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A modification of existing third order Runge-Kutta method, is proposed. The scheme is explicit, and its first stage consists of a nonstandard
denominator, while the last two stages are the same as those of the Runge-Kutta method. For discretizing space-dependent terms, a compact,
high-order scheme is employed. The proposed scheme with spatial discretization is employed to find the stability condition of the proposed
scheme. The scheme is applied to a dimensionless model in the form of partial differential equations for the slip flow of a non-Newtonian
fluid over a Riga plate with heat and mass transfer. Different types of graphs are obtained using the proposed scheme for velocity,
temperature, and concentration profiles. Some of the results obtained by the proposed scheme are compared with those obtained by the
numerical solution using the MATLAB PDEPE solver. The scheme is also compared with an existing third-order Runge-Kutta scheme,
and it produces more accurate results than the existing scheme at specific time and space step sizes.
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INTRODUCTION

There exist variour methods that can be used to solve differential equations arise in phenomenon of flow over plates.
Some analyrical and numerical methods can be used for solving ordinary diferential equaitons. Since, ordinary differential
equatiuons contains one inpendent variable, so only one method can be used to solve these equations. But partial
differential equations contain more than one independent variables, so two or more method must be chosen or contructed
to solve thsese equations. Analytial methods [1] can be used to solve different type of equaitons but these methods may
consume more time to converge because they deal with algebraic expression. So, numerical methods [2] can be chosen
to solve different type of differetal equations. The numerical simulation of nonlinear differential systems arising in fluid
mechanics, porous-media transport, and non-Newtonian rheology relies heavily on robust time-integration techniques.
Among these, Runge—Kutta (RK) methods have remained central because of their simplicity, accuracy, and adaptability
to a wide range of ordinary differential equation (ODE) and semi-discrete partial differential equation (PDE) problems.
Classical expositions of RK theory by Butcher [3] and by Hairer & Wanner [4] establish stability categories (A-, L-, and
B-stability) and provide the foundational convergence results through Dahlquist-type analyses. However, for stiff or
strongly nonlinear systems—such as those produced by convection—diffusion—reaction models, porous-media flows, or
high-nonlinearity non-Newtonian fluids—the standard explicit RK methods can become inefficient due to restrictive
timestep bounds. This limitation has motivated the development of modified or stabilized RK schemes with enlarged
stability regions and improved nonlinear contractivity properties.

Stabilized explicit RK methods, including Chebyshev-based schemes and extended-stability formulations, have been
studied extensively for diffusion-dominated PDEs and stiff ODEs, as documented in works on stabilized RK theory [5-9].
These methods achieve extended stability along the negative real axis—crucial for method-of-lines discretizations of
parabolic and convection—diffusion PDEs. Parallel efforts have analyzed RK stability, nonlinearity-preserving properties,
and algebraic stability conditions essential for stiff systems [10—12]. A recent contribution by Hu [7] proposed a modified
RK method with an enlarged stability domain and improved convergence characteristics, illustrating the modern trend
toward structure-preserving and stiffness-aware RK design.

These numerical advancements are directly relevant to fluid-mechanical systems governed by mixed convection
Darcy—Forchheimer flow, especially when involving non-Newtonian Prandtl-Eyring (Eyring—Prandtl) fluids. Classical
studies on Darcy—Forchheimer convection in porous media, such as those by Shenoy [13], demonstrate that porous-inertia
corrections introduce nonlinearities that significantly affect velocity profiles, heat transfer, and boundary-layer structure.
More recent works by Shah et al. [14] and Chaudhary [15] show that Eyring—Prandtl rheology further complicates the
governing equations due to nonlinear shear-rate dependencies, requiring stable time-integration and careful numerical
formulations. Comprehensive modeling of Eyring—Prandtl fluids and their thermo-physical behavior is provided by
Ullah et al. [16] and Baidya [17], highlighting rheological sensitivity and the necessity for robust numerical treatment.
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In addition, Riga plates—electromagnetically actuated surfaces composed of alternating electrodes and magnets—
introduce localized Lorentz forces capable of accelerating or decelerating the near-wall region. Their applications in MHD
and hybrid-fluid systems have been studied in numerical and experimental contexts, including magnetite nanofluids [20]
and hybrid Riga-plate-induced flow systems [21]. These works show that the interaction between electromagnetic forcing
and fluid rheology generates intricate nonlinear momentum dynamics. Because Riga plate forcing modifies the boundary-
layer structure, it introduces additional stiffness in the resulting ODE system after similarity or quasi-similarity
transformation.

