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Variable-coefficient higher-order nonlinear evolution equations constitute an important class of mathematical models for the description
of nonlinear dispersive wave propagation in inhomogeneous media, including shallow water flows, plasmas, optical systems and elastic
structures. This paper develops a unified analytical framework for a broad family of such equations incorporating nonlinear convection,
third-order dispersion, fifth-order dispersion, BBM-type mixed dispersion and nonlinear dispersive modulation. Admissible equivalence
transformations are first constructed and used to reduce the general class, under non-vanishing fifth-order dispersion, to a canonical
normalized form. The normalization yields a simplified group-classification problem by establishing an explicit compatibility condition
for the temporal component of every admitted Lie point symmetry. Complete Lie symmetry classifications are obtained for the kernel,
power-law, exponential and constant-coefficient subclasses, followed by the construction of optimal systems and similarity reductions.
Conservation laws are derived from the conservative structure of the governing equation, including a universal mass invariant and a
regularized energy conservation law for an important canonical subclass. Furthermore, an exact bright-soliton solution is derived for the
constant-coefficient equation, rigorously verified by direct substitution, and employed to validate numerical simulations. The proposed
framework unifies equivalence transformations, Lie symmetry analysis, conservation laws, similarity reductions and soliton dynamics
within a single parameterized setting, providing a systematic methodology for the analytical investigation of higher-order nonlinear
dispersive wave equations.

Keywords: Lie symmetry analysis; Equivalence transformations; Variable-coefficient nonlinear evolution equations; Conservation
laws; Higher-order dispersive waves, Fifth-order dispersion; Similarity reductions; Soliton dynamics

1. INTRODUCTION

Nonlinear evolution equations occupy a central position in modern mathematical physics because they provide
fundamental models for the propagation, interaction and modulation of nonlinear waves in fluids, plasmas, nonlinear
optics, elastic media, Bose—FEinstein condensates and other dispersive systems. The interaction between nonlinear effects
and dispersion gives rise to a rich variety of coherent structures, including solitary waves, compactons, dispersive shock
waves and solitons, whose mathematical analysis has stimulated the development of numerous analytical techniques over
the past five decades. Classical models such as the Korteweg—de Vries (KdV), modified KdV, Benjamin—-Bona—Mahony
(BBM) and Kawahara equations have consequently become canonical nonlinear evolution equations for investigating
nonlinear wave propagation and have served as testing grounds for symmetry analysis, inverse scattering, perturbation
theory and exact solution methods [1-4,6—13].

Although constant-coefficient models have provided valuable theoretical insight, many realistic physical systems
evolve in non-homogeneous environments where material properties, external forcing, bottom topography or background
media vary in space or time. Examples include shallow-water flows over variable bathymetry, nonlinear optical pulse
propagation in inhomogeneous fibres, plasma waves in slowly varying magnetic fields and elastic media with variable
constitutive parameters. Such phenomena naturally lead to variable-coefficient nonlinear evolution equations whose
analytical behaviour is considerably richer than that of their constant-coefficient counterparts. The presence of variable
coefficients often modifies the admissible symmetry structure, influences the existence of conservation laws and affects
the qualitative behaviour of travelling-wave solutions. Consequently, the systematic investigation of variable-coefficient
nonlinear evolution equations has become an active area of research in mathematical physics [23,26,29].

Among the most powerful analytical tools available for the investigation of nonlinear differential equations is the Lie
group method. Since the pioneering work of Sophus Lie and its subsequent mathematical development by Ovsiannikov,
Bluman, Kumei and Olver, Lie symmetry analysis has provided a unified methodology for identifying continuous symmetry
groups, constructing invariant solutions, reducing partial differential equations to ordinary differential equations and
classifying differential equations according to their admitted symmetry algebras [1-4]. Equally important are admissible
equivalence transformations, which identify analytically equivalent members within parameterized classes of differential
equations and frequently reduce complicated classification problems to substantially simpler canonical forms. The
combination of equivalence transformations and Lie symmetry analysis has therefore become an indispensable framework
for complete group classifications.
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Conservation laws constitute another fundamental component of the mathematical analysis of nonlinear evolution
equations because they describe physically meaningful invariant quantities such as mass, momentum and energy while
simultaneously providing analytical and numerical consistency checks. The classical variational approach introduced
by Noether remains one of the cornerstones of conservation-law theory, whereas more recent developments involving
multiplier methods, nonlinear self-adjointness and symbolic computation have considerably extended the applicability of
conservation-law analysis to non-variational systems [5, 16, 19,25,27]. In parallel, the construction of exact travelling-
wave solutions and soliton families continues to play a central role in understanding nonlinear dispersive phenomena.
Techniques based on Hirota’s direct method, inverse scattering, Lie reductions and ansatz methods have produced a wide
spectrum of exact solutions for nonlinear evolution equations, thereby providing benchmark solutions for both theoretical
investigations and numerical algorithms [6,7].

Recent years have witnessed renewed interest in combining symmetry analysis, conservation laws and exact solutions
for increasingly sophisticated nonlinear evolution equations. Significant progress has been reported for generalized KdV
equations, Kawahara—KP systems, Boussinesq-type equations, variable-coefficient KdV equations, KdV-Burgers models,
Hirota-type equations and fractional nonlinear evolution equations through the application of Lie symmetries, optimal
systems, nonlinear self-adjointness, conservation-law multipliers and exact solution techniques [9-15, 17-22,24,28,29].
Nevertheless, much of the existing literature remains equation-specific. In many studies a single nonlinear evolution
equation is selected and analysed independently, with symmetry classification, conservation laws and exact coherent
structures derived separately for that individual model. Comparatively less attention has been devoted to the development
of unified analytical frameworks capable of treating broad parameterized classes of higher-order variable-coefficient
nonlinear evolution equations while simultaneously integrating equivalence transformations, complete Lie classifications,
optimal systems, conservation laws and verified solitary-wave solutions.

