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The influence of quantum confinement on the energy spectra of spherical semiconductor quantum dots (QDs) made of CdSe, GaP, and
GaAs is investigated using the particle-in-a-spherical-box model. We derive discrete energy levels for electrons and holes, demonstrating
that the level spacing increases quadratically as the dot radius decreases (o 1/R?). Analytical expressions for the linear and third-order
nonlinear interlevel optical absorption coefficients are obtained via the density-matrix formalism, incorporating intraband relaxation and
Stark shifts induced by an external static electric field. Numerical results for GaAs QDs reveal that an applied field of F = 100 kV/cm
causes significant spectral broadening and a peak reduction of up to 50% at high optical intensities. Our findings demonstrate that both
dot size and external fields provide efficient tuning knobs for QD optical responses, with implications for tunable lasers and electro-optic
modulators.

Keywords: Schrodinger equation; Quantum dots; Optical susceptibility; Quantum confinement; Density-matrix formalism; Stark shift;
Nonlinear absorption

1. INTRODUCTION

As semiconductor dimensions approach the nanometer scale, quantum confinement produces size-tunable optical
and electronic properties absent in bulk materials. Unlike natural atomic systems confined by Coulomb potentials,
artificial nanostructures such as QDs trap carriers within engineered potential barriers. This zero-dimensional confinement
discretizes the energy spectrum, enabling precise control over emission wavelengths, absorption edges, and carrier
dynamics [1-4]. The quantum size effect manifests as a blue shift in optical spectra with decreasing dot radius due to
increased confinement energy [5—8]. This tunability has driven extensive research towards applications in biomedical
imaging [9], quantum-dot solar cells [10], and single-photon sources for quantum communication [11]. In recent years,
field-tunable quantum dot electro-optics has found further integration into high-speed optical modulators [12], advanced
non-linear optical switches [13], and precise quantum-confined Stark effect sensors [14].

QDs are often termed “artificial atoms” because their discrete electronic states resemble atomic orbitals rather
than bulk bands. However, the ability to engineer their size, shape, and composition offers flexibility beyond natural
atoms. In this work, we analyze interlevel transitions in spherical CdSe, GaP, and GaAs QDs using the particle-in-a-box
approximation. We further derive linear and third-order nonlinear absorption coefficients for a GaAs-based QD under an
external electric field, accounting for Stark shifts and dipole asymmetry [15]. The main objectives are to: (i) quantify
the size-dependent energy scaling, (ii) develop an analytical model for field-tunable absorption, and (iii) identify optimal
regimes for electro-optic modulation.

2. THEORETICAL FRAMEWORK

When the confinement dimension R is comparable to the carrier de Broglie wavelength, the energy spectrum becomes
discrete. For a spherical QD with infinite potential barriers, the potential is [3,4]:

V(r) = {0’ Pk, (1)

oo, r>R.

The time-independent Schrodinger equation for a carrier of effective mass m* reads

2

V2 (r) = Ey(r). )

2m*
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For spherically symmetric states (I = 0), the radial equation simplifies using ¥ (r) = u(r)/r, yielding u”’'(r) + k*u(r) = 0
with k = V2m*E /h. The regular solution is u(r) = A sin(kr), so ¢ (r) = A sin(kr)/r. The boundary condition ¢ (R) = 0
gives k,R = nn, thus k,, = nw/R (n = 1,2, ...). The quantized confinement energy is

Wk: W2nin?

= —. 3
"7 2m*  2m*R? S
The ground-state energy (n = 1) is strictly positive:
mr?
=——>0. 4
1= SR “)

For electrons and holes with effective masses m, and m;, the total confinement contribution to the bandgap can be
described using the foundational Brus model [8, 16]:

e (1 1
AEconf(R) = — | —+ —|. 5
conf( ) 2R2 (mZ m,;l) &)
The effective bandgap and emitted photon wavelength are
hc
Eg(R) = ER"™ + AEcont(R), A(R) = Eo(R)’ (6)

Thus, decreasing R increases E,, shifting emission toward shorter wavelengths (blue shift). This simple model neglects
Coulomb interactions (exciton effects), which become significant for R exceeding the exciton Bohr radius ap. For CdSe
(ag ~ 5.6 nm), our model works best for R < ap, where kinetic confinement dominates [17, 18].

