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This paper presents a review of physical and methodological approaches to describing the spectrum of the ultrasonic Doppler signal in
biological media. The results on the formation of spectral characteristics for a stationary probing field under different types of scatterer
motion are summarized, and the development of the model for the case of a dynamically varying sensitivity function of the ultrasound
system is considered. Particular attention is paid to synthetic aperture, dynamic focusing, and coherent plane-wave compounding
modes. It is shown that in plane-wave imaging systems the Doppler signal spectrum is determined not only by the motion properties
of the medium, but also by the spatiotemporal method used to form the Doppler response. The results concerning spatial resolution in
the plane-wave compounding mode are also summarized, and the relationship between the geometry of the measurement volume, the
sensitivity function, and the spectral parameters is analyzed. Prospects for the further development of these approaches, in particular
for applications in shear-wave elastography, are outlined.
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1. INTRODUCTION
Ultrasound blood-flow imaging is currently undergoing a period of rapid methodological transformation, evolving

from conventional Doppler modes toward high-frame-rate, microvascular, and volumetric approaches capable of visualizing
slow flow and fine vascular architecture much better than conventional color or power Doppler [1–5]. This evolution
is driven by the fundamental limitations of traditional line-by-line scanning, which inherently involves trade-offs among
frame rate, contrast, spatial resolution, and sensitivity to low-velocity flow. In addition, conventional two-dimensional
ultrasound imaging strongly depends on the imaging plane and operator experience, whereas modern volumetric and
ultrafast approaches provide broader opportunities for functional and vascular imaging [1, 2, 4].

The theoretical foundation of this transition was established by synthetic aperture imaging and coherent plane-wave
compounding (CPWC), which introduced a fundamentally different image formation strategy compared with sequential
focused transmission [6, 7]. These studies laid the groundwork for ultrasound imaging with very high frame rates,
transient elastography, and the further development of ultrafast Doppler methods. At the same time, the plane-wave
approach proved promising not only for B-mode and Doppler applications, but also for contrast-enhanced imaging, where
it can be competitive with focused transmission [8].

The current development of this field is taking place along several interconnected directions. First, the basic image-
formation algorithms are being actively improved: synthetic focusing schemes are being optimized, and new approaches
based on reverse time migration, minimum-variance adaptive beamforming, high-contrast compounding, as well as
software environments for fast and reproducible simulation of plane-wave and color Doppler imaging are being developed
[9–13]. Second, considerable attention is being paid to the computational feasibility of such methods, including GPU
implementations of synthetic aperture approaches and hybrid transmission schemes that improve spatiotemporal resolution
in problems involving rapid motion, particularly in echocardiography [14, 15]. Third, ongoing work seeks an optimal
balance between image quality and frame rate. To this end, researchers employ adaptive beamforming for multi-angle
plane-wave imaging, null-subtraction imaging schemes, aperture extension using multiple arrays, adaptive combining,
tensor completion, and other accelerated CPWC approaches [16–21]. For Doppler and microvascular imaging modes,
specialized beamforming schemes are also being developed, including retrospective transmit beamforming, DMAS, and
computationally efficient nonlinear compounding methods [22–24]. Particular note should also be made of the growing
role of artificial intelligence and deep learning, which are used not only for post-processing but also for compensating the
fundamental limitations of single-plane-wave imaging and accelerated compounding [25, 26].

The clinical significance of these technologies already extends far beyond purely technical demonstrations. Ultrafast
and microvascular ultrasound methods are being applied to assess muscle perfusion, detect synovitis at an early stage, screen
for renal artery disease, and noninvasively evaluate myocardial perfusion [27–30]. In thyroid diagnostics, microvascular
imaging improves the accuracy of nodule risk stratification and complements standard grayscale ultrasound examination
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[31–33]. In oncology, these approaches, including super-resolution ultrasound imaging, open new possibilities for more
accurate lesion differentiation, preoperative staging, assessment of microvascular architecture, and early monitoring of
treatment response [34–38].

The present review focuses on the sequential development of physical and methodological approaches to ultrasound
and Doppler image formation in synthetic aperture and plane-wave compounding systems—from the analysis of the
spectrum of individual flow lines for focused transducers with apodization in the early 2000s to the construction of a
continuous scattering model, its extension to the case of a dynamically varying sensitivity function, the study of spectra
under changing insonification angles, and the evaluation of spatial resolution, point spread function, and measurement-
volume shape in plane-wave compounding modes in studies published in 2022–2025. This temporal perspective, covering
the development of the topic from 2001 to the present, makes it possible to trace how the basic concepts of the Doppler
spectrum, sensitivity function, and measurement-volume geometry became the foundation for modern high-speed and
full-field methods of blood-flow imaging and parameter estimation.

2. PHYSICAL MODEL
In [39], the spectrum of the Doppler signal from an individual flow line in the pulsed mode was studied for focused

transducers with apodized apertures. It was shown that the spectral characteristics are determined not only by the velocity
of scatterer motion, but also by the parameters of the ultrasound field itself. The intrinsic spectral broadening is caused
by two factors: the finite residence time of scatterers within the measurement volume and the curvature of the wavefronts,
which changes the local Doppler angle. For a fixed depth, the width of the spectrum of an individual flow line does not
depend on its position within the measurement volume, but it changes with the insonification depth. By contrast, the
modal Doppler shift depends on both the depth and the position of the flow line if the center of the measurement volume
does not coincide with the focus. Thus, already in this work, the Doppler spectrum appears as the result of the combined
action of flow kinematics and the geometry of the ultrasound field.

