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The current study presents a theoretical analysis of the nonlinear self-focusing of a q-Gaussian laser beam propagating through an
unmagnetized plasma, incorporating the simultaneous effects of relativistic mass variation and the ponderomotive mechanism. Linear
absorption is also included to account for energy dissipation during beam propagation. By applying WKB and paraxial
approximations, the problem is reduced to 2™ order differential equation that governs the evolution of the laser beam width as a
function of the normalized propagation distance. The resulting equation is solved numerically using 4" order Runge-Kutta method. A
systematic analysis is performed to examine the effect of laser intensity, plasma density, absorption coefficient, q-parameter, and
initial beam radius on the self-focusing dynamics of a q-Gaussian laser beam. These findings indicate that laser-plasma parameters
substantially affect beam dynamics and critically govern the self-focusing process.
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1. INTRODUCTION

The sustained interest has been attracted by laser-plasma interaction in view of its vital role in diverse range of
applications including ionospheric modification, charged particle acceleration, laser-driven fusion and nonlinear
radiation generation [1-10]. The ability of laser beams to transit through plasma decides efficiency of all these
applications. Much deeper penetration of laser beams through plasma media causes beam narrowing, which further
causes enhancement in energy confinement and improvement in transfer of laser energy to plasma. However, the
natural beam’s diffraction imposes fundamental limitation on their transition through plasma environment. Self-
focusing provides an effective mechanism to counteract diffraction during laser beam transition through plasma. Under
intense laser irradiation, there is excitation of several nonlinear phenomenon including self-focusing, filamentation, and
parameteric instabilities [11-19]. Among these nonlinear effects, the central role is played by self-focusing as it directly
governs beam confinement and greatly influences the growth of other nonlinear processes. The concept of nonlinear
refraction and the possibility of self-focusing of an intense electromagnetic wave was provided by Askar’yan [20].
Since then, theoretical/experimental researchers have extensively explored this phenomenon in view of its importance
in nonlinear optics and plasma dynamics [21-32]. It has been demonstrated from numerous investigations that self-
focusing critically governs overall behavior of laser-plasma interaction [33-36]. Self-focusing causes contraction of
laser beam’s transverse dimensions, thereby causing strong localization of intensity. This enhanced localization may
disrupt beam uniformity, which is undesirable in applications such as laser-driven fusion. Therefore, achieving effective
control over beam transition through plasma is mandatory in order to optimize energy coupling and attaining high
energy gain. The first experiment observation of self-focusing was reported by Akhmanov et al. [37], followed by
comprehensive studies by Sodha et al. in plasmas, dielectrics, and semiconductors [38-39]. In plasmas, self-focusing
occurs due to intensity dependent variations of effective dielectric permittivity, leading to significant changes in plasma
optical properties. These changes mainly originate from three mechanisms: ponderomotive, thermal, and relativistic
nonlinearities. The ponderomotive self-focusing was first time introduced by Hora [40], who successfully derived
critical power condition by balancing ponderomotive and hydrostatic forces. The ponderomotive force expels electrons
from high intensity regions, producing plasma density depressions and corresponding reduction in local plasma
frequency [41]. The density redistribution alters the plasma dielectric function and leads to self-focusing. Relativistic
self-focusing becomes significant at ultra-high laser intensities, where electrons attain relativistic velocities. The
associated relativistic mass increase modifies plasma frequency and dielectric permittivity, resulting in intensity
dependent refractive index and enhanced beam focusing. Despite extensive studies, relativistic and ponderomotive
nonlinearities are often treated separately, although both may exist depending on laser pulse duration. Relativistic
effects dominate for T < t,, whereas for 7, < T < t;, both mechanisms act simultaneously. Here, 7 is time scale of
laser-plasma interaction, 7, and T7; correspond to electron and ion response times. Ponderomotive nonlinearity
complements relativistic effects, enhancing self-focusing and plasma density perturbations. Mostly earlier investigations
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of laser-plasma interactions have employed conventional Gaussian beam profiles. The q-Gaussian laser beams form an
2\ 4

important class characterized by the irradiance distribution f(r) = £(0) (1 + ;7) , which reduces to the standard
0

