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In this paper, we study a non-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) universe filled with cold dark matter and Barrow
holographic dark energy. We assume the Hubble horizon as IR cutoff and the scale factor to obey a hybrid expansion law to construct a
cosmological model within the framework of General Relativity. The physical and geometrical properties of the model are discussed by
studying the evolution of various parameters of cosmological importance. The behaviour of the dark energy equation of state parameter
wpE is also studied for both interacting and non-interacting Barrow holographic dark energy. We observe that the Barrow exponent A
significantly affects the dark energy equation of state parameter which in turn exhibits the behaviour of quintessence and phantom dark
energy. The evolution of the jerk parameter is also studied.
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1. INTRODUCTION

According to a number of recent cosmological and astrophysical observations, including Supernovae Type Ia (SN
Ia) [1,2], Cosmic Microwave Background (CMB) [3,4], Large Scale Structure (LSS) [5, 6], and others the present universe
is thought to be dominated by a mysterious physical entity known as dark energy. This indicates that the universe has
recently undergone the transition from the matter era with decelerated expansion to the current accelerated expansion
phase. Many cosmological observations such as Wilkinson Microwave Anisotropy Probe (WMAP), Baryon Acoustic
Oscillation (BAO), Sloan Digital Sky Survey(SDSS), Gravitational Lensing etc. provided strong support to the observed
cosmic acceleration. According to Planck Collaboration results, 2018, dark energy contributes about 68.3% of the total
energy of the present observable universe. Dark energy permeats all over the space and it has large negative pressure. Since
the cosmological constant A, introduced by Einstein, is physically comparable to quantum vacuum energy with an equation
of state parameter w = —1, it follows that A can be a good contender for dark energy. But the constant A is plagued with
the fine tuning and cosmic coincidence problems although it fits the observations reasonably well. As an alternative to A,
a wide range of scenarios with a number of dynamically evolving scaler field models have been considered in the literature
to explain the late time cosmic acceleration. Currently, an attempt for probing the true nature of dark energy has been
taken in the literature, called holographic dark energy (HDE) [7, 8], that originates from the Holographic Principle [9-12].
The fundamental tenet of the Holographic Principle is that, as opposed to scaling with system volume, the number of
degrees of freedom that are directly related to entropy of a physical system scales with the system’s surrounding surface
area. G.’t Hooft [9] first presented it with the goal to explain the thermodynamics of black hole physics. The gravitational
entropy inside a closed surface shouldn’t always be greater than the particle entropy that travels through the surface’s past
light-cone, according to a later extension of this idea to the cosmological context made by Fischler and Susskind [12]. In
cosmology, a significant implications of the holographic principle is that the entropy of the universe’s horizon is directly
proportional to its surface area, similar to the Bekenstein-Hawking entropy of a black hole.

Utilizing the black hole entropy expression, one may apply the Holographic Principle to generate holographic dark
energy. Consequently, by utilizing different entropies, one can derive multiple varieties of the theory. A new black hole
entropy relation, recently suggested by Barrow, indicates that the black hole structure may acquire intricate fractal features
due to quantum gravitational processes. Due to its intricate structure, the black-hole entropy equation is distorted and has
a limited volume but an infinite (or finite) area [13]. The equation is given by

A 1+4
Sp = (A_o) (1)

where A is the Planck area and A is the standard horizon area. When A = 0, the Barrow exponent A corresponds to the
standard Bekenstein-Hawking entropy and with A = 1, it corresponds to the most complex design. Therefore, the Barrow
holographic dark energy (BHDE) is formulated [14] when holographic dark energy is described in accordance with the
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general entropy formula given in (1).

Saridakis [15] offered an alternative cosmic arrangement to the Bekenstein-Hawking one by utilizing the Barrow
entropy. Srivastava and Sharma [16] investigated the BHDE in a flat Friedmann-Lemaitre-Robertson-Walker(FLRW)
universe taking the Hubble horizon as the IR cutoff. Srivastava, Kumar and Srivastava [17] also investigated the BHDE
model in the background of a flat FLRW universe. Recently many researchers examined the BHDE model in various
cosmological and gravitational setups [18-21].

The goal of the current work is to study the evolution of a non-flat Friedmann-Lemaitre-Robertson-Walker (FLRW)
universe filled with pressureless cold dark matter and Barrow holographic dark energy (BHDE) with Hubble horizon
as IR cutoff. We present our work in the following sections of this paper. In section 2, we construct a cosmological
model by assuming the scale factor to obey the hybrid expansion law proposed by Akarsu er al. [22]. In section 3, we
study the properties of the constucted model by examining the geometrical and physical characteristics of a few relevant
cosmological parameters. We also study the behaviour of the dark energy equation of state parameter wpg for both
interacting and non-interacting Barrow holographic dark energy. In section 4, we wrap up our paper with a conclusion.

2. THE MODEL
In this section, we consider a non-flat FLRW line element in the form

dr?

+r2dQ?
1 —kr?

ds? = —di* + (1) [ ®)

where a(t) is the scale factor and k = +1,0, —1 corresponds to closed, flat and open spatial curvature respectively and
dQ? = do* + sin® 0d¢>.

Normally, holographic dark energy density given in reference [14] can be obtained in the framework of the holographic
model based on the Barrow entropy according to the expression (1)

ppE = CLA™? 3)

with C being a parameter with dimensions [L] =2~ and L is a holographic horizon length. For A = 0, equation (3) gives
the standard holographic dark energy density ppr = CL™2, where C = 3c2M12,, ¢? is standard parameter of order one that

is present in all holographic dark energy models and M, the Planck mass. Taking the IR cutoff (L = H~') as the Hubble
horizon, the energy density of BHDE is obtained as

ppe = CH™" )

We consider the universe to be filled with cold dark matter (CDM) and Barrow holographic dark energy (BHDE).
Then in natural units, we can write Einstein’s field equations as

Rij - égin =T;; +T;j ®)
where R;; is the Ricci tensor; R is the Ricci scalar; 7T;; is the energy-momentum tensor for cold dark matter given by
Tij = pmuiu; (6)
and T;; is the energy-momentum tensor for Barrow holographic dark energy given by

T;j = (ppE + PDE)UiU; + 8ijPDE @)

Here, p,, is the energy density of cold dark matter, ppg and ppg are the energy density and the pressure of the Barrow
holographic dark energy respectively.

The Friedmann equations in this case are written as
2 k
3H +3;=Pm+PDE 8
) .k
3H” +2H + — = —PDE (9)
a

where H = d/a is the Hubble parameter and an over dot denotes differentiation with respect to cosmic time 7.
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The continuity equation is given by
Pm+ ppE +3H(pm + ppE + pDE) =0 (10)

In view of equation (4), the field equations (8) and (9) constitute a system of non-linear differential equations in three
unknowns a, p,, and ppg. In order to construct a cosmological model we consider the cosmological scale factor a to
obey the hybrid expansion law (HEL) [22]

a(t) = ao (%) A1) (11)

where a and $ are constants and a( and 7y denote the scale factor and the age of the present universe respectively.

The reason for using such scale factor is the fact that it will give the deceleration parameter as a function of cosmic time ¢.
This is amongst the models that describe the transition of the universe from a phase of deceleration to the present phase of
acceleration as suggested by the present cosmological observations. Several researchers applied HEL to study behaviour
of a number of cosmological models in different gravitational and cosmological backgrounds.

3. PROPERTIES OF THE MODEL

The Hubble parameter H(?), a cosmological parameter that shows the rate of expansion at the epoch ¢, corresponding
to the HEL (11) is obtained as

a «a
H==-=—-+ B (12)
a t to
The deceleration parameter, denoted by ¢, is a dimensionless measure of the acceleration in the expansion of the
universe and is defined by g = —‘;—3‘ = —#. Thus deceleration parameter ¢ is obtained as
@
g=—">- 1 (13)
(o)
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Figure 1. Evolution of deceleration parameter g vs cosmic time ¢

Figure 1 depicts the evolution of the deceleration parameter (g) for the constructed model against cosmic time (z).
With reference to the displayed graph, the outcome reveals that the deceleration parameter (g) attributed a positive value at
the initial stage followed by a sharp decrease and subsequently a slow convergence towards the value of negative one. This
means that there is a transition from what is referred to as the decelerated phase of the universe which, in cosmological
terms, seems to be the initial stage to the phase that is currently an accelerating phase of the universe. The parameters
expressing rate of expansion in the earlier epoch have positive values means deceleration while moving toward negative
in the later epochs means acceleration. These behaviors are in line with the acquired observational data concerning the
validity of the late-time cosmic acceleration.

Using equations (12) in (4) we get the energy density of BHDE as

2-A
poE =c(3+£) (14)
t to
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From equations (14),(12) and (8) we obtain the matter energy density as

07
pm=3(7+

B

0

o o

L)Qeﬁ(

0

For closed (k = 1) FLRW universe, equation (15) becomes
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Figure 2. Evolution of the Barrow HDE density ppg vs cosmic time ¢t for C = 3,7y = 13.8,a =0.5and 8 = 0.8
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Figure 3. Evolution of the matter energy density p,,, vs cosmic time ¢ for C =3, @ = 0.5, 8 =0.8,
ap=1and ¢ =13.8

Figure 2 and Figure 3 clearly indicate that both ppr and p,, are decreasing functions of the cosmic time ¢. The
decrease in energy densities suggests that the volume of the universe is expanding.

The BHDE density parameter Qp g and the energy density parameter of matter €2, are obtained as

Qpg = 3(%i%)A a7
Q=1+ ! ! - ¢ (18)
(8] fole ) 2l
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Hence the total energy density parameter  is obtained as

Qm+QDE

Q=

1
Q:Qm+QDE=1+ (19)
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Figure 4. Evolution of the total energy density parameter  vs cosmic time ¢ for @ = 0.5, 8 = 0.8,

ap=1and ¢ =13.8

Figure 4 represents the evolution of the total energy density parameter Q as a function of cosmic time ¢. From the
figure we observe that Q tends to 1. This result is compatible with the observational results. Since our model predicts a
flat universe for late times, and the present day universe is very close to flat, so the derived model is also compatible with

the observational results.

Now for open (k = —1) FLRW universe, the energy density of cold dark matter p,, is obtained by using the equation

(15) as

matter energy density pp,

) N 2 2-A
t x _
pm=3( ) _3(a0(_) Sl 1)) _c(9+ﬁ) (20)
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Figure 5. Evolution of the matter energy density p,, vs cosmic time ¢ for C =3, @ = 0.5, 8 =0.8,

ap=1and ¢ty =13.8

Figure 5 depicts the evolution of the matter energy density p,, vs cosmic time ¢. The graph shows that p,, is a
decreasing function of cosmic time ¢, this indicates the expansion of the universe as it evolves.
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The BHDE density parameter Qpr and the energy density parameter of matter Q,, are obtained as

C
Qpp=—"3 2L

1 1
Qn=1- - ¢ (22)

T o

Hence the total energy density parameter € is obtained as

1 1
Q:Qm"'QDE:l_ (23)
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Figure 6. Evolution of the total energy density parameter Q vs cosmic time ¢ for @ = 0.5, 8 = 0.8,

ap=1and ) =13.8

From Figure 6, we see that Q tends to 1. So our model approaches to flat FLRW universe at late times.
Case I: Interacting Barrow HDE

When there is an interaction between dark energy and dark matter, the energy densities do not conserve separately.

So, from the continuity equation (10), we have
Pm+3Hpm =0 (24)

and
ppE +3H(ppE + ppE) = -0 (25)

where Q is the coupling parameter which describes the interaction between dark energy and dark matter. A common
choice for the interaction term often takes the form Q « Hp,,, Q o« Hppg or a combination of these forms. We consider

Q =3H(yppE +0pm) (26)

where vy and ¢ are constants.

Using equations (26), (25), (14) and (12) we get

e EZ—A_C(Z—A)(—%)_yc(%.p% +8pm
PDE = C(l+l0) 3(%+§)A 3(%-’_’%) 27

where p,, is given by equation (15).
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For k = 1, using equation (16) in (27), we get

-4 C2-MN (-5
B r
ppe =-C ?+£ - A
3(5+4)
-A 2 a (s 2 2-A
e Bl -1
YC(T’+%) +36(%+t’%) +3(ao(%) e(o >) —C(1+fz)
_ (28)
B
3(5+%)
Using equations (28) and (14), we get the EoS parameter wpg as
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Figure 7. Evolution of EoS parameter wpg vs cosmic time 7 fora = 0.5, 8 =0.8,70=13.8,y =1 and 6 = 1.

From figure 7, we observe that wpg enters a high phantom region in the very early phases of the universe and as
time passes it approaches to —1 showing thereby that BHDE behaves like the cosmological constant A at late times.

For k = —1, using (20) in (27), we get

o p\h CC-n) —,%)
ppe=—C|=+=) - ——
t fo 3(a B
2}
2-A 2 a p(r_i)\ 2 2-A
v (e e ) ea (2 8) 3 (a(g) ) mo(s )
5 (30)
3(5+%)
Using equations (30) and (14), the EoS parameter wpg is obtained as
2 @ afe 1)\ 72 2-A
36(2+£) -3 ao(L) eﬁ(‘o 1) —C(1+E)
a(2—-A) t o 1 r T
wpg=-1+——"—— 3D

2 2—-A
Bt a B
3(Q+E) C(T+5)

From figure 8, we see that for different values of A, wpg gradually decreases and tends to —1 at late times.
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Figure 8. Evolution of EoS parameter wpg vs cosmic time ¢ fora = 0.5, 8=0.8,10 =13.8,y =1and 6 = —-1.

Case II: Non-interacting Barrow HDE

If there is no interaction between dark energy and dark matter, the energy densities conserved separately and therefore

from equation (10), we have
Pm+3Hpm =0 (32)

and
ppE +3H(ppe +ppE) =0 (33)

From equations (33), (14) and (12), we get

2-A C(2-A) —%)
a !
pDE=—C(—+ﬁ) - (34)
t to 3(a B
)
Using equations (34) and (14), the EoS parameter wpg is obtained as
2-A
wpg = -1+ 228 (35)

3 (a+€—0t)2

Since it is independent of the curvature parameter k, therefore, for both closed and open universe, the model represents
ACDM model when wpg = —1.

0.0 T T T T T
w -0.2F 9
S — A=0.5
o -04r — 9
£ A=0.8
g
5 -06f E
o
[0
s -08f 1
n
‘s
° _10f 1
K]
S —12f .
o
w
-1.4F 1
0 10 20 30 40 50

cosmic time t

Figure 9. Evolution of EoS parameter wpg vs cosmic time ¢ for @ = 0.5, 8 = 0.8 and 79 = 13.8

From the figure 9, we observe the quintessence behaviour of BHDE for different values of A.
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Jerk parameter: The jerk parameter j is a crucial tool for identifying deviations of cosmological model from the
ACDM model and describing the universe’s dynamical evolution. It characterizes models close to ACDM through a

dimensionless third derivative of the scale factor relative to the cosmic time 7. In cosmology it is defined as j(t) = # ‘fi—t‘;
and for our model it is obtained as

(219 — 3Bt = 3atg)at)

= 36
J (B1 + ato)? (36)
2.0 : . : :
— a=0.5, 5=0.8
15F 1
- a=0.7, p=0.9
5
£
S 10f [ B
8
X
k5
05f 1
OO 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14

Cosmic time (t)

Figure 10. Evolution of jerk parameter j vs cosmic time ¢ for 7o = 13.8

Figure 10 illustrates that the cosmic jerk parameter remains positive throughout the universe’s evolution, approaching
the value 1 in the later stages.

4. CONCLUSION

In this paper, a non-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) universe filled with cold dark matter and
Barrow holographic dark energy (BHDE) is studied within the framework of General Relativity. Exact solution of the
Einstein field equations are obtained by considering a hybrid expansion law and the physical and geometrical properties
of the derived model are studied graphically. We also study the behaviour of the EoS parameter wppg in two cases: when
the BHDE is interacting with CDM and when the BHDE does not interact with CDM. The evolution of the jerk parameter
is also studied. We observe that

* The evolution of the deceleration parameter in our model illustrates the universe’s transition from its earlier
deceleration phase to the current acceleration phase.

* Barrow holographic dark energy density ppr and cold dark matter energy density p,, decrease with the increase of
cosmic time ¢ in both closed (k = 1) and open (k = —1) universes. This indicates that the universe is expanding.

* The EoS parameter wpg tends to —1 at late times for both interacting and non-interacting BHDE in a closed (k =
1) and open (k = —1) universe. However in case of interacting BHDE, wp g enters into high phantom region before
the BHDE behaves like the cosmological constant.

* The Barrow holographic dark energy density parameter Qp g takes the same value in both closed and open universe.
However the energy density parameter of matter €, is different for closed and open universe.

* The total energy density parameter Q tends to 1 as the universe evolves. This suggests that the universe is approaching
towards a flat universe at late times.

» The cosmic jerk parameter remains positive throughout the universe’s evolution and approaches 1 in late times. It
is consistent with the current observational data.
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HEIJIOCKU BCECBIT OPI/IMAHA-JIEMETPA-POBEPTCOHA-YOKEPA 3 T'OJIOI'PA®IYHOIO
TEMHOIO EHEPI'TEIO BAPPOY
Yanapa Pexkxa Maxanra, [Ixxoii [Ipakam Meaxi, Pagxampi Maxanra
Daxyrvmem mamemamuxu, Yrnieepcumem lIayxami, Inois

VY wiit crarti Mu BUBUaeMo Hersiockuii BeecBiT ®pinmana-Jlemerpa-PobepTcona-Yokepa (FLRW), HanloBHEHHIT XOJIOJHOI TEMHOIO
Marepi€io Ta rojorpagivyHoio TeMHoIo eHeprieio Bappoy. Mu npumnyckaemo, mo ropuzoHT Xad6sa € [Y-BiacikaHHsaM, a MacIITaOHUIA
KOe(DILIIEHT MiAKOPAEThCS FiOPUIHOMY 3aKOHY PO3IIMPEHHS JUIsl MOOYIOBM KOCMOJIOTTYHOI MOJIeJIi B paMKax 3arajbHoi Teopii BiIHO-
cHocTi. Pi3WYHI Ta reOMETPUYHI BIACTUBOCTI MOJIEJi OOTOBOPIOIOTHCSI MUISIXOM BUBYEHHSI €BOJIIONIIT Pi3HUX MapaMeTpiB KOCMOJIOTIYHOTO
3HaueHHs. [ToBeiHKa piBHAHHSA TEMHOI eHeprii mapaMeTpa CTaHy wp g TaKOXK BUBUAETHCS SIK TSI B3AEMOMIIOUO], TaK i U1t HEB3aEMO-
nirodoi rosorpadivnoi TemHoi eHeprii Bappoy. Mu croctepiraemo, mo ekcroHeHTa bappoy A cyTTEBO BIIMBa€ Ha PiBHSHHS TEMHOI
eHeprii mapaMeTpa CTaHy, sKe, y CBOIO Yepry, AeMOHCTpPY€E MOBEIiHKY KBiHTeCeHIii Ta (paHTOMHOI TeMHOi eHeprii. Takox BUBYAETHCS
€BOJIIOLIi S TapaMeTpa pUBKa.
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In this paper, the Friedmann-Lemaitre-Robertson-Walker cosmological models with a perfect fluid in the f(R,T) theory of gravity are
re-discussed. There are several ways to generate solutions. One way is to assume a barotropic equation of state. The other is to use a
deceleration parameter that varies linearly with time. An existing solution in the literature is reviewed, where solutions are obtained by
assuming, in addition to a barotropic equation of state, a linear varying deceleration parameter. It is pointed out such an assumption
leads to an over-determination of the solution. Hence, the feasibility of the solutions is a necessary condition to be satisfied. Only one
of the assumptions of an equation of state or of a linearly varying deceleration parameter is sufficient to generate solutions. The proper
solutions are given and discussed.

Keywords: f(R,T) gravity; FLRW models; Linear varying deceleration parameter; Cosmological solutions; Feasibility of solutions

PACS: 98.80.Jk

1. INTRODUCTION

Recent observations from the anisotropy of the Cosmic Microwave Background (CMB) [1], supernova type Ia
(SNela) [2], large scale structure [3], baryon acoustic oscillations [4] and weak lensing [5] indicate the phenomenon of the
accelerated expansion of the universe at late times. At early times the universe was decelerating, and there was a transition
from deceleration to acceleration. There are bacsically two ways to try to explain this. One is that, in general relativity, the
matter of the universe contains an exotic component dubbed dark energy which causes a gravitationally repulsive force.
Several candidates have been proposed in this direction [6]-[10]. The other way is a modification of general relativity
resulting in modified gravity theories which change the Einstein-Hilbert Lagrangian, such as f(R) gravity [11].

Recently, Harko et al. [12] generalized f(R) gravity by introducing an arbitrary function of the Ricci scalar R and
the trace T of the energy-momentum tensor. The dependence upon 7 (in addition to R in the Lagrangian) may be due to
quantum effects (conformal anomaly) or to an exotic imperfect fluid. As a result of coupling between matter and geometry,
the motion of test particles is non-geodetic, and an extra acceleration is always present. In f(R,T) gravity, where f(R,T)
is an arbitrary function of R and 7', cosmic acceleration may result not only from the geometrical contribution to the total
cosmic energy density, but from the matter content. This theory can be applied to explore several issues of current interest
and may lead to some major differences. Houndjo [13] developed the cosmological reconstruction of f (R, T) gravity for
f(R,T) = fi(R) + f2(T) and discussed the transition of the deceleration matter dominated era to the acceleration one.

Various aspects of the theory have been explored by literally hundreds of authors since Harko et al [12] introduced
that theory. We cite a few of the key articles and also recent papers that have a relation to the work that we do in this
article. All these articles contain additional references. Akarsu and Dereli [14] studied accelerating universes with a
linearly varying deceleration parameter (LVDP). An LVDP in higher dimensions with strange quark matter and domain
walls was investigated by Caglar [15]. Bishi et al [16] have applied a quadratic deceleration parameter to f(R,T) gravity,
finding bouncing cosmologies. Sofuoglu et al [17] have applied a cubic deceleration parameter to f(R,T) gravity, finding
a big-bang singularity at the beginning, and a big rip one in the future.

The LVDP, as well as other variations of it have attracted a lot of interest. Alkaound et al [18] have studied an LVDP
in Lyra’s geometry, focussing on observational constraints, and future singularities, such as the big rip. Perturbation theory
has been used [19] to study the big rip singularity with a LVDP. Ramesh and Umadevi [20] have studied Friedmann-
Lemaitre-Robertson Walker (FLRW) solutions in f(R,T) gravity, in which they obtained solutions by assuming, in addition
to a barotropic equation of state, a LVDP. In this study, we review this solution, and point out that, firstly, both those
assumptions lead to an over-determination of the solution. Only one of them is sufficient to generate a solution. Secondly,
each of the assumptions leads to a different solution. The assumption of an equation of state leads to the equivalent
solutions in general relativity. Only the second assumption of a linearly varying deceleration parameter alone leads to a
solution that exhibits a transition from deceleration to acceleration. Thirdly, there appear to be several errors in the paper,
which we correct here.

This paper is organised as follows. In section 2, we give a brief introduction to f(R,T) gravity. Section 3 provides
details of the solution by Ramesh and Umadevi [20]. In section 4, we provide the updated solution and in section 5 we
give the conclusion.
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2. REVIEW OF F(R,T) GRAVITY
The action for f(R,T) gravity is:

s=%/f(R,T)«/§d“x+/Lmﬁd4x, M

where f (R, T) is an arbitrary function of the Ricci scalar R, and of the trace T of the energy-momentum tensor of the
matter, Typ. Ly, is the matter Lagrangian density, and the energy-momentum tensor of matter is defined as:

2 9 (V=8Lm)
V=8 og«

and the trace of T, by T = g%°T,;,. By assuming that the Lagrangian density Ly, of matter depends only on the metric
tensor components g,p, and not on its derivatives, we obtain:

) 2

Top = -

oL
Tub = gabLm — zag_an; . 3
By varying the action S of the gravitational field with respect to the metric tensor components g%” we get:
1 oT b1 b 6 (V=8Lm) 4
0S8 = — R, T)6R+ R, T 6g4’ — = R, T)6g” + 16n—— ————= | \/—gd"x, 4
Tl L T g e e Rk T

where we have denoted df (R,T) /OR by fr (R,T) and 8 f (R,T) /0T by fr (R, T). For the variation of the Ricci scalar,
we obtain

6R =5 (8" Rap) = Rapdg™” + g (VasT, = VoT2, ) . 5)

where V is the covariant derivative with respect to the symmetric connection I" associated with the metric g. The variation
of the Christoffel symbols yields

1
6F2b = Egde (Vaégbe +Vpogea — Veégab) s (6)

and the variation of the Ricci scalar provides the expression
SR = Rap6g°? + g4p00g"" — V, V1,087 . (7)

Therefore, for the variation of the action of the gravitational field we obtain

1
08 = 1e- | |k (R.T) Rap6g®” + fr (R.T) gap068“" = fr (R.T) Vo V58"
74
0 (gdere) p 1 b 1 0 (V‘ng) 4
+fr (R, T 6g?’ - = R, T)6g" + lon—— ——— |\/—gd"x. 8
fT( ) 6gab g Zgabf( ) g ﬂ‘\/__g 6gab g X ( )
where 0 = V9V,;. We define the variation of T’ with respect to the metric tensor as
5 (7T,
% =Tap +Oup . ©)
where ST
d
®ab = gdeé‘g_a;; . (10)

After partially integrating the second and third terms in Eq. (8), we obtain the field equations of the f (R, T) gravity model
as

1
fR(R,T)Ryp, — Ef (R,T) gab + (a0 — VaVyp) fr (R, T) =8nTup — fr (R, T) Tup, — fr (R, T) Oyp . (11)

Note that when f(R,T) = f(R), from Eqgs. (11) we obtain the field equations of f(R) gravity.
By contracting, Eq. (11) gives the following relation between the Ricci scalar R and the trace T of the stress-energy
tensor,

fR(R,T)R+30fr (R,T)-2f (R, T) =8aT — fr (R,T)T — fr (R, T) O, 12)
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where we have denoted ® = G)ﬂ” .
By eliminating the term Ofg (R, T) between Eqgs. (11) and (12), the gravitational field equations can be written in
the form

1 1 1 1
fr (R, T) (Rub - gRgub) + gf (R,T)gap = 8nm (Tab - §Tgab) - fr(R,T) (Tab - §Tgab)
-fr (R,T) (Gah - %anb) +V.Vifr (R,T) . (13)

Taking into account the covariant divergence of Eq. (11), with the use of the following mathematical identity [21]

Va

RR,T)Rup, — %f (R, T) gap + (gap0 = VaVyp) fr (R,T)] =0, (14)

where f (R, T) is an arbitrary function of the Ricci scalar R and of the trace of the energy-momentum tensor 7, we obtain
for the divergence of the stress-energy tensor Ty, the equation

_ fr(RT)
B 8

VTap [(Tab +Oap) VI f7 (R, T) + VOqp] . 15)

Next we consider the calculation of the tensor ®,5, once the matter Lagrangian is known. From Eq. (3) we obtain

first
6T e 88de oL %Ly
5g;lb = 5§Zb L+ 8de 3ganz17 - Zagabagde
08de 1 1 Bsz
= @Lm + zgdegabLm - zgdeTub - ZW . (16)
From the condition g,qg?” = 62, we have
084 h
Sgas = ~Sar8endy an
where 6£ Z = 6g/"/5g% is the generalized Kronecker symbol. Therefore for @, we find
de O0*Lpy
G)ab = _2Tab +gabLm — 2g —8gabagde . (18)

We take the matter Lagrangian to be given by L, = p. Now, there is degeneracy in the choice of the matter Lagrangian
in the sense that this choice does not make any difference to the resulting field equations in general relativity. Hence one
could also choose L,, = —p, where p is the energy density. [22]. We now indicate briefly how this Lagrangian leads to
the energy momentum tensor (Hawking and Ellis [23] give an excellent derivation of this). The fluid current four-vector
is defined as j¢ = pu®, where u“ is the fluid four-velocity. Now it is assumed that this is conserved, i.e., j“;a = 0. Taking
the Lagrangian to be L,, = —p, and varying so that the action is stationary, we get the momentum equation:

(p +p)u = —pyp(g”* +uu®) (19)

where p = u(1 + €), p is the density, € is the internal energy and the pressure p is given by p = u?(de/du). So i is the
acceleration.
We now turn to the form of the energy momentum tensor. The conservation of current may be expressed as:

1 9
T Gy L 20
T a __gaxa(\/ 8Jj%) (20)

or
2usp = (j4j" = j*jag")ogav @D

Now, in general, the Lagrangian L is a scalar function of some fields W“. The equations of motion can be obtained by the
requirement that the action:

I= / Ldv (22)

be invariant under a variation of the fields in some suitable region. The variation of the fields can be written as an integrand
in Ag,p only. Then the integral 01/du is:

5 [ @agaas 23)
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where 7" are the components of a symmetric tensor which is taken to be the energy momentum tensor of the fields. Thus,
from equations (21)-(23), we get:

d d
T = |u(1 +e)+,u2—6 uu® +u2—6g“b (24)
du du
or, finally
Tap = (p + puagup + pgab (25)
The four-velocity u, satisfies the conditions u,u“ = —1 and u“Vy,u, = 0. Then, with the use of Eq. (18), we obtain
for the variation of the energy momentum of a perfect fluid the expression
Oup = _2Tab+pgab . (26)

As in the case of [20], we take f (R,T) = R + 2F (T), where ¥ (T) = AT. The gravitational field equations immediately
follow from Eq. (11), and are given by

1
Rap — ERgab =8nTup —2F ' (T) Tup, — 25" (T)Oup + F(T)gab » 27)

where the prime denotes a derivative with respect to the argument.
For the perfect fluid (25), O = —2T,p+pgab, and the field equations become

1
Rap — ERgub =81Tap +2F (1) Tap — 2pF ' (T)gab + F (T)gab - (28)

The above equation for (T') = AT, i.e., f(R,T) = R + 2AT, where the trace T = —p+3p finally simplifies as follows:
1
Rap = 5 Rgap = 87 +20)Tap, + A(p = P)8ab- (29)

3. BRIEF OUTLINE OF THE RAMESH/UMADEVI PAPER
In this section, we briefly outline the paper [20]. The FLRW metric was given by

dr?
1 —kr?

ds® = —dt* + a*(1) [ +7r2(d6* + sin® 0d¢?) |, (30)
where «a is the scale factor, (r, 8, ¢) are the usual spherical coordinates, and k represents the geometrical curvature of the
universe, i.e., k = 0 implies a flat universe, k = +1 is a closed universe, and k = —1 is an open universe. For the FLRW
metric (30), and the energy—-momentum tensor (25), the field equations (29) in f(R,T) gravity have been given as [20]:

.. )
2(%)+(%)+% = p(8n+7) - Ap, G1)
a? k
3= +3; = p(8rx+31)+51p. (32)
a

Ramesh and Umadevi then make two assumptions to derive their solutions, viz.,
1. A barotropic equation of state (EoS) of the form

p = €p, € = constant (33)

where the constant € = —1 to describe DE, € = 0 for pressure-free matter (dust), e = 1/3 for radiation.
2. A linear varying deceleration parameter (LVDP) g of the form [14]

qz—%z—nt+m—l, (34)
a

where n > 0 and m > 0 are constants.
Solving (34), the solutions were given as the three different forms for the scale factor:

2 nt—m
a =apexp | ———arctanh | ———— forn > 0and m > 0, 35)
l\/m2—2c1n (\/mz—chn)l
a =aog(mt+c2)''™ forn=0and m > 0, (36)

a=ape’ forn=0andm =0, 37)
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where ag, ay, az, as, ¢y, ¢2 and c3 are constants of integration.
It is then stated that by taking ag = 0 in equation (35), the following solution is obtained:

a(t) = exp

%arctanh (%t - 1)] . (33)

The Hubble parameter was given as:
a 2
H=—-=————. 39
a t(nt —2m) (39)

and the energy density as:

3 1 [24(nt —m +1) ] 40)
P = 81Ge+ 1) + 16€A] | (n® = 2m1)? |
Since they assumed the barotropic equation of state (33) where € is a constant, the pressure is just p = €p:
€ [24(nt —m +1) |
pP= ( 5 3 (41)
[84(3e+ 1) + 16€d] | (nt? —2mt)? |
4. REVIEW OF THE SOLUTION IN PREVIOUS SECTION 3
In this section, we first go through the paper [20] as discussed in the previous section, correcting the equations.
» Equations (31) and (32) should read as follows:
. ) k
2(f)+(“—2)+—2 = Ap- (87 +3)p, 42)
a a a
a? k
3l ]+35 = @r+30)p-4p. (43)
a a

* Then in the solutions (35), the constants a;, a;, az are missing.

» They state that by taking ap = 0 in equation (35), a solution is obtained. However, if one takes ag = 0 in equation
(35), then one gets a = 0.

* In the paragraph just before the conclusion, it is claimed that the energy density p us always positive iirrespective of
the curvature of the space. However, this is only true if the constants n, m, A, € are such as to allow positivity - they
have to ensure that both numerator and denominator in the equation for the energy density (40) are both positive, or
both are negative.

¢ In their solutions (40) and (41), the “84” in the denominators should read “8x”.

* We notice that equations (42) and (43) are two equations in the three unknowns a, p and p. Hence only one extra
condition is necessary to solve these equations. However, in their paper, Ramesh and Umadevi [20] have chosen
two conditions, viz., (33) and (34). We now show that any one of them is sufficient to generate solutions, but that
only the second condition allows for the transition from an early decelerated universe to a late accelerated one.

Let us start with the first condition of a barotropic equation of state (33), where € is a constant. In this case, equations
(42) and (43) can be written as:

. ) k
2 (ﬁ) + (a_z) +— = Ap- (87 +3)ep, (44)
a a a
a’ k
3|5 ]+35 = Brn+3)p-—Aep. 45)
a a

Without loss of generality, we now focus on the case k = 0, which can easily be extended to the cases k = +1. This
assumption of the EoS (33) alone is sufficient to obtain a solution since we then have only two unknowns, viz., a and p,
and two equations. From equations (44) and (45), we obtain the following equation for p:

[(8r+1)2 = 2]p = —u(g) + (247 +84) (Z—j) (46)

It is possible to also write a similar equation for the pressure p alone by eliminating the energy density p from equations
(42) and (43).The two resulting equations will be sufficient to obtain solutions. The general solutions to these equations are
quite complicated, involving hypergeometric functions, so we do not list them here. This is quite unlike general relativity.
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We now focus on the second condition of a LVDP (34) alone. This equation alone is enough to find a solution without
the additional need for an equation of state. We first note that in the solutions given by [20], viz., (35), (36) and (37), the
constants ay, as, a3 as well as ¢3 do not appear. The corrected solutions as given by Akarsu and Dereli [14] to equation
(34) are:

2 nt—m
a =aj exp | ———=arctanh | ———— forn > 0and m > 0, A7
Vm2 = 2cn (\/m2—2c1k)l
azaz(mt+cz)$ forn =0and m > 0, (48)
a=aze forn=0andm=0, (49)

where a1, a», az, c1, cp and c3 are constants of integration. In these solutions, we see the constants a1, as, az as well as c3,
and also that there is no ag. The last two of the above solutions are for constant g, which have been dealt with previously.
The new solution (47), was found by [14]. Only the solution for £ > 0 and m > 0 is discussed further, and the integration
constant ¢y has been set equal to . This sets the initial time of the universe as #; = 0. If we need early deceleration and
late-time acceleration, we have to choose n > 0 and m > 0 for compatibility with the observed universe. The condition
n > 0 corresponds to increasing acceleration (¢ = —n < 0). In order to get early deceleration, the condition m > O must
hold, and it can even be m > 1. Hence equation (47) is reduced to:

a=ajexp

%arctanh (%t - 1)] . (50)

We now have to find the energy density and pressure from equations (42) and (43). Let us first find the Hubble
parameter H = d/a. From equation (50), we find the Hubble parameter as:

a_ 2 (51)
a

H - .
t(nt —2m)

From the above two equations, we find
a _4nt—4m+4

- 52
a 2mt — nt? (°2)
From equations (42) and (43), we can derive an expression for the energy density p (for k = 0):
(647° + 1670)p = (247 + 8A)H? — 2A(H + H?) (53)
and then using equations (50) and (51), we find that:
967 + 241 — 8Ant + 82
T+ nt + 8Am (54)

p= (64n2 + 1671) (nt — 2m)2t2

This solution for p is a generalisation of the one given by Akarsu and Dereli [14] for the case k = 0, and it reduces to that
when A = 0 (note the system of units we are using corresponds to that used in [20] in which they put only the gravitational
constant G = 1. In ref [14], the condition 87G = 1 is used). The pressure may also be determined similarly, as well as for
the cases k = +1.
Now we determine the equation for the pressure using the LVDP. Again, from equations (50) and (51), we get (for
k =0):
64 (kt —m + 3) + 241 — 24mA + 24nAt

= 55
P (6472 + 4871 + 822) (ni? — 2m1)? (55)
The equation of state w = p/p is given by:
(647 (nt —m + 3) + 242 — 24mA + 24nAt) (647> + 16714) 56)

(6472 + 487 + 842) (967 + 241 — 8Ant + 8Am)

It can be seen clearly that the pressure (55) is not just a multiple of the energy density (54), as can also be seen from the
equation of state (56). If we put 4 = 0, then we recover general relativity, and the corresponding equations as in [14]. They
have plotted all these parameters in general relativity, and shown that with a LVDP, it is possible to obtain a transition
from deceleration to acceleration. In addition, they have shown that for the values m = 0.097 and n = 1.6, it is possible to
satisfy observational constraints.
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5. CONCLUSION
In this work, we have discussed the FLRW solutions in f (R, T) using a linear deceleration parameter. We first began

by giving a brief review of the f(R,T) theory of gravity. Then we discussed the paper by Ramesh and Umadevi [20].
Various points from that paper were been clarified. The full solutions to the equations for a linearly varying deceleration
parameter as proposed by Akarsu and Dareli were provided and discussed next. We note the following:

The solutions with a LVDP do not have a barotropic equation of state in general.

In the above sense, either of the assumptions made is not compatible with the other, and each has to be made
separately to generate solutions.

The solutions in f(R,T) theory provide a transition from deceleration to acceleration.

The kinematical quantities such as the scale factor, Hubble parameter and deceleration parameter have the same
behaviour as that discusssed by Akarsu and Dareli [14].

f(R,T) offers a wider range of possibilities than general relativity.

Several investigations have been made with slightly different forms of the LVDP such as linear in different forms of
time ¢, the redshift z, or in the scale factor a [24]. These authors found that these models compare just as well, if not
better, than the standard ACDM model.
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In this investigation, compressive and rarefactive solitons are demonstrated to exist in a plasma model that includes unmagnetized
weak-relativistic positive ions, negative ions, electrons, electron beam and positron beam. For these weakly relativistic non-linear ion-
acoustic waves in unmagnetized plasma with electron inertia and relativistic beam, the existence of compressive and rarefactive soliton
is investigated by deriving the Korteweg-de Vries (KdV) equation. It has been observed that the amplitude and width of compressive
and rarefactive solitons vary differently in response to pressure variation and the presence of electron inertia. The research determines
the requirements that must be met for the existence of the nonlinear ion-acoustic solitons. The fluid equations of motion governing the
one-dimensional plasma serve as the foundation for the analysis. Various relational forms of the strength parameter (¢) are chosen to
stretch the space and time variables, leading to a variety of nonlinearities. The findings can have implications not only for astrophysical
plasmas but also for inertial confinement fusion plasmas.

Keywords: Relativistic plasma; Soliton; lon acoustic wave; Positron Beam,; Perturbation theory

PACS: 52.35.Sb, 52.27.Ny, 52.35.Fp, 41.75.Ht, 52.65.Vv

INTRODUCTION

Kalita, Das and Sarmah [1] have investigated the existence of relativistic compressive solitons of the fast ion acoustic
mode in plasmas where the ion beam is drifting perpendicular to the direction of the magnetic field and Q (= my/m;, the
ratio of the mass of the ion beam to the mass of the ions) is greater than or equal to 1. In these considerations, however,
the relativistic Lorentz factor y is not taken into account by the Poisson's equation or the equation of continuity.
Furthermore, some authors, like ElLabany and El-Taibany [2], have studied electronacoustic (EA) solitons without
accounting for relativistic effects. Non-relativistic electron acoustic solitary waves were studied by El-Shewy and
El-Shamy [3], taking non-thermal electrons into consideration. By using the pseudo potential approach, Alinejad [4] has
investigated the characteristics of arbitrary amplitude dust ion acoustic solitary waves in a dusty plasma that contains
warm adiabatic, electron following flat-trapped velocity distribution, and arbitrarily (positively or negatively) charged
dust immobile dust. The formation of dust ion acoustic solitons in an unmagnetized plasma with the electrons drift velocity
through the modified KdV equation has been studied by Das and Karmakar [5]. By resolving the time fractional modified
KdV equation, Nazari-Golshan and Nourazar [6] have investigated the nonlinear propagation of small but finite amplitude
dust ion-acoustic solitary waves in unmagnetized dusty plasma with trapped electrons and electron solitary waves have
been investigated in [13-15] with trapped electrons. Kalita and Das [7] studied both compressive and rarefactive KdV
solitons of interesting character in a plasma model consisting of ions and electrons with pressure variations in both the
components in the presence of stationary dust. In multispecies plasma model, consisting of negative mobile dusts, non-
thermal ions and Boltzmann electrons, dust-ion acoustic solitary waves are studied by Das [8] through reductive
perturbative technique by deriving corresponding KdV equation. Different modes of dust ion acoustic waves have been
studied theoretically and numerically by Hasnan, Biswas, Habib and Sultana [9] taking into account a four-component
magnetised collisional k-nonthermal plasma containing non-inertial k-distributed super thermal electrons, stationary dust
grains of opposite charges, and inertial ion fluid. Das [10] investigated the role of streaming speeds of ions and relativistic
electrons together with the immobile dust charge to form dust-ion acoustic compressive and rarefactive relativistic solitons
in a multispecies plasma model for immobile dusty plasma. Oblique propagation of the quantum electrostatic solitary
waves in magnetized relativistic quantum plasma is investigated using the quantum hydrodynamic equations by Soltani,
Mohsenpour and Sohbatzadeh [11]. Singh, Kakad, Kakad, Saini [12] studied the evolution of ion acoustic solitary waves
(IASWs) in pulsar wind. The study of nonlinear phenomena in their various manifestations is an interesting field of study
in many physical contexts [13-16]. Solitons represent a remarkable natural example of nonlinear structure in both
magnetised and unmagnetized plasmas [13-16]. Electron solitary wave has been investigated in [16] with resonant
electrons. The formation of nonlinear structures like electron acoustic solitons (EAS), ion acoustic solitons (IAS), and
double layers [17-20] is being studied by a large number of researchers worldwide. Moreover, space missions such as
Solar Anomalous and the Magnetospheric Particle Explorer have demonstrated that relativistic electrons are a threat to
the International Space Stations. It may be tried to balance the nonlinear effect by dispersion that leads to solitons in the
context of wave particle interactions, in order to avoid warning of the dangers. Space observations with energies greater
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than 150 keV confirm the existence of highly relativistic electrons associated with ions in the "Outer zone of the radiation
belt" that stretches to distance.

EQUATIONS GOVERNING DYNAMICS OF PLASMA
The fluid equations of motion, governing the collision less dusty plasma in one dimension are:
for positive ions,

0Tli ad (niui) _

0 1
at ox ’ (0
dyiu; dyiu; 99

at U ax ax’ &)
for negative ions,
on;j o(njuj)
Py 20—, 3)
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where ¢ = Ty/T. = electron beam temperature/electron temperature,
for positron beam,
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The basic governing equations are the continuity and the momentum equations of acoustic mode of the plasma.
Equations (7) provides the adiabatic response which contributes additional sources of energy to the non-linearity in the
usual ion-electron inertial dynamical system. Electron inertia, which is usually neglected, is considered. Again, these
equations are to be supplemented by the following Poisson equation for the charge imbalances.

