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The paper retrieves implicit quiescent optical solitons for the nonlinear Schrodinger’s equation that is taken up with nonlinear chromatic
dispersion and linear temporal evolution. Using a stationary or quiescent approach combined with Lie symmetry analysis, the study
systematically examines six distinct self—phase—modulation structures proposed by Kudryashov. The analytical procedure reduces the
governing equation to amplitude forms whose solutions are obtained through quadratures, leading to both implicit solitary—wave profiles
and one explicit periodic case. The six forms of self—phase modulation structures, as proposed by Kudryashov, yielded solutions in terms
of quadratures, periodic solutions as well as in terms of elliptic functions. The existence of each family of solutions is discussed in terms
of the admissible parameter relations that ensure physically meaningful solitary profiles. The approach provides a unified framework
compared with earlier methods based on direct elliptic—function expansions, highlighting how Lie symmetry facilitates a compact
treatment of multiple nonlinear dispersion laws. The results are relevant to understanding stationary optical pulses in nonlinear fibers
and photonic crystal fibers, and they establish a foundation for future numerical and experimental studies on nonlinear—dispersion—driven
pulse propagation.
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1. INTRODUCTION

The key ingredients for the propagation of solitons through optical fibers across transcontinetal and transoceanic
distances is the the sustainment of the delicate balance between chromatic dispersion (CD) and self—-phase modulation
(SPM) [1-10]. Any loss of this balance would lead to the solitons getting stalled and/or wave collapse and this would
trigger catastrophic consequences. Therefore it is of paramount importance to make sure that the balance is continuously
maintained for the smooth propagation of such solitons across intercontinental distances around the planet. Nevertheless,
it may so happen that this balance is compromised owing to various factors that are beyond control. One such factor is
when the CD is rendered to be nonlinear due to random variations in the fiber diameter or due to the rough handling of
fibers during its installation underground or along the ocean bed [2].

The current paper will address this situation. In particular the governing model, namely the nonlinear Schrédinger’s
equation (NLSE) with nonlinear CD and having six forms of SPM structures that are of non—Kerr type. It must be noted
that the concept of quiescent solitons has been addressed for several other models, apart from NLSE, in the past. These
include Fokas—Lenells equation, complex Ginzburg—Landau equation and several others [1-9, 12—-14]. These six forms
of SPM were proposed by Kudryashov during the past few years [3]. In fact, the retrieval of quiescent optical solitons
with nonlinear CD and with the six forms of SPM structure have been addressed in the past by the Jacobi’s elliptic
function approach [3]. The current paper will revisit the model with the same six forms of SPM and the implicit quiescent
solitons will be recovered by the aid of Lie symmetry analysis. The details of the mathematical analysis and the derivation
mechanism are exhibited in the rest of the paper after a quick introduction to the model.
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1.1. GOVERNING MODEL

The dimensionless form of the governing NLSE in optical fibers and PCF with nonlinear CD and non—Kerr laws of
SPM, as proposed by Kudryashov, is structured as:

ig+a(lal” @)+ F (1al?) g = 1|4 (1a*" a) +61 (1) a+621a" ] ()

Here in (1) g(x, 1) represents the wave amplitude and is a complex—valued function. The independent variables are x
and ¢ that represent spatial and temporal variables respectively. The first term is the linear temporal evolution with its
coefficient being i = V—1. The second term with its coefficient being a real—valued constant, « is the nonlinear CD where
the nonlinearity factor is dictated by the exponent n. When n = 0, one collapses to linear CD. The third term is from SPM
where the functional F" accounts for the nonlinear structure of intensity dependent refractive index change. The right hand
side comprises of the Hamiltonian perturbation terms with arbitrary intensity. The coefficient of A is the self—steepening
while the coefficients of 6; for j = 1,2 represents the self—frequency shift effect. The perturbation parameters A and 6;
are real-valued constants.

