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Transcendental equations for determining the electron energy spectrum in a five-layer semiconductor structure with a potential barrier
located at its center have been derived and analyzed for different energy ranges. It is shown that the origin of the energy-level shift is
associated with the dependence of the electron Hamiltonian not only on the potential energy but also on the kinetic energy, which is
governed by the effective masses of electrons in each layer of the structure. Changes in the electron energy spectrum of a five-layer
semiconductor structure whose layers have different values of physical quantities characterizing the band and geometrical parameters
of the sample as a function of temperature have been analyzed.
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INTRODUCTION

The current stage of development of solid-state physics is characterized by the fact that the primary objects of
research are increasingly not bulk semiconductor crystals, but thin films, multilayer thin-film structures, conducting wires,
and crystallites [1-4]. The small dimensions of these structures in a certain direction, comparable to the de Broglie
wavelength, lead—according to the laws of quantum mechanics—to a modification of the energy spectrum of charge
carriers. The spectrum becomes discrete for motion along the axis in which the motion is confined. The presence of such
“size” quantization, under certain conditions, can significantly affect the physical properties of the quantum-confined
structures under consideration, giving rise to a set of unique properties that differ from those of single-crystal
semiconductors [2-9].

The experience accumulated to date and the advances in epitaxial growth techniques make it possible to fabricate
more complex heterocompositions containing semiconductor layers with a complex potential profile. From this
perspective, the investigation of the particle energy spectrum in coupled quantum wells is of considerable interest, since
in such systems it is possible to purposefully control the energy spectrum and electron scattering rates by changing not
only the shape of the quantum well but also the coupling between the wells. Structures with coupled quantum wells have
become the basis of many electronic and optoelectronic devices [1-4]. On the basis of these multilayer semiconductor
structures, infrared (IR) lasers, IR radiation detectors, nonlinear optical elements, and high-speed transistors have been
developed [1-4].

Due to the development of nanoelectronics, such problems have been revisited, and solutions have been obtained
for a number of potential profiles of complex form [3, 5-16]. However, quantum-mechanical problems associated with
electron motion in a multilayer semiconductor structure of arbitrary profile require treatment within the framework of
perturbation theory. Therefore, below we calculate the electron energy spectrum in multilayer structures and its
dependence on the sample temperature.

METHODS

Electron energy spectrum in multilayer semiconductor structures. To clarify how the shape, height, and spatial
position of a potential barrier that divides a quantum well affect the resulting energy spectrum, we consider a five-region
model of a layered semiconductor heterostructure, schematically shown in Fig. 1. Such a representation makes it possible
to capture the essential features of quantum confinement and interlayer coupling in systems where the potential profile
changes stepwise across the interfaces.

In this model, m; denotes the effective mass of charge carriers in the i-th layer material, reflecting the layer-
dependent kinetic-energy contribution to the electron Hamiltonian. The parameters U; and U, specify the positions of the
conduction-band edges in the corresponding layers and therefore define the depth of the quantum well and the barrier
height within the structure. The geometrical characteristics of the central part of the heterostructure are determined by the
nanolayer thicknesses d,, ds, and d, which form the coupled-well region and control both the degree of confinement and
the tunneling interaction between spatially separated parts of the well. This set of band and geometrical parameters
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provides a convenient basis for analyzing the formation and evolution of discrete electron states in multilayer quantum-
well systems. As is known, the behavior of electrons in each region of the structure is described by the Schrodinger
equation:

12 0%i(x)

2m; dx2

+(E-Udy; =0, )

where i = 1,2, ...,5 are the layer indices of the structure.
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Figure 1. Conduction-band edge profile in a layered semiconductor structure.

Equation (1) is to be understood as the layer-wise (piecewise) form of the more general one-dimensional effective-
mass Schrodinger equation with position-dependent mass m*(x), namely

- () [GEo) (2] + vwvw = Fve, (1a)

m*(x)

In equation (1a) the operator 1/m*(x) is placed between the two derivatives in order to preserve the Hermiticity of
the Kinetic-energy operator when m*(x) is piecewise-constant [19, 20]. Within each layer m*(x) is constant and (1a)
reduces to (1); the matching conditions at the heterointerfaces follow automatically from the integration of (1a) across
each interface and are precisely the Bastard (BenDaniel-Duke) boundary conditions: continuity of the envelope function
WYn(x)) = Pn+1(x;) and continuity of the probability current (1/my)dy,/dx = (1/Mmye1)dPns1/dx evaluated at every
interface x; € {0,d, d; + ds,d, + ds + d4}. The system (4) given below is the explicit form of these matching
conditions. The Bastard condition has been recently used by the present authors in the analysis of asymmetric multilayer
semiconductor structures [24] and is a standard ingredient in modern envelope-function calculations for resonant-
tunnelling heterostructures [21-23].

