160

East EUROPEAN JOURNAL OF PHysics. 3. 160-178 (2026)
DOI: 10.26565/2312-4334-2026-3-14 ISSN 2312-4334

OPTICAL SOLITONS FOR THE CONCATENATION MODEL WITH DIFFERENTIAL
GROUP DELAY BY LIE SYMMETRY AND KUMAR-MALIK APPROACH

Rajveer Singhay', ©© Sachin Kumar!, (9 Mohamed E. M. Alngar?, (5 Reham M. A. Shohib?, ( Lina S.
Calucag®, (» Anjan Biswas>%78"
! Department of Mathematics and Statistics, Central University of Punjab, Bathinda, 151401, Punjab, India
2Mathematics Education Program, Faculty of Education and Arts, Sohar University, Sohar 311, Oman
3Basic Science Department, Faculty of Economics and Business Administration, Innovation University, Shargia, Egypt
4Department of Mathematics and Science, University of Technology Bahrain, Kingdom of Bahrain
SDepartment of Mathematics and Physics, Grambling State University, Grambling, LA-71245, USA
Department of Mathematics, Faculty of Science,
Karadeniz Technical University, Trabzon—61080, Tiirkiye
" Department of Physics and Electronics, Khazar University, Baku, AZ—1096, Azerbaijan
8 Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University,
Medunsa—0204, Pretoria, South Africa
9Applied Science Research Center, Applied Science Private University, Amman—I11937, Jordan
*Corresponding Author e-mail: biswas.anjan @ gmail.com
Received March 27, 2026; revised August 15, 2026; accepted August 23, 2026

This work examines a generalized concatenation model for birefringent optical fibers and obtains new exact soliton solutions. Using Lie
symmetry analysis, the coupled evolution equations are transformed through suitable similarity variables into a manageable system of
ordinary differential equations. The resulting reduced system is then treated with the Kumar—Malik method to derive multiple classes
of explicit solutions written in Jacobi elliptic, bright soliton, dark soliton, and trigonometric solutions. With appropriate parameter
restrictions, these classes simplify to the familiar bright, dark, and periodic soliton waves. To illustrate the physical behavior of
the derived structures, representative plots are presented that highlight their propagation features and qualitative stability. Overall,
combining symmetry reduction with the Kumar-Malik scheme expands the catalogue of analytical solutions for the concatenation
model and deepens understanding of nonlinear pulse dynamics in birefringent media.

Keywords: Concatenation framework; Lie group symmetry analysis;, Kumar—-Malik technique; Optical soliton waves; Birefringent fiber
media; Jacobi elliptic function solutions

1. INTRODUCTION

Nonlinear pulse propagation in optical fibers remains a cornerstone of modern nonlinear optics and mathematical
physics, particularly in parameter regimes where dispersion, birefringence, and nonlinearity cooperate to generate per-
sistent coherent structures such as solitons, breathers, and rogue waves. With the advent of ultrashort-pulse sources and
broadband transmission, higher-order dispersive and nonlinear effects become non-negligible, which naturally motivates
the analysis of generalized Schrodinger-type evolution equations and their solution families.

At the modeling level, the nonlinear Schrodinger equation (NLSE) provides a canonical framework for describing
envelope dynamics in weakly nonlinear dispersive media, and continues to be refined and applied in diverse optical
settings [3, 4]. Beyond the standard NLSE, integrable higher-order extensions have been intensively studied because they
preserve analytical tractability while capturing additional physical mechanisms. In this direction, Ankiewicz and Akhme-
diev presented a higher-order integrable evolution equation together with its soliton solutions, illustrating how higher-order
corrections alter waveform characteristics without destroying integrability [1]. Closely related extended NLSE models
that include higher-order odd and even terms were further shown to admit extreme localized events, including rogue-wave
solutions [2]. Moreover, the integrable quintic nonlinear Schrodinger hierarchy enriches the nonlinear landscape through
quintic contributions: soliton solutions were constructed in [9], while breather-to-soliton conversions and breather inter-
actions were investigated in [10, 11]. Collectively, these developments emphasize that higher-order and quintic terms are
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not merely small perturbations; rather, they can substantially broaden the admissible classes of localized structures and
transition scenarios.

Another important strand of research concerns unified descriptions that connect several prominent Schrodinger-type
equations within a single formalism. In particular, concatenation-type models provide a coupled framework that can incor-
porate higher-order dispersion and nonlinear corrections systematically, while linking to celebrated integrable equations
such as the NLSE [3, 4], the Lakshmanan—Porsezian—Daniel (LPD) equation [5, 6], and the Sasa—Satsuma equation (SSE)
[7, 8]. Recent studies have also highlighted the relevance of concatenation settings for realistic birefringent configurations
by incorporating differential group delay and constructing corresponding optical soliton solutions [12, 13]. Despite the
growing literature, explicit closed-form solutions remain of continuing value: they provide benchmarks for numerical al-
gorithms, enable parametric studies of waveform switching (e.g., bright versus dark profiles), and clarify how higher-order
coefficients shape pulse evolution.

Motivated by these considerations, the present work investigates the coupled concatenation system (Egs. (1)—(2)) for
the complex envelopes ¢(x, t) and r(x, t), which represent two orthogonally polarized field components. By exploiting Lie
symmetries, we determine appropriate invariants that transform the governing PDE system into an equivalent ODE system.
The reduced equations are then solved exactly using the Kumar—Malik technique. The resulting waveforms are expressed
in Jacobi elliptic, hyperbolic, and trigonometric forms and, under suitable parameter constraints, yield bright-, dark-, and
periodic-soliton profiles. Finally, representative plots are provided to illustrate characteristic propagation features and to
demonstrate the influence of key physical and model parameters.

1.1. Governing Model

In this study, we consider the following coupled concatenation model [12, 13]:

iqr +aiqxx + (b1|CI|2 + C1|r|2)q tcn [U—IIQXxxx +{a (QX)Z + ml(rx)z}q*

+ (V1lgx > + lral g + G1lgl* + Q11D gex + (1g” + p177) G

. (D
+ (Algl* + galallr? + hilr¥)g| + e |onques + (mlgP + 011 P)g.
+ (g1 + 1 r2)q§] =0,
iry + axrxy + (b2|}’|2 + C2|Q|2)r t+cC12 [O—IZVxxxx + {(1'2(rx)2 + m2(Qx)2}r*
+ (v2lrs? + Dl gl P)r + (G2lr* + LlgP)rex + (u2r® + p2g®)ri,
)

+ (At + @alrPlal + halgl)r| + ien|omarecs + (e + 621gP)r
+ (e + quz)r;] =0.

In this system, g(x,¢) and r(x,t) represent the complex slowly varying envelopes associated with two mutually
orthogonal polarization modes. The coefficients a; and a» characterize the group-velocity dispersion, while b; and c;
(j = 1,2) measure self-phase modulation and cross-phase modulation, respectively. The set of parameters o, @, w, vy,
A, 0, ¢, 4, p, f, g and h models higher-order mechanisms such as nonlinear dispersion, self-frequency shifting, and
fourth-order corrections. Hence, the coupled system captures the dynamics of birefringent optical pulses influenced by
cubic—quartic nonlinearities together with third- and fourth-order dispersion.

