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We investigate the thermodynamic properties and stability of hyperbolic (AdS—Rindler) black holes, emphasizing the effects of non
perturbative quantum correction. Using standard thermodynamic formulations alongside the Poincaré disk method, we compute key
quantities including mass, Hawking temperature, entropy, and heat capacity. To account for quantum gravitational effects, we introduce
an exponential correction to the Bekenstein—Hawking entropy and systematically derive the modified thermodynamic parameters. While
the corrected entropy yields consistent adjustments, the heat capacity exhibits nontrivial behavior, leading to narrower and more gradual
stable regions (Ar(g)) for each dimension d. Moreover, the smoothing of sharp entropy variations near r, = 1 emphasizes how horizon
geometry governs the impact of quantum corrections. This study provides the novel systematic identification of stable regions before
and after exponential corrections of (AdS—Rindler) black holes, offering new insights into the interplay of geometry, dimensionality,
and quantum effects in black hole thermodynamics.
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1. INTRODUCTION

The study of black hole (BH) thermodynamics has been a cornerstone in understanding the intricate relationship
between gravity, quantum mechanics, and statistical physics. Central to this field is the exploration of how black holes
(BHs), as thermodynamic systems, adhere to laws analogous to the classical laws of thermodynamics. The seminal
works of Bekenstein and Hawking established that BHs possess an entropy proportional to their horizon area [1, 2].
The formulation of BH mechanics as analogous to the laws of thermodynamics was first systematically established
by Bardeen, Carter, and Hawking [3], who demonstrated that the surface gravity of a BH remains constant over the
horizon, analogous to temperature in conventional thermodynamic systems. This foundational framework later faced
challenges with the information paradox, which found a potential resolution pathway in Page’s work [4], suggesting that
information might be preserved in BH evaporation through subtle correlations in the radiation, with information beginning
to emerge after approximately half the entropy has been radiated away—a concept now known as the 'Page curve.” A
complementary breakthrough came from string theory when Strominger and Vafa [5] provided the first precise microstate
counting for certain supersymmetric BHs, demonstrating that the Bekenstein-Hawking entropy formula could be derived
from first principles by counting the degeneracy of D-brane configurations, thus establishing a crucial link between
gravity and quantum theory that continues to influence the development of quantum corrections to BH thermodynamics.
These discoveries have spurred extensive research into the microscopic origins of BH entropy and the potential quantum
corrections that arise in various gravitational settings. In particular, the Anti-de Sitter (AdS) spacetime has garnered
significant attention due to its role in the AdS/CFT correspondence, which posits a duality between a gravitational theory
in AdS space and a conformal field theory on its boundary. Within this framework, Rindler-AdS spacetime emerge as a
fascinating subclass, characterized by their hyperbolic horizons and constant acceleration analogous to Rindler coordinates
in flat spacetime. These spacetime provide fertile ground for investigating the thermodynamic properties of BHs, especially
when considering the implications of quantum corrections to classical entropy formulations [6, 7]. The importance of AdS
black holes has been widely recognized, leading to extensive research in various directions. For instance, the reconciliation
of the Weak Gravity Conjecture (WGC) and the Weak Cosmic Censorship Conjecture (WCCC) by examining Einstein-
Euler-Heisenberg-AdS BHs in four-dimensional spacetime has been investigated in [8] by applying certain conditions to
the metric parameters, they show that the (WGC) and the (WCCC) can be simultaneously satisfied. Furthermore, the
investigation of the thermodynamic topology of AdS Einstein—power—Yang—Mills BHs using both bulk-boundary and
restricted phase space (RPS) approaches, considering different non-extensive entropy models, has been studied [9]. Also,
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the thermodynamic topology of Schwarzschild-AdS BHs under the frameworks of non-commutative geometry and Barrow
entropy, providing an overview of the black hole’s properties and the relevance of Barrow entropy studied in [10].

The Bekenstein-Hawking entropy formula, which equates the entropy of a BH to a quarter of its horizon area, serves
as the classical foundation for BH thermodynamics. However, various approaches in quantum gravity suggest that this
entropy receives corrections, often manifesting as logarithmic terms including thermal fluctuations [11], higher-order
entropy corrections [12], non-perturbative exponential corrections [13]. These corrections are pivotal in understanding
the microstates contributing to BH entropy and have profound implications for the stability and phase structure of BHs
[1,2].

