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The aspects of flow in a magnetohydrodynamic (MHD) ternary hybrid nanofluid consisting of suspended (𝐶𝑢), aluminum oxide
(𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) nanoparticles in water (𝐻2𝑂) were numerically investigated in this study. The effects of thermal
stratification and Joule heating are incorporated by passing the nanofluid through a vertically extending cylinder in a porous medium.
By implementing an appropriate transformation, the energy and boundary layer equations are simplified to a nonlinear ODE system.
The resulting system is solved using MATLAB’s fourth-order accurate bvp4c solver. from MATLAB is employed to solve the altered
system. The effects are illustrated graphically the change in velocity and temperature and quantitatively tabulate the changes in friction
factor, and heat transfer rate for important values of the dimensionless physical factors related to the problem. Crucial findings show
that, hybrid nanofluids outperform nanofluids in terms of thermal conductivity. Temperature and velocity of the ternary hybrid nanofluid
are both decreased when the heat stratification factor is present, as compared to the absence of stratification. There is a noticeable
increase in the heat transfer rate when the ternary hybrid nanofluid is compared with the hybrid nanofluid, which in turn surpasses that
of traditional nanofluids. The acquired results are valuable for applications in geothermal energy extraction, chemical processing, and
materials synthesis.
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1. INTRODUCTION
Ternary hybrid nanofluids are a state-of-the-art breakthrough in fluid dynamics and nanotechnology that have broad

engineering applications in engineering and industries. There are three different kinds of nanoparticles mixed in with a
base fluid to make these nanofluids. These fluids possess enhanced thermal and rheological properties. The nanoparticles
can be metallic or non-metallic, and the base fluid can be any common heat transfer fluid or coolant such water, ethylene
glycol, or oil. This article describes a research investigation on a ternary hybrid nanofluid consisting of copper (𝐶𝑢),
aluminum oxide (𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) nanoparticles. The nanoparticles are uniformly dispersed inside a
fluid medium containing water.

Research has shown that adding copper (𝐶𝑢) nanoparticles to a nanofluid improves its thermal conductivity, while
adding aluminum oxide (𝐴𝑙2𝑂3) and titanium dioxide (𝑇𝑖𝑂2) nanoparticles improves the efficiency and stability of heat
transmission. In order to improve thermal management and heat dissipation, this nanofluid can be used in a variety of
applications, including cooling systems, electrical devices, and heat exchangers. It is well-known that copper nanoparticles
can kill bacteria, and (𝑇𝑖𝑂2) nanoparticles can fight bacteria and other microbes by photo catalysis. Nanoparticles of
titanium dioxide (𝑇𝑖𝑂2) with photocatalytic characteristics can help decompose organic pollutants and purify water.
The ternary hybrid nanofluid comprising 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 could be useful in water treatment processes, removing
contaminants and improving water quality in the process.

