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An analysis is carried out to study laminar MHD convection flow of a second order dusty viscoelastic fluid in porous medium through 
an inclined parallel plate channel in the presence of molecular diffusivity. The plates are maintained at two different temperatures that 
decay with time. The study is done under the consideration that viscosity and density of the fluid are variable to the extent that it causes 
stratification and joule heating effect in the process of the flow. The purpose of the study is to examine how stratification and joule 
heating affect the flow in relation to the physical quantities namely, Stratification factor, Hartmann number, Viscoelastic coefficient, 
Joule heating parameter, Prandtl number, Eckert number, Schmidt number and Porosity of the medium etc. The non-dimensional 
governing equations are solved analytically by using regular perturbation technique, and the graphs are plotted using MATLAB 
programming language. The mathematical expressions for fluid and particle velocity, fluid temperature, fluid concentration, skin 
friction for fluid and particle, flow flux for fluid and particle, Nusselt number, Sherwood number at the plates are evaluated and their 
nature of variations for different numerical values of physical parameters are shown graphically, discussed and conclusions are drawn. 
Keywords: Joule heating effect; Stratification effect; Inclined channel; Viscoelastic parameter; Mass diffusivity; Porous medium 
PACS: 44.05.+e; 44.20.+b; 44.30.+v; 47.85.-g 

INTRODUCTION 
A non-Newtonian fluid embedded with symmetrically distributed uniform non-conducting solid spherical dust 

particles is commonly called ‘dusty viscoelastic fluid’. Study of viscoelastic flow has been receiving a great attention 
among the researchers in recent years because of its numerous applications in various fields of science and technology. 
The presence of dust particles in a fluid flow, has influences on fluid motion, for instance, situations arises in the 
movement of dust-laden air, in case of fluidization, use of dust in gas cooling systems, in power technology, in petroleum 
industry on purification of crude oil, solid fuel rocket nozzles used in guided missile system, flow of polymer solutions 
in industry, construction of wet-bulb thermometer, and in many kinds of fluid flow relating to engineering and industrial 
fields. Such flow simultaneously exhibits both viscous and elastic properties, normal stresses and relaxation effects. 
Various mathematical models have been designed to simulate such hydrodynamics behaviour of the fluid. When such a 
conducting fluid flows in presence of a magnetic field, the flow is influenced by the magnetic field. There are interactions 
between the conducting fluid and the applied magnetic field that in turn modifies the flow pattern with attendant effects 
on flow properties. Thus, it is possible to control effectively the flow by adjusting the magnitude and direction of the 
applied magnetic field. Moreover, the nature of interaction strongly depends upon the orientation of the magnetic field; 
as a result, working viscosity the flow system is under influence of the induced magnetic field. Understating the dynamics 
of such flow has relevant applications in the advent of technology that involves in various MHD devices such as MHD 
power generator, thermonuclear power devices etc. Moreover, engineers and scientists are interested on studies of flow 
of binary mixtures of viscous fluid and dust particles because of their wide range of real-world uses, including industrial, 
geophysical, astronomical, and many more. 

Several authors have been carried out research on dusty viscoelastic fluid under various physical situations and 
conditions. Chakraborty and Sengupta [1] have studied the MHD flow of two immiscible viscoelastic Rivlin-Ericksen 
fluids in a rectangular channel. Datti et al. [2] had studied MHD viscoelastic fluid flow over a non-isothermal stretching 
sheet. Khan et al. [3] examined MHD transient flows in a porous medium with rectangular cross-section. Inverse solutions 
of a second-grade MHD fluid flow in porous medium was explored by Islam and Zhou [4]. Sivaraj and Kumar [5] 
examined MHD heat and mass transfer in viscoelastic fluid flow over a vertical cone and flat plate. Akbar et al., [6] have 
investigated the MHD flow in a porous medium with prescribed vorticity. Sandeep and Sulochana [7] have examined the 
dual solutions of MHD micropolar fluid flow over a stretching/shrinking sheet. Verma and Singh [8] have studied MHD 
flow in a circular channel with porous medium. Reddy et al., [9] have studied the thermal radiation on MHD boundary 
layer flow over a stretching sheet with transpiration. Kiema and Wambua [10] have studied the steady and unsteady 
viscous incompressible MHD fluid flow. Ramadevi et. al., [11] have examined MHD Carreau fluid flow over a thickness 
melting surface with Cattaneo-Christov heat flux. Haq et. al., [12] have studied the MHD flow of Maxwell fluid in a 
channel with porous medium. Raghunath and Ravuri [13] have investigated the Hall effects, Soret effects and rotational 
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effect on unsteady MHD fluid flow through a porous medium. Hall effects on the MHD flow of the Rivlin-Ericksen fluid 
in porous plate was explored by Krishna and Vajravelu [14]. Heat transfer of MHD dusty fluid flow over an inclined 
irregular porous channel has been examined by Kalpana and S. Saleem [15].  Recently, Kodi et al. [16] have examined 
MHD mixed convection flow of Maxwell nanofluid through a vertical cone and Raghunath et al. [17] have explored 
radiation absorption on MHD fluid flow through porous medium over a vertical plate with heat source. 

Joule heating in magnetodynamics system is a consequence of the electrical resistance of the conducting medium. 
The energy dissipated as heat due to the resistance of the fluid to the electric current is known as Joule heating. The Joule 
heating effect contribute to the overall energy balance in MHD systems. It is crucial to consider this heat generation when 
analysing the efficiency and performance of MHD devices. Researchers have considerable interest in this field and give 
noteworthy conclusion by using this phenomenon. Zhang et al. [18] studied the Joule heating effects on natural convection 
participating MHD under different levels of thermal radiation. Mousavi et al. [19] examined 2D-3D analysis of Joule and 
viscous heating effect on MHD. Jamalabadi and Park [20] have investigated on thermal radiation, joule heating, and 
viscous dissipation effects on MHD with uniform surface temperature. Bhatti and Rashidi [21] have studied heat and 
mass transfer with Joule heating on MHD peristaltic blood flow under influence of Hall effect. Hayat et al. [22] studied 
the Joule heating effects on MHD flow of Burgers’ fluid.  Recently, Kheder et al. [23] investigated the effect of Joule 
heating and MHD on periodical analysis of current density and amplitude of heat transfer. 

In many of the above studies the physical properties of the ambient fluid were supposed to be non-variable. However, 
practically, the physical properties of the ambient fluid e.g. density, viscosity varies with temperature that in turn causes 
fluid stratification and thereby influences the fluid flow and heat transfer. The impact of Stratification effect on MHD 
have been discussed by several researchers, for example, Daniel et al. [24], Mutuku and Makinde [25], Khashi’ie et al. 
[26], Waqas et al. [27], Khan et al. [28]. Motivating with the works mentioned above and the idea of stratification of fluid 
due to the variation of fluid density and viscosity we have tried to investigate the flow and heat transfer on 
magnetohydrodynamics viscoelastic fluid flow through an inclined parallel plate channel in presence of uniform magnetic 
field. Such kind of problem often arises in many situations e.g. in the field of power generation using MHD fluid (MHD 
generator), MHD controlled forced and heat exchange flow such as in gas turbine etc. Besides these, the influence of dust 
particles is also utilized many industrial purposes such as in the production of rayon and nylon, pulp and paper industry, 
powder technology, production of plastic, textile industry, treating environment pollution, petroleum industry, 
purification of rain water, chemical processing, nuclear processing in the production of plastic sheet and electronics 
bundles etc. In such flows, stratification effect developed due to the variation of fluid density and viscosity. 

The present study tries to examine an unsteady flow of dusty viscoelastic MHD fluid in a porous medium down an 
inclined parallel plate channel in presence of uniform magnetic field and molecular diffusivity. The issue is investigated 
in terms of the stratification and joule heating effect caused by varying fluid density and viscosity in a porous medium. 
Expressions for fluid and dust particle velocity, temperature distribution, concentration distribution, skin friction for fluid 
and particle, flux flow for fluid and particle, Nusselt number and Sherwood number at the plates are obtained under the 
assumption that the plates are positioned at different temperatures that decay exponentially over time. The effects of 
aforementioned expressions are analysed graphically for various values of the non-dimensional physical quantities 
Stratification factor, Hartmann number, Viscoelastic parameters, Joule heating parameter, Prandlt number, Eckert 
number, Schmidt number and Porosity of the medium. 

 
FORMULATION OF THE PROBLEM 

 
Figure 1. Diagram of the Physical problem 

We take into account the laminar convection flow of a viscous, incompressible, electrically conducting fluid between 
two parallel plate channel that are spaced apart by 2h and inclined horizontally by an angle γ. The plates are kept at two 
different temperatures that exponentially decay with time. Let x-axis be the central line of the channel along the motion 
of the fluid and y-axis be perpendicular to it. The fluid velocity (u) and dust particle velocity (v) are equal and opposite 
in direction. A uniform magnetic field B0 is applied normally to the parallel plates. 
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ASSUMPTIONS 
The following assumptions are taken to write down the governing equations: 

i. Because of the infinite length of the plates, the fluid velocity (u) and dust particle velocity (v) are functions 
of y and t only. 

ii. During fluid motion, the number density of dust particles remains constant and is negligibly small. 
iii. The dust particles are neither subject to chemical reactions nor heat radiation. 
iv. The effects of the Hall, Polarization, Buoyancy are insignificant. 
v. Magnetic Reynolds number is so small that the effect of induced magnetic field is negligible. 

vi. Dust particles are identical, solid, elastic sphere, symmetric in size, also they are equally distributed within 
the fluid motion and electrically non-conducting. 

vii. Initially(t=0) there is no flow and the parallel plates are at same temperature, and thereafter, (t>0) the plates 
are at two different temperatures i.e. t>0, T=T0 at y=-h and t>0, T=T1 at y=+h. 

viii. Throughout the channel, the fluid’s density and viscosity are varying along the y-axis as follows: 𝜌 = 𝜌଴𝑒ି௡( ೤೓శభ), and 𝜇 = 𝜇଴𝑒ି௡( ೤೓శభ), 
where n is fluid’s stratification factor and ρ0, μ0 are coefficient of density and viscosity on the line of the channel at y=-h 
respectively so that the velocity and magnetic field distribution are V= [u(y,t), 0, 0] and B= [0, B0, 0] respectively. 

 
MATHEMATICAL ANALYSIS 

The governing equations under the above assumptions are given as: 
Momentum equations 

 డ௨డ௧ = − ଵఘ డ௣డ௫ − ௡ఔభ௛ డ௨డ௬ + 𝜈ଵ డమ௨డ௬మ + 𝜈ଶ డడ௧ ቀడమ௨డ௬మቁ − ఔభ௞భ 𝑢 + 𝑔 𝑠𝑖𝑛 𝛾 + ௞బேఘ (𝑣 − 𝑢) − ఙఘ (𝐵଴ଶ𝑢). (1) 

 𝑚డ௩డ௧ − 𝑘଴(𝑢 − 𝑣) = 0. (2) 

Equation of fluid static 

 డ௣డ௬ + 𝜌𝑔 𝑐𝑜𝑠 𝛾 = 0. (3) 

Energy equation 

 డ்డ௧ = ௞ఘ஼೛ డమ்డ௬మ + ఔభ஼೛ ቀడ௨డ௬ቁଶ + ఔమ஼೛ డడ௧ ቀడ௨డ௬ቁଶ + ఙ஻బమఘ஼೛ 𝑢ଶ. (4) 

Mass equation 

 డ஼డ௧ = 𝐷 డమ஼డ௬మ, (5) 

where ν1 is the kinematics coefficient of fluid viscosity, ν2 is the kinematics coefficient of viscoelasticity, k1 is the 
porosity of the medium, g is gravitational acceleration, k0 is the proportionality constant, N is the number density of the 
dust particles, σ and κ are the electrical and thermal conductivity of the fluid, m is the mass of the dust particle, T and C 
are dimensional temperature and concentration respectively, Cp is specific heat at constant pressure, D is the mass 
diffusion coefficient and p is the fluid pressure defined as: 

 𝑝 = 𝜌𝑔(𝑥𝑠𝑖𝑛 𝛾 − 𝑦 𝑐𝑜𝑠 𝛾) + 𝜌𝑥𝑎(𝑡) + 𝐴, (6) 

where a(t) is a function of t alone and A is constant value. 
using (6), equation (1) can be written as 

 డ௨డ௧ = −𝑎(𝑡) − ௡ఔభ௛ డ௨డ௬ + 𝜈ଵ డమ௨డ௬మ + 𝜈ଶ డడ௧ ቀడమ௨డ௬మቁ − ఔభ௞భ 𝑢 + ௞బேఘ (𝑣 − 𝑢) − ఙఘ (𝐵଴ଶ𝑢). (7) 

The boundary conditions of the problem are 

 𝑢 = 0,                   𝑣 = 0,                  𝑇 = 𝑇଴𝑒ିଶ௡௧,          𝐶 = 𝐶଴𝑒ିଶ௡௧         𝑎𝑡          𝑦 = −ℎ         𝑢 = 𝑢଴𝑒ି௡௧  ,       𝑣 = 𝑣଴𝑒ି௡௧ ,      𝑇 = 𝑇ଵ𝑒ିଶ௡௧,       𝐶 = 𝐶ଵ𝑒ିଶ௡௧           𝑎𝑡          𝑦 = +ℎ        ൠ  (8) 

where T0 and C0 are the fluid’s temperature and concentration at y=-h respectively and T1 and C1 are the temperature 
and concentration of fluid at y=+h respectively. 
Now we consider the following non-dimensional parameters 

 
𝑢∗ = ௨௨బ  ,       𝑣∗ = ௩௩బ   ,       𝑥∗ = ௫௛   ,       𝑦∗ = ௬௛   ,         𝑡∗ = ௧௨బ௛     𝑎∗ = ௔௛௨బమ   ,      𝑇∗ = ்்బ  ,      𝐶∗ = ஼஼బ   ,      𝐾∗ = ௛ඥ௞భ   ,        𝜆 = ௨బ௩బ           ቑ (9) 
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Substituting (9) in the equations (7), (2), (4) and (5) and then removing the asterisks, we get 

 డ௨డ௧ = −𝑎(𝑡) − ௡ோ డ௨డ௬ + ଵோ డమ௨డ௬మ − 𝜂 ቀ డడ௧ డమ௨డమ௬ቁ − ௄మோ 𝑢 + ஼ோ೟ ቀ௩ఒ − 𝑢ቁ − ெమோ 𝑢, (10) 

 𝑅௧ డ௩డ௧ − (𝜆𝑢 − 𝑣) = 0, (11) 

 డమ்డ௬మ = 𝑅𝑃௥ డ்డ௧ − 𝐸𝑃௥ ቀడ௨డ௬ቁଶ + 𝜂𝐸𝑅𝑃௥ డడ௧ ቀడ௨డ௬ቁଶ − 𝐽𝑢ଶ  , (12) 

 డమ஼డ௬మ = 𝑅𝑆௖ డ஼డ௧  (13) 

where, 𝑅 = ௨బ௛ఔభ   is Reynolds number, 𝜂 = − ఔమ௛మ  is viscoelastic parameter, 𝐶 = ௠ேఘ   is dust particle concentration, 𝑃௥ = ఓ஼೛௞   is Prandtl number, 𝑀 = ට஻బమ௛మఙఘఔభ   is Hartmann number, 𝐸 = ௨బమ஼೛ బ்  is Eckert number, 𝑅௧ = ௠௨೚௞బ௛   is relaxation time parameter of dust particles,   𝑆௖ = ఔభ஽   is Schmidt number, 𝐽 = ఙ஻బమ௨బమ௛మ఑ బ்  is Joule heating parameter. 
The non-dimensional boundary conditions are 

 𝑢 = 0,              𝑣 = 0,                𝑇 = 𝑒ିଶ௡௧ ,             𝐶 = 𝑒ିଶ௡௧          𝑎𝑡      𝑦 = −ℎ    𝑢 = 𝑒ି௡௧ ,        𝑣 = 𝑒ି௡௧ ,            𝑇 = 𝜒𝑒ିଶ௡௧,       𝐶 = 𝜓𝑒ିଶ௡௧         𝑎𝑡      𝑦 = +ℎ            ൠ (14) 

where 𝜒 = భ்்బ and 𝜓 = ஼భ஼బ are constant temperature and concentration respectively. 
 

SOLUTIONS 
To solve the equations (10) -(13) under the boundary conditions (14), we assume 

 𝑢 = 𝑓(𝑦)𝑒ି௡௧ ,        𝑣 = 𝑔(𝑦)𝑒ି௡௧ ,       𝑇 = 𝜃(𝑦)𝑒ିଶ௡௧,      𝐶 = 𝜙(𝑦)𝑒ିଶ௡௧ ,       𝑎 = 𝑎଴𝑒ି௡௧ .  (15) 

Substituting (15) in equations (10) -(13), we get 

 𝑓′′(𝑦) − 𝐴ଵ𝑓′(𝑦) + 𝐴ଶ𝑓(𝑦) − 𝐴ଷ = 0 (16) 

 𝑔(𝑦) = 𝐴ସ𝑓(𝑦) (17) 

 𝜃ᇱᇱ(𝑦) + 𝐴ହ𝜃(𝑦) + 𝐴଺൫𝑓ᇱ(𝑦)൯ଶ + 𝐴଻(𝑓(𝑦))ଶ = 0 (18) 

 𝜙ᇱᇱ(𝑦) + 𝐴଼𝜙 = 0 (19) 

where, 𝐴ଵ = 𝑛1 + 𝑛𝜂𝑅  ,         𝐴ଶ = 𝑅1 + 𝑛𝜂𝑅 ቈ𝑛 − ቆ𝐾ଶ + 𝑀ଶ𝑅 ቇ − 𝐶 𝑛1 − 𝑛𝑅௧቉  ,       𝐴ଷ = 𝑅𝑎଴1 + 𝑛𝜂𝑅 , 𝐴ସ = 𝜆1 − 𝑛𝑅௧  , 𝐴ହ = 2𝑛𝑅𝑃௥  ,        𝐴଺ = 𝐸𝑃௥(1 + 2𝑛𝜂𝑅),        𝐴଻ = 𝐽 = 𝐸𝑀ଶ𝑃௥ ,       𝐴଼ = 2𝑛𝑅𝑆௖  Now, the corresponding boundary conditions are 

 
𝑓(−1) = 0 ,        𝑔(−1) = 0 ,              𝜃(−1) = 1 ,         𝜙(−1) = 1 𝑓(+1) = 1 ,         𝑔(+1) = ఒ஺ర  ,           𝜃(+1) =  𝜒,         𝜙(+1) = 𝜓        ൡ  (20) 

The solutions of the equations (16) -(19) with respect to the boundary conditions (20) are 

 𝑓(𝑦) = ቂ𝐶ଵ𝑒௠భ௬ + 𝐶ଶ𝑒௠మ௬ + ஺య஺మቃ. (21) 

 𝑔(𝑦) = 𝐴ସ ቂ𝐶ଵ𝑒௠భ௬ + 𝐶ଶ𝑒௠మ௬ + ஺య஺మቃ, (22) 𝜃(𝑦) = 𝐶ଷ 𝑐𝑜𝑠ඥ𝐴ହ 𝑦 + 𝐶ସ 𝑠𝑖𝑛ඥ𝐴ହ 𝑦 − ሾ(𝑆ଵ + 𝑆ସ)𝑒ଶ௠భ௬ + (𝑆ଶ + 𝑆ହ)𝑒ଶ௠మ௬                +(𝑆ଷ + 𝑆଺)𝑒(௠భା௠మ)௬ + 𝑆଻𝑒௠భ௬ + 𝑆଼𝑒௠మ௬ + 𝑆ଽ] (23) 

 𝜙(𝑦) = 𝐶ହ 𝑐𝑜𝑠 ඥ𝐴଼ 𝑦 + 𝐶଺ 𝑠𝑖𝑛ඥ𝐴଼ 𝑦 (24) 

where, 
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𝑚ଵ = 𝐴ଵ + ඨ(𝐴ଵଶ − 4𝐴ଶ)2  ,        𝑚ଶ = 𝐴ଵ − ඨ(𝐴ଵଶ − 4𝐴ଵ)2  ,          𝑆ଵ = 𝐴଺𝐶ଵଶ𝑚ଵଶ4𝑚ଵଶ + 𝐴ହ   ,           𝑆ଶ = 𝐴଺𝐶ଵଶ𝑚ଶଶ4𝑚ଶଶ + 𝐴ହ  ,     𝐶ଵ = ൤𝐴ଷ𝐴ଶ ൬ 𝑠𝑖𝑛ℎ𝑚ଶ𝑠𝑖𝑛ℎ(𝑚ଵ −𝑚ଶ)൰ + 𝑒ି௠మ2 𝑠𝑖𝑛ℎ(𝑚ଵ −𝑚ଶ)൨ ,                𝐶ଶ = −൤𝐴ଷ𝐴ଶ ൬ 𝑠𝑖𝑛ℎ𝑚ଵ𝑠𝑖𝑛ℎ(𝑚ଵ −𝑚ଶ)൰ + 𝑒ି௠భ2 𝑠𝑖𝑛ℎ(𝑚ଵ −𝑚ଶ)൨ , 𝑆ଷ = 2𝐴଺𝐶ଵ𝐶ଶ𝑚ଵ𝑚ଶ(𝑚ଵ + 𝑚ଶ)ଶ + 𝐴ହ   ,           𝑆ସ = 𝐴଻𝐶ଵଶ4𝑚ଵଶ + 𝐴ହ   ,        𝑆ହ = 𝐴଻𝐶ଶଶ4𝑚ଶଶ + 𝐴ହ   ,         𝑆଺ = 2𝐴଻𝐶ଵ𝐶ଶ(𝑚ଵ + 𝑚ଶ)ଶ + 𝐴ହ  , 𝑆଻ = 2𝐴ଷ𝐴଻𝐶ଵ𝐴ଶ(𝑚ଵଶ + 𝐴ହ)  ,           𝑆଼ = 2𝐴ଷ𝐴଻𝐶ଶ𝐴ଶ(𝑚ଶଶ + 𝐴ହ)  ,       𝑆ଽ = 𝐴଻ ൬𝐴ଷ𝐴ଶ൰ଶ   ,       𝐶ହ = 1 + 𝜓2 cosඥ𝐴଼   ,        𝐶଺ = 𝜓 − 12 sinඥ𝐴଼  , 
𝐶ଷ = ቆ 1𝑐𝑜𝑠 ඥ𝐴ହቇ ቈ(1 + 𝜒)2 + (𝑆ଵ + 𝑆ସ) 𝑐𝑜𝑠ℎ 2𝑚ଵ + (𝑆ଶ + 𝑆ହ) 𝑐𝑜𝑠ℎ 2𝑚ଶ + (𝑆ଷ + 𝑆଺) 𝑐𝑜𝑠ℎ(𝑚ଵ + 𝑚ଶ) +𝑆଻ cosh𝑚ଵ + 𝑆଼ cosh𝑚ଶ + 𝑆ଽ],          𝐶ସ = ൬ ଵ௦௜௡ඥ஺ఱ൰ ቂ(ఞିଵ)ଶ + (𝑆ଵ + 𝑆ସ) 𝑠𝑖𝑛ℎ 2𝑚ଵ + (𝑆ଶ +𝑆ହ)𝑠𝑖𝑛ℎ 2𝑚ଶ  +(𝑆ଷ +𝑆଺)𝑠𝑖𝑛ℎ(𝑚ଵ + 𝑚ଶ) + 𝑆଻ sinh𝑚ଵ + 𝑆଼ sinh𝑚ଶ] 

Putting the solutions of f(y), g(y), θ(y) and ϕ(y) from equations (21) -(24) in equation (15), we get the final solutions 

 𝑢(𝑦, 𝑡) = ቂ𝐶ଵ𝑒௠భ௬ + 𝐶ଶ𝑒௠మ௬ + ஺య஺మቃ 𝑒ି௡௧  (25) 

 𝑣(𝑦, 𝑡) = 𝐴ସ ቂ𝐶ଵ𝑒௠భ௬ + 𝐶ଶ𝑒௠మ௬ + ஺య஺మቃ 𝑒ି௡௧  (26) 𝑇(𝑦, 𝑡) = ൛𝐶ଷ 𝑐𝑜𝑠 ඥ𝐴ହ 𝑦 + 𝐶ସ 𝑠𝑖𝑛ඥ𝐴ହ 𝑦 − ሾ(𝑆ଵ + 𝑆ସ)𝑒ଶ௠భ௬ + (𝑆ଶ + 𝑆ହ)𝑒ଶ௠మ௬                    +(𝑆ଷ + 𝑆଺)𝑒(௠భା௠మ)௬ + 𝑆଻𝑒௠భ௬ + 𝑆଼𝑒௠మ௬ + 𝑆ଽ]ൟ𝑒ିଶ௡௧ (27) 

 𝐶(𝑦, 𝑡) = ൣ𝐶ହ 𝑐𝑜𝑠 ඥ𝐴଼ 𝑦 + 𝐶଺ 𝑠𝑖𝑛ඥ𝐴଼ 𝑦൧𝑒ିଶ௡௧ (28) 

 
Skin-Friction 

The viscous drag (Skin friction) for fluid (τf) and for dust particles (τp) acting at the plates are defined as: 𝜏௙ = ቂቀଵோ − 𝜂 డడ௧ቁ ቀడ௨డ௬ቁቃ௬ୀ±ଵ = ቂቀଵோ + 𝑛𝜂ቁ (𝐶ଵ𝑚ଵ𝑒±௠భ + 𝐶ଶ𝑚ଶ𝑒±௠మ)ቃ 𝑒ି௡௧,               (29) 𝜏௣ = ቂቀଵோ − 𝜂 డడ௧ቁ ቀడ௩డ௬ቁቃ௬ୀ±ଵ = 𝐴ସ ቂቀ(ଵோ + 𝑛𝜂ቁ (𝐶ଵ𝑚ଵ𝑒±௠భ + 𝐶ଶ𝑚ଶ𝑒±௠మ)ቃ 𝑒ି௡௧.              (30) 

 
Fluid and Particle Flux 

The flux of flow for fluid (Qf) and for particle (Qp) throughout the channel is defined as: 

𝑄௙ = න𝑢 𝑑𝑦ଵ
ିଵ = 2 ൤ 𝐶ଵ𝑚ଵ 𝑠𝑖𝑛ℎ𝑚ଵ + 𝐶ଶ𝑚ଶ 𝑠𝑖𝑛ℎ𝑚ଶ +𝐴ଷ𝐴ଶ൨ 𝑒ି௡௧ 

 𝑄௣ = න𝑣 𝑑𝑦ଵ
ିଵ = 2𝐴ସ ൤𝐶ଵ𝑚ଵ 𝑠𝑖𝑛ℎ𝑚ଵ + 𝐶ଶ𝑚ଶ 𝑠𝑖𝑛ℎ𝑚ଶ + 𝐴ଷ𝐴ଶ൨ 𝑒ି௡௧ 

 
Nusselt Number 

The rate of heat transfer in terms of Nusselt number (Nu) at the plates is defined as: 𝑁௨ = ൤𝜕𝑇𝜕𝑦൨௬ୀ±ଵ = ൛ඥ𝐴ହ൫−𝐶ଷ 𝑠𝑖𝑛ඥ𝐴ହ + 𝐶ସ 𝑐𝑜𝑠ඥ𝐴ହ൯ − ሾ2𝑚ଵ(𝑆ଵ + 𝑆ସ)𝑒±ଶ௠భ 

+2𝑚ଶ(𝑆ଶ + 𝑆ହ)𝑒±ଶ௠మ + (𝑚ଵ + 𝑚ଶ)(𝑆ଷ + 𝑆଺)𝑒±(௠భା௠మ) + 𝑚ଵ𝑆଻𝑒±௠భ + 𝑚ଶ𝑆଼𝑒±௠మ൧ൟ𝑒ିଶ௡௧ (31) 
 

Sherwood Number 
The rate of mass transfer in terms of Sherwood number (Sh) at the plates is given as: 

 𝑆ℎ = ቂడ஼డ௬ቃ௬ୀ±ଵ = ൣඥ𝐴଼൫−𝐶ହ sinඥ𝐴଼ + 𝐶଺ cosඥ𝐴଺൯൧𝑒ିଶ௡௧ (32) 

 
RESULT AND DISCUSSION 

The aim of the study is to investigate the effect of stratification factor (n), Joule heating (J) and other physical 
parameters such as, Hartmann number (M), porosity of the medium (K), viscoelastic parameter (η), Prandtl number (Pr), 
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Eckert number (Ec), Schmidt number (Sc) on fluid and particle velocity, fluid temperature, fluid concentration, Skin 
friction for fluid and particle, rate of heat transfer in terms of Nusselt number, rate of mass transfer in terms of Sherwood 
number. The numerical results for Skin friction, Nusselt number, Sherwood number have been carried out at the upper 
wall (y=+1) of the channel. This helped us comprehend the problem's physical importance better. The governing equations 
are solved by using regular perturbation method, and the graphs are plotted in MATLAB which has been described in 
Figures (2) -(22). 

Figure 2. Effect of n on Fluid Velocity Profile Figure 3. Effect of M on Fluid Velocity Profile 

Figure 4. Effect of K on Fluid Velocity Profile Figure 5. Effect of η on Fluid Velocity Profile 

Figure 6. Effect of n on Particle Velocity Profile Figure 7. Effect of M on Particle Velocity Profile 
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Figures 2-5 show the impact of Stratification factor (n), Hartmann number (M), Porosity parameter (K) and Visco-
elastic parameter (η) on fluid velocity. Figure 2 shows that the fluid velocity profile reduces with the increase in values 
of stratification factor. This arises due to the fact that increase in stratification factor increases the difference of density 
of momentum boundary layer, which illustrates a decrease in the fluid velocity profile. From Figure 3, it is clear that the 
fluid velocity reduces with the increase in values of Hartmann number. This is because the magnetic field creates a Lorentz 
force, which always produces resistance to the fluid flow and slows down the fluid velocity. 

Figure 8. Effect of K on Particle Velocity Profile Figure 9. Effect of η on Particle Velocity Profile 
 

 
Figure 10. Effect of n on Fluid Temperature Profile Figure 11. Effect of J on Fluid Temperature Profile 

 

Figure 12. Effect of Pr on Fluid Temperature Profile Figure 13. Effect of E on Fluid Temperature Profile 
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Figure 14. Effect of n on Fluid Concentration Profile Figure 15. Effect of Sc on Fluid Concentration Profile 

 

  
Figure 16. Effect of M on Fluid Skin friction Figure 17. Effect of n on Fluid Skin friction 

 

  
Figure 18. Effect of M on Particle Skin friction Figure 19. Effect of n on Particle Skin friction 

 
Figure 4 depict that the fluid velocity profile decreases with the rise in values of porosity parameter. This occurs 

because the fluid flow is more restricted in the presence of porous medium, which slows the flow and lowers its velocity. 
Figure 5 elucidates that the fluid velocity profile increases with escalating values of viscoelastic parameter (η). Physically, 
η is negative to kinematic viscosity. Due to this low viscosity, enhancing values of η produce high fluid velocity. 

Figures 6-9 represent the variation of particle velocity profile for different values of Stratification factor, Hartmann 
number, Porosity parameter and Viscoelastic parameter respectively. Figure 6 displays that the stratification factor 
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increases the particle velocity profile, which shows an opposite behaviour for fluid velocity as mentioned above. However, 
figure 7, 8, 9 show almost similar behaviour as those for fluid velocity. 

  
Figure 20. Effect of J on Nusselt number Figure 21. Effect of n on Nusselt number 

  
Figure 22. Effect of n on Sherwood number Figure 23. Effect of Sc on Sherwood number 

 
Figures 10-13 illustrate the variation of fluid temperature for different values of Stratification factor, Joule heating 

parameter, Prandtl number and Eckert number respectively. Figure 10 and 11 admit that fluid temperature enhances due 
to the rise in stratification factor and Joule heating parameter respectively. Physically, with the increase in Joule heating, 
the heat generated is transferred to the surrounding of the channel, leading to an increase in temperature. Figure 12 shows 
an enhancement in Prandtl number causes a decrement in the temperature profile. It is due to the reason that the thermal 
conductivity declines with the enhancement in Prandtl number. On the other hand, figure 13 depicts that temperature 
increases with the escalating values of Eckert number. Physically, the thermal conductivity of the fluid rises as the 
dissipation is escalated which helps to enhance the thermal boundary layer thickness. 

Figures 14 and 15 present the distribution of fluid concentration for different values of Stratification factor and 
Schmidt number respectively. Figure 14 reveals that the concentration exhibits an increasing trend with the escalating 
values of stratification factor. From figure 15, it is observed that the concentration profile de-escalates with the increase 
in Schmidt number. Physically, Schmidt number is the ratio of momentum diffusivity to mass diffusivity. So, with 
increasing Schmidt number, there is a strong reduction in concentration profile. 

Figures 16 and 17 show how skin friction for fluid changes at the upper plate (y=+1) when a Hartmann number and 
Stratification factor change. It is observed that the skin friction exceeds with an increment as the Hartmann number 
increases. Further, skin friction falls as the stratification factor increases. Figure 18 and 19 registers the behaviour of skin 
friction for particle at the upper plate (y=+1) when Hartmann number and Stratification factor rises. A similar behaviour 
has been seen in figure 18 and 19 as those for figure 16 and 17 respectively.  

Figures 20 and 21 show the variation of rate of heat transfer (Nu) at the upper plate (y=+1) with the rise in values of 
Joule heating parameter and Stratification factor respectively. It is observed that the Nusselt number increases with 
increasing Joule heating parameter and it decreases when stratification factor rises. The behaviour of Sherwood number 
at the upper plate (y=+1) has shown in figures 22 and 23. It is concluded that Sherwood number reduces for both 
increasing values of Stratification factor and Schmidt number. 
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CONCLUSIONS 
The following conclusions can be made from the above results: 
i. The velocity of fluid decreases with stratification factor and reverse in nature with particle velocity, fluid 

temperature and fluid concentration. 
ii. Fluid and particle velocity enhance with raising value of viscoelastic parameter while opposite behaviour with 

Hartmann number and Porosity parameter. 
iii. Fluid temperature increases with the rise in Joule heating parameter and Eckert number. However, the 

temperature tends to fall when the Prandtl number is raised. 
iv. Increasing the Schmidt number decreases fluid concentration.  
v. Fluid and particle viscous drag enhance with the rise of Hartmann number and opposite behaviour with 

stratification factor. 
vi. The rate of heat transfer, in terms of Nusselt number, increases with the rise in Joule heating parameter but an 

opposite effect is observed with stratification factor. 
vii. The rate of mass transfer, in terms of Sherwood number, reduces for higher values of stratification factor and 

Schmidt number. 
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ВПЛИВ СТРАТИФІКАЦІЇ ТА ДЖОУЛЕВОГО НАГРІВУ НА МГД ПОТІК ПИЛОВОЇ В’ЯЗКОПРУЖНОЇ РІДИНИ 

КРІЗЬ ПОХИЛІ КАНАЛИ У ПОРИСТОМУ СЕРЕДОВИЩІ ЗА НАЯВНОСТІ МОЛЕКУЛЯРНОЇ ДИФУЗІЇ 
Салім Джабед Аль-Хайерa, Шьяманта Чакрабортіb 

aДепартамент математики, Університет Гаухаті, Гувахаті, Камруп, 781014, Ассам, Індія 
bUGC-HRDC, Університет Гаухаті, Гувахаті, Камруп, 781014, Ассам, Індія 

Проведено аналіз ламінарного МГД-конвекційного потоку запиленої в’язкопружної рідини другого порядку в пористому 
середовищі через похилий паралельний пластинчастий канал за наявності молекулярної дифузії. Пластини витримують при 
двох різних температурах, які з часом знижуються. Дослідження проводиться з урахуванням того, що в'язкість і щільність 
рідини є змінними в тій мірі, в якій це викликає розшарування і джоулевий ефект нагрівання в процесі потоку. Метою 
дослідження є вивчення того, як стратифікація та джоулеве нагрівання впливають на потік у зв’язку з фізичними величинами, 
а саме фактором стратифікації, числом Гартмана, коефіцієнтом в’язкопружності, параметром нагріву Джоуля, числом 
Прандтля, числом Еккерта, числом Шмідта та пористістю середовища. і т. д. Безвимірні керівні рівняння розв’язуються 
аналітично за допомогою методу регулярних збурень, а графіки будуються за допомогою мови програмування MATLAB. 
Оцінюються математичні вирази для швидкості рідини та частинок, температури рідини, концентрації рідини, поверхневого 
тертя для рідини та частинок, потоку рідини та частинок, числа Нуссельта, числа Шервуда на пластинах та їх характер варіацій 
для різних числових значень фізичних параметри показано графічно, обговорено та зроблено висновки. 
Ключові слова: Джоулевий ефект нагріву; ефект стратифікації; похилий канал; в'язкопружний параметр; 
масопровідність; пористе середовище 
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The primary objective of this study is to investigate the influence of thermal stratification on the magnetohydrodynamics
(MHD) flow of water-based nano, hybrid, and ternary hybrid nanofluids, as they pass a vertically stretching cylinder
within a porous media. The nanoparticles Cu,Al2O3, and T iO2 are suspended in a base fluid H2O, leading to the
formation of a ternary hybrid nanofluid (Cu + Al2O3 + T iO2/H2O). The use of a relevant similarity variable has
been utilized to simplify the boundary layer equations which control the flow and transform the coupled nonlinear
partial differential equations into a collection of nonlinear ordinary differential equations. The numerical results are
calculated with the 3-stage Lobatto IIIa approach, specifically implemented by Bvp4c in MATLAB. This study presents
a graphical and numerical analysis of the effects of various non-dimensional parameters, such as the Prandtl number,
radiation parameter, heat source/sink parameter, magnetic parameter, porosity parameter, curvature parameter, thermal
stratification parameter, and thermal buoyancy parameter, on the velocity, temperature, skin-friction coefficient, and
Nusselt number. The impacts of these parameters are visually depicted through graphs and quantitatively represented in
tables. The ternary hybrid nanofluid has a higher heat transfer rate than the hybrid nanofluid, and the hybrid nanofluid
has a higher heat transfer rate than ordinary nanofluids.

