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This paper investigates partial exact solutions of a nonlinear fourth-order differential equation arising from the variational principle for
a thermodynamic potential with high derivatives. To describe the spatial distribution of the order parameter, the elliptic cosine function
of Jacobi is used, which allows reducing the problem to a system of algebraic equations for amplitude, spatial scale, and modulus. The
conditions for the existence of physically admissible solutions were obtained, and it was found that periodic solutions expressed in
terms of elliptic cosine are relevant for describing first-order phase transitions. Graphs illustrating the dependence of the main
parameters of the solution on the characteristics of the system are presented.
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INTRODUCTION

Phase transitions and spatially inhomogeneous states in condensed matter systems remain one of the key areas of
research in modern physics. In many physical models — in particular, in the description of ferroelectrics, magnets, alloys,
and during spinodal decomposition — the order parameter is a one-component function of the spatial coordinate [1-4].
Their application goes beyond traditional solid-state physics — similar equations also arise in theories of self-organisation
of structures in biological, computational, and non-equilibrium systems [5-7]. In such cases, an important task is to find
exact or approximate solutions to the corresponding equations that describe the evolution or equilibrium distribution of
this parameter.

In the initial stages of phase transitions, when the amplitude of the order parameter is small, linear analytical
approximations are often used. However, with increasing nonlinearity of the system, such approaches lose their accuracy.
Particularly difficult to describe are cases where strongly nonlinear, periodic or localised distributions are formed — for
example, alternating domains with domain walls. [8]

In classical approaches to modelling such structures, harmonic expansion or expansion in terms of the order
parameter is widely used. However, the accurate representation of strongly nonlinear profiles, such as bell solitons or
modulation structures, requires the inclusion of a large number of terms, which complicates both analytical analysis and
numerical investigation.

An alternative approach is to search for partial exact solutions of the variational equation that allow the order
parameter to be represented by special functions, in particular Jacobi elliptic functions [9-11]. In particular, the function

¢ = a*cn(bx, k) (1

the elliptic cosine allows us to describe spatial distributions of order parameters that smoothly interpolate between
harmonic and bell-soliton behaviour depending on the modulus k.

The aim of this work is to construct a class of exact partial solutions in the form of elliptic cosine — Jacobi function
— for the fourth-order equation derived from the corresponding variational functional Within the framework of Landau
theory, analytical solutions in the form of function (1) are constructed, and the dependence of the distribution parameters
on the thermodynamic potential parameters has been investigated.

CALCULATION ORDER PARAMETER
Let us write down the thermodynamic potential in the form [9]:

1 g 14 q p 1
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where g, y are material parameters and ¢ = qo(T — T,)/T.and p depend on other conditions (e.g. pressure).
The variational equation for functional (1) is the following nonlinear fourth-order differential equation:
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0"+ g[o*¢0" + 9p”*| + 79" + g + pe* + 9 = 0. (3)
Let us represent the order parameter as (1). Substituting (1) into (3) we obtain the following system of equations
a* —3ga?b?k? + 24b*k* =0
b*(20k? — 40k*) + 2ga®b?(2k? — 1) — 2yb?k? + pa®? =0 4)
b*(16k* — 16k? + 1) + ga®b?(1 — k?) + yb?(2k* = 1) +q =10

From the first equation in (4) we can find the parameter a:

w
t‘
N

3 p2k? = 4,2b2k?

32
- 6
92’3 (6)

Let's look at the limiting case when k = 0. From the third equation (4) we obtain

2 _ ==
gt |g (5)
2

We see that parameter a is valid only when

b*—yb?+qg=0 7
or
+.y2—4
bz=—V—V2 1 (8)

From this, we can see that a second-order phase transition occurs from a highly symmetric phase to a modulated
phase at the point ¢ = y?/4.
Now let's look at the limiting case when k? = 1. We obtain the following system of equations

