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This study investigates Sharma–Mittal Holographic Dark Energy (SMHDE) within the context of Brans–Dicke theory of gravitation in
an Axially Symmetric Cosmological Model. By employing Sharma–Mittal entropy, which provides a unifying generalization of Tsallis
and Rényi entropies, a modified form of holographic dark energy density is formulated to incorporate non-extensive thermodynamic
effects. The corresponding field equations are derived and solved to obtain exact analytical solutions. Furthermore, key cosmological
parameters such as the EoS parameter, deceleration parameter, and squared speed of sound are systematically analyzed to examine the
dynamical behaviour and stability of the model. The results indicate that the proposed framework successfully describes the late-time
accelerated expansion of the cosmos while also accommodating possible anisotropies in the early cosmos. Overall, the model presents a
consistent and physically viable extension of conventional holographic dark energy scenarios within scalar–tensor gravitational theory.
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1. INTRODUCTION
The theory of cosmology and gravitation is one of the great achievements of modern theoretical physics. The

discovery of SNe Ia gave us the first evidence of the accelerated expansion of the Universe [1-2]. This discovery was
then corroborated by independent measurements made from the observation of the cosmic microwave background (CMB)
radiation and the study of the large scale structure [3-4]. All these observations show that our current Universe is dominated
by a negative pressure mysterious constituent named dark energy (DE) and this component is responsible for driving the
Universe towards an accelerated expansion. Observations have shown that DE comprises 70-75% of the energy density of
the current universe [5-6]. But, still, the origin of DE is not known.

Many DE models have been proposed by many researchers in order to understand the nature of DE. Among those
models, one interesting model is the holographic dark energy (HDE) model. The idea of HDE arises from the idea of the
holographic principle postulated by ’t Hooft and Susskind [7-8], which says that the number of degrees of freedom in any
physical system is proportional to its boundary area and not its volume.

The holographic dark energy (HDE) model is motivated by the holographic principle proposed by ’t Hooft and
Susskind [7–8], which states that the physical degrees of freedom of a system are determined by its boundary area rather
than its volume. Based on this idea, Cohen et al. [9] established a relation between the ultraviolet (UV) and infrared (IR)
cutoffs by requiring that the vacuum energy contained in a region of size L should not exceed the mass of a black hole of
the same size. This condition leads to the holographic dark energy density

𝜌𝑑𝑒 = 3𝑘2𝑀2
𝑝𝐿

−2

where 𝑘 is a dimensionless holographic parameter, 𝑀𝑝 = (8𝜋𝐺)−1/2 is the reduced Planck mass, 𝐺 is Newton’s
gravitational constant, and L denotes the infrared cutoff length scale. Later, Li [10] proposed the future event horizon as
the IR cutoff and obtained a cosmologically viable HDE model capable of describing the observed accelerated expansion
of the universe.

The conventional HDE model is constructed using the Bekenstein–Hawking entropy-area relation,

𝑆𝐵𝐻 =
𝐴

4𝐺

where A is the horizon area.
Since gravitational systems are characterized by long-range interactions and non-extensive thermodynamic behavior,

generalized entropy formalisms have been proposed to extend the standard entropy description. Among these, Tsallis
entropy [11] and Rényi entropy [12] have attracted considerable attention in cosmological applications. A more general
entropy framework was introduced by Sharma and Mittal [13], which unifies both Tsallis and Rényi entropies through two
independent parameters.
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The Sharma–Mittal entropy is defined as

𝑆𝑆𝑀 =
1
𝑠
[(1 + 𝑙𝑆𝑇 )

𝑠
𝑙 − 1]

where 𝑆𝑇 denotes the Tsallis entropy, while 𝑠 and 𝑙 represent the deformation and non-extensivity parameters, respectively.
To formulate Sharma–Mittal holographic dark energy (SMHDE), the standard Bekenstein–Hawking entropy used

in the HDE framework is replaced by Sharma–Mittal entropy. Taking 𝑆𝑇 = 𝑆𝐵𝐻 = 𝐴/4 (in natural units 𝐺 = 1) and
considering the Hubble horizon 𝐿 = 𝐻−1 , whose area is 𝐴 = 4𝜋

𝐻2 , the Sharma–Mittal entropy becomes

𝑆𝑆𝑀 =
1
𝑠

[(
1 + 𝜋𝑙

𝐻2

) 𝑠
𝑙

− 1

]
where H is the Hubble parameter.