In all subsequent papers, the main physical hypothesis remains the same: the biological medium is treated as
isotropic and continuous, and ultrasound is scattered by small fluctuations of density 𝜌(®𝑟, 𝑡) and compressibility 𝛽(®𝑟, 𝑡).
The smallness of these fluctuations makes it possible to restrict the analysis to single scattering, and then the response of
the pulsed Doppler signal from the region of interest 𝑅 can be written as [40, 41]

𝑓 = 𝑘2
∫
𝑅

𝑒2𝑖 ( ®𝑘 · ®𝑟+𝜃𝑐 )𝐶′
𝑝

[
𝛽(®𝑟, 𝑡) − 𝜌̃(®𝑟, 𝑡)𝛾(®𝑟, 𝑡)

]
𝑑3®𝑟. (1)

Here, ®𝑘 and 𝑘 = 2𝜋/𝜆 are the wave vector and the wave number in the plane-wave approximation for an ultrasound
wavelength 𝜆 propagating with velocity 𝑐. 𝜃𝑐 is the constant phase component of the signal, 𝜌̃(®𝑟, 𝑡) = [𝜌(®𝑟, 𝑡) − 𝜌0]𝜌−1

0 ≪
1 and 𝛽(®𝑟, 𝑡) = [𝛽(®𝑟, 𝑡) − 𝛽0]𝛽−1

0 ≪ 1 are the dimensionless density and compressibility functions, while 𝜌0 and 𝛽0 are
the spatiotemporal mean values of the density and compressibility of the medium, respectively. The quantity 𝛾(®𝑟, 𝑡) � 1
is a dimensionless parameter characterizing the deviation of the wavefront shape from that of ideal plane waves.

The Doppler response can be defined through the complex sensitivity functions (amplitudes) of the transmitted field
𝐺′

𝑡 (®𝑟), the receiver sensitivity to the scattered waves 𝐺′
𝑟 (®𝑟), and 𝑏(𝑡), the envelope of the probing pulse. Here, 𝑥′ (®𝑟) is the

distance from the point ®𝑟 along the probing axis, and 𝑇1 is the delay time determining the ultrasound depth:

𝐺′
𝑝 (®𝑟) = 𝐺𝑡 (®𝑟)𝐺𝑟 (®𝑟) 𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (2)

The spatiotemporal correlator of the inhomogeneities is

𝐶 (®𝑟1 − ®𝑟0, 𝜏) =
〈(
𝛽(®𝑟0, 𝑡0) − 𝜌̃(®𝑟0, 𝑡0)

) (
𝛽(®𝑟1, 𝑡1) − 𝜌̃(®𝑟1, 𝑡1)

)〉
. (3)

It is expressed as an ensemble average and depends only on the time difference 𝜏 = 𝑡1 − 𝑡0. Formally, this expression
describes a dynamic medium: if 𝐶 varies slowly as 𝜏 increases, then the echo will decorrelate slowly and the Doppler
spectrum will be narrower than in the case of rapid variation. This function can be represented as a Fourier integral in the
form of a sum of contributions from plane spatial harmonics:

𝐶 (®𝑟1 − ®𝑟0, 𝜏) =
∫

𝑑3 ®𝑞
(2𝜋)3 𝑒𝑖 ®𝑞 · ( ®𝑟1−®𝑟0 )

∫
𝑑𝜔

2𝜋
𝑒−𝑖𝜔𝜏 𝐶 ( ®𝑞, 𝜔). (4)

Here, 𝐶 ( ®𝑞, 𝜔) is the power spectral density of the fluctuations, which indicates which spatial scales ®𝑞 of the inhomo-
geneities are associated with which temporal frequencies 𝜔 in the dynamics of the inhomogeneities. This representation
makes it possible to separate the “physics of the object” from the “physics of the measurement”: the correlator describes
the structure and motion of the inhomogeneities, whereas the sensitivity function describes the geometry, focusing, pulse
duration, and the transmission–reception configuration.
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The nature of the fluctuations makes it possible to represent the Doppler response through the product of two entities:
the correlator of medium fluctuations and the sensitivity function of the probing system. Within this continuous model,
general expressions for the spectra were obtained for several fundamentally important cases, which will be discussed
below. In this form, the model immediately separates the “physics of the object” from the “physics of the measurement”:
the correlator is responsible for the structure and dynamics of the inhomogeneities, whereas the sensitivity function is
responsible for the field geometry, focusing, pulse duration, and the transmission–reception configuration. This approach
forms the core of [41], [42], [43], and [44], and it is retained in [45, 46], where only the method of field representation
is modified for plane-wave compounding.

