 06-08-2018, 16-08-2018, 07-
09-2018. Periods respectively are 67 minutes, 65 minutes and 12 minutes. 

 

 
Figure 4. Phase diagrams for brightness of the start CH Cyg in V filter. 

 
5. DISCUSSION 

Red Giants are stars that have reached the necessary temperature for helium fusion in their cores. White Dwarfs, 
on the other hand, are stars nearing the end of their life cycle and are highly compressed. These stars are so dense that, 
despite having nearly the same mass as the Sun, their size is comparable to that of Earth. Due to their immense density, 
being 200000 times heavier than Earth, they exert a very strong gravitational pull. As a result, they can accumulate 
large amounts of matter from the companion cold giant, and in most symbiotic systems, an accretion disc forms around 
the White Dwarf.[16]. This happens due to rotation of binary system. As a result of the rotation of the binary system, 
the substance flowing from the Red Giant bends and falls on the White Dwarf due to its strong gravity. By causing 
matter to rotate, it forms a disk around the White Dwarf. 

White Dwarfs have such a strong gravitational field that they can pull matter from the other star in a symbiotic 
system. This process is known as Roche Lobe Overflow. It occurs when a star expands to a point where its ability to 
retain its outer layers diminishes, causing its size to exceed the Roche limit. As a result, the excess material flows onto 
the binary system, forming a disc. Occasionally, this accretion leads to the formation of an ionized gas cloud around the 
hot component. 

Source of flickering in optical region in symbiotic stars are known to be a disc [15]. Researchers consider that 
flickering disappears when accretion disc destroyed [11] or magnetic propeller gets activated [10]. Faster changes were 
observed during flickering of stars. Changes in fluxes in U filter were 10-30% within several minutes. CH Cyg is 
unique changing star and demonstrates complex alterations of different character in the light curve and large diapason 
of spectrum. Observed long lasting alterations (variating in 10 years) are caused by orbital movements or increasement 
of the dust cover. Several alterations of 95-100 days are related to pulsation of the giant [16]. Short term flickering 
activity relates to accretion disc. Increasement of activity of flickering since 2014 can be related to acceleration of 
processes in the disc as a result of increasement in amount of substance absorbed from the Red Giant while White 
Dwarf moves through periastron in CH Cyg symbiotic system. 
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6. CONCLUSION 
The results of the analysis of observations in the V filter for the CH Cyg symbiotic star, made with the "Zeiss-600" 

telescope at the ShAO from 06.07.2018 to 16.09.2018 (over a period of 72 days and 17 nights), are as follows: 
The star's brightness increased by about 2 magnitudes during the observation period, rising from 8.5m to 6.5m. 
Continuous observations revealed that short-term flickerings in the star's brightness occur, ranging from 0.2 to 

0.45 magnitudes. These flickering are likely caused by an increase in the rate of material flow from the Red Giant to the 
White Dwarf near periastron. 

Periodic variations of 67, 65, and 12 minutes were observed for the fluctuations on different nights. 
 
We sincerely thank the observers worldwide who contributed variable star observations to the AAVSO (American Association of 
Variable Star Observers) International Database, which were used in this research. 
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ФОТОМЕТРИЧНЕ МЕРЕХТІННЯ CH CYG У 2018 РОЦІ 

Х.М. Мікайловa, Р.Т. Мамедовb,c 
aБакинський Державний Університет, Баку, AZ-1148, Азербайджан  

bБатабатська Астрофізична Oбсерваторія Міністерства Науки і Освіти Азербайджанської Республіки, 
Нахічевань, AZ-7000, Азербайджан 

cНахічеванський Державний Університет, Нахічевань, AZ-7012, Азербайджан 
Фотометричні спостереження симбіотичної зірки CH Cyg проводилися на телескопі Zeiss 600 в ШАО (Шамахинська 
Астрофізична Обсерваторія) в інтервалі 06.07.2018-16.09.2018 протягом 17 ночей з використанням V-фільтра. Криву блиску 
цієї зірки було встановлено на основі наших спостережень і баз даних AAVSO. Для вивчення характеру зміни ми 
застосували статистичний спектральний аналіз Фур’є за методом Скаргла. Наші результати повністю відповідають 
результатам AAVSO. Світло зірки збільшилося за період спостережень до розміру 2 зірки – з 8,5 до 6,5. Безперервні 
спостереження показали, що вночі відбуваються короткочасні мерехтіння зірки до 0,2-0,45 зоряної величини. Ми 
припускаємо, що причиною цих мерехтінь є збільшення швидкості потоку речовини від зірки червоного гіганта до поверхні 
білого карлика в період, близький до периастрона. 
Ключові слова: симбіотична зірка; CH Cyg; фотометрична змінна; мерехтіння; спектр потужності, спостереження; 
CDD фотометрія 
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The present study investigates the dynamical symmetries of even-even 𝑆𝑒଻ସି଻଼, 𝑅𝑢ଵ଴ସିଵ଴଺ and  𝑀𝑜ଵ଴଺ିଵ଴଼ isotopes within the 
framework of the Interacting Boson Model-1 (IBM-1). The analysis explores the three fundamental symmetry groups: SU(5) 
(vibrational), O(6) (gamma-soft), and SU(3) (rotational). Energy levels were calculated using newly optimized Hamiltonian 
parameterizations based on the U(6) unitary group structure in six dimensions, and the results were compared with experimental data, 
demonstrating excellent agreement. A key finding of this study is that for each nucleus, the predominant Hamiltonian parameter can be 
selectively adjusted to achieve an optimal theoretical-experimental match, particularly in relation to the ாସభశாଶభశ  energy ratio. This approach 
provides a systematic and efficient method for refining Hamiltonian parameterization, offering a standardized technique to enhance the 
accuracy of nuclear structure studies. The findings contribute to a deeper understanding of nuclear collective motion and may serve as 
a foundation for further advancements in theoretical nuclear physics. 
Keywords: IBM-1; Dynamical symmetry, Hamiltonian parameterization; Energy levels; Se-isotopes; Ru-isotopes; Mo-isotopes 
PACS: 21.60.Fw, 21.10.Re, 23.20.Lv, 27.60.+j, 27.50.+e 

INTRODUCTION 
The Interacting Boson Model (IBM-1), developed by Arima and Iachello, revolutionizes the study of nuclear structure 

by offering a simplified yet powerful framework rooted in group theory [1]. In the six-dimensional space governed by the 
unitary group U(6), the IBM-1 model explains dynamical symmetry through its fundamental subgroups: SU(5) for 
vibrational nuclei, SU(3) for rotational nuclei, and O(6) for gamma-soft nuclei [2]. 

Several studies have utilized the IBM-1 model to investigate the nuclear structure of various isotopes. 
S.A. Abdulsahib et al. employed IBM-1 for even-even 𝑆𝑒଻଺ି଼ଶ isotopes, considering them as O(6) shapes. Their study 
focused on the impact of the O(6) dynamical symmetry group chain on the Hamiltonian parameterization, particularly on 
(a0, a1, and a3) [3]. Similarly, Yaseen, Mustafa T., et al. analyzed the 𝑆𝑒଻ଶି଼଴ isotopes, primarily highlighting the dominance 
of U(5) characteristics. They also noted a minor influence of the a2 parameter, beginning from 𝑆𝑒଻ସ to 𝑆𝑒଼଴. Their energy 
ratios indicated that 𝑆𝑒଻ଶ is the closest to a typical vibrational limit, while the 𝑆𝑒଻ସି଼଴ isotopes exhibit a gradual transition 
toward the rotational region along the U(5)-SU(3) limit [4]. 

Beyond selenium isotopes, Sharrad, Fadhil I. et al. investigated 𝑅𝑢ଽ଺,ଽ଼ isotopes, demonstrating their U(5) dynamical 
symmetry. They highlighted the significant influence of the ϵ parameter in the IBM-1 Hamiltonian. Furthermore, the even-
even 𝑅𝑢ଵ଴଼ିଵଵଶ isotopes were classified as transitional nuclei, positioned between the U(5) spherical vibrator and SO(6) γ-
unstable rotor symmetries [6]. More broadly, several studies focus on refining the IBM-1 Hamiltonian to enhance its 
applicability to these isotopes. 

In addition, Berun et al. have carried out significant research on the nuclear structure of Mo isotopes, including 𝑀𝑜ସଶ ଽସ  [7], 𝑀𝑜ସଶ ଽ଺ିଽ଼  [8], and 𝑀𝑜ସଶ ଵ଴଴  [9], using the IBM-1 model. Their studies emphasized the vibrational nature of these 
nuclei under SU(5) symmetry, highlighting the crucial role of four Hamiltonian parameters (ɛ, a1, a3, and a4) in determining 
their energy spectra. More recently, Ghafoor and Shwan (2024) explored the nuclear structure of 𝑀𝑜ସଶ ଵ଴ଶ  within the IBM-1 
framework, analyzing the impact of the Hamiltonian parameters a0, a1, and a3. Their findings established a strong correlation 
between these parameters and the O(6) dynamical symmetry group, which characterizes gamma-soft nuclei [10]. 

The objective of the current study is to systematically investigate the Hamiltonian parameters for constructing the 
energy levels of even-even 𝑆𝑒଻ସି଻଼, 𝑅𝑢ଵ଴ସିଵ଴଺, and 𝑀𝑜ଵ଴଺ିଵ଴଼ isotopes. A particular focus is placed on the ாସభశாଶభశ energy 
ratio, which serves as a key indicator of nuclear dynamical symmetry. Furthermore, this study examines the specific 
dynamical symmetries exhibited by these nuclei within the IBM-1 framework, refining the parameterization approach for 
future nuclear structure studies. 

THEORETICAL BACKGROUND 
The Hamiltonian, which establishes connections between the basis states, is formulated using the principles of 

second quantization. As a result, it exclusively consists of combinations of the operators 𝑠, 𝑠ற, 𝑑, and 𝑑ற. Such a 
Hamiltonian operator (𝐻෡) comprises both one-body and two-body operators [1]. 
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 𝐻෡ = 𝜀௦ 𝑠ற𝑠̃ + 𝜀ௗ ∑ 𝑑ற𝑑ሚ௠  + 𝑉. (1) 

The parameters 𝜀௦ and 𝜀ௗ   represent the single-boson energies for the 𝑠- and 𝑑 −bosons, respectively, and 𝑚 represents the magnetic quantum number of the dd-boson states, which range from 𝑚 = −2,−1, 0, 1, 2 corresponding 
to the angular momentum quantum number L = 2. while 𝑉 denotes the boson-boson interaction potential. The operators 𝑠ற(𝑠̃) function as creation and annihilation operators for the 𝑠-boson state, whereas 𝑑ற(𝑑ሚ) serve as creation and 
annihilation operators for the 𝑑-boson state. The most widely utilized formulation of the IBM-1 Hamiltonian [11], which 
also provides the clearest insight into how each term influences the resulting nuclear structure, is known as the multipole 
expansion. In this approach, different boson-boson interactions are categorized systematically, allowing the Hamiltonian 
to be expressed in a structured form. 

 𝐻෡ = ɛ (𝑛ௗ) + 𝑎଴ (𝑃෠. 𝑃෠) + 𝑎ଵ(𝐿෠. 𝐿෠)  + 𝑎ଶ(𝑄෠ . 𝑄෠) +  𝑎ଷ (𝑇෠3. 𝑇෠3) + 𝑎ସ (𝑇෠4. 𝑇෠4). (2) 

Here ɛ, 𝑎଴, 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, and 𝑎ସrepresent the model parameters, while 𝑃෠. 𝑃෠, 𝐿෠. 𝐿෠, 𝑄෠ . 𝑄෠ , 𝑇෠3. 𝑇෠3, and 𝑇෠4. 𝑇෠4 correspond to the 
pairing, angular momentum, quadrupole, octupole, and hexadecapole operators, respectively. Additionally, 𝑛ௗ denotes 
the d-boson number operator. 
 

RESULTS AND DISCUSSION 
The first step in our calculations is to determine the total number of bosons. In the original IBM-1 model, there is 

no distinction between protons and neutrons [12], and the valence number is always counted relative to the nearest closed 
shells. To calculate the total boson count, we first determine the difference in proton or neutron numbers relative to the 
nearest closed shell, divide this value by two, and then sum the resulting proton and neutron bosons. Following this 
method, the total number of bosons for even-even isotopes is as follows: 𝑆𝑒଻ସି଻଼ has 8, 7, and 6 bosons, respectively; 𝑀𝑜ଵ଴଺ିଵ଴଼ has 11 and 12 bosons, respectively; and 𝑅𝑢ଵ଴ସିଵ଴଺ has 8 and 9 bosons, respectively. In the present study 
the ாସభశாଶభశ  ratio was used in order to determine the dynamical symmetry region for isotopes. Table 1 provides the IBM-1 
Hamiltonian parameters essential for calculating the low-lying positive parity energy levels of presented nuclei. In the 
Interacting Boson Model-1 (IBM-1), the Hamiltonian plays a crucial role in describing nuclear structure by incorporating 
different interaction terms that govern the behavior of bosons. To ensure accurate results, the IBM-1 Hamiltonian is 
constructed and solved within the framework of dynamical symmetry regions. This approach allows for a systematic 
understanding of nuclear shape transitions, whether vibrational (U(5)), rotational (SU(3)), or gamma-soft (O(6)). 
The calculations are performed using the PHINT computer program [13], which efficiently handles the matrix 
diagonalization and provides the energy eigenvalues necessary for analyzing nuclear excitations. 
Table 1. IBM-1 Hamiltonian parameterization for description of presented nuclei 

Nucleus Hamiltonian Parameters (MeV) 𝝌 𝑺𝑶(𝟔) 𝐸𝑃𝑆 𝑃𝐴𝐼𝑅 𝐸𝐿𝐿 𝑄𝑄 𝑂𝐶𝑇 𝐻𝐸𝑋 𝑺𝒆𝟕𝟒 0.2700 0.0070 0.0188 0.0000 0.0606 0.0850 0.0000 1.0000 𝑺𝒆𝟕𝟔 0.2670 0.0060 0.0188 0.0000 0.0506 0.0850 0.0000 1.0000 𝑺𝒆𝟕𝟖 0.1600 0.1160 0.0108 0.0000 0.3406 0.0550 0.0000 1.0000 𝑹𝒖𝟏𝟎𝟒 0.5000 0.0500 0.0105 -0.0080 0.0000 0.0000 -1.3200 1.0000 𝑹𝒖𝟏𝟎𝟔 0.4700 0.0500 0.0105 -0.0070 0.0000 0.0000 -1.3200 1.0000 𝑴𝒐𝟏𝟎𝟔 0.4800 0.0500 0.0105 -0.0080 0.0000 0.0000 -1.3200 1.0000 𝑴𝒐𝟏𝟎𝟖 0.4800 0.0400 0.0120 -0.0080 0.0000 0.0000 -1.3200 1.0000 

Where the Parameters are related to its coefficients such ɛ = 𝐸𝑃𝑆, 𝑎଴ = 2 ∗ 𝑃𝐴𝐼𝑅 , 𝑎ଵ = ா௅௅ଶ , 𝑎ଶ = ொொଶ , 𝑎ଷ = 5 ∗ 𝑂𝐶𝑇, 𝑎ସ = 5 ∗ 𝐻𝐸𝑋 [14] The low-lying positive parity energy levels of Se isotopes have been investigated, and the theoretical 
results show strong agreement with experimental data [15-17], as illustrated in Figure 1. 

