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This work investigates the thermodynamic properties of a two-dimensional electron gas in manganese-doped diluted magnetic
semiconductor superlattices, with particular emphasis on the chemical potential. Within the grand canonical formalism, a general
expression for the chemical potential is derived that is valid for both degenerate and nondegenerate cases. In the nondegenerate limit,
the chemical potential decreases with increasing temperature and exhibits a logarithmic dependence on carrier density; the temperature
sensitivity is most pronounced at low carrier concentrations, where entropic effects dominate. In the degenerate regime, Landau
quantization leads to a characteristic stepwise oscillatory dependence of the chemical potential on the applied magnetic field. The
influence of the exchange interaction is analyzed in two limiting cases: in the weak-coupling limit, the correction to the chemical
potential is linear in the Mn concentration and exchange constant, whereas in the strong-coupling limit, the system approaches complete
spin polarization with carriers confined predominantly to a single spin channel. The exchange interaction introduces an additional spin-
dependent contribution described by the Brillouin function, resulting in the most pronounced modifications at low temperatures and in
strong magnetic fields.
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1. INTRODUCTION

Diluted magnetic semiconductor superlattices (DMSSs), which combine semiconductor heterostructures with magnetic
impurities, have attracted considerable attention as promising candidates for spintronic applications [1,2]. Their distinctive
physical properties arise from the interplay between quantum confinement and exchange coupling between itinerant charge
carriers and localized magnetic moments [3,4]. The incorporation of transition-metal ions, particularly Mn, into III-V
semiconductor superlattice structures gives rise to pronounced phenomena such as giant Zeeman splitting, enhanced Faraday
rotation, and strong negative magnetoresistance [5,6]. A detailed understanding of the thermodynamic behavior of a two-
dimensional electron gas in diluted magnetic semiconductor superlattices is therefore essential for controlling and optimizing
their electronic and magnetic properties. Among the relevant thermodynamic quantities, the chemical potential plays a
central role, as it governs carrier statistics, transport properties, and magnetic response [7]. In low-dimensional systems, the
chemical potential differs substantially from that of bulk materials due to modifications of the density of states and quantum-
size effects [8]. Previous theoretical studies of two-dimensional electron gases have primarily focused on nonmagnetic
quantum-well structures [9, 10], whereas investigations that explicitly incorporate exchange interactions in superlattice
configurations remain relatively limited [11-12]. Recent advances in molecular beam epitaxy have enabled the growth of
high-quality diluted magnetic semiconductor superlattices, such as (Ga, Mn)As/AlGaAs [13,14], further emphasizing the
need for a comprehensive theoretical description of their thermodynamic properties. The exchange interaction between
conduction electrons and localized d electrons of magnetic ions is a key mechanism governing the electronic structure and
magnetic behavior of these materials [15]. This coupling can significantly modify the band structure and may give rise to
carrier-induced ferromagnetism [16-18]. Consequently, analyzing its influence on thermodynamic quantities, particularly
the chemical potential, is crucial for the development of efficient spintronic devices [19].

The present work differs from previous theoretical studies in several important aspects. We derive a unified
analytical expression for the chemical potential within a single grand canonical formalism that remains valid in both the
degenerate and nondegenerate cases, without introducing separate approximations for each limit. Second, the role of the
exchange interaction is investigated in two distinct coupling regimes, namely the weak-coupling limit (ax <« 1) and the
strong-coupling limit (ax > 1). This approach leads to compact analytical expressions (Egs. 13—15) that describe the
crossover from linear to saturated behavior of the spin-polarization-induced correction to the chemical potential. To the
best of our knowledge, such an analytical description has not previously been obtained for diluted magnetic semiconductor
superlattices. Third, unlike strictly two-dimensional quantum-well models [9-12], the present treatment explicitly retains
the superlattice miniband dispersion along the growth direction through the cos a k, term in Eq. (1).
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In this work, the thermodynamic properties of a two-dimensional electron gas in manganese-doped diluted magnetic
semiconductor superlattices are theoretically investigated, with particular emphasis on the chemical potential. Using the
grand thermodynamic potential formalism [20], which naturally incorporates the effects of temperature, magnetic field,
and carrier concentration, a general expression for the chemical potential is derived. Within this framework, the
nondegenerate regime of the electron gas is analyzed, taking into account the exchange interaction between conduction
electrons and localized magnetic moments of Mn ions. The results demonstrate that, in the nondegenerate case, the
chemical potential decreases with increasing temperature and exhibits a logarithmic dependence on carrier density.
Furthermore, the exchange interaction modifies the chemical potential through a contribution described by the Brillouin
function, with the most pronounced effects occurring at low temperatures and in strong magnetic fields.

