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In this paper, a new type of instability is identified, leading to the generation of vortex motions and magnetic fields in a plasma layer with
a constant temperature gradient, subjected to uniform gravity and a vertical magnetic field. The analysis in this study is conducted within
the framework of electron magnetohydrodynamics (EMHD), taking into account thermomagnetic effects. A new large-scale instability
of the a-effect type is identified, which facilitates the generation of large-scale vortex and magnetic fields. This instability arises due to
the combined action of an external uniform magnetic field, oriented perpendicular to the plasma layer, and a small-scale helical force.
The external force is modeled as a source of small-scale oscillations in the electron velocity field, characterized by a low Reynolds
number (R < 1). The presence of a small parameter in the system allows for the application of the method of multiscale asymptotic
expansions, leading to the derivation of nonlinear equations governing the evolution of large-scale vortex and magnetic perturbations.
These equations are obtained at third order in the Reynolds number. A new effect associated with the influence of thermal forces (the
Nernst effect) on large-scale instability is also discussed. It is shown that an increase in the Nernst parameter reduces the a-coefficient
and thereby suppresses the development of the large-scale instability. Using numerical analysis, stationary solutions of the vortex and
magnetic dynamo equations are obtained in the form of localized helical-type structures.
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1. INTRODUCTION

The investigation of magneto-vortex structures in plasma is of significant importance for addressing challenges in
controlled thermonuclear fusion as well as for understanding the formation of ordered structures in astrophysical plasmas.
Magneto-vortex structures represent spatially localized configurations in which magnetic fields are strongly coupled with
vortical plasma flows (velocity vortices). Such structures frequently emerge in turbulent plasma environments, where
instabilities and nonlinear interactions between electric currents, magnetic fields, and hydrodynamic perturbations play
a crucial role. A notable example of these interactions is the generation of magnetic fields by small-scale turbulent

plasma motions with non-zero helicity vIrotv? # 0 — this process constitutes a dynamo mechanism that is fundamental
to explaining the origin of magnetic fields in astrophysical objects such as planets, stars, and galaxies [1]-[6]. Helical
turbulence, in this context, typically refers to turbulent states with broken parity symmetry [4]. From a physical standpoint,
helical turbulence arises in systems where mirror symmetry is broken, which can occur due to various factors — most
notably, the presence of external fields with pseudovector characteristics, such as magnetic fields (Lorentz force) or the
Coriolis force.

Despite considerable progress in the theory of magnetic dynamos [5]-[6], several important issues remain insuffi-
ciently addressed. One such problem is the lack of a clear connection between the generation of seed magnetic fields and
the turbulent dynamo process, since both problems are considered separately. A potential mechanism for the spontaneous
generation of seed magnetic fields in plasmas with non-uniform temperature distributions is the Nernst effect [7]. This
phenomenon is associated with the formation of a vortex-like electric field disturbance, E}; ~ [B’ x VTp], which is
oriented orthogonally to both the background temperature gradient V7 and the magnetic field perturbation B’. Under
non-dissipative conditions, Maxwell’s equations can be employed to estimate the resulting magnetic field fluctuations
induced by this effect as

’ ’

66—}; = —crotE}V = a@% ~ rot[ VT X B/].

Laser-produced plasmas provide a representative example where the Nernst effect plays a significant role. In such systems,
intense laser irradiation ionizes and heats the target material, giving rise to a plasma with pronounced temperature gradients.
These gradients create favorable conditions for the onset of the Nernst effect. A similar mechanism of magnetic field
generation is also expected to operate in astrophysical environments, particularly in the outer layers of hot, massive stars,
where strong temperature inhomogeneities are present [8].
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Ref. [9] investigates the spontaneous generation of magnetic fields driven by Rayleigh-Benard convection in a thin
plasma layer subjected to a uniform gravitational field. The seed magnetic fields are generated via a mechanism analogous
to the Biermann battery effect [10]. However, unlike the classical Biermann mechanism, magnetic field excitation here
occurs when temperature perturbations, 7”, act along a direction misaligned with the background gravitational stratification
g. This misalignment gives rise to an eddy-induced electromotive force (EMF):

’
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which contributes to magnetic field generation according to
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where A is the characteristic scale of temperature perturbations, 75 is the characteristic time of magnetic fields generation.
Then this initial seed magnetic field acts to induce convective motion of charged particles (electrons and ions) in the
stratified plasma. Thus the emergence of positive feedback between the magnetic field and temperature perturbations in
the evolution equations is a key condition for the onset of thermomagnetic instability and, as a result, the generation of
magnetic field. In a complementary study, Ref. [11] explores magnetic field generation in a fully ionized plasma, both in
the presence and absence of an external magnetic field. The analysis incorporates the effects of convective heat transport
and thermomagnetic phenomena and establishes criteria for the onset of instabilities that facilitate spontaneous magnetic
field growth.

Another unresolved issue is the absence of a fully self-consistent nonlinear theory of the magnetic dynamo. As the
magnetic field grows in strength, it begins to influence the plasma flows, thereby limiting the applicability of the kinematic
dynamo theory. However, the magnetic fields observed in real astrophysical systems typically exist in a nonlinear regime,
highlighting the necessity of developing and studying a nonlinear dynamo theory. The nonlinear theory is commonly
formulated as an extension of the mean-field dynamo approach, incorporating nonlinear feedback mechanisms. In the
review [6], a phenomenological model of the nonlinear dynamo — referred to as “catastrophic quenching” — is discussed.
This model is grounded in energy balance arguments and posits that the Lorentz force significantly alters the velocity field
only when the magnetic energy becomes comparable to the kinetic energy of the turbulent flow. Accordingly, the model
introduces a simplified phenomenological framework that includes a nonlinear dependence of the turbulent transport

coeflicients:
@ 1o
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where ag and 7o are the values of the transfer coefficients obtained in the kinematic approximation; nr — coefficient
of turbulent magnetic viscosity, B(Z) = B - B — mean field energy, 82 - kinetic energy of the flow. Reference [5]
provides an in-depth analysis of numerical simulation results related to geodynamo and solar dynamo processes. It also
introduces a magneto-rotational dynamo mechanism, where turbulence arises as a consequence of magnetohydrodynamic
(MHD) instabilities. Furthermore, the review addresses emerging challenges in the theory of magnetic field generation in
weakly collisional plasmas, highlighting current gaps and directions for future research. Nevertheless, Ref. [5] does not
address regimes where high-frequency, small-scale electron oscillations — such as helicon waves — induce magnetic field
restructuring in both space and laboratory plasmas. These rapid, localized processes involve only the electron component,
evolving against a quasi-static background of ions. The monograph [3] describes several examples of magnetic field
generation driven by Langmuir and ion-acoustic plasma oscillations. In turn, Ref. [12] explores the generation of mean
magnetic fields by small-scale turbulence within the framework of electron magnetohydrodynamics (EMHD) with a two
and one-half dimensional (Z%D) model. In this approach, while the magnetic field retains all three spatial components, its
variation is constrained to two dimensions due to the presence of a strong background field. It is demonstrated that the
emergence of large-scale magnetic fields is intimately connected to the statistical properties of turbulence: the breaking
of reflectional symmetry gives rise to the a-effect, whereas turbulence anisotropy facilitates mechanisms akin to negative
dissipation, including negative resistivity and viscosity.

One of the drawbacks of magnetic dynamo theory is that it depends on a simplified approach called the two-scale
approximation of mean-field theory, making it harder to create a consistent nonlinear dynamo theory. An alternative
approach, based on multiscale asymptotic expansions, was proposed in [13] to describe the generation of large-scale
vortex structures (LSVSs) in non-mirror-symmetric turbulence. It was shown that small-scale parity violation due to
external forcing leads to a large-scale instability known as the anisotropic kinetic alpha (AKA) effect. Further studies [14]
explored the reverse energy cascade and nonlinear saturation of this instability. The effect is interpreted as a parametric
instability arising from external periodic forcing F, which induces small-scale velocity fluctuations vy. Their nonlinear
interaction with large-scale flow W modifies the Reynolds stresses, allowing 677 to be expressed as a Taylor series in
gradients of W [15]:

5Tij = _OlijlWl - VijlmVle + O(VZW) + ...

