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Wormhole solutions in General Relativity (GR) require exotic matter sources that violate the null energy condition
(NEC), and it is well-known that higher-order modi�cations of GR and some alternative matter sources can support
wormholes. In this study, we explore the possibility of formulating traversable wormholes in f(R) modi�ed gravity,
which is perhaps the most widely discussed modi�cation of GR, with two approaches. First, to investigate the e�ects
of geometrical constraints on the global characteristics, we gauge the rr�component of the metric tensor and employ
Padè approximation to check whether a well�constrained shape function can be formulated in this manner. We then
derive the �eld equations with a background of string cloud and numerically analyse the energy conditions, stability,
and amount of exotic matter in this space-time. Next, as an alternative source in a simple f(R) gravity model, we
use the background cloud of strings to estimate the wormhole shape function and analyse the relevant properties of
the space-time. These results are then compared with those of wormholes threaded by normal matter in the simple
f(R) gravity model considered. The results demonstrate that string cloud is a viable source for wormholes with NEC
violations; however, the wormhole space-times in the simple f(R) gravity model considered in this study are unstable.
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1. INTRODUCTION

The governing equation of the theory of General Relativity (GR) is the Einstein �eld equation (EFE),
and solutions to this set of coupled di�erential equations have been remarkably successful in accounting for
phenomena ranging from black holes [1] to the evolution of the universe. Spherical symmetry is an important
physically relevant constraint in solving the EFEs, and wormholes are an intriguing prospect among spherically
symmetric solutions, explored since the early days of GR [2, 3]. Ellis [6] and Bronnikov [7] independently
reported the �rst traversable Lorentzian wormhole solution, and the geometric requirements were established
in detail by Morris & Thorne in 1988 [8]. Wormholes are exact solutions to the EFEs and can be interpreted
as bridges connecting two di�erent asymptotically �at regions of space-time via a throat. The topology of the
wormhole interior is non-trivial, while the topology at the boundaries remains simple [9]. While theoretical as of
now, wormholes are of crucial importance in fundamental physics, especially considering quantum entanglement
[10] and quantum gravity. Moreover, it has recently been shown that wormholes may mimic astrophysical black
holes in some observations [63, 5]. A fundamental problem in such spacetimes is that for the throat to remain
open for signal propagation, the behavior of the matter sources supporting such a space-time is exotic in that
the null energy condition (NEC) is violated [8]. Speci�cally, this implies that observers in an inertial frame
measure negative energy densities at the throat, which is unphysical. Such behavior can be avoided in modi�ed
gravity theories.

Despite its success, GR fails to explain cosmological phenomena such as late�time accelerated cosmic
expansion [11, 13] and the so-called `in�ationary epoch' [14]. Modi�ed theories of gravity address these short-
comings [15, 16, 17, 28, 29], and the extra degrees of freedom in modi�ed gravity theories also enables one to
evade NEC violations in wormhole space-times. Moreover, wormhole solutions are an inherent feature of most
modi�cations of GR. One of the simplest modi�cations to GR is f(R) modi�ed gravity, where the Ricci scalar R
in the Einstein�Hilbert action is replaced by some arbitrary function of it [18]. This simple modi�cation to GR
can lead to a host of models that can independently meet both cosmological and solar system tests [19]. It has
been shown that the extra degrees of freedom in f(R) gravity arising from higher order curvature terms may
lead to scenarios where the matter content satis�es the NEC in wormhole spacetimes [20, 21]. Wormholes in the
framework of f(R) gravity have been studied extensively in di�erent iterations of f(R) gravity (for instance, in
Refs. [22, 12, 23, 24, 25, 26, 27, 30, 31, 64, 32, 33]).

Another inherent limitation of GR is that it provides only a classical description of gravity, and the theory is
non�renormalizable at high energy (small length) scales. String theory [34] is perhaps the strongest contender to
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a uni�ed paradigm of gravity with the other fundamental forces, and it posits that the fundamental constituent
of matter and energy are extended objects, instead of point-like ones. Precisely, the extended objects are
considered as one�dimensional relativistic strings, and the interactions of strings on a classical level provide
better models of several fundamental interactions [35, 36, 37]. To this end, string clouds as a gravitational
source have been studied extensively in literature. A general solution to the EFEs for a spherically symmetric
cloud of strings was �rst reported in [38], with an emphasis on the energy conditions. Properties of compact
objects such as black holes in the background of a string cloud have been reported previously [39, 40, 41, 42].
Traversable wormholes in the background of a string cloud have been reported [43], with an emphasis on the
amount of exotic matter and stability of the wormhole con�guration against radial perturbations. Recently, a
detailed study of the properties of traversable wormholes surrounded by a string cloud in the framework of f(R)
gravity has been reported with analysis of the quasi-normal modes (QNMs) of the wormhole solutions [44].

In this study, we investigate traversable wormholes in f(R) gravity with two motivations: First, to inves-
tigate the e�ects of geometrical constraints, we gauge the rr�component of the metric tensor and employ Padé
approximation to check whether a well�constrained shape function can be formulated in this manner. We then
derive the �eld equations with the background of a string cloud and numerically analyse the energy conditions,
stability, and amount of exotic matter in this space-time. Next, we use a background of string cloud to estimate
the wormhole shape function in a simple f(R) gravity model, with f(R) = αRm − βRn [45], and analyse the
relevant properties of the space-time as in the previous case. These results are then compared with those of
wormholes threaded by normal matter in the same modi�ed gravity model considered.

The remainder of this manuscript is organized as follows. In Sec. 2, we discuss the traversable wormhole
geometry. A novel shape function is proposed using Padé approximation in Sec. 2.1. In Sec. 3, we present the
modi�ed EFEs in the general framework of f(R) gravity. In Sec. 3.1 we analyse the various energy conditions,
the stability in terms of the TOV equation, and the amount of exotic matter required to sustain traversable
wormholes in the framework of f(R) gravity with a background of string cloud. Next, in Sec. 3.2 we estimate the
shape function in the considered form of f(R) = αRm−βRn gravity model [45] with a string cloud background
and analyse the properties of the wormhole space-time. For a comparative analysis, in Sec. 3.3 we present
wormhole solutions supported by ordinary matter for the f(R) model [45] considered in Sec. 3.2 using our
proposed shape function obtained by employing Padé approximation in Sec. 2.1. Finally, we conclude the work
with remarks in Sec. 4. We adhere to the natural system of units (G = c = 1) throughout the work.

2. TRAVERSABLE WORMHOLES

Morris & Thorne [8] used the following metric ansatz to describe a static, spherically symmetric space-time

ds2 = −e2Φ(r)dt2 +
dr2

1− b(r)
r

+ r2dθ2 + r2sin2θdϕ2 (1)

Eq. (1) is the line element of a traversable wormhole. The proper radial coordinate l(r) =
∫ r

r0
dr√
1− b

r

should be

well-behaved throughout the space-time in order to avoid singularities. It imposes the constraint b
r ≤ 1 at the

throat. The metric function Φ(r) in Eq. (1) is known as the red-shift function, and the �rst co-e�cient of the
line element in Eq. (1) provides a measure of the gravitational red-shift. The topological con�guration of the
space-time is determined by the second coe�cient of the line element in Eq. (1) and the metric function b(r) is
known as the shape function. At some minimum value of the radial coordinate r, the throat of the wormhole is
located at some arbitrary value r0. A signi�cant aspect of traversable wormholes is that the throat should not
be surrounded by an event horizon. Horizons in spherically symmetric space-times are described by physically
non-singular surfaces at g00 = −e2Φ → 0, and this results in the constraint that throughout the space-time
Φ(r) should be well de�ned. Moreover, the geometric constraints on the shape function b(r) demanded by

traversability are: (i) b(ro) = ro, (ii)
b(r)−b′(r)r

b2 > 0, (iii) b′(ro) − 1 ≤ 0, (iv) b(r)
r < 1,∀r > ro, (v)

b(r)
r → 0 as

r → ∞, where prime denotes a derivative with respect to the radial coordinate r. The energy density ρ, radial
pressure pr, and transverse pressure pt of the matter sources are constrained by these conditions on the metric
functions through the EFEs. Therefore, while constructing traversable wormhole con�gurations violations of
the energy conditions appear owing to these constraints. Next, we propose a novel form of the shape function
and check the viability of the shape function by analysing the various constraints. In addition, in this work, we
consider tideless traversable wormhole solutions described by a constant red-shift function Φ′(r) = 0.

2.1. A novel shape function

We examine the following functional form as a probable shape function

b(r) = r0

[
log

(
r

r0

)
+ coth(r0) tanh(r)

]a
(2)
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where, r0 is the location of the throat, and a is a free parameter. The viability of the shape function b(r) depends
on several constraints as discussed in Sec 2. Analysing these constraints for the functional form of Eq. (2),
insights can be obtained about the throat radius r0, and the parameter a. However, it can be observed Eq. (2),
does not satisfy the condition of b(r0) = r0, which is an important consequence of traversable wormholes, the
other required conditions for the viability of the shape function, such as the asymptotic �atness, and the �aring
out condition are also not satis�ed. Thus, to have a plausible form of b(r), the next step involves adopting the
Padé approximation for the functional form in Eq. (2), and to check if a viable form of b(r) can be obtained that
satis�es all the required constraints on a shape function. Use of rational expansions made by Padé functions is
common in existing literature [46, 47, 48, 49]. The Padé approximation is built on the Taylor series expansion.
For a given function such as f(z) =

∑∞
i=1 ciz

i, expanding the series with the coe�cients ci, the (n,m) Padé
approximant ratio is given as [50],

Pn,m(z) =

∑n
k=0 akz

k

1 +
∑m

σ=0 bσz
σ

(3)

The most simple forms of Padé approximant are of the orders (1, 0) & (0, 1). Thus, considering the (1, 0)
approximation and expanding Eq. (2) about the throat radius r0, the shape function is

b(r) = r0 − a(r0 − r) [1 + r0 cosech(r0)sech(r0)] (4)

With the form as described in Eq. (4), the various conditions required for the viability are analyzed and it
becomes evident that the function in Eq. (4) satis�es all the necessary conditions to be a shape function for
r0 = 3 and 0 < a < 1. Moreover, the function satis�es the condition b(r0) = r0. We therefore propose b(r) =
r0 − a(r0 − r) [1 + r0 cosech(r0)sech(r0)] as a new viable shape function.

The plots of the asymptotic �atness b(r)/r → 0 as r → ∞, and �aring out condition b(r)−b′(r)r
b2 > 0 are

shown in Figure 1.

Figure 1. Pro�le of the (a) Asymptotic �atness b(r)
r → 0 as r → ∞, and (b) Flaring out

condition b(r)−b′(r)r
b2 > 0 respectively vs. r for 0 < a < 1

With the obtained viable shape function, next the traversable wormhole solutions are analyzed in the
framework of f(R) gravity with a background of string cloud.

3. TRVERSABLE WORMHOLES IN f(R) GRAVITY

A general form of the action in f(R) modi�ed theories is [22]

S =

∫
d4x

√
−g [f(R) + Lm] (5)

Using the metric formalism of f(R) gravity, the modi�ed EFEs are obtained as

FRµν − 1

2
f(R) gµν −∇µ∇νF + gµν□F = Tm

µν , (6)
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where F ≡ df/dR, and Tm
µν = −2√

−g
δLm

δgµν is the stress-energy tensor of background matter. We consider that the

spherically symmetric space-time is represented by the line-element in Eq. (1). Taking the trace of Eq. (6)
yields:

FR− 2f(R) + 3□F = T (7)

Here, T is the trace of the stress-energy tensor of matter and □F is:

□F =
1√
−g

∂µ(
√
−ggµν∂νF ) =

(
1− b

r

)[
F ′′ − b′r − b

2r2(1− b/r)
F ′ +

2F ′

r

]
(8)

with F ′ = df(R)/dR and b′ = d b(r)/dr. Substituting Eq. (7) in Eq. (6) yields the modi�ed EFEs as:

Gµν ≡ Rµν − 1

2
gµνR = T eff

µν (9)

Here, T eff
µν is the e�ective stress-energy tensor, responsible for the energy condition violations and is generally

interpreted as a gravitational �uid. T eff
µν comprises of the matter stress energy tensor Tm

µν and the curvature
stress-energy tensor T c

µν given by

T c
µν =

1

F

[
∇µ∇νF − 1

4
gµν (RF +□F + T )

]
(10)

Assuming that the geometry of the wormhole is threaded by an anisotropic distribution of matter

Tµν = (ρ+ pt)Uµ Uν + pt gµν + (pr − pt)χµχν , (11)

where Uµ is the four-velocity, and χµ represents a unit space-like vector.
With the line element in Eq. (1), the modi�ed EFEs can be expressed as the following [22]

ρ =
Fb′

r2
(12)

pr = −bF

r3
+

F ′

2r2
(b′r − b)− F ′′

(
1− b

r

)
(13)

pt = −F ′

r

(
1− b

r

)
+

F

2r3
(b− b′r) (14)

The Ricci scalar is given as R = 2b′

r2 . With the explicit forms of energy density ρ, radial pressure pr,
and transverse pressure pt in Eqs. (12)-(14), the various energy conditions, stability, and the amount of exotic
matter required for the wormhole con�guration can be analyzed.

3.1. Cloud of Strings as a source

A cloud of strings is analogous to the perfect �uid models of gas and dust. However, the di�erence is
that it comprises one-dimensional objects extended along some speci�c direction. The string cloud can exist in
di�erent geometrical con�gurations such as planar, axisymmetric, or spherical [51]. A general solution for the
spherical distribution of the cloud of strings was reported in [51]. In addition, thermodynamic properties of
string gas have been reported in [52]. For a spherically symmetric string cloud in four dimensions, the energy
momentum tensor has the following non-null components [51]

T t
t = T r

r = −η2

r2
(15)

where η is a constant related to the total energy of the string cloud. With the form of the shape function as
described in Eq. (4), and using Eq. (12), we get

F (r) = − η2

a (r0 cosech(r0) sech (r0) + 1)
(16)

With the obtained F (r) and the �eld equations Eqs. (12)-(14), the numerical analyses are conducted to
obtain the energy conditions, check the stability, and estimate the amount of exotic matter.
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For any observer traversing a time-like curve to detect the energy density of the matter �eld to be positive,
the stress-energy tensor of matter must adhere to some sets of inequalities known as the energy conditions in
GR [53, 21]. The weak energy condition (WEC) implies ρ ≥ 0, the NEC implies ρ + pr ≥ 0, and ρ + pt ≥ 0,
whereas the strong energy condition (SEC) implies ρ + pr + 2pt ≥ 0. The pro�le of energy conditions with a
background of string cloud is presented with the throat radius �xed at r0 = 3. Emphasis is made on the e�ect
of the string cloud constant η on the energy conditions. Results are discussed by �xing the parameter a = 0.5.
For the whole range of a, 0 < a < 1, the energy conditions show similar behavior. Previous studies indicate
that the constant associated with the total energy of the string cloud should be small [38, 43].

Figure 2 shows the pro�le of the NEC terms ρ+ pr and ρ+ pt. It can be observed that the �rst NEC term
is satis�ed at the throat r0 = 3 for the considered values of the η as η = 0.1, 0.3, and 0.5. However, the second
NEC term ρ+ pt is violated for all the values of η. Owing to the violation of the second NEC term, as a whole
the NEC is inferred to be violated.

Figure 2. Pro�le of the NEC terms (a) ρ+ pr, and (b) ρ+ pt respectively vs. r with b(r) as in Eq. 4

From Figure 3, it can be observed that the WEC is violated at the wormhole throat for all the values
of η. It is also evident from the fact that the non-null components of the stress-energy tensor of the string
cloud come with a minus sign as shown in Eq. (15). Moreover, it is seen that the SEC exhibits an oscillatory
(indeterminate) behavior along the radial coordinate r. With increasing r, the oscillation between positive and
negative values decreases; however, the behavior extends asymptotically.

Figure 3. Pro�le of the (a) WEC ρ, and (b) SEC ρ+ pr + 2pt vs. r respectively with b(r) as in Eq. 4

In addition to the energy conditions, analysing two other parameters, viz. the equation of state (EoS)
parameter ω = pr/ρ, and anisotropy parameter ∆ = pt − pr turns out to be useful. Information about the
nature of the matter source threading the wormhole geometry can be obtained from the EoS parameter, and
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the attractive or repulsive nature of the space-time geometry (geometrical viability) can be understood by the
anisotropy parameter.

Figure 4. Pro�le of the (a) EoS parameter ω, and (b) anisotropy parameter ∆ vs. r respectively with b(r) as
in Eq. 4

Figure 4 shows the behavior of the EoS and anisotropy parameters. Near the wormhole throat, the EoS
parameter is ω < −1, signifying a phantom-like behavior of the string cloud for all values of η. The anisotropy
parameter ∆ < 0 near the wormhole throat, signi�es an attractive nature of the space-time geometry. The
summary of the energy conditions is presented in Table 1.

Table 1. Summary of the energy conditions discussed in Sec. 3.1

Terms Result Interpretation

ρ
< 0 near throat,
for η = 0.1, 0.3, 0.5

WEC violated
at throat

ρ+ pr
> 0 near throat,
for η = 0.1, 0.3, 0.5

NEC satis�ed
at throat

ρ+ pt
< 0 near throat,
for η = 0.1, 0.3, 0.5

NEC violated
at throat

ρ+ pr + 2pt
oscillates,

for η = 0.1, 0.3, 0.5
SEC indeterminate

ω
< −1 near throat,
for η = 0.1, 0.3, 0.5

phantom-like source
at throat

∆
< 0 near throat,
for η = 0.1, 0.3, 0.5

attractive geometry
at throat

First reported in the context of neutron stars [54, 55], the Tolman-Oppenheimer-Volkov (TOV) equation
provides information regarding the stability of stellar structures. To probe the stability of wormholes in terms
of the hydrostatic, gravitational, and anisotropic forces in the space-time, a more generalized version of the
formalism was developed in [56]. The generalized TOV equation [56, 57] is given as

−dpr
dr

− ϵ′(r)

2
(ρ+ pr) +

2

r
(pt − pr) = 0, (17)

where ϵ(r) = 2Φ(r). Fh represents the hydrostatic force, Fg the gravitational force, and Fa, the anisotropic
force. These three terms of the TOV equation can determine the equilibrium anisotropic mass distribution [57]
in that stable stellar structures satisfy Eq. (17).

Fh = −dpr
dr

, Fa =
2

r
(pt − pr), Fg = −ϵ

′

2
(ρ+ pr) (18)

Owing to the constant red-shift function Φ′(r) = 0, the gravitational force is Fg = 0 in the analysis.

Using the averaged null energy condition,
∫ λ2

λ1
Tijk

ikjdλ ≥ 0, evaluated along the radial coordinate r, the
amount of exotic matter in wormhole space-times can be estimated. However, the amount of energy condition
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violating matter can be estimated in a more generalized manner by using a volume integral instead of the line
integral, namely the volume integral quanti�er (VIQ) [58, 59, 60], which is de�ned as

Iv =

∮
[ρ+ pr]dV = 8π

∫ s

r0

(ρ+ pr)r
2dr (19)

After matching the wormhole space-time with an exterior metric and cutting o� the stress-energy tensor
at some r = s away from the throat, an estimate of the amount of NEC violating matter can be obtained by
using the VIQ. For arbitrarily small quantities of NEC violating matter, the requirement is Iv → 0 as s → r0
[58, 59].

Figure 5. Pro�le of the (a) Fh, and Fa vs. r (b) VIQ with b(r) as in Eq. 4

Figure 5 shows the terms of the TOV equation and the pro�le of the VIQ. It is seen that that the hydrostatic
force Fh, and the anisotropic force Fa cancel each other asymptotically, signifying a stable con�guration. In
addition, it can be observed that the VIQ, Iv → 0 as s → r0, indicates that the wormhole solution is feasible
with arbitrarily small amounts of exotic matter. The terms of the TOV and VIQ equations are shown with η =
0.5. For η = 0.1, and 0.3 the corresponding terms of the TOV and VIQ equations depict a similar behavior.

Thus, wormhole solutions can be formulated in a model-independent manner using the novel shape function,
Eq. (4), in the framework of f(R) gravity with a string cloud background. The next motive remains to check
whether a feasible form of the shape function can be obtained in a particular form of the f(R) gravity model
with the string cloud cloud background.

3.2. Traversable wormholes in f(R) = αRm − βRn gravity with a string cloud background

In this section, we obtain a form of the shape function b(r) by �xing f(R) and analyze its viability. For
the analysis, we consider a simple form of f(R) gravity model as [45]

f(R) = αRm − βRn (20)

where α and β are positive constants and m and n are positive integers satisfying the condition m > n [45].
Using Eq. (15) in Eq. (12), we obtain

−η2

r2
=

Fb′

r2
(21)

Considering the f(R) model as described in Eq. (20), and obtaining F , the shape function can be found
from Eq. (21). To simplify the calculations, the integers m and n are set as m = 2 and n = 1 satisfying the

condition m > n. Again, using the expression for the Ricci scalar R = 2b′

r2 , F is found in terms of r. Eq. (21)
reduces to a quadratic equation in b′ of the form

4αb′
2 − b′βr2 + η2r2 = 0 (22)

Solving Eq. (22) and considering only the positive root for mathematical feasibility, we get

b′ =
βr2 +

√
β2r4 − 16αη2r2

8α
(23)
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Integrating Eq. (23), we get

b =
1

8α

[
βr3

3
+

(
β2r2 − 16αη2

)√
β2r4 − 16αη2r2

3β2r

]
+ c (24)

where c is a constant of integration. In order to evaluate the constant c, we use the condition at the wormhole
throat, b(r0) = r0. This leads to the following form of the shape function

b = r0 +
1

24αβ2

[
β3r4 +

(
β2r2 − 16αη2

)√
β2r4 − 16αη2r2

r

−
β3r40 +

(
β2r20 − 16αη2

)√
β2r40 − 16αη2r20

r0

]
(25)

With the shape function in Eq. (25), the various conditions required for the viability of the shape function
as described in Sec 2 are analyzed. It is interesting to note that the asymptotic �atness b

r → 0 as r → ∞, and

the �aring out condition b−b′r
b2 > 0 are satis�ed only for negative values of the constants α and β (α = −0.5 and

β = −0.8). The pro�le of the asymptotic �atness and �aring out condition are shown in Figure 6 with di�erent
values of η.

Figure 6. Pro�le of the (a) asymptotic �atness b
r and (b) �aring out condition b−b′r

b2 vs. r with r0 = 1,
α = −0.5 and β = −0.8, for b(r) in Eq. 25

With the shape function in Eq. (25), and the f(R) model described by Eq. (20), the energy conditions,
stability and the amount of exotic matter required for the wormhole con�guration are analyzed next.

Using Eqs. (12)-(14), the various energy conditions are analyzed with the throat at r0 = 1, and by �xing
the model parameters of the f(R) gravity model (Eq. (20)) as, m = 2, n = 1, α = −0.5 and β = −0.8.

Figure 7 shows the NEC terms ρ + pr, and ρ + pt. It can be observed that the �rst NEC term ρ + pr is
violated at the wormhole throat. The second NEC term ρ + pt is satis�ed at the wormhole throat. However,
owing to violation to the �rst NEC term, as a whole the NEC is inferred to be violated.

Figure 8 shows the WEC and the SEC. It can be seen that the WEC is violated at the wormhole throat,
and this violation can again be attributed to the negative sign associated with the non-null components of the
stress-energy tensor of the string cloud as in Eq. (15). The SEC is satis�ed at the throat and also asymptotically,
which is again an interesting point to note as in f(R) gravity, the SEC should be asymptotically violated to
account for the late-time accelerated expansion of the universe.

Figure 9 shows the variation of the EoS parameter ω and the anisotropy parameter ∆. It can be seen that
the EoS parameter ω is ω > 0 near the wormhole throat for all values of η, signifying that the string cloud as
the source behaves like ordinary matter without any phantom-like behavior. The anisotropy parameter ∆ is
positive near the wormhole throat for all the values of η, signifying a repulsive geometry at the throat. The
summary of the energy conditions is presented in Table 2.

Figure 10 shows the terms of the TOV equation and the VIQ. It is seen that the hydrostatic force Fh, and
anisotropic force Fa do not cancel each other out, signifying that the wormhole con�guration is unstable. From
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Figure 7. Pro�le of the NEC terms (a) ρ+ pr and (b) ρ+ pt vs. r with b(r) as in Eq. 25

Figure 8. Pro�le of the (a) WEC ρ and (b) SEC ρ+ pr + 2pt vs. r with b(r) as in Eq. 25

Table 2. Summary of the energy conditions discussed in Sec. 3.2

Terms Result Interpretation

ρ
< 0 near throat,
for η = 0.1, 0.3, 0.5

WEC violated
at throat

ρ+ pr
< 0 near throat,
for η = 0.1, 0.3, 0.5

NEC violated
at throat

ρ+ pt
> 0 near throat,
for η = 0.1, 0.3, 0.5

NEC satis�ed
at throat

ρ+ pr + 2pt
> 0 near throat,
for η = 0.1, 0.3, 0.5

SEC satis�ed
at throat

ω
> 0 near throat,
for η = 0.1, 0.3, 0.5

normal matter like source
at throat

∆
> 0 near throat,
for η = 0.1, 0.3, 0.5

repulsive geometry
at throat

the VIQ, it is evident that Iv → 0 as s → r0, indicating that the wormhole con�guration can be obtained with
arbitrarily small amounts of exotic matter.

With the results presented in Sec 3.1 and Sec 3.2, it is clear that wormhole solutions in f(R) gravity with
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Figure 9. Pro�le of the (a) EoS parameter ω and (b) anisotropy parameter ∆ vs. r with b(r) as in Eq. 25

Figure 10. Pro�le of the (a) Fh, and Fa vs. r and (b) VIQ with b(r) as in Eq. 25

background a string cloud are feasible with characteristic violation of the NEC. However, with f(R) = αRm −
βRn gravity, the wormhole con�guration is not stable. To have a better understanding, the next section presents
the results of wormhole solution in f(R) = αRm − βRn gravity supported by ordinary matter and with the
form of the shape function as in Eq. (4).

3.3. Traversable wormholes in f(R) = αRm − βRn gravity with ordinary matter

With the shape function in Eq. (4), the �eld equations Eqs. (12)-(14) are analyzed with the form of the
f(R) model as in Eq. (20). We assume that the wormhole geometry is threaded by ordinary matter with the
stress-energy tensor Tµ

ν = diag[−ρ(r), pr(r), pθ(r), pϕ(r)]. Owing to the properties of the shape function, the
throat radius is �xed at r0 = 3, and the free parameter a is considered for the whole range 0 < a < 1. The
model parameters of the f(R) = αRm − βRn gravity are �xed as, α = 0.8, β = 0.5, and m = 2, n = 1. The
values of α and β should be smaller than unity, and we consider up to one decimal point to avoid errors in the
numerical calculation. The various energy conditions, stability of the wormhole space-time, and the VIQ are
presented below.

Figure 11 shows the pro�le of the NEC terms ρ + pr and ρ + pt. It is evident that that the �rst NEC
term ρ+ pr is violated at the wormhole throat. However, the second NEC term ρ+ pt is satis�ed at the throat.
Owing to the violation of the �rst NEC term, as a whole the NEC is considered to be violated.

Figure 12 depicts the WEC and the SEC. It is seen that the WEC is violated near the wormhole throat.
The SEC is satis�ed at the wormhole throat and asymptotically for the whole range of a, 0 < a < 1. It is
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interesting to note that even with ordinary matter as the source, the SEC is satis�ed asymptotically for f(R) =
αRm − βRn gravity.

Figure 11. Pro�le of the NEC terms (a) ρ+ pr and (b) ρ+ pt vs. r with b(r) as in Eq. 4

Figure 12. Pro�le of the (a) WEC ρ and (b) SEC ρ+ pr + 2pt vs. r with b(r) as in Eq. 4

Figure 13 shows the variation of the EoS parameter and the anisotropy parameter. As expected, the EoS
parameter is ω > 0 near the wormhole throat, signifying that the source threading the wormhole geometry has
no phantom-like behavior. The anisotropy parameter ∆ > 0 near the throat signi�es a repulsive geometry at
the throat. The energy conditions are summarized in Table 3.

Figure 14 shows the corresponding terms of the TOV equation and the VIQ. It is seen that both the
hydrostatic force Fh, and the anisotropic force Fa do not cancel each other out asymptotically for the whole
range of 0 < a < 1, signifying that the wormhole con�guration is not stable. From the VIQ it is evident that
Iv → 0 as s → r0, indicating that the wormhole solution can be obtained with arbitrarily small amount of
exotic matter. However, the VIQ is only shown for a = 0.5, and for the whole range of 0 < a < 1, the VIQ has
a similar pro�le.

4. DISCUSSION AND CONCLUSION

In this study, we investigated the traversable wormholes in the framework of f(R) gravity with a back-
ground of string clouds. A novel form of the shape function using Padé approximation was proposed for the
analysis. Using this shape function a speci�c form of F (r) was obtained in Eq. (16) to analyse the EFEs.
However, it is observed that the F (r) depends on the parameters of the metric functions and on the string
cloud parameter η. Eliminating this dependence and obtaining a cosmologically viable form of f(R) remains an
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Figure 13. Pro�le of the (a) EoS parameter ω and (b) anisotropy parameter ∆ vs. r with b(r) as in Eq. 4

Table 3. Summary of the energy conditions discussed in Sec. 3.3

Terms Result Interpretation

ρ
< 0 near throat,
for 0 < a < 1

WEC violated
at throat

ρ+ pr
< 0 near throat,
for 0 < a < 1

NEC violated
at throat

ρ+ pt
> 0 near throat,
for 0 < a < 1

NEC satis�ed
at throat

ρ+ pr + 2pt
> 0 near throat,
for 0 < a < 1

SEC satis�ed
at throat

ω
> 0 near throat,
for 0 < a < 1

normal matter like source
at throat

∆
> 0 near throat,
for 0 < a < 1

repulsive geometry
at throat

Figure 14. Pro�le of the (a) Fh, and Fa vs. r and (b) VIQ with b(r) as in Eq. 4

open issue. The results demonstrate that stable wormhole solutions with characteristic violation of the energy
conditions (especially the NEC) are feasible in the framework of f(R) gravity with the new shape function in
the background of a string cloud. In addition, the EoS parameter near the wormhole throat indicates that
the string cloud has phantom-like properties. The anisotropy parameter ∆ < 0 near the throat signi�es an
attractive geometry. In addition, the SEC shows an indeterminate behavior as it oscillates between positive and
negative values. Therefore, to have a better understanding of the wormhole solutions, traversable wormholes
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are considered in a string cloud background with a simple form of f(R) gravity model, f(R) = αRm−βRn. It is
interesting to note that the shape function in this case can yield viable wormhole geometries for negative values
of α and β. The results demonstrate characteristic violations of the NEC. Interestingly, the SEC is satis�ed
both at the throat and asymptotically. The EoS parameter ω > 0 at the throat indicates that that the string
cloud behaves as normal matter. The anisotropy parameter ∆ > 0 near the wormhole throat signi�es a repulsive
geometry at the throat. However, the TOV equation shows that the wormhole space-time is unstable. For a
comparative analysis, wormholes threaded by normal matter are analyzed in f(R) = αRm −βRn gravity, using
the Padé approximate shape function given in Eq. (4). The constants α and β are considered with positive
values. The results demonstrate a characteristic violation of the NEC and show that the wormhole space-time
is unstable. The SEC is satis�ed at the wormhole throat and asymptotically.

Although wormholes have not been detected yet, studying these exact solutions of the EFEs provides with
far reaching insight into the nature of space-time and fundamental building blocks of the universe. Wormholes
also play a crucial role in several important issues such as the cosmic censorship conjecture [61]. Studies have
reported strong indications for their presence in the form of black hole mimickers [62, 63, 4]. Further studies
regarding the observational constraints of these wormhole solutions remain an open issue to be addressed in the
near future.
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Ïàðàíãàì �îñâàìi, Àíøóìàí Áàðóàõ, Àòði Äåøàìóõ'ÿ

Ôàêóëüòåò ôiçèêè, Àññàìñüêèé óíiâåðñèòåò, Ñië÷àð, 788011, Àññàì, Iíäiÿ

Ðîçâ'ÿçàííÿ ÷åðâîòî÷èí ó çàãàëüíié òåîði¨ âiäíîñíîñòi (ÎÒÎ) ïîòðåáó¹ åêçîòè÷íèõ äæåðåë ìàòåði¨, ÿêi ïîðóøóþòü
óìîâó íóëüîâî¨ åíåðãi¨ (NEC), i äîáðå âiäîìî, ùî ìîäèôiêàöi¨ ÎÒÎ âèùîãî ïîðÿäêó òà äåÿêi àëüòåðíàòèâíi äæåðåëà
ìàòåði¨ ìîæóòü ïiäòðèìóâàòè ÷åðâîòî÷èíè. Ó öüîìó äîñëiäæåííi ìè äîñëiäæó¹ìî ìîæëèâiñòü ôîðìóëþâàííÿ ïðî-
õiäíèõ ÷åðâîòî÷èí ó f(R) ìîäèôiêîâàíié ãðàâiòàöi¨, ÿêà ¹, ìàáóòü, íàéáiëüø îáãîâîðþâàíîþ ìîäèôiêàöi¹þ ÎÒÎ,
çà äîïîìîãîþ äâîõ ïiäõîäiâ. Ïî-ïåðøå, ùîá äîñëiäèòè âïëèâ ãåîìåòðè÷íèõ îáìåæåíü íà ãëîáàëüíi õàðàêòåðèñòèêè,
ìè âèìiðþ¹ìî rr�êîìïîíåíò ìåòðè÷íîãî òåíçîðà òà âèêîðèñòîâó¹ìî íàáëèæåííÿ Pad�e, ùîá ïåðåâiðèòè, ÷è äîáðå
îáìåæåíà ôóíêöiÿ ôîðìè ìîæíà ñôîðìóëþâàòè òàêèì ÷èíîì. Ïîòiì ìè âèâîäèìî ðiâíÿííÿ ïîëÿ íà òëi ñòðóííî¨
õìàðè òà ÷èñåëüíî àíàëiçó¹ìî åíåðãåòè÷íi óìîâè, ñòàáiëüíiñòü i êiëüêiñòü åêçîòè÷íî¨ ìàòåði¨ â öüîìó ïðîñòîði-÷àñi.
Äàëi, ÿê àëüòåðíàòèâíå äæåðåëî â ïðîñòié ãðàâiòàöiéíié ìîäåëi f(R), ìè âèêîðèñòîâó¹ìî ôîíîâó õìàðó ñòðóí äëÿ
îöiíêè ôóíêöi¨ ôîðìè ÷åðâîòî÷èíè òà àíàëiçó âiäïîâiäíèõ âëàñòèâîñòåé ïðîñòîðó-÷àñó. Ïîòiì öi ðåçóëüòàòè ïîðiâ-
íþþòüñÿ ç äàíèìè ïðî ÷åðâîòî÷èíè, ïðîíèçàíi íîðìàëüíîþ ìàòåði¹þ, ó ïðîñòié ðîçãëÿíóòié ìîäåëi ãðàâiòàöi¨ f(R).
Ðåçóëüòàòè äåìîíñòðóþòü, ùî ñòðóííà õìàðà ¹ æèòò¹çäàòíèì äæåðåëîì ÷åðâîòî÷èí iç ïîðóøåííÿìè NEC; îäíàê
ïðîñòið-÷àñ ÷åðâîòî÷èíè â ïðîñòié ãðàâiòàöiéíié ìîäåëi f(R), ðîçãëÿíóòié ó öüîìó äîñëiäæåííi, íåñòàáiëüíèé.
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This paper investigates and examines a wide range of findings related to the description of holographic Ricci dark energy (HRDE) with 
the bulk viscosity within Universe's late-time accelerated expansion in the framework of an anisotropic Bianchi type-III cosmological 
model with pressure less matter content in the Brans-Dicke theory of gravity. We are using the relationship between the metric 
potentials to obtain a precise conclusion to the field equations, resulting in a rapid expansion. To investigate the physical behaviour of 
our dark energy model, several major cosmological parameters, including Hubble, deceleration, matter energy density, Ricci dark 
energy density (RDE), and Equation of state (EoS), are used. We examined some of the viscosity of the holographic Ricci dark energy 
model using current cosmological observations. We describe how the models' physical and geometric properties are compatible with 
recent compilations. 
Keywords: Bianchi type- III metric; Holographic Ricci dark energy (HRDE); Bulk Viscosity; Brans-Dicke theory 
PACS: 95.10.-a, 95.35. + d, 95.36. + x, 98.80. ES, 98.80. JK, 98.80. QC 

1. INTRODUCTION
Recent experimental cosmology substantiates the idea that the Universe's expansion is accelerating [1-3]. The 

interaction between two galaxies caused by an unknown, dark element, that produces considerable negative pressure, is 
generally dark energy (DE). It is compatible with all cosmological substances inside the simplest model, that is, within a 
ΛCDM model. Still, it has problems similar to fine-tuning and thus, the cosmic coincidence problem, which has led to 
some indispensable styles to its description. Researchers have hypothecated that radiation and ordinary matter (baryons) 
account for 5% of the Universe's present energy, with the remaining 95% dominated by this dark component, to explain 
the Universe's ultimate-rapid growth.  