The values of the potential energies and effective masses in expression (1) are specified as follows:

0,0<x<dyd,+d;s <x<dy+ds+d, )

Up,x<0,x>d,+d;+d,,
Ui={
Uy d, <x<d,+ds

m,,0<x<d,d,+d; <x<d,+d;+d,, 3)

my,x <0,x>d, +d;+d,,
m§‘={
ms,d, <x <d, +ds.

A remark on notation. Equation (3) lists only three distinct effective masses (mi, mz, ms) because the structure shown
in Fig. 1 is left-right symmetric (ims = m4, my = m,). For the general (asymmetric) case, treated in equations (4)—(6)
below, the corresponding extension reads

mf = ml(x < 0), mz(O < x < dz), m3(d2 < x < d2+d3),
m4(d2+d3 < x < d2+d3+d4), ms (X > d2+d3+d4) (33)

The wave numbers in the four inner and outer regions are then defined accordingly: k; = [2m,(U; — E)/h?]Y/?,
ky = (2myE/h*)M?, ky = [2m3(U, — E)/R?1Y2, ky = (2muE/R*)Y?, ks = [2ms(U, — E)/h2]'/2. The
symmetric structure of Fig. 1 corresponds to the special case my, = m,, ms = m, (and consequently ky = ko, ks = k4);
the formulas (4), (5), and (6) below are written in this general form, so that they remain valid for asymmetric structures
with all five effective masses different.
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The solution of the Schrodinger equation (for E < Uy, U, ) for each of the five regions is written as:
Py = A; - exp(kyx)
Y, = A, - cos(k,x) + B, - sin(k,x)
Y3 = Az - ch(ks(x — d3)) + Bs - sh(ks(x — ds))
Y, = Ay - cos(ky(x —dy — d3)) + B, - sin(k,(x — dy + dy))
Y5 = Bs - exp(—kl(x —dy —d; — d3))

hel‘e, kl = 2m;fl‘2|U1 - El, kz =4/ Zm;h_zE, k3 =4/ Zmi—;h_2|U2 - El
The Bastard boundary conditions, which follow from the requirements of continuity of the wave function and the
probability current density, form the following system of equations:

)

A, —A, =0
k A, —k,B, =0

A,cos(k,d,) + Bysin(k,d,) — A3 =0

—k,Aysin(kyd,) + kyBycos(k,dy) — ksBs = 0

Asch(ksds) + Bash(kads) — A, = 0 @)
k3Assh(ksds) + ksBsch(ksds) — kyB, = 0

Aycos(k,d,) + Bysin(k,d,) —Bs =0

\—k,A,sin(k,d,) + k,B,cos(k,d,) + ksBs = 0

The resulting system (4) has nontrivial solutions with respect to the unknown energy values only when the
determinant formed from the coefficients of the unknowns is equal to zero. As a result, we obtain an expression for
determining the electron energy, which is convenient to present in the form:

[~y (y — ks)cos(k,dy) + (kyks + k3)sin(kody)|[kacos(kady) + kssin(kady)][kash(ksds) — ksch(ksds)] = 0.
(5)

where k; = % Similarly, by solving the corresponding boundary-value problem, we obtain an expression that can be

used to determine the energy spectrum for bound states when U; = E > U,.
[]}%(]}% - E%) + (E%f‘% - Eé‘)tg(kzd4)]tg(k3d3) + 2k, k3 ks - [tg(kody)tg(kydy) — 1] +
‘sz[f‘s(];% - 1212) + 121(1232, + ﬁ%)tg(k3d3)][tg(k2d2) + tg(kpdy)] = 0.

(6)

For a well with a high potential barrier U; (U; > U, ), one can use the model of an infinitely deep well. In this case,
the energy spectrum is determined by a transcendental equation which, for E' < U,, takes the form:

[]25 + E%tg(kzdz)tg(k2d4)]th(k3d3) + koksltg(k,dy) + tg(k,d,)] = 0,
and for E > U,:
[E% - fc%tg(kzdz)tg(kzd4)]tg(k3d3) + kyks[tg(k,dy) + tg(kady)] = 0.

In the case E < U, for an infinitely deep well, the expressions for the coefficients defining the wave function, up to
the normalization factor B, take the form:

k
Ay =A, = Bs =0,B, = B,A; = B - sin(k,d,), Bs = Bk—zcos(kzdz),
3

k
A, =B [k—z cos(k,d,)sh(ksds) — sin(kzdz)ch(k3d3)],
3

B,=-B [Z—: cos(kd;)sh(ksds) — sin(k,d;)ch(ksds) | ctg(k,d,). @)

The obtained energy-quantization conditions make it possible to analyze the influence of the position and width of
the barrier separating the quantum well on the energy spectrum of charge carriers in nanoelectronic devices based on



501
Electron States in a Five-Layer Semiconductor Structure. Part 2 EEJP. 3 (2026)

heterojunctions and superlattice structures with a variable doping profile. The expressions that determine the wave
function in the quantum well also enable one to evaluate electron localization as a function of the potential landscape and
the doping profile.