Furthermore, viscous dissipation, a key component in high-viscosity or high-velocity non-Newtonian flows,
contributes to a strong coupling between the momentum and energy equations. Its importance in porous-media and non-
Newtonian flows is demonstrated in studies by Awais et al. [18] and Ajibade et al. [19], where dissipation significantly
alters temperature fields, enhances nonlinearity, and contributes to stiffness in the governing PDE system.

Taken together, mixed-convection Darcy—Forchheimer flow of an Eyring—Prandtl fluid over a Riga plate with
viscous dissipation forms a nonlinear, stiff, multi-parameter boundary-layer system—an ideal candidate for testing
improved RK-type numerical integrators. Explicit stabilized and modified RK schemes provide a powerful balance
between computational simplicity and enhanced stability, enabling larger timesteps without loss of accuracy. Recent
numerical approaches involving boundary-layer flows over Riga plates [20-22] further reinforce the need for integrators
that can handle strong electromagnetic forcing and porous-inertia effects under thermal—viscous coupling.

In this study, we develop a modified Runge—Kutta scheme incorporating stability-enhancement techniques inspired
by stabilized RK theory [5-9, 23] and nonlinear convergence theory [10—12]. The method is analyzed for stability and
convergence under the nonlinearities associated with Darcy—Forchheimer resistance, Eyring—Prandtl rheology, Riga plate
electromagnetic forcing, and viscous dissipation. The numerical results show that the modified RK method significantly
enlarges the allowable timestep relative to classical explicit RK while maintaining accuracy comparable to implicit
schemes. This builds upon the previous works on stabilized RK methods [5-9], non-Newtonian Darcy—Forchheimer
systems [13—19], and Riga-plate flows [20-22], integrating these strands into a unified computational framework.

The remainder of this paper is organized as follows: Section 2 presents the mathematical formulation and
nondimensionalization. Section 3 describes the numerical method employed. In Section 4, we present and discuss the
results. Finally, Section 5 gives concluding remarks.

Construction of Numerical Scheme: A three-stage computational scheme is going to be proposed for solving time
dependent partial differential equations. The scheme is explicit in all three stages. The solution obtained in first stage will
be utilized in second stage of scheme and similar solutions obtained from second stage will be utilized in third stage. The
domain of the considered differential equation is denoted by [0, L]. This whole domain is divided into a equal subinterval
of time [0, tf] is divided into equal small subintervals with length At. The scheme is constructed for following equation.

29

Y =a BT+ s(9) (1)

_a—
at 1oy

Where s is linear or nonlinear function in g. The initial and boundary condition for Eq. (1) can be written as

9(0,y) = f1(y) } )
g(t, 0) = fZ(t)'and g(t,L) = f3(t)
Where a, and f,; are constants and f]-, Jj = 1,2,3 are functions of t or some constants.
The first stage of the scheme for Eq. (1) is
i+l onpaiAt w{iﬂ_ n}
gim =gjent at|j “gsy- 3)

Where subscript j is used for location of grid point and n represents point in time and a, is a free parameter. Stability
region of these types of proposed schemes depends on value of this free parameter a; .
This first stage (3) can be expressed as

(ealAt—l)Qg n
aq at j’

sn+1

gitt=gj+ 4

(ealAt_l)

a;

where ~ At + 0(At?).

So, this first stage of proposed scheme can be considered as modified form of existing Euler method
The second stage of the scheme is written as:
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=n+1 n n+1 1, 09|"!
g;i" =agj +bg; +2At5|j

The third stage of the scheme for Eq. (1) takes the form
|n+1

n+l _ ..n =n+1 , 25,00
g;i" =cgj +dgj +3At6t ;

(&)

(6)

The unknown parameters a, b, ¢ and d can be found later by matching the Taylor series expansion. Now combing the first

stage Eq. (3) and second stage Eq. (5) of proposed scheme yields

- b At\ ag|™ | At azg|™
g = @t bgf + (et = 1+ )+ e - T

Now substituting Eq. (7) into Eq. (6) that yields the following equation:
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Expanding g7**

7" using Taylor series expansion

T3 a3g

. 3
j 6 Ot

@2 0%

gt =g+ Ata—g|n +
J J atl; 2 dt?

