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The current paper recovers hybrid solitary waves for double—layered shallow water waves with the basic platform being the mKdV
equation. The selected models are the Zaremaoghaddam equation and the Gear—Grimshaw equation. The integration algorithm adopted
is the generalized exponential differential function method. This yields hybrid waves that emerge from solitary waves, shock waves and
the singular solitary waves. The existence criteria for such waves are also presented as parameter constraints.
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1. INTRODUCTION

The concept of double-layered shallow water waves existed in the literature of Fluid Dynamics for a few decades.
There are several aspects to this that has been successfully addressed and reported in the past. The current paper revisits
the double—layered shallow water wave dynamics but from a fresher perspective. The concept of dispersion triplet was
first introduced in 1977 and was later implemented during 2022 to study the standard fundamental models from shallow
water wave dynamics [1,2]. After a long hiatus, the 2022 implementation incorporated dispersion—triplet into KdV and
mKdV-type settings and, within the traveling—wave framework, retrieved solitary and shock structures together with the
associated conservation laws [1]. The current paper recovers the hybrid of solitary waves and shock waves for double—
layered fluid flow with modified Korteweg—de Vries equation (mKdV) equation as its platform. The two governing models
that were considered in this paper were Zaremaoghaddam model and the Gear—Grimshaw model. It must be noted that
the same study has been previously carried out with KdV equation as its platform [3]. Thus, the present contribution
constitutes the first dispersion—triplet double—layered revisit in which mKdV (rather than KdV) serves as the platform,
thereby extending the double—layered dispersion—triplet framework to cubic nonlinearity. Meanwhile, double—layered flow
itself remains a steady research theme; see, e.g., layered shallow-water approximations and stable or energy-consistent
schemes [4,5], and related solitary-wave dynamics in near-integrable regimes [6], alongside coupled-model developments
such as Zaremaoghaddam—type formulations [7]. There are several additional double—layered models that exist in the
literature such as the Bona—Chen equation, the current paper focuses on the aforementioned couple of models only.
Additional models (e.g., Bona—Chen [8]) will be pursued in forthcoming work.

The adopted integration algorithm in this work is the generalized exponential differential rational function method
which is an efficient one as compared to the pre—existing similar such schemes [9—14]. This integration scheme retrieves
hybrid solitary waves and shock waves to the two models that were constructed with mKdV equation as their platform.
One of the several shortcomings of this adopted integration approach is its failure to recover the solitary wave radiation as
well as the phonons’ component of shock waves. Such are only recoverable with the usage of inverse scattering transform
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that is outside the scope of this paper. The details are exhibited in the rest of the paper after a quick display of the two
governing models.

From the modeling perspective, modern two-layer shallow-water theory is often developed as a systematic long-
wave reduction of the full water-wave problem, with the Green—Naghdi framework providing a canonical fully nonlinear,
weakly dispersive baseline [15,16]. In particular, refined two-layer Green—Naghdi and Boussinesq-type closures have been
constructed to improve frequency-dispersion properties and to better represent interfacial mode interactions [17,18]. Such
formulations connect naturally with classical internal-wave models in two-fluid systems and support coherent interfacial
structures of practical interest [19,20]. In parallel, the coupling between surface and internal modes, including barotropic—
baroclinic transfer and resonance mechanisms, has been studied in several contexts, ranging from analytical mode-coupling
descriptions to topographically mediated resonant exchange [21,22].

At the level of reduced evolution equations, modified Korteweg—de Vries (mKdV) dynamics occupy a central role in
nonlinear dispersive-wave theory, with a well-developed analytical foundation for well-posedness and global dynamics in
both the line and periodic settings [23]. Beyond the classical scalar model, integrable and near-integrable generalizations
continue to be developed, providing structured coupled dynamics and enlarged families of coherent waves [24]. Moreover,
coupled and multi-component mKdV systems exhibit rich asymptotic behavior and long-time dynamics, complementing
the study of higher-order coherent structures such as breather families in higher-order mKdV settings [25,26]. These
advances motivate revisiting double-layered hydrodynamic models on an mKdV platform, where coupling and dispersive
extensions may yield hybrid morphologies beyond the classical single-field picture.

Alongside these modeling developments, there has been sustained progress in constructive methods for obtaining exact
solutions of nonlinear evolution equations. Representative strands include the extended F-expansion methodology [27],
transformed rational-function approaches capable of generating complexiton-type structures [28], and rational-exponential
constructions for fractional or generalized equal-width models [29]. More recently, generalized Exp-function frameworks
have been successfully applied to dispersive hydrodynamic equations motivated by wave phenomena, illustrating the
flexibility of exponential-ansatz technology in producing closed-form wave families [30].

1.1. Governing Models

There are several models to address double-layered shallow water waves. With the basic platform at mKdV equation,
the two models that ate commonly addressed are going to be taken uop in this paper. They are the Zaremaoghaddam
model and the Gear-Grimshaw equation. One model that has been tacitly omitted is the Bona—Chen equation. These two
models are first introduced in the next subsection.

1.1.1. Zaremaoghaddam Model. The interesting dynamics of two-layered water waves are described by Zareo-
maghoddam mKdV model, in which ¢(x, #) and r(x, t) represent the wave variables of the two layers. This study consist
of examination of the following structure of Zareomaghoddam mKdV model, in order to provide exact solutions for the
very first and foremost time in the literature:

2 2
qr +a197qx +axr"qx + a3qxxx + A4qxxr + asqxir = 0,
2 2
Fe +b1r°rx + bogrx + D3rxxx + baryxs + bsryy = 0, (D

such that a;, b;, i = 1,2,3,4,5 display the physical parameters related to model (1).