Recently the thermodynamic properties of AdS—Schwarzschild-type BHs through the framework of loop quantum
gravity has been tested, showing that quantum corrections play a crucial role in reshaping their critical behavior and
phase transition characteristics [14, 15, 16]. These corrections modify key aspects such as the equation of state, critical
points, and heat capacity, ultimately affecting the stability conditions of BHs. Such insights highlight the importance
of accounting for quantum effects to achieve a deeper and more complete understanding of black-hole thermodynamics
[17,18, 19].

In the realm of Rindler-AdS spacetimes, the entanglement entropy of holographic quantum fields has been the
subject of extensive investigation. Emparan and Magan [20] demonstrated how quantum disentanglement modifies the
entanglement structure of holographic quantum fields in Rindler—AdS geometry, while in [21] extending the Rindler
method to compute timelike entanglement entropy in AdS3/CFT, has been studied. Further developments in [22, 23]
analyzed generalized Rindler wedges and inner-horizon entanglement, respectively, highlighting the geometric richness of
these setups. Complementarily, Miao [24] investigated the Casimir and holographic dual aspects of AdS wedges, providing
deeper insight into quantum correlations across Rindler horizons.

Interestingly, holographic analyses indicate that the entanglement entropy remains finite even in the zero-temperature
limit, creating a puzzling scenario that has motivated extensive investigations into the quantum properties of Rindler—AdS
BHs [20, 21, 22, 23].

In recent years, the study of quantum corrections to BH thermodynamics has gained significant attention [25, 26, 27,
28, 29], as these corrections might provide insight into the quantum nature of gravity and potentially resolve longstanding
paradoxes such as the information loss problem [30]. Prior attempts to consider corrections to the BH entropy are due to
the thermal fluctuations which at leading order add an alogarithmic term to the BH entropy [31, 32, 33, 34, 35, 36]. Higher-
order entropy corrections represent another important approach to quantum BH thermodynamics. Upadhyay et al. [12]
studied the P-V criticality of AdS BHs corrected for first-order entropy in massive gravity, finding that entropy corrections
can substantially alter phase transition behavior. The application of quantum gravity approaches to BH thermodynamics
represents the frontier of this field. Pourhassan et al. [37] investigated quantum gravitational corrections to the geometry
of charged AdS BHs, while Lone et al. [38] applied topos theory to derive quantum gravitational corrections to a Kerr

BH. These studies suggest that a full quantum theory of gravity might resolve longstanding issues in BH thermodynamics,
(©)
including the information loss paradox. The classical Bekenstein-Hawking entropy formula (S ) is given by:

() kpA
= 1
BH = 5o (1
where A is the area of the horizon given by:
A =ne l; 2

where € is constant and 7 is the quantum number. In addition, the surface gravity « is computed as:

1 df
K = z Z B (3)
r=rp
where f(r) is the blackening factor. It is important to note that the expression for surface gravity presented in Eq. (3) is
applicable only to static black hole configurations, such as the Schwarzschild and Reissner—Nordstrom solutions, and fails
to describe rotating (Kerr) geometries (see [3, 39, 40]). Furthermore, the temperature (7') of a BH is related to its surface
gravity («) by the formula:

hk
T = 2’ @
where, 7i is the reduced Planck constant. This relation arises from the Hawking temperature formula, which states that
the temperature of a BH is proportional to its surface gravity. This result is fundamental in BH thermodynamics and is
derived from quantum field theory in curved spacetime.
Quantum gravitational effects are expected to introduce corrections to this entropy. Various approaches, including
string theory and loop quantum gravity, suggest modifications that often take the form of logarithmic or exponential terms.
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For example, Calmet and Kuipers [41] calculated quantum gravitational corrections to the entropy of a Schwarzschild BH
using the Wald entropy formula within an effective field theory approach.
BH entropy is generally expressed in the following form [42]:

