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The flow of copper (Cu), silver (Ag), titanium oxide (𝑇𝑖𝑂ଶ), copper oxide (𝐶𝑢𝑂) nanoparticles with water as a base fluid in the 
presence of a high magnetic field in a vertical rectangular duct are examined in this research. The duct's left and right walls are kept at 
various steady temperatures and concentrations. The temperature, velocity, and nanoparticle concentration fields are all described by 
the transport equations. The second-order upwind method, an explicit finite-difference method (EFDM), is used to discretize the 
coupled nonlinear Navier-Stokes equations. To examine the heat transfer efficiency of this nanofluid, we nondimensionalized the 
governing equations and obtained solutions using an explicit numerical scheme. MATLAB code is used to perform computational 
steps. We have plotted the velocity, temperature, and concentration fields for different values of the magnetohydrodynamic (MHD) 
flow parameters, including the thermal Grashof number (𝐺௥), solutal Grashof number (𝐺௖), Hartmann number (𝐻௔), electrical field 
load parameter (𝐸), Brinkman number (𝐵௥), and nanoparticle volume fraction (𝜙). 
Keywords: Electrical field; Magnetic field; Nanofluids; Nonlinear; Explicit finite difference technique (EFDT); Rectangular vertical 
duct; MHD flow; Buoyancy force; Viscous flow 
PACS: 44.20.+b, 44.40.+a, 44.30.+v, 47.11.-j, 47.11.Bc 

1. INTRODUCTION
Smooth restraint of convective transport phenomena is a significant challenge across diverse fields of engineering, and 

biomedical devices that absorb magneto-hydrodynamics (MHD) coupled with Multiphysics. MHD convective transport has 
broad applications in industry and engineering and is advancing rapidly in medical sciences. Thermal aspects are closely 
connected to bio-heat and thermal treatment in various tumors. Targeted drug delivery, imaging, and the use of nanoparticles 
during chemotherapy are well-established. MHD convection is widely used in biomedical technology for magnetic 
endoscopy, cell separation, tumor treatment and cancer therapy, targeted drug delivery in the body, blood flow control during 
medical surgery, control of gastrointestinal disorders, transport of complex bio-waste fluids, etc. Adding nanoparticles into 
the base fluid is an innovative way to enhance heat transfer. The resulting mixture of base fluid and nanoparticles, which has 
unique physical and chemical properties, is referred to as a nanofluid. Nanofluids exhibit better suspension stability, 
Newtonian behavior, and enhanced thermal conductivity, and the chaotic motion of nanoparticles is responsible for the 
enhancement of heat transfer. In natural convection studies, the base fluid has low thermal conductivity, limiting heat transfer 
enhancement. Researchers applied the innovative technique using nanofluids with higher conductivities to enhance heat 
transfer. Firstly, Choi studied nanoparticles in 1995 and the base fluid [1, 2] at the Argonne National Laboratory in the U.S.A. 
After that, the idea has been extended [3] to incorporate an additive nanoparticle into a base fluid to increase the thermal 
conductivity of the interruption. Many authors [4-6] have reported that thermal conductivity can be enhanced by about 20% 
at very low volume fractions (1-5%). Thermal conductivity of copper-water nanofluid up to 7.5% of nanoparticle volume 
fraction empirically determined by Xuan et al. [6]. Many authors [7-12] have studied the increase in heat transfer with 
nanofluids. Tavman et al. [13] reported in 2010 a considerable increase in the viscosity of a nanofluid containing aluminum 
oxide, titanium oxide, and silicon oxide nanoparticles in water. As in the Einstein representation [14], they also show that 
the traditional verifiable hypothesis, that intellectual investigation of specific heats is minimal for nanofluids, is also true. 
Namburu [15] in 2009 studied that ethylene glycol-based nanofluids demonstrated lower specific heat than their individual 
base fluids. Likewise, Bergman [16] confirmed that a water-based aluminum oxide nanofluid exhibited increased thermal 
conductivity, but only when the specific heat was lower than that of the base fluid. Magnetohydrodynamics (MHD) plays a 
significant role in nanofluid flow, owing to its expanding industrial applications and use in reactor cooling analysis. Younsi 
[17] has studied double heat-source magnetohydrodynamics (MHD), which is essential for the material-freezing process.
Sharma and Singh [18] and Vadher et al. [19] investigated electrically conducting fluid oiling, the concept of coating
synthesis, the salvation of liquefied metals, and active, etc.

Several authors have studied magnetohydrodynamic (MHD) flows and heat transfer in rectangular ducts. In an 
earlier numerical study [20], the characteristics of different metallic nanofluids with cooling provided by a constant-
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temperature wall were studied. In another study, Ellahi et al. [21] considered a water-based nanofluid with 𝐴𝑙ଶ𝑂ଷ. To 
study the aggregation effect on such a nanofluid, Hamad [22] investigated the analytical solution for natural convection 
flow of a nanofluid over a similar drawing out in the presence of a magnetic field. Mixed convection of Casson nanofluid 
over a stretching sheet with convectively heated heat source/sink and chemical reaction observed by Hayat et al. [23]. 
Kameswaran et al. [24] studied hydromagnetic nanofluid flow owing to a stretching or shrinking sheet. Boundary layer 
flow of a nanofluid past a stretching sheet with a convective boundary condition studied by Makinde and Aziz [25]. Beg 
et al. [26] investigated the calculation of thermo-solutal convection with Soret-Dufour cross-diffusion in a vertical duct 
filled with metallic/carbon nanofluids. Nadeem et al. [27] studied the magnetohydrodynamic (MHD) three-dimensional 
layer flow of a Casson nanofluid past a linearly stretching sheet with convective boundary conditions. Abu-Nada and 
Oztop [28] have numerically investigated free convection in a partially heated rectangular duct saturated with nanofluids. 
Rashidi et al. [29] studied the buoyancy effect on magnetohydrodynamic (MHD) flow of a nanofluid over a stretching 
sheet in the presence of thermal radiation. Simulation of magnetohydrodynamics (MHD) convective heat transfer and 
copper-oxide/water nanofluid flow considering Lorentz forces discussed by Sheikholeslami et al. [30]. Turkyilmanzoglu 
[31] has examined the natural convection flow past an impulsive, radiative vertical plate. Very recently [32], Rao and 
Deka studied the transport phenomena in a nanofluid under the action of a transverse magnetic field. In a vertical square 
rectangular duct, Das et al. [33] numerically investigated the magnetohydrodynamics (MHD) miscellaneous displacement 
flow of AlଶOଷ − water nanofluids. Many authors who have recently studied the heat transfer nanofluid boundary-layer 
problem are listed in the reference [34-36]. 

