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This work investigates the thermodynamic properties of a two-dimensional electron gas in manganese-doped diluted magnetic 
semiconductor superlattices, with particular emphasis on the chemical potential. Within the grand canonical formalism, a general 
expression for the chemical potential is derived that is valid for both degenerate and nondegenerate cases. In the nondegenerate limit, 
the chemical potential decreases with increasing temperature and exhibits a logarithmic dependence on carrier density; the temperature 
sensitivity is most pronounced at low carrier concentrations, where entropic effects dominate. In the degenerate regime, Landau 
quantization leads to a characteristic stepwise oscillatory dependence of the chemical potential on the applied magnetic field. The 
influence of the exchange interaction is analyzed in two limiting cases: in the weak-coupling limit, the correction to the chemical 
potential is linear in the Mn concentration and exchange constant, whereas in the strong-coupling limit, the system approaches complete 
spin polarization with carriers confined predominantly to a single spin channel. The exchange interaction introduces an additional spin-
dependent contribution described by the Brillouin function, resulting in the most pronounced modifications at low temperatures and in 
strong magnetic fields. 
Keywords: Diluted magnetic semiconductors; Superlattices; Chemical potential; Exchange interaction; Landau quantization; Spin 
polarization 
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1. INTRODUCTION
Diluted magnetic semiconductor superlattices (DMSSs), which combine semiconductor heterostructures with magnetic 

impurities, have attracted considerable attention as promising candidates for spintronic applications [1,2]. Their distinctive 
physical properties arise from the interplay between quantum confinement and exchange coupling between itinerant charge 
carriers and localized magnetic moments [3,4]. The incorporation of transition-metal ions, particularly Mn, into III-V 
semiconductor superlattice structures gives rise to pronounced phenomena such as giant Zeeman splitting, enhanced Faraday 
rotation, and strong negative magnetoresistance [5,6]. A detailed understanding of the thermodynamic behavior of a two-
dimensional electron gas in diluted magnetic semiconductor superlattices is therefore essential for controlling and optimizing 
their electronic and magnetic properties. Among the relevant thermodynamic quantities, the chemical potential plays a 
central role, as it governs carrier statistics, transport properties, and magnetic response [7]. In low-dimensional systems, the 
chemical potential differs substantially from that of bulk materials due to modifications of the density of states and quantum-
size effects [8]. Previous theoretical studies of two-dimensional electron gases have primarily focused on nonmagnetic 
quantum-well structures [9, 10], whereas investigations that explicitly incorporate exchange interactions in superlattice 
configurations remain relatively limited [11-12]. Recent advances in molecular beam epitaxy have enabled the growth of 
high-quality diluted magnetic semiconductor superlattices, such as (𝐺𝑎,𝑀𝑛)𝐴𝑠/𝐴𝑙𝐺𝑎𝐴𝑠 [13,14], further emphasizing the 
need for a comprehensive theoretical description of their thermodynamic properties. The exchange interaction between 
conduction electrons and localized d electrons of magnetic ions is a key mechanism governing the electronic structure and 
magnetic behavior of these materials [15]. This coupling can significantly modify the band structure and may give rise to 
carrier-induced ferromagnetism [16-18]. Consequently, analyzing its influence on thermodynamic quantities, particularly 
the chemical potential, is crucial for the development of efficient spintronic devices [19].  