The Hamiltonian parameters ɛ,  𝑎ଵ and 𝑎ସ play a crucial role in accurately reproducing the energy levels for 𝑆𝑒଻ସ due 
to its SU(5) dynamical symmetry. However, in the case of 𝑆𝑒଻଺, the sensitivity shifts towards 𝑎଴, where even a slight 
variation in 𝑎଴ yields the best agreement between theoretical and experimental values. This indicates that  𝑆𝑒଻଺ exhibits 
characteristics intermediate between SU(5) and O(6) dynamical symmetries. On the other hand, 𝑆𝑒଻଼ predominantly 
exhibits O(6)-like gamma-unstable behavior, with 𝑎଴ , 𝑎ଵ and 𝑎ଷ emerging as the most influential parameters in 
determining its energy structure. Additional energy levels that are not explicitly shown in Figure 1 have also been 
investigated, demonstrating strong agreement with experimental data. For 𝑆𝑒଻ସ, the calculated energy values for 2ଶା, 3ଵା, 6ଵା, 6ଶା, and 4ସା are 1.268 MeV, 1.0904 MeV, 2.294 MeV, 3.096 MeV, and 3.050 MeV, respectively. These results closely 
match the corresponding experimental values [15] of 1.269 MeV, 1.884 MeV, 2.232 MeV, 2.986 MeV, and 3.078 MeV. 
Similarly, for 𝑆𝑒଻଺, the calculated energy levels for 2ଶା and 4ଷା are 1.216 MeV and 2.805 MeV, which align well with the 
experimental values [16] of 1.230 MeV and 2.840 MeV. For 𝑆𝑒଻଼, the calculated energy values for 2ଶା, 4ଶା, 6ଵା, and 6ଶା,  
are 1.308 MeV, 2.191 MeV, 2.546 MeV, and 3.140 MeV, respectively. These values show excellent agreement with the 
experimental data [17], which are 1.378 MeV, 2.207 MeV, 2.464 MeV, and 3.123 MeV, respectively. 
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The energy levels of 𝑅𝑢ଵ଴ସ and 𝑅𝑢ଵ଴଺ are depicted in Figure 2 and compared with experimental data [18, 19], 
demonstrating excellent agreement. 

 
Figure 1. IBM-1 calculated energy level schemes for Se isotopes compared with experimental data [15-17]. 

The O(6) dynamical symmetry is predominant in 𝑅𝑢ଵ଴ସ, making 𝑎଴ a highly sensitive parameter alongside 𝑎ଷ,. 
However, variations in the ɛ parameter can systematically alter the energy levels due to the vibrational nature of 𝑅𝑢ଵ଴ସ, 
which aligns closely with SU(5) symmetry. In contrast, 𝑅𝑢ଵ଴ସ also exhibits gamma-soft behavior, with O(6) symmetry 
remaining dominant. However, it slightly deviates from the O(6) group chain, displaying characteristics that gradually 
shift toward rotational motion. While maintaining the calibration of 𝑎଴ , 𝑎ଵ and 𝑎ଷ, minor adjustments to the 𝑎ଶ, parameter 
is necessary. Additionally, in Figure 2, several energy levels have been analyzed using the optimized Hamiltonian 
parameterization. For 𝑅𝑢ଵ଴ସ, the calculated values for 2ଶା, 0ଶା, 0ଷା, 4ଶା, 4ଷା, and 3ଶା are 0.880 MeV, 0.899 MeV, 1.288 MeV, 
1.451 MeV, 1.995 MeV, and 2.401 MeV, respectively, showing strong agreement with the experimental values [18] of 
0.893 MeV, 0.988 MeV, 1.335 MeV, 1.502 MeV, 2.080 MeV, and 2.330 MeV, respectively. Similarly, for 𝑅𝑢ଵ଴଺, the 
calculated energy levels for 2ଶା, 0ଶାand 4ଶା are 0.702 MeV, 0.832 MeV, and 1.276 MeV, which align well with the 
experimental data [19] of 0.792 MeV, 0.991 MeV, and 1.306 MeV, respectively. 

 
Figure 2. IBM-1 calculated energy level schemes for Ru isotopes compared with experimental data [18, 19]. 

The energy values of 𝑀𝑜ଵ଴଺ and 𝑀𝑜ଵ଴଼ are presented in Figure 3, demonstrating excellent agreement with 
experimental data [19, 20]. For 𝑀𝑜ଵ଴଺, the Hamiltonian parameters 𝑎ଵ and 𝑎ଶ  exhibit the highest sensitivity, as the 
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nucleus is close to the SU(3) dynamical symmetry. Additionally, the parameters 𝑎଴ and 𝑎ଷ show minor sensitivity, 
indicating the influence of O(6) dynamical symmetry. Consequently, 𝑀𝑜ଵ଴଺is positioned within the O(6)-SU(3) 
dynamical symmetry limit. On the other hand, 𝑀𝑜ଵ଴଼ is highly sensitive to 𝑎ଵ and 𝑎ଶ, confirming its strong proximity to 
SU(3) dynamical symmetry. 

Furthermore, additional energy levels not listed in Figure 3 have been investigated. For 𝑀𝑜ଵ଴଺, the 4ଶା, 6ଶା, and the 
double gamma band state 7ଵା are calculated as 1.105 MeV, 1.606 MeV, and 2.127 MeV, respectively, showing excellent 
agreement with the experimental values [19] of 1.068 MeV, 1.563 MeV, and 2.127 MeV. Similarly, for 𝑀𝑜ଵ଴଼, the 2ଶା, 4ଶା, and the two-phonon vibrational band state 9ଵା are calculated as 0.644 MeV, 1.056 MeV, and 2.908 MeV, respectively, 
aligning well with the experimental data [20] of 0.586 MeV, 0.978 MeV, and 2.883 MeV. 

Figure 3. IBM-1 calculated energy level schemes for Mo isotopes compared with experimental data [19, 20]. 

The energy ratio ாସభశாଶభశ  plays a crucial role in diagnosing dynamical symmetry behavior. As previously mentioned, this 
ratio serves as a key indicator of nuclear structure: it is 2.0 for SU(5)-like vibrational nuclei, 2.5 for O(6) gamma-soft 
nuclei, and 3.33 for SU(3) rotational nuclei [21-24]. The calculated ாସభశாଶభశ  values for the investigated nuclei are presented 
in Figure 4. The figure reveals that these nuclei predominantly align with the SU(5) symmetry, deviating from the O(6) 
limit and gradually approaching the SU(3) region. Furthermore, the energy ratio ாସభశாଶభశ  provides insights into the evolution 
of Hamiltonian parameters, highlighting which interactions dominate within each symmetry group. 

 

Figure 4. IBM-1 calculated value of ாସభశாଶభశ  compared with experimental data [20-25]. 
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The energy ratio ாସభశாଶభశ  is crucial because it directly measures the collective motion inside the nucleus, differentiating 
between vibrational, gamma-soft, and rotational motions. Furthermore, it acts as a standard for verifying theoretical 
nuclear models, assisting in parameter refinement and improving the ability to predict of nuclear structure predictions. 

 
CONCLUSION 

This study systematically investigated the energy levels of even-even 𝑆𝑒଻ସି଻଼, 𝑀𝑜ଵ଴଺ିଵ଴଼, and 𝑅𝑢ଵ଴ସିଵ଴଺ isotopes 
across the ground state, beta, and gamma bands using a specifically optimized IBM-1 Hamiltonian parameterization. 
Based on group theoretical analysis, the examined nuclei were categorized into three primary dynamical symmetry 
groups: SU(5) (vibrational), O(6) (gamma-soft), and SU(3) (rotational). The findings reaffirm that for SU(5) vibrational 
nuclei, the Hamiltonian parameters ɛ, 𝑎ଵ, 𝑎ଷ and 𝑎ସ which correspond to the d-boson number, angular momentum, 
octupole, and hexadecapolar operators, respectively—are the most influential in accurately reproducing the nuclear 
energy spectra. In contrast, for O(6) gamma-soft nuclei, the dominant parameters are 𝑎଴ , 𝑎ଵ and 𝑎ଷ, which are associated 
with pairing, angular momentum, and octupole interactions, respectively. Meanwhile, in the SU(3) rotational regime, the 𝑎ଵ and 𝑎ଶ parameters, linked to angular momentum and quadrupole operators, play the most significant role in 
Hamiltonian parameterization. This study highlights that ɛ (d-boson number operator) is the most sensitive parameter for 
vibrational nuclei, 𝑎଴ (pairing operator) is the key sensitivity factor for gamma-soft nuclei, and 𝑎ଵ (angular momentum 
operator) is the dominant parameter for rotational nuclei. These insights contribute to a deeper understanding of nuclear 
structure and provide a refined approach for optimizing IBM-1 Hamiltonian parameterization in future nuclear physics 
research. 
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НОВА ГАМІЛЬТОНОВА ПАРАМЕТРИЗАЦІЯ IBM-1 НА ОСНОВІ ДИНАМІЧНОЇ СИМЕТРІЇ 
ДЛЯ ПАРНИХ-ПАРНИХ Se74-78, Ru104-106 ТА Mo106-108 

Берун Н. Гафур 
Факультет фізики, Педагогічний коледж, Університет Сулеймані 

У цьому дослідженні досліджуються динамічні симетрії парно-парних ізотопів Se74-78, Ru104-106 і Mo106-108 у рамках моделі 
взаємодіючого бозона-1 (IBM-1). Аналіз досліджує три основні групи симетрії: SU(5) (вібраційна), O(6) (гамма-м’яка) і SU(3) 
(обертальна). Рівні енергії були розраховані з використанням нещодавно оптимізованих гамільтонівських параметризацій, 
заснованих на структурі унітарної групи U(6) у шести вимірах, і результати порівнювалися з експериментальними даними, 
демонструючи чудову узгодженість. Ключовим висновком цього дослідження є те, що для кожного ядра переважаючий 
параметр Гамільтона можна вибірково регулювати для досягнення оптимального теоретико-експериментального збігу, 
зокрема щодо ாସభశாଶభశ  співвідношення енергії. Цей підхід забезпечує систематичний та ефективний метод уточнення 
гамільтонівської параметризації, пропонуючи стандартизовану техніку для підвищення точності досліджень ядерної 
структури. Отримані результати сприяють глибшому розумінню колективного ядерного руху і можуть стати основою для 
подальшого прогресу в теоретичній ядерній фізиці. 
Ключові слова: IBM-1; динамічна симетрія, гамільтонова параметризація; рівні енергії; Se-ізотопи; Ru-ізотопи; Мо-
ізотопи 
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The present study employs DWIA (Distorted Wave Impulse Approximation) framework, allows to investigate the influence of knock-
on exchange effects together with tensor force contributions while examining the charge exchange reactions. Here, the differential 
cross-section and unit cross-section for (t, ³He) charge-exchange reactions on 12C, 13C, 26Mg and 58Ni targets have been computed. The 
obtained results demonstrate that consideration of knock-on exchange terms substantially decreases the estimated cross-section. 
Furthermore, the tensor forces contribution introduces an additional layer of complexity to the analysis of charge exchange reactions. 
Depending on the target nucleus, the tensor forces contribution produces either constructive or destructive interference effects, which 
leads to either increment or decrement in cross-section magnitude based on the target nucleus. The predicted unit cross-sections agree 
with corresponding experimental data but show specific deviations because of tensor interactions which are most pronounced in 58Ni.  
Keywords: Gamow-Teller transitions; Charge Exchange Reaction; Tensor forces; Distorted Wave Impulse Approximation; Angular 
Distribution; Unit cross-section 
PACS: 25.55.-e, 25.45.Kk, 25.70.Kk, 25.40.Kv 

INTRODUCTION 
Spin-isospin excitations within nuclei at intermediate energies have been extensively studied through hadronic 

probe, involving (p, n) and (³He, t) charge-exchange (CE) reactions along with their inverse reactions, (n, p) and (t, ³He), 
during the past several decades [1]-[7]. Particularly, these reactions facilitate the exchange of nucleons (protons or 
neutrons) between interacting nuclei such as (t, ³He) reactions and same process followed by 𝛽ା- decay shown below in 
Figure 1, thereby inducing isospin transitions (ΔT = 1) with or without associated spin-flip processes (ΔS = 1 or ΔS = 0). 
This versatility has made them particularly effective for investigating Gamow-Teller (GT) transitions, Fermi (F) 
transitions, and higher-order excitations such as spin-dipole and quadrupole transitions, which are often remains 
inaccessible through conventional beta decay [8], [9]. 

Figure 1. Illustration of (t, 3He) charge exchange reaction and 𝛽ା- decay process  

In recent decade, weak interaction research attracts the attention of scientists commonly around the globe, due to the 
fact that these processes determine fundamental explanations for nuclear physics and astrophysical phenomena. The 
mechanisms that control stellar evolution and initiate core-collapse supernovae remain governed by weak interaction 
processes. Furthermore, weak interactions play a critical role in rare nuclear processes like neutrino-less double-beta 
decay (0νββ), which has deep implications for understanding the nature of neutrinos and the asymmetry between matter 
and antimatter in the universe [10]-[13]. Additionally, weak interaction rates, particularly Gamow-Teller (GT) transition 
strengths characterised by changes in isospin (ΔT = 1), spin (ΔS = 1), and angular momentum (ΔL = 0), are essential for 
modelling neutrino-driven nucleosynthesis pathways that contribute to the formation of heavy elements in astrophysical 
environments [14]-[17]. Charge exchange reactions like (t, ³He) and (³He, t) play a pivotal role in extracting these 
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transition strengths due to their ability to probe high-excitation energy states beyond the Q-value limitations inherent to 
β-decay, thereby allowing for comprehensive studies of weak interaction processes and their implications in stellar 
environments [18], [19]. These reactions offer high-resolution measurements, providing critical data for validating 
different theoretical models [20], [21]. 

As it is evident that at low momentum transfer, the differential cross-section measurements and GT transition 
strengths exhibit a well-documented proportionality, which is commonly called the unit cross-section (𝜎ොீ்) [22], [23]. 
This relationship acts as an essential method for getting correct B(GT) values, which helps to validate theoretical models, 
including the shell model and quasiparticle random phase approximation (QRPA) [24]-[26]. Moreover, the experimental 
capabilities have been expanded through secondary triton beam developments to analyse GT strength distributions in 
various medium-mass nuclei [27]. Zegers et al. showed that (t, ³He) along with (³He, t) reactions provide effective GT 
probes that give matching experimental data with low probe sensitivity. The unit cross-sections 𝜎ොீ் show equivalent mass 
dependency for nuclei having A ≥ 12, while following the relationship 𝜎ොீ் = ଵ଴ଽ஺బ.లఱ. This relation persists despite 
differences in beam energies between (t, ³He) using 115 MeV/u and (³He, t) using 140 MeV/u [20]. 

The accurate determination of Gamow-Teller strengths depends heavily on precise evaluation of knock-on exchange 
effects and tensor force interactions because due to approximate inclusion of these effects resulting in presence of 
systematic uncertainties to charge-exchange (CE) reaction results [22], [28]. However, experimental data matches more 
effectively with predications when antisymmetric DWIA models with precise knock-on exchange amplitudes are 
employed [21], [29]. Further, consideration of tensor interactions creates additional difficulties during GT strength 
measurements because it produces interference between the ΔL = 0 and ΔL = 2 multipoles. The interactions create 
systematic uncertainties reaching 20% for weak transitions [26]. Comparative studies, by Zegers et al., confirm that both 
(t, ³He) and (³He, t) reactions reliably extract Gamow-Teller (GT) strengths for weak-interaction. However, some 
inconsistencies arise due to consideration of higher multipole transitions (ΔL = 2) [29], systematic uncertainties from 
variations in optical model potentials and reaction dynamics leading to normalization discrepancies of 10–20% [14], and 
the pronounced impact of knock-on exchange effects requiring precise theoretical treatment for both the reaction [28]. 