1.1.2. Gear-Grimshaw Model. Gear-Grimshaw (GG) mKdV model, with spatial and time variables x and ¢, and
dependent variables as g(x, t) and r(x, t), is mentioned as below:

2 2 2
qr Y a197qx + a2qxxx + A3qxxt + A4qxrr = A5'Tx + d10 (q V) + ae (61” ) + a7V xxx + A8 xxt + A9T 1,
X X

ry + blr2rx + borxxx + b3Vxx + barxy = bsqqx + b6(r2Q)x +byo (le)x + b7qxxx + b8qxxt + boqxss- 2

The first term in (2) represents the temporal evolution, and ay, a», as, a4 represents the coefficients of dispersion
terms, with similar while the coefficients of by, b,, b3, b accountfor nonlinearity. For j =5, 6, 7, 8, 9, 10, the coupling
terms are represented by the coefficients a;, b;. This model provides a good description of a resonant interaction between
traverse internal gravity wave modes in a stratified liquid.

The structure of this study is described as: An overview of the employed technique, referred as generalized exponential
differential rational function technique, is given in Section 2. A variety of exact solutions are found in Section 3, respectively,
by applying the stated procedure to the models (1) and (2). Finally, a thorough, succinct words of conclusion is appended
to complement a few simulations of these research findings.
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2. THE GENERALIZED EXPONENTIAL DIFFERENTIAL RATIONAL FUNCTION METHOD (GEDRF):
AN OVERVIEW

The algorithmic perspective of the generalized exponential rational function (GEDRF) technique is presented in
this section, and we have briefly described each stage in this procedure. It offers a variety of analytical solutions for
various physical phenomena, being expressed in terms of NLPDEs, by combining exponential and rational functions.
The following detailed explanations can be used to develop a number of exact solutions for nonlinear evolution equations
(NLEEs):

Step-1: The general form of NLEE with variable A(x, t) is considered as follows:
p(A»Ax,At»Axx’Att’Axtanxt"~-) :0 (3)

The subsequent transformation is applied to (3) for seeking reduced ordinary differential equation (ODE) in
terms of new variables as o, T:

A(x,t) =o(1), with T=x-pit. 4)
The expression (4) is plugged into equation (3) and hence resulting ODE is produced as follows:

M(o,o’,d”, 0" ...)=0. (5)

Step-2: Then after, ODE (5) is assumed to have following solution structure in terms of new dependent
variable 7 (1) as:

d/ N

N J i -
M@ = a0+ Y5 (G5T@) + Y(mTo) ©)
=1

dt’ ,
i=1

also, 7 (7) is characterized as:
_ Ryexp(S17) + Ry exp(S27)
"~ R3exp(S37) + Ryexp(S47)°

7(7) )

Step-3: Balancing principle is used in ODE (5) for calculating the corresponding value of N for expression
(6). One can choose the parameters Ry, Ry, R3, R4, S1, S2, S3, and Sy so that the function 7 (1) can be well
described in terms of hyperbolic functions for seeking new exact solutions for considered model. Additionally,
Ao, Aj,and B;, 1 <i,j < N are determined in main procedure of computations.

Step—4: In this step, equation (6) is clubbed with equation (5), resulting into polynomial equation and then
all of the coefficients in this polynomial are set to zero, creating a system of algebraic equations.

Step-5: In order to determine exact solutions for equation (3), the system of equations produced in the
previous stage is investigated to explore the appropriate values of the involved parameters. These parameter
values are then inserted into equations (6) and (7), for procuring the final closed form solutions of considered
model.

The GEDRF scheme used here can be viewed as an ansatz-based traveling-wave approach. In this sense, it is related
in spirit to classical methods such as the tanh-method, F-expansion, and exp-function approaches. The distinguishing
feature is the choice of generating function 7 (7) as a rational combination of exponentials and the resulting solution
structure, which admits both “direct” and “inverse/reciprocal” derivative contributions (cf. the trial form and the rational-
exponential definition of 7 (7)). By suitable selections of parameters in the rational-exponential representation, 7 (1)
reduces to standard hyperbolic building blocks (e.g., tanh, coth, sech, csch), so many individual solutions can, in principle,
be reproduced using traditional ansitze.

However, the practical advantage of GEDRF is that it provides a single unified template from which multiple
waveform families—regular solitary profiles as well as singular/hybrid profiles—are generated by parameter choices
within the same algebraic framework, together with the corresponding parameter constraints (“existence conditions”). In
contrast, reproducing the entire catalogue typically requires multiple standard ansétze (polynomial-in-tanh, polynomial-
in-exp, singular coth/csch ansitze, etc.), each treated separately with its own balancing and coefficient matching. The
contribution of this work is therefore not to claim that ansatz methods are new, but to provide a systematic, family-wise
construction of exact solutions and parameter regimes for the considered coupled mKdV-based double-layer models using
this unified rational-exponential ansatz.
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3. APPLICATION TO DOUBLE-LAYERED FLUID FLOW
3.1. Zaremaoghaddam Model

Generalized exponential differential function (GEDRF) method has been implemented to system of NLEEs, termed
as Zareomaghoddam mKdV model (1) in this phase of the study. The primary objective is to investigate multiple novel
exact soliton solutions to the governing model (1), which could greatly progress pertinent physical circumstances related
to two layer liquid waves dynamics.

In accordance with GEDRF method, we have rewritten equation (1) in the form of an ordinary differential equation
by using the wave translation

q(x,t) = K(1), r(x,t) = L(t) where 7 =x-pit, (8)

with p; as free parameter, representing wave velocity, which could be evaluated in mean implementation procedure.
Then, the resultant ODEs are procured as follows, utilizing (8) in equation (1) :

(asp1? = asp1 +as) K7 () + (K (1) a1 + (L (D) a2 = p1 ) K (7) = 0,
©)
(bsp1? = bapi +b3) L (7) + (K (1)) b2 + (L (1)) b1 = p1 ) L (1) = 0.

