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The influence of quantum confinement on the energy spectra of spherical semiconductor quantum dots (QDs) made of CdSe, GaP, and
GaAs is investigated using the particle-in-a-spherical-box model. We derive discrete energy levels for electrons and holes, demonstrating
that the level spacing increases quadratically as the dot radius decreases (∝ 1/𝑅2). Analytical expressions for the linear and third-order
nonlinear interlevel optical absorption coefficients are obtained via the density-matrix formalism, incorporating intraband relaxation and
Stark shifts induced by an external static electric field. Numerical results for GaAs QDs reveal that an applied field of 𝐹 = 100 kV/cm
causes significant spectral broadening and a peak reduction of up to 50% at high optical intensities. Our findings demonstrate that both
dot size and external fields provide efficient tuning knobs for QD optical responses, with implications for tunable lasers and electro-optic
modulators.

Keywords: Schrödinger equation; Quantum dots; Optical susceptibility; Quantum confinement; Density-matrix formalism; Stark shift;
Nonlinear absorption

1. INTRODUCTION
As semiconductor dimensions approach the nanometer scale, quantum confinement produces size-tunable optical

and electronic properties absent in bulk materials. Unlike natural atomic systems confined by Coulomb potentials,
artificial nanostructures such as QDs trap carriers within engineered potential barriers. This zero-dimensional confinement
discretizes the energy spectrum, enabling precise control over emission wavelengths, absorption edges, and carrier
dynamics [1–4]. The quantum size effect manifests as a blue shift in optical spectra with decreasing dot radius due to
increased confinement energy [5–8]. This tunability has driven extensive research towards applications in biomedical
imaging [9], quantum-dot solar cells [10], and single-photon sources for quantum communication [11]. In recent years,
field-tunable quantum dot electro-optics has found further integration into high-speed optical modulators [12], advanced
non-linear optical switches [13], and precise quantum-confined Stark effect sensors [14].

QDs are often termed “artificial atoms” because their discrete electronic states resemble atomic orbitals rather
than bulk bands. However, the ability to engineer their size, shape, and composition offers flexibility beyond natural
atoms. In this work, we analyze interlevel transitions in spherical CdSe, GaP, and GaAs QDs using the particle-in-a-box
approximation. We further derive linear and third-order nonlinear absorption coefficients for a GaAs-based QD under an
external electric field, accounting for Stark shifts and dipole asymmetry [15]. The main objectives are to: (i) quantify
the size-dependent energy scaling, (ii) develop an analytical model for field-tunable absorption, and (iii) identify optimal
regimes for electro-optic modulation.

2. THEORETICAL FRAMEWORK
When the confinement dimension 𝑅 is comparable to the carrier de Broglie wavelength, the energy spectrum becomes

discrete. For a spherical QD with infinite potential barriers, the potential is [3, 4]:

𝑉 (𝑟) =
{

0, 𝑟 < 𝑅,

∞, 𝑟 ≥ 𝑅.
(1)

The time-independent Schrödinger equation for a carrier of effective mass 𝑚∗ reads

− ℏ2

2𝑚∗∇
2𝜓(r) = 𝐸𝜓(r). (2)

Cite as: K.A. Koraboev, U.K. Sapaev, G.X. Bakirov, N.V. Jurayeva, M.N. Kazakova, O.Z. Qodirov, East Eur. J. Phys. 3, 582 (2026), https:
//doi.org/10.26565/2312-4334-2026-3-53
© K.A. Koraboev, U.K. Sapaev, G.X. Bakirov, N.V. Jurayeva, M.N. Kazakova, O.Z. Qodirov, 2026; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2026-3-53
https://portal.issn.org/resource/ISSN/2312-4334
https://orcid.org/0009-0002-1512-6901
https://orcid.org/0000-0001-8040-4395
https://orcid.org/0009-0005-5471-6340
https://orcid.org/0000-0001-6163-0151
https://orcid.org/0009-0003-6666-5312
mailto:qkamoliddin956@gmail.com
https://doi.org/10.26565/2312-4334-2026-3-53
https://doi.org/10.26565/2312-4334-2026-3-53
https://orcid.org/0009-0002-3795-0256
https://creativecommons.org/licenses/by/4.0/