Under a static electric field F = FZ, the Hamiltonian gains a Stark term Hr = —eFz, breaking spherical symmetry
and shifting energy levels. The dipole matrix element y; s = (i|ez| f) between the initial state |i) and final state | f) governs
the transition strength.

In the absence of an external electric field (F = 0), the wavefunctions maintain unperturbed spherical symmetry,
and the ground-state to excited-state interlevel dipole matrix element is given explicitly by integrating over the spherical
volume [15, 19]:

R
uiy =e / P Ryt (r) R (r) dr / Yy (6 8) €08 Yy, (60, ) A, ()
0

where Ry;(r) are the radial wavefunctions defined via spherical Bessel functions. For the lowest allowable transitions
between states with differing parities (Al = +1), Eq. (7) yields a non-zero constant proportional to the dot radius, ,ugp ~
0.433 eR.

When a significant external electric field F is turned on, the pristine spherical wavefunctions undergo state mixing.
Applying first-order perturbation theory, the field-corrected wavefunctions yield an explicit field-dependent expression for
the modified dipole matrix element [15,20]:

22 p4 -\ 12
0) e"F°R [{m|z|i)| 1
i (F) = uig |1= =5 ) R

! I/} (A)l-f mi,f (Em—Ei) R

) ®)

where the second term represents the geometric reduction of carrier wave function overlap caused by spatial separation of
the electron and hole densities along the field axis Z.

Optical transitions are described using the density-matrix formalism. The equation of motion for the density matrix
p is expressed via the Liouville-von Neumann equation incorporating relaxation effects as [19,20]:

0
iha—f = [Ho + Hr. p] - ill(p — p©), )

where I is the relaxation superoperator (phenomenologically representing dephasing and population decay) and p©) the
equilibrium density matrix. The induced polarization is

1
P(w) = 3 t(ph), (10)

with fi the dipole operator and V the QD volume [19]. The optical susceptibility y (w) relates to polarization via P =
eoxE, and the standard absorption coefficient is given by [20]:

w

a(w) = — Im[y(w)], Y

n,c
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where n, is the refractive index. For a two-level transition |i) — | f), the linear absorption coefficient reads [18,21,22]:

2
WHiy Liy

() =
04 w) =
() nrceol (wip — w)? + Fl?f

(it —Prf) (12)

with u;r = (ilez|f) and I';y = 1/7;, (dephasing rate). The third-order nonlinear contribution under optical intensity /
is [19,20,23]:

4
wpipl 1 2wif —w
3) _ if if
av(w,I) = - i = s 13
(w, 1) 2n%C28%h3rif [(wif_w)2+ri2f]2 ( wif )(Pu Pff) (13)
and the total intensity-dependent absorption is
a(w, 1) = aV(w) +a(w,I). (14)

The Stark shift modifies w; r and y; ¢, leading to field-dependent spectral changes. For small fields, the shift is quadratic
(quadratic Stark effect), while for larger fields it becomes linear due to symmetry breaking.

3. RESULTS AND DISCUSSION

Material parameters used in calculations are listed in Table 1. The eftective bandgap E, (R) and emission wavelength
A(R) were computed using Eq. (6).

Table 1. Material parameters for spherical quantum dots (effective masses in units of free electron mass m)

Material mg/mo  mj [mg Eg‘ﬂk (eV) Reference

CdSe 0.13 0.45 1.74 [16]
GaP 0.29 0.41 227 [24]
GaAs 0.06 0.51 1.42 [17]

3.1. Size-dependent scaling and shape effects

As shown in Fig. 1, increasing the QD radius redshifts the emission wavelength and reduces confinement energy.
For R > 5-8 nm (material-dependent), the confinement contribution becomes negligible, indicating a transition to weak
confinement. The level spacing scales as 1/R?, confirming strong quantum confinement at small radii. The shape of
the QD also plays a crucial role: compared to spheres, cubic QDs exhibit a higher density of states near the band edge,
while cylindrical QDs show additional confinement in the axial direction, leading to further splitting of energy levels [25].
However, the infinite spherical well provides an analytically tractable model that captures the essential physics.
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Figure 1. Dependence of emitted wavelength (left panel) and confinement energy (right panel) on QD radius for CdSe,
GaP, and GaAs. Beyond R ~ 5-8 nm the wavelength saturates, indicating weak confinement.
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Table 2. Spectral characteristics of QDs at selected radii