29

§=Tle+ nj—ni+nb—ns, (12)

1 2
where, y, = {1 — (%")2}_5 =1+ %, a=1,j,eb,s and c is the speed of light. Here, suffixes i, j,e,b and s stand for
positive ion, negative ion, electron, electron beam and positron beam respectively. In this case, we normalize densities by

kpTe \2. .. .
2-¢ 37, time ¢ by the inverse of
i

the equilibrium plasma density ny; velocities ( including ¢ ) by the acoustic speed ¢g = ( -
the characteristic ion plasma frequency w,;’ = (m/4xn.oe’)? ; the distance x by the Debye length Ap. = (ks T./4mn.0e’)";
the electron pressure p. by the characteristic electron pressure poo = n.ok,T,; and, the electric potential ¢ by (% ),

where k; is the Boltzmann constant and 7. is the characteristic electron temperature.
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KdV Equation and its Solution
We use the stretched variables

1 3
5:82(X7Vt)and¢:£2t (13)

(where V is the phase velocity) along with the expansions of the flow variables in terms of the smallness parameter € as
Nk = Nko + €Nk1 +€2nk2 + €3nk3 + ..., Uk = Uko + €Uk1 +€%Uk2 + €3Uk3 + ..., pe = 1 + €pe1 +€2pe2+ €3pe3 + ..., d = b1+
€2d2+ €3¢s + ..., (k =1ij,e,b and s), where neo = 1, nbo = 1 and ueo = 1 to derive the KdV equation from the set of
equations (1) to (11).

Using the transformation (13) and the expansions of n;, nj, ng, ny, Uj, Uj, Ue, Uy, and pe in equations (1) to (11) and
equating the coefficient of the first lowest-order of € we get,
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where U, Ujg, Ueg, Upo and ug, are initial streaming velocities of relativistic positive ions, relativistic negative ions,
relativistic electrons, relativistic electron beam and relativistic electron beam respectively.

Using the expansions of njq, nj;, Neq, Ny and ng; in neq + nj; — nyy + Ny — ngy = 0, the expression of phase
velocity V is found as

1 Bjo Njo Npod1 __ Dsods -0

(3-(V-ue0)2QiBe  (V-1jo)2Q/B;j (V-uip)2B;i  (V—-upo)2Bp—30npy  (V-uso)2BBs

Eliminating U3, U2, Uz, Upz, Us, and pe, from the equations obtained by equating the coefficient of second higher
order terms of € we get the KdV equation as,
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We introduce the variable n = § — U1, where U is the velocity of the wave in the linear 1 space, to find a stationary

2
solution of the KdV equation (14). Equation (14) can be integrated using the boundary conditions ¢; = a(% = ‘;}—q); =
0 as n| — oo, to give

$; = dosech? (/4) (15)

where ¢, = (3U/p) is the amplitude and A = (4q/U)"? is the width of the soliton respectively.
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RESULTS AND DISCUSSION
Week relativistic effects are incorporated in pursuit of the formation of solitary waves in this plasma model. For
nonlinear ion-acoustic solitary waves we have used the reductive perturbation theory to reduce the basic set of equations
to KdV equation (14). We have investigated the effects of plasma parameters on the nature of the solitary waves in this
model of plasma and displayed their variation graphically in figures 1 to 12. For numerical analysis, some appropriate
values of plasma parameters are considered as: ¢ =300, Q = 0.00054.

=1 =
= U
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Figure 1. Variation of amplitude with respect to Q” for different  Figure 2. Variation of width with respect to Q" for different V

o and fixed U =0.03, uio = 1.17, V= 0.74, ujo = 0.95, nio =1.06, and fixed U = 1.01, uio = 1.11, ujo = 1.17, nio =1.22, nyo= 1.33,
nvo=1.06, uso= 0.95, njo=1.06, ueo = 1.22, nso= 1.27, uso= 1.01 upo=1.01, njo=0.79, 6 = 0.412, ueo = 0.74, nso= 1.11, uso= 0.75

Variation of amplitude with respect to mass ratio is shown in Figure 1. The figure shows that when we increase mass
ratio while keeping other parameters mixed the amplitude increases positively. Therefore, we can say that our plasma
model has compressive solitons whose amplitude increases as we increase the value of mass ratio. If we increase the value
of ¢ from 0.049 to 0.052 we observe that the soliton amplitude gradually rises. Thus, we can say that we get compressive
solitons of higher amplitude for greater values of ¢ in the comparison of amplitude with respect to mass ratio. Figure 2
shows variation of width with respect to mass ratio. While keeping other parameters fixed as mentioned in Figure 2 we
observe that soliton width increases as mass ratio increases. We also observe that soliton width increases when phase
velocity increases from 0.58 to 0.61 in the comparison of width with respect to mass ratio.

Figure 3 depicts the amplitude variation with respect to ny. The figure illustrates how the amplitude increases
positively when we increase ny while maintaining fixed values of other parameters. Therefore, we can conclude that our
plasma model has compressive solitons whose amplitude increases as we increase the value of ng. A gradual increase in
the soliton amplitude is observed when the mass ratio is increased from 0.65 to 0.83. Therefore, in the comparison of
amplitude with respect to ny, we can say that for larger values of 6, we obtain compressive solitons of higher amplitude.
Figure 4 illustrates how width varies in relation to ny. Soliton width rises as ny increases, as shown in Figure 4, while
other parameters remain fixed. In the comparison of width with respect to ny, we also find that soliton width increases
when mass ratio increases from 0.15 to 0.43.

Q'=0.434
Q'=0.321
Q'=0.23]
Q'=0.15]

Figure 3. Variation of amplitude with respect to nso for different ~ Figure 4. Variation of width with respect to nso for different Q"
Q’ and fixed U= 0.37, uio = 0.85, v = 0.47, ujo = 0.9, njo =0.85, and fixed U = 1.83, uio = 1.82, V= 0.45, ujo = 1.43, nio =1.01,
npo= 0.9, uve= 0.42, njo= 0.74, 6 = 0.047, ueo = 0.95, uso= 0.23 nvo=1.33, uvo= 1.64, njo=0.37, 6 =0.071, ueo = 1.11 , uso=1.17

Figure 5 illustrates how the amplitude varies in relation to 6. As we hold other parameters constant, the figure
illustrates how the amplitude varies negatively as we increase 6. We can therefore conclude the presence of rarefactive
soliton in our plasma model which have increasing amplitude as we increase the value of 6. We find that the soliton
amplitude gradually decreases as we increase the mass ratio from 0.87 to 0.94. Therefore, in the comparison of amplitude
with respect to 6, we can say that for larger values of mass ratio, we obtain rarefactive solitons of lower amplitude.
Figure 6 illustrates how width varies in relation to c. It is observed that the soliton width increases as ¢ increases, while
other parameters remain fixed as indicated in figure 6. In the comparison of width with respect to 6, we also find that
soliton width increases when mass ratio increases from 0.21 to 0.57.
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Figure 5. Variation of amplitude with respect to ¢ for different
Q" and fixed U = 0.9, uio = 1.54, V = 1.3, ujo = 1.0, nio =1.06,
nwo= 0.95, uvo= 1.43, njo=1.27, ueo = 1.06, nso= 0.95, uso= 0.85

Figure 6. Variation of width with respect to ¢ for different Q”
and fixed U = 0.85, uio = 0.85, v = 2.15, ujo = 1.01, nijo =1.01,
nbo= 0.9, upo= 0.95, njo= 1.01, nso= 0.85, uco = 1.11, uso= 1.01
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Figure 7. Variation of amplitude with respect to Q" for different ¢
and fixed U=0.16, uio= 0.9, V= 0.7, ujp=1.17, nio =0.79, noo=1.27,
ubo= 1.17, njo= 1.06, 6 = 0.0524, ueo = 1.11, nso= 1.01, uso= 1.11

Figure 8. Variation of width with respect to uso for different Q”
and fixed U = 1.8, uio = 0.95, V = 0.1, ujo = 1.49, nio =1.22,
nbo = 1.27, ubo= 0.95, njo= 1.11, nso= 1.43, ueo = 1.17, 6 = 0.016

Figure 7 displays the variation in amplitude in relation to the mass ratio. The graph indicates that the amplitude
increases negatively as the mass ratio climbs while the other parameters remain unchanged. As such, we can state the
presence of rarefactive solitons in our plasma model whose amplitude increases as we increase the value of mass ratio.
The soliton amplitude gradually decreases as we increase the value of ¢ from 0.0500 to 0.0524. Therefore, when
comparing amplitude to mass ratio, we obtain rarefactive solitons with lower amplitudes for higher values of ¢. Figure 8
illustrates the variation in width in relation to uy. We note that soliton width increases as uy increases while maintaining
other parameters fixed, as shown in figure 8. Furthermore, we note that in the comparison of width with respect to uso,
soliton width increases when mass ratio increases from 0.46 to 0.69.

Variation of amplitude with respect to nyo is shown in Figure 9. The figure shows that when we increase ny while
keeping other parameters mixed the amplitude increases positively. Therefore, we can say that our plasma model has
compressive solitons whose amplitude increases as we increase the value of nyo. If we increase the value of wave speed
from 0.99 to 1.59, we observe that the soliton amplitude gradually rises. Thus, we can say that we get compressive solitons
of higher amplitude for greater values of ¢ in the comparison of amplitude with respect to ny. Figure 10 shows variation
of width with respect to uj. While keeping other parameters fixed as mentioned in figure 10, we observe that soliton
width increases as ujo increases. We also observe that soliton width decreases when ujo increases from 0.53 to 0.74 in the
comparison of width with respect to uio.
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Figure 9. Variation of amplitude with respect to nwo for different
U and fixed ui0=0.62, V=0.21, uj0=0.39, ni0c=0.69, Q'=0.85,
n50=0.53, up0=0.74, njo=0.37, 6=0.026, uc0=0.79, us0=0.53

Figure 10. Variation of width with respect to uio for different ujo
and fixed U=0.21, Q'=0.21, V=149, ni=0.26, nw0=0.26,
ub0=0.26, njo=0.42, 6=0.018, uco=0.16, ns0=0.26, uso=0.37
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Finally, we have observed variation of solitary wave potential @; versus 1 for four different values of wave speed U
as shown in Figure 11 and 12. We found that the wave potential of both compressive (Figure 11) and rarefactive
(Figure 12) ion-acoustic soliton increases while the value of wave speed increases.
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Figure 11. Variation of ¢1 with respect to 1 for different U and  Figure 12. Variation of ¢1 with respect to n for different U and
fixeduio=4.2, V=5.4,uj0=0.79, nio=1.17, npo= 1.59, upo=1.49,  fixed uio = 0.58, V = 3.56, ujo = 0.47, nio =0.53, npo= 0.58,
njo= 1.49, nyo= 1.43, ueo = 1.54, Q'=0.47, uso= 0.47, n50=0.16, w0 = 0.32, njo= 0.33, nso= 1.43, ueo = 0.26, Q'=0.21, ns=0.42,
c=10.282 us0=0.53, 6 = 0.045
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HEJIIHIAHI IOHHO-AKY CTHYHI OJAWHOKI XBHJII B CJIABOPEJISATUBICTCHKINA EJIEKTPOH-IIO3UTPOH-
TIOHHIN IJTA3MI 3 PEJIATUBICTCHKUMH ITYYKAMM EJIEKTPOHIB I HO3UTPOHIB
Carbenapa Harx Bapman?, Kinrkap Taaykaap®
“Koneodoc b. bopya, I'veaxami 781007, Accam, Inois
bﬂenapmamenm mamemamuxu, Yuisepcumem Iayxami, 'yeaxami 781014, Accam, Inois

VY upomy AociipkeHHi Oya0 MPOAEMOHCTPOBAHO ICHYBaHHSI CTHCKAIOYUX 1 PO3PIAKEHHUX CONIITOHIB Y MOZEINI IJIa3MH, sIKa BKIIFOYAE
HEeHaMarHiueHi caOKi pessITUBICTCHKI MMO3UTHBHI i10HU, HEraTUBHI 10HHU, CJICKTPOHH, SJICKTPOHHHUHN MYYOK i IMy4OK HO3UTPOHIB. J{yst
oux crnabo PeNATUBICTCHKUX HENIHIMHMX 10HHO-aKyCTHUYHMX XBWJIb y HEHAMarHideHid miasMi 3 eNeKTPOHHOIO iHEpIiel Ta
PENATHBICTCHKIM IYyYKOM ICHYBaHHS CTHCIHBOTO Ta PO3PIMKEHOTO COJITOHY MOCHIIKYEThCS LUIIXOM BHBEICHHS PiBHSIHHS
Kopresera-ne ®piza (KdV). Byno momideHo, 1o amIniiTyia Ta MIHUPHHA CONITOHIB CTHCHEHHS Ta PO3PLIKEHHS 3MIHIOIOTHCS I0-
pi3HOMY y BINOBigh HA 3MiHY THCKY Ta HasBHICTH iHepIii eneKTpoHiB. J{OCIIUKCHHSIMU BH3HAUYCHO BUMOTH, SKi IIOBHHHI OyTH
BHUKOHAHI JUIs ICHYBaHHS HETIHIWHMX 10HHO-aKyCTHYHHUX CONITOHIB. OCHOBOIO JUIS aHAIIi3y € PIBHSAHHS PyXy PiIUHH, IO KEPYIOTh
OJJHOBUMIpHOIO I1a3Moro. Pi3Hi BimHOCHI opMHu mapaMeTpa MIIHOCTI (€) BUOMPAIOTHCS [UIsl PO3IIMPEHHS HPOCTOPOBUX 1 YACOBHX
3MIHHHUX, II0 HPH3BOJMTH IO DPI3HOMAHITHUX HeniHidHOCTedl. OTpuMaHi pe3ynbraTd MOXYTh MaTH HACHIIKM HE JIHIe IS
acTpodi3udHOI TIa3MHu, ane i Uisl TEPMOSACPHOI IUTa3MH 3 IHEPIIHHUM YTPUMaHHSIM.
Ku104oBi ci10Ba: pernamusicmcoka niasma, cOMimoH, iOHHA aKyCMu4Ha X6Uuis, ny4oK RO3UMpOHie; meopis 36ypets
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This work aims to investigate numerically the influence of viscous dissipation and heat source on the magnetohydrodynamics squeezing
flow of water-based ternary hybrid nanofluids between two parallel plates in a Darcy porous medium. The nanoparticles Cu, Al O3,
and TiO, are dispersed in a base fluid H,O, resulting in the creation of a ternary hybrid nanofluid Cu — Al,O3 — TiO,/H»O. This
study examines the deformation of the lower plate as the upper one advances towards it. The numerical results are computed using the
3-stage Lobatto IIla method, which is specially implemented by Bvp4c in MATLAB. The effects of various parameters are visually
illustrated through graphs and quantitatively shown in tables. The absolute skin friction of the ternary hybrid nanofluid is seen to be
approximately 5% higher than that of the regular nanofluid at the lower plate and at most 7% higher than that of the nanofluid at the
upper plate. The heat transmission rate of the ternary hybrid nanofluid is higher at the upper plate compared to the lower plate.

Keywords: Thermal radiation; Viscous dissipation; Parallel plate; Heat source; Ternary hybrid nanofluid; Darcy porous medium; bvp

PACS: 44.05.+e, 44.25.4f, 44.27 +g, 44.40.+a, 47.11.-}, 44.30.+v

1. INTRODUCTION

Ternary hybrid nanofluids consist of three distinct kinds of nanoparticles dispersed in a base fluid. This paper describes
a study on a ternary hybrid nanofluid consisting of copper (Cu), aluminum oxide (A/,03), and titanium dioxide (7i0;)
nanoparticles, which are uniformly dispersed in a water-based fluid. This ternary hybrid nanofluid possesses distinctive
characteristics that enable it suited for a many different kinds of applications. Introducing copper (Cu) nanoparticles into
the nanofluid has been discovered to enhance thermal conductivity, while the inclusion of aluminum oxide (Al;,03) and
titanium dioxide (7i0;) nanoparticles has been reported to improve heat transfer efficiency and stability. This nanofluid
can be used in a range of applications, including heat exchangers, cooling systems, and electronic devices, to improve
heat dissipation and enhance thermal management. Copper nanoparticles exhibit antibacterial properties, while (7i0>)
nanoparticles demonstrate photocatalytic activity against bacteria and other microorganisms. The utilization of the ternary
hybrid nanofluid, consisting of Cu — Al,O3 — TiO,, has great potential for creating antibacterial coatings on different
surfaces, such as textiles, medical equipment, and food packaging. These coatings efficiently hinder bacterial proliferation
and help maintain hygiene. Titanium dioxide (7i0;) nanoparticles possess photocatalytic characteristics, enabling them
to effectively catalyze the decomposition of organic pollutants and the sterilization of water. The utilization of the Cu —
AlyO3 — TiO,, ternary hybrid nanofluid shows promise for implementation in water treatment processes, aiding in the
removal of contaminants and improving the overall water quality.

Choi and Eastman [1] were the innovators who first introduced the concept of nanofluids. They claimed that by
suspending metallic nanoparticles in conventional heat transfer fluids, a groundbreaking kind of heat transmission fluids
might be created. Raees et al. [2] has conducted an investigation of the unsteady squeezing flow of fluid between parallel
plates that contains both nanoparticles and gyrotactic microorganisms, one of the plates was moving and the other staying
still. Hayat et al. [3] applied the HAM approach to study the magnetohydrodynamic squeezing flow of a nanofluid across a
porous stretched surface with thermophoresis effects and Brownian motion. They have taken the lower wall of the channel
to be permeable and stretched, while the upper impermeable wall moves in the direction of the lower wall at a prescribed
time-dependent velocity. Moreover, Hayat et al. [4] discovered a novel analysis of the magnetohydrodynamic squeezing
flow of couple stress nanomaterial between two parallel surfaces. This analysis incorporates the unique characteristics of
thermophoresis and Brownian motion, which have not been previously described together with a porous lower surface in
the channel. Salehi et al. [5] has conducted research on the magnetohydrodynamic squeezing nanofluid flow of hybrid
nanoparticles composed of FezO4 and MoS, that are sandwiched between two infinite parallel plates. They found that
as the squeezing and Hartman numbers increased, the velocity profile decreased. Acharya [6] performed research to
determine the flow patterns and heat transmission characteristics of hybrid nano liquids in the presence of nonlinear solar
radiation. The investigation focused on several solar thermal devices that had Alumina-copper nano ingredients mixed with
water as the main fluid. Furthermore, Bio-convective nano liquid flow including gyrotactic microorganisms between two
squeezed parallel plates was investigated by Acharya et al. [7] using the classical Runge-Kutta-Fehlberg approach, taking
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into account the effects of a higher-order chemical reaction and second-order slip. Based on their research, they discovered
that the temperature reduces as the squeezing factor and first-order velocity slip parameter increase, but increases as the
second-order slip parameter increases. A micro-polar hybrid nanofluid (GO — Cu/H,0) has been investigated by Ikram
et al. [8] in the presence of hall current and thermal radiations to look at how it moves and transfers heat between two
surfaces in a spinning system. The primary result of their investigation is that increasing the values of the magnetic
parameter leads to an increase in the velocity profile and a decrease in the rotational velocity profile. Also, the fractional
model of Brinkman type fluid that contains hybrid nanoparticles of 7i0; and Ag in a base fluid of water within a confined
micro-channel has been investigated by Tkram et al. [9]. Khashi’ie et al. [10] investigated the Cu — Al,O03/H,0 nanofluid
flow between two parallel plates in which a magnetic field and wall mass suction or injection are supplied to the lower
plate, allowing the bottom plate to be deformed while the upper plate flows in the opposite direction of the lower plate.
The primary finding of their investigation is that an augmentation in the squeezing parameter leads to a degradation
of the heat transfer coefficient by 4.28% (upper) and 5.35% (lower), respectively. Yaseen et al. [11] studied the heat
transfer properties of the MHD squeezing nanofluid (MoS,/H,0O) flow and the hybrid nanofluid (MoS, — SiO,/H,0 —
C,H0,) flow between two parallel plates, as well as their symmetrical characteristics. In their model, the upper plate
is moving downwards towards the lower plate, while the bottom plate is elongating with a constant velocity. A hybrid
nanofluid containing Ethylene glycol-water as the base fluid and nanoparticles of 7i0O, and M oS> in the presence of dust
particles and a magnetic field, flowing over a stretched sheet, was studied by Talebi et al. [12] in terms of its motion
and temperature distribution in a porous medium. By considering the effects of thermal radiation and Hall current,
Rauf et al. [13] investigated the micropolar tri-hybrid nanofluid(Fe304 — Al,O3 — TiO,/H>0) in a rotating structure
between two perpendicular permeable plates. A micro-polar fluid undergoing radiative and magnetohydrodynamic flow
across an Al,O3 and Cu nanoparticle stretched/shrinking sheet in the presence of viscous dissipation and Joule heating
was investigated by Waini et al. [14]. Famakinwa et al. [15] studied how heat radiation and viscous dissipation affect
an unstable, incompressible flow of water-hybrid nanoparticles moving between two surfaces that are lined up and have
different viscosity. They discovered that there was no apparent alteration in fluid velocity when thermal radiation and
viscous dissipation parameters were increased, but that the temperature distribution was reduced. The combined effects of
the suction/injection, electromagnetic force, activation energy, chemical reaction, ionized fluid, inertia force and magnetic
field that influence the squeezing flow of ternary hybrid nanofluids between parallel plates are investigated numerically
by Bilal et al. [16]. Hanif et al. [17] investigated the flow of a hybrid nanofluid based on an aluminum alloy and water
across a stretchy horizontal plate with a thermal resistive effect using the Numerical Crank-Nicolson approach. The MHD
flow, heat, and mass transfer of the Jeffrey hybrid nanofluid on the squeezing channel via a permeable material in the
presence of a chemical reaction and a heat sink/source were studied by Noor and Shafie [18]. Ullah et al. [19] explored the
hydrothermal properties of a hybrid nanofluid (Ag + TiO, + H,0) in three dimensions in presence of magnetic, thermal,
and radiation fluxes between the two vertical plates. Transient free convection of a hybrid nanofluid between two parallel
plates in the presence of a magnetic field, a heat source/sink and thermal radiation was explored analytically by Roy
and Pop [20]. Moreover, the effect of radiative heat flux on the transient state electro-osmotic squeezing propulsion of a
viscous liquid via a porous material between two parallel plates has been investigated by Jayavel et al. [21]. Bhaskar et
al. [22] and Maiti and Mukhopadhyay [23] investigated the MHD squeezed flow of casson hybrid nanofluid and unstable
nanofluid flow between two parallel plates, respectively, under various effects. Madit et al. [24] studied how a chemical
reaction affects the flow of a nanofluid that is squeezed by hydromagnetism between two vertical plates. Khashi’ie et
al. [25] carried out investigations into the simultaneous impact of double stratification and buoyancy forces on the flow
of nanofluid over a surface that is either shrinking or stretching. It was observed that the heat transfer rate increases by
roughly 5.83% to 12.13% when the thermal relaxation parameter is introduced in both shrinking and stretching scenarios.
Similarly, Khashi’ie et al. [26] developed numerical solutions and conducts stability analyses for stagnation point flow
utilizing hybrid nanofluid in the presence of thermal stratification across a permeable stretching/shrinking cylinder. Nath
and Deka [27] studied the effects of thermal and mass stratification on an unsteady MHD nanofluid past a vertical plate
that accelerates exponentially with temperature variation in a porous media. Similarly, Nath and Deka [28] conducted
a numerical study to examine the combined impacts of thermal and mass stratification on the movement of unstable
magnetohydrodynamic nanofluid through an exponentially accelerated vertical plate in a porous media. The unsteady
parabolic flow across an infinite vertical plate with exponentially declining temperature and variable mass diffusion in
a porous media has been investigated by Nath and Deka [29] with respect to the thermal and mass stratification effect.
Nath and Deka [30],[31] performed a numerical investigation on the MHD ternary hybrid nanofluid around a vertically
stretching cylinder in a porous medium with thermal stratification. A numerical study was carried out by Krishna [32]
to examine the effects of heat absorption and generation on steady free convection flow around a perpendicularly wavy
surface. Additionally, Krishna and Vajravelu [33] investigated the chemical reaction, radiation absorption, Hall, and ion
slip impacts in the rotating MHD flow of second-grade fluid via a porous media between two vertical plates. In a parallel
plate channel with different pressure gradient oscillations, Krishna [34] investigated Hall effects on magnetohydrodynamic
rotational flow through a porous media.

Based on the literature review, previous research has not attempted to investigate the squeezing flow of an MHD
ternary hybrid nanofluid between two parallel plates in a porous media in presence of viscous dissipation effect. It is
assumed that the lower plate has a physically permeable and stretchable shape. The primary aim of this study is to
investigate the thermal conductivity characteristics of a ternary hybrid nanofluid composed of Cu — Al,O3 —TiO; particles
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suspended in water. This study examines the heat transfer characteristics between two parallel plates, considering the
influence of thermal radiation as well as heat sources/sinks. The bvp4c solver in MATLAB is used to transform the
non-linear PDEs into ODEs by utilizing the necessary self-similarity variables. The Bvp4c technique employed in this
research work to represent the problem is generally acknowledged, as evidenced by its discussion and implementation
in MATLAB by Hale and Moore [35]. A visual depiction of the outcomes is presented for many parameters, including
0,Ec,8¢q,5S,4,M,Da,R and Q.
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Figure 1. Physical Model and Coordinate System

2. MATHEMATICAL ANALYSIS

Consider a two-dimensional unsteady ternary hybrid nanofluid (Cu — Al,O3 — TiO,/H,0O) squeezing flow between
two infinite parallel plates in a Darcy porous medium, as illustrated in Fig. 1. The upper plate is positioned at a distance
of y = h(t) = ‘,(1—(‘& from the lower plate. At the same time, the higher plate, with a velocity V, = %(tt) =

a

— A /(I_V#)b, is moving towards the lower plate that is being squeezed. It is assumed that the lower and upper plates are

kept at constant temperatures 77 and 75, respectively. Additionally, the influence of viscous dissipation, thermal radiation
and heat source/sink are taken into consideration in this model; however, the buoyancy effect, which is also known as the
gravitational force, is not taken into account. In the meantime, the physical representation for the potential fluid suction

or injection includes the porous lower plate, where the wall mass velocity is represented as v,, = — 1ny -, for suction, Vp >
0, for injection, Vy < 0, and an impermeable plate corresponds to Vy = 0. Furthermore, the lower plate can be stretched
with a linear velocity of u,, = —%, where t < é, and a time-dependent magnetic field is modeled with B(z) = 7 ffn.
In light of these assumptions and with the hybrid nanofluid model that Khashi’ie et al. [10], Famakinwa et al. [15] and

Yaseen et al. [11] have proposed, we extended their model to incorporate the ternary hybrid model. Hence, the governing
conservation equations are as follows:

ou JOu
4+ = =0 1
Ox * ay M
Vv 74 2 *
ov + ué)_V + v@_ _ Hihns 6—‘2/ - O—thnfB(t)zV _ Hihng ﬂ (2)
ot dx dy Pthnf 0Y*  Pthnf Pihnf kp
8T 8T  oT kinng 0T 1 9 nf (Ou\?
L tu—4y— = L_z_— q’.;&( -To) /'lth—f(_u) (3)
ot 0x  dy (ocp)ihng 0y*  (PCp)ihng Oy — (PCp)innf (pcp)inng \ Oy

where V = % - %. The boundary conditions that are associated with the lower and upper plates (Hayat et al. [3] and

Khashi’ie et al. [10]) are as follows :

b Vi
u=2A1 s p=—— T=T at y = 0 (lower plate)
1-at 1-at
dh(t
u=0 V= # T=T, at y = h(t) (upper plate)

Here, u and v represent the velocities in the x and y directions, respectively, while 7 denotes the temperature of the
ternary hybrid nanofluid. In addition, the other symbol signifies the following: p represents density, u represents dynamic
viscosity, C, represents heat capacity, k represents thermal conductivity, B(¢) represents magnetic field strength, indicates
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porosity of the porous medium, represents permeability of the porous medium, A is the stretching/shrinking parameter, Q¢
represents heat absorption/generation coefficient, and b denotes the stretching/shrinking rate of the lower plate.
Taking into consideration the Rosseland approximation [36], the value of (g, ) is defined as

4o* ((9T4 )
3kthnf ay

The term ”o*” represents the Stefan-Boltzmann constant, whereas k5, ¢ refers to the mean absorption coefficient.
By performing basic calculations with the aforementioned term, Eqn. (3) can be reduced as follows:

qr = —

aT  oT  oT 1 160*T3 62T ou\?
—tU—+v—=— km,,f+—2 Q—(T To)+uth—nf(—u)
ot ox  dy (pcp)ihny 3k (pCp)ihng (ocp)inng \ Oy

The similarity transformation (Ref. Hayat et al. [3]) used in Equatlons (1)-(3) are as follows

b
v = f(n) 1=\ T =atyry
bvy T-Ty
= 9 =
V=T T,
and we provide non-dimensional quantities in the following:
oy B2 kob g Vi
M="120 pg=__ %% g Mw g% g
bpy vi(l—at)p* Cp(T - Top) b hb
T —T 40*T3 c
s=hn=Th Qo . R= 2 Pr:(Pp)f
h-Ty 1—at kfk kf

where, M is the magnetic parameter, Da is the Darcy number, Sq is the squeezing parameter, S is the suction/injection
parameter, 0 is the temperature-ratio parameter, Ec is the Eckert number, Q is the heat source/sink parameter, R is the
thermal radiation parameter, Pr is the Prandtl number. Moreover, if 4 = 0, it means the lower plate is not moving, if
A < 0, it means the lower plate is shrinking, and if A > 0, it means the lower plate stretching.

The non-dimensional forms of the transformed equations are given by

[ 444 4 44 S 44 1244 a a 124
araxf+ fF = 1 = SO nf ) = (aam + T2 7= 0 )
4 s
D as+ 2R 07+ £0/ — 2400 + 4,00 + arasEcf™ = 0 (5)
Pr 3 2
where,
Oty C k
LY L ) S o) )Y S 1)
My Pthnf of (PCp)ihny kg

Here, the symbols isnnr, Pthnfs (PCp)ihngs Othnfs kinnr répresent the ternary hybrid nanofluid’s coefficient of vis-
cosity, electrical conductivity, heat capacity, density and thermal conductivity, respectively. Also, pr, pr, (pCp) s, 0, ky
denote the base fluid’s coefficient of viscosity, electrical conductivity, heat capacity, density and thermal conductivity cor-
respondingly. The thermophysical characteristics of the ternary hybrid nanofluid are presented in table 1. Thermo-physical
properties of Cu, Al,O3 and TiO, nanoparticles in pure water are given in table 2.

The transformed boundary conditions are as follows :

f(0) =5, f(0) =2, 6(0) =6
rm ==L =0, o) =1 ©

where ¢, ¢ and ¢3 are volume fraction of Cu(Copper), Al,O3 (aluminium oxide) and 77O, (titanium oxide) nanoparticles
respectively. The suffixes thnf, hnf, nf, f, s1, s2, s3 denote ternary hybrid nanofluid, hybrid nanofluid, nanofluid, base
fluid, solid nanoparticles of copper (Cu), aluminum oxide (A/,03), and titanium dioxide (7i0,) correspondingly.

The skin friction coeflicient and local Nusselt number at lower and upper plates are defined by

Lower: CflRel/2 = 'uthnf f”(O) and Upper: szRel/2 = 'uthnf f”(l)
_ k 4 _ k 4
Lower: Nuleexl/2 = ( thnf ) 6’(0) and Upper: Nuszexl/2 =- (ﬂ + —R) 6’ (1)
kg "3 ks 3

where, Re,, = M is the local Reynolds Number.
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Table 1. The thermo-physical properties of ternary hybrid nanofluid are as follows [31]:

Properties Ternary Hybrid Nanofluid
Dynamic Viscocity "Z’;’f = (1_¢1)2_5(1_;2)25(1_4)3)2_5
Density penny = (1= ¢3) [(1 = ¢2) {(1 = ¢1)ps + d1ps1} + b2ps2] + $3p053
Electrical Conductivity Othnf = (((T(;f;i?: :f.));_zg(gl;"ff:(z ;3)) Ohnf

o (0_52+20—nf)*2¢2((rnf*0—s2) X
O-h”f - (O_S2+2(rnf)+¢2(0—nffo_s2) O—n'f

_ | (os1+20¢)-2¢1 (o —ks1)

Onf = (os1420f)+P1 (0 f—051)

Heat Capacity

(pcp)inng = (1= ¢3) [(1 = ¢2) {(1 = ¢1)(pcp) f + d1(pcp)st

+¢2(pcp)s2] + ¢3 (pcp)s3

bR — (ks‘+2k1n )_2¢; (k n _ks;)
Thermal Conductivity Kennf = [ . k; +2,:h nff) — ¢;( k;ﬁlff— k.;;) J khnf
k _ (k,s‘2+2knf)_2¢2(knf_kx2) ]
hnf = | (k242K p )+ 2 (kny—ks2) nf
kor = [(ksl+2k_f)_2¢l (kf_ksl)]
nf 7| ki +2ky )+ (kp—ksh)
Table 2. Thermo-physical Properties of water and nanoparticles [31]
Physical Properties | H,O(base fluid) Cu (s1) Al,O3 (s2) | TiO, (s3)
p (kg/m®) 997.1 8933 3970 4250
C, (J/kgK) 4179 385 765 686.2
k (W/mK) 0.613 401 40 8.9538
o (s/m) 55%x107° 59.6 x 10° [ 35x10° | 2.6x10°

3. METHOD OF SOLUTION

In order to obtain numerical solutions for a system of higher-order nonlinear ordinary differential equations (ODEs)
provided by Egs. (4) and (5) and the boundary conditions, we use the bvp4c solver, built into the computational platform
MATLAB. Professionals and researchers have widely employed this technique for solving fluid flow problems. The bvp4c
solver, developed by Jacek Kierzenka and Lawrence F. Shampine from Southern Methodist University in Texas, was first
presented by Hale and Moore [35]. The bvp4c solver is an algorithm that employs the Lobato IIIA implicit Runge-Kutta
technique to provide numerical solutions with fourth-order accuracy. It achieves this by making finite modifications. This
method provides the required precision when an estimation is made for the initial mesh points and adjustments to the step
size. The investigation conducted by Waini et al. [37] shown that the bvp4c solver produced satisfactory outcomes when
compared to both the direct shooting approach and Keller box method. The syntax for using the “bvp4c” solver is as
follows: ”’sol = bvpdc (@0deBVP, @OdeBC, solinit, options)”. Here, we must decrease the higher order derivatives in
relation to 7. This can be accomplished by introducing the subsequent new variables:

=y, =32, f"=y0)., f"=y4), 0=y05),
2
¥(1) e
() ¥(4)

A YO _ 1 y@)y()=y(1)y @+ Gy (3)rny(4) (axasM+2)y (3)

dn y(4) ajay
y(5) y(6)

y(6) S ny(6)-y(1)y(6)-asQy(5)-arasEc y(3)}

2 (as+3R)

and boundary condition are expressed as

6" =y(6)

S
o =8, 3@ =4 3 -6 »M-F. y@. nE -1

where yj is the condition at 7 = 0 and y; is the condition at = 1

4. RESULT AND DISCUSSION

The results are computed by using bvpdc in MATLAB and visually displayed in Figs (2)-(13) for the distribution
of skin friction coefficients, velocity, local Nusselt number and temperature on both the upper and bottom plates. The
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Prandtl number is set at a constant value of 6.2, indicating the utilisation of water at a temperature of 25°C. The other
parameters are constrained within the following ranges: 0 < § < 0.3 for the temperature-ratio parameter, 0 < Sqg <
1.7 for the unsteadiness squeezing parameter, —1.2 < § < 1.2 for the suction/injection parameter, 0.5 < A < 2 for
the stretching/shrinking parameter, 0 < Da < 0.1 for the porous medium parameter and 0 < M < 6 for the magnetic
parameter, 0 < Ec < 1 for the Eckert number, 0 < R < 3 for the thermal radiation parameter, —0.2 < Q < 0.2 for the

heat source/sink parameter. The comparison of f”’(0) for the lower plate and /(1) for the upper plate with Hayat et al.
[3] and Khashi’ie et al. [10] for varying values of M, S when A = 1, ¢| = ¢ = ¢3 = 0 is presented in Table 3. It can be

seen that the results of this study are very similar to those of the two prior investigations.

Table 3. Comparison of f’(0) for lower plate and /(1) for upper plate when A = 1,¢; = ¢ = 3 =0

M S Present Hayat et al. [3] | Khashi’ie et al.[10] Present Hayat et al. [3] | Khashi’ie et al.[10]
1(0) 1(0) 1 (0) f7 (1) (1)
1|05 -7.591617 -7.591618 -7.591617 4739016 | 4.739017 4.739016
4 105 | -8.110334 -8.110334 -8.110334 4.820251 4.820251 4.820251
4 | 0.6 | -8.851444 -8.851444 -8.851444 5.391247 | 5.391248 5.391247
4 | 1.0 | -11.948584 | -11.948584 -11.948584 7.593426 | 7.593426 7.593426
1.2
0
2
1t o
0.8}
M
N __06f
£ £
- T o4t
0.2t
o_
02 : ; : : 02 : ; : ;
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
n n
Figure 2. Effect of Da on (1) Figure 3. Effect of M on f’(n)
1.2

0.8}

0.6}

f(m)

0.4}

0.2}

f(m)

-0.2
0

The parameters were set at fixed values for the computation of the results: 6 =0.1,Sg =1.2,M =2,Da =0.05, S =
04,21=12,Ec=05R=1,0=0.2,¢; = ¢ = ¢3 = 0.01. The Fig. 2 displays the impact of Darcy number (Da) on
velocity profile f’(n) of the ternary hybrid nanofluid. In close proximity to the lower plate, the velocity experiences a
sudden increase as the Darcy number increases. However, there is a distinct transition point at 7 ~ 0.5, beyond which the

0.2

0.4

Figure 4. Effect of Sq on f’(n)

0.2 0.4

n

0.6 0.8

Figure 5. Effect of S on f’(n)
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velocity exhibits contrasting behaviour. The Darcy number (Da) determines the ratio of the permeability of a medium to
its cross-sectional area, while permeability measures the ability of a surface to allow fluid to pass through its membrane.
The rising permeability in the surrounding area of the bottom plate hinders the movement of the fluid. Consequently, a
rise in the Darcy number (Da) results in velocity profiles that are closer to the upper plate due to greater flow resistance.
The impact of the magnetic parameter (M) on the velocity profile is shown in Fig. 3. In close distance to the lower plate,
the velocity of the ternary hybrid nanofluid decreases as the magnetic parameter increases. Similarly to Fig 2, Fig. 3
also exhibits a transition point in the vicinity of 7 ~ 0.5. Following this transition point, the velocity exhibits opposite
behavior. The presence of a powerful magnetic field causes a significant reduction in the movement of liquids. As the
magnetic field strength (M) increases, the Lorentz forces become active and cause a decrease in the flow of the liquid. The
presence of a magnetic field hinders the flow and ultimately slows down the radial velocity. As seen in Fig. 4, the addition
of the unsteadiness squeezing parameter(Sq) improves the velocity distribution f’ () for the ternary hybrid nanofluid.
Due to the movement of the upper plate towards the lower plate, the squeezing effect is initiated from the higher plate. It
has been observed that the velocity of the fluid increases in tandem with the squeezing parameter (Sq) as it rises higher.
Fig. 5 illustrates the effect of the suction/injection parameter(S) on the velocity profile f’(n). As seen in the figure, the
application of injection results in a higher velocity than suction. Suction/injection is frequently employed as a means
to prevent boundary layer separation. In this study, the application of injection results in an observed enhancement in
velocity. Therefore, in this study, the injection is more efficient in delaying the separation of the boundary layer. The Fig.
6 demonstrates the impact of the shrinking/stretching parameter(2) on the velocity profile f’(n) for the ternary hybrid
nanofluid. The velocity profile f’(n) exhibits dual behavior with respect to shrinking/stretching parameter(1). There
is a transition point located close to  ~ 0.3. The velocity f’(7), increases in the surrounding area of the lower plate,
but beyond the transition point, the velocity f”(n), declines. This outcome suggests that the stretching of the lower plate
increases velocity in the surrounding area of the lower plate. However, when the upper plate moves towards the lower
plate, the velocity behaves in the opposite way when the parameter(2) increases.

1.5
1k
0.5}
G
ok
05}
-1 - ; ‘ - 0 - ; ‘ -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n
Figure 6. Effect of 2 on f/(n) Figure 7. Effect of 6 on 6(n)

6(n)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

Figure 8. Effect of Ec on 0(n) Figure 9. Effect of R on 6(n)
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Figure 10. Effect of Q on 6(n) Figure 11. Effect of Sg on 6(n)

The impact of the temperature-ratio parameter(8) on the temperature profile 8 () is shown in Fig. 7. The temperature-
ratio parameter(6) is found to increase the temperature of the ternary hybrid nanofluid due to obvious and expected reasons.
In Fig 8, it is evident that the temperature of the ternary hybrid nanofluid gets raised by the Eckert number (Ec). The
viscous dissipation, which is the process by which the fluid’s friction causes its kinetic energy to be converted into thermal
energy, becomes more important as the Eckert number(Ec¢) rises. The dissipation of energy causes the nanofluid to heat
up, resulting in an increase in its temperature. The Fig. 9 displays that the temperature 6(7) of the ternary hybrid nanofluid
goes down as the thermal radiation(R) goes up. Thermal radiation causes the temperature of the nanofluid to decrease by
causing a net loss of energy from the fluid. This loss of energy reduces the kinetic energy of the particles inside the fluid,
leading to a lower temperature. Fig. 10 demonstrates the increasing effects of temperature as the heat generation/absorption
parameter (Q) increases. Greater values of a parameter (Q) result in an increase in temperature. The parameter (Q) has
positive values, indicating the production of heat in the system. Higher values of (Q) correspond to greater amounts of
heat being generated. Therefore, as the heat-generation parameter (Q) increases, the temperature also increases. Fig. 11
demonstrates the influence of the squeezing parameter(Sq) on the temperature profile (7). It is easy to see from the graph
that as the squeezing parameter(Sq) goes up, the temperature goes down. This indicates that when the upper plate moves
closer to the lower plates, it limits the spread of heat, resulting in a fall in temperature. Fig. 12 illustrates the fluctuation
of the temperature,f(n) for ternary hybrid nanofluid, in response to changes in the suction/injection parameter(S). An
increase in parameter (S) leads to an observed rise in 6(77). The temperature is observed to be higher for the suction value
as compared to the injection value. Suction refers to the process of extracting the layers that are detached from the border
layer using suction. The fluid layers experience an increase in temperature as they gain momentum through the use of
suction.

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
n n

Figure 12. Effect of S on 6(n) Figure 13. Effect of A on 6(n)
The influence of the stretching/shrinking parameter(1) on the temperature 6(1n) is demonstrated in Fig. 13. This

model says that A = 0 means the lower plate is still, 4 < 0 means it is shrinking, and 4 > 0 means it is stretching. It is
observed that the velocity, 8(n), decreases as the values of (1) increase. The findings suggest that the stretching of the
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lower plate decreases the temperature of the flow. In addition, when the degree of shrinkage of the lower plate increases,

the temperature increases.

Table 4. Skin-friction and nusselt of f”/(0) for upper plate when 1 =1, ¢; = ¢ =0

Ec| Sq | M | Da S A | R| O Re)lc/ch1 Rei(/ch2 Re;I/ZNuxI Re;l/zNux2
0112 2 100504 |12]1] 02] -6.9450 0.1994 -5.9341 -0.9706
0.5 -6.9450 0.1994 -14.8166 -0.1527
05113 2 |005|04 |12]1] 02] -6.5085 | -0.2337 -13.4731 -0.2417
1.5 -5.6312 | -1.1046 -11.0875 -0.1442
05712 1 [005|04 |12]1] 02] -6.8481 0.2282 -14.7150 -0.1391
1.5 -6.8967 0.2137 -14.7659 -0.1460
05112 2 100704 |12]1] 02] -6.379 0.3712 -14.2404 -0.0618
0.1 -5.9207 0.5175 -13.8064 0.0355
05112 2 [005|-01|12]1] 02] -2.3816 | -4.1070 -4.3122 2.5272
0.3 -6.0088 | -0.6491 -11.7957 -0.3055
05712 2 [005|04 | -1]1]02 8.9081 -3.3656 -21.7764 2.7083
-5.4744 | -0.1160 -10.5985 -0.5368
05112 2 100504 |12]3] 02] -6.9450 0.1994 -16.6728 -2.5177
5 -6.9450 0.1994 -18.9055 -4.9088
05112 2 100504 |12]1]-02] -6.9450 0.1994 -13.7537 -1.2429
0 -6.9450 0.1994 -14.2561 -0.7204

Table 4 presents the values of the skin friction coefficients Rel*C £, and Rel*C f,» as well as the Nusselt numbers

Re;l/ N Uy, and Re, 12y Uy, , for various combinations of parameters at the lower and upper plate. The Nusselt numbers
express the rates of heat transmission between the upper and bottom plates. An increase in the Eckert number(Ec) leads
to a rise in the Nusselt number for the upper plate but decreases for the lower plates. The skin friction coefficient is
not influenced by Eckert number(Ec), radiation (R), and heat source (Q) at both plates, as these physical factors are
independent of the velocity profile f’(n). Increasing the squeezing parameter (S¢) enhances the heat transfer rate at the
both plates. However, it reduces the skin friction coefficient at the upper plate and increases it at the lower plate. The
magnetic parameter(M) causes a drop in the skin friction coefficient on both the lower and upper plates. Similarly, it
leads to an decrease in the Nusselt number on the lower plate and upper plate. Observations indicate that a rise in the
Darcy number(Da) leads to an increase in the skin friction coefficient on both the upper and lower plates. Likewise, it
results in a increase in the Nusselt number for the both plates. The suction/injection(S) parameter reduces the skin friction
coefficient on the bottom plate, but raises it on the top plate. However, the rate of heat transmission reduces at the lower
and upper plates. The skin friction coefficient at the upper plate increases as the stretching parameter(1) is increased,
whereas it decreases at the lower plate. in the contrary, the rate of heat transmission increases at the bottom plate while it
decreases at the top plate. Radiation(R), causes a drop in the Nusselt number at both the lower and upper plates, while the
heat source(Q) results in a fall in the Nusselt number at the lower plate and an increase at the upper plate.