The present work differs from previous theoretical studies in several important aspects. We derive a unified 
analytical expression for the chemical potential within a single grand canonical formalism that remains valid in both the 
degenerate and nondegenerate cases, without introducing separate approximations for each limit. Second, the role of the 
exchange interaction is investigated in two distinct coupling regimes, namely the weak-coupling limit (𝛼𝑥 ≪ 1) and the 
strong-coupling limit (𝛼𝑥 ≫ 1). This approach leads to compact analytical expressions (Eqs. 13–15) that describe the 
crossover from linear to saturated behavior of the spin-polarization-induced correction to the chemical potential. To the 
best of our knowledge, such an analytical description has not previously been obtained for diluted magnetic semiconductor 
superlattices. Third, unlike strictly two-dimensional quantum-well models [9–12], the present treatment explicitly retains 
the superlattice miniband dispersion along the growth direction through the 𝑐𝑜𝑠 𝑎 𝑘௭ term in Eq. (1). 
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In this work, the thermodynamic properties of a two-dimensional electron gas in manganese-doped diluted magnetic 
semiconductor superlattices are theoretically investigated, with particular emphasis on the chemical potential. Using the 
grand thermodynamic potential formalism [20], which naturally incorporates the effects of temperature, magnetic field, 
and carrier concentration, a general expression for the chemical potential is derived. Within this framework, the 
nondegenerate regime of the electron gas is analyzed, taking into account the exchange interaction between conduction 
electrons and localized magnetic moments of 𝑀𝑛 ions. The results demonstrate that, in the nondegenerate case, the 
chemical potential decreases with increasing temperature and exhibits a logarithmic dependence on carrier density. 
Furthermore, the exchange interaction modifies the chemical potential through a contribution described by the Brillouin 
function, with the most pronounced effects occurring at low temperatures and in strong magnetic fields. 

 
2. ENERGY SPECTRUM AND CHEMICAL POTENTIAL OF DMSS 

In a strong magnetic field applied perpendicular to the superlattice layers, the electronic motion in diluted magnetic 
semiconductor superlattices becomes quantized within the plane of the layers, while the spin degeneracy of the electronic 
spectrum is removed. Under these conditions, the electron energy spectrum can be expressed as [21]: 

 𝜀(𝑁,𝜎, 𝑘௭) = (2𝑁 + 1)𝜇𝐵 + 𝜀଴(1 − 𝑐𝑜𝑠 𝑎 𝑘௭) + 𝑔∗𝜎𝜇஻𝐵 + 3𝐴𝑆, (1) 

where 𝑁 = 1, 2, . .. are the Landau quantum numbers, 𝑘௭ is the quasi-momentum component along the 𝑧-axis, 𝜇 =(𝑚଴ 𝑚ୄ⁄ )𝜇஻, 𝑚଴ is the mass of a free electron, 𝑚ୄ is the mass of the electron in the plane of the layer, 𝜀଴ is the half-
width of the conduction band in the direction 𝑘௭, 𝑎 is the superlattice period in the direction 𝑧, 𝑔∗ is the effective g-factor 
determined from the band structure, and the rest are standard constants, S  is spin of magnetic impurity, 𝐴 =− (𝑁଴𝛼⟨|𝑆௭|⟩𝑥) 6⁄ - the magnitude of the exchange splitting, 𝑁଴ is the number of cells per unit volume, α is constant 
describing the change in the structure of the band caused by the exchange interaction, 𝑥 is the molar concentration of the 
impurity.  It can be seen that each Landau level is split into two spin sublevels, and the splitting of the Nth Landau level 
is equal to  𝛥𝜀 = 𝑔∗𝜇஻𝐵. In this work, manganese ions with spin 5/2 are taken as impurities, and then Eq. (1) takes the 
form: 

 𝜀 = (2𝑁 + 1)𝜇𝐵 ± ଵଶ 𝑔𝜇஻𝐵 ∓ ହଶ 𝛼𝑥𝑓(𝐵,𝑇) + 𝜀଴(1 − 𝑐𝑜𝑠 𝑎 𝑘௭). (2) 

where 𝑥 is the molar concentration of manganese, and 𝑓(𝐵,𝑇) = ଶହ 𝐵ହ ଶ⁄ ቀ௚ಾ೙ఓಳ஻௞ಳ் ቁ, with 𝐵ௌ(𝑥) = ଶ௦ାଵଶ 𝑐𝑡ℎ ଶ௦ାଵଶ − ଵଶ 𝑐𝑡ℎ ௫ଶ  
being the Brillouin function. 

