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In this work, we investigate an anisotropic Bianchi type—VII cosmological model in the framework of Lyra geometry filled with perfect
fluid matter and Tsallis—Barrow holographic dark energy. The modified Einstein field equations are derived, and exact solutions are
obtained by assuming a power-law average scale factor for a decelerating universe. Expressions for various cosmological parameters,
such as the Hubble parameter, expansion scalar, shear scalar, matter density, dark energy density, and density parameters, are derived
and analyzed. The behaviour of these parameters indicates that the universe is expanding continuously, with the expansion rate
decreasing with cosmic time. The anisotropy parameter decreases gradually, indicating that the universe evolves towards isotropy at
late times. Energy conditions, stability analysis, and cosmological diagnostics, including the statefinder and Om parameters, are also
examined to evaluate the model's physical viability. The results suggest that Tsallis—-Barrow entropy corrections in Lyra geometry
provide a consistent framework for studying anisotropic cosmological evolution and dark energy dynamics.
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1. INTRODUCTION

Modern observational cosmology strongly indicates that the universe is currently undergoing accelerated expansion.
The first observational evidence for this phenomenon came from high-redshift Type Ia supernova observations, which
revealed that distant supernovae appear dimmer than expected in a decelerating universe [1]. Subsequent observations of
the cosmic microwave background radiation and baryon acoustic oscillations further confirmed this result [2,3]. These
observations suggest that nearly 70% of the universe's total energy density is composed of a mysterious component known
as dark energy.

The simplest candidate for dark energy is the cosmological constant introduced by Einstein in the framework of general
relativity. Although the cosmological constant model successfully explains many observations, it faces theoretical problems
such as the fine-tuning and coincidence problems [4]. These issues have motivated the development of alternative dark
energy models, including scalar-field models, modified gravity theories, and holographic dark energy models.

The holographic principle, originally proposed in the context of black hole thermodynamics, provides a theoretical
foundation for holographic dark energy models [5]. In this approach, the dark energy density is related to the infrared
cutoff of the universe. Recently, entropy-corrected holographic dark energy models have been proposed to incorporate
quantum gravitational effects. Among these models, the Tsallis—Barrow holographic dark energy framework has attracted
considerable attention because it combines two different entropy modifications arising from non-extensive statistical
mechanics and quantum gravitational corrections [6—8].

In addition to modified dark energy models, modified gravitational theories have also been proposed to explain
cosmic acceleration. Lyra geometry, introduced as an alternative to Riemannian geometry, modifies Einstein's field
equations by introducing a displacement vector field [9-13]. This modification has been used to study various
cosmological models.

Furthermore, anisotropic cosmological models such as Bianchi spacetimes provide a more general description of the
early universe. Among them, the Bianchi type VII model represents an anisotropic generalization of the Friedmann universe.

Inspired by the above developments, the present study explores a Bianchi type—VII anisotropic cosmological model
in the framework of Lyra geometry incorporating Tsallis-Barrow holographic dark energy. The paper is organized as
follows. Section 2 introduces the space—time metric and derives the model's field equations. In Section 3, exact solutions
of the cosmological model are obtained. Section 4 examines the behaviour of the key physical and cosmological
parameters. Section 5 presents various cosmological diagnostic tools used to analyse the model. Section 6 compares the
obtained results with standard cosmological models. Section 7 discusses the physical implications of the results, and
finally, Section 8 summarizes the main findings and conclusions of the work.
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2. METRIC AND FIELD EQUATIONS
We consider the anisotropic Bianchi type—VII metric given by

ds? = —dt? + A*(t)dx? + B*(t)e*™dy* + C*(t)e*"*dz>.

The average scale factor is defined as
a = (ABC)'/3.
The average spatial volume is
V =a3.
The modified Einstein field equations in Lyra geometry are
R;j — %gin + §¢i¢j - %gij(pk(l’k = —Tj;.
The displacement vector is chosen as

¢ = (B(1),0,0,0).
The energy-momentum tensor for a perfect fluid is
Tij = (p + P)uy; + pgij.
The total density and pressure are

P = Pm t PP = Pm t Pra-
The energy density of Tsallis—Barrow holographic dark energy is defined as

pPre = 3C2H2(2_5).
Where c is a model constant, § is the entropy deformation parameter.

3. SOLUTION OF THE MODEL
To obtain exact solutions, we assume the relation

which yields

We assume a power-law scale factor

The Hubble parameter becomes

For 0 < s < 1, The universe exhibits decelerating expansion.

4. PHYSICAL PROPERTIES OF THE MODEL
The expansion scalar is

6 =3H =
t+tg
The shear scalar becomes
2 3(r-1)%s?
T (r+2)2(t+tg)?’
The anisotropy parameter is
2(r-1)2
A= .
(r+2)?