An innovative new class of fluids called nanofluids was created by mixing a base fluid with particles as small as a few
nanometers in size. These tiny particles, which might be metallic or non-metallic, are usually less than 100 nanometers. A
novel class of heat transfer fluids including free-floating metallic nanoparticles has been proposed by the idea of nanofluid,
which was initially introduced by Choi and Eastman [1]. Several researchers have investigated a sliding vertical plate in Das
and Jana [2] and a vertical channel in Das et al. [3] in relation to the radiation-induced natural convective flow of nanofluids.
In their respective studies, Reddy et al.[4] and Mahanthesh et al. [5] assessed the consequences of mass and heat transfer
on nanofluid as it traverses a mobile or static vertical plate, while considering the impact of a chemical reactions and a
heat source. In their study, Sandeep and Reddy [6] investigated the flow of a magnetohydrodynamic (MHD) 𝐶𝑢-water
nanofluid over a cone and a wedge, considering the influence of nonlinear thermal radiation. Moreover, the Lattice
Boltzmann approach was utilized in the investigation of the magnetohydrodynamic (MHD) 𝐶𝑢-water nanofluid, given the
influence of Lorentz forces by Sheikholeslami et al., [7]. The investigation conducted by Rashidi et al. [8] proposed a Lie
group solution for the issue of the production or consumption of heat in the context of nanofluid movement over a horizontal
plate undergoing chemical reactions. The HAM is employed in Abolbashari et al. [9] to examine the entropy of a nanofluid
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comprising water as the main fluid and one of four different types of nanoparticles: 𝑇𝑖𝑂2, 𝐴𝑙2𝑂3, 𝐶𝑢, and 𝐶𝑢𝑂. The
nanofluid flows through a stretchy permeable surface. Within the framework of velocity slip and heat leap, an analytical
study was conducted by Turkyilmazoglu [10] to examine the MHD nanofluid flow of different water-soluble nanoparticles
as they flowing over a periodically stretching and shrinking permeable sheet. The impacts of heat radiation, heat diffusion,
and viscous dissipation were investigated numerically in a study of nanofluid boundary layer flow across a moving flat
plate by Motsumi and Makinde [11]. Nath and Deka [12], Kalita et al., [13] and Nath et al. [14] studied how temperature
layering and chemical reactions affect the flow across infinite and accelerated vertical plates, respectively. Cheng [15, 16]
investigated the effects of mass and heat stratification across a wavy surface and a vertical, truncated cone, respectively.
In addition, for infinite vertical cylinders, Paul and Deka [17] have studied the effects of both stratification factors. [18]
Considered the impacts of mass and temperature layering on the unstable flow through an endlessly fast-moving upright
plate in a porous media with exponential mass diffusion and fluctuating temperatures. The unstable parabolic flow across
an infinite upright plate in a porous media with varying mass diffusion and an exponentially decreasing temperature was
studied by [19] in relation to the unite effects of temperature and mass stratification. Using a vertically expanding cylinder
in porous medium, Nath and Deka [20] studied how the flow of water-based hybrid, nano, and ternary hybrid nanofluids
via magnetohydrodynamics (MHD) is impacted by temperature stratification. The study in Paul et al. [18] examines
the impact of temperature stratification on a hybrid nanofluid composed of 𝐶𝑢 − 𝐴𝑙2𝑂3/𝐻2𝑂 in a porous media. The
research conducted by the authors focused on a cylinder that is stretched vertically, and examines the impact of a heat sink
or source. It was observed that the thermal conductivity of hybrid nanofluids exhibited a notable increase in comparison
to that of nanofluids. Thus, the application of hybrid nanofluids demonstrates a substantial impact on improving thermal
improvements. The study conducted by Rana and Kumar [19] inspected the flow of hybrid nano liquid via a rotating
cylinder, considering the influence of quadratic heat radiation on a buoyancy-driven nonlinear flow. To enhance the ternary
hybrid nanofluid’s 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑀𝑊𝐶𝑁𝑇/water heat conveyance capabilities consisting of, the researchers in reference
Shanmugapriya et al., [20] examined the impact of nanoparticle morphology. In their study, Shaik et al. [21] looked into
the free convection that happens in a wavy, sinusoidal shell that contains a hybrid nanofluid made of 𝑇𝑖𝑂2 − 𝐶𝑢 particles
that are suspended in water. The consequences of thermal radiation, internal heat creation, a magnetic field with an angle
on convection is included in the analysis. Examining the responses of the similar formulas that govern the behavior of
a colloidal combination of water, cylindrical grapheme, round nanotubes of carbon, and platelet nanoparticles made of
alumina was done by Cao et al., [22]. In addition, the study examined forced, free, and mixed convection regimes, the study
took into account different degrees of partial slide. Research on the heat transfer properties of ternary hybrid nanofluid
flows in the existence of nonlinear heat radiation and a magnetized dipole was carried out by Nasir et al. [23]. Using a
convectively heated stretching/shrinking cylinder, the effects of suction and heat source on the MHD stagnation point flow
of a ternary hybrid nanofluid (𝐶𝑢 − 𝐹𝑒3𝑂4 − 𝑆𝑖𝑂2/polymer) have been studied by Mahmood et al. [24]. Furthermore,
in the framework of electromagnetic hydrodynamics (EMHD), a ternary hybrid nanofluid consisting of 𝐶𝑢 − 𝐶𝑁𝑇 − 𝑇𝑖
and water was studied by Jakeer et al. [25] to determine the effects of non-linear Darcy-Forchheimer flow. Compared to
nanofluid or hybrid nanofluid alone, the ternary hybrid nanofluid significantly affected the temperature profile. Patil et al.
[26] Look at how a ternary hybrid nanofluid (𝑇𝐻𝑁𝐹) flows with tangent hyperbolic ((𝑇 −𝐻)) flow features when it meets a
rough-yawed cylinder. Impulsive forces are used to move the cylinder, and the study is mostly about the mixed convection
process and periodic magnetohydrodynamics. Gorfie et al. [27] addressed the combined effects of Joule heating and
thermal stratification on MHD ternary hybrid nanofluid flow over a vertically stretching cylinder embedded in a porous
medium remain limited, thereby motivating the present investigation. Kumar et al. [28] studied on stretching-cylinder
flows have shown that Joule heating, magnetic fields, and internal heat generation significantly affect the velocity and
temperature distributions of electrically conducting fluids. Motivated by these findings, the present work extends the
analysis to an MHD ternary hybrid nanofluid in a porous medium by incorporating the combined effects of Joule heating
and thermal stratification over a vertically stretching cylinder.

As shown in the literature review, previous research has not attempted to demonstrate the flow of a magnetohy-
drodynamic (MHD) ternary nanofluid via a vertically expanding cylinder in a porous medium, taking into account the
influence of the joule’s impact and temperature stratification effect. Examining the heat transfer characteristics of a ternary
hybrid nanofluid made up of 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2 particles distributed in water is the core objective of this work. This
study examines the behavior of heat transport around a vertically stretching cylinder while taking into the account of
homogeneous thermal sources and thermal sinks, the joule’s effect, and thermal stratification. By employing suitable
self-similar variables within the bvp4c solver of the MATLAB programmed, the non-linear partial differential equations
(PDEs) that govern the flow are changed into ordinary differential equations (ODEs). As shown by its description and
application in MATLAB by [30], and Hale and Moore [29], the Bvp4c technique is well-known and used to simulate the
problem in this study. For various parameters like 𝜆, 𝛿, 𝑃𝑟, 𝑀,𝑄 and 𝐸𝑐 the results are presented graphically.

