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This study presents a comprehensive investigation of quantum information measures for the one-dimensional Ultra Generalized
Exponential-Hyperbolic Potential (UGEHP) within the framework of the Schrodinger equation. Analytical solutions for the energy
eigenvalues and corresponding wave functions are obtained using the Nikiforov—Uvarov method. These solutions serve as the basis
for evaluating Shannon entropy and Fisher information in both position and momentum spaces. The numerical results show that the
total Shannon entropy satisfies the Beckner—Biatynicki-Birula—Mycielski (BBM) inequality, while the Fisher information adheres to
the Stam—Cramér—Rao bounds, thereby confirming consistency with fundamental quantum uncertainty principles. In addition, the
energy spectrum exhibits a pronounced dependence on the screening parameter and quantum numbers, indicating the tunable
confinement properties of the potential. The combined analysis establishes a clear connection between energy quantization,
wavefunction localization, and information-theoretic measures, offering deeper insight into the effectiveness of the UGEHP model in
describing complex quantum systems.

Keywords: Probability density; Information-theoretic measures; Ultra Generalized Exponential-Hyperbolic Potential; Energy
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INTRODUCTION

In recent years, quantum information theory has attracted considerable interest due to its deep impact on quantum
computing, quantum communication, and fundamental physics. Among the different methods used to investigate
quantum information measures, potential models have emerged as effective tools for gaining insights into the behavior
of quantum systems [1,2]. Quantum information measures (QIM), including Shannon entropy, Fisher information,
Rényi entropy, and Tsallis entropy, are essential for examining the localization and delocalization characteristics of
wavefunctions (WF) in confined quantum systems [3,4]. These measures provide valuable insights into quantum
uncertainty, correlations, and entanglement, which are essential for applications in quantum computing and information
processing. While these techniques have been extensively applied to different potential models [5-7], studies
specifically focusing on the Ultra Generalized Exponential-Hyperbolic Potential (UGEHP) remain limited. Due to its
flexibility and tunability, the UGEHP serves as an ideal model for exploring complex quantum systems under external
constraints. This potential encompasses a broad class of models, generalizing well-known potentials such as the Morse,
Poschl-Teller, and Eckart potentials [8]. It has been particularly useful in describing diatomic molecular interactions
[9,10] and quarkonium systems [11,12] in both relativistic and non-relativistic frameworks. The functional form of the
UGEHP includes multiple adjustable parameters, allowing for a detailed investigation of quantum information measures
in relation to system confinement and external influences. Notably, this potential has emerged as an effective model for
examining the interplay between quantum information measures and potential-driven quantum dynamics. This study
aims to systematically analyze the information-theoretic properties and bound state energy associated with the UGEHP,
providing new insights into its role in Quantum information measures.

The potential is expressed in the form [9].
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The dependence of the potential on distance is illustrated in Figure 1.

Recent advancements in quantum information theory have highlighted the crucial role of entropic measures in
understanding the uncertainty and information content of quantum states [13]. Shannon entropy serves as a global
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indicator of the uncertainty and randomness associated with electron localization and delocalization [14]. In contrast,
Fisher information measures the sensitivity of a WF to external perturbations, making it essential in quantum metrology
and estimation theory [15].
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Figure 1. Variation of the Ultra Generalized Exponential-Hyperbolic Potential with position for different screening
parameters and the arbitrary parameters 4, =0.1,J, =—-0.5,B, =2,G, =0.1,d, =4,6,=1,C, =4

In recent years, Shannon entropy has garnered considerable attention among quantum physics researchers due to
its broad applications in modern quantum communication systems [16,17]. Its significance lies in its function as a
generalized form of Heisenberg’s uncertainty principle, providing a quantitative measure of uncertainty in quantum
systems while also characterizing various physical properties [17]. Beckner-Biatynicki-Birula and Mycielski (BBM)
[18] introduced a novel formulation of Heisenberg’s uncertainty principle in quantum mechanics, expressed as:

S; =S, +S,>2D(1+2Inx), 3)

In this context, D signifies the spatial dimension, while S, and S, represent the Shannon entropies in coordinate and

momentum spaces, respectively. The total Shannon entropy, denoted as S;, is the sum of these two components. The

expressions for S, and S, are provided in references [19-21].
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wave function in the special coordinate. Also, p(r,)= |‘I’(r0,¢90,(0)|2 is the probability density in the spatial co-ordinate,

P p):|¢( p)|2 is the probability density in the momentum space and @(p) is the associated normalized Fourier

transform [21]. It should be noted that the entropy measures evaluated in this work correspond solely to the radial
component of the wavefunction associated with the Ultra Generalized Exponential-Hyperbolic Potential. In the general
three-dimensional framework, the total Shannon entropy comprises both radial and angular contributions. However,
since the present study focuses on the radial solutions of the Schrédinger equation and the influence of the potential
parameters on the radial probability density, only the radial contribution has been considered. Therefore, the reported
entropy values represent radial Shannon entropies rather than the complete three-dimensional Shannon entropy [22].
The global measure is important because it enables researchers to analyze the uncertainty associated with the
probability distribution. In contrast, Fisher information quantifies the efficiency of a measurement procedure in
estimating quantum limits [23]. This information-theoretic tool primarily captures local variations in probability density
[24]. Fisher information plays a crucial role in density functional theory [25], statistical estimation, and molecular
chemical reactivity [26]. It is also strongly correlated with physical properties such as magnetic susceptibility and
kinetic energy [27], providing valuable insights into electron correlation and atomic structure in both coordinate and
momentum spaces [28].



6
EEJP. 3 (2026) Etido P. Inyang, et al.

As it is written,
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Unlike, the Shannon entropy that satisfied the BBM inequality, the Fisher information fulfill the Stam inequalities
I, < 4<r02>;1 » S 4< p2> [29], and the Cramer—Rao inequalities /, > L'I ZL [30]. Generally, for an arbitrary
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angular momentum quantum number of any central potential model, the two products of the Fisher information must
satisfy the relation [30]

1,1, 24(r*){p 2){ ZZU q ©)

Extensive studies have explored Shannon entropy and Fisher information using well-motivated potential models.
Udoh et al. [31] applied the Nikiforov—Uvarov functional analysis (NUFA) approach to solve the radial Schrodinger
equation (SE) for the shifted Morse potential, deriving analytical energy eigenvalues and eigenfunctions, and analyzing
quantum information measures. Nath and Roy [32] obtained exact solutions to the non-central Makarov potential and
studied information-theoretic parameters for low-lying states. Inyang et al. [33] investigated the QIM with the screened
modified Kratzer-Yukawa potential using the Nikiforov-Uvarov (NU) method, while Ikot et al. [34] applied NUFA to
the Mobius square potential, both analyzing Shannon entropy and Fisher information. Onate et al. [35] employed
supersymmetric techniques for the Morse potential to evaluate QIM and thermodynamic properties. Bloch and Cohen
[36] linked Fisher information to an enhanced uncertainty principle. Omugbe et al. [37] used supersymmetric WKB for
the QIM assessments, Boumali and Labidi [38] studied the Dirac oscillator under energy-dependent potentials, and
Onate et al. [39] solved the SE for the Eckart-Manning-Rosen potential. In this work, the SE, an essential tool in
quantum mechanics, is solved using the NU method [40] for the UGEHP. The derived energy equation and WF will
serve as the foundation for analyzing QIM, including Shannon entropy, Fisher information, and bound-state energy. To
the best of our knowledge, this has not been presented in the literature.