2. MATHEMATICAL ANALYSIS

This section will analyze equation (1) with linear temporal evolution for six forms of SPM structures as proposed by
Kudryashov. Equation (1) does not support mobile solitons unless n = 0 in the CD. Thus, the quiescent optical solitons
supported by (1) is taken to be of the form:

q(x,1) = ¢ (x) e, 2

where ¢(x) represents the amplitude portion of the soliton while the second factor is the phase component with w
representing the wave number. Substituting (2) into (1) and decomposing into real and imaginary components, the real
part yields the ordinary differential equation (ODE) for the amplitude component ¢(x) as

a(n+1)(x)"™" |n{¢' (x))* + ¢(x>¢”(x>] +¢*(x) [F{¢*(0)} - w] =0. 3)
Then, the imaginary part gives the parameter constraints as
2m + 1)A+2mb; + 6, = 0. “4)
With these parameter constraints, the governing model (1) conveniently reduces to
i+ a(lal” @)+ F (10 a =4 (107" a) +61 (1) a={@m+Da+2m61} g q]. 5)

This ODE given by (3) will be addressed in details in the subsequent section with the six forms of SPM structures, as
proposed by Kudryashov, corresponding to the functional F', that would yield a variety of solution structures.

2.1. FORM-I
For Form—I, the law of SPM is given as
b b m
F(s) = 2Ly —j + b3s2 + bys™. 6)
s $2
Thus, the corresponding NLSE reduces to
. by by .
ig: +a(lal" ). + (| T+ g+ balal” + b |q|2'") a=ila(laP"a) +61(laP") a+6:1aPa]. @
q X X

Thus, substituting (2) into (7), the imaginary part relation gives (4) which transforms (7) to

, by by .
ig: +a (lql" 4)cx + (| T g Y |q|m+b4|q|2m)q=z[A(|q|2'"q)x+el (la™) g (12m+ 114 +2m00) lgP" .| . (®)
q

For equation (8) to be integrable, one needs to choose n = 2m. Therefore, the real part equation modifies (3) to

a(n+ DE (@) [ {6/ () + 919" ()] + 8200 (97 (x) (8" () (8™ (x) (b4 (x) + b3) = @) + b2) + b1) = 0. (9)

Equation (9) admits the translational Lie point symmetry, namely d/dx which integrates the ODE (9) to:

xztw[—% C, (10)
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where

A =4a(l+m)2+m)(1+2m)*(2+3m) (8" = 1) (8" = k2) (8" = k3) (¢ = k4) , Y

B = 12m°brkikad™ + 26m*boki k2™ + 18m> bak1kad™ + 4m>baki k2™ — 12m°bokrkzp™
— 26m*brkakzp™ — 18m3b2/<2/<3¢m - 4m2b2K2K3¢m — 12m°bak 1 ka™
- 26m4b2K1K4¢m - 18m3b2K1K4¢m - 4m2b2K1K4¢m + 12m5b2K3K4¢m
+ 26m*bok3kad™ + 18m>bakzkad™ + 4m>bak3kad™ — 6mOwk k2P ™ — 19m*wk ko™
— 16m’wki k™™ — AmP WK1 K2 *™ + 6m° WK k3PP + 19m* WK K3 PP + 16m> WK K3 PP
+  AmPwkak3d™" + 6mwkikad™™ + 19m* wi kad?™ + 16mP w1 ks + dmPwk k4"
- 6m’wk3ks ™™ — 19m* wi3k4d*™ — 16m> wK3Kkad™™ — AmP W3 K4 + 4m° b3k K2
+  14m*bski k™™ + 14m> b3k k2 ™™ + 4mP b3k 1 k2™ — 4m> b3kak3 ™™ — 14m* b3kakz ™™
- 14m’bskok3d™™ — 4m>bs3kaks ™™ — dm b3k kad®™ — 14m* b3k kad®™ — 14m> b3k ka™™
- 4mPbskiksd®™ + 4m5b3/<3/<4¢3m + 14m*b3ks3kad®™ + 14m> b3kskad™™ + dm>bakskad™"
+ 3mObaki k2™ + 11m*bak1k20™™ + 12m3bak 1 k2™ + 4m>baki k2™ — 3m° bakrk3 ™™
—  11m*bakokzd*™ — 12m>bakak3 ™™ — 4m>bakrkzd™™ — 3m bakikad™ — 11m* by k4™
= 12m3bakikad¥ — AmPbakikad*™ + 3m1 bakzkad™™ + 11m*bakzad™™ + 12m3bakska ™™
+ 4m2b4K3K4¢4m + 6m6b1K1 Ky + 25m5b]K1K2 + 35m4b1 KKy + 20m3b1/<1 Ky + 4m2b1 K1K2
- 6m6b1/<2/<3 - 25m5b1/<2/<3 - 35m4b1/<2/<3 - 20m3b1/<2/<3 - 4m2b1/<2/<3 - 6m6b1K1K4 - 25m5b1/<1/<4
- 35m4b1K1K4 - 20m3b1/<1/<4 - 4m2b1K1K4 + 6m6b1K3K4 + 25m5b1K3K4 + 35m4b1/<3k4
+ 20m°biks3ks + 4m®biKk3ks, (12)

