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In this paper transverse dynamics of charged bunch particles in plasma-dielectric wake field accelerator on an example of a gigahertz
range dielectric waveguide is researched, bunch parameters correspond to bunches obtainable at Argonne National Laboratory.
Analytical expressions for calculating wakefields and equations for modeling bunch particle motion are provided. The behavior of
the boundary bunch particle for different values of the initial emittance was modeled. It was shown, that the amplitude of motion of
the boundary bunch particles changes on time.
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BJIMSAHUE DMUTTAHCA HA TIONEPEYHYIO JUHAMUKY YCKOPSAEMBIX CI'YCTKOB B IINTA3SMEHHO-
JUIJIEKTPHYECKOM KHJIBBATEPHOM YCKOPUTEJIE
P.P. KusizeB
XHY um. B.H. Kapasuna
2. Xapwvkos, ni. Ceo600vl,4, 61022

B pabore wuccremyercs momepedHas IMHAMHUKA 3apsHKEHHBIX YacTHI] Iydyka B IUIa3MEHHO-IMAJIEKTPUYECKOM KHIBBATEPHOM
YCKOpHUTeNe Ha MpUMepe IUINIEKTPUYECKOrO BOJIHOBOAA THMTarepLoBOTO JHMana3oHa, MapaMeTphl IyYKOB COOTBETCTBYIOT IIydKaM,
MoTy4aeMbIM B AproHckoit taboparopun. IIprBeaeHb! aHATUTHYECKHE BRIPAXKEHHS AT pacueTa KMIbBATEPHBIX MOJIEH M ypaBHEHUS
JUISL MOJETMPOBAHHS IABMKEHMS YaCTHIL CTyCTKa. [IpomMoaenpoBaHo MOBeJEHHE KPAaeBO JaCTUIIBI ITydKa MPH PA3HBIX 3HAYECHUSIX
HavaJIbHOTO SMUTTaHca. [lomydeHs! 3aBHCUMOCTH Ul OTHOAIOIINX ITydKa AT Pa3HbIX 3HAUCHMI HAa4albHOro SMHTTaHca. [lokazaHo
YTO aMILUTUTY/Ja ABMKEHHS KPAeBBIX YACTHII ITyYKa N3MEHSICTCS CO BPEMEHEM.
KJIIOUEBBIE CJIOBA: yckopenue, GpokycupoBKa, KIWIbBaTepHBIE TOJIS, Iy9KH, AUAICKTPUISCKUI BOTHOBOI, IUIa3Ma, SMUTTAHC

BIIJIMB EMITTAHCA HA TIONNEPEYHY JUHAMIKY ITPUCKOPIOBAHUX 3I'YCTKIB B IIJTA3MOBO-
JEJEKTPUYHOMY KIVIBBATEPHOMY IIPUCKOPIOBAYI
P.P. KnsizeB
XHY im. B.H. Kapasina
M. Xapxie, ni. Ceoboou,4, 61022

B po6oTi mOCHiKY€EThCS TONEpedHa [MHAMIKa 3aps/PKEHHX YaCTHHOK 3TYCTKY B IUIa3MOBO-ZiCJICKTPHYHOMY KiJIbBATCPHOMY
MIPUCKOPIOBaYl Ha MPUKJIAJI TieJIEKTPUIHOTO XBUIIEBOY IirarepoBoro AialasoHy, MapaMeTpH 3TYCTKIB BiIIIOBIJalOTh 3TYCTKaM, SIKi
OTPUMYIOTECSI B AproHchekiii saboparopii. IlomaHo aHamiTHUHI BHpasu A pO3paxyHKY KUIbBATEPHOIO MHOJSL Ta PIBHSHHS IUIS
MOJICJTIOBAHHSl PyXy 4YaCTHHOK 3rycTKy. IIpoMopjenboBaHa IOBEIiHKAa T'pPAaHWYHOI YaCTHHKM 3TYCTKY IPU PI3HUX 3HAYCHHSX
HOYaTKOBOro eMitTaHcy. OTpuMaHi 3a1€KHOCTI AJIsi OMHHAIOUMX 3TYCTKY IIPU Pi3HHUX 3HAYCHHSX [0YaTKOBOro emirrancy. [Tokasano
IO aMIUTITYa PyXy FPaHUYHHUX YaCTUHOK 3T'YCTKY MAa€ 3aJIeKHICTh BiJl 4acy.
KJIFOUYOBI CJIOBA: npuckopenHs, pOKyCyBaHHsI, KITbBATEPHI OIS, 3TYCTKH, AISNCKTPUYHHUNA XBHICBO, IJIa3Ma, EMITTaHC

