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This work examines a generalized concatenation model for birefringent optical fibers and obtains new exact soliton solutions. Using Lie
symmetry analysis, the coupled evolution equations are transformed through suitable similarity variables into a manageable system of
ordinary differential equations. The resulting reduced system is then treated with the Kumar–Malik method to derive multiple classes
of explicit solutions written in Jacobi elliptic, bright soliton, dark soliton, and trigonometric solutions. With appropriate parameter
restrictions, these classes simplify to the familiar bright, dark, and periodic soliton waves. To illustrate the physical behavior of
the derived structures, representative plots are presented that highlight their propagation features and qualitative stability. Overall,
combining symmetry reduction with the Kumar–Malik scheme expands the catalogue of analytical solutions for the concatenation
model and deepens understanding of nonlinear pulse dynamics in birefringent media.

Keywords: Concatenation framework; Lie group symmetry analysis; Kumar–Malik technique; Optical soliton waves; Birefringent fiber
media; Jacobi elliptic function solutions

1. INTRODUCTION
Nonlinear pulse propagation in optical fibers remains a cornerstone of modern nonlinear optics and mathematical

physics, particularly in parameter regimes where dispersion, birefringence, and nonlinearity cooperate to generate per-
sistent coherent structures such as solitons, breathers, and rogue waves. With the advent of ultrashort-pulse sources and
broadband transmission, higher-order dispersive and nonlinear effects become non-negligible, which naturally motivates
the analysis of generalized Schrödinger-type evolution equations and their solution families.

At the modeling level, the nonlinear Schrödinger equation (NLSE) provides a canonical framework for describing
envelope dynamics in weakly nonlinear dispersive media, and continues to be refined and applied in diverse optical
settings [3, 4]. Beyond the standard NLSE, integrable higher-order extensions have been intensively studied because they
preserve analytical tractability while capturing additional physical mechanisms. In this direction, Ankiewicz and Akhme-
diev presented a higher-order integrable evolution equation together with its soliton solutions, illustrating how higher-order
corrections alter waveform characteristics without destroying integrability [1]. Closely related extended NLSE models
that include higher-order odd and even terms were further shown to admit extreme localized events, including rogue-wave
solutions [2]. Moreover, the integrable quintic nonlinear Schrödinger hierarchy enriches the nonlinear landscape through
quintic contributions: soliton solutions were constructed in [9], while breather-to-soliton conversions and breather inter-
actions were investigated in [10, 11]. Collectively, these developments emphasize that higher-order and quintic terms are
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not merely small perturbations; rather, they can substantially broaden the admissible classes of localized structures and
transition scenarios.

Another important strand of research concerns unified descriptions that connect several prominent Schrödinger-type
equations within a single formalism. In particular, concatenation-type models provide a coupled framework that can incor-
porate higher-order dispersion and nonlinear corrections systematically, while linking to celebrated integrable equations
such as the NLSE [3, 4], the Lakshmanan–Porsezian–Daniel (LPD) equation [5, 6], and the Sasa–Satsuma equation (SSE)
[7, 8]. Recent studies have also highlighted the relevance of concatenation settings for realistic birefringent configurations
by incorporating differential group delay and constructing corresponding optical soliton solutions [12, 13]. Despite the
growing literature, explicit closed-form solutions remain of continuing value: they provide benchmarks for numerical al-
gorithms, enable parametric studies of waveform switching (e.g., bright versus dark profiles), and clarify how higher-order
coefficients shape pulse evolution.

Motivated by these considerations, the present work investigates the coupled concatenation system (Eqs. (1)–(2)) for
the complex envelopes 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡), which represent two orthogonally polarized field components. By exploiting Lie
symmetries, we determine appropriate invariants that transform the governing PDE system into an equivalent ODE system.
The reduced equations are then solved exactly using the Kumar–Malik technique. The resulting waveforms are expressed
in Jacobi elliptic, hyperbolic, and trigonometric forms and, under suitable parameter constraints, yield bright-, dark-, and
periodic-soliton profiles. Finally, representative plots are provided to illustrate characteristic propagation features and to
demonstrate the influence of key physical and model parameters.

1.1. Governing Model
In this study, we consider the following coupled concatenation model [12, 13]:

𝑖𝑞𝑡 + 𝑎1𝑞𝑥𝑥 +
(
𝑏1 |𝑞 |2 + 𝑐1 |𝑟 |2

)
𝑞 + 𝑐11

[
𝜎11𝑞𝑥𝑥𝑥𝑥 + {𝛼1 (𝑞𝑥)2 +𝔴1 (𝑟𝑥)2}𝑞∗

+ (𝛾1 |𝑞𝑥 |2 + 𝜆1 |𝑟𝑥 |2)𝑞 + (𝛿1 |𝑞 |2 + 𝜁1 |𝑟 |2)𝑞𝑥𝑥 + (𝜇1𝑞
2 + 𝜌1𝑟

2)𝑞∗𝑥𝑥
+ ( 𝑓1 |𝑞 |4 + 𝑔1 |𝑞 |2 |𝑟 |2 + ℎ1 |𝑟 |4)𝑞

]
+ 𝑖𝑐21

[
𝜎71𝑞𝑥𝑥𝑥 + (𝜂1 |𝑞 |2 + 𝜃1 |𝑟 |2)𝑞𝑥

+ (𝜀1𝑞
2 + 𝜏1𝑟

2)𝑞∗𝑥
]
= 0,

(1)

𝑖𝑟𝑡 + 𝑎2𝑟𝑥𝑥 +
(
𝑏2 |𝑟 |2 + 𝑐2 |𝑞 |2

)
𝑟 + 𝑐12

[
𝜎12𝑟𝑥𝑥𝑥𝑥 + {𝛼2 (𝑟𝑥)2 +𝔴2 (𝑞𝑥)2}𝑟∗

+ (𝛾2 |𝑟𝑥 |2 + 𝜆2 |𝑞𝑥 |2)𝑟 + (𝛿2 |𝑟 |2 + 𝜁2 |𝑞 |2)𝑟𝑥𝑥 + (𝜇2𝑟
2 + 𝜌2𝑞

2)𝑟∗𝑥𝑥
+ ( 𝑓2 |𝑟 |4 + 𝑔2 |𝑟 |2 |𝑞 |2 + ℎ2 |𝑞 |4)𝑟

]
+ 𝑖𝑐22

[
𝜎72𝑟𝑥𝑥𝑥 + (𝜂2 |𝑟 |2 + 𝜃2 |𝑞 |2)𝑟𝑥

+ (𝜀2𝑟
2 + 𝜏2𝑞

2)𝑟∗𝑥
]
= 0.

(2)

In this system, 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) represent the complex slowly varying envelopes associated with two mutually
orthogonal polarization modes. The coefficients 𝑎1 and 𝑎2 characterize the group-velocity dispersion, while 𝑏 𝑗 and 𝑐 𝑗

( 𝑗 = 1, 2) measure self-phase modulation and cross-phase modulation, respectively. The set of parameters 𝜎, 𝛼, 𝔴, 𝛾,
𝜆, 𝛿, 𝜁 , 𝜇, 𝜌, 𝑓 , 𝑔, and ℎ models higher-order mechanisms such as nonlinear dispersion, self-frequency shifting, and
fourth-order corrections. Hence, the coupled system captures the dynamics of birefringent optical pulses influenced by
cubic–quartic nonlinearities together with third- and fourth-order dispersion.

In this study, we employ Lie symmetry analysis for the concatenation model (1)–(2). The admitted symmetries
provide suitable similarity transformations that reduce the coupled PDE system to a tractable set of ordinary differen-
tial equations. The reduced system is then treated analytically via the Kumar–Malik method, leading to several new
classes of exact solutions in Jacobi elliptic, hyperbolic, and trigonometric forms. For appropriate choices of the governing
parameters, these solution families recover the familiar bright-, dark-, and periodic-soliton profiles reported in the literature.

Graphical illustrations are presented to highlight the propagation features of the derived solutions and to explore
the impact of the physical parameters on soliton amplitude, width, and robustness. These findings broaden the available
catalogue of analytical solutions for the concatenation model and offer further insight into nonlinear pulse evolution in
birefringent optical fibers.
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The remainder of this paper is organized as follows. In Section 2, we perform the Lie symmetry analysis of the
model and determine the associated infinitesimal generators. Section 3 is devoted to the similarity reductions that convert
the governing PDE system into a reduced set of ODEs. In Section 4, the Kumar–Malik method is implemented to obtain
exact analytical soliton solutions. Section 5 presents representative plots and discusses their physical implications. Finally,
Section 6 summarizes the main findings and outlines possible directions for future work.

2. LIE SYMMETRY ANALYSIS
The Lie symmetry approach [14] provides a systematic framework for reducing nonlinear partial differential equations

to ordinary differential equations by exploiting their admitted continuous symmetry groups. After determining the
infinitesimal symmetry generators, one constructs the associated invariants (similarity variables), which transform the
original PDE into a reduced equation of lower dimensionality. In the present work, this methodology is applied to the
concatenation model (1) to derive its symmetry algebra and to obtain the corresponding similarity reductions.

Next, we introduce the real-valued decompositions

𝑞(𝑡, 𝑥) = 𝑢1 (𝑡, 𝑥) + 𝑖 𝑣1 (𝑡, 𝑥), 𝑟 (𝑡, 𝑥) = 𝑢2 (𝑡, 𝑥) + 𝑖 𝑣2 (𝑡, 𝑥),

and substitute them into Eq. (1). Separating the resulting expression into its real and imaginary components leads to the
following system of partial differential equations:

𝑐1𝑙 𝜎1𝑙 (𝑣𝑙)𝑥𝑥𝑥𝑥 + 𝑐2𝑙 𝜎7𝑙 (𝑢𝑙)𝑥𝑥𝑥 +
(
𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 − 𝑐1𝑙 (𝜇𝑙 − 𝛿𝑙) 𝑢2
𝑙 − 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝑢2

𝑚

+ 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑣2
𝑚 + 𝑎𝑙

)
(𝑣𝑙)𝑥𝑥 + 2𝑐1𝑙

(
𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚

)
(𝑢𝑙)𝑥𝑥 − 𝑣𝑙𝑐1𝑙 (𝛼𝑙 − 𝛾𝑙) (𝑢𝑙,𝑥)2

+
(
2𝑐1𝑙𝛼𝑙 (𝑣𝑙,𝑥)𝑢𝑙 + 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑣2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑢2
𝑙 + (𝜏𝑙 + 𝜃𝑙)𝑢2

𝑚 − 𝑣2
𝑚 (𝜏𝑙 − 𝜃𝑙)

) )
(𝑢𝑙,𝑥)

+ 𝑣𝑙𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙) (𝑣𝑙,𝑥)2 + 2𝑐2𝑙
(
𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙

)
(𝑣𝑙,𝑥) − 𝑣𝑙𝑐1𝑙 (𝔴𝑙 − 𝜆𝑙) (𝑢𝑚,𝑥)2

+ 2𝑐1𝑙𝔴𝑙 (𝑢𝑚,𝑥) (𝑣𝑚,𝑥)𝑢𝑙 + 𝑣𝑙𝑐1𝑙 (𝔴𝑙 + 𝜆𝑙) (𝑣𝑚,𝑥)2 + 𝑢𝑙,𝑡

+ 𝑐1𝑙 𝑓𝑙𝑣
5
𝑙 +

(
2 𝑓𝑙𝑐1𝑙𝑢

2
𝑙 + 𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙

)
𝑣3
𝑙

+
(
𝑓𝑙𝑐1𝑙𝑢

4
𝑙 + (𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙)𝑢2

𝑙 + ℎ𝑙𝑐1𝑙𝑢
4
𝑚 + (2ℎ𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑐𝑙)𝑢2

𝑚 + ℎ𝑙𝑐1𝑙𝑣
4
𝑚 + 𝑐𝑙𝑣

2
𝑚

)
𝑣𝑙 = 0,

𝑐1𝑙 𝜎1𝑙 (𝑢𝑙)𝑥𝑥𝑥𝑥 − 𝑐2𝑙 𝜎7𝑙 (𝑣𝑙)𝑥𝑥𝑥 +
(
𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑢2