This expansion is valid under the condition of weak large-scale gradients, i.e., for small VW. To ensure the dominance of
the first term in the series, one can estimate the tensors «;j; and v;;1,, using characteristic parameters of the small-scale
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turbulence. This yields the condition that the gradient scale of the large-scale field, defined as L, = (W= VW])~!, must
be much larger than the turbulence scale lp: Ly > [p. The leading term in this expansion corresponds to the anisotropic
kinetic a-effect (AKA-effect), as described in [13], which accounts for the emergence of large-scale vortex structures
(LSVS). Thus, an external force breaking parity at small scales can induce significant modifications in the large-scale
flow. In contrast, Ref. [15] analyzed the case where the small-scale forcing is parity-invariant, leading to the suppression
of the AKA-effect. In this regime, the interaction between small- and large-scale motions is governed primarily by eddy
viscosity.

Using the method of multiscale asymptotic expansions, nonlinear theories of vortex dynamos have been developed
for a range of hydrodynamic media, as outlined in Ref. [16]. In particular, Ref. [17] identified a large-scale instability
in an electrically conducting, temperature-stratified medium driven by the helicity of small-scale velocity and magnetic
fields. This instability gives rise to the simultaneous generation of large-scale vortex and magnetic fields. Building upon
these results, Ref. [18] formulated a fully nonlinear, self-consistent theory of the magneto-vortex dynamo for a convective,
electrically conducting medium with helical small-scale turbulence. Remarkably, this study demonstrated for the first
time the possibility of stationary chaotic large-scale structures forming in both vortex and magnetic fields. The analysis
revealed the emergence of stationary magnetic structures, which can be categorized into three distinct types: nonlinear
waves, solitons, and kink-type solutions. Furthermore, qualitative estimates of the linear instability stage allowed for a
comparison of the characteristic scales and times of the resulting hydrodynamic structures with those observed under solar
conditions, as reported in Ref. [19], showing good agreement.

In this work, unlike [20], we investigate the generation of large-scale vortex and magnetic structures driven by
small-scale helical forcing (turbulence) in a fully ionized, temperature-stratified plasma subjected to an external vertical
magnetic field. The theoretical framework is based on the Braginskii equations for the electron component, with thermo-
magnetic effects explicitly taken into account. Plasma thermal convection is modeled using the Boussinesq approximation,
incorporating an external helical force Fy. Unlike the classical anisotropic kinetic a-effect (AKA-effect), our analysis
reveals a novel plasma a-effect arising in a magnetized plasma with a constant temperature gradient and gravitational field,
induced by external helical forcing.

The structure of this paper is as follows. In Section 2, we formulate the problem and derive the governing equations
in dimensionless form. Section 3 presents the derivation of the averaged equations for large-scale velocity and magnetic
fields in a magnetized, stratified plasma using the method of multiscale asymptotic expansions. The detailed procedure
for constructing the asymptotic expansion is provided in Appendix A. The correlation functions appearing in the averaged
equations are expressed through the small-scale fields obtained in the zeroth-order approximation with respect to the
Reynolds number R. The corresponding solutions for the small-scale fields are given in Appendix B. Based on these, the
closed-form nonlinear equations describing the vortex and magnetic dynamo are derived in Appendix C. In Section 4, we
present the final system of equations governing large-scale velocity and magnetic field perturbations, which describe the
hydrodynamic a-effect instability. The conditions for the onset of this instability are analyzed as functions of the external
magnetic field strength D, the Rayleigh number Ra, and the Nernst effect parameter. Section 5 provides a numerical
investigation of the steady-state nonlinear magneto-vortex dynamo equations, demonstrating the formation of vortex and
magnetic structures in the form of helical kink-type solutions.

2. PROBLEM STATEMENT AND BASIC EQUATIONS
We consider a fully ionized plasma layer placed in constant gravitational and uniform magnetic fields, denoted by g
and B, respectively. The plasma is assumed to possess a steady-state temperature gradient V7. In the undisturbed state, no
fluid motion is present. The development of perturbations is assumed to occur on timescales short enough that ions can be
regarded as stationary and thermally inactive. The behavior of the perturbed electron component is analyzed within the
framework of the Braginskii equations [21]:

1 1 1 F, F,
6—V+(VV)V=—£(E+—[VxB])——_VP+—_(RV+RT)+—i+—i, (1)
ot m c mN mN mN mN

orT 2 di —
& rovnr=-224 ponr, ©)
ot 3N

divV = 0. 3)

Here P, N, T,V denote the pressure, average density, temperature, and velocities of electrons. In the electron momentum
equation (1), several physical effects are taken into account: electron collisions, described by the friction force R,;
momentum exchange due to the temperature gradient, represented by the thermal force Rr; viscous effects in the electron
fluid, captured by the force F,;; and the gravitational contribution F,. Importantly, the corresponding transport coeflicients
in the presence of a magnetic field depend on the magnetization parameter wg.7, where wg, = eB/mc is the electron
gyrofrequency. In the strongly magnetized limit (wp,T > 1), the friction and thermal forces, R, and Ry, respectively, are

expressed in specific forms:

R
= = -0.51vV) - vV, 4)
mN
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Figure 1. The diagram shows a thin layer of plasma with a vertical equilibrium temperature gradient: Ty > T, (signaling
heating from below). The induction vector B of a uniform magnetic field has direction along the z-axis, and the external
force Fy is situated in the plane (x, y).
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The symbols || and L denote the directional orientation along and across the magnetic field, respectively. The thermal
electron flow is similarly composed of two components, denoted as q = q,, + qr:

— 3¢ vNT
g = 0.7INTV) + — 22 [Bx V] (6)
2mc w%
e
NT NT 5 eNT
qr = —3.1677VHT—4.66—2VVJ— 5%[wa] 7
m cmew

Be Be

In expressions (4)-(7), the parameter v ~ 7~! denotes the electron collision frequency. In a fully ionized plasma, the

relative velocities involved in electron-electron and electron-ion collisions are of the same order. As a result, the frequency

of electron-electron collisions (v, ~ 7, ' or v ~ 771) is comparable to the electron-ion collision frequency (ve; ~ Te_il).
Next, we supplement the equations (1)-(3) with Faraday’s law

rotE = —%%, ®)
Ampere’s law .
rotB = —4”jN v, )
and magnetic field solenoidality equation
divB = 0. (10)

We now formulate the problem, the geometry of which is illustrated in Fig. 1. To describe the dynamics of the electron
fluid, we adopt a Cartesian coordinate system with the Z-axis oriented vertically upward. The system under consideration
is a horizontally extended plasma layer of finite thickness 4, bounded above and below by free surfaces at z = h and z =
0, respectively. The lower boundary at z = 0 is maintained at temperature 7z, while the upper boundary at z = A is kept
at a lower temperature 7, such that T, > T, implying that the layer is heated from below. The equilibrium temperature
distribution 7'(z) is assumed to vary linearly along the vertical direction:

(Td - Tu) z.

