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This paper investigates Einstein’s field equations within a cosmological model that incorporates a polytropic bulk viscous fluid, with
the gravitational and cosmological constants varying in a Bianchi type-I universe. It is observed that different time-dependent scenarios
yield variations in physical parameters, which hold significant implications for cosmic evolution. Key physical parameters, including
energy density, the gravitational constant, expansion scalar, the cosmological constant, the bulk viscosity coefficient and shear scalar
are examined for their physical significance. The geometrical and observational interpretations of the cosmological model are also
investigated.
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1. INTRODUCTION
Cosmology investigates the origin and evolution of the universe, with a focus on its largest-scale structures and

dynamics, including the motion of celestial bodies. Advances in the twentieth century established the Big Bang as the
prevailing cosmological model, now widely accepted by the scientific community. These developments have also stimulated
speculation regarding the very beginning of the universe. Bianchi type-I spacetimes represent simple generalizations of the
flat Friedmann-Robertson-Walker (FRW) models. Observations, such as the late-time cosmic acceleration (Perlmutter et al.
[1–3]; Riess et al. [4]; Allen et al. [5]; Peebles et al. [6]; Padmanabhan [7]; Lima [8]; Khadekar [9]; Dhankar [10–18];
Munyeshyaka [19–21]; Gadbail [22]; Panda [23]; Kumar [24]; Thakran [25]; Samanta [26]; Sanyal [27]), reveal that the
universe is undergoing accelerated expansion.

The cosmological constant (Λ) is a subject of considerable interest, with recent observations suggesting a value of
approximately 10–55𝑐𝑚–2, which is dramatically smaller than the predictions from particle physics by about 120 orders
of magnitude. Λ remains a cornerstone of modern cosmological theory. Bulk viscosity, arising from phase transitions
in grand unified theories, may contribute to an inflationary phase in the early universe. There is substantial evidence
supporting a non-zero cosmological constant Riess et al. [28]. For instance, Zhang et al. [29] investigated Friedmann
cosmology on a codimension-2 brane with time-varying tension, demonstrating that Λ can remain independent of the brane
tension. Tiwari and Sharma [30] studied Bianchi type-III models incorporating strings and bulk viscosity within general
relativity, showing that such models can be shear-free. Wang [31–33], examined Bianchi type I–IX models in the presence
of string clouds. Numerous studies have explored viscous fluid cosmologies in the early universe. Tiwari et al. [34]
analyzed Bianchi type-I string cosmologies with bulk viscosity and a time-dependent Λ. Zeyauddin and Saha [35] studied
Bianchi type-V models incorporating bulk viscosity and particle production. Beesham et al. [36] proposed a Bianchi
type-I anisotropic model with a bulk viscous fluid, variable gravitational constant 𝐺, and Λ, where the bulk viscosity 𝜂 is
related to the energy density 𝜌 via 𝜂 = 𝜂0𝜌

𝑛, with 𝜂0 ≤ 0. They derived the modified Friedmann equation 3𝐻2 = 𝐺𝜌 +
𝜎2 + Λ, where 𝜎 denotes shear and 𝐻 is the Hubble parameter.

Further investigations by Tiwari [37], Tiwari and jha [38], Tiwari and Dwivedi [39] (2008–2010) explored isotropic
and anisotropic cosmologies, examining relationships among the cosmological constant Λ, the inverse power of the scale
factor (𝑅−𝑚), and the Hubble parameter 𝐻, with 𝑚 as a constant. Tiwari and Sharma [40] analyzed LRS Bianchi type-II
models featuring a decaying Λ, while Tiwari et al. [41] studied Bianchi type-I models with a perfect fluid in general
relativity. Numerous other researchers [42–62] have also investigated the behavior and implications of the cosmological
constant. Another intriguing topic is the possible variability of the gravitational constant 𝐺. While the conventional view,
based on Newtonian gravity and Einstein’s general relativity, treats 𝐺 as constant, some theories allow for its variation over
cosmic time. A time-varying 𝐺 could revolutionize fundamental physics and have profound astrophysical consequences.

Cite as: A.G. Ingle, Sh.D. Deo, P.K. Dhankar, S. Islam, K. Srivastava, B. Thakran, East Eur. J. Phys. 3, 54 (2026), https://doi.org/10.26565/
2312-4334-2026-3-05
© A.G. Ingle, Sh.D. Deo, P.K. Dhankar, S. Islam, K. Srivastava, B. Thakran, 2026; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2026-3-05
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0009-0003-2664-5739
https://orcid.org/0009-0008-5413-9485
https://orcid.org/0000-0002-8201-6019
https://orcid.org/0000-0003-1373-4137
https://orcid.org/0000-0002-9183-4080
https://orcid.org/0009-0006-9471-9164
mailto:pkumar6743@gmail.com
https://doi.org/10.26565/2312-4334-2026-3-05
https://doi.org/10.26565/2312-4334-2026-3-05
https://creativecommons.org/licenses/by/4.0/


Cosmological Model with Polytropic Bulk Viscosity and Varying Gravitational...
55

EEJP. 3 (2026)

Dirac [63] proposed that 𝐺 decreases inversely with time when measured in atomic units, noting its approximate value as
10−40 at the present epoch.

Cosmological models that include bulk viscosity, together with time-dependent gravitational and cosmological
constants, have received significant attention in contemporary theoretical physics [64, 65]. Bulk viscosity arises naturally
in cosmic fluids due to particle interactions and phase transitions, and it can have a substantial impact on the dynamics of the
early universe [66]. In anisotropic spacetimes, such as Bianchi type-I models, viscous effects provide a useful framework
for exploring deviations from perfect fluid behavior while remaining compatible with observational constraints on cosmic
expansion. Models with variable gravitational 𝐺 and cosmological Λ constants offer an alternative to the standard
ΛCDM framework, potentially addressing unresolved issues related to dark energy and late-time cosmic acceleration [67].
Polytropic equations of state have been applied to describe bulk viscous fluids, extending the barotropic case and capturing
more intricate thermodynamic properties [68, 69]. These models often admit exact solutions to Einstein’s field equations,
allowing detailed investigations of the universe’s expansion history and the dissipation of anisotropy [64]. Moreover, the
combined influence of viscous effects and evolving 𝐺 and Λ can produce scenarios consistent with current observations
of cosmic acceleration without invoking exotic fields [70]. In this study, we focus on a Bianchi type-I cosmological model
with polytropic bulk viscosity, permitting both 𝐺 and Λ to vary over cosmic time, and we examine the evolution of key
cosmological parameters.

The structure of this paper is as follows: Section 2 presents the Bianchi type-I bulk viscous polytropic cosmological
model with variable 𝐺 and Λ. In Section 3, we derive solutions to Einstein’s field equations under specific equations of
state and compute various physical quantities, including scale factors, the Hubble parameter, the expansion scalar, and the
deceleration parameter. Section 4 summarizes our conclusions.

