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This work presents the derivation of exact analytical solutions for a (3+1)-dimensional modified Kadomtsev—Petviashvili equation
using two effective analytical schemes, namely the Improved Simple Equation Method and the exponential expansion approach. The
considered model is relevant for describing complex nonlinear wave propagation in incompressible fluid environments, where dispersive
and nonlinear effects are strongly coupled. The implemented techniques yield a rich variety of wave structures with distinct physical
characteristics, including singular and non-singular localized formations, periodic patterns, and exponentially decaying profiles. In
addition, hyperbolic and trigonometric configurations are obtained, reflecting different propagation regimes of the system. The qualitative
behavior of these solutions is further clarified through three-dimensional surface representations and contour mappings. Furthermore, a
bifurcation analysis is carried out for the reduced traveling-wave ordinary differential equation to investigate the equilibrium points, their
stability properties, and the critical conditions associated with stability exchange. This analysis provides a complementary dynamical-
systems perspective on the obtained wave structures and clarifies the influence of the governing parameters on the qualitative behavior
of the model.
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1. INTRODUCTION

In the realm of nonlinear scientific studies, nonlinear evolutionary systems (NLEEs) hold a considerable position.
They serve as powerful mathematical tools for describing diverse and intricate phenomena such as fluid flow dynamics,
nonlinear processes, and the distribution of electromagnetic fields in plasma physics. [1-9]. With ongoing research for
NLEEs, a growing variety of exact analytical solutions have been identified and analyzed, offering deeper insights into
the behavior of nonlinear phenomena in natural systems. Multiple highly effective methodologies have been developed to
acquire precise analytical forms of equations describing nonlinear dynamic evolution (NLEEs), for instance, the inverse
scattering transform [10], techniques such as a transformation approach derived from Bécklund’s concept [11], and a
transformation method based on Darboux’s framework [12], the algebraic—geometric technique [13] and an approach
utilizing Hirota’s bilinear formalism [14]. These methods not only enable the precise determination of solutions but also
facilitate the study of complex solution structures.

During the late 1970s, Novikov’s research group [15-19]. achieved notable advancements in the development of
inverse spectral Paradigm and an approach based on algebraic geometry. These techniques were initially employed to
analyze the KdV model, originally formulated by Diederik Korteweg and Gustav de Vries, leading to the derivation of
quasiperiodic wave solutions, commonly referred to as algebraic—geometric solutions. Such solutions are defined by
physical parameters including the wave number, phase velocity, and interaction amplitude, all determined on a compact,
orientable Riemann surface. Although the technique grounded in algebraic geometry offers an analytical framework for
constructing quasiperiodic wave solutions, the direct determination of key quantities for instance, wave numbers and phase
shifts remains challenging, and frequencies remains difficult.

To address this, Nakamura introduced a direct approach combining the bilinear formalism in conjunction with
the theta function introduced by Riemann has been employed to formulate solutions exhibiting quasiperiodic waves for
both the KdV and Boussinesq equations [20,21]. This method provides a more direct approach and offers a clearer
understanding of the relationship between the solutions and their characteristic parameters. Subsequent extensions of
this technique to Investigations into superintegrable and discrete integrable systems have been carried out by fan and
colleagues [22-29]. Overall, nakamura’s approach has considerably enhanced the comprehension related to solutions
exhibiting quasi-periodicity and their function in the representation of nonlinear waves and examination of dynamical
systems [30-33], yielding new insights into complex system dynamics as well as the appearance of chaotic behavior.

A nonlinear version of the Kadomtsev—Petviashvili equation (KPE) [34], this nonlinear evolution equation, incorpo-
rating two spatial coordinates and a single time variable, was designed to capture the dynamics of slowly varying long
nonlinear waves in the transverse direction. By loosening the restriction by extending beyond one-dimensional wave
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dynamics, Kadomtsev and Petviashvili introduced the fully integrable KP equation . This formulation is suitable for
long shallow water waves propagating predominantly in one direction in scenarios where surface tension and viscosity
are insignificant. The extended Kadomtsev—Petviashvili equation in (3 + 1) dimensions has, in recent years, garnered
significant interest in both fluid mechanics and plasma physics research [35]. The proposed equation is expressed as
follows:

Uxxxy T 3 (uxuy)x + Buxxxz + 36 (uxuz)x + Pruxe + poUyt + P3Uz + Wilxz + Wolly, + W3Uzz = 0. (1

Here, u = u(x, y, z,t) corresponds to the waveform, which depends on three uncorrelated coordinates x, y and z, as
well as a single temporal coordinate t. The coefficients p;, w; and § are nonzero fixed parameters where j = 1,2, 3.

This work employs the Improved Simple Equation Method (ISEM) and the Exponential Method to derive exact
explicit solutions of the generalized Kadomtsev—Petviashvili equation in (3+1) dimensions. By introducing a suitable
wave transformation and balancing the nonlinear and highest derivative terms, several classes of explicit wave structures
are obtained. These include exponential-type waves, dark solitons, singular solitons, trigonometric solutions, hyperbolic
solutions, and singular periodic wave patterns. The derived results enrich the analytical framework of KP-type models and
provide deeper physical insight into nonlinear wave propagation and interactions in multidimensional fluid systems. The
effectiveness and simplicity of the adopted method confirm its applicability to a broader variety of nonlinear evolutionary
equations.

Modified (3+1)-dimensional KP equation considered in the present work has not yet been investigated through the
combined implementation of the Improved Simple Equation Method and the Exponential Expansion Method. Furthermore,
most existing studies focus on obtaining individual classes of exact solutions without performing a systematic comparison
between different analytical approaches. Therefore, the present study aims to bridge this gap by deriving several new
exact wave structures using two complementary analytical schemes, followed by graphical visualization to evaluate their
physical significance. In addition, all obtained analytical solutions are verified by direct substitution into the governing
equation using symbolic computation to ensure their mathematical correctness.

