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The properties of the thermally driven deconfinement phase transition (DPT) from a hadronic gas (HG) to a color-singlet quark-gluon
plasma (QGP) containing gluons and massless up and down quarks, at a nonzero quark chemical potential y, are investigated by
considering the volumetric coexistence of the hadronic gas and the QGP in a finite-size system. Finite-size effects are analyzed for the
thermally driven DPT at different u values. The critical exponents are determined using a numerical finite-size scaling (FSS) analysis,
by fitting the results as a function of the system size. The effective transition temperature (7;) exhibits a shift toward higher values as
the system size decreases, indicating a critical behavior in the region of the thermally driven DPT from a HG to the QGP. Crucially,
all three scaling critical exponents are found to be independent of the quark chemical potential yu, establishing the universality of the
finite-size scaling structure with respect to p.
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1. INTRODUCTION

Understanding the phase transition between hadronic gas (HG) phase and the quark-gluon plasma (QGP) phase
represents one of the most fundamental phenomena in contemporary high-energy and nuclear physics, and continues to be
the subject of intense theoretical and experimental investigation [1,2]. Quarks and gluons, the fundamental components
of hadrons, interact via the strong interaction governed by Quantum Chromodynamics (QCD), the theory of the strong
force. Their behavior is studied in heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) [1]. The Deconfinement phase transition (DPT) describes the transition from the HG phase to the QGP
near effective transition temperature of 150-175MeV for three quark flavors [3], a result that finds consistent support from
recent high-precision lattice QCD simulations conducted at both vanishing and finite chemical potential [4, 5].

While most QCD studies assume infinite systems, the QGP formed in experiments is finite, with volumes ranging
from 50 fm? to 250 fm® [6,7]. This fundamental discrepancy between infinite volume theoretical frameworks and the
genuinely finite nature of the physical system motivates a rigorous and systematic investigation of finite-size effects on
the DPT. Recent model-based studies have confirmed that a reduction in system volume leads to significant modifications
of key thermodynamic response functions, including the pressure, energy density, specific heat, speed of sound, and
conserved-charge susceptibilities, and that the QCD crossover transition is generally observed to become progressively
smoother as the system size decreases [8]. Finite-size effects strongly influence the position of the effective transition point
and other thermodynamic quantities in the phase coexistence model (PCM) [9-11]. Recent lattice QCD analyses have
further demonstrated that the volume and quark chemical potential dependence of the deconfinement crossover differs
completely from that of the chiral transition [12], underscoring the necessity of a careful and dedicated finite-size analysis
for the deconfinement sector specifically. Furthermore, the recent application of finite-size scaling (FSS) methodology
to experimental net-proton cumulant data from RHIC has yielded the first experimental evidence for a QCD critical
point within a range consistent with theoretical predictions [13], imparting further importance to comprehensive FSS
investigations.

The present paper extends the FSS analysis of the thermally driven DPT in finite volume (V), first conducted at
vanishing chemical potential in Ref. [10], to the case of nonzero quark chemical potential within the color-singlet partition
function framework. While Ref. [10] established the FSS exponents at u = 0, the explicit dependence of the FSS structure
on y, in particular whether the critical exponents remain universal as y is varied, has not previously been demonstrated
for the thermally driven transition. This constitutes the principal new contribution of the present work. We systematically
demonstrate, for the first time, that the FSS critical exponents governing the transition width, and the temperature shift are
all independent of u, thereby establishing the universality of the finite-size scaling laws with respect to the quark chemical
potential.
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This paper is organized as follows. In Sec. 2, we describe the mixed HG-QGP in finite volume system within
the MIT bag model, using the PCM, and we derive the exact total color-singlet partition function (CS-PF) at nonzero
quark chemical potential u using the group theoretical projection method [14,15]. In Sec. 3, we introduce the key
thermodynamic response functions: the order parameter, the thermal susceptibility, and the specific heat density. We also
present a detailed discussion of the numerical results characterizing the finite-size behavior of these quantities at u = 0
and ¢ = 100 MeV. Section 4 is devoted to the numerical FSS analysis and the determination of the critical exponents.
Section 5 summarizes the principal conclusions of our study.

