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In this paper, we investigated the Locally Rotationally Symmetric (LRS) Bianchi Type-I cosmological model with dark energy in
the framework of f(R, L,,) gravity theory, where R is the Ricci scalar and L,, is the matter Lagrangian. Using the functional form
f(R, L) = % +L{ +B with L,,, = p,and applying the special law of variation for the Hubble parameter, we derived exact solutions to the
field equations and analyzed the physical and dynamical properties of the universe. Our results show that the model exhibits accelerated
expansion consistent with the observational data, with the energy density decreasing and the deceleration parameter transitioning from
positive to negative values. The anisotropy parameter initially approaches zero but increases with time for n > 0.5, indicating the
evolution from isotropy to anisotropy. These findings provide insights into dark energy behavior within modified gravity frameworks
and offer testable predictions for cosmological observations.
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1. INTRODUCTION

The General Theory of Relativity (GTR) forms the fundamental framework of modern cosmology, explaining
gravitation as a manifestation of spacetime curvature generated by the presence of matter and energy. A comprehensive
formulation of GTR and its cosmological applications can be found in the classical reference by Weinberg [1].Although
GTR has been remarkably successful in describing various gravitational phenomena, astronomical observations of distant
Type Ia supernovae have revealed that the present universe is expanding at an accelerated rate [2, 3, 4, 5, 6]. This unexpected
result suggests the existence of an unknown form of energy, commonly referred to as dark energy, which is estimated to
account for nearly 68% of the total energy density of the universe [7, 8,9, 10]. Such observations indicate that the standard
cosmological model based solely on GTR may require refinement or modification to consistently explain the observed
late-time cosmic acceleration. To address this challenge, various modified theories of gravity have been developed as
alternatives to dark energy. One of the promising approaches is the f(R,Lm) gravity theory proposed by Harko and Lobo
[11], which generalizes the conventional f(R) gravity by introducing an explicit coupling between the Ricci scalar R and
the matter Lagrangian density Lm .This framework provides a richer geometric structure and allows new possibilities for
understanding the interaction between matter and curvature in explaining the accelerated expansion of the universe.

Research on anisotropic cosmological models with dark energy in the framework of f(R, L,,) gravity has emerged
as a critical area of inquiry due to its potential to address the accelerating expansion of the universe and the limitations
of standard general relativity (GR) in explaining dark energy phenomena [12, 13]. Since the introduction of f(R)
gravity as a modification of the Einstein-Hilbert action [14], the field has evolved to incorporate more general couplings
between curvature and matter, notably through the f (R, L,,) gravity theory [15]. This framework allows for non-minimal
interactions between geometry and matter, which can lead to novel cosmological dynamics, including anisotropic effects
relevant to early universe conditions [16]. Observational data from type Ia supernovae, cosmic microwave background,
and baryon acoustic oscillations have reinforced the significance of exploring such models to better understand cosmic
acceleration and anisotropy [17].

The specific problem addressed involves constructing and constraining anisotropic cosmological models within
f(R, L,,) gravity that can accommodate dark energy effects and observational data [18, 19]. Despite progress, a knowledge
gap persists regarding the precise role of anisotropy and bulk viscosity in these models, as well as the impact of different
functional forms of f(R, L,,) on cosmic evolution [20, 21]. Competing perspectives exist on whether dark energy should
be modeled as a quintessence-like field or phantom energy within this framework, with some studies favoring quintessence
behavior and others indicating phantom-like characteristics.This review aims to clarify the theoretical underpinnings and
observational viability of these models, addressing the identified gaps and providing a comprehensive understanding of
their cosmological implications [22, 23]. The consequences of this gap include uncertainties in predicting the universe’s
late time behavior and reconciling theoretical models with high-precision observational constraints [24].
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Recently Shambel et al. [25] have focused on the late-time accelerated expansion of the universe and cosmic structure
evolution within the f(R, L,,) gravity model, rather than the early universe. Romanshu Garg and G.P. Singh [26] analyzed
cosmological parameters and the present age of the universe, providing insights into the model’s implications for cosmic
evolution. Y.D. Devi et al [27] have studied on an accelerating cosmological model, deriving the Hubble parameter
and analyzing parameters such as the deceleration parameter, jerk, and snap at present times. It derives Friedmann-like
equations for two non-linear models, analyzing the effects of model parameters on the equation of state, pressure, and
energy density. V. Patil et al. [28] have done on the late-time acceleration of the Universe within the f(R, L,,) gravity
framework, rather than the early universe. Shukla et al. [29] primarily focused on the Friedmann-Lemaitre-Robertson-
Walker (FLRW) model in f (R, L,,) gravity, analyzing the transition from deceleration to acceleration in the universe. J.K.
Singh and Shaily [30] have studied on the late-time behavior of the universe in the context of f(R, L,,) gravity, rather than
the early universe. It investigates the transition from deceleration to acceleration phases, showing that the model behaves
like ACDM at late times. Pawar et al.[31] have focused on the expansion of the universe in f(7) gravity and derived the
Hubble parameter in terms of redshift and examines the equation of state parameter, energy density, and pressure. Young
Jin Suh et al. [32] have investigated protectively flat perfect fluid spacetime solutions in f(R, L,,) gravity, focusing on
energy conditions and their relation to the Ricci scalar.