Beyond the derivation of exact analytical solutions, the qualitative dynamical behavior of the reduced traveling-wave
equation is also investigated through bifurcation analysis. This approach enables the identification of equilibrium points of
the associated planar dynamical system, the examination of their local stability, and the determination of critical parameter
conditions under which changes in the qualitative structure of the phase plane occur. Consequently, the bifurcation analysis
complements the analytical solution procedures by providing deeper insight into the dynamical mechanisms governing the
emergence and stability of the obtained nonlinear wave structures.

This paper is organized as follows. Section 2 presents the mathematical methodologies employed in this work,
including the Improved Simple Equation Method and the Exponential Expansion Method. In Section 3, these techniques are
systematically applied to derive a broad spectrum of exact analytical solutions for the extended modified (3+1)-dimensional
Kadomtsev—Petviashvili equation. Section 4 is devoted to the bifurcation analysis of the reduced traveling-wave system,
where the equilibrium points, their stability properties, and the associated critical bifurcation condition are investigated.
Section 5 presents three-dimensional surface and contour visualizations to provide further insight into the qualitative and
dynamical behavior of the obtained wave solutions. Finally, Section 6 summarizes the main results and highlights their
significance in understanding nonlinear wave propagation and the underlying dynamical behavior of the model.

2. THE OUTLINED TECHNIQUES

Here, we present the methodology used for Equation (1), including the Improved Simple Equation and the Exponential
Methods.

2.1. Improved Simple Equation Scheme
Here, an outline of the Improved Simple Equation Scheme is briefly discussed [36—-38], which serves as the primary

approach employed in the current study.
We examine the following expressed as a partial differential equation with nonlinear characteristics (NLPDE):
F(u, Uxt, Uxys Uxzs Uxts Uxx, Mxxxw-') =0. 2

The fundamental approaches to the Improved Simple Equation Scheme (ISEM) are condensed described below:
Step 1: Initially, the partial differential equation with nonlinear characteristics (NLPDE) presented in Eq(2) is mapped
converted into an ordinary differential equation (ODE) through the following transformation:

u(x,v,z,t) =u(§); E=x+z+y-ct; c#0, 3)

here ¢ corresponds to the wave velocity. Accordingly, Equation(2) takes the following form:

Huu' u'u”,....)=0. 4)
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Step 2: The derived solution for the Equation (4) is presumed to take the following form:

N

w@ = > a7 (), 5)

Jj=-N

here a; represent coeflicients required to be evaluated, while z(¢) is governed by the differential equation presented here:

7(€) = do + d12(&) + oz (£). (6)

Step 3: In order to identify the quantity of N, the highest-order derivative term is balanced with the highest-order nonlinear
term according to the balancing principle.

Step 4: By substituting the assumed solution given in Equation (5) into Equation (4), and using the differential relation in
Equation (6), the resulting expression reduces to a polynomial in z(&).

Step 5: By gathering that the coefficients of z/ in the polynomial generated from Step (4) , one obtains a system composed
of algebraic relations, the solution of that can serve as derived with the aid of numerical computing platforms like
Mathematica for the purpose of determine the parameters to be determined.

Step 6: By assigning various values to dy, d; and d», several families of general solutions for Equation (6) can provide
different types of solutions as follows:

First Family: d, =0

exp (di§) do

z(6) = 4 4

Second Family: d; =0
do
2(§) =~/ 5 tanh (\/—dodzf) . dods <0,
2
do
&) = | tan (\/dodgf) . dody > 0.

Third Family: dy =0

(&) = dy exp (di€)
1 —dyexp (di€)’
(&) = —dy exp (di€)
1+ drexp (di&)’
Fourth Family: dy,d;,d, #0
When d? > 4dyd; :
N =4dods tanh(% Nd?=4dods §)+d1
7(€) = - 2d; >
© N =4dods coth(% N E §)+d1
Z = - 2d- 1)
V(a2 -4dgay ) (A2+82 )—A\/d% —4dyd, coshf\/d%—hiodzf)
Asinh('\/d%—441()d25)+3 4
z(€) = 2d,
where A, B # 0
2d, cosh (%, |d? — 4d0d2§)
z(§) = ,
\4? - 4dyds sinh (%, |d? — 4d0d2§-‘) — dj cosh (%, d? - 4d0d2§)
2d, sinh (%, d? - 4d0d2§)
z(§) =

\Jd2 = 4dod; cosh (%, |d? — 4d0d2§) — dy sinh (%, d? - 4dod2§)

When d% < 4dyd, :

\JAdod, — d% tan (%1 [4dod, — dlzf) —d;

7(€) = 24 ,
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© Vadods=d7 cot( s \Adodo—d} & )+
Z = - 2d, 5
V(4dodr-a?) (A2-B2) - Arfadydy-d? cns(\/ztdodz—d%f)
Asin(\/Ad()dz—d%§)+B
7(6) = 2

with A and B being nonzero constants that satisfy the condition, B> < A2

2d, cos (%, [4dod; — dfg)

-d

2(é) = - ;
\J4dods — d? sin (%, [4dod, ~ dfg) +d; cos (%, [Adyd; — dfg)
2d sin (%, [Adyd; — dfg:)
2(é) =

\J4dod> — d? cos (%, [4dod; ~ d%g) —dj sin (%, [4dod> - a’]zf)

By inserting the evaluated constants ¢ and a; as well as the general solutions of Equation (6) into the assumed form
of Equation (5), an ensemble of exact solutions for the differential equation is obtained.

2.2. Exponential Scheme

This section provides a concise overview of the newly developed Exponential Expansion scheme. The nonlinear
evolution equation (NLEE) under consideration is given by:

F (M, Uxts Uxy, Uxz, Uxts Uxxs Uxxxs -+ ) =0. (N

where F denotes a function depending on u, U, Uxy, Uxz, Uxs, Uxx, Uxxx and the subscripts indicate partial derivatives of
u(x,t) with respect to the variables x and t.