The chemical potential 𝜁 of the electron gas can be obtained via the Gibbs method from the grand thermodynamic 
potential 𝛺 = 𝛺(𝑇,𝑉, 𝜁,𝐵) [20]: 

 𝑛 = − ଵ௏ ቀడఆడ఍ቁ்,஻ (3) 

where the grand potential in a quantizing magnetic field is given by [21]: 

 𝛺 = −𝑘୆𝑇 ௏ଶ௔(గோ)మ ∑ ׬ 𝑙𝑛( 1 + 𝑒ఎ∗ାఌబ∗ ௖௢௦ ௓)𝑑𝑍௓బ଴ே,ௌ,ఙ , (4) 

where 𝑅 = (ℏ 𝑒𝐵⁄ )ଵ/ଶ is the magnetic length, 𝜂∗ = 𝜁∗ − 𝜀ே∗ − 𝜀଴∗, 𝜁∗ = 𝜁/𝑘஻𝑇, 𝜀ே∗ = 𝜀ே/𝑘஻𝑇, 𝜁 is the chemical potential, 𝑍(𝜀) = 𝑎𝑘௭ = 𝑎𝑟𝑐𝑐𝑜𝑠( 1 − (𝜀 − 𝜀௭) 𝜀଴⁄ ), 𝜀ே = (2𝑁 + 1)𝜇𝐵, 𝜀଴∗ = 𝜀଴/𝑘஻𝑇, 𝜀௭ = 𝜀(𝑁,𝜎, 𝑘௭) − (2𝑁 + 1)𝜇𝐵 −𝑔∗𝜎𝜇஻𝐵 − 3𝐴𝑆. The upper limit of the integral is defined as [22]: 

 𝑍଴ = ቐ𝜋,                                                            𝜀 > 2𝜀଴𝑎𝑟𝑐𝑐𝑜𝑠 ቆ1 + ఓ஻ା೒ഋಳమ ିఱഀೣ೑(ಳ,೅)మ ିఌఌబ ቇ , 𝜀 < 2𝜀଴. (5) 

Changing the integration variable from 𝑑𝑍 to 𝑑𝜀, the grand potential becomes:  

 𝛺 = ௞ಳ்௏ଶ(గோ)మ ∑ ׬ ௗ௞೥(ఌ,ே)ௗఌ 𝑙𝑛 ቀ1 + 𝑒𝑥𝑝 ቀ఍ିఌ௞ಳ்ቁቁ𝑑𝜀.ஶఌಿே,ௌ,ఙ  (6) 

Substituting this expression into account in (3) yields a general formula for the chemical potential, valid for arbitrary 
magnetic field strength and electron gas degeneracy: 

 𝑛 = ଵଶ(గோ)మ ∑ ׬ ௙(ఌ)ௗఌ௔ඥ(ఌିఌ∗)(ଶఌబି(ఌିఌ∗))ଶఌబ଴  ,ே,ௌ,ఙ  (7) 
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where 𝜀∗ = 𝜇஻𝐵(2𝑁 + 1) ± ଵଶ 𝑔𝜇஻𝐵 ∓ ହଶ 𝛼𝑥𝑓(𝐵,𝑇), and 𝑓(𝜀) is the Fermi distribution function. 
In the nondegenerate limit (𝜁 − 𝜀 ≪ 𝑘஻𝑇), this expression reduces to: 

 𝑛 = ଵଶ௔(గோ)మ ටగ௞ಳ்ଶఌబ ∑ 𝑒ಎషഄ∗ೖಳ೅ே,ௌ,ఙ . (8) 

or equivalently, 

 𝜁 = 𝑘஻𝑇𝑙𝑛 ൥2𝑛𝑎(𝜋𝑅)ଶට ଶఌబగ௞ಳ் ቆ∑ 𝑒ି ഄ∗ೖಳ೅ே,ௌ,ఙ ቇିଵ൩. (9) 

Eq. (9) indicates that, for a nondegenerate electron gas, the chemical potential increases logarithmically with carrier 
concentration and decreases with increasing temperature. Temperature elevation facilitates the occupation of higher-
energy states, resulting in a reduction of the chemical potential, while the dependence on the magnetic field arises through 
the quantized energy levels 𝜀∗. 