The functional form of f(R, Lm) gravity has been extended to related theories such as f(R,T) and f(Q) gravity,
incorporating trace of energy-momentum tensor or non-metricity scalar, broadening the functional diversity [33]. Further-
more, alternative formulations inspired by logarithmic corrections, Born—Infeld structures, and holographic dark energy
have also been explored, highlighting the continuous efforts to enhance the physical viability and observational consistency
of such models [34, 35]. Several studies have investigated cosmological models with variable anisotropy parameters or
within different Bianchi classifications, such as Bianchi type-III and type-V Iy, revealing diverse evolutionary patterns of
anisotropy in the universe [36, 37]. While many theoretical and reconstruction-based works provide valuable insights
into the role of anisotropy and modified gravity, some lack direct confrontation with observational datasets. However,
these studies establish a strong foundation for future comparisons with astrophysical data [38, 39]. In most models, the
focus remains confined to the contributions of modified gravity terms and conventional matter fields, primarily analyzing
geometric features and dark energy dynamics [40].

In summary, the body of literature underscores that matter-curvature coupling in f (R, Lm) gravity significantly
influences anisotropic cosmological evolution and dark energy dynamics, yielding models capable of describing late-
time acceleration with evolving equations of state. The inclusion of bulk viscosity further enriches the phenomenology,
enhancing the viability of anisotropic models. However, challenges persist in capturing fully dynamical anisotropy,
achieving consistent observational integration of anisotropic effects, and expanding the functional diversity of f(R, L,,) to
encompass broader physical scenarios. Future research addressing these gaps could sharpen understanding of anisotropic
dark energy models in modified gravity and their cosmological implications

This work is structured as follows: In Section 2 we give a brief account of the f(R, L,,) gravity formalism and the
field equations. Anisotropic cosmology using LRS Bianchi I metric is discussed in Section 3. Section 4 discusses the type
of models and solutions in which this study is centered. In Section 5 we present the results with particular emphasis on
the physical consequences and observational predictions. Last but not least; Section 6 gives the conclusion and research
recommendations.

2. f(R, L,;) GRAVITY AND FIELD EQUATION

The action integral for the framework of f (R,Lm ) interpreted with the matter Lagrangian density Lm and the Ricci
scalar R is given as

S = / f(R, Lm)y/=gdx* (1)

where f (R, Lm) is arbitrary function of Ricci scalar R and matter Lagrangian L,,. By contracting the Ricci tensor
R,un, one may get the Ricci scalar R,
R =g"Rij 2

where, the Ricci tensor is defined by,

Rij = =0T} + 0T — T, I + T, T 3)

o ij

Here, ng represents the components of well-known Levi-Civita connection defined by

1 0gap  08ay 0gpy
re = gt + - 4
By = 28 0xY OxP ox @)

The corresponding field equations of f(R, L,,,) gravity are obtained by varying the action (1) for metric g;; is given by,

. 1 1
fR(R’ Lm)Rij + (gijViVl - Vivj) fR(R’ L) - 5 [f(R, L) - fLm(R7 Lm)Lm] 8ij = EfLm(R7 Lm)Tij @)
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Where, fr(R, Ly) = W, SL., (R, Ly) = %’i"‘)ﬂere covariant derivative is represented by V; and the energy
momentum tensor 7;; can be expressed as,

2 6(y=8Lm) 6L

ERNE A T
Now, from the explicit form of the field equation (5), the covariant divergence of Energy momentum tensor 7;; can be
obtained as,

(6)

VT;; =2V'In|[fr,, (R, Ly)| (7

6Ly,
08ij

The relation between the trace of energy momentum-tensor 7, Ricci scalar R, and the Lagrangian density of the matter
L,, obtained by contracting the field equation (5)

fi (R LR+ 39,9 fi(R, L) =2 [F(R, Lun) = fr,, (R Lon) ] = 3 F1,, (R L)T ®)

The relation between the trace of the energy momentum tensor T’ = T;;, L;,, and R can be established by taking account
of the previously mentioned equation.

