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This study obtains exact traveling wave solutions and conducts a bifurcation analysis for the coupled (1+1)-dimensional Kudryashov’s
equation. This system of nonlinear Schrodinger-type equations models the simultaneous propagation of optical pulses in a birefringent
fiber, incorporating critical higher-order effects like cubic-quartic dispersion and nonlinearities for enhanced physical accuracy. By
applying the modified extended mapping method (MEMM), the coupled partial differential equations are systematically reduced to a
manageable ordinary differential equation. This reduction allows for the construction of a broad spectrum of exact solutions such as
bright and dark solitons, periodic waves, periodic singular solutions, along with singular solitons, in addition to hyperbolic, exponential,
rational, and Weierstrass elliptic function solutions. A key component of the work is a detailed bifurcation analysis of the resulting
planar dynamical system. This analysis identifies critical parameter thresholds and classifies all possible qualitative behaviors of the
wave solutions, mapping out regions of existence for different solution types. The physical implications of both the derived solutions
and the bifurcation structure are discussed in the context of nonlinear optics, particularly for pulse dynamics and stability in dual-
polarization optical communication systems. The results demonstrate the efficacy of MEMM and provide new insights that contribute
to the understanding and design of advanced optical waveguides.

Keywords: Nonlinear Schrodinger equations; Birefringent optical fibers; Higher-order dispersion; Modified extended mapping method
(MEMM); Exact traveling wave solutions; Bifurcation analysis

1. INTRODUCTION

Partial differential equations (PDEs) serve as cornerstone mathematical models in numerous scientific and engineering
fields, enabling the description of phenomena that evolve in both space and time. They are especially vital for capturing
wave propagation, fluid flow, and other processes in which nonlinearity generates intricate structures such as shocks,
turbulent states, and solitary waves. For example, the nonlinear Navier—Stokes model remains the principal instrument for
examining intricate fluid dynamics, encompassing turbulence, vortex generation, and wave-breaking phenomena [1, 2].
Similarly, the Korteweg—de Vries model has occupied a pivotal position in clarifying the characteristics of nonlinear wave
evolution and the appearance of solitons in shallow-water environments [3, 4]. The utility of PDEs extends far beyond
classical physics: in environmental and geophysical contexts, they are routinely employed to model atmospheric and
oceanic wave dynamics, while nonlinear advection—diffusion equations are used to track pollutant transport in air and
water bodies [5, 6]. Engineering disciplines also rely heavily on PDEs for studying shock-wave phenomena, optical pulse
evolution in fibers [7, 8], climate variability, and extreme meteorological events [9, 10]. The extraordinary breadth of
these applications highlights the indispensable role of PDEs in tackling real-world problems across diverse domains.

Exact solutions to nonlinear evolution equations (NLEEs) can be constructed through a rich array of analytical
techniques. Notable examples include the extended sinh—Gordon equation expansion method, which exploits known
solutions of the sinh—Gordon equation to generate new solutions for wider classes of NLEEs [11]; the modified extended
tanh-function method, which enhances the classical tanh expansion to yield richer solution families [12]; the modified
extended direct algebraic approach, offering a structured framework that converts complex NLEEs into solvable algebraic
systems [13, 14]; and the modified extended mapping method, which establishes versatile functional mappings to inter-
connect different solution types and thereby broaden the scope of treatable equations [15, 16]. Additional powerful tools
encompass the modified Sardar sub-equation technique [17], the extended F-expansion method [18, 19], the improved
modified extended tanh-function scheme [20, 21], the extended simplest equation method [22], Riccati—-Bernoulli and
Bécklund Methods [23], among others. Taken together, these approaches offer vital tools for investigating advanced
physical processes—such as wave propagation, fluid instabilities, and heat transfer phenomena—while linking rigorous
theoretical advances with practical implementations across mathematical, physical, and engineering disciplines. The study
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of coupled nonlinear evolution equations (NLEEs) within optical settings continues to be an important research domain
owing to their capacity to represent intricate wave interactions in birefringent fibers. Motivated by the need to uncover
richer dynamical behaviors and transition mechanisms in such highly nonlinear systems—beyond what traditional solution
methods reveal—this study focuses on deriving exact traveling wave solutions and performing a comprehensive bifurca-
tion analysis for the coupled system of nonlinear Schrodinger equations with cubic-quartic dispersions and higher-order
nonlinearities [24], given by

. . asu asu
12773 + la1Uxxx + A2Uxxxx + 3 2 5 2 2 3 +
ay|ul® + azlul*|v|? + azlul?|v]* + a4|v| (B1lul? + Balv[?) ‘/|u|2 + v
2 2 6 4 2 2 4 6
+ (Balul + Balv ) vl + TP + (y11ul® + yalul*IvP? + yalulPIvl? + yalvl®) u = 0, ()
b3v b4v
Wi +ib1Vixx + D2Vixxx + +
O1[v[0 + Sa|v|*ul? + 83|v |2 |ul* + S4ul® (A1 [v]2 + alul?) [V + [u]?
2 2 6 4 2 2 4 6
4 (Aalv P+ alul?) oIV Tl + (jr91° 4 ool + gy Pl + palul®) v = 0, @)

where u = u(x,t) and v = v(x, r) represent wave profiles in two components of a birefringent optical fiber. The constants
a;,b; for i = 1,2 govern third-order dispersion (30D) and fourth-order dispersion (40D), respectively, while a;, b;
for j = 3,4 and ay, Bi, 1,01, 45, 1y for [ = 1,2,3,4 describe nonlinear interactions, including self-phase modulation
(SPM) and cross-phase modulation (XPM). These parameters characterize intricate wave dynamics, which are essential
for comprehending soliton evolution and stability within nonlinear optical frameworks. Although the model does not
retain the classical group-velocity-dispersion (second-derivative) term, it is conventionally classified within the nonlinear
Schrodinger family in the optics literature: near the zero-dispersion wavelength the standard GVD coefficient vanishes,
and the leading dispersive contributions become the third- and fourth-order terms retained here, giving rise to the so-called
cubic-quartic nonlinear Schrodinger equation [24]. The extended trial function method has been employed in [24] to
derive cubic-quartic optical soliton solutions, including bright and singular solitons, periodic solutions, and Jacobi elliptic
function solutions, for specific cases of the power-law nonlinearity parameter (n = 1,2,3). This approach transformed
the coupled system into ordinary differential equations, solved using a polynomial ansatz, and provided valuable insights
into soliton dynamics under differential group delay in nonlinear optical systems. In contrast, this study builds upon the
framework established by Biswas et al. by applying the modified extended mapping method (MEMM) to the same coupled
system defined by Eqgs. (1) and (2). Unlike the extended trial function method, which relies on a polynomial ansatz,
MEMM utilizes series expansions and mapping functions to derive a broader range of exact solutions, including solitons,
periodic waves, and singular structures. This approach enhances the flexibility in handling the complex nonlinearities
and higher-order dispersions inherent in the system, potentially yielding novel solutions not captured by the extended
trial function method. By leveraging MEMM, this research aims to provide a more comprehensive set of analytical
solutions, offering deeper insights into wave stability, interaction dynamics, and their applications in optimizing optical
communication systems. The study also includes graphical representations and bifurcation analysis to validate the solutions
and explore qualitative transitions in wave behavior, further distinguishing it from the work of Biswas et al. The motivation
for this study stems from the need to advance our understanding of complex wave interactions in nonlinear optical systems,
particularly through the exploration of coupled nonlinear partial differential equations (NPDEs) like Eqgs. (1) and (2).
These equations model intricate phenomena in birefringent optical fibers, where cubic-quartic dispersions and higher-
order nonlinearities, such as those described by Kudryashov’s law, govern soliton dynamics. By applying the modified
extended mapping method (MEMM), this research aims to derive novel exact wave solutions, including solitons and
periodic waves, that—together with bifurcation analysis—offer deeper insights into wave stability, interaction patterns,
and critical parameter-induced transitions under differential group delay. These results are critical for optimizing optical
communication systems, enhancing signal transmission robustness, and addressing challenges in nonlinear optics, thereby
contributing to both theoretical advancements and practical applications in high-speed data transfer and photonics.

The manuscript is structured into six principal parts. Section 1 furnishes an introduction, describing the background
and aims. Section 2 elaborates on the MEMM methodology. Section 3 delineates exact solutions for the coupled model.
Section 4 offers graphical illustrations to depict the results. Section 5 delivers the bifurcation analysis, and Section 6
summarizes the work and discusses its implications for nonlinear optics and allied domains.