In this study, we employ Lie symmetry analysis for the concatenation model (1)—(2). The admitted symmetries
provide suitable similarity transformations that reduce the coupled PDE system to a tractable set of ordinary differen-
tial equations. The reduced system is then treated analytically via the Kumar—Malik method, leading to several new
classes of exact solutions in Jacobi elliptic, hyperbolic, and trigonometric forms. For appropriate choices of the governing
parameters, these solution families recover the familiar bright-, dark-, and periodic-soliton profiles reported in the literature.

Graphical illustrations are presented to highlight the propagation features of the derived solutions and to explore
the impact of the physical parameters on soliton amplitude, width, and robustness. These findings broaden the available
catalogue of analytical solutions for the concatenation model and offer further insight into nonlinear pulse evolution in
birefringent optical fibers.
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The remainder of this paper is organized as follows. In Section 2, we perform the Lie symmetry analysis of the
model and determine the associated infinitesimal generators. Section 3 is devoted to the similarity reductions that convert
the governing PDE system into a reduced set of ODEs. In Section 4, the Kumar-Malik method is implemented to obtain
exact analytical soliton solutions. Section 5 presents representative plots and discusses their physical implications. Finally,
Section 6 summarizes the main findings and outlines possible directions for future work.

2. LIE SYMMETRY ANALYSIS

The Lie symmetry approach [14] provides a systematic framework for reducing nonlinear partial differential equations
to ordinary differential equations by exploiting their admitted continuous symmetry groups. After determining the
infinitesimal symmetry generators, one constructs the associated invariants (similarity variables), which transform the
original PDE into a reduced equation of lower dimensionality. In the present work, this methodology is applied to the
concatenation model (1) to derive its symmetry algebra and to obtain the corresponding similarity reductions.

Next, we introduce the real-valued decompositions

q(t,x) =u(t,x) +ivi(t,x), r(t,x) = up(t,x) +ivy(t,x),

and substitute them into Eq. (1). Separating the resulting expression into its real and imaginary components leads to the
following system of partial differential equations:

1101 (VD) xoexx + €21 071 (Up) xxx + (611(/11 +8)vi —culp = 81 ui — cu(pr = &) usy,
+eulpr + &) v + al)(Vz)xx +2c1 (i + prtmvm) () xx = vieu(ar — i) (ug x )
+ (261zal(vz,x)uz + (= e)vi + (m + e + (11 + O, —v2, (1 — 91)))(uz,x)

+vie(ar + ) (vix)* + 200 (Tmvm + e1uv) (vix) = vier (0; = ) (tm,x)*
+ chlml(um,x)(vm,x)ul + Vlcll(ml + /ll)(vm,x)2 + Uy

5 2 2 2 3
+ CllflVl + (Zflc]lul + 8i1c1i,, + gicuv,, + bl)vl

4 2 2 2 4 2 2 4 2
+ (ﬁcllul + (glcllum + 8iC1V,, + bl)ul + hlcuum + (2h1€11vm + cl)um + hlcuvm + clvm)vl = 0,

€)]
2 2 2
c11 01 (U xxxx — €21 071 (VD) xxx + (Cll(#l + o) uy —cy(u —6) vy +culpr + &) uyy,
—culpr— &) v + al)(ul)xx +2¢17 (uurvi + priemVim) (V) xx — urcr (@ = 1) (vi,x)?
2 2 2 2
+ (ZClzaz(ul,x)Vl —co((m = euj + (m + e)vi + (=11 + 6 uy, + vy, (11 + 91)))(V1,x)
2
+ugcy(ar + ) (ur,x)” = 2c(Tiumvm + eugvy) (ug,x)
2 2
+uper(wr + A1) (U, x)™ + 2101 (Um,x) (Vin,x) Vi — e (W = ) (Vi x)™ = Vi
3
+ c”fluls + (glclluzm + Zﬁcllvlz + glcllvfn + bl)ul
+ (flc”v? + (glc”u%n + glc”v%n + bl)Vlz + hlc”u:‘n + (2th11V3n + cl)u,zn + hlc”vfn + ClV%n)I/ll = 0,
where [ € {1,2} and m = 3 — [ denotes the complementary index.
Next, we introduce a one-parameter Lie group of infinitesimal transformations defined by:
x*=x+ex(x,t,u, vy, uz, v2) + 0(€),
" =1t+€O(x,t,ur,vi,uz,v2) + O(e),
ur* = uy + €V (x, t,ur, vi, 12, v2) + O(€2),
Vi* = v+ €D (x, 1, u1,vi, Uz, v2) + O(€?), 4)
ur* = up + €¥a(x,1,u1, v1, 12, v2) + O(€%),
v2* = vy + €Dy (x, 1, up, Vi, Uz, v2) + O(€7), )



163
Optical Solitons for the Concatenation Model with Differential Group Delay by Lie Symmetry... EEJP. 3 (2026)

Here, y, ©, ¥, @, ¥,, and @, denote the infinitesimal generator components associated with the variables x, ¢, uy, vy,
uy, and vy, respectively, and € € R is the group parameter. These transformations are required to leave Eq. (3) invariant
under the induced Lie-group action.

The corresponding infinitesimal vector field is given by:

2
0
X=y—+0— ¥ 6
)( ~ +Zl(1 aw) (6)

To compute the admitted symmetries, we impose the standard invariance condition:

pr) (X)(8)],_, =0, %)

where pr*) X denotes the fourth-order prolongation of the vector field X, defined by:

2
0 0 0 0
(4) X XX XXX XXXX
X =X+ +¥; +¥ +¥ +¥ _
P Zl ( (9 ! aul,xx ! 8ul,xxx ! a”l,xxxx)
2
0 0 0 0
; ( aVl t BVI x ! avl,xx ! aVl,xxx ! aVl,xxxx)

The coefficients of the prolonged vector field are evaluated using the total derivative operators:

‘Plt =D, (¥) - D;(x)urx — Di(®) uy,
@ =D, (D)) — D, (x) vix — D1 (©) v,
W) = Da(¥1) = D) ix = D (©) w1
@) = D(®) — Dx(x) vix — Dx(®) vy,
W = Do (¥)) = D) tr,xx = Dx(©) g xr,
@) = Dy(®@)) = Dx(x) vixx = Dx(©) vi s,
W = D (W) = D (x) tr,xxx — Dx(©) g s
D = D (D) = Dx(x) Vi,xxx = Dx(®) vy xxss
q;;cxxx — Dx(l{l;‘xx) — Dy (x) t1xxxx — Dx(®) up xxxt>
O = D (DF) = Dy (X) Vixxxx = Dx(0) Vi xxnrs