The goal of our present work is to investigate the flow of copper (𝐶𝑢), Silver (𝐴𝑔), Titanium oxide (𝑇𝑖𝑂ଶ), and 
Copper oxide (𝐶𝑢𝑂) nanoparticles with water (𝐻ଶ𝑂) in a rectangular vertical duct, the non-dimensional conservation 
equations are strongly nonlinear and are solved numerically. Appropriate values of the flow parameters are considered 
for investigation. The numerical results are presented graphically, including velocity, temperature, concentration, and 
flow parameters. Utilize the MATLAB code estimation procedure to implement.  
Table 1. Thermo-physical numerical values of water (𝐻ଶ𝑂) and nanoparticles copper (𝐶𝑢), silver (𝐴𝑔), titanium oxide (𝑇𝑖𝑂ଶ), and 
copper oxide (𝐶𝑢𝑂) 

Nanoparticle/base 
fluid 

Density (𝜌) Specific heat capacity (𝐶௣) 
Thermal conductivity (𝑘) 

Electrical conductivity (𝜎) 𝐻ଶ𝑂  997.1 4179 0.613 5.5×10-6  𝐶𝑢  8933 385 401 59.6×106  𝐴𝑔 10490 235 429 6.30×107 𝑇𝑖𝑂ଶ 4250 686.2 8.9528 2.58×10-7   𝐶𝑢𝑂 6310 530 20 10-5  
 

2. MATHEMATICAL FORMULATION 
In this model, we have considered a laminar steady flow 

of incompressible fluid through a duct which is vertically 
positioned, and the 𝑍 −axis of the reference frame is along the 
duct 𝑌 −axis, taken along the magnetic field B0, is sufficiently 
strong and acting normally on the surface of the duct, and the 𝑋 −axis taken along the electrical field 𝐸௢. The model of the 
present problem is shown in Fig. 1. 𝑔 ሬሬሬ⃗  is the gravitational 
acceleration, acting downward. The heat source for the flow is 
taken to be the left duct wall, which is maintained at a constant 
temperature 𝑇ଵ with concentration 𝐶ଵ. Similarly, the other heat 
source is taken as the right duct wall, which is kept at a constant 
temperature,𝑇ଶ on 𝐶ଶ. The right fence is hotter than the left 
wall, so in this case, 𝐶ଶ > 𝐶ଵ. Here, we have considered prime 
a to be the length and prime b to be the breadth of the vertical 
rectangular duct. The well-known Boussinesq approximation is 
adopted. To get convergent solutions, the Successive-Over-
Relaxation (SOR) method, along with the Gauss-Seidel 
method, was implemented to solve the reduced difference 
equations.  
The following assumptions are made in this study: 
• Laminar steady flow of incompressible fluid through a duct.  
• The flow field is exhibited through the Velocity profile in the 
mesh (𝑥,𝑦, 𝑣); Temperature profile in mesh (𝑥,𝑦,𝑇) and the 
concentration profile in the mesh (𝑥,𝑦, 𝑐) for copper 
nanoparticles.  

 
Figure 1. Schematic diagram of the problem 
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Governing equations 
Equation of continuity: 

 ∇ · 𝑉ሬ⃗ = 0. (1) 

MHD momentum equation: 

  𝜌௡௙ൣ൫𝑉ሬ⃗ · ∇൯𝑉ሬ⃗ ൧ = 𝜇௡௙∇ଶ𝑉ሬ⃗ + 𝑔⃗(𝜌𝛽)௡௙(𝑇 − 𝑇௢) + 𝑔⃗(𝜌𝛽)௡௙(𝐶 − 𝐶௢) + ൫𝐽 × 𝐵ሬ⃗ ൯ + 𝜎௡௙𝐵௢ଶ𝐸௢. (2) 

Energy equation:  

  ൫𝜌𝐶௣൯௡௙ൣ൫𝑉ሬ⃗ · ∇൯𝑇൧ = 𝑘௡௙∇ଶ𝑇 + 𝜇௡௙𝜙 + ൬஽೘௄೅஼ೞ஼೛ ൰  ∇ଶ𝑇 + 𝜎௡௙𝐵௢ଶ𝐸௢ଶ − 𝜎௡௙𝐵௢ଶ𝑉ሬ⃗ +  2𝜎௡௙𝐵௢ଶ𝐸௢ 𝑉ሬ⃗ . (3) 

 
Concentration equation:  

 ൫𝑉ሬ⃗ · ∇൯𝐶 =  D୫∇ଶ𝐶 + ௄೅೘் ∇ଶ𝑇. (4) 

We know that the body force term corresponding to a magnetohydrodynamics (MHD) flow is the Lorentz force ൫ 𝐽 × 𝐵ሬ⃗ ൯, and this Lorentz force by Hussanan et al. [37] becomes 

 ൫ 𝐽 ሬሬ⃗ × 𝐵ሬ⃗ ൯ = −𝜎௡௙𝐵௢ଶ 𝑉ሬ⃗ . (5) 

Here 𝜎௡௙ is the nanofluid electrical conductivity, 𝐵௢ is the assessed magnetic field, and the velocity vector 𝑉. We 
know that the dynamic viscosity of nanofluid, effective density of nanofluid, thermal expansion coefficient of nanofluid, 
heat capacity of nanofluid, thermal diffusivity, and thermal conductivity of nanofluid are:  