Using the holographic relation between entropy and dark energy density, Jawad et al. [14] and Iqbal and Jawad [15]
obtained the Sharma–Mittal holographic dark energy density as

𝜌𝑑𝑒 =
3𝑘2𝑆𝑆𝑀

8𝜋𝐿4 =
3𝑘2𝐻4

8𝜋𝑠

[(
1 + 𝜋𝑙

𝐻2

) 𝑠
𝑙

− 1

]
where 𝐻 is the Hubble parameter.

In contrast to conventional HDE, the SMHDE theory takes into account the effects of the entropy due to non-extensive
thermodynamics using the parameters 𝑠 and 𝑙. These correction terms have substantial impacts on the dynamics of the
universe, which can explain not only inflation but also acceleration at late times in the same theory [16-17]. Besides, some
recent studies have demonstrated that SMHDE models can offer stable evolution and phantom crossing in cosmology.

At the same time, scalar-tensor theories of gravity offer a viable alternative explanation of cosmic acceleration. One
of the most successful generalizations of general relativity is the Brans-Dicke (BD) theory [18], proposed by Brans and
Dicke in 1961. The BD scalar field inherently satisfies Mach’s principle and acts as an important ingredient in explaining
cosmological processes [19–20]. Some of the authors have studied the possibility of applying HDE and generalized
entropy-based dark energy models within the framework of BD gravity, highlighting their peculiarities and stability
properties [21-23].

On the other hand, observations of the anisotropies in the cosmic microwave background (CMB) and the formation of
large-scale cosmic structures suggest that the early Universe may not have been perfectly isotropic. Therefore, anisotropic
cosmological models, such as Bianchi-type models and axially symmetric models, play an important role in understanding
the dynamical evolution of the Universe [24-25]. Axially symmetric universes provide a more general geometric framework
than the standard Friedmann–Robertson–Walker (FRW) model and help to describe deviations from perfect isotropy in
the early stages of cosmic evolution.

These developments motivate the present study, in which we investigate the Sharma–Mittal holographic dark energy
model in an axially symmetric framework within the Brans–Dicke theory of gravity. The generalized Sharma–Mittal
entropy is incorporated into the holographic energy density, and an anisotropic geometry is considered to examine the
combined effects of entropic deformation, scalar–tensor coupling, and directional anisotropy on the evolution of the
Universe. The corresponding field equations are derived, and important cosmological parameters, such as the equation of
state parameter, the deceleration parameter, and the squared speed of sound, are analyzed to study the dynamical behavior
and stability of the model.

The present work aims to provide a deeper understanding of the role of generalized entropy corrections in scalar–tensor
theories and their implications for the evolution of the Universe.

2. METRIC AND FIELD EQUATIONS
The Axially Symmetric cosmological model can be defined as

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2 [
𝑑𝑥2 + 𝑓 2𝑑Φ2] − 𝐵2𝑑𝑧2 (1)

where A and B are functions of time t only and 𝑓 is function of 𝑥 .
Brans-Dicke field equations are given by

𝑅𝑖 𝑗 −
1
2
𝑅 𝑔𝑖 𝑗 =

−8𝜋
𝜙

𝑇𝑖 𝑗 − 𝜔𝜙−2
(
𝜙,𝑖𝜙, 𝑗 −

1
2
𝑔𝑖 𝑗𝜙,𝑘𝜙

,𝑘

)
− 1

𝜙

(
𝜙𝑖: 𝑗 − 𝑔𝑖 𝑗𝜙,𝑘

,𝑘
)

(2)

and
□𝜙 =

8𝜋
3 + 2𝜔

𝑇 (3)
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Here 𝜔 is constant, 𝐺𝑖 𝑗 = 𝑅𝑖 𝑗 − 1
2𝑅 𝑔𝑖 𝑗 is the Einstein tensor, 𝑅𝑖 𝑗 is Ricci curvature tensor, R is Ricci scalar and 𝑇𝑖 𝑗 is the

matter’s energy momentum tensor,𝜙 is the Brans-Dicke’s scalar field, 𝑔𝑖 𝑗 is the space time’s metric tensor.
It’s energy conservation equation is

𝑇; 𝑗
𝑖 𝑗 = 0 (4)

The equation of the energy momentum tensors for matter and dark energy as follows