2. THE MIXED HG-QGP EQUATION OF STATE AT NON-VANISHING CHEMICAL POTENTIAL

To describe the QCD-DPT in a finite system, we use the PCM [11]. This model assumes a mixed system consisting
of HG and QGP phases coexisting within a total volume V. The HG phase occupies a fractional volume Vgg = AV and
the QGP phase occupies the complementary volume Vogp = (1 — h)V, where the fraction & € [0, 1] parametrizes the
partitioning of the volume between the two phases. The PCM is employed here within the MIT bag model, using massless
up and down quarks and treating the two phases as non-interacting. There is evidence suggesting that the effects of quark
masses on the transition point in the 7' — u plane at lower densities are indeed small [16], and the model is well-established
for qualitative finite-size analyses and captures the essential thermodynamics of the DPT. Using the PCM, the mean value
of a physical quantity <A(T, u, V)> of the mixed system can be written as [11]:

ATV = /01 A(h,T,u,V)Z(h,T,u,V)dh .
- /01 Z(h,T,u,V)dh

where A(h, T, u,V) is the total thermodynamic quantity in the state i, and Z(h, T, u, V) is the total partition function of
the system with the requirement of color-singletness accounted for using the group theoretical projection method [14, 15].
Under the assumption of a non-zero quark chemical potential and considering non-interacting phases, Z(h, T, u,V),
calculated in our previous work [16] for a HG of massless pions and a QGP containing massless up and down quarks, can
be written as:

20T, V) = — exp(—VT3) / / dg dy M (¢, ) exp [(1 = WR(T, 1,V 6, 9)], 2)

where M (¢, ) represents the Haar measure for the SU(3) group integration:
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and the function g (¢, ¥, u/T) is given by:
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3. FINITE-SIZE EFFECTS ON THE THERMALLY DRIVEN DPT: THERMAL SUSCEPTIBILITY AND
SPECIFIC HEAT DENSITY

The main quantities of interest in this study are the thermal susceptibility and the specific heat density. First, we
derive the order parameter <h(T, u, V)>, represented by the mean value of the HG volume fraction, which may be written
as:

Jo BT 1 V) Z(W T, 1, V) d

1
Jo Z(h.T,p, V) dh

(W(T,p,V)) = ©))

The thermal susceptibility is defined as the first derivative of the order parameter <i(T, u, V)>, with respect to temperature:

(T, 1, V))

aT (10)

XT(T’ M, V) =

Vv

The specific heat density c7 (T, u, V) is calculated from the derivative of the energy density <e(T, u, V)> with respect to
temperature as:

He(T, 1, V))
T,u,V)= ———— (11)
cr(T,u, V) T v
_T? (8InZ(h,T,u,V) uT (OInZ(h,T,u,V)
(e(T,u,V)) = 7( a—T)ﬂ") + 7<(T T,V> (12)

Figures 1 and 2 show the behavior of the order parameter <h> (left panel) and the thermal susceptibility yr (right
panel) as functions of temperature, calculated at 4 = 0 and u = 100M eV, respectively for several system volumes with
B!/4 = 200MeV. Inboth cases, the DPT exhibits characteristic finite-size rounding: at small volumes, thermal fluctuations
strongly smear the transition, resulting in smooth, rounded changes in (h), while for large volumes the order parameter
develops a nearly sharp step-like discontinuity at the transition temperature characteristic of a first-order transition, known
to occur at the thermodynamic limit [17].

The magnitude of the thermal susceptibility peaks, |x7'“*(V)|, increases systematically with system size, and the
position of each peak defines the volume-dependent effective transition temperature Tf ixed (V). As the system size
decreases, the thermal width §7,(V) of the transition region broadens and shifts to higher temperatures, reflecting the
reduction of QGP degrees of freedom imposed by color-singletness [11, 14, 15]. The shifting of Tf ixed p (V) to higher
values at smaller volumes is a direct consequence of the fact that in finite systems the QGP color-singlet state requires
additional thermal energy to be formed compared to the infinite-volume case.

In the thermodynamic limit, the true transition temperatures are found to be TC(”ZO)(oo) = 143.928M¢eV and
Tf“ =100Mev)(oo) = 139.229M eV, consistent with theoretical estimates obtained from recent lattice QCD simulations
[18,19]. A nonzero chemical potential shifts the entire transition region to lower temperatures without altering the
qualitative finite-size structure.