2. MODIFIED EXTENDED MAPPING METHOD

The MEMM provides a powerful and systematic procedure for deriving exact traveling-wave solutions of NPDEs
[25]. The main steps of the method are described as follows:
Phase I: Consider a general NPDE expressed as:

FQu, gy U, Uy, Unxxs Uxxxxs Uxxxxns---) = 0, 3)

where u = u(x, t) is the unknown function and F is a polynomial in u and its partial derivatives.
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Phase II: Introduce the wave transformation
u(x,t) =¢(§)’ é‘::x_at’ a ER—{O}’ (4)

in which a denotes the wave speed. Substituting (4) into (3) reduces the equation to an ordinary differential equation
(ODE)
G(®,0, 0", @, ...)=0. (5)

Phase III: Assume a solution of the form

N N N N ,
OE) = . WO+ Y W @4 ) W RO W)+ Y s g6 ©
i=0 i=1 i=2 i=1
where p;, q;,r;, and s; are constants to be determined, and the auxiliary function W (¢) satisfies
W (&) = Veo + W + cx W2 + ;W3 + cyWH + es WO, )

with real coefficients ¢; (j = 0,1,...,5).

Phase I'V: Determine the positive integer N by balancing the highest-order derivative term with the leading nonlinear term
in the ODE (5).

Phase V: Insert the ansatz (6) together with the relation (7) into the ODE (5). This yields a polynomial in powers of ‘W (and
terms involving ‘W’). Setting the coefficients of all independent terms to zero produces a system of algebraic equations
for the unknowns p;, g;,7;, s;,a and the parameters c¢;. Solving this system using symbolic software such as Maple,
Mathematica, or MATLAB delivers explicit parameter values, from which a broad spectrum of exact solutions—including
hyperbolic, trigonometric, elliptic, exponential, and rational functions—are obtained for the original NPDE (3).

3. CONSTRUCTION OF EXACT SOLUTIONS

In this section, the Modified Extended Mapping Method (MEMM) is systematically applied to construct exact
traveling wave solutions for the coupled Kudryashov’s system, Eqgs. (1) and (2). The derivation begins with the standard
traveling wave reduction introduced in the previous section. Subsequently, the core algorithm of the MEMM is implemented
to obtain a spectrum of closed-form analytical solutions. The solutions are in the form:

u(x,t) = U(f) ei(—kx+wt+0)’ .
v(x, 1) = V(&) el Tkxrwr+o)

and
E=x—-ct, )

with 6, k, w, and ¢ being non-zero constants; here ¢ stands for the wave propagation speed, k signifies the frequency, w
indicates the wave number, and 6 denotes the phase constant. We begin by applying the wave ansatz given in Egs. (8) to
Egs. (1) and (2), and subsequently separate the real and imaginary components, which generate the equations that follow

Rer: axU™) (@) + (3kar - 6K2az) U (&) + 71U7 () + U (VA(@) + 1aUA@OVHE) + U@V (@)

+ BUAEVUE(E) + V) + BU @OV OV + V2@ + (-0 - Ky + Kax ) U(€) +
asU(€) a3U(€)

+

VU@ +V2(&) (BIU2(E) + BoV2(£))  @1UC(E) + U (EVE(E) + asU()VH(E) + aaVO(é) B

0, (10)

Rez: boV@ (&) + (3kb1 = 6k22) V/'(€) + V(&) + iU (E)V3(€) + UM @V (@) + U @V (&)

+ VA EVUE) + V() + LUXEOVEVUA@) + V) + (- = Kby + Kb ) V(&) +

baV (€) . b3V (€) _
VU2(&) + V2(&) (U2(&) + ,V2(&))  0aUC(E) + 83UHE)VE(E) + U (EVH(E) + 61VO(€)

0, an

Imy:  (—a; +4kas) UD (&) + (c +3k2a; - 4k3a2) U'(&) = 0, (12)
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Imy:  (=by +4kby) V(&) + (c +3Kk2%b, - 4k3b2) V(&) =0, (13)

Differentiating Egs. (12) and (13) once with respect to & yields explicit expressions for U*) (¢) and V) (£), respectively;
substituting these into Egs. (10) and (11), giving

U" (&) + U (&) + 71U (£)VA(£)

(3ka$ — 15k%a1a; + az (c + 20k as)
Re; :
ay) — 4ka2

+ 73U (EVHE) +1aU(E)VE(E) + BsUP (E)NUR(E) + V2 (E) + BaU(E)VZ(E)VU(E) + V2(€)

.\ a,U(&) . asU(¢)
VU2(&) + V2(&) (BIU2(&) + BaV2(&))  @1UC(E) + aaUH(E)VE(E) + asU(§)VH(E) + auVo(§)
+ (—w ~Kay + k4a2) UE) =0, (14)

R (3kb$ —15k2b1by + by (c + 20k>by)
€2

17 7 2 5
by — 4kb, )V (&) + V(&) + U™ (V7 (£)

+UHEV3 () + uaUS OV (€) + BV (EVU2(E) + V2(€) + LUV (E)VUA(E) + V2(€)

N bsV(§) . b3V (£)
U2(€) + V2(E) (LU2(&) + L,V2(£))  0aUC(&) + 03UV (E) + U ()VA(E) +01VO(§)
+ (—w by + k4b2) V(&) = 0. (15)
Let
V(&) =AU), (16)

under the condition A # {0, 1}. Then, Egs. (14) and (15) can be rewritten as

(3ka§ — 15k%ay1as + ax(c + 20k3ay)

US@U" (@) + (1 + A%y + Atys + A% ) U(©)

a, —4kay
+ V1 + A2 (,3 +A%B ) U’ + (—w - Kay +k*a ) US(é) + asU* (€)
’ ) 1 ? V1 + A2 (B + A%B,)
y =0 (17

+
a) + Aay + Atasz + Abay

4 (3kb§ — 15k2b by + by(c + 20k3b»)

US@U" (@) + A (A% + A*o + A3 + e U (O

by —4kb,
AbyU(£)
+AVI+ A2 (A2 + 14| U(6)° + A[-w — Kby + k*by ) US(£) +
( ) ( ) V1 + A2 (A%22) + 2,)
Abj
+ =0. 18
A6(51 + A4(52 + A263 + 04 (18)
For recovering closed form solutions, the transformation:
1
U(§) = F(é)3, (19)
is applied to Egs. (17) and (18). Thus they change to
3ka? — 15k%ajas + ax(c + 20k3ay)
| (3F@F" () = 2F () + (y1 + A%y2 + A%y + A%%4) F(©)*
9(a1 - 4ka2)
F
1+ A2 (,83 + A2,84) F(&)? - ((u +K3a; - k4a2) F&)? + aF(E)
V1 + A2 (,31 + Azﬁz)
= =0, (20)

) + Aza’z + A4a3 + A6a4
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(3F@F" (@) = 2F (€)2) + A (A% + A4z + %413 + ) F(&)*

3kb? = 15k%b by + by (c + 20k3by)
9(by — 4kby)

AbyF (£)
+ AV + A2 (A2/13 + ) F(E)} - A (w+k3b1 —k4b2)F(§)2+ ~
) V1 + A% (A% + 22)
Ab
+ > =0 1)
A651 + A452 + A253 + (54
The previous Egs. (20) and (21) have the same form under the following constraint conditions:
3ka% — 15k*ayas + ax(c + 20k3a») 3kb% — 15k%b by + by(c + 20k3b,)
9(a; — 4kay) B 9(by — 4kby) ’
Y1+ Az’yZ + A4‘}/3 + A6’y4 = A6M1 + A4,u2 + AZ/,l3 + U4,
Vi+ A2 (,83 + A2ﬁ4) =V1+a2 (A2/13 + /14) :
w+ka; —k*ay = w+ k>by - k*by, 22)
aq _ b4
VI+AZ (B + A28,)  V1+AZ(A20; +4y)
as _ b3

@) + A2 + A*as + Ay ASS) + A%y + A253+ 64
Hence, Eq. (20) can be reformulated as

o1 (3F@E)F"(€) = 2F (€] + 2F (€)' + 73F (€)° = 0uF () + 05F (€) + 06 = 0, (23)
where

3ka? — 15k*aja; + ax(c + 20k3a»)
1 2 4 6
— = —+ A + A + A
o3 =V1+ A2 (,83 + A2,84) , ou=w+ka -ka, (24)
aq as

g5 =

b 06 = .
V1 + A2 (,31 + Azﬁz) a) + A%ap + Atas + ASay

To ascertain the solution structure, the balancing method is employed on Eq. (23), which yields N = 1. Accordingly,
following Eq. (6), the function F(¢) takes the form:

F(&) = po+ p1 WE) + 1 —— + 5, 2 &)

wo T we (22)

in which pg, p1, g1, and s represent undetermined constants. Substituting F(¢) from Eq. (25) together with qu (7) into
Eq. (23), we collect the coefficients corresponding to Wi fori € [-4,8], W/ W’ for j € [—4,4], WEW'? for k €
[-4,0], WIW for I € [-4,2], and W —dyré Equating all these coefficients to zero generates an algebraic system;
solving this system provides the analytical solutions to Eqgs. (1) and (2), presented below:

Case Study 1: co=c; =c3=¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

203 \J-8eaof - 625c403 0 84 + 62503 80 + 1250307
1l po=—-—=,p1 = ,q1=0,51=0,01=—F———=—, 04 = —— 5"
Rlop) 5vV2c20m 0 200c2007 40007
—80'? + 6250’230'6
o5 =——>—*£ _
’ 5000203
[1.2] po = 203 _ 24-c40, o 0 B 25¢,0107 — 60'32 B 2(25¢010m03 — 20'?)
] po = 50_2’ P1= \/FZ > q1 =Y, 51 =0, 04 = 250_2 , 05 = 1250-22 5

8(25¢c,0 0'20'32 - 0'?)

