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In this paper, we construct and analyze a new class of squeezed coherent states in the framework of position-dependent mass (PDM)
quantum systems. Using a deformed algebraic structure, we generalize the creation and annihilation operators to accommodate spatially
varying mass profiles. The resulting states exhibit non-classical features, such as squeezing, coherence, and modified uncertainty
relations, strongly influenced by both the deformation parameters and the mass function. We explore their physical properties through
expectation values, variances, and probability densities. This work provides a pathway toward extending coherent state theory to more
complex quantum systems with geometrical and algebraic richness.
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1. INTRODUCTION

Coherent and squeezed states play a fundamental role in various domains of physics, particularly quantum optics
and quantum information theory[1, 2, 3]. Originally introduced by Schrodinger in 1926 and Kennard in 1927[4, 5], these
states remained largely overlooked until the 1960s, when seminal works by Glauber, Klauder, and Nieto reignited interest
in their theoretical and practical significance[6, 7, 8]. Squeezed states, in particular, are nonclassical quantum states that
exhibit reduced quantum noise, making them highly valuable for optical communication, precision measurements, and the
detection of gravitational waves—as in the case of LIGO[9, 10, 11, 12]. They are also key resources in continuous-variable
quantum information processing, including quantum computing, dense coding, and quantum cryptography, and can be
implemented in physical platforms such as graded semiconductors [13, 14], quantum dots, photonic crystals, and cavity
optomechanical systems for quantum communication and precision sensing [15, 16]. More recently, the construction and
analysis of squeezed states for systems with infinite discrete spectra have attracted increasing attention as generalized
extensions of coherent states (see, for example[17, 18, 19, 20, 21]).

Quantum mechanics with position-dependent mass (PDM) has emerged as a powerful framework for modeling a wide
range of physical systems with non-uniform spatial characteristics, such as semiconductor heterostructures, graded crystals,
and quantum wells [22, 23, 24, 25, 26, 27]. The modification of the kinetic energy operator due to the spatial dependence
of the mass introduces new challenges and has stimulated the development of refined analytical and algebraic methods.
Among these, supersymmetric quantum mechanics (SUSY QM) has proven particularly fruitful in the construction of
exactly solvable models through factorization methods and intertwining techniques [28, 29].

On the other hand, coherent and squeezed states, first introduced by Schrodinger in 1926 and later formalized by
Glauber, Klauder, and others [30, 31, 32], have become essential tools in quantum optics and quantum information
due to their ability to saturate uncertainty relations and describe non-classical light fields.These states have been widely
generalized to encompass systems with either discrete or continuous spectra, algebraic deformations, and both constant
and position-dependent mass backgrounds. Further extensions have also been developed for more complex scenarios, such
as oscillators defined in noncommutative spaces [33, 34, 35, 36].

In this work, we aim to construct a new class of generalized squeezed coherent states for a quantum system governed
by a position-dependent mass and embedded within a supersymmetric algebraic structure. Inspired by the formalism
developed by Gazeau and Klauder [30], and following techniques involving ladder operators and recurrence relations,
we derive analytical expressions for the coherent-like states, ensuring that they fulfill essential physical criteria such as
temporal stability, resolution of identity, and continuity in the labeling parameter [31, 32].

Moreover, we devote special attention to the analysis of quantum statistical properties of these states. In particular,
we compute their normalization factors, probability densities, and expectation values of relevant observables. The wave-
functions and energy spectrum are explicitly obtained and expressed in terms of orthogonal polynomials and generalized
hypergeometric functions, revealing the deep interplay between the effective mass profile, deformation parameters, and
the algebraic structure of the system.
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Our manuscript is organised as follows : In Section 2, we review the basic formalism of position-dependent mass
quantum mechanics. Section 3 is devoted to the study of the Supersymmetric Squeezed coherent states. In Section 4, we
investigate the properties of squeezed states and discuss numerical results. Finally, concluding remarks are presented in
Section 5.