2. THE METRIC AND IT’S FIELD EQUATIONS
The spatially homogeneous and anisotropic Bianchi type-I spacetime is described by,

𝑑𝑠2 = −𝑑𝑡2 + 𝑋2
1 (𝑡)𝑑𝑥

2 + 𝑋2
2 (𝑡)𝑑𝑦

2 + 𝑋2
3 (𝑡)𝑑𝑧

2, (1)

where, 𝑋1 (𝑡), 𝑋2 (𝑡) and 𝑋3 (𝑡) are functions dependent solely on cosmic time 𝑡.
The energy–momentum tensor of a bulk viscous fluid is given by

𝑇 𝜈
𝜇 = (𝜌 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝 𝑔𝜈𝜇, (2)

where the effective pressure is defined as
𝑝 = 𝑝 − 3𝜉𝐻. (3)

Here, 𝜌 and 𝑝 denote the energy density and equilibrium pressure, respectively, 𝜉 is the coefficient of bulk viscosity, 𝐻 is
the Hubble parameter, and the four-velocity 𝑢𝜇 satisfies the normalization condition 𝑔𝜇𝜈𝑢

𝜇𝑢𝜈 = −1.
The Einstein field equations are expressed as

𝑅𝜈
𝜇 − 1

2
𝑅𝑔𝜈𝜇 = −8𝜋𝐺𝑇 𝜈

𝜇 + Λ𝑔𝜈𝜇, (4)

where 𝐺 and Λ are the time-dependent gravitational and cosmological constants, respectively.
The expressions for the shear scalar 𝜌 and the expansion scalar Θ are provided as follows:

Θ = 𝑢𝜈;𝜇 =
1
3

(
¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
= 3𝐻,

𝜎2 =
1
2
𝜎𝜇𝜈𝜎

𝜇𝜈

=
1
3

( ¤𝑋2
1

𝑋2
1
+

¤𝑋2
2

𝑋2
2
+

¤𝑋2
3

𝑋2
3
−

¤𝑋1 ¤𝑋2
𝑋1𝑋2

−
¤𝑋2 ¤𝑋3
𝑋2𝑋3

−
¤𝑋1 ¤𝑋3
𝑋1𝑋3

)
. (5)

The Einstein’s field equation (4) supporting the metric (1) now become

¥𝑋2
𝑋2

+
¥𝑋3
𝑋3

+
¤𝑋2 ¤𝑋3
𝑋2𝑋3

= −8𝜋𝐺𝑝 + Λ, (6)

¥𝑋1
𝑋1

+
¥𝑋3
𝑋3

+
¤𝑋1 ¤𝑋3
𝑋1𝑋3

= −8𝜋𝐺𝑝 + Λ, (7)

¥𝑋1
𝑋1

+
¥𝑋2
𝑋2

+
¤𝑋1 ¤𝑋2
𝑋1𝑋2

= −8𝜋𝐺𝑝 + Λ, (8)
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¤𝑋1 ¤𝑋2
𝑋1𝑋2

+
¤𝑋2 ¤𝑋3
𝑋2𝑋3

+
¤𝑋1 ¤𝑋3
𝑋1𝑋3

= 8𝜋𝐺𝜌 + Λ, (9)

The divergence of the Einstein tensor produces an additional equation for the time variations of Λ and 𝐺, namely:(
𝑅𝜈
𝜇 − 1

2
𝑅𝑔𝜈𝜇

)
;𝜈
= 0

which leads to (
8𝜋𝐺𝑇 𝜈

𝜇 − Λ𝑔𝜈𝜇

)
;𝜈
= 0

yielding

8𝜋 ¤𝐺𝜌 + ¤Λ + 8𝜋𝐺
{
¤𝜌 +

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
(𝜌 + 𝑝)

}
= 0. (10)

The energy conservation Eq. (10) is divided into two equations after using Eq. (4), we get

¤𝜌 +
( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
(𝜌 + 𝑝) = 0, (11)

¤Λ + 8𝜋 ¤𝐺𝜌 = 8𝜋𝐺𝜉

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)2

= 0. (12)

3. SOLUTIONS OF THE FIELD EQUATIONS
We consider the relation as

𝜉 = 𝜉0𝜌
𝛽 (13)

where, 𝜉0 > 0, and 𝛽 is taken as a constant.
To derive the complete solution, we further consider the polytropic relation as follows:

𝑝 = 𝛼𝜌𝜁 (14)

where 𝛼 and 𝜁 are constants characterizing the polytropic fluid, and 𝜌 denotes the energy density. For simplicity, we set
the constant 𝜁 to unity.

We assume that the solution to the system of equations takes the following form:

¤𝑋1
𝑋1

=
¤𝑋2
𝑋2

=
𝛼1
𝑡𝑛

,
¤𝑋3
𝑋3

=
𝛼2
𝑡𝑛

(15)

where, 𝛼1, 𝛼2 both are constants [4].
Upon integrating equation (15), we obtain the solution as follows:

𝑋1 = 𝑋2 = 𝑎.𝑒𝑥𝑝

[
𝛼1𝑡

1−𝑛

(1 − 𝑛)

]
, 𝑋3 = 𝑏.𝑒𝑥𝑝

[
𝛼2𝑡

1−𝑛

(1 − 𝑛)

]
. (16)

where 𝑎 and 𝑏 are the constant of integration.
After using Eqns. (14) & (15) into Eq. (11), we have the values as given

¤𝜌
𝜌
= − (1 + 𝛼) (2𝛼1 + 𝛼2)

𝑡𝑛
(17)

After Integrating on both sides, we get

𝜌 = 𝛼3𝑒𝑥𝑝

[
−(1 + 𝛼) (2𝛼1 + 𝛼2)

𝑡1−𝑛

(1 − 𝑛)

]
, (18)

Differentiating Eq. (18) on both sides, we have

¤𝜌 = −𝛼3
(𝛼 + 1) (2𝛼1 + 𝛼2)

𝑡𝑛
𝑒𝑥𝑝

[
− (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
]
, (19)

By using Eq. (9), (15), (16) and differentiating on both sides, we have
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−
2𝑛(𝛼2

1 + 2𝛼1𝛼2)
𝑡 (1+2𝑛) = 8𝜋𝐺 ¤𝜌 + 8𝜋𝐺𝜉

[
(2𝛼1 + 𝛼2)

𝑡𝑛

]2
, (20)

Again, substituting Eqns. (13) & (19) into Eq. (20), we get the values as

𝐺 = −
𝑛(𝛼2

1 + 2𝛼1𝛼2)
4𝜋𝛼3𝑡2𝑛+1 .𝑒𝑥𝑝

{
(𝛼 + 1) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} [

− (𝛼 + 1) (2𝛼1 + 𝛼2)
𝑡𝑛

+ 𝜉0𝛼
𝛽−1
3 .

