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This paper retrieves shock waves and solitary wave solutions to the modified Kawahara equation in the presence of perturbation terms.
The generalized 𝐺′/𝐺–expansion approach is the adopted integration methodology for the model. The parameter constraints naturally
emerge during the course of derivation of the solutions which guarantee the existence of such waves.
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1. INTRODUCTION
There are several popular models in shallow water waves that govern the dynamics of such flows along lake shores

and sea beaches. A few such popular models are the Korteweg-de Vries (KdV) equation, the modifies KdV equation,
Boussinesq equation, Camassa–Holmes equation [1–15]. Such equations have been studied in detail over the years and
their solitary wave solutions as well as shock-like wave solutions have been retrieved. Their conservation laws have also
been identified.

One additional model to address shallow water waves, is the Kawahara equation (KE) and the modified KE that
predominantly models dispersive shallow water waves [1]. Lately, KE was addressed using the generalized 𝐺′/𝐺–
expansion approach, in presence of perturbation terms [6]. It must be noted that there exists several integration schemes
that can recover solirary waves, shock waves and soliton solutions to a wide range of nonlinear evolution equations [16–20].
The current paper is a follow–up of the previous work on KE. The present work addresses the perturbed modified KE and
the solitary waves and shock-like wave solutions are recovered with the implementation of the generalized𝐺′/𝐺–expansion
scheme. The parameter constraints also emerged from this integration scheme during the course of the derivation of the
solutions. Such parameter restrictions are an important necessity for the existence of the waves. The details are enumerated
and exhibited in the rest of the paper.

The Kawahara and modified Kawahara equations are canonical dispersive models describing shallow-water, plasma,
and optical pulse dynamics. Exact tanh- and coth-type solutions have been obtained for unperturbed or standard forms
using analytic schemes such as generalized (𝐺′/𝐺), mapping, and bilinear-type methods [21–24]. In contrast, the present
study investigates the perturbed modified Kawahara equation, where additional Hamiltonian-type and mixed-gradient
terms modify the cubic nonlinearity and the fifth-order dispersion. Compared to earlier works, our analysis yields closed-
form hyperbolic families constrained by explicit algebraic relations and reveals two distinct regimes (𝑚 = 1) and (𝑚 = 2)
that differ in parameter freedom and tunability. We also examine how the discriminant (Θ = 𝜆2 − 4𝜇) governs wave width
and admissible parameter space (see Sections 2–4).

1.1. GOVERNING MODEL
An essential model for explaining the propagation of long waves in a variety of physical media, including shal-

low water, plasma, and nonlinear optical systems, is the modified KE, a dispersive nonlinear evolution equation that
incorporates both cubic nonlinearity and higher-order dispersion. Richer wave phenomena, such as oscillatory solitons,
non-monotonic wave profiles, and multi-soliton interactions, can be modeled with the modified form of the KE, which
takes into account more intricate nonlinear interactions than the conventional version. Recent research has concentrated
on achieving exact analytical solutions, such as solitary, periodic, and rational-type waves. Furthermore, the impact of
nonlinearities and higher-order effects on the dynamics of wave propagation in realistic settings has been investigated
using numerical simulations, modulation theory, and stability analysis.

Cite as: L. Kaur, A.H. Arnous, A. Biswas, East Eur. J. Phys. 4, 212 (2025), https://doi.org/10.26565/2312-4334-2025-4-18
© L. Kaur, A.H. Arnous, A. Biswas, 2025; CC BY 4.0 license

https://periodicals.karazin.ua/eejp/index
https://doi.org/10.26565/2312-4334-2025-4-18
https://portal.issn.org/resource/issn/2312-4334
https://orcid.org/0000-0002-1936-474X
https://orcid.org/0000-0002-7699-7068
https://orcid.org/0000-0002-8131-6044
mailto:biswas.anjan@gmail.com
https://doi.org/10.26565/2312-4334-2025-4-18
https://creativecommons.org/licenses/by/4.0/


Solitary Wave and Shock Wave Perturbation for the Modified Kawahara Equation
213

EEJP. 4 (2025)

KE is structured as:
𝑞𝑡 + 𝑎1𝑞

2𝑞𝑥 + 𝑎2𝑞𝑥𝑥𝑥 − 𝑎3𝑞𝑥𝑥𝑥𝑥𝑥 = 0, (1)
here 𝑎1, 𝑎2, 𝑎3 represents cubic nonlinear coefficient, third-order and fifth order dispersion coefficient respectively.