2. POSITION-DEPENDENT EFFECTIVE MASS HARMONIC OSCILLATOR AND IT EXACT SOLUTIONS

A general expression for the Hermitian kinetic energy operator of a quantum particle with a position-dependent mass
(PDM) m(%) is given by [37, 26, 38]

L1 A A N A PR
=7 [m®(£)p mP (&) pm” (%) + m” (£)p mP (£)pm* (£)] , (1
where the parameters a, 3, and y satisfy the constraint @ + § + y = —1. Different combinations of these parameters lead

to various forms of the kinetic energy operator [39, 40, 41, 42, 43].
In this study, we adopt the representation proposed by Mustafa and Mazharimousavi [43], which corresponds to the
specific parameter choice @ =y = _le’ B = —%. Under this configuration, the kinetic energy operator becomes:

~ 1 1 1 1
T=— 5 H . 2
2m1/4(ae>”(m'ﬂ(x))”m‘/‘*(x) @

Accordingly, the total Hamiltonian for the system is written as

P 1 1 1 1
A=T+VvV== 5 5 +V (%), 3
2 e ) i v ©
where V(%) denotes the potential energy function.
Considering a harmonic oscillator potential defined by V(x) =
Schrodinger equation reads:

3mow*x?, the corresponding time-independent

_ h2 4 ny d my d 4 mo
E¢(x)__2_mo\/m(x)a m(x)a m(x)

$(x) +V(x)p(x), “4)

where m represents the constant reference mass, E is the energy eigenvalue, and ¢(x) is the wavefunction belonging to
the Hilbert space H = L>(R).
In this work, we consider the following mass distribution:

mo
(1 +ax?)?’

®)

m(x) =

where « is a deformation parameter constrained by 0 < @ < 1. This choice generalizes earlier mass profiles studied
in [22, 23, 24, 25, 26], and can be interpreted as an inverse squared length scale associated with local geometric features
such as curvature or structural defects in the physical system.

To simplify Eq. (4), we apply the transformation ¢(x) = %w(x), yielding:

72 d\’ 1
Ey(x) = “3mo (‘/mnz;)c) a) w(x) + Emowzle//(x)- (6)

Using the explicit expression of m(x) in Eq. (5), the above equation becomes:

2 2

h 1
Ey(x) = =5 - Y (x) + Smow’ sy (x). ™

d
1+ ax?)—
(+ax)dx

By introducing the coordinate transformation ¢ = arctan(x+/a), the infinite domain of the position variable x € R is
mapped to a finite interval g € (—%, %) This change significantly simplifies the position-dependent mass Schrodinger
equation, which becomes more tractable in the new variable.

Assuming the ansatz y(q) = cos? ¢ - f(sin ¢), and requiring the absence of singular behavior at the boundaries, leads

to a second-order differential equation that reduces to the Gegenbauer differential equation when a specific condition on

the parameter A is imposed:
1 1 4 ah
— 41+ =, k=—. 8
2 2 K2 K mow ®
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This constraint eliminates the singular term, yielding a well-defined eigenvalue problem with solutions expressible in
terms of Gegenbauer polynomials C;!(ss), where s = sin g. The energy quantization condition is then given by:

e=A+n(n+21), neN, )]

Consequently, the energy spectrum becomes:

1 a’h? ah? 1
E,=h +- | N+ ——t—(nP+20+=]. 10
=t g g S 03 10

This reveals a non-trivial dependence on the deformation parameter «, illustrating how position-dependent mass modifies
the energy levels compared to the standard harmonic oscillator[44, 45]. In the limit @ — 0, the conventional energy levels
are recovered.

The corresponding normalized wavefunctions take the form:

Un(q) =Ncos’lq'C,’}(sinq), (11)

where C}(q) are the Gegenbauer polynomials [46] and N the normalization constant given by :

B /n!(n+/l)F2(/l)
N = a21-227(n + 22) (12)

Transforming back to the x-representation using cos g = \/1:72 and sing = \/f+£2’ the wavefunction becomes:
ax ax

[+ T2 1\ xve
o)\ an (ves) e .

This provides an explicit analytic solution for the eigenfunctions of the deformed harmonic oscillator with position-
dependent mass.

3. SUPERSYMMETRIC SQUEEZED COHERENT STATES
The Hamiltonian operator given in Eq. (7), corresponding to a quadratic potential v(x) = %mowzxz, can be factorized
in the form .
H= fiwwg d;da + Ey(a), (14)

where the ladder operators cﬁ, and d, are constructed within the supersymmetric framework for systems with position-
dependent mass, as defined in [26].