Motivated by these observations, the present work develops a unified analytical framework for the class

E(a,B,v,0,1,p,9) 1 us+ a(t)uluy + B(O)txxx + V() Uxxxxx
+ 0D ttexr + (1) (Utxx)x =0, (1)

where p, g > 0 and the coefficient functions are assumed to be sufficiently smooth. The objective is not to introduce a new
nonlinear evolution equation, since the class contains several well-known models as special cases, but rather to develop a
systematic analytical framework that unifies admissible equivalence transformations, canonical normalization, complete
Lie symmetry classification, optimal systems, conservation laws, similarity reductions and exact soliton solutions within
a single parameterized setting.

The principal contributions of this work may be summarized as follows. First, admissible equivalence transformations
are derived and employed to normalize the fifth-order dispersive coefficient, thereby reducing the general class to a canonical
form. Second, a complete Lie symmetry classification of the canonical class is established, including the kernel algebra
together with the principal symmetry extensions corresponding to the power-law, exponential and constant-coefficient
subclasses. Third, optimal systems of one-dimensional subalgebras and associated similarity reductions are constructed.
Fourth, conservation laws are derived from the conservative structure of the governing equation, including a universal
mass conservation law and a regularized energy conservation law for an important canonical subclass. Fifth, an exact
bright-soliton solution of the constant-coefficient canonical equation is obtained, rigorously verified and employed for
numerical validation. Collectively, these results provide a unified methodology for the analytical investigation of higher-
order variable-coefficient nonlinear evolution equations and establish explicit connections between symmetry analysis,
conservation laws and nonlinear wave dynamics.

The remainder of the paper is organized as follows. Section 2 introduces the governing class and its structural
properties. Section 3 derives the admissible equivalence transformations and canonical normalization. Section 4 discusses
reductions to several classical models. Section 5 presents the complete Lie symmetry classification, while Section 6
develops optimal systems and similarity reductions. Conservation laws and nonlinear self-adjointness are investigated in
Section 7. Exact bright-soliton solutions and numerical validation are presented in Sections 8 and 9, respectively. The
principal findings are discussed in Section 10, followed by concluding remarks in Section 11.

2. A CLASS OF VARIABLE-COEFFICIENT HIGHER-ORDER NONLINEAR EVOLUTION EQUATIONS
We consider the parameterized class of nonlinear evolution equations
S(G’ﬁ’ 7’, 69 TI’ ps Q) : Uz +a'(t)upux +ﬁ(t)uxxx +7(t)uxxxxx + 5(t)uxxt +77(t)(uq’4xx)x = 0’ (2)

defined either on the real line R under sufficiently rapid decay conditions or on a periodic spatial domain. Here u = u(x, t)
denotes the wave profile, while the coefficient functions

a(n), B(1), y(1), 6(2), n(z)

are assumed to be continuously differentiable on a time interval / C R.
Equation (2) provides a unified framework encompassing several important classes of nonlinear dispersive wave
equations arising in mathematical physics. The nonlinear convective term @ (#)uPu, generalizes the nonlinear transport
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mechanism encountered in generalized KdV-type equations, whereas B8(f)u ., represents the classical third-order disper-
sive correction responsible for balancing nonlinear steepening and generating solitary-wave propagation. The fifth-order
dispersive contribution y(#)u,yxxx €xtends the model to the Kawahara regime, where higher-order dispersion becomes
significant in weakly dispersive media. The mixed derivative §(#)uy, introduces BBM-type regularization, improving
the dispersive properties of the equation and modifying the linear dispersion relation. Finally, the nonlinear dispersive
term 1(t)(u9u,,), models amplitude-dependent dispersion and provides additional nonlinear coupling between wave
amplitude and curvature.
Writing the nonlinear dispersive contribution in conservative form is advantageous for both analytical and structural
reasons. Indeed,
(Mquxx)x = Uty + quq_luxust 3

showing explicitly that the model combines higher-order linear dispersion with nonlinear dispersive interactions. The
conservative representation also simplifies the derivation of conservation laws and facilitates the application of multiplier
methods and nonlinear self-adjointness.

Equation (2) itself possesses a natural conservation form. Introducing the flux

= %u’”l +ﬁ(t)uxx + ')’(t)uxxxx +0(t)ux + n(t)uquxx, (€]

the governing equation may be written compactly as
Diu+ D,F =0, (5)

where D; and D, denote the total derivative operators with respect to ¢ and x, respectively. Consequently, under periodic
boundary conditions or sufficiently rapid spatial decay,

d
E/ﬂu(x,t)dx =0,

so that the total mass constitutes a universal conserved quantity for every member of the class. This intrinsic conservative
structure provides the foundation for the conservation-law analysis carried out later in the paper.
Throughout this work we assume

a,B,y,6,neC (),  p,qg>0, (6)

which guarantees the regularity required for the symmetry analysis and the admissible equivalence transformations
developed in subsequent sections. Particular attention is devoted to the case

y() #0,

since the presence of a non-vanishing fifth-order dispersive coefficient characterizes the genuinely higher-order regime and
gives rise to the richest admissible symmetry structure. Lower-order reductions obtained by setting selected coefficients
equal to zero are discussed separately in Section 4, where connections with several classical nonlinear evolution equations
are established.