S A +aln A +,B4f§°+ +e€ 0 A + (@)
[ — o —_— —_— oo X —_() ——— PP
42 42 " A P 403

where the constants (a, 8, d,7n), and similar terms, are universal. For black holes with small horizon areas of order
(0(1127)), a complete quantum gravity framework is required for a proper description. In such cases, the logarithmic
and higher-order correction terms involving ((112, /A)) may be modified or even absent. Pourhassan et al. [13] applied
non-perturbative quantum corrections to a Born-Infeld BH and analyzed its information geometry, revealing new aspects
of BH microstructure. More recently, Pourhassan et al. [43] investigated non-perturbative corrections to BH geometry,
showing how quantum effects fundamentally alter spacetime structure near BH horizons. The study of quantum corrections
in various BH backgrounds has also extended to higher-dimensional and exotic BH solutions. Han et al. [44] examined
the the impact of fluctuations on AdS BHs in arbitrary dimensions, deriving how horizon perturbations change Hawking
temperature and Bekenstein—Hawking entropy and discussing resulting thermodynamic consequences. While Pourhassan
et al. [45] investigated the quantum thermodynamics of an M2-MS5 brane system. These studies highlight the universal
nature of quantum corrections in different theories and dimensions of gravitation. Recent work has also connected
quantum-corrected BH thermodynamics to holographic concepts such as the AAS/CFT correspondence. Kumar et al. [46]
studied the stabilizing effects of higher-order quantum corrections on charged BTZ BH thermodynamics, demonstrating
how quantum corrections affect the stability of BHs in AdS space. Moreover, Pourhassan et al. [47] examined thermal
fluctuation effects on the shear viscosity to entropy ratio in five-dimensional Kerr-Newman BHs, providing important
connections to hydrodynamic properties of dual field theories.

In the context of Rindler-AdS hyperbolic BHs, understanding these quantum corrections is crucial, as they can
significantly influence the thermodynamic stability and phase structure of the system. Studies have shown that such
corrections can alter the heat capacity and, consequently, the stability criteria of BHs [48].

Recent studies continue to explore quantum gravity’s impact on BH thermodynamics, from shadow imprints and
singularity resolution in regular BHs [15, 49] to phase transitions in hyperscaling-violating spacetimes [50]. Investigations
into AdS BHs further show how corrections from the generalized uncertainty principle alter their evaporation and stability
[51], with thermodynamic geometry providing key insights into the resulting phase structures [52]. Our work builds upon
this foundation by applying an exponential entropy correction to the distinctive AdS-Rindler geometry, revealing its unique
stability signatures.

This article is organized as follows. Section 2 presents the theoretical model, establishing the foundational framework
for our analysis of AdS-Rindler BHs. Section 3 explores the mathematical aspects of computing the area of AdS-Rindler
BHs. In Sec. 4, we develop the thermodynamic framework before adding quantum correction, introducing key concepts
and methodologies for analyzing BH thermodynamics from a thermal point of view. Section 5 provides a detailed
analysis non-perturbative quantum corrections of entropy and other thermodynamic function model. Section 6 explores
the comparison between the thermodynamics before and after adding quantum corrections. Finally, section 7 summarizes
our findings and discusses their implications, along with future research directions in this field.

2. GENERAL FORM OF HYPERBOLIC BLACK HOLES
The action for a hyperbolic BH in the Rindler-AdS spacetime is typically derived from the Einstein-Hilbert action
with a negative cosmological constant. The general form of the action in (d + 1)—dimensional space-time is given by:
S = 1
- 167G

/ d x\=g (R - 2A) (6)

where, R is the Ricci scalar, and A = —d(;l ;1) is the cosmological constant for AdS spacetime with curvature scale

[. Unlike their spherical counterparts, these BHs exhibit distinct thermodynamic behaviors because of their horizon
geometry. The variation of this action with respect to the metric g,,, gives Einstein’s field equations:

1
Guv = Ryy — zgl,yR + guvA = 0. @)

Taking the trace by contracting with g#”, leads to:

o d(d+1)
==

Substituting this into Eq.(7), we obtain the Einstein tensor (G ) as the following.