𝑙 − 𝑐1𝑙 (𝜇𝑙 − 𝛿𝑙) 𝑣2
𝑙 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑢2

𝑚

− 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝑣2
𝑚 + 𝑎𝑙

)
(𝑢𝑙)𝑥𝑥 + 2𝑐1𝑙

(
𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚

)
(𝑣𝑙)𝑥𝑥 − 𝑢𝑙𝑐1𝑙 (𝛼𝑙 − 𝛾𝑙) (𝑣𝑙,𝑥)2

+
(
2𝑐1𝑙𝛼𝑙 (𝑢𝑙,𝑥)𝑣𝑙 − 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑢2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑣2
𝑙 + (−𝜏𝑙 + 𝜃𝑙)𝑢2

𝑚 + 𝑣2
𝑚 (𝜏𝑙 + 𝜃𝑙)

) )
(𝑣𝑙,𝑥)

+ 𝑢𝑙𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙) (𝑢𝑙,𝑥)2 − 2𝑐2𝑙
(
𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙

)
(𝑢𝑙,𝑥)

+ 𝑢𝑙𝑐1𝑙 (𝔴𝑙 + 𝜆𝑙) (𝑢𝑚,𝑥)2 + 2𝑐1𝑙𝔴𝑙 (𝑢𝑚,𝑥) (𝑣𝑚,𝑥)𝑣𝑙 − 𝑢𝑙𝑐1𝑙 (𝔴𝑙 − 𝜆𝑙) (𝑣𝑚,𝑥)2 − 𝑣𝑙,𝑡

+ 𝑐1𝑙 𝑓𝑙𝑢
5
𝑙 +

(
𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 2 𝑓𝑙𝑐1𝑙𝑣

2
𝑙 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙

)
𝑢3
𝑙

+
(
𝑓𝑙𝑐1𝑙𝑣

4
𝑙 + (𝑔𝑙𝑐1𝑙𝑢

2
𝑚 + 𝑔𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑏𝑙)𝑣2

𝑙 + ℎ𝑙𝑐1𝑙𝑢
4
𝑚 + (2ℎ𝑙𝑐1𝑙𝑣

2
𝑚 + 𝑐𝑙)𝑢2

𝑚 + ℎ𝑙𝑐1𝑙𝑣
4
𝑚 + 𝑐𝑙𝑣

2
𝑚

)
𝑢𝑙 = 0,

(3)

where 𝑙 ∈ {1, 2} and 𝑚 = 3 − 𝑙 denotes the complementary index.
Next, we introduce a one-parameter Lie group of infinitesimal transformations defined by:

𝑥∗ = 𝑥 + 𝜖 𝜒(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),
𝑡∗ = 𝑡 + 𝜖Θ(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑢1
∗ = 𝑢1 + 𝜖Ψ1 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑣1
∗ = 𝑣1 + 𝜖Φ1 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2), (4)

𝑢2
∗ = 𝑢2 + 𝜖Ψ2 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2),

𝑣2
∗ = 𝑣2 + 𝜖Φ2 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) + O(𝜖2), (5)



Optical Solitons for the Concatenation Model with Differential Group Delay by Lie Symmetry...
163

EEJP. 3 (2026)

Here, 𝜒, Θ, Ψ1, Φ1, Ψ2, and Φ2 denote the infinitesimal generator components associated with the variables 𝑥, 𝑡, 𝑢1, 𝑣1,
𝑢2, and 𝑣2, respectively, and 𝜖 ∈ R is the group parameter. These transformations are required to leave Eq. (3) invariant
under the induced Lie-group action.

The corresponding infinitesimal vector field is given by:

𝑋 = 𝜒
𝜕

𝜕𝑥
+ Θ

𝜕

𝜕𝑡
+

2∑︁
𝑙=1

(
Ψ𝑙

𝜕

𝜕𝑢𝑙
+Φ𝑙

𝜕

𝜕𝑣𝑙

)
. (6)

To compute the admitted symmetries, we impose the standard invariance condition:

pr(4) (𝑋) (Δ)
��
Δ=0 = 0, (7)

where pr(4)𝑋 denotes the fourth-order prolongation of the vector field 𝑋 , defined by:

pr(4)𝑋 =𝑋 +
2∑︁
𝑙=1

(
Ψ𝑡
𝑙

𝜕

𝜕𝑢𝑙,𝑡
+ Ψ𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥
+ Ψ𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥
+ Ψ𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥𝑥
+ Ψ𝑥𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑢𝑙,𝑥𝑥𝑥𝑥

)
+

2∑︁
𝑙=1

(
Φ𝑡

𝑙

𝜕

𝜕𝑣𝑙,𝑡
+Φ𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥
+Φ𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥
+Φ𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥𝑥
+Φ𝑥𝑥𝑥𝑥

𝑙

𝜕

𝜕𝑣𝑙,𝑥𝑥𝑥𝑥

)
.

The coefficients of the prolonged vector field are evaluated using the total derivative operators:

Ψ𝑡
𝑙 = 𝐷𝑡 (Ψ𝑙) − 𝐷𝑡 (𝜒) 𝑢𝑙,𝑥 − 𝐷𝑡 (Θ) 𝑢𝑙,𝑡 ,

Φ𝑡
𝑙 = 𝐷𝑡 (Φ𝑙) − 𝐷𝑡 (𝜒) 𝑣𝑙,𝑥 − 𝐷𝑡 (Θ) 𝑣𝑙,𝑡 ,

Ψ𝑥
𝑙 = 𝐷𝑥 (Ψ𝑙) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑡 ,

Φ𝑥
𝑙 = 𝐷𝑥 (Φ𝑙) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑡 ,

Ψ𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑡 ,
Φ𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑡 ,

Ψ𝑥𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑥𝑡 ,
Φ𝑥𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑥𝑡 ,

Ψ𝑥𝑥𝑥𝑥
𝑙 = 𝐷𝑥 (Ψ𝑥𝑥𝑥

𝑙 ) − 𝐷𝑥 (𝜒) 𝑢𝑙,𝑥𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑢𝑙,𝑥𝑥𝑥𝑡 ,
Φ𝑥𝑥𝑥𝑥

𝑙 = 𝐷𝑥 (Φ𝑥𝑥𝑥
𝑙 ) − 𝐷𝑥 (𝜒) 𝑣𝑙,𝑥𝑥𝑥𝑥 − 𝐷𝑥 (Θ) 𝑣𝑙,𝑥𝑥𝑥𝑡 ,

Here, 𝐷𝑥 and 𝐷𝑡 are the total-derivative operators with respect to 𝑥 and 𝑡, respectively, as described in [15]. Applying the
invariance condition (7) to Eq. (3) yields:



164
EEJP. 3 (2026) Rajveer Singhay, et al.

( (
(𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 + (−𝜇𝑙 + 𝛿𝑙) 𝑢2
𝑙 + (−𝜌𝑙 + 𝜁𝑙) 𝑢2

𝑚 + (𝜌𝑙 + 𝜁𝑙) 𝑣2
𝑚

)
𝑐1𝑙 + 𝑎𝑙

)
Φ

{𝑥𝑥}
𝑙

+ 2Ψ{𝑥𝑥}
𝑙

𝑐1𝑙 (𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚)

+Φ
{𝑥𝑥𝑥𝑥}
𝑙

𝑐1𝑙 𝜎1𝑙 + Ψ
{𝑥𝑥𝑥}
𝑙

𝑐2𝑙 𝜎7𝑙 +
( (
− 2 𝑢𝑙,𝑥 (𝛼𝑙 − 𝛾𝑙) 𝑣𝑙 + 2 𝑣𝑙,𝑥𝛼𝑙 𝑢𝑙

)
𝑐1𝑙 + 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙)𝑣2

𝑙 + (𝜂𝑙 + 𝜀𝑙)𝑢2
𝑙

+ (𝜏𝑙 + 𝜃𝑙)𝑢2
𝑚 − (𝜏𝑙 − 𝜃𝑙)𝑣2

𝑚

) )
Ψ𝑥
𝑙 +

( (
2 𝑣𝑙,𝑥 (𝛼𝑙 + 𝛾𝑙) 𝑣𝑙 + 2 𝑢𝑙,𝑥𝛼𝑙 𝑢𝑙

)
𝑐1𝑙 + 2 𝑐2𝑙 (𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙)

