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In this work, we study the cosmological dynamics of an anisotropic Bianchi type–𝐼 𝐼 𝐼 universe filled with Kaniadakis holographic
dark energy and pressureless matter within the framework of Brans–Dicke–Rastall theory of gravity. To obtain exact solutions of
the field equations, suitable relations among the metric potentials are assumed, together with a functional relation between the scalar
field and the average scale factor. To constrain the model parameters, we perform a Markov Chain Monte Carlo analysis using joint
CC+BAO datasets. The reconstructed Hubble parameter shows excellent agreement with observational data within the 1𝜎 and 2𝜎
confidence regions, and the estimated value of the Hubble constant is consistent with recent measurements. We derive several important
cosmological parameters, including the Hubble parameter, deceleration parameter, equation of state parameter, scalar field, cosmic
time and lookback time. The physical behavior of these parameters is analyzed through graphical representations. The deceleration
parameter exhibits a smooth transition from an early decelerated phase to a late–time accelerated phase, with a transition redshift
consistent with recent observational bounds. The equation of state parameter remains in the phantom region, indicating a dynamical
dark energy behavior capable of driving the current accelerated expansion. Furthermore, the statefinder (𝑟, 𝑠) and (𝑟, 𝑞) diagnostics
reveal that the model closely approaches the ΛCDM behavior at late times, while allowing deviations at earlier epochs. The 𝑂𝑚(𝑧)
diagnostic further supports the phantom–like nature of dark energy in the present framework. Overall, our results demonstrate that our
model in Brans–Dicke–Rastall gravity provides a viable and observationally consistent description of the cosmic expansion history in
an anisotropic universe.

Keywords: Kaniadakis holographic dark energy; Brans–Dicke–Rastall gravity; Bianchi type–III universe; MCMC analysis; Cosmic
acceleration

PACS: 98.80.-k, 04.50.+h, 95.30.Sf

1. INTRODUCTION
Recent technological developments have led to a new era known as precision cosmology, where the large–scale

properties of the Universe can be measured with high accuracy [1]. Even with these improvements, most of the Universe
is still not fully understood. Observations such as galaxy rotation curves, gravitational lensing, and large–scale surveys
confirm the presence of dark matter, which makes up nearly 25% of the total energy content of the Universe [2]. An
even bigger mystery is dark energy (DE), which contributes about 70% of the present energy density and is responsible
for the accelerated expansion of the Universe. Although strong evidence for DE comes from gravitational waves, baryon
acoustic oscillations, and Type Ia supernova observations, its true nature is still unknown [3, 4]. This suggests that new
physics beyond the standard model may be needed. One approach is modified gravity, where Einstein’s general relativity
is extended by adding new terms or scalar fields [5, 6]. A well–known example is the Brans–Dicke theory, where the
gravitational constant 𝐺 is replaced by a changing scalar field 𝜙 (𝐺−1 = 𝜙) [7, 8]. Although this theory can explain cosmic
acceleration, its predicted parameters often disagree with observations, so additional dark energy models are usually
considered [9, 10, 11].

The cosmological constant was initially regarded as the simplest explanation for dark energy, since it represents
vacuum energy and naturally produces accelerated cosmic expansion. Nevertheless, this interpretation faces well–known
theoretical difficulties, notably the fine–tuning and coincidence problems. Motivated by these issues, the Holographic Dark
Energy (HDE) model emerged as an alternative framework inspired by the holographic principle [12, 13]. The original
HDE formulation is based on the Bekenstein–Hawking entropy relation and commonly adopts the Hubble horizon as the
infrared (IR) cutoff, providing a quantitative description of dark energy. However, the standard HDE model struggles to
fully describe the complete evolutionary history of a flat Friedmann–Robertson–Walker (FRW) Universe. To address these
shortcomings, several extensions have been proposed, including the use of alternative IR cutoffs [14] and the introduction
of interactions between dark energy and dark matter [15]. More recently, modified HDE models based on entropy–area
law deformations have been developed while still employing the Hubble radius as the IR cutoff [16, 17, 18]. Such
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generalized models aim to provide a more flexible and observationally compatible explanation of cosmic acceleration.
Further progress has been achieved through the introduction of generalized entropy formalisms, including Tsallis [19],
Sharma–Mittal [20], and Rényi [21] entropies, to extend the HDE scenario. A significant unifying approach was proposed
by Nojiri et al. [22, 23, 24], who introduced a four–parameter generalized entropy encompassing several well–known
entropy measures as limiting cases. Among these, the Kaniadakis entropy [25] stands out as a one–parameter deformation
of Boltzmann–Gibbs entropy, particularly suitable for strong gravitational regimes [26, 27]. Its incorporation into HDE
leads to the Kaniadakis holographic dark energy (KHDE) model [28], which offers enhanced flexibility and potential
solutions to long–standing cosmological problems such as fine–tuning and cosmic coincidence.

Rastall’s theory of gravity is a non–Lagrangian modification of General Relativity in which the usual conservation
of the energy–momentum tensor is relaxed. In Einstein’s theory, the divergence of the energy–momentum tensor vanishes
due to the divergence–free property of the Einstein tensor. Rastall proposed that in curved space–time the standard
conservation law 𝑇

𝑖 𝑗

;𝑖 = 0 may not strictly apply and allowed a non–zero divergence instead [29]. The deviation from
standard conservation is controlled by a dimensionless parameter 𝜆, representing a non–minimal coupling between matter
and geometry. This idea is physically motivated by cosmological particle creation processes, where classical conservation
laws may effectively break down. In this sense, Rastall gravity can be viewed as a classical description that mimics certain
quantum effects, since the non–conservation of the energy–momentum tensor is linked to space–time curvature [30, 31].
Similar relaxations of conservation laws have also inspired alternative Lagrangian approaches [32, 33]. The equivalence
between Rastall gravity and General Relativity remains debated: some studies treat it as a genuine modification [34], while
others argue for mathematical equivalence under specific conditions [35]. Recent works further examine its cosmological
and dynamical implications [36, 37].
Rastall Theory: Since the formulation of general relativity, several alternative geometric theories of gravity have been
proposed to better understand gravitational phenomena and cosmological evolution (see, for example, Rastall [29];
Brans and Dicke [8]; Moffat [38]; and Bekenstein [39]). A fundamental feature of GR is the conservation of the
energy–momentum tensor. One of the earliest attempts to relax this conservation principle appeared in the steady–state
cosmological model proposed by Bondi and Gold [40] and Hoyle [41]. Building on this idea, Rastall introduced a
non–conservative theory of gravity by modifying the usual conservation law to 𝑇 𝑖 𝑗

;𝑖 = 𝑘𝑅; 𝑗 , where 𝑇 𝑖 𝑗 is the energy–
momentum tensor, 𝑅 is the Ricci scalar curvature, and 𝑘 is a coupling constant. This modification implies that particle
creation processes in cosmology may lead to an effective violation of classical conservation laws, with the deviation being
directly related to the curvature of space–time. In this framework, the geometry and matter fields are non–minimally
coupled, leading to a generalized form of Einstein’s field equations. Rastall’s modified gravitational field equations can
be written as 𝐺𝑖 𝑗 + 𝜆𝑔𝑖 𝑗𝑅 = 𝜅𝑇𝑖 𝑗 , where 𝜆 is the Rastall parameter measuring the departure from standard conservation
and 𝜅 is the gravitational coupling constant.