Gaussian profile in the limit g—> oo. Here, f(r) is radial profile of laser beam amplitude and f(0) is beam’s peak
value at r = 0. The q-Gaussian beams possess lower total power then Gaussian beams and exhibit distinct propagation
features, making them suitable for controlled nonlinear interaction studies. The main origin of g-Gaussian profile is
from g-Gaussian distribution which was derived in non-extensive statistical mechanics by Tsallis [42]. In laser-plasma
interaction, this form has been adopted by many authors for modeling high power beams transiting through nonlinear
plasma media. Motivated by these considerations, the present research investigates nonlinear self-focusing of g-
Gaussian laser beams propagating in unmagnetized plasma under the combined influence of relativistic and
ponderomotive nonlinearities, with linear absorption included to account for energy dissipation. The organization of
paper is as follows: Section 2 presents theoretical formulation, where the paraxial and WKB approximations are
employed to derive 2" order differential equation governing the beam width. Section 3 discusses numerical results and
their physical implications; the main conclusions are summarized in Section 4.

2. NONLINEAR EVOLUTION OF BEAM SPOT SIZE
A laser beam with g-Gaussian intensity profile is assumed to be propagating along z-axis in unmagnetized plasma.
One can describe the beam intensity at the initial plane (z = 0) by

2\"4
Eo " Eglimo = Efo (14 75) M

Where, 1, represents initial beam radius, E is the complex field amplitude, and Ey, denotes field amplitude along the
beam axis. The beam profile and decay behavior of its tails are governed by the g-parameter. This g-parameter is
helpful in distinguishing a g-Gaussian beam from conventional beams. During the transition of the beam through
propagation axis (z > 0), its intensity distribution behaves according to equation,

Ey By =" (142 )_q ®)
0 "0 2 argr?)

Where f denotes beam waist evolution, describing focusing/defocusing of beam during its transition through plasma.

Eq.(2) provides complete description of energy distribution of q-Gaussian beam along propagation axis. Maxwell’s

equation can be used to derive fundamental equation governing propagation of an electromagnetic wave in plasma

medium. Faraday’s law and Ampere’s law can be combined to obtain following wave equation for electric field of laser

beam as

VZE —V(V+E) + % ¢E = 0. 3)

In Eq.(3), € represents the effective dielectric response of plasma, w is angular frequency of incident radiation, and
¢ is speed of light in vacuum. The second term on LHS, V(V - E) arises on account of possible spatial variation in
dielectric function of plasma. However, for a slowly varying and weakly inhomogeneous medium, a negligible
contribution is made by this term towards overall beam dynamics. This approximation remains valid provided

2
% | iVZ In | < 1 condition is satisfied. As a result, V(V - E) term can be safely neglected. So, Eq. (3) reduces to

2 w? —
\% E+C—ZsE—O. 4)

The transition of high intensity electromagnetic wave through plasma medium causes strong nonlinear behavior of
electron dynamics. In such regimes, electrons simultaneously experience relativistic mass enhancement, due to their
large quiver velocities, and the ponderomotive force which arises from spatial gradient in electromagnetic field
intensity. The combined action of these two mechanisms is referred to as relativistic ponderomotive force (RP force).
The electrons are driven away from strong laser intensity regions due to this RP force, thereby causing redistribution of
charge density and corresponding modification of optical properties of plasma. The RP force acting on an electron in an
intense laser field is given by [43-45]

Fpe = —mOCZV(]/ -1. 3

Where, my, ¢ and y correspond to electron rest mass, speed of light in vacuum and Lorentz relativistic factor
respectively. At sufficiently high laser intensities, electron quiver motion becomes relativistic, resulting in a Lorentz

factor that explicitly depends on local electromagnetic field amplitude. It may be expressed as y = V1 + aEE* with

2

e . . . .
@ = ——— representing the nonlinear coefficient. As a direct consequence of RP force, electrons are expelled from
0 0

high intensity regions of the beam, resulting in a local depletion of electron density. This density modification plays a
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crucial role in determining plasma’s dielectric response. Accounting for both relativistic mass variation and
ponderomotive density redistribution, the effective dielectric function of plasma can be written as [43-45]