)
Φ𝑥

𝑙

+ 2
(
𝑣𝑚,𝑥 (𝔴𝑙 + 𝜆𝑙) 𝑣𝑙 + 𝑢𝑚,𝑥𝔴𝑙 𝑢𝑙

)
𝑐1𝑙 Φ

𝑥
𝑚 − 2

(
𝑢𝑚,𝑥 (𝔴𝑙 − 𝜆𝑙) 𝑣𝑙 − 𝑣𝑚,𝑥𝔴𝑙 𝑢𝑙

)
𝑐1𝑙 Ψ

𝑥
𝑚 + Ψ𝑡

𝑙

+
(
5Φ𝑙 𝑓𝑙 𝑣

4
𝑙 +

(
2Φ𝑚 𝑔𝑙 𝑣𝑚 + 4Ψ𝑙 𝑓𝑙 𝑢𝑙 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚

)
𝑣3
𝑙 +

(
6 𝑓𝑙 𝑢2

𝑙 + 3𝑔𝑙 𝑢2
𝑚 + 3𝑔𝑙 𝑣2

𝑚

)
Φ𝑙 𝑣

2
𝑙

+
(
(2𝜇𝑙 + 2𝛿𝑙) 𝑣𝑙,𝑥𝑥 Φ𝑙 + 4Ψ𝑙 𝑓𝑙 𝑢

3
𝑙 + (2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚) 𝑢2

𝑙 + (2Ψ𝑙 𝑔𝑙 𝑢
2
𝑚 + 2Ψ𝑙 𝑔𝑙 𝑣

2
𝑚) 𝑢𝑙

+ 4Ψ𝑚 ℎ𝑙 𝑢
3
𝑚 + 4Φ𝑚 ℎ𝑙 𝑢

2
𝑚𝑣𝑚 + 4Ψ𝑚 ℎ𝑙 𝑢𝑚𝑣

2
𝑚 + 4Φ𝑚 ℎ𝑙 𝑣

3
𝑚 + 2Ψ𝑙 𝜇𝑙 𝑢𝑙,𝑥𝑥

)
𝑣𝑙 +

(
𝑓𝑙 𝑢

4
𝑙 + (𝑔𝑙 𝑢2

𝑚 + 𝑔𝑙 𝑣
2
𝑚) 𝑢2

𝑙

+ 2𝜇𝑙𝑢𝑙 𝑢𝑙,𝑥𝑥 + ℎ𝑙 𝑢
4
𝑚 + 2ℎ𝑙𝑢2

𝑚𝑣
2
𝑚 + ℎ𝑙𝑣

4
𝑚 + (−𝛼𝑙 + 𝛾𝑙) 𝑢2

𝑙,𝑥 + (𝛼𝑙 + 𝛾𝑙) 𝑣2
𝑙,𝑥 + (−𝑢2

𝑚,𝑥 + 𝑣2
𝑚,𝑥)𝔴𝑙 + 𝑢2

𝑚,𝑥𝜆𝑙

+ 𝑣2
𝑚,𝑥𝜆𝑙

)
Φ𝑙 + (−2𝜇𝑙 + 2𝛿𝑙) 𝑣𝑙,𝑥𝑥 Ψ𝑙 𝑢𝑙 + (2𝜌𝑙 𝑢𝑙,𝑥𝑥 Φ𝑚 + (−2𝜌𝑙 + 2𝜁𝑙) 𝑣𝑙,𝑥𝑥 Ψ𝑚) 𝑢𝑚

+
(
(2𝜌𝑙 + 2𝜁𝑙) 𝑣𝑙,𝑥𝑥 Φ𝑚 + 2Ψ𝑚 𝜌𝑙 𝑢𝑙,𝑥𝑥

)
𝑣𝑚 + 2Ψ𝑙 𝛼𝑙 𝑢𝑙,𝑥𝑣𝑙,𝑥 + 2Ψ𝑙 𝔴𝑙 𝑢𝑚,𝑥𝑣𝑚,𝑥

)
𝑐1𝑙 + 3Φ𝑙 𝑏𝑙 𝑣

2
𝑙

+
(
(2𝜂𝑙 − 2𝜀𝑙) 𝑢𝑙,𝑥 𝑐2𝑙 Φ𝑙 + 2𝑐2𝑙Ψ𝑙 𝑣𝑙,𝑥 𝜀𝑙 + 2Ψ𝑚 𝑐𝑙 𝑢𝑚 + 2Φ𝑚 𝑐𝑙 𝑣𝑚 + 2Ψ𝑙 𝑏𝑙 𝑢𝑙

)
𝑣𝑙

+
(
2𝑐2𝑙𝑢𝑙𝜀𝑙𝑣𝑙,𝑥 + 𝑏𝑙 𝑢

2
𝑙 + 𝑐𝑙 𝑢

2
𝑚 + 𝑐𝑙 𝑣

2
𝑚

)
Φ𝑙 + (2𝜂𝑙 + 2𝜀𝑙) Ψ𝑙 𝑢𝑙,𝑥 𝑐2𝑙 𝑢𝑙

+
(
(2𝜏𝑙 + 2𝜃𝑙)Ψ𝑚 𝑢𝑙,𝑥 + 2Φ𝑚 𝜏𝑙 𝑣𝑙,𝑥

)
𝑐2𝑙 𝑢𝑚 +

(
(−2𝜏𝑙 + 2𝜃𝑙)Φ𝑚 𝑢𝑙,𝑥 + 2Ψ𝑚 𝜏𝑙 𝑣𝑙,𝑥

)
𝑐2𝑙 𝑣𝑚 = 0,( (

(𝜇𝑙 + 𝛿𝑙) 𝑢2
𝑙 + (−𝜇𝑙 + 𝛿𝑙) 𝑣2

𝑙 + (𝜌𝑙 + 𝜁𝑙) 𝑢2
𝑚 − (𝜌𝑙 − 𝜁𝑙) 𝑣2

𝑚

)
𝑐1𝑙 + 𝑎𝑙

)
Ψ

{𝑥𝑥}
𝑙

+ 2Φ{𝑥𝑥}
𝑙

𝑐1𝑙 (𝜇𝑙𝑢𝑙𝑣𝑙 + 𝜌𝑙𝑢𝑚𝑣𝑚)

+ Ψ
{𝑥𝑥𝑥𝑥}
𝑙

𝑐1𝑙 𝜎1𝑙 −Φ
{𝑥𝑥𝑥}
𝑙

𝑐2𝑙 𝜎7𝑙 +
( (
− 2 𝑣𝑙,𝑥 (𝛼𝑙 − 𝛾𝑙) 𝑢𝑙 + 2 𝑣𝑙 𝑢𝑙,𝑥𝛼𝑙

)
𝑐1𝑙 + 𝑐2𝑙

(
(−𝜂𝑙 + 𝜀𝑙)𝑢2

𝑙

+ (−𝜂𝑙 − 𝜀𝑙)𝑣2
𝑙 + (𝜏𝑙 − 𝜃𝑙)𝑢2

𝑚 − (𝜏𝑙 + 𝜃𝑙)𝑣2
𝑚

) )
Φ𝑥

𝑙 +
( (

2 𝑢𝑙,𝑥 (𝛼𝑙 + 𝛾𝑙) 𝑢𝑙 + 2 𝑣𝑙 𝑣𝑙,𝑥𝛼𝑙

)
𝑐1𝑙

− 2 𝑐2𝑙 (𝜏𝑙𝑢𝑚𝑣𝑚 + 𝜀𝑙𝑢𝑙𝑣𝑙)
)
Ψ𝑥
𝑙 + 2

(
− 𝑣𝑚,𝑥 (𝔴𝑙 − 𝜆𝑙) 𝑢𝑙 + 𝑣𝑙 𝑢𝑚,𝑥𝔴𝑙

)
𝑐1𝑙 Φ

𝑥
𝑚 + 2 𝑐1𝑙

(
𝑢𝑚,𝑥 (𝔴𝑙 + 𝜆𝑙) 𝑢𝑙

+ 𝑣𝑙 𝑣𝑚,𝑥𝔴𝑙

)
Ψ𝑥

𝑚 −Φ𝑡
𝑙 +

(
5Ψ𝑙 𝑓𝑙 𝑢

4
𝑙 +

(
4Φ𝑙 𝑓𝑙 𝑣𝑙 + 2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚

)
𝑢3
𝑙

+
(
6 𝑓𝑙 𝑣2

𝑙 + 3𝑔𝑙 𝑢2
𝑚 + 3𝑔𝑙 𝑣2

𝑚

)
Ψ𝑙 𝑢

2
𝑙 +

(
(2𝜇𝑙 + 2𝛿𝑙) 𝑢𝑙,𝑥𝑥 Ψ𝑙 + 4Φ𝑙 𝑓𝑙 𝑣

3
𝑙 + (2Φ𝑚 𝑔𝑙 𝑣𝑚 + 2Ψ𝑚 𝑔𝑙 𝑢𝑚) 𝑣2

𝑙

+ (2Φ𝑙 𝑔𝑙 𝑢
2
𝑚 + 2Φ𝑙 𝑔𝑙 𝑣

2
𝑚) 𝑣𝑙 + 4Ψ𝑚 ℎ𝑙 𝑢

3
𝑚 + 4Φ𝑚 ℎ𝑙 𝑢

2
𝑚𝑣𝑚 + 4Ψ𝑚 ℎ𝑙 𝑢𝑚𝑣

2
𝑚 + 4Φ𝑚 ℎ𝑙 𝑣

3
𝑚 + 2Φ𝑙 𝜇𝑙 𝑣𝑙,𝑥𝑥

)
𝑢𝑙

+
(
𝑓𝑙 𝑣

4
𝑙 + (𝑔𝑙 𝑢2

𝑚 + 𝑔𝑙 𝑣
2
𝑚) 𝑣2

𝑙 + 2𝜇𝑙𝑣𝑙 𝑣𝑙,𝑥𝑥 + ℎ𝑙 𝑢
4
𝑚 + 2ℎ𝑙𝑢2

𝑚𝑣
2
𝑚 + ℎ𝑙𝑣

4
𝑚 + (−𝛼𝑙 + 𝛾𝑙) 𝑣2

𝑙,𝑥

+ (𝛼𝑙 + 𝛾𝑙) 𝑢2
𝑙,𝑥 + (𝑢2

𝑚,𝑥 − 𝑣2
𝑚,𝑥)𝔴𝑙 + 𝑢2

𝑚,𝑥𝜆𝑙 + 𝑣2
𝑚,𝑥𝜆𝑙

)
Ψ𝑙 + (−2𝜇𝑙 + 2𝛿𝑙) 𝑢𝑙,𝑥𝑥 Φ𝑙 𝑣𝑙

+ (2𝜌𝑙 𝑣𝑙,𝑥𝑥 Φ𝑚 + (2𝜌𝑙 + 2𝜁𝑙) 𝑢𝑙,𝑥𝑥 Ψ𝑚) 𝑢𝑚 +
(
(−2𝜌𝑙 + 2𝜁𝑙) 𝑢𝑙,𝑥𝑥 Φ𝑚 + 2Ψ𝑚 𝜌𝑙 𝑣𝑙,𝑥𝑥

)
𝑣𝑚

+ 2Φ𝑙 𝛼𝑙 𝑢𝑙,𝑥𝑣𝑙,𝑥 + 2Φ𝑙 𝔴𝑙 𝑢𝑚,𝑥𝑣𝑚,𝑥

)
𝑐1𝑙 + 3Ψ𝑙 𝑏𝑙 𝑢

2
𝑙 +

(
(−2𝜂𝑙 + 2𝜀𝑙) 𝑣𝑙,𝑥 𝑐2𝑙 Ψ𝑙 − 2𝑐2𝑙Φ𝑙 𝑢𝑙,𝑥 𝜀𝑙

+ 2Ψ𝑚 𝑐𝑙 𝑢𝑚 + 2Φ𝑙 𝑏𝑙 𝑣𝑙 + 2Φ𝑚 𝑐𝑙 𝑣𝑚

)
𝑢𝑙 +

(
− 2𝑐2𝑙𝑣𝑙𝜀𝑙𝑢𝑙,𝑥 + 𝑏𝑙 𝑣

2
𝑙 + 𝑐𝑙 𝑢

2
𝑚 + 𝑐𝑙 𝑣

2
𝑚

)
Ψ𝑙

+ (−2𝜂𝑙 − 2𝜀𝑙)Φ𝑙 𝑣𝑙,𝑥 𝑐2𝑙 𝑣𝑙 +
(
(2𝜏𝑙 − 2𝜃𝑙)Ψ𝑚 𝑣𝑙,𝑥 − 2Φ𝑚 𝜏𝑙 𝑢𝑙,𝑥

)
𝑐2𝑙 𝑢𝑚 +

(
(−2𝜏𝑙 − 2𝜃𝑙)Φ𝑚 𝑣𝑙,𝑥

− 2Ψ𝑚 𝜏𝑙 𝑢𝑙,𝑥
)
𝑐2𝑙 𝑣𝑚 = 0

(8)

where 𝑙 = 1, 2 and 𝑚 = 3 − 𝑙.

Substituting the expressions for (Ψ𝑥
𝑙
,Φ𝑥

𝑙
,Ψ

{𝑥𝑥}
𝑙

,Φ
{𝑥𝑥}
𝑙

,Ψ𝑡
𝑙
,Φ𝑡

𝑙
, . . .) into Eq. (8), we obtain the following determining

system:
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Ψ1𝑡 = 0, Ψ1𝑢1 = 0, Ψ1𝑢2 = 0, Ψ1𝑣1 =
Ψ1
𝑣1

, Ψ1𝑣2 = 0, Ψ1𝑥 = 0,

Θ𝑡 = 0, Θ𝑢1 = 0, Θ𝑢2 = 0, Θ𝑣1 = 0, Θ𝑣2 = 0, Θ𝑥 = 0,

𝜒𝑡 = 0, 𝜒𝑢1 = 0, 𝜒𝑢2 = 0, 𝜒𝑣1 = 0, 𝜒𝑣2 = 0, 𝜒𝑥 = 0,

Ψ2 = Ψ1
𝑣2
𝑣1

, Φ1 = −Ψ1
𝑢1
𝑣1

, Φ2 = −Ψ1
𝑢2
𝑣1

.