The matter density evolves as
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Pm = Pmo(t + tO)_3S(1+wm)-

The Matter pressure is
Since p,;, = Wy, Pm, WE obtain

Pm = OmPmo (t + to)_35(1+wm)

The dark energy density becomes

R )2(2—5)

t+to

prg = 3¢? (

Where c= model constant, §= Tsallis—Barrow entropy parameter.

an

(18)

19

These expressions indicate that the expansion rate decreases with cosmic time and the universe gradually approaches

isotropy.
Behaviour of Tsallis-Barrow Holographic Dark Energy Density p_TB(t)
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Figure 1. prp vs. Cosmic time t

The graph was plotted using the following parameter values: ¢ =1, s= 1, t-=0.5, § = 0.2, 0.6, 1.0, 1.4
We observed from Figure 1, (i) pyg(t) decreases with cosmic time t (i) Larger values of dproduce a slower decay
of dark energy density. (iii) For small §, The density falls rapidly at early times. (iv) At late times, all curves approach

zero, indicating dilution of dark energy density during cosmic evolution.
The Tsallis—Barrow equation of state parameter is

42029

wrg =—1
TB 25

Variation of w_TB with 6 for different s

(20)
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Figure 2. wyg vs. Cosmic time t

2.0

Figure 2 was plotted using: s =0.5, 0.6, 0.8, 1.0 and the entropy parameter range is 0.5 <8 < 2.0

The graph shows that. wrp decreases linearly with increasing §. For smaller values of s,

The equation of state remains in
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the quintessence region for a larger interval. As § — 2 The line wrp = —1 represents the ACDM/cosmological constant
phase. The dotted lines represent: w = —1/3(transition to accelerated expansion) and @ = —1(phantom

divide/cosmological constant boundary).
From the field equations the Lyra displacement function is

pr=t[ 2 ) @1

3 L(r+2)2(t+tg)?

If r varies, the curves change in magnitude, and the early-time behaviour is more sensitive to r. If s varies, larger

sgives higher values of $2(t), especially near the origin. If p varies, there is increasing p shifts the curve downward. In

1

all cases, the curves generally decrease with cosmic time because of the mterm.
+lo

Early-Time Behaviour (t = 0), At the beginning of cosmic evolution, the scale factor a(t)is very small but non-
zero, The spatial volume V = a3is also small, indicating a compact early universe, The Hubble parameter H =

becomes very large. The expansion scalar 8 = ti—i also takes large values. The shear scalar o2 o — 1tis large,
0

(t+to)?

showing that anisotropies dominate in the early universe. Matter density is high because the cosmic volume is small.
Thus, the early universe is characterized by a high expansion rate, strong anisotropies, and large energy density. Late-
Time Behaviour (t — o), At late cosmic times, the scale factor becomes very large. The spatial volume increases
indefinitely. The Hubble parameter approaches zero H — 0, indicating slow expansion. The expansion scalar decreases
steadily, The shear scalar tends to zero. 62 — 0 showing that the universe becomes nearly isotropic at late times. Matter
density decreases significantly due to cosmic expansion. The TBHDE component may dominate the total cosmic energy
density depending on the entropy parameter §. Hence, the model describes a universe evolving from an anisotropic, high-
density early phase to a smoother, more isotropic late-time universe.

t+to

5. COSMOLOGICAL DIAGNOSTICS
5.1 Energy Conditions

@) Null Energy Condition
pt+tp=0 (22)
Using the obtained model,
p+p=(pm+pre) + (Pm +Prs) (23)
p+p =0+ wn)pm+ (1 + wrp)prs (24)
If this quantity remains positive, the NEC is satisfied.
(ii) Weak Energy Condition
p=0,p+p=0 25)

In the present model

p=pm+tprg (26

Since both densities are positive, the WEC remains satisfied for realistic parameter choices.
(iii) Strong Energy Condition

p+3p=0 (27)
Substituting the model parameters,

p +3p = pm + prg + 3(Pm + Dra)- (28)

If the TBHDE pressure becomes sufficiently negative, the SEC may be violated. Such a violation is generally associated
with cosmic acceleration.
@iv) Dominant Energy Condition

p=lpl (29)
which ensures that the energy density dominates over pressure and that energy flow remains causal. In the present

model, the DEC depends on the magnitude of dark energy's pressure.

5.2 Stability Analysis
The stability of the cosmological model can be examined using the square of the sound speed.

d
vi=2 (30)
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A physically stable model requires 0 < vZ < 1.
Substituting the model expressions,

2 _ A(pm*pTB)
g = (31)
d(pm+pTB)
Since p,, = Wy Pm, We obtain
wmdpm+d
vsz — ®mdPm pTB. (32)
dpm+dpre

The stability condition depends on the behaviour of the TBHDE pressure and density. If the above inequality holds,
the cosmological model remains classically stable.