2. METHODOLOGY
In the context of a vertical stretchable cylinder with radius 𝑟0, let us contemplate a two-dimensional steady incom-

pressible ternary hybrid nanofluid composed of 𝐶𝑢 − 𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2/𝐻2𝑂. This nanofluid is submerged in a porous
medium. Thermal stratification, a heat source/sink, and joule’s effect exert an influence on the system. As displayed in
Fig. 1, it is postulated that the ternary hybrid nanofluid flows in the axial 𝑥-direction, where the 𝑟 coordinate denotes the
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Figure 1. Physical Model and Coordinate system

direction perpendicular to the 𝑥-axis. Here, ”𝑢” stands for the ternary hybrid nanofluid’s velocity component along the
𝑟-axis and ”𝑣” for the 𝑥-axis. In the present investigation, a magnetic field of magnitude 𝐵0 is supplied perpendicular to
the ternary hybrid nanofluid’s propagation path. In addition to Joule heating, the thermal buoyancy effect is taken into
account in the flow problem. 𝑢 = 𝑎 𝑥

𝑙
, is the velocity responsible for inducing linear stretching in the upright cylinder,

where ′𝑎′ and ′𝑙′ symbolise the cylinder’s characteristic length and velocity, respectively. 𝑇𝑤 (𝑥) = 𝑇0 + 𝐴
(
𝑥
𝑙

)
, is the

wall’s assumed temperature, and 𝑇∞ (𝑥) = 𝑇0 + 𝐵
(
𝑥
𝑙

)
, is the ternary hybrid nanofluid’s temperature at ambient conditions.

The constants 𝑇0 and 𝐴, 𝐵 stand for the beginning temperature and non-negative constants, respectively. According to
the study conducted by Paul et al., [18], the equations that regulate continuity, momentum, and energy in the setting of a
ternary hybrid nanofluid can be formulated as follows.

𝜕 (𝑟𝑢)
𝜕𝑥

+ 𝜕 (𝑟𝑣)
𝜕𝑟

= 0 (1)

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣 𝜕𝑢

𝜕𝑟
=

𝜇𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓

1
𝑟

𝜕

𝜕𝑟

(
𝑟
𝜕𝑢

𝜕𝑟

)
+

(𝜌𝛽𝑇 )𝑡ℎ𝑛 𝑓
𝜌𝑡ℎ𝑛 𝑓

𝑔(𝑇 − 𝑇∞) −
𝜎𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓
𝐵2

0𝑢

−
𝜇𝑡ℎ𝑛 𝑓

𝜌𝑡ℎ𝑛 𝑓

𝑢

𝑘 ′
(2)

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣 𝜕𝑇

𝜕𝑟
=

𝑘𝑡ℎ𝑛 𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
1
𝑟

𝜕

𝜕𝑟

(
𝑟
𝜕𝑇

𝜕𝑟

)
+ 𝑄0

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
(𝑇 − 𝑇∞)

+
𝜎𝑡ℎ𝑛 𝑓

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓
𝐵2

0𝑢
2 (3)

The boundary conditions are as follows:

𝑢 = 𝑎
𝑥

𝑙
, 𝑣 = 0, 𝑇 = 𝑇𝑤 (𝑥) when 𝑟 = 𝑟0

𝑢 = 0, 𝑇 → 𝑇∞ (𝑥) when 𝑟 → ∞

Here is the similarity transformation utilized in Equations (1)-(3), as described in reference [18]

𝜂 =
𝑟2 − 𝑟2

0
2𝑟0

√︂
𝑎

𝜈 𝑓 𝑙
, 𝜓 =

√︂
𝑎𝜈 𝑓

𝑙
𝑥𝑟0 𝑓 (𝜂), 𝜃 =

𝑇 − 𝑇∞ (𝑥)
𝑇𝑤 (𝑥) − 𝑇0
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and we have the following non-dimensional quantities:

𝑀 =
𝑙𝜎 𝑓 𝐵

2
0

𝑎𝜌 𝑓
, 𝐾 =

𝑙𝜈 𝑓

𝑎𝑘
, 𝛾 =

√︄
𝑙𝜈 𝑓

𝑎𝑟2
0
, 𝜆 =

𝐺𝑟

𝑅𝑒2
𝑥

, 𝛿 =
𝐵

𝐴
, 𝑄 =

𝑄0𝑙

𝑎(𝜌𝑐𝑝) 𝑓
,

𝑃𝑟 =
𝜈 𝑓 (𝜇𝑐𝑝) 𝑓

𝑘 𝑓
, 𝐸𝑐 =

𝑢2
𝑧

(𝑐𝑝) 𝑓 (𝑇𝑤 (𝑥) − 𝑇0)
In this context, 𝐾 denotes the porosity parameter, 𝛾 signifies the curvature parameter, 𝑀 represents the magnetic

parameter, 𝜆 signifies the thermal buoyancy parameter, 𝑄 signifies the heat source/sink parameter, 𝑃𝑟 represents the
Prandtl number, 𝛿 signifies the thermal stratification parameter, and 𝐸𝑐 represents the Eckert number.