Previously, we have examined (3He, t) reaction on various targets using Distorted Wave Impulse Approximation 
(DWIA) at intermediate energy, wherein the importance of incorporation of knock-on exchange effects have been 
discussed [30]. However, in current work, we have examined (t, 3He) charge exchange reaction at low and medium-mass 
nuclei at 140 MeV/nucleon for Gamow-Teller transitions. Both knock-on exchange effects and tensor force contributions 
have been incorporated to extract clearer and more precise information from these reactions. 

 
RESULTS AND DISCUSSION 

DWIA approach have been used in current work, which has been discussed in detail in refs. [30]-[32]. However, 
some important expressions used in calculations are discussed below. The differential cross-section may be computed by 
using below expression. 

 ௗఙௗఆ = ఓೌஜ್(ଶగℏమ)మ ௞್௞ೌ ቚ∑ ∑ α௝೟௦೟௩భ௧భ௦భ௟భ௞௟೟  𝑇௜௧భ௦భ௟భ௞௟೟௠೗೟௞,௟భ௧భ௜ୀ஽,ா ቚଶ. (1) 

In above, 𝜇௔ 𝑎𝑛𝑑 μ௕ are the reduced mass of reactants in incoming and outgoing channel while the wave number in 
incident and exit channel are accounted by ka and kb respectively. (α௝೟௦೟௩భ௧భ௦భ௟భ௞௟೟) is the expansion coefficient which is further 
formulated in terms of Racah coefficient (W).  

Currently, there is no exact method available for calculating charge-exchange reactions involving composite 
particles. As a result, most calculations rely on pseudo-potential approximations whose accuracy can vary significantly 
depending on the projectile energy and target mass. Therefore, to gain clearer insights into the influence of exchange term 
and tensor force terms in distorted wave impulse approximation calculations, we present results for the differential cross-
section of (t, 3He) reactions on 12C, 13C, 26Mg and 58Ni at a beam energy of 140 MeV/nucleon focusing on Gamow-Teller 
(GT) transitions. The calculated differential cross-sections are illustrated in Figure 2 (a-d) for 12C, 13C, 26Mg and 58Ni 
respectively. To extract the cross-section at 0o, the experimental differential cross-sections are fitted to the theoretical 
predictions obtained using the DWIA framework with the DCP-2 code.  These calculations focus on transitions to final 
states with known GT strengths for the 1+ ground state, as listed in Table 1. A key element in these calculations is the use 
of an effective nucleon-nucleon interaction potential (V), which plays a crucial role in accurately modelling the reaction 
dynamics and expressed as  

 𝑉 = ,𝑑𝑥ଵ𝑑𝑥ଶ𝑑𝑥ଵᇱ𝑑𝑥ଶᇱ𝜌ො்(𝑥ଵ𝑥ଵᇱ)𝜌ො௉(𝑥ଶ׬ 𝑥ଶଵ)𝑣ଵଶ(𝑥ଵᇱ𝑥ଶᇱ , 𝑥ଵ𝑥ଶ). (2) 

where, 𝑥௜ = (𝑟௜ ,𝜎௜ , 𝜏௜) stands for space, spin and iso-spin co-ordinate of 𝑖௧௛ particle (𝑖 = 1,2) and 𝑥௜ᇱ co-ordinate 
denotes the 𝑥௜ after the exchange of nucleons ‘1’ and ‘2’. The interaction potential, expressed as 𝑣ଵଶ(𝑥ଵᇱ𝑥ଶᇱ , 𝑥ଵ𝑥ଶ) = 𝑥ଵᇱ𝑥ଶᇱ𝑉஽𝑥ଵ𝑥ଶ + (−)௟𝑃௥𝑥ଵᇱ𝑥ଶᇱ𝑉ா𝑥ଵ𝑥ଶ, with 𝑃௥ as exchange operator, is a combination of direct and exchange part of the 
Love and Franey type effective interaction (𝑉௜ (𝑖 = 𝐷) for direct and (𝑖 = 𝐸) for exchange) [33], [34]. 
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We also assume that the effective interactions contain both central and tensor terms. The tensor operator can be 

written as 𝑆መଵଶ = 3(𝜎ොଵ. 𝑟̂ )(𝜎ොଶ. 𝑟̂ ) − (𝜎ොଵ.𝜎ොଶ ) = ∑ √4𝜋ටଶହ௤  𝑌ଶ௤∗ 𝑇෠ଶ௤, where 𝑇෠ଶ௤ is a second rank tensor operator. The 𝜌ො்(𝑥ଵ, 𝑥ଵᇱ) and 𝜌ො௉(𝑥ଶ, 𝑥ଶᇱ ) respectively accounts the non-local densities for target and projectile. The value of B(GT) 
[14], [22] and the optical model potentials parameters (OMP) that are extracted from 3He elastic scattering data are taken 
from refs. [35]-[38] while for outgoing channel (3H) same parameters are used except potential depth which is modulated 
by multiplying with 0.85 [37]. The one body transition densities (OBTD’s) give weight factors for each 1p-1h excitations 
and have been calculated using OXBASH code using sd-model space coupled with USD hamiltonian [39], while for 
heavier mass like 58Ni, the pf-model space along with GXPF1 interactions has been used [40]. In addition, the radial wave 
functions used for the calculation of form factor are constructed with Woods-Saxon potential. The radial densities for the 
projectile (3He) and ejectile (3H), are obtained from Variational Monte Carlo calculations [41]. 
Table 1. Initial and final states of various systems excited by reaction (t, 3He). B(GT) values tabulated below are calculated by 
employing method given in refs. [14], [22]. 𝐈𝐧𝐢𝐭𝐢𝐚𝐥 (𝑱𝝅,𝑬) 𝐅𝐢𝐧𝐚𝐥 (𝑱𝝅,𝑬) 𝐁(𝐆𝐓) 

12𝑪(𝟎ା,𝒈. 𝒔. ) 12𝐵(1ା,𝑔. 𝑠. ) 0.99 
13𝑪(𝟏𝟐ି ,𝒈. 𝒔. ) 13𝐵(ଷଶି ,𝑔. 𝑠. ) 0.711 
26𝑴𝒈(𝟎ା,𝒈. 𝒔. ) 26𝑁𝑎(1ା, 0.08) 0.41 
58𝑵𝒊(𝟎ା,𝒈. 𝒔. ) 58𝐶𝑜(1ା, 1.87) 0.72 

Figure 2 presents the differential cross-section of (t, 3He) charge exchange reaction for 12C, 13C, 18O, 26Mg, 58Ni 
nuclei, focusing on their first Gamow-Teller (GT) states listed in Table 1. 

  

  

Figure 2. (Color online) The calculated differential cross-section for (t, 3He) charge exchange reaction on 12C, 13C, 26Mg and 58Ni target 
using DWIA at 140 MeV/nucleon. The solid (black) and dashed (red) line represents the direct and total (D+E) contribution without 
tensor forces effect respectively. The dotted (green) and dash-dotted (blue) line represents the direct and total (D+E) contribution with 
tensor forces effect respectively. The solid (black) circle represents the experimentally measured data 
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For each target nucleus four sets of calculations were performed to evaluate the contributions of different interaction 
terms, (i) direct terms contributions without exchange terms calculations represented by Direct (D) (ii) direct terms with 
inclusion of knock-on exchange terms labelled as Total (D+E) (iii) while results obtained for tensor forces along with 
direct terms contribution represent are shown by Direct (D) with tensor (iv) the total contribution with tensor forces 
depicted by Total (D+E) with tensor. Quantitatively, the inclusion of exchange effects causes a significant reduction in 
the differential cross-section, in magnitudes up to 20% - 60% for all the targets considered in this work. Generally, 
calculations incorporating exchange terms effects, deviate from the experimental data, except for ²⁶Mg.  A similar trend 
has been observed in earlier work performed with (³He, t) reaction.  

Furthermore, it is noticed that the inclusion of tensor force terms creates noticeable changes to the cross-sections, 
primarily in the forward scattering region. For ¹²C and ¹³C, the inclusion of tensor terms leads to a slight increase (up to 
10%) in the differential cross-section at forward angles, constructively enhancing the cross-section and improving 
agreement with experimental data [22], [42]. In contrast, for ²⁶Mg and ⁵⁸Ni, the tensor forces interact destructively with 
the total (D+E) contributions. Although, for the case ²⁶Mg, tensor interference leads to a 20% reduction in the cross-
section, narrowing the gap between theoretical predictions and experimental measurements [20]. For ⁵⁸Ni, the tensor 
contribution results in an even more pronounced reduction, up to 60%, which moves the theoretical predictions further 
away from the experimental data [14]. 

The variations in differential cross-sections across different nuclei can be explained by the role of the tensor 
component in the effective nucleon-nucleon interaction. This tensor force introduces interference between the ΔL = 0 and 
ΔL = 2 amplitudes, both contributing to ΔJ = 1 Gamow-Teller transitions. The nature of this interference is constructive 
as well as destructive, varies depending on the target nucleus and specific reaction conditions. These factors significantly 
influence the reaction mechanism and the degree of agreement between theoretical predictions and experimental data, 
depending on the target nucleus involved. To further analyze the reaction dynamics and quantify these effects, unit cross-
sections have been calculated.  

The unit cross-section 𝜎ොீ் for charge-exchange (CE) reactions is determined using the relationship between the 
Gamow-Teller (GT) transition strength and the differential cross-section at zero momentum transfer, expressed as 

 ௗఙௗஐ (𝑞 → 0) = 𝜎ොீ்𝐵(𝐺𝑇) (3) 

Calculating the unit cross-section typically requires known (B(GT) values, which are often obtained from β-decay 
measurements. In cases where such experimental data are unavailable, theoretical models must be employed to estimate 
the unit cross-section. Another approach involves using empirical formulas such as those presented in Ref. [20]. However, 
it is important to recognize that empirical methods have limited precision and theoretical calculations are generally 
necessary for more accurate determinations. However, we have calcuated the unit cross-section for (t, 3He) charge 
exchange reactions and shows its variations over different target nuclei 12C, 13C, 26Mg and 58Ni.  

  

Figure 3. (Color online) (a) The calculated unit cross-section for (3He, t) Charge exchange reactions on targets 13C, 26Mg, 58Ni and 
120Sn for GT transitions. (b) shows the ratio of the calculated and experimental unit cross-sections relative to the fitted cross-section 
for Gamow-Teller transitions. In both figs., the solid square (black) and circle (red) shows direct and total (D+E) calculations without 
incorporating tensor forces. While upward triangle (green) and downward triangle (blue) is showing the results after consideration 
tensor forces in the calculation with direct and total (D+E) term respectively. The solid (black) line represents the unit cross-section 
obtained through fitted empirical function 

Figure 3 presents four distinct calculations for each target along with the results obtained through empirical relation, 𝜎ොீ்,௙௜௧ = 109/𝐴଴.଺ହ, which is a power fit to experimental data [14]. In Figures 3 (a) and 3(b), respectively the solid square 
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(black) and circle (red) shows direct and total (D+E) calculations without incorporating tensor forces. While upward 
triangle (green) and downward triangle (blue) is showing the results after consideration tensor forces in the calculation 
with direct and total (D+E) term respectively. The solid (black) line in the figure corresponds to the unit cross-section 
obtained through empirical formula. To evaluate the reliability of the conclusions drawn from the empirical relation 𝜎ොீ்,௙௜௧ = 109/𝐴଴.଺ହ, Figure 3 (b) shows the ratio of the calculated and experimental unit cross-sections relative to the 
fitted cross-section for Gamow-Teller transitions. This comparison helps to validate the theoretical calculations, especially 
in cases where experimental data is lacking. 

In Figure 3 (a) it is evident that for ¹²C, ¹³C and ⁵⁸Ni nuclei, both the direct and total (D+E) calculations without 
tensor forces underestimate the unit cross-section predicted by the empirical fit. Conversely, for ²⁶Mg, the calculated 
values overestimate the empirical data. Furthermore, when tensor forces are incorporated into the direct and total (D+E) 
calculations, there is a noticeable reduction in the differential cross-section, by up to a factor of 2 for ²⁶Mg and up to 4 for 
⁵⁸Ni. In contrast, for ¹²C and ¹³C, the inclusion of tensor forces results in only a slight increase in the cross-section 
magnitude compared to the results without tensor forces. Overall, the addition of tensor forces tends to align the calculated 
results more closely with the empirical fit for ¹²C, ¹³C and ²⁶Mg, improving the agreement between theory and experiment. 
However, for ⁵⁸Ni, the results further deviate from the empirical fit upon including tensor contributions. These variations 
arise from the behavior of the tensor component in the effective nucleon-nucleon interaction, which eventually influences 
the charge-exchange reaction results. Specifically, this tensor force induces interference between the ΔL = 0, ΔS = 1 
amplitudes (mediated by the στ component) and the ΔL = 2, ΔS = 1 amplitudes (mediated by the tensor-τ component). 
Since both of these transitions contribute to the ΔJ = 1 Gamow-Teller transitions, the nature of the interference can be 
either constructive or destructive, depending on the specific nuclear system and reaction conditions. 
 

SUMMARY AND CONCLUSION 
In this work, (t, ³He) charge-exchange reactions at 140 MeV/nucleon on ¹²C, ¹³C, ²⁶Mg and ⁵⁸Ni targets have been 

examined. Differential cross-sections and unit cross-sections have been computed by incorporating both knock-on 
exchange effects and tensor force components through DWIA approach with computer code DCP-2. Calculations shows 
that knock-on exchange effects reduced the predicted cross-sections by 20% - 60%. Further, it has been also noticed that 
the incorporation of exchange terms produces better predictions of experimental results for ²⁶Mg nuclei. It is worth to 
mention here that the inclusion of tensor force terms produces intricate patterns of destructive and constructive 
interference between the ΔL = 0 and ΔL = 2 components. The destructive interference has been noticed in case of ²⁶Mg 
and ⁵⁸Ni which eventually causes to reduction cross-sections up to 60%. A good agreement between calculated unit cross-
sections and experimental data has been found for all the targets considered here except ⁵⁸Ni. 
In conclusion, the study establishes fundamental understanding of (t, ³He) process behavior while demonstrating the 
requirement of considering advanced nuclear interactions for achieving accurate theoretical predictions.  
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ДОСЛІДЖЕННЯ РЕАКЦІЙ ОБМІНУ ЗАРЯДУ (t, 3He): ВРАХУВАННЯ ЧЛЕНІВ ОБМІНУ ВИБИВАННЯМ 
ТА ТЕНЗОРНОЇ СИЛИ 
Анкіта, Пардіп Сінгх 

Фізичний факультет, Університет науки та технологій імені Дінбандху Чхоту Рама, Муртал, Соніпат 131039, Харьяна, Індія 
У цьому дослідженні використовується структура DWIA (Distorted Wave Impulse Approximation), яка дозволяє досліджувати 
вплив ефектів обміну вибиванням разом із внесками тензорної сили під час дослідження реакцій обміну зарядом. Тут було 
обчислено диференціальний переріз і одиничний переріз для (t, 3He) реакцій обміну зарядом на мішенях 12C, 13C, 26Mg і 58Ni. 
Отримані результати демонструють, що врахування умов обміну суттєво зменшує розрахунковий переріз. Крім того, внесок 
тензорних сил вносить додатковий рівень складності в аналіз реакцій обміну зарядом. Залежно від цільового ядра, внесок 
тензорних сил створює або конструктивні, або деструктивні ефекти інтерференції, що призводить або до збільшення, або до 
зменшення величини поперечного перерізу на основі цільового ядра. Прогнозовані одиничні перерізи узгоджуються з 
відповідними експериментальними даними, але демонструють специфічні відхилення через тензорні взаємодії, які найбільш 
виражені в 5⁸Ni. 
Ключові слова: переходи Гамова-Теллера; реакція обміну заряду; тензорні сили; апроксимація спотвореного хвильового 
імпульсу; кутовий розподіл; поперечний переріз 
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The neutron - nucleus scattering process is considered to develop smooth functional forms for the real and imaginary parts of the
phenomenological optical potential using the formalism of coupled - channels analysis. We consider intermediate and heavy nuclear
targets and investigate the possibility of extending the model to the usually excluded case of light nuclei. Using our model, we
simultaneously predict elastic and inelastic angular distributions for neutron scattering from 6Li to 238U for various energies in the
range 100 keV < 𝐸 < 30 MeV for which inelastic angular distributions data are available. We obtain smooth forms for the real and
imaginary depths of the volume and surface potential terms as functions of energy, mass number and the asymmetry between the proton
and neutron numbers in the target nucleus. The depths of the real and imaginary spin - orbit term, and all the geometry parameters of
the potential are fixed. Our predicted elastic and inelastic differential cross sections are in very good agreement with the measured data.
The calculated total elastic, total cross sections and the analyzing powers are in a fair overall agreement with the experimental values
particularly for the intermediate and heavy nuclei.