T(Z) =T, - A

Consequently, the equilibrium temperature gradient is constant and directed downward: VT = const = —e(dT/dz) =
—e A, where e is a unit vector along the Z-axis pointing upward, and the gravitational acceleration is given by g = —ge.
Initially, the plasma layer is assumed to be at rest. Convection is triggered by introducing small perturbations to the
equilibrium state. All relevant physical quantities appearing in Egs. (1)-(3) are thus represented as the sum of a stationary
background and a small disturbance:

V=V,E=E,B=B+B,T=T+T,P=P+P.
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The equilibrium electron density is assumed to be uniform throughout the layer, N = const, and perturbations in the
density, N’, are related to temperature perturbations 7’ via the Boussinesq approximation [22]: N'/N ~ —T"/T. Under
this approximation, the gravitational force term in Eq. (1) reduces to a contribution that depends linearly on the temperature
perturbation:

F , ,

& = N:g = —T:g. (an

mN N T

The viscous force F;, in equation (1) can be written as [21]

Te g2y 20732592V = w2V,
mN m
where v is the coefficient of kinematic viscosity of the electronic fluid. Below in the text, for convenience, we omit the
”prime” sign above the perturbed values V, T, P, E, and B. In the equilibrium (unperturbed) state, the plasma satisfies the
condition of hydrostatic balance:

1dT  0.71dT

m dz g m dz’

and no background electric field is present, i.e., E = 0. The magnetic field is assumed to be uniform and directed
vertically upward, perpendicular to the (x, y) plane: B = eB. To model turbulent processes in the plasma, we introduce
an external force F( into Eq. (1). This force acts as a driver of small-scale, high-frequency oscillations in the electron
velocity field, denoted by vy, and operates in a regime characterized by a low Reynolds number, R = votp/19 < 1. An
analogous dimensionless parameter, the Strouhal number S = u7t./A. — where u is the turbulent velocity, and 7, and A,
are characteristic temporal and spatial correlation scales is commonly used in magnetic dynamo theory [2] to justify the
second-order correlation approximation. A relevant physical system in which the condition R <« 1 (or equivalently § <«
1) holds is the solar convective zone. Using observational data on small-scale turbulence in solar granules [2], one obtains:

Yo ~3-10%m/s, 1o~ 3-10%s, g ~ 10°m,

yielding an estimate of the Reynolds number R ~ 10~! < 1. Let us consider an external helical force F( with the following
properties:

1. The vector field Fy is solenoidal, i.e., it is divergence-free: divFy = 0.

2. The vector field Fy possesses vorticity: rotFy # 0.

3. The helicity of Fy is nonzero, indicating a helical property: ForotFy # 0.

We define the functional form of the external force as

X t
Fy = F -
0= Jfo 0(/10 to)

where A is the characteristic spatial scale, 7 is the characteristic temporal scale, and fy denotes the typical amplitude of the
force. The external force Fy induces small-scale oscillations in the velocity field, denoted by vy, which are characterized

by
_ _— X t
Vo =VvovVo|—, — |,
0 OO/10 %

where vy is the characteristic velocity. Assuming that the external force Fy satisfies the properties listed in (4), it can be
explicitly prescribed in the following deterministic form:

F; =0, FoL = fo(excos¢s+e,cosg), (12)
where the phases ¢ and ¢, are defined as
¢1 =kix—wot, ¢ =kox-wot, k; = ko (1,0,1), ky=ko(0,1,1).

The dynamo mechanism operates through the process of energy transfer from small-scale turbulent motions to large-scale
flows. The role of the external small-scale force Fy incorporated into the electron motion equations is to maintain the
necessary level of turbulence as a driving source. This force can be specified statistically by defining its correlator:

Foi Fopw = Abim + Brivy, + Hepuntn .

However, the statistical approach is considerably more cumbersome, as it requires specifying the functions A, B, and H,
and computing rather complex integrals. When the external force is specified dynamically (as in Eq. 12), averaging over
rapid oscillations becomes straightforward, which significantly reduces the computational complexity of the problem.
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Let us transform equations (1)-(3) and (9)-(11) into a dimensionless form by introducing the following dimensionless

variables v . B T p
x—>£, t—>£, Vo —, F()—)—O, B—)—], T—>—l, p— L

Ao to Vo fo bg ApA Po
Here, v0, b0, and p are the characteristic values of small-scale fluctuations of velocity, magnetic field, and pressure,
respectively. When transitioning to the dimensionless form of equations (1)-(3) and (8)-(10), it is helpful to introduce a

set of relations that connect the turbulent parameters 7y and A¢ of the medium:

13)

A vov —Vov to cEot
=20 f= pyomNi, S0 cEob
4 /l% Ao Vo Aobo
2 — 2 2
fom _ eEoto _ebodo  AVom©pe po Ay _ (14)
0.73?‘1‘2 ’ mT;() I’)’lCT;O ebyc ’ r?{ ’

where ry = ¢/wp. is the Debye radius, and w,, = y4me>Ny/m is the electron plasma (Langmuir) frequency. These
relations significantly simplify the resulting dimensionless equations, facilitating further mathematical treatment. The
first group of relations in (2) is derived from the Navier-Stokes equation (1). The remaining expressions are obtained by
applying scaling and dimensional analysis for convenience. The final set of relations is chosen such that a self-consistent
system of equations for large-scale perturbations emerges in the leading order of the asymptotic expansion. Upon applying
the transformations (13) and (2) to equations (1)-(3), (8)-(10), and introducing a rescaled temperature T — T /R, we arrive
at the desired system of dimensionless equations:

aa—‘; +R(VV)V =-VP-R’E- D[V xe] — R*[VxB] +eRal - V-
oyl V72'e 3~ 2
—Ra|—=](0.71VT + =¢D[e x VT]| + vV-V + F, (15)
g/l() 2
BT 5 —1 —1v2 5 -1
m +R(VV)T — (1 + §Pr éR|eV =2.1Pr VT + §Pr &(VTrotB), (16)
divV =0, divB =0, (17)
0B
o = —rotE, rotB = —R?V. (18)

The equations (2)-(16) have the following notation: ¢ = (wp.7)~! represents the reciprocal of the Hall parameter; D =

Ra _ gAX . .
P Ra = Tox S the Rayleigh

number on the scale Ao; x is the thermal diffusivity coeflicient of electrons; Vr, is the thermal velocity of electrons, Pr =
v/ x is the Prandtl number; & = v/ (w%e/l(z)r) is a parameter characterizing the influence of the Nernst effect. As follows,

De, D = (eBty)/mc = (wpedo?) /v is the electron rotation parameter on the scale Ao; Ra =

we call 5 the Nernst parameter.
In this study, we treat the Reynolds number R = Vf{—(t)o as a small expansion parameter, assuming R < 1. The

parameters D, Ra, and Pr are considered to be of arbitrary magnitude. The smallness of R justifies the application of the
method of multiscale asymptotic expansions, as described in [4, 13]. This technique differs from the traditional mean-field
approach in that it allows for a consistent description of how perturbations evolve across various spatial and temporal scales
at each order of the expansion. At the zeroth order of R, small-scale rapidly varying velocity fluctuations vq arise due
to the action of the external force Fy on a stationary background. The behavior of these fluctuations is shaped by factors
such as vertical stratification and the ambient magnetic field. Although the time-averaged values of these fluctuations are
zero, nonlinear effects in higher orders can generate contributions that remain finite upon averaging, thereby influencing
the dynamics of the system on larger scales.

The following section outlines the procedure for deriving solvability conditions in the framework of multiscale
expansions, which ultimately yield the governing equations for large-scale perturbations.

3. EQUATIONS FOR LARGE-SCALE VORTEX AND MAGNETIC FIELDS

To derive the multiscale asymptotic equations, we introduce a set of fast (small-scale) variables xo = (X, ),

alongside slow (large-scale) variables X = (X, T). For convenience, we denote derivatives with respect to the fast spatial
and temporal variables as 0; = % and 0, = a%’ respectively. Correspondingly, the derivatives with respect to the slow
0

(large-scale) spatial and temporal coordinates are written as:

9 9
2 ov, L =i
ax; v oar "
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The scaling of slow variables relative to the fast ones is chosen as follows:
X = R’xg, T = Ry,
where R < 1 is the small expansion parameter introduced earlier. Using these variable transformations, the differential

operators in the governing equations (2)—(18) can be rewritten in a form suitable for asymptotic expansion:

d d
— > 8 +R’V;,, — >, +R* 1
ax — 0; + 5 + R"0r (19)

The physical quantities V, E, B, P, and T are expressed as asymptotic expansions in powers of the small parameter R:

1
V(x,1) = EW_I (X) + vy + Rv; + Ry + R¥vy+ -

1
E(x,1) = —E (X)+Ey+RE| + R’E, + R°E3 + - - -

1
B(x,1) = EB_I (X)+Bo+RB; +R’B, + R°B3 + - - - (20)

1

T(x,1) = =T (X) + Ty (x0) + RTy + R*T> + R*T3 + - - -

1 1 1 —
P(X, l‘) = FP_S + FP_2 + EP_I + Py ()C()) + R(P1 + Py (X))+

+R*P, + RPP3 + - -+

In the asymptotic expansions (20), the large-scale components depend solely on the slow variables X, whereas the
remaining terms involve both the fast variables xy and the slow variables X. We now substitute the expansions (19) and
(20) into the system of equations (2)—(18), and collect terms up to and including order R3. The resulting set of equations
is rather lengthy and is therefore presented in Appendix A. The main secular equations (solvability conditions), which
ensure the consistency of the multiscale asymptotic expansion for the system (2)—(18), are given by:

W'+ Vi (vivh) = —ViPy — B, + ViW' P2}

OrT_1 —2.1Pm~ V2T, = —1.47V, (ngo), (22)
. —k

(9TBZ_1 = _5ijijE1- (23)

Equations (21)—(23) are supplemented by the secular equations derived in Appendix A:
~V,P_3 - D&;jxW,ex + e;RaT-; — W' | =0, (24)
W2, =0, V;W., =0, V;B. =0, (VxB_j), =0 (25)
WK VW!| = —ViP_ - EL| - & W BX -
—Ray [0.71V,T_; + %EDsijkejva_l , (26)

W]f]VkT_l = O, 8ijijEfl = O, 8ijijB]jl = —Wil. (27)

The primary secular equations that dictate the development of large-scale vortex and magnetic perturbations are represented
by Egs. (21)-(23). In these equations, the overbar signifies averaging over the rapid variables. The extensive temperature
T_; does not influence the dynamics of the extensive velocity field W_; or the magnetic field B_;. Consequently, our
analysis will concentrate on equations (21) and (23). In this paper, we focus on large-scale structures characterized by
horizontal dimensions Ly, Ly that are much greater than the vertical dimension Ly:

Ly Lz) | Ao

, — <« 1, 28
Ix’ Ly (28)

Lx,Ly > Lz > /10, or €= (
Lz

where & denotes the scale anisotropy parameter. This scaling relationship clearly indicates that derivatives with respect to
Z dominate over those with respect to the horizontal coordinates:

0 0 0

v, 2L s 2 2
25527 39X oy
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Given that the two equations in (25) imply that the large-scale velocity field is two-dimensional and incompressible, and
taking into account the scale relations in (28), we assume that all large-scale perturbations depend solely on the vertical
coordinate Z. Thus, the velocity and magnetic fields are represented as

W—l = (Wfl(z)’ WZ](Z)’ 0) > B—l = (B)_(I(Z)a B{](Z)’ O) M (29)

Then, taking into account the expressions (29), the equations for the large-scale fields (21)-(23) take the following form:

Wy + V7 (vivg) = -} + VW1, WY =W, (30)
BrWa+ V7 (vivy ) = —E) +ViWa, WY, =W, (31)
orBi =VzE,, B =B, (32)
OBy =-VzE|, B’ =B, (33)
VzBy =Wy, VzB; =-W,. (34

The derivation of the closed form of equations (30)-(31) requires the computation of the Reynolds stress terms 73 =
Vo"o and 732 = vev g This, in turn, involves determining the small-scale velocity ﬁeld v, as outlined in Appendix B. By

substituting equations (32)-(34) into equations (30)-(31), the mean electric field Ey ] ¥ is eliminated. As a result, equations
(30)-(31) are transformed into a system resembling a nonlinear vortex dynamo:

6T(V%W1 - Wl) + V32T31 = V4ZW1,

Or (VEWy — Wa) + V3, T2 = Vo W,. (35)

According to Ampere’s law (34), large-scale perturbations of the magnetic field are driven by large-scale vortical motions
of electrons. Consequently, the nonlinear evolution of large-scale magnetic fields is governed by the following set of
nonlinear equations:

dr (VLB — By) - V3T¥ = V4 By,

or(V% By — By) + VoT°! = V5, B,. (36)

Appendix C presents the calculation of the Reynolds stresses (6), which enables the closure of system (3), and, consequently,
(3). The nonlinear magnetic-vortex dynamo is described by the following set of equations:

O (VEW, —Wy) - VoW, =

2 2
D
= %OV3 5 +
36(1-W)?+ [B+9-(1-w2| +5) - 22 + £
) [ D (g _ 1.05Ra )
+70V% 2 17.64+Pr2(1—1.247W2)2 ’ (37)
36(1- W2+ | B 49— (1-wo2| +8" -8 + EE]Y
Or(ViWy — W) — VoW, =
_ 1 v D?
=y . _
8 73601 - w2 + [%2+9—(1—W2)2] +8" -2l 4+ gzl
3 1.05R
13 3 D (5 - 17.64+Pr2(1—0;.47W1)2)
-5V 5 — — . (38)
3601 - W2+ [3 49— (1-wi2| +8) -5 + =)

where

5 PrWl,sz/l,z —-12.6 + % ~ =
=Ra(9+(1-W2))- — s Win=1=-Wip, Win=1-14TW,,

17.64 + Pr2W, ,
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Figure 2. The a-effect’s dependence versus a) magnetic parameter D, b) stratification parameter Ra, and c) Nernst
parameter &.

=2 _ 3.
=2 T ED Ra1 .

25.2Wy 0+ Pr(9—W2,) Wi, 3y _ D' Ra,

— E— %fRal -3PrW;s].
17.64 + Pr2w, , 17.64 + Pr2w, ,
As seen from equations (3)-(3), the vortex dynamo effect in a stratified plasma can emerge under the combined influence
of an external small-scale helical force and a magnetic field. In the absence of an external magnetic field, even in the
presence of turbulence, large-scale perturbations of the electron velocity undergo ordinary viscous damping.

We first address the linear stability of small field perturbations, followed by an analysis of potential stationary
structures.

4. LARGE-SCALE INSTABILITY

In this section, we address the stability of small-scale perturbations in both the velocity and magnetic fields. By
applying expressions (6) to equations (3), we obtain the following set of linear equations describing the vortex dynamo:

8T(VZZW1 - Wl) - V4ZW1 = (11V3ZW1 + 02V3ZW2,

(9T(VZZW2 - Wz) — V;WZ = (11V3ZW2 - 02V3ZW1, (39)
here,

:f—02 f2

| s D%a, ap = %D(aa’o - apo),

4
ap = ~ k)
(D% +16)2 + 144 + 40agRa + 4&(mg — co)

32(20 - D? + Ra(ag — Sho) + 4 (do - np))
[(D2 +16)2 + 144 + 40aoRa + 4&(mo — )|

The explicit form of the coefficients oy, o1, ag, b, co, do, Mg, ny can be found in Appendix C. We seek a solution to the
linear system of equations (4) in the form of plane waves with a wave vector K aligned along the Z-axis, i.e.,

a =

Wiz = Aw,, exp (iwT +iKZ) (40)

Substituting expression (40) into the system of equations (4), we obtain the corresponding dispersion relation:
2
(iw(l +K?) —K4+ia/1K3) —a2K% =0 (41)
By representing w = wq + il in equation (41), we get:

3 - 3 4
a1 K Far K’ - K
wy=——7——>, lio2=—"7°5—. 42
0 1 +K? ’ 1+ K? 42)
The solutions given by (42) indicate the presence of unstable oscillatory modes associated with large-scale vortex distur-
bances. It is important to emphasize that, within the framework of linear theory, the coefficients @ and @, are independent
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Figure 3. Left: instability region in the (D, Ra) plane (gray: as > 0, white: a» < 0). Right: growth rate I'(K) for &=
0.00015 and ¢ = 15at D =2, Ra = 10.

1

Figure 4. Phase portrait of the dynamical system defined by Egs. (5)-(5) for Cs = —0.005 and C¢ = 0.005.

of the velocity field amplitudes; instead, they depend solely on the magnetic rotation parameter D, the Rayleigh number
Ra, the Nernst parameter £, and the amplitude of the external forcing fy. Thus, magnetorotational and thermomagnetic
effects may play an important role in the development of large-scale instabilities and the emergence of self-organized
structures in stratified magnetized plasma.