Accelerator physics is actual, thriving branch of modern physics. One of the new methods of acceleration, that allows
significantly reducing weight and sizing characteristics of accelerators, is method of accelerating charged particles by
wakefields [1,2]. An important characteristic of any accelerator is luminosity of the accelerated bunch, which is
determined by the density of the bunch and its phase volume. The final phase volume is determined by the transverse
dynamics of the particles, so knowing it, we can judge about transverse stability and final phase volume of accelerated
bunch. In this paper transverse dynamics of charged bunch particles in plasma-dielectric wakefield accelerator on an
example of a gigahertz range dielectric waveguide is researched. Parameters of charged particles bunches are taken in
accordance with the experiments carried out in the Argonne Laboratory. Excitation of electromagnetic fields by
concentrated sources in the hybrid plasma-dielectric structure allows increasing the rate of acceleration. This provides
simultaneous radial-phase focusing. Compared with pure plasma variant [3-5], hybrid plasma-dielectric structures [6]
provide greater wave stability and are less sensitive to the temporal and spatial changes of the plasma density [7]. The
goal of this work: study the behavior of accelerated charged particles bunch in plasma-dielectric wake field accelerator,
to analyze the transverse dynamics of bunch in PDWA with different values of the initial emittance of bunch.

STATEMENT OF THE PROBLEM
Consider a structure that is infinitely long waveguide with an annular dielectric shell (look figure Fig.1). The
dielectric constant of this shell is ¢ . Inside the dielectric shell (in the transit channel) there is plasma with density n,, .

Along the axis of the waveguide drive bunch moves, which excites the wake field [8]. After some time, collinear to
© Kniaziev R.R.2015
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drive bunch, accelerated bunch is injected. Delay time is selected so accelerated bunch was simultaneously at maximum

of accelerating field.

Fig. 1. Geometry of structure.
a — the inner radius of the dielectric shell; 5 — the outer radius of the

dielectric shell; n, —plasma density; 7, — bunch radius; /, —bunch length;

In  works [8,9] possibility of
simultaneous radial focusing and longitudinal
acceleration of charged particles bunch in
such structure was shown. The appearance of
the focusing force is due to the excitation of
plasma (Langmuir) waves. Langmuir wave,
in some plasma densities, makes a
predominant contribution to the transverse
force that exerts on accelerated bunch. At the
same time, the contribution of plasma waves
in the longitudinal force is negligible.
Longitudinal force is mainly determined by
the wave corresponding to the eigen modes of
a dielectric [10].

Therefore, plasma in the transit channel
is responsible for the focusing force, and
dielectric shell — for accelerated force. With
some density of the plasma, longitudinal field

of the Langmuir wave significantly less than
the total longitudinal field of dielectric
modes. However, the radial electric field of the Langmuir wave still far exceeds the total transverse field of dielectric
modes. These two types of waves — Langmuir and dielectric — generally have different spatial periods; therefore, the
maximum of total longitudinal field can correspond to a minimum of a full transverse field. Thereby, when placing a
test bunch in the maximum of dielectric wave accelerating field we can simultaneously focus it by Langmuir wave’s
field.

While solving the problem of focusing the accelerated bunch we must not forget that there is also a defocusing
force. The main causes of defocusing forces are Coulomb field and the initial emittance of the bunch. It was shown
[11], that the influence of the Coulomb field on the focusing of charged particles bunches in the plasma-dielectric
structures with the density of the plasma and bunch charges, with which we work, is negligible. We assume that terms
describing the quasi-static component of wake field are equal to zero. This will greatly simplify the expression,
describing electromagnetic fields, excited by driver bunch in plasma dielectric accelerator.

¢ - dielectric constant.