𝑇𝑖 𝑗 = 𝑇𝑚
𝑖 𝑗 + 𝑇∧

𝑖 𝑗 (5)

where 𝑇𝑚
𝑖 𝑗

and 𝑇∧
𝑖 𝑗

are represents the energy momentum tensor for DM and DE respectively and defined as

𝑇𝑚
𝑖 𝑗 = (𝜌𝑑𝑒 + 𝑝𝑑𝑒) 𝑢𝑖𝑢 𝑗 − 𝑝𝑑𝑒𝑔𝑖 𝑗 and 𝑇Λ

𝑖 𝑗 = 𝜌𝑚𝑢𝑖𝑢 𝑗 (6)

Then the corresponding energy momentum tensor is given by

𝑇𝑖 𝑗 = 𝑑𝑖𝑎𝑔 (𝜌𝑑𝑒 + 𝜌𝑑𝑒,−𝑝𝑑𝑒,−𝑝𝑑𝑒,−𝑝𝑑𝑒) (7)

where 𝜌𝑚 and 𝜌𝑑𝑒 are the energy densities of DM and the DE respectively and 𝑝𝑑𝑒 is the DE’s pressure.
The field equations (2) and (3) for the metric in Eq. (1) can now be expressed using Eq. (7).

−8𝜋
𝜙

𝑝𝑑𝑒 =
¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

+ 𝜔

2
¤𝜙2

𝜙2 +
¤𝜙
𝜙

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
+

¥𝜙
𝜙

(8)

−8𝜋
𝜙

𝑝𝑑𝑒 =
¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

− 𝑓 ′′

𝐴2 𝑓
+ 𝜔

2
¤𝜙2

𝜙2 +
¤𝜙
𝜙

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
+

¥𝜙
𝜙

(9)

−8𝜋
𝜙

𝑝𝑑𝑒 = 2
¥𝐴
𝐴
+

¤𝐴2

𝐴2 − 𝑓 ′′

𝐴2 𝑓
+ 𝜔

2
¤𝜙2

𝜙2 + 2
¤𝐴
𝐴

¤𝜙
𝜙
+

¥𝜙
𝜙

(10)

8𝜋
𝜙
(𝜌𝑑𝑒 + 𝑝𝑑𝑒) =

¤𝐴2

𝐴2 + 2 ¤𝐴 ¤𝐵
𝐴𝐵

− 𝜔

2
¤𝜙2

𝜙2 +
(
2
¤𝐴
𝐴
+

¤𝐵
𝐵

) ¤𝜙
𝜙

(11)

And the energy conservation equation is

¤𝜌𝑚 + ¤𝜌𝑑𝑒 + (𝜌𝑚 + 𝜌𝑑𝑒 + 𝑃𝑑𝑒)
(

2 ¤𝐴
𝐴

+
¤𝐵
𝐵

)
= 0 (12)

In this case, ordinary differentiation w.r.t 𝑡 is represented by the notation dot (·) and differentiation w.r.t 𝑥 is represented
by notation dash (′).
From Eqs. (8)-(11), it is observed that the terms containing 𝑓 (𝑥) depend only on the spatial coordinate (𝑥), whereas the
remaining terms are functions of cosmic time (𝑡). Since both sides are functions of independent variables, they must be
equal to a constant. Therefore, we set

𝑓 ′′

𝑓
= 𝛼2 (13)

where 𝛼2 is an arbitrary separation constant.
For the particular case 𝛼 = 0, (13) reduces to 𝑓 ′′ = 0, whose solution is

𝑓 (𝑥) = 𝛼1𝑥 + 𝛼2

where 𝛼1 and 𝛼2 are constants of integration.
Consequently, the field equations can be rewritten as

−8𝜋
𝜙

𝑝𝑑𝑒 =
¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

+ 𝜔

2
¤𝜙2

𝜙2 +
¤𝜙
𝜙

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
+

¥𝜙
𝜙

(14)

−8𝜋
𝜙

𝑝𝑑𝑒 =
¥𝐴
𝐴
+

¥𝐵
𝐵
+

¤𝐴 ¤𝐵
𝐴𝐵

+ 𝜔

2
¤𝜙2

𝜙2 +
¤𝜙
𝜙

( ¤𝐴
𝐴
+

¤𝐵
𝐵

)
+

¥𝜙
𝜙

(15)