3. EQUIVALENCE TRANSFORMATIONS AND CANONICAL NORMALIZATION

A fundamental step in the group classification of parameterized classes of differential equations is the determination
of their admissible equivalence transformations. Such transformations preserve the differential structure of the governing
equations while modifying the coefficient functions, thereby identifying analytically equivalent members of the class.
Their principal advantage is that they reduce the number of essentially distinct equations that must be considered during
the subsequent symmetry classification.

To determine the equivalence group of the class (2), we consider invertible point transformations of the form

r=T(), X=Ax+u, il = Ku, 7

where
T:Ak # 0, (8)

and A, y, k are constants.

The restriction to constant spatial translations and amplitude scalings is not merely a simplifying assumption.
Allowing A, u or « to depend explicitly on time introduces additional first-order or zeroth-order differential terms through
the chain rule, destroying the differential structure of the class. Consequently, transformations of the form (7) constitute
the maximal admissible point transformations preserving (2).
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Application of the chain rule yields
=&\, ux =« Adx, ©)

together with

_ 1,3~ 1,5~ R I
Uxxx = K lizzz, Uxxxxx = K A Uzs, Uxyr = K A Tiligzs. (10

Substituting these expressions into (2) and dividing by the coefficient of ii; preserves the differential structure of the
equation while transforming the coefficient functions according to

3
a0 = %x‘f’a(r), () = /;—tﬁ(t), (11
5
ﬂﬂ=%ﬂm 5() = 26(0), (12)
43
7(f) = ;K*“n(t), (13)

whereas the nonlinear exponents p and g remain invariant under the equivalence group.

Theorem 3.1. The class E(a, B,y,0,1, p, q) is invariant under the equivalence transformations (7), with the coefficient
Sfunctions transforming according to (11)—(13). Furthermore, if y(t) # 0, every member of the class is equivalent to one

satisfying

y=1.

Proof. The transformation formulas follow directly from repeated application of the chain rule. Substituting the trans-
formed derivatives into (2) and comparing the coefficients of the independent differential monomials

D
P U, Uxxxs Uxxxxx> Uxxts (uquxx)x

immediately yields (11)—(13). When y(¢) # 0, choosing

I, = /157(1‘)
gives
/15
y=—y() =1,
V=7 (1)
thereby reducing every equation in the class to a canonical representative. O

The preceding theorem demonstrates that the fifth-order dispersive coefficient does not represent an essential func-
tional degree of freedom. Consequently, without loss of generality, the subsequent Lie symmetry analysis may be
performed for the canonical normalized class

u; + a(DuPux + B(E)tyyx + Uyxxxx + O(Dtyxr + (1) (ulury), =0, (14)

which is analytically equivalent to every member of the original class with y(z) # 0.

4. REDUCTION TO CLASSICAL MODELS

An important feature of the class (2) is that it unifies several well-established nonlinear evolution equations within a
single parameterized framework. Consequently, the analytical results developed in the subsequent sections simultaneously
apply to a broad family of nonlinear dispersive wave models rather than to a single equation. The reductions presented
below also illustrate the modelling flexibility of the proposed class and clarify the physical significance of the various
coeflicient functions.

Different choices of the coefficient functions recover several classical nonlinear evolution equations that have been
extensively investigated in mathematical physics. In particular, setting

y=0=n= 0
reduces (2) to the variable-coefficient generalized Korteweg—de Vries (KdV) equation
ur + a(H)uPuy + () uyxx = 0.

For the special choice p = 1 together with constant coefficients, this further reduces to the classical KdV equation, whereas
p = 2 yields a variable-coefficient modified KdV (mKdV)-type equation.
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Table 1. Representative reductions of the general variable-coefficient class to well-known nonlinear evolution equations.

Reduced model Parameter restrictions ~ Governing equation

Generalized KdV y=0=1n=0 ur + auPuy + Buyyxy =0

Modified KdV p=2,y=0=n=0 u +a'u2ux+ﬁuxxx =0
Generalized Kawahara o0=n=0 ur + auPuy + Buyyx + Yixxxxx =0
Generalized BBM y=n=0 ur + auPuy + Buyxyx + 0ty =0
Canonical fifth-order class 7y =1 Equation (14)

If
0=n=0, vy #0,

the governing equation becomes a generalized Kawahara-type model containing both third- and fifth-order dispersive
effects. On the other hand, imposing

y=n=0
produces a BBM-type regularized equation in which the mixed derivative u,,; modifies the dispersive behaviour while
preserving the nonlinear convective mechanism.

Finally, by means of the equivalence transformations established in Section 3, every equation satisfying y(¢) # 0 may
be transformed to the canonical normalized form (14). Consequently, the complete Lie symmetry classification derived
in the subsequent sections applies to an entire equivalence class of fifth-order variable-coefficient nonlinear evolution
equations rather than to a single representative equation.

The principal reductions of the general class are summarized in Table 1.

5. COMPLETE LIE SYMMETRY CLASSIFICATION

The canonical normalized equation derived in the previous section is now classified with respect to its admitted Lie
point symmetries. Since the fifth-order dispersive coefficient has been normalized through the admissible equivalence
transformations, the resulting determining equations are considerably simpler than those for the original variable-coefficient
class. Consequently, the complete group-classification problem may be carried out without loss of generality on the
canonical representative (14).