𝑒𝑥𝑝

{
− (𝛽 − 1) (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} ]−1

(21)

Λ =
(𝛼2

1 + 2𝛼1𝛼2)
𝑡2𝑛

+ 2𝑛
(𝛼2

1 + 2𝛼1𝛼2)
𝑡2𝑛+1

[
− (𝛼 + 1) (2𝛼1 + 𝛼2)

𝑡𝑛
+ 𝜉0𝛼

𝛽−1
3

.𝑒𝑥𝑝

{
− (𝛽 − 1) (1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
} ]−1

(22)

It should be noted that the parameters 𝛼1, 𝛼2, and 𝛼3 are dimensional constants with dimensions 𝑇 𝑛−1, as dictated by the
ansatz ¤𝑋𝑖/𝑋𝑖 = 𝛼𝑖𝑡

−𝑛, the dimension of 𝑡 being 𝑇 . Consequently, the expression for Λ remains dimensionally consistent
with dimension 𝐿−2 (or 𝑇−2 ) for arbitrary values of 𝑛. From the Eq. (13) and Eq. (18), we have

𝜉 = 𝜉0𝛼
𝛽

3 .𝑒𝑥𝑝

{
− 𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
}

(23)

Here 𝑛 ≠ 1.
Hence the metric in Eq. (1) simplifies to the following:

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2.𝑒𝑥𝑝

(
2𝛼1𝑡

1−𝑛

(1 − 𝑛)

)
(𝑑𝑥2 + 𝑑𝑦2)

+𝑏2.𝑒𝑥𝑝

(
2𝛼2𝑡

1−𝑛

(1 − 𝑛)

)
𝑑𝑧2. (24)

For the model in Eq. (24), the energy density 𝜌, Hubble constant 𝐻𝑖 , and coefficient of bulk viscosity 𝜉 are given by:

𝜌 = 𝛼3.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)

(𝑛 − 1)𝑡𝑛−1

}
(25)

𝐻1 = 𝐻2 =
𝛼1
𝑡𝑛

, 𝐻3 =
𝛼2
𝑡𝑛

(26)

where 𝑛 > 1.

𝜉 = 𝜉0𝛼
𝛽

3 .𝑒𝑥𝑝

{
− 𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)

(1 − 𝑛) 𝑡1−𝑛
}

(27)

𝑝 = 𝛼.𝛼3.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)

(𝑛 − 1) 𝑡𝑛−1
}

(28)

4. GRAPHICAL REPRESENTATION OF PHYSICAL QUANTITIES
Figures 1 and 2 illustrate the temporal evolution of the energy density, 𝜌, which exhibits a mild increase at early

times followed by a more pronounced growth at later cosmic epochs. This behavior is indicative of a cosmological
model featuring dynamical phase transitions. The initial slow rise in 𝜌 is consistent with radiation- or matter-dominated
expansion, whereas the subsequent rapid enhancement signals a transition toward dark energy domination, driving the
onset of late-time cosmic acceleration. In this context, the accelerated growth of 𝜌 at late times reflects the increasing
dynamical influence of dark energy on the expansion history of the universe.

Alternatively, the sharp spike observed in the inset may be interpreted as a brief inflationary phase in the primordial
universe, characterized by a rapid amplification of the energy density over a short interval of cosmic time. The density
profile shown in Fig. 3 further corroborates this interpretation, displaying a sequence of quasi-stationary plateaus punctuated
by abrupt transitions. The presence of distinct vertical features indicates that the energy density remains approximately
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Figure 1. The relationship between energy density 𝜌 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1, 𝑛 = 2,
𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 2. The relationship between energy density 𝜌 and cosmic time 𝑡 in three-Dimensional is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 3. The relationship between energy density 𝜌 and cosmic time 𝑡 in Density plot view is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

constant over extended epochs before undergoing rapid changes at specific cosmic times, consistent with discrete phase
transitions in the underlying cosmological dynamics.

Figures (4–6) illustrate the temporal evolution of the pressure, 𝑝, which grows approximately exponentially with
cosmic time. During the early epochs (𝑡 ≪ 𝑡0), this growth is modest, while the pronounced steepening at later times
signals a major dynamical transition, potentially corresponding to primordial inflation or a cosmological phase change,
such as the onset of late-time acceleration driven by dark energy.
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Figure 4. The relationship between pressure 𝑝 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 =

0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 5. The relationship between pressure 𝑝 and cosmic time 𝑡 in three-Dimensional is defined with the parameters:
𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 6. The relationship between pressure 𝑝 and cosmic time 𝑡 in Density plot view is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figures (7–9) show a monotonic decrease of the gravitational constant, 𝐺, over cosmic time, consistent with a
broad spectrum of observational and experimental bounds, as detailed in the concluding section. This trend supports the
plausibility of a slowly varying gravitational coupling within the current cosmological paradigm.

The evolution of the cosmological constant, Λ, depicted in Figs. (10–12), exhibits a three-phase pattern: rapid initial
growth during the early universe, a peak in an intermediate epoch, and a subsequent decline toward near-zero values in
the late universe. These dynamics align with theoretical expectations, with Λ increasing exponentially or as a power law
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Figure 7. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 is defined with the parameters: 𝛼 = 0.1,
𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 8. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 in three-Dimensional is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 9. The relationship between Gravitational Constant 𝐺 and cosmic time 𝑡 in Density plot view is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

in the primordial phase, reaching a maximum in the intermediate era, and asymptotically approaching the small observed
value at late times.

Finally, the behavior of the bulk viscosity coefficient, 𝜉, as a function of cosmic time is presented in Figs. (13–15) via
density plots and three-dimensional visualizations. In the early universe, 𝜉 rises rapidly, significantly impacting expansion
dynamics; its growth continues at a slower rate during the intermediate epoch, and in the late universe, 𝜉 stabilizes to an
approximately constant value, reflecting the damping of dissipative effects as the universe expands.
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Figure 10. The relationship between Cosmological Constant Λ and cosmic time 𝑡 is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 11. The relationship between Cosmological Constant Λ and cosmic time 𝑡 in three-Dimensional is defined with
the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 12. The relationship between Cosmological Constant Λ and cosmic time 𝑡 in Density plot view is defined with the
parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

5. SPECIAL CASES:

When 𝛼1
2 = 𝛼2 and 𝛽 = 1, the Cosmological constant Λ, the shear scalar 𝜎, Gravitational constant 𝐺, the expansion

scalar 𝜃 and Hubble constant 𝐻𝑖 for the Eq. (24) is expressed as,

𝐺 = −
2𝑛𝛼2

2
𝜋𝛼3𝑡2𝑛+1 .𝑒𝑥𝑝

{
5𝛼2 (𝛼 + 1)

1 − 𝑛
𝑡1−𝑛

}
.

{
𝜉0 −

5𝛼2 (𝛼 + 1)
𝑡𝑛

}−1
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Figure 13. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 is defined with the parameters: 𝛼 =

0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 14. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 in three-Dimensional is defined
with the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Figure 15. The relationship between coefficient of bulk viscosity 𝜉 and cosmic time 𝑡 in Density plot view is defined with
the parameters: 𝛼 = 0.1, 𝑛 = 2, 𝛼1 = 0.1, 𝛼2 = 0.1 and 𝛼3 = 0.1.