−8𝜋
𝜙

𝑝𝑑𝑒 = 2
¥𝐴
𝐴
+

¤𝐴2

𝐴2 + 𝜔

2
¤𝜙2

𝜙2 + 2
¤𝐴
𝐴

¤𝜙
𝜙
+

¥𝜙
𝜙

(16)

8𝜋
𝜙
(𝜌𝑑𝑒 + 𝑝𝑑𝑒) =

¤𝐴2

𝐴2 + 2 ¤𝐴 ¤𝐵
𝐴𝐵

− 𝜔

2
¤𝜙2

𝜙2 +
(
2
¤𝐴
𝐴
+

¤𝐵
𝐵

) ¤𝜙
𝜙

(17)
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3. SOLUTIONS OF THE FIELD EQUATIONS
Equations (14)-(17) form a system of four different equations with seven unknown variables; 𝜌𝑚, 𝜌𝑑𝑒, 𝑝𝑑𝑒, 𝜔𝑑𝑒, 𝐴, 𝐵

and 𝜙. Hence to solve the system of equations we assume
(i)Firstly the relationship between the metric potentials A and B as

𝐵 = 𝐴𝑘1 (18)

Here k1 is a constant.
Following the works of R. C. Johri and R. Sudharsan [26], R. C. Johri and K. Desikan [27], and Diksha Trivedi [28],
(ii)Secondly, we assume a power-law relationship between the Brans–Dicke scalar field 𝜙 and the average scale factor 𝑎(𝑡),
given by

𝜙 ∝ [𝑎(𝑡)]𝑘2 ,

where 𝑘2 is a constant power-law index.
Such a relation has been extensively employed in the literature to investigate various cosmological aspects of

scalar–tensor theories. Motivated by its physical significance and to simplify the highly nonlinear field equations, we
adopt the following form:

𝜙 = 𝜙0 [𝑎(𝑡)]𝑘2 (19)

where 𝜙0 and 𝑘2 are arbitrary constants. This assumption reduces the mathematical complexity of the system and facilitates
the derivation of exact cosmological solutions.

The effective or average scale factor is
𝑎 = (𝐴2𝐵)1/3 (20)

The Volume scale factor V can be written as
𝑉 = 𝑎3 =

√−𝑔 = 𝐴2𝐵 (21)

Using equations (18),(19) and(20),we get

𝐴 (𝑡) = [𝑘5 (𝑘3𝑡 + 𝑘4)]1/𝑘5 ,where 𝑘5 =
(𝑘1 + 2) (𝑘2 + 3)

3
(22)

where k3 and k4 are the integration constants.
From (18) and (22), we have

𝐵 (𝑡) = [𝑘5 (𝑘3𝑡 + 𝑘4)]𝑘1/𝑘5 (23)

Therefore, the corresponding metric can be expressed as

𝑑𝑠2 = 𝑑𝑡2 − [𝑘5 (𝑘3𝑡 + 𝑘4)]2/𝑘5
[
𝑑𝑥2 + 𝑓 2𝑑Φ2] − [𝑘5 (𝑘3𝑡 + 𝑘4)]2𝑘1/𝑘5𝑑𝑧2 (24)

We ascertain the cosmos’s scale factor utilising equations (20), (22), and (23) as follows:

𝑎 (𝑡) = [𝑘5 (𝑘3𝑡 + 𝑘4)]
2+𝑘1
3𝑘5 (25)

Therefore, from equations (19) and (25), we derive the scalar field as

𝜙 = 𝜙0 [𝑘5 (𝑘3𝑡 + 𝑘4)]
𝑘2

𝑘2+3 (26)

We determine the Hubble’s parameter from equation (25) as

𝐻 =
¤𝑎
𝑎
=

𝑘3 (2 + 𝑘1)
3𝑘5 (𝑘3𝑡 + 𝑘4)

(27)

The Deceleration parameter equation is as follows 𝑞 =
− ¥𝑎 (𝑡 )
𝑎 (𝑡 ) 𝐻2

Equations (25) and (27) can be used to calculate the deceleration parameter.