06 =
° 62503
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From subcase [1.1] the following explicit solutions are obtained:
[1.1.1]If ¢ > 0, c4 <0, 003 # 0, and (80';‘ + 6250’20‘6) > 0, then

13
1 .
w0 = o (-4032 + \/2 (80;* + 6250306) sech [ (x - ct)]) emi(kx=0-1w) (26)
203
4 13
via(x, 1) = T (—40'32 + \/2 (SU;‘ + 62502306) sech [vea (x — ct)]) e kx—0-1w) (27)
203

represent bright soliton waveforms.

[1.1.2]1If ¢ < 0, ¢4 > 0, 005 # 0, and (80';‘ + 6250’230'6) > 0, then

1/3
uy12(x,t) = W (—40'32 - \/2 (80';1 + 6250’30’6) sec [\/—cz(x - ct)]) e_i(kx_g_’“’), (28)
2073
1/3
viqa(x,t) = W (—40'32 - \/2 (80‘? + 6250’5’0’6) sec [\/—C2(x - ct)]) e_i(kx_g_“"), 29)
2073

correspond to singular periodic waveforms.

[1.1.3]1If ¢ < 0, ¢4 > 0, 003 # 0, and (80‘? + 6250’5’0‘6) > 0, then

1/3
1 )
ur3(x,0) = oo (—40'32 - \/2 (8cr;‘ + 625a§aﬁ) ose [v=ez(x - ct)]) milkx=0-tw) (30)
203
1/3
viia(x,t) = m (—40'32 - \/2 (80‘3‘ + 6250’5’0’6) csc [\/—cz(x - ct)]) e lx=0-tw) (€2))
203

correspond to singular periodic waveforms.

From subcase [1.2] the following explicit solutions are obtained:
[1.2.1]If c53 > 0, c4 <0, 01 <0, and 0 > 0, then

2

1/3
ur21(x,1) = (—) (5veaoios sech [ea (x — ct)| - 0'3)1/3 e kx—0-tw)

50’2

50’2

VE _
viaa(x, 1) =A (—) (5vc20107 sech [vea (x — ct)| - 03)1/3 e Hkx=0-tw)

represent bright soliton waveforms.
[1.2.2]If ¢ <0, c4 > 0, 01 <0, and 0 > 0, then

2

1/3
ur2(x,t) = (—) (5veaoios sec [y=ca(x — ct)] - 0'3)1/3 e Hkx=0-tw)

50’2

5 13 _
vioa(x,t) = A (%) (5Veaoioa sec [v=ca(x — ct)| = 0'3)1/3 e kx—0-1w)

correspond to singular periodic waveforms.

[1.2.3]If c2 <0, ¢4 > 0,07 <0, and 0 > 0, then

2\ 13 —i(kx—0—
uy23(x,1) = (%) (5Veaoian ese [V=ca(x = ct)| = o3) 3 mitha=0 tw)

1/3
2 )
vias(x, 1) =A (E) (5veroiom ese [\/—cz(x - ct)] - 0'3)1/3 e ikx=0-tw)

(32)

(33)

(34)

(35)

(36)

(37
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correspond to singular periodic waveforms.

Case Study 2: ¢; =c3=c¢5=0.
Solving the resulting algebraic system produces three consistent parameter sets.

[2.1] 203 24/=c407 0 0 25¢c010m — 60'32 2(25¢cr010%03 — 20'33)
= -, :i—’ =,S=,O' :—,0‘:
Po 50, P1 N q1 1 4 250 5 1250_22
B 2(25¢010% — 20'32)2
g6 = —
625033
203 oo 2(25¢ch010% + 30'32)
2.2 =——,p1=0,q, =% ,851=0,04 =-
[2.2] po 50 Di q1 Voo 51 o4 250g
4(25¢c010%073 + 0'5”) 8(50cz0'10'20'32 + a'g‘)
05 = — ,» 06 = —
12507 62503
203 2\/—040' co\—0o 2(25¢c,010% + 30'32)
[2.3]]9():— ,pl ,q1 == ,81=0,04=- ,
50" RV o) \/C40’2 250’2
4(25020‘10'20'3 + 0'3) 8(50cz0'10'20'32 + o-é‘)
g5 = — , 06 = — -
12502 625073

From subcase [2.1] the following explicit solutions are obtained:
2

C
[2.1.1]1f 3 <0, ¢4 > 0,00 <0, 0 > 0, and ¢co = 4—2, then
C4

A= —ct .
up11(x,t) = )1/3 ( 203 +5\/2cz0'10'2tanh[ @ (x ¢ )D e kx—0-tw)

(50

A
var1(x,t) = Go )1/3( 203 + 5+/2¢50 0 tanh

V2

represent dark soliton waveforms.

2

C
[2.1.2]1f c; > 0, ¢4 > 0,00 <0, 05 > 0, and ¢ = 4—2, then
C4

1 —ct X
MQ.I.Z(X, t) (5 )1/3 ( 20’3 + 5\,—26'20']0'2 tan [\/_(X ¢ )]) —t(kx—@—tw),

(X—Ct) —i x—0-tw
Vzll.z(x,l‘) (5 )1/3( 20’3+5\/-2€20’1O’2tan[\/_ (kx-0-t )’

V2

correspond to singular periodic waveforms.

From subcase [2.2] the following explicit solutions are obtained:
2
c
[2.2.1]1f c3 <0, ¢4 > 0,07 < 0,05 >0, and ¢y = 4—2, then
4

A= —ct .
upyo.1(x,t) = o )1/3 ( 2073 = 5V2cr0m107 COth[ (x ¢ )}) 7l(kx767tw),

A V—ca(x —ct .
vaoi(x,1) = Go )1/3( 20'3+5\/2cz0'10'200th[ 2(x C)]) e kx=0-tw)

V2

correspond to singular soliton waveforms.

2

C
[2.2.2]1f ¢y > 0, ¢4 > 0,01 <0, 05 > 0, and ¢ = 4—2, then
C4

1 X —ct .
MQ.Z.Z(X, t) ( 20’3 + 5\,—26'20']0'2 cot [‘/_( )]) —l(kx—@—tw)’

(5 )1/3

V=ea(x — ct)]) p-ilkx=0-tw)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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vaaa(x,t) = =203 + 54 —2cp0107 cot (45)

\/_(X—C’)D pilkx=0-tw)

(5027 V2

correspond to singular periodic waveforms.

From subcase [2.3] the following explicit solutions are obtained:
2
c
[2.3.1]1f ¢2 <0, ¢4 > 0,09 <0, 02 > 0, and ¢ = 4—2, then
Cq

V- —ct
u2_3,1(x, t) )]/3(~20'3 + 5v/2cr0107 (COth c \(/xz ¢ )

- tia h[\/?(x—ct)]))l/% ket )

v23.1(x,1) =

Ezw + 5v2c20m 0 (coth[\/?(x — <)

— 1/3
5 +ta h[” c2(x Ct)})) emilkx=0-tw) (47

V2

(50" )1/3
are combo singular-dark soliton solutions.

2
C
[2.3.2]1f ¢y > 0, ¢4 > 0,01 <0, 05 > 0, and ¢ = 4—2, then
C4

uz32(x,1) = (48)

620'3 + 5\/—2620’10’2 (cot \/_(x _ Ct)} [\/_(x _ CI) ]))1/3 —i(kx—0— tw)

\/_

1
(502)7

_ _ 73
vo32(x,t) = Go )1/3 éZO’g, + 5v-2cr0107 ( [\/C_Z(f/z cf) ]+ 1;211‘1[\/6(\);E ct) ])) eil(kxieftw), 49)

correspond to singular periodic waveforms.

Case Study 3: c3 =c4=c¢5=0
Solving the resulting algebraic system produces six consistent parameter sets.