Assume that u(x,t) = u(¢), ¢ = x — c t, where c represents the wave propagation speed. Under this transformation,
Eq. (7) reduces to a nonlinear ordinary differential equation (ODE) for u=u(¢):

Uu,u’,u”,u’”,...) ®)

where U depends on u, u’, u”,u””’, .... and the prime symbol denotes ordinary differentiation with respect to &. We assume
that the traveling wave solution of Eq. (8) can be represented in the following form:

N

D ai(exp(=2(£))', an # 0. ©)

i=0

where the coefficients A;(0 < i < N) are unknown constants to be determined and z = z(¢) satisfies the following three
auxulary equations every one gives its own system a nonlinear ordinary differential equation of first order:

7(é) = pexp(z(é)) + exp(-z(é)) + A (10)

where 1 and u represent constants with arbitrary values.

The positive integer parameter N is obtained by equating the highest-order derivative terms having the highest-order
nonlinear contributions appearing in Eq. (8). Substituting Eq. (9) into Eq. (8), together with Eq. (10) when necessary,
leads to a system of algebraic equations for the unknown parameters A;(0 < i < N), A and u. By employing symbolic
computation software, such as Mathematica, this algebraic system can be solved to obtain the corresponding values of
A;, A and p It is worth mentioning that Eq. (10) admits five distinct classes of general solutions. [39-41]:

VP = dprtanh (VP = (¢ + Vo)) -2

2u

z2(§) =In ,u#0, 2 —4u>0.

L u#0, A2 —4u<0.

z(¢) = 2

[\/—/12 + 4y tanh (\/—/12 +4u (€ + Vo)) -1
In
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2
exp (A (£+W)) -1

Z(§)=—ln[ ],u=0,1¢0,a2—4ﬂ>0.

2(A(+ W) +2)

&= (_ (€ + Vo)

),uzO,/liO.

z2(€) =In[¢+ Vo], p=0,2=0.
here V| represents the integration constant. Thus, multiple explicit solutions of the nonlinear evolution equation (7) can
be obtained. Again, let us assume that Eq. (8) admits a solution expressed as in Eq. (9), where z = z(¢) fulfills a separate

first-order nonlinear ordinary differential equation:

7'(é) = —Aexp(z(€)) — pexp(—z(é)), p, 1 €R. (11)

By substituting Eq.(9) into Eq.(8) and applying Eq.(11), by performing this procedure repeatedly, we derive a system of
algebraic equations for A;(0 < i < N),as well as A and u. Using symbolic computation tools such as Mathematica, this
system can be solved to determine the values of A;(0 <i < N), A and p. Itis noteworthy that Eq. (11) admits the general
solutions given below:

z(§) = —ln(\/gtan(\/ﬂ(—ct+v() +x+y+z))), Au > 0.
7(&) =—1In (—\/gcot(\/ﬂ(—ct+\/o+x+y+z))), Au > 0.
z2(£) =—In (1 /—g tanh (\/—/l/,t (=ct+Vog+x+y+ z))), Au <0.

z(£) =1n (1 [—g coth (\/—/lu (—ct+Vo+x+y+ z))) , Au < 0.

1
Cp(—ct+Vo+x+y+2)

z(§)=—ln( ),u>o,/1=o.

where V) is the integrating constant. Finally, we obtain the new multiple explicit solutions of NLEE EQ(7).

3. DERIVATION OF EXACT SOLUTIONS

This part aims to clarify the application of the mathematical methods previously presented to the equation under
investigation, along with a detailed discussion of the results obtained from each method. The findings demonstrate the
effectiveness of these methods in obtaining exact solutions that contribute to a deeper understanding of the physical and
mathematical properties of the equation.

3.1. Improved Simple Equation scheme

In the subsequent portion, the Improved Simple equation-based method is utilized to formulate closed-form solutions
of the KPE.
Initially, through an appropriate transformation, the nonlinear evolution (PDE) (1) is reformulated as (ODE) through the
wave transformation defined in Equation (3). Consequently, Equation (1) takes the following form:

(—c(pr1+pr+p3)+w +wr+w3 +6(1+B)u’)u” +(1+p)u”"”" =0, (12)

Performing a single integration of Equation (12) gives:

(=c(p1+pa+p3) + w1 +wy + w3) ' +3(1+B) (W) + (1+ B =0, 13)
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the analytical solution of Equation (13) is capable of being represented as given below:

For employing the proposed technique, it is first crucial for specifying the integer N must first be identified. The value of
N = 1. This value is obtained by equating the principal derivative term u’” paired with the nonlinear contribution (u’)?
in Equation (13), leading to the conclusion that the solution corresponding to Equation (1) takes as illustrated below:

b

u(é) = ap+az(é) + @

(14)
Substituting Equations (14) and (6) into Equation (13) yields:
Fa (6a1(ﬂ + 1)b1dy + ajcpy + ajcpr +ajcps — 3a%(,6’ + l)do)
+z (al(—,B - l)d% —2a1(B+ Ddodr — ajw; — ajwy — alwg)
+77 (6a1(ﬁ + 1)bidy + by (—c(p1 +p2+p3) + (B+1D)d +w +wy + w3) =3(B+ Dbidy +2(B + 1)b1d0d2) +
6a(B+ 1)bydi 2 +2° (—3a%(/3 +1)d> — 6a,Bd2 — 6a1d§) +2° (—3a%(ﬁ +1)d; — 6a; (B + 1)d, dg) +

6(B + 1)byd2 —3(B + 1)b2dy + 2 (6(,8 + Dbrdody — 3(8 + l)b%dl) - 0. (15)

Through comparing the coefficients of z/ taken as zero produces a collection of algebraic relations, which are
subsequently solved using Mathematica.
The solutions obtained are summarized below:
Family 1: When d, = 0, we have

b] cp1+cpr+cCcp3 —w) —wy — w3
a1=0; d0=?; d1=\/p P ;+1 .

