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In the current study, third-harmonic generation (THG) of a q-Gaussian laser beam propagating through a collisionless plasma is
investigated. This nonlinear beam profile induces density gradients in the plasma due to the ponderomotive force. These density
gradients excite electron plasma waves (EPW) at twice the pump wave frequency via V x B mechanism. The fundamental pump
wave and the EPW interact nonlinearly to produce third-harmonic radiation. The nonlinear ODE for the beam waist of the pump
beam and the THG conversion efficiency expressions are obtained by employing WKB and paraxial approaches. The influence of
key laser-plasma parameters, including plasma density, beam width, intensity, and g-parameter, on the self-focusing of the main
beam and the 3" harmonic efficiency is also analyzed. The results indicate that gq-Gaussian beams, due to their higher field
amplitudes and broader wings than conventional Gaussian beams, can significantly enhance THG in collisionless plasmas. These
findings provide insights into optimizing harmonic generation in structured laser beams for applications in ultrafast optics, particle
acceleration, and plasma-based radiation sources.

Keywords: Collisionless Plasma; Density Gradients; Pump Wave; Electron Plasma Wave; Self-focusing;, Third harmonic
Generation

PACS: 52.38.Hb, 52.35.Mw, 52.38.Dx

1. INTRODUCTION

Lasers interaction with plasma medium is an important research topic amongst theoretical/experimental
researchers in recent decades, owing to their crucial role in inertial confinement fusion (ICF), charged particle
acceleration and radiation sources [1-6]. During laser-plasma interaction, a wide variety of nonlinear processes,
including self-focusing, parametric instabilities, self-phase modulation, and harmonic generation, are produced [6-15].
Harmonic generation has received significant attention due to its fundamental significance and technological
applications. The propagation dynamics of the laser beam is strongly influenced by harmonic generation. Harmonic
generation facilitates beam propagation in overdense regions and supports mode conversion processes. The generation
of harmonics has been extensively studied in laser-plasma systems [16-21]. Third harmonics generation becomes an
important nonlinear process for ultra-relativistic laser intensities and structured beams. Mostly the work on harmonic
generation was explored by considering uniform plane waves. However, actual laser beams have non-uniform spatial
irradiance profiles and nonlinear processes are greatly triggered by such spatial profiles. Such non-uniform profiles
exhibit self-focusing/Self-defocusing phenomena. So, they modify overall electric field strength and hence enhance
efficiency of harmonic production. g-Gaussian beams have higher field amplitude across the wave front in comparison
to ordinary Gaussian profiles. So, this motivates us to explore third harmonic radiation from g-Gaussian beam in
plasmas. Researchers interest in laser-plasma interaction extends beyond plasma optics. Because, electron plasma wave
(EPW) is excited at high frequency during this process. This high frequency plasma wave may result in to production of
energetic electrons, which can preheat the fusion target and could cause degradation of implosion performance.
Similarly, high frequency plasma wave transfers energy to charged particles through wave-particle interaction. In this
process, charged particles acquire extremely high energy thereby causing ultrahigh acceleration gradients. So, in actual
practice, nonlinear plasma response that generates harmonic radiation also plays key part in such processes.

Experimental/Theoretical researchers have explored higher harmonic radiations in plasma. Schifano et al. [22]
explored generation of harmonics in plasma through filamentation process.

Esarey et al. [23] explored relativistic harmonic radiations in plasma and further the discussed the effect of diffraction
in forward harmonic emission. The production of harmonics in forward direction has also been explored in underdense
plasma [24-25]. Ganeev et al. [26] explored production of higher harmonics in plasma plumes and Gupta et al. [27]
explored third harmonic generation at ultrarelativistic intensities. The use of wiggler magnetic field has been shown to
significantly enhance THG efficiency by satisfying phase matching conditions [28-31]. Azad et al. explored that Raman-
enhanced nonlinear effects in Hermite-cosh Gaussian beam are found to increase harmonic efficiency in magnetized
plasmas [32]. Ganeev et al. explored that higher harmonic generation in boron carbide plasmas are found to show
enhancement over carbon and boron plasmas [33]. Laser pulse critically influences harmonic yield, increasing linearly
below and decreasing near saturation [34]. R.A. Ganeev explored enhancement of higher harmonics in laser induced
plasmas [35]. Furthermore, pulse slippage and density transitions have been identified as critical factors influencing THG
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efficiency [37-39]. It is already quite clear from these observations that third harmonic generations in plasmas are sensitive
to beam structure, plasma profile, and nonlinear interaction geometry. Recently, a new class of lasers i.e. q-Gaussian lasers