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 = 8𝜋𝐺

(
𝑇𝑖 𝑗 −

𝜆𝑅𝑎𝑠 − 1
2

𝑔𝑖 𝑗𝑇

)
(1)

with equation of motion

𝑇
𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠 − 1

2
𝑇 ; 𝑗 (2)

where 𝑇
𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠−1

16𝜋 𝐺 (2𝜆𝑅𝑎𝑠−3) 𝑅
; 𝑗 or 𝑇 𝑖 𝑗

;𝑖 =
𝜆𝑅𝑎𝑠−1

2 𝑇 ; 𝑗 with 𝑅 = 8𝜋 𝐺 (2𝜆𝑅𝑎𝑠 − 3)𝑇 , 𝑇 is the trace of the stress-energy
momentum tensor, and 𝜆𝑅𝑎𝑠 is Rastall’s parameter. One can recover GR field equations by setting 𝜆𝑅𝑎𝑠 = 1.

Brans-Dicke-Rastall Theory: In the BD context, identifying 𝐺 = 1
𝜙

and 𝜆𝑅𝑎𝑠 = 3𝜆−2
2𝜆−1 , 𝜆 is BDR parameter, in Eq. (2),

we obtain the following relation:

𝑇
𝑖 𝑗

;𝑖 =
(1 − 𝜆)𝜙

16𝜋
𝑅; 𝑗 . (3)

Generalizing Rastall’s field equations to the BD case, we obtain:

𝑅𝑖 𝑗 −
𝜆

2
𝑔𝑖 𝑗𝑅 =

8𝜋
𝜙
𝑇𝑖 𝑗 +

(
−1

2
𝑔𝑖 𝑗𝜙;𝑘𝜙

;𝑘 + 𝜙;𝑖𝜙; 𝑗

)
𝑤

𝜙2 + 1
𝜙

(
−𝑔𝑖 𝑗□𝜙 + 𝜙;𝑖; 𝑗

)
(4)

in which the dimensionless BD coupling parameter is denoted by 𝑤 and the BD scalar field is denoted by 𝜙. The trace of
the Eq. (4) is obtained as

𝑅 =
1

1 − 2𝜆

(
8𝜋
𝜙
𝑇 − 𝑤

𝜙2 𝜙;𝑘𝜙
;𝑘 − 3

□𝜙
𝜙

)
. (5)

Now, using the Eqs. (4) and (5), we obtain the BDR theory field equations as

𝑅𝑖 𝑗 −
1
2
𝑔𝑖 𝑗𝑅 =

8𝜋
𝜙

(
𝑇𝑖 𝑗 −

1 − 𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗𝑇
)
+

(
𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗𝜙;𝑘𝜙
;𝑘 + 𝜙;𝑖𝜙; 𝑗

)
𝑤

𝜙2
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+ 1
𝜙

(
1 + 𝜆

2(1 − 2𝜆) 𝑔𝑖 𝑗□𝜙 + 𝜙;𝑖; 𝑗

)
. (6)

The Bianchi identities lead to:

□𝜙 =
8𝜋𝜆

3𝜆 − 2(1 − 2𝜆)𝑤𝑇 − 𝑤(1 − 𝜆)
3𝜆 − 2(1 − 2𝜆)𝑤

𝜙;𝑘𝜙;𝑘

𝜙
. (7)

For 𝜆 = 1, the Brans–Dicke–Rastall (BDR) theory reduces to the standard BD model. BDR is distinctive because it
unifies scalar–tensor dynamics with a non–conservative energy–momentum framework inspired by Rastall gravity. Unlike
higher–order theories such as 𝑓 (𝑅) gravity, BDR preserves second–order field equations and involves fewer dynamical
degrees of freedom, making it mathematically simpler. The additional parameters 𝜆 and 𝜔 provide flexibility for fitting
cosmological observations and explaining late–time cosmic acceleration. Its non–conservative nature allows effective
matter creation or matter–geometry interaction, enabling the model to mimic dark energy effects and slightly modify
astrophysical structures compared to GR or BD theory.

The choice of a Bianchi type (BT)-𝐼 𝐼 𝐼 background allows for the incorporation of spatial anisotropy, which may have
been significant in the early universe (Ref. [42]-[52]). While current cosmological observations strongly support isotropy
on large scales, considering anisotropic geometries like BT-III offers deeper insights into possible deviations from perfect
isotropy and helps to understand how anisotropies might decay or leave imprints on late-time cosmic dynamics. Studies on
KHDE are also emerging in various contexts [53, 54, 55, 56]. Ghaffari [57] studied KHDE model in BD theory of gravity
and investigated their cosmological consequences. Ali et al. [58] explored the dynamics of isotropic KHDE model in the
Chern-Simons modified theory. Murali et al. [59, 60] have investigated anisotropic KHDE models in scalar-tensor theory
of gravity. Embedding these two aspects of the universe in the background of BDR theory further enhances its physical
relevance. BD gravity introduces a dynamical scalar field, reflecting Mach’s principle and varying gravitational coupling,
while Rastall’s hypothesis modifies the conservation law of the energy–momentum tensor. Their combination (i.e., BDR
theory) provides an effective platform to explore non-standard energy exchange between matter, geometry, and DE, which
is crucial for explaining cosmic acceleration without relying exclusively on a cosmological constant. The Hubble cutoff
provides a simple and large-scale measure of cosmic dynamics. With this motive, the investigation of BT-𝐼 𝐼 𝐼 KHDE
model with Hubble cutoff within the framework of BDR theory provides a promising way to address fundamental questions
about the universe’s accelerated expansion and the role of extended theories of gravity. We organized the paper as follows:
Section-2 consists the field equations of the model and analytical solution of the field equations. Section-3 includes the
observational constraints made on these solutions are imposed by cosmic chronometer and BAO Hubble datasets using
Markov Chain Monte Carlo analysis. In section-4, we discuss the dynamical behavior of models, and conclusions are
given in section-5.

2. KANIADAKIS HOLOGRAPHIC DARK ENERGY MODEL
The BT–𝐼 𝐼 𝐼 space–time is considered in the following form:

𝑑𝑠2 = 𝑑𝑡2 − [𝐴(𝑡)]2𝑑𝑥2 − [𝐵(𝑡)]2𝑒2𝑥𝑑𝑦2 − [𝐶 (𝑡)]2𝑑𝑧2. (8)

From the non–vanishing components of the Einstein tensor for the BT–𝐼 𝐼 𝐼 space–time, it is observed that 𝐺1
4 =

¤𝐴
𝐴
− ¤𝐵

𝐵
=

0, which, upon integration, yields the relation 𝐴 = 𝑎1𝐵, where 𝑎1 is an integration constant. Without loss of generality, by
choosing 𝑎1 = 1, we obtain 𝐴 = 𝐵. The total energy–momentum tensor of the source is assumed to be a combination of
the matter and dark energy components (in mixed form), 𝑇 𝑗 (𝑡𝑜𝑡 )

𝑖
= 𝑇

𝑗 (𝑚)
𝑖

+ 𝑇
𝑗 (𝑑𝑒)
𝑖

. We define the matter and DE tensors
as diagonal tensors in the comoving frame (i.e., 𝑢𝑖 = (1, 0, 0, 0), 𝑢𝑖 = (1, 0, 0, 0) and 𝑢𝑖𝑢𝑖 = 1), namely

𝑇
𝑗 (𝑚)
𝑖

= diag(𝜌𝑚, 0, 0, 0) , 𝑇
𝑗 (𝑑𝑒)
𝑖 = diag

(
𝜌𝑑𝑒, −𝑝𝑥 , −𝑝𝑦 , −𝑝𝑧

)
, (9)

with the anisotropic equation of state

𝑝𝑥 = 𝜔𝑑𝑒𝜌𝑑𝑒, 𝑝𝑦 = 𝜔𝑑𝑒𝜌𝑑𝑒, 𝑝𝑧 = (𝜔𝑑𝑒 + 𝛾)𝜌𝑑𝑒, (10)

where the EoS parameter 𝜔𝑑𝑒 and the energy densities of matter are denoted as 𝜌𝑚 and DE as 𝜌𝑑𝑒 in this equation. The
deviation parameter, 𝛾, is the deviation along 𝑧-direction from the EoS parameter.

