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The framework of Saez-Ballester formalism is employed to study Bianchi Type III metrics, which is homogeneous and anisotropic,
wherein the energy-momentum tensor is derived from a bulk viscous fluid containing one-dimensional strings embedded within an
electromagnetic field. To obtain exact solutions, we utilized the proportionality relation between the expansion and shear scalars, as
well as the average scale factor of a special form. In addition to the energy conditions, several dynamical and physical parameters were
calculated, and their physical implications on cosmology were examined.
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1. INTRODUCTION

There has been increasing evidence over the past few decades that the universe is in accelerating expansion. This
accelerating expansion has been confirmed by recent findings [1], [2], [3]. This accelerated expansion is believed to be
driven by a substance known as 'Dark Energy. In modern cosmology, the mystery of its origin remains unresolved,;
nevertheless, it is indirectly viewed as a consequence of 'megative pressure' within the universe. Caldwell and
Kamionkowski [4] provided the physics of cosmic acceleration. Silvestri and Trodden [5] presented an approach to
understanding cosmic acceleration. Astier and Pain [6] gave observational evidence of the accelerated expansion of the
universe. Perivolaropoulos [7] provided accelerating Universe's observational status. However, to be more precise, two
different approaches have been proposed to resolve this problem: one involves developing viable 'dark energy' models,
and the other involves modifying Einstein's theory of gravity. In this context, Turner and Huterer [8] investigated cosmic
acceleration, dark energy and fundamental physics. Dolgov and Kawasaki [9] discussed whether modified gravity
explains accelerated cosmic expansion. Nojiri and Odintsov [10] studied modified gravity and its reconstruction from the
universe expansion history. Again, Nojiri and Odintsov [11] consider modifying GR theory - termed as the modified
gravity approach. Again, Nojiri et al. [12], [13], [14] discussed some recent developments in modified gravity and unified
cosmic history in addition to covering a number of common challenges.

The scalar tensor theories put forth by Lyra [15], Sen [16], Brans and Dicke [17], Sen and Dunn [18], Barber [19], Lau
and Prokhovnik [20], Saez and Ballester [21] etc., have garnered a lot of attention in the past few decades. In the theory of
Saez and Ballester [21], the metric is coupled to a dimensionless scalar field in a remarkably simple manner. This coupling
provides a satisfactory description of weak fields; in such fields, despite the dimensionless nature of the scalar field's
behaviour, a distinct regime of 'anti-gravity' is observed. This theory proposes a potential solution to the problem of 'missing
matter' in non-FRW models. In this context, higher-dimensional Bianchi type-III string cosmological models with dark
energy in Saez—Ballester theory is investigated by Dabgar and Bhabor [22]. Chetia et al. [23] studied particle creation and
bulk viscosity in Bianchi-I universe in Saez—Ballester theory with different deceleration parameters. Kumawat et al. [24]
studied an anisotropic Bianchi type VIy Spacetime with Barotropic Fluid in Saez - Ballester Theory of Gravitation.
Ram et al. [25] examined Bianchi type-V cosmological models with perfect fluid and heat flow in Saez-Ballester theory.
Rao et al. [26] discussed Bianchi type-I and -III modified holographic Ricci Dark energy models in Saez-Ballester theory.