3. METRIC AND FIELD EQUATION IN f(R, L,,) GRAVITY
The spatially homogeneous and anisotropic LRS Bianchi type [ spacetime can be written as,

ds® = —di*> + X?dx*> + Y (dy? + dZ%) )

Where X and Y are the metric potential that are the functions of cosmic time ¢ only.
The Ricci scalar for LRS Bianchi-/ spacetime can be expressed as

R=—2[§+2§+2%+§—2] (10)
The overhead dot (.) denotes the derivative with respect to time ¢. The spatial volume V of the universe is defined as
V = XY? (11)
The average scale factor ]
a(n) = (xr?)’ (12)
The generalized mean Hubble parameter H, which describes the space-time expansion rate, can be stated as
H:%(H1+H2+H3)=%()—)§+27Y) (13)

where Hy, H,, H3 are the directional Hubble’s parameters in the direction of the x—, y—, andz — axes, respectively. In
order to figure out whether the models approach isotropy or not, we define the expansion’s anisotropy parameter as

1< (H )2

The expansion scalar and shear scalar are defined as follows,

X Y
0=—+2= (15)

X Y

23 2
0% = 2 AnH (16)

The deceleration parameter (DP) is
d (1 aa

=-l+—\=|=-7F= 17
i dt(]i) a2 17

Let us take the matter that contains the energy momentum tensor for dark energy, which is of the form

Tij = (p + p)ujuj + pgij (18)
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Where p is the energy density and p is the pressure of the fluid. Where u' = (1,0,0,0) is the four-velocity vector in
co-moving coordinates which satisfying u;u' = —1. The EoS parameter for quark matter is defined as

p=wp 0<5w<l 19)

By using the equation (16), the field equation (5) can be written as,

X Xy 1 Y. . 1
(§ + Zﬁ) fr+5 (f = froLm) + 2y IR+ IR =5 L. (20)
v O¥2 Xy 1 X Yv\. . 1
(? 7t ﬁ) fr+3 (f = fLwLm) + (} * ?) Jr* Jr= =5 P @b
X ¥ 1 X ¥y, 1
(f + 2?) fr+ 3 (f = fL,Lm) + (} + 2?) frR= EfLm.O (22)

4. COSMOLOGICAL f(R, L,,) MODEL

To examine the dynamics of Universe, we employ the functional form of f(R, L,,) gravity as,
R a
SR Ly) =5 +Lj+ B (23)

where @ and S are free parameters and can be retained as GR for @ = 1 and =0

For f(R, L,,) model,the matter Lagrangian L,, is generalized, and the coupling with curvature R produces extra
terms that can mimic dark energy behavior, we have to consider L,, = p [41]

Using the above particular choice of L,,, the field equations (20), (21) and (22) becomes,

2V Y2 1
7 Ty U-@pt - p=ap™p (24)
X ¥V Xy e o e
xtvtxy (I-a)p®=B=ap® 'p (25)
r’ +2XY B=(1-2a)p® (26)
y2 “xy P° @p

The field equations (24), (25) and (26) are three independent differential equations with four unknowns: X,Y, p and p.
Hence, to determine solutions, we have to use physically plausible conditions.

Berman and Gomide [42] indicate that there exists a connection between the Hubble parameter (H) and average scale
factor (a) given as,

w3

H=la"=1 (xyZ)’ 27)

Where [ > 0and »n > 0 are constants.
Now, from equations (13) and (27), we get the following.

a=la""*! (28)
i=-I(n—1)a""" (29)

From equations (16) we obtain
g=n-1 (30)

Now using equations (27) and (30), the solution of equation (17) gives the law of variation of the average scale factor of
the form,

a=nlt)n, n#0 31)
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5. SOLUTION OF THE FIELD EQUATIONS

The field equations (24)-(26) reduce to a system of three non-linear equations in four unknown parameters X,Y, p
and p. Hence to find the determination solution of the system , we used the law of variation [42]. Now from equations
(24) and (25), we get

vox v xv
———+=-—==0 (32)
Y X Y* Xy

On integrating, we get

Y X C1
=== 33
Y X Xy? (33)
Where ¢ is the constant of integration Using equation (12) in equation (33) and integrating again, we get
Y
LA ( [a dt) (34)
Multiplying and divide by Y2, we get
Y3 Cl
Se = Cp exp (/ ] dt) 35)
Using equation (12), a® = XY? in equation (35), we get
Y3 =d’c, exp (/ % dt) (36)
a
The metric function X and Y in terms of the average scale factor a(t) are given by
2c
X(t) = c2 aexp (—%/ -3 dt) (37
3 €1 -3
Y(1) = c;aexp 3 a” dt (38)
Now using equation (31) in equations (37) and (38), we get
X(t)—c 3(nlt) exp(3l( )(nl)) (39)
1 1
Y(t) = C23 (I’llt)" exp(?’l(—) ) (40)

Where n#3
Putting the values of X and Y in eqn (9),we obtained the exact solution .