Thus, the first significant generalization of the model was carried out in [42], where the stationary sensitivity function
was replaced by a time-dependent one:

𝐺′
𝑝 (®𝑟, 𝑡) = 𝐺𝑡 (®𝑟)𝐺𝑟 (®𝑟, 𝑡) 𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (5)

This is the general form of the sensitivity function in the case of synthetic aperture, regardless of the method used to
determine the Doppler shift frequency. Physically, this means that in synthetic aperture systems with dynamic variation of
the insonification direction, not only the motion of the scatterers changes, but also the measurement scheme itself. In this
case, the full power spectrum of the Doppler signal is related not only to the spectral characteristics of the motion of the
inhomogeneities, but also to the spatial and temporal harmonics of the probing field. In the case of probing a biological
medium by plane waves with different angles and wave vector ®𝑘 (𝑡), as shown in Fig. 1, the envelope in (5) takes the form
[43].

𝑏(𝑡) = 𝑏

(
𝑇1 −

2𝑥′ cosΦ(𝑡)
𝑐0

)
. (6)

In this case, the complex amplitude of the incident plane waves is taken with account of their deviation from the
untilted plane wave, while 𝑐0/cosΦ(𝑡) is the propagation velocity along the 𝑥′ axis of the incident plane-wave front with
wave-vector deviation angle Φ(𝑡).

Figure 1. Arrangement of the unprimed coordinate system associated with the measurement volume relative to the
ultrasound transducer, and the deviation angle of the wave vector ®𝑘 (𝑡) of the current wave from the wave vector ®𝑘 of the
untilted wave.

In [46], an approach based on the direct use of the transmitted wave field 𝑃′
𝑡 (®𝑟, 𝑡) and the received wave field 𝑃′

𝑟 (®𝑟, 𝑡),
represented in the form of plane waves, was considered. In this case, the combined transmit–receive field can be written as

𝑃(®𝑟, 𝑡) = 𝑃0𝑒
2𝑖 ®𝑘 (𝑡 ) · ®𝑟 𝑏

(
𝑇1 −

2𝑥′′

𝑐0

)
𝑔(𝑧). (7)

Here, 𝑃0 is the field amplitude, 𝑔(𝑧) is the distribution along the 𝑧 axis, and 𝑏

(
𝑇1 − 2𝑥′′

𝑐0

)
is the pulse envelope

describing their spatial length in the 𝑥′′ = 𝑥′′ (𝑥′, 𝑦′) direction, that is, in the direction of transmission and reception of
plane waves for a given vector ®𝑘 (𝑡) and the corresponding angle Φ (see Fig. 2).
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In [44] and [46], the spatial properties of the Doppler response in the coherent plane-wave compounding mode were
described through the system sensitivity function and the geometry of the measurement volume. In [44], it was shown
that for a rectangular weighting window the sensitivity function takes a sinc-like form

𝐺′
𝑝 (®𝑟, 𝜔 𝑗 = 0) � 𝐺0

sin(𝑘Ω𝑡𝑦′)
𝑘Ω𝑡𝑦′

𝑏

(
𝑇1 −

2𝑥′ (®𝑟)
𝑐

)
. (8)

Figure 2. Coordinate system (𝑥′, 𝑦′) associated with the ultrasound transducer, and coordinate system (𝑥′′, 𝑦′′) in which
the 𝑥′′ axis is directed along the propagation direction of the plane-wave front.

therefore, the lateral resolution is determined primarily by the width of the angular insonification sector. In [46],
this description was refined by taking into account small linear and quadratic angular terms in the envelope, which lead
to a deformation of the boundary of the measurement volume, without changing the principal resolution scales along the
coordinate axes. Thus, in the case of coherent plane-wave compounding, spatial selectivity is determined not only by the
interference of responses from different viewing angles, but also by the geometry of their overlap region.

3. SPECTRUM OF THE DOPPLER RESPONSE IN THE CASE OF A STATIONARY PROBING FIELD
In most conventional pulsed systems, pulses are transmitted sequentially, with all of them characterized by the same

geometry and configuration in the space of wavefronts. This means that the amplitude function of the transmitted field
𝐺′

𝑡 (®𝑟) and the receiver sensitivity to the scattered waves 𝐺′
𝑟 (®𝑟) do not depend on time, while the angle Φ = 0. In this

case, the Doppler spectrum can be obtained for stationary probing fields using either a single ultrasound emitter or a
phased array that provides sequential transmission and reception of the reflected waves. The entire sequence is therefore
characterized by one and the same wavefront geometry. In [41], a general expression was obtained for the power spectrum
of the Doppler signal in the case of a stationary probing field:

𝑆(𝜔) = 𝑘4

(2𝜋)3

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔)

���𝐺 ( ®𝑞 + 2®𝑘)
���2 . (9)

This is the most general relation between the power spectra of Doppler signals, the spectral characteristics of
the fluctuations, and the parameters of the probing ultrasound field for a correlation volume small compared with the
measurement volume. The factor 𝐶 ( ®𝑞, 𝜔) describes the properties of the medium and its motion, that is, the structure and

dynamics of the fluctuations, whereas
���𝐺 ( ®𝑞 + 2®𝑘)

���2 acts as the spatial filter of the system, determined by the measurement
volume and focusing. The measured Doppler spectrum is therefore their weighted combination. The authors emphasized
that 𝐺 ( ®𝑞 + 2®𝑘) is a function with a sharp maximum at ®𝑞 = −2®𝑘 , independently of the particular configuration of the
ultrasound field in space and the way in which this field is described.