1.0 - S
’\/‘ﬂ
A 08 S
N =
3 <
0.6 o
E ~ 1
v 6 X
< = i
- - |
o 04 T ¥ — V=300 fin’
= 3 81 1] -3
v i~ :: — = V=500fm
0.2 :5 10 i < V=700 fin?
i : } )
v V=900 fin 3
— == V=1200 fm
0.0 ———— e e T T S 4+
144.0 1445 1450 1455 1460 1465 147.0 144.0 1445 1450 1455 1460 1465 147.0
T(MeV) T(MeV)

Figure 1. Variations of the order parameter (%) (left panel) and the thermal susceptibility yr (right panel) as a function
of the temperature at u = OM eV, for various volume selections with B 14 = 200MeV.
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Figure 2. Variations of the order parameter (%) (left panel) and the thermal susceptibility yr (right panel) as a function
of the temperature at u = 100M eV, for various volume selections with BY* =200MeV.

Figure 3 shows the specific heat density cr as a function of temperature at u = 0 (left panel) and = 100 MeV (right
panel), for several volume selections. The specific heat density exhibits well-defined peaks whose maxima c’>** increase
sharply with increasing volume, while their widths §7,. (V) decrease, in agreement with the expectation that the transition
sharpens in larger systems [20]. The localization of the maximum c'** at temperature 7.(V) provides an independent
determination of the effective transition temperature, consistent with the location of the thermal susceptibility peak. A
similar volume dependence of the specific heat density has been reported in Refs. [8,21]. Importantly, the quark chemical
potential u does not alter the qualitative behavior of either y7 or cr as functions of volume: it merely shifts the entire
temperature transition 67 (V) to a lower temperature, while leaving the finite-size scaling structure unchanged. This
observation motivates the systematic FSS analysis presented in the next section.
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Figure 3. Plots of the specific heat density c7 as a function of temperature, (left panel) at 4 = 0, and (right panel) u =
100M eV, for several volume selections with B4 = 200MeV.

4. FINITE-SIZE SCALING ANALYSIS: CRITICAL EXPONENTS FOR THE THERMAL DPT

In the thermodynamic limit, several thermodynamic quantities associated with the thermally driven DPT diverge or
become discontinuous at the critical temperature. In a finite system of volume V, these singularities are rounded over a
finite temperature transition region 67, (V), around an effective transition temperature 7,.(V), which is shifted relative to
the true transition temperature 7, (o). The resulting shift is: 77 (V) = T.(V) — T;(c0). The FSS theory for a first-order
phase transition [22-25] predicts characteristic power-law dependences on the system volume. The critical exponents
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characterizing their power-law evolution with the volume are [10]:

cp™ (Fixed u, V) ~ VT,
6T, (Fixed u, V) = To(V) = T} (V) ~ V707, (13)
77 (Fixed 1, V) = T.(V) = To(c0) ~ VAT,

For a first-order phase transition at fixed quark chemical potential, the scaling critical exponents are expected to be
equal to unity: ay = 0y = Ar = 1.

Figure 4 shows the peak maxima c7'“* of the specific heat density as functions of the volume, at y = 0 (left panel)

and u = 100MeV (right panel), with B'/4 = 200MeV. A power-law fit of the form ™ (Fixed u, V) ~ VT yields: ar =
1.012 £ 0.004 (u = 0), a7 = 1.017 £ 0.006 (« = 100M eV).

The scaling of the specific heat density peak maximum with volume (exponent ar = 1) is the hallmark signature of a
first-order phase transition [10]. The slight deviation from unity is within the systematic numerical uncertainty of the fitting
procedure. It is noteworthy that the exponent values at u = 0 and u = 100M eV are statistically indistinguishable within
the quoted uncertainties, providing the first evidence that the FSS of the specific heat density maximum is insensitive to
the quark chemical potential.

Figure 5 displays the width of the transition temperature region 67, (Fixed p, V), as a function of the inverse volume
1/V, at u = 0 (left panel) and ¢ = 100MeV (right panel). This allows the determination of the value of the critical
exponent f7 defined in the scaling: 67, (Fixed u, V) ~ V=9, and we find the numerical result: 67 = 1.010 + 0.001 (u =
0), 67 = 1.007 £ 0.001 (u = 100MeV). These values confirm, with high numerical precision, the expected linear scaling
of the transition width with 1/V for a first-order phase transition. Again, the critical exponents at u = 0 and u = 100M eV
are statistically consistent, reinforcing the independence of the FSS structure from the quark chemical potential.