Here, D and D, are the total-derivative operators with respect to x and ¢, respectively, as described in [15]. Applying the
invariance condition (7) to Eq. (3) yields:
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(((,Ul + ) V] + (= + 6 uj + (—py + &) up, + (o1 + &) Vi) cu + al) ‘I’,{”} + 2‘1',{”} cu (upupvy + Py vim)
+ 431{“”} cuoy+ ‘Pl{x”} co 071 + (( — 2wy (@r —y1) vi +2viyagug) ey + e ((q — &n)vi + O + e)ui
+ (1 + 0p)u3, — (11— Hl)vfn)) P+ ((2 vix (@ +y) v+ 2up xagug) cip + 2 o (Tittmvm + slulvl)) OF
+ 2(Vin,x (W7 + ) Vi + 0y ug) €13 Py = 2t x (07 = A7) v = Vi x 0y ug) €1y Py + ¥
+ (SCIDIﬁV? + (2@ g vim + 4 frug + 2¥ g1 ) V13 + (6 ”12 +3gu%, +3glvf”)d>l V12
+ ((Z/JI +201) vixx P +4Y; fi u? + 2D, g1 vin + 2V g1 um) ulz + Q¥ g ufn +2¥% g v%n) u;
+ 4%, h; uf’n +4®,, Iy ufnvm +4Y,, h; umvfn +4®,, Iy vf’n + 2% g Ml,xx) vy + (fl u? + (g u,zn + g1 vfn) ulz
+ 2ptguy g e + By + 2Rt vi + By, + (e + ) g+ (@ + YD) V] F (g + Vi, W+ 1, A
+ Vgn,xﬂl) D + (=2p1 +261) vixx Yrur + (2pr g, xx P + (=201 + 241) vixx Y) tim
+ (201 + 281) Vixx O + 2¥m p1 Ul xx) Vin + 2% @ ug xvix + 2% W) um,xvm,x) ci +3D; b; V12
+ (201 = 260) trx 21 By + 2¢2W Vix €1 + 2Wom €1ty + 2D €1 Vi + 2%, by ul) Vi

+ 2c21u181v1,x + b[ ulz + ¢y ufn + ¢y v%q) CD[ + (27]1 + 281) lP[ Up x C21Up

—~ o~ — —~

+ (21 +20) ¥ up x + 2D 1y vl,x) Cop Uy + ((—27’1 +201) Dy up x + 2 1 Vl,x) oy vm = 0,
((Gur+ 80 + (=g + 60 v + (oo + 201, = (o1 = Q) vE) e+ ) BT +208 ey (i + puawvm) — (8)
+ ‘Pl{”xﬂ cuoy— CDZ{”X} co o+ (( —2vp (= y) up +2viug xaq) cup + o (= + er)u?
+ (= —e)vi + (1 = O)uy, — (1 + 91)V2m)) o + ((2 up (g + ) up+2vy v xaq) cuy
=2 cu(tiumvm + slulvl)) ¥+ 2( —Vimx(W; = A) ug + vy um,xml) c1 @, + 21y (um,x (0 + A7) uy
vy V) W — D 4 (5 W, fiud + (ADy i vy + 20 g1 Vi + 2% g i) 160
+ (6f1 V12 + 3g; u%n +3g; vil) ¥, ulz + ((2;11 +267) up xx V1 +49; fi v? + 2D, g1 Vi + 2¥ g1 ) V12
+ (2D; g; ufn +20; g; v%n) vi + 4%, Iy ufn + 4D, Iy ufnvm + 4%, Iy umv%1 + 4D, Iy vfn +2®; Vl,xx) u;
+ (ﬁ v;‘ + (g uﬁq + g vfn) V12 + 201V Vixx + Iy uiq + 2hlufnvfn + hlvfn + (—a; + ;) vlz’x
+ (a7 +vp) uix + (u,zn’x - v%u)ml + u,zn’x/ll + v%u/ll) Wi+ (=201 +261) ugxx D1 vi
+ (201 Vixx @ + (201 + 287) g xx Un) m + (=21 + 287) g, xx Pon + 2W0 P1 Vi xx) Vi

2
+ 2(1)1 QU xVix + 2(1)1 w; um,xvm,x) cly+ 3‘1’[ b[ u; + ((—2771 + 281) Vi,x C21 q"l — 2C2[(I)1 Upx €1
+ 2%, iy +2®; by vy + 20, ¢ Vm) u; + ( —2covigiuy x + by Vlz + ¢ uﬁi + ¢ V%n) ¥,

+ (=21 = 2e) @y vy couvi+ (211 = 200) P vix — 2@ Trus ) €1 thn + (=271 = 26,) @y vy x

- Z\Pm T ul,x) ClVim = 0

wherel = 1,2 and m =3 —[.

Substituting the expressions for (¥, @7, ‘Pl{”}, CI)I{”}, Y/, @7, ...) into Eq. (8), we obtain the following determining
system:
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b
‘{Ilt = 07 lPlul = 0’ lP]ug = 09 lylvl = V_ll, lPle = 0, lPlx = 09

®t = 0’ ®u1 = O’ ®u2 = O’ G)vl = O’ ®v2 = Oa ®x = 0» (9)

Xt =Oa Xul :07 Xuz :0’ XV] =0’ X\)z :0’ Xx :O’
‘P2=‘P1v—2, D :_Tlﬂ’ q)2:_\1112_
Vi Vi Vi

Throughout, subscripts such as ¢, x, uy, u;, v, and v, indicate partial differentiation with respect to the corresponding
variables; for instance,

oY
Y= 6_t1

Solving the determining system (9) yields the following infinitesimal symmetries:

Wi(x,t,uy,vi,up, v2) = C3 vy, D (x,t,u1,v1,u2,v2) = —C3uy,
where [ = 1, 2. (10)
O(x,t,u1,vi,uz,v2) = Cy, x (e, tug, vy, uz,va) = Cs,

Substituting the obtained expressions for y, ©, ¥;, and ®; into the infinitesimal generator produces three basis vector
fields that span the symmetry algebra of system (3):

Xl = 6t7

X2 = 6)(5

2
X3 = Z (vlc')u, — ulavl).

=1

(1)

3. SYMMETRY REDUCTION

We now perform the symmetry reduction of Eq. (1) associated with the vector field 0; X + 02X + X3, where o and
0> are arbitrary constants, is obtained from Lagrange’s auxiliary equations:

dr _dx_dm _dvi_duy _ dva

=2 = = = = . (12)
01 02 Vi —uj V2 —up
Solving Eq. (12) gives the similarity variables
E=po1x—02t, u(x,t)="P(€)cosQ, vi(x,t) = P;(€)sinQ, (13)
where Q = —kx + wt + g and [ = 1, 2.
From Eq. (13), we obtain
x,t) =P eiQ,
q(x,t) = P1(¢) (14)

r(x,t) = Py(£)e'C.

