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Klein-Gordon and Dirac equations are generalized to eliminate divergences in the integrals for Green functions of these equations.
The generalized equations are presented as products of the operators for the Klein-Gordon equation with different masses and
similarly for the operators of the Dirac equation. The homogeneous solutions of derived equations are sums of fields, corresponding
to particles with the same values of the spin, the electric charge, the parities, but with different masses. Such particles are grouped
into the kinds (families, dynasties) with members which are the particle generations. The Green functions of derived equations can be
presented as sums of the products of Green functions for the Klein-Gordon equation (the Dirac equation) and the definite
coefficients. The sums of these coefficients equal zero. The sums of the products of these coefficients and the particle masses to some
powers equal zero too, i.e. for these coefficients some relations exist. In consequence of these relations the singularities in Green
functions can be eliminated. It is shown that causal Green functions of derived equations can be finite in all the space-time. This is

possible if minimal quantities of the generations AV, , and N I for the bosons and the fermions equal 3 and 6, respectively. An

absence of singularities in the Green functions on light cone is related to an attenuation of particle interactions on short distances. It is
shown explicitly for the generalization of the Yukawa potential.

KEY WORDS: convergence of integrals, differential equations, elimination of singularities, attenuation of interactions on short
distances

YCYHEHHSI CHHI'YJIAPHOCTEM B IPUUMHHUX ®YHKIIAX I'PIHA Y3ATAJIbHEHUX PIBHSIHb
KJIEMHA-TOPJIOHA I JIPAKA HA CBITJIOBOMY KOHYCI
1O.B. Kyaim
Yxpainucokuii 0epoicasnuil ynisepcumem 3anizHuyHo20 mpaHchopmy
M. Qetiepoaxa 7, Xapxis, 61000, Yrpaina
3 MeTol yCyHeHHs po30OibkHOcTeidl B iHTerpamax st ¢yHkuii I'pina y3araneHeno piBHsHHA Kieitna-I'opmona Tta Jipaka.
V3aranbHeHi piBHSIHHS OPEICTaBISIOTE CO00K0 10OYTKHU onepaTopiB piBHsHHs Kielina-I'opJjoHa 3 pisHUMH MacaMy i aHAJIOTTYHO IS
piBasiHHs [ipaka. OmHOpiAHI PO3B’SI3KM OJEPKAHUX PIBHSHb NPEICTABISIOTH COOOK0 CyMH IOJIB, BIANOBIAHMX YacTHHKAM 3
OJHAKOBUMH 3HAYECHHAMH CIIiHY, €JIEKTPUYHOTO 3apsdy, MapHOCTEH, ane 3 pi3HUMH MacaMH. Taki YaCTHHKH IPYMYIOTHCS B POIH
(ciM’1, quHAcTii) a ixHi wieHd € nokomiHHA. PyHkuii ['piHa ofgep)kaHUX PIBHSHD MPEACTABIAIOTE CO00I0 CyMH TOOYTKIB (YHKIIii
I'pina piBasHHs Kieitna-I'opnona (piBasHHS [lipaka) i BuzHaueHHX KoedimieHTiB. CyMH IHUX KOEQili€HTIB NOPIBHIOIOTH HYIIO.
Cymu no0yTKiB mux Koe(illieHTiB Ha MacH YaCTHHOK y JESIKHX CTEICHSAX TEX IOPIBHIOIOTH HYJIO, TOOTO IUIS IUX KOe]ilieHTiB
ICHYIOTh JIesIKi CIIiBBiIHOIICHHS. BHACTIZOK IUX CIHIBBIIHOIICHb CTA€ MOMJIMBMM YCYHEHHs CHUHTYJsIpHOCTeH y ¢yHkuisx ['pina.
INoka3zano, mo npuyuHHi QyHKUil ['piHa oJep)KaHUX PIiBHSIHB MOXYTh OyTH CKIHYEHHMH y BCbOMY mpocropi-uaci. Lle moxuse,

SIKIO MiHIMAQJIbHI KIJIBKOCTI IOKOJIHB I OO30HIB Nb Ta (epMioHiB Nf JOpiBHIOIOTH 3 Ta 6, BimmoBigHO. BiacyTHicTh

cuHTyJsipHOCTel ¥ (yHKIisX ['piHa Ha CBITIIOBOMY KOHYCi MOB’s3aHa i3 MOCIa0IeHHsM B3a€EMOMIN YaCTHMHOK HA MAJIMX BiJCTaHSIX.
Ile nmoka3aHo sIBHO Ui y3arajbHeHHs noTeHuianry FOkasu.