By adding physically relevant perturbation terms, we have introduced a perturbed form of the modified KE for the first
time in this work. In practical physical contexts, when idealized assumptions are not true, these perturbations take into
consideration the impacts of inhomogeneity, dissipation, and external influences. In addition to increasing the model’s
mathematical complexity, the addition of these components offers a more precise framework for examining the stability,
evolution, and interaction of nonlinear dispersive waves in less than ideal circumstances.

The modified KE with perturbation terms is introduced as follows:

𝑞𝑡 + 𝑎1𝑞
2𝑞𝑥 + 𝑎2𝑞𝑥𝑥𝑥 − 𝑎3𝑞𝑥𝑥𝑥𝑥𝑥 = 𝜃𝑞𝑥𝑞𝑥𝑥 + 𝛿𝑞𝑚𝑞𝑥 + Λ𝑞𝑞𝑥𝑥𝑥

+ 𝜈𝑞𝑞𝑥𝑞𝑥𝑥 + 𝜉𝑞𝑥𝑞𝑥𝑥𝑥 + 𝜓𝑞𝑥𝑥𝑥𝑥𝑥 + 𝜅𝑞𝑞𝑥𝑥𝑥𝑥𝑥 ,
(2)

with 𝑞 = 𝑞(𝑥, 𝑡), depicts amplitude of wave with independent variables 𝑡 and 𝑥 act as representing temporal and spatial
variables.

2. MATHEMATICAL ANALYSIS
The perturbed modified KE (2) is investigated herein to find analytical solutions that demonstrate the impact of

nonlinearity and higher-order dispersion in the presence of external factors. This analytical framework enables the
construction of solitary, periodic, and rational-type solutions, providing deeper insight into how cubic nonlinearity,
higher-order dispersion, and perturbative effects jointly influence the stability, amplitude, and velocity of nonlinear wave
structures. We have implemented the generalized 𝐺′/𝐺–expansion technique to model (2) in order to derive its exact
solutions.

The considered model with perturbation terms (2) has been reduced to an ordinary differential equation in terms
of the new variable 𝐻 (𝜎) by applying the wave transformation 𝜎 = −𝜒𝑡 + 𝑥 and assuming a solution of the form with
𝑞(𝑥, 𝑡) = 𝐻 (𝜎). This transformation simplifies the analysis of wave structures by basically converting the spatiotemporal
dynamics into a stationary frame moving with wave speed 𝜒. Consequently, the following ordinary differential equation
is reduced from the modified KE (2):

(−𝑎3 − 𝜅 𝐻 (𝜎) − 𝜓) 𝐻′′′′′ (𝜎) + (𝑎2 − 𝜉 𝐻′ (𝜎) − Λ𝐻 (𝜎)) 𝐻′′′ (𝜎) + (−𝜈 𝐻 (𝜎) − 𝜃) 𝐻′ (𝜎) 𝐻′′ (𝜎)

+
(
−𝜒 − 𝛿 (𝐻 (𝜎))𝑚 + 𝑎1𝐻 (𝜎)2

)
𝐻′ (𝜎) = 0.

(3)

A thorough strategic investigation of equation (2) has been done by utilizing the generalized 𝐺′/𝐺–expansion technique.
Then, after it yielded several solitary and shock-like wave solutions, equipped with free parameters. Given the complexity,
nonlinearity, and computing demands of the model (2), this study is aimed at 𝑚 = 1, 2, resulting into a variety of solutions
with structured dynamics.

3. SOLITARY AND SHOCK-LIKE (SMOOTH KINK) WAVES
Throughout this section, the term “shock-like” refers to a shock-like smooth kink with a continuous tanh-type core.

The steepness, proportional to
√
Θ, is constraint-limited in Case I and tunable in Case II.

Case I (𝑚 = 1): condition (Θ > 0)
Equation (2) has been recasted as follows after considering m = 1 for find its explicit solutions:

(−𝑎3 − 𝜅 𝐻 (𝜎) − 𝜓) 𝐻′′′′′ (𝜎) + (𝑎2 − 𝜉 𝐻′ (𝜎) − Λ𝐻 (𝜎)) 𝐻′′′ (𝜎) + (−𝜈 𝐻 (𝜎) − 𝜃) 𝐻′ (𝜎) 𝐻′′ (𝜎)

+
(
−𝜒 − 𝛿 𝐻 (𝜎) + 𝑎1𝐻 (𝜎)2

)
𝐻′ (𝜎) = 0.

