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This work investigates the KdV-Calogero Bogoyavlenkskii-Schiff equation in modified (2+1) dimensions. The Lie symmetries are
created using Lie group analysis, and the similarity solutions are then found using the symmetries. Using the multiple exp-function
approach, numerous wave solutions are obtained. Furthermore, we use the multiplier approach to express the conserved currents, which
is essential for comprehending the nature of non-linear equations, particularly in engineering and physics.
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1. INTRODUCTION

In domains such as oceanography, superfluids, hydrodynamics, plasma physics, optical systems, and other relevant
nonlinear science [1-8] topics, nonlinear evolution equations (NLEEs) exhibit a variety of fascinating nonlinear dynamic
phenomena. The physical insights offered by the solutions to NLEEs can help us better understand the underlying
phenomena and possibly pave the way for novel applications. Therefore, it is essential to look for precise answers to these
equations. But finding precise answers for NLEEs is frequently difficult, and their answers can only be simplified in rare
circumstances. Numerous techniques have been used to address NLEEs [9-25].

The illustrious Korteweg-de Vries (KdV) equation

Wr +6WW, + Wy =0 (1.1)

is an example of a nonlinear evolution equation (NLEE) [26—44]. It describes the dynamics of solitary waves. It was
first developed to characterize long-wavelength, small-amplitude waves in shallow water. Its multiple-soliton solutions,
unlimited number of conservation laws, and numerous other physical characteristics make it an important equation in the
study of integrable systems.

We study one such NLEE namely a modified (2+1)-dimensional KdV-Calogero Bogoyavlenkskii-Schiff (KdV-CBS)
equation [45,46]:

4w, — hy (4a)cuﬂ + Zw)(a;lwl, + wxx#) =y (6wwy + Wyyy) =0, (1.2)

where h; and h; are arbitrary constant. It should be noted that when A; # 0, hy = 0, equation (1.2) becomes to Calogero
Bogoyavlenkskii-Schiff equation [47].

4rr = I (400, + 20,07 @y + @) = 0. (1.3)
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Furthermore, when #; = 0 and &, # 0, equation (1.2) is reduced to the well known KdV equation
dwr = hy (6wwy + Wy y) = 0. (1.4)
The transformation w = v,,, casts(1.2) into
4vey —hy (vveu + 2vuVix + Viran) — h2 6V vy + Vigry) = 0. (1.5)

There are five sections in this study. The calculation of exact solutions and similarity reductions using Lie point
symmetry analysis is shown in Section 2. In Section 3, we use the multiple exp-function method, an extension of Hirota’s
perturbation technique, to investigate a number of physically relevant waves with novel general wave frequencies and phase
shifts. The multiplier approach is used to discuss the conservation laws in Section 4. Lastly, the closing remarks are given
in Section 5.

2. LIE SYMMETRIES AND REDUCTION (1.5)

The Norwegian mathematician Sophus Lie (1842—1899) created the Lie symmetry method, a potent mathematical
instrument for evaluating and resolving differential equations. This approach focuses on detecting differential equation
symmetries, which can be utilized to simplify the solution-seeking process by lowering the number of independent
variables. Closed-form solutions are frequently the outcome of this. Numerous disciplines, including physics, fluid
dynamics, electromagnetic, and engineering, heavily rely on the Lie symmetry technique [48-51].

We now compute the symmetry group of the transformed (2+1)-dimensional KdV-Calogero Bogoyavlenkskii-Schiff
equation (1.5). The vector field of the form

d d 9 9
r = &(yu V)E + (T, X s V)E +$3(T,x,/~t,V)a +77(T’X,,U,V)E-

would generate all the desired Lie point symmetries of (1.5). It should be noted that this would be initiated by applying
the fourth prolongation pr*T to (1.5). This algorithmic procedure yields an overdetermined system of linear partial
differential equations of the following form:

£,=0,6,=0,8,=0,£=0,£ =0,£ =0,

Moy =0,y =0, &4, = 0,1y =0, 7y =0,

My + &y =0, hiy — €7 = 0,360, =0y, =0,

Exu = Tvu = 0, huy +3hamy + 262 =0,

hilyu = ey — €7, = 0, &g — &, + &y =0,

E1 =& 1y =& =0, &L — &) + hony, + 2Inéy, = 0.