and

c =11

ko—kg o (9™ = k2) (k1 — k4) | (k1 = k3) (K2 — Ka)

sin~! (\/(¢m - k1) (k2 = K4)) | (k2 = k3) (k1 — K4))K2. (13)

Kl — K4 . _1(\/(¢’"—K1)(K2—K4)) (Kz—K3)(K1—K4))(K1_K2)

+ F

(9™ = k2) (k1 — k4) | (K1 = k3) (K2 — Ka)

Since the expression under the square root in Eq. (10) must be real, the existence of admissible solutions requires that AB <
0. This condition guarantees that the radicand remains non—negative, ensuring the physical realizability of the obtained
solitary—wave profiles.
Here, «; for j = 1---4is any solution of the quartic (fourth-degree) equation
(3b4m® + 11bgm? +12b4m + 4by) & + (4bam® + 14bsm® + 14bym + 4bs ) & = (6m°w + 19m%w + 16mw + 40) &*
+ (12b2m3 +26bym® + 18bym + 4b2) K +20bym + 4by + 6bym™* + 25bym> + 35bym* = 0. (14)

This polynomial is referred to as quartic rather than biquadratic because it contains both odd and even powers of «. The
four roots ki, . . . , k4 of this equation parameterize the elliptic—integral representation used in the subsequent analysis.

Here, IT (v; ¥|m) the incomplete elliptic integral that is defined as:

v 1
ol _/0 (l—vsinze)wll—/,tsinzedg’ o
for
Tew<l, (16)
usin?(y) < 1, (17
and

vsin?(y) > 1. (18)
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Moreover, F (y|u) is elliptic integral of the first kind which is defined as:

F(ylp) =

where

and

From (10), the solutions will exist provided

For Form-II, the law of SPM is given as

by by b
F(S) = m + e + o
S s S

Thus the corresponding NLSE reduces to

by by

v 1
/ — L w
0 J1 = usin®(6)

<l//<7r
27

X

usin®(y) < 1.

AB < 0.

2.2. FORM-1I

by m 3m
+ = + bss? + bes™ + bys? + bgs™™.
s§2

b3 by

g +a(la"q) +( +
gl P

= i [/1 (Iqlz’" 61) +6) (Iq|2’") q+ 6
The starting hypothesis given by (2) when applied

by by

WL T bs |q|™ + be |g*" + b7 |q|*™ + bs |6]|4m) q

|Q|2m qx

to (24) modifies it to:

b3 by

igr +a(lq|" q) +( +
o\t g

bl ol by g+ b |q|4’") g

= i|a(laPmq) +61(1aP") q—{@m+Da+2mb1}IgP" g,

by virtue of the imaginary part. The real part leads to the ODE for ¢(x):

a(n+ D™ {8 ) + $(0¢” (x)| + ¢2<x>{¢m(x>{«zs"’(x){qs’"(x){w(x){w"(x){¢m<x>{

X ¢m(x){bg¢m(x) + b7} + bﬁ} + bs} —w} + b4= + b3} + bz} + b]} =0.