Keywords: Thermal Stratification; Stretching Vertical Cylinder; Ternary Hybrid Nanofluid; Porous Medium; Thermal
Radiation; MHD; bvp4c

PACS: 44.05.+e, 44.25.+f, 44.27.+g, 44.40.+a, 47.11.-j, 44.30.+v

1. INTRODUCTION

Ternary hybrid nanofluids are a specific kind of fluid that is made up of three distinct kinds of nanoparticles
that are scattered throughout a base fluid. This article presents a study on the ternary hybrid nanofluid
composed of copper (Cu), aluminum oxide (Al2O3), and titanium dioxide (TiO2) nanoparticles, which are
evenly distributed inside a water-based fluid. This ternary hybrid nanofluid has unique qualities that make it
suitable for a variety of applications. The presence of copper (Cu) nanoparticles into the nanofluid has been
found to improve thermal conductivity, whilst the addition of aluminum oxide (Al2O3) and titanium dioxide
(TiO2) nanoparticles has been observed to enhance heat transfer efficiency and stability. The utilization of this
nanofluid is applicable in various applications such as heat exchangers, cooling systems, and electronic devices,
with the purpose of enhancing heat dissipation and improving thermal management. Copper nanoparticles are
known to possess antibacterial capabilities, whereas (TiO2) nanoparticles have photocatalytic activity against
bacteria and other bacteria. The application of the ternary hybrid nanofluid, comprising Cu− Al2O3 − TiO2,
presents a promising avenue for the development of antibacterial coatings on various surfaces, including medical
equipment, textiles, and food packaging. These coatings effectively impede bacterial growth and contribute to
the preservation of hygiene. Titanium dioxide (TiO2) nanoparticles have photocatalytic properties, rendering
them capable of facilitating the breakdown of organic contaminants and the disinfection of water. The use of
the Cu− Al2O3 − TiO2 ternary hybrid nanofluid has potential for application in water treatment procedures,
facilitating the elimination of pollutants and enhancing the overall quality of water resources.

The term ”nanofluid” refers to a type of artificial fluid that is characterized by the presence of very small
particles in a base fluid suspended and typically have a size of less than 100 nanometers. The concept of
nanofluid, first presented by [1], proposes that heat transfer fluids with floating metallic nanoparticles could
provide a revolutionary new type of heat transfer fluids. [2] and [3] investigated the natural convective flow of
nanofluids with radiation for moving vertical plate and vertical channel, respectively. In both research articles,
the authors explored water-based nanofluids that include titanium dioxide, aluminum oxide, and copper. In the
occurrence of heat production or absorption, [4] looks for a lie group solution to the problem of how the nanofluid
moves past a horizontal plate reacting chemically. [5] uses the HAM to analyze the entropy of a nanofluid

Cite as: R.S. Nath, R.K. Deka, East Eur. J. Phys. 1, 232 (2024), https://doi.org/10.26565/2312-4334-2024-1-19

© R.S. Nath, R.K. Deka, 2024; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2024-1-19
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0009-0002-2352-0538
https://orcid.org/0009-0007-1573-4890
mailto:rupamnath23@gmail.com
https://doi.org/10.26565/2312-4334-2024-1-19
https://creativecommons.org/licenses/by/4.0/


A Numerical Study on the MHD Ternary Hybrid Nanofluid (Cu−Al2O3 − TiO2/H2O)...
233

EEJP.1(2024)

consisting of water as the primary fluid and one of four distinct kinds of nanoparticles: TiO2, Al2O3, Cu, and
CuO flowing through a stretchable permeable surface permeable surface. A numerical investigation on the flow
of nanofluids in the boundary layer across a moving flat plate was performed by [6] to study the impacts of
thermal radiation, viscous dissipation and thermal diffusion. In the context of velocity slip and temperature leap,
[7] carried out an analytical investigation on the MHD nanofluid flow for a variety of water-based nanoparticles
as they passed a continually stretching/shrinking permeable sheet. [8] applied the Lattice Boltzmann method
for studying the MHD Cu-water nanofluid under the presence of Lorentz forces. Furthermore, [9] conducted a
research on MHD Cu-water nanofluid flow across a cone and a wedge influenced by nonlinear thermal radiation.
[10] and [11] researched the impacts of heat and mass transfer on nanofluid passing a moving or fixed vertical
plate in the presence of a heat source and a chemical reaction, respectively. Additionally, MHD boundary layer
nanofluid flow was studied by [12] as it passed over an exponentially accelerating vertical plate in presence of
thermal radiation.

[13] and [14] examined the impacts of thermal and mass stratification over a vertical wavy truncated cone
and a wavy surface, respectively. Furthermore, [15] have investigated how both stratification effects affect
infinite vertical cylinders. [16] and [17] conducted a study to investigate the combined impact of thermal
stratification and chemical reaction on the flow past an infinite vertical plate and an accelerated vertical plate,
correspondingly. Similarly, [18] looks at how thermal stratification affects unsteady parabolic flow past an
infinite vertical plate. [19] investigates the thermal stratification effects of a hybrid nanofluid consisting of
Cu−Al2O2/H2O in a porous medium. Their study focuses on a vertically stretched cylinder and considers the
influence of heat sink/source. They found that the thermal conductivity of hybrid nanofluids was significantly
higher than that of nanofluids. Hence, the utilization of hybrid nanofluids exhibits a significant influence on
enhancing thermal advancements.

[20] aims to investigate the heat transfer characteristics of the magnetohydrodynamic Casson hybrid
nanofluid in the presence of a non-Fourier heat flux model and linear thermal radiation along a horizontal
porous stretched cylinder. With melting/non-melting heat transfer in mind, [21] is interested in the laminar,
stable electro magnetohydrodynamic flow and entropy formation of SWCNT-blood nanofluid. The study of
magneto Cu−Al2O3/water hybrid nanofluid flow in a non-Darcy porous square cavity was done by [22].

The study conducted by [23] focuses on investigating the phenomenon of natural convection within a
sinusoidal wavy cavity that is filled with a hybrid nanofluid consisting of TiO2−Cu particles suspended in water.
The analysis takes into account the influence of internal heat generation, an angled magnetic field, and thermal
radiation on the convection process. The investigation conducted by [24] focused on the nonlinear buoyancy-
driven flow of hybrid nanoliquid passing a spinning cylinder, taking into account the effects of quadratic thermal
radiation.

[25] conducted a study on the impact of non-linear Darcy-Forchheimer flow in the context of electromagnetic
hydrodynamics (EMHD) ternary hybrid nanofluid, namely composed of Cu−CNT −Ti and water. They found
that the ternary hybrid nanofluid had a greater impact on the temperature profile than either the nanofluid or the
hybrid nanofluid alone. [26] conducted a study on the heat transport characteristics of ternary hybrid nanofluid
flow in the presence of a magnetic dipole with nonlinear thermal radiation. [27] performed an investigation
on the computational valuation of Darcy ternary-hybrid nanofluid flow through an extending cylinder with
induction effects. In order to improve the heat transfer of a magnetized ternary hybrid nanofluid Cu−Al2O3−
MWCNT/water, [28] investigated the influence of nanoparticle shape.

The primary objective of [29] research is to investigate the application of a water-based ternary hybrid
nanofluid in the context of advanced cooling for radiators. This nanofluid comprises three distinct types of
nanoparticles: spherical aluminum oxide(Al2O3) cylindrical carbon nanotubes(CNT ), and platelet-shaped par-
ticles(Graphene). [30] analyze the behavior of a ternary hybrid nanofluid (THNF) with tangent hyperbolic
(T-H) flow characteristics as it interacts with a rough-yawed cylinder. The motion of the cylinder is induced
using impulsive means, and the study focuses on the mixed convection mechanism in conjunction with periodic
magnetohydrodynamics. The impact of suction and heat source on MHD stagnation point flow of ternary hy-
brid nanofluid(Cu − Fe3O4 − SiO2/polymer) over convectively heated stretching/shrinking cylinder has been
researched by [31]. [32] conducted research on the similarity solutions of the governing equations that describe
the dynamics of a colloidal mixture consisting of water, spherical carbon nanotubes, cylindrical graphene, and
platelet alumina nanoparticles. The study considered various levels of partial slip and examined the cases of
forced convection, free convection, and mixed convection.

According to the literature review, as was mentioned in a previous research, no one has tried to show
the MHD ternary nanofluid past a Vertically Stretching Cylinder in a porous medium. The main objective of
the present study is to examine the heat transfer properties of a ternary hybrid nanofluid consisting of Cu −
Al2O3 − TiO2 particles dispersed in water. This investigation focuses on the heat transfer behavior around a
Vertically Stretching Cylinder, taking into account the effects of thermal stratification, thermal radiation, and
uniform heat sources and sinks. The governing equations of non-linear partial differential equations (PDEs) are
transformed into ordinary differential equations (ODEs) by employing suitable self-similarity variables within
the bvp4c solver of the MATLAB software. The Bvp4c technique utilized in this study to simulate the problem
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is widely recognized, as demonstrated by its discussion and application in MATLAB by Shampine et al., [33]
and Kierzenka et al., [34]. The graphical representation of the results is provided for several parameters such
as δ,M,K,R,Q, Pr and λ.

2. MATHEMATICAL ANALYSIS

Consider a two-dimensional steady in-compressible ternary hybrid nanofluid consisting of Cu − Al2O3 −
TiO2/H2O, which is immersed in a porous medium over a vertical stretchable cylinder of radius r0. The system
is subjected to the influence of a heat source/sink, thermal stratification and thermal radiation. The flow of
the ternary hybrid nanofluid is assumed to be in the axial x−direction, with the r coordinate representing the
direction normal to the x−axis, as depicted in Figure 1. In this context, the variables ”u” and ”v” represent
the velocity components of the ternary hybrid nanofluid along the r and x− axes, respectively. In this study, a
magnetic field with a magnitude of B0 is applied in a direction perpendicular to the propagation of the ternary
hybrid nanofluid. The flow issue takes into account the thermal buoyancy effect while disregarding the Joule’s
impact. The velocity that causes linear stretching of the vertical cylinder is denoted as u = axl , where

′a′ and
′l′ represent the velocity and characteristic length of the cylinder, respectively. Tw(x) = T0 + A

(
x
l

)
represents

the assumed temperature of the wall, while T∞(x) = T0 + B
(
x
l

)
represents the temperature of the ternary

hybrid nanofluid at the ambient condition, where A,B, and T0 are non-negative constants and the starting
temperature, correspondingly. The governing equations for continuity, momentum, and energy in the context
of a ternary hybrid nanofluid, as presented by [19], can be expressed as follows.

∂(ru)

∂x
+
∂(rv)

∂r
= 0 (1)

u
∂u

∂x
+ v

∂u

∂r
=

µmnf
ρmnf

1

r

∂

∂r

(
r
∂u

∂r

)
+

(ρβT )mnf
ρmnf

g(T − T∞)− σmnf
ρmnf

B2
0u− µmnf

ρmnf

u

k′
(2)

u
∂T

∂x
+ v

∂T

∂r
=

kmnf
(ρcp)mnf

1

r

∂

∂r

(
r
∂T

∂r

)
− 1

(ρcp)mnf

1

r

∂

∂r

(
r
∂q′r
∂r

)
+

Q0

(ρcp)mnf
(T − T∞) (3)

The following are the boundary conditions:

u = a
x

l
, v = 0, T = Tw(x) when r = r0

u = 0, T → T∞(x) when r → ∞

The radiative heat flux q′r in Eqn. (2) is approximated by using the Rosseland approximation [35], as the
nanofluid is assumed to be an optically thick fluid. In light of the research conducted by [7], the equation (3)
can be rewritten as

u
∂T

∂x
+ v

∂T

∂r
=

kf
(ρcp)mnf

(
kmnf
kf

+
16σ∗T ′3

∞
3kfk

)
1

r

∂

∂r

(
r
∂T

∂r

)
+

Q0

(ρcp)mnf
(T − T∞)

Figure 1. Physical Model and Coordinate system
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The similarity transformation (Ref. [19]) used in Equations (1)-(3) are as follows

η =
r2 − r20
2r0

√
a

νf l
, ψ =

√
aνf
l
xr0f(η), θ =

T − T∞(x)

Tw(x)− T0

and we provide non-dimensional quantities in the following:

M =
lσfB

2
0

aρf
, K =

lνf
ak

, γ =

√
lνf
ar20

, λ =
Gr

Re2x
, δ =

B

A
, Q =

Q0l

a(ρcp)f

R =
16σ∗T ′3

∞
3kfk

, Pr =
νf (µcp)f

kf

where, M is the magnetic parameter, K is the porosity parameter, γ is the curvature parameter, λ is the
thermal buoyancy parameter, δ is the thermal stratification parameter, Q is the heat source/sink parameter, R
is the radiation parameter, Pr is the Prandtl number.

The stream function ψ is introduced to satisfy continuity equation (1) in the manner that u = 1
r
∂ψ
∂r and

v = − 1
r
∂ψ
∂x . Hence, the non-dimensional forms of the transformed equations are given by

f ′2 − ff ′′ = a1 [2γf
′′ + (1 + 2γη)f ′′′] + a2λθ − (a3M + a1K)f ′ (4)

f ′(θ + δ)− fθ′ = a4 [2γθ
′ + (1 + 2γη)θ′′] + a5θ (5)

where,

x1 =
µmnf
µf

, x2 =
ρf
ρmnf

, x3 =
(ρβT )mnf
(ρβT )f

, x4 =
(ρCp)f

(ρCp)mnf
, x5 =

σmnf
σf

, x6 =
kmnf
kf

a1 = x1x2, a2 = x2x3, a3 = x2x5, a4 =
x4x6 +R

Pr
, a5 = Qx4

Here, the symbols µmnf , ρmnf , (βT )mnf , (ρCp)mnf , σmnf , kmnf represent the ternary hybrid nanofluid’s
coefficient of viscosity, electrical conductivity, thermal expansion, heat capacity, density and thermal conduc-
tivity, respectively. Also, µf , ρf , (βT )f , (ρCp)f , σf , kf denote the base fluid’s coefficient of viscosity, electrical
conductivity, thermal expansion, heat capacity, density and thermal conductivity correspondingly.

The transformed boundary conditions are as follows :

f(η) = 0 f ′(η) = 1 θ(η) = 1− δ at η = 0

f ′(η) → 0 θ(η) → 0 as η → ∞ (6)

The thermo-physical properties of ternary hybrid nanofluid are as follows:

µmnf =
µf

(1− ϕ1)2.5(1− ϕ2)2.5(1− ϕ3)2.5

ρmnf = (1− ϕ3) [(1− ϕ2) {(1− ϕ1)ρf + ϕ1ρs1}+ ϕ2ρs2] + ϕ3ρs3

(ρcp)mnf = (1− ϕ3) [(1− ϕ2) {(1− ϕ1)(ρcp)f + ϕ1(ρcp)s1}+ ϕ2(ρcp)s2] + ϕ3(ρcp)s3

(ρβT )mnf = (1− ϕ3) [(1− ϕ2) {(1− ϕ1)(ρβT )f + ϕ1(ρβT )s1}+ ϕ2(ρβT )s2] + ϕ3(ρβT )s3

knf =

[
(ks1 + 2kf )− 2ϕ1(kf − ks1)

(ks1 + 2kf ) + ϕ1(kf − ks1)

]
kf , khnf =

[
(ks2 + 2knf )− 2ϕ2(knf − ks2)

(ks2 + 2knf ) + ϕ2(knf − ks2)

]
knf

kmnf =

[
(ks3 + 2khnf )− 2ϕ3(khnf − ks3)

(ks3 + 2khnf ) + ϕ3(khnf − ks3)

]
khnf , σnf =

[
(σs1 + 2σf )− 2ϕ1(σf − ks1)

(σs1 + 2σf ) + ϕ1(σf − σs1)

]
σf

σhnf =

[
(σs2 + 2σnf )− 2ϕ2(σnf − σs2)

(σs2 + 2σnf ) + ϕ2(σnf − σs2)

]
σnf , σmnf =

[
(σs3 + 2σhnf )− 2ϕ3(σhnf − σs3)

(σs3 + 2σhnf ) + ϕ3(σhnf − σs3)

]
σhnf

where ϕ1, ϕ2 and ϕ3 are volume fraction of Cu(Copper), Al2O3 (aluminium oxide) and TiO2(titanium
oxide) nanoparticles respectively. The suffixes mnf, hnf, nf, f, s1, s2, s3 denote ternary hybrid nanofluid, hybrid
nanofluid, nanofluid, base fluid, solid nanoparticles of copper (Cu), aluminum oxide (Al2O3), and titanium
dioxide (TiO2) correspondingly.

The skin friction coefficient and local Nusselt number are defined by

CfRe
1/2
x =

1

(1− ϕ1)2.5(1− ϕ2)2.5(1− ϕ3)2.5
f ′′(0) and NuxRe

−1/2
x = −kmnf

kf
θ′(0)

where, Rex is the local Reynolds Number.
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Table 1. Thermo-physical Properties of water and nanoparticles [2]

Physical Properties H2O(base fluid) Cu (s1) Al2O3 (s2) TiO2 (s3)
ρ (kg/m3) 997.1 8933 3970 4250
Cp (J/kgK) 4179 385 765 686.2
k (W/mK) 0.613 401 40 8.9538

βt × 105 (K−1) 21 1.67 0.85 0.9
σ (s/m) 5.5× 10−6 59.6× 106 35× 106 2.6× 106

3. METHOD OF SOLUTION

The bvp4c solver, built into the computational platform MATLAB, is used to numerically solve the system
of higher-order nonlinear ODEs given by Equations (4)-(5) and the boundary conditions (6). This technique
has been extensively utilized by professionals and researchers in order to solve fluid flow problems. The bvp4c
solver, created by Jacek Kierzenka and Lawrence F. Shampine of Southern Methodist University in Texas,
was introduced by Hale [36]. The bvp4c solver is a finite modification algorithm that uses the Lobatto IIIA
implicit Runge-Kutta method to produce numerical solutions with fourth-order accuracy. This method gives
the necessary accuracy when a guess is made for the initial mesh points and step-size changes. In the study
conducted by Waini et al. [37], it was found that the bvp4c solver yielded satisfactory results in comparison to
both the shooting technique and Keller box method. Here, we need to reduce the higher order derivatives with
respect to η. This can be done by introducing the following new variables:

f = y(1), f ′ = y(2), f ′′ = y(3), θ = y(4), θ′ = y(5)

d

dη


y(1)
y(2)
y(3)
y(4)
y(5)

 =


y(2)
y(3)

y(2)2−y(1)y(3)−a2λy(4)+(a3M+a1K)y(2)−2a1γy(3)
(1+2γη)a1

y(5)
y(2)(y(4)+δ)−y(1)y(5)−2a4γy(5)−a5y(4)

(1+2γη)a4


and boundary condition are expressed as

ya(1), ya(2)− 1, ya(4)− 1 + δ, yb(2), yb(4)

where ya is the condition at η = 0 and yb is the condition at η = ∞

4. RESULT AND DISCUSSIONS

The numerical calculations were performed in bvp4c solver of MATLAB, and the outcomes are displayed
in Figures (2)-(13) and Tables 3,5. Table 2 presents the absolute Skin friction Coefficient and local Nusselt
Number values obtained from the current investigation, which are compared to the findings reported by Ashish
et al. [19]. This comparison specifically excludes nanoparticle volume fractions of TiO2 with R = 0. This study
reveals that the bvp4c algorithm is capable of generating numerical results that are accurate and in agreement
with the results obtained from alternative methods.

The following values are used in the study: δ = 0.2, γ = 0.1,M = 1.5,K = 2, R = 1, Q = 0.2, λ =
1.2, P r = 6.2, ϕ1 = 0.05, ϕ2 = 0.15 and ϕ3 = 0.2. The Fig. 2 displays the impact of thermal stratification(δ)
parameters on the velocity f ′(η). The velocity decreases as thermal stratification(δ) increase. If the thermal
stratification(δ) parameter rises, the efficient convective potential between the hot wall and the surrounding
fluid drops. The buoyancy force is reduced as a result of this this, which reduces the flow velocity. As shown

Table 2. Comparison of Skin friction Coefficient and local Nusselt Number when ϕ3 = R = 0

Pr M δ Ashish et al. Present Study Ashish et al. Present Study

−CfRe1/2x −CfRe1/2x NuxRe
−1/2
x NuxRe

−1/2
x

0.7 1.2 0.1 2.7886 2.7850 0.7266 0.7283
6.2 2.9398 2.9297 2.7885 2.7889

0.6 2.7076 2.6969 2.8622 2.8633
1.2 0.3 3.0135 3.0090 2.6012 2.6044
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Figure 2. Effects of δ on Velocity Profile Figure 3. Effects of M on Velocity Profile

Figure 4. Effects of K on Velocity Profile Figure 5. Effects of R on Velocity Profile

in Fig. 3, the fluid velocity f ′(η) decreases as the value of M is increased. As magnetic parameter(M) grows
higher, the thickness of the momentum boundary layer shrinks. This pattern emerges because the Lorentz force
produced by the horizontal magnetic field slows down the velocity of the ternary hybrid nanofluid. The impact
of the porosity parameter(K) on velocity f ′(η) of the nanofluid is shown in Fig. 4. The velocity decreases as
the porosity parameter value increases. The relationship between K and the diameter of the porous medium is
inverse, implying that as K grows, the diameter of the porous medium decreases progressively. This reduction
in diameter hinders the fluid’s ability to flow through the porous medium. As a result of this obstruction, which
was induced by porosity parameter(K), the velocity of the fluid dropped.

As shown in Fig. 5, as the value of R goes up, the velocity f ′(η) of the fluid goes up. With a higher value
of R, the thermal conduction contribution becomes more important while the thermal radiative contribution
increases. Since the radiative flux increases with increasing R, the velocity of the boundary layer of fluids
increases. The effects of λ on the velocity of the fluid, is represented by Fig. 6. It is observed that the velocity
will increase as the values of λ is increased. When λ is raised, the thermal buoyancy forces is made stronger.
This indicates that the buoyancy forces tend to increase the velocity of the fluid.

The Fig. 7 displays that the temperature of the fluid goes down as the thermal stratification(δ) goes
up. The temperature gradient between the heated wall and the surrounding fluid will decrease when the
thermal stratification(δ) is present. Hence, the thermal boundary layer thickens and the temperature falls. The
temperature of the fluid increases with increasing values of R in Fig. 8. This is because of the fact that higher
R values indicate a higher thermal radiative flux, which ultimately results in higher temperatures. This can be
seen as a manifestation of the fact that temperatures have increased.

The impact of a heat source parameter(Q) on temperature profile is seen in Fig. 9. Since the values of
heat source parameter (Q) raises, the fluid temperature also increase. This characteristic matches how the fluid
behaves physically in general. Fig. 10 illustrates the influence of Pr on the temperature profile of the fluid. As
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Figure 6. Effects of λ on Velocity Profile Figure 7. Effects of δ on Temperature Profile

Figure 8. Effects of R on Temperature Profile Figure 9. Effects of Q on Temperature Profile

Figure 10. Effects of Pr on Temperature Profile Figure 11. Effects of ϕ1 on Temperature Profile

the Pr goes up, the temperature of the fluid goes down. It’s clear that a fluid with a high Prandtl number has
a low thermal conductivity. This means that heat doesn’t move as easily through the fluid, so the transfer rate
goes down and the thermal boundary layer gets thinner. Hence, the temperature of the fluid drops.

As the solid volume fraction of Cu nanoparticles increases, while the volume fractions of Al2O3 and TiO2

remain constant, the temperature profile increases, as seen in Fig. 11. Furthermore, it can be observed from
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Figure 12. Effects of ϕ2 on Temperature Profile Figure 13. Effects of ϕ3 on Temperature Profile

Fig. 12 that the temperature is increased with the increasing volume fraction of Al2O3, while the volume fraction
of Cu and TiO2 remains constant. Similarly, ϕ3 also increases the temperature profile as seen in Fig. 13.

Tables 3 present the effects on skin friction and local Nusselt number for different flow parameters. As
the value of thermal stratification (δ) increases, there is a decrease in both skin friction and the local Nusselt
number. An decrease in the magnitude of skin friction and Nusselt number is observed when the values of
magnetic parameter(M) and porosity parameter(K) increase. The skin friction and Nusselt number exhibit
an increase as the value of λ increases. For Pr, there is a decrease in skin friction while there is a rise in the
Nusselt number. A decrease in the rate of heat transfer is observed as the radiation parameter (R) increases,
while the opposite tendency is observed for the skin friction with an increase in R. Similarly, it can be noticed
that an increase in the heat source (Q) leads to a decrease in the rate of heat transfer, although an increase in
Q results in an opposite trend for the skin friction. The skin friction decreases as the curvature parameter (γ)
grows, but the Nusselt number increases with an increase in the value of γ.

Table 3. Skin friction Coefficient and Local Nusselt number for different values of δ,M,K, λ, Pr,R,Q, γ

δ M K λ Pr R Q γ Skin-friction Coefficient Local Nusselt Number
0 -6.0075 2.0495
0.1 1.5 2 1.2 6.2 1 0.2 0.1 -6.0465 2.0140
0.3 -6.1272 1.9747

0 -4.8297 2.4280
0.2 0.5 2 1.2 6.2 1 0.2 0.1 -5.2804 2.2742

1.2 -5.8562 2.0760
0 -4.4138 2.5682

0.2 1.5 1 1.2 6.2 1 0.2 0.1 -5.3132 2.2630
2 -6.0870 1.9962

0 -6.3426 1.7157
0.2 1.5 2 1.5 6.2 1 0.2 0.1 -6.0270 2.0411

3 -5.7398 2.2105
0.6 -6.0352 0.6625

0.2 1.5 2 1.2 3 1 0.2 0.1 -6.0567 1.2203
6.2 -6.0870 1.9962

0 -6.1139 2.6133
0.2 1.5 2 1.2 6.2 0.5 0.2 0.1 -6.0960 2.2254

2 -6.0750 1.6861
-0.2 -6.1368 3.0531

0.2 1.5 2 1.2 6.2 1 0 0.1 -6.1209 2.6547
0.2 -6.0870 1.9962

0 -5.9506 1.9767
0.2 1.5 2 1.2 6.2 1 0.2 0.1 -6.0870 1.9962

0.2 -6.2286 2.1174
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The absolute skin friction (−CfRe1/2x ) and local nusselt number(NuxRe
−1/2
x ) of nanofluid, hybrid

nanofluid, and ternary hybrid nanofluid are compared in tables 4 and 5. The absolute value of skin fric-
tion of the (Cu−Al2O3−TiO3/H2O) ternary hybrid nanofluid shows a significant improvement of up to 174%
in comparison to the (Cu/H2O) nanofluid. Additionally, it has been found that the difference between ternary

hybrid nanofluid and common nanofluid reduces with thermal stratification(δ) for −CfRe1/2x . The Nusselt
Number of the ternary hybrid nanofluid displays a significant enhancement of up to 32% when compared to the
conventional nanofluid. In addition, it has been discovered that thermal stratification(δ) increases the difference

between ternary hybrid nanofluid and regular nanofluid for NuxRe
−1/2
x .

Table 4. Comparison of −CfRe1/2x

δ Cu Cu−Al2O3 Cu−Al2O3 − TiO3 Change in %
Nanofluid Hybrid Nanofluid Ternary Hybrid Nanofluid

0 2.1858 3.4001 6.0075 174.8
0.1 2.2290 3.4416 6.0465 171.2
0.2 2.2747 3.4800 6.0870 167.6
0.3 2.3186 3.5245 6.1272 164.3

Table 5. Comparison of Local Nusselt Number

δ Cu Cu−Al2O3 Cu−Al2O3 − TiO3 Change in %
Nanofluid Hybrid Nanofluid Ternary Hybrid Nanofluid

0 1.6333 1.9355 2.0495 25.8
0.1 1.5823 1.8842 2.0140 27.3
0.2 1.5419 1.8095 1.9962 29.5
0.3 1.4926 1.7798 1.9747 32.3

5. CONCLUSION

The impact of thermal stratification on the flow of a ternary hybrid nanofluid(Cu−Al2O3 − TiO3/H2O)
with magnetohydrodynamics (MHD) properties along a vertical stretchable cylinder has been studied. This
investigation takes into consideration the presence of a thermal bouncy effect, thermal radiation, and heat
source/sink inside a porous medium. In addition, the analysis takes into account the flow characteristics and
their impact on the velocity and temperature profiles, skin friction, and local Nusselt number. The velocity
profile reveals a declining tendency when the parameters δ,M and K are increased, whereas it exhibits an
ascending trend with higher values of R and λ. The temperature exhibits a decrease as the magnitudes of δ and
Pr increase, while it exhibits an increase with the increase of R and Q. The skin friction exhibits an increase with
respect to the parameters λ,R, and Q, but it experiences a decrease in relation to the factors δ,M,K, Pr and
γ. An upward trend in the local Nusselt number is noted as the values of λ, Pr, and γ grow, whereas it exhibits
a downward trend with increasing values of δ,M,K,R and Q. The ternary hybrid nanofluid exhibits a higher

magnitude of absolute skin friction(−CfRe1/2x ) in comparison to the hybrid nanofluid. Similarly, the absolute
skin friction of hybrid nanofluids exhibits a higher value when compared to that of conventional nanofluids.
The ternary hybrid nanofluid demonstrates a superior heat transfer rate in contrast to the hybrid nanofluid,
whereas the hybrid nanofluid displays a higher heat transfer rate in comparison to conventional nanofluids.
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×ÈÑÅËÜÍÅ ÄÎÑËIÄÆÅÍÍß ÏÎÒÐIÉÍÎ� ÃIÁÐÈÄÍÎ� ÌÃÄ ÍÀÍÎÐIÄÈÍÈ
(Cu−Al2O3 − TiO2/H2O) ÇÀ ÍÀßÂÍÎÑÒI ÒÅÏËÎÂÎ� ÑÒÐÀÒÈÔIÊÀÖI� ÒÀ

ÂÈÏÐÎÌIÍÞÂÀÍÍß ×ÅÐÅÇ ÂÅÐÒÈÊÀËÜÍÎ ÐÎÇÒßÃÍÓÒÈÉ ÖÈËIÍÄÐ Ó
ÏÎÐÈÑÒÎÌÓ ÑÅÐÅÄÎÂÈÙI

Ðóïàì Øàíêàð Íàò, Ðóäðà Êàíòà Äåêà
Ôàêóëüòåò ìàòåìàòèêè, Óíiâåðñèòåò Ãàóõàòi, Ãóâàõàòi-781014, Àññàì

Îñíîâíîþ ìåòîþ öüîãî äîñëiäæåííÿ ¹ äîñëiäæåííÿ âïëèâó òåðìi÷íî¨ ñòðàòèôiêàöi¨ íà ìàãíiòîãiäðîäèíàìi÷íèé
(ÌÃÄ) ïîòiê íàíî-, ãiáðèäíèõ i ïîòðiéíèõ ãiáðèäíèõ íàíîôëþ¨äiâ íà âîäíié îñíîâi, êîëè âîíè ïðîõîäÿòü ïîâç âåð-
òèêàëüíî ðîçòÿãíóòèé öèëiíäð ó ïîðèñòîìó ñåðåäîâèùi. Íàíî÷àñòèíêè Cu,Al2O3 i T iO2 ñóñïåíäîâàíi â áàçîâié
ðiäèíi H2O, ùî ïðèçâîäèòü äî óòâîðåííÿ ïîòðiéíî¨ ãiáðèäíî¨ íàíîðiäèíè (Cu + Al2O3 + T iO2/H2O). Âèêîðè-
ñòàííÿ âiäïîâiäíî¨ çìiííî¨ ïîäiáíîñòi áóëî âèêîðèñòàíî äëÿ ñïðîùåííÿ ðiâíÿíü ãðàíè÷íîãî øàðó, ÿêi êåðóþòü
ïîòîêîì i ïåðåòâîðþþòü ïîâ'ÿçàíi íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ â ÷àñòèííèõ ïîõiäíèõ ó íàáið íåëiíiéíèõ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. ×èñëîâi ðåçóëüòàòè îá÷èñëþþòüñÿ çà äîïîìîãîþ 3-åòàïíîãî ïiäõîäó Lobatto
IIIa, ñïåöiàëüíî ðåàëiçîâàíîãî Bvp4c ó MATLAB. Ó öüîìó äîñëiäæåííi ïðåäñòàâëåíî ãðàôi÷íèé i ÷èñëîâèé àíàëiç
âïëèâó ðiçíèõ áåçðîçìiðíèõ ïàðàìåòðiâ, òàêèõ ÿê ÷èñëî Ïðàíäòëÿ, ïàðàìåòð âèïðîìiíþâàííÿ, ïàðàìåòð äæåðåëà
òåïëà/ñòîêó, ìàãíiòíèé ïàðàìåòð, ïàðàìåòð ïîðèñòîñòi, ïàðàìåòð êðèâèçíè, ïàðàìåòð òåðìi÷íî¨ ñòðàòèôiêàöi¨ òà
ïàðàìåòð òåïëîâî¨ ïëàâó÷îñòi. , âiä øâèäêîñòi, òåìïåðàòóðè, êîåôiöi¹íòà ïîâåðõíåâîãî òåðòÿ òà ÷èñëà Íóññåëüòà.
Âïëèâ öèõ ïàðàìåòðiâ âiçóàëüíî çîáðàæåíî íà ãðàôiêàõ i êiëüêiñíî ïðåäñòàâëåíî â òàáëèöÿõ. Ïîòðiéíà ãiáðè-
äíà íàíîôëþ¨ä ìà¹ âèùó øâèäêiñòü òåïëîïåðåäà÷i, íiæ ãiáðèäíà íàíîôëþ¨ä, à ãiáðèäíà íàíîôëþ¨ä ìà¹ âèùó
øâèäêiñòü òåïëîïåðåäà÷i, íiæ çâè÷àéíi íàíîôëþ¨äè.
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In this study, we have numerically investigated the heat and mass transfers behaviour of Casson fluid flow past a porous shrinking 
sheet in existence of a magnetic field, thermal radiation, and suction or blowing at the surface. Applying suitable similarity 
transformations, the leading partial nonlinear differential equations of mass, flow, and heat transfer are converted into solvable ordinary 
differential equations, which can then be solved numerically with the help of the MATLAB bvp4c scheme. We have analyzed and 
shown graphically the implications of several non-dimensional controlling factors on the profiles of temperature, concentration, and 
velocity. Additionally, the Sherwood, Nusselt, and Skin friction for Casson fluids are examined and tabulated. The current study's 
findings for Casson fluid exhibit great consistency with previous research under specific circumstances. 
Keywords: Casson fluid; heat and mass transfers; permeability; MHD; shrinking sheet 
PACS: 44.05.+e 

1. INTRODUCTION
There are numerous uses for the study of non-Newtonian fluids in industries and engineering, particularly in the 

process of separating fossil oil from petroleum goods. A Casson fluid is a non-Newtonian fluid with yield stress. 
Additionally, due to the chain structure of blood cells and the materials they carry, such as protein, fibrinogen, rouleaux, 
etc., human blood may also be considered a Casson fluid. Thus, the Casson fluid plays a significant role in both biological 
science and engineering. The problem of the flow by reason of stretching or shrinking sheets has attracted many 
researchers, and it is a topic of attention in the literature (Grubka and Bobby [1], Banks [2], Crane [3], Keller and 
Magyari [4], Lio and Pop [5], etc.). Boundary layer flows have many significant applications in industrial manufacturing 
processes. Though there aren't enough works on the flow past on shrinking sheets, Wang [6] was the foremost to study 
the unstable viscous flow caused by a shrinking sheet. Mikalavcic and Wang [7] have examined the viscous hydrodynamic 
flow caused by the shrinking surface for particular values of the suction parameter and came to the conclusion that, for 
both two-dimensional and axi-symmetric flows, the shrinking sheet solution might not be unique at particular suction 
rates. After that, Fang and Zhang [8] have clarified how an external magnetic field affects the flow of a shrinking sheet 
and discovered that a high magnetic field ensures a constant flow of the boundary layer. Following that, several 
scholars [9–21] examine the non-Newtonian fluid flow past a diminishing sheet from a variety of physical angles. 