Consequently, the subsequent dark-type soliton solution is computed:

—c(p1+o+p3)+wi+wr+ws
2b1\/_ B+1

u(x,y,z,t) = ap+

2exp ((—ct +x+27+ y)\/— 7c(p1+p2+p[;’i;'w'+w2+w3 - b

—c(p1 +p2+p3) + W +wy + w3

0 -1. 16
Sl <0 p# (16)
Family 2:When d; = 0, the results can be expressed as follows:
SET I:
b —Ccp1 —Cpy—CP3 + Wi +wy + w3
=0, dy=—; dp = .
a=w d=5n @ 4Bdo + 4d,
SET II:
ai —Cp1 —Cpy —CPp3 + w1 +wy + w3
d=——; b1 =0; dy=
2T ! 0 4Bd, + 4d,
SET III:
by —Ccp1 —Cpy —CP3 + W + Wy + w3
=-2dy; dy=—; dr=
a 2 G0=5n @ 16Bdo + 164,

Based on Set I, the following solutions, singular periodic solution, is derived:

by (-cp|—cpy—cp3+w+wr+w
(*ct+x+y+z)\/ 1P mepyocpy o teptes)

265, +2b;
\V2b, cot v

u(x,y,z,t) = aop + , B#-1,
\/ b1 (28b+2b))

—cp1—cpr—cp3twitwrtws
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bi(—cpy — cpr — cp3 + w1 + W + wW3) S
Zﬁbl +2by

0. a7)

In accordance with Set II, singular periodic structures is determined as presented below:

—Ccp1 —Cpr—Ccp3+wi +wr+ w3
u(x,y,z,t) =ao+‘/§a1\/_ ay (-2a18 —2ay) i

a)(—cp1—cpr—cp3+wi+wrtws)
t (—ct+x+y+z)\/— L ! —22a1ﬁ—32a11 2
an >
V2
aj\—c¢ —C —C +w) +wy+w
1(=cpi ﬁizzalﬁpi 2a11 2+ w3) <0, B -1, (18)

Referring to Set 111, the corresponding singular periodic solution is presented below:

u(x,y,z,t) = ap+

1 —c(p1+p2+p3)twi+wr+ 1 —c(p1+o2+p3)+wi+wr+
by (cot(z(—ct+x+y+z)\/ c(pi+p) pﬁzJ)rlm. Wy ‘”3)—tan(z(—ct+x+y+z)\/ c(pi+p2 nglwl w)y m))

5 (B+1)b?
—c(p1+p2+03)+ w1+ wr+ws

—c(p1+p2+p3) +w) +wr + w3

B+1

>

>0, B#-1. (19)

Family 3: When dj = 0, we have

aj cpr+cCcpr+Ccp3 —w) —wr — w3
dy=—-——; b1 =0; d| = .
2 ) 1 1 \/ ﬁ‘f‘l

Consequently, the following exponential-type solutions are derived:

2611\/— —c'(P1+p2+;23—Tw1+wz+w3 exp ((—ct+x+y +Z)\/— —C(p1+pz+/>ﬁsi41-w1+w2+w3)

u(x,y,z,t) = ap +

aj exp ((—ct Fx+y+ z)\/— _C(’)”pz“;;ﬁ‘“”“’ﬁ“’}) +2

—c(p1 +p2+p3) +wi +wr + w3

B+1

<0, B#-l. (20)

2611\/— —c(p1+p2+;;333—-;—w1+w2+w3 exp((_Ct+x+y+Z)\/_—c(p1+p2+/;§+)‘-;w1+w2+w3)

u(x,y,z,t) = ap+

aj exp ((—ct +x+y+ z)\/— _C(p‘+p2+pghw‘+w2+w3) -2
—c(p1+pa+p3) + w1 +wr+ w3 <0, p#-1. 21
B+1
Fourth Family: When dy, di, d> # 0, we have
SETI:

by

—cpl—cpz—cp3+ﬂd%+d%+w1+w2+w3
a1=0; d()Z?, d2= .

4B+ 1)do
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SET II

cp1+cpr+cps— Pdi —d? — w) - wr — w3

:—2 N = U: =
ai dy; b1 =0; d 453do — 4dy

Utilizing Set I, the following solutions are constructed: S # —1.

u(x, Y, 2, t) =dao—
—c(p1+p2+p3)+ (B+1d} + w1 +wy + w3

(B+1) (\/— _C(p‘wz“;;’rlrw”wﬁm tanh %(—ct +x+y+ z)\/— _C(p'+p2+fgl;rw'+w2+w3) + dl)

i

—c(pl +p2+p3) + wl + W2 + W3
B+1

<0, B#-1. (22)

M()C,y, 2, t) =daop—
—c(p1+p2+p3) + (B+1)d} +wi + Wy + w3

B+1) (\/— ~ClLIPEAR O 201 oty (%(—ct +x+y+ z)\/— _C(p‘+p2+p§l;""‘+“’2+“’3) + d1)

—c(pl +p2 + p3) + wl + W2 + W3
B+1

<0, B#-1. (23)

u(x,y,z,t) = ap+

(A sinh (\/M(—ct+x +y +z)) +B) (—c(pl+p2+p3) + (B+ 1d? + wl + w2 + w3)

(B+ 1)( M (A% + B?) - d; (Asinh (W(—ct+x+y+z)) +B) —A\/ﬁcosh(\/ﬁ(—ct+x+y+z)))’

_—c(pr+p2+p3) + Wi +wr + w3

M =
B+1

, M>0, B#-1. 4)

u(x,y,z,t) = aO_dl

- + 02+ +w) +wy + 1 - + 02+ +w) +wy +
p|ozClprtpp o) rortwr s L et txtz+y) - c(prL+p2+p3) + W + W+ w3 ’
B+1 2 B+1

>0, B#-1. (25)

_—c(p1+p2+p3) +wi +wr+ w3
B+1

u(x,y,z,t) = aO_dl

- + 02+ +w) +w + 1 - + 02+ +w) +w +
o |ozClpi+ P2t p3) +wi +wo D3 coth | £ (—et +x 424 y)4 |- c(pi+pr+p3) +wi+w ws |
B+1 2 B+1

—c(p1+p2+p3) +w +wr + w3
B+ 1

The solutions in Equations (22), (23) and(26) correspond to singular solitons, Eq.(25) correspond to dark soliton solution,
Eq(24) is obtained hyperbolic solution.