Based on the above, for stationary motion with a constant velocity ®𝑉 (for example, steady venous blood flow) and in
the absence of diffusion, the authors isolated the power spectrum of individual Doppler flow lines using (9):

𝑆𝜈 (𝜔, 𝑥, 𝑧) = 𝑘4𝜈𝑉
〈
(𝛽 − 𝜌̃)2〉 ����𝑇𝐹 [

𝑒2𝑖𝑘𝑉 cos 𝜗 𝑡 𝐺′ (𝑉𝑡, 𝑦, 𝑧) 𝑏
(
𝑇1 −

2𝑥′ (𝑉𝑡, 𝑦, 𝑧)
𝑐

)] ����2 . (10)
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Here, 𝑇𝐹 [ 𝑓 (𝑡)] denotes the Fourier transform of the function 𝑓 (𝑡), 𝜗 is the Doppler angle between the transducer
and the 𝑂𝑥 axis, 𝜈 is the correlation volume, and in the analysis it was assumed that the motion occurs along the axis 𝑥 =

𝑉𝑡 (Fig. 3). It was emphasized that the full spectrum is then the sum of the contributions from individual flow lines, while
its shape is determined by the Doppler shift, the geometry of the measurement volume, and the spatial configuration of
the ultrasound field. This case serves as the basic one for the further analysis of other physical factors.

The influence of spatial correlation of the inhomogeneities was considered separately. If a finite correlation radius Δ
is introduced, then the contributions from different regions of the cross-section are no longer independent, and it becomes
impossible to isolate the spectrum of individual flow lines. To estimate this effect, the authors used a Gaussian model of
the sensitivity function, which made it possible to obtain an analytical expression for the spectrum:

𝑆(𝜔) =
𝜋2𝑘4𝜈

〈
(𝛽 − 𝜌̃)2〉
8𝑉

𝑏6

2Δ2 + 𝑏2 exp

{
− 1

2𝜎2

(
𝜔

𝜔𝑚𝑑

− 1
)2

−
𝜎2 − 𝜎2

0

2𝜎2𝜎2
0 cos2 𝜗

}
. (11)

Here,

𝜔𝑚𝑑 = 𝜔𝑑

(
1 + 2Δ2

𝑏2

)−1

, 𝜎2 = 𝜎2
0

(
1 + 2Δ2

𝑏2

)
.

The quantity 𝜔𝑚𝑑 is the modal Doppler frequency, which does not coincide with the conventional Doppler shift 𝜔𝑑 =

−2𝑘𝑉 cos 𝜗, while 𝜎2 is the dimensionless variance of the Doppler spectrum and 𝜎2
0 is the variance at Δ = 0. Furthermore,

𝜈 = 𝛼Δ3 is the characteristic correlation volume, with 𝛼 being a constant of order unity. Thus, spectral broadening may
be caused not only by a distribution of velocities, but also by the correlation properties of the scatterers or of the motion
itself. For this reason, in turbulent flow an increase in the power of the ultrasound and Doppler signals is not necessarily
associated with erythrocyte aggregation or with changes in the density and compressibility of the medium; it may instead
reflect correlated velocity pulsations.

Figure 3. Schematic of the relative arrangement of the ultrasound transducer, the measurement volume, and the blood
vessel. The Cartesian coordinate systems associated with the vessel (𝑥, 𝑦, 𝑧) and with the ultrasound system (𝑥0, 𝑦0, 𝑧0)
are shown, where 𝑙0 is the insonification depth, 𝜃 is the Doppler angle, and 𝑏 is the effective radius of the ultrasound beam
at the 𝑒−1 level.

Another important factor is the diffusion of scatterers. To take it into account, the correlation function is written in a
form satisfying the diffusion equation, and the corresponding spectrum takes the form

𝑆(𝜔) =
𝑘4𝜈

〈
(𝛽 − 𝜌̃)2〉
𝑉

∫
𝑑3 ®𝑞
(2𝜋)3

𝐷𝑞2

(𝜔 − 𝑞𝑥𝑉)2 + (𝐷𝑞2)2

���𝐺 ( ®𝑞 + 2®𝑘)
���2 . (12)

Here, 𝐷 is the diffusion coefficient. In this case, as in the case of a finite correlation radius, the contributions from
individual flow lines can no longer be separated. It was shown that in the weak-diffusion limit this expression reduces to
the spectrum for nondiffusive motion, whereas in the strong-mixing regime

𝑉 ≪ 2𝑏𝐷𝑘2 (13)

the spectrum becomes Lorentzian:

𝑆(𝜔) = 𝜋3/2𝑏3𝑘4𝜈
〈
(𝛽 − 𝜌̃)2〉 𝐷𝑘2

(𝜔 + 2𝑘𝑉 cos 𝜗)2 + 16𝐷2𝑘4 . (14)
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Here, 𝑏 is the parameter of the Gaussian sensitivity function characterizing the effective width of the incident and
received ultrasound beams. Figure 4 shows the resulting normalized Doppler spectrum for the nondiffusive case and for
cases with nonzero diffusion. For biological molecules, one typically has 𝐷 ∼ 10−11–10−10 m2/s; therefore, in blood
vessels at ultrasound frequencies 𝑓 ≈ 2–10 MHz, diffusion is often weak and its influence on the spectra is usually
neglected unless 𝐷 becomes comparable to the critical value 𝐷critical = 𝑉/(2𝑏𝑘2).