(9)

Throughout, subscripts such as 𝑡, 𝑥, 𝑢1, 𝑢2, 𝑣1, and 𝑣2 indicate partial differentiation with respect to the corresponding
variables; for instance,

Ψ1𝑡 =
𝜕Ψ1
𝜕𝑡

.

Solving the determining system (9) yields the following infinitesimal symmetries:

Ψ𝑙 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶3 𝑣𝑙 , Φ𝑙 (𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = −𝐶3 𝑢𝑙 ,

Θ(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶1, 𝜒(𝑥, 𝑡, 𝑢1, 𝑣1, 𝑢2, 𝑣2) = 𝐶2,
where 𝑙 = 1, 2. (10)

Substituting the obtained expressions for 𝜒, Θ, Ψ𝑙 , and Φ𝑙 into the infinitesimal generator produces three basis vector
fields that span the symmetry algebra of system (3):

𝑋1 = 𝜕𝑡 ,

𝑋2 = 𝜕𝑥 ,

𝑋3 =

2∑︁
𝑙=1

(
𝑣𝑙𝜕𝑢𝑙 − 𝑢𝑙𝜕𝑣𝑙

)
.

(11)

3. SYMMETRY REDUCTION

We now perform the symmetry reduction of Eq. (1) associated with the vector field 𝜚1𝑋1 + 𝜚2𝑋2 + 𝑋3, where 𝜚1 and
𝜚2 are arbitrary constants, is obtained from Lagrange’s auxiliary equations:

𝑑𝑡

𝜚1
=

𝑑𝑥

𝜚2
=

𝑑𝑢1
𝑣1

=
𝑑𝑣1
−𝑢1

=
𝑑𝑢2
𝑣2

=
𝑑𝑣2
−𝑢2

. (12)

Solving Eq. (12) gives the similarity variables

𝜉 = 𝜚1𝑥 − 𝜚2𝑡, 𝑢𝑙 (𝑥, 𝑡) = 𝑃𝑙 (𝜉) cos𝑄, 𝑣𝑙 (𝑥, 𝑡) = 𝑃𝑙 (𝜉) sin𝑄, (13)

where 𝑄 = −𝜅𝑥 + 𝜔𝑡 + 𝜃0 and 𝑙 = 1, 2.
From Eq. (13), we obtain

𝑞(𝑥, 𝑡) = 𝑃1 (𝜉)𝑒𝑖𝑄,
𝑟 (𝑥, 𝑡) = 𝑃2 (𝜉)𝑒𝑖𝑄 .

(14)

Substituting the similarity form (14) into Eq. (1) and splitting the result into its real and imaginary components leads to
the following reduced system of ordinary differential equations:
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for 𝑙 = 1, 2, 𝑚 = 3 − 𝑙 :(
− 4 𝑐1𝑙 𝜅 𝜎1𝑙 + 𝑐2𝑙 𝜎7𝑙

)
𝜚3

1
𝑑3𝑃𝑙

𝑑𝜉3 + 𝑑𝑃𝑙

𝑑𝜉

{
𝜚1

[
4 𝑐1𝑙 𝜎1𝑙 𝜅

3 − 3 𝑐2𝑙 𝜎7𝑙 𝜅
2 − 2 𝜅 𝑎𝑙

]
− 𝜚2

+ 𝜚1

[ (
2𝜅 𝑐1𝑙 (𝜇𝑙 − 𝛼𝑙 − 𝛿𝑙) + 𝑐2𝑙 (𝜂𝑙 + 𝜀𝑙)

)
𝑃𝑙 (𝜉)2

]
+ 𝜚1

[ (
2𝜅 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) + 𝑐2𝑙 (𝜏𝑙 + 𝜃𝑙)

)
𝑃𝑚 (𝜉)2

]}
− 2𝔴𝑙 𝑐1𝑙 𝜅 𝜚1 𝑃𝑙 (𝜉) 𝑃𝑚 (𝜉)

𝑑𝑃𝑚

𝑑𝜉
= 0,

𝑐1𝑙 𝜚
4
1 𝜎1𝑙

𝑑4𝑃𝑙

𝑑𝜉4 +
(
− 6 𝑐1𝑙 𝜅

2 𝜎1𝑙 + 3 𝜅 𝑐2𝑙 𝜎7𝑙 + 𝑐1𝑙 (𝜇𝑙 + 𝛿𝑙) 𝑃𝑙 (𝜉)2 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙) 𝑃𝑚 (𝜉)2 + 𝑎𝑙

)
𝜚2

1
𝑑2𝑃𝑙

𝑑𝜉2

+ 𝑃𝑙 (𝜉)
[
𝑐1𝑙 𝜅

4 𝜎1𝑙 − 𝑐2𝑙 𝜅
3 𝜎7𝑙 − 𝜅2

(
𝑐1𝑙 (𝜇𝑙 + 𝛼𝑙 + 𝛿𝑙 − 𝛾𝑙) 𝑃𝑙 (𝜉)2 + 𝑐1𝑙 (𝜌𝑙 + 𝜁𝑙 +𝔴𝑙 − 𝜆𝑙) 𝑃𝑚 (𝜉)2 + 𝑎𝑙

)
+ 𝜅 𝑐2𝑙

(
(𝜂𝑙 − 𝜀𝑙) 𝑃𝑙 (𝜉)2 − (𝜏𝑙 − 𝜃𝑙) 𝑃𝑚 (𝜉)2

)
+

(
ℎ𝑙 𝑐1𝑙 𝑃𝑚 (𝜉)4 + 𝑐𝑙 𝑃𝑚 (𝜉)2) ] + 𝑃𝑙 (𝜉) 𝑐1𝑙 (𝛼𝑙 + 𝛾𝑙)

(
𝑑𝑃𝑙

𝑑𝜉

)2
𝜚2

1

+ 𝑐1𝑙 𝜚
2
1 (𝔴𝑙 + 𝜆𝑙)𝑃𝑙 (𝜉)

(
𝑑𝑃𝑚

𝑑𝜉

)2
− 𝜔 𝑃𝑙 (𝜉) + 𝑐1𝑙 𝑓𝑙 𝑃𝑙 (𝜉)5 +

(
𝑔𝑙 𝑐1𝑙 𝑃𝑚 (𝜉)2 + 𝑏𝑙

)
𝑃𝑙 (𝜉)3 = 0.

(15)

Taking the soliton speed 𝜚2 as

𝜚2 = 4 𝑐1𝑙 𝜅
3 𝜎1𝑙 𝜚1 − 3 𝑐2𝑙 𝜅

2 𝜎7𝑙 𝜚1 − 2 𝑎𝑙 𝜅 𝜚1, 𝑙 = 1, 2. (16)

Under the following parametric restrictions

2 𝑐1𝑙 (𝜌𝑙 − 𝜁𝑙) 𝜚1 𝜅 + 𝑐2𝑙 (𝜏𝑙 + 𝜃𝑙) 𝜚1 = 0,

2 (𝜇𝑙 − 𝛼𝑙 − 𝛿𝑙) 𝑐1𝑙 𝜚1 𝜅 + 𝑐2𝑙 (𝜂𝑙 + 𝜀𝑙) 𝜚1 = 0,

− 4 𝑐1𝑙 𝜅 𝜎1𝑙 + 𝑐2𝑙 𝜎7𝑙 = 0,

𝔴𝑙 = 0, 𝑙 = 1, 2.

(17)

Moreover, equating the two expressions for the wave speed and using the above parameter constraints yields

𝑎1 = 𝑎2 = 𝑎, 𝑐21 = 𝑐22 = 𝑐7, 𝜎71 = 𝜎72 = 𝜎7,

𝜁𝑙 = 2𝜎1𝑙
(𝜏𝑙 + 𝜃𝑙)

𝜎7
+ 𝜌𝑙 , 𝑙 = 1, 2,

𝜂𝑙 =
(−𝜇𝑙 + 𝛼𝑙 + 𝛿𝑙) 𝜎7

2𝜎1𝑙
− 𝜀𝑙 , 𝑙 = 1, 2,

𝑐11 = 𝑐12
𝜎12
𝜎11

, 𝑐7 =
4 𝑐12 𝜅 𝜎12

𝜎7
.

(18)

Consequently, the wave speed can be expressed in the equivalent form

𝜚2 = −2 𝜅 𝜚1
(
𝑐7 𝜅 𝜎7 + 𝑎

)
. (19)

Under these conditions, the system (15) reduces to:

𝜑
(𝑙)
1 𝑃5

𝑙 + 𝜑
(𝑙)
4 𝑃3

𝑙 + 𝜑
(𝑙)
5

(
𝑑2𝑃𝑙

𝑑𝜉2

)
𝑃2
𝑙 + 𝜑

(𝑙)
2 𝑃3

𝑙 𝑃
2
𝑚

+ 𝜑
(𝑙)
3 𝑃𝑙𝑃

4
𝑚 + 𝜑

(𝑙)
11 𝑃𝑙𝑃

2
𝑚 + 𝜑

(𝑙)
6

(
𝑑𝑃𝑙

𝑑𝜉

)2
𝑃𝑙 + 𝜑

(𝑙)
7

(
𝑑𝑃𝑚

𝑑𝜉

)2
𝑃𝑙

+ 𝜑
(𝑙)
8 𝑃𝑙 + 𝜑

(𝑙)
9

(
𝑑2𝑃𝑙

𝑑𝜉2

)
+ 𝜑

(𝑙)
10

(
𝑑4𝑃𝑙

𝑑𝜉4

)
= 0. (20)

Here, 𝑙 = 1, 2 and 𝑚 = 3 − 𝑙. The functions 𝑃𝑙 and 𝑃𝑚 depend on the similarity variable 𝜉, whereas 𝜑
(𝑙)
𝑖

(𝑖 =
1, 2, 3, . . . , 10) are arbitrary constants whose explicit expressions are listed in APPENDIX 1.
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4. EXACT SOLUTIONS
In this section, we obtain exact solutions of system (1) by solving the reduced system (20) via the Kumar–Malik

method. The main steps of the procedure are summarized as follows.

4.1. Kumar-Malik Method
The Kumar–Malik method offers a structured framework for deriving exact analytical solutions of nonlinear differ-

ential systems. In brief, the procedure consists of the following steps:

Step 1. Consider a general nonlinear system of ordinary differential equations of the form

F (𝑈,𝑈′,𝑈′′,𝑈′′′, . . .) = 0, (21)

where 𝑈 = (𝑈1 (𝜉), 𝑈2 (𝜉)) denotes the unknown vector function and the prime ( ′ ) indicates differentiation with respect
to 𝜉.

Step 2. Assume that each component 𝑈𝑙 (𝜉) can be represented as a finite polynomial in an auxiliary function 𝐺 (𝜉),
namely,

𝑈𝑙 (𝜉) = 𝐵
{𝑙}
0 + 𝐵

{𝑙}
1 𝐺 (𝜉) + 𝐵

{𝑙}
2 𝐺2 (𝜉) + · · · + 𝐵

{𝑙}
𝑁𝑙

𝐺𝑁𝑙 (𝜉), (22)

where 𝐵
{𝑙}
𝑗

( 𝑗 = 0, 1, 2, . . . , 𝑁𝑙) are constants to be determined. The function 𝐺 (𝜉) satisfies the following auxiliary
equation: (

𝐺′ (𝜉)
)2

= 𝛽4𝐺
4 (𝜉) + 𝛽3𝐺

3 (𝜉) + 𝛽2𝐺
2 (𝜉) + 𝛽1𝐺 (𝜉) + 𝛽0, (23)

where 𝛽 𝑗 ( 𝑗 = 0, 1, 2, 3, 4) are arbitrary parameters.

Step 3. The positive integers 𝑁𝑙 are determined by applying the homogeneous balance principle, matching the highest-order
derivative terms with the dominant nonlinear terms in Eq. (21).