 
3. RESULTS AND DISCUSSION 

The chemical potential of a two-dimensional electron gas in diluted magnetic semiconductor superlattices is 
determined by the combined effects of carrier concentration, temperature, magnetic field, and exchange interactions. In 
the nondegenerate case, to obtain the explicit dependence of the chemical potential on carrier concentration, exchange 
interaction, and temperature, the corresponding plots (Figs. 1-3) were constructed using the following parameters: 𝜀଴ = 10 𝑚𝑒𝑉,  𝑎 = 5 𝑛𝑚, 𝑔 = 2, 𝑥 = 0.05, 𝛼 = 0.22 𝑒𝑉  [1].  

 
Figure 1. Chemical potential dependence on electron concentration 𝜁(n) 

As shown in Fig. 1, the chemical potential increases monotonically with electron concentration for all considered 
temperatures at a fixed magnetic field (𝐵 = 1 𝑇), following a logarithmic dependence 𝜁 ∝ 𝑘஻𝑇𝑙𝑛(𝑛), characteristic of a 
nondegenerate electron gas. At low carrier concentrations, the large number of available states leads to high entropy and 
strongly negative values of 𝜁. As the concentration increases, low-energy states become progressively occupied, entropy 
decreases, and the chemical potential shifts toward zero. An increase in temperature lowers the chemical potential due to 
enhanced thermal excitation, which redistributes electrons over higher-energy states. The exchange interaction between 
conduction electrons and localized 𝑀𝑛 moments further modifies the chemical potential through the Brillouin function, 
with the strongest effects occurring at low temperatures and in strong magnetic fields. In addition, Landau quantization 
alters the density of states, introducing further corrections to 𝜁. The exchange interaction significantly influences the 
chemical potential in systems containing magnetic impurities. An increase in the exchange parameter α lowers the energy 
spectrum and reduces the chemical potential by shifting electrons toward lower-energy states, with the most pronounced 
effect observed at low temperatures. As shown in Fig. 2, at low temperature (𝑇 = 50𝐾) the chemical potential decreases 
most rapidly due to nearly complete spin polarization of 𝑀𝑛 ions. At higher temperatures, thermal fluctuations reduce the 
degree of spin polarization and weaken the exchange-induced shift, resulting in a smaller variation of the chemical 
potential. As seen from Fig. 3, the chemical potential decreases monotonically with increasing temperature for all 
considered carrier concentrations, in accordance with Eq. (9). This behavior reflects the fundamental statistical nature of 
the nondegenerate electron gas: as temperature rises, thermal excitation redistributes carriers over a broader range of 
energy states, increasing the configurational entropy and driving the chemical potential to more negative values. 
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Figure 2. Chemical potential dependence on exchange interaction 𝜁(𝛼) 

At higher carrier concentrations, the chemical potential remains less negative over the entire temperature range. This 
follows directly from the logarithmic dependence in Eq. (9): a larger carrier density reduces the number of unoccupied 
low-energy states available per electron, thereby increasing the chemical potential relative to the low-concentration case. 
The temperature sensitivity of the chemical potential is more pronounced at lower concentrations. For  𝑛 = 10ଵସ𝑚ିଶ, the 
chemical potential decreases steeply with temperature because the sparse carrier distribution leaves many thermally 
accessible states, leading to strong entropic effects. For  𝑛 = 10ଵ଺𝑚ିଶ, the lower-energy states are more strongly 
occupied, which moderates the temperature-induced reduction of the chemical potential. The exchange interaction 
between conduction electrons and localized 𝑀𝑛 moments introduces an additional correction through the Brillouin 
function, as described by Eqs. (13)–(14). At the magnetic field value considered (𝐵 = 1 𝑇), this correction remains 
moderate; its influence becomes most significant at low temperatures, where the 𝑀𝑛 spin polarization approaches 
saturation and the Brillouin function approaches unity. 