Changes in optical properties of quantum dots under electric field
583

EEJP. 3 (2026)

For spherically symmetric states (𝑙 = 0), the radial equation simplifies using 𝜓(𝑟) = 𝑢(𝑟)/𝑟, yielding 𝑢′′ (𝑟) + 𝑘2𝑢(𝑟) = 0
with 𝑘 =

√
2𝑚∗𝐸/ℏ. The regular solution is 𝑢(𝑟) = 𝐴 sin(𝑘𝑟), so 𝜓(𝑟) = 𝐴 sin(𝑘𝑟)/𝑟 . The boundary condition 𝜓(𝑅) = 0

gives 𝑘𝑛𝑅 = 𝑛𝜋, thus 𝑘𝑛 = 𝑛𝜋/𝑅 (𝑛 = 1, 2, . . . ). The quantized confinement energy is

𝐸𝑛 =
ℏ2𝑘2

𝑛

2𝑚∗ =
ℏ2𝜋2𝑛2

2𝑚∗𝑅2 . (3)

The ground-state energy (𝑛 = 1) is strictly positive:

𝐸1 =
ℏ2𝜋2

2𝑚∗𝑅2 > 0. (4)

For electrons and holes with effective masses 𝑚∗
𝑒 and 𝑚∗

ℎ
, the total confinement contribution to the bandgap can be

described using the foundational Brus model [8, 16]:

Δ𝐸conf (𝑅) =
ℏ2𝜋2

2𝑅2

(
1
𝑚∗

𝑒

+ 1
𝑚∗

ℎ

)
. (5)

The effective bandgap and emitted photon wavelength are

𝐸𝑔 (𝑅) = 𝐸bulk
𝑔 + Δ𝐸conf (𝑅), 𝜆(𝑅) = ℎ𝑐

𝐸𝑔 (𝑅)
. (6)

Thus, decreasing 𝑅 increases 𝐸𝑔, shifting emission toward shorter wavelengths (blue shift). This simple model neglects
Coulomb interactions (exciton effects), which become significant for 𝑅 exceeding the exciton Bohr radius 𝑎𝐵. For CdSe
(𝑎𝐵 ≈ 5.6 nm), our model works best for 𝑅 ≲ 𝑎𝐵, where kinetic confinement dominates [17, 18].

Under a static electric field F = 𝐹𝑧, the Hamiltonian gains a Stark term 𝐻𝐹 = −𝑒𝐹𝑧, breaking spherical symmetry
and shifting energy levels. The dipole matrix element 𝜇𝑖 𝑓 = ⟨𝑖 |𝑒𝑧 | 𝑓 ⟩ between the initial state |𝑖⟩ and final state | 𝑓 ⟩ governs
the transition strength.

In the absence of an external electric field (𝐹 = 0), the wavefunctions maintain unperturbed spherical symmetry,
and the ground-state to excited-state interlevel dipole matrix element is given explicitly by integrating over the spherical
volume [15, 19]:

𝜇
(0)
𝑖 𝑓

= 𝑒

∫ 𝑅

0
𝑟3𝑅𝑛𝑖𝑙𝑖 (𝑟)𝑅𝑛 𝑓 𝑙 𝑓 (𝑟) 𝑑𝑟

∫
𝑌 ∗
𝑙𝑖𝑚𝑖

(𝜃, 𝜙) cos 𝜃 𝑌𝑙 𝑓 𝑚 𝑓
(𝜃, 𝜙) 𝑑Ω, (7)

where 𝑅𝑛𝑙 (𝑟) are the radial wavefunctions defined via spherical Bessel functions. For the lowest allowable transitions
between states with differing parities (Δ𝑙 = ±1), Eq. (7) yields a non-zero constant proportional to the dot radius, 𝜇 (0)

𝑖 𝑓
≈

0.433 𝑒𝑅.
When a significant external electric field 𝐹 is turned on, the pristine spherical wavefunctions undergo state mixing.