QD R (nmm) A(nm) Eepit (eV) Emission Color

CdSe 1.5 470 2.45 Blue
2.2 504 2.12 Green
3.5 509 1.90 Green

GaP 2.1 480 2.70 Blue
3.5 564 2.50 Yellow
4.0 588 2.40 Yellow
5.0 609 2.30 Red

GaAs 2.1 475 2.70 Blue
3.5 598 1.90 Red
4.3 648 1.80 Red
5.0 681 1.70 Infrared

Numerical results for selected radii are summarized in Table 2. Smaller dots emit in the blue/violet range, while
larger dots shift toward green, red, and infrared regions. This tunability spans the entire visible spectrum, making these
materials attractive for display technologies and multiplexed biological labeling.

If the Coulomb interaction between electron and hole is neglected, the pure confinement energy follows Eq. (4). Its
variation with QD radius is shown in Fig. 2. The 1/R? scaling is evident for small radii, but deviations occur for R > ap
due to increased excitonic contributions.

—GaAs
-==-CdSe
--=-GaP

Figure 2. Confinement energy versus QD radius for CdSe, GaP, and GaAs. The 1/R? scaling confirms strong quantum
confinement at small radii; beyond 4-6 nm the dependence weakens as exciton effects become important.

3.2. Electric field effects on absorption

The absorption spectra were calculated for a GaAs QD (R = 12.65 nm) at T = 77 K with carrier density n = 3 X
10'® cm~3 and intraband relaxation time 7;,, = 0.14 ps (corresponding to I'; = 7.1 meV). Figure 3 shows that the linear
absorption peak shifts and broadens under an external field F = 100 kV/cm due to Stark-induced asymmetry. The shift
is approximately Aw ~ 15 meV, which is resolvable at cryogenic temperatures. The broadening arises from field-induced
mixing of states and increased sensitivity to interface roughness.

3.3. Nonlinear saturation effects

Nonlinear absorption increases with optical intensity /, leading to saturation and peak suppression, as shown in
Fig. 4. At I = 1.0 MW/cm?, the peak absorption drops by ~ 30% relative to the linear regime. This saturation occurs
because the third-order term ) is negative and scales as —p? fI , effectively reducing the population difference p;; — prr

at high intensities. The effect is analogous to power broadening in atomic physics but with a characteristic intensity Iy =
212
if

—— which for our parameters is approximately 0.8 MW/cm?.
2 My Tin E0C
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Figure 3. Linear absorption coefficient a(!) for a GaAs QD (R = 12.65 nm, n = 3 x 10' cm™3, T = 77 K). Dotted line:
F = 0; solid line: F = 100 kV/cm. The Stark shift moves and broadens the peak.
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Figure 4. Absorption coefficient o for F = 0 at three optical intensities: (i) / = 0, (ii) / = 0.5 MW/cm?, (iii) I =
1.0 MW/cm?. Higher intensity suppresses the peak due to saturation.
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3.4. Combined field and intensity effects

Finally, Fig. 5 compares the total absorption for three representative cases. At F = 100 kV/cm and I = 1.0 MW/cm?,
the peak absorption is reduced by approximately 50% compared to the zero-field, low-intensity case. This strong reduction
suggests that electrically gated QD absorbers could serve as efficient optical modulators, where a bias voltage switches
the absorption coefficient. The response time is limited by the intraband relaxation time (= 0.14 ps), enabling modulation
bandwidths up to ~ 1 THz.
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Figure 5. Total absorption coefficient a(w, I) for: (i) F = 0, I = 0 (dotted); (ii) F = 100 kV/cm, I = 0 (dashed); (iii) F =
100 kV/cm, I = 1.0 MW/cm? (solid). The combined Stark shift and saturation reduce the peak by ~50%.