 
Figure 3. Chemical potential dependence on temperature 𝜁(𝑇) 

To assess the quantitative validity of the analytical results, we compare the temperature dependence predicted by 
Eq. (9) with the self-consistent numerical calculations reported by Dietl and Ohno [9] for (𝐺𝑎,𝑀𝑛)𝐴𝑠 at low 𝑀𝑛 
concentrations (𝑥 = 0.05) and 𝐵 = 1 𝑇. Using the material parameters adopted in the present work (𝜀₀ = 10 𝑚𝑒𝑉,𝑎 =5 𝑛𝑚,𝑔 = 2,𝛼 = 0.22 𝑒𝑉), Eq. (9) reproduces the correct order of magnitude of the chemical potential and the 
characteristic logarithmic decrease with temperature observed in those calculations. The quantitative agreement is 
satisfactory in the nondegenerate case (𝑇 > 50 𝐾), while deviations at lower temperatures are expected due to the onset 
of degeneracy effects not captured by Eq. (9) alone. We note that direct experimental measurements of the chemical 
potential as a function of magnetic field and exchange coupling strength are not yet available for 𝑀𝑛-doped superlattice 
geometries specifically; such measurements would provide a stringent test of the present theory and are identified as an 
important direction for future experimental work. 

In the degenerate case (𝜁 − 𝜀 ≫ 𝑘஻𝑇), all quantum states up to 𝑁௠௔௫ are filled (quantum limit): 

 𝑛 = గଶ௔(గோ)మ 𝑁୫ୟ୶ , (10) 
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and the chemical potential equals the energy of the highest occupied level: 

 𝜁 = 𝜀ே೘ೌೣ(𝐵). (11) 

This leads to stepwise variation of 𝜁(𝐵)  with quantum oscillation character as the magnetic field varies (Fig.4). 

 
Figure 4. Chemical potential dependence on magnetic field 𝜁(𝐵) 

Fig. 4 demonstrates the stepwise decrease of 𝜁 with increasing magnetic field, reflecting the sequential depopulation 
of Landau levels. Each plateau corresponds to a fully occupied level, and its width is determined by the Landau level 
spacing ℏ𝜔஼, which increases linearly with 𝐵 (here, 𝜔஼ is the cyclotron frequency of an electron in a magnetic field). At 
low magnetic fields, closely spaced levels produce almost smooth variation of 𝜁 , whereas at higher fields the oscillations 
become clearly resolved. The miniband dispersion along the 𝑧-direction introduces additional broadening, distinguishing 
the superlattice from an ideal strictly two-dimensional system. The exchange interaction further shifts the spin-split 
sublevels and modifies the positions of the steps. 

Let us determine the influence of exchange interaction on the chemical potential. Separating the spin contributions 
in the summation yields: 

 ∑ 𝑒ି ഄ∗ೖಳ೅ே,ௌ,ఙ = ∑ 𝑒ି ഄబಿೖಳ೅±ఱഀೣ೑(ಳ,೅)మೖಳ೅ே,ௌ,ఙ . (12) 

For weak exchange coupling, the chemical potential becomes: 

 ζ(𝑥,α) = ζ଴ − 𝑘஻𝑇𝑙𝑛 ቂ1 + ହఈ௫௙(஻,்)ଶ௞ಳ் sinh ቀఓಳ௚∗஻ଶ௞ಳ் ቁቃ. (13) 

In the limit of weak exchange interaction (𝛼𝑥 ≪ 1), expansion yields: 

 ζ = ζ଴ − ହఈ௫௙(஻,்)ସ tanh ቀఓಳ௚∗஻ଶ௞ಳ் ቁ . (14) 

Thus, in this case, the exchange correction to the chemical potential is linear in both doping concentration 𝑥 and 
exchange constant 𝛼. 