1 2 2 2 2 2
ds* = —dt* + ¢, (nlt)n (exp(%(nlt) n )) dx* + ¢} (nlt)" (exp(ﬁ(nlt) g )) (dy? +dz?)  (41)

which gives the desired cosmological model.
From the equations (25) and (26), with the help of metric potential, the energy density and pressure of dark energy

are given by
1 2 3 @
p= m(‘—@”) e )l 42)
_3 2 2
4 Ity = 2c 2n+9 ¢ 3
2T Sy 22 (- D h v 2 p)
p=-—-" K ¢ = “3)

1 i 6o 3 ’
—— (- L@+ =5 -p)
“[1—2a( 3T+ o Bl
Using equations (42) and (43), the equation of state (EoS) for dark energy is given as

((1 -2a) [4clnt(nlt)_% - @(nt)z(nlt)_% +2n+ 9] + a( - %'z(nt)z(nlt)_% - B(nt)* + 3))
w=- (44)

2 3
a/( — L) (nlt)™n - B(nr)? + 3)
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6. SOME PHYSICAL PARAMETERS
The spatial volume V of the universe is given as

V=d3(1) = (nlt)n

The average Hubble parameter
H = (nr)”!

The dynamical scalar expansion 6 and shear scalar o2 are

0 =3(nt)"",

-6
o= c%(nlt) B

The average anisotropic parameter

2c 2 2n-1
Ap = 3 (nlt) 5
7. FIGURES
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(48)

(49)

In this section, to better understand the behavior of our cosmological model, we present plots of various physical and

dynamical parameters as functions of cosmic time.
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Figure 1. Variation of Energy Density

The graph indicates that the universe started with a very high density and then decreases rapidly, reflecting the expected

expansion dynamics.
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Figure 2. Variation of Pressure

The graph indicates that the universe begins with a strong negative pressure (accelerating expansion), but over time the
pressure diminishes and tends toward zero, suggesting a transition toward a less repulsive, more stable cosmic state.
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Figure 3. Equation of state parameter
The graph shows that the equation of state parameter w = —1 through out the cosmic time.This corresponds to vacuum

energy or cosmological constant A
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vit)

400

— Vi =(nt?

Figure 4. Variation of Spatial Volume V

The plot shows that the spatial volume of the universe expands rapidly as time increases. It begins at t=0 (Big Bang
singularity) and indicates cosmic expansion.

H(t)

— HI =k

Figure 5. Variation of Hubble Parameter

Expansion rate of the universe is very high at early times (# — 0) but decreases as the universe grows late time.It never
becomes negative, but approaches zero as t — oo.
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Figure 6. Variation of Scalar Expansion

The rate of volume expansion of the universe decreases with time. This supports the idea that the early universe expanded
extremely fast but slowed down with cosmic time.

—_— (A =2 —6i1
120 | a2(t) = C2{njt) =6

100 4

801

o(t)

60+

40

204

0 2 4 6 8 10

Figure 7. Variation of Shear Scalar

The plot represents the anisotropy (directional deformation) in the expansion. At early times (r+ — 0), anisotropy is large,
but it decreases with time. This indicates that the universe tends to become isotropic as it evolves.

Figure 8. Variation of Anisotropic Parameter

Describes how strongly anisotropy affects cosmic expansion. If n < 0.5, the universe tends to become isotropic at late
times.
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— g=n-1
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o
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--——- g=0atn=1

4 5

Figure 9. Variation of deceleration parameter

A graph represents a straight line in 7, independent of time. For n < 1: g < 0, accelerated expansion (dark energy-like).
For n = 1: g = 0, expansion at a uniform rate. For n > 1: g > 0, decelerated expansion (matter-dominated).

8. CONCLUSIONS

We have studied the anisotropic LRS Bianchi type-I cosmological model in the framework of f (R, L,,) gravity, the
contribution of dark energy in accelerating the cosmic evolution. Applying the functional form f(R, L,,) = % + L +
B with L,,, = p, and applying the special law of variation for the Hubble parameter, we obtained exact solutions to the
modified field equations. Also, we have studied the physical and dynamical parameters such as Hubble parameter, spatial
volume, deceleration parameter, scalar expansion, shear scalar, anisotropic parameter, pressure, density and EoS parameter
and analyzed these parameters graphically from which we observed the following facts.