Interestingly, dark energy explores as a possible explanation for the physical Universe's late-time rapid 
expansion [5]. Dark energy (DE) is considered to regard for 73% of the energy in our Universe, with Dark Matter (DM) 
accounting for 23% and baryonic matter accounting for the remaining 6% [6,7]. Two main approaches were proposed to 
explain this late time acceleration, the first is to investigate better DE possibilities, and the second is to investigate 
modified Einstein's theory of gravity. To characterize the behavior of DE events, the equation of state (EoS) parameter 𝑤 
(= p/ρ), where p represents pressure and ρ denotes energy density, is generally employed. The EoS parameter 𝑤 with the 
range (-1, -1/3) describes the substance DE model, whereas 𝑤 = −1explains the vacuum DE, also known as the 
cosmological constant or ΛCDM model, and 𝑤 < −1 defines the phantom DE model. This phantom DE model will 
nearly clearly affect an ineluctable space-time singularity. 

As a possible result of these difficulties, physicists worldwide have presented good dynamic DE models. These 
models classify into two categories: scalar-field models, which represent quintessence, phantom, k-essence, tachyon, and 
quintom [8-13], and interactions between the models, similar as the Chaplygin gas family, the brane-world Holographic 
DE (HDE), the age-graphic DE models [14-16], and so on. Changes in the quality of the Einstein-Hilbert reaction, for 
illustration, led to several modified gravity theories. Some modified gravity theories include the Brans-Dicke scalar-tensor 
theory [17], the f(R) and f(R, T) theories [18–22], (where R is the curvature scalar and T is the trace of the energy 
momentum tensor), and so on. Among the options, as preliminarily indicated, it is a good conception for a model to attract 
further, and further attention to the so-called "Holographic dark energy (HDE)". According to the holographic principle, 
the number of degrees of freedom of a physical system, the scope of the surrounding area L2, rather than its volume, [23], 
will not be confined to an infrared (IR) cut-off point. Cohen et al. [24], confirm that the vacuum energy density is 
commensurable to the Hubble scale L ≈ H−1. The energy density of holographic dark energy is described by Li [25] as 𝜌ஃ = 3𝑐ଶ𝑀௣௟ଶ 𝐿ିଶ, where L is the IR cut-off radius, C is constant, and 𝑀௣௟ଶ = 1 8𝜋𝐺ൗ  is the Planck mass. This HDE model
can explain the Universe's rapid expansion, and it is consistent with the data set available. Numerous investigations on 
the HDE models have been conducted to understand the Universe's accelerating nature. Later, Gao et al. [26] investigated 
the longer-term event horizon, which is supposed to be changed by inversion of the Ricci scalar curvature, i.e., 𝐿 ≈ 𝑅ିଵ ଶൗ . 
In this case, the model is called the Ricci Dark Energy Model. Granda and Oliveros [27, 28] proposed a new holographic 
Ricci Dark Energy Model with the energy density supplied by 𝜌௸ = ଷ଼గீ ൫𝜉𝐻ଶ + 𝜂𝐻ሶ ൯, which was further meliorated by 
Chen and Jing [29] and termed modified holographic Ricci dark energy (MHRDE) with the energy density provided by 
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 ρ௛ = ଷ଼஠ீ ൫ε଴𝐻ଶ + η𝐻ሶ + ζ𝐻ሷ 𝐻ିଵ൯. (1) 

Sireesha et al. [30] examined modified holographic Ricci dark energy (MHRDE) cosmological models in f (R, T) 
gravity. In papers [31–34], the RDE is suitable for expressing the current acceleration of the Universe. During neutrino 
emulsion in the early cosmos, matter behaves like a viscous fluid. The coefficient of viscosity decreases as the Universe 
expands. The influence of viscosity on the expansion of the Universe, and Thus, the radiation anisotropy from a black 
body regenerated by Misner [35, 36] is greatly decreased by the extreme scattering produced on by viscosity. Rao et al. 
[37] investigated bulk viscous string cosmological models in the Saez – Ballester theory. Chakraborty et al. [38] derived 
the cosmology of an expanded form of HDE in the presence of bulk viscosity and the inflation dynamics using slow-roll 
parameters.  

Anisotropic and spatially homogenous Universes have drawn a lot of attention in theoretical cosmology over the 
past few decades. Since the main observational data from CMBR (Bennett et al. [39]) has been thought to suggest the 
presence of an evolution from the anisotropic to the isotropic phase of the cosmos (Akarsu and Kilinc [40]). Additionally, 
it has been suggested that the isotropic FRW model might not provide an accurate and comprehensive description of 
matter in the early epochs of the universe. For a realistic analysis of cosmological models, it is necessary to assume 
spatially homogeneous and anisotropic space-times in order to examine whether they may evolve to the known level of 
homogeneity and isotropy. Many scientists have been interested in Bianchi type (BT) cosmological models, which are 
homogenous but not necessarily isotropic among different anisotropic space-times. Many scientists have developed 
innovative cosmological models in recent years that use DE against the context of anisotropic Bianchi space-times. 
Koussour et al., [41, 42] explored Anisotropic nature of space-time in f(Q) gravity and Late-time acceleration 
in f(Q) gravity: Analysis and constraints in an anisotropic background. 

Modified theories of gravitation are generalized models that lead to the rise of changes in the force of gravity as a 
result of the Einstein-Hilbert action. Most importantly, in scalar-tensor gravity, Brans-Dick (BD) theory provides a 
practical approach to explore cosmic events in later ages of the Universe. This theory's significant features include variable 
gravitational constants, a scalar field and geometry combination, compliant with numerous physical laws, and solar launch 
restrictions. Variable-G theories developed from the Brans-Dicke (BD) scalar-tensor theory [17] and its generalization to 
other types of scalar-tensor theories, similar to the overall scalar-tensor theory with particular terms presented by 
Wagoner [43]. During this theory, the inverse of the gravitational constant G is substituted by a scalar field ′𝜑′, which is 
the gravitational force coupling according to a new parameter. Within the Brans-Dicke field equations, the combined 
scalar and tensor fields are given by 

 𝐺௜௝ = −8πφିଵ𝑇௜௝ − ωφିଶ ቀφ,௜φ,௝ − ଵଶ 𝑔௜௝φ,௞φ,௞ቁ − φିଵ൫φ௜;௝ − 𝑔௜௝φ;௞,௞൯, (2) 

and 

 φ;௞ ,௞ = 8πሺ3 + 2ωሻିଵT (3) 

We have also constructed an equation for energy conservation. 

 𝑇;௝௜௝ = 0 (4) 

This equation results from the field equations (2) and (3). 
Several authors have examined the different features of Brans-Dicke cosmology thoroughly. Rao and Sireesha [44, 

45] studied several string cosmological models within the Brans-Dicke theory of gravity, while Rao et al. [46] anatomized 
the FRW holographic dark energy as a cosmological model. Dasu Naidu et al. [47] developed a new holographic DE 
cosmological model within the SB theory of gravity with an anisotropic background. Sandhya Rani et al. [48] investigated 
Bianchi type-III, V, and VI0 generalized ghost dark energy models with polytropic gas using the Brans-Dicke (BD) theory 
of gravity. Sireesha & Rao [49] examined Bianchi type II, VIII, and IX Holographic dark energy cosmological models 
within the Brans-Dicke theory of gravity. 

According to the earlier, we should take into account the spatially homogenous anisotropic Bianchi type-III 
cosmological model with pressure less matter and holographic Ricci dark energy with bulk viscosity in the Brans – Dicke 
theory of gravity. We structured our efforts for this paper as follows: In section 2, we derived the Brans-Dicke theory 
field equations in the presence of pressure less matter and holographic Ricci dark energy with bulk viscosity within the 
Bianchi type-III cosmological model. In Section 3, we solved the field equations. In Section 4, we developed and 
examined numerous essential physical properties of the model. In section 5, we concluded our compliances. 

 
2. METRIC AND FIELD EQUATIONS: 

We consider a spatially homogeneous Bianchi type-III metric form 

 d𝑠ଶ = d𝑡ଶ − 𝐴ଶ𝑥ଶ − 𝐵ଶ𝑒ିଶ௫𝑦ଶ − 𝐶ଶ𝑧ଶ  (5) 
whereA,B andC are functions of ‘t’ only. 
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The holographic Ricci dark energy (HRDE) energy momentum tensor with bulk viscosity is 𝑇௜௝ = 𝑇௜௝௠ + 𝑇௜௝௛,  𝑇௜௝௠ is 
that the energy-momentum tensor for matter and 𝑇௜௝௛ is that the energy momentum tensor for holographic Ricci dark 
energy. They are 

 𝑇௜௝௛ = ሺρ௛ + 𝑝௛തതതሻ𝑢௜𝑢௝ − 𝑝௛തതത𝑔௜௝  (6) 

and 

 𝑇௜௝ = ρ௠𝑢௜𝑢௝ (7) 

Where 𝜌௠ denotes the matter energy density, ρ௛ indicates the holographic Ricci dark energy density, and 𝑝௛തതത means the 
viscous holographic dark energy’s pressure. 

In the co-moving frame of reference, and that we will get 

 𝑇ଵ௠ ଵ + 𝑇ଵ௛ ଵ = 𝑇ଶ௠ ଶ + 𝑇ଶ௛ ଶ = 𝑇ଷ௠ ଷ + 𝑇ଷ௛ ଷ = −𝑝௛ തതതത& 𝑇ସ௠ ସ + 𝑇ସ௛ ସ = 𝜌௠ + 𝜌௛ (8) 

where ρ௠, ρ௛ and 𝑝௛തതത are all functions of time ‘t’ only. 
The viscous holographic Ricci dark energy pressure satisfies the relation 𝑝௛തതത = 𝑝௛ − 3ε𝐻. In the late time evolution 

of the universe, dark energy with bulk viscosity generates phantom type rapid expansion. We have assumed that dark 
matter has no pressure, which the effective pressure of viscous holographic Ricci dark energy is suitable to the sum of 
HRDE pressure and bulk viscosity. 

The field equations of Brans-Dicke theory (2), for the metric (5) with the backing of equations (6) - (8) are 

 ஻ሷ஻ + ஼ሷ஼ + ஻஼ሶሶ஻஼ + ன஦ሶ మଶ஦మ + ஦ሷ஦ + ஻஦ሶሶ஻஦ + ஼஦ሶሶ஼஦ = −8πφିଵ𝑝௛തതത, (9) 

 ஺ሷ஺ + ஼ሷ஼ + ஺஼ሶሶ஺஼ + ன஦ሶ మଶ஦మ + ஦ሷ஦ + ஺஦ሶሶ஺஦ + ஼஦ሶሶ஼஦ = −8πφିଵ𝑝௛തതത  (10) 

 ஺ሷ஺ + ஻ሷ஻ + ஺஻ሶሶ஺஻ + ன஦ሶ మଶ஦మ + ஦ሷ஦ + ஺஦ሶሶ஺஦ + ஻஦ሶሶ஻஦ − ଵ஺మ = −8πφିଵ𝑝௛തതത (11) 

 ஺஻ሶሶ஺஻ + ஻஼ሶሶ஻஼ + ஼஺ሶሶ஼஺ − ன஦ሶ మଶ஦మ + ஺஦ሶሶ஺஦ + ஻஦ሶሶ஻஦ + ஼஦ሶሶ஼஦ − ଵ஺మ = 8πφିଵሺρ௠ + ρ௛ሻ (12) 

 ଵ஺మ ቀ஻ሶ஻ − ஺ሶ஺ቁ = 0 (13) 

 φሷ + φሶ ቀ஺ሶ஺ + ஻ሶ஻ + ஼ሶ஼ቁ =  8πሺ3 + 2ωሻିଵሺρ௠ + ρ௛ − 3𝑝௛തതതሻ (14) 

 ρሶ௠ + ρሶ ௛ + 3Hሺρ௠ + ρ௛ + 𝑝௛തതതሻ = 0 (15) 

 
3. HOLOGRAPHIC RICCI DARK ENERGY COSMOLOGICAL MODELS 

From equation (13), we get B = 𝑐ଵA without loss of generality, by taking 𝑐ଵ = 1, we get 

 B = A. (16) 

The field equations (9) to (12) are four independent equations with six unknowns that are functions of 't': B, C, ρ௠,𝜌௛,𝑃ത௛ & φ . Because these equations are very nonlinear, we use the following reasonable physical condition to 
obtain a deterministic result: 

1. The connection between the scalar field φ and thus the average scale factor, a(t), is given by 
(Johri and Kalyani [50])  

 φ = 𝑎௠ (17) 

where m is a constant. 
2. The shear scalar is proportional to the expansion scalar, leading to the metric          
    potentials relation (Collins et al. [51]) 

 C = 𝐵௡ (18) 

where n is an arbitrary constant.  
3. We assume that the parameterized kind of Bulk viscosity is (Reng and Meng [52]) 

 𝜀 = ൬εଵ + 𝜀ଶ ቀ௔ሶ௔ቁ + 𝜀ଷ ቀ௔ሷ௔ሶቁ൰, (19) 

where 𝜀଴, 𝜀ଵ & 𝜀ଶ are constants. 
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From equations (9) - (11), (17) and (18), we get 

 ஻ሷ஻ − ஼ሷ஼ + ஻ሶ஻ ቀ஻ሶ஻ − ஼ሶ஼ቁ + ஦ሶ஦ ቀ஻ሶ஻ − ஼ሶ஼ቁ − ଵ஻మ = 0. (20) 

Using equations (17 & 18), From equation (20), we get 

 A = B = K Sinhሺ𝑘ଶt + 𝑘ଷሻ, (21) 

 C = [K Sinhሺ𝑘ଶt + 𝑘ଷሻ]௡. (22) 

From equations (17), (21) and (22), we get 

 φ = [𝐾 𝑆𝑖𝑛ℎሺ𝑘ଶt + 𝑘ଷሻ]ିሺ௡ାଶሻ. (23) 

where K = ଵ௞మ√೙షభ, 𝑘ଶ& 𝑘ଷ are integrating constants 

The Hubble parameter H is 

 H = ଵଷ ቀଶ஻ሶ஻ + ஼ሶ஼ቁ = ሺ௡ାଶሻ௄మଷ  Cothሺ𝑘ଶt + 𝑘ଷሻ (24) 

Now metric (5), with the assistance of metric potentials (21 & 22), are frequently written as 

 𝑑𝑠ଶ = 𝑑𝑡ଶ − [𝐾 𝑆𝑖𝑛ℎሺ𝑘ଶt + 𝑘ଷሻ]ଶ(𝑑𝑥ଶ + 𝑒ିଶ௫𝑑𝑦ଶ) − [𝐾𝑆𝑖𝑛ℎ(𝑘ଶt + 𝑘ଷ)]ଶ௡𝑑𝑧ଶ (25) 

The energy density of holographic Ricci dark energy within the universe could also be calculated using the equations 

(1) and (24) as  

 ρ௛ = ଷ௞మమ஦଼஠ ቂ𝐶𝑜𝑡ℎଶ(𝑘ଶ𝑡 + 𝑘ଷ) ቄகబ(௡ାଶ)మଽ − ஗(௡ାଶ)ଷ + 2ζቅ + ஗(௡ାଶ)ଷ − 2ζቃ (26) 

 
Figure 1. Plot of energy density versus time for 𝑘ଶ = 1, 𝑘ଷ = 0.85,𝑛 = 1.81, 𝜀଴ = 1.015, 𝜂 = 0.025 𝑎𝑛𝑑 𝜁 = 0.15 

In terms of cosmic time ‘t’, Fig. 1 describes the energy density of HRDE with bulk viscosity of our model. 
Throughout the development of the model, the energy density is positive. We also see that as cosmic time increases, the 
energy density ρh declines. As a result, we may infer that our model achieves the realistic energy requirements, ρh ≥ 0. 

We suppose that matter and viscous holographic dark energy factors interact minimally. Hence, they’re conserved 
independently (Sarkar [53]). Therefore, as result of the conservation equation 

 ρሶ௠ + ቀ஺ሶ஺ + ஻ሶ஻ + ஼ሶ஼ቁ ρ௠ = 0, (27) 

 ρሶ௠ + ቀ஺ሶ஺ + ஻ሶ஻ + ஼ሶ஼ቁ (ρ௛ + 𝑝௛തതത) = 0. (28) 

From eqs. (21), (22) and (27), we get the energy density of the matter is 

 ρ௠ = 𝑘ଵ[𝐾 𝑆𝑖𝑛ℎ(𝑘ଶt + 𝑘ଷ)]ି(௡ାଶ), (29) 

where k1 is an integrating constant. 
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The coefficient of bulk viscosity is given by 𝜀 = 𝜀ଵ + 𝜀ଶ ቂቀ𝑘ଶ(𝑛 + 2) 3ൗ ቁ  𝐶𝑜𝑡ℎ(𝑘ଶ𝑡 + 𝑘ଷ)ቃ + 𝜀ଷ ቂ𝑘ଶ ቀ(𝑛 − 1) 3ൗ ቁ𝐶𝑜𝑡ℎ(𝑘ଶ𝑡 + 𝑘ଷ) + 𝑘ଶ 𝑇𝑎𝑛ℎ(𝑘ଶ𝑡 + 𝑘ଷ)ቃ. (30) 

Using equations (21) – (23), we obtain the viscous pressure of the holographic Ricci dark energy as  

 𝑃ത௛ = ஦ଵ଺஠ [𝑘ସ𝐶𝑜𝑡ℎଶ(𝑘ଶ𝑡 + 𝑘ଷ) + 𝑘ହ]  , (31) 

where 𝑘ସ = ቄ ଵ௄మ − (𝑛 + 3)𝑘ଶ − 𝑘ଶଶ[ω(𝑛 + 2)ଶ − 2(3𝑛 + 4) + 2(𝑛 + 3)(𝑛 + 2)]ቅ 
and 𝑘ହ = ቄ2(𝑛 + 2)𝑘ଶଶ − (𝑛 + 3)𝑘ଶ − ଵ௄మቅ 

 
Figure 2. Plot of viscous pressure versus time for  𝑘ଶ = 1, 𝑘ଷ = 0.85,𝑛 = 1.81, 𝜀଴ = 1.015, 𝜂 = 0.025,𝑤 = −1.25  𝑎𝑛𝑑 𝜁 = 0.15 

According to the graph of Fig. 2, the viscous pressure of the HRDE is constantly negative throughout the elaboration 
and rises with time. Based on the substantiation of the Universe's rapid expansion, it is generally allowed that some 
energy-matter causes this cosmic acceleration with negative pressure known as DE.  

The pressure of the holographic Ricci dark energy as 
 

 𝑃௛ = ஦ଵ଺஠ [𝑘ସ𝐶𝑜𝑡ℎଶ(𝑘ଶ𝑡 + 𝑘ଷ) + 𝑘ହ] + 𝑘ଶ(n + 2) ቄ𝜀ଵ𝐶𝑜𝑡ℎ(𝑘ଶ𝑡 + 𝑘ଷ) + ௞మଷ Cotℎଶ(𝑘ଶ𝑡 + 𝑘ଷ) [𝜀ଶ(𝑛 + 2) + 𝜀ଷ(𝑛 − 1)] + 𝜀ଷ𝑘ଶቅ (32) 

From equations (26) and (32), we obtain  
The EoS parameter of the Ricci dark energy as 

 𝑊௛ = ௉೓஡೓ = ಞభలಘൣ௞ర஼௢௧௛మ(௞మ௧ା௞య)ା௞ఱ൧ା௞మ(௡ାଶ)ሼఌబ஼௢௧௛(௞మ௧ା௞య)ାೖమయ ஼௢௧௛మ(௞మ௧ା௞య)[ఌభ(௡ାଶ)ାఌమ(௡ିଵ)]ାఌమ௞మሽయകೖమమఴഏ ൤஼௢௧௛మ(௞మ௧ା௞య)൜಍బ(೙శమ)మవ ିಏ(೙శమ)య ାଶ஖ൠାಏ(೙శమ)య ିଶ஖൨ . (32) 

 
Figure 3. Plot of EoS parameter versus time for  𝑘ଶ = 1,𝑘ଷ = 0.85,𝑛 = 1.81, 𝜀଴ = 1.015, 𝜂 = 0.025,𝑤 = −1.25  𝑎𝑛𝑑 𝜁 = 0.15 
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The EoS parameter is defined as 𝑤 = 𝑝/𝜌, where p stands for pressure and 𝜌 stands for energy density. Various 
EoS parameter values correlate to various epochs of the Universe's early decelerating and current accelerating expansion. 
The decelerating phase consists of stiff fluid (w = 1), radiation (w = 1/3), and matter-dominated (dust) (w = 0). The 
accelerating phase is made up of quintessence -1< w < -1/3, the cosmological constant w = -1, and the phantom case, 
w < -1. 

The above Fig.-3 illustrates the EoS parameter as a function of cosmic time (t). We see that at the very beginning of 
the cosmos, the EoS parameter 𝑤௛ > 0. As a result, at early epochs of the Universe, the EoS parameter of HRDE with 
bulk viscosity may play a significant role in representing the initial stage matter-dominated era of the universe. It is 
discovered that the EoS parameter reaches zero at some point, implying that our model reflects a dusty universe. 
Meanwhile, the EoS parameter of HRDE with bulk viscosity acts like quintessence (-1 < 𝑤௛ < -1/3) and phantom 
(wh < -1), resulting in an accelerated expansion phase of the cosmos. 

The coincident parameter is 

 r = ஡೓஡೘ = యೖమమಞఴಘ ൤஼௢௧௛మ(௞మ௧ା௞య)൜಍బ(೙శమ)మవ ିಏ(೙శమ)య ାଶ஖ൠାಏ(೙శమ)య ିଶ஖൨௄భ[௄ ௜௡௛(௞మ୲ା௞య)]ష(೙శమ)    (33) 

 
4. SOME ESSENTIAL PROPERTIES OF THE MODEL 

The spatial volume is  

 V = ABC = [𝐾 𝑆𝑖𝑛ℎ(𝑘ଶt + 𝑘ଷ)](௡ାଶ) (34) 

 
Figure 4. Plot of Volume versus time for  𝑘ଶ = 1, 𝑘ଷ = 0.85 & 𝑛 = 1.81 

Fig. 4 illustrates the volume concerning cosmic time. We can see that as the time ‘t' rises, the spatial volume ‘V’ 
increases and eventually becomes infinitely large, as displayed in the graph. It demonstrates that the cosmos expands as 
time goes. 
The average scale factor is  

 a(t) = 𝑉ଵ ଷൗ = [𝐾 𝑆𝑖𝑛ℎ(𝑘ଶt + 𝑘ଷ)](௡ାଶ) ଷൗ . (35) 

For the flow vector ui, the expansion and shear scalar expressions are calculated as 

 θ = 3H = 𝑘ଶ(n + 2)𝐶𝑜𝑡ℎ(𝑘ଶt + 𝑘ଷ). (36) 

 σଶ = ଻ଵ଼ θଶ = ଻ଵ଼ 𝑘ଶଶ(𝑛 + 2)ଶ𝐶𝑜𝑡ℎଶ(𝑘ଶt + 𝑘ଷ) (37) 

Along the axes x,y, and z, the directional Hubble parameters H1, H2, and H3 are given by 

 𝐻ଵ = 𝐻ଶ = ஺ሶ஺ = ஻ሶ஻ = 𝑘ଶ𝐶𝑜𝑡ℎ(𝑘ଶt + 𝑘ଷ), (38) 

 𝐻ଷ = ௡஻ሶ஻ = 𝑛𝑘ଶ𝐶𝑜𝑡ℎ(𝑘ଶt + 𝑘ଷ), (39) 

whereas the generalized Hubble parameter is given by  

 H = ଵଷ ቀଶ஺ሶ஺ + ஻ሶ஻ቁ = ௞మ(௡ାଶ)ଷ 𝐶𝑜𝑡ℎ(𝑘ଶt + 𝑘ଷ) (40) 
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Figure 5. Plot of Hubble parameter & Expansion scalar versus time for  𝑘ଶ = 1, 𝑘ଷ = 0.85 & 𝑛 = 1.81 

The graph of Fig. 5 above depicts the variability of the Hubble parameter and the expansion scalar concerning cosmic 
time. These are two significant observable factors in cosmology that play an essential part in the Universe's expansion 
path. Both the expansion scalar graph and the Hubble parameter demonstrate that they are positive-valued, decreasing 
functions of cosmic time that approach zero over very long time periods. The Hubble parameter is generally known to be 
the rate of expansion of the Universe, and a measure of the fractional increase in the scale in unit time of the Universe. It 
is discovered that the expansion rate is quicker in the beginning and slower later on. 

The average anisotropy parameter is defined by 

 𝐴௠ = ଵଷ∑ ቀு೔ିுு ቁଷ௜ୀଵ ଶ = ଶ(௡ିଵ)మ(ଶ௡ାଵ)మ (41) 

The deceleration parameter (DP) q is given by 

 q = −ଷ஘ሶ஘మ − 1 = ଷ(௡ାଶ) 𝑆𝑒𝑐ℎଶ(𝑘ଶ𝑡 + 𝑘ଷ) − 1 (42) 

 
Figure 6. Plot of deceleration parameter versus time for 𝑘ଶ = 1, 𝑘ଷ = 0.85,𝑛 = 1.81 

The model's acceleration or deceleration is determined by the sign of the deceleration parameter (DP) ‘q’. A positive 
deceleration parameter (DP) ‘q’ value implies model slowdown, whereas a negative sign suggests model acceleration. 
Fig. 6, depicts the elaboration of the deceleration parameter following cosmic time. We discover that our model displays 
a Universe expansion phase. It can also be shown that the current value (i.e., at 𝑡௢ = 13.8 Gyr) of the deceleration 
parameter is 𝑞௢ = −1 , which is consistent with recent observations. 
 

5. CONCLUSIONS 
This study investigates the spatially homogeneous anisotropic Bianchi type-III cosmological model with bulk 

viscosity in the presence of pressure less matter and holographic Ricci dark energy in the Brans – Dicke theory of gravity. 
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It is essential to remember that physical volume increases with time. Fig. 4 illustrates the volume concerning cosmic time. 
We can see that as the time ‘t' increases, the spatial volume V increases and ultimately becomes infinitely large, as 
displayed in the graph. It demonstrates that the Universe expands as time goes. It is frequently seen that the above-
mentioned physical parameters, such as 𝜃,𝜎ଶ and 𝐻 of the model, acquire a constant value at late intervals. This indicates 
that the cosmos expands consistently. Fig.5 depicts the variability of the Hubble parameter and the expansion scalar 
concerning cosmic time. These are two significant observable factors in cosmology that play an essential part in the 
Universe's expansion path. The Hubble parameter and the expansion scalar graphs show that both are positive-valued 
decreasing functions of cosmic time that tend to zero over long time scales. The Hubble parameter is generally 
acknowledged as the rate of expansion of the Universe, and a measure of the fractional increase in the scale in unit time 
of the Universe. It is discovered that the expansion rate is faster in the beginning and slower later on. We can also see that 
as time increases, the energy density 𝜌௠ of matter increases, and therefore the Ricci dark energy (RDE) density  𝜌௛ 
decreases. In terms of cosmic time ‘t’, fig. 1 describes the energy density of HRDE with the bulk viscosity of our model. 
Throughout the development of the model, the energy density is positive. We also see that as cosmic time increases, the 
energy density ρh decreases. As a result, we may infer that our model achieves the actual energy needs, ρh ≥ 0. Figure-2 
shows the viscous pressure of the HRDE is constantly negative throughout the elaboration and increases with time. Based 
on the substantiation of the Universe's rapid expansion, it is generally allowed that some energy-matter causes this cosmic 
acceleration with negative pressure known as DE. We will see that Ricci Dark Energy has a negative pressure during the 
Universe's development, suggesting that the Universe is expanding faster. In our model, the EoS parameter starts within 
the phantom area (𝑊௛ << −1) and crosses the phantom dividing line (𝑊௛ = −1). Within the region of quintessence, 
the model progressively approaches the constant value (−1 < 𝑊௛ < −1 3  ൗ ). Fig.3 illustrates the EoS parameter as a 
function of cosmic time (t). We see that at the very beginning of the cosmos, the EoS parameter 𝑤௛ > 0. As a result, at 
early epochs of the Universe, the EoS parameter of HRDE with bulk viscosity may play a significant role in representing 
the initial stage matter-dominated era of the Universe. It is discovered that the EoS parameter reaches zero at some point, 
implying that our model reflects a dusty Universe. Meanwhile, the EoS parameter of HRDE with bulk viscosity acts like 
quintessence (-1 < 𝑤௛ < -1/3) and phantom (wh < -1), resulting in an accelerated expansion phase of the cosmos. The 
model's acceleration or deceleration is determined by the sign of the deceleration parameter (DP) ‘q’. A positive 
deceleration parameter (DP) ‘q’ value implies model slowdown, whereas a negative sign suggests model acceleration. 
Fig. 6, depicts the evolution of the deceleration parameter in accordance to cosmic time. We discovered that our model 
displays a Universe expansion phase. It can also be shown that the current value (i.e., at 𝑡௢ = 13.8 Gyr) of the deceleration 
parameter is 𝑞௢ = −1 , which is consistent with recent observations. 
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В’ЯЗКА ГОЛОГРАФІЧНА КОСМОЛОГІЧНА МОДЕЛЬ ТЕМНОЇ ЕНЕРГІЇ РІЧІ ТИПУ Б’ЯНКІ ІІІ 
В ТЕОРІЇ ГРАВІТАЦІЇ БРЕНСА-ДІКЕ 

П.Е. Сатьянараяна, К.В.С. Сіріша 
Департамент математики, ГІС, GITAM вважається університетом, Вісакхапатнам, Індія 

У цій роботі досліджується та розглядається широкий спектр знахідок, пов’язаних з описом голографічної темної енергії Річчі 
(HRDE) з об’ємною в’язкістю в рамках прискореного розширення Всесвіту в пізній час у рамках анізотропної космологічної 
моделі Б’янкі типу III із вмістом матерії без тиску. в теорії гравітації Бренса-Дікке. Ми використовуємо співвідношення між 
метричними потенціалами, щоб отримати точний висновок рівнянь поля, що призводить до швидкого розширення. Щоб 
дослідити фізичну поведінку нашої моделі темної енергії, використовуються кілька основних космологічних параметрів, 
включаючи Хаббла, уповільнення, щільність енергії матерії, щільність темної енергії Річчі (RDE) і рівняння стану (EoS). 
Використовуючи поточні космологічні спостереження, ми виявили деяку в’язкість голографічної моделі темної енергії Річчі. 
Ми описуємо, як фізичні та геометричні властивості моделей сумісні з останніми компіляціями. 
Ключові слова: метрика Б’янкі III типу; голографічна темна енергія Річчі (HRDE); об'ємна в'язкість; теорія Бренса-Дікке 
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In this work we analyze the effective evolution of a one dimensional Bose-Einstein Condensate (BEC) within a semi-
classical description of quantum systems based on expectation values of quantum dispersions and physical observables,
known as momentous quantum mechanics. We show that the most prominent features and physical parameters of the
system can be determined from the dynamics of the corresponding semiclassical system, consisting of an extended phase
space including original classical observables and quantum dispersions, and we also show that particle trajectories for
expectation values of observables are a particular characteristic in this framework. We also demonstrate that interactions
with several potentials can be implemented in an intuitive way.

Keywords: Effective quantum mechanics; Bose-Einstein condensate; Semiclassical evolution

PACS: 03.75.Kk, 03.75.Lm

1. INTRODUCTION

Around 100 years ago, Einstein and Bose made a groundbreaking prediction that a system of noninteracting
bosons, under certain conditions, would undergo a phase transition to a state with a macroscopic population in
the ground state, even at finite (low) temperatures [1]. This remarkable phenomenon, known as Bose-Einstein
condensation (BEC), has since captured the attention of the physics community, and has laid the foundation
for exploring the quantum world on a macroscopic scale. However, it was only in recent years that experimental
techniques, such as laser and evaporative cooling [2], and the development of novel traps [3], have allowed for
the unambiguous observation of BEC in weakly interacting atomic Bose gases within laboratory settings [4].

On the theoretical front, the dynamics of dilute trapped Bose-Einstein gases have been effectively described
by mean-field theories, with the Gross-Pitaevskii equation (GPE), a nonlinear Schrödinger equation (NLSE),
proving to be a highly accurate representation of the BEC ground state and its excitation spectrum at or near
absolute zero temperature [5]. Most theoretical work has primarily focused on the Thomas-Fermi limit, where
the nonlinearity of the GPE dominates the bare trap excitation energies, corresponding to situations with a
large number of particles [6]. Yet, the NLSE and GPE have also found applications beyond the realm of BEC,
with the NLSE appearing in various fields such as optics, acoustics, and materials science [5]. In particular, the
NLSE serves as a universal equation in three-dimensional problems, where analytical solutions are challenging,
and numerical simulations typically demand substantial computational resources. An effective approach to the
study of such systems could offer a powerful method for gaining valuable insights into the behavior of BEC
models.

Effective techniques in quantum mechanics enable us to approximate solutions for complex systems. No-
tably, the momentous quantum mechanics formulation transforms a quantum system into a semiclassical coun-
terpart, where the system’s dynamics are determined via an effective-semiclassical Hamiltonian [7]. This method
reintroduces the concept of particle trajectories, which is absent in traditional quantum mechanics. These tra-
jectories depict the evolution of expectation values of position and momentum operators, and of quantum
dispersions as well, obtained as an average of these values across an infinite number of quantum ensembles.
This interpretation is akin to the evolution obtained in the Bohm description of quantum mechanics [9]. The
versatility of this approach has made it applicable to the study of a wide range of quantum systems, spanning
from relatively simple models such as quantum tunneling [10] to more intricate models within the domain of
quantum cosmology.

In this work we explore a semiclassical analysis of a Bose-Einstein condensate in one dimension, attempting
to bridge the gap between the theoretical foundations of BEC, the NLSE, and the practical applications of these
principles in quantum physics and beyond.

As experimental advances continue to unlock new possibilities for the study of BEC, it is crucial to inves-
tigate the collective dynamics of these macroscopic ensembles, particularly in the context of one-dimensional
systems. Our analysis aims to provide valuable insights and analytical solutions that complement numerical
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studies, further enhancing our understanding of BEC and its broader implications in various domains of physics
and engineering.

2. THE GROSS-PITAEVSKII EQUATION AS A NLSE

In this first approach we analyze a one dimensional BEC as a semiclassical system, for which we ob-
tain its dynamical evolution, displaying the effectiveness of the method, and discuss the broad spectrum of
generalizations to more complex systems, including higher dimensional ones. This section follows closely [11].

We start considering a gas of bosons with a fixed average number of particles, N , confined by a potential
well trap. The ground state of N noninteracting bosons confined by the potential is obtained by putting all the
particles in their lowest energy state, its normalized single-particle wave function is

ψ0 =
(mω
πℏ

)1/4
e

−mω
2ℏ x2

. (1)

The density distribution is n(x) = N |ψo|2. At finite temperatures, there are particles occupying the lowest
energy level (condensate), for which we require their occupation number to be large and close to the total
number N , and others occupying higher levels (thermal component) NT , so the condition for BEC occurrence
is then NT < N , satisfied for T sufficiently small. The critical temperature at which this happens is

kBTc = 0.94ℏωn1/3. (2)

Typical values of these parameters in available experiments are N ∼ 104 − 107, and Tc ∼ (102 − 103)nK,
values very well in agreement with experimental results.

Non-interacting boson particles are well described by the expressions above, and have also been corrobo-
rated by experiments [12]. However, this non-interacting picture is simplistic: the gas in this case has infinite
compressibility, and one would expect interaction between the particles to drastically change its behavior, even
for very dilute samples. Therefore, and interacting system should be considered, and the conditions under which
Bose-Einstein condensation is attained further studied.

The dynamic of a gas of interacting boson particles is well described by the NLSE, the Gross-Pitaevskii
equation or GPE [11]

iℏ
∂ψ

∂t
=

[
− ℏ2

2m
∇2 + Vext(r) + g|ψ|2

]
ψ (3)

where

g =
4πℏ2a
m

(4)

modulates the interaction and is defined in terms of the ground-state scattering length a. N is fixed from the
normalization condition for its macroscopic wave function N =

∫
ψ2d3r. We will consider a harmonic trapping

potential Vext.
We will analyze the evolution of this macroscopic system under an effective description, under the physical

conditions discussed above, and the average distance between particles much larger than the scattering length
a.