Figure 6 shows the shift of the effective transition temperature 77 (Fixed u, V), extracted from the position of the
thermal susceptibility peak, as a function of 1/V. A power-law fit to the form 77 (Fixed u, V) = V=17, gives the numerical
result of the shift scaling exponent: A7 = 0.859 +0.003 (u = 0), A7 = 0.860 = 0.003 (z = 100MeV). According to [10],
such a value A7 # 1 suggests the contribution of additional terms with higher powers of V~!, such that the parametrization
should be with the laws: AV + AV=2 or A\V ™4 + A,V™2 + A3V 73, where Aj, As, A3, expected to be independent of
the quark chemical potential.

Taken together, the results of the FSS analysis show that the scaling exponents @y and fr are equal to unity
within numerical precision, while A7 deviates slightly from unity due to subleading corrections. All three exponents
are independent of the quark chemical potential i, and are collectively consistent with a first-order phase transition. We
conclude that the thermally driven DPT, in the presence of a nonzero quark chemical potential, obeys the same FSS scaling
laws as those obtained at ¢ = 0 [10], and that the critical exponents are universal with respect to u. This conclusion
parallels the analogous finding for the density driven DPT reported in Ref. [16], where the scaling exponents were found
to be independent of the fixed temperature at which the density-driven transition is studied.
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Figure 4. Plot of the peak maxima of the specific heat density ;7™ with volume, as a function of volume, at u = 0 (left
panel) and y = 100M eV (right panel), with B'/4 = 200MeV.
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Figure 5. Plot of the width of the temperature transition region 67 (V), as a function of inverse volume, at u = 0 (left
panel) and y = 100M eV (right panel), with B'/4 = 200MeV.
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Figure 6. Plot of the shift of the effective transition temperature 77(V) from the thermal susceptibility, as a function of
inverse volume, at u = 0 (left panel) and i = 100M eV (right panel), with B4 =200MeV.

5. CONCLUSIONS

In the present work, we have investigated the finite-size effects on the thermally driven deconfinement phase transition
(DPT) from a hadronic gas (HG) consisting of massless pions to a color-singlet quark-gluon plasma (QGP) containing
gluons and massless up and down quarks. Using the exact color-singlet partition function (CS-PF) within the phase
coexistence model (PCM), we have computed the key thermodynamic response functions such as the order parameter (h),
the susceptibility y7, and the specific heat density cr as functions of temperature, at fixed quark chemical potential u, and
varying volume V.

In small volumes, a smooth crossover is observed due to strong thermodynamic fluctuations, while in the thermo-
dynamic limit a sharp discontinuity in the order parameter (/) appears at the true transition temperature 7. (Fixed u, o),
signaling a first-order DPT. A systematic variation of the effective transition temperature 7, (V) with system size is ob-
served, which diminishes for larger volumes and converges to T, (Fixed y, c0) in the thermodynamic limit. The quark
chemical potential does not affect the width 67, (Fixed u, V) of the transition region; it only shifts the true transition
temperature T, (Fixed u, o) to lower values. A similar volume dependence has been reported in Refs. [8,21].

A numerical FSS analysis of the behavior of the maxima of the rounded peaks of the specific heat density c7**, the
width of the temperature transition region 67, (V), and the shift of the effective transition temperature 77 (V), yields the
scaling critical exponents ar, 87, Ar. All three exponents converge to unity when subleading corrections are properly
accounted for, confirming that the thermally driven DPT is of first order.