2\"4
has been invented. Such beams have intensity irradiance in the form, f(r) = f(0) (1 + ;7) . Setting q—> oo changes
0

it to conventional Gaussian beam. There is greater flexibility linked with g-Gaussian profiles on account of tunable g-
parameter. This g-parameter helps them to change their profiles from Gaussian like to Super-Gaussian like forms. Such
beams also exhibit less divergence thereby enabling improved confinement of optical energy. q-Gaussian beam profiles
also exhibit reduced power content and broader wings, which makes them suitable candidate in advanced nonlinear plasma
studies. The researchers have explored numerous plasma instabilities using g-Gaussian laser beams in laser-plasma
interaction studies, due to their strong nonlinear coupling characteristics [40-44]. The aim of present study is to explore
THG of q-Gaussian laser beam propagating through collisionless plasma, with particular focus on understanding the roles
of plasma density gradients and EPW in enhancing THG efficiency. It analyzes how g-parameter, beam width, intensity
and plasma density affect self-focusing and THG efficiency optimization. The plasma electrons get redistributed as a result
of ponderomotive force, thereby creating density gradients in plasma. They produce EPW at twice frequency of
fundamental wave. The nonlinear interaction of EPW excited at 2w with fundamental wave having frequency w produces
third harmonic generation. The paper is organized as follows: In Section 2, wave equation for g-Gaussian beam in
collisionless has been derived using paraxial theory. In Section 3, we derived the amplitude of electron plasma wave at 2w
starting from the fluid equations and further using perturbation analysis and process of linearization. In Section 4, we
derived the efficiency of 3™ harmonics. Sections 5 & 6 are devoted to discussion of results and conclusion respectively.

2. SOLUTION OF WAVE EQUATION FOR PUMP BEAM
The current study explores transition of q-Gaussian beam in plasma in z-direction. The beam’s intensity at plane
z = 0 is represented as
CE*|._. = E2 2y
E-El,e= B (1+ qrg) : (1)

In Eq. (1), E, and 1 denote field amplitude and beam radius at z = 0. g-Gaussian beam profiles form more generalized
concept of normal Gaussian profile through q value. Increasing q values make them closer to Gaussian beam profiles. If
we keep the values of q very low, then we are in a position to produce broader/flatter profiles. For z > 0, the beam
irradiance takes the form

- —-E& r2 —-q
E-E =7 (1+qrgf2) Q)

In Eq. (2), f is a parameter telling us about the contraction/divergence of the beam as it transits through plasma. This
parameter, known as the beam waist, is related to the equilibrium beam radius. The Wave equation for the pump beam
is expressed as

2 w?
V?E +—¢E =0 3)

In writing Eq. (3), we just ignored V(V - E) term. When we are having transverse waves then, V+ E = k- E = 0, where
2
k is wave vector. Then term V(V - E) has also been neglected in present problem considering % | %Vz Ing| < 1. The

alteration in plasma’s dielectric response is observed in course of laser propagation within plasma. The Plasma’s total
dielectric function is comprising of two parts, i.e.

E=g +P(E-EY) “)

In Eq. (4), there are two contributions on RHS, 'g,’ being linear contribution while '@ (E - E*)’ being nonlinear
contribution. Both these terms are expressed mathematically as

2

go=1-=% (5)
(1.)2 e
®(E - E) =w—§[1—%] ©6)

4mne?

In the above Egs. (5) and (6), w, =

— is plasma frequency. "Ny’ and ‘N, denote the concentrations of plasma

electrons in presence/absence of beams. Suppose a beam profile with angular frequency w and wave vector k is
transiting along the z-axis in a hot collisionless plasma. During the transition of the laser beam through plasma, the
nonlinear ponderomotive force induces density variations in plasma. This further changes the plasma density profile in
the transverse direction as

b (3035 5) o
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2

In Eq. (7), f = m; Where, e, m, M, Ty and Kz correspond to electronic charge, electronic mass, ionic mass,
Bfo

plasma temperature and Boltzmann constant respectively. So, on using Eq. (7), we can write the nonlinear portion for

collisionless plasma as
2
* 3 *
o -£) = 1-ex (3558 )] ®

Now, we will make use of the approach [45-46] to obtain a solution of Eq. (3)

E = Ey(r, 2) expli(wt — k(S + 2))] ©)
. E2 r2 \ "4
Eo By =" (1+ %) (10)
1_,1df
S=ET2;E+¢O(Z) (11)

k =%\/£_0 (12)

Here, f is a parameter describing beam waist of q-Gaussian beam and it satisfies 2™ order differential equation as

%:%_(@)2 Ghies)exr[-585 %] 5 (13)

Eq. (13) denotes variation in beam waist with normalized propagation distance as laser beam transition in hot
collisionless plasma take place. The boundary conditions are f =1 & % =0atn=0.