2. THE SOLUTION OF THE SCHRODINGER EQUATION WITH THE UGEHP
In this study, the NU method is employed to solve the SE, with detailed formulations available in Reference [40].
The radial Schrodinger equation for a spherically symmetric potential is given by [41]

d*R(r,)
dr?

o
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where E,, is the eigenvalue, R(r,) is the eigenfunction, 7 is the reduced Planck's constant, r, is the radial distance
and 4 is the reduced mass.

To address the centrifugal barrier in Equation (7), we employ the Greene-Aldrich approximation scheme (GAAS)
[42]. This method provides an effective approximation for the centrifugal term, ensuring accuracy within a specific
validity range ¢, << 1,. Under these conditions, the centrifugal term transforms into the following expression:

N . T (8)

20,

Substituting Egs. (1), (2), and (8) into Eq. (7) and introducing an appropriate coordinate transformation g, = e"" gives

dy(q,), 1-q, dy(q,), 1 (& +a, ), +
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where:
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For this research, the NU method is employed, as outlined in Ref. [40]. This approach yields the eigenvalue and
eigenfunction equations, which are expressed as follows:
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The WF is expressed in terms of the Jacobi polynomial as follows:

e (1 g | Fbfsas]) P[Zﬁzﬁ] (1-24,), (13)

l//n/ (qu) = NnI qa

where N, represents the normalization constant, which can be determined by applying the normalization condition:
[R, ()R, (r)dr, =1 (14)
0

3. RESULTS AND DISCUSSION

The wave functions and energy eigenvalues of the Schrédinger equation with the Ultra Generalized Exponential—
Hyperbolic Potential (UGEHP) are obtained analytically using the Nikiforov—Uvarov method. Based on these solutions,
Shannon entropy and Fisher information are evaluated in both position and momentum spaces to investigate the
information-theoretic properties of the system.

Tables 1 and 2 present the calculated Shannon entropies and Fisher information, respectively, for the ground state
at different values of the screening potential parameter (SPP), ranging from 0.01 to 0.10. The results in Table 1 show
that the total Shannon entropy satisfies the Beckner—Biatynicki-Birula—Mycielski (BBM) inequality, which establishes a
fundamental lower bound on the sum of the position- and momentum-space entropies. This confirms that the
uncertainty associated with the quantum system is accurately captured. Similarly, the Fisher information values reported
in Table 2 satisfy the Stam—Cramér—Rao (SCR) inequality, demonstrating consistency with the fundamental limits of
statistical estimation and measurement precision in quantum mechanics. These findings validate the theoretical
framework employed and further emphasize the intimate connection between quantum uncertainty and information-
theoretic measures.

Table 3 presents the variation of the energy eigenvalues of the UGEHP with the principal quantum number (n),
angular momentum quantum number (1), and screening parameter ( ¢,). The results display the characteristic behavior

expected for quantum systems governed by short-range interaction potentials. For a fixed value of ¢, the energy

eigenvalues increase with increasing (n), corresponding to transitions from lower to higher excited states. As the
particle occupies larger spatial regions in these excited states, it becomes less tightly bound within the potential well,
resulting in a reduction in the magnitude of the binding energy.
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For a given value of (n), the energy eigenvalues also increase with increasing angular momentum quantum number
(1). This behavior arises from the centrifugal contribution to the effective potential, which introduces a repulsive term
proportional to (I(1+1)/r?). As 1 increases, the particle is pushed away from the central region of the potential, leading to
reduced localization and higher energy levels. Consequently, the degeneracy commonly associated with ideal central
potentials is lifted, reflecting the non-Coulombic nature of the UGEHP.

The influence of the screening parameter ( ¢, ) is equally significant. As ¢, increases, the energy eigenvalues shift

toward higher values, indicating weaker binding of the system. Physically, stronger screening reduces the effective
range of the interaction potential and weakens its confining capability, thereby producing less localized quantum states.
Conversely, smaller values of ¢, correspond to weaker screening and stronger confinement, resulting in lower energy

eigenvalues and enhanced localization. These results demonstrate that the UGEHP provides a highly tunable framework
for controlling the spectral properties of quantum systems. Furthermore, the dependence of the energy spectrum on n, 1,
and ¢, directly influences wave-function localization and consequently affects the behavior of Shannon entropy and

Fisher information, establishing a clear relationship between spectral characteristics and quantum information measures.