Following the classical Lie group approach [1-4], we consider the general infinitesimal generator

X =&(x,t,u)0x + T(x,t,u)0; + ¢(x,t,u)0,. (15)

According to the infinitesimal invariance criterion, the fifth prolongation of X must satisfy
Gx@)| =0 16
proX(a), _ =0 (16)

where A denotes the left-hand side of the canonical equation (14).
Expanding the fifth prolongation and splitting with respect to the linearly independent differential monomials yields
the determining equations. The first set immediately gives

T =1(1), &= Ax + &o, ¢ = pu, (17)

where A, & and p are constants.
A noteworthy consequence of the canonical normalization is that the fifth-order dispersive term immediately imposes
the compatibility condition

dr
— =154, 18
yr (18)
which integrates to
7(t) = 54t + 719, (19)
where 7 is an arbitrary constant.
The remaining determining equations reduce to
al
T— +pp+41=0, (20)
@
T/i +21=0, (21)
B
6/
L 21 =0, (22)

’

r%+qp+24=0. (23)
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Theorem 5.1. Every Lie point symmetry generator admitted by the canonical class (14) is of the form
X = (Ax + &0)0x + (54t + 19)0; + pudy, (24)

where the constants A, 1y, &g and p satisfy the determining equations (20)—(23). For arbitrary coefficient functions, the
kernel Lie algebra is

g" = (Bx). (25)

Proof. The determining equations obtained from the infinitesimal invariance criterion (16) immediately imply the in-
finitesimal structure (17). The normalization of the fifth-order dispersive coefficient yields the compatibility condition
(18), from which (19) follows directly. Substituting these expressions into the remaining determining equations produces
(20)—(23). For arbitrary coefficient functions these equations admit only the translational symmetry d, establishing the
kernel algebra. Additional symmetry extensions arise only for particular functional forms of the coefficient functions,
which are classified below. O

Remark 5.2. The compatibility condition (18) is a direct consequence of the canonical normalization performed in
Section 3. Without eliminating the arbitrary fifth-order coefficient through admissible equivalence transformations, the
determining equations would retain an additional functional degree of freedom, making the complete group-classification
problem substantially more complicated. Canonical normalization is therefore an essential analytical step rather than
merely a technical simplification.

The first nontrivial symmetry extension arises when the coefficient functions possess power-law dependence,
a = (l()l‘al, B = ﬁotaz, 0= 50[“3, n= 770ta4, (26)

where ay, B9, 0o and 1o are nonzero constants. Choosing

T=1
gives
1= 1
=3
and hence the additional symmetry generator
1
Xp =10; + gxﬁx + pud,. 27
The determining equations then require
4 2 2 2 28)
ay=-pp - =, a)=-—, az = —, as=—-qp— —.
1 pp 3 2 3 353 4 qp 5

A second symmetry extension is obtained for exponential coefficient functions. Choosing

T=1
forces
1=0
through the compatibility condition (18), yielding
XEg = 0r + pudy. 29)
The admissible coeflicient functions are
a = age P, B = Bo, 6 = b0, n = noe 1", (30)

Finally, if all coefficient functions are constant, the determining equations admit the two-dimensional translation
algebra

gc = (Ox, ). (31)

The resulting hierarchy of symmetry extensions is summarized in Figure 1.
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Coefficient subclass Admitted algebra
Arbitrary coefficients 4-{ (9x)
!
Power-law coefficients 4-{ (9x, Xp)
!
Exponential coefficients 4-{ (9x, Xg)
!
Constant coefficients 4-{ (9, O¢)

Figure 1. Hierarchy of Lie symmetry extensions admitted by the canonical variable-coefficient class.

6. OPTIMAL SYSTEMS AND SIMILARITY REDUCTIONS

Having determined the complete Lie symmetry classification of the canonical class, we now construct optimal
systems of one-dimensional subalgebras and derive the corresponding similarity reductions. These reductions transform
the governing partial differential equation into ordinary differential equations, thereby providing the foundation for the
analytical construction of invariant solutions and travelling-wave structures.

For the power-law subclass, the admitted Lie algebra is

gp = (X1, Xp),
where .
Xi = 0y, Xp =t6,+§x¢9x+puc9u.
Since |

the adjoint representation shows that every one-dimensional subalgebra is equivalent to one generated by either
(X1) or (Xp).

These therefore constitute an optimal system of one-dimensional subalgebras.
The reduction associated with the translational symmetry X; is immediate. The invariants satisfy

u=U(@),

and substitution into (14) gives
U'(t) =0,

showing that the only invariant solutions generated by X, are spatially homogeneous steady states.
The nontrivial reduction is obtained from the scaling generator Xp. The characteristic equations

dt d d
a_ e _a (33)
t  x/5 pu
yield the similarity variables
z=xt"'P3, u=1"U(z). (34)

Substitution into the canonical equation produces the reduced fifth-order ordinary differential equation

1 ’ ’ 1 (5)
pU—gzU +aUPU’ + BoU"" + U
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+ 60 +n0(UU")" =0, (35)

2 U/I 1 U’//
P35 5¢

which governs the self-similar solutions admitted by the power-law subclass.
For the exponential subclass, the admitted symmetry generator is

Xg = 0, + pudy,.
Its invariants are
7=2x, u=eU(z), (36)
leading to the autonomous reduced equation
pU + aoUPU’ + BoU"" + U + SopU” + no(UIU") = 0. (37)

Finally, for the constant-coefficient canonical equation, translational invariance in both space and time naturally
suggests the travelling-wave ansatz
7=x—t, u(x,t) = U(z),

where v denotes the wave speed. After one integration under localized boundary conditions, the governing equation
reduces to

U +(B—-6v+nUDHU” —vU + %U”“ =0, (38)
p

which serves as the principal equation for the construction of solitary-wave solutions in Section 8.