205 6c10105 S(C 0'1 _0'4) 8(2ca0y "‘0'4)0'52
3llpo=-———p1=0,q1=—-55—>.5=0,0=0,03=—"T— go=— 3
[ ] po Cr01 + 04 P R c%o‘% - o'f ! 2 37 120’5 6 3(6‘20’1 + 0'4)2
5 _ 5¢ S5(cs07 —0y)
[3_2]p0:_M’ 1 =0, g = 10—1’51:0,0-2:0,0-5 (21—4
60‘3 20‘3 120’3
_ 25(ca01 — o4)?(2cr0 + 0'4)
540’
[3.3] 203 0 24/=coo 0 25¢cor0m107) — 60'32 2(25¢010703 — 20'%3
. = ——, =0, = ——,851=0,04 = , 05 = —,
PO TSy e E T S 250 ’ 12502
8(25¢07 0'20'3 - 0'3)
06 =
6250'2
(341 2(c201 — 04) b1 =0.q 2+4/=co0] G —0 o Syoa(cr0m — 04)
A pp=—— 1 =0, g1 =——,51=0, 3=,
V30, Voo V6
= 1 _2cz0'1 \/6(6‘20’1 —0y) ~ V6(cr0 — 04) 04 o 2(5020'1 deroiog — 0'4)
—203 + [403 + 125050 c14J403 + 125030 —403 — 12502075
[3.5] po = ,p1=0,q1 = ,51=0,00 = —— 27,
50’2 5620’2\/0'_3 25620’20’3
-8073 + 12503 05 250702
74 = 500703 0= 20'32
50'52 + \/50'5(50'53 + 0'30'62) cl\/50'5(50'; + 0'30'62) 2(503 + 0302)
5 6
[3.6] po = ,p1=0,q1= ,81=0,00 = —/———
g30% C2030%¢ 5620‘50’6
20'320'6 100’53 - 0'30'3
oy =— , 04 = .
g 2502 * 50506
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From subcase [3.1] the following explicit solutions are obtained:
[3.1.1]If c; > 0, (c307 — 0}) # 0, and ¢ = 0, then

(c20m (5 + sinh [VEa(x = en)]) = o5(=1 +sinh [zt = en Do) | g
(c3o? = o2) (=1 +sinh [yez(x = c1)]) ¢ ,

uz.g1(x,1) =23 (—

VN
v3p(x,t) =2 A( (202 — 02)(~1 + sinh [Vea(x = en)])

are hyperbolic solutions.
[3.1.2]If c; < O, (c%a‘l2 - o-f) # 0, and ¢ = 0, then

g5 6620'10'5

13
crory + oy (c3o? —o})(~1 +sin [\/—_cz(x—ct)]))

i(—kx+0+t w)
b

uz.12(x,1) =23 (—

g5 6620’10’5

1/3
201 +04 (Go? - o2) (=1 +sin [y=ea(x Ct)]))

et(—kx+9+ta))’

vaia(x,r) =2'7A (—
are periodic solutions.

From subcase [3.2] the followmg explicit solutions are obtained:
[3.21]If c; > O, (czo'l - 0'4) # 0, and ¢ = 0, then

wiai(e) =21 o5 (c201 (5 + sinh [yez(x — ct)]) = (=1 + sinh [ye2(x — cf) | ) o) o pilkx—0-10)
T (=1 + sinh [\/_(x—ct)])(c 0' N 2) ’

viaa(x,0) =234 -

(=1 + sinh [\/E(x - ct)])(c%a‘l2 - O'Z)

are hyperbolic solutions.
[3.2.2]If ¢ <0, , 03 # 0, and ¢y = 0, then

. 1/3
5)1/3 (_c2a-1(5 + sin [\/—cz(x - ct)]) + 9) pmiltkx=0-1w)
6 9

uz22(x,1) = (_ o3(—1 +sin [y=c2(x —ct)]) 03

sz@;)zA(éyB _Qoﬂ5+sm[v:6(x—aﬂ)+g3lﬂedwyﬁﬂw%
’ 6 o3(=1 +sin [y=c2(x —ct)]) o3

are periodic solutions.

From subcase [3.3] the following explicit solutions are obtained:
[3.3.3]1If c2 >0,c0 > 0,01 <0, 072 >0,and c; =0, then

1/3
0| 2073 Ci(kx—6—
H=1-2 (- h —ed] + i(kx—0-tw)
u33.3(x,1) ( A/ o O [Vez (x = en)] —50_2) e ,
13
v3zs(x,t) = A (—2 - csch [\/ 2(x - ct)] ) e kx—0-1w)
V o

correspond to singular soliton waveforms.
[3.3.4]If c2 <0,c0> 0,01 <0,072 >0,and c; =0, then

1/3
u33.4(x,1) = (—2 /620-1 csc [\/—c (x - ct)] ) e kx=0-tw)
13
viza(x,t) = A (—2 /— csc [\/—c (x— ct)] ) e ikx—0-1w)

(c20r1 (5 + sinh [yEz(x — c)]) = o5 (1 + sinh [yEa(x — e1)] ) o) )”3 R

o5 (207 (5 + sinh [yE3(x — ¢1)]) = (=1 + sinh [y2z(x — e)|)ou) )”3 T

(50)

61y

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)
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correspond to singular periodic waveforms.

From subcase [3.4] the following explicit solutions are obtained:
[3.4.3] If Ccy > O, co > 0, o] < O, oy > 0, (6620’1 - 60’4) > 0, and c1 = 0, then

13 .

uz 43(x,t) = (3\/_)1/3 (6\/ cro1 csch [\/_(x - ct)] + V60207 — 60'4) e Hkx=0-tw) (62)
13

v3as(x, 1) = (3\/_)1/3 (6\/ cr01 esch [\/_(x - ct)] +4/6c207 — 60'4) e Hkx=0-tw) (63)

correspond to singular soliton waveforms.
[3.4.4] If Ccy) < O, co > 0, o] < O, oy > 0, (6C20’1 - 60’4) > O, and c1 = O, then

1 1/3 .
Uz 44(x,1) = ——— (—6\/6‘20’1 csc [\/—CQ (x - ct)] +4/6c207 — 60'4) e Hkx=0-tw) (64)
I
A 1/3 .
v3gqa(x,t) = ——— (—6\/6‘20’1 csc [\/—cz(x - ct)] + V6c0 — 60’4) e Hkx=0-tw) (65)
ENGIEE

correspond to singular periodic waveforms.

From subcase [3.5] the following explicit solutions are obtained:
2

C
[3.5511f c2 > 0, (407 + 1250305) > 0, and cg = - then
‘ o

_1 (c1 + ZeVE(X*C’)cz)1/40'§ + 12503 05 kxsdsro)
_ I(—kx+0+tw
u3ss(x,1) = G 203 + (01 S 20V ) s e : (66)
Ve (x—ct) 403 + 12502
A (c1 +2e c2) /40y + o505 |
v3ss(x, 1) = ———7 203 + elThxroriw), (67)
(507)1/3 (c1 = 2eVer(x=ct) cr) o3
are an exponential solutions.
From subcase [3.6] the following explicit solutions are obtained:
2
c
[3.6511f 2 > 0, 05 > 0, (507 + 730750%) > 0, and co = o then
(&)
1/3
1 5 V5(ci +Ze\/“iz(x_“)cz),/50’§1 +o'30'50'62 xs0sro)
_ _ i(—kx+0+tw
u3.6.5(x7t) - (0'30'6)1/3 50—5 ¢l — 26@(’“”)02 e > (68)
1/3
V5(c1 + 26V 0r) 502 + 030502 [ (—kx+0+1w)
= —— - i(—kx+0+tw
v3.6.5(x,1) = (20013 5075 o evateng, e ; (69)

are an exponential solutions.

Case Study 4: Co=C] =Cr=¢C5= 0.
Solving the resulting algebraic system produces the consistent parameter set.

=5c3\/-0107 — 4o3+/cy 24[=c40 3(250 oo + 16040' )
[4.1] po = ,P1=———,491=0,51=0,04=- ,
100’2\/ Vo2 200C40’2

—12503 3/2( o1)3%2 = 150¢ 0'10'20'3\/_—32c3/2 3
1000¢.? 02 ’

g5 =
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From subcase [4.1] the following explicit solutions are obtained:
[41.1]Ifcs #£0, 01 <0, and 0 > 0, then

1/3
c3v—oq ((x —ct 2c2 4 12¢ 2 .
u471.1(x’ t) _ 3 1 (( ) 3 4) _ 5;.-3 el(—kX+9+tw), (70)
2 (—(x - ct)zcg + 4C4) N 02
1/3
exv=or ((x = ct)?c% + 12¢ 2 .
V4.1.]()C, t) —A 3 1 (( ) 3 4) _ ﬂ ez(—kx+9+ta))’ (71)

2 (—()C - cl)zcg + 4C4) \/C407 502

are rational solutions.