KJIFOYOBI CJIOBA: 30ikHICTh iHTErpaniB, TudepeHianbHi piBHSIHHS, YCYHEHHS CHHTYJISIPHOCTEH, TOCIA0JIeHHS B3aEMOiil Ha
MaJuX BiZICTaHAX

VYCTPAHEHHME CUHTYJIAPHOCTEM B TPHUNHHBIX ®YHKIIUAX TPHHA OBOBIIEHHBIX YPABHEHUI
KJEWHA-TOPJIOHA Y TUPAKA HA CBETOBOM KOHYCE
10.B. Kysnm
Yxpaunckuii 2ocyoapcmeennviii yHusepcumem dHcene3noo0opoAiCHO20 MpaHcnopma
na. Detiepbaxa 7, Xapvkos, 61000, Yrpauna
C wmenplo ycTpaHEHHUS pacxoJuMocTeil B MHTerpaiax ains QyHkumit ['puHa o6obmiensl ypaBHenus Kneiina-I'opmona m Jupaka.
O06001IeHHBIE ypaBHEHHS HPEACTABIAIOT cO00il Mpou3BeaeHUsl omepaTtopoB ypaBHeHHs KieitHa-I'opmoHa ¢ pasHBIMH MaccaMH U
AHAJIOTHYHO JuIs ypaBHeHHUs Jlupaka. OJHOpPOAHBIE pEUICHHsS NOTYYSHHBIX YPABHEHUH INPEACTABIAIOT COOOH CyMMBI IOJEH,
COOTBETCTBYIONIMX YacCTHIAM C OJHHMH W TE€MH K€ 3HAUCHUSIMH CIHMHA, JJIEKTPHYECKOTO 3apsia, YeTHOCTeH, HO C pa3HBIMHU
Maccamu. Takue 4acTHIBI TPYHIUPYIOTCS B poAa (CEMbH, MWHACTHM) a WX WICHBI SBISIOTCS HoKoneHusmH. Dynkmum ['puna
MOJTyYeHHBIX YPaBHEHHI NpeacTaBIsIoT co0oit mponssenenus ¢pynkimii ['puna ypasnenus Kneitna-I'opnona (ypaBaenus upaka) u
ornpeneneHHbIX Ko duimentoB. CyMMBI 3THX K03()(GHIUEHTOB paBHBI Hyar0. CyMMBI NPOW3BEJECHUH 3THUX KO3()(PHIMEHTOB Ha
MacChl YacTHI[ B HEKOTOPBIX CTENEHSX TaKKe PaBHBI HYJIIO, TO €CTh JUI1 3THX KO3((UIHEHTOB CYIIECTBYIOT HEKOTOpBIE
COOTHOILCHHsA. BciencTBHE 3THUX COOTHOIICHMH CTAHOBUTCS BO3MOXHBIM YCTPaHEHHE CHHrYJspHOcTeill B (yHkuusax ['puna.
IlokazaHo, 4To mMpuYMHHBIE QYHKLIUM ['prHA NMOIYyYeHHBIX ypaBHEHUII MOTYT OBITh KOHEYHBIMH BO BCEM IPOCTPAHCTBE-BPEMEHU.
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3TO BO3MOXHO, €ClIM MUHUMAJIbHbIE KOIUYECTBA MOKOJCHUH 11 6030HOB Nb 1 (epMHOHOB Nf- paBHbI 3 U 6, COOTBETCTBEHHO.

OrcyTCTBHE CHHTYJISIDHOCTEH B (DyHKIMAX ['pHHA HA CBETOBOM KOHYCE CBSI3aHO C OciablIieHHeM B3aMMOJCHCTBHI YacTHIl HAa MaJIbIX
paccTosHUsIX. DTO MOKa3aHO SBHO It 0000meHns noTeHuana KOkaBeI.