After applying the balancing principle on the highest order derivative terms and a nonlinear term of equation (9), we
have obtained that N = 1. Thus, from equation (6), the following trial solution structure for equation (9) is proposed:

w1

K(t)=01T"(7) + + 6o,
(1) =617 (7) 7 T
0 (10)
L(t) = 6,7 (1) + + 65,
(1) = 027" (1) + s + 03
Here, the parameters 6;,i = 0,1,2,3, and w;,j = 1,2 are to be assessed in all calculation process. Next, using

(10), the system (9) is converted into another system of ODEs with the new dependent variable 7 (7). Following that,
work is being carried out to obtain exact solitary wave solutions for the system of ODEs provided in equation (9), as follows:

Family-1:
Putting up [Ry, Rz, R3, R4] = [1,-1,1,1] and [S}, 52, S3,54] = [1,-1,0,0] in equation (7), we have retrieved
hyperbolic function as follows:
T (7) = sinh(7). (11)

Setting equation (11) in equation (10) for equation (9), the following coefficient values are acquired:

by6,2
ar =by, ar = _%’ a3 = =16 asbr>w1%60,> + 4 asbrw: 61,
2
b6 12
by = g2 b3 = =4 byw101 (4 babsw61 — by), 2
2
w192
W2="mg o P1= 4brw16y, 6 =0, 03 =0,
1

along with a4, as, ba, bs, by, wy, 62, 0 as free parameters.

Hence, the solution of system (9) is represented with help of parameter values (12) as

K(7) = 0; cosh (1) + ———,
cosh (1)
w160, (13)
L(t)=6 h(r) - ————.
() = 62 cosh (7) 01 cosh (1)
Finally, the newly constructed solution of model (1) is depicted in terms of original variables x, ¢ as
w1
q(x,t) =61cosh(x — p1t) + ——m,
cosh (x — p1)
(14

w16,
r(x,t) = @y cosh (x — pit) — 8, cosh (x — p11)
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Family-II:
Letting [Ry, R, R3, R4] = [1,1,1, 1] and S}, S2, S3,54] = [1, -1, 0, 0] in equation (7), leads to subsequent function:

T (1) = cosh(7). (15)

The following coefficient values are generated after setting equation (15) in equation (10) for equation (9):

b2012 4]720)2012 (4615[92(4)2912 +a492) b2912
ay=bs, ay=-——-,a3=— 5 s b =———-,
4b2w2012 (4 babswr01 + byb 0
b3=— 221( 2;21 42),0)1:_(02]’ (16)
92 )
4brwy6,?
pr=——2220 gy=0, 65 =0,

0>

along with a4, as, ba, bs, by, wy, 62, 0 as free parameters.

Consequently, exact solution of system (1) is depicted with the help of (16) and (15) and reverting back into original
variables x, t as follows:

6
q(x,t) = 6 sinh (x — pit) — L
0, sinh (x — pt) a7
. w?2
, 1) =20 h -pit)+ ——.
1) = Basinh (3= pit) + o s
Family-I11:
Regarding [Ry, Ry, R3, R4] = [1,—1,1,1] and [S1, S2, S3, S4] = [1, -1, 1, —1] in equation (7), we have found
T (1) = tanh(1). (18)
The following set of coefficients are obtained from equation (9) by substituting (10) and (18):
b26,>
a; =by, ap = —%, a3 = 4byw 01 (-4 asbrw 01 + ay),
p)
b26:> 6 19
by =—2—21, b3 = =4 byw101 (4 b2bsw 61 — by), w2=—wl 2 (19)
92 91
pP1 = 4b2w101, 90 = 0, 93 = 0,
with a4, as, by, bs, by, w1, 87, 0; as free parameters.
Thus, utilizing (19) and (18) in equation (10), the following solution of equation (9) is found:
K(7) = 0 (sech (1)? + — 2,
(sech (1)) )
w16 (20)

— 2 _
L(t) = 0, (sech (1)) o (soch (T))z.

Then after the exact solution of equation (1) is written in terms of original independent and dependent variables x, t with
the assistance of equation (20) and equation (19) as follows:
wi
(sech (x = p11)*’
w192
61 (sech (x — pi1))*

q (x,1) = 6 (sech (x — p11))* +

2n
r(x,t) = 0, (sech (x — plt))2 -

3.2. Gear-Grimshaw Model

This portion of current study involves the execution of GEDRF method to the system of NLEEs (2), describing the
dynamics of resonant interaction between the internal gravity wave modes in a thin stratified liquid. It lead to curation
of several novel soliton solutions to the governing model (2), equipped with a number of free parameters, which have
considerable ability to illustrate crucial physical situations.
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The subsequent variable transformation is executed to reduce equations (2) to system of ODEs:
q(x,t) =U(1), r(x,t) =V(r) where 7=x-pit, (22)

with p; as free parameter, representing wave velocity, which is evaluated in computational procedure.
Then, resultant system of ODEs is obtained by considering (22) in (2) as follows:

(10 (U (M) =246V (U (7) = asV () V' (1) + (a1 (U (2)? = 2a100 (1) V (1) = as (V (1)) = pi1 ) U (7)
+ (p]2a4 -praz+ az) U’ (r)+ (—p12a9 +prag— a7) V"7 (t)=0,
(010 (U ()2 =256V () U (1) + b1 (V (1)) = p1 ) V/ (1) + (=2 b10U (1) V () = b (V (7))” = bsU (1) U (¥)

+ (P12l74 -pibs+ bz) V" (1) + (—P12b9 +pibs— b7) U” (r) =0.
(23)
As stated in Step-3 of section 2, we have calculated N = 1 using the balancing principle in equation (23). Equation (23)

yielded the following solution structure:

w1

U(t) =017 (1) + 70 + 6y, o
- ’ w4
V(T) =049 (1) + (1) + 05,

The parameters 6;,i = 0,1,4,5 and wj,j = 1,4 can be assessed in the mean way of the entire computations. Next,
equation (24) is used to convert the system (23) into another system of ODEs, with a new dependent variable 7 (7). After
then, investigation is being done to obtain exact solitary wave solutions for the system of ODEs provided in equation (23),
as follows:

Family-I:
The equation (7) is appraised with [R}, Ry, R3, R4] = [1,-1,1,1] and [S1, S», S3, S4] = [1, -1, 0, 0] and its recovered
that
T (1) = sinh(7). (25)