A mowo [ . ha i ~ A mowo | . ha i ~
= + + ], =,/ + - ], 15
Ga 2h (x 2m0w0 mowwo a) Ga 2h (x 2m0w0 mowwo @ ( )

where IT, = (1 + a£?)p is the deformed momentum operator.

In supersymmetric framing, we used the fact that 4, (x) = 0, indicating that the ground state is annihilated by the
operator d,. Although d, and d’; factorize the Hamiltonian Eq. (7) associated with the quadratic potential, they do not
serve as conventional ladder operators, since they obey the deformed commutation relation: [d,, aAT,] =1 + a%?. To take
into account this deformation, we introduce a modified number operator defined by: 7i, = d'ﬁ,dm whose expectation value
on the n-th eigenstate can be obtained as follow.

The generalized number operator 71, = afada, with d, and aA'L defined in (15), can be written as

. mowo , . 2 no 1 2
= +0)t+ I, - =(1+ , 16
o 2% (#+0) 2hmowy ¢ 2( at’) (16)
where ¢ = 2};’()“&)0 and IT, = (1 + @£?)p. Its expectation value in an arbitrary state |y) is
N mowo ,, . 2 1 - 1 2
= + + I;,) — = (1 + . 17
(a) = (4 0 g () = 5 (14 () an

Physically, (i, ) measures the mean excitation number of the deformed oscillator defined by the position-dependent mass
model. The shift ¢ introduces a static displacement of the quadrature £, while II, accounts for a deformation of the



66
EEJP. 4 (2025) Daniel Sabi Takou, et al.

canonical momentum, modifying the balance between kinetic and potential contributions. In the limit @« — 0, /i, reduces
to the standard harmonic oscillator number operator, and (i) counts the average quanta of excitation in the usual sense.

We define the squeezed coherent state ¥(z,7y,x) as the solution to the eigenvalue equation involving a linear
combination of ladder operators, in accordance with the formalism presented in [20, 8].

(Ao +7d}) W (z,9) = zl¥(z,7)). (18)

This combination of the operators d, and &E is governed by a squeeze parameter y, while z is known as coherent
parameter. When the squeezing parameter vanishes, i.e., y = 0, the resulting quantum states reduce to coherent states,
which are special solutions characterized by minimal uncertainty and classical-like behavior. To ensure that these states
are physically meaningful, appropriate conditions must be imposed on the parameters involved, particularly to guarantee
the normalizability of the states.

Squeezed coherent states (SCS) have been extensively studied in various algebraic frameworks, notably those based
on the Lie algebras su(2) and su(1, 1) [47, 48, 49, 21]. In addition, constructions have been extended to direct sums of
these algebras with the Heisenberg algebra h(2) [21], allowing for a richer variety of quantum states.

In such algebraic settings, especially for su(2) and su(1, 1), the function k() that appears in the recurrence relations
or ladder operator actions is generally a quadratic function of the quantum number n. This reflects the non-equidistant
spectrum structure and the non-linear characteristics of the underlying algebra, distinguishing these systems from the
standard harmonic oscillator.

We expand this state (18) in the eigen basis of the deformed oscillator :

1 T Z(z,v,n)
VN(z,7) 7% Vp(n)

Mmax | Z(2.y.m)%
n=0 p(n)

Zn+l(Z’ 7/) = ZZn(z’ 7) - )/k(}’l)Zn_l(Z, 7)’ Zo=1, Z1=z. (20)

We define the weights p(n) using the generalized factorial:

¥ (z,7)) = [Wn), (19)

where the normalization factor is computed as N'(z,y) = >, and Z(z, 7y, n) satisfies the recurrence relation:

p(n) = [ k(). @1
j=1
Let us recall the energy eigenvalues defined in equation (10) as

1 a?n? al? 1 1 f a2h? ak?
E,=h + |1+ ——+—|(n®+2n+= d Ep=hwy |l + ——+—. 22
“ (n 2) 4m(2)a)2 2my ( " 2) an 0= hw 4m(2)w2 4my (22)

For the system under consideration, the dimensionless form of the latter energy is given by