1.1 + 0((AD)*%)
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Using Eq. (9) into Eq. (8) that results in
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Equating the coefficients of g]’-l,a| vl and prel both sides of Eq. (10), it gives
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Applying condition of a + b = 1 and solving the linear system of Eq. (11) gives the values of a, b, c and d as follows

30t [AL(9At-8Y(AD)  pr_ou(ap)
a= B

8y(At) 2y(At)
At+ |At(9At—8y(AL)) At—2y(At)
b= —
8y(At) 2y(At)
_ y@o-ac At(9At-8y(At))
Ty 3y(at)

p 6At— /At(9At—8y(At))

6y (At) /

ea14t-1

where y(At) =

a

(12)

The proposed scheme is three stages that can be used for time discretization of partial differential equations. To
discretize space dependent terms a compact scheme is employed. The proposed scheme for Eq. (1) with compact spatial

discretization [24] takes the form:
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_ a14t_q 3
g+t = gperss + 2 agy gn g, g7 - 27 (13)
= _ 1 _ _
gt = ag} +bgitt +At{ay Oy G+ BiG, 7 (14)
= 2 = =
g]r'lﬂ = Cg]r'l + dg}T.H'l + gAt{a1€1 g]r'l+1 + B¢, 9}”1 (15)

Whel‘e (1 = AIlBl & (2 = AEIBz.
Where A;, B; for Il = 1,2 are matrices constructed from the coefficients of left and right hand sides of the following
equations

ag|™ ag|™ ag|™  _ b GH1—97-1) +bh F42-97-2) (16)
& ay j-1 dy j £} dy j+1 0 2Ay 1 4Ay
v azg|" azg|" y 29| _, (@j-207+g) ) +h (9742297 +97-2) 17
Zoy2l;_y Tayzly; T TPayrli, TR (8y)? 3 4(2y)?

Y1t2
3

1-4y1 4(1-y2) 10y,-1
) bl = ) bz = ) b3 = .

Where b, = . 3 .

Stability Analysis: One of the tasks in finite differences is to check their stability region. There exists more than one
stability analysis for finding stability conditions for finite difference schemes. Among existing stability analysis Fourier
series analysis or Von Neumann stability analysis is a stability procedure that can be used to find stability conditions of
finite difference schemes applied to linear partial differential equation. The analysis is started by transforming a given
difference equation into a trigonometric equation. For this case the transformations can be expressed as:

AV =el¥(y e + 1+ ye”¥) (18)
.. U+vip G-Diyp U+2)iyp -2y
Ble”w — b.e _ b.e + bie _ bie (19)
20y 20y 4Ay 4Ay
AyeV = eV (y,e?¥ + 1 + y,e2¥) (20)
Boip = b2eUVY 20,0l | ppeUTDW | pgeUROW  zpyelt | pyeU-i .
227 T Ty T T T @ PTESS YOS CRTINOT 2h
Where i = v—1.
Applying transformations (19) - (21) into first stage of the scheme (13) gives
(Zboisin1p+clisin2¢)
“n+1 _ n.15At , (ePSAt-1) 1\ 2ay(2y; cosy+1) n
gi = 3gi€ + 15 B (4b2(0051/)—1)+b3(costh—l)) 3 9j 22)
LU 208922y, cosp-1) 2
Re-write Eq. (22) as
gt = (c +ic)g} (23)
Wh — pl5At 4 (e154t_1) { (4—b2(cos¢—1)+b3(CosZt/J—l)) _ 5} d _ (eldAt-1) { (Zboisim/}+c1isin21p)}
ere e, =€ 15 1 2(Ay)2(2y, cosP—1) 2> And e, = 1.5 ! 2Ay(2y; cos P+1)

Substituting transformations (19)-(21) into the second stage of the scheme (14) gives.

=n+1 _ n —n+1 4, 1 2bgisiny+cqisin2y 4by(cosyp—1)+bz(cos2p—1) =n+1
‘gj - a‘gj + bgj + 4-At {al ( 2Ay(2y1 cosP+1) ) + ﬁl ( 2(Ay)2(2y, cosp—1) )} ‘gl (24)

Eq. (24) can be written as

=n+1 _

g7 = mgj (25)

where p; = Heg + Tleg, Heg = A+ P le, — He,He, and Heg = HeyHe, T Ueyley

_ 1 4by(cosyp—1)+bz(cos2yp—1) _1 2bgisiny+cqisin2y
and Hes = b+ 4At {ﬁl ( 2(Ay)2(2y, cosp—1) )}’ & Hey = 4At {al ( 2Ay(2y; cosP+1) )}

By using transformations (19)-(21) into third stage of the scheme (15) gives
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gt = g} (26)
Where iy = pey + ifhe, g ey = € F fe ey = Hegheg A0 fey g = Ueghhe, + Heghcg
2 4by (cosy—1)+bz(cos2yp—1)
and,uc7=c+§At{,81( 2 2 )}

B  2(Ay)*(2yz cosPp-1)
e, = gAt(Zl (Zbolstm/}+clzsm21p).