Keywords: Optical model potential; Elastic scattering; Inelastic scattering; Coupled channels; Differential cross section

PACS: 24.10.Eq, 24.10.Ht, 25.40.Dn, 25.40.Ep, 24.10.-i

1. INTRODUCTION
The optical model describes the complicated interaction between the projectile and target in terms of a complex

potential. This potential divides the reaction flux into a real part which corresponds to elastic scattering, and an imaginary
part that corresponds to all competing inelastic channels [1]. The main goal of the optical model is to determine potential
parameters that can reproduce smooth variations of the scattering differential cross section as a function of the energy
of the incident particle and nucleon number of the target nucleus. Although the scattering process may be complicated,
noticeable simplification may be achieved if one is only interested in the averaged properties, away from resonances and
excitation channels that can be reached by direct reactions. For example, local and also global optical potentials for
scattering of nucleons off spherical and approximately spherical nuclei were obtained for incident energies in the range
1 keV to 200 MeV, and target mass numbers that fall in the range 24 ≤ A ≤ 209, for which the appropriate experimental
data were available [2]. In addition, a global phenomenological optical potential for nucleon scattering off actinides for
incident energies up to 300 MeV was developed by considering experimental data for nucleon scattering from 232Th and
238U [3]. Nuclei with charge and mass numbers 89 ≤ Z ≤ 100 and 220 ≤ A ≤ 260 respectively were included in the study.
Furthermore, in Ref. [4], the authors developed optical potentials for medium- and heavy-weight nuclei from 54Fe to 238U
corresponding to nucleons incident with energies in the 1 keV to 200 MeV range. Using coupled-channels analysis, the
authors obtained smooth systematics for the potential parameters which have simple functional forms. Their results also
confirmed that coupled-channels analysis were indispensable to achieving a global description of experimental data for
wide ranges of energies and mass numbers 50 ≤ 𝐴 ≤ 240. Other more recent works considered nucleon scattering from
light, intermediate and heavy nuclei using a velocity-dependent potential [8] - [11] that reproduced the elastic angular
distributions and polarization data to a very good extent, particularly the prominent large angle minima that correspond
to nucleon scattering off light 1𝑝-shell nuclei. Other works modeled the nucleon - nucleus scattering process using the
nonlocal Perey and Buck (PB) potential [12] - [14]. The agreement between the predicted angular distributions and
experiment was found to be quite satisfactory. Although the PB potential is a nonlocal potential, it was shown that
nonlocality alone was not enough to completely describe the proton experimental data, and energy dependent parameters
were needed to improve agreement with experiment [15].

In this work, we employ the coupled - channel analysis to develop an optical potential for neutron scattering off
various nuclei from 6Li to 238U. This range includes light nuclei: 6Li, 12C and 16O, which are usually excluded when
global optical potentials are developed. Their diffuse edges complicate the process of predicting their angular distributions
and total cross sections even when local optical potentials are attempted [16]. Despite such difficulties, in this work, we
examine the possibility of extending our model to the case of light nuclei. Therefore, in our calculations we consider
incident neutrons on nuclei with mass numbers that fall in the range 6 ≤ A ≤ 238. The considered nuclei, coupled energy
levels and best-fit deformation parameters are given in Table 1. Following the authors of Refs. [3] to [4] and [17], we fix
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the values of the geometrical parameters and the depths of the spin - orbit term. In addition, we parametrize the real and
imaginary parts of the potential as smooth functions of the incident neutron energy, mass number of the target nucleus and
the asymmetry between the number of protons and neutrons of the target.

This article is structured as follows. In Section 2 we outline the coupled channels formalism, while Section 3.1
describes the process of deriving our optimal set of parameters. We discuss our results in Section 4. Finally, we present
our conclusions in Section 5.

2. COUPLED REACTION CHANNELS FORMALISM
The coupled reaction channels (CRC) is essential for describing scattering processes. When the projectile interacts

with the target, the interaction can result in elastic scattering, transitions to excited-state exit channels, or even rearrangement
processes. The simplest case occurs when the spin of the target nucleus (𝐼𝑡 ) is zero, which is true for even-even nuclei.
However, for an odd-𝐴 nucleus, 𝐼𝑡 is a half-integer, while for an even-𝐴 nucleus, 𝐼𝑡 is an integer. In elastic scattering,
the projectile and the target remain in their ground states after the reaction, and the corresponding 𝑄-value is zero. In
this case, the total kinetic energy of the system is conserved in the center-of-mass (C.M.) frame. The scattering potential
merely redistributes the outgoing particles without any loss of incident flux. A clear example is:

p + 24
12Mg −→ p + 24

12Mg (1)

In inelastic scattering processes, the kinetic energy of the system is not conserved. Both the projectile and the
target retain their identities, but one or both may be excited to higher energy states. Part of the kinetic energy of the
relative motion is transferred to internal excitation energy. Inelastic scattering typically occurs when one or both nuclei
are deformed. An example of such a process is:

p + 24
12Mg −→ p + 24

12Mg∗ (𝐼 𝜋 = 2+, 4+, 6+, . . .) (2)

The coupled-channel theory is a powerful method for incorporating inelastic channels, especially those arising from
collective excitations. The formalism was first introduced by Bohr and Mottelson [18], and was later applied by Margolis
et al. and Chase et al. [19]. Here, we provide a brief outline of the coupled-channel analysis. A more detailed description
can be found in Ref. [20]. In the center-of-mass frame (C.M.), the Schrödinger equation for a nucleon scattered by a target
nucleus takes the form: [

𝑇 (𝑟) + 𝐻 (𝜉𝑡 ) +𝑉 (𝑟, 𝜉𝑡 )
]
Ψ(®𝑟, 𝜉𝑡 ) = 𝐸Ψ(®𝑟, 𝜉𝑡 ), (3)

where 𝑟 is the radial coordinate from the target to the projectile, and 𝐻 (𝜉𝑡 ) is the Hamiltonian for the internal motion of the
target, while 𝜉𝑡 represents the internal coordinates of the target. The interaction potential, 𝑉 (𝑟, 𝜉𝑡 ) which can be expressed
as [20]

𝑉 (𝑟, 𝜉𝑡 ) = 𝑉𝑑𝑖𝑎𝑔 +𝑉𝑐𝑜𝑢𝑝𝑙 , (4)

where 𝑉𝑑𝑖𝑎𝑔 is a scalar potential that simulates elastic scattering, while 𝑉𝑐𝑜𝑢𝑝𝑙 represents the interaction that couples the
initial and final states and therefore takes care of inelastic scattering. Further, 𝑇 (𝑟) is the total kinetic energy, which may
be written as

𝑇 (𝑟) = − ℏ2

2𝜇
∇2
𝑟 , (5)

where 𝜇 =
𝑚𝑝𝑚𝑡

𝑚𝑝+𝑚𝑡
is the reduced mass of the projectile and target, and ∇2

𝑟 is the Laplacian operator. where, 𝐸 is the total
energy, and Ψ(®𝑟, 𝜉𝑡 ) is the wave function of the whole system. Now we shall expand Ψ(®𝑟, 𝜉𝑡 ) in terms of the eigenstates
of the total angular momentum 𝜓 𝜋𝑀

𝐽
(®𝑟, 𝜉𝑡 ) as follows [20]:

Ψ(®𝑟, 𝜉𝑡 ) =
∑︁
𝜋𝐽𝑀

𝐴𝐽𝑀 𝜓 𝜋𝑀
𝐽 (®𝑟, 𝜉𝑡 ), (6)

For each channel [(𝑙𝑛𝑠) 𝑗𝑛, 𝐼𝑛], where 𝐽 is the total angular momentum of the whole system;

®J = ®j𝑛 +®I𝑛, (7)

such that ®j𝑛 = ®𝑙𝑛 + ®s, where 𝑙𝑛 is the orbital angular momentum quantum number, 𝑠 is the spin of the projectile and 𝐼𝑛 is
the target’s spin, 𝑀 is the projection of 𝐽 in units of ℏ, and the factors 𝐴𝐽𝑀 are the amplitudes specifying how much of a
total angular momentum state is present. In addition, the parity of the whole system has the form:

𝜋 = (−1)𝑙𝑛𝜋𝐼𝑛 , (8)
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where 𝜋𝐼𝑛 is the parity of the target nucleus. Furthermore, we use the expansion

𝜓 𝜋𝑀
𝐽 (®𝑟, 𝜉𝑡 ) =

∑︁
𝑛(𝑙𝑛𝑠) 𝑗𝑛 𝐼𝑛

1
𝑟
𝑅𝜋𝐽
𝑛(𝑙𝑛𝑠) 𝑗𝑛 𝐼𝑛 (𝑟) Φ

𝐽𝑀
𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟, 𝜉𝑡 ), (9)

The nuclear wave functions are defined as:

Φ𝐽𝑀
𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟, 𝜉𝑡 ) =
∑︁

𝑚 𝑗𝑛𝑚𝐼𝑛

∑︁
𝑚𝑙𝑛𝑚𝑠

< 𝑙𝑛𝑠 𝑚𝑙𝑛𝑚𝑠 | 𝑗𝑛𝑚 𝑗𝑛 >< 𝑗𝑛𝐼𝑛𝑚 𝑗𝑛𝑚𝐼𝑛 | 𝐽𝑀 >

× 𝑖𝑙𝑛𝑌
𝑚𝑙𝑛

𝑙𝑛
(𝑟) 𝜒𝑚𝑠

𝑠 𝜙
𝑚𝐼𝑛

𝐼𝑛
(𝜉𝑡 ), (10)

where 𝑅𝜋𝐽
𝑛𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟) are the radial wave functions, while 𝑌
𝑚𝑙𝑛

𝑙𝑛
(𝑟) are the spherical harmonics. The matrix elements <

𝑙𝑛𝑠𝑚𝑙𝑛𝑚𝑠 | 𝑗𝑛𝑚 𝑗𝑛 > are the Clebsch-Gordon coefficients for coupling 𝑙𝑛𝑚𝑙𝑛 and 𝑠𝑚𝑠 to an intermediate angular momenta
𝑗𝑛𝑚 𝑗𝑛 , while the the elements < 𝑗𝑛𝐼𝑛𝑚 𝑗𝑛𝑚𝐼𝑛 | 𝐽𝑀 > are the Clebsch-Gordon coefficients for coupling 𝑗𝑛𝑚 𝑗𝑛 and 𝐼𝑛𝑚𝐼𝑛

to a total of angular momentum 𝐽𝑀 for the whole system. Finally, 𝜙𝑚𝐼𝑛

𝐼𝑛
(𝜉𝑡 ) and 𝜒

𝑚𝑠
𝑠 are the wave functions for the target

and projectile, respectively. Now, by substituting Eqs. (6), (9), and (10) into Eq. (3) and noting that

𝐻𝑡 (𝜉𝑡 )𝜙𝑚𝐼𝑛

𝐼𝑛
(𝜉𝑡 ) = 𝜖𝑛𝜙

𝑚𝐼𝑛

𝐼𝑛
(𝜉𝑡 ), (11)

one obtains ∑︁
𝑛𝑙𝑛 𝑗𝑛 𝐼𝑛

[
𝑇𝑛 𝑙𝑛 +𝑉 (𝑟, 𝜉𝑡 ) − 𝐸𝑛

]
𝑅𝜋𝐽
𝑛𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟)Φ𝐽𝑀
𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟, 𝜉𝑡 ) = 0, (12)

where
𝑇𝑛 𝑙𝑛 =

ℏ2

2𝜇𝑛

[
− 𝑑2

𝑑𝑟2 + 𝑙𝑛 (𝑙𝑛 + 1)
𝑟2

]
, (13)

Here, 𝜖𝑛 is the eigenenergies for the target, and 𝐸𝑛 = 𝐸 − 𝜖𝑛 is the external energy for a given excited state. Multiplying
Eq. (12) by [Φ𝐽𝑀

𝑛′𝑙𝑛′ 𝑗𝑛′ 𝐼𝑛′
(𝑟, 𝜉𝑡 )]∗ from the left, and integrating over the internal coordinates except the radial variable 𝑟 ,

leads to the following partial wave coupled differential equations:[
𝐸𝑛 − 𝑇𝑛 𝑙𝑛 −𝑉𝑑𝑖𝑎𝑔 (𝑟)

]
𝑅𝜋𝐽
𝑛𝑙𝑛 𝑗𝑛 𝐼𝑛

(𝑟) =
∑︁

𝑛′𝑙𝑛′ 𝑗𝑛′ 𝐼𝑛′

〈
𝑙𝑛 𝑗𝑛𝐼𝑛 |𝑉𝑐𝑜𝑢𝑝𝑙 |𝑙𝑛′ 𝑗𝑛′ 𝐼𝑛′

〉
𝑅𝜋𝐽
𝑛′𝑙𝑛′ 𝑗𝑛′ 𝐼𝑛′

(𝑟). (14)

The matrix elements for the coupling potential are given by〈
𝑙𝑛 𝑗𝑛𝐼𝑛 |𝑉𝑐𝑜𝑢𝑝𝑙 |𝑙𝑛′ 𝑗𝑛′ 𝐼𝑛′

〉
=
〈
[Y𝑙𝑛 𝑗𝑛 (𝑟) ⊗ 𝜙𝐼𝑛 (𝜉𝑡 )]𝑀𝐽 |𝑉𝑐𝑜𝑢𝑝𝑙 | [Y𝑙𝑛′ 𝑗𝑛′ (𝑟) ⊗ 𝜙𝐼𝑛′ (𝜉𝑡 )]

𝑀
𝐽

〉
. (15)

Nuclear structure deformations affect the matrix elements on the right-hand side of Eq. (14). For a non-deformed target
nucleus, the coupling potential vanishes, and the set of coupled differential equations reduces to that of the Schrödinger
equation for a single channel. Deformed nuclei can be described using either the vibrational or rotational models. In this
work, we use the optical model and coupled-channel analysis to couple the ground state to collective excited states of the
target nucleus.

This coupling introduces off-diagonal elements in the interaction potential matrix, allowing the incident neutron to
induce transitions from the ground state to inelastic states such as the 2+ state at 4.44 MeV in 12C. These coupling potentials,
typically derived from nuclear deformation (e.g., using a deformation parameter 𝛽), significantly affect observables such
as scattering cross sections and resonance structures. As a result, including channel coupling provides a more accurate
description of the reaction dynamics, especially for deformed nuclei like 12C.