For a one dimensional BEC, in eq. ( 3) we take ∇ → ∂
∂x . Several methods and analysis were implemented

over the past years attempting to solve, analytically, approximately and numerically the GP equation, in 1, 2
and 3 dimensions, for harmonic and more general potentials (Thomas-Fermi limit [6], numerical [13], variational
analytical [14]). We describe now the momentous quantum mechanics method.

3. EFFECTIVE DESCRIPTION OF BOSE-EINSTEIN CONDENSATES

3.1. Momentous quantum mechanics

Momentous quantum mechanics is an effective formulation describing the semiclassical evolution of quan-
tum systems provided by a Hamiltonian defined in an extended phase space, with expectation values of observ-
ables and quantum dispersions as classical variables [7]. The dynamical system so obtained has (in general) an
infinite number of degrees of freedom. Expectation values of quantum dispersion (termed “quantum variables”),
for one degree of freedom, are defined as follows

∆(xapb) = ⟨(x̂− x)a(p̂− p)b⟩Weyl. (5)

where p = ⟨p̂⟩, q = ⟨q̂⟩, and Weyl refers to a totally symmetrical ordering. Similar expressions apply for more
than one degree of freedom.
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The quantum effective Hamiltonian, defined as HQ = ⟨Ĥ⟩, is given explicitly as

HQ = H(x, p) +

∞∑
n=2

n∑
a=0

1

n!

(
n

a

)
∂nH(x, p)

∂xa∂pn−a
∆(xapn−a). (6)

H(q, p) is the corresponding classical Hamiltonian of the system. The semiclassical dynamics can be obtained

from the Hamiltonian (6) in the usual way, that is, ḟ = {q,H}, and for quantum variables we use iℏ {q,H} =〈[
q̂, Ĥ

]〉
.

This formulation for the effective dynamics is valid for general quantum systems, even for those that cannot
be expressed with the usual kinetic and potential terms for the Hamiltonian, that is, H = K +U , although one
may need to implement consistent truncations to the series for complex systems, as we show below. There is
an alternate description in terms of canonical Casimir-Darboux variables [8].

The variables defined in (5) are not canonical order by order in the Hamiltonian (6). It is possible to get
a canonical pair of variables, and a Darboux Casimir, for one degree of freedom, by means of the following
transformation

s =
√
∆(x2), ps =

∆(xp)√
∆(p2)

, U = ∆(x2)∆(p2)−∆(xp)2, (7)

for which we get {s, ps} = 1, and {s, U} = {ps, U} = 0.
Even more, under general arguments it can be shown that all the relevant qantum information in the

system can be obtained from the canonical variable s, and the effective Hamiltonian can be written in the
following way

HQ(x, s) =
p2 + p2s
2m

+ Veff(x, s), (8)

where the effective, all-order potential is

Veff =
U

2ms2
+

1

2
[V (x+ s) + V (x− s)], (9)

where V (x) is the classical interaction potential.
In this way we can generate the dynamics from this canonical effective Hamiltonian and its correspondent

all-order potential in the usual way. We will analyze the effective quantum evolution for the BEC under both
schemes described above.

3.2. Effective GPE

The prescription to obtain the quantum Hamiltonian described above can be implemented for the one-
dimensional GPE (3). Particularly, since this is a non-linear Schrödinger equation, we can deduce the corre-
sponding classical Hamiltonian in the following way

Ĥ ≡ − ℏ2

2m
∇2 + Vext(x) + g|ψ|2 →

Hclass ≡ p2

2m
+ Vext(x) + g|ψ|2, (10)

considering the term g|ψ|2 in HQ as part of the effective interacting potential, as we will describe below.
By far, the most interesting trapping potential Vext is harmonic, since it represents the most common

experimental implementation for BEC’s, and we will use this in the following.
As for the interpretation of the interacting, non-linear potential ψ(x, t) at the classical level, we point out

that the classical system is a starting reference upon which the effective analysis will be built, although its
energy may be taken from experimental settings. The bridge between these two regimes, the quantum and the
classical, is the wave function for the non interacting boson gas discussed in section 2, so we propose considering
a generic squeezed coherent state of the form

ψ(x, t) =
1

(2πρ2)1/4
exp

[
− α

4ρ2
(x− ⟨x⟩)2 + ip(x− ⟨x⟩)

]
. (11)

with α = 1− i⟨∆x∆p+∆p∆x⟩. From this the interacting potential reads (taking ⟨x⟩ = 0)

g|ψ|2 =
g

(2πρ2)1/2
exp

[
− (x− ⟨x⟩)2

2ρ2

]
=

g

(2πρ2)1/2
exp

[
− x2

2ρ2

]
. (12)

One can see this already at second order because there are three quantum variables, and they cannot conform a canonical
system.
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The classical Hamiltonian (10) then reads

H(x, p) =
p2

2m
+

1

2
mω2x2 +

ge
− x2

2ρ2

(2πρ2)1/2
. (13)

We can determine the behavior of the 1 dimensional BEC as if it were a classical particle, driven by (13).
In fig. (1) we show the “classical potential”, and in fig. (2) the corresponding semiclassical trajectories, a
particularly interesting feature of our effective treatment. The classical BEC particle is trapped inside the
potential, and is confined in the right (left) valley, or the harmonic trap, depending on whether its energy E is

greater or less than the local potential maximum aℏ2

mρ .

-20 -10 10 20
x

50

100
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200

V(x)

(a) Classical potential for a=10

t

(b) Classical potential as a function of x and a.

Figure 1. Classical potential for the 1 dimensional BEC in a harmonic trap
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(a) Classical trajectory for E ≥ aℏ2
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(b) Classical trajectory for E ≤ aℏ2
mρ

Figure 2. Classical trajectories for the 1 dimensional BEC in a harmonic trap.

The classical Hamiltonian (13) shows the kinetic and potential terms, a form suited for the momentous
effective treatment. We discuss the evolution in two parts: one where ρ varies slowly and can be treated as a
constant, and the general case.

4. EFFECTIVE EVOLUTION

We proceed to analyze the effective evolution for the BEC system, both in the order by order and the
canonical descriptions.
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As was discussed in the previous sections, the macroscopic quantum evolution of the condensate for non
interacting particles (g = 0) can be determined from its wave function, which has an analytic expression given in
(1); values of physical observables can be readily obtained. On the other hand, momentous quantum mechanics
determines the dynamical evolution of expectation values of observables as a function of time: the macroscopic
evolution of the BEC can be interpreted as an effective particle governed, at the quantum level, by the GPE
(3).

For the effective quantum description of the general interacting picture we make use of the non interacting
behavior, by choosing initial values of classical and quantum (dispersions) variables from their corresponding
values of the later. That is, we use the expectation values obtained from the ideal BEC, and experimental
parameters employed in the obtention of the condensate, as initial values for the evolution of the full quantum

effective system. That is, we take f(0) =< f̂ >0, for classical and quantum variables.
The total energy, described by the three terms in the Hamiltonian (10), E = Ekin + Eho + Eint (kinetic,

harmonic and interacting components), is restricted by the virial relation [11]

0 = 2Ekin − 2Eho + 3Eint. (14)

Again, the initial values for each one of the components are obtained from the non interacting system. In this
way, we can determine the effective dynamical evolution of the interacting BEC, as we show below.

4.1. Constant variance ρ

4.1.1. Second order system. As we mentioned above, we analyze first the case where ρ is slowly
varying, for which it can be considered constant. ρ is the width of the distribution, so slow variation would
represent the period of time during which stable evolution is attained, before the colapse and revival of the
matter wave [15]. Its value can be controlled in experimental settings.

The effective Hamiltonian (6), together with (13) reads in this case

HQ =
p2

2m
+

1

2
mω2x2 +

ge
− x2

2ρ2

(2πρ2)1/2
+

∆(p2)

2m
+

1

2
mω2∆(x2) +

+
ge

− x2

2ρ2

(2πρ2)1/2

∞∑
n=2

1

n!

(
− 1√

2ρ

)n

Hn

(
x√
2ρ

)
∆(xn), (15)

where Hn(z) is the Hermite polynomial of degree n. As can be seen in this expression, the total Hamiltonian
has an infinite number of terms, rendering an impossible system to treat in full, so we truncate the series to
lowest orders in dispersions.

The Hamiltonian HQ up to second order in momenta is

HQ =
p2

2m
+

1

2
mω2x2 +

ge
− x2

2ρ2

(2πρ2)1/2

+
∆(p2)

2m
+

∆(x2)

2

{
mω2 +

ge
− x2

2ρ2

(2πρ2)1/2

(
x2

ρ4
− 1

ρ2

)}
. (16)

Equations of motion for classical variables follow

ẋ =
p

m
,

ṗ = −mω2x+
ge

− x2

2ρ2

(2πρ2)1/2

{
x

ρ2
+

∆(x2)

2

(
x3

ρ6
− 3x

ρ4

)}
, (17)

whereas for quantum variables [16]) we get

d∆(x2)

dt
= 2

∆(xp)

m
,

d∆(xp)

dt
=

∆(p2)

m
−∆(x2)

{
mω2 +

ge
− x2

2ρ2

(2πρ2)1/2

(
x2

ρ4
− 1

ρ2

)}
,

d∆(p2)

dt
= −2∆(xp)

{
mω2 +

ge
− x2

2ρ2

(2πρ2)1/2

(
x2

ρ4
− 1

ρ2

)}
. (18)
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4.1.2. Canonical system. Now, for the canonical formulation (8) the effective Hamiltonian (13) reads

HQ(x, s) =
p2 + p2s
2m

+
U

2ms2
+

1

2
mω2(x2 + s2) +

ge
− (x2+s2)

2ρ2

(2πρ2)1/2
cosh

(
xs

ρ2

)
. (19)

The corresponding equations of motion are as follows

ẋ =
p

m
,

ṡ =
ps
m
,

ṗ = −mω2x− ge
− x2+s2

2ρ2

ρ2(2πρ2)1/2

[
s sinh

(
xs

ρ2

)
− x cosh

(
xs

ρ2

)]
,

ṗs =
U

ms3
−mω2s− ge

− x2+s2

2ρ2

ρ2(2πρ2)1/2

[
x sinh

(
xs

ρ2

)
− s cosh

(
xs

ρ2

)]
. (20)

4.2. General variance ρ2 = ∆(x2)

For the general case for which ρ is dynamical we need to modify the dynamics obtained in the previous
section. Though more general, it is interesting to contrast this evolution with the one in the previous subsection,
to determine under which regimes, or parameter values, the constant variance analysis is sufficient.

4.2.1. Second order system In this case, where ρ2 = ∆(x2), the Hamiltonian (13) gives the effective
Hamiltonian, up to second order in momenta

HQ =
p2

2m
+

1

2
mω2x2 +

ge
− x2

2∆(x2)

[2π∆(x2)]1/2

+
∆(p2)

2m
+

∆(x2)

2

{
mω2 +

ge
− x2

2∆(x2)

[2π∆(x2)]1/2

(
x2

∆(x2)2
− 1

∆(x2)

)}
, (21)

or

HQ =
p2 +∆(p2)

2m
+
mω2

2

[
x2 +∆(x2)

]
+

ge
− x2

2∆(x2)

2[2π∆(x2)]1/2

(
1 +

x2

∆(x2)

)
. (22)

Equations of motion for classical variables are

ẋ =
p

m
,

ṗ = −mω2x+
ge

− x2

2∆(x2)

2[2π∆(x2)]1/2

(
x3

∆(x2)2
− x

∆(x2)

)
, (23)

while for quantum variables read
d∆(x2)

dt
= 2

∆(xp)

m
,

d∆(xp)

dt
=

∆(p2)

m
−mω2∆(x2) +

ge
− x2

2∆(x2)

2[2π∆(x2)]1/2

{
1 − x2

∆(x2)1/2

+ x2

(
3

∆(x2)
− x2

∆(x2)2

)}
,

d∆(p2)

dt
= −2mω2∆(xp) +

ge
− x2

2∆(x2)

[2π∆(x2)]1/2

{
∆(xp)

∆(x2)
+ 2x2

∆(xp)

∆(x2)2
− x4

∆(xp)

∆(x2)3

)}
. (24)

Equations of motion for higher order truncations can be readily obtained. In the appendix we show the
third order system for general ρ.
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4.2.2. Canonical system for general variance Since, from (7) we have ρ2 = ∆(x2) = s2, the canonical
all-order Hamiltonian (19) is now

HQ(x, s) =
p2 + p2s
2m

+
U

2ms2
+

1

2
mω2(x2 + s2) +

ge−
(x2+s2)

2s2

(2πs2)1/2
cosh

(x
s

)
. (25)

It is evident that the equations of motion for this case will be modified. We get

ẋ =
p

m
,

ṡ =
ps
m
,

ṗ = −mω2x− ge−
(x2+s2)

2s2

(2π)1/2s3

[
s sinh

(x
s

)
− x cosh

(x
s

)]
,

ṗs =
U

ms3
−mω2s− ge−

(x2+s2)

2s2

(2π)1/2s4

[
(x2 − s2) cosh

(x
s

)
− xs sinh

(x
s

)]
. (26)

5. NUMERICAL EVOLUTION

We present the evolution for each one of the cases discussed in section 4. Being the dynamics governed by
a system of nonlinear coupled differential equations we analyzed their solution numerically.

5.1. Constant variance ρ, second order in momenta

In this case we obtained the following initial conditions for momenta from (5) and (11): ∆(x2) =
1

2ρ2 ,∆(p2) = ρ2

2 ,∆(xp) = 0, and parameters: ℏ = m = ω = 1, a = 3.

In Figure 3 we show the effective potential, displaying its dramatic departure from the classical one (Figure
1) due to quantum back reaction. We may also show its evolution as a function of a, although it is not so
critical as ρ. The semiclassical particle evolves according to the effective potentials depicted, and we display
some interesting trajectories in Figure 4: the behavior is affected by the value of ρ, which is the variance of the
state considered.

t

t

Figure 3. Effective potential for the BEC with constant variance ρ = 2.5, a = 3.

This system was obtained by truncating the Hamiltonian (6) up to second order in momenta,
∆(x2),∆(xp),∆(p2), and this could be extended to higher orders to take into account higher order disper-
sions, as shown in Appendix (B) for example. There is a generalization, though, where we do not need to make
such truncations, which we analyze next.

5.2. Constant variance ρ, all-order potential

We analyze now the system for ρ constant, employing the canonical formulation of the effective formulation
described in subsection 4.1.2. We expect this description to be more general than the one in the previous
subsection, particularly because now we have no truncations in the potential. Employing the same initial
conditions and parameters as before, with the obvious modifications for variables (7) we obtain the potential
shown in fig. 5
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Figure 4. Effective trajectories with constant variance ρ , a = 3.

V_eff

t

(a) Potential for ρ = 2.5

V_eff

t

(b) Potential for ρ = 1.5

Figure 5. Effective potential for the BEC with constant variance ρ = 2.5 , canonical variable s.

This is the all-orders effective potential in (19). It is important to note that determining an effective
potential, for which no truncations are needed, is the most interesting feature of our treatment, for one can
analyze the entire quantum-effective evolution of the system from it. Effective trajectories are shown in fig. 6.

The behavior of the system can be analyzed from these trajectories, where one can modify the parameters
and conditions according to experimental settings or phenomenological guidelines.
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Figure 6. Effective trajectories with constant variance ρ , a = 3, canonical variable s

5.3. General variance ρ, effective potential

We now study the evolution for the general variance ρ as a dynamical variable. One can analyze several
regions of interest in the physics of BEC, including interactions between two or more BEC’s, evolution in the
presence of external fields, among many other possibilities.

The dynamics is governed by the Hamiltonian (25). The last three terms in the r.h.s. of this expression is
the effective potential for the system, for general variance. Its behavior is displayed in fig. 7, where the values
for ρ are the initial ones.

We can obtain the evolution of classical observables, and also determine the spreading ∆(x2),∆(p2) of the
initial wave function (11), just as in [17]. Actually, this can be extended to more general interactions driven by
different trapping potentials. We show trajectories in fig. 8.

Interpretation of the dynamical evolution of the interacting BEC can be obtained from this effective
treatment, particularly from the semiclassical potential and trajectories. For instance, while the “classical”
particle, corresponding to the non interacting system, has a well defined behavior given the potential in fig. 1,
in the interacting case, figures 5 and 7, depending on initial conditions and time of evolution, the BEC can
tunnel from different regions in the trap. This corresponds to the collapse and revival of the matter wave
discussed in [15]. By considering different trapping potentials, and even interacting BEC’s, one can describe
very interesting phenomena by applying this effective setting.

It is important to remember that the effective BEC is quantum in nature, so it should display its prob-
abilistic nature. It is indeed the case, and the trajectories (and the whole evolution for that matter) should
actually be displayed as < x̂ > ±∆x, which is shown in fig. 9.

It is interesting to note that the trajectories evolve within a bounded dispersion.
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(a) Effective potential for ρ0 = 1 (b) Potential for ρ0 = 1.8

(c) Potential for ρ0 = 2 (d) Potential for ρ0 = 2.5

Figure 7. Effective potential with time-dependant variance ρ, in terms of the canonical variable s.

6. DISCUSSION

In this work we have presented a semiclassical effective treatment for a one dimensional Bose Einstein
condensate in a harmonic trap with the typical interacting potential depending on the macroscopic wave function
ψ(x, t), whose dynamic is dictated by the Gross–Pitaevskii equation, a particular form of a non linear Schrödinger
equation. We have shown that the physical information of the system is encoded in the expectation values of
observables and quantum dispersions, acting as classical variables in an extended phase-space, with an effective
Hamiltonian; their quantum evolution can be followed with one-particle trajectories, a very useful feature in
the dynamical analysis of the system.

Our results match those obtained in different approaches of the GPE, particularly those in variational
descriptions where the center and the width of the BEC cloud evolve as particles subjected to classical potentials
(see [14]). Those results have been extended to the explanation of experimental results [18]. Since the setting
for the momentous quantum mechanics is semiclassical, many generalizations to this one-dimensional system
can be studied: two and three dimensional systems can be readily implemented, and the behavior nicely
depicted as a one-particle one. Different interactions with, for example, traps or external fields can also be
discussed, and the evolution can be interpreted from the effective quantum potential that we obtained, as
mentioned in section 3. Moreover, the values taken for the parameters in the model come from phenomenological
descriptions: experimental settings and constraints dictate the physically interesting values for quantum and
effective variables.

The most remarkable feature of our analysis is the semiclassical characteristic of the condensate, allowing
to treat it as a single particle (the most classical form of a matter wave) that inherently has a trajectory,
something not present in usual quantum mechanics. We obtain an effective potential that controls the dynamics
and evolution of the system and, from this, general features of the evolution can be obtained. As such, the
question of quantum tunneling can be treated in a direct way [10], a very interesting phenomena currently under
investigation. As discussed above, our results show a tunneling between regions in the trap, corresponding to
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Figure 8. Effective trajectories with time dependant variance ρ , a = 3.
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Figure 9. Effective trajectories with with quantum uncertainty, shaded region.

the collapse and revival of the matter wave described in [15]. Actual time of flight for condensates can also be
estimated under our description.

Finally we presented two derivations for the evolution of the system, one in terms of (infinite) quantum
momenta -hence the name-, and the other in terms of a all-order potential, mentioned above. We mentioned
that the effective potential includes all the information that the moments do; however, the momenta expression
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is important in its own right because it is the one suited for systems whose Hamiltonian is not expressed in the
usual kinetic and potential term.

Our methodology may serve as a valuable instrument for studying the dynamics of Bose-Einstein con-
densates. It offers a systematic approach to predicting and analyzing an several experimental scenarios, en-
compassing the influence of core-core interactions. Future applications to the investigation of interactions with
radiation, expansions in BEC’s and many other phenomena.

A. GENERAL POISSON ALGEBRA FOR EXPONENTIAL TERMS

The interaction potential for the Bose-Einstein condensate includes the momenta inside an exponential
function. To obtain the corresponding equations of motion we need to expand in a Taylor series, once in this
polynomial form one computes the Poisson brackets among variables, and then switch back to the original
expression. We perform this procedure explicitly.

First the Taylor series for the exponential

e
− x2

2∆(x2) =

∞∑
n=0

(−1)n

n!2n
x2n

∆(x2)n
. (27)

Poisson brackets have the following generic form

{
∆(xapb),

e
− x2

2∆(x2)

[∆(x2)]1/2

}
= e

− x2

2∆(x2)

{
∆(xapb),∆(x2)−1/2

}
+

{
∆(xapb), e

− x2

2∆(x2)

}
∆(x2)−1/2. (28)

The second term in the r.h.s. of this expression gives

{
∆(xapb),

e
− x2

2∆(x2)

[∆(x2)]1/2

}
= e

− x2

2∆(x2)

{
∆(xapb),∆(x2)−1/2

}

+

∞∑
n=0

(−1)n

n!2n
x2n

{
∆(xapb),∆(x2)−n

}
∆(x2)−1/2. (29)

One can obtain generic formulae for any order momenta, however we obtain those for second and third
order, that is, for momenta ∆(xp), ∆(p2), ∆(x2p), ∆(xp2) y ∆(p3).

For instance{
∆(xp),∆(x2)

}
=

{
∆(xp),∆(x2)1/2∆(x2)1/2

}

= ∆(x2)1/2

{
∆(xp),∆(x2)1/2

}
+

{
∆(xp),∆(x2)1/2

}
∆(x2)1/2

= 2∆(x2)1/2

{
∆(xp),∆(x2)1/2

}
= −2∆(x2), (30)

or {
∆(xp),

√
∆(x2)

}
= −

√
∆(x2), (31)

which agrees with [16]. Repeating n times we obtain{
∆(xp),

1

∆(x2)n

}
=

2n

∆(x2)n
. (32)

Similar expression can be obtained for other momenta{
∆(p2),

1

∆(x2)n

}
= 4n

∆(xp)

∆(x2)n+1
, (33)
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{
∆(x2p),

1

∆(x2)n

}
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, (34){
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, (35){
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1
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. (36)

Writing back in (29) we get the final result{
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e
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e
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B. THIRD ORDER DYNAMICAL SYSTEM

The effective Hamiltonian (6) up to third order in momenta reads

HQ =
p2 +∆(p2)

2m
+
mω2

2

[
x2 +∆(x2)

]
+

ge
− x2

2∆(x2)

2[2π∆(x2)]1/2

{
1 +
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3

(
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− 3
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)}
(42)

Equations of motion for classical variables are

ẋ =
p

m
, (43)
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As before, we compute the equations of motion for momenta using iℏ {q,H} =
〈[
q̂, Ĥ

]〉
. The equations

of motion for third order momenta are
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dt
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, (45)
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(46)
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Ãåêòîð Åðíàíäåñ-Åðíàíäåñ

Ôàêóëüòåò iíæåíåði¨, Àâòîíîìíèé óíiâåðñèòåò ×ióàóà, Ìåêñèêà

Ó öié ðîáîòi ìè àíàëiçó¹ìî åôåêòèâíó åâîëþöiþ îäíîâèìiðíîãî êîíäåíñàòó Áîçå-Åéíøòåéíà (BEC) ó íàïiâêëà-
ñè÷íîìó îïèñi êâàíòîâèõ ñèñòåì íà îñíîâi î÷iêóâàíèõ çíà÷åíü êâàíòîâèõ äèñïåðñié i ôiçè÷íèõ ñïîñòåðåæóâàíèõ,
âiäîìèõ ÿê âàæëèâà êâàíòîâà ìåõàíiêà. Ìè ïîêàçó¹ìî, ùî íàéâèäàòíiøi îñîáëèâîñòi òà ôiçè÷íi ïàðàìåòðè ñè-
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ïðîñòîðó, âêëþ÷àþ÷è îðèãiíàëüíi êëàñè÷íi ñïîñòåðåæóâàíi òà êâàíòîâi äèñïåðñi¨, i ìè òàêîæ ïîêàçó¹ìî, ùî òðà¹-
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The nonclassical properties of the hybrid coherent state (HCS), which is the superposition state of the coherent state and photon-added 
coherent (PAC) state, is investigated analytically. We evaluated the photon number statistics, the Wigner-Yanase skew information, 
the Mandel Q factor and the quadrature squeezing of the HCS to quantify its nonclassicality. This superposition state exhibits more 
nonclassical properties than the PAC state and even the superposition state of coherent state and single-photon-added coherent (SPAC) 
state. We reported that the addition of more photons to the PAC state part of the HCS generally quantifies more nonclassicalities. The 
nonclassical properties of the HCS also depend on the amplitudes of coherent state and the PAC state in the HCS. 
Keywords: Coherent state; Photon-added coherent state; Hybrid coherent state; Wigner-Yanase skew information; Mandel Q factor; 
Quadrature squeezing; Nonclassical effect 
PACS: 42.50.-p; 42.50.Dv; 42.50.Ar 

1. INTRODUCTION
The coherent state |𝛼⟩ of light is the classical like state which exhibits the Poissonian photon number distribution 

with |𝛼|ଶ average number of photons. On the contrary, the Fock state |𝑚⟩ is completely quantum mechanical and 
contains precisely 𝑚 photons. The PAC state of order 𝑚 and amplitude 𝛼 is defined as |𝛼,𝑚⟩  = 𝑎ற௠|𝛼⟩ (𝑎ற is the 
photon creation operator and the 𝑚 times application of 𝑎ற on the coherent state |𝛼⟩ results |𝛼,𝑚⟩) which has 
intermediate properties between the coherent state and Fock state. The state |𝛼,𝑚⟩ reduces to coherent state or Fock 
state for 𝑚 → 0 or 𝛼 → 0, respectively. The nonclassical properties such as squeezing and sub-Poissonian photon 
statistics of PAC state were first described by Agarwal and Tara [1]. They also described theoretically how the PAC 
can be prepared. The experimental realization of SPAC state via parametric down-conversion in nonlinear crystals has 
been reported by Zavatta et al. [2]. Mattos and Vidiella-Barranco investigated the photon-added and photon-subtracted 
state using the optical amplifier and beam splitter [3-4]. Hu et al. proposed a scheme to prepare the SPAC state via 
three-wave mixing [5]. The SPAC state has large single photon probability as it has no vacuum part and also shows 
nonclassicalities. The nonclassical states have tremendous applications in various fields. Several applications of the 
nonclassical effects of the Bose-Einstein condensates system and Raman processes have been reported [6-8]. The 
nonclassical photon-added coherent states also have applications in various fields, such as it is essential in quantum 
communication [9], quantum key distribution [10], quantum state engineering [11], quantum metrology [12], quantum 
dense coding protocol [13], and to improve the perfection in quantum digital signature protocols [14]. The more 
nonclassicalities the quantum states have, the more effective it will be in practical applications. To improve the depth 
of nonclassicalities, scientists also prepare and study the superposition state of SPAC state and coherent state and in 
some cases, they achieved this [15-17]. But there is no such work on the HCS which is the superposition state of 
coherent state and PAC state |𝛼,𝑚⟩ with 𝑚 > 1. In this paper we have investigated the nonclassical properties of such 
HCS in details. Turek et al. have theoretically shown that such hybrid coherent state can be prepared through the cross-
Kerr interaction of coherent state with the single-photon state [17]. 

The HCS we have investigated is the superposition state of coherent state |𝛼⟩ and PAC state 𝑎ற௠|𝛼⟩. Such state can 
be written as |𝜓⟩ = 𝒩ൣ√𝜀 𝑒௜ఏ|𝛼⟩ + √1 − 𝜀 𝑎ற௠|𝛼⟩൧ (1)

where 𝜀 is the superposition parameter that lies between 0 ≤ 𝜀 ≤ 1 and 𝜃 is the phase difference between the coherent 
state and PAC state. Shringarpure and Franson showed that such a state can be generated from the output of an optical 
parametric amplifier by introducing the coherent state and the photon number state in the input signal mode and idler 
mode of the amplifier, respectively [15]. The superposition parameter can be controlled by varying the gain of the optical 
parametric amplifier. For 𝜀 = 0 or 𝜀 = 1 the HCS |𝜓⟩ will reduce to a PAC state or coherent state, respectively. Here, 𝒩 
is the normalization constant which is given by 𝒩 = ൣ𝜀 + 2ඥ𝜀(1 − 𝜀) 𝑅𝑒ൣ𝑒௜ఏ𝛼௠൧ + (1 − 𝜀)𝐿௠(−|𝛼|ଶ) 𝑚!൧ିభమ (2) 
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where 𝐿௠(𝑥) is the Laguerre polynomial of order 𝑚 and 𝛼 = |𝛼|𝑒௜ఠ. We study various nonclassical properties of the 
state as described in Eq. (1) by varying |𝛼|, and the superposition parameter 𝜀. We also investigate the nonclassical 
properties of the HCS by varying the photon number 𝑚. 

To study the photon number distribution of the HCS, we derive the probability of finding 𝑛 photons in 𝜓, i.e. 𝑃௡ = |⟨𝑛|𝜓⟩|ଶ, which is given by 

 𝑃௡ = ฬ𝒩𝑒ି|ഀ|మమ ቀ√𝜀 𝑒௜ఏ ఈ೙√௡! + √1 − 𝜀 √௡!(௡ି௠)!𝛼௡ି௠ቁฬଶ (3) 

We plot the Eq. (3) with 𝑛 for different values of  𝑚 (Figure 1(a)) and 𝜀 (Figure 1(b)). Here we have taken 𝜃 =𝜋,𝜔 = 0, and |𝛼| = 2. For 𝜀 = 1, the state is a coherent state and it shows the Poisson distribution (Black line in Fig. 1). 
For 𝜀 = 0, the state is a photon-added coherent and for 0 ≤ 𝜀 ≤ 1 the state is a HCS. For 𝜀 = 0.5 the HCS is the 50:50 
superposition of the coherent state and PAC state. The different 𝑚 values in Figure 1(a) correspond to the numbers 
of photons added with the coherent state to prepare the PAC state part of the HCS. For nonclassicalities, the width of the 
distribution curve requires to be narrower than that of the coherent state [18]. But it is difficult to quantifying the 
nonclassicality from the number distribution plot. To view this we derive the Mandel Q-factor and the Wigner-Yanase 
skew information [18-20].  

(a) (b) 
Figure 1. Variation of 𝑃௡ with 𝑛: (a) for different 𝑚 with 𝜀 = 0.5; (b) for different 𝜀 with 𝑚 = 2 

This paper is organized as follows. We study the Mandel Q factor in Section 2. We study the Wigner-Yanase skew 
information in Section 3 and quantum squeezing in section 4. Finally, we concluded in Section 5. 

 
2. MANDEL Q FACTOR 

The sub-Poissonian statistical property of a quantum system is a nonclassical effect. Mandel Q factor (𝑄௠) 
efficiently quantifying the sub-Poissonian distribution of photons. The 𝑄௠ factor is defined as 

 𝑄௠ = 〈௔಩మ௔మ〉ି〈௔಩௔〉మ〈௔಩௔〉 . (4) 

For coherent state, 𝑄௠ = 0; for Fock state, 𝑄௠ = −1. If 𝑄௠ > 0, the photon statistics is super-Poissonian. If 0 >𝑄௠ ≥ −1, the number statistics of the state is sub-Poissonian and this is the sufficient condition of a quantum state to be 
nonclassical. For the state defined in Eq. (1), we evaluate 〈𝑎றଶ𝑎ଶ〉 = |𝒩|ଶ ቂ𝜀|𝛼|ସ + 2ඥ𝜀(1 − 𝜀) 𝑅𝑒[𝑒௜ఏ𝛼௠ሼ𝑚(𝑚 − 1) + 2𝑚|𝛼|ଶ + |𝛼|ସሽ] +(1 − 𝜀)ሼ(𝑚 + 2)! 𝐿௠ାଶ(−|𝛼|ଶ) − 4(𝑚 + 1)! 𝐿௠ାଵ(−|𝛼|ଶ) + 2𝑚! 𝐿௠(−|𝛼|ଶ)ሽ]. (5) 

The average photon number 〈𝑛〉 is  〈𝑎ற𝑎〉 = |𝒩|ଶ ቂ𝜀|𝛼|ଶ + 2ඥ𝜀(1 − 𝜀) 𝑅𝑒[𝑒௜ఏ𝛼௠(𝑚 + |𝛼|ଶ)] +(1 − 𝜀)ሼ(𝑚 + 1)! 𝐿௠ାଵ(−|𝛼|ଶ) −𝑚! 𝐿௠(−|𝛼|ଶ)ሽ]. (6) 

Using Eq. (4)-(6) we plot 𝑄௠ with |𝛼| for different values of 𝑚 (Figure 2(a)) and 𝜀 (Figure 2(b)). Figure 2(a) shows 
that for 𝑚 = 1, i.e., when a single photon is added to the PAC state part, the photon distribution of HCS is sub-Poissonian 
only for 0.3 > |𝛼| > 1.4. But for 𝑚 > 1, the distribution is sub-Poissonian for all values of |𝛼| (Dashed blue line is for 𝑚 = 2, and red dotdashed line for 𝑚 = 3). More the negativity of 𝑄௠ indicates more nonclassicality. The higher the 
nonclassicality, it will be more useful in practical applications. The 𝑄௠ factor of the superposition state of coherent state 
and SPAC state was investigated by Turek et al. [17]. It is interesting to note that the HCS may have better useful 
applications as a nonclassical state when its PAC state part is prepared with the addition of more photons than the addition 
of a single photon. The depth of nonclassicality decreases with higher values of |𝛼| because higher the values of |𝛼|, the 
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PAC state part will go toward the coherent state. Figure 2(b) shows that for 𝜀 = 1, i.e., when the HCS reduces to a 
coherent state, 𝑄௠ = 0 as usual (solid black line). For |𝛼| > 1.7, the HCS (blue dashed line) shows more nonclassicalities 
than the PAC state (dotdashed red line). This is a very important result because it reveals the necessity and importance of 
introduction of HCS over the PAC state.  