2
£=1—;)T”Zexp<—m;—:2(y—1)). (6)

2
Where w, = ’% is electron plasma frequency corresponding to unperturbed electron density N,, and T, denotes
0

electron temperature. The RP force-induced modification of equilibrium electron density is correspondingly given by
[45]

Noe = %exp (— - 1)). @)

Accordingly, total plasma dielectric function may be decomposed in to linear and nonlinear components as

e=¢g +PE-E. 3

Where, g5 =1— -2 represents the linear dielectric response of cold plasma in absence of RP force. The nonlinear

contribution, = oz [1 — N—], arises from the intensity dependent depletion of electron density and represents the nonlinear
0

susceptibility induced by relativistic mass variation and ponderomotive expulsion of electrons.
Following [37-39], a suitable solution of wave Eq. (4) may be written in the form of a slowly varying envelope
modulating a rapidly oscillating carrier wave, namely

E = Ey(r,2) expli(wt — k(S + 2))]. ©)]
The corresponding intensity distribution of the q-Gaussian beam during propagation is expressed as [38-39]
. _ E} 4
E,-E; =20 (1 + zfz) exp(—2k;2). (10)

Here, k; accounts for absorption effects in plasma medium. The phase function 'S” which incorporates the effect of
beam curvature and axial phase variation is given by
1 _,1df

Szfd

+ @y (2). an

Where, ®@,(z) denotes longitudinal phase shift accumulated during propagation. The wave number k in plasma is
defined as

k=2m (12)

The transverse evolution of laser beam is described by beam width function 'f (z)" whose variation along direction
of propagation is governed by following 2" order nonlinear ordinary differential equation [38-39];

2 2 —
uzﬂ_(wrﬂ”a) exp( ka) 2f3 p[—T—{ 1+anoexp—(2kLr])_1}](1+

an®  qf? c 1
2 A —3/2 —2k;
ety o) [1 me [ +E;—<2kn>] (13)

Eq. (13) governs evolution of normalized beam waist f as a function of normalized distance 7. The first term on
right hand side represents diffraction induced beam spreading, which tends to increase the beam width as beam
propagates. The second term arises from nonlinear RP force, which introduces an effective focusing mechanism by
modifying the plasma dielectric response. The competition between these two opposing effects, diffraction-driven
divergence and RP-induced nonlinear convergence dictates the overall propagation behavior of beam. Depending on
relative strength of these mechanisms, the beam may undergo continuous expansion, strong self-focusing, or exhibit
oscillatory evolution as it propagates through plasma medium.

The initial condition used is, f =1 & % =0atn=0.

3. DISCUSSION
Eq. (13) can’t be solved numerically; its solution is obtained through numerical technique using Runge-kutta 4
order method. The computations are carried out for a representative set of experimentally relevant laser-plasma
parameters;

2
a'Ego = 3.0,4.0, 5.0;% =0.4,0.5,0.6;k; =0,0.3,0.6 ;g =1,2,3; 1, = 20 um, 25 um, 30 um
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The evolution of beam width governed by Eq. (13) results from interplay of two distinct mechanisms appearing on
right hand side. The first mechanism is connected with diffraction, which reflects beam’s tendency to spread as it
transits through plasma. The dominance of this mechanism causes beam’s divergence, leading to an increase in

. . . . . . d? . . .
transverse width. Mathematically, this regime is characterized by d_n]; > (. The second mechanism arises from nonlinear

modification plasma’s refractive index caused by interaction of an intense laser field. The dominance of this mechanism

causes beam’s convergence, leading to decrease in transverse width. Mathematically, this regime is characterized by

d? C . . .

d_n]; < 0. A special situation arises, when both mechanisms exactly compensate each other. Under this balance, the beam

transits in a steady state manner without any change in its transverse width. This stationary transition condition is
2

characterized by % =0.