The BDR field equations (6) for the metric (8) in a comoving coordinate system can be formally expressed using (9)
and (10) as

¥𝐴
𝐴
+

¥𝐶
𝐶

+
¤𝐴 ¤𝐶
𝐴𝐶

=
8𝜋
𝜙

(
1 + 𝜆

2 − 4𝜆
𝜔𝑑𝑒𝜌𝑑𝑒 +

1 − 𝜆

2 − 4𝜆
𝛾𝜌𝑑𝑒 +

𝜆 − 1
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒)
)
+ 𝑤

( ¤𝜙
𝜙

)2 (
𝜆

2 − 4𝜆

)
+

(
2 − 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¥𝜙
𝜙

(11)
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2
¥𝐴
𝐴
+

( ¤𝐴
𝐴

)2

− 1
𝐴2 =

8𝜋
𝜙

(
1 + 𝜆

2 − 4𝜆
𝜔𝑑𝑒𝜌𝑑𝑒 +

3𝜆 − 1
2 − 4𝜆

𝛾𝜌𝑑𝑒 +
𝜆 − 1
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒)
)
+ 𝑤

( ¤𝜙
𝜙

)2 (
𝜆

2 − 4𝜆

)
+

(
1 + 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
3 − 3𝜆
2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¥𝜙
𝜙

(12)

2
¤𝐴
𝐴

¤𝐶
𝐶

+
( ¤𝐴
𝐴

)2

− 1
𝐴2 =

8𝜋
𝜙

(
1 − 3𝜆
2 − 4𝜆

(𝜌𝑚 + 𝜌𝑑𝑒) +
3 − 3𝜆
2 − 4𝜆

𝜔𝑑𝑒𝜌𝑑𝑒 +
1 − 𝜆

2 − 4𝜆
𝛾𝜌𝑑𝑒

)
+𝑤

( ¤𝜙
𝜙

)2 (
2 − 3𝜆
2 − 4𝜆

)
+

(
1 + 𝜆

1 − 2𝜆

) ¤𝐴
𝐴

¤𝜙
𝜙
+

(
1 + 𝜆

2 − 4𝜆

) ¤𝐶
𝐶

¤𝜙
𝜙

+
(

3 − 3𝜆
2 − 4𝜆

) ¥𝜙
𝜙

(13)

¥𝜙 +
(

2 ¤𝐴
𝐴

+
¤𝐶
𝐶

)
¤𝜙 =

(
8𝜋𝜆(𝜌𝑑𝑒 + 𝜌𝑚 − 3𝜔𝑑𝑒𝜌𝑑𝑒 − 𝛾𝜌𝑑𝑒)

3𝜆 − 2(1 − 2𝜆)𝑤

)
−

(
𝑤(1 − 𝜆)

3𝜆 − 2(1 − 2𝜆)𝑤

) ( ¤𝜙2

𝜙

)
. (14)

The field equations given in Eqs. (11)–(14) constitute a system of four independent equations containing six unknown
functions, namely the metric potentials 𝐴 and 𝐶, the dark energy density 𝜌𝑑𝑒, its equation of state parameter 𝜔𝑑𝑒, the
matter density 𝜌𝑚, and the skewness parameter 𝛾. To obtain a deterministic solution, two additional physically motivated
constraints are required. A commonly adopted assumption is that the expansion scalar 𝜃 = 2 ¤𝐴

𝐴
+ ¤𝐶

𝐶
is proportional to

the shear scalar 𝜎2 = 1
3

(
¤𝐴
𝐴
− ¤𝐶

𝐶

)2
, which leads to a simple relation between the metric potentials of the form 𝐶 = 𝐴𝑘 ,

where 𝑘 ≠ 1 is an arbitrary constant. The physical relevance of this proportionality condition has been discussed in detail
by Thorne [61]. Observational evidence indicates that the present Hubble expansion of the Universe is nearly isotropic
within approximately ±30% [62, 63], and measurements at moderate redshifts further constrain the ratio 𝜎/𝐻 ≤ 0.3. The
assumption that 𝜎/𝐻 remains constant corresponds to a normal congruence, as shown by Collins et al. [64], and is valid
for spatially homogeneous space–times. In addition, following common practice in the literature, we assume a power–law
relation between the scalar field and the scale factor, 𝜙 ∝ [𝑎(𝑡)]𝑛, which has been widely employed in scalar–tensor
cosmological studies [65, 66]. Several investigations have examined the dynamical behavior of the scalar field under this
assumption [67]-[70]. Motivated by its physical significance and its ability to simplify the system, we adopt the relation
𝜙(𝑡) = 𝜙0 [𝑎(𝑡)]𝑘 , where 𝜙0 is a constant of proportionality.

Using the above relations in Eqs. (12) and (13), we get

¥𝐴
¤𝐴
+

(
3𝑘 + 3 + 𝑘𝑛 + 2𝑛

3

) ¤𝐴
𝐴

=
1

𝑘 − 1

[
8𝜋𝛾𝜌𝑑𝑒

𝜙
− 1

𝐴2

]
𝐴

¤𝐴
(15)

The relationship between DE’s energy density and the skewness or deviation parameter has been the subject of numerous
recent investigations. Anisotropic DE models were investigated by Akarsu and Kilinc [71], who took into account
a correlation between DE energy density and skewness factors. In a similar vein, Sharif and Zubair [72] examined
dynamical anisotropic DE models using the identical relation. We assume the following relationship between 𝛾(𝑡) and
𝜌𝑑𝑒 in order to completely resolve Eq. (15)

𝛾(𝑡) = 𝜙

8𝜋𝜌𝑑𝑒

[
(𝑘 − 1)𝛾0

¤𝐴
𝐴
+ 1

𝐴2

]
(16)

in which every given constant is represented by 𝛾0. Various authors have explored comparable relationships in the literature
[73]-[76]. We can find our model’s metric potentials by plugging the Eq. (16) into Eq. (15)

𝐴 =
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑏2
𝑘2 , 𝐶 =

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑘𝑏2

𝑘2 (17)

where 𝑘1 =
(𝑘+2) (𝑛+3)

3
𝑏1
𝛾0

, 𝑘2 =
(𝑘+2)𝑏2 (𝑛+3)

3 , 𝑏1 and 𝑏2 are integrating constants. Now using these metric potentials (17),
we can rewrite the space-time as

𝑑𝑠2 = 𝑑𝑡2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑏2

𝑘2 𝑑𝑥2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑏2

𝑘2 𝑒2𝑥𝑑𝑦2 −
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 2𝑘𝑏2

𝑘2 𝑑𝑧2. (18)

Now the scalar field 𝜙 calculated as

𝜙 = 𝜙0
(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3 . (19)
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The Hubble parameter 𝐻 (𝑧) can be obtained as