Substituting the similarity form (14) into Eq. (1) and splitting the result into its real and imaginary components leads to
the following reduced system of ordinary differential equations:
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forl=1,2, m=3-1:

3 d3Pl dPl

(—dcukoy+cyon) o] —— de? dg—‘

{91[46110'11K ~ 3¢y o K —2Kal] 02

+ 01 [ (2k c1i(pr = ar = 61) + co(m + &1)) Pl(f)z] + 01 [ 2k cri(pr = &) + culT + 67)) Pm(f)z]}

dp,,
—2w;ci k01 Pi(§) Pm(§) T 0,
(15)
d4Pl d P
cu o} o s ( —6c1 k% o +3Kcay o+ culps +61) Pr(E) + culpr + &) Pu(é)” + al) o i
+Pi(€) [Cu Koy —cu ko - KZ(CII(,UI +ap + 0 = y1) Pi(€)” + culpr + § + W — A1) P () + az)
2
+ Ksz((m —&1) Pi(€)* = (11— 0) Pm(f)z) + (e Pn(&)* + ¢ Pm(f)z)] + P(§) cular +y1) ( T )
dpP, \* 5 2 3
+ cuot(wy + )Py (&) | w Pi(&) + ey fi Pi(€) + (g1c1u Pm(€)” + by) P1(€)° =
Taking the soliton speed o as
02 =4cy oy o1 —3cyki oy 01 —2ak o1, 1=1,2. (16)
Under the following parametric restrictions
2cu(pr=4) o1k +cu(ti+6) 01 =
2(w—ar—61)cy o1k +co(m +&1) 01 =0, an
—dcykoy+cyoy =0,
w; =0, [=1,2.
Moreover, equating the two expressions for the wave speed and using the above parameter constraints yields
a=a=a, C21 = C2 = (7, 071 =072 = 07,
+6
{1=20'11M+p1, =12,
o7
—-ur+ar+9 (18)
m:( M+ 1)0-7—31, I=1.2,
20‘11
o2 depkon
11 =c12 —, ] =—".
o11 07
Consequently, the wave speed can be expressed in the equivalent form
02 = -2k 01 (c7k 07 + a). (19)
Under these conditions, the system (15) reduces to:
GBS 4 o Dp3 4 o (L) p2 4 0 p3p2
P+904P 5 (d«fz)P 2P1Pm
") 0 o (4Pr)’ W (4Pm)’
4 2 m
+903 Plpm+9011P1P +(,06 (df) P1+907 ( df ) Pl
") o (4 o (4P
+og Pr+ g (d§2)+g0 (d§4 =0. (20)

Here, / = 1,2 and m = 3 — [. The functions P; and P,, depend on the similarity variable &, whereas go(l) (i =

1,2,3,...,10) are arbitrary constants whose explicit expressions are listed in APPENDIX 1.
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4. EXACT SOLUTIONS

In this section, we obtain exact solutions of system (1) by solving the reduced system (20) via the Kumar—Malik
method. The main steps of the procedure are summarized as follows.

4.1. Kumar-Malik Method

The Kumar—Malik method offers a structured framework for deriving exact analytical solutions of nonlinear differ-
ential systems. In brief, the procedure consists of the following steps:

Step 1. Consider a general nonlinear system of ordinary differential equations of the form
Fu,uv',u”,u",...) =0, (21)

where U = (U;(£), Uy(£)) denotes the unknown vector function and the prime (”) indicates differentiation with respect

to &.

Step 2. Assume that each component U;(£) can be represented as a finite polynomial in an auxiliary function G(¢),
namely,

Ui) = By + B G(&) + B G2 (¢) + - + BY GM(9), (22)
where B}I} (j =0,1,2,...,N;) are constants to be determined. The function G(¢) satisfies the following auxiliary
equation:

(G'(9)" = BsG* (&) + BsG* (&) + B2G7(£) + BIG (€) + o, (23)

where 8; (j =0,1,2,3,4) are arbitrary parameters.

Step 3. The positive integers N; are determined by applying the homogeneous balance principle, matching the highest-order
derivative terms with the dominant nonlinear terms in Eq. (21).

Step 4. Substituting the polynomial ansatz (22) into Eq. (21) and using the auxiliary relation (23) to remove higher-order
derivatives of G (¢) reduces Eq. (21) to a polynomial in G (£). By setting the coefficients of identical powers of G (¢) equal
to zero, one obtains an algebraic system for the unknown parameters B}l}. Solving this algebraic system yields explicit
expressions for the coefficients.

Finally, inserting the computed constants B}l} into (22) provides the closed-form expression of U;(¢), and hence an
exact solution of the original nonlinear system (21).

4.1.1. Family of Solutions to the Auxiliar Equation (23) In this subsection, we derive explicit solutions of the
auxiliary nonlinear ordinary differential equation

(G'(£))* = BaG* (&) + 3G (€) + BrG*(€) + B1G(€) + Po, (24)

in Jacobi elliptic, hyperbolic, and trigonometric forms. The resulting families are classified according to the parameter
regimes of 8; (j = 0,1,2,3,4).
Throughout this work, the quantities Ay, Ay, A3, and A4 are chosen as:

Al =4BoBs— B Do = 16BaBs— 5B2. A3 = 8BaBs — 362, A4:—%.

A
Case 1: Assume that 8y = 0 and B = % Under these assumptions, the auxiliary ODE admits the following Jacobi

4
elliptic function solutions for different parameter conditions:
Sub-case 1.1: If B4 <0 and A} > 0,

_ B3 V-BaAi & B3
Gi(é) =AM = 4—B4cn (—2[34 ’_2\/A_1) , (25)
B3 B3é ZVA1)
G =A4 £ —d ,— . 26
2(£) 4+4,84 n(4\/—_,84 5 (26)
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Sub-case 1.2: If B4 <0, A} <0,and A; <O,

_ V-7 VBiAL & VA A
G3({:‘:) - A4 + 4[_34 cn (_ 2[_34 ) 2A1 ) s (27)
_ ‘V—Az V,B4A2§ 2VA1A2
G4(&) =Ag = 15, dn|- T ) (28)
Sub-case 1.3: If B4 <0, A1 > 0,and A; <O,
_ V-Ay  [N-Bshi & B3
Gs5(8) = A4 15 nc( B VA ) 29)
TR B 2VEL )
Ge(é) =Ag £ 15 nd( B B ) 30)
Sub-case 1.4: If B4A1 > 0 and A1 A, > 0,
_ B3 VBiALE VA Ay
G7(§)—A4imn0( TN ) (€2
_ ,83 V,84A2f 2VA1A2
Gg(f) =A4 £ End( 4,34 , A ) . (32)
Sub-case 1.5: If B4 > 0and A <0,
B B N
Gg(f) =A4 £ 4,84 ns ( 4\/@, B ) , (33)
_ V-4 V-Bshr & Bs
GIO(‘_{::) = A4 + 4ﬂ4 ns (_ 4ﬂ4 B \/—_Az) 5 (34)
B B A
Gll(f) _A4i- 4[84811( 4\/57 ﬁ?, )’ (35)
_ V-4 V-Bshr & Bs
Gia(é) =Ag % 17, sn (— By \/—_Az) : (36)

A? .- . . . . . .

Case 2: By = ﬁ, p1 = %. Then the auxiliary ODE admits the following hyperbolic, and trigonometric function
4 4

solutions under different conditions:

Sub-case 2.1: B4 >0,A3 <0

_ V-A3 V-PaA3E
Gi3(8) = Ay = 15 tanh( 15 ) (37)
Gra(&) = Ay + “_A3coﬂ1(“_ﬂ4A3§). (38)
4B4 44

Sub-case 2.2: 4> 0,A3 >0
In this case, the resulting solutions are periodic and fall outside the scope of the present study; hence, they are omitted.