For a relatively small barrier height compared with the depth of the main part of the well (U, « U, ), the relative
shift of the ground and first excited state energies can be qualitatively explained on the basis of perturbation theory [5,10],
as was done in [6] for a well with an energy dip. In the first approximation, for a barrier of width d5 and height U, located
at the center of an infinitely deep quantum well of width d, + d3, we obtain:

6E1(1)=U2 [d—2+151n(nﬁ)],55§1)=%[ d; _isin(Z”dZ)]_ 8)

dy+ds3 T dy+ds3 2m dy+ds3

As follows from (8) and Fig. 2, as d3/d, and U, increase, the energy levels in the quantum well shift upward, both
for the ground state and for the excited state. Obviously, a more detailed explanation of the shifts of the ground and excited
states requires taking into account the difference in effective masses; accordingly, within the infinite-wall quantum-well
model we obtain:

@ _ m?h? (1 1 d  (=1)" . (21nd,
6En - (2(d2+d3)2 (m3 mz) + UZ) <d2+d3 nm sin (d2+d3)). (9)
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Figure 2. Dependences of the energies E;,, = 6E,(ll) (n = 1,2,3,4) on the depth of the potential dip (U,) and on the thickness ratio
of the 3rd and 2nd layers (d3/d,) for two values: d, = 10 nm and d, = 0.5 nm.

From the plots illustrating the dependence of 5E,§1) for four values E,(n = 1,2,3,4) on the thicknesses of the 2nd

and 3rd layers, as well as on the ratio of their effective masses, it can be seen that the energy 6Er(11) and the energies
E,(n = 1,2,3,4) depend significantly on the ratios d,/d; and m,/ms. That is, whether the energies E;, E;, E5, E, are
larger or smaller than one another is determined by the layer thicknesses of the structure and by the relative values of the
electron effective masses in the layers. This circumstance can be explained by the complexity of the dependence of the
eigenenergy in the considered problem on the layer thicknesses of the structure and on the effective masses of the charge
carriers.

This is related to the fact that the electron Hamiltonian [2,3] in a potential well with a barrier differs not only by the
potential-energy operator but also by the kinetic-energy operator (due to the difference in effective masses in different
layers of the structure).

Calculations show that modifying the potential landscape of a simple potential well by introducing a barrier of height
U, should lead to an increase in the energy levels; simultaneously, the difference in kinetic energies for m; < m, also
contributes to an upward shift of the levels, whereas for m; > m,, on the contrary, it leads to a decrease in the energies.
Note that within the first-order approximation of perturbation theory, it is possible to qualitatively explain the physical
origin of the energy-level shifts only for small values of d;/(d, + d3 + d,); as the barrier width increases, higher-order
approximations must be taken into account.

In the following calculations, the temperature dependence of the band gap by Vurgaftman

Ey(T) = Eg(T = 0) —yrT?/(T + Ty), (10)
and by Passler
Ey(T) = Eg(T = 0) = 20, [(1 + (2r/0,)")"" - 1]. (11)

We consider the relations presented by Passler in this case, according to the multi-zone Kane model, the effective
mass of an electron in the conduction band (m.) is also temperature-dependent and is expressed as follows:
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mo/m, = {1+ 2F + Ep(E; + 2A50/3)/[3E,(E; + As0)]}, (12)

Here, Ego = E4(T = 0). For the semiconductors used in the numerical calculations, the numerical values of the
parameters @, ©,, and p were taken from Vurgaftman and Passler. In particular,

for AlAs: E (T =0K)=3.099¢V, E, =21.1eV, a =0.362meV/K, 0, = 218K, A;, = 0.28¢eV, F =
—0.48,yr = 0.885meV /K, f =530K, p = 2.32;

for InAs: 0, =143K, E;(T =0K) = 0.417eV, yr = 0276 meV/K, f =93 K, a = 0.281meV /K, p =
2.10, E, =215eV, A, =0.39 eV, F = —2.90.
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Figure 3. Temperature dependence of the electron effective mass in two semiconductors, calculated using the Vurgaftman formula
(curve 2) and the Passler formula (curve 1).

From the temperature dependence of the electron effective mass in the two semiconductors (Fig. 3), it can be seen
that the effective mass is almost independent of the choice between the Vurgaftman and Passler formulas, which is
reflected in the subsequent results. From Figs. 4-5, it is evident that as the temperature increases, the numerical value of

E,=96 E,(ll) (n = 1,2,3,4) increases, but does not depend on the specific form of the temperature dependence.