Bulk viscosity is important in cosmology and describes the universe's fast expansion, often known as the Big Bang
epoch. Using a bulk-viscous fluid as the energy-momentum tensor (EMT), several cosmologists have investigated the
theoretical evolution of the universe as well as the impact of bulk viscosity on cosmic history. Behera et al. [27] studied
bulk viscous Bianchi-III models with time-dependent G and A. Bali and Pradhan [28] discussed Bianchi type III string
cosmological models with time-dependent bulk viscosity. Constraining a bulk viscous Bianchi type I dark energy
dominated universe with recent observational data observed by Yadav et al. [29]. Goswami et al. [30] studied modeling
of an accelerating universe with bulk viscous fluid in Bianchi V spacetime. Bulk viscous cosmological model with varying
deceleration parameter in modified gravity examined by Tiwari et al. [31]. Pawar and Dabre discussed [32] a bulk viscous
string cosmological model with power law volumetric expansion in teleparallel gravity. Shukla et al. [33] studied viscous
fluid dynamics in Bianchi type-I universe with decaying cosmological term.
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Cosmic strings are one-dimensional topological defects that might have evolved during symmetry-breaking phase
transitions in the early Universe. They should be separated from the basic strings found in string theory, since the two
ideas have distinct physical origins and meanings. In this paper, the word "string" refers only to cosmology cosmic strings
represented by a string-cloud energy-momentum tensor, not the basic strings of string theory. Cosmic strings may have a
major role in the dynamics of the early Universe [34], contributing to density perturbations and the development of large-
scale structures [35, 36]. Their stress-energy may also affect the anisotropic development of spacetime. Vilenkin and
Shellard [37] provide a full study of cosmic strings and associated topological flaws. In this framework, Singh [38]
examined a string LRS Bianchi type-I universe with a functional relationship for the Hubble parameter. Rao et al. [39]
investigated a Bianchi type-I1I magnetised string model with a constant deceleration parameter in general relativity. Pawar
et al. [40] investigated a plane-symmetric string cosmology model with a zero-mass scalar field in modified gravity theory,
while Mete et al. [41] investigated the dynamics of cosmic strings and domain barriers using a specific version of the
deceleration parameter.

Cosmic magnetic fields, which are parts of the electromagnetic field, may have a substantial impact on the
distribution of energy and the anisotropic development of the Universe because of the existence of ionised matter.
Magnetic fields may be amplified by adiabatic compression within astrophysical objects, and the stress-energy of large-
scale electromagnetic fields may contribute to spacetime anisotropy. Thus, the electromagnetic energy-momentum tensor
is used to reliably integrate the magnetic contribution in the current task. Wang [42] investigated the Bianchi type-I11
string cosmological model with bulk viscosity and magnetic field. Tripathy et al. [43] studied string cloud cosmologies
for Bianchi type-III models with electromagnetic field. Brahma and Dewri [44] discussed the role of f(R,T) gravity in
Bianchi Type-V dark energy model with electromagnetic field based on Lyra geometry. Rehman et al. [45] studied
electromagnetic field effects on anisotropic cylindrically symmetric compact objects within the framework of f (R, L,,, T)
gravity. Five-dimensional Bianchi type-I anisotropic cloud string cosmological model with electromagnetic field in Saez-
Ballester theory, examined by Daimary and Baruah [46]. Ramprasad [47] investigated a study on cosmological model of
anisotropic universe with electromagnetic field and cloud strings in the framework of general relativity.

A variety of topics related to anisotropic cosmology, cosmic strings, bulk viscosity, electromagnetic fields, and Saez-
Ballester gravity are covered in the works discussed above. However, further research is need to fully understand the
simultaneous impact of these components in a Bianchi type-III cosmological scenario. For instance, Dabgar and
Bhabor [22] examines a higher-dimensional Bianchi type-III string cosmology with dark energy in Saez—Ballester theory,
whereas Chetia et al [23] studies bulk viscosity and particle formation in a Bianchi type-I universe. In contrast, a five-
dimensional Bianchi type-I anisotropic cloud-string cosmological model with an electromagnetic field in Saez—Ballester
theory is studied by Daimary and Baruah [45]. Motivated by these findings, the current study examines a four-dimensional
Bianchi type-III spacetime including a bulk-viscous fluid and one-dimensional cosmic strings contained in an
electromagnetic field inside the Saez-Ballester gravitational framework. The goal is to acquire accurate solutions and look
into the combined effects of anisotropy, bulk viscosity, string tension, the electromagnetic field, and the Saez-Ballester
scalar field on cosmic development. We next examine the kinematical parameters, matter variables, effective pressure,
and energy conditions to evaluate the model's physical behaviour.

