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The nuclear ground state and beta decay properties of neutron-rich odd-odd and odd-𝐴 104−116Rh isotopes are studied by utilizing the
relativistic mean-field (RMF) and proton-neutron quasi-particle random phase approximation (pn-QRPA) models. Potential energy
surfaces and potential energy curves are examined to investigate the nuclear deformations, nuclear stability, and shape phase transitions.
The Gamow-Teller (GT) strength distributions and 𝛽-decay properties are obtained based on a deformed pn-QRPA framework. The
computed half-lives and log ft values are in good agreement with existing experimental data, supporting the utilization of nuclear
models. Additionally, stellar weak interaction rates are calculated as a function of density and temperature, emphasizing their influence
on nucleosynthesis in astrophysical environments. For neutron-rich Rh isotopes, the results provide useful nuclear structural data and
reliable inputs for the 𝑟-process modeling.
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1. INTRODUCTION
The GT strength of atomic nuclei is extensively investigated and applied in nuclear and astrophysical research. It

makes a substantial contribution to nuclear spectroscopy. Accurate modeling and a more comprehensive understanding of
foundational nuclear processes depend on precise measurements and underlying theories related to the low-energy nuclear
structure, including the GT strengths, half-lives, and stellar weak rates. The study of the available nuclear ground state
properties remains a fundamental pillar in nuclear astrophysics today. It provides the information needed to comprehend
the forces that dominate many-body nucleonic systems [1].

The neutron-rich nuclei are mostly unstable and have unique properties such as structural evolution, different shell
closures, altered binding energies, and distinct 𝛽 decay patterns compared to stable isotopes. Neutron-rich nuclei primarily
decay via the 𝛽− mechanism, where a neutron transforms into a proton by emitting an electron. Before decay, the nucleus
is far from the stability line. The decay changes the element (e.g., Rh decays to Pd) and moves the nucleus closer to the
line of stability, balancing the neutron-proton ratio. Particularly, the 𝛽− decay properties, including the half-lives and GT
strength, provide essential information about the stellar weak interaction rates that play an important role in nucleosynthesis
processes [2]. The beta decay properties are calculated using the pn-QRPA model [3–5]. The neutron-rich nuclei in the
mass range 𝐴 ∼ 110-120 have attracted considerable attention from both theoretical and experimental studies as they show
rapid variation observed in their ground-state structure and low-lying excited states [6, 7]. The information about the
nuclear structure is carried by the GT strength distribution. It largely depends on the ground-state deformation of the
parent nuclei [8]. Neutron-rich nuclei in the mass range 𝐴 ∼ 104–113 exhibit rapid structural evolution due to deformation,
pairing correlations, and shell effects. A large number of nuclei in this mass region are located far from the valley of 𝛽
stability and are therefore not accessible to experimental investigations. Consequently, their properties must be studied
using theoretical approaches. It is estimated that nearly 6000 nuclei exist between the valley of 𝛽 stability and the neutron
drip line. This specific location makes Rh isotopes ideal for studying the conflict between the effects of the spherical
shell and the initial phases of collective deformation [9–13]. Nuclear density functional theory provides the theoretical
foundation for the analysis of nuclear ground-state properties, especially nuclear deformation and nuclear shape transitions
from oblate to prolate shapes. In the present analysis, we employed the RMF model with the density-dependent meson
(DD-ME2) interaction to extract the nuclear deformation of the nuclei under investigation. The pn-QRPA model has been
used for spectroscopic investigations including log ft values, half-lives and stellar weak rates [14] of Rh nuclei. Both RMF
and pn-QRPA models are widely employed for the investigation of nuclear structure and 𝛽 decay properties. The RMF
framework is based on a small number of parameters optimized using nuclear matter properties and experimental data of
stable nuclei located near the valley of 𝛽 stability [15].

The present work is structured as follows. Section 2 provides a brief explanation of the theoretical foundation.
Section 3 discusses nuclear ground state parameters including decay half-lives, weak decay rates, predicted GT strength,
and log ft values. The final portion contains our concluding observations.
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2. THEORETICAL FRAMEWORKS
2.1. The RMF Model

The RMF model describes how nuclei exchange mesons and photons [16]. The incompressibility and surface
attributes of nuclei were challenging for the initially proposed version of the RMF framework. In order to accomplish
this, a nonlinear framework of RMF was developed [17]. Following the introduction of further model versions, such as
DD-ME2 and DD-PC1, the concept was referred to as covariant density functional theory (CDFT) [18,19]. In the present
investigation, we used the DD-ME2 version of the model. Conventional quantum hydrodynamics uses Dirac fermions
coupled to meson exchange as an effective Lagrangian to describe a nuclide [20, 21]. The RMF approach defines the
simplest set of meson fields for determining the bulk and single-particle nuclear parameters, employing the isoscalar
scalar (𝜎), isoscalar vector (𝜔), and isovector vector (𝜌) meson fields [7,22]. The Lagrangian density can be expressed as
follows:

𝐿 = 𝜓̄ [𝛾𝜇 (𝑖𝜕𝜇 −Γ𝜔𝜔
𝜇 −Γ𝜌 ®𝜏 · ®𝜌𝜇) − (𝑀 −Γ𝜎𝜎) − 𝑒𝛾𝜇𝐴𝜇

1− 𝜏3
2

]𝜓+ 1
2
(𝜕𝜇𝜎𝜕𝜇𝜎−𝑚2
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1
2
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𝜌 ®𝜌𝜇 · ®𝜌𝜇 −
1
4
𝐹𝜇𝜈𝐹𝜇𝜈 ,

(1)

where Γ𝜎 , Γ𝜔 , and Γ𝜌 are the coupling constants and depend on the (nucleon) density and are described as

Γ𝑖 (𝜌) = Γ𝑖 (𝜌sat) 𝑓𝑖 (𝑥), (2)

where 𝑖 = 𝜎, 𝜔 and 𝜌 mesons. 𝑓 (𝑥) is a function of 𝑥 = 𝜌𝑏/𝜌sat, where 𝜌𝑏 is the baryon density and 𝜌sat is the baryon
density at saturation in symmetric nuclear matter. For 𝜎 or 𝜔 meson, the respective 𝑓 (𝑥) is

𝑓 𝑗 (𝑥) = 𝑎 𝑗

1+ 𝑏 𝑗 (𝑥+ 𝑑 𝑗 )2

1+ 𝑐 𝑗 (𝑥+ 𝑑 𝑗 )2 , where 𝑗 = 𝜎,𝜔, (2)

where for the 𝜌 meson,
𝑓𝜌 (𝑥) = 𝑒 (−𝑎𝜌 (𝑥−1) ) . (3)

Modifying the Lagrangian with reference to 𝜓̄ yields the single-nucleon Dirac equation with nucleon self-energies [23,24].
We utilize the Dirac-Hartree-Bogoliubov (DIRHB) code [23] to generate the PEC and PES of 104−116Rh as a function of
𝛽2 and 𝛾, using DD-ME2 [25] interactions. The 𝛽2 and 𝛾 are calculated below:

𝛽2 =
√︃
𝑎2

20 +2𝑎2
22 and 𝛾 = arctan(

√
2

a22
a20

), (4)

where 𝑎20 and 𝑎22 are the deformation parameters computed via Ref. [23]. Quadrupole moment constraints were used in
RMF calculations to achieve these calculations. The pairing correlations, which are assumed to be essential for open-shell
nuclei, were investigated using the Bardeen-Cooper-Schrieffer (BCS) method. Furthermore, the ground state variables
stated above were determined utilizing the constant G approximation [26].

2.2. The pn-QRPA Model
The stellar weak rates are described within the framework of the pn-QRPA model. The Hamiltonian of the pn-QRPA

model is structured as follows:
𝐻𝑄𝑅𝑃𝐴 = 𝐻𝑠𝑝 +𝑉 𝑝𝑎𝑖𝑟 +𝑉 𝑝𝑝

𝐺𝑇
+𝑉 𝑝ℎ

𝐺𝑇
(5)

where 𝐻𝑠𝑝 , 𝑉pair, 𝑉 𝑝𝑝

𝐺𝑇
and 𝑉

𝑝ℎ

𝐺𝑇
are the single-particle Hamiltonians, the pairing potential, the particle-particle, and the

particle-hole strength, respectively. The wave functions and energy of a single particle were assessed using the Nilsson
approach [27]. The Nilsson potential variables have been selected based on Ref. [28]. The 𝑄-energies were analyzed
utilizing the mass excess from Ref. [29] and 𝛽2 from the RMF Ref. [30]. These assessments were conducted independently
for protons (neutrons), employing a constant pairing force of strength G (𝐺𝑛 for neutrons and 𝐺 𝑝 for protons):

𝑉𝑝𝑎𝑖𝑟 = −𝐺
∑︁
𝑗𝑘 𝑗

′
𝑘
′
(−1)𝑙+ 𝑗−𝑘𝑠†
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†
𝑗−𝑘 × (−1)𝑙

′+ 𝑗
′−𝑘′ 𝑠 𝑗′−𝑘′ 𝑠 𝑗′ 𝑘′ ,

Only positive numbers 𝑘 and 𝑘 ′ are to be summed over. The nucleon’s spherical basis (s 𝑗𝑘 , s†
𝑗𝑘

) is transformed into a
deformed basis (d𝑘𝛼,d†𝑘𝛼) using:

d†
𝑘𝛼

= Σ 𝑗𝐷
𝑘𝛼
𝑗 s†

𝑗𝑘
, (6)

The Hamiltonian was diagonalized via an additional quantum number 𝛼 to create 𝐷𝑘𝛼. The Bogoliubov transformation
was applied to obtain the quasi-particle basis (𝑞†

𝑘𝛼
, 𝑞𝑘𝛼).