KJIFOYEBBIE CJIOBA: cxomuMocTs MHTETpaioB, auddepeHnnaipHble YpaBHEHHS, YCTPaHEHHE CHHTYISIPHOCTEH, ociabieHne
B3aMMO/ICHCTBHII HA MaJIBIX PACCTOSHHAX

Some physical values are expressed in terms of series or improper integrals. Magnitudes of these series and
integrals must not depend on methods used for calculations. It means that series and integrals must be convergent. The
convergence of series and improper integrals in theoretical approaches is one from necessary condition of a validity of
these approaches. An existence of divergent series or integrals corresponds to wrong approaches. It may mean that such
approach must be changed by new approach without divergent series or integrals.

As first example we can remember the problem of the absolutely black body radiation with the divergent integral
in classical physics. This problem has been solved by Planck. He proposed the hypothesis on quanta. From this
hypothesis the quantum physics was began.

The second interesting example is related to the Adler — Bell — Jackiw axial anomaly in the electroweak theory.
The study of the axial Adler — Bell — Jackiw anomaly shows that a contribution of one 1/ 2 - spin particle (a quark or a
lepton) leads to the linear divergence [1]. But taking into account of some sets of the leptons and the quark such as
ev,,u, d (first generation of the particles) or L, V P C, S (second generation) or 7,V , t, b (third

generation) allow to eliminate this divergence. Thus, the convergence of the axial anomaly leads the relation between
the quarks and the leptons.
In relation with this the next questions arise:

1. Which divergent improper integrals are in the field theory?

2. Why do the particle generations exist?

3. How many of the particle generations must exist?

In relation with these questions the divergent integrals for the Green functions of the Klein-Gordon and Dirac
equations are studied in Refs. [2, 3]. To avoid these divergences the generalizations of the Klein-Gordon and the Dirac
equations are proposed in Refs. [2, 3].

PARADOX OF GREEN FUNCTIONS
It is well known that in the static case the exchange by the massless particle gives the Coulomb (Newton)
potential

V(r,O):L, (1)

Ay

where 7 is the distance between the point charge and the point of observation.
The exchange by the particle of the 771 mass gives the Yukawa potential

1 e™
V(r,m):4——. @)
T r
These potentials are the Green functions
%
1 e N

V(r,m)zG()?,m)z dq, A3)

3 -2
(27) "¢ +m’
where 7 = ‘55 ‘ . Note that we can put M = 0 in Egs. (2), (3) for the Coulomb potential. In the relativistic case the

exchange by the boson of the 777 mass can be expressed with means of the Green function for the Klein-Gordon-Fock
equation

1 j ed'q
(27)’

For the 1/2 - spin particle the Green function of the Dirac equation has a form

D(x,m)= )

—q*+m’
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(& + m)e”’"d“q

1
S (x, m) = Z j (5)
(27)

Usually the expressions (1) and (2) are derived from (3) by the calculations of the integrals in the spherical frame.
Note that the integral in (3) is the infinite threefold integral. As it is known the improper (in particular infinite) integral
converges in that case only if the calculations of it give the same finite result by any possible methods. The
convergences of improper one-fold and multiple integrals have some distinctions. In particular, the conditional
convergence does not exist for multiple improper integrals. In Refs [4, 5] it is proved that the double improper integral
converges only if it converges absolutely (i.e., the improper double integral with the module of the integrand
converges). This is valid for any multiple improper integrals also [5]. Thus for the multiple improper integrals the
convergence and the absolute convergence are equivalent [5]. Therefore, multiple improper integral converges then and
only then when this integral converges absolutely. Thus the integral in (3) converges only in case of the convergence of
the integral

—q" +m’

L[t ©

3 .
(27) "¢ +m’
But this integral diverges. Therefore the integral in (3) diverges. To see this we shall integrate (3) in the cylindrical

-~ . | R
frame. We take X = (0, O,I”). Then gX = g,7 and d3q = Ed ‘qL‘ d¢dq3 . We shall integrate in the next

order: with respect to the (0 angle, 67 1 |» g5, respectively. Thus we derive
# 1% o T dg
G(x,m) = = e’%’quJ‘—ﬂz L =
J 2 2
7 —00 0 qj_ + q3 +m
+00 r
1 iqyr - ~2 2 2 2 2\ | _
=— | e*dq,| imIn(qg, +q;" +m" |-In|gy +m” ) |= ()
Y Kass
1 - 1 e™
=—o0(r) lim Inlg |- limIng,sing,r + —-——
— 1 3 3 :
2 ( )qL—m 277 7 4> A 1

We see that this integral diverges as the first term is indefinite and the limit in the second term does not exist, but these

divergent terms do not depend on the particle mass 1.