On the contrary, Hayat et al. [22–24] have examined non-Newtonian fluid flow over a shrinking surface. Since most 
fluids encountered in scientific processes exhibit non-Newtonian fluid characteristics [25–31], research on non-
Newtonian flows is important from a technological standpoint. Notable studies on the non-Newtonian fluid flow over a 
shrinking surface were published by Rosali et al. [32], Yacob et al. [33, 34], and Ishak et al. [35, 36]. 

Dey et al. [37] explored the stability of MHD Casson fluid over a porous elongating sheet. Bhattacharyya et al. [38] 
studied the MHD Casson fluid over a porous stretching/shrinking surface in the existence of wall mass transmission. 
Das et al. [39] have studied numerically to examine the nanofluid flow in permeable media past a vertical stretching 
surface with heat and mass transfers. 

Pramanik [40] studied the characteristics of Casson fluid heat transfer via thermal radiation and porous media. 
Sarkar et al. [41] enlightened the significance of this fluid model in various contexts and in relation to heat radiation is 
investigated through the use of an inclined cylindrical surface. Elucidation of the non-Newtonian Casson fluid dynamics 
across a rotating non-uniform surface under the influence of coriolis force was enlightened by Oke et al. [42]. Dey et al. 
[43] have investigated the energy transfer and entropy creation of hydro-magnetic stagnation point flow in micropolar
fluids under uniform suction and injection.

Kinetic processes like heat and mass transmission can happen and be studied individually or together. While 
studying them separately is easier, in the case of diffusion and convection, both processes are modelled by comparable 
mathematical equations. In certain situations, such as evaporative cooling and ablation, mass transfer must be taken into 
account in addition to heat. Problems with combined mass and heat transfer are significant in many processes, and they 
have gained attention recently in the chemical industry, drying, evaporation on a water surface, and the process of 
connecting with thermal retrieval. 

In this research paper, we have examined the heat and species concentration transmission of Casson fluid through a 
permeable medium past a shrinking sheet. This motion is mathematically controlled by a system of non-linear PDEs that, 
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with the suitable transformation, are converted into non-linear ODEs. The velocity, temperature, and concentration 
profiles are obtained by numerically solving this system under the proper boundary conditions. The effects of the 
problem's physical characteristics on these results are explored graphically and numerically using a series of figures and 
tables. A quick analysis can produce a model that helps explain the mechanics of physiological fluxes. 

 
2. MATHEMATICAL FORMULATION 

Consider a two-dimensional, incompressible, electrically conducting hydromagnetic Casson fluid flow over a 
permeable, shrinking sheet with heat and mass transfer. To scrutinize the suction and blowing processes, the wall 
permeability characteristics have been used. Figure 1 illustrates how the non-Newtonian fluid drenches the porous 
material y>0 while the flow dynamics take place in the area y<0. A magnetic field B(x) has been implemented in the 
flow. Following Dey et al. [37], the rheological equation of an incompressible and isotropic Casson fluid is as follows: 

𝜏௜௝ ൌ ⎩⎪⎨
⎪⎧ 2 ൬𝜇ఉ ൅ 𝑃௬√2𝜋൰ 𝑒௜௝ , 𝜋 ൐ 𝜋௖2ቆ𝜇ఉ ൅ 𝑃௬ඥ2𝜋௖ቇ 𝑒௜௝ , 𝜋 ൏ 𝜋௖ 

where, 𝜋 ൌ 𝑒௜௝𝑒௜௝ and 𝑒௜௝is the ሺ𝑖, 𝑗ሻ𝑡ℎ component of deformation rate. 
Considering the above assumptions, the leading equations for the projected fluidic model are given by:  

 డ௨డ௫ ൅ డ௩డ௬ ൌ 0 (1) 

 𝑢 డ௨డ௫ ൅ 𝑣 డ௨డ௬ ൌ 𝜈 ቀ1 ൅ ଵఉቁ డమ௨డ௬మ − ఙ஻మሺ௫ሻఘ 𝑢 − ఔ௞ 𝑢 (2) 

 𝑢 డ்డ௫ ൅ 𝑣 డ்డ௬ ൌ 𝛼 డమ்డ௬మ (3) 

 𝑢 డ஼డ௫ ൅ 𝑣 డ஼డ௬ ൌ 𝐷 డమ஼డ௬మ (4) 

The relevant boundary restrictions are 𝑢 ൌ −𝑎𝑥, 𝑣 ൌ 𝑉଴,𝑇 ൌ 𝑇଴,𝐶 ൌ 𝐶଴ at 𝑦 ൌ 0, 𝑢 → 0,𝑇 ൌ 𝑇ஶ,𝐶 ൌ 𝐶ஶ as 𝑦 → ∞ (5) 

where 𝑢, 𝑣 denotes velocity components along x and y directions, 𝜈 stands for kinematic viscosity, 𝛽 represents casson 
fluid parameter, 𝜎 is the electrical conductivity, 𝜌  stands for fluid density, 𝑘 is the porous medium permeability, 𝑇 
represents fluid temperature,  𝛼 denotes thermal conductivity, 𝐶 describes species concentration, 𝐷 is the coefficient of 
mass diffusion, 𝑉଴ ൐0 and 𝑉଴ ൏ 0  are assumed as blowing and suction conditions, respectively. 

 
Figure 1. Flow Model 

 
3. METHOD OF SOLUTION 

Using the following similarity transformations: 𝜂 ൌ ට௔ఔ 𝑦,          𝜓 ൌ √𝑎𝜈𝑥𝑓ሺ𝜂ሻ,       𝜃ሺ𝜂ሻ ൌ ்ି ಮ்బ்ି ಮ் ,       𝜙ሺ𝜂ሻ ൌ ஼ି஼ಮ஼బି஼ಮ, 
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 𝑀 = ఙ஻మ௔ఘ , 𝑃𝑟 = ఔఈ ,   𝑆𝑐 = ఔ஽ , 𝐾ଵ = ఔ௔௞  (6) 

Using equation (6) in equations (2)-(5), it transforms as follows:  
 
 ቀ1 + ଵఉቁ 𝑓ᇱᇱᇱ + 𝑓𝑓ᇱᇱ − 𝑓ᇱଶ − 𝑀ଶ𝑓ᇱ − 𝐾ଵ𝑓ᇱ = 0 (7) 

 
 𝜃ᇱᇱ + 𝑃𝑟𝑓𝜃ᇱ = 0 (8) 

 
 𝜙ᇱᇱ + 𝑆𝑐𝑓𝜙ᇱ = 0 (9) 

 
The relevant boundary restrictions are given by 𝑓ሺ0ሻ = 𝑆,        𝑓ᇱሺ0ሻ = −1,   𝜃ሺ0ሻ = 1,   𝜙ሺ0ሻ = 1, 𝑓ᇱሺ∞ሻ = 0,        𝜃ሺ∞ሻ = 0,         𝜙ሺ∞ሻ = 0  (10) 

The physical parameters that are important for our studies are Sherwood number, Nusselt number, skin friction 
coefficient. They are expressed as 

 𝐶௙ ቆ𝑅𝑒௫భమቇ = (1 + ଵఉ)𝑓ᇱᇱ(0), (11) 

 𝑁𝑢௫ ቆ𝑅𝑒௫ି భమቇ = −𝜃′(0), (12) 

 𝑆ℎ௫ ቆ𝑅𝑒௫ି భమቇ = −𝜙′(0), (13) 

 
4. RESULT AND DISCUSSION 

The resultant ordinary differential equations and related surface limitations are numerically computed via the bvp4c 
MATLAB software. The flow behaviour patterns for diverse values of the leading parameters are displayed in both tabular 
and graphical form. Figure 2 exhibits the velocity profile for various values of magnetic field parameter (M). It is found 
that with increment in M, the magnitude of the velocity profile increase. This is because, with increment of M will 
dominate the Lorentz force and lessen the impact of the fluid's viscosity at the surface, increasing the fluid's speed.    

  
Figure 2. Velocity profile for M Figure 3. Velocity profile for K1 

Figure 3 portrays the velocity profile for diverse values of porosity parameter (K1). Here we have seen that with 
enhancement of K1, the velocity profile increases. As K1 grows, the fluid has a larger area to move, which causes its 
velocity to rise. Figure 4 displays the thermal profile for various values of Prandtl number (Pr). From the figure it is clear 
that with rise in Pr, the thermal profile decreases. As Pr increases, the temperature drops. The thickness of the thermal 
boundary layer decreases with an increase in Prandtl number. The ratio of momentum diffusivity to heat diffusivity is 
known as the Prandtl number. Pr regulates the relative thickness of the thermal and momentum boundary layers in heat 
transfer issues. Figure 5 elucidates the variation of Schmidt number for species concentration profile. It is seen that the 
concentration falls, as Sc intensifies. The mass transfer rate rises with a higher Schmidt number, which causes the 
concentration profiles to fall. Figures 6 gives the impression that the fluid's velocity is accelerated by increasing Casson 
fluid parameter (𝛽) values. Enhancement of 𝛽 generally causes the fluid's motion to slow down since it increases the 
plastic dynamic viscosity. However, throughout the flow, an opposite behaviour is shown, and this is only possible 
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because geometry (shrinking sheet) is taken into consideration. Figure 7 and 8 presents the influence of Casson fluid 
parameter (𝛽) on thermal, and species concentration profiles, respectively. It is evident from figure 7 that the fluid's 
temperature drops as it flows. Higher values of 𝛽 may be physically attributed to improving the fluid's resistance and 
lessening the impacts of yield stress on the fluid, which causes the temperature pattern to slow down. Figure 9 represents 
the effect of suction parameter (S) on velocity profile. It is noted from the figure that velocity increases with enhancement 
of S, decreasing the thickness of the boundary layer. 

  
Figure 4. Temperature profile for Pr Figure 5. Concentration profile for Sc 

  
Figure 6. Velocity profile for 𝛽 Figure7. Temperature profile for 𝛽 

  
Figure 8. Concentration profile for 𝛽 Figure 9. Velocity profile for S 

 
4.1 VALIDATION OF RESULTS 

To validate our numerical scheme, we compare our results with Bhattacharyya et al. [17], and they are found to be 
in good agreement with the result. (Table 1.) 

In our experiment, Table 2 reflects the influence of the Magnetic parameter on the skin friction coefficient (𝑓′′(0)), 
Sherwood number (−𝜙′(0)), and Nusselt number (−𝜃′(0)). We have seen that Nusselt number, and Sherwood number 
exhibit a declining trend while skin friction increases as the Magnetic parameter increases. Table 3 elucidates the influence 
of porosity parameter (𝐾ଵ) on the skin friction coefficient (𝑓′′(0)), Sherwood number (−𝜙′(0)), and Nusselt number ൫−𝜃ᇱ(0)൯. From the table it is evident that as 𝐾ଵ enhances, the skin friction coefficient trends enhancement on the other 
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hand the Nusselt number, and Sherwood number exhibit a declining trend. Table 4 depicts the impact of the Casson fluid 
variable on Sherwood number (−𝜙ᇱ(0)), Nusselt number ൫−𝜃ᇱ(0)൯, and skin friction coefficient 𝑓′′(0) accordingly. We 
have identified that with an increase in the Casson fluid parameter, the skin friction coefficient experiences growth, but 
Nusselt number and Sherwood number experience a decline trend.  Table 5 exhibits the influence of suction parameter (𝑆) on the skin friction coefficient (𝑓′′(0)), Sherwood number (−𝜙′(0)), and Nusselt number (−𝜃′(0)). From the table, 
it is clear that as 𝑆 increases, 𝑓′′(0) increases but Sherwood number and Nusselt number decrease. 
Table 1. Numerical values of 𝑓ᇱᇱ(0),  for Pr=0, Sc=0, K1=0, M=0,  𝛽=1. 

S Bhattacharyya 
et al. [17] 

Present Study 

3.0 1.00000 1.0010 
3.5 1.39039 1.3905 
4.0 1.70711 1.7074 
4.5 2.00000 2.0064 
5.0 2.28078 2.2807 

Table 2. Numeric data of Sherwood number, Nusselt number and Skin fraction for magnetic parameter (M) 

Pr Sc S K1 𝛽 M Skin Friction Nusselt number Sherwood number 

0.7 0.5 2.0 0.1 10 

0.0 1.1803 -1.1622 -0.8682 
0.2 1.2272 -1.1667 -0.8715 
0.4 1.3473 -1.1778 -0.8794 
0.6 1.5070 -1.1914 -0.8892 
0.8 1.6846 -1.2049 -0.8990 

Table 3. Numeric data of Sherwood number, Nusselt number and Skin fraction for porosity parameter (K1) 

Pr Sc S M 𝛽 K1 Skin Friction Nusselt number Sherwood number 

0.7 0.5 2.0 0.1 10 

0.0 1.3380 -1.1770 -0.8789 
0.2 1.4999 -1.1908 -0.8888 
0.4 1.6317 -1.2010 -0.8962 
0.6 1.7452 -1.2092 -0.9021 
0.8 1.8461 -1.2160 -0.9070 

Table 4. Numeric data of Sherwood number, Nusselt number and Skin fraction for Casson fluid parameter (β) 

Pr Sc S M K1 𝛽 Skin Friction Nusselt number Sherwood number 

0.7 0.5 2.0 0.5 0.1 

0.0 0.3333 -1.0284 -0.7751 
0.2 0.3881 -1.0428 -0.7849 
0.4 0.4577 -1.0582 -0.7954 
0.6 0.5344 -1.0732 -0.8056 
0.8 0.6114 -1.0868 -0.8150 

Table 5. Numeric data of Sherwood number, Nusselt number and Skin fraction for suction parameter (S) 

Pr Sc 𝛽 M K1 S Skin Friction Nusselt number Sherwood number 

0.7 0.5 10 0.5 1 

0.5 0.7730 -0.2918 -0.3046 
1.0 1.1238 -0.5451 -0.4759 
1.5 1.5187 -0.8662 -0.6819 
2.0 1.9376 -1.2218 -0.9112 
2.5 2.3694 -1.5896 -1.1548 

 
5. CONCLUSION 

We have numerically investigated the thermal and species concentration transmission of Casson fluid model over a 
shrinking surface. The governing equations are transformed into solvable ODEs, and bvp4c solver scheme is used to solve 
them. The key points of our study are listed below. 

• As the magnetic parameter enhances, the motion of the Casson fluid increases. 
• The porosity parameter enhances the velocity profile. 
• With rises in Prandtl number, the temperature profile falls.  
• The Casson fluid parameter is very important for controlling the fluid's temperature and concentration, which 

helps prevent damage to the system, as well as for helping the fluid develop its velocity. 
• Schmit number retards the concentration profile. 
• Suction phenomenon increases the velocity of the fluids. 
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ПОТІК РІДИНИ КАССОНА ПОВЗ ПОВЕРХНІ, ЩО СТИСКУЄТЬСЯ, З ТЕПЛО-ТА МАСОПЕРЕНОСОМ 

Раджеш Кумар Дасa, Дебасіш Дейb 
aДепартамент математики, Пандіт Діндаял Упадхьяя Адарша Махавідьялайя Амджонга, Гоалпара, Індія 

bДепартамент математики, Університет Дібругарх, Дібругарх, Індія 
У цьому дослідженні чисельно досліджено поведінку тепло- та масопередачі потоку рідини Кассона повз пористий лист що 
стискається за наявності магнітного поля, теплового випромінювання та всмоктування або видування на поверхні. 
Застосовуючи відповідні перетворення подібності, основні часткові нелінійні диференціальні рівняння маси, потоку та 
теплопередачі перетворюються на звичайні диференціальні рівняння, які потім можна розв’язувати чисельно за допомогою 
схеми MATLAB bvp4c. Ми проаналізували та графічно показали вплив кількох безрозмірних керуючих факторів на профілі 
температури, концентрації та швидкості. Крім того, досліджено та зведено в таблиці тертя Шервуда, Нуссельта та Скіна для 
рідин Кассона. Результати поточного дослідження щодо рідини Кессона демонструють значну узгодженість із попередніми 
дослідженнями за конкретних обставин. 
Ключові слова: рідина Кассона; тепломасообмін; проникність; МГД; лист що стискається 
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In this paper, a comparative study on MHD forced convective flow for heat transfer efficiency of different nanofluids with water (𝐻ଶ𝑂) 
as base fluid has been carried out. Here, in this study flow through vertical rectangular has been considered in presence of strong 
magnetic field. In this laminar flow we consider duct walls as electrically non-conducting where the transverse magnetic field acting 
normally on the duct walls. Joule heat and the viscous dissipation effects are included in the energy equation and furthermore the walls 
of the duct are kept at constant temperature. An explicit finite difference method has been adopted with fine grid in the control volume 
for solving the governing equations of this MHD nanofluid flow. Computational processes are carried out using MATLAB code. In 
this present work we have plotted the flow fields velocity, induced magnetic field, and temperature for various values of MHD flow 
parameters graphically by varing thermal Grashof number (𝐺௥), Hartmann number (𝐻𝑎), Reynold number (𝑅௘), Eckert number (𝐸𝑐), 
Prandtl number (𝑃௥), magnetic Reynold number (𝑅௠), and nanoparticle volume fraction (𝜙) respectively.  
Keywords: MHD forced convective flow; Nanofluids; Steady; Explicit finite difference method (EFDM); Vertical rectangular duct 
PACS: 95.30.Qd, 94.30.cq, 94.30 Kq 

1. INTRODUCTION
Inclusion of nanoparticles in the base fluid is an innovative way to enhance heat transfer. There are large variety of 

nanoparticles used in water based nanofluids and each of them exhibit performance in heat transfer process and possess 
different nanofluid flow characteristics. Nanofluids have better suspension stability, Newtonian behavior, healthier 
thermal conductivity, and huge chaotic movements of nanoparticles are believed to be liable for the increased of heat 
transfer characteristic. In natural convection, the base fluid has a low thermal conductivity, which limits the heat transfer 
performance. Use of nanofluid is an innovative technique in which the colloidal suspension of nanometer sized particles 
in a base fluid (nanofluid) was first introduced by Choi [1] at the Argonne National Laboratory, U.S.A.  

Latter, Lee et al. [2] analyze the thermal conductivity of nonidentical metal oxides and in this way, they have got 
the shape and size provide considerably to the more acceptable thermal conductivity of the nanofluid. Forced convection 
is the most important aspect investigation for applications in a rectangular duct. The applications are thermal power plants, 
solar collectors, chemical catalytic reactors and cooling systems. Thermal conductivity of TiOଶ/water nano-fluid up to 
7.5% nanoparticle concentration experimentally found by Xuan et al. [3]. Heat transfer efficiency with nano-fluid was 
examined by many researchers [4, 5].  

In another study Ellahi et al. [6] considered water base nanofluid with 𝐴𝑙ଶ𝑂ଷ as nanoparticles to study aggregation 
effect on such nanofluid having permeable wedge in the presence of mixed convection. An analytical solution of natural 
convection flow problem nanofluid over a linearly stretching sheet under magnetic field was attempted by Hamad [7]. 
Kodi et al. [8] investigated influence of MHD mixed convection flow for Maxwell nanofluid through a vertical cone with 
porous material in the existence of variable heat conductivity and diffusion. Ragulkumar et al. [9] studied dissipative 
MHD free convective nanofluid flow past a vertical cone under radiative chemical reaction with mass flux.  

Mixed convection of Casson nanofluid over a stretching sheet with convectively heated chemical reaction and heat 
source/sink observed by Hayat et al. [10]. The focus of this study is to learn about the effects of solid volume fraction on 
heat transfer quantity and on differential pressure. It was about in the such that increasing concentration of nanoparticle 
has no significant effect on heat transfer but pressure drop enhancement has affected on heat transfer process. 
Ferdows et al. [11] considered nanofluid inclusion with diverse types of nanoparticles for the incompressible, laminar, 
steady and convective viscous flow. They observed that heat transfer was constantly increased with increase value of 
nanoparticle volume fraction parameter. Numerical investigation of solar radiation on the effects on heat-mass transfer 
phenomena of nanofluids recently studied by [12, 13] Rao and Deka. In another study, very recently Das et al. [14] 
investigated in a vertical square duct numerical analysis on magnetohydrodynamics (MHD) mixed convection flow of 𝐴𝑙ଶ𝑂ଷ/water nanofluids. Many authors who had investigated heat transfer nanofluids boundary layer problem given 
in ref. [15, 16]. Paul et al. [17] studied Darchy-Forchheimer MHD radiative flow through a porous space incorporating 
viscous dissipation, heat source, and chemical reaction effect across an exponentially stretched surface. Arruna et al. [18] 
have been investigated effect of chemical reaction and radiation absorption on MHD Casson fluid over an exponentially 
stretching sheet with slip conditions: ethanol as solvent. On a non-Newtonian nanofluid flow and heat mass transfer in a 
two-dimensional steady laminar boundary layer caused by a horizontally stretching sheet investigated by 
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Alrihieli et al. [19]. The study includes heat generation/absorption near a stagnation point and on the radially stretching 
plate. In a vertical stretching surface Jawad [20] studied on magnetohydrodynamics (MHD) stagnation point flow of 
micropolar fluids with buoyancy and thermal radiation. Shoeibi et al. [21] have been observed about the utilize of hybrid 
nanofluids in solar system. In a vertical duct containing metallic/carbon nanofluids Beg et al. [22] have been studied with 
Dufour and Soret double cross repetition counting of thermo-solutal convection. Bhatti et al. [23] have been studied 
swimming of Gyrotactic microorganism in MHD Williamson nanofluid flow between rotating circular plates embedded 
in porous medium. Hussain et al. [24] have been investigated MHD instability of Hartmann flow of nanoparticles 𝐹𝑒ଶ𝑂ଷ 
in water. [25] Umavathi and Beg investigated double diffusive convection in a dissipative electrically conducting 
nanofluid under orthogonal electrical and magnetic fields. [26] Bhatti and Abdelsalam observed Bio-inspired peristaltic 
propulsion of hybrid nanofluid flow with Tantalum (Ta) and Gold (Au) nanoparticles under magnetic effects.  

The aim of this present work is to numerically investigate the laminar steady forced convective flow of different 
nanofluids with water (𝐻ଶ𝑂) as base fluid in presence of strong magnetic field in a vertical rectangular duct. We have 
presented result of our investigation for different type of nanofluid flow and we have drawn conclusion heat transfer 
efficiency of different water based nanofluid. 
Table (i). Numerical values of water (𝐻ଶ𝑂) and nanoparticles titanium oxide (𝑇𝑖𝑂ଶ), aluminium oxide (𝐴𝑙ଶ𝑂ଷ), ferric oxide (𝐹𝑒ଶ𝑂ଷ), 
and silicon oxide (𝑆𝑖𝑂ଶ) 

 Density (𝜌) Specific heat capacity (𝐶௣) 
Thermal conductivity (𝑘) 

Electrical conductivity (𝜎) 𝐻ଶ𝑂 997.1 4179 0.613 5.5×10-6 𝑇𝑖𝑂ଶ 4250 686.2 8.9528 2.58×10-7 𝐴𝑙ଶ𝑂ଷ 3970 765 40 35×106 𝐹𝑒ଶ𝑂ଷ 5180 765 9.7 25×103 𝑆𝑖𝑂ଶ 2200 703 1.2 2.58×10-7 
 

2. MATHEMATICAL FORMULATION 

 
Figure 1. Physical configuration 

In this paper, we have considered a laminar steady flow of incompressible fluid through a duct which is vertically 
positioned, where cross section of the duct has length 𝑎 and breadth 𝑏. Both the parallel walls of the duct are kept at 𝑥 =0 𝑎𝑛𝑑 𝑥 = 𝑎, and the other parallel walls are kept at 𝑦 = 0 𝑎𝑛𝑑 𝑎𝑡 𝑦 = 𝑏. Here we consider that the duct has cross section 
on the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 where the fluid velocity, induced magnetic field and temperature are in the 𝑧-direction. In this case 
applied uniform magnetic field 𝐵௢ of the fluid acts in a direction lying in the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 but making an angle 𝜃 with the 𝑦-axis. The flow is handled in presence of a constant pressure gradient డ௣డ௭ and the MHD force. In this work, the physical 
parameters except pressure are independent of variable 𝑧, the fluid properties in the buoyancy term are considered as 
constant. Moreover, Joule heating and the effects of viscous dissipation are considered in the energy equation. Our fluid 
is viscous and incompressible and flow is laminar and steady. We have also assumed that there is no net flow of current 
in the z-direction. The velocity, induced magnetic field, and the temperature 𝑉ሬ⃗ , 𝐵ሬ⃗ , and 𝑇 as: 𝑉ሬ⃗ = ሼ0, 0,𝑉௭(𝑥,𝑦)ሽ,𝐵ሬ⃗ = ൛𝐵௢௫,𝐵௢௬,𝐵௭(𝑥,𝑦)ൟ,𝑇 = 𝑇(𝑥,𝑦) in where 𝐵௢௫ = 𝐵௢𝑠𝑖𝑛𝜃,𝐵௢௬ = 𝐵௢𝑐𝑜𝑠𝜃 
 

3. GOVERNING EQUATIONS 
Equation of continuity is  

 ∇ · 𝑉ሬ⃗ = 0. (1) 
The MHD momentum equation is 

 𝜌௡௙ ቂడ௏ሬሬ⃗డ௧ + ൫𝑉ሬ⃗ · ∇൯𝑉ሬ⃗ ቃ = −∇𝑝 + 𝜇௡௙∇ଶ𝑉ሬ⃗ + ൫𝐽 × 𝐵ሬ⃗ ൯ + 𝑋⃗, (2) 
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in where 𝑋⃗ = 𝑔(𝜌𝛽)௡௙(𝑇 − 𝑇௢) 
Maxwell’s equation is 
 ∇ · 𝐵ሬ⃗ = 0. (3) 
Ampere’s law 
 ∇ × 𝐵ሬ⃗ = (𝜇௘)௡௙𝐽. (4) 
Definition of Ohm’s law: 
 𝐽 = 𝜎௡௙൫𝐸ሬ⃗ + 𝑉ሬ⃗ × 𝐵ሬ⃗ ൯. (5) 
 Equation of magnetic induction is 
 డ஻ሬ⃗డ௧ = ∇ × ൫𝑉ሬ⃗ × 𝐵ሬ⃗ ൯  + 𝜆௡௙∇ଶ𝐵ሬ⃗ . (6) 

Now using equation (1) & equation (3) in equation (6) we get 

 డ஻ሬ⃗డ௧ + ൫𝑉ሬ⃗ · ∇൯𝐵ሬ⃗ = ൫𝐵ሬ⃗ · ∇൯𝑉ሬ⃗ + 𝜆௡௙∇ଶ𝐵ሬ⃗ . (7) 

The Energy equation is 
 ൫𝜌𝐶௣൯௡௙ ቂడ்డ௧ + ൫𝑉ሬ⃗ · ∇൯𝑇ቃ = 𝑘௡௙∇ଶ𝑇 + 𝜇௡௙𝜙 + ௃మఙ೙೑. (8) 

Again, we get  
 𝜈௡௙ = ఓ೙೑ఘ೙೑. (9) 

and 
 𝜆௡௙ = ଵఙ೙೑(ఓ೐)೙೑  (10) 

We know that the dynamic viscosity of nanofluid, effective density of nanofluid, magnetic permeability of nanofluid, 
electrical conductivity of nanofluid, heat capacity of nanofluid, thermal expansion coefficient of nanofluid, and thermal 
conductivity of nanofluid as: 
 𝜇௡௙ = 𝜇௙(1 − 𝜙)ିଶ.ହ, (11) 

 𝜌௡௙ = ൤1 − 𝜙 + 𝜙 ఘೞఘ೑൨ 𝜌௙, (12) 

 (𝜇௘)௡௙ = ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ (𝜇௘)௙, (13) 

 𝜎௡௙ = ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ 𝜎௙, (14) 

 ൫𝜌𝐶௣൯௡௙ = ቈ1 − 𝜙 + 𝜙 ൫ఘ஼೛൯ೞ൫ఘ஼೛൯೑቉. (15) 

 (𝜌𝛽)௡௙ = ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ (𝜌𝛽)௙  (16) 

 𝑘௡௙ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 𝑘௙. (17) 

For the problem the corresponding the initial & boundary conditions are given by 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑥 = 0 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑥 = 𝑎, 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 𝑏 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑦 = 0 𝑉௭ = 0,  𝐵௭ = 0,𝑇 = 𝑇௢,𝑤ℎ𝑒𝑛 𝑦 = 𝑏, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑏. (18) 

The following dimensionless variables: 

 𝑉ത = ௏௏೚  ,𝐵ത = ஻஻೚  ,𝑇ത = ்ି ೚்∆்  , 𝑥̅ = ௫௔  ,𝑦ത = ௬஺௔, (19) 
where: 

𝐴 = 𝑏𝑎 ,  𝐵௢ = −𝑎ଶ(𝜇௘)௡௙ඨ 𝜎௡௙𝜌௡௙𝜈௡௙ 𝜕𝑝𝜕𝑧 ,  𝑉௢ = − 𝑎ଶ𝜌௡௙𝜈௡௙ 𝜕𝑝𝜕𝑧 ,𝑇 − 𝑇௢ = 𝑉௢ଶ൫𝐶௣൯௙ ,  
Now using above dimensionless parameters and after simplification we get, 
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డమ௏డ௫మ + ଵ஺మ డమ௏డ௬మ +  ஻೚మ௔మቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃ഑೑ഋ೑ (ଵିథ)మ.ఱ
௏೚௔ቈଵିథାథ(ഋ೐)ೞ(ഋ೐)೑቉(ఓ೐)೑ቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃఙ೑ 𝑠𝑖𝑛𝜃 డ஻డ௫  

+ ଵ஺  ஻೚మ௔మቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃ഑೑ഋ೑ (ଵିథ)మ.ఱ
௏೚௔ቈଵିథାథ(ഋ೐)ೞ(ഋ೐)೑቉(ఓ೐)೑ቂଵା య(഑షభ)ഝ(഑శమ)ష(഑షభ)ഝቃఙ೑ 𝑐𝑜𝑠𝜃 డ஻డ௬  + ௚ఉ೑௔య(்ି ೚்)ఔ೑మ . ఔ೑௏೚௔  𝑇 + 1 = 0. (20) 

𝜕ଶ𝐵𝜕𝑥ଶ + 1𝐴ଶ 𝜕ଶ𝐵𝜕𝑦ଶ + 𝑉௢𝑎 ቈ1 − 𝜙 + 𝜙 (𝜇௘)௦(𝜇௘)௙቉ (𝜇௘)௙ ቈ1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙቉𝜎௙𝑠𝑖𝑛𝜃 𝜕𝑉𝜕𝑥  

+ ଵ஺  𝑉௢𝑎 ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ (𝜇௘)௙ ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ 𝜎௙𝑐𝑜𝑠𝜃 డ௏డ௬  = 0. (21) 𝜕ଶ𝑇𝜕𝑥ଶ + 1𝐴ଶ 𝜕ଶ𝑇𝜕𝑦ଶ + 𝜇௙𝐶௣(1 − 𝜙)ଶ.ହ𝑘௙ ቈ𝑘௦ + 2𝑘௙ − 2𝜙൫𝑘௙ − 𝑘௦൯𝑘௦ + 2𝑘௙ + 𝜙൫𝑘௙ − 𝑘௦൯ ቉ . 𝑉௢ଶ𝐶௣∆𝑇 ቈ൬𝜕𝑉𝜕𝑥൰ଶ + 1𝐴ଶ ൬𝜕𝑉𝜕𝑦൰ଶ቉ 
+ 𝐵௢ଶ𝑎ଶ ൤1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙൨ 𝜎௙𝜇௙ 
𝑉௢ଶ𝑎ଶ ൤1 − 𝜙 + 𝜙 (𝜇௘)௦(𝜇௘)௙൨ଶ ൤1 + 3(𝜎 − 1)𝜙(𝜎 + 2) − (𝜎 − 1)𝜙൨ଶ 𝜎௙ଶ(𝜇௘)௙ଶ  ቈ𝑘௦ + 2𝑘௙ − 2𝜙൫𝑘௙ − 𝑘௦൯𝑘௦ + 2𝑘௙ + 𝜙൫𝑘௙ − 𝑘௦൯ ቉  · ఓ೑஼೛௞೑ · ௏೚మ஼೛∆் ൤ቀడ஻డ௫ቁଶ + ଵ஺మ ቀడ஻డ௬ቁଶ൨ = 0. (22) 

Let 𝐸ଵ = ଵ(ଵିథ)మ.ఱ , 𝐸ଶ = ൤1 − 𝜙 + 𝜙 ఘೞఘ೑൨ , 𝐸ଷ = ൤1 − 𝜙 + 𝜙 (ఓ೐)ೞ(ఓ೐)೑൨ , 𝐸ସ = ቂ1 + ଷ(ఙିଵ)థ(ఙାଶ)ି(ఙିଵ)థቃ , 𝐸ହ = ቈ1 − 𝜙 + 𝜙 ൫ఘ஼೛൯ೞ൫ఘ஼೛൯೑቉ , 𝐸଺ = ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ , 𝐸଻ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 
Therefore, the equations (20), (21), (22) in terms 𝐸ଵ,𝐸ଶ,𝐸ଷ,𝐸ସ,𝐸ହ,𝐸଺,𝐸଻ are 

 డమ௏డ௫మ + ଵ஺మ డమ௏డ௬మ + ு௔మோ೘ 𝑠𝑖𝑛𝜃 ாరாభாయாర డ஻డ௫ + ଵ஺  ு௔మோ೘ 𝑐𝑜𝑠𝜃 ாరாభாయாర డ஻డ௬ + ீೝோ೐ 𝑇 + 1 = 0. (23) 

 డమ஻డ௫మ + ଵ஺మ డమ஻డ௬మ +  𝑅௠𝑠𝑖𝑛𝜃𝐸ଷ𝐸ସ డ௏డ௫ + ଵ஺  𝑅௠𝑐𝑜𝑠𝜃𝐸ଷ𝐸ସ డ௏డ௬  = 0. (24) 

 డమ்డ௫మ + ଵ஺మ డమ்డ௬మ + ாభாళ 𝑃௥𝐸𝑐 ൤ቀడ௏డ௫ቁଶ + ଵ஺మ  ቀడ௏డ௬ቁଶ൨ + ு௔మ௉ೝா௖ோ೘మ  ாరாయమாరమாళ  ൤ቀడ஻డ௫ቁଶ + ଵ஺మ ቀడ஻డ௬ቁଶ൨ = 0. (25) 

Where: 𝐻𝑎 = 𝐵௢𝑎 ටఙ೑ఓ೑, is the Hartmann number, 𝐺௥ = ௚ఘ೑ఉ೑ (்ି ೚்)௔యఓ೑మ , is the thermal Grashof number, 𝑃௥ = ఓ೑(஼௣)೑௞೑ , is the Prandtl number, 𝐸𝑐 = ௏೚మ(஼௣)೑∆், is the Eckert number, 𝑅௘ = ௏೚௔ఓ೑ , is the Reynolds number, 

and 𝑅௠ = 𝑉௢𝑎(𝜇௘)௙𝜎௙, is the magnetic Reynolds number 
The corresponding boundary conditions (21) gives 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑥 = 0 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑥 = 1, 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 𝐴 𝑉 = 0,𝐵 = 0,𝑇 = 0,𝑤ℎ𝑒𝑛 𝑦 = 0 V = 0, B = 0, T = 0, when y = A, for 0 ≤ x ≤ 1. (26) 
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4. NUMERICAL TECHNIQUE AND GRID INDEPENDENCE STUDY 
With the boundary conditions given in equation (26), the dimensionless governing equations (23), equation (24) and 

equation (25) were discretized using explicit finite difference method. We know that the finite difference second order డమ௏డ௫మ 
and the first order డ௏డ௫, were discretized as డమ௏డ௫మ = ௏೔శభ,ೕିଶ௏೔,ೕା௏೔షభ,ೕ∆௫మ + 𝑂(∆𝑥ଶ) and డ௏డ௫ = ௏೔శభ,ೕି௏೔షభ,ೕଶ∆௫ + 𝑂(∆𝑥ଶ), respectively. 
Therefore, after simplification the equations (23), (24), and (25) we get 𝑉௜ ,௝ = 𝐴ଽ൫𝑉௜ାଵ,௝+ 𝑉௜ିଵ,௝ ൯+ 𝐴ଵ଴ ቀ𝑉௜ ,௝ାଵ+ 𝑉௜ ,௝ିଵ ቁ + 𝐴ଵଵ ቀ𝐵௜శభ,௝ − 𝐵௜షభ ,௝ቁ +𝐴ଵଶ ቀ𝐵௜ ,௝శభ− 𝐵௜ ,௝ିଵ ቁ + 𝐴ଵଷ൫𝑇௜ ,௝ ൯ + 𝐴ଵସ, (27) 𝐵௜ ,௝ = 𝐴ଽ൫𝐵௜ାଵ,௝+ 𝐵௜ିଵ,௝ ൯+ 𝐴ଵ଴ ቀ𝐵௜ ,௝ାଵ+ 𝐵௜ ,௝ିଵ ቁ + 𝐴ଵହ ൬𝑉௜శభ,ೕ − 𝑉௜ିଵ,௝൰  + 𝐴ଵ଺ ቀ𝑉௜ ,௝ାଵ− 𝑉௜ ,௝ିଵ ቁ, (28) 

𝑇௜ ,௝ = 𝐴ଽ൫𝑇௜ାଵ,௝+ 𝑇௜ିଵ,௝ ൯ + 𝐴ଵ଴ ቀ𝑇௜ ,௝ାଵ+ 𝑇௜ ,௝ିଵ ቁ + 𝐴ଵ଻൫𝑉௜ାଵ,௝− 𝑉௜ିଵ,௝ ൯ଶ + 𝐴ଵ଼ ቀ𝑉௜ ,௝ାଵ− 𝑉௜ ,௝ିଵ ቁଶ +𝐴ଵଽ൫𝐵௜ାଵ,௝− 𝐵௜ିଵ,௝ ൯ଶ + 𝐴ଶ଴ ቀ𝐵௜ ,௝ାଵ− 𝐵௜ ,௝ିଵ ቁଶ, (29) 

Where 𝐴ଵ = ଵ஺మ ,𝐴ଶ =  (ு௔)మ(ோ೘)  𝑠𝑖𝑛𝜃 ாరாభாయாర 𝜃 ,𝐴ଷ = ଵ஺  (ு௔)మ(ோ೘)  𝑐𝑜𝑠𝜃 ாరாభாయாర ,𝐴ସ = (ீೝ)(ோ೐) ,𝐴ହ = ௞మଶ(஺భ௛మା௞మ), 𝐴଺ = ஺భ௛మଶ(஺భ௛మା௞మ), 𝐴଻ =஺మ௛௞మଶ(஺భ௛మା௞మ), 𝐴଼ = ஺య௛మ௞ଶ(஺భ௛మା௞మ), 𝐴ଽ = ஺ర௛మ௞మ஺భ௛మା௞మ, 𝐴ଵ଴ = ௛మ௞మ஺భ௛మା௞మ, 𝐴ଵଵ = 𝑅௠𝑠𝑖𝑛𝜃𝐸ଷ𝐸ସ , 
𝐴ଵଶ = ଵ஺ 𝑅௠𝑐𝑜𝑠𝜃𝐸ଷ𝐸ସ , 𝐴ଵଷ = ஺భభ௛௞మଶ(஺భ௛మା௞మ) , 𝐴ଵସ = ஺భమ௛మ௞ଶ(஺భ௛మା௞మ), 𝐴ଵହ = ாభாల 𝑃௥𝐸𝑐, 𝐴ଵ଺ = (ு௔)మ(ா௖)(௉ೝ)(ோ೘)మ ாరாయమாరమாల, 𝐴ଵ଻ = ஺భఱ௞మସ(஺భ௛మା௞మ), 𝐴ଵ଼ = ஺భ஺భఱ௛మସ(஺భ௛మା௞మ), 𝐴ଵଽ = ஺భల௞మସ(஺భ௛మା௞మ), 𝐴ଶ଴ = ஺భ஺భల௛మସ(஺భ௛మା௞మ), 
are constants and in where ∆𝑥 = ℎ = 0.001 𝑎𝑛𝑑 ∆𝑦 = 𝑘 = 0.001. 
Discretized boundary conditions are given by 𝑉௜ ,ଵ = 0,  𝐵௜ ,ଵ = 0,𝑇௜ ,ଵ = 0,𝑤ℎ𝑒𝑛 𝑗 = 1 𝑉௜ ,௡ାଵ = 0,𝐵௜ ,௡ାଵ = 0,  𝑇௜ ,௡ାଵ = 0,𝑤ℎ𝑒𝑛 𝑗 = 𝑛 + 1, 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑚 + 1 𝑉ଵ,௝ = 0,  𝐵ଵ,௝ = 0,𝑇ଵ,௝ = 0,𝑤ℎ𝑒𝑛 𝑖 = 1 𝑉௠ାଵ,௝ = 0,𝐵௠ାଵ,௝ = 0,𝑇௠ାଵ,௝ = 0,𝑤ℎ𝑒𝑛 𝑖 = 𝑚 + 1 
 𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 𝑛 + 1, (30) 

 
5. RESULTS AND DISCUSSION 

The outcome of parameters like, thermal Grashof number (𝐺௥), Hartmann number (𝐻𝑎), Reynold number (𝑅௘), Prandtl 
number (𝑃௥), Eckert number (𝐸𝑐), magnetic Reynold number (𝑅௠), and the nanoparticle volume fraction (𝜙) on the velocity, 
induced magnetic field, and temperature distributions are exhibits in graphical presentation. We have taken 𝐻𝑎 =2,𝐴 = 2.5,𝑃௥ = 6.93,𝑅௠ = 1,𝐸𝑐 = 0.001,ℎ = 𝑘 = 0.001,𝑚 = 𝑛 = 200,𝜙 = 0.02, 𝑘௙ = 0.613,𝑘௦ = 429,𝜃 = 𝜋/2. 