Table 5. Comparison of Skin friction Coefficient for lower plate

Cu Cu — Al,O3 | Change in Cu — Al,03 - SiO, | Change in
o1 Nanofluid | ¢; Hybrid Percentage | ¢3 Ternary Hybrid Percentage
Nanofluid Nanofluid
—Re)lC/ZCfl —Re,lc/ch1 —Re)lc/sz1
0.01 6.6009 0.01 6.7705 2.56% 0.01 6.9450 5.21%
0.05 7.3976 7.5841 2.52% 7.7750 5.10%
0.1 8.5447 8.7560 2.47% 8.9715 4.99%

Tables 5 and 6 present an analysis of the percentage difference between the nanofluid with hybrid nanofluid and ternary
hybrid nanofluid in terms of the absolute skin friction at the top and lower plates, respectively. Moreover, we evaluate the
heat transfer rate difference percentage between the nanofluid with hybrid nanofluid and ternary hybrid nanofluid at the
upper and lower plates in Tables 7 and 8, respectively. The absolute skin friction of the ternary hybrid nanofluid is seen to
be approximately 5% higher than that of the nanofluid at the lower plate and at most 7% higher than that of the nanofluid
at the upper plate. Additionally, the rate of heat transmission of the ternary hybrid nanofluid is decreased by 3.61% at the
bottom plate. However, the rate of heat transmission of the ternary hybrid nanofluid is increased by at most 209.11% at
the upper plate. Observations indicate that the heat transmission rate of the ternary hybrid nanofluid is higher at the upper
plate compared to the lower plate.
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Table 6. Comparison of Skin friction Coefficient for upper plate

Cu Cu — AlbO3 | Change in Cu — Al,03 - SiO, | Change in
o1 Nanofluid | ¢, Hybrid Percentage | ¢3 Ternary Hybrid Percentage
Nanofluid Nanofluid
—Re)lc/Zsz —Re}(/Zsz —Re)lC/Zsz
0.01 0.1906 0.01 0.1950 2.31% 0.01 0.1994 4.62%
0.05 0.1896 0.1949 2.79% 0.2004 5.69%
0.1 0.1966 0.2032 3.35% 0.2103 6.96%
Table 7. Comparison of Local Nusselt number for lower plate
Cu Cu— Al,O5 Change in Cu — Aly03 — Si0O, | Change in
o1 Nanofluid 1033 Hybrid Percentage | ¢3 Ternary Hybrid Percentage
Nanofluid Nanofluid
—Rex*Nuy, —Rex P Nuy, —Rex*Nuy,
0.01 15.3716 0.01 15.0910 1.82% 0.01 14.8166 3.61%
0.05 14.3461 14.0945 1.75% 13.8468 3.48%
0.1 13.1438 12.9288 1.63% 12.7149 3.26%
Table 8. Comparison of Local Nusselt number for upper plate
Cu Cu— Aly03 Change in Cu — Al,03 - SiO, | Change in
o1 Nanofluid 0% Hybrid Percentage | ¢3 Ternary Hybrid Percentage
Nanofluid Nanofluid
—Rex*Nuy, —Rex*Nuy, —Rex*Nuy,
0.01 0.0494 0.01 0.1029 108.29% | 0.01 0.1527 209.11%
0.05 0.2767 0.3306 19.47% 0.3798 37.26%
0.1 0.5622 0.6176 9.85% 0.6665 18.55%

ongoing study are summarized below:
1.

5. CONCLUSION

The present study is a comprehensive examination of the impact of viscous dissipation and thermal radiation on the
squeezing flow of a ternary hybrid nanofluid with magnetic field effect between two Parallel Plates, when a heat source/sink
is present inside a porous medium. The analysis also takes into account the flow characteristics and their impact on the
velocity f’(n) and temperature 6(n) profiles, skin friction coefficients, and Nusselt number. The main results of the

The velocity profile f” (1) shows a decrease in pattern when the parameters S and A on the upper plate and Da on the
upper plate are increased. Conversely, it displays an increasing pattern with higher values of Sg and A on the lower
plate, as well as Da on the lower plate.
The temperature 6(n) decreases as the values of R, S¢ and A increase, whereas it increases with the increase of ¢, Q

and Ec.

The absolute skin friction of the ternary hybrid nanofluid is seen to be approximately 5% higher than that of the

regular nanofluid at the lower plate and at most 7% higher than that of the nanofluid at the upper plate.

The ternary hybrid nanofluid demonstrates superior heat transfer efficiency compared to the hybrid nanofluid, while
the hybrid nanofluid displays higher heat transfer efficiency than standard nanofluids at the upper plate.

The heat transmission rate of the ternary hybrid nanofluid is higher at the upper plate compared to the lower plate.
The future potential of ternary hybrid nanofluids, which consist of copper (Cu), aluminum oxide (Al,03), and

titanium dioxide (770>), is significant in multiple scientific and technical fields. Ternary hybrid nanofluids provide the

possibility of greatly enhancing heat transfer efficiency in various applications, such as radiators, heat exchangers and

cooling devices. Improved heat transfer properties might be beneficial for use in geothermal power extraction, solar energy

systems and high-temperature operations.
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This study examines the natural convection of a steady laminar nanofluid flow past an isothermal vertical plate with slip boundary
conditions. A review of existing literature reveals no prior research that has explored the combined effects of thermophoresis, Brownian
diffusion, and particle electrification while considering slip boundary conditions in nanofluid flow. Buongiorno’s revised four-equation
non-homogeneous model, incorporating mechanisms for thermophoresis, Brownian diffusion and particle electrification, is utilized to
address this gap. The model employs velocity, thermal, and concentration slip boundary conditions to investigate enhancing the
nanofluid's thermal conductivity. The resulting local similar equations are tackled using MATLAB's bvp4c package. The study
discusses the influence of key parameters, such as thermophoresis, Brownian motion, and electrification, on temperature, velocity, and
concentration distributions, as well as on heat, mass transfer and skin friction coefficients. The findings of the simulation are consistent
with previous studies, showing that an improvement in the electrification parameter rises the heat transfer coefficient, while
thermophoresis and Brownian motion parameters have the opposite effect. Additionally, mass transfer coefficient values increase with
higher Brownian motion and electrification parameters while reducing with the thermophoresis parameter. This physical model has
potential applications in heat exchangers using nanofluids and in cooling plate-shaped products during manufacturing processes. The
novelty of this study lies in the analysis of Brownian diffusion, thermophoresis, and particle electrification mechanisms in nanofluid
flow under slip boundary conditions.

Keywords: Thermal Conductivity; Nanofluid; Velocity Slip Boundary Condition; Thermal Slip Boundary Condition; Concentration
Slip Boundary Condition

PACS: 44.20.tb, 44.25.+f, 47.10.ad, 47.55.pb, 47.15.Cb

1. INTRODUCTION:

Nanofluids have gained widespread use across numerous industrial applications due to the remarkable chemical and
physical properties of nanoscale particles. These nanofluids are sophisticated composite materials composed of solid
nanoparticles, typically between 1 and 100 nm in size, dispersed within a liquid medium. The use of nanofluids instead
of traditional base fluids to enhance heat transfer rates has garnered significant attention from researchers worldwide,
highlighting the distinct advantages of nanofluids over conventional fluids. Nanofluids, which consist of nanoparticles
suspended in a base fluid, have been recognized as effective coolants for improving heat transfer performance in various
applications. These applications include paper manufacturing, electronic devices, nuclear reactors, power generation, air
conditioning systems, domestic refrigerators, and the automotive industry. By leveraging the unique properties of
nanofluids, these industries can achieve more efficient thermal management, leading to better performance and energy
savings.

The concept of "nanofluids" was first coined by Choi [1], marking a pivotal breakthrough in the study of fluid
dynamics at the nanoscale. Subsequent research demonstrated that even a minimal addition of nanoparticles can
dramatically improve the thermal conductivity of fluids. Buongiorno [2] further advanced the field by investigating the
convective transport phenomena in nanofluids, providing valuable insights into their distinctive flow behaviors.
Buongiorno observed that the improvement in the thermal performance of nanofluids is primarily driven by the slip
mechanisms of Brownian motion and thermophoresis. Since then, numerous studies, including those by Kuznetsov and
Nield [3], Gasmi et al. [4], Ebrahem et al. [5], Kinyanjui et al. [6], Ahmed et al. [7], Biswal et al. [8], Khairul et al. [9],
Sobamowo et al. [10], Sobamowo [11], Sobamowo [12], and Aziz and Khan [13] have explored the behavior of natural
convection considering different types of nanofluid flow along a vertical plate employing a homogeneous model.

Based on the literature reviewed (Kuznetsov and Nield [3], Mojtabi et al. [14], Abu-Nada et al. [15], Probstein [16],
Tyndall [17], Bird et al. [18], Pakravan and Yaghoubi [19]), the slip boundary condition for velocity, temperature, and
solute has generally been overlooked. In systems like emulsions, foams, gels, and slurries, the non-homogeneous
properties of fluid at solid boundaries often result in "apparent wall slip." This phenomenon happens when the fluid's
viscosity near the boundary decreases, leading to the formation of a thin layer with a steep velocity gradient, often
described as a "slipping layer." Comprehensive studies on wall slip in shrinking sheets by Makinde et al. [20] reveal that
true slip involves a velocity discontinuity at the wall. In contrast, for the other systems discussed, true slip is absent.
Instead, "apparent slip" occurs, which is caused by a region with a steeper velocity gradient near the wall. In such cases,
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the no-slip condition fails to accurately represent the physical situation, making slip conditions a more suitable choice.
Similarly, the no-slip condition is also inadequate for non-Newtonian fluids and nanofluids. During processes like
annealing and thinning, the final product's quality is heavily influenced by the heat transfer rate at the continuously
stretching surface. Both the stretching kinematics and the concurrent heating or cooling are crucial factors in determining
the final product's quality. Therefore, incorporating slip boundary conditions for concentration, temperature, and velocity
is essential.

In recent years, several investigations (Pati et al. [21-26], Panda et al. [27], Pattnaik et al. [28]) have explored the
electrification of nanoparticles within nanofluid flows under various physical conditions. In all the previously mentioned
studies on nanofluid dynamics involving the electrified nanoparticles, the slip boundary conditions have been overlooked.

Based on the past literature, this study aims to investigate the impacts of thermophoresis, Brownian diffusion, and
particle electrification on the transfer of heat and mass within the natural convective boundary layer nanofluid flow along
an isothermal vertical plate with slip boundary conditions. This study takes into account various boundary conditions,
including velocity, thermal, and concentration slip conditions. Buongiorno’s revised four-equation non-homogeneous
model is employed in the present investigation. This particular approach to modeling the flow of nanofluids concerning
heat and mass transport phenomena has not been explored in previous research literature.

2. MATHEMATICAL FORMULATION
An analysis is conducted on a nanofluid's laminar steady boundary layer flow over an isothermal vertical plate. The
orientation of the plate is aligned with the vertical axis. It is assumed that both the concentration C,, and temperature T,,,
of the plate remain invariant. The free stream parameters of C and T defined as C,, and T, respectively. The physical
representation of the system is illustrated in Fig. 1.
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Figure 1. Coordinate system and physical model

Based on the assumptions outlined earlier and applying boundary layer simplifications according to Pati et al. [22],
the governing equations for the flow field in a two-dimensional Cartesian coordinate system can be derived and are given

as follows.

du v

%oy = 0, (1)
ou_ ou]_ _9p %u] _ a
pnf[uax-l_vay]_ ax+'unf[6y2] ‘ang-l_c(m)Ex’ @)
or | 31| _ kny 0T | eDp 0COT | _pses DrATIT,(4)_&sC (p T g OT
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The electric field (E-field) is defined by the following equation.

9Ex + 9By _psa (5)

x dy egm’
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According to the Oberbeck-Boussinesq Approximation, the equation of motion in the x-direction, represented by
Equation (2), is expressed as follows:

Pug [+ 02| = g [Z2] + By (T = T (A = Cdg = (€ = C)(ps = Proo)g +(C =€) (L) By (6)

The relevant slip boundary conditions for this study are defined by

ac
y—Ou—U+va “v=0,T= TW+D C=CW+KE}. e

y—>00,u—0,v—0,T— Te ,C= Co

Based on Soo [29], by disregarding the variation of the electric field in the x-direction, the transverse electric
field can be expressed as

%y _psa
dy eom’

Introducing the stream function and scale analysis of the governing equation (1) are satisfied following Kuznetsov and
Nield [3].

TToo

= af(Ra)4f m, 6(m) =
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vrag

1
where, n = %(Ra)z, is the local similarity variable and Ra, = , is the local Rayleigh number, we get,

1
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The equations (2), (3), (4) converted into non-dimensional equations (8), (9), (10) as follows:
Momentum equation:

rnr n N
f +%[3ff =202 + @10, PC bs+—(9 Nrs) = 0. ®)
Energy equation:
0" +2——f0' + —PrN,s'0’ + -PrN,(6') + _-Sc N, [— — M| (s + Neymo' = o. )
Concentration equation:
Sll+3SCf +Nt0u_%% 7 NFC(nS +S+NC) _0 (10)

Similarly, the slip boundary conditions in equation (7) converted into non-dimensional form as follows:

17=0;f=0;f’=Af”,9=1+)(9’;s=1+ys’} (11
n—ooof =0;0=0;5=0 ’
where,
1 1
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1
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This investigation considers a copper water nanofluid which contains 1% of copper nanoparticles. Table-1 provides
the thermophysical properties of copper-water nanofluid as outlined by Oztop and Abunada [30], while Table-2 lists the
corresponding thermophysical constants.
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Table 1. Thermophysical properties

Property copper water
cp(J/kgK) 0.385 4.179
p(kg/m3) 8933 997.1
k(W /mK) 401 0.613

Table 2. Thermophysical constants

& (1-C)?* [cw Bra- cw)]
Pr

P2 S
o le+(1-C.)
Pr

P3 1
Cot+ (1-Cy)
N 2ks + kg — 2Ceo (ky — k)

2k + kg + Con(p — k)
1

Ps

The local skin friction Cfy, local Sherwood number Sh, for mass transfer purpose and local Nusselt number Nu,
for heat transfer purpose are given as

1 1
Cfx = (f”)n:(); _lNux = _(9’)1;:0; _lth = _(S’)n:Oa
(Ray)4 (Ray)4
where () indicates derivative with respect to 7 and (f"');=9, —(8');)=¢, and —(s");=o denotes the dimensionless skin

friction coefficient, Nusselt number and Sherwood number, respectively.

1
(Ray)4
Pr

3. METHOD OF SOLUTION

It has been observed that Pohlhausen-Kuiken-Bejan problems (Bejan [31]) for conventional heat transfer fluids have
one non-dimension parameter Pr. However, the non-dimensional equations of the present problem contain nine
independent dimensionless parameters, such as Pr, Ny, Ny, Ngo, M, Nr, Sc, Ng, Sc. Thus, input selective values are
required to solve the problem. Additionally, the processing time for each of these input parameters is quite brief. Since
the physical domain extends infinitely while the computational domain is limited, it is essential to select an optimal finite
value for 1. Since the needed initial value f''(0), —6’(0), —s'(0) , which are not defined for the present problem. Hence,
some initial guesses are used at the starting point, as well as some finite values of 7, for a specific range of physical
parameters. The solution process is iteratively applied with different values of 71, until the successive values of
f"(0),—0'(0),—s'(0) differ by a specified precision. The final ., value obtained is considered the most suitable for
that set of parameters. This approach is known as the shooting method.

To address the system of local similarity equations (8)-(10) with the boundary conditions (11) using the shooting
method, the MATLAB built-in function bvp4c, which utilizes the collocation technique (as described by Shampine and
Kierzenka [32]), is employed to produce numerical results for the specified physical parameters. The variations of the
computational values of (f"'); =g, —(8")y=o and —(s"),—o with different values of M, N}, and N, are presented in tabular
form. Similarly, the variations of the non-dimensional temperature profile 8 (1), non-dimensional velocity profile f'(n)
and dimensionless concentration distribution of nanoparticles s(n) are depicted in Figures 2 to 10.

4. COMPARISON AND VALIDATION
The resultant quantitative data have been contrasted with those computed by Narahari et al. [33], in conjunction with
the pertinent values for the particular context of regular fluid outlined in Table 3. The present outcomes exhibit a notable
alignment with the prior findings.

Table 3. Comparison of present results with existing literature

Pr Narahari et al. [33] Present analysis
1 0.401 0.4010
10 0.459 0.4649
100 0.473 0.4900
1000 0.474 0.4985

5. RESULTS AND DISCUSSION
In this subsection, the impact of M, N;, and N;, on f'(n), 8(n) and s(n) against 7, illustrated and examined with the
help of graphical analysis. Further, the impact of these parameters on f''(0), —6'(0), —s'(0) are presented in Tabular
form. Additionally, the contour plots are presented to explore the combined effects of M, N;, and N, on

f"(0),—-6'(0), —s'(0).
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5.1 Influence of electrification parameter M on f'(1n), 8(n) and s(n) with slip boundary conditions

Figures 1 and 2 show that as the parameter M increases, the value of f'(n) rises while 8 (n) falls throughout the boundary
layer. This effect is attributed to the Lorentz force, which results from the electric field acting as an accelerating force that
reduces frictional resistance. Consequently, the decrease in frictional resistance leads to a lower temperature in the boundary
layer, as no extra thermal energy is produced. Figure 3 depicts the changes in the non-dimensional particle concentration profile
s(n), illustrating that the concentration decreases with increasing M because the particles are carried away by the fluid moving
from the plate. This observed trend suggests that elevated parameter values facilitate particle transport, resulting in a more
homogeneous distribution throughout the flow. Figures 2-4 illustrate the variation of f'(#n), 8(n) and s(n) with M while
keeping other parameters constant (A = y =y = N, = N, = Np = Nc = Nr = 0.1,5¢ = Ng, = 2.0,and Pr = 6.2).

1.0
— -M=0.1 — -M=0.1
oa ) — - M=0.2 — - M=02
——M=0.3 ——M=0.3
0.6
0.4
0.2+
0.0 T T T T T T T T ¥ T
0 5 10 15 20 25 30 15 20 25 30
n n n
Figure 2. Impact of M on f'(n) Figure 3. Impact of M on 6(n) Figure 4. Impact of M on s(n)

5.2 Influence of thermophoresis parameter N, on f'(n), 8(n) and s(n) with slip boundary conditions

Figures 5, 6, and 7 show how the thermophoresis parameter N, affects on (1), 8(n) ,and s(n). It is noted that with
higher values of N, all f'(1), 8(n) and s(n) profile increases. This is because the increased thermophoresis force causes
hot nanoparticles to move faster from the plate region towards the fluid region, thereby raising the dimensionless velocity
profiles as well as temperature and concentration profiles. This behaviour is crucial for optimizing the efficiency of thermal
systems, as it allows for better heat transfer and enhanced performance in applications such as cooling and energy conversion.
Figures 5-7 illustrates the variation of f'(n), 8(n) and s(n) with N, while keeping other parameters constant (A = y =y =
M =N, = Ng=Nc=Nr=0.1,Sc = Ng, =2.0,and Pr = 6.2).
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Figure 5. Impact of N, on f'() Figure 6. Impact of N, on 8(n) Figure 7. Impact of N, on s(n)

5.3. Influence of Brownian motion parameter Ny, on f'(n), (1) and s(1n) with slip boundary conditions

Brownian motion describes the erratic movement of minute particles suspended in a fluid. This unpredictable motion
increases the frequency of collisions between nanoparticles and fluid molecules, leading to the transformation of the
molecules' kinetic energy into heat. Smaller particles experience more intense Brownian motion, leading to higher values
in N,,. In contrast, larger particles exhibit weaker Brownian motion, resulting in lower values in N,.
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Figure 8. Impact of N}, on f'(17) Figure 9. Impact of N, on 6(n) Figure 10. Impact of N}, on s(n)
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Figures 8, 9, and 10 depict the impact of N, on f'(n), 0(n), and s(n) profiles. It is observed that the profiles of f'(n)
show an upward trend, while the s(n) shows a downward trend as the values increase for N;,. The profile of 6(n)
demonstrates a dual characteristic with the N;. The temperature distribution increases near the surface of the plate but
decreases away from it. As the values in N, increase, the movement of nanoparticles becomes more pronounced.
Consequently, their activity becomes more dynamic, resulting in more frequent collisions within the system. This increased
activity promotes a uniform distribution of nanoparticles within the medium, ultimately influencing the system's thermal
conductivity and overall performance. Figures 8-10 illustrates the variation of f' (1), 8(n) and s(n) with N, while keeping
other parameters constant (A = y =y =M = N, = Ny = Nc = Nr = 0.1,Sc = Ng, = 2.0, and Pr = 6.2).

5.4. Influence of M, N;,and Nj, on the non-dimensional skin friction, heat and mass transfer coefficients with slip
boundary conditions

Table 4 illustrates the influences of M, Ny, and N, on f''(0), —6'(0) and —s’(0). The values of f''(0) enhances with

larger values of all the three parameters M, N, and N,. Values of —6'(0) rises as M increases and reduces with higher

values of N, and N,. However, —s’(0) improves with M and N,, but reduces with higher values of N;.

Table 4. Effects of M, N;,and N, on f''(0), —8'(0) and —s’(0) when Sc = Ng, = 2.0,Pr = 6.2,A=y =y = Nr = Nc = N; = 0.1.

M N, Ny f"(0) —6'(0) —s'(0)
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.2 0.1 0.1 1.68596 0.41169 0.15141
0.3 0.1 0.1 2.03417 0.44147 0.16622.
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.1 0.2 0.1 1.53577 0.34208 0.07440
0.1 0.3 0.1 1.77814 0.28933 0.07335
0.1 0.1 0.1 1.30966 0.37392 0.12734
0.1 0.1 0.2 1.63950 0.32896 0.27441
0.1 0.1 0.3 1.93596 0.27784 0.33639

5.5. Combined effects of M and N, on the non-dimensional skin friction, heat and mass transfer coefficients with
slip boundary conditions
Combined effects of M and N; on f"(0), —6'(0) and —s'(0) are graphically examined in Figs. 11, 12 and 13,
respectively. It is analyzed that all £"(0), —6'(0) and —s'(0) are improves with M for different values of N;. However,
only f"'(0) increases, whereas both —8’(0) and —s'(0) decreases with N, for varied values of M.
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Figure 13. Combined effects of M and N; on —s’(0)
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5.6. Combined effects of M and N, on the non-dimensional skin friction, heat and mass transfer coefficients
with slip boundary conditions
Combined effects of M and N, on f"(0), —6'(0) and —s’(0) are graphically explored in Figs. 14, 15 and 16,
respectively. It is observed that all the values of £ (0), —6'(0) and —s’(0) are enhanced with M for different values of
N,. Additionally, it is noticed that both f''(0) and —s’(0) rises while —0'(0) reduces with Nj, for varied values of M.
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Figure 14. Combined effects of M and N;, on f''(0) Figure 15. Combined effects of M and N}, on —6'(0)
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Figure 16. Combined effects of M and N, on —s’(0)

6. CONCLUSIONS

The study successfully examined the steady laminar flow of natural convective Copper-water nanofluid moving
along an isothermal vertical plate while considering slip boundary conditions. The outcomes, illustrated and discussed
through the figures, reveal a notable impact of control parameters, such as M, N; and N, on the non-dimensional
temperature, concentration and velocity profiles. In addition, a comprehensive quantitative analysis was conducted on the
skin friction, heat transfer, and mass transfer rates of copper-water nanofluid, with a focus on Brownian diffusion,
electrification, and thermophoresis mechanisms under slip boundary conditions. This analysis was meticulously presented
through detailed tables and contour surface graphs. These visual representations illustrate the impacts of these
mechanisms on the reduced skin friction coefficient, heat transfer rate, and mass transfer rate, providing a clear

understanding of how each factor influences these parameters. The main findings are as follows:
1. The shooting method implemented in MATLAB’s bvp4c effectively addressed the local similarity equations,
incorporating velocity, thermal, and concentration slip boundary conditions, ensuring accurate and reliable results.

ii. Dimensionless skin friction coefficient improves with higher values of all the three parameters M, N, and N,,.
Reduced Nusselt number enhances with only M. However, reduced Sherwood number rises with both M and N,,.
iil. An improved understanding of the interplay between electric fields, thermophoresis, and Brownian motion using

copper water nanofluids can lead to developing more efficient cooling systems for compact and smart heat
exchanger devices.
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The findings of this study provide valuable insights into the behavior of electrified nanofluids with velocity, thermal,

and concentration slip boundary conditions that can be applied to enhance thermal management in various engineering

applications.
Nomenclature
A Velocity slip parameter N,  Thermophoresis parameter
X Temperature slip parameter Nr  Buoyancy ratio
4 Concentration slip parameter Nc  Concentration ratio
N Velocity slip factor Nr  Momentum transfer number
D Thermal slip factor Ng.  Electric Reynolds number
K Concentration slip factor Sc Schmidt number
U,C,T Local velocity, concentration & temperature B Volumetric thermal expansion coefficient
Co, T,  Free stream concentration & temperature F Momentum transfer time constant between the fluid and nanoparticles
Cy, T,  Wall Surface concentration & temperature €y  Permittivity
u,v Velocity Component in direction x, y ps  Density of solid particles
E,E,  Electric Intensity Component in direction X,y ~ pr  Density of base fluid
g Gravitational acceleration pns  Density of nanofluid
Dy Thermophoretic diffusion coefficient ug  Viscosity of base fluid
Dy Brownian diffusion coefficient Uns  Viscosity of nanofluid
m Mass of the nanoparticle ks Thermal conductivity of solid particles
Charge of the nanoparticle ks Thermal conductivity of base fluid
Pressure knr  Thermal conductivity of nanofluid
Pr Prandtl number Cs Specific heat capacity of solid particles
M Electrification parameter ¢y Specific heat capacity of base fluid
Ny Brownian motion parameter cny  Specific heat capacity of nanofluid
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TEILIOBI XAPAKTEPUCTHKH IIOTOKY HAHOPIJIMHU B3/IOBK I3OTEPMIYHOI BEPTUKAJIBHOI
IJIACTHUHH 3 TPAHHYHAMHA YMOBAMU LIBUAIKOCTI, TEIIJIOBOI'O TA KOHIEHTPALIIMHOT'O KOB3AHHSI
3A BUKOPUCTAHHS MEPETJITHYTOI HEOTHOPITHOI MOJIEJII BYOHI)KOPHO
Cynzxut Mimpa, Anita Kymap Ilati, Amox Micpa, Caponax Kymap Mimpa
Yuisepcumem mexnonoeii ma meneosrcmenmy Llenmypion, Iapanaxemynoi, Odiwa, Inoia
V wiit po6OTI AOCTIHKYETHCS TPUPOIHA KOHBEKLS MOCTIHHOTO JIAaMiHAPHOTO MOTOKY HaHOQIIIOINY MOB3 i30TePMiuHy BEpTHKAIbHY
IUTACTHHY 3 TPaHUYHUMH YMOBaMH KoB3aHHS. OTJsin iCHYIOYOI JIiTepaTypd HE BHUSBHB JKOJHHUX IOMEPEIHIX IOCTIKEHb, AKi O
JOCHiKyBaii KoMOiHOBaHi edektu TepmMmodopesy, OpoyHiBCbKOi Andy3ii Ta enexkTpu3alii YaCTHHOK MPU PO3TIIAAl TPAaHUYHUX YMOB
KOB3aHHsS B HOTOLi HaHOpimuH. [lepernsHyTa HeoxHOpiAHA MOJENb i3 YOTHPHOX PIBHSIHb ByOHIPKOPHO, IIO BKJIIOYAE MEXaHi3MHU
TepModopesy, OpoyHiBCbKOI mudysii Ta enekrpusamii YaCTUHOK, BUKOPHUCTOBYETHCS M yCyHEHHs wmiel mporamuuHu. Mopens
BHUKOPHCTOBYE IPaHNYHI YMOBH IIBUJIKOCTI, TEIJIa T2 KOHLEHTPALiHHOTO KOB3aHHSI IS IOCIIKEHHS IiABUIIEHHS TETUIONPOBIJHOCTI
HaHo¢uroiny. OTprMaHi JIOKaJIbHI aHAJOTiIYHI PIBHSIHHSA 0OpOOJISIOTHCS 3a JoroMororo naketa bvpdc MATLAB. YV nocnimkenHi
00rOBOPIOETHCS BILTUB KJIFOUYOBUX [APAMETPIB, TAKUX SIK TepMOdope3, OpOyHIBCbKHUiT pyX 1 €IeKTPHU3aLLisl, Ha TEMIIEPATypy, IIBHIKICTh
1 pPO3MO/ALN KOHIEHTpALIiT, 8 TAKOX Ha TEII0-, MacOOOMIH 1 KOoedilieHTH TepTs IIKipu. Pe3ynbTaT MOJETIOBaHHS y3TOKYIOTHCS 3
MOTIEPEAHIMH JOCTIPKEHHAMH, TIOKa3yI0UH, 10 MOKPAICHHS TapaMeTpa eJIEKTpU3allii iABUIIye Koe(illieHT TeIIonepeaadi, ToAi K
nmapameTpu TepModope3y Ta OpOYyHIBCHKOTO PyXy MaloTh MpOTHISKHHNA edekT. Kpim Toro, 3HaueHHs KoedimieHTa Macomnepenadi
30UTBIIYIOTECS. 3 BHUIIMMH ITapaMeTpaMH OpOYHIBCBKOTO pyXy Ta eJIeKTpH3alii, OJHOYaCHO 3MEHIIYIOYHCH i3 I1apaMeTpoM
tepmoopesy. Lls ¢izuunHa mMojmenbs Mae IMOTEHIIHE 3aCTOCYBaHHS B TEIUIOOOMIHHMKAX 3 BHKOPUCTAHHSIM HAHOQUIIOINIB 1 B
OXOJIO/DKSHHI IUIACTUHYACTUX NPOAYKTIB ITijl yac BUpOOHWYKX TporieciB. HoBH3Ha 1IOro TOCIIIXKEHHS MoJIsrae B aHali3i MEXaHi3MiB

OpoyHiBcbkol nudy3ii, TepModopesy Ta eneKTpHu3aLil YaCTHHOK y NOTOL HAHOGUIIOINIB 38 TPAHMYHUX YMOB KOB3aHHS.
KumouoBi ciioBa: mennonposionicms,; Hano@nioio; epanuuna ymosa weuoOKiCH020 KOB3AHH S, SDAHUYHUL CTAH MEPMIYHO20 KOB3AHHSL,
SPAHUYHA YMOBA KOHYEHMPAYILIHO20 KOB3AHMHSL
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The current study explores the fluid dynamics and heat transfer characteristics of micropolar fluids within a channel filled with
anisotropic porous media. The governing equations for the fluid flow, microrotation, and temperature profiles are numerically solved
using Spectral Quasi-Linearization Method (SQLM). The research examines the influence of various key parameters such as the
anisotropic permeability ratio, anisotropic angle, Darcy number, Reynolds number, Brinkman number, Prandtl number, and coupling
number. Key findings indicate that the anisotropic permeability ratio and anisotropic angle significantly affect fluid flow and heat
distribution, with increased anisotropy leading to enhanced microrotation and temperature, albeit with reduced velocity at the channel
center. Higher Darcy numbers result in less restricted flow, increasing velocity and reducing microrotation effects, while increasing the
coupling number contributes to a more uniform temperature profile. These results provide significant insights into the optimization of
heat transfer and flow control in engineering applications that involve micropolar fluids in porous media.

Keywords: Micropolar fluid; Anisotropic porous media; Anisotropic permeability; Microrotation; Heat transfer; Spectral Quasi-
Linearization method
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1. INTRODUCTION

The advent of the micropolar fluid theory occurred in recent decades due to the necessity to model a fluid with
rotating micro-components. Micropolar fluids are fluids that display a correlation between the rotational dynamics of
particles and the overall velocity structure at a large scale. Suspension of hard particles in a viscous medium forms these
fluids. Liquid Crystals, magnetic fluids(ferrofluids), blood, and lubricants with additives are examples of micropolar
fluids. Other industrial applications, including biological structures, lubricant fluids, and polymer solutions, utilise
micropolar fluids. Micropolar fluids theory has been extensively investigated by researchers worldwide. Eringen [1]
revolutionised the micropolar fluid framework and polymer solutions which make use of these fluids. He derived the
micropolar fluid flow governing equations and boundary conditions and implemented them in analysis of channel flow,
taking into account the thermodynamic limitations. Researchers have investigated the kinetics of both natural and combined
convection flows of micropolar fluids on flat and cylindrical surfaces [2]-[5]. Mirzaaghaian et al. [6] analysed the flow
characteristics of a micropolar fluid and the dynamics of heat transfer in a porous conduit. To solve nonlinear equations
the Differential Transformation Method (DTM) [7]-[11] was utilised. In this study, the influencing factors were the Peclet
number, Reynolds number, and the micro-rotation/angular velocity. The findings showed that while the temperature and
concentration fields will only slightly alter, the stream function will be greatly altered by varying the Reynolds number.
An analysis was conducted by Mabood et al. [12] to investigate the flow and heat transfer properties of a micropolar fluid
across a stretchable sheet in a porous media. The flow was exposed to a magnetic field, thermodiffusion, and variable
heat sources in their work and solutions were obtained for the resultant equations. A comparison of outcomes with earlier
research revealed very good agreement. The research revealed that the distribution of velocity decreased as the parameter
for the magnetic field increased, despite the fact that the thermal and concentration distribution were elevated.

Extensive research conducted globally on the use of micropolar and nanofluid fluids has shown promising results for
various industrial processes and scientific research oriented applications, including heat exchangers, combined propulsion
systems, and medical procedures. Many researchers [13]-[18] have conducted an in-depth review of the fundamental
principles governing micropolar fluid flow in porous conduits. The behaviour of micropolar fluid in a conduit confined
by two parallel permeable walls was analysed by Jalili et al. [19]. The fluid flow was considered two-dimensional,
and steady. It was observed that with the exception of the dimensionless microrotation profile, all of the mentioned
dimensionless parameters have increasing average values when the values of coupling number increase. Moreover,
temperature distribution is the most significant parameter that can be affected by Peclet number for heat diffusion. The
solution for this problem shows that the averages of the dimensionless parameters reduce if the ratio of micropolar-inertia
density is increased along channel, with the exception of the non-dimensional flow function characteristics. Under the
presumptions of heat radiation and reaction rate coefficients, Shamshuddin et al. [20] analysed the dynamics of a micropolar
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fluid flow through a conduit considering both combined and non-linear heat transfer. It was shown how the temperature,
concentration, and dimensionless velocity of micropolar fluid reached their peak values near the channel’s centre. The
dynamics of mass and heat tranfer in micropolar fluids are determined by their thermal and solution properties.

Abdalbagi [21] examined the dynamics of a micropolar fluid flow and characteristics of heat transfer in a porous
conduit, applying the method of iterative linearization. This study showed that fluid flow, mass transport, microrotation
and heat transfer are all positively impacted by increasing coupling and spin-gradient viscosity parameters. Conversely,
these profiles exhibit a decline as micro-inertia density increases. While an increased Peclet number indicates optimised
heat transfer by convection and mass transfer, higher Reynolds numbers reduce the distributions of velocity, microrotation,
and temperature. Micropolar fluid framework, which is applicable to non-Newtonian fluids, accounts for microrotation
and also couple stresses. The research explores how the magnetic force field slows down the flow of fluid, while channel
permeability increases velocity. Heat radiation enhances the temperature distribution, impacting heat transfer. The findings
have practical significance in the domains of engineering like temperature control systems, and MHD generators, where
these conditions are frequently encountered. A study by Shah et al. [22] provided a description of the fluid flow dynamics
and heat transfer of blood-infused gold micropolar nanofluids in a porous conduit. The channel contained thermal radiation
whether the walls were in motion or rest. Blood was considered as the base fluid, and microgold was thought to be the polar
nanofluid. The study conducted by Ahmad et al. [23] investigated the problem of mass and heat transfer in a micropolar
fluid flow within a porous conduit using a Quasi-linearization approach. At fluid temperatures above a certain threshold,
the concurrent phenomena of heat radiation buildup, absorption heat, heat exchange, and Brownian flow were observed.
When it comes to magnetic parameters and materials, supportive engineering forces like velocity, skin friction, and heat
exchange have proven to be beneficial. However, the transfer rate of mass showed an opposite response. Akbarzadeh et
al. [24] analysed the flow of a nanofluid which was considered laminar and forced convective heat transport within a
wavy channel. In their study, it was demonstrated that if the aspect ratio of the conduit is increased, the average Nusselt
number becomes more sensitive to the Reynolds number and also to the aspect ratio of the channel. The gradient of the
temperature on the left sheet will decrease as the motion parameter increases. However, the gradient exhibits a positive
correlation with Lorentz forces. The effects of thermal radiation and also thermo-diffusion on Williamson model nanofluid
along a porous and stretchable surface were examined by Rashidi, and Bhatti [25]. Their findings showed that the fluid’s
magnitude increases with large porosity and Williamson fluid parameters. On the other hand, the gradient on the left sheet
increases as Lorentz forces do. In a transverse magnetic force field presence, Rashidi et al. [26] examined the exchange of
heat for a nanofluid flow along a stretchable sheet while considering buoyancy effects, and heat radiation into account. It
has been noticed that nanofluid’s velocity rises when the buoyancy factor is increased while the distribution of temperature
decreases. Assuming the fluid is incompressible and steady, Takhar et al. [27] analysed the problem of axisymmetric
flow of micropolar fluid and heat transfer between two permeable discs. A finite analysis method was employed to solve
the flow governing equations, which describes the velocity, temperature and also microrotation. Quantitative simulations
have been conducted to determine the axial, radial, microrotation velocities, temperature, couple stress coefficient, skin
friction, and heat transfer rate on the discs, for varying values of injection Reynolds number and micropolar parameter.

The empirical study conducted by Pathak et al. [28] examined the flow and heat transfer properties of micropolar
fluids along a stretchable sheet in a Darcy porous media. The flow governing system of equations, which are nonlinear, were
solved by the authors using a quasi-uniform mesh in conjunction with a nonstandard finite difference approach. Validation
of the results was achieved by a comparison with those computed using the RK method of order four. The results indicate
that the boundary layer thickness was reduced with an increase in the values of the Reynolds number, micropolar parameter,
and injection/suction parameter. Additionally, a rise in the Prandtl number, heat index parameter, and the micropolar and
injection/suction parameters enhances microrotation, indicating a more pronounced effect of the micropolar characteristics
on the dynamics of fluid flow and heat transfer. In their study, Cutis [29] examined the phenomenon of a creeping flow
in an incompressible, micropolar fluid bounded over a permeable shell. Empirical evidence demonstrated that when
hydraulic resistivity is low and the sphere is completely porous, efficient circulation occurs between the porous area and
the surrounding fluid. This finding can be utilised for efficient drug delivery by using a fully porous sphere with outstanding
permeability as the carrier for the drug.

Recent progress has centered on creating effective numerical techniques to address the complex, nonlinear differential
equations that control fluid flow dynamics. The Spectral Quasi-Linearization Method (SQLM) is one such technique,
combining quasilinearization with spectral methods to achieve high accuracy in linearizing and solving nonlinear terms.
This method is effectively used for investigating boundary layer flows over stretching/shrinking sheets in non-Darcy porous
media and other fluid flow applications. Srinivasacharya et al. [30] have examined the process of production of entropy
and heat exchange in a micro-polar fluid flow inside an annular region subjected to a magnetic field. The two geometry
walls in this study, one acting as suction and the other as injection, have the same velocity. The solution was obtained
using a spectral Chebyshev collocation method. These findings demonstrate that the interior cylinder exhibited the greatest
entropy production, whereas the exterior cylinder displayed the lowest entropy production. Alharbey et al. [31] employed
Structural Equation Modelling (SQLM) to investigate the dynamics of a micropolar fluid along a horizontal plate within
a non-Darcy porous media. Similarity variables in SQLM convert flow-governing equations into ODE, resulting in
numerical solutions with rapid convergence. Entropy production decreases with Reynolds and Brinkman numbers, while
velocity profiles increase with material parameters, demonstrating the method’s resilience and effectiveness in complex
fluid dynamics applications.
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Majority of the studies reported in the literature focused on the study of micropolar fluid flow with regard to stretching
sheets or within porous conduits. This work presents a mathematical model for the analysis of flow and heat transfer
phenomena in a micropolar fluid in between a channel with parallel and permeable walls, saturated with anisotropic
porous media. The momentum and energy equations, together with the boundary conditions, are initially transformed into
a non-dimensional form by similarity transformation. Subsequently, a numerical solution is obtained using the Spectral
Quasi-Linearization Method (SQLM). A systematic investigation is conducted to examine the influence of several key
parameters, including the anisotropic permeability ratio, anisotropic angle, Darcy number, Reynolds number, Brinkmann
number, Prandtl number, and coupling number on the velocity, microrotation, and temperature distributions within the
boundary layer.

2. MATHEMATICAL FORMULATION OF THE PROBLEM

Consider a 2-D channel filled with anisotropic porous media, where the flow of a steady, laminar, incompressible
micropolar fluid is observed. This work assumes that the channel walls are permeable, enabling the steady flow of fluid
into or out of the channel at a constant velocity of vg. The X-axis is aligned parallel to the surface of the channel walls,
while the Y-axis exhibits a perpendicular orientation to them. Moreover, the channel walls are situated at y = +h and
the temperatures near the boundaries are represented as 77 and T3, respectively (see Figure 1). As the porous media is
considered anisotropic the permeability matrix which is a second-order tensor K, is given by [32]

[kz cos’p + kysin®¢ (ko — ky)sin¢cos
K = . ! N4l (1)
(ky — k) sin ¢ cos ¢ ko sin” ¢ + ki cos” ¢

k1 and k; are the vertical and horizontal permeabilities which are assumed constant. ¢ is the anisotropic angle formed by
the intersection of the main axis and the horizontal permeability k,. The governing equations for micropolar fluid with

Figure 1. A physical interpretation of micropolar fluid flow problem.

anisotropic porous permeability are stated below, taking into account the aforementioned factors:

ou Ov

a"'a—y:O, (2)
ou ouy 6p *u  0%u ow
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(pep)[u5s o ”— o * ] [ax‘a‘zw] ”[(a) *(5) |
6v 1 (9u
) Gy (V2 (6)
+(#+K)[( O (GR35 5]
k 0 [(kl cos? () + ko sin’(¢))u® + (k1 — k») sin 2(¢)uv + (ka cos®>(¢) + ky sin®(¢))v>
Mathematical formulations for boundary conditions of a micropolar fluid flow problem are as below:
u=0,v=-vy, W=0,T=T;, at y =—h,

(N

u=0,v=vy, W=0,T=T,, at y =+h.

The variables u and v in the equations above represent the dimensional components of fluid velocity in X and Y coordinate
directions. Furthermore, the variables considered are: p denotes pressure, T denotes temperature, W denotes microrotation
velocity, « denotes vortex viscosity, y denotes spin-gradient viscosity, j denotes micro-inertia density, p denotes the
effective density of the micropolar fluid, u denotes effective dynamic viscosity of micropolar fluid, ¢, denotes specific
heat of micropolar fluid, and K denotes the thermal conductivity of micropolar fluid.