2. ENERGY SPECTRUM AND CHEMICAL POTENTIAL OF DMSS
In a strong magnetic field applied perpendicular to the superlattice layers, the electronic motion in diluted magnetic
semiconductor superlattices becomes quantized within the plane of the layers, while the spin degeneracy of the electronic
spectrum is removed. Under these conditions, the electron energy spectrum can be expressed as [21]:

e(N,0,k,) = (2N + 1)uB + gg(1 —cosak,) + g ougB + 34S, €))

where N = 1,2,... are the Landau quantum numbers, k, is the quasi-momentum component along the z-axis, u =
(my/m )ug, my is the mass of a free electron, m, is the mass of the electron in the plane of the layer, &, is the half-
width of the conduction band in the direction k,, a is the superlattice period in the direction z, g* is the effective g-factor
determined from the band structure, and the rest are standard constants, S is spin of magnetic impurity, 4 =
— (Noa(|S;1)x)/6- the magnitude of the exchange splitting, N, is the number of cells per unit volume, a is constant
describing the change in the structure of the band caused by the exchange interaction, x is the molar concentration of the
impurity. It can be seen that each Landau level is split into two spin sublevels, and the splitting of the Nth Landau level
is equal to Ae = g*ugB. In this work, manganese ions with spin 5/2 are taken as impurities, and then Eq. (1) takes the
form:

e=@N+1)uB + ig,uBB + gaxf(B, T) + eo(1 —cosak,). 2)
where x is the molar concentration of manganese, and f(B,T) = EBS /2 (%), with Bg(x) = 24 cen B %cthg
B

being the Brillouin function.
The chemical potential { of the electron gas can be obtained via the Gibbs method from the grand thermodynamic

potential 2 = Q(T,V,{,B) [20]:
1/00
v (a_z)”, 3)

where the grand potential in a quantizing magnetic field is given by [21]:

N =—kpT —— ZNSUf In(1+ e +e0c0sZ)dz, “)

Za(ﬂ:R)2

where R = (h/eB)/? is the magnetic length, n* = {* — 5 — €5, {* = {/kgT, e} = ex/kgT, { is the chemical potential,
Z(e) = ak, = arccos(1— (e —¢&,)/&), &v= QN+ DuB, & =¢y/ksT, &, =¢&(N,0,k,)— 2N+ 1DuB—
g ougB — 3AS. The upper limit of the integral is defined as [22]:

T, &> 2¢
guB saxf(B,T)
UB+F———F——~—¢ . 5
Z 2 ), £ < 2¢ ©)

€o

Zo = arccos (1 +

Changing the integration variable from dZ to dg, the grand potential becomes:

0= 32 Vs fo P2 n (14 exp (£5) ) de. ©)

Substituting this expression into account in (3) yields a general formula for the chemical potential, valid for arbitrary
magnetic field strength and electron gas degeneracy:

_ 1 2gg f(e)de
T 2(nR)? Znsals a/(e—e) 25— (e-€") ’ )
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where * = ugB(2N + 1) + %g,uBB ¥ ;axf(B, T), and f (¢) is the Fermi distribution function.
In the nondegenerate limit ({ — & < kgT), this expression reduces to:

—c*

—_1 mkpT *kgT
n= 2a(eR)? A 2 YnsceksT. (8

or equivalently,

( = kBTln

kgT

PN
2na(mR)? 220 (Zw,s,ae_k?) l )

Eq. (9) indicates that, for a nondegenerate electron gas, the chemical potential increases logarithmically with carrier
concentration and decreases with increasing temperature. Temperature elevation facilitates the occupation of higher-
energy states, resulting in a reduction of the chemical potential, while the dependence on the magnetic field arises through
the quantized energy levels £*.