The graphs are plotted by utilizing numerical out come through an explicit finite difference method in MATLAB 
operating system. The velocity distribution of titanium oxide/water nanofluid for various values of Hartmann number (𝐻𝑎) is depicted in Figure 2. We have observed from Figure. 2 that the fluid velocity distribution decreases due to 
increase in value of Hartmann number (𝐻𝑎). We know that in the middle of the rectangular duct, the fluid has 
maximum value of velocity, so in this step the electromagnetic force resists the fluid’s motion and this electromagnetic 
force slow down conviction a flatten velocity distribution. Similar nature of induced magnetic field is observed and 
seen in Figure 3. Further, in Figure 4. It is observed that temperature (𝑇) is increased with increased value of Hartmann 
number (𝐻𝑎) in boundary layer region. The magnetic field introduced to the electrically conducting nanofluid and 
acting normal to boundary is responsibility for resistive pressure force in the duct which is part of Lorentz force. In 
the cooling sector magnetic field’s effect on nanofluid has many industrial accomplishments too. The velocity 
distribution of titanium oxide/water nanofluid for various values of thermal Grashof number (𝐺௥) is depicted in Fig. 
5. We have seen in Figure 5 that the velocity distribution enhanced owing to enhancement of parametric values of the 
thermal Grashof number (𝐺௥). An enlarge in the value of thermal Grashof number has the tendency to induce much 
flow in the boundary layer due to the effect of thermal buoyancy. Similar nature we have observed in induced magnetic 
field in Figure 6. But it is observed in Figure 7, that the temperature profile decreases owing to increase in parametric 
value of thermal Grashof number (𝐺௥). This means that buoyancy force decreases the temperature field. The velocity 
distribution of titanium oxide/water nanofluid for different values of Reynold number (𝑅௘) is depicted in Figure 8. 
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It is observed from Figure 8, that the velocity profile enhanced owing to enhancement of parametric values of Reynold 
number (𝑅௘). Due to enhancement in values of (𝑅௘), in the thermal boundary layer, frictional heating increases. 

 
Figure 2. Variation in (𝑉) with 𝐻𝑎 Figure 3. Variation in (𝐵) with 𝐻𝑎 Figure 4. Variation in (𝑇) with 𝐻𝑎 

Figure 5. Variation n (𝑉) with 𝐺𝑟 Figure 6. Variation in (𝐵) with 𝐺𝑟 Figure 7. Variation in (𝑇) with 𝐺𝑟 

This in results reflect in enhancement of kinetic energy of the fluid particles in the middle layers as a consequence 
we have the flow rate accelerates and, in this way, increases the velocity. Similar effect we have observed in induced 
magnetic field in Figure 9. The temperature distribution of titanium oxide/water nanofluid for different values of 
Reynold number (𝑅௘) is depicted in Figure 10. But we have seen in Figure 10, that the temperature profile decreases 
due to increase in value of Reynold number (𝑅௘). The increase in values of Reynold number (𝑅௘) enhanced the strength 
of the discharge velocity on the plate which minimizes the growth of thermal boundary layer. This diminishes the 
temperature near to the plate surface. The velocity distribution of titanium oxide/water nanofluid for distinct values 
of Prandtl number (𝑃௥) is represented in graph given in Figure 11. We have seen in Figure 11, that the velocity profile 
is enhanced owing to enhancement in the value of Prandtl number (𝑃௥). Due to impact of additional nanoparticles 
periodic motion of nanoparticle is observed an increase of Prandtl number (𝑃௥). So, the kinetic energy is transform 
into heat energy, and so the velocity increases. 

   
Figure 8. Variation in (𝑉) with 𝑅𝑒 Figure 9. Variation in (𝐵) with 𝑅𝑒 Figure 10. Variation in (𝑇) with 𝑅𝑒 

Similar effect we have observed in induced magnetic field in Figure 12. The temperature distribution of titanium oxide/water nanofluid for those distinct values of Prandtl number (𝑃௥) is depicted in Figure 13. But it is 
observed from Figure 13, that the fluid temperature distribution decreases due to increase in value of Prandtl number (𝑃௥). With the large value of (𝑃௥), the momentum diffuses additional rapidly than the heat, indicating that fluids with 
a large Prandtl number have low thermal conductivity and an exquisite thermal boundary layer. The velocity 
distribution of titanium oxide/water nanofluid for different values of Eckert number (𝐸𝑐) is observed in Figure 14. 
We have seen in Figure 14, that the fluid velocity distribution decreases due to increase in value of Eckert number (𝐸𝑐). Again, owing to increase in values of Eckert number (𝐸𝑐), the plate decants velocity increases. This in turn again 
decreases the flow rate within the boundary layer and thus diminishes the velocity. Similar pattern is observed in 
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Figure 15. The temperature distribution of titanium oxide/water nanofluid for different values of Eckert number (𝐸𝑐) 
is depicted in Figure 16. We have seen in Figure 16, that the fluid temperature profile enhanced owing to enhancement 
in parametric values of Eckert number (𝐸𝑐). Owing to enhanced in values of (𝐸𝑐), the fluid occurence frictional heating 
in the middle layers, furthermore, there is the thickening of thermal boundary layer and consequently increases the 
temperature within the boundary layer significantly. 

Figure 11. Variation in (𝑉) with 𝑃𝑟 Figure 12. Variation in (𝐵) with 𝑃𝑟 Figure 13. Variation in (𝑇) with 𝑃𝑟 

  
Figure 14. Variation in (𝑉) with 𝐸𝑐 Figure 15. Variation in (𝐵) with 𝐸𝑐 Figure 16. Variation in (𝑇) with 𝐸𝑐 

The velocity distribution of titanium oxide/water nanofluid for distinct values of magnetic Reynold number (𝑅௠) is illustrate in Figure 17. We have seen in Figure 17, that the fluid velocity distribution increases due to increase 
in parametric value of magnetic Reynold number (𝑅௠). The magnetic Reynolds number is the magnetic correspondent 
of the Reynold number, a fundamental dimensionless classification that take place in magnetohydrodynamics (MHD). 
It gives an estimate of the respective effects of convective of a magnetic field by the movement of a conducting 
medium, frequently a fluid, to magnetic diffusion. Similar nature we have observed in Figure 18. The temperature 
distribution of titanium oxide/water nanofluid for different values of magnetic Reynolds number (𝑅௠) is depicted in 
Figure 19. But we have seen in Figure 19, that the temperature profile decreases owing to enhancement in parametric 
values of magnetic Reynold number (𝑅௠). The enhanced in values of (𝑅௠) enhanced the strength of the decant velocity 
on the plate and this decant velocity minimizes the growth of thermal boundary layer. Thus, as a consequence 
diminishes the temperature near to the plate surface. 

   
Figure 17. Variation in (𝑉) with 𝑅𝑚 Figure 18. Variation in (𝐵) with 𝑅𝑚 Figure 19. Variation in (𝑇) with 𝑅𝑚 

The velocity distribution of titanium oxide/water nanofluid for different values of nanoparticle volume fraction (𝜙) is illustrate graphically in Figure 20. We have seen in Figure 20, that the fluid velocity distribution decreases due 
to increase in value of nanoparticle volume fraction (𝜙). Similar pattern is in Figure 21, where induced magnetic field 
variation is shown against volume fraction. The temperature distribution of titanium oxide/water nanofluid for 
different values of nanoparticle volume fraction (𝜙) is depicted in Figure 22. But it is observed from Figure 22, that 
the temperature profile enhanced owing to enhancement in parametric value of nanoparticle volume fraction (𝜙).  
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We have plotted (Figure 23) values of rate of rise leading velocity for different nanofluids against value of 
corresponding Reynold number (𝑅𝑒) in the duct under same configuration. We have plotted the graphs for the following 
nanofluid: titanium oxide (𝑇𝑖𝑂ଶ), aluminium oxide (𝐴𝑙ଶ𝑂ଷ), ferric oxide (𝐹𝑒ଶ𝑂ଷ) and silicon oxide (𝑆𝑖𝑂ଶ). These 
plottings provides us a comparative mass transfer advantages of different nano fluids at a certain temperature. From the 
plottings of (Figure 23), we have seen that with increasing Reynold number (𝑅𝑒) difference of flow rate for different 
nano fluids is reducing. For low value of Reynold number (𝑅𝑒), ferric oxide (𝐹𝑒ଶ𝑂ଷ) gives high flow rate and silicon 
oxide (𝑆𝑖𝑂ଶ) gives low flow rate. For high Reynold number 𝑅𝑒 all the nanofluid consider shows no significance different 
in volumetric flow rate. 

   
Figure 20. Variation in (𝑉) with 𝜙 Figure 21. Variation in (𝐵) with 𝜙 Figure 22. Variation (𝑇) with 𝜙 

 
Figure 23. Rate of increase of Reynolds number for (𝑇𝑖𝑂ଶ), (𝐴𝑙ଶ𝑂ଷ), (𝐹𝑒ଶ𝑂ଷ) and (𝑆𝑖𝑂ଶ) nanoparticles 

We have plotted in Figure 24 mesh (𝑥,𝑦,𝑉) for (𝐻𝑎 = 0), in Figure 25 contour (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in 
Figure 26 mesh (𝑥,𝑦,𝐵) for (𝐻𝑎 = 0), in Figure 27 contour (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 28 mesh (𝑥,𝑦,𝑇) for (𝐻𝑎 = 0), in Figure 29 contour (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10) i.e. in the absence of magnetic field for velocity and nanoparticle 
volume fraction (𝜙 = 0.02). i.e when (𝐻𝑎 = 0), the velocity of the 𝑇𝑖𝑂ଶ − 𝑤𝑎𝑡𝑒𝑟 nanofluid decreases with increase in 
nanoparticles volume fraction 𝜙. In this case 100 × 100 grid has been used at 𝑥(1) = −1 𝑎𝑛𝑑 𝑦(1) = −1. And another 
study, in Figure 30 mesh (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in Figure 31 contour (𝑥,𝑦,𝑉) for (𝐻𝑎 = 10), in Figure 32 mesh (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 33 contour (𝑥,𝑦,𝐵) for (𝐻𝑎 = 10), in Figure 34 mesh (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10), in 
Figure 35 contour (𝑥,𝑦,𝑇) for (𝐻𝑎 = 10) i.e. in the presence of large magnetic field and nanoparticle volume fraction (𝜙 = 0.02) for titanium oxide nanoparticle. i.e when (𝐻𝑎 = 10) the reverse effect of the nanoparticle volume fraction 𝜙. 
Similarly, we can show for other nanoparticles. 

3D graph for TiO2 – water nanofluid 

  
Figure 24. Velocity mesh in (𝑥, 𝑦,𝑉) Figure 25. Velocity contour in (𝑥, 𝑦,𝑉) 

with 𝐻𝑎 = 0,𝜙 = 0.02,  𝐻𝑎 = 10,𝜙 = 0.02 
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Figure 26. Velocity mesh in (𝑥, 𝑦,𝐵) Figure 27. Velocity contour in (𝑥, 𝑦,𝐵) 

with 𝐻𝑎 = 0,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 28. Velocity mesh in (𝑥, 𝑦,𝑇) Figure 29. Velocity contour in (𝑥, 𝑦,𝑇) 

with 𝐻𝑎 = 0,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 30. Velocity mesh in (𝑥, 𝑦,𝑉) Figure 31. Velocity contour in (𝑥, 𝑦,𝑉) 

with 𝐻𝑎 = 10,𝜙 = 0.02  𝐻𝑎 = 10,𝜙 = 0.02 

  
Figure 32. Velocity mesh in (𝑥, 𝑦,𝐵) Figure 33. Velocity contour in (𝑥, 𝑦,𝐵) 

with 𝐻𝑎 = 10,𝜙 = 0.02 𝐻𝑎 = 10,𝜙 = 0.02 
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Figure 34. Velocity mesh in (𝑥, 𝑦,𝑇) Figure 35. Velocity contour in (𝑥, 𝑦,𝑇) 

with 𝐻𝑎 = 10,𝜙 = 0.02 𝐻𝑎 = 10,𝜙 = 0.02 
 

6. CONCLUSIONS 
In this paper, a comparative study on MHD forced convective flow for heat transfer efficiency of different nanofluids 

with water (𝐻ଶ𝑂) as base fluid has been carried out. Here, in this study flow through vertical rectangular has been considered 
in presence of strong magnetic field. An explicit finite difference method has been adopted with fine grid in the control 
volume for solving the governing equation of this MHD nanofluid flow. Computational process is carried out using 
MATLAB code. In this paper we have plotted the flow fields velocity, induced magnetic field and temperature for various 
values of MHD flow parameters graphically. The remarkable results of the examination are as follows: 
1. From the plottings of (Fig. 23), we have seen that with increasing Reynold number (𝑅𝑒) difference of flow rate for 

different nano fluids is reducing. For low value of Reynold number (𝑅𝑒) ferric oxide (𝐹𝑒ଶ𝑂ଷ) gives high flow rate 
and silicon oxide (𝑆𝑖𝑂ଶ) gives low flow rate. For high Reynold number (𝑅𝑒) all the nanofluid consider shows no 
significance different in volumetric flow rate. 

2. The fluid velocity decreases due to increase in Hartmann number (𝐻𝑎), Eckert number (𝐸𝑐) and nanoparticle 
volume fraction (𝜙). 

3. The fluid velocity increases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl number (𝑃௥) and magnetic Reynolds number (𝑅௠). 
4. The induced magnetic field decreases due to increase in Hartmann number (𝐻𝑎), nanoparticle volume fraction (𝜙), 

and Eckert number (𝐸𝑐).  
5. The induced magnetic field increases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl 

number (𝑃௥) and magnetic Reynold number (𝑅௠). 
6. The fluid temperature of decreases due to increase in Reynold number (𝑅௘), thermal Grashof number (𝐺௥), Prandtl 

number (𝑃௥) and magnetic Reynold number (𝑅௠). 
7. An increase in values of Hartmann number (𝐻𝑎), Eckert number (𝐸𝑐), and nanoparticle volume fraction (𝜙) 

increases the fluid temperature.  
 

Nomenclature 𝑉ሬ⃗  velocity vector 𝑝 fluid pressure, ሾPaሿ 𝜎 electrical conductivity, ሾ𝑆𝑚ିଵሿ 𝐽 current density 𝜃 oblique angle 𝜌𝐶௣ effective heat capacity of the 
nanoparticle, ሾ𝐽𝑚ିଷ𝐾ିଵሿ 𝐵௢ magnetic field 𝑇 temperature of the fluid, ሾ𝐾ሿ 𝜙 volume fraction, ሾ−ሿ 𝐶௣ specific heat at constant pressure, ሾ𝐽𝑘𝑔ିଵ𝐾ିଵሿ 𝜌௡௙ nanofluid density 𝜆 magnetic diffusivity 𝐸ሬ⃗  electric field 𝜎௡௙ nanofluid electrical conductivity 𝜇 dynamic viscosity 𝐻𝑎 Hartmann number 𝜇௡௙ nanofluid dynamic viscosity Subscripts 𝐺௥ thermal Grashof number 𝑘௡௙ nanofluid thermal conductivity 𝑛𝑓 nanofluids 𝑅௘ Reynold number (𝜇௘)௡௙ nanofluid magnetic 

permeability 
𝑓 base fluid 𝑃௥ Prandtl number 𝜈௡௙ nanofluid kinematic viscosity 𝑠 solid particles of nanofluid 𝐸𝑐 Eckert number Greek Letters  𝑅௠ magnetic Reynolds number 𝜌 density, ሾ𝑘𝑔𝑚ିଷሿ  𝑘 thermal conductivity of nanofluid, ሾ𝑊𝑚ିଵ𝐾ିଵሿ 𝜈 kinematic viscosity, ሾ𝑚ଶ𝑠ିଵሿ  
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ПОРІВНЯЛЬНЕ ДОСЛІДЖЕННЯ МГД ПРИМУШЕНОГО КОНВЕКТИВНОГО ПОТОКУ РІЗНИХ НАНОРІДИН З 
ВОДОЮ (H2O) ЯК ОСНОВНОЮ РІДИНОЮ У ВЕРТИКАЛЬНОМУ ПРЯМОКУТНОМУ КАНАЛІ 

Бішну Рам Дас, П.Н. Дека 
Факультет математики, Університет Дібругарх, Дібругарх-786004, Ассам, Індія 

У цій статті було проведено порівняльне дослідження МГД вимушеної конвективної течії для ефективності теплопередачі 
різних нанофлюїдів з водою (H2O) як базовою рідиною. У цьому дослідженні потік через вертикальний прямокутний канал 
розглядався в присутності сильного магнітного поля. У цьому ламінарному потоці ми розглядаємо стінки каналу як 
електрично непровідні, де поперечне магнітне поле діє нормально на стінки каналу. Джоулева теплота та ефекти розсіювання 
в’язкої рідини враховуються в енергетичному рівнянні, і, крім того, стінки каналу зберігаються при постійній температурі. 
Було прийнято явний кінцево-різницевий метод із дрібною сіткою в контрольному об’ємі для розв’язання керівних рівнянь 
цього МГД-потоку нанорідини. Обчислювальні процеси здійснюються за допомогою коду MATLAB. У цій роботі ми 
графічно побудували графіки швидкості полів потоку, індукованого магнітного поля та температури для різних значень МГД 
параметрів потоку шляхом зміни теплового числа Грасгофа (Gr), числа Гартмана (Ha), числа Рейнольдса (Re), числа Екерта 
(Ec), число Прандтля (Pr), магнітне число Рейнольдса (Rm) і об’ємну частку наночастинок (ϕ) відповідно. 
Ключові слова: вимушена конвективна МГД течія; нанофлюїди; стійкий; явний метод кінцевих різниць (EFDM); 
вертикальний прямокутний канал 
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The paper studies effect of induced magnetic field on laminar convection flow of a viscous electrically conducting incompressible fluid 
between two parallel porous plates at constant temperature gradient in presence of a uniform inclined magnetic field. An angle (θ) is formed 
with the vertical line by applying a magnetic field in that direction and field is strong enough to induce another field along the line of flow. 
Using the proper similarity transformations, the flow equations are converted into ordinary differential equations, which are then 
numerically solved by using MATLAB's bvp4c solver. Plotting of the graphs allows one to examine the effects of several critical parameters 
such as Hartmann number, Darcy number, Magnetic Reynolds number, Prandtl number, and Field inclination on velocity field, induced 
magnetic field, temperature field at the plates. The acquired results demonstrate that the flow system is effectively influenced by the field 
inclination, the magnetic parameter, and the plate porosity. The rise in field inclination leads to an increase in magnetic drag force. 
Keywords: Induced magnetic field; Free convection; Porous plate; MHD; Temperature gradient 
PACS: 47.85.-g 

INTRODUCTION 
Since last two decades, many researchers have studied on the Magnetohydrodynamics viscous incompressible flow 

in the presence of an external magnetic field (magnetohydrodynamic flow) and receiving great attention because of its 
large number of applications such as in the field of industry, technology, energy generation, geophysics and geo-thermal 
activities, astrophysics, nuclear science, combustion modelling, plasma studies, oil exploration and many others. For 
example, nowadays MHD generators are widely used for power generation, MHD pumps are used in chemical energy 
technology for pumping electrically conducting fluids at atomic energy entre, pinching hot plasma, purification of crude 
oil, in the case of manufacturing of glass, use of MHD flow meter in measuring the speed of a ship etc. Such kind of flow 
are normally designed under the supposition of unchanged temperature and constant heat flow rate intensity in presence 
of externally applied magnetic field. However, the flow is always influenced by the imposed magnetic field by means of 
its induced magnetic field. The field induces electromotive magnetic force that in turn effects the velocity field and 
ultimately controls the flow. Further, direction of applied magnetic field is always important, because in comparison to a 
magnetic field that applied along the flow, a transversed magnetic field acts differently, it generates more drag force and 
thereby dissipates much energy. The magnetic drag force acts upon the suspended particles and rearrange them according 
to their concentration depending upon the strengths of the field. This also strongly changes the pattern of heat transfer 
and energy density within the flow system. Thus, the behaviour of flow system highly depends upon the strength of the 
applied magnetic field and its inclination with respect to the direction of flow. This is why the consideration of effect of 
induced magnetic field and its inclination are highly important both in terms of theoretical and experimental point of view. 
In MHD flow, energy balance is considered by the internal energy due to conduction and convection of heat with the 
stream, generation and dissipation of heat due to viscous friction and porosity friction, and energy dissipation due to effect 
of induced magnetic field.  Although the effect of heat radiation is always there, but its contribution is much smaller and 
negligible within the moderate range of temperature.  

There has been a significant undivided attention in research activities in MHD free convection flow within vertical 
parallel plates. As far our knowledge goes, the most relevant problem of magnetohydrodynamic flow in the presence of 
applied transverse magnetic field between two parallel plates was first discussed by Hartmann [1]. Later on, by 
Schercliff [2], Soundalgekar [3], Raptis and Singh [4]. Between two vertical plates, laminar convection flow through a 
porous media was examined by Soundalgekar and Bhatt [5]. In their discussion of laminar convection flow between two 
vertical porous plates in the presence of uniform magnetic field under varying medium permeabilities, Das and Sanyal 
[6] addressed conducting incompressible fluid flow behaviour. A vertical channel with constant temperature and constant
heat flux on the walls was studied by Paul et al. [7] for transient free convective flow. Chakraborty and Borkakati [8] had
studied unstable free convection MHD flow.

Pop et al. [9] have discussed the laminar boundary layer flow due to a continuously moving flat plate. Unsteady 
magnetohydrodynamic free convective flow and heat transfer along a vertical porous plate with variable suction and 
internal heat generation was studied by Sharma and Singh [10]. Palani and Srikanth [11] also studied the hydrodynamic 
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flow past a semi-infinite vertical with mass transfer. A numerical analysis of the hydromagnetic free convective flow in 
the presence of induced magnetic field has been studied by Singh et al., [12]. Jha and Sani [13] have investigated the 
symmetric heating caused by induced magnetohydrodynamic natural convection flow of an electrically conducting and 
viscous incompressible fluid in a vertical channel. Kumer and Singh [14] have discussed the unsteady 
magnetohydrodynamic free convective flow past a semi-infinite vertical wall by taking into account the induced magnetic 
field. Sarveshanand and A.K. Singh [15] studied the MHD free convection between vertical parallel porous plates in the 
presence of induced magnetic field. Hamza [16] studied the free convection slip flow of an exothermic fluid in a 
convectively heated vertical channel. Recently, Goswami et al. [17] have studied unsteady MHD free convection flow 
between two heated vertical parallel plates in the presence of a uniform magnetic field. Induced magnetic field effect on 
MHD free convection flow in nonconducting and conducting vertical microchannel walls has been investigated by Goud 
[18]. In a vertical annular micro-channel with a radial magnetic field, B.K. Jha and Babatunde Aina investigate the effect 
of an induced magnetic field on magnetohydrodynamic (MHD) natural convection flow. A discussion of Jumanne 
Mng'ang'a [20] is found in Effect of chemical reaction and joule heating on MHD generalized couette flow between two 
parallel vertical porous plates with induced magnetic field and Newtonian heating/cooling. 

In this paper, we have studied the laminar convection flow of a viscous electrically conducting incompressible fluid 
between two parallel plates in presence of a uniform inclined magnetic field at constant temperature gradient. Magnetic field 
is applied in the direction making an angle θ to the vertical line and field is strong enough to induce another field along the 
line of flow. In almost all the previous such kind of studies, the inclination of the applied magnetic field and heat dissipation 
due to porosity of the medium are ignored, so we have considered those along with the effect of induced magnetic field. The 
aim of this paper is to make computational study and analysis of velocity field, induced magnetic field, temperature field at 
the plates for different values of non-dimensional physical quantities such as Hartmann Number, Darcy number, Magnetic 
Reynolds number, Prandtl number and the field inclination λ(=cos θ). The problem has its significant in numerous 
applications, including the extrusion of polymers in the production of nylon and rayon, the pulp and textile industries, in 
power technology, in petroleum industry on purification of crude oil, solid fuel rocket nozzles used in guided missile system, 
flow of polymer solutions in industry, construction of wet-bulb thermometer, and in many other engineering and industrial 
fields. When such a conducting fluid flows in presence of a magnetic field, the flow is influenced not only by the applied 
magnetic field but also the induced magnetic field. There are interactions among the conducting fluid particles with the 
magnetic flux that in turn modifies the flow pattern, flow properties, and the heat transfer. It is also possible to control 
effectively the flow by adjusting the magnitude and direction of the applied magnetic field applied. Understanding the 
dynamics of such kind of flow, may be a help in controlling technology involving MHD flow and devices, such as MHD 
power generator, thermonuclear power devices including industrial, geophysical, astronomical, and in variety of geophysical 
and geothermal settings. 

 
MATHEMATICAL ANALYSIS 

In the horizontal direction, we have studied a laminar convection flow of an electrically conducting viscous 
incompressible fluid between two porous parallel plates (Fig. 1); the X-axis is taken horizontally along the fluid motion, 
and the Y-axis is perpendicular to it. Allowing a uniform magnetic field B0 to be applied in a direction that forms an angle 
with the vertical line, this will cause B to induce another magnetic field along the fluid’s motion. 

 
Figure 1. Physical Model of the Problem. 

The distance between the plates is ‘2h’. The plates are maintained at constant temperature gradient (Г /h). We 
considered the plate temperature Tw as Tw = T0 + (Г /h) x, where, T0 is the temperature at the origin. The fluid temperature 
is assumed to be vary along vertical direction while temperature gradient is supposed to be constant along horizontal 
direction. Let u be the fluid velocity along X-axis, therefore the fluid velocity, magnetic field and induced magnetic field 
are {u(y), v0, 0}, {B0(√1 − 𝜆ଶ), B0(𝜆), 0} and {B(y), 0, 0} respectively. 

The investigation is carried out on the following basic assumptions, 
• Hall effects and polarization effects are neglected. 
• The fluid moves with the uniform velocity so that all the physical variables are assumed to be time 

independent. 
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The governing equations representing flow are as follows: 

 డ௨డ௫ = 0, (1) 

 𝜗 ቀడమ௨డ௬మቁ − 𝑣଴ ቀడ௨డ௬ቁ + ቀ஻బఒఘఓ೐ቁ ቀడ஻డ௬ቁ − 𝑘଴ − ణ௞భ 𝑢 = 0, (2) 

 𝜗௠ ቀడమ஻డ௬మቁ − 𝑣଴ ቀడ஻డ௬ቁ + 𝐵଴𝜆 ቀడ௨డ௬ቁ = 0, (3) 

 𝜌𝐶௣ ቀ𝑢 డ்డ௫ + 𝑣଴ డ்డ௬ቁ = 𝑘 డమ்డ௬మ + 𝜌𝜗 ቀడ௨డ௬ቁଶ + ൤ ଵఙఓ೐మ ቀడ஻డ௬ቁଶ൨ + ఓ௞భ 𝑢ଶ = 0. (4) 

Where k0 is constant. 
The boundary conditions associated with physics of the problem are  

u=0, B=0, T=Tw at 𝑦 = ±ℎ.    (5) 

Equations (2)-(4) can be converted to a system of non-linear ordinary differential equations via the similarity 
variables, 

 𝑥∗ = ௫௛ ,𝑦∗ = ௬௛ ,𝑢∗ = ௨௛ఈ ,𝜙 = ቀ்ೢ ି்Г ቁ ,𝐵∗ =  ቀ ஻஻బቁ.  (6) 

After removing asterisks, the transformed equations are 

  డమ௨డ௬మ − 𝑅𝑒 డ௨డ௬ + ெమఒோ೘ డ஻డ௬ − 𝑘଴ − ଵ஽௔ 𝑢 = 0, (7) 

 డమ஻డ௬మ − 𝑅𝑒 డ஻డ௬ + 𝜆𝑅௠ డ௨డ௬ = 0, (8) 

 డమ థడ௬మ − 𝑃𝑟[𝑅𝑒 డ థడ௬ + 𝐸{ቀడ௨డ௬ቁଶ + ெమோ೘మ ቀడ஻డ௬ቁଶ + ଵ஽௔ 𝑢ଶ}] − 𝐾𝑢 = 0. (9) 

It is notable that the continuity equation (1) is identically satisfied i.e. the proposed velocity is suitable with the 
continuity equation. 

The boundary conditions (5) in terms of the similarity variables (6) becomes 

u=0, B=0, φ=0 at 𝑦 = ±1.     (10) 

 
SOLUTIONS OF THE EQUATIONS 

In this paper, solutions of the nonlinear coupled equations (7)-(9) subject to the boundary conditions (10) are solved 
by using “MATLAB built-in bvp4c solver technique” for different values of physical parameters. Therefore, we have 
transformed the ordinary differential equations into a set of first order differential equations as given below: 

Let,  
 u = y(1),  u' = y(2), B = y(3),   B' = y(4),    φ= y(5),   φ' = y(6). (11) 
The transformed first order differential equations are 

 𝑦ᇱሺ2ሻ = 𝑅𝑒 ∗ 𝑦ሺ2ሻ − ெమఒோ೘ ∗ 𝑦ሺ4ሻ + 𝑘଴ + ଵ஽௔ ∗ 𝑦(1), (12) 

 𝑦ᇱ(4) = 𝑅𝑒 ∗ 𝑦(4) − 𝜆 ∗ 𝑅௠ ∗ 𝑦(2), (13) 

 𝑦ᇱ(6) = Pr [𝑅𝑒 ∗ 𝑦(6) + 𝐸{𝑦(2)ଶ + ெమோ೘మ ∗ 𝑦(4)ଶ + ଵ஽௔ 𝑦(1)ଶ + 𝐾 ∗ 𝑦(1). (14) 

The transformed boundary conditions are: 

 𝑦0(1) − 0,   𝑦0(3) − 0, 𝑦0(5) − 0, 𝑦1(1) − 0, 𝑦1(3) − 0, 𝑦1(5) − 0. (15) 
 

RESULTS AND DISCUSSIONS 
In order to get the physical insight of the problem, the non-dimensional physical quantities representing velocity field 

(u), induced magnetic field (B) and temperature field (φ) are computed for different values of the other parameters such as 
Hartmann Number (M), Magnetic Reynolds Number (Rm), Darcy Number (Da), Prandtl Number (Pr), and inclination of the 
field λ(=cos θ). The effect of these different parameters is shown and analysed graphically in the Figures (2-13).  
 

Velocity Profiles 
Figures 2–5 present the variation of the u with λ, Da, M and Rm respectively. The nature of variation within the 

channel from lower to upper plate are in almost parabolic shape. Figure 2 elucidates the effect inclination of the applied 
field 𝜆 on u; at a point within the channel, with the rise λ (from 0.1 to 1.0) i.e. as the field inclined more and more towards 
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vertical, u increases gradually. This is because of decrease of magnetic drag force acting on the flow as the field shifted 
towards vertical from horizontal. Figure 3 show that the variation of u for different values of Da where with the increase 
of Da, fluid velocity (u) decreases within the channel. Figure 4 shows velocity distribution with respect to M; with the 
increase of M maintaining Rm fixed (≅1.0), u increases. Figure 5 shows the effect of Rm on fluid velocity u; with increase 
of with Rm, fluid velocity decreases significantly. This is due to the force, called Lorentz force, which causes reduction in 
the fluid velocity. 

  
Figure 2. Variation of u with λ 

for Re=1.5; M=3.5; Rm=1.0; Da=1.0 
Figure 3. Variation of u with Da 
for Re=1.5; M=3.5; Rm=1; λ=1 

  
Figure 4. Variation of u with M 

for; Re=1.5; Rm=1.0; Da=1.0 
Figure 5. Variation of u with Rm 

for Re=1.5; M=3.5; Da=1.0; λ=1.0 
 

Induced Magnetic field profiles 
Figure 7 presents distribution of induced magnetic field (B) within the channel for different values of λ; Within the 

channel, from lower to upper plate, the variation of B seems to be sinusoidal where the magnitude of B increases as it 
inclined more and more towards vertical i.e. field inclination has an effect on generation of induced magnetic field. Figure 
8 presents distribution of B within the channel for different values of Rm; with the increase of Rm the magnitude of B also 
increases within the channel.  