𝑞
†
𝑘𝛼

= 𝑢𝑘𝛼𝑑
†
𝑘𝛼

− 𝑣𝑘𝛼𝑑 𝑘̄ 𝛼, (7)
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𝑞
†
𝑘̄ 𝛼

= 𝑢𝑘𝛼𝑑
†
𝑘̄ 𝛼

+ 𝑣𝑘𝛼𝑑𝑘𝛼, (8)

𝑘̄ denoted 𝑘’s time-reversed state. The occupancy was determined using the BCS equations, with the basis 𝑣2
𝑘𝛼

+ 𝑢2
𝑘𝛼

= 1. The random phase approximation (RPA) framework is used to handle the residual interaction introduced in the
Hamiltonian that establishes ground-state correlation. The pn-QRPA phonon creation operators are as follows:

𝐴†
𝜔 (𝜇) =

∑︁
𝑝𝑛

[𝑋 𝑝𝑛
𝜔 (𝜇)𝑞†𝑝𝑞†𝑛 −𝑌

𝑝𝑛
𝜔 (𝜇)𝑞𝑛𝑞𝑝], (9)

X𝜔 and Y𝜔 are the phonon amplitudes, while 𝑛 and 𝑝 are the quasi-particle states. The sum 𝑝-𝑛 pairings satisfy 𝜇 = 𝑘𝑛−
𝑘 𝑝=(1, 0, -1) and 𝜋𝑛 · 𝜋𝑝=1. The RPA expresses the eigenvalue as 𝜔, which is the excitation energy. The particle-particle
interaction (𝜅) and particle-hole interaction (𝜒) are the GT forces that are considered to be residual forces within the
framework of pn-QRPA. The basis for the particle-particle forces is expressed as:

𝑉
𝑝𝑝

𝐺𝑇
= −2𝜅

1∑︁
𝜇=−1

(−1)𝜇𝑂†
𝜇𝑂−𝜇, (10)

with

𝑂†
𝜇 =

∑︁
𝑗𝑝𝑘𝑝 𝑗𝑛𝑘𝑛

< 𝑗𝑛𝑘𝑛 | (𝑡±𝜎𝜇)† | 𝑗𝑝𝑘 𝑝 > ×(−1)𝑙𝑛+ 𝑗𝑛−𝑘𝑛 𝑠†
𝑗𝑝𝑘𝑝

𝑠
†
𝑗𝑛−𝑘𝑛 .

Furthermore, in order to examine the 𝜒 interaction, we employed:

𝑉
𝑝ℎ

𝐺𝑇
= +2𝜒

1∑︁
𝜇=−1

(−1)𝜇𝑈𝜇𝑈
†
−𝜇, (11)

with
𝑈𝜇 =

∑︁
𝑗𝑝𝑘𝑝 𝑗𝑛𝑘𝑛

< 𝑗𝑝𝑘 𝑝 | 𝑡± 𝜎𝜇 | 𝑗𝑛𝑘𝑛 > 𝑠
†
𝑗𝑝𝑘𝑝

𝑠 𝑗𝑛𝑘𝑛 . (12)

Incorporating the residual interaction is essential for accurately reproducing reported GT strength and has a significant
effect on the computed GT strength. The GT matrix element has been computed using

𝐵𝐺𝑇 (𝜔) = |⟨𝜔, 𝜇 | |𝜏−𝜎𝜇 | |𝑄𝑅𝑃𝐴⟩|2. (13)

The partial half-lives (𝑡1/2) were analyzed using the following formula.

𝑡1/2 =
𝜅

(𝑔𝐴/𝑔𝑉 )2 𝑓 (𝐴, 𝑍, 𝐸)𝐵𝐺𝑇 (𝜔) + 𝑓 (𝐴, 𝑍, 𝐸)𝐵𝐹 (𝜔)
, (14)

𝑔𝐴/𝑔𝑉 is the ratio of axial and vector coupling constants, and 𝜅 = 6143 𝑠 [27]. 𝑓 (𝐴, 𝑍, 𝐸) is the phase space integral. 𝐵𝐹

and 𝐵𝐺𝑇 are the Fermi and GT matrix elements, respectively. The beta-decay half-lives are computed as

𝑇1/2 =

( ∑︁
0≤𝜔≤𝑄

( 1
𝑡1/2

)
)−1

. (15)

For additional analysis of Eq. (5), see [28, 29]. Taking into account the above relation, we obtain the relation for the ft as
follows:

𝑓 𝑡 =
𝜅

(𝑔𝐴/𝑔𝑉 )2𝐵𝐺𝑇 +𝐵 𝑓

(16)

The stellar weak rates were calculated from the initial state 𝑖 to the final state 𝑓 by utilizing

𝜆
𝛽−/𝑃𝐶
𝑖 𝑓

= ln2
𝑓
𝛽−/𝑃𝐶
𝑖 𝑓

(𝜌,𝑇, 𝐸 𝑓 )
( 𝑓 𝑡)𝑖 𝑓

. (17)

The ( 𝑓 𝑡)𝑖 𝑓 is represented as:
𝑓 𝑡𝑖 𝑓 = (𝑔𝐴/𝑔𝑉 )2𝐵

𝑖 𝑓

𝐺𝑇
+𝐵

𝑖 𝑓

𝐹
, (18)

𝐵
𝑖 𝑓

𝐺𝑇
=

1
2J +1

⟨𝜓 𝑓 ∥
∑︁
𝑘

𝜏𝑘−
−→𝜎 𝑘 ∥ 𝜓𝑖⟩|2, (19)
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𝐵
𝑖 𝑓

𝐹
=

1
2J +1

⟨𝜓 𝑓 ∥
∑︁
𝑘

𝜏𝑘− ∥ 𝜓𝑖⟩|2. (20)

where J is the angular momentum of the initial state. The analysis of nuclear matrix elements and the creation of low-lying
excited states in our present investigation may be mentioned in [29]. The phase space integrals 𝑓

𝛽−/𝑃𝐶
𝑖 𝑓

are defined to be
dimensionless and depend on certain stellar variables, including the stellar density and stellar temperature. Phase space
integrals are expressed as:

𝑓
𝛽−

𝑖 𝑓
=

∫ 𝐸𝛽

1
𝐸𝑘

√︃
𝐸2
𝑘
−1(𝐸𝛽 −𝐸𝑘)2𝐹 (𝑍,𝐸𝑘) (1−𝐺−)𝑑𝐸𝑘 . (21)

The 𝑓 𝑃𝐶
𝑖 𝑓

for positron capture was evaluated using:

𝑓 𝑃𝐶𝑖 𝑓 =

∫ ∞

𝐸𝑙

𝐸𝑘

√︃
𝐸2
𝑘
−1(𝐸𝛽 +𝐸𝑘)2𝐹 (−𝑍,𝐸𝑘)𝐺+𝑑𝐸𝑘 , (22)

where 𝐸𝑘 and 𝐸𝛽 are the electron kinetic energy and the threshold energy during capture or emission. Energies are stated
in units of the electron rest mass (𝑚𝑒𝑐

2). We further adopted natural units (ℏ = 𝑐 = 𝑚𝑒 = 1), where 𝑚𝑒 is the electron rest
mass. 𝐹 (+𝑍, 𝐸𝑘) is calculated using the approach described in Ref. [30]. We determined the 𝛽 decay kinematics with:

𝐸𝛽 = 𝑚𝑝 −𝑚𝑑 +𝐸𝑝 −𝐸𝑑 , (23)

𝐸𝑝 , 𝑚𝑝 and 𝑚𝑑 , 𝐸𝑑 denotes the parent and daughter nuclei’s respective excitation energies and masses. The functions 𝐺∓
mentioned in equation (21) are defined as:

𝐺− =

[
exp

(
𝐸𝑘 −𝐸 𝑓

𝑘𝑏𝑇

)
+1

]−1
, (24)

𝐺+ =

[
exp

(
𝐸𝑘 +2−𝐸 𝑓

𝑘𝑏𝑇

)
+1

]−1
, (25)

where 𝑘𝑏 refers to the Boltzmann constant and 𝐸 𝑓 is the Fermi energy of the electron. The number density of protons and
neutrons was calculated by

𝜌𝑌𝑒𝑁𝐴 =
1
𝜋2

(𝑚𝑒𝑐

ℎ

)3 ∫ ∞

0
(𝐺− −𝐺+)𝑝2𝑑𝑝, (26)

𝑌𝑒 and 𝑁𝐴 represent the electron-proton ratio and Avogadro number, respectively. 𝑝 represents the momentum of leptons.
Stellar rates are determined with:

𝜆𝛽−/𝑃𝐶 =
∑︁
𝑖 𝑓

𝑃𝑚𝜆
𝛽−/𝑃𝐶
𝑖 𝑓

, (27)

where 𝑃𝑚 represents the parent nucleus occupation probability. We summed the initial and final states until our computed
rates reached the desired level of convergence.