The three reductions obtained above illustrate the different classes of invariant solutions admitted by the canonical
equation. In particular, the travelling-wave reduction (38) provides the analytical framework for the bright-soliton
solutions derived subsequently, while the self-similar reductions characterize scale-invariant and exponentially evolving
wave structures.

7. CONSERVATION LAWS AND NONLINEAR SELF-ADJOINTNESS

Conservation laws constitute one of the fundamental structural properties of nonlinear evolution equations. Besides
expressing physically meaningful invariant quantities, they provide valuable analytical information concerning the quali-
tative behaviour of solutions and furnish useful consistency checks for numerical simulations. Owing to its conservative
formulation, the canonical equation naturally admits a hierarchy of conservation laws, the most fundamental of which are
derived below.

The canonical equation may be written in divergence form as

D;u+D,F =0, (39)
where
— a'(t) p+1 q
= Tu + lg(t)uxx + Uxxxx T 6(t)uxt + n(t)” Uxx- (40)
Consequently,
Ci=u  Cy=F7, @1

defines the universal mass conservation law for every member of the canonical class.

Proposition 7.1. Under periodic boundary conditions or sufficiently rapid spatial decay, the total mass

M(1) = / w(x, 1) dx 42)
Q
is conserved; that is,
aMm
— =0. 43
7 (43)

Proof. Integrating the divergence equation (39) over the spatial domain and applying either periodicity or decay at infinity
eliminates the boundary flux, yielding

d

— / u(x,t)dx =0.

dt Q
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The existence of this conservation law follows directly from the divergence structure of the governing equation and
is independent of the particular choice of coefficient functions.

A second conservation law is obtained by multiplying the canonical equation by u. After straightforward integration
by parts one obtains

o' (1) »

Dtcé + DXC; == ) uy +n(0)(q + Duluxuyy, 44)
where
1 o(t
G = Fu’ - %ui, (45)
and
a(r) 1
C; = mMerz +:3(t) (uuxx - zui)
1
F Ul = Ul + Sty + (Ot + (DU 1ty (46)

2

Unlike the mass conservation law, the corresponding energy balance contains source terms generated by the temporal
variation of the BBM coefficient and by the nonlinear dispersive contribution. Consequently, a genuine energy conservation
law exists only for suitable subclasses of the canonical equation.

Proposition 7.2. If
6(1) = do, n(t) =0,

then the functional

_ [ (L2 %0
E(t)—/g(zu 2ux)dx 47)

is conserved.

Proof. Under the assumptions ¢’(¢f) = 0 and 7(¢) = 0, the right-hand side of (44) vanishes identically. Integration over
the spatial domain therefore gives

dE

Os
dt

establishing conservation of the regularized energy. O

The preceding result shows that the BBM-type regularization preserves an energy invariant provided its coefficient
remains constant, whereas temporal variations of the regularization parameter or nonlinear dispersive modulation generate
additional source terms in the energy balance.

Finally, we briefly examine nonlinear self-adjointness. For the constant-coefficient conservative subclass, consider
the formal Lagrangian

L =vA, (48)

where A denotes the left-hand side of the canonical equation. Since
A=D;u+D,F
is itself a total divergence, the adjoint equation coincides with the original equation under the substitution
v=1.

Hence the conservative subclass is formally nonlinearly self-adjoint in the sense of Ibragimov. This property provides an
alternative route to the construction of conservation laws and further confirms the intrinsic conservative structure of the
governing equation.
Remark 7.3. The universal mass conservation law, the regularized energy balance and the nonlinear self-adjointness

established above complement the Lie symmetry classification obtained in the previous sections. Together they provide
the structural foundation for the exact travelling-wave solutions and numerical validation presented subsequently.
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8. EXACT TRAVELLING-WAVE AND SOLITON DYNAMICS

The travelling-wave reduction derived in Section 6 provides a natural framework for constructing localized coherent
structures of the constant-coefficient canonical equation. In this section we restrict attention to the physically important
case

p=q=1,
for which the travelling-wave equation (38) becomes
UW445—5v+mAU"—vU+%UQ=Q (49)
Motivated by the classical solitary-wave solutions of KdV-type equations, we seek localized solutions of the form
U(z) = Asech®(kz), (50)
where A > 0 denotes the wave amplitude and k > 0 is the inverse width of the pulse.

Substituting the ansatz (50) into (49), evaluating the derivatives explicitly and collecting the linearly independent
powers of sech(kz) gives the algebraic compatibility conditions

16k* + 4(B — 6v)k* —v =0, (51)

A
—120k* = 6(8 — 6v)k2 + 0‘7 +4nAK2 =0, (52)
120k* — 6nAk* = 0. (53)

The third equation immediately determines the wave amplitude,

20k
A= , (54)
n
provided 7 # 0.
Similarly, solving (51) for the wave speed gives
16k* + 48k2
= ;ﬂ’ (55)
1 +46k?
while substitution of (54) and (55) into (52) produces the remaining compatibility condition
10
—40k% + —Z _6(B - 6v) = 0. (56)
n

Theorem 8.1. Suppose the parameters satisfy the compatibility condition (56) with n # 0. Then the constant-coefficient
canonical equation admits the exact travelling-wave solution

20k
u(x,t) =

sech? (k(x — vr)), (57)

where the wave speed is given by (55).