 𝜇௡௙ = ఓ೑(ଵିథ)మ.ఱ, (6) 

 𝜌௡௙ = (1 − 𝜙)𝜌௙ + 𝜙𝜌௦ = ൬1 − 𝜙 + 𝜙 ఘೞఘ೑൰ 𝜌௙, (7) 

 (𝜌𝛽)௡௙ = (1 − 𝜙)(𝜌𝛽)௙ + 𝜙(𝜌𝛽)௦ = ൬1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൰ (𝜌𝛽)௙, (8) 

 𝜎௡௙ = (1 − 𝜙)𝜎௙ + 𝜙𝜎௦ = ൬1 − 𝜙 + 𝜙 ఙೞఙ೑൰ 𝜎௙ (9) 

൫𝜌𝐶௣൯௡௙ = (1 − 𝜙)൫𝜌𝐶௣൯௙ + 𝜙൫𝜌𝐶௣൯௦ = ൭1 − 𝜙 + 𝜙 ൫𝜌𝐶௣൯௦൫𝜌𝐶௣൯௙൱  ൫𝜌𝐶௣൯௙ , (10) 

  𝛼௡௙ = ௄೙೑൫ఘ஼೛൯೙೑ , (11) 

 𝑘௡௙ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 𝑘௙. (12) 

Now, according to Newton’s law of viscosity, according to Fourier’s law of heat conduction, and also according to 
Fick’s law of species diffusion, can be reduced as [2]  ଵ(ଵିథ)మ.ఱ  𝜇௙ ቂడమ௏డ௑మ + డమ௏డ௒మቃ + ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ 𝑔𝜌௙ 𝛽௙(𝑇 − 𝑇௢) + ൤1 − 𝜙 + 𝜙 (ఘఉ)ೞ(ఘఉ)೑൨ 𝑔𝜌௙ 𝛽௙(𝐶 − 𝐶௢) − ൤1 − 𝜙 +𝜙 ఙೞఙ೑൨  𝜎௙𝐵௢ଶ𝑉 + ൤1 − 𝜙 + 𝜙 ఙೞఙ೑൨  𝜎௙𝐵௢ଶ𝐸௢ = 0, (13) 

൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨ 𝑘௙ ቂడమ்డ௑మ + డమ்డ௒మቃ + ଵ(ଵିథ)మ.ఱ  𝜇௙ ൤ቀడ௏డ௑ቁଶ + ቀడ௏డ௒ቁଶ൨ + ஽೘௄೅஼ೄ஼ು ቂ డమ஼డ௑మ + డమ஼డ௒మቃ + ൤1 − 𝜙 + 𝜙 ఙೞఙ೑൨  𝜎௙𝐵௢ଶ𝐸௢ଶ + ൤1 − 𝜙 +𝜙 ఙೞఙ೑൨  𝜎௙𝐵௢ଶ𝑉ଶ − 2 ൤1 − 𝜙 + 𝜙 ఙೞఙ೑൨  𝜎௙𝐵௢ଶ𝐸௢𝑉 = 0, (14) 

 𝐷௠ ቂడమ஼డ௑మ + డమ஼డ௒మቃ + ௄೅೘்  ቂడమ்డ௑మ + డమ்డ௒మቃ = 0. (15) 

Equations (13), (14), and (15) are solved employing the following boundary conditions: 𝑉 = 0,𝑇 = 𝑇ଵ,𝐶 = 𝐶ଵ 𝑎𝑡 𝑌 = 0 𝑓𝑜𝑟 0 ≤ 𝑋 ≤ 𝑏, 𝑉 = 0,𝑇 = 𝑇ଶ,𝐶 = 𝐶ଶ 𝑎𝑡 𝑌 = 𝑎 𝑓𝑜𝑟 0 ≤ 𝑋 ≤ 𝑏, 
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𝑉 = 0, 𝜕𝑇𝜕𝑋 = 0, 𝜕𝐶𝜕𝑋 = 0 𝑎𝑡 𝑋 = 0 𝑓𝑜𝑟 0 ≤ 𝑌 ≤ 𝑎, 𝑉 = 0, డ்డ௑ = 0, డ஼డ௑ = 0 𝑎𝑡 𝑋 = 𝑏 𝑓𝑜𝑟 0 ≤ 𝑌 ≤ 𝑎. (16) 

The dimensionless variables are given below: 

 𝑥 = ௑௔ ,𝑦 = ௒௔ , 𝑣 = ௏ఘ೑௔ఓ೑ ,𝜃 = ்ି ೚்మ்ି భ் , 𝑐 = ஼ି஼೚஼మି஼భ ,𝑇௢ = భ்ା మ்ଶ ,𝐶௢ = ஼భା஼మଶ ,𝐴 = ௕௔ . (17) 

Now given in equation (17), employed in the governing equations (13), (14), and (15), and after solving, we have 

 ቂడమ௩డ௫మ + డమ௩డ௬మቃ + 𝐴ଵ𝜃 + 𝐴ଶ𝑐 − 𝐴ଷ𝑣 + 𝐴ସ = 0, (18) 

 ቂడమఏడ௫మ + డమఏడ௬మቃ + 𝐴ହ ൤ቀడ௩డ௫ቁଶ + ቀడ௩డ௬ቁଶ൨ + 𝐴଺ ቂడమ௖డ௫మ + డమ௖డ௬మቃ + 𝐴଻(𝐸 − 𝑣)ଶ = 0, (19) 