19)

(20)

2n

(22)

(23)

(24)

(25)

(26)

Next, the translational Lie symmetry that is supported by (26), integrates it to the implicit solution in terms of quadratures

as:

X

where

b
X

and

A
o[ i

an+1)(n+2)(m—-—n-2)Cm-n-2)Bm-n—-2)4m-n-2)(m+n+2) x
QCm+n+2)3m +n+2)(4m + n +2)p*™",

B = 2¢2{(4m -n- 2)¢m{b2(n +2)2m—n-2)(m-n-2)(m+n+2)2m+n+2)B3m+n+2)

X (m+n+2)—-CBm-n-— 2)¢m{(2m -n- 2)¢m{(m -n-2)¢p™

27)

(28)
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x {(n+2)¢m{(m+n+2)¢m{(2m+n+2)¢m{bg(3m+n+2)¢m+b7(4m+n+2)}
+ b6(3m+n+2)(4m+n+2)}+b5(2m+n+2)(3m+n+2)(4m+n+2)}

- a)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}

- b4(n+2)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}

- b3(n+2)(m—n—2)(m+n+2)(2m+n+2)(3m+n+2)(4m+n+2)}}

+ bi(n+2)Bm—-n-2)Cm—-n-2)(m-n-2)(m+n+2)2m+n+2)Bm+n+2)(4dm+n +2)}.
(29)

This solution (29) would remain valid provided
AB > 0. (30)

The condition AB > 0 arises from the requirement that the expression inside the square root in Eq. (29) must be real
and positive. This ensures that the radicand of \/A/B is non—negative, leading to physically meaningful and admissible
solitary—wave solutions. The sign difference from the previous case (AB < 0) is due to the absence of the negative sign
under the square root in the present formulation.

2.3. FORM-III
The SPM structure here is:
F(s) = bis% + bys™ + by (ﬁ) . 31)
The corresponding NLSE therefore gets structured as:

igr +a (lal" @)x + [brlal" + b21a" + b3 (g™ ] a = |2 (a1 a) _+01(1al™") a+621a"ax|. 32

The starting hypthesis to locate for quiescent optical solitons is (2) which when implemented, the imaginary part gives
(4). The real part leads to the ODE:

a(n+ DE™" (1) [ {9 (0} + $(08” (x)| + 263mg™™ (x) [ $()8” () + 2m = 1) {¢' ()
+ b1g(x)" + byg(x)" — we(x)* = 0. (33)
For (33) to be integrable, one must choose
n=-1, (34)

which leads to the modification of the governing model to be modified to:

R e IR DL R T A T W
9 /xx
= i|1(la"a) +61(1aP") q={@m+DA+2m1} g g ] (35)
Also by virtue of (34), the governing ODE for ¢(x) given by (33) condenses to
2b3m ™™ () [$000” (x) + 2m = 1) (& WP + 19 ()™ + b2 (02 = w(x)? = 0. (36)

The translational Lie symmetry supported by (36) leads to the periodic solution given by

é(x) = (3—;2)m [ +/2(2b7 + 9a)bz){1 + cos (\/l;jj x) }0502 (\/Zii x) sin® (%\/Z:j x) - b1]m. 37

This solution (37) is valid provided
bybs > 0, (38)
and

2b% + 9wh, > 0. (39)
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2.4. FORM-IV
In this case, the law of SPM is:

F(s) = b1s% + bos™ + bys 2 + bas™ + bss? + bes™, (40)
which leads to the structure of NLSE to be
ige +a(lgl" @) + (b1 1gI" + b2 1gP™ + b3 1l + ba lg|™ + bs g™ + be 4" ¢
= i[a(laP"q) +01(1aP") a+021aP" q (1
Substituting (2) into (41), the imaginary part gives (4) which leads to the governing model (41) being modified to:
igy +a(lgl" @), + (b1 1gI" + b2 g™ + b3 1l + by lgI™ + bs g™ + be g1 g
= i|a(laPg) +or(laP") - (@m+ DA+ 2m0} gl g (“2)
X X
The real part leads to the ODE for ¢(x) takes the form
a(n+ DB |n ¢/ () + p(0¢” ()
+ ¢ () (¢"() (8™ (x) (™ (x) (¢ (x) (¢™ (x) (6™ (x) + bs) + ba) + b3) +b2) + b1) —w) =0.  (43)

By the aid of the translational Lie symmetry supported by (43), it integrates in terms of quadratures as given below

x:i/,/—%d(p, (44)

where
A=a(n+1)¢"? (45)
and
PN by bag™™ bs¢™" beg*" big" 46)
S\ 2m4n+2 3m4n+2 4dm+n+2 Sm4n+2 6m+n+2 m+n+2 n+2)
The integrability condition given by (22) must be valid in this case too for the solution to exist.
2.5. FORM-V
The SPM structure for this form is:
F(s)=bis? + bys™ + b3s37m + bas®™ + bs (s%) + bg (s™)" . (47)
Therefore, the corresponding NLSE is written as:
ig:+a (lal” @)y + [br1a]” + b2 1al™™ + b3 1gP™ + b |l + bs (Il + b (la) |
= i[a(laP"q) +01(1aP") a+621aP" a]. (48)

Substituting the hypothesis (2) into (48), the real part leads to the ODE for ¢(x) as:

a(n+ D¢"(x) 149 F + 809" ()| +2bgmd™ (x) |9(1)9" () + 2m = 1) {4 (0}

4 bsmd™ () [$0067 (@) + (m = D)8 (Y] + 19" 2(0) + 297" 2(x) + b3g™™*2(x) + bag™*2(x) - w(x) = 0.
49)

For integrability, one must choose:

n=2, (50)



254
EEJP. 4 (2025) Abdullahi Rashid Adem, et al.

and
m=1. (1)

The imaginary part leads to (4) and by virtue of (50) and (51), equation (5) simplifies to:

igi+a (g q) +|bilal+balal +bslal +balal' +bs (1gl) e + bs (1a) |4

XX

= i|A(lala) +01(1aP) a-(Ga+201) 1 x| (52

By means of the translational Lie symmetry that is supported by (52), it integrates to

[A - (3a¢ + bs +2¢be — k1) (k2 — ka) |, (k2 — k3) (K1 — K4)
X =+4/= F|sin™! , (53)
B (\/(3a¢ +bs +2¢be — k2) (k1 — Ka) | (K1 — K3) (K2 — Ka)
where
A =24A,A,, (54)
Ay = (2a + bg) (3a + be) (5a + 2bg) (9a + 4bg) (21a + 10bg) , (55)
Ay = (3a¢ + bs + 2¢bg — K1) (3a¢) + bs + 2¢b¢ — K2) (3a¢ + bs + 2¢b¢s — K3) (3a¢ + bs + 2¢bg — K4) s (56)
B=Bl+Bz+ZB3 +4B4+B5+B6, (57)
B = 5670a*w - 3240a*¢ by — 2835a ¢ bs + 540a’ ¢§?b3bs + 540a’ > babs — T2a*b3b3 — 90a> $*bsb: + 6ab3 b3
+ 12a¢bsb3 - byb3, (58)

B, = {9a3 (1147w — 6044 b3 — 521¢4b4) +6a*¢? (111b3 + 1064b4) bs — 6ag (10b3 + 11¢bs) b: + (3b3 + 4¢bs) bg} be., (59)