(4)

The following solution structure for equation (4) has been generated by appraising the homogeneous balance between its
highest order derivative term and extremely nonlinear terms:

𝐻 (𝜎) = 𝑃0 + 𝑃1

(
𝐺′ (𝜎)
𝐺 (𝜎)

)
+ 𝑃2

(
𝐺′ (𝜎)
𝐺 (𝜎)

)2
, (5)

with 𝐺 (𝜎) satisfying following auxiliary equation:

𝐺′′ (𝜎) + 𝜆𝐺′ (𝜎) + 𝜇𝐺 (𝜎) = 0, (6)
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here, 𝑃𝑖 , 𝑖 = 0, 1, 2 are arbitrary parameters that need to be determined algebraically in mean computational process. The
exact solutions of equation (2) are obtained by inserting the expression from (5) into equation (4), along with auxiliary
condition (6) and followed by systematic collection of coefficients of similar powers of

(
𝐺′ (𝜎)
𝐺 (𝜎)

)
. The following parameter

values are determined from the collection of algebraic relations, that this technique produced:

𝜈 = − 60𝜅
𝑃2

, 𝜉 = −10 𝜅
√
Θ, 𝑃1 =

(
𝜆 +

√
Θ

)
𝑃2,

𝜃 =
61 𝜅 𝑃2𝜆

2+24 𝜅 𝑃2𝜆
√
Θ−168 𝜓−48 𝜅 𝑃0−196 𝜇 𝜅 𝑃2−3Λ 𝑃2−168 𝑎3

2𝑃2
,

𝑎1 =
3(21 𝜅 𝑃2𝜆

2+24 𝜅 𝑃2𝜆
√
Θ+Λ 𝑃2−48 𝑎3−48 𝜓−48 𝜅 𝑃0−36 𝜇 𝜅 𝑃2 )

𝑃2
2 ,

𝑎2 = −52 𝜇2𝜅 𝑃2 − 52 𝜇 𝑎3 + 𝜇Λ 𝑃2 − 52 𝜇 𝜓 + 13 𝑎3𝜆
2 + Λ 𝑃0 + 13𝜓 𝜆2 + 39 𝜇 𝜅 𝑃2𝜆

2 + 13 𝜅 𝑃0𝜆
2 − 52 𝜇 𝜅 𝑃0

−13/2 𝜅 𝑃2𝜆
4 − 13/2 𝜅 𝑃2𝜆

3√Θ + 26 𝜇 𝜅 𝑃2𝜆
√
Θ − 1/2Λ 𝑃2𝜆

2 − 1/2Λ 𝑃2𝜆
√
Θ,

𝛿 = − 𝑍1
𝑃2

2 , 𝜒 = − 𝑍2
2𝑃2

2 , Θ = 𝜆2 − 4 𝜇, (7)

with
𝑍1 = 2𝜇Λ𝑃2

2 + Λ𝑃2
2𝜆

2 + 24𝜓𝑃2𝜆
2 − 6Λ𝑃0𝑃2 + 24𝑎3𝑃2𝜆

2 − 384𝜇𝜓𝑃2

− 296𝜇2𝜅𝑃2
2 − 384𝜇𝑎3𝑃2 + 61𝜅𝑃2

2𝜆
4 − 98𝜇𝜅𝑃2

2𝜆
2 − 102𝜅𝑃0𝑃2𝜆

2

− 168𝜇𝜅𝑃0𝑃2 + 84𝜇𝜅𝑃2
2𝜆
√
Θ − 288𝜅𝑃0𝜆𝑃2

√
Θ

+ 51𝜅𝑃2
2𝜆

3√Θ − 144𝜓𝜆𝑃2
√
Θ − 144𝑎3𝜆𝑃2

√
Θ

+ 3Λ𝜆𝑃2
2
√
Θ + 288𝑃0𝑎3 + 288𝑃0𝜓 + 288𝑃2

0𝜅,

(8)