Hence the above system yields the following Lie point symmetries:
0 0 0 o . .
'y = -2hiyt— + (hou — h1 x) — + hjv—, dilation & space & time — dependent shift
ot oy av

0 0 0
') =hit— + hhu— + hju—, space & time — dependent shift
ot ox ou
0 0 0 0
2.2 2 2 2 2
I's = -2h] 37 (hl‘r)( + hlhg‘ry) a - 2h1‘r,ua + (hlvr +2h xu —2hou ) 3y
dilation & space & time — dependent shift
ho 0 hy

0
=——————+ ————— spacetranslation
(i +ho) ox * (i +hy) o’ "

I'y

0 0 0
I's=hihytr— + h%‘r— + (hop — hyxy) —, rotational & space — dependent shift
ox ou v

o . .
I'¢ = —, time translation
ot

0 0
Tr(r) = th(T)a + 2F’(‘r)y5, space & time — dependent shift

0
L) = G(T)E. space & time — dependent shift
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2.1. Symmetry reduction and invariant solutions of (1.5)

Our goal is to use the symmetries we discovered above to achieve symmetry reduction of (1.5). The related Lagrange
equations must be solved in order to achieve symmetry reduction.

dr _ dy B du a dv
Nt 1 v)  E(roxpy)  E(txuv)  n(tx.pv)

We examine the three cases listed below.
Case 1. First, we look at infinitesimal generator I'y

dr dy _dudv

2hit (ap-hyx) 0 hy

which gives rise to the group invariant
.

(hix = hap)*’

Equation (1.5) reduces to the nonlinear partial differential equation when ¥ and y are taken into consideration as the new
independent variables and © as the new dependent variable.

Y=pu y= 0 =-v(hixy - hp).

47’130,y w + 8Y 110, 0,y + 24y 110,y + 4y 1090, + 4yhi00,y + 27yhi0,y + 14yhi0, 0y
+4h100y + 3130y — 4y0,, — 60, = 0. (2.6)

We now further reduce (2.6) by using its symmetries, it can be seen that the corresponding vector of (2.6) is as
follows:

0 0
—
=Tt ya
Y\ o
Sy =2h3 z—+ YO - —| —,
0
S
1 0
Sy =——.
\y 00
Taking symmetry S3 + Sy, yields the following invariants:
Oy -Y¥
K=Y, = >
Vr

and making use of them, we obtain a second order ordinary differential equation
2D (k) + Sk (k) — 20" (k) + WD (k) — 3Vk®D' (k) =

which gives the general solution of the form
(2.7)

where the arbitrary integration constants C; and C; are used. The invariant solution of (1.5), when rewritten in our original
variables, looks like this:

1 T t
vt x,pm) = - Mu+Cy |——————+C—p
h1X—h2,u(V(h1X ho w)? (hy x = hy p)?

-1

—
L ey a—- 2.8)
Ve N h=heay
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Figure 1. A 3D wave solution (2.8)

Figure 2. A density plot of solution (2.8)
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Figure 3. A 2D plot of (2.8)

Case 2. We consider infinitesimal generator I',
dr dy du dv

Tt g g 0
we obtained the group invariant
hix — hop T
¥Y=—= 5 =T 0=y
hz Y h2T v

Equation (1.5) changes to ® as the new dependent variable and ¥ and y as new independent variables.

4yhihyOuOy, + 2yhyh10,Opy — YhiO,pyy — 41,0,y = 0. (2.9)
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After employing its symmetries to reduce (2.9), we can observe that the equivalent vector of (2.9) is as follows:

0
Sl—%,
0 0
Sy=nyr L w2
2= Gy T T ow
0
S3_a_lpa

0 0 0
Sa=¥Y—=+2y—-0_—.
YT T ey T T e
Taking symmetry S;, yields the following invariants:
Oyh? -V

k=%, ® 3
hiy

bl

and making use of them, we obtain a second order ordinary differential equation
Kk®" (k) + 2@’ (k) = 0,
which yields the general solution of the form
1
O(x) = Cr + —-Cy, (2.10)
K

where C; and C; are arbitrary constant of integration. Reverting back to our original variables, the invariant solution of
(1.5) takes the form

Crhi’ty = Crhi*hytp— Co P ho v — i x2u + 2 hy ho i — ho? i

v(T, X, 1) = (2.11)

(hi x = ho ) h*t

Figure 4. The profile structure of solution (2.11)

Figure 5. A density plot of (2.11)
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Figure 6. A 2D side view of (2.11)

Case 3. The symmetry I's leads to
V(T X 1) = Q)T 2,2 = Ny + Nl 4 2 A g o 212)
3/2p? hi VT
with invariants
hiy—h 2Ty + hyyu — hyu?
hy hit
and O(y, V) satisfies the nonlinear partial differential equation
2¥0y, +v0,, +20 = 0. (2.13)
The integration of (2.13) leads to
()
i (2.14)

El

3

O(Y,y) =g(¥) +

where g and z are arbitrary functions of f and y/+/7 respectively. Finally, (2.14) accomplishes the group invariant solution

(2.12).