 ቂడమ௖డ௫మ + డమ௖డ௬మቃ + 𝐴଼ ቀడమఏడ௫మ + డమఏడ௬మቁ  = 0. (20) 

where 𝐺௥ = ௚ఘ೑మఉ೑( మ்ି భ்)௔యఓ೑మ  is the thermal Grashof number, which is the ratio of thermal buoyancy force to viscous force, 𝐺௖ = ௚ఘ೑మఉ೑(஼మି஼భ)௔యఓ೑మ  is the solutal Grashof number, which is the ratio of species buoyancy force to the viscous 

hydrodynamic force, 𝐻௔ = 𝐵௢𝑎 ටఙ೑ఓ೑ is the Hartmann number, which is the proportion of electromagnetic force to viscous 

force, 𝐸 = 𝐸௢ ఘ೑௔ఓ೑  is the electrical field load parameter, 𝐵௥ = ఓ೑య௞೑ఘ೑మ( మ்ି భ்)௔మ is the Brinkman number, and 𝐷௙ = ஽೘௄೅(஼మି஼భ)ఔ೑஼ೞ஼೛( మ்ି భ்) 
is the Dufour number, which is the ratio of the concentration difference to the temperature difference. Also, 𝑃௥ = ఔ೑௞೑ is the 

Prandtl number, which is the ratio of kinematic viscosity to the thermal conductivity, 𝑆௥ = ௄೅( మ்ି భ்)ఔ೑ ೘்(஼మି஼భ) is the Soret number, 

which is the ratio of the temperature difference to the concentration, 𝑆௖ = ఔ೑஽೘ is the Schmidt number, the ratio of the 
momentum diffusivity (kinematic viscosity) to the mass diffusivity. 

The corresponding boundary conditions after introducing equation (16) give 𝑣 = 0,𝜃 = −0.5, 𝑐 = −0.5 𝑎𝑡 𝑦 = 0 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐴, 𝑣 = 0,𝜃 = 0.5, 𝑐 = 0.5 𝑎𝑡 𝑦 = 1 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐴, 𝑣 = 0, డఏ డ௫ = 0, డ௖డ௫ = 0 𝑎𝑡 𝑥 = 0 𝑎𝑛𝑑 𝑥 = 𝐴 𝑓𝑜𝑟 0 ≤ 𝑦 ≤ 1. (21) 

Let 𝐸ଵ = (1 − 𝜙)ଶ.ହ,𝐸ଶ = ቆ1 − 𝜙 + 𝜙 𝜌௦𝜌௙ቇ ,𝐸ଷ = ቆ1 − 𝜙 + 𝜙 (𝜌𝛽)௦(𝜌𝛽)௙ቇ,  
𝐸ସ =  (1 − 𝜙 + 𝜙 ఙೞఙ೑), 𝐸ହ = ቆ1 − 𝜙 + 𝜙 ൫ఘ஼೛൯ೞ൫ఘ஼೛൯೑ቇ, 𝐸଺ = ൤௞ೞାଶ௞೑ିଶథ൫௞೑ି௞ೞ൯௞ೞାଶ௞೑ାథ൫௞೑ି௞ೞ൯ ൨. 

 
3. NUMERICAL TECHNIQUE AND GRID INDEPENDENCE STUDY 

The system of governing equations from (18) to (20), in conjunction with the boundary conditions as defined in 
equations (21), is solved through the application of a finite difference method. Uniform grids (Fig. 2) are generated for 
the computational domain. The domain of definition is portioned uniformly into 𝑀௫ and 𝑀௬ divisions along the 𝑥 and 𝑦 
axes respectively. Central differencing of second-order accuracy is employed for the first and second-order derivatives. 
The equations (18), (19), and (20), along with the boundary conditions given in equation (21), were discretized using the 
finite-difference method. We know that the finite difference is second order 𝜕ଶ𝑣/𝜕𝑥ଶ and first order 𝜕𝑣/𝜕𝑥, were 
discretized as డమ௩డ௫మ = ௩೔శభ,ೕିଶ௩೔,ೕା௩೔షభ,ೕ∆௫మ + 𝑂(∆𝑥ଶ) and డ௩డ௫ = ௩೔శభ,ೕି௩೔షభ,ೕଶ∆௫ + 𝑂(∆𝑥ଶ), respectively. Therefore, the resultant 
difference equations give 

 𝑣௜ ,௝ = 𝐴ଽ൫𝑣௜ାଵ,௝+ 𝑣௜ିଵ,௝ ൯ + 𝐴ଵ଴ ቀ𝑣௜ ,௝ାଵ+ 𝑣௜ ,௝ିଵ ቁ + 𝐴ଵଵ൫𝑇௜ ,௝ ൯ +𝐴ଵଶ ൫𝑐௜ ,௝ ൯ + 𝐴ଵଷ. (22) 
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Figure 2. Uniform grid system 𝑇௜ ,௝ = 𝐴ଵସ൫𝑇௜ାଵ,௝+ 𝑇௜ିଵ,௝ ൯ + 𝐴ଵହ ቀ𝑇௜ ,௝ାଵ+ 𝑇௜ ,௝ିଵ ቁ+𝐴ଵ଺൫𝑣௜ାଵ,௝− 𝑣௜ିଵ,௝ ൯ଶ + 𝐴ଵ଻ ቀ𝑣௜ ,௝ାଵ− 𝑣௜ ,௝ିଵ ቁଶ  +  𝐴ଵ଼൫𝑐௜ାଵ,௝−2𝑐௜ ,௝+ 𝑐௜ିଵ,௝ ൯+ 𝐴ଵଽ൫𝑐௜ ,௝శభ− 2𝑐௜ ,௝+ 𝑐௜ ,௝షభ ൯ + 𝐴ଶ଴൫𝐸 − 𝑣௜ ,௝ ൯ଶ. (23) 𝑐௜ ,௝ = 𝐴ଵସ൫𝑐௜ାଵ,௝+ 𝑐௜ିଵ,௝ ൯ + 𝐴ଵହ ቀ𝑐௜ ,௝ାଵ+ 𝑐௜ ,௝ିଵ ቁ + 𝐴ଶଵ൫𝜃௜శభ ,௝− 2𝜃௜ ,௝+ 𝜃௜ିଵ,௝ ൯ + 𝐴ଶଶ ቀ𝜃௜ ,௝ାଵ− 2𝜃௜ ,௝+ 𝜃௜ ,௝షభ ቁ. (24) 