BASIC EQUATION
The nature of the transverse motion of the particles is determined by solution of the equation of the envelope [12]:

&4_ efH ,(r,z,t) (dr)z . eEZ(r,z,t)ﬂ_ €(E,(F,Z,f)—ﬂH¢(V,ZJ)) _ emit, _ (1)
dz’ myp’c>  \dz myB’c* dz myB’c? By
To solve the equation (1) we must specify  and ¢ . The equations describing y and ¢ are:
dr_ 1, 2
dz pc
dy ¢E.(r,z,t)
& me @

where e,m — the charge and mass of the electron, #=4/1-1/y",z — axial coordinate, emit, - normalized emittance.
In the equation (1) E.,E,,H, are the components of wake field excited by drive bunch. They do not consider the

influence of accelerating bunch on the excited wake field. The detail obtaining of these expressions was described in the
paper [8]. Here they are:
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©( ) - Heaviside function, J(x),/,(x), Ny(x),N,(x) - Bessel and Neymann functions 1st and 2nd order respectively, v -
velocity of bunch, s(w)=¢,(w)=1-w> /w’, ifr<aande(w)=¢, if a<r<b; w, = W - the plasma frequency,
g, - the dielectric constant of the dielectric shell. 7,(x),/,(x),K,(x),K,(x) - modified Bessel and Macdonald functions

dD(w)

zero and first order respectively. &k, =w, /v, « =x,(w=w)), &, =k,(w=w,), D'(w)= ”

>

£,(w) Il(ffpa)+ F(k,a,x,b)

D = )
) \/l—ﬂzgp(w) IO(Kpa) ¢ Fy(x,a,k,b)

®)

where y,=¢,/+/p°c,-1.

The eigen frequencies of the dielectric modes w, are determined by solving the dispersion equation D(w) =0.

TYPICAL DISTRIBUTION OF FORCES
In order to demonstrate the characteristic of distribution of forces, exerting on accelerated bunch in plasma-
dielectric structure, we will give the results of numerical calculations. To conduct the numerical simulation was chosen
dielectric waveguide gigahertz range. Parameters of charged particles bunches are taken in accordance with the
experiments carried out in the Argonne Laboratory (Table).
The calculation results for the plasma density n,=3-n, =7.455-10"cm™ are shown in Fig.2-Fig.3. In Fig. 2 axial

distributions of the longitudinal and transverse forces are shown. They are exerting on a test particle spaced 2 mm from
the axis of the waveguide i.e. at the boundary of the bunch. From comparing the dependencies, we can see that placing a
test bunch at a distance 1.5 cm or 5.6 cm from the head of the leading bunch ensures the acceleration of charged
particles with their simultaneous radial focusing. As shown in figure, radial force has nearly harmonic dependence on
longitudinal coordinate with period ~ 4 cm. Langmuir wave makes a predominant contribution to the radial force. At
the same time its contribution to the longitudinal strength, accelerating test particles, is predominantly small.
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Longitudinal force is mainly determined by the dielectric waveguide eigen modes, its complicated dependence on the
longitudinal coordinate related with the excitation of several radial modes of a dielectric waveguide.

F, MeV/m

Table
Parameters of plasma-dielectric accelerator used in calculations
Outer radius of dielectric tube 5.11 mm
Inner radius of dielectric tube 4.0 mm
Dielectric constant ¢ : (fused silica) 3.75
Bunch length L, 2.0 mm
Bunch radius 7, 2.0 mm
Plasma radius 4.0 mm
Bunch energy 14 MeV
Bunch charge 1 nC
Density of drive bunch 2.485-10"cm™
------------- Axial force np=3nb; r=rb;Q=-1nCl; 159 . ... ... .
- - -Transverce force np=3nb; r=rb,Q=-1nCL| | T TTTTtteeee.oooo o
: 104 e Axial force np=3nb;
- — —Transverce force np=3nb;
0,5
£
>
w AN
-0,5 NN N -
04 Drive bunch™~-~
T T g T T T 1
£ em 0,0 0.1 02 [ (cmy 03 0,4

Fig.2. Axial profile longitudinal (dotted line) and transverse
force (dash line), exerting on a test particle, located at a distance
0.2 cm from waveguide axis. & =vyt -z, the head of the leading

bunchisiné=0.