Following dimensionless parameters are introduced:

(T-T)

_ 2
m =01(n) +£°02(n). )

Vox , Vox
=5 = === f G W= g, v =vof (n). 0=

d
h’

In these equations, v is the cross-flow transpiration velocity, which remains constant. vy < 0 stands for suction and v¢ >
0 for injection. After substituting the above into the flow governing equations (3)- (6) and after the pressure gradient is
removed, and upon equating the coefficients of £°, £, and &2 we get:

1

' N 1 2 2
lV_ ’ R ! l/_ 244 — K < II:
(Fom ™ = o RS S = F77) = e K 08”6+ sin 9177 =0, ©
2—N\ » 1-N ,
_ N ro " _ 1
(m2 )g 2g+Reaj( N )(fg fe)+f"=0, (10)
07 +26, — Pr Re[f«91’]+Mﬂg2+ﬂ[coszqﬁ+Ksin2¢]f2
1-N m? Da 11
2 -
+2(1 )B £
” Br N 12 2 7" Br 72 N(Z_N) Y ’
92 +7(m)[f +4g —4f g]+Wg (W)+2P7‘R€92f —PrRef92
+Br(2_N)f"2+ Br [K cos? ¢ + sin’ ]f’2 2
2 \1-N (1=N)Da ¢
The boundary conditions are:
fy=-1f(m=0, g =0, 01(n)=0,06(n) =0 at n=-1, (13)

f) =1, f/(m=0,gm) =0,0i(n) =1, 6(n) =0, at n=1.

Here Br represents Brinkman number, Pr represents Prandtl number, Re represents Reynolds number, Da represents
Darcy number, N represents coupling number, a; represents micro-inertia parameter, m? represents micropolar parameter,
K represents anisotropic permeability ratio. These parameters are defined as below:

2
h k
Br = —HYo ,Pr—/'w” Re = PY0 ,Da:—;,
Kf(Tz —T1) Kf e h (14)
K ) ) (k +2u) W« K= ki

Tk T T Ty T TR
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3. METHOD OF SOLUTION

A numerical solution was obtained for the non-linear equations (9) - (12) by applying the Spectral Quasi-Linearization
approach, while considering the boundary conditions in equation (13). This iterative approach combines a spectral
framework with a Quasi-linearization method for solving nonlinear differential equations. Bellman and Kalaba [33]
developed the Quasilinearization Method (QLM) as an extension of the Newton-Raphson method, specifically designed
to address nonlinear boundary value problems. On applying the above procedure, the linear equations are obtained as:

et ver, il tes  flhy tearfly tesy el teo gl = Si, (15)
flhi+errflg+es frii+e9,rg8 +€10,,8 1 +ei1,r8r+1 = 52, (16)

e fla ey fra + e, 8ra + (1)), +e15,-(01),, +e16,r(02)r41 = S3, (17)

e fli Fesrfi F e rfret +€20.,8, +e21,,8+1 +(602) ) +€2,(02),, +e23,(02)r41 = Ss. (18)

The obtained boundary conditions are :

frev==1, f/,1,=0, 841 =0, (01)41 =0, (62)r41 =0 at n=—1,

/ 19)
frer =1 f7,1=0, g1 =0,(01)r41 =1, (02)r+1 =0, at n=1.

The coeflicients obtained are as follows:

1

] b ! 14
elr = 1-n. €nr=-Ref,, ez, = —W[Kcosz¢+ sin’ ¢l +Ref’,., es,r=Ref”,,

N 1—N 2-N
e7r—Rea]( )gr, eSr=—Reaj( )& or=— 3

es,=—Ref"”,, ec,r=-

1-N’
el,r = Rea;( )fr, en,r=Reaj( )f,— , em_4( )Brfr’
B 2N(2—-N
€13, = —Pr Re(0)): +2W[C052¢+K5m2 ¢l fro erar = 1(_—N)B§ gr» eis, =—PrRef,,
2N 2—-N
816’,, = 2, €17’r = 1 B (f,,)r NBI" gr 1 Br(fr”),
ZB 2N(2-N) B
€18, = 2Pr Re(62), + —(1 “N)D [Kcos ¢ + sin ¢]fr, elg, = —PrRe(Qé)r, e20.r = %m_’;g;,
4N 2N
ey = T NBV 8r — —Bf”(f”)r, exn., =-Pr Ref,, exn,=2PrRef],
S]:Re[f': ], Sz_ReaJ( )[frgr frerl,
N(2-N)B 2(2-N
S3=—Pr Re(f)r(ell)r % r( )2 W[COSZ¢+KSH12 (ﬁ](f)% (1 )B (f )
1 NQ2-N
Sa= 5 (ER)BrI(f")7 +4(2)7 = 4(f")rer] + %Br( )2 +2PrRe(f"), — PrRe(f),(6}),
1 2-N B
+ E(m)Br(fﬁz)r + W[K cos? ¢ + sin” ¢] (f/)?.

To solve the linearised equations (15)-(18), a Chebyshev spectral collocation approach [34, 35] is used. Chebyshev
interpolating polynomials are used to estimate the unknown functions. These polynomials are collocated at the Gauss-
Lobatto points, which are defined as {; = cos (nj/M), where j = 1,2,--- M of collocation points. The derivatives of
f(m), g(n), 81(n), and 6,(n) are determined by using the differential matrix D to calculate Chebyshev polynomials from
the collocation nodes. At the collocation nodes, the derivatives of f,+1, gr+1, (61)r+1, and (6,),,1 are represented as:

o [
agpl ( ) ZDM,frH(UZ)—D F,

0P grs1 2
877:: - (Z) 4 Df\)/l,igrﬂ(ni) =D’G,
p (20)
a7 (01)r 2\P &
% - (Z) DpM,i(el)r+1(ni) = Dp@],
i=0
6P(02)r 1 2 r M
S =\7) 2Pk ) = 1P,

T
=
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Where D is Chebyshev differentiation matrix which is scaled by L/2 and is of order (M + 1) X (M + 1) with derivative of

order p . On substituting the equation (20) into equations (15) - (18), we obtain
[e1,,D* +e2,D° + e3,D* + e, D + €5, 1] frs1 + €6, D*gri1 = S1,

[D? +e7,D +es 1] fr1 + [eo, D> +e10,D+e11 - 1]gr41 = S,

2 _
Na 5 5 B 5 - ’
[e1 D+ es, I]fra1 + [e14,r118r+1 + [D” + €15, D] (01)r41 + [€16,-1]1(02)r41 = S3

[e17, D% + 15, D +e19, 1] fre1 + [€20, D + €21, I1gr+1 + [D? + €20, D + €3 - 1](62),41 = Sa.

On applying the spectral method to boundary conditions we get:

M
fre1(Q0) =1, ZDM,kfrH({o) =0,
=0

M
fra(lm) = -1, ZDM,kal({M) =0,
=0

gr+1(é0) =0, gr11({m) =0,
(91)r+1 (4’0) = l’ (01)r+1 (é’M) = 0,
(62)r+1(£0) =0, (02),4+1({m) = 0.

The matrix form of the aforementioned equation system is written as

A A A Ap Fri S
Ay An Az Ay y G| _ |52
Az A Az Ay Ou+| |S3]°
Ay Ap A Ay ©241 S4

Boundary conditions are placed on separate matrices as follows:

1 0 0 0 8 8 o 8 8
D1, D11 o Dima Dim
A = Al , Ap= A ,
DMO—I,O DMO—I,I DM—(I),M—I DMII,M 0 0 0 0
0 o 0 0
o0 --- 0 O 0 0 0 0]
o0 --- 00 0 0 0 0 0 0 0 0
Ap = A3 , A= Ay . Ag = Ay
0 0 0 0 0 0 0 0 oo --- 0 0
10 0 0 0 0 0 0]
1 0 0 0 0 0] 0 0 0 0
A = Axn , Ap= A3 , A= Aoy
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
Az = Azl , Ap = Az , Asz= Az
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Azy = Az , Ag = Agt , Ap = Ap
0 0 0 0 o o0 --- 0 0 0 0 0 0

21)

(22)
(23)
(24)

(25)

(26)
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where

) . ) . [ fre10 ]
00 --- 00 1 0 --- 00 forin
Ay = Ay . Agg = Ay , Fr= : ,
0o 0 --- 0 0 o 0o - 0 1] Jretm-1
L fret,m
8r+1,0 O1r+1,0 02:+1,0 0
Gr+l = : ) ®1r+1 = : 7@2r+1 = : ’ Sl = s’
|8r+1,M | 101r41,M ] 10241,M | _01
[0] [1] (0]
Sy = nE S3=53, Sy = sal
0] 0] 0]
Ay = [diag(er,) diag(ey,) diag(es,) diag(es,) diag(es,)][D* D* D* D I]”,

B S
s
©

I
—_

diag(es,)[D’]", A;3=0, Ay =0,

(1 diag(es,) diag(es,)][D* D 117,

Ay = [diag(es,) diag(ei,) diag(e;,,)][D* D 117, Ay =0,

Ay =0, As = [diag(ep,) diag(eis,)][D 117, Az = [diag(ess,)][I]",

A3z = [diag(eis,) diag(eis,)][D* D]7, Az = [diag(ess,)][1]",

A4 = [diag(er7,) diag(eis,) diag(eio,)][D* D 177,
= [diag(ez,) diag(ex,)][D 117, A =0,
[1 diag(en,). diag(ex,)][D* D 1I].

A
Ay

Here, e, I, and 0 represent the diagonal, unit, and null matrices, respectively which are of order (M + 1) X (M + 1).
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Figure 2. Influence of iterations on (a) ||Res(f(77))|l. and (b) ||[Res(61) ||«

for collocation points whena; =1, m =2 ¢ = n/4,Re=04,N=0.4,Pr=0.7,Br=0.2,Da=0.01,K=0.5.

4. CONVERGENCE ANALYSIS AND RESULTS

Convergence analysis entails demonstrating that the iterative procedure converges to an exact solution for the nonlinear
differential equations (9) and (11), by taking the boundary conditions (13) into account. The calculation of residual errors
is performed to guarantee the precision of the numerical results. Inaccuracies measure the extent of discrepancy between
the numerical solution and the precise original solution. These errors quantify the degree of deviation experienced by the
numerical solution from the original solution. For equations (9) and (11), the residual errors are obtained as follows:

1 . N " ;o
Res(f)z(—)f”’——g +Relf [ - ff"1-

I-N I-N m[Kcosz¢+sin2 ¢)]f", 27



114
EEJP. 4 (2024) R. Vijaya Sree, et al.

12

— = 12¢ FR
1t v 1 11
K=05,1,2 Y
08f 1 08t ¢ =0, /4, /2
Los6 E 06}
04r 1 0471
0.2 0.27
0" ' ' ; 0 ' ' '
-1 -0.5 0 0.5 1 -1 -05 0 0.5 1
n n

(@) (b)

Figure 3. Axial velocity profile for different values of (a) Anisotropic permeability ratio K (b) Anisotropic angle ¢ for
aj=1,m=2,Re=04,N=04,Pr=0.7,Br=0.2,Da=0.01,K =0.5, ¢ = n/4.

N(2-N)Br ,

Res(6;) = 07 +20, — Pr Re[f07] + —_—

[cos? ¢ + K sin® ¢] 2 + 2(%)34'2. (28)
The infinite norms of (27) and (28) are represented as ||Res(f)||«, and ||Res(6)]|| respectively which indicate the largest
absolute value of the error over the whole domain. Increasing the values of M (number of collocation points), affects the
accuracy of the solution generated by SQLM, as illustrated in Figure (2). The residual error in f over 30 iterations for
different collocation points (M = 30, 35, 40) is displayed in figure 2(a). The optimal accuracy is achieved with collocation
points between 30 and 40, with residual errors around 1076, The residual error in 8; over 30 iterations is depicted in figure
2(b). Furthermore, the convergence becomes increasingly evident after the fifth iteration, as the residual error norms fall
in between 1077 to 10~!9. Effects of various key parameters on micropolar fluid flow and heat transfer characteristics are
investigated. These parameters include Darcy number, Reynolds number, Prandtl number, Brinkman number, anisotropic
ratio, anisotropic angle, and the coupling number.

Figures in (3) and (4), depict the axial velocity distribution f’(7) against the dimensionless distance . In figure 3(a),
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Figure 4. Axial velocity profile for different values of (a) Darcy number Da (b) Coupling number N foraj =1, m = 2,
Re=0.4,Pr=0.7,Br=0.2,Da=0.01,K =0.5, ¢ = /4.

it is evident that the velocity rises near the vicinity of the boundaries as the values of permeability ratio K are increased.
Whereas near the centre line, a decline can be noted, and maximum velocity is attained at the centre. This is due to the
fact that the value of k = k| /k; increases which implies the horizontal permeability decreases and so the velocity at the
walls. Figure 3(b) depicts the variation of velocity with an anisotropic angle. Optimal velocity is attained when ¢ = 0,
while the lowest velocity is seen when ¢ = 7. This behaviour is consistent with the concept that when the value of K
is less than or equal to 1 and keeps Da or k| constant, a value of ¢ = 0 indicates a higher horizontal permeability k.
Conversely, if the value of K is greater than 1, the behaviour will be the opposite. The value of ¢ = 0 is equivalent to
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Figure 5. Transverse velocity profile for different values of (a) Anisotropic permeability ratio K (b) Anisotropic angle ¢
foraj=1,m=3,Re=02,N=0.2,Pr=0.7,Br=0.2,Da=0.01,K =0.2, ¢ = n/4.

k, the horizontal permeability, resulting in a reduction in permeability along the flow direction. The velocity exhibits
an upward trend in the vicinity of the walls and a downward trend at the centre as the angle increases. The graph in
figure 4(a) illustrates a reduction in the velocity at boundaries and an increase at the centre of channel as the values of
Da are raised. As Da increases from 0.001 to 1, the velocity profile shifts from uniform to parabolic, indicating less
restricted fluid flow and increased velocity near the center. In the graph of figure 4(b), it can be observed that the velocity
distribution is decreasing near the boundaries, whereas it is increasing at the centre. With increasing N, the influence
of microrotations becomes more pronounced, leading to a flatter, more uniform velocity distribution across the channel.
Figures (5)-(6), depict the transverse velocity profile f(r7) against the dimensionless distance 1. Figure 5(a) illustrates
that the transverse velocity rises at the lower boundary and reduces at the upper boundary, as the value of K is increased.
Maximum velocity is attained at the upper wall. For a constant Da (constant k), an increase in K results in a decrease in
k», the horizontal permeability. As k, diminishes, the shear resistance in the horizontal direction escalates, consequently
enhancing the energy dissipation attributed to internal friction within the flow. This energy dissipation influences the
overall decrease in fluid momentum and, indirectly, the transverse velocity as well. In figure 5(b), the velocity is seen
rising near the lower boundary and decreasing towards upper boundary with an increase in ¢. Elevating anisotropic angle
¢ causes the permeability of the porous media to align with the transverse direction. This alignment reduces resistance
and induces redistributing of the fluid flow, so enhancing the transverse velocity component near the lower wall and a
decrease at the upper wall. Figures in 6(a) and 6(b) show the effect of Da and N on the transverse velocity. The velocity
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Figure 6. Transverse velocity profile for different values of (a) Darcy number Da (b) Coupling number N foraj = 1,m =
3,Re=02,N=02,Pr=0.7,Br =0.2, Da=0.01, K =0.2, ¢ = n/4.

is observed to reduce near the lower boundary and rises from the centre towards the upper wall as values of Da and N
are increased. This is expected because a higher Darcy number typically implies a more permeable medium, allowing
fluid to move more freely. As N increases, the velocity profiles are almost overlapping with a slight shift upward. This
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overlap suggests that variations in the coupling number have a relatively small impact on the transverse velocity. The
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Figure 7. Microrotation profile for different values of (a) Anisotropic permeability ratio K (b) Aisotropic angle ¢ for aj =
I,m=2,Re=02,N=0.2,Pr=0.7,Br=0.2,Da=0.01,K=0.5, ¢ =n/4

microrotation profile in figure 7(a) shows a wave-like pattern with distinct peaks and troughs. The amplitude of these
oscillations, especially at the centre of the channel, can be seen to decrease. This is due to the dampening effects of rotation
in the fluid as the anisotropic permeability K increases. Figure 7(b) demonstrates that increasing the anisotropic angle
also reduces microrotation, affecting the rotational dynamics in the fluid. In figure 8(a), as Da increases, an increase in
microrotation near the vicinity of lower wall is observed, which declines towards the upper wall. A higher Darcy number,
corresponding to more permeable media, reduces microrotation effects. Understanding this relationship is crucial for
accurately modelling fluid behaviour in micropolar systems, especially in industrial and biomedical applications where
porous media play a significant role. Figure 8(b) demonstrates that increasing the values of coupling number N leads
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Figure 8. Microrotation profile for different values of (a) Darcy number Da (b) Coupling number N foraj =1, m = 2,
Re=02,N=0.2,Pr=0.7,Br=0.2,Da=0.01,K=0.5, ¢ = n/4.

to reduction in microrotation located near the upper channel wall. This phenomenon occurs because an increase in the
coupling number leads to a decrease in the thickness of the boundary layer. Furthermore, the microrotation is unimpeded
by the microelements distributed over the metal plate. The microrotation profile in the boundary layer thickness is not
hindered by the microelements that are dispersed away from the plate. Therefore, the distribution of microrotation is an
increasing function of the coupling number till 7 = 0 and opposite from = 0 to n = 1. Figures in (9) depict the reverse
trend for increasing the values of Re, Pr, and Br. Figures in (10)- (12) depict the variation of temperature profile against
the non-dimensional distance 7. It can be seen from figure 10(a) the flatter curve is a result of increased permeability,
which raises K values and results in a more uniform temperature distribution. Figure 10(b) shows that the temperature is
decreasing when the anisotropic angle ¢ is increased. A wider and more uniform temperature distribution is indicated by
the peak temperature’s slight decrease with increasing anisotropic angle. According to this, better heat diffusion throughout
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Figure 10. Temperature profile for different values of (a) Anisotropic permeability ratio K (b) Anisotropic angle ¢ for
aj=1,m=2,Re=04,N=04,Pr=0.7,Br=0.2,Da=0.01,K =0.5, ¢ = /4.

the fluid is produced by larger anisotropic angles. The temperature reaches its maximum at the center of the wall and
for ¢ = 0. Figure 11(a) shows that higher Da values typically correspond to more permeable media, allowing for more
efficient heat transfer. Figure 11(b) illustrates that higher values of N indicate more significant coupling effects, which
enhance thermal diffusion, leading to a more uniform temperature profile. As Re increases, in figure 12(a), we observe
that the temperature profile peaks near the center and reduces towards the boundaries. This indicates higher Reynold’s



118
EEJP. 4 (2024) R. Vijaya Sree, et al.

8 T 9
7 8r
61 T
ol
sl
= =5
~ 4} ~
i i
> > 4+
sl ]
Da=0.001, 0.01,0.1, 1, 100 3r
2r 1 2t N=0.1,03,05,07
1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1
n n

(a) (b)

Figure 11. Temperature profile for different values of (a) Darcy number Da (b) Coupling number N foraj = 1, m = 2,
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Figure 12. Temperature profile for different values of (a) Reynold’s number Re (b) Prandtl number Pr foraj = 1, m =2,
Re=04,N=04,Pr=0.7,Br=0.2,Da=0.01,K =0.5, ¢ = /4.
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Figure 13. Temperature profile for different values of Brikman number Br foraj =1, m =2, Re = 0.4, N = 0.4, Pr =
0.7, Da=0.1,K =0.5, ¢ = n/4.

number leads to more uniform temperature distribution, resulting in enhanced heat transfer. Higher Re corresponds to
higher flow rates or lower viscosity due to which the temperature gradient becomes less steep. Figure 12(b) illustrates
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that the temperature peaks near 7 = 0 and decreases towards the boundaries as the value of Pr increases. Greater Prandtl
number Pr values result in decreased thermal diffusion and more pronounced temperature gradients, which results in more
localised changes near the center. Figure (13) shows that increasing the value of Brinkman number Br, results in a higher
temperature peak, indicating that viscous dissipation effects become more significant.

5. CONCLUSIONS

The present work introduces a mathematical model that describes the dynamics of fluid flow and the heat transfer of
a micropolar fluid within a conduit that is saturated with anisotropic porous media. The numerical solutions are obtained
using a Spectral Quasi-Linearization Method (SQLM). An in-house developed MATLAB program is used to generate
graphs that depict the impacts of some important physical parameters identified in the review. The results obtained are
summarized as follows:

* Anisotropic permeability ratio and angle significantly impact the fluid flow and heat characteristics. As K, ¢
increases, the microrotation and temperature increase, whereas the velocity reduces at the centre of the wall, and
rises near the end of the walls.

* Higher values of Darcy number (Da) indicate less restricted flow, leading to decreased axial velocity near the walls
and increased transverse velocity at the upper wall due to higher vertical permeability. This also reduces microrotation
effects. Understanding this relationship is essential for accurately modelling fluid behavior in micropolar systems,
particularly in industrial and biomedical applications involving porous media. Additionally, the temperature tends
to rise near the centre of the channel.

¢ Increasing coupling number N leads to a reduction in velocity and microrotation in conjunction with an increase in
temperature, mostly due to the substantial micropolar effects.

* As the Brinkmann number Br increases, the viscous dissipation effects cause microrotation at the upper channel
wall and temperature to decrease.

¢ Increase in Reynolds number Re, causes the microrotation to decrease after the middle of channel and the temperature
distribution becomes less pronounced, indicating stronger convective effects.

* Higher Prandtl number Pr leads to reduced microrotation and increased temperature, indicating improved heat
transfer efficiency attributed to increased thermal conductivity.

The convergence analysis demonstrated that the SQLM is effective. The residual errors for velocity and temperature
profiles showed rapid convergence, with accuracy significantly improving after the fifth iteration. Accuracy reached its
peak at 35-40 collocation points, but then gradually declined. The numerical method proved robust and efficient, with
residual error norms ranging from 107 to 10~ and 10~ to 10~'° for various parameters.

The present work addresses a research gap by investigating the impact of micropolar fluid dynamics on fluid flow and
heat transfer. The paper offers valuable recommendations for enhancing the transfer of heat and flow control in engineering
applications that involve micropolar fluids. The numerical method is found to be robust and efficient.
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BIL/INB AHI3OTPOITHOI IPOHUKHOCTI HA MIKPOIIOJISIPHY JAHAMIRY PIINHUA TA
TEIIJIOIIEPEHOC Y IOPUCTUX KAHAJIAX
P. Bimkas cpi®®, B. K. Hapaa®
4 Inocenepnuti konedxwc ACE, I'vamkecap Mandan, okpyz Meouan, Teaanzana, 501301, Inois
b GITAM, cpakyavmem mamemamuru, Xaiioapaoaod, 502329, Inois

Y MOTOYHOMY AOCTIiKEHH]I BUBYAETHCS AMHAMIKA PiJMH Ta XapaKTEPUCTUKH TEIUIoNepeiadi MiKpOIOJISIPHUX PiUH y KaHaJi, 3aroB-
HEHOMY aHi30TPOITHUM MOPUCTUM cepenoBuiieM. KepiBHi piBHAHHSA 111 IpoiliB MOTOKY PiAMHU, MIKPOOOEPTaHHS Ta TeMIepaTypu
PO3B’ A3YIOTHCS YHUCEJIBHO 3a JONOMOI0I0 METOAly CHEKTpasibHOI KBasisliHeapu3sauii (SQLM). [lociakeHHs BUBYA€E BIUIUB Pi3HUX KIIO-
YOBHUX IapaMeTpiB, TaKUX SIK Koe(illieHT aHI30TPOIHOI IIPOHUKHOCTI, aHI30TPONHUI KyT, ynucio Hdapci, uncno PeiiHomnbaca, yucio
Bpinkmana, yncino Ipasarns Ta uncio 38’ s3Ky. KiodoBi BUCHOBKM BKa3yloTh Ha Te, IO KOeili€HT aHi30TPOMHOI MPOHUKHOCTI Ta
aHI30TPONHMI KYT 3HAYHO BIUIMBAIOTh HAa MOTIK PiJVHM Ta PO3MOLI Terla, MpY LbOMY IiJBUILIEHA aHi30TPOMis MPU3BOAUTH IO MO-
CHJICHOTO MiKpOOOEpTaHHsI Ta TEeMIlepaTypH, X04a i 31 3HWKEHOI HIBUAKICTIO B LIEHTpl KaHamy. Bumii umcna [apci npusBogsaTs 1o
MEHIII 0OMEXEHOT0 MIOTOKY, 301JIbIIeHHS IBUIKOCTI Ta 3MEeHIIeHHs e(peKTiB MiKpOOOEPTaHHsI, TOAI sIK 301JIbIICHHSI YUCIIa CIIOY YeHHS
cripusie GBI PiBHOMIpHOMY TeMmepaTypHoMy npodimo. 1li pe3ynbraTté #al0Th CYTTEBE YsBJISHHS IPO ONTHUMI3alilo Teruionepe-
Jlaui Ta KepyBaHHS IOTOKOM Yy iH:KEHEpHUX J0JATKax, sIKi BKJIOYAIOTh MIKpPOMHOJISPHI PiAMHU B HMOPUCTUX cepeloBuiiax. Kiouosi
CJI0BA: MIKPOMOJISIPHI Pi/IIHY, aHi30TPOIHI MOPUCTI CepefOBUINA, aHI30TPOIHA MIPOHUKHICT, MIKpOPOTaLlisl, TeIUIonepesada, METO
CHEKTpaJIbHO-KBa3iJliHeapu3aIlii.

KurouoBi ciioBa: mikpononspua piouna; anizomponui nopucmi cepedoguuid; aHi3omponHa NPOHUKHICHb, MIKpOPOMAayis,; mennooo-
MiH; CNeKMPAanbHUuli K8asiniHeapuzauitiHuii Memoo
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The significance of Ree-Eyring ternary hybrid nanofluid flow lies in its potential applications in various fields. By incorporating three
different types of nanoparticles into a base fluid using the Ree-Eyring model, this innovative fluid offers enhanced thermal conductivity,
heat transfer efficiency, and rheological properties. These characteristics are particularly valuable in industries such as electronics
cooling, solar energy systems, and heat exchangers, where efficient heat management is crucial. Additionally, the unique rheological
behavior of Ree-Eyring nanofluids can provide advantages in processes like drilling, lubrication, and drug delivery. Under Thompson-
Troian boundary conditions, this study aims to theoretically analyse 2D radiative flow of the Ree-Eyring ternary hybrid nanofluid over
an angled sheet with Cattaneo-Christov heat flux and higher order chemical reaction parameters. In order to express them as ordinary
differential equations (ODEs), flow-driven equations undergo suitable similarity transformations. The ensuing system is resolved by
employing a bvp4c approach. The main takeaway from this study is that the thermal relaxation parameter reduces the width of the
temperature profile and the fluid velocity is minimized by adjusting the slip parameter. The concentration profile is minimized by the
chemical reaction parameter and the Ree-Eyring fluid parameter increases with the same (fluid velocity). In addition, we found that
the skin friction coefficient is strongly correlated negatively with the Ree-Eyring fluid parameter, positively with the (thermal)
relaxation parameter, and significantly correlated positively with the chemical reaction through the Nusselt number. When Brinkman
number increases, Bejan number drops. Furthermore, a rise in thermal radiation parameter leads to the escalation in both entropy
generation and Bejan number. We observed a worthy agreement when we checked the outcomes of this investigation with prior effects.
Keywords: Viscous dissipation; Thermal Radiation; MHD; Non-Fourier Heat Flux; Nanofluid

PACS: 47.15.-x, 47.50.-d

Nomenclature
u, v — Components of velocity in x, y y*- Navier’s slip length
directions respectively v — Kinematic viscosity
p — Fluid density C — Fluid concentration (dimensional)
u — Dynamic viscosity k* - Mean absorption coefficient
g — Acceleration due to gravity o™ - Stefan-Boltzmann constant
a — Angle of inclination D,, — Molecular diffusivity
v,y — Permeability of porous surface A — Thermal relaxation parameter
o — Electric conductivity Sc — Schmidt number
T — Fluid temperature (dimensional) We — Ree-Eyring fluid parameter
&* - Critical shear rate A4 — Mixed convection parameter
B, ¢ — fluid constants A" — Buoyancy ratio parameter
Br — Thermal expansion coefficient R, — Radiation parameter
B¢ — Concentration expansion coefficient E. — Eckert number
C, — Specific heat capacity Bn — Bejan number
ko — Chemical reaction parameter Br — Brinkman number
By, — Initial magnetic strength 0 — Fluid temperature (non-dimensional)
M — Magnetic field parameter ¢ — Fluid concentration (non-dimensional)

1. INTRODUCTION

Nanofluids are the colloidal mixtures of ordinary liquid particles having a dimension of less than one nanometre.
These particles will enhance the thermal properties of typical liquids with low thermal conductivity. The latest generations
have used a number of innovative techniques to increase the heat transfer rates, which has allowed them to achieve
different degrees of thermal adeptness. Enhancing heat conduction is necessary to do this. Thus, many attempts were
made to increase heat conductivity in the liquids by dispersing higher, solid thermally conductive components throughout
them. The goal of developing nanofluids to meet industrial demands has been attempted multiple times. While efforts to
develop a superior fluid are still on, researchers and experts in energy use might discover that nanofluids meet their
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requirements. For instance, Sheikholeslami and Rokni [1] has been studied the behaviour of heat transfer of a nanofluid
along with magnetic effect. Ganvir et al. [2] discussed the characteristics of transmission of heat in a nanofluid.
Revathi et al. [3] conducted research on the flow of Darcy—Forchheimer power-law (Ostwald-de Waele type) nanofluid
past an inclined plate subject to the influences of thermal radiation, activation energy. Recently, Rasool et al. [4] reported
the results for the MHD radiative Darcy-Forchheimer nanofluid flow. Along a porous rotating disk, a stagnant Maxwell
nanofluid flow and heat transfer is another study of Li et al. [5]. Radiative motion of a Water-Al>O; based nanoliquid past
a Riga surface with thermal radiation is reported by Madhukesh et al. [6]. Modelling of nanofluids with a mixture of two
or more special types of nanoparticles treating as hybrid as well as ternary hybrid nanofluids based on their greater heat
transfer production is another interesting aspect in the present literature. Huge amount of research can be observed from
the recent literature on it. For instance, Yasir et al. [7] conducted research on a mixed convective radiative Hybrid
nanofluid with heat generation/absorption impacts. Kho et al. [8] discussed the impacts of viscous dissipation and thermal
radiation in a MHD flow of hybrid nanofluid. Abbas et al. [9] presented the numerical findings on a convective motion
of a hybrid nanofluid along an infinite disk. Focusing on the very recent articles Khan et al. [10], Mishra and Pathak [11],
Najafpour et al. [12], Farooq et al. [13], Mahboobtosi et al. [14] and Mohanty et al. [15], one can notice the similar
attempts which are noteworthy.

The Cattaneo-Christov heat flux model is a mathematical approach, which can be utilized to describe transfer of
heat in fluids and materials. It represents an improvement over the classical Fourier's law on conduction of heat. In contrast
to the instantaneous heat transmission assumed by Fourier's law, the Cattaneo-Christov model includes a thermal
relaxation time. This time constant reflects the finite time it takes for a material's temperature to adjust to a change in heat
flux. This is particularly important for studying heat transfer at the microscopic level or in situations with rapid
temperature variations. The model is used to analyze heat transfer in boundary layer flows, where thin layers of fluid
develop near surfaces with different temperatures. This is applicable in various engineering contexts like heat ex-changers
and fluid flow over objects. Most relevant applications of said model particularly occurs in engineering and biomedical
processes. Metal spinning, nuclear reactor cooling, magnetic drug targeting, hot rolling, drawing copper wires, heat
conduction in tissues and in energy production etc. Hayat et al. [16] included Cattaneo-Christov (C-C) mass flux model
to scrutinize the features of heat transmission in the investigation of non-Newtonian fluid flow. Ahmad et al. [17]
considered a wedge and numerically examined micropolar fluid flow by using bvp4c technique in MATLAB with thermal
relaxation time and observed that it alleviates fluid temperature. Ibrahim and Gadisa [18] considered CCHF and examined
the Oldroyd-B fluid flow by an irregular elongating sheet. They emphasized that this fluid model is good at examining
the dilute polymetric solutions for visco-elastic behaviour. Reddy et al. [19] and Gireesha et al. [20] discussed various
dusty fluid flows by a stretching sheet with CCHF model. They identified the fact that radiation parameter is predominant
in cooling procedure and observed that the melting parameter lessens fluid temperature. Ali et al. [21] applied variational
FEM (finite element method) to unriddle the mathematical model in the rotational Casson fluid flow examination through
an extendable surface with double diffusive Cattaneo-Christov and detected diminution in secondary velocity with larger
magnetic field parameter. Tassaddiq [22] considered elastic body and elucidated a micropolar-hybrid fluid flow with
CCHF and Ohmic heating. Jakeer et al. [23] identified that the larger Darcy number ameliorates the fluid velocity in the
scrutiny of HNF within a porous cavity with CCHF model. Examination of HNF (water with graphene and silver) flow
among rotating disks with CCHF is done by Mahesh et al. [24] and amelioration in tangential velocity with larger
Reynolds number is one of their results. Ali et al. [25] utilized Galerkin technique to theoretically examine the rotational
nanofluid flow by an elastic surface and discovered that the Lewis number escalates the value of Sherwood number.
Recently, several authors [26-33] considered various geometries and scrutinised diverse fluid flows with CCHF model.

Surface stretching mechanism in flow dynamical problems has become widely accepted in many industrial and
technological processes. In particular, the quantity and quality of industrial processes heavily rely on the stretching of
sheets. Rubber sheeting, hot rolling, glass blowing, drawing of wires, manufacturing of glass, processes like
polymerization of sheets are some of the usages of stretching mechanisms. By using numerical simulations,
Khan et al. [34] were able to observe that the Soret effect improves the concentration profile when MHD nanofluid flows
through an extending sheet. Activation energy included Nanofluid flow was studied by Rasool et al. [35], who found that
it reduces the mass flux rate. Abbas et al. [36] applied HAM method to elucidate MHD flow of Carreau fluid with varying
thermal conductivity. Yasmin et al. [37] examined the features of heat transfer in the flow of MHD micropolar fluid by a
tilted stretchable surface and detected that fluid velocity is minified with larger curvature parameter. Sankar Giri et al.
[38] considered stretching cylinder and scrutinized MHD nanofluid (CNT nanoparticles) flow with chemical reaction.
Gayatri et al. [39] considered nonuniform elongating sheet and discussed MHD dissipative Carreau fluid flow with Ohmic
heating. Kumar et al. [40] used FEM to unriddle the mathematical model in their study on MHD fluid flows with various
spherical nanoparticles by a vertical plate and noticed an inverse relationship among magnetic field parameter and Nusselt
number. Newly, several researchers [41-52] discussed various MHD fluid flows through a variety of stretchable
geometries.

Upon reviewing the aforementioned literature, it became apparent that the Ree-Eyring ternary hybrid nanofluid flow
across an angled stretchable sheet subjected to Thompson-Troian boundary conditions has not been previously
investigated. The originality of this study is in its examination of the dissipative magnetohydrodynamic Ree-Eyring
ternary hybrid nanofluid flow via an angled plate with boundary conditions imposed by Thompson Troian theory. Entropy
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optimization and Bejan number calculation were also included in this study. Two events, suction and injection, are
depicted graphically to show the consequences. Findings of this study are well agreed with already published results
which was shown in validation section.

2. FORMULATION
A radiative and chemically reactive motion of a Ree-Eyring ternary hybrid nanofluid across an elastic surface
(angled) in addition to Thompson-Troian boundary conditions is investigated theoretically in the present analysis. The
following hypotheses form the basis of the current inquiry:
)] The utilisation of non-Fourier heat flux is aptly applied in the examination of thermal
conduction processes.

(i)  kindly see Table 1 for exact numerical calculations of the thermo-physical properties of water (H,0), Graphene,
Si0,, and CuO.

(iii)  Sheet is inclined by an angle & (observe Fig. 1).

(iv)  An external magnetic field applied vertically with an intensity B, influences the flow.

(v)  In this work, the influence of induced magnetic fields is ignored.

u—0T~T, . C—C, Nanoparticles

0s
\ i ( - ¢ du \'
v=v,u=u,+ &
W wtVY ady)

Figure 1 Schematic representation of the present situation

Table 1. Key parameters' values of H,O , Graphene, Si0,, and Cu0O

S. No. Properties H,0 (f) Graphene (®) 5i0, (D) Cu0 (@)
1 o(S/m) 0.005 107 10725 2.7 x 1078
2 k(W/mK) 0.613 2500 1.38 76.5
3 p(Kg/m*) 997.1 2250 2200 6320
4 C,(J/KgK) 4179 2100 703 531.8

Here are the conditions (prerequisites) and basic equations required for the study, based on these presumptions:

8_M+Q:0’ )
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2
u2€ va—C=a—§Dm—(C—Cw)mk0, “4)
ox dy dy
~05 Ju
aty=0:v=v, ,u=u, +u, =bx+ }/*(l—f*uv) —| ,T=T,C=C,,
’ V1,20 (Ahmad and Nadeem [53]) )

asy > e:u—>0,7T->7T,,C—>C..

The following similarity transmutations for transforming controlling equations were offered by Rafique et al. [54]:

6= T__Y;"j u :bx%:bxf’(n),v:—f(bv)o's,

T ; (6)
C=C_+¢(n)(C,-C.),n= \/;y.

Through the use of (6), the continuity equation (1) is satisfied in a straightforward manner. Then (6) was skilfully
used to alter (2, 3, 4 and 5) in the following procedure:
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Friction factor, Nusselt and Sherwood numbers are outlined as:
16 0*1°
kxhn/‘ +— T ow
3 k oT
kf (Tw -I. ) dy

1
(/’lrhnf-l-j [
Cf:_ﬂca_“& Nut, = —x (Sh, = —x——n .an
Jx 1 2 ay a.x

EP”W

y=0 y=0

Equation (6) allows us to rewrite (11) as

(Re, )" Nu, =~(S,+R,)0'(n)] _,.(Re.)™" Sh, =~¢"(n)|

=0

n=0"

(Re,)"C, = 2(%+ Wejf"(n)

2

2.1. Entropy generation and Bejan number
The formula below constitutes the dimensional representation used to calculate the entropy generation in the current work:

kt % T3 k 2 2
R (s
TARDEA S S

! - : (12)
RD,(3CY | RD, dC T
C. oy T. dy dy

By applying (6), equation (12) can be rewritten as follows:

EG=(S, +Ra)a9'2+SiBrf"2+S3MBrf'2+Jﬁ¢'2+J¢'0', (13)
o

2

where:
_ uT.S, _ )’ s R(C,-C.)D,
b(T,-T.)k.” (T,-T.)k.’ k, ’
Cc,-C, T, -T.
fi=mo =

The mathematical expression to find the Bejan number is:

By = Entropy formation due to the transfer of mass and heat
The overall generation of entropy '

Bn can be restated in the following way by using (13):

(S4+Ra)a9'2+J%¢'2+J¢'9'

Bn= .
(S, +Rﬂ)a9'2+SiBrf"2+ S3MBrf'2+Jé¢'2+J¢’9'
(44

2

3. VALIDATION
We verified our results with previous results under specific conditions (e.g., We=0) and found a satisfactory

agreement (see Table 2).

Table 2. Consistency with prior findings for f"(0) and —6'(0) to validate our findings

y 70 (0
Devi and Kumar [55] Current result Devi and Kumar [55] Current result
0 -0.5608 -0.56081123 1.0873 1.08733452
0.1 -0.5659 -0.56590213 1.0863 1.08633192
0.2 -0.5810 -0.58101087 1.0833 1.08337829
0.5 -0.6830 -0.68300657 1.0630 1.06300176
1 -1.0000 -1.00000000 1 1
-1.8968 -1.89687214 0.8311 0.83118274
5 -4.9155 -4.91554536 0.4703 0.47030201
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4. RESULTS AND DISCUSSION
Equations (7-9) along with (10) are puzzled out with the bvp4c solver. In this study, solutions are rendered for
suction and injection cases.

4.1. Velocity profile

As displayed in Fig. 2, the fluid velocity declines as M upsurges. The Lorentz force grows in amplitude in proportion
to the strength of the magnetic field. It leads to a greater reduction in the fluid's velocity. The increment in the Ree-Eyring
fluid parameter corresponds to a decrement in the fluid's effective viscosity at higher shear rates. This reduction in
viscosity lowers the resistance to flow, allowing the fluid to move more freely and resulting in an increase in fluid velocity
[see Fig. 3]. The rise in the volume fraction of nanoparticles in a fluid causes to a rise in viscosity, enhanced inertia,
increased drag, and potential microstructure formation. These factors collectively increase the resistance to flow, thereby
reducing the overall velocity of the fluid [see Fig. 4].
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Figure 2. Situation in which f '(7]) is impacted by @, Figure 3. Situation in which f '(77) is impacted by M
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Figure 4. Situation in which f'(77) is impacted by We

4.2. Temperature profile

A rise in the Eckert number corresponds to a hike in the relative importance of kinetic energy compared to thermal
energy. This results in more kinetic energy being converted into heat through viscous dissipation, causes to a rise in the
fluid's temperature [see Fig. 5]. A rise in the thermal relaxation parameter causes the fluid to respond more slowly to
thermal disturbances, reducing the rate of heat conduction and energy dispersal within the fluid. As a result, there is a
reduction in temperature [see Fig. 6]. An increase in the thermal radiation parameter enhances the amount of radiant
energy absorbed by the fluid. This absorbed energy raises the internal energy of the fluid, resulting in a higher temperature
[see Fig. 7]. The effect is particularly significant in systems where thermal radiation plays a major role in the heat transfer
process, such as in high-temperature applications or in fluids with strong radiative properties.



128

EEJP. 4 (2024) Gadamsetty Revathi, et al.
12 ; ; ; ; ; ; ; 1 ‘ . . . ; ; ‘
. -
Solid  : suction 0.9 F\* Solid - suction J
; Dashed : injection | \\ Dashed : injection
08F \ '\ |
A
07+ . 1
08 1 R
E,=0.1,0305 05| . |
~ = N
Zoer 1 SO5f % A=010203 T
.
04 LS B
04r | .
: 03r s 1
%
02t - |
02t | .
-
01 CTo, 1
T P . T -
o ‘ ‘ . ‘ - ‘ . . ;
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35 4
n n
Figure 5. Situation in which 8(7) is impacted by E, Figure 6. Situation in which 8(7) is impacted by A
1 T T T T T T T
A Solid  : suction |
09 0 Dashed : injection
»
081 N 1
W
07+ W ]
ot
\
06 NS R_=05115 1
\\ a
- N
Sos5f S 1
\ \\ .
A 4
04 %
\ SRS
031 AN 4
N AR N
N ~ N ~ ~ ~
02 SN
Q. ~ N~ ~
0.1 Y oS ~2~ - 4
0 1 ! L n ——
o 05 1 15 2 25 3 35 4

Figure 7. Situation in which 6(77) is impacted by R,

4.3. Concentration profile
Raising the value of Sc causes the fluid's concentration to decline, as can be seen in Fig. 8. An increment in the
parameter of chemical reaction accelerates the rate at which reactants are altered into products. This heightened reaction
rate leads to a more rapid depletion of the reactants, thereby reducing their concentration in the fluid. The balance between
mass transfer and chemical reaction shifts towards greater consumption, resulting in a lower overall concentration of the
reactant species in the fluid (see Fig. 9).
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4.4. Engineering quantities of interest
Figs. 10-15 explains the impression of pertinent parameters on heat transmission rate, surface friction drag and mass
transmission rate.
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It is detected that both Ree-Eyring fluid parameter, magnetic field parameters minimize the surface friction drag
(Fig. 10-11). As the Ree-Eyring fluid parameter increases, the fluid exhibits more pronounced shear-thinning behaviour,
leading to a reduction in viscosity near the wall where shear rates are high. This reduction in viscosity lowers the wall
shear stress, which directly reduces the skin friction coefficient. An increase in the Eckert number enhances viscous
dissipation in the fluid, which generates additional heat and reduces the temperature gradient between the heated surface
and the fluid. This reduction in the temperature gradient weakens the convective heat transfer, leading to a lower Nusselt
number. In essence, the higher the Eckert number, the less efficient the heat transfer becomes, resulting in a reduced
Nusselt number (Fig. 12). Rise in thermal relaxation parameter enhances the heat transmission rate as seen in Fig. 13.
Furthermore, it is seen that chemical reaction and Schmidt numbers are cooperative to improve mass transmission rate of
the fluid (Figs. 14-15).
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4.5. Bejan number and other profiles
As the Brinkman number rises, indicating a higher ratio of viscous dissipation to thermal conduction, the internal
heat generation in the fluid increases. This results in larger temperature gradients and greater irreversibility in the heat
transfer processes, leading to increased entropy generation (see Fig. 16).
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An increase in the Brinkman number highlights the growing significance of viscous dissipation within the fluid,
leading to greater irreversibility associated with fluid flow. This shift in the balance of irreversibility reduces the Bejan
number, indicating that viscous dissipation becomes the dominant source of entropy generation in the system,
overshadowing the irreversibility due to heat transfer (see Fig. 17). From Figs. 18-19, it is clear that the rise in thermal
radiation parameter leads to the escalation in both entropy generation and Bejan number.
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5. CONCLUSIONS

Entropy generation optimization in Ree-Eyring ternary hybrid nanofluid flow across an angled stretched sheet
subject to Thompson Troian boundary conditions has been investigated numerically. Careful observations from the
numerical results, the following are the main takeaways from this study:

e  Ree-Eyring parameter elevates fluid velocity.