3. THE OPTICAL POTENTIAL PARAMETERS
For nucleon-nucleus scattering, the phenomenological optical potential, 𝑉 (𝑟, 𝐸), can be expressed as [20]

𝑉 (𝑟, 𝐸) = −
(
𝑉𝑣 (𝐸) + 𝑖𝑊𝑣 (𝐸)

)
𝑓 (𝑟, 𝑅𝑣 , 𝑎𝑣) + 𝑖4𝑎𝑠𝑊𝑠 (𝐸)

𝑑

𝑑𝑟
𝑓 (𝑟, 𝑅𝑠 , 𝑎𝑠)

+
(
𝑉𝑠𝑜 + 𝑖𝑊𝑠𝑜

)
( ℏ

𝑚𝜋𝑐
)2 1
𝑟

𝑑

𝑑𝑟
𝑓 (𝑟, 𝑅𝑠𝑜, 𝑎𝑠𝑜) ®𝐿 · ®𝜎, (16)

where 𝑉𝑣 (𝐸) and 𝑉𝑠𝑜 are the real components of the volume-central and spin-orbit potentials, respectively. In addition,
𝑊𝑣 (𝐸), 𝑊𝑠 (𝐸) and 𝑊𝑠𝑜 are the respective imaginary components of the volume, surface and spin-orbit potentials. 𝐸 is
the energy of the incident particle in the laboratory frame. The Woods-Saxon potential has the well-known form:

𝑓 (𝑟, 𝑅𝑖 , 𝑎𝑖) =
1

1 + exp [(𝑟 − 𝑅𝑖)/𝑎𝑖]
, 𝑖 = 𝑣, 𝑠, 𝑠𝑜. (17)
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Deformed nuclei whose surfaces vibrate about an equilibrium shape are treated using the vibrational model. Here,
the dynamic nuclear radius 𝑅𝑖 is taken to be a function of the polar angles 𝜃 and 𝜙 according to:

𝑅𝑖 (𝜃, 𝜙) = 𝑟𝑖𝐴
1
3

[
1 +

∞∑︁
𝜆≥1

𝜇=𝜆∑︁
𝜇=−𝜆

𝛼𝜆𝜇𝑌𝜆𝜇 (𝜃, 𝜙)
]
, (18)

where 𝑅𝑖 (𝜃, 𝜙) is the distance from the center of the nucleus to a point at its surface subtending polar and azimuthal
angles (𝜃, 𝜙). The spherical tensors 𝛼𝜆𝜇 are the spherical harmonics (𝑌𝜆𝜇 (𝜃, 𝜙)) coefficients. However, some nuclei have
permanent deformations about a symmetry axis and are treated using the rotational model. In this case the nuclear radius
is expressed in the form:

𝑅𝑖 (𝜃′) = 𝑟𝑖𝐴
1
3

[
1 +

∑︁
𝜆

𝛽𝜆𝑌𝜆0 (𝜃′)
]
, (19)

where, 𝜃′ is the polar angle in the body - fixed frame and 𝛽𝜆 is the deformation parameter.
When the vibrational or rotational models are used, one has to determine which parts of the potential are to be

deformed. Since the nuclear force is a short range force the nuclear potential follows the shape of the nucleus. Therefore,
it is a common practice to deform the volume term of the potential. Deforming the imaginary - surface part, however, is
a matter of dispute. This issue has been discussed and arguments were presented in support and also against deforming
the imaginary surface part [22]. However, in a later work [23], the authors stated that “ to describe the inelastic scattering
best, it is found necessary to deform the imaginary (as well as the real) part of the central potential”. Furthermore, in
Ref. [24] the authors used an optical model with channel coupling to analyze nucleon induced reactions. All parts of
the nuclear potential were deformed except the spin-orbit term. In Ref. [21] we examined the effect of channel coupling
on the variation of the potential parameters corresponding to nucleon scattering off light and heavy nuclei. We obtained
excellent angular distribution fits for the elastic and inelastic channels by deforming both the real volume and imaginary
surface terms. Therefore, in this work, we shall deform the surface imaginary term in addition to the real volume term.
We did not deform the spin - orbit term as the effects of its deformation on the calculated differential cross sections were
found to be insignificant [25].

3.1. Global Optical Potential Parameters
Following the parametrization of Refs. [3] and [17], we express the depths of the optical potential as functions of

incident energy, the target’s mass number and the asymmetry between the numbers of neutrons and protons (𝑁 − 𝑍) in the
form:

𝑉𝑣 (𝐸) = 𝑣0 + 𝑣1𝐸 + 𝑣2𝐸
2 + 𝑣3

𝑁 − 𝑍

𝐴
+ 𝑣4

𝑍

𝐴
1
3
,

𝑊𝑣 (𝐸) = 𝑊0 +𝑊1𝐸 +𝑊2
𝑁 − 𝑍

𝐴
,

𝑊𝑠 (𝐸) = 𝑤0 + 𝑤1𝐸 + 𝑤2𝐸
2 + 𝑤3

𝑁 − 𝑍

𝐴
,

(20)

where 𝑁 and 𝑍 are the neutron and proton numbers of the target nucleus, respectively, and 𝐸 is the energy of the incident
nucleon in the laboratory frame. Using the SFRESCO code [26] we performed a least-square fit analysis to search for
best-fit parameters 𝑣𝑖 , 𝑊𝑖 and 𝑤𝑖 that best reproduce the elastic, inelastic and polarization data for each of the considered
nuclei. Following the works of Refs. [3], [4] and [17], we fixed the values of the radius and diffuseness parameters 𝑟𝑖 and
𝑎𝑖 given in Eq. (17) in addition to the values of the real and imaginary depths of the spin-orbit term as follows:

𝑟𝑣 = 𝑟𝑠 = 1.20 fm, 𝑎𝑣 = 0.65 fm, 𝑎𝑠 = 0.60 fm
𝑟𝑠𝑜 = 1.10 fm, 𝑎𝑠𝑜 = 0.60 fm
𝑉𝑠𝑜 = 6.0 MeV, 𝑊𝑠𝑜 = 0.5 MeV,

(21)

For each nucleus, we determined the values of the central volume and surface absorption depths for each incident
energy by fitting the available corresponding elastic and inelastic angular distributions in addition to the polarization data.
After determining the best values of the depths in Eq. (20), we used the OriginLab software to determine the optimum
values of 𝑣𝑖 , 𝑊𝑖 and 𝑤𝑖 that best describe the variation of the depths as a function of 𝐸 , 𝐴 and 𝑁 − 𝑍 as follows:

𝑉𝑣 (𝐸) = 53.54 − 0.102𝐸 − 0.00879𝐸2 − 20
𝑁 − 𝑍

𝐴
+ 0.0656

𝑍

𝐴
1
3
,

𝑊𝑣 (𝐸) = 0.6 + 0.14𝐸 − 7.4
𝑁 − 𝑍

𝐴
,
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𝑊𝑠 (𝐸) = 1.697 + 0.303𝐸 − 0.0054𝐸2 + 7.4
𝑁 − 𝑍

𝐴
,

𝑊𝑠 (𝐸) = −1.303 + 0.303𝐸 − 0.0054𝐸2 + 7.4
𝑁 − 𝑍

𝐴
, only for 12C and16O,

(22)

The contribution of compound nucleus formation to the scattering process becomes important at low energies. In
addition, the low energy data is vital in testing the applicability of an optical potential. Therefore, we tested the accuracy of
our model’s predictions at low energies using the TALYS computer code [27], which accounts for the compound nucleus
formation, but with our values for all the optical potential parameters. As we shall see below, the agreement between our
predictions and the experimental data is quite reasonable at incident energies as low as 180 keV.

We note here that the deformation parameters 𝛽 were included in the fitting procedure. The best fit values are shown
in Table 1. The initial values for the deformation parameters were taken from Refs. [23] and [29] to [33].

Table 1. The coupled energy levels and the corresponding best-fit deformation parameter for each considered nucleus.

Target Coupled levels 𝐼 𝜋 (Excitation energy in MeV) deformation parameters
6Li 1+ (g.s ), 3+(2.186) 𝛽2=1.1006
12C 0+ (g.s ), 2+(4.438), 𝛽2 =0.655
16O 0+ (g.s ), 3−(6.129), 2+(6.917) 𝛽2 = 0.364, 𝛽3= 0.7243

24Mg 0+ (g.s ), 2+(1.368) 𝛽2 = 0.499
28Si 0+ (g.s), 2+(1.779), 4+(4.617) 𝛽2 = 0.40, 𝛽4=0.25
32S 0+ (g.s), 2+(2.230) 𝛽2 = 0.262

40Ca 0+ (g.s), 3−(3.736) 𝛽3 = 0.359
51V 7

2
− (g.s), 3

2
−(0.982) 𝛽2 = 0.157

52Cr 0+ (g.s), 2+(1.434) 𝛽2 = 0.223
54Fe 0+ (g.s), 2+(1.408) 𝛽2 = 0.176
56Fe 0+ (g.s), 2+(0.846), 4+(3.122) 𝛽2=0.243
58Ni 0+ (g.s), 2+(1.454) 𝛽2 = 0.172
60Ni 0+ (g.s), 2+(1.332) 𝛽2 = 0.192
63Cu 3

2
− (g.s), 7

2
−(1.327) 𝛽2 = 0.231

65Cu 3
2
− (g.s), 7

2
−(1.481) 𝛽2 = 0.228

76Se 0+ (g.s), 2+(0.559) 𝛽2 = 0.256
80Se 0+ (g.s), 2+(0.666) 𝛽2 = 0.230
90Zr 0+ (g.s), 2+(2.19) 𝛽2 = 0.111
92Zr 0+ (g.s), 2+(0.935) 𝛽2 = 0.103

94Mo 0+ (g.s), 2+(0.871 MeV) 𝛽2= 0.176
116Sn 0+ (g.s), 2+(1.293) 𝛽2 = 0.10252
118Sn 0+ (g.s), 2+(1.229) 𝛽2 = 0.111
120Sn 0+ (g.s), 2+(1.171) 𝛽2 =0.08448
208Pb 0+ (g.s), 3−(2.615), 5−(3.197) 𝛽3 =0.127, 𝛽5= 0.06
238U 0+ (g.s), 2+(0.045 MeV), 4+(0.148 MeV) 𝛽2 =0.178 , 𝛽4=0.06

The functional forms for the central volume and imaginary surface terms lead to the usual energy dependence as
can be concluded by inspecting Fig. 1 that corresponds to neutron incident energy off 56Fe. Clearly, the central potential
depth 𝑉𝑣 (𝐸) decreases with increasing incident energy, but the absorption term 𝑊𝑠 which accounts for inelastic processes
increases with energy. This behavior is anticipated as more inelastic channels become available with increasing values of
𝐸 . In such a case, larger values of 𝑊𝑠 are required to account for the increase in the flux that is removed form the elastic
channel. It is also worth noting that to improve the description of the experimental data for 12C, 16O we found it necessary
to shift 𝑊𝑠 down by a constant compared to all the other considered nuclei as can be seen in Eq. (22).

One way to judge the quality of the fit to a given data set is by calculating the 𝜒2 value, which quantifies the difference
between the theoretical angular distributions and the experimental data. For a given nucleus 𝑛, the 𝜒2 value can be defined
as:

𝜒2
𝑛 =

𝑊𝑛,𝑛𝑜𝑛

𝑁𝑛,𝑛𝑜𝑛

∑𝑁𝑛,𝑛𝑜𝑛

𝑖=1

(
𝜎𝑡ℎ
𝑛𝑜𝑛,𝑖

−𝜎
𝑒𝑥𝑝

𝑛𝑜𝑛,𝑖

Δ𝜎
𝑒𝑥𝑝

𝑛𝑜𝑛,𝑖

)2
+ 𝑊𝑛,𝑒𝑙

𝑁𝑛,𝑒𝑙

∑𝑁𝑛,𝑒𝑙

𝑖=1
1

𝑁𝑛,𝑖

∑𝑁𝑛,𝑖

𝑗=1

(
(
𝑑𝜎 (𝜃 𝑗 )𝑖

𝑑Ω
)theo−(

𝑑𝜎 (𝜃 𝑗 )𝑖
𝑑Ω

)exp

Δ(
𝑑𝜎 (𝜃 𝑗 )𝑖

𝑑Ω
)

)2

𝑊𝑛,𝑛𝑜𝑛 +𝑊𝑛,𝑒𝑙

,

(23)
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Figure 1. (Color online) Plots of the volume and surface absorption depths as a function of incident energy, see Eq. (22),
corresponding to neutron scattering from 56Fe.

where ( 𝑑𝜎 (𝜃 𝑗 )𝑖
𝑑Ω

)theo and ( 𝑑𝜎 (𝜃 𝑗 )𝑖
𝑑Ω

)exp are the calculated and measured angular distributions corresponding to the 𝑗 𝑡ℎ angular
momentum quantum number with the 𝑖𝑡ℎ incident energy. The subscripts ‘𝑒𝑙’ and ‘𝑛𝑜𝑛’ correspond to the elastic and
nonelastic angular distribution data sets respectively. In addition, (Δ 𝑑𝜎 (𝜃 𝑗 )𝑖

𝑑Ω
) is the corresponding error on the experimental

data, 𝑁𝑛,𝑖 is the number of experimental data points for the 𝑛𝑡ℎ nucleus at the 𝑖𝑡ℎ incident energy. Furthermore, 𝑁𝑛,𝑒𝑙

and 𝑁𝑛,𝑛𝑜𝑛 are the numbers of elastic and nonelastic scattering cross section data points for the 𝑛𝑡ℎ nucleus, while 𝜎𝑡ℎ
𝑛𝑜𝑛,𝑖

and 𝜎
𝑒𝑥𝑝

𝑛𝑜𝑛,𝑖
are the calculated and measured nonelastic differential cross sections at the 𝑖𝑡ℎ incident energy, respectively,

and Δ𝜎
𝑒𝑥𝑝

𝑛𝑜𝑛,𝑖
is the corresponding error on experimental data. Finally, 𝑊𝑛,𝑒𝑙 and 𝑊𝑛,𝑛𝑜𝑛 are the weights of the elastic

and nonelastic cross sections respectively. In addition, in this work, all the experimental data are assumed to be equally
reliable. Equation (22) gives our best-fit global neutron-nucleus potential parameters, that we determined by minimizing
the global value 𝜒2

𝑔𝑙𝑜𝑏𝑎𝑙
which is defined as:

𝜒2
𝑔𝑙𝑜𝑏𝑎𝑙 =

1
𝑁

𝑁∑︁
𝑛=1

𝜒2
𝑛, (24)

where 𝑁 = 25 is the number of the target nuclei shown in Table 1.

Table 2. The 𝜒2
𝑛 values calculated using Eq. (23) for the shown nuclei and the global 𝜒2

𝑔𝑙𝑜𝑏𝑎𝑙
value as defined in Eq. (24)

corresponding to our global potential set of parameters given in Eq. (22).

Nucleus 𝜒2
𝑛 Nucleus 𝜒2

𝑛 Nucleus 𝜒2
𝑛

6Li 8.8 54Fe 22.4 92Zr 103
12C 20.7 56Fe 22.2 94Mo 66
16O 12.8 58Ni 30.3 116Sn 7

24Mg 9.5 60Ni 22.3 118Sn 27
28Si 27 63Cu 5 120Sn 12
32S 28 65Cu 3.5 208Pb 30

40Ca 90 76Se 18.8 238U 25
51V 16 80Se 63
52Cr 9.2 90Zr 23.2

𝜒2
𝑔𝑙𝑜𝑏𝑎𝑙

28.2

4. RESULTS AND DISCUSSION
In this work, we have used the coupled - channels formalism to obtain an optical potential optimized set of parameters

corresponding to neutron scattering from medium and heavy nuclei. We examined the applicability of the model to the case
of light nuclei. The experimental elastic and inelastic differential cross section data are obtained from the Experimental
Nuclear Reaction Data (EXFORE) [35] and the Computer Index of Nuclear Reaction Data (CINDA) [36]. As we mentioned
earlier, for the nuclei considered in this work, all the inelastic angular distribution data in the relevant nuclear data libraries
exist for incident neutron energies below 30 MeV, and has been fully used in this work. The only exception is for neutron
inelastic scattering from 12C at 94.8 MeV. Therefore, we limited our incident energy range to 100 keV < 𝐸 < 30 MeV.