2. METRIC & FIELD EQUATIONS
We consider a homogeneous and anisotropic space-time described by a Bianchi type-III metric as

ds* =dt* — A’dx* —B’e”™dy’ - Cdz’, )

where 4, B and C are the metric potentials considered as functions of cosmic time ¢ only.
The field equations given by Saez and Ballester [21] for the combined scalar @ and tensor fields are

G,-j - (()¢7" (Qiqyj —%@j9k¢”k J = _Y;j ) (2)
The scalar field @ satisfies the equation
20", +ng' 0" =0, 3)

Where G, =R} - Eé‘;R is Einstein’s equation and » are constants, 7’ is the stress energy-momentum tensor, comma and

semicolon represent partial and covariant differentiation, respectively.
A bulk viscous fluid with one-dimensional strings immersed in an electromagnetic field, as an EMT, is calculated as

T, =(p+puy’ —pg,—Axx" +E,, )

And
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p=p-3¢H, )
where p=p, + Ais the proper string energy density with particles attached to them, and p, is the particle energy density,
A is the string's tension density, 3&H is bulk viscous pressure, £(¢) is the coefficient of bulk viscosity, H is Hubble’s
parameter, x" denotes a unit space-like vector for the cloud string and " denotes a four-velocity vector satisfying the
conditions, u"u, =1=-x"x, and u,x" =0.

In a co-moving coordinate system, we have

u’ =(0,0,0,1), x" =(0,0,C™,0). (6)

Also, E,, is apart of EMT given as
_ 1 w_1, pe 7
uv _E F#aE/ﬂg _Zg#vF Faﬂ > O]

where F),, is electromagnetic field tensor that satisfies Maxwell equations,

K

[avk] =

0. ®

In a comoving coordinate system, the incident magnetic field is taken along z-axes with the help of Maxwell equation

(8), the components of F,, except F;, vanish, i.e. Fj, is the only non-vanishing component along z-axes.

F,, =Constant =M (Say)

From equation (7), we have

M’ M’
E11=E22=87[7 and E33=E:=—8ﬂ_7. (9)
Now, the field equations (2) & (3) from metric (1) using (4), we get,
B ¢ BC o ,. M?
BT Ee 200 TR (10
A C AC o ,, M?
AT ae o e (an

A B AB m* o . M?

BT a0 e A (2
ﬁ£+££+££_m_2+2 gty M (13)
4B BC Ac & 200 TP At

A B
Z_Z =0, 14
< B (14)
. (A B C). n¢
¢+[Z+E+%](p+g¢—=0, (15)
4

where the overhead dot (-) denotes the derivative with respect to cosmic time ¢. By solving (14), one can get A = kB,
where £ is an integrating constant. Without loss of generality, we take k£ =1.Then (10) - (13) reduces to

B ¢ BC o ,., M?

=—(p-3EH)+——, 16
St et S =) (16)
B B> m* o . M?
e 20 M) A (47
B? BC m*> w N M?
42— 4+ —0"0" = - 18
B BCc 4 277 TP g a®
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Here we have three non-linear differential field equations with seven unknowns, namely B, C, p, &, A, p and ¢. The
solution of these unknowns is discussed in the next section.

Now, we find some kinematical space-time quantities of physical interest in cosmology, as follows:
The average scale factor a and the spatial volume ¥ are respectively defined as
3 2 3
a=+BC,and V =a". (19)

The volumetric expansion rate of the universe is described by the generalised mean Hubble’s parameter H & given by

3
H=%ZH,.=§(H1+H2+H3), (20)
i=1

2 .
in which H, =H, = IR and H, :% denotes the directional Hubble’s parameters.

Using (19) and (20), we have obtained the expansion scalar @, mean anisotropy parameter A , shear scalar o , and
deceleration parameter g, respectively, as

6=3H, @1

)
— | (22)

e =%[ZH _92} 23)
q=—‘f—f=—1+i(ij. (24)

3. SOLUTION OF FIELD EQUATIONS
The three nonlinear differential field equations (16) - (18) and seven unknowns are solved by taking into account
the following physically possible possibilities.
Initially, we took the mean scale factor's spatial form as
1

a=(ct+d);, (25)

where, ¢, d and m are non-negative constants.
Next, we argued that the shear scalar is proportional to the expansion scalar, providing the analytical relation.