<0, p#-l. (26)

—c(p1+p2+p3) + (B+ 1d} + w1 + wy + w3

(B+1) (dl _ \/—C(P1+P2+,D3)+w1+w2+w3 tan (%(—ct Xz y)\/—C(p1+p2+p3)+w1+w2+w3))

u(x,y,z,t) = ap —

B+1 B+l

—c(p1 +p2+p3) +w +wr + w3

B+1

>0, p#-1. Q7

—c(p1+p2+p3) + (B+1Dd} + w1 +wy + w3

(B+1) (\/c(P1+pz+pﬁg,i41-w1+wz+w3 COt(%(—Ct+x+Z+y)\/c(pl+p2+/23_Twl+w2+w3) +d1)

u(x,y,z,t) =dap—
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—c(p1 + p2+p3) + w1 + Wy + w3

B+1

>0, B#-1. (28)

u(x,y,z,t) = ap+

(Asin (\/F(—ct+x+z+y)) +B) (—c(p1 +p2+p3)+ (B+ 1)d%+w1 + Wy + w3)

B+1) (w/F(A2_B2)—d1 (Asin(\/f(—ct+x+z+y))+B)—A\/fcos(\/?(—ct+x+z+y)))

—c(p1 + p2+ p3) + w1 + Wy +
po —Clprtp 23-)'_10)1 wrtws ooy (29)

bl

u(x,y,z,t) =ag+d;

- + 02+ +w) +w + 1 - + 02+ +w) +wr +
+\/ c(pr+p2+p3) +wi +wy w3tan(§(—ct+x+z+y)\/ c(p1+p2+p3) + w1 +wy w3)’

B+1 B+1
—c(p1+p2+p3) +w +wy + w3

B+1

>0, B#-1. (30)

u(x,y,z,t) = ag—d;

- + 02+ +w) +wy + 1 - + 02+ +w) +wy +
L zelprtprtp3) ot tws L etaxtzty) c(pr+pr+p3) + Wi +wy + w3 ’
B+1 2 B+1

—c(p1 + p2 + p3) + Wy + W + w3

B+1

Equations (27), (28), (30) and (31) generate singular periodic wave structures, Eq.(29) trigonometric solution is obtained.
In accordance with Set II, the explicit solutions are constructed in the manner described below:

>0, B #-1. 31)

u(x,y,z,t) = ap+
—\JM (A2 + B2) + d, (Asinh (\/M(—ct +x+z+y)) +B) + AVM cosh (\/M(—ct +x+z+y))

Asinh(W(—ct+x+z+y))+B

)

—c(pl+p2+p3) + wl + W2 + W3
B+1

M=-

., M>0, B#-1. (32)

cosh (%\/M(—ct +x+y+ z)) (—c(p1 +p2+p3) + (B+ l)d% + Wi + Wy + w3)

M()C,y,Z,l) =ap—

B+1) (Wsinh(%\/ﬁ(—ct+x+y +z)) —dj cosh (%\/M(—ct +x+y +z))),
_—c(p1+p2+p3) +wi +wr+ w3

B+1

M =

, M>0, B#-1. (33)

sinh (%\/M(—Ct +x+z+ y)) (—c(p1 +p2+p3) + (B+ 1)d% + Wi+ ws + w;3)

u(x,y,z,t) =dap—

B+1) (Wcosh (%W(—ct +x+z+y)) —dj sinh (%\/M(—ct +x+z +y)))’
_—c(p1+p2+p3) + Wi+ wr+ w3

B+1
Equations (32), (33), and (34) describe hyperbolic solutions.

M = , M>0, p#-1. (34)

u(x,y,z,t) = ap+

—\JF (A2 - B?) + Ad, sin(\/f(—ct+x+y+z))+A\/fcos(\/f(—ct+x+y+z))+Bd]

’

Asin(\/f(—ct+x+y+z)) +B
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F= —c(p1+p2+p3) + w +wy + w3
B+1

, F>0, B#-1. 35)

cos (%\/f(—cz Fx+z+ y)) (—c(p1 + p2+ p3) + (B+ Dd? + wy + w + w3)

u(x,y,z,t) = ap —

s

B+1) (d1 cos(%\/ﬁ(—ct+x+z+y)) + VFsin (%\/F(—ct+x+z+y)))

- +p2+p3) tw twy+
P ;311“’1 DT Fso0, B -1 (36)

sin (%\/f(—ct +x+2z+ y)) (—c(p1 +p2+p3)+ (B+ l)d% + Wi+ wr + w3)

u(x,y,z,t) = ag —

B+1) (\/Fcos(%\/F(—ct+x+z+y)) —-d sin(%\/l_”(—ct+x+z+y))) ’

- +p2+p3) +w +wy+
FoZClpitp 2311“’1 DT S0, B -1 (37)

Eqs(35), (36) and (37)are trigonometric solutions.

3.2. Calculation of exponential Scheme

This section presents the application of the proposed exponential expansion method to find the more general and
exact traveling wave solutions to the ODE at Eq. (13). Upon Inserting Eqs. (9) and (10) into Eq. (13) results in the
following first system:

—-3a18-3a,+68+6=0,

—6a18A —6a1d + 121+ 124 =0,

—3a1BA% — 6a1Bu — 3a1A> — 6a 1+ TBA> + 8Bu —cpl —cp2 —cp3+ T2 +8u+ wl + w2 + w3 =0,
—6a18Au — 6aiAu + BA3 + 8BAu — cApl — cAp2 — cAp3 + A3 + 84 + Awl + Aw2 + Aw3 =0,
—3a1Bu? = 3ap? + B2 + 2Bu* — cupl — cup2 — cup3 + A2 + 2% + pwl + pw?2 + pw3 = 0.