Proof. The result follows directly from the substitution of the ansatz (50) into (49). Equations (51)—(53) are obtained by
equating the coefficients of the independent powers of sech(kz). Solving these algebraic equations yields (54), (55) and
(56), which guarantee that the profile (57) satisfies the travelling-wave equation identically. [

The solution (57) represents a bright solitary wave whose amplitude is proportional to k>/n, while its propagation
speed depends on the combined effects of the third-order dispersion, the BBM-type regularization and the fifth-order
dispersive balance. Consequently, both the dispersive coefficients and the nonlinear dispersive modulation influence the
shape and velocity of the solitary wave.

Remark 8.2. The bright-soliton solution derived above serves two complementary purposes. First, it provides an explicit
invariant solution generated by the travelling-wave reduction obtained in Section 6. Second, it furnishes an exact
benchmark for assessing the accuracy of the numerical simulations presented in the following section, thereby linking the
analytical and computational components of the paper.
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9. NUMERICAL VALIDATION

The exact bright-soliton solution obtained in the previous section provides an ideal benchmark for assessing the
accuracy of the proposed analytical framework. In particular, the numerical experiments are designed to verify three
principal theoretical predictions: the preservation of the solitary-wave profile during propagation, the dependence of the
wave dynamics on the dispersive parameters, and the conservation of the total mass.

For numerical illustration, we consider the compatible parameter set

1 26
k=3, =1 6=-01 g=1 a=3 (58)

which satisfies the compatibility conditions derived in Section 8. The corresponding analytical solution has amplitude and
wave speed

20
A=35, v=—, (59)
9
and therefore takes the explicit form
1 20
— 20 _ =
u(x,t) = 5sech [2 (x 5 t)] . (60)
The total mass associated with the analytical solution is
"" 2A
M(t) = / u(x,t)dx = - = 20, (61)

which provides an exact invariant against which the numerical computations may be compared.

The governing equation is solved numerically using a Fourier pseudo-spectral discretization in space combined
with time integration on a sufficiently large periodic computational domain so that boundary effects remain negligible
throughout the simulation. Spatial derivatives are evaluated spectrally, while the mixed dispersive term is treated through
the Fourier multiplier

1 - 6x%,

which remains strictly positive for § < 0. The spectral approximation therefore preserves the high-order accuracy required
for the fifth-order dispersive dynamics while avoiding spurious boundary reflections.

Figure 2 summarizes the overall analytical and computational procedure adopted throughout the paper. Starting
from the general variable-coefficient model, admissible equivalence transformations reduce the governing equation to
a canonical form, after which Lie symmetry analysis, optimal systems and conservation laws provide the analytical
foundation for the construction of exact travelling-wave solutions. The final stage consists of numerical validation against
the analytical soliton.

Unified analytical framework

General PDE class

v

Equivalence transformations

v

Canonical normalization

v

Lie symmetry classification

v

Optimal systems

v

Conservation laws

v

Exact solitons

v

Numerical validation

,_,,_,,—,_,,—,_,,—,_,
—J___J_Jo__Jo _Ju___J__J___J

Figure 2. Overall workflow of the unified analytical framework, illustrating the progression from the general variable-
coefficient model through equivalence transformations, Lie symmetry classification, conservation laws and similarity
reductions to exact solutions and numerical validation.
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Bright soliton: u = 5sech?{(x — 20t/9)/2}

51 — t=0

u(x, t)

Figure 3. Propagation of the verified bright-soliton solution at representative times. The numerical solution remains in
excellent agreement with the analytical profile, confirming the stability of the travelling-wave solution.

Effect of BBM-type regularization at fixed time t =4

— 6=-0.2,v=2.50
6=-0.1,v=2.22

u(x, t)

Figure 4. Influence of the BBM-type regularization coefficient § on the propagation of the solitary wave. Increasing the
regularization modifies the wave speed while preserving the localized structure.

Figure 3 illustrates the propagation of the exact bright soliton at several representative times. The numerical and
analytical profiles remain indistinguishable throughout the computation, demonstrating that the solitary wave propagates
without appreciable distortion and confirming the correctness of the travelling-wave solution derived in Section 8.

The influence of the BBM-type regularization parameter is illustrated in Figure 4. Increasing the magnitude of &
primarily affects the propagation speed through the velocity relation (55) while preserving the localized structure of the
solitary wave. This behaviour is fully consistent with the analytical travelling-wave analysis.

Figure 5 illustrates the influence of the nonlinear dispersive coefficient 5. As predicted by the analytical expression
(54), the parameter 7 directly controls the wave amplitude through

20k2
A= ,
n

showing that stronger nonlinear dispersive modulation reduces the amplitude of the localized wave while preserving its
characteristic sech” profile.
Finally, Figure 6 presents the numerical evolution of the conserved mass. Throughout the computation the numerical
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Effect of nonlinear dispersive modulation n on amplitude

10 4 — n=0.5,A=10.0
n=1A=5.0
—_— nN=2,A=25
8_
6_
=
X
3>
4_
2_
0_

Figure 5. Influence of the nonlinear dispersive coefficient  on the bright-soliton amplitude. The numerical behaviour
agrees with the analytical relation A = 20k> /7.

Mass conservation: M(t) = 20
0.006 221

—— Analytical mass
Numerical mass
0.004

0.002

0.000 A

M(t)

—0.002 A

—0.004

—0.006 T T

Figure 6. Numerical verification of the universal mass conservation law. The computed mass remains constant throughout
the simulation and agrees with the exact analytical value M = 20.

value remains essentially constant and coincides with the exact analytical value
M =20,

thereby confirming the universal mass conservation law established in Section 7 and demonstrating the consistency of the
numerical implementation.