Figure 4. Power Doppler spectra for the nondiffusive case (solid line), and for diffusion with coefficients 𝐷 = 2𝐷critical
(dashed line), 𝐷 = 4𝐷critical (dotted line), and 𝐷 = 10𝐷critical (dash-dotted line).

The paper also derived an expression for the spectrum in the case of uniformly accelerated motion of inhomogeneities,
which models blood flow in arteries:

𝑆(𝜔, 𝑦, 𝑧) = lim
𝑇→∞

𝜈𝑘4 〈
(𝛽 − 𝜌̃)2〉 𝑇−1

∫
𝑑𝑞𝑥

2𝜋
(𝑞𝑥𝑎)−1 |𝐺 (𝑞𝑥 + 2𝑘 cos 𝜗, 𝑦, 𝑧) |2 . (15)

A distinctive feature of this result is that, in the limit of infinite observation time, the spectrum depends neither
on frequency nor on the spatial characteristics of the probing field. Physically, this is because over a sufficiently long
observation time all instantaneous velocities make equal contributions to the average signal power. Therefore, the frequency
dependence caused by accelerated motion appears only for a finite observation time and depends on the initial phase of
motion: the longer the acquisition interval, the broader the Doppler spectrum becomes (see Fig. 5).

On this basis, a model for vibrational sonoelastography was constructed in the paper. It was shown that the integrated
power of the high-frequency part of the Doppler spectrum increases with increasing amplitude of the forced displacements,
while changing the integration threshold makes it possible to enhance the contribution of regions with different oscillation
amplitudes. This provides a physical basis for differentiating soft tissues by their mechanical stiffness. At the same
time, the authors specifically noted that the power of the Doppler signal depends not only on the displacement amplitude,
but also on fluctuations of density and compressibility; therefore, direct estimation of displacement requires additional
compensation using the B-scan image.

Thus, [41] showed that even in the case of a stationary probing field, the Doppler spectrum is a complex characteristic
determined jointly by the spatiotemporal properties of the scattering inhomogeneities and by the parameters of the
ultrasound system. Within this model, steady blood flow, correlated motion, diffusion, harmonic vibrations, vibrational
sonoelastography, and accelerated motion were described in a consistent manner. For this reason, this work is central to the
further development of the entire topic: it established a general physical framework in which the Doppler response spectrum
is viewed as the result of the interaction between the “physics of the medium” and the “physics of the measurement.”
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Figure 5. Velocity variation with time for uniformly accelerated motion. Equal velocity intervals Δ𝑉 correspond to equal
time intervals Δ𝑡 for all velocity values.

4. SPECTRA IN THE CASE OF DYNAMIC FOCUSING
The traditional approach described in the previous section has several limitations associated with focusing only at

a fixed depth, an insufficient amount of data for accurate estimation of flow velocities, and limited spatial resolution.
Therefore, in the subsequent studies, expressions for the spectra were obtained that generalize the case of a stationary
probing field to the case of dynamic focusing. In principle, there are two possible ways to form the ultrasound Doppler
signal using responses recorded for different angles of wave-vector rotation. In the first case, the signal is formed as a
sequence of discrete responses corresponding to different successive insonification angles. Then, the power spectrum is
determined not only by the spectral characteristics of the motion of the scattering inhomogeneities, but also by the spatial
and temporal harmonics of the probing field itself [42]:

𝑆(𝜔𝑝) =
𝑘4

(2𝜋)3

∞∑︁
𝑗=−∞

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔𝑝 − 𝜔 𝑗 )

���𝐺 ( ®𝑞 + 2®𝑘, 𝜔 𝑗 )
���2 , (16)

where 𝜔𝑝 = 2𝜋𝑝/𝑇 is the Fourier-series variable, and 𝑇 is the repetition period of signal acquisition for a given range
of steering angles.

After the Doppler information has been extracted, the resulting complex signal values can be coherently summed
for each point in space in order to provide dynamic focusing on transmission. This result establishes the general physical
basis for all subsequent works on dynamic focusing.

Another method of forming the ultrasound Doppler signal, considered in [43], consists in the coherent summation
of discrete responses obtained at different steering angles over the full period of angle variation 𝑇 . This is equivalent
to averaging the sensitivity function over the full insonification cycle. Such an approach requires a larger amount of
computation, but it provides dynamic focusing during transmission. As a result, only the zero temporal harmonic of the
sensitivity function remains in the expression for the spectrum, and the spectrum takes the form:

𝑆(𝜔𝑝) = 𝑇2 𝑘4

(2𝜋)3

∫
𝑑 ®𝑞 𝐶 ( ®𝑞, 𝜔𝑝)

���𝐺 ( ®𝑞 + 2®𝑘, 0)
���2 . (17)

The authors emphasize that, in contrast to the first method, there is no frequency convolution here between the
fluctuation correlator and the temporal harmonics of the sensitivity function. This means that the additional spectral
broadening associated with the temporal variation of the insonification angle is substantially reduced. In this sense, the
obtained expression is structurally similar to the formula for a stationary probing field, but unlike the traditional case,
the advantages of synthetic aperture are preserved here, most notably high spatial resolution over a wide depth range.
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Thus, coherent compounding makes it possible to combine improved transmit focusing with the absence of significant
degradation in the spectral characteristics of the Doppler signal.