Fig.3. Transverse profile longitudinal (dotted line) and transverse
(dash line) forces, exerting on a test particle, located at a distance
1.5 cm from head of the leading bunch.

Radial dependence of the longitudinal and transverse forces, exerting on a test particle, located in the first
accelerating field maxima, at the distance 1.5 cm behind the head of the leading bunch is shown in Fig. 3. Longitudinal
force varies little in the transverse cross-section of the transport channel, and radial force is focusing on the entire cross-

section of the channel.

RESULTS OF NUMERICAL MODELING
To model transverse dynamics charged particles bunches in plasma-dielectric wakefield accelerator the same
parameters were used, as for demonstration of the typical distribution of forces in a given structure (Table 1).
Let’s write the second order differential equation (1) as a system of two first order differential equations. In
addition to the system of equations, differential equations (2) and (3), required for solving equation of the envelope.

dr _
dz Y
dy _ _eﬂH¢(V,Z,Z)(d;fj2 B eEZ(I’,Z,l‘)£+ e(E,-(”,Z,f)—ﬂH.,)(V,Z,f)) emit!
dz mypc® \dz myp’c®  dz myB’c’ By’ )
a1
dz pc
dy e
—=—=F (r,z,t
dz  mc? ( )
The initial conditions for such a system will have the form dr =0,r|_ =t _ =tV =7 (10), where », - radius

z=0

of charged particles bunch, 7, =1.5/v, —time of entry of the bunch, v|_ =v,, 7, =1/{1-5; , B, =v,/c.
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For the numerical solution of system of differential equations of the first order (11) we use the method of Runge-
Kutta of fourth order. Results of modeling can be represented as a graph. The graph represents the so-called "bunch
envelope". In Fig.4-7 bunch envelopes with different values of the initial emittance are given.

dielectric, £=3.75 / dielectric, £=3.75
04- 04-

metal shell ’ metal shell
envelope of the bunch \ envelope of the bunch|
0,2+ 0,2+
] ) \/\/
500 5004
x -
-0,24 -0,2
0,44 0,44
T T T T T T T T T T T T T
0 50 100 150 200 250 300 0 20 40 60 80 100
z (cm) z (cm)

Fig.4. The trajectory of motion of the boundary bunch particle ~Fig.5. The envelope of the bunch with emittance
when emit, =0 emit, =10"cm - rad

Trajectory of the boundary bunch particles without initial emittance is shown in Fig.4. It is well seen, that under
the influence of focusing force the bunch shrinks, then there is «flipping over» and the bunch is expanded back.
Focusing force exerts symmetrically, so particle flown in the "lower" part of the bunch get radial breaking and is
focused to axis again. X coordinate in the positive area is the radius of the bunch. In the negative area under the radius
of the bunch is meant the absolute value of X. The sign "-" indicates that the boundary particle moved to another part
of the bunch relative to the axis. The envelope of the same bunch, but with the finite initial emittance is shown in Fig.5.
The envelope of the bunch is always in the positive area. Since real bunches always have the initial emittance, we can
make conclusion, that the bunch is never inverted relative to its axis.

0,2+ 0,20 1.
N ’
AN s
N\ 7/
LY - - - emit =10 /
0,15+ \ emit =10° V4
\ - —emit=10%  /
emit =0 . \ j/
= o _ane £ A
iEJ/O,O— —_~ emit=10 < 0,10 \ J
z = < J
\ J
: /
\. P
\ /
0,05 - \. .
Ny
\"-"/
\ /
\
0,2 : , 0,00 : T L . .
0 50 100 0 10 20 30 40 50
z (cm) z (cm)
Fig.6.  Envelopes of bunches when  emittance Fig.7. Envelopes of bunches when  emittance

emit, =10cm-rad —dash line and — solid line ifemit, =0  emit, =107 cm-rad — dotted line, emit, =107 cm-rad — solid
respectively. line and emit, =10"°cm - rad — dash line.

Trajectories of the boundary bunch particles excluding emittance and with small emittance emit, =10 cm - rad are
shown in Fig.6. The trajectory of the particle in the presence of small emittance is exactly a copy of the particle's
trajectory without emittance; in condition of bunch reaching to the axis this particle is reflected.