Case Study 5: co =c; =¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

50'52 + \/50'5(50'53 + 0'30'62) 4C4\/50'5(50'53 + 0'30'62) 8(5040’53 + 040—30-62)
[5.1] po = . P1= ,q1=0,51=0,01 = 5 ;
0306 30306 5c3o-50-6
B 20'320'6 B 100‘5? - 0'30'62
oy =— , 04 =
2502 5050%6
S5c3—o10% — 4034y 24—ca0 256%0’1 o + 48640'32
[5.2] po = s P1=——q1=0,51=0,04=-
1007m+/cs oo 200c407
25c§a’1 03 + 166‘40'33 (25c§0‘10'2 + 16640'32)2
g5 = — , 06 = —
5006‘40'22 ZOOOOCZO'S
From subcase [5.1] the following explicit solutions are obtained:
2
C
[5.1.1]If ¢ > 0, 05 > 0, (502 + 0302) > 0, and ¢ = —-, then
4C4

1/3
us.1(x,t) = (zi) (c% (50'53/2 + ,/5(50’53 + 0'30'5))
C30'30'6
3 5 Vea(x —ct) 173 ix—O—tw)
—4cac44/5(50% + 0307) | 1 + tanh — e X @) (72)

vsi(x,t) =A

1/3
2\/(?5 ) (c% (50’53/2+ﬂ/5(50'; +0'30'62))
030'30'6
T — VA =)W iomra
—4cac44/5(50% + o307) | 1 + tanh — e X @) (73)
2

represent dark soliton waveforms.

c
[51.2]If ¢ > 0,05 >0, (50'53 + 0'30'62) >0,and ¢y = —3  then
4C4

1/3
us12(x,1) = ( 2'0-5 ) (c% (50’53/2 + ,/5(50’3 + 0'30'62))
C30'3O'6
1/3
\/ —ct .
—4c2044/5(50% + 0307) (1 + coth [#])) e hx=0-10) = (74)

vsi2(x,t)=A

1/3
\o
> 25037 + 5(502 + 0302)
2oy 31795 5 6
3
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1/3
—ct .
—4crc44(5(507 + 7303) (1 + coth [M])) e ihx=b-1w) = (75)

correspond to singular soliton waveforms.

From subcase [5.2] the following explicit solutions are obtained:

C
[5.2.1]1f c; > 0,0 <0, 05 >0, and ¢; = 4—3, then
C4

1
usp1(x,1) = W(chv—mcrz —4c3034/cq
1/3
Vea(x —ct .
—20c2c4v=T103 (1 + tanh [%])) pmilkx=0-tw) (76
= A 5¢2 4
vs2.1(x, 1) = W c3V=0102 — dc303vca

1/3
\ea(x — ct :
—20c3c4V=0107 (1 + tanh [%])) e ikx=0-1w) = (77)

represent dark soliton waveforms.

2
C
[5.2.2]11f c; > 0,0 <0, 05 >0, and ¢; = 4—3, then
c4

1
us22(x,t) = —(10030'2\/74)‘/3 (5C§V—0'10'2 —dc3034cy
173
N, —ct .
—20c2cq\—0107 (1 + coth [—Cz(); < )])) e ikx=0-tw) = (7g)
A 2
vs22(x,t) = (10cs0syen) 1o 5c5V—010m — 4c3o3cy

1/3
v (x = ct .
—20csrc4—010 (1 + coth [—2(2 )])) e ikx=0-tw) = (709)

correspond to singular soliton waveforms.

Case Study 6: ¢ =c4=c¢5=0
Solving the resulting algebraic system produces two consistent parameter sets.

5 5 25(27¢cocto + 9¢ic3020s + 0
[6-1]P0=2,P1=—Cs(rl,ql=0,81=0,0'z=0,0'6= ( 1 kil bl 4),
603 207 540'32
5(3C16‘30'12 + 0'3)
o5 = —T.
Sciy=oio — 4034/co 2+/=coo1 3(250%0’1 oy + 16coo'%)
[6.2] po = ,1=0, g1 = ———,51=0,04 =~ —,
100'2\/6_0 \/OTZ 200600’2
1250%’0‘23/2(—0'1)3/2 + 10000%@0’23/2(—0'1)3/2 - 150c%0’10'20'3\/c_ - 320'§’c(3)/2
05 = .
1000c;/* 02

From subcase [6.1] the following explicit solutions are obtained:
[6.1.1]1If c3 > 0, co # 0, and ¢y # 0, then

1/3

173 c .
ue.1.1(x,1) = (6—03) (0'4 - 3c301p [%(x - Cf);gl,gz]) el (Thxrbriw) (80)
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1/3

1/3 =
3 (-
ve.1.1(x,1) =A(6—0_3) (0'4—3630'150 [g(x_Ct);gl,gZ]) el (Tkxtbriw) (81)

4 4
are Weierstrass elliptic solution, where ¢(z; g1, g2) is the Weierstrass elliptic function with g; = 2% and g = _Io
C3 C3
From subcase [6.2] the following explicit solutions are obtained:
[6.2.1]If c3 > 0,01 <0,0% >0, co #0,and ¢y # 0, then

1/3

20~/=coo 107 (k= O—t )
e s
VC3

. _t; s
1% > X C)g1g2}

1 g107
(100»)'3 co

ug2.1(x,1) = (82)

1/3

A g192 20 V—C00102 e—i(kx—e—tw)

100)'/3 co )
(1002) g(x—ct);gl,gz

ve.2.1(x,1) = (83)

2

. - . . . - . . dc dc
are Weierstrass elliptic solution, where ¢(z; g1, g2) is the Weierstrass elliptic function with g; = ~=Land g = -0
3 €3

Case Study 7: ¢; = c3 =0.
Solving the resulting algebraic system produces three consistent parameter sets.

2(ca01 — 04) 24fco =0 Svoa(cr0m — 04)

[7-1]170:_—, P1 :Os q1 = ——(— >, S1 :O, 03 =

,c5 =0,
30 o V6 :

1 [ 2ca07 \/6(020'1 —0y) . 0'4\/6(C20'| — 0y) B 2(50%0‘12 - 366’06‘40'12 —4croy0 — o-f)

9 ‘/FZ \/0__2 , 06 = .
5\/—2c00'1 (cro — 0g) 60'32

- , 81 = 07 o =

25(cp0 — 0'4)(5030'12 - 366‘06‘40’12 —4dcro104 — o-f)

270'32
25¢c,0107m — 60'32 2(25¢ch010%073 — 20';)

, 05 =
’ 12502

g5 =
90’2

_5(c201 — 04)
30’3

5(2c30'12 — Cr0104 — o-f)
g5 = 5

[7.2] po = ,P1=0,q1 =

g6 ,0520.

90’3
203 24/=co0
7.3 = -, :0, =, :O’ =
[7.31 po 50, 7! q1 N 51 T4 %50

8(6256()6‘40’120'22 - 25020’10'20'32 + o-é‘)
6250’23

From subcase [7.1] the following explicit solutions are obtained:
[71.1]If ¢ > 0,¢c0>0,c4 > 0,07 <0, 07 >0, and (cy01 —04) > 0, then

)

,C5=0.

g6 =

1/3

uz.1.1(x,t) = L bcocaT - w/6(czo'1 — 04) ol (Tkx+0+1w) (84)
. > 1/3 ,
3 \/—coczmm o cschz[\/a(x —ct)] 02

1/3

Vo1 (6 t) = i 6coca0 3 f6(c20'1 — 03) ol (~kx+0+10) (85)
T 1/3 )
3 \/—coczcw'] o esch?[ea (x — c1)] o2

correspond to singular soliton waveforms.

[7.1.2]1f ¢ <0,¢c0>0,c4 <0,07 <0, 07 >0, and (c07 — 0y) > 0, then

1/3
w1200, 1) = — CTNTNUR ooslea —ow) | ek, (86)
o (Bop)1/3 Veao esc2[y=cz(x — ct)]

13
) pp— CTNZNAT  _ \oorlaor —ow) | elhrromie, (87)
o (302) '3 \ ez es[=ca (x — c1)]
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correspond to singular periodic waveforms.

From subcase [7.2] the following explicit solutions are obtained:
[7.21]If ¢, > 0,c0 > 0,c4 >0, 01 <0, and (cr01 — 04) > 0, then

1/3

5\ —6cocs401(c201 — O (—kx+ O+t

uz21(x, 1) = (—) —Cr0 + 04 — 0 42 (€201 200 | i(kxrosr ),
303 ¢z esch? [yez (x — ct) ]

5\ —6cpc40(cr01 — 0g) 13 (—kxs
v72.1(x, 1) = A (—) —C2071 + 04 — 2 ol (—kx+ +zw)’
303 ¢z esch? [yez (x — et)]

correspond to singular soliton waveforms.

[7.2.2]If ¢ < 0,c0>0,c4 > 0,01 <0, and (cp01 — 0y4) > 0, then

1/3

5\ —6coc40 (201 — 04) (—kx+
u722(x,t) = | 7— —Cr0 + 04 — 5 ol (—kx+ +tw),
303 ez sec? [y=ca(x — ct)]

5 13 —6C()C40'1 (C20'1 - 0'4) 3 i(—kx+60
v7o2(x,t) = Al — —C201 + 04 — el (Thxrbriw)
303 ¢ sec? [y=c2(x — ct)|

correspond to singular periodic waveforms.