and
𝑍2 = − 13𝑃3

2𝜆
5𝜅
√
Θ − 24𝜓𝜆3𝑃2

2
√
Θ − 24𝑎3𝜆

3𝑃2
2
√
Θ

− Λ𝜆3𝑃3
2
√
Θ + 552𝜇𝜅𝑃0𝜆𝑃

2
2
√
Θ − Λ𝜆4𝑃3

2

− 13𝑃3
2𝜆

6𝜅 + 288𝑃2
0𝑎3 + 288𝑃2

0𝜓 + 288𝑃3
0𝜅 + 48𝜓𝑃2

2𝜆
4 + 10Λ𝑃3

2𝜇
2

− 6Λ𝑃2
0𝑃2 + 96𝜇2𝑎3𝑃

2
2 + 344𝜇3𝑃3

2𝜅 + 96𝜇2𝜓𝑃2
2 + 48𝑎3𝑃

2
2𝜆

4

− 340𝜇𝜅𝑃0𝑃
2
2𝜆

2 + 6Λ𝜆𝑃2
2𝑃0

√
Θ − 2Λ𝜆𝑃3

2𝜇
√
Θ

− 432𝜅𝑃2
0𝜆𝑃2

√
Θ − 288𝑃0𝜓𝜆𝑃2

√
Θ − 288𝑃0𝑎3𝜆𝑃2

√
Θ

+ 384𝜇𝑎3𝜆𝑃
2
2
√
Θ − 118𝜇𝜅𝑃3

2𝜆
3√Θ + 248𝜇2𝜅𝑃3

2𝜆
√
Θ

+ 78𝜅𝑃0𝜆
3𝑃2

2
√
Θ + 384𝜇𝜓𝜆𝑃2

2
√
Θ − 144𝜇𝜓𝑃2

2𝜆
2

− 144𝜇𝑎3𝑃
2
2𝜆

2 + 48𝑃0𝑃2𝜆
2𝑎3 + 48𝑃0𝑃2𝜆

2𝜓 − 768𝑃0𝜇𝑎3𝑃2

− 768𝑃0𝜇𝜓𝑃2 + 170𝜅𝑃0𝑃
2
2𝜆

4 − 496𝜇2𝜅𝑃0𝑃
2
2 + 418𝜅𝜇2𝑃3

2𝜆
2

− 92𝜇𝜅𝑃3
2𝜆

4 − 78𝜅𝑃2
0𝑃2𝜆

2 − 552𝜅𝑃2
0𝑃2𝜇 + 2Λ𝑃0𝑃

2
2𝜆

2

+ 4𝜇Λ𝑃0𝑃
2
2,

(9)

equipped with 𝜓, Λ, 𝑃0, 𝑃2, 𝜅 as all free parameters in acquired parameter values.

By replicating (5) using the solution of equation (6) and parameter values found in (7), and then transforming to original
variables 𝑥, 𝑡, the following solution structure for equation (2) has been retrieved.

The solution structure for equation (2) has been determined as follows:

𝑞 (𝑥, 𝑡) =
(
𝜆 +

√
Θ

)
𝑃2

©­­«
√
Θ

(
𝑤1 sinh

(
1
2 𝜎

√
Θ

)
+ 𝑤2 cosh

(
1
2 𝜎

√
Θ

))
2𝑤2 sinh

(
1
2 𝜎

√
Θ

)
+ 2𝑤1 cosh

(
1
2 𝜎

√
Θ

) − 1
2
𝜆
ª®®¬

+ 𝑃0 + 𝑃2
©­­«

√
Θ

(
𝑤1 sinh

(
1
2 𝜎

√
Θ

)
+ 𝑤2 cosh

(
1
2 𝜎

√
Θ

))
2𝑤2 sinh

(
1
2 𝜎

√
Θ

)
+ 2𝑤1 cosh

(
1
2 𝜎

√︁
𝜆2 − 4 𝜇

) − 1
2
𝜆
ª®®¬

2

,

(10)

here 𝑤1, 𝑤2 as arbitrary parameters and 𝜎 = 𝑥 − 𝜒𝑡 with 𝜒 given by (7).

Category–I: We have set up parameters choices as 𝑤1 to zero and 𝑤2 ≠ 0 in order to find singular solitary wave
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solutions from the obtained solution (10) for equation (2). The resultant solution offers important information on the
behavior of solution structures under particular physical conditions, featuring soliton dynamics.

𝑞(𝑥, 𝑡) = 𝑃0 +
(
𝜆 +

√
Θ

)
𝑃2

(
1
2
√
Θ coth

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)
+ 𝑃2

(
1
2
√
Θ coth

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)2
.