800
/600
‘00 V
200

Figure 7. A 3D of solution (2.12)
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Figure 8. A density plot of solution (2.12)
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Figure 9. A 2D side view of (2.12)

The limiting behavior of problems that are distant from their beginning or boundary conditions is often captured by
group invariant solutions.

3. MULTIPLE EXP-FUNCTION METHOD

The multiple exp-function technique operates independently in constructing bilinear forms. It begins with the notion
that polynomials of exponential functions can be used to define multi-soliton solutions. In essence, Hirota’s perturbation
approach is expanded upon by the multiple exp-function algorithm. Furthermore, general wave frequencies and phase
shifts are included in the resultant solutions. The following is a summary of the multiple exp-function method’s main
steps. [52-56]:

Step 1. Let us consider the following (1 + 1)-dimensional NLEE:

P(x,7,vy,ve,-) = 0. (3.13)
Step 2. Suppose the solution of above NLEE can be expressed as

M
P12, 1) - y
x Q(n19772"" ,nn) p Z Z p Yl]n T]S

r,s=1i,j=0
n N o
9= > > qrsiimini, (3.16)
r,s=11i,j=0
in which p, ;; and g, ;; are unknowns to be determined and
n; = ciefi, & =kiy—pit, 1<i<n. (3.17)
Step 3. Substituting (3.16) and its derivatives into (3.15) yields the following transformed equation

O, T,m,1m2, -+, ) = 0. (3.18)

Step 4. The multiple wave solution of (3.15) can be obtained by solving an algebraic system whose numerator is set
to zero for the function Q(x, 7,71, M2, ** » n)>

p(cleku)(—pﬂ, ... ,Cnekn)(—pnr)

q(clele_plT’ cee cnean_Pnt) :

v(t,x) = (3.19)
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3.1. Application of the multiple exp-function algorithm in (1.5)
The multiple exp-function approach will be used in this subsection to get the one- and two-wave solutions of (1.5).

3.1.1. One-wave solution of (1.5) We start with one-wave function

v(x, T, ) = B’ p= Alekl/\""llﬂ—PlT, g=1+ elixthip=p17 (3.20)
q
where A is a constant. By applying the multiple exp-function algorithm, we obtain with the aid of Maple:

1
Ay =2k, p1 = —Zkf (hili + haky) . (3.21)

Figure 11. A density plot of solution (3.20)

R TR E— s 10 15 X

Figure 12. A 2D side view of solution (3.20).
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3.1.2. Two-wave solution of (1.5) Based on the assertion made in Step 2, we examine two-wave solutions and
suppose that equation (1.5) has the rational function of two-wave solutions, which is represented as follows:

viy,T, 1) = s, (3.22)

with p and g being defined by

2 klekl)(+11#—/717' +2 kzekz)(+lzll—P2‘r

p =
+2 Aps (ky + ko) ek1X+llﬂ—P1Tek2X+l2ﬂ—P2T, (3.23)
g = 1+ ekixtlip-p17 4 Jkox+hpu-pr7 | Alzek1X+llll—P1Tekz)(+lzli—PzT’ (3.24)
where
A; = ki)( + li/.l - piT, i=1,2 (325)

and A, is a constant. Applying the multiple exp-function algorithm, with the aid of Maple leads to

B k% —2ki1ky + k%

1 1
A = TS p1 = —Zkf (hily + haky), p2 = —Zk§ (hlz + hak2) . (3.26)

20 -10

Figure 13. A 3 dimensional simulation of solution (3.22).

Figure 14. A density plot of solution (3.22).
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Figure 15. A 2D side view of solution (3.22).