Plugging this value in (24) for equation (23) along with substituting trail solution, we achieved the system of algebraic
equations. By setting coefficients of each function to zero, the following coefficient values are recovered:

ajows + 2 bgws + 3 bipwi Zi
al = 9 az = b
w1 w44w13
_ 2 wq (a10w1w495 - a10w4290 — 4 bewiw4bs + 4 b6w426’0 -6 b10w126’5 +6 b10w1w490)
as = 3 w43 s
w1 (2a0ws =2 bsws — 3 biow)
ag = — 2 )
Sl (26)
b = 3w (bews + biowy) be = 2 (bewiwals — bews>0p + 2 b1ow1%0s — 2 biow w46y)
1= 0_)42 ’ 5= wlz bl
Zz w194
by=——, 6=
w4 W1 Wy
_ 2 b6w12w4052 -4 b6w1w420005 +2 b6w43902 +3 b10w13052 -6 b10w12w40005 +3 b10w1w42902
pl - w1w42 s
with
Z] =—4 a4b62w15w42954 +16 a4b62w14w4390953 -24 a4b62a)1 30)44902952 +16 a4b62w12w4500395 -4 a4b62u)1w466’04 -

12a4b6b10w16w4954+48 a4b6b10w15w4290953—72 a4b6b10w14w43902652+48 a4b6b10w13w4490395—12a4b6b10w12w45904—
9a4b102w17654 + 36a4b102w16w490053 — 54a4b102w15w42002052 + 36a4b102w14w4300395 - 9a4b102w13w44804 +
4619[962(4)14(4)43954 - 16a9b62w13w4490053 + 24a9b62a)12w45902052 - 16a9b62w1w4690305 + 4a9b62w47004 +
12a9b6b10w15w42954—48 a9b6b10w14w4390953+72 a9b6b10w13w44902952—48 a9b6b10w12w4500365+12a9b6b10w1w46«904+
9 a9b102w16w4954 - 36 a9b102w15w4260653 + 54 a9b102w14w43902952 - 36 a9b102w13w4460365 +9 a9b102w12w45604 +
2a3b6w14w43952—4 a3b6w13w449095+2 a3b6a)12w45902+3 a3b10w15w42952—6 a3b10a)14a)439095+3 a3b10w13w44002—
2a8b§,w153w446’52+4 a8b6w12w459095—2a8b6w1w46902—3 agbl()w14a)43952+6 agbl()o)13a)448095—3 agbl()w12w45902+
arw1° W,
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Zr, = 4b4b62w14w43954 - 16 b4b62w13w4400953 + 24 b4b62w12w45802952 - 16 b4b62w1w4600305 + 4b4b62w47004 +

12 b4b6b10w15w42054—48 b4b6b10w14w4390953+72 b4b6b10w13w44902052—48 b4b6b10w12w4590395+12 b4b6b10w1w46904+
9 b4b102w16w4954 - 36 b4b102w15w4290053 +54 b4b1020)140)43902952 -36 b4b102w13w4490395 +9 b4b102w12w45004 -
4b62b9w15w42954 + 16 b62b9w14w4390653 - 24b62b9w13w44002952 + 16 b62b9w|2w4590395 - 4b62b9w1w4"904 -

12 b6b9b10w16w4954+48 b6b9b10w15w4290953—72 b6b9b10w14w43902952+48 b6b9b10w13w4490395—12 b6b9b10w12w45904—
9b9b102w17954 + 36 b9b102w16w490953 - 54 b9b102w15w42902952 + 36 b9b102w14w439036’5 - 9b9b102w13w44904 -

2 b3b6w13w44952+4 b3b6w12w450095 -2 b3b6w1w46002 -3 b3b10w14w43952+6 b3b10w13w440005 -3 b3b10w12w45902+

2 b6b8w14w43952—4 b6b3w13w440095 +2 b6bgw12w45002+3 bgb10w15w42952—6 bgb10w14w430005 +3 b3b10w13w44002+
brwi*ws’,

and equipped with 6y, 64, 05, bs, bo, b19, be, W1, W4, b2, b3, ba, a7, ag, ag, ayg, az, as as arbitrary parameters.

Hence, the solution of system (23) is represented as, with help of (26) in terms of parent variables x, ¢ as mentioned below:

0 h
U(r) = w104 cosh (1) w1 + 60,
w4 cosh (1) 7
V(1) = 04 cosh (7) + ——t— + 65,
cosh (1)
Finally, the novel soliton solution for model (2) is formulated as
0 h (x — pit
g(x,1) = w1604 cosh (x P1 ) wi + 6,
w4 cosh (x — pit) (28)
(x.1) = 04 cosh (x — p1t) + —— 2 +0
r = 04 cosh (x — .
* 4 p cosh (x — p1t) >
Family-I1:
Letting [Ry, Ry, R3, R4] = [1,1,1,1] and [Sy, Sz, S3,S4] = [1,—-1,0, 0] in equation (7), we found
T (1) = cosh(7). 29)

The equation (24) is reformatted with (29) for equation (23), and then collecting the coefficients of like powers leads to
subsequent coefficient values:

ajows + 2 bgws + 3 bipwi Z3
al = 9 az = 4 3’
w1 W4 W1
_ 2 w1 (a10w1w495 - a10w4290 - 4b6a)1w495 + 4b6w426’0 - 6b10(,4)1295 + 6b10w1w490)
as = 3 w43 s
o= (2ajows — 2 bews — 3 biowy) by = 3wy (bews + biow)
Js’ | ol (30)
_ 2 (b6w1w405 - b6w4200 + 2]910&)1295 — 2b10w1w400)
bs = o ,
Z4 w 94
by=——=, 6= —,
w4 W1 Wy
2b6w12w4052 - 4b6w1w429005 + 2b6w43002 +3 b10w13052 - 617100)120)49095 +3 b10w1w42902
pl = 9

(4)164)42

with

Z3 =—4 a4b62w15w42054 +16 a4b62w14w4390053 -24 a4b52w13w44902952 +16 a4b62w12w4590395 -4 a4b62w1w46004 -