B; = {6a2 (586w —283¢3b; — 241¢4b4) + ag? (135b3 + 1244by) bs — 66 (b3 + ¢ba) bg} b2, (60)
By = (531aw +9¢%b3 (—26a¢ + bs) + ¢° by (=197a¢ + 8b5)) b, (61)

Bs =16 (15w —64b3 — 5¢4b4) bg — b1 (2a + bg) (9a + 4bg) (21a + 10b6) (~bs + 4¢ (3a + be)) , (62)
(63)

B = —b3 (2a + be) (21a + 10bg) (bg _ 4bs (3a + bg) + 66> (3a + bg) (5a + 2b6)) (64)

where «; i = 1 ---4 is any solution of

—81a*vi — 9a’bevs — 6a*blvs — 368256a*bSw — 4abivs + bavy (2a + be) (3a + 2be) 2 (21a + 10bg)
~57024ablw — 48b2ve — 8bgvs + byvg — 3840b5w = 0, (65)

and

v, = 5670a*w — 6abs (—70195K2 +84b2k — 35b3 + 20K3) +by [21;5 {80K3 —7bs (—16b5/< +5b% + 20;8)} - 35K4] =0, (66)

v, = 228987a*w + 3abs (2994b5K2 —3660b2k + 1567b3 - 844K3)

+ by (2416b5K3 — 43085242 + 3536b3k — 1147b% — 521K4) , (67)
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vi = 670680a*w - 9abs (~1403b5k> + 175063 — 77363 + 390k

- 2by (—1 132bs5k> +2055b3k* — 1732b3k + 586b% + 241K4) , (68)
ve = 1116261a*w + 3abs (2919654 - 372062 + 170363 - 800«
+ by (936b5K3 — 1728b26% + 1496b3k — 531b% — 197K4) , (69)

vs = 384858a%w — 3abs (15k — 23bs) (—13b5/< + 9% + 6K2)

= 2by [bs {Sbs (~8bsk + 302 + 92) - 2467} + 544 (70)

Ve = 281433w + by (Sbs (2b5 (bs —2K) + 3K2) - 4/<3) , 1)

v7 = 6k* (3a + be) (5a + 2be) — 8bsk (3a + be) (9a + 4be) + 3b3 (5a + 2bg) (9a + 4bs) , (72)
vs = (2a + bg) (3a + 2be) > (9a + 4bg) (21a + 10bs) {4k (3a + bg) — 3bs (5a + 2bg)} . (73)

Here, F(¥|p) is elliptic integral of the first kind that has been defined in (19). The existence criteria for the solution is
given by (30).

2.6. FORM-VI
The SPM structure for this form is:

F(s) = b5 + bos™ + bys T + bas™ + bss > + bes®™ + by (ﬁ) + bg (s™)" . (74)
Therefore, the corresponding NLSE shapes up to be:
iqr+a (1g1" @) + |01 191" + b2 g™ + b3 |1 + by g1 + bs g™ + b lq1" + b7 (1g1") .+ bs (1a") |«
= i[/l(lqlz'”q) +6) (Iqlz'”) q+621q1"" qx| - (75)
X X
Substituting (2) into (75) and splitting into real and imaginary parts, equation (5) by virtue of (4) simplifies to:
. n m 2m 3m 4m Sm 6m m 2m
iqr+a (1g1" 4)c + | b1 191" + b2 g™ + b3 |1 + by g1 + bs1q1™" + b |q1 + b7 (1g1") .+ bs (1a") |
= i|a(la"a) +01(1aP") a={@m+ DA+ 2m01} g g, (76)
The real part equation (3) in this case, is:
a(n+ D" () [ {8 (0 + 309" ()] + 2bgme™ () [ #(x)¢" (1) + (2m = 1) {9/ ()]
+ bmg™ () [$0687 () + (m = 1) {8 P + 19™206) + b2g*2(x) + bad ™2 (x)
+ g™ (x) + bsg™" 2 (x) + bed ™" (x) — wg? (x) = 0. (77

By the translational Lie symmetry, supported by (77), the integral is written in quadratures as:

x:i/W/%dqs, (78)