We consider the effect of an external magnetic field (characterized by the parameter D) on the gain @, which
determines the generation of large-scale vortex disturbances. For this analysis, the other parameters are fixed as follows:
fo=10,Ra =5, Pr =1, Ra; = 0.15, and ¢ = 0.15. Fig. 2a shows that o, attains a maximum at a certain value of D. As
D increases further, a; decreases monotonically, indicating suppression of the a-effect by the magnetic field. Interestingly,
the @ (D) curve also demonstrates that vortex generation can be completely inhibited at specific nonzero values of D,
where @, vanishes.

Let us now examine how the value of a, varies with the plasma heating parameter Ra, while keeping the other
parameters fixed: D = 2, Pr = 1, Ra; = 0.15, £ = 0.15, and the amplitude of the external force fy = 10. The functional
dependence a;(Ra) is presented in Fig. 2b. For Ra = 0, the coefficient @, = 0.258 corresponds to a plasma without
a temperature gradient (i.e., no heating). In this regime, the generation of large-scale vortex structures is driven solely
by the external helical small-scale forcing and the Lorentz force. As can be seen from Fig. 2b, the presence of thermal
stratification (Ra # 0) can enhance the value of a», thereby accelerating the formation of large-scale vortex disturbances
compared to the non-stratified case. However, beyond a certain critical value of the stratification parameter Ra., the
generation process is suppressed, as indicated by a; = 0. For Ra > Ra., the sign of the gain coefficient @, reverses. As a
result, the previously growing mode becomes damped, and vice versa.

In a similar manner, we can examine the influence of the Nernst parameter g—i on the gain a,. Fig. 2c clearly shows
that the gain coeflicient a, decreases with increasing &, starting from @, ~ 0.43 at £ = 0. This reduction can be attributed
to the Nernst effect, wherein part of the thermal force is directed perpendicular to both the magnetic field vector B and the
temperature gradient 0;Ty. This transverse component of the thermal force impedes the motion of the electron component
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of the plasma, thereby leading to a suppression of the a-effect and a consequent decrease in ;.

The left part of Fig. 3 shows the combined effect of the external magnetic field and thermal stratification in the
(D, Ra) plane. The instability region (a; > 0) is marked in gray. The right part of Fig. 3 shows the dependence of the
growth rate I' on the wave number K as given by Eq. (42). As the Nernst parameter increases, the instability increment
decreases, reflecting the reduction of @, with increasing ¢ (see Fig. 2c).

As equations (4) demonstrate, helicity of the small-scale field alone is insufficient for dynamo operation. Efficient
generation of large-scale magnetic fields requires some critical parameters to fall within specific ranges, including the
external magnetic field parameter D and the thermal driving characterized by the Rayleigh number Ra. Additionally, the
geometric configuration plays a crucial role, particularly the vertical upward orientation of the external magnetic field
vector B.

5. STATIONARY NONLINEAR STRUCTURES

As the large-scale instability develops, the exponential growth of small perturbations W ; renders the linear approx-
imation invalid. With increasing disturbance amplitude, nonlinear effects become dominant. This leads to a suppression
of the nonlinear a-effect coefficients and a transition to a saturated, steady-state regime. In this regime, stable nonlinear
vortex and magnetic structures emerge. To identify such stationary structures, we set dr = 0 in Egs. (3)-(3), and perform
integration with respect to Z. This procedure yields the following set of nonlinear equations:

dW] _ f02 D2
dz 8 - R E—
36(1 - Wy)?+ [DT +9—(1—W1)2] +:§ ) _ :i ) +f“i )
3 1.O5R
o D (7 B 17.64+Pr2(1—a1.47W2)2) 72 \
2 D’ 2 _1) =@ . =) + C17 +GZ+Gs, (43)
36(1 - W2)? + [7+9—(1—W2)2] +B5) - €857 + £8)
aw, Iy D2 .
dz ) 8 36(1 1% 2 D? 9 1 1% 2 2 ':(1) ~':(2) ~:(3)
(I=Wa)*+ |5 +9-(1-W2)?| +E,’ —§E," +£E,
3 1.05R
f02 D (5 - 17.64+Pr2(1—6;.47W1)2) 72
2 +C27+C4Z+C6. (44)

2 — —
36(1— Wy)? + [%2 +9—(1- W1)2] +20 _zE? 4 77

Here, the integration constants Cy, C2, C3, Cy4, Cs, and Cg are arbitrary. For the purpose of qualitative analysis of Egs.
(5)-(5), the physical parameters are fixed as follows: fy =1, Ra =5,D =2, Pr = 1, and ¢ = Ra; = 0.15. To simplify the
analysis, we set C; = C, = C3 = C4 = 0 and consider the stationary case by equating the left-hand sides of Egs. (5)-(5) to
zero. Under these conditions, the coordinates of the four fixed points E (5 3 4) can be determined numerically:

E1(—1.363,4.68), E2(3.345,-2.635), E3(3.345,4.646), E4(—1.358,-2.669). (45)

By linearizing the right-hand sides of Eqs. (5)-(5) in the vicinity of the stationary points, we can determine their nature
and construct the corresponding phase portrait. This analysis reveals that the system possesses two hyperbolic (saddle)
points (Ey, E5), one stable focus (E3), and one unstable focus (E4). The phase portrait of the resulting dynamical system,
obtained for the constants C5 = —0.005 and Cs = 0.005, is shown in Fig. 4. The trajectories in the phase space demonstrate
characteristic behavior near these points: solutions are repelled from the unstable focus and attracted toward the stable one,
while the saddle points form separatrices that partition the phase space into distinct dynamical regions. Physically, these
fixed points correspond to stationary nonlinear vortex structures, whose stability or instability determines the long-term
evolution of the flow.

The most physically relevant localized solutions correspond to trajectories in the phase portrait that connect stationary
points on the phase plane. In particular, the separatrix linking a hyperbolic point to a stable focus represents a solution
describing a localized vortex structure, such as a kink with rotational features. An example of such a solution is shown
on the left side of Fig. 5, obtained by numerically integrating Eqs. (5)-(5) with the initial conditions W, (0) = 3.345 and
W,(0) = -2.625.

Another type of helical kink corresponds to a solution in which the separatrix on the phase plane connects the unstable
and stable foci. This solution, shown in the right side of Fig. 5, was obtained by numerically integrating Egs. (5)-(5)
with initial conditions W;(0) = 3.345 and W,(0) = 4.63. All of these solutions — representing large-scale, localized,
kink-type vortex structures with rotational features — are generated as a result of the instability mechanisms in the stratified,
magnetized plasma with helical force analyzed in this study.

We now turn to the analysis of solutions corresponding to localized magnetic structures. To facilitate this, it is
convenient to reformulate the stationary equations for the magnetic field components, Eq. (3), in terms of the current



203
Emergence of large-scale magnetic-vortices structures EEJP. 4 (2025)

800

/. 6000

400

Figure 5. Left: kink-type solution corresponding to a separatrix connecting a hyperbolic point to a stable focus. Right:
kink connecting an unstable focus to a stable focus, exhibiting an internal helical structure.

components. This can be done using the relation between the current density and the large-scale electron velocity, J =
—W, together with Ampere’s law written as:

de——J dB; -7
2 A

Substituting these expressions into the stationary equations (3) yields the following system for the current components J;
and J;:

an _f3 D’ N
- g 2 _ — —
28 361402+ |82 +9- (42| +EN -EEP +EEP
) D (g _ 1.05Ra )
+f70 . 2 T 17.64+Pri(1+1.4775)2 1G24 G 46)

2 — _—
36(1+Jz)2+[%2+9—(1+12)2] +20 _z=D 4 22

dly f02 D?
dz ~— 8 2 ) —@)  —a3
36(1 +J2)% + [DTZ +9-(1+ Jz)z] + né') - §:§2) + g:f)
3 1.OSR
fo2 D (E - l7.64+Pr2(l+a1.4711)2) ~ ~
5 + CrZ + Cy, A7

2 _— _—
36(1 + J)2 + [%2+9_(1+Jl)z] +EW_ZED L =D

where

=(1) 5 Prfl,gfl’z —-12.6 + % ~ =
:1,2:Ra(9+(1+J1,2) ) - =) s Jia=1+J10, J12=1+147J1,,