𝐻 =
1
3

(
2
¤𝐴
𝐴
+

¤𝐶
𝐶

)
=

(
𝑘 + 2

3

) (
𝑏2
𝑘2

) (
𝑘1𝑒

𝛾0𝑡𝛾0
𝑘1𝑒𝛾0𝑡 + 𝑘2

)
(20)

=
𝛾0

𝑛 + 3
[
1 − 𝑘2 (1 + 𝑧)𝑛+3]

=
𝐻0

1 − 𝑘2

(
1 − 𝑘2 (1 + 𝑧)𝑛+3

)
(21)

where 1 + 𝑧 = 1
𝑎 (𝑡 ) and 𝑎(𝑡) is average scale factor. Here 𝐻0

1−𝑘2
=

𝛾0
𝑛+3 . We will constrain following parameters 𝐻0, 𝑛 and

𝑘2 with observational datasets in section-III. We will evaluate the parameters 𝛾0 and 𝑘 from the expression 𝛾0 =
𝐻0 (𝑛+3)

1−𝑘2
,

and 𝑘 =
3𝑘2

(𝑛+3)𝑏2
− 2 for appropriate choice of arbitrary integrating constant 𝑏2 and observationally constrained values of

𝐻0, 𝑛 and 𝑘2.

KHDE: A generalized single-parameter entropy, known as the Kaniadakis entropy (𝜅-entropy) [77, 78, 79], is defined as

𝑆𝜅 = −
𝑊∑︁
𝑖=1

𝑃1+𝜅
𝑖

− 𝑃 1−𝜅
𝑖

2𝜅
=

1
2

[∑𝑊
𝑖=1 (𝑃 1−𝜅

𝑖
− 𝑃𝑖)

𝜅
+

∑𝑊
𝑖=1 (𝑃 1+𝜅

𝑖
− 𝑃𝑖)

−𝜅

]
, (22)

where 𝑃𝑖 denotes the probability of occupation of the 𝑖th microstate of a classical system. The parameter 𝜅 encodes
deviations from extensivity, and in the limit 𝜅 → 0, the standard Boltzmann–Gibbs entropy is recovered [77, 78]. For an
equiprobable distribution 𝑃𝑖 = 1/𝑊 , Eq. (22) yields [77, 78, 79]

𝑆𝜅 =
𝑊 𝜅 −𝑊−𝜅

2𝜅
=⇒ 𝑆𝜅 =

1
𝜅

sinh(𝜅𝑆BH), (23)

where 𝑆BH ∝ A
4𝐺

=
𝜋𝐿2

𝐺
is the Bekenstein–Hawking entropy and 𝐺 denotes Newton’s constant.

Recently, Nojiri et al. [22, 23, 24] introduced a generalized four-parameter entropy function capable of reproducing
several important entropy formalisms—such as Tsallis, Rényi, Barrow, Sharma–Mittal, Kaniadakis, and loop quantum
gravity entropies—as special limiting cases. The proposed generalized entropy 𝑆𝑔 is given by

𝑆𝑔 [𝛼+, 𝛼− , 𝛽, 𝛾] =
1
𝛾

[(
1 + 𝛼+

𝛽
𝑆BH

)𝛽
−

(
1 + 𝛼−

𝛽
𝑆BH

)−𝛽]
, (24)

where 𝛼+, 𝛼− , 𝛽, and 𝛾 are positive parameters. For the particular limit 𝛽 → ∞ and 𝛼+ = 𝛼− = 𝛾/2 = 𝜅, Eq. (24) reduces
to

𝑆𝜅 =
1
𝜅

sinh(𝜅𝑆BH), (25)

which matches the Kaniadakis entropy in Eq. (23). Using the holographic principle, the energy density associated with
the Kaniadakis entropy (23) takes the form

𝜌𝑑𝑒 ∝
𝑆𝜅

𝐿4 =⇒ 𝜌𝑑𝑒 =
3𝑐2𝑀2

𝑝

𝜅𝐿4 sinh
(
𝜅𝜋𝐿2

𝐺

)
, (26)

where 𝑀2
𝑝 = 1/(8𝜋𝐺) is the reduced Planck mass, 𝐿 is the IR cutoff length scale, 𝑐 is a model constant, and 𝜅 is the

Kaniadakis parameter. In the Brans–Dicke (BD) framework, the gravitational coupling is dynamical, with 𝐺 = 1/𝜙.
Substituting this relation into Eq. (26), the Kaniadakis holographic dark energy (KHDE) density becomes

𝜌𝑑𝑒 =
3𝑐2𝜙

8𝜋𝜅𝐿4 sinh
(
𝜅𝜋𝐿2𝜙

)
. (27)

In holographic dark energy (HDE) models, the choice of the infrared (IR) cutoff is crucial for determining the cosmic
dynamics. Among various possibilities, the Hubble horizon L = 𝐻−1 is considered one of the most natural and physically
motivated options. The IR cutoff sets the largest length scale that contributes to the dark energy density. Different cutoffs,
such as the particle or event horizons, can significantly alter the Universe’s evolution. Unlike the event horizon, which
depends on the future expansion history, the Hubble horizon is locally defined and free from causality issues. Therefore,
adopting the Hubble radius as the IR cutoff provides a local, causal, and observationally consistent description of dark
energy. By setting L = 1/𝐻, we obtain

𝜌𝑑𝑒 =
3𝑐2𝐻4𝜙

8𝜋𝜅
sinh

(
𝜅𝜋𝜙

𝐻2

)
(28)
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where Hubble parameter 𝐻 is given by Eq. (20). Using Hubble parameter (20) in Eq. (28), we obtain the energy density
of BHDE with Hubble horizon as IR cutoff as

𝜌𝑑𝑒 =
3𝑐2𝑘1

4 (e𝛾0𝑡 )4
𝛾0

4𝜙0 (𝑘1e𝛾0𝑡 + 𝑘2)
𝑛

𝑛+3 −4

8 (𝑛 + 3)4 𝜋 𝜅
sinh

(
𝜋 𝜅 𝜙0 (𝑛 + 3)2 (𝑘1e𝛾0𝑡 + 𝑘2)

3𝑛+6
𝑛+3

𝑘1
2 (e𝛾0𝑡 )2 𝛾02

)
. (29)

The BT-𝐼 𝐼 𝐼 universe with KHDE inside the framework of BDR theory of gravity is shown by Eq. (18), the scalar
field (19), and the energy density (29). Using Eqs. (11), (12), (17), (19) and (29), we obtain the EoS parameter of our
model as

𝜔𝑑𝑒 =
8
3
(𝑛 + 3)4 (

𝑘1𝑒
𝛾0𝑡 + 𝑘2

)4
𝜋𝜅

𝑐2𝑘4
1𝑒

4𝛾0𝑡𝛾4
0𝜙0

[
1
8
𝜙0 (1 − 3𝜆)
𝜋(2 − 4𝜆)

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3 (30)

×
{
𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡 + 𝑏2𝑘1𝑘
2
2𝛾

2
0𝑒

𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

+
𝑘2𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡 + 𝑘𝑏2𝑘1𝑘
2
2𝛾

2
0𝑒

𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

+
𝑘𝑏2

2𝑘
2
1𝛾

2
0𝑒

2𝛾0𝑡

𝑘2
2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

}
− 1 − 𝜆

2 − 4𝜆

(
(𝑘 − 1)𝛾2

0𝑏2𝑘1𝑒
𝛾0𝑡

𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)
+

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
)−2𝑏2/𝑘2

)
−

𝑤𝜆𝑛2𝑘2
1𝛾

2
0𝑒

2𝛾0𝑡

(2 − 4𝜆) (𝑛 + 3)2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 −
(2 − 𝜆)𝑏2𝑘