In the case of strong exchange interactions (𝛼𝑥 ≫ 1), one obtains: 

 ζ = 𝑘஻𝑇𝑙𝑛 ቈ4𝑛𝑎(𝜋𝑅)ଶට ଶఌబగ௞ಳ் 𝑒ఱഀೣ೑(ಳ,೅)మೖಳ೅ ቉. (15) 

Thus, a strong spin polarization develops, and electrons predominantly occupy a single spin channel. In the weak-coupling 
limit (𝛼𝑥 ≪ 1), Eq. (14) indicates that the exchange correction to the chemical potential is linear in both 𝑥 and 𝛼, with the 
hyperbolic tangent term reflecting thermally induced spin polarization. In the strong-coupling limit (𝛼𝑥 ≫ 1), Eq. (15) 
describes a fully spin-polarized electron gas in which carriers occupy essentially one spin subband. The factor of 4 in Eq. 
(15), compared with the factor of 2 in Eq. (9), reflects the effective modification of the density of states associated with 
occupation of a single spin channel. The transition from partial to complete spin polarization with increasing exchange 
interaction strength is directly relevant to spintronic applications, as it determines the conditions under which the superlattice 
can operate as an efficient spin filter. 
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4. CONCLUSIONS 
A theoretical framework describing the chemical potential of a quasi-two-dimensional electron gas in Mn-doped 

diluted magnetic semiconductor superlattices has been developed within the grand canonical formalism. Analytical 
expressions valid in both the degenerate and nondegenerate cases have been derived and numerically analyzed. In the 
degenerate limit, Landau quantization gives rise to a characteristic stepwise oscillatory dependence of the chemical 
potential on the magnetic field. In the nondegenerate case, the chemical potential is determined by the interplay among 
carrier concentration, temperature, and exchange coupling. Weak exchange interaction introduces a correction 
proportional to the 𝑀𝑛 concentration and the exchange constant, whereas strong exchange coupling leads to nearly 
complete spin polarization, with carriers predominantly confined to a single spin channel. The obtained results establish 
a direct quantitative relationship between the microscopic exchange parameters of diluted magnetic semiconductor 
superlattices and their macroscopic thermodynamic properties. These findings may provide a theoretical basis for tailoring 
material parameters in the design of future spintronic devices. 
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ТЕРМОДИНАМІЧНІ ВЛАСТИВОСТІ РОЗБАВЛЕНИХ МАГНІТНИХ НАПІВПРОВІДНИКОВИХ 
НАДГРАТОК, ЛЕГОВАНИХ Mn 

Мехді М. Махмудов1, Рагіб Й. Даміров1, Наїла С. Сардарова2, Арзу М. Ахмадова3 
1Кафедра фізики твердого тіла, Бакинський державний університет, вулиця З. Халілова, 23, AZ1148, Баку, Азербайджан 
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вулиця Істіглаліят, 6, AZ1001, Баку, Азербайджан 
У цій роботі досліджуються термодинамічні властивості двовимірного електронного газу в розбавлених магнітних 
напівпровідникових надґратках, легованих марганцем, з особливим акцентом на хімічний потенціал. У рамках великого 
канонічного формалізму отримано загальний вираз для хімічного потенціалу, який є справедливим як для вироджених, так і 
для невироджених випадків. У невиродженій границі хімічний потенціал зменшується зі зростанням температури та 
демонструє логарифмічну залежність від густини носіїв; температурна чутливість є найбільш вираженою за низьких 
концентрацій носіїв, де домінують ентропійні ефекти. У виродженому режимі квантування Ландау призводить до характерної 
ступінчастої коливальної залежності хімічного потенціалу від прикладеного магнітного поля. Вплив обмінної взаємодії 
аналізується у двох граничних випадках: у границі слабкого зв'язку поправка до хімічного потенціалу є лінійною щодо 
концентрації Mn та константи обміну, тоді як у границі сильного зв'язку система наближається до повної спінової поляризації 
з носіями, обмеженими переважно одним спіновим каналом. Обмінна взаємодія вносить додатковий спінзалежний внесок, 
що описується функцією Бріллюена, і призводить до найбільш виражених модифікацій за низьких температур та в сильних 
магнітних полях. 
Ключові слова: розбавлені магнітні напівпровідники; надґратки; хімічний потенціал; обмінна взаємодія; квантування 
Ландау; спінова поляризація 