U, =0,234elV U, =0,234elV

Figure 4. Dependences of the energies E,, = § E,(ll) (n = 1,2,3,4) on temperature and on the thickness ratio of the 3rd and 2nd layers
(d3/d,). Curves in (a) were calculated using the Vurgaftman formula, and in (b) using the Passler formula for U, = 0.234 eV, d, =
10 nm, m, = 0.15 mgy, mz = 0.026 m,, where m,, is the free-electron mass.

d, =10 nm

2 1

3
U2,eV

Figure 5. Dependences of the energies E, = § E,(ll) (n = 1,2,3,4) on temperature and on U,. Curves in (a) were calculated using
the Vurgaftman formula, and in (b) using the Passler formula, where d3 = d, = 10 nm, m, = 0.15 my, and m3 = 0.026 m,.
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Thus, the evolution of the electron energy spectrum in a five-layer semiconductor structure has been analyzed for
the case where the individual layers differ in the key physical quantities that determine both the band alignment and the
geometrical configuration of the sample. The obtained quantization conditions explicitly demonstrate that the positions
of the discrete energy levels are governed not only by the potential profile (barrier height, width, and location), but also
by the layer-dependent effective masses that enter the kinetic-energy operator and, therefore, shift the spectrum through
mass mismatch at the interfaces.

CONCLUSIONS

The derived analytical expressions together with the numerical results indicate that the infinitely deep quantum-well
approximation can serve only as a qualitative model for complex-profile wells when the confinement is sufficiently strong,
i.e., for wells of relatively large depth. For shallower wells or for structures with pronounced internal barriers and material-
parameter discontinuities, accurate determination of the level positions requires the full transcendental quantization
relations obtained from the boundary-value problem. These relations, which account for the realistic potential landscape
and the effective-mass discontinuities, provide a practical basis for predicting and tailoring the electron spectrum and
carrier localization, and can therefore be applied to the design and optimization of resonant-tunneling heterostructures
and related high-speed, low-inertia nanoelectronic devices.
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EJJEKTPOHHI CTAHU Y IPSATUIIAPOBUX HAINIBITPOBITHNKOBUX CTPYKTYPAX. YACTHUHA 2

P.4. Pacyaos, B.P. Pacynos, I.A. MyminoB, M.A. MamaroBa, ®@.Y. Paxmaryiiiaesa, C.X. Myxammagaminos
Depeancokuil depocasHull ynigepcumem, yn. Mypaboitinap, 19, @epeana, 150100, Y36exucman
VYV poboti BuBEIEHO Ta MPOAHATI30BAHO TPAHCUEHICHTHI PIBHAHHS JUIS BH3HAYCHHS CHEPICTUYHOIO CIIEKTPA EJCKTPOHIB Yy
I’ ITUIIAPOBiil HAMIBIIPOBIAHUKOBI CTPYKTYpi 3 MOTEHIIaIbHUM Oap’€poM, PO3TAIIOBaHUM Y ii HEHTpi, A Pi3HUX CHEPreTHUIHUX
niana3oHiB. [TokazaHo, 10 MpUYKHA 3MIIIEHHS CHEPTeTUYHIX PIBHIB OB’ sI3aHA 13 3aJIEKHICTIO TaMUIbTOHIaHA EJIEKTPOHA HE JIMIIIE Bill
MOTEHIIaNbHOI eHeprii, ame i Bix KiHETHYHOI eHeprii, ska BU3HAYAETHCS €()EKTHBHHMH MacaMH €JIEKTPOHIB y KOKHOMY Imapi
cTpykTypH. IIpoaHaizoBaHo 3MiHM €HEPTETUYHOTO CIIEKTPa €JIEKTPOHIB y I’ ITHIIAPOBil HAMIBIPOBITHUKOBIN CTPYKTYPI, MapH SKOT
MAroTh Pi3Hi 3Ha4YeHHs (PI3UYHMX BEJIMYMH, 1II0 XapaKTepPHU3yIOTh 30HHI Ta FeOMETPUYHI ITapaMeTpH 3pa3Ka, 3aJISKHO Bijl TEMIIepaTypu.
KuwuoBi cioBa: n’smuwaposa HanienpogioHuKoéa cmpykmypa, 36 s3aHi K6aHMOGL MU, NOMeHYianbHuil 6ap’ep, enepeemuyHuil
CHEKmp eNeKMpOHI8; MPAHCYEHOCHMHI DIBHANHA KEAHMYBAHHA, He8iONnogionicmy eghekmusHux mac; epanuuni ymosu bacmapoa;
memnepamypua sanexcrhicmes, mooenv Keiina, pe3onancno-mynensHi cmpykmypu