2
1𝛾

2
0𝑒

2𝛾0𝑡𝑛

(1 − 2𝜆)𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 (𝑛 + 3)

−
(𝜆 + 1)𝑘𝑏2𝑘

2
1𝛾

2
0𝑒

2𝛾0𝑡𝑛

(2 − 4𝜆)𝑘2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2 (𝑛 + 3)
−

(𝜆 + 1)
[
𝑛2𝑘2

1𝛾
2
0𝑒

2𝛾0𝑡 + 𝑛(𝑛 + 3)𝑘1𝑘2𝛾
2
0𝑒

𝛾0𝑡
]

(2 − 4𝜆) (𝑛 + 3)2 (𝑘1𝑒𝛾0𝑡 + 𝑘2)2

]
×

[
(𝜆 + 1) (1 − 3𝜆)

(2 − 4𝜆)2 − (𝜆 − 1) (3 − 3𝜆)
(2 − 4𝜆)2

]−1 (
𝑘1𝑒

𝛾0𝑡 + 𝑘2
)− 𝑛

𝑛+3

×
[
sinh

(
𝜋𝜅𝜙0 (𝑛 + 3)2 (𝑘1𝑒

𝛾0𝑡 + 𝑘2)2

𝑘2
1𝑒

2𝛾0𝑡𝛾2
0

(
𝑘1𝑒

𝛾0𝑡 + 𝑘2
) 𝑛
𝑛+3

)]−1

.

and we find the skewness parameter as

𝛾 =
(𝑛 + 3)4 (𝑘1e𝛾0𝑡 + 𝑘2)4

𝜅

3𝑐2𝑘1
4 (e𝛾0𝑡 )4 𝛾04

(
(𝑘 − 1) 𝛾0

2𝑏2𝑘1e𝛾0𝑡

𝑘2 (𝑘1e𝛾0𝑡 + 𝑘2)
+

( (
𝑘1e𝛾0𝑡 + 𝑘2

) 𝑏2
𝑘2

)−2
)

×
(
sinh

(
𝜋 𝜅 𝜙0 (𝑛 + 3)2 (𝑘1e𝛾0𝑡 + 𝑘2)2

𝑘1
2 (e𝛾0𝑡 )2 𝛾02

(
𝑘1e𝛾0𝑡 + 𝑘2

) 𝑛
𝑛+3

))−1

. (31)

3. OBSERVATIONAL CONSTRAINTS
The Hubble tension refers to the persistent discrepancy between independent determinations of the present-day

expansion rate of the Universe, 𝐻0, obtained from early- and late-time observations. Measurements inferred from the
cosmic microwave background (CMB), particularly those based on Planck data within the ΛCDM framework, yield a
lower value of 𝐻0 ≈ 67–68 km s−1 Mpc−1, whereas direct local measurements using the cosmic distance ladder (Cepheids
and Type Ia supernovae) favor a higher value of 𝐻0 ≈ 73–74 km s−1 Mpc−1 [80, 81, 82, 83]. This discrepancy has now
reached a statistical significance of ∼ 5𝜎 or higher, and in some recent analyses even exceeds 6𝜎, indicating that it is
unlikely to arise from statistical fluctuations alone [84, 85]. Independent observations, including those from the James
Webb Space Telescope, continue to support the higher local value, reinforcing the robustness of the tension [86]. At
present, no single systematic uncertainty has been identified that can fully account for this disagreement, suggesting that
the tension may point toward new physics beyond the standard cosmological model. Proposed resolutions include early-
Universe modifications such as early dark energy or additional relativistic species, as well as late-time extensions involving
dynamical dark energy, interacting dark sectors, or modified theories of gravity. Consequently, the Hubble tension has
emerged as one of the most significant challenges to ΛCDM and provides a powerful probe for testing extensions of the
standard cosmological paradigm. The exact solutions of the field equations in Brans–Dicke–Rastall (BDR) gravity with
anisotropic dark energy contain three free model parameters, namely (𝑛, 𝐻0, 𝑘2), which explicitly appear in the expression
for the Hubble parameter. The primary objective is to constrain these parameters using observational Hubble datasets in
order to validate the model in the context of the present Universe. For this purpose, we employed a joint dataset consisting
of 57 Hubble parameter measurements obtained from cosmic chronometer (CC) and baryon acoustic oscillation (BAO)
observations [87, 88]. The numerical analysis was carried out using the emcee Python package, where the parameter space
around the local minima was explored through a Gaussian prior centered on the initial estimates with a fixed standard
deviation (𝜎 = 1.0). The chi–square function used for parameter estimation is defined as

𝜒2
𝐻 (𝑛, 𝐻0, 𝑘2) =

57∑︁
𝑖=1

[𝐻th (𝑧𝑖; 𝑛, 𝐻0, 𝑘2) − 𝐻obs (𝑧𝑖)]2

𝜎2
𝐻 (𝑧𝑖 )

, (35)
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where 𝐻obs (𝑧𝑖) denotes the observed Hubble parameter at redshift 𝑧𝑖 , 𝐻th (𝑧𝑖; 𝑛, 𝐻0, 𝑘2) represents the theoretically
predicted value from the model, and 𝜎𝐻 (𝑧𝑖 ) corresponds to the associated observational uncertainty. By minimizing
the above chi–square function and performing a Markov Chain Monte Carlo (MCMC) analysis, we obtained the best–fit
estimates for the parameters 𝑛, 𝐻0, and 𝑘2 using the combined observational datasets.

Datasets Parameter Prior Value
𝐻0 (50, 100) 67.90+0.28

−0.89
𝑘2 (−1, 0) −0.448+0.077

−0.068
Hubble 𝑛 (−2,−1) −1.215+0.079

−0.092
(CC+BAO Data) 𝑏2 – −0.26

𝑘 – +0.91+0.5265
−0.1840

𝑏1 – 0.3

Table 1. The MCMC estimates.

Fig. 1 presents the marginalized one–dimensional posterior distributions and the two–dimensional confidence
contours for the model parameters (𝑘2, 𝐻0, 𝑛) obtained from the joint CC+BAO dataset using the Markov Chain Monte
Carlo (MCMC) technique. The MCMC analysis efficiently explores the parameter space and provides robust constraints
by minimizing the corresponding 𝜒2 function. From the one–dimensional posteriors, we obtain the best–fit values 𝑘2 =