Figure 1 shows evolution of beam width f as a function of normalized distance n for different laser
intensities, aE&, = 3.0,4.0,and 5.0, represented by Black, Red, and Blue respectively. In all cases, the beam width
exhibits oscillatory behavior due to saturating response of plasma dielectric function. These oscillations arise from
continuous interplay between diffraction, which tends to broaden the beam, and nonlinear self-focusing, which acts to
contract it. As the laser intensities increases, the diffraction term becomes increasingly dominant over nonlinear
focusing term, thereby reducing beam’s self-focusing tendency. Consequently, at higher laser intensities, the beam
reaches its minimum width at larger propagation distances, clearly indicating diminished self-focusing effect.

Figure 2 shows evolution of beam width f as a function of normalized distance 7 for different plasma

2
densities, % = 0.4,0.5,and 0.6, represented by Black, Red, and Blue respectively. In all cases, the beam width exhibits

oscillatory behavior due to saturating response of plasma dielectric function. These oscillations arise from continuous
interplay between diffraction, which tends to broaden the beam, and nonlinear self-focusing, which acts to contract it.
As the plasma density increases, the nonlinear focusing term becomes increasingly dominant over diffraction term,
thereby strengthening beam’s self-focusing tendency. Consequently, at higher plasma densities, the beam reaches its
minimum width at shorter propagation distances, clearly indicating enhanced self-focusing effect.

aE,=3.0 mpz 102=0.4

oE,=4.0 0lle=0.5

E,=5.0 02?06
»

1.0 1.5 20 25 3.0 0.0 0.5 1.0 1.5 2.0 25 3.0

Figure 1. Evolution of beam width f as a function of normalized Figure 2. Evolution of beam width f as a function of normalized
distance 7 for different laser intensities, aEZ, = 3.0,4.0,and 5.0, distance 7 for different plasma densities, wg Jw? =
represented by Black, Red, and Blue respectively 0.4,0.5,and 0.6, represented by Black, Red, and Blue respectively

Figure 3 shows evolution of beam width f as a function of normalized distance n for different beam radii, r, =
20 um, 25 ym, and 30 um, represented by Black, Red, and Blue respectively. In all cases, beam width exhibits an
oscillatory behavior, which originates from saturating response of plasma dielectric function. As the beam radius
increases, the contribution of nonlinear focusing term becomes increasingly dominant compared to diffraction term.
This shift strengthens beam’s tendency to self-focus. As a result, for larger beam radii, the beam reaches its minimum
width at shorter propagation distances, clearly indicating an enhanced self-focusing effect.

Figure 4 shows evolution of beam width f as a function of normalized distance 1 for different q parameters, g =
1,2,and 3, represented by Black, Red, and Blue respectively. In all cases, beam width exhibits an oscillatory nature,
which arises from saturating response of plasma dielectric function. It is clearly observed that increasing the value of q
markedly enhances focusing characteristics of beam. At higher q values, the nonlinear focusing contribution becomes
stronger relative to diffraction, enabling the beam to converge more effectively. This leads to improved spatial
localization of beam and corresponding increase in central field intensity. The enhanced intensity strengthens the
nonlinear interaction beam and the plasma, which further reinforces self-focusing mechanism and results in deeper and
more pronounced beam convergence.
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Figure 3. Evolution of beam width f as a function of normalized Figure 4. Evolution of beam width f as a function of
distance n for different beam radii, o = normalized distance n for different q parameters, q =
20 um, 25 um, and 30 um, represented by Black, Red, and Blue 1,2,and 3, represented by Black, Red, and Blue respectively
respectively

Figure 5 shows evolution of beam width f as a function of normalized distance n for different k; values, k; =
0,0.3, 0.6, represented by Black, Red, and Blue respectively. The figure shows that increasing k; weakens beam’s self-
focusing due to energy loss through absorption. As absorption grows, the refractive index gradient decreases thereby
reducing nonlinear convergence effect. Consequently, diffraction dominates and beam focuses less effectively.