To satisfy equation (1) for continuity, we introduce the stream function 𝜓, which has the form 𝑢 = 1
𝑟

𝜕𝜓

𝜕𝑟
and 𝑣 =

− 1
𝑟

𝜕𝜓

𝜕𝑥
. Thus, we provide the non-dimensional representations of the altered equations as follows:

𝑓 ′2 − 𝑓 𝑓 ′′ = 𝑎1 [2𝛾 𝑓 ′′ + (1 + 2𝛾𝜂) 𝑓 ′′′] + 𝑎2𝜆𝜃 − (𝑎3𝑀 + 𝑎1𝐾) 𝑓 ′ (4)
𝑓 ′ (𝜃 + 𝛿) − 𝑓 𝜃′ = 𝑎4 [2𝛾𝜃′ + (1 + 2𝛾𝜂)𝜃′′] + 𝑎5𝜃 + 𝑎6𝐸𝑐𝑀 𝑓 ′2 (5)

where,

𝑥1 =
𝜇𝑡ℎ𝑛 𝑓

𝜇 𝑓
, 𝑥2 =

𝜌 𝑓

𝜌𝑡ℎ𝑛 𝑓
, 𝑥3 =

(𝜌𝛽)𝑡ℎ𝑛 𝑓
(𝜌𝛽) 𝑓

, 𝑥4 =
(𝜌𝐶𝑝) 𝑓

(𝜌𝐶𝑝)𝑡ℎ𝑛 𝑓
, 𝑥5 =

𝜎𝑡ℎ𝑛 𝑓

𝜎 𝑓
, 𝑥6 =

𝑘𝑡ℎ𝑛 𝑓

𝑘 𝑓

𝑎1 = 𝑥1𝑥2, 𝑎2 = 𝑥2𝑥3, 𝑎3 = 𝑥2𝑥5, 𝑎4 =
𝑥4𝑥6
𝑃𝑟

, 𝑎5 = 𝑄𝑥4, 𝑎6 = 𝑥4𝑥5

The symbols 𝜇𝑡ℎ𝑛 𝑓 , 𝜌𝑡ℎ𝑛 𝑓 , (𝛽)𝑡ℎ𝑛 𝑓 , (𝜌𝐶𝑝)𝑡ℎ𝑛 𝑓 , 𝜎𝑡ℎ𝑛 𝑓 , 𝑘𝑡ℎ𝑛 𝑓 indicate the ternary hybrid nanofluid’s coefficient of
viscosity, electrical conductivity, thermal expansion, heat capacity, density and thermal conductivity, respectively. Ad-
ditionally, 𝜇 𝑓 , 𝜌 𝑓 , (𝛽) 𝑓 , (𝜌𝐶𝑝) 𝑓 , 𝜎 𝑓 , 𝑘 𝑓 represent the viscosity, electrical conductivity, thermal expansion, heat capacity,
density, and thermal conductivity of the base fluid, respectively.

The dimensionless coefficients 𝑎1 − 𝑎6 appearing in Eqs. (4) and (5) are introduced to simplify the transformed
governing equations. These coefficients represent the effective thermo-physical property ratios of the ternary hybrid
nanofluid relative to the base fluid and account for the combined effects of viscosity, density, thermal expansion, electrical
conductivity, heat capacity, thermal conductivity, heat source, and Joule heating.

The transformed boundary conditions are as follows:

𝑓 (𝜂) = 0 𝑓 ′ (𝜂) = 1 𝜃 (𝜂) = 1 − 𝛿 at 𝜂 = 0
𝑓 ′ (𝜂) → 0 𝜃 (𝜂) → 0 as 𝜂 → ∞ (6)

The ternary hybrid nanofluid has the following thermo-physical properties [25] :

𝜇𝑡ℎ𝑛 𝑓 =
𝜇 𝑓

(1 − 𝜙1)2.5 (1 − 𝜙2)2.5 (1 − 𝜙3)2.5

𝜌𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1)𝜌 𝑓 + 𝜙1𝜌𝑠1

}
+ 𝜙2𝜌𝑠2

]
+ 𝜙3𝜌𝑠3

(𝜌𝑐𝑝)𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1) (𝜌𝑐𝑝) 𝑓 + 𝜙1 (𝜌𝑐𝑝)𝑠1

}
+ 𝜙2 (𝜌𝑐𝑝)𝑠2

]
+ 𝜙3 (𝜌𝑐𝑝)𝑠3

(𝜌𝛽𝑇 )𝑡ℎ𝑛 𝑓 = (1 − 𝜙3)
[
(1 − 𝜙2)

{
(1 − 𝜙1) (𝜌𝛽𝑇 ) 𝑓 + 𝜙1 (𝜌𝛽𝑇 )𝑠1

}
+ 𝜙2 (𝜌𝛽𝑇 )𝑠2

]
+ 𝜙3 (𝜌𝛽𝑇 )𝑠3

𝑘𝑛 𝑓 =

[ (𝑘𝑠1 + 2𝑘 𝑓 ) − 2𝜙1 (𝑘 𝑓 − 𝑘𝑠1)
(𝑘𝑠1 + 2𝑘 𝑓 ) + 𝜙1 (𝑘 𝑓 − 𝑘𝑠1)

]
𝑘 𝑓 , 𝑘ℎ𝑛 𝑓 =

[ (𝑘𝑠2 + 2𝑘𝑛 𝑓 ) − 2𝜙2 (𝑘𝑛 𝑓 − 𝑘𝑠2)
(𝑘𝑠2 + 2𝑘𝑛 𝑓 ) + 𝜙2 (𝑘𝑛 𝑓 − 𝑘𝑠2)

]
𝑘𝑛 𝑓

𝑘𝑡ℎ𝑛 𝑓 =

[ (𝑘𝑠3 + 2𝑘ℎ𝑛 𝑓 ) − 2𝜙3 (𝑘ℎ𝑛 𝑓 − 𝑘𝑠3)
(𝑘𝑠3 + 2𝑘ℎ𝑛 𝑓 ) + 𝜙3 (𝑘ℎ𝑛 𝑓 − 𝑘𝑠3)