(11)

Category–II: By taking a particular values into consideration for the parameters 𝑤1 ≠ 0 and 𝑤2 = 0, the shock-like wave
solutions are retrieved from the resultant solution (10). This results into a term elimination, making the expression simpler
and increases the dominance of nonlinear steepening, as a crucial aspect of shock-like wave production.

𝑞(𝑥, 𝑡) = 𝑃0 +
(
𝜆 +

√
Θ

)
𝑃2

(
1
2
√
Θ tanh

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)
+ 𝑃2

(
1
2
√
Θ tanh

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)2
.

(12)

All hyperbolic-type families considered here require Θ > 0. The algebraic consistency relations summarized in (7) tie
𝜆 and 𝜇 (hence Θ) to the remaining coefficients; therefore Θ is not freely tunable but acts as a constraint on admissible
parameter sets. Consequently, the inverse width

√
Θ—and thus the steepness of the coth/tanh cores in (10)–(12)—is fixed

once a feasible coefficient set is chosen.
It is worth noting that the equation (3) results into more computationally demanding analysis and a significantly more

complex equation structure due to the higher-order nonlinear term interacting with both third- and fifth-order dispersive
effects, as well as the introduced perturbation terms. This enhances the degree of involved computations, leading to larger
algebraic systems with multiple coupled nonlinear parameter relations that require higher end symbolic computations.
Thus next in this study, equation (2) is analyzed with 𝑚 = 2 for generating new exact solutions.

Case II (𝑚 = 2): condition (Θ > 0)
The equation (3) is recited as follows with 𝑚 = 2:

(−𝑎3 − 𝜅 𝐻 (𝜎) − 𝜓) 𝐻′′′′′ (𝜎) + (𝑎2 − 𝜉 𝐻′ (𝜎) − Λ𝐻 (𝜎)) 𝐻′′′ (𝜎) + (−𝜈 𝐻 (𝜎) − 𝜃) 𝐻′ (𝜎) 𝐻′′ (𝜎)

+
(
−𝜒 − 𝛿 (𝐻 (𝜎))2 + 𝑎1𝐻 (𝜎)2

)
𝐻′ (𝜎) = 0.

(13)

The homogeneous balancing method is being utilized for equation (13) in order to find a balance between the equation’s
highest-order linear derivative term and its highest-order nonlinear term. As a result, following solutions structure is being
proposed for equation (13):

𝐻 (𝜎) = 𝑃0 + 𝑃1

(
𝐺′ (𝜎)
𝐺 (𝜎)

)
+ 𝑃2

(
𝐺′ (𝜎)
𝐺 (𝜎)

)2
, (14)

Here, 𝐺 (𝜎) is a function that satisfies the auxiliary equation (6), while 𝑃𝑖 , 𝑖 = 0, 1, 2 are arbitrary parameters that must be
found via algebraic calculations. The expression (14) is substituted into equation (13) along with the auxiliary condition
(6) and thenafter coefficients of like powers of

(
𝐺′ (𝜎)
𝐺 (𝜎)

)
are collected, to produce the exact solutions of equation (2). As

stated below, this process produces a set of algebraic relations from which the parameter values required for the solutions
to exist are derived:

𝜒 = 1
252 𝑃2

(
276𝜆4𝜇 𝜅 − 312 𝜃 𝜆2𝜇 − 23𝜆6𝜅 + 39 𝜃 𝜆4 + 624 𝜃 𝜇2 − 1104𝜆2𝜇2𝜅 + 1472 𝜇3𝜅

)
,

𝜈 = − 60𝜅
𝑃2

, 𝜓 = − 32
21 𝜅 𝜇 𝑃2 + 8

21 𝜅 𝜆2𝑃2 − 1
84 𝜃 𝑃2 − 𝑎3,

𝜉 = −10 𝜅
√
Θ,Λ = − 1

3 𝜅
(
4 𝜇 − 𝜆2) ,

𝛿 =
−148𝜆2𝜅+592 𝜅 𝜇−12 𝜃+7 𝑎1𝑃2

7𝑃2
,

𝑃0 = − 7
12 𝜆

2𝑃2 + 4/3 𝑃2𝜇 +
(

1
2 𝜆 + 1

2
√
Θ

)
𝑃2𝜆, 𝑃1 =

(
𝜆 +

√
Θ

)
𝑃2,

𝑎2 = − 1
252 𝑃2

(
712 𝜅 𝜆4 + 39 𝜃 𝜆2 + 11392 𝜅 𝜇2 − 156 𝜃 𝜇 − 5696 𝜅 𝜆2𝜇

)
,

(15)

accompanied by 𝑃2, 𝑎3, 𝑎1, 𝜅, 𝜃 as free parameters in obtained parameter values.