  
Figure 7. Variation of B with λ 

for Re=1.5; M=3.5; Rm=1.0 
Figure 8. Variation of B with Rm 

for Re=1.5; λ=1.0; M=3.5 
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Temperature profiles 
Figure 9-13 each of them illustrates the variation of temperature profile (φ) with Da, M, Rm, K and Pr respectively, 

which are also seen to be almost parabolic shape within the channel form lower to upper plate. Figure 9 elucidates the 
temperature profile (φ) within the channel for various values of Da, φ increases with the rise of Da. There is an increase 
in the temperature profile across the wall as the Darcy number increases. This is because of the increased permeability of 
the material; the convective mode becomes stronger as the Darcy number rises. The rate of variation of fluid temperature 
(φ) is more in upper half than the lower one within the channel. Figure 10 depicts the temperature profile with M, it is 
seen that, an increases of Hartman M leads to a decrease in the temperature profile. Figure 11 shows the variation of 
temperature with Rm. It is observed that with rises of Rm, fluid temperature (φ) increases. Figure 12 shows the variation 
of temperature profiles (φ) within the channel for various values of K; (φ) increases with the rise of K. The rate of variation 
of fluid temperature (φ) is more in upper half than the lower one within the channel. Figure 13 shows that the impact of 
Pr on temperature profile (φ); fluid temperature decreases with the increase of Pr.  

  

Figure 9. Variation of φ 
with Da for M=1.5; K=1.5; Pr=0.71; Rm=1.0 

Figure 10. Variation of φ 
with M for Pr=0.71; Da=1.0; Rm=1; K=1.5 

  
Figure 11. Variation of φ 

with Rm for Pr=0.71; Da=1; M=3.5;  K=1.5 
Figure 12. Variation of φ 

with K for Pr=0.71; Da=1.0; Rm=1.0; M=1.5 

 
Figure 13. Variation of φ 

with Pr for Da=1.0; Rm=1.0; K=1.5; M=1.5 
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CONCLUSIONS 
We have studied the effect of magnetic field inclination under the action of induced magnetic field on laminar 

convection flow of a viscous electrically conducting incompressible fluid between two parallel porous plates at constant 
temperature gradient. From above results  and discussion, it can be concluded that fluid velocity increases with rise of  
field inclination of the applied magnetic field from horizontal to vertical. Induced magnetic field  and permeability of the  
medium have influence on fluid velocity, fluid temperature as well. Fluid velocity decreases with the increase of the Darcy 
number and magnetic Reynold number. In the present physical setup of the problem, within the channel the induced field 
varies sinusoidally from lower to upper plate; magnitude of which increases with the rise of field inclination from 
horizontal to vertical. Medium permeability and induced magnetic field affects the fluid temperature significantly. Fluid 
temperature increases with the increase of the medium Permeability, Magnetic Reynolds number and the temperature 
gradient but decreases with the rise of Hartmann number and Prandtl number. Such kind of hydrodynamic behaviour often 
occurs in a fluid motion where a conducting fluid flows in presence of magnetic field that induces another field where 
working velocity, temperature and other flow parameters may be manageable by adjusting the magnitude and direction 
of the applied magnetic field. The results have relevance in the  applications advent of technology that involves MHD 
flow system and devices such as MHD power generator, thermonuclear power devices, in petroleum industry, on 
purification of crude oil, solid fuel rocket nozzles used in guided missile system, flow of polymer solutions in industry 
(in case of extrusion of polymers in the production of nylon and rayon), construction of wet-bulb thermometer, and in 
many such fluid flow relating to engineering and industrial fields. 
 

Nomenclature 𝜗 = 𝜇𝜌 , Kinematic viscosity; డథడ௫ = 𝐾, Temperature gradient. 𝑅𝑒 = (௩బ௛ణ ), Reynolds number; 𝑀 = 𝐵଴ℎට ఙఘణ, Magnetic parameter 𝑃𝑟 = (ణఈ), Prandtl number, 𝑅௠ = (𝛼𝜇௘𝜎), Magnetic Reynolds number; 𝐸 = ఈమГ௖೛௛మ, Eckert number; 𝜗௠ = ଵ(ఙఓ೐), Magnetic diffusivity. 𝐷𝑎 = ௞భ௛మ  , Darcy number;  
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ВПЛИВ ІНДУКОВАНОГО МАГНІТНОГО ПОЛЯ НА МГД ПОТІК МІЖ ДВОМА ПАРАЛЕЛЬНИМИ ПОРИСТИМИ 

ПЛАСТИНАМИ ПРИ НАЯВНОСТІ ПОСТІЙНОГО ГРАДІЄНТА ТЕМПЕРАТУРИ 
НАХИЛЕНОГО МАГНІТНОГО ПОЛЯ 

Канкана Рабхаa, Салім Джабед Аль-Хаєрa, Шьяманта Чакрабортіb 
aКафедра математики, Університет Гаухаті, Гувахаті, Ассам, Індія 

bUGC-HRDC, Університет Гаухаті, Гувахаті, Ассам, Індія 
Досліджено вплив індукованого магнітного поля на ламінарну конвекцію в’язкої електропровідної нестисливої рідини між 
двома паралельними пористими пластинами при постійному градієнті температури за наявності однорідного похилого 
магнітного поля. Кут (θ) утворюється з вертикальною лінією шляхом застосування магнітного поля в цьому напрямку, і поле 
є достатньо сильним, щоб індукувати інше поле вздовж лінії потоку. За допомогою належних перетворень подібності рівняння 
потоку перетворюються на звичайні диференціальні рівняння, які потім чисельно розв’язуються за допомогою розв’язувача 
bvp4c MATLAB. Побудова графіків дозволяє досліджувати вплив кількох критичних параметрів, таких як число Гартмана, 
число Дарсі, магнітне число Рейнольдса, число Прандтля та нахил поля на поле швидкості, індуковане магнітне поле, 
температурне поле на пластинах. Отримані результати демонструють, що на систему течії ефективно впливають нахил поля, 
індуковане магнітне поле та пористість пластини. Підвищення нахилу поля призводить до збільшення сили магнітного опору. 
Ключові слова: індуковане магнітне поле; вільна конвекція; плита пористого типу; МГД; температурний градієнт 
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A study to look at how heat and mass transfer affect unsteady MHD flow across an accelerated plate with changing
temperature and mass diffusion in the appearance of a heat source (or sink) through porous medium is presented.
Initially the temperature and concentration of the fluid and plate are considered to be same at t′ ≤ 0. At t′ > 0,
an impulsive uniform acceleration A is applied to the plate in a vertical upward direction. The non-dimensionalised
governing equations defining the flow problem are solved using Laplace transform approach. Effect of various physical
quantities involved in the velocity, concentration, temperature, the rate of heat transfer and also the rate of mass transfer
are investigated through graphs and tables and discussed.

Keywords: Heat transfer; Mass transfer; Accelerated plate; Porous medium; Laplace Transform

PACS: 44.30.+v, 44.05.+e, 66.10.cd, 47.11.-j

1. INTRODUCTION

In nature, the action of mass and heat transfer inside a fluid occurs because of the concentration differences
and temperature differences. The outcome of heat and mass transfer on MHD fluid has drawn the attraction
of numerous researchers due to its diverse applications . Many reserchers have carried out numerious studies
in this field under various flow situation. Heat and mass transmission play crucial role in many different fields
including pump, compressor, steam-electric power generation, automobiles, power plant, gas turbine, energy
utilization, food processing, etc. MHD effect on an impulsively begun perpendicular unbounded plate with
uncertain temperature in the appearance of a transverse magnetic field were investigated by Soundalgekar et al
[12]. Soundalgekar et al. [11] also examined how the mass transfer can effect on the flow of an incompressible,
electrically conducting fluid past an impulsively begun unbounded isothermal vertical plate for a transversely
applied magnetic field. Kumar et al. [8] studied the impact of an impulsive motion on the growth of two-
dimensional boundary layer having applied magnetic field. Variations in mixed convection on an isothermal
perpendicular plate due to radiation have been taken into account by Hossain and Takhar [5]. The stationary
vertical plate was taken into account in all of the investigations above. The effects of MHD and radiation along a
moving, isothermal perpendicular plate with variable mass diffusion have been explored by Muthucumaraswamy
et al. [9]. The impacts of heat radiation and free convection flow through a moving perpendicular plate were
investigated by Raptis and Perdikis [10]. Das et al. [4] have explored the impact of radiation on flow past an
abruptly began unbounded isothermal perpendicular plate.
The thermal diffusion effect on MHD free convection and mass transfer flows have been examined by Alam
and Sattar [3]. Jha and Singh [6] conducted research on the content of thermal-diffusion effects (mass diffusion
caused by temperature differential). The thermal-diffusion effect on impulsively started perpendicular porous
plates, changeable MHD free convection, and also mass transfer flow was examined by Alam et al. [1]. Alam
et al [2] investigated coupled free convection and mass transfer flow and thermal diffusion in porous medium
through a perpendicular plate. The impacts of heat radiation and diffusion on MHD flow via a perpendicular
plate with varying temperature and mass diffusion were investigated by Rajesh and Varma [13]. The effects
of radiation and thermal diffusion on changeable MHD flow through porous media having inconsistent mass
diffusion and changing temperature were studied by Kumar and Varma [14]. Khan et al. [15] examine the
combined impacts of heat and mass transport on the free convection, unstable magnetohydrodynamic flow of
viscous fluid immersed in a porous media. They found that with the increasing values of Prandtl number,
the fluid concentration rises. The impacts of radiation and thermal diffusion on changeable MHD flow via
a vertically accelerated porous plate with changeable temperature and changeable mass diffusion while being
affected by an applied transverse magnetic field, when a heat source or sink is present are investigated by
Ramana Reddy et al. [16]. Thermal Stratification’s impact on the flow through an infinite vertical plate was
studied by Nath et al. [18]. Kalita et al. [19] examined the effect of thermal stratification on the flow passing
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an accelerated plate with changeable temperature. Kumar et al. [20] studied how mass stratification effects the
unsteady flow while passing an accelerated plate with variable temperature..
Motivated from the study of the above discussions the current objective is to understand the effect of heat and
mass transfer in the presence of a heat source or sink through a porous media on changeable MHD flow past an
accelerating plate with varying temperature and mass diffusion. Laplace transform approach is used to derived
the solution. The Sherwood and Nusselt numbers are derived. The found answer is represented in respects of
complementary error functions and exponential functions.

2. MATHEMATICAL FORMULATION

We consider the unstable laminar free convection flow of an incompressible viscous fluid past a plate that is
propelled impulsively and has variable mass diffusion and temperature. Also the fluid is electrically conducting
fluid. Here, the plate is taken vertically upward along the x’-axis, and the y’-axis is considered perpendicular
with respect to plate. It is considered that the fluid and plate are initially at the same concentration C ′

∞ and
temperature T ′

∞ at t′ ≤ 0. At t′ > 0, an impulsive uniform acceleration A is applied to the plate in a vertical
upward direction. Both the temperature level and concentration level are raised from T ′

∞ and C ′
∞ to T ′

w and C ′
w

respectively . The viscous dissipation is regarded as insignificant. Also the induced magnetic field is considered
insignificant. With the standard Boussinesq’s approximation under this supposition, the governing equations
are:

∂u
′

∂t′
= gβ(T

′
− T

′

∞)− σβ2
0u

′

ρ
+ gβ∗(C

′
− C

′

∞) + ν
∂2u

′

∂y′2
− ν

u
′

K ′ (1)

ρCp
∂T

′

∂t′
= κ

∂2T
′

∂y′2
− ∂qr

∂y′ +Q
′
(T

′

∞ − T
′
) (2)

∂C
′

∂t′
= D

∂2C
′

∂y′2
+D1(

∂2T
′

∂y′2
) (3)

with the folowing initial and boundary conditions

t
′
≤ 0 : u

′
= 0, T

′
= T

′

∞, C
′
= C

′

∞, for all y
′

t
′
> 0 : u

′
= At

′
, T

′
= T

′

∞ + (T
′

w − T
′

∞)Bt
′
, C

′
= C

′

∞ + (C
′

w − C
′

∞)Bt
′

at y
′
= 0

u
′
= 0, T

′
→ T

′

α, C
′
→ C

′

∞ as y
′
→ ∞ (4)

where B =
u2
0

v and A → uniform acceleration of the plate.

Using the Roseland approximation, the radioactive heat flux term of an optically very thin fluid is made
simpler.

qr = −4σ∗

3k′
∂T

′4

∂y′
(5)

It is assumed that T ′4 may be represented as a linear function of temperature and that the temperature
differences inside the flow are suitably modest. This is achieved by disregarding the higher order terms and
expanding T ′4 in a Taylor series up to T ′

∞, thus we get

T
′4 ∼= 4T

′3
∞T

′
− 3T

′4
∞ (6)

With the help equations (5) and (6), from equation (2) we have

ρCp

κ

∂T ′

∂t′
=

∂2T ′

∂y′2
(1 +

16σ∗T
′3
∞

3κk′
) +

Q′

κ
(T ′

∞ − T ′) (7)

On defining the following dimensionless variables:

u =
u′

(Aν)
1
3

, t = t′(
A2

ν
)

1
3

, y = y′(
A

ν2
)

1
3

, C =
C

′ − C
′

∞
C ′

w − C ′
∞
, θ =

T
′ − T

′

∞
T ′
w − T ′

∞
,

P r = µ
Cp

κ
, Gr =

gβ(T ′
w − T ′

∞)

A
, M2 =

σβ2
0ν

1
3

ρA
2
3

, Gm =
gβ∗(C ′

w − C ′
∞)

A
,
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Sc =
ν

D
, K =

K ′A
2
3

ν
4
3

, R =
16σ∗T

′3
∞

3κk′
, S0 =

D1(T
′

w − T
′

∞)

ν(C ′
w − C ′

∞)
, H =

Q′

κ

(
ν2

A

) 2
3

(8)

we get the follwoing dimensionless governing equation:

∂u

∂t
=

∂2u

∂y2
+Grθ +GmC − Zu (9)

∂θ

∂t
=

(1 +R)

Pr

∂2θ

∂y2
− Hθ

Pr
(10)

∂C

∂t
=

1

Sc

∂2C

∂y2
+ S0

∂2θ

∂y2
(11)

and the relevant corresponding initial and boundary conditions are:

t ≤ 0 : u = 0, θ = 0, C = 0 for all y

t > 0; u = t, θ = t, C = t at y = 0

u → 0, θ → 0, C → 0 as y → ∞ (12)

Here the non-dimensional velocity, concentration, temperature and time are denoted by u, C, θ and t respec-
tively. Cp → specific heat at constant pressure, β

′
and β → concentration and thermal expansion coefficients

respectively, D is chemical mass diffusivity, D1 → coefficient of thermal diffusivity, ρ → fluid density, β0 →
magnetic induction, µ → coefficient of viscosity, ν is the kinematic viscosity, R → Radiation parameter, Gr →
Thermal Grashof number, Gm → Mass Grashof number, M → magnetic field parameter, Pr → Prandtl number,
Sc → Schmidt number, S0 → Soret number, K → permeability parameter, H → Heat source parameter.

3. ANALYTICAL SOLUTION

Solutions of the non-dimensional governing equations (9), (10) and (11) with regard to the boundary
condition (12) are solved using Laplace transform approach. We attained solutions as :
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where
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A8 =
Gm[(1 +R)j(Y (Sc− 1) + bPrZ) + bY (j(Sc− 1)− Z)]

jY Z2(1 +R)

NUSSELT NUMBER

From temperature profile (13), the change rate of heat transfer is obtained as
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SHERWOOD NUMBER

From concentration profile (14), the change rate of mass transfer is obtained as
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4. RESULTS AND DISCUSSION

To examine the physical behaviour related to the problems, figures and tables are presented for velocity (u),
temperature (θ) , concentration (C), Nusselt number (Nu), and Sherwood number (Sh), illustrating the results
of numerous parameters involved in the problems. Figure (1) demonstrate how a magnetic field parameter
affects fluid velocity. We have seen that when the magnetic parameter M increases, the velocity drops. It is
due to the result of application of transverse magnetic fileds, a drag-like resistive force is created that tends
to impede the flow of the fluid, reducing its velocity. Figure (2) and (3) are used to illustrate graphically how
temperature and mass Grashof numbers (Gr and Gm) affect the velocity field. The fluid velocity increases as
the thermal Grashof number or mass Grashof number increases when all other parameters remain constant.
Figure (4) shows how the velocity field is affected by the thermal-diffusion parameter (S0). As the Soret number
rises, the velocity rises as well. To investigate the impact of permeability parameter K, Figure (5) is sketched.
It is discovered that the velocity grows as K is raised. From Figure (6), it can be found that when the radiation
parameter (R) increases, the velocity rises up to a specific y value (distance from the plate), after which it falls
off in the event that the plate cools. Figure (7) reveals how the velocity decreases as the heat source parameter
(H) is increased. The radiation parameter (R) and heat source parameter (H) have a significant impact on
the flow field’s temperature. Figure (8) illustrates how these characteristics affect the flow field’s temperature.
The temperature of the boundary layer rises as radiation parameter increases and temperature falls with the
increase of heat source parameter.

Figure (9) reveals that as the Soret number S0 is increased, the concentration profiles rise. It can be seen
from Figure (10) that as the Schmidt number rises, the concentration field decreases. From figure (11) it is
revealed that the greater the values of radiation parameter the concentration decreases. From Figure (12), we
can see that the greater the values of the Prandtl number Pr, the fluid concentration rises.

It is cleared from Table (1) that Nusselt number rises with rising Prandtl number Pr values, but falls with
rising radiation parameter values. It is evident from Table (2) that Sherwood number rises as Sc rises, while
the pattern is the opposite for high values of Pr and S0.

5. CONCLUSION

We looked at how heat and mass transfer affected an accelerating plate with changing temperature and
mass diffusion when there was a heat source or sink present through a porous medium. Based on the results
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Figure 1. Effect of various M on Velocity profile
with S0 = 5, Sc = 2.01, Gm = 1, Pr = 0.71, Gr =
1, K = 0.5, R = 2, H = 8, t = 1 and Sc = 2.01.

Figure 2. Effect of various Gr on velocity profile
with Sc = 2.01, S0 = 5, Pr = 0.71, K = 0.5, Gm =
5, H = 2, t = 0.4, Sc = 2.01, R = 2 and M = 2.

Figure 3. Effect of various Gm on velocity profile
with S0 = 5, Pr = 0.71, H = 2, K = 0.5, t = 0.4,
Sc = 2.01, M = 2, R = 2 and Gr = 5.

Figure 4. Effect of various S0 on velocity profile
with Pr = 0.71, Gm = 5, Gr = 5, K = 0.5, Sc =
2.01, H = 5, t = 1, R = 2 and M = 2.

Figure 5. Effect of various K on velocity profile
with S0=5, Sc = 2.01, Gm = 5, H = 2, Pr = 0.71,
t = 0.4, M = 2, R = 2 and Gr = 5.

Figure 6. Effect of various R on velocity profile
with S0 = 5, Pr = 0.71, Gm = 5, Gr = 5, K = 0.5,
Sc = 2.01, H = 5, t = 0.2 and M = 2.
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Figure 7. Effect of various H on velocity profile
with S0=5, Sc = 2.01, Gm = 5, K = 0.5, Pr =
0.71, t = 0.4, M = 2, R = 5 and Gr = 5.

Figure 8. Effects of R and H on temperature

Figure 9. Effect of S0 on concentration with Pr =
0.71, t = 1, R = 0.4, H = 1 and Sc = 0.3.

Figure 10. Effect of Sc on concentration with
S0 = 0.4, Pr = 0.71, R = 0.4, H = 1 and t = 1.

Figure 11. Effect of R on concentration with S0 =
5, H = 1, t = 0.2, Pr = 0.71 and Sc = 2.01.

Figure 12. Concentration profiles for various Pr
with S0 = 0.9, R = 2, H = 1, t = 1 and Sc = 1.

of our current investigation and graphical analysis, as the values of K and Gr grows, the velocity rises but it
decreases as M increases. The temperature inside the boundary layer increases with rising value of radiation
parameter. The concentration grows with rising value of S0 and Pr, whereas it falls when Sc is increased.
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Table 1. The impact of different parameters on Nusselt number with H = 1, t = 1.

Pr R Nu

0.71 0.2 1.2277
1 0.2 1.4018
0.71 0.4 1.0545

Table 2. The impact of different parameters on Sherwood number with R = 0.1, H = 2 and t = 1.

Pr Sc So Sh

0.71 0.6 1 0.3371
1 0.6 1 0.2745
0.71 1 1 0.594
0.71 1 2 0.0596
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ÒÅÏËÎ- ÒÀ ÌÀÑÎÏÅÐÅÍÎÑ ÏÐÈ ÐÓÕÓ ÏÎÒÎÊÓ ÏÎÂÇ ÏÐÈÑÊÎÐÅÍÓ ÏËÀÑÒÈÍÓ
×ÅÐÅÇ ÏÎÐÈÑÒÅ ÑÅÐÅÄÎÂÈÙÅ ÇI ÇÌIÍÍÎÞ ÒÅÌÏÅÐÀÒÓÐÎÞ ÒÀ
ÌÀÑÎÄÈÔÓÇI�Þ ÇÀ ÍÀßÂÍÎÑÒI ÄÆÅÐÅËÀ/ÏÎÃËÈÍÀ×À ÒÅÏËÀ

Ðàêåø Ðàáõà, Ðóäðà Êàíòà Äåêà
Ôàêóëüòåò ìàòåìàòèêè, Óíiâåðñèòåò Ãàóõàòi, Ãóâàõàòi-781014, Àññàì

Ïðåäñòàâëåíî äîñëiäæåííÿ âïëèâó ÿê òåïëî- òà ìàñîîáìiíó íà íåñòàöiîíàðíèé ÌÃÄ-ïîòiê ÷åðåç ïðèñêîðåíó ïëà-
ñòèíó çi çìiíîþ òåìïåðàòóðè òà äèôóçi¨ ìàñè ó âèãëÿäi äæåðåëà (àáî ïîãëèíà÷à) òåïëà ÷åðåç ïîðèñòå ñåðåäîâèùå.
Ñïî÷àòêó òåìïåðàòóðà òà êîíöåíòðàöiÿ ðiäèíè òà ïëàñòèíè ââàæàþòüñÿ îäíàêîâèìè ïðè t′ ≤ 0. Ïðè t′ > 0 äî
ïëàñòèíè ïðèêëàäà¹òüñÿ iìïóëüñíå ðiâíîìiðíå ïðèñêîðåííÿ A ó âåðòèêàëüíîìó íàïðÿìêó âãîðó. Áåçðîçìiðíi êå-
ðiâíi ðiâíÿííÿ, ùî âèçíà÷àþòü ïðîáëåìó ïîòîêó, âèðiøóþòüñÿ çà äîïîìîãîþ ïåðåòâîðåííÿ Ëàïëàñà. Âïëèâ ðiçíèõ
ôiçè÷íèõ âåëè÷èí, ïîâ'ÿçàíèõ iç øâèäêiñòþ, êîíöåíòðàöi¹þ, òåìïåðàòóðîþ, øâèäêiñòþ òåïëîïåðåäà÷i, à òàêîæ
øâèäêiñòþ ìàñîïåðåíîñó, äîñëiäæó¹òüñÿ çà äîïîìîãîþ ãðàôiêiâ i òàáëèöü i îáãîâîðþ¹òüñÿ.
Êëþ÷îâi ñëîâà: òåïëîïåðåäà÷à; ìàñîîáìií; ïðèñêîðåíà ïëàñòèíà; ïîðèñòå ñåðåäîâèùå; ïåðåòâîðåííÿ Ëàïëàñà
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In this study, La1-xBixFeO3 (x=0.0, 0.2, 0.4, and 0.6) perovskite nanoparticles were synthesized by a modified Pechini method. Rigorous 
analysis through XRD and SEM/EDX confirmed the absence of secondary phases in both pure and Bi-substituted LaFeO3 samples, 
indicating the formation of a single-phase perovskite. SEM images revealed the quasi-spherical shape of the particles. The 
photocatalytic activity of La1-xBixFeO3 (x=0.0, 0.2, 0.4, and 0.6) was evaluated by the degradation of ortho-Toluidine Blue under visible 
light irradiation, indicating that La0.8Bi0.2FeO3 exhibited excellent photocatalytic activity. The overall removal rate of o-Toluidine Blue 
reached 90.09% after visible light irradiation lasting for 60 min. We attribute this heightened photocatalytic activity to the grain size 
and optical properties of prepared sample. Consequently, the La0.8Bi0.2FeO3 can be considered as a very promising photocatalyst in 
future industrial application to treat effectively wastewater of dyes. 
Keywords: La1-xBixFeO3; Ortho-Toluidine Blue dye; Modified Pechini method; Visible-light photocatalysis; Wastewater treatment 
PACS: 81.20.Ka, 81.16.Hc, 89.60.-k 

INTRODUCTION 
The rapid expansion of urbanization and industrialization, coupled with soaring global population growth, has 

significantly exacerbated the issue of water pollution [1]. Approximately 1.2 billion people worldwide, particularly in 
developing nations, grapple with the alarming consequences of water contamination, which extend far beyond 
environmental degradation [2]. Water pollutants pose a grave threat to human health, contributing to respiratory disorders, 
dermatitis, asthma, mutagenicity, and even cancer and other diseases [2-7]. This dire scenario underscores the need for 
innovative and effective wastewater treatment technologies. Dye wastewater is one of the most difficult degradable 
industrial wastewater, due to its variety, complicated organic composition and poor biochemical degradability, even 
including toxic ingredients which can weaken the microbial mineralization of organic pollutants and lead to the 
destruction of water ecological system[8]. Effective wastewater treatment plays a pivotal role in safeguarding public 
health and the environment. This vital process involves the removal of contaminants and pollutants from wastewater, 
rendering it suitable for safe discharge into the ecosystem or potential reuse. However, the complexity and scale of this 
challenge have prompted the exploration of innovative, sustainable solutions [9]. 

In recent years, photocatalytic technologies have emerged as promising strategies for advanced wastewater treatment 
[10-12]. These methods harnesses the power of photocatalysts, typically semiconducting materials, to accelerate the 
degradation of both organic and inorganic pollutants when exposed to light irradiation. Semiconductor photocatalysis, in 
particular, has attracted considerable attention due to its cost-effectiveness, non-toxicity, high chemical and thermal 
stability, and eco-friendly nature [13,14]. Traditional semiconductor photocatalysts, like TiO2 [15, 16], ZnO [15, 17], and 
SnO2[18], have been extensively employed in photocatalysis due to their affordability, stability, and low environmental 
impact. However, their limited ability to utilize solar energy, primarily in the UV range, has driven the exploration of 
narrow band gap semiconductors, which can absorb a broader spectrum of solar radiation, especially in the visible light 
region [19]. 

Perovskite materials, have emerged as a compelling class of narrow band gap semiconductors for photocatalytic 
applications [20]. Their unique structural characteristics and synthesis processes significantly influence their 
photocatalytic efficiency, making them versatile for diverse applications, including gas sensing [21], water splitting [22], 
and the photocatalytic degradation of organic pollutants [23, 24]. Among the narrow band gap semiconductors, LaFeO3 
stands out as a promising photocatalyst, with several studies emphasizing its synthesis and efficacy in the 
photodegradation of organic dyes under visible light irradiation [25-28]. LaFeO3, with a narrow band gap of only 2.0 eV, 
exhibits exceptional potential for utilizing visible light from the solar spectrum, rendering it highly suitable for 
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photocatalysis under sunlight [29]. Its outstanding photocatalytic properties have propelled LaFeO3 into the spotlight, 
attracting attention for its applications in water treatment. 

The catalytic performance of LaFeO3 perovskite in wastewater dye removal processes has been investigated. 
Thirumalairajan et al. [30] studied the catalytic activity of the LaFeO3 microsphere to degrade Rhodamine B (RhB), 
whereas Deng et al. [31] studied its adsorption behaviour for RhB. On another hand, Mocwana et al. [32] studied the 
activity of the lanthanum ferrite using the photocatalytic degradation of ortho-toluidine blue (o-TB) under visible light. 
To further enhance the photocatalytic performance of LaFeO3, modification strategies, such as doping with various 
elements, have been widely explored [33]. In this context, Cu-doped LaFeO3 catalysts have demonstrated remarkable 
efficiency in the decolorization of both cationic and anionic dyes under visible light irradiation [34]. Also, experiments 
of radical trapping in Sr-doped porous LaFeO3 samples reveal that •OH species are dominant intermediate oxidants 
involved in the oxidation of 2,4-DCP and RhB over the optimized sample [35]. 

The visible light-driven degradation of o-Toluidine Blue (o-TB) will be the focus of this investigation, shedding 
light on the potential of Bi-substituted LaFeO3 perovskite photocatalysis in addressing these pressing challenges. 
Photocatalysis can be used to degrade or break down certain organic compounds, including dyes like o-TB, that may be 
present in water and contribute to water pollution. The effect of photocatalysis on o-TB as a water dye may result in the 
degradation of the dye molecules, reducing its concentration in the water. This process can be effective in treating water 
contaminated with certain organic dyes, which are common pollutants in industrial wastewater. In this study, the 
structural, morphological, optical evaluation and photocatalytic performance of a series of La1−xBixFeO3 (x=0.0, 0.2, 0.4, 
and 0.6) would be emphatically discussed. 

 
EXPERIMENTAL 

Material Preparation 
The technique of modified Pechini method was employed for the synthesis of Bismuth-doped Lanthanum ferrite 

La1-xBixFeO3. Specifically, precise amounts of Lanthanum nitrate (La(NO3)3⋅6H2O, Sigma-Aldrich, ≥99.0%), Bismuth 
nitrate (Bi(NO3)3⋅5H2O, Sigma-Aldrich, ≥98.0%), and Ferric nitrate (Fe(NO3)3⋅9H2O, Sigma-Aldrich, ≥98.0%)were 
utilized as initial reagents to produce La1-xBixFeO3(x = 0, 0.2, 0.4, and 0.6). The raw materials were dissolved in 100 ml 
of double-distilled water to create a transparent solution, which was then evaporated at 60 °C while being continuously 
stirred using a magnetic stirrer. Additionally, nitric acid was incrementally introduced during the stirring process to 
regulate the pH. The solution was then supplemented with citric acid (Sigma-Aldrich, ≥98.0%), Ethylene Diamine Tetra 
Acetic acid (EDTA, Sigma-Aldrich, ≥98.0%), and ethylene glycol (Sigma-Aldrich, ≥98.0%), as well as other chemicals 
to create a brown precursor solution. The solution is then heated to 120 °C (10 °C/min) until it solidifies into a dry gel. 
The gel then turns into a puff as the temperature rises to 350 °C. The resulting puff was dried for 10 hours at 110 °C to 
produce a dark brown powder, and the soft powders were then calcined for 12 hours at 600 °C with a 5 °C/min rate. The 
light brown powder was then heated for 24 hours at 800 °C in the air using a tubular furnace (R 50/500/13 Nabertherm 
model). To obtain the phase, this operation is repeated twice (Fig. 1). 

 
Figure 1. Schematic representation of the elementary steps of La1-xBixFeO3 (x = 0.0,0.2, 0.4, 0.6) perovskite preparation 

using the modified Pechini method 

Material Characterization 
Phase identification and unit cell parameter determination were checked using powder X-ray diffraction (XRD) at 

room temperature. Powder X-ray diffraction (PXRD) patterns were recorded on a Proto AXRD Benchtop diffractometer 
in Bragg-Brentano θ-2θ-geometry with CuKα radiation (λ=1.5418 Å) operating at 30 kV and 20 mA. Regarding the 
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examination of the synthesized samples, their morphology was investigated utilizing a Thermo Scientific Quattro ESEM 
scanning electron microscope. Simultaneously, the compositions were analyzed using energy dispersive X-ray (EDX) 
spectroscopy, employing a Zeiss SmartEDX detector integrated into the Zeiss Evo15 Scanning Electron Microscope 
(SEM). This setup is designed for observing dry and conducting samples. In addition, Fourier transform infrared (FTIR) 
spectra were recorded in the range of 2000-450 cm-1 using an IR Spirit - Shimadzu Fourier transform infrared (FTIR) 
spectrometer. The as-synthesized powders were also analyzed using a Shimadzu UV-visible spectrometer, specifically 
the Shimadzu UV-1900. 

 
Photocatalytic Activity 

In this study, we investigate the photocatalytic degradation of o-TB in the presence of La1-xBixFeO3 (x = 0.0, 0.2, 
0.4, 0.6). The experimental work begins by adding 5 mg of the catalyst to a 5 ml o-TB solution. The prepared solution is 
made using distilled water at a concentration of 4x10-5mol/L. Following this, the solution is exposed to sunlight for 
varying durations (10, 20, 30, and 60 min) at room temperature and a neutral pH. On the other hand, the catalyst is 
separated through centrifugation, and a spectrophotometer (Shimadzu 1900 model) is used to detect absorbance values at 
629 nm. Furthermore, the calculation method for degradation efficiency is presented in the following equation: 

 degradation(%) = (େబିେ౪)େబ × 100. (1) 

Where C0is the concentration of o-TB solution at the reaction's beginning and Ct its concentration of pollutants at 
time t. 

 
RESULTS AND DISCUSSION 

Structural, Morphological and Elemental Analysis 
In Fig. 2, the X-Ray Powder Diffraction patterns of the pure and Bi3+-substituted LaFeO3samples are displayed. 

 
Figure 2. X-Ray powder diffraction pattern of La1-xBixFeO3 (a) x=0.0, (b) x=0.2 (c) x=0.4 and (d) x=0.6 

The Rietveld refinement method [36] has been used for structural analysis, and using the ReX is a powder diffraction 
software [37]. On the orthorhombic Pbnm (N° 62) space group, it is possible to refine all of the peaks of  La1-xBixFeO3(x = 
0.0, 0.2, 0.4, and 0.6) samples. The calculated lattice parameters, unit cell volume, refinement factors are summarized in 
Table 1, and the final Rietveld refinement plot is presented in Fig. 3. 
Table 1. Crystallographic parameters of La1-xBixFeO3 samples as obtained from Rietveld refinement 

Samples x=0.0 x=0.2 x=0.4 x=0.6 
Lattice parameters (Å):     
a 5.5561 5.5513 5.5577 5.5522 
b 5.5679 5.5695 5.5788 5.5905 
c 7.8428 7.8542 7.8438 7.8395 
Unit cell volume (Å3):     
V 242.62 242.84 243.20 243.33 
Fit goodness:     
Rp (%) 11.42 7.49 12.84 14.28 
Rwp (%) 17.39 12.81 17.96 20.40 

The absence of a second phase in the doped samples shows that the Bi3+ ions have completely dissolved into the 
host lattice by taking the place of the La3+. The La1-xBixFeO3 (0≤x≤0.6) unit cell volume is constant in the range of the 
error standard deviation (e.s.d.) with the addition of Bi. This result is due to the very closeradius of Bi3+ion (r(Bi3+)= 1.17 
Å) compared to the La3+ ion (r(La3+)=1.16 Å) [38], which is evident from the XRD peak's slight shift towards a higher 2θ 
value in Fig. 3.  
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(a) (b) 

  
(c) (d) 

Figure 3. Rietveld refinement of experimental XRD pattern of La1-xBixFeO3 samples (a) x=0.0, (b) x=0.2, (c) x=0.4 and (d) x=0.6 
refined at room temperature 

 

 

 

 
Element  wt% at% 

O K 14.89 51.86 
Bi M 11.73 3.13 
La L 47.26 18.96 
Fe K 26.12 26.06 

 

 Element  wt% at% 
O K 18.4 59.52 
Bi M 27.5 6.81 
La L 29.71 11.07 
Fe K 24.39 22.60 

 

 
Element  wt% at% 

O K 22.62 66.71 
Bi M 34.35 7.75 
La L 21.41 7.27 
Fe K 21.62 18.27 

Figure 4. SEM morphology and EDX spectra of La1-xBixFeO3 samples (a) x=0.0, (b) x=0.2, (c) x=0.4 and (d) x=0.6 

20 40 60 80 100 120 140 160
0

5

10

15

20

25

 

 

C
ou

nt

Particle Diameter (nm)

(a) 

0 20 40 60 80 100 120 140 160
0

5

10

15

20

25

30

35

 

 

C
ou

nt

Particle Diameter (nm)

(b) 

0 20 40 60 80 100 120 140 160
0

5

10

15

20

25

30

35

 

 

C
ou

nt

Particle Diameter (nm)

(c) 

20 40 60 80 100 120 140 160 180
0

5

10

15

20

25

30

 

 

C
ou

nt

Particle Diameter (nm)

(c) 

Element  wt% at% 
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282
EEJP. 1 (2024) Ouarda Ben Ali, et al.

Using spot measurements on powder samples, energy dispersive x-ray (EDX) spectroscopy was used to determine 
the quantitative composition of pure and Bi3+-substituted LaFeO3 nanoparticles. Within the limit of experimental error, 
the EDX analysis shows consistency with the predicted stoichiometry. The EDX spectrum confirms the desired samples 
(Fig. 4). Also, scanning electron microscopy (SEM) was utilized to examine the surface morphology of the prepared 
samples. As illustrated in Figure 4, the morphology of the studied samples shows a spherical shape of grains, similar to 
that of sand grains. 

Both the dispersion and morphology of grains remained largely unchanged despite doping samples with Bi3+ ions. 
However, as the concentration of Bi substitution increased, agglomerated spherical particles began to form and grew in 
size. 