12 a4b6b10w16w4054+48 a4b6b10w15w4290053—72 a4b6b10w14w43002952+48 a4b6b10w13w4490395— 12 a4b6b10w12w45904—
9a4b102w17954 + 36614[?102(4)16(4)490953 - 54a4b102w15w42902052 + 36614[9102(4)14(4)4390395 - 9a4b102w13w44604 +
4a9b62w14w43954 — 16a9b62w13w4490953 + 24a9b62w12w45002952 - 16619b62u)10)4690395 + 4(191)620)47904 +
12a9b6b10w15w42954—48 a9b6b10w14w4390953+72a9b6b10w13w44902952—48 a9b6b10w12w4590395+12a9b6b10w1w46904+
9 a9b102w16w4954 -36 agb102w15w42006’53 + 54 a9b102w14w43002052 -36 a9b102w13w4400395 +9 agb102w12w45904 +
2613[?6&)14&)43952—4 a3b6w13w449005+2 a3b6w12w45902+3 a3b10w15w42052—6 a3b10w14w430095+3 a3b10w13w44902—
zagb§w1;w44952+4 agb6w12w459095—2 agb6w1w46902—3 a8b10w14w43052+6 agb10w13w449005—3 a8b10w12w45002+
arwi~wg",

Zy = 4b4b62w14w43954 - 16 b4b62w13w4400953 + 24 b4b62w12w45602952 - 16 b4b(,2w1w469036’5 + 4b4b62w47904 +
12 b4b5b10w15w42954—48 b4b6b10w14w4390653+72 b4b6b10w13w44002052—48 b4b6b10w12w4590395+12 b4b5b10w1w46004+
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9 bab1o*w1%wabs* — 36 babio> w1’ ws20005° + 54 babio*w1*wa>00>05% — 36 bab 1’ w1PwWs*00>05 + 9 babip* w1 ws o —
4b62b9w15w42954 + 16b62b9w14w4360053 - 24b62b9w13w44902052 + 16 b62b9w12w4590395 - 4b62b9w1w46604 -

12 b6b9b10w16w4954+48 b6b9b10w15w4200053—72 b6b9b10w14w43902052+48 b6b9b10w13w4460395—12 b6b9b10w12w45904—
9b9b102w17054 + 36 b9b102w16w400053 - 54 b9b102w15w42002052 + 36 b9b102w14w4300395 - 9b9b102w13w44004 -
2b3b6w|3a)44952+4 b3b6w12w459005—2 b3b6w|w46902—3 b3b10a)14a)43952+6 b3b10w13w449095—3 b3b]0w]2w45902+
2b6b3a)14a)43952—4 b6bgw13w440095+2 b6b3w12w45802+3 b8b10w15w42952—6 bgb10w14w436’095+3 bgb10w13w44902+
brwi*ws’,

along with 6y, 64, s, bs, bo, b1g, be, w1, w4, b2, b3, bs, a7, as, ag, ayg, az, as as free parameters.

Consequently, exact soliton solution for system (2) is depicted with the help of (30) and (29) and followed by revert-
ing back into original variables x, ¢ as follows:

64 sinh (x — pt
J0nt) = w164 sinh (x — p1t) __w + 00,
w4 sinh (x — pt) 31)
r(x,t) = @4 sinh (x — pit) + — @4 + 0s.
sinh (x — pt)

Important Remark:

Following the same procedure outlined in the previous sections, additional solutions of the considered model (2) can
be derived with parameter values as (26). For brevity, the detailed computations are omitted, and hence resulting hybrid
solitary waves are enlisted below for enhanced comprehension:

Family-III:

w104 (sech (x = pi1))? + w]

3 + 90,
w4 (sech (x — pi1)) (32)
W4

(sech (x — p11))? *

q(x,t) =

r(x,1) = 04 (sech (x — pi1))* + 0s.

Figure 1 shows the 3D and 2D profile of a traveling wave solution for the Gear—Grimshaw model which corresponds
to the solutions given in equations (28) and for the parameters indicated in the same figure.

e I [l ' [l |

25

20

15H |

1.0 |

0.5 |

0.0} n L L L |
-6 -4 -2 0 2 4 6

Figure 1. 3D and 2D profile of a traveling wave solution for the Gear—Grimshaw model which corresponds to the solutions
given in equations (28). The parameter selection is: a; = 2.12, a; = 0.78, a3 = 0.95, a4 = 3.22, as = 2.45, ag = 1.67,
a7 =2.66, ag = 0.55, a9 = 0.33, by = 1.88, by = 0.45, b3 = =5.22, by = 0.68, bs = 6.04, bg = 3.76, b7 = 1.88, bg =
—3.50 and by = 3.65.
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Figure 2 shows the 3D and 2D singular traveling wave solution for the Zaremaoghaddam model which corresponds to
the solutions given in equations (53) and for the parameters indicated in the same figure. The left side of the waveform
decreases abruptly, while the right side grows abruptly along a straight line.

Figure 2. 3D and 2D singular traveling wave solution for the Zaremaoghaddam model which corresponds to the solutions
given in equations (53). The parameter selection is: a; = 0.50, a; = 2.18, a3 = 2.05, as = 1.05, as = 0.55, b; = 1.05,
by =0.65, b3 =5.05, by = 5.12, and bs = 2.45.

4. RESULTS AND DISCUSSION
The generalized exponential differential rational function (GEDRF) construction yields multiple closed-form
traveling-wave families for the coupled double-layer models, including: (i) localized solitary profiles (e.g., sechz—type),
(ii) singular solitary profiles (e.g., csch’-type and csch coth-type), and (iii) non-decaying hyperbolic growth profiles
(e.g., cosh- and sinh-type). From a physical standpoint for stratified shallow-water internal modes, only the localized
(finite-energy) profiles are directly compatible with the usual interpretation of solitary waves, whereas the singular and
non-decaying profiles require additional discussion (Sections 4.2—4.4).

A key structural feature of several families is that the two layer variables share the same basic shape function of the
comoving coordinate £ = x — pf (up to amplitude scaling and possible additive offsets). This “shape locking” is con-
sistent with a resonant two-mode interaction in which the interfacial displacement and the associated velocity potential
components (or modal amplitudes) propagate coherently as a composite entity.

4.1. Dependence of wave shape on parameters
4.1.1. Amplitude, polarity, and background level. For each family, the solution can be written schematically as

Q(-x9t) =Q(§)’ r(x’t) =R(§)’ §=x_P1ta

where the polarity and peak amplitude are controlled by algebraic combinations of the free parameters appearing in the
GEDREF ansatz.