Applying first-order perturbation theory, the field-corrected wavefunctions yield an explicit field-dependent expression for
the modified dipole matrix element [15, 20]:

𝜇𝑖 𝑓 (𝐹) = 𝜇
(0)
𝑖 𝑓

1 − 𝑒2𝐹2𝑅4

ℏ2𝜔2
𝑖 𝑓

∑︁
𝑚≠𝑖, 𝑓

|⟨𝑚 |𝑧 |𝑖⟩|2
(𝐸𝑚 − 𝐸𝑖)2 · 1

𝑅2

 , (8)

where the second term represents the geometric reduction of carrier wave function overlap caused by spatial separation of
the electron and hole densities along the field axis 𝑧.

Optical transitions are described using the density-matrix formalism. The equation of motion for the density matrix
𝜌 is expressed via the Liouville-von Neumann equation incorporating relaxation effects as [19, 20]:

𝑖ℏ
𝜕𝜌

𝜕𝑡
= [𝐻0 + 𝐻𝐹 , 𝜌] − 𝑖ℏΓ(𝜌 − 𝜌 (0) ), (9)

where Γ is the relaxation superoperator (phenomenologically representing dephasing and population decay) and 𝜌 (0) the
equilibrium density matrix. The induced polarization is

𝑃(𝜔) = 1
𝑉

tr(𝜌𝜇̂), (10)

with 𝜇̂ the dipole operator and 𝑉 the QD volume [19]. The optical susceptibility 𝜒(𝜔) relates to polarization via 𝑃 =

𝜀0𝜒𝐸 , and the standard absorption coefficient is given by [20]:

𝛼(𝜔) = 𝜔

𝑛𝑟𝑐
Im[𝜒(𝜔)], (11)
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where 𝑛𝑟 is the refractive index. For a two-level transition |𝑖⟩ → | 𝑓 ⟩, the linear absorption coefficient reads [18, 21, 22]:

𝛼 (1) (𝜔) =
𝜔𝜇2

𝑖 𝑓

𝑛𝑟𝑐𝜀0ℏ

Γ𝑖 𝑓

(𝜔𝑖 𝑓 − 𝜔)2 + Γ2
𝑖 𝑓

(𝜌𝑖𝑖 − 𝜌 𝑓 𝑓 ), (12)

with 𝜇𝑖 𝑓 = ⟨𝑖 |𝑒𝑧 | 𝑓 ⟩ and Γ𝑖 𝑓 = 1/𝜏𝑖𝑛 (dephasing rate). The third-order nonlinear contribution under optical intensity 𝐼

is [19, 20, 23]:

𝛼 (3) (𝜔, 𝐼) = −
𝜔𝜇4

𝑖 𝑓
𝐼

2𝑛2
𝑟𝑐

2𝜀2
0ℏ

3Γ𝑖 𝑓

1
[(𝜔𝑖 𝑓 − 𝜔)2 + Γ2

𝑖 𝑓
]2

(2𝜔𝑖 𝑓 − 𝜔

𝜔𝑖 𝑓

)
(𝜌𝑖𝑖 − 𝜌 𝑓 𝑓 ), (13)

and the total intensity-dependent absorption is

𝛼(𝜔, 𝐼) = 𝛼 (1) (𝜔) + 𝛼 (3) (𝜔, 𝐼). (14)

The Stark shift modifies 𝜔𝑖 𝑓 and 𝜇𝑖 𝑓 , leading to field-dependent spectral changes. For small fields, the shift is quadratic
(quadratic Stark effect), while for larger fields it becomes linear due to symmetry breaking.

3. RESULTS AND DISCUSSION
Material parameters used in calculations are listed in Table 1. The effective bandgap 𝐸𝑔 (𝑅) and emission wavelength

𝜆(𝑅) were computed using Eq. (6).

Table 1. Material parameters for spherical quantum dots (effective masses in units of free electron mass 𝑚0)

Material 𝑚∗
𝑒/𝑚0 𝑚∗

ℎ
/𝑚0 𝐸bulk

𝑔 (eV) Reference

CdSe 0.13 0.45 1.74 [16]
GaP 0.29 0.41 2.27 [24]
GaAs 0.06 0.51 1.42 [17]

3.1. Size-dependent scaling and shape effects
As shown in Fig. 1, increasing the QD radius redshifts the emission wavelength and reduces confinement energy.