2p2 12 2p2 72 K2
R — 1+“_+“_(z+zn):(hw Ly O )

dmiw?  2mo 4m3w?  mo
an® + bn = n(an + b), (23)

where the constants a and b are given by

242 2 2
b = hw 1+%+ﬂ, az (24)
dmiw?  mo 2my

The dimensionless form of the energy (23) is similar to the ones obtained in [45, 15] used to study the laser light propagation
in a nonlinear Kerr medium. The product of these dimensionless energies e, represented by p, is defined as

n

Hek, with e; = ak® + bk
k=1

ﬁkﬁ(ak+b). 25)
k=1 k=1

Pn

With the following computations

ﬁkzn!:F(n+1), ﬁ(ak+b):na(k+é):
k=1 k=1 a

n a"l’ (n +1+ 2)
k=1

r(l + g) 20
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The equation (25) becomes

F(n+1+2) @ T+ DT (n+1+2)
on =nla" = , po=1 27

r(1+§) r(1+§)

To derive the analytical expression of the coefficients Z,, (z, y) that define the squeezed coherent states in the deformed
algebraic framework, we assume a factorized form:

y\n/2 . Z
Zu@y) = (X)) ful@). with w=—— (28)
2 2y
Substituting this ansatz into the recurrence relation:
Zny1 =22y —yn(an+b)Z, 1, (29)
leads to a simplified recurrence for f,,(w) of the form:
o1t =20fn =2n(an+b) fu-1,  fo=1, fi=+2vow. (30)
This sequence admits an analytical solution expressed in terms of the Gauss hypergeometric function:
n n—1
fal@) = 20)" 2Ry (— 5] —{ . J; ~b; 1), 31

where 2 F (a, b; c; z) is the Gaussian hypergeometric function.
The general solution of the recurrence relation (29) is obtained in terms of the Gauss hypergeometric function , F; as
follows

Z(z,y,n) = (=1)" (y)"* a"?

r 1+2
(n+ +“)‘2F|(—n, 1 b z b ) (32)

L2 X 420
r'(l+2) 2 2a 24/ya a

We obtain the explicit form of the squeezed states of position-dependent effective mass harmonic oscillator (19) in
terms of the hypergeometric functions as follows :

1 b Z b
_§+Z_ﬁ’ 1+Z’ 2) [0 (33)

Mmax (ya)n/z

1
VN(Z’ 7/) n=0 \/m

¥ (2, 7)) =

where

ax n Q
N, (,ya) r (n +1+ a)

1 bz b\
N(z,y) = . 2 F1 (—n, —+t———; 14+ 2) (34)
nzzo n! r (1 + %) 2 2a 2+ay a
The time evolution of this squeezed coherent states (33) is given by
Wy = 3 S S 2)e‘5"f|w> (35)
LYt = S I8 s
VN (z,7) g 2 2a 2+Jay a "

We are interested in analyzing the special case of (24) where the deformation parameter @ — 0, which corresponds
to the standard quantum harmonic oscillator with constant mass, corresponds to :

72 2 i e
a=" 0 b=nw 1+ 2 Y 0 hoNT 40 = ho. (36)
2myg dmiw?  mo

In the undeformed limit @ — 0, we obtain the simplified and physically interpretable results:

a=0, b=ho. 37
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In this regime, the Gauss hypergeometric function in (32) reduces to Hermite polynomials according to the well-known
identity

1"
2F1(—n, -4 5 2) = { n!) (38)

where H,,(z) are the Hermite polynomials. At the same time, the ratio of Gamma functions F(n +1+ %) / F(l + g)

simplifies to n! in the undeformed case, since the parameter Z diverges while a — 0, which exactly reproduces the
factorial structure of the standard harmonic oscillator basis. Therefore, expressions (32)-(35) reduce to the usual squeezed
coherent states of the quantum harmonic oscillator, and (37) consistently recovers the known limit.

This implies that:

* The deformation parameter vanishes, and the mass becomes position-independent;
e The parameter b reduces to the fundamental energy quantum 7w, characteristic of the standard harmonic oscillator;

» The wavefunctions and the associated squeezed coherent states simplify accordingly, often allowing expressions in
terms of classical orthogonal polynomials, such as Hermite polynomials.