Using the SFRESCO code, we simultaneously predicted the elastic and inelastic angular distributions by using our
model parameters given in Eqs. (22) for incident neutron energies in the range 10 MeV ≤ 𝐸 ≤ 30 MeV. For permanently
deformed nuclei, the non-diagonal part of the optical potential couples the ground state to the inelastic excited states
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[20]. Consequently, we included the deformation parameters in the fitting the experimental data of the coupled channels
differential cross sections for collective excitation. Our obtained best-fit values are shown in Table 1 together with the
coupled excitation levels. Below 10 MeV, we used the TALYS code with our potential parameters given in Eq. (22) to
predict the experimental data as TALYS uses the Hauser - Feshbach theory [28] to account for compound nucleus formation.
To simplify the presentation we divide this section into two parts; the first deals with the results of the intermediate and
heavy nuclei and the second part deals with extending our model to the case of light nuclei.

4.1. Medium and heavy nuclei
Unlike light nuclei, in this section we consider coupling the elastic channel to one and two excited states simultaneously

for medium and heavy nuclei have skin thickness regions that form small part of the nuclear volume. Therefore, surface
effects which usually result in potential parameters that show large energy dependence are expected to play a reduced role.
For 24 ≤ A ≤ 238, a volume imaginary part 𝑊𝑣 (𝐸), as given in Eq. (22), resulted in a marked improvement in the overall
agreement between the predictions of our model and the experimental data. In particular, it improved the predictions of the
first elastic angular distribution minima especially for 54,56Fe target nucleus. The volume term was also found important
in improving the elastic angular distribution fits corresponding to neutron scattering from 208Pb [38].

Coupling the elastic to inelastic channels for the medium from 24Mg to 65Cu nuclei
Here, For 24Mg, the 0+ ground state is coupled to the 2+ (1.368 MeV) inelastic channel, For 28Si the 0+ ground state

is coupled to the 2+ (1.779), 4+(4.617 MeV), and 3− (6.878 MeV) inelastic channels, For 32S the 0+ ground state is coupled
to the 2+(2.230 MeV), and 3− (5.010 MeV) inelastic channels, For 40Ca the 0+ ground state is coupled to the 3−(3.736
MeV) inelastic channel. For 51V the 7/2− ground state is coupled to the 3/2−(0.982 MeV) inelastic channel. For 52Cr the
0+ ground state is coupled to the 2+(1.434 MeV) inelastic channel.

Our predictions for the elastic and inelastic differential cross sections are in very good agreement with the measured
data as can be seen in Figs. 2 to 3. We have considered even - even and odd A target nuclei. Depending on the availability
of the inelastic scattering data we have coupled the ground state to one, two and three inelastic excited channels. For low
incident neutron energies, we found the vibrational model to result in a slightly better agreement with experiment than the
rotational model. Also, For 54Fe, the 0+ ground state is coupled to the 2+ (1.408 MeV) inelastic channel, For 56Fe the 0+
ground state is coupled to the 2+ (0.846), 4+(3.122 MeV), and 3−(4.51 MeV) inelastic channels, For 58Ni, the 0+ ground
state is coupled to the 2+(1.454 MeV) inelastic channel, For 60Ni, the 0+ ground state is coupled to the 2+(1.333 MeV), and
3− (4.039 MeV) inelastic channels For 63Cu the 3/2− ground state is coupled to the 7/2−(1.327 MeV) inelastic channel,
For 65Cu the 3/2− ground state is coupled to the 7/2−(1.481 MeV) inelastic channel, Inspection of Figs. 4-9 shows that the
predicted angular distributions are in very good agreement with experiment. We particularly note that the predictions of
the first-order diffraction minima for 54Fe and 56Fe were significantly improved by introducing a volume imaginary term
as given in Eq. (22). In addition, since experimental polarization data is available, we used the optimized optical potential
parameters to calculate the analyzing power. As can be seen in Figs. 7 and 8 for 54Fe and 58Ni the theoretical predictions
are in very good agreement with the data.
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Figure 2. (Color online)Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 24Mg (left), 28Si (middle), and 32S (right).
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Figure 3. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 40Ca (left), 51V (middle), and 52Cr (right).
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Figure 4. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 54Fe.
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Figure 5. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 56Fe.
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Figure 6. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 58Ni.
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Figure 7. (Color online) Comparison of the theoretical predictions for the analyzing power with experimental data for
54Fe(𝑛, 𝑛)54Fe∗.
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Figure 8. (Color online) Comparison of the theoretical predictions for the analyzing power with experimental data for
58Ni(𝑛, 𝑛)58Ni∗.
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Figure 9. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 60Ni (left), 63Cu (middle), and 65Cu (right).

Coupling the elastic to inelastic channels for the heavy from 76Se to 238U nuclei
In this section, for 76Se, the 0+ ground state is coupled to the 2+ (0.559 MeV) inelastic channel, For 80Se the 0+ ground

state is coupled to the 2+ (0.666) MeV inelastic channel, For 90Zr the 0+ ground state is coupled to the 2+(2.19 MeV)
inelastic channel, For 92Zr the 0+ ground state is coupled to the 2+(0.935 MeV) inelastic channel, For 94Mo the 0+ ground
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state is coupled to the 2+(0.871 MeV) inelastic channel. As for the previous nuclei, our theoretically calculated angular
distributions for neutron scattering off 76Se, 80Se, 90Zr, 92Zr, and 94Mo nuclei are in good agreement with experimental
data as can be seen in Figs. 10 - 11. Also, For 116,118,120Sn, the 0+ ground state is coupled to the 2+ (1.293, 1.229, 1.171
MeV), and 3− ( 2.266, 2.324, 2.400 MeV) inelastic channels respectively, For 208Pb the 0+ ground state is coupled to the
3− (2.615) MeV, 5−(3.197 MeV) inelastic channels, For 238U the 0+ ground state is coupled to the 2+(0.045 MeV), and
4+ (0.148 MeV) inelastic channels, Inspection of Figs. 12-13 shows that our predicted angular distributions for neutron
scattering off 116,118,120Sn, 208Pb and 238U nuclei are in good agreement with experiment.
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Figure 10. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 76Se (left), 80Se (middle) , and 90Zr (right).
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Figure 11. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 92Zr (left) and 94Mo (right).
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Figure 12. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 116Sn (left) , 118Sn (middle), and 120Sn
(right).
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Figure 13. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 208Pb (left) and 238U (right).
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4.2. Extending the model to the case of light nuclei

In this section we test the applicability of our model to the light 6Li, 12C and 16O target nuclei, which differ from the
intermediate and heavy ones in that the surface region makes up a large portion of the nuclear volume. For the 𝑛 −6 Li
scattering process, inelastic angular distribution data are available only for coupling the 1+ ground state to the 3+ (2.186
MeV) excited state. also we shall consider coupling the 0+ ground state of 12C to the 2+ (4.438 MeV) and 3− (9.641 MeV)
excited states simultaneously. Similarly, the 0+ ground state of the 16O nucleus is simultaneously coupled to the 3− (6.129
MeV) and 2+ (6.917 MeV) excited states. This results in structural effects in the angular distributions that are manifested
as prominent minima in the elastic angular distributions, particularly, at large scattering angles. This has always resulted
in difficulties in predicting the experimental data even when developing local optical potentials [11] - [16]. As can be seen
in Eq. (22), the smooth functional forms corresponding to 6Li are the same as those for the intermediate nuclei. However,
for 12C and 16O best predictions could only be obtained by shifting the imaginary surface absorption term by a constant
compared to the rest of the nuclei considered in this work as displayed in Eq. (22). Despite the difficulties encountered
when dealing with light nuclei, and taking into account that the spin - orbit depths and all the geometrical parameters are
fixed, figures 14 - 15 show that our predictions for the angular distributions, particularly the elastic ones, are in very good
overall agreement with the experimental data.
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Figure 14. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 6Li.
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Figure 15. (Color online) Comparison between experimental angular distributions and results of OMP calculations with
coupled channles computations for neutron elastic and inelastic scattering from 12C (left) and 16O (right).
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5. TOTAL CROSS SECTIONS
In Figs. 16 and 17 we compare our predictions for the total and total elastic cross sections with the experimental

values. For the medium and heavy nuclei, our theoretical predictions for the cross sections are in good overall agreement
with the data. In general, the agreement becomes progressively better with increasing mass number of the target nucleus.
It is also worth noting that the introduction of a volume imaginary term 𝑊𝑣 (𝐸) for the nuclei 6 ≤ 𝐴 ≤ 238, as given
in Eq. (22), significantly improved our predictions. The attempt to include light nuclei in our analysis has been more
successful in predicting the angular distributions than predicting the total cross sections. For the light 6Li nucleus, the
agreement between the theoretical and experimental values is better at energies above 10 MeV as can be seen in Fig. 16.
A similar behavior was also observed for the 12C and 16O nuclei. As we mentioned above, this could be a consequence of
structural effects that play an important role in the nucleon scattering process from such light nuclei [21] and [37]. In fact,
in an earlier work, we developed local optical potential fits where all the potential parameters were allowed to vary with
energy and target mass number. The calculated total and total elastic cross sections for carbon and oxygen still showed
some discrepancy with experimental data [21]. Clearly, our attempted case of developing smooth functional forms for the
potential depths, keeping the geometrical parameters and spin -orbit term fixed is even more difficult. This difficulty is
confirmed by noting that the differential cross section for nucleon elastic scattering from 16O shows a minimum around
1200 which could not be fitted despite many attempts using local and microscopic optical potentials [39]. Finally, the
measured data were taken from the Evaluated Nuclear Data File [ENDF] except the values of the total cross sections for
6Li and 12C which were obtained from [EXFOR].
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Figure 16. (Color online) Comparison of predicted neutron total cross sections and experimental data from 6Li to 238U.
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Figure 17. (Color online) Comparison of predicted neutron elastic cross sections and experimental data from 6Li to 238U.

6. CONCLUSIONS
In this work we investigated neutron scattering from medium and heavy nuclei using an optical model with channel

coupling. We also tested the applicability of our model to the case of light nuclei. Therefore, we considered nuclear targets
from 6Li to 238U and incident neutron energies in the range 180 keV < 𝐸 < 30 MeV. No higher energies were investigated
as there are no experimental inelastic angular distribution data for the nuclei studied in this work. We obtained smooth
functional forms for the real volume, imaginary volume and the imaginary surface depths as functions of energy, mass
number and the neutron - proton asymmetry of the target nucleus as given in Eq. (22).

Using our optimized set of parameters, we simultaneously predicted the elastic and inelastic angular distribution data.
As can be seen in Figs. 2 to 9 and 10 to 13, for the intermediate and heavy nuclei, our calculated values are in very good
overall agreement with the experimental data. The predicted polarization data are also in very good agreement with the
experimental values as can be seen in Figs. 7 and 8. Our model has also been extended to predict the elastic and inelastic
angular distributions for the light 6Li, 12C and 16O nuclei which, unlike intermediate and heavy nuclei, have diffuse edges
and less uniform matter distributions that complicate the process of predicting the experimental data. Despite this, The
calculated angular distributions show a very reasonable overall agreement with the experimental data as can be seen by
inspecting Figs. 14 to 15.

In addition, we calculated total and total elastic cross sections. Our theoretical predictions are in good agreement
with the corresponding experimental values particularly for the intermediate and heavy nuclei. This agreement becomes
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increasingly better with increasing mass number of the target nucleus. In fact, the introduction of (i) an imaginary volume
term 𝑊𝑣 for the nuclei with mass numbers 6 ≤ 𝐴 ≤ 238 and (ii) shifting the imaginary surface term by a constant for
light nuclei, as can be seen in Eq. (22), significantly improved the predicted angular distributions and total cross sections.
As for the light 6Li, 12C and 16O nuclei, our calculations show better agreement for incident energies above 10 MeV. The
discrepancy below 10 MeV incident energy could be a result of structural effects playing an important role in the scattering
process [21] and [37]. For light nuclei, our model has been more successful in predicting the elastic and inelastic angular
distributions than total cross sections.
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ПОТЕНЦIАЛ ФЕНОМЕНОЛОГIЧНОЇ ОПТИЧНОЇ МОДЕЛI ГЛОБАЛЬНОГО ЗВ’ЯЗАНОГО КАНАЛУ
ДЛЯ НЕЙТРОННО-ЯДЕРНОГО РОЗСIЮВАННЯ ВIД 6Li ДО 238U

Валiд Салех Алраяшi
Департамент науки, факультет освiти, Унiверситет Сани, Сана, Ємен

Вважається, що процес нейтронно-ядерного розсiювання створює гладкi функцiональнi форми для реальної та уявної частин
феноменологiчного оптичного потенцiалу з використанням формалiзму аналiзу зв’язаних каналiв. Ми розглядаємо промiжнi
та важкi ядернi мiшенi та дослiджуємо можливiсть розширення моделi на зазвичай виключений випадок легких ядер. Ви-
користовуючи нашу модель, ми одночасно прогнозуємо пружнi та непружнi кутовi розподiли розсiювання нейтронiв вiд 6Li
до 238U для рiзних енергiй у дiапазонi 100 кеВ < 𝐸 < 30 МеВ, для яких доступнi данi про непружнi кутовi розподiли. Ми
отримуємо гладкi форми для реальних i уявних глибин об’ємних i поверхневих потенцiалiв як функцiй енергiї, масового числа
та асиметрiї мiж числами протонiв i нейтронiв у ядрi-мiшенi. Глибини реального та уявного спiн-орбiтального члена та всi
геометричнi параметри потенцiалу фiксованi. Нашi прогнозованi пружнi та непружнi диференцiальнi поперечнi перерiзи дуже
добре узгоджуються з вимiряними даними. Розрахованi загальнi пружнi, загальнi поперечнi перерiзи та аналiзуючi здiбностi в
цiлому добре узгоджуються з експериментальними значеннями, особливо для промiжних i важких ядер.
Ключовi слова: потенцiал оптичної моделi; пружне розсiювання; непружне розсiювання; зв’язанi канали; диференцiальний
перерiз
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The nonlinear properties of the dust-electron-acoustic (DEA) solitary waves and their propagating behaviours are theoretically studied
in an unmagnetized relativistic plasma model. Such plasma is composed by the weakly relativistic electrons, nonextensive distributed
ions and negatively charged immobile dust particles. Staring from a set of unidirectional fluid equations for electrons and nonextensive
distribution for ions with Poisson equation, the Korteweg-de Vries (KdV) and modified KdV (mKdV) equations are determined by using
the reductive perturbation method technique and their soliton solutions, thus obtained, to analyse the existence regime and basic features
of small amplitude DEA solitons. The effects of physical parameters namely ion-to-electron number density ratio (𝛿), relativistic
streaming factor (𝑣0/𝑐) and ion nonextensive parameter (𝑞) on the dynamics of solitary formations are examined in detail. The result
shows the existence of both compressive and rarefactive DEA KdV solitons and only compressive DEA mKdV solitons in the range
−1 < 𝑞 < 3, with various 𝛿 and 𝑣0/𝑐 in the plasma. Additionally, the influences of all the physical parameters on the propagation of
DEA solitary waves corresponding to the KdV and mKdV equations are numerically analysed within the paper. The results of this
study might help clarify the basic characteristics of nonlinear travelling waves propagating in both laboratory and space plasma as well
as astrophysical plasma environments.