From subcase [7.3] the following explicit solutions are obtained:
[7.31]If ¢ > 0,¢c0 > 0,c4 >0, 07 <0, and 0 > 0, then

5 \1/3 > 1/3
—25¢cocs0 07 .
uzs1(x, 1) ==— o3 — 0€40102 ol (~hxtO+1w)
2
S0 ¢z esch? [yez (x — ct) |

5 \1/3 55 1/3
- Cc0C4071 0" .
v73.1(x,8) = A (—) (—0-3 _\/ 0€40102 ) oi(kxt0+tw).

Rlop} caesch? [yez (x = cf) ]

correspond to singular soliton waveforms.

[7.3.2]If c2 <0,c0 > 0,c4 <0, 01 <0, and o3 > 0, then

1/3 1/3
ur32(x,t) = i —03 — —25¢0¢40102 ei(—kx+6’+ta))’
2
507 ¢ CSC [\/—cz(x - ct)]

1/3 1/3
visa(x, 1) =A (i) (_0_3 _\/ —25¢coc40107 ]) ei(—kx+6+tw),

S0 czesc? [y=ca(x — ct)

correspond to singular periodic waveforms.

Case Study 8: ¢; =c3=c¢5=0.
Solving the resulting algebraic system produces two consistent parameter sets.

(88)

(89)

(90)

oD

92)

93)

(94)

95)

8.1] 2073 0 2+/co — 07 0 25¢cr0m10m — 60'32 2(25¢ch010%073 — 20'3)
. = -, =0, = S1 = N g4 = — g5 = )
Po="5ep 1= E T * 250, ’ 12502
8(625c0040'120'22 - 25020’10'20'32 + o-é‘)
o6 = — =
° 62502
20’3 2\/—640'1 2\/—C()O'1 256‘20’1 oy — 1500'10'2\1606‘ - 60'??
B2lpo=-———P1=———q1=——,51=0,04 = ,
S0, Vo2 Vo2 2507
2(25¢co010%03 — 15001 0»073+/cocs — 20'3?’)
g5 = .

2
1250’2
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From subcase [8.1] the following Jacobi elliptic solutions are obtained:
[8.111If0<m<1,co=1,c2 ==(1+m?), cs =m? o1 <0, and o > 0, then

= 1/3
ug.1.1(x,t) = N 20 ol (—kx+0+w)
Y \Womd[(x—en)] S0 ’
s 1/3
vgia(x,)=A i _ E ol (—kx+0+tw)
o Vo ed[(x —cn)] 5o ;

are Jacobi elliptic solutions.

If m =0, then
2y/=orsec[(x —ct)] 203 173 H(—kxt0410)
ug.1.1a(x,t) = _293) ’
\/OTZ 50’2
24/=0 secl(x — ct 20:\'?
Vg.lla(x,t) = A ( a1 [Cr = cr)] — 2) el(—kx+9+tu))’
\/OTZ 50’2

correspond to singular periodic waveforms.
[8.12]11f0 <m < 1,c0=-m?, ca=2m> - 1,c4 = -m? + 1, and o, 02 < 0, then

2\ Smy +oyne[(x —e)]\'? .
ug_l_z(x,[):(_) (_ maJooy + o3 ne [(x c)]) e—l(kx—H—tu))’

5 o ne [(x — ct)]

2)1/3 (_Sm\/mm + oync [(x = ct)] )1/3 Joitkx—6-10)

vg.1.2(x,1) =A(§ oanc [(x = ct)]

are Jacobi elliptic solutions.
If m = 1, then

2\!'/3 S+foroa sech[(x — ct)] + o 3
u8.1.2a(x»t)=(§) (— 172 O['i )] 3) e—t(kx—é)—tw)’

1/3 1/3

2 5+f/o0m sech[(x — ct)] + o .
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o

represent bright soliton waveforms.
[8.131I1f0<m<1,co=-1,c0=-m?>+2,¢c4 =m?>—1,and oy, 0» < 0, then

N3 syaos + osnd[(x — )]\
u8_1_3(x,t)=(§) (_ o107 + o3 nd[(x c)]) e—l(kX—H—tw)’

opnd[(x — ct)]

1/3 1/3
vgis(x,t) = A (%) / (_5\/0'10'2 + o3nd[(x — ct)]) ——

o nd[(x — ct)]

are Jacobi elliptic solutions.
If m =1, then

2\'3 S+foroa sech[(x — ct)] + o 3
u8.1.3a(x»t)=(§) (— 172 O['i )] 3) e—z(kx—é)—tw)’

1/3 1/3

2 54/o10m sech[(x — ct)] + o .

vg.13a(x, 1) = A (g) (— 172 L( )] 3) e—t(kx—()—tw),
(%)

represent bright soliton waveforms.

1 m2 m#
[8.L4]If0<m <1,co = 2T 5T I,cy = R <0, and 0, > 0, then
Voo (I +dn[(x —cp)]) 203 1/3 kerosion
ug.1.4(x,t) = _293) ,
Vo sn[(x = ct)] 507
B 1/3
vg1a(x,t) =A —o (1 +dn[(x - c1)]) _ @ ei(—kx+9+ta))’
Voo sn[(x — ct)] 507
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represent Jacobi elliptic function waveforms.
When m = 0 or m = 1, we obtain singular periodic or singular soliton forms, respectively.

2+/=o esc[(x — ct)] _ @)1/3 ol (Ckx+0+1w)

ug.1.4a(x,1) = (

\/E 50’2
= 1/3
Vg.l4a(x,t) = A 2y=a escl(x —er)] _ E gi(—kx+9+m))’
\/OTZ 50’2
or
ug.1.4p(x,t) = (coth[(x —ct)] + y=0resch[(x —cn)]) 203 3 i (—kx+0+10)
B IS L \/OTZ 50-2 ,
1/3
vetap (1) = A (coth[(x = ¢)] + y=ar csch[(x = eD)]) 203\ "/ JickxrOar)
h ’ \/FZ 50’2

From subcase [8.2] the following Jacobi elliptic solutions are obtained:
[8211I1f0<m<1,co=1,cr==(1+m?),cqs =m? o1 <0, and o > 0, then

ug2.1(x,1) = (—

5 opcd [(x = ct)]

vga.1(x,1) = A (—

5 oyed [(x = ct)]

are Jacobi elliptic solutions.

If m = 0, then
1/3
ug2.1a(x,t) = 2\/—_0'1sec[(x el - @ pl(—kx+0+tw)
h ’ VO2 507 ’
2=arsec[(x —ct)] 203\
vg21a(x, 1) = A ! L( )] _ 203 el(—kx+9+ta)),
VO2 507
correspond to singular periodic waveforms.
2 4
[82.2]If0 <m <1, co = A mj —Le= mT,m <0, and 0» > 0, then

(x,1) = v=oi(1 +dn[(x — c1)]) . m2y=oysn [(x — ct)] _ 203 v i(—kx+6+1w)
122000 = | T e TG = ] [+ yomdn[(—c)] 50,] ¢ ’

VEE( +dn [ —enD)  miy=Eisn el 205\ i ronon
Voasnl(—cn] 1+ ymdn[(x—c)]  Sou) © :

represent Jacobi elliptic function waveforms.
When m = 0 or m = 1, we obtain singular periodic or singular soliton forms, respectively.
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4. GRAPHICAL OVERVIEW

This section provides graphical illustrations of chosen exact solutions obtained in Section 3, concentrating on
the amplitude distributions |u(x, )| and |v(x, t)| to emphasize principal wave forms, following conventional practices in
nonlinear optics to depict soliton and periodic dynamics. The visualizations include three-dimensional (3D) plots depicting
spatiotemporal evolution and two-dimensional (2D) overlays illustrating wave profiles at fixed time, facilitating analysis
of propagation dynamics, nonlinear interactions, and dispersion effects in the coupled (1+1)-dimensional Kudryashov’s
equation. The selected cases encompass a variety of solution types: bright solitons, singular periodic waves, dark
solitons, singular solitons, and exponential solutions. Each figure corresponds to a specific solution type, with parameter
values detailed in Table 1. These visualizations exhibit the model’s capability to represent varied wave behaviors within
birefringent optical waveguides, highlighting stability, periodicity, together with localization under different conditions.

Table 1. Numerical parameters employed for the depicted solutions.

Figure  Solution Form Equations Parameter Set

1 Bright Soliton (26), (27) c=0.65 k=058 w=0.0560=0.54A=1095,a =0.50, ax =0.55, a3
0.70, as = 0.90, B3 = 0.001, B4 = 0.05, y1 = 0.75, v, = 0.49, y3 = 0.35, y4
—-0.25, ¢ = 1.15, and ¢4 = -0.20

2 Singular Periodic (34), (35) c=0.05k=195w=0.7560=058A=1.80,a; =-1.35a, =1.20,63 =
1.57, B4 = 0.75, y; = 1.15, v = 0.45, y3 = 0.75, y4 = 0.80, ¢, = —0.22, and
c4 =02

3 Dark Soliton (38), (39) ¢ =0.60, k =0.64, w =0.10, 6 = 0.50, A = 1.50, a; = 0.30, ax = 0.65, B3 =
0.03, B4 = 0.85, y; = 1.75, y» = 1.45, y3 = 1.85, y4 = 2.15, ¢, = —0.15, and
Cq = 0.2

4 Singular Soliton (58), (59) c=0.55k=0.52,0=0.12,0 =0.65, A =2.35,a; =0.15,a, =0.85, B3 =
0.01, B4 = 0.05, y; = 0.25, ¥, = 091, y3 = 0.65, y4 = —0.04, ¢ = 0.2, and
cp =0.1.