  
(a) (b) 

Figure 2. Variation of 𝑄௠ with |𝛼|: (a) for different 𝑚 with  𝜀 = 0.5 ; (b) for different 𝜀 with  𝑚 = 2. We take  𝜃 = 𝜋,𝜔 = 0 

 
3. Wigner-Yanase skew information 

The Wigner-Yanase skew information is also a measure of the quantumness of a state and it is a special version of 
quantum Fisher information [21].  The skew information quantifies the nonclassicality present in a quantum state in terms 
of the ladder operators of the states involved. It contains the noticeable properties which have been found remarkable 
applications in quantum information theory [22, 23]. For single-mode radiation field the skew information (𝑊) is 
defined as 

 𝑊 = 0.5 + 〈𝑎ற𝑎〉 − 〈𝑎ற〉〈𝑎〉. (7) 

The average of the field annihilation operator for the HCS defined in Eq. (1) is 〈𝑎〉 = |𝒩|ଶ ቂ𝜀𝛼 + ඥ𝜀(1 − 𝜀) ൛𝑒ି௜ఏ𝛼∗(௠ିଵ)(𝑚 + |𝛼|ଶ) + 𝑒௜ఏ𝛼(௠ାଵ)ൟ + (1 − 𝜀)𝑒ି|ఈ|మ ∑ |ఈ|మ೛ ఈ (௠ାଵା௣)!௣! (௣ାଵ)!ஶ௣ୀ଴ ቃ. (8) 

  
(a) (b) 

Figure 3. Variation of 𝑊 with |𝛼|: (a) for different 𝑚 with  𝜀 = 0.75 ; (b) for different 𝜀 with  𝑚 = 2. We take  𝜃 = 𝜋,𝜔 = 0 

Using Eq. (6)-(8), we plot the skew information 𝑊 with |𝛼| for different values of 𝑚 (Figure 3(a)) and 𝜀 (Fig. 3(b)). 
For coherent state, 𝑊 = 0.5 (black line in Figure 3(b)). For nonclassical states, 𝑊 > 0.5. The higher the values of 𝑊, the 
higher the nonclassicality. Figure 3(a) shows that for smaller values of |𝛼|, more photon addition in the PAC state part 
quantifies more nonclassicality. But for large |𝛼| values, the quantumness of the HCS state is higher for smaller 𝑚 values 
and finally the skew information 𝑊 reduces to its coherent state value for more large values of |𝛼|. Figure 3(b) shows 
that the amount of nonclassicality of the HCS (𝜀 ≠ 0, 1) is more than that of the photon-added coherent state (𝜀 = 0) (the 
only exception when |𝛼| < 0.55 for 𝜀 = 0.75). So, controlling the 𝑚-value and the superposition parameter in the HCS, 
we can magnify the depth of nonclassicality which is essential for practical applications of quantum state in quantum 
computation and quantum information. For large |𝛼| the value skew information 𝑊 reduces to its coherent state value 
irrespective of 𝑚 and 𝜀. 
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4. QUADRATURE SQUEEZING 
Squeezed light has the fluctuation below the standard quantum limit and it is also a nonclassical quantum effect. It 

has various applications in sensitive measurements and quantum communications. The most nonclassical state is the 
single-photon state and the nonclassicality is also possible for photon number more than one [18]. The quadrature 
squeezing of PAC state is reported by Francis and Tame [16]. More the depth of squeezing below the minimum 
uncertainty has the better applications in quantum sensing. The quadrature operator 𝑋ఝ and the squeezing parameter 𝑆ఝ 
of a single mode field is defined as 

 𝑋ఝ = ଵ√ଶ (𝑎𝑒ି௜ఝ + 𝑎ற𝑒௜ఝ),  𝑆ఝ = ൫Δ𝑋ఝ൯ଶ − ଵଶ, (9) 

where ൫Δ𝑋ఝ൯ଶ = ට〈𝑋ఝଶ〉 − 〈𝑋ఝ〉ଶ. Then, Eq. (9) can be written as 

 𝑆ఝ = ଵଶ [𝑒ଶ௜ఝ(〈𝑎றଶ〉 − 〈𝑎ற〉ଶ) + 𝑒ିଶ௜ఝ(〈𝑎ଶ〉 − 〈𝑎〉ଶ) + 2(〈𝑎ற𝑎〉 − 〈𝑎ற〉〈𝑎〉)]. (10) 

The value of 〈𝑎ଶ〉 for the HCS as defined in Eq. (1) is given by 〈𝑎ଶ〉 = |𝒩|ଶ ቂ𝜀𝛼ଶ + ඥ𝜀(1 − 𝜀) ൛𝑒ି௜ఏ𝛼∗(௠ିଶ)(𝑚ଶ −𝑚 + 2𝑚|𝛼|ଶ + |𝛼|ସ) + 𝑒௜ఏ𝛼(௠ାଶ)ൟ + (1 − 𝜀)𝑒ି|ఈ|మ ∑ |ఈ|మ೛ ఈమ (௠ାଶା௣)!௣! (௣ାଶ)!ஶ௣ୀ଴ ቃ (11) 

For the coherent state, 𝑆ఝ = 0. For quadrature squeezing in the 𝑋ఝ quadrature, −0.5 < 𝑆ఝ < 0. Using Eq. (6), (8)-
(11), we plot the squeezing parameter  𝑆ఝ with |𝛼| in the 𝑋ఝୀ଴ quadrature for different values of 𝑚 (Figure 4(a)) and 𝜀 
(Figure 4(b)). Interestingly, Figure 4(a) shows that the signature of squeezing appears at lower values of |𝛼| for higher 𝑚 
values, i.e., when more photons are added to The PAC state part of the HCS. The amount of squeezing is also higher for 
higher 𝑚 values indicating more reduction of quantum noise. Figure 4(b) shows that for |𝛼| > 2.35, the HCS with 50:50 
superposition of coherent state and PAC state has higher squeezing than that of the PAC state part. So, the superposition 
of PAC state with coherent state will be more useful than the PAC state in practical applications.  

  
(a) (b) 

Figure 4. Variation of 𝑆ఝ with |𝛼|: (a) for different 𝑚 with  𝜀 = 0.5 ; (b) for different 𝜀 with  𝑚 = 2. We take  𝜃 = 𝜋, and 𝜔 = 0 

 
5. CONCLUSIONS 

We have studied the photon number statistics, the Mandel Q factor, Wigner-Yanase skew information and the 
quadrature squeezing of the hybrid coherent state which is the superposition state of coherent state and photon-added-
coherent state. Mandel Q factor indicates that for |𝛼| > 0.2, addition of more photons to the PAC state part of the HCS 
improved the depth of nonclassicality. Also, for |𝛼| > 1.7, the HCS manifested more nonclassicalities than what would 
have been achieved with PAC state alone. The Wigner-Yanase skew information reveals that the for |𝛼| < 0.8, the 
quantumness of the HCS increases with 𝑚 values and the depth of nonclassicality of the HCS is more than that of the 
PAC state with the only exception for |𝛼| < 0.55 with 𝑚 = 2, 𝜀 = 0.75. The quadrature squeezing is reported in the 𝑋ఝୀ଴ 
quadrature for |𝛼| > |𝛼|௠௜௡. For 𝜀 = 0.5, the minimum values of |𝛼| to appear squeezing are 1.1, 1.5, and 2 for 𝑚 = 3,𝑚 = 2, and 𝑚 = 1, respectively. The amount of squeezing is also higher for larger 𝑚. For |𝛼| > 2.35, the HCS with 𝑚 = 2 and 𝜀 = 0.5 shows more squeezing than the PAC state in the 𝑋ఝୀ଴ quadrature. All the nonclassicalities disappear 
for higher |𝛼| values because for large |𝛼| the PAC state reduces to a coherent state. Generally, the HCS with 𝑚 > 1 
quantifies more nonclassicalities than the PAC state and even the HCS with 𝑚 = 1 that reveal the importance and 
necessity of this work. 
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НЕКЛАСИЧНІСТЬ СУПЕРПОЗИЦІЙНОГО СТАНУ КОГЕРЕНТНОГО 
І ФОТОННО-ДОДАНОГО КОГЕРЕНТНОГО СТАНУ 

Сандіп Кумар Гірі 
Факультет фізики, Коледж Панскура Банамалі, Панскура-721152, Індія 

Аналітично досліджено некласичні властивості гібридного когерентного стану (HCS), який є станом суперпозиції 
когерентного стану та фотонно-доданого когерентного стану (PAC). Ми оцінили статистику кількості фотонів, інформацію 
про викривлення Вігнера-Янасе, Q-фактор Манделя та квадратурне стиснення HCS, щоб кількісно визначити його 
некласичність. Цей стан суперпозиції демонструє більше некласичних властивостей, ніж стан PAC і навіть стан суперпозиції 
когерентного стану та однофотонно-доданого когерентного стану (SPAC). Ми повідомляємо, що додавання більшої кількості 
фотонів до частини стану PAC HCS загалом кількісно визначає більше некласичностей. Некласичні властивості HCS також 
залежать від амплітуд когерентного стану та стану PAC у HCS. 
Ключові слова: когерентний стан; фотонно-доданий когерентний стан; гібридний когерентний стан; спотворена 
інформація Вігнера-Янасе; Q фактор Манделя; квадратурне видавлювання; некласичний ефект 
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In this research, the radial Schrödinger equation is solved analytically using the Nikiforov-Uvarov method with the Cornell potential. 
The energy spectrum and the corresponding wave function are obtained in close form. The effect of Topological Defect on the 
thermal properties and mass spectra of heavy mesons such as charmonium and bottomonium are studied with the obtained energy 
spectrum. It is found that the presence of the Topological Defect increases the mass spectra and moves the values close to the 
experimental data. Our results agreed with the experimental data and are seen to be improved when compared with other works. 
Keywords: Schrödinger equation; Nikiforov-Uvarov method; Cornell Potential; Mass Spectra; Topological Defect 
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I. INTRODUCTION
Recent years have seen an increase in interest among academics in the study of mass spectra, thermal properties, 

energy spectra, information theory, and expectation values of a quantum system [1-5]. This is achieved by solving the 
Schrodinger equation (SE) or the Klein- Gordon equation. In order to determine a system’s eigenvalues and 
eigenfunctions, potential models like the Yukawa potential [6], Eckart potential [7], Hellmann potential [8], Kratzer 
potential [9], and so on are utilized. Analytical techniques are used to solve these equations with the potential of choice. 
The majority of analytical techniques used include the Nikiforov-Uvarov (NU) method [10-20], the Nikiforov-Uvarov 
Functional Analysis (NUFA) method [21-26], the series expansion method (SEM) [27-29], Laplace transformation 
method (LTM) [30], the Exact Quantization Rule [31,32], WKB approximation method [33-36] and others [37-41]. The 
Schrodinger equation can be used to study the interactions of the heavy quarkonium system (HQS) [42]. In defining the 
mass spectra (MS) of the heavy quarkonium system, such as bottomonium and charmonium, the solutions of the 
Schrodinger equation with spherically symmetric potentials are of great importance [43,44]. Confining-type potentials, 
such as the Cornell potential (CP) with two terms, a confining and a Coulomb interaction term, are typically utilized to 
analyze this system [45]. Several authors have been interested in the investigation of the heavy quarkonium system with 
the Cornell potential [46-49]. For instance, Kumar et al.,[50] solved the Schrodinger equation with the generalized 
Cornell potential and the result was used to calculate the mass spectra of the heavy mesons (HMs). Vega and 
Flores, [51] studied the mass spectra of the heavy mesons using the Cornell potential. Also, Mutuk [52] solved the 
Schrodinger equation with the Cornell potential using a neural network approach. The bottomonium, charmonium, and 
bottom-charmed spectra were calculated. Additionally, Hassanabadi et al. [53], used the variational method to solve the 
Schrodinger equation with the Cornell potential. The eigenvalues were used to calculate the mesonic wave function. 
Furthermore, the thermal properties (TPs) of the heavy mesons have been studied recently with extended Cornell 
potential and exponential-type potentials [54-58]. Researchers have been interested in the study of quantum systems 
interacting with a single particle in a specific potential with a topological defect (TD). It is believed that the early 
universe phase transition occurs when topological defect was formed [59,60]. Researchers have recently become 
interested on how topological defect affects the dynamics of both relativistic and non-relativistic systems, including 
screw dislocation [61], bound electron eigenstates, and holes to a declination. Furtado et al., [62] examined the Landau 
levels in the presence of a topological defect. Moreover, Hassanabadi and Hosseinpour [63] examined how topological 
defect affected the hydrogen atom’s position in curve-space time. The topological defect plays a vital role in altering the 
physical properties of many quantum systems, such as condensed matter physics, which it appears as monopoles and 
strings [64-66]. A linear defect in an elastic medium, such as a dislocation or crack, causes a change in the topology of 
the medium, which has an effect on the medium’s physical characteristics [67]. In light of these observations, no 
researcher is yet to document how topological defect affects the thermal and mass spectra of the heavy mesons to the 
best of our knowledge. So, the purpose of this work is to examine how topological defect affects the mass spectra and 
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thermal properties of the heavy mesons by employing the Nikiforov-Uvarov approach to solve the Schrodinger equation 
with the Cornell potential. For convenience, we have assumed that our heavy mesons are spinless particles [42,57, 
68-70]. This is because most potentials with spin addition cannot be solved analytically, necessitating the employment 
of numerical methods like the Runge-Kutte approximation [71], Numerov matrix approach [72], Fourier grid 
Hamiltonian method [73], and so on [74]. 

 
II. THE MODEL 

For space time with a point-like global monopole (PGM), the line element that explains it, takes the form [75] 

 
2

2 2 2 2 2 2 2 2
2 sindrds c dt r d r dθ θ ϕ

α
= − + + +  (1) 

Where α is the parameter related to the PGM which depends on the energy scale 2
00 1 8 1Gα π η= −  . Furthermore, 

Eq. (1) portrays a space time with scalar curvature. On inserting the potential under consideration, we have  
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μ
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In this way, the Schrodinger equation takes the form 
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where μ is the particle’s mass, ( )2 1 ij
LB i jgg

g
∇ = ∂ ∂  with det( )ijg g= , is the Laplace-Beltrami operator and 

( , ) ( )V r t V r= is GMP(1). Thereby, the Schrodinger equation for the GMP in a medium with the presence of the 
PGM(1) is  
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Where the 1 2( ) /V r w r w r= −  is the Cornell potential employed for modeling the quarkonium interaction [70]. This 
model has been greatly utilized for this purpose in recent past by numerous researchers. 

Here, let us consider a particular solution to Eq. (5) given in terms of the eigenvalues of the angular momentum 
operator 2L̂  as 

 ,
( )( , , , ) ( , )

nlE t

l m
U rr t e Y

r
ψ θ ϕ θ ϕ

−
=   (5) 

where , ( , )l mY θ ϕ are spherical harmonics and ( )R r is the radial wave function.  
On substitution of Eq. (6) into Eq. (4), the radial part of the Schrodinger equation for the Cornell potential in the 
presence of TD is obtained as follows 

 
2

1 2
2 2 2 2 2 2 2 2 2
( ) 2 2 2 ( 1) ( ) 0nl nl

nl
d R r E w r w l l R r

dr r r
μ μ μ

α α α α
+ + − + − =    

 (6) 

Eq. (6) is not solvable in its present form, Eq. (6) needs to be transformed from r x→ coordinate using the following 
1 /x r= , on application, Eq. (6) is rewritten as follows: 

 
2 2

1 2
2 4 2 2 2 2 2 2 2
( ) ( ) 22 1 2 2 ( 1) ( ) 0nl nl nl

nl
d R x dR x E w w x l l x R x

x dxdx x x
μ μ μ

α α α α
 ++ + − + − = 
   

 (7) 

The approximation scheme on the term 1w x  is introduced by assuming that there is a characteristic radius 0r of the 
meson. The approximation scheme is achieved by the expansion of 1w x  in a power series around 0r ; i.e. around 

0~ 1 / rδ ≡ ,up to the second order [56]. By setting y x δ= − and around 0y = we have; 
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The equation above is expressed in the form solvable by the Nikiforov-Uvarov formalism. The major equation 
closely related with this method is given in the following form; 

 2
( ) ( )( ) ( ) ( ) 0
( ) ( )
x xP x P x P x
x x

τ σ
σ σ

′′ ′+ + =
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. (9) 

The following is obtained; 2 2
1 2( ) 2 , ( ) ,  ( ) ,x x x x and x x xτ σ σ ε β β= = = − + −   which shows explicitly that our 

Eq. (8) satisfies the requirement of the Nikiforov-Uvarov approach. It is worthy to point out also that ( ),  ( )x and xσ σ  
are polynomials of at most second degree, and ( ),xτ is at most a polynomial of first degree. The Nikiforov-Uvarov 
method is a really popular method amongst mathematical scientist and related discipline. Several authors have used this 
method to solve similar problems of interest [10-20]. Even through the method is quite popular, it will be useful to 
highlight some details, so as to make our paper self-contained. For this reason, this will be detailed in the appendix. 
Following the steps outlined in the appendix (Eqs. (A1-A7), the energy equation and radial wave function are obtained 
as follows 
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and 
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THERMAL PROPERTIES OF THE CORNELL POTENTIAL IN THE PRESENCE OF DEFECT 

We introduce the partition function Z(β), which provides a measure of thermally accessible states, to explore the 
thermal properties of the heavy mesons. It can be determined by adding together all possible energy states. Following 
the Boltzmann-Gibbs distribution, Z(β) is given by the relation [76]; 
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0
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n
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Z e ββ −
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Where 1 kTβ = and with k is the Boltzmann constant. Substituting Eq. (10) in Eq. (12), summing over all accessible 
energy levels, we obtain the partition function as follows: 
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Where the following non-dimensional parameters have been defined for simplicity; 
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On successful evaluation of the partition function, several other thermodynamic variables can be obtained by using 
the following; 

Internal Energy: 
ln ( )( ) d ZU
d

ββ
β

= −  [76], The Helmholtz free energy: 
1( ) ln ( )F Zβ β
β

= −  [76], heat capacity; 

2
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=  [76] and entropy; 
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ββ β β

β
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DISCUSSION AND RESULTS 
The prediction the mass spectra (MS) of HQS such as charmonium and bottomonium is carried out using the 

following relation [77,78]. 

 2 nlM Eμ= +   (14) 

where µ is quarkonium mass and Enℓ is energy eigenvalues. Substituting Eq. (10) into Eq. (14) gives, 
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The numerical values of bottomonium and charmonium masses are µb = 4.823GeV and µc = 1.209GeV, and the 
corresponding reduced mass are µ˜b = 2.4115GeV and µ˜c = 0.6045GeV respectively [79]. The potential parameters 
were fitted with experimental data (ED) [80]. This was achieved by solving a simultaneous equation for α equals to 
0.1,0.2 and 1 respectively. The mass spectra of the heavy mesons were predicted in the absent and present of the 
topological defect for different quantum states. In the case of charmonium predictions for 1S and 2S states we noticed 
that the prediction were accurate with the experimental data in the present and absent of the topological defect. In 3S 
and 4S, it was noticed that as the topological defect increased to 0.2 the value of the mass spectra was very close to the 
experimental data. A similar trend was noticed in 1P,2P,1D and 2D states when the topological defect was introduced 
and the predicted values were close to the experimental data and was seen to be improved from works reported 
by [27, 30,42] as shown in Table 1. 
Table I. Mass spectra of Charmonium in (GeV). The following fitting parameters has been employed; mc = 1.209GeV, 
µ = 0.6045GeV, W1 = 0.20GeV, W2 = 1.244GeV, δ = 0.231GeV, and ℏ = 1. 

State α  Our result AIM [42] LTM [30] SEM[27] Experiment [80] 
1S 0.1 3.096 3.096 3.0963 3.095922 3.096 
 0.2 3.096 3.096 3.0963 3.095922 3.096 
 1.0 3.096 3.096 3.0963 3.095922 3.096 
2S 0.1 3.686 3.686 3.5681 3.685893 3.686 
 0.2 3.686 3.686 3.5681 3.685893 3.686 
 1.0 3.686 3.686 3.5681 3.685893 3.686 
3S 0.1 4.040 4.275 4.0400 4.322881 4.040 
 0.2 4.040 4.275 4.0400 4.322881 4.040 
 1.0 4.040 4.275 4.0400 4.322881 4.040 
4S 0.1 4.261 4.865 4.5119 4.989406 4.263 
 0.2 4.262 4.865 4.5119 4.989406 4.263 
 1.0 4.269 4.865 4.5119 4.989406 4.263 
1P 0.1 3.515 3.214 3.5687 - 3.525 
 0.2 3.524 3.214 3.5687 - 3.525 
 1.0 3.255 3.214 3.5687 - 3.525 
2P 0.1 3.771 3.773 3.5687 3.756506 3.773 
 0.2 3.772 3.773 3.5687 3.756506 3.773 
 1.0 3.779 3.773 3.5687 3.756506 3.773 
1D 0.1 3.734 3.412 4.0407 - 3.770 
 0.2 3.769 3.412 4.0407 - 3.770 
 1.0 3.504 3.412 4.0407 - 3.770 
2D 0.1 4.149 - - - 4.159 
 0.2 4.158 - - - 4.159 
 1.0 4.146 - - - 4.159 

In the case of bottomonium, it was observed that for 1S, and 2S quantum states the mass spectra were all equal to 
the experimental data and works reported by [27, 30,42] as shown in Table 2. It was noticed that for 3S and 4S states, a 
significant change in the mass spectra was observed when the topological defect was set to 0.1 and 0.2. A similar trend 
was observed with other predicted states when the topological defect was increased as shown in Table 2. 
Table II. Mass spectra of Bottomonium in (GeV). The following fitting parameters has been employed; mb = 4.823 GeV, µ = 2.4115 
GeV, W1 = 0.20GeV, W2 = 1.569 GeV, δ = 0.378 GeV, and ℏ = 1. 

State α  Our result AIM [42] LTM [30] SEM[27] Experiment 
[80] 

1S 0.1 9.460 9.460 9.745 9.515194 9.460 
 0.2 9.460 9.460 9.745 9.515194 9.460 
 1.0 9.460 9.460 9.745 9.515194 9.460 
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State α  Our result AIM [42] LTM [30] SEM[27] Experiment 
[80] 

2S 0.1 10.023 10.023 10.023 10.01801 10.023 
 0.2 10.023 10.023 10.023 10.01801 10.023 
 1.0 10.023 10.023 10.023 10.01801 10.023 
3S 0.1 10.355 10.585 10.302 10.44142 10.355 
 0.2 10.355 10.585 10.302 10.44142 10.355 
 1.0 10.355 10.585 10.302 10.44142 10.355 
4S 0.1 10.570 11.148 10.580 10.85777 10.580 
 0.2 10.577 11.148 10.580 10.85777 10.580 
 1.0 10.567 11.148 10.580 10.85777 10.580 
1P 0.1 9.879 9.492 10.025 - 9.899 
 0.2 9.789 9.492 10.025 - 9.899 
 1.0 9.619 9.492 10.025 - 9.899 
2P 0.1 10.230 10.038 10.303 10.09446 10.260 
 0.2 10.124 10.038 10.303 10.09446 10.260 
 1.0 10.114 10.038 10.303 10.09446 10.260 
       
1D 0.1 9.994 9.551 10.303 - 10.164 
 0.2 9.999 9.551 10.303 - 10.164 
 1.0 9.864 9.551 10.303 - 10.164 

We observed that the results obtained from the prediction of the mass spectra of charmonium and bottomonium for 
different quantum states are in agreement with the experimental data and are improved with the reports of [27, 30,42]. 
The thermal properties for charmonium are plotted as shown in Fig. 1(a-e). 

 
Figure 1. (a) Partition of Charmonium versus β. (b) Free Energy of Charmonium versus β. (c) Entropy of Charmonium versus 
β.(d) Mean Energy of Charmonium versus β. (e) Specific Heat Capacity of Charmonium versus β. For all five plots, α = 0.1 (red 
curve), α = 0.2 (blue curve) and α = 1.0 (red curve); all other parameters are the same as in Table (I). 

In Fig. 1 (a), the partition function for topological defect = 0.1 shows a linear increase when the temperature is 
increased. When topological defect is equal to 0.2 and 1.0, the partition function is seen to decrease with an increase in 
temperature; same behavior is reported by Abu Shady et al., [55] and Kumar et al., [58]. In Fig. 1 (b), the free energy 
(FE) is plotted against temperature, we noticed that as the topological defect increases from 0.1 to 1.0, the free energy 
increases, which is in agreement with the experimental data. In Fig. 1 (c), the entropy of the system for charmonium is 
plotted. It is observed that when topological defect is equal to 0.1 and 0.2, the entropy is seen to decrease as the 
temperature increases, but when topological defect = 1.0, we noticed a steady entropy as the temperature is increased. In 
Fig.1 (d), the internal energy (IE) is plotted as a function of temperature. When topological defect = 1.0, a steady 
internal energy is noticed, but for topological defect = 0.1 and 0.2 an exponential decrease is observed followed by the 
internal energy of the system being steady when the temperature increases. Abu-Shady et al., [55] reported a decrease 
with increasing of temperature and maximum quantum number, our trend is on the expected line. 

In Fig. 2 (a-e), the thermal properties of bottomonium is plotted as shown. In Fig.2 (a), the partition function 
is plotted as a function of temperature. When the topological defect = 0.1 a linear increase is noticed. For 
topological defect = 0.2 and 1.0, a slight increase and no increase on the partition function is seen respectively. In 
Fig. 2 (b), the free energy of the bottomonium is plotted against the temperature. We observed as the topological 
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defect increases, the free energy is seen to increase. A similar observation was reported by Abu-Shady et al [55] 
and Kumar et al [58]. In Fig. 2 (c), the entropy is plotted against temperature for different values of topological 
defect, it was noticed that the entropy decreases with an increase in temperature. In [55,58] the authors found the 
entropy decreases with increasing temperature. In Fig. 2 (d), the inter energy plots shows that when topological 
defect = 1.0, no increase in the internal energy is noticed, but for topological defect = 0.1 and 0.2 a slight decrease 
is seen at the beginning then followed a constant value in the internal energy. In Fig.2 (e), the specific heat 
capacity is plotted against temperature. A sharp increase in specific heat capacity is noticed for topological 
defect = 0.1 and 0.2 and later converges at a point when the m specific heat capacity = 1. An exponential 
increase is noticed when topological defect = 1. 

 
Figure 2. (a) Partition of Bottomonium versus β. (b) Free Energy of Bottomonium versus β. (c) Entropy of Bottomonium versus 
β.(d) Mean Energy of Bottomonium versus β. (e) Specific Heat Capacity of Bottomonium versus β. For all five plots, α = 0.1 (red 
curve), α = 0.2 (blue curve) and α = 1.0 (red curve); all other parameters are the same as in Table (II) 

 
CONCLUSION 

In this study, the effect of the topological defect on the mass spectra of heavy mesons is studied with the Cornell 
potential. The Schrodinger equation was solved analytically using the Nikiforov-Uvarov method. The approximate 
solutions of the energy spectrum and wave function in terms of Laguerre polynomials were obtained. We apply the 
present results to predict the mass spectra of heavy mesons such as charmonium and bottomonium in the present and 
absent of the topological defect for different quantum states and its thermal properties. We noticed that when the 
topological defect increases the mass spectra and moves closer to the experimental data. However, the results obtained 
showed an improvement when compared with the work of other researchers.  
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APPENDIX A: Review of Nikiforov-Uvarov (NU) method 

In this section, the basic formalism of the Nikiforov-Uvarov method is reviewed. The relevant steps needed to arrive at the 
eigenvalue and eigenfunction are highlighted. This method was proposed by Nikiforov and Uvarov [81] to solving Hypergeometric-
type differential equations of the form in Eq. (9). The solutions of Eq. (9) can be obtained by employing the trial wave function 

 ( ) ( ) ( ),nP x x y xφ=  (A1) 

Which reduces Eq.(9) to an hypergeometric-type differential equation of the form ; 

 ( ) "( ) ( ) ( ) ( ) 0n n nx y x x y x y xσ τ λ′′ ′+ + = , (A2) 

The function ( )xφ
 
is defined as the logarithmic derivative [82-88] 

 
( ) ( )
( ) ( )

x x
x x

φ π
φ σ
′

=  (A3) 

Where ( )xπ is a polynomial of first–degree. The second term in Eq.(A1) is the hypergeometric function with its polynomial solution 
given by Rodrigues relation as follows; 

 ( ) ( )
( )

n
nn

n n
B dy x x

x dx
σ ρ

ρ
 =    (A4) 

The term nB  is the normalization constant and ( )xρ  is known as the weight function which in principle must satisfy the condition given: 

 [ ]( ) ( ) ( ) ( )d x x x x
dx

σ ρ τ ρ= . (A5) 

Where ( ) ( ) 2 ( ).x x xτ τ π= +  
It is imperative that we note here that the derivative of ( )xτ should be ( ) 0.xτ   The eigenfunctions and eigenvalues can be 

obtained using the expression defined by ( )xπ  and parameter ,λ defined as follows 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

,
2 2

x x x x
x x k x and k x

σ τ σ τ
π σ σ λ π− −

′ ′− − 
′= ± − + = + 

 

 
  (A6) 

The value of k  can be obtained by setting the discriminant in the square root in Eq. (A6) equal to zero. As such, the new eigenvalues 
equation can be given as 

 ( ) ( )' ''( 1) 0,( 0,1,2,...)
2

n nn x x nλ τ σ−
+ + = =  (A7) 

 
APPENDIX B: Solutions in Detail 

Substituting 2
1 2( )x x xσ ε β β= − + −  , into Eq. (A6) yields; 

 2
1 2( ) ( )x x k xπ ε β β= ± − + +   (B1) 
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The discriminant of the quadratic expression under the square root above is given as; 
2
1 24 ,

4
k β β ε

ε
−

=
  


 and substituting k into 

eq.(B1) yields; 1( )
2

xx β επ
ε ε

 
= ± − 

 

 
 

 with derivative given as; 1( ) .
2

x βπ
ε

′ = −



 

Recalling the expression for ( ),xτ we obtain the expression for ( ),xτ and its derivative respectively as follows; 

 1 1( ) 2   ( ) 2 .xx x and xβ ε βτ τ
ε ε ε

′= − + = −
 
  

 (B2) 

From Eq. (A7) and (A6), we have the following; 

 
2

21 2 1 14
4 2 2

n n nβ β ε β β
ε ε ε

− − = − −
   

  
 (B3) 

Eq.(B3) yields the energy equation of the Cornell potential presented in Eq. (10). 
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Нібонг Тебал, Пенанг, Малайзія 
У цьому дослідженні радіальне рівняння Шредінгера розв’язується аналітично за допомогою методу Нікіфорова-Уварова з 
потенціалом Корнела. Отримано в близькому вигляді енергетичний спектр і відповідну хвильову функцію. Вплив 
топологічного дефекту на теплові властивості та мас-спектри важких мезонів, таких як чармоній і боттоніум, вивчається за 
допомогою отриманого енергетичного спектру. Встановлено, що наявність топологічного дефекту збільшує мас-спектри та 
зміщує значення, близькі до експериментальних даних. Наші результати узгоджуються з експериментальними даними та 
вважаються кращими порівняно з іншими роботами. 
Ключові слова: рівняння Шредінгера; метод Нікіфорова-Уварова; потенціал Корнела; мас-спектри; топологічний дефект 
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In this paper, we investigate the effects of anisotropic parameters, topological defects, and magnetic flux on the dissociation energy 
of bottomonium in an anisotropic quark-gluon plasma. We use the three-dimensional Schrödinger equation and derive the energy 
eigenvalues. Our findings show that the dissociation energy decreases with increasing temperature, but there is a slight shift towards 
higher values when the magnetic flux is increased. Furthermore, the inclusion of topological defects causes further shifts in the 
dissociation energy at high temperatures. Additionally, we analyze the impact of anisotropic medium on dissociation energy, both 
with and without considering topological defects. We observe that including topological defects results in higher values for the 
dissociation energy across all temperatures, while ignoring them leads to lower values at all temperatures studied. Moreover, we 
consider the baryonic chemical potential and find that its effect on dissociation is negligible compared to temperature variations. 
These findings provide valuable insights into the behavior of heavy quarkonium systems under different physical conditions and 
contribute to our understanding of topological effects in anisotropic media. 
Keywords: Topological effects; Schrödinger equation; Nikiforov-Uvarov method; Finite temperature; Baryonic chemical potential 
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1. INTRODUCTION
The study contributes to the understanding of heavy quarkonium systems, specifically bottomonium mesons, in a 

hot and dense medium. It explores the effects of anisotropic parameters, topological defects, magnetic flux, and 
baryonic chemical potential on dissociation energy. By investigating these factors and their impact on quarkonium 
behavior, it adds valuable insights to this area of research. Dissociation of quarkonium in hot and dense media has been 
a topic of significant interest in the field of in the quark-gluon plasma. Quarkonium refers to a bound state of a heavy 
quark-antiquark pair, such as charm-anticharm (J/ψ) or bottom-antibottom (Y). In the non-relativistic quark model, 
quarkonium are considered to be akin to a heavy particle moving in a Coulomb potential. When exposed to extremely 
high temperatures and densities, as found in heavy-ion collision experiments, quarkonium states may undergo 
dissociation due to the effects of the surrounding anisotropic plasma [1-4]. Further studies are extended to relativistic 
quark models to study the properties of hadron in high temperature [5-10]  

The presence of an anisotropic plasma plays a crucial role in the dissociation process. Anisotropy refers to a 
situation in which the thermal motion of particles is not uniformly distributed in all directions. In the context of 
quarkonium dissociation, the anisotropic plasma can affect the screening properties of the medium. The ability of the 
plasma to screen the quark-antiquark potential depends on the direction of the motion of  the heavy quark. 
Consequently, the dissociation rates of quarkonium states can exhibit a dependence on the direction of their relative 
motion through the anisotropic plasma [11]. 

Studying the dissociation of quarkonium in an anisotropic plasma requires theoretical frameworks that incorporate 
both non-relativistic quark models and the effects of the plasma. This is known as the non-relativistic QCD (NRQCD) 
framework. NRQCD provides a valuable tool to analyze the behavior of quarkonium in different plasma environments. 
It allows for the calculation of dissociation rates and other properties relevant to the study of quarkonium suppression in 
heavy-ion collisions. Understanding the dissociation of quarkonium in hot and dense media is crucial for unraveling the 
nature of the quark-gluon plasma and the properties of QCD matter under extreme conditions [12-13]. 

The study of point-like global monopoles has attracted significant interest in various branches of theoretical 
physics. These defects have implications in cosmology and astrophysics, as their existence could have left observable 
imprints on the early universe. Furthermore, their properties and interactions are of utmost importance in understanding 
the dynamics of field theories and the fundamental nature of particle physics. Experimental searches and theoretical 
investigations continue to shed light on the intriguing properties and implications of point-like global monopoles. Point-
like global monopoles are hypothetical topological defects that may have formed during phase transitions in the early 
universe such as [14-15]. 

One area where point-like global monopoles have important implications is in the study of cosmic strings. Cosmic 
strings are linear topological defects that can form during phase transitions, and their interaction with point-like global 
monopoles can lead to the creation of cosmic junctions. These junctions serve as sources of gravitational radiation and 
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can potentially leave imprints in the cosmic microwave background, providing valuable insights into the early 
universe's dynamics and supporting inflationary cosmology models [17]. 

Furthermore, the presence of point-like global monopoles can lead to the formation of cosmic texture. Cosmic 
textures are two-dimensional tangled structures that arise due to the evolution of coupled fields with non-trivial 
topology. The interaction between point-like global monopoles and cosmic textures can contribute to the generation of 
anisotropies in the cosmic microwave background, which can be probed through experiments such as the Planck 
satellite mission [18]. 

Beyond their impact on cosmic string evolution and cosmic texture formation, point-like global monopoles can 
also have implications on the large-scale structure of the universe. The presence of these topological defects can affect 
the distribution and clustering of matter over cosmological distances, potentially leaving detectable signatures in galaxy 
surveys and cosmological observables [19]. Their influence on structure formation is highly dependent on their initial 
conditions and properties, making their study crucial for understanding the dynamics of the universe at different scales. 

The work explores the characteristics of heavy mesons in an anisotropic-plasma environment, paying attention to 
the impact of topological effects in space. Novelty: The incorporation of anisotropic parameters and topological defects 
in studying quarkonium dissociation energy sets this paper apart from previous works that primarily focus on classical 
cases or neglect these factors altogether. This novel approach provides a more comprehensive understanding of how 
different physical conditions affect heavy quarkonia. 

The paper is structured as follows: Section 2 briefly describes the new method, Section 3 delves into the 
computation of energy eigenvalues and wave functions, Section 4 discusses the results obtained, and finally, Section 5 
provides a summary and conclusion of the findings. 

 
2. THE SCHRÖDINGER EQUATION IN POINT-LIKE GLOBAL MONOPOLEWITH POTENTIAL 

INTERACTION 
In this section, we find the solution for the eigenvalues of non-relativistic particles in the presence of a quantum 

flux field, considering a point-like global monopole with potential. 
For a detailed explanation of the two-particle system interacting through an electromagnetic spherically symmetric 

potential ( )V r  in the framework of radial-Schrodinger equation, see Ref. [16]. 

 ( )( )
2

2 2 2

1 ( 1)2 ( ) 0d L LE V r r
dr r

μ
α

′ ′ + + − − Ψ =  
  

, (1) 

where L L′ = − Φ  and μ  are the angular momentum quantum number and the reduced mass for the quarkonium 
particle (for charmonium 2cmμ =  and for bottomonium 2bmμ = ), respectively, and 0 1α< ≤  characterize the 
topological defect parameter of point-like global monopole and Φ  is the amount of magnetic flux which is a positive 
integer. 
 