Localized sech” family (prototype). For the Zaremaoghaddam model, a representative localized family has the form
q(x,1) = A, sech?®(¢), r(x,1) = A, sech?(&),

where A, and A, are explicit algebraic combinations of the free parameters (e.g., combinations of §’s and w’s in the
reported families). In this case:
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» Amplitude scaling: |A,| and |A,| scale linearly with the corresponding free amplitude parameters; changing the
sign of A, (resp. A,) flips the polarity of the pulse in that layer.

* Relative layer strength: the ratio I' := A, /A, determines whether the two layers exhibit in-phase (I" > 0) or
out-of-phase (I < 0) excursions.

Offset solitary waves in the Gear—-Grimshaw model. Some Gear—-Grimshaw families include additive constants,

q(x,1) = 0() + g, 1(x,1) = R(E) + e,

so that the traveling structure sits on a nonzero background state. In that setting, (ge. re) controls the far-field equilibrium,
while the localized part (Q, R) controls the pulse/shock component. This is important for stability because the continuous
spectrum is determined by the linearization about the far-field state.

4.1.2. Width, steepness, and wave speed. In the explicit families presented, the basic width is set by the scaling
chosen in the generating function (e.g., tanh(¢), sech(¢), csch(¢)). More generally, if one uses a scaled argument «¢ in
the generating function, then « > O controls the width: larger « produces narrower (steeper) pulses.

The speed p; is not arbitrary; it is typically determined by the algebraic constraints that enforce exact solvability.
Consequently:

 changing amplitude parameters can also change p;;

* in many families, the speed is proportional to an amplitude product, producing an amplitude—velocity relation
(qualitatively consistent with classical soliton theory).

This coupling between speed and amplitude is central in any stability discussion, since the derivative of an appropriate
conserved quantity with respect to p; often enters stability criteria (see Section 4.4).

4.2. Physical realizability of singular solutions
4.2.1. Nature of the singularity. Singular families (e.g., csch?(&), csch(&) coth(£)) blow up at & = 0, i.e., along

the characteristic line x = pf. In the context of two-layer shallow-water dynamics, such divergences correspond to an
unbounded modal amplitude or slope at the interface, and therefore lie outside the strict validity range of weakly nonlinear,
weakly dispersive asymptotic models. Practically, these solutions are best interpreted as:
1. local asymptotics describing the tendency toward gradient catastrophe (incipient breaking) in an unregularized model;

or
2. idealized limits of sharply peaked structures that would be regularized by physics not included here (viscosity,

higher-order dispersion, surface tension, finite-depth corrections, or nonhydrostatic effects).

4.2.2. Regularization viewpoints. There are three standard ways to give singular profiles a controlled physical
meaning:

(i) Exclusion of the singular core: treat the solution as valid only for |£| > § for some small § > 0, matching to a different
inner solution near & = 0.

(ii) Weak/distributional interpretation: interpret the singular family as a weak solution capturing a steep-front/shock-
like transition, with the understanding that additional entropy/selection mechanisms would be required to pick the
physically relevant branch.

(iii) Model regularization: add physically motivated higher-order terms (e.g., fifth-order dispersion, dissipative terms)
that smooth the singularity into a finite-amplitude sharply localized pulse.

In the reported numerical visualizations of singular profiles, one indeed observes extremely steep behavior near x = pz,
consistent with the above interpretation.
4.3. Comparison with classical mKdV solitons
4.3.1. Classical scalar mKdV solitary waves. Consider the classical scalar mKdV equation
U + @iy + Bixey = 0, aBf #0, (33)

which admits the well-known one-soliton

u(x,t) = i\/% sech(\/g (x —ct —Xo)) , c>0if >0, (34)

with amplitude proportional to v/c and width proportional to 1/+/c.
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4.3.2. Differences induced by coupling and dispersion-triplet structure. The coupled double-layer models
studied here extend the classical setting in two major ways:

1. Two-component coupling: energy can be exchanged between layers, producing locked two-field pulses (g, r) and
allowing out-of-phase structures not present in scalar mKdV.

2. Extended dispersive operator: the mixed-derivative terms (e.g., ¢xx; and g;;) modify the linear dispersion and
may allow non-classical localized profiles (including hybrid and singular shapes) beyond the standard sech soliton in
(34).

Therefore, while some families mimic classical solitons through a single-hump localized structure and amplitude—speed

coupling, the catalog also contains non-classical profiles (e.g., sech?>-type or singular csch>-type) that should be regarded

as hybrid solitary/shock-like structures enabled by the extended ansatz and the higher-order dispersive framework.

4.4. Stability analysis

This subsection provides a linear (spectral) stability framework for the obtained traveling waves and derives explicit,
checkable stability conditions for the far-field spectrum. The analysis is presented for the Zaremaoghaddam system; the
Gear—Grimshaw system follows analogously.

4.4.1. Linear dispersion and well-posedness about a uniform state. Let (¢,"w) be a constant background.
Linearizing the Zaremaoghaddam system about that state yields (to first order in perturbations) a pair of uncoupled linear
dispersive equations because the nonlinear coupling terms are quadratic. In particular, about the rest state (0, 0) one has

qr + a3qxxx + A4qxxs + asqxy = 0, T+ b3ryxx + barxxs + bsryy = 0.
Using plane waves g ~ e'(¥*=«?) gives the quadratic dispersion relation
ask w? + (1- a4k2)w —ask® =0, (35)

and similarly
bsk w? + (1 — bsk®)w — b3k> = 0. (36)

A sufficient condition for real w(k) for all k € R (hence absence of exponential growth in the linearized constant-coefficient
problem) is
azas > 0, b3bs >0, (37)

since then the discriminants
Ay (k) = (1 — ask®)?* + 4azask®, Ay (k) = (1 = bak®)? + 4b3bsk*

are nonnegative for all k. Condition (37) is a practical baseline requirement before discussing the stability of any nonlinear
coherent structure.