−0.448+0.077
−0.068, 𝐻0 = 67.90+0.28

−0.89, and 𝑛 = −1.215+0.079
−0.092 at the 1𝜎 confidence level. The inferred value of the Hubble

parameter 𝐻0 is in good agreement with recent observational estimates, indicating the consistency of the present model
with late–time cosmic expansion data. The two–dimensional contour plots show well–defined closed regions at 1𝜎 and
2𝜎 confidence levels, implying a strong correlation among the parameters and the statistical stability of the model. Fig.
2 shows the comparison between the reconstructed Hubble parameter 𝐻 (𝑧) obtained from the best–fit model parameters
and the observational CC+BAO data. The solid curve represents the best–fit evolution of 𝐻 (𝑧), while the shaded regions
correspond to the 1𝜎 and 2𝜎 confidence intervals derived from the MCMC analysis. The observational data points are
found to lie well within the confidence regions across the entire redshift range, indicating an excellent agreement between
the theoretical model and observations. For comparison, the standard ΛCDM prediction is also shown and exhibits a
slightly different evolution at intermediate and higher redshifts. The close proximity of the best–fit curve to the ΛCDM
model at low redshifts confirms that the present model successfully reproduces the observed late–time cosmic expansion.
At higher redshifts, small deviations appear, reflecting the influence of anisotropy and modified gravity effects inherent
in the model. Overall, the consistency of the reconstructed 𝐻 (𝑧) with CC+BAO data demonstrates the robustness and
observational viability of the proposed cosmological framework.
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Figure 1. The 2D contour plots of 𝐻0, 𝑛, 𝑘2 at 𝜎1 and
𝜎2 level of confidence in the joint MCMC analysis of
CC+BAO datasets.
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4. COSMOLOGICAL PARAMETERS
In this section, we examine the expansion dynamics of the Universe within the constructed KHDE model by em-

ploying several standard cosmological diagnostics. These include the equation of state (EoS) parameter 𝜔𝑑𝑒, the squared
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sound speed 𝑣2
𝑠 , the deceleration parameter 𝑞, and the Om–diagnostic 𝑂𝑚(𝑧). Furthermore, we analyze the evolutionary

behavior of the model through well–known diagnostic planes such as the 𝜔𝑑𝑒–𝜔′
𝑑𝑒

plane, the statefinder pair (𝑟, 𝑠), and
the 𝑟–𝑞 plane. For the graphical and numerical analysis, we adopt the constrained parameter values 𝐻0 = 67.9, 𝑘2 =

−0.448, and 𝑛 = −1.215, obtained from observational datasets. In addition, the derived and auxiliary parameters are
chosen as 𝛾0 = 83.7, 𝑘 = 0.91, 𝑏1 = 0.3, 𝑏2 = −0.26, 𝑐 = 0.03, 𝜆 = 0.7, 𝜙0 = 95, 𝜔 = 0.6, and 𝜅 = 0.2. These parameter
choices ensure physically consistent behavior of the cosmological quantities and provide a representative visualization of
the model’s dynamical evolution.

Scalar field
Fig. 3 illustrates the evolution of the scalar field 𝜙 as a function of redshift 𝑧. It is observed that the scalar field

exhibits a monotonically increasing behaviour with increasing redshift, indicating that 𝜙 attains smaller values at late
times and grows significantly toward the early universe. This behaviour suggests that the effective gravitational coupling,
which is inversely related to the scalar field in Brans–Dicke theory, was stronger in the past and gradually weakens as
the universe expands. Such an evolution is physically reasonable and consistent with scalar–tensor cosmological models,
where deviations from general relativity are more prominent at early epochs. Moreover, the gradual growth of the scalar
field supports a stable cosmic evolution and ensures compatibility with current observational constraints. Hence, the
obtained scalar field dynamics reinforces the viability of the present cosmological model.
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EoS parameter
The equation of state (EoS) parameter 𝜔𝑑𝑒 = 𝑝𝑑𝑒/𝜌𝑑𝑒 plays a fundamental role in understanding the dynamical

nature of dark energy and the expansion history of the universe. Different values of 𝜔𝑑𝑒 correspond to distinct evolutionary
phases, ranging from early decelerating epochs to the present accelerated expansion. Fig. 4 illustrates the evolution of
the dark energy EoS parameter as a function of redshift 𝑧 for the present model. From the Fig. 4, it is evident that 𝜔𝑑𝑒

remains less than −1 over a significant redshift range, indicating a phantom–like behaviour of dark energy. Such a regime
is capable of driving strong accelerated expansion and is consistent with recent observational indications that mildly favor
phantom or dynamical dark energy over a strict cosmological constant. At higher redshifts, the EoS parameter gradually
approaches values closer to 𝜔𝑑𝑒 → −1, suggesting that the model effectively mimics a ΛCDM–like behaviour. The
continuous transition of the EoS parameter reflects the dynamical nature of dark energy in the model, rather than a constant
vacuum energy density. Overall, the evolution of the EoS parameter demonstrates that the proposed model successfully
accounts for the present accelerated expansion of the universe while remaining consistent with a smooth cosmic evolution.

Deceleration parameter
The deceleration parameter 𝑞(𝑧) plays a crucial role in characterizing the expansion history of the universe, as its

sign directly distinguishes between decelerated and accelerated phases of cosmic evolution. Physically, 𝑞 measures the
rate of change of the cosmic expansion relative to the Hubble expansion rate. If 𝑞 > 0, the universe is in a decelerated
expansion phase, while 𝑞 < 0 indicates accelerated expansion. The case 𝑞 = 0 corresponds to uniform expansion. The
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redshift evolution of 𝑞(𝑧) allows us to determine the transition redshift at which the universe shifted from matter-dominated
deceleration to dark-energy-driven acceleration. For our models it is defined as

𝑞 = − ¥𝑎𝑎
¤𝑎2 = −1 − 𝑘2 (𝑛 + 3)

𝑘1𝑒𝛾0𝑡
. (32)

where 𝑎(𝑡) is the scale factor. Fig. 5 depicts the evolution of 𝑞 as a function of redshift 𝑧 for the present model constrained
by the CC+BAO data. At early times (higher redshifts), the deceleration parameter remains positive (𝑞 > 0), indicating a
decelerating expansion phase dominated by matter and anisotropic effects. This behaviour is consistent with the standard
cosmological picture of a matter-dominated universe in the past. As the universe evolves, 𝑞(𝑧) decreases monotonically and
crosses the phantom divide line 𝑞 = 0 at the transition redshift 𝑧𝑡 ≃ 0.79, signaling a smooth transition from decelerated
to accelerated expansion. Such a transition redshift is well supported by recent observational studies, thereby reinforcing
the observational consistency of the model. At the present epoch (𝑧 = 0), the deceleration parameter attains a negative
value 𝑞0 ≈ −0.45, confirming that the universe is currently undergoing accelerated expansion. Overall, the evolution of
the deceleration parameter demonstrates that the model successfully describes a realistic and smooth cosmic expansion
history.
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Satefinders plane
In order to discriminate among various DE models that successfully explain the late–time accelerated expansion of

the universe, higher–order geometrical diagnostics are required. Although different DE models can reproduce the same
present–day values of the Hubble parameter 𝐻 and the deceleration parameter 𝑞, these quantities alone are insufficient
to distinguish between competing scenarios. To overcome this limitation, Sahni et al. [89] introduced the statefinder
diagnostic pair (𝑟, 𝑠), defined in Eq. (33), which depends on the third derivative of the scale factor and hence captures finer
details of cosmic dynamics. Fig. 6 displays the evolution of the present model in the (𝑟, 𝑠) plane. The trajectory clearly
passes through different DE regimes, thereby offering a clear geometrical interpretation of the cosmic evolution. At early
times, the trajectory lies in the region characterized by 𝑟 > 1 and 𝑠 < 0, which corresponds to the phantom–like dark
energy regime. This behaviour indicates a strong acceleration phase driven by effective DE with an equation of state less
than −1. As the universe evolves, the trajectory approaches the fixed point (𝑟, 𝑠) = (1, 0), which represents the standard
ΛCDM model. The proximity of the trajectory to this point at late times implies that the present model closely mimics
the concordance cosmology and is therefore consistent with current observations. At later epochs, the evolution enters
the region 𝑟 < 1 and 𝑠 > 0, which is associated with quintessence–type DE behaviour. This transition signifies a gradual
softening of the acceleration mechanism and reflects the dynamical nature of DE in the present framework. Overall, the
statefinder analysis demonstrates that the proposed cosmological model is capable of interpolating between different DE
regimes while remaining compatible with the ΛCDM limit.