]
𝑘ℎ𝑛 𝑓 , 𝜎𝑛 𝑓 =

[ (𝜎𝑠1 + 2𝜎 𝑓 ) − 2𝜙1 (𝜎 𝑓 − 𝑘𝑠1)
(𝜎𝑠1 + 2𝜎 𝑓 ) + 𝜙1 (𝜎 𝑓 − 𝜎𝑠1)

]
𝜎 𝑓

𝜎ℎ𝑛 𝑓 =

[ (𝜎𝑠2 + 2𝜎𝑛 𝑓 ) − 2𝜙2 (𝜎𝑛 𝑓 − 𝜎𝑠2)
(𝜎𝑠2 + 2𝜎𝑛 𝑓 ) + 𝜙2 (𝜎𝑛 𝑓 − 𝜎𝑠2)

]
𝜎𝑛 𝑓 , 𝜎𝑡ℎ𝑛 𝑓 =

[ (𝜎𝑠3 + 2𝜎ℎ𝑛 𝑓 ) − 2𝜙3 (𝜎ℎ𝑛 𝑓 − 𝜎𝑠3)
(𝜎𝑠3 + 2𝜎ℎ𝑛 𝑓 ) + 𝜙3 (𝜎ℎ𝑛 𝑓 − 𝜎𝑠3)

]
𝜎ℎ𝑛 𝑓

where 𝜙1, 𝜙2 and 𝜙3 are volume fraction of𝐶𝑢(Copper), 𝐴𝑙2𝑂3 (aluminium oxide) and𝑇𝑖𝑂2(titanium oxide) nanopar-
ticles respectively. The suffixes thnf, hnf, nf, f, s1, s2, s3 denote ternary hybrid nanofluid, hybrid nanofluid, nanofluid,
base fluid, solid nanoparticles of copper (𝐶𝑢), aluminum oxide (𝐴𝑙2𝑂3), and titanium dioxide (𝑇𝑖𝑂2) correspondingly.
Thermo-physical characteristics of 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 nanoparticles in pure water are presented in Table 1.

The skin friction coefficient and local Nusselt number are defined by

𝐶 𝑓 𝑅𝑒
1/2
𝑥 =

1
(1 − 𝜙1)2.5 (1 − 𝜙2)2.5 (1 − 𝜙3)2.5 𝑓

′′ (0) and 𝑁𝑢𝑥𝑅𝑒
−1/2
𝑥 = −

𝑘𝑡ℎ𝑛 𝑓

𝑘 𝑓
𝜃′ (0)

where, 𝑅𝑒𝑥 is the local Reynolds Number.
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Table 1. Thermo-physical Properties of water and nanoparticles [2]

Physical Properties 𝐻2𝑂(base fluid) Cu (s1) 𝐴𝑙2𝑂3 (s2) 𝑇𝑖𝑂2 (s3)
𝜌 (𝑘𝑔/𝑚3) 997.1 8933 3970 4250
𝐶𝑝 (𝐽/𝑘𝑔𝐾) 4179 385 765 686.2
𝑘 (𝑊/𝑚𝐾) 0.613 401 40 8.9538

𝛽𝑡 × 105 (𝐾−1) 21 1.67 0.85 0.9
𝜎 (𝑠/𝑚) 5.5 × 10−6 59.6 × 106 35 × 106 2.6 × 106

3. METHOD OF SOLUTION
The numerical solution of the non-linear higher-order system of ordinary differential equations (ODEs) given by

Equations (4)-(5) and the boundary conditions (6) is performed using the bvp4c solver, which is integrated into the
computational platform MATLAB. Scientists and engineers have relied heavily on this method for resolving fluid flow
issues. Hale and Moore [29] pioneered the bvp4c solver, which was developed by Jacek Kierzenka and Lawrence F.
Shampine of Texas’s Southern Methodist University. The bvp4c solver is an approach for finite-state problems that
generates fourth-order accurate numerical solutions by means of the Lobatto IIIA implicit Runge-Kutta formulation. For
initial mesh point guesses and step-size modifications, this technique provides the required accuracy. According to Waini
et al. [30], when compared to the shooting approach and the Keller box method, the bvp4c solver produced satisfactory
results. In this context, it is necessary to decrease the derivatives of higher order with regard to 𝜂. This can be achieved
by incorporating the subsequent additional variables:

𝑓 = 𝑦(1), 𝑓 ′ = 𝑦(2), 𝑓 ′′ = 𝑦(3), 𝜃 = 𝑦(4), 𝜃′ = 𝑦(5)

𝑑

𝑑𝜂


𝑦(1)
𝑦(2)
𝑦(3)
𝑦(4)
𝑦(5)


=



𝑦(2)
𝑦(3)

𝑦 (2)2−𝑦 (1)𝑦 (3)−𝑎2𝜆𝑦 (4)+(𝑎3𝑀+𝑎1𝐾 )𝑦 (2)−2𝑎1𝛾𝑦 (3)
(1+2𝛾𝜂)𝑎1
𝑦(5)