2Ay(2y1 cosyP+1)

The amplification factor can be written as

nt1,2
gt — 2 2 27
n = Ug, + Hey, 27
J
So, the scheme will be stable if it satisfies
pe, tui, <1 (28)

For the case when a; = 0, stability condition can be expressed as

|G| <1 (29)
3r3 212 — -
where G = d3r3y(AY+d2T?(At+2y(AD))+d F(SAt+y(At))+6At’ r= 2b,(cos(y)—1)+0.5b,(cos(2y) 1)’
6At 2y, cosYP+1
ealAt—l

At
andd = e y(At) = a1'

Fig. 1 shows the comparison of stability region G along diffusion number d for different values of time step sizes
and free parameter a,. Amplification factor G is found by applying first stage of proposed scheme and second and third
stage of existing third order Runge-Kutta method. Stability region of this tye of scheme depend on choice of free parameter
a, and choice of time step size At.

b
1 @ ! (b)
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d d

Figure 1. Comprison of stability regions of proposed and existing Runge-Kutta methods (a) At = 0.3,y, = —0.3 (b) y, =
—03,a, = -2

The stability of the proposed scheme is provided for scalar partial differential equations. Now the convergence of
the proposed scheme for system of convection diffusion equation is provided.
For doing so consider the vector matrix equation of the form

Where v is a vector and C;, C, and C; are matrices. Eq. (30) is discretized by the proposed scheme as

aq1At_
ﬁ}”l = v]nel'SAt + (e9r%1) 1a1 1 {6151 + G0 + Cgvjn — (11}17}1 (31)
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= 1 —
T = avf + [b+1At{C, G + Gl + )] T

vt = o 4 [d +2AHC, G + Cola + C3}] s

Theorem: The proposed scheme (31)-(33) converges conditionally for vectored matrix Eq. (30).
Proof: In order to proof this Theorem consider the error equation for Eq. (27) as:

_ ajAt_q
¢ =gjetsht 4 - @ = {€181 6} + C205 67 + C367 — ay6T)

=n+1

— 1 — — —
St = agh + bg + S AH{C1G S+ GG T + G

= 2 = = =
§itt = ogf +dgit +SAHGG T + GG ET + G

Applying a norm ||-||,, on first stage of Eq. (34) in the form

“n+1 < cn 1.5At (ealAt_l) C C C n
¢ =q¢e +—1 {1C1¢ 1l + 1C2 0 e + 1G5l + as s

a
Inequality (37) can be written as

¢ < By

ajAt_q
Where 8, = e98t + CZ0 e e 4 16,0l + 1Csllo + ay).

a

Applying norm [|*||, on Eq. (35) as yields

¢t < ag™ 4+ bgMt + %At{llclqllloo + 1C20 e + G 11036™ T = ag™ + B3¢t

1
where B3 = b + 2 At{[|C; {11l + 1€282 Moo + (I Cllco3-
Inequality (39) can be re written as

M < ag™ + B3frs™ = Pas™

where 5, = a + [,55.
Similarly by applying a norm ||-||, to third error equation of the scheme (36), it gives

¢M < cg™ +dT + %At{llclqllloo + 1G240 + 1G5 [l 35
Inequality (41) can be re-written as
¢" < eg™ + BG4+ P(O((AL), (Ay)®))
Substituting inequality (40) into inequality (42), it takes the form
¢"1 < g™ + BsPas™ + P(0((A1)%, (89)9)) = Bes™ + P(0((A1)%, (4)®))

where g = ¢ + B4Bs.
Let n = 0 in inequality (43), it yields

¢! < Bes® + P(0((AD)%, (Ay)9))

Since ¢° = 0 so inequality (44) takes the form

¢t < P(0((A0)%, (Aan))
Now let n = 1 in inequality (43) it yields

¢? < Pest + P(0((A0)%, (Ay)°))
Using inequality (45) in (46) it results in

¢? < (14 Be)P(0((A1)%, (AY)))
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If this is continuous then for finite n
S < (1+ B + -+ BETIPOCAD?, (49)%) = (T22) P(0((40)%, (4)®)) (48)