4. CONCLUSIONS

Using the particle-in-a-spherical-box model, we demonstrated that quantum confinement discretizes the electronic
spectra of CdSe, GaP, and GaAs QDs, with level spacing scaling as 1/R?. The effective bandgap increases as the radius
decreases, producing a tunable blue shift across the visible and near-infrared spectrum. Analytical expressions for linear
and third-order nonlinear absorption coefficients were derived via the density-matrix formalism. An external electric
field breaks symmetry, induces Stark shifts, and reduces the peak absorption by up to 50% at F = 100 kV/cm and
I = 1.0 MW/cm?. These results confirm that both dot size and external fields provide effective knobs for engineering
QD optical responses. Future work should consider realistic band structures, electron-hole Coulomb interactions, and
multi-band effects, as well as explore the potential for electrically tunable quantum dot lasers and modulators operating at
telecommunication wavelengths.
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3MIHUA OITUYHUX BJIACTUBOCTEN HAHIBITPOBIJTHUKOBUX KBAHTOBUX TOYOK IIIJI AI€IO
30BHIIIHBOI'O EJIEKTPUYHOTI'O ITOJIA
Kawminigain A. Kopaéoes', Veman K. Canaes!, Iaiipat X. Bakipos?, Hixycap B. I:)xypaesa',
Mysipa H. Kazakosa', Oximmxon 3. Kogipos!
lYHieepcumem 2eonoziunux Hayx, eyn. Onimaap, 64, 100164 Tawxenm, Y36exucman
2Aamanuxcora ginis Tamkenmcokozo depiicasnozo mexHiunozo ynigepcumemy imeni Icaama Kapivosa, Aamanux, Y3bexucman
JloctiikeHO BIUTB KBAHTOBOI'O OOMEKEHHSI Ha €HEPreTUYHI CIIEKTpU c(peprIHUX HarliBOPOBiTHUKOBHX KBaHTOBUX To4oK (KT) 3 CdSe,
GaP ta GaAs y pamKkax MofieJi YaCTHHKY y cpeprdHiil moTeHuianpHii ssMi. OTpUMaHO JUCKPETHI eHepreTHYHi PiBHI eJIEKTPOHIB i AipOK,
I0KA3aHo, 10 MikpiBHEBA BiCTAaHb 3pOCTae KBAJAPATHYHO 3i 3MEHIIEHHsM pajiyca Touku (o 1/R?). 3a gomomoron dopmanizmy
MAaTpULli IYCTMHA OTPUMAaHO aHAIITHYHI BUpa3W JJIs JHIHOrO Ta KyOiYHOro HEJHIHOro MikpiBHEBHX KOE(IL[i€HTIB ONTHYHOTO
NOIVIMHAHHA 3 YpaxyBaHHAM BHYTPIIIHbO30HHOI pesakcauii Ta 3cyBy IllITapka, 3yMOBJICHOIO 30BHILIHIM CTaTUYHUM €JIEKTPUYHUM
noneM. Yucnosi pesymbratd a1 KT GaAs noka3syiorts, mo npuxiagese noie F = 100 xB/cMm cripuduHsie CyTTeBe CIEKTpasibHe
YIIMPEHHS Ta 3MEHIIEHH ITiKa HormMHaHH:A 10 50% 3a BUCOKMX ONTUYHMX iHTeHCHMBHOCTe(l. OTpUMaHi pe3ynbTaTé AEMOHCTPYIOTb, IO
SIK PO3Mip TOUKH, TaK i 30BHIIIHE rone € echeKTUBHIMH IHCTpyMEHTaMH KepyBaHHS onTuuHUM Bigrykom KT, mo mae 3HaueHHs mis
MepesaliTOBYBaHUX JIa3epiB Ta eJIEKTPOONTHIHIX MOLYIATOPIB.
Kurouosi caoBa: pisusnns llpedinzepa; K6anmosi mouku, ONMuUHa CRPURHIMAUBICMb, K8AHIMO8E 0OMENCEHHS; (POPMANIZM MAMPULI
eycmuny; 3cye lllmapka; HeniHiline NOZAUHAHHSA
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