Raise in the slip parameter of velocity leads to the decrement in fluid velocity.

Eckert number and thermal relaxation parameter exhibited different influences on temperature.
Concentration profile contracts with bigger chemical reaction parameter.

Friction factor is bearing a considerable negative connection with We .

Sherwood number is bearing a significant progressive correlation with Sc,I".

e When Br enhances, Viscous dissipation's contribution to overall irreversibility becomes increasingly noticeable.
So that Bejan number declines.

e  Enhanced thermal radiation parameter causes to the escalation in both entropy generation and Bejan number.
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3HaueHHs MOTPIHHOTO ribpuaHOro MoTOKy HaHOpiAuMH Ree-Eyring mossrae B #oro moTeHNiHHOMY 3aCTOCYBaHHI B PI3HUX 00JIACTSIX.
3aB/sKM BBEJICHHIO TPHOX PI3HUX THIIIB HAHOYACTHHOK B 0a30BY PiJMHY 3a JOIOMOroro Mozeni Pi-Afipinra ns iHHOBamiliHa pinuHa
3abe3reuye MOoKpaIleHy TeIUIONPOBIIHICTh, €EKTHBHICTh TEILIONEPEaadi Ta PEONIOTiYHI BAACTHBOCTI. LIi XapaKTepHUCTHKU OCOOIHUBO
LiHHI B TAKUX Tally3sX, SK OXOJOKCHHS eJICKTPOHIKH, COHSYHI €HepPreTHYHI CUCTEMHU Ta TeIIO0OMIHHHUKH, ¢ epEeKTHBHE KepyBaHHS
TEIJIOM Ma€ BupilnanpHe 3HaueHHsA. KpiM Toro, yHikajabHa peojioridHa moBeniHka HaHOoQuoOIniB Pi-AlipiHra Moxe 3a0e3neunTd
HepeBaru B TaKMX MPOLECcax, SK CBEPUIIHH, 3MAICHHS Ta JJ0CTaBKa JIiKiB. Y rpaHnuHuX yMoBax TomicoHa-TposiHa e 1oCiipKeHHs
Ma€ Ha METi TEOPETHYHO MpPOAHANI3yBaTW JBOBUMIPHHN pamialiiHWA MOTIK MOTpiiiHOI TibpuaHoi HaHOpimuHHM Pi-Aifpinra Han
KYTOBHUM JIUCTOM 3 TeIUI0BIMM oTokoM Karraneo-KpicroBa Ta mapaMeTpamu XimMidHOI peakiii Bumoro mopsaky. L{o6 Bupasutu ix sk
3BuyaiiHi audepenmianeHi piBHAHEA (OJlY), pIBHSHHS, KEepoBaHI IIOTOKOM, 3a3HAIOTh BIJIIOBIJHUX IEPETBOPEHb IOJIOHOCTI.
Hacrynna cuctema BHpinIyeThes 3a JONOMOTOIO migxoxy bvpdc. OcHOBHHIT BHCHOBOK LBOTO JOCTIPKCHHS IIOJISITAa€ B TOMY, IO
rapaMeTp TeIUIOBOI penakcalii 3MeHIIye LIMPUHY TeMIepaTypHOro npodimo, a MIBHAKICTh PIAMHHM MiHIMI3Yy€ThCS LUISIXOM
perynoBaHHs napameTpa KoB3aHHs. IIpodinb KoHLEHTpauii MiHIMI3yeTbCsS HapaMeTpoM XiMiuHOI peakiii, a mapamerp pizuau Pi-
Aljipinra 3pocTae 3 TuM caMuM (IIBUIAKICTIO pinuuu). KpiM TOro, Mu BHSABHIM, 110 KOC(ILI€HT HIKIPHOTO TEPTs CHIBHO HEraTUBHO
KOpEJIIoe 3 mapaMeTpoM pimunu Pi-AfipiHra, mo3uTHBHO 3 mapaMeTpoM (TepMI4HOI) penakcallii Ta 3HaYHO MO3UTUBHO KOPEINIOE 3
ximMigHOIO peakmieto yepe3 uucno Hyccenpra. Komm uncino Bpinkmana 36inbmryerses, uncio bexxana nanae. KpiM Toro, migBUIeHHs
rmapamMeTpa TEIUIOBOTO BHIIPOMIHIOBaHHS MPH3BOAMTH 0 €cKajalii sk reHeparii eHTpomnii, Tak i yncna bexxana. Mu momituiu ringHy
3rofy, KOJI! IIePeBipsUTH Pe3yIbTaTH [OTO PO3CIIAYBaHHS 3 IONEPeIHIMI HACIiJKaMU.

KunrouoBi ciioBa: g'13xa ducunayia; mennose sunpominiosanns, MIJ[; ne @yp'e mennosuii nomix; Hanoghnioio
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The study of MHD heat and mass transfer dissipative free convective flow past a semi-infinite porous vertical plate through porous
medium in presence of thermal radiation is considered. The novelty of the present work is to examine radiation effect (Rosseland
Approximation) on the flow transport characteristics. The equations governing the flow of heat and mass transfer are solved by
asymptotic series expansion method to evaluate the expressions for velocity, temperature, concentration fields, skin-friction, rate of
heat and mass transfer. The influence of various physical parameters on the flow is discussed through graphs and in tabular form. It is
found that an increase in radiation parameter to decrease the velocity and temperature. Further, it is seen that the skin -friction at the
plate decreased with increasing values of radiation parameter.

Keywords: Radiation; MHD,; Porous medium; Free convection
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1. INTRODUCTION

The motion of fluid due to buoyancy forces is known as free or natural convection that occurs in the region of hot
and cold through the method of heat transfer. Heat transfer is a exchange of energy through conduction, convection or
radiation from high to low where conduction is through solid materials, convection is through liquids and gases and
radiation is through electromagnetic waves. Mass transfer is the net movement of mass from one point to another. MHD
refers to electrically conducting motion of fluids and nowadays it plays an important role in the application field of
engineering and biomedical sciences.

Many authors contributed some works related to the MHD heat and mass transfer problems. Some of them are
Jaluria [1], Javaherdeh et.al [2], Raju et al. [3], etc. The unsteady MHD free convection flow past a vertical plate with
thermal diffusion and chemical reactions have been discussed by Hossain et.al [4]. Lavanya [5] analyzed the radiation
and chemical reaction effects on a steady laminar forced convection flow of a viscous incompressible electrical conducting
fluid over a plate embedded in a porous medium in the presence of heat generation. An exact solution of unsteady MHD
free convective mass transfer flow past an infinite inclined plate embedded in a saturated porous medium has been
presented by Agarwalla et.al [6]. Chamkha et.al [7] considered the problem of coupled heat and mass transfer by natural
convection from a vertical, semi-infinite flat plate embedded in a porous medium. Sharma et.al [8] also considered the
Soret and Dufour effects on unsteady MHD mixed convection flow past an infinite radiative vertical porous plate
embedded in a porous medium in presence of chemical reaction. The investigation of Dufour effect and radiation effects
on unsteady MHD free convection flow past an impulsively started infinite vertical plate with variable temperature and
uniform mass diffusion in the presence of transverse applied magnetic field through porous medium is carried out by
Prakash et.al [9]. Thermal radiative effects on moving infinite vertical plate in the presence of variable temperature and
mass diffusion is considered by Muthucumaraswamy [10]. Ahmed e.al [11] also investigated the effect of thermal
diffusion on unsteady free convective flow of an electrically conducting fluid over an infinite vertical oscillating plate
immersed in porous medium. Seth et.al [12] investigated the unsteady hydromagnetic natural convection flow with heat
and mass transfer of a viscous, incompressible, electrically conducting, chemically reactive and optically thin radiating
fluid past an exponentially accelerated moving vertical plate with arbitrary ramped temperature is carried out with Laplace
transform technique. The problem of a hydromagnetic convective flow of an electrically incompressible viscous
conducting fluid past a uniformly moving vertical porous plate is investigated by Chamuah et.al [13]. An attempt has
been made by Ahmed et.al [14] to perform a finite difference analysis to study the effects of the magnetic field, thermal
radiation, Reynold’s number, chemical reaction and of dissipating heat on the MHD transient dissipative flow past a
suddenly started infinite vertical porous plate with ramped wall temperature. Ahmed et .al [15] also studied theoretically
a three-dimensional mixed convective mass transfer flow past a semi-infinite vertical plate embedded in a porous medium.
To analyze the effects of various parameters such as Soret and Dufour effects, chemical reaction, magnetic field, porosity
on the fluid flow and heat and mass transfer of an unsteady Casson fluid flow past a flat plate is considered by Das
et.al [16]. Kataria et.al [17] is considered with the study of flow, heat and mass transfer characteristics in the unsteady
natural convective magnetohydrodynamics Casson fluid flow past over an oscillating vertical plate. Babu et.al [18] carried
out to study the effects radiation and heat sink. Ragunath et.al [19] considered the heat and mass transfer on MHD flow
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through porous medium between two vertical plates. The study of the heat and mass transfer on MHD boundary layer
flow of a viscous incompressible and radiating fluid over an exponentially stretching sheet is carried out by Devi et.al
[20]. Ravikumar et.al [21] investigated the heat and mass transfer effects on MHD flow of viscous incompressible and
electrically conducting fluid through a non-homogeneous porous medium in presence of heat source, oscillatory suction
velocity is considered. Very recently Mopuri et.al [22] investigated in the presence of a diffusion thermal and coupled
magnetic field effect, this manuscript seeks continuous free convective motion by a viscous, incompressible fluid that
conducts electrically past a sloping platform via a porous medium. By using perturbation technique, Choudhury et.al [23]
investigated the heat and mass transfer in MHD convective flow past an infinite plate, through a porous media in presence
of radiation, diffusion-thermo effect, and heat sink.

The main objective of the present work is to investigate the effects of diffusion-thermo and heat sink in MHD free
convective flow through a porous media in presence of thermal radiation (Rosseland Approximation). The equations
governing the flow, heat and mass transfer are transformed into non-dimensional forms by using some similarity
parameters. The perturbation technique is used to solve the non-dimensional governing equations and the results obtained
have been discussed through graphs and tables.

2. MATHEMATICAL FORMULATION
The equations which describe the motion of steady, incompressible, viscous, electrically conducting fluid in the
existence of a uniform magnetic field in vector form are as:
Equation of continuity:

V.g=o0. (1)
Gauss’s law of magnetism:
V:B=0. 2
Ohm’s law:
J=0(E+§xB). (3)
Momentum equation:
p(G-V)G = pg —Vp +] x B+ pv2G — 42, @
Energy equation
pCy(G V)T = kV?T + ¢ + é + %VZC +Q(M'-T'o) _V.G,. (5)
Species continuity equation:
(G- V)Ca = DyV?C + Kc(C, — 0). (6)
Equation of state:
Poo = p[1+ BT = To) + B(C = Cw)]. @)

All the physical quantities are defined in the list of symbols.
We consider the two-dimensional natural convective flow of viscous, steady, incompressible, and radiating fluid
through a porous vertical plate with uniform suction. The investigation is based on the following basic premises:
1. The entire fluid properties excluding the density are constant.
2. The plate is electrically insulated.
3. No external electric field is applied to the system.
4. Fluid motion is parallel to the plate.
We now introduce a Cartesian coordinate system (x’, y’, z’) with x’-axis along the plate in the upward vertical
direction, y’-axis normal to the plate directed into the fluid region, and z’-axis along the width of the plate and the induced

magnetic field is negligible. A uniform magnetic field B. = (0, B-, 0) is applied transversely to the plate, along the y-axis.
The fluid is subjected to a constant heat flux at the plate. With usual boundary layer conditions and above assumptions,
we have the boundary layer equations as
Continuity Equation

v’

P = 0. ®)
MHD Equation

o%2u'  oB*u  wu

— T ©)

ay'? P K'

!
, 0u

v a—y,zg[)’(T’ —T'w)+gB(C" —C')+v
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Energy Equation
,or" 9%t au"\? 2 2 9q', (T'=T' o) 4 PPMKT azc’
pCov' 5=kt u(5) + 0Bl ~ -0 TS (10)
Species continuity equation
' ac’ _ a2c 174 1
V' Dy 277 + K- (CH—C") 1y
The relevant boundary conditions are:
y=0: w=U L=-L =, (12)
ayr
yoow: uw->0,T->T, C->C\y (13)
Equation (8) yields
v’=a constant= —V,(V, > 0) . (14)
To make the mathematical model normalized, the following non-dimensional parameters are introduced
AR ALt Ut
KvQ
_ vk’ _oBv , 4wl _ Qv _ DMKTVOK(CW—CDO)
Sc K UVZ’ M= pvE’ R= pCpq Ve Q= pCpVZ’ - CsCpr2q*
Radiative heat flux under Rosseland Approximation
40
- — _ 4
ar 3K
T =(T =T+ To)* = [Too + (T = T)]* =T + 4TS (T — To,) = Tt + ATST — 4Tt = 4T3T — 3T%
Therefore,
- 40*
VG, =—=—=VT* = 4T2V?
=73k 3
aq; 160*T3
qT - _ VZT
ay* 3K*
Where o* and K™ are respectively the Seltan-Boltzmann constant and the mean absorption coefficient.
In dimensionless form, the governing equations are as follows:
d?u | du _
o Ty Au = —Grf — Gm@. (15)
@0 20 o MEc , Fc p_Durd
&° + A3 & A0 = L WL po— (16)
dyz 290 scL_ K:Scd = 0. 17)
Where
= 1 = il = QPrT,
/11—M+K,/12—1+3R,13— 2 and A, = ~— P
with boundary conditions
e
y=0:u=1%=-10=1, (18)
y—>o:u—0,6-00-0. (19)
3. METHOD OF SOLUTION
The solution of (17) under its boundary conditions (18) and (19) is
2
Q)(y) = e~ 1Y ) where a; = w (20)

But the system of equations (15) and (16) are non-linear. Assuming the asymptotlc form of the solutions to equations

(15) and (16) are as follows:
u=u(y) + Ecw,(y) + 0(ED),
6 = 6,(y) + Ec6,(y) + O(E).

1)
(22)
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Here, E denotes the Eckert number (E<< 1). By substituting equations (21)-(22) into equations (15)-(16) and equating the
coefficient values of similar terms while neglecting the terms of O(E?), the following equations are derived.

d? d
d;‘;’ + diy" — Liuy = —Gréy — Gm@,, (23)
dze de dzp
dyz" + A3 d—yo — 1,60 =—-4A dyzo’ (24)
2
0;:21 + 0;—1;1 - lu; = —Gré,, (25)
dze de ,2
dyzl + 13 d__’; - 1491 = _Bu(z) - Cuo . (26)
Subject to the boundary conditions
y=0:uy=1;0,=-1;, u; =0; 6; =0; 27)
y—o0:uy;—=>0;0,->0 u =0 6, -0. (28)
The solutions to the equations (23)-(26) under the conditions (27) and (28) are
0y = K;e %Y — § e7%Y 29)
Uy = Kye %Y — S,e7%2Y 4 S, %Y (30)
91 = K3e_a7y - 546_2a3y - Sse_zazy - S6e_2a1y + S7€_a4y + Sge_asy - Sge_aﬁy, (31)

ul = K4_e_a8y - 517€_a7y + 5186_2a3y + Slge_Zazy + Szoe_zaly - 5216_a4y - Szze_asy + 523€_a6y, (32)

where

A3 +A5+ 44, 1+1+44

a, 5 , a3 = 5 ,Qy = a3 + 0y,
as=a, +a,,as =0a, +as,
K = ——(1+Sia) 51=A—a% K,=1+S,-S,
—m, ’ a?—Aza; — Ay’ ’
S, = D S, = E S, = F
ad—a,— A" ad—a,— AT 4ak-2a30;, -1,
Se = ¢ Se = H S, = !
4a2 —2a,03— Ay T8 4aP —2a,05— AT T @i —agds — A,
] K
Sg=——2 Sg=————— S\ =GrK;,Sy; = GrS,,

aé_a5}1,3_2,4 ’ 9_aé_a6),3_2.4
512 = GTSS ,513 = GTS6 ,514 = GTS7 ,515 = GTSg '516 = GTSQ,
510 Sll 512

Si7 = 2, S1p = e , S}y = ————,
17 a; - a7 - /11 18 4a52) - 2a3 - /11 19 4-(1% - 2(12 - Al
513 Sl4— SIS
Sopo=———"""—"7,S91 =" S =57,
27402 —2a, -1 T ak—ay -0 TP T dd—as— X4
523 = aé A /,{1 ,K3 = m_2(2a354 + 2a255 + 2a156 - a4S7 - assg + a659) )

K4_ = 517 _518 _519 _520 +521 +522 _523 ,D = GTKl ,E = GTSl - Gm,

F = BK? + Ca2K2 ,G = BS3 + Ca2S3 ,H = BS2 + Ca?S?,

I = ZBKzsz + 2CK252a3a2 ,] = 235253 + 2C5253a2a1 ,K = ZBS3K2 + 2CS3K2a1a3 .
3.1. Skin friction

The coefficient of skin friction is a dimensionless quantity obtained from the shear stress at the wall given by
Newton’s law of viscosity

=g =1 7
To = _ﬂvu s

where 7 is the shear stress.
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The coefficient of skin friction is given by

d
T= _ﬁb/:o = —[Kya;3 + S,a; — S3a; + Ec(—Kaag + S17a7 — 251505 — 25190, — 255001 + Sp1a4 + Sppa5 — S»306)] - (33)

3.2. Plate temperature
The dimensionless temperature field is given by,

6(y) = 0o(y) + Ec0,(y).
The non-dimensional plate temperature is given by,
0,, = 6,(0) + E-6,(0). (34)
3.3. Sherwood number

Sherwood number represents the ratio of the convective mass transfer to the rate of diffusive mass transport. It is a
dimensionless quantity obtained from Fick’s law of diffusion:

f= _DMVCI N

where J is the diffusion flux.
The rate of mass transfer in terms of Sherwood number is given by

do
Sh = o [y=0 =—a;. (3%5)

3.4. Nusselt number
The rate of heat transfer in terms of the Nusselt number quantified by Fourier’s law of conduction is as follows:

q= —KVT',
where ¢ is the heat transfer rate.
Nusselt number is defined as
% |y=0 = [_Klaz + Slal + Ec(_K3a7 + 254,0-3 + 255012 + 256(11 - S7a4 - Sgas + Sga6)]. (36)

4. RESULTS AND DISCUSSIONS

The diffusion-thermo effect in MHD convective flow past a vertical plate through a porous media in presence of
heat sink and thermal radiation have been presented in this work. Computational estimations of velocity, temperature and
concentration for a variety of relevant non-dimensional flow parameters have been obtained to establish the physical
relevance of the problem and graphically presented in Figures 1-10. In the Table 1, the numerical calculations that depict
the effects of the flow parameters on skin friction and rate of heat transfer (at plate temperature) have been tabulated. In
this section, the effects of the magnetic field, thermal Grashof number, mass Grashof number, permeability parameter,
Schmidt number, Prandtl number, Dufour number, heat sink and radiation parameter are discussed. The default values for
the flow parameters as Pr=0.71, Sc =0.6, R =5, K, = 5, Du =0.10, Gr =10, Gm =5, M =1.5, K =1, E =0.01, Q =5.

15 T 15 T

0.5

5 6
Figure 1. Velocity profile for variations in R Figure 2. Velocity profile for variations in M
when Pr=0.71; Q=5; Du=0.1; Sc =0.6; Kc=1; M = 1.5; When Pr=0.71; R=1,;Q=5; Du=0.1; Sc =0.6; Kc = 1;
Gr=10;Gm=5;E=0.01; k=1 Gr=10;Gm=5;E=0.01; k=1

The effects of radiation parameter R on the fluid velocity indicates by Figure 1. It may be noted to determine the
relative importance of thermal energy on the fluid flow, the radiation parameter is used. Thermal energy results in a fall
in thermal energy, which then depicts a loss in the fluid of kinetic energy, as a result of which the fluid velocity decreases.
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The significance of the application of the magnetic field in a fluid flow display in Figure 2 and from the figure it is
observed that as the value magnetic field parameter M increases the fluid velocity declines. This results that when a
magnetic field is applied to an electrically conducting fluid, a resistive type of force is generated known as Lorentz force
which has the tendency to retard the fluid motion.

Table 1. Skin friction 7 at the plate for the values of M = 1.5; Pr=0.71; Q=5; Du=0.1; Sc=0.6; Kc =1; Gr=10; Gm = 5; E =
0.01; k=1

M k R Du T

2 1 1 0.1 1.4338
4 1 1 0.1 1.2055
6 1 1 0.1 0.0980
1.5 1 1 0.1 1.9428
1.5 2 1 0.1 2.5402
1.5 3 1 0.1 2.7655
1.5 1 5 0.1 1.2370
1.5 1 10 0.1 1.1033
1.5 1 15 0.1 1.0573
1.5 1 1 0.1 1.9428
1.5 1 1 0.2 1.0514
1.5 1 1 0.3 0.1601

Figure 3 depicts the effects of permeability. Fluid velocity is increased with the increasing values of the permeability
parameter. Figure 4 and Figure 5 respectively shows the effects of the thermal Grashof number Gr and mass Grashof
number Gm. The ratio of thermal buoyancy force and viscous hydrodynamic force in the boundary layer is the Thermal
Grashof number. The thermal buoyancy force dominates over the viscosity of the fluid as Gr increases. Likewise. The
mass Grashof number is the relative effect of mass buoyancy force and viscous hydrodynamic force and thus the fluid
motion enhances with the increase of Gm.

2 ; : : : : 25
2l
A
15
W’
05+
Gr=5,10,15
0
6 0 1 2 3 4 5 6 7
y >
Figure 3. Velocity profile for variations in & Figure 4. Velocity profile for variations in Gr
when Pr=0.71;R=1;Q=5;Du=0.1; Sc=0.6; Kc=1; M = when Pr=0.71; R=1;Q=5;Du=0.1; Sc=0.6; Kc=1; M
1.5; Gr=10; Gm =5; E=0.01 =15E=001;k=1
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y >

Figure 5. Velocity profile for variations in Gm
when Pr=0.71; R=1;Q=5; Du=0.1; Sc=0.6; Kc=1; M=1.5; Gr=10; E=0.01; k=1
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The Figures 6-8 displays the effects of various parameters on temperature. Figure 6 indicates that due to thermal
radiation the temperature of the fluid diminishes. This result qualitatively meets the expectations as the effect of radiation
is to decrease the rate of energy transport to the fluid, thereby decreasing the temperature of the fluid. A fall in temperature
profile occurs with heat absorption which is demonstrated in Figure 7. Figure 8, depicts the Dufour’s effect on the
temperature profile. It is obvious that the temperature of the fluid falls with the diffusion-thermo effect. All these figures

clearly indicates that at the plate, the fluid temperature is maximum.

In Figure 9 and Figure 10 respectively, the variations of concentration in the flow domain due to Schmidt number
and permeability parameter are illustrated. Figure 10 displays with the increasing values of Schimdt number diminish the
fluid concentration. Schimdt number is the ratio of the momentum diffusivity to the mass diffusivity. So, as Sc increases,
the fluid concentration reduces. Figure 11 depicts that it lowers the concentration of the fluid as the porosity of the medium

increases.
2] 1
1.8 09+
16+ 08
A
14+ A 0.7
12t 06
= qh R=0.1,0305 <05
08 04
061 03 Q=5,10,15
04+ 02+
021 0.1F
0 ) X 0 , - ‘
0 2 4 6 8 10 0 0.5 1 15 2 25 3 3.5 4
Yy —— y —>
Figure 6. Temperature profile for variations in R Figure 7. Temperature profile for variations in Q
when Pr=0.71; Q=5; Du=0.1; Sc=0.6; Kc=1; M= 1.5; Gr when Pr=0.71; R=5;Du=0.1; Sc=0.6; Kc=1, M= 1.5;
=10;Gm=5; E=0.01; K=1 Gr=10;Gm=5,E=0.01; k=1
3 . i . : . 1 r . - - .
0.9
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Figure 8. Temperature profile in variations Du Figure 9. Concentration profile for variations in Sc
when Pr=0.71; Q=5;R=5;Sc=0.6; Ke=1; M= 1.5; when K¢ =5

Gr=10;Gm=5;E=0.01; k=1
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Figure 10. Concentration profile for variations in Kc when Sc = 0.30
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tab

Table 1 shows that the change of skin friction coefficient for different values of the parameters. It is seen from the
le that skin friction gets decreased in the increasing values of magnetic parameter, radiation and Dufour number. But

viscous drag is increased due to the increasing values of permeability parameter.

5. CONCLUSION

The present investigation leads to the following conclusions:

7
%

7
0‘0

4

~

The fluid velocity increases as the Dufour number increases whereas it decreases with thermal radiation and heat sink.
The fluid motion decelerates as the strength of the magnetic field increases whereas it enhances with thermal Grashof
number and mass Grashof number.

The temperature of the fluid falls under the influence of Prandtl number, Dufour number, thermal radiation and heat
absorption.

The concentration level of the fluid drops with the Schmidt number and permeability of the porous medium.

Skin friction at the plate increases as the Dufour number and heat sink parameter values increases. Viscous drag at
the plate was reduced for increasing values of the magnetic parameter.

Plate temperature of the body’s surface decreased due to the effect of the Dufour number and Prandtl number.

Nomenclature
q fluid velocity (m/s) 13 solutal expansion coefficient (kmol™1)
f current density (A/m?) T free stream concentration (k)
g acceleration vector due to gravity (m/s?) Co free stream concentration (kmol)
B magnetic flux density vector (Wb/m?) By applied magnetic field strength (T)
2/g  energy of ohmic dissipation per unit volume (4%(/m?) u viscosity coefficient (kg/m s)
p fluid pressure (N/m?) K porosity parameter
U velocity of free stream (m/s) q heat flux (W/m?)
Cy plate species concentration (kmol/m?) T fluid temperature (K)
Co free stream concentration (kmol/m?3) C concentration (kmol/m3)
Dy mass diffusivity (m?/s) 0 nondimensional temperature
Kr thermal diffusion ratio, m(kmol). (0] nondimensional concentration
Poo fluid density far away from the plate (kg/m?) g acceleration due to gravity
@ energy viscous dissipation per unit volume (J/m?S) E Eckert number
Cs concentration susceptibility (kmol?s?/m?) Pr Prandtl number
Gr radiation heat flux vector (W/m?) (0] heat sink parameter
K¢ first order chemical reaction rate (s ™) Sc Schmidt number
p fluid density (kg/m?) Gr thermal Grashof number
v kinematic viscosity (m2/s) M magnetic parameter
K thermal conductivity (W/m K) Gm solutal Grashof number
K* mean absorption coefficient (m™1) R radiation parameter
o electrical conductivity (Q~tm™1) Du  Dufour number
E electrical field intensity vector (N/C) K. chemical reaction parameter
B thermal expression coefficient (k™)
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BILJINB BUITPOMIHIOBAHHS HA MTJI BUIbHWIT KOHBEKTABHUM ITOTIK ITOB3 HAIIIBHECKITHUYEHHY
MOPUCTY BEPTUKAJIBHY IIVIACTUHY YEPE3 IOPUCTE CEPEJOBHUIIE
Caiti lllapma?, Kanrkan Yoyaxypi?, Xapyn Aab Pamua®
“@akynomem mamemamuxu, Ynieepcumem nayxku i mexnonoziu Meexanas, Inois
bﬂenapma/wenm mamemamuxu, koneoxc binacinapa, Accam, Inoia

PosmsinyTo mochimkenns MIJI-TeruiomacooOMiHy JUCHUIIATUBHOTO BITbHOTO KOHBEKTHBHOIO OOTIKaHHS HAIiBHECKIHYSHHOT HOPUCTOT
BEPTUKAJIBHOI IUIACTHHM Yepe3 TIOPUCTE CEPEIOBUILE 3a HAsBHOCTI TEIJIOBOTO BUIPOMiHIOBaHHS. HOBHM3HA aHOT poOOTH mosrae B
JOCTIDKEHHI BIUIMBY BUIIPOMiHIOBaHHA (HaOMmkeHHS Poccenanna) Ha TpaHCIOPTHI XapaKTEPUCTHKU MOTOKY. PiBHSHHSA, 1110 KEPYIOTh
IIOTOKOM TEIIJIO- Ta MacoOOMiHY, PO3B’SI3yIOTHCS 33 JOIIOMOT'OI0 METOY PO3KJIaJaHHs B aCHMITOTHYHU PSJ VISl OLIHKY BUpa3iB IS
IIBAAKOCTI, TEMIIEPATypH, IIOJIB KOHIIEHTPAIIi], TOBEPXHEBOTO TEPTsl, MIBUAKOCTI TEIJIO- Ta MacooOMiHy. BmmB pizHux ¢iznaamx
rapaMeTpiB Ha IOTIK OOrOBOPIOETHCS 3a JONOMOrolo rpadikiB i B TabmuuHiii ¢opmi. BeraHosneHo, mo 30inbLIIeHHs Iapamerpa
BUIIPOMIHIOBAaHHS 3MEHIIY€E MIBUAKICTD 1 Temreparypy. Jlani BUaHO, 10 MIKipHE TepTs Ha IUIACTUHI 3MEHIIYBAJIOCS 31 301IbLICHHM
3HAYCHb [TAPaMeTPa BUIPOMiHIOBAHHS.

Kurouosi cioBa: padiayis;, MIJ]; nopucme cepedosuuye; 6inbHa KOH8EKYis
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This study looks at how radiation and heat move through a two-dimensional, unsteady Darcy-Forchheimer MHD flow that flows across
a porous, stretched plate that is vertically inclined and has a transverse magnetic field applied to it. We use the MATLAB bvp4dc
approach to numerically translate the controlling boundary layer nonlinear PDEs, which are partial differential equations, into a set of
nonlinear ODEs, which are ordinary differential equations, using the similarity transformation. We quantitatively assess the velocity
and temperature profiles using graphs that represent the problem's various characteristics, including unsteadiness, Prandtl number,
magnetic, Grashoff number, radiation parameter, and Eckert number. Tables illustrate the effects on skin friction (t) and Nusselt
number (Nu). The velocity profile decreases as the magnetic and inertial parameters increase, and the temperature profile decreases
with the increases in the radiation parameters.

Keywords: Magnetohydrodynamics (MHD), Radiation; Darcy-Forchheimer, Porous medium,; Heat transfer; Unsteady

PACS: 47.55.P-, 44.25 41, 44.05.+e, 47.11.-], 44.20.+b, 47.56.+r

INTRODUCTION

The study of magnetohydrodynamics (MHD) examines how magnetic fields affect the behavior of electrically
conducting fluids, such as liquid metal and plasmas. This transdisciplinary area of study examines how fluid motion produces
electric currents, which in turn produce magnetic fields that interact with the fluid by fusing concepts from electromagnetism
and fluid dynamics. Applications for MHD may be found in geophysics, engineering, and astrophysics. In astrophysics, it
explains phenomena like solar flares and star formation. In geophysics, it helps with the understanding of Earth's magnetic
field and magnetospheric dynamics. MHD is crucial for researching phenomena ranging from space weather to industrial
processes because of its intricate nonlinear equations regulating fluid motion, electric currents, and magnetic fields.

Any substance with holes or pores in it that let liquids through is called a porous media. These materials can be
manufactured, like ceramics and foams made for certain uses, or they can be natural, like soils, rocks, and biological
tissues. Numerous disciplines, including geology, hydrology, petroleum engineering, environmental science, and
biomedical engineering, depend heavily on the study of fluid flow through porous media. The link between the fluid
velocity and the pressure gradient inside the porous medium is described by Darcy's law, which controls the behavior of
fluids in porous media. Fluid flow characteristics are influenced by variables including porosity (the percentage of empty
space in the medium), permeability (a measure of how readily fluids may flow through the medium), and tortuosity (the
increase in route length caused by obstructions). Porous media are useful in many different contexts. They have an impact
on soil and aquifer contamination transfer as well as groundwater flow in hydrology. Understanding fluid movement
through reservoir rocks is essential to petroleum engineering in order to maximize the extraction of oil and gas. Porous
scaffolds are utilized in biomedical engineering to enhance cell development and enable waste and nutrition exchange in
tissue engineering. Complicated mathematical and numerical simulations are frequently used to model fluid flow in
porous media in order to forecast characteristics including fluid distribution, transport phenomena, and filtration
procedures. Comprehending and refining these procedures is crucial in addressing pragmatic issues pertaining to resource
allocation, environmental restoration, and technological progress.

Fluid motion in a porous material when viscous and inertial effects are important is described by Darcy-Forchheimer
flow. In order to account for non-linear flow behavior at higher velocities or through extremely porous materials, it adds
a term to Darcy's law. The resistance resulting from inertial forces is represented by the Forchheimer term in this model,
and it becomes dominant as fluid velocities rise or the porosity of the porous medium increases. This phrase usually
contains coefficients pertaining to the fluid density and viscosity, as well as the permeability and porosity of the medium.
In order to represent fluid flow in porous tissues or scaffolds, Darcy-Forchheimer equations are used in a variety of
domains, including groundwater hydrology, petroleum reservoir engineering, filtration processes, and biomedical
engineering. Comprehending Darcy-Forchheimer flow is essential for precise fluid dynamics prediction and process
optimization when fluid flow through porous media is important.
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The flow field resulting from a continuous surface flowing at a constant speed was established by Saikiadis [1]. He
[2] then examined the flow of fluid across a continuous, flat surface. Crane [3] examined the flow and heat transmission
across a stretched sheet of an electrically conducting viscous fluid's boundary layer. Boundary-layer equations for flow
driven exclusively by a stretched surface were introduced and studied by Banks [4]. Numerous scientists study radiation
and transverse magnetic field effects, realizing the benefits of using MHD to solve a wide range of technical issues and
natural phenomena. Wang [5] then looked at the flow that an expanded flat surface produced in three dimensions. A
perfect similarity solution was discovered via the Navier-Stokes equations. The fluid motion arising from the expansion
of a flat surface was represented in three dimensions by the solution. Viscoelastic fluid flow over a stretched sheet in the
presence of a transverse magnetic field was investigated by Andersson [6]. Viscoelasticity is shown to affect flow in a
manner akin to that of an external magnetic field by providing an accurate analytical solution to the governing non-linear
boundary layer equation. Elbashbeshy [7] investigated how injection and suction affected heat transport across a stretched
surface with a constant and fluctuating surface heat flux. Furthermore, in the presence of suction, Siri et al. [8] investigated
heat transfer across a continuous stretched surface. Researchers Andersson et al. [9] looked at how a horizontal sheet
affected the heat transmission in a liquid film. Researchers Raptis et al. [10], Ghaly [11], Ishak et al. [12], and a few others
evaluated the effect of heat radiation on MHD flow problems using a stretched sheet. Ariel [13] investigated the effects
of axisymmetric stretching on boundary layer flows using the Homotopy perturbation method. The behavior of an
incompressible fluid passing through a stretched surface in an unstable boundary layer with a heat source present was
studied by Elbashbeshy et al. [14]. The increasing velocity associated with the surface and the time dependency of the
heat flux lead to the instability of the temperature and flow fields. The mobility of the boundary layer and heat transfer
across an extended plate with variable thermal conductivity were examined by Ahmad et al. [15]. Heat transmission via
a stretched plate in combination with unstable MHD laminar flow was also studied by Ishak et al. [16]. Expanding on
Ishak's work, Jhankal et al. [17] studied the stretched plate in the presence of a porous material. Research on the issue of
unstable viscous flow on a curved surface was done by Natalia Rosca et al. [18]. In order to account for a transverse
magnetic field of constant intensity, Choudhary et al. [19] conducted a theoretical study to explain a 2-dimensional
unsteady flow over a stretched permeable surface of a viscous, incompressible electrically conducting fluid. Alarifi et al.
[20] looked at the source influence as well as the MHD flow across a vertically extending sheet. When thermal radiation,
fluctuating heat flow, and porous media are present, the MHD fluid movement generated by a stretched sheet that is not
constant is examined by Megahed et al. [21]. The effects of a porous media on the flow of MHD heat transfer fluid across
a stretched cylinder were examined by Reddy et al. [22]. The effect of thermal radiation on convective heat transport in
Carreau fluid was examined by Shah et al. [23].

Rasool et al. [24] used the Darcy-Forchheimer relationship to investigate the Casson-type MHD nanofluid flow that
occurred on a nonlinear stretching surface. Patil et al. [25] did a study on unstable mixed convection over an exponentially
stretched surface. They looked at the effects of cross diffusion and the Darcy-Forchheimer porous medium. Al-Kouz et
al. [26] explored MHD Darcy-Forchheimer nanofluid flow and entropy optimization in an atypically shaped container
filled with MWCNT-Fe304/water. They did this by using Galerkin finite element analysis. Mandal et al. [27] studied the
steady two-dimensional laminar mixed convective flow, heat transfer, and mass transfer for a Newtonian fluid that
conducts electricity but not very well on an isothermal stretched semi-infinite inclined plate in a Darcy porous medium.
Recent years have seen a number of researchers [28-30] focusing their attention on the investigation of Darcy-
Forchheimer MHD flow with a variety of flow effects.

The work by Ishak at al. [16] is generalised in this paper. We have examined the problem of 2D, laminar flow that
is unstable when radiation and a transverse magnetic field occur across a vertically inclined porous stretching plate in a
Darcy Forchheimer MHD flow.

MATHEMATICAL FORMULATION
We investigate the flow of a porous vertically stretched plate inclined at an angle o with the vertical across an
unstable, laminar, 2D MHD boundary layer flow in the presence of heat radiation. It's a viscous incompressible fluid that
conducts electricity. The Hall effect and the polarization of charges are neglected. Externally applied transverse magnetic
field By, is perpendicular to the x-axis in the positive direction of the y-axis. While the x-axis is parallel to the stretching
plate, the y-axis is normal to it. The origin is held fixed as the surface is extended along the x-axis with a velocity of

Uy = % The problem is formulated in presence of radiation and Joule’s heating [24] effect which has been incorporated
in the energy equation (3). The graphical representation of the problem is depicted in Figure 1.

Under these conditions and Boussinesq’s approximation, the governing continuity, momentum and energy equations
[16][29] are:
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by virtue of boundary conditions [16] given by:
y=0: u=U,, v=0, T'=T, and

y—ooeo: u—0, THT ,

q. [12][30] is expressed as follows

= o

where a indicates Stefan-Boltzmann constant, k; represents Rosseland mean absorption coefficient.

Porous medium

Z_» Temperature boundary layer
Momentum boundary layer

T

Figure 1. Graphical representation of the problem

“

®)

Assuming that the difference in internal flow temperature is appropriately small, T* may be represented by the

Taylor series around T,,, omitting the components of higher order.
T* =47°T -3T*.

We consider the extending velocity U, (x,¢) and surface temperature 7, (x,¢) are as follows:

U = ax T =T+ bx .
1—ct l—ct
. . . . . oy oy
Continuity equation (1) is fulfilled, by using a stream function ¥ such that u = . and v= o
)y X

(6)

O]

The given nonlinear PDEs (2)- (3) are transformed to a set of nonlinear ODEs using following similarity variables

and nondimensional quantities given as follows:

1

1
=)y v = () rw, o =7te, A=t
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The transformed nonlinear ODEs are:
4 ffr—=F+Df" =M +S,)f —A (f’ + énf”) + GrBcosa = 0,
20"+ MEcf” + f6" — 0f' — A( +16") = 0.

Also, the transformed initial and boundary conditions are:

f(0) =0, f'(0)=1, 6(0)=1and

f(2)>0, 6() 0.

®

)

(10)
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METHOD OF SOLUTION
Equations (1) to (3) with boundary conditions (4) are converted into non-dimensional equations (8) and (9) with
boundary conditions (10) by applying the dimensionless quantities. MATLAB's bvp4c technique is then used to solve
those equations. To apply finite difference-based solver bvp4c the equations (8), (9) and (10) are transformed respectively
as follows:

f=yf =n=pf =0 =y,0=y,0 =y, =y, (11)
ys=—y1y3+ (F+ Dyi + My, +Spy, + A (yz + %773’3) = Gry,cosa, (12)
Y5 = S [=MEcy} = y1¥5 + yay2 + AQvs +515)]. (13)
Also, the initial and boundary conditions (10) are transformed as follows:
»(0)=0, »,(0)=1, y,(0)=I, (14)
Yy(22)=0, y,(2)=0. 15)

The above transformed results are used by the MATLAB solver bvp4c to perform the numerical computation.

RESULTS AND DISCUSSION

The aforementioned factors are taken into account when solving the problem numerically, and the results are
displayed in graphs in Figures 2 to 13 for various parameters, such as the unsteadiness parameter (A), radiation parameter
(N), Grashoff number (Gr) owing to heat transfer, angle of inclination (a), Eckert number (Ec), Hartmann number (M),
Prandtl number (Pr), inertial parameter (F) and Porosity parameter (S,). Table 1 depicts the effects of the various
parameters on Skin friction and Nusselt number.

Figures 2, 3, 4, 5, 6 and 7 show the variation in the velocity profile for different values of A, M, Sp, F, Gr and «a,
respectively, while the other parameters remain unchanged. As can be seen, the velocity profile constantly rises as Gr
increases and decreases as A, M, Sp, F and a increases.

4

M=0.5
M=1.0
M=1.5

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 25
N> n——>
Figure 2. Velocity profile vs A Figure 3. Velocity profile vs M

1

0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 2.5 3
n > T
Figure 4. Velocity profile vs Sp Figure 5. Velocity profile vs F

From Fig. 2 it can be noticed that the velocity profile decreases with the rise in unsteadiness parameter because the
parameter reflects the temporal changes in the flow. High unsteadiness implies rapid fluctuations in the flow's velocity
over time, which tends to reduce the average velocity. These fluctuations cause increased energy dissipation and mixing,
leading to a reduction in the momentum of the flow. This results in a flattened velocity profile, with lower peak velocities
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and a more uniform distribution across the flow's cross-section. Fig. 3 depicts that when the magnetic parameter increases,
the velocity profile in a conductive fluid decreases due to the Lorentz force. This force opposes the fluid motion and
generates a magnetic drag, which resists the fluid's flow. As the magnetic parameter rises, the Lorentz force becomes
stronger, enhancing the drag effect. This suppresses the fluid's momentum and slows down the flow, leading to a reduction
in the overall velocity profile. Additionally, the interaction between the magnetic field and the electric currents within the
fluid can increase the viscous dissipation, further decreasing the velocity. Fig. 4 shows that the velocity profile decreases
with a rise in the porosity parameter because increased porosity enhances the resistance to fluid flow through a porous
medium. Higher porosity reduces the effective area available for fluid to pass, increasing frictional resistance and drag
forces within the medium. This results in greater energy dissipation and slower fluid movement. Consequently, as the
porosity parameter rises, the ability of the fluid to maintain its momentum diminishes, leading to a reduction in the overall
velocity profile through the porous structure. The increased resistance also disrupts the fluid’s streamline, causing a more
pronounced decline in velocity. Fig. 5 depicts that the velocity profile decreases with a rise in the inertial parameter
because this parameter represents the ratio of inertial forces to viscous forces in fluid flow. As the inertial parameter
increases, the influence of inertial forces becomes more significant relative to viscous forces. This leads to greater
momentum diffusion and turbulence, which disrupts the orderly flow and reduces the fluid's velocity. Higher inertial
forces also cause more resistance against the fluid's motion, contributing to a flattening and lowering of the velocity
profile. The flow's instability and increased energy dissipation further contribute to the decreased velocity as the inertial
parameter rises. Fig. 6 shows that the velocity profile increases with a rise in the Grashof number due to heat transfer
because the Grashof number quantifies the buoyancy forces relative to viscous forces in a fluid. Higher Grashof numbers
signify stronger buoyancy forces resulting from thermal gradients. This increase in buoyancy force enhances natural
convection, driving the fluid more vigorously. The intensified buoyancy-driven flow contributes to higher velocities as
warmer, less dense fluid rises, and cooler, denser fluid sinks. This promotes increased movement and momentum in the
fluid, steepening the velocity profile and resulting in faster overall flow, especially in regions where buoyancy forces
dominate over viscous resistance. Fig. 7 depicts that with the rise in a the fluid’s velocity decreases. The velocity profile
decreases with a rise in the angle of inclination because the gravitational component along the inclined surface increases,
which opposes the fluid flow. As the angle of inclination increases, gravity acts more strongly against the direction of the
flow, creating additional resistance and reducing the fluid's momentum. This leads to a decrease in velocity, as the fluid
must work harder against the gravitational pull. Moreover, the increased gravitational component enhances the vertical
stratification of the fluid, leading to more pronounced variations in the velocity profile and further flattening or lowering
the average velocity across the inclined plane.