 
FTIR Analysis 

Figure 5 displays the FTIR spectra of pure and Bi-substituted LaFeO3 in the range of [2000-450] cm-1. It is important 
to note that the respective spectral ratios are almost similar from one to another, differing primarily in peak intensity. This 
difference can be attributed to variations in molar concentration composition. The strong absorption band at 
approximately 536 cm-1 can be attributed to the (Fe-O) bending vibration characteristics of the octahedral FeO6 groups in 
La1-xBixFeO3. Additionally, the bands between 700 and 400 cm-1 are mainly attributed to the formation of metal 
oxides [39].  

On the other hand, the bending vibration of the La-O bonds may be responsible for the bands 717 cm-1 [23]. 
Additionally, we observe that there are two closely bands, the first of which is at 1385 cm-1and the second at 1485 cm-1. 
They are attributed to NO3

- and N-H respectively, and both come from reacted precursor raw materials; they are neighbors 
and weak [40]. 

 
Figure 5. FTIR spectra of La1-xBixFeO3 (x=0.0, 0.2, 0.4 and 0.6) nanoparticles 

The La/Fe-O bending vibration modes do not change in frequency with increasing Bi content up to x=0.6, confirming 
that there has been no lattice deformation and, consequently, no changes in the length of the La/Fe-O bond, as supported 
by the XRD analysis. 

 
Optical Study 

In order to describe the optical properties of the La1-xBixFeO3 (x=0.0, 0.2, 0.4 and 0.6) nanoparticles, UV-Visible 
spectroscopy is used. From Tauc's plot, the bandgaps of the prepared samples were taken. Tauc's equation [41] mentioned 
below in eqt. 2 can be used to calculate the relationship between absorption coefficient (α) and incident photon 
energy (hν). 
 ( αhʋ )ଶ = 𝐴൫hʋ − 𝐸௚൯ (2) 

where α is the optical absorption coefficient, hν is the photon energy, Eg is the direct band gap, and A is constant. 
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Eg for direct transitions is obtained by extrapolating the linear parts of the curves toward absorption equal to zero 
(Fig. 6). Pure LaFeO3is thought to have a direct band gap of 2.2 eV. However, Eg values decrease to 1.86, 1.76, 
and1.54 eV, respectively, for Bi substitutions of 20, 40, and 60%. 

 
Figure 6. Tauc plots for optical absorption curves of La1-xBixFeO3 samples 

(a) x=0.0, (b) x=0.2, (c) x=0.4, and (d) x=0.6. 

Furthermore, the value of Eg can be decreased through Fe–O octahedral restructuring of molecular orbitals and 
nanoparticles length scale [42–44]. This reduction could also be attributed to the direct energy transfer occurring between 
the excited states of the semiconductor and the 3d levels of Bi3+ ions [45]. 

 
Evaluation of the Photocatalytic Efficiency 

The photocatalytic degradation of O-toluidine blue (o-TB) was examined using La1-xBixFeO3 (x = 0.0, 0.2, 0.4, 0.6) 
under the influence of solar irradiation. The results show that most of the o-TB dye is removed within 60 minutes (Fig. 7). 

Table 2 shows that the photocatalytic activity of La1-xBixFeO3 (x = 0.0, 0.2, 0.4 and 0.6) samples decreases with an 
increase in their average grain size. This can be attributed to the fact that smaller particle size with a larger surface area 
per unit volume provide more active sites for photocatalytic reactions, leading to a higher photocatalytic degradation rate, 
especially in the case of spherical nanoparticles with smaller particle sizes [46-48]. This principle applies to the spherical 
shape of the grain morphology in the studied samples. 
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Figure 7. UV-Vis time-dependent absorption spectrum during the photocatalytic reaction of o-TB for La1-xBixFeO3 

(x = 0.0, 0.2, 0.4 and 0.6) samples 
Table 2. Photocatalytic activity vs. Average particle size for La1-xBixFeO3  (x = 0.0, 0.2, 0.4 and 0.6) samples. 

Catalyst Photocatalytic 
activity (%) 

Average particle 
size (nm) 

LaFeO3 79.50 85 
La0.8Bi0.2FeO3 90.09 76 
La0.6Bi0.4FeO3 86.28 78 
La0.4Bi0.6FeO3 66.68 108 
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The highest photocatalytic activity (90.09%) was observed for La0.8Bi0.2FeO3, which has the smallest average grain 
size (76 nm). Additionally, the photocatalytic activity of La0.6Bi0.4FeO3 (78 nm) was slightly lower (86.28%), but still 
higher than that of LaFeO3 (79.50%) and La0.4Bi0.6FeO3, which exhibited a rate of 66.68% (Fig. 7). Therefore, these 
results support the notion that the average grain size and the shape of grains are an important factor in determining the 
photocatalytic activity of La1-xBixFeO3.  

In contrast, data obtained by Mocwana et al. [32] indicate that the optimal degradation rates for o-TB, using LaFeO3 
nanosheets, resulted in a catalytic degradation of 37% over 30 minutes. Notably, this rate remains lower than all the values 
obtained in our experiments for the same duration. 

Furthermore, it was observed that an increase in the amount of Bi up to 20% within 60 minutes of the reaction time 
significantly enhances removal efficiency. This improvement can be attributed to the increased formation of hydroxyl 
radicals. 

Conversely, a further increase in the Bi ratio decreases the removal efficiency of the o-TB dye. This can be attributed 
to (i) the increase in the average grain sizes, and (ii) the blocking of UV light penetration with an increasing amount of 
Bi [49, 50]. 

This can be interpreted as when the catalyst load is small, the catalyst absorbs fewer photons for the photocatalytic 
reaction, resulting in lower photocatalytic activity. As the catalyst loading increases, the number of photon absorption 
centers and activity centers on the catalyst surface increases, thereby increasing the catalyst's activity. However, with 
further increases in catalyst loading, the number of photons tends to become saturated. This heightened catalyst loading 
may lead to light blockage, consequently affecting the photocatalytic efficiency [51]. Thus, the narrow band gap value of 
La0.8Bi0.2FeO3 (1.86 eV) nanoparticle suggests its potential as a promising candidate for the excellent purification of 
wastewater containing o-TB dye. 

CONCLUSIONS 
In conclusion, the perovskite-type La1-xBixFeO3 photocatalysts was successfully synthesized using the modified 

Pechini route, and their performance for photodegradation of o-TB dye wastewater was studied. XRD and EDX 
combination studies proved that all samples have an orthorhombic structure with a single-crystalline orthorhombic 
structure, and the average grain size samples increased by increasing of Bi-substitution to be 85 nm, 76 nm, 78 nm, and 
108 nm for x=0.0, 0.2, 0.4, and 0.6 respectively. Morphological and optical properties of the perovskite-type 
La1-xBixFeO3samples exhibited a well-crystalline form and excellent band gap energy respectively. A photocatalytic 
reaction was conducted to test the degradation ability of the synthesized samples towards o-TB dye. The reaction was 
monitored over a period of 60 min while using the UV-Vis to observe the degradation activity. The most photocatalytically 
active sample for decomposition of o-TB under visible light was La0.8Bi0.2FeO3. This nanoparticle acts as an excellent 
photocatalyst for the degradation of o-TB dye with 90.09% efficiency in 60 min under natural sunlight irradiation. This 
sample have the smallest average grain size and a band gap energy in the range of semiconductor materials. These results 
give hope for future application of this material in photocatalytic degradation of various organic pollutants present in 
polluted water under natural sunlight. Hence, this nanoparticle may be well exploited for the remediation of the polluted 
water under natural sunlight on a large scale. 
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La0.8Bi0.2FeO3 ПЕРОВСКІТНОГО ТИПУ: ВИСОКА ЕФЕКТИВНІСТЬ ФОТОКАТАЛІТИЧНОЇ ДЕГРАДАЦІЇ 

ОРТОТОЛУЇДИНОВОГО СИНЬОГО ПІД ОПРОМІНЕННЯМ ВИДИМИМ СВІТЛОМ 
Уарда Бен Аліa, Мохаммед Садок Махбубa, Сорія Зеруалa, Самір Баюb, Аззеддін Беггасa, 

Мебрук Гугалім, Адель Бенарфаc, Сухайла Менесерd 
a Лабораторія LEVRES, Університет Ель-Уед, 39000 Ель-Уед, Алжир 

bХімічний факультет, факультет точних наук, Університет Ель-Уед, 39000 Ель-Уед, Алжир 
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d Лабораторія біотехнології біоматеріалу та конденсованих речовин, Технологічний факультет, Університет Ель-Уеда, 

Ель-Уед 39000, Алжир 
У цьому дослідженні наночастинки перовскіту La1-xBixFeO3 (x=0,0, 0,2, 0,4 і 0,6) були синтезовані модифікованим методом 
Пекіні. Ретельний аналіз за допомогою XRD та SEM/EDX підтвердив відсутність вторинних фаз як у чистих, так і в Bi-
заміщених зразках LaFeO3, що вказує на утворення однофазного перовскіту. СЕМ-зображення виявили квазісферичну форму 
частинок. Фотокаталітичну активність La1-xBixFeO3 (x=0,0, 0,2, 0,4 і 0,6) оцінювали за деградацією орто-толуїдинового 
синього під опроміненням видимим світлом, що вказує на те, що La0.8Bi0.2FeO3 демонструє чудову фотокаталітичну 
активність. Загальна швидкість видалення o-Toluidine Blue досягла 90,09% після опромінення видимим світлом протягом 
60 хв. Ми пояснюємо цю підвищену фотокаталітичну активність розміром зерна та оптичними властивостями підготовленого 
зразка. Отже, La0.8Bi0.2FeO3 можна розглядати як дуже перспективний фотокаталізатор у майбутньому промисловому 
застосуванні для ефективного очищення стічних вод від барвників. 
Ключові слова: La1-xBixFeO3; барвник орто-толуїдиновий синій; модифікований метод Печіні; фотокаталіз видимим 
світлом; очищення стічних вод 
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This study focuses on investigating the influence of exchange and correlation interactions on the spin polarized electronic structure and 
magnetic properties of Ga0.75Mn0.25P in the B3 Zinc Blende phase. First-principle calculations were performed by systematically 
varying the Hartree-Fock (HF) exchange (α) value from 0 to 25% using the onsite exact-exchange functional for the treatment of the 
correlated electrons. The electronic and magnetic properties unveil that Ga0.75Mn0.25P manifests a half-metallic ferromagnetic behaviour 
at deferent values of HF exchange. Moreover, as the fraction (α) parameter increases, the band gap increases, leading to modifications 
in the spin polarized band structures. Additionally, our investigations indicate that exchange and correlation interactions cause an 
increase in the lattice parameter and volume of the compound. Furthermore, these interactions result in a decrease in the magnetic 
moments of P and Ga atoms, while the Mn moments increase. These findings provide valuable insights into the behavior of 
Ga0.75Mn0.25P and offer potential applications in the design of spintronic devices. 
Keywords: HF Exchange; Correlated electrons; GaMnP; Magnetic material; Half-metallic; Spintronic 
PACS: 31.15.eg, 75.50.－y, 81.05.Ea, 85.75.－d 

INTRODUCTION 
Diluted Magnetic Semiconductors (DMS) and spintronics (spin-based electronics) are two fascinating fields 

of research in semiconductor physics that intersect through the study of materials like III-V (GaX, InX, AlX……. X= As, 
P, N….) or II-VI (CdX, ZnX, MgX……. X = S, Se, Te….) doped with magnetic ions having a 3d layer or a 4f layer 
of transition metals or rare earths (lanthanides). These materials have gained considerable interest for their potential in 
spintronics applications. 

Spintronics seeks to exploit the charge and spin of electrons for the development of new functionalities and devices. 
Diluted Magnetic Semiconductors, specifically, Mn-doped III-V compounds, offer unique features that allow for precise 
modulation of carrier spin dynamics, a crucial aspect for the advancement of spintronic devices [1]. One prominent 
application of these materials is in the field of Magnetic Random Access Memory (MRAM), where they enable efficient 
spin injection and manipulation [2]. Mn-doped III-V compounds have also found applications in magneto resistive 
sensors, such as Tunnelling Magneto-Resistance (TMR) and Giant Magneto-Resistance (GMR) sensors to detect and 
amplify magnetic fields [3,4]. They also hold promise for advanced mass storage devices like hard disks, as they allow 
for precise spin orientations manipulation and detection [5].  

Researchers are actively investigating GaMnP’s potential for spin injection, spin manipulation and spin detection, 
which are fundamental components of spintronic systems. This exploration is focused on establishing the connection 
between DMS materials and spintronics. S.J. Pearton et al., [6] synthesized ferromagnetic GaMnN and GaMnP 
compounds at high temperatures to prevent amorphization and enhance their magnetic properties. 
Iftibhar Ahmed et al., [7] used the FP-LAPW method to investigate the spin polarization of GaMnP and GaMnAs at 
x = 0.125. Y. Yuang et al., [8] examined the structural transport and magnetic properties of GaMnP with varying Mn 
concentrations using pulsed laser annealing (PLA) and ion implantation. A. Laref et al., [9] conducted calculations on 
hexagonal GaN1-xPx, revealing direct energy gaps and strong polarization dependence in their optical properties, making 
them promising for solar-cell applications. Z. Young-Zhi et al., [10] found room temperature ferromagnetism in GaAs 
and GaP compounds doped with V, Cr and Mn atoms at a concentration 25%.  J. Mašek et al., [11] focused an investigation 
the electronic structure of Mn doped Ga(P,As) and (Ga,Al)As materials in the ferromagnetic state. W. Sukkabot., [12] 
studied magnetism in GaP with transition metal doping using spin density functional calculations. Co and Fe dopants 
transformed GaP into metal while V retained semiconducting with a reduced band gap. K. Kirandish et al., [13] explored 
the effect of the pressure on the properties of Ga0.75Cr0.25P utilizing the SIESTA code (Spanish Initiative for Electronic 
Simulations with Thousands of Atoms). P. Mahadevan et al., [14] delved into the inherent mechanism of ferromagnetism 
in GaAs, GaP, GaN and GaSb diluted magnetic alloys with Mn substitution focusing on the analysis of the electronic 
structure trends. N Benbouchi et al., [15] applied spin-dependent density functional theory to study Co doping in GaP, 
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revealing that Co-doped GaP for spin-based electronic applications due to their complete half-metallic properties and 
integer total magnetic moments.  

Exchange and correlation interactions exert a substantial effect on the distinct properties and behaviors 
of semiconductors. The exchange interaction reflects the tendency of electrons to align their spins. Meanwhile, the 
correlation interaction refers to the influence of electrons on each other, impacting the electronic structure and transport 
characteristics. 

This paper investigates the impact of these interactions on the spin polarization of Ga0.75Mn0.25P electronic structure 
and magnetic properties in the B3 Zinc Blende phase. The study utilizes the Density Functional Theory (DFT) with onsite 
exact-exchange functional, incorporation variations in the HF exchange parameter (α) ranging from 0 to 25%.  

 
METHOD OF CALCULATIONS 

The calculations were conducted utilizing the WIEN2k computer package, employing the FP-LAPW method (Full 
Potential Linearized Augmented Plane Wave) [16,17]. For spin polarized calculations, the PBE+E parameterization was 
used, which combines for the PBE (Perdew, Burke and Ernzerhof [18]) method with an onsite exact-exchange treatment 
for correlated electrons. This approximation effectively considered the exchange and correlation effect. The onsite exact-
exchange energy expression as defined by Novák et al [19] can be represented as: 

 
 𝐸௑஼஽ி்ାா = 𝐸௑஼஽ி்ାாሾ𝜌ሿ + ሺ𝛼𝐸௑஼ுிሾ𝜑ሿ − 𝐸௑஼஽ி்ሾ𝜌ሿሻ. (1) 

 
Where (ρ) represents the electron density, (φ) denotes the wave function and (α) signifies the fraction of HF 

exchange, which can take on either a short-range or long-range value [20]. The long-range value of HF exchange up to 
50% is required to obtain acceptable thermo chemistry for the Local Spin Density Approximation (LSDA) [21]. In the 
Generalized Gradient Approximation (GGA) of PBE, typically uses a short-range value of α=0.25 it has been theoretically 
deduced and this choice has proven notable success [22,23]. 

The wave functions and potential are expanded using Muffin-tin approach with a cutoff Imax = 9. For the Interstitial 
Region (IR), a cutoff Rmin = 8 is employed. The chosen cut-off energy is 10-3 Ryd which separates core states from valence 
states. For first-consistent results, 1000 k-points are used in the first Brillouin zone.  

The crystal structure of Ga0.75Mn0.25P was generated using eight atoms super cell with dimensions 1×1×1. 
Specifically, the Mn atom replaced the Ga atom located at the position (0,0,0). The atomic spheres radii for Ga, Mn and 
P were set to 1.95, 1.99 and 1.55 respectively. The total energy was optimized by adjusting the volume of the super cell 
utilizing the Package of Two-Dimensional Optimize [24]. 

 
RESULTS AND DISCUSSION 

Structural properties 
To determine the ground state of the Ga0.75Mn0.25P compound, The Murnaghan’s equation of state [25] is employed 

for the purpose of fitting to calculate the total energy in term of its volume. This calculation is performed for ferromagnetic 
state using PBE+E approximation.  

The resulting values for various structural parameters of Ga0.75Mn0.25P such like the Lattice Parameter (LP), the 
Volume (V), the Bulk modulus (B), derivative of bulk modulus (B’) and the Total Energy (ETot) show observable 
convergence with other data [26-28] presented in Table 1. 
Table 1. Structural properties of Ga0.75Mn0.25P at different values of HF exchange parameter (α) 

α LP (Ang) V (Ang3) B (GPa) B’ ETot (Ryd) 

0 5.493 
5.49[26] 165.719 79.03 

88.61[26] 
4.894 

4.68[27] 
-16718,973 

-16718.97441[28] 
0.05 5.571 172.882 76.86 4.487 -16718,97859 

0.10 5.629 178.364 53.64 5.257 -16718,98954 

0.15 5.690 184.301 67.58 5.201 -16719,00784 

0.20 5.787 193.854 70.18 4.733 -16719,05385 

0.25 5.854 200.687 82.46 5.051 -16719,0992 

Figure 1 demonstrates that as exchange and correlation interactions increase, both the LP and Volume of 
Ga0.75Mn0.25P increase. This indicates significant influence of these interactions on the unit cell size. Specifically, 
exchange and correlation interactions directly affect the equilibrium positions of atoms and their bonding behavior within 
the unit cell, ultimately leading to an expansion of the unit cell size.  

Figure 2 shows that increasing exchange and correlation interactions lead to a significant decrease in total energy of 
Ga0.75Mn0.25P. These interactions strongly influence the electronic properties by modifying the distribution and behavior 
of electrons, resulting in a pronounced reduction in total energy. 
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Figure 1. Influence of exchange and correlation interactions on 

lattice parameter (LP) and volume (V) of Ga0.75Mn0.25P 
Figure 2. Influence of exchange and correlation interactions on 

total energy (ETot) of Ga0.75Mn0.25P 
 

Electronic properties 
The spin polarized band structures of Ga0.75Mn0.25P have been computed within the first Brillouin zone. Figure 3 

depicts that the electrons in the spin up (↑) state outnumber those in the spin down (↓) state. There is a band gap present 
around the Fermi level (Ef) for spin down state, while a few valence bands in the spin up state intersect the Fermi level 
and transition into the conduction band. Consequently, based on the occurred interactions range of 0 to 25%, Ga0.75Mn0.25P 
compound is predicted to exhibit metallic behavior for spin up state and semiconductor behavior for the spin down state. 
Further investigation indicates that this compound is a half metallic ferromagnetic material. 

 
Figure 3. Influence of exchange and correlation interactions on spin polarized band structures of Ga0.75Mn0.25P 

In the Figure 4, the calculated band structures highlight a noticeable increase in the forbidden energy gap (Eg) for 
spin down state. This increase is attributed to significant changes in the maximum of the conduction band and the 
minimum of the valence band, resulting from the increasing exchange and correlation interactions. 

The calculated electronic properties are summarized in Table 2, it includes conduction band minimum of spin down 
state and spin up state (𝐸஼஻ெ௨௣ ,𝐸ௗ௡஼஻ெ), valence band maximum of spin down state and spin up state (𝐸௏஻ெ௨௣ ,𝐸ௗ௡௏஻ெ), the band 
edge spin splitting (𝛥𝐸𝑐) for the conduction band minimum and the band edge spin splitting (𝛥𝐸𝑣) for the valence band 
maximum are determined using specific formulas: 

 
 ∆𝐸𝑐 = 𝐸஼஻ெ௨௣ − 𝐸ௗ௡஼஻ெ, (2) 

 
 ∆𝐸𝑣 = 𝐸௏஻ெ௨௣ − 𝐸ௗ௡௏஻ெ. (3) 
 
These formulas are commonly used to analyze band structure and determine various properties of electronic states 

at (Γ) symmetry point. 
In the Figure 4, the calculated band structures highlight a noticeable increase in the forbidden energy gap (Eg) for 

spin down state. This increase is attributed to significant changes in the maximum of the conduction band and the 
minimum of the valence band, resulting from the increasing exchange and correlation interactions. 
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Table 2. Electronic properties of Ga0.75Mn0.25P at different values of HF exchange parameter (α) 

α 0 0.05 0.10 0.15 0.20 0.25 

Egdn (eV) 1.20013 
1.20[28] 1,20218 1,20973 1.21289 1,22001 1,22857 𝐄𝐕𝐁𝐌𝐮𝐩  (eV) 0 0 0 0 0 0 𝐄𝐝𝐧𝐕𝐁𝐌 (eV) -0,77277 -0,80629 -0.86033 -0,95136 -1,02482 -1.08531 𝐄𝐂𝐁𝐌𝐮𝐩  (eV) 0 0 0 0 0 0 𝐄𝐝𝐧𝐂𝐁𝐌 (eV) 0,42736 0,39589 0.3494 0,26153 0,19519 0.14326 

ΔEv (eV) 0,77277 0,80629 0.86033 0,95136 1,02482 1.08531 
ΔEc (eV) -0,42736 -0,39589 -0.3494 -0,26153 -0,19519 -0.14326 
 

 
Figure 4. Influence of exchange and correlation interactions on band gap energy (Eg) of Ga0.75Mn0.25P 

 
Magnetic properties 

Upon substituting Ga atoms with Mn in GaP, the resulting GaMnP compound exhibits magnetic properties attributed 
to Mn-3d. The coupling between the 3d orbital of Mn and the 3p orbital of P atoms results in the emergence of small local 
magnetic moments in both Ga and P atoms. Notably, for Ga0.75Mn0.25P, the local magnetic moment of P exhibits a negative 
value, indicating an anti-parallel alignment with the Mn spin, whereas the positive value observed on Ga signifies a 
parallel alignment.  

Figure 5 illustrates the variation of the both local and total magnetic moments of Ga0.75Mn0.25P under the influence 
of exchange and correlation interactions. As the interactions increase, the total magnetic moment remains constant at 
4.00 μB. Nonetheless, the magnetic moment of Mn atom increases, whereas the local magnetic moments at P and Ga 
atoms decrease. These findings are in agreement with other data [29] presented in Table 3. 

 
Figure 5. Influence of exchange and correlation interactions on magnetic moment μTot, μMn, μGa and μP of Ga0.75Mn0.25P. 
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Table 3. Magnetic properties of Ga0.75Mn0.25P at different values of HF exchange parameter (α) 

α μMn (μB) μGa (μB) μP (μB) μTot (μB) 

0 3,61121 
3,382[29] 

0,03255 
0,023[29] 

-0,03091 
-0,039[29] 

4,00042 
4,05[29] 

0.05 3,61718 0,03112 -0,04114 4,00068 
0.10 3,62101 0,02784 -0,0479 4,00068 
0.15 3,62559 0,02723 -0,05113 4,00068 
0.20 3,63412 0,02603 -0,06142 4,00068 
0.25 3,64813 0,02428 -0,06673 4,00068 

 
CONCLUSIONS 

The interactions studied affect the structural properties of Ga0.75Mn0.25P by increasing the lattice parameter and 
volume, and decreasing the total energy. The electronic structures show a downward shift of the valence and conduction 
bands, resulting in an increased band gap. The compounds exhibit half metallic ferromagnetism within the range of 0 to 
25% of HF exchange. The magnetic properties indicate a noteworthy phenomenon in which the coupling between the 3d 
orbital of Mn and the 3p orbital of P atoms induces local magnetic moments in the Ga and P atoms. Moreover, as the 
interactions strength intensifies, the magnetic moment of Mn atom increases, while it decreases on Ga and P atoms. 
However, it is important to note that despite these changes, the total magnetic moment remains unchanged.  
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ВПЛИВ ОБМІННОЇ ТА КОРЕЛЯЦІЙНОЇ ВЗАЄМОДІЙ НА СПІНОВУ ПОЛЯРИЗОВАНУ ЕЛЕКТРОННУ 
СТРУКТУРУ ТА МАГНІТНІ ВЛАСТИВОСТІ Ga0,75Mn0,25P У СТРУКТУРІ ЦИНКОВОЇ ОБМАНКИ B3 

Нуреддін Бутелджаa, Мохамед Белаббасb, Рашид Талебc 
a Лабораторія теоретичної фізики та фізики матеріалів (LPTPM), Факультет точних наук та інформатики, 

Університет Хасіба Бенбуалі, Члефі, Алжир 
b Кафедра фізики, Факультет точних наук та інформатики, Університет Хасіба Бенбуалі, Члефі, Алжир 

c Лабораторія електротехніки та відновлюваної енергії (LGEER), Технологічний факультет, 
Університет Хасіба Бенбуалі, Члефі, Алжир 

Це дослідження зосереджено на вивченні впливу обмінних і кореляційних взаємодій на спін-поляризовану електронну 
структуру та магнітні властивості Ga0.75Mn0.25P у фазі B3 Zinc Blende. Розрахунки першого принципу були виконані шляхом 
систематичної зміни значення обміну Хартрі-Фока (HF) (α) від 0 до 25% з використанням локального функціоналу точного 
обміну для обрахунку поведінки корельованих електронів. Електронні та магнітні властивості показують, що Ga0.75Mn0.25P 
демонструє напівметалеву феромагнітну поведінку при різних значеннях HF-обміну. Крім того, зі збільшенням параметра 
фракції (α) ширина забороненої зони збільшується, що призводить до модифікацій у спін-поляризованих зонах структурах. 
Крім того, наші дослідження показують, що обмінні та кореляційні взаємодії викликають збільшення параметра решітки та 
об’єму сполуки. Крім того, ці взаємодії призводять до зменшення магнітних моментів атомів P і Ga, тоді як моменти Mn 
збільшуються. Ці висновки дають цінну інформацію про поведінку Ga0.75Mn0.25P для потенційних застосуванняь в дизайні 
спінтронних пристроїв. 
Ключові слова: ВЧ-обмін; корельовані електрони; GaMnP; магнітний матеріал; напівметалічний; спінтроніка 
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Density functional theory is used to explore the physical properties of the new half-Heusler alloys XRhZ (X =V, Nb and Z = Si, Ge). 
The exchange-correlation effects were treated by the TB-mBJ potential. The four studied compounds are nonmagnetic semiconductor 
with an indirect band gap. The formation enthalpy, cohesive energy and phonon band structures demonstrated that these semiconductors 
are structurally and dynamically stable. It was predicted by the elastic study that the XRhZ compounds (X = V, Nb and Z = Si, Ge) 
have stable mechanical properties, they possess an anisotropic character and reveal the ductile nature with a B/G ratio >1.75. The 
optical results show an interesting photocatalytic potential for the NbRhSi and NbRhGe semiconductors, they exhibit a high absorption 
coefficient in the visible domain, which is around 112.104 cm-1. For energies greater than 10 eV (UV domain), the refractive index is 
less than one. The thermoelectric results confirmed that the XRhZ (X=V, Nb and Z=Si, Ge) compounds are very attractive for 
thermoelectric devices working in large temperature range including ambient temperature. 
Keywords: Half-Heusler alloys; Semiconductor; Elastic properties; Seebeck coefficient; Merit factor; Absorption coefficient; 
Reflectivity 
PACS: 71.20.-b, 72.15.Jf, 72.25.Ba, 73.50.L, 52.70.Kz 

1. INTRODUCTION
Half-Heusler (HH) alloys have involved a remarkable interest over the past years due to their several properties in 

various technological domains, such as magnetic, optical, thermoelectric, piezoelectric, superconducting and topological 
properties [1-8]. The valence electron count (VEC) has always been found as responsible of the most physical and thermo-
electrical properties [9-10]. The HH compounds with VEC of 18 are nonmagnetic semiconductors with fascinating 
optoelectronic properties due to their tunable band gap over broad energy range [11-12]. In addition, their smaller bandgap 
and high electrical conductivity and Seebeck coefficient make them effective in thermoelectric applications [13-14]. This 
type of material is composed by an X+n ion occupying in a zinc blende YZ−n sub-lattice and where the VEC linked with 
the YZ−n sub-lattice is 18 (d10s2p6) [15-16]. The valence electrons of the X atom are transferred to the Y and Z atoms, 
which are more electronegative, and thus acquire a closed shell configuration (s2p6d10). P.K. Kamlesh et al., [17] explored 
by ab-initio calculations the optical possessions of AlNiX (X = P, As and Sb) HH, they confirm that the AlNiP and 
AlNiAs compounds are well suited for use as shields against high-energy of UV radiation due to their large reflectivity 
values in this area. Y.Wang et al., [18] give a theoretical analysis of transport properties of NbXGe (X = Rh, Ir) H.H 
materials, subject to network constraints. They have found that for a strain of −6%, the ZT value of NbRhGe has doubled 
by 50% compared with the unstrained case, so, they state that these materials are promising candidates for TE applications. 
D.M. Hoat [19] has investigated a series of HH compounds based on tantalum and having a VEC of 18, he noted that all
the materials studied are indirect band gap semiconductor. The difference between the band gap values is due to the
degree of overlap that exists between the Ta-5d and X-4d orbitals. Furthermore, the denser electronic states, close to the
Fermi level (EF), of TaRhSn and TaRhPb compounds strongly contributed to the thermoelectric performance
characterized by high thermal power in the p region. The optical and thermoelectric study carried out by J. Wei and G.
Wang [20] on the TaCoSn HH alloy showed a powerful light adsorption capacity in the visible zone, which is
of 125.104 cm-1. The results of transport properties show that TaCoSn exhibits an excellent thermoelectric performance
characterized by a high Seebeck coefficient and merit factor. In an experimental study carried out by W. Silpawilawan et
al., [21], the nanostructured Nb0.9Ti0.1FeSb was synthesized by melt spinning followed by spark plasma sintering. An
improvement of 20% in the ZT value was achieved, amelioration due to the reduction in thermal conductivity caused by
this nanostructuring, which allow to effective phonon scattering. They declare that the NbFeSb remain one of the best p-
type HH alloys in thermoelectric. Currently, the development of embedded systems engineering go through the search
of the innovative (semiconductors, half-metallic) materials able to carry out actions in real time. For this it is necessary
that these compounds will have high optical, thermoelectric and spintronic performances. It is in this perspective that we
are going in this research to emphasize the thermoelectric and optical responses of four new semiconductors possessing
18 valence electrons.
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2. COMPUTATIONAL METHOD 
In this work, all properties of the H.H compounds XRhZ (X = V, Nb and Z = Si, Ge) have been studied with WIEN2k 

code [22] which is based on DFT calculations [23]. The computations were determined by full potential linearized 
augmented plane wave method [24]. Among the exchange-correlation functionals, the generalized gradient approximation 
(GGA) [25-26] and the Tran and Blaha modified Becke-Johnson method (TB-mBJ) [27] were retained for this study. The 
H.H have the C1b crystal structure with the space group F-43m. The muffin tin radius (RMT) values of 2.5, 2.1 and 1.9 
a.u were used for for X, Rh and Z elements. Other input data, such as k-point mesh (KMAX), RMT*wave-vector, Gaussian 
parameter and the maximum angular momentum were selected to 14*14*14 [28], 7.0, 12 and 10 respectively. The value 
of -6.0 Ry is taken as the energy of the interval between the core and valence states and the energy convergence criterion 
of 10-4 Ry is adopted for the self-consistent field calculations. The electron transport properties are determined under a 
fine mesh of 46×46×46 [29] by the semi-classical Boltzmann transport equation (BTE) as given in the BoltzTraP code 
[30]. The optical responses of our new compounds were determined by the complex dielectric function ε(ω) as given 
from the Kramer–Kronig relation [31-33].  

3. RESULTS AND DISCUSSIONS 
3.1 Structural properties and phase stability 

The H.H compounds XRhZ (X = V, Nb and Z = Si, Ge) crystallizes in the face centered cubic space group (F43m). 
The Silicon (Germanium) and Vanadium (Niobium) atoms are located at the octahedral 4b (1/2, 1/2, 1/2) and 4a (0, 0, 0) 
Wyckoff positions, while the Rhodium element occupies tetrahedral position 4c (1/4, 1/4, 1/4). The unit cell structure of the 
XRhZ compound plotted using Vesta 4.5 software [34] is shown in Figure 1. We can observe that the arrangement contains 
three interpenetrating ordered fcc sublattices which are occupied by X, Rh and Z atoms respectively. The covalent nature of 
the [XZ] sublattice is emphasized as a zinc blende sublattice, while the Rh and Z atoms form a rock salt structure.  
 

 
Figure 1. Crystalline structure of XRhZ (X =V, Nb and Z = Si, Ge) 

The NaCl-type substructure consisting of atoms with large electronegativity difference implies strong ionic bonding 
character, while the ZnS-type substructure, which involves strong covalent character, consists of atoms having a smaller 
difference in electronegativity [35]. Table 1 gives the structural parameters of VRhSi, VRhGe, NbRhSi and NbRhGe 
H.H. compounds calculated by using the GGA approximation in the ferromagnetic and nonmagnetic states. The main 
parameters are the bulk modulus B, its pressure derivative B’, the equilibrium lattice constant 𝒂𝟎, cohesive energy 𝑬𝒄𝒐𝒉, 
formation energy ∆𝑯𝒇 and ground state energy 𝑬𝒎𝒊𝒏. For the four alloys, the γ-phase is energetically more stable than α 
and β phases, in addition this most stable state, was found to be nonmagnetic. The calculated lattice parameters values 
are 5.71 Å, 5.80 Å, 5.91Å and 5.97 Å respectively for VRhSi, VRhGe, NbRhSi and NbRhGe compounds. These values 
are in perfect harmony with those of other semiconducting H.H alloys with VEC of 18, let's quote TaCoSn (5.94 Å) [36], 
NbIrGe (6.02 Å) [18], HfCoSb (6.04 Å) [37]. 

The experimental synthesis of the H.H compounds XRhZ (X = V, Nb and Z = Si, Ge) compounds is only possible 
if the formation energy value ∆𝑯𝒇 calculated according to relation (1) is negative [38]. 

 ∆𝑯𝒇 = 𝑬𝑿𝒀𝒁𝒕𝒐𝒕 − ൫𝑬𝑿𝒃𝒖𝒍𝒌 + 𝑬𝒀𝒃𝒖𝒍𝒌 + 𝑬𝒁𝒃𝒖𝒍𝒌൯. (1) 

Where Ebulk is the energy per atom of constituent atoms in bulk and 𝑬𝑿𝒀𝒁𝒕𝒐𝒕  is the total energy of primitive cell. Negative 
values of the formation energy obtained for all the four H.H, confirms that the synthesis of these compounds remain 
possible. To predict the stability of the H.H alloys XRhZ (X = V, Nb and Z = Si, Ge), we have calculated according to 
the relation (2) the corresponding cohesion energies [39]. 

 𝑬𝒄𝒐𝒉 = 𝑬𝑿𝒀𝒁𝒕𝒐𝒕 − ൫𝑬𝑿𝒊𝒔𝒐 + 𝑬𝒀𝒊𝒔𝒐 + 𝑬𝒁𝒊𝒔𝒐൯. (2) 

Where Eiso is the isolated atom energy. The negative cohesive energies achieved justify that our four H.H are structurally 
stable. The calculation of phonon dispersion in the first Brillouin zone along the high-symmetry points is given for the 
studied compounds thanks to the Phono3py code [40]. The phonon band structures of NbRhGe compound is already given 
in previous study conducted by Y.Wang [18]. The absence of imaginary phonon frequency in whole Brillioun zone 
(Fig. 2) confirms the dynamical stability of our semiconductor’s compounds in their ground states. 
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Table 1. Calculated structural equilibrium lattice constant a (A°), pressure derivatives B’, ground state energies Emin (Ry), formation 
energy ∆𝑯𝒇 (Ry) and cohesive energy 𝑬𝒄𝒐𝒉 (𝐑𝐲) 

Alloys State Type a B’ Emin  Ecoh  ∆𝑯𝒇 

VRhSi 

FM 𝛼 5.72 3.91 -12049.276632 

  
NM 5.72 3.09 -12049.276687 
FM 𝛽 5.69 4.09 -12049.302767 
NM 5.70 3.01 -12049.303182 
FM 𝜸 5.73 3.86 -12049.366754 
NM 5.71 4.49 -12049.367117 -1.4227 -0.199 

VRhGe 

FM 𝛼 5.81 5.87 -15667.350805 

  
NM 5.81 5.20 -15667.350475 
FM 𝛽 5.79 6.56 -15667.341261 
NM 5.81 6.41 -15667.341583 
FM 𝜸 5.80 6.77 -15667.410282 
NM 5.80 6.03 -15667.422243 -1.2878 -0.844 

NbRhSi 

FM 𝛼 6.01 4.40 -17791.550849   
NM 6.01 4.27 -17791.551936   
FM 𝛽 5.87 4.31 -17791.605674   
NM 5.88 4.30 -17791.606164   
FM 𝜸 5.92 4.72 -17791.690152   
NM 5.91 5.21 -17791.692559 -1.4905 -0.237 

NbRhGe 

FM 𝛼 6.09 6.01 -21409.636669 

  
NM 6.09 5.98 -21409.636659 
FM 𝛽 5.97 5.30 -21409.652489 
NM 5.97 5.34 -21409.652959 
FM 𝜸 5.98 5.75 -21409.754550 
NM 5.97 4.26 -21409.754950 -1.3619 -0.868 

Phase α :   X (1/4, 1/4, 1/4)     Y (1/2, 1/2, 1/2)       Z (0, 0, 0) 
Phase β :   X (1/2, 1/2, 1/2)     Y (0, 0, 0)                 Z (1/4, 1/4, 1/4) 
Phase γ :   X (0, 0, 0)               Y (1/4, 1/4, 1/4)       Z (1/2, 1/2, 1/2) 

 

 
Figure 2. The phonon band structures of (a) VRhSi, (b) VRhGe and (c) NbRhSi 

The acoustic modes exhibit the high dispersions, which means that they contribute well to the heat transport while 
the optical modes contribute little to the heat transport due to their weak dispersion. For the VRhSi and VRhGe, we see 
an overlap of acoustic and optical branches near X and L points thus indicating the strong phonon–phonon scattering [41]. 