3. RESULTS AND DISCUSSION
The chemical potential of a two-dimensional electron gas in diluted magnetic semiconductor superlattices is
determined by the combined effects of carrier concentration, temperature, magnetic field, and exchange interactions. In
the nondegenerate case, to obtain the explicit dependence of the chemical potential on carrier concentration, exchange
interaction, and temperature, the corresponding plots (Figs. 1-3) were constructed using the following parameters:
& =10meV, a=5nm,g=2,x=0.05,a=0.22eV [1].
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Figure 1. Chemical potential dependence on electron concentration {(n)

As shown in Fig. 1, the chemical potential increases monotonically with electron concentration for all considered
temperatures at a fixed magnetic field (B = 1 T), following a logarithmic dependence { « kgTln(n), characteristic of a
nondegenerate electron gas. At low carrier concentrations, the large number of available states leads to high entropy and
strongly negative values of . As the concentration increases, low-energy states become progressively occupied, entropy
decreases, and the chemical potential shifts toward zero. An increase in temperature lowers the chemical potential due to
enhanced thermal excitation, which redistributes electrons over higher-energy states. The exchange interaction between
conduction electrons and localized Mn moments further modifies the chemical potential through the Brillouin function,
with the strongest effects occurring at low temperatures and in strong magnetic fields. In addition, Landau quantization
alters the density of states, introducing further corrections to {. The exchange interaction significantly influences the
chemical potential in systems containing magnetic impurities. An increase in the exchange parameter o lowers the energy
spectrum and reduces the chemical potential by shifting electrons toward lower-energy states, with the most pronounced
effect observed at low temperatures. As shown in Fig. 2, at low temperature (T = 50K) the chemical potential decreases
most rapidly due to nearly complete spin polarization of Mn ions. At higher temperatures, thermal fluctuations reduce the
degree of spin polarization and weaken the exchange-induced shift, resulting in a smaller variation of the chemical
potential. As seen from Fig. 3, the chemical potential decreases monotonically with increasing temperature for all
considered carrier concentrations, in accordance with Eq. (9). This behavior reflects the fundamental statistical nature of
the nondegenerate electron gas: as temperature rises, thermal excitation redistributes carriers over a broader range of
energy states, increasing the configurational entropy and driving the chemical potential to more negative values.
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Figure 2. Chemical potential dependence on exchange interaction { ()

At higher carrier concentrations, the chemical potential remains less negative over the entire temperature range. This
follows directly from the logarithmic dependence in Eq. (9): a larger carrier density reduces the number of unoccupied
low-energy states available per electron, thereby increasing the chemical potential relative to the low-concentration case.
The temperature sensitivity of the chemical potential is more pronounced at lower concentrations. For n = 10*m™2, the
chemical potential decreases steeply with temperature because the sparse carrier distribution leaves many thermally
accessible states, leading to strong entropic effects. For n = 10'®m™2, the lower-energy states are more strongly
occupied, which moderates the temperature-induced reduction of the chemical potential. The exchange interaction
between conduction electrons and localized Mn moments introduces an additional correction through the Brillouin
function, as described by Egs. (13)—(14). At the magnetic field value considered (B = 1 T), this correction remains
moderate; its influence becomes most significant at low temperatures, where the Mn spin polarization approaches
saturation and the Brillouin function approaches unity.
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Figure 3. Chemical potential dependence on temperature {(T)

To assess the quantitative validity of the analytical results, we compare the temperature dependence predicted by
Eq. (9) with the self-consistent numerical calculations reported by Dietl and Ohno [9] for (Ga, Mn)As at low Mn
concentrations (x = 0.05) and B = 1 T. Using the material parameters adopted in the present work (g9 = 10 meV,a =
5nm,g =2,a =0.22eV), Eq. (9) reproduces the correct order of magnitude of the chemical potential and the
characteristic logarithmic decrease with temperature observed in those calculations. The quantitative agreement is
satisfactory in the nondegenerate case (T > 50 K), while deviations at lower temperatures are expected due to the onset
of degeneracy effects not captured by Eq. (9) alone. We note that direct experimental measurements of the chemical
potential as a function of magnetic field and exchange coupling strength are not yet available for Mn-doped superlattice
geometries specifically; such measurements would provide a stringent test of the present theory and are identified as an
important direction for future experimental work.