10. DISCUSSION

The present work develops a unified analytical framework for a broad class of variable-coefficient higher-order
nonlinear evolution equations incorporating nonlinear convection, third-order dispersion, fifth-order dispersion, BBM-
type mixed dispersion and nonlinear dispersive modulation. Rather than proposing an entirely new nonlinear evolution
equation, the principal contribution lies in demonstrating that several classical dispersive wave models may be treated
within a common mathematical framework through the combined use of admissible equivalence transformations, Lie
symmetry analysis, conservation laws, similarity reductions and exact travelling-wave solutions.

A central result of the paper is the determination of the admissible equivalence group together with the canonical
normalization of the fifth-order dispersive coefficient. This normalization substantially simplifies the complete group-
classification problem by removing one arbitrary functional degree of freedom while preserving the analytical equivalence
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of the original class. In particular, the compatibility condition

dr

7 54
emerges naturally from the normalized fifth-order term and governs the admissible temporal component of every Lie point
symmetry. Consequently, the kernel algebra together with the power-law, exponential and constant-coefficient symmetry
extensions are obtained in a systematic and unified manner.

The conservation-law analysis further illustrates the structural richness of the proposed class. The divergence form
of the governing equation guarantees the existence of a universal mass conservation law independently of the particular
coefficient functions. By contrast, the regularized energy balance reveals that temporal variations of the BBM-type
regularization coefficient and nonlinear dispersive modulation introduce additional source terms that generally prevent
energy conservation. This distinction has a natural physical interpretation: while the total wave mass remains invariant,
nonlinear dispersive effects may redistribute energy between amplitude and curvature modes, thereby modifying the
evolution of localized structures.

The exact bright-soliton solution derived for the constant-coefficient canonical equation demonstrates the effectiveness
of the symmetry-based reduction procedure. The analytical expressions obtained for the wave amplitude and propagation
speed explicitly reveal the roles played by the higher-order dispersive parameters. In particular, the BBM-type regularization
parameter ¢ modifies the wave velocity through the denominator

1 + 46k,
whereas the nonlinear dispersive coefficient 7 controls the soliton amplitude through the inverse proportionality

_ 20k?
—

A

These analytical predictions are fully consistent with the numerical experiments, which confirm stable propagation of the
localized wave, the predicted parameter dependence and the preservation of the universal mass invariant.

From a broader perspective, the proposed framework illustrates the effectiveness of combining equivalence transfor-
mations with Lie symmetry analysis for the investigation of parameterized families of nonlinear evolution equations. Much
of the existing literature focuses on individual equations or narrowly defined subclasses, whereas the present approach
establishes a unified methodology capable of simultaneously treating several important higher-order dispersive models.
The resulting symmetry classifications, conservation laws and travelling-wave reductions therefore extend a number of
existing analytical results within a single coherent framework.

The present study nevertheless has certain limitations. The exact travelling-wave analysis has been restricted to
bright solitary waves associated with the constant-coefficient canonical equation, while the conservation-law analysis has
focused primarily on mass and regularized energy invariants. Furthermore, only classical Lie point symmetries have
been considered. These restrictions were adopted deliberately in order to establish a complete and rigorous analytical
foundation before addressing more sophisticated integrability structures.

11. CONCLUSIONS

This paper has developed a unified analytical framework for a broad class of variable-coeflicient higher-order nonlinear
evolution equations incorporating nonlinear convection, third-order dispersion, fifth-order dispersion, BBM-type mixed
dispersion and nonlinear dispersive modulation. Rather than focusing on a single nonlinear evolution equation, the
proposed framework provides a systematic methodology for analysing an entire family of higher-order dispersive wave
models within a common mathematical setting.

The analysis began with the derivation of the admissible equivalence group, which was subsequently employed
to normalize the fifth-order dispersive coefficient and reduce the general class to a canonical representative. This
normalization proved to be a key analytical step, substantially simplifying the complete group-classification problem while
preserving the equivalence structure of the original class. The canonical equation was then subjected to a complete Lie
symmetry classification, yielding the kernel algebra together with the principal symmetry extensions associated with the
power-law, exponential and constant-coefficient subclasses. Optimal systems of one-dimensional subalgebras and the
corresponding similarity reductions were constructed, providing systematic reductions of the governing partial differential
equation to ordinary differential equations.

The conservative structure of the canonical equation was further exploited to derive universal mass conservation
together with a regularized energy conservation law for an important conservative subclass. The analysis also demonstrated
the nonlinear self-adjointness of the constant-coefficient conservative model, thereby providing an alternative structural
interpretation of the derived conservation laws.

A principal outcome of the paper is the construction of an exact bright-soliton solution for the constant-coefficient
canonical equation. Explicit analytical expressions for the wave amplitude and propagation speed were obtained, revealing
the influence of the higher-order dispersive mechanisms on solitary-wave dynamics. The analytical solution was rigorously
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verified through direct substitution and subsequently employed as a benchmark for numerical simulations. The numerical
experiments confirmed stable soliton propagation, the predicted dependence of the wave profile on the dispersive parameters
and the preservation of the universal mass invariant, thereby providing strong agreement between the analytical and
computational results.

Collectively, the results demonstrate that admissible equivalence transformations, Lie symmetry analysis, conser-
vation laws, similarity reductions and exact travelling-wave solutions may be integrated into a single coherent analytical
framework for higher-order variable-coefficient nonlinear evolution equations. The methodology developed here is suf-
ficiently general to encompass several classical dispersive wave models while simultaneously providing new structural
insights into their symmetry properties and conservation mechanisms.