4. ANALYSIS AND DISCUSSION OF THE RESULTS

The first solution in Fig.1, Fig.2 and Fig.3 portrays a multi-singular wave structure, with spatial variables restricted
to the intervals of =15 < y < 15and 0 <7 < 10, with hp = 1, u = -1, hy = 1, C; = 1, C, = 0. Conversely, the second
illustration in Fig.4, Fig.5 and Fig.5, presents a singular wave structure , with spatial variables restricted to —15 < y <
15and -10 < 7 < 10, with h, = 1, 7 =1, hy = 1, C; = 1 and C; = 1. Singular periodic waves are employed in the
study of wave dynamics across different optical systems and fibers. Additionally, they are relevant in the examination of
chaotic phenomena, providing essential insights into the behavior of these systems, as they facilitate the interactions of
particles in the fields of physics and chemistry. In Fig.7, Fig.8 and Fig.9 , the graphical representation shows a concave-up
structure which is analyzed within the spatial variables constrained to the range of —10 < 7 < 10 and —15 < y < 15

hy=1,t=1,h =1,g(1) =0, z (%) = sech’(y — p). Furthermore, Fig.10, Fig.11 and Fig.12, engenders a

one-wave solution portraying a kink profile defined within the intervals of —15 < y < 20 and —10 < u < 15 and the
rest of the elements equated to unity. Finally, Fig.13, Fig.14 and Fig.15, presents a two-wave kink profile structure with
spatial variables restricted to the intervals of—15 < y < 15 and —15 < y < 20, with the parameter with | = 5, hy = 2.5,
k1 =2 and ¢ = 0.5 and the rest set one. Kink solitary waves have been extensively utilized in optics and various fields of
nonlinear science. They serve as logic units or polarization switches connecting two separate points. Additionally, they
are applied in the analysis and comprehension of the propagation of extremely short light pulses within a cubic-quintic
nonlinear medium.

5. CONSERVATION LAWS

Key physical quantities like mass, energy, momentum, electric charge, and other constants of motion can be understood
through the framework provided by conservation laws [56]. Because they define conserved quantities and shed light on
the characteristics and behavior of partial differential equation solutions, conservation laws are essential to the study of
differential equations. They play a crucial role in establishing whether solutions to nonlinear partial differential equations
exist, are unique, and are stable. Conservation laws also aid in the evaluation of linearization, integrability, and the validity
of numerical techniques for resolving these equations.

Our goal in this section is to use the multiplier approach to construct the conservation laws of (1.5). We start by
reviewing some fundamental findings that will be applied later in this section. Examine a system of partial differential

equations of pth order with n independent variables y = (y!, x%, ..., x") and m dependent variables v = (v!,v?, ..., v"),
ie.,

Ho(x,v,v(1ys - V(p) =0, a=1,..m, (5.27)
where v(1),v(2),..., () denote the collections of all first, second, ..., {th-order partial derivatives, that is, v{' =
D;(v?), VZ' = D;D;(v?),... respectively, with the total derivative operator with respect to ' is given by

D=9 4y a =1 5.8
l—a—)(i+ViW+Vijm+..., r=1,...,n, ( )
J

where the summation convention is used whenever appropriate.
The Euler-Lagrange operator, for each a, is given by

6 9 ; 9
&/_“:m+z(_l) D,-l...DisW, a=1,...,m. (5.29)
321 nip...1g

The n-tuple vector T’ = (Tl, T2, ..., ), T/ € A, Jj=1,...,n,is a conserved vector of (5.27) if T' satisfies

DiT|(5.27) = 0. (5.30)
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The equation (5.30) defines a local conservation law of system (5.27).
A multiplier Ao (¥, v, v(1), . . .) has the property that

AoHy = DT! (5.31)

holds identically. Here we will consider multiplier of the third order, i.e.,

Ao = Ao(7, XoHs Vs Vs Vs Vs Vays Vous Vs Voo Vyxs Vuus Verros Vroys Voxxs Vroouws Vouus Vyxxs Vixu»

Vyuu Vuup)- The right hand side of (5.31) is a divergence expression. The determining equation for the multiplier A, is
6(AaHa) _

. 32
=0 (5.32)

5.1. Conservation Laws of (1.5)
The (2+1) dimensional KdV-Calogero-Bogoyavlenkskii-Schiff equation (1.5) has a multiplier of the form
hop*