®)

d
G,uv = va + (ﬁ) 8uv = 0. &)
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This describes an AdS spacetime with constant curvature. The general form of the metric for a (d + 1)-dimensional
hyperbolic BH can be expressed as:

d 2
ds® = —f(r)de* + f(—’"r) +r2dH, (10)
where ng .1 denotes the unit metric of the hyperbolic static BH in & + 1 dimensional space [48]. Although the

metric considered here, Eq. (10), does not explicitly use Rindler coordinates, it corresponds to the hyperbolic patch of
anti—de Sitter (AdS) spacetime that is locally equivalent to the Rindler wedge of AdS under an appropriate coordinate
transformation (see Refs. [48, 53]). Hence, following common usage in the literature, we refer to this background
as a Rindler—AdS spacetime. This designation emphasizes the constant—acceleration interpretation of observers in the
hyperbolic AdS region and justifies the thermodynamic analysis in analogy with Rindler horizons. Or, in the matrix form
the metric tensor g, is a (d + 1) X (d + 1) symmetric matrix:

[-f(r) O 0 0 0
1
0 i) 0 0 0
0 0 0 0
gw=1| 0 0 0 r2sinh?y 0 (1)
0 0 0 0 .o« r2ginh® y - - -sinh? 64_3]
The Ricci tensor components presented in Eq. (9) can be calculated as:
_ a a B B
Ry = 0ol — 0,00, + T80, — T8, (12)
where Fffv is the Christoffel symbols, can be found:
1
F;L/loz = Eg'uﬁ( 6v(gaﬁ) + aa(gvﬁ) - aﬁ(gva) ) (13)
Substituting Eq. (11) and Eq. (12) into Eq. (7) the blackening factor (f(r)) can be found as:
2
r M
f(”)=f—2—1—’m, (14)

The event horizon is located at r = rj, where f(rg) = 0 and M is the mass of the BH. Then solving (f(ry) = 0) yields
the following:

72
M=rl? (f—g—l). (15)
Thus, substitution of Eq. (15) Eq. (14) reduces to,
P A
f(r)=€_2_1_rd_—2 E—l (16)

This metric function is the key factor for calculating surface gravity, Hawking temperature, and other thermodynamic
parameters, as we will see in the upcoming sections.

3. AREA OF HYPERBOLIC SPACE

To find the area of a hyperbolic space, we consider the metric of hyperbolic space Hy-1 and compute the surface
integral over a given region. The hyperbolic space (Hy;-1) can be represented using the Poincaré disk model, where the
metric in polar coordinates is given by:

dr? + r2dQ?
ds? = ——— 422 17
* (1-r2)2 (1n
where (r) is the radial coordinate on the Poincaré disk (0 < r < 1) and (dQé_z) is the metric on the unit (d —
2)—dimensional sphere. The area element in H;_; (with the dimension of length / normalized to unity) is given by [53]:

rd=2 gr dQg_»

dA = ————
(1 - r2)d-1

(18)
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d—Z . . . . . .
where ———— g is the metric determinant. The total area of a hyperbolic space up to a radius (rj) is calculated as

(1 r)dl
/ / dzdrdeg
Qs ]_rZ)d 1

(for s1mphclty we assume [ = 1):
2p(d=1)/2 o pd=2 gy

TT(d-0/2) Jy (=)l (19)

A(rp)

Since the factor (Qg_» = r%(”ff%) is the total solid angle for a unit (d — 2)—sphere. Making the substitution (x =

r?, dx = 2rdr), Eq.(19) reduces to:

p(d=1)/2 r} 1

m 3 .X(d_3)/2 (1 - x)_(d_l) dx (20)
- 0

A(rp) =

Thus, the total area of hyperbolic space obtained as [54]:

2pld-D/2 =1 d-1 d+1
A(rn) = : ( 7

R, O e Y 21

. (ﬂ) -1 (= — i Th (21
2

where,  F (d d-1; d” ) is the Gauss hypergeometric function. Thus, Eq.(21) gives the area enclosed within the

radius ry, in the hyperbohc space.