Real Part of The Potential in An Anisotropic Medium 
Here, we aim to find the potential due to the presence of a dissipative anisotropic hot QCD medium. The in-

medium modification can be obtained in the Fourier space by dividing the heavy-quark potential by the medium 
dielectric permittivity, ( )Kε  as follows  

 ( ) ( )
( )

,
V k

V k
Kε

=  (2) 

by taking the inverse Fourier transform, the modified potential is obtained as follows 

 ( )
( )

( ) ( )3
2

3

1 ,
2

ik rd kV r e V k
π

⋅= −   (3) 

where ( )V k  is the Fourier transform of Cornell potential ( ) rV r rα σ= − +  that gives as follows 

 ( ) 2 4

2 2 ,V k
k k
α σ

π
 = − + 
 

 (4) 

( )Kε  may be calculated which found from the self-energy using finite temperature QCD. By applying hard thermal 
loop resummation technique as in Refs. [20, 21], the static gluon propagator which represents the inelastic scattering of 
an off-shell gluon to a thermal gluon is defined as follows 

 2( , ) ( , ),w k k g k k w kμν μν μ ν μνΔ = − + Π  (5) 
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the dielectric tensor can then be obtained in the static limit in Fourier space, from the temporal component of the 
propagator as 

 ( )1 2 00

0
lim ( , ),
w

K k w kε −

→
= − Δ  (6) 

to calculate the real part of the inter-quark potential in the static limit, one can obtain first the temporal component of 
real part of the retarded propagator in Fourier space at finite temperature and chemical potential as given in Ref. [20] as 
follows  

 ( ) ( )
( )

( )
2

00
22 2 2 2 2 2

( , ) 3cos2 11 1Re 0, ,
( , ) 3 ( , ) 6 ( , )

D
R

D D D

m T
w k

k m T k m T k m T

μ θ
ξ

μ μ μ

  −
  Δ = = − − −   + + + 

 (7) 

the medium dielectric permittivity ( )Kε  is then given  

 ( ) ( )
( )
( )

22
1 2

22 2 2 2 2 2

3cos2 11
3 6

D

D D D

mkK k
k m k m k m

θ
ε ξ−

  −
 = + −
 + + + 

. (8) 

Substituting Eqs. ( )4  and ( )8  into Eqs. ( )2,3  and then taking its inverse Fourier transform, we can write the real 
part of the potential for Drm  << 1 as follows 

 ( )
2 2 2( ) 1 ( ) 1 ( ) 1, , , 1 1 cos(2 ) ,

3 2 3 16 3 16 3
D D D

b
rm rm rmV r T r

r
ξ αξ μ σ ξ θ

       = + − + + + + +       
       

 (9) 

where ξ  is the anisotropic parameter. T and bμ  are the temperature and the baryonic chemical potential, respectively. 
In Eq. (9), the potential depends on θ  which is the angle between the particle momentum and the direction of 
anisotropy. We note that the potential in Eq. (9) reduces to the Cornell potential for 0ξ =  and 0Dm =  {For details, see 
Ref. [20]}. In the present work, the Debye mass ( , )bD T μ  is given as in Refs. [22, 23] by 

 
2

2( , ) ,
3 6 2

f f qc
b

N NND T gT
T
μ

μ
π

 
= + +  

 
 (10) 

where, g is the coupling constant and 𝜇௤ is the quark chemical potential 
3

b
q

μμ = 
 

, fN  is number of flavors, and cN  

is number of colors. The NU method [24] is briefly given here to solve the form of the following equation  

 2

( ) ( )( ) ( ) ( ) 0,
( ) ( )
s ss s s
s s

τ σ
σ σ

′′ ′Ψ + Ψ + Ψ =


 (11) 

where 𝜎ሺ𝑠ሻ and ( )sσ  are polynomials of maximum second degree and ( )sτ  is a polynomial of maximum first degree 
with an appropriate ( )s s r=  coordinate transformation. We try to find a particular solution by separation of variables, if 
one deals with the transformation 

 ( ) ( ) ( ).s s sχΨ = Φ  (12) 

Eq. (11) is written as 

 ( ) ( ) ( ) ( ) ( ) 0,s s s s sσ χ τ χ λχ′′ + + =  (13) 

where 

 ( )( ) ( ) ,
( )
ss s
s

σ π Φ
=

′Φ
 (14) 

and 
 ( ) ( ) 2 ( ); ( ) 0,s s s sτ τ π τ ′= + <  (15) 

 ( 1)( ) ( ), 0,1,2,...
2n

n nn s s nλ λ τ σ−′ ′′= = − − = , (16) 
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( ) ( )ns sχ χ=  is a polynomial of degree n  which satisfies the hypergeometric equation, taking the form 

 ( ) ( ( ) ( )),
n

n
n n

n

B ds s s
ds

χ σ ρ
ρ

′′=  (17) 

where nB  is a normalization constant and ( )sρ  is a weight function which satisfies the following equation  

 ( )( ) ( ); ( ) ( ) ( ),
( )

d ss s s s s
ds s

τω ω ω σ ρ
σ

= =  (18) 

 2( ) ( ) ( ) ( )( ) ( ) ( ) ( ),
2 2

s s s ss s K sσ τ σ τπ σ σ
′ ′− −

= ± − +  (19) 

and  

 ( ),K sλ π ′= +  (20) 

( )sπ  is a polynomial of the first degree. The values of K  in the square root of Eq. (19) is possible to calculate if the 
function under the square is a square of a function. This is possible if its discriminant is zero. For r parallel to the 
direction of n  of anisotropy at 0θ = , the potential is given by 

 ( ) 1
1 ,bV r a r

r
= −  (21) 

where  

 2 2
1

1 1 1 ,
3 2 2D Da m mσ σξ α αξ= + − −  (22) 

 1 .
3

b αξα= +  (23) 

By applying the above method to the potential given in Eq. (21), we obtain the energy eigenvalues as follows 

 
1

2

1 1
3

3 2
1 11

8 24

2 ( )3 ,
[(2 1) 1 ( 1)]

a

nl a

baE
n L L

δ
μ

αδ

μ
δ

+
= −

′ ′+ + + + +
  (23) 

Similarly, for r  perpendicular to the direction of n  anisotropy at 2θ π= , the potential is given by 

 ( ) 2
2 ,bV r a r

r
= −  (24) 

where 

 2 2
2

1 1 1 ,
3 2 24D Da m mσ σξ α αξ= + − +  (25) 

 2 .
3

b αξα= +  (26) 

and the energy eigenvalues are given as follows 

 
2

2

1 1
3

3 2
1 22

8 24

2 ( )3 ,
[(2 1) 1 ( 1)]

a

nl a

baE
n L L

δ
μ

αδ

μ
δ

⊥ +
= −

′ ′+ + + + +
 (27) 

where δ  is a parameter will be determined as in Ref. [2]. 
 

DISCUSSION OF RESULTS 
In this section, we calculate spectra of the heavy quarkonium system such as bottomonium mesons in the hot and 

dense medium. The mass of quarkonium is calculated in the 3-dimensional space. We apply the following relation as in 
Ref. [2]. 
 2 ,nLM m E= +  (28) 
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where m  is quarkonium bare mass for the charmonium or bottomonium mesons. By using Eq. (23), we write Eq. (28) 
as follows: 

 
1

2

1 1
3

3 2
1 1

8 24

2 ( )
2

[(2 1) 1 ( 1)]

a

a

b
M m

n L L
δ

μ
αδ

μ +
= +

′ ′+ + + + +
. (29) 

 Eq. (29) represents the quarkonium masses in hot and dense medium with topological effects and magnetic flux in an 
anisotropic plasma. By taking 1α =  and 0,Φ =  we obtain 

 
1

2

1
3

3 2
1

8 24

2 ( )
2

[(2 1) 1 ( 1)]

a

a

b
M m

n L L
δ

μ
αδ

μ +
= +

+ + + + +
. (30) 

Eq. (30) coincides with Ref. [2]. We discuss the effect of the anisotropic parameter on the quarkonium dissociation 
energy, specifically focusing on the bottomonium meson. The parameters used in this calculation are based on Ref. [2] 
which sets the mass of the bottom quark to be 4.686 GeV. Furthermore, we are specifically considering the 1S state of 
the bottomonium meson. The Eq. (23) is employed to calculate the dissociation energy, in which r  parallel to the 
direction of n  of anisotropy at 0θ = . In Fig. (1), the dissociation energy is plotted against the temperature, ranging 
from 0.17 to 0.35 GeV, which corresponds to the quark-gluon plasma phase. In this figure, the effect of topological 
defect is ignored, and we observe that the dissociation energy decreases as the temperature increases. When we increase 
the magnetic flux, the curves representing the dissociation energy slightly shift towards higher values at the starting 
temperature. However, the effect of the temperature becomes more apparent at higher temperatures, indicating that the 
magnetic flux has a stronger impact in very hot mediums. It is important to note that the medium in this context is 
anisotropic, with a parameter value of ζ  0.3= . Moving on to Fig. (2), we consider the incorporation of topological 
defect in the anisotropic medium. 

  
Figure 1. The dissociation energy is plotted with temperature 
for different values of magnetic flux at ζ=0.3, ∝= 1.0 and ub=0 

Figure 2.The dissociation energy is plotted with temperature 
for different values of magnetic flux at ζ=0.3, ∝= 0.5and ub= 0 

Here, we observe that the dissociation energy is shifted to larger values for all different magnetic flux values. This 
effect becomes more prominent at very high temperatures, indicating that topological defect plays a crucial role in hot 
anisotropic mediums. Now, if we turn our attention to Figures (3,4), we concentrate on the effect of anisotropic medium on 
dissociation energy. In Fig. (3), with the inclusion of topological defect, the dissociation energy is shifted to higher values 
in the anisotropic medium at every temperature. On the other hand, in Fig. (4), when the topological defect is ignored, we 
observe that the dissociation energy decreases to lower values at all temperatures. It is worth noting that recent works have 
not considered topological defect, as most of them focus on the study of quarkonium in the classical case, which refers to 
zero temperature and chemical baryonic potential. In Ref. [16], a similar effect of the magnetic flux on the eigenvalue of 
energy is observed, where the energy is shifted to higher values with increasing magnetic flux. The authors of the work 
also investigated the potential interaction under different values of topological parameter and magnetic flux. 

Also, in the present work, we considered the effect of a dense medium by including the baryonic chemical 
potential in our study. In Figure 5 and Figure 6, we examined two cases: one where we ignored the topological defect 
(as shown in Figure 5), and another where we considered it (as shown in Figure 6). We observed that without the 
topological defect, the dissociation occurs more rapidly with increasing temperature and gradually very slightly 
decreases with the baryonic chemical potential. However, when we include the topological defect, we see the same 
behavior but with a shift towards higher energy values. Furthermore, in contour 7, we note that higher values of 
dissociation are observed at lower temperature and lower chemical potential, and these values gradually decrease as the 
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temperature increases. We also observe that the effect of the baryonic chemical potential is negligible at every 
temperature point. A similar behavior is seen in contour 8 when the effect of the topological defect is considered. 

  
Figure 3. The dissociation energy is plotted with temperature for 
different values of ansitropic parameter at α = 0.5 and Φ = 0.1 and 

ub = 0 

Figure 4. The dissociation energy is plotted with 
temperature for different values of ansitropic parameter at   
α = 1.0 and Φ = 0.1 and ub = 0 

  

Figure 5. The dissociation energy is plotted as a function of 
temperature and baryonic chemical potential at α =1.0 and Φ = 0 

Figure 6. The dissociation energy is plotted as a function of 
temperature and baryonic chemical potential at α = 0.5 and 

Φ = 0.5 

  

Figure 7. The dissociation energy is plotted as a countur of 
temperature and baryonic chemical potential at α=1.0 and Φ = 0 

Figure 8. The dissociation energy is plotted as a countur of 
temperature and baryonic chemical potential at α=0.5 and 

Φ = 0.5 

CONCLUSION 
This study explores the effects of anisotropic parameters, topological defects, magnetic flux, and baryonic 

chemical potential on the dissociation energy of bottomonium mesons in a hot and dense medium. The results 
demonstrate that temperature plays a significant role in decreasing dissociation energy while magnetic flux slightly 
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shifts it towards higher values. Incorporating topological defects further increases dissociation energy at high 
temperatures. Additionally, considering anisotropic medium leads to higher dissociation energies compared to isotropic 
conditions. The inclusion of baryonic chemical potential has negligible impact on dissociation compared to temperature 
variations. These findings provide valuable insights into the behavior of heavy quarkonium systems under different 
physical conditions and contribute to our understanding of topological effects in anisotropic mediums. We hope to 
extend this work as future works relativistic quark model as in Ref. [25] with fractional derivative as in Ref. [26] or 
extend to molecular structure as in Ref. [27]. 
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ВПЛИВ ТОПОЛОГІЧНИХ ДЕФЕКТІВ ТА МАГНІТНОГО ПОТОКУ НА ЕНЕРГІЮ ДИСОЦІАЦІЇ КВАРКОНІЮ В 

АНІЗОТРОПНІЙ ПЛАЗМІ 
Мохамед Абу-Шадіa, Етідо П. Іньянгb 

aКафедра математики та інформатики, факультет природничих наук, Університет Менуфія, Шбіен Ель-Ком, Єгипет 
bКафедра фізики, Національний відкритий університет Нігерії, Джабі, Абуджа, Нігерія 

У цій статті ми досліджуємо вплив анізотропних параметрів, топологічних дефектів і магнітного потоку на енергію 
дисоціації боттомонію в анізотропній кварк-глюонній плазмі. Ми використовуємо тривимірне рівняння Шредінгера та 
отримуємо власні значення енергії. Наші результати показують, що енергія дисоціації зменшується зі збільшенням 
температури, але є невеликий зсув у бік вищих значень, коли збільшується магнітний потік. Крім того, включення 
топологічних дефектів викликає подальші зрушення в енергії дисоціації при високих температурах. Крім того, ми 
аналізуємо вплив анізотропного середовища на енергію дисоціації, як з урахуванням, так і без урахування топологічних 
дефектів. Ми спостерігаємо, що включення топологічних дефектів призводить до більш високих значень енергії дисоціації 
при всіх температурах, тоді як їх ігнорування призводить до нижчих значень при всіх досліджуваних температурах. Крім 
того, ми розглядаємо баріонний хімічний потенціал і знаходимо, що його вплив на дисоціацію є незначним у порівнянні зі 
змінами температури. Ці висновки дають цінну інформацію про поведінку важких кварконієвих систем за різних фізичних 
умов і сприяють нашому розумінню топологічних ефектів в анізотропних середовищах. 
Ключові слова: топологічні ефекти; рівняння Шредінгера; метод Нікіфорова-Уварова; кінцева температура; баріонний 
хімічний потенціал 
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In this paper, the influence of gravitational modulation on weakly nonlinear biothermal convection in a porous rotating layer is 
investigated. We consider a layer of porous medium saturated with Newtonian fluid, containing gyrotactic microorganisms, and 
subject to gravitational modulation, rotation, and internal heating. To analyze linear stability, it is sufficient to represent disturbances 
in the form of normal modes, while nonlinear analysis includes a truncated Fourier series containing a harmonic of the nonlinear 
interaction. A six-dimensional nonlinear Lorentz-type model is constructed, exhibiting both reflection symmetry and dissipation. We 
determined heat and mass transfer using a weakly nonlinear theory based on the representation of a truncated Fourier series. 
Additionally, the behavior of nonstationary Nusselt and Sherwood numbers was investigated by numerically solving finite amplitude 
equations. Applying the expansion of regular perturbations in a small parameter to a six-dimensional model of Lorentz equations 
with periodic coefficients, we obtained the Ginzburg-Landau (GL) equation. This equation describes the evolution of the finite 
amplitude of the onset of convection. The amplitude of convection in the unmodulated case is determined analytically and serves as a 
standard for comparison. The study examines the effect of various parameters on the system, including the Vadasz number, modified 
Rayleigh-Darcy number, Taylor number, cell eccentricity, and modulation parameters such as amplitude and frequency. By varying 
these parameters, in different cases, we analyzed heat and mass transfer, quantitatively expressed by the Nusselt and Sherwood 
numbers. It has been established that the modulation amplitude has a significant effect on the enhancement of heat and mass transfer, 
while the modulation frequency has a decreasing effect. 
Keywords: Darcy-Brinkman model; Bio-thermal convection; Gravity modulation; Porous rotating medium; Gyrotactic 
microorganism 
PACS: 44.30.+v, 87.10.+e 

1. INTRODUCTION
The study of fluid flow through porous media is of paramount importance in diverse practical applications such as 

soil mechanics, groundwater hydrology, oil production, and industrial filtration. In recent years, a novel research area 
called bioconvection in porous media has gained prominence. This field centers on investigating bacterial movement and 
biofilm growth, particularly in the context of microbiological oil production technologies. As a result, there is a compelling 
need for theoretical investigations to delve into the interactions between bioconvection and natural convection. 

Ingham and Pop's monograph [1] and Nield and Bejan's work [2] serve as notable references extensively delving 
into the realm of thermal instability in fluid layers within porous media. Furthermore, Vadasz's comprehensive review 
[3] specifically focuses on fluid flow and heat transfer in rotating porous media. These monographs meticulously
analyze and discuss various facets and challenges associated with thermal instability in these systems. Over time, the
exploration of natural convection in fluid-saturated porous media has expanded to encompass additional factors,
including rotation [3], magnetic fields [4]-[5], anisotropy [6], heterogeneity [7], gravity modulation [8], and other
related effects. These investigations aim to unravel the influence and implications of these factors on the convective
flow dynamics within porous media.

The classical Darcy's law, which describes flow in porous media, underwent modification by Brinkman 
to incorporate a Laplacian term in Stokes' equation. This modification accommodates the Darcy resistance within 
porous media and is commonly known as the Darcy-Brinkman equation. Widely employed for studying flow in porous 
media with high porosity [9], the Darcy-Brinkman model encounters several challenges and problems that demand 
careful consideration when applied to the investigation of bioconvection in highly porous media. 

Several practical scenarios involve porous materials acting as their heat source. This presents an alternative 
approach to induce convective flow through localized heat generation within the porous material. This condition may 
arise from phenomena like radioactive decay or, in the present context, a relatively modest exothermic reaction 
occurring within the porous material. The internal heating of the Earth establishes a temperature gradient between the 
inner and outer layers of the Earth's crust, facilitating convective flow and transferring thermal energy to the planet's 
surface. Consequently, internal heat generation plays a crucial role in various applications, including geophysics, 
reactor safety assessments, the production of metal waste forms for used nuclear fuel, fire and combustion research, and 
the storage of radioactive materials. Despite its importance, the impact of internal heating on convective flow has only 
been explored in a limited number of investigations. 
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Yadav et al. [10] explored the impact of an internal heat source on the initiation of Darcy-Brinkman convection 
in a porous layer saturated with nanofluid under various boundary conditions, including free-free, rigid-rigid, lower-
rigid, and upper-free. Analyzing the onset of convection induced by internal heating, such as that generated 
by microwave heating or chemical reactions, in a horizontal layer of nanofluid, Nield and Kuznetsov [11] conducted 
an analytical investigation, considering Brownian motion and thermophoresis. Khalid et al. [12] performed a linear 
stability analysis in the presence of feedback control to study the effect of an internal heat source on the initiation of 
Rayleigh-Benard convection in a rotating nanofluid layer with double-diffusive convection. Jain and Solomatov [13] 
delved into the onset of convection in internally heated fluids with strongly temperature-dependent viscosity. 
Devy et al. [14] investigated the Darcy-Brinkman convective instability of a non-Newtonian nanofluid layer saturated 
in a porous medium, considering the presence of an internal heat source. 

The term "bioconvection" denotes the phenomenon wherein convective patterns emerge due to the presence 
of self-propelled microorganisms that are denser than the surrounding fluid medium [15]-[17]. These microorganisms 
exhibit responsive movement to various stimuli, such as gravity, light, chemicals, or the presence of food, a behavior 
known as taxis. Taxis can be categorized based on the type of stimulus and the direction of movement of the organisms. 
Positive taxis, or attraction, occur when organisms move toward the stimulus source, while negative taxis, or repulsion, 
describe movement away from the source. Gravitaxis refers to the directional movement of organisms in response 
to gravitational forces, while magnetotaxis involves their ability to detect and respond to magnetic fields. Chemotaxis is 
the response to a gradient in chemical concentration, and phototaxis is movement in response to light. In this context, 
our emphasis is on gravitactic microorganisms. 

Pioneering work by Childress et al. [16] established a comprehensive theory and mathematical model for the 
bioconvection of gravitactic microorganisms. Hill et al. [17] further developed a theoretical model specifically 
for gravitactic microorganisms, focusing on their bioconvective behavior. Pedley et al. [18] contributed to the field 
by developing a linear stability theory to analyze the stability of bioconvection involving gyrotactic microorganisms in 
a shallow layer of fluid. These studies have identified the conditions required for the initiation of bioconvective flow, 
providing insights into the behavior of gravitactic microorganisms in convective systems. 

Numerous publications have delved into the impact of gyrotactic microorganisms on fluid flows in confined 
porous media, with notable contributions from Nield, Kuznetsov, and Avramenko [19]-[23] that significantly advance 
the understanding of biological processes in porous environments. In their work [19], it was established that if the 
permeability remains below a critical value, the system remains stable, and bioconvection does not manifest. 
Conversely, surpassing the critical permeability threshold leads to the development of bioconvection. Their subsequent 
study explored the occurrence of bioconvection in a horizontal layer filled with a saturated porous medium [20], 
determining critical Rayleigh numbers for various values of the Peclet number, gyrotaxis number, and cell eccentricity. 
The impact of vertical flow on the onset of bioconvection in a suspension of gyrotactic microorganisms within a porous 
medium was investigated in [21]. A linear analysis was employed to derive an equation for the critical Rayleigh 
number, revealing that vertical throughflow stabilizes the system. [22] presented a continuum model 
of thermobioconvection, focusing on oxytactic bacteria in a porous medium. This study examined the effect of heating 
microorganisms from below on the stability of a horizontally layered fluid saturated with a porous medium. Utilizing 
the Galerkin method to solve the linear stability problem, the study established a relationship between the critical value 
of the Rayleigh number and the thermal Rayleigh number. Avramenko [23] developed a nonlinear theory 
of bioconvection for gyrotactic microorganisms in a layer of ordinary liquid based on the Lorenz approach [24]. This 
work [23] delineated the boundaries of various hydrodynamic regimes observed in two-dimensional bioconvection. 

Hwang and Pedley [25] explored the impact of uniform shear on the instability of bioconvection in a shallow 
suspension containing swimming gyrotactic cells. They introduced shear by implementing a flat Couette flow, 
counteracting the influence of gravity on the cells. The study identified three distinct physical processes contributing to 
bioconvection instability: gravitational overturning, cell gyrotaxis, and negative cross-diffusion flow. High shear 
velocities acted as a stabilizing factor, akin to Rayleigh-Benard convection. However, at low shear rates, it destabilized 
perturbations through the overstability mechanism discussed by Hill, Pedley, and Kessler [16]. Dmitrenko [26] provided 
a comprehensive review of bioconvection in nanofluids and porous media, presenting a mathematical model based on 
Darcy's law for porous media. Sharma and Kumar [27] investigated the influence of high-frequency vertical vibration 
on the onset of bioconvection in a dilute solution of gyrotactic microorganisms using analytical and numerical methods. 
Their findings revealed that high-frequency, low-amplitude vertical vibration and the bioconvection Peclet number had 
a stabilizing effect on the system. Kushwaha et al. [28] conducted a more detailed analysis of the stability of vibrational 
systems consisting of shallow layers filled with randomly swimming gyrotactic microorganisms. In a recent study, Garg 
et al. [29] examined the stability of thermo-bioconvection flow in an anisotropic porous medium, considering a Jeffery 
fluid containing gravitactic microorganisms. 

The Darcy-Brinkman model, widely employed in porous media research, found an extension in its application by 
Zhao et al. [30] to investigate biothermal convection within a highly porous medium. Their stability analysis delved into 
the dynamics of biothermal convection influenced by bottom heating. In another exploration utilizing the Darcy-
Brinkman model, Kopp et al. [31] delved into biothermal instability within a porous medium saturated with a water-
based nanofluid containing gyrotactic microorganisms in a vertical magnetic field. Their findings revealed that an 
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increase in the concentration of gyrotactic microorganisms amplifies the onset of magnetic convection. Additionally, 
the study highlighted the more significant role played by spherical gyrotactic microorganisms in developing biothermal 
instability. Moreover, Kopp and Yanovsky [32] investigated the impact of rotation, specifically the Coriolis force, on 
biothermal convection in a layer of porous medium saturated with a suspension containing gyrotactic microorganisms. 

Controlling heat and mass transfer is paramount in engineering and technical applications, and one effective 
strategy involves manipulating convective processes through external perturbations or modulations. Understanding how 
these modulations influence the flow and transport phenomena within a system is crucial for optimizing performance. 
Common modulation techniques include temperature modulation, gravity modulation, rotation modulation, and 
magnetic field modulation. This study specifically focuses on a convection control method based on gravity modulation. 

The use of gravity modulation to enhance the stability of a heated fluid layer from below was initially introduced by 
Gresho and Sani in their study [33]. Since then, numerous researchers have delved into the effects of gravity modulation on 
the onset of convection. Malashetty and Begum extended these investigations in their study [34], considering additional 
physical conditions and non-Newtonian fluids. They explored the impact of small-amplitude gravity modulation on the 
initiation of convection in both fluid layers and fluid-saturated porous layers. Kiran [35] conducted studies on the nonlinear 
thermal instability in a porous medium saturated with viscoelastic nanofluid under gravitational modulation. Over the 
years, Kiran et al. conducted several studies [36]-[38] to investigate the influence of gravity modulation on Rayleigh-
Benard convection (RBC) and Darcy convection. Their focus was on the effect of g-jitter on RBC in nanofluids [39], using 
the Ginzburg-Landau (GL) model for nonlinear analysis. They calculated the thermal and concentration Nusselt numbers, 
considering various physical parameters. Additionally, Manjula et al. [40] studied the combined effects of gravity 
modulation and rotation on thermal instability in a horizontal layer of a nanofluid. 

In the above literature review, there is a certain gap in studies of the effect of gravitational field modulation on 
biothermal convection in rotating porous media saturated with an aqueous solution containing gyrotactic microorganisms. 
Kopp and Yanovsky [41] were the first to explore the use of gravity modulation in controlling the development of bio-thermal 
convection in a layer of porous media that is saturated with Newtonian fluid and contains gyrotactic microorganisms. Their 
exploration focused on weakly nonlinear convective instability within a porous layer saturated with a Newtonian fluid 
containing gyrotactic microorganisms. The influence of gravitational modulation resulted in the gyrotaxis parameter 
becoming periodic over time. The study derived the non-autonomous Ginzburg-Landau equation to characterize heat transfer, 
quantified by the Nusselt number. Notably, the research extensively delved into the impact of various parameters on heat 
transfer, including Wadas numbers, the modified bioconvective Rayleigh-Darcy number, cell eccentricity, frequency 
modulation, and modulation amplitude. Their findings highlighted the remarkable efficiency enhancement of the heat transfer 
process due to the spherical shape of microorganisms, emphasizing the significant role of microorganism morphology in 
influencing convective heat transfer. In a related study, Kiran and Manjula [42] investigated the effects of thermal modulation 
and internal heating on Darcy-Brinkman bio-convection in a Newtonian porous medium containing gyrotactic 
microorganisms. In contrast to paper [41], the control of bio-thermal convection was specifically achieved through the 
modulation of the temperature gradient [42] without concurrent modulation of the gyrotaxis. 

The motivation for this investigation stems from the significant roles of gravitaxis and gyrotaxis in bioconvection 
phenomena. Therefore, there is a need to deepen our understanding of the interplay between gravitaxis, gyrotaxis, and 
rotating thermal convection under gravity modulation to gain insights into the system's dynamics. The main objective 
of this article is to analyze the behavior of weakly nonlinear biothermal convection in a rotating porous medium with 
internal heating filled with a Newtonian fluid containing gyrotactic microorganisms. 

 
2. DESCRIPTION OF THE PROBLEM AND MATHEMATICAL MODEL 

We have an unbounded horizontal layer of a porous medium filled with a Newtonian fluid that contains gyrotactic 
microorganisms. This layer has a thickness of h  and rotates steadily around a vertical axis with a constant angular 
velocity of 0Ω . The bottom boundary is where heating takes place, as shown in Fig. 1. The temperature at the lower 
boundary is dT  and at the upper boundary, it's uT . To describe the problem's geometric configuration, we use a 
Cartesian coordinate system, denoted by ( , , )x y z , with the z -axis being vertically upward. Please refer to Fig. 1. 
To account for the influence of a time-periodic gravitational field, we introduce a vertically downward force given by 

2
0 (1 cos( ))geg tε δ ω+ , where δ  and gω  denote the amplitude and frequency of the gravity modulation, respectively. 

Our problem pertains to a physical model that is based on certain assumptions, which are as follows: 
• We consider a Newtonian fluid containing a large number of gyrotactic microorganisms to be incompressible and a 
porous matrix incapable of absorbing microorganisms. 
• We use the Darcy-Brinkman model for highly porous media.  
• The heating from below and internal heating do not affect the cells' gyrotactic activity or viability.  
• The pores of the material should be large enough to allow for the movement of biological organisms.  
• The fluid phase and microorganisms are in a state of thermal equilibrium, so the heat flow may be described using a 
one-equation model.  
• We assume that all thermophysical characteristics are constant, except for the density in the buoyancy force 
(Boussinesq approximation). 
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Figure 1. Scheme of swimming of gyrotaxic microorganisms (cells of green algae Chlamydomonas Reinhardtii) in a rotating layer of 
a porous medium. The center of buoyancy of the microorganism C  is displaced by a distance d  from the center of mass M  

Under these assumptions, the mathematical model is based on the continuity, momentum, energy, and 
conservation equations for cells of the following form [2]-[3],[16],[19]:  
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      
 , (2) 

 2
0( ) ( ) = ( )m f D m

Tc c V T k T Q T T
t

ρ ρ∂
+ ⋅ ∇ ∇ + −

∂


, (3) 

 ( )= D c m
n div nV nW l D n
t

∂
− + − ∇

∂


, (4) 

2
0( ) = (1 cos( ))gg t g tε δ ω+ , 

where = ( , , )DV u v w


 is the Darcy velocity, which is related to the fluid velocity V


 as =DV Vε
 

, ε  is the porosity of the 
porous medium, K  is the permeability of the porous medium, 0ρ  is the fluid's density at the reference temperature, P  
is the pressure, β  is the thermal expansion coefficient, ( )g t  is the time-periodic gravitational acceleration, = (0,0,1)e  

is a unit vector in the direction of the axis z , μ  is the Brinkman effective viscosity, μ  is the viscosity of fluid, ( ) fcρ  
is the heat capacity of fluid, ( )mcρ  is the effective heat capacity, mk  is the effective thermal conductivity. Q  is the 
internal heat source, n  is the concentration of microorganisms, δρ  is the density difference between microorganisms 
and a base fluid: m fρ ρ− ,   is the average volume of a microorganism, mD  is the diffusivity of microorganisms. We 

assumed that random motions of microorganisms are simulated by a diffusion process. (0)cW l


 is the average 

microorganism swimming velocity ( cW  is constant). The unit vector ( )l t


 represents the direction of movement of the 
microorganisms, and it is a time-periodic quantity due to the modulation of the gravitational field. 

At the boundaries, the temperature remains constant. Thus, the boundary conditions are: [20],[30]: 

 = 0, = , = 0, = 0,dw T T J e at z⋅
   (5) 

 = 0, = , = 0, = ,uw T T J e at z h⋅
   (6) 

where = D
c m

VJ n nW l D n
ε

+ − ∇
 

 is the flux of microorganisms. To aid problem analysis, we introduce non-dimensional 

parameters:  

 
* * * * * *

2

( , , )( , , ) = , = , = , = ,m u
D D

m d u

t T Tx y z hx y z V V t T
h T Th

α
α σ

−
−

 
 

  2
* * *( )= , = , = , = ,

( )
m

g g
m f m

cPK hP n n
c

ρ σσ ω ω
μα ρ α

  (7) 

where = / ( )m m fk cα ρ  is the coefficient of thermal diffusivity. 
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Applying transformation (7) to Eqs. (1)-(4) and next omitting the asterisks, we derive the following system of 
dimensionless equations:  
 = 0DV∇


, (8) 

 21 = [ ]bD
a D D m m D

a b

RV P D V V ef n ef RaT Ta V e
t L

∂
−∇ + ∇ − − + + ×

∂

     


, (9) 

 2( ) = RD i
T V T T T
t

∂
+ ∇ ∇ +

∂


,   (10) 

 
1 1= ( )D

b b

n PenV nl t n
t L Lσ

 ∂
−∇ + − ∇ ∂  


, (11) 

 where 2= 1 cos( )m gf tε δ ω+ . We have introduced the following dimensionless parameters in Eqs. (8)-(11):  
 

0

( ) P= =m
a

m a a

c r
k D D

ε ρ μ εσ
ρ

  is the modified Vadasz number, 


0

Pr =
m

μ
α ρ

 is the Prandtl number, 


2=a
KD
h

μ
μ

 is the Darcy 

number, 
2 2

20
02 2

4= KTa ρ
ε μ
Ω  is the Taylor-Darcy number, ( )=b

m

g hKR
D

δρ
μ

 is the bioconvection Rayleigh-Darcy number, 

= m
b

m

L
D
α  is the bioconvection Lewis number, 0=

m

ghK TRa ρ β
μα

Δ  is the Rayleigh-Darcy number, 
2

=i
m

QhR
α

 is the 

internal Rayleigh number, = c

m

W hPe
D

 is the bioconvection Peclet number. 

If we assume that in a stationary state the liquid is at rest, then the main physical quantities can be written as  
 = = 0, = ( ), = ( ), = ( )D b b b bV V P P z T T z n n z

 
. (12) 

The ground state temperature profile ( )bT z  and microorganism concentrations ( )bn z  are obtained by solving the 
following equations:  

 
2

2 ( ) = 0b
i b

d T R T z
dz

+ , (13) 

 = ( )b
b

dn n z Pe
dz

. (14) 

Later on, we will come to realize that having knowledge of the pressure profile is not necessary. After solving equation 
(13) and imposing the boundary conditions (5)-(6), we can obtain the temperature distribution ( )bT z :  

 
sin( (1 ))

( ) =
sin( )

i
b

i

R z
T z

R
−

 (15) 

If there is no heat source 0iR → , then the base temperature profile has the form: ( ) = 1bT z z− . Next, we can obtain the 
solution for ( )bn z , which corresponds to the result presented in [20]:  

 ( ) = (0)exp( )b bn z n zPe , (16) 

where (0)bn  represents the value of the number density at the bottom of the layer. The constant (0)bn  can be 
determined as follows:  

 
1

0
(0) = , = ( )

exp( ) 1b b
n Pen n n z dz
Pe

 
 

−  . (17) 

Let the heating from below the mixed fluid layer cause small perturbations in the main flow as follows:  

 = '( , , ), = , = , = , ( ) = '( )D b b bV V u v w T T T n n n P P P l t e m t′ ′ ′ ′ ′ ′+ + + +
    . (18) 

We can derive the following expressions by analyzing Eq. (9):  

 21 1 = Ta
a

PD u av
t x⊥

′ ∂ ∂′ ′+ − ∇ − + ∂ ∂ 
, (19) 

 21 1 = Ta
a

D v au
t ⊥

 ∂ ′ ′+ − ∇ − ∂ 
, (20) 
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 2 R1 1 = R
L

b
a m m

a b

PD w f n f aT
t z⊥

′ ∂ ∂′ ′ ′+ − ∇ − − + ∂ ∂ 
, (21) 

 
2 2

2
2 2=

x z⊥
∂ ∂∇ +
∂ ∂

. 

Here, eliminating the pressure term results in an equation of the form:  

 
' ' ' ' '

2 R1 1 = T R
L

b
a m m

a b

u w v n TD a f f a
t z x z x x⊥

  ∂ ∂ ∂ ∂ ∂ ∂
+ − ∇ − + −  ∂ ∂ ∂ ∂ ∂ ∂  

 (22) 

For convenience, we express the perturbations of velocities u′  and w′  in terms of the stream function:  

 = , =u w
z x
ψ ψ∂ ∂′ ′ −

∂ ∂
. (23) 

Equations (20) and (22) can be written in the following form:  

 2 2 R1 1 = T R
L

b
a m m

a b

v n TD a f f a
t z x x

ψ⊥ ⊥

′ ′ ′ ∂ ∂ ∂ ∂
+ − ∇ ∇ + − ∂ ∂ ∂ ∂ 

, (24) 

 21 1 = Ta
a

D v a
t z

ψ
⊥

 ∂ ∂′+ − ∇ − ∂ ∂ 
 (25) 

After reviewing previous research [19], [23] and considering gravity modulation, we formulate the equation of the unit 
vector perturbation that indicates the direction of microorganisms swimming in the form  

  2 2
0 0'( ) = (1 cos( )) (1 cos( )) 0g gm t t i t j eε δ ω ζ ε δ ω ξ− − − + ⋅

   
  . (26) 

Here, i


 and j


 are the unit vectors in the x - and y -directions, respectively. The parameter 0  represents the 
reorientation of microorganisms under the influence of a gravitational moment relative to viscous resistance in the 
absence of modulation, and it is defined as 2

0 0 0= ( / )( / )mg d hμα ρ α⊥ . The displacement of the center of mass of the 
cell from the center of buoyancy is denoted as d . 