1 1 1
A = (EthV +hituvy, + v, + Ehz‘r,uv)( + zhl‘r)(vX i +/\(,u) Ci+v,Cy
1

3h houv
+ (hlrv,, - h_w +X) Cy + ( 2: X +4Tve v+ xv, + 2;11/,1) C3+v:Cs
1 1
JHESD) A 2ur'(7)
1

h? hi

+ (D) Vyyr + 3f(‘z')v)(2 + +r(1)v, +g(1), (5.33)

where Cy, Cy, C3, C4 and Cs are arbitrary constant and f (1), r(7) and g(7) are arbitrary functions of 7. Corresponding to
the above multiplier we have the following conserved vectors of (1.2):

Y

ﬁ( - 16TVVXVXH/’Z% - 8TVVIIVXX/’Z% - 6TVVXXXM//Z% + SXVXZhl =3vv hy +6uv, v, h
1

=Bxvvyy bt = 24thavvy vy by — 6Thovvy o + 12Tv, v hy + 12Tvve by + 3,uh2vX2

—6uvVyuhi = 3phavvy, |,
; Thl( — 48uh3v, > — 48xhihyv, > + 64h1hyvv,? — 32xh3v, v, > — 128uh hyv,v,?
—64;1h%v,,2v)( + 48h%vvﬂvX + 32,uh%vvm,v)( - 12h%vXHvX - léxh%vv)mvx +80uh1havvy vy
—15h1havyy vy = 15xh3vy uvy = 30uh1havy yuVy = 24005V Vi = 24X h1haV oy Ve
—1287hv, o vy + 64T VY, vy + 192Thi hovyey vy — 24Th Ve 1 vy — 48Thihavey, vy
+96Th v.? + 32,uh%vv,,v)(,, + 6,uh%v,,,,v)()( + 9)(}1%1/)(,,1/)()( +33uh1hovyu vy, + 36h%vv)()(,,
H18URI VY + A5Sh1ha vV oy = 3X VY yy = 2THRIRY 1V i = 3XIEVY vy n
+48uh1 v, ve — 36‘rh%v)()(,,v, —48Th1hovy Ve — 48uhvve, + IZTh%vXXvT,, +24xhivve,
+64Th%vvﬂvm, + 24Th%vXﬂvTX +48Thi1havy ey — 12Th%vHvTXX + 36Th%vaXX”
—24,uh%v,,v)()m - 12ph%vﬂmvx +24phovevy, + 12/111%1/)0(2 —96h1vvy —96Th|vv,r

—192th1hyvevy* + 12xhihavy ? + 48Thihavveyyy + 24xhivevy + 1203y, ,.°

+24phovvey, + 21 ph1hovyy |

T = % —16xhivy® — 16uhyv,” + 16h1vv,* = 32uhv, v, * — 64Th vy, * = 32uh1vv, vy
+16xh1vvy vy = 80uhovvy vy — ORIV Vi — OX RV iy Ve — 0oV v, + 64T VYV vy,
—12Th Ve vy + 33XV + 3uhavyy? = 32uhivy vy + 6 vy + ORIV
=18l vy yyu + 3XM1VVyx — 21phovviy vy — 12Th vy Ve + 96UV Ve, — Ouh vy vy

+12Th vy Vo + 12Th vV — 3hvy, vy |

TVﬂVX]’l% - Tvaﬂh% = 2vhy +2xvyhy — 6uhyv,
hy ’

Ty =
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1 2,3 2. 13 3 3 3
T2X = m(&rv“, hy = 32tv, v hy + 16Tvv, v ) + 16TvY, v by — 6TV vy i

+3‘rv,wv)()(h? - 127'1/#1//\,/\,#//1? + 9Tvv“,m,h? - 48Th2vuv)(2h% - 48)(v,,vxh%
+48Tha vy, Vi uht + 12v, 03 + 12Thavy vy bt = 18XV it = 12Thovy vy uhi
H12Thov Yy ults + 24TV, v b = 24Ty v hT = T2xhavy P hy + 144pho v, v hy + 6hav by

+54ha vy it = 24x Moy i + 48x vy + 216k, + T2uh3vyy — 144phov,

—1zrh2v,,v,mhf),

1 2,2 2 2 2 2
TZ“ = ﬂ( =167y, v, hy = 16TV, v\ h] — 16TVY, vy W] + 3TV, vy By = 3TV Vi)

—3TV#VXXX]’1% - 9TVVXXXﬂh% - 24XVX2h1 +24vv, h —48Thavy, vy hi + 6V, By

—O6xVy 1 — 12Thovvy o i +48Tvve by + 72,uhgv)(2 + 18,uhzvXXX);