This limit therefore provides a consistency check with the well-known results of quantum mechanics in homogeneous
media. In the limit where the deformation parameter @ — 0, the effective mass becomes constant and the system reduces
to the standard quantum harmonic oscillator. The squeezed coherent state (33) can then be expressed as:

)" H, (i) 5% (39)
V2y

(o)

1

1
Y, = O = — _—
ver = Ny nzzo Va! (

TS

where:
¢ H,(x) denotes the Hermite polynomial of degree n,

* v is the squeezing parameter,

|;,) is the n-th energy eigenstate of the harmonic oscillator,

L]

N(z,7y) is the normalization factor defined as:

N(z.y.a =0) =g% (%)"Hﬁ (\/%_y) (40)

These states minimize the generalized uncertainty relation and exhibit Gaussian-like wavepacket behavior, typical of
squeezed states in quantum optics.

4. PROPERTIES OF SQUEEZED COHERENT STATES
4.1. The non-orthogonality, the normalization, solvability the unity,
Given two squeezed coherent states :

o Zu(2,7)
W (ey)) = W) 1)
o7 w(z,y) 2o
W) = ZZ ) 1y, @)
\/N(z ) Vo(n)

their inner product is given by:

1 > Zn /, ’ Zn ,
Wy (7)) = (&7 )2z y) 3)
Ny IN(z.7) 10 p(n)
In the particular case y’ = vy, this simplifies to:
/ 1 N Zn(2',Y)Zn(2,7)
’ Y= : 44
WE W) = e nZ:O o )
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This sum is generally non-zero, indicating that the squeezed coherent states are non-orthogonal:

W P (zy) #6(z-2). (45)

To verify the normalization of the compressed coherent state, we consider the time-dependent compressed coherent
state obtained in (35), which can be rewritten in the contracted form:

Fmax

1 _iEnt
W (27,0) = ————= > Calz.7)e™ " | (46)
VN (z.7) 7%
with
(ya)™? 1 b z b
Calz,7) = : ——t— - 1+ 2|, 47
@y ==7= 272 2yay ' a “7)
and the constant N'(z,y) is given by (34).
The inner product is given by :
1 FMmax
YD (2, 7.0y = —— Y [Ca(z,y))? = 1. (48)
Wy, 0l (2,7.0) N(m)g (2.7)]

Thus, we conclude that the squared norm of the state is correctly normalized by the factor N (z, y), provided that this
exact expression is used. This normalization condition (48) ensures that the squeezed coherent states remain physically
admissible quantum states in a position-dependent mass background. The normalization factor N'(z,y) encodes the
interaction between spatial mass variation, squeeze effects, and spectral deformation. It guarantees unit total probability
and reflects the modified spectral weight due to SUSY deformation and PDM geometry.

4.2. Probability Density of Squeezed Coherent States
The probability of finding the squeezed coherent state in the energy level n, i.e., the probability density, is defined by:
1Z(z,y,m)?

- 2 _
Pu(z,7) = ) ¥ (z.7)|" = NGy - pn)’ (49)

Substituting the expressions of Z,, and p(n), we obtain the explicit analytical form:
y" I'n+1+b) 2
N(z,y)  T(n+1)

1 b b4
Fil-n, ——+=—-—=;1+b;2
o35 g 100

This expression provides a complete description of the squeezed state probability distribution over the Fock space
basis {|¥,)}, accounting for the deformation via the parameters y and b.

Pu(z,y) =

(50)

4.3. Mean values, standard deviations and uncertainty relations

In this section, we investigate the statistical properties of time-dependent squeezed coherent states in a quantum
system with position-dependent mass. Specifically, we examine the expectation values of the position and momentum
operators, their variances, and the corresponding uncertainty product. These observables offer valuable insight into
quantum fluctuations, coherence, and squeezing behavior of the states. Our analysis follows an approach similar to that
presented by Sanjib Dey and Véronique Hussin [34, 35, 36].