Trajectories of motion of the boundary bunch particles with three different initial values of emittance are shown in
Fig.7. From Fig.7 we can see, that with emittance emit, =10"cm-rad ((green solid line) particle is not able to reach

bunch axis, so bunch is not split up into a series of spherical bunches. When emittance emit, =10>cm-rad it is already

well visible, that the presence of initial emittance does not allow bunch to shrink to the point or «flipped over».
Envelopes of bunch at different values of the initial emittance are shown in Fig.8. Transverse dynamics of bunches

by increasing the initial value of the emittance is well visible. As follows from Fig.8, at the value of normalized initial

emittance emit, =3-10"cm-rad (line 6) it is possible to focus the electron bunch (its diameter is halved). If accelerated

bunch has worse quality, it cannot be possible to do good focusing in the accelerator with parameters shown in the
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Table 1. During the numerical simulation it was also found, that the amplitude of radial oscillations of the boundary
particles of bunch damps with time. With an increase of emittance the rate of damping is also increases. It is well seen
in Fig.9 that over time the amplitude of motion of the particles is decreases. This is related with acceleration of the
particles by wakefield. To analyze this let’s look at equation (1). If witness bunch is in accelerating phase - y is
increasing. The terms that have in the denominator y - decreases. In the summand which describe emittance — y
included in the minus second degree. In the summand, which describe emittance — y included in the minus second
degree. Initial emittance included in the numerator, so the larger the emittance is — the more noticeable this effect is.

0,2+
02+

0,1

=1 emit =0
2 emit =1e-3
3 emit =5e-3
4 emit =1e-2

r (cm)

5 emit =5e-2
= =—6emit =1e-6|

0,1

\/ 00 T T T T T T T
-0,2 - v 0 50 100 150 200 250 300

T T T 1
0 20 4 ) 60 80 100 z (cm)

0 (cm
Fig.8. Envelopes of bunches with different emittance. Fig9. Envelopes of bunches with  emittances
emit, =107 cm - rad - dash line, emit, =5-107cm-rad - solid

line.

Let's confirm the above by the analytical estimate. Summand with the radial electric field of plasma wave and
summand with the emittance gave the main contribution in the equation of the envelope (1) of relativistic electron
bunch. Neglecting the other terms and assuming fulfillment of the condition w,r /¢ <1, the equation of the envelope

reduces to the form:
2 <2
dr Kr emit, (11)
dz y ry
where K - focusing parameter, which depend from structure parameters and drive bunch charge. Envelope of bunch
oscillate around equilibrium radius. The expression for the equilibrium radius 7, of envelope is:

emit; "
h= : (12)

Ky
With an increase of normalized initial emittance an equilibrium radius of bunch is also increases, that is confirmed
by dependences shown in Fig.8. In addition, as it follows from (14), with an increase of bunch energy an equilibrium
radius decreases. The damped dependences of the envelope during the acceleration process, given in Fig.9, distinctly
demonstrate it. In order to find the value of normalized initial emittance for which effective radial focusing is possible,
expression (14) could be rewritten in the another form:

emit, =irf (K}/)”2 s (13)

where the value of an equilibrium radius 7, of the accelerating bunch was taken equal to half of its starting radius .

From expression (15) can be well seen that with the increases of the accelerating bunch energy or drive bunch charge,
requirements to quality (initial emittance) of accelerating bunch, for its significant compression, decreases.

CONCLUSIONS

In this paper the dependence of the transverse dynamics of charged particles bunches on the initial emittance was
investigated. Emittance limiting values for which the transverse dynamics of charged particles bunches remains stable
were founded. The transition from a pinch to stable dynamics was shown. It has been found that the amplitude of
movement of the boundary bunch particles decreases with time. Amplitude of the bunch's border movement decreases
with the increasing of the initial value of the emittance. This effect is more noticeable for the larger emittance.

Invaluable assistance in the preparation of this work was provided by G.V.Sotnikov, P.I.Markov, A.P.
Tolstoluzskiy.

Work supported in part by NAS of Ukraine program "Perspective investigations on plasma physics, controlled
thermonuclear fusion and plasma technologies”, Project P-1/63-2015 "Development of physical principles of plasma-
dielectric wakefield accelerator".
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