Step 4. Substituting the polynomial ansatz (22) into Eq. (21) and using the auxiliary relation (23) to remove higher-order
derivatives of 𝐺 (𝜉) reduces Eq. (21) to a polynomial in 𝐺 (𝜉). By setting the coefficients of identical powers of 𝐺 (𝜉) equal
to zero, one obtains an algebraic system for the unknown parameters 𝐵

{𝑙}
𝑗

. Solving this algebraic system yields explicit
expressions for the coefficients.

Finally, inserting the computed constants 𝐵{𝑙}
𝑗

into (22) provides the closed-form expression of 𝑈𝑙 (𝜉), and hence an
exact solution of the original nonlinear system (21).

4.1.1. Family of Solutions to the Auxiliar Equation (23) In this subsection, we derive explicit solutions of the
auxiliary nonlinear ordinary differential equation

(𝐺′ (𝜉))2
= 𝛽4𝐺

4 (𝜉) + 𝛽3𝐺
3 (𝜉) + 𝛽2𝐺

2 (𝜉) + 𝛽1𝐺 (𝜉) + 𝛽0, (24)

in Jacobi elliptic, hyperbolic, and trigonometric forms. The resulting families are classified according to the parameter
regimes of 𝛽 𝑗 ( 𝑗 = 0, 1, 2, 3, 4).
Throughout this work, the quantities Δ1, Δ2, Δ3, and Δ4 are chosen as:

Δ1 = 4𝛽2𝛽4 − 𝛽2
3, Δ2 = 16𝛽2𝛽4 − 5𝛽2

3, Δ3 = 8𝛽2𝛽4 − 3𝛽2
3, Δ4 = − 𝛽3

4𝛽4
.

Case 1: Assume that 𝛽0 = 0 and 𝛽1 =
𝛽3Δ1

8𝛽2
4

. Under these assumptions, the auxiliary ODE admits the following Jacobi

elliptic function solutions for different parameter conditions:
Sub-case 1.1: If 𝛽4 < 0 and Δ1 > 0,

𝐺1 (𝜉) = Δ4 ±
𝛽3

4𝛽4
cn

(√︁
−𝛽4Δ1 𝜉

2𝛽4
,

𝛽3

2
√
Δ1

)
, (25)

𝐺2 (𝜉) = Δ4 ±
𝛽3

4𝛽4
dn

(
𝛽3𝜉

4
√
−𝛽4

,
2
√
Δ1

𝛽3

)
. (26)
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Sub-case 1.2: If 𝛽4 < 0, Δ1 < 0, and Δ2 < 0,

𝐺3 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

cn

(
−
√︁
𝛽4Δ1 𝜉

2𝛽4
,

√
Δ1Δ2
2Δ1

)
, (27)

𝐺4 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

dn

(
−
√︁
𝛽4Δ2 𝜉

4𝛽4
,

2
√
Δ1Δ2
Δ2

)
. (28)

Sub-case 1.3: If 𝛽4 < 0, Δ1 > 0, and Δ2 < 0,

𝐺5 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

nc

(√︁
−𝛽4Δ1 𝜉

2𝛽4
,

𝛽3

2
√
Δ1

)
, (29)

𝐺6 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

nd
(
− 𝛽3𝜉

4
√
−𝛽4

,
2
√
Δ1

𝛽3

)
. (30)

Sub-case 1.4: If 𝛽4Δ1 > 0 and Δ1Δ2 > 0,

𝐺7 (𝜉) = Δ4 ±
𝛽3

4𝛽4
nc

(√︁
𝛽4Δ1 𝜉

2𝛽4
,

√
Δ1Δ2
2Δ1

)
, (31)

𝐺8 (𝜉) = Δ4 ±
𝛽3

4𝛽4
nd

(√︁
𝛽4Δ2 𝜉

4𝛽4
,

2
√
Δ1Δ2
Δ2

)
. (32)

Sub-case 1.5: If 𝛽4 > 0 and Δ2 < 0,

𝐺9 (𝜉) = Δ4 ±
𝛽3

4𝛽4
ns

(
− 𝛽3𝜉

4
√
𝛽4

,

√
−Δ2
𝛽3

)
, (33)

𝐺10 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

ns

(
−
√︁
−𝛽4Δ2 𝜉

4𝛽4
,

𝛽3√
−Δ2

)
, (34)

𝐺11 (𝜉) = Δ4 ±
𝛽3

4𝛽4
sn

(
− 𝛽3𝜉

4
√
𝛽4

,

√
−Δ2
𝛽3

)
, (35)

𝐺12 (𝜉) = Δ4 ±
√
−Δ2
4𝛽4

sn

(
−
√︁
−𝛽4Δ2 𝜉

4𝛽4
,

𝛽3√
−Δ2

)
. (36)

Case 2: 𝛽0 =
Δ2

1
64𝛽3

4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Then the auxiliary ODE admits the following hyperbolic, and trigonometric function

solutions under different conditions:

Sub-case 2.1: 𝛽4 > 0, Δ3 < 0

𝐺13 (𝜉) = Δ4 ±
√
−Δ3
4𝛽4

tanh

(√︁
−𝛽4Δ3 𝜉

4𝛽4

)
, (37)

𝐺14 (𝜉) = Δ4 ±
√
−Δ3
4𝛽4

coth

(√︁
−𝛽4Δ3 𝜉

4𝛽4

)
. (38)

Sub-case 2.2: 𝛽4 > 0, Δ3 > 0
In this case, the resulting solutions are periodic and fall outside the scope of the present study; hence, they are omitted.

Case 3: 𝛽0 =
𝛽2

3Δ2

256𝛽3
4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Under these conditions, the auxiliary ODE admits the following hyperbolic and

trigonometric function solutions for various parameter regimes:
Sub-case 3.1: 𝛽4 < 0, Δ3 < 0

𝐺17 (𝜉) = Δ4 ±
√
−2Δ3
4𝛽4

sech

(√︁
2𝛽4Δ3 𝜉

4𝛽4

)
. (39)
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Sub-case 3.2: 𝛽4 > 0, Δ3 > 0

𝐺18 (𝜉) = Δ4 ±
√

2Δ3
4𝛽4

csch

(√︁
2𝛽4Δ3 𝜉

4𝛽4

)
. (40)

Sub-case 3.3: 𝛽4 > 0, Δ3 < 0
In this case, the corresponding solutions are beyond the scope of the present work and are therefore not presented.

Case 4: 𝛽0 = 0, 𝛽1 = 0, 𝛽3 = 0

𝐺21 (𝜉) =
4𝜌𝛽2

4𝜌2e
√
𝛽2 𝜉 − 𝛽4𝛽2e−

√
𝛽2 𝜉

. (41)

4.2. Application of Kumar-Malik Method
Assume that the solution of Eq. (20) is sought in the form:

𝑃𝑙 (𝜉) = 𝐴
(𝑙)
0 + 𝐴

(𝑙)
1 𝑅(𝜉) + 𝐴

(𝑙)
2 𝑅2 (𝜉) + 𝐴

(𝑙)
3 𝑅3 (𝜉) + ... + 𝐴

(𝑙)
𝑁𝑙
𝑅𝑁𝑙 (𝜉), (42)

where 𝑙 = 1, 2. Substituting the ansatz (42) with 𝑁𝑙 = 1 into the reduced system (20), and following the procedure outlined
in Section 4.1, we obtain two polynomial expressions in 𝑅(𝜉). Equating to zero the coefficients of each power of 𝑅(𝜉)
(together with the constant terms) produces an algebraic system for the unknown parameters. Solving this system yields
the following values:

𝐴
(1)
0 = − 𝛽3

√
30 𝜗1

4𝛽4 𝜗2
, 𝐴

(1)
1 =

4𝐴(1)
0
𝛽3

,

𝐴
(2)
0 = −

𝛽3
√

30
√︃
𝛽4𝜗3 𝜎7𝜎12

(
(𝛼1 + 𝛾1)𝜎12 + 𝜆2𝜎11

)
𝜚1

4𝛽4 𝜗3
, 𝐴

(2)
1 =

4𝐴(2)
0
𝛽3

𝜗3,

𝑏1 =
−160𝐹1𝛽𝑐12𝜎

3
12𝜚

2
1 + 80𝐹4𝑎𝛽4𝜎

2
11𝜎7 + 𝐹2𝜎

2
12 + 𝐹3𝜎11𝜎12

240 𝛽4 𝜎7 𝜎12 𝜎11
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

) ,

𝑏2 =
−160𝐹11𝛽𝑐12𝜎

3
12𝜚

2
1 − 80𝐹44𝑎𝛽4𝜎11𝜎7 + 𝐹22𝜎

2
12 + 𝐹33𝜎12

240 𝛽4 𝜎7 𝜎12
(
𝜎12 (𝛼1 + 𝛾1) − 𝜆2𝜎11

) ,

𝛿1 =
𝜎2

11
(
𝐸1 𝜎12 + 2𝐸2 𝜎7

)
− 𝜎11𝜎12

(
𝐸3 𝜎12 + 𝐸4 𝜎7

)
+ 𝜎2

12𝜎7𝐸5

𝜎7 𝜎12
[
− 𝜆1𝜎12 + 𝜎11 (𝛼2 + 𝛾2)

] ,

𝑓1 =

𝑋7 𝜎
4
12 + 𝑋8 𝜎

3
12 + 𝑋9 𝜎

2
12 +

(
16 𝑋1 𝜎

3
11 𝜎7 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2) + 6 𝑋1𝑋2 𝜎

2
11 𝜎

2
7

)
𝜎12 + 8 𝑋2

1 𝜎3
11 𝜎

2
7

50𝜎2
7 𝜎2

12
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

)2 ,

𝑓2 =
8𝜆2

1 𝜎
4
12 (𝜏2 + 𝜃2)2 + 50 𝑋10 𝜆1 𝜎

3
12 + 𝑋11 𝜎

2
12 + 50 𝑋12 𝜎11 𝜎7 𝜎12 + 8 𝑋2

1 𝜎2
11 𝜎

2
7

50𝜎2
7 𝜎12

(
𝜆2𝜎11 − (𝛼1 + 𝛾1)𝜎12

)2 ,

𝜅 =

√√√
2
[ ( 3𝛽2

3
8 − 𝛽2𝛽4

)
𝑐12𝜚

2
1𝜎12 − 𝑎𝛽4

]
𝑐12𝜎12𝛽4

𝜔 =
18432𝜆1𝜚

4
1𝑐

2
12𝜎

4
12 (𝜏2 + 𝜃2)𝑍1 + 4608 𝜚4

1𝑐
2
12𝜎

3
12𝑍5 − 𝜎2

12𝑍6 − 128 𝑎2𝛽2
4𝜎12𝑍7 − 128𝜎7𝑎

2𝜎11𝛽
2
4𝑍2

1536𝜎12𝛽
2
4𝑐12

(
𝜆1𝜎

2
12 (𝜏2 + 𝜃2) − 𝜎12𝑍7 − 𝜎7𝜎11𝑍2

) .

See ?? for further details. Substituting the above parameter values into the similarity form (14), the solution of Eq. (1)
can be written as:

𝑞(𝑡, 𝑥) = 𝑃1 (𝑡, 𝑥)𝑒𝑖 (−𝜅𝑥+𝜔𝑡+𝜃0 ) ,

𝑟 (𝑡, 𝑥) = 𝑃2 (𝑡, 𝑥)𝑒𝑖 (−𝜅𝑥+𝜔𝑡+𝜃0 ) ,
(43)
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where the functions 𝑃𝑙 (𝑡, 𝑥) (𝑙 = 1, 2) are specified in the cases listed below.
Throughout this paper, the constants 𝐶0,𝑙 and 𝐶1,𝑙 are defined by:

𝐶0,𝑙 =

{
𝐴
(1)
0 , 𝑙 = 1,

𝐴
(2)
0 , 𝑙 = 2,

𝐶1,𝑙 =

{
𝐴
(1)
1 , 𝑙 = 1,

𝐴
(2)
1 , 𝑙 = 2.