Λ =
8𝛼2

2
𝑡2𝑛

+
16𝑛𝛼2

2
𝑡2𝑛+1

{
−5𝛼2 (𝛼 + 1)

𝑡𝑛
+ 𝜉0

}−1

It should be noted that 𝛼2 has the dimension 𝑇 𝑛−1, as implied by the ansatz ¤𝑋3/𝑋3 = 𝛼2𝑡
−𝑛, while 𝜉0 has the dimension

𝑇−1. Consequently, the above expression for Λ possesses the correct physical dimension 𝑇−2 (or 𝐿−2) for arbitrary values
of 𝑛, where the dimension of 𝑡 is 𝑇 . Further,

𝐻1 = 𝐻2 =
2𝛼2
𝑡𝑛

, 𝐻3 =
𝛼2
𝑡𝑛
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Θ =

( ¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

)
=

2𝛼1 + 𝛼2
𝑡𝑛

¤𝐺
𝐺

∝ 𝐻,Λ ∝ 1
𝑡2
, 𝐻 ∝ 1

𝑡
, 𝐺 > 0, 𝜌 > 0

.
When 𝑛 > 0, the model in Eq. (24) initiates with a Big-Bang at 𝑡 = 0, while the expansion scalar Θ decreases as

time 𝑡 increases. On the other hand, when 𝑛 < 0, the expansion in the model increases over time. When 𝑡 → 0, both the
Hubble parameter 𝐻 and the shear scalar 𝜎 approach infinity; however, as 𝑡 → ∞, the Hubble parameter 𝐻 and the shear
scalar 𝜎 approach zero. Since, lim𝑡→∞

𝜎
Θ
≠ 0, the model however does not achieve isotropy for large values of 𝑡. As time

𝑡 increases, the spatial volume 𝑉 decreases, and the rate of expansion also slows down. Since, 𝜉 = 𝜉0𝜌
𝛽 and 𝛽 > 1, the

model indicates the presence of inflationary phases.
When 𝑛 = 1, Eq. (15) is expressed as,

¤𝑋1
𝑋1

=
¤𝑋2
𝑋2

=
𝛼1
𝑡
,
¤𝑋3
𝑋3

=
𝛼2
𝑡

After integrating on both sides, we get
𝑋1 = 𝑋2 = 𝛼4.𝑡

𝛼1 , 𝑋3 = 𝛼5.𝑡
𝛼2

Therefore, metric Eq. (1) reduces to

𝑑𝑠2 = −𝑑𝑡2 + 𝛼2
4 .𝑡

2𝛼1 (𝑑𝑥2 + 𝑑𝑦2) + 𝛼2
5 .𝑡

2𝛼2𝑑𝑧2

Thus, the Gravitational constant 𝐺, the energy density 𝜌, Cosmological constant Λ, coefficient of bulk viscosity 𝜉,
Hubble constant 𝐻𝑖 , the shear scalar 𝜎, spacial volume 𝑉 and expansion scalar Θ are expressed as follows:

𝜌 = 𝑁.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
𝑝 = 𝛼.𝑁.𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
where 𝑁 is the integration constant.

𝐺 =
2𝛼1 (𝛼1 + 2𝛼2)𝑡

8𝜋(1 + 𝛼) (2𝛼1 + 𝛼2)

[
𝑒𝑥𝑝

{
(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}]−1

Λ = 𝛼1 (2𝛼1 + 𝛼2)𝑡.
{

1
𝑡3

− 2𝑁
(1 + 𝛼) (2𝛼1 + 𝛼2)

}
𝜉 = 𝜉0𝑁

𝛽 .𝑒𝑥𝑝

{
𝛽(1 + 𝛼) (2𝛼1 + 𝛼2)2

𝑡

}
𝐻1 = 𝐻2 =

𝛼1
𝑡
, 𝐻3 =

𝛼2
𝑡

𝜎 =
1
√

3

(𝛼1 − 𝛼2
𝑡

)
(29)

Θ =
¤𝑋1
𝑋1

+
¤𝑋2
𝑋2

+
¤𝑋3
𝑋3

=
2𝛼1 + 𝛼2

𝑡

𝑉 = 𝛼4𝛼5𝑡
(2𝛼1+𝛼2 )

¤𝐺
𝐺

∝ 𝐻,Λ ∝ 1
𝑡2
, 𝐻 ∝ 1

𝑡
, 𝐺 > 0, 𝜌 > 0.

It may be noted that the above expression for Λ in eqn. (29) is dimensionally consistent provided the parameter 𝑁
carries the dimension 𝑇−3 (or 𝐿−3 in geometrized units), thereby ensuring that Λ has the correct dimension 𝑇−2 (or 𝐿−2),
where 𝑇 or 𝐿 is the dimension of 𝑡. The expansion scalar Θ, shear scalar 𝜎, Hubble parameter 𝐻, and cosmological
constant Λ all exhibit a decreasing trend with time. As cosmic time 𝑡 increases, 𝜎, 𝐻, Θ, and Λ gradually decline,
indicating that the universe experienced a rapid expansion in the past, which is slowing down over time. This behavior is
consistent with observations reported by numerous astronomers (Riess et al. [4,28], Perlmutter et al. [1], etc.). In contrast,
the gravitational constant 𝐺 and the volume of the universe 𝑉 show a positive correlation with time. Since the ratio 𝜎

Θ

remains constant, the model does not approach isotropy at late times. Moreover, if 𝛼1 = 𝛼2, it implies that the polytropic
Bianchi type-I space-time is shear-free.
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6. CONCLUSIONS
The decreasing trend of the gravitational constant, 𝐺, with cosmic time inferred from Figs. (7–9) is consistent with

a broad range of independent constraints spanning cosmological, astrophysical, and laboratory scales. CMB observations
from Planck (2018) limit fractional variations to Δ𝐺/𝐺 < 0.1% over ∼ 13.8 Gyr, while BAO measurements from SDSS,
BOSS, and DES constrain Δ𝐺/𝐺 < 0.2% over ∼ 10 Gyr. Type Ia supernovae from the Union2.1 compilation impose
Δ𝐺/𝐺 < 0.3% over ∼ 9 Gyr. At shorter timescales, gravitational redshift tests of compact objects bound ¤𝐺/𝐺 <

10−13 yr−1, binary pulsar timing yields ¤𝐺/𝐺 < 10−12 yr−1, advanced LIGO O1–O2 observations constrain ¤𝐺/𝐺 <

10−15 yr−1, and high-precision torsion balance and Cavendish-type experiments further tighten laboratory limits to ¤𝐺/𝐺 <

10−14–10−15 yr−1.
Astrophysical observations further support a mild temporal decrease of the gravitational constant, with analyses of the

M67 star cluster indicating a ∼ 5% reduction in 𝐺 over ∼ 4.5 Gyr, while galaxy rotation curve studies based on the SPARC
dataset suggest a ∼ 3% decrease over ∼ 10 Gyr. Ongoing and forthcoming experimental and observational programs
will continue to investigate the compelling possibility of a time–varying gravitational constant, 𝐺, with unprecedented
accuracy. The Square Kilometre Array (SKA) is expected to place stringent constraints on deviations in 𝐺 through
high–precision measurements of baryon acoustic oscillations and cosmic shear, while the Laser Interferometer Space
Antenna (LISA) will probe such variations using gravitational–wave observations of compact binary systems. In parallel,
next–generation torsion balance experiments will further tighten laboratory bounds on both temporal and spatial variations
of 𝐺, and the James Webb Space Telescope (JWST) will provide complementary astrophysical constraints by examining
stellar evolution and age determinations across diverse cosmic environments.