The relations reported in (15) allow additional freedom in choosing 𝜆 and 𝜇, soΘ = 𝜆2−4𝜇 becomes a design-tunable
quantity. Accordingly,

√
Θ directly controls the front steepness and packet width in the expressions (16)–(18): as Θ ↓ 0+

the structures broaden, whereas larger Θ yields steeper, more localized profiles.
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Rewriting (14) using the solution of equation (6) and parameter values (15), we have yielded the following solution
structure for equation (2)

𝑞 (𝑥, 𝑡) =
(
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√
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)
𝑃2

©­­«
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𝑤1 sinh
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2

,

(16)

here 𝑤1, 𝑤2 as arbitrary parameters and 𝜎 = 𝑥 − 𝜒𝑡 with 𝜒 given by (15).

Category–I: The singular solitary wave solutions are recovered from obtained solution (16) for equation (2), by tak-
ing into account 𝑤1 = 0 and 𝑤2 ≠ 0 as follows:

𝑞(𝑥, 𝑡) = 𝑃0 +
(
𝜆 +

√
Θ

)
𝑃2

(
1
2
√
Θ coth

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)
+ 𝑃2

(
1
2
√
Θ coth

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)2
.

(17)

Category–II: Embedding the parameter values as 𝑤1 ≠ 0 and 𝑤2 = 0 in solution (16), we have procured the shock-like
wave solutions for equation (2) as described below:

𝑞(𝑥, 𝑡) = 𝑃0 +
(
𝜆 +

√
Θ

)
𝑃2

(
1
2
√
Θ tanh

(
1
2
(𝑥 − 𝜒𝑡)

√
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)
− 1

2
𝜆

)
+ 𝑃2

(
1
2
√
Θ tanh

(
1
2
(𝑥 − 𝜒𝑡)

√
Θ

)
− 1

2
𝜆

)2
.

(18)

4. RESULTS AND DISCUSSION
In Case I (𝑚 = 1), perturbation-induced algebraic constraints fix (𝜆, 𝜇,Θ), producing specialized localized or kink-

type profiles with fixed inverse width (
√
Θ). In Case II (𝑚 = 2), Θ remains tunable, enabling continuous adjustment of

front steepness and packet width for a given background level (𝑃0). Physically, Case I corresponds to a calibrated medium
with fixed material or flow properties, whereas Case II models a design scenario where front thickness and localization
can be engineered.

Now, we interpret the closed–form families obtained in Secs. 3, quantify the parameter regimes under which each
family exists, and relate the formulas to their physical content and to limiting or benchmark cases. Throughout we use the
traveling coordinate 𝜎 = 𝑥 − 𝜒𝑡 with wave speed 𝜒 given by (7) for 𝑚 = 1 and by (15) for 𝑚 = 2, and the discriminant
Θ = 𝜆2 − 4𝜇. The hyperbolic families discussed below require Θ > 0.

For both 𝑚 = 1 and 𝑚 = 2 we obtained the ansatz

𝐻 (𝜎) = 𝑃0 + 𝑃1

(
𝐺′

𝐺

)
+ 𝑃2

(
𝐺′

𝐺

)2
, 𝐺′′ + 𝜆𝐺′ + 𝜇𝐺 = 0,

with 𝑃1 = (𝜆 +
√
Θ)𝑃2 and Θ = 𝜆2 − 4𝜇. When Θ > 0 the auxiliary solution yields the hyperbolic representation (10) (for

𝑚 = 1) and (16) (for 𝑚 = 2). Two canonical parameter selections

(𝑤1, 𝑤2) = (0, 𝑤2 ≠ 0), (𝑤1 ≠ 0, 0)

produce, respectively, the singular solitary profiles (11), (17) (with a coth core) and the shock–type or kink–like profiles
(12), (18) (with a tanh core). A rigid shift 𝜎 ↦→ 𝜎 −𝜎0 (absorbed into 𝑤1, 𝑤2) relocates the crest or front without altering
amplitude or width.