1

a=n/6
a=n/3
a=n/2

Gr=1
Gr=2
Gr=3

0.9 r

0 \ 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 25 3
n—>> n——>
Figure 6. Velocity profile vs Gr Figure 7. Velocity profile vs a

Figures 8, 9, 10, 11, 12 and 13 shows the variation in the temperature profile for different values of A, M, Pr, Ec, N
and Gr, respectively, while the other parameters remain unchanged. As it can be seen that the temperature profile rises as
M and Ec increases and decreases as A, Pr, N and Gr increases. Fig. 8 depicts that the temperature profile decreases with
the unsteadiness parameter because this parameter reflects temporal variations in the heat transfer within the fluid. As
unsteadiness increases, the temperature field fluctuates more rapidly, leading to enhanced mixing and diffusion of thermal
energy. These fluctuations disrupt the temperature gradients, causing the heat to spread more uniformly throughout the
fluid. This results in a more uniform and lower average temperature profile, as the thermal energy is distributed more
evenly over time. Additionally, rapid changes in the flow's velocity and temperature can increase convective heat transfer,
further contributing to the overall decrease in the temperature profile. Fig. 9 shows that the temperature profile increases
with the magnetic parameter because the Lorentz force induced by the magnetic field slows down the fluid's motion,
reducing convective heat transfer. This deceleration diminishes the ability of the fluid to carry heat away from the heated
region efficiently. As a result, heat accumulates near the heat source, leading to higher temperatures in that area.
Additionally, the magnetic field can induce Joule heating, where electrical currents generated by the magnetic field
increase the internal energy of the fluid. This combined effect of reduced convective cooling and additional heating results
in a rise in the temperature profile as the magnetic parameter increases. The temperature curve and Pr's influence are
displayed in Fig. 10. As Pr increases, temperature is seen to drop, indicating a relationship between velocity and thermal
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boundary layer thickness. It is believed that large values of Pr suggest a thermal diffusivity preponderance and,
consequently, a smaller thermal boundary layer than a velocity boundary layer. As the surface distance grows, the
temperature in the zone of unrestricted stream flow actually drops and asymptotically approaches zero. Fig. 11 shows the
effect of Ec on temperature. When the fluid's temperature rises, the fluid's enthalpy decreases and its kinetic energy
increases, as indicated by the rising Eckert number.

it
(AN

Figure 8. Temperature profile vs A

i Pr=0.7
\ Pr=1.2
Pr=1.5

n—
Figure 10. Temperature profile vs Pr Figure 11. Temperature profile vs Ec

Fig. 12 shows how radiation affects temperature profiles. It may be observed that as N grows, the fluid's temperature
drops. This is due to the fact that rising N denotes rising radiation in the thermal boundary surface where temperature
description declines. Fig. 13 shows the alteration of the temperature profile with respect to the change in Gr. It is clear
that the fluid's temperature decreases as Gr values rise. As the Grashof number (Gr) increases in natural convection,
buoyancy forces become stronger relative to viscous forces. This results in more vigorous fluid motion and enhanced
convective heat transfer. The increased fluid movement facilitates more efficient mixing of temperature within the fluid.
Consequently, the temperature gradient decreases because heat is distributed more evenly throughout the fluid volume.
Near the heated surface, temperatures may still be higher due to direct heat input, but as Gr increases, the overall
temperature profile becomes smoother with less steep variations. This phenomenon reflects the improved thermal
homogenization and heat transfer efficiency characteristic of higher Grashof numbers in natural convection systems.

1

1

o] 0.5 1 15 2 25 3
W
Figure 12. Temperature profile vs N Figure 13. Temperature profile vs Gr

The effects of various parameters on the Skin friction and Nusselt number are shown in Table 1. The magnitude of
the Skin friction escalates with the rise in A, M, S, ,F, a, Pr and N, while it decreases with the rise in Gr and Ec. The
magnitude of rate of heat transfer escalates with the rise in A, Gr, Prand N, while it decreases with the rise in M, S, F,
and Ec.
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Table 1. Variation of Skin Friction and Nusselt number for 4, M, S,,, F, Gr, o, Pr, Ec, N.

A M Sy F Gr o Pr Ec N (0 0'(0)
1 0.5 0.4 0.1 1 0 1.0 0.05 1 -1.2580 -0.8519
2 -1.5311 -1.0189
3 -1.7672 -1.1680
1 0.5 -1.2580 -0.8519
1.0 -1.4194 -0.8473

1.5 -1.5683 -0.8255
0.5 0.4 -1.2580 -0.8519

0.6 -1.3244 -0.8473
0.8 -1.3884 -0.8430
0.4 0.1 -1.2580 -0.8519

0.5 -1.3507 -0.8475

1.0 -1.4595 -0.8425
0.1 1 -1.2580 -0.8519
2 -0.8886 -0.8786

3 -0.5343 -0.9079

1 m/6 -1.3089 -0.8480

n/3 -1.4498 -0.8369

/2 -1.6474 -0.8204

0 0.7 -1.2401 -0.7199

1.2 -1.2685 -0.9327

1.5 -1.2823 -1.0452

1.0 0.05 -1.2580 -0.8519

1.0 -1.2514 -0.7862

1.5 -1.2479 -0.7513

0.05 1 -1.2580 -0.8519

2 -1.2779 -1.0087

3 -1.2872 -1.0862

CONCLUSIONS

The findings are translated into the following conclusions, which are given below:

rise in Gr and Ec.

e The magnitude of rate of heat transfer escalates with the rise in A, Gr, Prand N, while it decreases with the rise in
M, S, F, o and Ec.

a,b,c
A

By
Cp

f

Ec
k

kl
ar
M

Pr
Sp

u

N TZ

Constant
Unsteady parameter (c/a),
Constant Magnetic field, (N m/A)

Specific heat at constant pressure, (kgLK)

Dimensionless stream function,

Eckert number,
Permeability of porous medium, (m?)

Forchheimer resistance factor,
radiative heat flux, (W /m?)
Magnetic parameter (Hartmann number),

Prandtl number,

Porosity parameter,

Radiation parameter,

Nusselt number,

Inertial parameter,

Dimensionless time, (K)

Fluid’s temperature, (K)

Fluid’s velocity along x-direction, (m/s)

The velocity profile decreases with the rise in A. M. Sp, F and .
The velocity profile increases as Gr increases.

The temperature profile falls with rise in A, Pr, N and Gr.

The temperature profile escalates with the rise in M and Ec..
The magnitude of the Skin friction escalates with the rise in A, M, S, ,F, a, Pr and N, while it decreases with the

Nomenclature

v Fluid’s velocity along y-direction, (m/s)

(x,y) Cartesian coordinates

Gr Grashoff number due to heat transfer

Greek Symbols

p density of fluid, (=2 )

1 dynamic viscosity, (Pa s)

Oe Electrical conductivity, ( ﬁ )

n Dimensionless similarity variable,

\ Kinematic viscosity, (m?/s)

K Thermal conductivity, ( % )

U} Stream function,

T Skin friction,

0 Dimensionless temperature
Superscript

! With regard to n, differentiation

Subscript
w values at the plate
00 conditions at the free stream
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This study investigates the effects of first-order chemical reaction, thermophoresis, electrification, and Brownian motion on Cu
nanoparticles within a free convective nanofluid flow past a vertical plane surface, focusing on skin friction, heat and mass transfer.
The unique combination of chemical reaction and electrification effects sets this study apart from previous research on nanofluid flow.
By utilizing similarity functions, the governing PDEs of the flow are converted into a system of locally similar equations. These
equations are then solved using MATLAB's bvp4c function, incorporating dimensionless boundary conditions. The findings are
verified through a comparison with previous studies. Graphical illustrations show the numerical explorations for concentration,
velocity, and temperature profiles in relation to the electrification parameter, thermophoresis parameter, chemical reaction parameter,
and Brownian motion parameter. The computational results for heat transfer, mass transfer and dimensionless skin friction coefficients
are presented in tabular form. The primary finding indicates that the electrification parameter accelerates heat transfer, while the
electrification parameter, Brownian motion parameter, and chemical reaction parameter enhance the rate of mass transfer from the
plane surface to the nanofluid. This indicates encouraging potential for cooling plane surfaces in manufacturing industries.
Keywords: Chemical Reaction; Thermophoresis, Electrification; Brownian Motion; Nanofluid

PACS: 47.70.Fw, 44.20.+b, 44.25.+f, 47.10.ad, 47.15.Cb

Nomenclature
c specific heat capacity Ra, local Rayleigh number
c local concentration s dimensionless concentration
Cr Local skin friction coefficient Sc Schmidt number
Dg  Brownian diffusion coefficient Sh, local Sherwood number
Dy Thermophoresis diffusion coefficient T local temperature
(Ex, Ey) electric intensity components (u,v) velocity components
f dimensionless stream function a thermal diffusivity
F time constant for momentum transfer between the fluid and By  volumetric thermal expansion coefficient
nanoparticles &  permittivity
g gravitational acceleration n similarity variable
k thermal conductivity Y chemical reaction parameter
kq rate of chemical reaction u dynamic viscosity
m nanoparticle mass 0 temperature in dimensionless form
M electrification parameter p density
Nb  Brownian motion parameter v kinematic viscosity
Nc concentration ratio P stream function
Np momentum transfer number Subscripts
Nr buoyancy ratio s nanoparticle phase
Ng. electric Reynolds number nf  nanofluid phase
Nt  thermophoresis parameter f base fluid phase
Nu, local Nusselt number w  condition at the plane surface
Pr  Prandtl number © free stream condition

q charge of the nanoparticle

1. INTRODUCTION
Recent progress in nanoscience arises from exploring the physical properties of matter on the nanoscale. One notable
area of industrial application is nanofluids, which have become prominent in the field of heat transfer. These nanofluids
have garnered significant attention because of their exceptional thermal transport properties and their fascinating uses
across several industries. The motivation for researching nanofluids stems from the improved heat transfer in applications
such as nuclear engineering, computer processor microchips, air conditioning and refrigeration systems, space cooling,
micromanufacturing, and fuel cells. The classical theory of single-phase fluids can be adapted for nanofluids by treating
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their thermophysical properties as dependent on both the base fluids and their individual components. It is crucial to
recognize that factors such as thermal conductivity, volume fraction, particle size, and temperature all play a role in
enhancing the thermal conductivity of nanofluids. Buongiorno [1] formulated a dual-phase framework aimed at
investigating thermal energy transfer utilizing nanofluids. Subsequently, Tiwari and Das [2] introduced a more
streamlined approach where the thermophysical characteristics varied with the nanoparticle volume fraction. These
models have proven highly effective in addressing diverse flow challenges related to nanofluids. For example, Kuznetsov
and Nield [3] were the first to use the Buongiorno model to study the effects of thermophoresis and Brownian motion on
free convective nanofluid flow near a vertical plate. Since then, numerous researchers (Khan and Aziz [4], Ibrahim and
Makinde [5], Khan et al. [6], Ganga et al. [7], Mohamed et al. [8], Goyal and Bhargava [9], Rana et al. [10], and Dey et
al. [11]) have examined the impacts of Brownian motion and thermophoresis on nanofluid flow past a plate surface. Some
researchers (Dey et al. [11], Padmaja and Kumar [12], Padmaja and Kumar [13], Dey et al. [14]) have recently reported
on the influences of chemical reaction on nanofluids.

The effect of electrification on nanofluid flow has recently garnered significant interest. The pioneering examination
of the improvement in heat and mass transfer due to nanoparticle electrification was conducted by Pati et al. [15] in a
study of nanofluid flow over a stretching cylinder. Further investigations into the impact of nanoparticle electrification
on nanofluid flow have been carried out by researchers such as Panda et al. [16], Pati et al. [17, 18] and Pattanaik et al.
[19]. In a more recent study, Pati et al. [20] explored the effects of electrified nanoparticles and the electric Reynolds
number on nanofluid flow past a vertical flat surface, concluding that the electrification mechanism significantly enhances
both heat and mass transfer.

Previous studies have rarely explored the impact of nanoparticle electrification on nanofluid flow. Additionally,
there are no existing studies that consider both electrification and chemical reaction effects on nanofluid flow. This study
aims to investigate the combined effects of electrification and chemical reaction on the free convective flow of Cu -water
nanofluid past a vertical plane surface. It incorporates Brownian motion and thermophoresis, using Buongiorno’s model.

2. MATHEMATICAL FORMULATION
A laminar incompressible steady free convective flow is analyzed, with the vertical plane surface aligned along the
x-axis. The plane surface consistently maintains fixed values for both concentration (C,,) and temperature (T,,). A
schematic representation is shown in Fig. 1.
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Figure 1. Schematic representation

The governing equations (Pati et al. [21]) incorporating first-order chemical reaction, thermophoresis, electrification,
and Brownian motion, and utilizing the Oberbeck-Boussinesq approach, can be formulated as follows:
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aT , 9T _ (p)s py 0COT | (pO)s 4 C(p OT . 0T\ , kns (92T , (p)s Dr (0T)?
Yox + vay N (POnf Bayay (pOngmF (Ex ox +Ey 63/) + (POnf (6y2) + (POnf Teo (By) ’ Q)
oc L0 _pro’ 0% (ayifocE) | ACE) o _
u 0x T 3y Teo 0y2 Dg dy? + (m) F[ ax + ay ] kl(c COO)’ (4)
along with the boundary conditions:
y=0,v=0,u:0,T=Tw,C=CW} 5
y—->0,v=0u=0,T->T,C—>Cyx ) ®)
The electric field equation is expressed as follows:
%y _psa (6)

ay ggm’
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The equations are converted into a non-dimensional format by defining the following dimensionless functions:

1 1 T—Too C—Coo
Y = (Ra)sarf ()0 =2 (Ra,00) = —=,5(n) = =, ()
—Co)a3 (T —
where Ra, = (=62 Tu =g
vrar
The stream function, denoted by 1, can be defined as follows:
= % g
v=-—= and y W ®)

By substituting equations (6), (7), and (8) into equations (1) to (4), the non-dimensional equations are obtained as follows:

" 17 M Nb S
frr= =B [3ff7 - 2(f)H] - BB — — (9 — Nr ), ©)
Ps
6" = ——-PrNt(6')* — -Sc Nb [———M] (s + Ne)no' —2-Pr Nbs'6' —>——fé/, (10)
Il__& " EMSC r_ _EE
s = =07+ e (ns +s+Nc)+ -Ys 4prfs (11)

where prime (') denotes differentiation with respect to 7).
The equations (5) are transformed to

Atn=0,f=0,f =0,e=1,s=1}. 12)

Asn—> oo, f'">50,0-50,s—-0

The nondimensional parameters are represented as

X
_ kqix M= q 1 E _Nb = (pc)sDB(Cw—Coo) Nt = (pc)sDT(Tw—Too) —
y=—-:5 m) 7 1 (pO) £V ’ (PO pvfToo F Fx
ag(Rax)2 af(Ray)2 s e
x F X
Nr = P Ce) o Vp oy Cw  p Y 1 =(i)Z&L
(l—Coo)Pfo(Tw_Too)’ DB’ (CW—Coo)’ “f’ NRe m € 1 2
af(Rax)2

X

The thermophysical constants ¢4, ¢, @3, P, and ¢5 are expressed according to Pati et al. [20]. This study employs
a nanofluid with a 1% concentration of Cu nanoparticles. The thermophysical properties of both pure water and the
nanoparticles are assessed following the data provided by Oztop and Abu-Nada [22].
C¢, Nuy and Sh,, are presented for use in skin friction, heat and mass transfer applications as follows:

X%ty

Cf = ———5, where 1, = iy (a_u)

prap(Ras 0¥/ y=0

_ Xqw —
Nu, = T —Todk; where q,, = kf( )

Sh, = —XIm__ \where qm = —Dg (ay)

(Cw_Coo)DB y= 0

The reduced skin friction coefficient (f ”(0)), heat transfer coefficient (—9’(0)) and mass transfer coefficient
(—s'(0)) in non-dimensional form are expressed as follows:

Cr = £"(0), —6'(0) = Nu,/Ra,"’*, —s'(0) = Sh,/Ra,*/*

3. NUMERICAL SOLUTION AND COMPARISON OF RESULTS

The MATLAB bvp4c function is used to derive numerical solutions of the equations (9) to (11) along with boundary
condition (12), which are recognized as local similarity equations since the parameters y, M, Ng, and Ny depend on x.
Numerical results are considered valid as long as they produce a locally similar solution, as highlighted by Farooq et al.
[23]. In this context, y, M, Ng, and N are treated as constants, as per [23].
The computed numerical values of the non-dimensional heat transfer coefficient for a regular fluid without considering
chemical reaction, thermophoresis, electrification, or Brownian motion have been compared and validated against the
results obtained by Bejan [24]. Table 1 demonstrates a significant agreement between both results.
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Table 1. Comparison of - 6’ (0).

Pr —6'(0) [Bejan] -6'(0) [present]
1.0 0.40100 0.40099
10.0 0.46500 0.46267

4. ANALYSIS OF RESULTS

The influence of key governing parameters, including y, Nb, M and Nt on the dimensionless profiles of velocity
(f'(m)), temperature (6(1n)), and nanoparticle concentration (s(n)) with respect to n were examined numerically. The
findings are illustrated through graphs. Additionally, the impact of these parameters on f''(0), —6'(0) and —s'(0) is
displayed in a table.

4.1 Velocity Profiles
f'(n) profiles are shown in Figures 2 to 5. These figures explore the effect of y, Nb, M and Nt on f'(n) against 1.
Figure 2 shows that dimensionless velocity decreases as y increases. Figure 3 illustrates that dimensionless velocity
increases with Nb due to the rise in the number of fluid particles colliding with nanoparticles. In Figure 4, f' () increases
with an increase in M. Finally, Figure 5 shows that f'(n) increases with an increase in Nt. This is because the increased
thermophoresis force causes nanoparticles to move faster, thereby raising the dimensionless velocity profiles.

12 16
- Sc=2.0
1 y =t =20 1 Ne-01
AR -y=035 Nb=0.1 €=
Y/ N\ o 1.2 1 Nt=0.1
y N\ y=1.0 Nc=0.1
08 { \ s . Pr=6.2
N Pr=6.2 = Nr=0.1
B \ Nr=0.1 ::0_3 1 M=0.1
I M=0.1 =
i f N 0s y=01
04 N
. 04 %
N
R 0.2
0 .
s
o] T T T EE—
& T — 0 2 4 6 8 10
2 4 P 6 B 10 n
Figure 2. Effects of y on f'(n) when Ng, = 2.0, N = 0.1 Figure 3. Effects of Nb on f'(n) when Ng, = 2.0, Np = 0.1
14 14
Sc=2.0
- 13
12 Sc=2.0 Ne=01
1 Ne=0.1 1 Pr=62
Ert— 2.21 Nb=0.1
=0. <08 1 -
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Figure 4. Effects of M on f’(n) when Ng, = 2.0, Ny = 0.1

Figure 5. Effects of Nt on f'(n) when N, = 2.0, Ny = 0.1

4.2 Temperature Profiles
Figures 6 to 9 illustrate 8 (n) profiles corresponding to f' (1) profiles depicted in Figures 2 to 5. In every illustration,
the surface's peak temperature is standardized to one, gradually diminishing to the free stream temperature (8 = 0) at the

thermal boundary layer's outer edge.
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Figure 6. Effects of y on 6(n) when Ni, = 2.0, N = 0.1
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Figure 7. Effects of Nb on 6(n) when Ni, = 2.0, N = 0.1
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Figure 6 shows the temperature profiles for y, while Figure 7 demonstrates the impact of Nb. Increasing y slightly
enhances the dimensionless temperature, as depicted in Fig. 6. Figure 7 illustrates that increasing Nb enhances
temperature, attributed to increased diffusion of nanoparticles due to higher Brownian motion. The presence of
nanoparticles induces Brownian motion in the nanofluid, which intensifies with higher Nb values. This motion enhances
thermal conduction through two mechanisms: direct heat transfer via nanoparticles and indirect micro-convection around
them. Brownian motion exerts significant influence on small particles under high Nb conditions, whereas it has the
opposite effect on large particles under low Nb conditions. Figure 8 reveals that increasing M decreases 8(n). The
parameter Nt, highlighted in Figure 9, enhances thermophoresis force, prompting nanoparticles to migrate from warmer
to cooler regions and amplifying temperature profiles.

1

Sc=2.0
Nc=0.1
Nb=0.1
Pr=6.2

Nr=0.1
M=0.1

y=01

0.8

0.6 A

e(n)
e(m)

04 A

0.2

Figure 8. Effects of M on 6(n) when Ng, = 2.0, Np = 0.1 Figure 9. Effects of Nt on 6(n) when Ng, = 2.0, Np = 0.1

4.3 Concentration Profiles

Figures 10 to 13 illustrate the impact of y, Nb, M and Nt on s(n). Figure 10 shows that s() decreases with
increasing y. Figure 11 demonstrates that as Nb increases, the concentration of nanoparticles decreases, primarily due to
enhanced Brownian motion warming the boundary layer and leading to increased nanoparticle deposition away from the
fluid region (onto the plane surface), thus reducing s(n). Figure 12 indicates that nanoparticle concentration decreases
with increasing M, attributed to heightened electrification causing nanoparticles to migrate from the fluid region towards
the plane surface, thereby lowering their concentration. Figure 13 reveals that increasing Nt results in higher nanoparticle
concentration, as greater Nt intensifies forces on nanoparticles away from the heated plane surface, enhances nanoparticle
diffusion into the nanofluid region, and ultimately increases concentration magnitude.

1
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Figure 10. Effects of y on s(1) when Ng, = 2.0, Np = 0.1 Figure 11. Effects of Nb on s(n) when N, = 2.0, Nz = 0.1
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Figure 12. Effects of M on s() when Ng, = 2.0, Nz = 0.1 Figure 13. Effects of Nt on s(n) when Ng, = 2.0, Np = 0.1

4.4 Non-dimensional Skin Friction, Heat and Mass Transfer Coefficients
Table 2 illustrates how changes in y, M, Nb and Nt affect f"(0), —6'(0) and —s'(0) while keeping other
parameters fixed (Sc = Ng, = 2.0, Nz = Nr = Nc = 0.1 and Pr = 6.2). f"'(0) increases with higher values of M, Nb
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and Nt, but decreases as y rises. This trend is attributed to the velocity distribution near the plane surface, which intensifies
with M, Nb and Nt, but diminishes with y. Similarly, —6'(0) increases as M rises and decreases with higher values of
y,Nb and Nt. This trend occurs because increasing M reduces the temperature distribution near the surface, whereas
higher values of y, Nb and Nt enhance temperature. Values of —s’(0) increases with y, M, and Nb, but decreases with
increasing Nt. This pattern arises because the nanoparticle concentration near the surface decreases with higher values of
¥, Nb, and M, thereby enhancing —s’(0). Conversely, increasing Nt leads to higher nanoparticle concentrations near the
surface, resulting in a decrease in —s’(0).

Table 2. The effects of y, M, Nb and Nt on f''(0), —6'(0) and —s'(0)

y M Nb Nt £7(0) —9'(0) —s'(0)
0.0 1.41442 0.36235 0.14057
0.1 1.40370 0.35248 0.20466
0.5 0.1 0.1 0.1 1.37049 0.32358 0.41039
1.0 1.34253 0.30120 0.59803
0.0 0.97884 030109 0.17498
0.1 1.40370 0.35248 0.20466
0.1 0.2 0.1 0.1 1.79457 0.38830 0.22064
0.3 2.16287 0.41670 0.23155
0.1 1.40370 0.35248 0.20466
0.1 0.1 0.2 0.1 1.58380 032715 0.28574
0.3 1.75312 0.29981 033132
0.1 1.40370 0.35248 0.20466
0.1 0.1 0.1 0.2 1.45044 0.32904 0.17859
0.3 1.49351 0.30635 0.17309

5. CONCLUSIONS

The influences of some key governing parameters, such as y, Nb, M and Nt on velocity, concentration and temperature
profiles are graphically demonstrated in free convective nanofluid flow past a plane surface. Numerical results for '’ (0),
—6'(0) and —s’(0) are highlighted in tabular form. The study yields the following conclusions:

e An increase in Nb, Nt and M enhances velocity within the boundary layer, while velocity reduces with

increasing y.

Higher values of Nb, Nt and y intensify temperature, whereas increasing M reduces temperature.

Increasing Nt enhances concentration, whereas Nb, y and M lead to decreased concentration.

Nb, Nt and M all enhance the dimensionless reduced skin friction coefficient, while y reduces it.

The dimensionless heat transfer coefficient diminishes with increasing Nb, Nt and y, but significantly rises with

an increase in M.

e  The rate of heat transfer from the plane surface to nanofluid rises with increasing M and conducts heat into the
cooler fluid, cooling the plane surface.

e The dimensionless mass transfer coefficient improves with y, Nb and M but diminishes with Nt.
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XIMIYHA PEAKIISL, EJJEKTPU3ALILA, BPOYHIBCHKHM PYX TA TEPMO®OPE3HUI EQEKT HAHOYACTHHOK
MIJII HA ITIOTOK HAHOPIAWHU 3 TIOBEPXHEBUM TEPTSAM, TEIIJIO-TA MACOITIEPEHOCOM
Anitba Kymap Iari?, Magan Moxaun Poyt?, Pyny Caxy®, I. Cisa Pamakori®, Koycrasa Kymap Iaunaa?®, Kpymna Yanapa Ceri?
“Vuisepcumem mexuonozii ma meneddxcmenmy Llenmypion, Ilapanaxemynoi, Odiwa, Inois
bYuisepcumem NIST, Bepxamnyp, Ianoxcam, Odiwa, Inodis

VY 1BOMY JOCII/PKEHHI OCIHIKY€EThCSl BILUIMB XiMIUHOT peakiil Mepiioro mopsaky, repmodopesy, eaekrpusanii Ta OpoyHiBCEKOTo
pyxy Ha HaHo4acTHHKH Cu y BUIBHOMY KOHBEKTHMBHOMY HOTOL HAaHOQIIIOiLy MOB3 BEPTHKAIbHY IUIOCKY IIOBEPXHIO, 3 TEPTAM
MOBEPXHi, TEIIO- Ta MaCOOOMIiHOM. YHIiKaJIbHE MOEIHAHHS XiMi4HOT peakiii Ta eeKTiB eaeKkTpu3anii Biapi3Hse e TOCITiHKSHHS Bif
MOTIEPEAHIX TOCTIKEHb MMOTOKY HaHOpiAWHHU. BukopucroByroun ¢yHKuii momidHocTi, kKepyroui PDE moToky mepeTBoproroThCcs Ha
CHCTEMY JIOKAJIbHO MOMIOHUX piBHsAHB. [10TiM i piBHSHHS PO3B’SI3YIOThCA 3a pornomoror ¢yHkuii bvpdc MATLAB, mo Brimodae
0e3po3MipHi TpaHH4YHI yMOBH. BHCHOBKM MiATBEP/DKYIOTHCS IUIIXOM HOPIBHSHHS 3 IIONEPETHIMH JOCHKEHHAMH. ['padidni
UTFOCTpail MOKa3yITh YHCENBHI JOCHIPKEHHS MPpOo(diTiB KOHIEHTpAIlii, IBUIKOCTI Ta TEMIEpPATypd y 3B’s3Ky 3 MapaMeTpoM
eJIeKTpH3alii, mapamerpoM TepModope3dy, HapaMeTpoM XiMIUHOI peakilil Ta IapaMeTpoM OpOYHIBCBKOro pyxy. PesympraTn
PO3paxyHKiB KOe(DillieHTIB TEIIO0OMiHY, MacoOOMiHy Ta 0€3pO3MIpHOrO MIKIPHOTO TEPTS MOJAHO Yy BUNIAAI Tabmuii. OCHOBHE
BIZIKPUTTS BKa3ye Ha Te, IO IapaMeTp eJICKTPH3alii NPHCKOPIOE Iepenady TeIula, TOAI K IapaMeTp eleKTpu3alii, napamerp
OpOYHIBCHKOTO pyXy Ta mapameTp XiMiuHOI peakiii 30iIbIIy0Th MBHIKICT Hepeaadi MacH BiJ] INIOCKOI MOBEpXHi 70 HaHOpiauHu. e
BKa3ye€ Ha 0OHaAIHINBUI MOTEHIIAN IS OXOJOKEHHS TNIOCKUX OBEPXOHb Y MTPOMHCIOBOCTI.

KurouoBi cinoBa: xiviuna peaxyis, mepmogopes; erexkmpuixayis; 6poyHiCoKUll pyX; HAHOPI0IO
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The present study investigates the dynamics of a biomagnetic couple stress fluid within an anisotropic porous channel where the
channel walls are stretchable. This study examines the flow behavior under the influence of an external magnetic field generated by a
magnetic dipole. Appropriate dimensionless parameters are introduced to simplify the equations of the problem. A suitable numerical
approach based on the Spectral Quasi-Linearization Method is utilized to obtain a solution to the problem. In this work, influence
of several important parameters like the anisotropic permeability ratio, couple stress parameter, anisotropic angle, Darcy number,
ferromagnetic interaction parameter, Reynolds number, and Prandtl number are examined. The results indicate that ferromagnetic
interaction parameter and couple stress parameter significantly impact heat transfer and fluid flow. Permeability ratio and angle also
affect the flow dynamics. Furthermore, the coefficient of skin friction and rate of heat transfer were examined, varying the couple stress
and ferromagnetic interaction parameters. The findings demonstrate that an existence of magnetic dipole and anisotropic permeability
significantly influences the flow and thermal properties of ferrofluids, providing valuable insights for optimizing heat transfer and
controlling fluid flow in diverse engineering and medical applications.

Keywords: Couple stress fluid; Magnetic dipole; Anisotropic porous media; Anisotropic permeability; Heat transfer; Spectral Quasi-
Linearization method

PACS: 47.50.-d; 47.65.Cb; 47.35.Tv; 47.56.41; 44.30.4v; 44.15.+a; 02.70.Hm

1. INTRODUCTION

The research on biomagnetic ferrofluids has gained remarkable significance in recent times owing to their distinctive
characteristics and possible uses in diverse domains including biomedical engineering, pharmaceutical administration,
and thermal transport systems [1]. A key area of interest in biomagnetic ferrofluid research is understanding the be-
haviour of these fluids when subjected to a magnetic dipole, especially in confined geometries such as channels with
stretching walls. The stretching walls introduce a shear force, which can significantly influence the flow dynamics within
the channel. Understanding these interactions is crucial for optimizing the design and operation of devices that utilize
biomagnetic fluids, particularly in processes where efficient heat transfer and fluid control are essential like applications
related to engineering, biomedicine, and materials science [2, 3]. Ferrofluids demonstrate controllable flow behaviour
and enhanced thermal conductivity under magnetic influence, and have a range of fascinating applications across various
fields which include magnetic resonance imaging (MRI) enhancement, drug delivery systems, cooling systems, magnetic
separation and filtering, optical devices, magnetic sensors and actuators [4]-[7]. A mathematical model of magnetic
field-induced blood flow was developed by E.E. Tzirtzilakis [8]. The magnetic dipole-induced dynamics of visco-elastic
fluid were examined by Misra and Shit [9, 10]. They examined the variation in the velocity of blood with respect to a
magnetic field, viscoelastic parameter and thermal diffusivity using the method of finite difference. They concluded that
by enhancing the intensity of magnetic force field, regulation of wall temperature can be achieved by eliminating occur-
rence of flow reversal. An observation was made that larger magnetic strength corresponds to higher temperature. The
applicability of these analyses was demonstrated by studying blood flow in arteries within walls, which are stretchable. A
second-grade electrically conducting fluid, which is both steady and incompressible, was investigated by Misra et al. [11]
in channel while a transverse uniform magnetic field was present. All the studies carried out by Misra et al. are driven
by various potential uses in the biomedical engineering domain. Couple stress fluids, which are a particular category of
non-Newtonian fluids, have a nonsymmetric stress tensor and microstructure in their fluid structure, which makes them
defy the Newtonian fluid theory. Stokes[12] developed the theory of couple stress fluids in 1966, expanding classical fluid
mechanics to account for couple stresses. Because of their potential applications in a wide range of fluid flow systems,
couple stress fluids have garnered significant interest from many researchers [13]-[15]. Ramesh [16] examined the prop-
agation of a couple stress fluid having peristaltic behaviour, in an inclined asymmetrical porous channel. It was noted
in the study that the pressure gradient declines as the Reynolds number and the channel’s angle of inclination are raised.
Studies have shown that the heat transfer and temperature exhibit positive correlations with the Darcy number and also
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angle of inclination. A study conducted by Ramanamurthy and Pavan Kumar [17] examined couple stress fluid flow in
a channel of rectangular shape formed due to a magnetic field applied transversely. Some more studies on couple stress
fluids and power-law fluids which are subjected to magnetic field can be found in [18]-[22]. In their study, Nadeem et
al. [23] analysed impact of nanoparticles on magnetohydrodynamic (MHD) flow of a Casson fluid over an exponentially
permeable shrinking sheet. Coupled stress fluids in curved porous channels were investigated by Pramod et al.[24]. The
flow governing equations, which are highly non-linear, were solved by HAM(Homotopy Analysis Method). They con-
cluded that when compared with the Newtonian fluids, for couple stress fluids the magnitude of velocity and temperature
profiles are smaller. Ishaq et al. [25] investigated the behaviour of couple stress fluid traversing a porous slit which is
linear in a Darcy porous media. The flow was considered creeping and the solution was obtained using an Inverse method
technique. Their research explored kidney disease’s impact on renal tubule fluid flow, highlighting potential clogging by
fibers, lipids, and waste particles, aiding in disease management and improving renal medicine development. Using a
Boussinesq couple stress fluid, Patra et al. [26] analysed the characteristics of flow across a stretched sheet in porous me-
dia. The flow was exposed to varying magnetic fields and thermal radiation. An order-4 RK method was applied to obtain
the solution numerically. They discovered that the distributions of velocity and temperature were impacted by parameters
like Darcy number, magnetic field strength, and couple stress parameter. Recent advanced research has primarily focused
on developing effective numerical methods to solve the intricate, nonlinear differential equations that govern fluid flow
dynamics. To linearise and solve nonlinear terms with high accuracy, one such method is Spectral Quasi-Linearization
Method (SQLM), which combines the Quasilinearization technique with spectral methods. Numerous fluid flow appli-
cations, such as the investigation of flows across boundary layer over stretching/shrinking sheets in non-Darcy porous
media, have benefited from the successful application of this technique [27]-[29]. With a focus on nanofluid flow, Rai
and Mondal [30] examined modern spectral approaches for solving nonlinear fluid flow problems. It consists of various
spectral-based techniques such as Spectral Quasi-Linearization (SQLM), spectral relaxation (SRM), and spectral local
linearisation (SLLM) which are most effective and precise than finite difference methods, in solving both ordinary and
partial differential equations.

Most studies on ferrofluid flow dynamics and heat transfer do not take into account the impact of coupled stress fluid
dynamics, magnetic dipoles, and anisotropic porous medium. Using a mathematical model and solving the governing
equations, this work aims to elucidate the impact of the interaction among magnetic dipole, stretching walls, anisotropic
permeability and ferrofluid characteristics on the system’s overall performance. The flow governing equations, which
take into account couple stresses and magnetic forces, are numerically solved by applying Spectral Quasi-Linearization
Method (SQLM), after making similarity transformations. Our study examines how the key parameters, including couple
stress, ferromagnetic interaction, Prandtl number, Reynolds number, Darcy number, anisotropic permeability, and angle
affect velocity and temperature profiles in boundary layers. The findings give a thorough understanding of the intricate
interactions between these variables and show how they impact the flow and thermal properties of ferrofluids. The re-
sults demonstrate the method’s resilience and efficacy in handling challenging fluid dynamics applications by providing
insightful guidance for optimising heat transfer and flow control in various engineering applications involving magnetic
fluids.

2. MATHEMATICAL FORMULATION

A two-dimensional flow of a couple stress fluid within a channel bounded by parallel plates located at y = +h is
considered. The channel is saturated with anisotropic porous media and the temperature of channel walls maintained at
(T), a constant. A magnetic dipole is positioned at a distance a above the channel wall, exerting an influence on the flow.
The walls of the channel, which are assumed to be stretching, induce the flow, with the surface velocity being directly
proportional to the horizontal axis X . The porous medium is assumed to be anisotropic, and consequently, the anisotropic
permeability matrix K is defined as [31]-[39]

K = [k22c08%(¢) + ki sin®(9) (ka2 — k1) sin(g) cos(¢) (1
(koo — k11) sin(¢) cos(¢) koo sin’(¢) + k11 cos?(o)

k11 and koo, the permeabilities along the two main axes are taken to be constant. The angle formed by positive X
axis and horizontal permeability koo is the anisotropic angle ¢. Figure (1) depicts the above consideration. The governing
equations for couple stress fluid with consideration of anisotropic porous permeability are stated below, taking into account
the aforementioned factors:

ou Ov

— +— =0, 2
Ox * Oy @

or
ox

sin(20))v]

{u@+v@}__@+ [@ @]_ {@+@+2ﬂ}+ M
P18z oyl Oz Hl 922 Oy? 792t Oy* 0x20y> Ko
U

- ki1 — ka2
k11k22 2

3)

[(ku cos2() + koo sin2(¢))u + (



161
A Biomagnetic Couple Stress Fluid Flow in an Anisotropic Horous Channel... EEJP. 4 (2024)

Y

< < <

o

o

o0

o @000 o O wgoor
O—O_ZGOOOOOOO 0,0 y=0 0% o0 o oL X
o0 ©© 000 S y o o

O o O o ©O
°9° 0 Khls?ofré@lc pﬁrou@m;ea;unb g 0° %o
O O

o © 0 O

—  — — 4 — @ — —

Figure 1. Illustration of physical problem.
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———[(k11 cos®(¢) + koo sin®(¢))u? + (k11 — ka2) sin(2¢)uv

+(koz cos®(¢) + kpy sin? (9))v°].

In the context of the flow problem, the boundary conditions can be mathematically expressed as:

ou oT

0, 0=0, 5 =0,aty =0 6

ay 7U 78y ’ay ) ()
0%u 1,5 5
_— = = = —_ = = Nn. 7
0 0, u=cx,v=0,T Tw7p+2p(u +v)=0aty=nh @)

In equations aforementioned variables u, v represent fluid velocity’s dimensional components in the direction of X, Y
axes. Additionally p, po, i, p, v, k, H, M, T and ¢, denotes the pressure, magnetic permeability, dynamic viscosity, bio-
magnetic fluid density, couple stress coefficient, thermal conductivity, magnetic field strength, magnetisation, temperature
and fluid’s specific heat respectively. In equations (3) and (4) the terms MOM %—f, MoM B—H on the right side represent the

4 .
magnetic field’s influence in fluid flow, the terms -y [ z + 8y4 + 257~ awz ay'z , Y 8w4 + ay4 + 2#&/2} reflect the inter-
nal frictional forces within the fluid and additional couple stresses of the fluid which lead to higher order stress effects
that are crucial for accurately describing behavior of non-Newtonian fluids, and the last terms in the equations reflect the
Darcy resistance to flow due to the porous medium, modulated by its anisotropic permeability characteristics. In equation
(5), the term ppT BT {u 5. T U %H } represents the magneto-caloric effect, where the magnetic field influences the dis-
tribution of temperature and heat transfer in fluid.
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The biomagnetic fluid flow is influenced by magnetic dipole which produces a magnetic field. The scalar potential that
represents the magnetic force field is given by:

D(a,y) = o {M} ®)

where b = a + h and « represents the strength of magnetic force field at the point (0, b). The elements corresponding to
the magnetic field intensity H are :
0 = 00 o a®—(y—b)?
T 0 2 [+ (y —b)?)?
0P  « 2x(y — b)
HU =—— —
' Oy 2w a2+ (y—0)*?

The resultant magnitude of intensity of magnetic field is

[0}
H= ity = e o) (v

oH « 2z

9

(10)

- 12
Oz 27 (y — b)* (12)
considering only = and neglecting higher powers
oOH e 2 422
- — | = 13
5 "o TG (1

Magnetisation M, is shown to be a function of temperature T and exhibits linear variation according to the principle of
FHD[40]. Thus we consider M = k;T', where k¢ is the pyromagnetic constant.

2.1. Transformation of equations
We present the following dimensionless variables:

V(&) = ch’¢f(n) (14)
P&) = — i = —Piln) = €P2(0), (15)
T
0(&m) = == = 01(n) + £202(1), (16)
fa) =7 (17)
_Y
ny) =+ (18)

where U (£, n), P(€,n),0(&,n) are the stream function, the pressure function and the temperature function respectively.
Non-dimensionalization of u, v can be made as :

_ov

u oy ch& f'(n) (19)
ov
V== —chf(n) (20)

The continuity equation is clearly satisfied by the variables v and v. After equations (14)- (20) are substituted in equations
(3)-(5), and thereafter equating the coefficients of £°, £, and £2, we derive the subsequent equations:

1 266 1
Y R () 2RePy = P — K cos(0) + st ()] ) =0, @D
1 IV " / / 2691 .2 2
ﬁf —f" = Reff +R€P1—W+E[KSIH (¢) + cos (d)))}f(n) =0, (22)
ReP} + 450, 250 _ (23)

Re(n — d)b h Re(n —d)3
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07 + 205 + RePrf0;, — W + %(f”)Q +4ReA(f)* + ﬁ)\Re[COSQ(q’)) + Ksin?(¢)]f2=0  (24)
' 0
05 — RePr(2f'0s — f65] + X\B6; (UZ_fd)4 + e 4_fd)5 - (ijfd;, - A%(f’”ﬁ + ARe(f")?
(25)
+Dia)\Re[K cos?(¢) + sin?(¢)] f2 = 0.

The boundary conditions in equations (6) and (7) get transformed as:
f(0) =0, f"(0) =0, 61(0) =0, 65(0) =0
1 (26)
F) =0,/ (1) =1, f"(1) = 0, 6:(1) = 1, 05(1) = 0, Pa(1) = 0, Po(1) = 5.

In the transformed equations written above, the other non-dimensional parameters present are outlined as follows:

271-#2 ko’ pkfﬂu

2
Da:@,R _pch ,d:é and K:@
h? 1 h kao

where the couple stress parameter is denoted as I', ferromagnetic interaction parameter as 3, Prandtl number as Pr,
viscous dissipation parameter as A, Darcy number as Da, Reynolds number as Re, dimensionless distance as d, and
anisotropic permeability ratio as K.