In this paper, we derived solutions to Einstein’s general relativity equations for a Bianchi type-I spacetime with a
polytropic bulk viscous fluid. We observed that as time approaches 𝑡 → 0, the spatial volume 𝑉 → ∞, indicating that
the universe begins with zero volume and expands infinitely in both the distant past and future. The influence of bulk
viscosity on cosmic evolution, particularly in its early stages, appears to be significant. Additionally, when 𝑡 → 0, the
energy density 𝜌, cosmological constant Λ, expansion scalar Θ, shear scalar 𝜎, coefficient of bulk viscosity 𝜉 all tend to
infinity. Conversely, as 𝑡 → ∞, these quantities approach zero.

Since 𝜎
Θ

remains constant, the model does not approach isotropy for large values of 𝑡. The spatial volume 𝑉

increases with time if 𝛼2 > 0, and since 𝜉 = 𝜉0𝜌
𝛽 , 𝛽 > 0, the model leads to an inflationary solution. The gravitational

constant 𝐺 increases with the universe’s age, suggesting that gravity was weaker in the past and has been strengthening
over time, consistent with previous results from Abdussattar and others (Vishwakarma [52], chow [45], Levitt [47]). The
cosmological constant followsΛ ∝ 1

𝑡2 , aligning with models from Kalligas et al. [46], Berman et al. [42], Berman et al. [42],
Bertolami [43, 44] Singh [49], Tiwari [50, 51], is physically consistent with current observations indicating a small Λ in
the present universe. Ultimately, the solutions developed in this work offer a coherent theoretical framework for analyzing
the evolution of a Bianchi type-I universe with a polytropic bulk viscous fluid and time-varying 𝐺 and Λ. They clarify
the combined roles of bulk viscosity, anisotropy, and dynamical fundamental constants, while remaining consistent
with observational constraints and providing meaningful insights into cosmic evolution. Further comprehensive analysis
demonstrate that different time-dependent scenarios produce significant variations in key physical parameters, impacting
the universe’s dynamical evolution. The geometrical structure and observational implications of the model are further
explored, offering insights into its consistency with cosmological data and theoretical predictions.

Acknowledgement
PKD expresses gratitude to COST Action CA18108 ”Quantum gravity phenomenology in the multi-messenger

approach” for the financial assistance to visit the University of Rijeka, Croatia, provided by the European Cooperation
in Science & Technology (ECOST). Additionally, PKD acknowledges IUCAA, Pune, India, for granting him a visiting
associateship position. We express our profound gratitude to the esteemed referee and the editor for their insightful
recommendations, which have markedly enhanced the quality and presentation of our research.

ORCID
Archana Gajanan Ingle, https://orcid.org/0009-0003-2664-5739; Shailendra D. Deo, https://orcid.org/

0009-0008-5413-9485; Praveen Kumar Dhankar, https://orcid.org/0000-0002-8201-6019; Safiqul Islam,
https://orcid.org/0000-0003-1373-4137; Kashika Srivastava, https://orcid.org/0000-0002-9183-4080; Bhagwat
Thakran, https://orcid.org/0009-0006-9471-9164

REFERENCES
[1] S. Perlmutter, S. Gabi, G. Goldhaber, A. Goobar, D. E. Groom, I. M. Hook, A. G. Kim, et al., “Measurements of the cosmological

parameters Ω and Λ from the first seven supernovae at 𝑧 ≤ 0.35,” Astrophys. J. 483(2), 565 (1997). https://doi.org/10.1086/304265
[2] S. Perlmutter, G. Aldering, G. Goldhaber, R. A. Knop, P. Nugent, P. G. Castro, S. Deustua, et al., “Measurements of Ω and Λ from

42 high-redshift supernovae,” Astrophys. J. 517(2), 565 (1999). https://doi.org/10.1086/307221
[3] S. Perlmutter, G. Aldering, M. Della Valle, S. Deustua, R. S. Ellis, S. Fabbro, A. Fruchter, et al., “Discovery of a supernova

explosion at half the age of the Universe,” Nature, 391(6662), 51–54 (1998). https://doi.org/10.1038/34124

https://orcid.org/0009-0003-2664-5739
https://orcid.org/0009-0008-5413-9485
https://orcid.org/0009-0008-5413-9485
https://orcid.org/0000-0002-8201-6019
https://orcid.org/0000-0003-1373-4137
https://orcid.org/0000-0002-9183-4080
https://orcid.org/0009-0006-9471-9164
https://doi.org/10.1086/304265
https://doi.org/10.1086/307221
https://doi.org/10.1038/34124


Cosmological Model with Polytropic Bulk Viscosity and Varying Gravitational...
65

EEJP. 3 (2026)

[4] A. G. Riess, A. V. Filippenko, P. Challis, A. Clocchiatti, A. Diercks, P. M. Garnavich, R. L. Gilliland, et al., “Observational
evidence from supernovae for an accelerating universe and a cosmological constant,” Astron. J. 116(3), 1009 (1998). https:
//doi.org/10.1086/300499

[5] S. W. Allen, R. W. Schmidt, H. Ebeling, A. C. Fabian, and L. Van Speybroeck, “Constraints on dark energy from Chandra
observations of the largest relaxed galaxy clusters,” Mon. Not. R. Astron. Soc. 353(2), 457–467 (2004). https://doi.org/10.1111/j.
1365-2966.2004.08080.x

[6] P. J. E. Peebles, and B. Ratra, “The cosmological constant and dark energy,” Rev. Mod. Phys. 75(2), 559 (2003). https://doi.org/
10.1103/revmodphys.75.559

[7] T. Padmanabhan, “Cosmological constant—the weight of the vacuum,” Phys. Rep. 380(5–6), 235–320 (2003). https://doi.org/10.
1016/s0370-1573(03)00120-0

[8] J. A. S. Lima, “Alternative dark energy models: An overview,” Braz. J. Phys. 34, 194–200 (2004). https://doi.org/10.1590/
s0103-97332004000200009