Keywords: Dust-electron-acoustic solitary wave; KdV and mKdV equations; Reductive perturbation technique; 𝑞-nonextensive ions;
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1. INTRODUCTION
One of the most interesting and fascinating laboratories of nonlinear structures in space is the study of solitary waves

in plasmas. Large dust grains in space plasma have a negative charge, while small grains have a positive charge. However,
the polarity of the dust grains might differ. An exceptionally low-frequency dust wave mode known as dust acoustic waves
(DAW) is produced by the new time scales connected to the slower dust component (larger).

It is found that the properties of plasma waves are significantly altered by the presence of dust charged particles. One
intriguing area of current research is the study of electrostatic solitary waves in dusty plasma. An intriguing field of recent
work has been the study of electrostatic solitary waves in dusty plasma.

The characteristics of plasma waves are discovered to be significantly altered by the presence of dust-charged particles.
Due to field emission, it is widely known that the presence of negatively charged dust particles with micrometer or

sub micrometer sizes can alter the properties of plasma waves in space. Dusty plasmas are common in a wide range of
astrophysical environments, including the interstellar medium, asteroid zones, cometary tails, planetary rings, the Earth’s
magnetosphere, and the vicinity of stars.

It’s an intriguing application to evaluate low-frequency noise enhancement seen by the Vego and Goitto space
missions in the dusty area of Haley’s Comet. Dust density, temperature, particle size, and charge are just a few of the
characteristics of dust grains that are reflected by the Cassini plasma spectrometer instrument over Saturn’s major A
and B rings. A wealth of knowledge regarding dusty plasmas can also be found in interstellar clouds in space. Many
researchers [1–16] have provided a wonderful explanation of the role and influence of dusty plasma in astrophysical
plasma and space environments. In dissipative plasma with superthermal electrons, Hanbaly et al. [17] studied nonlinear
electron acoustic waves. Singh and Lakhina [18] have investigated the generation of electron-acoustic waves (EAWs)
in the magnetosphere. Bansal et al. [19] have discussed the subject of oblique modulation of electron acoustic waves
in nonextensive plasma. The research paper titled Dust-electron-acoustic shock waves originating from changes in dust
charge was written by Mamun [20]. The relationship between electron-acoustic solitons in the auroral zone for an electron
beam plasma system has been investigated by Jahangir et al. [21].

The relativistic effects are currently being incorporated into the research that is being done on solitary waves in
plasmas that contain several components [22–33]. There have been a multitude of papers written over the course of the
past few decades, each of which has a variety of compositions that cover a wide range of topics. The generation of weakly
relativistic ion acoustic solitons in magnetized plasma is facilitated by unidirectional relativistic electrons with inertia, as
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researched by Kalita and Choudhury [34]. Kalita & Kalita [35] have investigated the mild relativistic effects of electrons
and the implicit role of Cairns dispersed ions in the generation of dust acoustic waves in plasma. Moreover, Kalita and
Das [36] have studied in a comparative analysis of modified Korteweg-de Vries solitons and dust ion acoustic Korteweg-de
Vries solitons in dusty plasmas with different temperatures.

It is commonly known that the macroscopic ergodic equilibrium state is uniformly represented by the Maxwell
distribution for ions. Over the last few decades, Maxwellian particle distributions have been utilized by many researchers.
However, there has been a noticeable growth in interest in nonextensive statics, also known as Tsillis statistics, which
are based on the Boltzmann-Gibbs-Shannon (BGS) method for studying particle dispersion in plasma in recent years. In
the field of statistics, Renyi [37] and Tsallis [38] first introduced an appropriate nonextensive generalization of the BGS
entropy. In this system, the entropic index 𝑞 represents the degree of non extensivity. Currently, numerous researchers
are examining the number density of particle plasma in the 𝑞−nonextensive distribution by referencing the following
sources: [39–47]. Numerous important aspects of conventional statistical mechanics are still present in nonextensive
statistics. Superextensivity is defined as having a composite system’s generalized entropy greater than the sum of the
entropies of its constituents; subextensivity is defined as having a composite system’s generalized entropy smaller than
the sum of its subsystems. A generalized particle distribution known as the 𝑞 distribution function is the outcome of
Tsallis nonextensive statistical mechanics. When 𝑞 < −1 and the 𝑞-nonextensive distribution cannot be normalized, it
might be helpful. Once more, the distribution function reduces to the typical Maxwellian-Boltzmann velocity distribution
if 𝑞 = 1. Dai et al. [48] investigated in nonextensive statistics the dust ion-acoustic instability with q-distribution.
Awady & Moslem [49] carried out numerical studies on a plasma that contained nonextensive electrons and positrons.
Amour & Tribeche [50] conducted research on Collisionless damping of dust-acoustic waves in a dusty plasma with
nonextensive ions that varies in charge. Thus, our aim is to study the formation and properties of DEA solitary waves in an
ummagnetized plasma in which electrons are relativistic and ions are nonextensive, in the presence of static dusts. Small
amplitude DEA solitons are studied using the reductive perturbation approach. Our results should help to understand the
basic features of nonlinear travelling waves propagating in dusty plasmas with relativistic and nonextensive particles. The
paper is organized as follows: Section-1 contains the formal introduction; Section-2 contains basic equations governing
the plasma model. The KdV and mKdV equations for DEA solitary waves has been derived respectively in Section-3 and
Section-4. Results and parametric discussions are made in Section-5, while Section-6 presents a summary of our results.

2. BASIC GOVERNING EQUATIONS
We consider an unmagnetized homogeneous warm dusty plasma system comprising of electrons with weak relativistic

effect, 𝑞−nonextensive ions and static dusts with negative charge. Also, the dust charge number 𝑧𝑑 is taken to be
constant [51], and their impacts of the dynamics of DEA waves is neglected. Therefore, in such a plasma system the
dynamics of nonlinear one-dimensional DEA waves motion is governed by the following unnormalized fluid equations:

𝜕𝑁𝑒
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+ 𝜕
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where 𝑁𝑒, 𝑉𝑒, and Φ are respectively the electron number density , electron fluid velocity and electrostatic potential. To
normalize the set of equations (1)-(3), we consider the scaling variables as: 𝑛𝑒 = 𝑁𝑒

𝑛𝑒0
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, and the normalized form of equations (1)-(3) can be written as
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Here 𝐶𝑒 =
√︁
𝐾𝐵𝑇𝑒/𝑚𝑒 is the electron acoustic speed; 𝜔𝑝𝑒 =

√︁
4𝜋𝑛𝑒0𝑒2/𝑚𝑒 the electron plasma frequency and 𝜆𝐷 =√︁

𝐾𝐵𝑇𝑒/4𝜋𝑛𝑒0𝑒2 the electron Debye length, and 𝑚𝑒, 𝑇𝑒, 𝑒, 𝐾𝐵 are the electron mass, characteristic electron temperature,

electronic charge and the Boltzmann constant. Also, the relativistic factor for electrons 𝛾 =

(√︃
1 − 𝑣2

𝑐2

)−1
≈ 1 + 𝑣2

2𝑐2 , for

weakly relativistic regime, 𝑐 (normalized with 𝐶𝑒) speed of light. Moreover, we have defined 𝜇 = 𝑧𝑑𝑛𝑑0/𝑛𝑒0 and 𝛿 =

𝑛𝑖0/𝑛𝑒0 > 1. The overall charge neutrality condition that is 𝑛𝑖0 = 𝑛𝑒0 + 𝑧𝑑𝑛𝑑0, gives 𝜇 = 𝛿 − 1.
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The presence of ion density is assumed through the 𝑞−nonextensive distribution function [52–54], which is one
dimensional equilibrium in nature and given as

𝑓 (𝑣𝑖) = 𝐶𝑞

[
1 + (𝑞 − 1)

{
𝑚𝑖𝑣

2
𝑖
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}] 1
𝑞−1

(7)

where the normalization constant 𝐶𝑞 indicated by
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, for − 1 < 𝑞 < 1
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, for 𝑞 > 1

Here Γ is the well-known gamma function, the parameter 𝑞measures the ion nonextensivity of the system and the remaining
parameters or variables maintain their usual meaning. As the gamma function is undefined for negative numbers, so for
𝑞 < −1, the function (7) cannot be normalized, and it is noted that the function (7) is the specific distribution which
optimizes the Tsallis nonextensive entropy and, as a result it follows to the laws of thermodynamics. Moreover, the
distribution (7) reduces to the standard Maxwell–Boltzmann velocity distribution due to the limiting case 𝑞 → 1.

Integrating the distribution function (7), the expression for ion number density is obtained as

𝑛𝑖 = 𝑛𝑖0

[
1 − (𝑞 − 1) 𝑒𝜙
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] 1
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1
2

Hence, the normalized form of ion number density is

𝑛𝑖 = [1 − 𝜎(𝑞 − 1)𝜙]
𝑞+1

2(𝑞−1) (8)

Here, 𝑞 is a real parameter that is higher than −1 and 𝜎 = 𝑇𝑒/𝑇𝑖 . For 𝜙 ≪ 1, expanding (8) upto the third order and
substitution of (6), gives

𝜕2𝜙
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2 + 𝑘3𝜙

3 + . . . (9)

where
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2
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8
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(10)

3. THE KDV EQUATION AND ITS SOLUTION
To derive KdV equation for small amplitude DEA solitary wave, the reductive perturbation approach is used. In

resent times, reductive perturbation technique becomes very popular to study the nonlinear electrostatic waves of small
amplitude limit in the field of plasma. To investigate the DEA solitary waves propagating through KdV equation, stretching
and writing the independent variables as

𝜉 = 𝜖1/2 (𝑥 −𝑉𝑡) , 𝜏 = 𝜖3/2𝑡 (11)
where 𝜖 is a small dimensionless parameter and 𝑉 the phase velocity of DEA waves. And the dependent variables are
expanded about the equilibrium states in power series of 𝜖 as

𝑛𝑒 = 1 + 𝜖𝑛1 + 𝜖2𝑛2 + 𝜖3𝑛3 + . . .
𝑣𝑒 = 𝑣0 + 𝜖𝑣1 + 𝜖2𝑣2 + 𝜖3𝑣3 + . . .
𝜙 = 𝜖𝜙1 + 𝜖2𝜙2 + 𝜖3𝜙3 + . . .

 (12)

Substituting, the transformation (11) and expression (12), into equations (4),(5) and (9), and then collecting the coefficients
of lowest order terms in 𝜖 , and after integration with the boundary conditions: 𝑛1 = 0, 𝑣1 = 0, 𝜙1 = 0 at |𝜉 | → ∞, we
obtain the first order terms as

𝑛1 = −𝑘1𝜙1
𝑣1 = −𝑘1 (𝑉 − 𝑣0)𝜙1

}
(13)
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along with the linear phase velocity expression for DEA waves,

𝑉 = 𝑣0 ±
√︂

1 + 𝑘1
𝐴𝑘1

(14)

where 𝐴 = 1 +
3𝑣2

0
2𝑐2 . The positive and negative sign respectively refers to the fast and slow DEA mode. Although, we

assumed the case of fast DEA mode in our numerical simulations, whereas the slow DEA mode is entirely ignored.
Again, collecting the coefficients of second higher order terms in 𝜖 , we obtain the subsequent equations

−𝑆 𝜕𝑛2
𝜕𝜉

+ 𝜕𝑛1
𝜕𝜏

+ 𝜕𝑣2
𝜕𝜉

+ 𝜕 (𝑛1𝑣1)
𝜕𝜉

= 0 (15)

−𝐴𝑆 𝜕𝑣2
𝜕𝜉

+ 𝐴𝜕𝑣1
𝜕𝜏

+ (𝐴 − 2𝐵𝑆)𝑣1
𝜕𝑣1
𝜕𝜉

− 𝐴𝑆𝑛1
𝜕𝑣1
𝜕𝜉

+ 𝜕𝑛2
𝜕𝜉

− 𝜕𝜙2
𝜕𝜉

− 𝑛1
𝜕𝜙1
𝜕𝜉

= 0 (16)

𝑛2 + 𝑘1𝜙2 − 𝑘2𝜙
2
1 −

𝜕2𝜙1

𝜕𝜉2 = 0 (17)

where 𝑆 = 𝑉 − 𝑣0 and 𝐵 = 3𝑣0/2𝑐2. Eliminating the terms 𝑛2 and 𝑣2 from equations (15)-(17) and after utilizing (13) and
(14), the KdV equation for first order electrostatic potential 𝜙1 (= 𝜑) is found as

𝜕𝜑

𝜕𝜏
+ 𝑀𝜑𝜕𝜑

𝜕𝜉
+ 𝑁 𝜕

3𝜑

𝜕𝜉3 = 0 (18)

with the constants 𝑀 and 𝑁 given by

𝑀 =
1

2𝐴𝑆𝑘1

[
2
(
𝑘2
𝑘1

)
− 𝑘1 − 𝐴𝑆2𝑘2

1 + 2𝐵𝑆3𝑘2
1

]
and 𝑁 =

1
2𝐴𝑆𝑘2

1
(19)

and called respectively nonlinear coefficient and dispersion coefficient of the KdV equation.
Equation (18) is a nonlinear partial differential equation, and is analytically solvable. To determine the stationary

solitary wave solutions (18), we take a new transformation 𝜒 = 𝜉 − 𝐶𝜏, where 𝐶 is wave velocity in the linear 𝜒-space.
Using this variable, the KdV equation (18) can be integrated under the boundary condition: 𝜑 = 0, 𝑑 𝜑/𝑑 𝜒 = 0 and
𝑑2 𝜑/𝑑 𝜒2 = 0 as 𝜒 → ±∞, to give the solitary wave solution as

𝜑 = 𝜑0 sech2
( 𝜒
Δ

)
(20)

where 𝜑0 = 3𝐶/𝑀 is the wave amplitude of the DEA soliton and it is proportional to the soliton speed𝐶, and Δ = 2
√︁
𝑁/𝐶

is the width of DEA soliton and it is inversely proportional to
√
𝐶.

It reveals from equation (19) that the nonlinear coefficients 𝑀 depends on the plasma parameters 𝑞, 𝜎, 𝛿 and the
electron relativistic streaming factor 𝑣0/𝑐. We find a compressive DEA solitary waves for 𝑀 > 0, and while rarefactive
for 𝑀 < 0. Based on the Fig.-[1], we find a critical composition value of 𝑞𝑐 (say) at a given value of parameters 𝑞, 𝜎, 𝛿
and 𝑣0/𝑐, for which 𝑀 ≈ 0. As the nonliearity becomes zero at that critical point/region, as a result the amplitude 𝜑 →
∞, thus the DEA solitary wave solution has infinite divergence. We can find the expression of 𝑞𝑐, by solving the equation
𝑀 = 0, given in (19) for 𝑞 and obtained as

𝑞𝑐 =
−(𝑎 + 𝛿 + 1) ±

√︁
8𝑎 + (𝛿 + 1)2

𝑎
(21)

where 𝑎 = 𝜎𝛿2𝑆2 (𝐴 − 2𝐵𝑆). In this particular regime, the model is not adequately described by the KdV equation (18).
In order to study the propagation properties of DEA solitary waves in the critical point/region, we take the higher order
nonlinearity and proceed with modified KdV equation in the following section.