where: 𝐴ଵ = ாయாభ 𝐺𝑟,𝐴ଶ = ாయாభ 𝐺𝑐,𝐴ଷ = ாరாభ 𝐻𝑎ଶ,𝐴ସ = ாరாభ 𝐻𝑎ଶ𝐸,𝐴ହ = ாభாల 𝐵𝑟,𝐴଺ = ଵாల 𝐷௙𝑃𝑟,𝐴଻ = ாరாల 𝐵𝑟𝐻𝑎ଶ,𝐴଼ = 𝑆𝑟𝑆𝑐,𝐴ଽ =௞మଶ(௞మା௛మା஺య௛మ௞మ) ,𝐴ଵ଴ = ௛మଶ(௞మା௛మା஺య௛మ௞మ) , 𝐴ଵଵ = ஺భ௛మ௞మ(௞మା௛మା஺య௛మ௞మ) , 𝐴ଵଶ = ஺మ௛మ௞మ(௞మା௛మା஺య௛మ௞మ) , 𝐴ଵଷ = ஺ర௛మ௞మ(௞మା௛మା஺య௛మ௞మ)  ,𝐴ଵସ  =௞మଶ(௞మା௛మ) , 𝐴ଵହ = ௛మଶ(௞మା௛మ) , 𝐴ଵ଺ = 𝐴ହ. ௞మସ(௞మା௛మ) , 𝐴ଵ଻ = 𝐴ହ. ௛మସ(௞మା௛మ) , 𝐴ଵ଼ = 𝐴଺𝐴ଵସ ,𝐴ଵଽ = 𝐴଺𝐴ଵହ,𝐴ଶ଴ = ஺ళ௛మ௞మ(௞మା௛మ) ,𝐴ଶଵ =𝐴଼𝐴ଵସ,𝐴ଶଶ = 𝐴଼𝐴ଵହ are constants. ∆𝑥 = ℎ 𝑎𝑛𝑑 ∆𝑦 = 𝑘. 
Finally, we get the discretized boundary conditions: 𝑣௜ ,଴ = −𝑣௜ ,ଵ ,𝜃௜ ,଴ = −1 − 𝜃௜ ,ଵ ,  𝑐௜ ,଴ = −1 − 𝑐௜ ,ଵ 𝑣௜ ,ெ௬ାଵ = −𝑣௜ ,ெ௬ ,𝜃௜ ,ெ௬ାଵ = 1 − 𝜃௜ ,ெ௬ , 𝑐௜ ,ெ௬ାଵ = 1 − 𝑐௜ ,ெ௬ 𝑣଴,௝ = −𝑣ଵ,௝ ,  𝜃଴,௝ = 𝜃ଵ,௝ ,  𝑐଴,௝ = 𝑐ଵ,௝ 𝑣ெ௫ାଵ,௝ = −𝑣ெ௫,௝ ,𝜃ெ௫ାଵ,௝ = 𝜃ெ௫,௝ ,  𝑐ெ௫ାଵ,௝ = 𝑐ெ௫,௝ . (25) 

Here 𝑖 goes from 1 to 𝑀௫ and 𝑗 1 to 𝑀௬.  
 

4. RESULTS AND DISCUSSION 
The flow of copper (𝐶𝑢), silver (𝐴𝑔), titanium oxide (𝑇𝑖𝑂ଶ), and copper oxide (𝐶𝑢𝑂) nanoparticles with water (𝐻ଶ𝑂) as base fluid in a vertical rectangular duct has been studied in this work. The influence of parameters like the 

thermal Grashof number 𝐺௥, solutal Grashof number 𝐺௖, Hartmann number 𝐻௔, nanoparticle volume fraction 𝜙, electrical 
field load parameter 𝐸 and the Brinkmann parameter 𝐵௥ in a vertical rectangular duct, the velocity, temperature, and 
nanoparticle concentration profiles are presented graphically. In this plotting, we have employed an explicit finite-
difference scheme in MATLAB. The outcomes of this work are presented in terms of the effects of different copper 
nanoparticles (𝐶𝑢), silver (𝐴𝑔), titanium oxide (𝑇𝑖𝑂ଶ), and copper oxide (𝐶𝑢𝑂), the thermal Grashof number (0.5 ≤𝐺௥ ≤ 20), solutal Grashof number (0.5 ≤ 𝐺௖ ≤ 15), electric field load parameter (−2 ≤ 𝐸 ≤ 2), Brinkmann parameter (0 ≤ 𝐵௥ ≤ 2.5), solid volume fraction (0 ≤ 𝜙 ≤ 0.06) are shown in the velocity, temperature, and nanoparticle 
concentration profiles.  
Verification of the result:  

Since no directly analogous literature is accessible for this specific configuration, endorsement of the result is 
accomplished through physical reasoning and consistency with established magnetohydrodynamic (MHD) theory. The 
effects of Hartmann number, which is responsible for the application of a magnetic field on the velocity profile, are 
reported in Fig. 7. From this figure, it is perceived that the velocity distribution of the fluid has been diminished with the 
increasing values of Hartmann number (𝐻𝑎). Physically, an increase in the Hartmann number intensifies the Lorentz 
force, which acts as a resistive drag on the fluid motion. Consequently, the fluid velocity decreases, which is consistent 
with classical MHD flow behavior.  