[9] G. S. Khadekar, S. Ray, A. Sanyal, and P. K. Dhankar, “Holographic principle inspired dark energy description of unified early and
late universe in viscous mimetic gravity,” Phys. Dark Universe, 47, 101742 (2025). https://doi.org/10.1016/j.dark.2024.101742

[10] P. K. Dhankar, A. Sanyal, S. Islam, F. Rahaman, and B. Pourhassan, “Testing the generalized second law in (2+1)-dimensional
cosmology: Holographic entropy bounds and observational constraints,” arXiv:2508.13227 [gr-qc], (2025). https://doi.org/10.
48550/arXiv.2508.13227

[11] P. K. Dhankar, S. Islam, S. Ray, A. Sanyal, and S. K. Maurya, “Observational constraints on holography in (2+1)-dimensional
cosmology with a generalized equation of state,” arXiv:2508.11701 [physics.gen-ph], (2025). https://doi.org/10.48550/arXiv.2508.
11701

[12] P. K. Dhankar, A. Sanyal, A. Munyeshyaka, S. Ray, and B. Pourhassan, “Observational analysis of bulk viscous modified Chaplygin
gas in (2+1)-dimensional Universe using MCMC,” arXiv:2504.18612 [gr-qc], (2025). https://doi.org/10.48550/arXiv.2504.18612

[13] P. K. Dhankar, A. Munyeshyaka, S. Hussain, and T. Mutabazi, “Large-scale structure constraints and matter power spectrum in
𝑓 (𝑄, 𝐿𝑚) gravity,” arXiv:2507.10631 [gr-qc], (2025). https://doi.org/10.48550/arXiv.2507.10631

[14] P. K. Dhankar, D. Mhamdi, A. Munyeshyaka, D. Kumar, J. Ntahompagaze, and T. Oualib, “Testing Gauss–Bonnet gravity with
DESI BAO data,” arXiv:2508.03602 [gr-qc], (2025). https://doi.org/10.48550/arXiv.2508.03602

[15] P. K. Dhankar, A. Munyeshyaka, A. Sanyal, S. Islam, and F. Rahaman, “Constraints on multi-fluid cosmology in modified
Gauss–Bonnet gravity models with different observational data sets,” arXiv:2507.22191 [gr-qc], (2025). https://doi.org/10.48550/
arXiv.2507.22191

[16] M. Thakre, P. K. Dhankar, A. Munyeshyaka, and S. Islam, ”Testing Logarithmic 𝑓 (𝐺) Model with Observational Data Sets,”
Journal of Holography Applications in Physics, 6(4), 185–216 (2026). https://doi.org/10.22128/jhap.2026.3248.1191

[17] R. Patel, P. K. Dhankar, S. Islam, A. Munyeshyaka, S. Mukhtar, and M. Ali, ”Bayesian Analysis of Viscous FRW Cosmology with
Inhomogeneous Equation of State,” Mathematics, 14(11), 1888 (2026). https://doi.org/10.3390/math14111888

[18] R. Patel, P. K. Dhankar, S. Islam, and M. Aamir, ”Data analysis in (2+1)-D Λ(𝑧) gravity with BAO, Pantheon and Hubble dataset
using MCMC method,” Indian Journal of Physics, 100, 2153–2163 (2026). https://doi.org/10.1007/s12648-026-03982-0

[19] A. Munyeshyaka, P. K. Dhankar, M. Thakre, S. Islam, F. Rahaman, and B. Pourhassan, ”Background and Perturbation Constraints
on Power-Law and Exponential 𝑓 (𝐺) Gravity Models from Recent Cosmological Observations,” Physics of the Dark Universe
45, 102370 (2026). https://doi.org/10.1016/j.dark.2026.102370

[20] A. Munyeshyaka, P.K. Dhankar, and J. Ntahompagaze, Perturbations with bulk viscosity in modified Chaplygin gas cosmology,
Int. J. Geom. Methods Mod. Phys. 22(11), 2550073 (2025). https://doi.org/10.1142/S0219887825500732

[21] A. Munyeshyaka, P. K. Dhankar, and J. Ntahompagaze, “Matter power spectrum in a power-law 𝑓 (𝐺) gravity,” New Astron. 120,
102423 (2025). https://doi.org/10.1016/j.newast.2025.102423

[22] G. N. Gadbail, S. Arora, P. Kumar, and P. K. Sahoo, “Interaction of divergence-free deceleration parameter in Weyl-type 𝑓 (𝑄,𝑇)
gravity,” Chin. J. Phys. 79, 246–255 (2022). https://doi.org/10.1016/j.cjph.2022.09.005

[23] A. Panda, G. Manna, S. Ray, M. Khlopov, and P. K. Dhankar, “Thermodynamics of a non-canonical 𝑓 (𝑅̄, 𝑇) gravity,” Phys. Dark
Universe, 46, 101697 (2024). https://doi.org/10.1016/j.dark.2024.101697

[24] D. Kumar, P.K. Dhankar, S. Ray, and F. Zhang, Joint analysis of constraints on 𝑓 (𝑅) parametrization from recent cosmological
observations, Phys. Dark Universe, 49, 101989 (2025). https://doi.org/10.1016/j.dark.2025.101989

[25] B. Thakran, P.K. Dhankar, S. Raut, S. Ray, S.K. Maurya, and A. Sanyal, Cosmological constraints on interacting holographic dark
energy and extended Chaplygin gas in higher dimensions using MCMC analysis, Int. J. Geom. Methods Mod. Phys. 23, 2550254
(2025). https://doi.org/10.1142/S0219887825502548

[26] B. Samanta, F. Rahaman, B. Raychaudhuri, and P. K. Dhankar, “Tachyonic field coupled with global monopole in Brans–Dicke
theory,” Phys. Scr. 100, 7 (2025). https://doi.org/10.1088/1402-4896/ade63c

[27] A. Sanyal, P. K. Dhankar, A. Munyeshyaka, S. Islam, and F. Rahaman, “Cosmic hysteresis in reconstructed 𝑓 (𝑅) bounce models:
A thermodynamic study,” arXiv:2508.06590 [gr-qc], (2025). https://doi.org/10.48550/arXiv.2508.06590