Thus we derive the paradox (paradox of the Green functions.) Similarly the divergences of integrals (4) and (5)
can be shown [3].

From the mathematical point of view the use of the Green functions (1)-(5) is incorrect, but these Green functions
(calculated by some fashion) give fairly good description of different experimental data.

We may assume that the solution of the Green function paradox is possible by two ways: 1) We can conclude that
existing theory is wrong and we must find new theoretical approach based on new mathematical methods; 2) we can try
to modify existing theory.

Generalizations of Klein—Gordon and Dirac equations
In Refs. [2, 3] the second way was investigated by means of proper modification of the Green functions and
corresponding generalization of the Klein-Gordon and Dirac equations. It was proposed:
The generalizations of the Klein-Gordon and Dirac equations must have some simple form;
The existing expressions (such as (1), (2)) can be derived from new generalized Green functions as some
approximation.
To obtain convergent threefold integral instead of (3) the next integral was considered:

eizjfd3q
27y J(é2 +m )G +m3) (G +my)

V(F) ®)

Instead of (4) the integral (the Green function)
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_ 1 e—iqxd4q _ 1 qud4
G(X) - (272')4 J‘(_qz + mf)(—cf N mzz)““(_qz N m}zv) (272_)4 _[ PN(Q ) ,(9)

where PN (qz) is the polynomial of the /N degree with respect to q2 ,was proposed. The Green function (9)

corresponds to generalized non-homogeneous Klein-Gordon equation of the 2N degree
2 2 2
(|:|+m1 )(D+m2) ........ (D+mN)CD(x):77(x), (10)

where @ (x ) is the field and 77 (x ) is the current (the field source). We consider the case of the polynomial with
real non-negative different roots 71, <m, <my; <....<m, . Note that for the advanced, retarded and causal
Green functions we must write the corresponding imaginary infinitesimal term to each m,? .

The general classical solution M ol (x ) of the linear equation (10) is the sum of the general solution of the
of non-homogeneous equation.

corresponding homogeneous equation () (x ) and partial solution () (x )

free nh

x)free :jd4qZN:5(‘12 ‘mff)["k "t tGe ] (1)
k=1

D(x), :Jé(x—y)U(J’)d4y» (12)

where C, and 5k are the arbitrary constants. Thus () (x ) is the sum of the terms corresponding to particles with

free

the same charge, parity, spin but with different masses. Each term in (11) corresponding to number K is the solution of

the homogeneous Klein — Gordon equation as (EH-mz )(Ck Y+ Ck a ) 5(q2 - m,f ) =0. InRef. [3]itis

shown that the case of equal masses in Eq. (10) must be excluded. It was shown that the functions D (x) free are non-
normalizable if at least two masses are equal. Thus the masses in the generalized Klein Gordon equation must be
different. For the rational fraction in (9) the expansion can be written [2, 3]

1 1 ﬁ:
PN(qz) (—q2+m12)(—q2+m§)...(—q2+mfv) = -4 +mk

i 5 5 (13)
. —q +m k+l
A=————= lim LTk g = (1) |4,
k Pr 2 2 5,2 P 2 k k
N\ ) 47 Py\g
The Ak coefficients obey the relations:
N
D Am =0, [=0,1,2,..,N -2 (14)
k=
ZA mZN 2 — (_1)N+1’ (15)
Using the equality (13) we can express the Green functlon (9) of Eq. (10) in terms of the Green functions (4)
N
=> 4.D(x,m,). (16)
k=1

As the dimension of the time-space is equal to four the integral (9) can be convergent at N > 3. Consequently

for each spinless particle two (or greater) particles with the same charges, isospin, C-and P parity, but different
masses, must exist in addition. We may say that such particles are members of some set (a family or a kind or a

dynasty). In Egs. (11), (13) k is the number of the particle generation. We may assume that the quantity of members in
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kinds for the elementary particle is less than the quantity of member in kinds for the composite particle. Each particle
belongs to some kind and some generation.