In Eq. (26), the parameters ζ  and ξ  in the x - and y -components of the vector 'm
  are given by:  

 0 0 0 0= (1 ) (1 ) , = (1 ) (1 )w u w v
x z y z

ζ α α ξ α α
′ ′ ′ ′∂ ∂ ∂ ∂− − + + − − +

∂ ∂ ∂ ∂
. (27) 

The parameter 0α , representing the cell eccentricity, can be calculated using the following equation [15]-[19]:  

 
2 2

max min
0 2 2

max min

= r r
r r

α −
+

, (28) 

where maxr  and minr  are the semi-major and semi-minor axes of the spheroidal cell. 
The perturbation equations, in their nonlinear form, can be written as follows (without the asterisks):  

 2 2 R1 1 = T R
L

b
a m m

a b

v n TD a f f a
t z x x
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 ∂ ∂ ∂ ∂
+ − ∇ ∇ + − ∂ ∂ ∂ ∂ 

, (29) 
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b
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where 2
0 0= /mG D h  is a dimensionless orientation parameter in the absence of modulation [15]. We impose ideal 

boundary conditions for stream function, temperature, and concentration of microorganisms:  

 2= = = = = 0 = 0 = 1dv T n at z and z
dz

ψ ψ⊥∇ . (33) 

 
3. WEAK NONLINEAR ANALYSIS 

In the study of weakly nonlinear convective instability, it is common to use a truncated Fourier series 
representation for perturbed quantities because it provides a convenient and effective way to analyze and understand the 
system's behavior. In the linear stability analysis of convective systems, one typically starts with a base state (often a 
steady state) and perturbs it with small disturbances. These disturbances can be expanded in a Fourier series, and by 
analyzing the growth rates of different Fourier modes, you can determine whether the system is linearly stable or 
unstable. Truncating the series keeps the analysis tractable while capturing the essential behavior. For nonlinear system 
described by equations (29)-(32), we employ Fourier series representations for key physical variables, including the 
stream function ψ , velocity component v , temperature T , and concentration of microorganisms n :  

=1 =1
( , , ) = ( )sin( )sin( )mn

n m
x z t A t mkx n zψ π

∞ ∞

 , 
=1 =1

( , , ) = ( )sin( )cos( )mn
n m

v x z t V t mkx n zπ
∞ ∞

 , 

 
=1 =1

( , , ) = ( )cos( )sin( )mn
n m

T x z t B t mkx n zπ
∞ ∞

 ,  
=1 =1

( , , ) = ( )cos( )sin( )mn
n m

n x z t C t mkx n zπ
∞ ∞

 . (34) 

We then conduct a local nonlinear stability analysis, focusing on specific modes, namely (1,1) for the stream function 
and velocity component, and (1,1) (0,2)+  for temperature and microorganism concentration. Notably, we observe that 
nonlinearity introduces distortions in the temperature and concentration fields, resulting from the interactions among 
ψ , T , and n . Consequently, this interaction generates a sinusoidal component sin 2 zπ , in the flow. Thus, we arrive at 
a simple expression that characterizes finite-amplitude convection in the form:  

11= ( )sin( )sin( )A t kx zψ π , 11= ( )sin( )cos( )v V t kx zπ , 

 11 02= ( )cos( )sin( ) ( )sin(2 )T B t kx z B t zπ π+ , 11 02= ( )cos( )sin( ) ( )sin(2 )n C t kx z C t zπ π+ , (35) 

where the amplitudes 11 11 02 11 02 11( ), ( ), ( ), ( ), ( ), ( )A t B t B t C t C t V t  are functions of time. After substituting (35) into 
equations (29)-(32) and considering the orthogonality condition, the resulting evolution equations for amplitudes are 
obtained:  
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, (38) 

 02
02 11 112=

2a a

B b kB A B
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γ π∂ −− +
∂  

, (39) 
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11
11 11 02 1 2 112 2= ((2 ) )m

b a a a

C kC A C f kA
L a at
σ πσ σ γ γ∂

− − + − +
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, (40) 

 
 

02
02 11 112=

2a b a

C kC A C
L at

γσ πσ∂
− +

∂  
, (41) 

where 2 2=a k π+  is the total wave number, and 2= ( )at a t   is the reduced time, 2 2 2= 4 / , = R /ia b aγ π , 
2( / ) = gg g at a t tω ω ω→   . 

The system of equations (36)-(41) is dissipative and its solutions are bounded in the phase space. The impact of 
many parameters ( , , , , , , )a b b aTa Ra Pe D R L   on trajectories is to attract them to a set of measures zero or fixed points. 
The system of autonomous ordinary differential equations can be solved numerically, for example, in the Maple 
computer environment. However, in the steady state, Eqs. (36)-(41) have an exact solutions:  
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The expression for amplitude 11A  (42) was obtained from solving a quadratic equation of the form:  

 
22 2

11 11
1 2 = 0

8 8
A Aw w

   
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 (43) 

It is important to note that the stream function's amplitude must be real. Therefore, in solution (42), only the positive 
sign in front of the radical is taken into account. If we determine the value of 11A , we can calculate the heat and mass 
transfer in a steady state. 

In the small amplitude limit 11( 0)A → , equation (43), becomes a dispersion equation for linear stationary bio-
thermal convection:  

 

1

4 2 2 2 2

1 22 2 2
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(1 ) T 4= R ( )
R(1 ) (4 R ) 1

a
c b

ic c a
i

a D a a aRa
k k D a

a

π πγ γ
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−
 
  +  + − + +     − −    

 (44) 

In order to determine the wave number ck  that corresponds to the onset of convection, we need to minimize the 
critical Rayleigh number cRa  with respect to 2

ck . We can achieve this by differentiating cRa  with respect to 2
ck  and 

setting the derivative to zero. Once we solve this equation, we will have the value of ck  that is associated with the onset 
of convection. In the limit of small Peclet numbers, expression (43) coincides with the result first obtained by Kopp and 
Yanovsky [41] when there is no rotation (Ta = 0)  and internal heat source (R = 0)i . When there are no 
microorganisms present ( 0 = 0n ), the critical Rayleigh number is the same as the results for the Darcy-Brinkman model 
of a rotating porous medium (without nanoparticles) that was derived by Chand and Rana [43]-[44]. However, if there 
is no heating or rotation within the system, ordinary bioconvection is observed, which is caused by the motion of 
microorganisms. In this case, the bioconvection Rayleigh number Rb  serves as the governing parameter for 
bioconvection. The critical value of Rb , denoted as Rcr

b , for bioconvection in the Darcy model of a porous medium was 
initially determined by Nield et al. [20]. 

Additionally, the amplitudes can be rescaled using the following relations:  

 
2

11 11 11
2 2 2( ) = ( ), ( ) = ( ), ( ) = ( )aA t X t B t Y t C t Y t

kπ π π
−      , 


02 02 11

( ) ( ) 2( ) = , ( ) = , ( ) = ( )Z t Z tB t C t V t V t
kπ π

− −
     .(45) 

Applying rescaling the amplitudes (45) in Eqs. (36)-(41), we obtain the following set of equations:  
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

 (46) 

Here ( )⋅  represents the derivative with respect to time t ; , , ,R Rb T  are new dimensionless parameters of the 
following form:  

 
2 22 2

2 6 6 6

1 RR T= , R = , R = , T =a b

b

D a kk a ab
a a a L a

π+
 . (47) 

Equations (46) describe a model that can be simplified to the fundamental Lorenz model [24] for a regular fluid. The 
model is six-dimensional and uses variables X  and V  to represent the velocity field, while Y  and Z  represent the 
temperature changes, Y  and Z  are used to represent the changes in concentration of microorganisms. The Lorenz-like 
model in Eqs. (46) is invariant under the transformation    ( , , , , , ) ( , , , , , )X Y Z Y Z V X Y Z Y Z V→ − − − − . 

Let's proceed to calculate the heat and mass transfer. 
 

4. HEAT AND MASS TRANSPORTS 
Determining the heat and mass transfer of microorganisms is important when studying the bio-thermal convection 

of liquids. This is due to the fact that the onset of convection with an increasing Rayleigh number is easier to observe 
because of its effect on heat and mass transfer. Therefore, thermal and mass flows of microorganisms are important for 
identifying thermo- and bioconvective movement in its early stages. Heat transfer can be calculated and described using 
the Nusselt number Nu : 

 

2 /

0
2 /

0 =0

( ) = 1

kcr

kcr
b

z

T dx
z

Nu t
T dx
z

π

π

 ∂
 

∂ +  ∂ 
 ∂ 





  (48) 

According to (15) and (35), we get from (48)  

 ( )02( ) = 1 2 ( ) R c (R )i iNu t B t tgπ−   (49) 

By analogy with (48), we find a quantitative characteristic of the mass transfer (Sherwood number Sh ) of the 
concentration of microorganisms:  
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  . (50) 

 
5. THE DERIVATION OF THE GINZBURG-LANDAU EQUATION FROM THE SIX-DIMENSIONAL 

LORENZ-LIKE MODEL 
According to [46], we express all perturbed quantities in equations (46) in terms of a series expansion concerning 

the small supercritical parameter, ε :  

  2 3
1 2 3= , = [ , , , , , ]TrX X X X X X Y Z Y Z Vε ε ε+ + +

    
 , 2

0 2=R R Rε+ + . (51) 

Here, the amplitudes of perturbed quantities only depend on slow time 2= tτ ε  . Upon substituting the expansion (51) 
into (46) for first-order ε , we obtain a linear system of equations:  

  1 11 1 1 1 1 1= 0, = [ , , , , , ]TrX X X Y Z Y Z V
 

 , (52) 

where the matrix   has the form  
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. 

For there to exist a nontrivial solution of the homogeneous linear system (52), a certain condition must be met:  

 0
0 1 2= ( )

1 b
T TaR RbL

b
θ γ γ  + − + − 




. (53) 

 Expression (53) completely coincides with expression (44) for the critical Rayleigh number of stationary bio-thermal 
convection in the linear theory. The solutions to the system (52) are given by  

  0 1
1 11 1 1 2 1 1 1

T= , = 0, = ( ) , = 0, =
1 b

X aY Z Y L X Z V X
b

θ γ γ− +
− 

. (54) 

We can express the equations for the second order in ε  as follows:  

  2 22 21 22 23 24 25 26 2 2 2 2 2= [ , , , , , ] , = [ , , , , , ]Tr TrX X X Y Z Y Z V
 

       , (55) 

where the nonlinear terms 2 j  ( = 1,2,3,4,5,6)j  are  

    1 1 1 1
1 121 22 1 1 23 1 1 24 1 25 1 26= 0, = , = , = , = , = 0a a a aX Z X Y X Z X Yσ σ− − − −− −          . 

Solutions of the equations (55) have the form:  

 
2

0 2 0 1
22 2 1 2 2= , = , = ( )

1 ( )( 1) b
X XY Z Y L X
b b b

θ θ γ γ
γ

− +
− − −

, 
2

2
2 1 2 1 2 2

T= ( ) , =bL aZ X V Xγ γ
γ

− +


. (56) 

We will now proceed to discuss third-order equations:  

  3 33 31 32 33 34 35 36 3 3 3 3 3= [ , , , , , ] , = [ , , , , , ]Tr TrX X X Y Z Y Z V       ,       (57) 

where  

  
1

131 2 1 0 1 2= cos( ) cos( ) , = gX R Y R Y Rb Y ωδ τ δ τ
τ ε

∂ − − Ω + Ω Ω
∂

 , 

    11 1 11
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∂ ∂
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1
35 36= 0, = Ta X

τ
∂
∂

 


. 

We utilized the Fredholm alternative condition [46] to obtain the Ginzburg-Landau amplitude equation in the following 
form:  

 31
1 2 1 3 1 = 0X X X

τ
∂

− +
∂

   , (58) 

where the coefficients 1 2 3, ,    are defined by:  
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Passing to the new rescaled derivative with respect to slow time 2

1

= ( )aa
τ τ
∂ ∂

∂ ∂
  and using relations (45), (47), we 

rewrite equation (58) in the following form:  

 3
1 2 3

1

( ) = 0AA A A A Aτ
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∂ − +
∂

,  (60) 

where 
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. (61) 

In the case where there is no rotation and internal heating, the GL equation (60) for small Peclet numbers coincides with 
the result obtained by Kopp and Yanovsky [41]. They obtained the GL equation by applying perturbation theory for the 
small supercritical parameter of the Rayleigh number to the nonlinear system of equations (29)-(32). Because 
nonlinearity near the critical state of convection is considered in this approach, it is assumed that 2 cRa Ra≈ . Thus, a 
small expansion parameter 2ε  is introduced in the weakly nonlinear theory of convective instability, which is the 
relative deviation of the Rayleigh number Ra  from its critical value cRa : 

2 = 1c

c

Ra Ra
Ra

ε −
 . 

For the unmodulated case, the analytical solution of the above equation (60) takes the following form:  

  0
1

2 23 3 1 2
0 0

2 2 1

( ) =
21 exp

AA
A A AA A
A A A

τ
τ   

+ − −   
   

, (62) 

where  1( )A τ  represents the amplitude of convection for the unmodulated case, and 1A  and 3A  have the same 
expressions as given in (37), while 2 2

2 2= /cA k Ra a . 
 

6. RESULTS AND DISCUSSION 
In our study, we utilized a truncated Fourier series to analyze the phenomenon of weakly nonlinear biothermal 

convection. We focused on a rotating layer of a porous medium that is saturated with Newtonian fluid and contains 
gyrotactic microorganisms. The medium is subjected to gravitational modulation and internal heating. To solve the 
resulting nonlinear system of equations (36)-(41), we employed numerical methods to determine the heat and mass 
exchange coefficients, Nu and Sh. We chose a reasonable order of modulation amplitude, i.e., = 0.1δ , and suitable 
initial conditions for the disturbance amplitudes, i.e., about 0.5. Let the value of the modified bioconvective Rayleigh-
Darcy number Ra = RB b n   change in the range [0,5000] , and the values of the parameters Pe  and 0G  change in the 
vicinity of Pe = 0.1  and 0G = 0.01  [34]. The cell eccentricity can vary in the range 0 [0,1]α ∈ . Next, we started 
examining the impact of parameters 0,Ta,Ra ,Pe,a BD α  and R i  on the development of in Fig. 2 illustrate the 
relationship between the stationary Rayleigh number (44) and the dimensionless wavenumber ck  in linear theory. From 
the graphs, it is clear that the stability curves divide the space into two regions: the region above the curve is unstable, 
and the region below the curve is stable. This provides a clear visual representation of the relationship between 
parameters and system stability. 

Fig. 2a illustrates the relationship between the stationary Rayleigh-Darcy number Rac  and ck  for different Darcy 
number values = (0.3,0.5,0.8)aD . The plot has fixed parameters 0α  = 0.4, Ra = 3000B , Pe = 0.1 , R = 0.5i  and 
Ta  = 100. The plot clearly shows that an increase in the Darcy number leads to a rise in the minimum Rayleigh-Darcy 
number, indicating that higher Darcy numbers stabilize the stationary convection and delay its onset. 

Fig. 2b shows the relationship between the stationary Rayleigh-Darcy number R ca  and the dimensionless 
wavenumber ck  for different values of the Taylor number: Ta = (100,200,300) . The fixed parameters in this plot are 
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= 0.3aD , Ra = 3000B , Pe = 0.1 , R = 0.5i  and 0α  = 0.4. The graph demonstrates that as the Taylor number increases, 
the minimum Rayleigh-Darcy number also increases. This means that higher Taylor numbers stabilize stationary 
convection and delay the onset of convection. 

 
Figure 2. Plots of the stationary Rayleigh number cRa  versus wave numbers ck . 

Fig. 2c shows the relationship between the stationary Rayleigh-Darcy number and the dimensionless wave number 
for various values of the modified bioconvection Rayleigh-Darcy number: = (0,3000,5000)BRa . The parameters 

= 0.3aD , Ta = 100 , Pe = 0.1 , R = 0.5i  and 0 = 0.4α  on this graph remain constant. The red curve represents the 
dependence of the stationary Rayleigh-Darcy number on the wave number in the absence of bioconvection of 
microorganisms ( = 0BRa ). Looking at Fig. 2c, it is clear that with increasing parameter BRa  the threshold for the 
occurrence of biothermal convection decreases. This means that an increase in the concentration of microorganisms 
causes a redistribution of liquid density. Then, the swimming movement of microorganisms against gravity can 
destabilize the stationary process of biothermal convection. 

Fig. 2d shows the relationship between the stationary Rayleigh-Darcy number and the dimensionless wave number 
for various values of the Peclet number: = (0.1,0.12,0.15)Pe . The parameters = 0.3aD , = 0.3aD , R = 3000Ba , 
R = 0.5i  and 0 = 0.4α  on this graph remain constant. From the graphs, it is evident that a decrease in the minimum 
Rayleigh numbers is correlated with an increase in the Peclet number or the swimming speed of cells. In other words, as 
Peclet numbers increase, the stability threshold of bio-thermal convection decreases. 
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Fig. 2e depicts the relationship between the stationary Rayleigh-Darcy number and the dimensionless wavenumber 
for different values of cell eccentricity: 0 = (0,0.4,0.8)α . The parameters = 0.3aD , R = 3000Ba , R = 0.5i  and 
Pe = 0.15  are fixed in this plot. By examining the graph, it becomes evident that as the cell eccentricity increases, the 
threshold for the onset of bio-thermal convection increases a bit. In simpler terms, microorganisms with a more 
elongated or non-spherical shape don't tend to facilitate the development of bio-thermal convection more than 
microorganisms with a spherical shape. This observation aligns with similar conclusions made in references [20],[23]. 
As a result, the shape of microorganisms influences the behavior and stability of the bio-thermal convection process 
within the studied system. 

In Fig. 2f, the stationary Rayleigh-Darcy number R ca  is plotted as a function of the dimensionless wave number 

ck  for different values of the internal heating parameter R i . The fixed parameters in this graph are = 0.3aD , 
R = 3000Ba , Ta = 100 , Pe = 0.1  and 0 = 0.4α .  The graph shows that as the internal Rayleigh number R i  increases, 
the minimum Rayleigh-Darcy numbers decrease. This indicates that higher R i  numbers have a destabilizing effect on 
stationary convection. 

For numerical analysis of equations (36)-(41) and (49)-(50), we use the standard Maple computer environment 
programs. The Runge-Kutta-Felberg method (rfk45) was used to solve nonlinear equations (36)-(41) with the following 
initial conditions: 11 11 11 02 02 11(0) = (0) = (0) = (0) = (0) = (0) = 0.5A B C B C V . 
 In Figs. 3a and 4a, it is shown that an increase in the Vadas number a  contributes to an increase in heat and mass 
transfer over a short time interval. This observation is consistent with investigations carried out by Kiran et al. 
[38]-[40], Bhadauria and Agarwal [47], and Kopp and Yanovsky [42] where a comparable phenomenon was observed. 
The Vadasz number, which is directly proportional to the Prandtl number, assumes a pivotal role in determining the 
convective heat transfer characteristics. As the Vadasz number surges, it signifies an increased ratio of kinematic 
viscosity to thermal diffusivity in the fluid. This, in turn, leads to heightened fluid mobility.  Consequently, elevating 
the Vadasz number results in a heightened rate of heat and mass transfer within the system. 

 

Figure 3. Dependence of the Nusselt number Nu  on the time t  for a) a , b) Ta , c) Rb , d) 0α , e) Ω , f) δ  variations. 
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 According to Figs. 3b and 4b, as the Taylor-Darcy number Ta  increases, the value of the Nusselt Nu  and 
Sherwood Sh  numbers decreases, lowering the rate of heat and mass transfer and, as a result, stabilizing the system. 
 Figs. 3c and 4c show the effect of an increasing bioconvective Rayleigh-Darcy number Rb  on heat and mass 
transfer. An increase in the bioconvective Rayleigh-Darcy number can be caused by an increase in the permeability of 
the porous medium or a decrease in the viscosity of the liquid medium. In both cases, this causes an increase in the 
velosity of convective flows, which promotes the transfer of heat and mass of microorganisms and therefore leads to 
destabilization of the system. This phenomenon eventually results in an increase in the Nusselt and Sherwood numbers 
over short time intervals, as shown in Figs. 3a and 4a. 
 Graphs in Figs. 3d and 4d demonstrate a significant influence of the shape of the microorganism  on heat and mass 
exchange in the system, which is reflected in the temporary change in the Nusselt and Sherwood numbers. This physical 
phenomenon can be explained by considering how the shape of microorganisms affects their movement and interaction 
with liquid. In the case of spherical microorganisms 0 = 0α  (represented by the red curve in Fig. 3d and 4d), their 
symmetrical shape ensures relatively unhindered movement in the liquid. This promotes improved heat transfer within 
the system, resulting in higher convective heat transfer rates and, therefore, higher Nusselt numbers. On the other hand, 
when microorganisms have a non-spherical or irregular shape 0 = (0.4,0.8)α  (represented by the blue and black curves 
in Fig. 3d and 4d), their movement in the liquid becomes more intense and complex. The presence of asymmetry in 
their shape can lead to a change in the flow regime. As a result, the process of convective heat transfer can be hindered, 
leading to lower heat transfer rates, lower Nusselt numbers, and, conversely, higher mass transfer rates (higher 
Sherwood numbers) compared to the case of spherical microorganisms. 
 Figs. 3e and 4e show the influence of the modulation frequency Ω  on heat and mass exchange in the system. It 
can be noted that at lower modulation frequencies, especially in the low frequency case ( = 5Ω ), higher heat and mass 
transfer rates are achieved compared to higher oscillation frequencies ( = 10Ω  and = 50Ω ). This suggests that lower 
modulation frequencies lead to more efficient heat transfer within the system. The observed trend is consistent with the 
results presented by Gresho and Sleigh [33] and Kopp et al. [48] in the context of conventional fluids, highlighting the 
importance of using low-frequency g -jitter to optimize the transfer process and improve heat transfer.  

 

Figure 4. Dependence of the Sherwood number Sh  on the time t  for a) a , b) Ta , c) Rb , d) 0α , e) Ω , f) δ  variations. 
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 Figs. 3f and 4f show the influence of the modulation amplitude δ  on heat and mass exchange in the system. The 
study considers a range of δ  values, specifically chosen to improve heat transfer, from 0.15 to 0.35. The graphs show 
how changing the modulation amplitude affects the characteristics of heat and mass transfer. It is obvious that higher 
modulation amplitudes lead to an increase in the rate of heat and mass exchange. By appropriately selecting the 
modulation amplitude, heat and mass transfer can be optimized, thereby improving overall system performance. 

 

Figure 5. a) Variations of the Nusselt number N ( )u t  in the absence of = 0δ  and the presence of = 0.3, = 5δ Ω  modulation of the 
gravity field; b) variations of the Sherwood number Sh( )t  in the absence of = 0δ  and the presence of = 0.3, = 5δ Ω  modulation of 
the gravity field. 

In Figs. 5a and 5b, a comparison is presented between modulated and unmodulated systems. The graphs depict the 
characteristics of these two systems with regard to heat and mass transfer, as represented by the Nusselt and Sherwood 
numbers. In the unmodulated system, it is evident that the Nusselt number (Sherwood number) experiences a rapid 
increase for small values of the time parameter t . This initial surge in heat and mass transfer is followed by a phase of 
stabilization at higher t  values. This pattern suggests that, in the absence of gravitational field modulation, the process 
of heat and mass transfer eventually reaches a steady state. Conversely, the modulated system displays oscillatory 
behavior concerning Nusselt and Sherwood numbers. This signifies that heat exchange undergoes periodic fluctuations 
due to the modulation of the gravitational field. These fluctuations in the Nusselt and Sherwood numbers mirror the 
alternating enhancement and suppression of heat and mass exchange resulting from the gravitational field modulation. 

 
7. CONCLUSIONS 

In this research, we employed the Darcy-Brinkman model to explore the impacts of rotation, internal heating, and 
gravity modulation on biothermal convection within a porous medium saturated with a Newtonian fluid that includes 
gyrotactic microorganisms. Our analysis is based on the expansion of the perturbed parameters of the system using a 
truncated Fourier series. As a result of applying this approach, a non-autonomous system of nonlinear differential 
equations was obtained. An exact analytical solution to this system of equations was obtained for the stationary case. 
For small amplitudes of disturbances, i.e., within the framework of the linear theory of convective instability, we 
obtained the dispersion relation between the critical value of the Rayleigh number cRa  and the wave number ck . Based 
on the findings from the analysis of linear bio-thermal convective instability, the following conclusions can be drawn:   

• Increasing the Darcy and Taylor numbers leads to an increase in the stability of the system.  
• An increase in the modified bioconvective Rayleigh-Darcy number BRa , Peclet number Pe , and internal 

heating parameter iR  leads to destabilization of the system.  
• Spherical gyrotactic microorganisms play a more significant role in fostering the onset of bio-thermal 

instability.  
 After conducting a numerical analysis of the resultant nonlinear system of equations, we drew several 

conclusions regarding the impact of gravitational modulation on biothermal convection in porous media:   
• When the values of the parameters a  and Rb  are increased, a short-term growth in heat and mass transfer is 

observed.  
• Increasing the Taylor number Ta  has a stabilizing effect on the system, which delays the onset of convection 

and reduces heat and mass transfer.  
• The spherical shape of the microorganisms contributes to a more efficient heat transfer process.  
• Increasing the modulation frequency Ω  leads to a decrease in the variations of the Nusselt and Sherwood 

numbers, resulting in suppressed heat and mass transfer.  
• Increasing the modulation amplitude δ  enhances heat and mass transfer.  

Certainly, the examination of parameters like 0Ta,R ,Pe,b α a , Ω , and δ  offers valuable insights into their 
influence on the convection process. Through the manipulation of these parameters, it becomes feasible to amplify or 
control heat transfer in a porous medium saturated with a Newtonian fluid containing gyrotactic microorganisms. These 
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conclusions provide a foundation for designing more efficient heat transfer systems, formulating strategies to regulate 
convection, and enhancing thermal management across diverse applications.  
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СЛАБОНЕЛІНІЙНА БІОТЕРМАЛЬНА КОНВЕКЦІЯ В ШАРІ ПОРИСТОГО СЕРЕДОВИЩА 

ПІД ВПЛИВОМ ОБЕРТАННЯ, ГРАВІТАЦІЙНОЇ МОДУЛЯЦІЇ ТА ДЖЕРЕЛА ТЕПЛА 
Михайло Й. Коппa,  Володимир В. Яновськийa,b 

aІнститут монокристаллов, Національна Академія Наук України 
пр. Науки 60, 61072 Харків, Україна 

bХарківський національний університет імені В.Н. Каразина 
майдан Свободи, 4, 61022, Харків, Україна 

В цій роботі досліджено вплив гравітаційної модуляції на слабонелінійну біотермальну конвекцію в пористому шарі, що 
обертається. Розглядається шар пористого середовища, насиченого ньютонівською рідиною, що містить гіротактичні 
мікроорганізми і схильної до гравітаційної модуляції, обертання і внутрішнього нагрівання. Для аналізу лінійної стійкості 
досить уявлення обурень як нормальних мод, тоді як нелінійний аналіз включає усічений ряд Фур'є, що містить гармоніку 
нелінійної взаємодії. Побудовано шестивимірну нелінійну модель типу Лоренца, яка виявляє як симетрію відображення, так 
і дисипацію. Тепло- і масоперенос ми визначили з використанням слабкої нелінійної теорії, заснованої на уявленні 
усіченого ряду Фур'є. Додатково було досліджено поведінку нестаціонарних чисел Нуссельта та Шервуда шляхом 
чисельного вирішення рівнянь кінцевої амплітуди. Застосовуючи розкладання регулярних збурень за малим параметром до 
шестивимірної моделі рівнянь Лоренца з періодичними коефіцієнтами, ми отримали рівняння Гінзбурга-Ландау (ГЛ). Це 
рівняння визначає еволюцію кінцевої амплітуди виникнення конвекції. Амплітуда конвекції у немодульованому випадку 
визначається аналітично і служить еталоном для порівняння. У дослідженні вивчається вплив різних параметрів на систему, 
включаючи число Вадасза, модифіковане число Релея-Дарсі, число Тейлора, ексцентриситет клітини та параметри 
модуляції, такі як амплітуда та частота. Варіюючи ці параметри, у різних випадках ми проаналізували тепло і масопередачу, 
яка кількісно виражається числом Нуссельта і Шервуда. Встановлено, що амплітуда модуляції істотно впливає на посилення 
тепло і масовіддачі, тоді як частота модуляції зменшує вплив. 
Ключові слова: модель Дарсі-Брінкмана; біотермальна конвекція; гравітаційна модуляція; пористе середовище, що 
обертається; гіротактичний мікроорганізм 
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Saving energy, shortening processing times, maximizing thermal efficiency, and lengthening the life of industrial equipment are all 
possible outcomes of heating and cooling optimization. In recent years, there has been a rise in interest regarding the development of 
high-efficiency thermal systems for the purpose of enhancing heat and mass movement. This study presents an investigation on the 
non-linear flow of a hybrid nanofluid comprising of Multi Walled Carbon Nanotubes (MWCNTs) and Single Walled Carbon 
Nanotubes (SWCNTs) over an extended surface, considering the effects of Magnetohydrodynamics (MHD) and porosity, with 
engine oil serving as the base fluid. Also, radiation and Darcy-Forchheimer flow is considered.  The problem of regulating flow is 
transformed into ordinary differential equations (ODEs) by employing similarity variables. The Midrich Scheme is then used to 
implement a numerical solution to these equations in the program Maple. Through visual representations of fluid velocities and 
temperatures, the inquiry addresses several important factors, including magnetic parameters, porosity parameters, radiation 
parameters, Eckert numbers, inertia coefficients, and Biot numbers. The research has important implications in a number of real-
world contexts. Due to its exceptional characteristics, such as reduced erosion, reduced compression drops difficulties, and greatly 
increased heat transfer rates, hybrid nanofluids are frequently used in heat exchangers. For instance, various cooling devices such as 
electromagnetic cooling systems, as well as heat exchangers including condensers, boilers, chillers, air conditioners, evaporators, coil 
preheaters, and radiators. Furthermore, it has the potential to be employed in pharmaceutical businesses and the field of biomedical 
nanoscience. 
Keywords: BVP Midrich scheme; MHD; Thermal radiation; Porous medium, Heat source; Darcy-Forchheimer flow; Hybrid 
nanofluid 
PACS: 44.05.+e, 44.30.+v, 44.40.+a, 47.10.ad. 

INTRODUCTION 
Because of its importance in a wide variety of engineering challenges and businesses, the issue of heat transfer 

continues to be one of the most hotly contested topics among scholars in the modern day. Nevertheless, water, oil, 
and glycol are commonly utilized in most applications, despite their poor thermal conductivity and inefficiency in 
facilitating heat transmission. To address this issue and enhance thermal efficiency, innovative fluid mediums, 
namely nano fluids and nanoparticles, are being created. Choi [1] was the first person to ever add metallic 
nanoparticles into base fluid for the purpose of increasing thermal conductivities and hence enhancing heat transfer. 
A few examples of real-world applications where nanofluids are employed to achieve higher levels of efficiency 
include the refrigerator, air conditioners, and other microelectronic goods as well as microcomputer processors. 
Researchers from all over the modern globe have been reporting their findings on the study of nano fluid, which has 
included both numerical and experimental research. Despite the significant advancements made in the field of 
nanofluids, contemporary researchers remain highly motivated and eager to explore novel fluid alternatives that 
surpass the thermal conductivity of nanofluids. Hybrid nanofluids, an advanced variation of nanofluids, have been 
developed to enhance performance and can serve as a suitable alternative to conventional nanofluids. Hybrid 
nanofluids consist of a combination of two modified types of nanoparticles. Compared to the base fluid and 
nanofluids made from a single type of nanoparticles, the hybrid nanofluid is predicted to have more advantageous 
thermal properties for heat transfer. Because of its superior performance, it is often referred to as a "next-generation 
fluid." Recently developed hybrid nanofluids have found widespread application in several fields of heat 
transmission. Microelectronics, microfluidics, transportation, manufacturing, medicine, military, acoustics, naval 
architecture, propulsion, and many more disciplines all fall under this broad category. The primary objective of 
utilizing hybrid nanofluids lies in the ability to strategically select an appropriate amalgamation of nanoparticles. 
This selection allows for the manipulation of the nanofluid, so augmenting the advantageous characteristics 
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associated with each particle type. Additionally, this approach serves to mitigate the drawbacks that arise from 
employing these particles individually, owing to the synergistic impact that arises from their combined utilization. 
The enhancement of thermal conductivity properties in hybrid nanofluids has garnered significant attention from 
researchers, leading to a substantial body of work focused on the practical applications of thermal transmission 
problems involving hybrid nanofluids. The investigation of heat transfer rate using hybrid nanofluid has emerged as 
a prominent field of study in recent years [2–6]. 

The thermo-physical and volume partitioning techniques are employed to ascertain the heat transport 
characteristics of nanomaterials. Nano fluids encompass a wide range of materials, including carbides, oxides, 
nitrides, fullerene, metals, and carbon nanotubes (CNTs), which are classified based on their size, form, and 
distinctive properties. The investigation of carbon nanotubes (CNTs) has been undertaken due to their heightened 
thermal conductivity properties. Carbon nanotubes, also known as CNTs, have a nanostructure resembling a barrel 
and are made up of numerous different allotropes of carbon. In the domains of health sciences, applied sciences, 
material sciences, energy, optics, natural sciences, and manufacturing, the morphological properties of carbon 
particles in spherical and tubular shapes are both intriguing and valuable. Single-walled carbon nanotubes 
(SWCNTs) and multi-walled carbon nanotubes (MWCNTs), which are differentiated from one another based on their 
structural properties, are the two unique categories that carbon nanotubes (CNTs) can be placed into. In 1991, 
Iijima [7] conducted a pioneering study on the application of CNTs in the examination of MWCNTs utilizing the 
Krastschmer and Huffman approach. The credit for the identification of SWCNTs is ascribed to Ajayan and Lijima 
in the year 1993 [8]. Over the past two decades, a substantial number of scholars have contributed a significant body 
of literature on the utilization of carbon nanotubes. The following selection of articles, ranging from 
references [9-16], may prove valuable for academic study purposes. 

The field of fluid dynamics known as magnetohydrodynamic flow examines the magnetic properties of fluids that 
carry electricity and is a subfield of electrohydrodynamic flow. The application of magnetic fields in boundary layer 
flows serves the objective of causing separation of the boundary layer. A large number of researchers have included the 
impact of an external magnetic field effect into challenges involving hybrid nanofluid boundary layers. 
Magnetohydrodynamics, or MHD for short, offers a wide range of applications across a variety of business sectors and 
engineering subfields. Prominent applications of magnetohydrodynamic (MHD) technological innovations include 
controlled thermonuclear nuclear power plants, machines for refreshing shiny plates, power plants, circulatory control 
during surgical operations, magnetic endoscopy, magnetic devices utilized for cell separation, radiation therapy for 
cancer malignancy treatment, and magnetic targeting of medications. Magnetic endoscopy, magnetic cell separators, 
magnetic radiation therapy for tumors, and magnetic medication targeting are among further uses. In light of the 
aforementioned uses of the MHD, a significant number of researchers have investigated the MHD in the context of a 
variety of issues pertaining to fluid mechanics [17–19]. 

This study aim to examine the  transport of hybrid nanofluid containing MWCNTs and SWCNTs over a stretched 
surface in presence of MHD and porosity with engine oil as base fluid. Also, radiation and Darcy-Forchheimer flow are 
taken into account. Notwithstanding the utility of the investigation, the flow model in question has not been formerly 
disseminated, and its flow features have not been subject to prior examination. The inquiry was prompted by the 
presence of multiple studies discussing the applications in industry and advancements of hybrid nanofluids. The 
mathematical model is solved by a computational approach known as the BVP Midrich method. The control problem 
can be effectively solved using Maple software, enabling the presentation of results through the use of figures and 
tables. This paper presents a qualitative analysis of the flow dynamics. 

MATHEMATICAL MODELING 
In addition to a stretched surface, a two-dimensional heat transfer representation is examined in a mixed-heat-

dispersal (MHD) SWCNTs and MWCNTs hybrid nanofluid. Within the framework of the energy and temperature 
equation, thermal radiation is taken into account. As can be seen in Table 1, two distinct kinds of nanoparticles, namely 
SWCNTs and MWCNTs, are suspended in the base fluid Engine oil. The velocity components u and v are measured 
along the x-axis and the y-axis, respectively; the velocity is written as uw = ax. Furthermore, the temperature of the sheet 
as well as the temperature of the free stream is represented by the symbols Tw, T∞, respectively, which is demonstrated 
in Figure 1. 
Table 1. Thermophysical properties of Engine oil, SWCNTs-MWCNTs hybrid nanofluid [22] 

Property Engine oil SWCNTs MWCNTs

Density 3( )kgmρ −  884.00 2600.00 1600.00

Specific heat 1 1( )pC Jkg K− − 1910.00 425.00 796.00

Heat conductivity 1 1( )fk Wm K− − 0.1440 6600.00 3000.0

Electrical conductivity 1( )mσ −Ω  6 910 2 10− −− × 16 810 10− − 6 710 10−
Pr 6450
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Figure. 1. Geometry of the problem 

The governing flow equations are constructed as [20][21] 
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By Rosseland approach, we have 
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By applying the Taylor’s series expansion of 4T  about T∞ and neglecting terms having higher order, we obtain 
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Putting Eq. (5) in Eq. (3), we get 
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The corresponding boundary conditions are: 
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The following suitable self-similarity transformations are defined as: 
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In order to create the following dimensionless ODEs, Eqs. (2) and (6) are transformed using the ideal technique 
indicated in Eq (8). 
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The boundaries of the change are described as: 
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heat absorption/generation coefficient. 
The dimensional form of Cf, and Nu are expressed as 
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Where heat flux wq is 
0
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The non-dimensional form of Eqs. (13–14) converts are 

 ( )1 0 ,
1

2
r fRe C CF R f ′′= =  (15) 

 ( )4 0 .
1

2
r rRe Nu Nu R θ− ′= = −  (16) 

Where rRe is the local Reynolds number. 
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SOLUTION METHODOLOGY 
The nature of the ODE system (10–11) with BCs (12) is extremely nonlinear in its characteristics. For the purpose 

of dealing with these equations, we adopt a computational approach known as the BVP Midrich method see in Figure 2. 
Using Maple, we are able to solve the control problem. The midway method's standard operating procedure is laid out 
in detail below. 