3. METHOD OF SOLUTION

A fifth-order coupled nonlinear system is established by the sets of equations (21)—(25) together with the boundary
conditions (26). This system characterises the dynamics of the problem under consideration. A numerical solution to
the problem considered is obtained by applying the Spectral Quasi-Linearization Method. For the set of equations (21)
to (25), the approximate current solution and the improved solution are considered as f, (61)y, (02)r, (P1)r, (P2), and
Sfrae1s (01)rx1s (02)rx1, (P1)rs1, (P2)raq respectively. The procedure yields the linear differential equations shown
below:

al,rfx.l + ;/.:_1 +ao, [l +asy froq + g fri1 + a5 (01)r41 + a6, (Po)ry1 = St, 27
a7,rfr14‘_/1 - f;/+1 + aS,Tf7l~+1 +agrfre1+ @100 (61)r41 + all,r(Pl):u,.l = Sy, (28)
a12,r(01)r41 + a13.7(02)r+1 + a14,r(P2);~+1 = Ss, (29)

a5 fry + a6 frgn + @170 fra1 + (01)041 + a1, (01)1 1 + @19, (01)r41 + a0, (02)r41 = Sa, (30)

a1, [y + a2 i1 + a3 floy + 24 fran + 25,0 (01) g1 + (02) 11 + a26,0(02).41 + a27,+(02)741 = S5, (31)
The transformed boundary conditions are found as below:
fr+1 =0, fvﬁlJrl =0, (01);~+1 =0, (92);"+1 =0 at n=0,

1 (32)
Jre1 =0, f'r/’«l»l =1, 7{11 =0, (91)T+1 =1, (62)7’+1 =0, (PI)TJrl =0, (PQ)TJrl = 5 at n=1

The coefficients obtained are:

1 1 .

@ =~ G2 = Ref,, as,= —2Ref] — D—G(K cos?(¢) +sin?(¢)), as, = Ref’,
—28 1

as r = m» ag,r = 2Re, arr = ﬁ’ ag r = —Ref,

a :—Ref'+L(c082(¢)+Ksin2(¢)) a - a1, = Re

9,r r Da ) 10,7 ('f] — d)37 11,r B}

43 -2 2\ 1) /

Gar = G g M0 T T G4 = Re, a5, = —55—, e =8ReAf,,

2030 2
air,r = RePro| — (77_'6053 + m/\f,.Re[cos2 (o) + Ksinz((b)]7 ais,r = RePrf,,

_26)\fr

1 " 1
aig,,r = =) a0, =2, Q21 = QAﬁf , a2, =2ARef,,

r
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2086,

as3 , = %AReﬂ[(K cos?(¢) + sin?(¢))] + UErE 2RePros,
_ iy 2AB(02), | ANB(6h)r _20Bfr | 4ANBf:
b =R O = s T e T G )
ase,r = RePrf,, asr, = —2RePrf] — m,
Sy = Re(fof! — f'?), So=—Ref.f., S3=0,
"2
S1 = RePrf 8 — 2P amen s+ S S cos?(0) + Ksin® ()2,
_ / / 2>\ﬁf7-(92)r 2087 (61)r | 4AB(61)r fr
S5 = —2RePrf(02), + RePrf.(05), — 7 — ) =) =y
FA U+ R + S5 [eos(6) + K sin?(9)] 12

To solve the linearised equations (21) to (25), a Chebyshev spectral collocation approach is used. Chebyshev interpolating
polynomials are used to estimate the functions unknown. The Gauss-Lobatto points are defined as (; = cos (7j/N),
where j = 1,2, -+ N of collocation points at which these polynomials are collocated. Derivatives of f(n), 61(n), 02(n),
Py (n), and P (n) are determined by using the differential matrix D to calculate Chebyshev polynomials at the collocation
points. Near collocation nodes the derivatives of f,.1, (01)r+1, (62)r+1, (P1)r+1, and (Py),.41 are represented as:

of, 2\ <
Jrin _ (L) > DR ifrs1(i) = DPF,
1=0

onp
N
ap(???)pr+1 - <i>p ;D%’i(gl)“ﬂ(m) = D?0O,,
% — <2>p i DR (02)r41(n;) = DPO, 33)
o L) =
N
% N (L)pZDM (P1)r41(ni) = D"Py,

ap(PQ)T+1 2
—ap  \I ;D%,x%»ﬂ(m):mp,

where the Chebyshev differentiation matrix D scaled by L/2, is of order (M + 1) x (M + 1) with p derivative order. On
substituting equation(33) into equations (27)- (31), we obtain

[a1,D° + D?® + ay,D? + a3, D + as, 1] fri1 + a5, (01)r11 + a6 (Po)ri1 = St, (34)
la7,D* —D*+ as, D + ag 1] fr11 + [a10,+1](01)r41 + @11, D(P)r41 = So, (35)
a12,7(01)r+1 + @13, (02)r+1 + @14, D(P2)r11 = S (36)

[a15,D* + a16,D + a1z, 1) fr+1 + [D* + a15,D + a19,1](61)r+1 + [az0,+1](02)r+1 = S, 37

[a21,rD3 + a22,rD2 + a3, D + asa 1) fri1 + a25..(01)r41 + [Dz + a26,,D + ag7 +1](02)r41 = Ss. (38)

Applying spectral method on the boundary conditions gives:

N
fr41(C) =0, > Dypfri(Go) =1,

N N
Fra(Cn) =0, > Dy pfria(Cy) =1, Y DX frra(Co) =0
k=0 k=0 39

N N
D Dua(01)rp1(Cn) =0, D Dk(82)rs1(Cn) =0, (61)r41(¢0) =1, (82)r41(C0) =0,

k=0 k=0

(P1)r41(C0) =0, (P2)r41(C0) = 3
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The matrix form of the aforementioned equation system is written as

Bll

B

B3,

By

By

Bys

By Bz Biz By Bis Fr S
By By Bas By Bos O1r41 Sa
Bs; Baz Bss Bay Bss| x |Og.41| = [S3], (40)
By Bs2 By By Bys Piria Sy
Bs1 Bsz Bss Bss Bss Py S5
The boundary conditions are placed on the separate matrices as follows:
S N R
Do Dy Dy n_s D, n 0 0 0 0
D3, D3, D3N 1 D3 n
Bix =
’ B
Bll 12
D12\10—1,0 D2N—1,1 e DzN—(l),N—l DzNILN 0 0 0 0
L - 0 0 0 0
0 0 0 0] 0 0 0 O 0 0 0 O]
0 O 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
Bu — Bis —
B3 ’ 14 By ’ ! Bis
0 O 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
r0 07 r1 0 0 0 7
Bay , Baz= Bas ,
L0 0. IDno Dn Dy n-1 Dn,n
r0 07 o o0 0 07 M0 0 0 07
B3 , Bas= Bay , Bas= Bas
10 O 0 0] 10 O 0 0] 10 0 0 0]
00 0 0 00 0 0 -1 0 0 0 A
Bsi , Bss = Bsa , B3z = Bss s
lo o 0o ol lo o 0 ol |Drxo D Dy.n—1 Dyl
0 0 0] n o 0 O 0 O 0 O]
Bs, , Bss= Bss , Bui = By
L0 1] 10 0 0 1] 10 0 0 0]
ro 07 0 O 0 O] n o 0 O
By ,Byg = Bys , Bu= By ;
L0 04 10 0 0 04 L0 0
r0 07 0 O 0 O] ro 07
Bys ,Bs1 = Bs1 , Bsa= Bso ,
10 O 0 0] 10 0 0 04 10 0 0 0]
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M0 0 0 07 M0 0 0 07 n o0 07
Bss = Bs3 ,Bsy = Bs, , Bss= Bss ;
10 O 0 0] 10 O 0 0] 10 O 0
[ fre10 ] - - _ - _ -
Fran 01r41,0 02,410 P10
FT+1 = : 7®1r+1 = ) ®2'r+1 = ) P1T+1 = )
fre1,N—2 :
fra1,n—1 101741, 102,41, N ] . 0 ]
L f7'+1,N ;
[Port10] (1)
o o o -
0 0 0 0 L
Py = ,51 = , Sa= , S3= , Sy= , Sy = ;
] s1 So S3 S4 S5
: 1 0 0 0
1 L+ LV LV LY ]
L 0 _ L 0 ]
where
By, = [diag(a;,) 1 diag(ay,) diag(as,) diag(as,)][D° D* D? D I]7,
By = diag(as,), Biz =0, Bi4=0, DBjs=diag(as,),
Boy = [diag(a7,) — 1 diag(ag,) diag(ag,,ﬁ)][D4 D? D I]T7
By = diag(aig,.), Bz =0, Bay = [diag(ai1,)|D, Bas =0,
B3; =0, Bsp =diag(as,), Bssz=[diag(ai3,), DBss=0, Bss;=[diag(ais,,)|[D],
B41 = [diag(amyr) diag(am,) diag(amr)][Dz D I]T,
By =[1 diag(ais,) diag(aio,)][D*> D 1|7, By =diag(as,), Bi =0, B =0,
By = [diag(as1,) diag(as,) diag(ass,) diag(as,)][D* D> D I]T, Bs, = diag(ass,),
B53 = [1 diag(a267r) diag(ang)][Dz D I]T, B54 = 0, B55 = O7

where a, I, 0 are diagonal, unit, and null matrices, respectively, of order (N + 1)x(N + 1).

4. CONVERGENCE ANALYSIS AND RESULTS

Convergence analysis entails demonstrating that the iterative approach converges to an exact solution for the non-
linear system of equations (21) and (25), by taking boundary conditions (26) into account. The calculation of residual
errors is performed to guarantee the precision of the numerical results. Inaccuracies measure the extent of discrepancy
between the numerical and the precise original solution. These errors quantify the degree of deviation experienced by the
numerical solution from the original solution. For equations (27) and (29), the residual errors obtained are as follows:

1 236,
R — ___— ¢V " R "n_ N2 9ReP, — — 71
es(f) = gz /" + 1"+ Relf " = (f')") + 2ReP2 = o =05 "
5z [ (K cos(9) + sin’(9))] 1 (n),
Res(01) = 0] + 205 + RePrf¢;, — M + %(f”)2 + 4Re)(f')?
(77 - d) r (42)

+ i/\Re[cosz((é) + K sin?(¢)] 2.

|Res(f)]loos |[Res(01)] oo, are the infinity norms (or maximum norm) of equations (41) and (42), which quantify the
largest absolute value of the error throughout the domain. The impact of increasing the count of collocation points (V)
on the accuracy of the solution produced by the SQLM (Spectral Quasi-linearization Method) is examined in Fig (2).
In figure 2(a), the residual error in f over 30 iterations for various numbers of collocation points (/N = 25, 30, 35) is
displayed. Collocation points between 25 and 35 yield the best accuracy, with residual errors of about 10~6. Similarly,
for the residual error in #; that is shown in 2(b), the ideal residuals are obtained with values of about 10~°. The accuracy



167
A Biomagnetic Couple Stress Fluid Flow in an Anisotropic Horous Channel... EEJP. 4 (2024)

l T T T T T T T
_ — 25 0.01’ — N=25
L . _ il — N=30
Eg oot _ _zz % 107 — N=35
= s | E
= 1074 RS 10—6
g g
o 4
= 10—6 L | = 10—8 L ]
‘ ‘ ‘ ‘ ‘ ‘ ‘ 10710, ‘ ‘ : ‘ b |
0 5 100 15 20 25 30 0 5 100 15 20 25 30
Iterations Iterations
(a) (b)

Figure 2. Influence of iterations on (a) || Res(f(n))||sc and (b) || Res(61) || for collocation points when I' = 2, d = 2, 3
=5,A=00l,Da=1,Pr=1,K =0.05,¢ = w/4, Re = 1.

steadily decreases after this range of collocation points. According to these findings, the numerical approach achieves
maximum accuracy with 30-35 collocation points and performs optimally after the fifth iteration. Beyond this range, the
accuracy is observed to decrease, as the number of collocation points are increased, and the residual errors stabilise at
values that suggest optimal convergence.

Theoretical estimates of the influence of couple stress parameter, ferromagnetic interaction parameter, anisotropic
permeability ratio, anisotropic angle, Reynolds number, Darcy number, and Prandtl number on the distributions of velocity
and temperature have been determined. Additionally, the influence of 5 and Pr on the distribution of pressure is also
determined. Figures in (3) - (5) depict the variation of the dimensionless axial velocity f’(n) for a given cross-section 7 of
channel for different parameters. In figure 3(a), it is observed that higher values of I" lead to an increase of axial velocity
up to a certain height and a slow decrease towards the upper channel wall. An increase of couple stress parameter leads
to increase in viscosity, thereby reducing the flow of fluid, and also indicates that the wider the channel, the smaller the
magnitude of velocity. This is consistent with the concept that the couple stress fluids experience additional resistance or
internal friction due to microstructural interactions. From figure 3(b), it can be noticed that higher values of ferromagnetic

1.2

T
—1=0.6

f'(n)

(@ (b)

Figure 3. Axial velocity profile for different values of (a) Couple stress parameter I' (b) Ferromagnetic interaction
parameter 5 forI'=3,d=2,5=5,A=0.2, Da =0.01, Pr =1, K = 0.005, ¢ = /4, Re = 1.

interaction parameter 3 lead to an increase in velocity up to a certain height, after which it reduces. A magnetic force
generated by an applied magnetic field opposes the fluid motion. Figures in (4) illustrate the impact of K and Da on
1'(n), the axial velocity. Figure 4(a) depicts a reduction in magnitude of velocity with a rise in values of anisotropic ratio
K = kq1/koo and fixed Da(< 1) towards the upper boundary. As anticipated, for a given Da, increasing the permeability
ratio K lowers the permeability in the flow direction and consequently, declines the velocity’s magnitude. Figure 4(b)
illustrates that higher values of Da result in a decrease of velocity in vicinity of the center line and then gradually increase
from the centre line towards the upper boundary. When Darcy number is high, viscous effects dominate inertial effects
which result in decrease of fluid’s total velocity. Figures in (5) depict the impacts of ¢, Pr, and Re upon axial velocity.
The profile of axial velocity for various anisotropic angles ¢ is illustrated in figure 5(a). Optimal velocity is attained
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Figure 4. Axial velocity profile for different values of (a) Anisotropic permeability ratio K (b) Darcy number Da for I' =
2,d=2,8=5,A=02,Da =0.01, Pr =1, K =0.005, ¢ =7/4, Re = 1.
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Figure 5. Axial velocity profile for different values of (a) Anisotropic angle ¢ (b) Prandtl number Pr forI'=2,d = 2, 8
=1,A=0.2, Da =0.01, Pr =1, K = 0.005, ¢ = 7/4, Re = 0.5 (c) Reynolds number Re forI'=2,d =2,8=5, A=
0.2, Da = 0.01, Pr =2, K = 0.005, ¢ = 7/4.
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when ¢ = 0, while the lowest velocity is seen when ¢ = 7. This behaviour is consistent with the concept that when
the value of K is less than or equal to 1 and keeps Da or k11 constant, a value of ¢ = 0 indicates a higher horizontal
permeability ko2. Conversely, if the value of K is greater than 1, the behaviour will be the opposite. The value of ¢ =
0 is equivalent to koo the horizontal permeability, resulting in the permeability to reduce in the flow direction. With an
increase in values of anisotropic angle, velocity increases up to a certain height and then decreases towards the upper
wall. In figure 5(b), up to a certain channel height, axial velocity is noticed to increase and decrease thereafter towards
the boundary with an increase of Prandtl number Pr. Prandtl number Pr is a dimensionless number that charaterises the
relative thickness of the boundary layers formed by both momentum and heat. Fluid accelerates more effectively within
a thicker momentum boundary layer. Figure 5(c) illustrates the increase of velocity up to a certain height and a gradual
decrease towards the upper wall, as Reynolds number Re increases. The magnetic force exerts a substantial influence on
the flow near the vicinity of magnetic field within a channel, leading to reduction in velocity. Figures (6)-(7) illustrate the
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Figure 6. Transverse velocity profile for different values of (a) Ferromagnetic interaction parameter 3 (b) Anisotropic
permeability ratio K (c) Anisotropic angle ¢ forI'=2,d =2, =5, A=0.2, Da = 0.01, Pr =5, K = 0.005, ¢ = n/4,
Re = 2.

distribution of dimensionless transverse velocity — f(n) for different values of 3, K, ¢, I, and Re. Figure 6(a) depicts
that transverse velocity decreases with increasing values of 3. Transverse motion is reduced when f increases because it
strengthens the relation between ferromagnetic particles and the magnetic field. In practical situations, this phenomenon
controls the motion and stability of magnetic fluids. In figure 6(b) the velocity is seen reducing for higher values of
anisotropic permeability ratio K. For a fixed Da (fixed k11), an increase in K implies a reduction or decrease in koo the
horizontal permeability. As kqo decreases, the shear resistance increases in the horizontal direction, thereby increasing
the dissipation of energy due to internal friction in the flow. This energy dissipation affects the overall reduction of the
momentum of fluid and indirectly, the transverse velocity also. In figure 6(c) the velocity is seen reducing for higher values
of anisotropic angle ¢. Elevating anisotropic angle ¢ has dampening effect on velocity, which may be due to permeability
ratio K and magnetic parameter that inhibits the flow. Figure 7(a) shows that higher values of I" result in reduction
of velocity. The decrease in transverse velocity within a fluid is due to the increased rotational resistance experienced
by the fluid. Figure 7(b), demonstrates a reduction in transverse velocity as the Prandtl number Pr is increased. This
phenomenon is because the higher momentum diffusivity compared to thermal diffusivity amplifies thermal gradients and
buoyancy effects, resulting in stronger convective currents in the transverse direction. Moreover, the increased viscosity
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aids in maintaining these lateral movements. Figure 7(c) illustrates that higher values of Reynolds number Re lead to a
reduction in velocity. Generally this is due to the growing influence of inertia in the flow. This leads to a stabilisation in
the primary flow direction and a decrease in contribution of viscous forces that facilitate transverse motion.
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Figure 7. Transverse velocity profile for different values of (a) Couple stress parameter I' (b) Prandtl number Pr (c)
Reynolds number Re forI'=2,d =2, =5, A=0.2, Da = 0.01, Pr =5, K = 0.005, ¢ = w/4, Re = 0.5.
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Figure 8. Temperature profile for different values of (a) Couple stress parameter I" ford = 2, 8 =1, A
d=2,2=02, Da = 0.01,

Pr =1, K =0.005, ¢ = w/4, Re = 21 (b) Ferromagnetic interaction parameter (3 for I" = 2,
Pr=1, K =0.005, ¢ =7n/4, Re = 0.01.

The variation of temperature profile for different parameters is illustrated in figures (8)-(10). Figure 8(a) illustrates
that higher values of couple stress parameter I' result in an increase in temperature. A greater temperature gradient



A Biomagnetic Couple Stress Fluid Flow in an Anisotropic Horous Channel...

171
EEJP. 4 (2024)

()

Figure 9. Temperature profile for different values of (a) Anisotropic permeability ratio K (b) Anisotropic angle ¢ for I' =
2,d=2,=1,A=02,Da=0.01, Pr=1, K =0.5,p=n/4, Re = 1.
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results from a thinner thermal boundary layer, which is indicated by a rise in I'. This leads to enhanced heat transfer
at the wall’s surface and contributes to the deceleration of fluid. Figure 8(b) depicts an increase of temperature with
an increase of ferromagnetic interaction parameter 5. A more pronounced temperature difference resulting from an
increase in B suggests a reduced thermal boundary layer in close proximity to wall. Enhancement of effective heat transfer
from the fluid’s surface to its interior occurs at higher values of 3. The findings indicate that when the ferromagnetic
interaction parameter [ is increased, boundary layer temperature and velocity profiles have a significant impact. The
findings depicted in figure 8(b) hold significant implications for the management of tumours and cancer therapy, as the
aim of hyperthermia is to elevate the temperature of malignant tissues beyond the therapeutic range of 42°C. Plasma
protein undergoes irreversible damage when blood temperatures rise above 42°C. Figure 9(a) shows a rise in temperature,
with increase in values of K. Increased permeability results in enhanced convection, improved mixing, and consistent
temperatures. On the other hand, when permeability is reduced, it limits the movement of fluids, resulting in more
pronounced variations in temperature. Figure 9(b) illustrates the increase of temperature when the anisotropic angle ¢
is raised. Figure 10(a) shows that higher Da values typically correspond to more permeable media, allowing for more
efficient heat transfer. Figures 10(b) and 10(c) show that higher values of Prandtl number Pr and Reynolds number Re
lead to an increase in temperature. A high Pr value, exceeding 5, suggests that fluid momentum is a more advantageous
means of heat transfer compared to thermal diffusion. Stated differently, a large Pr value suggests that fluid momentum,
rather than fluid conduction, is more prone to induce heat transfer. An illustration of the pressure profile variation for
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Figure 11. Pressure profile for different values of (a) Ferromagnetic interaction parameter 3 (b) Prandtl number Pr (c)
Couple stress parameter I' (d) Anisotropic permeability ratio K forI'=2,d =2,5=7,A=0.2,Da =0.1, Pr=1, K =
0.5, ¢ =n/2, Re = 2.

different values of 3, Pr, I', and K can be seen in figure (11). This figure demonstrates that higher values of 3, Pr,
and K result in pressure drops while a rise in pressure when I' is increased. Hypothetical findings in figure 11(a) are
highly relevant for clinical interventions, where the application of a suitably powerful magnetic force field can be utilized
to control blood pressure. As the fluid resists both thermal and momentum diffusion more strongly, higher values of Pr
(fig.11(b)) generally lead to greater pressure drops across the channel, so increasing the overall resistance to flow. In
figure 11(c), we observe the rise in pressure with an increase of I'. The pressure profile can be noticed to be flattened,
indicating less and smoother variation. Figure 11(d) depicts a decline in pressure as the values of K are increased which
suggests a more streamlined flow and maximum pressure can be noticed at the upper boundary wall. The parameters of
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local skin friction and rate of heat transfer are essential for the analysis of flow and heat transfer. The following relations
are used to define these quantities:

Tw x 0T
= —— = ——=|y= 43
Cy 22 u T,y Dy ly=1 (43)
Using equations (16-20) in equation (43) we get:
1 1 -1
CpRei = [f"(1) = 5 /")), NugRe? = (07(1) +£205(1)) (44)

In the above equations 7,, = ,u(%Z) — y(gjﬁ )}
y:

represents shear stress at wall, Nu,, is local Nusselt number, and
1

Re, = £~ s local Reynolds number. Also 6'(1) = (8}(1) + £265(1)) is the dimensionless heat transfer parameter

at wall. It is evident that the ferromagnetic interaction parameter 5 has an impact on the flow field. However, the flow
problem is separated from the thermal energy problem in the hydrodynamic case (5=0), where P, becomes constant and
zero (See Equations (23) and (26)). Therefore it is more intriguing and practical to replace the dimensionless wall heat

(07(1) + £205(1)) by the ratio §*(1) = 9,1(0;1)% which is dimensionless and independent of

transfer parameter 6 (1) =
¢ and represents coefficient of heat transfer rate at the wall.

T ORI
£=0 £=3 B8=5 p=T £=9 g=11

0.2 | 123.3324773 | 127.257181 129.8463308 | 132.4148978 | 134.9635621 | 137.4935335
0.3 56.6660337 | 59.61461236 | 61.56274982 | 63.49615971 | 65.41650618 | 67.32454648
0.4 33.333494 35.93842135 | 37.65954421 | 39.36947234 | 41.06914359 | 42.75847324
0.5 | 22.53442963 | 24.97755792 | 26.59253685 | 28.19715192 | 29.79325785 | 31.38089637
1 8.140794606 | 10.34148191 | 11.79708708 | 13.24627189 | 14.69095588 | 16.13263003
10 | 3.433573507 | 5.00769968 6.06391105 | 7.133794256 | 8.219453759 | 9.322318935
100 | 3.292810745 | 4.83203191 | 5.871098686 | 6.930397385 | 8.012385729 | 9.118768452

Table 1. Distribution of dimensionless wall shear parameter f”(1) — 5 f””/(1)

Tables (1) and (2) display variations in Skin friction cofficient and heat transfer rate for different values of I" and /.
The other parameters are maintained at following values: d =2, A=0.2, Da=0.1, Pr=1, K =0.05, ¢ = w/4, Re = 1.

* 07 (1
r 0" (1) = gt
B8=0 B=3 B8=5 B=T B8=9

02 | 34970061551 | 3.4986914879 | -3.4997561776 | 3.5008218082 | -3.5018883853
03 | -1.5708573035 | -1.5724195493 | -1.5734629036 | 15745077275 | -1.5755540441
04 | 0.8066478411 | -0.8981991396 | -0.8992365341 | -0.9002764930 | -0.0013190138
05 | 0.5845572012 | 0.5861041374 | 05871404232 | -0.5881807258 | -0.5892250551
T 101681483019 | —0.1696977885 | -0.1718171673 | -0.1718171673 | -0.1729002803
10 [ 0.0278343318 | 00299616020 | -0.0313761276 | 00328310790 | -0.0343730535

Table 2. Distribution of coefficient of heat transfer rate 6*(1)

Table (1) presents variations of the local skin friction coefficient for various values of the parameters I' and 3. At
the surface, the drag force is decreased by higher couple stress parameters, as Table (1) shows. Microstructural effects of
couple stress fluids can reduce the total frictional resistance against fluid flow, producing a smoother fluid motion. Higher
values of the ferromagnetic interaction parameter result in an increase in the magnetic force, which acts as a resistive force
like drag force, within the fluid. Consequently, the velocity gradient near the wall becomes more pronounced, resulting
in an elevation in the shear stresses. Hence the coefficient of skin friction rises with increase of magnetic parameter. The
variations in heat transfer rate at channel wall’s surface for different values of I" and [ are summarised in Table (2). It
can be inferred from this that higher values of I lead to an increased heat transfer rate near the surface. For a given I,
increasing (3 leads to a reduction in heat transfer rate. The microstructural effects in a couple stress fluids obstruct thermal
conductivity and hence reduce heat transfer efficiency. This table supports the conclusion that microstructural effects from
couple stress and ferromagnetic interaction parameters significantly influence heat transfer behaviour.

5. CONCLUSION
In this paper, the dynamics of biomagnetic couple stress fluid in a channel with stretchable walls, are analysed. The
channel is saturated with an anisotropic porous medium. The governing equations, accounting for couple stresses and
magnetic forces, are solved using the Spectral Quasi-Linearization Method (SQLM). To examine how key parameters,
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including couple stress, ferromagnetic interaction, Prandtl number, Reynolds number, Darcy number, anisotropic perme-
ability, and angle affect velocity, temperature, and pressure profiles in boundary layers, graphs were created using an
in-house developed MATLAB program. The findings are outlined below:

* Couple stress parameter and ferromagnetic interaction parameter significantly impact the flow characteristics of
fluid. Higher values of I" and /3 lead to a reduction in both axial and transverse velocities and a rise in temperature.

¢ Higher values of K and ¢ result in a reduction in both axial and transverse velocities and a rise in temperature.

» Higher values of Da indicate less restricted flow, so the axial velocity increases near the upper boundary and the
temperature increases.

* A higher Prandtl number Pr results in the decrease of both axial and transverse velocities near the upper boundary
and the temperature increases.

e Higher 8, Pr, and K values result in pressure drops whereas a rise in I" leads to a rise in pressure. As the fluid
resists both thermal and momentum diffusion more strongly, higher values of Pr generally lead to greater pressure
drops across the channel, so increasing the overall resistance to flow.

* Higher values of I" lead to a reduction in skin friction coefficient and an enhancement in rate of heat transfer.
¢ Higher values of 3 result in an enhancement in both skin friction and rate of heat transfer coefficient.

The convergence analysis demonstrated that the SQLM was effective. The velocity and temperature profiles’ residual
errors showed quick convergence, with accuracy greatly increasing after the fifth iteration. Accuracy was optimal with
25-35 collocation points but gradually declined after that. The numerical method is robust and efficient, as evidenced by
residual error norms ranging from 106 to 10~? for different parameters. Overall, this work fills a gap in the literature by
providing in-depth insights into the combined impacts of couple stress fluid dynamics, magnetic dipoles, and anisotropic
porous media on fluid flow and heat transfer. The current study offers valuable recommendations for enhancing heat
transfer and flow control in engineering applications that involve couple stress ferrofluids.
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IIOTIK PITVUHU B YMOBAX IIOI[BII;IHOFO BIOMATHITHOI'O CTPECY B AHI3BOTPOITHOMY
IHOPUCTOMY KAHAJII 3 PO3TATHYTUMHU CTIHKAMUA
II. Bigzkas Cpi*?, B. Kpimmma Hapaa®, K. Cypem Bagy®
@ Inoicenepnuii konedsxc ACE, mamemamuunuii pakyromem, Xaiioapabao, Teaanzana, 501301, Inois
YGITAM, axyrvmem mamemamuxu, Xaiidapa6ad, 502329, Indis
€ Inorcenepro mexnonoziunuii incmumym [okapadscy Panzapadacy, kagpeopa mamemamuru, [aiioapabao, 500090, Indis

V wmift pobOTi JOCIHIIKYEThCS AUHAMIKA MOTOKY PiMHHE B YMOBaxX HOABIHHOIO GiOMarHiTHOTO CTpecy B aHi30TPOITHOMY HOPHCTOMY
KaHaJi, Je CTIHKM KaHaly po3TATyIoThes. Lle mocmimkeHHs BUBYA€ MOBEJiHKY MOTOKY IMiJ BIUIMBOM 30BHIIIHBOTO MarHiTHOTO MO,
CTBOPIOBAHOTO MarHiTHUM jurosnieM. [Jisi ClpOIieHHs piBHsHD 3a1a4i BBOAATHCS BiAMOBiAHI 6e3po3mipHi mapamerpu. [Ilo6 orpumarn
pillleHHs1 TPOOJIeMH, BUKOPHCTOBYETHCS BiIIOBIAHUI YMCEIBHUI MMTi/IXi/, 3aCHOBAHUI Ha METO[i CIEKTpasibHOI KBasiiiHeapu3auii. Y
it po6OTi JOCIIKYETHCS BILIUB KiJIbKOX BaXJIMBUX ITApaMeTpiB, TAKKX SIK KOe(iLli€HT aHi30TPOITHOI MPOHUKHOCTI, ITapaMeTp MapHUX
Hanpyr, aHi30TpoInHui KyT, yncio Hdapci, napamerp epomarnitHoi B3aemonii, uuciio PeitHosnbaca ta uucio [panaris. Pesynsratu
BKa3yIoTh Ha Te, 10 MTapaMeTp (hepoMarHiTHOI B3a€EMOZII Ta MapaMeTp HaNpyTrH 3’ € JHAHHS CYyTTEBO BILIMBAIOTH HA TEIIOOOMIH i MOTIiK
pizuau. KoedillieHT MPOHMKHOCTI Ta KYT TAKOXK BIUIMBAIOTh HA AUHAMIKY MOTOKY. KpiM Toro, 1ociiJKyBaiu koedilieHT TOBEpXHEBOTO
TEpTs Ta UIBUAKICTh TEMIO0OMiHY, 3MiHIOIOYH TApAMETpHY MapHUX HANPYT Ta (pepoMarHiTHOI B3aeMozii. OTpuMaHi JaHi JeMOHCTPYIOTb,
110 iCHYBaHHsI MarHiTHOTO AMIOJIS Ta aHi30TPOITHOI MPOHMKHOCTI 3HAYHO BIUIMBAE Ha TEYil0 Ta TEIUIOBI BJIACTUBOCTI (heppoOpiauHH,
HaJlal04y LiHHY iH(opMarlilo U1 onTUMi3alii Teruonepeaadi Ta KOHTPOJIO MOTOKY PiAMHU B PI3HOMAHITHUX 1HKEHEPHUX 1 MEUYHUX
3aCTOCYBaHHSX.

KurouoBi ciioBa: piouna nio napuum cmpecom; mazHimuuii Ounons; aHiz3omponHi nopucmi cepe0osua; anizomponHa nPoHUKHICMb,
Mena000MiH, MemoOd CneKmpanbHOT Keasinineapusauii
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This study explores the combined effects of magnetohydrodynamics (MHD) and bio-convection on the flow dynamics of hybrid
Nanofluids over an inverted rotating cone with different base fluids. The hybrid Nanofluids, composed of nanoparticles suspended in
various base fluids, exhibit unique thermal and flow characteristics due to the interplay between magnetic fields and bio-convection
phenomena. The governing equations, incorporating the principles of MHD and bio-convection, are derived and solved using numerical
methods. The analysis considers the impact of key parameters such as magnetic field strength, the rotation rate of the cone, nanoparticle
volume fraction, and types of base fluids on the flow behaviour, heat transfer, and system stability. Results indicate that the MHD
significantly influences the velocity and temperature profiles of the hybrid Nanofluids, while bio-convection contributes to enhanced
mixing and heat transfer rates. Additionally, the choice of base fluid plays a critical role in determining the overall performance of the
hybrid Nano fluid system. This study provides valuable insights into optimizing the design and operation of systems utilizing hybrid
Nanofluids in applications where MHD and bio-convection effects are prominent.

Keywords: Magnetohydrodynamics (MHD), Bio-convection, Hybrid nanofluids; Inverted rotating cone; Base fluids, Nanoparticles;
Flow dynamics
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1. INTRODUCTION

The movement of heat studied in different fields through cones has acquired remarkable research attention owing to
its realistic applications in modern life. Appropriate design and application information are crucial for achieving industrial
and technological goals. This study explores the combined effects of magnetohydrodynamics (MHD) and bio-convection
on the flow dynamics of hybrid nanofluids over an inverted rotating cone with different base fluids. The hybrid nanofluids,
composed of nanoparticles suspended in various base fluids, exhibit unique thermal and flow characteristics due to the
interplay between magnetic fields and bio-convection phenomena. The governing equations, incorporating the principles
of MHD and bio-convection, are derived and solved using numerical methods. The analysis considers the impact of
critical parameters such as magnetic field strength, the rotation rate of the cone, nanoparticle volume fraction, and types
of base fluids on the flow behaviour, heat transfer, and system stability. Results indicate that the MHD significantly
influences the velocity and temperature profiles of the hybrid nanofluids, while bio-convection contributes to enhanced
mixing and heat transfer rates. Additionally, the choice of base fluid plays a critical role in determining the overall
performance of the hybrid nanofluid system. This study provides valuable insights into optimizing the design and
operation of systems utilizing hybrid nanofluids in applications where MHD and bio-convection effects are prominent.

Many researchers have studied the natural convective heat transfer phenomena over vertical cones, focusing on the
effects of cone geometry. These investigations have provided valuable insights into optimizing heat transfer in various
engineering and industrial applications [1-4]. Liu et al./5]compared cerebral hemodynamic metrics from CFD models
using Newtonian and non-Newtonian fluid assumptions to simulate blood flow in intracranial atherosclerotic stenosis
(ICAS). Aloliga et al.[6] investigates the magnetohydrodynamic boundary layer flow of non-Newtonian Casson fluids
over a magnetised, exponentially stretching sheet. Loganathan et al. [7] examine the thermally radiative flow of a Casson
fluid over a cylinder with velocity slip, suction/injection, and Newtonian heating. Fatunmbi et al.[8]Investigates quadratic
thermal convection in Magneto-Casson fluid flow influenced by stretchy material, tiny particles, and viscous dissipation
effects. Shankar et al.[9] investigate Casson fluid flow over an inclined, stretching cylindrical surface, incorporating heat
generation, viscous dissipation, thermal radiation, magnetic fields, and mixed convection. Raja et al. [10] investigate free
convection heat transfer in hybrid nanofluids over an inclined porous plate, considering asymmetrical flow behaviour and
sinusoidal heat transfer boundary conditions with an angled magnetic field. Elattar ef al.[11] studied three-dimensional
heat transfer induced by a non-Newtonian Eyring—Powell fluid containing sodium alginate-based CoFe204 nanoparticles
over a deformable horizontal surface.

Bio-convection, a captivating phenomenon in nanofluids, arises from the motion of microorganisms propelled by
swimming. These microorganisms generate a thicker boundary layer that breaks into bio-convection cells, inducing
instability and higher density gradients at the surface. Gyrotactic and oxytactic microorganisms represent two distinct
types influencing this behaviour. Applications of bio-convection span diverse fields, including pharmaceutical
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manufacturing, gas-bearing processes, hydrodynamics research, and wine-making, highlighting its relevance across
industrial and scientific domains. Mkhatshwa et al. [12] investigates the bio-convective flow of magneto-Williamson
nanofluids with motile microbes through a porous medium in a horizontal circular cylinder. Alhussain et al. [13] examine
the bioconvective flow of magneto-Williamson nanofluids with motile microbes through a porous medium in a horizontal
circular cylinder. Zohra et al.[14] analyses about convective anisotropic slip boundary layer flow from a rotating vertical
cone in ethylene glycol nanofluid, considering Stefan blowing. The study of Hiemenz and Homann flow over a plate was
explored by Sarfraz et al. [15].

Upon review, it is evident that the impact of bioconvection on magnetohydrodynamic hybrid nanofluid flow through
a rotating cone with distinct base fluids remains unexplored. This study aims to investigate the influence of bioconvection
on MHD hybrid nanofluid flow modelled with the Casson fluid approach over a spinning cone.

Key novel aspects of this study include:

e Introduction of motile microorganisms into the flow over a rotating cone.

e Application of MHD effects to a hybrid nanofluid comprising H20 and NaC6H907 base fluids.

e In the hybrid nanofluid flow, which consists of Aluminum oxide — Titanium oxide, Titanium oxide — Copper, and
Aluminum oxide — Copper hybrid nanoparticles, along with Newtonian (H20) and non-Newtonian (NaC6H907) base
fluids, the interactions between these nanoparticles and fluids influence the thermal and flow characteristics
significantly. These combinations are crucial for studying enhanced heat transfer and fluid dynamics in various
industrial and technological applications.

2. PROPOSED MATHEMATICAL MODEL

Let us consider the incompressible, steady-state boundary layer flow combined with bio-convection phenomena
around a rotating downward-pointing vertical cone. The system employs two novel base fluids: Ethanol (C:HsOH) and
Propylene Glycol (CsHsO:), integrated with hybrid nanoparticles composed of Zinc Oxide (ZnO) — Silicon Dioxide
(Si02), Copper (Cu) — Silver (Ag), and Zinc Oxide (ZnO) — Silver (Ag) combinations. The analysis incorporates surface
temperature and concentration gradients and evaluates the system under a generalized magnetic field. Both thermal and
concentration boundary conditions are considered, with Newtonian base fluids serving as a reference point. The spatial
setup includes the modified Cartesian coordinates where the &-axis is along the cone surface, and the n-axis is
perpendicular to it. The azimuthal angle a describes the plane rotation around the vertical symmetry axis. A magnetic

field of strength B = B, f(¢)/ |1 — &% is applied along the n-axis, and the radius of the cone is given by 7 = & cos8§ where

6 is the cone's half-angle. We assume thermal equilibrium between the base fluids and nanoparticles, and no slip
conditions apply. The study begins with an overview of the bio-convection and hybrid nanofluid systems within the
boundary layer. The two novel base fluids, Ethanol and Propylene Glycol, are mixed with nanoparticles for improved
heat transfer characteristics. This exploration is conducted under boundary-layer approximations, ensuring that the base
fluids and nanoparticles remain in thermal equilibrium with no relative slip by Hassan et al.[16].

The boundary layer equations are derived based on the following assumptions and flow conditions:

9 9
5w +5(v) = 0. (1)

where u and v are velocity components along & and n axis, respectively, and r = & cosd represents the cone radius.
Now the momentum equation (for the axial component) is given by

] a 2 1 2
phnf (ua—; + v# - W?) = (1 + ;) uhnfa—nl; + (pBr)hnfg coss(T —Ty) + (pBc)hnf g coss(C — Cy) — OpnsB*u. ®)]
The Azimuthal momentum equation is given by
ow ow  uw 1 92w
phnf (ua_f-HJE_T) = (1 +;)thfa_nz_‘7hnfBZW- 3)
The Energy equation (temperature distribution) is given by
aT aT 82T
(pCp)hnf (u§+ v%) = khnfﬁ‘ (4)
The Species concentration equation is given by
ac ac _ 9%*c
ua—$+va— B o (5)
The Microorganism concentration equation is given by
on_ om0 ( 0c\ PW L _ ) 0%n
U +van an (nan) Cr—Co€ D 7% ©)

The boundary condition for current flow system are as follows:
At the cone surface 7 = 0;
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u=0v=0w=r0T=To+ T, —T)%,C=Co+ (G, - C)En=ng+ (n, +np) . )

Atn — oo:
u->0,w—>0,T > Ty C— Cyandn - ny. ®)

The hybrid nanofluid properties are redefined in terms of the volume fractions ;1 (for the first nanoparticle) and
@np2 (for the second nanoparticle):

_ Ky
‘uhnf N (1—¢np1)2'5(1—¢np2)2.5' (9)
Phnf = {(1 - ¢np2)[(1 - ¢np1)pf + ¢np1pnp1]} + ¢2pnp2 (10)
s = G (11)

The heat capacity of a hybrid nanofluid is calculated by using a weighted average of the specific heat capacities of
the base fluid and the nanoparticles.
(1_¢np1_¢np2)(PCp)f+¢np1(PCp)np1+¢np2(PCp)

(1_¢np1_¢np2)Pf+¢np1Pnpl"'d’npzpnpz

Ly (12)

(Cp),mf =

The thermal expansion coefficient of the hybrid nanofluid can be approximated as a volume-weighted sum of the
thermal expansion coefficients of the base fluid and the nanoparticles:

(ﬂT)hnf = (1 - ¢np1 - ¢np2)(ﬁT)f + ¢np1(ﬂT)np1 + ¢np2(ﬂT)np2~ (13)

The thermal conductivity of a hybrid nanofluid is more complex to model due to the interaction between
nanoparticles and the base fluid. A common model is based on Maxwell's effective medium theory, which can be extended
to hybrid nanofluids as follows:

(14)

k _ [knp1+2kf_2¢'np1(kf_knp1) [knp2+2kf_2¢np2(kf_knp2)
hnf f knp1+2ks+dnp1(Kp—knp1) | | knpa+2kp+dnpz(kp—knp2) |

The electrical conductivity of hybrid nanofluids is enhanced due to the addition of nanoparticles, and can also be
modelled using Maxwell's effective medium theory, similar to the thermal conductivity. The electrical conductivity gy, sis

given by:

(15)

0np1+20f—2¢np1(0f—0np1)] [Unpz +20F=2¢np2(0 f—onp2)

(o} = 0, .
hnf s [ Unp1+20'f+¢np1(0'f_0'np1) U'np2+2¢7f+¢‘np2(0'f_0'np2)

To further simplify the equations, the following dimensionless variables are introduced: (Alhussain et al.0, Aghamajidi
etal. [17])

& n* u v w T-To C—Co n-ng
= = = uUu=— v=— w=— 0 =—- = - 16
§ L 2 L’ L’ L’ oL’ T —To ¢ » X (16)

Solve the equation from 1-6 and applying equation (16), we get

aw aw r ! - ) o M }

U—+v—+uw—= : : (1+_)___MAW 47
9& on r [(1—¢npz)[1—¢np1+¢np1pz_;1 +¢np2p;l—;2] {(1_4)71171)2 5(1_¢‘np2)2 5 B/ an? of
20 s _ 1 1 knnr 020
Uoe tv an ~ Br (PCp)yps (PColnpa\ [ kp 0m? o
(1~¢np2) 1—¢np1+¢nplw +Pnp2 W
99 00 _ 19%
w4210 (19)
B0 10y irefx b0 T

usk v =l et g (20)

After applying initial conditions, we get the following differential equations

1
(1_4’71111)2'5(1_4’11102)

5% (1 + %) w'" + [ZVW’ _ ZV’W] [(1 - ¢np2) [1 - ¢np1 + ¢np1 p;‘_:l] + ¢np2 P;:z] _ GZ—:fMAZW =0. (21)
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" (p p)nm (Pcp)npz kg , ,

X"+ Pr [(1 ~ Pup2) [1 = Gnp1 + Prpr 5 e, + Gnp2 ) [an] [2VX' —V'X] = 0. (22)

Y" +Sc[2VY' —=V'Y] =0. (23)

Z" —PelZ'Y' +ZY"]+ Lb[2VZ' —V'Z] = 0. (24)

Again, apply the following boundary conditions we obtained
V=0,V =0W=1X=1,Y=1,72=1 at y=0,
V-0 W-0 X -0, Y->0, Z -0 as y—- oo. (25)

3. Numerical Method: 4th-Order Runge-Kutta and Shooting Technique

The 4th-order Runge-Kutta method is used to solve this system of first-order ODEs. The steps of this method are as
follows:

Step 1: Start with initial guesses for the unknown boundary values at y = 0(for example, y,, ¥,, ¥, ....€tc., for the
velocity, temperature, etc.).

Step 2: Integrate the system of ODEs using the Runge-Kutta method from y = 0 to a large value of y (denoted as
y = oo) where the boundary conditions at infinity are applied.

Step 3: Compare the computed values at y =oco0 with the boundary conditions at infinity (e.g.
¥2(0), ¥4(%0), ¥6(0), .., etc.).

Step 4: Adjust the initial guesses iteratively using the shooting technique until the boundary conditions at infinity
are satisfied to a desired level of accuracy.