2
Case 3: B) = %, B = /?ﬁ?. Under these conditions, the auxiliary ODE admits the following hyperbolic and

trigonometric function solutions for various parameter regimes:
Sub-case 3.1: B4 <0,A3 <0

G17(€) = Ay = (39)

V=2A; sech V2843 €
4B4 484 |
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Sub-case 3.2: By > 0,A3 >0

Gi3(8) = A4 % (40)

24 csch 2Pals &
4p4 4Bs |
Sub-case 3.3: B4 > 0,A3 <0

In this case, the corresponding solutions are beyond the scope of the present work and are therefore not presented.
Cased: 5p=0,8,=0,83=0

4pB2
G = . 41
21() 12Vt — pupye Bt (41)
4.2. Application of Kumar-Malik Method
Assume that the solution of Eq. (20) is sought in the form:
Pi&) =AY + AVR@ + AVR (O + AVRN O + .+ A%}RM (&), (42)

where / = 1, 2. Substituting the ansatz (42) with N; = 1 into the reduced system (20), and following the procedure outlined
in Section 4.1, we obtain two polynomial expressions in R(¢). Equating to zero the coefficients of each power of R(¢)
(together with the constant terms) produces an algebraic system for the unknown parameters. Solving this system yields
the following values:

(1)
A _B3V309, A _ 44,

0 4B, T ! B3’
@ ,33@\/54193 o701z ((@1 + y1)o12 + o) o1 @ 4A(()2)
AP = : = —0 9,

0 43413 ! B
b —160F1ﬁ0120'1329% + 80F4aﬁ40'121 o7 + F20'122 + F3011012

1= ,

240 B4 o7 orp o1y (11 (@2 + 72) — 10712)

b —160F11ﬁC]20'l329% - 80F44a,840'1 107 + F220'122 + F330'12

2= ,

240 B4 07 012 (012 (a1 + 1) — A2011)

5 o} (E1 012 + 2E2 07) — o1012(E3 0712 + E4 0) + 073,07 Es

l = b

oo | - Ao + o (e +92)]

f X7O’f2 +X80'132 +X90'122 + (16X1 (7'131 o7 (az +’yZ)(TQ +92) +6X1X20’121 0'72)0'12+8X120'131 0'72

1= 3 ,

5007 o, (011 (a2 +y2) — A10712)
f2 _ 8/1%0';‘2 (Tz +92)2 + 50 X0 A1 0'132 +X110'122 +50X 1201107012 +8X120'121 0'72
2 b
5002 12 (A2011 — (@1 +y1)o12)
3 2
2 [(% - Bofa)cinoionn - aﬂ4]
K =
C12012f34
18432 11 01c2,0, (12 + 02) Z1 + 4608 02,0, Zs — 0%, Z6 — 128 aBro12Z7 — 128 o7a* 01132,

w= .

1536 o12B3c12(A10%, (12 + 62) — 01227 — 07011 22)

See ?? for further details. Substituting the above parameter values into the similarity form (14), the solution of Eq. (1)

can be written as:
q(t,x) = Py(t,x)e' (Rx+witbo)

r(t,x) = Pz(t’x)gi(_’(x"'wt"'eﬂ), (43)
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where the functions P;(¢,x) (I = 1,2) are specified in the cases listed below.
Throughout this paper, the constants Co; and C; ; are defined by:

‘ AV =1, c AV 1=,
0,1 = 1,1 =
A(Z), [=2, AP =2,

Case 1: Assume that Sy = 0 and

B = B3(4B2B1 - B3)
ey ’Bi }
Under these assumptions, P;(z,x) admits the following Jacobi elliptic function solutions:
Sub-case 1.1: If B4 < 0 and A; > 0, then

V=B4A (le—Qzl) B3
PN (1,x) = Coy + C ( Fads )) 44
(t,x) = Coy+C1y 5 "IE (44)
PO (1) = Coy 4 C (A (,33(Q1X— 2l)’ 2\/_)) 45
;7 (tx) = Cog+Cry|Ag £ 4ﬁ4 War:n 5 (45)
Sub-case 1.2: If B4 <0, A1 <0,and A; <0,
P(3)(t %) =Coy + ) z(A V—A _ VBahAi (01X - Qzl)’ VA1A2)), 46)
24 2A,
A —
PO (1,) C01+C11( V _ VB (01x sz) 2VAA, )) “
44 Ay
Sub-case 1.3: If B4 <0, A1 > 0,and A; <O,
V— V—B4A (QlX—sz) B3
PO (1,x) =Co + C ( Ao YPehs )) 48
(t,x) =Co,; + C1, 5 WA (48)
PO (1) =C (A . V—Az _ﬁ3(Q1X—Q2t) 2\/_1)) 4
;o (1,x) =Co, + Cr | Ag £ 5 " W B (49)
Sub-case 1.4: If B4A; > 0 and AjA; > 0,
P(7)(t X) COl +Cl l( ({V 4Al (le_ Zt)’ VZAAIA ))’ (50)
1
A —
P® (1,x) =Co, + € l( ﬁ3 VB4 Q(W o21) 2 'ilAz)) (51)
2
Sub-case 1.5: If B4 > 0 and A, < 0,
PO (1,x) =Cos + Cy I(A4 4’8%4 ﬁ3(@;j/ﬁ;@zt)’ V;?z)) (52)
4 3
PU) (1) =Coy + €, I(A4 V=47, S(_ \/—,34A2;189:x - Qzl), \/ﬁ3—A)) (53)
-Ay
PUD (1 3) =Coy + C ( /33 ﬁ3(@1x—92t),V—A2))’ 54
;o (1,x) =Cou + Cry 4[34 N 7 (54)
V=A A =B4A — oot
Pl(lz) (t,x) ICOJ + C]J (A4 =+ 4,8428 - i 24(.;);)6 e ), 612)) (55)

Case 2: = , = Bl
BO 64[33 B 8,33

function solutions for the corresponding parameter regimes: Sub-case 2.1: B4 > 0, A3 <0

A3 anh(\/—ﬂ4A3 (01x — 021) ))
404 ’

Pl(m(t,x) =Co, +Cr1|As £ t
’ 4B4

Under these conditions, P;(¢,x) admits the following hyperbolic and trigonometric

(56)
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V=23 h(\/—ﬁ4A3 (01x — 021) ))
cot . (57)
44 4B4

Pl(14) (t,x) =C0’1 + Cl’l(A4 +
Sub-case 2.2: 54> 0,A3 >0
In this case, the solutions are periodic; since they are not central to the objectives of this study, they are not pursued
further. "
Case 3: By = %, B1 = '?TAZ‘. Accordingly, P;(t,x) admits the following hyperbolic and trigonometric solutions under
the associated parameter conditions:
Sub-case 3.1: B4 <0,A3 <0