In [45], both methods of Doppler signal formation within plane-wave compounding were analyzed in more detail on
the basis of a simple Gaussian model of the sensitivity function. In order to reduce the influence of the rectangular-window
spectrum on the calculated spectrum, the authors used a Gaussian window 𝑇𝑊 to obtain the following expression for the
fluctuation correlator spectrum:

𝐶 (®𝑟1 − ®𝑟0, 𝜏) = 𝜈
〈
(𝛽 − 𝜌̃)2〉 𝛿(®𝑟1 − ®𝑟0 − 𝜏 ®𝑉). (18)

The sensitivity function was treated in the same framework. This made it possible to obtain smoothed expressions
both for the fluctuation correlator spectrum and for the spectrum of the sensitivity function, without the side lobes
characteristic of rectangular apodization. For clarity, the authors considered an explicit sensitivity function which, with
the above weighting window taken into account, acquired a Gaussian form and, for the cases of coherent accumulation of
signals and of obtaining the signal directly from Doppler angular responses, was given, respectively, by

𝐺 (®𝑟, 𝜔 𝑗 = 0) = 𝑇−1
√︃
𝜋𝑇2

𝑊
exp

(
−2®𝑟 2

𝑎2

)
(19)

and

𝐺 (𝑥, 𝑦, 𝑧, 𝜔 𝑗 ) = 𝑇−1
√︃
𝜋𝑇2

𝑊
exp

(
−
𝑇2
𝑊
(𝑘Ω𝑦′ + 𝜔 𝑗 )2

4

)
exp

(
−𝑥2 + 𝑦2 + 2𝑧2 + (𝑥′ − 𝑙0)2

𝑎2

)
. (20)

Accordingly, for coherent accumulation, the spectrum obtained with account of (19) takes the form

𝑆(𝜔𝑝) = 𝜈
〈
(𝛽 − 𝜌̃)2〉 𝑇−1𝑘4 𝜋

3𝑎3

4

√√
𝑇2
𝑊
𝑎2

𝑎2 + 𝑇2
𝑊
𝑉2

exp

[
−

𝑇2
𝑊
𝑎2

𝑎2 + 𝑇2
𝑊
𝑉2

(𝜔𝑝 − 𝜔𝑑)2

4

]
. (21)

𝜎2 = 2
𝑎2 + 𝑇2

𝑊
𝑉2

𝑇2
𝑊
𝑎2

= 2

(
1
𝑇2
𝑊

+ 𝑉2

𝑎2

)
. (22)

Here, 𝜔𝑑 = −2𝑘𝑉 cos 𝜗 is the Doppler frequency shift, and 𝜎2 is the variance of the Doppler spectrum.
Within this model, the spectrum for coherent accumulation of signals obtained at different wave-tilt angles is Gaussian,

with a maximum at the classical Doppler frequency. Its width is determined by two physical factors: the duration of the
weighting window 𝑇𝑊 , which effectively limits the signal length, and the characteristic size 𝑎 of the measurement volume.
In this sense, even for synthetic aperture, coherent compounding does not introduce a fundamentally new mechanism of
spectral broadening: the additional contribution to the variance is associated only with the finite signal duration, whereas
the structure of the spectrum itself remains close to that of the stationary insonification case. For this reason, the paper
concludes that coherent compounding makes it possible to preserve improved focusing and spatial resolution without
significant deterioration of the spectral characteristics of the Doppler signal.

A different situation arises when the Doppler signal is formed directly from the sequence of responses recorded at
different angles of wave-vector rotation, using the sensitivity function (20). In this case, the spectrum takes the form

𝑆(𝜔𝑝) =
〈
(𝛽 − 𝜌̃)2〉 𝑘4𝑇−2𝑇2

𝑊

𝜋2𝑎4

8

√︄
𝜋

2𝑎2 + 𝑇2
𝑊
𝑉2

exp

[
−
𝑇2
𝑊
𝑎2 (𝜔𝑝 − 𝜔𝑑)2

4(2𝑎2 + 𝑇2
𝑊
𝑉2)

]
. (23)

and the variance is

𝜎2 = 2
2𝑎2 + 𝑇2

𝑊
𝑉2

𝑇2
𝑊
𝑎2

= 2

(
2
𝑇2
𝑊

+ 𝑉2

𝑎2

)
. (24)

In this case, the spectral variance is larger than that for coherent compounding, and the difference between them is
given by the additional term Δ𝜎2 = 2/𝑇2

𝑊
. Thus, in comparison with coherent accumulation, an additional mechanism of

spectral broadening appears here, one that is reduced neither to the size of the measurement volume nor to the duration
of the signal itself. Physically, this effect is associated with the fact that when the wave tilt angle changes, the Doppler
angle also changes, and hence so does the projection of the velocity of the inhomogeneity motion onto the direction of the
current wave vector, as shown in Fig. 6.