To further illustrate the localization properties of the system, Figure 2 depicts the ground-state wave function in
position space for various values of the screening parameter. It is observed that decreasing the screening parameter
leads to a more sharply peaked wave function that shifts toward shorter distances, indicating stronger localization and
enhanced confinement of the particle. In contrast, increasing the screening parameter broadens the wave function,
reflecting weaker confinement and greater spatial delocalization.

A similar trend is observed in Figure 3, which shows the corresponding probability density distributions. As the
screening parameter decreases, the probability density becomes more concentrated and exhibits a higher peak,
indicating an increased likelihood of finding the particle within a localized spatial region. Conversely, increasing the
screening parameter results in a broader probability distribution, consistent with reduced confinement. These graphical
results support the trends observed in the energy spectrum and information-theoretic quantities, further confirming the
strong influence of the screening parameter on the localization and quantum behavior of the system.

Table 1. Shannon entropies for the ground state for the Ultra Generalized Exponential-Hyperbolic Potential

@, S, S, S, > 2.14473
0.01 2.457340 0.123150 258049
0.02 2.218196 0.190375 2.40857
0.03 2.107611 0.244707 235232
0.04 2.047531 0.288308 233584
0.05 2.014564 0322102 233667
0.06 1.998876 0.338815 233769
0.07 1.995648 0343301 233895
0.08 2.002399 0.338093 234049
0.09 2.017946 0324438 234238
0.10 2.041994 0.302725 234472

Table 2. Fisher Information entropies for the ground state for the Ultra Generalized Exponential-Hyperbolic Potential

Q, I, I, 11,24
0.01 0.552196 8.333156 4.601897
0.02 0.574371 8.347331 4.794750
0.03 0.591231 8.355159 4.939883
0.04 0.670146 8.391088 5.623137
0.05 0.682951 8.404442 5739414
0.06 0.699872 8.417453 5.891126
0.07 0.700436 8.426681 5.902263
0.08 0.712074 8.432596 6.004092
0.09 0.735457 8.467918 6.227006
0.10 0.740081 8.601521 6.365387

Table 3 Energy eigenvalues (in eV) of the Ultra Generalized Exponential-Hyperbolic Potential with the parameters
{4,=0.1,J,=-0.5,B,=2,G, =0.1,d, =4, = u =1,C, = 4} for various values of ¢, =0.01, 0.02, 0.03 and 0.04

no1 o, =0.01 o, =0.02 o, =0.03 o, =0.04
0 0 —0.540123 —0.580658 —0.621715 —0.663342
10 —0.540528 —0.582224 —0.625141 —0.669298
1 —0.540524 —0.582195 —0.625054 —0.669112
20 —0.541104 —0.584345 —0.629689 —0.677129
1 —0.541107 —0.584363 —0.629744 —0.677243
2 —0.541112 —0.584394 —0.629831 —0.677419
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no1 a, =0.01 a, =0.02 o, =0.03 o, =0.04
3.0 —0.541820 —0.586942 —0.635240 —0.686681