4. THERMODYNAMICS OF ADS-RINDLER BHS

In this section, we derive the fundamental thermodynamic properties of BHs using established formalisms in BH
thermodynamics. We begin by computing the temperature and entropy, followed by the heat capacity, which plays a key
role in determining the stability of the BH. The upcoming calculations provide a comprehensive understanding of the
black hole’s thermodynamic structure and its response to quantum corrections or modifications in the entropy function.
Substituting the area presented in Eq. (21) into Eq. (1) (assuming kg =% = G = 1) we obtain the following.

(C) d— d+1
S B(d)r‘“zFl( s d=1s = ,,%), (22)

where,

ald=D/2

Bla= 2(d - 1)r(%)

Similarly, substituting Eq. (16) into Eq. (3) leads to the following (¢ = 1):

d 1 2
= — h— — 2
K 2[}’/ rh+drh] (23)
Thus, Hawking temperature can easily be found from Eq. (23) and Eq. (4) as:
d 1 2
T = - — 24
4r "h d rh} 24

where rj; denotes the black hole’s horizon’s radius. Furthermore, the heat capacity of the BH is an essential
thermodynamic quantity that determines its stability. From the first law of BH thermodynamics, it is found to have
following relation [55, 56]:

oM
C=%r

oM oT
- (a—) / (a—) )

Using Eq.(15) and Eq.(24), the partial derivatives of mass and Hawking temperature with respect to the horizon radius ry,
are expressed by

oM

G = ld = d=2)]. (26)
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and
oT 1 d-2
— =—|d , 27
orp,  4rn [ * ry @7)
respectively. Finally, by substituting (26) and (27) into (25), the uncorrected (or classical) heat capacity is given by:
(©) dri—(d-2
¢ i [ 2D 0 8)
dr,+(d-2)
The pressure associated with the BH can be expressed as [55]:
1
P=3TS. 29)

This relation establishes a direct connection between the temperature, entropy, and thermodynamic pressure of the BH.
Thus, putting (22) and (24) into (29) the pressure of the AdS-Rindler black hole obtained as,

©  B(d) 445 (,2 d-1 Ld+1 5
P =i (drh—d+2)2F1 —d-L i)

(30)
where we have used the derivatives of the the hypergeometric function formula:

d b
LR biciz)=20F (a+1, b+ 1 c+1;2)
dz c

The thermodynamic volume, which is conjugate to the pressure, is obtained using the following definition [13].

oM
T HP

)

This expression describes how the mass M of the BH varies with respect to pressure, providing insight into its extended
phase-space thermodynamics. In so doing, applying Eq. (31) to Egs. (15) and (30) the BH volume can be calculated as:

14

©) gx/2) dri—(d-2) .
B B(d) . 22— (d=22)F (4= g—1: 4l. ;2 2(d-1)2 2 di?—d+2)F (4L g. d£3. 2 (32)
Ty, ( ) 201 7 s Ty e Iy, + d+1 rh( U + )21 7 > 45 T Ty

Finally, the Gibbs free energy, which characterizes the thermodynamic stability and phase behavior of the BH, is
given by [13]:

G=M-TS. (33)

This quantity plays a crucial role in understanding phase transitions and critical phenomena in BH thermodynamics. Doing
so0, substitution of Egs.(15), (22) and (24) into Eq.(33) leads to find the Gibbs free energy as:

© B(d) d-1 d+1
G =rz 2 rﬁ—l——4ﬂ(l/2) (dr%l—d+2) 2 Fy (—2 ,d—l;—2 ;1’12,)} (34)

Ultimately, we can say these functions provide the complete semiclassical thermodynamic description of AdS-Rindler
hyperbolic BHs.

5. THERMODYNAMICS OF ADS-RINDLER BHS WITH QUANTUM CORRECTION

In this section, we systematically incorporate quantum gravitational effects into our thermodynamic analysis of
hyperbolic BHs. Following the approach outlined in section (1), we employ an exponential correction term to the
Bekenstein-Hawking entropy, which captures non-perturbative quantum effects near the Planck scale. This correction pro-
vides a more complete description of BH microstate structure when quantum gravitational fluctuations become significant.
We begin by modifying the classical entropy with an exponential correction term,

@ (© ©
S=S+npe?’s
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d-1 d+1
d-1 . .2
:B(d)rh 2F1 (T,d—l,T, rh)
d-1 d+1
+ 1 exp [—6B(d)r,‘f_le1 (T’d_l; %;”Z)], (35)

where ¢ is the quantum correction parameter that controls the strength of quantum gravitational effects. This parameter
has dimensions of area and is expected to be on the order of the Planck area. In the limit § — 0, we recover the classical
entropy formula, and as ¢ increases, quantum effects become more pronounced.