The following is a demonstration of the overall algorithm for the technique of midpoint collocation 

 ( ) ( ) 0 0, ( ) , ( ) ,Z x F x Z x Z x Z′ = =  (17) 

In the explicit midpoint approach, also known as the Modified Euler method, the formula looks like this 

 ( )1 , , ,
2 2n n n n n n
h hZ Z hF x Z F x Z+

 = + + + 
 

 (18) 

The above equation h represents the step size and 0( )nx x nh= + . 
The strategy that takes into account the implicit midpoint may be described as 

 ( )1 1
1, , , 0,1,2,...

2 2n n n n n n
hZ Z hF x Z Z Z n+ +

 = + + + = 
 

 (19) 

At each step size, the technique for locating the midpoint has a local error of order O(h3) whereas the global error 
is of order O(h2). When dealing with algorithms that are more quantifiable demanding, the algorithm-error decreases at 
a quicker rate as 0h →  progresses, and the result gets more dependable. 

 
Figure 2. A flow chart pictogram of BVP Midrich technique 

 
RESULTS AND DISCUSSION 

The non-dimensional controlling flow model (10) – (11), which are subject to the boundary conditions (12), may 
be solved numerically with the assistance of Maple built in BVP Midrich scheme. We took the values of non-
dimensional parameters and evaluated. Table 2, which illustrates the variances in skin friction coefficient, yields the 
exact solutions. The findings of both investigations were determined to be fairly accurate. Table 3, which demonstrates 
that various parameter values for CF. In the current part of the study, the authors go over the findings from the graphical 
narrative of the significant physical quantities in order to determine the quantitative fluctuation in relation to several 
important problem factors. To this end, writers have created graphs that define velocities, temperatures, Skin friction 
and heat transfer coefficient in order. 
Table 2. Comparison table for various Prandtl numbers of the current study. 

Pr Ali et al. [20] Present results 
0.7 0.4560 0.4552902 
2.0 0.9113 0.9101351 
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Table 3. The quantitative results of the skin friction coefficient of different of values for M, Fr and K by fixing parameter values 
Rd = Bi = 0.4, and Pr = Ec = 0.1. 

M Fr K CF  
0.1 0.4 0.5 1.026591 
0.2 0.4 0.5 1.262674 
0.3 0.4 0.5 1.004382 
0.3 0.1 0.5 1.496002 
0.3 0.2 0.5 1.172028 
0.3 0.3 0.5 1.006005 
0.3 0.4 0.1 0.958371 
0.3 0.4 0.2 1.009034 
0.3 0.4 0.3 1.045792 

The influence of M on the velocity of MHD SWCNTs-MWCNTs/EG hybrid nanofluid is highlighted in Figure 3. 
Higher values of M cause some resistance in the fluid motion, as can be seen from the plot. The Lorentz forces, which 
are the resistive forces, increase in strength as M increases. when a result, when M increases, the Lorentz forces get 
stronger and slow down fluid motion. 

  
Figure 3. Pictogram of M on ( )f η′  Figure 4. Pictogram of K on ( )f η′  

  
Figure 5. Pictogram of Fr on ( )f η′  Figure 6. Pictogram of M on ( )θ η  

Figure 4 show the influence of the porous parameter K on the velocity of hybrid nanofluid. Raise in K essentially 
increases the difficulty of boundary layer separation. Additionally, as the frictional drag force increases, the boundary 
layer flow is not supported. Consequently, a downward tendency in the velocity pattern is observed for higher K. 



198
EEJP. 1 (2024) Ramasekhar Gunisetty, et al.

Figure 5 describes the behavior of Fr on ( )f η′ . Large local inertia coefficient values, which lower fluid speed 
and boundary layer thickness, are indicative of enhanced medium porosity. Higher Fr causes the pores to enlarge, which 
ultimately lowers the speed. 

The effect of the magnetic parameter ( )M on the temperature profile is depicted in Figure 6. Thermal energy 
strengthens the Lorentz force by motivating hybrid nanofluids to dissipate sub kinetic energy. In fact, as the magnetic 
factor increases, the size of the boundary layer's velocity profiles falls, leading to a raise in boundary layer temperature. 

  
Figure 7. Pictogram of Rd on ( )θ η  Figure 8. Pictogram of Pr on ( )θ η  

  
Figure 9. Pictogram of Bi on ( )θ η  Figure 10. Pictogram of Ec on ( )θ η  

Figure 7 depicts the effect of various radiation parameter ( )Rd  values on the temperature of hybrid nanofluid. 
Kinetic energy, or the energy required to cause moving atoms in matter to rotate, is derived from heated surfaces and is 
known as electromagnetic energy. The graph unequivocally demonstrates that better heat transmission results from 
raising the radiation parameter. A thicker thermal barrier layer is produced when the Rd parameter is raised because 
more heat is transported into the liquid. The temperature rises as the radiation parameter increases because the mean 
absorption coefficient drops. Thermal radiation has a positive physical effect on the medium's thermal diffusibility, 
which increases the temperature profile. Physically, higher temperature and a thicker thermal boundary layer are 
correlated with increased thermal radiation parameters. 

The temperature for various amounts of Pr is revealed in Figure 8. It is clear that as Pr increases, the temperature 
parameter decreases. The boundary layer of thermal energy is thicker and the rate of heat transmission decreases for 
smaller Pr. Typically, Pr is employed in heat transfer-related applications to determine the width of the thermal and 
also the momentum border layers. This is due to the fact that when the Prandtl number increases, the thermal diffusion 
rate drops. 
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Figure 9 is aimed at presenting the variation in temperature with Biot number. The convective boundary property 
at the surface is connected to the Biot number. As the Biot number rises, the temperature gradient close to the surface 
also rises, raising the temperature there and, consequently, the thickness of the thermal boundary layer, as seen in 
Figure 9 the thermal resistance of a body as measured by its Biot number is the ratio of its internal thermal resistance to 
its surface thermal resistance.  

Figure 10 describes the plot of temperature counter to the Eckert number .Ec  The production of thermal energy 
increases with the existence of Ec in nanofluid, becoming more intense, improving temperature distributions, and 
therefore increasing thermal layer thickness. This is because frictional heating causes an increase in heat energy in the 
flow, which the viscosity of nanofluids stores and converts into internal energy when heated. From the same figure, it is 
noticed that the temperature is maximum near the walls when compared with the middle of the channel. Since Ec is 
proportional to the enthalpy of heat and to the kinetic energy of particles, an increase in Ec results in greater kinetic 
energy for the particles by decreasing the enthalpy actor, and thus an increase in temperature. Figure 11 depicts the 
inspiration of Q on energy outline. For the higher numeric values of the Q in energy profile enhanced.  Physically, when 
heat generation rises, so does the inherent energy of liquid particles, resulting in a rise in the temperature outline. 

  
Figure 11. Pictogram of Q on ( )θ η  Figure 12. Sway of K and M on CF  

 
Figure 13. Sway of Rd and M on Nu  

The skin friction coefficient diminutions when growing the values of a magnetic parameter, similarly the skin 
friction increases when increasing porosity parameter is revealed in Figure 12. The effect of the radiation parameter and 
the Eckert number on the Nusselt number is shown in Figure 13. Increasing the Eckert number results in a 
corresponding rise in the Nusselt number and the radiation parameter. Plots or graphs of contours are frequently 
employed in the field of fluid dynamics for the purpose of visualizing and analyzing numerous characteristics included 
inside a liquid, including its speed, pressure, energy, and concentration. For the higher values of the magnetic parameter 
case, we are observing on decreasing tendency which is presented in Figures 14 and 15, while the opposite nature we 
noticed on Nusselt number profile and it is demonstrated in Figures 16 and 17. 
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The various values of M, K, Fr were presented in Figures 18, 19, and 20. Rising porosity liquid medium leads to 
reduced magnetic field for the movement of fluids, as seen in the graph. A decreased heat transfer rate is seen for 
moving sheet. Streamlines have significance in the study of fluids and technology for many different reasons. 
Streamlines illustrate movement of fluids characteristics. They demonstrate fluid particle movement and path 
throughout period. This simplifies unpredictable interpretation. 

  
Figure 14. Sway of K and M on CF  Figure 15. Sway of Fr and Rd on CF  

      
Figure 16. Sway of Fr and Rd on Nu  Figure 17. Sway of Fr and Rd on Nu  

        
Figure 18. Stream lines for M Figure 19. Stream lines for K  
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Figure 20. Stream lines for Fr  

 
CONCLUSIONS 

The current research study explored the numerical solution for MHD of SWCNTs-MWCNTs /Engine oil hybrid 
nanofluid over a Stretching surface. The Numerical method (BVP Midrich scheme) was used to solve the issue of 
velocity, temperature and the outcome was truly solution to the model. The results are presented in a variety of 
graphical formats, including a two-dimensional plot, Contour plots, and streamlines. 

The research produced a number of interesting findings, which are listed below: 
1. The high local inertia coefficient values, which lower both the fluid velocity and the boundary layer thickness. 
2. Thermal radiation has a positive physical effect on the medium's thermal diffusibility, which increases the 

temperature profile of the hybrid nanofluid. 
3. The temperature gradient at the surface rises with a rise in the Biot number, raising the temperature there and, 

consequently, the thickness of the thermal boundary layer. 
4. When the value of Ec is increased, it results in an elevation in the kinetic energy of particles due to a decrease 

in the enthalpy factor. This increase in kinetic energy subsequently leads to a rise in temperature. 
5. By enhancing the values of the Eckert number, increases the Nusselt number and the radiation parameter. 
6. As the values of the radiation parameter and magnetic field parameter are increased, the rate of skin friction 

increases. 
7. Magnetic parameter strength draws electrical conductivity molecules more towards to the main stream is 

observed on streamlines plots. 
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Економія енергії, скорочення часу обробки, максимізація термічної ефективності та подовження терміну служби 
промислового обладнання – усі можливі результати оптимізації опалення та охолодження. Останніми роками зріс інтерес до 
розробки високоефективних теплових систем з метою підвищення тепло- та масопереміщення. У цьому дослідженні 
представлено дослідження нелінійного потоку гібридної нанофлюїду, що складається з багатостінних вуглецевих 
нанотрубок (MWCNT) і одностінних вуглецевих нанотрубок (SWCNT) над розтягнутою поверхнею, враховуючи вплив 
магнітогідродинаміки (MHD) і пористості, з масляним двигуном, яке служить базовою рідиною. Також враховується 
радіація та потік Дарсі-Форхгеймера. Задача регулювання потоку перетворюється на звичайні диференціальні рівняння за 
допомогою змінних подібності. Схема Мідріча потім використовується для реалізації чисельного розв’язку цих рівнянь у 
програмі Maple. За допомогою візуального представлення швидкостей і температур рідини запит стосується кількох 
важливих факторів, включаючи магнітні параметри, параметри пористості, параметри випромінювання, числа Еккерта, 
коефіцієнти інерції та числа Biot. Дослідження має важливі наслідки в багатьох контекстах реального світу. Завдяки своїм 
винятковим характеристикам, таким як зменшення ерозії, зменшення труднощів падіння при стисненні та значно підвищена 
швидкість теплопередачі, гібридні нанофлюїди часто використовуються в теплообмінниках. Наприклад, різні 
охолоджувальні пристрої, такі як електромагнітні системи охолодження, а також теплообмінники, включаючи 
конденсатори, котли, чиллери, кондиціонери, випарники, змійовики попереднього нагрівання та радіатори. Крім того, він 
має потенціал для використання у фармацевтичному бізнесі та в галузі біомедичної нанонауки. 
Ключові слова: схема BVP Midrich; МГД; теплове випромінювання; пористе середовище, джерело тепла; потік Дарсі-
Форхгеймера; гібридний нанофлюїд 



203
EAST EUROPEAN JOURNAL OF PHYSICS. 1. 203-220 (2024)

DOI:10.26565/2312-4334-2024-1-17 ISSN 2312-4334

HYSTERESIS AND BISTABILITY BIFURCATION INDUCED BY COMBINED FLUID 
SHEAR-THICKENING AND DOUBLE-DIFFUSIVE CONVECTION IN SHALLOW POROUS 

ENCLOSURES FILLED WITH NON-NEWTONIAN POWER-LAW FLUIDS1 

Saleh Khira,b,c, Redha Rebhia,b*, Mohamed Kezranea,c, Mohamed Naceur Borjinid 
aDepartment of Mechanical Engineering, University of Medea, Medea 26000, Algeria 

bLERM-Renewable Energy and Materials Laboratory, University of Medea, Medea 26000, Algeria 
cLaboratoire de Mécanique Physique et Modélisation Mathématique (LMP2M), Université Yahia Fares de Médéa, 

Quartier Ain Dheb, Médéa 26000, Algérie 
dUniversité de Monastir, Ecole Nationale d'Ingénieurs de Monastir, Laboratoire de Métrologie et des Systems Énergétiques, 

5019 Monastir, Tunisia 
*Corresponding Author e-mail: rebhi.redha@gmail.com

Received January 8, 2024; revised January 22, 2024; accepted January 31, 2024 

This paper presents a numerical study of the linear and non-linear stability of thermosolutal convection within a porous medium 
saturated by a non-Newtonian binary fluid. The power-law model is utilized for modeling the behavior of the working medium. The 
given statement implies that the horizontal boundaries experience thermal and solutal flow rates, whereas the vertical walls are 
impermeable and thermally isolated. The relevant factors that govern the problem being investigated are the Rayleigh number, 𝑅், the 
power-law index, 𝑛, the cavity aspect ratio, 𝐴, the Lewis number, 𝐿𝑒, and the buoyancy ratio, 𝑁. An analytical solution is obtained for 
shallow enclosures (𝐴 >>  1) using the parallel flow approximation and a modified form of the Darcy equation. By solving the entire 
set of governing equations, a numerical investigation of the same phenomenon was conducted. One of the most intriguing discoveries 
from this research is that it identifies a bi-stability phenomenon, this particular phenomenon signifies the existence of two stable 
solutions. The results obtained from both methods demonstrate a good level of agreement across a diverse range of these governing 
parameters. 
Keywords: Bi-stability; Thermosolutal convection; Power-law fluid; Porous layer; non-Newtonian binary fluid 
PACS: 47.55.P-, 47.50.Gj, 44.30.+v, 83.60.Rs, 47.20.Ky, 02.70.Bf 

1. INTRODUCTION
In recent decades, natural convection of heat and mass transfer has been characterized by fluid flows driven by 

buoyancy effects due to temperature and concentration gradients applied at different diffusion rates. This phenomenon is 
frequently encountered in nature and has many applications in the fields of science and technology, geothermal systems, 
heat exchangers, cooling systems, heat exchangers, microchannels, solar energy collectors, non-Newtonian chemical 
processes, and many others [1-3]. Over the last few decades, most studies carried out on Newtonian double-diffusive 
convection in closed geometries have focused on simple geometries such as a rectangular cavity or a rectangular porous 
layer heated from below from the side. However, in many of the fields mentioned, the fluids used are non-Newtonian in 
nature. A few limited studies have been carried out on natural of power-law fluids in two- and three-dimensional 
enclosures [4-6]. 

Natural convection in rectangular enclosures with differentially heated vertical walls and adiabatic horizontal walls 
is one of the most studied configurations for Newtonian flows [7, 8]. In fact, Newtonian behavior at higher shear rates 
with dynamic viscosity dependencies as a function of temperature has been reported, as has pseudoplasticity at lower 
shear rates. Non-Newtonian fluids, i.e., those that go against Newton's law of viscosity, have been widely used in many 
industries, such as food, petrochemicals, pharmaceuticals, etc. However, when it comes to rheology, non-Newtonian 
fluids have been widely used. With regard to rheology, non-Newtonian fluids can be classified into Bingham plastic 
fluids, pseudoplastic fluids and dilatant fluids. In addition, non-Newtonian fluid models can be divided into time-
dependent, time-independent and viscoelastic models [9-12]. Moraga et al. [13] studied the 3D natural convection heat 
transfer of a non-Newtonian power-law fluid in a container placed in an enclosure.  The container was filled with a non-
Newtonian power-law fluid and surrounded by air. Their results included isotherms and streamlines at different values of 
Ra for each Newtonian and non-Newtonian power-law fluid. Jahanbakhshi et al. [14] studied the influence of the magnetic 
field on the natural convection of a non-Newtonian fluid in an L-shaped cavity. They found that the rate of heat transfer 
increased for shear-thinning fluids and decreased for shear-thickening fluids. They also found that the Nusselt number 
decreases with increasing Pr when the fluid shear-thins. Lamsaadi et al. [15] have numerically simulated the natural 
convection of a non-Newtonian fluid in a vertical cavity. Their results show that a shear-thinning fluid contributes to fluid 
flow and a shear-thickening fluid reduces it. Shear-thinning fluid also increases heat transfer. Makayssi et al. [16] 
presented an analytical and numerical experimental study of natural double-diffusion convection in a shallow two-
dimensional horizontal enclosure. These authors concluded that the characteristics of fluid flow, heat and mass transfer 
appear to be highly sensitive to the flow behavior index, n. Thus, compared to the Newtonian case (n = 1), shear-thinning 
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behavior (0 < n < 1) enhances fluid flow as well as convective heat and mass transfer. Kefayati [17] considered non-
Newtonian fluid in a square enclosure and discussed the effect of Reynold’s and magnetic field inclination angle on fluid 
flow. Zyła et al. [18] carried out a rheological study on nanofluids containing a mixture of nanodiamond and graphite 
with different ash fractions. They also studied a mixture of nanodiamond and graphite with different ash fractions. Non-
Newtonian behavior and viscoelastic structure were also observed. The transient buoyant convection of a non-Newtonian 
fluid in a square enclosure, heated differentially from the vertical, has been studied numerically by Kim et al. [19]. 
Getachew et al. [20] have described the flow type and heat and mass transfer patterns of double-diffusive inside a porous 
enclosure saturated with a non-Newtonian fluid of power using scaling arguments, verifying the results obtained by 
experimental. Moradi et al. [21] have carried out an experimental study of heat transfer rate enhancement of multi-walled 
carbon nanotube nanofluids in a double-pipe heat exchanger with aluminium porous media. Jena et al. [22] have studied 
the double-diffusive free convection of a non-Newtonian Ostwald-De Waele fluid inside a 2D cavity with partially active 
vertical walls. Lounis et al. [23] studied the impact of Dufour and Soret effects on double-diffusive convection in an 
inclined square enclosure using the Carreau-Yasuda model to model the rheological behavior of a non-Newtonian fluid. 
Their main conclusion is that for different values of the power-law index, the Lewis number increases heat and mass 
exchange. Rebhi et al. [24, 25] investigated the convection generated in porous cavities containing a binary fluid and 
discovered that the drag parameters had a significant impact on the stability and onset of subcritical and Hopf bifurcation. 
Rebhi et al. [26] studied Rayleigh-Bénard thermosolutal convection instabilities in shallow enclosures with finite aspect 
ratios that influenced by the rheological behavior of non-Newtonian fluids. They showed that the bistable convection 
regime exists for every aspect ratio of the enclosure, regardless of the type of thermal and solutal boundary conditions. 
Bihiche et al. [27] analyzed the effect of buoyancy ratio on natural convection and on heat and mass transfer rates in a 
horizontal rectangular enclosure filled with a non-Newtonian power-law fluid. The emergence and development of 
double-diffusive convection for both aiding and opposing flows were also studied. 

Consequently, natural convection in rectangular/square cavities filled with porous layers saturated with a non-
Newtonian fluid has been studied by many researchers [28-30]. Nield et al. [31] studied the effect of high heterogeneity 
on the occurrence of vertical density gradient-induced convection in soil. On the occurrence of convection induced by a 
vertical density gradient in a saturated porous medium governed by Darcy's law. Devakar et al. [32] have simulated the 
flow of non-Newtonian fluids in a straight, uniform square duct through a porous medium. They observed that the velocity 
and volumetric flow rate decrease with increasing torque stress and porosity parameters. Uphill et al. [33] studied the 
flow of nanofluids in porous media. They showed that nanofluids containing particles smaller than the size of water are 
more efficient in porous media. Lakshmi et al. [34] studied the effect of Soret and Dufour diffusion on natural convection 
in a saturated porous medium. The results indicate that the Nusselt number increases linearly with increasing Dufour 
parameter to facilitate buoyancy. Numerical study of Soret and Dufour effects on the natural convection flow of a vertical 
plate with power-law heat flux embedded in a porous medium is studied by Tsai and Huang [35]. Zhu et al. [36] have 
numerically studied the natural double-diffusive convection of power-law fluids in a porous cube using a generalized 
non-Darcy model. They found that the impact of different power law indices on convection is mainly manifested in 
rheological properties, showing that shear-thinning fluids are more efficient at enhancing heat and mass transfer than 
shear-thickening fluids. Madhua et al. [37] investigated new entropy generation characteristics in the fully developed heat 
transport of a non-Newtonian Carreau fluid in an inclined microchannel. They found that the velocity is maximal at the 
center of the microchannel when using increasing values of Grashof number Gr, while entropy production is maximal at 
the center of the channel. Ben Khelifa et al. [38] have derived an analytical solution to characterize the onset of motion, 
heat and mass convection for a binary power law fluid in a shallow porous enclosure. The occurrence of nonlinear 
convection in a horizontal porous layer saturated with a shear-acting fluid is studied by Bensilakhal et al. [39]. The most 
interesting results of their study are the demonstration of the existence of a bi-stability phenomenon, i.e., the existence of 
two steady-state solutions, which had not previously been observed in the convection of non-Newtonian fluids. 

Many studies have focused on the effect of the shear-thinning of non-Newtonian fluids, which attracts more attention 
when it comes to heat transfer problems. The Marangoni in a shallow rectangular cavity of a power-law fluid was studied 
by Naimi [40]. Chen [41] examined the influence of Marangoni convection for a power-law liquid film on an unsteadily 
stretching aluminium foil. Lamsaadi [42] studied the natural convection of non-Newtonian power-law fluids subjected to 
transverse temperature gradients inside a horizontal rectangular space. These authors noted the combined effect of heat flow 
ratio, power-law index and Rayleigh number on flow intensity and heat transfer rates. Lamsaadi et al. [43] have shown that 
the depends only on the nominal Rayleigh number Ra and the power-law index, n, for large values of the aspect ratio and 
the nominal Prandtl number Pr. Habibi et al. [44] described the natural laminar convection of a non-Newtonian fluid between 
two horizontal eccentric square ducts under equilibrium conditions. Recently, Alloui et al. [45] analyzed the onset of fluid 
motion for power-law fluids. It was shown that, for shear-thinning fluids, the onset of convection is subcritical. For shear-
thickening fluids, convection occurs at a supercritical Rayleigh number of zero. Khali et al. [46] studied double-diffusive 
convection in a power-law fluid. The results indicate that the fluid structure is more important for thermal base flow. Ohta 
et al. [47] have numerically investigated transient heat transfer in a square cavity heated from below and cooled from above. 
For shear-thinning fluids, the Sutherby model was used. Their study also reveals an increasing magnitude of shear-thinning, 
based on a transient analysis of the natural convection of shear-thinning-fluids in rectangular enclosures with differential 
heating. Hojjat [48] described Reynolds and Prandtl numbers for non-Newtonian fluids; the coefficient index and power-
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law index are very important in determining the Reynolds number and initial velocity of the fluid at the tube inlet. Reynolds 
and Prandtl numbers are described as follows for non-Newtonian fluids. Solomatov and Barr [49, 50] have numerically 
investigated the occurrence of convection in non-Newtonian power-law fluids under the effect of temperature-dependent 
viscosity. The authors summarize their results in terms of simple scaling relations. 

The primary focus of this investigation centered on the phenomenon of thermosalutal convection within a horizontal 
porous layer filled with a non-Newtonian fluid, subjected to heating and salting from below. The non-Newtonian fluid 
behavior was accurately characterized through the implementation of the power-law model, accepting a diverse range of 
fluid types, including shear-thinning (𝑛 <  1), shear-thickening (𝑛 >  1), and Newtonian fluids (𝑛 = 1). Employing a 
time-accurate finite difference method, the comprehensive nonlinear governing equations were numerically resolved. 
Additionally, an analytical solution for shallow enclosures was derived. The outcomes of this study significantly 
contributed to an enhanced comprehension of the impact of various governing parameters on diverse convective 
bifurcations. Notably, the shapes of bifurcation branches underwent substantial alterations, particularly in scenarios 
involving opposing double-diffusive flows. The most noteworthy revelation was the emergence of bistability bifurcation 
with increasing shear-thickening behavior of the fluid, leading to the occurrence of two distinct and stable solutions under 
identical flow conditions, a phenomenon hitherto unobserved in the context of Newtonian fluids. 

 
2. PROBLEM DEFINITION AND MATHEMATICAL FORMULATION 

The problem under study is sketched in Figure 1. It’s a tow-dimensional horizontal shallow cavity filled with non-
Newtonian binary fluids saturated porous media. Choose an appropriate coordinate system where the 𝑥ᇱ, 𝑦ᇱ are the 
longitudinal and transversal axis, respectively. The enclosure is of height 𝐻ᇱ and length 𝐿ᇱ. The short vertical end walls 
are thermally insulated, while the horizontal walls are submitted to constant heat flux, 𝑞ᇱ, and solutal flux, 𝐽ᇱ. In 
accordance with previous statements made by Pascal [51, 52], the model of laminar flow of a non-Newtonian power-law 
fluid through a porous medium is explained as follows: 

 ap V
K
μ′

′ ′∇ = −  (1) 
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Figure 1. Sketch of the enclosure and coordinates system. 

where 𝑉ᇱ is the superficial velocity, 𝜙 and 𝐾 the porosity and the permeability of the porous medium respectively, 𝜇௔ᇱ , 
the apparent viscosity, ℎ the consistency index and 𝑛 the power-law index. In the above model the rheological parameters ℎ and 𝑛 are assumed to be temperature independent. 

The equations governing the heat flux 𝑞ᇱ and matter flux 𝑗ᇱ, with respect to the thermal and solute gradients in the 
binary fluid mixture, are expressed by De Groot and Mazur [53], as follow: 

 ,    q k T j D Sρ′ ′ ′ ′= − ∇ = − ∇
  (3) 

Herein, where 𝑇′ and 𝑆′ represent respectively the temperature and the concentration of the fluid at a point in the 
system, 𝑘 and 𝐷 represent the thermal conductivity and molecular diffusion coefficient of the species, respectively. 

If we make the assumption that the flowing fluid and the porous medium are in local thermodynamic equilibrium 
throughout, with constant properties for both the fluid and the porous medium, and apply the Boussinesq approximation, 
which has been used in the past by many authors Amari et al. [29], Bian et al. [54, 55], and Benhadji and Vasseur [28]. 
The equations that govern the current problem can be expressed as follows: 
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where 𝜌 the density of the non-Newtonian fluid. 𝑇଴ᇱ, 𝑆଴ᇱ  and 𝜌଴ represent the temperature, concentration, and mass density 
of reference, 𝑔 the gravitational acceleration, (𝜌𝐶)௙ and (𝜌𝐶)௣ are the heat capacities of fluid and saturated porous 
medium, and 𝛼 = 𝑘/(𝜌𝐶)௙ the thermal diffusion coefficient. 𝛽ᇱ் , 𝛽ௌᇱ are respectively the thermal and solutal expansion 
coefficients. They are defined by 
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By using 𝐻ᇱ, 𝛼/𝐻ᇱ, 𝛥𝑇ᇱ = 𝑞ᇱ𝐻ᇱ/𝑘, and 𝑆 = 𝑆ᇱ/Δ𝑆′ to scale length, velocity, temperature, and concentration, 
respectively, and eliminating the pressure term from Equation (5) through standard methods, it can be demonstrated that 
the dimensionless governing equations can be formulated as follows 
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The dimensionless parameters who were extracted from Eqs. (9)-(11) are 𝑅் = 𝐾𝜌𝑔𝛽′்𝛥𝑇ᇱ/𝜇 is a thermal Rayleigh 
number, the Lewis number 𝐿𝑒 = 𝛼 𝐷⁄ , the buoyancy ratio 𝑁 = 𝛽′ௌΔ𝑆′ 𝛽′்Δ𝑇′⁄ , 𝜀 = 𝜙 𝜎⁄  the normalized porosity, with 𝜎 = (𝜌𝐶)௣ (𝜌𝐶)௙⁄  is the heat capacity ratio, and Ψ is a dimensionless stream function defined as 

 ,    u v
dy dx
∂Ψ ∂Ψ= = −  (13) 

Remember that it is possible to improve the Newtonian expressions by simply set 𝑛=1 and 𝜇௔ = 1. The non-
dimensional boundary conditions at the enclosure walls are as follows 

 0,      1  at  1 / 2T S y
y y y

∂Ψ ∂ ∂
Ψ = = = = − = ±

∂ ∂ ∂
 (14) 

 0,      0  at  / 2T S x A
x x x

∂Ψ ∂ ∂
Ψ = = = = = ±

∂ ∂ ∂
 (15) 

where 𝐴 =  𝐻ᇱ/𝐿ᇱ is the cavity aspect ratio. 
The problem definition is rendered complete by the simultaneous consideration of Eqs. (9)-(13) along with the 

boundary conditions, as denoted by Eqs. (14) and (15). It is important to note that the solution to this problem is 
intrinsically dependent on the values of the parameters 𝑅், 𝐴, 𝐿𝑒, 𝑁 and 𝑛. 

From an engineering perspective, the focus lies in the calculation of heat and mass transfer rates expressed through 
local and average Nusselt and Sherwood numbers, denoted as 𝑁𝑢௫, 𝑁𝑢௠, 𝑆ℎ௫, and 𝑆ℎ௠, respectively. In the current 
notation, the computation of 𝑁𝑢௫, 𝑁𝑢௠, 𝑆ℎ௫, and 𝑆ℎ௠ is performed as follows: 
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where the integral is performed using Simpson’s method.  
 

3. NUMERICAL SOLUTION 
For simple geometry problems Fig. 1, the finite difference method used to numerically solve the governing equations 

(9)-(11). The energy and concentration equations are discretized with a second-order centered scheme. For each time step 
the implicit method with alternating directions (ADI) gives rise to two tri-diagonal matrix systems to be solved, one 
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resulting from the implicit discretization in 𝑥 and the other of the implicit discretization in 𝑦. The (ADI) method divides 
the time step into two equal parts, in the first half-time step, the system is implicitly in 𝑥 but explicitly in 𝑦 and in the 
second half-time step, the system is implicitly in 𝑦 and explicitly in 𝑥. For each time step, the solution is obtained by 
scanning the computational domain in the 𝑥 direction then in 𝑦-direction. Knowing the fields of temperature and 
concentration at time (𝑛 ൅ 1)𝛥𝑡, to solve the discretized motion equation at each time step successive over relaxation 
method (SOR) is used which is an explicit method directly giving the value of 𝛹 to the instant (𝑛 ൅ 1)𝛥𝑡. The 
convergence criterion for solving Eq. (9) is provided.  
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The selection of mesh size is a careful consideration aimed at striking a suitable balance between computational 
efficiency and result accuracy. The approach involves grid refinement iteratively until the numerical solution converges, 
with a reasonable accuracy threshold, to the analytical solution developed in the subsequent section. This convergence is 
achieved under the prescribed values for 𝐴, 𝐿𝑒, 𝑁, 𝑛, and 𝑅். As indicated in Table 1, a uniform grid of dimensions 
221x141 proves to be well-suited for accurately modeling the flow, temperature, and concentration fields within a cavity 
between 6 and 10. The chosen time-step sizes for simulations range between 10-6 and 10-3. 
Table 1. Convergence tests for specified parameters, 𝐴 = 6, 𝐿𝑒 = 5, 𝑁 = −0.1, 𝑅் =  100, and 𝑛 = 1.2. 

 Numerical solution Analytical 
solution Grids  40x20 100x60 160x100 220x140 𝛹଴  3.0342 2.9574      2.9462 2.9397 2.9269 𝑁𝑢  2.9153 3.0033 3.0219 3.0254 3.0280 𝑁𝑢௠  2.7292 2.8213 2.8404 2.8442 - 𝑆ℎ  5.0314 5.3053 5.3772 5.4060 5.4358 𝑆ℎ௠  5.1010 5.3920 5.4691 5.4997 - 

 

 
Figure 2. Contours of streamlines, 𝛹, Temperature, 𝑇, Concentration, 𝑆, horizontal velocity, 𝑈, and apparent viscosity, 𝜇௔, for 𝑅் = 100, 𝐿𝑒 = 5, 𝑁 = −0.1 and various values of 𝑛 

Figure 2 present the contours of streamlines, 𝛹, temperature, 𝑇, concentration, 𝑆, horizontal velocity, 𝑈, and 
apparent viscosity, 𝜇௔, obtained numerically, for two different liquids with power-law index of n = 0.6 and 1.4 and for a 
Newtonian fluid (n = 1), at 𝑅் = 100, 𝐿𝑒 =  5, and 𝑁 = −0.1. The streamlines are uniformly distributed with designated 
increments, 𝛥𝛹, spanning from zero at the boundaries to the maximum value, 𝛹௠௔௫, at the center. The isotherms and 
isoconcentration lines are uniformly distributed between the successive positions of the peak temperature 𝑇௠௔௫ and 
maximum concentration 𝑆௠௔௫ situated lower edge of the right vertical wall. On the other hand, the minimum temperature 𝑇௠௜௡ and minimum concentration 𝑆௠௜௡ are situated along the upper edge of the left vertical wall. Notably, the 
dimensionless temperature and concentration at the cavity’s center are both normalized to zero. Furthermore, owing to 
the centrosymmetry inherent in the problem, the minimum and maximum temperatures, as well as concentrations, exhibit 
equivalent magnitudes but with opposite signs. The horizontal velocity lines are uniformly distributed from the maximum 
velocity, 𝑈௠௔௫, located on the lower horizontal wall and the minimum velocity, 𝑈௠௜௡, on the upper horizontal wall. The 

𝛹 

𝑇 

𝑆 

𝑛 = 0.6 𝑛 = 1.0 𝑛 = 1.4 

𝑈 

𝜇௔ 
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apparent viscosity lines are uniformly distributed with specified increments 𝛥𝜇௔ between the minimum value, 𝜇௔௠௜௡, on 
the center of cavity and the extremum value, 𝜇௔௠௔௫, on the center when 𝑛 = 0.6, this is the opposite of 𝑛 = 1.4, and it’s 
clearly constant (𝜇௔ = 1) when 𝑛 = 1. The numerical findings depicted in Figure 2 validate the theoretical assumption 
made in the analytical solution, indicating that the flow patterns within the central region of the cavity remain parallel 
regardless of the power-law index, 𝑛. It is important to note. However, that the scope of this current investigation is 
confined to the examination of unicellular convection exclusively. 

To validate the accuracy of the current numerical solutions, Tables 2 and 3 presents the obtained numerical results, 
including the center stream function, 𝛹଴, value, as well as the local Nusselt, 𝑁𝑢, and Sherwood, 𝑆ℎ, numbers. A 
comprehensive comparison with the findings reported by Amari et al. [29] and Ben Khelifa et al. [38] reveals a very good 
level of agreement. 
Table 2. Comparison of 𝛹଴, and 𝑁𝑢 with previous numerical studied of Amari et al. [29] for 𝑁 = 0, 𝐿𝑒 = 5, and various values of 𝑛, 
with horizontal cavity. 

𝑛 

𝐴 = 6 and 𝑅் = 100 

Analytical Amari et al. [29] 
study 

Present 
study 

Present study 
vs analytical 

Present study 
vs Amari et al. [29] 

0.6 𝛹଴ 6.701 6.762 6.742 0.61% 0.30% 𝑁𝑢 6.000 5.997 5.929 1.19 1.14 

1.0 𝛹଴ 3.708 3.708 3.706 0.05 0.05 𝑁𝑢 3.750 3.750 3.737 0.35 0.35 

1.4 𝛹଴ 2.448 2.468 2.474 1.06 0.24 𝑁𝑢 2.553 2.553 2.558 0.20 0.20 

Table 3. Comparison of 𝛹଴, 𝑁𝑢 and 𝑆ℎ with previous numerical studied of Ben Khelifa et al. [38] for 𝑁 = 0.2, 𝐿𝑒 = 10, and various 
values of 𝑛, with horizontal cavity. 