By solving the system the results can be raised;

Set I:
4Bu + cpl + cp2 + cp3 +4p — wl — w2 — W3
611=2;/l=\/ . |
Set II:
ar=21=0;u= Cp1+CPZ+f£;:Z)1—w2—w3
First case

Based on Set I, we obtained;

4
u(x,y,z,t) = ap + H , G-4u>0,
—w/G—4/,ztanh(O.5\/G—4/1(—ct+V0+x+y+z))—\/5
4Bu+cpl +cp2 +cp3 +4u—wl —w2 — w3
G=Butcpltcplvcpdtap-olzwizwd o (38)
B+1
Based on Set II, we obtained;
2 (cp1 + cpa + cp3 — w1 — wr — w3) coth (\/— Cp‘+Cp2+iﬂ3/3__‘Z‘_w2_w3 (—ct+Vo+x+y+ z))
u(x,y,z,t) = ap— — ,
cpl+cpr+Cp3— W] — W) — W3
(—4,3—4)\/— 1 2 —4?8—4] 2 — W3
+ + —w)—wy —
chr T Cp2 fi;_j” @279 _0,8% 1. (39)

Second case
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Based on Set I, we obtained,;

4p

u(x,y,z,t) = ap+ , 4u—G >0,
VA —Gtan (0.5\/4;1 "G (—ct+Vo+x+y+ z)) VG
ABu+cpl +cp2+cp3+4u—wl — w2 - w3
G=Burepltcplvcpdtip-wlmodzwd oo (41)
B+1
Based on Set II, we obtained;
u(x,y,z,1) = ajypcot (Vi (—=ct + Vo +x + y +2)) + ap, u> 0. (42)
Based on Set III, we obtained;
2(cpy +cpy + cp3 —w) — wy — w3) cot (1.\/Cp’%pﬁc_’z%__?_wz_w} (—ct+Vo+x+y+ z))
u(x,y,z,t) =ap + ,
C, +c +c —W]—W2— W
(—4ﬁ_4)\/ PL+CO? —613[3—41 2 3
cprtcpr+cCp3 — W —wWy — W3
>0, -1. 43
454 B# (43)
Third case
Set I:
a; =21 = cp1t+cpy+cp3 —wi —wz—w3.
B+1
Based on Set I, we obtained;
2\/cp1+cp2+cp3—w1—w2—w3
p+1
u(x,y,z,t) = ap+ )
exp (\/Cp’%pz%’;;lw]_wz_m (—ct+Vo+x+y+ z)) -1
cprtcpr+cp3 —w) —wr — W3
>0, —1. 44
S p# (44)
fourth case
Set I:
4Bu +cpl +cp2 +cp3+4u —wl — w2 — w3
ay = 2;/l =
B+ 1
Set I1:
u=0;8=-1w3=cpl +cp2+cp3—wl —w2.
Set I11:

- :2;/12\/Cpl+cp2+cp3—w1—w2—w3"u:0'

B+1 ’
Based on Set I, we obtained;
(ABu+cpr+cpr+cp3+4u—w; —wr —w3) (—ct+Vo+x+y+72z)

(B+1) (\/4B”+""‘+C”2+““’3+4“_““_“’2_‘“3 (—ct+Vo+x+y+2)+2

u(x,y,z,t) =daop—

s

B+1
4Bu+cpi +cpr+cp3+4p —wi —wy —

s 935 0,8% 1. 45)

Based on Set II, we obtained;

arA? (—ct+Vo+x+y+72)
2 (—ct+Vo+x+y+2)+2)

u(x,y,z,t) = ag (46)
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Based on Set III, we obtained;
(cp1+cpr+cp3—wi—wr—w3) (—ct+Vo+x+y+2)
(B+1) (\/C"‘+C”Z+Cp3_“"_‘“2_‘“3 (—ct+Vo+x+y+2)+ 2)

p+1

u(x,y,z,t) =dap—

s

cpr+cpy+cp3—w —wr—w
B+1
Upon substituting Eq (9), Eq (12) into Eq(8) the following system is obtained;

3>0,8% 1. 47

3a1Bu® + 3au® + 68u> + 6u° =0,
3a1BA% +3a1A% + 2B2%u — cAdpy — cApr — cApz + 221 + Aw| + dws + Adws = 0,
6a1BAp + 6aAp + 8BA* — cupy — cupr — cpps + 8Au? + pwi + pws + pws = 0.
By solving the system the result can be raised;
set I
=—a—1'/l= cpr+cCpy+Ccp3 —w —wy — w3
K== 2a.8 + 2a,

cplr+cCcpr+cCcp3 —w —wr— w3
V. 21) = ag + V2ay |-
u(x,y,z,t) = ag a1\/ ar Qarp + 2a)) *

_ai(cpiteprtepy—wi—wa—w3) o
\/ Lep (—ct+Vo+x+y+2)

Cp1+CPpy+CP3 — W) —Wy —W3
tan , —

>0,8+-1.