𝑞 =
3𝑘5

2 + 𝑘1
− 1 (28)

The Anisotropic parameter is described as

𝐴ℎ =
1
3

3∑︁
𝑖=1

(
𝐻𝑖 − 𝐻

𝐻

)2
=

6
(
𝑘2

1 + 2𝑘1 + 3
)

(𝑘1 + 2)2 (29)
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The Expansion scalar is defined as 𝐻 = 𝜃
3 so 𝜃 = 3𝐻

Equation (27) can be used to calculate the Expansion scalar as

𝜃 =
𝑘3 (2 + 𝑘1)
𝑘5 (𝑘3𝑡 + 𝑘4)

(30)

The redshift z is defined as 𝑧 =
𝑎0
𝑎

− 1
Using equation (25), and by considering 𝑎0 = 1
Redshift for our model is given by

𝑧 =
1 − [𝑘5 (𝑘3𝑡 + 𝑘4)]

2+𝑘1
3𝑘5

[𝑘5 (𝑘3𝑡 + 𝑘4)]
2+𝑘1
3𝑘5

(31)

,
Energy Density of Sharma-Mittal Holographic Dark Energy is defined as

𝜌𝑑𝑒 =
3𝑘2𝐻4

8𝜋𝑠

[(
1 + 𝜋𝑙

𝐻2

) 𝑠
𝑙

− 1

]
where 𝑘 is a dimensionless constant, 𝑠 and 𝑙 are Sharma–Mittal entropy parameters corresponding to deformation and non-
extensivity and 𝐻 is Hubble’s parameter.The parameter 𝑙 measures the deviation from standard extensive thermodynamics,
whereas s controls the deformation effect of the generalized entropy structure. An important feature of Sharma–Mittal
entropy is that it reduces to Tsallis entropy in the limit 𝑠 → 𝑙, and to Rényi entropy in the limit 𝑠 → 0. Hence,
Sharma–Mittal entropy provides a more general and physically consistent framework for describing gravitational systems
with long-range interactions and non-additive thermodynamical behavior.
By substituting 𝐻 value in the above equation from (27), we get energy density as

𝜌𝑑𝑒 =
3𝑘2

8𝜋𝑠

[
𝑘3 (2 + 𝑘1)

3𝑘5

]4 [
1

(𝑘3𝑡 + 𝑘4)4

] 
[
1 +

9𝑘2
5 (𝑘3𝑡 + 𝑘4)2𝑙𝜋

𝑘2
3 (2 + 𝑘1)2

] 𝑠
𝑙

− 1
 (32)

For plotting the graphical behavior of the cosmological parameters, we have considered the values 𝑘 = 0.7, 𝑘1 =

2.01, 𝑘2 = 1.01, 𝑘3 = 0.45, 𝑘4 = 3.5, 𝑠 = 4.5, 𝑙 = 6, 𝑎0 = 1, 𝑘6 = 1.2 and 𝜔 = 50. These chosen values satisfy the
physical viability of the model and help in obtaining well-behaved graphical evolution of the cosmological quantities.

Figure 1. The Hubble parameter against redshift Figure 2. The DE’s energy density against redshift

The equation that we will use to acquire the EoS parameter is as follows.

𝜔𝑑𝑒 = −1 −
𝜌′
𝑑𝑒

3𝐻𝜌𝑑𝑒
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Equations (27) and (32) can be used to calculate the EoS parameter of the model as

𝜔𝑑𝑒 = −1 + 4𝑘5
𝑘1 + 2

−

18𝑠𝜋𝑘3
5 [𝑘3𝑡+𝑘4 )2

𝑘2
3 (2+𝑘1 )3

[
1 + 9𝑘2

5 (𝑘3𝑡+𝑘4 )2𝑙 𝜋

𝑘2
3 (2+𝑘1 )2

] 𝑠
𝑙
−1

[
1 + 9𝑘2

5 (𝑘3𝑡+𝑘4 )2𝑙 𝜋

𝑘2
3 (2+𝑘1 )2

] 𝑠
𝑙

− 1
(33)

We can determine the matter’s energy density using equations (12) and (32). Then

𝜌𝑚 =
3𝑘2

8𝜋𝑠

[
𝑘3 (2 + 𝑘1)

3𝑘5

]4 [
1

(𝑘3𝑡 + 𝑘4)4

] 
[
1 +

9𝑘2
5 (𝑘3𝑡 + 𝑘4)2𝑙𝜋

𝑘2
3 (2 + 𝑘1)2

] 𝑠
𝑙

− 1


+
𝑘2

3𝜙0

8𝜙
[𝑘5 (𝑘3𝑡 + 𝑘4)]