For the 1/2 - spin particles the next generalization of the non-homogeneous Dirac equation is proposed in
Refs. [2, 3]

(—ié+ml)(—i5+m2) ..... (—ié+mN)‘P(x)=;((x). (17)

The classical solution of the homogeneous equation (17) is given by analogy with (11)
N
a _ 4 2 2 a —igx ~ Lo igx
¥ (x)free - ZZId p5(q —m )[Ck“ ks (q)e + GV (q)e ], (18)
s k=l

where & is the bispinor index, § corresponds to spin projection, U “ k.s (C]) and V* k.s (q) are the bispinors, C X

and C & are arbitrary constants. The Green functions (which are 4 x 4 -matrixes) for this equation may be written as

- . (Z]+ml)(&+m2)....((§+mN)) 4
S(x): 4_[ 2 2 2 2 2 2 dq. (19)
(27) (—q +m; )(—q +m2)...(—q +mN)
For the integrand in (19) the equation may be written
R ((?)= (é+m1) . (é+m2) (é+mN) _
N (—q2+m12) (—q2+m§) (—q2+m,zv)
B 1 I 0
(_qA‘l'ml)( é+m2)"'(_é+mN) QN(qA)
N A A
q-+m, 1 . —q+m,
=Np-1" "k p-——— ~  _—lim21-"k B>l
N TR R NI R
The relations similar to (14), (15) are valid for the B i coefficients:
N
> Bm, =0,1=0,1,2,....N -2, @1)
ﬁ;l
> Bm! " =(-D)"". (22)
The Green functions (19) are given b}lj:l
— N N ~
S(x)=Y BS(xm ) =Y B (i0+m )D(x,m,). 23)
k=1 k=1

The integral (19) can be convergent at N =5 only. Thus for each the spin - 1/ 2 particle four (or greater)

particles with the same charges, P - parity, but with different masses, must exist in addition.

Elimination of singularities in Green functions on light cone
1. Consider the generalization of the Yukawa potential

(5= XA (R ) =24

Note that the result (24) can be derived by two methods: a) with an use of the theorem on residues; b) with an use
of the expansion of fraction (13), the formula (7), and the relation (14) at / =0 (because first and second terms in the
final expression (7) do not depend on the 71 mass).

mr

24

Each term of the sum in (24) has singularity at 7 = M =0 (i.e. on the light cone, x> =0—7° =0). Using the
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2.2 3.3
. —mr mkr mkr . .
expansion € =1- m.r+ ) — + ... atsmall 7 and relations (14) for [ =0 and 1, we derive
_ 1 & mr’
V(x) =——> A | m, +— (25)
L/

The continuous V (x ) is given by

s 1 N
o _EzAkmk’ r=0
V(x) = = : (26)
cont 1 N e_m/c"
— > A4, , r+0
4r = r

This V' (x ) has no any singularities, as contrast with the Coulomb and Yukawa potentials. From (25) we see that
cont

on short distances the potential must have the form of harmonic oscillator. The oscillatory potentials are widely used in
the nuclear physics and in the quark models [6, 7]. But in these cases the parameters of the oscillatory potentials are
determined from the experimental data. The interaction force at small 7 is given by

—_—

F(;c)z—gmd?(;c)zéi/lkm,f, @7)
k=1

and it has no any singularities. It is interesting to note, that F’ (0) = (. Therefore, we may assume that all the
interactions must be relaxed at short distances. It is similar to asymptotic freedom.
Note that if to use for V(I’ N ) the result (7) derived in the cylindrical frame instead (2) then the contributions

of the diverging terms vanish, as consequence of the relation (14) at [ = 0. Thus we derive (22), (23) for V' (I’, m, )

(2) and (7). This confirms the convergence of the G (x ) -function.