 
3.2 Electronic properties 

The magnetic performance of ternary H.H is estimated by the Slater-Pauling equation [42]. 

 𝑴𝒕 = (𝟏𝟖 − 𝒁𝒕) (3) 
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𝑍௧ and 𝑀௧ denote respectively the total number of valence electrons in the unit cell and the total magnetic moment. The 
explicit valence electrons for the XRhZ (X=V, Nb and Z=Si, Ge) primal cell are V: [Ar] 3d3 4s2, Nb: [Kr] 3d4 5s1, Rh: 
[Kr] 4d8 5s1, Si: [Ne] 3s²3p² and Ge: [Ar] 3d10 4s2 4p2. At first sight and according to the relation (3), the four compounds 
studied in this research do not exhibit magnetism, because they all have 18 electrons in their valence shell. The calculation 
of their total magnetic moment shows that these compounds are not magnetic (𝑀௧ = 0 𝜇𝐵), thus confirming the result 
already predicted by the optimization. The electronic band structures (EBS) of VRhSi, NbRhSi, VRhGe and NbRhGe 
H.H alloys was carried out at the equilibrium lattice parameters by TB-mBJ approach.  

 
Figure 3. Band structures of (a) VRhSi, (b) NbRhSi, (c) VRhGe, (d) NbRhGe 

The EBS diagrams (Fig. 3a-d) reveal for the studied compounds, that the top of valence band is located at W 
symmetry point while the bottom of conduction band is located at X-symmetry point. All the materials exhibit 
semiconductor nature with narrow indirect band gap of 0.59, 0.68, 0.51 and 0.71 eV for VRhSi, NbRhSi, VRhGe and 
NbRhGe respectively. These findings are in good adequacy with other fundamental results obtained for 
H.H semiconductors having the same X atom that our alloys, let us quote the NbIrGe (0.63 eV) [18], VRuSb (0.64 eV) 
[16], NaScSi (0.61 eV) [43]. We can observe from the BS plots that the L and Γ are the points for the valence bands 
convergence and that the distribution of these bands is mainly due to the heavy hybridization of the d states of the 
X (V, Nb) and Z (Si, Ge) atoms. The energy difference between the W and L points for the NbRhSi and NbRhGe 
compounds is around 0,16 and 0.18 eV while for the VRhSi and VRhGe compounds this difference is negligible. The 
four compounds show a triple band degeneracy at Γ point while L point show a double band degeneracy. This degeneracy 
of the valence band at the EF constitutes an index of a good thermoelectric performance of the studied materials. To better 
comprehend the band diagrams of XRhZ (X=V, Nb and Z=Si, Ge) compounds, we have computed using the TB-mBJ 
method their total (TDOS) and partial densities of states (PDOS).  Based on the TDOS/PDOS spectra (Fig. 4a-d), we can 
notice that the four H.H alloys, show almost similar profile in valence and conduction band. For the VRhSi/VRhGe 
compound, the valence band maximum (VBM) is composed of V-3d states, Rh-4d states and a small dispersion of Si-3p 
(Ge-3p) states, while the conduction band minimum (CBM) is mainly constituted of V-3d states. 

For the NbRhSi and NbRhGe compounds, the strong contribution below EF comes from the Nb-4d state while the 
states above EF are mainly due to the Nb-4d and Rh-4d states and to a small contribution of the Si-3p (Ge-3p) states. The 
p-type doping could have the capacity to contain more charge carriers than n-type doping [44] since around the Fermi 
level, the TDOS of the valence band is larger than that of the conduction band. From the PDOS plots, one can conclude 
for the four materials, that the X-d states and Rh-d states give the main contribution to conductivity, while the Ge-p and 
Ge-s states have no influence on transport properties.  
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Figure 4. Total and partial density of states (TDOS / PDOS) of (a) VRhSi, (b) NbRhSi, (c) VRhGe, (d) NbRhGe. 

3.3 Elastic properties 
Examining the mechanical stability of H.H alloys XRhZ (X = V, Nb and Z = Si, Ge) requires the knowledge of the 

three elastic constants C11, C12, C44 [45]. These constants allow to estimated according to the equations (4) to (8), the bulk 
modulus B, the shear modulus G, Young’s modulus E, Poisson’s ratio ν and the elastic anisotropy factor A [46].   

ተ
ተ
ተ
ተ𝑩 = 𝟏𝟑 (𝑪𝟏𝟏 + 𝟐𝑪𝟏𝟐),                                                                          (4) 
𝑮 = 𝑪𝟏𝟏 − 𝑪𝟏𝟐 + 𝟑𝑪𝟒𝟒𝟓 ,                                                                    (5)
 𝑬 = 𝟗𝑩𝑮𝟑𝑩 + 𝑮 ,                                                                                       (6)
 𝛎 = 𝟑𝑩 − 𝑬𝟔𝑩 ,                                                                                       (7)
𝑨 = 𝟐𝑪𝟒𝟒𝑪𝟏𝟏 − 𝑪𝟏𝟐 .                                                                                  (8)

 

From Table 2, which gives the independent elastic constants, we can conclude that at zero pressure, the H.H 
compounds XRhZ (X = V, Rh and Z = Si, Ge) are mechanically stable due to the fact that they satisfy all of Born’s elastic 
stability criteria [47] (C11 – C12 > 0); (C11 + 2C12 > 0); (C11 > 0); (C44 > 0) and (C12 < B < C11). For the alloys treated in 
this research, the condition C11 > C22 > C33 was established, this confirms that XRhZ (X = V, Rh and Z = Si, Ge) alloys 
are most tough to the unidirectional compression than shear deformation. Compared to the three other H.H, the VRhGe 
show a low value of bulk modulus (B) which mean that this material is easy to compress. The shear modulus (G) describes 
the resistance of the material against permanent deformation due to a shear stress. Based on our calculations, NbRhSi has 
higher Shear modulus (65.22 GPa), so a higher hardness among other alloys, while the VRhSi has the lowest hardness 
(52.21 GPa). The ability of a material to resist changes in its length when subjected to longitudinal compression is defined 
by Young's modulus (E). Based on our calculations, NbRhSi has the highest Young modulus (167.26 GPa) so a highest 
stiffness and VRhSi has the lowest stiffness among the four studied alloys. According to the obtained values of G and E, 
the NbRhSi compound can be classified as a high rigidity hard material. The range of values found for shear moduli and 
Young's moduli is in agreement with those of several HH compounds cited in the literature [48-50]. 
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Table 2. The computed elastic constants Cij (𝑮𝑷𝒂), bulk modulus B(𝑮𝑷𝒂), Shear modulus G(𝑮𝑷𝒂), Young’s modulus E (𝑮𝑷𝒂), 
Poisson’s ratio (ν), anisotropic factor A, and Pugh’s ratio (B/ G) of VRhZ (Z =C, Si, Ge) half-Heusler materials 

 𝑪𝟏𝟏 𝑪𝟏𝟐 𝑪𝟒𝟒 𝑩 𝑮 𝑬 ν A 𝑩 𝑮⁄  
VRhSi 147.47 102.06 66.84 112.15 52.21 135 0.30 2.21 2.14 
VRhGe 133.30 80.19 75.12 97.90 55.69 140 0.26 2.83 1.76 
NbRhSi 176.39 109.98 82.34 127.92 65.22 167 0.28 2.08 1.96 
NbRhGe 173.21 104.61 78.27 127.47 60.68 157 0.29 2.28 2.10 

Poisson's ratio (ν) values obtained are located between 0.26 and 0.30, which confirms according to Haines et al. [51] 
the presence of covalent and metallic bonding (ν < 0.33). The VRhSi, VRhGe, NbRhSi and NbRhGe compounds present 
an anisotropy coefficient (A) different from unity (Table 2), which confirms their anisotropic mechanical behavior. The 
risk of micro cracking within these compounds is minimal given that their degree of anisotropy is low. Other important 
characteristics, the ductility and fragility which are an intrinsic property of materials and which requires their 
determination in order to position material for a given application. According to Pugh’s criterion [52], the material 
behaves in brittle manner when B/G is lower than 1.75 and as ductile manner for B/G higher than 1.75. For the present 
investigation based on first principles calculations, we noted that the four studied compounds show B/G values greater 
than 1.75, suggesting the ductility of these HH. 

 
3.4 Thermoelectric properties 

The thermoelectric properties such as the Seebeck coefficient (S), thermal conductivity (κ/τ), electrical conductivity 
(σ/τ), and Merit factor (ZT) are calculated using the BoltzTraP code. All these properties are studied as a function of 
chemical potential change (μ). The change of (μ) can influences the stability of the materials during doping even if the 
electronic band remains unchanged [53-54]. In addition, these properties will be given versus temperature for chemical 
potential equal to Fermi energy. The most remarkable thermoelectric properties given by equations (9 to 12) all derive 
from the semi-classical Boltzmann transport equation [55-56]. 

ተ
ተ
ተ 𝛔𝛂𝛃(𝐓,𝛍) = 𝟏𝛀න𝛔𝛂𝛃(𝛆) ൣ−𝛛𝐟𝛍(𝐓, 𝛆)൧𝐝𝛆,                                                      (9)
 𝛋𝛂𝛃(𝐓,𝛍) = 𝟏𝒆𝟐𝐓𝛀න𝛔𝛂𝛃𝜺(𝛆 − 𝛍)𝟐   𝛛𝐟𝛍(𝐓, 𝛆)𝐝𝛆 ,                                         (10)
 𝑺 = 𝐞𝐓𝛔න𝛔𝛂𝛃(𝛆)(𝜺 − 𝝁) ቈ−𝛛𝐟𝛍(𝐓, 𝛆)𝝏𝜺 ቉ ,                                                       (11)
 𝐙𝐓 = 𝐒𝟐𝛔𝐓𝛋 .                                                                                                        (12)

 

Where  𝛔,𝛍,𝛀, 𝐟,𝛋, 𝐒 and 𝐙𝐓  denotes respectively electrical conductivity, chemical potential, unit-cell volume, Fermi-
Dirac distribution function, thermal conductivity, Seebeck coefficient and merit factor. 

The knowledge of the temperature effect on thermoelectric properties is a crucial key for identifying the reliability 
of compounds in thermoelectric applications. The variation of Seebeck coefficient which provides us the insight of the 
type of charge carriers in XRhZ (X=V,Nb and Z=Si,Ge) compounds, have been drawn versus temperature (Fig. 5a). In 
all considered temperature range, the sign of S is positive, thus meaning that the holes are the majority charge carriers. 
For VRhGe H.H, the S value increases to its utmost value of 270 𝜇𝑉 · 𝐾ିଵ at 300 K then decrease to achieve 221 𝜇𝑉 · 𝐾ିଵ at 
1200 K, while for the NbRhGe compound, S increases up to a maximum value of 261 𝜇𝑉 · 𝐾ିଵ at 900 K and then 
decreases weakly to reach 254 𝜇𝑉 · 𝐾ିଵ at 1200 K. 

For the VRhSi alloy, the value of S goes from 240 𝜇𝑉 · 𝐾ିଵ at 300K to 269 𝜇𝑉 · 𝐾ିଵ at 700K then drops again to 
240 𝜇𝑉.𝐾ିଵat 1200K. The utmost value of "S" for the NbRhSi alloy is observed at 900 K it is of 262 𝜇𝑉.𝐾ିଵ. Around 
room temperature, “S” shows a large positive value of about 270 μV/K, 240 μV/K and 225 μV/K respectively for VRhGe, 
NbRhSi/VRhSi and NbRhGe.  The trend of Seebeck coefficient with respect to chemical potential (μ), has been displayed 
in Fig. 6a and Fig. 7a. At room temperature, the peaks of S are obtained at μ values included between -0.03 to 0.01 eV 
for VRhGe/NbRhGe and between -0.02 to 0.01 eV for VRhSi/NbRhSi compound. Beyond these range of μ, S tends to 
zero. With rising in the temperature, the maximum value decreases, it goes from 1205μV/K at 300K to 473μV/K at 900K 
for VRhGe/NbRhGe and from 853μV/K at 300K to 384μV/K at 900K respectively for VRhSi/NbRhSi compounds. The 
optimal values of S occur on the negative side of μ. Above the room temperature, S gradually decreases with the rise in 
temperature; this is due to jumping of electron and hopping of holes around the localized states in the vicinity of EF [57] 
which will generates a rise in the thermal energy. Comparatively to VRhSi and NbRhSi compounds, the VRhGe and 
NbRhGe H.H are well suitable for thermoelectric devices working around 300 K, since their maximum Seebeck values 
are reached at 300 K. 

From Fig. 5b which give the evolution of electrical conductivity (σ/τ) versus temperature, we can see that σ/τ 
increases as temperature increases, suggesting the semiconducting nature of XRhZ (X=V,Nb and Z=Si,Ge) compounds. 
For all the studied compounds, the σ/τ value is almost similar up to room temperature, above 300 K a strong increase is 
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observed for the VRhGe compound. The lowest values of σ/τ are obtained at 100 K, they are around 6×1017 (Ωms)-1, 
while the maximum values are obtained at 1200 K they're from 4.61 × 1019 (Ωms)-1 for VRhGe and around 3×1019 (Ωms)-1 
for VRhSi, NbRhGe and NbRhSi. The effect of chemical potential (μ) on the electrical conductivity (σ/τ) of the 
H.H compounds XRhZ (X = V, Nb and Z = Si, Ge) is drawn in Fig. 6b and Fig. 7b. 
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Figure 5. Evolution versus temperature of (a) Seebeck coefficient, (b) electrical conductivity, (c) thermal conductivity and (d) Merit 
factor of XRhZ (X =V, Nb and Z = Si, Ge). 
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Figure 6. Evolution versus chemical potential of (a) Seebeck coefficient, (b) electrical conductivity, (c) thermal conductivity and (d) 

Merit factor of XRhZ (X =V, Nb and Z = Si, Ge). (T= 300K) 

Comparatively to the p-type region, the electrons in n-type region show at room temperature dominancy with 
maximum peak intensity of 3.12×1020 (Ω m s)-1 / 4.32×1020 (Ω m s)-1 occurring at -0.028 eV / (-0.039 eV) respectively 
for NbRhSi/NbRhGe and VRhSi/VRhGe compounds.  Almost the same result is obtained at 900K. For the temperatures 
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of  300 and 900 K, we notice that the profiles of σ/τ do not show any major change, the curves are almost confused except 
for a few small differences. The high values of σ/τ recorded for the four H.H denote the low losses by Joule effect; this is 
explained by the difference between the effective masses of electrons (conduction band) which are heavier than the 
effective masses of holes (valence band).  From Fig. 5c, which depict the comportment of electronic thermal conductivity (𝜿𝒆 𝝉⁄ ) as function of temperature, one can notice that 𝜿𝒆 𝝉⁄   increases almost linearly with temperature. At ambient 
temperature the 𝜿𝒆 𝝉⁄  is of 1.29×1014 for VRhGe and around 7.80×1013 for the other three compounds. For the materials 
studied in this paper, the lowest values of κ/τ are obtained at 100 K, while the maximum values are obtained at 1200 K. 
At the same chemical potential, the gap between the values of 𝜿𝒆 𝝉⁄  increase as temperature increase, but with a gradient 
of less importance than that of the electrical conductivity σ/τ case. According to the Fig. 6c and Fig. 7c, which illustrates 
the thermal conductivity 𝜿𝒆 𝝉⁄  given versus chemical potential μ(eV), we can reveal the clear amplification of 𝜿𝒆 𝝉⁄  when 
the temperature increases. The 𝜿𝒆 𝝉⁄  is higher for the p-type (electrons) than for the n-type (holes). At ambient temperature 
and for μ=EF, the 𝜿𝒆 𝝉⁄  value is of 1,34×1014 W/m.K.s for VRhGe and around 7,50×1013 W/m.K.s for the other three 
compounds. The values of κ/τ are larger for μ > 0 than for μ < 0. At room temperature, the VRhSi and theVRhGe 
compounds exhibit a low thermal conductivity peak, which mean that these two H.H can provide high thermal efficiency. 
The high merit factor (ZT) values obtained constitute a strong index of the high thermoelectric performance of these 
materials. In fact, this parameter highly depends on the temperature, thermal conductivity (ĸ/τ), electrical conductivity 
(σ/τ) and Seebeck coefficient (S). Fig. 5d gives the evolution of merit factor (ZT) versus temeprature at μ=EF. Electrons 
nearby the EF play an essential role in the transport properties. ZT value of the VRhGe alloy remain the best among the 
four studied compounds, it increase from 0.68 at 100 K to its utmost value of 0.81 at 1000 K while at room temperature 
its value is of 0.77. Beyond 200 K, all the compounds have a ZT value that is greater than 0.71. From Fig. 6d and Fig. 7d, 
which give the change of ZT regarding the chemical potential, one can see that the values of ZT are lower in the p-type 
region than in the n-type region and as the temperature tends toward 300K, the utmost value of ZT progressively increases. 
At room temperature, the ZT values is around the unity, which makes the XRhZ (X=V,Nb and Z=Si,Ge) compounds very 
attractive for thermoelectric devices working at room temperature. We have identified in the literature several H.H 
semiconductors, which are classified as a good thermoelectric material and which exhibit the almost same values of ZT 
than our studied alloys, let's quote TiIrAs, TiIrSb [58]. 
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Figure 7. Evolution versus chemical potential of (a) Seebeck coefficient, (b) electrical conductivity, (c) thermal conductivity and (d) 
Merit factor of XRhZ (X =V, Nb and Z = Si, Ge). (T= 900K) 

 
3.5 Optical properties 

Even though the semiconductor compound is known to be a very good material for optical applications, its optical 
study is considered necessary, because this type of material can lose its semiconductor characteristic at very low frequency 
and become metallic as it can also acquire the behavior of an insulator at very high frequency [59]. The majority of the 
optical characteristics come from the dielectric complex function 𝜺(𝝎) (eq.13) [33]. 



302
EEJP. 1 (2024) Bendehiba Sid Ahmed, et al.

𝜺(𝝎) = 𝜺𝟏(𝝎) + 𝒊𝜺𝟐(𝝎)                                                                            (13) 𝜺𝟏(𝝎) describes the dispersion of electromagnetic radiation whereas 𝜺𝟐(𝝎) represents the optical absorption of the 
material.  

The imaginary part of the dielectric function 𝜺𝟐(𝝎) comes from the EBS computations with the help of the following 
relation  

 𝜺𝟐(𝝎) = ቀ𝟒𝝅𝟐𝒆𝟐𝒎𝟐𝝎𝟐ቁ∑ 𝟐𝒇𝒊(𝟏〈𝒊|𝑴|𝒋〉׬ − 𝒇𝒊)𝜹൫𝑬𝒋 − 𝑬𝒊 − 𝝎൯𝒅𝟑𝒌𝒊,𝒋 . (14) 

Where 𝝎,𝒆,𝒎 and 𝑴 denote respectively the photon frequency, electron charge, electron mass and dipole matrix. 𝑬𝒋 
designates the final state electron energy, 𝑬𝒊 the initial state electron energy and 𝒇𝒊 the Fermi occupation factor of the 
single-particle state i.  

Thanks to the Kramer’s Kronig relations [60-61], the real part of the dielectric function 𝜺𝟏(𝝎) is deduce from the 
imaginary part of the same function 𝜺𝟐(𝝎). 

 𝜺𝟏(𝝎) = 𝟏 + 𝟐𝝅𝑷׬ 𝝎ᇲ𝜺𝟐൫𝝎ᇲ൯𝝎ᇲ𝟐ି𝝎𝟐 𝒅𝝎ᇱஶ𝟎 . (15) 

Where 𝑷 represents the principal Cauchy value. Additional optical quantities can be also deduced from the calculated 
values of the imaginary and real parts of the dielectric function [62], the most sought after among them are the 
reflectivity 𝑹(𝝎), the refractive index 𝒏(𝝎) and the absorption coefficient 𝒂(𝝎). The crystallographic structures of the 
studied compounds are cubic; hence, the optical properties will be isotropic. In order to reach sensible accuracy on all 
probable electronic transitions, a dense mesh is considered necessary. A k-point mesh of 31*31*31 was adopted in this 
part of optical calculation. The various optical properties examined using the TB-mBJ method are plotted in the near 
infrared (NIR), visible (Vis) and ultraviolet (UV) domains. 

ተ
ተ
ተ  𝑹(𝝎) = อඥ𝜺(𝝎) − 𝟏ඥ𝜺(𝝎) + 𝟏อ𝟐                                                                                      (16)
  𝒏(𝝎) = ൥ඥ𝜺𝟏𝟐(𝝎) + 𝜺𝟐𝟐(𝝎) + 𝜺𝟏(𝝎)𝟐 ൩𝟏 𝟐ൗ                                                   (17)
  𝒂(𝝎) = √𝟐𝝎𝒄 ൭ට𝜺𝟏𝟐(𝝎) + 𝜺𝟐𝟐(𝝎) − 𝜺𝟏(𝝎)൱𝟏 𝟐ൗ                                           (18)

 

The graphical plot of Fig. 8a gives the real part of dielectric function 𝜺𝟏(𝝎); part, which defines the extent a material, 
may be polarized. Comparatively to the visible and infrared regions, the H.H compounds XRhZ (X = V, Nb and Z = Si, 
Ge) react highly to the ultraviolet-light excitations; many peaks are detectable in this domain. The negative values 
of 𝜺𝟏(𝝎) mean that the material entirely reflects the incident radiation while the positive values mean that the photons 
move across the material. For the VRhGe compound, the negative values of 𝛆𝟏(𝛚), recorded between 1.97 and 2.40 eV 
(visible region) can be explained by the metallic character characterized by the reflection of incident radiation. The same 
observation was found for the VRhSi, NbRhGe and NbRhSi compounds in the energy ranges between 1.83 to 2.23 eV / 
(2.62 to 3.05 eV) / (2.65 to 3.21 eV) respectively. Beyond 12.90 eV, the four compounds show values of real part 𝜺𝟏(𝝎) 
fluctuating around zero. The static dielectric constant 𝛆𝟏(𝟎) (dielectric function for zero photon energy) which is inversely 
proportional to the band gap [63] was found respectively equal to 190.11, 178.77, 23.62 and 22.88 eV for the VRhSi, 
VRhGe, NbRhSi and NbRhGe compounds. The transition between the occupied and unoccupied states is mostly insured 
by the imaginary part of dielectric constant 𝛆𝟐(𝛚) [64]. From Fig. 8b, we can see that 𝛆𝟐(𝛚) curve of VRhSi/VRhGe has 
three main peaks located at 0.24eV, 1.90eV and 3.98eV, while 𝛆𝟐(𝛚) curve of NbRhSi/NbRhGe exhibits two main peaks 
positioned around 2.43eV and 4.92eV. According to the band structure plot of VRhSi/VRhGe (Fig.3a-b), the three 
highest peaks of 𝛆𝟐(𝛚) correspond to the indirect interband transitions between W-X, L-X and Γ-X states. The two highest 
peaks for the NbRhSi/NbRhGe, compound correspond to the indirect interband transitions between W-X and L-X states 
(Fig.3c-d). We can noticed that above 8.8 eV, the optical activity of the four compounds considerably decreases. Fig. 8c, 
illustrates versus photon energy the evolution of absorption coefficient 𝒂(𝝎). For the four compounds, we can observe 
from 0 to 50 eV that there are no regions, where the compounds are optically transparent to radiation (𝒂(𝝎) = 𝟎). The 
values of 𝒂(𝝎)start from 0 eV and reaches in the ultraviolet region their maximums of 371.48 at 40.14eV (VRhSi/VRhGe) 
and 314.42 at 33.26 eV (NbRhSi/NbRhGe). Due to these high absorption values, these compounds may be beneficial to 
absorb harmful UV rays. In the visible region, the maximum values of 𝒂(𝝎) is about 112.84 cm-1 for NbRhSi/NbRhGe, 
and about 84.26 cm-1 for VRhSi/VRhGe. These values are larger to those reported for many H.H semiconductors 
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compounds such as LiCaX (X=N, P and As) [65], ZrRhSb [66], XScZ (X = Li, Na; Z = C, Si, Ge) [67], RbScSn [68] and 
SiLiX (X = Ca and Sr) [69]. The evolution of light reflection 𝑹(𝝎) versus photonic energy is illustrated in Fig. 8d. 
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Figure 8. Illustration of (a) real εଵ(ω) and (b) imaginary εଶ(ω) component of dielectric function, (c) absorption coefficient a(ω), 
(d) reflectivity R(ω), (e) refractive index n(ω), and (f) electron energy loss L(ω) for XRhZ (X =V, Nb and Z = Si, Ge) 

We can see that at zero energy, 𝑹(𝟎) is relatively high for VRhSi /VRhGe its value is of 75% while that 
of NbRhGe/NbRhGe is of 43%. Over low energies, 𝑹(𝝎) oscillates and the highest value for the VRhGe is obtained in 
the visible domain (62 %), while the utmost value for the NbRhGe which is of 64 % has registered in the UV domain. 
A value of 𝑹 around 66% is observed in the UV domain for the alloys containing silicon (VRhSi and NbRhSi). The 
high-infrared reflectivity of approximately 75% makes VRhSi/VRhGe compounds ideal materials for use as 
high-performance heat shields. Fig. 8e shows the variation of refractive index versus phonon energy for the four 
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compounds studied in this research. We clearly notice that the 𝒏(𝝎)shape  is similar to that of 𝜺𝟏(𝝎). For zero photon 
energy, the refractive index of VRhSi/VRhGe is significantly higher than, those of NbRhSi/NbRhGe. In addition, the real 
part of the dielectric constant 𝜺𝟏(𝟎) and the refractive index 𝒏(𝟎) are obey to the equation 𝜺𝟏(𝟎) = 𝒏𝟐(𝟎) [70]. For the 
VRhSi/VRhGe compounds, the refractive index 𝒏(𝝎) starts rapidly to decrease before reached 1eV, then increases to 
attain its utmost value of 5.30 at 1.60 eV. While for the NbRhSi/NbRhGe compounds, a slight increase is noted between 
0.14-1.96eV, beyond this range we observed a decrease of 𝒏(𝝎)values to stabilize around 0.7.  We notice that it is in the 
visible range that the utmost values of 𝒏(𝝎) occur. Fig. 8f, gives us the loss function energy 𝑳(𝝎); it can be seen that the 
prominent peaks of 𝑳(𝝎) for all four compounds are located in the high-frequency UV domain going from 15 eV to 
42.0 eV. These peaks match to the fast decrease of the reflectivity 𝑹(𝝎). Also, the different peaks of 𝑳(𝝎) are directly 
related to the plasma resonance, in other words, to the state of electron vibrations in the valence band. In the infrared 
region and visible region, all the compounds exhibit a very weak energy loss. 

 
CONCLUSIONS 

In this manuscript, the structural, electronic, elastic, thermoelectric and optical behavior of ternary half-Heuslers 
XRhZ (X = V, Nb and Z = Si, Ge) in cubic phase have been studied and discussed using DFT methods. For all studied 
compounds, the structural optimization confirms that the NM state is more stable than the FM state, while the EBS 
and DOS graphs reveal non-magnetic semiconductor behavior. The negative values found for the formation enthalpy 
and cohesive energy are strong clues of the thermodynamic stability and possible structural synthesizability of these 
HH. The phonon band structures of XRhZ compounds show no imaginary frequency and testify to the dynamic stability 
of its semiconductors in the nonmagnetic γ phase. The elastic properties results showed that the four semiconductors 
are stable mechanically. They possess a low anisotropy degree therefore a minimal risk of micro cracking and they 
also revealed a ductile nature. The optical performances was studied in the energetic domain, ranging from 0 eV up to 
50 eV. The high reflectivity greater than 60%, detected in the visible and UV areas as well as the high peaks of the 
absorption coefficient obtained in the same zones, allow using these alloys as UV filters, UV–visible photodetector, 
or as an effective shield in these domains. The increase in thermoelectric power generally passes through the decrease 
in thermal conductivity. For temperatures greater than 300K, the substitution of the germanium atom by the silicon 
atom (lighter atom) leads in a considerable reduction in thermal conductivity, reduction of 38% at 600K and 26% at 
900K. With a merit factor values greater than 0.73 in wide temperature domain, all these compounds can be considered 
as alternative green energy sources and also for energy conversion. 
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ДОСЛІДЖЕННЯ ЕЛЕКТРОННИХ, ПРУЖНИХ, ТЕРМОЕЛЕКТРИЧНИХ ТА ОПТИЧНИХ ВЛАСТИВОСТЕЙ 
НОВИХ НАПІВГЕЙСЛЕРОВИХ XRhZ (X = V, Nb ТА Z = Si, Ge) НАПІВПРОВІДНИКІВ МЕТОДОМ DFT 

Сід Ахмед Бендехібаa, Бесбес Аніссаa, Джелті Радуанa, Найва Аль Бузієb, І. Карс Дуруканc 
Нуреддін Амранеb 

a Лабораторія технологій і властивостей твердих тіл, Університет Мостаганем (UMAB) – Алжир 
b Фізичний факультет, Науковий коледж, Університет Об’єднаних Арабських Еміратів (UAEU), 15551, Аль-Айн, ОАЕ 

c Кафедра фізики, Факультет природничих наук, Університет Газі, 06500 Анкара, Туреччина 
Теорія функціонала густини була використана для дослідження фізичних властивостей нових напівгейслерових сплавів XRhZ 
(X = V, Nb і Z = Si, Ge). Обмінно-кореляційні ефекти обробляли потенціалом TB-mBJ. Чотири досліджувані сполуки є 
немагнітними напівпровідниками з непрямою забороненою зоною. Ентальпія утворення, енергія когезії та фононні зонні 
структури показали, що ці напівпровідники є структурно та динамічно стабільними. Пружним дослідженням було 
передбачено, що сполуки XRhZ (X = V, Nb і Z = Si, Ge) мають стабільні механічні властивості, вони мають анізотропний 
характер і виявляють пластичну природу з відношенням B/G >1,75. Оптичні результати демонструють цікавий 
фотокаталітичний потенціал для напівпровідників NbRhSi та NbRhGe, вони демонструють високий коефіцієнт поглинання у 
видимій області, який становить близько 112,104 см-1. Для енергій понад 10 еВ (УФ-домен) показник заломлення менше 
одиниці. Термоелектричні результати підтвердили, що сполуки XRhZ (X=V, Nb і Z=Si, Ge) дуже привабливі для 
термоелектричних пристроїв, що працюють у широкому діапазоні температур, включаючи температуру навколишнього 
середовища. 
Ключові слова: напівгейслерові сплави; напівпровідник; еластичні властивості; коефіцієнт Зеєбека; фактор заслуг; 
коефіцієнт поглинання; відбивна здатність 
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Sol gel auto-combustion was used to create gadolinium doped nickel ferrite nano-particles, which have chemical composition 
NiFe2-xGdxO4 (x = 0.00, 0.010, 0.15, 0.20 & 0.25). The investigation focused on how the composition of Gd+3 affected the magnetic 
properties and structural parameters. Magnetic properties were investigated using VSM technique, structural properties were 
determined using XRD and SEM techniques. XRD graphs verified the establishment of the spinel ferrite phase. With an increase in Gd 
composition, the crystallite size and lattice parameter increased from 21.0288 to 27.04125 nm and 8.3325 to 8.3367Å, respectively. 
It was also evident how the composition of Gd+3 affected the estimation of bond-angles and lengths in tetrahedral and octahedral 
structures. SEM micrographs showed that all of the grains had a small amount of agglomeration and that all of the synthesized 
compositions were homogenous. The range of 140.5–176.2 nm was found to be the average grain size. Using VSM at 300K, magnetic 
parameters like coercivity, residual magnetization, and saturation magnetization were computed. Until the composition was 0.20, the 
saturation magnetization and residual magnetization dropped from 30.28 emu/g to 15.35 emu/g and 5.07 emu/g to 3.65 emu/g, 
respectively. After that, they increased to 34.40 emu/g and 6.52 emu/g, respectively. Until composition 0.20, coercivity was raised 
from 154 to 261 Oe; after that, it was lowered to 233 Oe. 
Keywords: Gadolinium doped nickel ferrite nano-particles; Sol gel auto-combustion; XRD; SEM and magnetic properties 
PACS: 75.50.Gg, 61.05.cp, 61.05.cp, 68.37.Hk, 75.75.Fk 

INTRODUCTION 
The applications of spinel ferrite nano-particles in current context include drug delivery, photocatalysis, 

telecommunications, electronics, and electrical devices like transformer cores, permanent magnets, magnetic refrigeration, 
magnetic recording media, gas sensors, and microwave absorbers, among others [1-5]. Spinel ferrite is generally represented 
by the formula AB2O4, where the B-site is referred to as octahedral at the center of the octahedron and the A-site is referred 
to as tetrahedral since it is positioned at the center of the tetrahedron and contains oxygen-ions at each corner. The big 
oxygen-ions are arranged in a face-cantered cubic configuration with space between them occupied by metal-ions [6-7]. 
The inverse spinel structure of nickel ferrite, one of the ferrites that has been the subject of extensive research as a magnetic 
nanomaterial, shows that trivalent Fe+3 ions occupy both [A] and [B] sites whereas divalent Ni+2 ions occupy 
the octahedral [B] sites [8-9]. Researchers have employed a variety of methods to analyze the structural; electrical; optical; 
and magnetic properties; of their ferrite nano-particles in order to determine the impact of doping elements and manufacturing 
methods [10–12]. Their characteristics can be changed by doping them with rare earth elements in a cubic spinel ferrite 
structure [13-14]. Due to its half-filled 4f7 electronic configuration, gadolinium is a magnetically active high spin rare earth 
metal. The properties of the ferrites can be affected by a small amount of Gd doping. Since rare earth ions have high spin-
orbit coupling and unpaired (4f) electrons, it is known that Fe-Fe exchanges in ferrites are caused by the spin coupling of (3d) 
electrons, which affects the structural, electrical, optical, and magnetic properties. Better magnetic and electrical properties 
result from rare earth ion interaction with Fe, or 3d–4f coupling, when these ions occupy ferrite lattice positions [15–16]. 
Furthermore, studies on the doping of ions in CoFe2O4 nano-particles have been published, and the results indicate that 
the characteristics of ferrites vary significantly [13]. There are few studies on Gd-doped nickel ferrites nano-particles 
in the literature that has been released [17–18], with the exception of those that concentrate on the composite materials’ 
magnetic characteristics. Consequently, the composition of Gd+3 affects structural characteristics and magnetic properties 
in the current work, which is synthesized using the Sol gel (auto-combustion) process. 

II. EXPERIMENTAL
According to Figure.1 [19–21], sol gel (auto-combustion) process was used to create NiFe2-xGdxO4 (x = 0.00, 0.010, 

0.15, 0.20 & 0.25) ferrite nano-particles. 
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Figure 1. Flowchart of synthesis of NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles 

The precursor materials included ammonia, citric acid, ferric and gadolinium nitrates were AR graded. De-ionized 
water was used to dissolve the precursor materials in a stoichiometric ratio to create a transparent solution. The solution 
containing Ni+2, Gd+3, and Fe+3 ions was chelated by adding citric acid to the organized aqueous solution. Citric acid and 
total moles of nitrate ions were combined in 1:3 molar ratio. The attained solution was neutralized with ammonia in an 
appropriate amount to maintain a pH of 7. A hot plate was then used to heat the neutralized solution to approximately 
100℃ while stirring continuously. A thick gel was seen a few hours later. A loose powder [22–23] remained after 
the temperature was raised to 200℃, which started the ignition process and caused the generated gel to burn completely 
through auto-combustion. It was annealed for eight hours at 700 ℃ and was known as "as-prepared powder." 