𝑘2
𝑘2+3 −2


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Figure 3. The EoS parameter against redshift Figure 4. The energy density of matter against redshift

Hence from equations (27) and (33), we find the pressure of DE as
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The jerk parameter is represented by the following formula

𝑗 =
𝑎

𝑎𝐻3

Now, with the use of Equations (25) and (27), we are able to calculate the Jerk Parameter as

𝑗 =
3 (𝑘2 + 2) (2𝑘2 + 5)

𝑘3 (𝑘1 + 2) (36)



616
EEJP. 2 (2026) Suresh Kadali, et al.

Figure 5. The pressure of DE against redshift

Statefinder Parameters:
The Hubble and deceleration parameters describe the universe’s expansion, but because many dark energy models show
similar behavior with these, we can’t use them to tell the models apart. To fix this, Sahni et.al [30] came up with the
statefinder parameters. These act as special cosmological tools to help us better differentiate and understand various dark
energy models.These are defined as 𝑟 = 𝑎

𝑎𝐻3 and 𝑠 = 𝑟−1
3(𝑞− 1

2 )
.

Now, with the use of Equations (25) and (27), we get r as

𝑟 =
3 (𝑘2 + 2) (2𝑘2 + 5)

𝑘3 (𝑘1 + 2) (37)

and
𝑠 =

2
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(38)

Squared speed of sound: The squared speed of sound, denoted by the symbol 𝑣2
𝑠 , is a variable whose sign is used to

assess the stability of DE models.The DE model with 𝑣2
𝑠 > 0 is considered stable, while the DE model 𝑣2

𝑠 < 0 is considered
unstable.
From the definition of the sound’s squared speed, we have
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Figure 6. The Squared speed of sound versus redshift

The total density parameter defined as
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Figure 7. The total density parameter against redshift

The coincidence parameter is defined as
𝑟 =
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Figure 8. The coincidence parameter against redshift

The 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane: The plane 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

examination is used to assess the dynamic feature of the DE models
evaluated by Steinhardt and Wang [29] where 𝜔′

𝑑𝑒
denotes the derivative in relation to ln a. This approach has utilized the
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fundamental model, leading to the creation of two plane models. The interior of the region
(
𝜔𝑑𝑒<0, 𝜔′

𝑑𝑒
>0

)
is the thawed

area, while the area
(
𝜔𝑑𝑒<0, 𝜔′

𝑑𝑒
<0

)
beneath it is frozen.

The expression for 𝜔′
𝑑𝑒

the derivative of equation (33) w.r.t ln a is obtained as
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Figure 9. The 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane

4. CONCLUSIONS
In this study, we have investigated an Axially Symmetric Cosmological model within the context of Brans–Dicke

theory, incorporating the SMHDE. The modified field equations were derived and analysed to examine the dynamical
behaviour of the universe under the combined effects of anisotropy, scalar–tensor coupling, and generalized entropy.
Our results demonstrate that the inclusion of Sharma–Mittal entropy significantly alters the evolution of holographic
dark energy density, leading to notable modifications in key cosmological parameters. The model successfully describes
late-time cosmic acceleration and highlights the crucial role of entropy generalization in shaping the expansion dynamics.

We have taken 𝑘 = 0.7, 𝑘1 = 2.01, 𝑘2 = 1.01, 𝑘3 = 0.45, 𝑘4 = 3.5, 𝑠 = 4.5, 𝑙 = 6, 𝑎0 = 1, 𝑘6 = 1.2 and 𝜔 = 50
values to plot the graphs.

• Figure 1 illustrates the relationship between redshift (z) and the Hubble parameter (H). From figure we observe that
the Hubble parameter remains positive and decreases. However, the overall trend suggests that the cosmic expansion
slows down over time, likely due to gravitational effects or other attractive forces. If this behaviour continues
indefinitely, it may indicate a universe that could eventually stop expanding or transition into a slower, steady state
of expansion.

• Figure 2 illustrates the relationship between the DE’s energy density and redshift (z). The graph shows that the
energy density remains positive and decreases. The positive value of the DE’s energy density indicates its significant
contribution to the total energy content of the cosmos. Moreover, as the redshift increases, the energy density
gradually diminishes, suggesting that the cosmos is expanding and that the DE’s density decreases progressively
over cosmic time.