Case 1: Assume that 𝛽0 = 0 and

𝛽1 =
𝛽3

(
4𝛽2𝛽4 − 𝛽2

3
)

8𝛽2
4

.

Under these assumptions, 𝑃𝑙 (𝑡, 𝑥) admits the following Jacobi elliptic function solutions:
Sub-case 1.1: If 𝛽4 < 0 and Δ1 > 0, then

𝑃
(1)
𝑙

(𝑡, 𝑥) = 𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

cn
(√︁−𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

𝛽3

2
√
Δ1

))
, (44)

𝑃
(2)
𝑙

(𝑡, 𝑥) = 𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

dn
(
𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
−𝛽4

,
2
√
Δ1

𝛽3

))
. (45)

Sub-case 1.2: If 𝛽4 < 0, Δ1 < 0, and Δ2 < 0,

𝑃
(3)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

cn
(
−

√︁
𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

√
Δ1Δ2
2Δ1

))
, (46)

𝑃
(4)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

dn
(
−

√︁
𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

2
√
Δ1Δ2
Δ2

))
. (47)

Sub-case 1.3: If 𝛽4 < 0, Δ1 > 0, and Δ2 < 0,

𝑃
(5)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

nc
(√︁−𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)

2𝛽4
,

𝛽3

2
√
Δ1

))
, (48)

𝑃
(6)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

nd
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
−𝛽4

,
2
√
Δ1

𝛽3

))
. (49)

Sub-case 1.4: If 𝛽4Δ1 > 0 and Δ1Δ2 > 0,

𝑃
(7)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

nc
(√︁

𝛽4Δ1 (𝜚1𝑥 − 𝜚2𝑡)
2𝛽4

,

√
Δ1Δ2
2Δ1

))
, (50)

𝑃
(8)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

nd
(√︁

𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)
4𝛽4

,
2
√
Δ1Δ2
Δ2

))
. (51)

Sub-case 1.5: If 𝛽4 > 0 and Δ2 < 0,

𝑃
(9)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

ns
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
𝛽4

,

√
−Δ2
𝛽3

))
, (52)

𝑃
(10)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

ns
(
−

√︁
−𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

𝛽3√
−Δ2

))
, (53)

𝑃
(11)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

𝛽3
4𝛽4

sn
(
− 𝛽3 (𝜚1𝑥 − 𝜚2𝑡)

4
√
𝛽4

,

√
−Δ2
𝛽3

))
, (54)

𝑃
(12)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ2
4𝛽4

sn
(
−

√︁
−𝛽4Δ2 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4
,

𝛽3√
−Δ2

))
. (55)

Case 2: 𝛽0 =
Δ2

1
64𝛽3

4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Under these conditions, 𝑃𝑙 (𝑡, 𝑥) admits the following hyperbolic and trigonometric

function solutions for the corresponding parameter regimes: Sub-case 2.1: 𝛽4 > 0, Δ3 < 0

𝑃
(13)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ3
4𝛽4

tanh
(√︁−𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
, (56)
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𝑃
(14)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−Δ3
4𝛽4

coth
(√︁−𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
. (57)

Sub-case 2.2: 𝛽4 > 0, Δ3 > 0
In this case, the solutions are periodic; since they are not central to the objectives of this study, they are not pursued

further.
Case 3: 𝛽0 =

𝛽2
3Δ2

256𝛽3
4
, 𝛽1 =

𝛽3Δ1
8𝛽2

4
. Accordingly, 𝑃𝑙 (𝑡, 𝑥) admits the following hyperbolic and trigonometric solutions under

the associated parameter conditions:
Sub-case 3.1: 𝛽4 < 0, Δ3 < 0

𝑃
(17)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
−2Δ3
4𝛽4

sech
(√︁2𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)

4𝛽4

))
. (58)

Sub-case 3.2: 𝛽4 > 0, Δ3 > 0

𝑃
(18)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
Δ4 ±

√
2Δ3

4𝛽4
csch

(√︁2𝛽4Δ3 (𝜚1𝑥 − 𝜚2𝑡)
4𝛽4

))
. (59)

Sub-case 3.3: 𝛽4 > 0, Δ3 < 0
Although this case yields periodic waveforms, they are not relevant to the aims of the present analysis and are

therefore omitted.
Case 4: 𝛽0 = 0, 𝛽1 = 0, 𝛽3 = 0, 𝛽2 > 0

𝑃
(21)
𝑙

(𝑡, 𝑥) =𝐶0,𝑙 + 𝐶1,𝑙

(
4𝜌𝛽2

4𝜌2e
√
𝛽2 ( 𝜚1𝑥− 𝜚2𝑡 ) − 𝛽4𝛽2e−

√
𝛽2 ( 𝜚1𝑥− 𝜚2𝑡 )

)
. (60)

5. GRAPHICAL REPRESENTATION AND PHYSICAL INTERPRETATION
In this section, we examine the spatiotemporal evolution of the coupled complex fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) arising

from the general traveling–wave representation (43), using two distinct closed-form choices for the amplitude functions.
Specifically, we consider the dark-soliton profiles given in (56) and the bright-soliton profiles given in (58). For visual-
ization, we display the corresponding intensities |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 using 3D surface plots, contour maps, and 2D
cross-sections at several fixed time levels.

5.1. Dark Soliton Dynamics
Figure 1 displays the intensity distributions obtained by inserting (56) into the traveling–wave form (43). The

resulting dark-soliton profile is characterized by an intensity dip superimposed on a nonzero continuous background. This
localized notch travels along the trajectory specified by the wave variable 𝜉 = 𝜚1𝑥 − 𝜚2𝑡, which appears in the contour
plots as an oblique band marking the transition region. Such behavior is typical of dark solitons: the field approaches a
finite pedestal as |𝜉 | → ∞, while the dispersion–nonlinearity balance sustains a stable localized depression that retains its
shape during propagation. From a physical viewpoint, dark solitons are commonly associated with defocusing nonlinear
regimes (or an effective defocusing response in coupled settings), where the nonlinear interaction supports a robust dip on
a finite background rather than a localized peak.

5.2. Bright Soliton Dynamics
Figure 2 depicts the spatiotemporal behavior obtained by substituting (58) into the traveling–wave expression (43).

Unlike the dark-soliton case, the bright-soliton profile exhibits a localized intensity peak that attains its maximum near the
soliton core and decays rapidly as |𝜉 | increases. In the contour maps, this structure appears as a thin ridge propagating
along the characteristic direction prescribed by 𝜉 = 𝜚1𝑥− 𝜚2𝑡, indicating a coherent pulse traveling with the corresponding
wave speed. This is the defining signature of a bright soliton, namely a self-confined wave packet sustained by the balance
between dispersion (or diffraction) and nonlinear self-focusing. Physically, bright solitons are typically supported in
focusing nonlinear regimes (or in coupled systems with an effective focusing response), where the nonlinear interaction
counteracts dispersive spreading and maintains a stable localized hump.
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Figure 1. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) corresponding
to the analytical solution (43) constructed from the dark soliton solution (56). The first row depicts |𝑞(𝑥, 𝑡) |2, while the
second row depicts |𝑟 (𝑥, 𝑡) |2. The 2D panels show |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 as functions of 𝑥 at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

5.3. Comparison and Physical Meaning

A comparison of Figures 1 and 2 reveals the qualitative distinctions between the two solution classes:

• Background behavior: The dark-soliton pattern propagates as an intensity depression on a finite continuous
background, whereas the bright-soliton pattern manifests as a localized intensity hump that decays rapidly away
from its center.

• Type of localization: The bright soliton is localized through spatial confinement of a peak, while the dark soliton
is localized via a notch embedded in a nonzero pedestal.

• Propagation characteristics: In both cases, the waveforms translate along the traveling variable 𝜉 = 𝜚1𝑥 − 𝜚2𝑡

without distortion, with an effective speed determined by 𝜚2/𝜚1.

• Coupled-field features: The two intensities |𝑞 |2 and |𝑟 |2 exhibit the same traveling structure, but their amplitudes
and offsets can differ according to the free parameters in (43), indicating how the coupling redistributes energy
between the polarization modes.

Hence, the two functional profiles describe distinct nonlinear propagation regimes within the same coupled framework:
a dark-soliton regime characterized by intensity depletion on a continuous-wave background, and a bright-soliton regime
characterized by a self-confined pulse supported by effective focusing. The numerical visualizations corroborate the
solitonic character of the derived closed-form solutions and demonstrate that the selected amplitude profile governs the
qualitative propagation physics in the modeled birefringent medium.
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Figure 2. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields 𝑞(𝑥, 𝑡) and 𝑟 (𝑥, 𝑡) corresponding
to the analytical solution (43) constructed from the bright soliton solution (58). The first row depicts |𝑞(𝑥, 𝑡) |2, while the
second row depicts |𝑟 (𝑥, 𝑡) |2. The 2D panels show |𝑞(𝑥, 𝑡) |2 and |𝑟 (𝑥, 𝑡) |2 as functions of 𝑥 at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

6. CONCLUSIONS

In this work, we investigated a generalized concatenation model for birefringent optical fibers and derived new exact
soliton solutions. By means of Lie symmetry analysis, the coupled nonlinear evolution equations were reduced, through
appropriate similarity variables, to a tractable system of ordinary differential equations. The reduced system was then solved
analytically using the Kumar–Malik method, which produced several families of closed-form solutions expressed in Jacobi
elliptic, hyperbolic, and trigonometric functions. For suitable parameter constraints, these solution families degenerate
to the standard bright-, dark-, and periodic-soliton regimes, thereby demonstrating that the model supports qualitatively
distinct waveform classes within a unified higher-order coupled framework. Representative graphical illustrations further
confirmed the physical relevance of the obtained structures and highlighted the influence of parameters on the propagation
characteristics.