By taking limit as n — oo in (44) the infinite geometric series ... + B¢ + -+ + B¢ + 1 will converge if |Bg| < 1.
Mathematical Model: We consider the unsteady, one-dimensional incompressible flow of an Eyring—Prandtl fluid
through a porous medium over a Riga plate, with heat and mass transfer, viscous dissipation, and mixed convection. The
streamwise velocity u(t,y) varies only in the wall-normal coordinate y*; the momentum balance couples temporal
acceleration to the divergence of the Eyring—Prandtl shear stress the streamwise Lorentz body force from the Riga plate

and porous resistance expressed by linear Darcy drag — = u and nonlinear Forchheimer drag — \/_— u*? . Mixed convection

is modeled under the Boussinesq approximation by addlng buoyancy forces gB7(T — Tw) + gBc(C — Cy) in the
momentum equation, so thermal and solutal buoyancy couple the momentum, energy and species fields. Heat transfer is
described by the unsteady energy equation with thermal diffusion and viscous dissipation arising from the Eyring—Prandtl
stress, while mass transfer follows the unsteady species diffusion equation (with optional reaction/source terms). The wall
aT(t,0)

ay* =
h¢(T(t,0) — T,,) and concentration C(t,0) = C,; far from the plate u* = 0,T = T, C — Cy, as y* — oo. Initially the
fluid is quiescent and uniform in temperature and concentration. The objective is to determine the transient distributions
u*(t,y),T(t,y),C(t,y) under the combined influences of Eyring—Prandtl rheology, Riga electromagnetic forcing,
Darcy—Forchheimer porous resistance, thermal and solutal buoyancy (mixed convection), molecular diffusion, and
viscous dissipation. The governing equations can be written as:

at y* = 0 is maintained at prescribed velocity u*(t,0) = u,, + L convective boundary temperature —k ———

Sa *9

a2u*
ow _B| _oy? |k, _#Cr _ _ (@
p at* - c ouZ Ku N3 u+ g.BT(T Too) + .BC(C C e 1 (49)
1 (Z‘[‘)y*)
or _ 3T | B 1 (19ur)ou
at* @ dy*2 + pCp sinh™ (5 By*) ay* (50)
ac
pe =D—5 3y = k(€ = C) (51

Subject to initial and boundary conditions
u'(0,y7) = 0,7(0,y") = 0,C(0,y") =0
w(t,0) =u, + Lo ko = h(T(t,0) = T,), C(t7,0) = G, (52)
u'(t",y" > ) > 0,T(t",y" > ) >0, y" > o) >0

y* y*=0 ady y*=

Where u* is the horizontal component of velocity, T is the temperature and C is concentration, S and 8. are thermal and
solutan expansion, f3 is the stress parameter, C is the rate parameter, j, is the current density, M,is a magnetic field strength,
a, width of electrodes, g is gravity, K is the permeability of the porous medium, Cr is dimensionless constant representing
inertial drag in the porous medium, p is density, & is thermal diffusivity, D is mass diffusivity and k; is dimensional
reaction rate parameter, h is heat transfer coefficient and k is thermal conductivity

Using the transformations

y* u* uyt* T—Too
> uwt® 5 _

,u=—’t= =
Uy L Tw—Too

b =) (53)

= Cw—Coo

)

The governing equations (49)-(52) are reduced to following dimensionless partial differential equations

Ju _ 1 Uyy Sve -2
—=— —u — Fu? + 0+—¢p+e 54
ot  Re 14+52u3 " ReDa R3 ¢ (4
90 _ 1 0%0 | Ec 1
%t = PR oy? + smh (Suy) (55)
0 _ 1 9%

-y (56)

at RS 6y2

and the dimensionless initial and boundary conditions take the form
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u(0,y) =0,6(0,y) = 0,4(0,y) = 0
ou a0
u(tl 0) =1+ AE y:()'@ y=0 = Bl(l - g(t’ 0))’ ¢(t, O) =1 (57)

u(t,y = ) = 0,6(t,y = ) = 0,p(t,y - @) =0

Where D, is Darcy number, F, is Forchheimer number, S is Eyring (shear) number, R, is Reynolds number, M is
dimensionless electromagnetic Riga parameter, A is dimensionless decay rate of Lorentz force in the y- direction, GVL and

Gycare respectively thermal and solutal Grashof number, B, is Prandtl number, E,. is Eckert number, S, is Schnidt number,
y is dimensionless reaction rate parameter, and A is velocity slip and B; is Boit number which are defined as:

_ CfL Uw _ uwl _ puwlLC _ mjoM,L _ T 9BT(Tyw—Too) gﬁC(Cw—Coo) _
Da_Lz'F K’S_E'Re__v == M=% ,A—a—L GYL — G —vz , B =
v uj v k1L L h
:;Ec W S _;Y=L;A=_S:Bl=_l
a Cp(Tw=Too) D w L Lk

The dimensionless skin friction coefficients, local Nusselt and local Sherwood number are written as:

Cr = Riessinh‘1 (Suy|y=0)

__ 96
Ny = =51, (58)
=_9%
ShL - ay y=0

The discretization of Eq. (54) using the proposed scheme it takes the form:

1(,4-1 n
_ ajAt_q Az "By uy 1
R YOO G} 7 S B T F O TG M~ (59)
J J a, 1 n 2 ReDa J
1+52(A71B; u?)
Rg(Ale un+1) ;
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RESULTS AND DISCUSSION

A third-order accurate time-stepping scheme is developed for the numerical solution of partial differential equations.
The method is specifically designed for discretizing only the time-dependent term of the governing equation, and its
accuracy is confirmed through its construction, where the third-order time derivative naturally cancels in the Taylor series
expansion. For the spatial discretization, a compact high-order finite-difference scheme is employed, providing sixth-
order accuracy in space. The overall scheme is conditionally stable, implying that the time step, spatial step, and the
physical parameters appearing in the governing equation must satisfy a prescribed stability condition. When these
restrictions are met, the numerical solution remains stable; otherwise, instability is expected. A notable benefit of using
an explicit scheme is that it avoids the need for linearization, enabling direct treatment of nonlinear partial differential
equations without any iterative procedure for convergence.

The influence of Eyring parameter on velocity profile is shown in Fig. 2. The velocity profile declines by raising
Eyring number. Increasing the Eyring number means the fluid resists deformation more at low shear rates. Since most of
the velocity in internal flows depends on the balance between pressure gradient and viscous resistance, this increased
resistance lowers the velocity everywhere. The effect of Darcy number on velocity profile is depicted in Fig. 3. The
velocity profile increases by growing Darcy number. Small Darcy number produces very low permeability and so porous
medium strongly resists the flow. Large Darcy number gives high permeability and this leads to porous medium offers
little resistance. Thus, increasing Darcy number reduces the Darcy resistance term in the momentum equation.

The effect of Forchheimer number on velocity profile is shown in Fig. 4. The velocity profile declines by growing
Forchheimer number. Darcy drag (linear) dominates at low speeds. When velocity increases, inertial forces inside the
porous medium become important. The Forchheimer term grows faster than velocity (proportional to u?). Increasing the
Forchheimer parameter amplifies this additional nonlinear drag, so the flow slows down. The velocity slip parameter on
velocity profile is shown in Fig. 5. Velocity profile decays by enhancing velocity slip parameter. Increasing the
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Forchheimer parameter enhances the nonlinear inertial drag inside the porous medium. This additional resistance reduces
the fluid velocity, causing the velocity profile to decline even under slip-flow conditions for an Eyring—Prandtl fluid.
Fig. 6 deliberates the effect of Eckert number on temperature profile. Temperature profile grows by enhancing Eckert
number. Increasing the Eckert number enhances viscous dissipation, producing additional internal heat, which raises the
temperature profile. The influence of reaction rate parameter on concentration profile is shown in Fig. 7.

0.5

u(l,y)

Figure 2. Effect of Eyring number on velocity profile using Da =
0.1,Fr=01,M =0.1,A=3,A=0.1,Re =5,Grr =
0.1,Gr =0.1,Ec=5Pr=3,5c=3,y=09,Bi =0.1
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Figure 4. Effect of Forchheimer number on velocity profile using
§=1,Da=03,M=01,1=3A=1Re=5,6ry =
0.1,Gre =0.1,Ec =5,Pr =3,Sc=3,y=09,Bi=5
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Figure 6. Effect of Eckert number on temperature profile using
§=1,Da=03M=0.1,1=3Fr=10,Re =5,Gry =
0.1,Gr =01,A=09,Pr=3,Sc=3,y=09,Bi=5
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Figure 3. Effect of Darcy number on velocity profile using S =
1,Fr=01,M =0.1,A=3,A=0.1,Re = 5,Gry = 0.1,Gr¢ =
0.1,Ec =5Pr=3,5c=3,y=09,Bi =0.1
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Figure 5. Effect of velocity slip parameter on velocity profile
using S =1,Da =0.3,M =0.1,A = 3,Fr = 10,Re = 5,Gry =
0.1,Gr¢ =0.1,Ec =5,Pr =3,Sc=3,y=09,Bi=5
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Figure 7. Effect of reaction rate parameter on concentration profile
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Concentration profile declines by enhancing reaction rate parameter. Increasing the reaction-rate parameter enhances
species consumption, thereby reducing concentration and lowering the concentration profile. For the oscillatory motion
of the Riga plate, the influence of velocity slip on the skin-friction coefficient is illustrated in Fig. 8. The results indicate
an oscillatory pattern, where negative values of the skin-friction coefficient signify that the fluid near the wall momentarily
moves in the direction opposite to the mean flow. The effect of the Biot number on the local Nusselt number is presented
in Fig. 9, showing that heat transfer at the wall strengthens as the Biot number increases. A larger Biot number corresponds
to a steeper temperature gradient at the surface, resulting in more efficient heat exchange between the plate and the fluid,
and consequently a higher local Nusselt number. The oscillatory nature of the Nusselt number becomes more pronounced
at elevated Eckert numbers, indicating that as viscous dissipation intensifies, the oscillatory behavior shifts from the
velocity field toward the temperature field. The impact of the reaction-rate parameter on the local Sherwood number is
depicted in Fig. 10; an increase in the reaction-rate parameter enhances the Sherwood number. This behavior is associated
with a reduction in concentration near the wall, which produces a steeper concentration gradient and, therefore, greater
mass transfer.
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Figure 8. Effect of velocity slip parameter on skin friction Figure 9. Effect of Biot number on local Nusselt number using
coefficient using §5=1,Da=03,M=01,A=3,Ffr= S=1Da=03,M=01,1=3,Fr=2,Re=5,Grr =
2,Re =5,Gry =0.1,Gr =0.1,y=0.5,Pr=3,Sc=3,Ec= 0.1,6r, =0.1,y=05Pr=3,Sc=3,Ec=10,A=