{—20b4 +2ga®b? — 2yb? + pd?b? =0 ©)
b*+yb?+q=0
From here, we can find an expression for b?:
2y — pa?
b? = —n—— 10
2(ga? — 10) (19)
Parameter b is valid only when either gd? > 10 and y = pd?/2, or gd? < 10 and y < pd?/2.
Substitute (5) into the second equation (4):
2y — pd?
(R el L (11
2(2k? —1)(ga? —10) 2(2k?—1)
where
§ =2y —pd? (12)
! g 10
g 94— 10 (13)
Substituting (11) into the third equation (4) we obtain the following expression
028% + 2y08 + 4q
k*— k% + (14)

(602 — 0)&% + 8yaé + 16q -

Let's calculate the discriminant of this equation for k?:
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(202 — 0)¢&?
b= 15
(602 — 0)&% + 8yaé + 16q (15)

The solution to equation (14) will be

e iz‘/ﬁ. (16)

It can be seen that these solutions (16) take values either [0, 1/2] or [1/2, 1]. For k? to take all values, the discriminant
(15) must be zero at some point. From (15) it can be seen that at any temperature D # 0, but at £ = 0 (or p = 2y/d?) —
D=0, i.e. we are dealing with first-order transitions.

Ato = 0 or o = 1/2, we obtain a degenerate solution k? = 1/2, which will not be considered further.

A first-order transition occurs at a constant temperature from 0 < k% < 1. From (14) we find this temperature:

17)
028, + 2yaé, + 4q, _
(602 — 0)§y” + 8yag, + 164
2
0%y +2y0d,  y? (¥ +08)?
e R S as)
where & is the initial value of & from p,.
Substituting (18) the discriminant (15) can be rewritten as:
20 — 1)&?
D= ( )f - (19)
(60 — 1)§2 + 8y (§ — §o) — 408,
Expression (11) can be rewritten by substituting (16) and (19):
b2 = lal [(60 —1)§% +8y(§ — o) — 40§,” (20)
2 20—1
¢ will take such values that the discriminant (19) takes values from 0 to 1. There is a condition
D(EO) = D(fmax) =1 (21)
From condition (21) it follows that
§ € [§o,—&0 — 2vy/0] (22)
Expression (11) must be true so we have two cases:
2
fo>0(p0<d—)2/), c<0
¢ . (23)
fo<0(p0>ﬁ), >0
If 0 > 0, there are two cases:
2 1
—é,—2y/o >0 - p, >d_]2/(1+5)
(24)

2 2 1\
—50—2]//0<0—>d—]2/<p0<d—)2/(1+5)

In the first case (24) — 0 < k2 < 1, in the second — 0 < k? < k2, < %Where k2., is found from the extremum

condition (19). The extremum itself is equal to

2
£, = 26, +"yﬁ (25)

When —&, — 2y /0 = &, (or §y = —y/0), k2,4, = 0, i.e. the modulated phase is generally not realised.
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RESULTS
Let's move on to the graphs. Let y = 1 for all graphs.
Let's take g2 = 32/3 or 0 = 1/6. Let's look at the graphs for small values of p, and we get the following Figure 1.
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Figure 1. Graphs of dependence on p at g2 = 32/3 for different initial values of p, for (a) k2 (b) b? (c) a?

As can be seen from Fig. 1, there are three types of solutions:
\/ig <py < % — the parameter p increases and the final phase remains modulated (lock-in transition).

. \/ig <po < % — the parameter p decreases and the final phase remains modulated (lock-in transition).

o py> \/7_? the parameter p decreases and the final phase transitions to a commensurate phase.

Now let's look at the graphs for larger p, (Figure 2). As can be seen from Figure 2(b), when p, < %, the maximum
amplitude a is reached at £ < &,,,,,, in other cases the maximum amplitude a is reached at § = &,

0.5

(@) (b)
Figure 2. Graphs of dependence on p at g? = 32/3 for different initial values of p_0 for (a) b? (b) a?