We begin by considering the time-evolved squeezed coherent state, given by:

S (ya)2

W(ey.1) = —=
Z”ys =
IN(z.y) £ Vn! (51)
1 b
X Fi|-n, ——+ — - ——
2 1( T2
where the normalization factor is given by :
FMmax (ya)n F(n+1+§) 1 b Z b 2
N(z,y) = . R l-n s — - —; 1+ —; 2 52
(ZV)ZH, 21("22a @y a) (52)

n=0 : F(l + %)
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The quadrature operators of position and momentum are written in terms of the ladder operators as

. p
%=/ (@' +a), and p =iy " -a). (53)
2mw 2

To compute the uncertainty relation, we need the following expectation values of X and p for squeezed coherent

states, respectively, given by:
h n
@) = \[53,= (@ +(@") =2y 5= - Re (@), (54)
i i
(P) =iy T3 (@) - @) = 2/ 2 - Im (@) (55)

where the expectation value of the annihilation operator is given by :

and

nmax_1
@) = Z C:Cpo Vi + 1. (56)
n=0

Combining the equations (54) and (55), we obtained the expectation values of £ and p? as :

() = 1 (@) + ™) + @'a) + (aa") (57)
2mw
) = =52 (@ + @ - @) - @ah). (58)
where we set
@ay= Y 1CaPm, (59)
n=0
@iy = (CuPn+1), (60)
n=0
Nmax —2
@y= > CiCuaNn+ D)(n+2), 61)
n=0

Mmax —

2
@ =3 CroCaVn+1)(n+2). (62)
n=0

We now define the normalized coeflicients :

C, = L (63)

VN (z,7) ’

with the coefficient C,,(z,y) defined by :

F(n+1+2
(ya)"? ( “) 1 b z b
Cn(z,y) = oF|-n st - = 1+ 2. (64
" V! F(1+2) 2 2a 2+ay a
By the simple way, we compute the expectation Value of a
Nimax — 1
@= > CiCuVn+1 (65)
n=0
Thus:
Aimax — |
Re((@) = Y Re(CiCuni) Vn+1, (66)

n=0
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Amax— 1
Im({a)) = Z m (C:Cy1) Vn + 1. (67)
n=0

Let us define the hypergeometric part in (64) as follows :

1 b b
wi=2F-n, ——+ — ; +—2 68
Jn =20 ( -5+ 2\/_ ) (68)
Then the normalized coefficient is:
- C n2 IT(n+1+2
C n (Va) . ( - a) . (69)
\/N(z V) Vn!IN r+2)
The expression of the product C,, é:; .1 becomes :
- . 1 a)tD/2 \T(n+1+2)(n+2+2)
CC+1__ (ra) : < 2 < f"'fn+l (70)
N nl(n+1) [C(1+ )]
This simplifies to
b b
. (ya)r*1/2 Fn+1+2)I'(n+2+2)
CCoyy = @ o fr (71)
m N [T(1+2)]
The real and imaginary parts used in position and momentum expectations are as follows:
Re({(4d)) = z"m“ Re (C,C:, ) Vn+1, (72)
Im((@) =3 "Im(C,Ci, ) Vn+ 1. (73)
Thus, the full expressions are:
A S max—1 (ya)™'> [(n+1+2)M(n+2+2) ) . T
@) =2mg L% Re |:\/n!(n+l)!~N \/ [ra+2)]° Futuer| - Nn A1 74
A hmw N max— 1 (7“)’””2 . F(n+l+%)r(n+2+%) . * A/
(p) =2 L2y Im[\/n!(n+1)!~N \/ [ra+2)]? Iutusr| N1 (75)

The terms f, are hypergeometric functions evaluated at fixed parameters. The products f, f;, , contain the phase
differences (squeezing effects). The square root of the gamma functions encodes the deformation of the ladder through
b/a.

We consider the normalized squeezed coherent state:

n,
max - - Cn
W(z.y)) =) Cultm), avec Cp=—r=. (76)
nZ:O VN (z,7)
Then the position and momentum variances read:
h Mmax — Timax =2
Q2y \/7 > \/7
(%% 5 Z_] C:Criin+ D(n+2) + Z * LGN+ 1) (n+2)
Mmax HMmax
+ UG n Y (G (n+ 1) (77)
n=0 n=0
hmw Mimax =2 Nimax —2
P = - 2Cnn+ D(n+2)+ Y. CryCu(n+ 1)(n +2)
n=0 n=0
Amax Mmax
—Z|C|2 n—ZlC P-(n+1) (78)
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These expressions allow full analytical or numerical evaluation of quantum variances.
Finally, the uncertainties are computed as follows :