. 0 a
10,Bi = 9,N, = 75,N, = 1050, u(t,0) = cos(4t) + Aﬁ 0.9,N, = 75,N, = 1050, u(t,0) = cos(4t) + Aﬁ

Figure 10. Effect of reaction rate parameter on local Sherwood number using S = 1,Da = 0.3,M = 0.1,A = 3,Fr = 2,Re =
5,Grp = 0.1,G6r¢ = 0.1,Bi = 9,Pr = 3,5c = 3,Ec = 10,A = 0.9, N,, = 75, N, = 1050, u(t,0) = cos(4t) + Ag—;

Figures 11-13 display contour plots of velocity, temperature, and concentration fields, along with their respective
error distributions. Numerical results are also obtained using the MATLAB pdepe solver, which serves as a reference
solution in the absence of an analytical benchmark. The error contours are constructed by computing the absolute
difference between the solutions generated by the proposed numerical scheme and those obtained from pdepe. Figure 14
summarizes the computational time required by the proposed method for the present problem.

For making comparison of the schemes, first stage of propsed scheme using a; = —30 is used and second and third
stages of existing third order Runge-Kutta scheme are used. Existing third order Runge-Kutta scheme is given as
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Figure 12. Contour plots for temperature profile and its error using S = 1,Da = 0.3,M = 0.1,A = 3,Fr = 2,Re = 5,Gr; =
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Figure 13. Contour plots for concentration profile and its error using S = 1,Da = 0.3,M = 0.1,A = 3,Fr = 2,Re = 5,Gry =
0.1,Gr¢ = 0.1,Bi=9,Pr =3,y = 0.5,5¢ = 3,Ec = 10,A = 0.9,N,, = 75, N, = 1050, u(t,0) = cos(4t) + Ag—;
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Fig. 15 shows the comparison of the two schemes for second example of convection diffusion problem given in [25].
The error produced by the proposed scheme is less than that obtained by existing third order Runge-Kutta method. The
space dependent terms are discretized by the second order central difference scheme. The error is identified by calculating
the norm of the difference between the numerical and exact solutions.
x 10 }
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Computational Time

Figure 14. Computational time of the proposed scheme using S =1,Da =0.3,M =0.1,A=3,Fr=0.1,Re =5,Gry =
0.1,Gr¢ = 0.1,Bi=5,Pr =3,y = 0.9,5c = 3,Ec = 5,A = 1,N,, = 75, N, = 1050, u(t,0) = cos(4t) + Ag—;
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Figure 15. Comparison of two schemes using ¢t = 0.05, N, = 50, N; = 400,800, 1600,3200

Table 1 & 2 show grid convergence analysis of proposed and existing Runge-Kutta methods for solving Stokes first
problem. Time discretization is done with existing and proposed Runge-Kutta methods. Propsoed scheme performs better
than existing third order Runge-Kutta method. Again, for making this comparison, combination of first stage of proposed
scheme and second and third stages of third order existing Runge-Kutta method is applied.