The energy density decreases rapidly with time and approaches near zero at late times. The pressure, initially highly
negative, drives an accelerated expansion in the early universe but gradually stabilizes toward zero, reflecting a transition
to a more balanced expansion regime. The equation of state parameter remains close to w = —1, suggesting that the dark
energy component in this model mimics a cosmological constant.

The spatial volume expands unboundedly from a vanishing value at t=0, consistent with Big Bang cosmology, while
the Hubble parameter and expansion scalar decrease over time, signifying a slowing but persistent expansion. The shear
scalar and anisotropy parameter exhibit decreasing trends for n < 0.5, indicating isotropization of the universe, but for
n > 0.5, anisotropy persists, showing that the universe evolves toward anisotropy in certain dynamical regimes. The
deceleration parameter shows the different values of cosmic p hases: accelerated expansion for (n < 1), uniform expansion
at (n = 1), and deceleration for (n > 1).

Overall, the model successfully reproduces an accelerated, expanding universe consistent with present-day observa-
tions, while also providing a framework to investigate anisotropy in cosmic evolution. In particular, it shows that matter
curvature coupling in f(R, L,,) gravity can explain the late time cosmic acceleration without using exotic scalar fields.

This work emphasizes that anisotropic cosmological models in f(R, L,,) gravity are not only viable but also rich
in dynamical structure, offering testable p redictions for d ark e nergy b ehavior. F uture i nvestigations m ay r efine this
framework by incorporating bulk viscosity, observational constraints from supernovae and CMB data, and extensions to
other Bianchi-type universes, thereby deepening our understanding of the interplay between anisotropy, dark energy, and
modified gravity in shaping cosmic evolution.
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AHI3OTPOITHA KOCMOJIOTI'IA TEMHOI EHEPTIi B PAMKAX f(R, Ly) FPABITAIIIT
A.C. Xan!, K.H. HaBapl’z, LI Xau!3
' Konedac inoicenepii ma menedocmenmy npogpecopa Pama Mezxe, Baouepa, MS, Indis
2Hayxosuii konedc Hlpi Hueadci, Haznyp, MS, Indis

3 Incmumym mexwnonoeiii ma docaidxcens npogpecopa Pama Meexe, badnepa, MS, Inois
VY wmiit cTaTTi MH HOCIIIKYBaIM JIOKaJIbHO oOepTaibHO-cuMeTpryHy (LRS) kocmonoriuny mopens bBianki [ tumy 3 TeMHOI0 eHeprieo
B pamMKax Teopii rpasitauii f(R, L,,), ne R — ckansip Pivui, a L, — narpanxian martepii. BukoprctoByoun (pyHKUiOHAIbHY (hopmMy
f(R, L) = % +L3+63 L, = p, Ta3acTOCOBYIOUH ClIeLliaIbHUI 3aKOH Bapiallil Ju1s napameTpa Xa606s1a, MU OTPUMAIY TOUHI PO3B’ SI3KH
PIBHSIHD MOJIS Ta MpoaHati3yBa (hi3UuHi Ta AMHAMiuHI BracTuBocTi BeecBity. Harui pe3ynbraTi HOKa3yioTh, 1110 MOJIEb IEMOHCTPYE
MIPUCKOpEHe PO3IIMPEHHS, 0 Y3rOIKYEThCS 3 TaHUMHU CIIOCTEPEeXeHb, 31 3MEHIIEHHSM T'YCTHHH €Heprii Ta mepexoioM Hapamerpa
YTIOBLIbHEHHS BiJ] MO3UTHBHUX [0 HETaTUBHUX 3HadeHb. [lapamMeTp aHi30TpoIIii criovaTKy HaOIMKA€ETHCS O HYIS, aje 30LIbIIyeEThCS
3 yacom ais n > (.5, 1m0 BKa3ye Ha eBOMIOLII0 BiJ i30Tpomii 1o aHizoTpormii. Lli pe3ynpTaTi 1a0Th YsBIEHHS MPO MOBEAIHKY TEMHOI
eHeprii B paMKax Moau(iKOBaHOI rpaBiTallii Ta MPONOHYIOTh NEPEBipPEHi MPOTHO3M 151 KOCMOJIOTTYHUX CIIOCTEPEKEHb.
Kuarouosi caoBa: LRS Bianchi Type-I; memna enepeist;, kocmivnuii uac
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