3. EXCITATION OF ELECTRON PLASMA WAVE
We have considered the dynamics of plasma electrons in exploring excitation mechanism of EPW. Since, mass of
ions is almost 2000 times mass of electrons. So, they will not react to large frequency field and will be treated as fixed
in their respective position. Moreover, ions don’t play any role in excitation mechanism of EPW. The nonlinear
ponderomotive force produces density gradients in collisionless plasma, which act as source for EPW. We will start
from the following Fluid equations in order to derive source term for THZ.

AN,

5+ V-(N,V)=0 (14)
V-E =4n(ZN,; — N,)e (15)
NLZ: = Constant (16)
av _ 1 Y
m E+(V-V)V]——e[E+;VxB]—21"mV—N—eVPe (17)

Using perturbation analysis and further linearizing the equations, amplitude term in case of EPW is obtained as

-q

_ eng Ego 2 \z2 (r 1
20 (T) = m f (1+qr§f2) {rgfz} N (18)
{4w2—k2v§h—w%<exp -5 f°2° > }
4. EFFICIENCY OF THIRD HARMONICS
Third harmonic radiation is produced through coupling of interaction of amplitude term for EPW n,, with
fundamental beam.

éVL = —eNy, Vo (19)

In presence of input field, an electron oscillatory velocity is

Vo = — 2 (20)

miw
2
Hence, J3t = #nmEo @0

The field vector E5; of THG obeys wave equation

2 8mi
V2E; + 3 e3(w3)Es = — =2 J* (22)
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On substituting value of /' from Eq. (21) in Eq. (22), one can obtain

2 (4)2 »
V2E3 + %33(0)3)E3 = C_;)%EO (23)
In Eq. (23), w3 = 3w and &5 are for 3™ harmonic frequency and 3™ harmonic dielectric function respectively. We can
easily solve Eq. (23) to obtain

—q
—@Bmwfeo(q T2 V2 __1
Ey = 2 ng f (1 + qrgfz) (kZ2-9K2) (24)
Now, the power of 3™ harmonics is
P; = [[ |E5|* dxdy (25)
The power of fundamental beam is
Py = [[ |E,|* dxdy (26)
The efficiency of 3™ harmonics is expressed as
2
wh (Eoo 2 _Tq 2 ) 1 1
0| e (1) ) 2030w | T4
c argf of J{4(02—kzvgh—“’zz)(exl’[_%ﬁﬁiéo]) ](k3 9k2)
v, = — @7)

2 \Z
ff(%(lﬁn%fz) )rdrde

5. DISCUSSION
The Egs. (13) and (27) don’t have analytical solution on account of their nonlinear and coupled character. So,
numerical simulations of these equations are performed by taking established laser and plasma parameters;

2
a(=2p2)E2 =3.0,40,50:2=03,05,07 ;7 = 15 im, 20 um, 25 um, q = 1,2,3

Eq. (13) contains two contributions on RHS with each contribution has fundamental physical effect. The first term
causes spreading of beam as it transits through medium. The second term causes nonlinear self-focusing of beam. So,
the overall beam response in plasma is decided through interplay between these two opposite mechanisms. If first term
is stronger, then beam divergence takes place. If second term is stronger, then contraction of beam takes place. When
these two opposing mechanisms exactly balance each other in magnitude, then beam neither contracts nor diverges. On
the other hand, beam’s radius remains almost fixed during its transition through plasma medium. This equilibrium state
so obtained is known as self-trapping, where beam transits through plasma medium without spreading or collapsing.

Figure 1 illustrates variation of f with n for three different beam intensities i.e. @E2, = 3.0, 4.0,5.0. The curves
corresponding to aEZ, = 3.0, aE2, = 4.0, and aEZ2, = 5.0 are shown in blue, green and red respectively. It is clear
from results that increment in aEZ, parameter reduces tendency of beam to focus. This behavior arises due to reason
that divergence term becomes more dominant than convergence term at higher aEZ, parameter. So, there is weakening
of self-focusing at higher aEZ,.