1 —0.541833 —0.587025 —0.635479 —0.687169
2 —0.541855 —0.587166 —0.635866 —0.687941
3 —0.541883 —0.587332 —0.636303 —0.688790
4 0 —0.542659 —0.589981 —0.641744 —0.697894
1 —0.542684 —0.590140 —0.642191 —0.698798
2 —0.542729 —0.590413 —0.642928 —0.700253
3 —0.542787 —0.590739 —0.643778 —0.701894
4 —0.542850 —0.591076 —0.644630 —0.703506
5 0 —0.543614 —0.593444 —0.649180 —0.710742
1 —0.543653 —0.593687 —0.649850 —0.712086
2 —0.543724 —0.594105 —0.650967 —0.714278
3 —0.543815 —0.594613 —0.652278 —0.716796
4 —0.543916 —0.595146 —0.653615 —0.719316
5 —0.544021 —0.595667 —0.654892 —0.721692
6 0 —0.544678 —0.597324 —0.657534 —0.725211
1 —0.544733 —0.597655 —0.658436 —0.727010
2 —0.544832 —0.598228 —0.659955 —0.729976
3 —0.544960 —0.598932 —-0.661761 —0.733428
4 —0.545105 —0.599681 —0.663628 —0.736937
5 —0.545255 —0.600421 —0.665435 —0.740292
6 —0.545403 —0.601127 —0.667130 —0.743410
n=0 _ n=0
0.25 — a=0.01 — @=0.02 — a=0.03 a=0.04
0.5

£ 00 \ Y Sois
S 3
2 / :
0.10
-0.5
— a=0.01 — a=0.02 — a=0.03 a=0.04
0.05
-1.0 ) 0.00 A‘}\\
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r r

Figure 2. The ground state wave function in position space is Figure 3. The probability density of the ground state in
analyzed for different values of the screening potential position space is examined for different values of the
parameter screening potential parameter

4. CONCLUSIONS

In this work, the Schrédinger equation for the Ultra Generalized Exponential-Hyperbolic Potential has been
solved using the Nikiforov—Uvarov method, yielding an expression for the energy eigenvalues and corresponding wave
functions. The resulting energy spectrum demonstrates a clear dependence on the principal and angular momentum
quantum numbers, as well as on the screening parameter, confirming the tunable nature of the potential in controlling
quantum confinement. The analysis of Shannon entropy and Fisher information in both position and momentum spaces
reveals that the system satisfies the BBM and Stam—Cramér—Rao inequalities, thereby reinforcing the consistency of the
results with fundamental quantum mechanical uncertainty relations. Moreover, the interplay between energy
quantization and information-theoretic measures highlights the connection between spectral properties and
wavefunction localization. Overall, the findings establish the UGEHP as a robust and versatile model for investigating
quantum information measures in bound systems, with potential applications in molecular physics and quantum
information science.
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APPENDIX A: Review of Nikiforov-Uvarov (NU) method

The NU method was proposed by Nikiforov and Uvarov [40] to transform Schrddinger-like equations into a second-order
differential equation via a coordinate transformation x, = x_(r) , of the form

v () + 20 ) S0 iy g (AD)

where 6(x,), and o(x,) are polynomials, at most second degree and #(x,) is a first-degree polynomial. The exact solution of

Eq.(A1) can be obtain by using the transformation.

y(x)=9(x)r(x) (A2)
This transformation reduces Eq.(A1) into a hypergeometric-type equation of the form
o (%) (%) +7(x) ¥ (%) + Ay(x.) =0 (A3)

The function ¢(x,) can be defined as the logarithm derivative
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= (A4)

With 7(x,) being at most a first-degree polynomial. The second part of w(x,)being y(x,) in Eq. (A2) is the hypergeometric
function with its polynomial solution given by Rodrigues relation as

B, d"
y(x)=

nl

p(x,)dx”

[ (x)(x)] (*3)

where B,, is the normalization constant and p (x, ) the weight function which satisfies the condition below;

(o(x)p(x)) =7(x)p(x.) (A6)
where also
7(x,)=7%(x,)+27(x,) (A7)
For bound solutions, it is required that
7'(x,)<0 (A8)
The eigenfunctions and eigenvalues can be obtained using the definition of the following function 7(s) and parameter A,
respectively:
S ~ J ~ 2
2(s)=2 (s)z 7(s) i\/[a (S)z T(S)] 6 (s)+ko(s) (A9)
and