V=-2A V2B4A - 02t
PO (1,%) =Cou + Cr [ Ag 1 Y203 oo 2P (01 = 20) ) (58)
’ ’ 4p4 4p4
Sub-case 3.2: By > 0,A3 >0
V2A V2B4A X — oot
P (1) =Coy + € A 1 Y223 e Y2PHR3 (O = 02D ) (59)
| ’ 484 484

Sub-case 3.3: 54> 0,A3 <0

Although this case yields periodic waveforms, they are not relevant to the aims of the present analysis and are
therefore omitted.
Case4: 5p=0,8,=0,63=0,8,>0

4pB>

. 60
4p2eVB2(o1x-021) — B, Bre~VB2(01x=021) (60)

PP (1,x) =Coy + C1y

5. GRAPHICAL REPRESENTATION AND PHYSICAL INTERPRETATION

In this section, we examine the spatiotemporal evolution of the coupled complex fields ¢(x, ) and r(x, ) arising
from the general traveling—wave representation (43), using two distinct closed-form choices for the amplitude functions.
Specifically, we consider the dark-soliton profiles given in (56) and the bright-soliton profiles given in (58). For visual-
ization, we display the corresponding intensities |g(x,#)|*> and |r(x,)|> using 3D surface plots, contour maps, and 2D
cross-sections at several fixed time levels.

5.1. Dark Soliton Dynamics

Figure 1 displays the intensity distributions obtained by inserting (56) into the traveling—wave form (43). The
resulting dark-soliton profile is characterized by an intensity dip superimposed on a nonzero continuous background. This
localized notch travels along the trajectory specified by the wave variable ¢ = o1x — g»f, which appears in the contour
plots as an oblique band marking the transition region. Such behavior is typical of dark solitons: the field approaches a
finite pedestal as |£] — oo, while the dispersion—nonlinearity balance sustains a stable localized depression that retains its
shape during propagation. From a physical viewpoint, dark solitons are commonly associated with defocusing nonlinear
regimes (or an effective defocusing response in coupled settings), where the nonlinear interaction supports a robust dip on
a finite background rather than a localized peak.

5.2. Bright Soliton Dynamics

Figure 2 depicts the spatiotemporal behavior obtained by substituting (58) into the traveling—wave expression (43).
Unlike the dark-soliton case, the bright-soliton profile exhibits a localized intensity peak that attains its maximum near the
soliton core and decays rapidly as |£| increases. In the contour maps, this structure appears as a thin ridge propagating
along the characteristic direction prescribed by ¢ = p1x — 02¢, indicating a coherent pulse traveling with the corresponding
wave speed. This is the defining signature of a bright soliton, namely a self-confined wave packet sustained by the balance
between dispersion (or diffraction) and nonlinear self-focusing. Physically, bright solitons are typically supported in
focusing nonlinear regimes (or in coupled systems with an effective focusing response), where the nonlinear interaction
counteracts dispersive spreading and maintains a stable localized hump.
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(a) Surface: |q(x, t)|2 (b) Contour: |g(x, t)]? (c) 2D slices for g
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Figure 1. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields ¢ (x, ¢) and r(x, ) corresponding
to the analytical solution (43) constructed from the dark soliton solution (56). The first row depicts |g(x, 7)|?, while the
second row depicts |r(x,7)|?. The 2D panels show |g(x,#)|> and |r(x, ?)|* as functions of x at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

5.3. Comparison and Physical Meaning

A comparison of Figures 1 and 2 reveals the qualitative distinctions between the two solution classes:

* Background behavior: The dark-soliton pattern propagates as an intensity depression on a finite continuous
background, whereas the bright-soliton pattern manifests as a localized intensity hump that decays rapidly away
from its center.

* Type of localization: The bright soliton is localized through spatial confinement of a peak, while the dark soliton
is localized via a notch embedded in a nonzero pedestal.

* Propagation characteristics: In both cases, the waveforms translate along the traveling variable £ = o;x — 02t
without distortion, with an effective speed determined by 0,/01.

+ Coupled-field features: The two intensities |¢|> and |r|* exhibit the same traveling structure, but their amplitudes
and offsets can differ according to the free parameters in (43), indicating how the coupling redistributes energy
between the polarization modes.

Hence, the two functional profiles describe distinct nonlinear propagation regimes within the same coupled framework:
a dark-soliton regime characterized by intensity depletion on a continuous-wave background, and a bright-soliton regime
characterized by a self-confined pulse supported by effective focusing. The numerical visualizations corroborate the
solitonic character of the derived closed-form solutions and demonstrate that the selected amplitude profile governs the
qualitative propagation physics in the modeled birefringent medium.
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(a) Surface: |g(x.t)|* [Eqg. (58)] - (b) Contour: |g(x, t)|* [Eq. (58)] Loo0o (c) 2D slices for g [Eq. (58)]
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Figure 2. Surface (left), contour (middle), and 2D profiles (right) of the coupled fields g(x,t) and r(x, t) corresponding
to the analytical solution (43) constructed from the bright soliton solution (58). The first row depicts |g(x, )|?, while the
second row depicts |r(x,7)|?. The 2D panels show |g(x,¢)|*> and |r(x, 7)|? as functions of x at several fixed time instants
(as indicated in the legends), and the same time levels are marked on the contour plots for reference.

6. CONCLUSIONS

In this work, we investigated a generalized concatenation model for birefringent optical fibers and derived new exact
soliton solutions. By means of Lie symmetry analysis, the coupled nonlinear evolution equations were reduced, through
appropriate similarity variables, to a tractable system of ordinary differential equations. The reduced system was then solved
analytically using the Kumar—Malik method, which produced several families of closed-form solutions expressed in Jacobi
elliptic, hyperbolic, and trigonometric functions. For suitable parameter constraints, these solution families degenerate
to the standard bright-, dark-, and periodic-soliton regimes, thereby demonstrating that the model supports qualitatively
distinct waveform classes within a unified higher-order coupled framework. Representative graphical illustrations further
confirmed the physical relevance of the obtained structures and highlighted the influence of parameters on the propagation
characteristics.

Overall, the combination of symmetry reduction and the Kumar-Malik technique provides an efficient analytical
route for exploring higher-order coupled optical systems. The explicit solutions reported here can serve as benchmark test
cases for numerical simulations and may facilitate further theoretical studies. Possible extensions include the investigation
of perturbed or fractional forms of the concatenation model, the derivation of conservation laws, and a detailed analysis
of modulation instability, as well as interaction dynamics among solitons, breathers, and other localized waveforms in
birefringent media.
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APPENDIX 1

cponorfi, =1

C12 07 fz, [=2

cpoporgl, =1

C12 07 82, =2

cpoporh, =1

C120'7h2, =2

ciok? on(ar + 61 +y1 = 3u1) + bioog — 8ciuk’orioner, =1

cr2 k3 (@2 + 02 +y2 = 3p2) + baoy — 8ciak* o282,

con oy (61 + ), =1

c1207 07(62 + 12), =2

0120'7(012+72)Q1, 1=2

A1 o2 91 cpog, =1

A2 0 crp 07, =2

36’12K 01101207 —aK20'110'7 - wo1107, [=1

3cpktonor — aktor — wo, =2

6¢12K* 0110'12.91 +610'110'7QI, =1

6¢12K> 0'120'7Q1 + a0'7Q1, 1=2

0'110129101207, =1

opofenor, =2

[=2

2 2 2 _
C1ak2 010741 = 2¢10k> 01207701 — 6C12K> 01101271 + 2¢12K3 0101201 + coog, =1

o
|
c
|
|
{m o or(a +yey, =1
|
|
|
|
|

Cl1ak2omdy = 2¢12K2 o102 — 6¢12K20 12T + 2¢10K2 01202 + Co0. =2

APPENDIX 2

APPLICATION OF KUMAR-MALIK METHOD
Let the solution of Eq. (20) takes the form:

Pie) = A" + AR + AV RYE) + AVR &) + ..