Figure 6 shows evolution of beam width f as a function of normalized distance n for two different plasma
regimes. The Black line shows the combined effect of relativistic mass variation and ponderomotive nonlinearities,
while Red line represents relativistic nonlinearity alone. When both act together, the beam width f shifts to smaller 7,
indicating stronger self-focusing. Since, relativistic nonlinearity acts instantaneously, the ponderomotive contribution
reinforces it, enhancing overall focusing effect.

—k=0.0 Relativistic+Ponderomotive
—k=0.3 Relativistic

]
— k=06
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Figure 5. Evolution of beam width f as a function of Figure 6. Evolution of beam width f as a function of normalized

normalized distance n for different k; values, k; = 0,0.3,0.6, distance n for two different plasma regimes. The Black line

represented by Black, Red, and Blue respectively shows the combined effect of relativistic mass variation and
ponderomotive nonlinearities, while Red line represents
relativistic nonlinearity alone

4. CONCLUSION
This study examines a detailed analysis of nonlinear self-focusing of q-Gaussian laser beams in plasma with
relativistic and ponderomotive effects under linear absorption. Using WKB and paraxial approximations, self-focusing
equation is derived, revealing that beam’s focusing strengthens with higher plasma density, larger g-parameter,
increased initial beam radius, combined action of RP force, while higher beam intensity and absorption weakens it.
These results provide essential insights for controlling laser propagation in plasma, with direct implications for
optimizing laser-driven fusion and other high intensity laser applications.
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HEJIHIAHE CAMO®OKYCYBAHHSI q-TAYCIBCbKHUX JIASEPHAX IIPOMEHIB V ILJIA3MI
3 PEJIATUBICTCBKUMM TA IOHAEPOMOTOPHUMM EQ@EKTAMU IIPH JIHITHOMY HOTJIMHAHHI
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VY 1upoMy IOCIiKEHHI TPECTaBICHO TEOPETHYHUI aHaIli3 HENiHIHHOrO caMOo()OKyCyBaHHS (-TaycCOBOTO JIa3epPHOrO MMPOMEHs, LI0
MOIIMPIOETCS Yepe3 HEMarHiueHy Iia3My, BPaXOBYIOUM OJHOYACHUH BIUIMB PEIATHBICTCHKOI 3MiHM MacH Ta IOHAEPOMOTOPHOIO
MexaHi3My. JliHiifHE TOTTMHAHHA TaKOX BpPAaXOBYETHCS MJs BpaxyBaHHS MIWCHIIAINI] €HEprii MmiJ Yac IMOIIMPEHHS HPOMEHS.
3acrocoByroun BKB-ampokcumarito Ta mapaxciajbHe HaOJMKEHHs, 3ajada 3BOMUTHCSA A0 JuepeHLiaJbHOrO DPIiBHSHHS 2-TO
HOPSZIKY, SIKE ONKCYE CBOJIOLII0 LIMPHHY JIA3epPHOTrO IpOMeHs sK (yHKUii HOpMmaiioBaHoi BigcraHi nommpenHs. OTpuMmaHe
PIBHSIHHS PO3B'SI3Y€THCSI YUCENBHO 3a NOMOMOrorw Meroay Pyre-Kyrru 4-ro nopsuky. IIpoBeieHO CHCTEMaTHYHMIT aHA3 s
BHBYCHHS BIUIUBY IHTCHCHBHOCTI Jla3epa, TYCTHHH IUIa3MH, Koe(illieHTa MOrJMHAHHSA, (-llapaMeTpa Ta MOYaTKOBOrO pajiyca
IPOMEHs Ha JUHAMIKy caMO(OKYCyBaHHs (-IayCCOBOIO Ja3epHOro npomens. Lli pe3ysbraTé NokasyioTh, 110 IapaMeTpH J1a3epHOi
IUIa3MH CYTTEBO BIUIMBAIOTh HA IMHAMIKY IPOMEHS Ta KPUTUYHO KEPYIOTh POLIECOM caMO(pOKYCYBaHHS.

KuirouoBi ciioBa: 63acmolis nazepa 3 naasmoro, q-eayccosuii NPOMIiHb, HeliHiline camO@OKYCYBAHHA, KOeDiyicHm NO2IUHAHHI,
HeNiHIliHA OUHAMIKA