With the corrected entropy in hand, we now derive the corresponding modifications to the other thermodynamic
quantities. The non perturbative quantum corrected temperature can be found from the first law of BH thermodynamics
(dM =T dS) using Eq,(15) and (35) as:

Q oM
T = —
S

~(a) (&)

dri-(d-2)
= — (36)
(d=1)B(d)ry [(d = DWy + 222 Wo [1 - g e-om@ritm
where,
d-1 d+1
Wi =1F (T,d—l; — r;zz), 37
d+1 d+3
W, =,F) (T d; —= rﬁ). (38)

Q)
Significant changes appear in the non-perturbative quantum corrected heat capacity C , which is defined through the
mass-temperature variation. The expression is derived using Eq. (25) for heat capacity, Eq. (26) for the mass derivative,
and Eq. (36) for the quantum temperature derivative:

(Q)

@ _(om) [|oT
- 6rh 6rh

_ i @ 1P B@P D1 rw) P2 ()] [dr, - (d - 2)]
2d(d — 1)B(d)riD1(rp)Da(rp) = [dr} = (d = 2)| D3

(39)

where,

2(d - 1)?
d+1
Dy(ry) =1-n & e 0B Wi

D3(rp) = (d = 1)B(d) [D1(rn)D2(rn) + 1D (rp) Do (rn) + raDy(rp) D5 (rp) ]

Dy(rp) = (d-1)W; + raWs

4d(d - 1)?
’ 2 3
Dl(rh) = 2(d - 1) Wy + thW:’,
. 2(d - 1)?
D5 (ry) = 1o B(d) e B W [(d w2020 r;;’WZ]

Ws = o F) (%,dﬂ; ?;r,i).

The quantum-corrected pressure is calculated by applying Eq.(29) to the modified entropy Eq.(35) and modified temperature
Eq.(36). Thus, we obtain:

Q@ [dr; - (d-2)] [B(d) rd='wy +n e_ag(d)r;;-lwl]
"o : (40)
2(d-1)B(d)rp [(d - W, + ”Z;pzrﬁ%] [1 _ e 9B r;f*‘wl]
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(o)
The corrected thermodynamic volume V , can be calculated from Eq.(31) as:

Q) oM

V = —— 41
Q) @1
J P
59
where the numerator of the above equation are presented in Eq.(26). While, one can ﬁnd in the denominator from

Eq.(40). This yield extremely lengthy expressions due to the complexity of the quantum- corrected pressure function
Eq.(40), which involve products of hypergeometric functions and exponential correction terms. For this reason, the fully
expanded form is not written here, which would span multiple lines and obscure the physical interpretation. Finally, the
corrected Gibbs free energy can be calculated as,

©) r2 [d 73 = (d=2)] [B(d) 7' Wi+ ¢=0 BT |
G =ri2| |- —. @)
¢ (d = 1)2r, W, + 24112, Wz—né((d— D)2 Wy + 24217, w) ~SB()riTWi

These quantum-corrected formulations yield several key physical insights. The exponential correction term introduces
a regularization effect that becomes significant as r;, gets small, smoothing out the divergent behavior observed in the
classical case. Unlike logarithmic corrections that dominate at large horizon areas, our exponential correction becomes
most relevant at intermediate scales, particularly in the small scale. The quantum corrections preserve the overall
thermodynamic structure, particularly affecting the stability conditions indicated by the heat capacity.

In the following section, we will analyze these results graphically to better visualize the impact of quantum corrections on
the thermodynamic landscape of hyperbolic BHs.