We have taken 𝐻௔ = 2,𝐴 = 2.5,𝑃௥ = 6.93,𝑅௠ = 1,𝐸𝑐 = 0.001,ℎ = 𝑘 = 0.001,𝑚 = 𝑛 = 200,𝜙 = 0.02, 𝑘௙ =0.613,𝑘௦ = 429,𝜃 = 𝜋/2. We have plotted (Fig. 3, Fig. 4, and Fig. 5) the velocity profile, temperature profile, and 
concentration profile for various values of 𝐺௥ and water-based floodplain copper nanoparticles. In these plots, we have 
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observed that the velocity of the Cu-water nanofluid increases with the increase of 𝐺௥. With these significant values of 
thermal Grashof number 𝐺௥, buoyancy force control, and on the other hand, due to small values of thermal Grashof 
number 𝐺௥, viscosity control, i.e., profile velocity stimulated by the buoyancy force. Due to thermal buoyancy, an increase 
in 𝐺௥ tends to produce stronger flow in the boundary layer. However, in the temperature and concentration profiles, we 
have noticed that they are invariant, which is mainly due to the neglect of viscous dissipation in the energy equation. We 
have plotted the velocity profile (Fig. 6) for different values of 𝐺௖ and a water-based nanofluid employing copper 
nanoparticles.  

  

Figure 3. Variation in (𝑣) with 𝐺௥ Figure 4. Variation in (𝑇) with 𝐺௥ 

  

Figure 5. Variation in (𝑐) with 𝐺௥ Figure 6. Variation in (𝑣) with 𝐺௖ 

In these plots, we have observed that the profile velocity with copper-water nanofluid enhances due to the increase 
in 𝐺௖, with the most significant values of solutal Grashof number cap 𝐺௖, species hydrodynamic buoyancy force control, 
and on the other hand, due to small values of solutal Grashof number 𝐺௖, viscosity control. Due to the effect of thermal 
buoyancy, an increase in the values of 𝐺௖ tends to produce a large amount of flow in the boundary layer. The temperature 
and concentration profiles are not displayed graphically because they exhibit topologies similar to those of the thermal 
Grashof number 𝐺௥. We have plotted (Fig. 7) the velocity profile in the boundary layer for distinct values of the Hartmann 
number 𝐻௔, and for a water-based nanofluid employing copper nanoparticles. In these plots (Fig. 7), we observe that the 
flow rate decreases with increasing Hartmann number 𝐻௔ when copper nanoparticles are present, due to the enhanced 𝐻௔. 
The magnetic field introduced into the electrically conducting nanofluid, acting normal to the boundary, generates a 
resistive pressure force in the duct, which is part of the Lorentz force. The temperature and concentration profiles are not 
displayed graphically because they exhibit topologies similar to those of the thermal Grashof number 𝐺௥. We have plotted 
(Fig. 8) the velocity in the boundary layer for different values of nanoparticle volume fraction 𝜙, using water as the base 
fluid and employing copper nanoparticles. In these plots, we observe that the flow rate of the nanoparticle volume fraction 
phi with copper nanoparticles increases as 𝜙 increases. The temperature and concentration profiles are not displayed 
graphically, as they exhibit topologies similar to those of the temperature and concentration profiles for the thermal 
Grashof number 𝐺௥ .  
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Figure 7. Variation in (𝑣) with 𝐻௔ Figure 8. Variation in (𝑣) with 𝜙 

  

Figure 9. Variation in (𝒗) with 𝑬 Figure 10. Variation in (𝑻) with 𝑬  

  

Figure 11. Variation in (𝑐) with 𝐸 Figure 12. Variation in (𝑇) with 𝐵௥ 

We have plotted (Fig. 9, Fig. 10, and Fig. 11) for velocity, temperature, and concentration profiles in the boundary 
layer for different values of electrical field load parameter 𝐸, base fluid water employing copper nanoparticles. In these 
plottings, we have noticed that the velocity of 𝐶𝑢 −water nanofluid enhances due to the enhancement of electrical field 
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load parameter 𝐸. i.e, flow is accelerated due to the enhancement in electrical field load parameter 𝐸. Similarly, in the 
temperature profile of 𝐶𝑢 −water nanofluid we have observed that this profile is also enhance due to the enhancement of 
electrical field load parameter 𝐸. However, in the concentration profile of the 𝐶𝑢 −water nanofluid, we observed a 
decrease in concentration with increasing electrical field load parameter 𝐸. We have plotted (Fig. 12) the temperature and 
concentration profiles in the boundary layer for different values of the Brinkmann number 𝐵௥, for a base fluid of water 
containing copper nanoparticles. On the contrary, in the temperature profile, we have observed that it increases with 
increasing Brinkman number 𝐵௥. However, it was observed that, with an increase in the Brinkman number 𝐵௥, the 
boundary-layer thickness decreased at all points. The velocity profile is not displayed graphically because it exhibits a 
topology similar to that of the thermal Grashof number 𝐺௥ . 

 
Figure 13. Variation in (𝑐) with 𝐵௥  

Case I for copper/water nanofluid: 

Sl. No. 𝐺௖ Leading value of velocity Rate of increase of the leading value of velocity 
for different Solutal Grashof number 𝐺௖ 

 𝐺௜ 𝐿௜ 𝑅௜ = 𝐿௜ାଵ − 𝐿௜𝐿௜  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

𝐺ଵ = 0.10 𝐺ଶ = 0.20 𝐺ଷ = 0.30 𝐺ସ = 0.40 𝐺ହ = 0.50  𝐺଺ = 0.60 𝐺଻ = 0.70 𝐺଼ = 0.80 𝐺ଽ = 0.90 𝐺ଵ଴ = 1.00  

𝐿ଵ = −6.10 𝐿ଶ = −6.20 𝐿ଷ = −6.30 𝐿ସ = −6.40 𝐿ହ = −6.50 𝐿଺ = −6.60 𝐿଻ = −6.70 𝐿଼ = −6.80 𝐿ଽ = −6.90 𝐿ଵ଴ = −7.00  

𝑅ଵ = −0.0163934426 𝑅ଶ = −0.0161290323 𝑅ଷ = −0.0158730159 𝑅ସ = −0.0156250000 𝑅ହ = −0.0153846154 𝑅଺ = −0.0151515152 𝑅଻ = −0.0149253731 𝑅଼ = −0.0147058824 𝑅ଽ = −0.0144927536 
  