3. RESULTS AND DISCUSSION
We conducted a systematic analysis of the nuclear deformation for 104−116Rh based on the potential energy curves

(PEC’s) and potential energy surfaces (PES’s), utilizing the RMF model. For this purpose, we computed the total binding
energy of the nuclei by constraining the 𝛽2 and 𝛾 via the RMF model with the DD-ME2 interaction. The PEC and PES
allow us to accurately demonstrate the phase shape transition of a particular isotope favors a prolate, oblate or spherical
shape. In order to obtain the PEC, we set a zero reference point at the minimum energy. The difference between the binding
energy at the particular 𝛽2 and lowest binding energy, is plotted against 𝛽2. In the mean-field model, a reliable convergence
can be achieved by considering as many shells of harmonic oscillators of Fermion (𝑁𝐹) and boson (𝑁𝐵). However, the
computation time increases significantly as the 𝑁𝐹 , and 𝑁𝐵 increases. We calculate the ground-state observable keeping
𝑁𝐹 = 12 and 𝑁𝐵 = 12. Increasing the nucleon number causes a transition in the shape of the nuclei, especially around
magic numbers or mid shells. It is evident from PEC’s analysis as displayed in Fig. 1 that nuclei possessing the neutron
numbers 𝑁 = 59 and 60 have a prolate shape, while 𝑁 = 62, 63, 64, 65, 67, 68, 69, and 71 exhibit an oblate shape in the
ground state. However, the 𝑁 = 60 and 61 isotopes have substantial shape coexistence. 106Rh has two local minima at 𝛽2
= -0.275 on 𝐸𝑥 = 0.0 MeV and at 𝛽2 = 0.2 on 𝐸𝑥 = 0.107 MeV via the DD-ME2 interaction. To generate the PES for the
listed nuclei, considerations were given to both 𝛽2 and 𝛾 deformations. Quadrupole shape deformations can be expressed
in terms of polar coordinates 𝛽2 and 𝛾. The prolate and oblate shapes are related to 𝛾 = 0◦, and 𝛾 = 60◦, respectively.
On the other hand, degrees of freedom are associated with the triaxial form (0 ≤ 𝛾 ≤ 60). In this particular analysis,
the restrictions were execute to the PES and deformations in the 𝛽2-𝛾 plane (0 ≤ 𝛾 ≤ 60). The minima spread in the 𝛾

direction indicates a tendency of gamma softness. From the PES’s analysis as mentioned in Fig. 2, 104Rh has a prolate
shape in its ground state, while 105Rh, 106Rh, 107Rh, and 108Rh have triaxial shapes. These isotopes have both the prolate
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Figure 1. Calculated PECs for Rh isotopes using the RMF with DD-ME2 interaction.

and oblate minima on the PEC plot against 𝛽2. Compared to the prolate energy minima, the oblate energy minima for
105Rh, 106Rh, 107Rh, and 108Rh are shallower. As a result, the ground state of these nuclei is more likely in a prolate shape.
Furthermore, the present investigation predicts the coexistence with minimal energy difference in 104−116Rh isotopes. The
present model-based extracted 𝛽2, along with the existing 𝛽2 from Ref. [32], is displayed in Table 1.

Table 1. The computed 𝛽2 for 104−116Rh along with 𝛽2 from Ref. [32].

Nuclei [32] This work
104Rh 0.217 0.225
105Rh 0.217 0.225
106Rh 0.250 -0.275
107Rh 0.250 -0.250
108Rh 0.250 -0.250
109Rh 0.262 -0.250
110Rh -0.248 -0.250
112Rh -0.248 -0.250
113Rh -0.248 -0.250
114Rh -0.258 -0.225
116Rh -0.258 0.250

In the subsequent part of our analysis, we employed the deformed pn-QRPA model to investigate the 𝛽 decay
properties, using the deformed pn-QRPA model. We used nuclear deformations from two different models, including the
RMF model with DDME2 interaction and the FRDM model. Let us define our recipe: the beta decay properties investigated
based on the deformation taken from the FRDM model is represented by pn-QRPA-FRDM, while the deformation taken
from the RMF-DDME2-based interaction is represented by pn-QRPA-DDME2. Table 2 displayed the log 𝑓 𝑡 values
calculated using the pn-QRPA-FRDM and pn-QRPA-DDME2 along with experimental data [34] for 105Rh, 113Rh, and
114Rh. The ratio between the computed and measured data is almost a factor of ≈ 1.5, which shows that the calculated log
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Figure 2. Calculated PES for Rh isotopes using the RMF with DD-ME2 interaction.