𝑦 (2) (𝑦 (4)+𝛿 )−𝑦 (1)𝑦 (5)−2𝑎4𝛾𝑦 (5)−𝑎5𝑦 (4)
(1+2𝛾𝜂)𝑎4


and boundary condition are expressed as

𝑦𝑎(1), 𝑦𝑎(2) − 1, 𝑦𝑎(4) − 1 + 𝛿, 𝑦𝑏(2), 𝑦𝑏(4)

where 𝑦𝑎 is the condition at 𝜂 = 0 and 𝑦𝑏 is the condition at 𝜂 = ∞

4. RESULTS AND DISCUSSION
As a comparison to the results given by Paul et al. [18], Table 2 displays the absolute values of the friction factor

and the local Nusselt number as determined by the present study. We are excluding 𝑇𝑖𝑂2 nanoparticle volume fractions
with 𝐸𝑐 = 0 from this comparison. As this research shows, the bvp4c algorithm may produce reliable numerical results
that match or exceed those of competing approaches. Figs. 2-13 and Tables 2-4 illustrate the results of the computations
performed numerically in the bvp4c solver of MATLAB. 𝑃𝑟 = 6.2, 𝑄 = 0.3, 𝐾 = 1, 𝛾 = 0.1, 𝐸𝑐 = 0.1, 𝛿 = 0.3, 𝑀 =

1.2, 𝜆 = 1.2, 𝜙1 = 0.05, 𝜙2 = 0.15 and 𝜙3 = 0.2. are the values that are employed in the study.
The thermal stratification parameter, 𝛿 = 𝐵

𝐴
, represents the ratio of the ambient temperature gradient to the wall

temperature gradient. For a physically meaningful wall heating problem, the condition 0 ≤ 𝛿 < 1 must be satisfied so
that the dimensionless wall temperature remains positive, i.e., 𝜃 (0) = 1 − 𝛿 > 0. In the present study, all numerical
simulations are performed within this admissible range to ensure the physical validity of the thermal boundary conditions.
As 𝛿 approaches unity, the temperature difference between the wall and the ambient fluid decreases, resulting in weaker
thermal buoyancy and reduced heat transfer.

Table 2. Comparison of Skin friction Coefficient and local Nusselt Number when 𝜙3 = 0

𝛿 Pr 𝜆 𝛾 Paul et al. Present Study Paul et al. Present Study
−𝐶 𝑓 𝑅𝑒1/2

𝑥 −𝐶 𝑓 𝑅𝑒1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0.1 6.2 1.2 0.1 2.9398 2.9795 2.7885 2.7887
0.1 2 1.2 0.1 2.8419 2.8760 1.3264 1.3311
0.1 6.2 2.4 0.1 2.7219 2.7425 2.8528 2.8516
0.1 6.2 1.2 0.2 3.0048 3.0436 2.8283 2.8269
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Fig. 2 illustrates how the nanofluid’s velocity 𝑓 ′ (𝜂) is affected by the porosity parameter (𝐾). As the value of the
porosity parameter increases, the velocity drops. As increases, the diameter of the porous medium gradually shrinks,
indicating an inverse relationship between the two variables. This smaller diameter makes the fluid’s passage through
the porous material more difficult. The decrease in fluid velocity was caused by the obstacle introduced by the porosity
parameter (𝐾).

Figure 2. Effect of 𝐾 on Velocity Profile Figure 3. Effect of 𝑀 on Velocity Profile

Figure 4. Effect of 𝛿 on Velocity Profile Figure 5. Effect of 𝐸𝑐 on Velocity Profile

When the amount of 𝑀 is increased, the fluid velocity drops, as portrayed in Fig. 3. Enhancing the magnetic
parameter (𝑀) causes the momentum barrier layer to become thinner. This structure develops as a consequence of the
ternary hybrid nanofluid’s reduced velocity caused by the Lorentz force generated by the horizontal magnetic field. Fig.
4 shows how the parameters of thermal stratification (𝛿) affect the nanofluid’s velocity 𝑓 ′ (𝜂). The flow rate drops as the
heat stratification parameter rises. Reduced potent convection potential between hot wall and surrounding fluid is a result
of an enhancement in the heat stratification parameter. Because of this, the buoyant force is diminished, leading to a slower
flow rate.

Impact of Eckert number (𝐸𝑐) on velocity profile is displayed in Fig. 5. As 𝐸𝑐 rises velocity of the fluid also
rise. Fig. 6 shows the changes in fluid velocity caused by thermal buoyancy parameter 𝜆. We find that when values are
increased, the velocity goes up. A higher increase in 𝜆 results in a stronger thermal buoyancy force. Because of this, we
can deduce that buoyant forces cause the fluid’s velocity to rise.

The impact of the heat source parameter (𝑄) is displayed in Fig. 7. It is found that fluid velocity develops in tandem
with a boost in 𝑄. Fig. 8 illustrates how the Prandtl number affects the velocity profile. The velocity profile appears to
slow down as the Prandtl number increases.

The temperature profile demonstrates an enhancement as the Eckert number enhances, as illustrated in Fig. 9. The
physical explanation is that an increase in 𝐸𝑐 may cause the fluid’s viscosity to absorb more energy, which it can then
transform into internal energy, therefore raising the temperature. As shown in Fig. 10, the temperature 𝜃 (𝜂) rises as the
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Figure 6. Effect of 𝜆 on Velocity Profile Figure 7. Effect of 𝑄 on Velocity Profile

Figure 8. Effect of 𝑃𝑟 on Velocity Profile Figure 9. Effect of 𝐸𝑐 on Temperature Profile