[28] A. G. Riess, L.-G. Strolger, J. Tonry, S. Casertano, H. C. Ferguson, B. Mobasher, Peter Challis, et al., “Type Ia supernova
discoveries at 𝑧 > 1 from the Hubble Space Telescope,” Astrophys. J. 607(2), 665 (2004). https://doi.org/10.1086/383612

https://doi.org/10.1086/300499
https://doi.org/10.1086/300499
https://doi.org/10.1111/j.1365-2966.2004.08080.x
https://doi.org/10.1111/j.1365-2966.2004.08080.x
https://doi.org/10.1103/revmodphys.75.559
https://doi.org/10.1103/revmodphys.75.559
https://doi.org/10.1016/s0370-1573(03)00120-0
https://doi.org/10.1016/s0370-1573(03)00120-0
https://doi.org/10.1590/s0103-97332004000200009
https://doi.org/10.1590/s0103-97332004000200009
https://doi.org/10.1016/j.dark.2024.101742
https://doi.org/10.48550/arXiv.2508.13227
https://doi.org/10.48550/arXiv.2508.13227
https://doi.org/10.48550/arXiv.2508.11701
https://doi.org/10.48550/arXiv.2508.11701
https://doi.org/10.48550/arXiv.2504.18612
https://doi.org/10.48550/arXiv.2507.10631
https://doi.org/10.48550/arXiv.2508.03602
https://doi.org/10.48550/arXiv.2507.22191
https://doi.org/10.48550/arXiv.2507.22191
https://doi.org/10.22128/jhap.2026.3248.1191
https://doi.org/10.3390/math14111888
https://doi.org/10.1007/s12648-026-03982-0
https://doi.org/10.1016/j.dark.2026.102370
https://doi.org/10.1142/S0219887825500732
https://doi.org/10.1016/j.newast.2025.102423
https://doi.org/10.1016/j.cjph.2022.09.005
https://doi.org/10.1016/j.dark.2024.101697
https://doi.org/10.1016/j.dark.2025.101989
https://doi.org/10.1142/S0219887825502548
https://doi.org/10.1088/1402-4896/ade63c
https://doi.org/10.48550/arXiv.2508.06590
https://doi.org/10.1086/383612


66
EEJP. 3 (2026) Archana Gajanan Ingle, et al.

[29] H. Zhang, Q. Guo, and R.-G. Cai, “Friedmann cosmology on codimension-2 brane with time-dependent tension,” Mod. Phys.
Lett. A, 21(2), 159–167 (2006). https://doi.org/10.1142/s0217732306018706

[30] R. K. Tiwari, and S. Sharma, “Non-existence of shear in Bianchi type-III string cosmological models,” Chin. Phys. Lett. 28(2),
020401 (2011). https://doi.org/10.1088/0256-307x/28/2/020401

[31] X.-X. Wang, “Locally rotationally symmetric Bianchi type-I string cosmological model,” Chin. Phys. Lett. 21(7), 1205 (2004).
https://doi.org/10.1088/0256-307x/21/7/006

[32] X.-X. Wang, “Bianchi type-III string cosmological model with bulk viscosity in general relativity,” Chin. Phys. Lett. 22(1), 29
(2005). https://doi.org/10.1088/0256-307x/22/1/009

[33] X.-X. Wang, “Bianchi type-III string cosmological model with bulk viscosity and magnetic field,” Chin. Phys. Lett. 23(7), 1702
(2006). https://doi.org/10.1088/0256-307x/23/7/013

[34] R. K. Tiwari, D. Tiwari, and P. Shukla, “LRS Bianchi type-II cosmological model with a decaying Λ term,” Chin. Phys. Lett.
29(1), 010403 (2012). https://doi.org/10.1088/0256-307x/29/1/010403

[35] M. Zeyauddin, and B. Saha, “Bianchi type-V bulk viscous cosmological models with particle creation in general relativity,” Eur.
Phys. J. Plus, 129, 1–23 (2014). https://doi.org/10.1140/epjp/i2014-14177-0

[36] A. Beesham, S. G. Ghosh, and R. G. Lombard, “Anisotropic viscous cosmology with variable 𝐺 and Λ,” Gen. Relativ. Gravit. 32,
471–477 (2000). https://doi.org/10.1023/A:1001924300321

[37] R. K. Tiwari, “Bianchi type-I cosmological models with time-dependent 𝐺 and Λ,” Astrophys. Space Sci. 318, 243–247 (2008).
https://doi.org/10.1007/s10509-008-9924-2

[38] R. K. Tiwari, and N. K. Jha, “Locally rotationally symmetric Bianchi type-I model with time-varying Λ term,” Chin. Phys. Lett.
26(10), 100403 (2009). https://doi.org/10.1088/0256-307x/26/10/109804

[39] R. K. Tiwari, and U. Dwivedi, “Kantowski–Sachs cosmological models with time-varying 𝐺 and Λ,” Fizika B, 19(1), 1–8 (2010).
[40] R. K. Tiwari, and S. Sharma, “Bianchi type-I string cosmological model with bulk viscosity and time-dependent Λ term,” Chin.

Phys. Lett. 28(9), 090401 (2011). https://doi.org/10.1088/0256-307x/28/9/090401
[41] R. K. Tiwari, F. Rahaman, and S. Ray, “Five-dimensional cosmological models in general relativity,” Int. J. Theor. Phys. 49(10),

2348–2357 (2010). https://doi.org/10.1007/s10773-010-0421-3
[42] M. S. Berman, “Static universe in a modified Brans–Dicke cosmology,” Int. J. Theor. Phys. 29, 567–570 (1990). https://doi.org/

10.1007/bf00672031
[43] O. Bertolami, A. A. Sen, S. Sen, and P. T. Silva, “Latest supernova data in the framework of the generalized Chaplygin gas model,”

Mon. Not. R. Astron. Soc. 353(1), 329–337 (2004). https://doi.org/10.1111/j.1365-2966.2004.08079.x
[44] O. Bertolami, and P. J. Martins, “Nonminimal coupling and quintessence,” Phys. Rev. D, 61(6), 064007 (2000). https://doi.org/

10.1103/physrevd.61.064007
[45] T. L. Chow, “Variability of the gravitational constant,” Lett. Nuovo Cimento, 31(4), (1981). https://doi.org/10.1007/bf02822409
[46] D. Kalligas, P. Wesson, and C. W. F. Everitt, “Flat FRW models with variable 𝐺 and Λ,” Gen. Relativ. Gravit. 24, 351–357 (1992).

https://doi.org/10.1007/bf00760411
[47] L. S. Levitt, “The gravitational constant at time zero,” Lett. Nuovo Cimento, 29, 23 (1980). https://doi.org/10.1007/bf02745337
[48] A. G. Ingle, P. K. Dhankar, K. Srivastava, and S. D. Deo, “Observational constraints of Bianchi type-I cosmological model with

cosmological constant Λ,” Stoch. Model. Comput. Sci. 3(2), (2023).
[49] C. P. Singh and A. Beesham, “Particle creation in higher-dimensional space-time with variable 𝐺 and Λ,” Int. J. Theor. Phys. 51,

3951–3962 (2012). https://doi.org/10.1007/s10773-012-1287-3
[50] R. K. Tiwari and R. Singh, “Flat universe with decaying cosmological constant,” Eur. Phys. J. Plus, 129, 1–6 (2014). https:

//doi.org/10.1140/epjp/i2014-14253-5
[51] R. K. Tiwari, “Bianchi type-I cosmological models with perfect fluid in general relativity,” Res. Astron. Astrophys. 10(4), 291

(2010). https://doi.org/10.1088/1674-4527/10/4/001
[52] R. G. Vishwakarma, “A study of angular size–redshift relation for models in which Λ decays as the energy density,” Classical

Quantum Gravity, 17(18), 3833 (2000). https://doi.org/10.1088/0264-9381/17/18/317
[53] G. S. Khadekar, P. Kumar, and S. Islam, “Modified Chaplygin gas with bulk viscous cosmology in FRW (2+1)-dimensional

spacetime,” J. Astrophys. Astron. 40(5), 40 (2019). https://doi.org/10.1007/s12036-019-9606-1
[54] S. Islam, P. Kumar, G. S. Khadekar, and T. K. Das, “(2+1)-dimensional cosmological models in 𝑓 (𝑅,𝑇) gravity with Λ(𝑅,𝑇),” J.