In the degenerate case ({ — & > kgT), all quantum states up to Ny, are filled (quantum limit):

n=——N, (10)

" 2q(mR)2 " max’
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and the chemical potential equals the energy of the highest occupied level:
{ = eNpa, (B). an

This leads to stepwise variation of {(B) with quantum oscillation character as the magnetic field varies (Fig.4).
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B

Figure 4. Chemical potential dependence on magnetic field {(B)

Fig. 4 demonstrates the stepwise decrease of { with increasing magnetic field, reflecting the sequential depopulation
of Landau levels. Each plateau corresponds to a fully occupied level, and its width is determined by the Landau level
spacing fiw, which increases linearly with B (here, w, is the cyclotron frequency of an electron in a magnetic field). At
low magnetic fields, closely spaced levels produce almost smooth variation of { , whereas at higher fields the oscillations
become clearly resolved. The miniband dispersion along the z-direction introduces additional broadening, distinguishing
the superlattice from an ideal strictly two-dimensional system. The exchange interaction further shifts the spin-split
sublevels and modifies the positions of the steps.

Let us determine the influence of exchange interaction on the chemical potential. Separating the spin contributions
in the summation yields:

_& _ ek | saxf(BT)
Ynsce BT =Yysse kBT kBT (12)

For weak exchange coupling, the chemical potential becomes:

_ _ Saxf(B,T) . ug*B
W, 0) =0, kBTln[1+ o 51nh(2kBT)]. (13)

In the limit of weak exchange interaction (ax <« 1), expansion yields:

Saxf(B,T) *B
g = — 2L tanh(“z’jiT). (14)

Thus, in this case, the exchange correction to the chemical potential is linear in both doping concentration x and
exchange constant .
In the case of strong exchange interactions (ax > 1), one obtains:

matuy [ ’
na(m 7TkBTe . (15)

Thus, a strong spin polarization develops, and electrons predominantly occupy a single spin channel. In the weak-coupling
limit (ax < 1), Eq. (14) indicates that the exchange correction to the chemical potential is linear in both x and a, with the
hyperbolic tangent term reflecting thermally induced spin polarization. In the strong-coupling limit (ax > 1), Eq. (15)
describes a fully spin-polarized electron gas in which carriers occupy essentially one spin subband. The factor of 4 in Eq.
(15), compared with the factor of 2 in Eq. (9), reflects the effective modification of the density of states associated with
occupation of a single spin channel. The transition from partial to complete spin polarization with increasing exchange
interaction strength is directly relevant to spintronic applications, as it determines the conditions under which the superlattice
can operate as an efficient spin filter.

< = kBTlTL
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4. CONCLUSIONS

A theoretical framework describing the chemical potential of a quasi-two-dimensional electron gas in Mn-doped
diluted magnetic semiconductor superlattices has been developed within the grand canonical formalism. Analytical
expressions valid in both the degenerate and nondegenerate cases have been derived and numerically analyzed. In the
degenerate limit, Landau quantization gives rise to a characteristic stepwise oscillatory dependence of the chemical
potential on the magnetic field. In the nondegenerate case, the chemical potential is determined by the interplay among
carrier concentration, temperature, and exchange coupling. Weak exchange interaction introduces a correction
proportional to the Mn concentration and the exchange constant, whereas strong exchange coupling leads to nearly
complete spin polarization, with carriers predominantly confined to a single spin channel. The obtained results establish
a direct quantitative relationship between the microscopic exchange parameters of diluted magnetic semiconductor
superlattices and their macroscopic thermodynamic properties. These findings may provide a theoretical basis for tailoring
material parameters in the design of future spintronic devices.
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TEPMOJUHAMIYHI BJIACTUBOCTI PO3BABJIEHUX MAT'HITHUX HAIIIBITPOBIAHUKOBUX
HAATPATOK, JETOBAHHUX Mn
Mexxi M. Maxmynos!, Pari6 M. Tamipos!, Haina C. Capraposa?, Apsy M. Axmajosa’