Overall, the combination of symmetry reduction and the Kumar–Malik technique provides an efficient analytical
route for exploring higher-order coupled optical systems. The explicit solutions reported here can serve as benchmark test
cases for numerical simulations and may facilitate further theoretical studies. Possible extensions include the investigation
of perturbed or fractional forms of the concatenation model, the derivation of conservation laws, and a detailed analysis
of modulation instability, as well as interaction dynamics among solitons, breathers, and other localized waveforms in
birefringent media.
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APPENDIX 1

𝜑
(𝑙)
1 =

{
𝑐12 𝜎12 𝜎7 𝑓1, 𝑙 = 1
𝑐12 𝜎7 𝑓2, 𝑙 = 2

𝜑
(𝑙)
2 =

{
𝑐12 𝜎12 𝜎7 𝑔1, 𝑙 = 1
𝑐12 𝜎7 𝑔2, 𝑙 = 2

𝜑
(𝑙)
3 =

{
𝑐12 𝜎12 𝜎7 ℎ1, 𝑙 = 1
𝑐12 𝜎7 ℎ2, 𝑙 = 2

𝜑
(𝑙)
4 =

{
𝑐12 𝜅

2 𝜎12 (𝛼1 + 𝛿1 + 𝛾1 − 3𝜇1) + 𝑏1𝜎11𝜎7 − 8𝑐12𝜅
2𝜎11𝜎12𝜀1, 𝑙 = 1

𝑐12 𝜅
2 (𝛼2 + 𝛿2 + 𝛾2 − 3𝜇2) + 𝑏2𝜎7 − 8𝑐12𝜅

2𝜎12𝜀2, 𝑙 = 2

𝜑
(𝑙)
5 =

{
𝑐12 𝜎12 𝜎7 𝜚

2
1 (𝛿1 + 𝜇1), 𝑙 = 1

𝑐12 𝜎7 𝜚
2
1 (𝛿2 + 𝜇2), 𝑙 = 2

𝜑
(𝑙)
6 =

{
𝑐12 𝜎12 𝜎7 (𝛼1 + 𝛾1)𝜚2

1, 𝑙 = 1
𝑐12 𝜎7 (𝛼2 + 𝛾2)𝜚2

1, 𝑙 = 2

𝜑
(𝑙)
7 =

{
𝜆1 𝜎12 𝜚

2
1 𝑐12 𝜎7, 𝑙 = 1

𝜆2 𝜚
2
1 𝑐12 𝜎7, 𝑙 = 2

𝜑
(𝑙)
8 =

{
−3𝑐12𝜅

4𝜎11𝜎12𝜎7 − 𝑎𝜅2𝜎11𝜎7 − 𝜔𝜎11𝜎7, 𝑙 = 1
−3𝑐12𝜅

4𝜎12𝜎7 − 𝑎𝜅2𝜎7 − 𝜔𝜎7, 𝑙 = 2

𝜑
(𝑙)
9 =

{
6𝑐12𝜅

2𝜎11𝜎12𝜚
2
1 + 𝑎𝜎11𝜎7𝜚

2
1, 𝑙 = 1

6𝑐12𝜅
2𝜎12𝜎7𝜚

2
1 + 𝑎𝜎7𝜚

2
1, 𝑙 = 2

𝜑
(𝑙)
10 =

{
𝜎11𝜎12𝜚

4
1𝑐12𝜎7, 𝑙 = 1

𝜎12𝜚
4
1𝑐12𝜎7, 𝑙 = 2

𝜑
(𝑙)
11 =

{
𝑐12𝜅

2𝜎12𝜎7𝜆1 − 2𝑐12𝜅
2𝜎12𝜎7𝜌1 − 6𝑐12𝜅

2𝜎11𝜎12𝜏1 + 2𝑐12𝜅
2𝜎11𝜎12𝜃1 + 𝑐1𝜎11𝜎7, 𝑙 = 1

𝑐12𝜅
2𝜎7𝜆2 − 2𝑐12𝜅

2𝜎7𝜌2 − 6𝑐12𝜅
2𝜎12𝜏2 + 2𝑐12𝜅

2𝜎12𝜃2 + 𝑐2𝜎7. 𝑙 = 2

APPENDIX 2
APPLICATION OF KUMAR-MALIK METHOD

Let the solution of Eq. (20) takes the form:

𝑃𝑙 (𝜉) = 𝐴
(𝑙)
0 + 𝐴

(𝑙)
1 𝑅(𝜉) + 𝐴

(𝑙)
2 𝑅2 (𝜉) + 𝐴

(𝑙)
3 𝑅3 (𝜉) + ... + 𝐴

(𝑙)
𝑁𝑙
𝑅𝑁𝑙 (𝜉), (61)

where 𝑙 = 1, 2. Substituting Eq. (61) with 𝑁𝑙 = 1 into system (20), and using procedure mentioned in Section 4.1, we
arrive at two polynomial equations in 𝑅(𝜉). Setting the coefficients of powers of 𝑅(𝜉), combined with the constant terms,
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to zero yields the system of equations, after solving that system gives the values of 𝐴(1)
0 , 𝐴

(1)
1 , 𝐴

(2)
0 , 𝐴

(2)
1 , 𝑏1, 𝑏2, 𝛿1, 𝑓1, 𝑓2

and 𝜔 as follows:

• 𝐴
(1)
0 = − 𝛽3

√
30 𝜗1

4𝛽4 𝜗2
, 𝐴

(1)
1 =

4𝐴(1)
0
𝛽3

,

𝐴
(2)
0 = −

𝛽3
√

30
√︃
𝛽4𝜗3 𝜎7𝜎12

(
(𝛼1 + 𝛾1)𝜎12 + 𝜆2𝜎11

)
𝜚1

4𝛽4 𝜗3
, 𝐴

(2)
1 =

4𝐴(2)
0 𝜗3

𝛽3

where

𝜗1 =

√︃
𝛽4 𝜚

2
1 𝜎7𝜎12

(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

)
,

𝜗2 =
(
(𝜏2 + 𝜃2)𝜎11 + (𝛼1 + 𝛾1)𝜎7

)
𝜎12 + 𝜌2𝜎11𝜎7,

𝜗3 = 2𝜆1 (𝜏2 + 𝜃2)𝜎2
12 +

[
((−2𝛼1 − 2𝛾1)𝛼2 + (−2𝛼1 − 2𝛾1)𝛾2 + (2𝜆2 + 2𝜌2)𝜆1 − (𝛼1 + 𝛾1) (𝜇2 + 𝛿2))𝜎7

− 2𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2)
]
𝜎12 + 𝜎11 (−2𝜌2𝛼2 − 2𝜌2𝛾2 + 𝜆2 (𝜇2 + 𝛿2))𝜎7.

(62)

• 𝑏1 =
−160𝐹1𝛽𝑐12𝜎

3
12𝜚

2
1 + 80𝐹4𝑎𝛽4𝜎

2
11𝜎7 + 𝐹2𝜎

2
12 + 𝐹3𝜎11𝜎12

240 𝛽4 𝜎7 𝜎12 𝜎11
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

) ,

𝑏2 =
−160𝐹11𝛽𝑐12𝜎

3
12𝜚

2
1 − 80𝐹44𝑎𝛽4𝜎11𝜎7 + 𝐹22𝜎

2
12 + 𝐹33𝜎12

240 𝛽4 𝜎7 𝜎12
(
𝜎12 (𝛼1 + 𝛾1) − 𝜆2𝜎11

)
where

𝐹1 =

[ (
− 7𝜃2

10 − 2𝜀1 − 7𝜏2
10

)
𝜆1 + 2𝜏1 (𝛼1 + 𝛾1)

]
𝜎11 + 𝜎7

[
− 𝜇1𝜆1 + 𝜌1 (𝛼1 + 𝛾1)

]
,

𝐹11 = 2𝜀2 (𝛼1 + 𝛾1) − 7
10 (𝜃2 + 27𝜏2

7 )𝜆1,

𝐹2 = −112 𝑐12 𝛽 𝜚2
1 𝜎

2
11

[
(𝜏2 + 𝜃2 + 20𝜀1

7 ) (𝛼2 + 𝛾2) − 20𝜏1𝜆2
7

]
+ 88 𝑐12 𝛽2 𝜎7 𝜚

2
1

[
(𝛼1 + 𝛾1 − 20𝜇1

11 ) (𝛼2 + 𝛾2) + (−𝜆2 + 14𝜌2
11 )𝜆1 + (− 7𝛿2

11 − 7𝜇2
11 ) (𝛼1 + 𝛾1) + 20𝜌1𝜆2

11

]
− 240 𝑐1 𝜎7 (𝛼1 + 𝛾1) − 320 𝑎 𝛽4

[ ( 𝜃2
4 − 𝜀1 + 𝜏2

4
)
𝜆1 + 𝜏1 (𝛼1 + 𝛾1)

]
− 33 𝑐12 𝛽

2
3 𝜎7 𝜚

2
1

[
(𝛼1 + 𝛾1 − 20𝜇1

11 ) (𝛼2 + 𝛾2) + (−𝜆2 + 14𝜌2
11 )𝜆1 + (− 7𝛿2

11 − 7𝜇2
11 ) (𝛼1 + 𝛾1) + 20𝜌1𝜆2

11

]
𝜎11

− 160 𝑎 𝛽4 𝜎7
[
− 𝜇1𝜆1 + 𝜌1 (𝛼1 + 𝛾1)

]
,

𝐹22 = 88 𝑐12 𝛽2 𝜚
2
1 𝜎7

[
(𝛾2 − 27𝜇2

11 + 𝛼2 − 7𝛿2
11 )𝛼1 + 𝛼2𝛾1 + (𝛾2 − 27𝜇2

11 − 7𝛿2
11 )𝛾1 − 𝜆1 (𝜆2 − 34𝜌2

11 )
]

− 14
11 𝑐12 𝛽2 𝜎11 𝜚

2
1

[
(𝜃2 + 27𝜏2

7 ) (𝛼2 + 𝛾2) − 20𝜆2𝜀2
7

]
+ 240 𝑐2 𝜎7 𝜆1 𝛽4 − 320 𝑎 𝛽4

[
𝜀2 (𝛼1 + 𝛾1) + 𝜆1

(𝜃2−3𝜏2 )
4

]
− 33 𝑐12 𝛽

2
3 𝜚2

1

[
(𝛾2 − 27𝜇2

11 + 𝛼2 − 7𝛿2
11 )𝛼1 + 𝛼2𝛾1 + (𝛾2 − 27𝜇2

11 − 7𝛿2
11 )𝛾1

− 𝜆1 (𝜆2 − 34𝜌2
11 ) − 14𝜎11

11

[
(𝜃2 + 27𝜏2

7 ) (𝛼2 + 𝛾2) − 20𝜆2𝜀2
7

] ]
,

𝐹3 = − 14
5 𝑐12 𝛽2 𝛽4 𝜎7 𝜚

2
1
[
𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )

2
]
+ 6 𝑐1 𝜎7 𝜆2 𝛽4

+ 2 𝑎 𝛽4

[
(𝜏2 + 𝜃2 − 4𝜀1) (𝛼2 + 𝛾2) + 4𝜏1𝜆2

]
+ 21

20 𝑐12 𝛽
2
3 𝜎11 𝜎7 𝜚

2
1
[
𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )

2
]

+ 𝑎 𝛽4 𝜎7

[
(𝛼1 + 𝛾1 − 4𝜇1) (𝛼2 + 𝛾2) + (−𝜆2 − 2𝜌2)𝜆1 + (𝜇2 + 𝛿2) (𝛼1 + 𝛾1) + 4𝜌1𝜆2

]
,

𝐹33 = 40
{
𝛽4

[
− 272 𝑐12 𝛽2 𝜎11 𝜎7 𝜚

2
1

(
𝜌2 (𝛼2 + 𝛾2) −

27𝜆2 (𝜇2+
7𝛿2
27 )

34

)
− 240 𝑐2 𝜎11 𝜎7 (𝛼2 + 𝛾2)

]
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+ 40 𝑎 𝛽4 𝜎7

[
(𝛾2 − 3𝜇2 + 𝛼2 + 𝛿2)𝛼1 + 𝛼2𝛾1 + (𝛾2 − 3𝜇2 + 𝛿2)𝛾1 − 𝜆1 (𝜆2 − 2𝜌2)

]
+ 80 𝑎 𝛽4 𝜎11

[
(𝜃2 − 3𝜏2) (𝛼2 + 𝛾2) + 4𝜆2𝜀2

]
+ 102 𝑐12 𝛽

2
3 𝜎11 𝜎7 𝜚

2
1

[
𝜌2 (𝛼2 + 𝛾2) −

27𝜆2 (𝜇2+
7𝛿2
27 )

34

]}
,

𝐹4 = 𝜌2 (𝛼2 + 𝛾2) − 𝜆2 (𝜇2+𝛿2 )
2 ,

𝐹44 = 𝜌2 (𝛼2 + 𝛾2) −
3𝜆2 (𝜇2−

𝛿2
3 )

2 ,

𝛽 = 𝛽2𝛽4 −
3𝛽2

3
8 .