4. THE MODIFIED KDV EQUATION AND ITS SOLUTION
For the purpose of describing the system at or close to the critical nonextensive 𝑞𝑐 given in (21), to derive modified

KdV (mKdV) equation, for which we consider the same set of expression (9) but with different stretched coordinates as
follows:

𝜉 = 𝜖 (𝑥 −𝑉𝑡) , 𝜏 = 𝜖3𝑡 (22)

Therefore, Substituting (12) and (22) into equations (4),(5) and (9), and proceeding as in section-3, we obtain the same
first order terms in 𝜖 as given in (13) and (14). For second order terms, collecting the coefficients of next higher order of
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𝜖 and then integrating with the boundary conditions: 𝑛2 = 0, 𝑣2 = 0, 𝜙2 = 0 at |𝜉 | → ∞, we obtain after the use of first
order terms as

𝑛2 = 𝑘2𝜙
2
1 − 𝑘1𝜙2

𝑣2 = 𝑆
[
(𝑘2 − 𝑘2

1)𝜙
2
1 − 𝑘1𝜙2

] }
(23)

along with the condition as follows

2
(
𝑘2
𝑘1

)
− 𝑘1 − 𝐴𝑆2𝑘2

1 + 2𝐵𝑆3𝑘2
1 = 0 (24)

Finally, collecting the coefficients of third highest order in 𝜖 , we find the following equations

−𝑆 𝜕𝑛3
𝜕𝜉

+ 𝜕𝑛1
𝜕𝜏

+ 𝜕𝑣3
𝜕𝜉

+ 𝜕 (𝑛1𝑣2)
𝜕𝜉

+ 𝜕 (𝑛2𝑣1)
𝜕𝜉

= 0 (25)

−𝐴𝑆 𝜕𝑣3
𝜕𝜉

+ 𝐴𝜕𝑣1
𝜕𝜏

− 𝐴𝑆𝑛1
𝜕𝑣2
𝜕𝜉

+ 𝐴𝜕 (𝑣1𝑣2)
𝜕𝜉

+ 𝐴𝑛1𝑣1
𝜕𝑣1
𝜕𝜉

− 𝐴𝑆𝑛2
𝜕𝑣1
𝜕𝜉

− 2𝐵𝑆
𝜕 (𝑣1𝑣2)
𝜕𝜉

+

2𝐵𝑣2
1
𝜕𝑣1
𝜕𝜉

− 2𝐵𝑆𝑛1𝑣1
𝜕𝑣1
𝜕𝜉

− 3𝑆
2𝑐2 𝑣

2
1
𝜕𝑣1
𝜕𝜉

− 𝜕𝜙3
𝜕𝜉

− 𝑛1
𝜕𝜙2
𝜕𝜉

− 𝑛2
𝜕𝜙1
𝜕𝜉

+ 𝜕𝑛3
𝜕𝜉

= 0 (26)

𝑛3 + 𝑘1𝜙3 − 2𝑘2𝜙1𝜙2 + 𝑘3𝜙
3
1 −

𝜕2𝜙1

𝜕𝜉2 = 0 (27)

Eliminating the terms 𝑛3 and 𝑣3 from equations (25)-(27) and making use of the terms from (13), second-order terms from
(23) and the relations (14) and (24) as well, we get the following mKdV equation

𝜕𝜓

𝜕𝜏
+ 𝑀1𝜓

2 𝜕𝜓

𝜕𝜉
+ 𝑁1

𝜕3𝜓

𝜕𝜉3 = 0 (28)

where, 𝜙1 = 𝜓, 𝑁1 = 𝑁 and the higher order nonlinear coefficient 𝑀1 is given by

𝑀1 =
1

2𝐴𝑆𝑘1

[
6𝐴𝑆2𝑘1𝑘2 − 3𝐴𝑆2𝑘3

1 + 6𝐵𝑆3𝑘3
1 − 6𝐵𝑆3𝑘1𝑘2 −

3𝑆4𝑘3
1

2𝑐2 + 3
(
𝑘3
𝑘1

)
+ 𝑘2

]
(29)

Now, using the same transformation and proceeding with the same procedure as given in section[3], we can determine the
solitary wave solution of the mKdV equation(28) as

𝜓 = 𝜓0 sech
( 𝜒
𝑊

)
(30)

Where 𝜓0 =
√︁

6𝐶/𝑀1 is amplitude and 𝑊 =
√︁
𝑁/𝐶, the width of the of DEA solitary waves represented by the mKdV

equation(28) and C is the velocity of soliton.

5. RESULTS AND DISCUSSIONS
In this modal of dusty plasma, the dynamical properties of small amplitude DEA solitary wave have been studied in

the context of relativistic electrons and nonextensive distributed ions. The influences of various plasma parameters namely,
the ion-to-electron number density ratio 𝛿, relativistic electron streaming factor 𝑣0/𝑐 and the degree of ion nonextensive
parameter 𝑞 on the DEA solitary waves are numerically analyzed. Throughout the graphical analysis, we have looked at
the case for 𝜎(= 𝑇𝑒/𝑇𝑖) = 1.

The ion nonextensive parameter 𝑞 have a notable effect over the nonlinear coefficient 𝑀 and dispersion coefficient
𝑁 of KdV equation. Fig-[1] shows the sketch of 𝑀 for two scenarios, that is for distinct values of 𝛿(= 1.1, 1.3, 1.5, 1.7)
and 𝑣0/𝑐(= 0.0, 0.3, 0.6, 0.9), as 𝑞 increases in the range −1 < 𝑞 < 3. It is clear from both Fig-[1a] and Fig-[1b] that the
nonlinear coefficient 𝑀 can have values that are both positive and negative, while the dispersion coefficient 𝑁 is observed
to take always positive values (figures not included). This change of signs of the nonlinearity indicates the existence of
two kind of DEA solitary waves having a positive and a negative potentials. It is traced out that 𝑀 ≈ 0 at 𝑞 = 𝑞𝑐, whereas
𝑀 > 0 in the range −1 < 𝑞 < 𝑞𝑐, which is the parametric domain where compressive DEA solitons occur. Again, 𝑀 < 0
in the range 𝑞𝑐 < 𝑞 < 3, which is the parametric domain where rarefactive DEA solitons occur. Therefore, in the current
KdV model of plasma, both compressive and rarefactive DEA solitary structures can exist.

Now, we illustrate how the various physical parameters influences over the behavior of propagating DEA solitary
waves. It is seen from Fig.-[2a] that, when the ratio of ion-to-electron number density 𝛿 increases with fixed 𝑞 =

0.5, 𝑣0/𝑐 = 0.3 and 𝐶 = 0.005, the rarefactive DEA solitons, and both its amplitude and width of the negative potential
DEA solitary waves decreases. Here, it can predicted that the structure of rarefactive DEA solitary waves is broader when
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(a) (b)

Figure 1. (a) The variation of 𝑀 with 𝑞 for different 𝛿 and 𝑣0
𝑐

= 0.3 and (b) The variation of 𝑀 with 𝑞 for different 𝑣0
𝑐

and 𝛿 = 1.2. With 𝜎 = 1.

(a) (b)

Figure 2. (a) The variation of KdV solitons for different 𝛿 with 𝑣0
𝑐

= 0.3 and (b) The variation of KdV solitons for different 𝑣0
𝑐

with 𝛿 = 1.2. In both
the panels, 𝑞 = 0.5(> 𝑞𝑐 ) , 𝜎 = 1 and 𝐶 = 0.005.

the population of ions and electrons are almost same in the present plasma. In Fig.-[2b], it is observed that when relativistic
electron streaming factor 𝑣0/𝑐 increases for fixed 𝑞 = 0.5, 𝛿 = 1.2 and 𝐶 = 0.005, the DEA soliton is rarefactive and
the amplitude (width) of the negative potential DEA solitary waves increases (decreases). That means the energy of the
propagating DEA solitons enhances with increasing values of relativistic electron streaming factor in the present plasma.

For fixed parameters as 𝛿 = 1.2, 𝑣0/𝑐 = 0.3 and 𝐶 = 0.005, how the ion nonextensive parameter 𝑞 effects on the
propagating DEA solitary waves are shown in Fig.-[3]. The soliton type is observed to have changed from compressive
to rarefactive at 𝑞 depending on 𝛿 and 𝑣0/𝑐. With rising values of 𝑞 < 𝑞𝑐, the soliton is compressive (Fig.-[3a]) and
amplitude of positive potential DEA solitary waves increases notably while width decreases slightly. Conversely, for
increasing values of 𝑞 > 𝑞𝑐, the soliton is rarefactive (Fig.-[3b]) and decreases the pulse of negative potential DEA solitary
waves in both amplitude and width. Here, for 𝛿 = 1.2, 𝑣0/𝑐 = 0.3 and 𝑞 = 0.5, we find from (18) that 𝑞𝑐 ≈ 0.07.
Additionally, it is clear that 𝑀 ≈ 0 at 𝑞 ≈ 𝑞𝑐, as a result, the KdV equation fails and the system can not be described.

The change of second order nonlinear coefficient 𝑀1 of mKdV equation (25) against 𝑞 and 𝑣0/𝑐 for distinct values
of 𝛿 have been shown in Fig.-[4] at 𝑞𝑐. In both the cases the value of 𝑀1 is found to be positive, which indicates only
compressive mKdV solitons can propagates at or near the critical point 𝑞𝑐 in the present plasma model. Fig.-[5] shows
the graph of solitary wave potential 𝜓 of mKdV equation against the linear parameters 𝜒, for various 𝑞, 𝛿 and 𝑣0/𝑐. It

(a) (b)

Figure 3. The variation of KdV solitons (a) for different 𝑞 < 𝑞𝑐 and (b) for different 𝑞 > 𝑞𝑐 . where 𝑣0
𝑐

= 0.3, 𝜎 = 1, 𝛿 = 1.2 and 𝐶 = 0.005.
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(a) (b)

Figure 4. The variation of higher order nonlinear term 𝑀1 (a) with 𝑞, for 𝑣0
𝑐

= 0.3 and different 𝛿 and (b) with 𝑣0
𝑐

for 𝑞 = 0.5 and different 𝛿 at 𝑞𝑐
and 𝜎 = 1.

is evident from Fig.-[5a] that, when the ratio of ion-to-electron number density 𝛿 increases with fixed other parameters,
the amplitude as well as width of the compressive modified DEA solitary waves to decrease. Moreover, rising value of
relativistic electron streaming factor 𝑣0/𝑐 and fixed other parameters, enhance the amplitude while decreases the width of
the compressive modified DEA solitary waves as shown in Fig.-[5b]. The change of modified DEA solitary wave pulses
are shown in Fig.-[6] for distinct values of ion nonextensive parameter 𝑞, with fixed other parameters. It is seen that the
amplitude of compressive DEA solitary waves increases while the width is not notably changes by the increasing values
of 𝑞.

(a) (b)

Figure 5. The variation of mKdV solitons (a) for different 𝛿 with 𝑣0
𝑐

= 0.3; and (b) for different 𝑣0
𝑐

with 𝛿 = 1.2; at 𝑞𝑐 . where 𝑞 = 0.5, 𝜎 = 1, 𝐶 =

0.05.

Figure 6. The variation of mKdV solitons for different 𝑞 with 𝛿 = 1.2, 𝑣0
𝑐

= 0.3 at 𝑞𝑐 . where 𝜎 = 1, 𝐶 = 0.05.

6. CONCLUSION
In this manuscript, we have numerically analyzed the dynamical properties of the propagation of small amplitude

DEA solitary waves in an unmagnetized plasma model, consisting of relativistic electrons, nonextensive ions and negatively
charged static dust grains. Both the KdV and mKdV equations are determined using the reductive perturbation technique,
and their solitary wave solutions are obtained. The effects of physical parameters such as ion-to-electron number density
ratio 𝛿, relativistic electron streaming factor 𝑣0/𝑐, and ion nonextensive parameter 𝑞 over DEA solitary wave potentials
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represented by the KdV and mKdV equations are discussed numerically in the case when electron-to-ion temperature ratio
𝜎 = 1. The outcomes that have been noticed in this study can be contracted as follows:
1. In the present plasma model, two distinct sorts of wave modes are found to exist, namely fast DEA acoustic mode and

slow acoustic modes. But only fast DEA modes are considered in the extraction of KdV and mKdV equations.
2. First order nonlinear coefficient 𝑀 in the KdV equation can be a positive and a negative quantity, while the second

order nonlinear coefficient 𝑀1 of mKdV equation is a positive quantity, depending on the plasma parametric values.
Therefore, there exist both compressive and rarefactive KdV solitons in the present plasma system.

3. The change in the soliton types from compressive to rarefactive or vice-versa is predicting mainly through the variation
of ion nonextensive parameter 𝑞, depending on 𝛿 and 𝑣0/𝑐. It is seen that compressive and rarefactive solitons show
the range of ion nonextensivity −1 < 𝑞 < 𝑞𝑐 and 𝑞𝑐 < 𝑞 < 3 respectively.

4. At the critical 𝑞𝑐, we consider a second order nonlinearity and determine mKdV equation. Only compressive DEA
solitary wave structures are feasible in present plasma system.

5. The increasing of ion-to-electron number density ratio 𝛿 in the plasma, lead to decrease both the amplitude and width
of the pulses of the propagating DEA solitons.

6. Moreover, with the rising values of relativistic electron streaming factor 𝑣0/𝑐, enhances the energies of the propagating
DEA solitons.

Finally, we draw the conclusion that our present theoretical findings should be useful for better understanding the dynamical
nature of small but finite amplitude DEA solitons in both astrophysical and space contexts as well as in future laboratory
investigations in which the present plasma model are occurred.
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РЕЛЯТИВIСТСЬКИЙ ВПЛИВ НА ПИЛОВО-ЕЛЕКТРОННО-АКУСТИЧНI САМIТНI ХВИЛI В
НЕНАМАГНIЧЕНIЙ ПЛАЗМI З НЕЕКСТЕНСИВНИМИ IОНАМИ

Рафiя Ханамa, Сатьендра Натх Барманb, Муктарул Рахманa
𝑎Департамент математики, Унiверситет Гаухатi, Гувахатi-781014, Ассам, Iндiя

𝑏B. Бороа коледж, Гувахатi, Ассам, Iндiя
Теоретично дослiджено нелiнiйнi властивостi пилово-електронно-акустичних (DEA) одиночних хвиль та поведiнку їх пошире-
ння в моделi ненамагнiченої релятивiстської плазми. Така плазма складається iз слаборелятивiстських електронiв, невеликих
розподiлених iонiв i негативно заряджених нерухомих частинок пилу. Виходячи з набору односпрямованих рiвнянь рiдини для
електронiв i неекстенсивного розподiлу для iонiв з рiвнянням Пуассона, рiвняння Кортевега-де Фрiза (KdV) i модифiкованi
рiвняння KdV (mKdV) визначаються за допомогою методу редуктивного збурення та їх солiтонних рiшень, отриманих таким
чином, для аналiзу режиму iснування та основних характеристик солiтонiв DEA малої амплiтуди. Детально розглянуто вплив
фiзичних параметрiв, а саме спiввiдношення густини iонiв до електронної кiлькостi (𝛿), релятивiстського коефiцiєнта потоку
(𝑣0/𝑐) та параметра неекстенсивностi iонiв (𝑞) на динамiку солiтарних утворень. Результат показує iснування як стислих, так i
розрiджених солiтонiв DEAKdV i лише стиснутих солiтонiв DEAmKdV в дiапазонi−1 < 𝑞 < 3, з рiзними 𝛿 i 𝑣0/𝑐 у плазмi. Крiм
того, у статтi чисельно проаналiзовано вплив усiх фiзичних параметрiв на поширення одиночних хвиль DEA, що вiдповiдають
рiвнянням KdV та mKdV. Результати цього дослiдження можуть допомогти прояснити основнi характеристики нелiнiйних або
нелiнiйних бiжучих хвиль, що поширюються як у лабораторнiй, так i в космiчнiй плазмi, а також у астрофiзичному плазмовому
середовищi.
Ключовi слова: пило-електронно-акустична одиночна хвиля; рiвняння KdV i mKdV; технiка вiдновного збурення; q-
неекстенсивнi iони; релятивiстська плазма
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