+ ADRN (), (61)

where [ = 1,2. Substituting Eq. (61) with N; = 1 into system (20), and using procedure mentioned in Section 4.1, we
arrive at two polynomial equations in R(£). Setting the coefficients of powers of R(¢), combined with the constant terms,
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to zero yields the system of equations, after solving that system gives the values of A(()l), Afl), A(()Z), Aiz), b1,b2,01, f1, >
and w as follows:

()
B3V30 9 A _ 44,

¢ Aél) == 9 1 - 5
43402 B3
4@ ,33\/%\/,34193 o701z ((@1 +y1)o2 + 20om1) 01 o 4A(()2) 9
- Ao
° 484 05 1 2
where

= \/,34 07 o012 (11 (@2 + 72) — A1012),
B = ((12 + 62)011 + (a1 + ¥1)07) 012 + P2071107, )
03 =21 (12 + 62) 0, + [((—2611 =2ypDaz + (=2a1 = 2y1)y2 + (242 + 2p2) A1 — (a1 + y1) (u2 + 62)) o

=201 (a2 +y2) (12 + 92)]0'12 +011(=2p202 = 2p2y2 + A2 (2 + 02)) 07

—160F1ﬁ€120’f’2‘9% + 8OF4a,840'1210'7 + FzO’lz2 + F3011002

« by = ,
240 B4 o7 orp o1y (011 (a2 + 72) — A10712)
5 —160F1Bc12073, 0% — 80F4saBsori 107 + Fuoly + Fion
2 =
240 B4 07 012 (012 (ay + 1) — a011)
where

F = (—71&—281 772)/11 +2‘I'1(Cll +’yl) 11 +0'7[ iy +p1(a1+71) ,
0

Fii = 2e3(a1 +y1) — 4562 + Z2) 4,

20
L) (a2 +72) —

F, = —112c1259%0-121[(72+g2+ 20771/12]
+ 88C12,32 o7 Q%[(al + 7y - 2(])#)(0/2 +,),2) + (_/12 + 4P2)/1 + (_@ _ 7ﬁ)(a,l +7]) + 20p1/lz]
= 240¢1 07 (a1 +71) = 320a B[ (% = &1+ 2)r + 71 (ar + )]

-33cpp 307 Q%[(al +y1 = D) (@ +y2) + (= + S+ (=52 — 1) (@) + ) + 2 Z]UH

- 160a,840'7[—ﬂ1/11 +pi(ar +y1)],

Fy =88c12 62 0] 0’7[

I9)ar + axyr + (2 = T2 = 18y — 24 (A2 - 34p2)]
_ % crfron Q%[(@z + 27%)(&2 +92) - 20/17252]

+240 ¢, 07 A1 Ba — 320aﬁ4[82((11 + )/1) +ﬂlw]

- 33612,3§ Q%[()’z - 11 %)) +azy; + (y2 — 27’]'2 - %) 1
— (A - H) - B [(92 +Z2) (a2 +72) - 20’17282”,
F3 = —% c12 B2 Bsor Q% [p2(a2 +72) - M] +6c10722 P4

+ Zaﬁ4[(7’2 + 60, —de)(ar +y2) + 4T1/12] + % C12,3§ 01107 Q% [pz(a/z +7v7) — M]

+aps 0'7[(C¥1 +y1—4u1) (a2 +y2) + (=2 = 2p2) A1 + (2 + 62) (@1 +y1) + 4p1/12],

762
2705 (pat 2
F33 = 40{,34[ =272 c1p fr 011 07 Q%(pz(az +v2) — #) —240cr 011 07 (an + yz)]
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+40a B4 07 [(72 =3uy + az + 82)ay + axyr + (y2 = 3pa + 02)y1 — A1 (A2 — 2p2)]

762
270 (up+ 54 )
+80aBsor [(92 —30) (@2 +72) + 4z | + 102¢10 B3 011 07 071 | p2(@2 + 72) — #”
s
Fy = pa(az + ;) — 2U2r%)
)
30 (p-5)
Fia = pa(ar +y2) - —5——,
3B2
B =PBaps— 3
s 0'121 (E1 o +2E> 0’7) - 0'110'12(E3 o+ Ey 0’7) + 0'1220'7E5
L] 1 =
o7 o [ — o + o (a2 + 7)) |
where

E; =2(01 + 1) + 2(12 + 02) (a2 + 72),

Ey = paaz +y2) — 3 (u2 + 62) Ao,

E3 =211(12 + 02) +2(01 + 1) (@1 + 1),

Ey =2(41p2 — p1d2) — (a1 +y1) (12 + 62) + (a2 + y2) 1,

Es=A1u1 —2p1(a) +v1).

X70'f2+X80'132+X90'122+ (16X1 0’5’1 o7 (az + y2) (1 + 67) +6X1X20'121 0’72)0'12+8X120'131 0'72

* fi= ,

2
5002 o2, (o1 (a2 +y2) — 41012)

8/1%0’?2 (T2+92)2+50X10/11 0'132+X110'122+50X120'11 0'70'12+8X]20'12] 0'72

f=

2
50 03 012 (2011 — (@1 + y1)o12)

where
X1 = paaz +72) — 2 (2 + 82),

Xo

(a1 +y1)(az2 +72) —/11(/12 + 8%) + 3 (a1 +y1)(u2 + 62),

6
X3 = 3(a1 +71)(p2 + 62) —/11(/12 + 1%)
X4 =2(a1 +y1)y2 + X3,

Xs = (a1 +y1)(] +73) + a2 Xy — /1172(/12 + 16%) + 30102(u2 + 62),

Xo = 011 [ﬂl(loohzaz +100h2y2 — 50g242) — 50g2 (a1 + y1) (a2 + 72)]
- 2[(0/1 +y)(a2 +y2) + A1 (=22 +4p2) = 2(aq + 1) (p2 + 52)]
X [(01 +y1) (@2 +72) + A1 (=2 = p2) + (1 +y1) (2 + (52)],
X7 = 801147 (12 + 62)* + 5007 (a1 + y1) (8141 — hy (a1 + 1)),

Xg=-1611(1 + 92)2((12 +72) 0-121
~ 5002011 | g1 (a1 +y1) (a2 +y2) + A2 (g11 — 20y (ay +71))]