• 𝛿1 =
𝜎2

11
(
𝐸1 𝜎12 + 2𝐸2 𝜎7

)
− 𝜎11𝜎12

(
𝐸3 𝜎12 + 𝐸4 𝜎7

)
+ 𝜎2

12𝜎7𝐸5

𝜎7 𝜎12
[
− 𝜆1𝜎12 + 𝜎11 (𝛼2 + 𝛾2)

] .

where
𝐸1 = 2(𝜃1 + 𝜏1)𝜆2 + 2(𝜏2 + 𝜃2) (𝛼2 + 𝛾2),

𝐸2 = 𝜌2 (𝛼2 + 𝛾2) − 1
2 (𝜇2 + 𝛿2)𝜆2,

𝐸3 = 2𝜆1 (𝜏2 + 𝜃2) + 2(𝜃1 + 𝜏1) (𝛼1 + 𝛾1),

𝐸4 = 2(𝜆1𝜌2 − 𝜌1𝜆2) − (𝛼1 + 𝛾1) (𝜇2 + 𝛿2) + (𝛼2 + 𝛾2)𝜇1,

𝐸5 = 𝜆1𝜇1 − 2𝜌1 (𝛼1 + 𝛾1).

• 𝑓1 =

𝑋7 𝜎
4
12 + 𝑋8 𝜎

3
12 + 𝑋9 𝜎

2
12 +

(
16 𝑋1 𝜎

3
11 𝜎7 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2) + 6 𝑋1𝑋2 𝜎

2
11 𝜎

2
7

)
𝜎12 + 8 𝑋2

1 𝜎3
11 𝜎

2
7

50𝜎2
7 𝜎2

12
(
𝜎11 (𝛼2 + 𝛾2) − 𝜆1𝜎12

)2 ,

𝑓2 =
8𝜆2

1 𝜎
4
12 (𝜏2 + 𝜃2)2 + 50 𝑋10 𝜆1 𝜎

3
12 + 𝑋11 𝜎

2
12 + 50 𝑋12 𝜎11 𝜎7 𝜎12 + 8 𝑋2

1 𝜎2
11 𝜎

2
7

50𝜎2
7 𝜎12

(
𝜆2𝜎11 − (𝛼1 + 𝛾1)𝜎12

)2 .

where

𝑋1 = 𝜌2 (𝛼2 + 𝛾2) − 𝜆2
2 (𝜇2 + 𝛿2),

𝑋2 = (𝛼1 + 𝛾1) (𝛼2 + 𝛾2) − 𝜆1

(
𝜆2 + 8𝜌2

3

)
+ 4

3 (𝛼1 + 𝛾1) (𝜇2 + 𝛿2),

𝑋3 = 4
3 (𝛼1 + 𝛾1) (𝜇2 + 𝛿2) − 𝜆1

(
𝜆2 + 16𝜌2

3

)
,

𝑋4 = 2(𝛼1 + 𝛾1)𝛾2 + 𝑋3,

𝑋5 = (𝛼1 + 𝛾1) (𝛼2
2 + 𝛾2

2) + 𝛼2𝑋4 − 𝜆1𝛾2

(
𝜆2 + 16𝜌2

3

)
+ 4

3𝜆1𝜆2 (𝜇2 + 𝛿2),

𝑋6 = 𝜎11

[
𝜆1 (100ℎ2𝛼2 + 100ℎ2𝛾2 − 50𝑔2𝜆2) − 50𝑔2 (𝛼1 + 𝛾1) (𝛼2 + 𝛾2)

]
− 2

[
(𝛼1 + 𝛾1) (𝛼2 + 𝛾2) + 𝜆1 (−𝜆2 + 4𝜌2) − 2(𝛼1 + 𝛾1) (𝜇2 + 𝛿2)

]
×

[
(𝛼1 + 𝛾1) (𝛼2 + 𝛾2) + 𝜆1 (−𝜆2 − 𝜌2) + 1

2 (𝛼1 + 𝛾1) (𝜇2 + 𝛿2)
]
,

𝑋7 = 8𝜎11𝜆
2
1 (𝜏2 + 𝜃2)2 + 50𝜎2

7 (𝛼1 + 𝛾1) (𝑔1𝜆1 − ℎ1 (𝛼1 + 𝛾1)),

𝑋8 = −16𝜆1 (𝜏2 + 𝜃2)2 (𝛼2 + 𝛾2) 𝜎2
11

− 50𝜎2
7𝜎11

[
𝑔1 (𝛼1 + 𝛾1) (𝛼2 + 𝛾2) + 𝜆2

(
𝑔1𝜆1 − 2ℎ1 (𝛼1 + 𝛾1)

) ]
− 6 (𝜏2 + 𝜃2) 𝜆1 𝑋2 𝜎7 𝜎11,

𝑋9 = 8(𝜏2 + 𝜃2)2 (𝛼2 + 𝛾2)2𝜎3
11 + 50𝜎7𝜎

2
11

[
𝜆2𝜎7 (𝑔1 (𝛼2 + 𝛾2) − ℎ1𝜆2) + 3

25 (𝜏2 + 𝜃2)𝑋5

]
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− 2𝜎2
7

[
(𝛼1 + 𝛾1) (𝛼2 + 𝛾2) + 𝜆1 (−𝜆2 + 4𝜌2) − 2(𝛼1 + 𝛾1) (𝜇2 + 𝛿2)

]
×

[
(𝛼1 + 𝛾1) (𝛼2 + 𝛾2) + 𝜆1 (−𝜆2 − 𝜌2) + 1

2 (𝛼1 + 𝛾1) (𝜇2 + 𝛿2)
]
,

𝑋10 = 𝜎2
7
[
𝑔2 (𝛼1 + 𝛾1) − 𝜆1ℎ2

]
− 3

25 (𝜏2 + 𝜃2)𝑋2𝜎7 − 8
25 (𝜏2 + 𝜃2)2 (𝛼2 + 𝛾2)𝜎11,

𝑋11 = 𝜎2
7 𝑋6 + 6𝜎11𝜎7𝑋5 (𝜏2 + 𝜃2) + 8𝜎2

11 (𝜏2 + 𝜃2)2 (𝛼2 + 𝛾2)2,

𝑋12 = 𝜎7

[
𝜎11 (𝛼2 + 𝛾2) (𝑔2𝜆2 − ℎ2 (𝛼2 + 𝛾2)) + 3

25 𝑋1𝑋2

]
+ 8

25 (𝜏2 + 𝜃2) (𝛼2 + 𝛾2)𝜎11𝑋1.

• 𝜅 =

√√√
2
[ ( 3𝛽2

3
8 − 𝛽2𝛽4

)
𝑐12𝜚

2
1𝜎12 − 𝑎𝛽4

]
𝑐12𝜎12𝛽4

.

• 𝜔 =
18432𝜆1𝜚

4
1𝑐

2
12𝜎

4
12 (𝜏2 + 𝜃2)𝑍1 + 4608 𝜚4

1𝑐
2
12𝜎

3
12𝑍5 − 𝜎2

12𝑍6 − 128 𝑎2𝛽2
4𝜎12𝑍7 − 128𝜎7𝑎

2𝜎11𝛽
2
4𝑍2

1536𝜎12𝛽
2
4𝑐12

(
𝜆1𝜎

2
12 (𝜏2 + 𝜃2) − 𝜎12𝑍7 − 𝜎7𝜎11𝑍2

) .

where

𝑍1 = 𝛽0𝛽
3
4 −

(
𝛽1𝛽3

4 + 𝛽2
2

144

)
𝛽2

4 + 13
192 𝛽2𝛽

2
3𝛽4 − 13

1024 𝛽
4
3,

𝑍2 = 𝜌2
(
𝛼2 + 𝛾2

)
− 𝜆2

2
(
𝜇2 + 𝛿2

)
,

𝑍3 = 𝜎7

[
(𝛼1 + 𝛾1)

(
𝛼2 + 𝛾2 − 13

4 (𝜇2 + 𝛿2)
)
− 𝜆1𝜆2 + 13

2 𝜆1𝜌2

]
− 13

2 𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2),

𝑍4 = (𝛼1 + 𝛾1)
(
𝛼2 + 𝛾2 − 2(𝜇2 + 𝛿2)

)
− 𝜆1𝜆2 + 4𝜆1𝜌2,

𝑍5 = 𝛽2
4

{
𝛽0𝛽4

[
𝑍4 𝜎7 − 4𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2)

]
+ 𝜎7

[
𝛽2

2
36

(
(𝛼1 + 𝛾1) (𝛼2 + 𝛾2 + 1

2 (𝜇2 + 𝛿2)) − (𝜆2 + 𝜌2)𝜆1

)
− 𝛽1𝛽3

4 𝑍4

]
+ 𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2)

(
𝛽1𝛽3 +

𝛽2
2

36

)}
+ 𝑍3

(
𝛽2

3𝛽2
24 𝛽4 −

𝛽4
3

128

)
,

𝑍6 = 𝜎7𝑍2𝜚
4
1𝑐

2
12𝜎11

[
18432 𝛽0𝛽

3
4 − 4608 𝛽2

4

(
𝛽1𝛽3 +

𝛽2
2

36

)
+ 1248 𝛽2𝛽

2
3𝛽4 − 234 𝛽4

3

]
− 128 𝛽2

4𝑎
2𝜆1 (𝜏2 + 𝜃2),

𝑍7 = 𝜎7

[
(𝛼1 + 𝛾1)

(
𝛼2 + 𝛾2 + 1

2 (𝜇2 + 𝛿2)
)
− 𝜆1 (𝜆2 + 𝜌2)

]
+ 𝜎11 (𝛼2 + 𝛾2) (𝜏2 + 𝜃2).
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ОПТИЧНI СОЛIТОНИ ДЛЯМОДЕЛI КОНКАТЕНАЦIЇ З ДИФЕРЕНЦIАЛЬНОЮ ГРУПОВОЮ
ЗАТРИМКОЮ, ПОБУДОВАНI НА ОСНОВI СИМЕТРIЇ ЛI ТА ПIДХОДУ КУМАРА-МАЛIКА
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У цiй роботi розглядається узагальнена модель конкатенацiї для двопроменевих оптичних волокон та отриманi новi точнi
солiтоннi розв’язки. Використовуючи аналiз симетрiї Лi, зв’язанi еволюцiйнi рiвняння перетворюються через вiдповiднi змiннi
подiбностi в керовану систему звичайних диференцiальних рiвнянь. Отримана редукована система потiм обробляється мето-
дом Кумара-Малiка для отримання кiлькох класiв явних розв’язкiв, записаних елiптичними, яскравими солiтонними, темними
солiтонними та тригонометричними розв’язками Якобi. З вiдповiдними обмеженнями параметрiв цi класи спрощуються до
знайомих яскравих, темних та перiодичних солiтонних хвиль. Для iлюстрацiї фiзичної поведiнки отриманих структур пред-
ставленi репрезентативнi графiки, якi пiдкреслюють їхнi особливостi поширення та якiсну стабiльнiсть. Загалом, поєднання
редукцiї симетрiї зi схемою Кумара-Малiка розширює каталог аналiтичних розв’язкiв для моделi конкатенацiї та поглиблює
розумiння нелiнiйної динамiки iмпульсiв у двопроменевих середовищах.
Ключовi слова: структура конкатенацiї; аналiз симетрiї групи Лi; метод Кумара-Малiка; оптичнi солiтоннi хвилi; дво-
променевi волоконнi середовища; розв’язки елiптичної функцiї Якобi
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