The authors interpreted this situation as motion with an effective acceleration inversely proportional to the time 𝑇𝑊 .
They also showed that the sign of this effective “acceleration” does not affect the spectral width: both for increasing and
decreasing apparent velocity projection, the range of instantaneous values remains the same, so the variance contains
precisely the quadratic term 2/𝑇2

𝑊
. This also leads to a practical conclusion: the larger the interval 𝑇𝑊 , the smaller the rate
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of change of the Doppler angle within one window, and hence the smaller the additional spectral broadening for a given
angular range Φmax (Fig. 6). The authors state that such terms may be neglected when the strong inequality

1
𝑇2
𝑊

≪ 𝑉2

𝑎2

is satisfied, which is well fulfilled in real ultrasound systems.

Figure 6. Model time dependence of the wave-vector deviation angle.

A separate part of the study considered the formation of compounding signals by cyclic permutation, where each new
complex signal includes the contribution from a new insonification angle. For this method of constructing the sequence of
compounding signals, the phase difference between neighboring samples does not accumulate additionally, unlike in the
signal formed directly from individual angular responses. This means that the additional spectral broadening associated
with variation of the Doppler angle is absent in this case (Fig. 7).

Figure 7. Nonlinear temporal growth of the phase difference Δ𝜑𝑛 for the complex Doppler signal 𝑒𝑑 and the phase
difference for compounded signals 𝑒𝑐 for the case of three steering angles, 𝑁 = 3. Here, 𝑒𝑛𝑖

𝑑
denotes the Doppler-

response signal for the 𝑛th steering angle during the 𝑖th insonification period; the compounded signals are formed by cyclic
permutation as successive sums such as 𝑒11

𝑐 + 𝑒21
𝑐 + 𝑒31

𝑐 , 𝑒21
𝑐 + 𝑒31

𝑐 + 𝑒12
𝑐 , 𝑒31

𝑐 + 𝑒12
𝑐 + 𝑒22

𝑐 , 𝑒12
𝑐 + 𝑒22

𝑐 + 𝑒32
𝑐 , and so on, with

each new sum including the signal from the next insonification angle.

For this reason, cyclic permutation is an important practical way to preserve the accuracy of velocity estimation
without losing time waiting for a complete set of signals from all steering angles.

Thus, in [45], it was shown that when plane-wave compounding is used, the width of the Doppler spectrum is
determined not only by the parameters of the measurement volume and the signal duration, but also by the very method
used to form the Doppler response. In coherent compounding, spectral broadening is caused mainly by the finite signal
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duration, whereas forming the signal directly from the sequence of angular responses leads to additional broadening due to
the dynamic change in the Doppler angle. This gives the effect a clear physical meaning and at the same time determines
which processing method is more suitable for accurate Doppler measurements.

5. DIRECTIONS FOR FURTHER DEVELOPMENT OF THE TOPIC
Within the classical spectral formulation, the problem of forming the Doppler response in biological media has

already been studied to a considerable extent. The previous sections considered stationary motion regimes, the influence
of correlation and diffusion, nonstationary accelerated motion, oscillatory regimes and vibrational sonoelastography, as
well as cases of dynamic variation of the insonification geometry and plane-wave compounding. In other words, within the
framework of the traditional spectral model, the main physical scenarios determining the shape of the Doppler spectrum
have already been described for both stationary and nonstationary motion regimes, as well as for modern insonification
schemes with a dynamic sensitivity function.

A natural next step is the transition to shear-wave elastography, where the motion of the medium is no longer purely
kinematic but has a wave character. In contemporary studies in this field, several approaches can be distinguished. Some
works are devoted to recovering the shear-wave propagation velocity from the spatiotemporal characteristics of the wave
field [47]. Another group of studies focuses on determining the complex shear modulus and the viscoelastic parameters of
the medium on the basis of dispersion relations and spectral estimates [48, 49]. Separate developments address methods
that take into account anisotropy and the tensor nature of the elastic properties of soft tissues [50], as well as general
models of shear-wave propagation in viscoelastic media governed by different rheological laws [51]. More recent studies
have proposed local-phase and wavenumber-based methods for estimating wave-process parameters, in particular the local
phase-gradient approach [52] and local phase-velocity imaging using wavenumber filter banks [53].

At the same time, most existing approaches are aimed primarily at recovering the shear-wave velocity, its dispersive
characteristics, or the complex shear modulus. In contrast, the problem of an analytical description of the fluctuation
spectrum of the scattered ultrasound signal formed by shear-wave-induced displacement of the medium has not yet been
formulated in a complete form. This is precisely the direction proposed for further research. It is proposed to use the
eikonal of the shear wave, 𝜏(®𝑟), as a linking quantity between the wave kinematics of the medium and the fluctuation
spectrum of the Doppler response. If the local displacement is written in the form

𝑢(®𝑟, 𝑡) = 𝐴(®𝑟) exp [𝑖(𝜔𝑡 − 𝜔𝜏(®𝑟))] , (25)

then the function 𝜏(®𝑟) defines the spatial phase distribution of the wave process and, consequently, the law governing
modulation of the fluctuations of the scattering inhomogeneities. This opens the possibility of moving from an eikonal
description of the shear-wave front to the construction of the fluctuation correlation function and, subsequently, to the
Doppler signal spectrum. Thus, the further development of this line of research consists in establishing an analytical
relation between the eikonal of the shear wave and the fluctuation spectrum of the scattered ultrasound response, which
may potentially make it possible to relate the measured spectral characteristics of the signal to the local viscoelastic
properties of the medium.