5.3 State Finder Diagnostic
The state-finder parameters provide a useful tool for distinguishing among different dark energy models.
They are defined as

a 1 d3a
e TE e TR (33)
r—1

s = . 34
3(a-3) (34

For the power-law scale factor from eq. (11)
a(t) = ao(t + to)s. (35)

The state finder parameters become
r= G (36)
r—1

Ssf = —— 37
sf 3(q—%) ( )

The pair (2 s)helps compare the present model with the standard ACDM model, which corresponds to
(r,s) = (1,0). (38)

Deviation from this point indicates the influence of entropy-corrected holographic dark energy.

5.4 Om Diagnostic
The Om diagnostic is another tool for distinguishing dark energy models in a model-independent manner.
It is defined as

—H? 2/s_
om(z) = H%(z)-HE _ (1+2)%/°-1 (39)

HE[(1+2)3-1] (1+2)3-1 "

Where z is redshift, Hy = s is present Hubble parameter (At z = 0),

Using the obtained Hubble parameter H(t) = ﬁ and the relation
0
ag 1

1+z2=26 = G

(40)

The Om diagnostic can be evaluated. If O0m(z)is constant, this model is the ACDM model. If Om(z)increases with
z then it is phantom behaviour, If Om(z)decreases with z then it is quintessence behaviour. Thus, the Om diagnostic
helps identify the nature of dark energy in the present cosmological model.

6. COMPARISON WITH STANDARD COSMOLOGICAL MODELS

The ACDM model, the Standard Holographic Dark Energy (HDE) model, and the present Tsallis—Barrow
Holographic Dark Energy (TBHDE) model in Lyra geometry differ mainly in their geometries, gravitational frameworks,
and dark energy formulations. The ACDM and standard HDE models are constructed within the FRW isotropic spacetime
under General Relativity. In contrast, the present model considers a Bianchi type VII anisotropic spacetime in the
framework of Lyra modified geometry.

In the ACDM model, dark energy is represented by the cosmological constant A, which yields a constant energy
density and an exponential expansion of the universe. In contrast, the standard HDE model introduces holographic dark
energy, in which the energy density depends on an infrared cutoff scale, leading to a time-dependent dark energy density
that can explain cosmic acceleration.
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Feature ACDM Model Slt;‘;r‘]i(a;:‘:l g‘g"y"(glrﬁ;’é‘;c Present TBHDE-Lyra Model
Geometry FRW isotropic FRW isotropic Bianchi type—VII anisotropic
Gravity General Relativity General Relativity Lyra modified geometry
Dark Energy Cosmological constant A Holographic dark energy Tsallis—Barrow holographic dark energy
Scale Factor Exponential expansion Depends on the cutoff scale Power-law expansion
Anisotropy No anisotropy No anisotropy Anisotropic early universe
Dark Energy Behaviour Constant density Time-dependent Entropy-corrected density
Cosmic Evolution Late-time acceleration Accelerating universe Decelerating anisotropic model
Additional Parameters A ¢ parameter ¢, 0 entropy parameter
Additional Parameters A ¢ parameter ¢, 0 entropy parameter

The present TBHDE-Lyra model extends this idea by incorporating Tsallis—Barrow entropy corrections, which
modify the holographic dark energy density through the entropy parameter §. Unlike the isotropic models, this framework
allows an anisotropic early universe, represented by the Bianchi type—VII geometry. The scale factor evolves with a
power-law expansion, and the dark energy density becomes entropy-corrected and dynamically evolving.

Overall, while the ACDM and HDE models mainly describe an isotropic accelerating universe, the present TBHDE—
Lyra model provides a more general cosmological scenario that includes anisotropy, modified gravity, and entropy-
corrected holographic dark energy, characterized by the parameters ¢ cand §.

7. DISCUSSION

The present cosmological model describes an anisotropic Bianchi type—VII universe in the framework of Lyra
geometry filled with perfect fluid matter and Tsallis—Barrow holographic dark energy (TBHDE). The model is constructed
using a power-law average scale factor, which represents a simple decelerating cosmological evolution.

The obtained solution shows that the scale factor increases monotonically with cosmic time, indicating a
continuously expanding universe. The Hubble parameter decreases over time, indicating that the rate of expansion slows
as the universe evolves. This behaviour is consistent with a decelerating cosmological phase.

The expansion scalar also decreases over time, indicating that the universe's expansion becomes less rapid at later
epochs. The shear scalar, which measures anisotropy in the expansion, decreases proportionally to t 72, This indicates that
the universe's anisotropies gradually decrease with cosmic evolution. When the anisotropy parameter r = 1, the model
reduces to the isotropic Friedmann universe.

The matter density decreases as the universe expands due to the dilution of matter in an increasing volume. In
contrast, the Tsallis—Barrow holographic dark energy density evolves according to the entropy deformation parameter &,
which governs the behaviour of dark energy.