Since in (5) there are two expressions for the amplitude let us consider them separately:
1. When d, o takes the value (0,1/6). The graphs for small p, will be similar to Figure 1, but for larger p, b,*
will have a minimum at & < &,,,,, for example, for g2 = 11 we obtain Figure 3.
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Figure 3. Graphs of dependence on p at g2 = 11 for different initial values of py for (a) b, (b) a2
2. When d_ o takes the values (1/6,1/2), (1/2,+c0) and (—o, —1/2).
For g2 = 11 (see Figure 4) b_? i a_?will have a maximum at & < &4,
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Figure 4. Graphs of dependence on p at g2 = 11 for different initial values of p, for (a) b_*(b)a_?
For a_ (g? > 12), there are no such values of p, where k? took all values from 0 to 1. For g > 12, with an increase

in p (see Figures 5-6)
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Figure 5. Graphs of dependence on p at g2 = 16 for different initial values of p, for (a) k_? (b) p_? (b) a_?
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Figure 6. Graphs of dependence on p at g2 = 25 for different initial values of p, for (a) k_% (b) b_? (b) a_2

CONCLUSIONS

This paper investigates a nonlinear fourth-order differential equation arising from the variational principle for a
thermodynamic potential with high derivatives. For the order parameter, we used a distribution in the form of an elliptic
cosine of Jacobi, which allowed us to reduce the problem to a system of algebraic equations for the amplitude, spatial
scale, and modulus.

We established conditions for the existence of a physically realisable solution, in particular, a restriction on the
parameter g, which guarantees the validity of the amplitude. It was found that initially a second-order phase transition
occurs from a highly symmetric phase to an incommensurate phase at the point ¢ = y?/4. Further, it was found that
solutions based on the elliptic cosine are relevant for describing first-order phase transitions.

Graphs of the dependence of parameters a, b, k on the initial values p, and g were constructed.
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YACTKOBI TOYHI PINEHHSI HEJIHIHHOI'O PO3IOALTY OJHOKOMIIOHEHTHOI'O TAPAMETPA ITOPSIJIKY
B PIBHOBA’KHUX CUCTEMAX
A.P. Hlumanoscvkuii', B.®. Knenixog'?
I Xapriscoxuti nayionanvnuii ynieepcumem im. B.H. Kapasina, Yxpaina
’Incmumym enexmpogizuxu i padiayitinux mexuonoziti HAH Vxpainu, Yxpaina

VY wiif po6OTi KOCHIMKEHO YaCTHHHI TOYHI PO3B’SI3KH HENIHIHHOTO MU(EpPEeHIIHHOT0 PIBHIHHS YETBEPTOTO MOPSAKY, 10 BUHUKAE 3
BapiallifHOTO MNPHUHIMITY U1 TEPMOAWHAMIYHOTO IOTEHI[ay 3 BHCOKMMH HOXITHUMH. [JIs1 OMHCY IPOCTOPOBOTO PO3HOMITY
napameTpa MopsIKy BUKOPHUCTAHO (PYHKIIIIO eNIMTHYHOTO KOocHHyca SIko0i, 10 1aJio 3MOTy 3BECTH 3a/1a4y 10 CUCTEMH alreOpaldHux
PIBHSIHB JUIsl aMILTITYAH, IPOCTOpPOBOro Macmrady ta moxyis. OTpuMaHO yMOBH iCHyBaHHS (DI3UYHO JOIYCTHMHX PO3B’SI3KIB Ta
BHSBJICHO, 110 MEPIOJMYHI PO3B’SA3KH, BUPAKCHI Yepe3 eNNTHYHUNA KOCHHYC, PEICBaHTHI I OMKCY (a30BHX MEPEXOiB MEPIIOrO
pony. IIpencrasieno rpadikw, 110 LTFOCTPYIOTh 3aJICKHICTh OCHOBHHUX ITAPaMETPIB PIIICHHS BiJl XapaKTEPUCTHK CHCTEMH.

KuouoBi ciioBa: neniniiini Oughepenyitini pisHanms,; napamemp nopsaoky,; erinmuuni (hyuxyii Axobi; ¢azosuil nepexio nepuioco pooy,
HecymipHa ¢asza