For 𝑅 ≳ 5–8 nm (material-dependent), the confinement contribution becomes negligible, indicating a transition to weak
confinement. The level spacing scales as 1/𝑅2, confirming strong quantum confinement at small radii. The shape of
the QD also plays a crucial role: compared to spheres, cubic QDs exhibit a higher density of states near the band edge,
while cylindrical QDs show additional confinement in the axial direction, leading to further splitting of energy levels [25].
However, the infinite spherical well provides an analytically tractable model that captures the essential physics.

Figure 1. Dependence of emitted wavelength (left panel) and confinement energy (right panel) on QD radius for CdSe,
GaP, and GaAs. Beyond 𝑅 ≈ 5–8 nm the wavelength saturates, indicating weak confinement.
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Table 2. Spectral characteristics of QDs at selected radii

QD 𝑅 (nm) 𝜆 (nm) 𝐸emit (eV) Emission Color
CdSe 1.5 470 2.45 Blue

2.2 504 2.12 Green
3.5 509 1.90 Green

GaP 2.1 480 2.70 Blue
3.5 564 2.50 Yellow
4.0 588 2.40 Yellow
5.0 609 2.30 Red

GaAs 2.1 475 2.70 Blue
3.5 598 1.90 Red
4.3 648 1.80 Red
5.0 681 1.70 Infrared

Numerical results for selected radii are summarized in Table 2. Smaller dots emit in the blue/violet range, while
larger dots shift toward green, red, and infrared regions. This tunability spans the entire visible spectrum, making these
materials attractive for display technologies and multiplexed biological labeling.

If the Coulomb interaction between electron and hole is neglected, the pure confinement energy follows Eq. (4). Its
variation with QD radius is shown in Fig. 2. The 1/𝑅2 scaling is evident for small radii, but deviations occur for 𝑅 > 𝑎𝐵
due to increased excitonic contributions.

Figure 2. Confinement energy versus QD radius for CdSe, GaP, and GaAs. The 1/𝑅2 scaling confirms strong quantum
confinement at small radii; beyond 4–6 nm the dependence weakens as exciton effects become important.

3.2. Electric field effects on absorption
The absorption spectra were calculated for a GaAs QD (𝑅 = 12.65 nm) at 𝑇 = 77 K with carrier density 𝑛 ≈ 3 ×

1016 cm−3 and intraband relaxation time 𝜏𝑖𝑛 = 0.14 ps (corresponding to Γ𝑖 𝑓 ≈ 7.1 meV). Figure 3 shows that the linear
absorption peak shifts and broadens under an external field 𝐹 = 100 kV/cm due to Stark-induced asymmetry. The shift
is approximately Δ𝜔 ≈ 15 meV, which is resolvable at cryogenic temperatures. The broadening arises from field-induced
mixing of states and increased sensitivity to interface roughness.

3.3. Nonlinear saturation effects
Nonlinear absorption increases with optical intensity 𝐼, leading to saturation and peak suppression, as shown in

Fig. 4. At 𝐼 = 1.0 MW/cm2, the peak absorption drops by ∼ 30% relative to the linear regime. This saturation occurs
because the third-order term 𝛼 (3) is negative and scales as −𝜇4

𝑖 𝑓
𝐼, effectively reducing the population difference 𝜌𝑖𝑖 − 𝜌 𝑓 𝑓

at high intensities. The effect is analogous to power broadening in atomic physics but with a characteristic intensity 𝐼𝑠 ≈
ℏ2Γ2

𝑖 𝑓

2𝜇2
𝑖 𝑓
𝜏𝑖𝑛 𝜀0𝑐

, which for our parameters is approximately 0.8 MW/cm2.
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Figure 3. Linear absorption coefficient 𝛼 (1) for a GaAs QD (𝑅 = 12.65 nm, 𝑛 = 3 × 1016 cm−3, 𝑇 = 77 K). Dotted line:
𝐹 = 0; solid line: 𝐹 = 100 kV/cm. The Stark shift moves and broadens the peak.