B=C*, (26)
Using (19), (25), & (26), we obtained
3¢ _3
A=B=(ct+d)n(+2¢) and C=(ct+d)m+20). (27)
From (27) in (1), we have
6¢ 6{ 6
ds® =di* —(ct+d)m(+20) dx* = (ct +d )m(+20) & ™ dy* —(ct +d )m(1+20) dz*. (28)

The model generated in expression (27) is devoid of any form of singularity until infinite cosmic time.
The Volume

3
V=a3=(ct+d);. 29)
It is evident from expression (29) that this formulation is in power law form, which establishes that volume grows

with time.
The Hubble parameter & expansion scalar

H:lZH,. = ° (30)
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Figure 1. Plot of the expansion scalar & Hubble parameter vs. time for ¢ =1.3, d =1.5, m =0.2.

Figure 1 shows a diminishing graphical representation of the Hubble parameter and expansion scalar over time,
implying that the universe's expansion rate is slowing.
The mean anisotropy parameter & shear scalar is

_LG(H=HY _2({-1)

A‘3§( H j (1+20) 32)
21 -2 _ 3(;_1)202
? ‘z(;H" 0] (1428 ) m* (ct+d) )

Expressions (32) and (33) show that, with the exception of ¢ =1, the universe never approaches isotropy and

maintains shear.

The deceleration parameter (DP)

d(1
=—1l+—| —|=m-1. 34
q — [ HJ (34)

The model's acceleration is indicated by the sign of q. A decelerating phase of the universe is indicated by a positive
sign of DP q for m > 1, an acceleration phase is indicated by —1 < q < 0, and a stable rate of evolution is indicated by
q = 0. The accelerated phase of the cosmos is supported by recent observations [48], [49], [50]. Additionally, for the
selected choice of constants, i.e. m = 0.2, the value of DP is ¢ = —0.8, showing accelerated expansion.

From (15), the scalar field can be obtained as
2

2+n

m(2+n)(ct+d)(ct+d)n+2e(m=3)c,
2¢(m-3)

p= (35

1.05598 -
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Figure 2. Plot of the scalar field vs. time for ¢=1.3, d =1.5, m=0.2, n=1.5, ¢, =1.1.
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As seen in Figure 2, the scalar field graph first climbs rapidly throughout the range of t = 0 to 0.4 up to ¢ =
1.055973, and it remains at this constant value for the rest of the evolution.
From (18), the energy density is

6¢
12 2m* (ct+d) 20 (142¢) (ct+d)
M (et d) 558 (1420 (et d)f —ag) 2 (T4 020 (1 20) (et +d)

—a)(ct+a’)_%’"2(1+2§)2 (ct+d) —180¢* (§+2)

= (36)
P 8(1+20) (ct+d) m'x
Solving (16) & (17), the tension density is
2 - 12¢ 2 2 4 2 - 2
(1+28)M? (ct+d) m=20) m* (ct+d) —4m| m* (1428 (ct+d) (ct+d) m(+20) +3¢* ({—1)(m—=3)
1 : .G
4m*w(142¢)(ct+d)
The particle density is
2m-6
47z{m2a}(1+2§’)2 (ct+d) m +6c2[(2§2—;—1)m—3(§2+3{+1)]}
) (2+4¢)m-12¢
—m* (142¢) M? (ct+d) n0+20) (38)
Py =
! 8m*w(1+2¢) (ct+d)’

Letelier [51] examined the prospect that strings would vanish during the universe's history, leaving only particles,
and noted that the string tension density could be either positive or negative. The physical behaviour of particles, tension,
and energy density is viewed in the context of cosmic time, which is illustrated in Figure 3; this figure demonstrates that
as cosmic time progresses, both of these densities decrease. In our model, the condition A > 0 during the evolution of the
universe signifies the existence of strings; however, particles ultimately dominate the universe, as the contribution of
strings is negligible compared to that of particles.

60 - 7
50_- [
i
30
20
10—-
o ¥

T T T L4 T ¢ T

2 4 6 8 10

o4

Figure 3. Plot of the energy, tension & particle density vs. time for M =2, { =12, ¢=1.3,d=1.5, m=0.2, @=0.1.