Mmax Amax—2
Ax-Ap = (Z(zn+1)|c 242 Z Re ( \/(n+1)(n+2))—()2)zl
hm(.l) max "lmax*2
(Z(Zn +DICP =2 ) Re(CiCua) Vn+ D(n+ 2)) - (p)? (79)
n=0
By replacing by :
Mmax RNmax —2
A = Z(2n+ DIC.A B =2 Z R(C:Crin) V(n+ 1) (n+2),
n=0 n=0
xo: = (%), po = {p), (80)
we obtained for Equation (79) gives the following factored form :
K2 h hmw
AxAp:\/Z(AZ—BZ)—M(A+B)1)(2)—T(A—B)xg+x3p(2). (81)

This equation (81) shows that the uncertainty product Ax Ap reaches its minimal value 71/2 when the correlations
B and the occupations A satisfy A> — B> = 1 and the mean values xq and p, disappear. This condition corresponds
to standard coherent states that saturate the Heisenberg uncertainty inequality. Any deviation from these values, due to
squeezing (|B| < A) or excess thermal population (A > 1), inevitably increases the uncertainty product.

5. CONCLUSION

In this work, we have constructed and analyzed squeezed coherent states within a supersymmetric framework for
systems with position-dependent mass. Starting from the exact spectrum obtained via SUSYQM, we derived explicit
expressions for the statistical properties, quadrature variances, and uncertainty products of these states. The generalized
Heisenberg uncertainty relation was evaluated exactly, showing that the ground state saturates the minimum bound Ax Ap =
/2, while the squeezed states can violate the standard vacuum limit in one quadrature. Our results show that the constructed
states exhibit sub-Poissonian statistics, quadrature squeezing, and negative regions in the Wigner function, confirming
their non-classical nature. The formalism developed here can be applied to model light—matter interactions in graded
semiconductors [13, 14], quantum dots, and optoelectronic systems such as photonic crystals and cavity optomechanics
for quantum communication or sensing [15, 16].
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CTUCHYTI KOTEPEHTHI CTAHU B KBAHTOBIN MEXAHIII 3 HO3HHIIZHO-3AJIE)KHOIO MACOIO

Janieas Ca6i Taky'?, Aminy Bykapi’, Acimiy SIpy Mopa?, I'aépieas FO. X. Asoceny”

onimexniuna wixona Aéomeii-Kanagi (EPAC-UAC), Yuigepcumem Abomeii-Kanasi (UAC), benin
2Biodin docaidcens y 2aryzi meopemuunoi gpisuicu (URPT), Incmumym mamemamuxu ma @izuunux nayx (IMSP),
01 B.P. 613 I[lopmo-Hoeo, Pecnybaika benin

VY wiif cTaTTi MU KOHCTPYIOEMO Ta aHANi3yEMO HOBUIA KJIaC CTUCHYTHX KOTE€PEHTHHMX CTaHiB y paMKax KBAHTOBHX CHUCTEM 3 Macolo, L0
3as1exuTh Bi nonoxenHs (PDM). BukopucroByioun sedopmoBaHy anreOpaidHy CTPYyKTYpY, MU y3arajJbHIOEMO ONEpaTOpH CTBOPEHHS
Ta 3HUIICHHS [T BpaxyBaHHs IPOCTOPOBO 3MiHHUX NpodisiB Macu. OTpUMaHi CTaHU JIEMOHCTPYIOTh HEKJIACUYHI OCOOIMBOCTI, TaKi K
CTUCHEHHS1, KOTEPEHTHICTb Ta MOAM(]IKOBaHI CIiBBiIHOLIEHHS HEBU3HAYEHOCTI, Ha SIKi CUJIbHO BIUIMBAIOTH SIK MapaMeTpu Aedopmatlii,
Tak i MacoBa (pyHKList. MU gociixkyeMo ixHi (pi3iuHi BIaCTHBOCTI Yepe3 OUiKyBaHi 3HAUeHHS, TUCTIepCii Ta IibHOCTI IMOBipHOCTI. L5
po60Ta MPOIOHYE NUISAX A0 PO3IIMPEHHS TEOpii KOTEPEHTHUX CTaHIB Ha CKJIAJHIIl KBAHTOBI CHCTEMH 3 TEOMETPUYHHUM Ta areOpaidaHiM
6araTcTBOM.
KuarouoBi ciioBa: crmucnymuii kozepenmuuii cmar; cynepcumempis,; K8aHmMoea MexauiKa; mMacd, w0 3a1eXHCums 8i0 NONONCEHHS
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