Figure 10. Effect of 𝜙1 on Temperature Profile Figure 11. Effect of 𝜙2 on Temperature Profile

solid volume fraction of 𝐶𝑢 nanoparticles grow, keeping the volume fractions of 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 constant. Moreover,
it is noticeable from Fig. 11 that the temperature shows an upward trend as the volume fraction of increases, whilst the
volume fractions of and stay consistent. Likewise, the temperature profile is shown to increase with an increase of 𝜙3, as
depicted in Fig. 12. A higher temperature is the result of increased physical dissipation of energy, which may occur when
the volume fraction of nanoparticles increases.
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Figure 12. Effect of 𝜙3 on Temperature Profile Figure 13. Effect of 𝑃𝑟 on Temperature Profile

However, Fig. 13 highlights the consequences of the Prandtl number (𝑃𝑟) on the temperature profile. Observations
indicate that raising the Prandtl number results in a decline in the thickness of the heat boundary layer, resulting in a fall
off in the temperature gradient. Fig. 14 demonstrates how the temperature profile is affected by a parameter of the heat
source (𝑄). As𝑄, the heat source parameter, rises, the fluid temperature rises as well. This property is in accordance with
the fluid’s intrinsic physical properties.

Figure 14. Effect of 𝑄 on Temperature Profile Figure 15. Effect of 𝛿 on Temperature Profile

When the temperature stratification parameter (𝛿) goes up, as shown in Fig. 15, the temperature of the stream goes
down. When thermal stratification (𝛿) is present, the temperature difference between the hot wall and the fluid around it
will go down. Because of this, the temperature drops and the thermal barrier layer gets thicker.

For different flow factors, Table 3 show how they change the skin friction and the local Nusselt number. Table 3
showed that the absolute value of the skin friction coefficient increases with increasing thermal stratification parameter
(𝛿), magnetic parameter (𝑀) and porosity parameter (𝐾). In contrast, the local Nusselt number decreases with increasing
values of 𝛿, 𝑀, where as increases with 𝐾 . For increasing 𝜆, skin friction decreases while the local Nusselt number
increases. A higher skin friction and Nusselt number are seen for 𝑃𝑟 . As the heat source parameter (𝑄) increases, there
is an observable decrease in the rate of heat transmission. Rising the value of the curvature parameter (𝛾) results in a
increase in the skin friction and the Nusselt number as the value of 𝛾 increase.

In accordance with Table 4, the ternary hybrid nanofluid has a larger absolute skin friction than the hybrid nanofluid,
as demonstrated by the experimental results. On the other hand, it is also noticeable that hybrid nanofluids exhibit more
skin friction than ordinary nanofluids. Additionally, the ternary hybrid nanofluid has been found to demonstrate a faster
rate of heat transfer than the hybrid nanofluid, which in turn shows a higher heat transfer rate than ordinary nanofluids.
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Table 3. Skin friction Coefficient and Local Nusselt number for different values of 𝛿, 𝑀, 𝐾, 𝜆, 𝑃𝑟, 𝑄, 𝛾

𝛿 M K 𝜆 Pr Q 𝛾 −𝐶 𝑓 𝑅𝑒1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0 5.8976 3.3791
0.2 1.1 2 1.5 6.2 0.1 0.2 5.9937 3.1437
0.4 6.0895 2.9029

0 5.0625 3.3897
0.2 0.5 2 1.5 6.2 0.1 0.2 5.5047 3.2716

1.5 6.2992 3.0654
0.2 1.1 0 1.5 6.2 0.1 0.2 4.2386 2.6142

1 5.1882 3.3559
0.2 1.1 2 1.5 6.2 0.1 0.2 6.2814 3.0258

3 5.7207 3.2339
0.2 1.1 2 1.5 0.6 0.1 0.2 5.8739 0.9577

4 5.9541 2.3516
0.2 1.1 2 1.5 6.2 -0.1 0.2 6.0190 3.6293

0 6.0083 3.4083
0.2 1.1 2 1.5 6.2 0.1 0 5.7202 3.0029

0.1 5.8582 3.0723

Table 4. Comparison of Skin friction Coefficient and Local Nusselt number

𝛿 𝐶𝑢 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 𝐶𝑢 − 𝐴𝑙2𝑂3 𝐶𝑢 − 𝐴𝑙2𝑂3
−𝑇𝑖𝑂2 −𝑇𝑖𝑂2

Nanofluid Hybrid Ternary Nanofluid Hybrid Ternary
Nanofluid Hybrid Nanofluid Hybrid

Nanofluid Nanofluid
−𝐶 𝑓 𝑅𝑒1/2

𝑥 −𝐶 𝑓 𝑅𝑒1/2
𝑥 −𝐶 𝑓 𝑅𝑒1/2

𝑥 𝑁𝑢𝑥𝑅𝑒
−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥 𝑁𝑢𝑥𝑅𝑒

−1/2
𝑥

0 1.9645 3.3981 5.8976 2.3250 3.0662 3.3791
0.2 2.1869 3.5020 5.9937 2.5539 2.8668 3.1437
0.5 2.3329 3.6531 6.1372 2.2778 2.5361 2.7805

5. CONCLUSIONS
An extensive study was conducted on the consequences of heating stratification and the joule’s effect regarding the

movement of a ternary hybrid nanofluid that demonstrates magnetohydrodynamics characteristics through a vertically
stretchable cylinder. This study took into account the existence of a thermal bouncy effect and a heat source within a
porous medium. The study also looks at the flow features and how they affect temperature and velocity profiles, as well as
the Nusselt number and friction factor. Notable findings from this inquiry include the following:

• As the parameters 𝛿, 𝐾, 𝑀 and 𝑃𝑟 grow, the velocity profile shows a decreasing trend, while it shows a rising pattern
with higher values of 𝜆, 𝐸𝑐 and 𝑄.