'Kagpeopa izuxu meepdozo mina, Baxuncexuii Oepocasnuii ynisepcumem, eyiuys 3. Xaninosa, 23, AZ1148, Baxy, Azepbaiidscan
’Kagpeopa npupoonuuux nayk, Cymeaimcokuii depocagnuti yricepcumem, eyauys Baxy, 1, AZ5008, Cymeaim, Asepbatiosican
3Kaghedpa inocenepii ma npuxnaonux nayx, Azepbariojcancokuti Oepicasnuii ekoHomivnutl yrieepcumen,
eynuys Iemienanism, 6, AZ1001, baxy, Azepbatioxcan
VYV wmiit poboTi IOCHIAKYIOTBCS TEPMOJMHAMIYHI BIACTHBOCTI JBOBHMIPHOTO EIEKTPOHHOIO ra3y B pO30aBICHMX MarHiTHUX
HAMiBIPOBITHUKOBUX HaJIpaTKax, JIErOBAHUX MapraHieM, 3 OCOOJMBHM aKIEHTOM Ha XIMiYHMI NOTeHILian. Y paMKax BEJIHKOro
KaHOHIYHOTO (hopMalizMy OTpHMaHO 3arallbHUH BUpPa3 JUIs XIMIYHOTO MOTEHIIATY, SIKUH € CIIpaBeUIMBUM SK JUI BUPODKEHHX, TaK i
IUIT HEBHPOKCHUX BUMANKIB. Y HEBUPODKEHIM TpaHMI XIMIYHHI MOTEHIiad 3MEHIIYEThCS 31 3pOCTaHHSAM TEeMIepaTypu Ta
JIEMOHCTPY€E JIOrapu(MIidHy 3aleXHICTh BiJ] TYCTHHM HOCIIB; TeMIepaTypHa UyTJHBICTb € HAaHOLIBII BHPAaXEHOIO 33 HHU3BKUX
KOHIIEHTpaNii HOCIiB, e JOMIHYIOTb EHTpPOIIiiTHI eeKTH. Y BHPOIKEHOMY PEXXUMi KBaHTyBaHHs JIaHay IPH3BOIUTE 10 XapaKTepHOT
CTYHIHYAacTOI KOJNMBAIBHOI 3aJIC)KHOCTI XIMIYHOTO TOTCHI[aNy BiJi MPHUKIAJCHOrO MArHITHOTO mojisi. BruB oOMiHHOT B3aeMoil
QHANI3yeThCsl y JIBOX TPAaHMYHUX BHUIIAAKaX: Yy TPaHMII Cl1aOKoro 3B'A3Ky IONpaBKa J0 XiMIYHOTO IOTEHLIiay € JiHIIHOI0 1010
KoHIeHTpauii Mn Ta KOHCTaHTH 0OMiHY, TOAI SIK Y TPaHHILIi CHJILHOTO 3B'13Ky CHCTeMa HaOJIMKAETHCS 10 TIOBHOI CIIIHOBOT MOJISIpH3aLil
3 HOCISIMH, 0OMEKEHHMH MEePEBAKHO OJHUM CITIHOBUM KaHaiioM. OOMiHHA B3a€MOJIisi BHOCHTh HOJATKOBHI CITiH3aJICKHUIT BHECOK,
[0 OMHUCYEThCs QYHKLIE bpimmoena, i pu3BOIUTH 1O HAHOUIBII BUpaKeHUX MOAUQIKALil 32 HU3PKUX TEMIIEPATyp Ta B CHIIBHUX

MAarHITHHAX MOJISIX.
KonrouoBi cioBa: posbaeneni maenimui nanienpogionuxku, Haorpamu, XiMiuHuil nomenyiar, 0OMIHHA 63A€MO0is; K8AHMYEAHMS
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