5 ai (2a1B +2ay)
(48)
cp1L+cpr+cp3 —wi —wy — w3
u(x,y,z,t) =ao“/§‘”\/_ ay (2a1p + 2ay)
ar(cpiteprtepy—wi-wr-w3)
cot ‘/_ S (G H Vot XY+ D)) ) hepy 4 ops — wi — wr — w3 <0,p# -1
= ’ a1 Qarf + 2ay) ’ '
(49)
cpL+Cpateps — w1 —wy— w3
u(x,y,z,t) :“0+\/§‘”\/ ai (2a1B + 2a1)
ai(cpi+cpr+cps—wi—wr—ws)
tanh ‘/ e (et + Vo x v+ 2D hkepr +eps — w1 — wr — ws >0,8+-1
5 , ay (2a18 + 2ay) ’ '
(50)
CpLt+cprtcep3 —wi—wr— w3
u(x,y,z,t) 290"'\5‘”\/ ay (2a18 +2a,)
ar(cp1tepy+eps—wi—wy—ws)
coth ‘/ e (Vo x YD) | htepy +eps — w1 — wa — ws >0,p# -1
— : ar Qarfi+ 2a7) A
(51)
Set I When A =0,u >0
ai
p=—Tiws = cprtepytops - W) - w).
2
u(x,y,z,t) = ap+ >

—ct+Vo+x+y+2z
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4. BIFURCATION ANALYSIS

In this section, the bifurcation analysis is applied to the reduced ordinary differential equation obtained from the
traveling-wave transformation of the modified (3 + 1)-dimensional KP equation, [42-46] given by

Au’ +3B(u’)> + Bu"" =0, (53)
where
A=—c(p| +p2+p3) +w +wr + w3, B=1+p.

Thus, the above third-order nonlinear ODE is the equation considered in the present bifurcation analysis. By introducing
the transformation
v=u,

Eq. (53) is reduced to
V= My -3y,

where

c(p1 +p2+p3) — (W1 + Wy + w3)
1+8 ’

This reduced ODE is then used to construct the corresponding planar dynamical system and investigate the bifurcation
behavior of its equilibrium points. Introducing

M =

w=yv,

’

vi=w,

’ 2
{w = Mv - 3v-.

The equilibrium points are obtained from w = 0 and Mv — 3v? = 0:

gives the planar dynamical system

Ei=(0,0), E,= (%,0).

The Jacobian matrix is

0 1
J(V’W):(M—év 0)'
ALE; = (0,0), 2
2 =M.

Hence
M > 0: E;isasaddle (unstable),

M < 0: Ejis acenter (neutrally stable),
M =0: the linearization is degenerate.

AtE, = (M/3,0),
22 =-M.

Therefore
M <0: E,isasaddle (unstable),

M >0: Ejisacenter (neutrally stable),
M=0: E; =E;=(0,0).

Thus, the two equilibrium branches intersect at the critical condition
M =0,
that is,
c(p1 + p2 + p3) = W + Wy + w3,
For p1 + p2 + p3 # 0, the corresponding critical wave speed is

w] + wy + w3
p1+ P2+ 3

When M changes sign through zero, the equilibrium points coalesce and exchange their local stability types: the origin
changes between center and saddle, while the second equilibrium does the opposite. Therefore, the reduced traveling-wave
system exhibits a stability-exchange bifurcation at M = 0.
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5. GRAPHICAL DEPICTION OF THE SOLUTIONS

Graphical depictions of various solutions are presented in this section to demonstrate their characteristics. The 3D
and contour visualizations of the dark-type soliton solution derived from Equation (16) are presented in Figure (1) with
c=15 pi=pp=p3=wi=wr=w3=F=a9=-2, d =-1, y=2, z=0.5. The singular periodic wave solution
of Equation (17) is demonstrated through its 3D and contour profiles in Figure (2) with ¢ = b1 = —0.5, p;1 = p2 = p3 =
w1 =wy =w3 =B =ap=-2, y=z=0.75. The dark wave solution of Equation (25), obtained for particular parameter
settings, is displayed through 3D and contour plots in Figure (3) withc =2, di=p1=pr=p3=wi=wr =w3 ==
ap = -2, y = z = 0. Figure (4) presents three-dimensional and contour visualizations of the soliton exhibiting singular
behavior solution associated with Equation (26) withd; = pi=pr=p3=wi=wr =w3 =ap=-2, =2, y=
I, ¢ =z = 0.Figure (5): Presents the 3D and contour plot of the singular periodic solution corresponding to Equation
48) withc =-0.03,8=a9 =a; =p1 =p2 =p3 =w| =wy =w3 =Vy =y =z =-2. Figure (6) Presents the 3D of the
singular soliton corresponding to Equation (51), withc = -0.1,8=y=2,a0=a1 =p1 =p2=p3 =wW] = W) = W3 =
Vo = z = —2. Figure (7): Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (50)
withc = -0.8,8=0.885,a0 =a; =p1 =pr =p3 =w) =wy = w3 =Vy =-2,y = z=0. Figure (8): Phase portraits
of the reduced KP system around the equilibrium point (0, 0), showing its transition between a saddle for M > 0 and a
center for M < 0. Figure (9): Phase portraits of the reduced KP system around the equilibrium point (M /3, 0), showing

its transition between a saddle for M > 0 and a center for M < 0.
u
0 1 2 3 4

Figure 1. Provides the 3D and contour visualizations illustrating the dark-type soliton solution related to Equation (16)
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Figure 2. Provides the 3D and contour visualizations illustrating the periodic structures exhibiting singular behavior wave
solution related to Equation (17)
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Figure 3. Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (25)
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Figure 5. Presents the 3D and contour plot of the singular periodic solution corresponding to Equation (48)
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N

o

u

Figure 7. Presents the 3D and contour profiles of the dark-type solution corresponding to Equation (50)

(a) Saddle Point at (0,0) (M > 0) (b) Center Point at (0,0) (M < 0)

@ Center (0,0)

I
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|
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-10  -05 0 05 10 -0 -05 0 05 10
\' \

is a Saddle

is a Center

Parameter: M

_ c(p1+p2+ps) = (w1 +wz +ws) eM>0 = (0,0
1+8 «M<0 = (0,0

Figure 8. Phase portraits of the reduced KP system around the equilibrium point (0, 0), showing its transition between a
saddle for M > 0 and a center for M < 0



195
Multiform Solitary Wave Structures and Bifurcation Analysis of an Extended... EEJP. 3 (2026)

(a) Saddle Point at (M/3,0) (M > 0) (b) Center Point at (M/3,0) (M < 0)
v=M/3

@ Center (M/3,0)