Using a Phillips expert X-ray diffractometer, the XRD patterns for NiFe2-xGdxO4 (x = 0.00, 0.010, 0.15, 0.20 & 0.25) 
ferrite nano-particles were obtained. The NiFe2-xGdxO4 (x=0.00, 0.010, 0.15, 0.20 & 0.25) ferrite nano-particles' 
microstructural morphology was examined using a ZEISS EVO-18 SEM. VSM were used to measure the magnetic 
properties at 300 K and a maximum applied magnetic field (15 kOe). 

 
RESULTS AND DISCUSSIONS 

Figure 2 displays XRD patterns of NiFe2-xGdxO4 (x = 0.00, 0.10, 0.15, 0.20, 0.25) ferrite nano-particles that were 
annealed for eight hours at 700℃ [25]. Single-phase; cubic spinel structure; and Fd3m space-group; are indicated by XRD 
patterns. Because of nano-crystalline pattern of the prepared compositions, XRD data showed that XRD peaks grew wider 
with increasing Gd doping content. The variance in ionic-radius of Ni (0.74 Ả) and Gd (0.94 Ả) could be cause of slight 
shift in peak position observed with increase in Gd+3 composition. Various structural parameters were computed from 
XRD patterns using standard relations listed below.  

 
Figure 2. XRD pattern of NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700℃ 

[K.V. Kumar et al, (2023), Eur. Chem. Bull. 2023,12(4) 10479-1048] 
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The crystallite-size (D) of NiFe2-xGdxO4 (x = 0.00, 0.010, 0.15, 0.20 & 0.25) ferrite nano-particles was calculated 
for present XRD patterns using the Scherrer’s formula [25]: 

 D = ଴.ଽସఒఉ ௖௢௦ఏ (1) 

where, θ -diffraction angle, λ-wavelength (Co Kα radiation), β-FWHM and D-crystallite size. 
Using 2θ-values, interplanar spacing & lattice parameter of NiFe2−xGdxO4 (x= 0.00, 0.010, 0.15, 0.20 & 0.25) ferrite 

nano-particles was calculated with the following formula [26]:   

 a = ௗඥ௛మା௞మା௟మ (2) 

Crystallite size and lattice parameter were observed to increase with Gd+3 composition and were obtained in the 
range of 21.0288 to 27.04125 nm and 8.3325 to 8.3367Å respectively are tabulated in Table 1 and shown their variation 
with Gd composition in Figure 3. The improved values of lattice parameter confirmed the entrance of Gd+3 ions into the 
structure [27-28]. 

Table 1. Average Crystallite size, Lattice parameter and average interplanar spacing & average grain size of NiFe2−xGdxO4 
(x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700℃. 

Gd Composition  
Average 

Crystallite 
Size (nm) 

Lattice 
parameter 

(Å) 

Average 
Interplanar 
spacing (Å) 

Average 
Grain 

size (nm)  
0.0 21.02875 8.3325 2.17625 140.5 

0.05 22.45000 8.3326 2.20625 145 
0.10 25.06000 8.3327 2.20625 159.1 
0.15 26.68375 8.3329 2.20500 153.33 
0.20 27.04125 8.3333 2.20750 154.2 
0.25 27.37250 8.3367 2.18875 176.2 
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Figure 3. Variation of crystallite size (D) and lattice constant (a) for NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite 

nano-particles annealed at 700℃ 

Three different kinds of magnetic-interactions between the cations could be possible via intermediate oxygen-ions 
through the super-exchange mechanism because the metal-ions occupy at two different lattice sites in the spinel structure: 
A-A interaction, B-B interaction, and A-B interaction. The angles between cations dispersed over two sites and the 
distances between cations and oxygen determine an amount of interaction energy between relating cations. In order 
to investigate how the composition of Gd+3 affected the structural characteristics of the ferrite nanoparticles, as illustrated 
in Figure 4 [29]. 

 
Figure 4. Ion pair configuration in spinel ferrite with bond lengths and bond angles [Raghvendra Singh Yadav et al., 2018, 

Journal of Materials Science: Materials in Electronics, 29, 15878-15893] 
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The bond-lengths between the cations at the tetrahedral and octahedral sites designated as b, c, d, e, and f were 
estimated. The subsequent formulas (3–7) [30] can be used to assess these: 

 b = √2(௔ସ) (3) 

 c = √11(௔଼) (4) 

 d = √3 (௔ସ) (5) 

 e = √3 (ଷ௔଼) (6) 

 f = √6 (௔ସ) (7) 

The bond lengths of the ferrite nano-particles between metal-ions and oxygen at various sites are denoted by the 
following equations (8-11) [30] and are represented as p, q, r, and s (bond-lengths between cation-anion) in Figure-4 [29]: 
 p = a(ହ଼ − 𝑢) (8) 

 q = a√3 ቀ𝑢 − ଵସቁ (9) 

 r = a√11  (𝑢 − ଵ଼) (10) 

 s = a√3(௨ଷ + ଵ଼) (11) 

Equations (12-16) [31] can be used to determine the bond-angles between cations (oxygen-ions) and cation-anion (metal-
ions) of the ferrite nano-particles, which are represented as θ1, θ2, θ3, θ4 and θ5. The same was depicted in Figure-4 [28]: 

 θ1 = cos-1 (௣మା௤మି௖మଶ௣௤ ) (12) 

 θ2 = cos-1 (௣మା௥మି௘మଶ௣௥ ) (13) 

θ3 = cos-1 (ଶ௣మି௕మଶ௣మ ) (14) 

 θ4 = cos-1 ቀ௣మା௦మି௙మଶ௣௦ ቁ (15) 

 θ5 = cos-1 ቀ௣మା௤మିௗమଶ௥௤ ቁ (16) 

Tables 2, 3 & 4 contains a tabulation of all bond-length values and bond-angle values between cations and cation-
anions. It was discovered that the Gd+3 composition increased the interatomic distance between the cations at two distinct 
sites (A & B) and the cation-anion. The greater ionic radius of Gd+3 ions is the cause of this variation. A-B and B-B 
interactions were found strengthened, as indicated by the increased bond-angles θ1, θ2, θ3, θ4 and θ5 [32–33]. 

Table 2. Variation of bond lengths between cations situated in NiFe2−xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-
particles annealed at 700℃ 

Gd 
Composition b (Å) c (Å) d (Å) e (Å) f (Å) 

0.0 2.945984 3.454472 3.608078 5.412118 5.102593 
0.05 2.946019 3.454513 3.608122 5.412182 5.102655 
0.10 2.946054 3.454555 3.608165 5.412247 5.102716 
0.15 2.946125 3.454638 3.608252 5.412377 5.102838 
0.20 2.946266 3.454804 3.608425 5.412637 5.103083 
0.25 2.947469 3.456213 3.609897 5.414845 5.105165 

Table 3. Variation of bond lengths between cation-anion situated in NiFe2−xGdxO4 (x=0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite 
nano-particles annealed at 700℃ 

Gd Composition p (Å) q (Å) r (Å) s (Å) 
0.0 2.083125 1.804039 6.908944 3.6080783 

0.05 2.08315 1.804061 6.9090269 3.6081216 
0.10 2.083175 1.804082 6.9091098 3.6081649 
0.15 2.083225 1.804126 6.9092757 3.6082515 
0.20 2.083325 1.804212 6.9096073 3.6084247 
0.25 2.084175 1.804948 6.9124265 3.609897 

The morphological study of all the compositions was done by SEM. Micrographs of all Gd doped nickel ferrite 
compositions are shown in Figure 5, Numerous voids and pores are visible in non-uniform agglomerated fragments [15]. 
It was observed that every grain was dispersed randomly and had non-uniform sizes [16]. The average grain size was 
found increased with Gd+3 composition and it was observed in the range of 140.5-176.2 nm, tabulated in Table 1. 



312
EEJP. 1 (2024) Sara Durga Bhavani, et al.

Table 4. Variation of bond angles between cations and cation-anion situated in NiFe2−xGdxO4 (x=0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) 
ferrite nano-particles annealed at 700℃ 

Gd 
Composition θ1 θ2 θ3 θ4 θ5 

0.0 125.2644 128.7162 91.4562 125.2644 88.4764 
0.05 125.2662 128.7421 91.51876 125.6989 88.48011 
0.10 125.2714 128.7622 91.51945 126.0281 88.4827 
0.15 125.2732 128.7713 91.56347 126.2492 88.48441 
0.20 125.2754 128.7784 91.58002 126.3602 88.48526 
0.25 125.2734 128.7862 91.58176 126.6956 88.48781 

 
Figure 5. SEM images of NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700℃ 

At room temperature, the magnetic properties of NiFe2−xGdxO4 (x = 0.00, 0.010, 0.15, 0.20 & 0.25) ferrite nano-
particles were examined using a VSM. The synthesis method, grain size, cation doping, cation re-distribution, and other 
factors are major determinants of the magnetic properties of ferrite nano-particles [34]. Ferrite nano-particles' magnetic 
properties are mostly influenced by the Fe+3-Fe+3 interaction and the spin coupling of their third-dimensional electrons. 
When Gd+3 enters the Fe lattice, according to the cation distribution, the Gd+3-Fe+3 interaction happens with 3d-4f 
electrons spin coupling, and hence Gd+3 ions will replace Fe+3 ions in octahedral [B] site. Figure 6 illustrates the hysteresis 
of NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700℃. The derived parameters 
such as saturation magnetization, remanent magnetization and coercivity are tabulated in Table 5.  
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Figure 6. Hysteresis loops of NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700℃ 

Table 5. Coercivity HC (Oe), residual magnetization Mr (emu/g) and saturation magnetization Ms (emu/g) of NiFe2−xGdxO4 
(x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed at 700 ℃ 

Gd 
Composition Hc (Oe) Mr(emu/g) Ms(emu/g) 

0.0 154 5.07 30.28 
0.05 156 3.82 27.95 
0.10 257 4.54 19.73 
0.15 261 3.65 15.35 
0.20 261 3.65 15.35 
0.25 233 6.52 34.40 
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In general, Gd+3 ions have a magnetic moment of 7.9 BM whereas Fe+3 ions have magnetic moment 5 BM. Observing 
the Gd+3 and Fe+3 ions magnetic moments, the magnetization for all the compositions was supposed to increase Gd+3 
composition in nickel ferrites. But it is clearly observed from Table-5 that Ms values and Mr values were decreased from 
30.28 to 15.35 emu/g and 5.07 to 3.65 emu/g respectively. The coercivity was increased from 154 Oe to 261Oe and the 
magnetization change may be due to Gd+3-Fe+3 interactions. Figure-7 illustrate the variation of coercivity (Hc) and 
saturation magnetization (Ms) for NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) ferrite nano-particles annealed 
at 700℃. 
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Figure 7. Variation of coercivity (HC) and saturation magnetization (MS) for NiFe2-xGdxO4 (x = 0.00, 0.05, 0.10, 0.15, 0.20 & 0.25) 

ferrite nano-particles annealed at 700℃ 

The strength of the spin-orbital coupling in ferrite materials limits their magnetic anisotropy. Presence of larger magnetic 
anisotropy in the ferrites results in the larger coercivity. Doping of Gd+3 ions in the nickel ferrites has resulted in the increase 
of coercivity which makes these ferrite compositions magnetically hard. Similar kind of results were observed for Tb+3 doped 
cobalt ferrites [35-36]. Presence of Gd+3 ions weaken the super-exchange interactions in nickel ferrites [37-38].  
 

CONCLUSION 
Sol gel auto-combustion was used to create NiFe2-xGdxO4 (x = 0.00, 0.010, 0.15, 0.20 & 0.25), ferrite nano-particles 

that were then annealed for eight hours at 700°C. The increased ionic radii of rare earth ions (Gd+3) are responsible for 
the structural parameters, such as crystallite size and lattice parameter, which increased from 21.0288 to 27.04125 nm 
and 8.3325 to 8.3367Å, respectively, with Gd+3 composition. Estimates of the tetrahedral, octahedral, and bond-angles 
also demonstrated significant variation with the Gd+3 composition. The average grain size, which ranged from 140.5 
to 176.2 nm, was found to increase with Gd composition. The composition of Gd resulted in a decrease in both saturation 
and residual magnetization. Gd content increases the coercivity and gives ferrite nano-particles their magnetic hardness. 
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ВПЛИВ ВМІСТУ ГАДОЛІНІЮ НА МАГНІТНІ ТА СТРУКТУРНІ ХАРАКТЕРИСТИКИ НАНОЧАСТИНОК NFGO 

Сара Дурга Бхаваніa,e, К. Віджая Кумарb*, А.Т. Рагхавендерc, Дж. Арут Челвейнd, Б. Пурна Чандра Раоe* 
a Факультет хімії, державний коледж Раджендранагар, округ Рангаредді - 501218, Телангана, Індія 

b Факультет фізики, JNTUH Університетський інженерний коледж Джагтіал, Начупаллі (Кондагату), 
Округ Джагтіал 505501, Телангана, Індія 

c Факультет фізики, Міжнародна школа технологій і наук для жінок, Раджамахендраварам, 
Східний Годаварі -533 294, Андхра-Прадеш, Індія 

d Магнітна група, Лабораторія оборонних металургійних досліджень, Канчанбаг, Хайдарабад-500058, Телангана, Індія 
e Департамент хімії, Інститут технології та менеджменту Ганді, Хайдарабад-502 329, Телангана, Індія 

Для створення наночастинок фериту нікелю, легованого гадолінієм, які мають хімічний склад NiFe2-xGdxO4 (x = 0,00, 0,010, 0,15, 
0,20 і 0,25) було використано золь-гель автоспалювання. Дослідження було зосереджено на тому, як склад Gd+3 вплинув на магнітні 
властивості та структурні параметри. Магнітні властивості досліджували методом VSM, структурні властивості визначали методами 
XRD та SEM. XRD-графіки підтвердили встановлення шпінельної феритової фази. Зі збільшенням складу Gd розмір кристалітів і 
параметр ґратки збільшилися з 21,0288 до 27,04125 нм і 8,3325 до 8,3367Å відповідно. Було також очевидно, як склад Gd+3 вплинув 
на оцінку зв’язкових кутів і довжин у тетраедричних і октаедричних структурах. Мікрофотографії SEM показали, що всі зерна мали 
невелику кількість агломерації і що всі синтезовані композиції були однорідними. Встановлено, що діапазон 140,5–176,2 нм є 
середнім розміром зерна. Використовуючи VSM при 300K, були обчислені такі магнітні параметри, як коерцитивна сила, залишкова 
намагніченість і намагніченість насичення. Поки склад не становив 0,20, намагніченість насичення та залишкова намагніченість 
падали з 30,28 emu/g до 15,35 emu/g і з 5,07 emu/g до 3,65 emu/g відповідно. Після цього вони зросли до 34,40 emu/g і 6,52 emu/g 
відповідно. До складу 0,20 коерцитивна сила була підвищена з 154 до 261 Ое; після цього його знизили до 233 Е. 
Ключові слова: наночастинки фериту нікелю, леговані гадолінієм; золь-гель автозгоряння; XRD; SEM і магнітні 
властивості 
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The development of efficient metal doped semiconductors for Photovoltaic applications has gained a lot of research attention. In this 
present paper, pure and silver nanoparticles (AgNPs)-modified TiO2 nanocrystals (NCs) with different amount of AgNPs (say 50, 100, 
150, 200, and 250 µL) were achieved and the effects of AgNPs on the TiO2 NCs were explored systematically. The optical, structural 
and morphological properties were probed using UV-visible spectrophotometer, X-ray diffraction (XRD), and scanning electron 
microscope (SEM). The results of the optical studies showed a characteristic peak of TiO2 and the redshifting of the peak position was 
observed by introducing AgNPs. The synergetic effects from AgNPs and TiO2 results to diminished band gap. The XRD result 
confirmed the formation of a tetragonal anatase TiO2 phase with a decrease in crystallite size with increasing AgNPs content. The SEM 
images show enhanced nucleation and film growth with presence of shining surface which can be seen to contribute to good photon 
management by enhancing light scattering. The unadulterated TiO2 and AgNPs-modified TiO2 have spherical morphology and 
uniform size distribution ranging from 20 to 30 nm. This study established the view that surface modification of TiO2 with AgNPs is a 
viable approach towards achieving an efficient light photocatalyst. 
Keywords: AgNPs; TiO2; Nanocomposites; LSPR Effect; Photocatalyst 
PACS: 61.05.C-, 78.20.-e, 68.37.-d, 81.07.-b, 88.40.H-, 87.64.Ee 

1. INTRODUCTION
Titanium dioxide (TiO2) is a highly studied semiconductor due to its optoelectronic nature and high chemical 

stability [1] and has been proven to be one of the materials that have found applications in sensors, antireflective coatings, 
electrochromic devices, solar energy conversion [2] etc. Nanocrystalline TiO2 is classified as one of the successful 
nanomaterials applied for photocatalytic and photoelectrochemical [3]. One of the disadvantages of TiO2 is its wide band 
gap (for anatase phase is Eg = 3.2 eV, for rutile is 3.0 eV) that have made the absorption coefficient limited for applications 
in the visible region of the electromagnetic spectrum. As a result, altering the band gap of TiO2 to render it photosensitive 
in the visible-light region of electromagnetic spectrum with low electron–hole recombination is considered a viable 
alternative in photocatalysis [4]. 

One of the path-way to improving the photocatalytic properties is incorporation of noble metal nanoparticles, such 
as Pt, Ag, Pd, Au, and alloys which can display plasmonic effect in TiO2 matrix. This will render it active in visible light 
harvesting and charge carrier separation simultaneously without sacrificing its crystal quality [5,6]. 

When noble metals come in contact with TiO2, they behave as electron reservoir suppressing the recombination rate 
and significantly enhance carrier life time [4]. Among the noble metals, silver nanoparticles (Ag NPs) have displayed 
some extra ordinary properties that makes it attractive for application in different catalyst. Amongst these properties are; 
unique physical, chemical, electronic, and optical properties [4,7,8]. Introducing AgNPs in the TiO2 environment also 
results to increase in photocatalytic efficiency by interfacial charge transfer that takes place through Ti-Ag-O phase and 
the presence of oxygen vacancies [4,9]. During sunlight visible interaction with the AgNPs, surface plasmon resonance 
effect is displayed which drive the electron from AgNPs to TiO2 or the vice versa and in turn enhance light harvesting due 
to frequency matching [10,11]. 

Different methods of fabricating Ag doped TiO2 have been demonstrated. For instance, some studies have utilized a 
chemical reduction method to introduce Ag+ into TiO2 NPs [9,12]. Photo reduction method was used by Yang et al. [13] 
to introduce silver nitrate (AgNO3) into TiO2 NPs under UV light. In another study by Zhou et al. [14], they fabricated 
Ag/Ag-doped TiO2 using modified sol-hydrothermal method in the presence of NaOH as additive. Daniel et al. [1] used 
successive ionic layer absorption and reaction to introduce AgNPs in TiO2. Although in the reported works, chemical 
route was utilized to fabricate Ag doped TiO2 NCs. 

In our present work, we reported the biosynthesis of AgNPs and its effect on TiO2 nanocrystal. The effect of the Ag 
nanoparticles on the optical, structural, and morphological was explored in a systematic way. The results showed that on 
introducing different amount of AgNPs through spin coating, the band optical properties of TiO2 matrix were enhanced 
resulting to diminished bandgap of TiO2 which presents good prospects for photocatalytic activity and photovoltaic 
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applications. This entire paper is presented in four sections. After the introduction section is the materials and method 
section, which offers a full description related to the synthesis and fabrication techniques. Section 3, includes the results 
and discussion. The conclusion section includes a summary of the findings. 
 

2. MATERIALS AND METHODS 
2.1. Materials 

Ti-Nanoxide (T/SP36) was purchased from solaronix, Methanol (99.8%), Silver nitrate (99%), the commercial 
titanium dioxide (99.5%), Degussa P25, Sodium hydroxide (98.5%), were supplied by Sigma Aldrich. All the chemicals 
were of analytical grade and used as received without any further purification. 
 

2.2. Preparation of Titanium dioxide 
The Titanium Nanoxide T/SP 36 was diluted in absolute ethanol in the ratio 1:3 respectively to obtain the required 

composition. The prepared TiO2 solution was sealed with aluminum foil to prevent it from absorbing moisture. 
 

2.2. Preparation of biosynthesized AgNPs 
The silver nanoparticle (AgNPs) was made in a green synthetic way using soluble starch as a reducing agent. In a 

typical one-step synthesis protocol, 0.5 g of soluble starch was added to 50 mL of deionized water and gently heated under 
continues stirring on hotplate at 100℃ for 30 minutes. Later 0.01 M, 50 mL of AgNO3 was added to the mixture and 
continued boiling at 90℃ for 6 hours on hotplate with stirring. The colour of the silver nitrate solution changed from 
colourless to brownish yellow which indicate the formation of AgNPs. The obtained AgNPs were purified through 
repeated centrifugation at 11500 rpm for 20 minutes. AgNPs were collected and redispersed in deionized water. 
 

2.3. Quantitation of the biosynthesized AgNPs 
The concentration of AgNPs was estimated from concentration of AgNO3 solution (0.01 M, 50 mL) following a 

procedure earlier described by Kalishwaralal et al. [15], and Rani et al. [16] 
Step 1: Average number of atoms per nanoparticle (N): 
From the synthesis we assumed that 100% of the silver atoms were converted into AgNPs 

𝑁 = 𝜋𝜌𝐷ଷ6𝑀 𝑁஺ 

Where π=3.142, 𝜌 is the density of the face-centered cubic crystalline structure of silver (i.e., 10.5g/cm3) [16], 𝐷 is the 
average diameter of AgNPs (18 nm), M is the atomic mass of silver (107.86 g), and 𝑁஺ is the number of the atoms per 
mole (Avogadro’s number = 6.023 6.023 × 10ଶଷ). Therefore; 
 𝑁 = 3.142 × 10.5 × (1.8 × 10ି଺)ଷ × 6.023 × 10ଶଷ6 × 107.8  
 𝑁 = 179166 
Step 2: Molar concentration of AgNPs solution: 𝐶 = 𝑁்𝑁𝑉𝑁஺ 

Where 𝑁்= product of the molarity of AgNO3 and atoms present in one mole, 𝑁= number of atoms per nanoparticle (as calculated in step 1), and V is the volume of solution. 
Therefore; 𝐶 = 0.01 × 6.023 × 10ଶଷ179166 × 0.05 × 6.023 × 10ଶଷ 

 𝐶 = 1.12 × 10ି଺ M.L-1 =1120 nM 
 

2.4. Deposition of TiO2 Layer 
The TiO2 liquid paste was spin-coated on the substrate using modified centrifuge machine at 3000 rpm for 

15 seconds. The deposited TiO2 was dried at 150°C for 5 minutes and then annealed at 450°C for 30 minutes. 
 

2.5 Silver nanoparticles deposition on TiO2 
Green synthesized metallic silver nanoparticles (AgNPs) was sputtered onto the surface of spin coated TiO2 films 

by spin coating technique at room temperature. The silver content on the surface of the TiO2 was varied by drop-casting 
50, 100, 150, 200, and 250 µL. Immediately after the Ag deposition onto TiO2, the films are annealed at 150°C for 
5 minutes. 
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2.6 Films characterization 
2.6.1 UV–vis spectrophotometer 

UV-vis spectroscopy was performed to predict the charge transfer possibility between the acceptor and donor using 
Axiom Medicals (UV752 UV-Vis-NIR spectrophotometer) by scanning the absorption maxima of the mixture at 
wavelengths between 200−1200 nm. 
 

2.6.2 X-ray diffraction (XRD) 
The crystal structure of the nanoparticle films was performed on X-ray diffraction (Rigaku D, Max 2500) recorded 

in the 2 theta range from 10◦ to 70◦ and equipped with 𝐶𝑢𝐾ఈ radiation (α = 1.54 Å). The spectral data were operated at 
40 kV and a current of 40 mA. 
 

2.6.3. Scanning Electron Microscope (SEM) 
Scanning Electron Microscope (SEM) was used to study the surface morphologies using JEOL (JSM-7600F) at a 

20 kV acceleration voltage. 
 

3. RESULTS AND DISCUSSION 
3.1 Optical study 

Figure 1a shows the curve of the absorbance against wavelength for pure TiO2 and TiO2 modified with different µL 
of AgNPs. 

  

  
Figure 1. (a) Absorbance of TiO2, AgNPs, TiO2/AgNPs1, TiO2/AgNPs2, TiO2/AgNPs3, TiO2/AgNPs4, and TiO2/AgNPs5, 
(b) Transmittance of TiO2, AgNPs, TiO2/AgNPs1, TiO2/AgNPs2, TiO2/AgNPs3, TiO2/AgNPs4, and TiO2/AgNPs5, (c) Reflectance 
of TiO2, AgNPs, TiO2/AgNPs1, TiO2/AgNPs2, TiO2/AgNPs3, TiO2/AgNPs4, and TiO2/AgNPs5, (d) Band gap energy of TiO2, 
AgNPs, TiO2/AgNPs1, TiO2/AgNPs2, TiO2/AgNPs3, TiO2/AgNPs4, and TiO2/AgNPs5 
Where AgNPs1=50 µL, AgNPs2=100 µL, AgNPs3=150 µL, AgNPs=200 µL, and AgNPs=250 µL 

As it is seen from all the spectra, the curves modified with AgNPs show improved absorption in the visible range of 
the electromagnetic (em) spectrum. The titanium dioxide did not display any visible or near infrared peak, however an 
absorption peak between 278-405 nm in ultraviolet region with maximum peak at 341 nm was observed. This peak can 
be attributed to strong interaction between O 2p to Ti 3d charges [4]. As a result of the observed peak at the UV region, 
there is need to modify TiO2 to make it active at the visible and near IR region. 

On close inspection of the spectrum, the AgNPs shows a broad band with a visible peak observed at 465 nm which 
correspond to the plasmonic absorption of AgNPs [3,17-20]. The surface plasmon resonance effect is due to the mutual 
oscillation of conduction electrons which are in resonance with the light wave. The sample containing AgNPs is depicted 
to show a redshift in visible light matching which is attributed to surface plasmon resonance effect.  
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The TiO2/AgNPs1 film shows a peak at 395 while the TiO2/AgNPs2 film shows a further shift to 407 nm. On 
increasing the AgNPs drops to 3 and 4, we observed a redshift in the spectra with absorption peak of 440 nm and 460 nm. 
Further increase to 5 drops results to a blue shift in optical absorption which is attributed to photodegradation due to 
higher surface adsorption. 

The optical transmittance of the samples is shown in Figure 1b which was obtained from equation 1. 

 𝑇 = 10ି஺ (1) 

where T is transmittance and A is absorbance. 
As seen from the curve, at wavelengths between 400 to 1000 nm, all samples with AgNPs have lower transmittance 

than the sample without AgNPs. This differences in transmittance is attributed to the fact that the refractive index of TiO2 
is being more dispersive than those of AgNPs modified samples [21]. All the samples display high transparency in the 
visible region and near IR region with a sharp fall noticed at lower wavelength. The higher transmittance observed in pure 
TiO2 than the AgNPs modified TiO2 shows that, the introduction of AgNPs on TiO2 increase the porosity of the film. We 
can attribute the possible reason of decrease in optical film density with increase in AgNPs content to this reason. The 
disparities in the transmittance of the film can be seen to arise mainly from the presence of different amount of AgNPs 
(50, 100, 150, 200, and 250 µL) introduced which results in inconsistencies in surface morphology, crystal size, and 
transmittance to light scattering [3,22]. 

The optical reflectance of pure TiO2 and TiO2 modified with different µL of AgNPs shown in Figure 1c were obtained 
from equation 2. 

 𝑅 = 1 − (𝐴 + 𝑇). (2) 

Where R is the reflectance, A is the absorbance and T is the transmittance 
As depicted in the figure, all the films were seen to be reflective. 
The reflectance was characterized with a peak and a valley. The presence of AgNPs with different content results to 

increase in porosity of the films which also causes a decrease in reflectance. This redshifting indicates that multiple light 
can scatter due to the pores as a result of introduction of AgNPs. This clearly means that, the unadulterated TiO2 film 
shows a smaller porosity which enhances light reflectivity. 

The optical band gap (Eg) was determined using the Tauc method which is a graph that expresses a relationship 
between (αhv)2 and hv. The extrapolation of the linear part (αhv) to zero point provides the band gap value.  

The Eg were estimated utilizing the Tauc curve (αhv)1/r=A[hv-Eg], where α = absorption coefficient, v = incident 
photon frequency, Eg= bandgap, h = plank constant and A = constant, respectively. In the Tauc equation above, the value 
of r depends on optical absorption. For example, the transitions 1/2 is known as direct allowed and 2 is known as indirect 
allowed, respectively, while the transitions 3 is known as direct forbidden and 3/2 as indirect forbidden, respectively [23]. 

The band gap energy of the TiO2 without AgNPs was 3.20 eV (see Figure 1d). Similar results have been reported by 
other researchers [1,3,24]. Upon incorporation of different µL of AgNPs, the band gaps were reduced to be 2.78, 2.58, 
2.01, 2.19 and 2.44 eV for TiO2, TiO2/AgNPs1, TiO2/AgNPs2, TiO2/AgNPs3, TiO2/AgNPs4 and TiO2/AgNPs5 as 
depicted in Figure 1d. The AgNPs band gap is 1.95 eV. The reduced bandgap is as a result of increase in grain size due to 
increase in AgNPs content. This reduction has simply established the phenomenon of quantum size effects, in which the 
bigger the particle size, the smaller the bandgap [3,25]. 
 

3.2. Structural study 
XRD patterns were studied to illustrate the structure and phase composition of the as synthesized nano materials. 

Figure 2a shows the XRD pattern of TiO2 and TiO2 modified with various µL of AgNPs and spin coated. 

  
Figure 2. (a) – XRD pattern of TiO2, and TiO2 with different content of AgNPs; (b) – Gaussian fitted peaks for the most pronounced 
plane (101) 
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The creation of a tetragonal anatase TiO2 phase was confirmed by all peaks in the pattern. The significant peaks at 
24.59°, 37.22°, 47.88°, 53.42°, 54.53°, 62.21°, and 67.40°, which correspond to the planes (101), (112), (200), (105), 
(211), (204), and (116), respectively, are clearly visible. The peaks and planes exhibit great agreement with standard 
JCPDS card No. 89-4921 and also agrees with the findings reported by Danladi et al. [3] and Manju & Jawhar [26]. 
Anatase titania has been generated inevitably in all the films coated with the biosynthesized AgNPs, as evidenced by the 
absence of extra peaks due to AgNPs or comparable phases in the XRD plot. This only suggests that the addition of 
AgNPs improves the crystallinity of the film. AgNPs are introduced as a synthetic antenna, which alters the diffraction 
peak intensity and somewhat broadens the dominating peaks. 

The peaks intensities increase with increasing drops of AgNPs except the film with 250 µL of AgNPs where the intensity 
is lower and this difference can be attributed to faster agglomeration rate of silver nanoparticles. We can see that, in relation to 
the AgNPs content increase, the high-intensity peak (101) position is somewhat pushed marginally into the higher angle position. 
To support our claim, the Gaussian fitted peaks for the most pronounced plane (101) are presented in Figure 2b. 

The crystallite sizes (D) of all the pure and AgNPs modified films were estimated using equation 3 which is called 
the Debye–Scherrer equation [27]. All the parameters obtained are as shown in Table 1. 

 Crystallite size 𝐷 = ௞ఒఉ஼௢௦ఏ  (3) 

Table 1. Structural Parameters of TiO2 and TiO2 coated with 50, 100, 150, 200, and 250 µL of biosynthesized AgNPs. 

2θ 
(degree) hkl Crystallite size (nm) 

  TiO2 TiO2/AgNPs1 TiO2/AgNPs2 TiO2/AgNPs3 TiO2/AgNPs4 TiO2/AgNPs5 
23.46 101 3.87 5.02 4.69 4.28 4.27 4.54 
37.36 112 11.94 9.92 10.74 10.95 10.46 9.57 
47.13 200 10.41 11.39 6.51 8.19 7.47 8.68 
53.36 105 42.82 38.63 24.97 28.11 17.45 32.97 
54.38 211 8.22 30.38 41.28 12.24 22.89 17.37 
61.08 204 19.51 2.43 10.99 45.18 11.32 35.45 
67.92 116 5.49 12.39 5.49 5.34 9.71 3.11 

 
3.3 Morphological Study 

The morphological characteristics of the prepared films were studied using SEM micrographs. 

   

    
Figure 3. SEM images of (a) pure TiO2, (b) Biosynthesized AgNPs, (c) TiO2 with 50 µL of AgNPs, (d) TiO2 with 100 µL of 

AgNPs, (e) TiO2 with 150 µL of AgNPs, (f) TiO2 with 200 µL of AgNPs and (g) TiO2 with 250 µL of AgNPs 

Figure 3a shows the SEM image of pure TiO2, Figure 3b shows the SEM image of AgNPs, Figure 3c shows the SEM 
image of TiO2/AgNPs1, Figure 3d shows the SEM image of TiO2/AgNPs2, Figure 3e shows the SEM micrograph of 
TiO2/AgNPs3, Figure 3f shows the SEM micrograph of TiO2/AgNPs4 and Figure 3g shows the SEM micrograph of 
TiO2/AgNPs5. The morphological structures of the films show well-densified surface which has spherical porosity. This 
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spherical porosity is an indication of the film to allow proper infiltration of the AgNPs into the space for good surface 
interaction. From the XRD data from Scherrer's formula and the SEM micrographs pattern, the sizes are in the nanoscale 
with the silver nanoparticles having average diameter of 18 nm. 

Interestingly, the anchored Ag nanoparticles on the surface of TiO2 is seen for the samples with Ag nanoparticles 
modification (Figure 3c-g) which further affirms the successful attachment of Ag nanoparticles on the surface of 
nanocrystalline TiO2. As it is seen clearly, the micrographs with AgNPs show a shiny surface which display enhanced 
catalytic properties that can improve scattering of light and minimize recombination effect. The size of the AgNPs is 
controlled in our study by varying the µL of AgNPs added in the TiO2 nanocrystal. The size of the particle is increased with 
decreasing µL of the AgNPs content added. This shows that the presence of AgNPs initiate nucleation with much film 
coverage. These different amount of AgNPs were utilized as light scattering layer in the modified films. From the structure, 
a greater aggregation was shown in the SEM image with 250 µL of AgNPs which shows more islands formation and will 
subsequently results to less attachment at specific site of the titania. This by indication can lessen the catalytic effect and 
reduce the nucleation site that will give room for crystal film growth. We can relate this assertion with the XRD result of the 
film with 250 µL of AgNPs where the intensity is lower due to faster agglomeration rate of silver nanoparticles. 
 

4. CONCLUSION 
In this study, pure TiO2 and TiO2 modified with AgNPs different µL were successfully prepared and there optical, 

structural and morphological properties were probed using UV-visible spectrophotometer, X-ray diffraction (XRD), and 
scanning electron microscope (SEM). The optical properties detect surface plasmon resonance effect occurring at 465 nm 
which is the characteristic of surface plasmon resonance (SPR) of silver nanoparticles. The Ag incorporated TiO2 films 
show a narrowed band gap and the Ag doping enhances the absorption of visible light due to plasmonic effect. XRD 
analysis reveals that the silver is crystallized in metallic state, and Ag nanoparticles are successfully formed in titanium 
dioxide matrix without indication of existence of Ag phases. As it is seen clearly, the micrographs with AgNPs show a 
shiny surface which display enhanced catalytic properties that can improve scattering of light and minimize recombination 
effect. This study established the view that deformation of TiO2 with AgNPs is a good means towards achieving an 
efficient photocatalyst for photovoltaic application. 
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Розробка ефективних легованих металом напівпровідників для фотоелектричних застосувань привернула велику увагу 
дослідників. У цьому документі було отримано чисті та модифіковані наночастинки срібла (AgNP) нанокристали TiO2 (NC) з 
різною кількістю AgNP (скажімо; 1, 2, 3, 4 та 5 крапель), а також вплив AgNP на TiO2 NCs. досліджено систематично. Оптичні, 
структурні та морфологічні властивості досліджували за допомогою УФ-видимого спектрофотометра, рентгенівської 
дифракції (XRD) та скануючого електронного мікроскопа (SEM). Результати оптичних досліджень показали характерний пік 
TiO2, а червоне зміщення положення піку спостерігалося при введенні AgNPs. Синергетичний ефект від AgNP і TiO2 
призводить до зменшення забороненої зони. Результат XRD підтвердив утворення фази тетрагонального анатазу TiO2 із 
зменшенням розміру кристалітів зі збільшенням вмісту AgNPs. Зображення SEM показують посилене зародження та ріст 
плівки з наявністю блискучої поверхні, яка, як видно, сприяє хорошому управлінню фотонами за рахунок посилення 
розсіювання світла. Чистий TiO2 і модифікований AgNPs TiO2 мають сферичну морфологію та рівномірний розподіл розмірів 
від 20 до 30 нм. Це дослідження встановило точку зору, що модифікація поверхні TiO2 за допомогою AgNP є життєздатним 
підходом до досягнення ефективного світлового фотокаталізатора. 
Ключові слова: AgNPs; TiO2; нанокомпозити; ефект LSPR; фотокаталізатор 