4. Transformation of Governing Equations to First-Order ODEs
To apply numerical methods such as the 4th-order Runge-Kutta method, the system of second- and third-order ODEs
needs to be transformed into a system of first-order ODEs.
The ODEs derived from the governing equations are expressed in terms of the functions V(y), W(y), X(y), Y(y),
and Z(y), which describe the radial velocity, axial velocity, temperature, concentration, and microorganism distribution,
respectively. These functions are transformed into first-order ODEs using the following designations:

V=y,V =y, V' =y, W=y, W' =y X =y6,X" =y,,Y =y5, Y =y Z=y10, Z' = y11 .

Using these designations, the system of equations (21)-(25) is transformed into the following set of first-order ODEs:
1. For the radical velocity V:

Vi'=Y2.,¥2 =3
y’=(1+l)_1((1—¢) )2.5(1_¢ )2.5)
3 B npl np2

Pnp1 Pnp2 Ohn
—[2y1y3 — 3’2 + 53’42] [(1 - ¢np2) [1 ¢np1 + ¢np1 ] + ¢np2 p;' ] + %MAZYZ

(26)
(PBT)np1 (pﬁ )n 2
- [(1 - ¢np2) [1 - ¢np1 + d’npl (p;T): ] + ¢np2 (P;T): ] [Y6 + NCyB + NnY10]
2. For the axial velocity W:
Y =Ys
2.5 2.5\ |opn
yS - (1 + ) ((1 - ¢np1) (1 - ¢np2) ) [%MAZZ)% - [(1 - ¢np2) [1 - ¢np1 +
Pn Pn
Brp1 ”1] Gnp2 ”2] [2y1ys — 2}’2)’4]] @27
3. For the temperature X:
Y6 =7 (002) (o0)
1 k pCp),, pCp),,
y; =—Pr [ﬁ] [2y1y7 — ¥2¥6] [(1 - ¢np2) [1 - ¢np1 + ¢np1 (oCy )m] ¢np2 ( (pcp)sz)]' (28)
4. For the concentration Y:
Vs' = Yo, Yo' = —=Sc[2y1¥9 — ¥2¥s]. (29)
5. For the microorganism distribution Z:
Yo' = Y11

Y11' = Pe[y11y9 + y10(—=Scl2y1y9 — y2¥sD)] — Lb[2y1y11 — Y2¥10l- (0)
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The boundary conditions are translated into the following form for the system of first-order ODEs:
Aty =0,

y1(0) =0, ¥,(0) = 0,y,(0) = 1, y6(0) =1, y5(0) =1, y,0(0) =1,
Aty = oo,
}’2(00) =0, y4(00) =0, y6(o°) =0, yS(oo) =0, }J1o(°°) =0.

5. NUMERICAL EXAMPLE

In this section, we will analyse the sensitivity of the system to various flow parameters by examining their effects
on Sherwood number, Nusselt number, and skin friction. The parameters considered include:

1. Magnetic Parameter (M)

2. Volume Fraction of Nanoparticles (€)

3. Bioconvection Parameters (Nc,Nn)

4. Schmidt Number (Sc)
Example: Consider the following parameter values based on the typical setup for nanofluid flow:

M =1,Nc =0.1 =Nn,Sc =0.6,Pr = 6.5, Pnp1 = 0.005, Onp2 = 0.015,e=1,A=1,6=1

These values represent a non-Newtonian fluid with bio-convection and magnetohydrodynamic.

Sol: The 4th-order Runge-Kutta method is used to integrate the system from y = 0 to a sufficiently large value of y,, =
10. To apply iteration procedure, we get numerical solution for v, (y), ¥y, (), ¥y3(), .., V10 V), ¥11(y). These
correspond to the velocity, temperature, concentration, and microorganism profiles.

Table 1. The effect of varying flow parameters on the Sherwood number for both Newtonian and non-Newtonian base fluids. This
analysis focuses on how changes in parameters such as M, €, Nc, Nn, and Sc influence the Sherwood number in the presence of different
nanoparticle combinations.

M | Nc | Nn | Sc | Al,03—-Ti0o, | TiO,—Cu | Al,O3;—Cu | € | F"(0) Ajhamajidi | F"(0) Modified

0.1 0.20434 0.20490 0.20489

1 [ 05 ] o1 | o1 0.19424 0.19457 0.19456 0.0 0.65 0.65
0.9 0.18905 0.18928 0.18928
0.1 0.20434 0.20490 0.20489

1|01 [03] o1 0.21337 0.21382 0.21382 0.2 0.73 0.70
0.6 0.22576 0.22604 0.22604
0.1 0.20434 0.20490 0.20489

1 0.4 0.30051 0.30244 0.30242 0.4 0.82 0.77
0.7 0.37883 0.38183 0.38179

01 | 0.1 | o1 0.20395 0.20451 0.20451 0.6 0.89 0.85

1 [ o1 [ 01 | o1 0.20375 0.20430 0.20429 0.8 0.96 0.93

1 [ o1 [ 01 | o1 0.20734 0.20774 0.20774 1.0 1.02 1.00

6. SENSITIVITY ANALYSIS
This section has explored the impact of different factors on bio-convection and steady two-dimensional
magnetohydrodynamic (MHD) free convection in Casson nanofluid flow over a spinning cone.
Figure 1. (a-c), Figure 2. (a-c), and Table 1.

A10,-T0, T0,- Cu

09 Water — 09 .
Sodium Alginale —rmee Sodium Alginate

M=1,2,3
M=1,23

Figure 1. (a-c) Graph of M on the temperature profile
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Figure 2. (a-c) Graph of M on the microorganism profile

Figs. 1(a-c) and 2(a-c) were analyzed to observe heat and motile microorganism profiles across a wide range of
magnetic parameters (M = 1, 2, 3) in hybrid nanofluids.

e As the magnetic parameter (M) increases, both temperature and motile microorganism profiles show an increase in
hybrid nanofluids.

e it is demonstrated that the thermal and motile microorganism boundary layer thicknesses increase due to the release
of additional heat in the hybrid nanofluids as the magnetic parameter (M) is increased.
e  Furthermore, it is demonstrated that non-Newtonian-based hybrid nanofluids outperform Newtonian-based ones.

This superiority is attributed to sodium alginate, which exhibits a significantly higher Prandtl number and thermal
diffusivity compared to water-based hybrid nanofluids.
Figure 3. (a-c), Figure 4. (a-c) and Table 1.
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Figure 3. (a-c) Graph of € on the temperature profile
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Figure 4. (a-c) Graph of € on the microorganism profile
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e It illustrates the impact of spin parameter (¢ = 0, 0.5, 1) on temperature and microorganism species density profiles
in hybrid nanofluids.

e The heat profiles (Fig. 3 (a-c)) and microorganism profiles (Fig. 4 (a-c)) show a decreasing trend across all three
hybrid nanofluids as the spin parameter € increases.

e This decline is attributed to the thinning of the boundary layer as € increases. The Newtonian base fluid exhibits a
similar decline in thermal expansion within the hybrid nanofluids.

e Graph depict variations in microorganism species density for different values of Nc (Nc = 0.1, 0.5, 0.9) (from
Fig. 5.).

. The microorganism profiles show symmetrical motion of hybrid nanoparticles with various base fluids and a
tendency to aggregate. Non-Newtonian base fluids exhibit faster acceleration compared to Newtonian base fluids,
resulting in a reduction in flow patterns within hybrid nanofluids.

e Figure 5. (a-c) and Table 1.
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1 ————— 1 — 1 —
Water Wa?er o — Water  —
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03 03 ] 03
02 02 ] 0.2 AT
01 01 ] 0l
0 0 0

Figure 5. (a-c) Graph of Nc on the microorganism profile

Figure 6. (a-c) and Table 1.
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Figure 6. (a-c) Graph of Nn on the microorganism profile

e  Graph (Fig-6) illustrate the impact of hybrid nanoparticles with Nn values (Nn= 0.1, 0.3, 0.6) on the microorganism
species density profile using two base fluids.

e  The buoyancy effects associated with increasing Nn result in a significant decrease in microorganism species density
across all three hybrid nanofluids. Non-Newtonian base fluids exhibit more excellent acceleration, leading to
stiffening of the boundary layer as Nn increases in the three hybrid nanoparticles.
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Figure 7. (a-c) and Table 1.
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Figure 7. (a-c) Graph of Sc on the concentration profile
Graph illustrates the influence of Schmidt number Sc (Sc = 0.1, 0.4, 0.7) on the concentration flow fields in hybrid
nanofluids. The concentration profiles (Fig. 7(a-c)) show a decrease as Sc increases, reflecting a reduction in mass

diffusion due to the ratio of momentum diffusivity to mass diffusivity.
Figure 8 (a-c) and Table 1.
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Figure 8. (a-c) Graph of Sc on the microorganism profile
Graph depict the impact of Schmidt number Sc on the microorganism species density flow fields in hybrid
nanofluids. The microorganism species density profiles (Fig. 8(a-c)) decrease with increasing Sc, indicating that
advection transport dominates over diffusive transport rates.
Non-Newtonian base fluids exhibit enhanced kinematic viscosity in concentration and microorganism species

density profiles.
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Figure 9 and Table 1.

e  Demonstrates comparing the current study's results and those published previously [17], showing excellent
agreement under limited considerations.

e It Provides numerical values of local Sherwood numbers across three hybrid nanoparticles with two base fluids,
categorised by variables such as M, €, Nc, Nn, and Sc. The local Sherwood number increases with larger values of
g, Nc, Nn, and Sc and decreases with increasing M. Additionally, it is noted that Newtonian base fluids exhibit higher
mass transfer rates in Aluminum oxide — Titanium oxide, Titanium oxide — Copper and Aluminum oxide — Copper
hybrid nanoparticles.

7. CONCLUSION

This study analysed the magnetic bio-convective flow of Casson hybrid nanofluids through a spinning cone,
presenting thermal, mass, and microorganism profiles graphically and tabulating physical quantities. Key findings
indicate that an increase in the magnetic parameter (M) enhances heat and motile microorganism profiles, while a more
significant spin parameter reduces the temperature profile. The microorganism flow field decreases with increasing Sc
values for all hybrid nanofluids. Mass transfer rates in a non-Newtonian base fluid improve with higher B values. For
Newtonian base fluids, mass transfer rates increase with ascending &, Nc, Nn, and Sc. Notably, TiO,-Cu hybrid
nanoparticles exhibit superior Sherwood numbers. The potential applications of hybrid nanofluids in rotating cones span
food technology, aeronautical engineering, the pharmaceutical industry, and endoscopy scanning, suggesting future
exploration of the benefits and limitations of these nanofluids in such fields.
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MATHITOTTAPOINHAMIYHUI TA BIOKOHBEKIIIMHUM BILJIMB HA TTBPUJIHY TUHAMIKY HAHOPIJIUH
HAJI IEPEBEPHYTHUM OBEPTOBUM KOHYCOM 3 PI3BHUMU OCHOBHUMU PIAMHAMMU
Banaxki IMaaxi?, Apuana Cenanari®, l'yram Kymap Maxaro?, ILK. Par?
4Vuieepcumem mexuonoeii ma ynpaeninna Llenmypion, Ooiwa, Inoia
b®daxynomem mamemamuru wixonu npuxnaonux nayx KIIT Deemed to be University, Bxybanewsap, Odiwa, Inois.

V miii poboti focimKyeThess KoMOiHOBaHM BIUHB MarHiToriaponuHaMikn (MI'J]) i GiokoHBeKil Ha AMHAMIKY MOTOKY TiOpHAHIX
HaHODIIIOIIB Haj IepeBEpHYTUM 00EPTOBUM KOHYCOM 3 Pi3HUMHU 06azoBumHu pimuHamu. ['iOpuaHi HaHO(IIOIIH, IO CKIIAAIOTECS 3
HAaHOYACTHHOK, CYCIICHJJOBaHUX y Pi3HHX 0a30BHX piAMHAX, JEMOHCTPYIOTh YHIKaJIbHI TEIJIOBI Ta TEKy4l XapaKTePUCTUKH 3aBJISKH
B32€MOIii Mi>K MArHITHUMHU TOJISIMU Ta SBUIIaMU 010KOHBeKIi1. OCHOBHI PiBHSHHS, 10 BKIIFOYat0Th NpuHImny MI'J] Ta 6iokoHBeKIIii,
OTpHMaHi Ta po3B’s3aHi YUCEIbHIUMHI METOIaMU. AHAJIi3 pO3IJIsiaac BILIMB KIIOYOBHX ApaMeTpPiB, TAKUX sIK HAMIPYKESHICTh MarHITHOTO
T0JIs1, WIBUAKICTh 0OepTaHHs KOHYca, 00’ éMHa YacTKa HAHOYACTUHOK 1 THIH 0A30BUX PiMH Ha MOBEIIHKY IOTOKY, TeILIONepeady Ta
cTabuIbHICTh cucTeMH. Pesynbratu mokasyrots, mo MI/] cyTTeBo BIuMBae Ha Hpodiii MIBHIKOCTI Ta TeMIepaTypu TiOpHIHUX
HAaHOQUTIOIIB, TOAI K OIOKOHBEKI[iS CHpHsi€ MiABUIICHHIO MIBUAKOCTI 3MIlIyBaHHS Ta Teruionepenadi. Kpim toro, Bubip 6a30oBoi
pimuHM Bifirpae BHpINIaNbHY pONb Y BU3HAYECHHI 3arajlbHOI MpOAyKTHBHOCTI ribpuaHoi cucremu Nano fluid. e mocmimkeHns nae
LiHHY iH(pOpPMANilo 00 ONTHUMI3aLI] An3aifHy Ta pOOOTH CHCTEM, III0 BHKOPHCTOBYIOTH IiOpuIHI HaHO(IIOI 11 B Iporpamax, ne MI'J]
Ta OI0OKOHBEKIIiHHI €()EeKTH € MOMITHUMHU.

Kurwuosi cioBa: maenimoeiopoounamixa (MI]]); 6iokonsexyis, 2i6bpuoni nHanogmoiou, nepesepuymuii 06epmosuii KoHyc, 6a306i
PiOuHU; HaHOYACTMUMKU, OUHAMIKA meyil
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There are extensive range of applications related to nuclear industry, industrial manufacturing, science and engineering processing, in
which the boundary layer hydromagnetic motion of Casson liquids perform vital role. Casson liquid is a useful liquid in the nuclear
industry for optimizing the design and operation of nuclear reactors. Researchers have investigated transfer of heat in liquid motions
with linear stratification, which is a phenomenon where the temperature varies linearly with height, affecting various fields such as
medical equipment, glass fiber production, electronic devices, polymer sheets, paper production, filaments, and medicine. However,
the most discussion of heat transfer problems is to get numerical solutions of a comprehensive Casson liquid model with heat generation
described by the BVP4 via shooting method. In this study, a new velocity slip boundary condition is applied at the stretching or
shrinking surface. These conditions are grounded in the previously established Buongiorno model, providing a more practical and
realistic approach compared to previous study. The time independent Gov. Egs. changed into a set of couple non-linear ODEs with
help of suitable similarity conversions. The equations are evaluating via R-K-F by help of MATLAB software programming.
Keywords: Magnetohydrodynamic,; Shrinking/stretching surface; Velocity slip; Heat Generation/absorption; Casson fluid; 3D

PACS: 04.25.D, 47.50.-d, *43.28.JS, 62.60. +v.

INTRODUCTION

Till date, lots of plentiful fields (such as astrophysics, oceanography) in analytical, experimental and exact solutions
are studied to describe the NNF because in view of their real time applications existing in biological lubricants and
biomedical flows, industrial processes (“Metal extrusion, drawing of plastics and rubber sheets, coal-oil slurries, blowing,
manufacturing, extrusion of polymeric fluids”), polymer and metal extrusion mechanisms and technological applications
like coating of wires, oil recovery. Therefore, the upcoming research scholars and scientists are doing towards rheological
features of NNF. In 1959, Casson [1] introduce Casson liquid as a NN model. The laminar motion of pseudo-plastic NN
NFs (“Al,O3; + CMC”) within the porous circular concentric region was examined by Barnoon and Toghraie [2]. Peri
P.K. Kameswaran et al. [3] developed the SP motion of NN Casson liquid via SS with Soret and Dufour effects. The
transfer of heat of Casson viscous gad motion on linear SS was created by Mahabaleswar et al. [4]. Duguma et al. [5]
described the 2D BL motion of incompressible viscous Casson NFs via permeable SS. Himanshu et al. [6] exhibited the
SP motion of Au-blood liquid via SS. The non-linear mixed convective HMT features of a NN Casson liquid motion via
SS was explored by Vishnu Ganesh et al. [7]. Shankar Goud et al. [8] studied the streamline BL Casson liquid motion via
wedge inspired by magnetic effect. Recently some of scientists respectively, NNF model [9], Eyring-Powell fluid model
[10], Casson nanofluid with mixed convection model [11], Maxwell fluid with Cattaneo-Christov model [12], Williamson
nanofluid model [13], Walter’s nanofluid model [14], and Casson NFs with convective condition [15].

Recently, Adel et al. [16] exhibited the behavior of a slippery NFs flowing via permeable SS. The rate of HMT in
an MHD viscoelastic NFs via SS with HG was described by Raja Sekhar et al. [17]. Ali et al. [18] described the motion
of a Ree-Eyring HNFs by a stretch motion. Akolade et al. [19] created the heat source and generalized Fourier’s law on
Carreau liquid motion via NLSS. Saleem et al. [20] examine and comparison of the effects of momentum fields. The
Artificial neural networks are applied in Casson liquid motion past via SS was examination by Srinivasacharya and
Shravan Kumar [21]. Ouyang et al. [22] developed the thermal conductivity and stability by delving into VD via SS with
velocity slip. Biswal et al. [23] created an exciting and rapidly developing field takes thermal radiation in blood motion.
Eid et al. [24] presented the MF and ohmic dissipation on NN Casson liquid motion via VSS. Some of the numerical
solutions in SS medals [25-31].

The heat generation effect on fluid motion has been expansive motivation research work in heat transfer problems
and it is attractive applications in practical, numerical fields and industrial (“such as the storage of nuclear wastes, heaters
and coolers of electrical and mechanical devices, thermal insulation, chemical factories etc.”). In general, the term “Heat
Generation” is occurring high temperature variation between the surface and ambient liquid. Some of the problem of HG
on Casson liquid motion is considered to be a constant, space dependent or temperature dependent. The 3D motion and
transfer of heat caused by a bidirectional SS with HG was created by Khan et al. [32]. Javed and Siddiqui [33] presented
the numerical computation for mixed convection transfer of heat motion of micropolar NFs. Some of authors [34-42]
described the numerical computation for HG effect on NNNFs motions via linear or non-linear SS.
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MATHEMATICAL ANALYSIS
The 3D NFs motion via shrinking or SS with VS with MHD is considered. The physical model of the coordinate
system is explored in Fig. 1.

wy T Z

Ujk” =

(=] o1
= T, .
[———
=
SN

Y1
Uy

Figure 1. Flow Chart of the Problem

The problem created by the SS in x, y, — surface area with VS.
The z, directional area is orthogonally to SS b, >0 or SHS b, <0.

3. The NFs motion occupies area at z, >0 and VC of the surface trough x, and y, directional areas are u,(x) = a, x,
andv,(y,) =b, », , respectively.

4.  The liquid is EC under influence of UMF B, as well as VMF is w, = w;,, where w, < Othen it is called suction and
w, >0 then it is known as injection.

Methodology H

equation
(wave frame form)

Flow diagram {Shooting method Entropy genration
through NDSolve)
Governing :
equation Lubrication Theory Sraphical

{dimensional form)
Governing Governing

equation

(dimensionless
form)

discussion

I

Conclusion

Figure 4. Problem Layout

Under the above considerations, the basic Gov. Eqs are:

duy v, I

=0, 1
ox, dy, 0z W
2 2
”1% V1%+ 1%201(1+L]au;_0.131 u]—ilu], (2)
ox, M, oz, B )oz"  p,0 pK
2 2
u1%+v1%+w1%:vl(l+LJa—v;—ﬂvl— He 7 3)
ox, ayl oz, B, ) oz, Py pPK
2 pu—
WCLINCLIN m[ag}gﬂ. T) @
ox, W, 0z, (Plcp )f
Corresponding B.Cs. are
du, v,
w=u,(x)=U,(x)+N, 4 ga v =v, () =V, (x)+N, 4, gﬂ w, =0,
1 1
J (%

T,=T,, —k

w

u—0,v—=0,7->T7T,6C —>C,, as

T,
a—zl=hf(Tf—T])=0, at  z =o

z, oo
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The below dimensionless functions and translated variables are:

a
n :Z]\/;: u, =ax '), v =ayg'(),
|

Q)
= (702 @), 0 =3 o) =
Utilizing the above dimensions, Eq. (6) is identically satisfied and translate Eqs. (2)- (4) becomes:
Sr==L () H(MAP) [, @)
g =—g"(f+2)+(g) +(M+P)g-1, ®
0"=-Pr((f+g)0'-Hb). Q)

With subject to the B.Cs. are:

f(0)=0, g0)=0, f'(0)=1+A1"(0), g'(0)=A4+Bg"0),
0(0)=1, 6'(0)=—Bi(1-6(0)), ) (10)
f'm)—0, g@m)—0, 6(,)—>0, ¢(,)—>0 as 7, >oo

The physical quantities of practical interest are C; and C

s, »and Nu_, itis defined as
71 1

T T _oxg,

wx W

C. =—, C]: R Nux - "
L )

wy W

,and Sh, =— 190 (11)
5T D(C,-C.)

Defines the SF via x,, y, directional area, HF ¢, and MF g, from SS are

Jdu v, oT, aC
wal = I[ll — > Tw|y, = I[ll — s qwl = _k — > qwl = _DB — . (12)
oz ), oz, ) _, 0z, ), dz, ) _,

1

Substituting the u,, v,, 7, from the Eq. (11) onto Eq. (12) and using Eq. (6), we getting

Rel/Z C )

2C, =/"(0), Re'”C, =g"(0), Nu, Re;?=-6'0), Sh, Re'=-4'0), (13)

where Re, =U, (x,/v,) and Re, =U, (y,/v,)are LRN.

RESULTS AND DISCUSSION
To discuss the outstanding variations of velocity of NN motion and Re_"* Nu_ (“Heat Transfer Rate”) due to relevant
physical parameters involved in this study with statistical solutions are explained through their plotted graphs: 2-10. The
present work is considering different cases, like pure fluid, NN liquid, stretching (4>0) and shrinking cases (4 <0).
The physical parameter Pr (“Prandtl number”) on 6(7,) (“Temperature Profile”) and ReL/ : Nu_ (“Heat transfer
rate”) as predict Figs. 2(a)-2(b) with higher statistical values of Pr for the cases of Pure liquid ( B= 0) , NN liquid
(“Casson liquid”) (/8 =0.5) and presence of slip parameter on axial direction (4 =B =0.1), absence of (4= B =0) slip

parameter on transverse direction. It is perceived, the 6(77,) decline the layer inregion 0.02 <7, <1.5 as well as Re!” Nu,

with distinct statistical values of Pr . We noticed that the temperature is more in pure fluid when compared with NN liquid,
because of thermal conductivity is more in Casson liquid.

Figs. 3(a)-3(b) presented 6(7,) (“Temperature Profile”), Re"” Nu_ (“Heat Transfer Rate”) with higher numerical
values of H for the cases of Pure liquid (/4 =0) and non-Newtonian liquid (“Casson Liquid”) (/4 =0.5) respectively. It

is perceived, the 8(17,) decline the layer in region 0.0015 <7, <1 as well as Re!” Nu_. We noticed that the temperature,

heat transfer is more in pure fluid when compared with NN liquid, because of thermal conductivity is more in Casson
liquid.
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The main characteristics of this model is £ (“Casson Parameter”) on f(7,) (“Axial Direction”), g(7,) (“Transverse

Direction”) as predict Fig. 4. It is perceived, the decline of both axial and transverse direction with distinct numerical
values of 5 . We observe that, the Casson liquid motion is very high motion in axial direction on stretching surface while

compare to transverse direction. Because, the plastic dynamic viscosity of Casson liquid motion is very high. Due to this,
the Casson liquid is slow motion on surface in axial direction.
The physical parameter M (“Magnetic Field Parameter”) on f(7,) (“Axial Direction”), g(7,) (“Transverse

Direction”) as predict Fig. 5. It is perceived, the decline of both axial and transverse direction with high distinct numerical
values of M . We observe that, the magnetic field parameter is very high motion in transverse direction on SS while
compare to axial direction. Because, the magnetic force applied to Casson liquid which has generate drag force named as
“Lorentz force”. This force acts Casson liquid in opposite direction to the motion.

—>f'(n,), 9 "(n,)

g
o

N

-
o
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Figure 5. Outline of M on f'(17,), g'(n,)
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The characteristics of Bi (“Stretching/Shrinking Parameter”) on 6(73,) (“Temperature Profile”) and B (“Slip Parameter
on Transverse Direction”) for Stretching (Bi > 0) and shrinking (Bi < 0) cases as depicted Fig. 6(a)-6(b). It is perceived, the
Bi improves temperature while opposite direction of B with distinct enlarge statistical values. We observe that, the Casson
liquid flow is very high temperature motion in case of (Bi 2 0) (“Stretching”) while compare to (Bi < 0) (“Shrinking”).
Because, the viscosity of Casson liquid motion in stretching sheet is very high.

05 r . . 0.035 r : :
| =05, A=0.1, B=0.5, Pr=6.2, H=.001, M=.1 | | $=0.5, A=0.1, Bi=0.1, H=0.1, M=.1, Pr=6.2 |
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1y

4, 0.01
0.1 s
B 0.005
0 2, Q'g..!a ) i ;';".'i'f{{f{m“"h 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
—>1 —> LA
Figure 6(a). Outline of Bion 8(7,) Figure 6(b). Outline of B on 8(77,)

Figs. 7(a)-7(b) illustrate the characteristics of A (“Slip Parameter on Axial Direction”) on Rei/2 C (“Skinfriction”

coefficient along axial direction”), Re{lv/2 C, (“Skinfriction” Coefficient along Transverse Direction”) respectively. It is

clear that, the 4 (“Slip Parameter on Axial Direction™) declined both axial and transverse directions of Skinfriction
coefficient foe higher enlarge statistical values of "A". We noticed that, the Skinfriction is less movement in Casson
liquid flow via stretching surface.

13 T T T T T 055 ! ! ! ! !
A=0.1, B=0.2, Bi=0.2, H=0.1, M=0.1, Pr=6.2
0.5 -
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X 2 0.45
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. . 12 . . 12
Figure 7(a). Outline of 4 on Re;” C Figure 7(b). Outline of 4 on Re " C};

The Table 1 and 2 presented that, the comparison study of present and previous study for Skinfriction coefficient
with various numerical cases of magnetic parameter M.

Table. 1 Evaluation of SFC—f"(0) for A=B=Bi=0

M Present study = Sarah et al. [36] Nadeem et al. [37] Gupta and Sharma [38] Ahmad and Nazar [39]

0.0 1.000000 1.00000 1.0004 1.0003181 1.0042
10 3.316624 3.31662 3.3165 3.3165824 3.3165
100 10.04987 10.04987 10.049 10.049864 10.049
Table. 2 Comparison of SFC —f "(e0) for A=B=Bi=0
M Present study Nadeem et al. [37]
0.0 1.173719 --
10 3.367222224 3.3667

100 10.06646642 10.066
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CONCLUSIONS
A statistical analysis has been done for HG effect on 3D MHD motion of Casson liquid via SS with VS Condition.

The main contribution of the present investigations is mentioned below:

The Re!” Nu, is very less motion in Casson liquid when presence of slip parameter while comparing with absence

of slip parameter for higher values of Pr.

The temperature is less transfer in NN liquid motion when compares with pure liquid motion with higher statistical
values of Pr.

The HG is high in pure fluid while opposite motion in HTR when compared with Casson liquid for escalate values
of H.

Nomenclature
(x,3) Cartesian coordinate’s T, Constant fluid Temperature of the wall
u,, v;, w, velocity components along x,, y,,z, -axis U, Stretching velocity
A Velocity slip along x-axes /ay, N, U. Free stream velocity
B Velocity slip along y-axes +/ay, N, Greek symbols
f Dimensionless stream function P Density
f Dimensionless velocity (of Boltzmann constant
10) A Constant stretching/shrinking parameter b, /a,
H Heat Generation Parameter | —=>—
a,(p,c) f
. N Ki ic viscosity of the flui
M Magnetic field parameter = o, B, Y, inematic viscosity of the fluid
a,p
u 6 Dimensionless temperature
P Porous Parameter =| —
pv

[04 Thermal diffusivity =k/(pc),

Pr Prandtl number = (v]j ! y =k/(pe,),
al
Re, Reynolds number Subscripts
T Temperature of the fluid 0o condition at free stream
T, fluid temperature far away from the surface
Abbreviations
NFs Nanofluids HTR Heat Transfer Rate
HT Heat TRansfer SS Stretching Sheet
HMT Heat and Mass Transfer VD Viscous Dissipation
HG Heat generation SHS Shrinking Sheet
MHD Magnetohydrodynamic 3D Three Dimensional
MF Magnetic Field NN non-Newtonian
BL Boundary Layer B.Cs. Boundary Conditions
SP Stagnation Point HNFs Hybrid Nanofluids
BVP Boundary Value Problem RKF Range Kutta Fehlberg
SFC Skinfriction Coefficient NNF non-Newtonian Nanofluid
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BILIAB FTEHEPAIIIT TEIJIA HA 3D MI'J HOTIK KACCOHOBOI PIIMHA YEPE3 IIOPHUCTY IIOBEPXHIO
1O PO3TATYETHCSA/CKOPOUYYEDBCS 3 YMOBOIO IIBUJAKICHOT'O KOB3AHHS
b. Ixxaragimm Kymap, Haiinapy Tapakapamy
Dakynbmem mMamemMamuky, WKod GibHUX Mucmeyms i Hayk, Yrisepcumem Moxana Ba6y,
Cpi Caiinam Haeap, Tipynami-517102, Anopanadew, Inois

IcHye mMpOKWI CHEKTp 3acTOCyBaHb, IIOB’SI3aHUX 3 SIEPHOI0 MPOMHCIIOBICTIO, HPOMHCIOBAM BHPOOHMIITBOM, HAayKOIO Ta
IH)KeHEpHOI0 00pOOKOI0, Y SKUX I'iIPOMarHiTHAN pyX NPUKOPIOHHOTO mapy pianH KaccoHa Bigirpae skUTTeBO BaXKIIMBY poiib. PinuHa
Casson € KOPHCHOIO PiIMHOIO B aTOMHIi MPOMHUCIOBOCTI ISl ONTHUMI3alil KOHCTPYKLIl Ta poOOTH sAEPHHUX peakTopiB. JocmiTHUKK
JOCIIDKYBaU Mepeiady TeIia B pyci piuHY 3 NiHIHHOI cTpaTudikalieo, ska € sBUIIEM, KOJIU TeMIepaTypa 3MiHIOEThCS JITHIHHO 3
BHCOTOI0, BIUIMBAIOYM Ha Pi3HI Taiy3i, Taki K MeJHYHe 00JaJHaHH:, BUPOOHUIITBO CKIIOBOJIOKHA, €IEKTPOHHI MPUCTPOI, HOMTIMEPHi
JIUCTH, BUPOOHUITBO Tarepy, HUTOK i MenunuHa . [IpoTte Haiibinbiie oOroBopeHHS MpoOiieM TEIIooOMiHy MOJSIrae B TOMY, 100
OTPUMAaTH YUCEJIbHI PillIeHHS KOMILIEKCHOI pinquHHOI Mojeni KaccoHa 3 yTBopeHHsM Tera, onrcaHuM BVP4 3a gomomoror Metony
3HOMKH. Y 1IbOMY JIOCIIi[PKEHHI HOBA I'PaHUYHAa YMOBA IIBH/IKICHOTO KOB3aHHS 3aCTOCOBaHA Ha IIOBEPXHi PO3TATYBaHHS a00 3BY)KCHHS.
L{i yMoBH IpYHTYIOThCS Ha paHillle BCTAaHOBJIEHiH Mozeni ByoHriopHo, 1mo 3a0e3medye OLTBII TPAKTUYHMHN 1 peaiCTUYHMN MiAXif
MOPIBHSIHO 3 TonepenHiM aochikeHHsaM. Heszanexne Bin yacy Gov. Eqs. 3MiHeHo Ha Habip napu HemiHiiHNX ODE 3a momoMororo
BIIMIOBIIHKX MepeTBOPEHb MoAiOHOCTI. PiBHsAHHS oniHIoroThCs Yepe3 R-K-F 3a momomororo nporpamuoro 3abe3neuenns MATLAB.
KurouoBi ciioBa: maznimoeiopoounamixa,; nogepxus, wo cKOpOUyEMbC/po3smazyemvcsl; WeUOKiCHe KOB3AHHS, 2eHepayis/NOIUHAHHS
menaa; Kacconoea piouna; 3D
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The breakup of projectile has been understood using a Montecarlo simulation at low energy, which indicates a wider breakup cone is
present for near target breakup whereas at far target breakup there are well localized breakup cone is present. The simulations indicate
the requirement of wider solid angle in experiment and localized kinematic solid angle to study the breakup phenomena. The case study
of "Li+*%Pb has been considered and found well agreement of simulated results with experimental data.

Keywords: ES (Elastic scattering); CF (Complete Fusion); ICF (Incomplete fusion); CN (Compound Nucleus); BU (Break up)
PACS: 25.60.Dz, 25.10.+s, 25.40.Hs, 25.60.Gc, 25.60.Pj, 25.60.Je, 25.70.Gh

INTRODUCTION

Study of nuclear reaction involving loosely bound projectile is a subject of current study and interest in specific [1-5].
This is because when one can use a loosely bound projectile there is a possibility that the projectile can fuse with the
target or it can break before the fusion leads to an incomplete fusion (ICF) process. Including ICF there can be a break up
escape, transfer and pickup can also possible [6]. Many experimental studies [7-9] has been done and found that using
loosely bound projectiles if complete fusion can be measured there is a fusion suppression of complete fusion above the
barrier and enhancement bellow the barrier has been reported compared to the Single barrier penetration model
calculation. The exact reason is still far from understanding. Not only the enhancement and suppression has observed but
there can be proton transfer and n pickup has also been observed including main breakup channel [10]. All the above-
mentioned feature has been observed only by using the projectile a loosely bound projectile
('Li=o+t,SLi>o+d,’Be>o+o+n. . .etc). Recently there are reports which indicates the breakup from the resonant states
including the excited states of projectiles are important [20]. In addition, with the breakup the location (near/far) where
the breakup occurs also effects the crossection and it is difficult to measure experimentally all the times as it requires
higher solid angle coverage experiment [16-19]. To understand these phenomena presently limited theoretical models are
available for example CDCC, FRESCO, CCFULL [11-12]. All the models are complex quantum mechanical models.
People are trying to develop simplified model which can explain all the phenomena simultaneously.

Our work is also on the same way. In the present paper we tried to understand the reaction specially the breakup of
the projectile around the coulomb barrier using a classical approach and Monte Carlo modeling.

The present approach will be helpful to understand near /far breakup mechanism. Since experimentally it is always
difficult to get the data in all 4x, So a model has been adopted (using classical trajectory under Monte Carlo modeling) to
understand the breakup mechanism.

Specially we tried to understand the mechanism around the coulomb barrier regions. Because around the barrier,
(below the barrier) the fusion will not possible, the nuclear reaction can happen because of tunneling phenomena. So, it
is interesting to see a classical approach bellow the barrier to understand the breakup mechanism.

The paper has been organized as follows in the Section 1 experimental detail has been provided, Section 2 contains
the modeling (classical trajectory approach using Montecarlo modeling) with results. The Summary with future outlook
has been explained in Section 3.

EXPERIMENTAL DETAIL

The experiment was performed long time back with the projectile ’Li and a target of 2®Pb of thickness 200 pg/cm?.
It was a self-supporting target. The experiment was done at 8PLP set up [13]. The projectile energies vary from 31 to
39 MeV. The beam intensity was around 10 nA. The Coulomb barrier is ~31 MeV with fusion radius Rg~10.69fm
provided by Proximity potential [14]. In the present paper we have focused only on one energy, that is 31 MeV which is
around the barrier. The other energies are above the barrier so it has not considered presently. The detail experimental
approach has been reported in [14]. There are AE vs Time and E vs AE graph has been generated to identify the particles
ejected during the reaction.
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A typical experimental spectrum has been shown in Fig. 1 for 31 MeV. It can be observed from Fig. 1 that there are
different particles (alpha, triton, deuteron, proton) are present which come out from the reaction because of many
reactions’ mechanism. The particles have been identified very clearly.

Figure 1. Typical raw spectra of particles detected during the experiment for 31MeV of "Li. All the particles are clearly visible

CALCULATION AND MODEL SIMULATIONS

A theoretical calculation including a Montecarlo modeling has been performed to understand the breakup mechanism.
As a first work we have generated the coulomb barrier which is the addition of nuclear plus coulomb potential as shown in
Fig. 2. The proximity potential [14] has been chosen for nuclear one which is a Wood-Saxon type in nature. The form of the
wood Saxon potential is V(r) = -Vo/(1+exp(r-r9)/a), where V is the depth of the nuclear potential, ao is the diffuseness
parameter which has taken as 0.63 fm for the present case, r is the radial distance between the interacting nuclei and ro is 1.02fm.

For our simulation and modeling the breakup fragments of projectile ("Li=> o+t) has been detected in coincidence
mode and the coincidence spectrum of alpha and triton for a beam energy of 31 MeV has been shown in Fig. 3.
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Figure 2. The effective potential for ’Li+>*®Pb using proximity =~ Figure 3. Coincidence experimental data of alpha and triton for
potential. The barrier radius Rs and different contribution has 31 MeV projectile energy

been shown. (Vcol is the Coloumb potential; Vnucl is the

nuclear potential, Vtot is the addition of Coloumb+ nuclear

potential. VB — the barrier height which will be taken as the

barrier of the system)

From Fig. 3 one can see that there are different bands and the different bands results from the different break up
process. (breakup from GS, breakup from excited state, breakup from resonant state, Ex: Ex =4.630 MeV, 7/2" for
7Li ...etc). The same structure of the band in coincidence mode keeping the detector geometry in mind has been simulated
using Montecarlo technique and shown in Fig. 4.

In the simulation the target excitation has not included as our aim is to see the effect of projectile breakup only. If we
see the value of the loci of the 2d spectra (Fig. 4) and compare with the loci of Fig. 3 for the projectile breakup we will
see the patches matches at the same values which indicates the reproduction of the experimental data for the projectile
breakup. No contribution of the target excited states has considered as it makes the situation complex. The same can be
tried later.

In the present case to understand the interaction/breakup mechanism of the projectile we have considered only around
the barrier points i.e 31 MeV data only. From Fig. 2 one can see that the barrier radius (Rg) ~ 10.6 Fm. This indicates that if
the projectile wants to fuse with the target it has to cross that barrier radius and below the barrier energy it is difficult for the
projectile to reach that barrier radius. So, it has assumed that the maximum break up point after which the particle can fuse
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with the target is the barrier radius (Rg). In the below barrier energy in addition with tunneling the projectile can scattered to
different direction. For each scattering the scattered angle has been randomly samples between the angle 0° to 180°. For a
given randomly generated scattering angle the distance of closest approach has been calculated as prescribe in [15].
The randomly generated scattering angle with the distance of closet approach has been shown in Fig. 5.
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Figure 4. Montecarlo simulation keeping the geometry in mind.  Figure 5. Randomly generated Rmin w.r.t. the scattering angle
The coincidence of alpha and triton has been considered only. The for a given energy
different patch leads to the different excited states of the projectile

After determining the distance of closest approach, a breakup point has been chosen randomly between the distance

of closest approach and the barrier radius by doing a random sampling with a probability of breakup exponential decaying

Rand(R,

in nature ( P, 0e minRou) ). Once the breakup point has been identified then the particle can be scattered and two break

up fragments can be detected in coincidence. Here two types of break up has been considered 1) near target breakup 2) far
or asymptotic breakup. In the above expression a is the proportionality constant, Py,- breakup probability, Rand (Rgu -
Rumin) is the randomly generated point between breakup radius (Rgu) and Rmin. Rumin is the distance of closest approach for
a given energy and angle.

In case of near target breakup, the influence of the coulomb potential may provide a wider breakup cone which
translates to a wider A8, where as in case of asymptotic breakup the influence of the coulomb potential will be negligible
and the breakup may have a narrow breakup cone as shown in Fig. 6.
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Figure 6. Pictorial diagram of the breakup of the projectile near target and far away from the target

When the projectile breaks near the target it has assumed that it breaks instantly from the breakup point. where as
when breakup happens asymptotically, far from target, its breakup happens from the excited state of a specific energy and
time. So, when the projectile breaks from the excited states or resonance states (For “Li the resonance state considered for
simulation are 4.652 MeV, 7/2°, & 6.67 MeV, 5/2°). The A8 with the breakup angle (B) has been shown schematically in
Fig. 7.
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Figure 7. Schematic diagram to represent the Dq and b (b). The ejectile can break in to two fragment C, D and the fragments move
in opposite direction in their c.m. frame of projectile from the point o/

The breakup fragments have been detected coincidently for both the case near target and far away from the target.
The full simulation has been done using the present geometry in consideration and the result has been shown in Fig. 8.

[a]

[b]

20 . Near target brakup

0 20 40 60 80 100 120 140

Figure 8. [a] — the result of Montecarlo simulation for the two resonant states of 7Li. i.e. the breakup has happened far away from
the target and one can see a well-defined localized distribution of the fragments with narrow detection cone; [b] - The breakup near
the target which indicates wider angle of detection cone w.r.t B breakup angle).

One can see from the Fig. 8 that if we consider the near target breakup then there is a wider distribution of the A0
with respect to . In case of a far or asymptotic breakup the breakup fragments have a narrow angle of detection that
means the AQ will be more localized whereas the near target breakup the distribution is wider as shown from Fig. 8.

SUMMARY & FUTURE WORK
A Montecarlo simulation has been performed to understand the breakup at low energy and it has found that there
are wider cones for near target breakup compared to asymptotic breakup. This provides an important input to
experimentalist to setup their experimental apparatus for experiment to catch the breakup fragments. In addition, a
coincidence energy spectrum has also simulated and presented. In future the time evolution of the trajectory will be
simulated under the potential surface.
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PO3YMIHHS MEXAHI3MY PO3IMALY AAPA 3A 1TOITOMOI'OIO METOAUKHW MOJEJIOBAHHA MOHTE-KAPJIO
M. Cyeiin?, [Ipacanta Kymap Par®®, Banamxi Iaaxi?, Anitea Kymap Iati?, Baiimasni P. Ilatean®, Hipaai Fongamis®,
Awmi H. Jlemumyk¢, Painapa Ilpapxkanari€, H.H. lemumyx®
@ Vuieepcumem mexuonoeii ma menedxcmenmy Llenmypion, Hapanaxemynoi, Odiwa, 761211 - Inois
b®axynemem gizuxu Heanoavcoxozo yuisepcumemy «@edepixo Il» ma INFN, 1-80125, Heanonw, Imanisa
ILII. Ynieepcumem Casani, [[xamooo, Kocamba, Cypam, I yosxcapam, In0is
Posnan siapa OyB 3°sicoBaHUMiA 32 TOTIOMOTOI0 MOAEOBaHHS MoHTe-Kapio nmpu HU3bKil eHeprii, 0 BKa3ye Ha HasSBHICTH OIMPIIOTO
KOHyca po3najgy AT po3Many MoOIu3y Widi, TOAI SIK NPH pO3Maji AAJIEKOi Il MPUCYTHIH noOpe JIoKami30BaHUH KOHYC pO3Hajy.
Cumynsnii BKa3yloTh Ha HEOOXiJHICTh IIUPIIOTo TUIECHOTO KyTa B eKCIICPHMEHTI Ta JIOKaJli30BaHOI0 KIHEMAaTHIHOTO TUIECHOTO KyTa
IUIsl BUBYEHHS SBHIL po3nany. Byio posriasayro npukian 'Li+2%Pb i BussieHo 100pe y3ropKEHHsI pe3yJbTaTiB MOJAETIOBAHHS 3

€KCIIePUMEHTAIBHUMH JIAaHUMH.
Kurouosi cinoBa: ES (npyorcne poscitosanns);, CF (nosnuii cunmes); ICF (nenosnuii cunmes); CN (ckaaoue saopo); BU (posnao)