• With rising values of 𝛿 and 𝑃𝑟 the temperature decline, whereas with rising values of 𝐸𝑐, 𝜙1, 𝜙2, 𝜙3 and 𝑄, it rises.

• Parameters 𝛿, 𝑀, 𝐾, 𝑄, 𝛾 and 𝑃𝑟 cause a increase in absolute skin friction, whereas 𝜆 cause it to decrease.

• An upward trend is noted in the local Nusselt number as the values of 𝐾, 𝑃𝑟 and 𝜆 increase, whereas a downward
trend is observed as 𝛿, 𝑀 and 𝑄 increase.

• In comparison to the hybrid nanofluid, the ternary hybrid nanofluid exhibits a higher absolute skin friction. Similarly,
when compared to ordinary nanofluids, hybrid nanofluids exhibit higher skin friction.

• A ternary hybrid nanofluid has a greater heat transfer rate than a hybrid nanofluid, which is also higher than that of
standard nanofluids.

The present numerical investigation provides useful guidance for the design of thermal systems employing ternary
hybrid nanofluids. The results indicate that moderate values of the thermal buoyancy parameter (𝜆) enhance the fluid
velocity, while lower values of the thermal stratification parameter (𝛿) are preferable for maintaining higher heat transfer
rates. Similarly, increasing the volume fractions of 𝐶𝑢, 𝐴𝑙2𝑂3 and 𝑇𝑖𝑂2 nanoparticles improves the thermal performance
of the base fluid, although excessively high nanoparticle concentrations may increase skin friction and pumping power
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requirements. The magnetic parameter (𝑀) and porosity parameter (𝐾) should therefore be selected carefully to achieve
an appropriate balance between flow resistance and heat transfer enhancement. These findings suggest that the 𝐶𝑢 −
𝐴𝑙2𝑂3 − 𝑇𝑖𝑂2/𝐻2𝑂 ternary hybrid nanofluid can be effectively utilized in geothermal heat extraction, compact heat
exchangers, solar thermal collectors, electronic cooling systems, and chemical processing equipment where efficient
thermal management is required.
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ВПЛИВ ЕФЕКТУ ДЖОУЛЕВОГО НАГРIВАННЯ ТА ТЕПЛОВОГО РОЗШИРЕННЯ НА
МГД-ПОТРIЙНУ ГIБРИДНУ НАНОРIДИНУ В ПОРИСТОМУ СЕРЕДОВИЩI НАД ВЕРТИКАЛЬНО

РОЗТЯГНУТИМ ЦИЛIНДРОМ: ЧИСЛОВЕ ДОСЛIДЖЕННЯ
Сураджiт Дутта1, Нiтул Калiта2, РупамШанкар Натх3, Рудра Канта Дека2

1Кафедра математики, C.N.B. Коледж, Бокахат-785612, Ассам, Iндiя
2Кафедра математики, Унiверситет Гаухатi, Гувахатi-781014, Ассам, Iндiя

3Кафедра математики, Коледж Морiгаон (Автономний), Морiгаон-782105, Ассам, Iндiя
У цьому дослiдженнi чисельно дослiджено аспекти потоку в магнiтогiдродинамiчнiй (МГД) потрiйнiй гiбриднiй нанорiдинi,
що складається з суспендованих наночастинок (𝐶𝑢), оксиду алюмiнiю (𝐴𝑙2𝑂3) та дiоксиду титану (𝑇𝑖𝑂2) у водi (𝐻2𝑂). Вплив
термiчної стратифiкацiї та джоулевого нагрiвання враховуєтьсяшляхом пропускання нанорiдини через вертикально простягаю-
чийся цилiндр у пористому середовищi. Шляхом реалiзацiї вiдповiдного перетворення, рiвняння енергiї та пограничного шару
спрощуються до нелiнiйної системи звичайних диференцiальних рiвнянь (ЗДР). Отримана система розв’язується за допомогою
розв’язувача bvp4c четвертого порядку точностi MATLAB. Для розв’язання змiненої системи використовується MATLAB.
Ефекти графiчно проiлюстровано змiною швидкостi та температури, а також кiлькiсно представлено в таблицi змiни коефiцiєн-
та тертя та швидкостi теплопередачi для важливих значень безрозмiрних фiзичних факторiв, пов’язаних з проблемою. Важливi
результати показують, що гiбриднi нанорiдини перевершують нанорiдини з точки зору теплопровiдностi. Температура та швид-
кiсть потрiйної гiбридної нанорiдини зменшуються при наявностi коефiцiєнта теплової стратифiкацiї порiвняно з вiдсутнiстю
стратифiкацiї. Спостерiгається помiтне збiльшення швидкостi теплопередачi при порiвняннi потрiйної гiбридної нанорiдини з
гiбридною нанорiдиною, що, у свою чергу, перевершує показники традицiйних нанорiдин. Отриманi результати є цiнними для
застосування у видобутку геотермальної енергiї, хiмiчнiй обробцi та синтезi матерiалiв.
Ключовi слова: потрiйна гiбридна нанорiдина; ефект Джоуля; розтягування вертикального цилiндра; термiчна страти-
фiкацiя; пористе середовище; bvp4c
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