The roles of the key parameters can be summarized as follows in prose. The coefficient 𝑃2 scales the overall amplitude
of the nonlinear part, while 𝑃0 sets the background offset level. The parameter

√
Θ controls the inverse width of the wave;

larger values of
√
Θ yield narrower structures. The sign and magnitude of 𝜅 couple the field 𝑞 into the highest–order

dispersion and appear explicitly in the algebraic constraints (7) and (15), thereby tuning both the steepening (shock) and
localization (solitary) tendencies.
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(a) Three-dimensional representation of
𝑞(𝑥, 𝑡). (b) Contour illustration of 𝑞(𝑥, 𝑡).
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(c) Cross-sectional profiles at several 𝑡
values.

Figure 1. Category–I singular solitary wave pattern derived from Eq. (11).

Figure 1 illustrates the Category–I singular solitary wave solution of the perturbed modified Kawahara equation.
Subfigure 1a shows the three-dimensional structure of 𝑞(𝑥, 𝑡), highlighting its strongly localized profile with sharp varia-
tions in amplitude. The contour plot in Subfigure 1b further emphasizes the persistence of this localized structure across
the spatiotemporal domain. Cross-sectional in Subfigure 1c confirm that the wave maintains its shape over time, a defining
property of solitary waves. Physically, these solutions represent stable energy packets arising from the balance between
higher-order dispersion and cubic nonlinearity, relevant in shallow water dynamics, plasma propagation, and nonlinear
optics.

(a) Three-dimensional visualization of
𝑞(𝑥, 𝑡). (b) Contour depiction of 𝑞(𝑥, 𝑡).
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(c) Snapshots of wave profiles for multi-
ple 𝑡 values.

Figure 2. Category–II shock-type wave solution corresponding to Eq. (12).

Figure 2 presents the Category–II shock-type wave solution. The three-dimensional visualization in Subfigure 2a
reveals the steep front of the shock profile, while the contour map in Subfigure 2b shows the abrupt transitions characteristic
of nonlinear steepening. Subfigure 2c illustrate how these sharp wave fronts evolve over time. Physically, such solutions
capture the role of strong nonlinearity and perturbative effects that drive shock formation, representing phenomena like
breaking waves in hydrodynamics, compression waves in plasmas, and intense pulse propagation in nonlinear optical
media. Together, Figures 1 and 2 demonstrate the contrasting interplay of dispersion and nonlinearity: the former yielding
localized solitary waves, and the latter producing steep shock fronts under stronger nonlinear dominance. Figures 1 and
2 display the two canonical families for 𝑚 = 1 (the 𝑚 = 2 families have the same functional form with the speed and
coefficients given by (15)).

The solution (11) (and (17)) is localized with an algebraic singularity at the center when 𝜎 = 0, reflecting a pole
inherited from coth. Physically, this corresponds to a strongly localized structure supported by the balance of cubic
nonlinearity and fifth–order dispersion, with the perturbations (𝜃, 𝛿,Λ, 𝜈, 𝜉, 𝜓, 𝜅) renormalizing the amplitude, width, and
speed. The singularity can be shifted off the physical domain by choosing the origin so that 𝜎 ≠ 0 in the region of interest.

The solution (12) (and (18)) is a monotone front connecting two asymptotic states determined by (𝑃0, 𝑃2, 𝜆,Θ).
Nonlinear steepening is reinforced by the mixed–gradient terms (𝜃, 𝜈, 𝜉) and the 𝑞–dependent highest–order dispersion
(𝜅), while fifth–order dispersion (𝑎3 and 𝜓) spreads the front, yielding a finite transition width proportional to Θ−1/2.

To clearly visualize the contrast between both studied regimes, a concise comparative summary is provided in Table
titled ”Summary Table: Case I vs. Case II”. This table highlights the algebraic, structural, and physical differences between
the two cases, emphasizing how tunability of Θ and wave localization properties distinguish the calibrated (Case I) and
design–oriented (Case II) media.
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Summary Table: Case I vs. Case II

Aspect Case I (𝑚 = 1) Case II (𝑚 = 2)
Consistency relations Algebraic constraints summarized near

Eq. (7)
Algebraic constraints summarized near
Eq. (15)

Discriminant Θ = 𝜆2 − 4𝜇 Constrained by coefficients; Θ > 0 restricts
admissible sets

Effectively design-tunable (choose 𝜆, 𝜇 so
Θ > 0)

Core profile coth (singular solitary) Eq. (11); tanh
(shock-like) Eq. (12)

coth Eq. (17); tanh Eq. (18)

Width / steepness Fixed by
√
Θ (set by constraints) Tunable via

√
Θ (design parameter)