CONCLUSIONS
This paper summarizes physical approaches to describing the spectrum of the ultrasonic Doppler response in

biological media on the basis of a continuous scattering model involving small fluctuations of density and compressibility.
It is shown that, within this model, the spectral characteristics of the signal are determined by the combined action of
two factors: the spatiotemporal structure of the medium fluctuations and the sensitivity function of the ultrasound system.
On this basis, the cases of a stationary probing field were considered consistently for different regimes of inhomogeneity
motion, including steady motion with constant velocity, motion with finite spatial correlation, diffusive mixing, uniformly
accelerated motion, and harmonic oscillations. It was also shown how these regimes manifest themselves in the Doppler
signal spectrum and in vibrational sonoelastography problems. It is emphasized separately that even in the classical case,
the spectral shape is determined not only by the kinematics of the scatterers, but also by the geometry of the ultrasound
field, the parameters of the measurement volume, and the character of spatial averaging.

Further development of the topic is associated with the transition to schemes with a dynamically varying sensitivity
function, primarily dynamic focusing and plane-wave compounding. It is shown that in such systems the Doppler response
spectrum depends not only on the motion of the inhomogeneities, but also on the very method of signal formation. For
coherent plane-wave compounding, it was established that this approach makes it possible to combine improved focusing
and high spatial selectivity without substantial additional spectral broadening, whereas forming the signal directly from
the sequence of angular responses leads to additional spectral broadening due to the dynamic change of the Doppler angle.
It was also shown that the spatial resolution in the plane-wave compounding mode is determined both by the interference
properties of the set of angular responses and by the geometry of their overlap region, while its principal scales can be
expressed through the parameters of the angular sector and the measurement volume. Thus, the present review covers
the main stationary and nonstationary regimes of Doppler spectrum formation, modern methods of signal construction in
plane-wave compounding, and the associated spatial-resolution properties of the system.
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A promising direction for future work is the extension of this spectral theory to problems of shear-wave elastography
by establishing an analytical relation between the eikonal of the shear wave and the fluctuation spectrum of the scattered
ultrasonic signal.
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[52] E. González-Mateo, F. Camarena, and N. Jiménez, et al., ”Real-time ultrasound shear wave elastography using a local phase-
gradient method,” Computer Methods and Programs in Biomedicine, (2025). https://doi.org/10.1016/j.cmpb.2024.108529

[53] R. Almasi, M.W. Urban, and P. Kijanka, ”Local phase velocity imaging with wavenumber filter banks for ultrasound shear wave
elastography,” Computer Methods and Programs in Biomedicine, 269, 108894 (2025). https://doi.org/10.1016/j.cmpb.2025.108894

ДОПЛЕРIВСЬКI СПЕКТРИ ДЛЯ СТАЦIОНАРНИХ ТА ДИНАМIЧНИХ УЛЬТРАЗВУКОВИХ ПОЛIВ
Є.О. Баранник, М.О. Гриценко

Кафедра медичної фiзики та бiомедичних нанотехнологiй, Харкiвський нацiональний унiверситет iменi В. Н. Каразiна,
майдан Свободи, 4, 61022, Харкiв, Україна

У цiй роботi наведено огляд фiзичних i методологiчних пiдходiв до опису спектра ультразвукового допплерiвського сигналу
в бiологiчних середовищах. Узагальнено результати щодо формування спектральних характеристик для стацiонарного зонду-
вального поля за рiзних типiв руху розсiювачiв, а також розглянуто розвиток моделi для випадку динамiчно змiнної функцiї
чутливостi ультразвукової системи. Особливу увагу придiлено режимам синтетичної апертури, динамiчного фокусування та
когерентного пласкохвильового компаундингу. Показано, що в системах пласкохвильової вiзуалiзацiї спектр допплерiвського
сигналу визначається не лише властивостями руху середовища, а й просторово-часовим способомформування допплерiвського
вiдгуку. Також узагальнено результати щодо просторової роздiльної здатностi в режимi пласкохвильового компаундингу та про-
аналiзовано зв’язок мiж геометрiєю вимiрювального об’єму, функцiєю чутливостi й спектральними параметрами. Окреслено
перспективи подальшого розвитку цих пiдходiв, зокрема для застосувань у зсувнохвильовiй еластографiї.
Ключовi слова: ультразвукова допплерiвська вiзуалiзацiя; допплерiвський спектр; вiзуалiзацiя iз синтетичною апертурою;
пласкохвильова вiзуалiзацiя; когерентний пласкохвильовий компаундинг; просторова роздiльна здатнiсть; зсувнохвильова
еластографiя
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