𝑓 𝑡’s are in good agreement with the experimental data. Figure 3 displays the comparison of the GT strength distributions,
computed via the pn-QRPA-FRDM and pn-QRPA-DDME2 for 113Rh as a function of excitation energy in the daughter
nucleus. The experimental data exhibit a fragmented GT strength distribution, with most of the strength concentrated
below 1.2 MeV. However, both pn-QRPA-FRDM and pn-QRPA-DDME2 calculations reproduce the general fragmentation
pattern and the presence of low-lying GT transitions, which play a crucial role in determining the 𝛽-decay half-life. The
calculations using both deformations predict relatively stronger GT strength at lower excitation energies. In contrast,
model approximations, such as the omission of deformation effects in the daughter nuclei, may cause slight discrepancies
between the computed and experimental results. Moreover, Fig. 3b represents the similar behavior for 114Rh as is observed
for 113Rh, where the GT strength is distributed over a wide range of excitation energies with dominant contributions at low
energies. The overall agreement between the calculated and experimental GT distributions demonstrates the reliability of
the pn-QRPA-FRDM and pn-QRPA-DDME2 deformations as input parameters for the prediction of 𝛽-decay properties of
neutron-rich Rh nuclei. Figure 4 compares our calculated half-lives for Rh nuclei with measured data [33]. Our predicted
half-lives for Rh nuclei are about a factor of two greater or lower than the experimental data.

After examining the terrestrial half-lives, log 𝑓 𝑡 values, and the GT strength distribution, considerations were given
to the stellar weak rates, including the electron emission rates (𝜆𝛽− ) and positron capture rates (𝜆𝑝𝑐) for the selected Rh
nuclei. The stellar 𝛽-decay rates are important input parameters for simulating the late phases of massive stars. Other
factors, e.g., magnetorotational effects [35], may also destabilize the stellar core. The stellar 𝛽-decay rates strongly depend
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Table 2. Experimental [34] and calculated log 𝑓 𝑡 values for neutron-rich Rh nuclei. Ratios are given to two decimal
places.

Decay E (keV) log 𝑓 𝑡Exp. log 𝑓 𝑡pn−QRPA−FRDM log 𝑓 𝑡pn−QRPA−DDME2 pn-QRPA-FRDM/Exp. pn-QRPA-DDME2/Exp.
105Rh → 105Pd

7/2+ → 5/2+ 0 5.729 4.42 4.44 1.29 1.29
7/2+ → 7/2+ 306.31 5.749 4.42 5.78 1.30 1.01
7/2+ → 5/2+ 319.23 5.118 4.42 4.92 1.16 1.04
7/2+ → 7/2+ 442.42 6.860 4.42 4.16 1.55 1.65

113Rh → 113Pd
7/2+ → 5/2+ 0 5.400 4.61 3.61 1.17 1.50
7/2+ → 7/2+ 189.51 5.900 4.59 5.24 1.28 1.13
7/2+ → 5/2+,7/2+ 349.15 5.000 5.66 5.25 1.13 1.05
7/2+ → 5/2+,7/2+ 372.99 6.700 5.13 4.59 1.31 1.46
7/2+ → 5/2+,7/2+ 409.24 5.190 4.46 5.64 1.16 1.09

114Rh → 114Pd
1+ → 0+ 0 5.900 5.33 3.80 1.11 1.55
1+ → 2+ 332.61 6.000 5.11 3.79 1.17 1.58
1+ → 2+ 694.64 5.700 5.11 5.42 1.12 1.05
1+ → 0+ 1115.50 6.100 5.60 4.15 1.09 1.47
1+ → 2+ 1391.66 6.100 5.60 4.15 1.09 1.47
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Figure 3. The GT strength distribution for 113−114Rh calculated using pn-QRPA-FRDM and pn-QRPA-DDME2-based
deformations along with experimental data [34].
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Figure 4. The present model-based and experimental [33] beta decay half-lives for the Rh nuclei.

on temperature and densities. At finite stellar temperatures, the parent nuclei are thermally populated, and their thermal
excitation influences the total weak rates. We analyzed the stellar weak rates at the densities 𝜌𝑌𝑒 = 107, 109, and 1011 g
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Table 3. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 104,105Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
104Rh 105Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 5.00×10−3 2.68×10−8 4.25×10−3 1.62×10−4