2.0

154

1.0

0.5 4

-0.5 A

-1.0 4

-1.5 4

=20 > . : T 1 T
-10 -05 0.0 0.5 1.0 15 2.0

_ c(p1+ p2+ p3) — (w1 + w2 + ws) e M>0 = (M/3,0) is a Saddle
1+8 *« M<0 = (M/3,0) is a Center

Figure 9. Phase portraits of the reduced KP system around the equilibrium point (M /3, 0), showing its transition between
a saddle for M > 0 and a center for M < 0

CONCLUSIONS

In the present work, the (3+1)-dimensional generalized Kadomtsev—Petviashvili equation, which characterizes wave
spread in incompressible fluids, is analytically investigated using the Improved Simple Equation Method (ISEM) and Expo-
nential Method These methods are employed to construct several classes of exact wave solutions, including exponential-type
solutions, dark-type soliton solutions, exhibiting singular solution, singular periodic patterns, as well as hyperbolic forms.
Furthermore, three-dimensional representations along with contour plots are provided to visualize and analyze the dynamic
and physical characteristics of the obtained solutions. Moreover, the bifurcation analysis of the reduced traveling-wave
system provides a dynamical interpretation of the obtained nonlinear wave structures. The equilibrium points and their
stability properties are examined, revealing a critical condition at which the equilibrium branches coalesce and exchange
their stability characteristics. This bifurcation behavior clarifies how variations in the governing parameters influence
the qualitative dynamics of the modified (3+1)-dimensional KP equation. Therefore, the combination of exact analytical
solution methods and bifurcation analysis offers a more comprehensive understanding of both the explicit wave structures
and their underlying dynamical behavior.
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BATATO®OPMHI OJJMHOKI XBWJIBOBI CTPYKTYPU TA BI(I)YPKAI_IIIjIHI/II;I AHAJII3
PO3HINMPEHOT'O MOIUPIKOBAHOI'O (3+1)-BUMIPHOI'O PIBHAHH A KAJTOMIIEBA-IIETBIAIIBIJII
3A JOIIOMOT'OIO I'TbPUHNX AHAJIITUYHUX ITIIAXOAIB
Ioparim Caéep'?, Xamai M. Axmen’, Higin Baapa', Icaiam Camip'

'Kagpeopa ¢pizuru ma mamemamuiu, Inxcenepruii paxynomem, Yunisepcumem Aiin-Ilamc, Kaip, €zunem
2<Da1cyﬂbmem wmyunozo inmenexmy, Ceunemcvkuti pociticokuii ynieepcumem, Kaip, €zunem
3Kagpeopa cpisuxu ma ingcenepnoi mamemamury, Buwguii inocenepruii incmumym, Axademis Eav-Illopyx, Kaip, €zunem
VY wiit po6oTi peacTaBieHO BUBEICHHS TOUHUX aHAITUYIHHUX PO3B’ sI3KiB s (3+1)-BuMipHOTro MoudikoBaHoro piBHsHHSA KagomiieBa-
[NeTBiamBini piBHAHHS 3 BUKOPUCTAHHSM JBOX €(DEKTHBHUX aHATITUYHHX CXEM, a CaMme: MOKPAIIEHOr0 METOAy MPOCTUX PiBHSAHB Ta
TMiIXOMY €KCIOHEHIIialbHOTO PO3KJIaJaHHs. Po3niisHyTa MOENb € aKTyaIbHOIO [UIsl ONKCY TOLIMPEHHS CKJIAJHUX HEJIIHIHUX XBUIIb Y
HECTUCIIMBHX PIAMHHHUX CEPEIOBHUILAX, ¢ JUCIEPCiiiHi Ta HeliHidHI epeKTH CUIIbHO MOB’ s13aHi. 3aCTOCOBaHI METO/M AAI0Th Oaraty pi-
3HOMAHITHICTb XBWJIBOBHUX CTPYKTYP 3 PI3HUMHU (DI3UUHUMHU XapaKTEPUCTUKAMHU, BKJIOUAI0UU CUHTYJIIPHI Ta HECUHTYJISIPHI JIOKaJli30BaH1
YTBOPEHHsI, IEPiOINYHI CTPYKTYPHU Ta EKCIIOHEHIiaJIbHO criajaodi npodini. Kpim Toro, oTpuMasi rinepOoiiyHi Ta TPUrOHOMETPHYHI
KoH(iryparii, o BioOpaxaloTh Pi3HI PeKUMHU MOIIMPEHHsI CUCTEMH. SIKiCHA MOBEJiHKA LMX PillleHb J0JATKOBO YTOYHIOETHCS 32
JIOTIOMOT 010 TPUBKMIPHHIX MTOBEPXHEBHUX NPEICTaBIIeHb Ta KOHTYPHHX BigoOpaxeHs. Kpim Toro, mpoeneno 6idypkauiiiHuii aHami3 as
PEayKOBAHOTO 3BUUYANHOTO IH(epeHLiaIbHOro PiBHIHH OiKy40i XBHJIL AJIs1 JOCJIKeHHsI TOYOK PiBHOBArY, iX BIACTHBOCTEH CTIMKO-
CTi Ta KPUTUYHKX YMOB, TOB’13aHUX 3 0OMiHOM cTilikicTio. Ieit aHani3 3a0e3mneuye HOAATKOBY MEPCIEKTUBY JMHAMIUYHUX CHCTEM Ha

OTpHUMaHi XBWIBOBI CTPYKTYPH Ta YyTOUHIOE BIUIMB KEPiBHUX [TapaMeTpiB Ha SIKICHY IOBEAIHKY MOAEJI.
KuarouoBi cioBa: reainiiini Qucnepciiini cucmemu; 0azamoguMipHi HeATHITHI XeUAL;, MOYHI AHAATMUYHT DIUEHHS
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