Case II: For silver/water nanofluid: 

 Sl. No. 𝐺௖ Leading value of velocity Rate of increase of the leading value of 
velocity for different Solutal 𝐺௖ 

 𝐺௜ 𝐿௜ 𝑅௜ = 𝐿௜ାଵ − 𝐿௜𝐿௜  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

𝐺ଵ = 0.10 𝐺ଶ = 0.20 𝐺ଷ = 0.30 𝐺ସ = 0.40 𝐺ହ = 0.50  𝐺଺ = 0.60 𝐺଻ = 0.70 𝐺଼ = 0.80 𝐺ଽ = 0.90 𝐺ଵ଴ = 1.00  

𝐿ଵ = −8.10 𝐿ଶ = −8.20 𝐿ଷ = −8.30 𝐿ସ = −8.40 𝐿ହ = −8.50 𝐿଺ = −8.60 𝐿଻ = −8.70 𝐿଼ = −8.80 𝐿ଽ = −8.90 𝐿ଵ଴ = −9.00  

𝑅ଵ = −0.0123456790 𝑅ଶ = −0.0121951220 𝑅ଷ = −0.0120481928 𝑅ସ = −0.0119047619 𝑅ହ = −0.0117647059 𝑅଺ = −0.0116279070 𝑅଻ = −0.0114942529 𝑅଼ = −0.0113636364 𝑅ଽ = −0.0112359551 
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Case III For titanium oxide/water nanofluid: 

Sl. No. 𝐺௖ Leading value of velocity Rate of increase of the leading value of 
velocity for different Solutal 𝐺௖ 

 𝐺௜ 𝐿௜ 𝑅௜ = 𝐿௜ାଵ − 𝐿௜𝐿௜  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

𝐺ଵ = 0.10 𝐺ଶ = 0.20 𝐺ଷ = 0.30 𝐺ସ = 0.40 𝐺ହ = 0.50  𝐺଺ = 0.60 𝐺଻ = 0.70 𝐺଼ = 0.80 𝐺ଽ = 0.90 𝐺ଵ଴ = 1.00  

𝐿ଵ = −2.70 𝐿ଶ = −2.80 𝐿ଷ = −2.90 𝐿ସ = −3.00 𝐿ହ = −3.10 𝐿଺ = −3.20 𝐿଻ = −3.30 𝐿଼ = −3.40 𝐿ଽ = −3.50 𝐿ଵ଴ = −3.60 

𝑅ଵ = −0.0370370370 𝑅ଶ = −0.0357142857 𝑅ଷ = −0.0344827586 𝑅ସ = −0.0333333333 𝑅ହ = −0.0322580645 𝑅଺ = −0.0312500000 𝑅଻ = −0.0303030303 𝑅଼ = −0.0294117647 𝑅ଽ = −0.0285714286 

 
Case IV For copper oxide/water nanofluid:  

Sl. No. 𝐺௖ Leading value of velocity Rate of increase of the leading value of 
velocity for different Solutal 𝐺௖ 

 𝐺௜ 𝐿௜ 𝑅௜ = 𝐿௜ାଵ − 𝐿௜𝐿௜  

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

𝐺ଵ = 0.10 𝐺ଶ = 0.20 𝐺ଷ = 0.30 𝐺ସ = 0.40 𝐺ହ = 0.50  𝐺଺ = 0.60 𝐺଻ = 0.70 𝐺଼ = 0.80 𝐺ଽ = 0.90 𝐺ଵ଴ = 1.00  

𝐿ଵ = −2.80 𝐿ଶ = −2.90 𝐿ଷ = −3.00 𝐿ସ = −3.10 𝐿ହ = −3.20 𝐿଺ = −3.30 𝐿଻ = −3.40 𝐿଼ = −3.50 𝐿ଽ = −3.60 𝐿ଵ଴ = −3.70  

𝑅ଵ = −0.0357142857 𝑅ଶ = −0.0344827586 𝑅ଷ = −0.0333333333 𝑅ସ = −0.0322580645 𝑅ହ = −0.0312500000 𝑅଺ = −0.0303030303 𝑅଻ = −0.0294117647 𝑅଼ = −0.0285714286 𝑅ଽ = −0.0277777778 
  

We have plotted (Fig. 14) the rate-of-rise leading velocity for different nanofluids against the corresponding solutal 
Grashof number 𝐺௖, in the duct under the same configuration. We have plotted the graphs for the following nanofluids: 
copper (Cu) and silver (𝐴𝑔), titanium oxide (𝑇𝑖𝑂ଶ) and copper oxide (𝐶𝑢𝑂). These plots provide a comparative 
advantage in mass transfer for different nanofluids at a given temperature. From the plots (Fig. 14), we see that as the 
solute Grashof number 𝐺௖ increases, the difference in flow rate between the nanofluids decreases. For a low value of the 
solutal Grashof number 𝐺௖ , gives the high flow rate, and titanium oxide (𝑇𝑖𝑂ଶ) gives a low flow rate. For high solutal 𝐺௖, 
all the nanofluids considered show no significant difference in volumetric flow rate. 

 
Figure 14. Rate of increase of solutal Grashof number 𝐺௖ for different nanoparticles, copper (𝐶𝑢), silver (𝐴𝑔), 

titanium oxide (𝑇𝑖𝑂ଶ) and copper oxide (𝐶𝑢𝑂) 
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The 3D temperature distribution shows that the disk occupies the convex region, and the copper contours are more 
nonlinear than those of aluminum and titanium oxide. The concentration distribution and the topology are in a concave 
position, and the contours are much less disturbed for all the nanoparticles. For the flow concerning copper nanofluids, 
we have plotted the graphs in (𝑥,𝑦, 𝑣) mesh, (𝑥,𝑦,𝑇) mesh and (𝑥,𝑦, 𝑐) mesh in Fig. 10. Similarly, graphs are plotted 
for other nanofluids of silver, aluminum, and titanium oxide in Fig. 12, Fig. 14, and Fig. 17. Further, in Fig. 11, Fig. 13, 
Fig. 15, and Fig. 17, we have employed 100 × 100 grid size for the velocity profile at 𝑥 = 1 when 𝑦 = 0 and we have 
employed 20 × 20 grid size for temperature and concentration profiles at 𝑥 = 1 when 𝑦 = 1. We have plotted velocity, 
temperature, and concentration profiles in the duct for Cu-water, Ag-water, and 𝑇𝑖𝑂ଶ-water nanofluids. We can get a 
regular profile of velocity, temperature, and concentration about the center section of the duct (𝑎𝑡 𝑥 = ଵଶ).  