Phys.: Conf. Ser. 1258(1), 012026 (2019). https://doi.org/10.1088/1742-6596/1258/1/012026
[55] S. G. Georgiev, G. S. Khadekar, and P. Kumar, “Two-dimensional integral inequalities on time scales,” arXiv:2003.05309

[math.GM], (2020). https://doi.org/10.48550/arXiv.2003.05309
[56] P. Kumar, and G. S. Khadekar, “Holographic dark energy with modified Chaplygin gas and scalar field in (2+1)-dimensional

spacetime,” J. Tensor Soc. 15(1), 17–44 (2021). https://doi.org/10.56424/jts.v15i01.10615
[57] S. Islam and P. Kumar, “Gravitational model of compact spherical Reissner–Nordström-type star under 𝑓 (𝑅,𝑇) gravity,” J. Dyn.

Syst. Geom. Theor. 19(1), 135–154 (2021). https://doi.org/10.1080/1726037x.2021.1965705

https://doi.org/10.1142/s0217732306018706
https://doi.org/10.1088/0256-307x/28/2/020401
https://doi.org/10.1088/0256-307x/21/7/006
https://doi.org/10.1088/0256-307x/22/1/009
https://doi.org/10.1088/0256-307x/23/7/013
https://doi.org/10.1088/0256-307x/29/1/010403
https://doi.org/10.1140/epjp/i2014-14177-0
https://doi.org/10.1023/A:1001924300321
https://doi.org/10.1007/s10509-008-9924-2
https://doi.org/10.1088/0256-307x/26/10/109804
https://doi.org/10.1088/0256-307x/28/9/090401
https://doi.org/10.1007/s10773-010-0421-3
https://doi.org/10.1007/bf00672031
https://doi.org/10.1007/bf00672031
https://doi.org/10.1111/j.1365-2966.2004.08079.x
https://doi.org/10.1103/physrevd.61.064007
https://doi.org/10.1103/physrevd.61.064007
https://doi.org/10.1007/bf02822409
https://doi.org/10.1007/bf00760411
https://doi.org/10.1007/bf02745337
https://doi.org/10.1007/s10773-012-1287-3
https://doi.org/10.1140/epjp/i2014-14253-5
https://doi.org/10.1140/epjp/i2014-14253-5
https://doi.org/10.1088/1674-4527/10/4/001
https://doi.org/10.1088/0264-9381/17/18/317
https://doi.org/10.1007/s12036-019-9606-1
https://doi.org/10.1088/1742-6596/1258/1/012026
https://doi.org/10.48550/arXiv.2003.05309
https://doi.org/10.56424/jts.v15i01.10615
https://doi.org/10.1080/1726037x.2021.1965705


Cosmological Model with Polytropic Bulk Viscosity and Varying Gravitational...
67

EEJP. 3 (2026)

[58] P. Kumar, G. S. Khadekar, and V. J. Dagwal, “Two-fluid cosmological model in (2+1)-dimensional Saez–Ballester scalar–tensor
theory,” J. Dyn. Syst. Geom. Theor. 20(1), 91–114 (2022). https://doi.org/10.1080/1726037x.2022.2079267

[59] S. R. Kumbhare, P. Kumar, and S. Islam, “Strange quark matter attached to string cloud in general relativity under 5D space-time,”
J. Tensor Soc. 16(1), 81–92 (2022).

[60] R. Talole, P. Kumar, and S. Islam, “Viscous modified ghost scalar field dark energy models with varying 𝐺,” Rom. Astron. J. 33,
81–109 (2023). https://doi.org/10.59277/RoAJ.2023.1-2.06

[61] N. A. Ramtekkar, P. Kumar, and G. S. Khadekar, “FRW viscous modified cosmic Chaplygin gas cosmology with variable
cosmological constant Λ,” J. Dyn. Syst. Geom. Theor. 21(1), 29–44 (2023).

[62] S. Islam, P. K. Dhankar, B. Thakran, and S. R. Kumbhare, “String cloud with quark matter and viscous fluid admitting conformal
motion,” Rom. Astron. J. 34(1-2), 15–32 (2024). https://doi.org/10.59277/roaj.2024.1-2.02

[63] P. A. M. Dirac, “The cosmological constants,” Nature, 139(3512), 323–323 (1937). https://doi.org/10.1038/139323a0
[64] R. K. Tiwari, M. Sharma, and S. Sharma, ”Polytropic bulk viscous cosmological model with variable G and Λ,” arXiv preprint

arXiv:1403.2353. (2014). https://doi.org/10.48550/arXiv.1403.2353
[65] A. I. Arbab, “Cosmological models with variable 𝐺 and Λ and bulk viscosity,” arXiv:gr-qc/0105027, (2001). https://doi.org/10.

48550/arXiv.gr-qc/0105027
[66] M. K. Mak, J. A. Belinchon, and T. Harko, “Causal bulk viscous dissipative cosmologies with variable gravitational and

cosmological constants,” arXiv:gr-qc/0110119, (2001). https://doi.org/10.48550/arXiv.gr-qc/0110119
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КОСМОЛОГIЧНА МОДЕЛЬ З ПОЛIТРОПIЧНОЮОБ’ЄМНОЮ В’ЯЗКIСТЮ ТА ЗМIННИМИ
ГРАВIТАЦIЙНИМИ ТА КОСМОЛОГIЧНИМИ СТАЛИМИ
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У цiй статтi дослiджуються рiвняння поля Ейнштейна в рамках космологiчної моделi, яка включає полiтропну об’ємну в’язку
рiдину, причому гравiтацiйнi та космологiчнi константи змiнюються у Всесвiтi типу Бiанкi I. Спостерiгається, що рiзнi сценарiї,
що залежать вiд часу, призводять до змiн фiзичних параметрiв, що має значнi наслiдки для космiчної еволюцiї. Ключовi фi-
зичнi параметри, включаючи густину енергiї, гравiтацiйну сталу, скаляр розширення, космологiчну сталу, коефiцiєнт об’ємної
в’язкостi та скаляр зсуву, дослiджуються на предмет їхнього фiзичного значення. Також дослiджуються геометричнi та спосте-
режувальнi iнтерпретацiї космологiчної моделi.
Ключовi слова: Б’янкi I типу; скаляр зсуву; об’ємна в’язкiсть; скаляр розширення
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