• Figure 3 illustrates the relationship between the EoS parameter (𝜔𝑑𝑒) and redshift (z). The graph shows that 𝜔𝑑𝑒

remains negative throughout its evolution and satisfies 𝜔𝑑𝑒 < −1, indicating a phantom energy regime. Additionally,
the EoS parameter decreases as redshift evolves. Since 𝜔𝑑𝑒< −1, the cosmos is undergoing accelerated expansion
driven by phantom energy dominance. Although the acceleration persists, its magnitude may gradually decrease
over cosmic time, depending on the dynamical behavior of the model.
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• Figure 4 illustrates the relationship between the DM’s energy density (𝜌𝑚) and redshift (z). The graph shows that
the dark matter energy density remains positive throughout its evolution and decreases. This behavior is consistent
with an expanding universe

• Figure 5, the graph depicts the relationship between the pressure (𝑝𝑑𝑒) of DE and redshift (z). The graph shows that
the pressure remains negative throughout its evolution and increases. This negative pressure of SMHDE indicates
the presence of a repulsive component responsible for driving cosmic acceleration. As the pressure becomes more
negative, the repulsive effect strengthens, thereby enhancing the accelerated expansion of the cosmos. This behavior
is consistent with dark energy models that predict an increasing dominance of negative pressure in the cosmic
dynamics.

• Figure 6 illustrates the relationship between the squared speed of sound (𝑣2
𝑠) and redshift (z). The graph shows that

𝑣2
𝑠 remains positive throughout its evolution. The positivity of the squared speed of sound indicates that the model

is free from classical instabilities under small perturbations. Therefore, this behavior suggests that the proposed
cosmological model is stable over the considered redshift range.

• Figure 7 illustrates the relationship between the total density parameter against redshift.The graph shows that the
total density parameter remains positive throughout its evolution and increases.The total density parameter change
with redshift is depicted on the graph. Throughout, the overall density value stays positive, suggesting a cosmos
with physical significance. Its upward trend indicates that, in comparison to the critical density, the total energy
density increases. This demonstrates how the cosmos is entering a period of faster expansion driven by DE.

• Figure 8 illustrates the relationship between the coincidence parameter against redshift.The graph shows that the
coincidence parameter remains positive throughout its evolution and decreases. Its decreasing behavior with time
suggests that the universe evolves from an earlier matter-dominated phase to a late-time dark energy-dominated
phase.

• Figure 9, the progression of our model is shown on the 𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

plane. We observe that, depending on the graph
values, 𝜔𝑑𝑒 − 𝜔′

𝑑𝑒
the plane trajectories change

(
𝜔𝑑𝑒<0, 𝜔′

𝑑𝑒
>0

)
in the thawed region.
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АКСIАЛЬНО СИМЕТРИЧНА ГОЛОГРАФIЧНА ТЕМНА ЕНЕРГIЯШАРМА-МIТТАЛА
В ТЕОРIЇ БРАНСА-ДIККЕ

Суреш Кадалi, Нiлiма Давулурi
Кафедра математики та статистики, GITAM, (вважається унiверситетом), Вiшакхапатнам-530045, Iндiя

Це дослiдження вивчає голографiчну темну енергiю Шарма-Мiттала (SMHDE) в контекстi теорiї гравiтацiї Бранса-Дiкке в
аксiально симетричнiй космологiчнiй моделi. Використовуючи ентропiю Шарма-Мiттала, яка забезпечує об’єднуюче узагаль-
нення ентропiй Цаллiса та Реньї, формулюється модифiкована форма густини голографiчної темної енергiї для врахування
неекстенсивних термодинамiчних ефектiв. Вiдповiднi рiвняння поля виведенi та розв’язанi для отримання точних аналiтичних
рiшень. Крiм того, ключовi космологiчнi параметри, такi як параметр EoS, параметр уповiльнення та квадрат швидкостi звуку,
систематично аналiзуються для вивчення динамiчної поведiнки та стабiльностi моделi. Результати показують, що запропо-
нована структура успiшно описує прискорене розширення космосу наприкiнцi часу, а також враховує можливi анiзотропiї в
ранньому космосi. Загалом, модель являє собою послiдовне та фiзично життєздатне розширення традицiйних голографiчних
сценарiїв темної енергiї в рамках скалярно-тензорної гравiтацiйної теорiї.
Ключовi слова: ентропiя Шарми-Мiттала; голографiчна темна енергiя; Теорiя Бранса-Дiкке; аксiально-симетрична ме-
трика
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