5 Exponential (68), (69) c=062, k=047, w=0.150=045,A=1.95a3 =155 a4 =1.64, ) =

0.10, ap = 0.48, a3 = 0.20, a4 = 0.001, B; = 0.65, B, = 4.85, B3 = 0.15, B4 =
0.05, ¢y = 0.85, and ¢, = 0.40
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Figure 1. Spatiotemporal behavior of the bright soliton wave in Egs. (26) and (27).
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Figure 2. Spatiotemporal behavior of the singular periodic wave in Egs. (34) and (35).
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Figure 3. Spatiotemporal behavior of the dark soliton wave in Egs. (38) and (39).
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Figure 4. Spatiotemporal behavior of the singular soliton wave in Egs. (58) and (59).
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Figure 5. Spatiotemporal behavior of the exponential wave in Egs. (68) and (69).

5. BIFURCATION ANALYSIS
Bifurcation analysis provides a systematic framework for investigating qualitative changes in the dynamical behavior of
nonlinear systems as parameters vary. For traveling wave equations, this approach reveals critical thresholds where solution
profiles undergo transitions—for instance, between periodic and solitary waves, or between bounded and unbounded
behavior [26, 27, 28, 29, 30]. In this section, we perform a detailed bifurcation analysis of the fourth-order nonlinear
ordinary differential equation (23) obtained via the MEMM reduction.

5.1. Planar Dynamical System Formulation

To analyze the traveling wave dynamics, we introduce the variable y = F’(¢) and convert the second-order ODE (23)
into a two-dimensional autonomous system:

dF dy 2y? 1

= oy, =2 P(F), 124

"V @& 3F sopl D) (124)
where P(F) = 0»F* + 03F> — 04F? + osF + 0. This system is singular along the line F = 0 due to the division by
F. To remove this mathematical singularity while preserving the topological structure of the phase portrait, we apply the
geometric singular perturbation method via the time-rescaling transformation d¢ = F dt. This yields the regular system:

dF dy 2, 1
= Fy, = =2y - —P(F). 125
dr Y dr 3y 307 (F) (125)

Systems (124) and (125) are topologically equivalent except on the singular line F' = 0.

5.2. Hamiltonian Structure and First Integral

System (125) is conservative and admits a Hamiltonian formulation. A first integral can be obtained via direct
integration, yielding the conserved quantity

1 2
H(F,y) = F*Py? 4 — %FSB + %FSB — oy FM3 —205F13 - %F“‘B =h, (126)
o

where £ is a constant. Level curves H(F,y) = h define the trajectories in the phase plane: closed orbits correspond to
periodic traveling waves, homoclinic orbits to solitary waves, and heteroclinic orbits to kink or anti-kink waves.

5.3. Equilibrium Points and Linear Stability
Equilibrium points of the regular system (125) satisfy Fy = 0 and % y? - %P(F ) = 0. Excluding the singular line
F =0, we obtain y = 0 and consequently P(F) = 0. Hence, equilibria are of the form (F;, 0), where F; are the real roots
of the quartic polynomial

P(F) = 0o F* + 03F> — 04F* + 05F + 06 = 0. (127)
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The number of real equilibria can be 0, 2, or 4 (counting multiplicities), depending on the parameter values. Linearizing
(125) about an equilibrium (F;, 0) gives the Jacobian matrix

0 F;
J(F;,0) = 1 . 128
FO=1_ 1 by o (128)
30’1
, 3 2 - .., FP(F) e
where P/ (F) = 40 F° + 303 F* — 204 F + 05. The characteristic equation is 1 + B y— = 0, yielding eigenvalues
(o]

a=iJ-ﬁﬂﬂﬁ. (129)
30’1

, the stability type is determined as follows. When A; > 0, the eigenvalues are real with opposite

F;P'(F;
Defining A; = — l3 (F)
signs, corresponding to a saddle point (unstable). When A; < 0, the eigenvalues are purely imaginary, corresponding to
a center (stable, surrounded by periodic orbits). The degenerate case A; = 0 requires higher-order analysis. Because the
system is conservative (Hamiltonian), centers are nonlinearly stable and give rise to families of periodic orbits.

5.4. Phase Portraits and Numerical Illustrations

To illustrate the rich dynamical behavior, we examine three representative parameter sets. For each, we compute the
equilibrium points, classify their stability, and plot the phase portrait along with a sample temporal evolution.
Case 1. Parameters: oy =1, on =1, 03 =0, 04 =40, 05 =0, 0¢ = 144. The quartic factors as P(F) = (F — 2)(F +
2)(F—6)(F +06), giving four equilibria: (£2,0) and (£6, 0). Linear stability analysis shows that at F = +6 we have A < 0,
indicating centers, while at ' = +2 we have A > 0, indicating saddles. The phase portrait (Fig. 6a) displays two families of
periodic orbits encircling the centers, separated by heteroclinic orbits connecting the saddles. The corresponding temporal
profiles (Fig. 6b) exhibit periodic oscillations around F = +6.
Case 2. Parameters: o = 1, o =1, 03 =0, 04 = 18.25, 05 =0, 0¢ = 36. Here P(F) = (F —4)(F+4)(F - 1.5)(F +
1.5), yielding equilibria at (+1.5,0) and (+4,0). Stability analysis confirms centers at F = +4 and saddles at F = +1.5.
The phase portrait (Fig. 7a) again shows two centers surrounded by periodic orbits, with separatrices emanating from the
saddles. Temporal evolution (Fig. 7b) confirms the periodic motion around the centers.
Case 3. Parameters: oy = 1, o =1, 03 = =2, 04 =45, 05 = =34, 0¢ = 80. The polynomial factors as P(F) =
(F+5)(F +2)(F — 1)(F — 8), with equilibria at (-5, 0), (-2,0), (1,0), (8,0). Stability analysis reveals centers at F =
-5 and F = 8, and saddles at F' = —2 and F = 1. Despite the lack of symmetry, the phase portrait (Fig. 8a) retains
the characteristic structure of two centers separated by saddle points. The temporal dynamics (Fig. 8b) display periodic
oscillations around each center.
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(a) Phase portrait in the (F, y)-plane for the regularized (b) Temporal evolution of F(7) and y(t) for a trajectory
system (125). near the center at F' = 6.

Figure 6. Bifurcation structure for Case 1: two centers at F' = +6 and two saddles at F = +2. Closed orbits correspond to periodic
traveling waves, while the separatrices demarcate regions of distinct dynamical behavior.
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Figure 7. Bifurcation structure for Case 2: centers at F = +4 and saddles at F' = +1.5. The Hamiltonian level curves generate families
of periodic solutions and heteroclinic connections.
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(a) Phase portrait for the regularized system (125). (b) Temporal evolution of F(7) and y(7) for a trajectory
near the center at F' = 8.

Figure 8. Bifurcation structure for Case 3: centers at F = —5 and F = 8, saddles at F = —2 and F = 1. The asymmetric arrangement
still yields two disjoint families of periodic orbits, illustrating the robustness of the Hamiltonian structure.

5.5. Bifurcation Interpretation

The parameter o (or any of the o) can be treated as a bifurcation parameter. As it varies, the roots of P(F)
coalesce or split, leading to saddle-node bifurcations where equilibria appear or disappear. In a conservative system
like (125), Hopf bifurcations are absent because eigenvalues are always symmetric about the imaginary axis. However,
degenerate bifurcations (e.g., when A; = 0) may occur, leading to cusps or higher-order singularities. The phase
portraits presented correspond to generic cases where all equilibria are hyperbolic (non-degenerate). The existence of
periodic orbits around each center follows directly from the Hamiltonian nature and the non-degeneracy condition A; < 0.
Moreover, the separatrices emanating from the saddles form homoclinic or heteroclinic loops, which in the original wave
variable correspond to solitary wave or front solutions. In summary, the bifurcation analysis reveals that the traveling
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wave dynamics of the Kudryashov model are organized by a Hamiltonian planar system with up to four equilibria. The
qualitative behavior—whether the wave profile is periodic, solitary, or unbounded—is determined by the level set of the
Hamiltonian and the arrangement of saddles and centers. This geometric perspective complements the explicit solutions
obtained via MEMM and provides a global view of the solution space.