𝑟 = 1 + 3𝑘2 (𝑛 + 3)
𝑘1𝑒𝛾0𝑡

+ 𝑘2
2 (𝑛 + 3)2

𝑘1
2 (𝑒𝛾0𝑡 )2 − 𝑘2 (𝑛 + 3)2

𝑘1𝑒𝛾0𝑡
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(
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𝑘1𝑒𝛾0𝑡
+ 𝑘2

2 (𝑛 + 3)2

𝑘1
2 (𝑒𝛾0𝑡 )2 − 𝑘2 (𝑛 + 3)2
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) (
−4.5 − 3𝑘2 (𝑛 + 3)

𝑘1𝑒𝛾0𝑡

)−1
(33)
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𝑟 − 𝑞 plane
The 𝑟–𝑞 plane provides a useful geometrical diagnostic to study the evolutionary behavior of cosmological models

and to distinguish them from standard dark energy scenarios. In this plane, the fixed point (𝑟, 𝑞) = (1, 0.5) corresponds to
the standard cold dark matter (SCDM) dominated universe, while the point (𝑟, 𝑞) = (1,−1) represents the steady state (SS)
or de Sitter model, characterized by a constant expansion rate and exponential growth of the scale factor. The evolution
of the present model in the 𝑟–𝑞 plane is shown in Fig. 7. From the Fig. 7, it is evident that the trajectory of the model
begins in the vicinity of the SCDM point at early times, indicating that the universe undergoes a decelerated expansion
phase dominated by matter. As cosmic time progresses, the trajectory smoothly departs from the SCDM fixed point and
moves toward negative values of the deceleration parameter, reflecting the onset of late–time accelerated expansion. This
transition signifies the gradual dominance of dark energy–like effects over matter. At late times, the trajectory approaches
the steady state point (𝑟, 𝑞) = (1,−1), which corresponds to a de Sitter–type expansion. This behavior suggests that the
universe evolves toward a phase of exponential expansion driven by an effective cosmological constant. The smooth and
continuous nature of the trajectory confirms the absence of abrupt transitions or singular behavior, ensuring the physical
stability of the model. Furthermore, the evolutionary path of the model closely resembles the expected behavior of the
ΛCDM scenario, which evolves from the SCDM regime toward the steady state limit.
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Om-diagnostic parameter
The 𝑂𝑚(𝑧) diagnostic provides an effective and model–independent tool to characterize the nature of dark energy

by directly relating the Hubble parameter 𝐻 (𝑧) to the redshift 𝑧. Unlike the equation of state parameter, the 𝑂𝑚(𝑧)
diagnostic does not require higher–order derivatives of the scale factor, making it particularly robust against observational
uncertainties. In the standard ΛCDM cosmology, 𝑂𝑚(𝑧) remains constant and positive for all redshifts, reflecting a
constant dark energy density associated with a cosmological constant. It is defined as

𝑂𝑚(𝑧) =
𝐻2 (𝑧) − 𝐻2

0

((𝑧 + 1)3 − 1)𝐻2
0
=

[
1−𝑘2 (1+𝑧)𝑛+3

1−𝑘2

]2
− 1

(𝑧 + 1)3 − 1
. (34)

Fig. 8 illustrates the evolution of 𝑂𝑚(𝑧) for the present model. It is evident that 𝑂𝑚(𝑧) exhibits a clear decreasing
trend with increasing redshift over a wide redshift range. Such a monotonic decrease in 𝑂𝑚(𝑧) is a characteristic signature
of phantom–like dark energy. This behaviour implies that the dark energy density grows with cosmic time, leading to a
stronger acceleration at late epochs. The deviation of 𝑂𝑚(𝑧) from a constant value further confirms that the present model
does not reduce exactly to the ΛCDM scenario but represents a dynamically evolving dark energy framework. At higher
redshifts, 𝑂𝑚(𝑧) approaches a nearly constant value, indicating that the influence of dark energy becomes subdominant
and the cosmic expansion is primarily governed by matter. This feature is consistent with the expected transition from a
matter–dominated decelerating phase in the past to a dark energy–dominated accelerated phase at late times. Hence, the
𝑂𝑚(𝑧) diagnostic strongly supports the viability of the proposed model as a realistic and physically consistent description
of dark energy.

𝜔𝑑𝑒 − 𝜔′
𝑑𝑒

Plane
The 𝜔𝑑𝑒–𝜔′

𝑑𝑒
phase–space analysis serves as an important diagnostic tool to investigate the dynamical nature of dark

energy, where the prime denotes differentiation with respect to ln 𝑎. This method, introduced by Caldwell and Linder [90],
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enables a clear classification of dark energy models based on their evolutionary behavior. In this framework, dark energy
models are broadly categorized into two distinct regions: the thawing region, characterized by 𝜔𝑑𝑒 < 0 and 𝜔′

𝑑𝑒
> 0, and

the freezing region, where 𝜔𝑑𝑒 < 0 and 𝜔′
𝑑𝑒

< 0. Fig. 9 depicts the evolution of the present model in the 𝜔𝑑𝑒–𝜔′
𝑑𝑒

plane.
It is evident that the trajectory lies entirely in the region 𝜔𝑑𝑒 < 0 with 𝜔′

𝑑𝑒
< 0, which clearly corresponds to the freezing

class of dark energy models. This behavior indicates that the dark energy equation of state evolves toward 𝜔𝑑𝑒 = −1 at
late times, gradually slowing down its dynamical evolution and mimicking a cosmological constant–like behavior in the
future. The freezing nature of the model suggests that dark energy was more dynamic in the past and becomes increasingly
dominant and stable as the universe expands. The 𝜔𝑑𝑒–𝜔′

𝑑𝑒
analysis strongly supports that the present model belongs to

the freezing dark energy class and provides a viable dynamical alternative to the standard ΛCDM model while remaining
consistent with current observational constraints.
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Age of the model
The cosmic time 𝑡 (𝑧) and the lookback time 𝑡0 − 𝑡 (𝑧) are important quantities for understanding the age and

evolutionary history of the universe. We estimate the age of our model using:

𝑡0 − 𝑡 =

∫ 𝑧

0

𝑑𝑧′

(1 + 𝑧′)𝐻 (𝑧′) . (35)

For our model, we have obtained the expression for cosmic age of the universe as

𝑡0 − 𝑡 =
𝑘2 − 1

(𝑛 + 3)𝐻0
ln

[
1 − 𝑘2 (1 + 𝑧)𝑛+3

(1 − 𝑘2) (1 + 𝑧)𝑛+3

]
. (36)
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Fig. 10(a) shows the variation of the cosmic time 𝑡 as a function of redshift 𝑧. At the present epoch (𝑧 = 0), the cosmic
time attains the value 𝑡0 ≃ 0.014 × 978 Gyr = 13.78 𝐺𝑦𝑟, which represents the current age of the universe in the adopted
units. As 𝑧 increases, 𝑡 (𝑧) decreases rapidly, reflecting the faster expansion rate in the early universe. Fig. 10(b) illustrates
the behaviour of the lookback time 𝑡0 − 𝑡 (𝑧) as a function of redshift. The lookback time increases monotonically with
redshift, indicating that light emitted from higher redshifts has traveled longer durations before reaching the observer. At
low redshifts, 𝑡0− 𝑡 (𝑧) grows rapidly, while at higher redshifts the curve gradually flattens, showing that most of the cosmic
age is accumulated at relatively small redshifts. This behaviour is consistent with an early decelerated expansion followed
by a late-time accelerated phase. The smooth and regular evolution of both 𝑡 (𝑧) and 𝑡0 − 𝑡 (𝑧) confirms the absence of any
sudden transitions or singular behaviour in the cosmic history. Moreover, the consistency between the decreasing cosmic
time and increasing lookback time reinforces the physical reliability of the present cosmological model and supports its
compatibility with the standard picture of cosmic evolution.