- 6(m+602) A1 Xr 07011,

Xo = 8(12 + 62)%(az + y2)?07, + 50007, [/120'7(5'1(0!2 +72) — o) + 55 (72 + 02) X5
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- 205 [(01 +y) (a2 +y2) + A1 (=2 +4p2) = 2(ay + y1) (2 + 52)]

X [(a'l +y1)(@2 +72) + (=2 = p2) + S(ar +y1) (2 + 52)],

Xi0 = 07 [g2(a1 + y1) — Aiha] = (12 + 02) X207 — £ (12 + 02)* (02 + y2) o1,

Xi1 = 07 X6 + 601107 X5 (12 + 02) + 807, (12 + 02)* (a2 + 72)?,

X2 =07 [0'11(@2 +72) (822 — a2 +72)) + % X1 Xa | + 2 (12 + 02) (@2 + y2) o1 X,

J 2 [(3ﬁ3 — Bafa)cnolonn — aﬂ4]
o K= .

c1201284

18432 /1191 120—12(72 +6,)Z; + 4608 Ql 120']225 0'1226 - 128 a2,840'12Z7 — 128 07a 0'11,3422

1536 01285 ¢12 (100, (T2 + 602) — 01227 — 0910711 2)

*w=

where

3
= Pofy — (ﬁl&& 144 ):84 192ﬁ2ﬁ3:34 1024ﬁ3’
= pa(a2 +72) = 2 (12 + 62),

[(a’l +y) (@ +y2— Bua +62)) - o + %/11,02]
- Bon(a+7)(m+62),

Zy = (a1 +y1) (a2 +y2 = 2(u2 + 62)) — 212 + 44 p2,
Zs = ﬁi{ﬁom [24 o7 —4oy(a+y) (2 + 92)]

2
+ 07[/33—3((01 +yD)(@2+ 72+ 5(u2 +62) = (A2 + ,02)/11) - %24]

(B;ﬁz

+0'11(C¥2+7’2)(Tz+92)(5153+§—§Z,)}+ZS Ba = 128)

2
Zs = 172040 [ 18432 B0 — 4608 ﬁi(ﬁlm + f—g) + 1248 Bo B2 — 234 ﬁg‘] — 128 822, (12 + 6).

Z7 = 0‘7[(C¥1 +71)(C¥2 +y2+ (w2 +52)) -1 (A +Pz)] ton(az +y2) (2 + 62).
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OIITUYHI COJIITOHHA )14 MOIAEJIIL KOHKATEHAIIIi 3 JUPEPEHIIIAJIBHOIO I'PYIIOBOIO
3ATPUMKOIO, IIOBY/IOBAHI HA OCHOBI CUMETPII JII TA IIaxoay KYMAPA-MAJIIKA
Papxsip Cinrxaii!, Cauin Kymap', Moxamen E. M. Aunnrap?, Pexam M. A. Iloxi6°, Jlina C. Kaaykar®,
Anmkan Bicgac> 0789
YKagpeopa mamemamuru ma cmamucmuru, Henmpanoruii ynieepcumem Iendncaby, Baminoa, 151401, Mendnca6, Indis
2 [Tpozpama mamemamuunoi oceimu, Paxyavmem oceimu ma mucmeyms, Yuisepcumem Coxap, Coxap 311, Oman
3Kagpeopa dpynoamenmanvrux nayx, Paxyavmem exonomiku ma 6iznec-adminicmpyeanns, Innosauiiinuii ynisepcumem,
Hlapkis, €eunem
4Kagpeopa mamemamuxu ma npupodnuuux nayk, Texnonoziunuii yrisepcumem Baxpeiiny, Koponiecmeo Baxpeiin
SKagpeopa mamemamuxu ma gisuxu, Jepucasnuii ynisepcumem Ipambninza, Ipam6aine, Jlyiziana—71245, CIIA
$Kagpedpa mamemamuxu, Paxyvmem npupodnuuux nayx, Texuiunuii ynisepcumem Kapadenis, Tpa63on—61080, Typeuuuna
"Kagpeopa ¢pisuxu ma eaexmponixu, Yuisepcumem Xasap, Baxy, Apuzona—1096, Azep6aiidxcan
8Kagpeopa mamemamuxu ma npuxaadnoi mamemamuru, Yuigepcumem meduunux nayx Cegparo Makeamxo,
Meoynca—0204, IIpemopis, Ilisdenna Agppuxa
9 Haykogo-0ocrionuii yenmp npuxaaduux nayx, Ipusammnuii yrisepcumem npukaadnux nayk, Amman—I1937, Hopdanis
V 1iii po6GOTi PO3MIAAAETECS y3araJlbHeHa MOJIeNIb KOHKATeHalii Il JBONIPOMEHEBUX ONTHUYHUX BOJIOKOH Ta OTPHMaHi HOBI TOYHI
COJITOHHI O3B’ A3KU. BukopucroBytoun ananiz cumerpii JIi, 38’ A3aHi eBOMOLIiHI piBHAHHS NEPETBOPIOIOTLCS Yepe3 BiJNOBiAHI 3MiHHI
MoaiGHOCTI B KEpOBaHy CUCTeMy 3BUYAiHUX qudepeHianbHuX piBHsAHb. OTpUMaHa peayKoBaHa CHCTeMa MOTiM 00pOOISIETHCS METO-
oM Kymapa-Manika 11t OTpUMaHHS KiJIBKOX KJIaCiB SIBHUX PO3B’SI3KiB, 3alIMCAHNX €TiNTUYHUMU, SICKPABUMU CONTITOHHUMHU, TEMHUMU
COJIITOHHMMH Ta TPUTOHOMETPHYHUMH pO3B’si3KaMu Sko6i. 3 BiANOBiAHMMH OOMEXeHHSIMHU MapaMeTpiB IIi KJIaCH CIIPOIIYIOThCS 10
3HAIOMUX SCKPaBHX, TEMHHUX Ta MEPiOJMYHMX COJNITOHHUX XBWIIb. sl imocTpanii (pi3MyHOI MOBEJiHKA OTPUMAaHUX CTPYKTYP Ipej-
CTaBJIeHi perpe3eHTaThBHI rpadiky, sKi MiIKPeconTh iXHi 0COOIMBOCTI MOIIMPEHHs Ta AKiCHY CTaOiIbHICTb. 3araiaoM, MO€JHAHHS
penykiiii cumeTpii 3i cxemoio Kymapa-Masika po3Immpioe KaTaaor aHATITUYIHAX PO3B’SI3KIB U151 MOJIesi KOHKATeHallii Ta MOrIOIIoeE

PO3YMiHHS HEJIIHIMHOT JUHAMIKY IMITYJIbCIB Y JBOIIPOMEHEBUX CEpeJOBUINAX.
Kurouosi cioBa: cmpyxkmypa konkamenayit; ananiz cumempii epynu JIi; memoo Kymapa-Manika; onmuuni conimonni xeuni; 06o-

NpOMeHe8i BONOKOHHI cepedosua, po38’ sizku eainmuunoi pynkuit Axooi
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