2
Figure 2 illustrates variation of f with n for three different plasma densities i.e. % = 0.3,0.5,0.7. The curves

2
el )

2 2
corresponding to — = 0.3, w—’;’ = (0.5, and w—z = 0.7 are shown in blue, green and red respectively. It is clear from results
w w

w?
2

that increment in % parameter enhances tendency of beam to focus. This behavior arises due to reason that refractive
2
term becomes more dominant than diffraction term at higher % values. So, there is strengthening of self-focusing at

(‘)2
higher — values.

Figure 3 illustrates variation of f with n for three different beam radii i.e. ry = 15um, 20um, 25um. The curves
corresponding to 1y = 15um, ry = 20 um, and ry = 25 pm are shown in Blue, Green and Red respectively. It is clear
from results that increment in 1, parameter enhances tendency of beam to focus. This behavior arises due to reason that
refractive term becomes more dominant than diffraction term at higher r, value. So, there is strengthening of self-
focusing at higher 7y,

Figure 4 illustrates variation of f with n for three different g-values i.e. ¢ = 1,2,3,and . The curves
corresponding to g = 1, ¢ = 2,q = 3,and q = oo shown in Blue, Green, Red and Black respectively. It is clear from
figures that increment in g parameter enhances tendency of beam to focus. This is due to increase in intensity
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localization along axis of beam with rapid increase in q values. So, axial rays start undergoing focusing earlier than off-
axial rays, thereby improving focusing characteristics of beam. For g — oo, the beam profile changes to ordinary
Gaussian beam, and has less sharply localized intensity thereby reducing nonlinear focusing effect, hence decreasing
self-focusing compared to finite q values.
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Figure 1. Variation of f with n for three different beam Figure 2. Variation of f with n for three different plasma densities
2
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Figure 3. Variation of f with n for three different beam radii  Figure 4. Variation of f with n for three different g-values i.e.
ie. 19 = 15um,20um, 25pm. The curves corresponding to q = 1,2,3, . The curves corresponding to g =1, q = 2,q =
1o = 15pm, ry = 20 wm, and ry = 25 pm are shown in Blue, 3,and g = coshown in Blue, Green, Red and Black
Green and Red respectively respectively

Figure 5 illustrates variation of Y3 with n for two different beam intensities i.e. aEZ, = 4.0,5.0. The curves
corresponding to aEZ, = 4.0, and @EZ, = 5.0 are shown in Blue, and Red respectively. It is clear from results that there
is decrease in magnitude of Y3 with enhancement in aEZ, parameter. This reduction is directly connected with focusing
characteristics of pump beam. Since, focusing ability of pump beam is found to get weakened by increasing aEZ,
parameter. So, amplitude of EPW and hence yield of 3" harmonics are decreased accordingly.

2
Figure 6 illustrates variation of Y; with n for two different plasma densities i.e. % = 0.5,0.7. The curves

2 2
corresponding to % = 0.5,and % = 0.7 are shown in Blue, and Red respectively. It is clear from the results that there
2
is increase in magnitude of Y; with enhancement in % parameter. This amplification is directly connected with focusing
2
characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing %
parameter. So, amplitude of EPW and hence yield of 3™ harmonics are enhanced accordingly.

Figure 7 illustrates variation of Y; with n for two different beam radii i.e. ry = 20um, 25pum. The curves
corresponding to 1, = 20um, and r, = 25um are shown in Blue, and Red respectively. It is clear from the results that
there is increase in magnitude of Y; with enhancement in r, parameter. This amplification is directly connected with
focusing characteristics of pump beam. Since, focusing ability of pump beam is found to get strengthened by increasing
1o parameter. So, amplitude of EPW and hence yield of 3™ harmonics are enhanced accordingly.
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Figure 8 illustrates variation of Y; with 1 for two different g-values i.e. ¢ = 1, 2 and oo. The curves corresponding
toq =1, g = 2 and g = oo are shown in Blue, Red and Black respectively. It is clear from results that magnitude of Y5
is amplified with enhancement in g values. This is on account of reason that increase in q value enhances axial self-
focusing of pump beam thereby amplifying nonlinear interaction that produces third harmonics. So, dominant role is
played by g-parameter in optimizing THG output. For g — oo, the beam profile changes to ordinary Gaussian beams
and has less localized intensity, reducing axial self-focusing and thus lowering the efficiency of 3™ harmonics.
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Figure 5. Variation of Y; with n for two different beam Figure 6. Variation of Y; with n for two different plasma
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Figure 7. Variation of Y; with n for two different beam radii i.e.  Figure 8. Variation of Y; with n for two different g-values i.e.
1o = 20pm, 25pum.  The curves corresponding to 1y = g = 1,2 and 0. The curves corresponding to g = 1, g = 2 and
20pm, and 1y = 25um are shown in Blue, and Red respectively g = oo are shown in Blue, Red and Black respectively

6. CONCLUSIONS
The present study explores third-harmonic generation of a q-Gaussian beam in a Collisionless plasma using the
paraxial approach. The analysis reveals two key outcomes:

1. Beam Focusing: The beam’s self-focusing capability is strengthened with enhancement in plasma density, beam
radius, g-parameter, and with a decrease in beam intensity. To optimize self-focusing, we need careful control of
beam and plasma parameters.