6. RESULTS AND DISCUSSION

This section conducts a stability analysis in hyperbolic BH solutions. The impacts of quantum corrections on
thermodynamic properties are visualized through graphical representations. First, the heat capacity in Eq.(28) serves as a
key indicator of stability, with sign changes corresponding to transitions between stable and unstable regimes. As shown
in Figs. (1) and (2), the heat capacity exhibits a singularity at r;, = 1, which indicates a critical point in the thermodynamic
behavior of the BH. In addition, according to Eq. (25), a divergence in the uncorrected (or classical) heat capacity occurs
when the temperature reaches an extremum (07" /dr;, = 0). Thermodynamic stability changes whenever the heat capacity
changes sign—occurring at 7 = 0 or M /dr, = 0. A positive heat capacity corresponds to stability, while a negative
value indicates instability. Thus, analysing zeros and singularities in the heat capacity is essential for determining BH
stability and identifying phase transitions. From Eq.(27), assuming (07 /dry) = 0, we shall determine the range of d
values for which the temperature profiles exhibit extremal points (heat capacity diverges). Thus, we obtain:

2-d

rp=ri(d) =+ y

(43)
The negative solution is physically unacceptable. Moreover, in BH thermodynamics, only dimensions with d > 2 are
admissible. Considering this, the preceding equation reveals that the only real solution occurs at d = 2, giving r, =

c

rf(d = 2) = 0. Substituting d = 2 into Eq. (28) yields (C) = 4nrp,, showing that the heat capacity remains finite for all
non-negative values of rj, and never diverges. Therefore, the obtained result r, = ¥, (d = 2) = 0 should be regarded as an
apparent solution. On the other hand, a change in the sign of the heat capacity indicates a transition between stable and
unstable BH states, with the transition occurring at points where the heat capacity reaches zero. From Eq.(26), assuming
C = 0 (corresponding to T, = 0 or IM /drj, = 0), the solution becomes:

-2
rn=ry(d) ==+ dT (44)

Ignoring the nonphysical negative root, we see that for d > 2, the regions of instability and stability correspond to rj, <
ri(d) and rj, > r}(d), respectively. Specifically, for d = 2,3,4,5 we have r}(d) = 0,1/V3 = 0.577350,1/V2 =

0.707107, \/T = 0.774597 (indicated by stars in Fig. (2) (panel (a)). Moreover, Fig. (1) presents both classical entropy
(panel (a)) and quantum-corrected entropy (panel (b)) as a function of the horizon radius ;. As can be seen, there is a
sharp broadening around r;, =1, which suggests a rapid entropy change near the critical horizon radius. This could be
an indicator of a phase transition or a region in which the thermodynamic behavior of the BH changes drastically. After
adding quantum correction, the most notable effect is that the sharp broadening around rj, = 1 is smoothed out, leading to
a more gradual change in entropy, especially as the negative part becomes positive.

Furthermore, to analyze BH instabilities in the quantum-corrected case, we shall use Eq. (39) and determine the
critical values of the horizon radii, namely rj (d) and rZ,(d). Comparing Eq. (39) with Eq. (25), we see that both share the
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(Q)
common factor (0M /dry,) in the numerator. Therefore, the zeros (7 (d) ) of the quantum-corrected heat capacity ( C )

(o))
are identical to those of the classical heat capacity ( C ), which were analytically obtained in Eq. (44).

Q)
However, due to the complexity and nonlinearity of the denominator (9 T /dry) of Eq. (39), which involves
transcendental functions, obtaining analytical solutions for rX (d) is impractical. Therefore, the roots can be computed

numerically. For each value of d, the stable region for the BHs, corresponding to (g : > 0, is indicated by the interval
between these critical values, i.e., Ar(g) = |r;’o(d) - rg (d)\. Specifically, for the values of d = 2, 3, 4, 5, the stable regions
are defined as follows: Ar(y) = [0.093547 — 0| = 0.093547, Arz)y = [0.681542 — 0.577350] = 0.104192, Ary =
|0.776354 — 0.707107| = 0.069247, Ary = 10.821919 — 0.774597| = 0.047322, respectively. These points are
highlighted with different markers in Fig. (2) (panel ¢). In addition, in the case where d = 5, we note that the heat capacity

Q
(C) exhibits an additional divergent point at the vertical asymptote (r;, = r (5) = 1.836). Beyond this point, the black

hole re-enters a stable region, as illustrated in Fig. (2) (panel d).