The displacement vector [(t)arising from Lyra geometry contributes additional geometric effects to the cosmic
dynamics. This term behaves like a time-dependent cosmological function that affects the model's effective pressure and
energy density.

Overall, the obtained cosmological model provides a consistent description of anisotropic cosmic evolution in
modified geometry and illustrates how entropy-corrected holographic dark energy can influence the large-scale dynamics
of the universe.

8. CONCLUSIONS

In this work, we constructed a Bianchi type—VII cosmological model in Lyra geometry filled with perfect fluid
matter and Tsallis—Barrow holographic dark energy. Exact solutions of the modified field equations were obtained using
a power-law scale factor. The behaviour of cosmological parameters such as the Hubble parameter, expansion scalar, and
shear scalar was analysed. The model shows continuous cosmic expansion with a decreasing rate of expansion. The
universe's anisotropies decrease gradually, indicating a transition towards isotropy at late times. Matter density decreases
as expected due to cosmic expansion, while the behaviour of dark energy depends on the entropy deformation parameter.
The analysis of energy conditions, stability criteria, and cosmological diagnostics confirms the model's physical viability.
The results suggest that Tsallis—Barrow holographic dark energy in Lyra geometry provides a useful framework for
studying anisotropic cosmological evolution.
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KOCMOJIOTTYHA MOJEJIb B’STHYI TUITY-VII 3 T'OJIOT'PA®IYHOIO TEMHOIO EHEPI'TEIO HAJVIICA-BAPPOY
B TEOMETPII JIIPA
P. Canri Kymap!, I1. Xapikpiman?, B. Illpinisaca Pao', B. lonana Kpimna', A. Jlakmmana Pao', C.B. Mapyri IIpacan!,
K.ILC. Cypbsinapasina!, M. Pamanamypri', IL. Bacy!, B. Jisbs'
! Inemumym mexnonoeiii ma menedcmenmy Adimos, K. Kommypy, Texxani, okpye Llpixaxynam, Anoxpa-Ilpadew, Indin-532203
2Inemumym ingpopmayitinux mexnonoziti Binvs, Biwaxxanamuam, Inois

V wiif po6oTi MU OCITIPKYEMO aHI30TPOIHY KOCMOJIOTiuHy Mozens Tuity bianki VII B pamkax reometpii Jlipu, 3arioBHEHOI ineanbsHOI0
pinkoro Marepiero Ta ronorpadidnoro TemMHoro eHeprieto [lamnica-bappoy. Bueneno MoandikoBani piBHsHHS nois ElHmreitna, a
TOYHI PO3B'I3KM OTPUMAHO, MPUIYCKAIOYM CTEIICHEBHU cepeqHiii MaciuTaOHuil koedilieHT st BcecBiTy, 10 CIOBUIBHIOETHCS.
BuBeneHo Ta npoaHati3oBaHO BHPA3W Ul PI3HMX KOCMOJIOTIYHHX MapaMeTpiB, TaKUX sK mapameTp Xa00ma, cKaysip pO3LIMPEHHS,
CKaJsIp 3CYBY, TyCTHHA MaTepii, TyCTHHA TEMHOI eHeprii Ta mapameTpu ryctiHu. [loBefiHKa X mapaMeTpiB BKasye Ha Te, 1110 BeecBiT
0e3mepepBHO PO3IIUPIOETHCS, IPUUOMY IIBUIKICTh PO3IIMPEHHS 3MEHIITYETHCS 3 KOCMIYHUM YacoM. [lapaMeTp aHi30Tporii mocTymoBo
3MEHIIY€ThCA, IO BKAa3y€ HA T, [0 BCeCBIT €BOMIOIIOHYE A0 130TpOMii Ha Mi3HIX eTanax. Takoxk JOCTiIKYIOThCS CHEPreTHIHI YMOBH,
aHami3 CTaOLIBHOCTI Ta KOCMOJOTIYHA MIaTHOCTHKA, BKJIIOYAIOUM MapaMeTpH IOHmIyKy craHy Ta Om, Uit OWmiHKH (i3HYHOL
JKHUTTE3AATHOCTI MoJieni. Pe3ynsTaTy mokasyioTs, mo nonpasku entportii Llamrica-bappoy B reometpii Jlipn 3a0e3meayioTs y3romkeHy
OCHOBY JUIsl BUBUCHHSI aHI30TPOITHOT KOCMOJIOTIYHOT €BOJIOLIT Ta ANHAMIKHM TEMHOT eHeprii.
KuarwuoBi cioBa: xocmonoeis muny bianxi VII; ceomempisn Jlipu; eonoepagiuna memua enepeis Llannica-Bappoy; auizomponHuil
Bcecsim, moougpixosana epasimayis; kocmonoiuna oiaznocmuxa