Table 1. Grid convergence analysis for Stoeks first problem using At = 0.0020

Ax a L, Error
Proposed Existing RK

0.3684 40 0.1537 0.1559

0.2414 30 0.1012 0.1021

0.1795 20 0.0756 0.0761

0.1429 9 0.0601 0.0604

0.1186 7 0.0467 0.0469

Table 2. Convergence analysis for Stoeks first problem using Ax = 0.1429
L, Error
At ¢ Proposed Existing RK

0.0112 —-320 0.7680 Diverges
0.0092 —180 0.5885 Diverges
0.0078 —30 0.1320 Diverges
0.0067 3 0.0258 0.0260
0.0059 5 0.0238 0.0240
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CONCLUSIONS
A numerical scheme was modified by combining exponential integrator and Runge-Kutta method. Instead of using
Euler method in first stage of Runge-Kutta method, exponential integrator is considered. The weights in the numerical
scheme for the second and third stages are chosen using the Taylor series. Since, the terms of Taylor series until third
order derivative are cancelled out, therefore theoretically scheme provided third order accurate solution in time. For
discretizing space dependent terms, compact scheme is chosen. The compact scheme provided high order accuracy in
space. The scheme has been applied to problem of flow over the Rige plate and the concluding points can be expressed
as
e The velocity profile declined by increasing Eyring number and velocity profile was escalated by incrementing
the Darcy number
e The local Nusselt number increases with rising Biot number.
e Local Sherwood number raised by growing reaction rate parameter.
e One of the proposed scheme performed better than existing Runge-Kutta scheme on specific time and space step
sizes.
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MOAUPIKOBAHA CXEMA PYHI'E-KYTTH TA KOMITAKTHA ITPOCTOPOBA CXEMA JJISI IIOTOKY
PIIAHU TPAHJITJISI-EMPIHIA 3A METOJIAMH JIAPCI ®OPXTAMMEPA HAJT PUTA IINTACTUHOIO
Scip Hasa3s', Myxamman Illoaii6 Apid?, Myasia Mancyp®, Kamaa AGonaiie?

'Kagheopa mamemamuxu, Paxyremem inoicenepii ma obuuciosansioi mexuixu, Hayionanonuii ynieepcumem
cyuacuux mos (NUML), Icnamabao, 44000, [lakucman
’Kagpeopa mamemamuxu ma npupoonuqux nayk, Konedow npupodnuuux nayx ma symanimaphux nayx, Yuicepcumem
Hpunya Cynmana, Ep-Piao, 11586, Caydiscoxa Apasis
3Kagheopa mamemamuxu, Yuisepcumem Baxa, Bax Kawmm 47040, ITaxucman
3anpornioHoBaHo Moaudikaniro icHyrodoro Merony Pynre-Kyrtu Tperboro nopsiaky. Cxema € siBHOM, a ii mepumii erar
CKJIaJIa€ThCsl 3 HECTAaH/IapTHOTO 3HAMEHHHWKA, TOJI SK OCTaHHI J[Ba eTanM TaKi X, K 1 y merony Pynre-Kyrru. [lns
JMCKPETHU3allii MPOCTOPOBO-3JISKHHUX WICHIB BUKOPHCTOBYETHCSI KOMIIAKTHA CXeMa BUCOKOTO HOPS/KY. 3arpoIlioHOBaHa
cXema 3 IPOCTOPOBOIO ANCKPETH3ALIEI0 BUKOPUCTOBYETHCS AJISl 3HAXOPKEHHSI YMOBH CTIMKOCTI 3aIIPOIIOHOBAHOT CXEMH.
Cxema 3aCTOCOBYEThCS 710 0e3p03MipHOT MOzeNi Y BUIVII TU(EpeHIiabHAX PIBHSHD 3 YACTHHHUMH MOXIJTHUMH IS
KOB3HOTO TIOTOKY HEHBIOTOHIBCHKOI DIJMHH Haj pHUra IUIACTHHOIO 3 TEIUIO- Ta MacoOOMiHOM. 3a JOTIOMOTIOIO
3aIpPOMOHOBAHOI CXeMH OTPHUMAHO Pi3Hi TUIH rpadikiB A mpodisiB MBHIAKOCTI, TEMIEpaTypH Ta KOHIEHTpallii. [eski
pe3ynabTaTd, OTPUMaHi 3a 3alpONOHOBAHOI0 CXEMOIO, TOPIBHIOIOTHCS 3 pEe3yibTaTaMH, OTPUMAaHHMHU 32 JOIOMOTOIO
YHCIIOBOTO PO3B'sSI3yBaHHS 3a fgoroMoroio po3s'sisyBaua MATLAB PDEPE. Cxema Takok MOPIBHIOETHCS 3 iCHYIOUOIO
cxemoro Pynre-KyTTu TpeThoro mopsky, i BOHa J1a€ TOYHIII pe3yNbTaTH, HIX iCHyI09a CXeMa, IPU MEBHUX PO3Mipax

KpOKY B 4aci Ta IpocTopi.
KurouoBi ciioBa: cibpudna cxema, cmilikicms, KOHEepeeHYIs, KoG3aiouuil nomix; piouxna Eupinea-Ilpanomis