7. CONCLUSIONS

In this study, we conducted a comprehensive thermodynamic and stability analysis of AdS—Rindler (hyperbolic) BHs,
a theoretically significant yet relatively unexplored class of BH geometries. Using the framework of Hawking entropy and
quantum-corrected thermodynamics, we examined how quantum effects influence the stability of these BHs.

Our results reveal that the heat capacity plays a decisive role in determining stability regimes. For the uncorrected
heat capacity case, we have found the critical radii (rg (d)) (as in Eq.(44)) in which C becomes positive and enters a
stable region for all 74, > r{ (d). While, upon introducing exponential quantum corrections to the entropy, we observed the
drastically change in the stability regions, leading to narrower but smoother stable regions where calculated by Ar(4) in
Sec.(6). Quantitatively, the size of these intervals for small black holes varies with the spacetime dimension d, reflecting
their measurable sensitivity to quantum fluctuations across different dimensions.

The quantum-corrected heat capacity generally destabilized large Rindler—AdS (hyperbolic) black holes across all
studied values of d. However, in the special case d = 5, the system regains stability for horizon radii satisfying r;, > 1.836
, where the heat capacity C becomes positive.

Overall, our findings demonstrate that quantum corrections drastically alter the qualitative stability of hyperbolic
BHs and do refine their thermodynamic structure, particularly by smoothing sharp entropy variations and modifying the
stability of such BHs due to studying heat capacity .

In summary, the interplay between geometry, quantum corrections, and thermodynamic behavior in AdS—Rindler
BHs provides valuable insights into nonclassical BH thermodynamics. In future work, the calculation of additional
thermodynamic quantities such as pressure, volume, and the Gibbs free energy will enable the study of phase transitions,
equations of state, and thermodynamic topology.
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Mu focmiKyeMO TepMOIMHAMIYHI BJIACTUBOCTI Ta CTabibHICTh rinepooniuaux AdS-Rindler yopHuX aip, nigKpeciiooyun BIUIMB Hemep-
TypOaTHBHOI KBAaHTOBOI KOpeKIii. BHKOpHCTOBYI0OUM cTaHAAPTHI TEPMOIMHAMIUHI (hOPMYITIOBAaHHS Pa3oM 3 METOJOM aucka [lyankape,
MH OOUYHCITIOEMO KJTIOYOBI BEJIMUMHY, BKJIIOYAI0UM Macy, TeMIIepaTypy XOKiHra, eHTpOIilo Ta TerIoeMHicTs. 11106 BpaxyBaTi KBaHTOBI
rpaBiTamiifHi e)eKTH, MM BBOAUMO EKCIIOHEHLIaNbHY KOpEeKLilo 10 eHTporii bekeHmreitHa-X0KiHra Ta CHCTEeMAaTHYHO BUBOAMMO MO-
nugikoBaHi TEPMOAMHAMIYHI MTapamMeTpH. X04a CKOPUrOBaHA €HTPOIIisl MPU3BOIUTH 10 PIBHOMIPHOTO 3CYBY B 0araTbOX BEJIMUMHAX,
TEIJIOEMHICTh 3a3HA€ HETPHBIaJbHUX 3MiH, IO NPU3BOAMTH [0 BY)KUMX Ta MIAJKIIMX CTabiIbHUX obJacTeil (Ar(d>) IS KOKHOTO
BUMIpY d. Binblie Toro, 3rmakyBaHHs pi3KHX Bapianiit eHTpornii momm3y r, = 1 MifKpecoe, ik reOMeTpisi FTOPU30HTY Kepy€ BILTMBOM
KBaHTOBHUX KopeKIiil. Lle mocmimkeHHs IPONOHYE HOBY CHCTEMATHYHY igeHTHdiKamiio cTabibHUX ob1acTeil JO Ta Micis eKCIOHeH-
HiaTbHUX KopeKIiil (AdS-PiHanepoBrx) YOpHUX JIip, IPOIIOHYIOUN HOBE PO3YMIiHHS B3a€EMOMil TeOMeTpil, pO3MIPHOCTI Ta KBAHTOBUX
e(eKTiB y TepMOOMHAMILli YOPHUX Aip.
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