1
Iy = 6_hl( - 872vavxﬂh? - 4Tzvv”vXXh? - 37'21/1/)(/”#}1? + 37')(v)(2h% - 3Tvah% + 6‘1',uv#v)(h%

2 2 2 2 2 2 2 2 2 2
—6TUVVyuh] = 3TX VYV by — 12T°hovvy vy by = 3T°hovvy o h + 6TV, v hy + 6T vy B

+3Tphovy hy — 12uvhy + 12xuv, hy = 3tphavvy, by — IZyZhZVX),

T3X = ﬁ( - 321')(1/,,1/)(2}1? + 121’[11//\/#2}1? - 647’[11/#21/)(/’1? + 487’vvﬂvxh? + 327,uvvm,v)(h?
+32‘r,uvv,1v)mh? - 127vaXﬂh? - 16TXVVXVXMh? - IZTMVXVXWh? + 6T,uvﬂﬂv/wh?
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—1287uh2vﬂv){2h% + 127)(h2vXX2h% + 4872v72h% + 24)(vvxh% — 96/\(uvﬂv/\,h% - 24th%
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+45‘rh2vaXXh% - 27Tuh2vﬂv)()(xh% - 247’)(]121/)()//\,/\,/\,/1% + 211’/1]121/1/)()0(,,/1% - 967’2h2v)(2v7h%
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T = -
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1
TY = ﬁ( 6h v vy + 161 vy v, v + 48ho vy vy v + O vy uuV + 1200V pv — 24ve,v

=32h1vy vt = 48havy Py — 1201V — 1202y Vi + 61V i = 61V Vi
3V Vup + 1200V vy — 120V, vy u + 24VTV,,),

1
Tf = ﬁ( = 16h1vy vy v —48ha vy vy v = 16h vy v v = O vy y v — 1200V v

+48v .y v = 16h1v, 2V = 3Mvy Vi p + 3RV oy Viu — 3h1vw(v,,);

1

TST = 6( = 8h vy ViV —4h vy vy — 1200V, v, v = 3RV o wnV — 3haVy oV + 6V v + 6y, ],
1

TSX = ﬁ(mhlevmv +48hovy v v + 1601V, v, v + Yhivve, v + 1200V 2300V — 24very

2
—6h 1V Veyu — YMvevy oy + 30V Veu + 61V Vi — 3h v Ve — 48haveyy,

—12hav iy + 1202y Ve + 24V 2 = 32h1 vy, vy, — 12h2vaTXX),

1
TS" = ﬁ(mhlevwv + 3R VeyyyV — 16hlvTv)(2 = 3h1vyVeyy = 3R1VeY, yyy + 3h1vXXvTX);
1 / 124
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1
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T7X = Thl24h1r’(‘r)va—16h%r(7’)v)(v)(ﬂv—3h%r(T)vXXX,,v+24h1r(T)vTXv—96pr"(r)v

=96h ur’ (T)vy vy = 36h 1 ur’ (T)Vy o — 48hoptr’ (T)V oy + 12017 (tau) vy, — 32h%r(‘r)v)(2vﬂ
—48h1h2r(‘r)vX3 = 24h1hor (T) vy vy + 2401 (T) Vv, + 12h1h2r(‘r)v)()(2 +96ur’ (1)v,

+9h%r(‘r)v“,v)m - 144h2yr'(‘r)vX2 - 15h%r(T)vaXXﬂ - 3h%r(‘r)vXXva ,

1
T7” = ﬂ(16h1r(7)vXXva + 301 (T) ViV — 16hlr(‘r)v/\,3 =6 1r(T)VyyyVy + S»hlr(T)v)()(2

—48ur’ (1)v,* - 12,ur’(‘r)vXXX);

TS = 2g(1)vy,
1 ,

Tg‘ = 7 (—8g (T)v = 8h1g(T)vy vy = 3h18(T)Vyyu — 12h2g(T)vX2 —4hog(T)Vyyy + Sg(T)VT) s
1

Té‘ = 1 (—4h1g(7)v)(2 - hlg(‘r)v)()()() ;

Physical principles such as the conservation of energy, mass, and momentum are mathematically formulated as
conservation laws. These laws are fundamental for the analysis and simplification of partial differential equations. The
laws of conservation of momentum, energy, and angular momentum are originally derived from classical mechanics.
However, these conservation laws hold true and are preserved in both relativistic mechanics and quantum mechanics. As
a result, they transcend classical mechanics and stand as some of the most fundamental and universally valid principles
in physics. Conservation laws have been extensively employed in investigating the existence, uniqueness, and stability of
solutions to nonlinear partial differential equations, as well as in the development of numerical methods for these equations.
It is important to recognize that an infinite number of conservation laws can be derived, given that the multiplier involves
an arbitrary function.