5. CONCLUSIONS

In this work, we have investigated an anisotropic Bianchi type–𝐼 𝐼 𝐼 cosmological model filled with KHDE and
pressureless matter within the framework of BDR theory of gravity. The combination of anisotropic geometry, modified
gravity, and generalized holographic dark energy provides a rich and flexible framework to study cosmic evolution. By
imposing suitable relations among the metric potentials and assuming a functional dependence between the Brans–Dicke
scalar field and the average scale factor, we obtained exact analytical solutions of the field equations. Using these solutions,
several key cosmological parameters were derived and analyzed in detail. The evolution of the Hubble parameter shows
a smooth and physically reasonable behavior, consistent with observational data. In particular, the reconstructed 𝐻 (𝑧)
profile obtained from the best–fit parameters lies well within the 1𝜎 and 2𝜎 confidence regions of the CC+BAO datasets,
demonstrating the robustness of the model against current observations. The model parameters were tightly constrained
using a MCMC analysis with CC+BAO datasets. The resulting best–fit values, particularly for the Hubble constant, are in
good agreement with recent observational estimates. The well–defined and closed confidence contours in the parameter
space confirm the statistical stability and convergence of the MCMC analysis.

The deceleration parameter analysis reveals a clear transition from an early decelerated phase to the present accelerated
phase of the universe. The transition redshift obtained in this model is compatible with recent observational constraints,
confirming that the model can successfully reproduce the observed cosmic acceleration. This smooth transition further
supports the physical viability of the model. The behavior of the equation of state parameter of dark energy plays a crucial
role in characterizing the nature of cosmic acceleration. Our analysis shows that the EoS parameter remains in the phantom
region throughout the evolution, implying 𝜔𝑑𝑒 < −1. Such a behavior is capable of driving strong accelerated expansion
and is consistent with several recent observational indications favoring dynamical dark energy over a strict cosmological
constant. Importantly, the evolution of 𝜔𝑑𝑒 is smooth and free from divergences, indicating the absence of pathological
future singularities within the considered redshift range. To further discriminate the present model from standard dark
energy scenarios, we employed several geometrical diagnostics, including the statefinder (𝑟, 𝑠) and (𝑟, 𝑞) planes, as well
as the 𝑂𝑚(𝑧) diagnostic. The statefinder analysis shows that the evolutionary trajectory of the model passes through
different dark energy regimes and approaches the ΛCDM fixed point at late times, indicating that the model can effectively
mimic the concordance cosmology in the recent past while allowing deviations at earlier epochs. Similarly, the 𝑟–𝑞 plane
demonstrates a smooth evolution from the standard cold dark matter dominated era toward a de Sitter–like steady state,
reinforcing the consistency of the model with the expected cosmic history. The 𝑂𝑚(𝑧) diagnostic exhibits a decreasing
trend with redshift, which further confirms the phantom–like nature of dark energy in this framework and rules out a
constant ΛCDM behavior. We also analyzed the evolution of the Brans–Dicke scalar field and the cosmic time parameters.
The scalar field shows a regular and monotonic behavior, suggesting a time–varying effective gravitational coupling that
evolves smoothly with cosmic expansion. The cosmic time and lookback time analyses indicate a consistent and realistic
age of the universe, with no abrupt transitions or singular behavior, thereby strengthening the physical reliability of the
model.

In conclusion, the present study demonstrates that the KHDE model within the BDR framework provides a viable and
observationally consistent description of the cosmic expansion history in an anisotropic universe. The model successfully
explains the transition from early deceleration to late–time acceleration, closely mimics ΛCDM behavior at late times,
and allows for a dynamical dark energy component with phantom characteristics. These results highlight the potential
of generalized holographic dark energy models in modified gravity theories as promising alternatives to the standard
cosmological paradigm.
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ОБМЕЖЕНА ГОЛОГРАФIЧНА МОДЕЛЬ ТЕМНОЇ ЕНЕРГIЇ КАНIАДАКIСА В
КОСМОЛОГIЇ БIАНЧI 𝐼 𝐼 𝐼

Ю. Адитья1*, К. Дасунайду1**,Мураласеттi Ноокараджу2, П. Сiльпа3, Г. Сурьянараяна4
1Кафедра математики, Технологiчний iнститут GMR (GMRIT) – Вважається унiверситетом, Раджам-532127, Iндiя

2Кафедра хiмiї, Унiверситет Адiтья, Сурампалем-533437, Iндiя
3Кафедра хiмiї, Iнженерний коледжШрi Васавi, Тадепаллiгудем-534101, Iндiя

4Кафедра математики, ANITS, Вiшакхапатнам-533003, Iндiя
У цiй роботi ми вивчаємо космологiчну динамiку анiзотропного Всесвiту типу Бiанкi–𝐼 𝐼 𝐼, заповненого голографiчною темною
енергiєюКаньядакiса та матерiєю без тиску, в рамках теорiї гравiтацiї Бранса–Дiкке–Расталла. Для отримання точних розв’язкiв
рiвнянь поля припускаються вiдповiднi спiввiдношення мiж метричними потенцiалами, а також функцiональний зв’язок мiж
скалярним полем та середнiм масштабним коефiцiєнтом. Для обмеження параметрiв моделi ми виконуємо аналiз методом
Монте-Карло за допомогою ланцюгiв Маркова, використовуючи спiльнi набори даних CC+BAO. Реконструйований параметр
Хаббла демонструє чудову вiдповiднiсть зi спостережними даними в межах довiрчих областей 1𝜎 та 2𝜎, а оцiнене значення
постiйної Хаббла узгоджується з останнiми вимiрюваннями. Ми виводимо кiлька важливих космологiчних параметрiв, включа-
ючи параметр Хаббла, параметр уповiльнення, параметр рiвняння стану, скалярне поле, космiчний час та час ретроспективного
огляду. Фiзична поведiнка цих параметрiв аналiзується за допомогою графiчних зображень. Параметр уповiльнення демонструє
плавний перехiд вiд ранньої фази уповiльнення до пiзньої прискореної фази, з червоним змiщенням переходу, що узгоджується
з останнiми спостережними межами. Параметр рiвняння стану залишається у фантомнiй областi, що вказує на динамiчну
поведiнку темної енергiї, здатну керувати поточним прискореним розширенням. Крiм того, дiагностика за допомогою методiв
пошуку станiв (𝑟, 𝑠) та (𝑟, 𝑞) показує, що модель близько наближається до поведiнки ΛCDM на пiзнiх етапах, допускаючи
водночас вiдхилення на раннiх епохах. Дiагностика𝑂𝑚(𝑧) додатково пiдтверджує фантомну природу темної енергiї в сучасних
рамках. Загалом, нашi результати демонструють, що наша модель у гравiтацiї Бранса-Дiкке-Расталла забезпечує життєздатний
та спостережливо узгоджений опис iсторiї розширення космосу в анiзотропному Всесвiтi.
Ключовi слова: голографiчна темна енергiя Каньядакiса; гравiтацiя Бранса-Дiкке-Расталла; Всесвiт Бiанкi III типу; аналiз
MCMC; космiчне прискорення
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