4.4.2. Spectral problem for perturbations of a traveling wave. Let (Q(¢), R(£)) be an exact traveling wave with
& = x — pit. Consider perturbed solutions

q(x,1) = Q&) +eu(€)e,  r(x,1) =R(E) +ev(é)eY, O<e<xl.
In the moving frame, the time derivative acts as d; — A — p1d¢, and one computes
qr = (A= p10g)u,  Guxx = 3214, Gxxt 32(/1 — P10, Gxrr P> Og (A = p10g) u,

and similarly for r.
Linearizing the nonlinear terms gives

a*qx — Q°u’ +200u, r’qx = R*u’ +2RR'v,
r’re = R +2RR'v, g*ry — 03 +200'u,
where ’ = d¢. Thus the eigenvalue problem takes the compact quadratic-pencil form

(54212 + AN+ ﬂo) (Z) -0, (38)

where A,, A, Ay are matrix differential operators in ¢ determined by (Q, R) and the model coeflicients. Explicitly, the
g-equation component reads

0=(1—-p1dg)u+azu’” + a46§(/l — p10g)u+ asdg (A — p10g)*u
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+ay(Q* +200Q'u) + ay(R*u’ + 2RR'v), (39)
and the r-equation component is
0= (1= p10g)v +bav"" +badz (A= p10g)v + bsds (A — p1g)*v
+ b1 (R +2RR'v) + b2 (0% +20Q'u). (40)

A traveling wave is spectrally stable if the spectrum of (38) satisfies R (1) < 0.

Neutral translation mode. Because the governing PDEs are translation invariant in x, the derivative (u,v) = (Q’, R’)
always produces a neutral eigenfunction at 1 = 0:
Q/
Ao)( 5| =0
( 0 (R'

Hence 4 = 0 is generically present in the point spectrum (simple under nondegeneracy conditions), and stability means
there are no eigenvalues with R (1) > 0.

4.4.3. Essential spectrum and a far-field stability criterion. Assume the traveling wave is localized about a
constant state, i.e.,

(Q(é:)’ R(f)) - (CIOOa roo) as |§| — 00,

Then the coefficients in (39)-(40) tend to constants, and the far-field eigenvalue problem is diagonal to leading order.
Substituting Fourier modes (u, v) ~ ¢'*¢ yields the far-field (essential-spectrum) relations

(A +ip1k) (1 + ask?) +iazk® + iask (A +ip k)* =0, (41)
(A +ip1k) (1 + bsk?) +ib3k® + ibsk (A +ipik)* = 0. (42)

Equations (41)—(42) provide a checkable necessary condition for spectral stability: for each real k, all roots A(k) must
satisfy R (A(k)) < 0. A sufficient practical condition ensuring that the essential spectrum remains on (or to the left of)
the imaginary axis is:

azas 20, b3bs>0, 1+ask®>0, 1+bsk>>0 VkeR, (43)
which prevents ill-posedness and avoids sign changes in the effective far-field “mass” factors (1 + a4k?) and (1 + bsk?)
that can trigger high-wavenumber instabilities.

4.4.4. Point spectrum and stability of localized pulses: energy-index viewpoint. The remaining (discrete)
spectrum of (38) depends on the localized potentials QQ’, RR’, 0%, R* and requires an index argument.
For coherent structures generated as solitary critical points of an augmented functional

7__[(,],?'] :W[q,r]+PlP[q’r],

(where H is an energy/Hamiltonian and # is the momentum associated with translation invariance), the Grillakis—Shatah—
Strauss philosophy predicts orbital stability when the second variation §F has exactly one negative direction and a simple
kernel spanned by (Q’, R’), together with a slope condition (a generalized Vakhitov—Kolokolov condition)

d
d—SD [Qp,Rp, ] #0, with sign determining stability branch. (44)
D1

In practice, for the present double-layer setting, (44) is evaluated on the explicit families by computing # as a function of
the parameters through (Q, R) and p; (recall p; is itself constrained algebraically). This provides an analytically tractable
stability diagnostic because the integrals of sech™ profiles are closed form.

Concrete diagnostic for sech’-type localized pulses. For a representative localized pulse of the form

Q(&) = Agsech®(ké),  R(£) = A, sech? (xé),

one may use the quadratic momentum proxy

P2 = 1/00 (02 + R) dé = 543+ A) /w sech” (¢) d¢ =

(A7 +AD)
2 Jowo 2 '

3k
Thus, if « is fixed by the family scaling, the monotonicity of £, with respect to p; reduces to the monotonicity of A%I +

A? with respect to p; through the algebraic constraints. A positive slope diple > 0 is typically associated with the stable
branch in Hamiltonian dispersive systems, while a negative slope signals an instability exchange.
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4.4.5. Instability mechanisms for singular and non-decaying families. Finally, two generic instability mecha-
nisms are expected for the non-regular families:

« Singular families: the blow-up at & = 0 implies infinite L?> norm and breakdown of standard energy methods;
linearization about a singular profile typically yields non-self-adjoint operators with spectrum extending into R (1) >
0, so these waves are best viewed as nonlinearly unstable idealizations unless regularized.

* Non-decaying cosh/sinh families: these do not approach a finite far-field equilibrium, so the essential spectrum
is not defined in the usual solitary-wave sense; physically, such profiles correspond to nonlocalized excitations or
boundary-driven responses rather than freely propagating solitary waves.

4.5. Summary of implications

Overall, the explicit solution catalog demonstrates that (i) coherent two-layer traveling structures exist in multiple
morphologies, (ii) only the localized finite-energy families are directly consistent with solitary-wave propagation in
stratified fluids, (iii) singular solutions should be interpreted as limiting/shock-like objects requiring regularization, and
(iv) a rigorous stability assessment reduces to the spectral analysis of the quadratic pencil (38), with immediate far-field
admissibility conditions given by (43) and point-spectrum diagnostics accessible via the explicit parameter dependence of
integral invariants such as $;.