Compare the r-dependences of the potentials (1) and (24) for N, = 3. Consider the functions
Oy (r)=4xV(r,0)=1/r and @(r) = 472'5(;6) / A,.Forthe f(r)=re(r) itis easy to see that f(r) —>1 at
r —>o0. We have gotm, =0, 0 <m, <m,. The A, coefficients in (13) are given by

1 1 1
A=—g—g A= 4= : (8)
2 20 2, 2 2708 2, 2 2
ma2 m m,” (m;" —m,”") my*(my" —m,”)
According to (28) for ¢(7) at small 7 it may be written
22 2
m,"m 1 r
o(r) =—— -— (29)
m, +m,\ mym; 6
We see that
m,m
9(0) =g, =——->0. (30)
m, +m,
The f'(r) derivative is positive for 7 €[0,0), as
m m —myr —nr
f'(r) :%(W%e Y —me ™).
3 M,

Therefore, the f'(7)-function increases from 0 to 1 and the ¢(7) function is positive for 7 €[0,00). Thus, @(7)
function is a ratio of two increasing functions. The @(7) function can have got monotonic decrease. But a possibility

of an existence of extrema for the @(7) function at 7 € (0,0) cannot be excluded. Indeed, the extremum points are
the solutions of the equation
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m m - r —msr 1 - r —msr
f'(nr=f(r)=—F>"5(me "™ —me ™" )r - 1+ﬁ(—m32e "t m, e ™ )} =0. (31)
3 — M, my, —m,

As this equation cannot be solved analytically, an existence of extrema for the ¢(7) function cannot be proved at
arbitrary masses 711,,M,. We consider also the functions F'(7) =—¢'(#) which are proportional to the forces. In
Figure the ¢(7) potentials and the F'(#) forces for monotonic decrease @(7) (A) and ¢(r) with extrema (B) are
presented. Inflection points of graph for the ¢(7) potentials can be points of extrema for the F'(7) forces. In the case
of the monotonic decreasing ¢@(7) (without of extrema) the F'(7) forces has got one extremum and does not change

the sign at 7 € (0,00) . But in the case of the @(7) -potential with extrema the corresponding F'(7) force has got a
few extrema and changes the sign.

e

r.l{rf

Foit | 1/p JOEY

0 i r 0 r \ly rs i r

A B
Figure. The ¥ — dependences of the (0(7") potentials and corresponding the F’ (}’) forces for (0(7’) : without extrema (A) and for

'

v

(D(I’) with extrema (B). The QJ(}’) potentials and the corresponding £ (r) forces are compared with the Newton-Coulomb
potential @y (l") =1/7 and the F, NC (l’) =1/ r force. The points #,,7,,7; are the inflection points of the graph for (D(I")
potentials.

It may be assumed that the potential (24) at m, = 0 is a potential of a classic electric field induced by a g -charge.

Then the energy of such electric field is finite in contrast with an infinite energy for the Coulomb potential. Indeed the
energy of charge for the Coulomb potential is given by an integral
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1 (20, > Tdr
W=—J.E2(x)d3x=% — > (32)
kY2 2re, 1
where E (ry=— 4 q 3 7 is the strength of the electric field. As this integral diverges at 7 = ( the energy of the field
TE

is infinite. For the potential (24) the strength of the electric field is proportional to the F'(7) -force, which is continuous

for 7 €[0,0) . For the F'(7) energy of electric field equals
2 42 ®
W= &;'ZJ. rrF(r)’dr (33)
2r7ey
The integral (33) converges at ¥ —> 0 and at 7 —> o0 . Therefore the energy of electric field determined by the
potential (24) is finite.

2. Since the generalized Klein-Gordon equation (10) has degree greater than four their Green functions and their
first partial derivatives can be continuous function of the time - and spatial variables, i.e. these Green functions cannot
have any singularities (more precisely these Green functions can have the removable discontinuity). Note that the Green
functions of the Klein-Gordon equation have singularities on the light cone, such as

(5(x2),1/x2,()(x2),lnkx2
of the Eq. (10). Using the Eq. (16) and the expression for the causal Green function of the Klein-Gordon equation from
the Ref. [8] we can write

[8, 9]. Consider the elimination of the singularities in the causal Green function

5()5) mle(Zk)
4 >z,

G, (x) = ZAD(xmk) ZA
Zk=mk\/—x2+i$,

where K,(z,) is the Macdonald function [10, 11]. To derive a behaviour of the (_;C (x) -function at low Xx” we exploit

1. (34

the expansion of the K (z, ) -function [10]. It allows derive:
2
G.(x) = —8—{A ln2+%[—%Am4 In(M> ‘xz‘ /4)= Aln,+ Am,(—iz@(x>) -y +%)] +
T