=) _ 3 ) 25.2]1’2 +Pr(9—j’12’2)J1,2 =(3) D4 Ra,
= ==D"Ray -
=127 5 1

9 =
) s :.1’2 T . ) ZfRal - 3PVJ172) .
17.64 + Pr2j, 17.64 + Pr2j, ,

Equations (5)-(5) contain arbitrary integration constants C1, C3, C3, and C4. To simplify the qualitative analysis, we set
Cy = C; = 0. Under this assumption, we analyze the system by setting the left-hand sides of Egs. (5)-(5) to zero, which
allows us to numerically identify the fixed points and determine their locations in phase space:

E1(=3.34,2.635), E»(1.363,-4.68), E3(1.358,2.669), E4(—3.345,—4.646). (48)

As in the case of vortex structures, the system exhibits four stationary points: two hyperbolic points (E1, Ez), a stable focus
(E3), and an unstable focus (E4). The corresponding phase portrait of the dynamical system governed by Egs. (5)-(5),
with constants C3 = —0.005 and Cy = —0.005, is presented in Fig. 6. Localized magnetic structures naturally correspond
to phase trajectories in Fig. 6 that connect equilibrium points in the phase space. The left side of Fig. 7 illustrates such a
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Figure 7. Localized magnetic kink structures analogous to vortex kinks in Fig. 6.

structure in the form of a magnetic kink, obtained through numerical integration of Egs. (5)-(5) with the initial conditions
J1(0) = 1.363 and J>(0) = —4.68. This kink represents a separatrix connecting the hyperbolic point E; to the stable focus
Es.

Another type of localized magnetic structure — a spiral kink — is obtained by numerically integrating the system of
Eqgs.(5)-(5) with initial conditions J;(0) = —3.345 and J,(0) = —4.65. This solution corresponds to a separatrix trajectory
on the phase plane that connects the unstable focus E4 to the stable focus E3, as shown in the right side of Fig. 7.

As aresult of numerically solving the stationary equations (5)-(5) and (5)-(5), we identified localized helical structures
of both vortex and magnetic nature.

6. CONCLUSIONS

In this study, a nonlinear dynamo theory has been developed for a fully ionized, temperature-stratified plasma
subjected to an external vertical magnetic field and a uniform gravitational field. The plasma dynamics are considered
within the framework of electron magnetohydrodynamics (EMHD), assuming immobile and cold ions. The proposed
dynamo mechanism incorporates thermomagnetic effects and is based on the a-effect, which arises due to the joint action
of a small-scale external helical force and the Lorentz force. The external forcing sustains weak velocity fluctuations in
the electron component, forming a low-Reynolds-number turbulence regime (R < 1). Applying an asymptotic expansion
in terms of this small parameter, we derived closed-form equations describing the evolution of large-scale vortex and
magnetic perturbations. The linear stage of large-scale instability development was thoroughly analyzed. The regions of
instability on the parameter plane (D, Ra), defined by the Lorentz and Rayleigh numbers respectively, were determined.
It is shown that the extent and structure of the instability domain are sensitive to the intensity of the small-scale forcing.
A key result of this work is the identification of the suppressing role of the Nernst effect on large-scale instability. As
the Nernst parameter increases, the growth rate of the instability decreases, owing to the thermomagnetic part of the
electron force counteracting the generation process. Conversely, stronger thermal stratification (larger Rayleigh number)
enhances the instability until it transitions to convective instability at high values of Ra. In the nonlinear regime, as
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the amplitude of perturbations grows, saturation occurs and the system reaches a stationary state. Numerical integration
of the nonlinear equations reveals the formation of localized vortex and magnetic structures in the form of spiral kinks.
These coherent structures represent the final stage of nonlinear evolution driven by the large-scale dynamo instability in a
stratified magnetized plasma.

APPENDIX A. ALGEBRAIC STRUCTURE OF THE ASYMPTOTIC EXPANSIONS

Let us present the algebraic structure of the asymptotic expansion for equations (2)-(18) at different orders in R,
starting with the smallest.
At the R™3 order, we have just one equation:

3iP_3 =0 = P_ 5= P_3(X) (49)

In order R~ we get the equation:
aiP,z =0 = P_,= P,z(X) (50)

Equations (49) and (50) are automatically fulfilled as P_3 and P_; solely depend on slow variables.
In order R~! we obtain the system of equations:

W+ WE QW = —8iP_| = ViP_3+ O2W' | — De;jxWjex + e;Ral-y = W' | + 92W' |,

O T-y = 2.1Pr ' O;T_ = —1.4TWX, 8, Ty + W* | - gPr_lfeiaijkBiBg, (51)
W', =0, 4B, =0.
Upon averaging equations (51) over the “fast” variables, we obtain the secular equations:
~ViP_3 — De;jxWjex + e;RaT_ - W', =0, W2 =0, (52)
At zero order R?, we have:

a,vf) + Wlf]akvf) =—0;Py—V;,P_, — Ds,-jkvéek + eik‘aT()—

— 3 . . .
—Ra; (0.716iTo + 5€Dsijke 0Ty | = vy + v + F,

where Ra; = Ra (ZE; ) is the modified Rayleigh number,

0Ty - 2.1Pr~' Ty = —1.4TWK 0, Ty + vi+

5 5
+§P}’_1faiT08ijk(9ng - §P}’_lf€i8i}'k(a]‘Bllc + V]'Blil), (53)

(9136 = —Sijkang, Sijkang = 0, (9,'\/6 = O, 6,'3[ = O
These equations give secular terms:
VP_,=0 = P_,=const, (VxB_;), =0.
Let us look at the first-order approximation R!:
8,v’i + W]_‘lakv’i + vlgakvf) + W'_‘IVkWi1 =-V,P_;—-
—0; (P] +ﬁ1) - Eil - Dgijkv{ek - 8,‘jkW£lBlil + e,-I?&Tl—
— 3 ) ) )
—Ra; (0.71(5iT1 +V,T_) + z.st,-]-kej(Ble + Vi T-1) ] - v’l + 3,%le + ZakaWl_l,
0Ty — 2.1Pr ' 33T — 4.2Pr ' ViToy = —14T(WX 0k Ty + WX VAT + vE0RTo) + v+
5 5
+§Pl’_1§8i]’k(aiTo(a]’Bll< + V,Blil) + (91T1(9]B§) - §Pr_1§ei8ijkc')jB'2‘, (54)

8,B‘i = —s,-jk(é)jEf‘ + VjE]jl), Sijk(ajBf + VjB]i]) = —Wil,
v +V;W' =0, B\ +V;B", =0.
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From this system of equations, secular equations are derived in the form

. . . — 3
WEViW?, = -V,P_| —E' | — & W’ B*, —Ra; 0.71V,T_ + S€Deijke VT |, (55)
eijkViES =0, e V;BE = -Wi, (56)
Wk VT =0, VW, =0, V;B =0. (57)

At second order R?, we get
a,vé + W]_‘lakvé + vgakv’i + W’_‘IVkvf) + ngkWil + v’f&kvg =
=—0;P, - V;Py — Eé - Daijkvéek - 8l~jkvéBlﬁ] + eik?sz—
~Ra; [0.718,T> + %ED&- ke | = vh + v + 20, Vi,
O Tr = 2.1Pr~ ' 37T, — 42Pr 'y Vi Ty = —1.47(WX 0, o+
+WE VT + vEOkT) + vEViT-1 + viokTy) +vi + gPr‘l.fsijkx
x(0;Tod; BS + 0;T (9;B~ + V;B* ) + 6,12, B%)-
—gPr_lfeis,-jk(a,-B’; +V,BY), (58)
c'),Bé = —sijkang, sijk8j3’2< = —vf),

Ovh +Vivh =0, ;B + VB =0.