5 1.14×10−2 1.53×10−5 8.42×10−3 1.79×10−3

10 1.75×10−1 8.83×10−3 5.33×10−2 1.76×10−1

25 2.05×102 1.92×101 8.98×100 1.42×102

30 8.54×102 8.88×101 2.92×102 5.32×102

109 3 7.33×10−8 7.16×10−14 1.37×10−4 1.65×10−9

5 2.32×10−5 8.62×10−9 1.15×10−1 6.46×10−6

10 6.75×10−3 1.59×10−4 5.11×101 9.56×10−3

25 6.25×101 5.83×100 4.20×102 4.36×101

30 4.04×102 4.20×101 1.07×102 2.53×102

1011 3 2.62×10−39 6.34×10−45 8.41×1023 3.48×10−40

5 2.95×10−24 2.43×10−27 1.09×10−23 4.45×10−24

10 1.94×10−12 7.50×10−14 1.72×10−12 1.03×10−11

25 4.30×10−3 4.04×10−4 2.20×10−4 3.28×10−3

30 1.19×10−1 1.23×10−2 4.25×10−2 7.62×10−2

cm−3 and at the temperatures 𝑇9 = 3, 5, 10, 25, 30. We have displayed the stellar weak rates for 104−116Rh in Tables (3-6)
using the recipe as mentioned above. Generally, the stellar weak rates decrease with density and increase with temperature.
Utilizing both types of interactions, one can see that the stellar rates computed via the deformation taken from the FRDM
are many orders of magnitude higher than the rates computed via the deformation taken from the RMF-DDME2-based
interactions at low densities and low temperatures. However, at higher temperatures, T9≈30, the rates are enhanced by a
factor of 10 or less.

Table 4. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 106,107,108Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
106Rh 107Rh 108Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 1.51×10−5 2.35×10−7 4.25×10−2 7.42×10−2 2.86×10−2 7.42×10−2

5 7.86×10−5 8.21×10−5 6.10×10−2 1.08×10−1 6.10×10−2 1.08×10−1

10 1.65×10−2 2.23×10−2 7.91×10−1 7.34×10−1 7.91×10−1 7.34×10−1

25 5.85×101 2.68×101 6.18×102 2.13×102 6.18×102 2.13×102

30 2.87×102 1.19×102 2.32×103 7.23×102 2.32×103 7.23×102

109 3 1.88×10−11 3.16×10−12 6.44×10−7 2.62×10−6 6.44×10−7 2.62×10−6

5 4.12×10−8 8.60×10−8 1.11×10−4 4.01×10−4 1.11×10−4 4.01×10−4

10 1.62×10−4 5.28×10−4 3.42×10−2 5.86×10−2 3.42×10−2 5.86×10−2

25 1.77×101 8.17×100 1.89×102 6.67×101 1.89×102 6.67×101

30 1.36×102 5.64×101 1.10×103 3.44×102 1.10×103 3.44×102

1011 3 1.27×10−42 1.50×10−43 1.92×10−38 2.70×10−37 6.17×10−1 3.36×10−1

5 1.03×10−26 1.39×10−26 1.31×10−23 1.36×10−22 9.75×10−1 4.03×10−1

10 5.01×10−14 1.80×10−13 1.09×10−11 3.73×10−11 9.92×10−2 1.23×100

25 1.21×10−3 5.66×10−4 1.31×10−2 5.10×10−3 9.75×101 1.05×102

30 3.98×10−2 1.66×10−2 3.25×10−1 1.05×10−1 4.24×102 3.49×102

Table 5. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 109,110,112Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
109Rh 110Rh 112Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 6.17×10−1 3.36×10−1 4.25×10−1 1.63×100 5.97×10−2 1.11×101

5 9.75×10−1 4.03×10−1 4.76×10−1 2.00×100 8.27×10−2 1.24×101

10 9.92×10−2 1.23×100 2.11×100 4.75×100 2.40×101 2.40×101

25 9.75×101 1.05×102 7.77×102 2.03×102 2.04×102 2.19×102

30 4.24×102 3.49×102 2.74×103 6.16×102 5.44×102 6.05×102

109 3 2.11×10−7 3.67×10−4 1.06×10−1 2.89×10−2 1.53×10−9 1.99×10−1

5 2.08×10−5 5.30×10−3 2.64×10−3 1.01×10−1 1.79×10−3 3.27×10−1

10 3.64×10−1 2.00×10−1 1.26×10−1 1.08×100 2.40×10−2 7.42×100

25 2.98×101 3.53×101 2.39×102 7.52×101 2.04×102 2.19×102

30 2.01×102 1.69×102 1.30×103 3.06×102 5.44×102 6.05×102

1011 3 9.04×10−39 1.47×10−34 4.13×10−36 9.91×10−32 3.44×10−40 7.57×10−30

5 3.25×10−24 6.41×10−21 3.66×10−22 5.78×10−19 4.50×10−24 1.25×10−17

10 1.22×10−12 2.85×10−10 3.97×10−11 5.06×10−9 1.12×10−11 4.62×10−8

25 2.06×10−3 5.81×10−2 1.67×10−2 1.35×10−1 3.41×10−3 4.02×10−2

30 5.92×10−2 5.81×10−2 3.85×10−1 1.35×10−1 7.84×10−2 2.50×10−1
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Table 6. The sum of 𝜆𝛽−+𝜆𝑝𝑐 for 113,114,116Rh isotopes on various densities and temperatures.