¢ m(2(2m - Dbgt{" + (m — 1)b7) " +an(n+ )7}
A =exp —2/ -
71 (m (2b871m + b7) " +a(n+ 1)7'1")

where

dr |, (79)
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and
7 m(2@m=1)bg7{"+(m=1)by) 7" +an(n+) 7}
¢ P (_Zf - Tl(m(zbsle"+b7)Tf"+a(ln+l)rf’) : dTl) r
b= / de, (80)
m (2bg7y" + b7) TV + a(n + 1)1}
with
[=1 (-1 (05" (03" (0" (v (beTy" + bs) + ba) + b3) + ba) + by)) . -

The parameter constraint given by (30) must also be satisfied for the solution to exist.

3. CONCLUSIONS

The paper addressed the NLSE with nonlinear CD and linear temporal evolutions but with six forms of SPM structures
that were proposed by Kudryashov during the past decade. By applying the Lie symmetry analysis, the study systematically
derived implicit quiescent optical solitons and reduced the governing nonlinear partial differential equation to solvable
amplitude equations expressed through quadratures. The Lie symmetry analysis is the integration tool that has been
implemented to address the models that gave way to the solutions also in terms of quadratures. The results, recovered with
the usage of Lie symmetry analysis, were in terms of quadratures and in one particular case, emerged in terms of periodic
functions. Among the six Kudryashov SPM structures, five produced implicit solitary—wave profiles while one yielded
an explicit periodic solution under well-defined parameter constraints. These constraints delineate the parameter space in
which physically admissible stationary solitons can exist, clarifying the interplay among nonlinear chromatic dispersion,
self—steepening, and self—frequency-shift effects.

The analytical complexity of the solutions are a far cry from the explicit quiescent soliton solutions that were recovered
in 2021 [3]. Compared with the earlier results obtained via extended elliptic—function methods, the Lie symmetry approach
offers a unified and transparent framework capable of handling multiple nonlinear dispersion and SPM laws within a single
analytical setting. This framework also highlights integrability conditions (such as specific exponent relations) that make
the reduced equations analytically tractable.

The results of this work are interesting and thus pave the way for further activities with the model with time.
Future investigations will extend the present analysis to include generalized temporal evolution, dissipative terms, and
higher—order nonlinearities. Numerical simulations and stability analyses will be performed to validate the analytical
predictions and explore the robustness of the stationary profiles under perturbations. Later, these same models are going
to be addressed with generalized temporal evolution and the results of those research activities will be presented in a
different journal. Overall, this work provides a clear analytical foundation for exploring nonlinear—dispersion—driven pulse
dynamics in optical fibers and photonic crystal fibers, serving as a stepping stone toward a comprehensive understanding
of nonlinear wave propagation in advanced optical media. This is just a tip of the iceberg!
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HESIBHE CIIOKIVHE OIITUYHE COJIITOHE 3BYPEHHS 3 HEJIIHINHOIO XPOMATUYHOIO
JUCIIEPCIEIO TA JIIHITHOXO YACOBOIO EBOJIIOIIEIO 3 POPMAMUA CAMO®A30BOI
MO,Z[YJI}IHIT KYJIPAIIOBA 3A CUMETPIEIO JII
Adoaysnaxi Pammg Anem!, Axmen X. ApHycz, Tamurer Icaxanmi®, OcBaanno Toncanec-Takciona®,
Anmxan Bicsac> %’
| Kagpeopa mamemamuunux nayx, Yuisepcumem ITiedennoi Agppurcu, UNISA—0003, ITiedenna Agppuxa

2Kagpedpa inicenepror mamemamuxu ma ¢pisuru, Buwguii inocenepruii incmumym, Axademis Env—Illopyk, Kaip—11837, €zunem