The system (6) is averaged over the fast variables, and no secular terms of order R? are found. Finally, the order R is
reached, where the equations are

6tv§ + 6TW21 + W]_‘lﬁkvg + vé@kvé + W]_‘lev’i + vgvkv6+

+vf6kv‘i + vakWil + v’;Bkvé =—-0;P3-V; (P1 +ﬁ1) -
- (Ei + Ell) - Dsijkvgek - sijkalBlf - aijkv{B'il + eik‘aT3—

_ 3 . . . .
—Ra; (0.71((9iT3 + ViTy) + 5ED&ijkej (96Ts + Vle)) — Vi + OV + 20k Vit + VWY,
6,T3 +0rT- — 2.1P7"_1(6£T3 + 26kaT1 + VZT_l) =
= —1.47(W’f](9kT3 + W]f]Vle + vgasz + VngTo + V]kaT1+
5
VI VATZy + vE0kTy) +vE + §Pr_1§s,~ k(0 To(9;B% + V; BN+
+0,T10;BX + 8,T»(9;B* + V;B* ) + 6,130, B*) - §P “l¢eiei 1V iBX (59)
i£10j 8y T 0i12(0; 5 iP- i130j 8 3”531‘9%12»
6,B’3 + 8TBi_1 = —Sijk(ajEéf + VjEi{),
Sijk(ajBl.; + VjB]f) = —Vli,

v+ Vi =0, ;B + VB =0.

The fundamental secular equations that describe the development of large-scale disturbances in a stratified plasma with a
vertical external magnetic field are obtained by averaging this system of equations over fast variables:

W', + Vi (vhvi) = -ViPy B\ + V3L, (60)
01T - 2.1Pr-\V2T_| = —1.47V, (ngo) : 61)

BTBI;I = —EijijEII. (62)
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APPENDIX B. SMALL-SCALE FIELDS

Let us now examine the zero-order equations in R, presented in Appendix A (see Eq. (6)). By introducing the
differential operators

Dw =08 +1-3*+W* 8, Dr=3a +1.4TW* 8 —2.1Pr 162, (63)
the system (6) can be conveniently rewritten in the following form:
~ . . — — 3 .
Dwv6 = —0; Py — Deijkvéek +e;RaTy — Ra; [0.719;T + §§Deijkej8kT0 + F(l) (64)
DrTp = exvk (65)
O;vi = 0Bt = 0;F, =0 (66)

By substituting Eq. (65) into Eq. (64) and applying the solenoidality condition for the fields (Eq. (66)), we obtain the
following expression for the pressure Py:

P() = Flug + ﬁzVO + ﬁ3W0 (67)
where
Vg = U0, vy = Vo, VG = Wo,
~ Do, Do — 0 R
P = zyH 2 == 2x’P3:RaAZ _071£
0 0 D792 Dr

Utilizing the representation given in Eq. (67), the pressure term in Eqs. (64) can be eliminated, yielding the system of
equations that governs the velocity fields in the zeroth-order approximation:

(BW + ﬁlx) uo + (pax + D) vo + (ﬁ3x + 5Rx) wo = Fy,

(ﬁly - D) up + (EW +ﬁ2y) vy + (ﬁ3y + ERy) wo = F(SV’

(68)
_ _ ~ _ Ra =
Pizito + p2zvo + | Dw + p3z — = + DRz | wo =0,
T
where ~ ~
—~ R 3~ -~ R 3~ ~ — 0
Dy = —1 (0.71@6 - -gDay)), Dy = —1 (0.713y + —g;:Dax), Dg. =0.71Ra; =,
Dr 2 Dr 2 Dr
ﬁlx = axPl, ﬁZx = 6xP2, i;3x = axP.’a, [’)\ly = 6yPl, [’)\Zy = 6yP2, [’)\3y = 6yP3,
Pz = 0:P1, D2 =0.P2, p3.=0.P;.
The solution of the system of equations (68) can be obtained by applying Cramer’s rule:
— 1= X 4 7 y _ 1= X 4 7 y _ 1= X, 7 y
w= (& F+dF)). vo= 5 (& Ff +di- F)), wo =5 (& Fy +do- Fy). (69)
where .
—~ —~ - —~ . Ra —~ . . —~
dy = (DW +P2y) Dw + p3; — 5. + DR | — P2, (Psy + DRy) ,
T
-~ R - _  Ra =~
dr = (pax + DRx) P2z = (pox + D) [Dw + p3; - 5. + DR ],
T
—~ = ~ _ _ . _ R‘a =
ds = (P3y + DRy) P1z = (P1y = D) | Dw + p3; — 5. + DR ],
T

~ (~  _\[~ . Ra = B P
ds = (DW + plx) (DW + D3z~ 5. + DRz) - (P3x + DRx) Pizs
T
ds = (Piy = D) Pz = (Dw + Py) Pies do = (Fax + D) iz — (D + pie) oz
Here, the symbol A denotes the determinant of the system of equations (68):

A= (Dw +pia) - di + (Pou + D) - & + (B + D) - s (70)
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All operators involved in (69)-(70) are mutually commutative, which simplifies the evaluation of these expressions. To
compute expressions (69)-(70), we rewrite the external force (12) in complex form:

Fo :ié e +jﬁei¢1 +c.c. (71)

2 2
It follows from substituting (71) into (69)-(70) that the operators act on the exponential term from the left, such that
pexp(ikx — iwpr) = exp(ikx — iwgt) p (K, —wq). Therefore, we make use of the following properties of the eigenfunctions

p(Kk, —wo):
Dw re'® = e Dy 1 (ki, ~wo), Dw.re'® = ¢! Dy 1 (ka, —wo) ,

Ae'?t = e PP A (Ky, —w)) , Ae'? = ' P2A (ky, —wy) . (72)

To simplify the formulas, let us set kg = 1 and wg = 1, introducing new designations:

Dw (ki,—wo) = Dy, =3 -i(1-Wy),
Dw (k2,—wo) = Dy, =3 -i(1-W,),

Dy (kj,—wo) = Dy =42Pr™" =i (1 - 1L.4TW)),

Dt (ky, —wq) = D"T2 =42Pr 1 —i (1 -1.47W5). (73)
Ra \ D?( 3-iRa
A(ki,—wo) = A} = Dy | Dy Dy — s |+ = |1+ 26— ],
| | 1 2DT1 2 2 DT]
Ra | D? 3_iRa,
A(k27_w0):A§:D#{;V Dé{}v D*{’V - + — 1+_§ .
2 () 2 ZDT2 2 2 DT2

Here and throughout the text, the superscript * denotes complex conjugation. Based on formulas (6), we can determine
the zeroth-order approximation of the velocity field:

fo 42 _nfo_ D/2

ug = €' _
Dy, A5 + 5B, Dy, A} + T B

+c.c.=

= u01ei¢] + uoze_i¢] + u036i¢2 + uo4e_i¢2, (74)

_pmfo_ D12 e S A

2 9 ) D? 2 * * D? s te.c =
Dy, Ay + 5B, Dy, A} + T B

Vo

= V01€i¢1 + Voze_l¢' + V()3€l¢2 + Vo4€_l¢2, (75)

i¢1é D/2 _ei¢2ﬁ D/2

—_— 4 cCc.c. =
2 pr A*+ Dip: 2pr ars g €
Wi 1 2 1 W 2 2 2

wo =¢€

= w1 + woae P + woze'?? + woue 12, (76)

where
. . Ra 3~iRaj
Aj,=D Bi,=1+3E

W1’2 T Apr
2DT1,2 2 Tip

(77)

The indices (1, 2) in the expressions for A, B are written in accordance with the components Wi and W,. The following
relationships are satisfied between the velocity components:

un = (uo1)", uos = (u03)", vor = (vor)™, voa = (vo3)™, woo = (wo1)*, woa = (wp3)".
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APPENDIX C. CALCULATIONS OF THE REYNOLDS STRESSES

In order to close the system of equations (30)-(31) governing the evolution of large-scale velocity fields W_j, it is
essential to compute correlators of the following form:

T3 = Woug = wor (o1)™ + (wor)™ o1 + wos (uo3)™ + (wo3)* o3 (78)

T3 = Wovo = wor (vo1)™ + (wo1)* vor + wos (vo3)™ + (wo3)” vos (79

Substituting the expressions for the small-scale velocity fields (6)-(6) into the definitions (78)-(79) yields the following:

2 * 2
3 :_f_o DA +A)  f§ D? 80)
2 2’
8 |DW2A2 + DTsz| 8 )DWIAI + DTZBl
2 * 2
T32=_f_0 DA +4) D? @)
2 2"
*owar+ B[ ° |Dwas+ 38
Using the expressions given in (77), we derive a set of useful relations for calculating 73! and 73 as follows:
2 * 2 72 2 *
|Dwio|" = Dwi, Dy, =9+ (1 =Wi2)? =9+ Wiy, |Dpy,|” = Dy, , DY, =
~2
= 17.64Pr 2 + (1 = 1.4TW, 5)* = 17.64Pr 2 + W 5,
2 N 2 ~ Ra ~ = Ra
|A1o]" = A1pAT . JA1o] =9+ Wi, + —— (PrWiaWi2 - 126 + T) ,
1764 + PrZWLZ
2 N 2 ~Ra1 9~ =
|Bio|” = BiaB},. [Bio| =1+ ¢ = (Zg-‘Ral - 3PrW1,2) ,
17.64 + Pr2w
. 4.2Ra p: T
Aip+Aj,=6- —— 2= ’DW1,2A1,2 + 731,2 =
17.64 + PrZWLZ
D? ?
=) _ 7=02) | 7=03
= 36(1 - Wl,z)z + 7 +9— (1 - W172)2 +.:.§’2) - ‘:‘i,Z) + :‘5’2),
_ Prwl,z"}‘:/l’g —-12.6 + Ra
2\") = Ra(9+(1-W12)?)- ——,
17.64 + Pr2w, ,
3 25.2‘7171,2 + Pr(9 - w2 )Wl’z D4 R 9 =
=) = 2DRay - e (ZfRal —3PrWy,).
17.64 + Pr2w, , 17.64 + Pr2w, ,
Substituting the above relations into (80)-(81), we derive the general form of the Reynolds stress expressions:
T31__f_020_2_f_§2 3 1.05Ra
8Ty 2T \2 17.64+ Pr2(1-1.47W»)2)°
7 fg D? . i D (3 1.05Ra )
T8I, 2104 \2 17.64+ Pr2(1-1.47Wp)2)°

At small W », module IT; 5 can be expanded into a series in Wy :

4
(D2 +16)2 + 144 + 40agRa + 4&(mg — co)

H]_,IQ ~ag+aWis, ap

32(20 — D2 + Ra(ag — Sbo) + £(dg —n
. ( (ao 0) + 3 (do —no)) 83)

[(D2 +16)2 + 144 + 40agRa + 4&(mg — Co)]z’
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where
Pr—12.6 + Ra/4 2.94Pr2(Pr — 12.6 + Ra/4) 2.47Pr
apg = = — ,
T 1764+ P2 0 (17.64 + Pr?)? 17.64 + Pr?

3 25.2 + 8P 3 2.94Pr2(25.2 + 8P 25.2 +9.76Pr ]
co = < 2Ral‘—r, doz—DzRal- 9 il ( r)— 9 d N

2 17.64 + Pr? 2 (17.64 + Pr2)?2 17.64 + Pr? |

D4R %gRal —3Pr D4 4.41Pr 294Pr2 (%gRal - 3PV)

= — —, = — . +

TS M a2 0T Y 1764 1 P2 (17.64 + Pr2)2

At small values of W) ,, the Reynolds stresses given in (6) take the following form:

f2 2
73! % —?ODQ((IO +aWp) — TOD(G’()O'O + (o — ago)Wh),

2 2
T ~ —%Dz(ao +aW,) + fTOD(aoo'o + (a0 — ago)Wy), (84)
poo3 1O05Ra 3.087RaPr?
0T 2 T 1764+ P2 T T (1764 + Pro)2

Expression (6) for the coefficient of the a-effect shows great similarity to the previously obtained results for a rotating
viscous fluid [16], the key difference being that the parameter D is due to the Lorentz force rather than the Coriolis force
as in Ref. [16].
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BUHUKHEHHA BEJINKOMACHITABHUX MATHITO-BUXPOBUX CTPYKTYP
AJPIBHOMACHITABHOIO CIITPAJIBHICTIO B CTPATU®IKOBAHIN 3AMATHIYEHIN IIJTAZMI
M.J. Konn', B.B. SInoBcbkmii!2
Unemumym mornoxpucmannos, Hayionanena Axademis Hayx Yipainu, np. Hayku 60, 61072, Xapkis, Ykpaina
2 Xapriscokuii HayionawHuil ynisepcumem in. B.H. Kapazina, maiioan Céo6odu, 4, 61022, Xapkis, Yrpaina
B po0oTi BUsABJIEHO HOBMIl THII HECTIIKOCTI, 110 IPU3BOJMTH JI0 TeHepallii BUXPOBUX PyXiB Ta MarHiTHUX IOJIB Yy IJIa3MOBOMY Liapi 3
MOCTIMHUM IpajlieHTOM TeMIEepaTypH Mif Ji€l0 OJHOPIAHOI CHIM TSKIHHA Ta BEPTUKAJIbHOIO MArHiTHOrO MoJsl. AHaJI3 POBOAUTHCS
y Mexkax eJeKTpoHHOi MarHutoruapoarHamMuky (EMI'JI) 3 ypaxyBaHHAM TepMOMarHiTHuX edekrtis. OTpUMaHO HOBY BEJIMKOMACILTA-
OHYy HECTIHKiCTh TUMY @-e(peKTY, IO CIpHsIE TeHepallil BEeIMKOMACINTAOHNX BUXPOBHUX i MarHiTHUX moiniB. L{s HecTiiikicTh BUHMKaE
BHACJI IOK CITUTBHOT [ii 30BHIIHOTO OJHOPIAHOTO MAarHiTHOTO TOJIsl, OPIEHTOBAHOTO MEPIEHANKYISPHO 0 TUIa3MOBOTO IIapy, i Majio-
MacIITaOHOI CMipajbHOI CUIM. 30BHIIIHS CHJTa MOJIGJIIOETCS SIK JKepesio ApiOHOMAacITaOHUX KOJIMBAHb Y MOJI HIBUIKOCTI eJIeKTPOHIB,
II0 XapaKTepU3yeThcsl MaauM yuciiom PeiiHombaca (R < 1). HasBHiCTh Majioro mapamerpa y CUCTEMi J03BOJISIE 3aCTOCYBATH METO[,
6araTomMacTabHUX aCUMOTOTHYHUX PO3KJIALIB. Y TPeThOMY MOPSAKY 32 KiJbKiCTIO PeiiHoMb/Ica OTpUMaHO cucTeMy HeJliHiiHKUX piB-
HSTHB, IO OITMCYIOTh €BOJIIOLIIIO BEJIMKOMACIITAOHMX BUXPOBUX Ta MarHiTHHX 30ypeHb. OOroBOpIOETHCS TAKOXK HOBHUIT €(heKT, OB’ sI3aHUi
i3 BrumBoM Tepmocii (edpekT HepHera) Ha BenmmkomaciitaOHy HecTifikicTs. [lokaszaHo, mo 36imbiieHHs napameTpa HepHeTa 3MeH-
urye Koeili€eHT @ i THM CaMKM MPUTHIYy€e PO3BUTOK BEIMKOMACIITAOHOI HECTIMKOCTI. 3a JOMOMOrOI0 YUCEIbHOTO aHAI3Y OTPUMAHO

CTalliOHAPHI pillIeHHs PiBHSIHb BUXPOBOTO TA MATHITHOTO JUHAMO Y BUNISAL JIOKATi30BAaHUX CTPYKTYP CHipajJbHOTO THITY.
Kuaro4oBi cioBa: eaexmponna maznimoziopoounamixa; 6azamomacutmaori acuMnmomu4ti po3KAaoanHs; OpibHoMacumaota cund,
a-egpexm; N0KANIZ08aHI cMpYKmMypu


https://arxiv.org/abs/1612.08860v1
https://arxiv.org/abs/1612.08860v1
https://doi.org/10.1038/335238a0
https://doi.org/10.1063/5.0214000

	Introduction
	Problem statement and basic equations
	Equations for large-scale vortex and magnetic fields
	Large-scale instability
	Stationary nonlinear structures
	Conclusions