𝑛 

𝐴 = 6 and 𝑅் = 25 
Analytical 
solution 

Present 
study 

Present study 
vs analytical 

Ben Khelifa et al. 
[38] 

Present study 
vs Ben Khelifa et al. [38] 

0.6 
𝛹଴ 2.54 2.55 0.39% 2.60 1.94% 𝑁𝑢 3.22 3.22 0.00 3.27 1.54 𝑆ℎ 7.22 7.30 1.10 7.25 0.69 

1.0 
𝛹଴ 1.47 1.47 0 1.48 0.68 𝑁𝑢 1.81 1.81 0 1.81 0 𝑆ℎ 5.75 5.75 0 5.75 0 

1.6 
𝛹଴ 1.00 1.02 1.98 1.01 0.99 𝑁𝑢 1.36 1.37 0.73 1.64 18.09 𝑆ℎ 4.98 4.97 0.20 4.98 0.20 

 
4. ANALYTICAL SOLUTION 

An analytical solution for the full governing equations, (9)-(11) is in general impossible, except for certain cases 
and assumptions for which the equations simplify considerably. In the case of a porous layer of large aspect ratio (𝐴 ≫ 1) 
with active walls exposed to constants fluxes of heat and mass, it is possible to find an approximate analytical solution. 
This last, obtained using the concept of parallel flow, the generated flow becomes relatively parallel along the long walls 
of the cavity, which of course makes it possible to neglect the component of the velocity perpendicular to these walls. 

The streamlines, at the center of the cavity, become parallel to the x-axis. In other words, the current function Ψ 
becomes a function of the y ordinate only. We can then write: 

 ( ) ( ),x y yΨ = Ψ  (18) 

The temperature and concentration profiles are given by the sum of two terms, the first one defining a linear 
longitudinal variation and the other giving the transverse distribution: 
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T T

S S

T x y C x y

S x y C x y

θ
θ

= + 


= + 
 (19) 

where 𝐶் and 𝐶ௌ are constants expressing temperature and concentration gradients along the x-direction.  
Substituting approximations (18) and (19) in the governing equations (9)-(11) and assuming steady state of flows, 

the heat and mass fluxes, we get the following ordinary differential equations: 

    
1n

d d d
dy dy dy

− Ψ Ψ = −Λ 
  

 (20) 
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where: ( )T T SR C NCΛ = +  

 
2

2
T

T
d dC
dy dy

θ Ψ
=  (21) 

 
2

2
S

S
d dC Le
dy dy

θ Ψ
=  (22) 

Solution of Eqs. (20)-(22) satisfying the boundary conditions given by Eq. (14) are: 

 ( ) [ ] ( )11( ) 1 2 mn my m y−  Ψ = − Λ −   (23) 

 ( ) [ ] ( )1 1 1  ( ) ( 1) 1 2 mn m
T TT y C x m C y m y y− − = − Λ + − −   (24) 

 ( ) [ ] ( )1 1 1  ( ) ( 1) 1 2 mn m
S SS y C x m LeC y m y y− − = − Λ + − −   (25) 

where: 𝑚 = 1 + 1/𝑛. 
The expression of the velocity distribution 𝑢 along y derived from the stream function is: 

 ( ) [ ]1 1 n nu y y= − Λ  (26) 

The concept of parallel flow loses its viability due to the turning flow at the end of perpendicular walls. However, in 
the case of thermal and mass conditions in the end walls, the value of constant temperature and concentration gradients, 𝐶் and  𝐶ௌ respectively are determined by considering the arbitrary control volume of Fig. 1, the energy and material 
balances in the control volume at any 𝑥-direction are written according to the following forms: 

 
1/2 1/2

1/2 1/2

 ; T T S SC udy C Le udyθ θ
+ +

− −

= =   (27) 

By substituting the temperature, concentration and velocity Eqs. (24)-(26) into Eqs. (27), we get the following 
expression: 

 ( ) [ ] ( ) [ ]11 11 1( 1) 1 2 1 1 2 (2 1) 0m mn n
T Tm m C C−− − + Λ − + Λ − =   (28) 

 ( ) [ ] ( ) [ ]11 11 1( 1) 1 2 1 1 2 (2 1) 0m mn n
S SLe m m C Le C−− − + Λ − + Λ − =   (29) 

Equations (28) and (29) has been solved numerically for  𝐶் and  𝐶ௌ using the method of Newton-Raphson. 
From Eqs.  (24), (25) and (16), the Nusselt and Sherwood numbers are given by: 

 [ ] ( )11 11 ( 1) 1 2 mn
TNu m C− −= − Λ +  (30) 

 [ ] ( )11 11 ( 1) 1 2 mn
SSh m C Le− −= − Λ +  (31) 

 
5. LINEAIR STABILITY ANALYSIS 

In this section, an investigation into the stability of the steady state is conducted. The overall convective solution 
encompasses a foundational solution (Ψ௕, 𝑇௕, 𝑆௕) with a perturbation solution (Ψ௣, 𝑇௣, 𝑆௣). 

In the context of an infinite horizontal fluid layer, the perturbation solution for the stream function, temperature, and 
concentration field can be formulated as follows: 

 

( ) ( )
( ) ( )
( ) ( )

0

0

0

, , ,

, , ,

, , ,

pt i x
p

pt i x
p

pt i x
p

x y t e F x y

T x y t e G x y

S x y t e H x y

α

α

α

θ

φ

+

+

+

Ψ = Ψ
= 
= 

 (32) 

In this formulation, 𝐹(𝑥,𝑦), 𝐺(𝑥,𝑦), and 𝐻(𝑥,𝑦) represent the spatial profiles of the perturbation for the stream 
function, temperature, and concentration, respectively. 𝑝  characterizes the growth rate of the perturbation, 𝛼 is a real 
number which designates the wave number. The variables Ψ଴, 𝜃଴, and 𝜙଴ denote infinitesimal unknown perturbation 
amplitudes for the stream function, temperature, and concentration. 

In order to assess the stability of the rest state solution, a tiny perturbation is introduced, allowing the complete 
solution to be expressed as follows: 
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( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

, , , , ,

, , , , ,

, , , , ,

b p

b p

b p

x y t x y x y t

T x y t T x y T x y t

S x y t S x y S x y t

Ψ = Ψ + Ψ
= + 
= + 

 (33) 

The apparent viscosity, denoted as 𝜇௔, can be further decomposed as: 

 , ,a a b a pμ μ μ= +  (34) 

Here, ,a pμ  and 
1

,

n
b

a b y
μ

−
 ∂Ψ

=  ∂ 
represent the perturbation and basic apparent viscosity, respectively. 

The linearized form of the perturbed apparent viscosity is expressed as follows: 

 ( )
1

, 1
n

pb
a p n

y y
μ

− ∂Ψ ∂Ψ
= −  ∂ ∂ 

 (35) 

Upon substituting equations (32)-(35) into equations (9)-(11) and neglecting the second-order nonlinear terms, the 
resulting linearized stability equation is as follows: 

 ( ) ( )( ) ( )1 22 2 2( ) 1n n
b b b TnD D f n n D D Df R g Nhα − −− Ψ + − Ψ Ψ = − +  (36) 

 ( ) ( )2 2
T b bC D i DT f i D D g pgα α α− + + Ψ − = −  (37) 

 ( ) ( )1 2 1 2
S b bC D i DS f Le i D Le D h p hα α α ξ− −− + + Ψ − = −  (38) 

where: 

 0 0 0, , , dF f G g G h D
dy

ψ θ φ= = = =  (39) 

By employing the variational formulation through the Galerkin technique, the integrated linear equations are derived 
as follows: 
 { } { } { }( )TK f R B g N B hψ ψ ψ     = +       (40) 

 [ ]{ } [ ]{ } [ ]{ }B f K g p M gθ θ θ+ = −  (41) 

 { } { } { }B f K h P M hφ φ φε     + = −       (42) 

The constants [ ] [ ] [ ], , , , , , , ,  and K B C B K M B K Mψ ψ ψ θ θ θ φ φ φ                       can be determined through 
the computation of the following Galerkin integral 
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The perturbation boundary conditions are specified by: 

 10  at    and  
2 2
ADf f x y= = = ± = ±  (43) 

 0  at  
2
ADg Dh x= = = ±  (44) 

 
6. RESULTS AND DISCUSSION 

The results of this study focus on the effect of the power-law index, 𝑛, the Rayleigh number, 𝑅், the buoyancy ratio, 𝑁, and the Lewis number, 𝐿𝑒, on the bistability convective flows, heat and mass transfer behaviors, and on the thresholds of 
the onset of various convective bifurcations in a porous layer, as predicted by the analytical solution. The findings have been 
confirmed through numerical analysis of the complete governing equations. The primary revelation in this research involves 
identifying a convective bistability phenomenon occurs from the interactional effect between the slower diffusing component 
and the shear-thickening fluids (𝑛 > 1) properties. The study encompasses both numerical and analytical outcomes, which 
fall within the following typical ranges: 0.6 to 1.4 for '𝑛,' 1.0 to 20.0 for '𝐿𝑒,' and -0.2 to 0.2 for '𝑁.'  

Our research is primarily concerned with the onset of bifurcation. Consequently, we restrict our analysis to Rayleigh 
numbers 𝑅் of relatively modest magnitudes, specifically 𝑅் ≤ 100, in close proximity to the critical points. 
Furthermore, in order to establish the presence of bistability in convection across various aspect ratio and thermal and 
solutal boundary conditions, we systematically vary the parameter '𝐴' within the range of 6 to 10, while adopting Neumann 
boundary conditions. This approach serves to generalize the conditions under which bistability in convection phenomena 
can manifest. Our initial investigation focuses on a shallow enclosure, benefiting from the availability of an analytical 
solution to provide guidance in this context. 

Figures 3(a)-(d) show the horizontal velocity, 𝑈, apparent viscosity, 𝜇௔, temperature, 𝑇, and (d) concentration, 𝑆, 
profiles at the center of the layer (𝑥 = 0) for 𝑅் = 100, 𝐿𝑒 = 5, 𝑁 = −0.1, and various values of 𝑛. the results are 
presented for −0.5 ≤ 𝑦 ≤ 0.5. The analytical solution, represented by solid lines, aligns closely with the numerical 
results, denoted by solid circles, demonstrating a favorable agreement between the present analytical solution and the 
numerical solution. Figure 3(a) reveals a discernible decrease in velocity with increasing values of the power-law index, 𝑛, and highlights that the maximum velocity values occur at the boundaries. This behavior stems from the modeling of 
the porous medium in accordance with Darcy's law, permitting fluid slip at the solid boundary. 

 
Figure 3. Effect of the power-law index, 𝑛, on (a) the horizontal velocity, 𝑈, (b) apparent viscosity, 𝜇௔, (c) temperature, 𝑇, and 

(d) concentration, 𝑆 

µ𝒂 U 

T S 
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Notably, for a Newtonian fluid, the velocity distribution follows a linear pattern, in agreement with the findings of 
Amari et al. [29] and Vasseur et al. [56]. The depiction of apparent viscosity in Figure 3(b) elucidates a diminishing trend 
as the power-law index, 𝑛, decreases. This signifies a reduction in the significance of convective motion when the fluid 
exhibits shear-thickening behavior (𝑛 > 1). Conversely, contrasting effects are observed for shear-thinning fluids (𝑛 < 1), 
as evidenced in Figure 3(b). These observed phenomena align with the findings reported by Amari et al. [29], 
Dharmadhikari and Kale [57], as well as Chen and Chen [58, 59], and it’s clearly constant (𝜇௔ = 1) in the case of 
Newtonian fluid (𝑛 = 1). In Figures 3(c) and 3(d), it is observed that the temperature and concentration profiles exhibit 
an augmentation with increasing values of the power-law index, 𝑛. Additionally, all curves maintain a constant slope 
at 𝑦 = −0.5 and 𝑦 = 0.5, attributed to the imposition of a constant heat and mass flux on the horizontal walls. 

As an introductory exploration into the identification of 
bistability in convection, we present a graphical representation 
with an algorithmic scale in zoomed image Figure 4, illustrating 
the bistability bifurcation concerning flow intensity as a 
function of the Rayleigh number. The figure encompasses three 
distinct Rayleigh number thresholds, each bearing significance. 
Specifically, it is well-established that, in the context of a 
negative buoyancy ratio (𝑁 < 0), a threshold similar to that of 
subcritical flows emerges, denoted as 𝑅்஼௦௨௕. This threshold may 
manifest either below or above the supercritical threshold, 𝑅்஼௦௨௣. 
Furthermore, an additional threshold, referred to as 𝑅்஼௧௨௥, 
consistently surpassing 𝑅்஼௦௨௣, delineates a hypothetical 
backward bifurcation, symbolized by a dashed-dotted arrow. 
This backward bifurcation exhibits a transition from low to high 
finite amplitude convective states, forming an “S”-shaped 
bifurcation pattern. 

The phenomenon of bistability bifurcation, achieved 
through systematic variations in Rayleigh numbers in both 
ascending and descending sequences, engenders a hysteresis 

loop. Within this loop, high and low convective states persist concurrently under identical flow boundary conditions and 
governing parameters.  

In Figure 4, we depict three distinctive bistability regimes. The first of these regimes, referred to as the subcritical 
regime, manifests when the subcritical threshold  𝑅்஼௦௨௕ is significantly lower than the supercritical threshold 𝑅்஼௦௨௣ , 
specifically when, 𝑛, is less than 1.107. The second regime, known as the transcritical regime, materializes when 𝑅்஼௦௨௕ 
equal 𝑅்஼௦௨௣ , denoting a condition where, 𝑛, equals 1.107. The third regime, termed the supercritical regime, emerges 
when 𝑅்஼௦௨௕ considerably exceeds 𝑅்஼௦௨௣ , signifying, 𝑛, values greater than 1.107. Across all three of these regimes, the 
characteristic "S" shaped bistability bifurcation remains intact, resulting in the coexistence of two distinct and stable 
convective states. Notably, the bistability in convection ceases to exist when the lower and upper bifurcation points, 𝑅்஼௦௨௕ 
and 𝑅்஼௧௨௥ , converge (i.e., when 𝑛 equal 1.55), giving rise to a well-defined inflection convection state characterized by a 
sharp increase in heat and solute transfer rates. 

Table 4 provides a comprehensive presentation of the critical Rayleigh numbers denoting the onset of motion (𝑅்஼௦௨௕, 𝑅்஼௧௨௥ and 𝑅்஼௦௨௣) as a function of the power-law index, 𝑛. A discernible trend emerges from the table, underscoring the 
notable influence of the power-law index, particularly in the context of thickening fluids. It is remarkable that such an 
influence does not manifest in the case of shear-thinning fluids, highlighting a significant distinction in the behavior of 
bistability convection. 

In Figure 5, characteristic bifurcation diagrams are presented, illustrating the dependencies of Ψ଴, 𝑁𝑢, and 𝑆ℎ on 𝑅் and 𝑛 under the specified conditions of 𝐿𝑒 = 5 and 𝑁 = −0.1. The outcomes encompass a range of power-law index, spanning 
from 𝑛 = 0.6 to 1.4. The curves featured in the plots represent the predictions derived from the present analytical/numerical 
nonlinear models. The solid lines denote the stable branches, while the long-dashed lines signify unstable branches. 

Table 4. Dependence of 𝑅்஼௦௨௕, 𝑅்஼௧௨௥and 𝑅்஼௦௨௣on 𝑛 for 𝐿𝑒 = 7.0 and 𝑁 = −0.1. 𝑛 𝑅்஼௦௨௕ 𝑅்஼௧௨௥ 𝑅்஼௦௨௣ 

0.6 11.95 … 1314.69 
0.8 13.90 … 232.48 
1.0 15.17 40.00 40.00 
1.1 15.46 29.72 16.47 
1.2 15.50 23.77 6.75 
1.3 15.28 19.62 2.76 
1.4 14.80 16.59 1.12 

 

 
Figure 4. Bifurcation diagram in terms of Ψ଴ as the 

function of 𝑅் and 𝑛 
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Figure 5. Bifurcation diagram as a function of 𝑅் and 𝑛: (a) flow intensity 𝛹଴, (b) Nusselt number 𝑁𝑢, and (c) Sherwood 

number, 𝑆ℎ 

The numerical solutions derived from the full governing equations are represented by solid circles. Notably, Good 
agreement is observed between the results of these two nonlinear theories. The profile obtained for a Newtonian fluid 𝑛 = 1.0 corresponds to convection induced by the imposition of a constant heat and mass flux on the horizontal 
boundaries of the system. This configuration leads to the emergence of a saddle-node bifurcation at a subcritical Rayleigh 
number, denoted as 𝑅்஼௦௨௕=15.63. The determination of the subcritical Rayleigh number involved a numerical search within 
the analytical model, where the value of 𝑅் was identified such that the inverse of the derivative of 𝛹଴ with respect to 𝑅் 
equaled zero. With an increasing in the power-law index, denoted as 𝑛, the bifurcation behavior undergoes a notable 
transformation contingent upon the magnitude of power-law index. Across the range of cases spanning from 1 < 𝑛 < 1.3, 
the bifurcation curve exhibits the distinctive presence of two turning saddle-node points (𝑅்஼௦௨௕ and 𝑅்஼௧௨௥). These points 
connect the two stable branches, delineated by an intervening unstable branch represented by long-dashed lines. The 
upper stable branch, originating from 𝑅்஼௦௨௕, aligns with the conventional subcritical bifurcation observed earlier for 𝑛 = 1. 
Conversely, the lower stable branch, commencing at 𝑅்஼௦௨௣, corresponds to a supercritical bifurcation. However, it is noted 
that the latter exist within the interval of 𝑅்஼௦௨௣ ≤ 𝑅் ≤ 𝑅்஼௧௨௥. Under these circumstances, a bistability regime manifests 



214
EEJP. 1 (2024) Saleh Khir, et al.

itself between the two thresholds (𝑅்஼௦௨௕ ≤ 𝑅் ≤ 𝑅்஼௧௨௥). Beyond the supercritical Rayleigh number, 𝑅்஼௦௨௣, the outcomes 
derived from the numerical solution of the full governing equations suggest that, when initiating computations from the 
initial rest state conditions, the solution traces a hysteresis loop as illustrated by arrows in the zoom included in Figure 
5(a.2; b.2 and c.2). Corresponding heat and solute transfer rates are presented in Figures 5(b) and 5(c). Under the specified 
conditions of 𝑁 = −0.1 and 𝐿𝑒 = 5, the presence of bistability bifurcation is confirmed within the power-law index range 
of 1 < 𝑛 < 1.3. Notably, for 𝑛 ≤ 1, the observed bifurcation assumes a subcritical. 

 
Figure 6. Contours of streamlines, 𝛹଴, temperature, 𝑇, concentration, 𝑆, and apparent viscosity 𝜇௔. 

Within the zone of bistability, Figure 6 showcases the solutions at 𝑅் = 18, obtained through the numerical resolution 
of the comprehensive governing equations. These visual representations encompass streamlines, isotherms, isoconcentrates, 
and apparent viscosities, presented in a sequential order from top to bottom. The solution portrayed in Figure 6(b), attributed 
to the lower branch, originates from the initiation of numerical calculations using the initial rest state conditions. However, 
the solution related to the upper branch, Figure 6(a), is exclusively attained by following the delineated hysteresis path on 
the curve for 𝑛 = 1.1, with an increase in the power-law index, the region of bistability contracts, as evidenced by the 
outcomes derived for 𝑛 = 1.1, and diminishes entirely as the fluid became more and more shear-thickening, exemplified in 
instances with 𝑛 = 1.3. In such circumstances, a resultant pitchfork-type bifurcation emerges, characterized by the transition 
from the rest state to a convective regime, occurring at a supercritical Rayleigh number, 𝑅்஼௦௨௣. 

Table 5 gives the critical values of the Rayleigh numbers characterizing the onset of motion (𝑅்஼௦௨௣, 𝑅்஼௦௨௣, and 𝑅்஼௧௨௥) 
as a function of the power-law index, 𝑛. This table clearly indicates that bistability convection was significantly affected 
by the power-law index, 𝑛. 

Table 5. Dependence of 𝑅்஼௦௨௕, 𝑅்஼௧௨௥and 𝑅்஼௦௨௣on 𝑛 for 𝐿𝑒 = 5.0 and 𝑁 = −0.1. 𝑛 𝑅்஼௦௨௕ 𝑅்஼௧௨௥ 𝑅்஼௦௨௣ 
0.6 12.18 … 788.90 
0.8 14.24 … 139.50 
1.0 15.63 24.00 24.00 
1.1 15.96 19.33 9.88 
1.2 15.96 16.87 4.05 
1.3 15.63 15.63 1.98 
1.4 … … 0.67 

In Figure 7, a stability diagram is presented to illustrate the influence of the power-law index denoted as, 𝑛, and the 
buoyancy ratio, 𝑁, on critical Rayleigh numbers that govern the onset of subcritical 𝑅்஼௦௨௕ and supercritical 𝑅்஼௦௨௣ convection, 
as well as an additional critical point denoted as 𝑅்஼௧௨௥, which corresponds to a turning saddle-node point where a backward 
bifurcation occurs, resulting in a transition from lower to higher convective states. These findings are presented within the 
context of 𝐿𝑒 = 5.0. Upon initial examination, it becomes evident that 𝑅்஼௦௨௕, 𝑅்஼௦௨௣and 𝑅்஼௧௨௥exhibit significant decreases as 
the buoyancy ratio, 𝑁, increases. This decrease can be attributed to the collaborative influence of shear-thickening behavior 
and the slower diffusing solute, which collectively augment the subcritical convection phenomenon. 

𝛹 

𝜇௔ 

𝑆 

𝑇 

(a) (b) 
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When the buoyancy ratio 𝑁 approaches or exceeds 
approximately -0.02, a bistability convection regime 
becomes evident. This region is distinctly outlined as a 
triangular area, as depicted in the zoomed image in Figure 7 
for the case of 𝑁 = −0.14. Notably, it becomes evident that 
bistability convection exclusively occurs in the context of 
shear-thickening fluid (𝑛 > 1) and opposing flow 
conditions where (𝑁 <  0), This is the opposite of what 
reported by Rebhi et al. [26], where the bistability occurs in 
the context of shear-thinning fluid (𝑛 < 1) and aiding flow 
conditions where (𝑁 > 0). For a specific buoyancy ratio 
value of 𝑁 = −0.14, the graph clearly demonstrates that the 
subcritical regime, 𝑅்஼௦௨௕ is observed to be the lowest among 
the three critical values i.e., (𝑅்஼௦௨௕ < 𝑅்஼௦௨௣ < 𝑅்஼௧௨௥). a co-
dimension two point emerges within the transcritical regime 
where 𝑅்஼௦௨௣ = 𝑅்஼௦௨௕ = 17.26, for a power-law index, with 𝑛 =  1.107, indicated as point (B) in the zoomed image. 
This transcritical regime extends until 𝑛 =  1.52, where 𝑅்஼௦௨௣ =  𝑅்஼௧௨௥ = 16.89, indicated as point (C), and a point (A) demonstrates a weak dependence on the power-law index 𝑛 = 1 and 𝑅்஼௦௨௣ = 𝑅்஼௧௨௥ =  40. The boundaries of the bistability region are delineated by the triangle (ABC) as illustrated 

in the zoomed image. In summary, as the buoyancy ratio value with (𝑁 <  0) decreases, the value of the power-law index 𝑛 increases, the presence of bistability becomes increasingly evident, regardless of 𝑛 exceeding 1.0. However, it is 
noteworthy that the extent of the bistability region exhibits significant sensitivity to the buoyancy ratio, 𝑁, and the power-
law index, 𝑛, expanding as 𝑁, and 𝑛 decreases (refer to Figure 7 and Figure 5 for the range −0.04 ≤ 𝑁 ≤ −0.18, and 1 <𝑛 < 3). It is pertinent to observe that as shear-thickening behavior becomes more pronounced, it promotes Newtonian 
thermosolutal subcritical convection 𝑛 = 1, leading to a notable reduction in the threshold for subcritical convection. 

 
Figure 8. Bifurcation diagram as a function of 𝑅் and 𝑁: (a) flow intensity 𝛹଴, (b) Nusselt number 𝑁𝑢, and (c) Sherwood 

number 𝑆ℎ. 

 
Figure 7. Buoyancy ratio, 𝑁, and power-law index, 𝑛, effects 

on the critical Rayleigh numbers (𝑅்஼௦௨௕, 𝑅்஼௧௨௥, and 𝑅்஼௦௨௣) 
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A more comprehensive depiction of the impact of buoyancy ratio, 𝑁, and Rayleigh number, 𝑅், on 𝛹଴, 𝑁𝑢, and 𝑆ℎ 
is presented in Figure 8 for 𝐿𝑒 = 5 and 𝑛 = 1.2. The outcomes are derived for varying buoyancy ratio values from 0.2 to 
-0.2. As evident from Figures 8(a)–8(c), for a given Rayleigh number, both the intensity of convection, 𝛹଴, and the 
ensuing heat, 𝑁𝑢, and solute, 𝑆ℎ, transfer rates exhibit a decline as the buoyancy ratio, 𝑁, diminishes. The plot notably 
illustrates the influence of 𝑁 on the existence of various bifurcation curves, as elucidated in Figure 8. Consequently, a 
decrease in the buoyancy ratio, 𝑁, leads to the evolution of bifurcation curves from subcritical to supercritical behavior. 
Overall, the influence of 𝑁 on the onset of motion (𝑅்஼௦௨௣, 𝑅்஼௦௨௕, and 𝑅்஼௧௨௥) is elucidated in Figure 7. Under the specified 
conditions of a power-law index, 𝑛 = 1.2, and a Lewis number, 𝐿𝑒 = 5, the presence of bistability bifurcation is 
confirmed within the buoyancy ratio range of 𝑁 =-0.18 to -0.082, (i.e., under opposing flow conditions 𝑁 <  0), Notably, 
for 𝑁 = −0.2, the observed bifurcation assumes a subcritical. 

 
Figure 9. Contours of streamlines, 𝛹଴, temperature, 𝑇, concentration, 𝑆, and apparent viscosity 𝜇௔. 

In the region characterized by bistability, the solutions corresponding to 𝑅் = 22, derived from the numerical 
solution of the comprehensive governing equations, are depicted in Figure 9. These graphical representations sequentially 
present streamlines, isotherms, isoconcentrates, and apparent viscosities from top to bottom. The solution illustrated in 
Figure 9(b), representing the lower branch, is obtained by initializing the numerical computations with the rest state as 
the initial conditions. Conversely, the solution for the upper branch, as shown in Figure 9(a), is exclusively acquired by 
tracing the hysteresis path delineated on the curve for 𝑁 = −0.14. As the buoyancy ratio becomes large, the bistability 
region shrinks, as shown by the results obtained for 𝑁 = −0.14, and it completely disappears when the buoyancy ratio 
becomes very large, as displayed for thermal convection 𝑁 = 0 and for the aiding flow (𝑁 > 0). For this situation, the 
resulting pitchfork type bifurcation, characterized by a transition from the rest state to a convective regime, takes place at 
a supercritical Rayleigh number, 𝑅்஼௦௨௣ . 

Table 6 provides the critical Rayleigh numbers, delineating the onset of motion (𝑅்஼௦௨௣, 𝑅்஼௦௨௕, and 𝑅்஼௧௨௥), as functions 
of the buoyancy ratio, 𝑁. This table clearly indicates the impact of the buoyancy ratio, 𝑁, on bistability convection. 

Table 6. Dependence of 𝑅்஼௦௨௕, 𝑅்஼௧௨௥ and 𝑅்஼௦௨௣ on 𝑁 for 𝐿𝑒 = 5.0 and 𝑛 = 1.2. 𝑁 𝑅்஼௦௨௕ 𝑅்஼௧௨௥ 𝑅்஼௦௨௣ 

0.20 ... … 1.01 
0.00 ... … 2.02 
-0.082 15.04 15.04 3.43 
-0.10 15.96 19.33 9.88 
-0.14 17.61 25.51 6.75 
-0.16 18.35 36.14 10.13 
-0.18 19.05 66.49 20.27 
-0.20 19.73 … +∞ 

In Figure 10, a stability diagram is presented to illustrate the influence of the power-law index denoted as, 𝑛, and 
the Lewis number, 𝐿𝑒, on critical Rayleigh numbers discus in figure 7. These findings are presented within the context of 𝑁 = −0.1. Upon initial examination, it becomes evident that the bistability region presented in zoomed image Figure 

𝛹 

𝜇௔ 

𝑆 

𝑇 

(a) (b) 
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10.a decrease as the Lewis number, 𝐿𝑒, decrease until a value of 𝐿𝑒 = 2.4, where 𝑅்஼௦௨௕=𝑅்஼௦௨௣=𝑅்஼௧௨௥ and 𝑛 = 1, when the 
values of Le exceeds approximately 10 the bistability regime  disappear the invers of Rebhi et al [26]. For this interval of 
Lewis number, 𝐿𝑒, and with an increasing of 𝐿𝑒, the domain of 𝑛 expands and remains above1. 

  
Figure 10. Effect of Lewis number, 𝐿𝑒, and Power-law index, 𝑛, on the critical Rayleigh numbers (𝑅்஼௦௨௕, 𝑅்஼௧௨௥, and 𝑅்஼௦௨௣) 

  

 
Figure 11. Bifurcation diagram as a function of 𝑅் and 𝐿𝑒: (a) flow intensity 𝛹଴, (b) Nusselt number 𝑁𝑢, and (c) Sherwood 

number 𝑆ℎ 

An alternative perspective on the influence of the Lewis number, 𝐿𝑒, on 𝛹଴, 𝑁𝑢, and 𝑆ℎ, with fixed parameters 𝑛 = 1.1 and 𝑁 = −0.1, is delineated in Figure 11. Within the defined range of governing parameters, the analytical model 
predicts that the occurrence of bistability bifurcation is not exist when the Lewis number is below 3.4. As the Lewis 
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number progressively increases, the bistability region manifests and undergoes significant expansion, persisting within 
the range below 10, indicative of thermal diffusion dominant over mass diffusion. The graphical representation in 
Figure 11 provides insight into the notable impact of the magnitude of the Lewis number on the characteristic "S"-
bifurcation shape within the bistability region. Specifically, the "S"-bifurcation curve becomes increasingly conspicuous 
with higher Lewis numbers (i.e., 𝐿𝑒 = 7 and 9). At the subcritical bifurcation point, the flow exhibits finite amplitude, 
marking a discernible transition from a rest state to a convective state. This transition is characterized by a sudden and 
substantial augmentation in flow intensity, Nusselt, and Sherwood numbers. Such enhancements are attributed to a 
pronounced reduction in the apparent viscosity, as depicted in Figures 11(a)–11(c). 

Table 7 shows the impact of the Lewis number, 𝐿𝑒, on the critical Rayleigh numbers (𝑅்஼௦௨௕, 𝑅்஼௧௨௥, and 𝑅்஼௦௨௣) for 𝑛 = 1.1, and 𝑁 = −0.1. It was found that the bistability regime occurs when Lewis number, 𝐿𝑒, values are within the 
domain ]3.4;10[.  

Table 7. Dependence of 𝑅்஼௦௨௕, 𝑅்஼௧௨௥and 𝑅்஼௧௨௥on 𝐿𝑒 for 𝑛 = 1.1 and 𝑁 = −0.1. 

𝐿𝑒 𝑅்஼௦௨௕ 𝑅்஼௧௨௥ 𝑅்஼௦௨௣ 

1.0 … … 5.49 
3.4 16.07 16.07 7.51 
5.0 15.96 19.33 9.88 
7.0 15.46 29.72 16.47 
9.0 15.04 81.14 49.41 

10.0 14.87 … +∞ 
20.0 13.81 … +∞ 

 
7. CONCLUSIONS 

In this paper, the problem of thermosalutal convection of power-law fluid saturated porous media contained in a 
horizontal enclosure subject to vertical constant fluxes of heat and solute, has been investigated analytically and 
numerically. The effect of the thermal Rayleigh number 𝑅், the power-law index 𝑛, buoyancy ratio 𝑁, Lewis number 𝐿𝑒, 
and the aspect ratio of the cavity, 𝐴, on the onset of linear and nonlinear convective motion, as well as heat and mass 
transfer rates. for the case of a shallow enclosure 𝐴 ≫ 1, an analytical solution, based on the parallel flow approximation, 
has been formulated. The results show good agreement between the numerical and analytical solutions, and a strong 
influence of the governing parameters on the onset of convective motion and the resulting convective heat and mass 
transfer rates. 

In the first part, results are presented for the velocity, apparent viscosity, temperature and concentration fields, 
revealing a significant sensitivity to the power law-index n. It is shown that an increase in the power-law index (dilatant 
fluids) enhances the apparent viscosity while a decrease (pseudoplastic fluids) reduces it, and it’s constant for the case of 
Newtonian fluid (𝑛 = 1), it is observed that the temperature and concentration profiles exhibit an augmentation with 
increasing values of the power-law index, 𝑛. 

It was observed that the intensity of convection Ψ଴and the resulting heat 𝑁𝑢 and mass 𝑆ℎ transfer rates experienced 
enhancement with a decrease in the value of 𝑛, and 𝑁, while reduces it when 𝐿𝑒 decrease.  

The resulting nonlinear solution indicated that the threshold of finite amplitude motion occurred at a supercritical 
Rayleigh number (𝑅்஼௦௨௣), which considerably decreased upon increasing the power-law index 𝑛, and 𝑁, and 𝐿𝑒 decrease. 

Specifically, the manifestation of bistability convection phenomena, denoted by the coexistence of two distinct 
stable solutions under identical flow and boundary conditions, is contingent upon specific values of 𝑛, 𝑁, and 𝐿𝑒. 
Notably, this phenomenon is associated with the characteristics of a dilatant fluid (𝑛 > 1) and opposing buoyancy 
forces (𝑁 < 0). The bistability bifurcation was observed to traverse three saddle-node points, corresponding to the 
thresholds 𝑅்஼௦௨௕, 𝑅்஼௦௨௣, and 𝑅்஼௧௨௥. This bifurcation exhibited three branches, resulting in an "S" shape curve. The first 
branch bifurcated forward from 𝑅்஼௦௨௣to 𝑅்஼௧௨௥, the second bifurcated backward from 𝑅்஼௧௨௥to 𝑅்஼௦௨௕but was deemed 
unstable, and a third stable branch bifurcated forward from 𝑅்஼௦௨௕. Furthermore, it was demonstrated that this bistability 
phenomenon could manifest irrespective of the aspect ratio of the enclosure and the types of thermal and solutal 
boundary conditions. 

In the case of opposing convective flows, there was a collaborative influence of both shear-thinning and slow-
diffusing solute effects, resulting in the augmentation of subcritical convective flows. Conversely, for aiding convective 
flows, a cooperative impact of shear-thickening and slow-diffusing solute effects was observed, leading to the 
enhancement of supercritical convective flows. 

The occurrence of bistability convection was attributed to the cooperative counteracting influences within the fluid 
system. Specifically, the dilatant fluid. Simultaneously, the slower diffusing component in the binary mixture tended to 
maintain uniformity within the core region of the system while establishing a pronounced solute gradient near the walls. 
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У цій статті представлено чисельне дослідження лінійної та нелінійної стійкості терморозчинної конвекції в пористому 
середовищі, насиченому неньютонівською бінарною рідиною. Для моделювання поведінки робочого середовища 
використовується степенева модель. Наведене твердження має на увазі, що горизонтальні межі відчувають теплові потоки та 
швидкості розчину, тоді як вертикальні стінки є непроникними та термічно ізольованими. Відповідними факторами, які 
керують проблемою, що досліджується, є число Релея, RT, індекс степеневого закону, n, співвідношення розмірів порожнини, 
A, число Льюїса, Le, і коефіцієнт плавучості, N. Аналітичне рішення отримано для неглибокі камери (A >> 1) з використанням 
наближення паралельного потоку та модифікованої форми рівняння Дарсі. Розв’язавши всю систему керівних рівнянь, було 
проведено чисельне дослідження самого явища. Одним із найбільш цікавих результатів цього дослідження є те, що воно 
ідентифікує явище бістабільності, яке означає існування двох стабільних розчинів. Результати, отримані за допомогою обох 
методів, демонструють хороший рівень узгодженості в різноманітному діапазоні цих керівних параметрів. 
Ключові слова: бістабільність; терморозчинна конвекція; степенева рідина; пористий шар; неньютонівська подвійна 
рідина 