Copper (𝑪𝒖) nanoparticles 

   

   
Velocity (v) Temperature (T) Concentration (c) 

Figure 15. Velocity profile in mesh (𝑥,𝑦, 𝑣); Temperature profile in mesh (𝑥,𝑦,𝑇) and Concentration profile in mesh (𝑥,𝑦, 𝑐) for 
copper nanoparticles 

Silver (𝑨𝒈) nanoparticles 

   

   
Velocity (v) Temperature (T) Concentration (c) 

Figure 16. Velocity profile in mesh (𝑥,𝑦, 𝑣); Temperature profile in mesh (𝑥,𝑦,𝑇) and Concentration profile in mesh (𝑥,𝑦, 𝑐) for 
silver nanoparticles 
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Titanium oxide (𝑻𝒊𝑶𝟐) nanoparticles 

   

   
Velocity (v) Temperature (T) Concentration (c) 

Figure 17. Velocity profile in mesh (𝑥,𝑦, 𝑣); Temperature profile in mesh (𝑥,𝑦,𝑇) and Concentration profile in mesh (𝑥,𝑦, 𝑐) 
for titanium oxide nanoparticles 

Copper oxide (𝑪𝒖𝑶) nanoparticles 

   

   
Velocity (v) Temperature (T) Concentration (c) 

Figure 18. Velocity profile in mesh (𝑥,𝑦, 𝑣); Temperature profile in mesh (𝑥,𝑦,𝑇) and Concentration profile in mesh (𝑥,𝑦, 𝑐) 
for copper oxide nanoparticles 

 
5. CONCLUSIONS 

In this work, we have studied a vertical rectangular duct in the presence of a strong transverse magnetic field, with 
velocity, temperature, and concentration profiles of different copper-based nanofluids (𝐶𝑢) , silver (𝐴𝑔), titanium oxide (𝑇𝑖𝑂ଶ), and copper oxide (𝐶𝑢𝑂) nanoparticles with water as a base fluid. The governing equations are solved using the 
explicit finite difference method (EFDM), also known as the second-order upwind method. The results are shown 
graphically for different parameter values. The computational process is carried out using MATLAB code. The following 
conclusions we have found from the present investigations: 
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1. From the plotting of (Fig. 5), we have seen that with increasing solutal Grashof number 𝐺௖. The difference in 
flow rate for different nanofluids is decreasing. For a low value of the solutal Grashof number 𝐺௖, titanium 
oxide (𝑇𝑖𝑂ଶ) gives a high flow rate and silver (𝐴௚) gives a low flow rate. For high solutal Grashof number 𝐺௖, 
all the nanofluids considered show no significant difference in volumetric flow rate. 

2. For increasing values of thermal Grashof number 𝐺௥, solutal Grashof number 𝐺௖, electrical field load parameter 𝐸 and the nanoparticle volume fraction 𝜙. The fluid velocity also increases. But with the increasing values of 
the Hartmann number 𝐻௔, the velocity decreases in copper-water nanofluids. 

3. With the increasing values of the electrical field load parameter E and the Brinkmann number 𝐵௥, the 
temperature and concentration profiles are found to increase due to an increase in the values of the electrical 
field load parameter 𝐸 and Brinkmann number 𝐵௥, but the boundary layer reduces the concentration; its 
thickness decreases.  
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МГД КАНАЛЬНИЙ ПОТОК НАНОРІДИНИ ПІД ВПЛИВОМ ПОДВІЙНОГО ДЖЕРЕЛА ТЕПЛА ЗА НАЯВНОСТІ 

ЕЛЕКТРИЧНОГО (Eo) ТА МАГНІТНОГО (Bo) ПОЛІВ 
Бішну Рам Дас1, Хірак Джйоті Дехінгія2, Каушік Дехінгія3,4, Рупджйоті Бора5, Утпал Саікія6 
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У цьому дослідженні розглядається потік наночастинок міді (Cu), срібла (Ag), оксиду титану (TiO2), оксиду міді (CuO) з водою 
як основною рідиною в присутності сильного магнітного поля у вертикальному прямокутному каналі. Ліва та права стінки 
каналу підтримуються при різних стаціонарних температурах та концентраціях. Поля температури, швидкості та концентрації 
наночастинок описуються рівняннями переносу. Для дискретизації зв'язаних нелінійних рівнянь Нав'є-Стокса 
використовується метод проти вітру другого порядку, явний метод скінченних різниць (EFDM). Щоб дослідити ефективність 
теплопередачі цієї нанорідини, ми знерозмірили визначальні рівняння та отримали рішення за допомогою явної числової 
схеми. Для виконання обчислювальних кроків використовується код MATLAB. Ми побудували графіки полів швидкості, 
температури та концентрації для різних значень магнітогідродинамічних (МГД) параметрів потоку, включаючи теплове число 
Грасгофа (Gr), розчинне число Грасгофа (Gc), число Гартмана (Ha), параметр навантаження електричного поля (E), число 
Брінкмана (Br) та об'ємну частку наночастинок (ϕ). 
Ключові слова: електричне поле; магнітне поле; нанорідини; нелінійність; явний метод скінченних різниць (EFDT); 
прямокутний вертикальний канал; МГД-потік; сила плавучості; в'язкий потік 
 