Figure 4. Absorption coefficient 𝛼 for 𝐹 = 0 at three optical intensities: (i) 𝐼 = 0, (ii) 𝐼 = 0.5 MW/cm2, (iii) 𝐼 =

1.0 MW/cm2. Higher intensity suppresses the peak due to saturation.
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3.4. Combined field and intensity effects
Finally, Fig. 5 compares the total absorption for three representative cases. At 𝐹 = 100 kV/cm and 𝐼 = 1.0 MW/cm2,

the peak absorption is reduced by approximately 50% compared to the zero-field, low-intensity case. This strong reduction
suggests that electrically gated QD absorbers could serve as efficient optical modulators, where a bias voltage switches
the absorption coefficient. The response time is limited by the intraband relaxation time (≈ 0.14 ps), enabling modulation
bandwidths up to ∼ 1 THz.

Figure 5. Total absorption coefficient 𝛼(𝜔, 𝐼) for: (i) 𝐹 = 0, 𝐼 = 0 (dotted); (ii) 𝐹 = 100 kV/cm, 𝐼 = 0 (dashed); (iii) 𝐹 =

100 kV/cm, 𝐼 = 1.0 MW/cm2 (solid). The combined Stark shift and saturation reduce the peak by ∼50%.

4. CONCLUSIONS
Using the particle-in-a-spherical-box model, we demonstrated that quantum confinement discretizes the electronic

spectra of CdSe, GaP, and GaAs QDs, with level spacing scaling as 1/𝑅2. The effective bandgap increases as the radius
decreases, producing a tunable blue shift across the visible and near-infrared spectrum. Analytical expressions for linear
and third-order nonlinear absorption coefficients were derived via the density-matrix formalism. An external electric
field breaks symmetry, induces Stark shifts, and reduces the peak absorption by up to 50% at 𝐹 = 100 kV/cm and
𝐼 = 1.0 MW/cm2. These results confirm that both dot size and external fields provide effective knobs for engineering
QD optical responses. Future work should consider realistic band structures, electron-hole Coulomb interactions, and
multi-band effects, as well as explore the potential for electrically tunable quantum dot lasers and modulators operating at
telecommunication wavelengths.
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ЗМIНИ ОПТИЧНИХ ВЛАСТИВОСТЕЙ НАПIВПРОВIДНИКОВИХ КВАНТОВИХ ТОЧОК ПIД ДIЄЮ
ЗОВНIШНЬОГО ЕЛЕКТРИЧНОГО ПОЛЯ

Камiлiддiн А. Корабоєв1, Усман К. Сапаєв1, Гайрат Х. Бакiров2, Нiлуфар В. Джураєва1,
Мунiра Н. Казакова1, Олiмджон З. Кодiров1

1Унiверситет геологiчних наук, вул. Олiмлар, 64, 100164 Ташкент, Узбекистан
2Алмаликська фiлiя Ташкентського державного технiчного унiверситету iменi Iслама Карiмова, Алмалик, Узбекистан

Дослiджено вплив квантового обмеження на енергетичнi спектри сферичних напiвпровiдникових квантових точок (КТ) з CdSe,
GaP та GaAs у рамках моделi частинки у сферичнiй потенцiальнiй ямi. Отримано дискретнi енергетичнi рiвнi електронiв i дiрок,
показано, що мiжрiвнева вiдстань зростає квадратично зi зменшенням радiуса точки (∝ 1/𝑅2). За допомогою формалiзму
матрицi густини отримано аналiтичнi вирази для лiнiйного та кубiчного нелiнiйного мiжрiвневих коефiцiєнтiв оптичного
поглинання з урахуванням внутрiшньозонної релаксацiї та зсуву Штарка, зумовленого зовнiшнiм статичним електричним
полем. Числовi результати для КТ GaAs показують, що прикладене поле 𝐹 = 100 кВ/см спричиняє суттєве спектральне
уширення та зменшення пiка поглинання до 50% за високих оптичних iнтенсивностей. Отриманi результати демонструють, що
як розмiр точки, так i зовнiшнє поле є ефективними iнструментами керування оптичним вiдгуком КТ, що має значення для
перелаштовуваних лазерiв та електрооптичних модуляторiв.
Ключовi слова: рiвнянняШредiнгера; квантовiточки; оптична сприйнятливiсть; квантове обмеження;формалiзмматрицi
густини; зсув Штарка; нелiнiйне поглинання
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