3Kagpedpa mamemamuxu, Ynisepcumem Xazap, baxy, Apuzona—1096, Asepéaiidncan
4Kagpedpa npuxradnoi mamemamury ma cucmem, Aemonomuuii cmoauunuii ynisepcumem—Kyaximanona,
Backo-oe-Kipoza 4871, Mexiko 05348, Mexcuxa
S Kagpedpa mamemamuxu ma pizuxu, Jepocasnuii ynisepcumem I'pembainea, I'pembaine, Jdyiziana 712452715, CIIA
SKagpedpa ¢pisuxu ma enexmponixu, Yuisepcumem Xaszap, Baxy, Apusona—1096, Asepbationcan
"Kagpeopa Mamemamuxa ma npuxradna mamemamuxa, Yuicepcumem meduunux nayx Cegpaxo Marxeamxo,
Meoynca—0204, Ilisoenna Agppuka

VY cTaTTi OTpUMAaHO HEsIBHI CHIOKifHI ONTHYHI COJITOHM Ui HeMiHiiiHoro piBHsAHHA Lllpeainrepa, sike BpaxoBy€ HEJiHIIHY XpOMAaTUUHY
JMCTIEPCilo Ta JIiHiiHY YacoBy eBomoLi0. BUKOpHUCTOBYIOUHM CTalliOHApHU#T 200 CIIOKIMHKMIA MiIXi] y MOeAHAHHI 3 aHani3oM cumeTpii JIi,
JOCIiPKEHHS CUCTEMAaTHYHO PO3IVIANAE IiCTh Pi3HUX CTPYKTYP caMoa30Boi MOLYJIALI1, 3anporioHoBaHuX Kynpsimosum. AHaniTHyHa
nporeypa 3BOANTh KepiBHE PiBHSHHS O aMIUTYIHUAX (pOpM, PO3B’ SI3KH SIKUX OTPUMYIOTHCS Yepe3 KBapaTypH, IO MPU3BOIUTH SIK 10
HEsIBHUX IPoiliB OAMHOYHOI XBIJI, TaK i 10 OZHOTO SIBHOTO NepioandHoro Bunajaky. llicts popm cTpykTyp camodazoBoi Mogyswii,
3anpornoHoBaHNX KyapsmoBuM, ganu po3B’sI3KM B TepMiHaX KBafpaTyp, MEPiOAMTIHIX PO3B’S3KiB, a TAKOXK B TEPMiHAX EJINTHIHHUX
¢yHKUil. IcHyBaHHS KOXKHOTO ciMeiicTBa po3B’sI3KiB OOrOBOPIOETHCS 3 TOUKH 30py AOMYCTHUMHUX HapaMETPHUYHMX CHiBBiJHOLICHb, SKi
3a6e3mnedyoTh (i3uUHO 3HavyIli oarHOYHI npodini. Ieit miaxia 3ade3nedye eauHy CTPYKTYpY MOPIBHSIHO 3 TONepeJHIMU METOAMHU,
3aCHOBAaHMMH Ha MPSIMUX PO3KJIaJiax eJTUIHNX (DYHKIIIH, [T IKPECIoouH, sk cuMeTpist JIi criprsie koMmak THoMY 0OpOOIeHHIO KiJIbKOX
HeJIiHIHKX 3aKOHIB qucnepcii. Pe3ynpTaTi € akTyaJIbHUMU U1 pO3YMiHHS CTalliOHAPHUX ONTHYHUX IMITYJIbCIB y HEJIIHIHUX BOJIOKHAX
Ta (POTOHHOKPUCTATIYHUX BOJOKHAX, i BOHM 3aKJIa[JaloTh OCHOBY IJISl MAiOyTHIX UMCIIOBHX Ta €KCHEPUMEHTAIBHHUX IOCIiJKEHb.
HeJliHiliHe TOIMPEeHHS iMITYJIbCiB, 3yMOBJIEHE AUCTIEPCIEI0.

Kuaro4oBi ciioBa: cnokiiini corimonu; xpomamuuna Oucnepcis; Kkeaopamypu, napamempuuii 0OMedxnceHHs
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