The principal new finding of this work is that all three FSS critical exponents are independent of the quark chemical
potential . Based on our results and those of Refs. [10, 16], we conclude that the thermally driven DPT obeys a universal
finite-size scaling law governed by the system volume, with critical exponents characteristic of a first-order transition
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and independent of u, identical to those found for the density-driven DPT [16]. This universality of the FSS structure
with respect to the thermodynamic control parameters (4 and T) represents a robust property of the color singlet QCD
deconfinement transition in the PCM framework.
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CKIHYEHHO-PO3MIPHE MACIHITABYBAHHSA TEINJIOBOI CIIPUMHAT/IMBOCTI TA IUTOMOI
TEINIOEMHOCTI IIOBJIN3Y KX/ ®PA30BOI'O IIEPEXOY 3 lIEKOH@AfIHMEHTOM
B. Mycayi'2, A. Aiit Eap Ixyni', H. Myaymk!3, M. A. Jleiikxan'*
UlaGopamopis gpizuxu enemenmaprux uacmunox ma cmamucmuyunotl gpisuxu, Buwa nopmansna wxona-Ky6a,
B’e-Kyba, B.P.92, 16050 Anxcup, Aaxcup
2 Jla6opamopis meopemuunoi ¢pizuxu, Pizuunuii paxysemem, USTHB Bab-Ezzouar, Env-Anis, BP 32, 16111 Anscup, Arxcup
3 Vuisepcumem Xacciou Benbyani, Ilneg, Anoicup
4Vuisepcumem Mxameda Byzapu, Bymepdec, Anavcup
BractuBOCTI TepMiuHO KepoBaHOTO (pa3zoBoro nepexony aekoHgpaitnmenty (DPT) Bix anponHoro rasy (HG) 1o KonbopoBOi CHHITIETHOT
KBapK-ImooHHOI 1azmu (QGP), 1o MicTHTh NTIOOHK Ta 6e3MacoBi BEPXHI Ta HIKHI KBApKH, MPU HEHYJIbOBOMY XiMiYHOMY MOTEHIIia
KBapKa (£, JOCIi)KYIOThCS 3 ypaxyBaHHsM 00’ eMHOTO CriBicHYBaHHsI apoHHOro ra3y Ta QGP y cucTemi ckinueHHHX po3mipiB. Edektn
CKiHUEHHHUX PO3MipiB aHaII3YI0ThCsA Il TepMiuHO KepoBaHoro DPT npu pizHux 3HaueHHsX u. KpuTHiHiI MOKa3HUKY BU3HAYAIOThCA 32
JOTIOMOT'0I0 YHCJIOBOTO aHaJIi3y MacmTaOyBaHH: CKiHUeHHMX po3MipiB (FSS) muisixom anpokcumarii pe3ynbratiB sk QyHKIIT po3mipy
cucremu. EdpextrBHa Temneparypa nepexony (7c) JeMOHCTpY€E 3CYB O BUIIUX 3HaYEHb 3i 3SMEHIIIEHHSIM PO3Mipy CHCTEMH, IO BKa3ye
Ha KPUTUYHY TIOBEJiHKY B o0sacTi TepmiuHo kepoBaHoro DPT Bix BucokoposmipHoi popmu 1o QGP. BaxiiBo, 1110 BCi Tpy KpUTHYHI
MOKA3HUKM MAacCIITa0yBaHHS BUSIBJSAIOTHCS HE3JICKHMMH BiJl XiMIiYHOTO MOTEHIialy KBapKiB (, IIO BCTAHOBJIOE YHiBEPCAIbHICThH
CTPYKTYpH MaciuTaOyBaHHS CKIHUEHHUX PO3MIpiB BiIHOCHO L.
Kuarouosi caoBa: mepmiuno keposanuii gpazosuii nepexio oexoudgbaiinmenmy (DPT); koavoposuii cunenem; XiMiuHUii nOMeHuidn
Keapxis; ananiz macumaodysanms ckinuennux posmipie (FSS); memnepamypa nepexody


https://doi.org/10.48550/arXiv.1310.6656
https://doi.org/10.1016/j.ppnp.2012.09.003
https://doi.org/10.1016/j.ppnp.2012.09.003
https://doi.org/10.1103/PhysRevC.94.044901
https://doi.org/10.1088/1361-6471/44/2/025101
https://doi.org/10.1103/PhysRevB.26.2507
https://doi.org/10.1007/BF01009803
https://doi.org/10.1007/BF01009803
https://doi.org/10.1103/RevModPhys.68.473
https://doi.org/10.1103/RevModPhys.68.473

	Introduction
	THE MIXED HG-QGP EQUATION OF STATE AT NON-VANISHING CHEMICAL POTENTIAL 
	FINITE-SIZE EFFECTS ON THE THERMALLY DRIVEN DPT: THERMAL SUSCEPTIBILITY AND SPECIFIC HEAT DENSITY
	FINITE-SIZE SCALING ANALYSIS: CRITICAL EXPONENTS FOR THE THERMAL DPT
	CONCLUSIONS