We assume that the coefficient of viscosity should vary with the expansion scalar in such a way that

£6 =&, = Constant. 39)
Therefore, we obtain
mé&, (ct+d
&= M (40)
3c

The bulk viscosity coefficient is a strictly rising function of cosmic time, as seen in Figure 4.
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Figure 4. Plot of the viscosity coefficient vs. time for ¢=1.3, d =1.5, m=0.2, § =14.
From (16), the pressure is
o(ct+d)nm* (1428 (et +dY
M2 (ct+d) w0 m? (1420 ) (ct +d) + 4| +2(1420 )’ (et +d ) Em?

+6(1+28) (S +1)*m—18¢7 (& + £ +1)

p= 41
8m*z(1+2¢) (ct+d)’
From (5), the effective pressure is
2 (2+4¢)m-12¢ ) 2m-6
m* (1+2¢) M? (ct+d) ni+20) +47r{m2a)(1+2§) (ct+d) » +6c2[(2§2+3§+1)m—3(§2—;—1)]}
p= - (42)
8m*m(1+2¢) (et +d)’
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Figure 5. Plot of the pressure & effective pressure vs. time for M =2, (=12, ¢=1.3,d =15, m=02, w=0.1, & =1.4.

A graph illustrating pressure and effective pressure is presented in Figure 5. It is evident from Figure 5 that both
these parameters commence with negative values and increase over the course of cosmic time; however, in subsequent
epochs, the cosmic pressure becomes slightly positive, whereas the effective pressure remains negative. It is a well-
established fact that negative cosmic pressure serves as an indicator of cosmic acceleration.

The Energy Conditions

The energy conditions are respectively defined as [52]
i.  Null Energy Condition (NEC) cp+p20
ii. Weak Energy Condition (WEC) :p20,p+p20
iii. Strong Energy Condition (SEC) cp+3p20

iv. Dominant Energy Condition (DEC) cp20,ptp20
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From (32) and (37), we can express the conditions as

2m-6 (2+4{)ym-6¢
e (1+2§)2M2(Ct+d)7(2t:g‘)*’;;)2§ L mo(1+2¢) (ct+d) » —(ct+d) n+20) (1+2¢) m*

+(1428) (et +d) Em* +3(1+2¢) (£ +1)Em+9¢* (¢ 1)

ptp= . 43)
am*r (1424 (ct+d)’
J (2+48)m—-6¢ y
t+d) mie20)
2 2 302 (@rag)m-12¢ (1 + 2§)2 (C ) 2mi':
4m (1+2§) M (Cl+d) m(1+28) =87 _2m2a)(ct+d)7_3(ct+d)2 §0m2
-9c* | 2(m-1)* +(3m—1){+m -3
p+3p= [2 ( )2 ( ) ] . (44
8m’w(1+24) (ct+d)
(2+4{)m-6¢ N
(1+20)| (ct+d) mi20) m* +(ct+d) &m® |+3c* (¢ +1)[m=3]
pP—pP== (45)
(1+2¢)m* (ct+d)’
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Figure 6. Plot of the energy conditions vs. time for M =2, {=1.2, ¢=13,d=1.5, m=0.2, ®=0.1, § =1.4.

A graph of the energy conditions is presented in Figure 6. The figure reveals that, during the evolution of the
universe, since only p + 3p < 0, all energy conditions with the exception of the SEC are satisfied. The SEC has
significant implications for cosmology. Negative pressure is sufficient to violate the SEC; that is, a violation of the SEC
accelerates cosmic expansion, and therefore, it supports the inflation and dark energy models. Furthermore, a violation of
the SEC implies that this model can avoid a singularity. These findings are fully consistent with [53], [54].

4. CONCLUSIONS

Within the framework of Saez-Ballester theory, in this research, the authors have investigated a homogeneous and
anisotropic Bianchi Type III metric, wherein the EMT consists of a viscous fluid coupled with a string of clouds embedded
in an electromagnetic field. To obtain exact solutions to the field equations, a specific form of the average scale factor
and a shear-expansion scalar relationship are utilized. Some kinematic and physical parameters were calculated in addition
to energy conditions, and their physical implications in cosmology were examined.