Wave speed 𝜒 Explicit relation from Eq. (7) Explicit relation from Eq. (15)
Physical meaning Calibrated medium with fixed material/flow

properties (restricted set)
Design/tunable medium where front thick-
ness and localization can be engineered

In the unperturbed limit, setting all perturbations to zero,

𝜃 = 𝛿 = Λ = 𝜈 = 𝜉 = 𝜓 = 𝜅 = 0,

reduces (2) to the modified Kawahara equation (1). In this limit the algebraic constraints collapse to the familiar relations
for the pure modified KE and the hyperbolic families reduce to the standard tanh and coth profiles reported for the
(modified) KE [1].

From (7) (for 𝑚 = 1) and (15) (for 𝑚 = 2), the wave speed 𝜒 is an explicit polynomial in (𝜆, 𝜇) modulated by 𝜅 and by
the perturbation strengths. Two robust qualitative trends hold. Increasing

√
Θ, which produces narrower waves, increases

|𝜒 | when the 𝑘5 dispersion (𝑎3 + 𝜓) reinforces the cubic term (same sign), and decreases |𝜒 | otherwise. This echoes the
linear dispersion balance visible in 𝜔(𝑘). Moreover, positive 𝜅, which strengthens the 𝑞–dependence in 𝑞𝑥𝑥𝑥𝑥𝑥 , increases
the magnitude of both steepening (Category–II) and localization (Category–I), manifesting in larger |𝜉 | and |𝜈 | via (7)
and (15).

For reproducibility it is useful to summarize the most influential controls in narrative form. The wave width is set
by

√
Θ, and choosing 𝜆, 𝜇 with 𝜆2 −4𝜇 large produces narrow structures. The amplitude scales with 𝑃2, while 𝑃0 shifts the

baseline asymptote. The choice (𝑤1, 𝑤2) = (1, 0) yields shock–type tanh fronts, while (0, 1) yields singular solitary coth
pulses. The high–𝑘 tailing is controlled by 𝑎3 +𝜓, and changing its sign flips the curvature of 𝜔(𝑘) and the propensity for
oscillatory overshoots near the front.

The perturbed terms in (2) also play clear roles. The terms 𝜃𝑞𝑥𝑞𝑥𝑥 and 𝜈𝑞𝑞𝑥𝑞𝑥𝑥 enhance local steepening and promote
shock formation (Category–II). The couplings Λ𝑞𝑞𝑥𝑥𝑥 and 𝜉𝑞𝑥𝑞𝑥𝑥𝑥 mediate nonlinear dispersive effects, modifying the
front width and generating mild oscillations depending on the sign of 𝑎3 + 𝜓. The 𝜓𝑞𝑥𝑥𝑥𝑥𝑥 term renormalizes the
fifth–order dispersion in the linear limit, directly influencing the selection of

√
Θ via the consistency relations. Finally,

𝜅𝑞𝑞𝑥𝑥𝑥𝑥𝑥 couples amplitude to the highest–order dispersion and provides an additional lever to stabilize or destabilize
steep structures without changing the background. These roles align with the contrasting morphologies shown in Figs. 1–2:
dispersion versus nonlinearity determines whether energy remains localized (singular solitary waves) or organizes into a
persistent transition layer (shock or kink).

5. CONCLUSIONS
The current paper recovered singular solitary wave and shock-like wave solutions to the perturbed modified KE. The

perturbation terms are of Hamiltonian type which made this retrieval possible. The generalized 𝐺′/𝐺–expansion scheme
has made this retrieval possible along with the parameter constraints that guarantees the existence of such waves. It is
visibly obvious of the shortcoming with this integration algorithm. The scheme fails to recover solitary wave solutions
to the model. Therefore, later additional integration approaches will be adopted that would recover the solitary wave
solutions in addition to the singular solitary waves and shock-like wave solutions. Such studies are under way and the
results will be disseminated shortly.
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РIВНЯННЯ КАВАХАРИ
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У цiй статтi отримано розв’язки модифiкованого рiвняння Кавахари на основi ударних хвиль та одиночних хвиль за наяв-
ностi членiв збурень. Узагальнений пiдхiд 𝐺′/𝐺–розкладу є прийнятою методологiєю iнтегрування для моделi. Обмеження
параметрiв природно виникають пiд час виведення розв’язкiв, якi гарантують iснування таких хвиль.
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