2. THG Efficiency: The efficiency of 3™ harmonics is amplified with enhancement in plasma density, beam radius, g-
parameter, and with reduction in beam intensity. So, to optimize THG efficiency, we need to have careful control
of beam and plasma parameters

These results are highly crucial for applications in laser-driven fusion and other laser-plasma interaction schemes,

where the production of 3rd harmonics plays an important role.
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TEHEPAIIIA TPETHOI TAPMOHIKH Q-TAYCIBCBKOI'O JIASEPHOI'O ITIPOMEHS Y TVIA3MI BE3 3ITKHEHB
Kyuxkapan Cinrx, Kemas Baubs, Tapangxor Cinrx
Kagheopa ¢pizuxu, Yuisepcumem DAV, [[ncananoxap, Ilenocad-144012, Inois

VY npoMy JOCHTiIDKEHHI JOCIIJDKY€EThCsl reHepanist Tperboi rapmoHiku (I'TTY) g-rayccoBoro ja3epHOro npoMeHsl, 0 IOLIIMPIOETHCS
yepe3 0e33iTKHIOBaJIbHY IUIa3My. Llel HeniHiliHMHA npodinb MpoMeHs iHAYKye TPpalieHTH TYCTHHH B IUIa3Mi Yepe3 HOHAEPOMOTOPHY
cuiy. Lli rpanmientu ryctunu 30ymKytoTh enektponHi miaasmosi xBwii (EITX) 3 moxBoeHOIO 4acTOTOI XBHJII HakauyBaHHS 3a
JOTIOMOTOI0  MEXaHi3My V xB. OyHnamMeHTalbHa XBWISA HakadyBaHHS Ta EIIX B3aeMomifoTh HENIHIKHO, CTBOPIOIOYH
BUIPOMIHIOBaHHS TpeTboi rapmoHiku. Heminiifine 3P i mepeTsbkkM NpoMeHS HakadyBaHHS Ta BHUpasH e(EKTUBHOCTI
neperBopensst ['TT otpumani 3a gonomororo Metoay BKB Ta mapakcianbHoro mimxoniB. Takox MpoaHaIi30BaHO BIUIMB KITFOYOBHX
rapaMeTpiB Ja3epHOi IUIa3MH, BKJIIOYAIOYM TYCTHHY IUIa3MHM, LIMPUHY IPOMEHs, IHTEHCHBHICTh Ta (-llapamerp, Ha
camM0(OKyCyBaHHsI OCHOBHOTO TIPOMEHsI Ta e(peKTHBHICTh TPEThOI rapMOHIKHU. Pe3ynbTaTi MOKa3yTh, 0 (-rayCcoBi My4KH, 3aBAsSKH
CBOIM BHUIIMM aMIUTITy/IaM HOJIS Ta IIMPLIMM KPHWJIAM, HiX Yy 3BHYAHHHMX IayCOBHX ITy4KaX, MOXKYTh 3HA4YHO IOKPAILUTH FEHEPALIilo
TapMOHIK y Oe33ITKHIOBaJbHIN TwiazMmi. Lli pe3ynbratu maloTh ySABIEHHS NMPO ONTHMI3ALil0 TeHepamii TapMOHIK y CTPYKTypOBaHUX
Ja3epHUX MPOMEHSAX JJIs 3aCTOCYBaHb B HAAIIBHIKINA ONTHUIN, MPHUCKOPEHHI YaCTHHOK Ta JDPKepeslaX BHIPOMIHIOBAHHS Ha OCHOBI
TUIA3MH.

Kio4uoBi ciioBa:  06e33imkHIO8ANbHA  NAAZMA,  2PAOIEHMU  2YCMUHU, XUl HAKAYYBAHHA, eleKMPOHHA NIAA3MO8A  XGUISL,
Camoporycysants; eenepayis mpemvoi 2apMOoHIKuU