𝜌𝑌𝑒 𝑇9
113Rh 114Rh 116Rh

pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2 pn-QRPA-FRDM pn-QRPA-DDME2
107 3 1.28×100 1.45×100 2.14×10−1 3.46×100 1.13×101 1.71×101

5 1.46×100 1.66×100 2.83×10−1 3.64×100 1.29×101 2.59×101

10 4.22×100 3.73×100 8.09×10−1 9.56×100 5.28×101 5.44×101

25 2.56×102 1.89×102 3.06×102 2.19×102 2.49×102 3.42×102

30 9.12×102 5.93×102 1.01×103 6.01×102 7.41×102 8.92×102

109 3 5.48×10−2 2.28×10−2 2.11×10−1 1.57×10−1 1.27×100 2.99×100

5 1.09×10−1 7.55×10−2 3.64×10−1 2.69×10−1 1.29×101 5.75×100

10 7.98×10−1 7.97×10−1 1.95×100 2.54×100 1.27×101 1.81×101

25 8.64×101 6.75×101 1.09×102 9.34×101 2.49×102 1.46×102

30 4.41×102 2.91×102 4.93×102 3.12×102 7.41×102 4.60×102

1011 3 2.40×10−32 2.63×10−32 1.17×10−30 5.87×10−30 1.13×10−10 1.08×10−8

5 5.64×10−20 1.73×10−19 6.12×10−19 1.00×10−17 6.12×10−9 4.04×10−8

10 4.75×10−10 2.01×10−9 1.70×10−9 4.04×10−8 1.70×10−7 2.77×10−8

25 7.69×10−3 9.50×10−3 1.15×10−2 3.73×10−2 1.15×10−2 2.29×10−2

30 1.41×10−1 1.12×10−1 1.69×10−1 2.36×10−1 1.30×10−1 2.02×10−1

4. CONCLUSIONS
In this work, we performed the analysis for neutron-rich 104−116Rh isotopes using the RMF and pn-QRPA models.

The nuclear shapes and their deformation are computed via the RMF framework, and the 𝛽-decay properties, including
the GT strength, the decay half-lives, and the log ft values, are analyzed via the pn-QRPA framework. The half-lives and
log ft values are obtained using the deformed pn-QRPA model, with 𝛽2 taken from the FRDM and RMF DD-ME2 based
interaction, are reasonably consistent with existing experimental data. Additionally, we have calculated the stellar 𝛽-decay
rates based on the deformed pn-QRPA model. Our analysis demonstrates a strong dependence on both temperature and
density. At lower temperatures, the ground-state transitions dominate the stellar weak rates because excited-state popula-
tions are lower, whereas excited-state populations increase significantly at higher temperatures, which impacts the stellar
weak rates. Increasing the density generally suppresses 𝛽-decay rates due to phase-space constraints. Overall, stellar
𝛽-decay rates rise with temperature and fall with increasing density.
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СТОСОВНО ЯДЕРНОЇ СТРУКТУРИ ТА СЛАБКУШВИДКIСТЬ ЗОРЯНОГО РОЗПАДУ БАГАТОГО
НА НЕЙТРОНИ IЗОТОПУ 104−116Rh

Абдул Кабiр1, Джамiль-Ун Набi2, Рахат Бадшах1, Аєша Анджум2
1Кафедра космiчних наук, Iнститут космiчних технологiй, Iсламабад, 44000, Пакистан

2Кафедра фiзики, Унiверситет Ваха, Ваканте, 47040, Пакистан
Основний стан ядра та властивостi бета-розпаду багатих на нейтрони непарних-непарних та непарних-𝐴 iзотопiв родiю
104−116Rh дослiджуються за допомогою моделей релятивiстського середнього поля (RMF) та наближення випадкової фази
протон-нейтронних квазiчастинок (pn-QRPA). Розподiл сили Гамова-Теллера (GT) та властивостi 𝛽-розпаду отриманi на основi
параметрiв деформацiї основного стану з розрахункiв RMF та включенi в структуру наближення квазiчастинкової випадко-
вої фази. Поверхнi потенцiйної енергiї та кривi потенцiйної енергiї дослiджуються для дослiдження ядерної стабiльностi та
переходiв форми. Розрахованi перiоди напiврозпаду та значення log ft добре узгоджуються з iснуючими експериментальними
даними, що пiдтверджує використання ядерних моделей. Крiм того, швидкостi слабкої взаємодiї зi зорями розрахованi як фун-
кцiя щiльностi та температури, що пiдкреслює їх вплив на нуклеосинтез в астрофiзичних середовищах. Для нейтроно-багатих
iзотопiв Rh результати надають кориснi данi про структуру ядра та надiйнi вхiднi данi для моделювання 𝑟-процесу.
Ключовi слова: pn-QRPA; властивостi основного стану ядра; ядернi деформацiї; поверхнi потенцiйної енергiї; log ft
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