6. CONCLUDING REMARKS

Eight symmetries were found when we calculated the Lie point symmetries of the modified (2+1)-dimensional
KdV-Calogero Bogoyavlenkskii-Schiff equation. We performed group invariant solutions and symmetry reductions.
After that, we obtained one-wave and two-wave solutions using the multiple exp-function approach. Lastly, we used
the multiplier approach to derive the conserved currents. In the future, the modified (2+1)-dimensional KdV-Calogero
Bogoyavlenkskii-Schiff equation can be solved more precisely using conserved currents.
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OonmcC MOINPIKOBAHOI'O (2+1)-BUMIPHOTI'O PIBHAHHA KdV-KAJIOIZKEPO
BOTI'OABJIEHCBROTI'O-IITU®PA YV XBNJIAX HA MIJIKOBO/JIAI:
AHAJII3 CUMETPII JII TA 3AKOHM 3BEPE;KEHH A
CiBenati O. Moyci!, A6aynnaxi P. Anem?, Ben Myatmkerskenka'>, Moxammen E. M. Anrap?,
Xymam M. Axmen’, Anmkan Bicac®7:8?
TTkona mamemamuunux ma cmamucmuunux nayx, Iienivuno-3axionusi yrisepcumenn,
Private Bag X1290, Ilomuegpcmpym, 2520, Iliedenna Agppuxa
2Kagpedpa mamemamuunux nayx, Yuisepcumem Iligdennoi Adppuru, P.O. Ckpunvka 392, Vuica, 0003, Ilisdenna Adpuxa
3Kagpedpa mamemamuru, pakysvmem npupodnuuux nayx, Yuieepcumem Bomceanu, Private Bag 22, IaGopone, Bomceana
4poepama mamemamuunoi oceimu, daxyrvmem ocgimu ma mucmeyms, Yuieepcumem Coxap, 311, Coxap, Oman
3 Inowcenepruii konedoic Texnonoziunozo yuisepcumemy, Baxpeiin, Koponiecmeo Baxpeiin
SKagpedpa mamemamuxu ma pizuxu, Jepocasnuii ynisepcumem I'pambninea, Tpambnine, JTyiziana 71245-2715, CIIA
"Kagpeopa mamemamuxu, paxyavmem npupoduuuux nayx, Texuiunuii ynisepcumem Kapadenis, Tpatzon-61080, Typeuuuna
8 Kagpeopa pisuxu ma enexmponixu, Yuisepcumem Xazap, Baxy, Apuzona-1096, Azepbaiidncan
9Kagpedpa mamemamuru ma npuxaaduoi mamemamuxu, Cepaxo Makeamxo Yuigepcumem meouuHux Hayx,
Meoynca-0204, I[Ipemopis, Ilisoenna Agppuka

V wiit pobori nociimkyerbest piBHsaHHsA KdV-Kanomkepo Borosinencekoro-Iugda y moaudikoBanux Bumipax (2+1). Cumerpii JIi
CTBOPIOIOTHCS 3a JIOMIOMOTOI0 aHaTi3y rpynu JIi, a moTiM 3a I0MOMOTOI0 X CUMETPiii 3HaXOAAThCS PO3B’ I3KM MOAIOHOCTI. BrkopucTo-
BYIOUM METOJ] MHO)KMHHUX €KCIIOHEHIIIHUX (DYHKIIil, OTPUMAHO YMCJIEHHI XBUJIbOBI pO3B’ A3KU. KpiM TOro, M1 BUKOPUCTOBYEMO METO[L
MHOXHUKIB JITs] BUPaKeHHS 30€peKeHUX CTPYMIB, 11O € BaXXJIMBUM JJIs1 PO3YMiHHS PUPOIM HENiHIHUX PiBHSHB, 30KpeMa B iHXeHepil
Ta Qi3ui.

Kuarwuosi caoBa: pisusnuns KdV-Kanooacepo Bozosisaencvkozo-Llugpgpa; 30epesiceni cmpymu, ananiz memooom epynu Jli; memoo
MHOJICUHHUX eKCNOHEHYIIHUX (PYHKUITI
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