A=k +7(x,) (A10)

The value of k& can be obtained by setting the discriminant in the square root in Eq. (A9) equal to zero. As such, the new eigenvalues
equation can be given as

n(n—1)

A+nr (x)+
e (1) + 1

o' (x,)=0,(n=0,12,..) (A11)

KBAHTOBHU IHOOPMALIIHUI TA EHEPTETUYHHUI CIIEKTP YJIbTPAY3ATAJIbBHEHOT O
EKCIIOHEHUIAJIBHO-TTIIEPBOJITYHOI'O ITIOTEHLIAJLY 3A JOIIOMOI'OI0O METOY
HIKI®OPOBA-YBAPOBA
ETino II. Inbsanr!, Ixxonatan E. Ocanr?, Cemioen E. Monra®
Kageopa pizuxu, Paxyromem npupoonuuux nayk, Hayionanonuii 6iokpumuti ynicepcumem Hizepii, Joicabi-A6yodoca, Hicepis
’Kageopa izuxu, Yuisepcumem wmamy Kpoc-Pieep, Karabap, Hizepis.
3Kagheopa ¢hisuxu, Yuieepcumem Kanabapa, Kanabap, Hizepis.

Ile KOMIUIEKCHE IOCIHIMKEHHS KBAHTOBHX iH(GOpPMaliiHUX Mip Ui OJHOBHMIPHOTO YJIBTpay3arajJbHEHOI'O EKCIIOHEHIiaJbHO-
rinep6osniunoro norenwiany (YYITII) B pamxax piBusuus lpeninrepa. AnamiTidHi po3B'si3KH Ul BIaCHUX 3HA4YCHb SHEprii Ta
BIAMOBIZHMX XBUIIBOBHX (YHKILIN oTpuMaHi 3a momomororo Merony Hikipoposa-YBaposa. Li po3B's3ku CIyryioTh OCHOBOIO IS
ouinku eHtpomnii lllenHoHa Ta iHpopMmamnii dimepa siK y MPOCTOpi MOMOKEHHS, TaK 1 B MPOCTOpi iMIynbcy. UHCIIOBI pe3ynbTaTH
MOKa3yI0Th, IO TOBHA eHTporris [1leHHOHa 3am0BoNBHSE HepiBHICTH beknepa-bsmanmpkoro-bipymn-Minenscekoro (BBM), Toxi sik
indopmaris Pimepa norpumyersest Mex Crama-Kpamepa-Pao, mo miarBepaxye y3ropKeHicTb 3 GpyHIaMeHTaTbHIME IPUHINIIAME
KBaHTOBOI HeBH3HAYCHOCTi. KpiM TOTO, €HEpreTHYHNH CIIEKTP JEMOHCTPY€E BHPaKEHY 3aJ€XKHICTh BiJ| TapaMeTpa eKpaHyBaHHS Ta
KBAaHTOBUX YHCEJI, III0 BKa3y€e Ha BJIACTHMBOCTI HAJAIITOBAHOTO oOMeXeHHs rnorteHuiary. KomOiHOBaHUI aHaii3 BCTAHOBIIIOE YiTKUI
3B'I30K MDK KBAaHTYBaHHSM EHeEprii, JIoKaii3aliclo XBWIboBOI (QyHKLIT Ta iHGOpPMaLiHHO-TEOPETUIHUMH 3aXOAaMH, MIPOIIOHYIOUH

riubie po3yminas epexruBrocti Mozaeni UGEHP B onuci ckinaiHMX KBaHTOBUX CHUCTEM.
KuarouoBi cioBa:  winsuicme  timogipnocmi;  iHghopmayitino-meopemuyHi  3axo0u;  YIbMpay3a2aibHeHull  eKCNOHEeHYianbHO-
2inepboniyHUll NOMeHYia, eHepeemudHULl CNeKmp, pO38'a3Ku 36 A3aHUX CINaHI8