4
IXE% Amg In(M[x|/ 4)+ Aln g+ Am (im0(x*) + }/—é) +(35)

ST Amgln(Mz\ *|14) = Alng+ Amy(—in0(x") - }/+—)]}+O(x)+0(x InM?|x?)).

where ¥ = 0.5772157 is the Euler-Mascheront constant, M is an arbitrary mass (e.g., M =m, or M =m,;). In
the Eq. (35) products of the Ak -coefficients (13) and the 71, -masses are denoted as:

N, N,
m
my =Y Am/ Aln, =Y Am' In(-L5) (36)
k=1 k=1 M
According to (14), (15) the numbers in (36) equal: Am,=Am,=0,Am,=1 for N, =3 and
Amy = Am, = Am, =0, Am; = —1 for N, =4. From the Eq. (35) it can be seen that the Green function of the
Eq. (10) does not exist on the light cone (i.e. at Xt = 0). It is induced by terms including the x*InM? ‘xz‘ -
x*InM? ‘xz‘ - x®In M? ‘xz‘ - functions. But the left and right limits of these functions exist and equal zero in the

x* =0 -point. Thus, the (_;C (x) -function has got the removable discontinuity in the x° =0 -point. Therefore, the

continuous causal Green functions of the generalized Klein-Gordon equation (10) can be introduced at N, > 3

Similarly continuous advanced G(x )a " and the retarded G(x )ret Green functions of the equation (10) can be
introduced.

The expression (35) for the C_;c (x) -function includes the Am4x2 In M? ‘xz‘ term. At N, = 3 the limits of the
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partial derivatives for this term with respect to X P tend to infinity when x> —>0. Therefore, the partial derivatives of

the Green functions of the generalized Klein-Gordon equation (10) cannot be continuous functions on the light cone at
N, = 3. As at N, >4 the Am,-coefficient vanishes. Therefore, at /N, >4 the partial derivatives of the Green

functions for the generalized Klein-Gordon equation (10) can be determined as continuous functions in all the space-
time.

Note that the —q2 +mk2-factors in Eqs (4), (5), (9), (13), (16), (19), (20), (23) must be changed by the

—q° + mk2 —ig-, —q° + mk2 +2igq, -, and —q° + mk2 —2igq, - factors for the causal, advanced, and retarded
Green functions, respectively.
3. Consider the behavior of the causal Green functions for the generalized Dirac equation (17) near the x*=0-

point. In analogy with (36) we denote the sums including the B, -coefficients as
Ny Ny

Bm, =Y Bm/,Bln, = Bm, ln(%) . (37)
k=1 k=1

According to (21), (22) the numbers in (37) equal: Bm, = Bm, = Bm, = Bm, =0,Bm, =1 for N, =5 and
Bm, = Bm, = Bm, = Bm; = Bm, =0,Bm; =—1 for N =6 .The causal Green functions Ec(x) for the
generalized Dirac equation (17) can be derived from Eq. (23) and Eq. (35) with substitutions Bm,, B lnz instead of
Am;, Aln, Then from (35) we can see that the §C (x) Green function includes partial derivatives of the
Bm4x2 InM? ‘xz‘ with respect to x,. At N, =5 these partial derivatives have got infinite limits in the x*=0-
point. At N r > 6 this dangerous term disappear in the partial derivatives for the S (x)c Green function. Therefore,
the degree in the generalized Dirac equation (17) must be N / >6.
Near the x* = 0 -point at N ;26 the causal Green functions EC (x)is given by

I
2
T

_ X x> %
S () === BIngt Bing+ [ B, —6Bmy)In(M* ||/ 4)+

+iX(BIn + Bm, (inf(x*) +y —%) —6BIn,+6Bm, (—ird(x*)—y + %] +
(38)

x (=L B, In(m x|/ 4)-

5
+BlIn.+ Bm, (inO(x*) + v — )]+
7 L(@mO(x") +y 3)] 16 2

—Bln,+ Bm, (—inf(x*) - 7+%)] b+ 0"+ 0" M [x°)).

From (38) it is seen that all elements of the §C(x)' matrix can be determined as the continuous functions of
coordinates in all the space-time. The elements of the §c (x) -matrix redefined similarly to V' (x) (26) exist in
cont

arbitrary point of the space-time. It means also that requirement of the continuity of the elements of the §L (x) -matrix
allow to determine degree of the generalized Dirac equation (17), N, 2 6. The continuity of the §L(x) matrix
elements can be considered as a proof of a convergence of the integrals (19) for N r >6.