The created model behaves like a conventional cosmological model that is free of singularities until infinite duration,
is accelerating, expanding with a decreasing rate of expansion over time, and anisotropic with holding shear. The scalar
field of the model increases rapidly from t = 0 to 0.4, reaching a value of ¢ = 1.055973, and remains constant for the
remainder of its evolution. Both the energy, tension, and particle density are positive and exhibit a decreasing trend. In
our model, we have detected the presence of strings; however, particles ultimately dominate the universe, as the
contribution of strings is negligible compared to that of particles. The bulk viscosity coefficient is a strictly increasing
function of cosmic time. The values for both pressure and effective pressure are negative and increase with cosmic time;
however, in subsequent epochs, only the cosmic pressure becomes slightly positive. Furthermore, except for the SEC, all
energy conditions are satisfied. The SEC has significant implications in cosmology. Negative pressure is sufficient to
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violate the SEC; that is, a violation of the SEC accelerates cosmic expansion and, consequently, lends support to
inflationary and dark energy models. Moreover, a violation of the SEC suggests that this model may be able to avoid a
singularity. The findings obtained in this research are fully consistent with recent observational data.

Compared to the previous research presented in the Introduction, the current analysis contains Bianchi type-III
anisotropy, a bulk-viscous cosmic-string fluid, an electromagnetic field, and the Saez-Ballester scalar degree of freedom.
The resultant model shows rapid expansion for the chosen model parameters, whereas the Hubble parameter and
expansion scalar decrease with cosmic time. The matter, string-tension, and particle densities decline throughout
evolution, whereas the effective pressure stays negative throughout the relevant era. The model remains anisotropic except
for the exceptional isotropic limit. These characteristics define the cosmic behaviour of the matter-gravity system under
consideration. The Saez-Ballester theory introduces a dimensionless scalar field that is connected to the gravitational
sector. In this study, it is viewed as an effective gravitational field and is not associated with the Higgs field or any
empirically discovered basic scalar particle. Thus, its function in the model is phenomenological under the Saez-Ballester
gravitational framework.

Future research might expand on the current work by investigating the model's dynamical stability, cosmic
disturbances, other forms of the bulk-viscosity coefficient, and the impact of various electromagnetic-field configurations.
It would also be interesting to restrict the free model parameters using empirical datasets and look into the approach to
the isotropic limit at late cosmic periods.
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KOCMOJIOT'TYHA MOJEJIb B'A3BKUX CTPYH 3 EJIEKTPOMATHITHUM ITIOJIEM
YV TEOPIi CAE3A-BAJIJIECTEPA
MoxiHni P. Yrane, Carap A. bxakre
1Kapedpa npupoonuuux nayx ma symanimaprux Hayx, Inoicenepro-mexnonociynuti xkonedxc Cinna,
Ampasami, 444 701 Maxapawmpa, In0is
2Kageopa mamemamuxu, Inocenepro-mexnonociunuii koneodsic npogecopa Pama Meexe,
Baonepa, oxpye Ampasami 444 701 Maxapawmpa, Inois

Jlnst BuB4eHHs1 MeTpuk B'suki 11 Tumy, siki € OZHOPIZHUMY Ta aHI3OTPOITHUMH, 1€ TEH30p €HEprii-iIMITyJIbCy BUBOJUTHCS 3 00'€MHOT
B'SI3KO1 pIJMHHM, IO MICTUTH OJAHOBUMIpHI CTpyHH, BOYJOBaHI B €JEKTPOMAarHiTHe moje. i1 OTpUMaHHS TOYHHX PO3B'SI3KIB MU
BHUKOPHCTOBYBAJH CITiBBITHOIICHHS MPOMOPILIHHOCTI MiDX CKalsipaMH PO3IIMPEHHS Ta 3CyBY, a TaKOX CepeiHid MaciutaGHMI
koediuieHT crienianbHoT popmu. OKpiM eHEPreTHIHUX YMOB, OyJI0 pO3paxoBaHO Kijibka AMHAMIYHHX Ta (i3HIHUX [apaMETPiB, a TAKOK
JOCIIKEHO TXHil (i3UYHMIl BIUITMB HA KOCMOJIOTIIO.

KurouoBi caoBa: mempuxa bBianki IIl muny; o6'emua 6'aska piouna; xocmiumi cmpyHu; erekmpomacvimue noie, Teopia Caesa-
bannecmepa