5. CONCLUSIONS

The paper recovered solitary waves, shock waves and their combination thereof for double layered shallow water flow.
Two of the models out of very many such models, have been addressed in this paper. They are Zaremaoghaddam model
and the Gear-Grimshaw model. The basic platform is the mKdV equation and therefore the current work is a continuation
or a follow—up of the previously reported work that has KdV equation as its basic platform. The adopted integration
algorithm was the generalized exponential differential rational function approach. This algorithm revealed various hybrid
forms of solitary waves, shock waves and singular solitary waves. An obvious drawback is that the integration scheme
failed to reveal single—standing waves such as solitary waves or singular solitary waves or shock waves. For retrieving
such single—standing waves one must resort to additional integration approaches. The results from such research activities
will be disseminated in future.

A. ADDITIONAL SOLUTION FAMILIES FOR MODEL (1)
Family-1V
Upon embedding Ry, R, R3, R4] = [1,1,1,—-1] and [S}, S», S3,S4] = [1, -1, 1, —1] in equation (7), we obtain

T (t) = coth(r). (45)

By making substitution of (45) in (10) for equation (9), coefficient values are procured as:

by6,? 4b201 w3 (4 asbrw201% + ashr)
ay=bs, ay=-——-,a3=— 5 ,
02 6,
bi = by6,? _ 4bywo6,? (4 bybsw101% + b492) 46)
1= _6_227 3 == 022 y
0 4b,6,*
w) = — 1w2, i =_M’ 6o=0, 63 =0.
92 92

having a4, as, ba, bs, by, wy, 02, 6] as free parameters.
Accordingly, newly generated solution of equation (1) is presented with the help of equation (45) and (46) as follows:

01w>

6> ( csch(x —plt))z’
w?2

(csch(x—plt))z'

q(x,1) = =0, (csch(x — p11))” +

47)
r(x,t) = =6 ( csch(x — plt))2 -

Family-V
Upon embedding [R1, R2, R3, R4] = [1,1,1,-1] and [S1, $2, 53, S4] = [0,0, 1, —1] in equation (7), we obtain

T (1) = csch(7). (48)
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Putting (48) in (10) for equation (9), following parameter values are obtained:

b26,? 4brw161% (4 asbrwr61% + asbs)
ay=bs, ay=-——-,a3 = - 5 ;
92 02
by6,2 4byw261% (4 babsw261% + bsb
b1:_221’b3:_ 221(2;21 42), (49)
92 92
0 4brw6:>
w1 =22 L opi =—ﬂ, 6o =0, 63 =0.
0> 0>

having a4, as, ba, bs, by, wy, 6>, 81 as arbitrary constants.
Thus, using equations (48) and (49), the newly generated solution of equation (1) is shown as follows:

0
q(x,t) = =01 csch(x — pt) coth(x — pyt) + @21 ,
0, csch(x — pit) coth(x — pt) (50)
w2
,t) =—-0 h(x — pit) coth(x — pit) — .
rxn 2 esch(x = pit) coth(x = pit) csch(x — pyt) coth(x — pit)
Family-VI
Upon embedding [R1, R2, R3, R4] = [1, 1,1, 1] and [Sy, S2, S3,S4] = [0,0, 1, —1] in equation (7), we obtain
T (1) = sech(7). (28
Putting (51) in (10) for equation (9), following parameter values are obtained:
by6,? 4brw161% (4 asbrwr61* + asbs)
ay=bs, ay=-—5-, a3 = - 5 ,
92 92
b20,2 4b2w201% (4 bybswy61% + b6
b1=—221, S 202017 ( 2;(021 42)’ (52)
92 ‘92
6 4brwy6,°
w1 =22 L P =—&, 6o =0, 63=0.
0, 0,
having ay4, as, ba, bs, by, wy, 6>, 01 as arbitrary parameters.
As aresult, using (51) and (52), the new soliton solution of equation (1) is written as:
w291
q(x,1) = =01 sech(x — pt) tanh(x — pt) + ,
0, sech(x — pit) tanh(x — p11) (53)
w?
,t) =—-0 h(x — pit) tanh(x — p1?) — .
ren 2 sech(x = pt) tanh(x = pi1) sech(x — pit) tanh(x — pit)
A. ADDITIONAL SOLUTION FAMILIES FOR MODEL (2)
Family-1V
2
w164 csch(x — ppt) w
qx,t) = - ( ) - ! 5 + 0o,
on (csch(x — pit)) (54)
r(x,t) = —04( csch(x — pﬂ))2 - Lz + 0s.
(csch(x — pi1))
Family-V
g ) = _a)164 csch (x — pyt) coth (x — pt) B w1 + 6.
w4 csch (x — pyt) coth (x — pi1) (55)
r(x,t) = =04 csch (x — pit) coth (x — pt) — w4

+ 6s.
csch (x — pyt) coth (x — pt) >
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Family-VI

w104 sech (x — pit) tanh (x — p1t) _ w1

,l‘ = — +9 5
q(x.1) w4 sech (x — pit) tanh (x — pt) 0

w4 +6
sech (x — pif) tanh (x — p1t)

(56)
r(x,t) = =04 sech (x — pit) tanh (x — pyt) —
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V wiif cTarTi BiTHOB/IEHO TiOpUIHI TOOAWHOKI XBUJI IJIs1 BOIIAPOBUX XBWJIb HA MUJIKOBOAI, 6a30BOI0 IJIAT(OPMOIO SIKMX € PiBHSIHHS
mKdV. Bubpanumu mopensimu € piBHsIHHs 3apemaoraigama ta piBHsiHHsA [ipa-I'piminoy. Bukoprctanuil anaroputm iHTerpyBaHHs —
y3arajbHeHui MeTo]] eKCIoHeHIiabHOI AndepeHiianbHoi ¢pyHKil. Lle mpu3BoauTh 10 riOpUIHUX XBUIIb, IO BAHUKAIOTh 3 OAUHOYHUX
XBWJIb, YIAPHUX XBWJIb Ta OJMHOYHHMX OAMHOYHHMX XBWIb. Kpurepii iCHyBaHHSI TaKMX XBWJIb TaKOX IPEICTABJIEHi SIK OOMEXEeHHs
napamerpis.

Kurouosi cioBa: pignsinns mKdV; 2iopud; inmeeposanicmv; oOmedsicenns napamempis; pisusnus Iipa—I pimuwoy
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