Solution of Green function paradox
Consider the topic about the reproduction of the results derived early (such as (1) and (2)) in our approach. It is

easy to see from (24) that at relatively large 7 in the sum the term including 777, is important only, i.e. at relatively

large 7 G (55) approximately is equal to the Yukawa potential with the #, mass. Simultaneously large 7
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corresponds to small components of the g - momentum. Assume that 777 / m, << I for k = 2,3,..., N . Then we

can rewrite approximately the equations (10) and (17) in forms

(|:|+m12)m22...m]2vCD(x) = n(x)

(—ié +m, )mz...mN‘P(x) = ;((x)

These equations practically coincide with the non-homogeneous Klein-Gordon and Dirac equations for the particles

(39

with the m, mass.

We can reduce the equations (10) and (17) at large distances (i.e. in low — energy approximation) to the non-
homogeneous Klein —Gordon and Dirac equations, respectively, by means of the redefinitions of the interaction
currents. We have seen from (7) that the calculations of the Coulomb and Yukawa potentials (1), (2) by means of the
integral (3) are incorrect. But we have derived these potentials as large-distance limit of the Green function for the
generalization of the Klein — Gordon equation in the static case (10). In consequence of this and approximate validity of
the Klein —Gordon equation at low energies (at large distances) we may assume that the use of the Coulomb and
Yukawa potentials in the low — energy physics is admissible. In particular, the results derived in the solid state physics,
the plasma physics, the statistical physics, the atomic physics, and low — energy nuclear physics are valid.

CONCLUSIONS
It has shown that the integrals for the Green functions of the Klein-Gordon and Dirac equations diverge as they
have got different values at different fashions of the calculations. The partial differential equations of the degree greater
than four must be considered to derive the Green functions with convergent integrals.
The generalizations of the Klein-Gordon and Dirac equations have been proposed. Orders of the proposed partial

differential equations are related to the quantities of the particle generations N, and N - The order of the generalized

Klein-Gordon equation equals 2N, and for the generalized Dirac equation it equals N IE The causal Green functions

1
of the Klein-Gordon and the Dirac equations are the Feynman propagators for the 0- and E -spin particles. Similarly
the causal Green functions of generalized Klein-Gordon and the Dirac equations are the Feynman propagators for kinds
1
of the 0- and E -spin particles. These functions are important for calculations of reactions amplitudes and they must be

continuous functions. The continuity of the Green functions and their partial derivatives are determined by the orders of
the differential equations. From explicit forms for the generalized Yukawa potential (24), and the generalized Green

functions (35), (38) it is seen that they do not exist on the light cone (x> = 0). However, for N, =2 3,Nf > 6 the

limits of these functions exist in the x> =0 -point. Therefore, the Green functions of the proposed equations can be
defined as continuous ones (as for the generalized Yukawa potential in (26)). It means that the Green functions of

proposed equations can be considered for N, >3, N ; > 6 as continuous functions and they have no any singularities

in all the time — space. In particular, from Figure it is seen that the interaction potentials and corresponding forces have
no singularities.

It has been shown that in our approach the interaction forces must be proportional to the distances between
particles at the short distances. We have derived that the interaction potentials must have the oscillatory form at short
distances. It may be assumed that the exchange by all particles from the boson kind leads to the attenuation of
corresponding interaction at short distances. It is similar to asymptotic freedom.

Note that at N, >3, N, > 6 causal Green functions of proposed equations and some partial derivatives can be

determined as continuous functions. It is of interest to study behavior of the retarded and advanced Green functions of
proposed equations.

For the photon and the gluon two (or greater) massive particles with the quantum numbers of the photon and the
gluon must exist, respectively.

In spite of necessary existence of heavy photons the results developed in large distance physics (in such as the
solid state physics, the plasma physics, the statistical physics, the atomic physics, the low energy nuclear physics)
practically do not change.

From the consideration of this paper can be concluded that the dimension of the space-time, the orders of the
differential equations for a description of particles interactions, minimal quantities of particle generations, and the
convergences of the integrals for the Green functions are related.
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