Several natural extensions of the present work remain open. These include the investigation of generalized and
nonlocal symmetries, higher-order conservation laws, Hamiltonian and bi-Hamiltonian structures, recursion operators,
Darboux and Bicklund transformations, integrable reductions, multi-soliton interactions and the stability of coherent
structures. Such developments would further deepen the mathematical understanding of higher-order nonlinear evolution
equations and broaden the range of physical applications accessible through the unified framework established in this

paper.
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€IMHEHA KJIACI/I(I)IKQHI}I CI/IMETPIi, §AKOHI/I 3BEPEKEHHA TA TUHAMIKA COJIITOHIB J1JIA
KJIACY HEJIIHIMHUX EBOJIIOIINMHUX PIBHAHDb BUIITOI'O ITOPAJAKY 31 SMIHHUM
KOE®IIIIEHTOM
Cyapec Kuosic Oykyomi Hoyui
Hlkona mamemamuunux ma cmamucmuunux Hayx, Iieniuno-3axionuii ynisepcumem, kamnyc Banoep6eiinnapk, Banoepbeiianapk,
Iigoenna Agppura

HeniniiiHi eBoMOLifHI PiBHAHHS BUIIOTO MOPSIIKY 3i 3MiHHUM KOE(II[iEHTOM CTAHOBJSATH BaXJMBHIA KJIAC MAaTEMATUYHHUX MOJeJ e
JUIsL OTUCY MOIIMPEHHs HEJNHIHHUX AMCIIepCIHHUX XBUJIb Y HEOAHOPIAHHUX CEpPeJOBHUILAX, BKIOYAIOUM MOTOKH MIJKOBOIJS, IIa3My,
ONTHYHI CUCTEMH Ta MPYKHi CTPYKTYpH. Y Liii cTaTTi po3po0ieHo €1HY aHaTiTUYHY OCHOBY JJIsI IIMPOKOTO CiMeiiCTBa TaKUX PiBHSIHb,
110 BKJIIOYAIOTh HEJIHIHY KOHBEKIIi0, AUCNIEPCil0 TPEThOro MOPSAKY, JUCIEPCilo I’ ATOro NOpAAKY, 3MilllaHy aucnepciio Tuny BBM
Ta HeJiHiiHy aucriepciiiHy Mopyismilo. Crioyatky mo6yfoBaHO JOIYCTHMI MEPETBOPEHHS €KBIBAJIEHTHOCTI Ta BUKOPHCTAHO IX MJIS
3BEI€HHSI 3aTaJIbHOTO KJIacy 3a yMOBH HEHY/IbOBOI JUCHEpCil I’ ITOro MOPSIAKY A0 KaHOHIYHOI HopMasti3zoBaHoi hopmu. Hopmanizartis
MIPU3BOJMTH [0 CIPOIIEHOI 3aja4i rpynoBoi Kiacudikarii IUITXOM BCTAHOBJICHHS SIBHOI YMOBU CyMICHOCTI JAJISl YaCOBOI CKJIaJOBOI
KOXHOI gomyctiMoi cuMeTpii Touku JIi. OTpumaHo noBHi ki1acudikanii cumeTpii JIi A migkmacis sigpa, CTEeeHeBOro 3aKOHY, eKCIIo-
HEHLIiaJILHOTO 3aKOHY Ta 3aKOHY 3 MOCTIHMM KoeillieHTOM, Micjs 4oro moOyJoBaHO ONTHUMabHI CUCTEMM Ta PelyKLii NogiOHOCTI.
3akoHM 30epekeHHs BUBEJEHI 3 KOHCEpPBAaTUBHOI CTPYKTYpH PiBHSIHHS, IO BU3HAYA€E, BKIIIOYAIOUN YHiIBEpCaJbHUIA iHBapiaHT MacH Ta
peryisipu30BaHuii 3aKOH 30epeKeHHsI eHepril JUIsl BaKJIMBOro KaHOHIYHOTO migkaacy. Kpim toro, oTpumaHo TOYHMIT po3B’ 130K sICKpa-
BOTO COJIITOHA JUIS PIBHSHHS 3 MOCTIHUM Koeili€HTOM, KUl PeTeIbHO MepeBipeHo MPsIMOIO IiJCTAaHOBKOIO Ta BUKOPUCTAHO IJISA
MEepEeBiPKU YUCIOBUX CUMYJISAL. 3anponoHoBaHa CTPYKTypa 00’ €HYE MepPeTBOPEHHsI eKBIBAICHTHOCTI, aHai3 cumetpii JIi, 3akoHM
30epexeHHs], pefyKiii MoAiOHOCTI Ta AUHAMIKY COJITOHIB B MeKaxX OJHIEl MapaMeTpU30BaHOI CHCTEMH, 3a0e3Meuy0ui CUCTEMATUIHY
METOJOJIOTII0 JIIs1 aHAJITUYHOTO JOCIIPKEHHS HeJIiHIHHUX AUCTIEPCiiHUX XBUJILOBUX PiBHSHb BUILOTO MOPSAKY.
KumrouoBi cioBa: ananiz cumempii Jli; nepemgopenns ekgiearenmuoCcmi; HeAiHItiHI e80MOUILIHI PIGHSHHS 31 SMIHHUM KOehiuieHmom,
3aKOHU 30epedNceHHs; OUCREPCILIHI X8UNT U020 NOPSOKY, OUCNEPCIsi N’ imo2o NopsiOKy,; pedyKyii noOiOHOCMI; OUHAMIKA CONIMOHIE
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