6. CONCLUSIONS

In this research, we have successfully employed the Modified Extended Mapping Method (MEMM) to construct a
comprehensive set of exact traveling wave solutions for the coupled (1+1)-dimensional Kudryashov’s equation, a nonlinear
partial differential equation pivotal for modeling complex wave phenomena in birefringent optical fibers. The MEMM
proved to be a powerful and systematic tool, transforming the coupled nonlinear PDEs into an ordinary differential
equation, thereby enabling the derivation of diverse analytical solutions. These solutions encompass a wide range of
forms, including bright and singular solitons, periodic waves, rational, exponential, Weierstrass elliptic, and Jacobi elliptic
functions, each capturing distinct wave dynamics relevant to applications in nonlinear optics, optical communication
systems, and other nonlinear systems. The modulation instability analysis provided critical insights into the stability
of steady-state solutions, highlighting the interplay between dispersion and nonlinearity. The incorporation of 3D and
2D visualizations further elucidated the spatiotemporal evolution of these solutions, offering a clear interpretation of
wave propagation and interaction behaviors. This study significantly enhances the analytical framework for investigating
higher-order nonlinear wave equations, providing robust tools for theoretical and applied research in nonlinear science.
The analytical solutions to the coupled Kudryashov’s equation offer a deeper understanding of the intricate nonlinear
dynamics governed by this model, particularly in describing solitary wave interactions, periodic wave patterns, and singular
structures in birefringent fibers. The diversity of solution types—ranging from hyperbolic and trigonometric to elliptic and
rational forms—underscores the equation’s versatility in capturing a broad spectrum of physical behaviors under various
parametric conditions. The graphical representations, including 3D plots depicting wave evolution and 2D plots illustrating
temporal profiles, bridge the gap between mathematical solutions and their physical implications. These visualizations
highlight the MEMM’s efficacy in uncovering complex wave patterns, such as soliton stability and periodic oscillations,
which are critical for applications in nonlinear optics, optical communication systems, and birefringent fiber modeling.
Compared to Biswas et al.’s initial study [24], which utilized the extended trial function method, the MEMM expands
the solution landscape by providing new analytical solutions, including elliptic and rational solutions, thereby enhancing
the theoretical comprehension of the model’s integrability and dynamical behavior. However, the dependence on specific
parameter constraints (e.g., ¢; values) to obtain these solutions suggests potential limitations in their generalizability,
particularly for arbitrary initial or boundary conditions. Additionally, the presence of singular solutions indicates regions
of instability that require further investigation to assess their physical relevance. These considerations highlight the need
for complementary numerical or experimental studies to validate the practical applicability of the derived solutions. This
study opens several promising directions for future research. First, numerical simulations could be conducted to verify the
stability and long-term behavior of the derived analytical solutions, especially under realistic physical conditions relevant to
systems modeled by the Kudryashov’s equation, such as birefringent fibers or optical wave propagation. Such simulations
could also explore the impact of external perturbations or variable coefficients on wave dynamics. Second, extending the
MEMM to other higher-order or multidimensional nonlinear PDEs, such as those in plasma physics or geophysical fluid
dynamics, could further demonstrate its robustness and versatility, potentially uncovering new solution classes. Third, a
deeper investigation into the integrability properties of the Kudryashov’s equation using alternative techniques, such as
the inverse scattering transform or Painlevé analysis, could provide additional insights into its soliton interactions and
non-integrable regimes. Additionally, integrating machine learning-based approaches to approximate solutions or predict
wave behaviors could complement the analytical framework, particularly for complex parameter spaces. Finally, linking
the derived solutions to experimental data from relevant physical systems, such as optical fiber experiments or photonic
studies, could enhance their practical utility, enabling applications in wave prediction, signal transmission optimization,
or advanced material design. These prospective efforts are expected to consolidate the link bridging theoretical progress
with practical implementations within nonlinear wave studies.
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”

TOYHI BI2KYYI XBIJII TA BI®YPKAIIMHA CTPYKTYPA 3B’ I3AHOI HEJIIHIMHOI CUCTEMH
IIPEJAIHT'EPA TUITY KYAPAIIIOBA 3A 1O0IIOMOI'OI0 MOINPIKOBAHOI'O METO1Y
PO3IIUPEHOI'O BI/IOBPAZKEHHA
Badi M. Xacan'?, Xamai M. Axmen’, Axmen M. Axmen', Xaiitam M. Pe3k', Bacpaa B. Pa6i*”

' Kagpeopa mamemamuicu, @axyavmem npupoouuuux nayx, Yuisepcumem Anv-Asxap, Kaip, €zunem
2Kagpedpa dpynoamenmanvrux vayk, Paxynrvmem inxceneprux mexnonoziii, Texrnonoziunuii ynisepcumem Env-Cegedi, Kaip, €zunem
3Kagpedpa pisuru ma insceneproi mamemamuxu, Buwguii insceneprusi incmumym, Axademin Env-Illopyx, Kaip, €zunem
4Kagpedpa mamemamuxu, Paxyavmem nayx, Jdyxcopcokuii ynisepcumem, Taiiba, JTykcop, €zunem
3 Jlykcopcvkuii nayionanvhuil yuicepcumen, Paxyavmem o6UCIIOSANLHOT MEXHIKU, THPOPMARITHUX MEXHOAO02IT MA WIMYHHO20
inmenexmy, Jlykcop, €aunem
Y 11poMy JOCITiIKEHHI OTPUMAHO TOYHI po3B’ I3KM O1Ky4J0i XBUITi Ta poBeAeHO OipypKariiiHuii aHati3 1)1 38’ s3aHoro (1+1)-BiUMipHOTO
piBasHHA Kynpsmosa. Ls cuctema HeninifiHux piBHAHG Tumy LllpeniHrepa Mopemioe ogHOYACHE MOIIMPEHHS ONTHYHUX IMITYJIbCIB Y
JBOTIPOMEHEIPOMEHEBOMY BOJIOKHI, BKJIIOYAI0UM KPUTHYHI e(heKTH BUILOTO MOPSIAKY, Taki sk KyOiYHO-KBapTHKOBA IMCIIEpCisi Ta HeJi-
HIHOCTI, U151 i ABUIIIEHHSI (Pi3MYHOI TOYHOCTI. 3aCTOCOBYIOUH MO/I¥(hiKOBaHUiT MeTOA po3impeHoro Bigodpaxenns (MEMM), 3B’ s3aHi
JugepeHLialbHi piIBHAHHA 3 YACTUHHUMMU NOX1IHUMH CUCTEMAaTUYHO 3BOAATHCSA 10 KEPOBAHOTO 3BUYAHOIO JuepeHiabHOroO piB-
HsaHHA. Lle 3BeieHHs 103BoJIsiE TOOYAyBaTH MIMPOKUI CIIEKTP TOYHUX PO3B’A3KiB, TAKMX SIK SICKpaBi Ta TEMHi COJITOHH, MEPiOAMIHI
XBWJIi, TIEPIOJMYHI CUHTYJISIPHI PO3B’I3KH, a TAKOXK CHHTYJISIPHI COJITOHHM, Ha JAOJATOK [0 TinepOONiYHUX, EKCIIOHEHIIAIbHIX, Pallio-
HaJIbHUX Ta eMinTuaHuX PyHK1ii Befiepmrpacca. Kimo1oBuM KOMIOHEHTOM pOOOTH € AeTajbHuUiA OipypKalliiiH1i aHaIT3 Pe3yIbTyI040l
II0cKoi AMHaMivHOI cucteMmu. Lleit aHani3 BU3HaYa€ MOpPOroBi 3HAYEHHS KPUTHYHHUX MapaMeTpiB Ta Kiaacupikye BCi MOXIUBI SKiCHI
TMOBE/IiHKM XBUJIbOBHX PillleHb, BiToOpaxaoyn 00J1acTi iCHyBaHHS 1J1s Pi3HUX TUIIB pileHb. Pi3nyHi HACTIIKY K OTPMMAHUX PillleHb,
TaK i 6ipypKaiiiiHoOl CTPYKTYypH OOrOBOPIOIOTHCS B KOHTEKCTI HEJIIHIMHOT ONTUKY, 30KpeMa JUIst AMHAMIKHY iMITYJIbCiB Ta CTabiJIbHOCTI B
CHUCTEMaXx OITUYHOTIO 3B’ SI3KY 3 MOJBIAHOIO Nojisipu3aiii€io. Pesynbratu teMoHCTpyI0Th epextuBHicTh MEMM Ta Ha/lal0Th HOBI 3HAHHS,

IO CTIPUSIOTh PO3YMIHHIO T MPOEKTYBAHHIO MTEPeJOBIX ONTUYHUX XBHJICBO/IB.
KuarouoBi cioBa: reniniiini pisnsuns Llpedinzepa; 0eonpomenenpomenesi OnmMuuti 60A0KHA, OUCNEPCist U020 NOPSOKY; MOOUPi-
KO8aHUli Memoo pozutuperozo 8iodoopadicerns (MEMM); mouni piwenns 6ixicyuor xeuni; Oicpyprauiiinuii ananis
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